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PREFACE

THoSE teachers and examiners who are in a position to compare
the results obtained by the teaching of Geometry in schools
to-day with those obtained before the dethronement of Euclid
agree almost unanimously that there have been both gain and
loss. On the one hand, almost all pupils to-day acquire much
more power in applying and reasoning from the fundamental
facts of Geometry than did their predecessors, but, on the other
hand, their reasoning is often less rigorous, and the average
pupil often fails lamentably to reproduce the standard proofs
when called upon in examinations. Almost all would agree that
the gain outweighs the loss ; for the educational value of the
subject lies far more in the former than in the latter accomplish-
ment. There are many, however, who think that the loss need
not accompany the gain, and one of the objects of this text-book
is to help the average pupil by providing proofs of the standard
theorems which, within limits, shall be accurate and rigorous.
For this reason, in writing out proofs of thcorems, great care has
been taken to give adequate references iz words to previous
results and, in the interests of the average pupil, it has been
thought better to err. 'f at all, on the side of prolixity rather than
brevity. In partcular, stress has been laid upon accurate refer-
ences to the four congruence theorems. Those who examine
School Certificate papers frequently find that these references
are very slipshod and lead to much poor work not only in book-
work but in riders. It is hoped that the stress laid in this book
upon accurate references to previous theorems w:ll not only help
the pupils who use it to avoid « totally unrecessary loss of mark:
in examinations, but will also result in their learaing to express
them:elves clearly and accurately in all their work.
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It is new alnost generally admitted that there should be three
stages it the teaching of Geometry up to School Certificate
standard :

(2) The experimental stage, in which the pupil is introduced
to the common geometrical notions and figures, and in which
through a large variety of drawing exercises proficiency in the
use of instruments is acquired.

() The deductive stage, in which the pupil learns to prove
theorems and riders and to write out proofs. In this stage many
results will be established intuitively, the formal proof belonging
to the later stage.

(¢) The systematising stage, in which the knowledge obtained
in the previous stages will be systematised, and in which the
theorems will be arranged in a logical sequence depending on a
comparatively small number of axioms. In this stage the reason-
ing should be rigorous, relatively to the mental age of the pupils.

This book presupposes a course in experimental Geometry,
and no attempt has been made to include in the text the usual
preliminary oral instruction which deals with the fundamental
concepts. It contains, however, all that is necessary for revising
such a course. No attempt has been made to indicate completely
what propositions should be regarded as intuitive in the
deductive stage ; most teachers will prefer to make their own
choice. The theorems are therefore arranged in their final order,
and the sequence is, with few exceptions, t“at recommended by
the I.LA.A.M. Committee. The only importam exception is that
the fundamental theorems concerning the properties of parallel
lines have been placed after the first congruence theorem. This
has been done not only to meet the requirements of certain
important examining bodies, but also because the author thinks
that it is both wrong and unnecessary to weaken whatever sense
«f logic the pupils m-y have by attempting to persuade them,
at the systemat.sing stage, that the * Parallel ” theorems may be
Sroved by an appeal to the idea of direction as axicmatic. He
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believes that most pupils, at this stage, are capable.of anpreciat-
ing the logical development of the subject, while being ¢hankful
that few examining bodies expect the reproduction of the proofs
of these theorems in their examinations.

Euclid I. 27 has been proved by means of I. 4, thus allowing
I. 16 to be treated as a corollary of I. 32 and removing a con-
stant source of confusion. The first two locus theorems have,
with some reluctance, been placed where recommended by the
I.A.A.M. Committee. Many teachers prefer to take them after
the Intercept Theorem, and there is no reason why this should
not be done, provided that a small number of the examples,
which involve a knowledge of area, are postponed.

Certain theorems and sections have been marked with an
asterisk. It is recommended that ordinary pupils should not be
required to reproduce these proofs unless they have to prepare
them for a public examination.

In considering what proof of the fundamental congruence
theorem ought to be inserted the writer of a text-book has to
choose between a proof by superposition, which is *‘ condemned
by all competent authorities,” and a proof such as that given in
the report issued by the Mathematical Association, the adoption
of which, in the opinion of many experienced teachers, would
‘“ condemn the great majority of pupils to learn by heart a series
of phrases and sentences which they cannot be expected to
understand.” A “ proof ”’ by superposition has therefore been
inserted as the lesse- of two evils, but the other congruence
theorems have been deduced from the first without the further
use of superposition. It is very much to be regretted that a//
examining bodies have not agreed to treat the fundamental
congruence theorem as an axiom.

Throughout the book a number of alternative proofs of
theorems have been provided. It is hoped that tew teachers will
desire to alter the proofs offered, but a mmber of blank pages
have been inserted so that it a teacher desires to r2place a proof
in the vook an alternative proof can te copied into i..
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It is hoped that the treatment of Constructions and Loci will
be round more complete than is usual in schoo: text-books. For
convenience in revision most results concerning loci have been
stated as corollaries of the appropriate propositions. A complete
list of loci is given, for reference, at the end of the book.

No use has been made of the method of limits in proving
propositions ; experience has shown that the average pupil is
confused rather than helped by such proofs.

The examples are numerous, and have been arranged with
great care. After each proposition or small group of related
propositions there is a set of examples containing, where possible,
both easy numerical examples and easy riders. There is also a
set of riders of moderate difficulty (i.e. approximately School
Certificate standard) after each group of propositions. These
are called ** Further Examples,” and should not, as a rule, be
worked during the first reading of the book. A pupil who is
able to do these should have no difficulty with a School Certificate
paper ; but for the benefit of the abler pupils a set of Miscel-
laneous Examples, containing harder questions, has been pro-
vided. The more important examples have been printed in
thick type.

No attempt has been made to include a formal course of Solid
Geometry, it being thought that most teachers will prefer to
establish the main facts intuitively. Wherever possible, how-
ever, three-dimensional examples have been provided, to be used
at the discretion of the teacher either at :he deductive or at the
systematising stage. In dealing with loci, the three-dimensional
locus has, in most instances, been given in the list at the end of
the book.

Acknowledgments are due to Mr. T. Grantley Powell, M. A..
of the Cowley School, St. Helens, to Mr. Jacob Morgan, M.A.,
Headmaster ol the Boys’ County School, Brecon, and to n.y
~olleagues, Mr. C. Kingsley Dove, M.A., and Mr. T. Mausden,
M.A., B.Sc., for most valuable assistance and suggestions at all
stages of +h. work. Tharks are also due to the Senate of the
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University of London, the Cambridge Local Fxaminations
Syndicate, the Delezates of the Oxford Local Examinations, the
Joint Matriculation Board, the Oxfrrd and Cambridge Schools
Examination Board, and the Central Welsh Board for permis-
sion to use questions from the printed papers set in their
examinations.

January 1933.
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ABBREVIATIONS

TuEe following abbreviations are commonly used in Geometry.
In this book they are sparingly used in the text, but they have
been freely used to reduce the space taken up by the examples.

therefore. is (or are) perpendi-
. because. cular (to). )
= s (or are) equal to. L pe:_pendlcular (adjec-
+ is (or are) not equal to. P erl};/:rzﬂicular (noun),
=  is (or are) congruent to. pt. point.
+  plus or together with. st straight.

—  minus or less than,
L(s) angle(s) or the angle(s).
par™ parallelogram.

sq. square.

opp. opposite.
vert. vertically.
adj adjacent.
diag. diagonal.

is (or are) parallel (to). .
I f parallel (adjective). o cr cle.
lparallel (noun). Q¢  circumference,
rt.  right. hyp. hypothesis.
> s (or are) greater than,  hypot. h_ypotenuse.
3> is (or are) not greater alt. astevnate.
than. corres. corresponding.
< is (or are) less than. def.  definition.

4 is (or are) not less than. cor.  corollary.
A triangle or the triangle. diam. diameter.
quad. quadrilateral. ext.  exterior.
rect. rectangle. int.  interior.

The word * line ’ is often used to aenote *‘ straight line ”” when
this may be done without ambiguity.



PART 7

ANGLES, CONGRUENCES, PARALLELS,IN-
EQUALITIES, AND PARALLELOGRAMS

INTRODUCTORY

Geometry is the science of space, and consists of the study of the
shapes, sizes and positions of objects which occupy space.

All reasoning is founded on certain simple principles, the
truth of which is admitted without proof. These self-evident
truths are called Axioms. The following is a list of axioms
which apply to magnitudes of all kinds. Certain other axioms
relating to geometrical magnitudes only will be stated later as
they are required.

1. Things which are equal to the same thing are equal to one
another.
2. If equals are added to equals, the sums are equal.

3. If cquals are taken from equals, the remainders are
equal.

4. "f equals are adderd to unequals, the sums are unequal.
5. If equals are taken from unequals, the remainders are
unequal.

6. Things which are the same multiples of equals are equal
to one another, e.g. Doubles of equals are equal to one
another.

7. Things which are the same parts of equals are equa: to
one another, e.g. Quarters ¢ equals are ejual to one another.

8. The whole is greater than its pa:t.
A M.s.C.
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DEFINITIONS

Surface. The space occupied by any object (say a penny or
a football) is limi.ed by boundaries which separate it from sur-
rounding space. These boundaries are called surfaces.

A surface has length and breadth, but no thickness.

Surfaces intersect (or meet) in lines.

A line has length, but no breadth. Lines intersect in points.

A point has position, but no magnitude.

In practice a line is represented by the mark traced by a thin
pencil-point on a sheet of paper, and a point is represented either
by a small det on the paper or, preferably, by the intersection of
two small lines, e.g. X.

Straight lines. A line may be straight or curved. Everycne
knows what is meant by a straight line, and it is almost iripos-
sible to add to this knowledge by a formal definition. The
following is the definition usually given :

A straight line is that which lies evenly between its extreme
points.

Axiom. Two straight lines cannot enclose a space.

It follows that two straight lines cannot intersect in more than
one point. For, if they met in two points, they wold enclose a
space.

POSTULATES

In order to draw the figures required for the study of geometry
certain instruments are required. These are (i) a straight ruler,
(ii) a pair of compasses. It is also necessary to assume the pos-
sibility of performing certain simple operations by using these
instruments.

A geometrical construction which we can take for granted thal
we can perforrr is called a postulate. The following postulates
con.ern a straighc line:

Postulate 1. Let iv be granted ihat a straight line may be
drawn fron. one point to 2ny other point.
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Postulate 2. Let it be granted that a straight linc may be
produced to any leagth in a straight line.

One and only one straight line can be drawn between two
given points. When we draw this straight line, we are said to
join the points.

The Plane. A plane is a surface such that the straight line
joining any two points on the surface lies wholly in that surface.
If it is desired to find out whether a surface is plane or not, a
straight edge, e.g. the edge of an ordinary ruler, should be taken
and laid across it in many positions. If the surface is plane, the
ruler will always lie flat against it.

Angles. Two straight lines which meet at a point are said to
form an angle. The straight lines are called the arms of the angle;
the point at which they meet is called the vertex of the angle.

The angle contained by two straight lines XA and XB is called
‘“the angle AXB " or ‘‘ the angle BXA,” or, if there is only one
angle at the point X, * the angle X.” It may B
also be denoted by a small letter, e.g. «,
which is usually marked in the figure, as

shown. AN
An angle may be considered as being x A
made by the turning of a line from the Fio. 1,

position of one arm, say XA, into the position of the other arm,
XB ; the size of the angle AXB is measured by the amount of
turniag involved.

It should be noticed that the size of an angle does not depend
upon the lengths of its arms.

Two angles (BXC, CXD) which have a common

vertex and lie on either side of a common arm y

are said to be adjacent. %
The angle BXD is the sum of the angles BXC, -

CXD. _
The angle CXD is the difterence of the angles X Froa B

BXD, EXC.
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When two otraight lines such as AB, p A
CD cross one another at X, the angles
CXA, BXD ave said to be vertically X C
opposite ; so also are the angles AXD,
CXB.
FiG. 3.
3 . 3 C
When one straight line, standing on
another straight line, makes the adjacent
angles equal, each of these angles is
called a right angle ; and each line is said
to be perpendicular to the other.

B X A
Fic. 4.

Axiom, All right angles are equal.

A right angle is, for convenience, divided into go equal
parts called degrees (°); each degree into 6o equal parts
called minutes (’); each minute into 6o equal parts called
seconds (”).

In the above figure, if a straight line revolves about X from
the position XA into the position XB, it turns through two right
angles or 180 degrees. The angle AXB may also be called a
straight angle. If the line makes a complete revolution about X,
starting from XA and returning to its original position, it turns
through four right angles or two straight angles or 360 degrees.

An angle less than one right angle is called an acute angle.

An angle which is greater than one right angle, but less than
two right angles, is called an obtuse angle.

An angie which is greater than two right angles, but less than
four right angles, is said to be reflex.

Thus an acute angle lies between o° and 9o°, a right angle
equals 9o°, an dutuse angle lies between go° and 180°, a straight
angie equals 180°, a reflex augle lies between 180° and 360°.

It should be noticec that when two straight lines meet, two
angles are ‘ormed, one greater and one less than twc right
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angles. The first is obtained by supposing XB to nave revolved
from the position XA the longer way round, marked (i) in the
figure ; the other by supposing XB
to have revolved the shorter way
round, marked (ii). Unless other-
wise stated, the angle AXB will be
considered to be that which is less
than two right angles.

Any portion of a plane surface
bounded by one or more lines is called a plane figure.

A circle is a plane figure contained by a line traced out by a
point which moves so that its distance from a certain fixed point
is always the same. P

In the figure the point P moves so
that its distance from the fixed point
O is always the same. P

The fixed point is called the centre ; A [+)
the bounding line is called the cir-
cumference.

A radius of a circle is a straight
line drawn from the centre to the Fic. 6.
circumference. All radii of a circle are, by definition, equal.

A diameter of a circle is a straight line drawn through the
centre and terminated both ways by the circumference.

A semi-circle is the figure bounded by a diameter of a circle
and the part of t} e circumference cut off by the diameter. In
the figure above AB divides the circle into two semi-circles.

A chord of a circle is a straight line join-
ing any two points on the circumference.

An arc of a circle is any part of the Chord
circumference. Fia. 7.

A segment of a circle is the figure R
bounded by a chord of th> circle and one Segment
of th~ arcs into which it divides the cir- : __/

cumference. F. 8.

0

B

P

>2
o
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A sector of a circle is the figure bounded by
two radii and the arc intercepted between
them.

Circles that have the same centre are said
to be concentric.

Note. When no ambiguity arises as a result,
the word circle is sometimes used to denote the circumference
of the circle.

Fi6. 9.

Postulate. Let it be granted that a circle may be drawn
with any point as centre and with a radius of any length. It
follows that from the greater of two given straight lines a part
can be cut off equal to the less.

Axiom. (i) If a point X moves from A to B along the straight
line AB, it must pass through one

position in which it divides AB into X
two equal parts. When X is in this a ) B
position it is said to bisect AB or to be F16. 10.

the mid-point of AB.

(ii) If a straight line XC, revolving about X, turns from XA to
XB, it must pass through one position in B
which it divides the angle AXB into two C
equal parts. When XC is in this position it is
said to bisect the angle AXB.

In other words, (i) every finite straight line
has a point of bisection and (ii) every argle x A
has a line of bisection. Fie. 11.

HYPOTHETICAL CONSTRUCTIONS

From the preceding, it follows that we may suppose :

(i) A straignt line to be drawn perpendicular to a given
straight line from an; point in i..

(ii) A finite straight line to be bisected at a point.

(iii) An angle to be bisected by a straight line.
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SUPERPOSITION AND TESTS OF EQUALITY

Axiom. Magnitudes which can be made to coincide with one
another are equal.

This axiom implies that any line, angle or figure, may be
taken up from its position, and without change of shape or size,
laid down upon another line, angle or figure, for the purpose of
comparison. Two such magnitudes are equal when one can be
exactly placed over the other. This process is called super-
position, and the first magnitude is said to be applied to the
other.

Thus equal straight lines are those which can be made to
coincide. Such lines are said to have the same length.

The distance between two points is the length of the straight
line joining them.

If X is a point in a straight line AB, lengths measured from X
towards B are said to be measured in — 4
the opposite sense to those measured A X B
from X towards A. If AB is produced Fig. 12.
beyond B, we are said to produce AB; if beyond A, we are said
to produce BA.

Any part of a straight line is called a segment of that straight
line.

Plane Geometry deals with the properties of lines and points
which are in the same plane. The subject is divided into
progssitions, which rre either theorems or comstructions. A
theorem is a proposition in which some statement has to be
proved. A construction is a proposition in which it is required
to draw some particular figure.

A proposition consists of the following parts :

(i) The general enunciation, which is a preliminary statement,
Gescribing what has to be proved or constructec.

(ify The particular enun<iation, which repeats the state-
ment already made with special reference to a particular
diagram.
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(iii) The construction, which direc.s the drawing of such lines
and circles as may be necessary.

(iv) The proof, which shows that the property stated in a
theorem is true, or that the figure required has been constructed.

The enunciation of a theorem consists of two parts. The first
part, called the hypothesis, states what is assumed. The second
part, called the conclusion, states what has to be proved.

If two theorems are such that the hypothesis of each is the
conclusion of the other, then either of the theorems is said to be
the converse of the other. It should be particularly noted that
the converse of a theorem is not necessarily true.

It sometimes happens that, when a theorem has been proved,
it is found that other important results follow so easily that
they hardly require further proof. Such results are called
Corollaries.

In writing out Theorems, an accurate figure drawn with
instruments is not expected. A neat freehand drawing is quite
sufficient.

TRIANGLES

A plane figure is any part of a plane surface bounded by one
or more lines. The sum of the bounding lines is called the
perimeter of the figure. The amount of surface enclosed by the
perimeter is called the area of the figure.

A rectilineal (or rectilinear) figure is one which is bounded by
straight lines.

A triangle is a plane figure bounded by three straight lines.
The straight lines YZ, ZX, XY which bound
a triangle XYZ are called its sides and the
points X, Y, Z its angular points or vertices.
It is usual for one angular point to be called
the vertex ; the opposite side is then called
the base. In the figu-e, if X is .be vertex, Y Z
YZ is the base. Fro. 13.

A quadri‘a.eral is a plane Ggure bounded by four straight lines.

X
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A polygon is a plane figure bounded by mo.e than four
straight lines.
A polygon with 5 sides is called a pentagon.

E2] ” ” 3] hexa'gon'
. ” 7 ” ’ heptagon.
’ ” 8 ” ’ octagon.
’ ’” 10 ” ’ decagon.

A rectilineal figure is said to be convex if each of its angles is
less than two right angles. If a boy walks round a rectilineal
figure, and each side is produced in the direction in which he
walks along it, the sides are said to be produced in order.

—

A B C
Fie. 14.

Thus the figures A and B are convex, the figure C is not
convex. The sides of figure B are produced in order; the sides
of figure C are not produced in order. X

A rectilineal figure is said to be equilateral,
when all the sides are equal ; regular, when
all its sides are equal and all its angles are
equal.

An isosceles triangle is a triangle which
has two equal sides. The side which is Iw“ele'.mangli
unequal to the others is always called the FiG. 1.
base, and the angular point opposite to the
base is called the vertex. ‘Thus, in the
figure, XY =XZ; YZ is the base, and X is
the vertex.

An equilateral triangle is a triangle whose Equilateral Triangle
three sides are equal. Fic. 16.
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A scalene triangle is a triangle whose
three sides aie all unequal.

Scalene Triangle
In a triangle ABC, the letters A, B, C Fic. 17.
often denote the magnitude of the several A

angles (as measured in degrees) ; and the
l('etters a, b, ¢ the lengths of the oppqsite c 5
sides (as measured in some convenient
unit of length). The three sides and

the three angles are sometimes called the 8
parts of the triangle.

A right-angled triangle is a triangle
one of whose angles is a right angle.
The side opposite the right angle is
called the hypotenuse.

Right-angled Triangle
F16. 19.

An obtuse-angled triangle is a triangle
which has one obtuse angle.

Obtuse-angled Tria.gle
Fia. 20.

An acute-anglec triangle is a triangle
which has three acute angles.

L]
Acute-angled Triangle
FiG. 21.

In any triangle the straight line joining a vertex to the middle
" point of tne oppos.te side 1s called a median.
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THE COMPARISON OF TWO TRIANGLES

Two figures which can be made to coincide are called con-
gruent. Congruent figures are said to be equal iu all respects.
In two congruent figures, the sides and angles which coincide,
when one figure is applied to the other, are said to correspond.
They are also called corresponding sides and corresponding
angles respectively.

In two congruent triangles corresponding sides are opposite
equal angles, and corresponding angles are opposite equal sides.

It should be noted that, in order to make two triangles coincide,
it may be necessary to turn one of them over.

* THEOREM 1
If a straight line stands on another straight line, the sum of the
adjacent angles so formed is equal to two right angles.

X
D D

Case I Case 11

A C B  Fw. 22 A C B
Let the straight line CD stand on the straight line AB. Tt is
required to prove that the angles ACD, DCB are together equal to
two right angles.
Case . If the angles ACD, DCB are equal, each is by definition
a right angle and they are together equal to two right angles.
Case I1. If the angles ACD, DCB are unequal, let CX represent
a line drawn through C perpendicular to AB.
Proof. .ACD + .DCB c B
= LACX + L XCD + . DCB
= L ACX + LXCB
=2 right angles, by construction.
Corollary. If any number of straight
lines are drawn from a given point, the sum
of the consecutive angles so Jormed is equa: D
to fou~ right angles, i.e. in the figure Fic. 23.
L AOB + LBOC + £COD + £ DOE + LEOA =4 right wngles.




I2 ESSLNTIALS OF SCHOOL GEOMETRY [PART

DEFINITIONS

Two angles whose sum 1s two right angles are said to be
supplementary ; and each angle is called the supplement of the
other. ‘

Thus in each of the figures of T’heorem 1 the angles ACD, DCB
are supplementary. Also the angle 105° is the supplement of
the angle 75°.

Two angles whose sum is one right angle are said to be com-
plementary ; and each angle is called the complement of the
other.

Thus in the figure for Case II of Theorem 1 the angles XCD,
DCB are complementary. Also the angle 18° is the complement
of the angle 72°.

It should be noted that (i) supplements of the same angles are
equal, (ii) complements of the same angles are equal.

* THEOREM 2

If, at a point in a straight line, two other straight lines, on
opposite sides of it, make the adjacent angles together equal to
two right angles, these two straight lines are in one and the same
straight line.

B

C

X A Y
Fi1G. 24.

At the point A in the straight line AB, let the straight lines
AX, AC, on opposite sides of it, make the adjacent angles XaB,
EAC together equal to two right angles.

It is required to prove that XA, AC are in the same straight line.

Construstion. Produce XA beyond A to any point Y.
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Proof. Since by constrrction XAY is a straight line,

.. LXAB + LBAY =2 right angles.
But, it is given that LXAB + LBAC =2 right angles ;

. LXAB+ LBAC=LXAB+ LBAY.
From each of these equals, ‘ake the angle XAB;
‘. LBAC=LBAY;
*. AC and AY are the same straight line.

But, by construction, AY is in the same straight line with XA ;

*. AC is in the same straight line with XA.

* THEOREM 3

If two straight lines intersect, the vertically opposite angles
are equal.

FiG. 25.

Let the straight lines AB, CD cut one another at the point O.
It is required to prove that £ AOC = £ BOD and that £ AOD = . BOC.
Prrof. Because OC stands on the straight line AOB,
*. LAOC + LCOB =2 right angles ;
and because OB stands on the straight line COD,
. LBOD + LCOB =2 right angles ;
. LAOC + LCOB = .BOD + .COB.
From each of these equals take the angle CCB ;
L AOC = LBOD.
Sim.larly it can be shown that 2 AOD = £BOC.
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EXERCISE 1 [Theorems 1-3]

1. Write down the supplements of § rt. £, 43° 118° 93° 35’,
36° 43°, 161°9°, Frt. L.

2. Write down the complements of § rt. 2, 27°, 32° 26’, 413°,
79° 33", 49° 37" 12",

3. If in the figure of Theorem 1, Case 11, £XCD =27°, how large
are the s ACD, DCB?

4. If in the figure of the corollary of Theorem 1,
LEOA=,AOB=38° LBOC=LEOD=112° 30/,
what is £ DOC ?

5. If in the figure of Theorem 3, LAOC =126° what are the
other angles in the figure ?

6. If in the figure of Theorem 3, £ AOD =36° 17/, what are the
other angles in the figure ?

7. 1f in the figure of Theorem 1, Case II, £XCD =x°, how large
are the s ACD, DCB ?

8. If in the figure of Theorem 3, £ AOC =x°, what are the other
angles in the figure ?

9. What is the angle in degrees between the hands of a watch
at (i) 1 o’clock, (ii) 4 o’clock, (iii) 5 o’clock, (iv) » o’clock, » being
a whole number ?

10. Through what angles does (1) the minute hand, (ii) the hour
hand of a clock turn in (a) 15 minutes, (b) 40 minutes, (¢) »
minutes, ¥ being a whole number less than 60 ?

11. What is the angle, in degrees, between the hands of a clock
at (i) 12.20 p.m,, (ii) 2.40 a.m. ?

12. Is any of the information given in Que. tion 11 ir-elevant ?

13. A clock is started at noon and keeps accurate time : through
what angles will the hour hand have turned by (i) 2.45 p.m. the
same day, (ii) 6.10 p.m. the same day ? What will be the time
when 1t has turned ¢hrough 135° ?

14. A clock is started at noon and loses one minute every hour.
Through what 21gles will the hour hand have turned when the
true time is (i) 6 p m. the same day, (ii) 10.15 p.m. the same day ?

15. In the figure of Theorem 3, prove that the bisectorsjof the
L8 AOC, LOC are at right angles.
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16. In the figure of Thecvem 3, prove that the bisec’or of the
L AOC, when produced, bisects the . BOD.

17. XYZ is a A having Y =¢,2Z; XY is produced to P, XZ to Q.
Prove that LZYP =.YZQ.

18. XYZ isa A having LY=,2Z; YZ is produced to M and ZY
is produced to L. Prove that XYL = £ XZM.

A
B
19. If in the figure £ AOB =L COD, prove that
L AOC = L BOD.
20 Ifin the figure L AOC =L BOD, prove that
LAOB = LCOD. o ¢
D
Fic. 26,

21 XP, XQ, XR, XS are straight lines drawn so that
L PXQ = £LRXS and £ RXQ = . SXP.
Prove that PX, XR and also QX, XS are in the same straight line.

22. XOY and OZ are two straight lines and XOP=,YOZ,
P, Z being on opposite sides of the straight line XOY. Prove that
ZO, OP are in the same straight line.

23. If two straight lines RS and PQ intersect at O, prove that
the bisectors of the s POR, SOQ are in the same straight line.

24. OA, OB, OC are three straight lines such that OB bisects the
angle between the other two. OP is any other straight line
through V. Prove that the £ BOP may be either half the sum or
half the difference of the s POC, POA.

25 OX bisects the ~.POQ, and XO is produced to Y ; prove
that LPOY =.,QO"".
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* THEOREM 4

Two triangles are congruent if two sides and the included
angle of one triavngle are respectively equal to two sides and the
included angle of the other.

D
B C E F
Fie. 27.
Let ABC, DEF be two triangles in which
AB =DE,
AC =DF,

and the included angle BAC =the included angle EDF.
It is required to prove that the triangles are congruent.

Proof. Apply the triangle ABC to the triangle DEF so that
the point A falls on the point D, the straight line AB falls along
the straight line DE, and the point C falls on the same side of
DE as the point F.

Then because AB =DE (gzven),

.. the point B must fall on the point E.
Also, since AB falls along DE and it is given that 2 BAC = LEDF,
*. AC must fall along DF ;
and since it is given that AC =DF,
.. the point C must fall on the point F.
Then since B coincides with E, and C with F,
*. the side BC must coincide with the side EF.
Hence the triangle ABC coincides with the triangle DEF,
.. the triangles ABC, DEF are congruent.

When this theorem is ‘quoted the following abbreviation may
t> used: “ 2 sides, iacluded ~.” The insertion of the word
‘““included "’ i essential ; it will be proved later (Theorem 144)
that triangles are not necessarily congruent if two sides and a
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non-included angle of one triangle are respectively ‘equal to *wo-
sides and a non-included angle of the other.

In applying this theorem (and other congruenc: theorems)
the work should be written out as in the following example.

Ex. Theequal sides ZX,YX of anisosceles AXYZare P Q
produced toP, @ so that XP =XQ; prove that YP =2Q.
[We try to prove that a triangle having YP as one
side is congruent to a triangle having ZQ as a corre-
sponding side. In this case try the As XPY, XQZ.]
In the As XPY, XQZ,
XY =XZ (geven), v z
XP =XQ (grven), Fic. 28.
LPXY =the vert. opp. LQXZ,
and these are £s included by the equal sides ;

PY . .
.. the As )):QZ are congruent T (2 szdes, included ),
LS. YP=2Q.

t Note carefully the order of the letters. If trouble is taken at this
stage to write the corresponding letters each above the other the
remaining parts which are equal can be written down without even
looking at the figure. The pupil can easily test the correctness of his
work by seeing whether each of the three equal parts named in proving
the congruence appears above the part to which it is equal. Thus 1n
the above case he will look to see

(1) whether XY 1s above XZ (or YX above ZX),

(2) whether XP is above XQ (or PX above @ X),

(3) whether X (the middle letter of the L PXY) is above X (the

middle letter of the LQXZ).
Only i, all three are cor-ect has the right order been written down.
When the right order nas been found all the corresponding parts are
then one above the other, and the remaining results can be written
down at once. Thus in the above case we have
(1) YP=2Q, (2) £ XPY =L XQZ, (3) £ XYP =L XZQ.

The beginner should always write down all three results, and then
ri~k out what 1s required to answer the question. It is especially
mmportant to do this whenever there is a second part to the question,
for the results needed for the solution of the second par. of the question
may not be the same as those required for the first part. The beginner
1s apt tn overlook them, unless he makes a habit of writing down all
the information he can obtain f-om any pair of congruent triangles.

Note also that the parts of the A XPY are written on tne left and the
parts of the A XQZ are written on the right. The pupil sac-ld never
write some paris of one triangle on the right and otners on t+e left.

B M.S.G
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EXERCISE 2 [Theorem 41

In the following examples it may be assumed
(i) that all the sides of a square are equal,
(i1) that all the angles of a square are right angles,
(iii) that all the angles of a rectangle are right angles,
(iv) that the angles of an equilateral triangle are each
equal to 60°.
1. A st. line XY is bisected at Z, and through Z a st. line ZO is
drawn | to XY. Prove that OX =0Y.
X

2. XYZ is an equilateral A ; E, F are the
mid-points of XY, XZ. Prove that EZ =FY. E

Y Z
F1a. 29.

3. ABCD is a quad. in which BD bisects AC at right angles;
show that BD bisects the opposite angles ABC and ADC.

4. ABCD is a square. Prove that the diagonals AC, BD are
equal.

P X Q
5. PQRS is arectangle; X is the mid-point
of PQ. Y, Z are points on PS, QR respec-
tively such that PY=QZ. Prove that
XY =XZ. Y 4
S R
F1c. 30.

6. A hexagon has six equal sides and the Dizectors of the angles
meet in a point O. Prove that O is equidistant from the mid-
points of the sides of the hexagon.

7. In the figure, E, F are the A v
mid-points of AB, A”.

CE, BF are produced to X, Y
so that EX=CE and FY =BF. E F
Prove that the As AEX, BEC
are congruent, ard write down
“he remaining pairs of equal B c
parts_ . Fia. 31.

8. In the figure of Question 7 find a A congruent with the
ABFC, and prove that AX =AY.
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9. In the APQR, the sides QP, QR are bisected at ¥, Z. Through
X and Z 1s are d-awn to QP, QR respectively to mecet at O.
Prove that OP =0Q =OR.

10. ABCD is a square, and P, Q, R are the mid points of AB, BC,
and CD respectively. Prove that
(i) PQ=QR, (ii) AQ=DQ, (iii) AQ=AR, (iv) BR=DQ.
[Draw a separate figure in each case.] D
A

11. Upon the sides BA, AC of a AABC E
are described equilateral As ABD, ACE,
with their vertices D and E outside the
AABC. Prove that BE =DC.

Fi6. 32.

12, ABCD isarectangle. On AB, BC
equilateral As APB, BQC are described A 8
external to the rectangle. Prove that
AQ =PC. Q

13. ABCis an eqnilateral A ; BC, CA,
AB are produced for equal lengths to A’, D c
B’, C’ respectively. Prove that the FrG. 33.
AA’B’C’ is also equilateral. A

14. ABC is an equilateral A ; D isany £
point inside it. On DC an equilateral
A DEC is drawn, asin the figure. Prove
that tne As ACE, BCD are congruent.

W
o

+ 15. ABC is an equilateral A. D,E,F E

are points on BC, CA, AB respectively

such that BD =CE =AF. Prove that

the A DEF is also equilateral. E
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16. Tf two st. lines PQ, XY bisect each
other at rignt ar.gles at O, prove that
PX =XQ =QY =YP.

17. PQR is a A in which PQ =PR.
S, T are points on PQ, PR respectively
such that PS =PT.

Prove that (i) SR=TQ,

(ii) LPSR=.,PTQ,
(1) £QSR =LRTQ,
(iv) £L8SQR =LTRQ.

18. In the figure,
OP =0OR and 0Q =08 ;
prove that (i) QR =SP,
(11) LOQP = L OSR,
(1ii) PQR = LRSP.

19. In the figure,
OA=0B, OC=0D, AOB=.COD;
prove that AC=BD.

20. ABCD is a square. On its sides
are taken the points L, M, N, P, so that
AL =BM =CN = DP.

Prove that ali the sides of LMNP are
equal.

Q

Fic. 36.

[PART

| d

<
!

Y

P
ég
Q R

F16. 37.

P Q
S R

Fic. 38.

(0}
D
C
A B

A

F16. 39.

B

P

D

L
N
11G. 40,

Cc
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Note. The teacher may tnink it profitable to point out that
some of the above examples, e.g. No. 11, may be sulved by
rotating one triangle about a vertex until it coincides with
another triangle.

The pupil should work the following questions with a model in
front of him.

21. The figure represents an crdinary rectangular block.
1he edges AG, BH, CE, DF are equal.
The edges AD, BC, GF, HE are equal.
The edges AB, DC, GH, FE are equal.
The edges AG, AD, AB are unequal.

F X E
Y
‘ HK-- M iN
G A R
D v (o}
Jt LT
S Q
A P B
Fic. 41.”

The middle points of the edges are marked in the figure.
Find as many triangles as possible congruent with (i) AASP,
(ii) AADR, (iii) AADC, (iv) AADH, (v) AAGE.

22. In the figure of Question 21, prove that (i) AR =HX,
(if) HC =AF, \iii)) YX =QP.

23. BCD is an equilateral A. Ais a
point outside the plane BCD such that z
the As ABC, ACD, ABD are equilateral.
The midcle points o. the edges are X D
marked in the figure.

Find as many triangles as possible P
congruent with (i) ABXQ, (ii) ABAY.

B Q c
FiG. 42.

24. In the figure of Question 23, .prove thut (i) XQ=YZ,
(ii) CX =AP.

25. OP is a vertical pole standing on a level piece of ground.
O, A, 3, C are points on the ground such that OA =0B =0C.
Prove that FA=PB =PC.
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PARALLELS

Straight lines, which are 1n the same plane and which do not
meet, however far they are produced in either direction, are
called parallel lines.

If two straight lines lie in the same plane they are said to be
co-planar.

Playfair’s Axiom. Two intersecting straight lines cannot
both be parallel to the same straight line.

Postulate. Let it be granted that a straight line can be drawn,
through a given point, parallel to a given straight line.

It follows from Playfair’s Axiom that only one such straight
line can be drawn.

Any straight line drawn to cut two or more given straight
lines is called a transversal.

5/8

(o]
77
F

F16. 43.

If a transversal makes with two straigh. I'nes angle~ marked
as in the figure, then
1, 4, 6, 7 are called exterior angles :
2, 3, 5, 8 are crlled interior angles :
2 and 8 are called alternate angles ; so also are 3and 5 :
1 and 5 are called corresponding angles ; so also are 4 and
8; zand 6; 3and 7.
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* THEOREM 5

If 2 straight line cuts two other straight lines so as to make
(D) the alternate angles equal,
or (ii) the corresponding angles equal,
oR (iii) the interior angles or the same side of the cutting line
supplementary,
then in each case the two straight lines are parallel.

F1G. 44.

(i) Let the straight line PQ cut the two straight lines AC, DF
at B and E so as to make the alternate angles ABE, FEB equal to

one another.
It is required to prove that AC and DF are parallel.

Proof. If AC and DF are not parallel, they will meet, when
produced, either towards C and F, or towards A and D. If
possible, let AC and DF, when produced, meet towards C and F,
at the pointK.

Let G he the point un CB produced such that GB =KE.

Join GE.

Then in the As GBE, KEB,

GB =KE (construction),

EB =BE (common),
LGBE = LKEB (grven) ;

*. the As GBE ore cong.uent (2 side., included angle) ;

KEB
. LGEB = LKBE.
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But LKEB = LGBE (grven),

. LGER + LKEB = LKBE + LGBE =2 right angles, since G, B, K
lie on a straight line ;

.. G, E,K lie on a straight line,

i.e. two straight lines intersect at G and K, which is impossible ;

.. our assumption is wrong, and it is not possible for AC and
DF to meet when produced towards C and F.

It may similarly be proved that AC and DF cannot meet when
produced towards A and D ;

. AC and DF are parallel.

F1G. 45.

(ii) Let the corresponding angles PBC, BEF be equal.
It is required to prove that AC and DF are parallel.

Proof. L BEF = LPBC (grven),
= L ABE (vertically opposite).
But these are alternate angles ;
. AC and DF are parallel.
(iii) Let the two interior angles CBE, BEF be supplementary.
It is required to prove that AC and DF are parallel.

Proof. LBEF =the supplement of CCF. (gzven)
= L ABE (sénce C, B, A lie on a straight line).
But these are alternate angles ;
*. AC and DF are parallel.

Note. In this theorem we have used an indirect method of
proof of very frequent use in Geometry. It consists in showing
that, if the theorem were untrue, we should be led to sorae
‘mpossible conclusion This forr of proof is known as Reductio
ad Absurdum. It is most frequentiy used to demonstrate the
converse nf some previous theorem.
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* TIEOREM 6

If a straight line cuts two parallel lines, it makes
(@) the alternate angles equal to one another ;
(i) the corresponding angles equal to one another ;
(iii) the two interior angles on the same side of the cutting
line supplementary.

F1G. 46.

Let the straight lines AC, DF be parallel, and let the straight
line GBEH cut them at B, E, respectively.
It is required to prove that
(i) £ ABE = L BEF,
(i) £GBC = L BEF,
(iii) £CBE + LBEF =two right angles.

Proof. (i) Suppose that ABE is not equal to £BEF, and let
the straight line BK be drawn, making £EBK equal and alternate
to LBEF. ,

Then BK is parallel to DF.

But it is given that AC is parallel to DF ;

. AC and BK are toth parallel to DF ; but, by Playfair’s
Axiom, this is impossible, for AC and BK intersect ;
*. it is wrong to suppose that s ABE. BEF are unequal ;
.. LABE = LBEF.
(ii) LGBC = L ABE (vertically opposite)
= LBEF (proved above).
(iii) £EBC =the supplement of the angle ABE (s.7zce A, B, C lie
on a straight l'ne) ‘
=the supplement of the angle BEF (s7zce 2he L ABE
has been proved equa’ to the LBEF),
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Note. When using this theorerr to prove the equality of two
angles it is not sufficient to state that the angles are equal
because they are alternate or corresponding angles. In general,
alternate or coriesponding angles are not equal ; the reason for
the equality of the angles is that certain lines are parallel, and i*
is therefore essential that these lines should be named, e.g.

L ABE = L BEF (AB, EF parallel, alternate angles).

* THEOREM 7

Co-planar straight lines which are parallel to the sarie straight
line are parallel to one another.

A B
7(
Q
P
X Y
Fi1G. 47.

Let AB, PQ be co-planar straight lines which are each parallel
to XY.

It is required to prove that AB and PQ are parallel.

Proof. If possible, suppose that AB, PQ (produced if neces-
sary) meet at K. Then through K there are two straight lines
KA, KP, both of which are parallel to XY.

But this is impossible by Playfair’s Axiom;

*. our supposition that AB, PQ meet atK is wrong ;
.. AB,PQ cannot meet, and since they are co-planar, thcrefore

they must be parallel.

EXERCISE 3 [Theorems 5-7]

1. Inthegiven figure AB is parallel /
to CD. a /b
(i) If £b=53°, find all the other A =77 8
angles in the figure. /
(ii) If ce=114° find all the e b

other angles 1n the figure. c y,z
In each case give your reasons
clearly. Fic. 48.
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L
2. In the giver %gure, AB, & q
CD are parallel, as also are \ \
EF, GH. A—LN___cNd elf
If Lb=117° and Lp=93° g\t I\ ils
find all the other angles in the
figure. AW AV
Give your reasons clearly. C D

[The teacher can give as
much practice as is needed by
varying the two angles given.]

w\x r\¢ 1'/j
M

F H
Fi16. 49.

3. Prove that co-planar st. lines which are | to the same st.
line are parallel.

4. AB, CD are two parallel st. lines. XY is | to AB. Prove that
itis ' toCD.

5. ABCD is a quad. with both pairs of opposite sides parallel.
Prove that both pairs of opposite angles are equal.

6. Prove that the angle between any two intersecting st. lines
is erither equal or supplementary to the angle between any parallels
to these lines.

7. Two st. lines PQ, XY bisect each other at O. Prove that
PY, XQ are parallel, and also PX, YQ.

8. AB, PQ are equal and parallel st. lines. Prove that the st.
lines AP, BQ are also equal and parallel.

DEFINITION

If the side BC of a triangle is produced A
to D, the LACD is called an exterior angle
of the triangle, and the s ABC, BAC are
said to be interior opposite angles. The
bisector of the £ ACD is called the external g c D
bisector of the .C of the triangle. Fi6. 50.
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THEOREM 8

The sam of the three anglas of a triangle is equal to two right
angles.

B C D
Fi1G, s1.

Let ABC be a trniangle.
It is required to prove that the three Ls ABC, BCA, CAB to-
gether =two right angles.

Construction. Produce BC to any point D ; and suppuse CE
to be the line through C parallel to BA.

Proof. Because BA and CE are parallel and AC meets them,
.. LACE =the alternate LCAB.
Again, because BA and CE are parallel and BD meets them,
‘. LECD =the corresponding . ABC;

*. the whole exterior .ACD =the sum of the two interior
opposite angles, CAB, ABC.

To each of these equals add the £ BCA ; then the s BCA, ACD
together =the three s BCA, CAB, ABC.

But, by construction, the s BCA, ACD together =two right
angles;;

.. the £s BCA, CAB, ABC together =two right angles.

Corollary 1. If a side of a triangle is produced the exterior angle so formed
is equal to the sum of *he two interior opposite angles.

Corolhry 2. I a side of a triangle is produced the exterior angle so formed
eater than either of the interior opposite angles.
result is f1 quently of considerable use.
(hl'ollnx1 3. If two triangles have two les of the one equAl to two
« 1gles of eother,e;ch.oeach then the angles are equal.
Corolhry 4. In a right-angled triangle, (1) the right angle is the greatest

&gll‘e ; (i) the sum of the reraaining angles is equal to a right zagle and
of these angles is an acute angle.
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Corollary 5. In an obtuse-angled triangle, (i) the obtuse angle is the
greatest mgle ; (ii) the ~um of the remaining angles is less than a might sngle
and each of these angles is an acute angle.

Corollx.r{ 6. If one angle of a triangle is equal to the sum of the other two,
the triangle is right-angled

Corollary 7. Any two angles of a triangle are together less than two right
angles, and every triangle must have at least two acute angles.

Corollary 8. Only one perpendicular can be drawn to a straight line from
a given point outside it. P

For, if two perpendiculars PX, PY could be
drawn to AB from P, we should have a triangle
PXY 1 which each of the angles PXY, PYX
would be a rnight angle, which 1s impossible.

Fic. s52.

EXERCISE 4 [Theorem 8]
1. In a right-angled A, one angle =36°; find the third angle.
2. In the APQR, LP =102° Q=23°; find the LR.

3. In the AXYZ, LX =26° the exterior angle at Z=98°; find
the LY.

4. Calculate the angles of a tnangle 1f they are in the ratio
2:3: 4.
5. The bisector BX of the vertical angle of a A ABC meets the

base AC at X. 1f 2 ABC =68° and . BXC =86°, find, by calculation,
the Ls A and C.

6. ABC 1s a £ in which A =60° B =52° and the side BC is
prodveced to D. The bisectors of the £s ABC and ACD meet at X.
Calculate the £ BXC

7. A hine AB makes angles of 65° with each of two lines OP, 0Q.
What 1s the angle between these lines ? A fourth line makes an
angle of 35° with OP. At what angles can it be inclined (i) to AB,
(ii) to OQ ?

8. The internal bisector of the LB of a AABC meets AC at P,
and the internal bisector of the . C meets AB at Q. The lines
BP, CQ meet at O, the L ABC is 60° and the POQ is 110°. Cal-
culate the s AQC and ACB.

9. In the AABC, £ B =63°, .C=38°. Find, by calculation, the
acute L betv-een the bisector of « BAC and the | fron. B to AC.
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10. The AABC is right-angled at A. Prove that the sum of the
exterior angles at B and C is three times the 2xterior angle at A.

il. ABC is a A. The biscctors of the Ls B and C meet at O,
and the £ BOC =.26°, Calculate the LA.

12. If the external bisector of the vertical angle of a A is
inclined at an angle of 20° to the base, show that the difference
of the base angles is equal to 40°.

13. The sum of the s B and C of a AABC is 105° and the LA
exceeds the L C by 40°. Calculate the s A, B, C.

14. ABC is a A having one of its angles equal to five times the
least angle and the other angle equal to three times the least
angle. Calculate the angles.

15. PQR is a A with QR produced to S. The L PRS =108° and
L QPR =3.PQR. Calculate the angles of the APQR.

16. The greatest angle of a A is twice the least, while the other
is 12° greater than the least. Find the angles of the A.

17. PQRisa A. QXis | toPRandRYis | to PQ. Prove that
L PQX = LPRY.

18. PQR is a A in which £Q=4R. RS is drawn | to QR to
meet QP produced at S. Prove that L PRS = L PSR.

19. Two st. lines AX, BY are cut by a third st. line at A, B ;
prove that if the bisectors of the s BAX and ABY be | to one
another, then AX and BY are parallel.

20. In any AABC, prove that the internal bisector of the
angle B and the external bisector of the angle C cannot he parallel,
and also prove that their point of intersection lies on the same
side of BC as A.

21. If P is a point within a AABC, and fB PC be joined, prove
that the excess of the L BPC over the . BAC is equal to the sum of
the s ABP, PCA.

22. Prove that if the lines which bisect the opposite angles A
and C of a quad. A3CD are parallel to one another, the s B and
D are equal.

23. AB, CD ae two parallel st. lines. XY is a st. line cutting
them at P, Q respectively. Prove that the bisector of the LAPQ
.3 || to the bisector c¢ the LPQD and L to the bisector of the
LCQP.
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THEOREM 9a

All the interior angles of a polygcn, together with four right
angles, are equal to twice as many right angles as the figure has

sides. B
A D
c

N

Fic. 53

Let ABCDE... be a polygon of = sides.
It is required to prove that all the interior angles +4 right
angles = 27 right angles.

Construction. If possible choose a point O inside the polygon,
such that all the straight lines joining O to the vertices lie
entirely within the polygon.

Proof. The polygon has been divided into 7 triangles by
*hese lines. The sum of the three angles of each triangle equals
two right angles;

.. the sum of all the angles of all the triangles equals 27 right
angles.

But all the angles of 21l the triangles make up all the interior
angles of tne polygon, together with the angles at O, which=4
right angles ;

*. all the interior angles of the polygon + 4 right angles =2»
right angles.

Note. In the figure chosen the angle of the polygon at C is
“reflex,” the polygon is * mom-convex” or * re-entrant.’
Theorem ga is true for such polygons as well as for convex
polygons. There may be nu point O inside the polygon such
that the straight lines joining O to the vertices lie vithin the
polygon. The above proof then Zails, but the theoreia s still
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true. The reader will find it instructive to verify this statement
in a few simple cases, e.g. :

F16. $4.

The following theorem is only true for convex polygons :

THEOREM 9b

If the sides of a convex polygon are produced in order, the sum
of the exterior angles so formed is equal to four right angles.

P
T

A

S
F1G. 55.
Let ABCD... be a convex polygon of # sides. AB, BC,CD, DE...
are produced toP, Q, R, S... respectively.
It is required to prove that the sum of the angles PBQ. QCR,
RDE, SEA... is equal to four right angles.

Proof. At eac/ vertex the interior angle +the exterior angle
=2 right angles ;
and there are 7 vertices,
. the sum of all the interior angles+the sum of all the
exterior angles =2z right angles.
Dut we have just proved that
the sum of all the interior aagles + 4 right angles
=27 right angles,
.. the sum of all the exterior angles =4 right aagles.
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Note. This theorem is usually regarded as a corollary of
Theorem ga. It iL is set in an examination the candidate is
advised not to assume the result ¢f Theorem ga. He should
first prove Theorem ga and then deduce Theorem gb as above.

EXERCISE 5 [1heorems 9a and gb)

1. In a quadrilateral ABCD, LA=74° LB=85° LC=103°;
find £ D.

2. Inaquadrilateral ABCD, LA=39° £B=114°and tC=2.D;
find £C and 4D.

3. What is the size of each exterior angle of a regular hexagon ?
Hence find the size of each interior angle.

4. What are the exterior angles of regular polygons of 8, 10,
12, 20, 5, » sides ? Hence find the size of each interior angle of
these volygons.

5. The exterior angle of a regular polygon is 40°; how many
sides has it ?

6. The interior angle of a regular polygon is 160°; how many
sides has 1t ?

7. How many sides have the regular polygons whose exterior
angles are (1) 12°, (ii) 73°?

8. Is it possible to have regular polygons whose exterior angles
are (i) 18°, (ii) 11°, (iii) 13°, (iv) 24°?

9. Is it possible to have regular polygons whose interior angles
are (i) 144° (1) 154° (1) 175° (1v) 117°? In the cases which
are possible, find the number of sides.

10. In the quad. ABCD the angles are in the ratio 1:3:7:9.
Find them.

11. If /.C, CB are two sides of a regular polygon of 2 sides,
express . ACB as a fraction of a right angle.

12. The interior £s of a quad. ABCD are 40°, 100° 64° and
156°. The bisectors of the exterior s form a new quad. Iind
the interior s of this new quad.

13. In a certain pentagon one of the angles is four-thirds of a
right angle ; of the other four angles, one 1s doubl-, another three
tiraes, and another four times the smallest angle ; find the number
of degrees in each angle.

14. A certain polygon has seven sides ; one of its angles is 25°
greater than each of the others, which are equal. Find the
number of degrees in each angle.

[¢ M.S.G.
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15. Two angles of a certain octagor are right angles, two others
are cach one and a half right angles ; of the r~mraining angles one
is 10° greater and the other is 20° less than each of the other two
angles. Find the number of degrees in each unknown angle.

16. One of the angles of a pentagon is a right angle ; the other
four angles are equal to each other. How many degrees are there
in each ?

17. The s A, B, C of a quad. ABCD are 96°, 140°, 76° re-
spectively, and the bisectors of the four exterior Ls of the quad.
are drawn, forming a quad. PQRS ; find the s of this quad.

18. In the hexagon ABCDEF, the s at A, C, E are equal to
one another, as also are the s at B, D, F, the former being double
the latter. Iind the angles of the hexagon.

19. In a pentagon ABCDE, the Ls A, B are each 120°, and the
Ls C, E are each 95°. Alternate sides are produced to meet,
forming a star-shaped figure. Calculate the angles of the star.

20. The AABC has £B=40° and LC =80°; pomnts P, Q, R are
taken on BC, CA, AB respectively so that £ APC =x°, LBQA=%"°,
LCRB =2z°. Calculate the s of the A formed by AP, BQ, CR,
and hence find the values of #, y, z if this A is equilateral and BQ
is | to AC.

21. In a pentagon ABCDE the . D is double the B, and the
Ls A, C, E are each half the sum of the s B and D. Find all the
Ls of the pentagon.

22. A nine-sided figure has one angle a right angle, and the
other angles are equal to each other. Find their size in degrees.

23. Two angles of a convex polygon are right angles, and each
of the other angles is 120°. How many sides has the polygon ?

24. ABCDEF is a hexagon in which LFAB =110°, LABC =115°,
CD is | to AB and DE to AF, and 4DEF =.EFA. Find the
remaining s of the hexagon.

25. Show that 1f all the £ s of a hexagon are equal, the opposite
sides must be parallel.

26. The sides AB, DC of a quad. meet when produced at P, and
the sides BC, AD meet when produced at Q. The lines bisecting
the LsPand Q meet at O. Prove that the L POQ or its supplement
is equal to half .1e sum of BAD and BCD.

27. If the s of a quad. taken in order are in the ratio of
1 4:6:9, prove that two of its siGes are parallel.

28. ABCD is a quad. Prove that the  between the bisectors
of the s 3AD, ADC =} (£ A3C + L BCD).
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* THEOREM 10

Two triangles are congruent if ttro angles and a side of one
triangle are respectively equal to two angles and the correspond-

ing side of the other.
D
A G

R C E F
F16. 56.
Let ABC, DEF be two triangles in which BC=EF, LB =_LE,
LA=LD.
Since the three angles of each triangle are together equal to
two right angles, .. the remaining £C =the remaining .F.

Proof. Suppose that BA is not equal to ED. Then there is a
point G on ED (or on ED produced) such that EG=BA. Join FG.
Then in the As ABC, GEF,
BA =EG (construction),
BC =EF (grven),
L ABC = LGEF (grven) ;

‘. the As gig are congruent (2 szdes, included ),

.. LBCA=LEFG, but £BCA = LEFD (grven),
. LEFG=LEFD, i.e. a part is equal to the whole, which is
absurd,
*. our supposition is wrong ;
.. BA=ED.
Then in the As ABC, DEF,
BA =ED (proved),
BC =EF (gzven),
L ABC =DcF (grven) ;

s, the As :)BC are congruent (2 sides, included ¢ ).

EF
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Note. When this theorem is quuted the following abbrevia-
tion may be used : ““ 2 cs, corresponding s.de.” The insertion
of the word ‘ correspondirg ”’ is essential. Two triangles are
not necessarily congruent if two angles and a side of one triangle
are respectively equal to two angles and a side of the other.
This is clear from a consideraticn of the figure below :

A

¥Fic s57.
Let L ABC = L ACD = 40°,
L ACB = LDAC = 60°.
Then, in the As ABC, ADC,

AC =AC,
£ ABC = L ACD,
LACB = LDAC;

i.e. two angles and a side of one triangle are respectively equal

to two angles and a side of the other. But the triangles are
clearly not congruent.

EXERCISE 6 [Theorrm 10]
[See note at the head of Ex. 2.]

1. AD is the bisector of the . between AB and AC; P is any
point on AD. Prove that the |s drawn from P to AB and AC are
equal.

2. In any AXYZ, the bisectors of the s Y and Z meet at O ;
from O, OP, OQ, OR are drawn | to YZ, ZX, XY respectively.
Prcve that OP =0Q =OR.

3. In the AABC, the 1| AD from A to the bisector BD of the
£ ABC meets the base BC (produced if necessary) at E. Prove
that AD -:DE.
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4. Prove that if the line bxsectmg the vertical angle of adis
1 to the base, the A is isosceles.

5. In any A PQR, PQ and PR are produced, and the bisectors
of the exterior angles at Q and R meet at O. OX, OY, OZ are
Jdrawn | to the three sides of the A. Prove that OX=0Y =02Z.

6. ABC is a A in which AB-—-AC. Prove that the | from B
to AC is equal to the | from C to AB.

7. PQR is a A in which £Q =.R; 8 is the mid-point of QR.
Prove that the {s from S to PQ, PR are equal.

8. AD is the bisector of the angle between AB and AC; P 1s
any point on AD. Through P is drawn a line 1 to AD to meet
AB and AC at X, Y respectively. Prove that AX =AY.

9. ABC 1s an acute-angled A. The | from B to AC is equal to
the | from C to AB. Prove that AB =AC.

10. if CA, CB are radii of a circle at right angles to each other,
and AM, BN are drawn | to any diameter meeting it at M and N,
prove that AM =CN and BN =CM.

11. On the sides AB, BC of a AABC, which is right-angled at A,
squares ARSB, BPQC are drawn outside the A. PB produced
meets SR (produced if necessary) at T. Prove that the As TSB
and CAB are congruent.

12. ABCD is a rectangle, M the middle point of BC. AM is
drawn, and produced to meet DC produced at E. Prove that
CE =AB. Prove also that, 1f B and E are joined, BE is equal to
one of the diagonals of the rectangle.

13. A AABC has the C =90° and AC >BC. AP is cut off on
AC equal to BC, and PN, CM are the |s to AB from P and from C ;
prove that the As BCM, PAN are congruent.

14. K is a point inside a square ABCD such that 4BKC =9o°
and CK > BK. The | drawn from D to CK meets CKat N. Prove
that DN =CK.

15. If the diagonal of a quad. bisects the argles which it joins,
prove that it bisects the other diagonal at right angles.
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THEOREM 11

If two sides of a triangle are equal, the angles opposite those

sides are equal. A

]
'
)
'
'
[
'
'
'
)
D

B C

Fic. 58.
Let ABC be a triangle in which AB =AC.
It is required to prove that LB = ,C.

Construction. Let AD represent the bisector of the angle BAC,
and let it meet BC at D.

Proof. In the As ABD, ACD,
AB = AC (grven),
AD =AD (common),
LBAD = LCAD (construction) ;
ABD . .
. the As AcD 2T€ congruent (2 sides, included angle) ;
S, LB=cC. - A

Corollary 1. If the equal sides AB, AC »fan
isosceles A are produced, the exterior angles
EBC, FCB are equal; for they are the supple- B8 C
ments of the equal angles at the base. £ F
Fic. 59.
Corollary 2. If a triangle is equilateral each of its angles is 60°.
A figure is said to be symmetrical about a line when, on being
t.1ded about that line, the parts cf the figure on each side of it
can be made o coincide. The straight line is called an axis of

symmetry.
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Corollary 3. An isoscesres triangle is symmetrical about the
bisector of its vercical angle. An equilateral triangle is sym-
metrical about the bisector of any one of its angles.

Corollary 4. The bisector of the vertical angle of an isosceles
triangle (i) bisects the base ; (ii) is perpendicular to the base.

For it has been shown that the triangles are congruent ;

ACD
. BD=CD and .ADB =, ADC, and each angle is therefore by
definition a right angle ; .. AD is perpendicular to BC.

Note. The teacher should explain why the construction given
is the only valid construction. Candidates in examinations often
let AD represent the median or the perpendicular from A to BC,
and then proceed to prove congruence by means of Theorems 13
or 14. It cannot be too strongly emphasised that this is *‘ argu-
ment in a circle.”

THEOREM 12
If two angles of a triangle are equal, the sides opposite those
angles are equal. A
'
1)
'
E
B l‘) C
Fi16. 6o.

Let ARC be a triangle in which £B=.C.
It is required to prove that AB =AC.
Construction. Let AD represent the bisector of the angle BAC,
and let it meet BC at D.

Proof. In the As ABD, ACD,

LB=LC (grven),

LBAD = L CAD (construction),
AD = /D (common),

D . .
*, the As :gD are congruent (2 angles, correspending szde) ;
*. AB =AC.
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EXERCISE 7 [Theorems 11 12]

1. In a APQR, PQ =PR; find the s of the A in the follow-
ing cases: i) LQ=68° (ii) LP=34° (iii) LP=128°34’, (iv)
£R=13°33", (v) LQ=37° 30", (vi) LP=08°9".

2. Find the £s of an isosceles A in which each of the base
angles is (i) three-quarters, (ii) four times the vertical angle.

3. PQR, SQR are two isosceles As on opposite sides of the same
base QR. Prove that . PQS =4 PRS.

4. PQR, SQR are two unequal isosceles As on the same side of
the same base QR. Prove that LPQS =L PRS.

5. ABCDE is a regular pentagon. Calculate the s ABC and
ACD.

6. ABCDE is a regular pentagon. On AB the square ABPQ is
described lying entirely within the pentagon. Calculate the
Ls CBP, PBD.

7. If ABCDE is a regular pentagon, and AC, AD be joined,
calculate the number of degrees in each of the three angles at A.

8. ABC is a A with AB=BC =2", and £ ABC =60°. CB is pro-
duced to E making BE =2”. Calculate the . CAE.

9. ABCisa A ; aline DE || to AB cuts AC at D and BC at E. If
LBAC =35° LBDC =70° LDEC=098° find all the other angles
in the figure, and prove that AD =DB.

10. ABC 1s a A in which £CAB=35°, LABC=.00°. BD is
drawn | to AC. Prove that BD =DC.

11. The s A, B of a AABC are 70° and 60° respective’y. Lines
AD, AE are drawn within the £BAC to cut BC at D and E, such
that L BAD = LACB, and LCAE =L ABC. Prove that AD =AE.

12. Two angles of a A are 40° and 12.° respectivelv. Show
that the A may be divided into two isosceles As in two different
ways.

13. The side BC of the AABC is produced to D, and BD is made
equal to BA, the £ ACD is 80° and the L BAC is 24°. Calculate the
Ls ABC, ACB, CAD, CDA.

14. A AABC has LB =42° LC=104°. E is a point on a line
through A drawa || to BC, such that AE =AB and the £ EAB is
cbtuse. Join BE and calculate the £ AEB.

15. ABCDE, ABPQRS are respectiv:ly a regular pentagon and
a regular hexagon described on the same side of a given line AB.
Join PC. “alculate the s QPC, PCD.
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16. A square ABCD, and ¢ regular pentagon ABPQR are des-
crited on opposite sides of a line AB. Calculate the 2s RAD, PRD.

17. ABCDEFG is a regular heptagon ; calculate to the nearest
minute the angles of the figure, of the AACF, and of tl.e A formed
by AC, DF and the perpendicular at G to FG.

18. A, B, C, D, E are the vertices of a regular pentagon. AC, CE,
EB, BD, DA are drawn. Find every angle in the figure.

19. ABC is a A in which AN is drawn | to BC. AB<AC. A
circle, centre A and radius AB, cuts BC at P. If 2BAN =19° and
AP =PC, calculate the 4 CAN.

20. ABC is a A in which AB=AC =5 cm. and BC=2 cm. BC
is produced both ways a distance 3 cm. to P and Q so that
BP =3 cm and CQ =3 cm. Join AP, AQ. Point out in the figure
a pair of congruent isosceles As.

If LABC=x°, prove that .LBAC=(180-2%)° and LBAQ
=<90 —’2-() , and deduce that L PAQ = . ABC.

21, In a AABC the line AD bisects BAC and cuts BC at D.
If AD =DB, and LACB =66°, calculate . ABC.

22, ABC is an isosceles A. A straight line || to the base BC
meets the other sides at X, Y. Prove that AAXY is isosceles.

23. ABC is an isosceles A ; the bisectors of the equal s B, C
meet at O. Prove that AOBC is isosceles.

24. ABC is an isosceles A ; P, Q are points on the base BC
such that BQ : -CP. Prove that AP =AQ.

25. XYZ is a A, whose sides YX, ZX are produced to P, @, so
that XP =X7, XQ =XY. Prove that ZP, YQ are ||.

26. ABC is a A and BA is produced to E ; AD bisects the £ CAE.
CX is drawn through C || to DA to cut AB, or AB produced, at X.
Prove 'hat AX =AC.

27. XYZ is a A whose £X =90°. On YZ points P, Q are taken
such that ZP =2ZX and YQ =YX. Prove that LPXQ =45°.

28. Prove that the A formed by joining the mid-points of the
3 sides of an isosceles A is isosceles.

29. XYZ is a A in which XY=XZ. YQ, ZR are drawn | to
XZ, XY respectively, meeting at S. Prove that A8'Z is isosceles.

30. AXBY is a quad. in which AX=AYand X =Y. Provethat
XB=YB.

31. In the base YZ of a AXYZ points R, S are taken such that
LYXR=,ZXS; if XR=XS, prove that AXYZ is isoscelcs
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32. X is a point in the hypotenu.e BC of a right-angled AABC,
such that £ BAX =, ABX. Prove that AX =8X =CX.

33. Prove that the bisectors of the base angles of an isosceles A
are equal.

34. PQRS is a quad. in which PQ, SR are || and 4P=.Q.
Prove that PS =QR.

35. PQR is a A in which PQ =PR. The bisector of the L Q
meets PR at L and through L is drawn a line || to RQ to meet PQ
at M. Prove that QM =ML =LR.

36. Through any point in the bisector of an angle a line is
drawn parallel to either of the arms of the angle. Prove that the
A so formed is isosceles.

* THEOREM 13

Two triangles are congruent if the three sides of one triangle
are respectively equal to the three sides of the other.

D

G
Fi6. 61.

Let ABC,DEF be two triangles in which AB =DE, AC =DF, BC =EF.
It is required to prove that the triangles are congruent.

Construction. t Let BC, EF be the sides which are not shorter
than the other sides.

Consider a AGEF on the opposite side of EF to D, having
LGEF = L ABC and £EFG = LBCA. ]oin DG.

Proof. Inthe As ABC, GEF,
L ABC =GEF (construction),
LBCA = LEFG (construction),
BC =EF (grven) ;
.. the As g‘;f; are congruent (2 angles, corresponding szde) ;
. AB =Gk, AC =GF, BAC = LEGF
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Rut DE =AB, DF =AC (gzven),
. DE =GE and DF =GF,
.. EDG and FDG are isosceles As,
‘. LEDG=.EGD and LGDF=.DGF (base angles of an
Zsosceles D) ;
. LEDG + LGDF = LEGD + 4DGF,
', LEDF = LEGF.
But LEGF = LBAC (proved),
LEDF = L BAC.
Then, in the As ABC, DEF,
AB =DE (given),
AC =DF (grven),
LBAC = LEDF (proved) ;

. the As ggcz are congruent (z sides, included angle).

When this theorem is quoted the following abbreviation may
be used : ‘“ 3 sides.”

T This line is inserted to avoid the necessity of considering more than
one figure. Had it been left out, it would have been necessary to
modify the above proof for the figures given below.

D D
E F E F
\ . .
F1G. 62.

EXERCISE 8 [Theorem 13]

1. The four sides of a quad. are equal ; nrove that its angles
are bisected by the diagonals.

2. TLz opposite sides of a quad. are equal; pro—e that its
opposite sides are parallel.
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3 ABC is an isosceles A ; D is the mid-point of the base BC.
Prove that AD bisects the vertical angle of tne AABC and is also
1 to BC.

4. ABCD is a square. E, F, G are the mid-points of AB, BC, CD
respectively. Prove that the As AEF, DGF are congruent.

5. ABCD is a quad. of which no two sides are parallel, but it is
given that AB=CD. The lines diawn through the mid-points of
AD, BC | to AD, BC respectively meet at O. Prove that the As
OAB, ODC are congruent.

6. 1f ABC, DBC are two As on opposite sides of the common
base BC, having AB=AC, and DB =DC, prove that AD bisects
the s BAC, BDC and also bisects BC at right angles.

7. ABCD is a quad. ; the diagonals AC, BD intersect at X. If
AC =BD and DX =CX, prove that the triangles ADB and BCA are
congruent and that AB, DC are ||.

8. In the quads. ABCD, PQRS, it is given that AB =PQ, BC =QR,
CD =RS, DA=SP, and AC=PR. Prove that L BAD =, QPS and
that BD =QS.

9. ABCD is a quad. in which AB=CD. Also there is a point O
inside the quad. such that OA=0D and OB =0C. Prove that BC
is || to AD.

10. In the figure of Ex. 2, No. 21, find as many As as possible
congruent with (i) AASR, (ii) AAPR, (iii) ASRQ, (iv) AARQ,
(v) AAXM, (vi) AAYE, (vii) AAYM, (viii) AAKN, (ix) AAFE.

11. In the figure of Ex. 2, No. 23, find as many As as possible
congruent with (i) AXYQ, (ii) ABXY, (iii) ABYZ, (iv) AXPZ.

THEOREM 14

Two right-angled triangles are congruent if the hypotenuse
and a side of one are respectively equal \c the hypotenuse and a
side of the other.

PPN

F16. 63.
Let ABC, DEF be two triangles in which AB=DE, AC=DF,
L ACB = L DFE =a right angle.
It is regquired to prove that ‘he triangles are congruent.
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Construction. Produce E+ to G, making FG=CB. Join DG.

Proof. EFG is a straight line and LEFD =a right angle (gzven),
". LDFG=a right angle.
Then, in the As ABC, DGF,
AC =DF (grven),
BC =GF (construction),
L ACB = L DFG (both right angles) ;

". the As 32(; are congruent (2 sédes, included angle),

. LABC = LDGF and AB =DG.
But AB =DE (grven), .". DE=DG,
‘. DEG is an isosceles A,
.. the base angles DEF, DGF are equal.
But L DGF = L ABC (proved),
. LDEF=LABC.
Then, in the As ABC, DEF,
AC =DF (grven),
L ACB = L DFE (grven),
L ABC = L DEF (proved) ;

‘. the 4s gzg are congruent (2 angles, corresponding szde).

Notc. By combining this theorem with Theorem 4 it will be
seen that two triangles are congruent if two sides and a right
angle of one triangle are respectively equal to two sides and
a corresponding right angle of the other.

When this theorem is quoted, either of the following abbrevia-
tions may be used :

(1) “rt. £, hypot.. ~ide "’ ;
or (2) “ 2 sides, corresponding rt. angle.”
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* THEOREM 14a

If two triangles have twc sides of the one equal to two sides of
the other, each to each, and also have the angles opposite to one
pair of equal sides equal, then the angles opposite to the other
pair of equal sides are either equal or supplementary, and in the
former case the triangles are congruent.

D

8 (o] E F G
Fic. 64.

Let ABC, DEF be two triangles in which
AB =DE, AC =DF, L ABC = . DEF.
It is required to prove that
either L ACB = LDFE, and AABC= ADEF,
or L ACB + L DFE =2 right angles.
Construction. Let G be a point on EF or EF produced such
that EG =BC.

Proof. Either the point G coincides with the peint F o7 it does

pot. . ABC
If G coincides with F, BC =EF. In this case the As DEF 7€
congruent (2 sides, included angle),
.. LACB = LDFE.

If G does not coincide with F, join DG.

ABC
Then, as above, the As DEG 2T¢ congruent and 4 ACB = L DGE

EG
and AC =DG. But AC =DF (grven), .". DF =DG;
.. the ADFG is isosceles and the base angles DFG,DGF are equal.
Also EFG is a straight line,
.. LDFE + LDFG =2 right angles ;
. LDFE + LDGF .= 2 right angles.
But LDGF = L ACB (proved),
.. LDFE + LACB =2 right angles.
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NOTE ON THE IDENTICAL EQUALITY OF TWO
TRIANGLES

Four cases of the congruence of triangles have now been dealt
with in Theorems 4, 10, 13, 14, the results of which may be
summarised as follows :

Two triangles are congruent in the following cases :

(1) If two sides and the included angle of the one are respec-
tively equa: to two sides and the included angle of the other.
(Theorem 4.)

(2) If two angles and a side are respectively equal to two
angles and the corresponding side of the other. (Theorem 10.)

(3) If the three sides of one are respectively equal to the three
sides of the other. (Theorem 13.)

(4) If the triangles are right-angled and the hypotenuse and a
side of one are respectively equal to the hypotenuse and a side
of the other. (Theorem 14.)

It should be particularly noted that two triangles are not
necessarily congruent in the following cases :

(1) If the three angles of one are respectively equal to the
three angles of the other. For example, in the figure, £s A, B, C

A

7N

B C
Fic. 6s.

are respectively equal to s X, Y, Z, but the triargles are not
cong:ruent.

(2) If two sides and an angle or one triangle are respectively
equal to two sides and an angle of the other, the equal angles
being opposite rqual sides in each triangle. (See Theorein 14a.)



48 ESCENTIALS OF SCHOOL GEOMETRY [PART

73) If two angles and a side of one triangle are respectively
equal to two angles and a side of the other. (See note on
Theorem 1..)

The pupil should, on this account, exercise the greatest car:
when quoting Theorems 4, 10, 14.

When quoting Theorem 4 it should be emphasised that the
equal angles must be the included angles.

When quoting Theorem 10 it should be emphasised that the
equal sides must be corresponding sides.

When quoting Theorem 14 it should be emphasised that
congruence follows because the angles are right angles and not
because they are equal.

EXERCISE g [Chiefly on Theorems 14 and 14a]

1. ABCisa A in which AB= AC; AD is drawn | to BC meeting
it at D. Use Theorem 14 to prove that BD =DC.

2. ABCD is a square; P is the mid-point of AB. A circle,
centre P, cuts AD, BC at Q, R respectively. Prove that

LAQP = L BRP.

3. P is a point within the arm of the 4 BAC such that s from
P to AB, AC are equal. Prove that AP bisects the L BAC.

4. PQRS is a square. QM, SN are drawn | to any line through
P, which lies entirely without the square, meeting it at M, N.
Prove that PM =SN.

5. ABCD is a square. From BD a length BX 1s cut off ¢jual to
BA. From X a st. line XY is drawn | to BD to meet AD at Y.
Prove (i) that DX =XY ; and (ii) by congruent As that XY =AY.

6. In a AABC, the | from A to BC is equal to the | from C
to AB; prove th~t AB =CB.

7. In the acute-angled As ABC, DEF, AB =DE, AC =DF, and the
1 from A to RBC 1s equal to the | from D to EF ; prove that the
As are congruent. Prove that the result is also true if both As
are obtuse-angled at C and F.

8. ABCD ‘s a square. A point P is taken on BC and a point @
on CD such that AP=BQ. Prove that AP and BQ intersect at
right angles.
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9. ABC is a A ; D is the mid-point of BC. The s fiom D to
AB AC are equal. Prove that the AABC is isosceles.

The following examples depend upon Th. 14a. It is recom-
mended that they should be omitteu during tbe first reading of
the book.

10. In the AABC the bisector of the L BAC also bisects the side
BC. Show that the A is isoscelzs.

11. ABCD is a square, AXD an equilateral A drawn inside it.
BX is joined and produced to meet the diagonal AC at Y. Cal-
culate the s of the ABAX and hence deduce that +DXY =45°.
Then use Th. 14a to prove that XY =CY.

State and prove the corresponding results when the equilateral
A AXD is drawn outside the square.

12. Prove Ex. 7, No. 30, by means of Th. 14a.

13. ABC is a A in which AB=AC. X is a point within the A
such that LABX =4ACX. Prove that AX is the bisector of the
LBAC. Is the theorem true if X is outside the A ?

14. On the base BC of a AABC a right-angled isosceles ABDC
is drawn on the opposite of BC to A. If AD bisects the LBAC,.
prove that the AABC must be either right-angled or isosceles.

15. ABC is a A such that the isosceles right-angled ABDC,.
which 1s drawn on the base BC, lies entirely within the AABC.
If AD bisects the L BAC, prove that the AABC must be isosceles.

16. If two As ABC, PQR have the sides AB, AC equal to the
sides PQ, PR respectively and the Ls at C and R unequal and
supplementary, prove that the Ls at B and Q are equal and that
the sum of the Ls at A and P is twice the complement of either B.
or Q.

[HiNnT : Take S on QR such that PS =PR.]

EXERCISE 10
Further Examples, chiefly on Theorems 4, 10, 13, 14

1. ABCD, CEFG are two squares, so placed that BCE is a st.
line, G lies in CD, and the squares do not overlap. From BC the
length BP is cut off equal to CE. Prove (i) that A =PF, (ii) that
L APF =9go°.

2. E and F are the mid-points of the sides AB, AC of a A.
CE, BF are produced to X, Y respectively, so that EX=CE and.
FY =BF. Prove that XAY is a st. line.

D M.L.G.
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3. The equal sides QP, RF of an isosceles APQR are produced
to S, T, so that PS =PT; QT, RS meec at V. Prove that AQVR is
isosceles.

4. ABZD is a square ; poiats P, Q, R, S are taken in the sides
AB, BC, CD, DA respectively, such that AP =BQ =CR=DS. Prove
that PQRS is a square.

5. ABCD is a square ; AL, BM are drawn | to any line through
D. AN isdrawn | to BM or BM produced. Prove that ALMN is a
square.

6. A line drawn || to the base BC of an isosceles AABC meets
the equal sides AB, AC at E, F respectively. Lines through E, F ||
to AC, AB meet at G. Show that AG, produced if necessary, will
bisect BC.

7. A quad. ABCD has the adjacent sides AB, AD equal, and also
the opposite s B, D equal. Prove that AC is | to BD.

8. From the mid-points of the sides of a rectangle st. lines are
drawn outwards | to the sides and equal to half of the respective
sides. Prove that the ends of these st. lines form the vertices of
a square, whose sides each pass through an angular point of the
rectangle.

9. ABXU is a square and C a point inside it such that the
LBCA =90° and BC >CA. On BC a square BCYZ is described on
the side of BC on which X lies. Show that X lies on the line YZ.

10. ABCD is a square. Points P, Q are taken in the sides BA, BC
respectively such that BP =BQ. AQ, CP cut at O. Prove that
AO =CO.

11. O is the intersection of the diagonals AC, BD of a square
ABCD. POR, QOS are any two lines | to each oth>r, cutting
AB, CD at P and R respectively, and BC, AD at Q and S respec-
tively. Prove that OP =0Q, and that PQRS is a square.

12. ABC and SCB are two congruent A» s*anding or the same
side of the common base BC. Prove that if the corresponding
sides, produced if necessary, meet at O and P, OP produced will
bisect BC at right angles.

13. A, B, C, D arec four points in order on a st. line with CD =AB ;
on one side of this line squares ABEF, BDGH are drawn, and the
points F, C, G joined. Prove that AFCG is isosceles and right-
angled.

14. If the sides AB, AC of a A 2re at right angles, and squares
ABDE, ACFG are described outwards on them, and if DE, FG are
produced tn meet at X, prove that XA is | to BC and equal to it.
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15. A point D is taken in a side BC of an equilateral AABC and
an equilateral ACUE is described on CD, the vertices A and E
being on opposite sides of BC. Prove that AD =BE; apd if AD
produced meets BE at F, prove that L BFD =6¢°.

16. ABC is a A right-angled at A, BCDE is the square on BC
described outside the A, EG is drawn || to BA to meet AC (produced
if necessary) at G, and BF is drawn || to AC to meet EG at F.
Prove that ABFG is a square.

17, ABC is an equilateral A and D, E, F are points on BC, CA,
AB respectively which are such that the ADEF is also equilateral.
Prove that BD =CE.

18. ABCD is a square; any two || straight lines APS, CRQ are
drawn through A, C respectively, so that P, Q, R, S all lie within
the square and the straight lines BQP, DSR are | to APS and
CRQ. Prove that PQRS is a square.

19. On the sides AB, AD of a parallelogram ABCD squares ABXY,
ADVZ are described. Show that YZ is equal to one or other of the
diagonals of the parallelogram according as the squares are
described on the one side or the other of AB, AD.

20. ABC is a A in which AB=AC; the side BC is produced in
both directions to D and E respectively, so that BD =CE; F is
any point inside the A and on the bisector of the . BAC. Prove
that DF =EF. Prove also that DF divides AB into parts which are
equal respectively to the parts into which EF divides AC.

EXERCISE 11
Further Examples, chiefly on Theorems 5-9, 11, 12

1. The sides AB, BC, CD, DE, EA of a pentagon inscribed in a
circle subtend angles 40°, 50°, 60°, 100° and 110° respectively at
the centre of the circle. Find the s of the pentagon.

2. A chord QP of a circle is produced to N so that PN is equal to
the radius of the circle. N is joined to O, the centre of the circle,
and NO is produced to T. Prove that L QOT =3 QNT.

3. AB, AC are two lines meeting at an . of 60°, and AC =2AR.
Prove that L ABC =90°.

4. OX, OY are two st. lines at right angles. 8 s any point in
their plane. Show how to find a point P in OY cach that its
distance frowi 8§ =its distance from O.
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5. O is the mid-point of the hypo.enuse AB of a right-angled
AABC, and OC is drawn. Denoting the £BAT by A, express the
other £sin the figurein termsof A. AC is produced both ways, and
points E beynnd A and F beyond C are taken such that AE =AB,
CF =CO. FO produced meets EB at K. Prove that KE =KF.

6. ABC is a A in which LACB>.ABC. From AB cut off
AX=AC and join XC. Prove that the LXCB is one half the
difference between the Ls ACB and ABC.

7. ABCisa A in which AB=AC. A point X is taken in AB and
AC is produced to S so that CS =XB. The line XS cuts BC at O.
Prove that X0 =0S. [Draw a line through X || to AC.]

8. In a AABC, AB>AC. An arc of a circle is drawn with
centre A and radius AB to cut AC produced at D. Prove that the
LADB is equal to half the sum of the angles B and C of the AABC.

9. Two isosceles As AOB, COD (AO =0B, CO=0D) have a
common vertex O and £ OAB =2 OCD. Prove that either AC =BD,
or AD =BC.

10. ABC is an isosceles A, and equilateral As A‘BC, B’CA, C’AB
are described externally upon the sides. Prove that A’B'C’ is
isosceles.

11. ABC is a A, in which £ A =90° and BC =2AC. CA is produced
to D so that CA=AD. Prove that . BDC =60°, and that . BCA =60°.

12. ABCD is a quad. with its opposite sides AD, BC ||. The side
AB is produced to E so that BE =BC, and BA to F so that AF =AD ;
show that EC and FD produced meet at right angles.

13. The bisectors of the interior s at B and C of the AABC
meet the bisector of the exterior L at A in the points P, Q respec-
tively, and BP, CQ meet at O. Prove that OPQ = ACO,
L0QP =L ABO, and .BOC =9o0° +} LBAC.

14. The bisectors of the exterior s at B and C of the AABC
meet at X. Prove that 2 BXC =90° -4 LBAC.

15. XYZ is a A right-angled at X. YS is drawn | to YZ to
meet at S the bisector of the LXZY. Prove that YP =YS, P being
the point of intersection of XY and ZS.

16. ABCD is 1 parallelogram ; show that the internal bisectors
of the Lsat A, B, C, D together form a rectangle.

17. From the vertex A of a right-angled A a perpendicular is
drawn to the hypotenuse BC. The bisector of the angle B meets
this perpen-icular at P and meets AC at Q. Prove that the
AAPQ is isosceles.
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18. From any point P in the base BC of an isosceles AABC,
straight lines are drawn parallel to the sides meeting them at D
and E. Prove that the sum of PD and PE is the same for all
positions of P.

19. ABCDE is a regular pentagon. AD, BE, CE are joined ; BE,
CE cut AD at S, T respectively. Prove that AT =DS.

20. In a AABC, BC is produced beyond C to D, so that CD =AC ;
CB 1s produced beyond B to E, so that BE =AB. Show that EAD
is an obtuse .. If AE =AD, prove that AABC is isosceles.

21. P, O, Q are three points in this order on a st. line. An
acute L P9A is drawn on one side of PQ, and an . QOB =3 times
LPOA is drawn on the other side of PQ, OB being equal to OA.
If AB cuts PQ at C, prove that OC =CA.

22. BC is the longest side of a AABC. From BC, BP is cut off
equal to BA ; and from CB, CQ is cut off equal to CA. If AP =AQ
prove that CP =BQ.

23. ABCD is a parm, BC is produced to P, making CP =CD, and
BA is produced to Q, making AQ =AD. Prove that P, D and Q
are in one st. line.

24. PQR 1s a A, Z is the mid-point of PQ, and the line through
Z || to QR meets the bisector of the £ Q at Y. Prove that

LPYQ =90°.

THE USE OF INSTRUMENTS

The following instruments are required :

1. A hard pencil.

2. A ruler about 6" long, one edge being graduated in inches
and tentus of an i.ch, and the other in centimetres and milli-
metres.

3. Two set squares, one with angles of 45° and the other
with angles of 60° and 30°.

4. A pair of compasses with a hard pencil-point.

5. A pair of dividers.

6. A protractor.

This book presupposes a course in Practical Geometry, and it
has not been thought necessary to describe the use of the
ordinary instruments.



54 ESSENTIALS OF SCHOOL GEOMETRY [PART

Points of the Compass. The directions, North, East, South,

West, at any point of the earth’s surface, are called the
Cardinal Points of the Cor.pass.

Fic. 66.

The chief points of the Compass are shown in the figure.
Note the method of lettering. Thus N.W. denotes the point
bisecting the angle between the points N. and W.; N.N.E.
denotes the point bisecting the angle between the points N. and
N.E.

The Bearing of an object Y as seen from a point X is che point
of the compass towards which a man at X would be facing if he
were looking in the direction of Y.

By “S.15°E.” or “ 15° E. of S.”” is meant the direction in
which you would be looking if you first faced due South and then
turned through an angle of 15° towards the East.

Horizontal and Vertical. The student is probably already
familiar with the use of these words. Any line along the floor of
a room is horizontal ; so also is the floor. A spirit level is used
to test whether a swface is hori.ontal. The vertical is the
direction of a plumb line. Any plane which contains a vertical
iine is called a vertical plane.
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If, looking upw. rds from a point A, I see an object at C; and
AB is the horizontal line in the same vertical plane as AC, the
angle BAC is called the angle of elevation of C. It is also called
the altitude or elevation of C.

If C is observed by looking downwards c
from A, the angle BAC is called the angle
of depression of C. A B

Notice that each of these angles is the
angle botween the line of sight AC and

the horizontal line in the same vertical A B
plane as AC.
(o]

Diagrams drawn to Scale. By means
of a scale, a plan of any large figure, such Fio. 67.
as a field, can easily be drawn. In order to do this the unit of
the scale is taken to represent some greater length connected
with the object.

Example. The angle of elevation of the top of a tower on
level ground is found to be 27°. If the point of observation is
on the ground 470 yards from the foot of the tower, find the

height of the tower. c
Let 100 yards be re- Scale tem. =100yards |

presented by r cm.; ..

470 yards will be repre- 470 vards

sented by 4-7 cm. (Rough Sketch)

Draw two stra‘ght
lines AB, AC at right
angles. Along AB set
off AD=47cm. At DB D A
draw a straight line F.s. 68.
making an angle of 29° with AB and meeting AC at E. Then
/E represents the height of the tower.

By measurement AE =24 cn. wpproximately,

.. The height of the tower is approximately 240 yards.

Note. The scale must always be indicated on tae diagram.
It is always advisable to diaw a rough sketrh aud mark on it
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the dimensions given. In deciding what scale to use, remember
that the larger the diagram the more accurate is the result likely
to be. The diagram should therefore be as large as your paper
will allow.

EXERCISE 12
[Diagrams to Scale]

1. The distance from Cambridge to Huntingdon by road is
16 miles. Draw a line to represent this distance, if 1” represents
5 miles.

2. A man walks 50 yd. West, then 31 yd. North, then 43 yd.
East; find by drawing a diagram (1” =10 yd.) his distance from
the starting point.

3. Draw a plan of a room measuring 28 ft. by 18 ft.; find the
distances between opposite corners. [Scale 1 cm. =2 ft.]

4. The legs of a pair of compasses are 8 cm. long. I open them
to an angle of 55°. What is the distance between the compass
points ?

5. XY is a ladder, with its foot X on the ground, and Y against
a vertical wall, Z being the foot of the wall. Draw a plan (scale
1 cm. =10 ft.) in the following cases :

(i) XY =75 ft., YZ =72 ft.; find XZ.
() XY =38 ft., XZ =11 ft.; find YZ.

6. Ais 3 miles E. of B, and C is 4-7 miles S. of A. What is the
distance from B to C ? What is the bearing of C from B ?

7. B is 42 miles N. of C, and A is 22 miles N. 30° E. of C.
Find the distance from B to A, and the bearing of B from A.

8. The range of a gun is 8-5 miles, and its distance from a
straight road is 4-7 miles. Find by a diagram what length of
road 1s dangerous.

9. A gun is 6 mi'es from a straight road, and it can shell a
length of 15 miles of road. What is the gun’s range ?

10. A ship observes a lighthouse bearing N. 47° W. at a distance
¢ 8 miles. She then steams due S. 4 miles, and again observes
tue light. What is the bearing and distance of the light at the
second observation ?

1i. Ais »00 yards due W. of B. C is a place N.W. of A, aad its
bearing frcm B is N. 58° W. Fird the distance from A to C.
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12. B and C are *w9 places 10 miles distant from A, and, as
viewed from A, they are in the directions N. 34° W. and N. 20° W,
respectively. Find the distance and buaring of B from C. *

13. Two ships sail from a port, one due S. at 12 miles an hour,
the other W.S.W.; at the end of half an hour they are in line
with a lighthouse which is 9 miles due W. of the port. At what
rate does the second ship sail ?

14. X is 26 kilometres S.22° E. of Z and Y is 23 kilometres
S.65° E. of Z. Find the distance and bearing of X from Y.

15. An observer on a cliff 350 ft. above the sea finds that the
angle of depression of the boat is 32°. What is the boat’s distance
(a) from the observer, (b) from the foot of the cliff ?

16. The angle of elevation of the top of a church spire at a point
690 feet from its base was found to be 15°. What is the height of
the spire ?

17. A vertical flagstaff 45 feet high stands on a horizontal plane.
Find the angle of elevation of the top of the flagstaff from a point
on the horizontal plane 20 yards from the foot of the flagstaff.

18. A man is walking along a straight road which runs due
East. He notices a monument in front of him, whose direction is
N. 68° E.; after walking 2 miles he finds that its bearing is
N. 52° E. How far is the monument from him when he makes
the first observation ?

19. A man facing East notices an aeroplane at a height of
2000 feet and an elevation of 30°. Another man, facing West,
notices that the elevation is 38°. What is the distance between
the two men ?

20. A man on a cliff 300 feet high notices two buoys out at sea ;
the angle of depression of one is 28°, of the other 52°. How far
apart are they, if they are in the same vertical plane as the man ?

21. The angle of elevation of the top of a tower from a point
on the ground, 60 feet from the base of the tower, is 47°. From
the same point the angle of elevation of the top o: a vertical flag-
staff standing on the tower is 58°; find the height of the tower
and of the flagstaff.

22. The shadow of a tree is 12 yards long when the sun’s
altitude ic 55°. Find the height c{ che tree.

23. A is 5 miles due W. of B. From A, C bears N. 26° E. and D
bears N. 35° E. From B, C bears N. 42° W. and D bears N. 18° W.
Find the distance and bzaring of D from C.
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24. A is 5 miles from B and its bearirg from B is S. 73°W.
From A, C bears N.24° E. and D bears N. 42°E. From B, C
bears N.W. and D bears due N. Find the distance and bearing of
C from D.

25. At two points on opposite sides of a tree the angles of
elevation of its top are 37° anC 33°. If the height of the tree is
52 ft., find the distance between the two points.

ELEMENTARY CONSTRUCTIONS

The following constructions are purely geometrical construc-
tions. In such constructions ruler and compasses only must be
used. The ruler is used only for joining points and producing
straight lines.

The compasses may be used

(1) to draw a circle with a given centre and radius ;

(i1) from the greater of two given straight lines, to cut off a
part equal to the less.

The ruler and compasses may not be used for any other
purpose.

The scale and protractor may only be used in numerical
applications.

In writing out constructions an accurate figure must be
drawn. All lines required for the construction must be clearly
shown ; they should not be rubbed out when the construction
has been completed.

Any additional lines, which are inserted only for purposes of
proof, should ve dotted or drawn very lightly, to distinguish
them from lines necessary to the construction.
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CONSTRUCTION 1

To bisect a given angle.

FiG. 69.

Let BAC be the given angle to be bisected.

Construction. With centre A, and any radius, draw an arc of
a circle, cutting AB, AC at X and Y respectively.
. . )
With centres X and Y and any radius greater than XY (the
same for both circles), draw two arcs cutting at Z.

Join AZ.
Then AZ bisects the LBAC.

Proof. Jcin Xz, vzZ.

In the As XAZ, YAZ,
XA =YA (radii of a circle),
XZ =YZ (radit of equal circles),
AZ =AZ (common) ;

XAZ .
.. the As yaz 2T congruent (3 sides),

. LXAZ=_LYAZ;
.'. AZ bisects the LBAC.
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CONSTRUCTION 2
To bisec* a given finite straight line.
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Fi1G. 0.

Let AB be the finite straight line which is to be bisected.

Construction. With centre A and any radius greater than
3AB, draw two arcs, one on each side of AB.

With centre 8 and the same radius, draw two arcs, one on
each side of AB, cutting the first arcs at X and Y.

Join XY, cutting AB at C.

Then AB is bisected at C.

Proof. Join AX, BX, AY, BY.
In the As AXY, BXY,
AX =BX (radii of equal circles),
AY =BY (radii of equal circles),
XY =XY (common) ;
‘. the As giz are congruent (3 s¢des),
.. LAXY (le. LAXC) = LBXY (i.e. LBXC).
Again, in the As AXC, BXC,
AX =BX (radit of equal circles),
L AXC = L BXC (proved),
NC =XC (commmon) ;
i AXC .
. the As pxc 2T€ congruent (2 sides, included ),
. AC=BC; i.e. AB is bisected at C.
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Note. From the congruence of the As AXC, BXC it follows
that £ACX = £LBCX, aud each angle is therefore by definition a
right angle;

.. LACX =90°, i.e. XY bisects AB at right angles.

This construction, therefore, gives the perpendicular bisector
of AB.

CONSTRUCTION 3

To draw a straight line perpendicular to a given straight line

at a given point in it. R
4 \
1, \\
/, \\\
4 \\
¢l S|
A Pl X a B

Fie. 71.

Let AB be the given straight line and X the given point in it.
It is required to draw a perpendicular to AB at X.
Construction. Along XA and XB, cut off two equal lengths,
XP and XQ.
With centres P and @ and any radius greater than }PQ (the
same for both circles), draw two arcs cutting at R.
Join XR.
Then XR is 1 to AB.
Proof. Jomn RP, RQ.
In the As RPX, RQX,
RP =RQ (~adii of equal circles),
PX =QX (construction),
RX =RX (common) ;
*. the As RQ,))(( are congruent (3 szd”s),
LRXP = LRXQ,
and each angle is therefore by definition a right augle; i.e. RX
is L to AB.

Note. If the point X is near one end of AB, the above con-
struction ‘s unsuitable, and one of the ‘ollowmg cons.ri-ctions
should be used instead
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CONSTRUCTION 3. SECOND METHOD

Construction. With centre X and any radius draw an arc of
a circle CDE cutting XB at C.

2Y<
\
D
E O
\
\
\
\
\
A\l .
A X C B
Fi6. 72.

With centre C and the same radius as before draw an arc
cutting the arc CDE at D.

With centre D and the same radius as before draw an arc
cutting the arc CDE at E. Join XD, XE.

Bisect the £ DXE by XY. (Construction 1.)

Then XY is 1 to AB.

Proof. Join CD, DE.
By construction, CX, CD, DE, XD, XE are radii of equal circles ;

. all these lines are equal ;
. the As CXD, DXE are equilateral ;
. LCXD = LDXE =60°.
But, by construction, XY bisects the LDXE ;
5. LDXY=30%;
.. LBXY=LCXD + LDXY =90°;
5. XYis L to AB.
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CONSTRUCTION 3. THIRD METHOD
Construction. Take any point C outside AB.

\\
A D~___—XB

F1G. 73.

With centre C, and radius CX, draw a circle cutting AB again

at D.
Join DC, and produce it to meet the circle again at E.

Join XE.
Then XE is L to AB.

Proof. Jain CX.

CE =CX, being radii of a circle; .. ACEX is isosceles ;
. LCEX = LCXE.
CD =CX, being radii of a circle; ., ACDX is isosceles;
*. LCDX = LCXD,
.. LCEX + CDX =the whole .DXE.
But LCEX + LCDX + LDXE =180°,
. LDXE =9go°,

.. XEis L to AB.
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CONSTRUCTION 4

To draw a straight line perpendicular to a given straight line
from a given puint outside it.

X
e F\

’/I \\\\
\4"’ Z ~\s_/
A C\. Jb B
\\\ ,O

w
N v
A 7’
\><
Y
ic. 74.

Let AB be the given straight line and X the given point outside
it.

It is required to draw a perpendicular from X to AB.

Construction. Take any point W on the side of AB remote

from X.
With centre X and radius XW, draw an arc of a circle to cut

AB at C and D.
With centres C and D and any radius greater than 4CD (the

same for both circles), draw two arcs cutting at Y.
Join XY cutting AB at Z.
Then XZ is 1 to AB.

Proof. Join CX, CY, DX, DY.
In the As XCY, XDY,

XC =XD (radii of a circle),
CY =DY (radii of equal circles),
XY =XY (common) ;

.  XCY .
. the s xpy 2T¢ congruent (3 szdes),

. LCXY (i.e LCXZ)= DXY (i.e. LDXZ).
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Again, in the As XCZ, XDZ,
XC =XD (radii of a circle),
LCXZ = LDXZ (proved),
XZ=XZ (common) ;

X . .
. the As xg; are congruent (2 szdes, included ),

S, LXZC = LXZD,

and each angle is therefore by definition a right angle; i.e. XZ
is L to AB.

Note. If the point X is nearly opposite one end of AB, the
above construction is unsuitable, and one of the following con-
structions should be used instead.

CONSTRUCTION 4. SECOND METHOD

Construction. Take any point D in AB. Join DX.

FiG. 75.

Bisect DX at C. (Construction 2.)

With centre C, and radius CD, draw a circle cutting AB again
at Y. Join XY.

Then XY is | to AB.

For, as in Construction 3, Third Method, the £XYD = go°.
E M.S8.0.
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CONSTRUCTION 4. THIRD MJA1HOD

Construction. Take any two points D and E in AB.

F1c. 76.
With centre D and radius DX, draw an arc of a circle, on the

side of AB remote from X.

With centre E and radius EX, draw another arc cutting the
former at Y.

Join XY, cutting AB at Z.

Then XZ is L to AB.

Proof. Join DX, DY, EX, EY.

In the As XDE, YDE,
XD =YD (radii of a circle),
XE =YE (radii of a civcle),
DE =DE (common) ;

XDE .
*. the As are congruent (3 sides),

YDE
LXDE (i.e. LXDZ)=LYDE (i s. LYDZ).
Again, in the As XDZ, YDZ,
XD =YD (radii of a circle),
.XDZ = L YDZ (proved),
DZ =DZ (common) ;

XDZ . .
the os are congruent (2 szdes, included ),

YDZ

S, LXZD::LYZD,

and each angle is therefore by definition a right angle: i.e. XZ
is L to AaB.
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CONSTRUCTION 5
At a given point in a given straijht line to make an angle
equal to a given angle.
C
Q Z

\! [\
\ \

A /P B8 D X |y E
FiG. 77.

Let BAC be the given angle, and DE the given straight line ;
and let X be the point at which an angle is to be made equal to
the LBAC.

Construction. With centre A and any radius, draw an arc of
a circle, cutting AB, AC at P, Q, respectively. JoinPQ.

With centre X and the same radius, draw an arc of a circle to
cut XE at V.

With centre Y and radius equal to the straight line PQ, draw
an arc of a circle to cut the former arc at Z.

Join XZ, YZ.

Then XZ is the required line.

Proof. In the As APQ, XYZ,
AP =Y (radit of equal circles),
AQ =XZ (radit of equal circles),
PQ=YZ (construction) ;

AP .
‘. the As X Q are congruent (3 s¢des),

YZ
. LPAQ (i.e. LBAC)=1LYXZ;

.. XZ is the required line.
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CONSTRUCTION 6

Through a given point to draw a straight line parallel to a given
straight line.
z X

Fic. 78.

Let AB be the given straight line, and X the given point.
It is required to draw a parallel to AB through X.

Construction. In AB take any point O, and join XO.

Using Construction 5, at the point X in the line OX make an
LOXZ equal to the £XOB and alternate to it.

Then XZ is parallel to AB.

Proof. OX, a transversal cutting the lines XZ and AB, makes
the alternate s OXZ, XOB equal ;

. XZ is parallel to AB.

Note. Constructions 3, 4, 6 are more easily performed by the
aid of set squares, and the methods given above are not usually
followed in prac.ical drawing. They must, however, be used if
strict geometrical constructions are required.
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EXERCISE 13 [Constructions 1-6]

[These exercises should be done as tar as possible without using
the protractor or set-square.]

1. On a given st. line as base construct an equilateral A.
2. Construct an equilateral A of given height.
3. Construct angles of 60°, 30°, 45°, 15°, 223°, 73°, 105°.

4. Draw a st. line AB 5-3” long and take a point C in it o'5"
from A. Lrect a | to AB at C (i) by the second method, (ii) by
the third method of Construction 3.

5. Draw a st. line AB 3-2” long and take a point C in it 1-4” from
B. Erecta | to AB at C by the first method of Construction 3.

6. Draw any AXYZ. Bisect the s X, Y, Z and verify that the
bisectcrs meet in a point.

7. Draw any AXYZ. Draw the |s from X, Y, Z, to the opposite
sides, and verify that these lines meet in a point.

8. Draw any AXYZ. Draw the | bisectors of YZ, ZX, XY
and verify that these lines meet in a point. If P, Q, R are the
mid-points of YZ, ZX, XY, verify that XP, YQ, ZR meet in a point.

9. A lies 7 miles N. 30° W. of B; C is 4 miles S. 674° E. of A.
Construct the | from C to AB.

10. A lies 10 miles N. 224° W. of B ; D lies on AB, 24 miles from
A. Construct the | to AB at D and find two points on it, E, F,
one on each side of D and 5 miles from D. Find the distance and
bearing from B of E and F.

11. Draw any AXYZ. Through X draw a st. line || to YZ.
Draw the bisector of tle £XYZ to meet the || to YZ at 8. Verify
that XY =XS.

12. A, B are two ships at sea. B is 12 miles due S. of A. A
landmark X bears N. 30° W. from A and N. 15°W. from B. A
buoy is observed to be in the line of sight frcm B to X and also
to be on the bisector of the . BAX. Find the distance and the
bearing of the buoy from X.

13. Through a given point C, draw a st. line which shall meet
a given st. line AB at a given augle.

14. Through a given point A draw a st. line such that the 1s
drawn to it from two points X and Y may be equal. When is'it
impossible to do this ?
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INEQUALITIES CONNECTED WITH THE TRIANGLE

THEOREM 15
If two sides of a triangle are unequal, the greater side has
the greater angle opposite it.
A

Fi1c. 79.

Let ABC be a triangle in which AB >AC.
It is required to prove that L ACB > . ABC.

Construction. With centre A and radius AC, describe a circle.
Since AB >AC, this circle must cut AB at a point D between A
and B. Join CD.

Proof. The AADC is, by construction, an isosceies A ;
‘. the base Ls ADC, ACD are equal.
But the exterior £ ADC of the ABDC is greater than the interior
opposite DBC;
.. LACD > .DBC.
But LACB > L ACD,
. LACB>.DBC, i.e. LABC.

Note. The teacher should point out the importance of stress-
ing the fact ttat D lies between A and B. The pupil should
real’se that in placing D between A and B he is making use of
tne data, and that nowhere else in :he proof are the data used.
If anyone is inclined to doubt the necessity of this 't him
criticise +he following ‘‘ proof ”” and expose its unsoundness.
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Let D be a point on AB such that BD =DC,
[Or, Let the 1 bisector of BC meet AB at D ; then BD =DC.]
Then £ ACB > LDCB.
But £DCB = LDBC (base s of the isosceles ADBC),
le. LDCB = £ ABC,
‘. LACB > LABC.

THEOREM 16

If two angles of a triangle are unequal, the greater angle has
the greater side opposite to it.

A

B Cc
Fic. 8o.

Let ABC be a triangle in which £ ACB > £ ABC,
It is required to prove that AB >AC,

Yirst Proof. Zither AB=AC or AB<< AC o7 AB >AC,

If B were equal t2 ~C, AABC would be isosceles and the base
angles ABC, ACB would be equal, which is contrary to the
hypothesis.

If AB were less than AC, the angle opposite *he greater side AC
would be greater than the angle opposite the smaller side AB,
l.e. £ABC would be greater than . ACB, which is contrary to the
hypothesis ;

". AB is neither equal to nor less than AC;

‘. AB is greater chan AC.
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Second Proof.

Fie. 81.

Construction. Since £ ACB > £ ABC, there is a line CX within
the LACB such that LACX=,ABC. Let CX meet AB at D and
let the bisector of LBCD meet AB at E.

Then D lies between A and B and E lies between D and B, as in
the figure.

Proof. LACE=_,ACD+ LDCE. But, by construction,
LACD=_LABC, and <DCE=_LECB;
. LACE =L ABC + LECB.

But the exterior £AEC of the AEBC is equal to the sum of the
interior opposite angles ABC, ECB,

. LACE = LAEC,
.'. the AAEC is isosceles and AE =AC ;
.. AB>AE >AC.

Note. The first proof given above is an example of Proof by
Exhaustion. It is applicable in cases when one of certain sup-
positions must be true ; and it consists in proving that each of
these suppositions is false with one exception only ; hence the
truth of the remaining supposition is established.
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* THEOREM 16a

Any two sides of a triangle are together greatar than the third
ride.
D

Fic, 82.

Let ABC be a triangle.

It is required to prove that any two of its sides are together
greater than the third side.

Let BC be a side which is not less than AB or AC.
Then it is sufficient to prove that AB + AC > BC.

Construction. Produce BA to D, making AD =AC. Join DC.

Proof. Because AD =AC, the AADC is isosceles,
‘. LADC = LACD.
But LBCD > L ACD,
*. BCD > L ADC, i.e. .BDC;

.. In the ABDC, the side BD opposite the greater LBCD is
greater than the side BC opposite to the smaller LBDC.

But BD =BA + AD =BA + AC (construction),
. BA+AC >BC.

Note. The truth of this theorem is usually considered tc be
self-evident. The proof given above is, however, useful as awn
exercise, and the figure should be carefully studied. as it will
frequently be >f use in later work.
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THEOREM 17

Of all straigh® lines which can be drawn to a given straight
line from a given point outside it, the perpendicular is the shortest.

P

A N X B
Fic. 83.

Let AB be a straight line, P a given point outside it, PN the
perpendicular from P to AB meeting it at N, and X any other
point in AB. Join PX.

It is required to prove that PN <{PX,

Proof. In the APNX, LPNX is a right angle (g7ven),
', LPXN is less than a right angle
(for the 3 angles of a triangle make up two right angles) ;
*. LPXN << LPNX;
*. In the APNX the side PN opposite the smaller £PXN is less
than the side PX opposite the greater LPNX.

Corollary. Since there can only be one perpendicular from P
to AB, it follows that if PC is the shortest straight line from P to
AB, then PC is perpendicular to AB.

EXERCISE 14 [Theorems 15-17]

1. In a AABC, LA =20° LC=40° The bisector of the B
meets AC at X. Prove that (i) AX >BX, (ii) CX >BX, (iii) BC >XC.

{HINT. First calculate all the angles in the figure.]
2. In a AABC, LA=75° LB=92°. AD is drawn | to BC,

RE isdravn | to CA; AD. BE meet at O. Prove that (i) AO <BO,
(i) AE < OE.
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3. ABCis a A in which LA =76° LB =38° BC is produced to
D and CE is drawn to bisect L ACD and to meet at K the bisector
of the L ABC. Prove that CK<BC.

4. ABC is a A in which LA =76°, LB =38° The bisectors of
the exterior Ls at B and C meet at L. Prove that CL > BL.

5. ABC is an isosceles A, with AB=AC and LA =26°. Pis a
point in AC such that PA=PB. frove that BC > PC.

6. In a AABC, LA=90° Prove that BC is the greatest side
of the A.

7. In a AABC, BC is the greatest side. Prove that the s B
and C are voth acute and that £A is greater than 60°.

8. ABC is a A, in which OB, OC bisect the s ABC, ACB
respectively. If AB< AC, prove that OB< OC.

9. AD bisects the LBAC of a A and meets the base BC at D.
Prove that (i) AB >BD, (ii) AC >DC.

10. A3CD is a quadrilateral with its opposite sides AB, DC
parallel. LA is an obtuse angle. The bisectors of the s Aand D
meet at E. Prove that DE >AE.

11. X is a point inside an equilateral APQR, such that XQ >XR ;
prove that LXQP > L XRP.

12. The sides XY, XZ of a AXYZ are equal ; A is a point in XY.
Prove that AY< AZ.
13. ABCisa A, ADis | to BC. If AC<AB, prove that
LBAD > CAD.

14. PQRS is a quadrilateral, the s Q, S being right angles. If
PQ >PS, prove that RS >RQ.

15. In an acute-angled AABC, in which AB>AC, the lines
drawn from B, C | to the opposite sides intersect at O. Prove
that OB >0C.

16. In a AABC, AB>AC, the bisectors of the exterior s at B
and C meet at I. Prove that IC >IB.

17. The base YZ of an isosceles AXYZ is produced to any point
S. Prove that XS >XY or XZ.

18. XZY is a st. line, ZS its | bisector. P is any point on the
same side of ZS as Y. Prove that PX >PY.

[EINT. Let PX meet ZS at T. Join YT.]

19. D is a point on the base EC of a AABC. Prove that either
AB or AC is greater than AD.

[HinT. Consider separately the cases in which £ ADD *3 acute,
right and obtuse.]
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20. ABCD is a quadrilateral, in which AB>BC >CD >DA.
Prove that £ CDA > £ CBA.

21. ABCD is a quadrilate.al, in which AB is the greatest and CD
the least side. Frove that (i) L CDA > L CBA, (ii) . DCB > L DAB.

22. ABCD is a quadrilateral whose diagonals AC, BD intersect
at O.
(a) If £ ABO >, DCO, prove that L CDO > . OAB.

(b) If OC >0D >0B >0A, prove that ~BAD is obtuse and
L BCD is acute.

23. Find whether it is possible to make As whose sides are :
(i) 3'5", 45", 55" ; (i) 057, 15", 2°5";
(iii) 5 cm., 6 cm., 11 cm.; (iv) 6 cm., 7 cm., 8 cm.
24. A |, OP, is drawn to a given line from a point O outside it,

and Q is any point on the line. Prove that if R is any point on
the line between P and Q, OR< 0Q.

25. Prove that the perimeter of a quadrilateral is greater than
the sum of its diagonals.

26. Prove that the sum of the distances of a point P within a
quadrilateral from the angular points is greater than half the
sum of its sides.

27. ABC is an isosceles A in which AB=BC. E is any point on
AB produced and D is any point on the bisector of the LABC.
Prove that CB + BE< CD +DE.

28. Show that the sum of the distances of any point from the
angular points of a closed polygon is greater than half the
perimeter of the polygon.

29. Show that the perimeter of a polygon is always greater
than that of a polygon of which the successive corners lie in the
sides of the first polygon taken in order.

EXERCISE 15 [Further Examples on Theorems 15-17]

1. Ina AABC, AB >AC ; the LBAC is bisected by a line meeting
BC at D. Show that the L ADB is obtuse.

2. The mid-point M of the side BC of a AABC is joined %o A.
Prove that (i) if AM< BM, *he £BAC is obtuse; (ii) if AM >BM,
the L BAC is acute ; (iii) if AM =BM, the L BAC =90°.

3. In a AABC, £B=2/C and is acute. Prove that /C< 2AB.

[Hixt. Take N in BC so that AN =AB.]
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4. XYZ is an obtuse-angled A, LXYZ being the obtuse angle
Prove that it is no* iossible to construct a A with sides 3YZ, ZX,
#XY. Under what conditions is the result true if XYZ is an acute-
angled A?

5. ABCX is a trapezium, the parallel sides BC, AX each being
1 to CX; AB=BC and BC >AX. YBZ is the bisector of the . ABC,
Y being outside the trapezium and Z being inside it. Prove that
AZ is greater than the | from Z to CX, and that AY is greater
than the | from Y to XC produced.

6. If P be any point within a AABC, prove that LBPC> LBAC.

[HinT. Join AP and produce to Q.]

7. If P be any point within a A ABC, prove that

BP + PC <BA +AC.
[HINT. Produce BP to meet AC at D. Prove that
BP +PD< BA +AD
and PC< PD +DC. Then add these results.]

8. ABC is a A ; Q is any point on the external bisector of the
LA. Prove that BQ +QC >BA +AC.

[HinT. Produce BA to D, making AD =AC. Join DQ.]

9. Prove that if any point P be taken within the AABC,
BC +CA +AB >PA +PB +PC >4 (BC + CA + AB).

10. AM is a median of the AABC. Prove that AB + AC >2AM.
[HiNT. Produce AM to X, making MX =AM. Join XC.]

11. Prove tnat the sum of the three medians of a A is less than
the perimeter of the A.

12. XY is a straight line ; A, B are two given points on the same
side of it ; find a point R in XY such that, if S is any other point in
XY, then AR +RB <AS +SB.

[Drow AN | to XY a:.d produce it to T, so that NT =AN. Join
BT meeting XY at R.] Prove also that AR, RB are equally inclined
to XY.

Note. T is called the image of A in XY.

13. APB is an arc of a circle less than a semi-circle. The | OM
frcm the centre O on the chord AB is produced to meet the arc
at Q; P is any other point on the arc, and OP meets the chord
AB at N. Prove that QM >PN.

14. Tf ABC be a A and BPQP.... C any coavex polygon having
BC for one side, and its other vertices P, Q, R, etc., lying inside
ABC, show that the perimeter of ABC is greater than the perimeter
of BPQR ... C. '
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THE CONSTRUCTION OF TRIANGLES

CONSTRUCTION 7
To draw a triangle, given the lengths of the three sides.

a
C b

c

A I8 D
F1c. 84.

Let a, &, ¢ be the given lengths.

Construction. Draw any straight line AD, and cut off from it
a part AB equal to c.

With centre A and radius 4, draw an arc of a circle.

With centre B and radius g, draw an arc of a circle.

Let these arcs cut at C.

Then ABC is the required triangle.

Note. In order that the construction may be possible it is
necessary that any two of the given sides should be together
greater than the third side (Theorem 16a); for otherwise the
arcs drawn with centres A and B would not cut.

CONSTRUCTION 8

To draw a triangle, given two sides a~d the included argle.
a

P E

c I 'B D
Fic. 8s. Fic. 86.
Let 2, 4 be the given sides and X the given angle.
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Construction.

Draw any straight line CD, and cut off from it a part CB equal
to a.

At C make the LDCE equal to the given X (Construction s).

From CE cut off a part CA equal to 4.

Join AB.

Then ABC is the required triangle.

CONSTRUCTION 9

To draw a triangle, given a side and two angles.
(i) Given two angles X, Y and the side & opposite the given
angle X.

x/iv/fa 7

ALE
@/S ﬂ
L 0 I mB U] ¢ D

Fic. 87. Fic. 88.

Construction. Draw a straight line LOM. At O make angles
MOS, SOR equal to Y, X respectively. Then the LROL is equal to
the third angle of the recuired triangle, since the <s MOS, SOR,
ROL are together equa. to two right angles.

Draw a straight line BD, and cut off from it a length BC equal
to a.

At B make an £DBE equal to 2Y (Construction §).

At C make an BCF equal to «ROL (Construction s).

Let BE, CF intersect at A.

Then ABC is the required triangle.

(i) Giventwoangles X, Yand tue side ¢ adjacent to these angles.

The construction is the same as (i), with the omission of the
first step.



8o ESSENTIALS OF SCHOOL GEOMETRY [PART

CONSTRUCTION 10

To draw a triangle, givon two sides and an angle opposite to
one of them.

B AL A, D
Fic. 89.
Let a, 4 be the given sides and X the given angle which is to
be opposite 4.

Construction. Draw a straight line BD and at B make an
LDBE equal to X (Construction 5).

From BE cut off a length BC equal to a.

With centre C and radius equal to 4, draw an arc of a circle.

Several cases are possible.

(1) If, as in the figure, the circle cuts BD, or BD produced, at
two points A}, A,, there are two As satisfying the given condi-
tions, namely the As CBA,;, CBA,.

(2) If the circle cuts BD or BD produced at F and DB produced
at F', there is only one solution, namely the ACBF.

(3) If the circle meets BD or BD produced at only one point G,
there is only one solution, namely the \CBG.

(4) If the circle does not meet BD or BD produced, there is no
solution. No triangle exists with the given parts.

The first case is called the Ambiguous Case.

The pupil should draw figures to illustrate all four cases.

Case 1 arices when 4 is less than @, but greater than the L
from C to BD.

Case 2 arises when 4 >a.

Case 3 arises when & is equal to the L from C to BD.

Case 4 arises when 4 is less than this perpendicular.
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CONSTRUCTION 11

To draw a right-angled triangle, given the hypotenuse aud one
side.
This is a special case of Construction 1o

NOTE ON THE CONSTRUCTION OF TRIANGLES

The constructions given above are purely gcometrical con-
structions, but, in general, the pupil is not called upon to perform
these. In most cases, when triangles have to be constructed,
the actual dimensions are given, and the ruler and protractor
may be used to measure lengths and angles respectively.

EXERCISE 16 [Constructions 7-11]

In Examples 1-18, if possible, construct As to the given
measurements.

1. BC=52", CA=3-8", AB=3-3".

2. XY=6-8cm., YZ=72 cm., ZX =57 cm.

3. PQ=4cm., QR=5cm. RP=9 cm.

4. DE =3-2", EF =2-7", FD =1-4".

5. XY=31", YZ=0-9", ZX =1-9".

6. LBAC =47° AB=2-3", AC=2-7".

T. £XYZ=83° XY =4 cm., YZ=3'3 cm.

8. LABC =65° LACB=37° BC=2-1".

9. LXYz=21° LXZY=118° YZ=32 cm.
10. LDEF =102°, LFDE =36° EF =1-8".
11. LPQR=77°, LQRP=54° PQ =38 cm.
12, AB=5 cm., £BAC =29°, BC =31 cm.
13. AB=35-2 cm., LBAC =73°, BC =6-3 cm.
14. PQ =3-8", LQPR=30° QR =1-9".

15. PQ =3'4", L QPR =42° QR =27".
16. XY =54 cm., LXYZ=127° XZ =83 cm.
17, XY =36 cm., LXYZ=82° XZ=1-3 cm.
18. XZ =7 cn.., £XYZ =90°, XY =53 cm.
F M.S.G.
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PARALLELOGRAMS

A quadrilateral is a plane figure Q
bounded by four straight lines. P
The straight lines which join opposite
angular points are called the diagonals of
the quadrilateral. Thus, in the figure,
PR, SQ are the diagonals of the quadri- R

lateral PQRS. s
FiG. go.
A parallelogram is a quadrilateral
which has both pairs of opposite sides
parallel.
Parallelogram
FIG. 91,
A rectangle is a parallelogram which
has one of its angles a right angle.
Rectangle
F16. 92.
A square is a rectangle which has two
adjacent sides equal.
Square
Fi6. 93.
A rhombus is a parallelogram, having
two adjacent sides ¢qual, but ncne of its
angles right angles.
Rhombus

Fi1G. 94.
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A kite is a quadrilateral with two
pairs of adjacent sides equal.

Kite
Fic. g5.
A B
A trapezium is a quadrilateral 1
which has one pair of sides parallel. \
D E o]
F1G. 96.

Note. A trapezium can be divided into a triangle and a
parallelogram. Thus, if ABCD is a trapezium with AB, DC
parallel, we can, by drawing AE parallel to BC, divide the
trapezium into the triangle ADE and the parallelogram AECB.
It will be seen later that nearly all the properties of a trapezium
may be deduced from this fact.

Note on the preceding definitions. In defining anything, the
definition should say just enough to define the thing exactly
and no more.

Start'ng with the delinitions given above, and using the
properties of parallel straight lines, we shall now proceed to
prove that

(1) The opposite sides and angles of a parallelogram are
equal,

(2) All the angles of a rectangle or of a square are right
angles,

(3) Al ihe sides of a square o. of a rhombus are equal.

But these additional facts must not be mentioncd in the
definitions.
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THEOREM 18

1. The opposite angles of a parallelogram are equal.
2. A qualrilateral is a parallelogram if both pairs of opposite

angles are equal. A B
D (o]

FiG. 97.
1. Let ABCD be a parallelogram.
It is required to prove that LA=.C and B=.D.
Proof. AB, DC are parallel lines cut by the transversal AD,
. LA+ LD =2 right angles ;
AD, BC are parallel lines cut by the transversal DC,
. LD+ £C=2 right angles ;
S, LA+.LD=.D+LC.
From each of these equals take the LD,
. LA=LC.
Similarly it may be proved that LB =.D.
2. Let ABCD be a quadrilateral in which
LA=.C and 4B=1.D.
It is required to prove that ABCD is a parallelogram.

Proof. The 4 angles of a quadrilateral are together equal to
4 right angles,
. LA+ LB+ LC+ D=4 right angles.
But LA=sCand B=1.D,
. 2LA+2.B=4 right angles,
. LA+ LB=2right angles.
But these are interior angles on the same side of the trans-
versal AB, .. AD, BC are parallel.
Also, since LA+ LB =2 right angles and B=.D,
. . LA+ D=2 right angles.
But these are interior angles on the same side of the trans-
versal AD, ", AB, DC are parallel ;
. ABCD has both pairs of opposite sides paral’=l,
.. it is ~ parallelogram.
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THEOREM 19

1. The opposite sides of a parallelogram are equal, and each
diagonal bisects the area of the parallelogram.

2. A quadrilateral is a parallelogram if both pairs of opposite
sides are equal. A B

D
Fic. ¢8.

1. Let ABCD be a parallelogram, of which BD is a diagonal.
It is required to prove that
(i) AB=CD and AD =CB,
(ii) the AABD =the ACDB in area.
Proof. In the As ABD, CDB,
L ABD = L CDB (alfernate angles, AB, DC || ),
L ADB = LCBD (alternate angles, AD, BC || ),
BD =DB (common) ;
. ABD .
.. the As cpg 1€ congruent (2 angles, corresponding szde),
‘. AB =CD, AD =CB and the triangles are equal in area.

Note. Theorem 18 (1) may also be proved in this way.
2. Let ABCD be a quadrilateral in which AB =CD and AD =CB.
It is required to prove that ABCD is a parallelogram.

Construction. Join BD.
Procf. In the As ABM, CDB,
AB =CD (gzven),
AD =CB (grven),
BD =DB (common) ;
. the As ggg are congruent (3 szdes);
‘. L ABD = .CDB and these are alternate :.ngles;
. AB, DC are parallel ;
and £ ADB = £CBD anc these are alternate angles ;
‘. AD, BC are parallel ;
ABCC has both pairs of opposite sides parallel
*. it is a parallelogiarm.
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THEOREM 20

1. The diagonals of a parallelogram bisect one another.
2. A quadrilateral is a parallelogram if its diagonals bisect
one another. A B

(o}

D C
F1G. 99.

1. Let ABCD be a parallelogram, and let the diagonals AC, BD
meet at O,
It is required to prove that AO =CO and BO =DO.

Proof. In the As ABO, CDO,
AB =CD (opposite sides of a parallelogram),
LOAB = LOCD (alternate angles, AB, DC ||),
LOBA = LODC (alternate angles, AB, DC ||);

ABO . .
*. the As are congruent (2 angles, corresponding szde) ;

CDO
.. AO=CO and BO =DO.
2. Let ABCD be a quadrilateral in which the diagonals AC, BD
bisect one another at O, so that AO =CO and BO =DO.
Tt is required to prove that ABCD is a parallelogram.

Proof., In the As ABO, CDO,
AO =CO (grven),
BO =DO (grven),
L AOB = LCOD (vertically opposite) ;
‘. the As 2;83?3 are congruent (2 sizdes, included angle) ;
. LABO=,CDO and these are alternate angles,
.. AB, DC are parallel.
Cimilarly, by considering the As ADO, CBO, it may be proved
that £ ADO = £CBO and, therefore, that AD, BC are paraliel ;
‘. ABCD has both pairs of opposite sides parallel,
.. it is a parallelogram.
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THEOREM 21
A quadrilateral is a parallelogram if one pair of opposite sides
are both equal and parallel.
A B

D Cc

Fic. 100.

Let ABCD be a quadrilateral in which AB, DC are both equal
and parallel.

Construction. Join AC.

Prool. In the As ABC, CDA,
AB =CD (grven),
AC =CA (common),
LBAC = LDCA (alternate angles, AB, DC ||);
;. the As ég(; are congruent (2 sides, included angle) ;
. LACB=LCAD, and these are alternate angles ;
. AD, BC are parallel.
But AB, DC are also parallel (gzven) ;
.. ABCD has both pairs of opposite sides parallel,
.. it is a parallelogram.

Note. 1 he enunciation of this theorem is sometimes given as
follows :

‘‘ The straight lines which join the ends of two equal and
parallel straight lines towards the same parts are themselves
equal and parallel.’’

Corollary 1. If P moves in a plane so that its distance from a
fixed straight line AB is constaLt, the locus of P consists of two
straight lines parallel to AB, one on either side of it, at a fixed
distance from i5.
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Corollary 2. If P moves in a plane so that its distance
(measured parallel to a given straight line) from a fixed straight
line AB is constant, the locus of P consists of two straight lines
parallel to AB, one on either side of it, at a fixed distance from it.

Corollary 3. If P moves in a plane so that it is equidistant
from two fixed parallel straight lines AB, CD, the locus of P is a
straight line parallel to AB, CD and mid-way between them.

SUMMARY OF THEOREMS 18-21

Properties of a Parallelogram. In any parallelogram,

(a) the opposite angles are equal,

(8) the opposite sides are equal,

(¢) each diagonal bisects the parallelogram,
(d) the diagonals bisect each other.

Conditions for Parallelograms. A quadrilateral is a paral-
lelogram if
(a) both pairs of opposite angles are equal,
(6) both pairs of opposite sides are equal,
(¢) its diagonals bisect each other,
(d) one pair of opposite sides are both equal and parallel.

EXERCISE 17 [Theorems 18-21]
1. Prove that, if the LA of a parallelogram ABCD is a right
angle, the 4s B, C, D are also right angles.

2. Prove that if the diagonals of a parallelogram are equal, it
is a rectangle.

3. PQRS is a parallelogram ; PX, QY are the s from P, @ to
SR or SR prod iced. Prove that PX=QY.

=. ABCD is a parallelogram, AB is produced to E so that BE =AB.
Prove that ED bisects BC.

5. ABC‘sa A. D is anv point on AC, E any point on AB. Can
BD, CE pisect each other ?
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6. ABCD, ABEF are parallelograms on the same base AB, and
between the same parallels AB, DE, and AF passes through the
mid-point of BC. Prove that DE is trisected at C and F.

7. In a quad. ABCD, £C=.D=2LA=2,8. Calculate the
angles of the figure. If, in addition, BC =CD and AB =2", find
the length of, DA.

[Hint. Through D draw a line || to CB to meet AB at E.]

8. ABCD is a parallelogram. The diagonals meet at O. Prove
that any st. line through O, which is terminated by a pair of
opposite sides of the parallelogram, is bisected at O.

9. ABCD is a parallelogram. Prove that the |s from B, D, to
AC are equal.

10. ABXY, XYPQ are two parallelograms with a common side
XY ; prove that ABQP is a parallelogram. Point out the excep-
tional case.

ii. ABCD is a parallelogram. P, Q are the mid-points of AB, DC
respectively. Prove that APCQ is a parallelogram.

12. PQRS is a parallelogram. A st. line is drawn through R
parallel to QS to meet PS produced at X and PQ produced at Y.
Prove that (i) PS =8X, (ii) PQ =QY.

13. If a parallelogram is not a rectangle, prove that the
diagonals are unequal.

14, ABCD ‘s a parallelogram; E, F, G, H are points in AB, BC,
CD, DA respectively. AE =CG and BF =DH. Prove that EFGH is
a parallelogram.

15. ABCDE is a convex pentagon with the side BC equal and
parallel to AE, and the three sides AB, CD, DE all equal to one
anotber. If the angle »t A is 70°, find each of the other angles of
the pentagon. [Join EC.]

16. On two adjacent sides AB, AD of a parallelogram ABCD,
squares ABEF, ADGH are described, outside the parallelogram.
Prove that HF is equal to the diagonal AC of the parallelogram.

17. The bisectors of the opposite angles A and C of a parallelo-
gram ABCD meet the diagonal BD at E and F respectively ; prove
that the As ABE, CDF are congruent.

18. I a parallelogram ABCD the side A3 is greater than the
adjacent side AD ; prove that the point E where the bisector of
the angle A cuts the side DC is between C and D. If AE is produc=d
to meet BC produced at F, show that CE =CF.
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19. ABCD is a parallelogram whosc diagonals meet at O. Any
equal lengths AE, CF are marked off along ,.P, CD respectively.
Show that EOF is a st. line.

20. If A is a point on a given line, and B is a point on a parallel
line, and if a st. line is drawn through the mid-point of AB to meet
the two parallel lines in C, D, prove that ACBD is a parallelogram.

21. The side BC of a rhombus ABCD is produced through C to
a point E so that CE is greater than BC. The line ED is drawn and
produced to cut CA produced at F, and F is joined to B. Prove
that the angles BFA, EFA are equal.

22. ABCD is a parallelogram. Equal st. lines CF, DF are
drawn 1n opposite directions (outside the parallelogram) | to BC
and DA respectively. Prove that EF bisects CD.

23. ABCD is a quad. in which AB=CD, and LABC =4BCD.
Prove that AD is || to BC.

24. Squares ABDE, ACFG are described outwardly on tbe sides
AB, AC of a right-angled A whose right angle is at A. Perpen-
diculars to BC at B and C respectively meet DE and FG (produced
if necessary) at H and L. Prove that BHLC is a square.

25. ABCD is a parallelogram. A point E is taken in the side CD
between C and D. AE, BD are joined, meeting at L. Prove that
BL > LD.

26. ABCD is a quad. in which AB=CD and AD is || to BC. If
AB and CD are not ||, prove that L ABC = 4BCD.

EXERCISE 18
(Further Examples on Theorems 18-21]

1. The sides AB, AC of a AABC are bisected at N and M respec-
tively. CN, BM meet at O. ON is produced to Q so that NQ =ON,
and OM is produced to P so that MP=OM. Prove that the As
QAP and BOC have their corresponding sides parallel and are
congruent.

2. ABCDEF is a hexagon such that AB, ED are || to the diagonal
FC, BC, EF are || to the diagonal AD, and CD, AF are || to the
liagonal BE. rrove that the sum of the diagonals equals the
sum of the sides.

3. ABCD is a parallelogram with AC and BD diagonals inter-
serting at E ; prove that the sum of AB and AD is greater than the
sum of Ak and EB.
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4. E is any point in the side BC of a rectangle ABCD. EF is
drawn || to the diagonal CA to meet AB at F, and EG || to BD to
meet CD at G. Show that EF and EG together make,up the
length of a diagonal.

5. ABCD is a parallelogram with all its sides indefinitely pro-
duced : a point P is taken anywhere in the plane. Show, with
proof, how to draw through P a st. line such that the part of it
intercepted between one pair of parallel sides shall be equal to
the part intercepted between the other two sides of the paral-
lelogram.

6. The £BAC of a AABC is bisected and a line through C || to
AB meets the bisecting line at D. If AB is not equal to AC, show
that BD is not || to AC.

7. P is any point on a given circle whose centre is O. From P
a fixed length PQ is drawn in a fixed direction. Find the locus

of Q.

8. From a point O in a diagonal of a parallelogram, lines FOG,
LOM are drawn || to its sides, meeting the other sides at F, G, and
L, M respectively ; prove that two of the parallelograms thus
formed are equal in area. Prove also that the quad. FLGM is of
the same area whatever point be chosen for O.

9. ABCD is a rectangle whose diagonal AC is twice the side AB.
CD is produced to P making DP =CD. If O is the mid-point of AC,
prove that OP is | to AC and equal to AD.

10. ABCD :s a square, and points P, Q, R, S are taken upon the
sides AB, BC, CD and DA respectively, such that AP =CR and
BQ =DS. Show that PR and QS meet at the centre of the square.

11. O is any point inside the AABC; the parallelograms
BOCD, COAE, AOBF are completed ; show that the As ABC, DEF
are ccngruent.

12, Points P and Q are taken within a parallelogram ABCD so
that AP and QC and also BP and QD are |. Prove that AQ is
equal and parallel to PC.

13. From the diagonal BD of a parallelogram ABCD two equal
portions, BE, DF, are measured off. Prove that the figure AECF
1s a parallelogram.

14. ABCDEF is an irregular hexagon, with its three pai.s of
opposite sides respectively || Also AB, BC are respectively equal
to their opposite sides DE, EF. Prove that the diagonals AD, BE,
CF mect in a point, and that the rema‘ning sides CD, A are eqal
to one another.
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15. ABCD is a quad. If AB=CD and if the angles at A and B
are supplementary, prove that the figure is eituer a parallelogram
or a trapezium with LA=.D and LB=LC.

16. If the angles of a parallelogram are not all equal, prove
that the diagonal which joins the acute angles is longer than th.
other.

17. On opposite sides AB, CD of a square ABCD equilateral As
ABE, CDF are described outside the square. Prove that ED and
BF are ||.

18. On the sides of a parallelogram ABCD and oatside the
parallelogram equilateral As are described whose other vertices
are E, F, G, H. Prove that EFGH is a parallelogram.

19. Prove that if two pairs of tram-lines of the same gauge
cross, the figure formed by their intersections is a rhombus.

20. O is the point of intersection of the diagonals AOC, 80D of
a parallelogram ABCD ; EOF is a st. line drawn through O meet-
ing AB at E and CD at F. Show that the As BOE, DOF are con-
gruent ; and hence that EOF divides the area of the parallelogram
into two equal parts.

21. In a trapezium ABCD the longest side AD is double each of
the other sides (which are equal). If O is the mid-point of AD,
show that the AOBC is equilateral.

22. AB, BC, CD are rigid rods, freely jointed at B and C.
AB =DC and BC =AD. AB and CD can turn freely about A and D
so that A, B, C, D remain in one plane. PB and PC are two other
rods jointed to B and C. Prove that, as the rods AB and DC turn
about A and D, P traces out a circle.
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THEOREM 22

The straight line drawn through the middle point of one side
of a triangle parallel to another side bisects the third side.

A

A
LY

F1G. 101.

Let ABC be a triangle, and let AB be bisected at X.

Through X let a straight line be drawn, parallel to BC, to meet
AC at Y.

It is required to prove that AY =CY.

Construction. Through C draw a straight line parallel to BA
to meet XY produced at Z.

Proof. It is given that XZ is parallel to BC, and, by construc-
tion, CZ is parallel to BA, i.e. BX;

‘. BCZX is a parallelogram;
. its opposite sides BX, CZ are equal.
But it is given that BX =AX;
S, CZ=AX,
.. In the As AXY, CZY,
AX =CZ (proved),
LXAY = L ZCY (alternate angles ; Xn, CZ ),
LAXY = LCZY (alternate angles ; XA,CZ ||);

.. the As AXY

czy 2T€ congruent (2 angles, corresponding sid.),

. AY=CY.
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THEOREM 23

The straight line joining the middle points of two sides of a
triangle is parallel to the third side, and equal to one-half of it.

A
X /\Y Z
B C
Fic. 102.

Let ABC be a triangle, and let AB be bisected at X and AC at Y.
It is required to prove that XY is parallel to BC and equal to
half BC.

Construction. Through C draw a straight line parallel to BA
to meet XY produced at Z.

Proof. In the As AXY, CZYV,
AY =CY (given),

LXAY = L ZCY (alternate angles ; CZ, XA ||),

L AXY = L CZY (alternate angles ; CZ, XA ||) ;

*, the As g)z(z are congruent (2 angles, corresponding side),
‘. AX=CZ and XY =7Y.

But it is given that BX=AX;

.. BX=CZz, and, by construction, BX is parallel to CZ,

.. BXZC is a parallelogram,
', XZ (i.e. XY) is parallel to BC.
Also XZ =BC (opposite sides of the parallelogram BXZC).
But XY =YZ =4XZ [ proved’),
. XY =}8cC,
i.e. XY i< parallel to BC, and equal to one-half of it.
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THEOREM 24

If three or more parallel straight lines make equal intercepts on
any transversal, they make equal intercepts on any other trans-

-ersal,
A o/ \w B
VARV VI
£ R/ M/\Y ¢
R A—, v
/ Fic. 103 N \

Let tne parallels AB, CD, EF, GH cut off equal intercepts PQ, QR,
RS from the transversal PQRS ; and let WX, XY, YZ be the cor-
responding intercepts cut off from any other transversal WXYZ.

It is required to prove that WX =XY =YZ.

Construction. Through W, X, Y let straight lines be drawn
parallel to PQRS to meet @X, RY, SZ at L, M, N respectively.

Proof. Since WL, XM, YN are each drawn parallel to PQRS,
they are parallel to each other.
Also the figures PWLQ, QXMR, RYNS are, by construction,
parallelograms,
. WL =PQ, XM =QR, YN =RS (opposite sides of a parallelo-
gram).
But, it is given that PQ =QR =RS,
. WL=XM=YN;
", in the As WLX, XMY, YNZ,
WL =XM = YN (proved),
LLWX = LMXY = LNYZ (corresponding Ls; WL, XM, YN ||),
L'NXL = LXYM = LYZN (corresponding Ls; LX, MY, NZ |);
WLX
.. the As XMY are congruent (2 angles, corresponding s:de) ;
YNZ
. WX =XY=YZ
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Note 1. 1If, in the above figure, PQ =RS and QR is not equal
to them, it is proved above that WX =YZ.

Note 2. This theorem may be quoted briefly as *“ The Inter-
cept Theorem.”

Corollary. Ina AABC, if a set of lines PX, QY, RZ, ... drawn ||
to the base, divide one side AB into equal parts, they also divide
the other side AC into equal parts. Also

PX=_-BC, QY=——BC, RZ=-5_BC, ...,
n+1 n+1 n+1

where 7 1s the number of lines.

R

A

F1G. 104.

Construction. Suppose that there are 3 lines. Through
X, Y, Z draw straight lines || to AB, meeting BC at x, ¥, z. Draw
AD || BC and CE || AB.

Proof. Since AD, PX, QY, RZ are, b construction, || to BC;
.. AD, PX,QY, RZ, BC are || to one another.
But, by construction, these parallels make equal intercepts
on AB; .. they also make equal intercepts on AC ;
. AX=XY=YZ=2C.
Also, since Xx, Yy, Zz, CE are, by construction, || to AB ;
‘. AB, Xx, Yy, Zz, CE are || to one another.
But it has been proved that tnese parallels make equal inter-
~epts on /C ; .. they also make equal intercepts on BC ;
.. Bx=xy=yz=2C.



1] INTERCEPT THEOREMS 97

But PXxB, QYyB, RZzB are, by construction, parallelograms ;
.". PX =the opposite side Bx = }BC.
Similarly QY =By =2EC.
RZ =Bz = }BC.

EXERCISE 19 [Theorems 22-24)

1. A, B are two points respectively 1”7 and 1}” from the st.
line PQ. Find the distance of the mid-point of AB from PQ,
(1) if A and B are on the same side of PQ, (i1) if they are on opposite
sides of it.

2. ABCD is a parallelogram and through B a st. line XY is drawn
outside the figure. The |s from A and from the mid-point of
DB to XY are 1}” and 2}” respectively. Calculate the | s from D
and C to XY.

3. ABCis a A, F is the mid-point of AB, E the mid-point of AC.
X is any point on BC. Prove that AX is bisected by EF.

4. D is the mid-point of the side BC of a AABC, and E the
mid-point of AD ; BE produced meets AC atF, and DG, drawn || to
BE, meets AC at G. Prove that AC 1s divided into three equal
parts at F and G.

5. The base BC of a AABC is bisected at D. A st. line through
A lies outside the A, and L, M, N are the feet of the | s drawn to
this inedfrom B, C, D respectively. Prove that DL =DM.

6. ABCD is a parallelogram, and E, F are the mid-points of the
opposite sides AD, BC. Prove that BE and DF trisect the diagonal
AC.

7. Prove that the quadrlateral formed by joining the mud-
points of the sides of a rectangle 1s a rhombus.

8. D, E, F are the mid-points of the sides BC, CA, AB of a AABC.
Prove that AD bisects ET.

9. Prove that, if the diagonals of a quadrilateral are equal,
then the figure formed by joining the mid-points of its adjacent
sides is a rhombus.

10. ABCD is a parallelogram with AB bisect.d at E; BF || to
ED meets AD produced at F. Prove that BC =DF.

11. O is the middle point of a st. line AB, and C ‘s any point in
AB rroduced. Prove that the | from O on any line through C is
half the sum of the | s from A and B on the same line.

12. Through C, the mid-point of the base AB of a AOAB, a st.
line PCN is drawn, meeting OA at P and OB prodiced at €.
Prove that CQ > CP.

G M.S.G
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13. ABCisa A ; D, E are points on AB, AC such that AD =}AB,
AE =}AC. Prove that DE ={BC.

14. ABC, DBC are two As on the same base BC and on the same
side of it, AU not being || to BC. P, Q, R, S are the mid-points of
AB, AC, BD, CD respectively. Prove that PS, QR bisect each other.

EXERCISE 20
[Further Examples on Theorems 22-24]

1. A, B, C, D are the angular points of a square, whose centre is
0. Perpendiculars OL, AP, BQ, CR are drawn from O, A, B, C
upon any line through D, not lying inside the square. Prove that
AP +BQ +CR =40L.

2. ABCD is a rhombus, and the side BA is produced to E so that
AE =BA. EC is jomned. Prove that EC bisects AD and divides
the diagonal BD into two parts, one of which is double the other.

3. AD 1s a median of a AABC ; PQ 1s any line | to AD cutting
lines through B, C parallel to AD at P and Q respectively. Prove
that £ PAQ is bisected by AD.

4. Prove that the mid-points of the sides of the quadrilateral
ABCD are the corners of a parallelogram. Show that the result is
true whether A, B, C, D are co-planar or not.

5. D and E are the mid-points of the sides AB and AC of the
AABC. F 1s a point on BC produced, such that CF=4BC; DF
cuts AC at G. Prove that AG =3GC.

6. Show that the st. lines which join the mid-poi.its of opposite
sides of a quad. ABCD, bisect one another. Is the result true if
A, B, C, D are not co-planar ?

7. ABCD is a tetrahedron, and L, M, N, P are the mid-points of
the edges AB, BD, CD, AC respectively. Prove that the figure
LMNP is a parallelogram.

8. In a given AABC, A is joined to the mid-point M of BC, and
B is joined to a point N in AC such that AN =}AC. AM, BN meet
at O. Prove, by drawing a st. line through N || to AM, that
ON =}BN.

9. ABCD is a trapezium of which the non-parallel sides AD and
BC are bisected respectively at £ and F. Prove that EF is | to
AB and DC an? equal to half their sum.

'0. On the side AB of a parallelogram ABCD any point P is
taken, on the side Cu a point Q, znd on the diagonal AC a point R,
such that BP =CQ =CR. Show (i) that the locus of the mid-point
M of QR is the bisector of the £ ACD ; (ii) that the locus of *he mid-
point M of PR 1s the line || to CM drawn through the rmid-point of BC.
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11. D, E, F are the mid-points of the sides BC, CA, AB of the
AABC; BE, DF meet at P; CF, DE meet at Q. Prove that
(i) PQ =}BC, (ii) PQ is || to BC.

12. ABCD is a quad. having AB=CD. E, F, G, H are the mid-
roints of AD, AC, BD, BC; prove that EH is | to FG.

CONSTRUCTION 12

To divide a given straight line into a given number of equal
parts.

T Cc

Fi6. 105.

Let AB be the given straight line.

It is required to divide it into a given number of equal parts
(say five).

Constructioz. From A draw AC, a straight line of unlimited
length, making any convenient angle with AB.

From AC mark off five equal lengths, AP, PQ, QR, RS, ST.

Join TB.

Through P, Q, R, S draw straight lines || to TB, meeting AB at

p’ y’ r’ 5.

Then Ap, pg, g7, s, sB are the required parts.

Proof. Through A draw AX || to BT.

Then, by construction, XA, Pp, Qg, R7, Ss, are || to TB ;

‘. XA,Pp,Qg, Rz, Ss, TB are || to one anotl.er.

But, by construction, these parallels make equal intercepts on
AC;

.. th.y also make equal intercepts cn AB ;

;. AB is divided into five equal parts at p, ¢, 7, s.
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The Diagonal Scale. The figure below is a diagonal scale
showing inches, tenths and hundredths of an inch.

L P

olis| | | R
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RERRRRRANY i
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G

A straight line AB is divided from A into inches, and the points
of division are marked o, 1, 2,.... The first division Ao is
divided into tenths of an inch and the points of division are
numbered (along Ao) 9, 8, 7, 6, 5, 4, 3, 2, 1. It is now possible
to rcad on AB inches and tenths of an inch.

In order to read hundredths of an inch, ten lines are taken at
any equal intervals || to AB; and perpendiculars are drawn
through A 0, 1, 2 ... .

The first division on the tenth parallel is then dividad into ten
equal parts ; and diagonal lines are drawn, as in the figure. The
scale is now complete.

Example. Obtain from the scale a length of 2:67". Place
one point of the dividers at 2 in AB. Move this point along .he
perpendicular to AB through 2 until it reaches the seventh
parallel. Extend the dividers until the other point reaches the
diagonal which starts from 6 in Ao. The distance XY between
tae poir‘s of the dividers ‘s then 2:67".

Thc pruof depends upon tl.e corollary te Theorem 24.
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EXERCISE 21
[Construction 12 and the Diagonal Scale]

1. Draw a line 2-6” long and divide it into seven equal parts.

2. Read off the lengths from C to D, L to M, P to Q, Rto S,
points marked on the diagram of the diagonal scale.

3. Draw a line 3-67” long and divide it into five equal parts.

4. A distance of 100 miles is represented on a map by 1”.
Draw lines to represent 234 miles and 447 miles.

CONSTRUCTION OF QUADRILATERALS AND
POLYGONS

The construction of polygons usually depends upon the con-
struction of triangles. In all cases the pupil should draw a neat
freehand sketch and insert in it the magnitudes given in the
question. It will usually be seen that a start can be made by
constructing a triangle, after which it is easy to complete the
figure. In constructing parallelograms it is frequently necessary
to make use of the properties of parallelograms. In constructing
a trapezium it is usually necessary to regard the trapezium as
consisting of a triangle and a parallelogram.

Example 1. Construct a quadrilateral ABCD, having BC = 25",
CD=2'1", DA=1-4",BD =2-3", AC=2'6".
Draw the rough sketch.

FiG. 107

It will then be seen that the 3 sides of the As ADC, BDC are
known. Construct these As ou the base DC=2-1" [as in Con-
struction 7].

Join AB, and the quadrilateral is drawn.
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Example 2. Construct a parallelogram ABCD, having
CD=3",CA=4",DB=5".
Draw the rough sketch and let the diagonals AC, BD meet at O.

Fic 108

Since the diagonals of a parallelogram bisect one another,
CO=2",D0=2'5";
*. The sides of the ADOC are known.
Construct the ADOC [as in Construction 7]. Produce DO to B,
making DB =5"; produce CO to A, making CA=4".
Join DA, AB, BC.

Example 3. Construct a trapezium ABCD, having the
parallel sides AB, DC equal to 4" and 5-2” respectively, AD =2-8",
BC=2-2".

Draw the rough sketch, and draw AE || to BC to meet DC at E.

A 4’ B

2-8" 22"

DI L
Fic. 109.
Then ABCE is a parallelogram ;
. AE=2-2", EC=4".
. DE=1-2",
‘. AADE can be constructed (Construction 7).

The remainder of the construction is obvious.
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EXERCISE 22

[Constructions of Quadrilaterals and Polygons)

In Examples 1-24 construct quadrilaterals to the given measure-

ments
1.
2.

; the order of the letters 1s in each case A, B, C, D.
AB =2-4", BC =2-2”, CD =3-5”, DA=1:7", BD =3-1".
AB =62 cm., CD =64 cm., BC=36 cm., AC=42 cm,

AD =34 cm.

3.
4.
5.

AB=CD =26 cm., BC=AD =16 cm., BD =36 cm.
AC =2-9”, BD =2'5", AB=1'9”, BC =2'75", CD =2-25".
AC =56 cm., BD =54 cm.,, AB=3'3 cm., AD=4'7 cm,,

CD =38 cm.

6.

AC=3 cm. BD=2-9 cm., AB=1-7 cm.,, AD=2'6 cm,

BC =2-1 cm.

7.
8.

AB =3-7", BC =2-8", CD =2-2", DA=47", LA =63".
AB =53 cm., BC=62 cm.,, CD =33 cm. DA=4'1 cm,

LC=117°

9.
10.
11.
12.
13.

AB=53cm., B=85° BC=72cm. C=93° CD =65 cm.
AB=1-7", BC=1'1", AD =1-55", LA =72°, LB=84°.
AB=2:6", BC=31", CD =2'3", LB=71° LC=54".

AC =4-2", BD =4'5", AB=33", LA =88° LB=093°

AC =59 cm. BD=72 cm., CD=51 cm., LC=117°

LD =67°

14.
15.
16.
17.

18.
cm.

19.
=42°
20.

AC =2-97", BD = 4-14”, BC =2'73", LB =71° LC =109°.
LB=114° BC=1-3", LC=97°, CD=1-8", LD =93°.
LA=42° LB=123° LD =54° AB=2-7", AD =4-3".
LA=123° LB=127°, LC=63° AB=31 cm., BC=28 cm.
AD =6 cm., LD =116° LDAC=28° LBAC -37°, AB=47

AC =2-8", LBAC=56° LDAC=69°, LBCA=56° LDCA

AB =2-8", BD =2'6", CD =2'1”. LABD =109°, LBDPC :21°.
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21. AB=3'7 cm., BC=6'5 cm.,, AD =53 cm., £C=94°, LDBC
=26°.

22. BC =38 cm., CD =42 cm., BD=2-3 cm., LABD=63°
LADB =58°.

23. AB=2'7", LBAC =45°, LA =85° LB=100° LABD =35°
24. AB=2:9”, BC=3",CD =1'57", DA=1-68", AC =2-67".
In Examples 25-34 construct trapezia to the given measure-

ments; the order of the letters is in each case A, B, C, D and AB, DC
are the parallel sides.

25. AB=1-8", BC=1-5", CD =2'5", DA=1'3".

26. AB=9g cm., CD =5 cm., .DAB =77°, L ABC =56°.

27. £BAD =135°, LACD =60°, DC =2", DB =25".

28. AB=4'8 cm., CD =7-6 cm., £ ADC =70°, L DCB =30°.
29. AB=10 cm,, BC =4 cm., CD =7 cm., DA=6 cm.

30. AB=6-4 cm., BC =2-9 cm., CD =9-3 cm., £BCD =62°.
31. AB=6'4 cm., BC =2-9 cm., CD =23 cm., £ BDC =62°.
32. AB=6-4 cm., BC =9 cm., CD =9-3 cm., .BDC =62°.
33. AB=32", LA=117°, LB=108° AC =49".

34. AB=1-75", BD =2-34”, DC =2-39”, CA =2-47"

[Draw CE parallel to DB to meet AB produced at E. First
construct ACAE.]

In Examples 35-40 construct parallelograms to the given
measurements ; the order of the letters is in each case A, B. C, D.

35. AD =2'1", DC =2-9", £ D =43°.

36. AB=4'3 cm., BC=3-2 cm., £C=112°%

37. AD=2-1", 0C =2'9", AC=1-7".

38. AD =2'1", DC =2'8", DB=3"5".

39. AC=34 , DB=38", AD =3-2".

40. AC=4'2 cm.,, UB=5'8 cm., AB=4'6 cm.

41. Construct a square on a side 2-32” long.

42. Construct a rhombus ABCD, having AB =2-3", AC =3-7".
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43. Construct pentagons ABCDE to the following measurements :

(1) AB=1-2", BC=1-4", CD =2'6", DE=1-9", EA=1'3", LABC
=140° LBAE =124°.

(i) AB=3 cm., BC=32 cm., CD=19 cm., DE=42 cm,,
EA=24cm., AC=5'7 cm.,, BE=3-8 cm.

(iii) AB=2'5", BC=1-85", CD=1'8", DE=215", EA=1-9",
AC =3-2”, AD =3-35".
(tv) AC=BD =CE=DA=EB=2"; AB=CD =1".

44. ABC is an isosceles A in which AB =AC ; XY is drawn || to
the base BC, at a distance 1” from it, cutting AB at X and AC at Y.
Given that BC =4” and XY =2-'5", construct the AABC.

45. Draw a line AC 3-75” long, and divide 1t into seven equal
parts by a geometrical construction. Construct a quadrlateral
ABCD of which the above line is one diagonal, from the follow-
ing data. BD cuts AC at O so that AO is three-scvenths of AC.
AB=2-.", L AOB=49° LBCD =57°.

46. Construct a quadrilateral ABCD in which AB =2-2%, LA =30°,
LC=80°% LADB=65° BDC=15°

47. Construct a trapezium in which AB=BC=DA=1" and
DC =2".

48. Construct the quadrilateral ABCD from the following data :
AB =70 cm.,, BC=9'4 cm., AC=11-0 cm., LACD =47° AD =9'1
cm. Show that there are two solutions, and measure the length
of the diagonal BD in each quadrilateral. 1f the first four data
are as before, but AD is made as short as possible, find by measure-
ment this shortest length and also the length of BD for this case.

49. Draw a quadrilateral ABCD, symmetrical about the
diagonal BD, which is to be 3” long. Make
L ABC =140°, LA=LC =065
50. In a circle, centre O, radius 2”7, inscribe a quadrilateral
ABCD having BC =CD, the £ ABC =100°, and the L AOB =50°.
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EXERCISE 23

[Constructions of Triangles and Quadrilaterals. In each
example give a purely geometrical construction, if possible.]

[These examples should be postponed until a late stage in the
School Certificate course.]

1. Construct an isosceles A, given the base and the altitude.

2. Construct an isosceles A, given the base and the vertical
angle.

3. Construct an isosceles A, given the altitude and the vertical
angle.

4. Construct an isosceles A, given the altitude and the base
angles.

5. Construct a AABC, given AB, AC and the | from A to BC.
6. Construct a AABC, given AB, BC and the | from A to BC.

7. Construct a AABC, given Ls ABC, ACB and the | from A
to BC.

8. Construct a AABC, given s ABC, BAC and the | from A
to BC.

9. AB, CD are two parallel st. lines. O is any point. Through
O draw a st. line OPQ meeting AB, CD at P, Q, so that PQ shall be
equal to a given st. line. When is the construction impossible ?

10. ABC is a A. Construct a rhombus APQR, P being on AB,
Q on BC, and R on CA.

11. Draw a line parallel to a given st. line at any given distance.

12. (i) P is a point within the arm of the 2AOB. TIhrough P
draw a st. line terminated by OA, OB and bisected at P. (i1) OA,
OB, OC are three st. ines meeting at 0. Draw a st. line terminated
by OA and OC, and bisected by OB.

13. Construct a parallelogram, given the lengths of two
adjacent sides and the | distance between one pair of oppos.te
sides.

1: Construct a parallelogram, given one angle and the |
distances between pairs of opposi.e sides.

15. Is i. always possihble to construct a trapezium whose
parallel sides are a, b, and whose other sides are ¢, d ?
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16. Prove the correctness of the following alternative to
Construction 12:

‘“ Let AB be the given st. line, which is to be divided into five
equal parts. From A draw AC at any angle with A3, and on it
mark off four equal parts AP, PQ, QR, RS. From B draw BD || to
CA, and on 1t mark oft BE, EF, FG, GH, each equal to the parts
marked on AC. Join ES, FR, GQ, HP, meeting AB at X, Y, Z, W.
Then AB is divided into five equal parts at these points.”

17. Construct a AABC, given .B, .C, and the perimeter.
A

P B C Q

FiG. 110

[Draw PQ equal to the perimeter. At P make LQPX=c,B.
At Q make LPQY=.C; X, Y, being on the same side of PQ.
Draw the bisectors of the s QPX, PQY, meeting at A. Through
A draw AB || XP and AC || YQ to meet PQ at B, C. Then ABC is
the required A. Supply the proof.]

18. Construct a AABC, given the perimeter, the altitude, and one
base angle.

19. Construct a AABC, given LA, AB, CA +CB.
X

A 8

FiG. 111.
[Draw the given base AB. At A make LBAX =.A and
AX =CA +CB.

Join BX. Let the | bisector o BX meet Ax at C. Then ABC is
the required A. Supply the proof.]

20. Construc. a AABC, given LA, AB, CA -CB.
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21, Construct a AABC, given . A, BC, CA +AB.
[In the figure of Th. 16a, .BDC=3A; .. ABDC can be con-
structed. Also A lies on the | bisector of CD. Supply the proof.)

22. Construct a AABC, given ~ A, BC, AB —AC.

(In the figure of Th. 15, £LBDC =90 +l—\; .. ABDC can be con-
structed, etc.] 2

23. Construct a AABC, given BC, AB —-AC, LC - LB.

[In the figure of Th. 15, BD =AB -AC; .BCD=3}(4C-¢B);
.. ABDC can be constructed, etc.]

24. Construct a AABC, given BC, AB -AC, LB+ .C.

[In the figure of Th. 15, BD=AB -AC, LADC=3(C +B);
. LBDC is known ; .. ABDC can be constructed, etc.]

25. Construct a AABC, given BC, AC +AB, LC - LB.

[In the figure of Th. 16a, LBCD =90° +34(,C -LB); .. the
ABDC can be constructed, etc.]

26. Construct a AABC, given BC, £A,, £C - .B.

[In the figure of Th. 15, £.BCD =4(4C - £B) and

LBDC =9o° +3LA;

.. ABDC can be constructed, etc.]

27. P, Q, are two fixed points on the same side of a straight line

AB ; find a point X in AB, such that PX, QX are equally inclined
to AB. [See Ex. 15, No. 12.]

28. Construct the quadrilateral ABCD, having given the lengths of
the sides and the angle between AB and CD.

C

Fic. .12

[Drav . he parallelogrr-m ADCE. Join BE. ABAE can be
constrrcted. Then ABCE, etc.]
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29. Construct the quadrilateral ABCD, having given the lengths of
BD, AC, AB, CD and the angle between AB and CD.

D C

A B
E

FiGc. 113.

[Draw the parallelogram ACDE and proceed as before, starting
from ABAC.]

30. Construct the quadrilateral ABCD, having given BC, AD, AC,
BD and the angle between AC and BD.
C
D

E

I1e. 114.

[Draw the parallelogram ADBE and proceed as before, starting
from the AACE.]

THE CONCURRENCE OF CERTAIN STRAIGHT LINES
IN A TRIANGLE

[This section should be omitted in a first reading of the book.]

THECREM A

The p.rpendicular bisectors of the *hree sides of a ‘riangle
meet at a point.
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Let ABC be a A, and let XO, YO be the 1 hisectors of BC, CA,
meeting at O.

A
Z \4
B X (o]
Fic, 115.

Let Z be the mid-point of AB. JoinOZ. It is required to prove
that OZ is | to AB.
Construction. Join AO, BO, CO.
Proof. In the As BXO, CXO,
BX =CX (grven),
X0 =XO (common),
LBXO = LCXO (grven, r!. Ls) ;

;. the As gig are congruent (2 sides, included ),
.. BO=CO.
Similarly by comparing the As CYO, AYO, it may be proved
that CO=A0;
. BO=A0.

Hence, in the As BZO, AZO,
BZ =AZ (grven),
20 =2Z0 (commiin),
BO =AO (proved) ;

BzZO .
. the As Azo 7€ congruent (3 sides),
‘. LBZO=LAZO, and each angle is therefore by definition a
right angle;; .. OZis 1 to AB.

Definition. Three or more straight lines are said to be con-
current when they meet at the samz point.

Defin'tion. Three or more points are said to be collinear
when they are in the same straight line.
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III
THEOREM B
The bisectors of the three angles of a triangle are roncurrent.
A
F
E
B D c
F16. 116.

Let ABC be a A, and let BO, CO be the bisectors of the s ABC,
ACB, meeting at O. Join OA.

It is required to prove that OA
bisects the LBAC.

Construction. Draw OD, OE, OF L to BC, CA, AB respectively.
Proof. In the As BOD, BOF,
BO =BO (common),
LOBD = LOBF (gzven),

LODB = LOFB (construction) ;

;. the A, ggg are congruent (2 s, corresponding szde),
.. OD =OF.
Similarly, by comparing the As COD, COE, it may be proved
that OD =OE,
.. OE =OF,

Hence, in the As AOE, AOF,
OE =OF (proved),
AO =AO (commuon),
LAEO = LAFO (7t. L5 by const: uctio.r)

AOE .
.. the As AOF 2T€ congraent (7f. L, nypot., side),

.'. LOAE = LOAF,
.*. OA bisects the LBAC.
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THEOREM C

The three medians of a triangle are concurrent.
A

B\V ¢
H
Fic. 117.
Let ABC be a A, and let E, F be the mid-points of AC, AB. Let
the straight lines BE, CF meet at G.
Join AG and produce it to cut BC at D.
It is required to prove that BD =DC.

Construction. Produce AGtoH, making GH=AG. JoinBH,CH.

Proof. In the A ABH, FG is, by construction, the line joining
the mid-points of the sides AB, AH ;
*. it is || to the base BH; .. FGC is || to BH.
Similarly, in the A AHC, the line EGB may be prov~d to be || toCH,
*. Both pairs of opposite sides of the figure BGCH are parallel ;
*. BGCH is a parallelogram.

But the diagonals of a parallelogram bisect one another ;
.. BD=DC.

Definition. The point of intersection of the medians is called
the centroid of the triangle.

Corollary. T.e centroid is a third of the way up the median
DA, measured from D.
For, in the above figure, AG =GH, by construction.
But, since the diagonals of a parallelogram bisect one another ;
. GD =DH, i.~. GD = }GH,
.". GD = }AG, i.e. GD = }AD.
Sinilerly, it may be proved that GE = BE, GF — 4CF.
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THEOREM D

The perpendiculars, drawn from the vertices of a triangle to
the opposite sides, are concurrent. '

b4 ' A Y

F E

X
Fic. 118,

Let nBC be a A, and let AD, BE, CF be the 1 s from A, B, C to
BC, CA, AB respectively.
It is required to prove that AD, BE, CF arc concurrent.

Construction. Through A, B, C draw straight lines || to BC,
CA, AB respectively, forming the AXYZ.

Proof. By construction, XBAC is a parallelogram,

*. the opposite sides are equal ; .. BX =AC;
Also, by construction, ZACB is a parallelogram,
*. the opposite sides are equal ; ", ZB=AC;
*. ZB =BX.
Also AC is || to ZX and BE is | to AC;
. BEis L to ZX,

‘. BE is the L bisector of ZX.
Similarly AD, CF are the | bisectors of YZ, XY.
But the | bisectors of the sides of the AXYZ are concurrent,
AD, BE, CF are concurrent.

Definition. The point of concurrence of the perpendiculars,
drawn from the vertices of a triangle to the opposite sides, is
called the orthocentre of the .riangle.

The following theorems are still nccasionally set in some
examinations.

H M.S.G.
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*THEOREM E

If two triangles have two sides of the one respectively equal to
two sides of the other but the included angles unequal, then the
triangle with the greater included angle has also the greater side.

Fic. 1109.

Let ABC, DEF be two triangles in which AB =DE, AC =DF, but
LBAC is greater than LEDF.
It is required to prove that BC is greater than EF,

Proof. Construct the ADEG, on the same side of ED as F,
having DG =AC and LEDG = BAC.
Then, since £EDG > LEDF, DF falls within the 2EDG.
Also the As ABC, DEG are congruent (2 szdes, included ),
‘. BC =EG.

Let the bisector of the FDG meet EG atH. Join FH.
Then, in the As DFH, DGH,

DF =DG (bot/: equal to AC),

DH =DH (common),

LFDH = LGDH (constr uc’ion) ;

;. the As S(F;: are congruent (2 szdes, included ),
. FH =GH.

But BC =EG, .", BC =EG =EH +HG =EH +HF,

But EH +HF > EF, for (i) if F is not on EG, EH and HF are two
sides of the AEHF and are therefore together greater than the
third side EF ; (ii) it F is on EG, LH alone is greater than EF, for
the order of the points must be E, F,H, G ;

.. BC is greater than EF.
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* THEOREM F

If two triangles have two sides of the one resnectively equal to
two sides of the other, but their bases are unequal, then the
triangle with the greater base has also the greater included angle.

N

B Cc

D

Fio. 120.

Let ABC, DEF be two triangles in which AB =DE, AC =DF, but
BC is greater than EF. It is required to prove that BAC is
greate- than LEDF.

Proof. LBAC is cither less than, equal to, or greater than
LEDF,

(i) if £BAC is less than LEDF, BC is less than EF (Thcorem
E), which is contrary to hypothesis ;

(i) if BAC is equal to LEDF, BC is equal to EF

BAC
[fur then As EDF

which is contrary to hypothesis ;

are congruent (2 szdes, included )],

LBAC must be greater than £EDF.

EXERCISE 24 [Theorems A-F)

1. The sides CA, CB of a AABC are produced. Prove that the
bisectors of the interior £ at C and the exterior Ls at A and B
arc concurrent.

2. Construct a A, having given the mid-points of the sides.

3. Construct a A, having given the cent-oid and two of the
mid-points of the sides.

4. Construct a A, having given the lengths of two sides and of
the median which bisects the third side.
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5. Construct a A, having given the lengths of one side and of
the medians which bisect the other two sides.

6. Construct a A, having given the lengths of the three medians.

7. Prove that any two medians are together greater than the
third.

8. In the figure of Theorem C, prove that (i) AB +AC >2AD,
(ii) AD +BE >$AB.

9. In the figure of Theorem C, prove that, if BE =CF, then
AB =AC.

10. In any A prove that the perimeter > the sum of the
medians > three-quarters of the perimeter.

11. Prove that the medians of a A are also the medians of the
A formed by joining the mid-points of the sides.

12. The medians of a AABC meet at G, and the parallelograms
CBGH, CAGK are completed. Prove that C is the point of inter-
section of the medians of the AGHK.

13. If within a APQR a point S can be found such that PS =PQ,
prove that QR >SR.

14. In the APQR, S is the mid-point of PQ and PR >QR.
Prove (i) that the PSR is obtuse, and (ii) that if T 1s any point
on RS, then PT >QT.

15. In a quadrilateral PQRS, the opposite sides PQ, RS are
equal and LPQR >LQRS. Prove that RSP > . SPQ.

16. AC is the greatest side of a AABC, BC the least. On AC a
rectangle ACDE is described having CD equal to BC, and on AB
a rectangle ABFG having BF equal to BC, both rectangles falling
outside the AABC. Prove that CF >BD. (Consider separately the
cases when the £ ABC is (i) acute, (i1) obtuse, (iii) right.)



PART 17
AREAS AND LOCI

AREAS

1. The area of a figure is the amount of surface contained
within 1ts bounding lines.

2. The unit of area is the area of a square on a side of unit
length. Thus, a square inch is the area of a square drawn on a
side one inch in length.
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* THEOREM 25

The area of a rectangle is measured by the product of the
measures of its sides.
A B

D C
Fic. 121,
Let ABCD be a rectangle in which AB is ¢ units long and AD is
4 units long, the unit being chosen so that ¢ and 4 are whole
numbers.}
It is required to prove that the area of ABCD is @ square units.

Proof. Let AB be divided into @ equal parts and through the
points of division let straight lines be drawn parallel to AD.

Then ABCD will be divided into @ equal rectangles.

Let AD be divided into & equal parts and through the points
of division let straight lines be drawn parallel to AB. Then each
of the a equal rectangles will be divided into & squares, each of
which is 1 unit of area ;

‘. ABCD contains ab units cf area.

Consider the application of the above theorem to a rectangle
23 inches long, 1} inches wide. In order that ¢ and 4 should be
whole numbers th= unit of length may be taken as § inch. The
length of the rectangle is then 16 units, and the breadth of the
rectangle is ¢ -nits *

.. the area of the rectangle =16 x g units of area.

But a unit of area is a square of side } inch.

t This .s not possible if @ .nd b are incommensurable numbers. See
note or p. ;78.
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It is easily seen that a square of side 1 inch can be divided into
6 x 6 small squares, each of which is a square of side } inch ;

. 6 x6 units of area =1 square inch,

*. the area of the rectangle = 166 :69 square inches
_16 9 .
=% X ¢ square inches

=23 x 1} square inches.

Thus the area of a rectangle is measured by the product of the
measures of its sides, whether these measures are integers or
fractions.

DEFINITIONS

1. If any side of a triangle is taken as its base, the perpen-
dicular to that side from the opposite corner is called the altitude
or height of the triangle.

2. If any side of a parallelogram is taken as its base, the per-
pendicular distance between that side and the side parallel to it
is called the altitude or height of the parallelogram.

It is clear that a triangle has three distinct altitudes (AD, BE,
CF in the figures), and that a parallelogram has two distinct
altitudes (XY, TW in the figure).

Fi16. 122.
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3. Parallelograms and triangles, situated as in the figures
below, are said to be between the same parallels.

NAVAWAZAN

F16. 123.

Since the perpendicular distance between two parallel straight
lines is everywhere the same, these figures have the sa.ne height
if AB, CD, EF, GH are taken as the bases.

4. If two figures are of equal area they are said to be equi-
valent or equal. It should be noticed that equal As are equal in
area but are not necessarily congruent,

5. The rectangle ABCD is said to be contained by AB, AD. It
may be called the figure AC or the figure BD if this is not
ambiguous.

The following abbreviations are also used :

The rectangle whose adjacent sides are AB, AD is denoted by
rect. AB, AD, or AB x AD, or AB . AD.

A square drawn on the side AB is denoted by sg. oz AB, or
AB2.

There is so much disagreement about the treatment of the
following group of theorems that it has bren thought best tn give
two distinct sets of proofs. Either of these arrangements is
generally accepted as satisfactory, and the teacher should decide
which is to be used. It is strongly recommended that one or the
other should be adopted as a whole.
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THEUREM 26. FIRST METHOD

Parallelograms on the same base and betvreen the same
parallels are equal in area.

D
F E D C F E C F DE C
A B A B A B
F1G6. 124.

Let ABCD, ABEF be parallelograms on the same base AB and
between the same parallels AB, FC.
It is required to prove that ABCD, ABEF are equal in area.

Proof. In the As FDA, ECB,
FA =EB (oppostte sides of a parallelogram),
L AFD = L BEC (corresponding angles ; AF, BE ||),
L ADF = L BCE (corresponding angles ; AD, BC ||);

*. the As EgBA are congruent and therefore equal in area
(2 angles, corresponding side).
Subtract each triangle in turn from the whole figure FABC,
‘. the remaining figures ABCD, ABEF are equal in area.

Note. It is essential to prove the equality of the parallelo-
grams by subtracting the equal triangles from the whole figure.

If we attempt to add pieces together to form the parallelograms
it will be necessary to give different proofs for the different
figures.

Corollary 1. The area of a parallelogram ir equa: to that of a
rectangle whose adjacent sides are equal to the base and altitule
of the parallelogram, respectivaly. The area of a parallelogram
is therefcre measured by the product of the measures of its base
and its altitude.
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Corollary 2. Parallelograms on equal bases and between the
same parallels are equal in area.

D [*] H G

A B E F
Fi1G. 125.
Let ABCD, EFGH be two parallelograms on equal bases AB, EF
and between the same parallels DG, AF.
It is required to prove that ABCD, EFGH are equal in area.

Construction. Join AH, BG.

Proof. HG =EF (gpposite sides of a parallelogram),
EF = AB (grven),
.. HG=AB.
But HG, AB are parallel,
*. The quadrilateral ABGH has one pair of opposite sides both

equal and parallel,
*. it is a parallelogram,

.. ABCD =ABGH (parallelograms on the same base AB and be-
tween the same parallels AB, DG),
and ABGH =EFGH (parallelograms on the same base HG and be-
tween the same parallels A, HG),
.. ABCD =EFGH.

Note. Theorem 26 appears in some schedules in the following
form : ** Parallelograms on the same (or equal) bases and of the
same altituds are ~qual in area.”

If confronted with this in an examination, the candidate
should first point out that the prrallelograms can be placed so
as to he on the same (or equal) bases and between the same
parallels, and then proceed as above.
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THEOREM 27. FIRST METHOD

1. Triangles on equal bases (or on the same ba.e) and between
the same parallels are equal in area.

2. Triangles of equal area which are on equal bases in the same
straight line (or on the same base) and on the same side of it are
between the same parallels.

D C S R

A B P Q

¥FiG. 126.

1. Let ABC,PQR be triangles on equal bases AB,PQ and between
the same parallels AQ, CR.
It is required to prove that ABC, PQR are equal in area.

Construction. Through A draw a straight line parallel to BC
to meet RC produced at D, and through P draw a straight line
parallel to QR to meet CR at S.

Proof. Each of the figures ABCD, PQRS is, by construction, a
parallelogram, and they are on equal bases AB, PQ and between
the same parallels AQ, DR

.. par™ ABCD = par™ PQRS ;
But each parallelogram is bisected by a diagonal ;
", AABC =1} par™ ABCD
and OPQR =4 par™ PQRS ;
. AABC = APQR.

In the same way it can be shown that trizagles on the same
base and between the same parallels are equal in area.
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2. Let the triangles ABC, DEF be equal in area, and on the equal
bases BC, EF, the bases being in the same straight line, and the
triangles on the same side of it.

It is required to prove that AD is parallel to BF.

X
A D A D
B Cc E F B Cc E F
Fic r27.

Proof. Suppose that AD is not parallel to BF, and through A
let a straight line be drawn parallel to BF to meet ED or ED pro-
duced at X. Join XF.

It is given that the triangles ABC, XEF are on equal bases

BC, EF; and, by construction, they are between the same
parallels BF, AX ;

. AABC = AXEF.
But it is given that
AABC = ADEF ;
*. AXEF = ADEF.

But this is impossible, for a part cannot be equal to the whole,
.. Our supposition that AD is not parallel to BF is wrong ;
‘. AD is parallel to BF.
In the same way it can be shown that triangles of equal area
which are on the same base and on the same side of it are hetween
the same parallels.

Corollary 1. Triangles on the same or equal bases and of the
same altitude are equal in area.

For they can be placed so as to be on the same base and
between the same parallels.

Corollary 2. If triangles (or parallelograms) of the same area
have the same or equal bases, the.r altitudes are equal.

For ‘hLey can be placed so as to be on the same b:se, or on
equai bases in the same straight line and on the same side of it.



11] AREAS 125

Corollary 3. If AB is a fixed straight line and P moves so that
the area of the AAPB is constant, the locus of P consists of two
straight lines parallel to AB, one on e:ther side of it., at a’ fixed
distance from it.

THEOREM 28. rIRST METHOD

If a parallelogram and a triangle stand on the same base, and
between the same parallels, the area of the parallelogram is
double that of the triangle.

F E Cc D

A B
Fi16. 128.

Let the parallelogram ABEF and the triangle ABC be on the
same base AB and between the same parallels AB, FC.
It is required to prove that the area of ABEF is double that of ABC.

Construction. Draw a straight line through B parallel to AC
to meet FC produced at D.

Proof. It is given that AB is parallel to CD, and, by con-
struction, BD is parallel to AC ;
‘. ABDC is a parallelogram.
But BC is a diagonal, and therefore bisects the parallelogram,
', par™ ABDC = 24 ABC.
Also the parallelograms ABDC, ABEF are on the same base AB
and between the same parallels AB, FD ;
', par™ ABDC = par™ ABEF ;
.'. par™ ABEF =24 ABC.

Corollary 1. If a parallelogram and a triungle are on equal
bases and of the same altitude, the area of the parallelogram is
double that of the triangle.

For thcy can be placed so as to be on the same base anc hetween
the same parall.ls.
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Corollary 2. The area of a triangle is equal to half that of a
rectangle whose adjacent sides are respectively equal to the base
and altitude of the triangie. The area of a triangle is therefore
measured by half the product of the measures of its base and its
altitude.

THEOREM 26. SECOND METHOD

The area of a parallelogram is equal to the area of a rectangle
on the same base and between the same parallels.

D
F E D C F E C F D E C
A B A B A B
Fi1c. 129.

Let ABEF be a rectangle and ABCD a parallelogram on the
same base AB and between the same parallels AB, FC.
It is required to prove that ABCD, ABEF are equal in area.

Proof. In the As FDA, ECB,
FA =EB (opposite sides of a rectangle),
L AFD = LBEC (corresponding angles ; AF, BE ||),
L ADF = LBCE (corresponding angles ; AD,BC ||);
‘. the As FDA ire congruent, and therefore equal in area
EC (2 angles, corresponding szde).
Subtract each triangle in turn from the whole figure FABC,
*. the remaining figures ABCD, ABEF are equal in area.

Note. It i3 essential to prove the equality of the parallelogram
ard the rectangle by subtracting the equal triangles from the
whole figure. If we attempt to zdd pieces together to form the
parallelogram and the rectangle it will be necessar? to give
differan* proofs for the different figures.
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Corollary 1. The area of a parallelogram is measured by the
product of the measures of its base and altitude.
For the area of
ABCD =the area of ABEF = AB x AF =base x altitude.

Corollary 2. Parallelograms on the same or equal bases and
of the same altitude are equal in area.

Corollary 3. If parallelograms of the same area have the same
or equal bases their altitudes are equal and they can be placed
so as to be on the same base and between the same parallels.

THEOREM 27. SECOND METHOD

The area of a triangle is equal to one-half of the area of a
rectangle on the same base and between the same parallels.

E F D A

B C
Fi16. 130.
Let ABC be a triangle and BCDE a rectangle on the same base
BC and between the same parallels BC, EA.
It is required to prove that the area of ABC is half that of BCDE.

Construction. Through B draw a straight linc parallel to CA
to meet FA at F,

Proof. It is given that FA is parallel to BC, and, by construc-
tion, BF is parallel to CA ;
.". BCAF is a parallelogram.
But BA is a diagonal and therefore bisects the parallelogram,
‘. AABC =3} par™ BCAF.
Also the par™ BCAF and the rectangle BCDE are on the sam:2
base BC ana between the same paiallels BC, EA ;
.". par™ BCAF =rectangle BCDE,
‘. AABC =1} rectangle BCDE.
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Corollary 1. The area of a triangle is measured by one-half
the product of the measures of its base and its altitude.

For area ABC =1} area 3CDE =4BC .CD.

But the perpendicular from A to BC is equal to CD, being
opposite sides of a rectangle,

. area ABC =4 base x altitude.

Corollary 2. Triangles on the same or equal bases and of the
same altitude are equal in area.

Corollary 3. If triangles of the same area have the same or
equal bases their altitudes are equal.

Corollary 4. Two triangles of equal area which are on equal
bases in the same straight line (or on the same base) and on the
same side of it are between the same parallels.

A X

B P (o} Y Q V4
FiGc. 131,

Let ABC, XYZ be the triangles, of equal area, with equal bases
BC, YZ, in the same straight line.
Then by Corollary 3 the altitudes AP, XQ are equal.
But AP, XQ are parallel since each 1s perpendicular to BQ,
l.e. AP, XQ are both equal and parallel ;
.. AXQP is a parallelogram,
ie. AX is parallel to PQ or BZ.

Corollary 5. L AB is a fixed straight line and P moves so that
the area of the 2~ 4PB is constant, the locus of P consists of two
straight lines parallel to AB, one on either side of it, at a fixed
distar.ce from if.
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THECREM 28. SECOND METHOD

If a parallelogram and a triangle svand on the sare base and
between the same parallels, the area of the parallelogram is
double that of the triangle.

F Y E X C

A B
Fia. 132,
Let the parallelogram ABEF and the triangle ABC be on the
same bese AB and between the same parallels AB, FC.
It is required to prove that the area of ABEF is double that of
ABC.

Construction. Through A, B draw straight lines perpen-
dicular to FC to meet it at Y, X respectively.

Proof. It is given that AB is parallel to YX, and, by construc-
tion, AY, BX are parallel and the £ AYX =a right angle ;
‘. ABXY is a rectangle ;
‘. ABXY is a rectangle and ABEF a parallelogram on the same
base AB and between the same parallels AB, FX ;
", rectangle ABXY =par™ ABEF.
Also the rectangle ABXY and the triangle ABC are on the same
base AB and betwcen the same parallels AB, FC ;
*. rectangle ABXY =2A ABC,
.. par™ ABEF =2A ABC.

Corollary. If a parallelogram and a trizngle are on equal
bases and of the same altitude, the area of the parallelogram is
double that of the triangle.

For thev can be placed so as to be on the same base ~nd be-
tween the same parallels.

1 M.S G,
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EXERCISE 25 [Theorems 25-28]
NumMmericaL [Calculation of Areas]

In Nos. 1-12 draw a rough sketch of the figure named, and
find the area by calculation. In Nos. 13-18 draw the figure to a
convenient scale, and find the arcas by measurement.

1. A rectangle 2-5” by 4”.
2. A rectangle 3-2 cm. by 46 cm.

3. A right-angled A, the sides containing the rt. £ being 2-5”
and 6”.

4. A AABC in which LB=£,C =45° AB=1-8 cm.
5. A parallelogram, having the base 3”, and the height 1-8”.

6. A parallelogram, having the base 48 cm., and the height
3 cm.

7. A A having the base 2”, and the altitude 1-6”.
8. A rhombus having the diagonals 4-8” and 1-2”.

9. A trapezium having the parallel sides 3” and 4", and the
perpendicular distance between them 1-4”.

10. A parallelogram having two adjacent sides 6 cm. and 4-8
cm. and the included angle 30°.

11. The area of a parallelogram is 4-2 sq. cm. aad the base is
1-4 cm. Find the height.

12. The area of a A is 3-6 sq. in.; the height is 2-4”. Find the
base.

13. A rectangle, having one side 2-2” and a diagonal 2-9”.
14. A rectangle ABCD, having AB =4-2 cm. and £ ABD =39°.
15. A AABC, having LA =52°, AB=5-3 cm., AC =32 cm.
16. A AABC, having LA =47°, LB=72°, BC=18".

17. A parallelogram ABCD, having AB=4-2 cm., LABC =172°,
AC =7+4 cm.
28. A parallelogram ABCD, having
AB =2'2", AD =1-4", LBCD =58°.
If ferther practice is needed the areas of some of th= figures
in Exercise 22 may be found by drawing and measurement.]
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19. ABCD is a square. P is a point in AB such that AP =}AB ;
Q is a point in PC such that PQ =}PC. Prove that the area of
APQD is } of the area of ABCD.

20. AD, BC are the parallel sides of a trapeziu.n ABCD, and the
diagonals AC, BD cut at O. The areas of the As AOB, BOC are
3 sq. in. and 2 sq. in. respectively. Calculate the areas of the
4As COD, AOD.

21. M, A, N are points in a st. line; MA=7", AN=5". MB, NC
are drawn | to MN and on the same side of it such that MB =5",
NC =g”. Find the area of the A ABC.

22. A rectangle PBCQ and an acute-angled AABC are on the
same base BC and on the same side of it, the height of the A
being twice that of the rectangle. The line PQ cuts AB at X and
AC at Y. Express the area of the AAXY as a fraction (a) of the
area of the AABC, (b) of the area of the rectangle.

23. ABCD is a quadrilateral in which the diagonal AC is bisected
at right angles by the diagonal BD. If P, Q are the mid-points
of the sides AB, AD, prove that the area of the ACPQ is three-
eighths of the area of the whole quadrilateral.

24. A triangular area ABC is represented on a map, the scale of
which is 2 inches to the mile, by a AA’'B’C’. A’B’=}", A'C’'=¥{",
LA =30° Find the number of sq. yards in the area ABC.

25. The diagonals AC, BD of a Earallelogram meet at 0. From
M, the mid-point of AD, a parallel is drawn to DB meeting AO at
H, and a parallel to AC meeting DO at K. Express the area MHOK
as a fraction of that of ABCD.

26. The perpendicular distances from the vertices of a A to the
o¥posite sides are in the ratios 10: 15: 24, and the longest side
of the A is 60”. Find the shortest.

27. The sides BC, CA, AB, of a A are produced to D, E, F, so
that CD =BC, AE =CA, 3F =AB. Prove that the area of ADEF is
seven times the area of AABC.

28. ABCD is a parallelogram ; BC is bisected at E, and CD at
F; AE and DC are produced to meet at G, and AF and BC are
produced to meet at H. Prove that the area of the AAGH is
equal to one and a half times the area of the parallelogram.

29. ABCD is a rectangle in which AB=6", BC=334". X and Y
are points on DC between D and C such that DX =3" and CY =1".
What are the areas of (i) the AADX ; (ii) the figure ABYX ?

30. A point P is taken on the side CA of a AABC such that
CP =}C\. BP is produced to Q so that AQ is || to BC. Express
the area of the ACPQ as a fraction of the area of the AAB®.
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EXERCISE 26 [Theorems 25-28]

ThEORETICAL

1. Prove that a median of a A divides it into two parts of
equal area.

2. ABCis a A and PQ is drawn || to BC, cutting AB, AC at P, Q
respectively. BQ, CP meet at R. Prove that
(i) APBC=AQBC, (1) ABRP =ACRQ,
(iii) APQB=APQC, (iv) AABQ =AACP.

3. PQRS is a parallelogram ; X, Y the mid-points of PQ, PS.
What fraction of the area of the parallelogram is (i) APXY,
(if) AQYR, (iii) AYXR?

4. The base BC of a AABC is divided at D so that BD =,;BC,
prove that AABD =§AACD.

5. Two As of equal area stand on the same base. Prove that
the st. line joining their vertices is either bisected by the base
(produced if necessary) or is || to 1t.

6. X is the mid-point of the diagonal AC of a quad. ABCD.
Prove that the quads. ABXD, CBXD are equal in area.

7. Prove that a parallelogram is divided by its diagonals into
four As of equal area.

8. P is any point on the median AD of the AABC. Prove that
ANABP =AACP.

9. ABCD is a parallelogram ; X is any point in the diagonal AC.
Prove that AABX =AADX.

10. ABCD is a parallelogram; P is any point on AB or AB
produced and Q is any point on BC or BC produced. Prove that
APCD =AQAD.

11. ABC is a A. If AB, AC are fixed lengths, prove that the
area of the A is greatest when £ BAC =qo°.

12. ABC is a A ; D is the mid-point of AB. DE is drawn || to
BC to meet AC at E. Prove that

(i) AADE =ADBE, (ii) ADEC =AADE.
Deduce an alternative proof of Theorem 22.
13. ABCisa A ; D, E are the mid-points of AB, AC respectively.

Prove tha. (i) AADE =ARBDE, (ii) ABDE=ACDE. Decuce an
alterna‘ive proof of Theorem 23.
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14. ABCD is a qnad. The diagonals AC, BD meet at X. If
AABX =ACDX, prove that AD is || BC.

15. ABCD, ABEF are two parallelograms in the 3ame plane, with
a common side AB. 1f CE, DF be joined, show that the figure
CDFE is a parallelogram, and that its area 1s either the sum or
the difference of the areas of the two given parallelograms.

16. ABCD is a parallelogram, E any point in CD; AE, BC
produced meet at F; show that

(1) AADF = AABE, (1) ADEF = ABEC.

17. POQ is a night angle, P and Q being any two points on the
arms. QR is drawn | to PQ to meet PO produced at R, and PS
drawn | to QP meets QO produced at S. Prove that

OR .08 =0P . 0Q.

18. ABCD, AEFG are two parallelograms having a common
pomnt at A, and having the vertex E on BC, and the vertex D on
FG. DProve that the parallelograms are equal 1n area.

19. Prove that 1f the diagonals of a quad. divide 1t into four As
equal 1n area, the quad. must be a parallelogram.

20. DEFGH is an irregular pentagon in which DG is || to EF and
GH to ED. Prove that AHDE = AGDF.

21. P is a point in the side AB of a AABC. PC is joined, and
BK, || to PC, meets AC produced at K. AK 1s bisected at Q, and
PQ joined. Show that AAPQ =3}AABC.
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AREA CONSTRUCTIONS

CONSTRUCTION 13

To construct a rectilineal figure equal in area to a given
rectilineal figure and having fewer sides by one than the given
figure.

E )

X A B
Fi6. 133.

Let ABCDEF be a rectilineal figure with (say) six sides.
It is required to construct a rectilineal figure equal to ABCDEF,
with five sides.

Construction. Join AE. Draw FX parallel to EA to meet BA
produced at X. Join EX.
Then XBCDE is the required figure.

Proof. The As AFE, AXE are on the same base EA and between
the same parallels FX, EA ;
.. AAXE = AAFE.
To each add the figure ABCDE ;
*. the figure XBCDE = the figure ABCDEF.

Note 1. By a succession of steps similar to the above we can
construct a triangle equal in area to any given rectilineal figure.

Note 2. The ar.a of any rectilineal figure may be found by
dividing the figure into triangles, by joining any vertex to the
remaining vertices ; the area of each triangle may then oe found
anc the sur of these areas ic the area of the required figure.
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This method is not, however, of much practical use. The more
usual method is to reduce the figure to a single triangle by
successive applications of the above construction. » There are,
however, two special cases of some
importance.

(1) Let ABCD be a quadrilateral, in
which LA=,C=90°. The quadri- D 8
lateral may be divided into two
right-angled triangles by joining
BD. Its area is easily seen to be c

}(AB . AD +CB . CD). Yi6. x34.

(2) Let ABCD be a trapezium with AB parallcl to DC.

Draw AE 1 to DC, CF 1 to AB
produced. Join AC.

Then AADC=}DC . AE,

AABC =}AB . CF.

But since AECF is, by construction, D E c
a rectangle, °. AE =CF; Fie. 135.

.. Area of ABCD = AADC + AABC = }DC . AE + }AB . AE
= 1(DC + AB)AE.

Thus the area of a trapezium is the product of half the sum of
the parallel sides and the perpendicular distance between them.

A

A B F

EXERCISE 27 [Construction 13]

1. ABCD is a quad.; AB=2", AD =BC =2-5", CD =3, BD =4".
Construct the quad. and also a A equal to it in area. Find this
area.

2. Construct a quad. ABCD in which AB =2", BC =3:5", CD =3",
DA =2-8”, and the diagonal AC =4". Find tke area of the quad.
by first reducing it to a A and then finding the area of the A.

3. ABCD is a quad.; AB =5 cm., BC=7 cm., CD=8 cm,,
DA=9 cm., AC=10 cm. Draw a rectangle, with a side 10 cm.,
whose area is twice the area of the quau. Hence find the area ot
the quad.
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4. Construct a quad. ABCD, having AB=2", BC=3", and the
Ls at A, B and D equal respectively to 125°, 70° and 95°. Con-
struct a A, having BC as one of its sides, equal in area to the
quad.

5. Construct a pentagon ABCDE in which AB=3-1", BC =2",
CD=1'65", DE=1-3", EA=2-9", BD =3-22", AD =4°1”. Find, by
construction, a A equal in are. to the pentagon and thence
calculate the area.

6. Construct a quad. ABCD having AB =26 cm., AC=5 cm,
LABC =100°, .BAD =130°, £CDA =9go0°.

Construct a A equal 1n area to this quad., having AB as one
side and the opposite vertex on BC produced. Hence calculate
its area.

7. Two As ABC, DBC are on the same side of BC, and AB =1",

BC =2", CD =3", DB=3'5", CA=2'5". Find a point M 1n BD such
that AMBC =ADBC - AABC.

8. Bisect a given AABC by a st. line through A.

9. Divide a given AABC into seven equal parts by st. lines
through A.

10. Bisect a given AABC by a st. A
line through a given point P in the P
side AB.
[Let F be the mid-point of AB. F
Join CF, CP. Through F draw a
st. line || to PC to meet BC at Q.
Join PQ. Then PQ bisects the A.
IFor APQC =AAPC + APCQ
=AAPC + APFC (why?)
=AAFC =}AABC (why ?).] c

11. Trisect a given AABC by st. lines H
drawn from a given point P in the side
AB.

[Trisect AB at D, E. Join CD, CP,
CE. Through D, E draw st. lines || to
PC to meet AC, BC at H, K.

Join PH, PK. Prove that these A D P E 2]
are the required lines.] F1c. 137.

12. Bisect a quadrilateral by a si. line drawn through ac angular
point.

[Obta.n a A equal in a12a to the quad. and draw the median of
this A.]
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CONSTRUCTION 14

To construct a parallelogram equal in area to a given triangle
and having one of its angles equal to a given angle.

A G H
N//
B X C D

G, 138,

Let ABC be the given A, and D the given angle.
It is required to construct a parallelogram equal in area to
the AARBC, and having one of its angles equal to the angle D.

Construction. Bisect BC at X. (Construction 2.)

At X in BC, make LCXF equul to «D. (Construction 5.)

Through A draw a straight line parallel to BC. (Construction 6.)

Let this straight line (produced if necessary) meet XF produced
at G.

Through C draw a straight line parallel to XF to meet AG
produced at H

Then XCHG is the required parallelogram.

Proof. Join AX.
The As ABX, AXC are on equal bases BX, XC, and between the

same parallels BC, AG,
‘. AABX = AAXC,

. AABC =2AAXC.
But the figure XCHG is, by construction, a parallelogram.
Also, since it is on the same base XC, and between the same
parallels XC, GH, as the A AXC ;
*. the par™ XCHG =2AAXC ;
. the par™ XUHG = AABC ;
and one f its angles, GXC, is by construction equal to =D,
.. XCHG is the required parallelogram.
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Note. A particular case of the above is to construct a rectangle
equal in area to a given triangle. By Constructions 13 and 14
we can therafore draw a rectangle equal to any rectilineal figure.
By these constructions we can also draw a parallelogram equal
in area to a given rectilineal figure, and having an angle equal to

a given angle.

CONSTRUCTION 15

To construct a parallelogram equiangular to a given parallelo-
gram, of equal area, and with one of its sides equal to a given
straight line.

F P

H G
N

A E B
Fi1c. 139.

Let ABCD be the required parallelogram, and PQ the given
straight line.

It is required to construct a parallelogram equiungular to the
parallelogram ABCD, of equal area, and with one of its sides
equal to PQ.

Construction. From BA (produced if necessary) cut off BE
equal to PQ.

Through E draw a straight line parallel to BC to meet CD
(produced if necessary) at O.

Join BO. Let the intersection of BO and AD beH.

[In the above figure BO and AD must both be produced to
meet. If E is on BA produced, BO and AD meet without being
prcduced.]

Through H draw a straight line parallel to AB to meet EO, BC
/produced if necessary} at G, F, respectively.

The. EBFG is the required parallelogram.
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Proof. ABFH, DHGO, EBCO are, by construction, parallelo-
grams;
.. Since a parallelogram is bisected by a diagonal,

AAHB = AFHB,
ADHO = AGHO,
AOEB = AOCB ;

.. AAHB - ADHO - AOEB = AFHB — AGHO - AOCB ;
*. the figure ADOE = the figure OCFG.
To each add the figure EBCO,
*. the figure ABCD = the figure EBFG.

But EBFG is clearly a parallelogram, by construction, and its
angles are equal to the angles of the parallelogram ABCD.

Definition. In a parallelogram ABCD, A H D
if through any point O in the diagonal v
AC parallels EG, FH are drawn to the g A

sides, meeting them at E, F, G, H, as
shown in the figure, then the figures
EOHA, OFCG are called parallelograms B F s

about AC, and the figures EOFB, OGDH F6. 140
are said to be their complements. Y

Note. It should be noticed that in the proof of Construction
15 we have incidentally proved that, in that figure, ADOE =OCFG ;
i.e. the complements of the parallelograms which are about the
diagonal ot a parallelogram are equal.

EXERCISE 28 [Constructions 14, 15]

1 Draw a AABC, in which AB=3-2", BC=2'3", LABC =74".
On AB as base construct a parallelogram ABDE whose area is
twice that of the AABC and in which 2 EAB =57°.

2. Drav, full size, a paralle'ogram ABCUL having AB =36",
BC =24", and LABC =42°. On AB as base construct a AOAB of
area equal to ABCD, and having one of i*s base anglec equal to
65°. Also construct a parallelogram ABRS of area equal to ABCD
having a diagonal AR equal to AB
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3. Construct a square with each side 2” in length, and on a
diagonal of the square as base, construct (i) an isosceles A whose
area is equal to the area of the square, (ii) a right-angled A whose
area 1s equal to the area of the square.

4. Show how to construct the ADBC which has the same base
BC as a given AABC, but has 1ts area double that of ABC and the
£ DBC half the LABC.

5. Construct a rhombus equal in area to a given parallelogram,
having one side equal to a given st. line. Is the construction
always possible ?

6. A rectangle ABCD has AB=2-5", BC=1-4". Construct
geometrically a rectangle ACPQ of equal area.

7. Construct an isosceles A equal in area to a given A and
having the same base.

8. On a line AB, 2'5 cm. long, draw a square ABCD. On the
diagonal AC as base construct a AACE equal to the square in
area and having the L ACE =125°.

9. Construct, without performing any calculation, a rhombus
of side 2:5” equal in area to a square of side 2”.

10. ABC is a given A. Construct an equivalent A with its
vertex ol a given st. line XY. Isthe construction always possible ?

11. On a base AB 4 cm. long, describe a A having L ABC =35°,
LBAC =55°. Construct a rectangle equal in area to this A and
having one side 3 cm. long.

12. Construct a AABC, having BC=2", CA=1'7", AB=1-2";
then construct a ABLM of equal area, having the same angle at B,
but having BL =0-8".

13. Without making any calculations, ccastruct a perallelogram
equal in area to an equilateral A each of whose sides is 2” long.
The parallelogram must also have one angle 45° and one side 1-4”
long.

14. Draw a A with sides of length 2:5”, 3” and 4:3”; then
construct a parallelogram equal in area, having an angle 60° and
one side of length 4”.

5. Draw, withont calculation, a rectangle, one side of which
is 3-2” long, equal in area to a square of side 2-7”.

16. Coastruct the 2 ABC, given BC, LB, and that th> area is
equal to that of a given AXYZ.
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EXERCISE 29.
[Further Examples on Theorems 25-28, eto.]

1. Two sides of a A are 1-7” and 2-4”, and its area is 1-2 sq. in.
Construct any As which satisfy these conditions. How many
distinct As are there ?

2. A A has one side 3-2” long, its area is 5-2 sq. in., and the
radius of its circumcircle is 2-3”. Construct the A.

3. Construct a quad. ABCD, given that AB=2", AC =37,
BC =1-6", £ CAD =43°, and the area of the AACD is 2 sq. in.

4. A quad. ABCD is such that its diagonal AC bisects it. Draw
the quad. when AB =96 cm., BC=4'2 cm., CA=8-8 ¢cm., LACD
=68°.

5. Construct the greatest possible parallelogram whose diagonals
are 4-9 cm,, 5-8 cm.

6. ABCD is a parallelogram and P is any point within 1t :
prove that the sum of the As PAB, PCD =the sum of the As PBC,
PAD.

7. Prove that, if the diagonal of a quad. bisects the other
diagonal, it will bisect the area.

8. Prove that, if a diagonal of a quad. bisects its area, it will
bisect the other diagonal.

9. X is a point in the side AB of the AABC. I'ind a point Y 1n
BC so that AYAX =ACAY.

10. In a AABC, the | from A to BC=the | from C to AB.
Prove that AB =BC.

11. AB, AC are the equal sides of an isosceles AABC. At B a
line BD .s drawn | to BC to meet CA produced at D ; prove that
A is the mid-point of CD. A line is drawn || to BD to meet CB,
produced beyond B, at E and to meet a || to CB through D at F.
If AB trisects the area of the trapezium FDCE, prove that BC =4BE.

12. The side BC of a AABC is produced to X so that CX =BC,
and Y is the mid-point of AB. Prove that the As ABC, XBY are
equail.

13. AB, XY, CD are three || lines, X being on AC and Y on BD.
Prove that the quads. BXCY, AXDY are equal i1. area.

14. ABCD is a parallelogram whose diagonals AC, BD meet at O.
M and N are the mid-points of OB and OL respectively. Prove
that AMCN is a parallelogram whose area is half that of ABCv.



I42 ESJENTIALS OF SCHOOL GEOMETRY [PART

15. AD and BCEF are two || st. lines with BC =EF. Another st.
line is drawn || to the given st. lines and bewween them, meeting
AB at G and DE at H. Prove that A AGC = ADHF.

16. On the side AB of a AABC the square ABST is described. If
the area of the ASBC is equal to one quart>r of that of the square,
prove that the ACAB is isosceles.

17. In the AABC, B is joined to E, the mid-point of AC, and CK
is drawn || to EB, to cut AB produced at K ; prove that

AAKC =2AABC.

18. AP, BQ, CR are || st. lines ; two lines are drawn through C,
viz. CB meeting BQ at B, and CP meeting AP at P ; two lines are
drawn through R, viz. RA || to CB meeting AP at A, and RQ || to CP
meeting BQ at Q; show that the quads. ABCR, PQRC are equal
in area.

19. ABCD is a quad. R is any point of the side DC. The || to
AR through D intersects the || to BR through C in the point S.
Prove that the area of the AABS is equal to that of the quad
ABCD.

20. The sides AB, AC of a AABC are bisected at D, E. CD and
BE intersect at F. Prove that the ABFC is equal to the quad.
ADFE in area.

21. A point P is taken on the base BC of an isosceles AABC,
and PM, PN are drawn | to AB, AC respectively, meeting them
at M, N. Prove that the sum of PM and PN is the same for all
positions of P on BC. If P is taken on BC produce1, what modifi-
cation of the theorem is required ?

22. If AD bisects the side BC of a AABC, and if P is any point
on AD, prove that the areas of the As PAB, PAC are equal. Prove
also that if P is any point on the line through A || to BC, the As
PAB, PAC are equal.

If E, F are any given points on the sides AB, AC, respectively of
a AABC, find two positions of a point P on BC (produced either
way if necessary) such that the areas of the As PEA, PFA are equal.

23. ABC is a given A and BA, CA are produced to D and E,
making AD equal to AB and AE equal to AC. If P is any point in
BC, show that the sum of the As PAD and PAE is constant.

24. Prove that if the diagonals of a parallelogram are given in
length, its area is yreatest wher it is a rhombus.

25. AFE is a A with B the mid-point of AF and C the mid-point
of BE, AC produced n.eets EF at D. Prove that the As FBD,
ADB, ADE are equal in area.



1) AREAS 143

26. From a point X in the diagonal AC of a parallelogram ABCD
lines are drawn || to the sides, meeting AB at F, BC at G, CD at H,
and DA at K. Prove that (i) AXFG=AXHK, (ii) GH, FK are
parallel. *

27. Taking the figure of the previous example, prove (i) that
GH, DB are parallel (consider As DGH, BGH), (ii) that

ACHG + ACKF =} parm ABCD.

28. AB, DC are the parallel sides of the trapezium ABCD.
X, Y are the mid-points of AD, BC, respectively. Prove that XY
is || to DC.

29. Provu that a parallelogram is bisected by any st. line which
passes through the intersection of its diagonals. Hence show
how a parcllelogram PQRS may be bisected by a st. line drawn
(i) through a given point O, (ii) parallel to a given line XY.

30. ABCD is a trapezium in which AB is || to DC. DF drawn
|| to CB meets BA, produced if necessary, at F. E is the mid-point
nf AF. Frove that the area of AEBC 1s half that of the trapezium.
Consider both cases.

31. ABCD is any ordinary convex quad. A | to AB drawn
through C meets a || to AC drawn through D at E. Prove that
the area of the trapezium ABCE is equal to that of the quad.
ABCD.

32. Using the two previous results, show how to find a point F
in the side AB (or AB produced) of an ordinary quad. ABCD such
that the area cf the AFBC is half that of the quad. Show also
how, given a point P in AB, to find a point Q in CD, such that PQ
divides the quad. into two quads. of equal area.

33. ABE is any A ; DC drawn || to the base BE cuts AB, AE in
D, C respectively. Show that the As ABC, ADE have equal areas.
Hence show how to draw # A of the same area as a given A having
one of its angles the sanie as one of the angles of the given A, and
having one of 1ts sides containing that angle of a given length.
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THE THEOREM OF PYTHAGORAS

This theorem is of great interest and importance. The
discovery of the theorem has always been ascribed to Pytha-
goras, the famous Greek philosopher who lived in the latter
part of the sixth century B.c., but there is reason to believe that
the truth of the theorem was known, at any rate for the simpler
cases, e.g. 3,4, 5; 5, 12, 13, at a very much earlier date. The
proof which follows is due to Euclid, of Alexandria (about
300 B.C.), who wrote a text-book of Geometry which remained
the standard introduction to the subject for more than two
thousand years, and which has only been displaced in this
country during the last fifty years. The proof is long, but each
part of it is quite simple, and it is suggested that the teache.
should make the class familiar with the separate steps before
attempting to take the theorem as a whole. The following
method has been found useful. Draw the figure of Theorem 29
on the blackboard, and by the side of it draw a figure in which
the squares are described on the sides of an acute-angled
triangle. Questions such as the following may be discussed
orally :

(1) Find as many equal angles (other than right angles) as
possible in each figure.

(2) Pick out sets of 3 points which lie on a straight line in the
first figure, but not in the second.

(3) Prove that the As GBC, ABH are congruent in both
figures.

(4) How many As are there with base BG and area equal to
half BAFG ? Discuss each figure separately.

(5) How many As are there with base BH and area equal to
half BHLJ ? Discuss each figure separately.

If the pupil has ga‘ned familiarity with the figure ir this way
the formal proof will be found quite easy.
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Some teachers may like to show that the squares on AB, AC
may be cut in pieces and fitted together to make the square on
BC. The best-known method of dissection is due to Périgal,
but many others are known. It should, of course, be empha-
sised that dissection and piecing together again does not con-
stitute proof, and the fallacy in tiusting too much to appearances
may be illustrated by showing that a rectangle 13 x 5 can be
made to appear to be made up of the same pieces as a square
8 x 8.

The following is Perigal’s dissection.

Draw on thin cardboard a right-angled AABC and the squares
on the three sides. Choose one of the smaller squares, say the
square on AC, and cut it up in the following way.

Fic. 141.

Through the centre of the square (i.e. the intersection of the
diagonals) draw straight lines parallel and 1 to the hypotenuse
BC.

Cut along these lines, getting the four piece, marked 1, 2, 3, 4.

It will be found that these, together with th~ square marked 5,
can be fitted together, as showa, to make the square on BC.

X M.S.G.
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THEOREM 29. [Pythagoras’ Theorem]

In a right-angled triangle the square on the hypotenuse is
equal to the sum of the squares on the otier two sides.

F
G E
A
D
B 7 |C
H L K
Fie. 142

Let ARC be a triangle with the angle A a right angle.

It is required to prove that the square on BC =the square on
CA +the square on AB.

Construction. On BC, CA, AB and outside the triangle draw
the squares BCKH, CAED, ABGF.

Through A draw a straight line parallel to BH and therefore to
CK to meet BC at J and HK at L.

Join CG, AH.

Proof. The adjacent angles BAC, BAF are each right angles
and their sum =2 right angles, .. CA, FA are in the same straight
line.

Similarly BA, AE are in the sa.ne straight line.

Also the s GBA, HBC, being angles of a square, ire each
right angles.
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To each of these equals add «ABC,
. LGBC = LABH ;
.. In the AsGBC, ABH,
GB =AB (sides of a square),
BC =BH (sides of a square),
LGBC = L ABH (proved) ;
GBC .
*. the As are congruent and therefore equal in area
ABH . -
(2 sides, included angle).

But the square ABGF and the AGBC are on the same base GB,
and between the same parallels GB, FC ;

. sq. ABGF =2AGBC.

Also the rectangle BHLJ and the AABH are on the same basc
BH, and between the same parallels BH, AL ;

‘. rect. BHLU=2AABH,
But AGBC = AABH (proved),
‘. sq. ABGF =rect. BHLJ.
Similarly, by joining AK, BD, it can be shown that
sq. CAED =rect. CKLJ ;
*. sq. ABGF +sq. CAED =rect. BHLJ + rect. CKLJ
=5q. BCKH.

THE APPLICATION OF PYTHAGORAS’ THEOREM

Although the theorem states a fact about the squares on the
sides of a right-angled triangle it is very rarely necessary to diaw
these squares when applying .he theorem. Most of the applica-
tions arc numerical, and the chief use of the theorem is t» enable
us to calculate the length of one side of a right-angled triangle,
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when the other two sides are known. The following example
illustrates the method :

Ex. The fout of a ladder rests on level ground 10" from a
wall, and the top of the ladder rests agairst the wall at a height
of 24" from the ground. Find the length of the
ladder.

Let the ladder be x ft. long.

Then, by Pythagoras’ Theorem,

x? sq. ft. =242 sq. ft. + 102 5q. ft.,T x’ 24
. x2=24%+10%
=576 + 100
=676; 10’
L= 26, Fic. 143.

*. the ladder is 26 long.

THEOREM 30

If the square on one side of a triangle is equal to the sum of
the squares on the other two sides, then the angle contained by
these sides is a right angle.

A D

B c E F
FiG. 144.
Let ABC be a triangle in which the square on AB =the sum of

the squares on AC, CB.
It is required to prove that the angle C is a right angle.

Jonstruction. Draw a triangle DEF, in which DF =AC,
. DFE =a right angle and FE =CB.

t This step may be omitced as soon as the pupil is familiar with the
method.
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Proof. Since LDFE =a right angle,
‘., DE%=DF? +FE? (Pythagoras’).
But by construction DF =AC and FE=CB ;
‘. DE2=AC2+CB2
But it is given that AB%=AC? +CB?,
‘. DEZ=AB2,

DE=AB;
‘. in the As ABC, DEF,

AB =DE (proved),
AC =DF (construction),
CB =FE (construction) ;

. the As ABC are congruent (3 sides)

DEF !
. LACB= LDFE.
But L DFE = 9o° (construction) ;
. LACB=90°

EXERCISE 30 [Theorems 29, 30]
NUMERICAL

1. Find the hypotenuses of a right-angled A when the sides
containing the right angle are (i) 5", 12”7 ; (ii) 2-5”, 6" ; (iii) 8 cm.,,
15 cm. ; (iv) 5-04”, 6:72”; (v) 4°2 miles, 5-7 miles.

2. Find *‘he remain‘ng side of a right-angled A, given the
hypotenuse and one side as follows : (i) hyp.=1-7", side =0-8";
(i1) hyp.=4'5", side=3'6"; (iii) hyp. =16-9 cm., side =65 cm. ;
(iv) hyp. =180 yards, side =100 yards.

3. Find the diagonal of a rectangle, whose sides are 3” and 2-7”.

4. Find the remaining side of a rectangle, given diagonal =14-8
cm. and one side=11 cm.

5. Ina AABC, AN is drawn | to BC, the point N being betwcen
Band C. AN=3", AB=4", AC=5". Calculate the length of BC.

6. A ladder whose foot is 8’ from the front of a hous< reaches
to a window-sill 22’ above the ground. Calculate the length of
the ladder.
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7. A ladder 29’ long fius‘c reaches the top of a wall 21’ high.
How far from the foot of the wall is the foot of the ladder ?

8. A ship sails 56 miles due North. It then sails due East until
it 1s 65 miles from its starting point. How far East does it sail ?

9. The diagonals of a rhombus are 56 cm. and 3:3 cm. Find
the length of a side.

10. A side of a rhombus is 1-7 cm., one diagonal is 3 cm. Find
the length of the other diagonal.

11. Find the altitude of an isosceles A, given base=1-6",
side=1-7"

12. Which of the As whose sides are given below are right-
angled °
(1) 4” 57, 6”; (i1) 1-2”, 3-77, 3 5 ; (1ii) 4 cm., 96 cm., 10°4 cm,;
(iv) 2:2%, 33", 4475 (v) 26", 24", 1".

13. The altitude of a A is 6” long and divides the base internally
into two parts, 4” and 9” long ; prove that the A is righl-angled.

14. The diagonals of a parallelogram are of lengths 12 cm. and
5 cm., and each of one pair of parallel sides is of length 6-5 cm.
Prove that the parallelogram is a rhombus and calculate its area.

15. The shortest distance AP from a point A to a st. line QR is
12 cm., and @, R are respectively 15 cm. and 20 cm. distant from
A on oppusite sides of AP. Prove that L QAR =9g0°.

16. A lawn in the shape of a quad. ABCD has the following
measurements : AB =60, BC =25", LABC =90°, CD =39/, DA =52".
Calculate the area of the lawn.

17. ABCD is a quad. in which AB=9 cm., BC=DA=6 cm,,
CD =3 cm., and LCDA =90°. Prove that 2 ACB =9o°.

18. ABC 1s an isosceles A of which the base BC=18"; the |
from A to BC =12". A point E is taken cn BC produced su~h that
AE =20". Prove that LBAE =90°.

19. A ladder 26’ long is placed with its lower end 10’ from the
foot of a vertical wall. Find by calculation where the top of the
ladder touches the wall, and also the distance from the lower end
of Ic]he ladder of the point on it which is nearest the foot of the
wa,

20. A man walks from A to B by going 2 miles due East, 3 miles
Ncrth-East, and finally 1 mile due East. Calculate the direct
distance from A to B.

21. A <hip sails 17 miles due West, then 16 miles due North,
and finally 47 miles due ilast ; how far is it now from its starting
point ?
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22. AD is the | from a point A on a line BC. If AB=7",
AC =5", BC =6", fina BD, DC, AD and the area of the AABC.

23. A ship steams 4-2 miles due North, then 3-7 milés due
East, then 1-9 miles due South. Calculate (i) its final distance
from its starting point, and (1i) the greatest distance from 1its
starting point that is reached during the journey.

24. The upper end of a ladder rests against a vertical wall at
a point 26” above the ground, which is level, and the end of the
ladder on the ground 1s 6-9’ from the wall. TIind the length of
the ladder. If the lower end is moved away from the wall through
a distance of 1°, find the distance through which the upper end
moves downwards.

25. It 1s found that a rope 50’ long attached to the top of a
wall can be stretched to a point on the ground 17’ from the foot
of the wall. Find, by calculation, to what distance from the foot
of the wall a rope 65’ long can be similarly stretched.

26. Piove that a A the length of whose sides are #2 -1, 2x,
x? +1, has a right angle, whatever x may be.

27. A is 3” distant from O, the centre of a circle of radius 5”.
From A a st. line AB 5” long is drawn | to OA. Find, by calcula-
tion, how far B is outside the circle (i) measured along AB, (1i)
measured straight towards the centre of the circle.

28. Find the slant side of a cone of (i) height 6”, base-radius 4” ;
(ii) height 11 cm., base-radius 4-6 cm.

29. Find the base-radius of a cone of (1) slant side 9’, height 6’ ;
(ii) slant side 226 cn1., height 11-4 cm.

30. Find the height of a cone of (1) slant side 11”, base-radius
8”; (i) slant side 2-9 cm., base-radius 2-75 cm.

31. /. box measures 3¢” by 9” by 12”. Find the length of the
diagonal joining one corner to the opposite corner.

32. A box measures 2” by 2” by 3-5”. Find the length of its
diagonal.

33. Calculate to the nearest inch the length of the longest st.
stick: that can be packed inside a packing-case of inside measure-
ments 3° by 4’ by 6.

34. ABC is a A having AB=BC =15 cm., AC=18 cm. Alung
the bisectur of the £ ABC a point O is taken such that BO =8 cm.
At O aline OV, 15 cm. long, is drawn | to the plane of the AABC.
Calculate the lengths VA, VB, VC. Alo find these lengths by
drawing.
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35. A symmetrical pyramid stands on a square base ABCD of
side 8”, and each of the slant edges is 7”. V is its vertex and O
the centre of the square base. Calculate its altitude VO which is
1 to the base ABCD. Also find VO by drawing.

36. The height of a pyramid standing on a base 3 inches
square =3”. Find the length of one of the slanting edges.

37. A pyramid is to have a rectangular base, the sides being
8 cm. and 4 cm., and the length of each slant edge is to be 6 cm.
Draw a figure suitable for cutting out to make a model of the
pyramid, and find out what the height of the pyramid would be.

38. The bottom face of a rectangular block is a square of side
18 cm. The height of the block is 6 cm. Find tne distance
between the middle point of the front edge of the top face and
the middle point of a side edge of the bottom face.

39. The edges AB, AD, AE of a rectangular block are 4-5”, 6",
10" respectively. What 1s the length of the st. line joining the
wid-pojnt of AB to the mid-point of the edge opposite to AE ?

40. On each side of a square PQRS, side 6”, an equilateral &
is drawn outside the square. These As are folded about the sides
of the square to form a pyramid, OPQRS, vertex O. Calculate
the height of the pyramid, and prove that APOR is right-angled.

41. A cube has an edge of 2”. A A is formed by joining the
mid-point of one face of the cube to the ends of one of the edges
of the opposite face. Calculate the lengths of the sides and the
area of this A.

42. A wall ABCD is 20’ long and 9’ high, AD b~ing the top of
the wall. O is a point on the level ground opposite B (i.e. so
placed that £CBO =90°), OA slopes upward at 3 vertical to 5
along the slope. Prove that OD slopes upward at g vertical to 25
along the slope.

EXERCISE 31 [Theorems 29, 30]
THEORETICAL
1. PX is the altitude of a APQR. Prove that
PQ? - PR? =QX? — RX?.

9. The diagonals of a quad. intersect at right angles. Prove
that the sum of the squares on cne pair of opposite sides is equal
to the sum of the squares on the other pair.

3. O.,, OY are two | st. lines. Z is any point on OY. Prove
that OY? + XZ2=0Z2 + XY2.
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4. OX, OY are two | st. lines. P is any point on OX, Q any
point on OY. Prove that XY? +PQ2 =QX?+PY3,

5. Prove that the sum of the squares on the diagonals of a
rectangle is equal to the sum of the squares on its sidés.

6. Prove that the cum of the squares on the diagonals of a
rhombus is four times the square on one of its sides.
7. The line joining the points P, @ is | to the line joining two
other points A, B. P is further than Q from AB. Prove that
PAZ - QA2 =PB2 - QB?%.
8. ABCi1sa A in which £B=¢,C =30°. Prove that BC? =12AD?,
D being the mid-point of BC.
9. In the AABC, £C =90°. Squares ACDE, BCFG are described
so as to lic wholly outside the AABC. Prove that
EB? - AG? =AC? - BC®.
10. ABC is an equilateral A, D is the mid-point of BC and M
is the mid-point of AD. Prove that 4BM =~7BC.
11. From a point O inside the AABC 1s OD, OE, OF are drawn
to the sides BC, CA, AB respectively ; prove that
BD? + CE? + AF? =BF? + AE? + CD%
12. In the quad. ABCD 1t is given that the diagonals are |,
and also that AB% + BC?* =AD? + DC2. Prove that AC bisects BD.

13. Show that if three right-angled isosceles As are Jescribed
on the three sides of a right-angled A as hypotenuses, the largest
of them is equal to the sum of the other two.

14. A convex quad. ABCD has the 2 DAB =90° and the diagonal
BD is | to one of the sides. Prove that the square described on
the longest side of the quad. is equal to the sum of the squares
described on the other three sides.

15. ABC is any A ; D is the foot of the | from A to BC. BH is
drawn | to AB and equ:l to CD, and CK is drawn | to AC and
equal to BD. Prove that AH =AK.

16. In the figure of Th. 29, prove that

(i) G, A, D are in a st. line,
(ii) AH is | to CG,
(iii) BF is || to CE,
(iv) ACDK is equivalent to AABC.

17. A A is drawn with sides equal in length to BF, CE, CH (in
the figure »f Th. 29). Prove that this A is rignt-angled.

18. PQRS is a rectangle whose diagonals meet at O. PQ
subtends an angle of 120° at O. X is .aken on QR, between Q
and R, such thac RX =4RQ. Prove that RQ =4PX.
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CONSTRUCTION 16
To draw stra‘ght lines respectively ~/z, ~/3, v/3, V5, ... units
long.
Y

(0] A B CDE X
F16. 145.

Take OX, OY at right angles to one another, and from them
mark off OA, OP, each one unit of length. Join PA.
Then, by Pythagoras’, PA2=0A%2+OPZ=1 +1 =2,

. PA=+/2 units of length,

From OX mark off OB equal to PA, and join PB.

Then PB2=0B2+0P2=2 + 1 =3, .". PB =+/3 units of length.

From OX mark off OC equal to PB, and join PC.

Then PC2 =0C2 +0P% =3+ 1 =4, .". PC = /4 units of length.

From OX mark off OD equal to PC, and join PD.

Then PD?=0D2 +OP2 =4 + 1=35, .. PD = +/5 units of length.

Similarly, OE =+/6 units of length, and by continuing the
process we may find the square root of any number desired.

Note. This process is, in practice, very clumsy, and it is
usually better to proceed as follows. By making use of the
identity a? — 42 =(a + b)(a — 4), any number may be expressed as
the difference of two squares. Thus 47 =47.1, so tha. we must
take a+b=47, a-b=1; .. a=24, b=23.

46=46'1,s0 that a+6=46,a-b=1; .. a=z235, b=22'5.
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Ex. To construct a straight line ~/46 units long.
Take OX, OY at right angles to |y

one another, and from OY mark off
OA =225 units. With centre A, A
radius 23-5 units, describe an arc
cutting OX at B. Then OB is the
required line.  Join AB.
Then in the right-angled AOAB,
by Pythagoras’,
OB? +0A? = AB?,
.. OB2=AB2 -0OA?
—235%-2252
=(23'5+22°5)(23'5 — 22°5)
=461 =46. (0] B X
— . Scale lcm. =5 units
.". OB =4/46 units of length. FiG. 146

This method is quite general, but large numbers are involved,
and it is usually necessary to take a rather small scale. A better
construction will be given later in the book.

EXERCISE 32 [Construction 16]

1. Express the following numbers as the sum of two squares :
10, 13, 17, 45, 73. Hence construct st. lines of lengths

V10, N13, V17, ~45, V73,

2. Express the following numbers as the difference of two
squares © 27, 32, 33, 18:6, 14-8. Hence construct st. Iines of
lengths v/27, ¥32, V33, V186, V14-8.

3. Construct a square 6 square inches in area.
4. Construct a square equal to half a given square.

5. Construct a square equal tc (i) the sum ot two given squares,
(ii) the difference of two given squares, (iii) the sum of » given
squares.

6. Prove that va®—b®>a-b.
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7. Construct geometrically the side of a square which is equal
to three times the square on a given line AB, 2-3” long.

8. A squere is divided into two unequal rectangles ; show how
to obtain, by a geometrical construction, two squares whose areas
are respectively equal to those rectangles.

[Consider the figure of Th. 29.1

9. A, B are two fixed points; P is any variable point on the st.
line AB, between A and B. PQis drawn | to AB, on one side of it,
and equal to PB. Prove that the locus of Q is a segment of a st. line
passing through B. Deduce a construction for finding the position
of P which satisfies the condition AP2+PB2=¢?, where ¢ is a given
length. Is the construction always possible ?

10. AB is a st. line 4-4” long. Find, by a geometrical construc-
tion, a point P between A and B such that AP?- PB%=4-8%2-3-72

[If X is any point on the | to AB at P, XA%-XB?=AP2-PB2.]

Deduce a general construction for finding a point P between
A and B such that AP2- PB2=c¢2, where ¢ is a given length.

EXERCISE 33 [Further Examples on Theorems 29, 30]

1. A ladder 27 ft. long rests against a wall with 5 feet projecting
over the top; when the foot of the ladder is pushed 3 feet nearer
the wall, 7 feet project over the top. Find the height of the wall.

2. ABC is a A, right-angled at B, with AB=2EC. CB is pro-
duced to D, so that CD=CA. From BA, BE is cut off equal to BD.
Show that AB.AE=BE2. [Let AB=2a units.]

3. With the corners of a square of side 2a as centres, circles of
radius b (less than a) are drawn, determining 8 points on the sides
of the square. If these points form a .egular octagon, cclculate

Z to 3 places of decimals.

4. A square PQRS, of area 58 sq. cm., is placed in a square,
ABCD, of area 100 sq. cm., with its vertices P, Q, R, S on AB, BC,
CD, DA respectively. Calculate the lengths of AP and AS.

6. ABCis a A ani AN, the | from A to BC, falls within the A.
If BN.NC=AN?, prove that £ BAC=go°.

6. A quad. ABCD has its diagonals | to each other. A APQR
is drawn having PQ=AB, QR=CD and . PQR=90°. Prove that if
another A is drawn with sides respectively equal to BC, DA, PR,
this A will also contain a right angle.
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7. ABCD is a rectangle. M, N are the feet of the | s drawn from
A, C to the diagonal BD. Prove that BM®+ BN?*=DM?2+ DN?.

8. A, B, C, D are four points in order on a st. lin?, with CD=AB ;
on one side of this line squares ABEF; BDGH are drawn, and the
points F, C, G are joined. Prove that AFCG is equal to half the
sum of the squares.

9. Two circles intersect orthogonally, i.e. at each point of
intersection their tangents are | . The radii of the circles are 2”
and 2-1”. Find the distance between their centres.

10. ABCD is a square. E, F, G, H are points in the sides AB, BC,
CD, DA respectively, such that AE=BF=CG=DH; prove that
FH2=2 (AE?+ BE?).

11. ABC is a A with LA=90°; on the sides of AB and AC,
remote from BC, squares ABDE and ACFG are described. Prove
that DAF is a st. line and also that DF2=2BC2?+ 4BC . AM, where M
is the font of the | from A upon BC.

12. If in Qu. 10 the area of EFGH is five-ninths of the area of
ABCD, calculate the ratio AE : AB.

13. The base of a right circular cone has a radius of 3” and the
height of the cone when standing on its base is 4”. The cone is
placed on a horizontal table with its curved surface lying on the
table. Find the height above the table of the highest point of the
cone.

14, ABCD is a tetrahedron in which BC=CA=AB=6’, and
DA=DB=DC=4’. DPis the | from D upon the plane ABC. Show
that AP=2+3 feet, and that DP=2 feet.

15. AO, AB, AC are concurrent edges of a rectangular block,
and P, Q, R are the mid-points of OA, AB, BC respectively. Prove
that APQR is right-anglec and that 4PR2=0A?+ BC2.

LOCI

Definition. If a point which moves in accordance with some
given law describes a certain path, and if every point on this
path satisfies the given law, then the path is called the locus of
the point. The locus of a pont may be (i) a line (straight or
curved) or part of a line, or (ii) several I'ncs (straight or .urved)
or parts of lines, or (iii) a surface (or part of a surface). In
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considering motion in three dimensions it is sometimes necessary
to consider the locus of a line which moves in accordance with
some given law. The locus is usually one or more surfaces or
parts of one or more surfaces.

Most of the loci considered here are two-dimensional loci, but
at a suitable stage the pupil should extend the results to three
dimensions. In a large number of cases the three-dimensional
locus may easily be obtained by rotating the plane locus about
a suitable straight line in the plane. In the list of loci, which is
placed for reference at the end of the book, the extension to three
dimensions is given in most cases.

To investigate the locus of a point satisfying a given law, we
must first obtain several points on the locus, and then try to
guess what the locus is ; afterwards, we must test our locus to
see whether our guess is a correct one. The beginner will fina
the first process the harder ; it is a comparatively simple matter,
in many cases, to prove that a certain path is the locus, when we
have realised that it is the locus. It is suggested that no attempt
should e made to give a sound theoretical proof of any locus
question until the pupil has had plenty of practice in guessing
what the locus is. In attempting to do this two courses are open
to him ; either he may attempt to visualise the actual path by
following the actual motion of the point, e.g. he will easily de-
scribe the locus of the tip of the pendulum of a clock during its
motion ; or he may construct, either with or without the help of
his instruments, a number of points satisfying the given con-
ditions, e.g. he will in this way more easily guess the locus of
a point which moves so as to be equidistant from two fixed
points.

It is suggested that the greater part of the following exercise
should be discusse orally in class.
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EXERCISE 34

The pupil should try to see the loci in Nos. 1-17 without actually
plotting points. In Nos. 18-28 sufficient points should be plotted
either roughly or with the use of instruments.

1. What is the locus of the tin of the minute hand of a clock
which is keeping true time ? How many times is the locus de-
scribed in 24 hours ?

2. What 1s the locus of a point marked on a door as the door
is opened ?

3. What 1s the locus of the bell of a bicycle as a man rides 1t 1n
a st. line on a level road ?

4. What is the locus of the tip of a man’s nose if he stands
perfectly still 1n a lift which descends vertically ?

5. What is the locus of the tip of the pendulum of a clocx
during its motion ?

6. What 1s the locus of the centre of a half-crown which is
rolled along a st. line ?

7. What is the locus of the centre of a halfpenny which is
rolled around a florin, 1n contact with 1t the whole time ?

8. A point is marked on the pane of a sash-window. What 1s
the locus of the point as the window 1s closed ?

9. A point 1s marked on the pane of a window. What is the
locus of the poiant as the window is closed, (a) if the window moves
about a horizontal axis, (b) 1f the window moves about a vertical
axis ?

10. What is the locus of the tassel of a blind, as the blind is
drawn down ?

11. Mark a point on he hypotenuse of your set-square. What
is the locus of this point as the set-square 1s rotated about one of
the shorter sides as axis ?

12. Mark a point on one of the shorter sides of your set-square.
What is the locus of this point as the set-square is rotated about
the hypotenuse as axis ?

13. Mark a point on the circumference of your semicircular
protractor. What is the locus of this point as the set-square is
rotated about the diameter as ax’s ?

14. Mark a point on the edge of your rectangular protractor.
What is che locus of this point as the set square is rotatec about
one of the other =dges as axis ?
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15. A pencil rolls straight along a horizontal table. What is
the locus of the pencil point ?

16. A ball rolls along a straight groove on the top of a desk.
What is the locus of its centre ? H a

17. A wooden match-box has edges
AB=4", AD=3", AE=2", and stands on
a horizontal table. Itisturnedabout E F
the edge AB as axis until the face ABFE
lies on the table. Find the locus of D (o]
(a) E, (b) H, (¢) the mid-point of HG,
(d) any fixed point P on the wood
which ~you care to pick out for A B
yourself. FIG. 147.

18. Take two points A and B, 3 cm. apart. Mark about 12
points which are equidistant from A and B, taking points on both
sides of the line AB. What does the locus of points equidistant
from A and B appear to be ?

19. Draw in your exercise book the locus of a point which is

(i) 3" from the right-hand edge of the paper ;
(ii) equidistant from the top and bottom edges of the paper ;
(iii) one inch from a diagonal of the paper ;
(iv) equidistant from the bottom and left-hand edge of the
paper.

20. Draw a st. line XY across the middle of your page. Mark
about 12 points which are distant 1” from XY, taking points on
both sides of the line XY. What does the locus of points 1”7 from
XY appear to be ?

21. Mark a point A on your paper. Take a number of points
distant 2 cm. from A. What does the locus of points 2 cm. from
A appear to be ?

22, OX, OY are two | st. lines. Pisa Y
point within the angle XOY, and M is the
foot of the | from P to OX.

By plotting sufficient points satisfying p
the given law, find the locus of P,
(i) if PM=}OM,
(ii) if PM+OM=3, o M X

(iii) if 3PM+20M=6.
[DT he exercise may be extended by giving
a, b, ¢ different values in the equation aPM +b0M=c.]
23. A, B are two fixed points 3” apart. By plotting sufficient
points satisfying the given law, fiud the locus of P,
(i) ir AP+PB=35", (i) if AP-PB=2" (iii) if AP~PE=2".
[Teke points on both sides of the line AB.]

Fi1G. 148.
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24. Take any st. line XY, and any point S not on
it. By plotting sufficient points satisfying the
given law, plot the locus of P,

(i) if SP=the distance of P from XV ; S
(i1) if SP=4} the distance cf P from XY.

Y
16, 149.

25. A, B are two fixed points in a plane, and a variable point P
moves in the plane, so that LAPB=30°. Find, experimentally,
the locus of P. [Stick two pins into your paper at A and B, per-
pendicular to the paper. Take your set-square, with angles 9o°,
60° and 30° and slide it between the pins so that the arms of
the angle 30° of the set-square pass through A, B. Mark on the
paper the various positions of the vertex of the angle. Be careful
to obtaui points on both sides of the line AB.]

Repeat this exercise, if desired, with £ APB=45° Go° or go°.

26. Take two points, A, B, 1-8” apart. By plotting sufficient
points satisfying the given law, plot the locus of P, if 3AP=2BP.
[Take points on both sides of the line AB.]

27. Draw a st. line AB, and take any fixed point P outside it.
If X is a variable point on AB, plot the locus of the mid-point of
PX.

28. Draw any circle, and take any fixed point P outside it.
If X 1s a variable point on the circle, plot the locus of the mid-
point of PX.

We must now proceed to consider a typical example, in which
the locus must first be found and then proved to be correct.
There are in general \hree stages. In the first stage the locus
must be found ; in the second stage it must be proved that any
point which obeys the given law lies on the specified locus ; in
the third stage it must be proved that if a point lies on the
specified locus, it satisfies the given law. The.omission of the
third stage is a common error which must b. guarded against ;
it is often, but not always, a simple piece of work (see Theorems
G, I, on pp. 371, 374). It is most important that the pupil
should rcalise that the formal proof of a locus always i1volves

the proof of a tueorem and its converse.
L M.S S
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In searching for the locus it is always useful to notice whether
there are any fixed points which satisfy the given law. It is
usually sufficient to plot about six points satisfying the given
law, but in cases of doubt it may be necessary to plot a larger
number, e.g. if the locus consists of the arc of a circle together
with a straight line, the pupil would be unlikely to guess the
complete locus unless considerably more than six points were
plotted.

Two of the most important loci are found in the following
theorems :

THEOREM 31

To find the locus of a point which is equidistant from two given
points.
P

A X B

Fic. 150.

Let A, B be two fixed points.

[Analysis. Let X be the mid-point of AB. X is clearly one
position of the moving point. Mark a aumber of points, on
both sides of AB, which are equidistant from A and B. All these
points appear to lie on the perpendicular bisector of the straight
line AB. We therefore try to prove that this is correct.]

1. Let P be any position of a point which moves so *hat
PA =PB,

1t is required to prove that P lies on the perpendicular bisector
of AB.

Construction. Let X be the mid-point of AB. Join PX.
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Proof. In the AsPXA, PXB,
PA =PB (grven),
AX =BX (construction),
PX =PX (common) ;

PXA .
;. the As are congruent (3 szdes),

PXB
. LAXP = LBXP,
and each angle is thereforc by definition a right angle; ... PX

is 1 to AB and bisects it,
*. P lies on the perpendicular bisector of AB.

2. Let P be a point on the perpendicular bisector of AB.
It is required to prove that PA =PB.
Construction. Let X be the mid-point of AB. Join PA, PB.

Proof. In the AsPXA, PXB,
PX =PX (common),
AX =BX (gven),
LPXA = LPXB (7¢. Ls, given) ;

PXA . s
*. the As pxg &T€ congruent (2 sides, included ),
.. PA=PB.

Note. It is usual, in examinations, to ask candidates to
‘ prove that the locus of points equidistant from two given points
is the perpendicular bisector of the straight line joining the two
given points.”

Note. In writing out Theorems 31 and 32 the pupil may
omit the analysis given in square brackets.
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THEOREM 32
To find the locus of points equidistant from two given inter-
secting straight lines.

A o]
Y,

Fio 151,

Let AOB, COD be the given intersecting straight lines.

[Analysis. O is clearly one position of the moving point.
Mark a number of points, in each of the four angles formed by
the intersecting straight lines, which are equidistant from the
straight lines. These points appear to lie on one or other of the
biscctors of the angles between these straight lines. We therefore
try to prove that this is correct.]

(1) Let P be a position of a point which moves so that the L s
PX, PY, drawn from P to the given lines, are equal.

It is required to prove that P lies on one of the two straight
lines bisecting the angles between the given lines.

Consider first a point P situated in the angle BOC.

Construction. Join PO.
Proof. In the AsPXO, PYO,
PX =PY (grven),
PO =PO (common),
LPXO = LPYO (r¢. Ls, given) ;

5
‘. the As P)Y(g are congruvent (772, L, kypot., side),
.. LPOX = LPOY,
.". P lies on the line bisecting the angle BOC.
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In the same way, if P is situated in either of the angles COA,
AOD, DOB, it lies on the bisector of those angles.

But since BOC, AOD are vertically opposite angles, the bisector
of £BOC is the same straight line as the bisector of AOD. For
the same reason the bisector of £COA is the same straight line
as the bisector of DOB, ", P lies on one of the two straight lines
bisecting the angles between the given lines.

(2) Let P be any point on the bisector of one of the angles
between the given lines.

It is required to prove that the perpendiculars PX, PY, drawn
from P to the given lines, are cqual.

Construction. Join PO.

Proof. In the AsPXO, PYO,
PO =PO (common),
LPXO = LPYO (71. Ls, given),
LPOX = LPOY (grven) ;

PXO
. the As P

yo 4re congruent (2 s, corresponding szde),

.. PX=PY,

Note. It is usual, in examinations, to ask candidates to
“ prove that the locus of points equidistant from two given
intersec.ing straight lines is the pair of straight lines which
bisect the angles between the two given lines.”

Note. These theorems, together with the loci found in the
next exercise, are most important, and should be mastered by
the pupil before the rest of this section is attempted.
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EXERCISE 35
1. Find the lccus (a) in a plane, (b) in space of a point P which
moves so that its distance from a fixed point O is constant.

2. Find the locus (a) in a plane, (b) in space of a point P which
moves so that its distance from a Zixed straight line AB is constant.

3. Find the locus of a point P which moves in a plane so that its
distance (measured parallel to a given straight line) from a fixed
straight line AB is constant.

4. Find the locus (a) in a plane, (b) in space of a point P which
moves so that it is equidistant from two fixed parallel straight lines.

5. Extend Theorem 31 to three dimensions.
6. Extend Theorem 32 to three dimensions.

INTERSECTION OF LOCI
The problem of finding a point which satisfies two conditions
may be solved as in the following examples.

Ex. 1. Given two straight lines AB, AC, find as many points
as possible which are distant 1” from AB and 14" from AC.

P/ S,

B
/A [}
“Q “R
Scale 1cm.=1linch
Fic. 152,

The locus of a point which moves so as to be always distant
1” from AB is two straigl t lines || to AB, the distance between AB
and each line being 1”. Similarly, the locus ot a point which
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moves so as to be always distant 14" from AC is two straight lines
|| to AC, the distance between AC and each line being 13”. Draw
these two loci. The points of intersection of the leci, ie. P, Q,
R, S, are the points which satisfy both conditions.

Ex. 2. Find the points which are equidistant from two fixed
points A, B, and which are distant 24 cm. from another fixed
point C.

YIN

¥

Fi1G. 153.

The locus of a point which is equidistant from A and B is the
perpendicular bisector of AB.

The locus of a point which is distant 2:4 cm. from C is a circle
with centre C and radius 2:4 cm.

Draw these two loci. The points of intersection of the loci,
i.e. X, Y, are the points which satisfy both conditions.

The following example should be omitted in a first reading
of the book.

The beginner is apt to apply the standard locus theorems to a
particular case without making careful refe;ence to the figure.
In so doing there is a risk (i) that points not en the locus may be
included, (ii) that points on tue locus may be omitted. Careful
study of the following example will shew.the need of ex=rcising
caution in the application of these theorems.
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Ex. A point P moves so that its distance from the line AOB

exceeds its distance from the line COD by 2 cms. What is the
locus of P ?

c
WP
X R Y
A y B
D
Fic 154.
H c

X

R
/Y
Vv s\ T
A W /0 B
v N/ 2,

/
K

L

F
D
G
FiG. 155.
The beginner might possibly reason as follows. ‘ If a line

XRY is drawn || to AOB, 2 cm. from it, meeting CO at R, P must be
equidistant from this line and from CD ; .". the locus of P is the
bisectors of the angles between these lines.” It will be seen from
the large figure that this is not so.

Consider the bisectors of the angles between CD and XY,
JRVK and HRSF. It is clear that any point on Rv or RH satisfies
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the required condition, but points between R and V and between
R and 8 do not. For such points the sz of the distances from
AOB and COD is 2z cms. Similarly for points on SF or VK the
distance from AOB is /ess than its distance from COD by 2 cms.
Even so, the portions RJ and RH do not constitute the complete
locus, for, by drawing X'Y’, on .he other side of AOB, || to it and
2 cms. from it, and considering the bisectors of the angles
between CD and X'Y’, it will be seen that the portions QL, QG of
these bisectors also form part of the locus. The complete locus
is therefore four segments of four straight lines.

The pupil should verify, by considering the lines drawn || to
COD at a distance of 2 cms., that no more points can be obtained
on the locus.

Note. In the above work the length of the perpendicular
from a point to a line has been taken to mean the actual measured
distance, without consideration of sign. At a suitable stage the
teacher may use this example to illustrate how the introduction
of a convention of sign modifies the above discussion.

EXERCISE 36

1. In a given line a point A is taken, and B is a point outside
the line. Iind a point in the line equidistant from A and B. Can
such a point always be found ?

2. Find a point, or points, equally distant from AB, AC, and
also equally distant from the points B and C.

3. Draw a st. line, XY, roughly diagonally across the page, and
fix a point O in it, about the middle of the page. Then find two
points A and B, on the same side of XY, to satisfy the following
conditions : B is to be 1}” from A and 1” from the line XY. Ais
to be 24” from O and 2” from the line XY.

4. A tree is equidistant from two straight paths AB, AC which
intersect at an angle of 30° and is 70 yards distant from a third
straight path which crosses the other two at B and C. AB is
500 yards and AC 250 yards. Find cll the possible positions of
the tree and their distances from A.

5. Draw a AABC in which AB=3", BC—=z'4", LABC=47". Find
a point X such *“hat X lies on the median through A and BX-=AX.
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6. Find a point which is at a given distance from a given point,
and equidistant from two intersecting st. lines. Discuss the
number of solutions possible in various cases.

7. In a st. lire XY find a point equidistant from two given st.
lines AB, AC. Is it always possible to do this?

8. In a st. line XY “nd a point equidistant from two given
parallel st. lines AB, CD. When i3 it impossible to do this ?

9. (i) Draw the bisector of the angle between two st. lines
which meet off the paper; (i1) OX, OY are two given st. lines.
A is a fixed point. Through A draw a line to make equal angles
with OX, OY. How many solutions are there ?

10. Find a point equidistant from three given poiuts X, Y, Z,
which are not in the same st. line.

11. Construct a A, having given the base, the altitude, and the
length of the median which bisects the base.

12, PQ, XY are two given st. lines. Find points 2 cm. distant
from PQ and 2-5 cm. from XY. When is 1t impossible to do this ?

13. Find a point which is at a given distance from a given
point, and equidistant from two given parallel st. lines. Discuss
the three possible cases.

14. Find a point equidistant from the three sides of a A.

15. Draw two | st. lines OAB, OCD, making OA=2-5" and
AB=0C=CD=1". Iind a point P so that the As PAB and PDC
may be congruent.

16. A, B, C, D are four points such that AC=AD and BC=BD.
Prove that any point on the st. line through A and b is equidistant
from C and D.

17. Draw a A with AB=3", BC=6", CA=5". Find points P, Q
in the side BC such that (i) P is equidistant from the sides CA, AB ;
(ii) Q is one inch nearer to the side CA than to the side AB. Measure
the distances of P and Q from the sides CA. AB.

18. A, B are two points 3-4” apart and BC is a line such that
LABC=55°. By geometrical constructions and measurement find
the distances from A of (1) a point P in BC which is equidistant
from A and B; and (2) a point Q in BC which is 1:2” nearer B
than A.

19. AB, AC are two | lines; AB=2", AC=3". Find, on BA pro-
duced, a point P sucl: that PB is 1” longer than PC. Measure PB, PC.

420. Two st. lines OX, OY are |, and from P, a point within the
angle XOY, |s PM, PN are drawn to OX, OY respectively. Plot
the locus of P when PM+PN=3”. Then find, by geometrical
reasoning, the locus of P. How would your answers be modified
if P is not confined to the arm of the angle XOY ?
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21. AB, CD are two || st. lines. O is a fixed point. Through O
is drawn a st. line meeting AB, CD at P, Q. Find the locus of the
mid-point of PQ.

22. A, B, C are three fixed points, in order, upon a st. line. P is

a variable point such “hat £ PBC=24PAB. Prove that the locus
of P is a circle.

23. Construct the AABC, given
(i) base BC=7-7 cm., height=4:3 cm., £C=42°;
(ii) base BC=3-8", £ B=72° median AX=24" ;
(iii) base BC=3-8", £ B=72° median CZ=4'3";
(iv) base BC=8-2 cm., height AD=3'2 cm., median AX=5-3cm.;
(v) base BC=5 cm., area=10 sq. cm., median AX=4'3 cm.

24. OA, OB are two fixed ] rods. A st. rod PQ of given length
slides between them, P being always on OA and Q being always
on OB. The rectangle OPSQ is drawn. Find the locus of S.

25. The sides AB, BC of a A are 11-2 cm. and 5 cm. long respec-
tively, and the length of the | from C on AB is 3 cm. Construct
the A and measure CA.

26. Draw two st. lines AB, AC containing an angle of 45°.
Find a point P on AB and a point Q on AC such that L APQ=50°
and PQ=1".

27. P is a point outside a circle, centre O, and OA is any st.
line drawn through O. Show how to find a point Q in OA such

that PQ is bisected by the arc of the circle. Show that the number
of solutions m iy be 2, 1 or o according to the position of P.

28. A, B are fixed points, and AAPB is a A of constant area ;
what is the locus of P ?

29. The area of a AABC 1s 3 sq. ins., and the base BC is 37,
this being the longest side, while AC is the shortest side. Prove
that the lo_us of the vertex consists of segments of two st. lines.

30. The APQR is of constant area on a fixed base QR ; if X 1s
the mid-point of QR, find the locus of the mid-point of PX.

31. Construct a quad. ABCD, given diagonal AC=5-3", diagonal
BD=4-8", distances of A, C from BD 2-5” and 2” respectively, side
AB:-3-5".

32. Construct a trapezium ABCD, in which AB is || to CD, given

(i) AB=4-2", distance between the || sides=2-7”, AD=31",
BC=29";
(ii) AB=8 cm., distance between the || sides=5-4 cm. diagonal
AC=9-2 cm., diagonal BD=8-,
How many solutions are there ?
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33. ABCD is a parallelogram with fixed base AB and of constant
area. Find the locus of the intersection of the diagonals.

34. ABC ir a A with fixed base BC and of constant area. Find
the locus of the centroid.

35. As ABC of the sarme area are drawn on the same side of BC.
Find the locus of the foot of the | from A to the bisector BD of
the LABC.

36. Show clearly in a diagram where a point P must lie within
a AABC in order that each of the As PBC, PCA, PAB may be less
in area than half the AABC.

37. ABDC is a quad. whose sides AB, AC are fixed and the fourth
angular point D moves in such a way that the sum of the areas
of the As ABD, ACD remains constant. Find the locus of D.
Can any part of the locus lie outside the 2 BAC ?

38. XYZ is a fixed A. Find the locus of P, given that APXY
=APXZ. [See Ex. 29, No. 22.]

39. AOC, BOD are diagonals of a parallelogram ABCD. P 1s a
variable point such that APOA+ APOB=constant. Prove that
the locus of P consists of segments of four straight lines.

[Consider separately positions of P in each of the angles AOB,
BOC, COD, DOA and notice that APOA=APOC, APOB=APOD.
The area of a A is taken to be represented by a positive quantity
in each case. If the convention of sign 1s introduced, the above
result must be modified.]
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THE CIRCLE

THE chief definitions in connection with the circle will be found
on p. 5. Other decfinitions will be introduced as required.

The following properties of a circle are easily seen to be
true.

(1) A circle is a closed curve, so that if any point inside the
circumference of a circle be joined by a straight line to any
point outside it, the straight line will meet the circumference of
the circle.

(2) Circles with equal radii are congruent figures.

(3) A point is outside, on, or inside the circumference of a
circle, according as its distance from the centre is greater than,
equal to, or le.s than the radius.

(4) Concentric circles, with equal radii, coincide entirely.

(5) Concentric circles, with unequal radii, cannot intersect.

173



174 ESSENTIALS OF SCHOOL GEOMETRY [PART

THEOREM 33
(1) The straight line which joins the centre of a circle to the
mid-point of a chord (which is not a diaraeter) is perpendicular
to the chord.

(2) The straight line drawn from the centre of a circle perpen-
dicular to a chord bisects it.

AWB
F1G. 156.

Let C be the centre and AB a chord of a circle.

(1) Let X be the middle point of AB. Join CX.
It is required to prove that CX is perpendicular to AB.
Construction. Join CA, CB.

Proof. In the As CAX, CBX,
CA =CB (radit of the same circle),
CX =CX (common),
AX =BX (given) ;

. CAX .
. the As cBx 2T congruent (3 sides),

. LCXA=L,CXB,
and each angle is therefore by definition a right angle ;
.. CX is perpendicular to AB.
(2) Let CX be perpendicular o AB.
It is required to prove that AX =BX.

Cons‘ruction. Joir CA, CB
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Proof. In the As CAX, CBX,
CA =CB (radii of equal circles),
CX =CX (common),
LCXA = LCXB (7¢. angles, given) ;

CAX .
*. the As cBx 4Te congruent (r2. L, hypot., side),

. AX=BX.

Corollary 1. The locus of mid-points of parallel chords of a
circle is a diameter of the circle, | to the chords.

Corollary 2. The perpendicular bisector of a chord of a circle
passes through the centre.

SYMMETRY

The definitions of symmetry about a line and axis of symmetry
are given on p. 38. It should be noted that if AB is the axis
of symmetry, and if P’ is the point with which P can be .nade to
coincide, then PP’ is bisected at right angles by AB. The point
P’ is said to be the image of P in the axis. The image of P’ in
the axis is easily seen to be P.

A figure may also be symmetrical about a point O.

Definition. A figure is said to be symmetrical about a point O,
if, for every point P, there is a corresponding point P’ such that
O bisects the straight line PP’. O is called the centre of symmetry.

Examples of both kinds of symmetry may be found by con-
sidering many common figures and objects. The pupil will most
easily grasp the idea of symmetry if the following questions are
discussed orally :

1. What types of triangle have (¢) symmetry about a lin:,
(6) symmetiy about a point ? '

2. Whet types of quadrilateral have (a' symmetry atout a
line, (4) symmet.y about a point ?
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3. Consider the capital letters of the alphabet, How many of
these have symmetry of either kind?

4. Prove that a circle is symmetrical about any diameter.
5. Prove that a circle is symmetrical about its centre.

The teacher who wishes to Jo so may now point out that
many properties of circles, which are usually proved by the use
of congruent triangles, may easily be proved by considerations of
symmetry.

THEOREM 34

There is one circle and only one circle which passes through
tlree given points not in the same straight line.

B

)
AN~

Fio 157

Let A, B, C be three points not in the same straight line.

It is required to prove that one circle, and only one, can pass
through A, B, C.

Construction. Join AB, BC. Draw XF, YG, the perpendicular
bisectors of AB, BC respectively.

Then, since AB, BC are not in the same straight line, XF and
YG are not parallel. Let XF, YG meet at O.

Proof. Becaus: XF bisects AB at right angles, .". XF is the
locus of points which are equidistant from A and B.

Sim:larly YG is the lo~us of points which are equidis.ant from
B and 2;
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.. all points equidistant from A, B, C must lie both on XF and
on YG ;

.. O is a point, and the only point, which is equidistant from
A, B, C,

.. the circle with centre O and radius OA passes through A, B,
C, and there is no other circle which passes through these three
points.

Note. In the Construction above we have shown how to draw
a circle pessing through the vertices of any triangle.

Corollay 1. The size and position of a circle are completely
determined if it is known to pass through three given points.

For then the position of the centre and the length of the radius
can be uniquely determined.

Corollary 2. Two circles cannot cut one another in more than
two points without coinciding entirely.
For if they have a third common point they coincide.

Corollary 3. If O is a point within a circle from which three
equal straight lines OA, OB, OC can be drawn to the circumference,
O is the centr. of the circle.

EXERCISE 37 [Theorems 33-34]

1. The diameter of a circle is 5 cm. long, a chord is 4-8 cm. long.
Calculate its distance from the centre.

2. A chord of a circle is 6 cm. long and 1-6 cm. from the centre.
Calculate the radius of the circle.

3. Calculate the length of a chord which is 2-5” distant from
the centre of a circle whose radius is 6-5”.

4. In a circle of radius 6” a chord is placed equal in length to
the radius. Calculate its distance from the ce..tre.

5. A chord distant 2 cm. from the centre of a circle is 18 cm.
long. Calculate the length of a chord cf the same circle which is
6 cm. distant f-om the centre.

M M.S.G.
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6. Two chords of a circle of diameter 18” are of lengths 16"
and 14” and intersect at right angles. Calculate the distance of
their point of intersection from the centre.

7. Two parallel and equal chords of a circle whose radius is 6”
are 2” apart. Find the length of each chord.

8. AB, CD are parallel chords of a circle on the same side of the
<centre. AB=3", CD=1-4", and the distance between the chords
is 0-4”. Find the radius of the circle.

9. Repeat Ex. 8, taking the distance between the chords to be
44" and the chords on opposite sides of the centre.

10. Find the locus of mid-points of parallel chords of a circle.

11. If two circles, centres A, B, cut at X, Y, prove that (}) ABis |
to XY, (ii) AB bisects XY.

12. AB, AC are equal chords cf a circle, centre O. Prove that
L OAB= LOAC.

13. Find the locus of centres of circles passing through two
fixed points A, B.

14. AB, AC are two chords of a circle which make equal angles
with the line joining A to the centre of the circle. Prove that the
.chords are equal.

15. If two chords of a circle bisect one another, prove that their
point of intersection must be the centre of the circle. [Use
Th. 33, Cor. 2.]

16. ABCD is a parallelogram inscribed in a circle. Prove that
the centre of the circle must be at the intersection of the diagonals
of the parallelogram. Deduce that the parallelogram must be a
rectangle.

17. A circular field is crossed by two parallel paths, 66" ~part ;
the lengths of the paths are 144’ and 120’. Calculate the length
-of the diameter of the field.

18. A st. line cuts two concentric circles, one at A and B, the
other at C and D. Prove that AC=DB. Prove also that the mid-
points of AC, DB are equidistant from the centre of the circle.

19. A line is drawn through a point of intersection of two
circles || to the line of centres and terminated by the circum-
ferences. Prove thut its ler.gth is twice that of the line joining
the centres.

20. Coastruct the chesd of a given circle which is bisected at a
given point P within the circle.
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21. A right circular cylinder is 5” long and its ends are circles
of radius 7-5”. A chord XY, 9” long, is drawn on one end of the
cylinder, and two chords PQ, RS, equal and || to XY, on the other
end. Iind the lengths of PX, RX.

22. AB is a diameter of a sphere of radius 2-5”, and a plane | to
AB cuts it 1”7 from A. Prove that the section of the sphere by this
plane is a circle, and find its radius.

23. A rectangular piece of cardboard, 4” by 3”, is fitted into a
hemispherical bowl of diameter 13”. Find the distance of the
intersection of the diagonals from the centre of the bowl.

24. AB, CD are two given finite st. lines in a plane. Show how
to draw two separate concentric circles, one having AB for a
chord, the other having CD for a chord. When is this impossible ?
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THEOREM 35

(1) Equal chords of a circle are equidistant from the centre.
(2) Chords of a circle which are equidistznt from the centre are
equal.
D

AN X -8B

Fi1c. 158.

(z) Let AB, CD be equal chords of a circle of which O is the
centre.

It is required to prove that the perpendiculars OX, OY to these
chords are equal.

Construction. Join OA, OC.
Proof. Since the perpendicular drawn from the centre of a
circle to a chord bisects it,
", AX =}AB, CY =}CD.
But AB =CD (grven),
. AX=CY;
*. in the As AXO, CYO,
AO =CO (radii of the same circle),
AX =CY (proved),
LOYA = LOYC (7. angles, given) ;

. the As é);g are congruent (¢, L, hypot., szd.),
S DX =0Y.
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(2) Let AB, CD be chords of a circle of which O is the centre.
Let the perpendiculars OX, OY to these chords be equal.
It is required to prove that AB =CD.

Construction. Join OA, OC.

Proof. In the As AXO, CYO,
AO =CO (radii of the same circle),
OX =0Y (grven),
LOXA = LOYC (2. angles, given) ;

AXO .
.. the As cyo 1€ congruent (#2. L, hypot., side),
. AX=CY.
But the perpendicular drawn from the centre of a circle to a

chord bisects it,
.. 2AX=AB, 2CY=CD;

. AB=CD.

Corollary 1. The results of this theorem are also true for
chords of equal circles. The proof is almost identically the same.

Corollary 2. The locus of mid-points of equal chords of a
circle is a concentric circle. It will be seen later (Th. 46) that
this circle touches all the chords.
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* THEOREM 36

(1) If two chords of a circle be unequal, the greater is nearer
the centre.

(2) If two chords of a circle be at different distances from the
centre, the one nearer the centre is the greater.

k16, 159

Let AB, CD be chords of a circle of which the centre is O.
Let OX, OY be the perpendiculars from O to AB, CD respectively.
It is required to prove that
(1) If CD>>AB, then OY < OX.
(2) If OY < OX, then CD > AB.

Construction. Join OA, OC.

Proof. Since the perpendiculars drawn from the ceatre of a
circle to a chord bisects it,

*. AX=}AB, CY ={CL.
But since the angles OXA, OYC are right angles (gzven), we have
OX? + AX? =OA? (Pythagoras’)

=0C2? (OA =0C, radiz of the same circle)

=0VY2 +CY2 (Pythagoras’) ;
. (1) If CD > AB, then 4CD > }AB, i.e. CY > AX;

S CY2>AXE; . OYZ < OXZ; . OY <OX.
(2) If OY <OX, thei. OY2 <COX2;
.. CY2> ax%; . CY>>AX, .. }CD > }AB; .. CD > AB,
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Corollary 1. The greatest chord in a circle is a diameter.

Corollary 2. The results of this theorem are also true for
chords of equal circles. The proof is almost idencically the same.

Note. The above proof may be adapted so as to provide an
alternative proof for the results of Theorem 35.

EXERCISE 38 [Theorems 35-36]

1. Find the locus of the mid-points of equal chords of a circle.

2. AB and CD are two equal chords of a circle with N and M
_their mid-points. Prove that NM makes equal angles with AB
and CD.

3. APQ, AXY are secants drawn from an external point A to a
circle, centre O, and the chords PQ, XY are equal. Prove that
the secents are equally inclined to AO, and that AP=AX.

4. APQ, AXY are secants drawn from an external point A to a
circle, centre O, and the secants are equally inclined to AO.
Prove that the chords PQ, XY are equal.

5. AB, AC are two st. lines, and circles are drawn so that the
intercepts DE and FG which any one of them makes upon AB and
AC are equal. Find the locus of the centres of the circles.

6. AXB, CXD are equal chords of a circle intersecting at a point
X within the circle. Prove that AX is equal either to CX or DX.

7. What is (i) the greatest, (ii) the least possible chord which
can be drawn through a given point within a circle ?

8. PQ s a fixed chord of a circle, centre O. C is a point on PQ.
Draw the chord AB which 1s bisected at C. Describe the variation
of the length of the chord AB as C moves along PQ from P to Q.

9. ABC 1s a A. Construct a circle passing through B and C
and cutting off equal chords on AB and AC (produced if necessary).

EXERCISE 39 [Further examples on Theorems 32-36]

1. A circle has radius 2-9”, and chords of length 1-8” are placed
in it ; on these chords as bases are drawn isosceles As of side 23"
on the sides of the chords remote from the centre of the ci.cle.
Find the locus of the vertices of thesé As.

2. Prove that the feet of the | s from the ends of a d.ameter of
a circle to any chord (produced if necessary) are equally distant
from the ends of the chord.
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3. If two circles which intersect are cut by a straight line || to
the common chord, show that the parts of it intercepted between
the circumferences are equal.

4. A st. line is drawn meeting each of three given circles. How
must the circles be situated if the mid-poirnts of the three chords
so formed coincide ?

5. Two circles have radii 1+2”, 2:3” and their centres are 075"
apart. Calculate to the nearest tenth of an inch the lengths of
the greatest and least chords of the outer circle which can be
drawn to touch the inner.

6. If two chords of a circle are equal, prove that they are equi-
distant from any point on the longest chord drawn through their
point of intersection.

7. Two circles, whose centres are X and Y, intersect at R and S,
and O is the mid-point of XY. A chord is drawn through R | to
OR, meeting the circles again at A and B. Prove that AR=RB.

8. A st. line is drawn cutting two unequal circles, || to the line
joining their centres. Prove that the chord intercepted by the
smaller circle is shorter than the chord intercepted by the greater.

9. Two unequal circles, centres X, Y, meet at P, Q. Through P
is drawn a st. line meeting the circles again at A and B.  Prove
that the chord APB is always less than 2XY, unless it is || to XY.
What is the greatest possible value of the length AB ?

10. Two chords AB, CD of a circle with centre S cut at right
angles at X, within the circle. Prove that AB2+CD*+ 4SX2=8SA2.

11. From two points X, Y, in the diameter of a semi-circle,
equidistant from the centre, parallel straight lines are drawn to
meet the circumference at A, B. Show that, if A, B be joined,
LXAB= L YBA=9o0°.

THEOREM 37

The angle which an arc of a circle subtends at the centre is
double that which it subtends at any point on the remaining
par: of the circumference.

Let BC be an arc of a circle of which O is the centre, and let
4 be an, point on the “emaining part of the circumference.

It is required to prove that LBOC =2.BAC.
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Construction. Join AO and produce it to X. (In Fig. 3 X is
on OC.)

=€)

Fig. 1 Fig. 2 Fig.3
F1G. 160.
Proof. The exterior angle BOX of the AAOB equals the sum
of the interior opposite angles OAB, OBA.
But since OA =O0B (radiz of the same circle),
. LOAB = LOBA (base angles of an isosceles triangle),
.. £BOX=2.0AB. (In Fig. 3 this completes the proof.)
Similarly it may be proved that 2COX =2.0AC,
S In Fig. 1 4BOX+ LCOX=2L0AB +2,0AC,
', LBOC=2LBAC.

In Fig. 2 LBOX — LCOX =2 LOAB — 2 LOAC,
*. LBOC=2.LBAC.
’ A
c \ 8
c 7 B
X
Fig. 4 Fig. 8

FiG. 161.

Note. The proof for Fig. 1 applies without change to Figs. 4
and s, so that the theorem is true whetl.er the given arc 1s less
than, equal to, or greater than half the circunfzsrence cf the circle.
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DEFINITIONS

If a chord of a circle does not pass through the centre of the
circle it divides the circumference into two unequal arcs; of
these, the greater is called the major arc, and the less the minor
arc. The major arc is greater, and the minor arc less than half
the circumference. The major and minor arcs, into which a
circumference is divided by a chord, are said to be conjugate to
one another. The segment bounded by the chord ard the major
arc is called the major segment, that bounded by the chord and
the minor arc, the minor segment.

The angle subtended at a point P by two points A and B (or
by the straight line AB) is the £ APB.

An angle in a segment of a circle is an angle subtended by
the chord of the segment at a point on the arc of the segment.
The segment is said to contain the angle.

Similar segments of circles are those which contain equal angles.

A rectilineal figure which is such that all its vertices lie on
the circumference of a circle is said to be inscribed in the circle.

The circle is said to be described about the figure or circum-
scribed to it.

The circle which passes through the vertices of a triangle is
called the circum-circle of the triangle; its radius is called the
circum-radius and its centre the circum-centre.

A rectilineal figure which is such thet a circle can be described
about it is said to be cyeclic.

Four or more points such that a circle can be drawn through
them are said to be concyclic.

THEOREM 38
Angles in the sme segment of a circle are equal to one another.

Let ADCB be a segment of a circle ADCBX, centre O, and let
ADB, ACB be any angle., in the segment.
It is required to prove tha* £ ADB = L ACB.
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Fig.1 Fig. 2
Fic. 162.

Construction. Join OA, OB.

Proof. The arc AXB subtends at the centre of the circle an
angle AOB which is double that which it subtends at any poirt
on the remaining part of the circumference ;

.'. LAOB(x)=2LADB,

and LAOB(x) =2LACB ;
‘. 2L ADB=2LACB,
‘. LADB = LACB.

Note. The given segment may be greater than a semi-circle,
as in Fig. 1, or 1ess than a semi-circle, as in Fig. 2 : in the latter
case the angle AOB will be reflex. But, since Theorem 37 was
proved for all possible cases, the above proof applies to both
figures.

Corollary 1. Angles in a major segment are acute ; angles
in a minor segment are obtuse.

In Fig. 1 the angles ADB, ACB are in a major segment, so that
L AOB is less than two right angles;

L ADB which equals $£A0B is less than one right angle,
l.e. LADB is acute.

In Fig. 2 the angles ADB, AC3 are in a minor segment, so
that 2 AOB is reflex, i.e. greater than two right angles; ., ADB
which equals 44 AOB is greater than one right angle, i.e. £ ADB
is obtuse.
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EXERCISE 40 [Theorems 37, 38]

1. AXB, CXD are two chords of a circle, meeting at X. If
LXAC=32° and £XCA=40°, find s XBD, XDB.

2. X is a point outside a circle. XAB, XCD are two st. lines
cutting the circle at A, B, C, D. £LABC=27° LCXB=37° find
Ls ADC, XAD.

3. A, B,,C, D are four points in order on a circle. .BAD=62°,
LCDA=57°, LABD=82° Find s ACD, BDA, ACB, DBC.

4. ABCD is a cyclic quadrilateral. 4ADB=22°, LBDC=43°,
LACD=58° Find Ls CAB, BCA, DAB.

5. B, C, D are three points on a circle, O the centre. 4BOC=38°,
LOCD=24° Find s DBC, BCD.

6. AXB, CXD are two chords of a circle. If L AXC=82° LADX
=37° find £ BCD.

'". AXB, CXD are two chords of a circle, centre O. If £ AXC=72°,
LADX=23° find BOD.

8. A, B, C, D are four points in order on the circumference of a
circle : and the arcs AB, BC, CD subtend at the centre s of 60°,
90° and 100° respectively. Join the points and find the s of the
quad. ABCD and the s between the diagonals AC, BD.

9. B, A, C are points on a circle whose centre is O and LBAC
=115° Calculate in degrees s BOC, OBC.

10. Two chords AB, CD of a circle intersect within the circle ;
AC subtends an < of 20° at the centre, and BD subtends an £ of
30° at the centre. Find the acute L between the chords.

11. P is any point on the circumference of a circle, centre M ;
Q is any point on the circumference of a circle, ce.atre N. The
circles meet at A and B; £LAMB=110°, LANB=150°. Find all
possible values for the sum of the £s APB, AQB.

12. Two radii OA, OB contain an angle of 130°, and a point C
is taken on the minor arc AB such that 2 OAC=45°. CB is joined.
Calculate the remaining s of the quad. OACB.

13. ABCD are four points in that order on a circle. £DAC=25°,
LADB=33° .ABD=41° Find each of the s of the quad. ABCD.

14. ABCD is a cyclic quad. ; AC, BD intersect at 0. .ABC=70°,
LBAD=95° .BOC=85° Calculate L BAC, and prove that AB=BC.

15. The AABC is inscribed in a circle, centre 9. If AOCB is a
parallelogram, prove .hat £ AOC=120°
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16. OP, OQ are two radii of a circle inclined at an angle 48°.
The diameter SR of the circle is drawn || to PQ. Calculate the
acute L between the diagonals of the quad. PQRS.

17. ABCD is a cyclic quad. AB, DC produced meet at X and
AC, BD meet at Y. Prove that the following pairs of As are equi-
angular : (i) ABY, DCY; (ii) AYD, BYC; (ii.) XAC, XDB.

18. ABC is an acute-angled A and O is the centre of the circle
ABC ; prove that £ OCB+ . BAC=go°.

19. If X is any point on the arc of a segment of which AB is the
chord, prove that LXAB+ LXBA is the same for all positions of X.

20. Two circles intersect at X, Y. Through X two st. lines AXB,
CXD are drawn meeting the first circle at A, C, and the second
circle at B, D. Prove that LAYC=.BYD.

21. RST is an angle in the minor segment of a circle whose
centre is O. Prove that £RST- LORT=90°.

22. APB, CPD are two 1 chords of a circle which cut at P,
within the circle, and O is the centre of the circle. Prove that the
Ls AOD, BOC are supplementary.

23. ABC is a A, obtuse-angled at B, with AB=CB. A circle,
passing through A and B, cuts AC at D and CB produced at E.
Prove that DC=DE.

24. ABCD is a cyclic quad.; AN is || to BC, meeting BD, not
produced, at N. Prove that L ADN=LNAC.

25. The bisectors of the angles of a AABC meet the circum-
scribing circle at A’, B/, C’. Find the magnitudes of the s A’, B,
C’ of the AA’B’C’ in terms of A, B, C.

26. O is the intersection of the | s drawn from the angular points
of a AABC to the opposite sides ; AO meets BC at D and the circle
ABC at E. Prove that £ £6D = . DBO, and that ED =DO.

27. AB is the chord of a given segment of a circle. C is the
point on the segment which is equidistant from A and B. With
centre C and radius CA, describe a circle. APQ is a st. line through
A meeting the first arc at P and the other circle at Q. Prove that
PQ=PB.

28. An equilateral AABC is inscribed in a circle whose centre is
O; OD is the radius | to BC. Prove that OBD, OCD are equal
equilateral As.

29. Two circles intersect at A and B. Through A any st. line
XAY is drawn terminated by the circumfecrences. Prove that
LXBY is the sane for all positions of XY.
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30. The internal bisectors of the s B, C of a AABC meet the
© ABC at Q, R respectively. Prove that, if BR is || to CQ,

L BAC=60°.
31. P is a point on a semi-circle whose diameter is AB and
centre O ; AP is produced to T ; if PT=O0FR, prove that
LPOT=4,TOB.
32. Two segments of circles are described on the same side of
a st. line AB. Any point P is taken on the outer segment, and

PA meets the inner segment at Q. Prove that . PBQ 1s the same
for all positions of the point P.

33. Prove that the bisector of the angle A of a AALT is equally
inclined to the | from A to BC and to the line joining A to the centre
of the ©®ABC.

34. Construct a AABC, given LA=64°, LAOB=112° AB=1-5",
where O is the centre of the ©ABC.

THEOREM 39

If the straight line joining two points subtends equal angles at
two other points on the same side of it, then the four points are
concyclic.

D E c

Fig. 2
F16. 163.

Let AB be a straight line subtending equal angies at two points
C, D on the same side of AB.
It is required to prove that A, B, C, D lie on a circle.

Procf. It is not possible for BC to coincide with BD, for in
thet case (see Fig. 3) we should have the exterior angle ACB of
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the AACD equal to the interior opposite angle ADB, which is
impossible ;

". one of the angles ABC, ABD must be greater than: the
other.

Suppose that £ ABC is the greater, so that BD lies in the angle
ABC.

Draw a circle through ABC and suppose that it does not pass
through D.

Since BD lies in the angle ABC, the circle ABC must cut BD or
BD produced. Let E be the point of intersection (see Figs. 1
and 2).

Then L AEB = L ACB (angles in the same segment).

But L ACB = L ADB (grven),

‘. LAEB = L ADB.

But this is impossible because one of these is the exterior
angle and the other is the interior opposite angle of the AADE;

.. our supposition that the circle does not pass through D is
wrong ;

. A, B, C, D lie on a circle.

Corollary. If a fixed straight line AB subtends a constant angle
at a variable point P, the locus of P consists of a segment of a
circle standing on the chord AB, containing the given angle,
together with an equal segment standing on the chord AB and on
the opposite side of it.
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THEOREM 40
The angle in a semi-circle is a right angle,

A

Fic, 164.

Let ABDC be a circle of which O is the centre and BOC a
diameter.

It is required to prove that LBAC is a right angle.

1st Proof. The LBAC subtended at the circumference by the
arc BDC is half the 2BOC subtended by it at the centre.
But LBOC =2 right angles,

‘. LBAC =1 right angle.

2nd Proof. Join OA.

Then OA =O0B (radi? of the same circle),
‘. LOAB = LOBA (base angles of an tsosceles 1) ;
Also OA =0C (radii of the same circle),

. LOAC = LOCA (base angles of an isosceles b)
‘. The whole LBAC = LOAB + LOAC
= LOBA + LOCA.

But the 3 angles of the A ABC together =2 right angles,
.. LBAC =one-half of 2 right angles,

=one right angle.
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THEOREM 41

The circle described on the hypotenuse of a right-angled
triangle as diameter passes through the vertex.

D

Fic, 165.

Let ABC be a triangle with BAC a right angle.
It is required to prove that the circle on BC as diameter passes
through A.

1st Proof. Describe the circle on BC as diameter.
On its circumference, on the same side of BC as A, take a point
D. Join BD, CD.
Then £BDC, being the angle in a semi-circle, is a right angle ;
LBDC = LBAC,

i.e. BC subtends equal angles at two other points D, A, on the

same side of it,
.. B, C, D, A lie on a circle,

i.e. A lies on the semi-circle on BC as diameter.
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2nd Proof.

B o] (o}
F1G, 166.

Let O be the mid-point of BC, and X the mid-point of AB.

Join OX, OA.

Since the line joining the middle points of two sides of a
triangle is parallel to the third, .". OX is parallel to CA.

But CA is perpendicular to AB (gzven),

.. OX is perpendicular to AB,

.. OX is the perpendicular bisector of AB and the locus of points
equidistant from A and B,

. OA=0B.
But OB =0C (gwven),
. OA=0B =0C;

*. The circle, centre O and radius OB, passes through C and
A, and this is the circle on BC as diameter.

Corollary. If a fixed straight line AB subtends a iight angle
at a variable point P, the locus of P is a circle on AB as diameter.
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THEOREM 42

1. The opposite angles of a cyclic quadrilateral are supple-
mentary.

2. If one side of a cyclic quad-ilateral is produced, the exterior
angle so formed is equal to the interior opposite angle of the
quadrilateral.

B

)

N

D
Fic. 167.

1. Let ABCD be a quadrilateral inscribed in a circle of which
O is the centre.

It is required to prove that the angles B and D are supple-
mentary and that the angles A and C are supplementary.

1st Proof. Join AO, CO.

Let the arc ADC subtend the angle x at the centre, and let the
arc ABC subtend the reflex angle y at the centre.

Then, because the ang'e which an arc subtends at the centre
is double that which it subtends at the circumference,

Lx=2.B and reflex Ly=2.D;
. Lx+Ly=2LB+2LD.
But Lx+ Ly =4 right angles,
. LB+ D=2 right angles.

But the four angles of a quadrilateral are together equal to
4 right angles,
. LA+ LC=2 right angles.
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B

D
F16. 168.

2nd Proof. Join AC, BD.
Then LABD = LACD (Ls in the same segment),
and LCBD = LCAD (Ls in the same segment) ;
*. LABC + LADC = LABD + LCBD + L ADC
= L ACD + LCAD + L ADC =2 right s,
since the three angles of a & =2 right .s.

But the four angles of a quadrilateral are together equal to
4 right s,
;. LBAD+ LBCD =2 right cs.

B8

D

Fic. 169.

2. Let ABCD be a cyclic quadrilateral, and let the side AD be
produced to X.

It ir required to prove that the exterior angle CDX is equal to
the interior opposite angle ABC. .
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Proof.
LADC + LCDX =2 right s (adjacent L s, ADX a st. linc),
LADC + L ABC =2 right s (0pp. Ls of a cyclic quad.),
‘. LADC + LCDX=LADC + L ABC.
From each of these equals tal.:e £ ADC,
.. LCDX = LABC.
This result is frequently of great use in solving riders.

Note 1. It is very desirable that the pupil should use a single
small letter to denote an angle, as has been done in the 1st proof
above. TLe working is thus made shorter and easier to read.

Note 2. If the first method of proof is adopted, it is important
to draw a figure in which one of the .s AOC at the centre is
clearly a reflex angle. It is also most important to state clearly
which of the angles at the centre is twice B and which is twice
.D. In examinations weak candidates often fail to do this and,
for this reason, many may prefer to adopt the second proof.

EXERCISE 41 [Theorems 40-42]

1. AB, DC are two chords of a circle which, when produced
meet at X outside the circle. If LDAB=72° and LAXD=31°,
and B, C are joined, calculate all the other angles in the figure.
Repeat the calculations, taking £ DAB=x°.

Prove, generally, that the As XBC, XDA are equiangular.

2. A, B, C, D are four points in order on a st. line such that
AB=2", BC==1", CD=3 . Find a point P such that CP=2" and
L BPD=go° Calculate AP.

3. At a certain instant a submarine bears 50° East of North
from a point A and 40° West of North from another point B, and
B is 70° East of North from A. What is the bearing of the sub-
marine from the mid-point of AB ?

4. In the first figure of Theorem 42, £ABC=80° LOAB=19°,
LACD=13°; find s OCB, DAB.

5. Inthe first figure of Thecrem 42, L OAC=22° find s ADC,
ABC.

6. In a cyclic quad. ABCD the s CAD, BDA, BDC are 15°, A5°,
35° respectively. Find the angles >f the qia.
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7. ABCD is a cyclic quad. having its diagonals at right angles.
LA=105° LB=93°. Write down C and «D. If LACB=x°,
express the s ACD and CDB in terms of x, and calculate the
value of x.

8. PQRS is a quad. inscribed in a circle; 4QPS=110°
LPQS8S=30° LSQR=3u°. PR, QS intersect at T. Find the
Ls QRS, PRS, QTR.

9. ABCDE is a pentagon inscribed in a circle. If the sides BC,
CD, DE subtend Ls of 30°, 40° and 38° respectively at A, while AB
subtends an £ of 35° at C, find all the s of the pentagon.

10. ABCD is a cyclic quad. and AD is produced to X. If LCDX
=102°, LABD=68° LBAC=22° find LBCD.

11, The s A, B of a cyclic quad. ABCD are 110°, 85° respec-
tively, and AB subtends an angle of 65° at the point of intersection
of the diagonals. Find the s which the sides subtend at the
centre of the circle. [Let LAED=4°.]

12. ABCD is a quad. inscribed in a circle; the sides AB, DC
produced meet at E, and the sides AD, BC produced meet at F;
1f LE=30° and LF=40° find the s of the quad. ABCD.

13. ABCDEF is a hexagon inscribed in a circle. 2ABC=132°,
LCDE=108° find £ EFA. []Join CF.]

14. ABCDEF is a hexagon inscribed in a circle. Prove that
LABC+ LCDE+ L EFA=360°.

15. ABCD is a cyclic quad. ; LA=68°, CB=CD. Find LCBD.

16. AB, CD are parallel chords of a circle. AD BC meet at O
within the circle. Prove that (i) OA=0B, (ii) OC=0D, (in) AC=BD.

17. AB, CD are parallel chords of a circle. CA, DB produced
meet at X outside the circle. Prove that (i) XA=XB, (ii) XC=XD,
(iii) AD=BC. .

18. Two unequal circles meet at A, B. AP, AQ are -liameters of
these circles. Prove that P, B, Q are collinear.

19. AB is a chord of a circle, centre O. Prove that the circle
on OB as diameter bisects the chord AB.

20. If a parallelogram is inscribed in a circle, it must be a rectangle.

21, ABC is an isosceles A in which AB=AC. Prove that the
circles on AB, AC a3 diameter meet again at the mid-point of BC.
22. ABCisany A. Prove that the circles on AB, AC as diameter
meet again at a point on BC.
23. Find the locus of the middle points of all chords c a given
circle drawn through a given point (a) inside, (b) outside, (c) on, the
given circle. [Use Throrems 23 and 41I.]
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24. A, B are given points and LM a given st. line. Find a point
in LM at which AB subtends a right angle. Discuss the number of
solutions possible in the various cases.

25. P is a point 3” from the centre O of a circle, radius 2”. PO
produced meets the circle again at C. Construct a secant PAB of
the circle, such that M, the mid-point of AB, is equidistant from
P and C. [Use No. 23, above.]

26. Draw a circle of radius 2-7” and take a point P which is 2-2”
from the centre O. Construct a chord of the circle passing through
P, and having its middle point 1-4” from P.

27. AB is a chord 3” long of a circle, radius 1-8”. P is a point
mside the c.rcle on the opposite side of AB to the centre of the
circle and such that AP=1-3”, BP=1-9”. Draw through P two
chords of the circle which are bisected by AB.

28. In a quad. ABCD the s A and C are each go°. AB=6 cm.,
AD=8 cm., BC=2'8 cm. Construct the quad. Measure CD, and
also find its length by calculation.

29. Find the locus of the intersection of the diagonals of a
rhombus, one of whose sides is fixed in magnitude and positic..

30. ABC is a circle. Show how to find a point P on BC such that
if AP produced meets the circle at Q, AP=PQ.

31. A st. rod of given length slides between two fixed st. rods
placed | to one another ; find the locus of its mid-point

32. Two chords PQ, RS of a circle intersect at X. Prove that,
1f SX=8Q, PX=PR.
33. A, B, C are three points on a circle such that ABC is an

acute-angled A ; BQ and CR are diameters of the circle, and
AQ, AR are joined. Prove that L BAR=.CAQ.

34. An equilateral AABC is inscribed in a circle; BD is the
diameter through B. Prove that AD=the radius of the circle.

35. The circle, described upon a side AB of a AABC as diameter,
bisects the side BC. Prove that two angles of the A are equal.

36. A diameter AB of a circle bisects a chord CD ; if BC is || to
DA, prove that CD is also a diameter.

37. ABCD is a quad. inscribed in a circle. Join AC, and prove
that the £ BAC is the difference between the s ADC, ACB.

38. ABCD is a cyclic quad. ; DE is a chord bisecting the angle
between CD produced and BD. Prove that AE (produced if
necessary) bisects the angle between BA produced and AC.

39. A quad. ABCD is inscribed in a circle. The side BC is pro-
duced to any point E ; the angle at A is bisected by a line which
cuts the circle again at F. Prove that CF bisects the angle DCE.
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40. A, B, C are three points on the circumference of a circle ; a
point P is taken on the side of AB remote from C so that the sum
of the Ls APB, ACB is greater than 180°. Prove that P lies within
the circle.

41. With centre A, a point on the circumference of a circle, a
second circle is drawn to intersect the first circle at P and Q.
Prove that PB=QB, if B is the point on the first circle diametrically
opposite to A.

42, In a AABC, if AD, CF are drawn | to the opposite sides,
cutting each other at H, and if BK is a diameter of the circumcircle
of ABC, and CK, KA are joined, prove that AHCK 1s a parallelogram.

THEOREM 43

If a pair of opposite angles of a quadrilateral are supple-
mentary, the quadrilateral is cyclic.

TN
i —

F16. 170.

®_—

c

1st Proof. Let ABCD be a quadrilateral in which
L ABC + L ADC =2 right angles.
It is required to prove that A, B, C, D lie on a circle.

Proof. Draw the circle through B, C, D and suppose that it
does not pass through A.

Then, since CA lies within the angle BCD, the circle BCD must
cut CA or CA produced. Let E be the point of intersection.
Join EB, ED.

Then since EBCD is a cyclic quadrilateral, its oppcsite angles
are supp.ementary,

.. LEBC + LEDC =2 right angles.
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But L ABC + L ADC =2 right angles (gzven),
. LEBC + LEDC = L ABC + L ADC,

i.e. the part is equal to the whole, which is absurd ;
. our supposition that the circle BCD does not pass through

A is wrong,
. A, B, C, D lie on a circle.

E_C

AvB
FiG. 171,
2nd Proof.
Let ABCD be a quadrilateral in which

L ABC + L ADC =2 right angles.

- It is required to prove that A, B, C, D lie on a circle.

Proof. D.aw the circle ABC.
Let E be any point on the circumference on the same side of
the chord AC as D. Join EA, EC.
Then, since ECBA is a cyclic quadrilateral, its opposite angles
are supplementary,
‘. L AEC =the supplement of the L ABC
= L ADC (given),
i.e. AC subtends equal angles at two other points E, D on the
satne side of i,
.. A, G, E, D lie on a circie,
i.e. D lies on the circle AEC.
But the circle AEC is the same as the circle through A, B, C,
.. A, B, C, D lie on a circle.
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EXERCISE 42 [Theorems 39, 43]

1. The s A, C of a quad. ABCD are 127° and 53° respectively,
and £ABD=31°. Find .ACD.

2. ABCD is a quad.; AC, BD meet at X. If LADB=32°,
LACD=24° LACB=32° LDXA=45° find £s DAB, .ABC.

3. ABCD is a quad.; AC, BD meet at X. If LADB=36°
LBCD=82° LACD=46° LBXC=62° find s DAB, ABC.

4. ABC, ABD are two As on the same base AB, and on the same
side of it. The base angles of the first A are 53° and 75°, of the
second A are 84° and 44°. Prove that A, B, C, D lie on a circle.

5. ABC, ABD are two As on the same base AB, and on opposite
sides of it. The base angles of the first A are 52° and 36°, of the
serond A are 48° and 54°. Are the four points A, B, C, D con-
cyclic ?

6. ABC is a given A and XY is a given st. line. Find a point P
in XY such that £ APB=.ACB. Draw figures showing that the
number of solutions may be o, 1, 2, 3 or 4.

7. Looking out to sea through a window 5” wide I can just see
45 degrees of the horizon. What will my path be if I move so as
to change my view but always to keep the same extent of horizon
in view ?

8. AD, BE, CF are the |s drawn from A, B, C tv the opposite
sides of an acute-angled AABC and H is their point of intersection.
Prove that the following sets of points are concyclic: (i) B, F,
E, C; (i) A, F, H, E. Pick out two more sets which are concyclic
for the same reason as (i) the first set, (1) the second set.

9. ABC is an isosceles A, and PQ is drawn || to BC cutting the
sides AB, AC at P, Q respectively. Prove that P, Q, C, B are
concyclic.

10. Through two fixed points A, B pass two st. lines AC, BC
which intersect at an angle of constant magnitude at C. If AD,
BD be drawn | to AC, BC respectively, find the locus of D.

11. PQRS is a parallelogram ; any circle through P, S cuts PQ
at X and SR at Y. Prove that QXYR is cyclic.

12. ABC is an acute-angled A. The circle on AB as diameter
cuts BC, CA at D, E resnectively ; AD, BE meet at P. Prove that
LAP3= LABC+ LBAC.
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13. ABC is a A. P, Q are points on AB, AC such that the st.
line PQ makes with AB, AC angles equal to those which BC makes
with AC, AB respectively ; show that a circle can be described
through B, C, P, Q. Is any part of the data redundaiit ?

14. Two circles PAEL, QAB intersect at A and B; their centres
are C and D; P is a point on the circle PAB and hes outside the
circle QAB ; @ is a point on the circle QAB and lies outside the
circle PAB. Prove that if £ APB+ £ AQB=90°, the points A, B, C, D
are concyclic.

15. ABC is an acute-angled A in which AB>AC. P is a point
in BC such that AP=AC. AP produced meets the circle ABC at Q.
Prove that BP=BQ, and that if AM, BM be drawn || respectively
to CB and PA to meet at M, then M lies on the circle.

16. Equilateral As are described outwardly on the sides of a
given acutc-angled A. Prove that the circles which circumscribe
these equilateral As meet at a common point.

17. If points P, Q, R are taken in the sides BC, CA, AB of a A
respectively, prove that the circles circumscribing the As AQR,
BRP, CPQ meet at a point.

18. The vertex A of an equilateral A is joined to any point D
in the base BC produced and an equilateral AADE is described
on AD, E and C being on opposite sides of AD. Prove that the |
bisectors of AC, AD and AE are concurrent.

19. A point A is taken on a circle whose centre is O and X, S
are the mid-points of two chords AP, AQ. Prove that A, O, X, S
lie on a circle.

20. XYZ is a A inscribed in a circle, centre O. The bisector of,
the angle XOZ is produced to meet YZ at R. Prove that XORY is
a cyclic quad.

21. The base AB of a A is 2'5”, the area is 4 sq. in., and the
vertical angle is greater than 30°. Where must the vertex lie ?
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* THEOREM 44

1. In equal circles (or in the same circle), if two arcs subtend
equal angles at the centres, or at the circumferences, they are
equal.

2. In equal circles (or in the same circle), if two arcs are equal,
they subtend equal angles at the centres and at the circumferences.

P Q

R S
FiG. 172.

1. Let ARB, DSE be arcs of equal circles, subtending the
angles ACB, DFE at the centres and angles APB, DQE at the
circumferences.

If LACB=LDFE, or if LAPB=LDQE, it is required to prove
that the arc ARB =the arc DSE.

Proof. Since the arcs ARB, DSE subtend angles at the centres
Which are respectively double the angles which they subtend at
the circumferences, it follows that if ~APB = .DGE, then

L ACB = L DFE.
It is, therefore, only necessary to consider the case in which it is
given that . ACB = LDFE,

Apply the circle APB to the circle DQE so that C falls on F and
CA falls along FD.

Then because ACB = .DFE, CB can be placed along FE.

And because the circles are equal, their radii are equal;

.. A falls on D, B falls on E, and the circumferences of the
circles will coincide entirely ;

*. the arc ARE must coincide with the arc DSE ;
. the arc ARB =the arc DSE.
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2. Let ARB, DSE be equal arcs of equal circles, of which the
centres are C and F.
It is required to prove that L ACB = LDFE and that

LAPB = LDQE.

Proof. Apply the circle APB to the circle DQE, so that C falls
on F and CA falls along FD.
Then, because the circles are equal, their radii are equal ;
. A falls on D and the circumferences of the circles will
coincide er*irely.
But it is given that the arc ARB =the arc DSE,
*. it is possible to make the arc ARB coincide with the arc DSE,
in which case B falls on E ;
*. CB falls along FE,
‘. LACB= LDFE.

But the angle which an arc subtends at the circumference is
half that which it subtends at the centre,
LAPB=},LACB and LDQE =}.DFE;
L APB = LDQE.

Note. It is clear that any theorem relating to arcs, angles
and chords in egua/ circles must also be true of the same
circle.

Corollary. If the arcs ARB, DSE of two equal circles are equal,
the sectors ACB, DFE which stand on these arcs are equal.
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*THEOREM 45

1. In equal circles (or in the same circle), if two chords are
equal, the arcs which they cut off are equal, the major arc to the
major arc, and the minor to the minor.

2. In equal circles (or in the same circle), if two arcs are equal,
the chords of the arcs are equal.

P Q

R S
Fie. 173.

1. Let APB, DQE be equal circles of which the centres are C
and F; and let the chord AB =the chord DE.

It is required to prove that the major arc APB=the major
arc DQE and that the minor arc ARB =the minor arc DSE.

Construction. Join CA, CB, FD, FE.

Proof. In the As ACB, DFE,
AB =DE (gzven),
AC =DF (radii of equal .ir-les),
CB =FE (radi? of equal circles) ;
*. the As ggz are congruent (3 szdes),
. LACB=LDFE;
. the arcs ARB, JSE, of equal circles, subtend equal angles at
the centres, -, tuey are equal.

But the circumferences of the circles are equal, .'. the remain-
ing ~.r¢ APB =the remaining arc DQE.
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2. Let ARB, DSE be equal arcs of equal circles, of which the
centres are C and F.
It is required to prove that the chord AB =the chcrd DE.

Construction. Join CA, CB, FD, FE.

Proof. ARB, DSE are equal arcs of equal circles,
*. they subtend equal angles at the centre,
le. L ACB = L DFE ;
‘. 1n the As ACB, DFE,
AC =DF (radi? of equal circles),
CB =FE (rad?i of equal circles),
L ACB = L DFE (proved) ;

.. the As Sgi are congruent (2 szdes, included ang/e),

‘. the chord AB =the chord DE.
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IMPORTANT APPLICATIONS OF THEOREMS 44
AND 45

1. By combining the results of Theorems 44 and 45 (or by
using congruent triangles), we obtain the following results :

(a) Equal chords of equal circles (or of the same circle) subtend
at the centres angles which are equal and at the circumferences
angles which are either equal or supplementary.

(4) In equal circles (or in the same circle) chords zre equal if
they subtend angles at the centres which are equal or angles at
the circumferences which are cither equal or supplementary.

ExXAMPLE. Two equal circles intersect at A and B. A straight
line through A meets the circles again at P and Q. Prove that the
lriangle BPQ is zsosceles.

A Q

A
P
‘b
B BN
Fig. 1 Fig. 2
Fic. 174.

Join PB, AB, QB.

In the equal circles PAB, QAB the chord AB =the chord AB,
*. the angles which AB subtends at the circumferences are
either equal or supplementary, i.e. £ APB is either equal to £ AQB
or supplementary to it.

(i) In Fig. 1 £APB and LAQB are two angles of the same
triangle, .. they cannot be supplementary,

*. they are equal,
.. the triangle BPQ is isosceles.
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(ii) In Fig. 2 LAPB is the exterior angle of the triangle BPQ,
and is therefore greater than the interior opposite AQB,

‘. in this case 2APB is supplementary to the ZAQB.

But £APB is supplementary to the .BPQ, since APQ is a

straight line,
LBPQ = L AQB,

*. the triangle BPQ is isosceles.
2. Tengths of arcs and areas of sectors.

E D

A B
Fig.1

F1G. 175A.

The length of any arc is easily obtained as a fraction of the
length of the whole circumference from the consideration of the
angle it subtends at the centre.

Thus in Fig. 1, if £AOB=60° it is clear that the circum-
ference may be divided into six portions each equal to the arc
AB ;

‘. the length of the arc AB=} of the length of the whole
circumference.

Also the area of the sector AOB =} of the whole area of the
circle.

o M.S.G.
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In Fig. 2, if £XOY =3%° the circumference may be divided
into 360 equal portions each of which subtends an angle of 1°
at the centie. XY contains 37 of these portions,

.". the length of the arc XY =47 of the length of the whole
circumference, and the area of the sector XOY = =455 of the whole
area of the circle.

X
Fig. 2

Fio 1758

Similarly, if ZXOY =37,%,°, the circumference may be divided
into 4320 (360 x 12) equal portions, each of which subtends an
angle of ',° at the centre. XY contains 451 of these portions,

‘. the length of the arc Xy =451 (or 37“2) of the length

4320 360
of the whole circumference and the area of the sector XOY
= 3376‘; of the whole area of the circle.

More generally, if £XOY =a°, the length of the arc XY
= 3260 of the length of the whole circumference,
and the area of the sector XOY
= 3260 of the whole area of the circle.

This result is sonetimes briefly written :
arc XY LXOY
whole circumference ~ whole angle at centre

_ sector XOY
~ whole area of circle
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Note 1. The above method is only applicable if the angle XOY
can be expressed as an exact fraction of 360° i.e. if the length
of the arc XY can be expressed as an exact fraction of the length
of the whole circumference.

If the length of the arc XY and the length of the whole circum-
ference are incommensurable magnitudes, the proof of the above
result is beyond the scope of this book.

Note 2. The Length of the Circumference and the Area of
the Cizcle. It is well known that the ratio of the length of the
circumference of a circle to the length of its diamcter (@) is the
same for all circles. This ratio is denoted by the Greek letter =,
and the result is usually written: circumference ==d, or 27, if
» denotes the radius of the circle.

The arca of the circle is known to be 72

The proof of these statements is beyond the scope of this
book.

= is an incommensurable number, and its value is approxi-
mately 3-1416. The student should note that the popular
approximation 3} is not usually sufficiently accurate.

Note 3.

A B
F16. 176.
If AB, BC be equal arcs of the circle, centr~ O, then
LAOC =2LBOC;

but it skould be noticed that the length of the chord AC is NOT
twice that of the chord BC.
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EXERCISE 43 [Theorems 44, 45)]

1. ABC are three points on a circle, and 2ABC=38° and
LACB=68°. P, Q are, respectively, the mid-points of the minor
arcs AC, AB. Calculate the s BCP, CPQ.

2. ABCDE is a regular pentagca inscribed in a circle. Find the
acute angle between BE and AD.

3. AB and AC are, respectively, sides of a square and a regular
hexagon inscribed in the same circle. Calculate, in degrees, the
LBAC. Consider both cases.

4. ABC is a A inscribed in a circle, the £s at B and C being 40°
and 60° respectively ; D is the mid-point of the arc suhtended by
BC on the same side as A. Find the L DCA.

5. AB, CD are chords of a circle. If the arcs AC, CB, BD, DA
are as 1:3:7:4, calculate £CBD. [Consider first the angles
at the centre.]

6. AB, CD are chords of a circle. If the arcs AC, CB, BD, DA
are as 2:5:4:7 calculate £CBD. If CE is drawn | to AB to
meet the circle at E, what fraction of the whole circumference is
the minor arc BE ?

7. Fin- the acute angle between the st. lines joining (i) I to
IX and V to X, (1i) II to XI and I to X, (i1i) VI to IX and III to
X, on the face of a clock.

8. Find the angle between the st. lines joining IT tc Vand IIIto X
on the face of a clock.

9. ABCD is a square and AXY an equilateral A inscribed in the
same circle, X being on the minor arc BC. Calculate (i) «BAX,
(ii) .XDC.

10. O is the centre of a circle and AB .s an arc eyual to one-
ninth of the circumference. AC is drawn, outside the AOAB, so
that £0OAC=30° and C is on the circumference. CD is drawn
|| to OB, cutting the circle again at D. What fraction of the
circumference is the minor arc BD ?

11. Bisect a given arc of a circle by a purely geometrical con-
struction.

12. AB, CD are two parallel chords of a circle. Prove that arc
AC =arc BD.

13. Ab, CD are two parallel chords of a circle. A, C are fixed
points and B, D are var.able points. Find the locus of the mid-
point of BD [Use No 12.]
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14. AB, DC are equal chords of a circle which, when produced,
intersect outside the circle. Prove that - BAD= . ADC.

15. ABCDEFG is a regular heptagon inscribed in a rircle, centre
O. Prove that one of the angles between CE and DF is equal to
the angle subtended at O by a side of the heptagon.

16. XYZ is a A inscribed in a ~ircle. P, Q are the mid-points of
the arcs XY, XZ, respectively. PQ meets XY, XZ at R, S, respec-
tively. Prove that L XRS=3(4XYZ+ £LXZY). Deduce that XR=XS.

17. The sum of the arcs cut off by two | chords of a circle is
equal to half the circumference.

18. AB, DC are two chords of a circle, centre O, which, when
produced, meet at X outside the circle. Prove that

LAXD=1}(LAOD - £ BOC).

19. AC, BD are two chords of a circle, centre O, which meet at
Y inside the circle. Prove that LAYD=4(LAOD+ L BOC).

20. If one pair of opposite sides of a cyclic quad. are equal,
prove that the other pair are parallel.

21. Two st. lines AOB, COD, making with each other an angle
of constant magnitude, turn about a fixed point O within a circle
and intercept arcs AC, BD on the circumference. Prove that the
sum of the arcs is constant.

22. AB is a fixed chord of a circle and P is any variable point on
either the minor or the major arc cut off by AB. Prove that the
bisector of the . APB meets the circle again in the same point for all
positions of P.

23. ABCis a A ; the bisector of the L BAC meets the circle ABC
again at K. KL, KM are drawn | to AB, AC (produced if necessary).
Prove that LB=MC.

24. The | bisector of the side BC of a A ABC meets the circum-
ference of the circle ABC at D on the side of BC remote from A.
Prove that AD bisects the 4 BAC.

25. The s from A, B to the opposite sides of the AABC meet
the circle ABC at P, Q. Prove that C is the mid-point of the arc
PQ.

26. XZ is the diameter of a semi-circle XYZ, centre O. Prove
that the s*. line through O || to ZY bisects the urc XY.
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EXERCISE 44 [Further Examples on Theorems 37-45]

1. The opposite £s B and D of a cyclic quad. ABCD are bisected ;
prove that the acute . between the bisecting lines is equal to
4 (. BAD~ L BCD).

2. ABCD is a cyclic quad. and AB, DC when produced meet at
E. The internal bisector of «BEC meets BC at F and AD at G.
Prove that . AGF= . BFG.

3. ABCD is a quad. inscribed in a circle in which AB=AC ; the
side CD is produced to E ; prove that AD bisects the  BDE.

4. Through A and B, the points of intersection of two circles
ABEC, ABFD, two parallel st. lines are drawn, cutting one circle
at C, E and the other at D, F. Prove that CD=EF.

5. D 1s the mid-point of the hypotenuse BC of a right-angled
A/MBC ; from any other point E on BC the line EP is drawn | to
AB meeting 1t at P, and the line EQ is drawn | to AC mecting it
at Q and cutting AD (produced 1f necessary) at R. Prove that the
As BPE, RQA are congruent.

6. AOB, COD are two | chords of a aircle. @Q is the mid-point
of AD. Prove that QO produced is | to BC.

7. ABCisa A. |, I’, are the centres of the inscribed circle and the
escribed circle opposite A, respectively. Let the st. line All” meet
the circumcircle of the AABC at L. Prove that (i) L is the mid-
point of the arc BC of the circumcircle, (ii) LI=LB=LV".

8. ABCD is a quad. inscribed 1n a circle such that the centre O
lies within the quad. and such that AB and CD are not parallel.
P and Q are the mid-points of the minor arcs AB and CD. Prove
that the chord PQ makes equal angles with the chords AB, CD.
[Join OP, 0Q.]

9. ABC is a A inscribed in a circle whose centre is O. D, E, F
are the mid-points of the arcs BC, CA, AB respectively, and P is
the other end of the diameter through D. Express the s EOF,
BOP in terms of the s of the AABC, and prove that EF=BP.

10. If the bisectors of the s B, C of a AABC meet the opposite
sides at E, F respectively, and intersect at the poin’ |, prove tuat,
if AEIF is a cyclic cuad., A=60°. Prove also that, in this case,
El-- IF=the radius of the circle AEIF.

11. Two unequal circles intersect at A, B; a st. line is drawn
through A meeting one circle again at P and the other at N}, and a
st. line s drawn througyh 3 meeting the first circle again at R and
the second at S. Prove that PR is || to QS.
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12, The circles ABC, ABDE meet at A and B ; from any point C
on the circle ABC the st. lines CA, CB are drawn cutting the circle
ABED at D and E; another st. line is drawn through C cutting
the circle ABC at P and the st. line DE at Q. Prove thatA, P, Q, D

" are concyclic.

13. Two circles PAB, QAB intersect at A, B; and any st. line
through A cuts the circles at P end Q respectively. The st. lines
joining a point O to P and Q cut the circles PAB, QAB at R and S
respectively. Prove that O, R, B, S are concyclic.

14. ABCD is a rectangle ; X is any point in AB; DY is drawn |
to DX cutting BC produced at Y; V is the mid-point of XY.
Prove that “'B=VD. What is the locus of V as the position of X
in AB changes ?

15. A AABC is inscribed in a circle whose centre is O; E, F
are the mid-points of AC, AB; the st. lines EO, FO meet AB, AC
(produced 1if necessary) at X, Y resnectively. Prove thatB, C, Y, X
are concyclic.

16. A, C, B are three points in a st. Iine such that C lies between
A and B and 1s nearer to B than to A. The circle on AB as diameter
is drawn and also the circle centre C and radius CA. The side AS
of the equilateral AASB cuts the first circle at N and the second
at M. Prove that NM=}(AC-CB).

17. ABC is an equilateral A inscribed 1n a circle. P ‘s a point
on the smaller arc AC. AP meets BC produced at R, BP mcets AC
at 0. Prove that the As ABR and OAB are equiangular.

18. AB, AC are equal chords of a circle. The bisector of the
L ABC meets the circle at D and AD produced meets BC produced
at E. Prove that CE=CA.

19. ABC is a A inscribed in a circle and the bisectors of the s
A, B, C meet the circle at X, Y, Z respectively ; 1f the opposite Ls
of the figur. AZBXCY a.e equal, prove that the AABC is equilateral.

20. AB and CD are two chords of a circle intersecting inside the
circle at right angles. M is the mid-point of AD, and N the mid-
point of BC. O is the centre of the circle. Prove that the As OAM,
CON are congruent.

21. O is the point of intersection of two | chords AB, CD of a
circle. In OC, produced if necessary, a poinc P is taken so that
OP=0D. Prove that AP, BC are J .

22. EF is a diameter of a circle, and P, Q are any two points
on the circle; EP, EQ cut the tangent at F in X, Y. Prcve that
P, Q, Y, X are concyclic.
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23. A and B are the points of intersection of two circles. A st.
line cuts one of the circles at P and Q, and the other at R and 8.
The parallel to AP through 8 cuts AB (produced if necessary) at X.
Prove that Q, B X, S are concyclic.

24. ABC is an equilateral A. Any circle through B and C cuts
AB, AC at D, E respectively. F is a point on this circle such that
EF=ED. Prove that BF=BC.

25. Equilateral As ABD, ACE are described on the sides AB, AC
of a AABC, so that D and E fall outside the & ; BE, CD intersect
at H. Prove that A, E, C, H lie on a circle.

26. Prove that, if a square be described exterrally on the
hypotenuse of a right-angled A, and the right angle be joined to
the centre of the square, the joining line will bisect the right
angle. '

27. Given the base BC and the vertical angle A of a AABC, the
ancle A being acute, prove that if BM is drawn | to AC, cutting it
at M, and if CN is drawn | to AB cutting it at N, the line MN 1s of
constant length. [Consider the circle BCMN.]

28. ABCD is a quad. inscribed in a circle, and any st. line || to
AB meets AC and BD at P and Q respectively. Prove that a circle
can be drawn through P, Q, C and D.

[Consider positions of PQ on either side of the intersection of
AC, BD.]

29. AB, AC are equal chords of a circle. P, Q are any two
points in BC, and AP, AQ meet the circle again at R and S. Prove
that a circle can be described about PQSR.

30. A hexagon ABCXYZ whose sides are unequal to one another
is inscribed in a circle. AB is parallel to XY, and BC to YZ. Prove
that CX is || to AZ.

31. Through two fixed points A, B on ihe circumifcrence of a
circle any two || lines are drawn, cutting the circle at P, Q. Prove
that the st. line PQ in all its positions touches a second circle
concentric with the given circle. Draw a diagram, and construct
the second circle.

32. Straight lines are drawn on the dial of a watch joining the
positions I and V, II and X, IIII and VIII, VII and %(I; prove
that the figure enclosed by the lines is a square.

33. AC and BD are two fixed dinmeters of a given circle, P is
any point on the circumference, and M, N are the feet of the |s
from P un AC and BD -esnectively. Prove that the length of MN
remasns constant as P moves round the circle.
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34. AOB is a diameter and AS a chord of a circle whose centre
is 0. The chord AP bisects the £ BAS. AS is produced to Q so
that PQ=PA. Prove that (i) OP is || to AQ; (i) LAPQ=(BPS;
(ili) £SPQ=90°; (iv) As APB, QPS are congruent.

35. ABC is a A right-angled at B, P any point on the hypotenuse
AC, O the mid-point of AC. A point Q is taken on BP produced
such that 0Q=0B. Prove that LACB=4AQB.

36. ABC is a A right-angled at A and AD is the | from A to BC ;
E and F are the feet of the | s from D to CA and AB respectively.
Prove that 4FE2=BC2- 4MD?, where M is the mid-point of the side
BC.

37. Two s*. lines AB, PQ are produced to meet at E. The circles
EAQ and EBP meet again at O. Prove that the As OAB and OQP
are equiangular.

38. If ABCD is a cyclic quad. and the bisectors of the s BAD
and BCD meet the circumference at E and F, prove that the
L EAF=9o0°.

39. Prove that if a polygon having an even number of sides
whose lengths are not necessarily equal, can be inscribed in a
circle, the sum of one set of alternate angles must be equal to the
sum of the other set.

40. ABCD is a quad. such that C is inside the circle through
A, B, D. Prove that A is inside the circle through B, C, D, but
that D is outside the circle through A, B, C.

41. D, E, F are respectively the feet of the | s from the vertices
A, B, C of an acute-angled A to the opposite sides, and Q is the
point of inters~ction of the | s. Prove that (i) LFDO=90°- L BAC,
(i1) if S is the centre of the circumscribed circle of the AAFE, then
D, F, S, E lie on a circle.

42. ABCD is a quad. such that AB+CD=AD+BC. Points P, Q,
R, S are taken on AB, BC, CD, DA respectively such that AP=AS,
BP=BQ, and CQ=CR. Prove that P, Q, R, S lie on a circle.

43. OAis | toOB,and ON is | to AB. C, D are taken in OA, OB
respectively so that CD is bisected by ON. Prove that ABDC is a
cyclic quad.

44. ABCD is a quad. inscribed in a circle. Prove that the
internal bisector of the BAD meets the external bisector of the
LBCD at a po'nt on the circle.

45. In a convex quad. ABCD, AB and DC when produced meet
at E, DA and CB when produced meet at F, ar-1 AC and BD meet
at G. Show that, if it were nossible for GAFB and EBGC to be
cyclic qnads., the sum of the s AFB and BEC would be two right
ang{;as. Hence show that GAFB and EB3C cannot both Le cyclic
quads.
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TANGENCY
DEFINITIONS

1. A secant of a circle is a straight line of indefinite length
which meets the circumference at two points.

RN

Secant Tangent
Fra. 177.

2. A tangent to a circle is a straight line which meets the
circumference at one point and docs not meet it again, however
far it may be produced in cither direction.

The point at which the tangent meets the circle is called the
point of contact, and the tangent is said to touch the circle at
this point.

It may be shown that every point on the tangent, except the
point of contact, is outside the circle.

‘\) T

P
Fic. 178.

For let PT be a tangent to a ci.cle whose centre is O, and, if
possibl , suppose that there is a point N on PT such that N lies
within the circle. Join ON, OP.
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Then, since N lies within the circle, ON <OP,

*. LOPN<LONP,

.. LOPN is an acute angle ;
.. the perpendicular from O to PT meets it at a point X on
the same side of P as N.

Let Q be the point on PX produced such that XQ =PX.
Join 0Q.
Then in the A's OPX, OQX,

PX =QX (grven),

OX =OX (common),

LOXP = LOXQ (72. L s, grven) ;

.. the A5 g;:(( are congruent (2 s/des, included angle),
. OP =0Q,

.. Q lies on the circle, which is impossible, since a tanpent
cannot meet a circle at two points ;

", our supposition that there is a point N on the tangent
within the circle is wrong ;

‘. every point on the tangent, except the point of contact,
1s outside the circle.

Note. Thi- proof is somewhat beyond the range intended to
be covered by this book, and it is not suggested that the pupil
should be expected to reproduce it. It has been inserted because
some teachers might otherwise hesitate to use the first proof of
Theorem 46 (2). It is strongly recommended that the first
proofs of Theorem 46 should be adopted as the proofs which
the pupil is expected to learn, many experienced teachers having
found that their pupils both understand and reproduce these
proofs better than the alternatives available. The second proofs
are inserted for the sake of their elegance and general interest.

Some teachers may prefer to avoid the dificulty by adopting
the following definition of a tangent :

A tangent to a circle is a straight line which meets the circum-
ference at one point and is such that any other point on it is
outside the circle.
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3. Two circles are said to touch one another when they meet
at a point and have a common tangent at this point.

Circles a-e seid to touch externally, when they are on opposite
sides of the common tangent, and internally, when they are on
the same side of the ccmmon tangent.

External Contact Internal Contact
Fic. 179.

4. If all the sides of a rectilineal figure touch a circle, the
figure is said to be described about the circle or circumscribed to
it, and the circle is said to be inscribed in the figure.

5. A circle which touches the three sides of a triangle is called
the inscribed circle, and circles which touch one side and the
other two sides produced are called escribed circles. The
centres of these circles are called respectively the in-centre and
ex-centres.

An O

Inscribed Circle Escribed Circle
Fic. 18o0.

6. If a straight line cuts a circle at a point A, the angle at
wuich it cuts the circle is the angle which the line makes with
the tangent at A.

7. I two circles cut at a point A, the angle at which they cut
is the angle between the tangents at A to the two circles.
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THEOREM 46

(1) The straight line drawn perpendicular to a radius of a
circle at its extremity is a tangent to the circle.

(2) A tangent to a circle is perpendicular to the radius drawn
through the point of contact.

A P Q B

Fi6. 181.

1st Proof.
(1) Let O be the centre and OP a radius of a circle.

Let APB be a straight line perpendicular to OP.
It is required to prove that APB is a tangent to the circle.
Construction. Let Q be any point on BC. Join 0Q.
Proof. Since OPQ =a right angle (gwen),
*. “each other angle of the AOPQ is less than a right angle,
U, LOQP< LOPQ,
*. In the AOPQ the side OP opposite the smaller LOQP is less
than the side OQ opposite the greater LOPQ.
But OP is a radius, .. OQ is greater than a radius, .. Q lies
outside the cirdle.
Similarly every point on ABC except P lies outside the circle,
*. AB is a tangent to the circle at P.
(2) LetPB be a tangent at the point P to a circle whose centre isO.
It is required to prove that PB is L to the radius OP.

Construction. Take any point Q onPB. Join OQ.

Proof. Since PB is a tangent, every point on it except P is
outside the circle,
.. 0Q is greater than the radiu: OP.
And this is true for every point Q on PB,
.". OP is the shortest distance from O to PB,
.. OPis L toPB.
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Corollary 1. At every point on a circle one and only one
tangent to the circle can be drawn.

Corollary 2. The perpendicular to a tangent at its point of
contact passes through the centre of the circle.

Corollary 3. The locus of the centre of a circle which touches
a given straight line AB at a given point P is the straight line
through P 1 to AB.

Corollary 4. The locus of the centre of a circle which touches
a given straight line AB and has a given radius consists of two
straight lines, parallel to the given straight line, one on each side
of it, and at a distance from it equal to the given radius. (See
Theorem 21, Cor. 1.)

Corollary 5. The locus of the centre of a circle which touches
twe given parallel straight lines is a straight line parallel to the
given lines and mid-way between them. (See Theorem 21,
Cor. 2.)

A PN.___“Q B

Fic. 182,
2nd Proof.
Let O be the centre and OP a radius of a circle.
Let APB be a straight line L to OP.
It is required to prove that APB is a tangent to the circle.

Construction. Suppose, if possible, that APB meets the circle
again at Q.
Join 0Q.

Proof. Then
OP =0Q (rac'iz of the same circle),
*. .0PQ.= LOQP (kase angles of an isosceles & are equal).
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But £OPQ is a right angle (grven),
.". the triangle OPQ has two angles each a right angle, which
is impossible ;
*. our supposition that APB meets the circle again is wrong,
. APB does not meet the circlz except at P,
". APB is a tangent to the circle.

(2)

Q. ° QP

Fic. 183.
Let PB be a tangent at the point P to a circle whose centre is O.
It is required to prove that PB is perpendicular to the radius OP.

Construction. Suppose, if possible, that £OPB is not a right
angle.

Draw the perpendicular from O to PB or BP produced ; this
perpendicular will meet PB or BP produced at a point N, distinct
from P.

Produce PN beyond N to Q, making NQ =PN. Join OQ.

Proof. In ihe AsOPN, OQN,

ON =ON (common),
PN =QN (construction),
LONP = LONQ (72. Ls, construction) ;

*. the As OPN are congruent (2 szdes, included ang/e),

OQN
.. OP=0Q,

.. Qs on the circle, which, by hypothesis, is impossible, since
PB is a tangent ;

‘. our supposition that £OPB is not a right angle is wrong,

.. LOPB is a right angle.

Note. To construct the tangeat to a circle .t a point P on it.

Join OP. Draw PT L to OP at P (Construction 3, Second
Method).

Then PT is the required tangent
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THEOREM 47

If two tangeuts are drawn to a circle from an external point,
(1) the tangents are equal ;
(2) they subtend equal angles at the centre of the circle ;
(3) they make equal angles with the straight line joining
the given point to the centre.

AN
%

FiG. 184.

Let T°, TQ be tangents drawn to a circle whose centre is O
from an external point T. Join TO, PO, QO.

It is required to prove that (1) TP=TQ, (2) LTOP=,TOQ,
(3) LPTO = LQTO.

Proof. In the As TPO, TQO, since a tangent to a circle is per-
pendicular to the radius drawn from the point of contact,

LTPO = LTQO =a right angle,
PO =QO (radis of the same circle),
TO =TO (common) ;

.. the As :;,8 are congruent (72, L, kypot., side);

S (I) ™ =TQ’
(2) L10P=LT0OQ,
(3) LPTO=_LQTO.
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THEOREM 48
If two circles touch one another, the straight line joining their
centres (produced if necessary) passes through the point of
contact. T

Fic. 18s.

Let two circles with centres A and B touch one another, and
let P be the point of contact.

It is required to prove that the points A, P, B are in the scme
straight line.

Proof. Since the circles touch at P, by definition, they have
a common tangent at P. Let PT be the common tangent.

Then, since a tangent to a circle is perpendicular to tne radius
drawn from the point of contact, £s APT and BPT are both right

angles ;
. A and B both lie on the straight line through P, perpen-
dicular toPT; - A P, B lie on a straight line.

Corollary 1. If two circles touch externally the distance
between their centres is equal to the sum of their radii.

Corollary 2. If two circles touch internally the distance
between their centres is equal to the difference of their radii.

Corollary 3. The locus of the centre of a circle which touches
a given circle, centre O, at a given point P is the straight line OP,
produced indeunitely either way.

Corollary 4. The locus of the centre of a circle of given rad‘us
which touches a given circle, centre O, consists of two circles,
each with centre O, one having its radius equal to the sum of the
radii and the other having its radius equal to the difference of the

radii of the two circles.
P M.S.G.
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CONSTRUCTION 17
To draw a tangent to a circle from an external point.

1G. 186.

Let P be the given point and O the centre of the given circle.
It is required to construct a tangent from P to the circle.

Construction. Join PO and bisect it at X (Construction 2).

With centre X and radius XP, draw a circle, cutting the given
circle at @ and R. Join PQ.

Then PQ is a tangent to the given circle.

Proof. Join OQ.
Since OX =XP, the circle, centre X, radius XP, passes through
O, and OP is a diameter;
*. LOQP, being by construction the angle in a semi-circle, is
a right angle ;
.. PQis L to the radius through Q;
. PQ is a tangent at Q to the circle.

Note. It may similarly be shown that the straight line PR is
a tangent to the circle at R.

Definition. If a straight line touches one circle at a point P
and another circle at a point Q, it is said to be a ccmmon tangent
of the two circles. If the circles are on the same side of the
straight line PQ, the common tangent is said to be direct or
external or exterior. If the circles are on opposite sides of the
straigh. line PQ, the common tangent is said to be transverse or
interna! or interior.
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CONSTRUCTION 18
To draw the direct common tangents to two given circles.

Fie. 177,

Let A, B be the centres and «, 4 the radii of the circles, and
suppose that 4> a.

It is required to draw the direct common tangents to the two
circles.

Construction. Join AB.

With centre B and radius 4 - e, draw a circle.

Draw tangents AC, AF to this circle. [Construction 17.]

Join BC, BF and produce to cut the largest circle at D, G.
Draw AE, AH parallel to BC, BF to cut the circle, centre A, atE, H,
Join DE, HG.

Then D, HG are the required common tangents.

Proof. By constructicn BC=4—a. Also BD =4.
S, CD=a=AE;
*. CD and AE are equal and parallel ;
*. CDEA is a parallelogram.
But, by construction, AC is a tangent at C ;
‘. —ACD=g9go°; .. CDEA is a rectangle ;
*. the s AED, CDE are right angles ;
. DEis L to the .adii through =, D ;
*. DE touches each of the given circles.
Similarly, it may be shown that HG tcucnes each of the given
circles.
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CONSTRUCTION 19

To draw the transverse common tangents to two given non-
intersecting circles.

Frc. 188.

The construction is similar to the preceding construction—
the only difference being that the circle described with centre B
is of radius 4 +a. The required common tangents are DE, HG.

The proof is also almost identical ; for BC by construction
equals 4 +a, and BD=4; .. CD=BC-BD=ag=AE. The rest of
the proof is the same.

EXERCISE 45
[Theorems 46, 47, 48. Conslructions 17-19]

1. Find the length of a tangent drawn to a circle of radius 21”
from a point 29” distant from the centre of the circle.

2. The tangents to a circle from a point P are 24 cm. long and
the radius of the circle is 7 cm. Calculate the distance of P from
the centre of the circle.

3. Two concentric circles are drawn whose radii are 13” and 5".
Calculate the leng’ h of any chord of the larger circle which touches
the smaller.

4. ACCis a A in which £A=64° .B=70°. The inscribed circle
touches BC, CA, AB at D, E, F respectively. Find the s of the
ADEF.
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?

5. Draw a circle of 1” radius, and draw two radii OP, OQ at
right angles. Draw the tangents at P and @, meeting at A, and
produce AP to B making PB=2". I‘rom B draw another tangent
and produce it to meet AQ produced at C. Calculate the lengths
of AC and BC.

6. The inscribed circle of a AABC touches BC, CA, ABat D, E, F
respectively. BD=0-8", BC=1-5" AE=0-9". Calculate the lengths
of AB and AC.

7. Prove that tangents at the extremities of the diameter of a
circle are ||

8. If two || tangents are drawn to a circle, prove that their
points of contact lie on a diameter of the circle.

9. Prove that a diameter XY of a circle bisects a!l chords || to
the tangent at Y.

10. A number of concentric circles are drawn, and to each of
them tangents are drawn from an external point. Prove that the
points of contact lie on another circle.

11. AB, AC are tangents to a circle whose centre is O, B and C
being the points of contact. If OB produced meets the | from
A to AC at |, prove that Ol=Al.

12. Two circles touch at P, and Q is any point on the common
tangent at P. Prove that the other tangents to the circles from
Q are equal.

13. Prove that the st. line joining the point P to the centre of a

circle bisects at right angles the chord joining the points of contact
of the two tang :nts from P to the circle. ”

14. A quad. ABCD is circumscribed to a circle. Prove that
AB +CD =BC +AD.

15. A quad. ABCD is such that AB+CD=BC +AD. Prove that a
circle can be drawn to touch the sides of the quad.

[Draw a circle to touch AB, BC, CD. Draw the second tangent
from D to this circle and use ‘' reductio ad absurdum.”’]

16. If the four sides of a parallelogram touch a circle, prove
that all four sides are equal.

17. A st. line AB touches two intersecting circles at A and B
respectively ; a second st. line touches them at C and D respec-
tively. Prove that AC and BD are ||.

18. P is a point outside a given circle. The | from P on a
diameter of the circle meets that diameter at a point @ outside
the circle. Prove that the difference of the squares of the tungents
from P and Q to the circle is equal to the square on PQ.
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19. Any tangent to a circle, centre O, cuts two fixed tangents (not
produced) at A and B. Prove that L AOB is of constant magnitude.
[1f the points of contact of the fixed tangents are X, Y,
LAOB=3.X0Y.]

20. Two parallel tangents are drawn to a circle, and any tangent
cuts them at the points A and B. Prove that AB subtends a right angle
at the centre of the circle.

21. Prove that opposite sides of a quad. circumscribed to a
circle subtend supplementary angles at the centre.

22. Two unequal circles touch externally at P and a common
tangent is drawn touching one circle at X and the other at Y. Prove
that 2 XPY =90°.

23. The tangents at A and B to a circle meet at O, ~nd a third
tangent is drawn to the circle at a point C on the same side of AB
as O, meeting OA at P and OB at Q. Prove that

OP+PQ +QO0=20A.

24. A circle is touched 1nternally at P by another circle whose
diameter is half that of the first circle. PQR is any chord through
P cutting the circles again at @ and R. Prove that PQ=QR.

25. Find the locus of the centre of a circle which touches two
equal fixed circles.

26. A, B are the centres of two unequal circles which touch each
other at C, and any st. line through C cuts the circles again at
P, Q respectively. Prove that AP 1s || to BQ. Consider both cases.

27. A circle, radiug R, is drawn and 1nside it are described two
circles touching each other externally and the other circle in-
ternally. Prove that the perimeter of the A formed by the three
centres is equal to 2R.

28. A number of circles are drawn touching each other at O.
A st. line is drawn through O meeting the circles again at A, B,
C.... Prove that the tangents at A, B, C ... are all parallel.
[Draw the common tangent at O to meet the tangentsatA, B, C ...
in A", B, C"... .]

MOSTLY CONSTRUCTIONS

29. Draw two circles with radii 2:1” and 1-:4”, with their centres
2+5% apart; draw a direct common tangent, and calculate its
length.

30. D-aw two circles with radii 1-5” and 0-9”, with their centres
25”7 apart; draw a +*ransverse common tangent, and calculate
its length.
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31. (i) Draw two circles with radii 2-2” and 1”, with their
centres 2” apart. Draw their common tangents, and calculate
their lengths. (1i) Draw two equal circles with radii 1-2”, with their
centres 3” apart. Draw their common tangents. -

32. Draw all the common tangents to two circles whose centres
are 5-5 cm. apart and whose radii are 1-8 cm. and 1-5 cm. respec-
tively. Calculate their lengths.

33. If circles have radii @ and b and the distance between their
centres is d (d>a+b), prove that the lengths of the direct and
transverse common tangents are vd?- (a~b)? and Vd?- (a+b)?
respectively.

”

34. , B are two fixed points 3” apart. Construct a st. line
through A, such that the | from B to it may be 1-7” long.

35. A, B are two fixed points 56 cm. apart. Construct a st.
line such that the |s to i1t from A and B may be 1-7 cm. and
2-3 cm. respectively.

36. A line AB 1s 5-9 cm. long ; construct a circle with centre A
so that the tangent to 1t from B is 2-7 cm. long.

37. Show how to draw two tangents to a circle so as to contain
a given angle.

38. Show how to draw a tangent to a circle which shall be
(i) I, () L, to a given st. line.

39. Draw a circle of radius 3” and construct two || chords of
the circle AB and CD, 3-3” and 4-7” long respectively, on opposite
sides of the centre.

40. Construct a tangent to an arc of a circle at a point A, when
the centre of the arc is not on the paper.

41. Prove that all equal chords of a circle are tangents to a fixed
concentric circle, the points of contact being the mid-points of the
chords.

42. P is a pomnt 7 cm. distant from the centre of a circle of
radius 3 cm. Construct a chord of the circle which shall be 4 cm.
long, and which, when produced, shall pass through P.

[Draw the tangents from P to the circle which 1s touched by all
chords of length 4 cm.]

43. In a circle of radius 6:5 cm. draw a chord 12 cm. long.
Calculate the shortest distance of this chord from the centre of
the circle. Take a point P on this chord 3 cm. from one end, ard
draw an equal chord so as to pass throagh P.

44. Through a point P, 3” from the centre of a circle radius 27,
d;a.w a st. line so that the chord intercep*ed by the circle snall be
24" long.
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45. Draw, full size, two circles with radii 1-5” and 1”, and
centres 1-8” apart. Through one of the points of intersection of
the circles draw that chord of the larger circle (i) which is bisected
by the circumf-rence of the smaller circle, (ii) which has a given
length. Is this always possible ?

46, Given a circle and a point within it, show how to draw
through the point a chord of given length. Find the region of
the circle within which the point must lie in order that the con-
struction may be possible.

47. Given a circle, show how to draw a chord of given length
which shall be (a) 1, (D) || to a given st. line.

48. Two circles of radii 1-6” and 1” are drawn with “heir centres
3” apart. Draw a st. line so that the chord intercepted by the
larger circle shall be 2:4” long and that by the smaller 1-2” long.
[See No. 41.]

49. The length of the tangent from P to a fixed circle, centre O, is
given. Prove that the locus of P is a circle, centre O.

50. A circle of radius 25 cm. has its centre 4 cm. from a given
st. line. Show how to draw tangents 6 cm. long to the circle from
points on this line.

51. Draw a circle, centre A, radius 1”. Take a point B such
that AB=2". Construct the tangents from B to the circle. Take
another point C 2” from A and 3” from B. Describe a second circle,
centre C, so that the tangents to the two circles from B are equal.

52. Draw a circle of radius 4 cm., and in it place a chord AB of
length 6:8 cm. Then find all the points whose perpendicular
distance from this chord (produced if necessary) i~ 2:6 cm., while
the length of the tangent from each to the circle is 3-6 cm.

53. A circle and a st. line are drawn and the centre O of the
circle is joined to any point A in the st. line. Explain lLiow to find
a point P in the st. line such that the tangent from P to the circle
may equal OA.

54. In a circle of radius 3 cm. draw a chord AB of length 5 cm.
By a geometrical construction, which must be clearly stated, find
a point P in AB produced such that the tangent from P to the
circle is equal to the chord AB. Measure PB.

55. Draw two circles P, Q of radii 1-8” and 1-1” respectively,
the distance between their centres being 3-2”. Thrn construct the
point from which the tangent to P is 1”7 long, while the tangent
from it to Q has the greatest value consistent with this condition.

56. A point P, inside a triangular field ABC, is 30 yards from
the side AB, 50 yards from the side AC, 60 yards from the side BC,
10c yrrds from the co.ne - A, and 150 yards from the corner B. Draw
accurately the plan of the field on a scale of 50 yards to the inch.
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THEOREM 49
If a straight line touches a circle and, from the point of con-
tact, a chord is drawn, the angles which the chord makes with
the tangent are equal to the angles in the alternate segments of
the circle. D
C

» 233

X P Y

First Proof. Fic. 189.

Let the straight line XY touch the circle at P. Let PA be a
chord of the circle and let C, B be any points o2 the circumference
of the circle on opposite sides of PA.  Join CP, CA, BP, BA,

It is required to prove that

(1) the LAPY =the angle in the alternate segment, i.e. LPCA ;

(2) the LAPX =the angle in the alternate segment, i.e. LPBA.

Construction. Draw the diameter PD. Join DA.

Proof. SincePY is a tangent to the circle and PD is a diameter
drawn from the point of contact, .. £DPY is a right angle,

Since PD is a diameter, PAD is a right angle, being the angle
in a semi-circle,

But the sum of the 3 angles of the AAPD is two right angles,

‘. LAPD + LPDA =a right angle ;
‘. LAPD + LPDA = LDPY or LAPD + LAPY,
From each of these equals subtract the £ APD,

‘. LPDA = LAPY.
But LPDA = LPCA (angles in the same segment),

©C LAPY=LPCA. .eeoeiiiiiiiiiiienn, (1)
Also LPBA =the supplement of the LPCA (opp. Ls of a cyclic

quad.).
But LAPY=_LPCA (proved),
‘. £ PBA=the supplement of the LAPY
= LXPA (adjacent angles cu ke st. line XPY)....(2)

.
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Note. The disadvantage of this proof is that the proof for the
equality of the obtuse angles depends upon that for the equality
of the acute angles. For this reason the following proof may be
preferred.

Second Proof.

D D
(o]
A »
C
P T T P
Fig.1 Fig. 2
Fi6. 190.

Let the straight line PT touch the circle at P. Let PA be a
chord of the circle and let C be any point on the circumference of
the circle such that C and T are on opposite sides of PA.  Join
CP, CA,

In each figure it is required to prove that the LAPT =the
angle in the alternate segment, i.e. £LPCA.

Construction. Draw the diameter PD. Join DA, DC.

Proof. SincePT is a tangent to the circle and PD is a diameter
drawn from the point of contact, .. LDPT is a right angle.

Since PD is a diameter PCD is a right angle, being the angle
in a semi-circle.

Also LDCA = LDPA (angles in the same segment),

.. In Fig. 1 £DPT - LDPA = LPCD — LDCA,

ie. LAPT =LPCA, iiiiviieiniiiieienenenen, (1)
In Fig. 2 L DPT + DPA = LPCD + LDCA,

ie. LAPT = LPCA. ciiiiiinineieniiiieinnnn. (2)
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Note 1. If LAPT is a right angle, the alternate segment is a
semi-circle, and the angles in a semi-circle are right angles, so
that the theorem is true in this case.

Note 2. The pupil should notice that the phrase ‘“ alternate
segment "’ means the segment which is aot on the same side of
the chord AP as the angle TPA, referring to the figures used in the
Second Proof.

THEOREM 49a

If through an extremity of a chord of a circle a straight line
is drawn, making with the chord an angle equal to the angle in
the alternate segment, then the straight line touches the circle.

X

T )
Fic. 191.
Let PX be the chord and PA a straight line through P such that
L APX = LPYX in the alternate segment.
It is required to prove that PA touches the circle at P,

Proof. If possible, suppose that PA does not touch the circle
at P and let PT be the tangent at P.

Then LTPX = LPYX in the alternate segment.
Put L APX = LPYX (grven),
*. LTPX = LAPX,

1.e. the whole is equal to the pa.t, which is in.possible ;
. onr supposition that PA does not touch the circle is wrong,
.. PA touches the circle at P.
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EXERCISE 46 [Theorem 49]

1. A chord AB of a circle subtends an angle of 104° at the
centre of the circle. Calculate the acute angle between the
tangents at A and B.

2. A, B are two points on a circle, and the tangents at A, B meet
at P, making LAPB=44°. AC 1s the chord of a circle drawn
through A || to PB. Calculate each of the s of the AABC.

3. ABC is a A in which LA=352° (B=62° .C=66°. The
tangents to the circle ABC at A, B, C form a new A. Find the s
of this A.

4. If two tangents PA, PB touch a circle at A, B and 2 APB=58°,
find in degrees the angle at the circumference of the ciicle stand-
ing on the larger arc AB.

5. PA, PB are two tangents tn a circle which include an angle
of 24°. C is a point on the circle on the opposite side of AB from
P. Calculate the £ ACB.

6. Find the s subtended at the centre of the circle by chords
which make s (i) of 23°, and (i1) of 140° with the tangents at their
extremities.

7. A chord 1” long of a circle makes an angle of 30° with the
tangent ~t one end of the chord. Calculate the radius of the
circle.

8. PTO is a tangent to a circle, T being the point of contact.
PQR is a st. line meeting the circle at Q, R and such that LTPQ
=50° and LRTO=100°. Prove that (i) PQ=QT, (ii) QR is equal to
the radius of the circle.

9. The sides PQ, QR, RS, SP of a quad. touch a circle at the
points A, B, C, D respectively. The LQPS=96° and the QRS
=120° The st. lines AB, DC meet at E. Calculate the « AED.

10. Two circles cut at A and B and through A and B are drawn
two st. lines PAQ and RBQ, cutting one circle at P and R and the
other circle at Q. Prove that PR is || to the tangent at Q.

11. Two circles intersect at A and B. The tangent at A to the
first circle meets the second circle at P and the tangent at A to
the second circle meets the first circle at Q. Prove that the As
PBA, ABQ are equiangular. Prove also that, if PBQ is a st. line,
then 4 PAQ=090°.

12. P is any point on the side BC of a AABC, and the circles are
circumscribed to the As ABP, APC. Prove that one of the angles
between the tangents at A to the two circles is equal to the £ BAC.
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13. ABC is a A and a circle is drawn to touch BA at A and to
pass through C. If AP is the chord of this circle which 1s || to BC
and if BP cuts this circle again at Q, prove that the s QAB,
QBC, QCA are equal.

14, ABCD is a cyclic quad.; prove that, if the circle passing
through D and touching AB at A meets CD again at E, then AE is
i to BC.

15. A, P, B are threce points on a circle such that the chords
AP, PB are equal : prove that the | s from P to the chord AB and
the tangents at A, B are all equal.

16. Two circles intersect at the points P, Q, and a common
tangent touches the circles at the points A, B. Prove that the
Ls APB, AQB are supplementary.

17. A regular pentagon ABCDE is inscribed in a circle and the
tangent at A meets CB produced at F. Prove that AF=BC.
[Calculate the s of the As AFB, ABC.]

18. If AB, AC are two equal chords of a circle, prove that BC is
|| to the tangent at A to the circle.

19. Two circles touch at a point O. AB is a chord of one circle
and CD a chord of the other circle such that AC and BD meet at O.
Prove that AB is || to CD. Consider both kinds of touching.

20. ABC is a A ; a circle is drawn through A to touch BC at C.
AD is the chord of this circle which is || to BC. Prove that AACD
is isosceles.

21. ABCD is a cyclic quad. ; AN is || to BC, meeting BD, not
produced, at M. Prove that AC touches at A the circle ADN.

22. With centre B, a point on the internal bisector of an angle
ACD, a circle is drawn to pass through C and to cut CA at A.
Prove thac the circle circumscribing the A ABC will touch CD at C.

23. PQRS is a parallelogram whose diagonals PR, QS mecet at X.
Prove that the circles PQX, RSX touch each other at X.

24. Two equal circles ACP, ACQ cut at A and C, and the tangent
at A to the first circle cuts the other again at B. If AP be a chord
of the first cutting the other again at Q, prove that AP=BQ.

25. A circle passes through the three points A, P, B, and O is its
centre. O and P lie on the same side of AB and O does not lie
between the a.ms of the £ APB. If AO is a tangent to the circle
through O, P, B, prove that AP bisects the L UPB.

26. ABCD is a cyclic quad., anc a circle whicu passes through C
and touches AB at B cuts BD at O. Prove that the As OCD, BCA
are equiungular.

27. ABCD is a quad. such that the diagonal CA bisects the  BCD.
If AD touches the circle ABC, prcve that AB touche: the circle ACD.
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28. Tangents are drawn from a point T to a circle whose centre
is O, tpuching the circumference at A and B, and OT meets the
circumference at P. Prove that AP bisects the L TAB.

29. From a point P a tangent PA is drawn to a circle, and a
secant PBC cutting the circle at B and C. Yhe bisector AQ of the
L BAC cuts BC at Q. Prove that PQ=PA.

30. AB, AC are the equal sides of an isosceles AABC. The
circle which passes through A and touches BC at B meets CA,
produced if necessary, at E. Prove that BE=BC.

EXERCISE 47 [Further Examples on Theorems 46-49]

1. Two circles intersect at O and the tangents at O to the
circles are at right angles. The tangent to the first circle cuts the
second circle at P and the tangent to the second circle cuts
the first circle at Q : show that M'Q passes through the other point
of intersection of the circles.

2 P and Q are the points of contact of tangents OP, OQ drawn
to a circle whose centre is C; PC and OQ are produced to meet
atL; QC and OP are produced to meet at M. Prove that LM is ||
to PQ.

3. If one of the internal common tangents to two non-intersect-
ing circles makes an angle of 30° with the line joining the centres
of the circles, prove that the distance between the centres is equal
to the sum of the diameters of the circles.

4. Give a construction for finding points on the circumference
of a given circle, such that tangents drawn from them to another
given circle are of given length. How many solutions are there ?
When is this impossible ?

5. If a quad. can be divided by a st. line crossing 1t so that
circles can be inscribed in each of the t'vo quads. into which it is
divided, show that the length of the st. line is half the excess of one
pair of opposite sides of the quad. over the sum of the other pair.

6. Two unequal circles touch externally at P; two points B
and D are taken on opposite sides of P on the common tangent at
P (and not on the part of 1t which lies between the direct common
tangents of the two circles) and tangents are drawn from B ard D
to both circles. If the tangents from B and D to the first circle
mret at A and those to the second circle meet at C, prove that
AB+CD=BC+DA.

7. ABC is a A inscribed in a circle and the tangents at B, C
meet ac P; (i) if the /s BAC and BPC are equal, prove that
LBAC=60°; (ii) if the s ABC and BPC are equal, prove that the
AABC is isoscelzs.
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8. TA, TB are tangents to a circle whose centre is C. The circle
with centre T and radius TA cuts CT at P, P being between C and
T. Prove that AP bisects the . CAB.

9. ABC is a A inscribed in a circle, AD is drawn | to BC and
CE | to the tangent nt A. Prove that DE is || to BA.

10. The internal bisector of the L A of a AABC cuts the side BC
at D and the circumscribing circle of the A at E. Prove that EC
is a tangent to the circle through A, D, C.

11. From an external point P tangents PQ, PR are drawn to a
circle of which RS is a diameter ; 8Q produced meets RP produced
at T. Prove that LQPR= ., 2QTR.

12, ABCDEF are six points on a circle such that AB is || to DE.
Prove that if DE meets AF produced at G, BD touches the circle
through D, G, F.

13. Two circles touch externally at a point O. One of the
common tangents touches them at A and B, another at C and D
respectively. Prove that the circles OAB ai.d OCD touch one
another,

14. Two circles with centres A and B touch one another exter-
nally at P, and a common tangent touches them at Q and R
respectively. Prove that AQ is a tangent to the circle through
P, Q and R.

15. Two circles touch externally. If », and 7, are the radii of
the circles, show that the length of a direct common tangent 1s
2~r7,. A thi-d circle touches these circles and a direct common
tangent. Show that, if » is the radius of this circle,

r= e

Y1+ ¥+ 2NY 7,

16. A point O is taken on the side BC of a AABC, and the
tangent at B to the circle AOB meets the tangent at C to the circle
AOC at the point X. Prove that (1) A, B, X, C lie on a circle,
(i1) &As ABO, AXC are equiangular.

17. AB is a diameter of a circle, centre C, and upon AC, CB as
diameters circles are described, and a fourth circle is drawn
touching the first circle internally and the other two externally.
Find the radius of the dourth circle, that o the first being of
length a.

18. ABCD is a parallelogram and X, Y are the mid-points of the
opposite sides AB and DC. If the circle with centre X and radius
XA touches the circle with centre Y anld 1adius YC, prove that
ABCD is a rhombus.
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19. BC is a common external tangent to two circles which
touch one another externally at A; show that BA, CA, produced,
pass through the other ends of the diameters through C, B.

20. ABCD is a rectangle in which AD >2AB; two equal circles
are drawn, one of which touches AD, BC and AB, while the other
touches AD, BC and CD. One of the two transverse common
tangents to these circles cuts AD at P and BC at Q. Prove that
PQ=AD - AB.

21. Two unequal circles touch externally at A. A point P is
taken on the common tangent at A, and from P two tangents are
drawn, one to each circle, touching the circles at B and S respec-
tively. The st. line BS cuts the circles again at C and R respec-
tively. Prove (a) that BC and RS subtend equal angles at A;
(b) that the tangents at B, R, C and S form a parallelogram.

22. A st. line is drawn || to the side BC of a AABC meeting the
sides AB, AC at X and Y respectively. Prove that the circles
AXy, ABC have a common tangent at A.

23. A AABC witu AB=AC, is inscribed in a circle. The bisector
of the £ ABC meets the tangent at A to the circle at D. Prove
that AD=AB.

24. AB and BC are two equal chords of a circle. Circles, centre
A, radius AC and centre B, radius BC, intersect at C and T. Prove
that AT touches the circle ABC at A.

25. A quad. ABCD is inscribed in a circle of which AB is a
diameter. The diagonals AC, BD meet at O. Prove that the
tangent at C to the circle through C, O, D passes through the
centre of the circle ABCD.

26. The tangents at A and B to a circle whose centre is O meet
at C; a st. line through O cuts CA produced at P ard CB produced
at Q; and the other tangents that can be drawn from P and Q
meet at T. Prove that OT=0C.

27. TP, TQ are tangents to a circle, and R is any other point on
the circle. The tangent at R is drawn, and a st. line through T,
|| to this tangent, meets RP, RQ at X and Y. Prove that TX, TP,
TQ, TY are all equal.

28. Construct a AXYZ, in which YZ=3", the | from Y to
XZ=2", the | from Z to XY=2-3". I-Eow many solutions are
there ?

29. Two circles couch internally at O ; from O the st. line OAB
is drawn cutting the circles at A and B. From any point T on the
commc . tangent, secants TAP, TBQ are drawn cutting oae circle
at A‘and P, the other at 8 and Q. Prove that O, P, Q and T are
concyclic.
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30. A, B, C, D are four points on a circle such that the chords
AC, BD intersect at right angles inside the circle. Prove that the
tangents to the circle at A, B, C, D form a quad. which ¢an be
inscribed in a circle.

31. Two segments of circles have their bases AB, BC in the
same st. line ABC ; they lie on opposite sides of these bases, and
the angle in one segment is the same as the angle in the other.
Show that the arcs have a common tangent at B, and that the
tangents at A and C are ||.

32. ABC is an isosceles A, having AB=AC. Any chord AP
(produced if necessary) of the circle ABC meets BC (produced if
necessary) ~t Q. Prove that AC touches the circle CPQ.

33. LMN is an isosceles A in which the sides LM, LN are equal.
The circle which touches MN at N and passes through L cuts LM
at a point P between L and M, so that LP=MN. Prove that the
£s LMN and LNM are each double the L MLN.

34. AB, AC are two chords of a circle ABC. BL, drawn || to the
tangent at A, cuts AC (produced if necessary) at L. Prove that
(i) the circle through B, L, C touches AB at B ; (ii) if CA=CB, tnhen
the circle BLC is equal to the circle ABC.

35. From a point P outside a circle a tangent PT is drawn
touching the circle at T and a secant cutting it at Q and R; on
PT as diameter a circle is drawn cutting RT, produced if n_cessary,
at Y and TQ, produced if necessary, at X. Prove that XY is |
to PR.

36. Two cir_les touch internally at P, and a st. line cuts the
inner circle at A, B, and the outer circle at C, D. PA, PB produced
cut the outer circle at E and F respectively. Prove that EF is || to
AB, and that £ EPC= LFPD.

37. ABC is a A ; find the locus of a point P such that the s
PAB, PCA are equal, P lying inside the A.

38. ABC is a A inscribed in a circle. Tangents are drawn to the
circle at A, B, and C, those at B and C meeting at P. Through P
a st. line is drawn || to the tangent at A meeting AB, AC produced
at R and S respectively. Prove that RS is bisected at P.

39. O is the centre of a circle, B any point on the radius OA.
The | bisector of AB meets the circle at P, and the tangent at P
meets OA produced at T. Prove that £ OPB+3’ APT=9g0°.

40. A, B, C, D are four points on a st. line in that ord2r. X is
a point at which AB, CD subtend equal angles. Prove that the
circles XBC, XAD have a common tangent at X.
Q M.P.G
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THE CONSTRUCTION OF CIRCLES TO SATISFY
GIVEN CONDITIONS

In order to draw a circle the given couditions must be suffi-
cient to determine (i) the positicn of the centre, (ii) the length of
the radius. It is usually possible to find the centre as the inter-
section of two loci, each of which is obtained by using one of the
given conditions, so that two conditions are nceded to fix the
centre. When the centre has been found, either the radius must
be given or we must find it by being given some point through
which the circle must pass. It follows that, in order to construct
a circle, three independent conditions are needed. We shall first
ccasider the straightforward constructions, in which the centre
is always obtained as the intersection of two loci, and then pro-
cecd to consider a number of constructions in which other
methods have to be used.

Before attempting the constructions of the next Exercise the
pupil must be able to apply the following loci :

1. The locus of centres of circles which pass through a fixed
point X and have a given radius. [See definition of a circle.]

2. The locus of centres of circles which pass thiough two fixed
points. [See Theorem 31.]

3. The locus of centres of circles which touch a given straight
line at a given point. [See Theorem 46, Cor. 3.]

4. The locus of centres of circles which touch a given straight
line and have a given radius. [See Theorem 46, Cor. 4.]

5. The locus of centres of circles which touch a given circle at
a given point. [See Theorem 48, Cor. 3.]

6. The locus of centres of circles which touch a given circle
and have a given radius. [See Theorem 48, Cot 4.]

7. The locus of centres of circles which touch two given inter-
secting straight lines. [See Tneorem 32.]

8. The locus of centres of circles which touch two given
paraliel straight lines. [See Theorem 46, Cor. 5.]
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It is suggested that, before the following Exercise is attempted,
the teacher should discuss orally the application of the above
loci to the solution of the following problems. In all cases the
number of solutions possible should be carefully considered :

1. Construct a circle to pass through three points, not lying
in the same straight line.

2. Construct a circle to touch three straight lines which form
a triangle.

3. Construct a circle to touch two parallel straight lines and a
transversal.

4. Construct a circle to pass through a point C and touch the
straight line AB at B.

5. Construct a circle to touch a given straight line at a given
point and also a second given straight line [There are two
cases.]

6. Construct a circle to pass through a point C and touch a
given circle at a given point B.

7. Construct a circle to touch a given circle at a given point B,
and also a given straight line AC. [Notice that the required
circle must touch the tangent at B to the given circle.]

8. Construrt a circle of given radius to pass through two fixed
points.

9. Construct a circle of given radius to pass through a fixed
point and touch a given straight line.

1o. Construct a circle of given radius to pass through a
fixed point and touch a given circle.

11. Construct a circle of given radius to touch two intersecting
straight lines.

12. Construct a circle to pass through a given point and touch
two parallel straight lines.

13. Construct a circle of given radius to touch a given straight
line and a given circle.

14. Construct a circle of given radius to touch tveo given
circles. [Notice that the number of solu‘ioi.s may be any rumber
up to eight.]
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15. Construct a circle to touch the arc and bounding radii of
a sector of a circle. [Notice that the required circle must touch
the tangent to the sector at the mid-point of its arc.]

EXERCISE 48
(Construction of circles to satisfy given conditions.)

1. Draw a AABC in which AB=5 cm., BC=6 cm., CA=7 cm,,
and draw a circle to pass through A, B and C.

2. Draw a AABC in which AB=3", BC=4", CA=6", and draw a
circle to pass through A, B and C.

3. Draw a AABC in which AB=56 cm., BC=52 cm., CA=46
cm., and draw a circle to pass through A, B and C. Construct a
second AABD so that £ ADB=.ACB and AD=3 cm.

4. Construct a A with sides 4-2, 6-1, 7:3 cm. ; describe a circle
touching the 4-2 cm. side and also touching the 6-1 and 7-3 cm.
sides produced.

5. Construct a A with sides 2-17, 2-3”, 3-7”. Describe a circle
touching the three sides.

6. Describe a circle touching each of three given st. lines.
Discuss all the possible cases. When is the construction impos-
sible ?

7. AB, CD are two || lines 1-9” apart. XY is a transversal inclined
to them at an angle of 47°. Construct two circles to touch AB,
CD, XY.

8. ABC is an equilateral A, side 1-8”. Describe a circle touching
BC at B and passing through A.

9. Draw two straight lines OA, OB containing an angle of 49°,
and make OA=2-3", OB=1-3". Describe a circle touching OA at A
and passing through B. Produce OB to meet the circle again at
C. Find two points D, E on the circle which are equidistant from
AB (or BA produced) and AC.

10. Draw a AAPC having AB=2'5", BC=3-25", CA=2". Con-
stiuct a circle touching AB at B and also touching a st. line
through A || to BC.

11. Praw a AABC having AB=2'5", BC=3'25%, CA=z". Con-
struct- a circle touching AB at B and also touching a st. line
through C || to AB.
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12. Draw a st. line AB of length 3-1”; find a point D distant
2-4” from A and 1-4” from B. Construct a AABC whose nscribed
circle touches BC at D.

13. Draw a circle, centre O, radius 2-4”, and mark 2 point A on
it. Take a point B such that OB=1-8" and L AOB= 32°. Construct
a circle to touch the first circle at A and pass through B.

14. Draw a circle, centre O, radius 2-6”, and mark a point A on
it. Take a point B such that OB=4-1" and £AOB=28°. Con-
struct a circle to touch the first circle at A and pass through B.

15. Draw a circle, centre O, radius 1+-8”, and mark a point A on
it. Draw a st. line 2-7” distant from O. Construct a circle to
touch this line and also the first circle at A.

16. Draw a circle, centre O, radius 1-8”, and mark a point A on
it. Draw a st. line 1” distant from O. Construct a circle to touch
this line and also the first circle at A.

17. Take two points A, B, 3 cm. apart. Draw a circle of rauius
7 cm. to pass through A and B.

18. Take a point O and a st. line XY, 3” distant from Q. Con-
struct a circle of radius 1-8” to touch XY and pass through O.

19. Take a point O and a st. line PQ, 2-4 cm. distant from O.
Construct a circle of radius 46 cm. to touch XY and pass through O.

20. Two points X, Y are taken 4-6 cm. apart; a ciicle is de-
scribed with centre X and radius 2 cm. Describe a circle with
radius 3 cm. to touch the first circle and to pass through Y. How
many solutiors are there ?

21. Two points X, Y are taken 36 cm. apart; a circle is de-
scribed with centre X and radius 2 cm. Describe a circle with
radius 3 cm. to touch the first circle and to pass through Y.
How many solutions are there ?

22. P is a point 4-1” distant from the centre of a circle of radius
2-2”. Through P construct two circles of radius 1-4” to touch the
original circle.

23. Draw a circle of 7 cm. radius, and take a point X in its plane

distant 4-5 cm. from the centre. Draw a circle of radius 5 cm. to
touch the first circle and to pass through X.

24. Draw iwo st. lines OX, OY intersecting at an angle of 65°
and construct a circle of radius 2-3 cm. to touch OX and OY.

25. Draw two st. lines intersec.ing 4t an anglc of 42°. Construct
all the circles of 1-2” radius which touch the two st. lines.

26. Construct a circle to touch the 2trs of a given argle and
be equal to a given circle.
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27. Draw two parallel st. lines 1-7” apart and take a point 1-1”
from one of them and o0-6” from the other; construct a circle
touching both lines and passing through the point.

28. Construct, by a purely geometrical construction, a circle to
touch two given parallel st. lines and to pass through a given
point between them.

29. Draw a circle, radius 1-3”, and also a st. line at a distance
2” from 1ts centre. Construct a circle, radius 1-4”, to touch the
circle and the st. line.

30. Draw a circle, 2-1” radius, with a chord 1:1” from the centre.
Describe another circle, radius 1-3”, 1n the larger segment to
touch the first circle and the chord.

31. A circle of 0-9” radius rolls inside a circle of 2-1” radius.
Find the locus of 1ts centre. Construct a circle of 1”7 radius to
touch internally the circumference and diameter of a semi-circle
of 3”7 radius.

32. Draw a circle of radius 2” and a st. line distant 1” from the
centre of the circle. Then construct all the circles of radius o-5”
which touch both the st. line and the circle. How many solutions
are there > Can you modify the given lengths 1n such a way as
to obtain four solutions ?

33. Draw two circles, radii 41 cm. and 51 cm., with their
centres 2 cm. apart. Then draw all the possible circles of radius
2:1 cm. which touch the given circles. How many circles are
there ?

34. Describe a circle of 2-5” radius. Inside this describe a circle
of radius 1” touching it. Draw as many circles as possible of
radius 0-6” touching these circles. How many circles are there ?

35. Draw two circles, radn 2-5 cm. and 24 cm., ha ing their
centres 6 cm. apart. How many circles of radius 7 cm. can be
drawn to touch these circles ? Construct a circle to touch the
first circle internally and the second externally.

36. XZ is a st. line 3-4” long and Y is its mid-point. On the
same side of XYZ describe semi-circles on XY, XZ as diameters.
Construct a circle of radius 0-8” to touch the larger semi-circle
internally and the smaller semi-circle externally.

37. Construct a circle of radius d” to touch two circles, radii a”
and b”, whose centras are ¢” apart. By giving a, b, ¢, d suitable
valies show that the number of possible solutions to this problem
may beo, 1, 2, 3, 4, 5, 6, 7 ur 8.

38. O is the centre of a circle of radius 4 cm., and P, Q are two
points cun the circumfererce such that £ POQ=47°. Construct a
circle to touch OP, OQ and the arc PQ.
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39. Draw a sector of a circle of radius 3”, in which the arc of
the sector subtends an angle of 60° at the centre. In this sector
draw a circle touching the arc and both radii. Calculate the
radius of this circle.

40. Draw a circle of radius 4-2 cm., and two radii OP, 0Q, at
an angle 43°. Construct a circle to touch 1he first circle externally,
and also OP produced beyond P and OQ produced beyond Q.

41. In a circle ABC of radius 3” place two chords AB, BC of
lengths 2-8” and 5-2”, and draw a chord BD || to AC. Construct two
circles, each of which touches the circle ABC internally and also
the two || chords AC, BD.

42. Each of three points A, B, C is 5 cm. distant from a fourth
point D ia the same plane. If LABC=24° and L BAC=46° con-
struct a possible figure.

43. Show how to draw two roncentric circles, one of which
passes through two given points A, B, while the other touches a
given circle at a point P. In what case is the ~onstruction impos-
sible ?

44, The AABC has AB=AC=4-4 cm., BC=2-9 cm,, and a circle
is drawn with centre A and radius 2'4 cm. Construct the two
circles which pass through B and C and touch this circle.

45. Draw a circle so as to pass through two given points and
have its centre on a given circle. Give figures to show the dif-
ferent cases that may anse.

46. Two lines OX, OY meet at an angle of 32°; along OX two
points P and Q are taken so that OP=1:4" and 0Q=2'5". Con-
struct a circle that shall pass through P and Q and have 1ts centre
1-2” from OY. How many such circles are there ?

47. Two adjacent sides of a quad. inscribed in a circle of radius
2'4” subtend angles of 82° and 48° at the centre. The remaining
two sides are equal. Construct the quad. and calculate its four
angles.

48. Construct a circle, of radius 17, touching a given st. line,
so that the tangents to the circle from a given point may be 2” in
length. If the given point is at a distance of » inches from the
given st. line, how do the number of solutions depend upon the
value of » ?
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CONSTRUCTION 20

On a given straight line to construct 2 segment of a circle
containing a given angle.

Mk

Fic. 192.

Let AB be the given straight line and X the given angle.
It is required to construct on AB a segment of a circle, con-
taining an angle equal to the angle X.

Construction. At A make an BAC equal to th~ £X. (Con-
struction 35.)

Draw AD 1 to AC. (Construction 3, Method 2.)

Draw the | bisector of AB, meeting AD atO. (Construction 2.)

With centre O, and radius OA, draw a -ircle.

Then the segment of this circle on the chord AB, alternate to
the £BAC, is the required segment.

Proof. Since O lies on the | bisector of AB, ,", OA =OB ;
*. the circle drawn with centre O, and radivs OA, passes
through B.
But since, by cc astruction, thr radius OA is 1 to AC, AC is a
tangent to the circle ;
‘.. L7AC (7.e. £X)=th= angle in the alternate segment, which
is therefore the required segmeant.
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Note. The above construction is a purely geometrical con-
struction. If the use of the protractor is allowed it is easier to
proceed as follows :

To construct, on AB, a segment of a circle containing an angle
of 74°.

Suppose the segment (centre O) drawn.

Then 4 AOB, being the angle subtended by AB at the centre,
=twice the angle subtended by AB at the circumference = 148°.
But ADAB s anisosceles A, .°, each base £ =}(180° — 148°) =16°.
We can therefore find the centre O of the required segment by
constructing, on AB as base, an isosceles A having its base
angles each 16°. The vertex of this A is the required centre.
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CONSTRUCTION 21
In a given circle to inscribe a triangle equiangular to a given
triangle.
Z

D A

X7
(5| ) \
ozt

FiG. 193.

Let XYZ be the given A and CDE the given circle.
It is required to inscribe in the circle CDE a A equiangular to

the AXYZ.
Construction. Join C to the centre O of the circle CDE.
Draw PCQ L toCO atC. (Construction 3, Method 2.)

Then PCQ is a tangent to the circle, being 1 to the radius

through C.
Draw chords CB, CA, making the £sQCB,PCA equal to £s YXZ.

XYZ respectively. (Construction 5.)

Join A B.
Then ABC is the required triangle.
Proof. Because PCQ is a tangent and CA a chord of the circle,
LPCA = LCBA in the alternate segment.

But LPCA = LXYZ (construction) ;
. LCBA=LXYZ,

LCAB = LYXZ;

Similarly
the remaining £ ACB = L XZY.
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CONSTRUCTION 22

About a given circle to describe a triangle equiangular to a
given triangle.

X

P Y z Q
Fic. 194

Let XYZ be the given A and EFD the given uircle,
It is required to describe about the circle EFD a triangle equi-
angular to XYZ._

Construction. Join F to the centre O of the circle EFD.

Draw radii OH, OG, making the £s FOH, FOG equal to the
supplements of the s XYZ, XZY respectively. (Construction s.)

Draw the tengents at F, G, H, forming the AABC. (Theorem 46,
Note.)

Then ABC is the required A,

Proof. Since HB, FB cre the tangents at H, F, they are L to
the radii OH, OF respectively ;

', LOHB = LOFB =a right angle ;

*. since the angles of a quadrilateral are together equal to
four right angles, LHBF =the supplement of .FOH.
But LFOH =the supplement of LXYZ (cons‘ruction) ;

. LHBF, i.e. LA3C=2,XYZ
Similarly LACB = LXZY ;

*. the remaining ¢BAC = < 7XY.
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CONSTRUCTION 23
To inscride a regular hexagon in a given circle.

Let O be the centre of the circle in which it is required to
inscribe a regular hexagon.

Construction. Tlake any point A on the circumference.

In the circle place five chords AB, BC, CD, DE, EF, each equa’
to the radius of the circle. Join AF.

Then ABCDEF is a regular hexagon.

Proof. JoinO to A, B,C,D,E,F.

Then the As AOB, BOC, COD, DOE, EOF are all equilateral As,
since each side of each A is, by construction, equal to the radius
of the circle ;

*. Ls AOB, BOC, COD, DOE, EOF are each equal to 60°

But the sum of the angles at O is 360° ;

‘. LAOF =60°.

But the sum of the angles of the AAOF is 180°;

LOAF + LOFA =120°.

But OA =OF, being radii of the circle,
‘. LOAF = LOFA = 60°,

". the AOAF is equilateral ;
‘. AF =the radius OA ;
.. the figure ABCDEF lLas all its sides equal.
Als¢ each angle of the figure is equal to 120°;
.. ABMDEF is a regular hexagon.
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Note 1. A regular polygon of # sides may be inscribed in a
given circle, centre O, by drawing radii OA, OB, OC, OD, ... such

o
that the .s AOB, BOC, COD, ... are each equal to ‘3%0—. If AB,
BC, CD, ... be drawn, ABCD ... is the polyzon required.

Note 2. A regular polygon of # sides may be described about
a given circle, centré O, by drawing radii OA, OB, OC, OD ... such

Q
that the s AOB, BOC, COD, ... are each equal to 3—?— The

tangents to the circle at A, B, C, D, ... are the sides of the required
polygon.

EXERCISE 49 [Constructions 20-23]

Nos. 1-4 should be discussed orally.
Consider the number of solutions possible in each case.

1. From a given circle cut off a segment containing a given
angle.

2. Construct a A having given the base, the vertical augle, and
(i) another side, (ii) the altitude, (iii) the area, (iv) the median which
bisects the base, (v) the foot of the perpendicular from the vertex to
the base.

3. Construct a A having given the base, the vertical angle, and
that the vertex lies on a given line, straight or curved.

4. Construct a A having given the base, the vertical angle, and
the point where the bisecter of the vertical angle meets the base.

[Notice that, if the bisector is produced, it will bisect the arc
of the segment of the circumscribing circle which does not contain
the vertex.]

5. Construct a APQR, in which PQ=4 cm., £R=47° and whose
area is 4'8 sq. cm.

6. X is a point on a given st. line PQ. Construct a circle which
touches PQ at X and is such that every chord of length 2:3 cm.
subtends an angle of 47° at the c'rcumference.

7. Corstruct a parallelogram PQRS in which QR=5 cm.,
LPQR=32° and LRPS=42°. Construct alro a quad. PQFT such
that L PTR=32° and PT=QR, but T is a different point from 8.
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8. Solve the following problem by accurate drawing and
measurement. A, B, C are three points such that AB is 5 miles,
BC is 10 miles and CA is 7 miles. P is a point in the plane of ABC
such that . BPA is 30°, £CPA is 30° and £BPC is 60°. Find PA,
PB, PC.

9. Inscribe a A in a circle of radius 2” such that the two
segments into which the bisector of the vertical angle divides the
base are of lengths 1-3” and 1-6”.

10. Construct a quad. PQRS in a circle, radius 2-7”, such that
PQ subtends an angle 80° at the centre of the circle, L QSR=15°,
and the tangent at S makes an angle 68° with SR.

11. Construct a AXYZ given that YZ=3", LYXZ=64° and
XW=2-3", whare W is the mid-point of YZ.

12. Construct a quad. PQRS with diagonals PR, @S intersecting
at O, such that PQ=2", QR=2-4", PR=3-8”, PS=2-9", L POQ=103°.

13 Construct a quad. PQRS such that PQ=2 cm., QR=4 cm,,
RS=6 cm., LQPR.: . QRS =39°.

14. PQ is a st. line of length 2-5”. Find two points A, B, distan*
3” from P such that £ PAQ= £ PBQ=40°.

15. Construct a APQR, in which PQ=36 cm., QR=5-2 cm,,
£LPQR=128°. On the side QR and on the same side of it as P,
construct a segment of a circle containing an angle of 52°. Find
also the position of a point X within the L PQR such that the area
of the AXPQ=10-8 sq. cm. and the £ QXR=52°.

16. A A has its base 4” long, and its vertical angle 98°. Find,
by drawing, measurement and calculation, the largest area it can
possibly have. Draw the A when its area is two-fifths of this
maximum.

17. On the same side of a st. line AB, of length 6 cm., construct
As ACB, ADB such that L ACB=.ADB=75° AC=CB and the area
of AADB is one-third that of AACB.

18. X is a given point outside the circumference of a given
circle, centre O. Show how to draw through X a st. line which
will cut off from the circle a segment containing an angle equal
to a given angle.

[Let XYZ be the required line meeting the circie at Y and Z.
Ccnsider the £XYO.]

19. Prove that (i) the bisectors o. the angles of a regular polygon
meet a* a point, (ii) this point is the centre of the circle circu.nscribing
the pol, gon, (iii) this poirt is the centre of the circle inscribed in the

polygon.



111] CONSTRUCTION OF CIRCLES 255

20. Describe a circle of radius 4 cm. In it inscribe a A having
angles 42°, 64°, 74°

21. Describe a circle of radius 2 cm. About i* describe a A
having angles 42°, 64°, 74°.

22. Show how to draw a A having angles 40°, 60°, 80°, so that
a given circle touches the shortest side and the other two sudes
produced.

23. Show how to inscribe an equilateral A in a given circle,
without using a protractor.

24. ABCDEF is a regular hexagon. Prove that the area of the
ABDF is half the area of the hexagon.

25. Prove the following construction v 2

for drawing a circle to touch a given
circle and also a given st. line PQ at a
fixed point A : B
Let O be the centre of the given
circle. [hrough A draw AZ | to PQ;
through O draw a st. line | to PQ
meeting the circle at B and C. Join 0
AB, AC and let thesc lines, produced
if necessary, meet the circle at D, E. D
Join OD, OE and let these lines, pro- X
duced if necessary, meet AZ at X, Y.
Then the circle with centre X and c
radius XA, and the circle with centre
Y and radiu. YA are the required p— A Q
circles. FIG. 196.

26. Drzw a circle to touch a given circle at a fixed point D and
also a given st. line PQ. [Adapt the above construction.]

27. X is the centre of a circle which touches a given circle,
centre O, and also a given st. line PQ at a given point A. Prove
that (i) X lies on the | to PQ at A, (ii) X is equidistant from O
and from one or other of two fixed points equidistant from A on
the | to PQ at A.

Hence find an alternative solution to the problem solved in No. 25.
28. Construct a right-angled isosceles AXYZ, in which
XY=YZ=4 cm.

With centre X and radius 3 cm. describe a circle. Construct a
circle touching the circle with centre X externally and alsc touch-
ing YZ at Z.



256 ESSENTIALS OF SCHOOL GEOMETRY [PART

29. Construct a circle to touch two given circles, one of them at
a fixed point A.

Fic. 197.

Join A to the centre X of the circle passing through A. The
centre of the required circle must lie on this line. Through Y, the
centre of the other circle, draw a straight line || AX cutting the
circle, centre Y, at B, C.

Toin AB and produce to meet the circle, centre Y, at D.

Join DY and produce to meet AX produced at P.

A circle, centre P, radius PA, is one of the required circles.

Jomn AC meeting the circle, centre Y, at E.

Join YE and produce to meet AX or AX produced at Q.

A circle, centre Q, radius QA, is the other circle satisfying the
given conditions.

The pupil should supply the proof.

In the above figure one of the required circles encloses both the
given circles, the second touches one of the given circles externally
and the other internally. Other cases may arise if different
positions are taken for the fixed point A.

CIRCLES CONNECTED WITH THE TRIANGLE

CONSTRUCTION 24

To construct the circumcircle of a triangle.
See the note cn Theorem 34.
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CONSTRUCTION 25
To construct the inscribed circle of a triangle.

Fic. 198.

Let ABC be the given A.
It is required to construct the inscribed circle of the AABC.

Construction. Bisect the s BAC, ABC by straight lines meet-
ing at I. (Construction 1.)

Draw ID 1 toBC. (Construction 4.)

With centre I and radius ID, draw a circle.

This is the required circle.

Proof. Let IE, IF be the Ls from | to AC, AB,
In the As IBF, IBD,
LIBF = L 1BD (ccnstruction),
LIFB = L IDB (right angles, by construction),
1B =1B (common) ;

;. the As :g; are congruent (2< s, corresponding szde) ;
. IF=1ID.
Similarly IF=IE;
*. the circle drawn with centre ! anc radius IL passes through
E andF.
Also, since £s IDB, IFB, IEA are right angles, BC, AB, CA are

tangents to this circle, i.e. the circle is the 12quired civcle.
R M.5.G.
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Note. It is not easy to draw a really accurate figure. To
draw such a figure it is important that the angles should be very
accurately bisected, and that the 1 from | to BC should be
accurately drawn by a purely geometrical construction. In per-
forming these operatiuns it is advisable to draw arcs with radii
as large as possible, so that their intersections may be accurately
determined. These remarks apply also to the following
construction.

CONSTRUCTION 26
To construct an escribed circle of a triangle.
A

Fic. 199.

Let ABC be the given & of which the sides AB, AC are produced
to X, Y.

It is required to construct a circle touching BC, and AB, AC
produced.

Construction. 3isect the s BAC, BCY by straight lines meet-
ing at |;. (Construction :.) '

Draw I,F, 1 toBX. (Construction 4.)

Wit centre I, and radius I,F;, draw a circle.

This is the require1 circle.
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Proof. Let I,D,, ||E, be the Ls from I, to BC, CY.
In the A& 1,AF,, |,AE,,

L,AF, = L AE, (construction),
LLFA=LWE A (right angles, by construction),

LA =1A (common) ;

||AF . .
. the As Il AEl are congruent (2 L s, corresponding side) ;
1A,

. LF =1E,.
Similarly LE,=1,D;;
.". the circle drawn with centre |, and radius I,F, passes through
E, and D;.
Also, since s ||F,B, 1;,D,C, |LE,C are right angles, BX, BC, CY
are tangants to this circle, i.e. the circle is the required circle.

EXERCISE 50

Nos. 1-40 are chiefly on the inscribed and escribed circies.

Nos. 41-56 are miscellaneous examples, chiefly on the properties
of the orthocentre, pedal triangle, nine-point circle and Simson
line.

In Nos. 1-12, 38, 39, D, E, F, |, D,, E,, F;, |, have the same mean-
ing as in Constructions 25 and 26. D,, E,, F,, |, are respectively
the points of contact with the sides and the centre of the escribed
cirzle touching BA, BC produced. Similarly D, E,, Fy, 1. 7, 7y,
7,, 73 are the radii of the inscribed circle and of the escribed circles
opposite A, B, C respectively; 2s is the perimeter of the AABC;
BC=a, CA=b, AB=c.

1. Prove that AE =AF =s -q, BD=BF =s -b,CD=CE =s —c.

[Let AE=AF=x, BD=BF=y, CD=CE=2. Prove that x+y+z=s,
and that y+2=a.

2. Prove tha¢ AE, =AF, =s, BD, =BF, =s - ¢, CD, =CE, =s - b.

3. Prove that (i) A =7s, (ii) A =7 (s -a).
[In the figure of Construction 25, AABC=ABIC+ACIA+ AAIB.
In the figure of Construction 26, AABC=AAl,B+Al,C- APY,C.]

4. Prove that the middle point of DD, is the midd!e point of BC.
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5. Prove that EE,=a=E,E,, and that EE;=c=E,E,.

6. Prove that the angles of the ADEF are g "‘2' g’+g A

7. Prove that the angles of the AD,E,F, are 90° + L
8. Prove that A, |, |, are collinear.

9. Prove that I, B, I3 are collinear.

10. Find the angles of the As I;1,1; and 11,1,

11. Prove that, of the four points 1, 1, I,, 15, each 1s the ortho-
centire of the A whose vertices are the other three.

12. Prove that E,Ey;=c+a, and EE,=c~a.

13. In a A whose sides are 6, 8, and 12 cm. long inscribe a
circle, and calculate the lengths of the tangents from the angular
points of the A tc this circle.

14. The bisector of the interior LB of a AABC meets the
bisector of the exterior £ C at a pomnt E. The internal bisector of
the L A meets BE at D. Prove that the points A, D, C, E are con-
cyclic.

15. | is the centre of the circle inscribed in the AABC, and
twice the .BIC is equal to three times the £BAC. Prove that
L BAC=90°.

16, Construct a & of which the sides are 6 cm., 7 cm., and
8 cm., and draw a circle which will intercept a chord of length
2-2 cm. on each side.

17. The inscribed circle of an isosceles AABC, in which the s
B and C are each double of the LA, touches the side BC at P and
the sides AB, AC at R and Q respectively ; show that the arc PQ
is to the arc RQ as 3 : 4.

18. A cup in the form of a hollow right circular cone with its
axis vertical is just full of water; its height is 8” and its slant
side is 10”. A ball is lowered slowly into the cup, of such a size
that when it rests on the sides of the cup it is jus. covered with
water. Find, by a geometrical construction, the radius of this
ball. Measure it, and also find its length by calculation.

19. A, B, C are three points such that AB=2-7", RC=23",
CA=3-2". With A, P, C as centres draw three circles each of
which touches the other two externally.
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20. 1f I is the centre of the inscribed cirtcle of a AABC, and P is
the point of contact with BC, prove that

IB2- 1C2=BC (BP - PC)=BC (BA- AC).

21. Draw three semi-circles within a A, each touching two
sides of the A and having its diameter lying along the third side.

22. Show how to divide each side of a triangle into two parts
whose difference is equal to the difference between the other two
sides of the triangle.

23. A circle 1nscribed in a AABC touches the sides BC, CA, AB
at D, F, F respectively, and another circle touches BC, AC pro-
duced and AB produced at D,E,F respectively. Prove that the
Ls FDE, F_D,E, together are equal to two right angl~s.

24. The lengths of the sides AB, BC of a quad. circumscribing a
circle are 5 and 6 cm. respectively and the angles at B and C are
80° and 66°. Construct the quad. and find the lengths of the
remaining sides and the radius of the circle.

25. Construct a quad. PQRS in which the angles at P and S are
right angles, RS=4 cm., PS=6 cm., PQ=9 cm. Draw a circle
such that the shortest distance from its circumference to each of
the sides PQ, QR and PS is 2 cm.

26. If the inscribed circle of a A ABC touches BC at D, and the
escribed circle which touches AB produced and AC produced
touches BC at E, prove that DE=AB ~AC.

27. The inscribed circle of a AABC touches the side BC at X,
and D is the mid-point of BC. Prove that 2DX=AB ~AC.

28. | is the centre of the inscribed circle of a AABC, and the
bisector of the - BAC meets BC at H and the circle circumscribing
the AABC at X. Prove that BX=IX and that BX touches the circle
ABH.

29. The circumcircle and the inscribed circle of a A have the
same centre. Prove that the A is equilateral.

30. If the inscribed circle of the AABC touches the side BC at
D, and the inscribed circle of the AABD touches AD at E, prove
that AB-BD=-AC-CD=AE-ED. Also prove that the inscribed
circles of the As ABD, ACD touch each other.

31. AP, AQ are two tangents to a circle whose centre is 0. AO
producec. cuts the circle again at S. Prove that § is the centre of
the circle which can be drawn to touch PQ, and AP, 22 both
produced.
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32. A circle is drawn touching the side BC of a AABC, and
touching the sides AB, AC both produced. If Iisthe centre of this
circle, and Al cuts the circumcircle of the AABC at P, prove that

PB=PI=PC.

33. Show how to construct a A having given a side, the angle
opposite to this side, and the radius of the inscribed circle. Is it
always possible to construct a A given these elements ?

34. AB, AC are equal sides of a AABC, and D, E are points on
AB, AC respectively such that DE=BD+EC. Prove that DE
touches the circle to which AB and AC are tangents at B and C.

[Draw this circle and suppose that DE is not a tangent to it.
Let DF be the second tangent from D to the circle, meeting AC at
F. Then sho.v that two sides of the ADEF are together equal to
the third.]

35. Constructa A, given the perimeter, altitude and vertical angle.

[Let BAC be the vertical « ; along AB, AC mark off AP=AQ =half
the perimeter. Draw (i) the circle, touching AB, AC at P, Q, (ii) the
circle, centre A, radius equal to the altitude. BC is the tiansverse
common tangent of these circles.]

36. Construct a A, given the centres of the three escribed
circles.

37. Ccnstruct a A, given the centres of the inscribed circle and
of two of the escribed circles.

38. Construct a A, given the position of B, D, C and the size of
the L BAC.

[Either use No. 28 or consider the locus of l Hence find the
position of 1.]

39. Construct a A, given the position of B, D,, C and the size
of the L BAC.

[Either use No. 32 or consider the locus of 1,. Hence find the
position of |,.]

40. Construct a A given the vertical angle, perimeter, and
radius of the inscribed circle.

41. O is the circumcentre of the AABC. Prove that
L 0OBC=90°~ . BAC.
42. PQRS is a quad. whose diagonals PR, QS intersect at X ;

A, B, C, D are the circumcentres nf the As PQX, QRX, RSX, SPX.
Prove that ABCD is a parallelogram.

42, rove that, if “he circumcentre of the AXYZ lies on the
bisector of LXYZ, the A is isosceles.
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It has been previously proved that AD, BE, CF, the perpen-
diculars from A, B, C to the opposite sides of the AABC, meet at
a point H, which is called the orthocentre. The ADEF is called
the pedal triangle of the AABC. This notation will be used in
Nos. 45-54.

44, The |s BE, CF of the AABC meet at H; prove that

(i) AEHF is a cyclic quad.,
(ii) LFAH=LFEH,
(iii) BFEC is a cyclic quad.,
(iv) LFEH=LFCB,
(v} if AH is produced to meet BC at D, ACDF is a cyclic quad.,
(v1) AD is | to BC.

Note. This provides an alternative proof of the fact that AD, BE,
CF meet at a point.

45. Prove that the following quads. are cyclic : AFHE, BFHD,
CEHD, AFDC, BFEC, AEDB.

46. Prove that AD bisects the LFDE (i) if the AABC is acute-
angled, or (ii) if ~BAC is obtuse. Prove that AD bisects the .
between FD and ED produced (i) if £ ABC is obtuse, or (ii) if ~ ACB
is obtuse.

47. Prove that, if the A ABC is acute-angled, H is the in-centre
of the pedal A, but that, if it is obtuse-angled, H is one of the
ex-centres of the pedal A.

48. Prove that the angles of the pedal A of an acute-angled A
are 180°- 2A, 180°- 2B, 180°-2C.

49. Prove that the angles of the pedal A of a AABC, in which
L BAC is obtuse, are 2A-180°, 2B, 2C.

50. Prcve that the circumcircles of the As ABC, HBC are equal.
Consider all possible cases.

51. If AH meets the chcumcircle of the AABC at P, prove that
HD=DP. Consider all possible cases.

52. Of the four points H, A, B, C, each is the orthocentre of the
A whose vertices are the other three.

53. Prove that OC is | to DE, where O is the circumcentre of
the AABC.

54. X, Y, Z are the mid-points of BC, CA, AB, and P, Q, R are
the mid-points of AH, BH, CH; prove that (i) RY is || to LA,
(ii) YZ is'|| to BC, (iii) LRYZ=00", (iv) RXZ=90", (V) R, Y, F, Z, X
are concyclic, i.e. the circle XYZ passes through F, R, (vi) the circle
XYZ passes through D, P, E, Q.

This circle is called the Nine-Point Circle of the Triangle.
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M
55. P is any point on the circumcircle A
of the AABC. PL, PM, PN are | to BC, p
CA, AB respectively. Prove that
(i) LPNL=180° - LPBC, c
(ii) £ PNM = L PAM,
(iif) L PNL =180" - L PNM, B
(iv) LMN is a straight line.
The line LMN is called the Simson
line of the AABC for the point P.
FiG. 200

56. Pisany point ; PL, PM, PN are | to BC, CA, AB respectively.
L, M, N lie on a st. line. Prove that P lies on the circumcircie of
the AABC.

*LOCI CONNECTED WITH THE CIRCLE

This section is difficult, and should be postponed until a late
stage of the course. Much of it is beyond School Certificate
standard.

Most iocus questions connected with the circle depend upon
the corollary to Theorem 39, but, as will be seen from the
following examples, this result must be applied with great care.
The treatment which follows does not profess to be exhaustive,
but attention is drawn to most of the usual pitfalls for the
beginner.

Ex. 1. Given the base BC and the vertical angle A of a
triangle ; find the locus of the inter-
section of the bisectors of the s ABC,
ACB.

Let BC be the given base, and LBAC
an angle equal to the given vertical
angle. Let the bisectors of the s ABC,
ACB meet at X. B c

It is required to find the locus of X. Fic. zor.

[Anaiysis. Consider first only As on one side of the base BC.

A
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Since A is given, the locus of A is a segment of a circle on BC
as chord.

Consider a few special positions of A, in orde~ to try to obtain
a few fixed points on the locus. When A coincides with B, CA
coincides with CB, .". CX coincides with CB and meets at B any
line passing through B, .’, X is at B. Similarly, when A coincides
with €, X is at C, ", B and C are fixed points on the locus
of X.

Plot a number of positions of X. These appear to lie on the
arc of a circle passing through B and C. This suggests that we
should try to prove that £BXC is constant.]

In the ABXC,

£LBXC =180° — (L XBC + £ XCB) = 180° — }(£ ABC + L ACB)
=180° — }(180° — LBAC) =g0° + } L BAC,
‘. LBXC is the same for all positions of A,

. the locus of X is a segment of a circle, with BC as chord,
containing an angle equal to go° +§ £ A.

Note 1. If we consider positions of A on the other side of BC
we see that the complete locus of X is two equal segments, one
on each side of BC, each standing on BC and containing an angle
equal to 9o° + 3L A.

Note 2. It is not sufficient to prove that +BXC is always the
same. It should always be obtained in terms of other fixed
angles. The reason for this will be clear after consideration of
the following examples.

Note 3. The student should satisfy himself that, as A takes
up all possib’e positions, X may be anywhere on the arc standing
on BC. He should also satisfy himself that it is not possiblc to
get a different value of the £BXC by taking a different figure.
The reuson for this precaution will be clear after consi 'eration
of the following examples.
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Ex. 2. Given the base BC and the vertical angle A of a triangle
which is always on the same side of BC ; find the locus of the

intersection of the bisectors of the A
Ls ABC, ACD, D being any point on X
BC produced.

Let BC be the given base (produced
to D), and LBAC an angle equal to the
given vertical angle. Let the bisectors
of the s ABC, ACD meet at X. FI. 202.

It is required to find the locus of X.

In the ABXC,

£LBXC =180° — LXBC — L XCB
=180° -} LABC — L ACB — }(180° — L ACB)
=g0° —} L ABC — } L ACB = } L BAC,
which is the same for all positions of A.

It would, therefore, at first sight appear that the locus of X is
a segment of a circle, with BC as chord, containing an angle
equal to 3 £A. But if we consider the path of X, as A takes up all
possible positions, we see that CX can never come to the left of
the perpendicular at C to CD.

The complete locus in this case is that portion ~f the above
segment which is cut off by the line through C L to CD.

Ex. 3. Given the base BC and the vertical angle A of a
triangle which is always on the same side of BC, find the locus cf

the intersection of the perpendiculars A
from B, C to AC, AB respectively. F

Let ABC be the A, with given base E
BC, and LBAC an angle equal to the H

given vertical angle. Let BE, CF, inter-

secting at H, be the 1s from B, C to AC, g C

AB .espectively. Fia. z03.
[Analysis. Since A is given, tae locus of A is a segment of

a circle o>n BC as chord. Consider a few special positions of A,

in order to try to obtain a few fixed points on the locus.
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When CA is L CB, AABC is right-angled at C and H coincides
with C.

Similarly, when BA is 1 BC, H coincides with B, ", B, C are
fixed points on the Jocus of H. Plot a number of positions of X.
These appear to lie on the arc of a circle passing through B and C.
This suggests that we should try to prove that 2 BHC is constant.]

In the ABHC,

LBHC =180° — LHBC - LHCB
=180° - (9o° — L ACB) — (go° — L ABC)
=LACB+ LABC=180° - LA ;
. it would at first sight appear that the locus of H is a segment

of a circle on BC as chord, containing the constant angle (180° — A).
But, if we consider the path ot H, as A traces out the complete
segment, which is its locus, we see that when the AABC is an
obtuse-angled A, H falls below BC, and does not lie on what, at
first sight, appeared to be its locus. This suggests that we should
examine more carefully the figure when AABC has an obtuse
angle.

In this figure, since £AFH = LAEH =go°, the points A; F, E,H
lie on a circle ;

LEHF = LEA/, being angles in the same segment ; i.e. LBHC = L A;

.. When AABC is obtuse-angled,
H lies 0. a segment of a circle, on
EC as chord, on the side of it remote
from A, and containing the constant
angle A.

(It should, however, be noticed
that H cannot lie on that part of the
segment which is cut off by the Ls
to BC at B aad C.)

Also the two segments contain
angles which are supplementary ; Fic. zo4.

*. together they form a comvlete circle,
.. The locus of H is part of ~ complete circle.
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The reason for the warning contained in Note 2 will now be
clear. Had we only proved that .BHC was constant in each of
the above cases we should not have been able to show that the
segments combined to make one complete rircle.

The student should consider the case in which the given angle
A is obtuse.

At a suitable stage the teacher may point out that a more
general statement of the solution is as follows: Let O be the
centre of the fixed circle ABC, and let O’ be the image of O in
BC. Then the locus of H is a segment of a circle, centre O,
equal in all respects to the segment of the circle, centre O,
which is the locus of A.

Note. The student should verify, in each of the above
examples, that any point on the specified arc is a possible
position of the locus point.

EXERCISE j50a [Loci connected with the Circle]

1. Given the base BC and the vertical angle of a AABC; find
(i) the locus of the intersection of the bisectors of the s CBY,
BCZ, Y, Z being any points on AB, AC produced ; (1) the locus of
the intersection of the bisectors of the s ACB, ABW, W being
any point on CB produced.

2. Through two points P, Q on a st. line parallel lines PR, QS
are drawn in the same sense. Find the locus of the bisectors of
the Ls RPQ, SQP.

3. Tangents are drawn from a point X to a set of circles which
all have the same centre C. Find the locus of the points of contact
of these tangents.

4. O is a point inside a given acute-angled AABC, and BO, CO,
when produced, meet AC and AB at X and Y. If a circle can be
described about the quad. AXQOY, find the locus of O.

6. XY is a fixed chord of a given circle. X is joined to any
« point Z on the circumference and XZ is produced to P so tnat
ZP=ZY. Find the l>cus of P. [Consider separately points Z on
the major and minor arcs.)

6. Two unequal circles intersect at P and Q. Through Q any
st. line *s drawn cutting the first circle at X and the secor.d circle
at Y. Ais a fixed poiat on the first circle, B is a fixed point on
the second circle, and ~A, YB (produced if necessary) meet at T.
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Prove that the locus of T is a complete circle passing through
A, Band P.

[Let a, 6 be the acute angles subtended by the .ixed arcs AP, PQ
at X, and let 3, ¢ be the acute angles subtended by the fixed
arcs PB, PQ at Y. Calculate the s ATB, APB in terms of a, f3,
6, ¢, and show that in all cases they are either equal or supple-
mentary. ]

7. A, B are fixed points on a fixed circle. P, Q are variable
points on the circle such that the arc PQ is a fixed length. Iind
the locus of the intersection of AP, BQ.

[Consider all cases and notice that an additional point on the
locus can aiways be obtained by interchanging P and Q.| |

2. A semicircular protractor slides n 1ts own plane with the
ends of the base always on two fixed st. lines at right angles to
each other. Prove that any mark on the rim (say the 20° mark)
will move on a st. line through the intersection of the fixed lines.

9. Given the mid-points X, Y of two adjacent sides of a rect-
angle, nrove that the loci of its vertices and of the intersection of
its diagonals are all circles.

[Consider the distances of the vertices from the mid-point K
of XY and from the reflection of K in X and Y.]

10. Two circles intersect at A and B. A st. line is drawn
through A meeting the first circle at P and the sccond circle at X.
The st. line through P, B meets the second circle again at Y.
I'ind the locus of the intersection of AY and BX.

11. A cho.d PQ of a given circle subtends a constant angle at
a ixed point A on the circumference. Find the locus of the mid-
point of PQ and prove that PQ always touches a fixed circle.

12. Two variable circles touch each other at P, and also touch
a fixed st. line at two fixed points A, B respectively. I'ind the
locus of P.

13. ABCD is a square. P moves so that L APB=.APD. Prove
that the locus of P consists of a semi-circle together with the whole
of one diagonal of the square and parts of the other.

14. ABCD is a square, AB is produced to E and CB to F. P
moves so that its distance from the nearest point of the segment
AB of the line ABE is equal to its distance frcm the nearest point
of the segment CB of the line CBF. Find the Jocus of P.

° [C(l)nsidcr points in each ol the four angles formed by ABE,
BF.






PART IV
SQUARES AND RECTANGLES

This section of the book contains the substance of the Second
Book of Euclid. Many of these results can be obtained more
easily by Algebra than by Geometry. Most teachers prefer to use
Algebra, but some prefer to retain purely geometrical methods
on the ground that young pupils are unable to understand the
proofs of the algebraical formulae used. Others have no choice,
being .ed by the requirements of examining bodies. It has
the.efore been thought desirable to insert geometrical proofs of
all the important propositions contained in Euclid Book II, but
the teacher may, at discretion, omit Theorems 50 to 55 and
establish the results by Algebra.

AREAS OF RECTANGLES
DEFINITIONS

If AB, XY are two straight lines, any rectangle which has one
side equal to AB and an adjacent side equal to XY is called the
rectangle contained by AB and XY. All such rectangles are con-
gruent and equal in area. The rectangle contained by AB and
XY is often aenoted by the rect. AB, XY or ty the measure of its
area, i.e. AB.XY. The rectrngle PQRS ir often called the
rectangle PR or QS.

Similarly, a square drawn on the side AR is denoted by the sq

on AB, or ABZ,
271
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If a point X is taken on a straight line AB, or on AB produced
either way, then X is said to divide AB into two segments AX, XB.

X

A + B
Fig. 1
B X
Fig. 2
X A B
Fig.3
Fi1c. 208.

Notice that in either case the segments are the distances of X
from the extremities of the given line AB.

If X lies between A and B, as in Fig. 1, AB is said to be divided
internally at X.

If X lies on AB produced, as in Fig. 2, AB is said to be divided
externally at X.

If X lies on BA produced, as in Fig. 3, AB is said to be divided
externally at X.



1v] APPLICATION OF ALGEBRA TO GEOMETRY 273

THE APPLICATION OF ALGEBRA TO GEOMETRY

The following examples illustrate the application of Algebra
to Geometry.

Ex. 1. P, Q, R, S are four pcints in order on a straight line.

Prove that PR.QS=PQ .RS +PS.QR.
Q
P - Fos
FiG. 206.

Let p, ¢, » stand for the number of units of lengths in PQ, QR,
RS respectively.

Then PR, PS, QS contain (p+yg), (p+¢+7), (¢+7) units of
length respectively,

. PQ.RS+PS.QR-PR.QS
=pr+gp+g+7)-(p+9)g+7)
=pr+gp+q° +gr - (pg+q*+p7+¢7)

‘. PR.QS=PQ .RS+PS.QR.
Ex. 2. PS s trisected at Q, R; prove that
PS? =PQ2 + 2QS2.
R S S

FI1G. 206A.

Let the number of units of length in PS be 3 p.

Since PS is trisected at @, R, PQ, QR, RS each contain p units
of length. Also the number of units of length in QS is 2,

.. PQ?+2Q8? -PS?
=p*+2(28)* - (32)*
=p*+ 8% - gp?
=0 ;
. PS?=PQ? +2Q8%
M.S.G.
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EXERCISE 51
[The application of Algebra to Geometry]

These exercises may also be regarded as examples on Theorems
50-55 and done by pu-ely geometrical methods.

1. A st. line XY is bisected at Z. W is any point on the line
between X and Z. Prove that 2WZ=WY - XW.

2. ABCD is a st. line; P, Q are the mid-points of AB, CD.
Prove that AD+BC=2PQ.

3. A st. line AB is bisected at C and produced to D, prove that
AD?=BD?*+ 4AC . CD.

4. A, B, C, D are four points in order on a st. line, such that
AB=CD. Prove that AC?2:=AB2+BC . AD.

5. A, B, C, D, X are five points in order on a st. line, such that
AB- BC=CD. Pr.ve that AX%2+ 3CX%?=3BX2%+DX?2

6. P, Q, R, X are four points taken in order on a st. line. such
that QR=2PQ. Prove that 2PX%?+RX?=3QX?+2PQ?+ QR? 1s the
result true when X is any point not on the line PQR ?

7. P, X, Q, R are four points taken in order on a st. line, such
that QR=2PQ. Prove that 2PX%+RX?*=3QX%+2PQ?+QR2. Is the
result true when X is any point not on the line PQR ?

8. Four points P, Q, R, S are taken in order on a st. line, and
on the line PS produced points Q’, R’ are taken, sucu that QS=8Q’
and RS=SR’. Prove that the rectangle PQ . PQ’ is less than the
rectangle PR . PR’.

9. A st. line AB, of which C is the mid-point, is divided at D.
Prove that the sum of the squares on AD and DB 1s least when D
is at C.

10. Divide a st. line, three inches long, into two parts, the
difference of the squares upon these parts being one square inch.

If further practice is needed, Theorems 50-55 may be proved
algebraically.
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THEOREM 50. [Euclid II. 1]

If there are two straight lines, one of which is divided into any
number of parts, the rectangle contained by the two straight lines
is equal to the sum of the rectangles contained by the undivided
line and the several parts of the divided line.

A cC D B P Q

E G H F

Fic. 207.

Let AB, PQ be the two straight lines, and let AB be divided into
any number of parts, say three, at C, D.
It is required to prove that

rect. AB, PQ =rect. AC, PQ +rect. CD, PQ +rect. DB, PQ.
Construction. Draw AE L to AB and equal to PQ.

Through C, D, B draw parallels to AE, meeting at G, H, F,
respectively, the line drawn through E parallel to AB.

Proof. All the quadrilaterals in the figure are formed by
parallels to two perpendicular lines,

*. the figures AF, AG, CH, DF are rectangles,
and PQ = AE =CG =DH =BF,
.. fig. AF =rect. AB, PQ ; fig. AG=rect. AC, PQ ;
fig. CH =rect. CD, PQ ; fig. DF =rect. DB, PQ.
But fig. AF =fig. AG +fig. CH +fig. DF,
‘. rect. AB, PQ =rect. AC, PQ +rect. CD, PQ +rect. DB, PQ.
Note. Let g, 4, ¢, p stand for the number o1 units of length in
AC, CD, DB, PQ respectively.
Then *he above geometrical theorem is equivalent to the

algebraic identity (a+b+0)p=ap+bp+cp.
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Corollary 1. If a straight line is divided into two parts, the
rectangles contained by the whole and each of the parts are
together equal to the square on the whole line. [Euclid II. 2.]

This is a particular case of Theorem 50, when AE=AD and
D coincides with B. 1. is equivalent to the algebraic identity

a(a+8) +b(a+8)=(a+5)2

Corollary 2. If a straight line is divided into any two parts,
the rectangle contained by the whole line and one of the parts is
equal to the square on that part, together with the rectangle
contained by the two parts. [Euclid II. 3.]

This is a particular case of Theorem 50, when AE =AC and
D coincides with B. It is equivalent to the algebraic identity

a(a+06)=a®+ab.

THEOREM 51. [Euclid II. 4]

If a straight line is divided into any two parts, the square on
the whole line is equal to the sum of the squares on the two parts,
together with twice the rectangle contained by thc parts.

A P B
Q L
D R C

FiG. 208.

Let the straight line AB be divided into any two parts at P.
It {5 required to prove that

$q. ca AB =s. on AP +sq. on PB + 2 rect. AP, PB.
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Construction. On AB describe the square ABCD. Draw PR
parallel to AD, meeting DC at R. Along AD cut off AQ equal to
AP. Through Q draw QTS parallel to AB, meeting PR at T and
BC at S.

Proof. All the quadrilateral in the figure are formed by
parallels to two perpendicular lines,

.. the figures AC, AT, PS, QR, TC are rectangles.
But AQ =AP, ", the fig. AT is the sq. on AP.
Also PB=AB -AP=AD -AQ=QD; and .". RC, TS, PB, QD,
TR, SC are all equal, as are also DR, QT, AP, AQ, PT, BS;
*. the fig. TC =the sq. on PB ;
the fig. QR =the rect. AP, PB;
the fig. PS =the rect. AP, PB.
But fig. AC =fig. AT +fig. TC +fig. QR +fig. PS,
. $q. on AB =sq. on AP +sq. on PB + 2 rect. AP, PB.

Note. Let o, 4 stand for the number of units of length in

AP, PB respectively. Then the above theorem is equivalent to
the algeoraic identity (@ + 6) =a? + 5% + 248.
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THEOREM 52. [Euclid II, 7]

If a straight line is divided into any two parts, the sum of the
squares on the whole line and on one or the parts is equal to
twice the rectangle contained by the whole line and that part,
together with the square on the other part.

A P B

Q T s

D R ©
FiG. 209.

Let the straight line AB be divided into any two parts at P.
It is required to prove that

5q. on AB +5sq. on PB =2 rect. AB, PB +sq. on AP.

Construction. On AB describe the square ABCD. Draw PR
parallel to AD, meeting DC at R. Along AD cut off AQ equal to
AP. Through Q draw QTS parallel to AB, meeting PR at T and
BC at S.

Proof. All the quadrilaterals in the figure are formed by
parallels to two perpendicular lines,

*. the figures AC, PC, TC, QC, AT are rectangles.
But AQ =AP; _, the fig. AT is the sq. on AP.
Also PB=AB-AP=AD -AQ=QD; and .. RC, TS, PB, QD,
TR, SC are all equal ; as are also DC, @S, AB, AD, PR, BC;
. the fig. TC=the sq. on PB;
the fig. PC =the rect. AB, PB ;
*h~ fig. QC =the rect. AB, PB.
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But fig. AC - fig. PC +fig. TC - fig. QC
=fig. AR +fig. TC -fig. QC
=fig. ADCSTPA - fig. QC
=fig. AT ;

. sq. on AB —rect. AB, PB +sq. on PB —rect. AB, PB
=s(. on AP,

. 5q. on AB + 5. on PB =2 rect. AB, PB +5sq. on AP.

Note. Let 2, 4 stand for the number of units of length in
AB, PB respectively. Then the above theorem is equivalent to
the algebraic identity

at+ b =2ab +(a-8)* or (a-8)2=a%+8% - 2ab.



280 ESSENTIALS OF SCHOOL GEOMETRY [PART

THEOREM 53

The difference of the squares on two straight lines is equal to
the rectangle contained by their sum and difference.

A P8
Q T S ]v
D (o] X
FiG. 210.

Zet the given straight lines be AB, AP and let them be placed
in the same straight line.
It is required to prove that

sq. on AB —-sq. on AP =rect. (AB + AP), (AB - AP).

Construction. On AB describe the square ABCD. Along AD
cut off AQ equal to AP. Through Q draw QTS rarallel to AB,
meeting at T a straight line through P parallel to AQ, and mee.ing
BC at S. Produce QS to Y, making SY=AP. Produce DC to X,
making CX=AP. Join XY.

Proof. The quadrilaterals AT, PS, QC are formed by parallels
to two perpendicular lines, ., they are rectangles.

But AQ =AP; ., the fig. AT is the sq. on AP,

Also PB=AB-AP=AD-AQ=QD; and .. TS, PB, QD, SC
are all equal ; as are also DC, QS, AB and BS, PT, AQ, AP.

Also SY=CX=AP, . QY and DX are each equal to AB+AP;
but they are also parallel ;

.. @DXY is a parallelogram and, since QDX =go", it is a
rectangle.
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Also SCXY is a rectangle having its sides SC, SY respectively
equal to PB, PT; ., rect. SCXY =rect. PBST ;
‘. sq. on AB —sq. on AP =fig. QDCBPTQ

=rect. QDCS +rect. PBST
=rect. QDCS + rect. SCXY
=rect. QDXY =rect. DX, QD
=rect. (AB +AP), (AB — AP).

Note. Let o, 4 stand for the number of units of length in
AB, AP rvespectively. Then the above theorem is equivalent to
the algebraic identity

- =("+6)a-d).
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THEOREM 54. [Euclid II. 8]

If a straight line is divided into any two parts, four times the
rectangle contained by the whole line and one of the parts,
together with the square on the other part, is equal to the square
on the straight line which is made up of the whole and the first
named part.

3
T

A c B D

FiGc 210A.

Let the straight line AB be divided into any two parts at the
point C.
It is required to prove that
4 rect. AB, CB +sq. on AC =sq. on the st. line made up of
AB and UB together.

Construction. Produce AB to D making BD=CB. Then AD
is the st. line made up of AB and CB together.
Proof. By Theorem s,
$q. on AD =sq. on AB +5sq. on BD + 2 rect. AB, BD.
But BD =CB,
‘. sq. on AD =sq. on AB +sq. on CB + 2 rect. AB, CB. ......(1)
Also, by Theorem 52,
§q. on AB +sq. on CB =sq. on AC + 2 rect. A3, CB,
*. substituting in (1),

sq. on AD =sq. on AC + 4 rect. AB, CB.
a [

Note. Let @, 4 stand for the number
of units of length in AB, CB respectively.
Then the above theorem is equivalent to a-b a
the algebraic identity

(a+8)% —(a-b)%=4ab.

The s.adent should prove the theorem 3
directly from th= accomnanying figure. Fic. 211

a
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* THEOREM 54a. [Euclid II. 9 and 10]

If a straight line is bisected and also divided, internally or
externally, into twe unequal parts, the sum of the squares on the
unequal parts will be equal to twice the square on half the line
and twice the square on the line between the points of section.

A N X B A N B X
Fig. 1 Fig. 2

F1G6. 2114

Let A, B be a straight line, bisected at N and divided at X,
internally in Fig. 1, externally in Fig. 2.
It is required to prove that

sq. on AX +5sq. on XB =2 sq. on AN -' 2 sq. on NX.

Proof. By Theorem 51,

sq. on AX =sq. on AN +sq. on NX + 2 rect. AN, NX. ........(1)
By Theorem 52,

sq. on BX=sq. on NB +sq. on NX -2 rect. NB, NX
But AN =NB,

", sq.on BX=sq. on AN +sq. on NX — 2 rect. AN, NX; ....(2)
*. adding (1) and (2),

$q. on AX +sq. on BX =2 sq. on AN + 2 sq. on NX,

Note. Let @, 4 stand for the number of units of length in
AN, NX respectively. Then the above theorem is equivalent to
the algebraic identity

(a+6)2+(a - b)) =2a%+ 202
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EXTENSIONS OF PYTHAGORAS' THEOREM

Definition. If AB and CD are any two straight lines, and if
AH, BK are the perpendiculars from A, B to CD (produced either
way if necessary), then HK is called the projection of AB on CD.

1 A

Fig. 2 Fig. 3
Fic. 21a.

In each of these figures HK is the projection of AB on CD.
Note carefully Fig. 3. In this case A and H coincide.

THEOREM 55

In an obtuse-angled triangle, the square on the side opposi‘e
the obtuse angle is equal to the sum of the squares on the sides
containing it, plus twice the rectangle contained by one of those
sides and the projection on it of the other.

C
b
a A
/. ¢ B 2 N
Fic. 2v3.

First Proof.
Let AEC be a triangle in which the angle B is an obtuse angle,
and let CN be the perpeadicular from C to AB produced.
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It is required to prove that
CA2=BC?+AB? + 2AB . BN.
Let BC=4 units, CA=4 units, AB=¢ units, BN=p units,
CN =/ units.

Proof. Apply Pythagoras’ Theorem to each of the right-
angled As ACN, BCN,
SO BE=R 4 (e + )2,
and at=ht 4%,
.. Subtracting, we get, 8% —a?=(c+p)? -p2=ct+2cp;
o =at+ 2t 2cp,
ie. CAZ=BC?+AB?+2AB . BN,

Note. In choosing the small letters always let the projection
=p vnits, the sides BC, CA, AB =g, 4, ¢ units respectively, and
thn height of the triangle =/ units. This rule applies also to
Theorem 56.

Second Proof.
In the above figure,
CAZ =AN2 +NC2 (Pythagoras’),
=AB%-+BN2+2AB . BN +NC2? (AN 25 dwided internally
at B),
=BC2 +AB? +2AB . BN, since BNZ?+NC2=BC? (Pytka-
goras’).
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THEOREM 56

In any triangle, the square on the side opposite an acute angle
is equal to the sum of the squares on the sides containing it,
minus twice the rectanglz contained by one of those sides and
the projection on it of the other.

o] C
b
a A ) Al
2 c
B N A N B A
€-=---C--==-> < --- P - - == >
Fig. 1 Fig. 2
Fi16. 214.

Fist Proof.

Let ABC be any triangle in which the angle A is an acute
angle, and let CN be the perpendicular from C to AB or AB
produced.

It is required to prove that

BC2=CA? + AB2 - 2AB . AN.

Let BC=a units, CA=4 units, AB=¢ units, AN =p units,

CN =/ units.

Proof. Apply Pythagoras’ Theorem to each of the right-
angled As BCN, ACN,

at=h+(c-p)?in Fig. 1, or a®2=4%+(p - ¢)? in Fig. 2,
i.e. in each case
a?=n+ct - 20p + 2,
and B=h+p?;
.. subtracting, we get,

a“ -8 =c% - 20p,
ie. a?=58+c% - 2cp,
ie. RC2=CA2 + AB2 - 2AB . AN.
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Second Proof.
In the above figures,
BCZ=8NZ?+NC? (Pythagoras’),
=AB%+AN? - 2AB . AN +NC? (BN 75 drvided externally
al A),
=CAZ+AB2-2AB . AN, since ANZ+NC2=CA? (Pytha-
goras’).

Corollary to Theorems 55 and 56. If A, B are fixed points an¢
C is a variable point which moves so that CA% — CB? is constant,
the locur of C is a straight line perpendicular to AB.

For in the above figures

CA% - CB2=/B? |- 2AB . BN

so that BN is constant, i.e. the foot of the __ from C to AB is a
fixed point. Conversely, if C lies on the I to AB at this uxed
point N, it is easily shown that CA2 — CB2 =AN2 - BN2 =the given
constant.

Note. If the lengths of the sides BC, CA, AB of a triangle are
@ units, & units, ¢ units respectively, it follows from Theorems 29,
55, 56, that :

(1) If BC is opposite an acute angle, a* < 8% + (2.
(2) If BC is opposite a right angle, a? = 4% + (2.
(3) If BC is opposite an obtuse angle, a% > 4% + ¢%.

But if BC is the greatest side of a triangle and a2 < 4%+ 2, it is
clear that 4% << ¢2+4a? and (2 << 4%+ 4%, so that all the angles are
acute ;

*. If BC is the greatest side then
(1) If a® < 8% + ¢ the triangle is acute-angled.
(2) If a®=4%+ ¢2, the triangle is right-angled.
(3) If a®> 4% + %, the tniangle is obtuse-angled.

These results may easily be adapted, if the sides of the .riangle
are not all unequal.
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THEOREM 57

In any triangle, the sum of the squares on any two sides is
equal to twice the square on half the third side, together with
twice the square on the redian which bisects the third side.

A
B D N Cc B D C
Fig. 1 Fig.2

Fic. 215.

Let ABC be a triangle, and let AD be the median which bisects
BC.
It is required to prove that AB% + AC% = 2AD? + 2BD2.

Proof. Of the angles ADB, ADC eitker one is acute and the
other obtuse or both are right angles.
In the 4rst case (Fig. 1), let « ADB be the obtuse angle and
let N be the foot of the perpendicular from A to BC.
Then, by applying the extensions of Pythagoras’ Theorem to
the &os ABD, ACD, we get,
AB2 =AD? + BD? + 2BD . DN,
and AC?=AD? +DC? - 2DC . DN,
But BD =DC (gven),
. AC?=AD?+BD? - 2BD . DN.
Hence, by addition,
AB? + AC? =2AD? + 2BD?2,
In the second case (Fig. 2), by applying Pythagoras’ Theorem
to the right-angled As ABD, ADC, we get
AB? = AD? + BD?,
anu AC?=AD? + DC2.
But BD =DC (grven),
*. AC?=AD? + BDZ,
Hence, by addition, AB? + AC? =2AD? + 2BD?.
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Corollary. If B, C are fixed points and A is a variable point
which moves so that AB%+AC? is constant, the locus of 4 is a
circle whose centre is the mid-point of BC.

For, in the above figures,
AB? + AC% = 2AD? + 2BD?,
so that AD is a fixed length ;
.. A lies on a circle, centre D having a fixed radius.

Conversely, if A is a point on this circle, it is easily shown that
AB? + AC? Is equal to the given constant.

Note. If BC=2c units and AB2+AC2=24% sq. units, the
radius of the circle which is the locus of A is ~/4% — 22 units.

EXERCISE 52 [Theorems 55-57]

1. In a AABC, AB, BC and CA are respectively equal to 57, 4”
and 7”. Calculate the projection of BC upon AB.

2. The sides AB, BC, CA of a AABC are 3-25”, 3-75” and 3-5”
long. Calculate the length of the projection of the side AB upon
the side BC.

3. Ir. a AABC, BC=4 cm., AB=9 cm,, and the projection of AC
upon BC=7 cm. Show that . C must be acute, and find by cal-
culation the Icngth of AC and of the projection of AC upon AB.

4. The sides of a A are 5”, 77, 9” long. Prove that it is obtusc
angled and calculate the lengths of the segments into which the
longest side is divided by the | from the opposite vertex.

5. Given four st. lines Of lengths 3, 4, 5, 6 inches, find which of
the triangles formed with three of them are obtuse-angled.

6. Without drawing, find what kind of A (if any) can be con-
structed with sides ~/3 in., ¥/5 in., /13 in.

7. Determine by calculation whether the greatest angle is
acute, right, or obtuse in each of the following As : (1) sides 157,
127, 77 ; (2) c'des 15", 127, 10”. In each case find by calculation
the lengths of the portions into which the side of 15" is divided by
the foot of the | drawn to it frota the opposite vertex.

8. ABCD is a rectangle in which AB=g’, BC=2’. P is a point
between A and B, distant 6” from A. Find whether the / CPD is
acute, right or obtuse.-

T M.S.C.
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9. ABCD is.a rectangle in which AB=16", AD=7". In AB a
point P is taken so that AP=4". Show that the angle subtended
at P by DC is clightly less than go°.

10. ABCD is a square, side 2”. The diagonal AC is produced to
E, CE being also 2”. BE is joined, and EF drawn | to AB produced,
meeting it at F. Obtain by calculation the lengths AE, BE, EF
(to the nearest hundredth of an 1ach), and the s AEB, ABE.

11. D is a point on the side BC of a AABC, such that AB=4",
AD=BC=5", AC=6". Calculate the lengths of DB and DC to two
places of decimals.

12. The sides of a A are 7, 5 and 3 units long. Prove that the
greatest angle is 120°.

13. In the AABC, £C=60° and BC=4AC. Prove that
AB=~13AC.
14. OA, OB, OC are lines mutually at right angles and respec-
tively 5, 4 and 2 in. long. Prove that the AABC is acute-angled.

15. Each edge of a regular tetrahedron ABCD is 2 inches in
length. AE is drawn | to BC, and AF | to DE. Calculate the
lengths of AE, EF and AF.

16 The sides of a A are 117, 9%, 6”; without drawing the figure
to scale, determine whether the centre of the circumcircle falls
inside or outside the triangle.

17. RST is an isosceles A in which RS=RT. If SQ is the | on
RT, meeting it at Q, prove that ST?=2RT .QT.

18. If the LA of a AABC is 60°, prove that tf= sum of the
squares on AB, AC is equal to the square on BC, together with the
rectangle AB, AC.

19. BE, CF are altitudes of the AABC; prove that
AE . AC=AF . AB.

20. N is the foot of the | from the vertex A to the base BC of a
AABC. Prove that AB*—AC*=BC (BN -NC).

21. ABC is an equilateral A, D a point in BC produced. Prove
that AD?=BC?+CD?*+BC . CD.

22. ABC is a A in which AB=AC. D is any point on BC pro-
duced. Prove that BD.CD=AD?~- AB?.

23. XYZ is a A with XD | to YZ and E the mid-point of YZ.
If ED=}YZ, prove that the diffcrence of the squares on XY and
XZ equals half the square on YZ.

24. "he side BC of a square ABCD is produced to any point E,
prove that AE*=2BC. BE+CE®.
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_25. Find the lengths of the medians of a A, if the sides are
(i) 3% 5% 77 (i) 4", 87, 10",
26. Two sides of a A are 6” and 8” and the median to the other
side is 5”. Calculate the length of the other side.

27. A parallelogram has its sides 6” and 7” and a diagonal 8”.
Calculate the length of the othe. diagonal.

28. The diagonals of a parallelogram are 11” and 4” and one
side is 5”. Calculate the length of the other side.

29. The base BC of a AABC=8" and X is its mid-point. What
is the value uf ABZ+AC?- 2AX??

30. In the AABC, AB=7", AC=8", LA=60° Calculate the
length of the median through A.

31, AB is a st. line 6 cm. long. P is a point which moves so
that PA?+PB2?=50 sq. cm. Find .he locus of P.

32. ABC is a A ; D, E, F are the mid-poiuts of BC, CA, AB
respectively. AD, BE, CF intersect at G.

(i) If AD=4", BE=5", CF=3", calculate the lengths of BC,
CA, AB.

(i) If BC=10", AD=15", BE=12", calculate the lengths of
CF, CA, AB.

(ii1) If AD=12", BE=15", CF=9", prove that . DGC=go°.
[Remember that G is a point of trisection of AD, BE, CF.]

33. PQR 1s a A in which X is the mid-point of QR; PX=PR.
Prove that PQ2=PX3+ 2XR2,

34. Prove that the sum of the squares on the sides of a paral-
lelogram is equal to the sum of the squares on its diagonals.

35. If X is a point in the same plane as a parallelogram PQRS,
prove that XP2-XQ2?+XR?-XS? is the same wherever X is, and that
the expression is equal to half the difference of the squares on the
diagonals of the parallelogram.

36. ABC is a A whose base BC is trisected at L and M, the order
of the letters being B, L, M, C. Prove that
(i) AB2+AC?=AL2+ AM2+ 4LM?,
(i) 2AB?+AC?=2AL%+2BL3+CL",
(iil) AM2=3AB?+ 4AC?- $BC2.
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EXERCISE 53 [Further Examples on Theorems 55-57]

1. PQR is an acute-angled A, T the foot of the | from P upon
QR, X the mid-pomnt of QR. Prove that

QP%*~PR?=2QR . XT.

2, BCML is a square, and P is any point outside the square.
Prove that PL?-PB?=PM2-PC2. Deduce that if P is any pownt
within a AABC and squares BCML, CNRA, ASTB are described
externally on its sides, then PL%Z+PN2+PS2=PM2-+ PR%+ PT2,

3. QR, PS are the parallel sides of any trapezium PQRS. Prove
that PR?+QS%—=PQ2+RS%+2QR . PS.

4. The |s AD, BE, CF drawn from the angular pomnts of a
AABC to the opposite sides mtersect at H and meet the sides at
D, F, F respectively. Prove thet AH. HD=BH . HE=CH . HF.

5. The square 01 the side BC of a AABC 1s less than the sum of
the squares on CA and AB by four times the area of the A. Prove
that £A=45°. What is the LA, 1f the square on the side BC ic
greater than the sum of the squares on CA and AB by four times
the area of the A ?

6. ABC is an acute-angled A ; D is the foot of the | from A to
BC. Prove that the rectangle BC . BD is greater than twice the
AABC, 1f £B 1s less than 45°.

7. In a AXYZ, having an obtuse angle Z, YE is drawn | to XZ
produced and ZD ) to XY, meeting XZ, XY at E and D respectively.
Prove that XY . XD=XZ2+XZ . ZE.

8. AB 1s any st. line divided internally at any point C. On AC,
CB equilateral As APC, CQB are described on the same side of
AB. Prove that PQ?=ABZ-3AC. BC.

9. The sum of the squares on the opposite sides HK, LM of a
quad. equals the sum of the squares on the other pair of opposite
sides ; prove that the diagonals must be at right angles.

10. O is the centre of a circle of radius » ; AB is a chord of the
circle whose distance from the centre is d, the 2 AOB being obtuse.
BC is a chord drawmn through B | to AO produced, cutting AO

2_ 42
produced at D. Yrove that op-:~ 2d . If AB and RC are equal
chords, prove that r=2d. r

11, if two median. of a triangle are equal, prove, by Theorem
57, that the A is iscsc 2les.
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12. Prove that, in any A, four times the sum of the squares
on the medians is equal to three times the sum of the squares on
the sides.

13. ABCD is a rectangle. I'mnd the locus of a point P which
moves so that PA*+ PR2+PC2+PD? is constant.
[Apply Theorem 57 twice.]

14. ABCD is a quad.; L, M the mid-points of AC, BD. Prove
that AB2+BC?+CD?+DA%?=AC?+BD?+4LM?2.

15, If the sum of the squares on the sides of a quad. is equal to
the sum of the squares on the diagonals, prove that the quad. 1s
a parallelogcam.

16. AOB is a st. line and AO=20B. X is a pc.nt such that
AX®+2BX2=AB2. Prove that the locus of X is a circle, centre O.

17. Given two points B, C, on the same side of a given st. line
XY, find a point P on XY such that PB%+ PC? is as small as possiole,

18. PQR is a A, the LR being obtuse. PN 1s drawn | to QR
produced. If PQ?*=PRZ%+ 3QR?, prove that R is the mid-pomnt of
QN.

19, XYZ is a A having XZ=YZ, and P is a point such that
PX2+PY2=2PZ% Prove that P lies on a st. line parallel to XY.

20. P is any point in the hypotenuse BC of an isosceles right-
angled AABC. Prove that BP?+PC2=2AP2.

21. Constroct a AXYZ, given that its area is 7'5 sq. cm,,
YZ=5cm., and XY2-XZ?=18 sq. cm.

22. Given two points B, C, within a circle, find the position of
a pomt P on thz circumference of the circle such that PB2+PC? 1s
(i) as great as possible, (1i) as small as possible.

23. X is a point between B and C on the base BC of a AABC,
such that m . BX=n.XC. Prove that
m.AB*+n . AC*=m . BX2+n . XC2+ (m+n) . AXL

24. ABCisa A ; Y is a point on BC produced such that

m.BY=n.CY.
Prove that

m.AB2—n.ACt=m.BY2-#n.CY%+ (m-n)AY3.
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Area of a Triangle with given sides.

Ex. Find the area of a triangle whose sides are z1’, 20', 13'.

Fic. 216.

Let ABC represent the given triangle, and let AD be the per-
pendicular from A to BC.

Let AD =/ feet, BD =p feet.

Since BC is the greatest side of the triangle, B and C are acute
angles and AD will fall within the triangle ;

.. by the extension of Pythagoras’ Theorem for an acute
angle,

AC?=AB? + BC? - 2BC . BD,

Le. 202=132+212-42.p;
S 420 =169 + 441 — 400 =210 ;
S P=55
". applying Pythagoras’ Theorem to the AADB,
A +5t=13?

Le. =144 and A=12;

.. The area of the AABC=}. 12. 21 sq. feet

=126 sq. feet.

Note. It is usual to draw the perpendicular tc the greatest
siue of the triang'e.
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EXERCISE 54

Find by the above method the area of the triangles whose sides
are as follows :

1. 21", 177, 10". 2. 20cm,, 12 cm., II cm.
3. 13m, 14m, 15m. 4. 56", 257, 39".
5. 52a’, 41a’, 154’ 6. 4 yds., 13 yds., 15 yds.

7. In the above figure, if BC=a units, CA=b units, AB=c¢ units,
AD=#h umts, BD=p units in length, prove

(2) ht=c2— [cz+a3 b’] l: 3+ az bz][ ¢ a’ b’]

(3) Area=ws(s-a) (s—b) (s-¢), where 2s=a+h+c.

8. By using the above formula, find the areas of triangles
whose sides are

(i) 2", 3", 4", (i) 87, 9", 11
9. A lawn 1s in the form of a trapezium; the lengths of the

parallel sides are 8 and 22 yards, the lengths of the other sides are
15 and 13 yards ; find the area.

10. Calculate the area of a trapezium whose parallel sides are
28” and 11”, .he other sides being 26” and 25”.

11. OA, OB, OC are st. lines mutually at right angles and
respectively 5, 4 and 3 in. long; find the length of the | from A
to BC and the area of the AABC.

12. OA, OB, OC are edges of a rectangular solid, and are respec-
tively 2, 3 and 4 1n. long; find the area of the AABC.

13. OP, 0Q, OR are three st. lmes in space at right angles to
one another. If OP=aq in., 0Q= b in., OR=c¢ in., calculate the
area of APQR and prove that it is always an acute- -angled A.

14. ABCD 1s a tetrahedron having AB=AC=AD=6", BD=8",
CD=10", BC=8". X is the mid-point of BD. Calculate the area
of the AAXC.
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THEOREM 58

If two chords of a circle intersect at a point within the circle,
the rectangle contained by the segments of the one is equal to
the rectangle contained by the segments of the other.

D
Fic. 217.

Let AB, CD be two chords of a circle, meeting at a point X,
inside the circle. Let O be the centre of the circle.
It is required to prove that AX . XB=CX ., XD.

Construction. Draw the perpendicular ON from O ‘o AB.
Join OA, OX.

Proof. Since ON is drawn from the centre perpendicular to
the chord AB, it bisects AB, ., AN=NB;
*. AX . XB = (AN + NX)(NB — NX)

= (AN +NX)(AN —NX) (AN =NB, proved)

= ANZ - NX2}

= (AN2 + NO?) — (NX2 + NO?)

=0A2 - OX2 (Ls ONA, ONX 72, Ls; Pythagoros’).
Similarly it may be proved that

CX . XD =0C? - 0.3,
But OA =OC (radit of the same circle),
. AX.XB=CX. XD.
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t Note 1. At this stage we have proved that, if AB is divided equally
at N and unequally at X,
AX . XB =AN? - NX3,

or AX . XB +NX2?=AN?2.

This 1s the equivalent of Euclid II. 5, and 1s sometimes enunciated
as follows .

If a straight line 1s divided into two equal parts and also two unequal
parts, the rectangle contained by the unequal parts, together with the
square on the line between the points of section, 1s equal to the square
on half the line.

Note 2. We have proved above that, i1f X is any point nside a circle
with centre U and radius 7, the rectangle contained b{ the segments AX,
XB of any chord AB drawn through X equals »? - OX2.

Note 3. An easier proof of this theorem is given in Part V of this book.
If this easier proof is adopted the student should learn how to obtair the
results stated in Notes 1 and 2.
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THEOREM 59

If two chords of a circle, when produced, cut at a point outside
it, the rectangle contained by the segments of the one is equal
to the rectangle contair.ed by the segments of the other. Also,
each rectangle is equal to the square on the tangent from the
point of intersection.

Fic. 218,

Let AB, DC be two chords of a circle, meeting, when produced,
at a point X, outside the circle. Let XT be the tangent drawn
to the circle from X. Let O be the centre of the circle.

It is required to prove that XA . XB =XC . XD =XT2,

Construction. Draw the perpendicular ON from O to AB.
Join OA, OX, OT.
Proof. Since ON is drawn from the centre perpendicular to
the chord AB, it bisects AB, ', BN =NA,
. XA . XB = (XN +NA)(XN — BN),
=(XN +NA) (XN —NA) (BN =NA, proved)
=XN2 —NA? }
= (XN? + ON?) — (NAZ + ON?)
=0X2 - JA? (s ONX, ONA 72. Ls; Pythagoras’).
Similarly it may be proved that ¥C . XD =0X2 — OC2,
But 0% =O0A (radii of the same circle),
. XA, XB=XC.XD.
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Also, since XT is the tangent to the circle at T and OT is a
radius drawn from the point of contact, « OTX =a right angle,

;. XT2=0X2-0T2 (Pythagoras’).
But OT =0A (raaiz of the same circle),
‘. XA . XB=XT2,
*. XA .XB=XC.XD=XT2,

t Note 1. At this stage we have proved that, if AB is bisected at N
and produ~cd to any point X,

XA . XB=XN? - NA?,
or XA . XB +NAZ=XN2.

This 1s the equivalent of Euclid II. 6, and 1s sometimes enunc-ated
as follows .

If a straight line 1s bisected and produced to any point, the rectangle
contained by the whole line thus produced and t'.e part of 1t produced,
together with the square on half the bisected line, 1s equal to the square
on the straight line which 1s made up of the half and the part produced.

Note 2. We have proved above that, if X 1s any point outside a
circle with centre O and radius 7, the rectangle contained by the segments
XA, XB of any chord AB drawn through X equals OX2? - »2,

Note 3. An easier proof of this theorem is given in Part V of this book.
If this easier proof is adopted, the student should learn how to obtain the
results stated in Notes 1 and 2.
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THEOREM 58a

If two straight lines AB, CD intersect at X, so that the rectangle
AX, XB is equal to the rectangle CX, XD, then the four points A, B,
€, D lie on a circle.

(o}

AUK
D

Fic. _19.

Let the straight lines AB, CD meet at X, and let
AX . XB=CX . XD.
It is required to prove that A, B, C, D lic on a circle.

Proof. If possible, let the circle through the non-collinear
points A, C, D not pass through B, but let it cut AX producec at K.

Then AX.XK=CX.XD (rectangle property of civcle).
But AX . XB=CX . XD (giwen),
‘. AX.XK=AX . XB,
“. XK=XB,
i.e. the whole is equal to the part, which is absurd ;

. our supposition that the circle ACD does not pass through

B is wrong ;
. A, B, C, D lie on a circle.
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THEOREM 59a

(1) If two straight lines AB, CD are both produced to meet at
X, and, if the rectangle XA, XB is equal to the rectangle XC, XD,
then the four points A, B, C, C lie on a circle.

(2) If X is a point on AB produced and XT is any straight line
through X, such that the rectangle XA, XB is equal to the square
on XT, then the line XT is a tangent at T to the circle which passes
throvgh 4, B, T.

(1)

¢}

Fia. 220

Let the straight lines AB, CD, when both produced, meet at X,
and let XA . XB =XC . XD.
It 1s required to prove that A, B, C, D lie on a circle.

Proof. If possible, let the circle through the non-collincar
points A, C, D not pass through B, but let it cut XA (or XA pro-
duced) at K.

Then XA .XK=XC.XD (rectangle property of circle).
But XA . XB =XC . XD (given),
‘. XA .XK=XA .XB,
‘. XK =XB,
i.e. the part is equal to the whele, which is aLsurd ;

.. our supposition that the circle ACD does not pass through
B is wrong ;
‘. A, B, C,D lie on a crcle.
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(2)

K

Fic. 221,

Let X be a point on AB produced, and let XT be a streight iine
through X such that XA . XB =XT2.

It is required to prove that XT is the tangent at T to the circle
which passes through A, B, T.

P.oof. If possible, let the circle through the non-collinear
points A, B, T not touch XT at T, but let it cut XT or XT produced
at K.

Then XA .XB=XT .XK (reczangle property of circle).

But XA . XB =XT? ( given),

JoXT XK =XT2,
. XK=XT, ie. the whole is equal to the part, which is
absurd ;

*. our supposition that the circle ABT does not touch XT at T
is wrong ;

.. XT is the tangent at T to the circle ABT.

EXERCISE 55 [Theorems 58-59a]

1. In the figure of Theorem 58 :
(i) if AX=4", XB=3", CX=2", find XD ;
(i) if AB=22", XB=0", CX—8", find CD ;
(iii) if AB=30", XB=6", CX=XD, find CD ;
"{iv) if OA=8 cm., DX=5 cm., find AX . XB ;
(v) if UA=9 .1...,, AX=5 cm., OX=4 cm., find XB.
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2. In the figure of Theorem 59 :
(i) if AB=7", BX=3", DX=7'5", find CD ;
(1i) if AB=18 cm., BX=6 cm., find TX;
(iif) if TX=10", CX=5", find DX ;
(iv) if OX=14, XA . XB=096, find OA ;
(v) if XB=56", XA=12-6", find XT.

3. The tangent to a circle of radius 1-5” from an external point
T is 2” long. Calculate the distance of T from the nearest point of
the circumference.

4. OAB, OC are the two arms of an angle. 1If OA=2", OB=4-5"
OC= 3", show that the circle which passes through A, B, C touches
OC at C.

5. A vertical wheel touches the ground at T, and is propped by
a brick 4” high, placed a foot from T. Find the height of the
wheel.

6. In acircle are two chords AKC, BKD at right angles. AK=20",
KC=3(", AB=25". Calculate KB, KD and the radius of the circle.

7. A, B are two points on a circle 6 cm. apart. The chord AB is
produced to C making BC=2 cm. Find the length of the tangent
drawn from C to the circle.

8. ACB is an arc of a circle, C being the mid-point cf the arc.
The length of the chord AB is 3-2” and that of the chord AC is 2”.
Find the length of the radius of the circle.

9. A chor? AB of a circle of unknown radius is 5 cm. long. AB
is nroduced to C so that BC is 3 cm. From C another st. line CDE
is drawn cutting the circle at D and E. CD is 4 cm. long. What
is the length of the chord DE ? If the centre of the circle is 7 cm.
from C, what 1s the radius of the circle ?

10. O is the centre of = circle of radius 6-5 cm., and P is a point
5:5 cm. distant from O. A chord AB is drawn through P so that
BP=3AP. Find the length of the chord.

11. AB is a chord of length 9-6” in a circle of radius 5”. The
diameter bisecting AB meets the circle at X and Y. Calculate the
lengths of AX and AY.

12. Two chords ACB, XCY of a circle intersect at C within a
circle. AC=12", CB=3", XY=20". Calculate the length of XC ~nd
of CY, if XC>CY.

13. OA, OBC are two lines at right angles, and a circle touches
OA at A and passes through B and C OA=35 cm., OP=; cm
Calculate the length of OC and the radias of the circle.
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14. P is a point inside a circle. The shortest chord which can
be drawn through P is 6 cm. in length, and the shortest distance
from P to the circumference is 1 cm. Calculate the length of the
diameter of the circle.

15. From a point 8 cm. distant from the centre of a circle of
5 cm. radius tangents ere drawn. Calculate the length of the
chord of contact.

16. Taking the earth’s radius to be 3,960 miles, find the
distance of the visible horizon to an airman who is 6,000 feet up.
(The distance of the visible horizon from a point above the
rurface of the earth is the length of the tangent from that point
to the earth’s surface. If the distance of the point from che surface
of the earth is d miles, d is usually so small that d2 may be neglected.)

17. How high above sea-level must a person be who can just
see a boat on the distant horizon, which is 6 miles away ?

18. Mount Everest is approximately 29,000 feet high. What
is the distance of t! e visible horizon ?

14. Mount Kenya is approximately 17,000 feet high. Can a
station 160 miles away be scen from the top ?

20. Prove that, if the radius of the earth be taken as 3,960
miles, the distance in miles of the visible horizon from a height

of h feet is \/3h.
2

21. The radius of a circular arch is 50 feet, and its height is
36 feet ; find the span of the arch. If the height is reduced by
16 feet, the radius remaining the same, by how much will the
span be reduced ?

22. Two circles cut one another at A and B. Show that the
tangents drawn to these two circles from « point P on AB produced
are equal.

23. Two non-intersecting circles being given, a third circle is
drawn cutting the first at A, B, and the second at C, D ; and AB,
CD produced meet at P. Show that the tangents from P to all
three circles are equal.

24. Two circles irtersect at X and Y. Prove that XY, when
produced, bisects t1e common tangents of the circles.

25. Water is flowing in a channel of circular section whose
radlus 1 r. The width of the stream is 2k and the depth at the
mxddle point is A. Prove that 42— 2vh+k2%=0, and find the depth
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of the stream, if the radius of the channel is 10’ and the width of
the stream 16’. Show by a rough sketch the meaning of the two
solutions.

26. AB, CD are chords of a circle; E, F are points outside the
circle on AB, CD, pruduced respectively, such that
AE . BE=CF . DF.
Prove that E and F are equidistant from the centre of the circle.

Prove the corresponding result, if E, F are points, inside the
circle, on AB, CD respectively, such that AE. EB=CF . FD.

27. Find the locus of the point of contact of tangents drawn
from & poiut A on a st. line ABC to the circles which can be drawn
through the points B and C.

28. The |s AD, BE, CF drawn from the angular points of a
AABC to the opposite sides intersect at O and meet the sides at
D, E, F respectively. Prove that AO.OD=BO.OE=CO. OF.

29. LM is a chord of a circle and it is bisected at K. DKJ is
another chord. On DJ as diameter a semi-circle is drawn and KS,
1 te DJ, meets this semi-circle at S. Prove that KS=KL.

30. Two circles A and B intersect one another and C is a third
circle. Show how to find the point or points on C from which
equal tangents can be drawn to A and B. Can such a poiat always
be found ?

31. P is a point outside a circle of which LM is a fixed diameter.
PM meets thr circle again at N. If P moves in such a way that
the rectangle PM . PN is constant, prove that the locus of P is a
circle and find its centre.

32. P, Q, R are points on the sides BC, CA, AB of a AABC, such
that BP. PC=CQ.QA=AR.RB. O is the centre of the circle
passing through A, B, C. Prove that O is also the centre of the
circle passing through P, Q, R.

33. The common chord of two circles is produced to a point P ;
from P a st. line is drawn cutting one of the circles at Q and R,
and PT is drawn touching the other circle at T. Prove that PT
touches the circle QTR.

34. AXB is a diameter of a circle, PXQ a chord | to AB. Prove
that AX.XB=XP2%. Hence also, if AB=b, AX=x, show how to find
the greates. value of x (b-x) wlen x varies.

35. ABCis a A and AN, the | from A +o BC, falls withir. the A.
If BN.NC=AN?, prove that LBAC=go°.
u M.S.G.
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36. The tangent at A to the circle ABC meets the diameter BC
produced at D, and AL is drawn | to BC. Prove that

DB.DC-LB.LC=DL2

37. PQ is a chord of a circle with centre C, and O is a point on
PQ. A is a point on the circumference of the circle such that
AQ2=P0O.0Q. Prove tlat AO is | to OC. If PO=1:6", 0Q=2-5"
and £ POA=45°, calculate the lengths of CO and the radius of the
circle.

38. AB is a diameter of a circle, O the point of trisection of AB
nearer to A.  Show that the shortest chord of the circle through
0 1s equal to the diagonal of the square described on OB.

39. One vertex P of an equilateral APQR lies on the circum-
ference of a circle, and the other two vertices are inside the
circle. PQ, PR produced meet this circle again at A and B respec-
tively, and QR produced both ways meets the circle at C and D.
Prove that the ditference between PA and PB equals the difference
between QC and RD.

40. Through X, a point of intersection of two circles, two st.
lines PXR, QXS are drawn, each passing through a centre and
terminated by the circumferences ; prove that PX. XR=QX . XS.

41. Show how to draw a rectangle equal to a given rectangle ABCD
and having a side equal to a given st. line EF.

42. Construct a AABC having AB=3-5", AC=2'5", LBAC=54"
Construct a rectangle with base 27, and arca equal to .hat of
the A.

43. Draw an equilateral AABC of side 37, and a median .AD.
Construct, without calculation, a rectangle having one side equal
to AD, and its area equal to the square on BC.

44. A chord AB is drawn through a point P within a circle;
describe how to draw through P a chora QPR, such that

QP2=AP. PB.

45. Show how to draw a rectangle equal to a given square and
having the difference of its sides equal to a given st. line.
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EXERCISE 56 [Further Examples, Theorems 58-59a]

1. A piece of paper is bounded by two equal st. lines PA, PB,
each a inches long, and a circular arc ACB to which PA, PB are

tangents. The shortest distance of P from the arc is b inches and
2

2_
b-<a. Show that the radius of the arc 1s ¢ be~ inches.

2. The centre of the inscribed circle of a AABC is | and E is
the centre of the escribed circle touching BC, not produced. If
AE cuts BC at D, prove that BD . DC=ID . DE.

3. M is the mid-point of a st. line AB. Any st. line through A
cuts the circle on AM as diameter atl P and the st. line through B
which is | to AB at Q. Prove that the rectangle AP . AQ is equal
to eight times the square on the radius of the circle.

4. ABC is an isosceles A having AB=AC and each of these sides
greater than BC. If a point K is taken in AB so that BC2=BK . BA,
prove tl.at the ABCK is isosceles. Construct the figure accurately,
taking LA=32° and AB=4". Measure . AKC.

5. The AABC has AB=AC, and a circle is drawn to touch AC at
C and BA produced at Q. If this circle cuts BC produced at P,
prove that BC . BP=4AB? and deduce that BC . CP=4AD?, where
D is the foot of the | from A to BC.

6. Tue diagonals of a cyclic quad. ABCD intersect at E; the
circumscribing circle of the A AEB cuts DA, produced if necessary,
at F; througn E a line is drawn || to DC, meeting DA at G. Prove
that GE2=GA . GF.

7. B is a fixed point on a diameter AC of a given circle, PBQ is
ary chord through B. AP, AQ, produced when nccessary, meet
the | through B to AC vt R and S. Prove that a circle can be
drawn to pass through P, Q, R and S; prove also that the rect.
BR. BS is constant.

8. From a point A the two tangents are drawn to a circle to
touch it at B and C. A st. line APSQ cuts the circle at P, @, and
cuts BC at S. If O is the mid-point of BC, prove

(i) that PS. SQ=0B?-08?, (ii) that AB?=AS8?+PS . SQ.

9. Two circles intersect at B and R. Throt zh B a st. line is
drawn, mecting the first circle at A and the second circle at C.
Through R is drawn a st. line, meeting the first circle ac Q, the
second circle at P and the line BAC at ¥ Jf PX=XQ, prove that
CX=XA.
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10. AB is a chord of a circle whose centre is O. The tangent at
A and a chord AC are equally inclined to AB. If BO (yroduced if
necessary) and AC meet at D, prove that 2BDA=9o° and that
2BD . BO=AB2.

11. B, E are the opposite ends of a diameter of a circle. A, D
are points on the circle on opposite sides of BE, and EA, DB, when
produced, meet at C. Prove that DE3=BD . DC ~AE . EC.

12, Two circles whose centres are O and O’ intersect at A and B.
Prove that, if the tangent at A to the former circle passes through
O’, the tangent at A to the latter circle must pass through O.
(Such circles are said to cut at right angles or to cut orthogonally.)
Prove that, if OO’ cuts the circle, centre O’, at P and Q, then any
cxrc}e through P and Q cuts the circle whose centre is O at right
angles.

13. A, B, C, D are four points in order on a st. line. Find a
point O in the line so that AO. OC=BO . OD.

14. C is a point on a st. line AB, situated between A and B.
Find a point X on AB (between A and B) such that XC*=AX . XB.
Skow that there are two solutions.

15. Given a AABC in which AB >AC, construct (i) a point X on
BC produced such that XA?=XB.XC, and (i) a point Z on BC
itself such that ZA?=BZ . ZC, the A being such that the latter
construction 1s possible.

16. The inscribed circle of a square ABCD touches the side AB
at E. I'rom the middle point of AE a tangent is drawn to the
circle and is produced to meet CD produced at F. Show that
DF=AE.

17. ABC is a A inscribed in a circle. D is the foot of the | from
A to BC and the diameter of the circle through A meets BC at G.
Prove that AD? : AG2=BD . DC : BG . GC.
d [This example should not be attemp.ed until Part V has been
one.]
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CONSTRUCTION 27
To construct a square equal in area to a given rectangle,

e —6

A {) / 3 H
D c

¥Fic, 222.

Let ABCD be the given rectargle.
It is required to construct a square equal ‘n area to ABCD.

Construction. Produce AB to E, making BE equal to BC.
Bisect AE at O. (Construction 2.)

With centre O and radius OA, describe a circle.

Produce CB to cut the circle at F.

On FB describe a square.

This is the required square.

Proof. Let » be the radius of the circle. Join OF,
Then the rect. ABCD =AB . BC=AB . BE
=(AO + OB)(OE - OB)
=(r +0B,(» - OB)
=72 - 0B =0F2 - OB2=FB? (Pythagoras’)
=the sq. on FB.

Corollary. To construct a square equal in area to any recti-
lineal figure.

Construct a triangle equal in area to the given figure. (Co=st.
13.)

Conutruct a rectangle equal in area to this triangle. (Cons?
14.)

Construct, as above, a square equal in area tu this reciengle.
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EXERCISE 57 [Construction 27, etc.]

1. Describe an equilateral A of sides 2”, and construct a
rectangle and hence a square equal to it in area.

2. Construct a A with sides 1-¢”, 2-4”, 1-6”. Then construct a
square equal in area to the A.

3. ABCD is a quad. AB=6cm., BC=4 cm,, LA=63°, LB=72°,
LC=147°. Construct the quad.; then construct a square equal
to it in area.

4. Draw an equilateral AABC of side 3 in. IFrom AB, AC mark
nff AD, AE respectively, each equal to 1-2 in. Construct a square
equal 1n area to the quad. BDEC.

€. Construct a square equal to a quad. ABCD in which AB
=5cm., AC=7'5cm., CD=9 cm. £LABC=100° LBAD=130°

6. Divide a given straight line internally so that the rectangle
contained by its parts shall be equal to a given square. V’hen 1s
this impossible ?

[Let AB be the given st. line and » the side of the given square.
Draw a semi-circle on AB as diameter. Draw a st. line || to AB,
distant » from it. Let this line meet the semi-circle at C, D. The
projectiors of C, D on AB are the required points of division.]

7. Divide a st. line 2” long into two parts which will contain a
rectangle of area equal to a quarter of a square inch.

8. Draw a st. line AB of length 7-5 cm. ; in 1t find b/ construc-
tion a point P such that the area of the rectangle AP . PB may ve
equal to the area of a square whose side is 3-2 cm.

9. Divide a st. line 5” long into two parts, so thac the rectangle
they contain may be equal in area to 3 square inches.

10. Divide a given straight line externally so that the rectangle
contained by its parts shall be equal to a given square. Is this always
possible ?

[Let AB be the given st. line and » the side of the given square.
Draw BE | to AB and equal to r. Bisect AB at C. With centre C
and radius CE draw a semi-circle to cut AB produced at X and
BA produced at Y. X, Y are the required points of division.]

11. ABis 2" long Find geometrically a point P in AB produced
such that the rectangle PA . FB ma; be equal to the square on AB.

12. A8 is 3” long. Divide AB externally so that the rectangle
t;on}':aincd by its parts shzll be equal to a square of area 5 square
inches.
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13. The sum of two adjacent sides of a rectangle is 5”7, and its
area is equal to that of a square of side 1-5”. Construct the
rectangle.

14. The perimeter of a rectangle is 12” and its area is equal to
to that of a square of side 1-7”. Construct the rectangle.

15. Construct a square whose area is the difference of the arcas
of two given polygons.
Y A X B

16. Divide a given st. line,
internally and externally, into <
two parts, 3u that the rectangle
contained by the whole line and
one part shall be equal to the
square on the other part. A
straight line so divided is said
to be divided in Medial Section.

Let AB be the given st. line. l

Fi6. 223.

N

It is required to find points X, Y such that AB.XB=AX2 and
BA . BY=AY2

Draw BC | to AB and equal to half AB. Join AC and produce
it. With centre C and radius CB draw a circle cuttiny AC at D
and AC produced at E. With centre A and radius AD draw a circle
cuttirg AB at X. With centre A and radius AE draw a circle
cutting BA produced at Y. The X divides AB internally and Y
divides AB externally in medial section. To prove this, let AB=2a.
Aulthelengths in the figure may then be calculated by Pythagoras’,
ctc., and it can be veritied that X, Y satisfy the required condition.
The puril sheuld also obtain the position of X and Y by solving
the algebraic equation 2a(2a- x)=x% where AX=ux.

17. Divide a st. line 8 cm. long internally in medial section.
Measure the greater segment, and find its length algebraically.

18. Divide a st. line 2” long externally in medial section.
Measure the greater segment, and find its length algebraically.

19. A st. line AB is divided at D so that AB. BD=AD2 With
centres B ai.d D circles are described, each with radius equal to
AD, cutting at C. Prove that .BCD=36°. Hence construct an
isosceles / having each of the angles at the base uouble of the vertical
angle. If AB =27, calculate the length of BC.

20. Construct with ruler and compacses only angles or 72° and
9°.
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21. Explain how to graduate the face of a clock in hours and
minutes by a purely geometrical construction.

22. Construct an isosceles A having each angle at the base
one-third of the vertical angle.

23. In an isosceles AABC, AB is 1” long, and the angles at A
<nd B are each twice the L at C. A circle is described round ABC,
and a tangent to this circle at A meets CB produced at D. Find
by calculation BD, L ADB, AD.

24. ABC is an isosceles A having the LA=36°. Prove that, if
E and F are the mid-points of the sides AC and AB, then EF is the
side of a regular pentagon inscribed in the circle desc.ibed round
the ADEF, where D is the mid-point of BC.

25. Z is a point on a st. line XY, such that XZ2=XY . ZY. Prove
that XY2+2ZY2=3X2Z2.

26. Show how to inscribe in a given circle (i) a regular pentagon,
(ii) a regular decagon, (iii) a regular 15-sided figure, in each case
by a purely geometrical construction.

27. Show how to describe about a given circle (i) a regular
pentagon, (ii) a regular decagon, (iii) a regular 15-sided figure.

28. Prove the following construction for solving graphlca.lly the
quadratic equation x3-2px+g=o.

Draw a line OX=p units. Draw XY | to OX and equal to
I unit. Join OY and produce YX. Draw OZ | OY to mezt YX
produced at Z. From Z towards Y mark off ZA=q units. Draw a
circle on YA as diameter meeting OX at B and C. T.acn OB and
OC are the roots of the equation.

[Prove (i) OX*=YX.XZ, (i) AX=p?-g, (iii) BX=~pi-g¢,
(iv) OB=p-~pi—g and OA=p+~pi-¢.]

Note. The student who is acquainted with the Theory of Quad-
ratics will see that Examples 6 and 10 give a simple construction for
solving quadratic equations graphically.

Consider the solution of the equation »*-r11x¥+5=0; we have
to find two numbers whose sum is 11 and whose product is 5,
i.e. we have to divide a st. line of length 11 units internally, so
that the rectangle contained by its parts shall be equal to 5 square
units. Again, to solve the equation #*-6x-13=0, we bave to
find two numbers whose difference is 6 and whose product is 13,
i.e. we have to divide a line of length 6 units externally, so that
the rectargle contained by its parts shall be equal to 13 square
units..
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* THE CONSTRUCTION OF CIRCLES TO SATISFY
GIVEN CONDITIONS

1. To construct a circle to pass through two given points A and
B and to touch a given straight line CD which is not parallel to
AB.

4
] )
c Y o Ix D
Fic 224.

L-t BA produced meet CD at O.

Draw any circle passing through A and B.

Draw the tangent OT from O to this circle, touching it at T.

With centre O and radius OT, describe a circle cuttiag CD at
X and Y.

Draw the circles ABX, ABY. These are the circles required

For OX2.:0Y2=0T%2=0A . OB,

. OX and OY are tangents to the circles ABX, ABY respectively.

2. To construct a circle to pass through two given points A
aLd B and to touch a given straight line CD which is parallel to
AB. A B

\

c X D

>

FiG. 225.

Let the perpendicular bisector of AB meet CD at X. Draw the
circle ABX. This is the required circle. The pupil should
supply the proof.



314 ESSENTIALS OF SCHOOL GEOMETRY [PART

3. To construct a circle to pass through two fixed points A
and B and to touch a fixed circle C.

o

16, 226.

Through AB draw any circle to cut the given circle at P, Q.

Join BA, PQ and produce to meet at O. From O draw the
tangents OX, OY to the given circle, touching it at X, Y. Draw
the circles ABX, ABY. These are the required circles.

For OX?=0Y2=0P . 0Q from the given circle,

=O0A . OB from the other circle ;

*. OX and OY are tangents to the circles ABX, ARY respectively,

i.e. the given circle touches ABX at X and ABY at Y.

4. To construct a circle to pass through a given point P, and
to touch two given intersecting straight lines AB, AC.

Let the bisector of the arm of the angle between AB, AC in
which P lies be AD. Let @ be the image of P in AD.

Then, by symmetry, the required circle passes through Q,

..". we have only to draw a circle to pass through P, Q and
touch AB. This is No. 1 atove. There are two solutions.

If P lics on AD, Q coincides with P and the above construction
fails. In this case the -equired circles touch AB,-AC and the
straight linc through P 1 to AD.
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Note. It has previously been shown how to draw a circle to
pass through a given point P, and to touch two parallel straight
lines between which P lies.

5. To construct a circle to touch two given straight lines and
a given circle.

Let AB, CD be the given st. lines, X the centre of the given
circle of radius ». Draw two st. lines || to AB, CD, and at a distance
7 from them. Draw, as above, a circle to pass through X and to
touch these st. lines. The required circle is a circle concentric
witk this  The student should supply the proof, and show that
in the most general case there are eight circles satisfying the
given conditions.






PART V
SIMILAR FIGURES

RATIO AND SIMILARITY

IF the areas of two triangles are 8 sq. in. and 12 sq. in., we say
that the first is 4%z or § of the second, and that } is the ratio of
the areas of the two triangles ; this is sometimes written 2 : 3.
More generally, if two quantities contain respectively x units

and y units of the same kind, we may say that their ratio isj—f or

x:y. The ratio of the two quantities is thus a comparison of
their magnitudes. The quantities must of course be of the same
kind ; we cannot compare £5 with 3 miles, but we can compare
45 with 5 pence, since they may both be expressed in pence.

If we take four quantities a, &, ¢, 4 such that the ratio of a to

. . a_¢ - .
4 equals the ratio of ¢ to 4, i.e. 3= the quantities are said to be

in proportion, and 4 is said to be the fourth proportional to a,
o, c.

If we take three quantities a, 4, ¢ such that g, 4, 4, ¢ are in
a
&
tinued proportion. Also ¢ is said to be the third proportional to
a and 4, and & is said to be the mean proportional between a
and .

proportion, i.e. =é, the three quantities are said to be in con-
¢

317
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THEOREM 60
Triangles of equal altitude have areas which are proportional
to their bases. A X
D C Y
Fic. 227.

Let ABC, XYZ be two triangles whose altitudes AD, XS are

equal.
AABC BC

1. is required to prove that XVZ = VF'

Proof. Since the area of a triangle is measured by one-half
the nroduct of the measures of its base and altitude,

. AABC=4BC . AD,

and AXYZ=}YZ .XS;
AABC _}BC.AD BC
" AXYZ RYZ.XS YZ’

Note 1. This proof is only valid if the bases and altitudes
of the triangles are commensurable, because it d¢ponds upon
Theorem 2%, which has only been proved if the base and altitude
of the triangle are commensurable.

A strict proof, applicable to incommensurable magnitudes, is
given on p. 380. This is outside the syllabuses of all School
Certificate Examinations, and candidates are only expected to
learn proofs which are valid for commensurable magnituces.

since AD =XS8 (gzven).

Note 2. An important special case of this theorem occurs when
two triangles have a common vertex A
and a common altitude, e.g. in the

' ABCA BC . .

figure 2 GDA 3D It is this case

ey .
which s used in the proof of g % X b
Theorem 61. Fic. 228,
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If AB is a straight line divided internally at P (Fig. 1), is
segments are AP and PB, and it is said to be divided internally

in the ratio AP or AP : PB.

PB’
e A 8
A ! B P ' B A TP
Fig.1 Fig.2 Fig.3

Fi1G. 228a.

If AB is a straight line divided externally at P (Figs. 2 and 3),

its segments are AP and PB, and it is said to be divided externally
AP
PB’

It should be particularly not'ced that in all cases AB is the
whole line and does not appear in the ratio AP : PB.

The teacher may at this stage, if it is considered advisahle,
discuss the convention of signs and the interpretation of positive
and negative ratios.

[The segments AP, PB of a straight line have the same sign,
if a person travelling along the line from A to P goes in the same
direction as a person travelling along the line from P to B. They
have opposite signs, if such persons travel in opposite directions.
It will thus be seen that in Fig. 1 the ratio AP : PB is positive
and that in Figs. 2 and 3 it is negative.]

The pupil is probably already familiar with the use of ratio
in Arithmetic and Algebra, but the following examples, most
of which may be discussed orally, should be mastered before
proceeding to the theorems.

in the ratio or AP : PB.
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EXERCISE 58
1. What is the value of the following ratios :

(i) 4 in. to 3 ft. ; (i) 5d. : £10;
(iii) 4 min. 30 sec. to 2} hr. ;
(iv) 3 cm. 25 mm. to 4 m. (v) 63°to 4 rt. Ls?
2. If a:b=c:d, prove that
(1) ad=bc ; (i) a:c=b:d;
Y T .ya+b_c+d.
(ili) b:a=d:c; (iv) 5= a
a-b c-d . B a ¢
M == ™M) G~ cra’
(vii) a-b_c-d, (viii) ka+lc _ma-mnc
a+b”c+d’ VI R 1d T mb—nd’

Prove the converses of these statements.

c e a ka+lc+me

G~ prove that G—retichme

4. Are the following quantities in proportion :
@751, 19" 3;
(i1) 8 oranges, 6 pence, 12 pence, 9 oranges ?

a
3. If b=

b. What is wrong with the following statement :
£12:36"=£5:15"?
6. Find the fourth proportional to
(i) 6, 9, 16; (i) pg, gy, 7s.
7. Find the third proportional to
(i) 8, 32; (il) 9, 4; (iii) ab?, a%.
8. Find a mean proportional between
(i) 8, 32; (il) 9, 4; (iii) ab?, a%.

J. A st. line AB 10 cm. long, is divided internally at P in the
ratio 3:2; find AP.

10. low many points are there which divide AB internally in the
ratiop:q?
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11. A st. line AB, 6 cm. long, is divided externally at P in the
ratio 1 : 3 ; find AP.

12. A st. line AB, 6 cm. long, is divided externally at P in the
ratio 3: 1; find AP.

13. How many points are there which uivide AB externally in th~
ratiop : gq?

14. A st. line, a inches long, is divided internally at P and
externally at Q in the ratio / : m. Calculate the length of PQ.
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THEOREM 61

1. If a straight line is drawn parallel to one side of a triangle,
it divides the other two sides proportionally.
2. If a straight line divides two sides of a triangle proportion-

ally, it is parallel to the third side.
Q P

P Q B C

B C P Q B (o}
Fic :29.
Let ABC be a triungle and let a straight line PQ cut the sides
AB, AC (or these sides produced) at P, Q respectively.

1. If PQ is parallel to BC, then it is required to prove that
AP _AQ
PB QC’

Construction. Join PC, QB.

Proof. Since triangles of equal altitudes have areas which
are proportional to their bases,
. AP_AAPQ AAPC
" PB° APBQ APBC

AQ AAQP AAQBT

and QC ~AQCP” AQCB

t Note. It may seem unnecessary to include both the fractions
equal to PB and A—%, but experience has shown that beginners often get
confused if confronted with a less familiar form of the theorem. It s
important that they should realise that not only are g AP and Q%' equal,

AP A
but also AB and — AC and Bp? and ca

Thy tleorem is used in this form in proving Theorems 63 and 62

respectively, and the direct proof of the equality of these ratios should
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But it is given that PQ is parallel to BC,
.. APBQ=AQCP, being on the same base PQ and between
the same parallels PQ, BC,
AAPQ AAQP
* APBQ AQCP’

AP ,59,
" PBQC’
AP AQ . . . .
2. If PB~QC’ it 1s required to prove that PQ 1s parallel to BC.

Coustruction. Join PC, QB.
Froof. Since triangles of equal altitudes have areas which

are proportional to their bases,
AP _APPQ _AAPC

‘' PB APBQ APBC’
AQ AAQP _AAQB +

and QC  AQCP~ AQCB’
o AP AQ
But it is given that PB=QC’

AAPQ AAQP

APBQ ~ AQCP’
APBQ = AQCP.
But these As are on the same base PQ and on the same side of
it, .'. they are between the same parallels,

*. PQ is parallel to BC.

be carcfully considered. It often happens that, when asked to do this,
pupils begin correctly by writing down

AB_AABQ and AC _AACP

BP~ ABPQ cQ ™ ACQP’
but then fail to continue, because the fractions obtained have neither
nu.nerator nor denominator the same.

If the pup:l is taught to write down both the fractions equal to

=p and

C n . .
8P oo he will find that in a'' cases there wi.. be at least one pair

of fractions with either the same numerator or the same derominator.
If this pair is selected the remainder of the work is easy.

t See note on previous page.
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EXERCISE 59 [Theorems 60 and 61]

1. P is a point on the side AB of a AABC such that 5AP=2AB.
Find (i) AAPC : AABC, (ii) AAPC : ACPB.
2. P is a point on the side AB of a AABC such that 4AP=PB
and Q is a point on the side CA such that 3CQ=2QA. Find
(i) AAPQ : APQC, (ii) AAPQ : AABC.
3. ABC is a A, and PQ is drawn || to BC, cutting AB at P and
AC at Q.
(i) If AB=7-2", AC=4-8", and AP=4-2", find AQ.
(ii) If AB=6 cm., AC=4'5 cm., and AQ=2+7 cm., find BF.
(iii) If AP=2-8", PB=0-8", AQ=42", find QC.
(iv) If AP=5-4", AB=6", QC=1-5", find AC.
4. ABC is a A and PQ is drawn || to BC, cutting BA produced
at P and CA produced at Q.
(i) If AB=8", AL=5", AQ=3", find AP.
(i) If AB: PB=8: 11 and QC=3-3", find QA.
5. PQR is a A in which PQ=3" and QR=2-7". X is a point on
PQ such that PX=1"; XY, drawn || to QR, meets PR at Y ; YZ,
drawn || to PQ, meets QR at Z. Calculate the length of QZ.

6. Prove that As on equal bases are to one another as their
altitudes.

7. AB, CD, EF are three || st. lines which are cut by two trans-
versals ACE and BDF. Prove that AC : CE=BD : DF.

8. A point P is taken on the side AB of a AABC such that
AP : PB=m :%n. A line PQ, drawn || to BC, meets AC at N, and a
line QR, drawn || to AB, meets BC at R. Find the ratio BR : RC.

9. X is a point in the side PQ of a APQR; XY is drawn | to QR
and meets PR at Y. RZ is drawn || to YQ and meets PQ produced
at Z. Prove that PX : XQ=PQ : QZ.

10. PQRS is a trapezium, the parallel sides being PQ, SR.
Prove that any line || to PQ divides PS, QR proportionally. [Join
PR.]

11. D is the mid-point of the side BC of a AABC ; AN is bisected
at E; and BE produced cuts AC at X. Prove that BE : EX=3 : I.
[Draw EF || AC, mee.ing BC at F.]

12. ABC is a A. X is a point on BC such that BX : XC—=3:5;
Y is a2 pcint on BA such that BY : YA=1:2. AX, CY meet at K.
Prove that CK:CY=5"7. [Draw YZ || to AX, meeting BC at Z.]
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13. ABCisa A. Y is a point on CA such that CY: YA=1:10;
Z is a point on BA such that BZ : ZA=3 :2. BY, CZ meet at X.
Prove that CZ : XZ=7:6. [Draw ZK || BY, meeting CA at K.]

14. ABCis a A. X is a point on BC such that BX :BC=2:35;
Y is a point on CA such that CY:CA=1:3. AX, BY meet at Z.
Prove that Z is the mid-point of BY.

15. ABC1s a A. Z is a point on AB such that AZ : ZB=3: 4 ;
Y is a point on AC such that AY : YC=3:2. ZY produced meets
BC produced at X. Prove that C is the mid-point of BX.

16. ABC is a A. X is a point on BC such that BX : BC=1:3"
Y 1s 4 point on AC such that AY : YC=7:4. YX produced meets
AB produced at Z. Prove that AZ : BZ=7: 2.

17. E is any point 1n the side AD of the quad. ABCD ; AE is
divided at P and ED at S so that AP : PE=DS : SE; PQ is diawn
|| to AB meeting EB at Q; ard SR || to DC meeting EC at R;
show that QRr is || to BC.

18. I'wo As PQR, SQR stand on the same side of the common
bare QR. From any point X in QR lines are drawn || to QP, QC
meeting PR, SR at Y and Z. Prove that YZ 1s || to PS.

19. Two As PQR, SQR stand on opposite sides of the common
base QR. lI‘rom any point X in QR lines are drawn || to QP, QS
meeting PR, SR at Y and Z. Prove that YZ is || to PS.

20. D is the mid-point of the side BC of a AABC; and from any
pomnt P in BC lines PX, PY are drawn || to AC, AB cutting AD at
X. Y. Prove that D 1s the mid-point of XY.
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THEOREM 62

1. The bisector (internal or external) of the vertical angle of a
triangle divides the base (internally or externally) in the ratio of
the sides containing the vertical angle.

2. If a straight line through the vertex of a triangle divides
the base (internally or externally) in the ratio of the sides con-
taining the vertical angle, it bisects the vertical angle (internally
or externally).

First Proof.
E F
A A
F E
B X (o} B C X
Fig. 1 Fig.2
Fi16. 230.

1. Let AX bisect the angle A of the AABC, either internally,
as in Fig. 1, or externally, as in Fig. 2, and meet BC or BC
produced at X.

. . BX BA
I —h BN
t is required to prove that %6 =AC
Construction. In Fig. 1, let F be any point in BA, and in
Fig. 2z, let F be any point in BA produced. Draw through C a
straight line parallel to XA to meet BA produced, or BA, a: E.

Proof. In the ABCE, XA is parallel to the base CE,
*. it divides the other two sides proportionally,
BX BA
.o i-‘c ='A—E'
Also, since XA is parallel to CE,.
‘. LFAX=LAEC

and L CAX = L ACE.
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But LFAX = L CAX (grven),
‘. LAEC=LACE;
*. the AAEC is isosceles and AC =AE,
BX _BA
" XC AC’

2. Let X be a point in BC, or in BC produced, such that

BX _BA

XC AC’
I. is required to prove that AX bisects the angle 3AC, internally

or externally.

Constructien. In Fig. 1, let F be any point in BA, and in
Fig. 2, let F be any point in BA produced. Draw through C a
straight line parallel to XA to meet BA produced, or BA, at E.

Proof. In the ABCE, XA is parallel to the base CE,
*. it divides the other two sides proportionally,
. BX_BA
" XC  AE’
BX BA

But XC = AC (gtven),

. BA_BA
" AE AC’
.. AE=AC;
*. LAEC = LACE (base angles of an isosceles D).
Also, since XA is parallel to CE,
LFAX=LAEC and LCAX = LACE.
But L AEC = L ANE (#roved),
‘. LFAX=LCAX;

.". AX bisects the angle BAC, interna-ly or externally.



328 ESSCNTIALS OF SCHOOL GEOMETRY [PART
Second Proof.

F
A A
F
E E
B X (o} B C X
Fig.1 Fig. 2
Fic. 231,

(1) Let AX bisect the angle A of the AABC, ecither internally,
as in Fig. 1, or externally, as in Fig. 2, and meet BC or BC

produced at X.
. i BX BA
It is required to prove that XC=AG"
Construction. D.aw XF, XE perpendicular to AB, AC (pro-

Auced either way if necessary), meeting them at F, E respectively.

Proof. The As ABX, AXC have the same altitude (the per-

pendicular from A to BC),
BX AABX

© XG ™ AAXC'
Also AX is the bisector (internal or external) of the 2 BAC,
*, it is part of the locus of points equidistant from AE, AC,
. XF =XE,
.. The As ABX, AXC have equal altitudes XF, XE to bases
BA, AC,
. BA_AABX
" AC~ AAXC’
. BX_BA
' XC AC’
(2) Let X be a point in BC, or in BC produced, such that
BX _BA
XC AC
It is rcquired to prove that AX bisects the angle BAC, internally
or externally.
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Construction. Draw XF, XE perpendicular to AB, AC (pro-
duced either way, if necessary) meeting them at F, E respectively.

Proof. The As ABX, AXC have the same altitude (the per-
pendicular from A to BC),
. BX AABX
" XC~ AAXC

But

. BA_AABX_}BA.XF
" AC  AAXC }AC.XE’
", XF=XE,

*. X lies on the locus of points equidistant from AB, AC, i.e. on
one of the biszctors of the angle BAC ;

AX bisects the angle BAC, internally or externally.

EXERCISE 60 [Theorem 62]

1. The sides of a A are 5", 6”, 7”; find the lengths of the seg-
ments into which the smallest side is divided by the internal
bisector of the opposite angle.

2. The sides of a A are 4", 6”, 7”; find the lengths of the
segments irt> which the longest side is divided by the external
bisector of the opposite angle.

3. The internal and external bisectors of £ QPR meet QR and
QR produced a. X and Y; QX=10cm., XR=6 cm.; find RY.

4. The sides BC, CA, AB of a A are 4”, 3", 5” long respectively.
The internal and external bisectors of .BAC meet BC and BC
%roduced at P, Q respectively. Calculate the lengths PC, CQ.

ind a'so PA2, AQ? and show that PA2+AQ2=PQ2.

5. ABC is a A right-angled at A, | is the centre of the inscribed
circle and Al meets BC at D. Prove that if AB:AC=3:4 then
DI lIA=5:7.

6. A, X, B, Y are four points in order on a st. line; AX=1",
AB=1}", AY=3", P is a point 2” from A and 1” from B. Precve
that LXPY=9g0°.

7. AB2 is a A in which BC=CA=2AB. The internal bisector of
¢.BAC meets BC at D, and DE drawn || to CA meets AB at F. ¥ind
the ratio of DE to AB.
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8. ABC is a, A, D the mid-point of the side BC; AD is joined,
and the Ls ADC, ADB are bisected by st. lines which meet CA, AB
at E, F respectively ; prove that FE is || to BC.

9. In a AABC the st. line AD, bisecting the . BAC, meets the
side BC at D. DE, drawn || to BA, meets AC 1t E ; and CF, drawn
|| to EB, meets AB prodrced at F. Prove that BF=AC.

10. ABCD is a quad. having AB=AD. The s BAC, CAD are
bisected by lines meeting BC at E and CD at F. Prove that EF is
|| to BD.

11. ABCD is a quad. such that AB.CD=BC.AD, and the
bisector of the £ B meets AC at E ; show that DE bisects the . D.

12. Apply Theorem 62 and its converse to show that, in any
triangle, the internal bisectors of the three angles are concurrent.

13. PQRS is a parallelogram whosc diagonals meet at O; the
bisector of the £ POQ meets PQ 2t X and the bisector of the  POS
meets PS at Y. Prove that XY is || to QS.

14. X is a point inside the APQR and the bisectors of the s
QXR, RXP, PXQ meet BC, CA, AB at D, E, F respectively. Prove
that QD.RE.PF=DR. EP.FQ.

EXELCISE 61 [Further Examples on Theorems 60-62]

1. ABCisa A ; X, Y are points on AB, AC such that 2AX=XB,
and AY=YC. If BY and CX intersect at O, prove that 2CO=30X,
and BO=40Y.

2. From a point X on the side QR of a APQR a line is drawn ||
to RP to meet PQ at Y. Prove that the area of AXPQ is a mean
proportional between the areas of the As PQR and XQY.

3. A point O is taken within a quad. ABCD, and the lines OX, OY
drawn through O || to CB, CD, meeting AB, AD at X, Y respectively.
Prove that, if XY is || to BD, then O lies on AC.

4, O is a point within a AABC, and the bisectors of the Ls
AOB, AOC cut AB, AC at P, Q. Prove that, if PQ is || to BC, the
locus of O is a st. line which bisects BC at right angles.

5. ABCD is a quad. in which the rect. AB, CD =the rect. AC, BD.
Prove that the bisectors of the s ABD, ACD meet on AD.

6. From a point O outside a circl: st. lines OLM, OPQ are drawn
to cut the circle at L, M and P, Q. If OL=20P, prove that the
bisector of the £ MOQ passes through a point of trisection of each
of the lines PL and QM
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7. The base BC of a AABC is bisected at D. DE, the bisector
of the L ADB, mects AB at E and EF is drawn || to BC meeting AC
at F. Prove that DF 1s the bisector of L ADC.

8. CD is the diameter of a circle which bisects a chord AB, and
E is any point on AB. CE produced meets the circle at P. Prove
(a) that AP : PB=AE : EB; (b) that, if DE produced meets the
circle at @, then PA : AQ=PB : BQ.

9. PQR is a A and O is any pownt inside 1t. X is any point on
OP, and through X lines are drawn || to PQ, PR to meet 0Q, OR
at Y, Z respectively. Prove that YZ 1s || to QR.

10. PQR % a A and O is any point mnside it. PO produced meets
QR at X, QO produced meets PR at Y, RO produced meets PQ at Z.
Prove that AOPQ : AOPR=QX : XR, and deduce that

QX .RY.PZ=XR. YP. ZQ.

This is known as Ceva’s Theorem.

11. With the figure of Ex. 10, prove that
APQR : AOQR=PX : OX.

12. PQRS is a trapezium, PQ being || to SR. X is the mid-pint
of FS, Y is the mid-point of QR. Prove (i) that AXSR=34APSR ;
(i1) that AYSR=4AQSR. Deduce that XY is || to SR.

13. ABC is a A ; P, Q, R points on BC, CA, AB such that AP,
BQ, CR meet at a point O. If BR: RA=2:3, and AQ : QC=4: 5,
prove that BP : PC=8:15. [Use Ceva’s Theorem.]

14. Use Ceva’s Theorem to prove that the medians of a triangle
meet at a point.

15. The inscribed circle of a APQR touches the sides QR, RP, PQ
at X, Y, Z respectively. Prove that PX, QY, RZ meet at a point.

16. A, B, C are three points in order on a st. line, BC being
greater than AB. Circles are drawn with centre B, radius BA and
with centre C, radius CB. BP, CQ are parallel radii of these
circles. QP produced cuts BA produced at T. Prove that TB is
the mean proportional between TC and TA.

17. In a APQR a transversal is drawn cutting the sides QR, RP,
PQ (produced, if necessary) at X, Y, Z respectively. If it makes
equal angles with PQ and PR, prove that QX :RX=QZ:RY.
[Diaw RS || YZ to meet PQ produced at T.]

18. PQRS 1s a parallelogram. A st. line is drawn through 8 to
meet QP produced at Z, QR produced at Y, an¢ PR produced at X.
Prove that XS is a mean propc.tional between XY and XZ.

19. FQRS is a parallelogram. A st. line is drawn through P %o
meet QS at X, SR at Y, and QR produced 2% Z. Prove that PX is
a mean proportional between XY and XZ.
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20. ABC is‘a A right-angled at A. On the sides AB, AC squares
ABNM AKLC are described external to the AABC. CN, BL cut
AB, AC at P, Q respectively. Prove that AP=AQ, and hence show
that each of them is a mean proportional between BP, QC.

SIMILAR FIGURES
DEFINITIONS

1. Two rectilineal figures are said to be equiangular to one
another when the angles of the first taken in order are equal
respectively to those of the second taken in order.

. Rectilineal figures which are equiangular, and in which
the ~atio of the side adjacent tc two angles in one figure to the
side adjacent to th~ equal angles in the other figure is the same
for all the pairs of sides are said to be similar.

Thus the figures ABCDE, PQRST are similar, if the angles
A, B, C, D, E are equal to the angles P, Q, R, S, T respectively,
and if also

AB:PQ=BC:QR=CD :RS=DE: ST=EA:TP.

It must be carefully noticed that the order of the le.ters is
important, and that when two figures ABCDE ..., "ORST ... are
said to be similar, it is always understood that A and P, B ana Q,
C and R, ... are equal angles.

The sides of equiangular figures which are adjacent to equal
angles are called corresponding sides.

Similar figures are said to have the same shape.

Note. It should be particularly noticed that both the con-
ditions stated in the definition are necessary ; one without the
other is not sufficient, e.g. (i) a rectangie and a square are
equiangular, but their corresponding sides are not proportional
and they are not similar ; (i) a square and a rhombus have their
correspending sides proportional, but they are not equiangular
and th~y are not similar ; (iii) two rectangles are equiangular,
but they are not, in general, similar; to decide whether they
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are similar it is necessary to know the ratio of corresponding
sides.

But although both the conditions stated in the definition are
necessary in order that two rectilineal figures may be similar,
in the case of two triangles one conditinn is a consequence of
the other. The four separate cases (corresponding to the four
cases of congruence—Theorems 4, 10, 13, 14) are considered in
the next group of theorems.

It will be shown that two triangles are similar :

(1) if they are equiangular ;
(2) if the three sides of one triangle are proportional to the
three sides of the other ;

(3) if one angle of one triangle is equal to an angle of the
other and if the sides about the equal angles are pro-
portional ;

(4) if one angle of one triangle is equal to an angle of the other
and if the sides about one other angle in each are pro-
portional, so that the sides opposite the equal angles
correspond, and the remaining angles are both acute,
both right or both obtuse.

The first case is the most important, and the third case is also
of frequent application. The second case is not often used, and
the fourtl. case is very rarely of use.

It is recommended that a first course on similar triangles
should be given early in the school course, and that the treat-
ment should be informal and mainly oral. Most of the examples
should be numerical., All children are familiar with similar
figures, and during the first course it is sufficient for them to
realise that drawings to scale and photographs are examples of
similar figurrs, and that, if two figures are similar, one is an
enlargement of the other. Most numerical _xamples can oe
solved mentally by consideration of the ratio in which the sides
of one tigure have been enlarged or diminished in order to
obtain the other.
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THEOREM 63

If two triangles are equiangular, their corresponding sides are
proportional.
A X

B C
F1c. 232
Let ABC, XYZ be two triangles, in which
LA=(X, LtB=LY, LC=LZ.

It is required to prove that

AB_AC_BC

XY XZ YZ
Construction. From AB, AC cut off AD, AE equal to XY, XZ

respectively.
Join DE.

Proof. Then in the As ADE, XYZ,
AD =XY (construction),
AE =XZ (construction),
LDAE = L YXZ (given) ;

ADE . .
*. the As x yz 2T€ congruent (2 sides, included ) ;

‘. LADE = LXYZ.
But LABC = LXYZ (grven),
.. LADE = LABC.
But these are ¢ “rresponding angles, .. DE is parallel to BC,
*. it divides the sides AB, AC proportionally,

AB _AC
‘' AD  AE’
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But AD =XY and AE =XZ (construction),
AB _AC
' XY XZ'

Similarly, by cutting off lengths from BA, BC, equal to YX, YZ
respectively, it can be proved that

AB _BC,
Xy vz’
. AB_AC BC
XY XZ Yz

Corollary. Equiangular triangles are similar.

Note 1. In proving two triangzles equiangular, it is sufficient
to prove that two angles of the one are equal tn two angles of the
other, for, since the three angles of a triangle are together eqnal
‘to two right angles, the third angles must also be equal.

Note 2. The proofs of Theorems 58 and 59 (see pp. 357-359)
furnish worked examples on Theorem 63.
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THEOREM 64

If the three sides of one triangle are proportional to the three
sides of the other, the triangles are equianpular.

A X
Y ¥4
b C
) Fic. 233.

First Proof.

Let ABC, XYZ be two triangles, in which
AB_AC_BC
XY XZ vYZ’

It is required to prove that LA=4X, £B=.Y, C=L2Z,
From AB, AC cut off AD, AE equal to XY, XZ

Construction.
respectively. Join DE.
AB AB
Proof. AD =XY (construction),
<5 (giveﬂ),
AE (construdzon),

‘. DE divides the sides AB, AC of the AABC proportionally,
*. DE is parallel to BC,
. LABC =L ADE and £ACB = £ AED,

. ABC .
. h -
.. The triangles ADE 2T€ equiangulas,

*. their corresponding .ides are proportional ;
AB _AC_BC
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BC AC
Then DE ~AE (proved),

AC .
Xz (construction),

BC .
=z (g 2ven),

‘. DE=YZ;
.. in the As ADE, XYZ,
AD =XY (construction),
AE =XZ (construction),
DE =YZ (proved) ;

. ADE A
. the As xyz are congruent (3 .zdes),

. LDAE=LYXZ, LADE=.XYZ and AED = L XZY.
But LABC = LADE and £ACB = LAED (proved),
J. LBAC=LYXZ, LABC=.XYZ, LACB=LXZY.

Corodary. Triangles which have their sides proportional are
similar.

Note. This proof has the advantage that the figure and
construction are the same as those of Theorems 63 and 65. On
the other hand some will prefer to retain the traditional proof
which follows, because the figure is analogous to that of the
corresponding congruence theorem.
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Second Proof.

B C D
Fic. 234.

Let ABC, XYZ be two triangles in which
AB _AC BC
XY~ Xz~ vz

It is required to prove that LA=¢4X, LB=LY, LC=LZ.

Construction. On the side of YZ opposite to X, make £ZYD
equal to £B and £YZD equal to LC.

Proof. In the As ABC,DYZ, LB=+27ZYD and LC=LYZD;
*, the third angle A= 2YDZ,
.. the As 33(23 are equiangular,

their corresponding sides are proportional,

. AB_BC_AC
*DY YZ DZ’
AB_AC BC
But ¥ =%X2=Vz (grven),
. _A._B—I_\_B and A_(_)-—A_C_
** DY XY DZ XZ’

DY=XY and DZ=XZ;
‘. in the As DYZ XYZ,

DY =XY (proved),

DZ =XZ (proved),

YZ=YZ (common) ;

DYZ .
*, the As are congruent (3 szdes),

XYZ
S, LYDZ = _YXZ, LZYD=,2ZYX and LYZD = LYZX.
But LA=LYDZ (proved),
and LB=L2ZYD, LC=LYZD (construction),

. LA=LYXZ, LB=,ZYX and LC=_LYZX.
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THEOREM 65

If two triangles have an angle of the one equal to an angle of
the other, and the sides about these equal angles proportional,
the triangles are simrilar.

A X

D E

B8 Cc
‘ Fic. 235.

. . . AB AC

Let ABC, XYZ be two triangles, in which LA = 2X and 2V ~xZ"

It is required to prove that the As are similar.

Construction. From AB, AC cut off AD, AE equal to XY, XZ
cesnectively.
Join DE.

Proof. Inthe As ADE, XYZ,
AD =XY (construction),
AE =XZ (construction),
LDAE = L YXZ (grven) ;
ADE . .
. the As xyz 2T€ congruent (2 szdes, included . );
LADE = .XYZ and LAED = LXZY.
Also )% = Q—(ZE (given),
. AB AC
" AD AE
*. DE divides the sides AB, AC of the triangle ABC propor-
tionally, .. DE is parallel to BC,
. .. LADE =,ABC and £AED =LACB.
But  LADE=,XYZ and LAED = LXZY (4roved),
S, LABC=LXYZ and LACB=_LXZY,

(construction),

.

. ABC
.". the triangles XYZ

*. they are similar.

are equiangular,
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* THEOREM 65a

If two triangles have an angle of one equal to an angle of the
other, and the sides about another angle in one proportional
to the corresponding sides of the other, then the third angles are
either equal or supplementary, and in the former case the triangles

are similar.
A D

B (o]
E F G
Fic, 236.
. . . DE DF
Let DEF, ABC be two triangles in which £ E = £ Band AB"AC
I. is required to prove that LDFE is either equal or supple-
mentary to £ACB, and that, in the former case the As DEF, ABC

are similar.

Proof. The 4 EDF is either equal to the £ BAC or it is not.
If L EDF = £BAC, then the third s DFE, ACB must be equal,
. the As I?IB—:E are equiangular, and therefore simila-.

If LEDF is not equal to BAC, let a straight line be drawn
through D, on the same side of ED as F, making £ EDG= . BAC
and meeting EF (produced, if necessary) at G.

Then in the As EDG, BAC,

LDEG = L ABC (g7ven),
LEDG = L BAC (construction),
*. the third £ EGD =the third LBCA ;
. the As :ig are equiangular,
.. their corresponding sides are proportional,
DE _DG ( - F_G>
" AB AC\ BC/
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DE DF , .
But A—é —-K’c (gzven),
. DF_Da
** AC AC’
.. DF=DG,

. LDGF = LDFG (baseL s of an isosceles 1).
Then .DFE =the supplement of LDFG (edjacent Ls; E,F, G
a st. line)
=the supplement of . DGF (proved),
=the supplement of LACB (proves).

The £ s DFE, ACB are, therefore, either equal or supplementary,
and, in the former case, the As NEF, ABC are similar.

EXERCISE 62 [Theorems 63-65A]

Nos. 1-33 are numerical.

1. Ina AABC, XY 1s drawn || to BC, cutting AB, ACat Xand Y;
¢ (i) if AB=42cm., BC=7'2 cm., AX=2-8 cm. ; find XY.
(i) if AX=4-5, AY=3'5", X¥Y=35-5", BC=7-7"; find AB, YC.
(iii) if AX=3", AB=5", AC=4", BC=7"; find XY, YC.
2. The sices of a triangular field are 450 yards, 300 yards and

250 yards. In a plan of the field the smallest side measures 1-5” ;
find the 'engths of the other sides.

3. A man 6’ high casts a shadow 10’ 3” long : how high is a
pole which casts a shadow 41’ long ?

4. What will be the sides of a A similar to the A whose sides
are 2”. 4", 5”, if its longest side is 30 yards ?

5. A hill ascends 450 feet in one mile. How far up the hill
must a man walk to reach a height of 180 feet ?

$. A ladder has 20 rungs and the top rung is 15 feet above the
ground. Fird the height of the gth rung.

7. A ladder has 25 rungs and the 4th rung is 1’ 8” above the
ground. I'ind the height of tl.e top rung.

8. AbC is a A and X a point in AB such that AX:X3=2:3.

The line X8, drawn | to BC, meets AC a: 8. If BC=15", calculate
the length of XS.
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9. AB is a chord of a circle of radius 5”7 ; AC is a diameter of the
circle, If the distance of AB from the centre is 3”7, find the length
of BC.

10. ABCis a A in which AB=2", AC=1-5", BC=3". D is a point
on the side of BC remote from A such that . CBD=LACB, LBCD
-=£BAC. Find BD and CD.

11. A point O on the side AB of a AABC is such that AO : OB
=3:4, and P, Q are points on AC, CB such that OP, OQ are |}
respectively to BC, AC and OP=1-5", 0Q=1-6". Find AC and BC.

12. ABCis a A in which AB=4 cm., AC=6 cm., BC=8 cm. The

pisector of the internal vertical angle A of the A mez*s BC at N
and NK is drawn || to CA to meet BA at K. Find BN, CN, NK.

13 A path 2’ wide runs all round a rectangular lawi, 15 yd.
long, 12 yd. wide. Is the rectangle formed by the outer edge of
the path the same shape as the lawn ?

14. Are all isosceles As similar ?

15. AOB, COD are two chords of a circle cutting at any point O
‘nsiue the circle :

(i) if AO=4 cm., BO=6 cm., CO=35cm., find DO ;
(ii) if AD=6 cm., AO=7'5 cm.,, DO=9 cm., OB=3 cm,, find
CO, BC;
(iii) ir AB=18", CO=8", DO=49", find AO ;
(iv) if AC=BD, and AO=3-5", BO=2-3", find CD.
16. ABO, CDO are two chords of a circle which, when produced,
meet at O ;
(i) if AO=6 cm., BO=4 cm., CO=5 cm,, find DO ;
(ii) if AD=6 cm., AO=7'5 cm., DO=9 cm., BO=3 cm., find
CO, BC.

17. A chord BA of a circle when produced cuts the tangent at
a point T at X;

(i) if XA=4", AB=35", AT=6", find XT, BT ;
(i) if XA=4", XT=5", AT=2", find BX, BT.

18. What will be the height of the image of a man whose height
is 5 9” in a photograph taken by a pinhole camera, if he is 12’ in
front of the pinhole and the plate is 6” behind it ?

19. A light is 8 fet above the floor. A pencil 6-b cm. long is

held horizontally .nd its shadow on the floor is 9-9 cm. long.
Find the height of the pencil abovc the floor.

20. A light is 7’ 6" above the floor. A pencil 72 cm. long is
hl(:lc(li horlzonta.lly 3’ 6” alove the floor. Find the length of its
shadow,
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21. A cone stands on a base of 6” diameter and is 12" higa.
A section parallel to the base is made 3” from it. Find the radius
of the section.

22. A cone stands on a base of 8” diameter. A section parallel
to the base and 4-5” from it has its radius 2-5”. Find the height
of the cone.

23. AB is || to DC and AC, CD meet at O. If AB=6', DC=4",
DB=7-5" find DO.

24. ABC is a A and P is a point on AB such that AP : PB=3: 5.
A point R on BC is such that BR: RC=1:3. Lines PQ, drawn ||
to BC, and RS, drawn || to BA, cut AC at Q, S respectively ; (i) if
AC=15", crlculate SQ, (ii) if PQ cuts RS at V, calculate the ratio
RV : VS.

25. TLe parallel sides AB, DC of a trapezium ABCD are respec-
tively 6” and 4” long ; the lengths of the sides AD and BC are 8”
and 7” respectively. The sides AD and BC are produced to meet
at E. Find ED and EC.

26, Draw a st. line OAB, making OA=1", AB=3"; draw any
circle through A, B; and draw the tangent OP, touching it at P.
Prove that PB=2PA.

27. The flame of a candle is 2’ 8” above the ground and 3’ 9”
from a vertical wall. A vertical pole of height 5’ 10” stands
between the candle and the wall. The top of the shadow of the
pole on the wall is 10" 7” from the ground. Find the aistance of
the pole from the wall.

28. ABCD is a rectangle, in which AB=8", BC=6". I'rom O, the
mid-point o° the diagonal AC, OE is drawn | to AC to meet AB
at E. Find AE and the area of the A AOE.

29. ABC is a A, LB being an acute angle. A point P is taken
on AC such thut AP : PC=1:2. PR, drawn || to AB, meets BC at R,
«nd CQ, drawn || to RP, meets BP produced at Q. RQ meets AC
at S. Calculate the ratio RP : CQ and prove that CS=8A.

30. ABC is a A in which AB=24", BC=14", CA=18". The
bisector of £BAC meets BC at D. From BA, a part BP is cut off
equal to BD, and from CA, a part CQ is cut off equal to CD.
Calculate the lengths of AP, AQ, PQ.

31. The internal bisector of the ~BAC of a AABC meets BC at
R, and RS, drawn || to BA, meets AC at S. If 2AC=AB, find the
ratio (i) of A3 to SC, (ii) of AB to SR.

32. Two As DHE, EGF lie on che came side uf the straight line
DEF. If DH, HE, ED are 2”, 4", 3” respectively and EG, GF, FE
are 47, 8", 6” respectively, prove that HE is || to GF and c .culate
where GH produced meets FD produced.
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33. ABC is-a A in which AB=2", AC=1-5", BC=3". D is a
point on the side of BC remote from A such that 2 DBC= .CBA
and BD=4-5". Find DC.

34. PQRS is a trapezium, PQ and SR being the parallel sides.
PR, QS meet at X. 1f PQ=28R, prove that X is a point of trisection
of both diagonals.

35. XY is a diameter and XZ is a chord of a circle. P is any
point on XY and PQ is drawn | to XY to meet PZ at Q. Prove
that XQ : XP=XY : XZ.

36. TP, TQ are tangents to a circle whose centre is O, OT cuts
PQ at K. Prove that OK. OT=0Q2.

~37. Two circles TPQ, TXY touch internally at T; through T st.
lines TPX, TQY are drawn to cut the circles. Prove that

TQ . XY=TY. PQ.

38. In a AABC the bisector of the vertical angle A meets the
base at D and the circumference of the circumcircl~ at E; if EC
is joined, prove thet AB . AC=AE . AD.

3). Two circles intersect at P and @ ; at P tangents are drawn,
one to each circle, to meet the circumferences at X and Y ; if XQ,
QY, PQ are joined, prove that QX : QP=QP : QY.

40. The |s AD, BE, CF, drawn from the angular points of a
AABC to the opposite sides, intersect at O and meet the sides at
D, E, F respectively. Prove that AO. OD=BO . OE=CO . OF.

41. Two As ABC, DBC on the same side of the base BC are
equal in area ; the sides AC, BD cut at E. The line through E ||
to BC cuts AB at Xand DC at Y. Prove that XY is birected at E.

42, Prove that, if D is the foot of the | from A to BC, the rect-
angle AB . AC is equal to the rectangle contained by AC and the
diameter of the circle circumscribing the AABC.

43. PQR is an equilateral A inscribed in a circle and any point
S is taken in the arc QR remote from P. QS and RS are produced
to meet PR and PQ, produced respectively at H and K. Prove
that the As QRK and RHQ are similar and that KQ . RH=QR?.

44. ABCis a A ; D is the mid;ipoint of AB and E any point on
BC nearer to C than to B. DE and AC produced meet at X ; prove
that XC : XA=CE : EB. [From C draw a line || to AB.]

45. Two As ABC, AQR (with a common vertex) are directly
similar, and BQ, (.R are joined; prove that AABQ is similar to
AACR.

‘46, ~NB is a st. line; NP is | to AB and NP*=AN. NB. Prove
that L APB=go°.
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47. In the quads. ABCD, PQRS, the s A, B, C, D are equal
respectively to the Ls P, Q, R, S, and AB, BC are proportional to
PQ, QR. Prove that the quads. are similar.

48. AOB, COD are two st. lines. Prove that, if AO=50B and
CO=50D, then AAOD=ABOC.

49. The base BC of an isosceles AABC is produced both ways
to D, E. Prove that, if AP?=DB.CE, the As EAC, ADB a.e
equiangular.

50. In a APQR, PQ=PR=2QR. In the side PQ a point § is
taken such that 4QS=QP. Prove that the AQRS is isosceles.

51. Two st. lines POQ, XOY intersect at O; prove that, if
OP - 0Q=0X : OY, then APOY=AQOX.

52. Two As ABC, DEF are equiangular to onc another; |, J
are the centres of the inscribed circles of the triangles and IX, JY
are the radii of the inscribed circles. Prove that IX:JY=BC : EF.

53. PQRST is a regular peatagon; QT, PS intersect at X.
Prove that PS : PT=PT : TX.

54. ABCis a A, Pis any point in AB. Through A on the side AC
away from B draw AE | to AC and equal to it. Through P dra'v
PM || to AC to meet BC at M and draw PK |l to AE to meet BE at K.
Prove that PK=PM.

55. ABCD is a quad., BE is drawn within the quad. so that
LCBE=.ABD, and CE is drawn to meet BE at E so that
LBCE=.BDA. Prove that the As ABE, DBC are similar.

56. A AABC has AB=AC and BC=AX, AB being divided at X in
medial sec*ion, i.e. so that AX2=AB . BX. Prove that the As ABC,
TXB are siiailar.

57. The diagonals AC, BD of a quad. ABCD meet at O, and lines
OX, OY are drawn || to CB, CD meeting AB, AD at X, Y. Prove
that XY is || to BD, and that XY : BD=AO : AC.

58. A quad. ABCD is inscribed in a circle and the diagonals
AC, BD meet at O. Prove that AB. AD : CB. CD=A0 : OC.

59. X, Y are points in the sides AB, AC of a AABC such that
XY is || to BC. BY, CX meet at O, and a line through B || to CA
meets CX produced at Z. Prove that OX. OZ=0C?3.

60. ABCD is a quad. in which AB is || to DC ; and AC, BD meet
at 0. Prove that the st. line joining the mid-point of AB to O,
if produced, bisects CD.

61. BC, QR are unequal segments of the same st. line ; ABC,
PQR, As equiangular to one another on the same side o” the line.
PA produced meets the line at O. Pruve that OB : OC=0Q : OR.
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82. ABCD is.a square ; a variable st. line through A meets BC
at X and a point Y is taken on AX such that AY. AX=AB2. Prove
that £ AYB=90°.

63. In a trapezium ABCD, AB, DC are the || sides of length 10”
and 7” respectively, their | distance apart being 9”. The sides
BC, AD are equal. PQ, drawn || to AB and distant x inches from
it, cuts B, AD at P and Q. Express the length PQ in terms of x.
Find the length of the side of the square which could be drawn
with two vertices on AB, and the other two on BC, AD respectively.

64. At the mid-point D of the hypotenuse AB of a right-angled
A ABC a | to AB 1s drawn, meeting AC at E and BC produced at F.
Prove (i) DE . DF=DA2, (i1) BC . BF=2DE . DF.

65. OX, OY are two fixed st. lines. (i) P is a variable poirt on
a fixed st. line passing through O and PM, PN are the |s fron. P
to OX, OY, meeting them at M, N respectively. Prove that PM : PN
is the same for all positions of P. (ii) P moves so that the ratio
of the | s from P to OX, OY is constant. Find the locus of P.

66. A and B are the centres of two circles, and C is the point
which divides AB in the ratio of the radii. A st. line throngh C
meet; one circle at P and R and the other circle at @ and S, the
points being in the order RPCQS. Prove that PQ is divided at C
mn the ratio of the radii and that the tangents to the circles at P
and Q are ||. [Use Theorem 65A.]

EXERCISE 63 [Further Examples on Theorems 63-657]

1. If two circles intersect at P and the tangents at P form
chords PQ, PR, prove that PQ and PR are proporti~nal to the
diameters of the circles.

2. ABCis a A and P is a point in AB. PR, drawn | to AC, meets
BC at R; AR and CP intersect at S; and SQ, drawn || to CA,
meets AB at Q. Prove AQ : QP=AB : PB.

3. AB, CD are two || st. lines drawn in the same direction. BC,
AD meet at O. Through O a st. line is drawn || to AB meeting AC
at E and BD at F. Prove that EO=OF.

4. In a AABC, in which AB=AC, CD is cut off from CA so that
CD is a third proportional to AC and BC. Prove that BD=BC.

5. From points A, B st. lines AL and BM are drawn in the same
direction | to AB so that AL=a, BM=b. If the distance of the
point of intersectica of AM and BL from AB is x, prove that
§=;+§. What does the relation become, if BM is drawn in the

opposite direction to Al, in the case where BM is less than AL ?
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6. The side AB of a A is fixed and the length of BC is given.
The bisector of L ABC meets AC at D, and DO is drawn || to CB
to meet AB at O. Prove (a) that O 1s a fixed point; (b) that the
locus of D is a circle.

7. ABC is a A, FAZ is a st. line through A || to BC and bisected
at A; EB meets AC at H, FC meets AB at G. Prove that GH is ||
to BC.

8. PQR is a st. line ; PL, QM, RN are s to it, all on the same
side and such that PL=QM. If LR, PN meet at X and MR, QN
meet at Y, prove that XY is || to PQR.

9. The 2 DEM, with sides DE, EM, DM, 2”, 3", and 4” respec-
tively, is inscribed in a circle. At E the tangent EN is drawn away
from D, 6” long. Prove that the As EDM, MEN are equiangular
and that DM is a tangent to the circle circumscribing AENM.
Also calculate the length of MN.

10. ABC is any A ; on the line drawn through A || to BC two
points Y, Z are taken such that £AYB=.AZC=.BAC. Prove
that YA : AZ=AB?2: AC2.

11. Prove that, if the rectangles contained by opposite siczs of
a quad. are equal, and also one angle is equal to the opposite
angle, the diagonal joining the other two angles divides the quad.
into two congruent As.

12. ABCD is a quad. such that the diagonal AC hisects the
LA. E is a point in AC such that LADE=LACB. Prove that
the /s DAC, EAB are similar.

13. ABC is a A ; through A, the line XAY is drawn || to BC and
AX=AY. X3 and AC, produced if necessary, meet at P, and YC
and AB at Q. Prove that QP is || to XY.

14. P is ary point on the circumference of a circle described
with centre O and radius OC; also A is a point on OC, and B a
point on OC produced, such that OA.OB=0C? Prove that
(i) OP touches the circle APB at P, (ii) PC bisects the LAPB,
(i1i) the ratio PA : PB is constant for all positions of P.

15. The direct common tangent to two circles, whose centres
are C and C’, meets CC’ produced at O. CP, C’P’ are || radii of
the two circles on the same side of CC’. Prove that O, P, P’ are
ia a st. line.

16. PQRCTUV is a regular heptagon ; QV cuts PR, PS at X, Y
respectively. Prove that PX. PR=PY. PS,

17. AB, AC are the equal .ides of an isosceles AABC, D is the
mid-point of BC. Points X, Y are taken on AB, AC procuced such
that LXDY=4DCY. Prove that the As XBD, XDY and DCY are
similar,
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18. A point P is taken on the side BC of a rectangle ABCD, and
PQ is drawn | to AP to meet CD at Q. If AB=a, BC=b, AP=c,
PQ=ux, prove that (ax-bc)t=c?(c?-a?).

19. ABCD is a quad.; AB and DC meet at E and AD and BC
meet at F. If 2BC=CF and 2DC=CE, show that AD . BE=AB . DF.

20. ABC and A’B’C’ are two || s*. lines. If AA’, BB’, CC’ are
concurrent, prove that AB: A‘B’=BC : B’C’ and if
AB : A’‘B’=BC : B'C’
prove that AA’, BB’, CC’ are either concurrent or parallel.

21. From any point X on the common chord of two circles
produced, two st. lines are drawn to cut one of the circies at P, Q
aud the other at R, S. Prove that LXRQ= XPS$S and that

LXQS= L XRP.

22. P, Q, R, S are four consecutive corners of a regular polygon ;
PR, QS intersect at X; prove tkat QR is a mean proportional
between PR and RX.

[Remember that a regular polygon can be inscribed in a circle.}

23. CD, EF are each of them common tangents to two circles
vhose centres are A and B. C and D are on the same side of AB ;
E and F are on opposite sides of AB. CD cuts EF produced at P.
Prove that £ APB=9go0°, and that the rect. PC . PD=the rect. con-
tained by “he radii of the circles.

24. The LA of a AABC is obtuse. Points P and Q are taken
between B and C on the side BC such that BP. BC=BA? and
CQ . CB=CA? Prove that AP=AQ.

25. B, C are the points of contact of the tangents from A to a
circle. From any point P on the circumference, on the same side
of BCas A, |s PL, PM, PN are drawn to BC, CA, AB. Prove that
PL2=PM . PN.

26. If a st. line cuts the sides BC, CA, AB of a AABC, or the
sides produced, at X, Y, Z respectively, then
BX.CY.AZ=CX.AY . BZ.
This is known as Menelaus’ Theorem, [Draw |s AD, BE, CF from
A, B, C to XYZ meeting it at D, E, F respectively. Prove that AZ:
BZ=AD : BE, etc.]

27. Points Y, Z are taken in the sides CA, AB of a £ ABC, such
that AY=§AC, AZ=3AB. Ir YZ, CB are produced to meet at X,
prove that BX=3CB.

28. ABC is a A. X is the mid-point of BC, Z is a point on CA
sucrh that CZ=2ZA. AX, B” meet at Y. Prove that (i) AY=YX,
(ii) BZ=4YZ.
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29. ABCis a A. Zisa point on AB such that AZ: ZB=3:4.2ZC
is joined and a point Y is taken on it such that ZY: YC=5:6.
AY is joined and produced to cut BC at X. Find (i) the ratio
BX : XC, (ii) the ratio AY : YX.

30. ABC and PQPR are two similar As. D is the mid-point of
BC and S is the mid-point of QR. Prove that AB : PQ=AD : PS.

31. Draw any APQR and find a point X within it such that the
1s from X to QR, RP, PQ are in the ratio 1:2:2. [See Ex. 62,
No. 65.]

32. In a circle a diameter AB and a chord AC are drawn ; in
AC a point P is taken such that if PQ be drawn | to AB, then Pu
bisects the LCPQ. Prove that AQ . QB=AC . PQ.

33. PQRS is a cyclic quad. and QP : PR=RS : SQ. "Prove that
QP=RS and PR=8Q.

34. AXB, AYC are two As su~h that AX=XB, AY=YC,
L AXB= LAYC,
and £ 3AY is an acute angle. Prove that As AXY, ABC are similar.

5. If A, B, C are three points in order on a st. line, and AP, BQ,
CR are drawn | to this line on the same side of it, of such lengths
that CP, AR intersect on BQ, prove that, if PB, RB are joined, the
As PAB, RCB are similar.

36. ABC is a A right-angled at A, and the altitude AD is pro-
duced to E so that DE is a third proportional to AD, DC. Prove
that the As BDE, ADC are equal in area.

37. D is wny point in the base BC of a AABC. Prove that the
ratio of the radii of the circles circumscribing the As ADB, ADC
is the seme, wherever the point D be taken in the base BC, being
always equal to the ratio of AB : AC.

38. A st. line CD is drawn bisecting the right angle of a right-
angled AABC and cutting the hypotenuse at D from Da | DE
is drawn to the side BC. Prove that = AC BC DE Show also
that, if CF is drawn | to AB, AD . FB=DB. CF.

39. A square QRST is described on the base QR of a APQR,
and on the side opposite to P. If PS, PT cut QR at X, Y, prove
that if a square is described on XY, on the same side of QR as P,
its other vertices will lie, one 01 PQ and the ( ther on PR.

40. NC, BA are two chords of a circle which, when produced,
meet at P. PQ is drawn || to AD to meet BC producrd ot Q.
Prove that PQ*=QB . QC.
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THEOREM 66

If a perpendicular is drawn from the right angle of a right-
angled triangle to the hypotenuse, the triangles on each side of
the perpendicular are similar to the whole triangle and to one
another. A

B D C
Fi6. 237.
Let ABC be a triangle, in which £A is a right angle, and let
AD be perpendicular to BC, meeting it at D.
It is required to prove that the triangles DBA, DAC are similar
to the whole triangle ABC and to one another.

Proof. In the As DBA, ABC,
LBDA = LBAC (7¢. Ls, given),
LDBA = LABC (24e same angle),
.. the third angles DAB, ACB are equal,

DBA . .
*. the As ARG 2T€ equiangular and, therefore, simi'ar.

. DAC .
In the same way it can be proved that the As ABC 2T¢ similar,

DBA ..
A .
. the As DAC are similar

Corollary 1. The square on the perpendicular is equal to the
rectangle contained by the segments of the base, i.e. AD2=BD . DC.

DBA ..
For the As bAC 2T¢ similar,

*. their corresponding sides are proportional,
. DA DB, BA
A
. DA2=DB.DC.
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Corollary 2. The square on either of the sides containing the
right angle is equal to the rectangle contained by the hypotenuse
and the segment of the hypotenuse adjacent to that side,

ie. BAZ-:BC .BD and CA2=CB.CD.

ABC ..
A
For the As DBA are similar,

*. their corresponding sides are proportional,

. BLB.Q(ﬁQ)
* BD BA\ DA/
‘. BA2=BC . BD.

Similarly the As gig are similar and CA?=CB . CD.

Corollary 3. The square on the hypotenase is equal to the
sum of the squares on the other two sides, i.e. BC2 =BAZ + CAZ,
For BA2=BC .BD and CA%?=CB.CD,
‘. BA2+CA2=BC.BD+CB.CD
=BC(BD +DC) =BC . BC =BC2

Nole. This is an independent proof of Pythagoras’ Theorem.

EXERCISE 64 [Theorem 66]

1. In the figure of Theorem 66,
(i) if AB=6", AC=8", find BD, DC, DA ;
(i) if BD=9", DC=4", find AD, AB, AC ;
(iii) if AD=8", AB=17", find AC, BC.
2. The line drawn from the intersection of the diagonals of a

rhombus | to a side divides the side into segments of lengths 4"
arnd 1”. Find the area of the rhombus.

3. ABC is a A, right-angled at A. D is the foot of the | from
A to BC; E, F are the feet of th> |s from D uj on AC, AB respect-
ively. Prove that (i) AD . AE=DE. DB, (ii) AC. AE=AB. AF.

4. PQ is a diameter of a circle, XY a chord | to it. ©R, anv
chord through P, cuts XY at S. Prove *haf PS. PR=PY2
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5. PQ is a st. line divided internally at R. Show how to draw
through R a st. line so that the sq. of the | ugon it from P may
be equal to the rectangle QP . QR. When is this impossible ?

6. XOY is a diameter of a circle, centre O. At X, Y tangents to
the circle are drawn. These are cut at Q, I by the tangent at
any other point P on the circle. Prove that (i) £QOR=90°,

(1i) QP . FR=0P2,

7. From any variable point X on the circumference of a given
circle a | XK is drawn to the tangent at a fixed point L, meeting
it at K. Prove that XL?+-XK is constant.

THEOREM 67
Tae areas of similar triangles are proportional to the squares
on co.responding sides.
A X

B D C
Fic. 238.

Let ABC, XYZ be two similar triangles.

AABC BC?

It is required to prove that XYYz

Construction. Draw the perpendiculars from A, X to BC, YZ
meeting them at D, S respectively.

Proof. .Since the area of a triangle is measured by one-half
the product of the measures of its base and altitude,
.. AABC=4BC. AD,
and AXYZ=3YZ .¥S;

AABC }BC.AD BC.AD
"t AYZ JYZ.XS YZ.XS'
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But, in the As ABD, XYS,

LABD = .XYS <:z'me the As :32 are given simz‘lar),

LADB = LXS8Y (r2. Ls, construction),
the third £ BAD =the third £ YXS;

. ABD .
. the As xys 7€ equiangular,

*. their corresponding sides are proportional,
AD _AB ( _ ﬂ))
XS XY\ YSs/)

A8 BC . ABC . o s
But Xy —yz> Since the As xyz &Te given similar,
AD _BC,
XS vz’

AABC BC BC BC?
" AXYZTYZ YZU vz

Note 1. The following result, which is sometimes useful, may
be proved in a similar manner :

If two triangles have one angle of one equal to one angle of the
other. their areas are proportional to the rectangles contained by
the sides about the equal angles.

The proor is identical, except for the omission of one step.

Note 2. The following facts are sometimes useful :

(i) The ratio of the volumes of similar solids is equal to the
ratio of the cubes of corresponding lengths.

(ii) The ratio of the surfaces of similar solids is equal to the
ratio of the squares of corresponding lengths.

EXERCISE 65 [Theorem 67]

1. Two similar As have corresponding sides 1-8” and 2-7*
respectively. The area of the first is 3-2 sq. 0. Find the aren of
the second.

2. The areas of two similar As are 8o and 125 sq. cm.  If one
side of the first is 3-2 cm., find the corresponding sid~ ol ihe
second.

z M.S.G.
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3. The sides of a A are 2-3”, 377, 4-1”. Find the sides of a
similar A whose area is sixteen times as great.

4. The area of the AABC is 1024 sq. in., and PQ drawn || to BC
cuts AB at P and AC at Q. If AP : PB=5: 3, find the area of the
AAPQ.

5. ABC and PQR are two similar As whose areas are respectively
45sq. in. and 151-25sq. in. If PQ=28-8", find AB.

6. In two As ABC, PQR, LA=_,P. If AB, AC are 3-6” and 2-1”
respectively and PQ, QR are 1-4” and 2-7”, prove that
AABC=2APQR.

7. ABC is a A having £A=90° and D is the foot of .he | from
A on BC. If BD=4DC, find the ratio AB : AC.

8. The sides BC, CA, AB of a AABC are divided at X, Y, Z so
that BX : XC=CY : YA=AZ : ZB=2 : 1 ; calculate the ratio of the
area of the AAYZ to the area of the AABC; and prove that
3AXYI=AABC.

9. Two As are equiangular. The area of one is 8 sq. in. and
one ride is 2” long. What 1s the length of the corresponding side
of the other A if its area is 50 sq. in. ?

10. Through each of two opposite corners of a rectangle |s are
drawn to the diagonal which joins the other two corners. Prove
that, if the three parts, into which the diagonal is thus divided,
are equal, the squares on the sides of the rectangle are in the
ratio 2 : 1.

11. The side AB of a AABC is trisected at P and Q ; the lines
drawn through P, Q || to BC cut AC at R and S respectiy 2ly. Prove
that the area of PQRS is one third that of AABC.

12. AOB, COD are intersecting chords of a circle; if AO=9",
OB=4", OD=8", find the ratio AAOD : ABOC.

13. ABC is a A in which AB: AC=5:4, BC=25" and D is a
point in AB such that LACD=.ABC. Find (i) CD, (ii) the ratio
AABC : AACD.

14. Each side of a AABC is divided into five equal parts. The
first and fourth points of division on BC are L, M ; the first and
fourth on CA are P, Q ; the first and fourth on AB are R, S. Find
the ratio of the area of the hexagon LMPQRS to the area of the
AABC.

1R, E is the poirt m the side AC of the AABC, such that
AE . EC=7 : 4.
EF is drawn || to CB, meeting AB at F; and ED is drawn | to AB,

meeting 8C at D. Show that the area of the parallelogram BDEF
is f of the area of the AASC.
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16. The bisectors of the s A and B of a A ABC meet the opposite
sides at D and E respectively ; if BC=9”, CA=8", AB=7", prove
that ACDE : AABC=3 : 10.

17. A light is 8” above the ground. A picture measuring 9” by
6” is held 5” above the ground. What is the area of its shadow ?

18. A cylindrical tin 6” high holds 4 1b. of cocoa; how much
cocoa will a similar tin 4” higl hold ?

19. It cost £1 5s. od. to whitewash a room 10 feet long. What
will it cost to whitewash a room similar in all respects and 12 feet
long ?

20. It cost 16 shillings to paint the outside of a chest 8 fee*
long. Whnat will it cost to paint the outside of a similar chest
6 feet long ? .

21. A bottle 8” high is full of milk and the price o1 the milk is
6d. What should be the price of the milk which will fill a si-nilar
bottle 12” high ?

22. The weight of a cricket ball, 4” in diameter, is 5 0z. What
would be the weight of a similar ball 34” in diameter ?

23. A trunk 10” high has a volume of 375 cu. in. What 1s th»
height of a similar trunk whose volume is 648 cu. in. ?

24. Two circles have their centres A and B 13” apart, their radii
being respectively 11”7 and 6”. A common tangent touches the
larger circle at C and the smaller at D, and meets the st. line AB
produced at E. Find the areas of ABCD and DBE.

25. ABC is a A right-angled at B. D is the foot of the | from
B to AC, and 3AD=5DC. Prove that 3ABZ=5BC?.

26. An ejuilateral A is described on one side of a square and
another equilateral A is described on a diagonal of the same
square. Find the ratio of the areas of the two As.

27. The base YZ of a AXYZ is divided internally at P in the
ratio 3: 4, PX is divided internally at § in the ratio 3:2, and
SQ, SR are drawn || to XY, XZ respectively to meet YZ at Q, R.
Find the ratio ASQR : AXYZ. What part of the data is irrelevant?

28. Two unequal circles intersect at O and Z. Straight lines
AOP, BOS, COT through O cut one circle at A, B, C and the other
at P, S, T. Prove that AABC : APST=AB? : PS2,

29. If X be the mid-point of the side AC of a AABC, and Z be
taken betw~en X and C, so that AZ is a mean proportional between
AX and AC, prove that a line through Z || to B" bisects the arca of
the A.

30. Prove that the areas of similar triangles have the same
ratio as the squares of (i) corresponding medians ; (ii) the radii
of their circum-circles.
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EXERCISE 66 [Further Examples on Theorems 66-67]

1. From a point B on the circumference of a semi-circle ABC a
1 BD is drawn to the diameter AC ; the . ADB is bisected by DE,
meeting the chord AB at C and the £BDC by DF, meeting the
chord BC it F. Prove thuat AE : EB=BF : FC=ED : DF.

2. PQ is a chord of a circle, centre O. The tangents at P, Q to
the circle meet at T and TO is joined, cutting the circle at Aand B
1
und the chord PQ at N. Prove that — TN =TA TB
3. A chord AB of a circle with centre O is bisecteu at C, and
¥Y is any other chord drawn through C; the tangents to the
circle at A, B meet at P. Prove that (i) 0X2=0C . OP,
(ii) 2 APX= L BPY.

4. ABC is a A in which 2B >, ; BD is drawn, meeting AC at
D, so that £ABD=,C. Prove that 'AD : AC=BD? : B32.

5. O is the centre of a circle, OPQ any st. line througsh O ;
D, Q two points on it, on the same side of O, such that

OP . 0Q=O0R?,
where R is any point on the circle. Prove that
AOPR : AORQ=PR? : RQ2.

6. In a AABC, right-angled at A, AN is drawn | to BC, meeting
it at N. The internal bisector of LBAC meets BC at D. Prove
that BD? : DC2=BN : NC.

7. P is a point on a circle of which AB is a diameter. AP pro-
duced meets the tangent at B in T. Prove that, if C is the foot
of the | from P on AB, AB?: BT2=AC : CB.

8. The tangents to a circle at P and Q meet at T and C is the
centre of the circle. TC meets the circle at A and B, and meets
PQ at X. Prove that AX : XB=TA : TB.

9. AB is the chord of a segment of a circle containing an angle
of 45°. From any point P, on the arc of the segment, st. lines
PA, PB are drawn, cutting again the circle described on AB as
diameter at L and M. Prove that APAB=2APLM.

10. ABC is a A in which AB>AC. On AB and AC produced are
cut off lengths AT, AS, each equal to the mean rroportional
between AB and A™. Prove that the As ATS, ABC are equal in
area and that, if S1 cuts BC at N, the ratios in which €T, BC are
divided a* N are equal.

11. Regular hexagons are inscribed in and circumscribed about
the same circle. Find .he ratio of their areas.
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12. AB is a diameter of a circle, and C is a point on the circum-
ference ; F is the foot of the | from B to the tangent at C. Prove
that the As BFC, BCA are similar. In AB a point D is taken such
that AD=AC and DE, drawn || to BC, meets AC at E. Prove that
the ABFC is equal in area to the quad. BUEC.

THEOREM 58. [ALTERNATIVE PROOF]

If two chords of a circle intersect at a point within the circle,
the rectangle contained by the segments of the one is equal to
the ractargle contained by the segments of the other.

C

D
Fie. 239.

Let AB, CD be chords of a circle intersecting at a point X
inside the circle.

It is required to prove that AX . XB=CX . XD.
Construction. Join AD, BC.
Proof. In the As AXD, CXB,

L AXD = L CXB (vertically opposite Ls),

LXAD = LXCB (L s in the same segment),

*. the third £XDA =the third £XBC ;

AXD .
A
. the As cxp 2T¢ equiangular,

.". their corresponding sides are pronortional,
AX X0 (_40)
' CX XB cs
. AX . XB=CX.XD.
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THEOREM 59. [ALTERNATIVE PROOF]

If two chords of a circle, when produced, cut at a point outside
it, the rectangle contained by the segments of the one is equal
to the rectangle contained by the segments of the other. Also
each rectangle is equal to the square on the tangent from the
point of intersection.

C
&D\
A X

B

T

I'ia. 240

Let AB, CD be two chords of a circle meeting, when produced,
at a point X, outside the circle.

Let XT be the tangent drawn to the circle from X.

It is required to prove that

(1) XA . XB =XC . XD,
(2) XA . XB =XT2,

Construction. Join AD, BC, AT, BT.

Proof. (1) In the As XBC, XDA,
L BXC = L DXA (the same L),
LBCX = LDAX (L s 2n the same segment),
.. the third «XBC =the third 2XDA ;
*. the As :((gi are equiangular,
. their c~rresponding sides are proportional,
. X8_%5(_80)
" XD XA DA
*. XA . XB=XC.XD.

b
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(2) In the As XBT, XTA,
LBXT = LTXA (the same L),
LBTX = LTAX (tn the alternate segment),
*. the third £XBT =the third £XTA;

. XBT .
. the As XTA 2T€ cquiangular,

*. their corresponding sides are proportional,

XB XT/ BT
*CXT ™ XA _TA)

S XA . XB=XT2

359

Examples on these theorems will be found on pp. 302-308.
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FURTHER CONSTRUCTIONS AND LOCI

CONSTRUCTION 28
To construct a fourth proportional to three given straight lines.

S

B
A ¢ o P Q X
Fi6. 241.
Let A, B, C be the three given straight lines.
It is required to construct a fourth proportional to A, B, C.

Construction. Draw two straight lines OX, OV, containing
any angle. From OX cut off OP equal to A, and PQ equal to B.
Froun OY cut off OR equal to C. Join PR. Through Q draw a
line parallel to PR, meeting OY at S.

Then RS is the fourth proportional to A, B, C.

Proof. In the AOSQ, PR is by construction parallel to @S,
. it divides the sides OQ, OS proportionally,
.. OP:PQ=OR:RS,ie. A: B=C:RS (construction),
.. RS is the fourth proportional to A, B, €.

Note. An alternative construction is to make OP =A, 0Q =B,
OR=C. Then 0S8 is the fourth proportional to A, B, 5. This
has the advantage of requiring less space and, if drawing tn
scale is necessary, a larger scale can be taken and a more accu-.
rate result obtained. It is usually found, however, that beginners
find the method given in the text easier to understand.

CONSTRUCTION 29
To construct a third proportional to three given straight lines.
Let A, B be the two lines to which the third proportional is
required.
Thelr. we have to construct a fourth proportional to A, B, B.
Proceed as in Cons ‘ruction 28.
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CONSTRUCTION 30

To divide a given straight line internally and externaliy in a
given ratio. R

FiG. 242.

Let A, B be two lengths which are in the given ratio, and PG
the given straight line.

It is required to divide PQ internally and externally in the
ratio of A to B.

Con:truction. Through P draw any st. line PR of length A.
Through Q draw a line parallel to PR and on it mark oft Q€
equal to B. Produce 8Q to T making QT equal to B. Join RS
and produce it to meet PQ produced at Y. Join RT, meeting
PQ at X. Then X divides PQ internally and Y divides PQ exter-
nally in the ratio of A to B.

Proof. Since QS is, by construction, parallel to PR, and PQY,
RSY cut them,
. LRPY=.,8QY and .PRY=_,QSY,
*. the As gg: are equiangular,
*. their corresponding sides are proportional,
. PY:QY=PR:QS=A:B (construction),
i.e. Y divides PQ externally in the ratio of A to B.

Similarly, the As PRX are equiangular,

QTX
*. their corresponding sides are proportional,
. PX:QX=PR:QT =A: B (construction),
i.e. X divides PQ internally in tne rutio of A tu B.

Note. PR may make any angle with PQ, but if squarc 1 paper
is available it is convenient to make the < RPQ a right angle.
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CONSTRUCTION 31

To construct the mean proportional between two given straight

lines. A

Fic. 43.

Let X, Y be the given straight lines.
I is required to construct a mean proportional between ¥
and Y.

Construction. Draw any straight line BE, and from it cut off
BD =X and DC=Y. On BC as diameter describe a semi-circle.

At D draw a st. line 1 to BC to meet the semi-circle at A.

Then AD is the mean proportional between X and Y.

This is Theorem 66, Cor. 1.

Note 1. An alternative construction’is to make BC=X,
BD =Y. Draw the semi-circle on BC as diameter, and let the |
to BC at D meet the semi-circle at A. Then BA is the mean
proportional between BD and BC, i.e. between X and Y (Theorem
66, Cor. 2). This has the advantage of requiring less space
and, if drawing to scale is necessary, a larger scale can be taken
and a more accurate result obtained. It is usually found, how-
ever, that beginners find the method given in the text easier to
understand.

Note 2. By using this construction it is possible tc construct
a line r>presenting the square root of any number, e.g. to con-
struct a line representing v/33; we notice that 33=5.5x 6, and
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it is only necessary to construct a mean proportional between
5.5 and 6. It is usual to choose factors as nearly equal as is
convenient in order to avoid taking up too much space, e.g. it is
better to find the mean proportional between 5.5 and 6 (or 5 and
6:6) than between 1 and 33.

EXERCISE 67 [Constructions 28-31]

1. Construct a fourth proportional to (i) 4-2”, 37, 2-87, (ii) 6 cm.,
3-6 cpu., 3 cm., (iii) 13-5, 6, 9.

2. Conrtruct a third proportional to (i) 5 cni. and 4 cm,,
(ii) 63 and 4-2.

I 4 )(v 18

3. Construct graphically lengths equal to
oy 107 ..., 0-9% .
e (i) T (i) -7, (iv)

(i I
15 2.7

4. Divide a st. line 2-1 cm. long internally and externally in
the ratio 3:4. Measure the scgments.

5. Divide a st. line 4-8” long internally and externally in the
ratio 3 : 1. Measure the segments.

6. Construct a mean proportional between (i) 3:6” and 257,
(ii) 5-5” and 2",
7. Find graphically the approximate values of
(i) ¥13, (i) v23,  (iii) ¥/58.
8. Draw a s.. line 5-5” long and divide it into three parts which
are proportional to 5, 4, 2.

9. Divide a given st. line internally into two parts so that the
square on one part is five times the square on the other part.

10. AB is a st. line 7” long. Construct a AABC such that
AC=8", BC=6". Construct the internal and external bisectors of
the L ACB, and let them meet AB and AB produced at X, Y respec-
tively. Prove that X, Y divide AB internally and externally in
the ratio 4 : 3. Deduce an alternative construction for dividing a
given st. line in the ratio a to b.

11. Construct a A given tne perimeter and the ratio of the
three sides.
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* CONSTRUCTION 32
On a given straight line PQ, draw a polygon, similar to a given
polygon ABCDE, so that PQ and AB may be corresponding sides.
First Method.
D

A B P Q
F16. 244.

Cunstruction. Join AC, AD. Make the s QPR, PQR equal
to the s BAC, ABC respectively, thus obtaining the APQR.
(Construction 5.)

Make the £s RPS, PRS equal to the ~s CAD, ACD respectively,
thus obtaining the APRS.

Make the s SPT, PST equal to the s DAE, ADE rcspec-
tively thus obtaining the APST. Then PQRST is the required
polygon.

Proof. By construction, the polygons ABCDE, PGRST are
equiangular.

ABC
Also, the As PQR

*. their corresponding sides are proportional,
. AB:PQ=BC:QR=AC:PR. ....cocoroo..... (1)

are equiangular,

ACD .
But the As PR 2T¢ equiangular,

*. their corresponuing sides are proportiona!,
5. AC:PR=CD:RS=AD:PS........c.c....... (2)
.. From (1) and (.), BC:QR=CD:RS.
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ADE
Also, the As PST

J. AD:PS=DE:ST=EA:TP.....c..evvnrnen.n. (3)
.. From (2) and (3), CD:RS=DE:ST=EA:TP;

are equiangular,

.. the sides of the polygons ABCDE, PQRST about any pair of
equal angles are proportional, and, since the polygons are also
equiangular, they are similar.

Nots. If it is merely required to construct a polygon similar
to a given polygon ABCDE, so that the side corresponding to AB
may be of a given length, it is easier to proceed as follows.
From AB cut off AP equal to the given length. Through P draw
PQ || to BC, cutting AC at Q. Through Q draw QR || tu CD,
cutting AD at R. Through R draw RS || to D&, cutting AE at S.
Then APQRS is the required polygon.
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/ Second Method.
A 8

D
Fic. 245.

Construction. Draw a line PQ || to AB and equal to the given
length.

Lct AP, BQ meet at O. Join JC, OD, OE.

Draw QR || to BC meeting OC at R, RS || to CD meeting OD at S,
ST || to DE meeting OE at T. Join TP. Then PQRST is the
required polygon.

Outline of Proof. Since PQ, QR, RS, ST are respectively || to
AB, BC, CD, DE,
S, OP:0A=0Q:0B=0R:0C=0S:0D=0T:OE,
‘. PTis || to AE,
. the polygons are equiangular.

Also the As OPQ, OAB ; OQR, OBC ; ORS, OCD ; OST, ODE ;
OTP, OEA; are similar,

. their corresponding sides are proportional,
.. PQ:AB=0Q:0B=QR:BC, etc.,

.'. the sides of the polygons ABCDE, PQRST about any pair
of equal angles are proportional ;

*. the polygons are similar.
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* CONSTRUCTION 33

To construct a figure similar to a given rectilineal figure, and
equal to a given fraction of it in area.

D

m m
[3)

F1c. 246.

Let ABCDE be the given figure, to which a similar figure is to
be constructed, having its area a given fraction (say five-eighths)
of that of ABCDE.

Construction. Make AX five-eighths of AB. (Construction 12.)

Construct AP the mean proportional between AB and AX.
(Constructicn 31, Note 1.)

On AP construct APQRS similar to ABCDE. (Construction 32.)

Then APQRS is the required figure.

Outline of Proof. By construction AP%=AX . AB and AX = }AB,
By construction the As APQ, ABC are similar,
AAPQ AP? AX.AB AX
" AABC AB? AB? AB ¥’
.AAPQ =$AABC.
Similarly, it may be proved that
AAQR=§AACD and AARS=4, ADE,
.. by addition,
0 APQ + AAQR + AARS =§(AABC + AACD + AADE),
ie. APQRS = §ABCDE.
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EXERCISE 68 [Constructions 32, 33]

1. Draw any quad. ABCD and then draw a similar quad. PQRS
such that (i) PQ=}AB, ii) PQ=4AB.

2. Draw an{ pentagon ABCDE and then draw a similar pentagon
FQRST such that (i) PQ=%AB, (ii) TQ={AB.

3. Construct a AABC such that AB :AC=4:3, LBAC=50°,
BC =10 cm.

[Draw a ABDE such that DB=4 cm., DE=3 cm., LBDE=50°.
On BE (produced, if necessary) take a point C such that BC=10cm.
Through C draw CA || to ED to meet BD (produced, il aecersary)
at A. ABC is the required A.)

4. Construct a AABC in which BC=2", . BAC=60° and
AB:AC=3:2

5. Construct a rectangle equal in area to a given squaie and
having its sides in the ratio 3 : 5.

[Let ABCD be the given square. Take points P, @ on LC and
OC produced such that PC:CQ=3:5 Draw a semi-circle on
?Q as diameter cutting CB or CB produced at R. Join RP, RQ.
Draw BX, BY || to RP, RQ cutting DC (produced either way, if
necessary) at X, Y respectively. Then CX, CY are the sides of the
required rectangle.]

6. In a AABC, whose base BC is 1-9” and whose base angles
B, C are 68° and 66°, inscribe an equilateral A such that the side
which meets AB and AC is inclined to AB at an angle of 35°.

[At any point R in BA, draw a st. line RP making an angle nf
35° with AB and meeting BC (produced, if necessary) at P. On
RP describe an equilateral ARPQ, B and Q being on opposite sides
of RP. Join BQ and letvit (produced, if necessary) cut AC at Y.
Through Y draw YX, YZ || to QP, QR, meeting BC, BA at X, Z
respectively. XYZ is the required A.1

7. In a given AABC inscribe a A similar to a given ADEF.

8. Construct a square EFGH, with two of its vertices E, F on
the side BC of a given AABC and with G on CA and H on AB.
[Such a square is said to be inscribed in the triangle.)]

[On BC and on the opposite side of it to A, construct a square
BCSR. Join AR, AS meeting BC at E, F. EF is the side of the
required square.

OR, Let Q be the foot of the | frcm Ato BC. Draw AP | to AQ
and equaai to it, P and B being on opposite sides of AQ. Join B, P,
cutung AC at G. Draw GH || to CB, meeting AB at H. Then GH
is a side of the require 1 square.]
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9. Given a AABC, construct a line || to BC to cut off a A of
three-sevenths of the area of the A ABC.

10. Given a AABC, construct a line || to BC to cut off a trapezium
of four-fifths of the area of the AABC.

11. Given a AABC, construct a st. line | to BC to cut off a A
of one-third of the area of the A ABC.

[Suppose that PQ is the required line, P being on AB, Q on BC.
Let Y be a point on BC such that 38Y=BC. Then AABY=ABPQ.
Draw YZ | to BC to meet AB at Z. Let X be the foot of the |
from A to BC. Then AABY: AABX=BY :BX=BZ:BA. Also
ABPQ : AABX=BP?: BA.. But AABY=ABPQ ;

. BZ:BA=BP?:BA?2; . BP?=BZ.BA,
i.e. BP is a mean proportional between BZ and BA, i.c. the position
of the point P can be found by construction.]

12. Construct a rectilineal figure equal in area to a given rectilineal
figure A and similar to a given rectilineal figure B.

[Construct squares P, Q respectively equal in area to A, B
(Conscruction 27, Cor.) Let the sides of these squares be p, ¢
respectively, and let b be one of the sides of B.

Find a fourth proportional » to ¢, p, b (Construction 28), su
that g : p=b:x.
On x draw a figure X similar to the figure B, so that » and b
are corresponding sides. Then X is the figure required ; for
X_#_p*_P_A
B b2 42 Q B’
. X=A.]
13. Construct an equilateral A equal in area to a given AABC.

14. Construct geometrically an isosceles A whose sides are in
the ratio 2 : 2 : 1 equal in area to a square whose side is 2”.

15. Construct a regular hexagon of area 25 sq. cm.

16. Construct a A similar to a A with sides 4-2%, 477, 5-3” and
having an area of 6-25 sq. in.

2A M.S.G.



370 ESSENTIALS OF SCHOOL GEOMETRY [PART

SOME IMPORTANT LOCI

* THEOREM G
The Circle of Apollonius

To find the locus of a point which moves so that its distances
from two fixed points are in a constant ratio.

Q

>
x
w
o
<

Fi16, 247.

Let A, B be the two fixed points.

It is required to find the locus of a point P which moves so
that PA : PB is constant.

1. Let X, Y be the points which divide AB internally and
>xternally in the given ratio. Then X, Y are two fixed points
on the required locus. Let P be any other point such that PA : PB
=the given ratio. Join AP, PB, PX, PY and produce AP to Q.

Then PA : PB =AX : XB,
.. PX is the bisector of the LAPB,
Also PA: PB=AY: YB,

.. PY is the bisector of the 2BPQ,
i.e. PX and PY are the oisectors of adjacent supplementary angles;
. LXPY = go°.
But X, Y are fixed points,
.". P lies on the circ’z on XY as diameter, i.e. on a fixed circle.
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2. Let R be any other point on this circle, and let O be the
centre of the circle. Join RA, RX, RB, RO.

Let OA =ga units, OB =4 units, OX =0Y =OR =7 units.
By construction, AX : XB =AY : YB,
. Gor_atr
-6 r+46
a-7r r-b

or _r-°
a+r r+6

. f:;:g (see Converse of Ex. 58, 2 (vii)),

i, OA_OR
" OR™ OB’

and L AOR is the LROB,

AOR
. the As ROB

are similar,
.. LOAR = LORB.
But OX=0R; .. LOXR=LORX,
‘. LOXR - LOAR = LORX - £ORB = . BRX.

But £OXR - LOAR = LXRA, since .OXR is the exterior angle
ci the AAXR,

. LXRA = LBRX, i.e. RX bisects LARB,
.. AR:RB=AX:XB,
i.e. R is a point on the required locus.

We have therefore proved that the locus of a point which
moves so that its distances from two fixed points are in a constant
ratio is a fixed circle. This is called the circle of Apollonius.
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* THEOREM H

O is a fixed point and P moves along a fixed st. line. On OP
(produced, if necessary, a point Q is taken so that 0Q : OP is a
constant ratio, £. It is required to find the locus of Q.

o) (o]
Q
£/b
B P E A c B /P/E JA ¢C
Q R D
F1G. 248.

1. Let BC be the fixed st. line along which P moves. Let A
be & fixed point on BC. On OA (produced, if necessary), let a
ooint D be taken so that OD : OA is equal to 2 Then D is a
fixed point on the locus. Let P be any other point on BC, and
let Q be a point on OP (produced, if necessary) such that

0oQ : OP =4.
Then Q is any point on the locus. Join QD.

Then 0Q : OP=0D : OA (each =4),

i.e. in the AOAP the sides OA, OP are divided propcrtionally ~t
D and Q, .. DQ is parallel to AP ;

». Q lies on a line parallel to the fixed line AP, through the
fixed point D,
ie. Q lies on a fixed straight line.

2. Let R be any point on the line through D, parallel {0 BC.
Join OR and let it (produced, if necessary) meet BC at E.

Then in the A OAE, DR is parallel to AE,

. it divides the sides OA, OE proportionally,
. OR: OE=0D : OA =4,
*. R is a point cn the locus.

"We L ave therefore proved that the locus of Q is a fixed straight

line parallel to the fix~d straight line along which P moves.
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* THEOREM I

O is a fixed point and P moves on a fixed circle. On OP (pro-
duced, if necessar;) a point Q is taken so that OQ:OP is a
constant ratio, 2. It is required to find the locus of Q.

TR L e
AN

OMOTAB

Fic. 249.

1. Let the centre of the fixed circle be A. On OA (produced,
if necessary) let a point B be taken such that OB : OA=4. The.
B is a fixed point. Let P be any point on the circle and let W
be a point on OP (produced, if necessary) such that 0Q : OP =4.
Then Q is any point on the locus. Join @B, PA.

Then 0Q : OP =0B: OA (each =4),
i.e. in the AOAP the sides OA, OP are divided proportionally at
d ana Q, . BQis parallel to AP ;

", LOBQ=LOAP and LOQB=_LOPA;

) 0BQ .
. the As oAp 2T€ equiangular,

.. their corresponding sides are proportional,

-y =—g—i —& ie. BQ=4.AP.
But AP ‘s the radius of a fixed circle,
*. the length of PQ is constant,
i.e. the distance of Q from a fixed point B is constant,

ie. Q lies on a fixed cir.le.
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2. Let R be any point on this circle. Let OR (produced, if
necessary) meet the first circle at S and T. Join AS, AT, BR.

Then OB : OA=BR : AS (or AT) (each =4),
-, In the As OBR, OAS (or OAT),
OB : OA=BR : AS (or AT) (proved),
and LBOR = LAOS (or LAQT) (seme angle),

. « ORB and OSA (or LOTA) are either equal or supple-
nientary (Theorem 65a) ; i.e. one of the £s OSA, OTA is cqual
tn LORB and the other is supplementary to it.

Let £ OSA be the angle which is equal to « ORB.

OBR ..
Then the &s OAg T€ similar,

‘. OR: 0S=0B:0A=¢
ie. R is a point on the locus.

We have therefore proved that the locus of Q is a fixed circle.

Note. If O is a fixed point and P moves on any fixed curve,
and if on OP (produced, if necessary) a point Q is taken such
that OQ : OP =a constant ratio, 4, the locus of Q is said to be
homothetic to the locus of P. O is called the homothetic centre
and 4 the homothetic ratio. We have proved above that the
locus homothetic to a straight line is a straight line and to a
circle is a circle. These results are very important. These
results can easily be extended to three dimensions; the locus
homothetic to a plane is a plane and to a sphere is a sphere
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* THEOREM J
The Radical Axis

To find the locus of a point P which moves so that the tangents
drawn from it to two given circles are equal.

P

F1G. 250.

Let A, B be the centres of the given circles (radii e, 4) and let
PC, PD be the equal tangents drawn from a point P which
satisfies the given condition. Join AC, AP, BD, BP, and draw
PN L to AB, meeting it at N.

Since CP is a tangent and CA a radius, L ACP =go°. Similarly

LBDP=9o0°;
.. PA2—42=PC? and PBZ?-4%=PD? (Pythagoras’).
But PC=PD (given), .. PC2=PD?, ' PA%—g%=PB?-42
‘. PA? - PB2=¢2 - $%=constant ;
*. the locus of P is a straight line | to AB (Th. 56, Cor.).
Note. The locus of a point from which the tangents to two
circles are equal is called the Radical Axis of the circles.

We have shown above that the Radical Axis is a st. line L to
the line of the centres.
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EXERCISE 69 [Theorems G-]J]

1. AB is a st. line 6” long ; P is a variable point which moves
so that PA:PB=2:1. Find the radius of the circle on which P
moves. How far is its centre from A ?

2. AB is a st. line 10 cm. long and PA:PB=2:3. Find the
ralius of tlie circle on which P moves.

3. O, A, B are three points in a st. line, such that AB=30A. P
is a point which moves so that PB=2PA. Prove that the locus of
P is a circle with centre O.

4. In a circle of radius 1-4” inscribe a A having its base 2-5”
long and the ratio of its remaining sides 2 : 3.

5. Inscribe in a circle of diameter 6 cm. a rectangle whose
unequal sides are in the ratio 5: 3.

6. Construct a A of base 10 cm. and vertical angle 50°, so that
the ratio of the other sides may be 4 : 3.

[The method given in No. 3 of the previous exercisr 1s the best
method. ]

7. Construct a A, given the base, the altitude and the ratio of
tne other sides.

8. Construct a A, given the base, the ratio of the other sides,
and the length of the median which bisects the base

9. Givel the base and the circumscribing circle of a A and the
ratio of the other two sides, state at what points the bisector of
the angle opposite the base cuts (i) the base, (ii) the circumcircle.
If the given side is 3” long, the radius of the circle 2:5” and the
ratio of the sides is 2 : 1, construct the A and measure %z lengths
of the unknown sides.

[N.B. This gives a third solution of the problem, ‘‘ To con-
s‘ruct a AABC, given BC, LA, and the ratio of AB to AC.”"}

10. Draw a AABC, such that BC=10 cm., £B=50° LC=70°
Draw through X, the mid-point of BC, a st. line cutting CA at Y
and AB produced at Z, such that YX : XZ=3: 7.

11. AOB is a right angle, P a point 2” from OA and 3” from OB.
Draw through P a st. line cutting OA at X and OB at Y, so that XP
may be to PY as 5: 3.

12. DEF is a A and X is any point outside the A. Draw a
line XZY meeting DE, DF (produced, if necessary) at Y, Z respec-
tively, such that 5XY= 6XZ.

13. Given two int>rsecting circles and a point O, through O draw
a st. line OPQ to meet one circle at P and the other at Q, so that

0Q : 0P=2:3.

(Consider the case (i) when O is outside both circles, (ii) when
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O is outside one circle and inside the other, (iii) when O is inside
the two circles.]

14. Given two circles and a point O, through O draw a st. line
OPQ to meet one circle at P and the other at Q, so that PQ=30P.

15. ABC is a A. The sides BC, CA have fixed lengths, while
the length of the side AB varies. If the base BC is also fixed in
position, find the locus of the intersection with AB ‘i) of th~
internal bisector of £ACB, (ii) of the external bisector of . ACB.

16. ABC is a A. Draw a st. line AXY through A, meeting the
circumscribing circle at X and meeting BC produced at Y, so that
AY may be four times AX.

17. ABC is a A, having the base BC fixed in position and the
£ BAC=62°. Find the locus of the centroid of the AABC.

18. O is a fixed point outside a given circle; P is a variable
point on the given circle. OP meets the circle agamn at S. By
considering the connection between R and S, prove that, if R is
taken on OP so that OR . OP 1s constant, the locus of R is a circle.

19. Prove the second parts of Theorems G, H, I by * reductio
ad absurdum.”’

20. OPQ is a A whose angles are given. O is a fixed point and
P moves on a fixed st. line ; find the locus of Q.

[Take a point R on OP or OP produced such that OR=0Q.
Consider the connection between the locus of R and the locus of
Q.]

21. AB is a fixed st. line ; X, Y divide AB internally and extern-
ally in a given ratio. P is any point on the circle on XY as diameter.
BL, BM are drawn || to YP, XP, meeting AP or AP produced at L, M
respectively. Prove that PB=PL=PM, and deduce a proof of the
second part of Theorem G.

22. Prove that, if two circles intersect, their radical axis is the
common chord produced.

23. What is the radical axis of two circles which touch one
another ?

24. Show that the radical axis of two circles bisects any one of
their common tangents.

25. Prove that the radical axes of three circles taken in pairs
are concurrent.

26. If any circle is drawn to cut one giveu circle at E, F and a
second given circle at G, H, and if FF, GH me~t at P, prove that
P is a point on the radical axis of the two given circles. Hence
deduce a construction for finding the radical axis of two given
non-intersecting circles.
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*NOTE ON INCOMMENSURABLE MAGNITUDES

1. If a greater magnitude contains a smaller magnitude a
definite number of times exactly, the greater magnitude is called
a multiple of the smaller ; the smaller is called a sub-multiple,
or a measure, of the greater.

2. Two magnitudes of the same kind are said to be com-
mensurable when they have a common measure, and to be
incommensurable when they have no common measure. If A
and B are commensurable magnitudes and if C is the.r common
measure, we have A=pC, B=¢C, where p and ¢ are integers.
Thus the ratio of A to B can be expressed as an exact

?

fraction *-.
q

The definition o: ratio given at the beginning of Part V is
aprlicable only to commensurable magnitudes. It has also
been previously pointed out that Theorems 25 and 6o (and
therefore all theorems which depend upon them) are only valid
if thewatios of the magnitudes dealt with are commensurable.

Magnitudes which are incommensurable are of frequent
occurrence in Geometry, in fact incommensurability is th~ rule
and commensurability the exception.

The best-known example is that a side and a diagonal of a
square are incommensurable. In practice the ratio of two incom-
mensurables is represented by some suitable approximate value.

Consider the diagonal of a square of side 1 unit. The length
of the diagonal is ~/2 units. It can be shown that there is no

fraction of the form‘;z (where p and ¢ are integers) which equals
J2. Numbers which can be put in the form‘g are called rational

numbers ; numbers, such as ~/z, which cannot be 50 expressed
are called irraticnal numbers. But although ~/2 cannot be

?

exactly represented by a fraction of the form 7 we can, by

applying the arithmeticai rule, show that it equals 1.41421 ....
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Thus 1237, 12351, 1%5%%%% are all good approximations to /2,
and if it is known what degree of accuracy is required, «/2 (and
therefore the ratio of the diagonal to the side of the square) can
be represented by a fraction, to a sufficient degree of accuracy.

Again, the area of the rectangle contained by a side and u
diagonal of a square, of side 1 unit, is the area of a rectangle
contained by sides of length 1 unit and ~/2 units. This is easily
seen to be greater than a rectangle contained by sides of length
1 unit and 1.41421 units and less than the rectangle contained
by sides of length 1 unit and 1-41422 units, so that the area of
the rectangle lies between 1.41421 and 1.41422 sq. units. It is
therefore 1.4142 sq. units, correct to 4 places of decimals. It is
clear that the method may be extended to obtain an approxima-
tion to any desired degree of accuracy. TLe formal proof that
the area of the rectangle is 1 x +/2 sq. units involves the theory
of irrational numbers and is beyond the scope of this book.
Theorem 25 has not been proved, if the sides of the rectangle
are incommensurable magnitudes. The first proofs of Theorems
26-28 are, however, valid, but all results concerning the measure-
ment of area depend upon Theorem 25 and have only been
established when the lengths involved are commensurable. But,
although t-e properties of incommensurable magnitudes and
irrational numbers are of the greatest importance in Mathe-
matics, they are of no consequence when measurements are
made. For all measurement is approximate only, and we can
always obtain our results to as great a degree of accuracy as is
justified by our data.

The proof of Theorem 60, which is valid for incommensurables,
involves the following exact definition of the equality of ratios :

‘ The first of four magnitudes is said to have the same ratio
to the second which the third has to the fourth, when any equi-
multiples whatsoever of the firs. and third beiag taken, and any
equimultiples whatsoever of the second and fourth: if the
multiple of the first be less than that of the second, the 1aultipl:
of the third is also less than that of the tourth : or, if *he multiple
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of the first be equal to that of the second, the multiple of
the third is alsc equal to the multiple of the fourth: or, if the
multiple of the first be greater than that of the second, the
multiple of the third is also greater than that of the fourth.”
This is Euclid’s definition. It may be more simply stated thus:
The ratio of A to B is equal to the ratio of P to Q if
mA> = or < ”B} ........................ (1
according as mP>= or <xQ/’
for all integral values of 7 and .

It is clear that no fraction 5, where ¢ and & are integers, can

d!
lie between g and %, for if 6. < f2< g, we should have
dP < ¢Q, but dA > ¢B,

which is contrary to (1).

By using this definition a general proof of Theorem 60 may
now be given.

If two triangles have the same altitude, they have areas which
are prop~rtional to their bases.
A

G F B ©c XD E @ R 8
Fic. 251.

Let ACB, ADE be As which have the same altitude, i.e. the
L AX from A on their common base BCDE.

Produce CB and mark off any number of parts BF, FG, ...
each equal to CB.

Produce DE and mark off any number of parts EQ,, QR, RS .
each equal to DE

Join AF, AG ..., AQ, AR, #S, ....

Then since CB =BF =FG=..., AACB=AABF=AAFG=....

Similarly, AADE =AAFQ=AAQR=AARS=....

Consider any pair of As such as AACG and AADS.



V] INCOMMENSURABLE MAGNITUDES 381

AACG and the line CG are equimultiples of the AACB and the
line CB.
Also AADS and the line DS are equimultiples of the AADE
and the line DE, and
AACG> = or << AADS,
according as CG> = or <DS.
But, by definition, this is the criterion that
AACB: AADE=CB :DE
*. this is true.
The proof may easily be extended to the case of As with equal
altitudes. Theorems 61-66 are therefore valid in all cases, but
the proof of Theorem 6%, which depends upon the .neasure of

the area of a A is not. The following is an outline of a proof
valid in all cases. c

A D B X Y
Fi6, 252.
Let ABC, XYZ be two similar As.
To prov: that AABC : AXYZ =AB? : XY2,

On AB mark off AD =XY ; on AC mark off AE =XZ.
Join OE, CC.

ADE -
Then As xyz &re congruent and .. similar;

. LADE=LXYZ=LABC,
*. DE, BC are ||.

AABC AABC AABC AACD

** AXYZ AADE OACD O4ADE

AB AC AB AB
—R—l—) A—E(Th 60)—1—5'36
(Th. 61, since DE, BC are ||)
AB2 AB?

TADE T XYE
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MISCELLANEOUS EXAMPLES

These examples have not been arranged in order of difficulty.
Nos. 1-20 are on Part I, Nos. 21-30 on Part II, Nos. 31-60 on
Part III, Nos. 61-70 on Part 1V, Nos. 71-80 ca Part V. All these
are of moderate difficulty only. The remainder are mixed, and
some of tnem are of considerable d.fficulty.

1. Prove that the st. lines which bisect the four angles of a
parallelogram form a rectangle.

2. ABCD is a square; P, Q are the mid-points of AB and AD
vespectively. Prove that the As ABQ, BCP are congruent and
that BQ is | to CP.

3. ABCDE is a regular polygon. AC, BE meet at T. Piove that
ETCD is a rhombus.

4. ABC is an acute-angled A. D is the image of B in the line
AC, E is the image of C in the line AD. Prove that the As ABC,
ADE are congruent.

5. The base of a A is 3” long, the sum of the lengths of the
other two sides is 4-5”, and one of the base angles is 35°. Construct
the A.

6. Find two points E, F in the sides AB, AC of a AABC so that
EF is || to 3C and equal to the sum of BE and CF.

7. If the external angles of the AABC be bisected, prove that
the bisecting lines form a A such that A, B, C are the feet of the
1s from its vertices to the opposite sides.

8. On a given base describe a quad., such that each of its three
sides shall be half the base.

9. Show that the lines joining the mid-points of the sides of a
regular polygon form another regular polygon.

10. Find the locus of a point which moves so that its distance
from a given st. line is half its distance from a given point on the
line.

11. ABCD is a parallelogram ; PAB, QBC, RCD, SDA are equi-
lateral As described outside the parallelogram on bases AB, BC,
CD, DA. Prove that PQRS is a parallelogram.

12. A quad. ABCD nas AB=3 cm., BC=8 cm., CD=4 cm. State
two extreme lengtls between which the side AD must lie. If the
side AD is || to BC and at | distarce 2 cm. from it, construct all
the poscible quads. and describe the various cases whica may
arise for other values of tke | distance.
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13. P is any point, X’OX, Y'OY, any two st. lines. Show how to
draw a st. line APB meeting X'OX at A, Y'OY at B, such that
AB=PB.

14. ABC is a A obtuse-angled at C. AC, BC are bisected at D
and E. Through D, E |s DF, EG are drawn to AC, BC meeting
AB at F, G. Show that the perimeter of the ACFG is equal to the
side AB, and that the s GFC, CGF are twice the angles at A ana
B respectively. Deduce a construction for a A when the perimeter
and two angles are given.

15. Oisapoint withina AABC, suchthat OA=0B=0C. Through
A lines are drawn || to OB, OC; through B lines are drawn || to
OC, OA; .Lrough C lines are drawn || to OA, OB. Prove that
(i) these lines form an equilateral hexagon, (ii) the opposite angles
of tne hevagon are equal in pairs, (iii) each angle of the hexagon
is double of an angle of the AABC.

16. ABCD is a parallelogram ; P, Q, R, S are the mid-points of
the sides AB, BC, CD, DA respeciively. Prove that the four lines
AQ, BR, CS, DP are the four sides of a paralle.ogram. Show also
that tl.e diagonals of this parallelogram intersect in the same
roint as do the diagonals of ABCD.

17. The sides BA, CA of a AABC are produced to E and F
respectively, so that AE=}AB, AF=3AC. Through E and F are
drawn lines EG, FG || respectively to CA, BA. Prove that GA passes
through the mid-point of BC.

18. Construct a quad. ABCD, having the sides AB, BC, CD equal
to 2, 3, 4 in. respectively, and the s A, D equal to 70° 80°
respectivelr. Measure the remaining s B, C and the side AD.

19. ABC is an equilateral A ; P is any point inside it. On PC
an equilateral APCQ is drawn (so that PQ cuts AC and not BC).
Prove that thz As ACQ, BCP are congruent. Hence, by first
drawing the AAPQ, construct an equilateral AABC, being given
the distances PA, PB, PC of a point P from the vertices to be 1”,
1-6”, 2°,

20. ABCDE is a pentagon in which AB=BC=CD. If each of the
Lsat A, B, C and D is 120° prove that AE=ED=2BC.

21. From a point P, inside a parallelogram ABCD, parallels are
drown to the sides, dividing the whole into four parallelograms.
If the point P lies on the diagonal BD, prove that the parallelo-
grams PA, PU have equal areas. Conversely, if the areas PA, PC
are given equal, prove that P must li» on BD.

22. ARCDEF is a regular hexagon inscribed in a circle, centre O.
Prove that (i) ABOF is a parallelogram ; (ii) AFBD is an equilateral
A of half the area of the hexagon.
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23. Two rectangles of equal area ABCD, AEFG are placed so
that AB falls on AE, AD falls on AG. If EF, CD meet at H and FG,
BC meet at K, prove that HK passes through A.

24. Construct a qual. ABCD with AB=1", AC=2", LABC=090°,
and the AADC equilateral. Prove that thr LBCD is 9o° and
reduce the area ABCD to a right-angled A on BC. Hence prove
that the area of ABCD equals § (AL+CD) . BC.

25. ABC is any A. AB is produced to D, so that AB=BD and D
is joined to the mid-point E of AC. If DE meet BC at H, show
that the As BHD, EHC are equal in area.

26. AB, CD are two || lines, and a point E is taken upon AB
produced. Prove that, if the sum of the As CED, BED is eqnal to
the AAEC, AC-:-BD.

27. Prove that, if one diagonal of a quad. divides it into two
parts of equal area, the quad. need not be a parallelogram, but it
must be one, if in addition one p.ir of opposite sides are parallel.

28. Construct a regular octagon, four of whose sides lie along
the four sides of a square of side 2”.

29. Show how, without using a protractor, to circumscribe a
regular octagon to a given square, so that the corners of the square
shall be the mid-points of alternate sides of the octagon.

30. Given a quad. ABCD with AB || to DC, and with E the mid-
point of AD, prove that the area of the AEBC is half the area of
the quad.

31. If the inscribed and circumscribed circles of a gi--en A have
a common centre, prove that the A must be equilate.al.

32. A parallelogram ABCD has the diagonal AC equal to the
side AD; the circumcircle of the AABC cuts DA, produced, if
necessary, at F. Prove that BC . DF=AB?2.

33. From any point within a regular hexagon |s are drawn to
the sides. Prove that the sum of the | s is six times the radius of
the circle inscribed in the hexagon.

34. AB, AC are two chords of a circle ; BD is drawn ] to AC,
meeting it at D and the circle at L. CE is drawn | to AB, meeting
it at E and the circle at M. Prove that DE is || to LM.

35. Prove that a common tangent to two circles, measured
between its points of contact, cannot be greater than the line
joining their centres.

36. 1 circle touches the sides BC, CA, AB of a A at the points
D, E, F respectively. Prove that 2BD=BC - CA+ AB.
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37. Show how to inscribe a regular 12-sided polygon in a given
circle, without using a protractor. If O is the centre of the circle,
and AB, BC, CD are three successive sides of the polygon, and the
tangents at A, D meet at T, prove that (i) TAOD is a square,
(ii) BOD is an equilateral A, (iii) TB is equal to a side of the polygon.

38. POQ is the tangent to a circle at O; chords OA, OB are
drawn through O; OL, OM are chords bisecting the angles POA
QOB. Prove that the | s from L to OA and from M to OB meet at
the centre of the circle.

39. Draw a circle of diameter AB and centre O, and produce
AB to a point P, take a point R in OB such that OP . OR=0A?%.
Prov= thet Q, the mid-point of RP, is such that PQ=the tangent
from: Q to the circle.

40. Prove that the shortest st. line that can be draw. to a given
circle, from a point O outside it, is the one that passes through
the centre of the circle when produced. Prove that the mid-
points of all chords which pass through O when produced lic on
another circle.

41. A circle touches a second circle externally, and the tanreents
to it from the centre of the second circle contain an angle of 60°.
Prove that the circles have equal radii.

42. Describe a A DBC right-angled at B, equal in area to a
given AABC. Produce CB to N making BN equal to BD. On CN
as diameter describe a circle intersecting BD at E. I’rove that
the square on BE is equal to twice the AABC in area.

43. Pis a point inside a circle centre O. Show that, of all chords
through P, *he one | to OPis the shortest. The radius of the circle
Leing 2 in., and OP=1-5in,, give a ruler-and-compass construction
for a chord through P of length 3-2 in. Measure the distance from
P to the middle point of this chord, and check by calculation.

44. ABC is a A inscribed in a circle. The internal and external
bisectors of the angle A meet the circumference again at D, E
respectively. Prove that DE is a diameter, and that it is | to BC.

45. Draw a AABC having AC=9 cm., AB=7 cm., LBAC=35°.
Const-uct the circle ABC. Find, by construction, a point D, on
the circle ABC, such that BD is bisected by AC. How many
solutions are there ?

46. If, from a given point O, a st. line be drawn intersecting a
given circle in P and Q, prove that the reciangle OP . OQ is the
same for all such lines. If O bc such that OP. OQ is equal to the
corresponding rectangle obtained by drawing a st. line through it
to inte.sect another given circle, find the locus of O, (i) when the
two circles intersect one another, (ii) vvhen they do not intersect
one another.

2B M.S.G.
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47. Draw seven equal circles, arranged as a central one sur-
rounded by the six others in contact ; and prove that the inter-
stices arc equal to the difference of the area of the hexagon
formed by the centres of the outside circles and of the area of
three circles.

48. PQ is a chord of a circle, PA and @B are chords making equal
Ls APQ, EQP with PQ on the same s:de of it. Prove that PA=QB.

49. A, B are two fixed points ; P is a point moving on the semi-
circle described on AB as diameter ; Q, R are the mid-points of
AP, BP; find the locus of the point of intersection of AR and BQ.

50. Two circles touch at O. Through O is drawn OHK cutting
the circles at H and K; P is the mid-point of HK. Find the iocus
of P as OHK rotates around O.

51. The pisector of the LA of a AABC meets BC at D. At D
the / CDE is made equal to the L BAC, DE cutting CA at E. Prove
that DE=BD.

52. Two parallel st. lines cut by a transversal iu the points
A, B, and two circles are drawn, each touching the three st. lines.
Prov= that the distance between the centres of the circles is equal
10 AB.

53. Prove that the altitude of an equilateral A inscribed in a
circle is three-quarters of the diameter of the circle.

54. Prove that, if an equilateral A is inscribed in a circle, the
radii drawn | to the sides of the A are bisucted by those sides.

55. AOB is a quadrant of a circle bounded by the arc AB and
by radii OA, OB. On OA as hypotenuse a right-angled isosceles
AOPA is drawn. Prove that the circle, centre O, radits OP
bisects the area of the quadrant. Show also how to bisect the
area of the quadrant by drawing a semicircle.

56. Prove that each of the equal sides of a right-angled isosceles
A is equal in length to the sum of the radii of the inscribed and
circumscribed circles of the A,

57. ABCD is a square, L and M the mid-points of BC and CD
respectively. AM, DL meet at O. Prove that ABLO is a cyclic
quad. Prove also that, if BO is joined, BO=AB.

58. ABCD is a quad. inscribed in a circle ; AC, BD meet at P;
AB, DC meet at a point Q on AB produced. Prove that the bisectois
of the s PBQ, PCQ meet on the circle ABCD.

59. Two circles touch externallv at a point O. A chord AB of
the first touches the second at C; AO produced meets tie second
circle again at E. Prove that the s BOC, COE are equal. What
happens in the special case in which CE is a diameter of the
second circle ?
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60. ABCD 1s a parallelogram. Any circle passing through A and
D cuts DC, AB at E, F respectively. Prove that EFBC is a cyclic
quad., and that EF 1s equal to one of the sides of tle parallelogram.

61. If two equal chords of a circle, "B, CD, intersect at O,
show that AO is eq.al either to OD or to OC.

62. If P, Q arc two points on the line AB, and if the -ectangl-s
AP, PB and AQ, @B are equal, prove that AP =QB.

63. I'ind the locus of a point from which the tangents drawn
to two given circles are equal.

64. P, Q are any points on a circle, centre O, and A, B are two
points on the tangents at P and Q, such that the circles, centre A,
radius AP, and centre B, radius BQ, intersect. Prove that, if K 1s
one of the points of intersection, OK is | to AB.

65. O is any point on a circle and a st. line || to the tangent at
O meets the circle at X, Y. If through O a st. line be drawn, meet-
ing XY at P and the circle agan. at @, prove that OP. OQ-- OX2.

66. PQR 1s an isosceles /A whose vertex is K, and the base PQ 1s
produced to any pomnt O. Prove that, if OR cuts the circle cirrum-
scmibing the A at S, OS . OR=0R2- QR2.

67. Iind the locus of a point X which moves in the plane of a
AABC so that 2XAZ=XB?+XC?2.

68. If XAB be anv st. line drawn through a fixed pumnt X and
cutting a given circle, whose centre 1s O, at A and B, prove that
the circle passing through O, A and B cuts OX at a fixed point and
that, if C be this point, the angles ACX, BCO are equal.

69. Two >qual circles are drawn with centres A and B. Through
any pomnt P on the | bisector of AB st. lines are drawn cutting
one circle at X, Y and the other at @, R. Prove that Q, R, X, Y
are concyclic.

70. Two circles are drawn having the same centre O. From a
point A on the outer circle tangents are drawn to touch the inner
circle and are produced to meet the outer at B, C. Prove that, if
BC is a tangent to the inner circle, the radius of the outer 1s twice
the radius of the inner.

71. Prove that the feet of the |s from the vertices of a paral-
lelogram to the diagonals are the vertices of a similar parallelo-
gram.

72. ABC is a A right-angled at A Semi-c'rcles are described
on AB and AC outside the A, and on BC so as to pass through A.
Show that the two parts of the smaller semi-circles which are
outside the larger semi-circle are together equal in area to tre
AABC.
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73. P is a point outside a circle of which LM is a diameter. PM
meets the circle again at N. If P moves 1n such a way that the
rectangle PN . PM is constant, prove that the locus of P is a circle
and find its centre. Find also the locus of the mid-point of PL.

74. P 1s a point on the circle circumscribec to the AABC, and
PL, PM, PN are drawn | to BC, CA, AB respectively. Prove that
tne APLM is similar to the APBA aud that

PL . PA=PM. PB=PN. PC.

75. Prove that the centroids of the four As into which the
diagonals divide any quad. are the vertices of a parallelogram.

76. ABCis a A, D any point in BC ; DF and DE are u.rawn || to
A and BA to meet AB, AC at F, E respectively. Prove that the
area of the ADEF is a mean proportional between the areas of the
As DBF and DCE.

77. PQRS is a cyclic quad., and PS, QR produced meet at X.
Through X a st. line is drawn meeting SR and PQ at Y and Z
respectively, so that LXYS=,XZQ. Prove that PZ : ZQ=RY : YS.

78. The tangents at A and B, the extremities of a diameter AB
of a circle, centre C, are cut by another tangent at points R anu §
respectively. Prove that the As CAR, SBC are equiangular, and
that RA . SB=CA®.

79. AB s a st. line 2” long. Find by a ruler-and-compass con-
struction a point C at which AB subtends an angle of 45° and
such that the bisector of this angle divides AB in the ratio t: 2.
How many such points are there ?

80. AOB is the diameter of a circle with centre 9; chords
AC, BD are drawn, on the same side of the diameter, each equal
to half the radius, and AC is produced to E so that AE=AO. The
line EB cuts OD at F; prove that OF=BF.

81. ABC is an isosceles A with AB=AC. P is any point in the
base BC. D, E are the feet of the | s from P to AB, AC respectively.
Prove that PD+PE is the same for any position of P between B
and C.

82. Two quads. ABCD, EFGH have the s at A, B and C equal
to the s at E, F, G respectively. Prove that they are certainly
equal in all respects, if AB=EF and BC=FG, and that they aie
generally equal in all respects, if AB=EF and CD=GH. What
possible exception is there in this last case ?

83. E is a point on the side DC of a parallelogram A3CD. DC
is prodvced to F so that CF=DE, and AE is produced to G 30 that
EG=AE. Prove that EGFR is a parallelogram, and that its area
equals that of ABCD.
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84. Each of three equal circles touches the other two externally.
Prove that the difference of the perimeters of the two circles that
can be drawn to touch all the three given circles is twice the
perimeter of one of the given circles. Prove also that the dif-
ference of the areas of the two circles so drawn is §—J3
v is the radius of the given circles. 3

rr?, where

85. Through a point O are drawn three equal circles to intersect
again at A, B, C. The centres of the circles OBC, OCA, OAB are
respectively X, Y, Z. Prove that (1) OA is bisected by YZ ; (2) the
sides of the AABC are equal and || to those of the AXYZ.

86. C ad D are points on a circle on opposite sides of a dia-
meter AB. AC, DB are produced to meet at E; AD, CB are pro-
duced to meet at F. Prove that EF is | to AB p.oduced.

87. A, B are two points fixed on a moving arm OAB, movable
about a point O. C is a fixed point. .Find the locus of the centre
of tkz circle ABC as OAB moves round.

88. ABC is an isosceles A right-angled av C. A circle is des-
cribed with centre C and radius CA; Q is any point on the arc AB.
Through Q is drawn PQR || to AB and meeting CA and CB produced
at P and R. Prove that PQ?+ QR2=AB2.

89. PQRS is a trapezium, PQ being || to SR. PR, QS meet at X ;
SP and RQ produced meet at Y. Join XY and prove that (i)
AXPS=AXQR, (ii) AXSY=AXRY, (iii) XY bisects PQ and SR.

90. Construct a quad. ABCD from the following data. AB=2",
AD=3", LBAD=9o0° the diagonal AC=3-75” and the area of the
quad.—=6 sq. in.

91. ABCD is a quad. circumscribed to a circle. 1f L ABC= . ADC,
prove that AC is a diameter of the circle; and if BD is also a
diameter, prove that ABCD is a rhombus.

92. ABCD is a quad. and E, F, G, H are the mid-points of the
sides AB, BC, CD, DA respectively. Prove that the area of
EFGH is one-half of the area of the quad.

93. Two unequal circles intersect at A, B; a st. line through
B cuts the circles again at P, Q. Find the direction in which the
line must be drawn so that the area of the AAPQ shall be as great
as possible.

94. Construct a quad. ABCD from the following data : the s
A and C are right angles, AC=6 cm., BD=7 r.n.,, and AC and BD
intersect at an angle of 60°.

95. If the sides of a convex quad. are AB=2-2", BC=1'6",
CD=1-9", DA=2-7", find the least and the greatest possible lengths
of the diagonals AC, BD.

282 M.S.G.
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66. Points P, Q, R, S are taken upon two st. lines, APQ, ARS,
so that AP=AR and AQ=AS. If T is the point of intersection of
PS and RQ, prove that AT bisects the L QAS.

97. OPQRS is a pentzzon in which OP=08, PQ=RS, and the
diagonals OQ, OR are equal. Prove that the Jiagonal PS is || to
QR.

98. Two points A and B are 10 cm. apart, and their distances
from a st. line LM are 7 and 13 cm. respectively. Find a point P
in LM so that AP, PB make equal angles with LM.

99. Find a point P in the base BC of a given AABC so that CP
15 equal to the | from P to AB.

100. AMNB is a horizontal line 60” long and AM=NB=6". P, Q
are points ahove AB, such that L AMP=.BNQ=90°, and

MP=NQ=12".
AP, BQ are joined by two circular arcs centred on AB, and PQ is
joined by a third circular arc having a common tngent with
the first arc at P and with the second arc at Q. Calculate the
radii of these arcs.

101. ABC is a A right-angled at A. From a point D in BC 1s
DE, DF are drawn to AB, AC meeting them at E, F respectively.
Prove that BD. DC=AE. EB+AF.FC.

102. The AABC has the sides AB, AC equal, and D, E are the
mid-points of these sides. If the circle through D, E, A touches
BC, prove that the A is right-angled.

103. Regular hexagons are inscribed in and circurmrscribed to
a given circle. Prove that the area of one is three-quarers of the
area of the other.

104. In a APQR, X, Y are the feet of the |s from P, Q to the
opposite sides. If PX and QY intersect at Z, prove that the st.
line joining the mid-points of PQ and RZ bisects XY at right angles.

105, Two unequal circles intersect at A, B, and O is any pnint
on AB produced. A circle with centre O cuts one of the circles at
P and Q, and the other at L and M. OP, OM, produced, if necessary,
cut the circles PQA, LMA at S and T respectively. Prove that
PS=TM, and that the centres of the original circles lie on the
bisectors of the s POQ, LOM.

10b. AB, BC are two sides of a reqular ten-sided figure inscribed
in a circle whose centre is O. AB, OC meet, when produced, at P.
Prove (1) that BP=the radius of the circle; (2) that CP=1 side
of the figure ; (3) that, if BQ be drawn || to CO to cut the circle
again at Q, then BQ=tl.¢ radius of the circle+a side of the figure,
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107. In a AABC the £A=60°. Prove that CB+}BA > CA.

108. The |s drawn from B, C to the sides AC, AB of the AABC
meet at P. Prove that AC?+ BP2=AB2+CP2.

109. Two circles whose centres are A and B intersect at C and
D. Show how to draw through C a st. line meeting the circles
again at P and Q, such that PC=CQ.

110. Ox, Oy are | st. lines. A, a point on Oy, is joined to B, a
point on Oy. A square ABDC is described on AB on the opposite
side of AB to O. If OA=a, OB=b, find the distances from Ox ana
Oy of the points C, D and the centre of the square. Hence, or
otherwise, prove that, if the square is moved so that its vertices
A and B always remain on Ox and Oy, the centre of the square
describes a st. line.

111. If AP, AQ are tangents to a circle of which PS is a diam.eter,
prove that AS bisects the | from Q to SP.

112. The L BCA of the AABC is twice the « CAB, and its bisector
meets AB at N. The | from N to AC meets CB produced at F.
Prove that the ACFA is isosceles and that N is the centre of ite
inscribed circle.

113. AOB, COD are two | chords of a circle; prove that the
As AOC, BOD cannot have equal areas unless these chords are
equal. Is this result true if the chords are not perpendicular ?

114. Prove that if p, g, » are the altitudes of a A, then

I I I
T

P q 7
Prove that a A with altitudes of 3”, 4" and 1-5” is not possible,
but that one with altitudes 3”, 4”, 2” is possible. Construct this
latter A.

115, Calculate the lengths of the diagonals of a cyclic quad.
whose successive sides are 1, 2, 3, 4 inches.

116. ABCD is a rhombus and P is a point on the diagonal AC.
Two circles are described touching one another externally at P.
One of these circles also touches AB and AD, while the other touches
CB and CD. Prove that the sum of the radii of these circles is the
same for all positions of P between A and C. If each side of the
rhombus is 13” and the diagonal is 24”, find the sum of the radii
of the two circles.

117. Prove that, if the angies of a polygon inscribed in a circle
are all 2qual, the sides must be all equal when the number of sides
is an odd number. What can be in‘erred when it is an even
number ?
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118. A wire 8” long is to be cut into two pieces which can be
bent respectively into a square and the circle inscribed in the
square. Find to the nearest tenth of an inch the lengths of the
two pieces (take w=3-142).

119. ABC is any A, and D and E are poin*s on BC such that
LBAD= . CAE. The circle circumscribing the AADE cuts AB at
P and AC at Q; prove that PQ is || to BC and that

BD . BE:CD.CE=AB?: AC%

120. A wire is in the form of a circle of area A square inches.
If the wire were bent into an equilateral A, find the area of this
A in terms of A and .

121. Y, Z are the feet of the | s drawn from A to the bisectors
BY, CZ of the Ls B, C of a AABC. Prove that YZ is || to BC.

122. Show that, of all As on the same base and of the same
altitude, an isosceles triangle has the least perimeter.

123. ABC is a A, right-angled at A, and the bis>ctor of the
angle A cuts BC at v. 1f DF is drawn | to BC to meet AB at E
and AC at F, prove that DE=DC, DF=DB, and BE=CF.

124. On each side of a parallelogram as hypotenuse an isosceies
right-angled triangle is drawn outwards, and the outer vertices
of these triangles are joined. Prove that the resulting quad. 1s a
square.

125. In a given AABC a length BP is set off along BA and an
equal length CQ is set off along CA. The parallelogram POQR,
with CP, CQ as adjacent sides, is completed. What is the locus
of R for varying lengths of BP ?

126. ABCD is a cyclic quad. and X is a point on the diagonal
BD, such that L BAC=.XAD. Prove that (i) AD. BC=AC.DX;
(ii) AB. CD=AC.BX; (iii) AD.BC+AB.CD=AC.BD. (This is
called Ptolemy’s Theorem.)

127. D is a point on the minor arc BC of the circumcircle of an
equilateral AABC. D is joined toA, B, C. Prove that DB+ DC=DA.

128. A cylindrical vessel contains water 2 feet deep. A cylin-
drical stick is thrust vertically into the water till it rests on the
bottom of the vessel ; the water rises 1 inch without covering the
stick. Find the ratio of the internal diameter of the vessel to the
diameter of the stick

129, Through a 4xed point O a st. line PQ is drawn, cutting at
P and Q a given circle whose centre is C, and segments are drawn
on OP a1d OQ touching the given circle at P and Q. Prove that
the locus of the intersecticn of the segments is a circle on OC as
diameter.
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130. TA and TC are st. lines which touch a circle at A and C,
and TBD is a st. line which cuts the circle at B and D. Prove that
the bisectors of the s A and C of the quad. ABCD intersect on BD.

131. If two given circles intersect at A, and AC, AD are dia-
meters, and E is the mid-point of CD, prove that a circle with
centre E and radius EA will cut the given circles again at points
P, Q such that AP, AQ are the tangents at A to those circles.

132. A, P, Q, B are points on a circle of which AB is a diameter.
AM and BN are drawn | to PQ produced both ways, meeting it at
M and N. Prove that PM=QN.

133. A hollow cone, the height of which is 12” and the radius
of the ba: ~ 9”, is fixed with its vertex downwards and axis verticas,
and is filled with water. A sphere is then lowered into the water
until it rests on the inner surface of the cone, 1t centre being 5”
above the vertex. If the sphere is withdrawn, find, to the nearest
tenth of an inch, the distance through which the surface cf the

water will fall. Take {/3=1-4+.

134. Two circles touch externally at O ; 'hrough O are drawn
st. lires POQ, LOM, meeting one circle at P and L, the other at Q
and M. Prove that the As POM, QOL are equal in area.

135. A cyclic quad. PQRS is such that PQ . RS=QR . PS. SP.s
produced to X so that PX=8P. Prove that L PQX=.SQR. If QR
1s produced to Y, so that QY is equal to RQ, and if PY meets @X
at Z, prove that PZ=ZQ.

136. In the AABC, AB > AC. The bisector of the . BAC meets
BC at D. Prove that BD > DC. Prove also that, if X is the mid-
point of BC, AX > AD.

137. ABSD is a quad. such that the s BAC, DAC are equal ;
the sides CB, CD are also equal, but the sides AB, AD are unequal.
Prove that a circle can be described about the quad.

138. The points B, E, A, C lie on a semi-circle of which BC is a
diameter. AD is drawn | to BC meeting it at D, and BE=AD. 1f
DA is produced to F so that DF=BA, prove that CF=CE.

139. XYZ is a A, X being an obtuse angle. R, S are points on
YZ, ir: the order Y, R, S, Z, such that RX=RY and SX=8Z. Prove
that the circumcentre of XYZ coincides with one of the ex-centres
of XRS.

140. Two circles intersect at a point O. One common tangent
touches th:m at A and B, the other at C and D respectively.
Prove that the circles OAB and OCD touch one another.

141. ABCis a A in which £3=2.C. The bisector of LB meets
AC at E; and EF, drawn || to CB, meets AB at F. Piove that
AE . BE=AF . BC.
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142, Two parallelograms have a common diagonal ; show that
the other angular points are those of a parallelogram.

143. O is a fixed point within a given AABC and P a variable
point on BC. The circle OPC cuts AC at Q, and the circle OPB
cuts AB at R. Prove that AQOR is a cyclic quad. and that the
As PQR are similar to one another for all positions. When is the
length PQ least ?

144. AC is a chord of a circle. From a point B on the minor
arc AC lines BD, BE are drawn || respectively to the tangents at A
and C, cutting AC at D and E. Prove that the As ABD, BCE are
similar and that AD.CE=BD?2.

145. ABCD is a quad. inscribed in a circle, AB bein3 || to DC.
AD and BC meet at X, and the tangents at A and C intersect «t Y.
Prove that XY is || to AB or CD.

146, Show that the perimeter of a polygon is always greater
than that of a polygon of which the successive corners lie in the
sides cf the first polygon taken ia order. Show also tha* the
perimeter of a polrgon 1s greater than the perimeter of any
polygon lying wholly within it, provided that the latter is not
re-en‘rant.

147, If the internal s A and D of a parallelogram ABCD are
bisccted by lines AP, DQ, meeting the diagonals of the parallelo-
gram at P and Q, prove that the As ABP and DCQ are equal in
area.

148. The bisector of the £ ABC of a A ABC cuts the opposite side at
D and the circumcircle at E. Prove that (i) AB. BC=AD.DC+ 3D?
(ii) CE?=AD . DC+ DE?2.

149, From a point O on the diagonal AC of a parallelogram
ABCD parallels are drawn to the sides, meeting the other sides at
P, Qand R, S (P on AD, Q on BC, R on AB, S on CD). Prove that
PQ, RS are divided similarly at O, and that SP and QR produced
meet on CA produced.

150. Prove that, if equilateral As are drawn on the exterior of
the sides of any A, their centres will always form an equilateral A.
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Acute angle, 4
Acute-angled triangle, 10
Adjacent angles, 3
Algebraical identities, 275-283
Alteraate angles, 22
Alternate segment, 233
Altitrde (angular), 55
of A or parf®, 119
A nbiguous case, 8o
Angle (and arms of), 3
between line and circle, 220
between two circles, 220
of depression, 55
of elevation, 55
n a segment, 186
in alternate segment, 233
in a semi-circle, 192
sub*ende at a point, 186
Angular point of A, 8
Apollonius’ Circle, 370
Theo.em, 238
Arc of a circle, 5
Area, 8, 117, 271
of circle, 211
of par®, 121, 127
of rectangle, 118
of rectilneal figure, 134
of square, 117
of trapezium, 135
of triangle, 126, 128, 294
Axiom, 1

Base of triangle, 8

Bearing cf an object, 54
Between same parallels, 120
Bisection, 6

Cardinal Points uf the Compass, 54
Centre of a circle, 5
Centroid, 112
Ceva’s Theorem, 331
Chord of a circle, 5
Circle, 5
Area of, 211
Circumcentre, 186
Circumcircle (and radius), 186
Circumference of a circle, 5, 211
Circumscribed circle, 186
figures, 220
Collinear points, 110
Commensurable magnitudes, 378
Common tangents, 226
Complement, 12
Complementary angles, 12
Complements of a par®,139
Concentric circles, 6
Conclusion, 8
Concurrency theorems, 109-113
Concurrent lines, 110
Concyclic points, 186
Congruent triangles, 11
Conjugate arcs, 186
Construction, 7, 8
Contact, 220
Continued proportion, 317
Converse theorems, 8
Convex polygon, 9
Co-planar, 22
Corollary, 3
Correspondirg angles, 22
sides and angles of a A, 11
Cyclic figure, 186
quadrilateral, 195
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Decagon, 9

Degree, 4

Depression, angle of, 55
Described about, hgures, 186, 220
Diagonal, 82

Diagonal Scale, 100

Diagrams to scale, 55

Diameter of circle, 5

Distance between two points, 7

Elevation (angle of), 55
Equality, test of, 7
Equal in all respects, 11
T quiangular triangles, 334
Equilateral figures, 9
triangles, 9
Equivalent (or equal), 120
Escribed circles, 220
Ex-ceatre, 220
Exterior angle, 22
of triangle, 27
External bisector, 27
contact, 220
division, 272, 319, 361

Fourth proportional, 317, 360
General enunciation, 7

Height of A or par®, 119

Heptagon, 9

Hexagon, 9, 252

Homothetic centre, 374
figures, 374
ratio, 374

Horizontal, 54

Hypotenuse, 10

Hypothesis, 8

Hypothetical constructions, 6

Image of a point in a line, 77, 175
In-centre, 220
Incommensurable magnitudes, 378
Inequalities, 70-74, 114-115
Inscribed circle, 220

figure, 186

regular polygon, 253
Intercept theorems, \, ;-96
Interior angles, 22

opposite angles, 27
Internal rontact, 220

division, 272, 319, 361

INDEX

Irrational numbers, 378
Isosceles A, 9
base and vertex of, 9

Join, 3
Kite, 83

Line, 2
Locus, 157

Major arc, 186
segment, 186

Mean proportional, 317 362

Medial section, 311
Median, 10
Menelaus’ Theorem, 348
Mid-point, 6
Minor arc, 186

segment, 186
Minute, 4

Nine-point circle, 263
Non-convex, 31

Obtuse angle, 4
Obtuse-angled triangle, 10
Octagon, 9
Order, in, 9
Orthocentie, 113, 263

Orthogonal circles, 157, 308

Parallel lines, 22
Parallelogram, 82
Particular enunciation, 7
Parts of a triangle, 10

Pedal (or Simson) line, 264

Pedal triangle, 263
Pentagon, 9
Perimeter, 8
Perpendicular, 4

bisector, 61
Plane, 3

figure, 5, 8
Playfair’s Axiom, 22
Point, 2
Points of compass, 54
Point of contact, 218
Polygon, 9

Inscribed regular, 253
Postulate, 2
Produce, 7, 9
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Projection, 284
Proot, 8
by Exhaustion, 72
Proportion, 317
Pro¥)051tmn 7
Ptolemy’s Theorem, 392
Purely geometrical constructions,

58
Quadrilateral, 8, 82

Radical Axis, 375

Radius o. circle, 5

Ratio, 317

Rational numbers, 378

Rectangle, 82

Rectilineal figure, 8

Reductio ad absurdum, 24

Re-entrant, 31

Reflex angle, 4

Regvlar polygon, 9

Rhombus, 82

Fight angle, 4

Right-angled triangle, 10

Ruler and compass constructions,
58

Scale diagrams, 55
Scalene triangle, 10
Secant of a circle, 218
SeconA, 4

Secto. of ¢ circle, 6

401

Segment of a circle, 5
line, 7, 272
Semicircle, 5
Sense, 7
Side o1 a triangle, 8
Similar figures, 332
sepments, 180
triangles, 333 seq.
Simson (or pedal) line, 264
Square, 82
Straight line, 2
Subtended, angle, 186
Superposition, 7
Supplement, 12
Supiplementary angles, 12
Surtace, 2
Symmetrical, 38
Symmetry, 38, 175
axis of, 38
centre of, 175

Tangent to a circle, 218
Theorem, 7

Third proportional, 317, 360
Touch, 220

Transversal, 22

Trapezium, 83

Triangle, 8

Vertex of angle, 3
triangle, 8
Vertical, 54
Vertically opposite angles, 4
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ANSWERS TO NUMERICAL EXERCISES

THE answers given here have been found by calculation and are accurate
as far as they go. This degree of accuracy cannot be expected ir
Geometrical Drawing, but the answers given furnish a standard bv
which the pupil may test the correctness of his drawing and measure-

ment.

In Calculations the pupil’'s answers should be exactly the samre

as those given here.

CoBwn =

10.
11.

1.
4.
7.
8.
13.
15.

PART 1
EXERCISE 1 (P. 14)

. 1} rt. £, 137°, 62° 86° 257, 143° 17°, 18° 517, B rt. L.
. Brt. L, 63°% 57° 347, 484°, 10° 277, 40° 227 48",

117° 63°. 4. 59°. 5. £BOD - 126°, £ AOD = £ BOC = 54°.
£BOC =36° 17", LAOC =.BOD 143°43’. 7. 90°+2°, go° —x°,
£ BOD =2°, LAOD =4BOC +180° - x°.

30°, 120° 150°, 30x° or 360° — 30x°.

o

]
(i) 90°, 240°, 62°; (i1) 73°, 20°, %
1.0° 7190° 13. 824°, 185°. 4.30 p.m. 14. 177°, 302§°.

EXERCISE 3 (Pp 26, 27)

EXERCISE 4 (Pp. 29, 30)

54°. 2. 55°. 3. 72°.

40°, 60°, 80°. 5. 52°, 60°. c. 30°.

50°; (i) 80° (or j00°), 30° (or 150°,, (ii) 85° (or 95°), 15° (or 165°).
100°, 80°, 9. 50%°. 11. 72°,

A=75° B=70° C=35° 14. 100°, 60°, 20°.

P =81° Q =27°, R=72° 16. 42°, 54°, 84°.

a2 M.8.G.



ii ESSENTIALS OF SCHOOL GEOMETRY

EXERCISE 5 (Pp 33, 34)

1. 98°. 2. 138°, 69°. 3. 60° 120°.
o
4. 45°. 36°, 30°, 18° 72°, -3%)-.
o
135°, 144°, 150°, 162°, 108°, 180° -ﬁ?—.
5. 9. 6. 18. 7. 30° 48 8. Yes, No, No, Yes
9. Yes, 10; No; Yes, 72; No 10. 18° 54°, 120° 162°
11, -2, 12. 70°, 82° 110° 48°. 13. 42°, 84°, 126°, 108°, 120°
14. One 15 150°, the others are each 125°.
15. 170°, 140°, 100°, 160°, 16. 1124°. .
17. 118° 108° 62°, 72°. 18. A-C-E -160°, B2D ~F =80".
19. 60° 35°, 25° 25° 35°.
20. (80 +x —¥)°, (60 +y ~2)° (40 +2 -x)°, ¥ =70° ¥y =2=90°
21, 108° 72°, 108°, 144°, 108° 22. 146%°. 23. 5.

24. C 155", D 70° F —F - 135°.

EXERCISE 7 (Pp. 40, 471)
i (1) 44°, 68°, 68°; () 34°, 73° 73%;

(m) 128° 34°, 25° 43%, 25° 43" (1v) 152° 547, 13° 33/, 13° 33";
(v) 105°, 37° 30’, 37° 307, (v1) 98° 97, 40° 5547, 40° 55}°

. (1) 54° 54° 72° (1u1) 80° 80°, z20° 5. 108°, 72°.

. 18° 18°. 7. 36° each 8. 90°.

. LABD -~ .LBDE - LEDC =35°, LBED -8:°, .DCE-47°,
=63°, LADB - 110°, L ABC ==g8°

I~

. DBE

13. 56°, 100°, 38°, 62°. 14. 21°, 15. 36°, 168°. 16. 1062°, 81°
17. 128°34"; 77°9°, 51° 20°, 51° 26", 12° 517, 259 437, 141° 26"

13. All are either 36° or 72° or 108° 19, s544°
: EXERCISE o (P 49)
11. (1) 30° 75° 75° (1) 150°, 15° 15°.
EXERCISE 11 (Pp. 51, 52)
1. 105° 135° 125° 100° 75°.
5. LOCA=A° LOBC =20CB =g0° - A°.
EXZRCISE 12 (Pp. 56, 57, 58)
2. 318 yds. 3. 333 ft. 4. 7:39 cm.
5. (i) 21 t., (il) 36-4 ft. 6. 5:58 miles, S. 32° 33" E.

. 2545 mules, N. 25° 37" W, 8. 14-2 mles.

21, 38°



ANSWERS iii
9. 9:6 miles. 10. N. 31° 45 W, 11-1 miles. 11. 471 yds.
12. 244 miles, 63° W. of S. 13. Just over 12 m p.h.
14. 18-2 miles, S. 37° 40° W, 15. (a) 660 ft., (b) 560 ft.
16. 185 ft. 17. 36° 52°. 18. 4-47 miles.
19. 6020 ft. 20. 330 ft. 21. 64-3 ft., 31-7 ft.
22. 171 yds. 23. 219 miles, N. 52°24 E.
24. 3'34 miles, S. 66° 41" W 25. 149 ft.
EXILRCISE 13 (P 69)
10. g.or miles N 11° 11”1 and N. 50" 11" W.
12, 1rr6miles S 15°E.
EXERCISE 17 (P. 89)
7. 60°, 60° 120° 120°; 1’ 15. 110° 130° 60° 170"’
EXERCISE 19 (P. 97)
113§ 2 44" 3
EXERCISE 22 (P. 105)
48. 145 cm. or 9:73 cm. ; 8-05 cm., 116 cm.
PART 11
EXERCISE 25 (Pp 130, 131)
1. 10 5q. In. 2. 147sq.’cm. 3. 7:5sq. in 4. 162 sq. cm.
5. 5'4 sq. 1n. 6. 14°4sq.cm. 7. 1°6 sq. 1n. 8. 2:88 sq. in
9. 4°9sq. n. 10. 144 sq. cm. 11. 3 cm. 12, 3.
13. 416 sq. 1n. 14, 143 sq. cm. 15. 6:68 sq. cm. 16. 1-42 5. 1n
17. *8-4cy.cm 18. 2:61sq. . 20. 3sq 1n., 4'5sq. 1n.
21. 44 sq.1n 22. }, L 24. 72600. 25. §.
26. 25”. 29. 5} sq. n., 14 sq. in. 30. §.
EXERCISE 26 (P. 132)
3.4 4%
EXERCISE 27 (Pp. 135, 136)
1. 5:79 sq. in. 2. 7°69 sq. in. 3. 504 sq. um,
5. 7:16 sq. 1n. 6. 6-89 8q. cm



iv ESSENTIALS OF SCHOOL GEOMETRY
EXERCISE 30 (Pp. 149, 150, 151, 152)
1. 13%, 6:5”7, 17 cra., 84", 7.08 miles.
2. 1°5%, 27", 156 cm., 1407 yds. 3. 4-036”". 4. 9-9 cm.
6. 4 +V7=6646". 6. 23-41 ft. 7. 10 ft.
8. 33 mles. 9. 325 cm 10. 1-6 cm.
11, 1-5”. 12. (n), (i), (v). 14. 30sq. cm
16. 1764 sq. ft. 19. 24 ft. from the foot of the wall, 3}} ft.
20. 8-39 miles. 21. 34 mules.
22. 57, 1”, V'24 4'800”, 14697 5q n 23. 4:36 miles, 5:00 miles
24, 269 ft., 0-29 ft. 25. 4487 ft, 27. 17, V34 —5 -0-831".
28. V52:=721", V14210 11:9".
29. V35::0-,08 ft., V380 8 - 1951 cm. 30. V57 =7'55", v:92 cm.
31. 37, 32. 45" 33. V61 ft —77 10"
34. VB =17cm. VA -:VC - V322 = 1794 cm. 35. V17 =4123".
36. V135=3074". 37. 4 cm. 38. 3V2z r14:07 cm
39, 813", 40. 3VZ=-424". 4l V6", V6", 2"; V522305 in.

EXERCISE 33 (Pp. 150, 157)

1. 156 ft. 3. 2 v z=0586. 4. 3cm., 7 cm.
9. 2:9". 12. 1 3or2:3. 13. 4-8".

EXERCISE 36 (Pp. 169, 170, 171)
4. 210 yds., 434 yds., 169 yds., 349 vds.
17. P 1-87”, Q 1*5” and 2'5”. 18. l‘\P =2:96", AQ =2-81".
19. PB=6", PC =35". 25. 7:8 cm. or 15'5 CLa.

PART 111

EXERCISE 37 (Pp. 177, 178, 179)
1. o7 cm. 2. 34 cm. 3. 12", 4. 3V3=5196".
5. 14 cm. 6. -~ 7. 2v/35=11-83". 8. 2:5”.
9. 25", 17. 150 ft. 21, 7, 13" 22. 2", 23. 6°.

EXEPCISE 39 (P. 184)

5. 45", 2:4”.



1. 40°, 32° 2. 27° 116° 3. 8:2°, 36° 36° 41°.

4. 43° 22° 100°. , 5. 66°, 95°. 6. 45°. 7. 98°.
8. 95° 105° 85°, 75°, 80° 100° 9. 130°, 25°. 10. 25°.

11. 230°, 200°, 160°, 130° 12. £C=115° LB:==70°.

13. 106°, 66°, 74°, 114° 14. 55" 16. 66°.

2. 4”. 3. 30° E of N. 4. 61°, 906° 5. 112° 68°
6. 50°, 80", 130° 100°, T. 75° 87° 75° - x° 87°- x°, 36°.
8. 70°, 30°, 110°. 9. 108° 115° 110° 172° 105°. 10. 124°.
11. Lo, 140° 80", 90”. 12. 55", 85°, 125°, 95°. 13. 120°
15. 34°. 28. 96 cm.
EXERCISE 42 (P. 202)
1. 31° 2. 124°, 127°. 3. 98°, 128°.
EXERCISE 43 (P. 212)
1. 8,°, :r8°, 2. 72° 3. 15° or 105 4. 10".
5. 60°. 6. 90”, {x 7. 75°, 30°, 30". 8. go°.
9. 15° 30%, 00".  10.
EXERCISE 44 (P 214)
9. Each =180° - A°.

ANSWERS

EXERCISE 40 (Pp. 188, 189)

EXERCISE 41 (Pp. 197, 198, 199)

(1) «BCX 72°, LADC ~CBX 77°, LABC 103", L.DCB 108"

(i1) £BCX 1°. LADC -LCBX -149°-2° LABC 31°42x",
LDRC - 180° 1°

EXERCISE 45 (Pp. 228, 229, 230, 231, 232)

1. 20". 2. 25 cm. 3. 24", 4. 58° 55° 67°,
5. 4%, 5" 6. 17", 1°6". 29. 2:4". 30. o-7".
31. (i) 1-6". 32. V3016 =549 cm., 44 cm. 43. 2:5 cm.
54. 3-09 c. .

EXERCISE 4C (P. 236)
1. 70°. 2. 68°, 44°, 68°. 3. 76°, 56° 4%8°
4. 119°. 5. 78°. 6. 46 , 80°. 717 9.

2



vi

17.

39.

48

ESSENTIALS OF SCHOOL GEOMETRY
EXERCISE 47 (P 239)
a
EXFRCISE 48 (P 247)
1" 47. 814°, 115° 984°, 65°.

x¥_-V'3 +1, no solution, ¥ ~V'5+1, one solution ;
V5 k1 -x_-V5 -1, two solutions ,

7

x v§ -1, three solutions ; x+. \/3 -1, four solutions

FXERCISE 4o (P, 254)

8. PA -55:rm.,PB 87m,PC 109gm 16. 3-4772sq 1n
EXERCISE 50 (Pp 260, 201)
10. -Bz+‘-’ 9 fl—t. 5+2 90"—}-?. 9 E 13. 7,5, 1cu. 18, 3",
24. 449 cm., 349 cm., 2-20 cm.
PART IV
EXERCISE 52 (Pp 289, 200 291)
1. 0% 2. 165" 3. 11 em, 10} em 4. 587, 30"
5. (1) 3".4". 6", (i) 3", 5". 6" 8. Obtuse angled
7. (1) Obtuse 103", 44" (1) Acute. 833", 6% 8. Obtuse
10, 2 +2V 2 483", V8 4 4v2 370", 2 4 VI =341, 224°, 1124°.
11. DB -3'54". DC . 1-40".
- 24/ >
15. V31732 ' o 577”7, V2 6"
3 73 V3 7 V3 3
25. (1) FVor - 477", V10 . 218", $V139 -59", (i) . . 8=8183",
V4z2=0648", V15 -3-87".
26. 10”. 27. V100 103" 28. V/43'5=6-60".
29. 32 sq. in. 30. 65".
VETY , 10 . 2vV3 . o — .
32. () B =g, =333 SRR o507, (i) o7 4V I3 =144
2V73=171"
EXERCISE 53 (P. 292)
5. 135"
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EXERCISE 54 (P. 205)

1. 84 sq. 1n. 2. 66 sq cm. 3. 84sq cm. 4. 420 5. 1n.
5. 234a* .q 1n 4. 24 sq yds.

8. (1) V135 =29 1n, (1) V1260=355sq 1n. 9. 180 sq yds.
10. 4608 sq 1n 11. V30,9 - 5546”7, 13-87 sq. 1n

12. 7:81 sq 1n. 13. 3V ab? + bict 4 c?ab. 14. $V/095 = 13:2 &. 10,

EXERCISE s5 (Pp. 302, 303, 304, 305)

1. (1) 07, (n) 207, (1) 24", (1v) 39 5q. cm, (V) 13 cm

2. (1) 3-57, (1i) 12 cm, (1) 20”7, (1v) 10, (V) 84" 3.1 5. 40".
G. 15", 48", 32'5". 7. 4cm 8. 1%”. 9. 2cm, 5¢cm

10. 8 cm. . 11. o”, 8”. 12. 187, 2",

13. 8} cm., 5§ cm. 14. 10 cm. 15. $v39 =781 ¢cm.
16. /9000 =95 miles nearly. 17. 24’ approx.

18. 2086 milcs 19. No. 21, gu’, 10",
25. 4, 16", 37. qﬁ\/ﬂz =0:636", —\{]70" 2:10".

20 20
EXERCISE 56 (. 307)
4. 106°.
EXERCISE 57 (Pp. 311, 312)
17. 4V'5 ~ 4 = 4944 cm. 18. V513 5236".
19. V5 - v —1:236". 23. 17, 30°, \/5;' T 102",
PART V
EXERCISE 58 (Pp 320, 321)
1. (i) 1:0 1) 1:480, (in) 3" 100, (1v) 13 10600, (V) 7: 40.
2
6. (i) 24, (1 ij 7. (1) 128, (u) 15, (m) @®
3 3

8. (1) +16, () +6, () +a%bL. 9. 6 cm. 10. One.
11. 3 cm. 12. 9 cm. 13. One 14. zalm — (I*~m?).

EXERCIST. 59 (P. 324)

1l.2:5; 2:3. 2.3.2; 3:25.
3. (i) 2°8”; (n) 24 cm.; (iii) 1-2”, (1v) 157,
4. (i) 4-8”; (ii) o9". 5. 09", 8 m:m.



viii

B

1. (1) 48 cm., (1) 6-3", 1-4", (1) 4-2”, 1-6”. 2. 2277, 1-8”.

3. 24 ft. 4. 12 yds., 24 yds., 30 yds. 5. 704 yds.

6. 6’ qg". 7. 10’ 5", 8. 6. 9. 6",

19. 07, 4". 11. 2-8”, 3-5” 12. 32 cm., 48 cm, 2.2 cm.
15, (i) 48 cm., (1) 2:5 ¢cm, 2 cm., (1) 6" or.12”, (1v) 5-8”

16. (i) 48 cm, (1) 2:5 cm, 2 cm 17. (1) 67, 9", (3 6}”, 2%~

18. 2}”. 19. 2’ 8" 20. 135 cm. 21, 24",
22. 127, 23. 3”. 24. (1) 2", () 5.1

25. 16”7 14", 27. 27 3", 28. 0}”, 9 sq in. 29. 1: 3.
30. 16", 12", 04, 3i.2-1; 3:1, 32. 3" fromD 33. :{".
63. 10-Z; 75"

n 3 75
EXERCISE 63 (Pp. 346, 347, 349)

I 1 . LR - .
5.;»1—)—;. 9. 4¢". 29. 3518 ; 53 24.
EXERCISE 04 (P. 351)

1. (1) 3:6”, 6-4”, 48", (1) 6", 3V 13 =10-8", 2V 13 =7-2", (11) 8%", Igr‘B"
2. 20 sq. cm.

EXERCISE 605 (Pp 353, 354, 355)

1. 7-2 sq. in. 2. 4 cm. 3. 9-2”, 148", 16-4".

4. 40 sq. in. 5. 4-8". 7. 2:1. 8.29.
9. 5", 12, 4 1. 13. 27; 25 16 14. 22 - 25.
17. 23 sq. ft. 18. % b, 19. £1 16s. od. 20. os.
21. 1s. 8}d. 22. 3313 oz 23. 12",
24. 1>2 sq. in., 43-2 = . in. 26. 1:2. 27. ,: 25.

EXERCISE 66 (P. 356)
11, 3: 4

ESSENTIALS OF SCHOOL GEOMETRY

EXERCISE 60 (P. 329)
c2gf 2y 2. 217,
. 147, 6", 11} sq. in., 4F sq. 1n,

147,

7. 2

: 3.

3. 24 cm.

EXERCISE 62" (Pp 341, 342, 343. 344, 346)



ANSWERS X

EXERCISE 07 (P. 363)

1. (1) 27, (n) 1-87, (mi) 4. 2. (1) 3'2 cn., (1) 2°8.
3. (1) 21, (i) 1-5, (iii) 0-54, (iv) 0'37. !
4. 0.9 cm,, 1-2 cm., 6-3 cm., 84 cm.
5. 36", 12", 7., 2:4” 6. (i) 37, V' 1=3317"
7. (1) 3°600, (1) 4°796, (1) 7 ~*0.
EXERCISE 69 (P 370)
1. 47, 8" 2. 12cm. 9. V5=2:236", 2V 5 = 4472".
MISCELLANEOUS EXAMPLES
{Pp. 82, 383, 385, 389, 390, 391, 392, 393)
12. 1 cm., 15 cm. 18. B -153° C ~57°, AD - 3:50" 43. 09"
95. AC, 1-7” and 3-8”, BD, 1-3 and 3'5". 100. 15", 45", 40"
110. C > (a +0b, a), D 15 (b, @ +b). Centre of squarc 15 (’L;—If f'-:’-}), 1e.
A v

125. 3-02” or 2-80", 116. 03" 18. B .

- 417
120. ?’ﬁgli. 128. 5. 1. 133. 05"

PRINTED IN GREAT BRITAIN BY ROBERT “MACL.LHOSE AND CO. LTD.
AT THE UNIVBI'SITY PRRSS, GLASGOW.
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