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Preface

In teaching introductory theoretical physics, 1 have found it
necessary time and again todefine for myself the purpose and scope
of my field. Generally, experimental, theoretical, and mathematical
physics are considered today to be subdivisions of “pure’’ physics,
with the remainder of physics classed as applied physics.

It is not easy to define theoretical physics, to properly dis-
tinguish it from neighboring fields; but a working concept is neces-
sary for the instructor if he is to give the course direction of purpose
and if he is to arouse and hold the interest of his students. I think
that those of us who are concerned with the development of physics
as a whole feel that the crucial task of the theoretical physicist is to
help clarify our conceptual framework and to reforge it from time
to time to keep it abreast of experimental progress.

In introducing novices to the field, we may assume that they
are qualitatively aware of the basic facts of physics. They have
taken mechanics, and they know it not only as an engineering
subject, but as the'theory of motion of particles: they have learned
enough about electricity and magnetism to appreciate the existence
of forces which depend on the state of motion of particles, and they
have come into contact with field concepts; they may even have
studied some atomic and nuclear physics on a phenomenological
level. Their principal deficiency lies in an almost complete lack of
awareness of physics as a living science, as a field of human culture
which will never be ‘“complete.”” They do not realize that new
discoveries are not merely added to the ever-growing store of
previous knowledge, but that almost all decisive advances are pre-
ceded by periods of crisis and conceptual chaos.

It is customary to deemphasize in our textbook presentations
all controversial questions, and with good reason. To participate
intelligently in the discussion of basic concepts and theories, the
working physicist must be conversant with all current theories of
reasonable promise, including a large proportion which by subse-
quent developments will be shown to have been without merit. He
must have an assured knowledge of the mathematical tools, which
are required not only for the analysis, but alsq for the presentation
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of these theories. In short, he must be a mature scientist, having
assimilated at least the training commensurate with a doctor’s
degree in physics. But the underemphasis on unresolved questions
as an educational policy has its drawbacks. Students of physics
are apt to get the impression that anything they read in a book is
either true (almost always) or false (almost never), and that the pro-
fessor in charge, if he is competent, will be able to point out the
few errors committed by the author. That crucial questions of the
day may not have been resolved, that the greatest physicists of his
generation may disagree, these are facts of which he becomes aware
only late in his career as a graduate student. Thus, for the better
part of his attendance at a university, the student of physics may
not realize the nature of the quest in which he will one day partici-
pate. Worse yet, not realizing that present-day research in theo-
retical physics is, to a very large extent, a groping for new concepts,
the student has no occasion to find out how one goes about analyzing
and modifying a theory whose validity has become questionable.
What is to be done? To present to the student our present
difficulties in the theory of nuclear forces or Schwinger's new
approach to field quantization is out of the question, if the presenta-
tion is not to descend to the level of dilettantism. I believe that
much can be learned from a critical presentation of classical physics.
After all, Maxwell’s theory of the electromagnetic field was not born
without bitter misgivings on the part of its father; even Hertz con-
tinued attempts to put electrodynamics on a mechanical basis. For
that matter, Galileo, Kepler, and Newton had to break new ground
to formulate the theoretical framework which was to become the
theory of the physical universe for three centuries. Accordingly,
I have presented in this book the theoretical foundations of
“clagsical” physics, that is Newton’s mechanics and Maxwell’s
electrodynamics, and I have traced this development through to
the special theory of relativity. A companion book will be devoted
to statistical mechanics and the foundations of quantum physics.
In the organization of the material, I have attempted to concen-
trate attention on physical ideas and to relegate the mathematical
techniques to the role of tools. Since the tools are not generally
available to the student at the stage at which he begins to study
theoretical physics as a separate subject, discussions of variational
caleculus, vector and tensor calculus, and Fourier analysis are
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scattered through the book. While much can be said for the
method initiated by Joos, to preface the main body of the text by
an introduction to these mathematical methods, I consider it
preferable to get started with the physies right away and to intro-
duce mathematical discussions only when they are needed and when
it is, therefore, possible to motivate the diversion by its obvious
necessity. In the selection of physical subjects, I have been guided
by the importance which they have for an understanding of modern
physics. I have considered it necessary to include a discussion of
Hamilton-Jacobi’s partial differential equation, because of its his-
torical relationship to the Schrodinger equation, but I have, for
instance, omitted a discussion of rigid body dynamics, because of
its relatively minor bearing on the foundations of modern physics.
A great deal of care has gone into an exposition of the differences
between mechanics and a field theory and the impossibility of having
a unified theoretical structure contain both. The need for an exami-
nation of the transformation properties of every physical theory
has been stressed in the latter portion of the book. The number
of problems has been kept small. Most are of the “thinking”’ kind,
and few would be suitable for assignment from one meeting of the
class to the next.

The final form of this book has been influenced to a great extent
by the reactions of my students at Lehigh University, Polytechnic
Institute of Brooklyn, and Syracuse University. While I have had
the benefit of this experience, covering virtually the same ground
in classes of very different composition, I am fully aware of the
pitfalls besetting the author who attempts a novel approach. If
the book should be found helpful by instructors in the subject and
enjoyable and stimulating by its student readers, I shall have to
pass much of the credit on to my teachers, to Ph. Frank, who during
my student years at Prague taught me theoretical physics not as a
bewildering collection of formulas and techniques, but as a logically
connected, though never to be completed, structure of the human
mind, and to A. Einstein, under whose guidance I learned that a
systematization of experimental facts is by itself not yet a physical
theory and that in many respects the theoretical physicist is a
philosopher in workingman’s clothes.

P. G. B.
Syracuse, New York
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Chapter 1
Mechanics of Mass Points

Introduction. The concepts of modern theoretical physics as
well as many of its mathematical tools are far removed from those
of the so-called classical period. If courses in theoretical physics
nevertheless lead off with a presentation of Newtonian mechanies,
the student reader may well feel the need for having this procedure
justified.

Modern physics is frequently characterized as ‘‘abstract.”
This expression refers to the circumstance that the basic concepts
of the theory are connected with the results of experiments only
through a rather lengthy chain of intermediate notions. In earlier
periods of our science, this connecting chain was much shorter;
the basic concepts of the theory were earthy. The theoretical
physicist is, or at least he should be, foremost a physicist; that is,
he wants to understand nature, and his mathematical techniques
are merely artifices fashioned for this purpose. A theory derives
all of its merit from its relationship to the experimental facts and
from how well and how simply it accounts for them. Naturally,
the understanding of a physical theory is not made easier by the
need to keep a long connecting chain constantly in mind. As a
matter of fact, to do so requires considerable mental practice.
Thus, to start a presentation of current physical theories with a
description of quantum mechanics would make demands on the
mathematical techniques and on the theoretical intuition of the
student reader which he simply cannot meet.

Fortunately, it is not necessary to prepare the student for modern
physics through meaningless mental exercises. Historically, mod-
ern physics is the outgrowth of its classical predecessor. Many of
the modern abstract concepts are merely reinterpretations of essen-
tially simple notions of classical mechanics and classical electro-
dynamics. To study classical theoretical physics means to lay a
sound foundation on which our current theories can be evolved.
Moreover, since we have every reason to believe that quantum

3



4 MECHANICS OF MASS POINTS [§1.1

physics in its present form is only the forerunner of the more perfect
theories of the future, knowledge of its historical roots may well
prove helpful later on when we all shall be called on to absorb still
more elaborate theoretical constructions.

Broadly, physics has passed through three stages of develop-
ment since its establishment as a science by Galileo and Newton.
We may call these stages mechanics, field physics, and quantum
physics. During the mechanical period, the elementary building
stones of the universe were believed to be very small particles, the
mass points, which affect each other’s motions by means of long-
range forces acting across empty space. When it was demonstrated
that the phenomena of electromagnetic interaction cannot be com-
prehended on the basis of mechanical interaction alone, the field
concept emerged. In a field theory, we encounter, along with the
mass points (which continue to represent matter), space-pervading
quantities, the force fields. In empty space, the field at one point
is determined merely by the field in the immediate vicinity. Per-
turbations propagate through space from point to point and with
a finite velocity.

Neither mechanics nor field concepts are capable of explaining
the phenomena of atomic physics. Once we deal with masses of
the order of 10~2% gram and distances of the order of 108 c¢m, it
turns out that we cannot assign to the location or the velocity of a
particle any definite physical significance without reference to
specific measurements to be carried out. Since our measuring
devices possess themselves atomic structure, each measurement
interferes with the system under observation, so that a determina-
tion of momentum, for instance, invalidates previous knowledge
concerning location. The systematic inclusion of this lack of
mechanical determinacy in our concepts of the physical universe
has led to quantum mechanics.

Each of these three historical stages of physical theory employs
most of the concepts originated in the preceding stages, although
with some modifications. We shall begin with an exposition of
the classical mechanics of mass points.

1.1. The equations of motion

Mass points. Newton’s mechanics was developed primarily
from astronomical observations and from experiments with falling
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bodies. In astronomy, Kepler had been able to systematize the
motions of the planets in a manner which described their motions
irrespective of their shape or size. Likewise, Galileo was able to
show that all bodies, when falling freely, move along simple para-
bolas, again irrespective of shape. Consequently, it appeared that
of the various parameters which might determine the mechanical
behavior of a body, its mass was by far the most important; for
many purposes, the actual body might be replaced by a single
geometrical point in which all its ponderable mass was concen-
trated. In Secction 1.2, and more extensively in Chapter 3, we shall
find that there are important properties connected with the spatial
extension of bodies. But we shall also find that once the basic laws
of nature are stated in terms of mass points and their interactions,
extended bodies may be described as collections of very many mass
points. For the time being, we shall treat mass points alone, dis-
crete mass points; first of all, we shall analyze the significance of
Newton’s famous three laws.

Newton’s first law. Newton’s laws of mechanics set up the
manner in which mass points are found to interact with each other
(influence each other’s motions) in the observable world. These
laws use the concept of force, and they describe the motion of bodies
in space as functions of ttme. For the present, we can define force
only qualitatively as the action of one body on another. To
observe a force, we must have a system of at least two bodies, one
of which exerts a force and the other of which experiences that force.
We must further assume that bodies, and mass points in particular,
are able to exert forces on each other directly across empty space at
considerable distances (‘“‘action at a distance’). Otherwise, we
should not be able to understand how the planets in empty space
can be constrained to circulate about the sun, or the moons to
circulate about the planets. By the same token, it is reasonable to
assume that, other things being equal, such forces are weaker if
distances are larger. In excellent approximation, we can under-
stand the behavior of all members of the solar system in terms of
the forces which they exert on each other, without worrying about
the forces caused by the billions of fixed stars about us. Without
attempting any rigor of expression, we may express the expectation
that it is possible, in principle at least (disregarding the limitations
of our earthbound laboratories), to construct isolated mechanical
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systems of a few mass points. We should have to take these mass
points into interstellar space to a location so far removed from all
astronomical bodies that we could understand their behavior com-
pletely in terms of the forces they would exert on each other.

Bodies not subject to external forces continue in a state of rest or
of straight-line, uniform motion. 'This first law describes the effect
of forces negatively: if there are no forces, the body will not experi-
ence acceleration. Let us describe the motion of bodies by means
of a Cartesian coordinate system in space and a time scale. Call
the three space coordinates xi, x2, and z;.! The time coordinate
may be designated by {. The first law can be formulated mathe-
matically by three linear equations,

Ty =a1+bxt,
T2 = Qg + bz t, (1)
X3 =a3+b3t.

Here the a’s and b’s are constants which characterize the location
and velocity of the body at the time ¢ = 0. More concisely, and
by using the notation of differential calculus, we may write:
d’$1 dzxz d2173
TECGE S GE s 0. 2)
For the first law to be meaningful, it is necessary to restrict to
some extent the possible choice of coordinate system. If we
envisage a coordinate system merely as a rigid framework of
mutually perpendicular straight lines, then it is obviously possible
to choose a coordinate system so that in terms of its coordinates
any one designated body is at rest. We can construct such a
system by choosing this body as the origin of the coordinate system
2y =2 = 23 = 0. However, in such a coordinate system, if our
choice of primary body should be an unhappy one, the motion of all
other bodies would be extremely involved. Let us, then, amplify
the statement of the first law and assert that it is possible to find
a coordinate system (or a frame of reference) with respect to which the

11t is more usual to designate the three space coordinates by z, y, and 2.
However, for our purposes it is preferable to designate them by the same
letter, supplemented by an index. We shall follow this method throughout,
even though some readers may experience some initial difficulty. Actually,
the conversion is very simple: the components of vectors are indexed with
1, 2, and 3, respectively, instead of with z, y, and z, and so on.
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motions of all mass points not subject to forces are unaccelerated. In
other words, if we choose a coordinate system properly, that is, in
the right state of motion, then the motions of force-free mass
points obey eq. (2). Such coordinate systems are called inertial
systems.

A direct verification of the first law is next to impossible. It
should be necessary to realize a coordinate system in terms of direct
physical measurements which would extend over astronomical dis-
tances, large enough so that ‘“force-free mass points,” as many as
possible, could have their motions measured with respect to this one
system. Negative verifications arc easy to obtain. Within the
limits of our present measuring accuracy, fixed stars (if single) are
moving almost free of acceleration with respect toa coordinate system
whose origin coincides with the center of gravity of our solar system
and with respect to which extremely distant stars have negligible
angular velocities. However, even today only radial velocities of
fixed stars can be determined with any degree of accuracy; tan-
gential accelerations would have to be enormous to be detected at
all. As a matter of fact, there is not too much point in attempting
to verify the first law by itself. After all, this law is only part of
an over-all structure, Newtonian mechanics, the predictions of
which are subject to extremely sensitive checks.

Newton’s second law. Bodies which are subject lo forces undergo
accelerations. The acceleration is parallel to the force, and its mag-
nitude is the ratio of the force acting on the body and the (inertial) mass
of the body.

In order to formulate the second law mathematically, we shall
use the concepts of vector algebra. A vector, it will be recalled, is
defined as a set of three quantities which transform (in the case of
transitions from one Cartesian coordinate system to another)
according to the same law as a set of three coordinate differences.
Geometrically speaking, a vector may be represented as a straight
line of definite length and direction. Its three projections on the
three coordinate axes are called the components of the vector (with
respect to that particular coordinate system). In the event of a
coordinate transformation, the components of the vector in the first
coordinate system are related to the three components in the second
system by the same transformation equations which apply in the
case of coordinate differences.
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A single relationship between two vector quantities is equivalent
to three equations between algebraic quantities (i.e., the components
of the vector). In this book, we shall use interchangeably two
different notations, one adapted to the specific unity of the three
equations, the other spelling out the separateness of the three com-
ponent relationships. Mathematical expressions of the second law
(force equals mass times acceleration) are the following three sets
of equations:

f=ma, 3)
Si=ma, fe=ma, fi=mas @
and fi=ma; Z=1---3). 5)

All these three sets of equations are, of course, equivalent. The
form (4) is rather clumsy and not very useful. We shall use either
form (3), in which vectors are indicated by boldface symbols, or
form (5), in which subscripts denote the components. Equations
(5) are understood to hold for the components with respect to any
Cartesian inertial coordinate system.

The acceleration a is defined as the vector consisting of the second
time derivatives of the three coordinates,

d%x; .
=5 (6)

A change of direction as well as one of speed is considered to be an
acceleration.

We shall next consider the concept of inertial mass. First of
all, inertial mass is a permanent property of all matter. If the
matter contained in a certain body remains the same, then its mass
will not change, no matter what deformations or even chemical
transformations may be performed on that body. Moreover, mass
is an additive property of matter. If we combine two bodies into
one, the first having the mass m; and the second the mass m,, then
the mass of the combined body will be (m; + ms).

We have previously described force as the interaction of bodies,
or as the effect which one body exerts on another. Having intro-
duced the force vector f;, we can now be much more specific. If
two mass points exert forces on each other, then the magnitude of
the force which mass point A exerts on mass point B depends only on
their distance AB. and ils direction is parallel to the connecting straight
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line. If the force experienced by B points away from A, it is called
repulsive, if it points toward A, then it is called an attractive force.
If more than two mass points interact with each other, then the
force experienced by any one mass point is the vector sum of the
partial forces exerted separately by every one of the remaining
mass points.

Newton’s third law. To each force exerted by a mass point A
on another mass point B corresponds a force exerted by B on A.
This second force is equal in magnitude to the first one and points in
the opposite direction.

According to the third law of Newton, a mass point cannot act
on another one without, at the same time, itself experiencing a
reaction. Since the two forces are of equal magnitude, it is purely
arbitrary which one is to be called ‘“action” and which ‘““reaction.”
In fact, this original terminology is frequently a cause of confusion,
but the intent of Newton’s original formulation is equivalent to the
italicized statement above.

While the forces which two mass points exert on each other are
cqual in magnitude, the same does not hold for their resulting
accelerations. According to the second law, with equal forces the
accelerations will be inversely proportional to the masses of the
two mass points involved. Take, as an instance, the force which
the sun and the earth exert on each other. According to the third
law, the earth attracts the sun with the same force which the sun
exerts on the earth. But the acceleration suffered by the sun is
negligible compared to that of the earth.

We may express the forces which two mass points exert on each
other as the partial derivatives of a single function of their distance,
which is known as the potential energy. Call the coordinates of the
first mass point ::;,- and, in the same way, the coordinates of the other

mass point ;. Their distance r is of course, given by the expression
2
3

r? = T — x;)k 7
g{ (l z ) M
Because of our assumption that the force experienced by either mass
point is parallel to the connecting straight line, it follows that if the
magnitude of the repulsive force be designated by f (or that of an
attractive force by —f), the components of the force experienced by
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the second mass point are given by expressions of the form

Ty — X5
fi=ft="1 ®)
2 r
whereas the components of the force acting on the first mass point
are
Ty — X;

2 .

fi=1r?

1 r

9

Now the potential energy is a function of r which may be introduced
with the help of the defining equation

av
=T (10)
By means of eq. (10), eqs. (8) and (9) may be combined into one:
v .
Z'.-— ~ o (ea=12; 1=123). (1)

Thus, the potential energy describes completely the interaction
between two mass points. Let us note, in passing, that V is defined
by eq. (10) only up to an unspecified constant of integration.
Whenever the forces between two particles decrease rapidly enough
for large values of the distance r, this constant of integration is dis-
posed of by the requirement that

lim {V(r)} = 0. (12

1.2. The conservation laws

We call a mechanical system a collection of mass points which
exert forces on each other and which move under the influence of
these mutual forces. In general, the members of the mechanical
system are also subject to external forces, caused by other mass
points that do not belong to the mechanical system under considera-
tion. As a special case the mass points which make up the system
may be so far removed from other bodies that the only forces
experienced by them are those caused by the other members of
the system; then we speak of an isolated mechanical system.

Suppose we know both the internal and the external forces of a



§1.2] MECHANICS OF MASS POINTS 11

given mechanical system. That is, for any configuration of the

system we can compute the internal forces by means of the potential

energies V (between the mth and the nth particles) of all pairs of
m,n

member mass points, and, at the same time, we are given the exter-

nal forces experienced by each member of our system as functions

of the time . Then, if we designate the external force experienced

by the nth particle by f¥, the acceleration of the nth particle is
n

given by the cquation

N 3V
s mmn * - . = PN
m &, = 21: Fre +{. =1223; n=1, , N).

(13)

In other words, the total force acting on any one particle is the
vector sum of all the forces acting simultaneously on that particle
—the internal forces due to the other members of the system, and
the external force.

It is possible to prove, without regard to the details of the
mechanical system under consideration but just because it obeys
Newton’s three laws, that certain quantities change in the course of
time only under the influence of the external forces; in an isolated
mechanical system, they remain constant. These quantities are,
respectively, the linear momentum of the system, its angular momen-
tum, and its energy. These thcorems are known collectively as
conservation laws. Their importance lies in their generality. They
permit certain conclusions concerning the history! of any isolated
system which do not depend on the explicit solution of the differ-
ential equations (13).

Before launching into these proofs, we shall introduce a formal
simplification of eqs. (13). In the sum on the right-hand side,
there appear the individual potential energics of those pairs of
particles of which one is the mass point under consideration (in
this case the nth particle). If we now introduce the sum over all
potential energies as a new variable, ¥, the potential energy of the
system,

1 The term ‘‘history”’ is used here in the sense that we are interested in
processes taking place in the course of time.
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N
T (14)

mn=1 T

can be used to rewrite eq. (13) in the form

mx.————--{—f,;, (15)

because when the potential energy of the system, V, is differentiated
partially with respect to one coordinate of a particular particle
(say the nth), only those terms in the sum (14) contribute which
also appear on the right-hand side of eq. (13). The factor % in
eq. (14), incidentally, is required, because each potential energy in
the sum appears twice; for instance, the term :Yv appears once with

m = 3,n = 7,and once withm =7, n = 3. Naturally, the poten-
tial energy of a particle with respect to itself, V, vanishes identically,

n,n
since particles cannot very well exert forces on themselves.

Linear momentum. In accordance with the custom in ele-
mentary mechanics, we shall introduce the momentum of a single
particle, p, by means of the defining equations

n

D = m (16)
n n n

and the momentum of the system as the sum of the individual

moments,
é
P = m ;. 17
n=l? n=l ® n

N

Now the change of each momentum in time, p;, is simply equal to
n

the force exerted on the particle,

+.f¢ (18)

p'i'_—_m{f,i':
n nn axi n

The change of the momentum of the system can now be obtained
by adding up the changes in momentum of the individual particles,

EDITEDL I T

n=1 =1
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Going back to the form (13) of the equations of motion, we find

that
N
az. EE 0:::. (20)

mn=1

In this double sum, each potential energy V appears twice, once
mn

differentiated with respect to a:., and once with respect to a:. The

sum of these two terms va,mshes [compare eqs. (8) and (9)], s0 that
the whole double sum appearing in eq. (20) must equal zero. As
a result, we find that eq. (19) simplifies and assumes the form
N
P.=Fy, Fr= 3t (21)
n=1%
In other words, the change in the momentum of the system does
not depend on the internal interactions but equals the sum of the
external forces experienced by the system. For an isolated system,
the momentum P does not change at all in the course of time but
is a constant of the motion of the system.

The result of eq. (21) may be presented in a slightly different
form. If we introduce the notion of the center of mass of a system,
the coordinates of the center of mass are given, in terms of the
coordinates of the individual members of the system, by the

expression ¥
1
X‘—H;S_l’ff" M = Em (22)

n=1

We find, therefore, that in terms of the mass of the system M and
the coordinates of the center of mass, X; the momentum of the
system takes the form

o 2 mi = M &, (23)
nml nn
As a result, eq. (21) may be written in the form
F¥* =P, =MX, (24)

In other words, the mass of the system, multiplied by the accelera-
tion of the center of mass, equals the total external force acting on
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the system. We find that in this sense Newton’s first law and
second law hold not only for individual mass points but for mechan-
ical systems as well.

Since, in practice, checks of the laws of mechanics can be made
only on bodies which are either known to consist of many mass
points or about which it cannot be definitely known whether they
are elementary particles or possess an internal structure, it is of
great importance that the basic assumptions about mass points
reproduce themselves for complex systems.

Angular momentum. The angular momentum of a mass point
with respect to a particular point of reference is usually defined
as the vector product (cross product) of the connecting straight
line by the linear momentum of the mass point. We shall define
the angular momentum more directly as a set of three quantities,
I3, I3, I12), which equal the following expressions:

Iy = m(x: & — xp ) = i Pr — T Di G k=1,23). (25
These expressions satisfy the equations

I = —1I, I; =0, (26)
through which they are effectively reduced to three independent
components. These components correspond to the angular
momenta about the z-axis (I25), the y-axis (Is1), and the z-axis (I12),
in accordance with the usual definition,

We shall now examine the change of the angular momentum
components in the course of time. Differentiating the right-hand
side of eq. (25), we find

T = m(zi 6 — 20 &) = 2 Pe — 22 Py (27)
the remaining terms canceling. If now we sum over all members of
the system to obtain the change in total angular momentum and
substitute eq. (15) for the accelerations, we shall discover again that
the internal forces (entering by way of the potential encrgy V)
contribute nothing to the change of the angular momentum of the
system. It is necessary, for this purpose, to go back to egs. (14),
(8), and (10). We must replace dV/dz; in eq. (15) by

N dV z—

14 . mn n m
o dr T (28)
n m=1 mn mn
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The change 1in the total angular momentum of the system now
becomes
N dV Ty —

E{x'[“f" (l":nLr '”]

n=1 m,n m,n

N d V X — X
_ * __ mnn_ m
f” [{' dr r ]} (29)

m=1 . mmn

The underscored terms cancel each other outright. The remainder
becomes

N _ dV xixe— 1023

2 D D 0

nm=1 mn mn
(% = o fE — x f¥).

The first sum represents the sum of the torques due to the external
forces. The second sum on the right-hand side is zero because of
the double summation over all members of the system (represented
by the indices m and n), in which each combination of different
indices (m,n) appears twice, with opposite signs. We find, there-
fore, that the time rate of change of the angular momentum of the
system equals the applied external torque; the angular momentum
of an isolated mechanical system remains constant. This is the
second conservation law.

We can derive a further interesting property of the angular
momentum of a system by introducing the coordinates of the indi-
vidual members of the system relative to the common center of
mass. We define these relative coordinates by means of the
equations

&=x — X, (31)
n n
These relative coordinates have the property that the expression
Z m &; vanishes, because of the basic definition of the center of

nnn
mass, eq. (22). With the help of these relative coordinates, the
angular momentum of the system can be shown to consist of two
parts,

= MX: X: — Xe X) + 2 m(E: b = b £D). (32)

p=1n 7N
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The first term has to do only with the motion of the center of mass
of the system relative to the chosen origin of the coordinate system,
while the second term, which depends only on the internal motions,
might be called the intrinsic angular momentum of the system.
The derivative of the right hand side of eq. (32) with respect to
time must, of course, equal the sum of the external torques applied,

MX: X — X X)) + zm(e.sk—ske.) =3 h=TL (33

nm] 7 B 0 n=1?

The total external torque, too, decomposes into two terms,

= (X:Ff — XuF}) + 2 & fE = L. (34)
ne=l nn

Because of egs. (21) and (24), the first term on the right-hand side
of eq. (34) equals the first term on the left hand side of eq. (33).
It follows that the second terms must equal each other by them-
selves. The change in the intrinsic angular momentum of a sys-
tem is determined completely by the external torques with respect
to the center of mass. In an isolated system, the intrinsic angular
momentum and the remainder (the contribution of the motion of
the center of mass to the total angular momentum) are each sepa-
rately constant.

Energy. The conservation law of energy is probably the best
known of the three great conservation laws of classical mechanics.
It is obtained by multiplying the equations of motion by the cor-
responding components of the velocities of the mass points and then
summing over all coordinate indices as well as over all members of
the mechanical system. We have

S Smane- EEa-;:,,-Jr S3ps @

nwl t=1 nml i=1 nw=]l =1

Concerning the terms on the left-hand side, we find that this sum
equals the time derivative of the kinetic energy of the system,

N
S3naa-g(SJumal o

nem] {=] nem] gm=]

The first double sum on the right-hand side of eq. (35) is nothing
but the (negative) time rate of change of the potential energy; so
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that the change of total energy with time is completely determined
by the external forces:

d (< N_ 3
=d—EIEE%’;‘f?+Vl = 2;:3- (37
— .

The energy of the mechanical system, just like the angular
momentum, can be separated into an intrinsic energy, which depends
only on the internal configuration and the internal motions, and a
remainder, which depends only on the motion of the center of mass.
If we introduce again the relative coordinates £;, then the energy

of the system, E, assume the form
N
p-ve3Jme+ Jn @
2=1i=1 "

The first two terms together constitute the intrinsic energy of the
system. The right-hand side of eq. (37) also can be split up into
two portions,

22{*? EE”HEF*‘X‘ (39)

n=] = n=1 g=1

We can easily show that

3 d 3
21"sz=3—21

=1

(40)

le

This relationship follows from eqs. (21) and (24), from which P;
has been eliminated and which have then been multiplied by X,
and summed over the index 7. As a result, the change in intrinsic
energy of a mechanical system is given by

. N 3
Buw = 3 3 f*é. (41

n=1¢=1" N

In an isolated system, both the total energy E and the intrinsic
energy of the system remain constant.

1.3. Planetary motion

We shall apply the general laws discussed in the first two sec-
tions to at least one instance which possesses considerable physical
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and historical significance, namely, the theory of planetary motion.
The problem of treating the solar system in full rigor, including the
interactions of the planets and minor bodies with each other, would
lead far beyond the confines of this book. We shall restrict our-
selves to the problem of solving the equations of motion for the
two-body problem presented by the interaction of the sun with a
single planet. The results obtained provide at least a fair approxi-
mation to actual planetary motion in our solar system, because the
effects of the planets on each other are sufficiently small, compared
with the overwhelming force exerted by the sun, that they may be
considered as minor perturbations.

To set up our problem completely, we need to add to the general
laws of mechanics the specific dependence of the potential energy of
our gystem on the distance between the two bodies involved. This
dependence, the law of gravitation, first discovered by Newton,
specifies that the potential cnergy is given by the expression

GMm.

r

V=-

(42)

Here M is the mass of the sun, m the mass of the planet, G is New-
ton’s constant of gravitation (the force of gravitational attraction
that two mass points of one gram each exert on each other at a dis-
tance of one centimeter), and r is the distance between the two
celestial bodies. In addition to this law, we have available not
only the equations of motion in the form of eq. (15) but also the
conservation laws. As a matter of fact, it is advisable to introduce
immediately the coordinates of the center of mass, X, Y, Z, and the
relative coordinates £, 7., ¢. of the sun and £, », ¢ of the planet,
respectively. Equations (21) reduce to the three equations

¥=0 ¥=0 Z=0 (43)

for the motion of the center of mass of our system. In the absence
of external forces (which in the case of our solar system are certainly
very small), the center of mass will follow a straight-line path with
constant velocity. As for the relative coordinates, they satisfy
the three algebraic relationships

mé¢+ME =0, ma+Mn=0 mi+Mg =0, (44)

by means of which the relative coordinates of the sun can at all
times be expressed in terms of the relative coordinates of the planet.
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Before going any further we shall further restrict the choice of
coordinate system in which we describe the motion of our system.
Transition to the relative coordinates has already disposed of the
choice of origin of the coordinate system. The origin is at the
center of mass. We shall now further place the {-axis into such a
direction that at some definite time £, both { and its time derivative
¢ vanish. It follows that ¢, and {, vanish at the same time, because
of eq. (44). We can now show that for all times to come, { and §
will remain zero, in other words, that the whole motion takes place
in a plane. At the time i, the only component of the (intrinsic)
angular momentum which does not vanish is the one about the
¢-axis (I12). Because of the conservation law for angular momen-
tum, the other two components must remain permanently zero.
However, the angular momentum about any given axis vanishes
only if the instantaneous tangent of the motion intersects that axis
or is parallel to it. If this condition is to be satisfied both for the
t-axis and for the n-axis, then the motion must be wholly in the
¢n-plane. In what follows we may, therefore, treat our system
like a system with only two degrees of freedom (as a problem in
two dimensions only), restricting ourselves to the &»-plane.

We may now write down the conservation laws for the intrinsic
angular momentum I;» and for the intrinsic energy. They are

m(s’) - ﬂé) + A[(Es ﬁa — N gx) = ] (45)
wd Pe+m+Fe+n-UYron
= (§— &)+ (n —m) :

With the help of eqs. (44), we can climinate completely the coordi-
nates referring to the sun. Equations (45) and (46) then assume
the form
m,(sﬁ - 7’£) = Iy
' 1 pp
e+ -

rl

™= (1 + Aﬂl) ™ @7)

=E
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In other words, if we replace m and M by appropriately modified
quantities, our two-body problem assumes the exact form of the
single-body problem in which the central star is assumed to be fixed.

By means of the conservation laws, we have already been able
to replace the second-order differential equations of motion (15)
by two first-order differential equations, which must, of course, con-
tain two constants of integration, E and I. The remaining task of
integration will be simplified if we go over to polar coordinates r’
and 6. In terms of polar coordinates, eqs. (47) assume the form

mr'2d =

5 (r” + 26" — =E. (48)

mM
'

It is possible to integrate these equations by substituting 6 from the
first into the second equation. If we were to follow this method,
we should obtain a differential equation for »' as a function of ¢,
which can be solved by separating the variables. However, this
method of solution, though apparently most straightforward, leads
to an algebraic relationship between r’ and ¢ which cannot be solved
readily with respect to . That is why we shall follow the cus-
tomary method of solution, which consists of eliminating the time ¢
as the argument and replacing it by the angle . We can do this
by setting # equal to (dr’/d6) -  and then substituting § from the
first equation (48). If we do so, we obtain the following differential
equation for 7’ as a function of 6:

I? dr'\? 'e Gm' M
S r"[(ﬂ) +r ] - = E. (49)
This equation can be further simplified if we introduce the reciprocal
of 7,
+ a:‘*‘] Gm' M’z =
2’ [( ) £ (50)

‘l\! p—

xr =

In this equation, we can now readily separate the variables z and ¢

and integrate:
¥

o=o+ [ @rammwn-p| s



§1.3| MECHANICS OF MASS POINTS 21

The constant of integration 8, is trivial. We can dispose of it as
well as of the lower limit of the integral, 2o, by specifying that the
angle 0 is to be counted from the perihelion (that point along the
path at which z assumes its largest value).

In the integration of the integral, we must distinguish between
two cases, whether the energy E is positive or negative. If the
energy is negative, the radicand in the bracket has two positive
roots, corresponding to a path which possesses both perihelion and
aphelion. For values of z outside the range between these two
positive roots, the square root under the integral is no longer real,
and no physically meaningful path can lie outside these limits for
z. If, on the other hand, the energy is positive, then the radicand
has a positive and a negative root. Since negative values of x have
no physical significance, the values of z along an actual path will lie
between 0 and the positive root. For values of z greater than the
positive root, the integrand again becomes imaginary.

Let us consider the case of negative encrgy first. In that case,
the two positive roots of the radicand are

2GM , 2I*E
T2 = ﬂ-ﬁ——'(] + 1+ W): (52)

and the integral of eq. (51) (with the normalization of 8, described
above) is
m'? (" M

0 = arc cos . 53
m'? G M’ L 28I (53)

+ ’ 3 G2 M 2
If we solve this equation with respect to z and if we reintroduce 7/,

the distance of the planet from the center of mass of our system, we
obtain the following relationship between »’ and 6:

2 2 -
r'=_I_—|1+ 1+ﬁgﬂ—cos0’ . (54)

Gt M GE

This expression is the equation of an ellipse in polar coordinates,
provided that the origin (' = 0) is located at one focus.

So far, we have derived from the equations of motion the first
two of Kepler’s laws of planetary motion. The second law, which
states that the straight line connecting the sun with the planet
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sweeps out equal areas in equal time intervals, is nothing but the
conservation law of angular momentum. According to the first
law of Kepler, the planetary orbit is an ellipse, with the sun (actually
the center of mass) at one focus. The third law relates the time
of revolution to the major axis. This third law ecan be most con-
veniently derived from geometric considerations. If we write the
orbital equation in the abbreviated form

/

P (55)

r =l+ecos0’

where the values of the two constants p and e are given by eq. (54),
it is well known that the major and the minor axis of the ellipse are

given by the two expressions

a=_2%"_, [ (56)

= e Vi-e

We can now compute the area of the ellipse in alternative ways,
either in terms of the major and the minor axes,

- wab = TP’

A =mab = (—]—:-—62—)—%) (57)
or, because of Kepler’s second law by means of the area swept out
per unit time and the total time of revolution, T,

117
A= 5w T. (58)
Eliminating the area A, we obtain for the time of revolution the
expression

9

27 m' p*

I I —-e&%
from which both e and p can be eliminated by means of the substitu-
tions from (54) and (56):

2r m’ 21
This final equation gives us Kepler’s third law, to the effect that the
time of revolution of a planet is proportional to the $th power of
the major axis of the ellipse but depends otherwise only on the
magnitude of the mass of the sun (more accurately M").

T =

(59)

T = a%. (60)
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Let us turn briefly to the case in which the energy is positive.
The integration procedure remains exactly the same as in the first
case, up toeq. (54). The only difference is that now the eccentricity
comes out greater than unity and that, as a result, ' becomes
infinite for certain angles in the second and third quadrants. These
angles are given by the condition that

21K
!t

The orbit is now a hyperbola, or rather one branch of a hyperbola.
The center of gravity lies at that focus inside the planetary orbit.

D]

cos § = —

Problems

1.1. Determine the trajectory of an alpha particle (charge 2¢) which is
repelled by a heavy atomic nucleus of charge Ze, if its velocity at a great
distance is vo (or its positive energy E = ¥m o?) and if its distance of closest
approach from the deflecting nucleus, if undeflected, would have been a.
a is called the colliston parameter.

When the alpha particle has left the vicinity of the deflecting nucleus,
it will again travel very nearly straight. Determine the angle between
the initial direction of approach and the final direction of travel; this angle
can be determined experimentally and is called the angle of deflection.

1.2. Consider a collimated stream of alpha particles passing the atomic
nucleus of Problem 1.1. If the density of particles in the approaching
beam is uniform and if all the particles have the same direction of approach
and the same initial velocity, determine the distribution-in-angle of the
deflected particles. If the experiment is carried out in practice, the single
deflecting nucleus is replaced by a thin scatterer containing a large number
of heavy nuclei per em? of target area, which, however, scatter almost
independently of each other. Your final result should be the number of
particles per steradian per second as a function of energy E, the number
of scattering atoms per em? (N), and the density of the initial beam
(n particles per cm? per second). This result is well known as Rutkerford’s
scattering formula.



Chapter 2
Analytical Mechanics

2.1. Lagrange's equations of motion

Chapter 1 contains all the essential statements which together
define the scope of Newtonian mechanics. However, the mathe-
matical formulation of these statements is restricted insofar as the
form of the equations of motion (1.15) has validity only if the coordi-
nates x; belong to a Cartesian (rectilinear) inertial coordinate
system. The form which the equations of motion would assume if
we introduced some different type of coordinate system cannot be
readily predicted. Nevertheless, non-Cartesian coordinate sys-
tems are of practical importance. In the one example of Newton-
ian mechanics which we treated, we found that the equations could
be integrated most conveniently if written in terms of polar coordi-
nates. The question arises whether there are methods by which
the equations of motion can be transformed uniformly and inde-
pendently of the special character of the coordinate system used.
Such methods have in fact been found and are now known collec-
tively as analytical mechanics. We shall devote a whole chapter
to the discussion of these methods, not so much because we propose
to do a great deal of problem work in the mechanics of systems of
mass points but rather because analytical mechanics has helped
to develop new concepts which have assumed great importance in
present-day quantum mechanics.

Condition of static equilibrium. In order to approach analytical
mechanics, we shall start with the conditions of static equilibrium
of an isolated mechanical system.. The first condition is, of course,
that none of the members of the mechanical system should experi-
ence a net force. If, in addition, at the time ¢, all velocity compo-
nents vanish, then we are assured that the system will be in equilib-
rium. We may, if we wish, express the necessary and sufficient

24
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conditions of equilibrium in this form: If at all times the partial
derivatives of the potential energy of the system with respect to
all the particle coordinates vanish, then the system is at equilibrium,

2%
dz;

n

=0 n=1,---,N; =12 3). (n

Equation (1) stands for a set of 3N separate conditions. These

3N conditions may be formally combined into one if we introduce

the concept of virtual displacements, éx;. Since V is a function of
n

all 3N coordinates x;, it follows from eq. (1) that the potential

n
energy of the system would not change its value if each mass point
of the system were removed from its actual location an infinitesimal
distance, the rectilinear components of which are designated by éz..
n

Whether or not we have to deal with an equilibrium situation, the
change in potential energy is given by the expression
N 3
5V = E v o;. 2)
- 63}.‘ n
n=11=1 ,
8V vanishes if the partial derivatives satisfy eq. (1). The condition
that 6§V vanish is equivalent to eq. (1), provided that it holds for all
infinitesimal but otherwise arbitrary virtual displacements ézx;. If
n

we wish to express the further condition that the partial derivatives
of V must vanish throughout a finite time interval, from &, to ¢,
we can do so by replacing the condition 6V = 0 by the stronger

condition
a/ V= / b—&a‘.dt—O 3)
b =1 5=1 Ti n

where the éz; are now infinitesimal but otherwise arbitrary functions
n

of the time. In other words, the integral ﬁ " ¥ dt must be stationary

with respect to infinitesimal ch®nges in the path of integration in

the symbolical space of 3N dimensions which is made up of all the

coordinates x; describing the configuration of the mechanical sys-
n

tem under consideration.
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Since this symbolical space has frequent applications in ana-
lytical mechanics, it has been given a special designation, configura-
lion space. The form (3) of the condition of equilibrium possesses
the important property of being independent of the particular
choice of coordinates in configuration space. If, by means of 3N
arbitrary transformation equations having the form

gk = qk(fh ?2» fa;:gl, ffz) 133! o 10) (k = 1) e 73N)

gk 4)

oz,

n

det # 0,

we introduce a set of 3N quantities ¢, which together determine the
original coordinates z; in configuration space, we can now describe
n

our mechanical system in terms of the g¢i; these quantities are
called generalized coordinates. They represent a set of curvilinear
coordinates in configuration space, a set which may even be in
motion. If we now express V in terms of the ¢x, it must still be
true that for equilibrium the integral is stationary, or

t2 1] 3N al’
§ | vt = 22 sqidt =0, 5
[‘ /t-‘ kzﬂ g G (5)

where the 8¢: represent infinitesimal but otherwise arbitrary virtual
displacements, expressed in terms of the generalized coordinates gx.
The condition (5) will be satisfied if at all times

av
—— IS 0
Qs
General case. If we wish to extend our method to the general
problem of describing motion in accordance with the laws of
mechanics, it appears reasonable to start with the equations of
motion (1.15), multiply each equation by éz; add, and integrate
n

(k=1,--+,3N). (6)

the resulting differential expression from ¢, to 2. We thus obtain
a condition in the form

n n

t2 N 3 aV
[33lperffma-a o

1 pml §=1

where the integral is to be extended over a path in configuration
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space. In order to carry out the analogous steps which led in the
case of static equilibrium to the conditions (5) and (6), we shall
have to find a function F of which the expression (7) is the infinitesi-
mal variation. In attempting to find such a function, we encounter
no difficulty with the terms containing the derivatives of the poten-
tial energy; we can write eq. (7) immediately in the form

[ {2%7:}:5;65;+6V}dt=0. 8)

n=11=
The remainder can be transformed as well, by means of an integra-

tion by parts. If we write x, in the form (x.), we see that

N

L” 2 32m &; O dt = [:’_h %: .

na=1li=1" " "

m :i:i 51?.'] - b 5T dt
1nn =n (9)

(7 - 22’“)

The first term on the right-hand side depends only on the values of
i; and éxz; at the end points of integration. In order to be rid of this

term, we shall restrict our virtual displacements by the requirement
that the virtual displacements, as functions of the time ¢, shall vanish
at both ends of the interval of integration but shall remain arbi-
trary in its interior. With this restriction, we find that

/ {m:c.- ——} dr; dt = -—6/ L dt,
[ ey iy y t (10)

L=T-Y, 6zi(t) = éxi(t2) = 0.

For paths obeying the laws of mechanics, the integral ]; “Ldtin

configuration space is stationary with respect to arbitrary virtual
displacements, which are merely subject to the restriction that the
end points of the path of integration are to be kept fixed. In other
words,

88 =8 /:'Ldt =0. (11)

The function L, which equals the difference between the kinetic and
potential energy of the mechanical system, is called its Lagrangian.
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By means of eq. (11), we have succeeded in expressing the laws of
motion in a form in which it is possible to introduce the generalized
coordinates gqx. If we express the Lagrangian of the system in
terms of the gx, their first derivatives with respect to ¢, ¢, and ¢
itself, it must still be true that the integral S is stationary with
respect to arbitrary infinitesimal virtual displacements, provided
only that the end points of the integral arc being kept fixed. How-
ever, we must now determine the form of the differential equations
which will agsure the stationary character of the integral. To do
80 requires a brief mathematical discussion.

The Euler-Lagrange equations. Consider a series of functions
yi(x) of a single argument =,z = 1, - - - , n, and a function F(y,
C o Yy Y, ¢t Ya; x) of the y;, their derivatives with respect
to z, and z itself. A branch of mathematics called the calculus of
variations deals with the following problem: If F is given as a func-
tion of ¢ts arguments but the y; are as yet undetermined, then deter-
mine these functions y;(x) so that the integral .J,

S = ./:! Fly, yi, ) dz,  yiw) = Y, yi(xe) = ys (12)

becomes stationary with respect to arbitrary small changes in the
functions y;, provided, however, that at the two boundaries of the
integral, z, and z., the values of all the n functions y; are given
beforehand.

This problem can be approached with the help of the ordinary
methods of differential and integral calculus. Whether or not the
integral J is stationary, its variation, resulting from the variation
of the arguments y; is certainly given by the expression

_ z2 - , _ P 2{' . aF ,
oJ = /; , oF (ys, v, ) dz = /; . E (ay.- Wit 5 6y,-) dz. (13)

i=1

In this expression, the dy; and the 8y! are not independent of each
other. Since dy; is the difference between two possible functions
yi(z) and since dy; is the difference between their derivatives, we
can use the rule that the differential quotient of a difference equals
the difference between the differential quotients and conclude that

3 = A (b0 (14)
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Substituting in the expression (13) and integrating by parts, we get
or oF
8. / E - 8y dr + [,' 5_} 6"J
PR d [ oF '
- L, 2 dz (6_.1/{) dy:dx.  (15)

Because of the requirement that at the end points z; and z, the
values of all the y; are given and cannot be varied, the second term
on the right-hand side vanishes, and we are left with the result that
for infinitesimal variations of the functions y:(x) not involving the
points z, and s, the variation of .J is given by the integral

d ( oF
5 = / E[ay. d‘x(EIJ)] 8y: da. (16)

The condition for the integral being stationary must be that the
cocfficients of the 8y; vanish separately and for all values of z
between the limits of integration, since the éy; are arbitrary (infin-
itesimal) functions of z, except at the end points themselves.
Thus the condition that 8/ vanish is equivalent to the n differential

equations
oF d (oF

These equations are called the Kuler-Lagrange equations of the varia-
tional problem (12).

The equations of motion in generalized coordinates. We can
now return to our original problem, that of expressing the condi-
tion (11) in generalized coordinates. Since L, the difference
between the kinetic and the potential energy of a mechanical system,
is a function of the g, ¢x, and ¢, the integral S has the same form as
J in eq. (12). Tt follows that S will be stationary with respect to
infinitesimal virtual changes in the paths of the particles if the
following set of 3N differential equations is satisfied:

oL d [ oL
@_m(@)_o k=1,---,3N). (18)

These equations are then the equations of motion in terms of the
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generalized coordinates ¢;. Incidentally, the second term in these
equations, when written in exfenso, takes the form

3N
d (oL L. L ., i
G =N T, 9 oL 19
dt(aq‘,,) & 861 aq: "+ gicoq ® T agar (1)

If the coordinates employed are the z;, the equations (18) are the
ordinary equations of motion (1.15).

2.2. The Canonical Equations of Motion

Lagrange’s form of the equations of motion (18) describes the
behavior of a mechanical system in terms of the generalized coordi-
nates g in configuration space. In that 3N¥-dimensional configura-
tion space, the whole system is represcnted at each instant of time
by a single representative point with the 3N coordinates ¢r. The
motions of the particles which belong to the system are represented
by the single curve on which the representative point travels in the
course of time. Given the configuration (the values of all 3N
coordinates gx) at a time #,, the further motion will be determined
uniquely only if at the same time the initial values of the ¢ are
given as well. In other words, through each point in configuration
space there passes an infinity of curves representing possible paths
for a given mechanical system.

For many purposes, this infinite number of mechanical trajec-
tories through each point in configuration space is awkward. We
should like to have available a representation in a different sort of
symbolical space, in which one and only one trajectory passes
through each point. Such a field of curves must obey differential
equations of the first order, not second-order equations like the
Euler-Lagrange equations. Systems of differential equations of
arbitrary order can always be replaced by systems of the first order
if we are willing to increase the number of variables as well as the
number of equations. 3N equations of the second differential
order are equivalent to 6N first-order equations. The additional
variables must be algebraically determined by the 8N gencralized
velocity components, the ¢.. If we add some such variables to
the gi, we shall have generated a new type of symbolical space,
which is 6N-dimensional. Each point in that space describes a
complete set of locations (qi) plus velocities (gi). If these 6N
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quantities are given at a particular time, then the future behavior
of the mechanical system, and with it the motion of its representa-
tive point in the new symbolical space, is completely determined.
Thus, in the new symbolical space, there will be only one mechanical
trajectory through each point.

The generalized momenta. We could, of course, introduce the
generalized velocities ¢; themselves as the additional variables.
Instead, it proves more convenient to introduce certain closely
related quantities, namely, the derivatives of L with respect to the
G The 3N quantities p,

= o (20)
are called the generalized momenta which are canonically conjugate
to the g;.  Since the right-hand sides of the defining equations (20)
are known functions of the generalized coordinates g, their deriva-
tives gi, and the time ¢, they can be solved with respect to the g,
at least in principle, resulting in 3N cquations having the form

= Gi(q, 1, D). (21

If we are to carry out our program, we shall have to obtain 6N
equations of the first differential order which contain the g; and
the p; as the unknown functions of &.

The canonical equations of motion. In the Lagrangian, we
shall eliminate the g, by substituting the expressions (21). The
result is a function of the ¢, the pi, and ¢, which is numerically
equal to the Lagrangian and which we shall designate by L*. In
other words, we have

L*(gr, pr, 1) = L(qs, G, 1). (22)

We arc now able to express the partial derivatives of L* with respect
to g, and with respect to pe in terms of the partial derivatives of L
with respect to its arguments.  We find

3N
6[4* _ 014 aL 8(], oL 6q,
o —ag T Z 96 3qe — oq T 2 P 5ge

=t (23)
a(]k d(]L (2 P ql)
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and

oLt QoL i, 0
Opr s 0G1 0P ' o

Py 3N
= 5—’; (l-zl yi (Il) — k.

The partial derivatives on the right-hand sides of these equations
are to be taken in the sense that the ¢ have been expressed as func-
tions of the ¢; and pi in accordance with eqs. (21). If we collect
the functions of ¢, and p: on one side and the remaining terms on
the other, we obtain the relations

(24)

1=1 (25)

Herewith our task is almost completed. All that remains to be

done is to substitute the expressions for (0L/d¢;) in the Lagrangian

equations of motion (18), which can also be written in the form
oL

Er 0, (26)

and to introduce a new function H (gx, px, ), defined by the equation

3N
H(gw, Pry t) = —L*(qu, P, ) + 2, Prilge, P ). (27)
=1

By combining the first equation (25) with (26) and (27) and intro-
ducing H also into the second equation (25), we obtain the canonical
equations of motion,
oH oH

bp = — s e = —- 28

P 30 % = 3p (28)
These equations are not only 6N equations of the first order; what
is more, they are already solved with respect to the first-order
derivatives of the 6N coordinates involved. Given the values of
the ¢i and p; at a time ¢o, the canonical equations of motion uniquely
determine the ¢, and p; at all other times.
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The functicn H is called the Hamiltonian. Giving the Hamil-
tonian as a function of its (6N + 1) arguments is obviously one
way of completely characterizing a mechanical system. If we wish
to examine the physical significance of H, we can do so most expe-
ditiously by reintroducing into eqs. (27) and (20) the original
coordinates x;, We find that with respect to these coordinates

n

the generalized momenta are simply the ordinary momenta,

pi =mI; (29)

and that H is
H=-L*+2 Ymit=-T+V+2T=T+7V, (30)

the total encrgy of the mechanical system.

The symbolical space of the generalized coordinates and mo-
menta, which is, as we have seen, a 6N-dimensional space, has also
been given a name; it is called the phase space of the system.
Through each point of phase space passes exactly one mechanical
trajectory.

Poisson brackets. Suppose some dynamical variable, such as
the kinetic energy of one particular particle, is given in terms of the
g, the pi, and ¢. Call the variable in question ¢. Then we can
express the change of @ with time in terms of its partial derivatives
with respect to its arguments. We have

3N

%C{=E( qk+ )+ 31)
k=1

By substituting eqs. (28), we can put this expression into the form

3N
_N(%G oH _ G oH\ | oG
@ = g (aq,, P Ope aqk) T 32)

In many cases of practical importance, the generalized coordinates
are chosen so that the physically interesting variables do not depend
on the time explicitly. In such a case, the last term in eq. (32)
vanishes, and the time derivative of G can be expressed without
explicit reference to the time at all.

Expressions of the type occurring in eq. (32) are called Poisson
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brackets. Specifically, the Poisson bracket of two dynamical
variables F and G is defined as the expression

3N
B oF oG oF oG
R0 (oo 55 #

Eq. (32) may be written in the form

¢ =ie,m+% (34)
A specific application can be made to the rate of change of the
energy. We have

. dH  oH

H = [II, H] + 5 5 (35)
since the bracket [H, H] obviously vanishes. In a conservative
mechanical system, in which the expression for the energy does not
contain the time explicitly, it follows that If is constant. TFurther-
more, any other constant of the motion, such as the angular momen-
tum, must have a vanishing Poisson bracket with H. In passing,
we may note that the Poisson bracket satisfies identically the
relations

F,Gl+ [G,F1 =0 (36)

and

|76 0]+ 6, n] + 1w, 6] = 0. (37)
'The Poisson brackets of the coordinates themselves have the values

[qu ql] = 0) [Qk, pk] = l:

38
popd =0, lanpl =0, (kD). ©8)

2.3. Canonical transformations

The form of Lagrange’s equations of motion (18) is invariant
with respect to arbitrary transformations in configuration space.
That is to say, if instead of the 3N coordinates ¢, we introduce new
coordinates g; by means of transformation equations,

then with respect to the new coordinates we shall have equations
of motion having exactly the same form as eqs. (18),
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oL d (oL _
a ’Et(a“q‘) =0 (40)

L’ is the same physical quantity as L, but kinetic and potential
energy are now expressed in terms of the new coordinates ¢ and
their derivatives d;.

The question arises what coordinate transformations in phase
space will carry the canonical equations (28) over into new equations
possessing the same form in terms of the new coordinates. There
is, of course, a restricted group of such transformations, namely
those in which the new ¢] are functions of the old g; only, not involv-
ing the pr. These are just the same transformations permissible
in configuration space. However, there is a much more general
type of transformation, in which the ¢ are functions of both the
old ¢q; and the p;. This more general type of transformation is of
interest in many considerations, but most of all in quantum mechan-
ics. We shall now investigate whether there are coordinate trans-
formations of this general type which carry the canonical equations
(28) in phase space over into new equations of the same kind.

Variational principle in phase space. From our experience in
the preceding section, we know that such transformation properties
can be examined very conveniently if it is possible to represent the
equations in question as the Euler-Lagrange equations of a varia-
tional principle. It turns out that the canonical equations (28) can
in fact be so represented. The variational principle is the following:

) L’“[ :g;l o G — H(gs, s, l)] dt =8 /:'I:dt =0 @D

in which the g; and the p; are to be considered as independent vari-
ables; in other words, the variations to be considered are arbitrary
virtual displacements of the path of integration in phase space.
(The end points are, of course, again fixed and must not be varied.)
A little calculation shows that really the canonical equations (28)
are the appropriate Euler-Lagrange equations, because we find that

oL _  oH oL _

A T )
oL _ . oH oL _

- T o

Substitution of these expressions into eq. (17) yields egs. (28).
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But the function L is not the only integrand of a variational
principle of which the canonical equations are the Euler-Lagrange
equations. If we add to the integrand an arbitrary function which
is the exact derivative (with respect to time) of some function F
of the arguments qi, 2, the contribution of this additional term
to the integral would depend only on the value of F at the end points
and, as a result, the variation of this part of the integral (with fixed
end points) would contribute nothing. Thus, we could, for instance,

subtract from I the expression %(E D (]k) and obtain the
%
integral

T= - [‘ (H + :él a0 m) d. 5T =0, (43)

of which the Euler-Lagrange equations are again the equations (28).
The transformation conditions. After this preparation, we can

formulate the transformation conditions. The equations of motion,

expressed in terms of the new canonical coordinates ¢’ and p’,

qi = q;(qk) P, t); p; = p;(qk" Pr, t)) (44)

will again assume the form (28) if the integrand L, expressed in terms
of the new canonical coordinates, differs from the form indicated
in eq. (41) only by an exact derivative,

3N 3N JF
g P — H(gs, Pry 1) = 2 pi i — H'(ah, 9 ) + S (45)

Here F is an arbitrary (differentiable) function which must be
defined for all points of phase space and for all values of the time ¢.
It would seem sensible to represent it as a function of the qi, ps,
and ¢, or else as a function of ¢}, p;, and ¢. Actually, the formulas
turn out to be simpler if the points of phase space are identified by
a combination of old (unprimed) and new (primed) coordinates.

If we give F as a function of the g, ¢}, and ¢, then eq. (45)
may be written in the form

3N 3N
oF\ C LN (e OF\
E(W—@)Qk—z(?z'{‘m)‘h-i-(fl H—-a-i-)—o-

=1 =1
(46)
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This relation will hold for arbitrary paths of integration only if the
coefficients of the (6N) independent time derivatives and the last
parenthesis vanish separately. We obtain the conditions
a 4 7
R e L L - )

In these cquations, with F given arbitrarily but then known, it is
possible to solve the first 3N equations with respect to the g¢; and,
thus, to obtain them as functions of the old coordinates and the
time. Then the next 3N equations determine the pj, and the last
equation furnishes the new Hamiltonian H’. If the function F is
independent of time, then the Hamiltonian is invariant with respect
to that transformation. .

The arbitrary function F is often referred to as the generating
Junction of the canonical transformation (44).

Sometimes the generating function is chosen as a function of the
qx, P}, and ¢ In that case, the condition (45) must be replaced by
the equation

3N 3N
s — YR 2 0 d_(g(qk, p;; £)
kzﬂ Pr Gk = z=21: ap — H + dt ’ (48)

in which the new function G is related to F by the equation

3N
Xgw, pir t) = F(ge 71, &) + 3, 41 DI (49)
=1
G is, of course, also a suitable generating function. The resulting
equations, taking the place of the conditions (47), are

_ oG , 0@ , G
pk = 5’q—k' qQ = (;'p‘—;l }I = H + at (50)
To obtain the transformation equations (44), it is necessary to solve
the first 3N equations with respect to the p;; the remaining equa-

tions then determine the ¢; and also H'.

2.4, Hamilton-Jacobi partial differential equation

Cyclic coordinates. Frequently it happens that in the expres-
sion for the Hamiltonian, H(qx, ps, t), certain of the g-coordinates
do not appear at all. For instance, in the case of a central force,
when the potential energy of a particle depends only on r (in spher-
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ical coordinates), then one of the angles, ¢, will not enter into the
expression for the energy of the system. In such a case, the
canonically conjugate momentum will possess a zero time derivative,

dp. _ 0H _

i i (51)
In other words, that momentum will be constant along a mechanical
path; it will be a constant or integral of the motion. In the case of
central motion, the vanishing of the time derivative of py implics
simply that the angular momentum about the z-axis is constant.
Since the azimuth angle furnishes one of the most important
examples of “invisible” coordinates, such coordinates (that is,
coordinates that do not occur in the expression for the Hamiltonian)
are called cyclic coordinates.

Suppose now that we should attempt to introduce cyclic coordi-
nates by means of a canonical transformation, in fact, that we should
try to make all coordinates cyclic. Then all the conjugate momenta
would have to be constants of the motion,

m=a (52)

where the a; are 3N constants. In addition, it is possible to require
that the new Hamiltonian, H’, vanish, by appropriately disposing
of the time dependence of the function which generates the canon-
ical transformation. Without proving at the moment that it is
possible to carry out such a transformation, we shall assume that
such transformations exist, and we shall formulate the conditions
which must be satisfied by them.

The generating function @ which was introduced at the end of
Section 2.3 would then be a function of gx, a;, and ¢, where the a;
would not change in the course of time along a particular mechan-

ical path. Since

G _ %G
= 1=~ (53)

in accordance with eq. (50), the function G(qx, a;, t) must satisfy
the partial differential equation

G
n (qk, 5‘q—k: l) + aa-(tg = 0. (54)

This equation is known as the Hamilton-Jacobi partial differential
equation. It contains partial derivatives of G only with respect to
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the g and ¢, not with respect to any of the new coordinates a;, g].
If we could find a solution of eq. (54) which contains 3N constants
of integration, these could be considered as the a;, and the conjugate
g; could be found by means of the equations

oG :
’ e
Q= 3a (55)
T'heir time derivatives would be given by the expressions
., _ OH .
g = i 0. (56)

In other words, if all ¢; are cyclic, their time derivatives vanish as
well, and they are constants of the motion. If we can express the
old ¢; and p; in terms of the new canonical variables, a task that
is essentially solved if we have found an appropriate function
G(qw, ai, 1), the integration of the equations of motion has been
accomplished. Our task has been reduced to the finding of a solu-
tion of eq. (54), plus a series of algebraic manipulations. (‘“‘Alge-
braic” in this sense means operations not involving integrations.)
Unfortunately, in most practical cases, it is just as difficult to find
a solution of eq. (54) as it is to integrate the equations of motion
directly. Nevertheless, the Hamilton-Jacobi equation is of great
significance, in that it provides an important connecting link
between classical and wave mechanics. We shall, therefore,
devote the remainder of this chapter to a discussion of its relation-
ship to the equations of motion.

Generation of mechanical trajectories. Suppose we consider
eq. (54) on its own merits and consider it as a partial differential
equation which has some relationship to a mechanical system with
the Hamiltonian function H(qx, i, t). That is, we shall no longer
refer to canonical transformations, but rather consider the relation-
ship between solutions of the Hamilton-Jacobi equation to mechan-
ical trajectories directly. Since we are now no more interested in
the role of G as a generating function, we shall also change its name
and call it the ‘““action function’ 8, which satisfies the equation

aS a8
H (qln a';’ ) + Tt = 0, (57)
S S(q, t).
In this formulation, the constant parameters a; no longer appear.
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First ot all, we shall prove that any solution of eg. (57) generates
a field of mechanical trajectories which satisfy the equations of motion
and which cover the configuration space so that through each point
of configuration space passes at each instant of time one and only
one trajectory of the set. The significance of this statement is as
follows: We can, for each set of values of the ¢, and ¢, determine a
set of 3N values of the ¢, so that a field of velocities is defined in
configuration space. This field determines, of course, a set of tra-
jectories which covers the configuration space in the sense defined
above. We can then prove that, on the basis of our determination
of the field of the ¢, these trajectories satisfy the equations of
motion.

We determine the ¢ by the 3N equations

b= 2 (58)

b
as

o <<9Qk>
where the partial derivatives on the right-hand side are to be taken
in the sense that H is a function of the (6N +- 1) independent argu-
ments gx, S/dqx, {. This definition of the ¢, has been chosen in
accordance with the second half of the canonical equations of motion
(28). We must now show that the first half of the equations of
motion is also satisfied. To this end, we compute the change of
the momenta in the course of time along the generated trajectories.
The momenta themselves, which are known algebraic expressions
of the ¢r and the ¢, must equal the partial derivatives of S with
respect to the ¢i, because of eqs. (58) and the second half of (28),
which latter are the solutions of the defining equations (20). In

other words, we have

as
Dr = 30 (59)

because of our equations (58). The rate of change of these expres-
sions with time along a generated trajectory is given by

B, = _({ aS = ———-—62S a + -éﬁ_.
Pe =G i 3g: oq: T g ot

% (60)

We shall now make use of the fact that S is a solution of eq. (57)
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and set the last term equal to

928 - _ 0H(g1, 1)
agy. 9t g

The derivative on the right-hand side must be understood in the
same sense as those on the left-hand side; that is to say, the inde-
pendent variables are g, and t. On the other hand, H is originally
defined as a function of qi, 38/dqx, and ¢, where the partials, as a
matter of fact, are in turn functions of g and . We shall, therefore,
re-express the partial derivatives on the right-hand side of eq. (61)
in terms of the partial derivatives of H(qx, S/dqy, t).

(61)

oH(g,» _ " (‘1" ) N 2 oH %8 )

0qk ( ) (-)q, 8qk
aqz

If we now substitute this expression into eq. (60), we find that,
because of eq. (58), the remaining second derivatives of S cancel
and p, is given by the expression

oH (q;, g—;sy t)
= —-—> T8 7, (63)

Pe = aqk
which is the first half of the equations of motion (28). Thus, our
original assertion is proven, and the generated trajectories really
obey the equations of motion.

Construction of a field of trajectories. We shall now turn to the
converse question and ask under what circumstances a field of
mechanical trajectories defines a function 8 which will obey the
Hamilton-Jacobi eq. (67). We shall prove that <t <s always possible
to construct such a field of mechanical trajectories which contains any
one arbitrarily chosen mechanical trajectory. On the other hand, it
is not true that just any field of mechanical trajectories which covers
the configuration space defines an action function S. In general
a field of px (¢;) at some initial time £, when the momenta may be
chosen freely, cannot be represented as the partial derivatives (with
respect to ¢:) of any ‘“‘potential function” S. Such a possibility
of representation imposes stringent requirements on the functional
dependence of the p; on their arguments.
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When is it possible to find a function 8 at the time ¢, of which a
field of px(q:) are the partial derivatives? The necessary and suffi-
cient condition is that any integral of the form

95 % pedg: = 0, (64)

taken over an arbitrary closed path in configuration space at the
fixed time fo, vanish.! The condition (64) is necessary. For if at
the time ¢ eq. (59) is satisfied, the integrand of eq. (64) is an exact
differential, namely dS, so that an open-path integral

2 2 1
[ 3 pedas = S(@) — S(@) = a8 (65)
a *

equals the difference of S at the two end points of the path of inte-
gration. If the two end points coincide—if the path of integration
is closed—then this difference AS must vanish. At the same time,
the condition (64) is sufficient, because if it is satisfied, we can find
a function S of which the momenta are the partial derivatives, by
giving the function S at a point g, the value

0
8@ =S+ ™3, b daw (66)
o k

0
Here the point g, is a fixed point of reference, for instance the point
on the one arbitrarily chosen mechanical trajectory occupied at the

0 0 0
time fo, and S is the value of S at the point gi. This initial value S

can be chosen at will even after the choice of the point qok has been
made. The path of integration is any path connecting the two
indicated end points, and the value of the integral is independent of
the particular choice of the connecting path, because of eq. (59).

Now that we know that the condition (64) is both necessary and
sufficient for the existence of the function S at the time ¢, we can

0
easily construct a proper field of pi(gx) which at the point ¢z has

t The symbol ¢ is generally used in connection with path integrals to

express the fact that the path is closed, or in connection with surface integrals
also to express the fact that the surface of integration is a closed surface.
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(1] 0o 0
certain preassigned values p,. (It is the 6N constants gx, px which
characterize the one path which was initially chosen at will and
about which we wish to construct our field of paths.) All we need
to do is to pick any function Se(g:) the partial derivatives of which

assume the values ;,, at the point with the coordinates 3,,. The
i elsewhere are the partial derivatives of this function So. Obvi-
ously, the variety of choice of appropriate fields, although not com-
pletely unrestricted, is still enormous.

MECHANICAL TRAJECTORIES

PATH OF INTEGRATION
AT TIME ¢

PATH OF INTEGRATION
AT TIME {,

Fic. 1. Paths of integration (66) in configuration
space at two different times.

Suppose, then, that we have constructed a field of paths the
momenta of which at an initial time ¢, satisfy the condition (64).
Will they continue to satisfy this condition in the course of time?
This question can be answered in the affirmative, on the basis of a
much more general relationship. For an arbitrary covering field of
mechanical trajectories [not necessarily satisfying (64)], it is true
that a closed-path integral

4 = ¢ g i day, (67)

taken at a time £, will retain its value A constant if each point on
the path of integration is displaced along its mechanical trajectory
to the proper location at a time ¢ and the integral (67) taken at that
time (Fig. 1). To examine the change of the integral under the
influence of such a displacement in configuration space and in
time, we shall introduce a parameter, say A, along the path of
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integration, so that
=¢Smad, = aqu: b, (68)
)

In the displacement, we shall arrange matters so that the parameter

A retains its value along each mechanical trajectory. The rate of

change of the integrand, 2 Pr q, is then given by the expression
k

d , . ag;
HSri)-Snar 3% @
k k k

in which we may make the further transformation

aqlr — a(lx (70)

ot O

If we now use Lagrange’s equations of motion in the form (26) and
if we replace pi by the defining equation (20), we find that

dl (Z P ‘1") "2t 2 (Y
The expression on the right—hand side represents the change of the

Lagrangian L along the path of integration. We find that the
change of A with time,

56 - (E P q,,) d\ = 6L S =0, (72)

vanishes. If all closed-path integrals satisfy the condition (64)
initially, they will continue to do so, and it will be possible to find
some function S*(gx, t) which has the property that the p«(q, t) of
the mechanical trajectories, chosen with appropriate initial condi-
tions at the time ¢o, are the partial derivatives. Moreover, it is
possible to assign to S* arbitrary values along the originally chosen
trajectory, since, at every time ¢, S* is determined by eq. (66) only
up to an arbitrary constant. Thus, S* is determined by our field
of curves only up to an arbitrary function of ¢; if the pi are the
partial derivatives of a function S*, they will also be the partial
derivatives of another function S**,

§** = 8* + f(v), (73)
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where f(f) is that arbitrary function of . We shall now make use
of this arbitrariness to find a particular function S* which satisfies
eq. (57).

Determination of S. Let us substitute a function S*(gx, £) into
the left-hand side of the Hamilton-Jacobi equation (57) and deter-
mine to which extent it fails to satisfy that equation. We find that
the right-hand side, instead of being zero, equals

as* t) GS_* (74)

R(gi, t) = H (Qk, T %

The right-hand side, though not zero, possesses another property:
it is a function of ¢ only and independent of the coordinates of our
configuration space, the ¢.. For proof, we can form the partial
derivatives 0R/dq.. We find for them the expressions

oR(g, 1) _ 9°S* | OH % _oH @St (15)
gy, ot dqr = 9qx =, (2§j> 9q dgx

aql

But since the mechanical trajectories and the function S* have
been chosen so that

- = D (76)

and so that, because of the canonical equations (28),

oH oH

—(5‘;5*— =om W @
FY il
aq
eq. (75) may be given the form
3N
R _ opi(gn t) _ . 0Pk,
o o P+ 2 % 3¢: (78)

In this expression we encounter both the expression dp:/dt and the
expression P;; the two are not equivalent. The dot designates the
change of p; in time as we proceed along a mechanical trajectory.
The partial derivative, on the other hand, equals the change of p:
in time if we remain at the same point (with the coordinates g.)
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in configuration space. The two quantities are related to each

other by the formula
8m + 2 am (79)

The last term takes account of the displacement which a point
traveling along a mechanical trajectory experiences during the time
interval dt; it represents the resulting change in p; which must be
added to the local change in order to obtain the total change.

Comparison of eq. (79) with (78) shows that the partial deriva-
tive of R with respect to ¢; really vanishes. This property cnables
us to cause R 1o vanish by means of an appropriate transformation
(73). If we replace S* by S**, the partial derivatives with respect
to ¢x remain unchanged, and H will remain unchanged as a result.
The new value of R will be

R-m4+%" R+ f (80)

The choice of the function f(¢) is arbitrary. If we choose it in par-
ticular to be

5§ = = [ RG) dr, (81)

which is possible because R is a function of ¢ only, then B will vanish.
Thus, we have completed the construction of a function S(g, t)
which satisfies all requirements: it satisfies the Hamilton-Jacobi
equation, and its partial derivatives with respect to ¢; are the gen-
eralized momenta of a field of mechanical trajectories which includes
the one trajectory which was chosen at the beginning,

To summarize: any particular solution of the Ilamilton-Jacobi
partial differential equation generates a set of trajectories that
satisfy the equations of motion. On the other hand, given a single
arbitrary mechanical trajectory, it is possible to construct fields
of trajectories containing the one chosen originally which belong
to a function S satisfying the Hamilton-Jacobi equation. In this
sense, the totality of all solutions of the Hamilton-Jacobi equation
is equivalent to the totality of all mechanical trajectories satis-
fying a given set of equations of motion (as represented by its
Hamiltonian). Finally, along any single trajectory the function S
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is the value of that integral which is stationary with respect to
virtual displacements.!

It is worth remarking that whereas the totality of all solutions
of eq. (57) is equivalent to the totality of all solutions of eqs. (28),
there is no one-to-one correspondence between particular solutions.
On the contrary, every particular solution of the Hamilton-Jacobi
equation generates a whole set of trajectories. On the other hand,
each single trajectory which satisfies the canonical equations of
motion is generated by an infinite number of different solutions of
the Hamilton-Jacobi equation.

Problems

2.1. Derive the Euler-Lagrange equations of motion for a single particle
in spherical coordinates, on the special assumption that the potential
energy is a function of r only, V(r). Physically, this condition represents
the case in which a center of attraction or repulsion is permanently located
at a particular point, which has been chosen as the origin of the coordinate
system.

Compare the Euler-Lagrange equations with the equations which are
obtained if the equations of motion are first written down in Cartesian
coordinates z, y, 2 and then transformed term by term into equations for
spherical coordinates.

2.2. Integrate the Kuler-Lagrange equations of the preceding problem
step by step, showing first that the angular momentum about the pole axis
is a constant and then that the square of the total angular momentum
remains constant. The equations can be reduced to the point where only
the radial equation remains to be solved.

The radial equation can also be integrated for special cases.

(a) Assume that the potential energy V is inversely proportional to the
distance r. V = ¢/r is the potential energy belonging to the inverse-
square field. Your results should agree with those obtained in Chapter 1.

(b) Set the potential energy equal to g r2, This expression for V corre-

sponds to an attractive force which is proportional to the distance from
the center (harmonic oscillator). The trajectories are found to be ellipses,

! In analogy to eq. (79), the time derivative of S along a trajectory is

as 6S .
61+ aqlql’““H“}'zPl(Il-L

S = [Ld,

8 =
It follows that

provided that the path of integration is a mechanical trajectory.
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with the origin at the center. The time of revolution is independent of
the dimensions of the ellipse.

2.8. Obtain cxpressions for the generalized momenta of a single particle
in spherical coordinates. Identify the angular momentum about the polar
axis and the squared total angular momentum. Finally set up the expres-
sion for the Hamiltonian in spherical coordinates and obtain the canonical
equations of motion, assuming that the field of force has spherical symmetry
(is a central force field).

2.4. Repeat the steps of the preceding problem for different types of
coordinate system, such as cylinder coordinates, confocal elliptic, and
confocal parabolic coordinates.

2.5. Integrate the canonical equations of motion in spherical coordi-
nates for the inverse-square force field and compare the steps of your
integration procedure with those required in Problem 2.2(a).

2.6. Set up the Hamilton-Jacobi partial differential equation for a
single particle in spherical coordinates for the central force field. This
equation can be solved, or its solution can at least be reduced to quadra-
tures, if S is chosen as the sum of four terms of which each is a function of
one argument only, ¢, r, and the two angles.

Having obtained such a special solution, examine the field of tra-
jectories generated.

2.7. Solve the Hamilton-Jacobi equation for the inverse square field,
once in spherical coordinates and once in confocal parabolic coordinates
(plus an azimuth angle). In both coordinate systems, the problem can be
solved by the separation of variables. Compare the fields of trajectories
generated by these two different types of solutions.

2.8. Examine the canonical transformation which is generated by
means of the generating function

Flae 4, t) = D, qr giv (82)
k

This particular transformation is known in quantum mechanics as the
transition lo momentum space.

Set up the Hamilton-Jacobi equation in terms of the new coordinates
g.- The space of the g, is known as momentum space. Solve completely
the problem of the one-dimensional harmonic oscillator in terms of these
new coordinates.



Chapter 3
Matter in Bulk

In the development of modern physics, the treatment of matter
in bulk plays a peculiar role. Naturally, most of the matter with
which the physicist comes in contact in his laboratory consists of
very large numbers of molecules, atoms, or elementary particles.
To apply to such complex systems the formalisms developed in the
first two chapters is out of the question, since the number of dif-
ferential equations to be solved simultaneously would be over-
whelming. Nevertheless, we are not completely helpless in the
face of large accumulations of mass points.

The reader will recall the form of the conservation laws. The
motion of the center of mass of any mechanical system is determined
by the external forces. So are changes in angular momentum and
in energy. If we define appropriately a number of average or
bulk properties, we can make at least partial predictions concerning
the behavior of bulk matter. This idca has been followed up in a
number of directions. If matter is considered in bulk, we can dis-
cern at every point in its interior a prevalent state of motion, its
local (average) velocity. 'This velocity field determines, as we shall
see, the changes in density which result from the streaming along of
the particles. Individual particles, however, may possess velocities
which differ widely from the local velocity; these deviations are
called random motion. The Kkinetic encrgy of matter consists
additively of a term which depends only on the local velocity and
one which involves only the random motion. All those laws in
whose formulation the random motion enters only through its con-
tribution to the kinetic energy can be summarized as the laws of
mechanics of matter in bulk, whereas the treatment of the random
motion itself and the laws governing it leads to the theory of heat.

In this chapter, we shall restrict ourselves to the development of
the mechanical laws. Depending on the type of interaction which

49
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the particles exert on each other, matter is classified as solid or
fluid; the latter term includes the liquid and the gaseous state of
matter. Strictly speaking, there is no sharp dividing line between
the solids and the fluids. Although a solid is defined as matter
which on deformation will produce internal stresses that tend to
restore its original shape, and a fluid is defined as matter which
- has no resistance to changes in shape (provided that they take place
sufficiently slowly), all solids are actually subject to plastic flow if
subjected to sufficient stress for a sufficiently long time, and many
fluids will exhibit “‘springiness’” when the applied stress acts only for
a short time. But since actual matter frequently approaches the
properties which are by definition those of solids or fluids, respec-
tively, these two concepts are very useful, in spite of their obvious
limitations. The mechanics of solids is known as elastomechanics,
the mechanics of fluids as fluid dynamics.

3.1. Density and local velocity

Before we can begin to work out the laws of mechanics in the
form in which they can be applied to bulk matter, we must introduce
the average quantities which have already been mentioned, the
density and the local velocity.

Let us start with the density p. Everybody knows that density
is defined as mass per unit volume. But how shall we choose the
volume in which the mass will be determined? If we have an
appreciably homogeneous, fairly sizable chunk of some material
such as pure gold in the solid state, we can determine, with great
accuracy, the number of grams of gold contained in one cm?® under
standard conditions. If we now subdivide the original gold bar
into smaller and smaller fragments, the density will remain sensibly
constant up to a certain order of magnitude, of the order of 103 43.
When we reach this limit, by considering minute colloidal particles
of gold, the density will gradually become subject to fluctuations
until it loses all significance for amounts of gold comprising only
very few atoms. In other words, the density of gold, pa., has sig-
nificance only for sufficiently large crystallized amounts of the
material.

On the other hand, if we consider a highly turbulent mass of air,
we know that its density is by no means constant throughout the
space region filled by this air mass; p is a function of both the spatial
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coordinates and the time, dependent on the instantaneous local
values of temperature and pressure. To obtain reasonably mean-
ingful values for the local density, the ratio of mass to volume must.
be formed for regions which are neither too large nor too small (the
dimensions must be small compared to distances over which the
density changes measurably, but large compared to the average
distance between closest molecules). Whether there are regions
that satisfy both of these bounding conditions depends, of course,
on the special nature of the case under consideration. There are
cases of a practical nature where no such regions exist, as in the
immediate vicinity of so-called shock waves. But ordinarily,
regions of the right order of magnitude to satisfy both conditions
can in fact be found. In that case, it is possible to describe the
forces acting in the interior of the matter, the distribution of mass
points and their state of motion, by appropriate average quantities.

As for the average local velocity, we shall define it as the ratio
between the total linear momentum and the total mass of all the
particles inside an appropriately chosen volume. The choice of the
volume is governed by the same considerations as in the case of
the density. If the volume is too small, the average is subject to
large fluctuations; if too large, it may average over regions in which
the prevalent state of motion is markedly different. In dividing
the total linear momentum through by the total mass, we average,
in effect, the velocities of all the particles inside, but so that the
contribution of each particle to the average is weighted by its mass.
Thus, if we consider a piece of electric wire through which an elec-
tric current is passing, the contribution of the rapidly moving elec-
trons to the local velocity is small, even though their average
velocity is considerable: their mass is a very small proportion of the
mass of the wire as a whole.

We have indicated that the velocity of an individual particle
may differ considerably from the average local velocity. If we
have occasion to consider the random motion, we shall designate
the deviation of the particle velocity from the average total velocity
by the symbol u. If we sum the total linear momentum of all the
particles in a ‘“‘suitable” volume (suitable for the taking of averages
as discussed above), we obtain the expression

P=Zm(v+u) =vIn (1)
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The right-hand side merely follows from the definition of average
local velocity. By canceling the identical expressions left and right,
we find that the (weighted) average of the random velocities
vanishes, a result which we shall use repeatedly.

3.2. The stress tensor

In Chapter 1, we established the notions of internal and exter-
nal forces acting on the member mass points of a nonisolated
mechanical system. We found that the rate of change of the total
linear momentum P; of a system
S depends on the external forces
£ only and is independent of the
internal forces. Let us now
consider an arbitrary region V
in the interior of matter in bulk.
Call its surface S and designate
as a mechanical system the set
F1e. 2. The volume V and the forces  of mass points inside S (that is,
across its surface . in V) at the time ¢ (see Fig. 2).
The external forces acting on the points inside S are then those forces
which the molecules outside S exert on those molecules inside S.
We shall now assume that molecules will exert forces of appreciable
magnitude on each other only if they are quite close to each other,
say within 10 & for a solid or liquid. With this assumption, it will
be possible to describe the total external force acting on the matter

in V by means of a surface integral,

Fr =~ db sids, @)

where —f; is the force per unit area which the molecules on the
outside of the surface element dS exert on those inside. Because
of Newton’s third law, f; will then be the foree per unit area which
the molecules on the inside of diS will exert on the molecules outside.
The values of the components f; depend, of course, on the location
of the surface element dS, and also on its orientation, which we
shall always characterize by means of the unit normal n pointing
away from the interior of V.

We shall now study the dependence of f; at a given location on
the direction of the normal of the surface element dS, n;. Inci-
dentally, n; is defined as a unit vector, so that its components

WA
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satisfy the relationship
En,? = 1. (3)

In fact, n; is nothing but the cosine of the angle between the normal
direction and the z;-axis. In order to approach our problem, we
shall examine the immediate vicinity of dS and study the inter-
molecular forces across the plane @, which is tangential to S at
the location dS (see Fig. 3).

We shall take a picce of the plane @ having the total area A and
then enclose this piece in a closed surface B which includes enough
of the region on both sides of @ that almost all of the force across

F1a. 3. Forces across the plane Q.

the piece A of @ is due to molecules inside R. The total force
across shall be called F;. 1t is the sum of all the forces which mole-
cules below @ exert on molecules above Q.

To obtain an expression for F;, we shall consider the force which
the molecules inside a volume element dV, below @ exert on the
molecules inside another volume element dV, which lies above Q.
This force will depend on the locations of the two volume elements
involved, and it will be proportional to the magnitudes of both.
Its direction must be in the connecting straight line. If we call
the coordinates of the two volume elements alzi and :;:i, respectively,

then the infinitesimal force contributed by their interaction is given
by an expression having the form

Ty — X
o (Lk, Tx) 2 "(;,"L dV,dV,,
1 2

I

da°F;
2 = i — s 2
r E’. : (-'gl "i )

(4)
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Because of Newton’s third law, the function ¢ will not change its
value if the arguments z; and z; are interchanged; the force exerted
1 2

by the molecules in dV; must be equal to —d°F;, and the change

in sign is accomplished by the change in the direction cosine,
(x; — x:)/r. It will now be necessary to integrate this force over all
2 1

dV, lying inside R below Q and over all dV; lying inside R above Q.
This task can be accomplished only if we add another assumption
to those already made, an assumption which might be called the
assumption of local homogeneity. We shall assume that within R
the value of the function ¢ depends appreciably only on the relative
location of the two volume elements involved; in other words, while
the volume elements dV, and dV, are sufficiently large that ¢, an
average force per unit volume square, is a smooth function of the
coordinates (fluctuations of this average being negligibly small),
the whole region R is sufficiently small that any two volume ele-
ments of the same size as dV, and dV, which have also the same
relative location with respect to each other will exert very nearly the
same force on each other. This assumption of local homogeneity
can be expressed in the form that within R,

&(x1, T2y T3) 21, T2, T3) = P(Ty — X1, T2 — T2, L3 — T3). (5)
101 1 2 2 2 1 21 271 2

With this assumption, it is now possible to carry out the necessary
integrations without too much difficulty.
As the first step, it is convenient to introduce new variables of
integration. We shall introduce the coordinate differences, :g.- — x,
1

as new variables,

z — % = & (6)
2 1

The expression for d°F; then becomes
AF; = $(8) ¥ di dfa dia day das das

=34

the z; having been eliminated. This expression must now be inte-
2

)

grated over the range of the six coordinates z;, &. If we carry out
] .
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the integration over the x; first, with some fixed triplet of £-values,
1

it is clear that the possible range is a slab of constant thickness
directly adjacent to the planc @ (Fig. 4). The thickness of the
slab equals the magnitude of the vector with the components
multiplied by the cosine of its angle with the normal. The lateral
extension of the slab is 4, and therefore its total volume equal to!

Vi=A4Y tn. ®

In other words, the partial integration of the expression (7) results

Fia. 4. Details of the integration. The dashed lines indicate the
volume of the ‘“‘slab” over which the z; are to be integrated with
fixed &;. 1

in the triple integral

A // /Et (&) % 28 £ n, A&y dEs dEs
A E N /// o(&) %—E—' dty ds dis.

The range of integration is that of all possible rclative locations of
volume clements inside B above to elements below Q. We shall
find it convenient, however, to extend the limits of integration.
If the envelope B was chosen originally to include all molecules
within the reach of intermolecular forces across @, then nothing will
be changed if the integration is now carried out over the whole

F,

It

®)

! The expression for the thickness, used in eq. (8), is the so-called dot product
of the two vectors with the components £ and n,. Those readers who are not
familiar with the elementary aspects of vector calculus should refer at this
point to Section 3.3, which is devoted to this topic.
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half space of values (&, £, £) in which the angle (¥, n) is acute or,

in other words, where the expression 2 £, n, is positive.
s

After this extension of the interval of integration, we may go
still one step farther. If we consider that range of values of &
which are at present excluded, we find that to every permissible
triplet of values corresponds an excluded triplet, namely —¢.
At that excluded point, the integrand has exactly the same value,
because of Newton’s third law. In other words, we may carry out
the integral (9) over all of t-space if we divide the result by a factor
2. We finally obtain an expression for F;:

Fo= A Tom,
k

T (10)
T.';, = % // / ¢('£‘—)- E.' Ek (lfx dEg (183.
fE k= — »
The force per unit area of R, f;, is given by the expression
=B =S . an
%

In this form, the dependence of f; on the orientation is explicit.
The expressions T are completely independent of the orientation,
merely functions of the location of dS. They have the further
property of being symmetric in the subscripts ¢ and k,
Ti = T, (12)
as is evident from eq. (10).
If the expression (11) is substituted in eq. (2), we finally obtain
for the total external force acting on the system of molecules inside

S the integral
Ff = — #«S 2"; Tix e dS. (13)

3.3. Vector and tensor calculus

In the preceding section, we have made use of a typical forma-
tion of vector calculus, the dot (or scalar) product. Although we
could develop many of the formulas in what follows practically
without reference to vector methods, knowledge of the theory of
vectors and tensors is an enormous help in penetrating rather
lengthy derivations. The reason is simple. Physics is a science
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dealing with the laws of nature in a three-dimensional space.
Almost all the laws of physics relate changes in time with distribu-
tions in space. For instance, the force law relates the acceleration
of a single member of a mechanical system to the distribution in
space of the system as a whole. In the first chapter, we have
found that among all conceivable systems of coordinates in which
we might describe happenings in space and time, there is a special
set, called inertial systems, in which the laws of mechanics are par-
ticularly simple, that is, in which they assume the standard form.
At that time, we did not discuss whether there might be more than
one inertial system, and if there were several, what relationship
they would have to each other. The fact is that, given one inertial
system, we can construct an infinity of others; with respect to
every one of them a body which is not subject to external forces
will move without acceleration. Starting with one inertial system,
we can obtain additional ones by choosing (Cartesian) coordinate
systems whose origin moves uniformly (straight and without
acceleration) in terms of the first system and whose axes have
constant orientation with respect to the original axes. By this
method, we can obtain all inertial systems in existence.

For a statement of the general laws of nature, all the inertial
systems should be equally suitable. That is, those laws of nature
which for their mathematical formulation require the introduction
of a coordinate system (because they deal with locations, velocities,
and accelerations) should assume the same form no matter which
of the infinitely many inertial systems is used in the formulation.
This is indeed the case. The three laws of Newton assume the
same form in every inertial system. If we carry out a transition
from one coordinate system to another, a so-called Galilean coord:-
nate transformation, then the mathematical equations (1.2), (1.5)
with (1.6), and (1.11), are recovered without change. We say that
these laws and the equations expressing them are covariant with
respect to Galilean transformations. The term invariant is also
used with the same meaning,

Covariance of the three laws of Newton with respect to Galilean
transformations is not the only type of covariance we have encoun-
tered so far. In Chapter 2, we discussed the equations of motion
in generalized coordinates. By introducing the notion of configura-
tion space, we found that the Euler-Lagrange equations assume
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the same form in terms of any and all generalized coordinates g;.
The equations of motion in the Euler-Lagrange form are covariant
with respect to arbitrary (nonsingular) coordinate transformations
in configuration space. Finally, the canonical equations (2.28) are
covariant with respect to the canonical coordinate transformations
(2.45), in phase space.

Vector and tensor calculus is concerned with the covariance of
mathematical relationships with respect to a much more restricted
group of coordinate transformations in ordinary space, namely,
those leading from one Cartesian coordinate system to another
without involving the time; these transformations are usually
called orthogonal transformations. Since orthogonal transformations
lead from one inertial system to another and thus form a small frac-
tion of the Galilean transformations, the general laws of nature
must also be covariant with respect to orthogonal transformations;
though necessary, this condition is in general not sufficient.

Transformation law of vectors. The relative location of two
fixed points provides a convenient starting point. If with respect
to some Cartesian system their coordinates are designated by Illle

for the onc point and by z; for the other, the three differences
2
between corresponding coordinates,

Az = 13 — T, (14)

2 1
provide complete information concerning the spatial relationship
between the two points. Their distance As is given by the expression

As? = > Aat, (15)

and the three expressions (Az;/As) are the cosines of the angles which
the straight line connecting the two points forms with the three
coordinate axes.

Let us now introduce another Cartesian coordinate system,
designated, let us say, by coordinates yx. The coordinate values
of any point in space in terms of the new system are linear functions
of the coordinate values in terms of the original system,

0 3
U=+ D ki i (16)

i1
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0
The constants y; are the y-coordinate values of the origin of the
z-system; each of the nine constant coefficients c;; is the cosine of
an angle between the appropriate y;- and z;-axes. As for coordinate

0
differences, such as our Az, the constants y; of eq. (16) drop out of
the transformation law. The new coordinate differences are not
only linear but are also homogeneous functions of the old ones,

Ay = 2 Ci Ax;. 17
k]

Because of the geometrical significance of the constant coeffi-
cients ci; as the cosines of angles between the new and the old
coordinates, we have also the further relationship that the coeffi-
cients of the inverse transformation,

Az = Y ¢ Ay, (18)
k

are identical with those of the transformation (17),
k= ek (19)

From this simple fact follows a further property of the coefficients
cri: if we substitute the expressions (18) into the right-hand side
of eq. (17), we obtain a rclationship which contains the Ay; on both
the left-hand side and the right-hand side,

3
Ay = %_21:, Cki Ci; Ay, (20)

This relationship can be valid for arbitrary sets of coordinate differ-
ences only if the products of coefficients c;; satisfy the nine equations

3
2 Cri Cti = Oy (21)
i=1

where the symbol on the right-hand side is the so-called Kronecker
symbol and has the significance

_ 1 Gk =1,
b = {o Gf & 5= I). (22)

The relative position of the two points with the coordinates z; and
1
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r; (or y: and y;), respectively, provides a typical example of a
2 1 2

vector, an object which possesses both magnitude (in this case the
distance between the points) and a definite direction, independent
of the choice of a coordinate system. Mathematically, a vector V
is represented by its three components V; with respect to some
chosen coordinate system. Its components with respect to another
coordinate system, Vi (which is, of course, likewise assumed to
be Cartesian) are connected with the first set of components by a
transformation law identical with that for coordinate differences,

Vi = z e Vi (23)

The magnitude of the vector, V, is given by an expression analogous
to eq. (15),
V=3 Vi=3 Ve (24)
s k

The value of V cannot depend on whether we use the components
V; or the components V. This fact, which is intuitively necessary
if “magnitude of a vector” is to have the customary significance,
can be proved formally by means of the transformation equations
(23), coupled with the properties of the transformation coefficients,
(21). For we have

3
zvg=2(§ck;Vf)z=zzzcuClek*Vf
] : ]
=228};IV2' V*=2V:2-
k1 k

In other words, the sum of the squares of the components of a
vector is invariant with respect to orthogonal coordinate transforma-
tions (16). The individual vector components V; are not invariant,
but the set of the three may be said to be covariant in that they
transform in accordance with a definite transformation law, (23),
which permits their determination in terms of any chosen Cartesian
coordinate system if the components with respect to some one
Cartesian coordinate system are known.

Every orthogonal transformation may be thought of as the
combination of a translation and a rotation. A translation is a
transformation in which the origin of the coordinate system is dis-

(25)
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placed but the new coordinate axes are parallel to the old ones.
In a rotation, on the other hand, the origins of both coordinate sys-
tems coincide, but the axes of the two coordinate systems are not.
parallel.

Some important quantities behave as vectors with respect to
one type of orthogonal transformation but not with respect to the
other. We call radius vector the triplet of the coordinates of any
arbitrary point, z;, The radius vector transforms like a vector
with respect to rotations but not with respect to translations. Its
magnitude (the distance of the point in question from the origin
of the coordinate system) is, therefore, invariant only with respect
to rotations, but it will change its value as the result of a translation.

The so-called unit axts vectors, i, j, and k, provide an example of
a different kind. With respect to translations, they behave like
vectors; with respect to rotations they do not. Although many
workers like to perform vector calculations with the help of these
quantities [which are defined as the three triplets of numbers
(1,0,0), (0,1,0), and (0,0,1), respectively], their combinations will
be covariant only if the calculations could also have been carried
out without their help. Since we shall be interested very much in
the transformation character of all physical relationships to be
formulated, we shall avoid use of i, j, and k, and instead develop a
notation in which true vectors [that is, triplets of quantities which
transform in accordance with eq. (23)] are manipulated so that trans-
formation properties are apparent at every stage.

Covariant algebraic operations, summation convention. What
algebraic operations with vectors lead to quantities with similar
simple transformation laws? There is, first of all, the multiplica-
tion of a vector by a number: if each component of a vector, V,,
is multiplied by the same number (invariant with respect to coordi-
nate transformations), say a, then the three products a V; form the
components of a new vector,

(aV¥) = 2 cri(a V). (26)

The magnitude of the new vector is a times that of the vector V,
a fact which is proved formally by direct substitution in the defining
equation (24). Its direction is the same as that of V.

Next, we can obtain new vectors by adding corresponding com-
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ponents of two or more given vectors. If V; and W; are the com-
ponents of two vectors, then the three expressions

Ti=Vi+ W; (27)

are the components of a new vector, which is called the vector sum
of the two vectors V and W. The proof consists of explicitly com-
puting the components T,

Tr=Vi+ Wi = z:,cki Vi+z:clu‘ W

(28)
= z ci(Vi+ Wo) = 2 cxi Ts.
i i
Two vectors may be combined in a multiplicative operation
known as the dot product or scalar product. If V; and W; are again
the components of two vectors, then the expression

U= ViWi=2 ViWt=V.-W (29)
1 k

is invariant with respect to orthogonal transformations. The proof
can be carried out along the lines of eq. (25). By the choice of a
suitable coordinate system (in which, for instance, one of the two
vectors has only a single component), one can further show that
the value of the scalar product V. W equals the product of the
magnitudes of the two vectors, V and W, multiplied by the cosine
of the angle formed by the two vectors.

In order to simplify the writing of formulas in component nota-
tion, it has become customary to drop all summation symbols.
Ambiguity can be avoided if it is agreed once and for all that any
index which occurs twice in a product is to be understood as a sum-
mation index, but that indices which occur only once in a product
(or, what is the same, once in each term of a sum) are not to be
summed over. Looking over the preceding equations of this sec-
tion, the reader will find that in fact every summation index occurs
twice in each product and all other indices once. From now on,
summation symbols will no longer be employed unless it becomes
necessary to write down an equation which is not adequately
covered by the above summation convention.

Tensors. Vectors and scalars are not the only types of quanti-
ties which are needed to express physical laws in three-dimensional
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pace. In the second section of this chapter, for instance, we found
hat according to eq. (11) the force per unit area across a surface S,
vith the components f;, is a linear homogeneous function of the n,,
he components of the surface normal. The relationship between
he two vectors f and n, which in any one coordinate system is
:ompletely determined by the values of the coefficients T';x, must be
ndependent of the choice of coordinate system. This condition
mposes a particular law of transformation on the T themselves,
vhich we shall now proceed to determine. With respect to a new
woordinate system, yx, we must have a set of three equations

Jo=Toamnn, (30)
vhere the new coefficients T, must have values so that eq. (30) is
quivalent to (11). (Because of the summation convention, the
ndex n is to be summed over, even though summation is not
xplicitly indicated in the equation.) If we now express the f*
nd the n} in terms of the unstarred components, we obtain

cmifi = Tr":m Cnk N (31)

.nd further Cmi Tik ng = T:m Cnk Nk, (32)
(Cmi Tix — Tha Cat) = 0,

1y substituting eq. (11) on the left-hand side. The three eqs. (32)

corresponding to m = 1, 2, and 3) must be satisfied for all possible

ormal directions n; that is possible only if the coefficients of the
omponents of n are all zero,

Cmi Tir = T:m Conk. (33)

“hese equations can now be solved with respect to the quantities
"% ., simply by multiplying them by c.. and summing over the
ndex k. The result of this operation is

Cmi Csk Tt = Cnk Cak T:m = One T:m (34)

ecause of egqs. (21). On the right-hand side, n is a summation
1dex. In the sum indicated, all terms but one will vanish, because
f the definition of the Kronecker symbol, (22). We get a contribu-
ion different from zero only when n equals s, and its value is Tm,.
Ve find, therefore, that

To = cmica Ta (35)
3 the transformation law for the 7. It isidentical with the trans-
ormation law for vectors, except that the T carry two indices



64 MATTER IN BULK [§3.3

and that they must be transformed with respect to each index
separately. We call the T;; the components of a tensor, and define
a tensor as a set of components V... with N indices (called the
rank of the tensor) which transform with respect to each tensor
index like a vector; in other words,

V:m = CmiCnk * * * Vik.... (36)

Although it is logical to call vectors tensors of rank one and to call
scalars tensors of rank 0, the terms ‘“vector” and ‘‘scalar” have
never been completely displaced by the “systematic’’ designations.
However, all general laws relating to tensors and tensor operations
apply to vectors and scalars as well.

Just like vectors, tensors can be multiplied, component by com-
ponent, by a common factor, and this operation leads to a new
tensor of the same rank. Likewise, several tensors of the same
rank can be added (that is, corresponding components can be
added), and the sums will form a new tensor of the same rank.
Finally, a tensor may be contracted if its rank is at least 2. Any
two of its indices may be made equal and summed over, and the
result will be a new tensor of a rank lower by 2; for instance, u
with the components u;,

Ui = Uissy (37)

is a vector if the wiy are the components of a tensor of rank 3.
The proof of the tensor character of the contracted tensor follows
by direct verification, using in particular eq. (21).

Given two tensors ... and vma... of ranks M and N, respectively,
it is possible to construct a new tensor of rank M + N, by simply
multiplying every component of the first tensor by every component
of the second,

Wik...mneor = Uike. Ump.... (38)

The proof of the tensor character of wi...ms... 18 again straight-
forward. This multiplication may be combined in a number of
ways with contraction; the dot product of two vectors is one
example.

Tensor analysis. So far, we have considered only algebraic
combinations of scalars, vectors, and tensors: the addition, the
multiplication, and the contraction. ILet us now turn to operations
involving differentiation as well.
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A tensor (or vector or scalar) may have components each of
which is the function of some scalar parameter. Take, as an
example, the velocity of a particle. Its three components undoubt-
edly form a vector. Each of the components is, furthermore, a
function of the time ¢. If we differentiate each of these three
functions once, then the three resulting derivatives form again a
vector, the acceleration. More generally, we can formulate the
principle that the derivatives of a tensor with respect to a (scalar)
parameter form a new tensor of the same rank.

A much more involved situation is encountered if the compo-
nents of a tensor are functions of the coordinates themselves. Such
a tensor is generally known as a tensor field. An example of a
scalar field is a temperature distribution, such as the temperature
in the atmosphere. The temperature at a particular point in space
is undoubtedly a scalar; the measurement certainly does not depend
on the choice of coordinate system (though it does on the tempera-
ture scale employed). But the temperature has different values
at different points in space, and that is what makes it a field. The
local velocity v in a streaming fluid is, at each point, a vector.
Its components (at a fixed point in the fluid) transform in accord-
ance with eq. (23). At the same time, each of the components
v; is a function of the three coordinates z, s, 23, and this functional
dependence makes v a vector field. Finally, the tensor Ty is a
tensor field, since its components vary from point to point and are
again functions of the coordinates.

A field and its components may be not only functions of the
coordinates but also, at the same time, may depend on some other,
scalar, parameter. In fact, most fields encountered in physics
depend not only on the spatial coordinates but on the time as well.
Take, as another instance of a scalar field, the local density p. In
a streaming fluid, the density will not only change from point to
point (at a fixed time); also, at a given point in space, it will change
its value in the course of time. That is,

p = p(x1, 22, T, 1) = p(xs, 2). (39)

Now the derivative dp/0¢ denotes the time rate of change of the
density for fixed z;. Like p itself, it is a scalar field; that is, at a
particular point in space and at a particular time its value is inde-
pendent of the coordinate system chosen. Not so its derivative
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with respect to one of the coordinates, z; for instance, dp/9z,.
This partial derivative denotes the change in p per unit distance
in the z.-direction, with the time fixed. Naturally, if we go over
to a new coordinate system, the significance of ‘‘the xz.-direction’
changes, and ‘so will the value of the partial derivative. However,
the value of the derivative in the y,-direction is completely deter-
mined by the three partial derivatives dp/dx;, together with the
direction cosines ¢x;. For we have

dp

3z (40)

= _ a9 _
i kS
because of eqs. (18) and (19). If we carry out that same computa-
tion for the other two partial derivatives of p, with respect to y:
and ys, we find that

dp dp

(41)

= o
But this law of transformation is just the defining property of a
vector field. The three spatial derivatives of a scalar field trans-
form together as a vector, and this vector is known as the gradient
field or simply as the gradient.

The infinitesimal difference between the density values at two
neighboring points with the coordinate values z; and z; + dx;,
respectively (with the time again fixed), is given by the fundamental
law of partial differential calculus,

dp = 22 dz, (42)

The right-hand side looks like, and in fact is, the scalar product of
two vectors, the density gradient and the infinitesimal displacement
vector. In the so-called direct notation of vector calculus, we
should write the right-hand side in the form

dp = grad p . dx. (43)

The equations (42) and (43) express fully the geometrical signifi-
cance of the gradient: it represents in magnitude and in direction
the “slope’” of the scalar field. The rate of change of p in any
direction (per unit distance) equals the magnitude of the gradient,
multiplied by the cosine of the angle between the directions of the
gradient and the displacement.
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Gradients can also be formed of vector and tensor fields. Sup-
pose we wish to examine the infinitesimal change in a component
of the tensor T with the components T when we travel from the
point (z;) to the point (z; + dz;). Again, we have

_ Ty,
dTy = o dx, (44)

and the right-hand side appears as a dot product. In fact, straight-
forward computation shows that the 27 quantities 87/ dx; together
form a tensor of rank 3. The proof, being completely analogous
to earlier ones, will be left to the reader. Generally speaking,
gradients of tensors are again tensors, of a rank higher by one
than that of the original tensor. Since [ is actually a tensor index,
as far as transformation properties are concerned, we shall find it
convenient to write spatial derivatives in the form

BT.-,, _

ol Tk (45)
Only the comma indicates that the index on its right has been
added through differentiation. A symbol W, ., is short for

(46)

Again, all three indices 7, m, n are indices of a tensor of rank 3,
which satisfies the appropriate transformation law.

Certain types of contraction combined with differentiation oceur
again and again in physical laws; they have been given names of
their own, and special symbols are in common use in the direct
notation. We have, first, the divergence of a vector field,

ou,

%, = Uy = divu = V.uy, 47)

which is a scalar. The contraction of a tensor gradient is also
usually called a divergence. The *‘direct notation’ for the diver-
gence of a tensor is inconvenient or even ambiguous, since the con-
traction may be carried out between the differentiation index and
any one of the tensor indices; naturally, the two expressions &,
and t.i, are in general not equal.

If we differentiate the components of a field twice and then con-
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tract with respect to the two indices of differentiation, we are
taking, in effect, the divergence of a gradient. This operation,
which leads from a tensor field to a tensor field of the same rank,
is called the Laplacian. The Laplacian of a scalar field can be
designated in-any one of these notations:

pas = div grad p = V2 p, (48)

The significance of divergences, including the Laplacian, stems
from their occurrence in Gauss’s theorem, which we shall take up
next.

Gauss’s theorem. Gauss’s theorem enables us to convert cer-
tain types of integrals which are to be taken over a closed surface
into an integral over the volume in the interior of the surface, and
vice versa. The kind of surface integral to which the theorem
applies has the form

I= 568 V...o...n.dS. (49)

The dots indicate the possibility of further indices of the tensor field
in the integrand. One of the indices, however, here designated by s,
is contracted with the subscript of the unit normal to the surface,
n, with the components n,. By custom, we always let the unit
normal of a closed surface point outside. dS is the area of an
infinitesimal surface element. (Some authors denote the product
n dS by dS, but we shall keep the two factors separated.)

For what follows, we shall specialize the tensor field and work
with a vector field V, just to avoid the ballast of additional indices
which contribute nothing to the calculations. Nevertheless, our
conclusions will be valid for all kinds of vector and tensor fields.
In the integral

I=¢VindS=¢Vin+ Vana+ Van)dS  (50)

we shall integrate each of the three terms separately, by means of a
specially adapted grating.

Figure 5 shows the grating suitable for the integration of the
third term. It is a grating in the z,z.-plane, projected on the
closed surface S. Each of the lines parallel to the zs-axis which
generate the projection pierces S twice (or, in the case of a more
involved surface, at least an even number of times). Thus, two
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surface elements dS correspond to the same base rectangle with the
area dz; dr.. Let us consider two such corresponding surface ele-
ments. For the upper of these two elements in Fig. 5, we see that
the angle between n and the zs-direction equals the angle which
dS makes with the z,z.-plane. Since ns is the cosine of that angle,

X%

Xz

F16c. 5. Gauss’s theorem.

it follows that
ns dsS = dzl dz,. (51)

The same conclusion holds for the lower surface element, with the
difference that here n points downward, n; is negative, and n; dS,
therefore, equals —dz, dz,.

Let the superscripts (z) and (I) denote the upper and the lower
location, respectively. Then the contribution of the two surface
elements indicated to the integral I,

Iy = 95 Vs ns dS, (52)
is

AL + dIP = (Ve — V) doy das = / Vs iy deydzs. (53)
0 0Ts

Za(w)
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If we now integrate over the whole surface S, we obtain

Ia=///v%¥;’dz;dxzdxa. (54)

All we need to do now is to repeat the same argument for the other
two terms on the right-hand side of eq. (50). When they are all
added together, we find the identity

568 Ven,dS = [ f [V Vs dzy dzg dzs,
Sésv-nds = ///Vdiv V dz, dz, dzs.

This equation is Gauss’s theorem for a vector field. It holds for
other kinds of fields as well. Whenever a surface integral is to be
taken over a closed surface and when the integrand possesses the
form of a dot product of the unit normal n and some tensor field,
then that surface integral can be converted into a volume integral
over the interior, and the integrand is the divergence of the tensor
field.

Later on, in the discussion of electromagnetic fields, we shall
require two additional operations, the cross product and the curl.
Their transformation properties are, however, slightly different
from those of ordinary vectors, and we shall defer their treatment
until we need them. Now, let us return to our physical problem.

(55)

3.4. The equations of motion
At the end of Section 3.2, we found that the total external force
acting on the molecules inside a closed surface S is given by eq.
(13). This expression may be transformed with the help of Gauss’s
theorem, and the total external force expressed by the volume
integral
Ft = — [ [ [, s doydos das. (56)

By virtue of the conservation law of linear momentum, which was
derived in eq. (1.21), this total external force must equal the rate
of change in total linear momentum of all the molecules inside S at
the time t. If we could identify these molecules and number them
from one through N, we should equate
N
_— [//V T.'.,. dx; dxz dxa = 2 m (57)

n=l N



§3.4] MATTER IN BULK "

But in this form the relationship is useless. Though the left-hand
side contains only bulk averages, the right-hand side cannot be
evaluated except in terms of individual particles. We must strive
to replace the summation over identifiable particles by an integral
over local averaged quantities. Such a transformation of the right-
hand side is rendered difficult because even during a short time
interval a certain number of particles will pass through the surface
S and, hence, leave or enter the domain V. As a result, the particles
inside V at the time ¢ are not identical with the particles inside V
at the time ¢ + dt, and we shall have to allow for this difference.
The change in momentum called for on the right-hand side of eq.
(57) is a change in momentum of the particles initially inside V,
not the change in momentum inside V, regardless of to which par-
ticles it is attached. That is why the expression

%’%‘E / f /V:%(pv.') dz1 dos dzs (58)

differs from what we want to the extent that momentum is carried
bodily across S by particles entering or leaving V. We shall now
determine these ‘‘transport terms.”

We shall consider a surface element dS and the particles in its
vicinity. Each of the particles involved possesses a mass m and
a velocity V,

V=v+u (59)
As before, v is the local average velocity and u the random velocity.
We shall now introduce a notation for averaging, the carets ( ),
and give them this meaning: Any mechanical quantity which is
defined for individual particles, such as mass, velocity, or the like,
when enclosed in carets, shall be added for all the particles in a
small volume AV, suitably chosen, and the sum divided by AV.
In other words, for quantities enclosed in carets we shall take the
average values per unit volume. In accordance with this notation,
we have, for instance, the relations

(m) =p (60)
(mV) ={m)v, (61)
and {mu) = 0. (62)

Let us now consider an individual particle with the mass m and the
velocity V. If it should cross the surface element dS during the
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time dt¢ and pass from the inside out, then it would carry a linear
momentum

p=mV (63)
away from the interior of V. What are the chances of its doing so?
Figure 6 shows the small volume AV and in its interior the surface
element dS. Below dS in the figure is the interior of V, above the
outside. Now the particle under consideration will cross dS only
if it is initially somewhere inside the inclined prism with the base
dS and with the lengthwise edges V di. The volume of this inclined

F16. 6. Momentum transport.

prism equals (n -V dtdS). Now the probability that our particle
(which is one of the particles inside AV’ should be inside the prism
equals the ratio between the volume of the prism and the volume
AV. That is, the ratio between all the particles with a certain
mass m and with a certain velocity V inside the prism and those
particles with the same properties inside AV equals the ratio between
the two volumes, because of our standing assumption of local
homogeneity inside AV.

Thus the average momentum carried by a particle of mass m
and velocity V across dS during the time interval dt is

ot =m V.2 as ar (64)

If we add the contributions of all the particles inside AV and com-
pute the linear momentum that is carried across dS per unit time,
we find, for the rate of this transport out of V,

Pt ={mV;V,)ndSs. (66)
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In this expression, we can separate the contributions of the
prevalent state of motion from those of the random motion. We
have, first of all,

P¥ = (m(v; + w)(vs + u,)) n, dS. (66)

Before we carry out the product inside the carets, let us note that
in every term factors which are common to all the particles may be
placed outside the carets. With this rule in mind, we find that

(m; + w) (e + wa)) = (M) v v, + (M us) v, + (M u,) v;
+(muw)  (67)

= p UiV, + Tis, Tis = (M U, Us).

This expression, substituted into eq. (66) and then integrated over
the whole surface S of the volume V, is the amount of linear momen-
tum lost per unit time because of transport. Lacking any particular
knowledge about the random motion, we cannot evaluate the tensor
7. It is a symmetric tensor of rank 2, and we shall soon find that
in the macroscopic equations it is always combined with the tensor
T, which we have obtained in Section 3.2.

The rate at which the total momentum inside V changes in the
course of time must be determined by the combination of external
forces and transport of momentum. We set

/// a(P”') dz, dzs dzs = /// T'is.s dx1 dxy dcs
v v (68)

- 565 (p i 0 + 7i2) 1 dS.

If we now apply Gauss’s theorem to the last integral, we can com-
bine all the volume integrals into one and get

J[[[Zen + @uoat o] assaztz, = (69)
tis = T + Tia.

To obtain the desired relationship in its final form, we observe
that the choice of the domain of integration V was arbitrary and
that the integral (69) must vanish when extended over any domain
in the interior of our bulk piece of matter. But an integral can
vanish over arbitrary domains only if the integrand itself vanishes
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everywhere in the interior,
i} 2]
'a—t (p 1).‘) + a—x. (P v v, + tu) =0. (70)

This set of three partial differential equations is the final form of
the equations of motion of matter in bulk. The tensor ¢, called
the stress tensor, contains in condensed form all we need to know
about the internal relations of the individual particles.

The equation of continuity. The three partial differential equa-
tions (70) do not determine the behavior of the velocity field in time
completely insofar as they contain the time derivative of p in addi-
tion to those of the three quantities v;, Therefore it is necessary
to adjoin a fourth partial differential equation to the three equations
(70) in order to determine completely the future behavior of a
given initial density-velocity distribution.

Such a partial differential equation can be obtained quite easily
by means of the law of conservation of mass. All that needs to be
done is to express in the form of a partial differential equation the
fact that the combined mass of the N particles initially filling the
domain V remains constant. This mass is initially represented by

the integral
M= ///VpdV. (71)

The change in M after an infinitesimal time interval d¢ must be
determined completely by the transport of mass across the surface
S. We proceed exactly as before. A particle will carry the mass
m across a surface element dS during the interval dt only if it is
within the prism shown in Fig. 6. The probability of its being
there is determined in the same manner as before, and the average
mass carried across dS during the time interval d¢ by a single par-
ticle in AV is
«_, Ven

Adding the contributions of all the particles in AV, we get, for the
total mass transport out of V across dS per unit time,

M* = (m V)yn,dS = pv,n,dsS, (73)

and the decrease of mass in V because of transport must be given
by the surface integral
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/f/v%dzldxzdx,=%]-:l—= -¢SP"c”tdS' (74)

If we convert this surface integral into a volume integral with the
help of Gauss’s theorem, we get

[ ]2+ 6] derdzsdes = 0 a5)

2t (poda=0, (76)

the so-called equation of continuity. With the help of this equation,
we can eliminate the time derivative of p from the three equations
of motion (70), a procedure which is sometimes convenient. As
the result of this elimination, we can obtain the equations of motion
in the alternative form

and finally -

P (%)t: + Vs vt‘,l) + tio.n =0. (77)

The four equations (70) and (76) contain the complete formula-
tion of the laws of mechanics in a form in which they can be applied
to the treatment of matter in bulk. The stress tensor ¢, depends,
as we have seen, both on the internal configuration and force laws
of the elementary particles and on their velocity distribution.
Without the help of statistical mechanics, the latter cannot be
predicted from the ‘‘microscopic’ picture, but the stress tensor as a
macroscopic entity can be determined experimentally in its depend-
ence on the composition of matter—its density, temperature, and
macroscopic motion. This specific dependence will determine
completely the mechanical properties of the matter considered.
For the “perfect” solid, the stress depends only on the internal
deformation, and in the fluid without rigidity the stress is a function
of the density and the state of (macroscopic) motion only. Actual
materials will behave in an intermediate fashion. In any case, into
our equations as well as into our observations will always enter
tik, not Ty or 1y separately.

3.5. The strain tensor

Internal stress in matter is primarily the result of deformation.
If an unstrained piece of material, be it rubber or be it steel, is
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subjected to external forming forces, it will yield and change its
shape, but the result of the relative displacement of its elementary
constituents will be the emergence of internal restoring forces,
which are described by means of the stress tensor f;. In general,
if the external forces arc relaxed, the internal stresses will bring
about partial restoration of the original shape. Depending on the
degree of completeness of this restoration, we speak of ‘“elastic”
and of ‘“plastic’”’ deformation. We shall not develop in this book
the complete theory of partially elastic, partially plastic deforma-
tions. We shall restrict ourselves to the mathematical formulation
of the two extreme situations, both of which have great practical
importance. They are, on the one hand, the elastic solid, in which
restoration of the original shape is complete, and, on the other, the
fluid, in which restoration takes place only with respect to the
volume but not at all with respect to the shape.

The elastic solid. An elastic solid can be characterized by the
fact that it has a certain equilibrium shape to which it will return
if all external forces are relaxed. In this relaxed shape there are
no internal stresses. We can characterize this relaxed shape mathe-
matically by “engraving’ on the relaxed chunk of matter a Car-
tesian coordinate system, y;, and by retaining the y; as labels which
will help to identify material domains within the chunk even if
through deformation the y; are no longer Cartesian (that is, straight
lines and at right angles to each other).

If we now consider the same piece of matter in a strained condi-
tion, the material point which is characterized by the ‘‘labels”
y; will be found at a location characterized by the coordinate values
xi, which refer to a set of Cartesian coordinates that are defined
independently of the instantaneous position and shape of our chunk.
If the z; equal y; throughout the piece, then the material is at its
original location and possesses its equilibrium shape. Otherwise,
the y; will be some functions of the z; and, if there is motion, of the
time ¢ as well. Knowledge of these functions implies complete
information regarding the (macroscopic) motion of all the portions
of our piece of matter.

For our purposes, we are chiefly interested in internal deforma-
tions, not so much in motions of the piece as a whole. If the func-
tions y:(z1, 21, 23, ) are, for instance, of the form (16), (21), with

0
the ¥ and ¢ functions of ¢ only, then our chunk would move
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rigidly through space without any internal deformation; this is
the kind of information which, in this connection, is of no interest
to us. We should like to obtain mathematical expressions which
characterize exclusively internal, local deformations.

In considering the exact significance of this term “‘internal, local
deformation,” we are led to the following consideration. If, by
means of the y-coordinates, we define a small geometrical figure at
some spot inside our chunk and consider this same figure after
deformation, we should consider the internal deformation zero if the
original and the changed figure are congruent, that is, if all lengths
and angles making up the figure have remained unchanged.

Conversely, if of any angle and any distance inside our piece
we can tell how it is affected by the deformation, then we know all
we care to know concerning internal relative displacements. It is
not too difficult to obtain a mathematical expression for these
changes, now that we know that this is what we want. Suppose
we consider some particular point inside our material which is
identified both by its y- and its z-coordinates. If we now draw two
infinitesimal displacement vectors originating at that point, char-
acterized by the coordinate differentials d’z; and d’’z;, respectively,
their dot product, d?P,

d2P = d'a:,, d":ck, (78)

is a scalar. Now if, for arbitrary points (z;) and arbitrary infi-
nitesimal displacement vectors d’z;, d'’z;, we can determine the
change in d?P as the result of the deformation, then we know the
changes of both distances and angles. In order to obtain an
infinitesimal distance (or its change because of deformation), we
must simply let d’ and d”” coincide. In order to obtain angles, we
let the two infinitesimal displacements form the legs of the desired
angle; the expression d?P, divided by the product of the magnitudes
of the two infinitesimal vectors, then equals the cosine of the
desired angle.

In the relaxed position, the value of the above dot product shall
be denoted by d?Q,

a2Q = d'y: d"y.. (79)
The change in the dot product is then given by the difference
d?P — d*Q = d'z; d''z; — d'y: d"'y;, (80)
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where the dy; are connected with the dz; through the equations
nr, o 3_1_/; ’ 1y, = le_- 4
d'y; = a1, d'zy, a"y; 313 d’xy. (81)

We find, therefore, that the change of the dot product is given by
the product

3y.' ayi ’ 7"
— 420 = . 99 9%
d2P dxQ (5),; Frs a:c;) d'zd’z. (82)
The coefficients of the differentials
s _ 9y 9y
=3 (5k1 3z, 311 (83)

form a tensor with respect to orthogonal transformations of the
zi-coordinates.! It is symmetric with respect to its two indices &
and [, and is known as the strain tensor of an elastic solid.

The fluid. In a fluid, it is not practical to indicate the original
shape of the flowing mass by means of a system of y-coordinates,
because once the fluid is at rest, its only internal stress is an iso-
tropic pressure which depends only on its density, not on its shape.
In other words, a changed shape giving the fluid mass the same
volume as the original provides a new “equilibrium’’ shape, phys-
ically equivalent to the first shape. Therefore it is preferable to
characterize the state of the fluid exclusively by means of ‘‘instan-
taneous” quantities, p and v;, which are defined irrespective of the
previous history.

As a matter of fact, in the typical fluid internal stresses arise for
two different reasons, one being changes in density and the other
finite shear velocities. Shear velocity is called the rate at which
changes in shape take place.

Consider, again, the scalar product of two infinitesimal displace-
ment vectors d’'z; and d''z;, calling it, as before, d*P. We may now
ask how the value of d?P changes in the course of time if both the
origin and the end points of these displacement vectors are made to
move with the local velocity v of the streaming fluid. If the velocity

1Tts components are invariant with respect to orthogonal transformations
of the y-coordinates, that is to say, with respect to tramsformations in which
the new y-coordinates are connected with the original ones by equations
possessing the form (16), (21). .
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field were constant rather than a function of the z;, nothing would
change. As it is, the components of each vector will change at
a rate which depends on the gradient of the velocity field:

v d a
4 @z = 2w, @) = 2an, (84)
As a result, d?P will also change, at the rate
| d aopy = (8% 1 3%\ gro g
7 @P) = (5= + 6x.-) d'z; d"' 7 (85)

Again, the coefficients of the bilinear form of the differentials d’
and d' form a symmetric tensor, ‘

_ 1 [ dv; vy,
S = 3 (6:6;, + %;): (86)
which is appropriately called the strain tensor of a fluid. It deter-
mines the {me rate at which distances and angles inside the fluid
change because of the macroscopic motion.

3.6. Diagonal form and trace of symmetric tensors

The next step in our program should consist of setting up force
laws which would relate the strain tensor to the resulting stress.
Unfortunately, before we can do so, it is necessary to interpolate
one more brief mathematical section. This section will deal with
some of the propertics of symmetric tensors of rank 2. The reader
who is getting apprehensive concerning the amount of mathematics
piled up in this chapter may find some consolation in the knowledge
that the results obtained in this section will be useful later on in
the mathematical treatment of modern quantum mechanics.

Diagonalization. It will be remembered that the force per unit
area across a surface with the normal n depends on the orientation
of n through eq. (11). Likewise, the rate of momentum transfer
across a surface (regardless of the mechanism by which momentum
is transferred) is connected with the direction of the surface normal
by the equation

JE = tun.. (87)

Ordinarily, f* will not be parallel to n and therefore will not be
perpendicular to the surface S. Only for certain directions of n
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will the two vectors be parallel. These directions play a special
role: if a surface is oriented perpendicular to one of these so-called
principal stress axes, then the tangential components of £*, the
‘“‘shear stresses,”” will vanish, and only the ‘“normal stress” com-
ponent will remain. We shall discover that for a given set of com-
ponents t;, there are at least three such principal axes.

Let us assume that there is at least one direction in which the
stress is purely normal to S, and let us attempt to determine this
direction. The condition that the two vectors £* and n be parallel
can be expressed in the form

fr=tn. (88)

tis a constant of proportionality, as yet undetermined. Physically,
it represents the magnitude of the stress in the direction of the
principal axis. If we substitute the expression (88) into eq. (87),
we obtain the conditions for ¢ and n:

bae = Ly, (89)

or three equations for the four unknowns {, ni, n., and ns. At
first sight, the problem appears insufficiently determined; but this
impression is incorrect. If we were to assume that ¢{ had been
chosen in some arbitrary fashion, then we should retain three
homogeneous, linear equations for the remaining three unknowns.
From the theory of such equations, it is well known that they have
either only the identically vanishing solution (n; = 0) or infinitely
many; in the case of nonvanishing solutions a new solution can
always be obtained by multiplying each n; by the same but other-
wise arbitrary constant. The first case does not represent a mean-
ingful solution, since a ‘““normal” with only zero components does
not define a direction. In the latter case, the freedom of multi-
plying the solution by an arbitrary common factor will enable us to
normalize n to be a vector of unit magnitude. The question is,
which of the two alternatives is realized?
If we bring all the terms of eqs. (89) on one side, we may write
them in the form
(i — t8) M = O, (90)
in which we get a clearer idea of the coefficients of the equations.
It is known that the necessary and sufficient condition for the
existence of a nonvanishing solution ig that the determinant of the
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coefficients vanish,
b — i, ts
det |t‘k — t&;kl = |ta1, foo — L, las = 0. (91)
ta1, ts2, taz —

This condition obviously constitutes a determining equation for ¢,
which is a cubic equation. It has three roots, not necessarily all
different. An equation of this form is often referred to as a secular
equation.}

Once we have obtained a root of the secular equation (91), it is
not difficult to find a normalized solution of egs. (89). ¢, the mag-
nitude of the normal stress in the direction of a principal axis, is
called a principal stress. Since a cubic equation has generally three
roots, we have three principal stresses belonging to a particular set
of components t;, and they are usually all different.

We shall now prove two properties of the principal stresses:
(a) All the roots of the secular equation are real and are, therefore,
physically significant; (b) the principal stress axes which belong to
two different roots are at right angles to each other. For both of
these properties, the fact that & is symmetric in its two indices is
crucial.

In order to prove that the roots are real, we shall write down the
conjugate complex of eq. (89), with the understanding, of course,
that the given values of ¢; are real:

ta nf = t* n¥. (92)

(The asterisk shall be used consistently to indicate transition to the
conjugate complex, in line with current practice in quantum mechan-
ics.) If we now multiply eq. (89) by n* and eq. (92) by n; and then
subtract,

ta(nd me — nf m) = nf ni(t — t¥), (93)

we find that, because of the symmetry of t;, the left-hand side
vanishes. Since the scalar product n¥ n; is a nonvanishing positive
definite number, it follows that ¢ must equal ¢*; therefore ¢ is real.

Having proved our first assertion, we can now proceed to the
second one. Suppose that we have obtained two roots of the

! The name is derived from the circumstance that equations of this type
were first encountered in celestial mechanics in connection with the theory
of secular (long-term) perturbations of the planetary orbits.
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secular equation, say 4 and tn, and two corresponding normals,
i and ) respectively. If we now write eq. (89) down twice, for

each solution separately, then multiply the first equation (for n) by
I
n; and the second by 7:,-, and subtract, the result of these operations

I
will be:
b 1 — g i) = ns ni(ty — tu). (94)
1 II I I I1II

Again the left-hand side vanishes, because of the symmetry of t;.
The right-hand side is the product of ng-ny by the difference
(tt — tu). Two cases must be distinguished. In the first, the two
roots are different; then the dot product of the two normals must
vanish, and they must be at right angles to each other [which is the
gist of our assertion (b)]. Otherwise we have the second case, in
which the two roots f; and #i; are numerically equal. The presence
of such a double root is the necessary and sufficient condition for
the existence of two different solutions n belonging to the same
numerical value of ¢. By ‘“‘different solutions’’ is meant two solu-
tions which are linearly independent of each other, that is, where one
is not proportional to the other. Likewise, a triple root is the
necessary and sufficient condition for the existence of three linearly
independent (that is, noncoplanar) solutions n belonging to the
same value of . These proofs will not be offered here but can be
found elsewhere.! Once it is established that there are two or three
linearly independent solutions, it is easy to see that any linear com-
bination of solutions belonging to the same value of ¢ is again a
solution and that we can, in particular, always find two (or three, as
the case may be) such solutions which are unit vectors and per-
pendicular to each other.

Geometrically, these results may be interpreted as follows.
Suppose that in a three-dimensional graph are plotted both a
sphere of unit radius and the figure which contains the end points
of all the resulting stresses (with a given array of values #;). This
construction is shown two-dimensionally in Fig. 7. The stress
envelope will be an ellipsoid (the stress ellipsoid), with the principal
stresses as the three semiaxes. As long as all three semiaxes are

18ee, for instance, H. Margenau and G. Murphy, The Mathematics of
Physics and Chemistry, Van Nostrand, 1943, Chapter 10.
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different in magnitude, they are uniquely determined. But if two,
or three, of them should be equal, we shall have the ellipsoid
degenerate into an ellipsoid of revolution or even into a sphere.
In the former case, there will be a whole plane in which £* is parallel
to the corresponding n, and it is obviously possible to choose two
mutually perpendicular solutions in that plane in an infinity of
ways; whereas in the latter case, of a sphere, f* will be parallel to
n in all directions, and any three mutually perpendicular directions
can be chosen as directions of principal stress.

Co
N

F16. 7. 'The stress ellipsoid.

~4

Once we have found three directions of principal stress which are
mutually perpendicular to each other, it can be shown that in
terms of them the tensor ¢ can be represented in the form

Lir = tymi e 4+ b ni mye + Lus 0 N (95)
I 1 I I 11T

The proof can be carried out in the form that we show that the tensor
Fao =l — biming — luna g — b s Mg (96)
I 1 I 11 111 111

has the same three directions of principal stress ny, ni, nu; but the
f*-vector belonging to each one of these is zero. The stress ellipsoid
of the tensor &y is, therefore, a sphere of zero radius; that is, for
any direction whatsoever,

Fa i = 0. (97)

That means that all components of Fy vanish. The form (95)
shows that for an arbitrary direction n, the corresponding vector f*
may be obtained by representing n as the vector sum of three
vectors parallel to n;, nyu, and nm, multiplying each component
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hy the appropriate value of ¢, and adding the results,
ﬁ = g ta(n e ny) n, (98)
A=LILIH 4

If we carry out a coordinate transformation so that the directions
of n;, ny, and nm become the directions of the new coordinate
axes, then the components of the tensor ¢ will take the form

4 0, 0
iy =10, tu, 0 } (99)
0, 0, tu

with the three principal normals having the components

nm = (11 0) 0)7
nr=(0, 1, 0), (100)
ng = (0, 0, 1).

This particular transformation is often called diagonalization of the
tensor ¢ and the form (99) its diagonal form.

Trace. Together with the tensor ¢ is defined the scalar ¢,,
the sum of the three components ¢11, {22, and {33. This scalar is
often called the irace. It is numerically equal to the sum of the
three principal stresses, because of the possibility of introducing the
coordinates in which the tensor assumes its diagonal form (99).

Given the tensor ty, it is always possible to construct a tensor
with vanishing trace by forming the new tensor

th = tu — $0ur ton. (101)

With its help, the stress tensor ¢ may be represented as the sum
of a completely isotropic tensor and one with zero trace,

tix = '&‘tu 861: + t?;v (102)

This decomposition is not only an invariant one (independent of
the coordinate system chosen, since f, is a scalar) but is also of
some physical interest. The isotropic part of the stress tensor,
$tas0iz, is what we usually call the pressure. If the stress tensor has
only this isotropic part, then the stress is normal to any surface S
(the stress ellipsoid degenerates into a sphere). In a fluid at rest,
the stress tensor assumes the isotropic form. The remainder,
t%, which has a zero trace, generally represents the reactjon of the
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material to shear. Deformations taking place in response to a
stress tensor having a vanishing trace will not affect the density of
the material but will merely change its shape. A contraction in one
direction is offset by an expansion in others. In a fluid, the part
t} represents the viscous resistance of the material to shearing flow,
whereas the isotropic part of the stress tensor represents the reaction
to compression or expansion.

3.7. The fluid

After these lengthy preparations, we shall finally proceed to
write down the force law for the above-mentioned two extreme
cases, the fluid and the elastic solid. This section will be devoted
to the fluid.

The force law. In a fluid, the isotropic and the anisotropic
parts of the stress tensor are determined by quite different factors:
the isotropic part (the pressure) is a function of the density (and
the temperature), whereas the shear stress is determined by the
shear velocity. Therefore, it is appropriate and in accordance with
customary notation to replace f,, by 3p. We shall not attempt to
treat the difficult case in which the local temperature is an additional
variable and is determined by a third differential equation (the
equation of heat conduction), but we shall dispose of it by restricting
ourselves to cases in which the pressure is a function of the density
only, be it because the processes considered are isothermic (in which
case the temperature is constant) or because they are adiabatic
(in that case the temperature is a unique function of the density).
Finally, we shall consider shear velocities small enough that the
pure shear stress £} is proportional to the anisotropic part of the
strain tensor (86), o:r,

oir = F(Wik + Vri) — ¥0ik Vaye. (103)

If we call the constant of proportionality », the coefficient of vis-
cosity of the medium,
th = —2noa (104)

(where the numerical coefficient has been chosen in agreement with
the usual definition of ), then the stress tensor of the fluid takes
the form

tie = P(p) i — (Vi + Ve — $8ik v40). (105)
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If the function p(p) is known, then eq. (105) is the complete force
law of a (viscous) fluid.

With the help of this force law, we shall make two applications.
We shall derive Bernoulli’s law, and we shall briefly discuss the
propagation of acoustic waves in a fluid.

Bernoulli’s law. Bernoulli’s law is the law of conservation of
energy, applied to the special case of the perfect fluid; a perfect fluid
is one in which the coefficient of viscosity n vanishes. For its
derivation, we require the force law (with n vanishing),

ta = p(p) i, (106)

the equation of continuity (76), and the equations of motion (77).
The derivation is quite similar to the derivation of the conservation
law of energy in Chapter 1.

Substituting for ¢, in eq. (77) the expression (106), we multiply
the resulting equation by v;, leading to

p[a0) . 9w
E[_ai""” ]+‘ax. 0 (107)

To this equation we add the equation of continuity, multiplied by
#v? (v? is short for »;9;). When we combine terms as much as
possible, we obtain the equation

1 1
;;;(5 pv”) + o (5 pu? v.) +u3L 0. (108)

In this equation there appears an expression which may be described
as the (macroscopic) kinetic energy density. It appears twice,
once differentiated with respect to time and once in the form that
the divergence is taken of its product by the velocity vector. The
remaining term has neither the form of a time derivative nor that
of a divergence. It is possible, though, to modify it until it assumes
that form. To this end, we shall first differentia,te by parts,

2 - v - (109)

and then work on the remamder. Usmg once more the equation
of continuity,

Vs

61), dp
+ - ( + .ax) 0, (110)

oz,
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to which (76) can easily be reduced, we may convert eq. (109) into
the form

i 2

=9 p(% 4, %
o, "o, P TGt ax.)’ (111)

Further progress can be made if we introduce a new function, which
has the significance of a potential energy density. To obtain this
function, we consider the amount of energy which is stored up in a
unit mass of our fluid when it is compressed from some initial
standard density p, to the density p. If we denote the volume
occupied by the unit mass by V*,

V' == (112)
then the amount of work done in an infinitesimal compression equals

AW = —pdV' = + ’%dp (113)
(—dV’ being the dot product of normal direction and displacement,

integrated over the whole surface). The energy per unit mass
accumulated during compression is, therefore,

P ’
W= / , P g, (114)
P

- P

and the energy accumulated per unit volume is

Pl) = oW = p /..., 26D ap. (115)

If this defining equation for the function P(p) is differentiated, we
obtain

d (@) = %dp, (116)

an expression which we shall introduce into eq. (111). The imme-
diate result is

R TR
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which, on further transformation, becomes

p _ 3 P 9P __I_J(ap )
Vs 3z, ‘5‘(””’)+(”‘+”'ar) a T " 3,

(m.)+ + ."P )+ .

Te

(118)

In the last step, eq. (76) has been used a second time. All that need
to be done now is to collect terms and substitute into eq. (108).
Our final result is

a _. y2 _i B 2 —_
ACE +P)+6:c.(2v v.+Pv.+pv,)—0, (119)
an equation valid for the motion in any perfect fluid.

For an arbitrary finite geometrical volume V, with the surface

S, inside our fluid we have the equality:

alf[), G r)ov)

- - #s(% v, + P, + pv.) nedS. (120)

This integral relationship expresses the conservation of energy.
The total energy in V changes only as the result of an energy flow
across S. This energy flows consists of two parts: the ““transport”
flow of energy takes place because energy streams across S attached
to matter (the first two terms are the transport terms); the last
term represents energy which is exchanged because the matter on
one side of S does work on the matter on the other side.

We shall briefly consider the case of stationary flow, which is a
flow pattern in which none of the local quantities, p, v, or p, depend
on the time. In stationary flow, it is quite possible for a given
material element to change its density and its velocity in the course
of time as it passes through various points along its path. But
we require that subsequent elements of the fluid passing along the
same path.shall go through exactly the same combinations of density
and velocity at the same points as their predecessors. Stationary
flow patterns have technical significance because laminar flow, at
least, may be considered stationary about a ship or an airplane in
a coordinate system which is rigidly connected with the vessel.
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In this case, eq. (119) reduces to

(geere]. -
=v.(%v2+P+p ..+v...(%v’+P+p)- (121)

We can again transform the last term with the help of eq. (110)
(where the term dp/dt vanishes, because of the stationary character
of the flow pattern):

1;,(gv2+P+p),. —v.%"(%v’+P+p) =0. (122)

If we factor »,, we obtain Bernoulli’s law:

v [% (g v+ P+ p)] a=0. (123)

According to this last equation, the derivative of the expression
1(p '
UE; —2~v2+P+P; (124)

taken along a streamline (parallel to v) vanishes. U is the energy
density per unit mass.

Acoustic waves. Given an equilibrium distribution of fluid
matter (in which v vanishes), a small disturbance of the equilibrium
will spread with a finite velocity throughout the medium. Such a
disturbance is called an acoustic wave. Specifically, acoustics deals
with disturbances so small that it is sufficient to treat the deviation
from the equilibrium distribution by means of linearized equations,
neglecting higher-order terms.

We shall call the equilibrium density po and the corresponding
pressure po. The deviation from equilibrium we shall characterize
by the quantities

% o6=p—py T=DP— Po (125)
Furthermore, we shall consider that the function p(p) can be
expanded into a power series about the equilibrium point,

P=pot—o+ - (126)
Po
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The coefficient « is called the bulk modulus of the fluid. It is defined
as

pom dp
=T _1,%P 127
K== [p dp},,_,o (127)

With these quantities, the equations which determine the motion
take the following forms:

do o, _
ﬁ+po¢ﬁ: =0, (128)
the equation of continuity;
av.- at,'. _
Poor + 3, = 0, (129)

the equations of motion;
ta = du(Po + 7) — nlvir + Ve — §0s,0 8t (130)

the force law; and eq. (126), which provides the necessary algebraic
relationship between the two scalar fields = and ¢. Making the
necessary substitutions, we may combine these equations into equa-
tions which, apart from constants, contain only the fields = and v,

v (131)
Po ‘a—t' + X S ﬂ(”i.n + ‘i’vl.n') = 0.

The task of acoustics (in fluid media) consists then of finding and
discussing solutions of these equations.

We shall restrict ourselves to the simplest possible case, in which
the disturbance is a function of one coordinate only, say =, = z, in
other words, where the disturbance is a plane wave. In particular,
we shall consider the case of a progressive harmonic wave of the
angular frequency w, and we shall attempt to find a solution of the
form

T = et'(at—kz),
vy = g ik g, =y, = 0.

We shall find that the unknown constant k in these two expressions
is complex.

Substituting our plane-wave expressions into eqs. (131), we
obtain the algebraic conditions

(132)
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w
;-‘l‘o“kvo=0,

(133)
powvo—kﬂ’o—*’iﬂkvo = 0.

In this set of equations, k can be determined as a function of & by
the elimination of both = and »v. The value of & turns out to be

k—ﬁ(1+5i ‘i’)_m . —\/-7- (134)
. _co 3 ")K 0 = Po

If the viscosity is not too high or the frequency too great, this
expression can be expanded into a power series with ascending
powers of w or 7, leading to

PRSP R (135)

Co 3 K Co

In other words, the exp}'ession for 7, for instance, will turn into
w(t-%
T =Tmoe ew(t co a= gz Co w?. (136)

The constant ¢, is the velocity with which the pressure wave propa-
gates. It is called the velocity of sound in that fluid. The coeffi-
cient of z in the amplitude factor, a, represents the relative drop in
sound pressure amplitude per unit distance of propagation. 2a
(which equals the relative drop of the square of the sound pressure
amplitude per unit distance) is called the coefficient of absorption.

Experimental determinations of the velocity of sound in various
media have consistently confirmed the expression for ¢, in eq. (134).
However, experimentally determined absorption coefficients are
often considerably higher than those predicted by eq. (136). This
deviation indicates that other sources of dissipation must be
effective, in addition to shear viscosity.

3.8. The elastic solid

In Section 3.5, we found an expression for the strain tensor of an
elastic solid, eq. (83). We shall restrict ourselves to the case in
which the strain is sufficiently small that the resulting stress is
proportional to the strain. This condition is generally known as
Hooke’s “‘law.” The designation as a law is misleading insofar as
Hooke’s law expresses nothing but the expandability of the stress
as a function of strain into a power series in powers of s;. No
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matter what solid material is involved, there will be a region of
small strain in which Hooke’s law is a good approximation, and
there will be an “elastic limit’’ beyond which the linear approxima-
tion is no longer valid. Naturally, the elastic limit is not sharply
defined but depends on the requirements of accuracy. Frequently,
though, measurements show that noticeable deviations from lin-
earity occur first at the same order of magnitude of the applied
strain at which the solid undergoes a permanent change of shape,
that is, where upon complete relaxation the material no longer
recovers its original shape.

In any case we shall consider only situations in which there is
no permanent (plastic) deformation and in which Hooke’s law is a
satisfactory approximation. The components of the stress tensor
are, then, linear homogeneous functions of the components of the
strain tensor. Since there are six algebraically independent com-
ponents of the strain tensor (si1, 812, 813, 822, S23, and ss3s; the remain-
ing components, such as s»;, are not independent, because of the
symmetry conditions) and an equal number of stress components,
the total number of coefficients of proportionality cikymn),

tix = C(ik)y(mn)Smn, (137)

might be as high as 36. Fortunately, this enormous number of
independent parameters is actually reduced to 21 even in crystals
with the least possible symmetry, the triclinic crystals. In all
other types of crystals, symmetry conditions reduce the number of
independent moduli even further. If the solid is isotropic (such
as an unstrained glass or a fine-grained steel without a preferred
orientation), the number of independent moduli reduces to two,
one of which is the bulk modulus, the other the shear modulus.
The bulk modulus is defined by the equation

'é'tu = K 84 (138)
and the shear modulus is defined by the equation
t,-‘;, = —211 Tik. (139)

The combination of these two definitions results in the two-para-
metric relationship
tix = _(K - '&V) Sss 60": - 2v Siky (140)

which will hold for any elastic isotropic solid which obeys Hooke’s
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law. It should be noted that with this relationship the directions
of principal stress and those of principal strain are always paralleled.

Young’s modulus. Young’s modulus is the ratio between the
stress and the strain in one principal direction if the stress (but
not the strain) in the two other principal directions is kept zero.
It is related to the parameters x and » above. If we choose a
coordinate system in which the principal directions are parallel to
the coordinate axes, we find for the principal stresses the expressions

tu = —(k + #v) su — 2(x — $¥) 8,
tog = fas = —2(x + ¥¥) 850 — (x + $») 811 = 0. (141)

S22 = 833

The solutions of these equations are

= b _ g kv
N 811— K+'§V’
142
_ S _lk=3% (142)
’ S11 2K+§V

Y is Young’s modulus, and the constant ¢ is known as Potsson’s
ratio. This ratio is a measure for the transverse contraction of a
stretched wire.

Elastic waves. Just asin a fluid, disturbances of the equilibrium
will also propagate in an elastic solid. The laws of propagation are
much the same as those found in the preceding section, except for
the added complication that a solid is capable of propagating two
kinds of elastic waves, so-called compression waves and shear waves.
To find the laws governing both types, we must again assemble a
set of linearized differential equations.

We start by considering the functions y;, which are required for
the determination of the strain tensor. We assume that the solid
has been deformed only slightly, and we agree that the functions
y; shall deviate only slightly from the coordinates z;,

¥ = o — us(zx). (143)

The field w; represents the displacement of a given material point
from its equilibrium position. If we substitute this expression into
eq. (83), disregarding all terms which contain higher than first
powers of the field u;, we obtain for the strain tensor the approximate
linearized expression
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S = $(uin + Urs), (144)
and therefore for the force law, because of eq. (140),
ti = —(k — -}v) Ugs Ot — V(Ui + Us,s). (145)

On the other hand, the velocity field is related to the u-field by
the equations

-
v = -52-1 (146)

except for higher-order terms. If eqs. (145) and (146) are substi-

tuted into the equations of motion (77), the result is a set of three
differential equations for the three variables u;,

%, 1
Po 3{2- - (K + 3‘ ”) Usei — V Uisa = 0. (147)
Again, we shall look for plane-wave harmonic solutions; it is
convenient to attempt the form
0
u; = u‘.ei(ul—k,z.) (148)

The three quantities k, form a vector which is normal to the wave
fronts (and therefore parallel to the direction of propagation) and
which has the magnitude 2r/\. With this attempt, the differential

0
equations turn into algebraic equations for the quantities u; and k;,

(pow? — v k%) w — (x + ) ki ko s = 0. (149)

The solutions of these equations can be found most rapidly in a
coordinate system in which a coordinate axis is parallel to the vector
k. We set

ky =k, ke = ks =0, (150)

and obtain immediately the equations

0
[po w? — (k + $»)k* uy = 0,
) 0
[po w? — vk} up, = 0, [po w? — vk} us = 0.

From these three equations it appears that, for one value of &,
0 0
u; and u; cannot both be different from zero. We find two different

solutions which lead to different values of ¥ and, thereby, of the

(151)
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speed of propagation ¢. They are

0 0
u¢=u;=0,

_ _po T (152)
kz_x-l-ivwz’ Cc = ——po—'r

3 (153)

v Po

and

The waves (152) represent displacements in the direction of propaga-
tion, while those corresponding to eq. (153) are at right angles to the
direction of propagation. The speed of propagation of the longitudi-
nal waves (152) is higher than that of the transverse waves. Finally,
the transverse waves must have a plane of polarization, whereas the
longitudinal waves do not. Both types of waves are well known
as the carriers of acoustic energy in solids. They are also commonly
observed in seismic disturbances, where the longitudinal or com-
pression wave always arrives at the seismographic observatory
ahead of the transverse or shear wave. This difference of arrival is
roughly proportional to the distance traveled (not exactly, because
the speed of propagation is also a function of depth) and hence
permits conclusions concerning the distance of the origin of the
disturbance from the point of observation.

Problems

3.1. If a solid body is submerged in a fluid at rest, each element of its
surface is subjected to the hydrostatic pressure of the fluid, which exerts a
force per unit area at right angles to the surface element dS and equal in
magnitude to g (980 cm-sec~2), multiplied by the density of the fluid p and
by the depth below the free surface of the fluid. Obtain an expression for
the total force exerted by the hydrostatic pressure on the submerged body
and show that your expression leads to Archimedes’ law of buoyancy.

3.2. A vector field is given by the expressions

h = $2f(p)$ V2 = —xlf(P), v = 0) = $1 + zﬂ’

where f(p) is an arbitrary function of its a.rgument. Find the correct
expressions for the same vector field with respect to a coordinate system
which has the zs-axis in common with the original one and where the
new z;- and z-axes form the angle § with the corresponding old axes.
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8.3. In Problem 3.2, carry out a coordinate transformation in which
the 2 and z;-axes remain the same and the z;-axis merely changes the sign.

8.4. Prove that the Kronecker symbol is a tensor.
8.6. In a special coordinate system, the stress tensor has the components

te=1tn =T,

all other components being zero. Diagonalize the vector and give not
only the principal stresses but also the directions of principal stress and
the explicit coordinate transformation which leads to the diagonal form.

3.6. (a) Show that the divergence of the vector field v; of Problem 3.2
vanishes, no matter how f is chosen.

(b) How must the function f be chosen so that the field »: may be con-
sidered (at least locally) as the gradient of a scalar field?

8.7. Find the most general form of a function of 7,
r? =z, 2,

of which the Laplacian vanishes everywhere, except possibly in a finite
number of space points.

3.8. Determine all the cases in which (with the elastic moduli given)
the stress tensor of an isotropic elastic solid is proportional to the strain
tensor.

3.9. Prove that the principal stresses of an isotropic elastic solid are
always parallel to the principal strains.

8.10. For a perfect fluid (n = 0), derive the conservation law of acoustic
energy by starting with eqs. (131).

8.11. Derive the conservation law of wave energy for an elastic solid
by starting with egs. (147). Note that the flow of elastic energy (the
expression of which the divergence appears in the conservation law) must
equal the dot product of the stress tensor (145) by v;.

8.12. Consider the case of two perfect fluids separated by a plane
interface. At the interface, the sound pressure and the normal component
of the velocity must remain continuous. Derive the laws of reflection
and refraction of sound waves by combining the incident, the reflected,
and the refracted plane waves so that the conditions of continuity across
the interface are satisfied. The intensity laws are obtained coincidentally.

8.18. Starting with the equations (131), derive a partial differential
equation for the sound pressure = alone, both for the perfect and for the
imperfect fluid. These equations are called wave equations. The plane
waves treated in the text are special solutions of these equations.

3.14. For the perfect fluid, derive a solution which is a periodic function
of the time ¢ but which is sphencally symmetric in the coordmates that is,
spatially it is to depend on r only.



Chapter 4

Summary of Classical Mechanics

In the following chapters, we shall take up Maxwell’s theory of
the electromagnetic field, which requires some modification of the
foundations of mechanics. That is why this chapter will be devoted
to a brief review.

In Newtonian mechanics, the deviation of a mass point from
straight-line, uniform motion (as described in terms of an inertial
frame of reference) is determined completely by the forces which
other mass points exert on it, in accordance with the second law:
The acceleration of the particle multiplied by its mass equals the
sum of the forces caused by the other particles in the universe.
Since the force acting on a particular mass point can thus be
resolved into the sum of the contributions made by all the other
individual mass points, it is appropriate to talk of the interactions
between individual pairs of mass points and to build up the resultant
forces from pair interactions.

Forces which two mass points exert on each other obey the fol-
lowing laws:

(1) The force which mass point A exerts on B is equal in magni-
tude and opposite in direction to the force which B exerts on A.

(2) This common magnitude depends only on the distance
between the two particles, in accordance with a specific law which
is called the force law applying to these two particles. Examples
are Newton's law of gravitation and Coulomb’s law of electrostatic
interaction.

(3) Directions of the two forces are parallel to the connecting
straight line between the two bodies. That is to say, A will exert
a force on B which will either point straight toward or straight
away from A (attraction and repulsion).

From these basic assumptions, we were able to draw a number
of conclusions concerning the behavior of aggregates of particles:
917
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(A) The total linear momentum of a system of particles changes
in time in accordance with the total external force acting on the
gystem, irrespective of any internal interaction.

(B) The total angular momentum of a system changes in time
in accordance with the total external torque applied, irrespective
of internal interactions.

(C) A certain specific function of the coordinates and velocities
of a system of particles, called the total energy of the system, changes
in time according to the work done by the external forces on the
constituent particles.

It is these three conclusions (A), (B), and (C), rather than the
basic assumptions (1), (2), and (3), which are subject to experi-
mental verification, inasmuch as we are rarely able to carry out
experiments on particles that we are certain constitute mass points
in the rigorous sense. This possibility of experimental verification
is important to keep in mind in what follows in Part II. We shall
find that the action of the magnetic field on charges cannot be
reconciled with Newton’s assumptions. Although, thus, we arc
forced to modify the basic assumptions, obviously we should not be
ready to agree to modifications which will not permit the retention
of some conservation laws applying to linear momentum, angular
momentum, and energy, because the conservation laws for aggre-
gates can be tested readily and are invariably found to hold.

Next, we must recapitulate the significance of our treatment of
matter in bulk. If we are to treat a problem in mechanics involving
only a few mass points (the meaning of “few” being a function of
our mathematical ingenuity), then our task is to set up a system
of ordinary differential equations which involves a number of func-
tions of a single argument, the functions z;(f). The number of
these functions, and the number of differential equations which
must be solved, equals the number of degrees of freedom of the
system and is ordinarily three times the number of mass points
involved. If now the number of mass point becomes large (and
is possibly not even accurately known), we must remove from our
laws of nature all quantities referring to the individual particles
and replace them by quantities describing average properties of
the material. Naturally, in this process we lose much pertinent
information. But the remarkable fact is that it is possible to set
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up laws for suitably chosen ‘“average’ quantities, the mass density,
the local velocity (which is defined as the ratio between momentum
density and mass density), the components of the stress tensor,
and so on. These quantities are no longer functions of the single
argument ¢ only but, being ‘“local’’ averages, are functions of the
coordinates as well. Coordinates no longer identify the location
of an individual particle; rather, they identify a particular location
in space irréspective of the presence of particles. As a result, the
laws of nature in this formalism are partial differential equations.

However, as far as our basic physical assumptions (1) through
(3) are concerned, nothing has been changed. As a result, the
conservation laws (A) through (C) must still hold, though their
mathematical form may be quite different. Indeed, we were able
to derive differential relationships which express in terms of partial
derivatives the fact that local energy or momentum density changes
at a time rate determined by the flux of energy or momentum
toward or away from the domain under consideration. A similar
relationship could have been obtained by essentially the same
methods for the angular-momentum density.

Treatment of matter in bulk is called for not only because of the
practical importance of such laws—after all, most of the matter
which we have to deal with in the laboratory occurs in bulk form
—but also for an entirely different reason. Without changing our
basic physical assumptions, we have produced a mathematical
formalism which is capable of handling physical theories widely
different from Newtonian mechanics. In particular, in the chapters
which follow we shall be concerned with a field theory. A field is a
distributed physical quantity, such as temperature or electric
potential, that is, a quantity which is defined at any given time at
each point within the spatial domain that we are considering. In
a mechanical picture of the physical world, we consider as the
principal subject of our theories discrete, individual mass points,
separated by expanses of empty space, across which they exert
forces on each other. In a field theoretical approach, we think of
space as being filled everywhere by various fields; and the fields,
together with the mass points, become the primary building stones
of the physical world.

In our treatment of bulk matter, we have ‘“smeared’’ out our
mass points through the device of averaging. The mass density
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and the other averages of this formalism are typical mathematical
fields, even though the underlying physical ideas stem from a
mechanical rather than a field theory. We shall find the techniques
which were developed in Chapter 3 very useful when we need to
develop the formalism appropriate to genuine field theoretical
concepts.



PART i
ELECTRODYNAMICS






Chapter 5
Electrostatics and Magnetostatics

5.1. Coulomb's law

The forces which two charged particles exert on each other vary
inversely with the square of the distance, just like gravitational
forces. Coulomb’s law states that the magnitude of the force which
two isolated charged mass points or point charges exert on each other
equals the product of their charges, divided by the square of the
distance between them:

= 52 (1)

In thus formulating Coulomb’s law, we have already defined the
unit of electric charge, the so-called statcoulomb (if the force is
measured in dynes). The statcoulomb is that charge which exerts
on an equal charge at a distance of one centimeter a force of one
dyne. Although other systems of units are also in use, we shall in
this book consistently use electrostatic units and, in the case of
magnetic quantities, Gaussian units.

Both Coulomb’s law of electrostatic interaction and Newton’s
law of gravitation are so-called inverse square laws. However, these
two laws have different structures in that in nature we find only
positive masses, which attract each other, whereas electric charges
occur with both signs. Charges having the same sign repel each
other; charges of opposite sign attract each other. Coulomb’s
law is a typical example of a mechanical force law in that the mutual
forces between two particles are equal, opposite, in the direction
of the connecting straight line, and, for two given point charges,
functions of the distance only.

We have found previously that any force law can also be formu-
lated conveniently in terms of the potential energy associated with
a pair of mass points. If we call the potential energy between
two point charges V, as before, then Coulomb’s law may also be

103
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written in the form
V = elTe* )

Equation (2) includes automatically the dependence of the direction
of the force on the signs of the two charges involved. As before,
the force acting on either of the two particles is the negative gradient
of the potential energy V with respect to the coordinates of that
particle.

Equation (2) permits a rather convenient representation of the
force experienced by one point charge in the presence of several
other charges. Instead of adding vectorially the individual con-
tributions to the force, we add the scalar potential energies and sub-
sequently obtain the force by forming the gradient. If we consider
a system of N point charges with charges ez, k = 1, - - - , N, then
the force acting on the nth particle must be the negative gradient of
a function which we shall call, for the moment, V' and which is the

n
sum of the potential energies of all particle pairs including the nth
point charge,!

N N
r-Fueo s g
k= k=

The prime indicates that in the summation the term with £ = »n is
to be omitted. The force acting on the nth particle is then given
as

aV

a3 Xy ex
fi= ax. = —en- "—x—(kE.l ;,T) (4)

No matter how involved the system of point charges, the force
acting on the nth particle can always be expressed as the product
of two factors. The first factor is e,, while the second factor con-
tains only the charges of the other particles and, of course, functions
of the relative coordinates. For many purposes, this separation

1 This function, V differs from the potential energy of the system, which

we introduced in Chapter 1, in that we are now omitting all those pairs in the
summation of which the nth is not one member.
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is desirable. The second factor in eq. (3) can be called the elec-
trostatic potential applying to the nth particle, while its negative
gradient [the second factor in eq. (4)] can be called the electric field
intensity applying to the nth particle. We shall denote these
quantities by the symbols ® and E;, respectively,

n n

= " er
?_E 7‘,.1;’
adP
_——r__ 9 gAY
E or; 6:1:.'(2 )
n n

The dimension of the potential is ergs per statcoulomb, and its
unit is called the stafvolt. The dimension of the field strength is
dynes per statcoulomb, but more usually the equivalent expression
of statvolts per cm is used instead.

Given our system of point charges, we can introduce functions
very similar to ® and to E; which do not refer to a particular par-

n n
ticle and which can be defined at each point of space. We shall
call the function

®(z) = 2‘5— (= V& = 2 = 29), (6)

the electrostatic potential (without making reference to the nth or
any other particular particle) and its negative gradient,

=2 __0(Na
Bi=-3= -5 (2 rk>’ )

the electric field strength. These functions are continuous and dif-
ferentiable everywhere, except at the locations of the constituent
point charges, where they become infinite. At the location of a
particular point charge (say the nth), it is, however, possible to
obtain a finite potential function from &, simply by subtracting
the contribution e,/r». The difference remains finite and, at the
exact location of the nth particle itself, assumes the value ®.

Analogous relations hold for E; and E;.
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5.2. Continuous charge distributions

The introduction of the “field”’ variables ® and E; has little to
recommend it as long as we treat only systems consisting of a few
charges and as long as we set up and solve the ordinary equations of
motion for the individual particles. These functions reveal their
usefulness, though, once we go over to the problem of treating large
numbers of point charges in accordance with the methods which
were developed in Chapter 3. In that case, we may assume without
serious error that the contribution of any individual particle to the
potential ® is negligible and that, therefore, the potential ® applying

n

to the nth particle is very nearly equal to the average value of ¢
in the vicinity of the particle.

It could be argued that at the location of the nth particle the function &
becomes infinite whereas ® does not; that the difference between these func-

n
tions, therefore, is infinite; and that there is no such thing as a ‘“‘small”’ or
“negligible’’ infinity. However, in a consideration of bulk matter the locations
of individual particles are not accurately known anyway, and what enters into
the equations is not the exact value of the potential at the location z, but rather

n
its ‘‘average’ value in the vicinity of that point. In any such averaging
operation, the contribution of the infinity itself remains finite and can, in fact,
be made small. If we wish to compute the average value of e/r in a sphere of
radius R surrounding the location of the charge in question, we must compute
the integral

/ﬁdz,dz,dx,aﬁus-‘hr’dr-21reR’ (8)

and then divide through by the volume of the sphere, 4x R3. The result of this
averaging is

3
® =35 )

This expression becomes the smaller the greater the chosen sphere. How
small we can make it obviously depends only on how large we can make the
sphere before it includes neighboring point charges. Thus, the replacement
of ® by the “local average of @'’ involves no serious omission.

n

In addition to the local (average) potential, we shall require
the local charge density, that is, the average number of statcou-
lombs per unit volume. This average is, of course, subject to all
the comments that apply in the case of such other average quantities
a8 the mass densitv » (ecomnare the heginnine of Chanter 2)  Wa
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shall denote the electric charge density by the symbol ¢. In its
computation negative charges are, of course, to be offset against
positive charges, and ¢ represents the net charge density.

The electrostatic force which is experienced by all the charges
present in a small volume element dV must equal the product of
the average field strength E; by the charge present, 0 dV. The
force per unit volume representing Coulomb interaction is, therefore,

fi=o B = —U%E- (10)
This force must be added to forces representing other types of
interaction. Offhand, it cannot be incorporated in the stress tensor,
because the electrostatic forces do not decrease sufficiently rapidly
at large distances to assure the convergence of the integral (3.10).
True, the magnitude of the force drops off with the square of the
distance; but at the same time the number of particles present at
distances between r and r 4 dr increases with the same power of r.
To restrict the integration arbitrarily to a neighborhood of, say,
104 may mean throwing away an infinite contribution. - Neverthe-
less, we shall find a way to incorporate electrostatic interactions
in the stress tensor 4.

Suppose we knew the distribution of charges throughout a large
region. Then it must be possible to replace the summation over
individual charges in eq. (6) by an integral. If we wish to find the
value of ® at a point with the coordinates z;, then the contribution
of all the charges contained in the volume element dV centered
about the point with the coordinates Z; must be

d<l>(x.) = 0’(5.‘2 dV

r2 = (JJ; - E.')(.‘B,‘ - 5.'). (11)
When we integrate over all that region of space in which charges are
contained, we obtain the integral expression

_ (%;) d%, dZ» dfs.
&(z;) = / ; (12)
Equations (12) and (10) together enable us to find the electric force
per unit volume as a function of the charge distribution throughout

our mechanical system.
For many applications, eq. (12) is not particularly satisfactory.
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We shall derive a law which expresses the dependence of ¢ on local
conditions. This law is commonly known as Gauss’s law. With
its help, we shall be able to express f; in eq. (10) in the form of a
divergence of a symmetric tensor.

Gauss’s law states that an integral taken over an arbitrary
closed surface of the normal component of the electric field strength,
multiplied by the infinitesimal surface element, equals 4r times the
total electric charge contained in the interior of that surface. To
derive this law, we shall first prove that in the absence of charges
in the interior this integral vanishes.
Consider Fig. 8. An arbitrary
closed surface S encloses a region V
of space, but not the origin O of our
coordinate system. Into the origin
we place a point charge of magni-
tude e. We shall compute the
e value of the integral

W=56E.~n.~dSEsﬁE-ndS.
S K}

Frc. 8. Gauss’s theorem for a (13)
surface which encloses no charges.
To do so, we apply Gauss’s the-

orem and convert the surface integral into a volume integral,

W= f ax: av. (14)

With our choice of coordinate system, the components of E take
the values

E, = eri, (= z,2,), (15)

and therefore the divergence is zero,

aEa au x. x. ar _

Zs,
r
We conclude, therefore, that the surface integral (13) over S
vanishes, as long as it does not include the origin.

This result can be generalized without difficulty. Suppose that
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outside the surface is placed not one charge but instead many dif-
ferent charges at different locations, though none inside S. In
that case, the total electric field strength at any point on S is the
vector sum of the contributions of the individual point charges.
The integral (13) must equal the sum of similar integrals, but each
representing only the contribution of a single point charge. Each
one of these contributions vanishes, as we have just seen. It fol-
lows that the integral (13) will vanish irrespective of the distribution

(a) (b)

Fi1g. 9. Surface enclosing a single charge.

of electric charges outside, provided only that the interior remains
free of charges.

We shall now place a single charge inside a closed surface. To
consider this case, we can at first again place our single electric
charge of magnitude e into the origin of our coordinate system and
then choose an arbitrary closed surface S surrounding that origin
(Fig. 9a).

The integral (13), extended over this new surface, can be
evaluated if we represent it as the sum of two integrals, one over a
small spherical surface surrounding the origin, the other a surface
that does not contain our charge. To do so, we construct a sphere
about the origin, with a radius sufficiently small that all the sphere
is well inside 8. Then we construct a small tube of negligibly small
cross section that will connect S with the little sphere. Finally, we
eliminate those very small portions of S and the sphere which seal
off the two ends of the tube. The result will be a surface of the
shape indicated in Fig. 9b. If we integrate E « n over this new sur-
face, §’, and add to it the integral of E . n, taken over the same
sphere, the sum of these two integrals will equal the integral over S
alone. The reason is that the integral over the small sphere is,
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in effect, being taken twice, but with the normal vector pointing
in opposite directions (pointing away from the interior of each
closed surface). The contribution of the tube is negligible if we
will only make its cross section sufficiently small. All that is left
now is the contribution of S. But the surface S’ does not enclose
the charge; hence the integral taken over S’ must vanish, in accord-
ance with our previous result. In other words, the integral of
E - n, taken over S of Fig. 9a, must equal the integral over the small
sphere. But this latter integral can be evaluated very easily.

On the surface of the sphere, E and n are parallel, and their dot
product equals e/r?, where r is the radius of the sphere. This func-
tion is obviously constant on the spherical surface, and the value of
the integral is, therefore, simply

95E-ndS=7%'41rr?=4re. an

47xe must also be the value of the integral taken over the surface S.

This result can again be generalized. If we place not one but
several charges inside a closed surface, their contributions to the
surface integral (13) add, and its value is, therefore, equal to 4=
times the sum of all the charges enclosed by the surface in question.
With this conclusion we have completed the proof. If we consider
individual point charges, then Gauss’s law is expressed by the
equation

$ EondS = 4r 3 e, (18)

where the summation on the right-hand side is to be carried out
over all charges inside S (in V) but not over those outside. If we
wish to describe the charge distribution by means of the charge
density o, then the total charge is given by an integral, and we have

561«:. 7 dS = 4r /VadV, (19)

which applies to arbitrarily chosen volumes V and their bounding
surfaces S.

If we now apply Gauss’s theorem to eq. (19), we can write the
whole equation as a single volume integral
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ok, _
/V (ax. - 4”) av =0, (20)

which must vanish when taken over arbitrary volumes V. This
can be true only if the integrand vanishes by itself, and we end up
with the differential form of Gauss’s law:

ok, 9%

= = — = —V2
oz, Ar o 3%, 9%, V2o, (21)

With this expression for the divergence of the electric field
strength, we can convert the right hand side of eq. (10) into the
divergence of a symmetric tensor. We eliminate from this expres-
sion ¢ and obtain

1

4r
By differentiating by parts, we can transform the right-hand side
further into

dE,

fi=dE: = a—x'

E; (22)

fi= | & mmy - 825 (@3)

In order to complete the computation, it will be necessary to make
use of the fact that E; can be represented as the partial derivative
of a potential, according to eq. (7), and that, as a result,

dE; 9E il 0%

axk - ?E =~ 3$§ 6zk + axk 62:.- = 0 (24)

(In the usual terminology of vector calculus, we say that curl E

dL; 9E,

vanishes.) We replace, therefore, — az, == by and obtain, for the

right-hand side of eq. (23), =
fi=p [5% (E: B)) — E, gf]
-4 [a’aa?. (E:E) — 3o 32, & E.)] (25)
- ‘; a" [E; E, - § 5 E, E]

In other words, the force per unit volume acting on the charges can
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be represented in the form of a divergence. The symmetric tensor

ta = & (Soa 5 B~ BB ) (26)

is sometimes called the stress tensor associated with an electrostatic
field. It describes the forces acting on a unit volume containing
electric charges formally in the same way that the stress tensor set
up in Chapter 3 does. Nevertheless, there is a very important
physical difference. In Chapter 3, the stress tensor represented the
forces per unit area which the particles immediately adjoining a
virtual surface on both sides exerted on each other across that sur-
face. The expression for the electrostatic stress tensor, (26),
+++++ T

- P

El ++++ T’ ,

F1c. 10. Free plate between two fixed condenser plates.

includes forces contributed by particles far removed from that
virtual surface.

An example will illustrate the significance of the stress tensor.
Suppose that a parallel-plate condenser with very large plates and
possessing an area charge density = has a plate spacing I. It is well
known that the electric field strength between the two condenser
plates is everywhere equal to 4r 7. Now suppose that this arrange-
ment is modified by placing another fairly large plate with area
charge density 7’ somewhere between the two condenser plates.
This situation is shown in Fig. 10. The third plate is supposed to
be free to move up and down, whereas the two original condenser
plates are fixed. Now the force per unit area acting on the third
plate must equal the product of the applied field strength and the
charge per unit area,

f=1E=4rr. 27)
This result has been obtained by straightforward elementary con-

siderations. Let us see how that same answer will be obtained
when we apply the concept of the stress tensor.
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Because of the presence of the new charged plate, the total field
strength above and below the third plate will no longer be given
by the simple expression 4x 7. Rather, it will be

Ey = 4n(r + ¥) (below the third plate),

Ey = 4x(r — ¥) (above the third plate). (28)

The components of the tensor % of eq. (26), on the other hand, are
b= — B e =y = + o
11 = 81' 1y 22 33 — 81’

tiz = tes = a1 = 0,

2
hly

(29)

where z, represents the downward direction. If we interpret these
components as positive pressures (pushing apart) in the z: and z,
directions and as a negative pressure (pulling together) in the x,
direction, we find that the net pull on any volume element (that
is, the difference in forces acting on opposite surfaces) vanishes
everywhere except where the volume element includes part of the
third plate. In that case, there will be a net pull in the downward
direction, which will be given by the excess over the pull below that
plate over that found above. This excess pull, per unit area of the
third plate, is given by the difference '

t11 (belowy — 11 (above)

1 1\ 1 1\
e )] -2l 4]
= 2 - 211’ = 4w 17,

where the expressions (28) have been substituted into #1; of eq. (29).
This final result equals the result of eq. (27), which had been obtained
without reference to the stress tensor.

5.3. Dipoles and higher poles. Polarization

In nature, we often encounter pairs of charges of opposite sign
closely tied together. Among the most important examples are
molecules consisting of ions of opposite charge, the so-called salts.
In the compound NaCl, for instance (sodium chloride, the ordinary
cooking salt), the sodium atoms are positively charged, the chlorinc
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atoms negatively, so that the whole molecule is electrically neutral.
Nevertheless, the electric field in the vicinity of such a molecule
does not vanish, because the two charges of opposite sign are
located at different points in space.

Consider a point charge of magnitude —e located at a point with
the coordinates x, and another point charge e located at a point
with the coordinates xo + s. We shall compute the electric field
strength caused by this combination at an arbitrary third point
with the coordinates x (short for ;). The situation is illustrated
in Fig. 11. In particular, we are interested in an expression for the

X

~€ %,

Fia. 11.  Electric dipole.

field which will be valid when the distance |x — x| is large compared
with the distance between the two point charges, |s|. Instead of
computing the vector field E, we shall first attack the simpler prob-
lem of computing the electric potential ®. This potential is given
by the expression

[4 [ € e

b = — = _——
x—xo—s] Jx—x] Jr—s]

=X—Xo. (31)

The expressions in the denominator are distances. In particular,
the first denominator has the value

|x — Xo — SI = V(z; — :g.' — &) (s — %.' —_8.)
=V (T.' - 8,‘)(1‘.' - S.‘). (32)

In order to get the expression (31) into a usable form, we shall
expand the first term into a power series in ascending orders of the
components of the vectors. According to Taylor’s theorem (which,
in this case, leads to the hinomial series), we have
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(s — 8)(rs — 8)]7V2 = [|r]? — 2 8 + [s]?}-V2
_ N i 8 Islg -1/2
ial LT 2 - I

up to the terms linear in s;. If this power series is substituted into

eq. (31), the first term drops out, and the potential is given by the
expression

e [
d7=|-1—_|—3-7';8(=;§!"s, (34)

up to first-order terms. The expression (34) approximates the
potential well if the distance between the two opposite charges is
very small compared to |r|]. We can obtain a nonvanishing limit-
ing value if we not only shrink the distance s but also, at the same
time, increase the magnitude of the charge ¢ in such a fashion that
the product e |s| remains constant. Then the term which has been
retained does not change its value at all, whereas all the terms in the
expansion which contain higher powers of |s| (but which remain
linear in e) will tend toward zero.

Frequently, the distance of the measuring equipment from a
given pair of charges is so great compared to the mutual distance
|s| that only the field (34) will be observed, with all higher terms
negligibly small. In that case, we cannot measure the quantities

and s separately, but only their product, the vector p,

p=es. (35)

The potential of the dipole is then completely described by the
expression

d=—p-r. (36)

The vector p is called the dipole moment of the pair of charges
considered.

We are now able to consider the distribution of electric charges
in bulk matter. All matter is composed of electrically charged
particles, the atomic nuclei and the electrons. Ordinarily, there
are just enough electrons to offset the positive charges of the nuclei,
and a piece of matter has a zero net electric charge (is electrically
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neutral). Moreover, the charges in the interior are so distributed
that there is no preponderance af charges of either sign in any por-
tion of space which is large compared to the size of an atom. As
a result, if we examine the electric field of a piece of matter at some
distance from the piece, we find neither the field that would be
caused by a net charge nor a field that would correspond to a
resultant dipole moment. If the charge distribution inside a piece
of matter were unbalanced, the resulting electric field would tend to
restore the balance.

Conditions are changed if we place matter into an electric field,
for instance between the plates of an electric condenser. The
applied field will pull charges of opposite signs in opposite directions,
and the constituent particles of matter will tend to be displaced from
their normal positions. As a result, we find that there is a pre-
ponderance of negative charge on that side of our piece which faces
the positive condenser plate, and vice versa. An unbalanced
charge distribution in the interior of matter is called polarization.
The polarization is limited by reactive forces; if the applied field
is withdrawn, they will restore the original unpolarized distribution.
Polarization will result in an additional field, both outside and
inside our piece of matter, and this additional field must be added
to the applied field.

If we examine this additional field at a considerable distance
from the polarized piece of matter, we may find that it is a rather
involved function of the coordinates. Upon proceeding along a
straight line away from our piece, we can expand the observed
additional potential into a power series in descending terms of the
distance. There will be no term dropping off as !, because such
a potential is possible only if there is a net electric charge present;
naturally, polarization cannot produce a net charge where there
was none before. The term with the slowest decrease at great dis-
tance will be the r—2 term; and if we measure the r—2 dcpendence
of the polarization potential in all directions, we shall find it to be
of the form (36). In this case, the vector with the constant com-
ponents p; will represent the total induced dipole moment of our
piece. This total dipole moment is the vector sum of the indi-
vidual moments induced in each atom by the action of the electric
field. The effective electric field that acts on each atom is the
sum of the original applied field and the additional field caused by
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all the other induced dipoles; this effective field is always smaller
than the original applied field.

If we could measure the individual dipole moments of the atoms
and add up the dipole moments located in a small volume AV in
the interior of our piece of matter, then we could determine directly
the dipole moment per unit volume, the ‘dipole moment density.”
This quantity is called polarization. (This is the precise definition
of the term.) It has considerable theoretical significance: if we
know the polarization, then we can compute the modification which
the electric field undergoes because of the presence of matter.
Naturally, the measurement of the dipole moment of each indi-
vidual atom is out of the question. However, it is possible to
determine the total dipole moment inside a volume AV merely by
examining the electric field on its surface.

Because of Gauss’s law, we can determine the total charge con-
tained in a volume V by forming the integral over the surface of V
of the integrand E-n. We shall now derive a similar integral
expression that measures the total dipole moment inside a closed
surface 8. For this derivation, we require a special form of Gauss’s
theorem, which has been distinguished by a name of its own,
Green’s theorem. Consider a vector field u with the components

U = ¢ w.i - ‘p b.i, (37)

where ¢ and ¢ are two arbitrary, twice differentiable functions of the
coordinates (scalar fields, for instance). If we now apply Gauss’s
theorem to the field u, we note that the divergence of u is

Uii = (d¥i — ¥ d)i = d¥uii — ¥ b (38)
It follows that
Jy @b — VoAV = (0¥, — v o) ndS,  (39)

and this is Green’s theorem.
If both ¢ and ¢ satisfy the so-called Laplace equation,
V2 ¢ = ¢.0¢ = 0, V2¢ = 'I’.n = Oy (40)
throughout the interior of V, in other words, if they are ‘‘ harmonic
functions,” then Green’s theorem leads to the conclusion that

¢S (¢ 'I’.a - \l’ ¢,n) N, dS = 0 (41)
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Because of eq. (21), we know that the electric potential satis-
fies Laplace’s equation everywhere outside charged particles. If
we formulate Green’s theorem for the potential ® as the one func-
tion and some other function » which is harmonic in ¥ (that is,
which satisfies Laplace’s equation everywhere in V), then we are
assured that the surface integral

I= 563 (@v, — v®,) n,dS (42)

depends only on the charge distribution in the interior and that it
will vanish if there are no charges inside S. Everywhere in empty
space, the divergence of the vector field W,

We=%v,—vd, (43)

must vanish. We shall now choose the function v so that the
integral (42) will give us information concerning the dipole distribu-
tion inside 8. It will turn out that if we choose for » the coordinate
x; itself, then the surface integral (42) will measure the magnitude
of the sth component of the enclosed dipole moment.! We shall
carry the proof out in a sequence similar to the one we employed in
the derivation of Gauss’s law. First, we shall carry out the integral
(42) for a small spherical surface that encloses a single dipole at
its center. Then we shall consider an arbitrary closed surface
enclosing just one dipole. Finally, we shall generalize our result
to an arbitrary surface that encloses several dipoles.

Let us start, then, with a small sphere about the origin of a
coordinate system z;, and let us place a dipole with the moment p
into the origin. The potential & will then be given by the expres-
sion (36) or, in components, by

® = ;131).. Zn, r? = z,1,. (44)

If we set v equal to z; and substitute this expression and the expres-
sion (44) for ® into eq. (43), then we get for W,
)

1 3
Egn = ‘13 (pu T 8y — X P.) + 7’75 Pn Tn Ts Xy (45)

! The three functions z,, 2., and z; are each harmonic; that is, they satisfy
Laplace’s equation, .
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Before we can form the surface integral (42), we must multiply W;’.
(1

by n., which in our case (a spherical surface with the center at the
coordinate origin) equals z,/r,

_ 3 zix
E}’- N, = 7 P T 7 (46)
The expression (46) must now be integrated over the spherical sur-
face S. Since dS/r? is nothing but the infinitesimal solid angle
subtended by dS at the coordinate origin, the integral (42) can be
written in the form
= Zs Zi
I = 3p, /n =% do. 47
@ stands for the solid angle, and we must extend the integration
over the full solid angle. The result of the integration will depend
on whether the two indices s and ¢ are equal or different. Without
much computation, we can assert immediately that the integral
must vanish if 7 # s.
For different indices 7 and s, for every point P on the sphere
where z; and z, have certain values, there exists exactly one corre-

sponding point P* at which z¥ = z;, z¥ = —=x,, and where the
third coordinate has the same value for p and P*. The neighbor-
hoods of the two points P and ¥ - AXIS

P* will make exactly opposite
contributions to the integral (47);
since we can pair off all points on
the sphere in the same manner,
the integral extended over the
whole sphere (or over the whole
solid angle) will vanish.

If 7 and s are equal, the con-
struction just indicated is, of
course, impossible. Theintegral
will not vanish, but it can be
evaluated easily enough. z:/ris
the cosine of the angle which the
radius through a point on the
sphere makes with the z-axis

Fie. 12. Integration of (47):
(Fig. 12). We shall call that angle . With its introduction, we
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can reduce the integral (47) to
I = 3p; jn cos? ¢ dQ2. (48)

The increment of the solid angle can also be expressed in terms
of the angle ¢. If ¢ increases by an amount d¢, then we cover on
the spherical surface an area that equals

dA = 2rprdé = 2r r* sin ¢ de. (49)

This area subtends a solid angle at the origin
A .
aQ = d?z— = 2r sin ¢ d¢o. (50)
With this substitution, the integral (48) turns into

Ic=61rp¢/;'_ocos’¢sin ¢ de

= 6r /l cos? ¢ dcos ¢ = 4 p;, 6D
coag = —1
the final result of our integration of eq. (42).

Because of eq. (41), the value of the integral (42) will not change
if we deform the closed surface S in any arbitrary fashion, as long
as the dipole at the origin remains inside S and as long as no other
charges (poles, dipoles, and the like) get inside S. Charge distribu-
tions outside the closed surface S will make an additive contribu-
tion to the potential ®, but this addition to ® will contribute nothing
to the integral (42), again because of eq. (41).

If the surface S encloses several dipoles, then each of the dipoles
will contribute an amount to the integral (42) given by eq. (51),
and these contributions will add. That is, the integral

1, 1 -
471"=7;;9§s (800 ® — 2:®,,) 0 dS = p; (52)

will equal the 7th component of the total dipole moment contained
inside the closed surface S. For instance, we can determine the
total dipole moment contained in a piece of matter by means of
the integral (52), taken over its material surface, without examining
the field caused by these dipoles ““at infinity.”

The integral (52) enables us to determine the total dipole
moment inside S if S contains nothing but dipoles, and in particular
no poles. How do single charges contribute to the integral (52)7
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Since we know explicitly the contribution of a single point charge
to the electric potential, we can first evaluate the contribution of a
single charge to the integral (52), carried out over a spherical sur-
face with the charge at the center, then deform the surface, and
finally add together the contributions of several charges. This
computation requires no special techniques and will be left to the
reader. Its result is that the contribution of point charges inside
S to the integral (52) is

p.-=ze:t.~. (53)
n nn

The expression ¢ - z; is called the moment of the nth charge with
n n

respect to the origin of the coordinate system, in analogy with a
similar terminology in mechanics with respect to mass.

If the total charge in the interior of S vanishes (the positive
charges canceling the negative charges), then the sum of these
moments equals the total dipole moment which would be obtained
if all the charges were to be composed of pairs and their individual
dipole moments computed and added. In that case, the value of
the vector p for the whole distribution will be independent of the
choice of coordinate origin. We can appropriately add the con-
tribution of the point charges to the dipole moment contributed
by the dipole singularities and then consider this procedure as an
extension of the concept of dipole moment.

We can justify this interpretation further by considering the
potential field of our assembly of singularities (which is wholly
located in the interior of S) outside and at very great distances
from 8. If we expand the potential field there into a power series
in 1/r, where r is the distance from some interior point of S, then
the terms dropping off as 1/r will vanish if the total charge of our
collection of singularities is zero. There will, however, be a non-
vanishing term dropping off as (1/r)?, and this term will have the
form of the field of a dipole, of precisely the magnitude and direction
given by the integrals I; of eq. (52).

If the total charge inside S does not vanish, then the values of
the three integrals I; depend on the choice of the coordinate origin.
To examine this dependence, let us compare the values obtained
with two different choices of coordinate origin. If the coordinates
of any particular point with respect to one system (the “unprimed”
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system) are z;, the coordinates of the same point in the other
(the ““primed’’) system are
zi =z + ¢ (54)

Now we shall determine the difference between p; and pj, both
computed according to eq. (52). We find that this difference is
determined by the total charge ¢ inside S:

1 C;
~ i 9§sc,~ ®,n,dS = o ¢SE. N dS (55)

= € ¢,

pi — P

according to eq. (18). The constants ¢; represent the (negative) dis-
placement of the coordinate origin from O to O’. The expression e
¢; 18, therefore, the change in the moment of the total charge with
respect to the coordinate origin. If we expand the potential at great
distance again into a power series in 1/r, where r is now the distance
from the origin, and if there is a term linear in 1/r, then a displace-
ment of the origin will leave the 1/r term unchanged, but the terms
with 1/r2 will have their coefficients changed precisely in accordance
with eq. (55).

In summary, the three integrals (52) measure the total dipole
moment inside 8, that is, the coefficient of the (1/7%) term of the
potential ‘“at infinity.” This dipole moment is a true vector in
the absence of a net charge inside S. If the net charge does not
vanish, then the dipole moment will obey a transformation law of
the form (55), which is similar to the transformation law of coordi-
nates with respect to translations. It can be shown, incidentally,
that all other types of possible singularities of the field make zero
contributions to the integral (52).

Higher poles. Point charges and dipoles represent only the
first two types in an infinite sequence of singularities which a field
may possess if its potential obeys Laplace’s equation outside the
singularities. The next type in this sequence is the so-called
quadrupole. We may think of a quadrupole as the combination of
two dipoles which are equal in magnitude and opposite in direction
and which are placed a short distance apart. In other words, a
quadrupole has the same relationship to the two constituent dipoles
that a dipole has to its two constituent point charges. If a quad-
rupole is to be built up of point charges, we require four point
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charges of which two are positive and two negative, and all four,
except for the sign, of equal magnitude. If these four point
charges are placed at the four corners of a parallelogram, so that
equal charges are at opposite corners, we have a quadrupole.
Ordinarily, we call a quadrupole the limiting case which is obtained
if the parallelogram is contracted and the charges are increased so
that the product of charge magnitude and parallelogram area
remains constant.

We shall obtain the potential field of a quadrupole by methods
similar to those which led to eq. (35), the potential field of a dipole.
Equation (36) can be written as

2- -2 (1r) P (56)

This form indicates the derivation of the expression (36) from (33)
by means of Taylor’s theorem. If we proceed in a similar manner
to obtain the potential of two dipoles with moments p and —p,
which are separated a distance q, then we get for the potential of
such a quadrupole the expression

a2 (1
d = _\"/, (57)
= P 5y o,

The two vectors p and q enter into the expression for the potential
of a quadrupole symmetrically. The potential drops off with the
distance as (1/r)3. If we add several quadrupoles to obtain the
most general potential with this dependence on r, we find that &
can be represented by the expression

()

ox; axk

® = qu Qik = G, qae = 0. (58)
The gy are the components of a constant tensor. The tensor is
symmetric, because an antisymmetric part would contribute nothing
to the potential once we multiply it by the (symmetric) second
derivatives of (1/r). Likewise, a nonzero trace of the tensor gu
would vanish when multiplied by (1/7),4. Thus, the most general
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expression for a quadrupole potential can be composed linearly of
five fixed independent quadrupole moments, just as there are three
linearly independent dipole moment potentials.

Quadrupoles inside a closed surface S can be determined by
means of a closed surface integral of the type (42), with the right
choice of the function ». We shall not go through the details, but
it is not at all difficult to show that expressions of the form

Vi = T ox — & O 2 (59)

will lead to integrals that measure the individual components of the
total quadrupole moment inside S. On the other hand, quadrupoles
inside S will contribute nothing to the surface integral (52), which
serves for a determination of the total dipole moment.

If we place two opposite quadrupoles close to each other, we
obtain a potential which drops off with the fourth power of (1/7)
and which is called an octupole potential. Continued composition
of multipoles of opposite sign will lead to ever more complex poten-
tials; these higher multipoles form a systematic sequence. Each
member of the sequence has a (1/r)" dependence on the distance,
and n increases by one when we pass from one multipole to the
next. The angular dependence of all these multipoles is represented
by a class of functions which are known as Legendre polynomials
and associated Legendre polynomdals. The total multipole moment
inside a closed surface can always be determined by means of
integrals of the form (42); for each component of a higher multi-
pole, there exists an appropriate function » that must be used in
the integral. We shall not carry out this whole theory, but we
shall return to the dipoles inside polarized matter.

Polarization. If matter is subjected to an external electric field,
the constituent charged particles are displaced from their normal
positions; as a result, we induce a certain dipole moment density
or polarization. The new equilibrium positions will be determined
by the requirement that the total electric field inside matter should
exert on each charged particle a force that is just balanced by the
restoring force. The total field is composed of the external applied
field and the field caused by the displacement of the internal charges.
If some of the charged particles in the interior are not bound to
any particular equilibrium position, they will continue to move
until they have achieved a constellation where the net electric



§5.3] ELECTROSTATICS AND MAGNETOSTATICS 125

force on any one of them vanishes. Materials in which electrons
(the most easily displaced particles) possess that freedom of motion
are called electric conductors. Metals belong to this type of matter.
If, on the other hand, there are restoring forces acting even on the
most motile charged particles, the particles will be displaced only
until there is equilibrium between the electric and the restoring
forces, with the result that the electric forces in the interior will
not vanish, though they are smaller there than outside the piece
of matter. Such materials are called dielectrics.

The result of a charge displacement will be the accumulation of
charges on the surfaces of the piece of matter and possibly even in
its interior. Naturally, displacement cannot change the total
amount of charge in the material present, but it is possible to start
with a distribution which is initially everywhere zero and to end up
with one in which regions with positive charge accumulation are
compensated by regions with negative charge accumulation, the
total charge present still being zero.

We can describe the contribution of the displaced charges to
the electric field in two different ways. If we place the emphasis on
the resulting charge density in the interior and on the surface
charge density, then the contribution of these charges to the electric
field may be computed by means of eq. (12) or some similar equation.
On the other hand, since the total charge vanishes, we may also
characterize the displacement of charged particles with the help of
the resulting dipole moment per volume unit. The latter quantity
is directly proportional to the mean displacement of the charged
particles from their normal positions (the positions they occupy in
the absence of an electric field); thus, it is reasonable to expect that
it will have a more direct relationship to the applied field than has
the charge density. Furthermore, we shall see that the charge
density may be obtained from the dipole moment per unit volume
uniquely, but the reverse is not the case. We shall, therefore, base
our description of the conditions inside the dielectric on the dipole
moment per unit volume, called the polarization.

The existence of polarization gives rise both to a charge density
(both volume and surface, in general) and to an electric field. This
electric field must be added to the applied external field if we are to
obtain the total electric field. It is clear that the electric field will
be modified not only in the interior of the dielectric but also in its
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surroundings; the charge density, on the other hand, will be changed
only in the interior of the dielectric.

To obtain the charge density ¢’ that results from the polariza-
tion P, we shall again, as usual, consider a volume V in the interior
of the dielectri¢ that is bounded by a closed surface S. Assuming
that P is a function of the coordinates, we shall find the total charge
carried into V as a result of the polarization. By definition, the
dipole moment resulting from the displacement of a single charge e
through a distance s is the product e s [compare eq. (35)]. If
the dipole moment in a unit volume is P, then P is the sum of all
the products of the form (35) arising from the displacement of
charges inside the unit volume considered. If we now consider an
arbitrary surface element dS at a given location and with a certain
orientation, a number of electrically charged particles will have
been displaced across that surface element as a result of polariza-
tion. We shall now show that the total amount of charge carried
across dS equals the dot product of P by the unit surface normal,
multiplied by dS. For the proof, let us refer to Fig. 6 in Chapter 3.

In terms of the notation for averages developed in that chapter,
the polarization P is determined by the expression

P = (es). (60)

Now consider the charge carried across a surface element dS by the
charge displacements s. If the displacement suffered by a particu-
lar particle equals s, then it will carry its charge across dS if it is
initially inside a prism with the base dS and the height s-n. If
the particle has been picked at random, though inside AV, then the
probability that it will be located initially inside the prism must be
equal to the ratio of the volumes, n-sdS/AV. On the average,
then, our particle will carry across a charge
"n-s§

de = ¢ W dS N (6])
and if we sum this expression over all the particles initially inside
AV, then we get for the charge carried across dS as a result of polari-
zation the expression

dg = (¢s)-ndS = P-.ndS. (62)

For a finite volume V, then, the charge brought in as a result of
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polarization equals

Q=-— 56sp.nds. (63)

If we convert this surface integral into a volume integral by means
of Gauss’s theorem, we find

. aP;

Q= — /dev PdV = — /VEdV’ (64)
and, therefore, for the volume charge density as a result of polariza-
tion:

f— —divp = — %
o = —divP = o (65)

If the dielectric is bounded by empty space, there will be found
a surface charge density 7/, which is given by the integrand of eq.
(63). If the normal is pointing out of the dielectric, the surface
charge density will be

=+P.n, (66)
including the sign.

Our next job is to discover the laws obeyed by the electric field
in a polarized dielectric. If we call the charge density which is
present independently of the polarization the ‘“real charge density”
o, and the additional charge density which is caused by polarization

the “polarization charge density” o/, then eq. (21), Gauss’s law,
must be changed into

div E = 4r(c + o), ©(67)

since the effective total charge density is the sum of ¢ and ¢’. In
this equation we can separate the “real charge density” from the
remainder, with the help of eq. (65). We shift the term 4r ¢’ to
the left-hand side and substitute from eq. (65), whereupon we find
the relationship

div E 4+ 4r div P = 4ro. (68)

We call the sum (E 4+ 4« P) the electric displacement and designate
it by the symbol D. The equation

divD = 4ro, (69)
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according to which the real charge density equals 4x times the
divergence of the electric displacement, is the most general formula-
tion of Gauss’s law. Equation (69) is more useful than (21) in the
presence of dielectrics because the real charge density is independent
of the polarization of the dielectric whereas the total charge density
is not, and because the polarization, in turn, will depend on external
circumstances (the applied electric field). In empty space the
polarization vanishes, and D and E are identical.

5.4. Dielectrics

Together, eqs. (69) and (24) express the most general differential
laws obeyed by the field quantities E and D (eq. (24) expressing the
fact that the field strength can be derived from the electric potential
and that the electric field is, therefore, conservative). However,
since these two relationships deal with two different field quantities,
they do not determine the electric field completely unless further
relationships connect the electric field strength with the displace-
ment. Such a third relationship is, of course, nothing but some
condition on the polarization. Its form will depend on the nature
of the dielectric and the type of internal forces that tend to hold the
charged particles to their normal positions. In empty space, as
mentioned above, the polarization must vanish, and E and D arc
identical. In many dielectrics, the restoring forces are proportional
and parallel to the displacement (harmonic isotropic forces). (Any
property dependent on the direction, as in crystals, is called aniso-
tropic). In the isotropic case, the polarization will be proportional
and parallel to the field strength, and the factor of proportionality
is called the electric susceptibility e,

P = ¢E. (70)

It follows that, again in the isotropic case, the electric displacement
is also proportional to the electric field strength,

D=E+4+4rP=(144r¢P. (71)

The factor of proportionality, (1 4+ 4x¢), is called the dielectric
constant and is usually designated by the symbol x. The dielectric
constant of empty space equals unity; in a dielectric « is always
greater than one.

Before we go on to the anisotropic case, a word about the system
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of units is in order. In our discussion, we have uniformly used
electrostatic units (esu), in which E, P, and D are all quantities of the
same dimension, so that the dielectric constant is a dimensionless
quantity. In so-called practical units, potential is measured in
volts and charge in coulombs. Because of eq. (7), the dimension of
the electric field strength must be volts/em. On the other hand, the
most important property of the electric displacement is that its
divergence equals 4 times the real charge density [see eq. (69)].
It follows that the dimension of D must be coulombs/cm?2. The
ratio of D and E is then a quantity with the dimension coulombs/
(volt-em). A further modification of units is provided by the
so-called rationalized systems of units, in which the unit of electric
displacement is redefined so that the factor 4= in eq. (69) is absorbed
into the unit of electric displacement. In such a system of units,
the factor 47 appears nowhere in the basic differential equations.
This advantage is offset by the necessity of retaining factors of
proportionality (which are not dimensionless quantities) in the
basic laws of the electrostatic field even in empty space. The choice
of system of units is, thus, governed largely by personal taste and
convenience of application. Although the confusion in the litera-
ture may bewilder the uninitiated, all systems are serviceable for
the formulation of the laws of nature, and transition from one to
the other is facilitated by tables put out by the prophets of new
systems. The author has yet to discover an adequate basis for the
emotional fervor exhibited occasionally in discussions whether the
dielectric constant is “in truth’ dimensionless or not, and similar
issues.

Even when the polarization is proportional to the field strength,
it may not be isotropic; that is, the restoring force per unit displace-
ment acting on the charged particles need not be the same in all
directions. The generalization of eq. (70) is

P; = ¢ E; (Eilc = e;,;). (72)

The tensor e; must be symmetric in its subscripts if the restoring
forces are to be conservative, for essentially the same reasons that
led us to require symmetry for the stress tensor in Chapter 3. In
the anisotropic case, the polarization is not parallel to the field
strength, except in three principal directions, which are mutually
perpendicular to each other. In these three principal directions,
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the ratios between the polarization and the applied field strength
may be called the principal values of the electric susceptibility, in
analogy with the terminology used in the case of the stress tensor.

By substituting eq. (72) into (68), we find for the relationship
between D and E the law

D; = xi Ei (ki = 8 + 4T ew). (73)

The diclectric constant, too, is a symmetric tensor, and its three
principal values are each greater than 1.

If the electric field strength is sufficiently great, it is quite pos-
sible that the relationship between E and the resulting polarization
is not linear but more involved. Furthermore, the reaction of the
dielectric to the applied field will in general not be instantaneous
but delayed, because of effects of inertia. If we apply periodic
fields (a-c potentials), the polarization will be out of phase with the
applied field, and its amplitude is frequency-dependent. Recently,
substances have been discovered in which the relationship between
ficld strength and polarization is so highly nonlinear that we can
no longer define uniquely a dielectric constant even for a given fre-
quency. Dielectrics of this type are called ferroelectrics. We shall
not present a detailed discussion here; be it sufficient to establish
the point that the linear relationship between electric field strength
and electric displacement (71) or (73) is an approximate law, just
like Hooke’s law in the theory of elastic materials. This approxima-
tion is useful in a large variety of problems but does not possess
the same universal character as Gauss’s law [eq. (69)] or eq. (24).

5.5. Magnetostatics *

It is well known that Coulomb’s law holds not only for electric
point charges but also for magnetic poles, with the important differ-
ence that single poles are unknown. All magnetic matter, when
isolated, contains zero magnetic *charge,” but dipoles are very well
known. Thus, the construction of a ‘‘magnetostatic’”’ theory,
built in close analogy to electrostatics and based on the concept of
single magnetic poles and their interaction, appears somewhat
artificial; it is the magnetic dipole that appears to be the basic
building stone of the magnetic field. We can, of course, formulate
the interaction law between two pointlike magnetic dipoles. This
force law is consistent with Newton’s third law, concerning the
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equality of action and reaction, and we have conservation of momen-
tum and angular momentum; but the force depends on the orienta-
tion of both dipoles and is not directed along the connecting straight
line. Moreover, the multitude of interaction effects between
electric and magnetic phenomena is disregarded in magnetostatics,
rendering the results not only unsatisfactory from the point of
Newtofiian mechanics but also quite unrealistic.

We shall devote only a few paragraphs to a description of mag-
netostatics, since it requires no new physical concepts and will
merely serve to introduce a number of terms. We can repeat every
word of the previous four sections in this chapter, provided that
at each stage we add the condition that there are no free (single)
magnetic poles, and provided that we rename some of the quantities
introduced. The field will again be described by the magnetic field
strength, H, which may be considered as the gradient of a ‘“magnetic
potential”’ and which, therefore, satisfics the analogous equation
(24),

H.',), - Hk,.' =0. (74)

This equation holds only for magnetostatics in the narrowest sense
of the word; specifically, as long as we disregard the effect of electric
currents on the magnetic field.
Since there are no magnetic poles, the divergence of H vanishes
in empty space,
H,,=0. (75)

In the presence of matter, we again encounter the effect of polariza-
tion, which is here called magnetization; the symbol M denotes this
magnetic dipole moment per unit volume. In the magnetic case,
it is found that in some materials the magnetization induced by the
magnetic field is directed against rather than parallel to the magnetic
field strength. In other words, the magnetic susceptibility x may
be positive (as the electric susceptibility is always) or negative.
Materials of the first type are called paramagnetic, those of the
latter type diamagnetic.

In the presence of magnetized matter, the magnetic pole density
is the sum of the ‘“‘real pole density’ and the ‘‘magnetization pole
density.”” The real pole density vanishes everywhere, since the
absence of single poles is a basic characteristic of the magnetic field,
but the magnetization pole density need not vanish. However, if we
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introduce the analogue of the electric displacement, the magnetic
induction B,
B=H+4r M, (76)
then, as the relationship corresponding to (69), we find
divB = 0, )

which replaces eq. (75) in the presence of magnetized matter.

If the magnetized material is isotropic and if the magnetization
is proportional to the applied magnetic field, then B and H will be
parallel and proportional to each other, and their ratio x is called
the magnetic permeability.

The nonlinear case, in which there is no simple relationship
between B and H, is known as the ferromagnetic state and is of
immense practical importance. In ferromagnetic materials, the
magnetization in the presence of a weak applied field is usually
several hundred times greater than the applied field H; when the
applied field is raised, M approaches a maximum which is not
exceeded (saturation). Then, when the applied field is gradually
reduced, the magnetization does not return to zero together with
the applied field but remains finite, because the strong applied field
has produced a shift in the equilibrium structure of the ferromag-
netic material. This feature is called remanence. To demagnetize
the material, it is necessary to apply a magnetic field pointing in
the direction opposite to that of the remaining magnetization. If
this applied counterfield is stronger than sufficient to remove mag-
netization, magnetization in the direction opposite to the original
one will be induced. If this counterfield is driven up to the satura-
tion stage, then again reduced to zero and replaced by a field in
the original direction, and so on, the magnetization vs. applied field
curve will pass through a loop, which is called the hysteresis loop.
Generally, any effect in which an applied stress (mechanical,
magnetic, or otherwise) produces shifts in the equilibrium state of
solids is called hysteresis. Hysteresis effects always go hand in
hand with gross deviations of the response from linearity (Hooke’s
law).

Relatively early in the investigation of electric and magnetic phe-
nomena, Qersted and other scientists discovered the fact that
moving electric charges (electric currents) exert forces, on mag-
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netized pieces of steel. In Chapter 6, we shall carefully examine
this type of interaction, and we shall find that it cannot he recon-
ciled with Newton’s mechanies.

Problems

6.1. A condenser consists of two concentric spherical shells of radii a
and b; one plate carries the charge g, the other plate the charge —g. Deter-
mine the resulting electric field strength and the resulting potential through-
out space, assuming that:

(a) The space is empty.

(b) The space between the two condenser plates is filled with a dielectric
material.

6.2. Consider an electrostatic field part of which is caused by a point
charge e. In the immediate vicinity of that point charge, we can split
the total field into the “‘self-field”’ of the point charge (given by Coulomb’s
law), and the remainder, the ‘“‘incident field.” The latter must, of course,
satisfy Gauss’s law for empty space. Now obtain an expression for the
stress tensor in the vicinity of the point charge e, taking the whole field
into account. Find the force this stress will exert on a small spherical
volume which has the point charge as its center.

6.3. If the surface integral (42) is formed with the help of one of the
functions v::, eq. (59), examine how single poles, dipoles, and quadrupoles
inside S contribute to the value of the integral.

6.4. Show that quadrupoles do not contribute to the integral (52).

5.6. With the help of spherical harmonics, set up a classification of all
multipoles.

65.6. Show that on an interface which separates two dielectrics with
different values of the dielectric constant:

(a) The normal component of the electric displacement has the same
value on both sides.

(b) The tangential component of the electric field strength is the same
on both sides.

(c) If the two dielectrics are both isotropic, with well-defined values of
the dielectric constant, the ratio between the tangents of the angles formed
by the field strengths with the interface normal equals the ratio between
the dielectric constants.

6.7. Between the plates of a parallel-plate condenser with greatly
extended plates (plate diameter large compared with plate distance) place
an extended slab of dielectric material, the surfaces of which are plane and
parallel to the condenser plates. Develop formulas showing:

(a) The decrease in voltage if the plate charge is kept constant.

(b) The increase in plate charge density if the voltage is fixed.

(¢) The change in condenser capacity.
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5.8. In general, a dielectric body placed into a homogeneous electric
field (E; = constant) will become subject to inhomogeneous polarization,
and the resulting field both inside and outside the dielectric body will no
longer be homogeneous. However, if a sphere consisting of an isotropic
dielectric is placed into such a field, it can be shown that:

(a) The field inside is homogeneous, and the field strength inside is
related to the field strength at infinity (Eo) by the formula

__E
E'1+{m

(b) The field outside consists of the original homogeneous part, Eq, and
the field of a dipole, the moment of which equals the product of the inside
electric field strength, the volume of the sphere, and the clectric suscepti-
bility. These two expressions will together satisfy the requirements on
the boundary surface formulated in Problem 5.6.




Chapter 6

Electromagnetic Interaction

In this chapter, we shall approach the forces between magnets
and moving charges. There are three different types: the force by
a current or moving charge on a magnet, the force that a magnet
exerts on a moving charge, and the force that a moving magnet
exerts on an clectric charge at rest. The first of these three types
of interaction has been known longest. It was discovered by
Oersted in 1820 and is described by Biot-Savart’s law. The second
force, which is the necessary corollary to the first if we attempt to
retain the validity of Newton’s third law, is now known as the
Lorentz force. 'The last effect, the action of a changing magnetic
field on clectric charges at rest, is called electromagnetic induction.
To describe these various interactions between magnets and electric
charges, we shall also develop vector and tensor calculus somewhat
beyond the stage that so far has been sufficient for our purposes.

6.1. Biot-Savart's law

If we pass a steady current of electrons through a long straight
piece of wire, by maintaining a steady potential difference between
its two ends, then a magnetized steel rod in the vicinity will experi-
ence a forque, just as if there were another magnet near by. The
magnitude of the torque of a magnetic needle of finite size depends
on several factors—its position and orientation, and its length and
state of magnetization as well. We can reduce the complexity of
the observed effects if we make a very long uniform steel rod,
magnetize it as uniformly as possible, so that effectively its two
ends only carry ‘‘magnetization pole density,” and then hold it so
that only one end is close to the electric wire. With that arrange-
ment, we can observe the force acting on one ‘‘single pole.”

Our assumption that the observed forces are caused by the mov-
ing charges inside the wire and that they act on the magnetic

135
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dipoles inside our magnet needle is, of course, conjectural. The
conjecture has, however, been confirmed by subsequent experiments.
The magnitude of the force on the magnetic needle is independent
of the chemical composition of the wire and independent of the
potential drop between its end points. It depends, as far as the
wire is concerned, exclusively on the shape of the wire and on the
amount of current passing through it. With present techniques,
we can dispense with the wire altogether and replace it by a stream
of free electrons in an evacuated glass bulb. Likewise, the force on
a magnetic ‘‘single pole” at a given location relative to the wire or
electron stream is strictly proportional to the pole strength (which
can be determined by magnetostatic experiments) but is found to
be independent of all other accidental characteristics the mag-
netized rod may possess. Thus, we can express the observed facts
adequately by claiming that a current or a moving stream of
"charges gives rise to a magnetic field.

This magnetic field can be described in terms of a magnetic field
strength H. Its magnitude is given by Biot-Savart’s law, which is
usually formulated so that the equation describes the contribution
of the charges in a piece of wire of length dl to the magnetic field
strength. By interpreting electric current as a flow of point
charges, we can formulate Biot-Savart’s law just as readily in terms
of the contribution of. individual moving charges to the magnetic
field. In that formulation, the law has the form

Here ¢ is the magnitude of the moving point charge and v its velocity,
r is the distance of the space point considered from the present
location of the charge, and 6 is the angle that r makes with v.
Finally, c is a universal constant which possesses the dimension of a
velocity and which has the value of approximately 3 X 10!° cm-sec—!.
The fact that ¢ happens to equal the known velocity of light in
vacuum appears here as an accident. That the electromagnetic
theory explains ‘““accidents” like these gave it the strength which
eventually persuaded physicists to discard Newtonian mechanics
as the foundation of physics.

The direction of the magnetic field strength caused by a moving
charge in accordance with eq. (1) is at right angles both to the dis-

M — sin 6. (1)
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tance vector r and the velocity vector v. Ordinarily, the ‘“posi-
tive’”’ pole of the magnet is chosen so that the ‘right-hand rule”
holds: If we look in the direction of the moving charge (assuming
the charge to be positive), then the magnetic field tends to move a
magnetic positive pole clockwise about the moving point charge.

Biot-Savart’s law does not satisfy the usual postulates of New-
tonian mechanics. Though it is quite easy to formulate the law
in terms of the interaction of individual particles (the moving point
charge and the single magnetic pole), the force between these two
mass points depends on the velocity of at least one of them, and it
is not in the direction of the connecting straight line but at right
angles. Obviously, if Biot-Savart’s law is valid, we shall have to
modify the foundations of mechanics, but it is yet too early to
foresee to what extent. At any rate, if eq. (1) is really valid, then
the proofs for the conservation laws of energy and for angular
momentum cannot be maintained in the form that was presented
in Chapter 1.

Before we enter into a discussion of these questions, we shall
consider the magnetic fields produced by specially shaped wires in
which an electric current is flowing. First of all, let us note that
in the presence of a steady electric current, we do not need to know
the magnitude of the individual moving charges, their mean velocities,
or the total number of moving charges per unit length of wire in
order to compute the resulting magnetic ficld strength, but merely
the product of these three quantities, that is, the electric current.
As usual, we define the electric current as the amount of charge
that crosses an arbitrary cross section of wire per unit time. That
this amount of charge equals the volume-averaged product of
charge and velocity can be shown by an argument that is similar to
those employed in Chapters 3 and 5. Carrying out the transition
from the ‘“mass-point law”’ to the ‘“bulk law” in our usual manner,
we can obtain readily Biot-Savart’s law in its usual form:

aH) = 2201 g @)

where I is the magnitude of the current defined above. If the wire
is curved in an arbitrary manner, the vector addition of these indi-
vidual contributions, or rather their ‘‘vector integration,” must be
carried out with great care, because they are not all parallel to each
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other. Since at this stage we do not yet possess the necessary
mathematical tools to accomplish this integration conveniently,
we shall restrict ourselves to a special
WIRE . . . .
y\ case in which symmetry considerations
. facilitate the computational work.
S The field of an infinite straight
~~ wire. Consider a very long and com-
N pletely straight wire (Fig. 13). We
| 91, shall compute the magnetic field
1 R strength at a point P that has a
(perpendicular) distance R from the
wire. We shall designate the coor-
dinate along the wire by =z, setting
z = 0 at the point closest to P. Ac-
cording to eq. (2), the contribution of
an infinitesimal segment of wire of length dz to the magnetic field
strength at the point P is

(4

Fia. 13. Magnetic field of an
infinite straight electric wire.

I I
dH = o Co8 ¢pdx = 2B 08 ¢ do. 3)

The directions of all these contributions are the same, namely, at
right angles to the plane of the paper (into the paper if the current
is flowing upward). Therefore, we can simply integrate all these
contributions,

1 [3 ol
H_.CTB é_ﬁgcosd:dq}—a?- )

This result is interesting for a number of reasons. First of all,
eq. (4) gives the approximate magnitude of the field in close prox-
imity to a current-bearing wire, no matter what its shape. Thisis
because the principal contribution to the integral comes from those
portions of the wire for which ¢ is appreciably different from + »/2.
For instance, those portions of the wire for which ¢ lies between
—88° and 88° will contribute more than 99 per cent of the total
magnetic field. Now, obviously, no matter how great the curvature
of the wire, we can get sufficiently close to the wire that the portion
of the wire subtended by 176° of arc curves less than any specified
angle. Thus, for any wire of finite curvature the expression (4)
will provide a good approximation sufficiently close to the wire.
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The expression (4) shows also that the force acting on a magnetic
pole cannot possibly be represented as the gradient of a ‘‘magnetic
potential.” Otherwise, if the test particle is moved through a
closed-path trajectory, the net amount of work done would have to
be zero, a result obviously not consistent with eq. (4). If the test
pole is carried through a circular orbit in a plane at right angles to
the wire, with the wire itself passing through the center of the circle,
the displacement is everywhere parallel to the force, which is con-
stant in magnitude. Thus, the total amount of work done in
moving the pole once about this closed circle is

21  4x
W=2rRp 5=—1Ip, 6
independently of the radius. The symbol p has been used here to
denote the magnitude of the magnetic pole strength.

This result can be generalized quite easily for curves of arbi-
trary shape. We can show that the magnetic field strength of the
wire is in fact the gradient of a ‘‘magnetic potential,” but only
locally; in any attempt to extend the potential function throughout
space, the function will turn out to be multivalued. We have

= —grad ¢,
\l/=——-2-Iarctan(3)=—2[0. 6)
c 0} c

¥ is the ‘““magnetic potential,” the work required to move a mag-
netic unit pole from the plane z = 0 to the point at which the poten-
tial is to be measured. 6 is the angle which the perpendicular
connecting line R of Fig. 13 makes with the plane in which the
“potential”’ has been set zero. This angle is not a single-valued
function but increases by 2w every time we complete a closed path
about the z-axis.

True, there are no single magnetic poles. But if we replace the
electric wire by a stream of free electrons, we can move a long,
uniformly magnetized rod (which bears opposite poles at its ends)
through this stream in such a manner that one end of the rod passes
once around the wire, the other not, and that the final and initial
positions of the rod are the same. In other words, the force which
a current exerts on magnetized material will apparently change the
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magnet’s total energy under appropriate circumstances. We shall
return to this question later.

6.2. Cross product and curl

We cannot treat other wire shapes conveniently until we have
extended the vector and tensor methods at our disposal to include
the cross product and the curl. For this reason we shall interrupt
the discussion of electromagnetic interaction at this point by a
purely mathematical section. The cross product is a product of
two vectors of the same type that we encounter in the formulation
of Biot-Savart’s law, eq. (1). By multiplying the magnitudes of
two vectors by each other and by the sine of the angle between them,
we can obtain a new vector-like set of three components. This
formation is not one of the covariant combinations we studied in
Chapter 3, and closer examination will show us that its transforma-
tion law differs somewhat from that of a vector. To understand
this difference, we shall return once more to the properties of
orthogonal transformations, egs. (3.16), (3.21).

From the theory of multiple integrals, it is well known that if
we wish to express the integrand of a multiple integral in terms of a
new set of variables of integration, we may do so, provided that we
multiply the original integrand by the so-called Jacobian, the deter-
minant of the partial derivatives of the original variables with
respect to the new ones. The Jacobian may be interpreted as the
ratio of the infinitesimal ‘‘volume” element dzi dzxs + + - dz. of the
original variables and the ‘“volume” element dxz{dz; - - - dx!
formed with the help of the new variables. We shall now examine
the value of the Jacobian of an orthogonal transformation. We
can obtain this value with the help of eq. (3.21); if we take the
determinant on both sides, we get an expression

Cik Cik, * ° °, CukCak 1, 0, O
det jcar e, - ° -, cumcu| =det|0, 1, O )]
Cak Cik, * * ", CskCsk 0, 0, 1

The right-hand side equals unity. The left-hand side can be sim-
plified by means of the multiplication law for determinants, accord-
ing to which that expression equals the product of the determinant
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det [ci| by itself.* It follows that the square of the Jacobian of the
orthogonal transformation equals unity,

leal* = 1, ®

meaning that the Jacobian itself must be either 1 or —1.

Further investigation shows that all orthogonal transformations
belong to one of two types. First, we can go over from the original
to the transformed coordinate system by merely rotating the original
coordinate system about a suitable axis through some angle; such
a transformation is called a proper orthogonal transformation or a
rotation. Or we can accomplish the transition by combining an
inversion (a transformation that merely changes the sign of every
coordinate) with a rotation; these transformations are known as
improper orthogonal transformations or perversions. We can convert
any rotation into another rotation by changing continuously the
values of the ¢ in such a manner that every intermediate stage
also represents a rotation. Likewise, we can convert any per-
version continuously into any other perversion. In each of these
two classifications, the value of the Jacobian (which is +1 to begin
with) can change only continuously and, therefore, not at all.
Since the rotations include the “identity transformation,” they all
must have a Jacobian +1; whereas the perversions, which include
the inversion, must have a Jacobian —1.

Hence there are two clearly separated classes of orthogonal
transformations, and they possess different values of the Jacobian.
Now consider some volume integral such as the integral over the
mass density, which will yield the total mass in the volume. As
long as we restrict ourselves to rotations, the same integrand will
lead to the same value of the integral. But what if we carry out
an improper transformation? To keep the total mass positive, we
usually reverse the direction of integration; that is, we integrate
in the direction of increasing value of the new coordinates as well.
This method is, however, somewhat ambiguous from a formal
point of view; and if the integrand has no such obvious physical
significance as a mass density, the method of changing the direction

! Readers who are not familiar with the multiplication law of determinants
can convince themselves of this equality by straightforward computation of
the left-hand side of eq. (7) and of the square of the determinant of the cix, but
these computations are quite lengthy.
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of integration may well lead to ambiguities. We can avoid the
ambiguity if we introduce for the integrand a new law of transforma-
tion: we can decree that the integrand is to be multiplied by the
Jacobian of the coordinate transformation. Although we should
hardly wish to apply this new transformation law to mass densities
(which would then have to be taken as negative whenever we used
a left-handed coordinate system), it is, for instance, a very con-
venient transformation law for magnetization pole densities. At
any rate, we shall introduce a new class of quantities besides
tensors, the tensor densities or pseudotensors, and define them by
the following transformation equation:

te... = det |Ca| Cim Chn -+ Tm. .. 9)

This definition includes pseudovectors and pseudoscalars. In our
applications, pseudovectors will occur quite frequently.

The difference between proper and improper transformations
can be understood in terms of the screw sense of the coordinate
systems to be transformed. Customarily, coordinate systems are
chosen so that if in the z,, z,-plane a rotation is carried out leading
from the positive z;-axis to the positive zs-axis, then an ordinary
(right-handed) screw that is lined up along the z3-axis will move in
the direction of the positive zs-axis. Naturally, we can choose the
coordinate axes just as well in such a manner that a right-handed
screw turned in the direction from the positive z;-axis to the positive
zaxis will move toward the negative zs-axis. Coordinate systems
of both kinds are illustrated in Fig. 14. The first kind is called a
right-handed coordinate system, the second a left-handed system.
Obviously, if we turn our whole coordinate system in space, its
right- or left-handedness is not affected. But if we carry out a
perversion, a right-handed system will go over into a left-handed
system, and vice versa. Thus, we may characterize a rotation as a
transformation that preserves the screw sense of the coordinate
system, whereas a perversion reverses the screw sense.

Pseudovectors occur in many physical applications. The
torque, the angular momentum, and the angular velocity in mechan-
ics, and the magnetic field strength, the magnetic induction, and
the magnetization in electromagnetic theory are among the prin-
cipal examples. Instead of pseudovectors, they are also often
called azial vectors, because all of them are associated with rotation.
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Usually, their definition includes some ‘‘right-hand rule” or
equivalent convention concerning the direction in which they are
to face. Without such a rule, their direction would be subject to
an ambiguity, because in comparison to an ordinary (or polar)
vector they multiply by —1 if we change the screw sense of the
coordinate system. All the usual right-hand rules are formulated

s f 5
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X% X%
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COORDINATE SYSTEM COORDINATE SYSTEM

F1a. 14. The screw sense of coordinate systems.

in accordance with the adoption of a right-handed coordinate
system.

The algebraic rules for the combination of pseudotensors are very
simple. We may add pseudotensors of the same rank, but not a
pseudotensor and an ordinary tensor. In other words, all the terms
in an equation, and both sides, must have precisely the same trans-
formation properties. In no law of physics will an electric and a
magnetic field strength ever be added together. But we can
multiply pseudotensors by each other or by ordinary tensors. The
transformation character of the product will be determined by the
power of the Jacobian by which it must be multiplied in the event
of a perversion. Thus, the product of a tensor by a pseudotensor
will be a pseudotensor, but the product of two pseudotensors is an
ordinary tensor. Differentiation does not change the power of
the Jacobian by which the components must be mutliplied; the
gradient of a pseudoscalar, for instance, will be a pseudovector.
The details of the proofs will be left to the reader.
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The actual combination of pseudotensors and tensors in physical
laws is accomplished with the help of a very important peudotensor
with constant coefficients, the so-called pseudotensor of Levi-Civita.
In three-dimensional space this pseudotensor has the rank 3 (its
rank in other spaces always equals the number of dimensions)
and is defined as follows. The components §;;,; are zero if any two
of the three indices are equal. In the remaining components, the
three indices must perforce be a permutation of (123). If the
permutation is cyclie, (123), (231), or (312), the value of that
component is +1. The remaining three index combinations, (213),
(321), and (132), belong to components equal to —1. Thus, the
Levi-Civita pseudotensor is antisymmetric in all its indices. We
must now show that upon transition to another coordinate system
the values of the components reproduce.

To carry out this proof, it will be sufficient to consider the trans-
formation of a single component, say 6123, because all the other
components are then determined by the antisymmetry, which is
conserved under coordinate transformations. The value of this
component in a new coordinate system x| is given by the expression

8125 = det |c] - cui cor €1 S (10)

Because of the antisymmetry of the Levi-Civita pseudotensor, only
those terms contribute to the triple sum in which the three dummy
indices, 7, k, and [ are all different, and they will be positive if (7kl)
is an even permutation of (123) but negative if it is odd. In other
words, the expression on the right-hand side can be simplified by
the relationship

C1i Cox Ca 80 = det [c], (11)
to yield 8105 = (det |¢])2 = 1. (12)
This equation completes the proof.

It is with the help of the Levi-Civita pseudotensor that we can
characterize the cross product as a covariant operation. We define
as the cross product of two vectors u and v the pseudovector

w; = 5.'1,1 Uk V1. (13)

We can easily show that the cross product is at right angles to
each of the two factors. We multiply the defining eq. (13) by
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either u; or »; and make ¢ a dummy index. The right-hand side
will vanish in either case because of the antisymmetry of the Levi-
Civita pseudotensor. By either of two methods, we can show that
the magnitude of the pseudovector w equals the product of the
magnitudes of the two factors, multiplied by the sine of the angle
between them. First, we can choose a special coordinate system
in which the vector u is parallel to the z;-axis and the pseudovector
w (which is at right angles to u, anyway) is parallel to the zs;-axis.
In this coordinate system, w; equals the product of %, and v,, and
the latter component equals the magnitude of v, multiplied by the
sine of the angle which v forms with the z;-axis.

The second and more elegant proof makes use of the relationship

Bijs Okt = i O — Oit Ojx. (14)

" This relationship between the Levi-Civita pseudotensor and the
Kronecker tensor is frequently useful in derivations of vector-
algebraic relations. Of the four indices 1,j, k,l, the second pair must
be identical with the first if the expression is to be different from
zero; then, provided that ¢ > j, the product on the left will equal + 1
if (¢,j) is the same sequence as (k,l), and —1 if the two pairs are in
opposite sequence. If we now square the defining eq. (3), we get
the expression

Im|? = 10i 0 = Sikt Oimn Ut Um V1 Un
= (8km 8tn — Okn Stm) Uk Um V) Vn
= v — Ju- v]* = o721 — cos? 0)
= (sin 6 |ul|v|)2.

(15)

The differential analogue to the algebraic operation of taking the
cross product is the curl. The curl of a vector field u is defined as
the pseudovector with the components

0 = S ure =(curl u); = (V X u);. (16)

Applied to a pseudovector, the curl operation leads to an ordinary
vector field.

By this time, the reader has probably noticed that with the help
of the cross product we can formulate Biot-Savart’s law in covariant
notation and that, since the velocity v and the distance r are ordi-
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nary vectors, H must be a pseudovector if ¢ is to be considered an
ordinary scalar.

We shall find later that Biot-Savart’s law can be transformed
into a differential relationship, just as we were able to derive
Gauss’s law from Coulomb’s law. For this derivation, we shall
require an integral theorem, similar to Gauss’s theorem, involving
the curl. Accordingly, we shall conclude this section with the
derivation of Stokes’s theorem.

Stokes’s theorem. Stokes’s theorem states in effect that a
closed-path integral of the dot product of a vector field u and
the infinitesimal displacement along the path of integration equals
a surface integral over an arbitrary open surface (also called cap),
bounded by the original path of integration, of the dot product of
the curl of the vector field u and the local unit vector normal to the
cap, multiplied by the magnitude of the surface element dS. In
terms of an equation:

¢u-dl*=-[gcurlu-ndS. (17)

The unit normal vector of a surface elecment is not uniquely defined.
In the case of closed surfaces (the type involved in the formulation
of Gauss’s theorem), we have followed custom by agreeing that the
normal is to point into the exterior of the closed surface. "This
convention is useless for a cap. We shall fix the direction of the
normal by requiring that it is to have the same relationship to the
sense in which we run about the path integration as the zs-axis of
the chosen coordinate system has to the sense of rotation leading
from the positive z;-direction to the positive z.-direction (compare
Fig. 15). In other words, we are tying the direction of the normal
of a cap both to the direction in which we carry out the integration
on the left-hand side of eq. (17) and to the screw sense of the chosen
coordinate system. With respect to coordinate transformations,
the thus defined unit normal vector is, therefore, not an ordinary
vector but a pseudovector.

In order to derive eq. (17), we shall consider the closed-path
integral on the left-hand side term by term, starting with the term

93 us dz,. If we cut up the cap into a number of strips parallel to

the x,, zs-plane (as indicated in the figure), we can bring this par-
ticular term into the form
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¢’us dz, = + / (/ g:;: dz, + au, dxa) dz,. (18)

If we repeat this procedure with the term 95 uy dz,, this time cutting
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F1e. 15. Stokes’s theorem.
up 8§ into strips that are parallel to the z,, xs-plane, we obtain

— _ 6u1 Qy_l
S6u1dx1 = ,/,.(,L,Oxzd s + _/;,axadx‘)dxl' 19)

The signs on the right-hand sides of eqs. (18) and (19) are different
because in both cases we wish to integrate in the direction of increas-
ing values of z; and z, (at least if the cap has the position indicated
in Fig. 15). z; will not change monotonically (without changing
direction) throughout the range of integration.

If we combine the two terms multiplied by dx, dz, into a single
surface integral, as a preliminary result we get

$u-di= / / (g’;l "“‘) dzy dzy + (20)

We have now collected all terms containing just those two differ-
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entials, since the third term in (17) does not contribute such a
product of differentials. The expression (20) can be improved
somewhat. If we consider the two strip systems leading to (18)
and (19) simultaneously, we obtain a grating on the cap S. One
cell of this grating is shown in Fig. 15, and also its projection on the
Z1, zo-plane. The magnitude of the grating cell is dS; the magnitude
of its projection, dx, dx;. The ratio between these two areas must
be the same as the ratio in the magnitudes of n and ns; but |n|
equals 1, by definition. We can, therefore, give eq. (20) the form

Hu- dl—// (3:: au‘) nsdS + - (21)

In the part of the derivation just concluded, the determination
of the signs of the two terms under the integral is the most delicate
step. This sign was determined under the assumption, realized
in Fig. 15, that n; is positive everywhere on the cap. If at any
point the cap should be bent over so that one of the differentials
dz,, dz, is negative, then in that region the normal would also be
tipped over so that m; becomes negative. In other words, the
validity of eq. (21) does not depend on the accidental position of the
path of integration and the cap relative to the chosen coordinate
system.

The remaining terms, which were omitted in eqs. (20) and (21),
can be found simply by permutating cyclically the three indices
(1,2,3). Once these terms are added in eq. (21), the complete right-
hand side takes the form

ou
9‘3 s dz, = / / b ot i dS. (22)

This equation is identical with (17), the theorem we set out to
prove.

6.3. The magnetic field of a stationary current distribution

We are now ready to tackle the problem of finding general
integral and differential expressions for the magnetic field prodyced
by a steady current distribution. To do so, we shall first rewrite
Biot-Savart’s law in a covariant form with the help of the cross
product. We shall begin with the case in which magnetizable
materials are absent,
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Equation (1) assumes the form

V11

H; =- 5-“ P’ (23)

where, as usual, the vector r; is composed of the coordinate differ-
ences between the point at which we wish to determine the magnetic
field and the location of the moving charge. Likewise, eq. (2) can
be given the form
aH, = 4 s S (24)
These two equations show that H cannot be an ordinary vector if
all the quantities on the right-hand side are to have the usual trans-
formation properties. Since coordinate differences and velocity
vectors cannot be pseudovectors, the only quantities of which we
could modify the transformation properties are the electrical
quantities ¢ and I. In other words, with respect to improper
rotations, we have this choice: either the magnetic field is a pseudo-
vector and will change its direction under an improper transforma-
tion, or the electric charge (and with it the electric current) is a
pseudoscalar and will change its sign under improper transformations.
This alternative is purely formal and implies no difference in the
physical significance of our laws, since it is, after all, purely arbi-
trary which kind of electric charge we wish to call positive or which
end of a magnetized bar we shall call positive. However, custom
decrees that we consider the electric charge a true scalar, so that
electrons are negatively charged and positrons positively charged
regardless of the choice of coordinate system; we are then forced to
call the magnetic north pole the positive pole in a right-handed
coordinate system but the negative pole in a left-handed system.
We shall now use Stokes’s theorem to derive an integral formula
for the field of a current loop of arbitrary shape, starting out with
eq. (24). Suppose that we are connecting the two terminals of a
battery with a wire having a finite resistance; then current will
indeed flow in a closed loop, since inside the battery a current of the
same magnitude I as in the exterior circuit is being created by the
migration of ions toward the two electrodes. If we just integrate
the expression (24), we obtain a closed-path integral,

I T
H; = z ¢ Sirt ]—r-lF, dxy, (25)
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in which the variables of integration are the coordinates of the
closed loop; the integration has to be carried out by going in the
direction of the positive current exactly once around the loop.
In order to apply Stokes’s theorem, we shall now construct a cap,
arbitrary except that it is to be bounded by the loop of current.
We can then convert the closed-path integral of eq. (25) into a
surface integral over the cap,

ot (s

This formidable-looking expression can be reduced without diffi-
culty. First, we can eliminate the product of two Levi-Civita
tensor densities by applying eq. (14), having first permutated indices
so that they occur in the same sequence as in that formula. The
result of this operation is

Hi=" / /s (801 Bmi — Bui Bmt) %,—”(rs) ne dS
d (1. 9 (e y
_//;[5;:(1‘_3) ax.( )'m]dﬁ.

The second term in this expression can be shown to vanish by
straightforward computation, making use of the two formulas

@7

or, _ ar T
Eroi (28)

We are, therefore, left with the expression

G

If we introduce the coordinates §; of the point P at which H; is to
be determined, eq. (29) can be transformed into

I a3 Ts s Ns y
H® = - E//eza—&(ﬁ)" caa/f a8 (30)

We can give the last equation a very interesting interpretation.
We find that (locally) the magnetic field strength can be expressed
as the negative gradient of a ‘‘magnetic potential,” which is given
by the expression
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I Te Ms
v =+ P f/;—-,,—ds. (31)
The integrand of this expression, however, is exactly the potential
that would be produced if the cap S were covered evenly with
dipoles having the direction of the normal at each point of the cap
and the magnitude (//c) per unit area. In other words, the mag-
netic field strength produced by a closed loop of current is the same
as that of a magnetic double layer or ‘“shell”” magnetized uniformly
so0 as to have a dipole strength per unit area of (I/c) at right angles
to the double layer.

We had found previously that in the case of a straight wire it
is not possible to introduce a magnetic potential which is unique
and continuous throughout space, because a closed-path integral
over H.dl, looped about the wire, did not vanish. Since our
present eq. (31) covers a much more gencral class of cases, it is of
interest to see whether or not we can obtain results similar to eq.
(5). 'The expression (31) suffers a discontinuity if we pass through
the cap. Since the choice of the cap is arbitrary within wide limits,
it stands to rcason that the physically significant quantity, H,
remains continuous even though the potential ¢ may jump when
we cross the magnetic double layer. The question remains how the
choice of cap affects the value of the potential at any one point.
This question can be answered by a very illuminating geometrical
consideration. If we look at the integrand of eq. (31), we find that
its value equals the solid angle under which the surface element dS
appears when viewed from the point P. The solid angle, it will be
recalled, is defined as the area that a given cone cuts out of the
surface of the unit sphere about the apex. If the vector r were
normal to dS, the solid angle would be dS/r%. If dS is not at right
angles to the line of vision, the cone is flattened by a factor that
equals the cosine between the line of vision r and the surface normal
n,

r? r? |n

But this is precisely the value of the integrand of eq. (31), and it
follows that the magnetic potential ¥ equals (I/c) times the (finite)
solid angle under which the current loop appears when viewed
from the point P.

32)
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Now this solid angle is not uniquely determined; if we approach
the current loop from opposite sides until we reach some one point
P, then the solid angle subtended by the loop reaches two different
values. As far as their absolute magnitudes are concerned, their
sum amounts to one full solid angle, which is4x. In computing the
resulting magnetic potential, however, we must consider that the
current when viewed from one side possesses the opposite sense of
circulation to that it has when viewed from the other side (clockwise
and counterclockwise, respectively). Therefore, if the solid angle
equals @, if the approach is made from the one side and equals Q.
from the other side, with

Q + Q = 4, (33)

then the resulting values of the magnetic potential at the same
point will be

w=+1a,
I I 1 4
¢g=—zﬂa=——c-(41r—91)=zﬂl—'?1rl. (34)

We conclude that the ambiguity in magnetic potential is expressed
by the equation

h—v=1 (35)

If the “potential’’ is multivalued, then the work required to carry
a unit pole once about the electric wire
can be determined. Suppose that we
move a unit magnetic pole about a
/4 closed path intertwined with the cur-
/ < 1 _:D rent loop in the manner shown in Fig.
16. This closed path will cross the

cap (the magnetic double layer) ex-
actly once, irrespective of the detailed
. . shape of both the current loop and the

for H cicling the slectrg wite, closed path described by the unit
pole, provided only that in any de-

formation of either of these two closed curves they do not cross
each other. Since the jump in potential upon crossing the double
layer is equal to the ambiguity expressed in eq. (35) and since this
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jump must equal the value of the path integral ¢H «dl, which

would vanish if the potential were continuous and single-valued,
we conclude that for a closed path of integration circling the electric
wire once in the direction indicated, we shall always have

¢H.m=9cl’1. (36)

This result is in agreement with the more restricted answer we
obtained in eq. (5).

We shall return to the physical significance of our ‘“‘magnetic
shell” construction later. First, we shall generalize the result (36)
by considering a ‘‘continuous” current distribution. We call a
current distribution continuous if the moving charges are not con-
fined to thin electric wires but are permitted to fill a whole region
of space. The distribution is then continuous in the sense in which
a mass density p is ‘“‘continuous.” We describe the current dis-
tribution conveniently with the help of a vector field, the “current
density” j. The vector field j is defined in analogy to the momen-
tum density, by means of the equation

i = (V). @37)
Its dot product by a unit vector n normal to a surface S measures
the amount of current (charge per unit time) passing through a
unit area of 8. If the surface is not plane and the current density
not uniform, then the total amount of current through S is given
by the integral

I=//8j-ndS. (38)

Charges cannot be created or destroyed. Therefore, the charge
density ¢ and the current density j must together satisfy an equa-
tion of continuity similar to eq. (3.76).

do s _ 00 .
&+lej=£+].,.—0. (39)

If the current distribution is stationary, that is, if neither ¢ nor j
change with time (though both be functions of the coordinates z;),
then we can introduce “current tubes’ throughout space. A
current tube has walls that are everywhere parallel to j, so that no
charges are carried either into or out of the tube. These tubes
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either are closed on themselves or else reach from infinity to infinity.
Because with a stationary current distribution, div j must vanish,
each tube carries a constant amount of current throughout its
length. With this picture, we may apply the results of eq. (36) to
the present situation. An artibrary closed path of integration will
circle a certain number of current tubes (which we have previously
called loops); since at each point the total finite magnetic field
strength H is the linear superposition of the contributions of all

the tubes in space, the integral 56 H . dl, too, must be the sum of all

the contributions of those tubes which have been circled,

¢H-dl=i‘l’1=57fffj—nds. (40)
C Cc S

With the help of Stokes’s theorem, (17), we can convert the closed-
path integral on the left-hand side into a surface integral,

56H-d1 = [[Scurln.nds. (41)

Since the resulting equality between two surface integrals will hold
for any surface that can be constructed in the region of space con-
taining the continuous current distribution, we may conclude that
generally, for a stationary current distribution, we have

Sidlyy = ’421[]'1‘,, curl H = 401 j. (42)

This relationship goes over into eq. (5.76) of magnetostatics in the
absence of electric currents. The derivation given here restricts
eq. (42) to stationary current distributions; and we shall see later,
in fact, that it needs to be modified in the nonstationary, time-
dependent case. According to eq. (42), a current distribution
appears to generate a magnetic field somewhat as an electric charge
distribution generates an electric field in accordance with eq. (5.71).

The validity of eq. (42) is not affected by the presence of mag-
netized bodies, since the contribution of such bodies to the magnetic
field can be represented as the field of a collection of magnetic
dipoles. Such a field is conservative and is the gradient of a con-
tinuous and unique potential; its contribution to the antisymmetric
derivatives of H, (H;x — Hi;) must vanish.

We shall now return to our representation of the magnetic field
caused by a current loop as the field caused by a uniformly magnet-
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ized shell. “At infinity,” the ficld of the shell is approximated by
the field of a single dipole, representing the total magnetic dipole
moment of the shell. Conversely, we must be able to represent
the field of a magnetic dipole also as the field caused by a small loop
of current, where the area bounded by the loop, multiplied by the
current, must equal ¢ times the magnetic dipole moment. Ampére
was the first to realize that this equivalence between current loops
and magnetic dipoles, as far as the resulting magnetic field is con-
cerned, might serve to explain the nonexistence of magnetic poles
in nature. We should have to assume that neither elementary
magnetic poles nor dipoles exist, but that the observed magnetic
fields are produced by moving electric charges. If the orbits of
the moving charges are sufficicntly small, then. the resulting mag-
netic fields should be indistinguishable from fields produced by
magnetic dipoles, suitably distributed.

On the whole, Ampére’s hypothesis concerning the origin of
magnetic fields has been borne out by our increasing knowledge of
the structure of matter. Atoms consist of positively charged
nuclei, surrounded by orbital electrons. The observed magnetiza-
tion of matter in bulk is contributed in part by the circulating
electrons, constituting miniature loops of electric current. As for
the remainder of the magnetization of matter, it has become known
recently that both electrons and atomic nuclei possess “intrinsic”’
magnetic dipole moments, irrespective of orbital motion. These
magnetic dipole moments are always connected with an intrinsic
“rotation,” or intrinsic angular momentum of these particles.

Now for the quantitative aspects of Ampére’s hypothesis.
Suppose we have a current loop and wish to compute the equivalent
magnetic dipole moment. In that case we must first construct a
cap, then distribute dipoles over it so that the local dipole moment
per unit area equals (I/c) in magnitude and is normal to the cap,
and finally add all the dipole moments together. The resulting
dipole will determine that portion of the field at a great distance
which drops off with the inverse third power of the distance; all
other terms will drop off with higher negative powers of r. The
total dipole moment M will then be

M=%f/;nds. (43)
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For a circular loop in the z,z,-plane of radius R, for instance, the
total magnetic dipole moment will be

™
=ZR1 (44)

and will be directed parallel to the z;-axis.

The expression (43) makes it possible to find a law for the
dipole moment of an electron which is moving about an atomic
nucleus in a planetary orbit, an expression which is of great sig-
nificance in the theory of atomic spectra. Since an electron moves
under the influence of attractive forces pulling it toward the atomic
nucleus, its orbit lies wholly in a plane, as was shown in Chapter 1
for the special case of gravitational forces. If we call the plane
area bounded by the orbit A and the period of its orbit 7', it follows
from eq. (43) that the magnetic dipole moment (which will be per-
pendicular to the plane of the orbit) must be

eA
C—T’
in which —e is the electronic charge and —e/T is the total charge
passing through a suitably chosen cross section per unit time.
Neither A nor T will in general be known accurately, but these two
quantities are connected with the angular momentum ps; of the
orbit through Kepler's second law. (In Chapter 1, this angular
momentum was designated I,;, but we shall here use the designa-
tion ps in order to avoid confusion with the electric current I.)
In polar coordinates, the angular momentum is

P =mrth, (46)

where m is the mass of the electron, r the distance from the nucleus
to the electron, and 6 the angular velocity. This expression is,
however, equal to 2m times the area swept out by the radius vector
per unit time, by straight geometry. If the angular momentum
is constant along the orbit, as it must be in planetary motion, it
follows that

M| = — (45)

A _ Po

T 2m 1)
Combining -this expression with eq. (45), we find that for all elec-
tronic orbits the ratio between the magnetic dipole moment and
the angular momentum is the same,
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M e

P~ " 2me (48)
This equation has assumed even increased importance since the
advent of quantum mechanics, which predicts that the angular
momentum can assume only discrete values, namely, integral
multiples of h/2x. It follows that the orbital magnetic dipole
moment of an electron is always an integral multiple of — (e h/4mmc),
a result that has been fully confirmed by spectroscopic evidence.

6.4. The Lorentz force

So far, we have devoted our attention to the force that a moving
electric charge exerts on a magnetic pole. In this section, we shall
tackle the counterforce.

It is true that the force described by Biot-Savart’s law violates
some of the tenets of Newtonian mechanics. Its direction is at
right angles to the connecting straight line between moving charge
and magnetic pole, and its magnitude depends on the velocity of
the charge as well as on the distance between the two interacting
particles. Nevertheless, it is not unreasonable to attempt to
retain as much as possible of the original structure of mechanics.
We shall, therefore, try to obtain an expression for the counter-
force simply by applying Newton’s third law, requiring that the
sum of force and counterforce vanish. Naturally, the result will
have to be tested by experiment. If our assumption is correct,
then the force that a ‘“single magnetic pole” of strength p exerts
on a moving charge ¢ must equal

=Y X1
t=2p7% (49)

The vector r here points from the pole to the moving electric charge.
Since single poles do not occur in nature and since the action of the
several poles that make up an actual piece of magnetic material is
the vector sum of their individual contributions, we shall describe
the total force f experienced by our moving charge e in terms of the
total magnetic field produced by all the magnetic poles (or rather
dipoles) present. Since the expression (pr/r?) is the contribution
of a single magnetic pole p to the magnetic induction B(B rather
than H if space is filled with magnetizable material), it follows that
the total force on the moving charge e will be
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f= gv x B. (50)

If we add to this magnetic force the electric force with which we are
familiar from electrostatics, we obtain an expression for the total
force acting on a moving electric point charge:

fi= €<E.' + 5.'1:1%31)»
f= e(E+%x B)-

This expression was formulated first by H. A. Lorentz and is named
after him. Naturally, both E and B in this equation represent the
“incident’’ field, the field that is independent of the presence of the
particle subject to the force. This particle makes contributions
of its own to both the electric and magnetic field which at the loca-
tion of the particle are infinite.

Equation (51) is the result of the application of Newton’s third
law. Since we have already discovered that electromagnetic inter-
action cannot be wholly integrated in the Newtonian scheme, this
“derivation’”’ must be considered speculative and requires experi-
mental verification. This verification has been amply forthcoming,
particularly in recent times. The cyclotron, the mass spectrograph,
the cloud chamber (with magnetic field), and a host of other modern
instruments utilize the action of the magnetic field on moving
charges, both electrons and ions, and almost any one of them per-
mits a quantitative check of eqs. (51). Since none of these instru-
ments incorporate single magnetic poles (there being none) but
other sources of magnetic fields, mostly electromagnets, it is eq.
(51) rather than eq. (49) that is being tested. Because of the
absence of free magnetic poles in nature, eq. (49) has no experimental
significance.

(81)

6.5. Electromagnetic induction

The third effect to be considered in this chapter is the electro-
magnetic induction. In a circular loop of wire we observe an elec-
tromotive force whenever the magnetic flux through the loop is
changed. In order to describe this effect in terms of ordinary
electric and magnetic field quantities we must define the terms
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“electromotive force’’ (emf) and magnetic flux. By emf the engineer
means a voltage (in addition to any others that may be present)
produced between the terminals of his coiled wire, a force which
will cause additional current to flow against electric resistance.
Since the electromagnetically induced emf is independent of current
that may already be flowing in the wire and, therefore, apparently
independent of the motion of the electrons, this force must be
described in terms of an additional electric field strength. Since the
emf is measured in volts (units of potential), it follows that it must
be the integral of an electric field strength, taken along the electric
wire. We shall, therefore, sct the emf equal to the integral

& = [E,dv, = [E-dl, (52)

and since the law of induction above is formulated in terms of loops
of wire, we shall further take it for granted that in its mathematical
formulation we shall have to deal with closed-path integrals. In
other words, the induced emf will be correctly described by an
expression

8o = 56E . dl. (53)

In accepting this formulation, we admit right away that this electric
field cannot be conservative; that is, it is not the negative gradient
field of a potential function. The reason is that any field which
leads to a nonvanishing closed path integral of the kind (53) must
have a nonvanishing curl, because of Stokes’s theorem; but the
curl of a gradient field vanishes identically [compare eq. (5.24) and
Problem 6.2]. However, if we are to do justice to the experimental
fact that the observed emf does not depend on the material of which
the wire is made or on the presence of dielectrics or magnetic mate-
rials, we must conclude that the electric field strength is there, irre-
spective of the presence of the wire, and that the wire serves merely
the purpose of making the electric field observable, through the
appearance of additional current. And since this emf will appar-
ently make itself felt in loops of current and since it can be easily
multiplied by an integer n, merely by replacing the single loop of
wire by a coil of n turns, there is at least a strong suggestion that
the description (53), though running counter to the spirit of New-
tonian mechanies, is actually appropriate for the description of the
observed facts.
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The induced emf is now supposed to be proportional to the time
rate of change of the magnetic fluz through the loop. The magnetic
flux is defined as the number of ‘““lines of force” through the loop.
The lines of force, the reader will recall, are a way of representing
a vector field graphically. We draw them as curves which every-
where represent the direction of the vector field v; its magnitude v
is represented by the density of these curves. The number of lines
of force through a surface 8§ is the product of their density, the sine
of the angle at which they intersect the surface, and the area element
dS, all integrated over the finite surface,

N=fLMM¢M=[Lwnﬁ. (54)

Now, in general, lines of force will start at certain points and end
in others. In fact, if we consider a closed surface and take a balance
of the lines of force, subtracting those which enter into the interior
from those which leave, then the net number of lines leaving the
interior of the closed surface and, therefore, having originated there,
must equal the expression on the right-hand side of eq. (54). But
this closed surface integral can be transformed into a volume integral
with the help of Gauss’s theorem, and we find that the number of
lines of force originating in a unit volume equals the divergence of
the vector field v.

Returning to our law of induction, we must define the flux in
terms of a field in which the number of lines passing through a
closed curve is the same for all caps bounded by that closed curve.
This condition will be satisfied by a system of lines of force in which
no lines originate or terminate anywhere or, in other words, by a
field which has a zero divergence. The magnetic field strength does
not possess this property, but the magnetic induction does, eq.
(5.77), because of the nonexistence of free magnetic poles. We
can, therefore, define the magnetic flux so that our law of induction
does not suffer from internal inconsistencies, by the equation

¢=/LBmw, (55)

and our law of induction takes the form

d éB
¢E-dlo:7t//;3-nds=/[sﬁ--nds. (56)
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Naturally, we shall not let this relationship stand without
:onverting the integral on the left into a surface integral. By
1pplying Stokes’s theorem to the closed-path integral, we obtain
:he proportionality

f/ curlE-ndSoc//a—B—-ndS. (57)
K] g at

Dbservation tells us that the emf induced is clockwise if the mag-
1etic flux is increased toward the observer and counterclockwise if
t is increased away from the observer; therefore, the sign in the
asroportionality must be negative. As for the constant of propor-
sionality, a comparison of the dimensions on both sides shows that
she constant must have the dimension of a reciprocal velocity;
ind so we shall not be greatly surprised if measurements show that
ts magnitude is ¢,

f/ curl E-ndS = —1//95”3. (58)
8 c g ot

Since the equation (58) holds for any cap, we may omit the integral
and conclude that everywhere we shall have

10B
curl E + -2 = 0. (59)

This is a most remarkable law. The mere change of the mag-
aetic field in the course of time is to induce in space an electric field
strength, even in the absence of any electric charges that might be
zonsidered the source of this field strength. On second thought,
though, this law is not unrelated to the velocity-dependent effects
we studied in the preceding sections. Let us return once more to
the force experienced by a moving electric particle in the presence
of a magnetic field. We found that this force is velocity-dependent
and that it obeys the equation (50) if no electric field is present.
[n the discussion leading up to that equation, we assumed, without
stressing that point, that the magnetic field is time-independent.
If we go back one step further and consider the magnetic field as
the force exerted by magnetic poles or, since they do not exist,
magnetic dipoles, it is then assumed that the sources of the magnetic
field are at rest while the electric charges are not. Thisis, obviously,
» somewhat restricted point of view. We ought to attempt to
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consider the case in which both the electric and the magnetic par-
ticles are moving. Now it is reasonable to expect that the force a
magnetized particle and an clectric particle exert on each other
should depend only on their relative motion rather than on the
absolute motion of the electric particles alone—reasonable because
it is consistent with the sum total of our physical experience. Since
this argument is of great historical importance, we shall devote
some space to it, even though it may appear a digression.

In Newtonian mechanics, the concept of inertial coordinate
system is basie, because it defines the frame of reference with respect.
to which nature is to be described. We introduced the incrtial
systems in Chapter 1 as those coordinate systems with respect to
which the law of inertia is valid. Now given an inertial system,
any other coordinate system that moves with respect to the inertial
system in a straight-line, uniform motion and without any rota-
tion of the axes is itself an inertial system; any body which is
unaccelerated with respect to system number 1 will also be unaccel-
erated with respect to the second system. Thus, on the basis of
the first law alone, there is an infinity of coordinate systems, the
inertial systems, which are all equivalent as far as force-free motion
is concerned. If we now go over the other two laws of Newton,
we notice that they formulate conditions for accelerations rather
than for velocities. But accelerations of bodies are the same no
matter what inertial system they are referred to, a property not
possessed by the velocities. Finally, in Newtonian mechanics
proper the forces between two particles are functions of their dis-
tance only, and the distance is again the same in all inertial systems.
In other words, the laws of nature, including the force law, must be
the same in all inertial systems; and if Newton’s mechanics were to
embrace all of physics, then it would be impossible to single out,
by observation and experiment, one particular inertial frame of
reference and say: ‘“This is the frame representing absolute rest;
all the others are in absolute motion.” This equivalence of all
inertial systems in the theoretical structure of Newton’s mechanics
is known as the (classical) principle of relativity.

Experience has shown us that general principles of invariance
(in this case invariance with respect to a certain class of coordinate
transformations involving the time) or conservation laws which
form part of a successful theory rarely, if ever, need to be discarded
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together with the underlying theory. They may require modifica-
tion, to be sure, and we shall encounter instances of such modifica-
tion shortly; but a negative statement such as the nonexistence of
an absolute frame defining rest hardly admits of any modification
short of its discard. If we now return to the interaction of mag-
netic and electric particles, we find that the law of force appears to
embody the velocity of the electric particles; and if this were the
general form of the law, then accurate measurement of the observed
force of interaction should reveal the absolute mode of motion of the
clectric particles and, thus, reveal the frame of reference representing
absolute rest.  To avoid this contingency, we are certainly justified
in attempting to generalize eq. (49) by assuming that the vector v
represents the motion of the electric particle relative to the source
of the magnetic field. ,

Let us follow up this hypothesis. If we consider the presence
of more than one electric pole (the actual dipoles can be considered
mathematically as pairs of poles), we can describe the total force
acting on our clectric particle by the expression

_e Va XIn _ € (X — %) X (x — x,)
| f= EE Pn lrnlx = 62 Pn Ify,la . (60)

The coordinates of the electric particle are here designated by x
(without a subseript), and the poles and their coordinates and pole
strengths have been numbered by means of the subscript n. r, is
the vector drawn from the nth pole to the electric particle. This
force can now be split up into two contributions, those terms
depending on the velocity of the electric particle and those depend-
ing on the velocities of the magnetic poles (all velocities relative to
the chosen coordinate system). These two contributions have the
form

_e. In ¢ %o X Tn
f_ZXXEPnE:P czpn'—'mr (61)

The first term, which represents the force proportional to the
motion of the electric particle, has the expected form. The second
term is the one of interest now. It represents the action of moving
magnetic particles on an electric particle irrespective of the latter’s
motion. It is, therefore, the direct counterpart of the magnetic
action of moving electric particles, which is described by Biot-
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Savart’slaw. The action must be interpreted as an induced electric
field strength, leading to the equation

- _1 I, X In, :
E= =2 2P TRp (62)

This formula differs from Biot-Savart’s law only by the interchange
of electric and magnetic quantities and by the sign.

In the case of Biot-Savart’s law, we were able to produce a
“lJocal” law, that is a set of partial differential equations, for the
special case that the moving electric particles form a steady (time-
independent) current distribution. In the magnetic case, there can
be no current density because there is no (free) pole density.
However, we can still obtain a “local’”’ law by a somewhat different
procedure. First, we might see whether this kind of electric field
strength possesses a divergence, so that a moving magnetic particle
is equivalent to an electric charge. But the divergence vanishes:
The “lines of force” of this electric field are all closed curves,
namely, circles symmetric about the instantaneous tangent of
the pole’s path. Thus, we are led to examine the curl of this field,
and it turns out that the curl does not vanish. We can obtain
the curl most conveniently by making use of a formula that follows
directly from the defining equations of the cross product and the
curl and from eq. (14). This formula is

[eurl (u X V) = a—?c: (Ui e — u, ;). (63)

If we now rewrite eq. (62) in the form

o . 1
E—+52pnanV(|r—nl)y (64)

where the del-symbol denotes partial differentiation with respect to
the coordinates of the electric particle, and if we consider that x,
does not depend on those coordinates, we get for curl E the expression

(curl E); = %z Pn [f’ (}1:)',, 5 ("1-—»)..]

n

_ 1 . 0 1
=0+ py 2 Pn f- 3z, [(';':).,]
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The first term vanishes, simply because the Laplacian of the func-
tion 1/r vanishes everywhere except where » = 0. In the second
term, use has been made of the defining equation

fn = X — X, (66)
and one differentiation with respect to x has been replaced by differ-

entiation with respect to —x,. This change in the second term
cnables us to interpret the factor

as the rate of change of the value of the function in the bracket at
the point with the fixed coordinates z;,

1 i} 1 19 n 14B
curl E = EZ pna[V(;:)] = E&[VE%] =—sa (67)
In this equation, we finally encounter the partial derivative of the
ficld B with respect to the time ¢, and our final result is eq. (59).

One point is worth mentioning in this derivation. When we set
the first term in eq. (65), upper line, equal to zero, we assumed that
even in a smeared, ‘“‘continuous’’ distribution of magnetic material,
the free pole density would always vanish. Otherwise, this first
term should have led to the insertion of a ‘““magnetic current
density”’ term in eq. (59).

Conversely, our derivation enables us now to generalize the
results obtained in Section 6.3. In that section, we restricted our-
selves to the case of steady current. But the similarity of eq. (62)
with Biot-Savart’s law indicates what needs to be done to generalize
for the time-dependent case. We must add to eq. (42) a term which
contains the time derivative of D but which has the opposite sign
as the corresponding term in eq. (59). The amended eq. (42) will
then read

curl H — = — = —j. (68)

6.6. Summary

The basic dynamical idea of Newtonian mechanics is the action
at a distance of discrete mass points. It is possible to extend this
concept to certain aspects of the interaction of electric and magnetic
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particles, and we have carried out this extension in the last two
chapters. First of all, it is possible to describe the interaction of
electric particles at rest with electric particles at rest or near-rest
completely in Newtonian terms; the same holds for magnetic par-
ticles, except for the circumstance that the elementary magnetic
particle cenvisaged by Coulomb’s (magnetic) law, the free pole,
does not occur in nature. The description of these purely electric
and purely magnetic interactions was the subject of Chapter 5.
In Chapter 6, we attempted the description of electromagnetic
interactions proper; that is the action of electric on magnetic par-
ticles, and vice versa. We found that the laws of interaction differ
from purely Newtonian laws: they are velocity-dependent, and the
forces are not in the connecting straight line but at right angles to
it. At this stage, the abandonment of the conservation laws of
energy and angular momentum appears inevitable, but we did
succeed in maintaining the third law of Newton, which in turn
implies the conservation of linear momentum, and so far we have
not been forced to give up the (classical) principle of relativity.

For later convenience, we shall here summarize those partial
differential equations obtained through the two chapters 5 and 6
which describe the laws discussed:

div D = 4o, curl E + 1%% =0,
LoD 4 (69)
. ™ .
div B = 0, cuﬂH_E—a—t-—TJ'

Added to these must be the expression for the force acting on an
electric particle, "

f=e(E+§xB). (70)

We shall not attempt to write down an amended force law for mag-
netic poles, since free poles do not exist and since free dipoles,
according to Ampére’s hypothesis, are in reality tiny circular cur-
rents, in other words, rapidly moving charges. Instead, in the
next chapter we shall take up this problem by reexamining the
interaction between two electric charges of which at least one is
moving so rapidly that it gives rise to a magnetic field. The suc-
cessful completion of this task will actually tell us what forces arc
experienced by the only ‘“magnetic’’ particles that occur in nature.
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Problems

6.1. In thederivation of Stokes’s theorem, vary the location and orienta-
tion of the cap relative to the chosen coordinate system and vary the
direction of the line integral several times, in order to show in detail that
the theorem holds regardless of the choice of coordinate system or the
position of the closed path of integration and the cap.

6.2. Show that the divergence of a curl vanishes identically. Show
that the curl of a gradient field vanishes identically.

6.3. Show that a vector field whose curl vanishes everywhere can
always be represented as the gradient of a scalar field, and that the scalar
field is uniquely determined exeept for a single additive constant.

6.4. Show likewise that a vector field whose divergence vanishes can
always be represented as the curl of a pseudovector field, the latter being
determined except for the addition of an arbitrary gradient field.

6.5. The magnetic induction exerts on cach piece of a wire that carries
an electric current a foree f equal to —/B X dl ¢, in accordance with
eq. (80).  The net foree exerted on a closed loop of current by a uniform

magnetic field is zero, because the integral @ dl vanishes. However, the

total torque does not vanish. Show that it is exactly the torque that
would be experienced by the equivalent magnetic dipole. To avoid
complications, it is suggested that this proof be carried out only for the
case in which the magnetic permeability is 1, although a general proof is
possible,

6.6. Compute the magnetic field in the interior of a long solenoid on
the assumption that outside the coil the field is negligible. Consider a
ring made of ferromagnetic material with a short air gap on which is wound
a eoil.  Determine the field in the air gap as well as inside the electro-
magnetic material.

6.7. Consider the problem of planetary motion of an electron about an
atomic nucleus in the presence of a uniform, constant magnetic field at
right angles to the plane of motion. Because of the presence of the mag-
netie field, the quantity mr?@ is not conserved. It is, however, possible to
find a similar quantity that is conserved. Find that quantity. In this
connection, what can be said about the conservation law of energy?

6.8. Designating, for the sake of convenience, the new quantity that
satisfies the law of conservation formerly obeyed by the angular momentum
by pe, find out whether in terms of this quantity the magnetic dipole
moment of the electronic orbit is greater or smaller than required by
¢q. (48).  The answer will, of course, depend on whether the dipole moment
is parallel or antiparallel to the applied external magnetic field. This
consideration leads to a (classical) theory of the diamagnetism of many
substances.
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6.9. Consider a uniform magnetic field of induction B along the z;z-axis
and compute the orbits of free electrons in the z,,z:-plane, assuming that
their initial speed v, is given. If now the magnetic field is changed in
magnitude at a constant rate B = —a, what will happen to the electronic
orbits? (This is the underlying idea of the betatron; the theory that the
reader can develop on the basis of the formulas of this chapter is non-
relativistic and therefore fails for electronic kinetic energies from about
10° electron volts upwards.)



Chapter 7
The Electromagnetic Field

7.1. Two moving charges

Up to now, we have formulated the interactions between electric
charges and magnetic particles on the assumption that at least one
of them is in motion. We succeeded in describing these interactions
in terms of two different mathematical languages. One mode of
representation describes the forces as inferactions between pairs of
particles, interactions that take place across empty space. Another
mode of representation focuses attention on the force on a single
particle and gathers the effect of all other particles up into the field
quantities, the electric and magnetic field strengths, the electrie
displacement, and the magnetic induction. So far, the field quanti-
ties have appeared as auxiliary concepts serving primarily to formu-
late the effect of large numbers of (moving) charges that cannot be
treated individually. Although for many purposes it is convenient
to describe the force acting on an electric point charge in terms of
the incident electromagnetic field, the description of the same force
in terms of the actions of individual particles is more fundamental,
corresponding more closely to the mechanical concept of the funda-
mental laws of nature.

It is true that the electromagnetic forces do not possess all the
properties that are usually ascribed to mechanical forces. The
effect of a magnetic field on a moving electric charge and the force
that a moving charge exerts on a magnetic particle are not potential
forces; that is, they cannot be represented as the negative partial
derivatives of a potential energy function which depends only on
the relative locations of the particles involved. But this deviation
from the standard mechanical features does not appear too serious.
We have so far been able to maintain the third law and thus to
retain the conservation law of linear momentum for isolated systems.
Also, the magnetic field (which is that part of the force which is not

169
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derivable from a potential) does not change the kinetic energy of
an electrically charged particle, since the force caused by the mag-
netic field is always at right angles to the instantaneous particle
velocity and, thus, does not contribute to its change of speed.

We have refrained from formulating a law of force on a moving
magnetic pole, because there are no poles in nature and because
Ampére’s hypothesis on the nature of magnetic dipoles suggests that
neither magnetic poles nor magnetic dipoles are ‘“‘elementary”
particles. We should be able to obtain the acceleration that a
dipole will suffer in an electromagnetic field by replacing it by an
equivalent loop of current or a rapidly circulating electric charge
and by computing the total force acting on such a loop. Now we
alréady know the force that acts on a magnetic dipole at rest in a
stationary field. What we are interested in is the effect of a chang-
ing field on a moving dipole, and we must, therefore, derive an
expression for the interaction between two electric charges both of
which possess high velocities. The first moving charge will cause
a magnetic field (in addition to an electric field), because of Biot-
Savart’s law, and this magnetic field will act on the second moving
charge in accordance with our expression® for the Lorentz force.
Thus, it would appear that all we have to do to obtain the desired
law is to combine two laws already available. We shall discover
that the result of this operation will lead to a law of interaction that
destroys the validity of Newton’s third law and with it the law of
conservation of linear momentum.

Consider two particles with charges e, e, and velocities vy, V.
Designate the distance between them by the symbol r and their
respective coordinate triplets by xi, x;. Consider the space other-
wise empty, so that we may not be bothered by the need of consid-
ering dielectric and diamagnetic properties of the surrounding
medium. Now the first particle will cause electric and magnetic
fields at the location of the second particle given by the expressions

e e1x
E =5 (X — 1), = 32X (@ —x). (1)
The force acting on the second particle is then given by the Lorentz
force, which the reader will find listed in the summary section of
Chapter 6, eq. (6.70). Substituting the above expressions, we get
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for the force that the first particle exerts on the second particle,
the expression

fn=e-7lf—?{(12—x1)+%§iz)([ilx (x2 — xp)}}. @

Of the two terms, the first is simply the Coulomb force and at present
is of no further interest. The second term represents an inter-
action via the magnetic field. It can be transformed with the help
of eq. (6.14) and has then the form

g hlEes (0 — 1)) = @ =2 1)) @)

fp =

This law, which supposedly describes the magnetic part of the
interaction of two moving electric charges, is remarkable in that it
differs in two respects from all laws we have met with previously.
This law of interaction does not obey Newton’s third law, since the
force of the first on the second charge does not equal the negative
force of the second particle on the first. Furthermore, this law does
not depend on the relative velocities of the two particles but on
their velocities with respect to the coordinate system; it cannot hold
simultaneously with respect to all inertial frames of reference.
We shall discuss both of these aspects.

Equation (2) gives the force which the first charge exerts on the
second. The force of the second on the first charge can be obtained
simply if we switch all indices 1 and 2. If we add these two forces
veetorially, the purely electric contributions (that is, the velocity-
independent terms) will cancel, and we retain

fur + £ = 573 (Rl (e — 2] = dlbre (= )] (@)

We can simplify this expression with the help of eq. (6.14) and
rewrite it in the form

fi12 + 2 = g—;—:% (x2 — x1) X (X1 X %3). (5)
This expression gives us the deviation of the interaction of two

moving electric charges from Newton’s third law. Equation (5)
represents the net rate of change of the total linear momentum of
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an isolated system consisting only of two moving point charges.
Very obviously, this rate of change is not in general zero. If, for
instance, one of the two particle velocities is in the connecting
straight line, the other at right angles to that line, then the magnetic
force on the.second particle vanishes, whereas the magnetic force
on the first particle does not.

As long as the velocities of the two charges involved are small
compared with ¢, the ratio of magnetic to electric interaction will
be small, and thus the deviation from Newton’s third law possibly
not conspicuous. But that is scant comfort. First of all, even
small deviations can be discovered and measured, for instance
if the electric interaction is masked by the presence of compensating
charges at rest and if the magnetic effect alone is left. Thus, two
neutral atoms at rest will exert primarily magnetic forces on each
other if the net angular momenta of their electronic orbits are both
nonzero. It stands to reason that in a large picce of matter the
internal forces, which according to Newton’s third law cancel, will
not cancel if there is even one type of force which violates that law,
and that we should then be able to observe self-acceleration of the
piece as a whole. Thus, a clear-cut violation of Newton’s law, even
though small, is disturbing and difficult to reconcile with our every-
day physical experience. But there is another consideration:
modern experimental techniques permit acceleration of electrons
and even of ions to velocities which are not very small compared to
¢. Thus, the argument of smallness of the deviation, though
realistic in the nineteenth century, would no longer carry weight
today.

That the magnetic force which two moving charges exert on each
other is not the same in each frame of reference follows directly
from an inspection of eq. (3) or (2). In fact, if we were to choose a
frame in which one of the two particles is momentarily at rest, this
interaction will apparently vanish, whereas in another frame it
does not. Thus, it would appear that eq. (3) requires us to drop
the principle of relativity, which was discussed in Chapter 6, and to
designate one particular frame of reference as the frame representing
absolute rest, because in that frame alone does eq. (3) correctly
describe magnetic interaction between moving charges.

Historically, the two problems sketched were to be solved by two
different modifications of the mechanical interpretation of nature.
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First, Faraday and Maxwell found that electromagnetic phenomena
cannot be fully described in terms of action at a distance but require
a “field theory.” The development of that theory will be traced
in the present chapter. This theory, generally known as Maxwell’s
theory of the electromagnetic field, does effectively restore the con-
servation laws of classical mechanics. This new theory requires
that a certain amount of linear momentum, angular momentum,
and even energy be ascribed to the electromagnetic field in empty
space, in addition to those amounts carried by the particles in the
usual manner. Maxwell’s theory by itself, however, does not
restore the principle of relativity to electromagnetic phenomena.
Only Einstein’s special theory of relativity accomplishes that task

7.2. The structure of a field theory

Maxwell’s is the earliest example of a classical field theory.
In this section, we shall attempt to describe the concepts which set
field theories apart from mechanical theories. In a mechanical
theory, the building stones of the physical universe are the mass
points, and their motions are determined by the force laws which
describe the interactions between them. These forces act directly
between any two mass points, clear across the empty space between
them. The forces of a mechanical theory are, therefore, often
referred to by the descriptive name “action at a distance.” The
laws of motion have the mathematical form of ordinary differential
equations of the second order, in which the one independent variable
is the time, the dependent variables being the coordinates of the
individual mass points. In the canonical form (Chapter 2, Section
2.2), the differential equations are of the first order and the depend-
ent variables not only space coordinates but also momenta, but
the equations are still ordinary differential equations.

The decisive physical idea behind a field theory is that the inter-
action between the individual mass points is not direct but indirect,
with an intermediary, the field. The basic laws of nature fall,
therefore, into two classes: the field equations describe the internal
laws of the field as well as its dependence on the presence of matter,
whereas the equations of motion describe the action of the field on
material particles.

Let us take the field equations first. The field may be a scalar
field, a vector field, a tensor field, or a pseudoscalar, pseudovector,
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pseudotensor field. The field may be restricted by two types of
differential equations. At a given instant of time, the spatial dis-
tribution of the field quantities may be restricted. An example of
such an equation is

divB = 0.
Furthermore, in a complete field theory we shall always find a set

of equations which, with a given spatial distribution, determine the
change of the field quantities with time, such as

curlE+%%—? = 0.

Finally, both types of equations may contain terms indicating the
effect of the distribution of matter on the field-

div D = 4wo
14D 4=,
and curl H — e TR &

All these equations have one property in common. The independ-
ent variables are four in number, not one; they are zi, zs, 3, and ¢.
Consequently, the field equations are partial differential equations,
containing both spatial and time derivatives. The four equations
just written down are the field equations of the electromagnetic
field, summarized as eqs. (69) at the end of Chapter 6. Matter
appears in these equations as continuously distributed. However,
by a simple formal trick their form can still be maintained if matter
is represented by individual, discrete point charges. This trick
consists of the introduction of the so-called Dirac delta function,
which is not an actual function but rather the limiting case of a
function with a very sharp maximum at one point and negligible
magnitude elsewhere. The function §(x) is defined so that it
vanishes for all values of the argument z £ 0 but becomes infinite
at zero, in such a manner that an integral of the function extended
over any interval including the point £ = 0 will have the value 1.
With the help of the delta function, we can write the charge dis-
tribution of a single charged mass point with the coordinates X; and
the charge e as
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1’(1}1, T2, :Ca) =e- 8(X1 nd :tl) . 5(Xz - xz) . 5(X3 - .z‘u)
= ¢- 56X —x), (6)

and its current distribution, if its velocity is v, as
j(x) = ev (X — x). )

The combination of N point charges will then lead to the charge
and current distributions

N

o(x) = 3 e 8(X —x),

n;l” n (8)
i@ = Ye-v-5X—x).

nmln N n

The expressions (8), when substituted into the appropriate Maxwell
aquations (6.69), will serve to determine the fields created by a
number of discrete point charges in motion. We shall sce later that
the expressions for these fields given by Coulomb’s and Biot-Savart’s
aws are only approximate solutions of the field equations, satis-
lactory if the particles move with velocities small compared with
the velocity of light and if their accelerations are small compared to
:2, divided by a length of the order of the distances between the
particles of the system.

It is well known that the solutions of differential equations are
not uniquely determined (at least in the absence of some restrictions)
out contain ‘““constants of integration’” in the case of ordinary
lifferential equations, and arbitrary functions in the case of partial
lifferential equations. The equations of motion of mechanics, for
nstance, admit a totality of solutions that must be restricted further
oy a statement of initial positions and momenta in order to reduce
she solutions to one. Likewise, the partial differential equations
vhich we know as the field equations (or, in electrodynamics in
sarticular, as Maxwell’s equations), even with given current and
tharge distribution, admit a variety of solutions which must be
‘urther restricted by additional conditions if the solution is to be
imique. Ordinarily, we require that the solutions, for all finite
:imes, shall not lead to increasing values of any one field variable
vith increasing (spatial) distance from the system of charges con-
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sidered. Even though this condition, known as a boundary condi-
tion, removes the great majority of mathematically possible solutions
from further consideration, there is still more than one solution left,
and we shall see later what kinds of physical arguments are used to
make the solution of the field equations unique.

We shall now turn to the equations of motion, which describe
the effect of the field on the particles. The equations of motion
must again be ordinary differential equations which determine the
accelerations suffered by the particles. These accelerations are,
however, not determined directly by the positions of the other par-
ticles, as they are in a mechanical theory, but by the values of the
field variables in the vicinity of the particle in question. The
equations of motion in electrodynamics are eqs. (6.70). Here a
peculiar difficulty arises, common to all field theories. The particle
under consideration makes itself a contribution to the field, and this
contribution is infinite at the location of the particle. Obviously,
the equations of motion would be meaningless if they had to be
solved precisely where the determining field quantities become
infinite. Besides, consideration of these infinite fields, even if
feasible mathematically, would physically amount to an action of
the particle on itself, in contradiction to Newton’s first law, that a
particle left alone will not accelerate.

To avoid this mathematical and physical difficulty, we shall
always interpret the equations of motion of point charges in the
sense that the field responsible for the acceleration of a point charge
is the field that would be present if we could temporarily remove the
particle and its contribution to the field. For this purpose, we
divide the total field in the vicinity of the particle into two parts,
the “self-field,” contributed by the particle, and the remainder, the
““4ncident field.” The incident field has no singularity at the loca-
tion of our particle, and it alone is responsible for the accelerations
predicted by the law of motion.

Of course, we were careful to consider only the incident field
(rather than the total field) when we set up the law of motion of
electrostatics in Chapter 5. There the distinction was relatively
trivial, since at that time the *field” was no more than a convenient
tool for describing action at a distance. At our present stage, we
propose to accord the field the status of a fundamental physical
concept, and the distinction between self-field and incident field
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is decisive. Unfortunately, we shall discover later that the self-
field, the field connected with a single particle, is by no means
uniquely determined by the field equations. The modification
required in Coulomb’s and Biot-Savart’s laws is not uniquely
determined by the field equations alone, but we shall find later
that we can pick up a single self-field solution by establishing addi-
tional rules. With these additional rules, which we shall formulate
after we have examined in greater detail the solutions of the field
equations, we shall be able to subtract a unique self-field solution
from the total field and, thus, obtain the incident field which deter-
mines the force acting on a point charge.

1t is much easier to treat continuously distributed charges and
currents, although this case, according to our knowledge of the
structure of the physical universe, can never have a significance
beyond that of a ‘“wholesale’” treatment of a system involving
large numbers of individual particles. In the continuous case, we
require the force per unit volume rather than the force per particle,
and since the contribution of any one particle to the whole field
is considered negligible, the splitting of the field into incident and
self-field is unnecessary. Equation (6.70) can be modified easily
enough to fit this situation, becoming

=aE+gXB, )

where the field variables on the right-hand side stand for the total
field.

To summarize this rather preliminary section: In order to formu-
late a field theory completely, we require field equations and equa-
tions of motion. These equations need to be supplemented by
restrictions on the solutions of the field equations and also by a rule
that makes the determination of the incident field unique. The
prime characteristic of a field theory (in contrast to the preceding
mechanical theories) is the local character of all laws; that is to say,
both the field equations and the equations of motion make the
change of the field or of the motion depend solely on the field and
its derivatives at the same location. There is no direct effect of
the happenings at one location on the events at a distant location.
Such remote effects can be transmitted only through the inter-
mediate action of the field that is spreading throughout space.
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We shall see later that such effects also travel with a finite velocity
that never exceeds the velocity of light.

7.3. The conservation laws

We found that the forces which two moving electric particles
exert on each other in accordance with Biot-Savart’s law do not
obey Newton’s third law and that, as a result, if this law (5) were
to hold rigorously, a system containing electrically charged particles
might accelerate its center of mass. We then replaced our mechan-
ical system by one in which the field plays an integral role. We
shall now see whether this proposed modification of the laws of
nature accomplishes what we demand, namely, the recovery of the
conservation laws. We shall carry out this examination with the
help of our matter-in-bulk formalism, which was developed in
Chapter 3, because this formalism is better adapted to the nature
of a field theory. The results obtained will, however, also hold for
discrete charge-current distributions, since such distributions may
be considered as limits of continuous distributions which are sharply
peaked.

We shall start with a piece of matter whose internal forces are
given partly by a mechanical stress tensor f; and partly by the
electromagnetic forces of eq. (9) of this chapter, so that the total
force per unit volume is given by the expression

fi=cEit 2B, — tun. (10)

We shall now examine whether this equation can be given a form
like that of eq. (3.70). If this should be possible, then there is a
conservation law. For if we integrate such an equation over a
portion of space sufficiently large that the components of the stress
tensor are negligibly small at the boundary, then the integral over
the divergence will vanish (because of Gauss’s law), while the
integral over the first term will give the rate of change of the linear
momentum of the system as a whole. To the extent that the
integral over the second term vanishes, the total linear momentum
remains constant in the course of time.

To transform eq. (10), we shall first repeat the steps traversed in
previous chapters, to arrive at the equation
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Next we shall transform the specifically electromagnetic terms.
The first step in this transformation consists of the substitution of ¢
and j from Maxwell’s equations. The purpose of this substitution
is to retain only E, D, H, and B as the quantities representing
clectromagnetic interaction and, at the same time, to introduce
derivatives which may ultimately lead to complete divergences and
to complete time derivatives. The result of this first step is the
equation

F:} a
i (P + g, (o e = t) (12
1 ] 1 aD,
= -—1; [D,'. E.‘ + 8in Bo (sm» Hﬂ-m - c ot )]

We can make further progress by applying repeatedly the product
rule of differentiation, replacing, for instance D, , E; by (D, E;),, —
D, E;,. We obtain as an intermediate form for the right-hand
side

1 14D,
E [D:.c Et' + at'n Bn (armn Hn.m - ¢ ot )]

[D.. E + Ba(ch - Hl.‘) 6": Ba aD ]

(13)

§- 3=

[@. 5+ B 1oL~ B.H — L2 5D, B

+ 2 80 D22 "B‘

Dc Es'.s - Hs' Bn,a]'
Obviously, the last term in the bracket vanishes, because the diver-
gence of B always vanishes. Furthermore, we can substitute for
the partial time derivative of B, from another Maxwell equation,
so that

5un D '— = Dn(Ei.t Eﬂ.i)' (14)

If we insert this expression into eq. (13), we get for the electromag-
netic force density
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1 19
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Only the last two terms are not complete partial derivatives. They
can be brought into the desired form directly only if the dielectric
and magnetic properties of the continuously distributed matter
satisfy certain conditions. The simplest procedure is, of course,
to count all charges present as ‘“‘free charges,” because then we
may drop the distinction between E and H on the one hand and D
and B on the other. In that case, these last terms turn into deriva-
tives of squares, and we get

(pu.) + o (pm U + ti)

= % {a”x‘. [E’ B+ B.Bi — % (B2 + B’)] (16)

10
- _b—t' (Bin Er B:)]

Now we can combine the terms on the left-hand side with those
on the right, and the final result is

Z [p%+ Sirs B, B] +——[pu.u.+a.

1
+E(-2-6.-.E E’,E.)+4 ( e B2 —BB)]=O.

This result is remarkable on two counts. It shows that the total
stress is composed additively of the mechanical stress, the electric
stress, and the magnetic stress. Each one of these three contribu-
tions is a symmetric tensor. More important is the result that the
electromagnetic field makes a contribution to the linear momentum

(17
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density, and this contribution is proportional to the cross product
of electric displacement and magnetic induction. In the presence
of an electromagnetic field, the total linear momentum of an isolated
system will be conserved only if this specifically electromagnetic
term is included with the mechanical momentum. Otherwise, this
conservation law is not different from the one we obtained in eq.
(3.70) of Chapter 3.

In the derivation of eq. (17), we included all charges with the
“free” charges, and thus we were able to disregard the dielectric
and diamagnetic properties of the material filling space. Lorentz
followed essentially this procedure, and he explained the polariza-
tion and magnetization of matter in terms of changed electron con-
figurations and changed electronic orbits. If we do not wish to
follow his procedure, then we cannot write down a simple, ever-
valid expression for the electromagnetic stress tensor. We can
carry the procedure completely through, however, when the polari-
zation and magnetization laws of a substance assume a specially
simple form. If the dielectric constant and the magnetic permea-
bility are constant scalars throughout the region of space we
consider, then there is no difficulty; the conservation law (17) then
requires as the only changes the multiplication of each term quad-
ratic in the E-components by the dielectric constant, the division
of each term quadratic in the B-components by the permeability,
and the replacement of E, in the time-differentiated term by D,.
A few other cases can be treated completely in similar fashion.
However, in the most general case imaginable, in which D depends
on E nonlinearly and exhibits hysteresis, the derivation breaks down,
because it fails to take into account the microscopic stresses set up
by the dislocation of the charged particles from their normal posi-
tions. If it were possible to consider them explicitly, then the
conservation law could undoubtedly be formulated in every case.

We shall now proceed to establish the conservation law of energy.
The work done by the electromagnetic forces per unit volume and
per unit time equals the product of electric field strength and current
density, since the magnetic forces act always at right angles to the
instantaneous motion and, thus, do no work. If we take eq. (3.119)
as our point of departure, an equation which represents the con-
servation law of energy for a perfect fluid, then the increase in energy
as a result of the work done by the electromagnetic fields is
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9 a ,
at( v? + P) + oz, (% v?v, + Pv, + pv.) = E, j, (18)

Again, we shall substitute the current density j from the field equa-
tions. If we apply once more the product rule of differentiation,
we obtain the successive steps:

E,j,5E0j=E-(-4%_cul‘1H-—4—L-§£)
= CdivEXE) +SH-culE—-LE- 22  (19)
4r 4r 4 at
c . 1 B oD
= —Ele(ExH) —E(H"a‘['"E"a—t')'

In further transforming this expression, we are again confronted by
a similar difficulty as in the derivation of the conservation law of
linear momentum. If we drop the distinction between E and D
and between H and B, we find immediately that

]

at[ VPt (F2+Bz)]

(20)
+d1v( v’v+Pv+pv+-—ExH)=0.

If we wish to consider the most general case, we have, at least,

a( ) ) 1( oD aB)
v+P)+—(E-Z+H-T
ot o ot at 1)

1 £,2 _c_ =
+d1v(20 v+Pv+pv+41rEXH 0.

If we can make the assumption that B is parallel to H and its mag-
nitude a function of [H| only (in other words, that there is no
hysteresis), then there exists a function U.(H) so that

dUn 1 , dB

and, with the analogous assumptions for the electric quantities,
there exists a function U,(E) with the property
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au. _ E aD

9E " P aE (23)

If we introduce these two functions, we get the energy-conservation
law

9

az( v+ P+ Un +U)

(24)
+d1v(—v’v+Pv+pv+—ExH)

In the presence of hysteresis effects, the law of conservation of
energy cannot be formulated in closed form, for the simple reason
that in this case the energy stored in the material depends on other
variables in addition to those taken into account in these formulas.
The situation is similar to that encountered in Chapter 3, Section
3.7. There we introduced the mechanical energy density P, by
means of the integral expression (3.115). This integral leads to a
unique function P(p) only if the pressure p is a function of the
density p only. Otherwise, for instance if there is partial conduction
of heat and if the local temperature has to be taken into considera-
tion explicitly, there is no simple function P of the kind introduced
but only a function P that depends on both density and temperature.
In that case, energy transfer will take place by means of transport
of matter, by means of work done across boundary surfaces, and
also by means of the conduction of heat. As a result, the law of
conservation of energy then requires additional terms to be valid.
In the present electromagnetic case, too, the formulation of a
relatively simple conservation law depends on a simple expression
for the electromagnetic energy stored in the material. Naturally,
if the dielectric constant and the permeability are appreciably one,
then eq. (20) represents the correct formulation of the conservation
law.

In the simple case of eq. (19) as well as in the somewhat more
general case covered by eq. (24), the energy density is composed of
the mechanical contributions known to us from Chapter 3 and of an
electric and a magnetic term. To the energy flux there must be
added a vector that is the cross product of electric and magnetic
field strength, multiplied by ¢/4x. In other words, the electro-
magnetic field not only possesses a certain energy density but also
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gives rise to a flow of energy through space. This flow vector,
¢/4x - (E X H), is known as Poynting’s vector.

7.4. The electromagnetic potentials. The field of a particle

The field concept, we have found, enables us to reinstitute the
conservation laws of linear momentum and energy, provided that
we are willing to assign to the electromagnetic field, even in empty
space, the properties of stress, momentum density, energy density,
and energy flux density. We shall now begin to examine the
specific aspects of Maxwell’s theory of the electromagnetic field;
that is to say, we shall discuss solutions of the field equations.

The first and obvious task is to find solutions of the field equa-
tions that may properly be regarded as the field of a single electric
point charge. Even that task requires some preparation. The
field equations are not only partial differential equations; they are
not even ‘‘separated,” because in each one of them several com-
ponents of the field appear side by side. Thus it appears that we
cannot solve the field equations one at a time but that we must
tackle them all at once. Fortunately, we shall find that we can
introduce a set of ‘“potentials,” functions to which the field quan-
tities are related by differentiation processes. With the help of
the potentials, we shall be able to separate the equations partially,
and we shall obtain solutions (at least in the absence of dielectrics)
by means of straightforward integrations.

We start with the equation

divB = 0. (25)

There is a theorem to the effect that any vector (or pseudovector)
field whose divergence vanishes can be represented as the curl of
another pseudovector (or vector) field,

B=curl A (26)

(cf. Problems 6.2 and 6.4). A proof of this theorem will be given
below. First, however, we shall follow the line of the physical
argument through. Granting for the moment that a vector field A
does in fact exist of which B is the curl, we can substitute the expres-
sion (25) into the field equation containing the curl of E, to get



§7.4] THE ELECTROMAGNETIC FIELD 185

10 10A
curl E 4 e (curl A) = curl (E + <5 = 0. (27

Now any vector field with vanishing curl can be represented as the
gradient of a scalar field,
10A _

E+Eﬁ_ — grad &, (28)

so that we get for E the expression

16A
E= —grad ® — PETh (29)
Equations (26) and (29) together show that E and B can be repre-
sented as partial derivatives of a scalar field ® and a vector field A.
The scalar ® is known as the scalar or electric potential, and A is
called the vector or magnetic potential. In stationary fields, ® has
the same significance as in electrostatics.

Now to the proof of eq. (26). We shall construct explicitly a
solution of eq. (26), with a given field B, which, moreover, satisfies
the additional condition that the divergence of A vanishes. We
shall see later that, once we have obtained one field A that sat-
isfies eq. (25), we can readily construct additional solutions. We
proceed by first taking the curl on both sides of eq. (26) and then
applying eq. (6.14),

curl B = curl curl A = grad div A — V2A, (30)

Next, we shall construct a solution of this equation with the addi-
tional property
divA = 0. 31

Naturally, once we have obtained such a solution, we shall have to
prove that it really satisfies eq. (26). If div A vanishes, the last
term in eq. (30) can be dropped, with the result that the three
component equations in (30) are separated; each contains only one
component of the vector field A. But then each component equa-
tion separately has the form of (5.21) and it is reasonable to attempt
a solution of the form of the integral (5.12). In other words, we
shall try for the field A the expression

a0 =L [LomBwandnan =@l 6D
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This trial turns out to be successful. First we shall show, by means
of integration by parts, that the divergence of this integral vanishes
identically. We have

- [ m

= / 9 (1) 5 9B, déidér dés
¢ OF, Em 33)

d |1
/as.[ 8mm aE ]dsld$2d£8

1 n
+ /;FB.M"OE ag' dEldE2dE3

The second integral obviously vanishes identically. The first is a
divergence, to be integrated over all space. If we convert it into
a surface integral in accordance with Gauss’s theorem, the integrand
will vanish on the surface (which is located ‘““at infinity”’), and the
contribution of that integral will likewise be zero. It follows that
the divergence of the expression (32) vanishes.

Now we shall proceed to determine the curl of A. We have

1 1
cul'l A= ‘—1; ﬁ Vz (‘;) X curl B dEl d£2 dsa

1
—_ Z—;— . A (';) X curl B d¢, dE; dts, (34)

1
‘simu An.m = - 4‘—{,‘ ﬁ ('1'.)'. (Bm' - B.‘,.) dfld&d&

In this integral, we shall carry out integrations by part separately
in each term. Omitting immediately the complete divergences,
which vanish automatically, we may write

1
Simn Anm = — % . [Bi (%,)'" - B.,u‘] dfy ds dis

= /;B;(.E)&a(x — §) dé1dEadés = Bi(x).

The last line is to be justified as follows. The second term of the
integral in the first line vanishes because the divergence of B
vanishes. In the first term there appears the Laplacian of the

35)
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function (1/r), which, multiplied by the factor —(1/4r), equals the
three-dimensional Dirac delta function. Finally, the integral of
the delta function, multiplied by any factor function, equals that
factor at the point where the delta function becomes infinite.
Herewith, we have completed the existence proof of eq. (26).

Now we shall show that the integral (31) is only one of many
pussible solutions of eq. (26). Given some one solution, we can
always obtain another solution which belongs to the same field B by
adding to A the gradient of a completely arbitrary scalar field ¥,

A* = A + grad . (36)

If the curl is taken on both sides of this equation, the second term
on the right-hand side drops out, because the curl of a gradient
vanishes identically. Naturally, if we add to our prototype solu-
tion (32) an arbitrary gradient, the new A-field will no longer satisfy
the special restrictive condition (31). We introduced this ‘“diver-
gence condition’’ only in order to obtain the particular solution (32)
and, thus, to prove the existence of a vector potential.

The principal reason for introducing the electromagnetic poten-
tials here is to make possible the partial separation and the solution
of the field equations, at least in empty space. In fact, right now
we are interested in obtaining solutions that can rightly be called
the electromagnetic field of a single particle. Two of the four sets
of Maxwell equations are already satisfied identically by the intro-
duction of the potentials; they are

divB =0, cur1E+1§_o

If we restrict ourselves to empty space and substitute the potentials
in the remaining equations, we get

1 0E 10A
curl B — —-(?t——curlcurlA—{-—-—(VQ-)-cat)
_ 192 , 1°A ., _d4r.
—gl‘&d(leA’i'zﬁ +EE-W VA——c],
@7
divE=—d1v(grad<I>+laA
109 1 9% _
= (d A+cat +c-at’ — V2 = 4rg.
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The last versions of these equations show that the variables can be
separated if it is possible to find solutions that satisfy the special

restriction

109

In that case, the second-order partial differential equations take
the form

g VA=)
1 éz—q’- V@ =4rao 9
c? a2 -

These equations are now separated, except for the restrictive
condition (38). But this condition is of a lower differential order,
the first, whereas the equations (39) are of the second order. We
shall find that it is possible to construct solutions in terms of cer-
tain integrals that satisfy both (39) and (38). Were it not for the
second-order time derivative, we should be able to solve the equa-
tions by means of integrals similar to (32) or (5.12); as a matter of
fact, the equation (39) differs from (5.21) only by that second-order
time derivative. We shall, therefore, attempt to solve egs. (39) by
integrals that somehow resemble the integral (5.12). Because of
the time derivatives on the left, the equations (39) are called wave
equations; they possess a structure very similar to that of equations
for acoustic waves, such as eqs. (3.147) of Chapter 3. Such equa-
tions describe disturbances that propagate with a certain, finite
velocity (‘“waves’”). In our case, the equations plainly suggest
that this velocity should be ¢. Thus we are led to try to solve the
equation (39) by the integral

o(x,t) = ///; '::U (f,t - 2) déidbadEs [P=(z.— &)%Y, (40)

and the remaining three component equations by the analogous
integrals

A(x,t) = %f/felri(t, t — %) dE, dEs dis. (41)

In setting up these integrals, we are applying, in a certain sense,
Coulomb’s law; but in sampling a given space point we do not use
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the present charge density but the density of a certain instant in
the past, the one from which a disturbance traveling with the
velocity ¢ would arrive at just the right moment. Let ussee whether
the proposed integrals are solutions of the equations (39). If they
are, we shall still have to show that eq. (38) is satisfied as well.
In carrying out the differentiations required for the test of the
solutions, we shall, as before, make use of the fact that differentia-
tion of r with respect to z, leads to the same result as differentiation
with respect to the variable of integration £, except for the sign,
which needs to be reversed. Thus, differentiation of the integral
(40) with respect to z, leads to

ax. ///{m()"(“‘i)
NN o
o AL O R S P

1
;)
T
11D s
1f we repeat the differentiation, we obtain the following expression:
( ) r do
- ///[ (0 +15)
1
()
or r aa] At dts dbs

3k, 9f, c? ot

= — 4r / / /E (x—¥§o (fy - g) dt dEs dis 43)
8% (z, t— Z)
+/// - ¢) i dgedis

cir

1 aa!f,t—-)
=—4rd(x,t)+25//ﬁ T d§ dEadis.
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By comparison, the time derivative of ® is easy to evaluate. We

. 6t2 T atg El £2 ES ( )

If we substitute the expressions (43) and (44) into the last eq. (39),
we find that that equation is satisfied. Identical computations
can be carried out to confirm that the integral (41) is a solution of
the remaining eqs. (39). We shall now turn our attention to the
first-order equation (38), without which the wave equations (39)
would not be equivalent to Maxwell’s equations. For d®/dt, we

find that
1 o
= / / / ;é—’dsldszda (45)

To compute the divergence of A, we shall procced as before, inte-
grating by parts and discarding divergences:

() 1ara].
///[ 0z, rax ar}dgldszdfg

=-~///[ 0,15t
“5///5?.(")”’“”’*“’*“

+ = // /% (f, )d£1d£2d£3
2///;;divj(i,t—g)dfxdfzd&-

If we combine the expressions (45) and (46), we find for the left-
hand side of eq. (38) the integral

a4, ] 9® _
62. coa / / / (dw it at) dérdéadEs. (47)

The partial derivatives of j, with respect to £, in these equations do
not have all the same significance: in the second line of eq. (46),

(46)



§7.4] THE ELECTROMAGNETIC FIELD 191

Js 18 to be differentiated only through the argument (¢ — r/c); in
the third line, j, is to be differentiated with respect to £, both directly
and through the argument (¢ — r/c); whereas in the fourth and last
lines, and in eq. (47), partial differentiation with respect to a
coordinate refers to the direct dependence of the current distribution
(at a given time) on that space coordinate and does not involve the
spatial dependence of the argument (¢ — r/c).

The integrand of (47), that is, the parenthesis, will vanish because
of the conservation law of charge, eq. (6.39). The integrals (40)
and (41) are thereby shown to satisfy eqs. (38) and (39) and, there-
fore, the field equations. If we are provided with some electric
charge and current distribution which satisfies the conservation law
of charge, then we can always find a corresponding electromagnetic
field by evaluating the integrals (40) and (41).

Our next step is to apply this general solution to the case of a
single point charge moving in an arbitrary manner, and thus to
discover the modifications that Coulomb’s and Biot-Savart’s laws
suffer in Maxwell’s theory. The necessary calculations are, how-
ever, rather involved, as the reader may have guessed from the
complicated form of the integrals (40) and (41). For the charge-
current distribution we have to substitute the expressions (6) and
(7). To find the potentials at a point P with the coordinates z, at
a time ¢, we shall have to determine that point on the trajectory of
the particle from which a disturbance traveling with the speed ¢
could just reach P at the time {. If we designate the coordinates
of the particle again with X,(), and if that certain point in the past

0

is x,, then its coordinates must satisfy the equations

. ;
x,—X. —E f] (48)
0

where r is the distance of that past location from the point where
we wish to determine the field at the time ¢,

/] 0 0
2 = (T, — Z2)(Ts, — Ta). (49)

0
Naturally, the three coordinates z, can be determined in principle
if the funetions X,(f) are given (that is, the motion of the particle
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in the course of time), and they are then functions of the four space-
time coordinates z,, t. However, unless the motion of the particle
is specially simple, for instance unaccelerated, the equations (48)

have no closed-form solution, though the :g. can be determined
approximately, for instance as a power series in ascending powers
of (X./c). With the help of the quantities introduced above, the
results of the integration (the details of which are omitted here)
can be represented in the form

tI>(:c., t) =;—f—5)
0,
e r
An(xy, t) = E_;—A-X,. (i - E)y 50)
0,
2 — 2 X'<t—£)
A=1-= 9 : . .

In other words, the instantaneous field depends not on the present
position of the point charge but on the past position and velocity

0
at the time it passed through the point with the coordinates x..

Moreover, the scalar potential equals not simply the fraction (e/g),
as might be expected; we must insert a correcting factor, the mag-
nitude of which depends on the rate at which the particle at that
past instant was approaching (or receding from) the point z,.
The potentials (50) can be differentiated, and the electric and mag-
netic field strength thus determined, by a straightforward but
lengthy calculation, which we shall not reproduce here. An
important result is that the field strengths depend not only on the
particle velocity but on its acceleration as well. If Poynting’s
vector, the energy flux, is integrated over a small sphere surrounding
the charged particle, then the net energy passing through that
envelope does not vanish but is positive and proportional to the
square of the acceleration. This effect, which is the foundation of
the classical theory of the production of X rays on the target in
the X-ray tube which stops a stream of fast electrons, is called
bremsstrahlung, a German word meaning ‘“‘brake radiation.”
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7.5. Gauge transformations. Retarded and advanced potentials

In Section 7.4 we obtained solutions of the field equations from
a given charge-current distribution in the form of the integrals
(40), (41). The question arises whether this solution is unique or,
if it is not, what other solutions exist. As a matter of fact, the
variety of possible solutions is so large that we shall need to organize
their discussion into three stages. We shall show that more than
one set of electromagnetic potentials belongs to a given field of
electric and magnetic field strengths. These solutions are physically
equivalent, because the field strengths, not the potentials, are the
physically significant quantities. Then, for every given charge-
current distribution there are solutions which are physically different
but satisfy the boundary condition to drop off with increasing dis-
tance from the material system. Finally, there are solutions of
the ““homogeneous’ problem, that is, solutions belonging to a zero
charge-current distribution, which fill all space evenly. These last
solutions will be discussed in later chapters.

For the first part of this discussion, we shall return to the indefi-
niteness of the vector potential, which was expressed in eq. (36).
Suppose we consider two vector potentials which differ only by a
gradient and which, therefore, belong to the same magnetic field.
If the electric field is given also, then eq. (29) shows that the addi-
tion of a gradient to the vector potential requires a modification of
the scalar potential as well, and the required change turns out to be

- (51)

If we substitute ®* and A* into eq. (29), the influence of the arbi-
trary function ¥ simply drops out. We conclude: if we add to the
electromagnetic potentials certain partial derivatives of an arbi-
trary scalar field in accordance with eqs. (36) and (51), the field
strengths remain unchanged. Such an operation is called a gauge
transformation; and since the field strengths, like the charge and
current densities, remain unchanged, all these quantities are said
to be gauge-invariant. This strange name, gauge transformation,
has its historical explanation in a theory by H. Weyl, which is now
considered obsolete.

Suppose we possess a set of potential functions that satisfy the
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field equations (37). If we carry out a gauge transformation, then
the transformed potentials will again satisfy that same set of equa-
tions. The equations (37) are, therefore, said to be gauge-invariant.
Now we have been able to simplify these equations in the event
that the restrictive condition (38) is satisfied. In that case, the
field equations separate and turn into (39). If we start with such
a special solution and then carry out a gauge transformation, will
eq. (38) remain satisfied? The answer is no. Because if we sub-
stitute for the transformed potentials the expressions (36) and (51),
we find

1 9%* 19% 1 92¥
VAL VAT Y e 8D

Equation (38) is, therefore, by no means gauge-invariant. Quite
the contrary: the relation (51) gives us a very important piece of
information. Given a set of potentials that do not satisfy eq. (38),
we can always carry out a gauge transformation and obtain a set
of potentials that do so, by determining the ‘generating function”
¥ from the equation

1%, 109

o VY=V-A+L (53)
It is clear that this equation for ¥, with a given right-hand side,
always has a solution. The structure of eq. (563) is exactly the same
as that of eqs. (38), and at least one solution can be obtained in the
form of the integral

w0 =g [[[[rea(ei=g) 4 ide ()]

dEy - - - dEs. (B4)

In other words, the condition (38) does not restrict the variety of
physically different solutions of Maxwell’s equations but merely
requires a certain choice of potentials to represent a given physical
field. The condition (38), if imposed, restricts the variety of pos-
sible gauge transformations; it is called a gauge condition.

We can now proceed to the second step of our discussion of the
variety of solutions: Are there several physically different solutions
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belonging to the same charge-current distribution? The answer
is yes. One important alternative solution is that in which the
potentials depend not on the past but on the future charge-current
distribution. The integrals for the potentials take the form

®(x, t) = [/_L%U (E, t+ %) dEy dEs dE,
. (s, ¢+ g) (85)
A(X, t) = //L ; _ d£1 dfz dfs,

[4
= (z, — &)(z. — &).

The solution (55) is mathematically just as valid as (40), (41). If
it has always been discarded until recently, it was because this
type of solution appears to ‘“anticipate’” the future behavior of
the charged particles and thus seems to contradict the principle of
causality. On closer examination, this argument against the
solution (55) loses its apparent validity. Although nature quite
obviously obeys some order of cause and effect, the precise signifi-
cance of causality has changed and developed throughout the history
of the natural sciences. As far as we can tell, causality in physics
means no more and no less than that nature should be fully com-
prehended in terms of the laws of physics and that we should be
able to discover these laws and thus predict the behavior of physical
systems. As our knowledge of the laws of physics develops, so
does our ‘‘philosophical’’ requirement of causality.

In mechanics, the starting point of our description of nature is
the mass point, the material particle. Naturally, the forces
observed in a system should be the effect that is caused by the particle.
Surely, no force can anticipate the future behavior of its source.
But whether this point of view can be maintained in a field theory
is at least questionable. In a field theory, the particles are at least
as much affected by the field as is the field by the particles, and we
should not be too certain that fields and potentials of the form
(55) are to be excluded from consideration. At any rate, Dirac
and others have recently begun to examine the contribution that
solutions of the type (55) could make to problems of radiation.
The two types of solution, (40), (41) on the one hand, (55) on the
other, are called retarded and advanced potentials, respectively. It
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can be shown that with advanced potentials, the energy flow of the
self-field is toward an accelerated particle, not away from it as
with retarded potentials.

In addition to these two solutions, Dirac has called attention to
a solution which we can obtain by adding half of the retarded and
half of the advanced potentials together. Since the field equations
are linear with respect to the potentials, we can apply the basic
theorems applying to linear differential equations. Given a certain
linear differential equation, we call the * corresponding homogeneous
equation” that equation which is obtained by the discard of the
inhomogeneous terms (terms free of the dependent variables).
Now the theorem on solutions states that we obtain the most
general solution of the inhomogeneous equation by adding to any
one particular solution (of the inhomogeneous equation) all the
solutions of the homogeneous problem. The latter have the prop-
erty that any linear combination of homogeneous solutions is
again a homogeneous solution. The difference of two inhomogene-
ous solutions, by the same token, must be a homogeneous solution.
If we now subtract the advanced from the retarded potentials, we
get a homogeneous solution (a solution of the field equations that
corresponds to zero charge-current density). Half of this solution,
added to the advanced potentials, gives the above-mentioned
‘“half-and-half”’ solution.

Since the solution which belongs to any given charge-current
distribution is not completely determined, the self-field of a single
particle is not unambiguous either, except in the special case that
the particle is in uniform, unaccelerated motion. Unfortunately,
we cannot separate the incident field, which determines the force
on the particle, out of the total field unless we possess a clear-cut
rule for the determination of the self-field. Therefore it is necessary
to make a choice between retarded and advanced potential, or some
other integral formula for the self-field of a particle, before the force
law for an electric point charge assumes a precise meaning.

Problems

7.1. Derive expressions for the linear momentum carried by the electro-
magnetic field and for the stress tensor, the energy density, and the energy
flux, for the case that the dielectric constant and the magnetic permeability
are different from 1 but are constant symmetric tensors throughout space.
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7.2. Derive the conservation law for angular momentum, starting with
the expression for the mechanical (nonelectric) angular momentum den-
sity p(z‘vk - zw‘).

7.3. Derive an expression for U for a material in which the magnetiza-
tion increases at first linearly with the magnetic field strength up to a
certain saturation value I* and then remains constant at that value, no
matter how high H is raised.

7.4. Supposing that a magnetic material with pronounced hysteresis
loop is subjected to a magnetization cycle, give a simple graphical picture
of the net work per unit volume required to go once around the cycle.
What will happen to the energy thus expanded?

7.6. Carry out the calculations leading to eq. (50) and go on to obtain
expressions for the electric and magnetic field strengths of a moving point
charge.

7.6. From the foregoing problem, determine Poynting’s vector and
integrate the energy flux through a small spherical surface about the point

0

with the coordinates z,.



Chapter 8
W aves

We have now obtained some of the solutions of the field equa-
tions that belong to given charge-current distributions. Of at
least equal importance are solutions belonging to zero charge-
current distributions and extending from infinity to infinity.
They are called electromagnetic waves. Maxwell was the first to
recognize the possibility of wave solutions. Hertz constructed
solutions with a definite center of excitation, and he was the first
to produce electromagnetic waves in the laboratory and to prove
the superiority of Maxwell’s field theory over the old mechanical
theories by experiment. In very recent time, microwave tech-
niques have introduced yet another type of wave, the guided wave.

8.1. Plane waves

We call a disturbance a plane wave if at each instant of time ¢
the wave variables are constant on whole planes or, in other words,
if all gradients of the wave variables throughout space point in
the same direction. We call the planes wave fronts. Mathe-
matically, plane waves are described by functions of the time ¢
and one linear combination of the coordinates, n « X, where the three
constants n, are the components of the unit normal to the wave
fronts.

We shall now construct solutions of Maxwell’s field equations
with zero charge and current densities. We shall require that the
electromagnetic disturbance travel only in one direction. Since
the coefficients of the field equations (in empty space) are constants,
the velocity of propagation of the wave will be independent of
space and time. We shall, therefore, set up our field variables as
functions of the single argument s,

8 = Ny Ty — Col (ne e = 1),
§=n+Xx — cot (n| = 1).
198

(D
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The constant ¢, 18 the velocity of propagation of the plane waves.

In what follows, we shall denote differentiation of any field
variable with respect to the single argument s by a prime. With
this notation, Maxwell’s equations in empty space take the form

n-E =0 n-B =0,
an'x%?E’=0, an’—%B'=0. 2)

These equations are quite easy to solve. First, it is obvious that
the two vectors E’ and B’, which are, of course, again functions of s,
are everywhere normal to the direction of propagation n. The
remaining equations show that they must be at right angles to
each other as well. If we substitute the last two equations into
each other, we get

2 2
n X (an')+(%> B = (n.B')n—B’+(963) B =0,

e\ . 2 3)
n X (n X E) +(—69) E =0n-E)n ——E'+(%) E' =0.
Because (n - E’) and (n - B’) both vanish, it follows that
¢ =c. 4)

Furthermore, when we go back to egs. (2), we get the result
|E’| = |B| ®)

and therefore (except possibly for constant uniform fields that do
not form part of the progressive wave),

|E| = |B|. (6)

Having satisfied all eqs. (2), we find that E and B are at right angles
to each other and to the direction of propagation of the wave, and
that their magnitudes are everywhere equal. The functional
dependence of this joint magnitude on the argument s is, however,
in no way determined. In fact, any wave “profile” whatsoever
will be compatible with the field equations in empty space.

A plane wave in empty space can then be characterized as a
disturbance with an arbitrary profile that travels at the uniform
speed ¢ and without any gradual change of shape. The electric
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and magnetic field strengths will always be in the plane of the
wave fronts, equal and at right angles to each other, but otherwise
arbitrary. Of course it is possible to decompose such a very
general plane wave into two components characterized by the
orientation of the electric field strength. If we choose arbitrarily
some one plane that contains the direction of propagation, then for
each value of the argument s the electric field strength can be
decomposed into one component which lies in that plane and one
which is perpendicular to that plane. We have, by this construc-
tion, decomposed the electromagnetic wave into two plane-polarized
components.

In empty space, the decomposition of a general plane wave into
two perpendicular polarized components is purely arbitrary, but
in an anisotropic medium, such as a crystal, the two polarized com-
ponents may possess different velocities of propagation. Let us
consider a homogeneous but anisotropic dielectric; both the
dielectric constant and the magnetic permeability are to be constant,
symmetric tensors. Now let us write down the Maxwell equations,
again restricted to the plane-wave case:

divD = kun E;, = 0, (curlE+%—%l—t3 = dum B

c
- 'é"“‘k Hl: = ())

(7)
div B = pyns H, = 0, (curl H - %%) = i i Hj

+£c-°lcikE;:=0-

The two divergence equations are identical in the remaining two
sets of equations (provided, again, that we disregard the possibility
of constant, nonwave solutions), since taking the divergences of
these remaining equations leads to the result that the divergence of
(6B/at) as well as the divergence of (dD/dt) vanish. In other words,
we have six equations for the six unknowns, the components of E’
and H’. For our further discussion, it is desirable to separate
them into two sets of three each, one set for E’, the other for H'.
But to do so, we need to be able to “divide through” the dielectric
constant and the magnetic permeability. Tf they are scalars, then



§8.1) WAVES 201

the division is trivial. If they are symmetric tensors, we can still
divide through (though, of course, in a somewhat modified sense),
because in any physically reasonable case the three principal values
of these symmetric tensors are positive and different from zero.
We shall introduce two constant tensors, called the ‘“‘inverse’”
or “reciprocal’”’ dielectric constant or permeability, respectively;
these are the tensors that permit the transition from D to E and
from B to H. We shall define them by means of the equations

E; = ki Dy, H; = py By, (8)

or, which is the same thing,

Kiw ki1 = Oa, Bk prt = i 9)
In a coordinate system that diagonalizes the dielectric constant.
K1, 0, 0
ke =10, k2, O p (10)
0, 0, K3
the components of the reciprocal tensor are simply
L0 o
K1
. 1
k=40, = 0 (1)
K2
0, 0 -

K3

Obviously, this tensor will be defined only if none of the principal
values of the dielectric constant vanishes.

With the help of these reciprocal tensors, we can solve the field
equations in the form (7) with respect to the variables appearing
in the second terms:

Rix Ora ny Hy + %’Eﬁ =0,
(12)
Pk Okra 1 Bj — 209- H;=0.

These equations can then be substituted into each other, yielding
the partially separated equations
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2
Simn N Rk Okre Ty H : + (’c'cg) Mik H I,; = 0,
5\ (13)
6imn Nm ﬂnk akn Ny E: + (’Eo) Kik E]: = 0-

Each system (13) consists of linear homogeneous equations, which
will possess nonzero solutions only if the determinant of the coeffi-
cients vanishes. Obviously, with a given direction n, there remains
the adjustable parameter co. To simplify matters, we shall intro-
duce the expression (co/c)? as the characteristic parameter . The
chief difference between egs. (13) and eqgs. (3.90), for instance, is
that in the present case the characteristic parameter is multiplied
by a symmetric tensor that need not be the Kronecker tensor.
(Actually, in almost all substances except the ferromagnetics the
permeability is very close to 1, but right now we are interested in
the most general linear case.) We can achieve complete analogy
if we are willing to introduce new variables.

In what follows, we shall concentrate on the first set of eqgs.
(13); the other set can be treated in exactly the same manner.
We shall introduce a coordinate system whose axes are parallel to
the three principal directions of the magnetic permeability. The
three equations then take the form

Bimn M Rk Okrs N H: + A 3 II_". = 0. (14)

The underscored index 7 in the second term is not to be treated as
a dummy. There will be several more deviations from the usual
summation rule; we shall note these exceptions wherever they arise.
We shall now introduce new field variables, only in this special
coordinate system, as follows:

Vi H, =Y (15)

(None of the indices 7 in this set of equations is to be a dummy!)
If we introduce these new field variables, we get the first equation
(13) in the form

A.'k Yk - )\ Y.' = (),

1 (16)
— 5,',,". 5], s Ny N, [ 8-
‘\/M.' Py T r Kn

(In the second equation, do not sum over 7 or k on the right-hand

Ai =
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side!) We have now achieved complete analogy to eq. (3.90).
The form Ay is no tensor, to be sure, but it is a symmetric form,

A = Api. an

From our previous proofs, we know, therefore, that there are three
different solutions which belong to three values of the character-
istic parameter N\. These three solutions are not perpendicular to
each other in the geometric sense, but they satisfy the relationship

@) (k)

Y.Y,=0, (@#F), (18)
if the form is not degenerate. If Ay is degenerate, we can always
pick linear combinations which are solutions and which satisfy (18).
If, as is usually the case, the three principal permeabilities are all
very nearly unity, then eq. (18) implies orthogonality of the three
characteristic magnetic vectors even in the geometric sense.

We can draw one further conclusion, also without laborious cal-
culations: One of these three solutions does not correspond to a
progressive wave. If we multiply the form Ay by a “vector’ with

the components
0 0

Yt' = '\/lTinir H: «< N, (19)
(do not sum over z!), then the product vanishes identically, because
it contains the cross product n X n. The components (19) repre-
sent a solution that belongs to the characteristic value zero. Only
the other two characteristic solutions represent progressive waves.
There is not much point in developing our general calculations
further, because further progress could be achieved only by very
laborious calculations. Instead, we shall now treat two important
special conditions. The one is that the permeability of the aniso-
tropic material equals unity; this condition is satisfied in excellent
approximation by all crystals except ferromagnetics, which do not
transmit electromagnetic waves because they conduct too well.
The other special condition is that the material be isotropic.
Crystal optics. We shall now set all principal values of the
permeability equal to 1. The introduction of the quantities Y; is
then unnecessary, and the first equation (13) reduces to

2
6iwm Nm 'A‘nk 5ku ne H: + (209) H: =0. (20)
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We shall now introduce a special coordinate system in which the
direction of propagation is parallel to the zs-axis. In that case,
the equations reduce to

2
N Co ’
kz«; H( — K12 H; = (—E Hl,

2
— i Hy + #u H} =(93 H,, (21)
YT

The last of these three equations represents again the nonwave
case. It can be discarded, since substitution of that solution into
the full Maxwell equations would show that they cannot be satisfied.
As for the remaining equations, we recover first the previous result
that the two solutions are perpendicular to n and to each other.
We can, to simplify the equations further, turn the coordinate sys-
tem about the zsaxis until the two-rowed form

{ Raz, —m,
— Rz, Ru
is diagonalized, and we shall then find that the velocities of propaga-

tion which correspond to the two possible solutions of eqgs. (21) are,
in that special coordinate system,

(1

Co = VKa H); = 0,
(2)’

Co = R11 Hl = 0.

These two different velocities of propagation correspond to two
different directions of polarization. The magnetic vectors of these
two plane-polarized solutions are at right angles to each other,
but not the electric vectors. We must now substitute our solutions
(22) into the first set of equations (12); the result is:

(22

W, @ @)
1 =0, E} =+ R11 Hay
(1) (1) 2
B - - v, #-o (23)
gw;f _ _ _Ka i;): (Ezj)’ =+ R13 2:.
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In other words, the electric vector in an anisotropic material has a
component in the direction of propagation. However, it is per-
pendicular to the magnetic vector, and the projections of the two
solutions into the plane of the wave fronts are perpendicular to
each other. That is, to each direction of propagation in a crystal
or other anisotropic material there belong two plane-polarized
solutions whose planes of polarization are at right angles to each
other and which possess different velocities of propagation. This
phenomenon is called birefringence. Quite generally, the ratio
(c/co) is called the index of refraction. We find that in an aniso-
tropic material, the indices of refraction of the two plane-wave
solutions associated with each direction of propagation are different.

Isotropic materials. Next, we shall consider plane-wave propa-
gation in a material in which the scalars k and p are both different
from 1. In that case, the Maxwell equations (7) reduce to

I 0H

(a) divE =0, (b) curl E 4+ P 0,

. x 0E .
(c) divH = 0, (d) curl H — P Tl 0.

(24)

These equations can be separated without difficulty. For instance,
taking the curl of eq. (b) and the time derivative of eq. (d), by linear
combination we can eliminate H' and obtain equations for E’’ alone:

curl curl E + — — = —— — VIE

] "
=(Z§xu—- I)E =0.

1dentical equations can be obtained for the components of H”. The
velocity of propagation is, therefore,

(25)

]

Co = ’ (26)
Vkp

irrespective of the direction of propagation and the plane of polariza-

tion. The value of the index of refraction is v/« u.

8.2. Spherical waves

Mathematically, plane waves are the least complex of all solu-
tions of the homogeneous Maxwell equations. They are useful
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because of their relative simplicity and because many other types
of solution can be constructed by the linear superposition of plane
waves. Physically, however, a plane wave cannot be produced by
any simple device. If radiation emanates from a narrow region of
space, the resulting electromagnetic disturbance spreads with
spherical or nearly spherical wave fronts. The plane wave can at
best be considered an approximation to physical waves at great
distances from the source, where the radii of curvature of the wave
fronts are very large compared with the wave length. For practical
purposes, light from distant fixed stars comes to us as a plane wave,
and in the laboratory we can produce good approximations to plane
waves by passing spherically spreading waves through optical
lenses.

Physically, the basic process of radiation must lead to spherical
waves or, if there are many radiators, to linear superpositions of
spherical waves. Mathematical investigation has shown that
spherical waves can also be represented in terms of elementary
functions, and their treatment is not much more difficult than that
of plane waves. To facilitate the construction and examination of
spherical-wave solutions of Maxwell’s field equations, we shall again
resort to the representation of the electromagnetic field by the
electromagnetic potentials. In the absence of charges, the par-
tially separated equations (7.39), (7.40) take the form

19°A 1 9%
?W—V'IA:O, E-za—tg-—-V%P=O,
14% 27

V'A+‘E—5t—=0.

We shall now endeavor to find spherical functions which satisfy
both the second-order wave equations and the first-order gauge
condition.

If we had only one wave equation, for a single scalar-wave
variable (as in fluid acoustics), we should try a spherically symmetric
solution of the form

‘I’('l’, t) = C(T) f("' - Ct))
r? =z} + x} + 23,

where the function f(r — ct) is the “profile”’ of the field disturbance.
The function C(r), which does not depend on the time, has been

(28)
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inserted in order to make it possible for the amplitude of the dis-
turbance to drop as the wave travels away from the center of the
disturbance (which we have placed at the coordinate origin).’
We have already assumed that the wave travels with the speed ¢,
but this assumption would not have been necessary. If we had
put in a constant but unknown speed co, as before, we should have
found out in the course of the calculation that ¢, must equal c.

If we substitute the trial function ¥ into the single-wave equation
19%¥

we find, as the result of straightforward computation, the inter-
mediate results

T = O " ~ ),
¥, = Z(00) fr = et) + CO) ' = e, (30)

‘I’,‘. = Cllf+ 20’fl + Cfll + % (Cﬂf + Cljl)’
which give us as the determining equations for C(r)

2@r+10f+(m+30f=o;
r r @1
therefore ¢+ic=0 c+ic-o

It would seem that C(r) must satisfy two different differential equa-
tions if f(r — cf) is to remain an arbitrary function of its argument,
but actually the two equations are interdependent. If the first
of them is satisfied, the second one holds automatically. The
solution, except for an arbitrary factor, which can be incorporated
in the function f, is

clr) = ; 32)
30 that the solution representing an outgoing spherically symmetric
wave is

() =10, (33)
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Starting with this solution, we can construct a large number of
more complex solutions all of which correspond to outgoing spher-
ical waves, but these solutions no longer possess spherical symmetry.
We can obtain these more complex solutions by differentiating the
solution (33) with respect to the three coordinates, in any combina-
tion we like. If we have a solution of a linear, homogeneous differ-
ential equation with constant coefficients [and the wave equation
(29) is of that type], then a partial derivative of that solution is
itself a solution. For proof, we need merely to substitute the
function 8¥/dz; into (29); if we change the order of the partial
differentiations (which is always permissible), we find that the
resulting expression is the derivative of the whole left-hand side of
(29), which vanishes. Of course, we can differentiate the new solu-
tion again and again and thus obtain an infinite number of new
solutions of ever-increasing complexity.
The first three solutions we can obtain in this manner are
x; ¥ o

¥, = P (34)
There are six second-order derivatives, but they contribute only
five new solutions. We have

32‘1’ _ xT; Ty 32‘1’ 7‘2 8“; — X Tk Q"

dx; 0z, 1 ar® 78 ar
_mm (9 199\, 10¥ )
T 2 \arr  Tror * o

but between three of these six derivatives, we have the relationship

P19 f'r —of).
’

312 ¢t o r (36)

that is, one linear combination leads back to a spherically symmetric
solution of the type (33). Similar but more numerous relationships
reduce the number of new contributions from the higher derivatives.
It can be shown in general that the nth partial derivatives con-
tribute (2n 4 1) linearly independent new solutions, with new
angular dependencies.

Among all these solutions of the wave equation, we shall have
to choose certain combinations for the four field variables A, &
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which also satisfy the gauge condition. However, a quick survey
shows that there is no spherically symmetric solution among these
combinations. The solution with the least complex angular
dependence is one in which the scalar potential has the same
angular dependence as the scalar potential of a static dipole. With
n being an arbitrary unit vector, this solution has the form

A=2%, 2= -n.ve 37)
at
Substitution shows that this combination of first derivatives
satisfies the gauge condition. The remaining eqs. (27) are satisfied
automatically.
Let us consider this solution in some more detail. First,
naturally, we are interested in the components of the electric and
magnetic field. We find for them the following

E = curl curl (n ¥) = grad (n - grad ¥) — n V2¥,

B=— %n X grad ¥. (38)

If we wish to examine the angular dependence of these fields, we
can do so by expressing all spatial derivatives in terms of deriva-
tives with respect to r, multiplied by the appropriate angular func-
tions. We get

E=x(x-n)(62\ll 1a\p) n(m_w+lg),

r? or? r or or? r or 39
B = 1xXn ¥ (39)
T ¢e¢ r arot

If, in addition, we wish to bring out the dependence of the wave
amplitude on the distance from the center, we have to substitute
for ¥ from eq. (33). The result of this substitution is

E - x(xrn)(f 3f+3) (f r2+r8),
(40)

The symbol x denotes the three coordinates z,. Our formulas
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show that both E and B possess components which drop off as
1/r, and other components which drop off more rapidly. At great
distance from the center, the (1/r) terms are naturally the most
important ones; whereas very close in, the terms with the highest
power of (1/r) determine the field. There is a transitional zone,
roughly defined as that distance at which the ratio of the nth
derivative of the function f(r — ct) to its (n — 1)th derivative is
of the same order of magnitude as 1/r.

At all distances from the origin, the direction of the magnetic
field is at right angles both to the radius vector and to the direction
of the axis of symmetry of our field of radiation, n. In other words,
the magnetic lines of force form circles in planes perpendicular to
n. In talking about these geometric relations, we shall call the
plane through the center and perpendicular to the axis of symmetry
the equatorial plane and the angle of “‘latitude’” 6. The magnitude
of the magnetic field at a given instant ¢ and at a particular distance
from the center r is proportional to cos . With the electric field
strength, conditions are somewhat more complex. Its direction
lies everywhere in the meridian plane, but it is neither parallel
nor perpendicular to the radius vector. At great distance from
the center, E is perpendicular to the radius vector, and its magnitude
for given r and ¢ is proportional to cos 6. Thus, at great distances
from the center, the wave approaches the characteristic form of a
plane wave, with E and B normal to each other and to the direction
of propagation. The amplitude of that wave is inversely propor-
tional to r and directly proportional to the cosine of the angle of
latitude. The plane of polarization (which by general convention
is always taken as the plane of the electric ficld strength and the
direction of propagation) is the meridian plane.

If we wish to examine conditions close to the center, we can
confine our attention to the terms proportional to (1/r)3. The
magnetic field strength contains no such term, but the terms that
appear in the electric field strength are

S LU,
- - gua[@:21]

In other words, the field close in may be described as the field of

E

r~—0

(41)
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an electric dipole parallel to the axis. This result shows that the
field we have constructed is the one that would he produced by
an electric dipole which oscillates along its axis, changing its mag-
nitude, but not its direction, in the course of time. The function
f(—ct) is the magnitude of the dipole moment as a function of time.
The field in the ‘“wave zone,” that is, at great distance, depends
not on the dipole moment itself but on its second time derivative.

We shall now determine the energy radiated by such an electric
dipole into the surrounding space. The energy flux is given by
Poynting’s vector,

[
F=_ExH (42)

While in the wave zone Poynting’s vector is parallel to the radius
vector, the energy flux close in is not wholly outward bound but,
to some extent, represents circulation of energy in closed orbits.
Since we are primarily interested in the energy leaving the vicinity
of the radiating dipole, we shall immediately compute the expression

X c X
F,=-+F=_1—-(ExH), (43)

which represents the radial component of the energy flux density.
We find, by substitution, that F, is given by the expression

= o] Ly L(T _ Y]

F = 1, €08 0 [r’f + 5\ S (44)
The radial energy flux is proportional to cos? 8. If the wave profile
has a finite length in time or, at least, dies out quickly enough, we

can compute the energy passing through a unit solid angle in the
course of the entire pulse. This amount of energy is

W = / F.ridt = 212 cos? 0 / 1" dt. (45)
t=—w ™ t=—

If we integrate this expression over the whole solid angle, we obtain
x L4
3 e [ 2

W =2n L Wocos 0d = 5 St ,cos® 8do
0= —~§ 2 tem — 0= _i

“%[" pray we)
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the total energy radiated by our dipole. If the dipole describes a
sustained periodic oscillation, the integral (46), extended over one
period of the oscillation, will give the energy radiated per cycle;
if this amount is multiplied by the frequency of oscillation, the
product will be the radiated power.

So far, we have treated the case of the radiating dipole on the
assumption that the electromagnetic wave travels away from the
center. Mathematically, we can also start with another function
instead of ¥, eq. (33), one in which the spherical wave travels
inward,

v = %f(r + ct). 47

Without much difficulty, the reader will find that this function, too,
is a solution of the wave equation and that a complete electromag-
netic solution can be constructed with its help, a solution which
represents an electric dipole that absorbs rather than radiates
energy. If all the calculations above are repeated, it will be found
that the energy flux has the same magnitude as before but is directed
inward instead of outward. Whereas the first type of solution
worked out above closely corresponds to the employment of retarded
potentials, the solution constructed from the expression (47) cor-
responds to the use of advanced potentials.

Both of the solutions constructed from ¥ and from ¥ possess
infinities at the origin. It is a very curious fact that we can con-
struct, by linear superposition, a solution free of such singularities.
If we start with a solution of the wave equation of the form

20,0 =§[g(t+§) —g(z —Zc')], (48)

and if the function g and its derivatives have no singularities, then
not only the function =(r, t) but likewise all its partial derivatives
will remain finite at the center. This solution corresponds to an
incoming plus an outgoing wave, both of which have the same
shape and which meet each other at the center in such a manner
that the infinite contributions cancel. If the wave is a pulse of
finite length and if we observe the pulse at a point an appreciable
distance from the center, we shall first observe the pulse inward
bound and carrying energy with it, and then we shall see that same
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pulse coming past again, in the opposite direction and carrying
with it the same amount of energy. The net amount of energy
radiated toward or away from the center is, therefore, zero. If
the wave is a sustained periodic oscillation, then at each point of
space the electromagnetic field will be a periodic function of time,
and the integral of the radial energy flux, taken over one full period,
will vanish. In other words, such a wave will permit the field
energy to whip back and forth, but with zero net radiation. Such a
solution of the field equations is often called a stationary or standing
wave pattern. It is not known whether such stationary patterns
have any significance in connection with the emission and absorp-
tion of radiant energy.

A few words are in order concerning other spherical waves. If
we retrace the construction of the dipole field, we can note that we
chose from the derivatives of the ‘‘generating function’ certain
linear combinations which satisfied the gauge condition. Appar-
ently, we can obtain other solutions by either changing to another
type of generating function or by changing the mode of selection
of the derivatives. It is not necessary for the generating function
to be spherically symmetrie, nor have we any reason to believe that
the selection of first derivatives for the potentials is the only one
possible.

As for a different selection of derivatives, it is easy to show that
the only essentially different selection from the one made first is
the following:

A =n X grad ¥, =0 (49)

If in these expressions we introduce either (33) or (47) as the gen-
erating function we find that the resulting electric and magnetic
field strengths form a pattern which is the same as before, except
that the roles of the magnetic and the electric field are interchanged.
In other words, the field is that of an oscillating magnetic dipole.
The magnetic field is now in the meridian plane, and the electric
lines of force form concentric circles about the axis of symmetry.
The expression for the radiated (or absorbed) energy is the same.

What if we go over to another generating function? Any
derivative of the spherically symmetric generating functions (33),
(47), or (48) is again a solution of the wave equation and can,
therefore, be used as a generating function in its own right. The
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higher the derivatives chosen for the generating function (only the
space derivatives matter, since differentiation with respect to time
does not change the angular or radial dependence of the function),
the more complex will be the angular dependence of the resulting
field. Depending on whether the electromagnetic potentials are
formed in accordance with eq. (37) or eq. (49), we obtain the fields
of oscillating electric or magnetic higher poles, quadrupoles, octu-
poles, and so on. It is possible to combine several of these possi-
bilities linearly and to obtain almost any desired pattern for the
angular dependence of the energy flux in the wave zone. The
techniques for achieving desirable patterns form the foundation of
antenna design for directional transmission of electromagnetic
waves.

8.3. Harmonic waves. Fourier theory

Plane and spherical waves in empty space can be treated irre-
spective of the shape of the wave pulse; the pulse profile in the
generating function is arbitrary, and neither the amplitude nor
the speed of the propagated wave depends on that profile. Of
course, both the plane and the spherical wave propagate without
distortion only in empty space. If we consider situations in which
the progress of the electromagnetic disturbance is in any way
affected by matter placed into the vicinity of the disturbance, we
can no longer treat the wave shape so cavalierly. If space is filled
with absorptive and dispersive dielectrics, the transmitting medium
will act like a broadly tuned electric circuit. The attenuation of the
wave in the course of its progress will depend on its frequency,
because the polarization of the dielectric at high frequencies lags
behind the applied field. Likewise, if we force the wave to be
reflected from conducting surfaces, then the resulting transmitted
wave will be the result of the superposition of the original wave
and its own reflections, and the resulting interference will be con-
structive for some frequencies, destructive for others.

Only for one type of wave shape, the sinusoidal or harmonic
waves, are we assured that the shape of the pulse remains undis-
torted, no matter how cluttered up the path of transmission.
These waves remain undistorted because the sinusoidal functions
reproduce themselves (with a phase shift and a constant coefficient)
when they are differentiated. Therefore, whenever we have reason
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to believe that a given transmitting medium or path is dispersive,
we first attempt to find harmonic solutions of the wave equations
before tackling more difficult wave shapes.

Not only are harmonic waves the easiest to deal with, but, by
their linear superposition, almost any wave shape can be obtained.
The mathematical theory concerned with the decomposition of
arbitrary functions into linear combinations of harmonic functions
and, conversely, with the synthesis of harmonic functions into arbi-
trary functions, is known as harmonic analysis or Fourier theory.
There are essentially two types of functions which lend themselves
to Fourier analysis, (1) periodic functions and (2) functions which
have the property that the square of the function, integrated over
the whole domain of the argument(s), remains finite. Fourier
analysis is possible both for functions of a single argument (such
as functions of time) and for functions of several arguments (such
as functions of the three space coordinates), if only one or the other
of the above two conditions is satisfied. In this section, no attempt
will be made to develop Fourier theory completely; that project
would require a book by itself. All that can be done is to sketch
the fundamental ideas of the theory, which is decisive for an under-
standing not only of wave theory but also of quantum mechanics
and modern physics in general. We shall simplify the formulas
and abbreviate all intermediate steps by adopting the complex
notation of trigonometric functions, which is based on the formulas

; .. 1. . .
e = cos ¥ + ¢ sin_xz, cos T =3 (e + e %9),

. . 1, (50)
e = cos *— 1t sin «, sin & = o (e'* — ¢~iz),

Differentiation of these exponentials with imaginary exponent fol-
lows the same rules as differentiation of real exponentials; that is,

d . d . .
i (e®) = te's, P (7)) = —ie=, (51)

It is this simple formula for differentiation that makes the use of
complex notation so attractive.

One-dimensional Fourier series. Suppose we are given a
periodic function of a single argument f(¢), with the period . We
wish to approximate this function as precisely as possible by a sum
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of harmonic functions which possess the same period. Such func-
tions are (in the complex notation) e**i*7, where n can be zero or
any negative or positive integer. Before our problem is properly
defined, we must decide how many of these harmonic functions are
to be used in the approximation, and we must establish a figure of
merit for the goodness of the approximation. As for the first ques-
tion, we shall use all those harmonics in which n lics between —N
and +N. As our figure of merit, we shall use a nonnegative num-
ber which summarizes the closeness of approximation throughout
the interval of one period, one which will approach zero if the
approximation is perfect. Such a figure of merit is the integral
over the absolute squared difference between the function f(¢) and
the approximation, which we might call F(¢t):

’ & 2mind
D= ,[-o |f(t) — Ft)* dt, F(t) = 2 ce . (52)

n=—N

D is our figure of merit, which we wish to make as small as possible.
¢n are the (2n 4 1) coefficients of the harmonic functions that are
to be used in the approximation. Now, obviously, D is a function
of these parameters. If we wish to minimize D, we must adjust the
cn 80 that all the partial derivatives of D with respect to these
parameters vanish. Now, if we wish to represent D as a function
of these parameters, we must work out the various integrals occur-
ring in (52). Most of them turn out to vanish, and we are left with
the expression

. , N, il o
D= /;_o [f@®1rdt — 2 .[-of(t)(c"e " 4 cte ) de

nw= ~N
N

+ cacr¥r. (53)
n-E—N

In this expression for D, asterisks attached to complex quantities
denote the conjugate complex of that quantity (a notation that is
becoming more and more frequent in theoretical physics). The
expression was obtained by setting the absolute square in eq. (52)
equal to the product of (f — F) by its conjugate complex. If now
D is differentiated with respect to any of the parameters ¢,, the
result is



§8.3] WAVES 217

oD . _ /’ Zr‘né
%, Tck t_of(t)e dt,

aD ’ —2mint
a—c-i' = TCp — [_of(t)e T dt.

(64)

All these partial derivatives must be set equal to zero. Strangely
enough, each of them contains only one unknown, and our condition
is obviously satisfied if

1 T —27:’71-‘
Cn = = f(t)e 7 dt. (55)
T/Jt=0

Since D is a nonnegative quantity and, therefore, must possess a
minimum, and since eqs. (55) dctermine exactly one stationary
value of D, we can be sure that this stationary value is exactly
the minimum we are looking for. First, let us note that the best
value for each coefficient c, is independent of the total number of
terms included in the approximation. Then, let us compute the
value of D under the assumption that we have satisfied the condi-
tions (55). By substitution into eq. (563), we find that

N

p= | P T .ot > 0. 5
ﬁ rd = 3 e (56)

This relation gives us Bessel’s inequality,
N

S aas<! [ora (57
TJo

n=—N

Bessel’s inequality shows that even if we permit N to increase with-
out limit, that is, if we use the infinity of all possible harmonic func-
tions of the correct periodicity to make our approximation, the
sum of the absolute squares of the coefficients of the series approxi-
mation remains bounded.

If N is made infinite, the series F({) is called a Fourier series or,
more particularly, the Fourier representation of the function f(t).
The coefficients ¢, are called the Fourier coefficients of the function
f(¢). The question is whether this infinite series converges toward
the function that is to be approximated or whether there remains a
finite difference that cannot be removed. The answer, which we
shall not attempt to prove here, is that the approximation is indeed
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perfect if the function f(¢) is everywhere continuous. If it is not
but instead is merely bounded and piecewise continuous, the Fourier
series converges toward the function everywhere except at the
jumps, where the Fourier series converges toward the mean between
the right and the left value of the function.

If we substitute the values of the Fourier coefficients into the
expression for the series, then, provided that f(¢) is continuous, the
theorem just formulated leads to the equation

1 T > 271'71:-"
= - ‘ Tt 58
7t TL()/(H S, (58)

nem— o

and we conclude that Dirac’s delta function, modified so as to
become a periodic function, can be approximated by the series

(6O omar =1 ) 7

nes — o

St

ne=1

(59)

One-dimensional Fourier integral. The Fourier series repre-
sents a periodic function; the Fourier integral, a pulse. Consider
a function g(¢) which is square integrable, meaning that the integral
of its square, extended over all values of the argument ¢, exists:

[T lord < = (60)

Such a function must drop off rapidly enough for large positive and
negative values of the argument so that the integral, when its
limits are extended to infinity, does not diverge. Now it is pos-
sible to approximate such a square-integrable function again by
means of a linear superposition of harmonic functions, but the
series (the summation) must be replaced by an integral, thus:

G(t) = L L Y@ do. (61)

The function y(w) is a continuously variable amplitude function
which indicates the contribution of the function e®* to the approxi-
mating function G(¢). Our task is again to adjust the amplitude
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function v(w) so that the approximation is as good as possible.
As the figure of merit we choose again the square integral of the
deviation, this time extended over the whole domain of ¢,

D= [ o -Gora
= [ wora
B ﬁ:— .90 /:,: _ . [yt + y*(w)e!] dw dt
). L:- _ V@) r*(@)e et doy dwy dt. (62)

Through a careful consideration of the limits involved, it can be
shown that the last triple integral equals a single integral,

ﬁ:_ i /L:u- . y(w1) v*(w2)ei@—o9t doyy duws di
=2 [7 @) v*@) do. (63)

If we vary the amplitude function, the resulting variation in D will
be

0= [= A[2rv@ = [ o0 edt]oviw)
+[2r v = [ 00 e dt] sv*(@)} do. (64)

If D is to assume the smallest possible value, then the amplitude
function must, for every value of its argument w, satisfy the condition

1@ = o [ e (65)

Again, it can be shown that if this condition is satisfied, then G(t)
is a perfect approximation of the function g(f) (assumed to be piece-
wise continuous) except at points of discontinuity, where G(t) con-
verges toward the mean between the left and right limits of g(¢).
If we substitute the proper value of v(w) into eq. (61) at a point
where @ equals g, we find that

o0 = o / / o) e, (66)
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and this is the Fourier integral formula. g(f) and v(w) are also
called each other’s Fourier transforms.

If we want to translate eq. (66) into a formula containing only
the real trigonometric functions, we can do so very easily by adding
together the contributions from equal positive and negative values
of the argument w. This operation leads to the alternative versions
of the Fourier integral theorem

glt) = = / / g(t") cos w(t — ') dt’ dw

== / {cos wti / g(t") cos wt' dt’ (67)
w=0 —-®

+ sinwt / g@t") sin w t’ dt’ } do.
t'=—

The theorem can also be formulated with the help of Dirac’s delta

function, whereupon it assumes the form

%/:,_ocOSwt-dw=%/;__“e‘°‘-dw=B(t). (68)

Three-dimensional Fourier analysis. The Fourier formulas,
both the series and the integral formulas, can be generalized without
essential changes into domains of any dimension. In applications
to physics, Fourier analysis in three dimensions is of considerable
significance. Three-dimensional Fourier series are used extensively
in the theory of X-ray diffraction by erystals, which form triply
periodic arrangements of X-ray scatterers in space. Three-dimen-
sional Fourier integrals serve, for instance, to examine the spread
of a square integrable wave pulse in space in the course of time.
The three-dimensional Fourier integral formula for a square integ-
rable function g(x) is

g(x) = /// i v(k) ei®® dky dk, dks,
3 w
v(k) = (ﬁl;) / f / B g(x) e—i0eD dxy dxy dzs.

We can say that the Fourier transform of g(x), the amplitude func-
tion y(k), is defined in a symbolical k-space. Each point in k-space

(69)
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corresponds to a sinusoidal “wave” in x-space whose wave length
equals (2r/|k]) and whose wave fronts are perpendicular to the
vector k. But the converse is also true: to each point in x-space
there belongs a sinusoidal wave in k-space, because, except for a
trivial normalizing factor and except for the sign in the exponential,
the equation leading from g(x) to v(k) is the same as the equation
leading from (k) to g(x).

An application of multidimensional Fourier series will be found
in the next section.

8.4. Guided waves

Generally speaking, a guided wave is a wave whose spread is
hemmed in by the presence of reflecting walls, sufficiently so that
over a certain distance the wave pulse transports energy along a
fairly well-defined path. The prime example of a guided wave is
an electromagnetic pulse traveling in the interior of a hollow tube
(the wave guide) the walls of which consist of an excellent conductor.
Since the conductor cannot maintain an electric field in its interior,
because of the immediate shifting of charges sufficient to reduce the
electric field to zero, Poynting’s vector in the walls must vanish,
and all the radiative energy that enters one end of the tube must
emerge at the other end. Ordinarily, the cross section of the wave
guide is the same throughout its length, and the most common
cross sections used in microwave techniques are rectangular, circular,
and concentric annular (coaxial line). In this section, we shall
develop primarily the theory of the rectangular wave guide, also
indicating the results to be expected for more general cross sections.
Before doing so, we shall have to indicate what is meant by the
term ‘‘a perfect conductor.”

The reader will recall that conductors are materials (primarily
metals) which in the face of an applied electric field are capable of
having a sustained electric current pass through them. The
reststivity of a material is defined as the ratio between the magnitude
of the electric field strength and the magnitude of the resulting
current density. If the material is isotropie, these two vectors will
be parallel. A perfect conductor is a conductor with zero resis-
tivity, an idealization not realizable in nature. However, the con-
cept is very useful as an approximation, since many of the heavy
metals, particularly copper, silver, and gold, have such low resis-
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tivities that for many purposes they behave just like a perfeet
conductor. Naturally, like all approximations, this one will break
down if used uncritically. Inside a perfect conductor, the electric
field strength is permanently zero; and since across an interface
the tangential components of the electric field strength are con-
tinuous, the electric field strength on the surface of a perfect conductor
must always be normal to that surface. The result of this law is that
the normal component of the curl of the electric field strength on
the surface vanishes; and since this curl is proportional to the time
rate of change of the magnetic induction B, it follows further that
the normal component of B on the surface of a perfect conductor
vanishes or is constant in time; at any rate it cannot be part of a
wave. Therefore, in a wave guide whose interior is free of matter,
our problem is to find all those solutions of Maxwell’s equations
which satisfy the two conditions that the tangential component of
the electric field and the normal component of the magnetic field
vanish at all times on the interior surfaces of the wall.

To solve the field equations with these boundary conditions is
still a somewhat difficult task, particularly since different compo-
nents of the field are required to satisfy boundary conditions on
different portions of the guide wall. However, it is possible to
reduce the number of variables and, at the same time, to simplify
the boundary conditions by returning to the electromagnetic
potentials and by further strengthening the gauge condition. In
Chapter 7 we proved that any field can be represented in terms of
electromagnetic potentials that satisfy the gauge condition. In
the case of wave fields, that is, nonconstant fields in the absence of
charges and currents, we can go a step further and show that it is
possible to eliminate the electric potential ® without destroying
the gauge condition. Let us assume that we have a wave field
(in empty space) and that we possess a set of clectromagnetic
potentials satisfying the gauge condition and, therefore, individually
the wave equation. Then there will exist a function ¥ which has
the property that

QD

e =0 (70)

Q|

and which, at the same time, satisfies the wave equation. Such a
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function can be obtained, for instance, by choosing a particular
instant fo, setting

6 0 =c [ ax,n)dr, (71)

where the function @ has the property that

a (1 d%G
%% (c_z B VZG) =0, (72)

and then finally adding to G a function f(x) so that the sum satisfies
the wave equation at the time .. Then the wave equation will be
satisfied for all £. Now we can use the function ¥ to carry out a
gauge transformation. According to egs. (7.36) and (7.51) the
result of this gauge transformation will be the new potentials
4>*=<1>—%%‘17'=0, A* = A + grad V. (73)
To see whether the gauge condition remains satisfied if it was sat-

isfied originally, we form the divergence of A*., We find
2
V.A* = V.A+ V20 = v-A+51_2‘;—t‘f

1 9%
V'A+Z—a—t-=0

(74)

I

To sum up the results of this proof: a wave field can be constructed
by finding solutions of the equations

1 3’A
E—,‘;?’Tz"“va=0, V’A=0, (75)
and by setting the field strengths equal to

B = curl A, E=— (76)

| =
¢l

Always discarding constants of integration, which would cor-
respond to constant potentials, we find that both our boundary
conditions on the wall will be satisfied if on the walls the tangential
components of A vanish; not only the tangential components of
E but also the normal component of B will be zero.

So far, we have succeeded in describing the boundary conditions



224 WAVES [§8.4

which must be satisfied on any perfectly conducting wall in terms
of the vector field A, but we have not yet taken into consideration
the special symmetry of a cylindrical wave guide. We shall do so
now. If we place the wave guide so that the zsaxis is the axis of
the wave guide, we find that As vanishes everywhere at the wall.
At the same time, we know that the remainder, the ‘“‘transverse
vector potential,”’ must also be tangential to the wall. The special
symmetry conditions of the case suggest that we consider the
A -component apart from the other two.

One way of solving our problem would be to attempt solutions
in which A4; vanishes everywhere, not only at the walls. Then the
remaining two components must satisfy the divergence condition
by themselves, and they will do so if we set

aP oP
= 5%, Ay = — Fre 77)

A,
In fact, such a ‘“‘superpotential” must then always exist. It fol-
lows immediately that the normal derivative of P at the walls
vanishes. If we can find a function P which satisfies the wave
solution and also the boundary condition that at the walls its normal
derivative vanishes, then such a function will generate, with the
help of eqs. (77) and (76), a solution of the complete problem.
Since this type of solution has no longitudinal component of the
electric field, it is called transverse electric.

The other possibility is that A; does not vanish in the interior
and that the transverse part of A is a pure gradient. (Any non-
gradient contribution can be split off and treated as a transverse
electric case.) It can be shown that there exists a single function
Q so that ’

Al = Q,u,

Ay = Qs
P e 19%Q (78)
Ay = —(Qu + Q2) = Q33 — kA

The boundary conditions will be satisfied in this case if Q vanishes at
the wall. This boundary-value problem is somewhat different
from the first, in which it was not the function itself but its normal
derivatives that had to vanish at the boundary. In the second
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case, the component B; vanishes everywhere; that is why it is
called the transverse magnetic type of wave. It can be shown that
all acceptable solutions are linear combinations of just these two
special types of solution.

The further treatment of each case proceeds as follows. We
consider waves that can be subjected to Fourier analysis with
respect to time and with respect to the axis of the wave guide, in
other words, waves that may be considered as the linear superposi-
tion of sinusoidal wave trains traveling down the xs;axis. For
cach component of this double Fourier analysis, we attempt to
solve the whole problem separately. Depending on whether we
wish to treat the transverse electric or the transverse magnetic
case, we start by considering functions possessing the form

P = cos (wt — ks x3) - u(xy, 22,

Q = cos (wt — k3 x3) - v(x1, Ta). @9

The ratio w/ks equals the velocity of propagation of the guided
wave down the axis ;. The remaining functions u and » satisfy
the equations

w1 + %22+ (‘%2 - k§) u=20 (_8_1_4 = 0 at boundary),’
c on

: (80)

v+ v, + (‘:—2 — kg) v=20 (v = 0 at boundary).

Now here we have straight two-dimensional boundary-value prob-
lems of the kind treated in standard textbooks on partial differential
equations. The general theory tells us that these equations with
boundary conditions possess nonzero solutions only if the coefficient
of the undifferentiated term is positive, and further that, for any
given cross section of the wave guide, solutions will exist only for
certain discrete (positive) values of that coefficient, known as the
eigenvalues or characteristic values of the problem.

If the problem can be solved completely, a condition that
depends primarily on the shape of the cross section, the eigenvalues
can be designated by numbers (or pairs of numbers), arranged, for
instance, in ascending order. For a particular eigenvalue, w is
always a definite function of ks, or vice versa. If we designate
the eigenvalue by «2, then
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w? = c(x? + k). (81)

This expression shows that for each characteristic value of either
problem (80) there will be a lowest possible value of w equal to cx
and known as the cutoff frequency, below which a progressive wave
is no longer possible. It is very easy to show that a solution still
exists for frequencies below the cutoff but that it depends on z;
exponentially rather than trigonometrically. Such a solution does
not represent a wave capable of transporting energy along the
wave-guide axis.

The number of possible solutions of either problem (80) is
infinite, but they are discrete, and the eigenvalues are so distributed
that below any finite number only a finite number of eigenvalues
will be found. These solutions are called normal modes and repre-
sent the infinitcly many, but discrete, ways in which a wave guide
can transmit electromagnetic energy. If the wave guide is excited
at a particular frequency, it can respond only with a finite number
of normal modes, whose cutoff lies below the frequency of excitation.

We shall now illustrate these general laws, by the specific exam-
ple of the rectangular wave guide, which can be done practically
by inspection. Let its width in the z,-direction be a; that in the
zo-direction, b. The solutions of the first problem (80) are, except
for a constant factor,

Umn = €OS M 2 cos n T2 mon=0,1 -, o
e a ) b m+n>1,

(82)
, . [m? | nt\.
K® = T (—(—;2- + -5}-);
those of the second,
v,,.,,=sinmf%sinn1-r§3 (mn=12 -5 o),
) N (83)
c=m\ety)

Below are tables for the field components in the two cases. For
the first case, the transverse electric modes, these expressions are.
except for a common arbitrary factor,
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w . .
E, =k, Z c08 k1 x1 sin ky 22 sin (0t — k3 x3),

E; = —klg sin ky 21 cos kg x2 sin (wt — ks z3),
Es = 0,
By = ki ks sin ky 21 cos ks 22 sin (wf — ks z5), (84)

By = ks k3 cos ky z; sin ks x2 sin (wt — k3 x3),
By = — (k3 4 k%) cos k1 1 cos ke 2 cos (wt — ks z3)

(klaw% kzsw%’, bk — < =0>-

c?
For a transverse magnetic mode, the corresponding expressions are

Ey = ki ks cos k121 sin ky x2 sin (w it — k3 23),
Ez = ]Cz ka sin kl Xy CO8 kz T2 sin (w t — ka :123),
Ey = (k¥ + k%) sin k1 z; sin k2 x5 cos (0 ¢ — k3 z3),

By = —k; %’ sin k; 2, cos ks xs sin (wt — k3 x3), (85)

B, = +k1:—"cos k1 zy sin ks 2 sin (@ ¢ — ks 23),
Bs = 0

For almost all combinations of m and =, there are a transverse
electric and a transverse magnetic mode with the same values for
the cutoff frequency. There are only two exceptions, the combina-
tions (0,1) and (1,0), which exist for the transverse electric but
not for the transverse magnetic case. If the two corresponding
cutoff frequencies can be kept sufficiently different, then there will
exist a whole band of frequencies in which only one transverse elec-
tric mode can carry energy through the wave guide. In practice,
rectangular wave guides are usually built so that one dimension
is exactly half of the other. Thus, of these two lowest cutoff fre-
quencies one is twice the other, and for a whole octave only one
(a transverse electric) mode of the wave guide can be excited.
Since the efficiency of the guide as a power line is greatest near
the cutoff frequency (there k3 becomes very small and with it the
longitudinal field, which from the point of view of power flow is
wasted), wave guides are usually used near that lowest cutoff; the
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greater of the two internal widths of the wave guide is then half
of the wave length.

Problems

8.1. In a spherical wave, for instance the wave of an electric dipole,

(a) Compute the expressions for the energy density and the energy
flow in the field, on the special assumption that the time dependence is
sinusoidal.

(b) Construct a stationary wave by adding an outgoing and an incoming
wave with the same amplitude and frequency together, and again deter-
mine energy density and energy flux. Also consider the total energy
stored up in the field.

8.2. Determine the angular dependence of the energy flux and density
for oscillating quadrupoles and octupoles. Also examine the energy flow
distribution for fields which are the linear superposition of a dipole and a
quadrupole of the same frequency. Finally, add an electric and a magnetic
dipole radiator together, for various angles between the two axes, and see
what happens. The primary interest is in the ““wave zone” (r large com-
pared with the wave length).

8.3. In a wave guide construct a stationary wave by letting two waves
in the same mode and at the same frequency travel in opposite directions.
Examine the existence of nodes and antinodes in the guide. In particular,
force the guide to develop a stationary wave by sealing it at one end with
the help of a single perfectly conducting diaphragm at right angles to the
axis. Discuss both transverse electric and transverse magnetic modes.

8.4. Seal both ends of a rectangular wave guide with a diaphragm of
the same type as in Problem 8.3 and attempt to construct solutions that
satisfy all conditions. It will be found that only certain frequencies in
each mode are possible. Find all possible solutions and systematize them.
The box so constructed is a specially simple example of a ¢ cavity resonator.”

8.5. In a progressive guided wave, examine both the velocity of propa-
gation and the power transmitted for a given normal mode as a function
of frequency.

8.6. Examine the normal modes of a cylindrical wave guide. This
problem can be attacked best in cylinder coordinates, and the solution of
the radial part of the wave equation leads to Bessel functions.

8.7. Determine the radiated wave of an electron on a periodic orbit
(for instance a circular orbit traversed at constant speed) by treating the
actual charge-current distribution as the linear superposition of sinusoidal
charge-current distributions both in space and in time.



Chapter 9
Relativity

9.1. The speed of light

Through the introduction of the field concept, it is possible to
construct a theory which describes the various electromagnetic
phenomena and, at the same time, permits the reestablishment of
the conservation laws of mechanics. It succeeds in doing so by
modifying somewhat the role assigned to ‘‘empty space.” In
classical mechanics, forces between mass points can reach right
across empty space and produce accelerations at points distant
from the source of the force, without being affected by the space or
matter between source and point of application. In a field theory,
action at a distance is feasible only through the intervention of the
field, which pervades all space, which spreads at a definite finite rate
of speed, and which may be affected by matter between the source
and the point of application.

The theories of Maxwell and Hertz were successful in more
than making optics a part of electromagnetic theory. Hertz, using
ordinary electric devices, produced waves whose wave length could
be predicted by theory and confirmed by measurement. So it
appearcd for a while that a mechanical theory of gravitation and a
field theory of electromagnetism would have to exist side by side.
Maxwell, and after him Hertz, attempted to explain the electro-
magnetic field as a state of stress of a mysterious and all-pervading
material medium, the ether, but these attempts were unsuccessful,
since such an ether would have to possess mechanical and other
properties not shown by any other material. It would, for instance,
be necessary to explain why there are transverse waves (as shown
by the possibility of polarization), which could be taken as an indi-
cation of shear rigidity, but no compressional (longitudinal) waves.
Unification along elastomechanical lines is therefore ruled out.

Apart from the aesthetic or philosophical objections against a

229
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mechanics-field dualism in nature, a very serious point was observed
soon after the formulation of the theory. Maxwell’s theory does
not satisfy the (classical) principle of relativity, which was discussed
in Section 6.5. This principle, it will be recalled, states that the
formulation of the laws of nature is the same in all inertial frames
of reference; the principle holds throughout mechanics, no matter
what particular force law is obeyed. It is a simple matter to show
that electrodynamic theory is in contradiction to the principle of
relativity: One of the consequences of the theory is the existence
of waves that travel in empty space with the velocity ¢; it would
appear that the speed, when referred to another inertial frame of
reference, cannot also be ¢ in all directions and that Maxwell’s
equations, if true at all, must hold with respect to a particular
frame, the frame representing “‘absolute rest.”

With this realization came attempts in two directions: to modify
the theory so that the principle of relativity could be saved; or,
if there were a frame of absolute rest, to devise experiments to
discover it. In the theoretical work designed to ‘“save” the prin-
ciple, the ether hypothesis again played a role. If the electro-
magnetic field can be interpreted as a state of stress of a material
medium, then naturally the equations governing the elastic behavior
of this fluid will be simplest in the frame with respect to which this
carrier medium is at rest. If the medium is a fluid or resembles a
fluid, this state may be different in different locations; that is, we
could have a streaming ether, and the ‘‘frame of absolute rest”
would be simply the local state of motion of the ether.

The most famous experiment designed to discover the frame of
absolute rest is the Michelson-Morley experiment, in which phase
differences were observed between light waves traveling along two
paths at right angles to each other. If there were a difference in
the speed of light along the two paths in the instrument, and if
this difference were determined by the orientation of the instru-
ment in space, the phase differences (which were observed as inter-
ference fringes) should change when the interferometer is turned
90°. The first result of the experiment was negative; that is, it was
found that the speed of light was independent of orientation in
space. Because of its crucial importance, the experiment has been
repeated by a number of investigators, with ever greater attention
to hidden sources of error.  Although some workers reported finding
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a positive result, big enough to indicate an ““ether wind” of about
two miles per second on the surface of the earth, the preponderance
of the most recent evidence still confirms the original negative result.

Other experiments and observations prove that the earth itself
does not occupy a special position in this respect, that it does not,
for instance, ‘“‘drag” the ether along on its surface. Probably
most important in this respect is the so-called aberration of fixed
stars; their apparent position in the sky describes a small ellipse
cach year, indicating that the wave fronts of an incident light wave
appear ‘“‘slanted’ to the moving earth observer. Aberration can
be explained quantitatively by the simple assumption that the light
waves arrive on the surface of the earth and are picked up by the
observer’s telescope as if there were no ether drag.

It is not possible, within the frame of a single chapter, to give
an exhaustive or even reasonably adequate account of the argu-
ments that led up to the necessity of modifying the classical con-
cepts of space and time and then to go on and develop the theory of
relativity as such. All we shall do now is to state in outline which
ideas were important in the development of the so-called special
theory of relativity (“restricted’’ would probably be a better name, but
“special” is now used almost exclusively, because of the original
translation from the German ‘“ Speziell”’) and to develop a few of
its major results ag they affect electromagnetic theory itself.

We can summarize the prerelativity situation by stating that
although most of the consequences of the Maxwell-Hertz theory
were proved correct by experiment, its apparent requirement that
there be a frame of absolute rest could not be confirmed at all.
Finally, Einstein showed that Maxwell’s theory was perfectly
consistent with the principle of relativity and that with respect to
any inertial frame of reference the speed of clectromagnetic waves
could be the same in all directions, provided that the basic concepts
of space and time underlying our whole structure of physical theory
were revamped.

9.2. Space and time

Einstein recognized that our usual notions of space and time are
necessary for the development of mechanics but not for that of
electrodynamics. Leaving aside at first the question what to do
ultimately with Newton’s theory of gravitation (a question which
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is dealt with in the general theory of relativity), Einstein concentrated
first on a critical evaluation of what we really know about space-
time measurements and their absolute character.

In Newton’s mechanics, it is of decisive importance that we
know what is meant by the “simultaneity of distant events.”
That is to say, since every force law in mechanics is based on the
distance between the two interacting particles, there is the implicit
but necessary assumption that the statement ‘‘Particle A was here
at the same time at which particle B was there’” has an absolute
meaning. But when we wish to establish the simultaneity of two
distant events by experiment, we encounter difficulties which are not
merely matters of technique.

If we could pass a signal with infinite speed from one point in
space to another one, there would be no particular difficulty.
Actually, there is no physical effect known that would permit us to
send a signal faster than light; ¢ is an upper bound for the speed of
signal transmission. This statement means that observers, wher-
ever they may be stationed, must allow for the speed of signal
transmission when judging the simultaneity of distant events. If
they assume that this speed is the speed of light, no matter what
their own state of motion, then it is easy to see that the findings
of two observers who are in different states of motion will not
agree. One observer will find that two events are taking place at
the same time while to another observer they do not appear simul-
taneous. But if the two observers agree which is to be their refer-
ence state of motion, or rather of rest, then they are creating this
reference state by fiat. Einstein’s historical decision was to accept
the first alternative—to conclude that simultaneity is not an absolute
but a relative physical fact, dependent on the frame of reference
chosen.

If that point of view is adopted, at least provisionally, it can be
shown immediately that the absolute character of length and time
measurements breaks down, too. In other words, a judgment by
one observer that a particular rod has a length of @ cm will not be
confirmed by an observer in a different state of motion.

So far, we have made negative statements. Can the notions
of absolute space and time measurements be replaced by new ones,
equally useful to serve as a matrix of physical events? Einstein
proceeded to answer this question by attempting to find a set of
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transformation laws between inertial systems which would satisfy
the following requirements:

(1) The transformation law was to be linear, that is, space and
time coordinates in one system should be linear combinations of the
coordinates in the other inertial system.

(2) A signal traveling with respect to one observer with the
velocity of light ¢ should possess the same speed with respect to
all other observers.

(3) The transformation law should be reflexive in the sense that
if system B had a velocity v with respect to system A, then system
A should have the velocity —v with respect to B, and the respective
transformation coefficients should depend on these two relative
velocities in the same manner., He showed that these three condi-
tions suffice to determine the transformation law completely.

Let us formulate these conditions mathematically. Suppose
that we consider the inertial system A and the second inertial sys-
tem B, whose origin moves along the zi-axis of the system A at
the constant rate ». Let the axes of the second system be located
so that they are permanently parallel to those of the system A.
For identification, let the coordinates of B be primed, z). This
choice of special coordinates does not restrict the generality of the
physical problem that we are set to solve; it merely makes use of
(trivial) coordinate rotations within each given frame of reference
(A and B) so that a maximum of geometrical symmetry is achieved.

To formulate condition (1), the requirement of linearity, is not
difficult. If it were not for our special choice of coordinates, our
linear relations might contain 16 constant but unknown coefficients.
As it is, we have only the following:

7] = ax, + B, Ty = I, x5 = v, )

t' = b6zy + €.
All those coefficients which we have omitted would, if they did not
vanish, introduce an asymmetry about the joint z;,2}-axis. There-
fore the total number of unknowns at this stage is five. To reduce
the number of unknowns further, we shall set up the conditions
that the system B has the velocity v along the positive z;-axis
whereas the system A has the velocity —v along the z;-axis. Con-
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sequently, z{ vanishes if z; equals v¢, and z; vanishes when z] equals
—ot’,
0 = (av + B)X, B+ ve)t = 0. )

If we solve these two equations for 8 and for ¢, only three unknowns
remain, and eqs. (1) take the form

= alz —vt), xh=vyL, T§=vTs

V' = éx + of.
At this point, we shall apply our most powerful requirement: that
a signal traveling at the speed ¢ with respect to frame A will also
do so with respect to frame B, no matter what the direction of
propagation. In mathematical terms:
2+ a2t —cHrP=0
= (a? — c?%%a} — 2a(c? + av)zat

@

4
—afet - )
if a2+ at— =0
This requirement is satisfied if
5=—c%a, ¥y=v1—-v/cta. (5)

The last remaining unknown, v, can be determined by the applica-
tion of the condition of reflexivity. If we substitute our expressions
for all the other constants into eqs. (1) and then proceed to obtain
the dnverse transformation equations (the equations giving us
unprimed coordinates in terms of primed coordinates), we find that
these inverted equations have the same form as (1), with the differ-
ence that v is replaced by —» and v by y~. But if the principle
of reflexivity is to hold, then v must be the same function of v as
y~lisof —v. Actually, ¥ can depend only on the absolute value of
v, not its sign, since the relationship between z, and zj cannot be
changed if in a simple perversion we invert the direction of the posi-
tive z;- and z{-axes. Thus, we are forced to conclude that y equals
unity. With this final determination, egs. (1) turn into the famous
equations of the Lorentz transformation,
x{ == —-—-xl———i)t—~’ x,' = T2 zy = T3
_\/1—_0—2/72 4 3 y .
t—v/ct x ©)
t' = — ..

V1 —v?/c?
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The corresponding classical transformation equations, the so-called
Galilean transformation equations, are a good approximation to
eqs. (6) if the relative velocity of the two inertial frames, », is small
compared with ¢. The Galilean equations which describe the same
situation are

=z — o, Th = I, 25 = x3, ¢ =t )

According to the Lorentz equations, length measurements at
right angles to the direction of relative motion have identical results,
whether carried out with respect to frame A or with respect to
frame B. This result is not surprising, since two foot rules, each
at rest with respect to one system and both at right angles to the
direction of relative motion, can be made to coincide in their entire
lengths at the same time (independently of which observer deter-
mines the coincidence). Bodies will, however, appear contracted
in the direction of motion to the observer relative to whom they
are moving, and the ratio of this observed contraction will be
(1 — v?¥/c*)%. Likewise, clocks which are moving with respect to
the observer will apparently go slow, and the factor of retardation
is the same square root. These contractions and retardations are
mutual; that is, a body at rest in A will appear shorter in the
zj-direction when viewed by an observer in B, whereas a similar
body in B will appear contracted to the A-observer.

9.3. Lorentz covariance of the field equations

We have succeeded in modifying our space-time concepts in
such a manner that it is possible for a physical process to propagate
with the speed ¢ relative to all inertial frames of reference at once.
It remains to be seen whether the equations of the electromagnetic
field can be modified so that they have the same form with respect
to all inertial frames of reference connected with each other through
Lorentz transformation equations, that is, whether they are Lorentz
covariant. 'This is indeed the case. The proof can be carried out
in either of two ways. The more elegant of these is first to introduce
“tensor calculus in four-dimensional Minkowski space” and then
to show, as a special application of the complete theory of Lorentz
covariants, that the electromagnetic laws are covariant. We shall
follow in this presentation a more pedestrian course, one which
does not require an extensive mathematical preparation. Like
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Einstein in his original paper, we shall express the partial derivatives
with respect to one coordinate system (A) in terms of those with
respect to another coordinate system (B), and then we shall find
linear combinations of the resulting equations which reproduce the
original form of the field equations.
Starting with those four equations which contain E and B only,
we find
aBl v B, i + (_?_B_' -0
V1 - 1'2/c’( ¢ at’) dr;  dry ’
3By _ ok | 1 la_}il_uaB’)_o
ax, dx; V1 —v?/c? (c ' coxf ’

RS

dE,
_55:_0,
—L_[-2Z 2B +12 (5418
V1 —v?/c? 6x, s+ c ol “
+.61»;_0

In each of the original field equations, the partial derivatives with
respect to one of the four arguments z,, ¢ do not occur. The last
two of the four eqs. (8) also possess this property, and of the first
two equations we can form appropriate linear combinations and
achieve the same. As a result, the six quantities appear in certain
combinations, and we are led to the identification

E{ = XEl, B{ = XBl,

o N (g, Vg
E, = =i _:’2/('2(1'42 cBa)
’r __ A v’
B’_ﬁﬁ—;(32+;na)’ 9)
A v
Ey = —————(Es; + - B;)
3 ’_——l—-v’/c’( s+c z)

N (B, -'g)
B = s (B - 1)

in which there appears one undetermined common factor \. By
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requiring again reflexivity in the transformation law, ) isfound to be
1, and the transformation laws for E and B become

E; = E], B{ = B],
E;, - Y B, B; + 2 Es
EBl=—x=°_, B=—1S__
V1 —v?/c? V1 — v?/c? (10)
Ey+°B, By —2E,

Vi—oe DT r—aa

If we apply the same method to the four remaining field equa-
tions, we find that the components of D and H transform with each
other in precisely the same manner as those of E and B. At the
same time, we obtain the transformation law for the charge and
current density. Without going through the details of the calcula-
tions, we shall state the result:

v .
' 7 5_2']1 _ J1— vo
ST Vicee T Viowe 1
.7; =j2; .7; =j3'

9.4. Dynamics

The basic laws of mechanics, which connect the force, the mass,
and the acceleration with each other, are covariant with respect to
Galilean transformations but not with respect to Lorentz trans-
formations. Thus, it would appear that the duality between
mechanics and the electromagnetic field leads to an irreconcilable
conflict concerning which of the two transformation laws is correct.

When we survey the whole field of physics, we find that at
present we know of only three types of interaction between par-
ticles: gravitation, electromagnetism, and nuclear forces. Omitting
the nuclear forces altogether, since we cannot treat them without
a quantum theoretical approach, we find that gravitation, the his-
torical source of the mechanical approach to-physics, has also
remained the single outstanding triumph of the mechanical theory.
On the other hand, motions of astronomical bodies are extremely
slow compared with ¢, the ratio being of the order of 10—%. Tf it
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should turn out that a relativistic theory of gravitation can be
developed, the corrections in terms of observable deviations are
likely to be small. On the other hand, light does travel at the speed
¢, and so does every other kind of electromagnetic wave. It
appeared reasonable to overthrow mechanics altogether in favor of
relativistic electrodynamics and to attempt to develop a relativistic
theory of gravitation. This is, of course, exactly what Einstein
did, and today we possess a relativistic theory of gravitation in the
form of the general theory of relativity, which is even more satis-
factory than Newton’s classical theory of gravitation.

Mechanics is in conflict with the Lorentz equations chiefly
because of the concept of action at a distance. For an invariant
or covariant force law, it is necessary that the instantaneous dis-
tance between two interacting mass points be uniquely defined.
And that condition is, of course, incompatible with the Lorentz
equations. We cannot hope to replace Newton’s framework of
classical mechanics by an equally all-embracing framework of
“relativistic mechanics.” However, there are two situations in
which the development of relativistic mechanical concepts appears
both possible and necessary, namely, in the theory of collisions and
the equations of motion in electrodynamics.

The theory of collisions deals with forces between mass points
which act only at such short ranges that two mass points interact
with each other only while they practically coincide. A collision,
classically speaking, is a special case of a mechanical interaction,
and, therefore, it must obey the general conservation laws: that total
linear momentum, total angular momentum, and total energy of
the system before and after collision remain the same. Collisions
occur in gases between molecules and in the laboratory between
ivory balls. The conservation laws can be tested and are satis-
fied. A consistent theory of relativity must be capable of formu-
lating these conservation laws invariantly.

In electrodynamics, the Lorentz force on a point charge is not
determined by distant mass points but by the local field. The
local field has certain transformation properties, which we have
already indicated. If the force law is to have any meaning, left-
hand and right-hand sides must transform in the same manner.

Either of these two sets of laws may serve as a starting point
for the relativistic revision of the mechanical concepts of mass,
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momentum, and force. The details of either development would
lead far beyond the confines of this chapter, requiring for lucidity
the development of the above-mentioned invariant theory of
Minkowski space. Let it be sufficient to say here that both of
these paths lead to identical results. The results themselves are
the following.

Considering the mass of a particle invariant (the rest mass), we
find that the linear momentum to be assigned to a mass point with
the velocity u is

mu

P= VT —wje

The expression m/(1 — u?/c*)}, the coefficient of the velocity in
this formula, is often called the relativistic mass of the body. The
total linear momentum of a system is the vector sum of the indi-
vidual momenta. The angular momentum of a mass point is
related to the linear momentum in precisely the same manner as
in ordinary mechanics.

The kinetic energy of a mass point is given by the formula

(12)

T = mcz(1 - (13)

1

V1 - uz/cz).
A power-series development of this expression shows that it goes
over into the classical expression, 3m u?, if u is very small compared
to ¢. With these expressions for linear and angular momentum
and for the kinetic energy, the usual conservation laws are Lorentz
covariant.

There remains the expression for the force. If we wish to define
force as the time rate of change of the linear momentum, then the
force expression follows from eq. (12),

=4f_mu |\
fi= dt 1- u'*‘/c’) (14)

It can also be shown that this expression transforms in the same
manner as the right-hand side of the electrodynamic equations of
motion, (6.51).

Both in classical and in relativistic electrodynamies, it is possible
to bring the equations of motion into the form of the Euler-Lagrange
equations of a variational principle. We shall immediately proceed
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to find the appropriate relativistic Lagrangian, since the correspond-
ing nonrelativistic expression can be obtained by going over to the
limit of very slow motion. The equations of motion have the form

d mu u
'Ez(f'_“‘“T_—W;i +e(E+ExB)-0, (15)

and our task is to find a function L of the coordinates as well as the
velocity components so that these equations take the Euler-
Lagrange form. The field components which appear here must be
understood as the values of the “incident” field at the location of
the particle at a particular time ¢, and they are, therefore, functions
of the particle coordinates as well as . Our task is greatly simpli-
fied if we introduce the electromagnetic potentials into eq. (15).
Writing the equations in component notation, we get

194; | u, 4. __(1 m u; _ .
e [ -9, — T + - (Aus Az..)] a4 ——\/1—':172/75) =0. (16)

Two terms contain derivatives with respect to x:, and we may con-
jecture that, among other terms, the Lagrangian contains thesec:

L=e('A—)+~~-. an

c

The last term in eq. (16) further leads us to try whether among
other terms we have also

oL mu,
—— T e— . o . 1
- Vi—wa (18)

which would lead to a term in the Lagrangian of the form

L=meX(l —/T=wjct) + - - - . (19)

Substitution of all these conjectured terms into the form of the
Euler-Lagrange equations,

oL _d fdL
oz ‘37(&7) =0 (20)

shows that we have already obtained the complete expression for
the Lagrangian,
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L =mec(l — VI = uijct) — e(q> —l—‘.A). @1)

It follows that the appropriate expression for the canonically
conjugate momentum in electrodynamics is

P =35, = = t-4, (22)

which leads to the Hamiltonian

2
H(‘l:ly pc) —e¢+mc2['Jl+mzcz(p—%A) _1]. (23)

These expressions look rather formidable. They are, however,
useful in applications, since they permit the computation of particle
orbits in complex applied electromagnetic fields. One interesting
application of our equations can be obtained for the theory of
accelerating devices. The expression (23), like any Hamiltonian,
represents the sum of the kinetic and potential energies of a par-
ticle in the field. Most accelerating devices (with the exception of
electrostatic generators) accelerate the particles not by merely
letting them pass through a stationary potential drop but by letting
the applied field vary with time. In other words, in such devices
the sum of potential and kinetic energy at the end of the particle
orbit is greater than at the beginning. We can find an expression
for the energy gain by means of eq. (2.35). The partial derivative
of H with respect to ¢ is

e (p—24).9A
dH _oH _ 90 _mo\P”c") 5
dt ot ot \/1+ 1 e 2
m2c? ¢
® u 0A
e(at E":,ﬁ'); (24)

and this is the expression for the rate at which the particle gains
energy.

Problems

9.1. For a particle having a velocity along the z,-axis » with respect to
system B, determine the velocity with respect to system A. The resulting
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formula is known as the relativistic law for the addition of velocities. Show
that a body that has a velocity less than ¢ in one system will not have a
velocity in excess of ¢ in another system.

9.2. With the help of the Lorentz transformation equations, derive the
Lorentz contraction of scales and the formula for the rate of clocks in
motion. :

9.3. Show that the relativistic energy of a particle, just like the classical
kinetic energy, increases at a rate that equals the dot product of its velocity
and the rate of change of its linear momentum.

9.4. Carry out in detail the calculations which lead from the Lagrangian
(21) to the Hamiltonian (23).

9.6. Discuss the principle of any of the well-known particle accelerators
in terms of eq. (24).

9.6. Derive the equations of the Lorentz transformation if the velocity
v of the system B relative to A has an arbitrary direction.



Chapter 10
Optics

As long as physics was divided into separate fields in accordance
with the human senses of perception, optics was a well-defined field,,
that of visible light. But when Maxwell and Hertz discovered that
light is no more than electromagnetic radiation in a particular fre-
quency range in which the human eye happens to be sensitive,
the realm of optics was expanded to include all high-frequency elec-
tromagnetic radiation, whether visible or not. At the same time,
optics became a subdivision of elecctrodynamics. Naturally, the
types of interaction of electromagnetic radiation with matter and
the methods of producing and absorbing electromagnetic waves are
very different in different frequency ranges. Nevertheless, the
laws of propagation are broadly the same.

Primarily, optics is concerned with the effect of matter on the
propagation of electromagnetic waves. When plane or spherical
waves are made to pass through regions of space containing con-
ductors or dielectrics, with inhomogeneities and with surfaces, then
the original shape of the wave fronts is changed. Although we can
envisage unlimited variations on the types of inhomogeneities that
may affect the progress of traveling waves, certain types are of
precminent importance, and mathematical methods have been
developed to cope with these situations.

If a dielectric or a conductor fills some well-defined domains of
space and if x and u are constant inside each domain, we must be
concerned primarily with the refraction and reflection by the surfaces
on which the index of refraction changes discontinuously. If the
bounding surfaces possess sharp edges or corners, we have, more-
over, diffraction. On the other hand, x and x may be continuous,
slowly variable functions of the space coordinates. In such a situa-
tion, reflection and diffraction are usually negligible, but refraction
may still be significant. Piecewise-constant optical properties are
realized in optical instruments with lenses and mirrors, and the

243
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atmosphere provides an example of continuously variable optical
parameters, since the dielectric constant of air depends both on its
density and its temperature. If very small inhomogeneities are
dispersed in an otherwise homogeneous medium, each inhomo-
geneity will act as a secondary source of a spherical wave; it will
scatter. If the scatterers possess a regular arrangement, as they
do in diffraction gratings and in crystals, then these many secondary
spherical waves will interfere with each other and lead to sharp dif-
fraction maxima. These maxima are very pronounced when X-rays
are scattered by the lattice points of crystals, and X-ray diffraction
patterns are a powerful tool for the investigation of molecular and
atomic arrangements in the crystal.

In this chapter, we shall treat refraction and reflection in iso-
tropic media in which any nonlinearity of the relationship between
applied field and resulting polarization can be disregarded. Occa-
sionally, we shall also assume that the permeability is 1, usually a
very good approximation. Even with these restrictions, we shall
be able to discuss most of the typically optical phenomena.

10.1. The wave equation

For the discussion of optics, we shall again separate electric
from magnetic quantities by going over to the second-order wave
equations. We repeat here the derivation of the wave equation
from Maxwell’s equations because it is necessary to consider the
variability of x and p, something which we had no occasion to do
before. We shall rewrite Maxwell’s equations in terms of E and
B, assuming that x and u are functions of the x, but not of the time
{. As always in the study of waves, we shall assume the absence of
free charges and currents. The field equations are then

div (kE) =0, divB =0,

curlE+%%—l?=O,

B I'x:)
curl (—‘-‘) - Z‘W = (.

Since we are now interested only in waves, not in static fields, the
first two equations are already contained in the remainder: If we
take the divergence of each of the last two sets of equations, the

1)
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first term in each case vanishes identically, and it follows that the
time rate of change of the divergences of D and of B vanishes.
These equations permit, at most, constant fields that violate the
divergence relations. If we wish to eliminate the magnetic field
from the last two equations, we can do so, but with some effort.
We have to set

3 B x 0E 1 190B
% [curl (;) - 23[] — curl [; (curl E + e ]

2
= — -'-;%—tg — curl G curl E) @

PE 1 . d
= —g—ét—z- +‘—‘(V’E — grad div E) +g—l:22—#x curl E = 0.

After further simplifications, we end up with the three equations

Kk p 02K;
¢ ot
which are not entirely separated, although B does no longer occur
in them.

The equations would, of course, be easier to handle if they could
be entirely separated. However, all the terms which introduce
components of E into the ‘‘wrong’ equations contain either the
gradient of the permeability or that of the dielectric constant. As
long as these quantities change much more slowly than the field
variables (more precisely, as long as the product of the logarithmic
gradient of either of these quantities, multiplied by the wave length,
is small compared with 1), these first- and zero-order terms can be
safely omitted for many purposes. In such cases, we have to deal
just with the ordinary wave equation, but with a slowly varying
index of refraction.

Naturally, the cross terms may not be omitted when the change
in u or in « is abrupt. On the contrary, in that case it is just the
cross terms which produce the standard transition conditions.
These transition conditions can be obtained by considering first a
finite change of x and u over a very short distance and then going
over to the limit of that distance converging toward zero. Let us
carry our calculations through at a point where the.gradient of
these two quantities is in the x;-direction. We start out with the
component equations

V2E.; - + l% (E:.-.‘ - E&,s) + (’K;' Ea).‘ = 0; (3)
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2
Busi+ (Ban + Bra) = 200 4 (1n 4)(Bus — En)

+ [(ln K)_1E1],1 + [(ln K)_zEz + (ln K),aEa],] = 0,

2 4
Ezu + (Ez2z + Esss) — :—g% + (ln #)(Esz — Es,) @)

+ [(nk), E2 =0,
etc.

They contain quantities which are differentiated with respect to z,
twice, once, and not at all. In order to examine conditions for the
limit in which we are interested, we can carry out an integration
across the direction of rapid change and choose our integral so
that none of the terms in the integrand will give an infinite contribu-
tion in the limit. In the choice of such an integral, we shall use
a formula that relates a function to its second derivative,

y(@) — y(w) = @ —2)y'@) + [ (= Dy ® . ()

This equation can be verified easily by continued differentiation
and by careful attention to the constants of integration that are
dropped through differentiation. If we now choose our path of
integration as a short straight line parallel to the z;-axis and so that
the two end points lie on opposite sides of the region of rapid rise,
we can, by first taking the first eq. (4), obtain the relationship

AE; + ]: (z = ®{(n p)2dE: + (In p) s dE;s + d[(In«),.E,]}
- (x — o) E1,1(z0) + /: (x— 8§ [Emz + Ey3s (6)

2E
- %—5271 — (In p),2E12 — (In p).aEl.a] dt = 0.
The first term is the difference in the value of E, at the two end
points of integration. Before we can shrink the region of change,
it is advisable to carry out an integration by parts on the last term
in the first integral. We get

[ @ - 9ditn 0.E) =2 & - H(n0).E.
+ [0, Bdt =[] @~ Hln.E]+ [[n0aE: D)
+ (In «).3 By dt + /: Erd(n «).



§10.1] OPTICS 247

By this series of transformations, we have obtained a number of
integrals and other expressions which will all remain convergent
even if some of the variables change discontinuously. We shall now
shrink the path of integration toward zero, but so that the end
points lie outside the singular region. That is, at the end points
themselves none of the derivatives will become infinite. Let us
look at all the terms.

The first term in eq. (6) will remain just the difference in E,
on the two sides of the interface. In the first integral, only the
last term will make a contribution, which we shall evaluate in a
moment with the help of eq. (7). The remaining terms in eq. (6)
all converge toward zero. Turning back to the term that has been
treated in eq. (7), we find that after the transformation all contribu-
tions will converge toward zero except for the last integral on the
right-hand side. We find, therefore, that our lengthy expressions
reduce to

AE, + / E,d(Ink) = 0. (8)
This expression can also be written in the form

L " 4By + Eyd(in 0] = L Lawmy =0, )

and we come to the conclusion that this condition can be satisfied
only if the differentiated expression does not change a finite amount
along the path of integration,

A Ey) = 0. (10)

An analogous but somewhat simpler evaluation of the remaining
eqgs. (6) leads to the further results

AEz = AE; = 0. (11)

If we had eliminated the electric field in order to get wave equations
for the components of the magnetic field, we should have obtained
quite similar cross terms, leading to the transition conditions

AB; = A -B-*)=A 5-’)=o. 12)
M 1

The transition conditions (10), (11), and (12) are identical with
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those obtained in Problem 5.4, but the present derivation is based
on the wave equations exclusively, without the divergence relations.
The earlier result had been predicated on electrostatic and mag-
netostatic laws.

Instead of dealing with the field strengths directly, we can also
work with the vector potential. First, by means of a gauge trans-
formation, we shall eliminate the scalar potential ®. The quantities
E and B are then given by the expressions

B = curl A, = -2 (13)

and two of the four field equations (1) are satisfied identically.
The remaining equations take the form

. [xdA
div (— W) =0,

A- g";d“ XPA o

1
;curl curl X curl A + polr i

The first of these equations can be integrated once, leading to
div (x A) = «[div A + grad (In«) - A] = 0. (15)

Time-independent components are to be discarded, as usual in
wave-field investigations. The remaining equations can be sepa-
rated with respect to the second-order terms with the help of the
divergence relationship (15). The wave equations for A become

VA — Ku A + grad [grad (In ) - A] + grad (In u) X curl A = 0.

c? ot?
(16)

They have exactly the same form as the wave equations for E.
Given a vector field which satisfies eqs. (16) and (15), E and B
can be found without further integrations, with the help of eqs. (13).

10.2. Interfaces

In this section, we shall examine what happens to a plane wave
that strikes the interface separating two dielectrics. The interface
shall be chosen as simply as possible, an infinitely extended plane.
On each side of this plane, the dielectric constant and the permea-
bility are constant; but they are not the same on both sides. We
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shall identify the two sides of the interface by means of the sub-
scripts @ and b. It is well known that part of the energy passes
the interface and continues into the other medium, while part is
reflected back. Both the refracted and the reflected waves are
plane waves again. Their directions as well as their amplitudes
can be obtained by means of the transition conditions. We shall
begin by recapitulating the pertinent facts about the plane waves
in the interior of the dielectric.
A plane wave can be represented in the form

A=A0f(t—n—‘;;5) (n-Ho=0, co=h). 17)

n is a unit vector that represents the direction of propagation. It
is normal to the wave fronts. A, is a constant vector that repre-
sents both the amplitude and the polarization of the plane wave.
f is an arbitrary function of its argument. If the wave is sinusoidal,
it can be represented in the form

A = A cos [w (t - nc'o‘)]- (18)

The electric and magnetic field strengths are

1, o =1 '
E=-_Af, H= c\/;(non)f, (19)

and the energy flux, which is determined by Poynting’s vector,
turns out to be
21—71-1—6\/%‘43 . (20)
We shall now determine three plane waves—the incident and
the reflected wave in the medium (a) and the transmitted (refracted)
wave in the medium (b)—in such a manner that on the interface
the transition conditions are satisfied; that is, the tangential com-
ponents of A and the normal component of « A are continuous across
the interface.
We shall choose a coordinate system so that the interface passes
through the origin, and we shall call the unit vector normal to this
plane m. The quantities relating to the incident wave shall be
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identified by means of the roman numeral subscript I, those relating
to the reflected wave by the subscript I, and those belonging to the
refracted wave by III. The coordinates of points that lie on the
interface can be written in the form

x=f—mm-{) =(mXx¥ Xm, (21)

where £ is three arbitrary numbers. The vector potential in one
medium will be

A, = A f(t - —‘;—ali?nl'x) + Au f(l - —%"—ﬁ'-'nu-x>; (22)
that in the other medium,

A, = Al f(t - ———f}"—“"nm . X). (23)

The transition conditions can be written in the form

m X (As — Ap) =0,
m - (ko Ag — 5 Ap) = 0,

1 1 [x=f-—m@m-¥] (24)
m X (;— curl A, — ;;curl A,,) =0,

These conditions can be satisfied for all conceivable £ only if the
arguments of the three functions f are all the same. In other
words, we have as the first requirements

(0 —ng) - [E—m(m-§] =0,

or (m - nn) Xm= 0, (25)
for the reflected wave and
(Vka pa iy — Vkp pp M) + [E — m(m - E)] = 0, (26)

or (Vkapa i — Vip pp i) X m = 0,

for the refracted wave. With given ni, each of these two equations
has two solutions, pointing toward opposite sides of the interface.
The nu that points back into medium (a) and the nm that points
forward into the medium (b) are physically significant. These
solutions are
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N = ng — 2(m . n;)m,

= "_‘L’i‘ — | (et .
Ll n [ % o (m-m) @n

- \[1 —fakeny (m-n;)’]] m.

Kb My

They contain the laws of reflection and of refraction. First of all,
both the reflected and the refracted wave normals lie in the plane
of the incident wave normal n; and the interface normal m. The
sine of the angle of incidence is equal in magnitude to the cross
product of n; and m, and similar expressions formed with ny; and
with nmr, respectively, give the sines of the angles of reflection and
refraction. By direct computation, the angle of reflection equals the
angle of incidence; and the ratio of the sines of the angles of refrac-
tion and of incidence equals a constant, the ratio of the refractive
indices

12
y = -8 = . (28)
Vo N Kp b
This last law is Snell’s law.
Once the various normals have been made to satisfy the relations
(28), the transition conditions (24) reduce to relationships between
the amplitude vectors,

m X (A; + Aux — Aur) = 0,
m - [ks(A1 + Au) — Am] = 0,

Ka Kp (29)
m X ;T (n; X Ar + nu X An) — Enm X At | = 0,

N+ Ar=ny-An = nm-Awm = 0.

In order to solve these equations, we shall decompose the incident
plane wave into two plane-polarized components, one parallel to
the interface, the other parallel to the plane of incidence (the plane
defined by n; and m). The transmissivity of the interface to these
two components is not the same, and as a result the reflected and
the transmitted waves in general change their planes of polariza-
tion. The decomposition into the two components deseribed above
is the decomposition into the two “principal” directions, those in
which the relationship of the incident wave to the plane of incidence
remains unchanged.
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Let us first treat the component in which A;, A, and Amr are all
perpendicular to m. In that case, the eqs. (29) reduce to

AI + An - Am = 0,
\/;-_a cos 6r - (A1 — An) — \/% €08 Ot - A = 0, (30)

cos 6 = m-n,, co8 fix = m * nuy,

the other equations being satisfied automatically. The A-quanti-
ties (italics) represent the components under consideration. The
solution of these equations is

Au _ V/ke/ba €08 b — V'ks/bs CO8 b
At /Ke/a €08 01 + \k6/ s €OS Ounx

.AL“. - 2 vV "a/l-‘a cos b .
Ar \/Ke/ba €08 01 + Ko/ s COS Oux

We can give these equations a more convenient form by application
of Snell’s law in the form

\/L‘Z My _ #o SIN O (32)
#a VKo pg 8IN O

After the application of some trigonometric addition formulas, the
expressions (31) take the form

@D

1_4_!1 = (s — 1) sin (61 + 6xr) — (wp + pa) sin (6 — Oin)
Ay (us + po) sin (6 + 6ur) — (up — po) sin (6 — Omr)
Am 2u[sin (6r + 6ix) — sin (6 — 6ur)] @3)

A~ (s + po) sin (61 + 6ur) — (s — Ha) 8iD (6 — Oirr)

which is specially suitable in the important case that the permea-
bilities are both equal to 1. The division of energy into the reflected
and into the refracted wave can be computed by the application of
eq. (20).

We shall now turn to the treatment of the other case, in which
the vector potentials all lie in the plane of incidence. Here it is
best to introduce the components of the magnetic field strength
H, since
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(34)
A, = c\/é};(n x H).

These equations show that if the vector potential lies in the plane
of incidence, then the magnetic field strength is parallel to the
interface or, in other words, perpendicular to bothmandn. Further-
more, the amplitude of the magnetic field strength can be related
algebraically to the amplitude vector of the vector potential. It
follows that we can express the transition conditions (29) conven-
iently in terms of the three amplitude quantities Hy, Hy, and Hum,
which represent the mutually parallel magnetic field strength
amplitudes of the incident, the reflected, and the transmitted wave,
respectively. Substitution of the expression (34) into the transition
equations (29) yields only two equations which are independent
of each other,
Hi+ Hy — Hm =0,

J&—: cos 0 (Hy — Hu) — \/—— c08 O Hur = 0. (35)

These equations are very similar to eqs. (30). The roles of x and
p have been exchanged, a natural consequence, since now the
magnetic field strengths occupy the position held previously by the
electric field strengths. The solution of this system of equations

is
Hy \/‘ cos 6 — \/— co8 O
H
\/—- cos 6; + \/— cos bin

Huu _ 2 cos O

H: ™
— cos o + cos O

If we now eliminate again the dxelectnc constants, as we did
previously with the help of Snell’s law, eq. (32), it turns out that
we can transform the solution with the help of trigonometric trans-
formations into either of two forms:

(36)
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g_;_; - Uq 8iN 2 61 — py 8IN 20m
H, Ka SIN 2 6 + pp 8in 260
_ (#a — m) tan (b + Our) + (wa + w) tan (61 — 6m)
(#a + m) tan (61 + Our) + (ua — ) tan (6; — Our)

Hum _ 21, sin 26
H He SIn 201 + up SIn 260
- 2u, [tan (6 4+ O0m) + tan (6 — Oun)] .
(da + ms) tan (6 + Orr) + (4o — ws) tan (6r — 6ur)

If the permeabilities are very close to 1, as they almost always
are, the differences between the results (33) and (37). which apply
to different states of polarization for the incident waves, can be
given a striking interpretation. If the electric vector is in the
plane of the interface, there will always be a reflected wave, no
matter what the angle of incidence. But if the magnetic vector
is parallel to the plane of the interface, then there is one angle of
incidence for which the reflected wave has zero amplitude. There
will be no reflection when the sum of the angle of incidence and the
angle of refraction, (61 + 6ur), equals /2. In that case, a reflecting
dielectric surface will act as a perfect polarizer. If the states of
polarization of the incident wave are mixed, then the reflected wave
will contain only waves whose magnetic vector is parallel to the
reflecting surface. This particular angle of incidence is, therefore,
called the polarizing angle of the interface. If the permeabilities
are not precisely 1, the polarizing angle still exists, but it is not the
angle at which the incident and the refracted angle are exactly
complementary. The general formula for the polarizing angle is

ta,n01= Kb__.___“b
Jxal‘u

10.3. Waves and rays

In this section, we shall deal primarily with an electromagnetic
wave that is spreading in a medium in which the dielectric constant
and the magnetic permeability are continuous and slowly varying
functions of the space coordinates only. By ‘“slowly varying” we
mean that «k and p change their values only slightly over a distance
of the order of the pulse length or wave length of the traveling wave.

@7

(38)
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Later we shall formulate this condition mathematically. For the
time being, we shall merely attempt to describe the wave pattern
at each location as if it could be approximated by a plane wave.

For such an approximation to make sense, two conditions must
be satisfied. Not only must the optical properties of the transmit-
ting medium be fairly constant over the period of one wave length,
as indicated above, but the wave fronts must be fairly straight.
Our experience with the Hertz oscillator in Chapter 8 has shown that
close to a center of excitation the electromagnetic wave is far differ-
ent from a plane wave traveling in the same medium. At great
distances, in the wave zone, the local wave has in good approxima-
tion all the properties of a plane electromagnetic wave: its electric
and magnetic field strengths are mutually perpendicular to each
other and to the direction of (radial) propagation, and they are
equal in magnitude. “At great distances’ is again defined in
terms of the wave length or, in the case of a nonsinusoidal pulse
shape, in terms of some similar characteristic length.

If we wish to approximate an unknown wave in terms of a plane
wave, we might try to separate local amplitude from local phase.
If the pulse is traveling through space without distortion, we could
attempt to represent the magnetic potential in the form

A(x, £) = Ao(x) - f [t - %S(x)]‘ (39)

A, would be the local amplitude and time-independent. f(¢) would
be the pulse profile at the origin of the wave, and S would again be a
time-independent function of the location, possessing the dimension
of a length (sometimes called the optical path length) and, when
divided by c, indicating the time the wave takes to travel to the point
x from the center of excitation.

Again, the experience gained in Chapter 8 shows that this
approach is not feasible. Even in the absence of dielectric media,
the very curvature of the wave fronts makes for dispersion and for
the attendant distortion of the original pulse shape. If we were
to carry out a Fourier analysis of this original pulse shape f(t) and
follow each Fourier component on its travel throughout space, we
should find that the attenuation, the ratio between the local ampli-
tude and the amplitude at or near the center, is a function of fre-
quency. Since the process of wave propagation is dispersive,
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with the single exception of a truly plane wave traveling through
empty space, we can attempt our ‘“‘quasi plane-wave representa-
tion”’ (39) only for trigonometric waves; we shall start with the
trial solution

A(x, &) = Ag(x) - cos [w (t - %S(x))] (40)

and substitute it into eqs. (15) and (16).

The result of these substitutions is a set of equations that con-
tain terms multiplied either by the sine or by the cosine of the
argument [w(t — S/c)]. If the equations are to hold for all values
of ¢, then the sine terms and the cosine terms must vanish separately.
By carrying out the necessary steps himself, the reader can verify
easily that the resulting time-free equations are

9w — 8. 84 + A +(&A)
pe) Kp NN 05 ot.n P s P

0

+ "%" (1(;10,6 - 134'.:) = 0,

92400 80 + A S + ("— n “—) Scd, —Heg, 4,=0, @D
0 0 K I 0 K 0
(K A').l = Or
(1]
A, S, =0.
0

This set of equations has one extremely conspicuous property: it is
much more involved than the original set (15), (16). Its complexity
need not deter us, though, if we can obtain simpler equations by
means of an approximation method. Equations (41) possess
another, and more desirable, property: the angular frequency o
occurs in only one spot, in the first set of equations. That is, most
of the laws contained in this set of equations will be independent of
the frequency.

A further interpretation of the equations is greatly facilitated
if we consider that the surfaces S = constant are the wave
fronts of the pattern; that is, the electric field strength as afunction
of time goes through its zeros simultaneously all along these sur-
faces. The gradient of § is, therefore, parallel to the wave normal.
It differs from our usual unit vector n only in that its magnitude is
not normalized. However, the meaning of the last equation (41)
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is quite clear: the vector potential amplitude is perpendicular to
the wave normal everywhere in space. We can, thus, again speak
of a local plane of polarization, the one defined by the directions of
the vectors Ay and grad S.

We shall now turn to the interpretation of the second set of
eqs. (41). We shall find that they contain three separate physical
laws governing the propagation of the waves. The first law is
obtained by multiplying these equations by {)1;. We find, as a

result of this operation,

A; [2A.~,. 8.+ AiSu+ (2 +22) 8,4, - 25, A.-]
0 (1] 0 K [ 0 ] 0

—_— 1 2 —
=p (;‘;1 S) =0, (42

div (;‘ln‘g’ grad S) = 0.

The underscored term vanishes identically, because of the last eq.
(41). The remaining terms can be put together easily to yield a
divergence relationship. This divergence relationship is closely
linked to the conservation law of energy. It states, as we shall
see shortly, that the divergence of the average value of Poynting’s
vector, eq. (20), vanishes in this stationary wave field.

Before we can prove that the parenthesis in the last eq. (42) is
proportional to Poynting’s vector, we shall have first to evaluate
the first eq. (41). We have previously stated that our approxima-
tion can be meaningful only if both the radii of curvature of the
wave fronts and the distance over which « and x change appreciably
are large compared to the wave length. Given the distribution of
matter and the rough shape of the wave fronts, we can turn our
conditions around and declare that our approximation is realistic
only if we choose the angular frequency w sufficiently large. Since
the wave length is inversely proportional to the frequency, choice
of a high frequency implies a small wave length. Now we can
choose w 8o large that the first term of the first eq. (41) is very large
compared with the remainder and vanishes by itself. To put it
differently, we could consider all quantities expanded into power
series in descending powers of (w/c); the equation satisfied by the
lowest approximation would then be
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(grad 8)? = « . (43)

This equation is sometimes called the eiconal equation of ray optics
(because the function S is also called the eiconal). We shall return
to it later, but now we shall use it only to remark that the mag-
nitude of grad 8 is, in this approximation, given by

lgrad S| = Vi« . (44)
Substitution in eq. (42) leads to

div (\/E /é’ n) =0. (45)

The proportionality of the expression in the parenthesis to Poyn-
ting’s vector, eq. (20), is now obvious.

The second relationship contained in the second eq. (41) is
obtained by multiplication by S;. We find

S [2A.-.. 8.+ AiSu + ("— + "—) 84, -8, 4 ]
0 0 K 1.4 0 1.

o

—24; 8, 8 + (grad S)? ("— ﬁ—) A, (46)
0 K ®/ o

—xuA- M]=
xu% grad[ Py 0

This equation is a rigorous relationship, valid even if the approxi-
mation leading to the eiconal equation (43) is not. It states that
the squared magnitude of grad 8, divided through by the square of
the refractive index, is constant along these curves to which the
vector potential is everywhere tangential and which, because of
the last eq. (41), lie wholly in their respective wave-front surfaces.
If the eiconal equation is assumed to hold, then eq. (46) is, of course,
satisfied identically. '

If we multiply the second eq. (41) by a vector perpendicular both
tograd Sand to Ay, we must obtain the third and final law contained in
it. Accordingly, we shall multiply by the cross product grad S X A,.
We have

dua Sk Au [2A6,. S.+ A; 8, + (5-’ + Iil) S:A, — L8, A;] =0
o Lo 0 K B 0 kT
(47)




§10.3] OPTICS 259

Each of the underscored terms gives a zero contribution because
of the complete antisymmetry of the Levi-Civita pseudotensor.
The lone remaining term can be rewritten in the form

dir ‘;1.-_, Sk a(‘)lz S.: = (bt Ao‘i\' S).s 8. .;11
= Ao [grad 8- V(A, X grad 8)] = 0. (48)

The cross product of A, and grad S is perpendicular to the plane of
polarization and, therefore, is in first approximation parallel to the
magnetic field strength. It may certainly be used as an “indicator’’
of the plane of polarization. Equation (48) now states that the dot
product of Ay and the change in the “indicator’ in the direction of
the wave normal vanishes. Now the changes in the “indicator’’
can be in three directions: parallel to itself (this would involve a
change in magnitude only), parallel to grad S (involving a rotation
of the plane of polarization about A, as the axis), and parallel to
A, (involving a rotation about grad S or n as the axis). Equation
(48) then states that a rotation about n cannot take place as we
follow the progress of the wave along n. The plane of polarization
cannot ‘“‘twist” like a screw.

As for the third eq. (41), it merely states that « A, is a divergence-
free field. The remarkable fact is that once S has been determined
in accordance with the eiconal equation (43), the third and fourth
egs. (41) and eqs. (42), (46), and (48) can be satisfied merely by
appropriate choice of A,. In other words, the conditions imposed
on A, by all the other relationships in no way restrict the freedom
of choice among the solutions of the eiconal equation. In discussing
the possible types of wave front patterns, we may restrict ourselves
to an examination of eq. (43) alone.

Equation (43) is the mathematical expression for Huygens's
principle; as such it provides the mathematical key to geometrical
optics. Huygens’s principle is a method for constructing wave
fronts. Starting with one given wave front, we construct about
each point on the wave front a small hemisphere whose radius is
inversely proportional to the local index of refraction. The next
wave front is then the envelope of all the hemispherical surfaces.
Geometrically, Huygens’s principle amounts to the requirement that
the distances between two neighboring wave fronts at two different
locations should be inversely proportional to the indices of refrac-
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tion there. Now if the wave fronts are the equipotential surfaces
of some function S, then the gradient of S represents the slope of S
at right anges to the equipotential surfaces and is inversely propor-
tional to the distance between two wave fronts representing two
fixed values S; and S.. [grad S|, according to Huygens’s principle,
must therefore be proportional to the index of refraction, and that
is the requirement of eq. (43).

From Huygens’s principle, we should be able to go over to the
ordinary laws of ray optics, which refer to the trajectories of indi-
vidual light rays. In fact, we shall show that eq. (43) leads to o
set of ordinary differential equations for the orthogonal trajectories of
the wave fronts. For this proof, we shall introduce the unit normal
n into the eiconal equation. About n the eiconal equation (43)
gives us just one piece of information: multiplied by the index of
refraction, », it is the gradient of a function S. In Chapter 7,
we found that a vector field will be a gradient if and only if its curl
vanishes. The import of the eiconal equation for n is, therefore,
that

curl (vn) =grad » X n + v curl n = 0, (49)
curln =n X gradlogy (v = Vkp).

This equation can be decomposed into two separate equations, one
expressing the change of n in the direction n, the other its change at
right angles to itsclf. By forming both the dot product and the
cross product of the second equation (49) by n, we get, after a few
changes, and observing that the magnitude of n as a unit vector
remains constant, the equations

MXV)en=0 (50)
and (n.V)n = grad log v — n(n - grad log »). (51)

Both equations are concerned with changes in the values of the
components of n observed on moving from one point to a neighbor-
ing point. But whereas the first equation deals with displacements
at right angles to n itself, the second equation is concerned with
displacements parallel to n. We shall now proceed to show that if
merely the second equation is satisfied, then the first equation
assumes the character of an initial condition; that is, if it is satisfied
on a single surface, then it will be satisfied everywhere.

We shall start with a surface which completely cuts space in two
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and which is otherwise arbitrary. At each point, there exists a
normal to the surface, m. We shall now choose throughout the
surface a field of normals n, which shall satisfy merely one condition:
nowhere is n to be tangential to S (that is, perpendicular to m).
In extending the field n beyond the surface S, we shall satisfyeq.
(51), without as yet paying any attention to eq. (50).

Now let us consider a closed curve lying wholly in S and let us
form the closed-path integral

I=9Svn-d1=95un.‘2"'dx (52)

where \ is some parameter along the curve introduced for the pur-
pose of carrying out the integration. Next, we shall consider a
family of closed curves (including the original one) which are gen-
erated by moving each point of the original curve in a direction
parallel to n. In order to identify these generated curves, we shall
introduce a second parameter, 8, which is constant along each one
of the closed curves and varies continuously as we pass on to
neighboring closed curves. We shall now examine the change in /
as we pass from curve to curve.

The principle by which we generate our family of closed curves
is described by the requirement that

oz, (, )
a8

where a is an arbitrary function of its two arguments. With this
condition in mind, we find, for dI/dg:

dI _
a3

= ¢ La)\ (vn.),,an;,+ VN, X(an')]

= a(), B) n, (53)

[ 9z, 8%z,
ﬁ (V n,),kan;, + vn, '8—6—6‘)—\] d\

=95 (rn)amadz, + v 5 dh] 6
= ¢ a[(v ns) x T — v,) dz,

= ¢va[n,,knk— (Zf—n.ﬂm)]dx.= 0.
14 1 4
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The last expression vanishes because of eq. (51). It turns out that
the value of I is the same for the whole family of generated closed
curves. If now, on the surface 8, eq. (49) is satisfied [and, therefore,
hoth (50) and (51)], I vanishes for the original closed curve because
of Stokes’s theorem. It follows, then, that if we satisfy both (50)
and (51) on S and (51) throughout space, all closed-path integrals
(52) will vanish everywhere, and therefore the eiconal equation has
been satisfied throughout space.

Except for the initial conditions on S, we may merely satisfy
eq. (51) throughout space. But eq. (51) is a differential equation
for individual curves of which n is the unit tangent vector. As a
matter of fact, the left-hand side of eq. (51), representing the change
in n per unit length along the curve, is what in differential geometry
is called the curvature vector. It has the direction of the radius
of curvature, and its magnitude is the reciprocal of the radius of
curvature. It is always at right angles to the tangent vector n.
In other words, once we start out at a particular point on S with
a chosen direction for n, then eq. (51) will generate an n-curve that
is independent of the choice of n-directions elsewhere on S. This
n-curve can be embedded in any solution of the eiconal equation
which has the right n-direction in the one chosen point on S and
elsewhere on S satisfies the initial conditions (50). We have found
in eq. (51) the differential equation for ray trajectories. The whole
concept of the light ray is based on the fact that in the short-wave
limit we can separate the problem of finding a solution of the wave
equation throughout space into the infinitely many partial problems
of finding individual ray trajectories. Equation (51) embodies
Snell’s law for continuously variable index of refraction.

Equation (51) is capable of still another interpretation. It is
the set of Euler-Lagrange equations of a variational problem. If
we introduce an arbitrary parameter 8 along a particular ray tra-
jectory, so that the curve may be described in terms of three
parametric equations

T = x‘(ﬂ): (55)
then the unit vector n has the significance
- dz/dB (56)

"
dg dp



§10.3] OPTICS 263

and eq. (51) can be given the form
0=vi—=NNave— VN Ny = ¥ — N(v )4

_ dx;, dx,, '”dx; a9
-”“(d—azﬁ @ 5z ™)

depdz\ % d
=i (B L o, (57)
[d_x_‘!ﬂ?_”_i _____dx'/dﬁ =0
dg dp dx; dp (dxk dxk>
dg dp

This equation has the form of a set of Euler-Lagrange equations.
The corresponding Lagrangian is

_ d:ck dxk
A= v(x) —dﬁ —‘E‘) (58)
and the line integral that is to be stationary will be
_ 1 b dxk dxk / x _
T = F /ﬂl ¥(x) BB ——dg = . v(x) dl (8T = 0). (59)

T is nothing but the travel time of a wave following the ray tra-
jectory and having at each point the speed corresponding to the
local value of the refractive index. The principle that the actual
ray trajectory is the one over which an electromagnetic disturbance
will travel between two fixed end points in the shortest possible
time is called Fermat's principle. The eiconal equation (43) is
nothing but the Hamilton-Jacobi equation associated with the
variational problem (59).

Ray optics can, thus, be developed in close analogy with classical
mechanics. There exists a variational principle, Fermat’s principle,
which corresponds to Hamilton’s principle of least action of mechan-
ics. Huygens’s principle is the analogue of the Hamilton-Jacobi
partial differential equation. Every general theorem in mechanics
possesses an analogous theorem in ray optics. This parallelism,
discovered by Hamilton, is known as Hamilton’s optical-mechanical
analogy. It has been of great historical importance in the develop-
ment of quantum mechanics; quantum mechanics is the ‘“wave
mechanics’’ which bears the same mathematical relationship to
classical mechanics that wave optics has to ray optics.
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Problems

10.1. Derive the equations of sound waves in a fluid in which both the
density and the bulk modulus are functions of location. Discuss these
equations, deriving both Snell’s law and the transition conditions where
two fluids are separated by an interface.

10.2. The permeability of glass is very nearly 1, and the optical proper-
ties are due to the dielectric constant. To what extent is the polarizing
action of a reflecting glass surface impaired per unit angle of deviation
from the correct value of the polarizing angle?

10.3. White light is incident at right angles on a thin plate having the .
permeability 1 and the dielectric constant , which shall be assumed to be
independent of the frequency. If the thickness of the plate is s and if the
plate surfaces are plane and parallel to a very high degree of accuracy,
deterlxlnine the effective transmissivity of the plate as a function of wave
length.

10.4. Modify the situation of the preceding problem by assuming that
N identical plates are stacked with a repeating distance (center to center)
a>s.

10.6. To what extent are lens coatings incapable of doing all that might
be hoped for, namely, to make an air-glass interface 100 per cent trans-
missive under all conditions? Supplement your qualitative analysis by
appropriate sample computations.

10.6. Derive the equations of ray acoustics from the wave equation
obtained in Problem 10.1. Attempt to set up a systematic approximation
method for solving the wave equation for high but finite frequencies, so
that the equations of ray acoustics and their solutions form a first approxi-
mation stage.

10.7. In an otherwise homogeneous fluid (say water), there is embedded
a small sphere of another fluid (an air bubble) possessing much smaller
density and bulk modulus. If a plane wave passes across the location
of the bubble, it is possible to satisfy the transition conditions by setting
up inside the bubble, as well as outside, additional solutions of the respec-
tive wave equations having (a) spherical symmetry, (b) the symmetry of
a radiating dipole, (¢) the symmetry of a radiating quadrupole, and so on.
Inside the bubble, one has to use the solutions which are combinations
of advanced and retarded potentials, so that there will be no singularity
at the center. Outside, the wave must propagate outward. Find an
approximate solution for the important case that the bubble diameter is
much smaller than the wave length of the sound wave in water. The
outgoing wave in the surrounding fluid is called the scatfered wave. 1t has
a maximum amplitude (in terms of the amplitude of the incident plane
wave) for a particular wave length, which is called the resonant wave length.



Chapter 11

Conclusion

In this book, we have covered the theories known as the classical
theories of physics, with the possible exception of the special theory
of relativity. Classical mechanics is probably the first systematic
attempt in the history of mankind to describe the motions of mate-
rial bodies quantitatively and to explain their behavior in terms of
a theory based on a very small number of basic assumptions. We
owe to Newton and his predecessors the clear formulation of the
force concept. He discovered that interaction in the physical
universe results in changes in the state of motion of bodies, not in
changes of location, as had been believed previously in the Scholastic
period. Since force results in acceleration of material bodies, he
attempted to place the source of the force also in a material body,
and to the extent that he was able to obtain quantitative experi-
mental evidence, this attempt appeared to be fully successful.

Even Newton was troubled by the need for explaining the nature
of light. But since at his time a measurement of the speed of light
was completely out of the question, and since almost nothing was
known concerning light diffraction and interference, a mechanical
(ray-optical) theory of light appeared feasible and was, in fact,
adopted as the correct approach to optics.

Fresnel’s mirror experiments first established the essential wave
nature of light, and Oersted’s and Faraday’s work showed that elec-
tromagnetic forces did not fit into the Newtonian scheme of things.
Maxwell and Hertz were able to give Faraday’s qualitative field
concepts the form of a quantitative theory, which was brought to
its completion by the work of Lorentz and Einstein.

In the field theory of electrodynamics, the nature of the particle
is the same as in mechanics, to the extent that it is pointlike and
that it possesses certain inherent properties which determine (a)
the acceleration it will suffer when subject to external influences,
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and (b) the nature and magnitude of its effect on its surroundings.
These inherent properties are its mass and its electric charge, both
quantities that have the same significance as in mechanics and,
more particularly, in electrostatics. However, the point charge,
as this particle is usually called, does not directly affect another
point charge at a distance; it acts by means of an intermediary,
the electromagnetic field. The electromagnetic field is determined
only incompletely by the distribution of charges and their motions,
since there are fields that obey the field laws (Maxwell’s equations)
without being associated with charge distributions. Thus, in con-
trast to a mechanical system, an electrodynamic system is not
completely determined if the initial locations and velocities of the
particles are known; the initial field distribution must also be given.
Then the future behavior of the system is completely determined by
the laws of electrodynamics. These laws fall into three groups:
the field equations, linear partial differential equations for the elec-
tric and magnetic field strengths, determine the development of a
field in the course of time if the initial field as well as the distribution
of charges at all times are known; the force law determines the
acceleration of a particle in the presence of a given “incident field,”
[the (finite) difference between the total field and the ‘‘self-field’];
and a third law must define the *‘self-field”’ of a particle.

Classical field physics possesses laws of the same degree of
determinacy as classical mechanics. Once a situation is sufficiently
well defined at a chosen ‘‘starting time”’ ¢o, the future of the system
is completely predictable. In a field theory, such as electrody-
namics, the number of facts of which initial knowledge is required
is, however, considerably larger than in a mechanical theory,
involving not only the initial locations and velocities of the particles,
but also the initial values of the field variables at every space point.

Electromagnetic disturbances propagate in empty space at a
certain uniform rate of speed, ¢, which equals approximately 3.0 X
10'° cm-sec~!. It appeared, therefore, at first that Maxwell’s
laws could not possibly hold with respect to every inertial frame of
reference, that is, every frame with respect to which Newton’s
laws of mechanics are valid, but that their validity was restricted
either to a universal frame of reference representing ‘‘absolute rest”
or else to a local frame representing the local state of motion of a
material medium capable of propagating electromagnetic waves,
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the ‘“‘ether.” Experimental evidence, however, showed both of
these alternatives to be untenable, and further theoretical examina-
tion of this question led to a fundamental revision of the then cur-
rent space-time concepts; this revision is known as the (special)
theory of relativity. With the help of this theory, it was possible
to establish a logically consistent transformation theory of the equa-
tions of electrodynamics which was compatible with all known
experimental facts. Unfortunately, the new space-time concepts
are irreconcilable with Newtonian mechanics and, in particular,
with Newton’s theory of the gravitational field. Einstein succeeded,
however, in expanding the original theory of relativity so that
gravitation became an integral part of the new space-time concepts,
thus leading to the culmination of classical field physics in the
general theory of relativity. (The general theory is not covered in
this book, because it requires too many special mathematical tools.)
This book contains all but one of the fundamental physical
theories which had been developed by the turn of the century, and
it goes beyond this date in the presentation of the theory of rela-
tivity. No attention has been given at all to the theory of heat,
which properly forms part of classical theoretical physics and which
is closely associated with the gradual recognition of the micro-
scopic structure of matter. We have treated ‘‘mass points’’ or
“particles’’ by acknowledging their existence and by showing that
in certain respects systems of particles can be treated without a
knowledge of the properties of the constituent particles. Such
treatment, as the reader may well suspect, has its limitations.
When matter in bulk is being described in terms of the average
local density and the average local velocity, we can assign to each
point in space an average local linear momentum density and an
average local angular momentum density; and the integral of these
quantities, extended over space, will equal the sum of the cor-
responding particle quantities, carried out over all the constituent
particles. But the total kinetic energy of all the constituent par-
ticles is always greater than the integral of the expression 4p v?
taken over space. The difference between the sum and the integral
represents the kinetic energy contained in the random motion of
the individual particles. This extra energy is known as heat energy.
The treatment of random motion can take place on two different
levels. We may actually descend to molecular dimensions and
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develop a statistical theory of those effects which, because of incom-
plete knowledge of the situation in detail, are not accessible to
rigorous, deterministic prediction. This theory is known as sta-
tistical mechanics. We may also restrict our attention to those
macroscopic effects which are subject to direct experimental deter-
mination, that is, primarily to temperature, pressure, density, and
heat exchange. There are laws relating just to these macroscopic
quantities, and their systematization is known as thermodynamics.
It is clear that the thermodynamic laws must be contained in the
laws of statistical mechanics, but the reverse is not true.

The statistical treatment of molecular processes extends the
power of theoretical examination to a very large body of physical
phenomena that otherwise would fall outside the frame of classical
mechanics. It is possible to treat satisfactorily the bulk laws of
heat transfer (the first and second laws of thermodynamics) and
to connect by a single theoretical scheme such apparently widely
separated effects as heat conduction and viscosity of fluids. It turns
out that the “perfect gas’” not only has a mathematically simple
equation of state but also corresponds to the simplest possible
assumption concerning the forces of interaction between individual
molecules. It is further possible to predict the distribution of
velocities among the molecules contained in a gas and to relate the
parameters of the velocity distribution to the macroscopically
determined temperature.

In view of the power of the statistical approach to molecular
phenomena, two separate deficiencies of the classical theory became
very conspicuous. One was the inability of the classical theory to
account qualitatively or quantitatively for the fact that radiation
emanating from hot gases occurs primarily at certain, well-defined
frequencies (atomic line spectra). The other deficiency has to do
with the equilibrium frequency distribution of heat radiation (black-
body radiation). The continued discussion of these phenomena
brought about a revolution in our basic concepts of the physical
universe which in its depth is at least comparable to the develop-
ment of field physics and the theory of relativity. The new struc-
ture is known as quantum mechanics.

Quantum mechanics started out as a recipe how to select, among
all the possible situations permitted by the rules of mechanics and
electrodynamics, discrete sets of *‘permitted’’ solutions of the equa-
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tions. This approach was not only unsatisfactory from a logical
point of view but also was found to cover only some of the atomic
phenomena for which a general theoretical explanation was sought.
Schrodinger succeeded in developing an idea of de Broglie to the
point where it became clear that atomic line spectra could be
explained by means of a theory in which a wave equation had to be
solved and in which the observed discrete states of the atom cor-
responded to “normal modes.” Classical mechanics had to be con-
sidered as a first approximation to ‘‘wave mechanics,” in the same
manner in which ray optics constitutes the ‘‘short wave limit’’ of
wave optics.

Naturally, attention focussed very soon on the physical signifi-
cance of the wave variable which appears in Schrédinger’s wave
equation. It was found soon that this variable (or variables) lacks
the robust significance which is possessed, for instance, by the elec-
tric and magnetic field strengths. Schrodinger’s wave function
turned out to be nothing but a “probability amplitude,”’ a measure
by which the probable outcome of proposed experiments (measure-
ments) could be predicted. In its present form, quantum physics
has destroyed the rigid determinism of classical physics and has
introduced, in its stead, a probability calculus which, in contrast
to classical statistical mechanies, is not concerned with the statistical
treatment of deterministic but incompletely known systems, but
which deals with an essentially statistical physical universe.

Present-day quantum mechanics has succeeded in dealing sat-
isfactorily with all problems of atomic mechanics, and it has, to
some extent, also succeeded in describing the interaction between
charged particles and the electromagnetic field. The description
of the field itself is not yet completely satisfactory, and our theo-
retical grasp of nuclear phenomena and of the structure and the
formation of elementary particles is still basically defective. These
questions are now in the focus of theoretical and experimental
investigations. Very possibly the conceptual framework of quan-
tum mechanics requires another basic revision before we can achieve
further significant progress.

A second book will present the theory of heat and furnish an
introduction to modern quantum physics. The purpose of this
concluding chapter was to indicate the shortcomings of the classical
theories that led to our present theoretical views.



Further Reading

In the body of this book, no reference has been made to suggested
supplementary reading, because most of the presentation, it is hoped,
is self-contained. Nevertheless, the reader of a book on the
graduate level will find it necessary, not only for a complete under-
standing but also for his development as an independent thinker,
to read widely in order to have the benefit of a variety of points
of view. Naturally, many of the developments that have been
merely sketched in this work will be found presented in more detail
elsewhere.

For a presentation of the mathematical tools of the theoretical
physicist, a number of books are available which are not straight
mathematics texts. Among these are Houston, Principles of Mathe-
matical Physics (McGraw-Hill). Margenau and Murphy, The
Mathematics of Physics and Chemistry (Van Nostrand). Frank and
von Mises, Die Differential- und Integralgleichungen der Mechanik
und Physik (Vieweg and M. Rosenberg), two Vols. Courant
and Hilbert, Methoden der mathematischen Physik (Springer), two
Vols. Joos, Theoretical Physics (First Part) (Blackie and Stechert-
Hafner).

Among the well-known textbooks of theoretical physics which
cover ground similar to that contained in this book are: Page,
Introduction to Theoretical Physics (Van Nostrand). Slater and
Frank, Mechanics, and, by the same authors, Electromagnetism
(McGraw-Hill). Joos, Theoretical Physics (Blackie and Stechert-
Hafner). Some of the older, more elaborate German texts, are
available in translation; those of M. Planck, C. Schifer, and
A. Haas are probably the most important. R. Fuerth’s Theoretische
Physik (Springer), an excellent German textbook, is almost unavail-
able in the United States.

Among the texts on mechanics, the reader may find helpful the
very thorough discussions in Frank and Mises, which has been
mentioned above; special attention is called to the treatment of
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variational calculus by Caratheodory in Vol. I. Whittaker’'s A
Treatise on Analytical Mechanics (Cambridge University Press) is
a standard text of mechanics. The classic on hydrodynamics is
undoubtedly the work by Lamb, Hydrodynamics (Cambridge);
an excellent German text, by Ewald, Péschl, and Prandtl, has been
translated into English as Physics of Solids and Fluids (Blackie).
The theory of sound is covered very extensively in a text by Lord
Rayleigh, Theory of Sound (Dover), of which it is said that every-
thing can be found in it if you only know how to go about finding it.
Morse’s Vibration and Sound (McGraw-Hill, 2d ed., 1948) is a
modern and excellent work on a somewhat less lofty level.

Texts on electrodynamics include the old work by Abraham and
Becker, Classical Electricity and Magnetism (Blackie), the con-
temporary works by Page and Adams, Principles of Electricity (Van
Nostrand) and by Stratton, Electromagnetic Theory (McGraw-Hill).
Books which are particularly concerned with optics are the German
Optik by M. Born (Springer and Edwards Bros.) and Physical Optics
by R. W. Wood (Macmillan). A beautiful treatment of guided
waves is available by J. C. Slater, Microwave Transmission (McGraw-
Hill). The old Elektronentheorie by H. A. Lorentz (Teubner) is still
very readable.
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kinetie, 16
potential, 11

‘nergy density,
182 ff.

Energy flux density, see, Poynting’s

vecetor

Equation(s):
differential, see Differcntial equa-

tions
homogeneous linear, 80, 193
of continuity, 74 ff.
of motion:
canonical (Hamilton’s), 30 ff.
in a field theory, 175
in generalized coordinates, 29 f.
Lagrange’s, 24 ff.
Newton’s, 4 ff.
of a fluid, 85
of a solid, 91
of matter in bulk, 70
secular, 81
esu, 129
Ether, 225
‘uler-Lagrange equations, 28 ff.
covariance, 57
Ewald, 271

clectromagnetic,

F

Faraday, 173, 265
Fermat’s principle, 263
Ferromagnetic, 132
Field:
equations, 173
Lorentz covariance, 235 ff.
gradient, 66
mathematical, 100
of trajectories, 40
physics, 4
scalar, 65
strength:
electric, 105
magnetic, 131
tensor, 65
theory, 99, 173 ff.
variables, 166
vector, 85
Figure of merit, 216
First law of Newton, 5 ff.
Fixed stars, 7
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Flow, stationary, 88
Fluid, 50
force law, 85
perfect, 86
strain tensor, 78 ff.
Force, 5, 8
between two moving charges, 169
fields, 4
law:
of a fluid, 85
of a solid, 91
of electrodynamics, 157 ff.
of electrostatics, 103
of gravitation, 18
of magnetostatics, 130
Fourier:
analysis, 214
three-dimensional, 220
coefficients, 217
integral, 218
series, 215
Frame of reference. 6
Frank, N., 270
Frank, P., 270
Freedom, degrees of, 19
Fiirth, 270

G

Galilean transformation, 57, 235
Galileo, 4, 5
Gaseous state, 50
Gauge condition, 194, 206
Gauge invariance, 193
Gauge transformations, 193
Gaussian units, 103
Gauss'’s law, 108 ff.
differential form, 111
Gauss’s theorem, 68 ff.
General theory of relativity, 232
Generalized coordinates, 26
Generalized momenta, 31
Generating function, 37
Generation of trajectories, 39
Geometrical optics, 254 ff.
Gradient, 66
Grating, 68
Gravitation:
constant of, 18
Newton’s law of, 18
Green’s theorem, 117
Guided waves, 198, 221 ff.
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H

Haas, 270
‘“Half-and-half”’ solution, 196
Hamilton, 37
Hamilton’s equations of motion, 30 ff.
Hamilton’s optical-mechanical anal-
ogy, 263
Hamiltonian, 32 ff.
relativistic, 241
Hamilton-Jacobi’s partial differential
equation, 37 ff.
in optics, 263
Harmonic:
analysis, 215
forces, 128
functions, 117
oscillator, 47
waves, 214 ff.
Heat, 49
Hertz, 198, 229, 243, 265
Hertz's oscillator, 205 fi., 255
Higher poles, 122 ff.
Hilbert, 270
Homogeneous equations, 80, 193
Hooke’s law, 91
Houston, 270
Huygens’s principle, 259
Hyperbola, 23
Hysteresis, 132

Identity transformation, 141
Improper transformation, 141
Incident:

field, 176

wave, 249
Index of refraction, 205
Inertial mass, 7 ff.
Inertial system (s), 7, 57, 162, 231
Inhomogeneities, 244
Integrability conditions, 42
Integral of the motion, 13, 38
Integration over a slab, 55
Interface, 248 ff.
Internal deformation, 77
Intrinsic:

angular momentum, 16, 155

dipole moment, 155

energy, 17
Invariance, 57, 60

of strain tensor, 78

INDEX

Inverse-square law, 103
Inverse tensor, 201
Inverse transformation, 59, 234
Inversion, 141
Invisible coordinates, 38
Isolated system, 5, 10
Isotropic, 128

optics of-materials, 205

J
Jacobi, 37
Jacobian, 140 f.
Joos, 270

K
Kepler, 5

Kepler’s laws of planetary motion, 21
Kinectic energy, 16

relativistic, 239
Kronecker symbol, 59

L

Lagrange, 30
Lagrange’s equations of motion, 24 ff.
Lagrangian, 27, 31
in optics, 263
relativistic, 240
Lamb, 271
Laplace’s ecquation, 117
Laplacian, 68, 165
Law:
of gravitation, 18
of reflection, 251
of refraction, 251
Left-handed coordinate system, 142
Legendre polynomials, 124
Levi-Civita pseudotensor, 144
Linear momentum, 11
conservation law, 12 ff.
Linearized equations, 89
Lines of force, 160
Liquid, 50
Local deformation, 77
Local velocity, 44, 50 ff.
Longitudinal waves, 95
Lord Rayleigh, 271
Lorentz, 158, 265, 271
contraction, 235, 242
covariance, 235
force, 135, 157 ff., 238
transformation, 234 ff.
with velocity arbitrary, 242
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M

Magnetic field, 136

a pseudovector, 149

of a current loop, 149

of a straight wire, 138

of a stationary current distribution,

148

strength, 131, 136
Magnetic flux, 158 ff.
Magnetic induction, 132
Magnetic intrinsic dipole moment,

155

Magnetic permeability, 132
Magnetic potential, 150, 186
Magnetic shell, 151
Magnetic stress, 180
Magnetic susceptibility, 131
Magnetization, 131
Major axis, 22
Margenau, 270
Mass, 8
Mass point, 4
Matter-in bulk, 49 ff.

cquations of motion, 70 ff.
Maxwell, 173, 198, 229, 243, 265
Mechanical system, 10
Mechanics, 4

analytical, 24 ff.

of matter in bulk, 49 ff.
Michelson-Morley experiment, 230
Minkowski space, 235, 239
Minor axis, 22
Moment of a charge, 121
Momenta, generalized, 31
Momentum:

angular, 11

density, electromagnetic, 180 ff.

linear, 11

relativistic, 239
with electromagnetic terms, 241

space, 48
Morse, 271
Murphy, 270

N

Newton, 4, 265
Newton’s law of gravitation, 18
Newton’s three laws of mechanics:
first law, 5 ff.
second law, 7 ff.
third law, 9 ff., 158
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Normal modes, 226, 269
Normal of a surface, 52
Normality of principal stress axes, 81
Notation:

complex, 215

direct, 66

divergence, 67

for averaging, 71

in vector calculus, 8

Laplacian, 68
Nuclear forces, 237

o

Octupole, 124
Oersted, 135, 265
Optical path length, 255
Optics, 243 ff.
Orbit, planctary, 22
Orbital magnetic moment, 156
Orthogonal trajectories, 260
Orthogonal transformations, 58
improper, 141
proper, 141

Page, 270, 271
Paramagnetic, 131
Partial differential calculus, funda-
mental law of, 66
Partial differential equation of Hamil-
ton-Jacobi, 37 ff.
in optics, 263
Perfect conductor, 221
Perfect fluid, 86
Perfect gas, 268
Periodic functions, 215
Perversion, 141, 234
Phase space, 33
Physics, stages of development, 4
Planck, 270
Plane waves:
in electrodynamics, 198
in fluids, 90
in solids, 93
Plane-polarized, 200
Planetary motion, 17 ff.
Kepler’s laws of, 21
Plastic deformation, 76, 92
Plastic flow, 50
Point charges, 103
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Point charges (cont.):
field, 184
Poisson brackets, 33
of the coordinates, 34
Poisson’s ratio, 93
Polar vectors, 143
Polarization, 124 ff.
charge density, 127
of a dielectric, 117
of a wave, 95 °
Polarizing angle, 254
Péschl, 271
Potential(s):
advanced, 193 ff., 212
electric, 185
electromagnetic, 184 ff.
electrostatic, 105
energy, 9, 16
density, 87
of a system, 11
magnetic, 131, 150, 185
Poynting’s vector, 182, 184, 211, 249,
257, 258
of a point charge, 197
Practical units, 129
Prandtl, 271
Principal axes, 80
Principal directions, 251
Principal stresses, 81
Principle of relativity, 162
Probability amplitude, 269
Proper orthogonal transformation, 141
Pseudoscalars, 142
Pseudotensor(s), 142
of Levi-Civita, 144
Pseudovectors, 142

Q

Quadrupole, 122 ff.
Quantum mechanics, 24, 268
Quantum physics, 3, 4

R

Radius vector, 61
Random motion, 49
Random velocity, 51
Rank of a tensor, 64
Rationalized units, 129
Ray(s), 254

optics, 258

trajectories, 262

INDEX

‘‘Reaction,” 9
Real charge density, 127
Reality of roots of secular equation, 81
Reciprocal tensor, 201
Reflected wave, 249
Reflection, 243
Refracted wave, 249
Refraction, 243
Relative coordinates, 18
Relative motion, 162
Relativistic mass, 239
Relativistic mechanics, 238
Relativity, 229 ff.
general, 232
Remanence, 132
Representative point, 30
Repulsive force, 9
Resistivity, 221
Resonant wave length, 264
Rest mass, 239
Restricted theory of relativity, 231
Retardation, 235
Retarded potentials, 193 fi., 212
Right-hand rule, 137
Right-handed coordinate system, 142
Rigid motion, 77
Rotation, 60
Rutherford’s scattering formula, 23

S

Saturation (magnetic), 132
Scalar field, 65

Scalar potential, 185

Scalar product, 62
Scattered wave, 264
Scattering, 244

Schiifer, 270

Schrodinger, 269
Schrédinger’s wave function, 269
Screw sense, 142

Second law of Newton, 7 ff.
Secular equation, 81
Seismic waves, 85
Self-field, 176

Shear modulus, 92

Shear waves, 93, 95

Shell (magnetie), 151
Short-wave limit, 269
Simultaneity, 232
Single-body problem, 20
Sinusoidal 214, see also Harmonic
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Slab of integration, 55
Slater, 270, 271
Slope, 66
Snell’s law, 251, 262

in acoustics, 264
Solar system, 18
Solid, 50

stress tensor, 76 ff.
Solid angle, 151
Sound waves, see Acoustic waves
Special theory of relativity, 231
Speed of light, 229
. Spherical waves, 205 ff.
Springiness, 50
Square-integrable, 218
Standing waves, 213
Statcoulomb, 103
Static equilibrium, 24
Stationary flow, 88
Stationary integral, 25 ff.
Stationary wave, 213
Statistical mechanics, 268
Statvolt, 105
Stokes’s theorem, 146, 167
Strain tensor, 75 ff.
Stratton, 271
Streamline, 89
Stress tensor, 52 ff.

electric, 112, 180
. magnetic, 180
Summation convention, 61
Superpotential, 224
Surface normal, 52
Susceptibility:

clectric, 128

magnetic, 131
System:

isolated, 5

mechanical, 10

of units, 128

Tensor(s), 62 ff.
analysis, 64 ff.
densities, 142,

tensor(s)
differentiation, 65
field, 65

Thermodynamics, 268

Third law of Newton, 9, 158

Torque, 15, 167

Trace of a tensor, 84 f.

see also Pseudo-
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Trajectories, 30, 260, 262
field of, 40 f.
generation of, 39

Transformation(s):
canonical, 34
coefficients, 59
equations, 7
Galilean, 57
inverse, 59, 234
law:

of a pseudotensor, 142

of a tensor, 63

of a vector, 58 fi.

of coordinate differences, 58
orthogonal, 58

improper, 141

proper, 141

Transition conditions, 245
of acoustic waves, 264

Translation, 60

Transmissivity, 251

Transmitted wave, 249

Transport terms, 71

Transverse electric, 224

Transverse magnetic, 225

Transverse waves, 95

Two-body problem, 18 ff.

u

Unit(s):
electrostatic, 103, 128
Gaussian, 103
practical, 129
rationalized, 129
Unit axis vectors, 61
Unit normal vector, 63

\%

Variational principle, 28, 29

in phase space, 35
Variational problem, 28, 29
Vector, 7, 60

algebra, 7, 61

axial, 142

calculus, 56 ff.

field, 65

polar, 143

potential, 186

radius, 61

sum, 62

transformation law, 58 ff.

unit axis, 61
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Velocity:
average, 49
law of addition, 242
local, 49
of sound, 91
random, 51
Virtual displacements, 25
Volt, 129
Von Mises, 270

w

Wave(s):
acoustic, see Acoustic waves
electromagnetic, 198 ff.
equations, 96, 188, 206
of optics, 244 ff.
fronts, 198, 260
guided, 198, 221
harmonic, 214 ff.
incident, 249

INDEX

Waves(s) (cont.):
mechanics, 269
plane, 90, 93, 198
polarized, 95
reflected, 249
refracted, 249
scattered, 264
spherical, 205 ff.
stationary, 213
transmitted, 249

Weighted average, 51

Weyl, 193
Whittaker, 271
Wood, 271

X
X rays, 192, 244

Y

Young’s modulus, 92, 93
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