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CHAPTERI

§ 1. Definitions.

Scalar and Vector Quantities.

The mathematicians and physicists have got to deal
with two different kinds of quantities. Some of them are
specified by a single real number called the magnitude
or the measure of that quantity and are not related to any
direction in space. Such quantities aie Scalars. The
examples of such quantities are mass, volume, electric
charge, temperature, density etc. etc. Thus the mass of a
body may be specified by a positive number m equal to the
ratio of the given mass to the unit mass.

Thus for scalars we should have a unit of measure-
ment and a real number m that expresses the ratio of the

given scalar quantity to that of the unit.

There are however other types of quantities which
have got magnitude as well as a definite direction in
space. Such type of quantities are called vector quantities
or simply vectors. The most familiar examples of this
type are velocity, acceleration, force, displacement etc.
If we say that the speed of a train is 45 m. p. h., our
statement is not complete so long as we do not specily
the direction in which the train is moving. Similaily we
cannot content ourselves by simply giving the magnitude
of a force; we have got to specify the particular direction
in which it acts. Thus a scalar quantity cannot completely
specify a vector quantity.
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Representation and Notation of Vectors.

Symbolically a vector is often denoted by two letters
with an arrow over them; the tail of the arrow is called
the origin of the vector whereas its head is called the

-_)
terminus or the end. Thus in the vector 4B 4 is called the

origin and B the terminus. The magnitude of the vector
is given by the length AB and its direction is from 4 to B.

Such vectors are called line
vectors. Thus a vector may be

. . - - A
represented by a directed line - &3
segment i.e. a given portion of -
a given line on which the two Fig. 1.

end points origin and the terminus are specified, i.e. they
cannot be interchanged, for it will change the direction
of the vector.

In addition to the above notation of vectors by giving
their origin and terminus ws shall use sigle letters
(Clarendon letters) in heavy (bold face) type like a, b, c.
The corresponding italic letters a, b, ¢ denote the magni-
tude of the vectors.

- -
Thus if AB=a, then | 4B | i.e. its magnitude is denoted
by a.

The above notation is all right so far 1s the printing of
the books is concerned but it is quitc inconvenient for the
teachers and the student to use the above notation on the
black-boards and their note-books respectively. Alternatively
we may adopt the Greek letters «, B8, y, 8 to denote the
vectors and the letters 4, b, ¢, d to denote their magnitudes
respectively. 'When we have to deal with large number of
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vectors we may use the capital letters 4, B,C, D, E, F. .for
vectors and the corresponding small letters a,b,¢,d,¢, f...
for their magnitudes or by placing bars on the letters
ie.by 4, B, ¢ etc. In this book, however, we shall
follow the standard notations of using bold-face typed
letters for vectors and the corresponding italic letters for
their magnitudes.

Free and Localised Vectors. -

When we are at liberty to choose the origin of the
vector, at any point, then it is said to be a free vector, but
when it is restricted to a certain specified point, then the
vector is said to be a localized vector.

Equal Vectors. Two vectors are said to be equal when
they have the same length (magnitude) and the same
direction and the equality of two vectors is written as
usual a=hb. Thus equal vectors may be represented by
parallel lines of equal length drawn in the same sense of
direction irrespective of the origin.

Like Vectors. Vectors are said to be like when they
hiave the same sense of direction.

Collinear Vectors. Any number of vectors are said to
be collinear when they are parallel to the same line what-
ever their magnitudes may be.

Coplanar Vectors. Any number of vectors are said

to be coplanar when they are parallel to the same plane.

Co-initial Vectors. A vector is not altered by shifting
it about parallel to itself in space. Hence any vector

-
a=AB may be drawn from any assigned origin O by

moving the segment 4B parallel to itself so that the point
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4 coincides with O and the point B falls on some other point
- -
say P; then AB=0P=a.

In this way all vectors in space may be replaced by
vectors drawn from the same assigned origin by moving
them parallel to themselves till their crigin coincides with
the same assigned or'gin 0. All such vectors which have
the same point as the origin are called co-initial
vectors.

Zero Vector. If the origin and terminal points of a
vector coincide, then it is said to be a zero vector.
Evidently 1ts length is zero and its direction is indetermi-
nate. A zero vecter is denoted by the bold face typed o.
All zero vectors are equal and they can be expressed as
- -

AA, BB etc.

Unit Vector. A vector is said to be a unit vector if
its magnitude be of unit length. If there be any vector
a whose module is 4, then the corresponding unit vector

in that direction is denoted by a which has its magnitude

A A

unity. Thus we have a=a4a or a=—.

Note. Any two unit vectors may not be confused to
be equal so long as we do not ascertain that their directions
are also the same. Thus only two like unit vectors are

equal, Again if we say that a=b, it would mean that a=b
and that a=b, the first relation specifying same direction
and the second one specifying equal magnitude.

Position vector. The position vector of any point P

-
with reference to an origin. O is the vector OP. Thus taking
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O as origin we can find the position vector of every point
in space. Conversely, corresponding to any given vector

-
r therc is a point P such that OP=r.

Reciprocal vector. A vector whose direction is the
same as that of a given vector a but whose magnitude is
reciprocal of the magnitude of the given vector is called

the reciprocil of a and is written as a=!. Thus a =aa.

A A
. . 11 a.a .
.~ reciprocal vector a= = a= =,

|

Now since the magnitude of a unit vector is a unit
whose reciprocal is again a unit, we conclude that the
reciprocal of a unit vector is the unit vector itself.

Negative vector. A vector whose magnitude is the
same as that of a given vector a but opposite direction is
called the negative vector of a and is written as —a. If a

- -
is represented by 04 then —a is represented by 40.

§ 2. Additioa of vectors.

Let there be any

two given vectors a and 8
b. Now choose any »

. F- % d
point O and draw the
vectors a and b so that -

. . 0 a A

the terminus of a coin-
cides with the origin of & > >

Fig. 2

- -
b, i.e. 0A=aand AB=b.

-
Then the vector given by OB is defined as the sum of
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the given vectors a and b and is written as

e )

OB=04+AB=a+h.

The above sum is independent of the choice for the
position of O, It should be clearly understood here that
-
the magnitude of OB is not equal to sum of the magnitudes
- -
of 04 and 4B as we know that any side of a triangle is Jess
than the sum of the other two. The magnitude of vector
OB will only be equal to the sum of the magnitudes of

- - - - .

0A and OB when 04 and OB have the same direction. The
-

vector OB represents the combined effect (i.e. resultant) of
- -

vector 04 and OB. The above law is called triangle law
of addition by which the vector quantities are compounded.

If a+b=0ie. when O and B coincide then b=—=b+a
showing that —a is a vector which has the same length as
a but whose direction is opposite to that of a.

Vector addition is Commuative, ic. a+b=b+a.

- - a
If OA=a and 4B=h, then ¢
-
OB=a+b. Now complete b s
the parallelogram whose
two sides are 04 and 4B. ) a A
Since the opposite sides of Fig.No-3

a parallelogram are equal
and parallel, we can say that

- - - -
OA=CB=a and AB=.OC==b.
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e e e S
. 0OA4+AB=0B=0C+CB
or at+b=b+4a. .
Vector addition is associative
i.e. (a+b)+ec=a+(b+c):
- - c
Let OA=a, AB=b and

-
OAd=c. at+btc

Join O to the terminus of - 2+d
last vector C.

s .
a+b=0A+AB=0B. Fig.ho.4
> 5 -
5 (a+b)+ec=0B4+BC=0C.
> - -
Similarly b+¢=4B+BC=A4C.
B G

a+(b+c)=04+AC=0C.

- -

Thus we see that (a+b)+c=0C=a+(b4c) where OC
is the sum of the three given vectors and is written as
a+b+ec.

Thus the sum of any number of vectors is independent of the
order in which they are added and of their grouping to form partial
sums,

Sum of any number of vectors, If we are to find the

sum of any number of vectors c D
a, b, ¢, d, e say, then form a broken
line whose segments in length and
direction represent these vectors.
- -

In the above figure OA=a, AB=b,
-

BCe=c, etc.; then the vector joining © A
the origin of first vector to terminal Fig.No.5
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point of the last vector will represent the vactor sum
e e
a+b4ctdtei. e OA+AB+BC+CD+DE—0E
The above sum will be zero if the terminal point of
the last vector coincides with the origin of the first vector.
e
0A+ AB+4BC+CD+ DO=0.
From above we observe that

- = - - o -
0A+4AA=04 or 004+04=0A4.

-
Now 44=0 and 00=0 and if we put OAd=a, then
at+o=aand o4a=a.

Ex. x. Ifa,b,c,d represent the consecutive sides of a
quadrilateral, show that necessary and sufficient condition that
the quadrilateral be a parallelogram is that a4 ¢€==0 and that this
implies b+d=0.

Since the origin of the first p

vector coincides with the end point ¢
of the last vector, we have C
L d 3
AB+4BC+CD+DA=0
or a4b+c+d=0... (1)
If the figure be a parallelogram, A a
then AB=CD and they are parallel. -Fig.No.6
- -
o~ AB=—CD as they are in opposite directions or a=-¢
- -

i, e. a+c¢=0, Hence from (i), we get b+d=0. . BC=- DA
giving that BC and D4 are equal and parallel. Hence the
figure is a parallelogram. We can prove the converse of
it easily.
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§ 3. Subtraction of vectors,

We have already defined negative vectors as a vector
having the same magnitude as that of a given vector but

- -
opposite direction. Thus if AB=b, then AC=-b, where

AC=AB.

The operation of vector sub-
traction of two given vectors a and
b may be regarded as the operation
of addition of vecctor a and —b

and written as

a-b=a+(—bh). a-b 5
Similarly, b—a=b+(—a). \C
’ Fig.No.7

Expression of a vector in terms of the position
vectors of its end points.

Let us choose any point B
O as origin and the position
vectors of the extremities 3 b-a

—_
4 and B of a vector 4B with

respect to this origin be a o 5, A
and b; then Fig Ho.8
T e -
AB=A0+0B=0B+(~04)
- -
=0B-04A=b-a,

B = = -

Similarly BA=B0+404=04+(~0B)
- -
=0A~0B=a~b,
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Ex. 2. Ifaand b are the vectors forming consecutive sides

- - -
of a regular hexagon ABCDEF, express the vectors CD, DE, EF,

- - - - -
FA, AC, AD, AE and CE in terms of a and b.

(Utkal B. Sc. Hons. 53)

- - >

AC=AB+4BC=a+b ..... (1)
-
AD=2BC=% ..... (2)

- - r
because 4D is parallel to BC and
twice its length.

- > -

AC+CD=AD

-
or (a+b)+CD=5b. [by (1) & (2)]

-

CD=b-a. vee  oea(B)
- -
FA=-CD=a-b. [by (3]

- -
s FAisequal to CD but in opposite directioa,

- -
DE==~AB=-a RPN ()]

- - -
5 CE=CD4+DE=b-a-a=b-2a, [by (3 and (4))
- -
EF=-B(C=-h,
- - -
AE=AD+DE=%b—a. [by (2) and (4)]
Exe 3¢ The position vectors of four points A, B, C, D are
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-> - -
a, b, 2a-}-3b, a— 2b respectively, Express the vectors AC, DB, BC
—_
and CA in terms of a and b.
- - -

Let O be the origin so that 0OA=a, OB=b, 0C=2a-3b

é
and OD=a-2%h.

- - -

s, AC=0C-04=(%2a+3b)~a=a-3b,
- o5 o
DB=0B-0D=b-(a—2b)=3b-a,
B ——
BC=0C-0B=(2a 43b)~b=2 (a+h),
A )
CA=04-0C=a—(2a+3b)=—(a+3b).

e e
Ex. 4. [Five forces AB, AC, AD, AE, AF act at the vertex A

-
of a regular hexagon ABCDEF.  Prove that the resultant is 6A0
where O is the centroid of the hexagon.

Refer figure Ex. 2. If R be the resultant, then
e
R=AB+AC+AD+AE+AF
e T T
=AB+(AD+DC)+AD+(AD+ DE)4AF.
- -
Now 4F and DC are two equal vectors in opposite
directions and hence they cancel each other. Similarly

- -
AB and DE cancel each other.

-> -> . .
. R=34D=6.40 where O is the mid. point of 4D

i. e. the centroid of the hexagon.
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§ 4. Multiplication of vectors by scalars.
—
If OA=aand m is any positive real number then the
-
vector m.0A=ma is dcfined to be a vector in the direction
of the given vector but whose module is m times the module
of the given vector.

-y
In a similar manner the vector --m.0d=-ma is a

vector in the direction oppositc to that of a and having
module m times that of a.

The division of a vector by a real number m may be

considered as the product of that vector by ~»J; .
1

Multiplication of vectors by scalars is commauta-
tive,,associative and distribative, i. e.
m.a=a.m,
m (na)=(mn) a=n (ma),

(m+n)a=ma+na,

m (a+b)=ma + mb,
whers mandn are any scalar numbers and a and b are
any two vectors. ‘

The first three results follow from the definition and
we are going to prove here the last result.

- - 8’
Let OA=a, AB=b
-~
so that OB=a+b. If m B
b . atd
e a ++ive number, )
then choose A4’ and B’ /, A’
on 04 and 0B produced 0 a A
Fig.No. lo

respectively, so that
04'=m.04 and OB'=m.0B,
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- -
s Od'=m.a,0B'=m.(@+b) ... o oo o)

Since A’B’ is parallel to 4B, s A'B'=m.AB.

- - ~>
s A'B'=m.ABor AB'=m.b ... «ii oo 0D

e

Now OA'+4+A'B'=0B'

S - -

or ms OAd+4+m . AB=m . OB
or m.a+m.b=m@+b). [from (1) and (2)]

Note—In case B
m be negative then a+d 3
we should choose a A ma -
point A4’ on A0 0 a2 A
produced (and not g Gty
04 produced) such L7
that 04’ is m times © Fig No. T1

04 but in direction opposite to that of 04. Thz above
result can be similarly proved by the help of the diagram
given.

Any of two like vectors can be expressed asa

multiple of the other.

- A - A B
Let AB=a=a.aand CD=b=0b.b D

be two like vectors so that a=h...(1)
b A A 6
. b A

& b=b.b= - .db=—,qa
a a

= ﬁ_ « a from (1).
a C

- - Fig.No.12
Thus CD=L . 4B. tg-No
a Hence proved.
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- -
Similarly we can show that a=% .b i AB=—Z—- CD.

§ 5. Linear Combination of Vectors.
If a vector r can be expressed as
r=xa+yb+zc+...
where #, y, z...are any scalar numbers, then r is said to be
a linear combination of the vectors a, b, c...

§ 6. Components of Vectors.

We have already defined that when any number of
vectors are parallel to the same line, they are said to be
collinear ard when they are parallel to the same plane
they are said to be coplanar.

(i) Collinear Vector :—Any vector » collinear with a
given vector a can be expressed as xa where x is a scalar.

- - - . —
Let OA=a and OP=r. O a A p
. = -
Since OP is collinear with 04, it can be expressed as a
- -
scalar multiple of 04, i. e. OP=x . 04
or r=x.a.

Coplanar vectors :—Any vector r coplanar with any fwo
given (non-collinear) vectors a and b can be uniquely expressed
as a linear combination of the given vectors i. e. x=~xa-yb where
% and y are scalars. (Raj. B. Sc. 1960)

- -
Let O0A=a and OB=b be two 8

-
non-collinear vectors and OP=x»

be a vector coplanar with a and b ¥é P
Now through P draw PM and PN ~

parallel to OB and OA4 respec- O zg M A
tively and meeting 04 in M and Fig.No. I3.

OB in N.
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- -
s OM being collinear with O4=rxa,
- -

ON being collinear with OB=pb.
e e
r=0P=0M+MP=0M+ON=xa+)b.
Hence proved.
The above combination is unique.
In order to prove that the linear combination
r=xa+)b cee o)
is unique, let us suppose that r can be expressed in another
form as
r=x'a4+)'b Leee (2
s xatyb=x'aty’b. [from (1) and (2)]
S @=x)a4+(y-))b=0
or pa+gb=0.

s oa=-1p,
p

If p be not equal to zero, thena is a scalar multiple
of b.

The above form shows that a and b are collinear
which contradicts thata and b are non-collinear. Hence
we must have p=0 or x— x'=0 or x=x',

Similarly by writing b= — ‘Z« a we can prove that ¢=0

or y-3'=0 or y=y’. Hence we prove that the above
combination is unique.

T herefore if two equal vectors are expressed in terms of the

same two non-collinear vectors a and b, the corresponding scalar
coefficients are equal.

The above result will not be true in case the two
vectors a and b be collinear [see note after case (iii).]

Note :—From above we also observe that if there exists a
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relation of the form pa-+gb=0 between two non-collinear vectors
a and b, then p=0, g=0 (p and q being scalars).

If there be several vectors ry, ry, rs... coplanar with
two non-collinear vectors a and b, then they may be
expressed as

r=xa+nb,
ry=xa+b,
ry==xza+y;b.

If r be their sum, then
r=(r+rytryt . ) =@+ 5+ 440) a0 st ) b

Above relation shows that the comnonents of a sum of
vectors are the sums of components of these vectors. In
case r=0 then each of its components must be zero (as a
and b are non-collinear). Therefore the vector equation
r=0 15 equivalent to the two scalar equations.

x4 % +x3+...=0 and y;+ 2+ 35+ ... =0.

Ex. 5. Prove that the following vectors are coplanar
3a-7b-4c, 3a-2b+c, a+b+2¢c,
a, b, c being any vectors,

If these vectors are coplanar, we should be able to
express one of them asa linear combination of the other
two. Let us suppose that the given vectors are coplanar.

o Ra-Tb-4c=x (3a—-2b+c)+y (a+b+2¢), where x
and y are scalars. Comparing the coefficients of a, b and ¢,
we get 3x+4y=3, -=2x+y=-"7, x+4+2y=-4. Solving the
first two, we find that x=92, and y=-3. These values of #
and y satisfy the third equation as well. Hence the given
vectors are coplanar.

(iii) Non-coplanar vectors. Any vector » can be
uniquely expressed as a linear combination of three given (non-
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coplanar) vectors a, b, ¢ i.e. v=xa+)b+z2c where %, y and z are

scalars, (Pb. 60)
- - -
Let OA=a, 0B=b, OC=c be any three non-coplanar
-

vectors and let OP=r.

R
Fig.No. 14

The three lines 04, OB, OC taken in pairs determine
three planes BOC, COA and AOB. Now through Pdraw
planes parallel respectively to the planes BOC, CO4 and
AOB cutting 04, OB and OC in L, M and N respectively
thus giving us a parallelopiped whose diagonal is OP.

- - -
Also OL is collinear with O4 i.e.a; .. OL=xa.

- -
Similarly OM=3b and ON=zc.
e T =
Now *r=0P=0R+RP= (OM+MR)+RP
- - o
=0M+0L+ON=2xa+3b+zc.
The above combination is unique.
In order to prove that the lirear combination
r=xa+)b+zc, e eea(1)
where a, b, ¢ are non-coplarar vectors, is umque, let us
suppose that » can be expressed in another form as
re=X a+y'b+zc SO (3]
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s *atryb+ze=x'a+y'b+z'c. [from (1) and (2)]
S (=2 at+(y=)) b+i—2) e=0 '
or La+Mb+ Ne=0.
If L be not equal to zero, then a= -—% b—-JzV— c
Above shows that a can be expressed as a linear com-
bination of two non-collinear vectors band e. But itis
essential here that a, b and ¢ should be coplanar [§ 5 P. 14]
and we are given that a, b and ¢ are non-coplanar. Hence
there is a contradiction. So we must have
L=0 or x—x'=0, ie x=x',
Similarly M=0 or y-3'=0, ie y=)
and N=0 or z-2'=0, te z=7.
Hence we prove that the above combination is unique.
Therefore if two equal vectors are expressed in terms of the
same three non-coplanar vectors, the corresponding scalar coefficients
are equal.
1t should be understood here that the above result will not
necessarily be true when a, b and ¢ are coplanar as in that
case c can be expressed in terms of a and b,
i.e., c=pa-qb.
S m=xatpbtye=+pz) at(n+49z0 b,
ry=Xa +y;b +z.c=(x34p2,) a+(r2+92) b.
S v ewy={(%+p2) = (23 +52))} a
H{(n+92)=a+492} b=0
r, and r, are equal. :
~. since a and b are two vectors supposed non-collinear,
we must have their coefficients each zero.
o Mtpu=xgt+pzg
and Nt 9a=)s+2
The above relations do not necessarily mean that
X=%, 1=)3 and 2, =2,
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Note :—From above we also observe that if a, b, ¢ are
three non-copalanar vectors and there exists a relation of
the form .

La+ Mb+ Ne=0 (L, M, N being scalar)
then L=0, M=0, N=0. .

' Note :—In the relation r=xa +sb+zc, the vectors xa,
Jb, zc are called the components of the vector r and x, 3, 2
are called the coordinates of the point P with reference to
the vectors a, b, c.

If there he several vectors w;, ry, r3... expressed in
terms of three non-coplanar vectors a, b, ¢, then they may
be expressed as

ri=x,a+yb+zec,
r,=x,a-+7b+z2,¢,
ry=xza-+y;b+z3c.

If r be their sum, then

r=(2 %) a+4+(Z ») b+(Z z) c.

Above relation shows that the components of a
sum of vectors are the sums of the components of those
vectors. Incase r=0, then each of its components should
be zero (as a, b, c are three non-coplanar vectors). Hence
the vector equation r=0 is equivalent to three scalar
equations.

2 #=0,2 »=0, 2 z,=0.

Ex. 6. Ifa,b, cbeanythree non-zero, non-coplanar vectors,
Sfind the linear relation between the following system of vectors :—

7a+6c, a4+b+c, 2a-b-f-c,a~-b-c.

Let Ta46ec=x (a+b+4c)+y (2a~-b+c)+2(a—b-c).

Comparing the coefficients of a, b and ¢ we, find that

x+2+2=17, 2-y—2=0, 2+y—2=0.

Solving these three j\latlons we find that *==2, y=3,
2= 1. onatc

NMr. N, Sreekanth
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Hence the required linear relation is
7a+46c=2 (a+b+c)+3 (2a-b+c)-(a-b-c).

§ 6. Linear dependence of vectors.
If there exists a relation of the type
xa4ib+ze+...=0 ... ... ...
where #, ¥, 2000000 are scalars (not all zero), then the system
of vectors a, b, c... is said to be linearly dependent.
[f the system of vectors is not linearly dependent, then
it is said to be linearly independent and in that case
x=0, =0, z=0...
If r=xa+jyb+4zc+...
i.e. —r4xatybtze...=0, then the system of vectors
r,a, b, c.... is linearly dependent.

Now we know that between two collinear vectors there
exists a relation of the form r=xa. Similarly between
three coplanar vectors there exists a relation of the form

r=xa+jb. Also between any four vectors there exists a
relation of the type r=xa+yb+zc.

Therefore we can say that any two collinear vectors,
or three coplanar vectors or any four or more vectors form
a linearly dependent system.

Combining the results proved in § 5 and § 6, we can
say that
The necessary and sufficient condition that two vectors be
linearly independent is that they be collinear.
and
The necessary and sufficient condition that three vectors be
linearly independent is that they be coplanar.

§ 7. The Unit Vectors i, j, k.
In § 5 case (iii), we expressed any vector » in terms of
three non-coplanar vectors a, b and ¢ as r=xa +)b+zc.
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Here in this case the directions of the three non-coplanar
vectors will be mutually perpendicular say 0X, 07 and 0K
and unit vectors in these ZA
directions are denoted o T
by 1, j, k respectively. S P
Such a system of vectors

is called ortho-normal L X
system. Now we shall ' M R
express any vector r in Y FigNo.15

terms of the three unit

vectors 1, j and k.

Proceeding exactly as in § 5, case (iii), if OL=x, OM=y,
ON=z, then

-
OP=r=xi+yj+zk N 0}
x, y and z are called the coordinates of the point P.
Also OP?=0L?+LP? as OL is the orthogonal projection
of OPon 0X, i.e. L OLP=m|2
or OP*=0L*+PR*+4 RL*=0L?*+ON*4OM?
-
or r2 =224+ 22 where r is the module of OP.
i.e. square of the module of vector r is sum of the squares of the
coefficients of i, j and k when x is expressed in terms of i, §, k

Direction cosines of OP.

Again if OP makes an angle « with the direction of i,

OL «x
then cos a=5p="

s x=rcos« Similarly y=r cos 8, z=r cos y, where
B and y are the angles which OP makes with the directions
of unit vectors j and k respectively. cos «, cos B, cos y are
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called the directions cosines of OP and are written as

1, m, n respectively,
%3493 4 22=12 (cos? a- cos? B+ cos? y).

But x2+y2+22=12; . cos® a+cos? B+cos? y=1.
Direction ratios of OP,

X .
Also cos a= 5 €os B= —)r’—, cos yr—-—f , showing that the

direction cosines of OP are proportional to x, 3, and z, i. e.
the coefficients of i, j and K and the actual direction
cosines are obtained by dividing their coefficients by r, the
module of OP; i.e. v/(x®+3*+2%. %,z are called the
rectangular coordinates of P.

Note :—In the case of unit vector, the module is unity
and hence if a unit vector be resolved in terms of i, §j, k,
then their coefficients themselves are the direction cosines.

§ 8. Distance between two points P; and P, and
the direction cosines of the line joining them.

Chocse any point O as origin ; then the position vectors

- -
of Pyand P, are OP;and OP,, We can express them in

terms of unit vectors i, j and k as
-
OPy=xi+j+z.k,

-
OPy=1x5i+9,j+4 2.k,
where (x;, 71 21) and (%3, %, 25) are the rectangular Cartesian
coordinates of P; and P,.

- - -
& PPy=0P= OP = (2, - 1)) i+ (92=01) j+ (22~ 2) k.
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If r be the distance P,P,, then it is the module of
-
PPy and is equal to square root of the sum of the squares

of the coefficients of i, j and k and is therefore equal to
V{(#2— 2+ (3: =)+ = 2%
Also the direction ratios of the line PP, are the the co-

efficients x;~;, 92— and z,—z, of 4, j and k recpectively.
The actual direction cosines are obtained by dividing

-
these coefficicnts by the module of P,P, i.e. r
or VI[Z (%5 —x,)%)

2=%1 Ja=

X Rog—2R
and are therefore = ; , s

r r

- -
Note :—In case OP, and OP, are unit vectors, then

it zl=1, 2+l + 2 =1
Sor={(xr 24124217 (024224227 = 2 (0152491 Yt 21212
={2-2 (X301 ot 212 }V2

Putting the value of r, we find the corresponding
direction cosines.

Ex, 7. Three vectors of magnitudes a, 24, 3a meet in a point
and their directions are along the diagonals of three adjacent faces
of a cube, Determine their relultant R and its direction cosines.

(Lucknow B. Sc. 51, Utkal B. Sc;: Hon’s 53, B. H. U.
M. Sc. 54)

Prove also that the sum of the three vectors determined by the
diagonals of three adjacent faces of a cube passing through the same
corner, the vectors being directed from that corner is twice the vector
determined by the diagonal of the cube,
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Let the edge of a cube
be taken as unity and the
vectors represented by 04,
OB, OC the three cotermin-
ous edges of unit length
be i, j and k respectively,
OR, 0OS and OT are the
three diagonals of the three
adjacent faces of the cube
along which act the vectors
- -

Vector Analysis

S
k 4
L“'\k 4 74
\\O‘\’, r A
* ‘\
J \
A
8 T
FigNo.76 YN

OL, OM and O.N of magnitudes a, 2a and 3a respectively.
In order to find these vectors we shall first find unit vectors
in these directions and then multiply them by their corres-

ponding given magnitudes.

-
OR=j+k and its module

unit vector along OR=

is c]ear]y VO0+141)=+/2.
(J+k)

-

\/

Now the magnitude of vector OL is a.

.
(X

Exactly in a similar manner the vector OM

. 2a
tude 2a is —;

OL- —

V2 (j+k)

-
of magni-

-
9 (k+1) and vector ON of magnitude 2a is

\%
5 4D
= = = 3a
0L+0M+0N=v~(j+k) \,2(k+i)+\,2 @+

ksR
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The magnitude of the resultant is

25a2 16a2 9a?
’=\/ ( Tyt )=

°, directi sine Sa de
oo ection cosin Suarer V2'f V2 V2
1 4 3
or e
V2 542 5v2
- =S - -

Again OR4-0S40T =2 (i+j+k)=2.0P which proves
second past [on putting ¥=y=z=11in (1) of § 7 P. 21},
Exercise No. 1
1. a, barethe position “vectors of A and B respectively; find
that of a point C in AC produced such that AC=3AB, and that of

a point D in BA produced such that BD=2BA.
- -
If O be the origin, then OA=a, OB=b. Now from

- -
AC=23A4B, we get
- - - -

-
0C-0A4=3 (0B-04), ;. 0C=3b - 2a.

-
Similarly OD=2a-b.
2. If the vertices of a triangle are the points
ai+ayj+agk, bii+byj+ b5k, it j+ ok,

what are the vectors determined by the sides ?  Find the length of
these vectors.

See § 8. (by—ay) i4-(bs - ap) j+ (b3 —a3) k etc.

Sides are {(b; — a,)2+4(bg— a3)*+ (by — ag)?}!/? etc.

3. If the postiion vectors of A and B arci+3j—7k and

-—
51 = 2§44k respectively, find AB and determine its direction cosines

and its module, onath Lu



26 Vector Analysis

Ans. di-5j+11k, module=9y/2.
4 =51
9V IV Gy
4. The position vectors of the points P, Q, R, S are
(+j+K), (20+55), (3 +2j - 3k), (i - 6§ - k).

Prove that the lines PQ and RS are parallel, and find the ratio of
these lengths.

d c’s are

In this question show that the direstion ratios of the
lines PQ and RS are proportional. Ratio of their lengths
is 3.

5.(a) In the ad-
Joining fivure if

- -
OA=a, 0B =bh,
—>

0C=c,

find the vectors given by
a+b+e¢, bic-a,
cta-b, atb-c
and verify that the four vectors along the four diagonals are linearly

independent.  Also find the vectors along the diagonals of the faces
in terms of a, b, c.

- - - = -
OS=b+¢c, AO=-a; ., AS=4040S=b+c-4a...(])
- - - - -
OT =c¢+a, BO=-b; ., BT=B0+40T=c+a-h...(2)
- - .

OR=a+b, (O=-¢; ;. CR=CO040R=at+b-c..(3)
e e T T
OP=0R + RP=0R+4+0C=a+b+c cie eee eed(4)
From (1), (2), (3) and (4), we find that

= = - =

OP=AS + BT +CR,
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Hence they are linearly independent.
- o e e

AP=0S=b+c, TR=CB=0B-0C=b~-c.

Similarly we can find the other diagonals of the other
faces.

(b) A particle at the corner of a cube is acted on by forces
1, 2, 3 1bs.-wt. respectively along the diagonals of the faces of the
cube which meet the particle. Find their resultant.
Putting a=1 in solved Ex. 7 P. 23, we get R=5.
A force represented by T}TZ (hi+4j+3k).
- 5 -5 -
6. ABCD is a quadrilateral, Forces B4, BC, CD, DA act

-
at a point. Show that their resultant is 2BA.

- 5 5 -
R=BA+BC+CD+ DA. Add AB+BA i.e.0
e
=2BA+(AB4+BC+CD+DA)= 213A+0 23A
e e

7. ABCDE is a pentagon. Forces AB, AE, BC, DC, ED and
- -
AC act at a point. Prove that their 1esultant is 34C.

8. Find the position vectors of the mid-points of the sides of
a triangle in terms of the position vectors of the vertices and hence
prove that sum of the vectors determined by the medians of a triangle

directed from the vertices is zero, (Agra 37)
- -5 -
BC=0C-0B a A
=c-h.
S BD=}(c-b), E
D being the mid point ¢ F
of BC.
- o -
s O0D=0B+BD B

D
Fig.No.18
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-—b+c P-E;'c etc.

- o -
AD=0D-04="4 a2

-

etc.

9. Prove that the followmg vectors are coplanar :
5a46b+7¢, 7a—-8b+9c¢c, 3a+20b+Sec.
10. Find the linear relation between the following systems of

vectors, a, b, ¢ being any three non-coplanar vectors :

a+3b+4-4c, a—-2b4-3¢, at5b-2¢, 6a+14b+4c.

Ans. ta+14b+44c=(a+3b+4c)+2 (a-2b4-3¢)

+3 (a+45b-2¢)

xx. If the resultant of two forces is equal in magnitude o one
of the combonents and perpendicular to it in direction, find the
othet component.

Let the force P be hori- 1J

zontal and Q be inclined to AP
it at an angle 6, so that the @
resultant is a vertical force

P. If the unit vectors along \9
horizontal and vertical be 0 >
denoted by i and j, then r

force Pis Piand Q is Q cos 6i along the direction of i and
Q sin 6j along j. The resultant is Pj.

S Pj=Pi+[Q cos 0 i+Q sin 0]
Equating the coefficients of i and j, we get
0 sin 6=P, and P+4Q cos §=0.
or Qcos§=—=P [, tanf=-1 or 0=135°

P P

Q=5 9=sin 1350~ V2P
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12, Find the horizontal force and the force inclined at an
angle of 60° to the vertical whose resultant is a vertical force of P
1bs.-wt. .

Ans. /3P, 2P.

-
13. If two concurrent forces be represented by n.OP and

-
m.0Q respectively, prove that their resultant is given by (m-+-n),

-
OR where R divides PQ such that n.PR=m.RQ.

> 5 o Q
OP=0OR+ RP;
- > -
s n.OP=n,0R+4n.RP,
- -> -> R
0Q =0OR+RQ.
- - - ,
S m0Q=m.OR+m.RQ. 0 >
- Fzg.No.ZO

. resultant of n,0OP and
-
m,0Q is

- - - - -
n.0P+4+m.0Q =(m+n) OR+(n.RP4m . RQ).
Now we are given that n.PR=m.RQ.

- - - -
& n.PR=m.RQ or —n,RP=m,RQ

- -
or n.RP+m,RQ =0,

9
.~ resultant is (m+n) OR. The point R divides PQ in
the ratiom: n,

- -
Cor. Incase the forces be 1.0P and 1,0Q, then their
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- -
resultant will be (14-1) OR i.e. 20R where R divides PQ in
the ratio 1: 1. e. R is the middle point of PQ.

14. Prove that the system of concurrent forces acting at a point

' - - o
and represented by OA, OB, OC is equivalent to the system of forces

- - -
represented by OD, OF, OF acting at the same point where D, E, F

are the middle points of the sides BC, CA and AB respectively of
the triangle ABC.
e e T T

We have to prove that OA+0B+0C=0D+0E+OF.

> 5 -
Now OB+0C=20D where D is middle point of BC

(by Q. 13). Write similar other relations and add.
¥5. (@) Two 9 forces act at the corner A of a quadrilateral

- - -
ABCD represented by AB, AD and two at C represented by CB and
- -
CD. Prove that their resultant is represented by 4EF where E and
F are the middle points of AC and BD respectively.
(Agra M. Sc. 58) [Use cor. Q. 13]

Procced as in Q. 14.

(b) ABCD is a quadrilateral and P the point of intersection
of the lines joining the middle points of opposite sides. Show that the

- 5 5 >

resultant of OA, OB, OC, OD is equal to 40P where O is any
point.

16. Forces P, Q act at O and have a resultant R.. If any
transversal cuts their lines of action at A, B and C respectively,

Q R
Prove that 0A+ OB OC (Agra 36, 40’ 45, Luck. B. Sc. 49)
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Let the forces Pand Q, be

- -
represented by OLand OM so g
-
that the diagonal ON repre-
sents the force R, so that 0 = N P L
P4+Q=R ... ... ¥ -
Q=R @ Fig.No.2
- - - -5 =
Let OA=a and OB=b; . AB=0B-0A=b-a.

- -
5 AC=kAB=k . (b-a).

)
O0C=0A+AC=a+k (b-a)=(1-ka+ib ... ...(2

Pis in the same direction as a and hence it can be

—
expressed asm. 04, = |

- -
Similarly Q=n.O0B and let R=¢. OC.

P Q _R
o m—OZ’ =053 and I_OC'
P Q R _
We have to prove that OZ+ oB=oc m+4-n=¢,
- - -
From (1), we get m .0OA44n.0B=¢t.0C ... ...(d)
or '"Ta.*.'f:f =(1-k) a+kb  [from (2)).

Comparing a and b, we get i;‘-—=1—k and Tn-——-k.

m<4n
oo ;r-=1 or m-n=¢{, Hence proved.

Note. Alternative method for this question will be
gevin in next chapter. (Ex. 16 P. 70)
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Ex. 17. Prove that the magnitude of the resultant of forces
Py and Py is (P24 Pp2+2P,P, cos 0)M3, where @ is the angle
between the direction of the forees.

If Iy, my, n, and Iy, my, ny be the direction cosines of the
lines of action of the forces with reference to unit vectors
i, j and k, then these forces can be expressed as

Plii+Pym j+Pimk and Pylyi+ Pomyj + Fongk.
If R be their resultant, then R is given by
R=(Pyly+ Pyly) i+ (Pymy+ Pymy) j4 (Pyny+ Pyn,) k.,
The magnitude of R is
V {(Pyly+ Pl +(Pymy + Pymy)*+(Pymy + Pyng)?}
={P* (2+mP+n?)+Pg? (> +my*+ny?)
+2P1P, (L2 +mymy +-nyng)}t/2
={P,2+P,2+92P,P, cos O}V2,

Note. If there be number of forces Py, Py, Ps,... then
the maénitude is given by {ZP*42XP,P, cos (P,P)}/2,

Ex. 18. IfO is the circum-centre and O' the ortho-centre of
a triangle ABC, then prove that

e
(i) OA+OB+OC—OO'
- > -
(i) O'A+40'B4-0'C= 20'0
s
(i0i) AO'+0'B+0'C=AP,
where AP is the diameter of the circum-circle.

Before doing the above A
problem we should note that
in the adjoining figure

20D =A0’ (by geometry).

-S> > o

(i) OB4+0C=20D,where

Dis the middle point of BC 4

D £
(Q. 18 Cor.). Fig.No.22
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e T T I =
s O0A+40B40C=04+20D=04+ A0'=00".
- - - -

(ii) O’B+ O’C QO’D 2 (0'040D)=20'04+20D
-
=20'0+A0'=20’0—0’A,
> o5 -
s 0440'B4+0'C=20'0.
- - - - -
(iii) A0’+O'B+O’C—-2AO'+(O’A+O'B+0’C) (Note)
- >
=2AO'+ 90°0 from (i)=2 (40'+0'0)
=240=2. (the vector represented by the radius
through 4 of the circum-circle)
-
=AP where AP is diameter.
19. ABC is a triangle and P any point in BC. If PQ is
- - o
the resultant of AP, PB, PC, show that ABQC is a parallelogram
and Q therefore a fixed point, (Luck. B. Sc. 54)

e
AP+ PB4 FC

- -
=AB+PC.

Now through C draw
CD parallel and equal to
AB, Therefore ACDB is a
parallelogram, so that

e e e T

AB+PC=PC+CD=PD,

DR FigNo.23

-
But the resultant is given to be PQ. Hence D coincides
with Q. Since with the change of position of Pin BC, 4B
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is not affected or CD i. e. CQ, is not affected, there‘ore Q is
fixed.

20;s A man travelling east at 8 miles per hour finds that the
wind seems to blow directly from the north. On doubling his speed
he finds that it appears to come from N. E. Find the velocity of
the wind.

Let us suppose that
unit vectors i, j represent }
velocities of 8 m. p. h.
towards E. and W res-
pectively so that the velo- w [
city of the man is repre-
sented by i as he is travel-
lling at 8 m. p. h. towards S
east. Again suppose that Fig.No 24
the velocity of the wind inthe i and j plane is given by
xi+yj where x and y are scalars whose values we are
required to find.

Now the velocity of wind relative to the man is given
by

actual velocity of wind+4 velocity of man reversed.

S (P —i=(x-1) i)

We are given that the wind appears to blow from north
and hence it is given by —#j.

S (=1ityj=~43; .. x=1=0 or =x=1l.

Again when the man doubles his speed 1. e. it becomes
92i then the relatgye velocnty ds (xi4j)-2i or - 2) i+j.

But in this.case” we are given that it appears to blow
from N. E. and is therefore given by —¢, (i+j).

fG=itri=—f G S x-2=-0
and Y=ty

Putting x=1 we find that #,=1, and hence y=-1.
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s velocity of wind is given by i-j=-(j-i). Its
module is 4/2 units i. e. 8Y/2 m. p. h. as one unit re presents
8 m. p. h. and clearly the direction is from N, W,

21, Show that if two vectors are parallel, the components of
the one are proportional to those of the other. Hence or otherwise show
that the three points (1, -2, -8), B (5,0, =2), C(11,3,7)
are collinear and find the ratio in which B divides AC.

Ref. P. 13. Any of the two like vectors can be
expressed as a multiple of the other. Auns. 2:3

22. The vertices of a quadrilateral are A (1,2, —1),
B(-4,2,~-2),C (4,1, ~5)and D (2, =1, 3). At the point A,
Jorces of magnitudes 2, 3, 2 lbs-wt. act along AB, AC, AD resrec-
tively. Find their resultant.

Refer Ex, 7 P. 23. Express in terms of unit vectors
and then find unit vectors along 4B, AC and AD ; then the
force of 2 lbs. alog AB="2.unit vector along 4B etc.

R=ﬁ i- V%—Gj- \/(;0 k i, e. magnitude is \/ %}5‘)

.~ direction cosines of result are

1 -9 -6
VULIEY V18 VLI’



CHAPTER II
CENTROID, LINE AND PLANE

§ 1. Tofind the position vector of the point P with divides
the join of two given points A and B whose position vectors are
a and b in a given ratio say m : n.

”
We are given that £
AP m b
@:z ’T ‘e .(1)
e <
Also AB=0B - 04 A & [o]
=b-a. F&g"N025
Now AP=-—"" 4B,
ow +
y = - —AB ——— (b-a) ;
o AP min + -a);
- = - m
o OP=OA+AP=a+ﬁ-n (b —a);
—  na+tmb
= . - B |
or OP. min D
- -
Alternative. From (1), we get n.AP=m.PB
- - - -
or n (OP - 04)=m (0B-0P)
- - -
or (m4n) OP=n.044+m.0B
’ . na+mb
o OP= min "
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Middle point. Putting m=n=1, we get the position

vector of the middle point of 4B as a_-‘l)-_b BN )]

-

Note. The point P is called the centroid of the points
4 and B with associated numbers n and m respectively
and divides 4B internally in the ratiom: n,
Cartesian egaivalence.
Let us suppose that in terms of unit vectors i, j and k
the point 4 is given by
xi+§+2z.k so that the point 4 is (xy, 31, )
and that of B is
%1+ 22j+ 2,k so that the point B is (¥, 95, 2.
If P be the point xi+yj+zk, then from (2), we get

1 (%11 + 1 +2,K) +m (%5 +95§+2,k)

xi+yj+ k= -
Equating the coefficients of i, j and k, we get
x=%tnx, _my,4ny, __mz-+nz
T m+4n 7’ m4n " m+4n

§ 2. Centroid and centroid with associated numbers.

(Agra M., Sc. 53, 58)

If there be n points whose position vectors relative to

any origin O be given by a, b, ¢, d, ... then the point G
whose position vector is

oc_2th +c-n+d+ ed)

is called the centroid or centre of mean position of the
given points.

Again if there be n scalars p, ¢, 7, s... then the. point G
whose position vector is

30=p5+qbi- rc+sg+ vee

ptg+rts+...
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-

is called the centroid of the given points with associated
numbers p, ¢, 7, ...

Note :—The words associated numbers are used to
cover up all forms of centroid, e.g. they may stand for
the masses m,, my, mg... of a system of particles placed at
given set of points; then the centroid is called the centre
of mass, i.e. com. Similarly centre of gravity or centre of
parallel forces. Thus if we place particles of masses
my, mg, my. .. at points 4, B, C, D... whose position vectors
are a, b, ¢, d..., then the position vector of their centre of
mass G will be

O'E___mla-i- myb+mac+myd+-. . .
my+my+mgt+my+. ..
Equivalence of Cartesian Forms.

Let us express the vectors a, b, ¢, d etc. in terms of
unit vectors i, j and k, so that

cer oo o(D)

r=

a=xji+yj+2k i.e the point 4 is (%, 31, 21)
=xyi+4yj+2.k i.e the point B is (%3, ya 22),
tesseessassrsssssessasseasssand soon,

and let us suppose that the point G=xi+yj+<k, so that
the coordinates of the centre of mass G are (x,, 2); then
from (1), we get
ity + k= (& myxy) !j'_(zlz""lm).’l_) Jr@mz)k
1
Equating the coefficients of i, j and k, we get the
coordinates of the centre of mass as

2 mx, 2 my, Z myz,
Zm;, °7" 2Zm, **T T, "’

Ex. 1, Particles of masses 1, 2, 3, 4, 5, 6, 7, 8 grams
respectively are placed at the corners of a unit cube, the first four
at the corners A, B, C, D of one face and the last four at their
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projections A’, B', C', D' respectively on the opposite face. Find,
the coordinates of their centre of mass.

.. D D
Take 4 as origin
- -
and let AA’, AB and ,
-> C ¢
AD represent unit vec-
torsi, j and k respec- k
tively. . L
The position vec- At
tors of the 8 corners
are (the masses of the 7 7
particles are also g 8
written within brackets— Fig.No.26
1) 4=0 (5 A=i
@ B=j ©) B=i+j
@) C=j+k (M C'=itj+k
4 D=k ® D'=k+i.

position vector of the centre of mass say G is

2 1,042 4364+ W)+ 4k + 5+ 6+ + T6+i+k)+8k+ i)
AG= 1O+ S LA F54+64T48
_26i+18j+92k _

3 % (1884954 11k),
magnitude of AG=+LV/(13*4+92411%)=15V/(371).

9_
Also cooadinates of c.m. are (1, %, 13

§ 3. If G be the centroid of a system of points A, B, C,...
whose position vectors are a, b, c... with associated numbers
b, 4, 1,... and G' that of another system of points A’y B', C'...
whose position vectors are a’, B’y ¢’ with associated numbers
2, q, 1" ..., then the centroid of all the points taken together is the
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-centroid of the points G and G’ with associated numbers
(p+g+r...) and (p'+¢'+1' . . .) respectively.

By definition, we have

OG pa+qb+rc+

Tptatrt..

OG’ pla’+qlbl+r!cl+
p+g+r+..

Now if H te the centroid of the points G and G’ with
associated numbers (p+g+r+...) and (p'+¢'+r"4+....)
respectively, then

fatgbiret.. ) (p’a'+q'b’+r’c'+ .
O_Z{~(p+q+r )( protr. (' +g"+r '+ — AT+
p+q+r+ P )

d tatabtre +l"a’+q’b’+r’c’+

or pratrt.. 0T HL

H is clearly the centroid of all the points taken together.
§ 4. To prove that centroid is independent of the origin of
vectors, (Agra M., Sc. 53, 58)

Let G be the centroid of ¢
points whose position vec-

tors relative to an origin O
be a, b, ¢... with associated

numbers p, 4, r.... respec-
tively.

(o)

0 _fa+t qb+rc+. .

WATERES
Now we have to prove that if instead of O we choose any
point O’ as origin, then the position of the centroid G will
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remain unchanged.  Let the position vector of O’ be i; then
the position vector of 4 relative to 0’ will be

- o5 >

0'A=04-00"=a-i.
Similarly position vectors of B, C, etc. relative to 0’ as
origin ate b—1i, c~i...etc. If G’ be the new position of
C. G. relative to new origin 0’, then

0c'=t (@a-il4qg b-i)4r (c—i)4...
ptatr+. .
=(patibtret...) .
pta+r+...
> -
or 0'G'=0G-00’ [from (1)}
or 0'G'=0'G.
Above relation shows that the point G’ should coincide
with G. Hence the position of the centroid remains un-
changed with the change of origin.

§ 5. To prove that the vector relation
jatgb+re+4...=0
will be independent of the origin if and oniy if ptqg+r+...=0,
where p, ¢, 1. ..are scalars.
With reference to the origin O, we have the relation
pa+gb+tret...=0... . (D
Now choosc O’ as origin whose position vector relative
to O be i; then as in last article the relation (1) w. r. t. hew
origin 0’ is
p@a—-i)+gb-i)+r(c-D+... ... eeo(2)
or (patgb+re+...)=i(p+g+r+...)... e e(3)
If the relation (1) is to be independent of the origin
then (1) and (3) should represent the same relation which is
possible only if

p+9+7+.-.=0 ase soe "'(4)
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Also if p+4q+7+...=0, then (1) and (3) represent the
same. Hence proved.

Note. We have already proved that centroid is
independent of the origin and we shall see that the above
property is satisfied. Thus if R be the centroid of
a, b, c... with associated numbers p, ¢, ..., then

Rl I+ gb+rc+..
ptgt+r+.. .
or pa+gb+rc+...—R (p+q+r+...)=0.

In the above relation the sum of the coefficients of the

vectors is (p4g4r+...)=(p+g+r+...) which is zero.

Exercise No. 2

1. G is the centroid of tetrahedron ABCD. A'B'C'D’is
another tetrahedron such that AA’, BB’', CC’' and DD’ areall
bisected at G. Prove that G is also the centroid of the second
tetrahedron,

With respect to any origin O say the point G is
a+b+4c+d
4

where a, b, ¢, d are the position vectors of 4,

B, C and D respectively. Let the position vectors of 4’, B',
C’, D' bea’,b’, ¢, d’ and we have to prove that

-)

OG,=a’+b'1-c’+d' =a+b-;c+d =5>G.
Now G is the mid. point of 44’, BB',;,CC’, DD'.
. a+b+c+d a+a b+b' c+c’=d+£'

a,___l’_iﬁiéf -a b,=c_4_._d_.|é_§._b
’ d+a+b -C a+b+c d see -..(A)

=y d'...—----—w-_.-

2 2



Centroid, Line and Plane 43

’ 4 ’ ’ 0
0G'=2 +b :c +d =1. Qa+2b+__¢_:_-_l—2d from (A)
-
=2tbtetd_,
2. A line AB is bisected in Oy, O,B in O,4, 0,B in Oy and
0 on ad infinitum. Particles of masses m, 5 m 21 Mmoe. ... are

placed at Oy, Oy, Oy ... etc. Show that the distance of their c. m.
from B is equal to one-third of the distance from A to B,
a o, 0, 0, O

y: | m m m B
2 ® »
Let us choose B as orig'm, the point 4 be taken as a so
that the points 0, 0,, 0,..

‘)7 2( ) )zv ‘) (22 )—‘)3 etC

If G be the c. m. of the particles at these points, then

S 5 (3)rn (B)em ()

‘g+c_)z +gs“+- .

1 1
- Q:' (1+QT+QT+-- ){Sum of G. P.

or BG== T ] =
F(+gtpto e 1=
a 4 1 _a 17
- - e . ”'=-———=-—-BA.
2 "3 2 3 3

Above shows that the distance of G from B is one-third
that of 4 from B.
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3. Find the centroid of 3n points i, 24, 3i...ni; j, 2j,

3j, .. .nj; Kk, 2k, 3k,...nk.
n——-f)-.—l d+j+k). Ans.

4. Particles of equal mass are placed at (n—2) of the corners
of a regular polygon of n sides. I'ind their ¢c. m,

Let a, b, ¢,d, e, f... bz the position vectors of the
vertices of the polygon with respect to centre O of the
polygon. If equal muasses were placed at all the corners,
then the c. m. will coincide with O and hence

atbtctdtetft... o

n

Now let the vertic:s a, b bz vacant ani G be the c. g. of
the remaining (n=2) particle, placed at the other vertices
so that

~->

oc=9+f’ini_’_ﬁdfﬂ";t =,{_]i: . {~(a+b)} from (1)
- -
2 a+b 2

where P is the mid. point of the join of vacant vertices,

-> 0 - -> ->
or OG———":J PO or PO:0G=n-2: 2.

5. A particle is acted on by a number of centres of forces,
some of which attract anl somz repel, the force in each case varying
as the distance. T he intensities for different centres are different.
Prove that the resultant passes through a fixed point for all posi-
tions of the particle. (Agra M. Sc. 40)

Let O be the position of the particle and the various
centres of force 0, 0,, O5... be a, b, ... w.r. t. 0 as origin.
The forces acting on the particle are given by u;a, ugh,
psC. .. where p, py, py. .. are constants which may be +ive
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or —ive according as the centres attract or repel. The
resultant of these forces is given by
matubtpe+... 0 ool wal(l)
Now if G be the centroid of a, b, c¢... with associated
numbers py, pg, p3. .., then
pa+pb+puse. .. =0—5.
p1itpatpg. ..

-

o resultant=(p;+ps+ps+...).0G.

But G is independent of the origin of vectors O i.e.
the particle. Hence G is fixed. Thus the resultant passes
through a fixed point for all positions of the particle,

6. If G, is the mean centre of A,, By, C, and G, that of A,,
B,, C,, then show that

- - - -
4,454 BBy +C,Cy=3G,G,.
Hint. If O be the origin, then
- 5 o
A,4,=04,-04,=a,—-a,.
7. If i be the in-centre of the triangle ABC and a, b, ¢ be the
lengths of the sides, then prove that the forces
e
a.iA, b.iB, ¢.iC are in equilibrium,
We have to prove that
- - o
a.iA+b.iB4-¢.iC=0.

Now we know that the incentre of a triangle is the
centroid of points 4, B, C, with associated numbers a, b
and ¢ respectively. Also we know that centroid is indepen-
dent of the origin of vectors. Therefore if we take i as
origin of vactors, then the position vectors of the vertices

-> - -
are i4,iB an1iC respectively and the position vectors of
incentre 1 itself w. r. t.  as origin will be 0.
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- o5 o
. 0_a.iA+b.iB+c£g
T a+b+c
- - -
or a.iA+b iB+¢.iC=0.

Hence the forces are in equilibrium.
8. The points D, E, F divide the sides BC, CA, AB of a
triangle in the ratio 1:4, 3:2 and 3:7 respectively Show

- > -
that the sum of the vectors AD, BE, CF is parallel to CK where K

divides AB in the ratio 1 : 3.
9. The vertices of a triangle ABC are A (2, —1, =3),
B (4,2,3), C(6,3,4). Find the coordinates of points P and Q

-
which divide BC in the ratio +3 : 2 Also show that vector AQ has
direction cosines proportional to 8, 6, 9.

In terms of unit vectors i, j and k the position vector of
4is 2i-j—3ketc. § 7 P. 20, Amns. P (22, 12 1%) 0 (10, 5, 6).

10. The position vectors of the vertices of a quadrilateral
ABCD area, b, c and d respectively. The diagonals AC and
BD intersect at the point P which divides AC and BD in the ratios
m:n and m' :n' respectively. Find the ratios in which the point
Q. which is the intersection of AB and CD divides these sides.

The position vector of point P written in two different

forms w. r. t. AC and BD are respectively .
nat+mec n'b+m'd
“m¥n = mn
s n(m'4n) ad-m(m' +n') e=n' (m4n) b+m' (m4-n) d
or n(m +n'ga—n' (m+n) b=m'(m4-n)d-m (m'+n’)c...(A)
Now 12 (m'4n")—n' (m+n)=nm'—n'm
and m’ (m+4n)—m (m’'+4n")=nm’ = n'm,
Hence dividing both sides of (A) by nm’—n’m, we get
n (m'+n)a—n (m+n)b m’ (m+n)d—m(m +n)e
nm’' —n'm nm’ - n'm
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L. H.S. represents a point on 4B dividing it in the
ratio -’ (m+n) : n(m'+n") and R. H. S. represents a point on
DC dividing it in the ratio —m (m'+n') : m’ (m--n).

Since the position vectors of both these points on 4B
and CD are same, ; hence it is their point of intersection
e Q.

§ 6. Vector equation of a straight line.

To find the vector equation of a straight line that passes
through a given point a and is parallel to a given vector b,

Let P be any point on A

the straight line through
a which is parallel tob

£y

and its position vector

-
be r so that r=0P. Now

(0] FlgNOZB

-
4P is parallel to b and

—_
hence it must be some multiple of b. Therefore AP=tb

where fis a constant positive for points on one side of 4
and negative for points on the other side.
- > -
Now OP=0A+4AP.

S, r=a+tbh N ¢ §

Every point Pon the line is obtained for some value
of £and for every value of ¢ we get the position vector of
a point on the line and hence above represents the vector
equation of the required line.

Cor. 1. To find the vector equation of a straight line through
origin,

Putting a=0 in (1), we get the required line as r=th..(2)
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Cor.2. To find the vector equation of a line through two
given points A and B whose position vectors are a and b respectively,

(Agra M. Sc. 42, 45, 47, 52)
- o5 -

Now 4B=0B-0A=b-a,
therefore the required line is b-a
parallel to b—a and passes g} 8
through 4. 4
Hence from (1) its equa- __>
tion is given by o) » P
r=a+t(b-—a)...(3) Fig.No.Zg

or r=(1-1%) a+tb.

Cor. 3. To find the cartesian equivalents of the vector equation
of the lines (1), (2), (3) found above.

[Refer author’s book on Solid Geometry]
Let in terms of unit vectors i, j, k through the origin O,
the vecter r=xi+)j+zk so that P is the point (x, », 2) and
a=a)i+a,j+a;k so that the point 4 is (a;, a5 ay and
b=b;i+ b,j+ bsk so that the point B is (b, by, b,).
Substituting in (1), i.c. r=a+tb, we get,
xi+yj+ik=(ai+ayj+ agk)+¢ (bi+ by j+ bgk).
Equating the coefficients of i, j and k, we get
x=ay+thy, y=a,+1tby, z=03+1b,.
. M P& R0y L)

Above is the corresponding cartesian equation of a
straight line through a given point (ay, a5, a3) and whose
direction cosines are proportional to b, by, b,.

Again substituting in (2) i.e. x=tb we get

J_c.__. .l = _Z_ ={

bl— bZ— b8
which is the cartesian equation of a straight line through
origin with direction cosines proportional to by, by, bs.
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Again substituting in (8), i.e. r=a-+¢ (b a) and proceed-

ing as above, we get

x_..-_a.l_ __Ji_‘_a% _R~4 =t

by—a, by—a, by—ay
which is the cartesian equation of a straight line through
the points whose coordinates are (a,, as, a5) and (by, bs, b3).

§ 7. Condition for three points to be collinear.

(Agra M. Sc. 32, 37, 51)

To prove that the necessary and sufficient condition for three
points in three dimensional space to be collinear is that there exists
a linear relation connecting their position vectors such that the
algebraic sum of the coefficients in it is zero.

We have seen that the equation of a straight line
through a and b is given by

r=a+t¢(b-a)=(1-¢) attb
which may be written as
(1=t) at+thb—r=9.

Above is a relation between the position vectors of
three points 4, B and P which are collinear and we observe
that algebraic sum of the coefficients of a, b and ris
1-¢4¢—-1 which is zero. Hence the condition is necessary.

In order to prove that the condition is sufficient let us
suppose that any three vectors a, b and ¢ be connected by
the relation la+mb+4nc=0, where [+m+n=0 Dividing by
n (n#£0), we get

) m Il m
— a+—n- b4c=0, where —n--i-—n +1=0. (Agra 45)

Putting ~Iz-=-t, we get ——:~=1+—';:— =1-t.

oo =--—l a- b or c=(l1-t) a+th,
n n

Above relation shows that ¢ is a point on the line join:
ing a and b and hence a, b, c are collinear.
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Alternative Proof.
Let us suppose that the pointsa b, ¢ are collinear.
Let ¢ divide the line joining a and b in ratio m : [ so that

e="T"0 o latmb - (4m) e=0

or la+mb4nc=0, where —(l4+m)=n or [+m+n=0.
Again in order to prove that the condition is sufficient
let us suppose that la+4mb +nc=0, where [+m+42=0

or la+mb=-ne=(+m)¢c, °° Il+m4n=0
o latmb_
¥ It =c

Abpove relation shows that ¢ divides the join of a and

b in the ratio m:!. Hence the three points a, b, ¢ are
collinear.

§ 8. Bisectors of the angle between two straight
lines.

Let the equations of the lines AL and AM be given by
r=a+!b and r=a+t'c
so that their point of intersection is the point whose posi-

tion vector is a and they are parallel respectively to vectors
b and c.

Let the modules be
denoted by corresponding
italic cttersa, b, c.

Now choose three
points B, C and D on AL,
AM and LA (produced) D A 8
at a unit distance Fig No 30
from A. If P and Q are the middle points of BC and CD,

then 4P and AQ are the required bisectors whose equations
we are to find.

L

. - - -> b
Now position vector of B is 0B= OA+AB=:+T .
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-3
oo 4B s a unit vector along b and as such it is !b'— .

Similarly that of C is a4+ :— and that of D is a-—-::—,

Therefore P and Q being the mid. points of BC and CD
have their position vectors a+% (‘b, +,§_), at+i (: - }b)d)

and 4 isa. Now using the formula r=a+¢ (b-a) as the
equation of a straight line through the points whose
position vectors are a and b, we get the equation of the

lines AP and 4Q as r=a+k.} ( D+ _j)
and r=a+k'.} (:—- %)‘) respectively

or r=a+t(-:~+c£) and r=a-¢" (:5 - ll:—)

Note. In case the point of intersection of the two lines
were origin, then the corresponding equations would be

b , b
r=t(~b +:)and r={ (§—T .
A A A

If b and c are the unit vectors, then b=>bb and c=cc.

A A A A
r=¢ (b+c) and rx=¢t' (c—-h).

Alternative method.

Taking the point 4 as origin the equations of the lines
AL and AM are r=pb
and r=p’c. Take any M P
pt. P on the internal
bisector and draw PN
parallel to the direc-
tion of AM. There-
fore L APN=/PAM

1
2
N
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=/ PAN and hence AN=NP. Now ANand NP are in the
directions of vectors b and ¢ and therefore they are the
same scalar multiples of the corresponding unit vector in
that direction,

A b A c
te. if AN=tb = t—- then.NP_-tc--tT

- S -
r=AP=AN+NP=t (b-,-c)_.t(b __)

Similarly the external bisector AP’ is obtained by
considering the internal bisectors of lines which are paral-
lel to —=b and ¢ and thereforb its equation is

r=1 (c b)——t (- b)

Ex. x. Prove that the medians of a triangle are concurrent,
and find the point of concurrengy.  (Lucknow 52, Agra 52, 55)

1st Method.

Let a, b, ¢ be the posi- A
tion vectors of the vertices
of the triangle so that the £, E
co-ordinates of the mid. ’
points D, E and F of the B ) e
sides are Fig. No. 32

b
:;f, c'é'.g and a',;!:_',

respectively.
. . b4ec .
Now Aisa and D is 9" and therefore the point G
which divides AD in the ratio 2:1 (i the point of
trisection) is

b+c

L a+b+4c

2+1 =
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The symmetry of the result shows that the point G
lies on the medians BE and CF as well and divides them in
the ratio2:1. Therefore the three medians are concur-

a+b+c
3

rent at the point which is also the centroid of the

given triangle.
2nd Method.

We know that the vector equation of a line joining
the points a und b is r=a+-¢ (b~a)
or r=(1-¢) attb.

Ais b, I)lsb%- Bisband E is jq

Equations to medians 4D and BE are

re=(l=f) att b‘z“) e e (D)

and r=(l-s)b+s(%a)... vee «aa(D)

If the two straight lines intersect, we should be able to
find some suitable values of s and ¢ which should give
identical values of r. For this we shall compare the
coefficients of equal vectors in the two values of r.

s ¢ ¢ s
2 a7y

Solving we get t=s=4%. Substituting the values of

t and s in (1) or (2) we observe that the medians 4D and BE

+b+c
3

Ex. 2. Prove that the internal bisectors of the angles of a
triangle are concurrent.
(Agra 47, 52, 57; Lucknow 53; Dacca 27)

e le=t=

intersect at the point
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Let a, b, ¢ be the posi- A
tion vectors of the vertices
4, B and C respectively F
and «, B, y be the lengths
of the sides BC, C4 and C
4B respectively.  Also 8 D

- - -
BC=c-band CA=a-cand AB=b-a.

Now by §8, the equation of bisector 4D is

-
4B A
e pc
e (55457)
or - ‘ r=(1—~—» a+$b+7§c (D)

Similarly we can write down the equations of the
bisectors BE and CF as

r=(1-i_—9—)b+-q—c-_q P )
@ v o Y

s s s s
and r=(1—~B-;)c+—B—a— a-b cee are eee(?)
If (1), (2) intersect we should be able to find some suit-

able values of p, ¢, s which make the values of r identical.

For this we will compare the coefficients of vectors a, b
and ¢ in (1) and (2).

By . . =%l By v
O PTGy TR REy Ay
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On putting the value of p in (1) or of ¢ in (2), we get the
position vector of the point of intersection of (1) and (2) as
=22 1Abtye
atBty ° o
The symmetry of the result shows that this is also the
point of intersection of the other bisectors and hence the
satfbtye ..
R which
is the centroid of the points a, b, ¢ with associated numbers
@, B, v, i.e. the lengths of the opposite sides.

voo(4)

three internal bisectors meet at the point

(See alternative method in Ex. 5).

(b) The internal bisector of an angle of a triangle and
the external bisectors of the other two are concurrent,

Let C be the origin and the

position vectors of 4 and B be '4/
respectively a and b. Again
let the lengths of the sides BC,
CA4 and 4B be a, b, ¢ respect-
ively.

Equation to the intermal C a
bisector of /C is Fig.No. 34

A A b
r=! (a+b)=¢ (ab +7) e eea(l)
Equation to the external bisector of Z 4, i.. internal

- -
bisector of angle between CA produced and ABic. b-a
isby § 8,

er($4°7)
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Equation to external bisector of /B, i.. internal

- -
bisector of angle between CB produced and B4 i.e. a=b is

by § 8,
=b+p (_!;, +t;_b) N )

Now (2) and (3) intersect at L say and hence on com-
paring, we have
1 1 b
1+J (T— 7)== ¢ ’
s 1 1
=i (3-7)

el

or
( 1. bc—ac+ab) 1+
or (ab c”+bc+ac-ab)___ )
abc a
or s(a4+b—c)=bc
s——~——b‘
ot Tat+b-c¢
Substituting the value of s in (2), we get the point L as
s s s
(l+ IS 7) a+~c~ b
c b
o (- .
a b
or a—+~b~:—c a+a—;-b—:c b.

This point will lie on (1), i.e.
( a b ) (aa+ bb
=1 T — X

a+b -
Hence the three bisectors are concurrent.

if we choose
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Ex. 3. Prove that the internal bisector of any angle of a
triangle divides the opposite side internally in the ratio of the sides
containing the angle. (Pb. 60, Lucknow B, Sc. 53)

With reference to Ex. 2, the position vector of the
point of intersection of the internal bisectors is

Eb+ye
aa+ﬁb+~/c_aa+(ﬂ+ = B+y G
a+B+y at+B+y DR
Thus (i) is the centroid of the point a and @;;—1;?
with associated numbers @ and B4y respectively. Now a

Bb+yc

corresponds to the point 4; therefore ™ B4y is the position
Y

vecter of the point D where the internal bisector of the

Bb+yc
Bty

and C with associated numbers B and y and therefore divides
BC in the ratio y: Bor 4B : AG. Hence proved.

angle 4 meets BC. But — is the centroid of points B

Alternative.

Frg. No. 35

Taking 4 as origin, let the position vectors of B and C
be b and ¢ respectively and let AB=y and AC=g.

The equation of thc internal bisector 4D is

r=¢ (b+c ( +
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or r=t.-ﬁ—b———-'.yc (1)
By
For all values of ¢ wegeta point on the bisector.
Choosing t= By Pb+ye

, we get the point on it, but it is

y
B+~ B+y
the centroid of the points b and ¢ with associated numbers
B and y and is therefore a point on BC.
By
B+v
BC in the ratio y : Bor 4B : AC.
Note. 1. Writing the equation of BC as

r=(1-p) b+pc
and solving with (1), we can find the position vector of point
D direct as found above.

Hence ¢= gives the point D which clearly divides

2. By considering the external bisector,
A A
r=¢ (b—c)=t(b - c)
y B
and its intersection with BC is at the point ‘Bz:zf We
can now show that external bisector divides the opposite

side externally in the ratio of the sides containing the
angle.

Ex. 4. ABC is a triangle in which the internal and externa
bisectors of angle A meet the opposite side BC in D and D'. A'is
the middle point of DD'. Similarly B’ and C’ are the middle points
of EE’ and FF' respectively, Show that the points A', B' ani C'
are collinear.

With reference to Ex. 2, the position vectors of D and
D' are PPFY€ ong PR YC

paies By respectively.
 arisy (Potrc, Bb-ye) ﬁ:b-_.z.’f-)gr
o st B-v) F oy )= sy
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Similarly the position vectors of B’ and C’ are
¥ 20 _ 2
) (—‘—LE ?)=b’say and } (a a. l;'b =c’ say.

Now we know by & 7 P. 49 that the three points whose
position vectors are a’, b’, ¢’ will be collinear if there exists
a relation of the form La'4+Mb'+4+Ne'=0 such that

L+M+N=0,

Now B-yH a'+(y*-a®) b'+(*- £ ¢’

i.e. La’'+Mb'+Ne'=1% (£2b- y’c+ y’c- oa’a+a’a - f2b)=0
and also (82— y?)4(y?* - a?)+(a®— B2)=0, i. e. L+ M+ N=0.

Hence the three points 4’, B’ and C’ are collinear.

Ex. 5. Prove that internal bisectors of the angles of a triangle
are concurrent,

We have already proved that the internal bisector
divides the opposite side in the ratio of the sides containing
the angle. Thus if the internal bisector of 4 meets BC in

D, then D=BZ——1—_—;£ and 4 is a.

Therefore the position vector of a point which divides
AD in the ratio B4y : a is

Bb+ye
oa +Bty) =g or athbtye
“TETy a+B+y

The symmetry of the result shows that it also lies on
the other bisectors. Hence the internal bisectors are
concurrent,

Ex. 6, (i) T he lines joining the vertices "of tetrahedron to the
centroids of area of opposite faces are concurrent,

(Agra 43, 53; Rajputana 56)

(i) The joins of the mid. points of the opposite edges of a
tetrahedron intersect and bisect each other. (Agra 34, Utkal 53)
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Let the position vectors A
of the points 4, B, C, D
be a, b, c, d respectively
and G, be the centroid of
B, C, D so that Gy is

lr-tt,—;i‘—i ,and 4 is a. G,

' C

Now the position vector Fig.No. 36
of the point which divides 4G, in the ratio 3: 1 is

., b+c+d
300 LA L etd
3+1 -y
The symmetry of the result shows that the point will
be on BG,, CGyand DG;, Hence these lines concur at the
point g_+b1—c+¢_l which is the centroid of the tetrahedron.
Alternative :—
The vector equations of the lines 4G, and BG, are :—

r=(1—t)a+t(b+§+d)... e ()

r=(1-5) bts (”g*“) e e a®)

If they intersect, then for some suitable values of # and
s the corresponding values of r should be identical. Compar-
t t st s
B3T3 3T

S t=s=1%,

Putting in (1) or (2), we get the point of intersection as
a+b+4c+d
A
lines also.

(i) The mid. point of DA is 2X% and that of 'BG is

ing, we get 1 —t= %, 1-5=

and the symmetry shows that it lies on other
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bee
2

- and the mid. point of these mid. points is ﬁb—'—?i d

and symmetry of the result proves the theorem. We can
also prove the same by considering the vector equation.

Ex. 7. The jfour diagonals of a parallelopiped and the joins
of the mid. points of opposite edges are concurrent at a common
point of bisection, (Agra 40, 55)

Taking O as origin, o L F

let the position vectors V4
of 4,B and Cbe a,b £ /'_/
and ¢ respectively so Z Z-——-%{""i ¢ J
that those of D, E and / / S
F are a-+b, b+4c, c+a il FigNo.37
respectively and that & ud b
of Gisa+b+ec.
If M, be the mid. point of diagonal OG, then M, is
a+b+c
oL,

If M, be the mid. point of diagonal AE and M, is
atl,'tc i.e. Ml'

2 ?
Similarly mid. point of other diagonals DC and BF is
alsa the point whose position vector is a-_l—_;)”t(i.
Again mid. point L of BD is } (b+a+b)==a-'g—2-l-’
and mid. point M of CF is 3 (c+c+a)==2c_;'__a.
~. mid. point G of LM is } [a';Qb.{.?_‘i__;'“]
_atb+te

2
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which is same as the mid. point of diagonals.

In a similar manner we canshow that the mid. point
of the join of mid. points of opposite sides is also given by
a+b+4c

2 ° Hence proved.

Ex. 8. If M, N are the mid. poinis of the sides AB, CD of
a parallelogram ABCD, prove that DM and BN cut the diagonal
AC at its points of trisection which are also the points of trisection
of DM and BN respectively. (Agra 48)

Taking 4 as origin let the ;
position vectors of B, C and D
be b, ¢ and d respectively so
that position vctors of M and

c+d
N are B—and 9 -
Now equation to AC is r=fc=¢ (b+d)... ... ...(1)

- = -
** AC=AB+BC ie c=b+d.

Again equation of DM is r=(1-5) d+s.—2ll AN 4]

Equation of NB is r=(1-p) c+d+p b

2
or r=(1-9) b+ d+pb N 3)
c-—b+d.

(1) and (2) intersect at E, therefore we should be able to
find suitable values of ¢ and s which should give identical
values of r; comparing the coefficients, we get

t=—%-=l-—s. & s=%andt=3}.
- -

s, point Eis ~'i2- =-§ or AE=34C,
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-> > =

Again DE=4E - AD=214_ a=b=2_4 _..d)

- > o -
or DE=%.(AM~-AD)=

> o - -
Similarly we can prove that AF=% AC and BF=% BN.

Ex. 9« ABCD is a tarallelogram. M and N are the mid-
points of the sides AB and BC respectively. Prove that DM and
DN trisect the diagonal AC. (Agra 48, Lucknow 51)

Ex. 10, Three concurrent straight lines OA, OB, OC are
produced to D, E, F respectively. Show that the points of inter-
section of AB and DE, BC and EF, CA and FD are collinear

(Agra 45)

Let us choose the point O asorigin and the points
4,B,C asa, b, c so that the points D, Eand F may be
taken #,a, ¢,b, ¢3¢ respectively.

Equation to 4B is r=(1—p) a+pb N ¢ )

Equation ty DE is r=(1—¢) tja+g.tb ... ... ...(9

If they intersect say
at X;, we should be able
to find values of p and ¢
which give us identical
values for ». Hence com-
paring, Fug.No. 39

1-p=(1-¢) ¢ and p=qt,.
S l-gla=ti—qt; or gt -ty)=(-1)

=!]:_].‘. . _ta (tl'. 1)
or tl"tg’ .o p— “tl——:}'a—
Substitutiug the value of p in (1) or ¢ in (2), we get the
-
position vector of the point X; which say is r, i. & OX;.
oo = l—tg i I+(!'l"-——— 1) t’b

tl—tl 1 ‘l-t’ @onllfﬂl ‘.‘1' i
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=t A, h
A=ty -t " T=1, 2 1-t,b' cee (D)

Similarly if 7y, 73 be the position vectors of the points
of the intersection of other pair of lines, then proceeding as
above,

or

_ta=ty) RLTEN
(-2 (1~ ta)r 1-t, b 1=, | € )]
(t3=1t4) _.& _ b oL )

(o2 A=t " 1=, S 1oy

Now we know that three points whose position vectors

are ry, ry, rg will be collinear if there exists a relation of

the form #xr;4yry +2r;=0 where x+4y-+42z=0. Adding (3),
(4)and (5) § 7 P. 49),

bt
T= -1 n+

ty—t
(1-24)(1-23) Ts

t~4
(1=t9) (L =ty

i.e. xry+yry+zrg=0 where 2+y+z= )_",'(1 1)(t12 0

l'3==0

+

which is clearly zero. Hence the points whose position
vectors are ry, 1y, ¥y are collinear,

Ex. xx, Prove the converse of the last exercise, i.e. if the
points of intersection are real and collinear, then DA, EB and FC
are concurrent,

Let O be the point of intersection of D4 and EB. Join O
to C and we must prove that F also lies on OC. Taking O as

origin, let us choose that 4, B, Care a,b,c and D and E
are 4a and fb. In case F lies on OC, then position

vector, of I should come out to be#e. Let the position

vector of F be xa+yb-{zec.
BC is r=(1-p) b+ pc,
EF is r=(1 - q) tyb+¢ (xa+yb+zc),

BC and EF intersect. On comparing the coefficients,
1=p=(1=-g) {3+ ¢y and p=¢gz and gx=0.
When ¢gx=0, we get either ¢=0 or ¥=0. But if 4=0 then
clearly  is also zero and we get from 1st that Z;=1 which
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shows that B and E coincide which is impossible and hence

¢#0 but x=0, Similarly considering the points of
intersection of C4 and DF, we get y=0. Therefore the posi-

-
tion vector of F is given by ze=z0C. Hence F lies on OC
or FC also passes through O.

12. Using the wvector equation of a straight line, show that
the mid. points of the diagonals of a complete quadrilateral are
collinear, Establish also the harmonic property of the figure 1. e.
each diagonal of a complete quadrilateral is cut harmonically by the
other two.

(a) Let ABCD be £
any  quadrilateral,
two of its diagonals
being AC and BD.
Let BA and CD meet
at E and 4D and BC
meet at F; then
ABCDEF is a com-
plete  quadrilateral
and EF is its third diagonal. Let P, Q and R be the
middle points of the diagonals BD, AC and EF respectively
and we have to prove that P, Q, R are collinear.

Choosz E as origin of coordinates and let the position
vectors of 4 and C be a and c¢ respectively, so that if B and

D may be taken as pa and gc respectively, the equation to
BC joining pa and c is

r=(l-¢8)..pattc... ... ... ..(1)
The equation to 4D joining a and ge¢ is

r=(l-s)a4s.qgc P 3
Now (1) and (2) intersect at F and hence on comparing
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we have
QA=p=1=5 .. ev oev +4.(3)

1=80.e. vee ane aee eed(d)
S (l=sq)p=1-s5 or s(l—pg)=1-p.
1-p _-pq
=g *™ = Topg
Substituting the values of £ in (1) or of s in (2), we get
the position vector of the point F as
p(l-9q ,q(l-p)
a c LN o e LU 5
1-pg Y15 ©)
Now P, Q, R are the mid. points of AC, BD and EF
respectively so that their position vectors are say x;, ©y, 3.
r;=%} (a+c) and ry=} (pa+qc) }
pU=q) q(l-p)
ry=1% a c
: [ 1-pg 2t 1=
Now if x;, 1y, r; be collinear then xr;4+yr,+2r;=0 where

S=

..(A)

#+y+4+2=0 and %, », z are any three scalars.
Now (1-pg) rs=4 [(p=pg) a+(g—p9) <]
hq

=% (pa+ge)- 7, (a+c)
or (1=p9) r3=ry—pgry [from (A))
or pary = ry+(1—pg) ry=0
where pq=141-pg=0,
Hence 1y, 1y, ry are collinear. (by § 7 P. 49)

(b) Now let the diagonal BD be cut by the diagonals
AC and EF in points T and S respectively ; then the points
B,T, D, S will form a harmonic pencil if BT, BD and BS are
in H. P. or EIT_’ P}ﬁ and 1‘?13‘ are in A. P. i, e, Blf'+BLS=32—[)‘
Now equation to AC joining a and ¢ is
C r=(l=8) &4+2€ svv eee eee ouu(l)
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Equation to BD joining pa and gc is
r=(l-s)pa+s.qc vee eee eee(?)
Equation to EF joining origin to point F given by (5)
of part (a) is
p-9 . +4 1-2) .
r=k I (.
[ = ©
AC and BD intersect at T and hence on comparing (1)
and (2), we get
l=t=(1=5)p and t=gs.
p-1 1

Se (I=gs)=(1=s5)p or i_q=s and 1""‘;‘:‘3’

Substituting in (2), we get the position vector of T as

_)
(1-9 (I-9)
ET'p g2V p-g
e

(1-9) (1-2)

.:I B == —4B= . . - _
T=ET-E b—q A=, 1
= [p(l g-pt+9)a—-q(1-p cl

qge.

c |—-pa

B[—-:——- [pa—gc).

». length BT is the module of BT.
1 _p-¢ 1
BT T1-p " [pa—gc|
Again BD and EF intersect at S and hence on compar-
ing (2) and (3), we get
1=-s) p_kp_q;::_q) kg (1-9)

1-pq
k(l—P) k(l -9
1= —pg= - -
I<pq pq or l-pg=k(l=p41~gq).
s ke 1729
» k=g

vee, see oee(4)

and s¢g=
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-
<. position vector of S i. e. ES

1-p9 [p(l Q). ,q1~p)
=0=p-gXLi-pg T i-pg ©
oo mp_ 1=pa [p(1=q)  q(1-p)
... Bs=ES—EB= PP -
2-p- q[ T-pg *t 14 ]“’“

—[p (- )a+q(1—p)c—p(2—p—q) a]

—g L #a-gc}
BS= ‘0:1‘ —I‘;aj-'qc l' ces cea --.(.’))
Again BD=FD - EB=gc - pa=—( pa— gc).
2 1

p— 3]

=) e BN ()]
BD | pa—qc |
Now from( ) and (") we get

+ p
T Bb |pa-qc] 1 p p 1
1

p-q-— 2+p+q]
lPa-chI L—p
= - l.ba —pe ] =BD from (6).

Hence proved.
Theorem of Pappus

Ex. 13. (a) If there be two sets of collinear points Ay, Ay, Ay;

By, By, B; then prove that the
points of intersection of the pair
of lines AyBy, A,B,, AyB,,
A,B,, AyB,, 4,B; are collinear.

Let O be the point of
intersecticn of Agd,4; and
B3B,B, which may be taken
as origin. Again suppose
that A4;, 4, 4; are pa, pa
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psa and B,, B,, By are ¢,b, g;b, gsb. If C,, Cs, C; are
points of intersection of the three pairs of lines, we have
to prove that C;, C,, Cj are collinear.

Equation to 4,B; joining p,a and g¢;b is

r=(1-¢) p,a+igsb v eee(D)
Equation to 438, joining psa and g4b is
r=(1-1s) psa+sg,b N A
Since they intersect at C;, we have on comparing
(1=2) pp=(1—5) ps and g5=sqy; .. s=t¢ %,

g
(1—t)ﬁg=(1—tq"‘ ps or p,-ps__t(p 3q"”s)

9 ([’z - b3) and 1— 1’3 (‘h - q3)
" pads — D3 " Pala—psds

If r; be the position vector of the point Cy, then on
substituting for £ and (1—¢) in (1), we get
y (Poga— P393)=P2P3 (92— 93) a-+gags (p3—p3) €.
Multiply both sides by p,4,,
or ¥y.01G: (D292 — P399)=P1 b2 P3- 61 (92— q3) A+ 9192931 (pa—p3s) b.

Similarly if ry and rg be the position vectors of other
points of intersection, we have

Y. 0203 (P3ds—p101)=p10a b3- 92 (95— 91) a+q192s.p2 (P3—p1) b,
¥3.033 (0101 = Da02)=P1b2 P393 (71— 95) @a+1920s -3 (D1 —p9) D
S 2 ripqr (Paga=page) =0, t.e. Lry4Mry+ Nry=0
where 2 p19y (pagy—pags) i.e. L+M+N is also zero. Hence
the three points whose position vectors are ry, 1y, ry are

collinear.

oo

Theorem of Desargues.

Ex, 13. (b) If ABC, A,B;,C, be two triangles such that the
lines AA,, BBy, CC, are concurrent, then the points of intersection
of pairs of sides BC, B,Cy; CA, C;4y; AB, A,B, are collinear,



70 Vector Analysis

4, Ny

Qonatea’ 5y
Mr. N. Sreckanth
M.Sc.(Maths) 0 U,

P Fig No 47

Note :—For Ceva and Menelaus Theorems see Q. 9 P. 93,
and Q. 10 P, 95.

Ex, 14. Through the middle point P of the side AD of a
parallelogram ABCD, the straight line BP is drawn cutting AC at
R and CD produced at Q.. Prove that Q R=2RB.

Take 4 as originand D 9
Band D as band d res- ’

pectively. Now proceed

exactly as in Ex. 12, 2nd
part. A Figho.43 .

Ex, 15:¢ The median AD of a triangle ABC is bisected at E
and BE is produced to meet the side AC in F. Prove that
AF=3AC and EF=%BF.
Ex. 16. Forces P, Q act at O and have a resultant R, If
any transversal cuts their lines of action in A, B and C respectively,

e

th that P L _R
en prove hat 5at+o5=0c" (Agra 49, Lucknow 42)
Let the forces Pand Q M N
- - 0
be represented by OL and OM
- 8
so that the diagonal ON repre-
sents the force R so that 0.4 P &

P+Q=R ...Q1) Fig No.44
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- -
Again suppose that P=m.04 and Q=n.0B and let

-
R=t.0C.

. p _Q R
oo m=oz,n—aB andl=’az" eee '--(2)
' Now substituting for P, Q and R in (1), we get
- - -
m.0A+4n.0B=t.0C ... ... ...(d)
- - -
or m.0A44+n.0B—-t.0C=0.

But 4, B, C are collinear and as such sum of the coeffi-
cients of their position vectors in a relation connecting
them should be zero.

S m4n—-t=0 or min=t.

Putting the values of m,n and ¢ from (2), we get the

required result.

Ex. x7. Prove that the straight lines joining the mid.
points of two non-parallel sides of a trapezium is parallel
to the parallel sides and half of their sum.

We have to prove that 4 &
PQ is parallel to 4B and l

Q

equal to ¥ (4B+4DC).

Taking 4 as origin, let

the position vectorsof BandD Ia
be b and d respectively. Fég.No.45
- -
Now DC is || to AB; .. DC=t,AB=t.b, where
DC

;{B=t cee ese oo --'(1)

- - -
-~ position vector of C is AC=AD+ DC=d-tb.
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P being the mid. point AD has its position vector d/2
and Q being the mid. point of BC has its position vector
1 (b+d-+1b).

- > -

s PQ=A4Q - AP—l(b+d+zb)—~—=J(1+t)b

=1 (14t )AB.
- -
Since PQ is some scalar multiple of 48, hence PQ, is

parallel to 4B and hence to DC.
aso 2omy arn=1 (1455)=1 T 1P trom .
PQ =% (AB+DC).
Ex, 18, Frove that the straight line joining the mid. points of
the diagonals of a trapezium is parallel to parallel sides and half
of their difference.

Ex. 19. Prove that in any triangle the line joining the mid.
points of any two sides is parallel to the third side and half of its
length. (Agra 56, Rajputana B. Sc. 60)

Ex. 20. Prove that the diogonals of a parallelogram bisect
each other and, conversely, if the diagonals of a quadrilateral bisect
each other, it is a parallelogram. (Agra 36, Lucknow B. Sc. 54)

Ex. ax. Show that the figure formed by joining the mid. points
of the sides of a quadrilateral taken in order is a parallelogram.
(Lucknow 48)

Ex. 22, If a straight line is drawn parallel to the base of a
triangle, the line joining the vertex to the intersection of the
diagonals of the trapezium so formed bisects the base of the triangle.

(Agra 59)

Taking 4 as origin let the position vectors of B and C
be b and ¢ respectively.

Now WM is parallel to BC.
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. AN AM—xsa A
** 4B AC y:
Therefore  position
vectors of N and M are N, M
xb and xc respectively. ~Jo—
Equatiori to BM is
r=(1-1) b:-l—t.xc ...... (1) 8 ) >
Equation to CN is Fig.No.-46

r=(1-5)c+s.xb
Comparing 1-¢=sx and 1-s=ix

or l=s=x(l-sx); .. s= }_:2 1_;1_}-;,
x
.o 1—S='1‘_“:‘x.

Hence the point O is given by 1:5: (b+c).

- . . x .
hquatlontoAOxsr—-l-;;(b-!-c)... N )

Again equation to 4D where D is mid. point of BC is
r=3%(b+c) ... ... o (4)
Relations (3) and (4) show that D lies on 40 produced
(b) If through any point within a triangle, lines be drawn
parallel to the sides, the sum of the ratios of these lines to the corres-
ponding sides is 2. (Agra 51, 61)
Take the vertex C as
origin let the position vec-
torsof Aand Bbe aand b
respectively and that of
point O within the A be
c.
Since PQ isto | 4B
therefore if position vectors
of P be la, then then that of
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PQ _
BmllbelbandalsoAB—-l.. cee see ees .«(1)

Again let the position vector of L on CA4 be ma.
s LA=(1-m)a.
Now in AABC, LM is drawn parallel to BC.
LM _LA —1-
L o cen e
Similarly let the position vector of R on CB be nb

s« RB=(1-n)b.

e e(2)

5;: fg =l-n.. .. o0 03)
Now PQ passes through /a and ib.
Its equation is r=(L =¢) la4-tib.. ces ceald)
RS passes through R i.e. nb and is pdrallel to CA ic a.
Its equation is r=nb+5a ... ce0  eee e (D)
LM passes through L i, e. ma and is parallel to CB ie. b,
Its equation is r=ma+tub.. cee aee ..(6)

Since all the three lines (4), (5) and (6) intersect at O,
therefore we have on comparing the coefficients,
(1=08)l=s, tl=n (from (4) and (5)]
and n=u, s=m [from (5) and (6)].
Now sum of the ratios from (1), (2) and (3) is
l41-m4+1-n=241—(m+n)
=2+41—(tl+5)
=24(1-t)l-s=240=2,
Hence proved.
Ex. 23. Prove that the sides about the equal angles of equi-
angular triangles are proportional. -
Let us consider two equiangular triangles ABC and
ADE having a common vertex at 4. \We have to prove that
AB_AC_BC

- - -
Let AB=c, BC=a, CA=b,
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s atbte=0....(1) A
-3
.‘. AD=k’ .C.
-
o l;lésks, DE= kla.

B 5 ¢
DE - . “
Bo=tv Ed=k.b
- E

g—%’%- b Fig.No 47
- o5 o
Again AD+4DE+4EA=0.
S kyetkad-kb=0
or ~ k3 (a+b)+kja4-kb=0 [from (1)]
or hi—ka+t(k,—k) b=0 ... ... ...

Now we know from § 5 page 16 chapter I that if there
exists a relation of the form x¥a+4yb=0 betwecn two
non-collinear vectors, then x=0, y=0. Hence from (2,
we get

kl—k3=0, ky=ky=0. ., kl=k2=’\3.
AD_DE_E4
AB~ BC™ ca Hence proved,
Ex. 24. In a parallelogram ABCD a point P1s  taken on the
side AD, such that n.AP=AD. The line BP cuts the diagonal AC
AC in the point Q. Prove that (n+1) AQ =AC.
(Lucknow B. Sc, Supp. 48)

Taking 4 as origin let Ly
b, ¢, d be the position
vectors of B, C and D P /
respectively  and  since

or

-> -> -> A
4B+ AD=AC, we have Fig. No.48
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b+d=c. ... ... .. ..

- 5 = -
AP= = AD=;—.¢I, A4Q =x.AC say.

- = >
Hence from (1), we get AB+4nAdP— - AQ =0,

Above is a relation betwezn the position vectors of
three collinear points; hence sum of the coefficients should
be zero.

-> 1 ->
AQ = — AC
2 n+1

. 1 1
S 1+n——;=0 orx=n+l-;
or (n+1) AQ=AC.
Ex.25. ABC is any triangle and O any point in the plane
of the same. AB, BO, CO meet the sides BC, CA and AB in
D, E, F respectively. Prove that
’ 0D, OE , OF

AD+EE+GF=

Ex. 26, (a) Prove that the points
a—2b+3c, 2a+3b -4c, —7b+ 10c are collinear,
Let the above points be 4, B, C respectively relative

to any origin 0. Now if we can find three scalars L, M, N
- - -

such that L. OA4+M. O0B+N, OC=0 where L+M4N=0,
then 4, B, C are collinear. Choosing L=2, M=-1, N=-1,
we find that 2(a -2b+43c)- 1 (2a+3b - 4¢c)— 1 (- Tb 4 10c) =0,
where 2—1-1=0. Hence collinear.

Alternative.

1

- 5 -
AC=0C -04=(-"Th+10c) - (a—-2b+3c)
=-—a-5b+Tc.
- - -
BC=0C-0B=(-"Tb+10c)-(2a+3b - 4c)
=2a - 10b+ 14c.
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-> -
We observe that BC=24C. .. B, 4, C are collinear.

(b) Prove that the points whose position vectors are ay b,
3a—2b are collinear. (Delhi 50, Banaras 54, Agra 55, 58)

Ex. 2. (a) Find the vector equation of the line joining the
points i —2j+k and 3k~ 2j.

Ans. r=(i-2j+k)+¢ (i-2k),

(b) Show that line joining the points A (2, -3, —1) and
B (8, =1, 2) has equatzons 5 =2 “—v——;—_g—i Find two points on
the line whose distance from A is 14,

Ans. (14, 1, 5) and (-10, =7, = 7).

Ex, 28. Prove that the line joining the points 6a-4b+4c,
—4c and the line joining—a—2b-3c, a+2b-5c intersect at
-4c.

Ex. 29. In the triangle ABC, points Q and R are taken in

"the sides GA and AB respectively such that CQ=QA4 and
AR=2RB. BQ and CZ intersect at O. Prove that CO=30R.
Also find the ratio in which AO divides BC.

Let a, b, ¢ be the
position vectors of the
points 4, B and C res-
pectively so that under
given conditions the posi-
tion vectors of Q and

b ‘s P
°‘%aa K. +‘ Fig. No.49

R are

Equations to BQ is r=(1- t)b+tc+a... cee ee(l)

Equation to CR is r=(1—s) ¢+ 2—!%!-—“ N ('
Now (1) and (2) intersect at O and hence on comparing,

we get
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t s 25 ¢ .
5= 1-;=._3.., —2-='l-s S s=%andt=1}
The position vector of O is therefore —; +1(c+a)
=%} (a+2b+c).
Now if O divides CR in the ratio 3 : 1, then the position
2b+a+1

vector of O should be S or }(@+2b+¢) which

is true.
Again equation to 40 is r=(1-ta+t.3(a+42b+c).
Since they intersect at P we have on comparing,
1-t+4 l =0, —;~=1—s, i4=s.
From first two we get ¢=4%.5=} and these satisfy the
third relation also.
b+c

*. position vector of P is

If P divides BC in the ratio m: 1, then position vector
of Pis mc+b=2b+c
m41 3

[ o

Comparing, ,;l-rl=!; and m+-l=§ Soom=

». P divides BC in the ratio 1: 2
Ex. 30. A line from a vertex of a triangle bisects the opposite
side. It intersects @ similar line issuing from the other vertex.
Prove that these lines intersect in the ratio 3 : 1.

Ex. 31. If a, b, ¢ be non-coplanar, show that the lines
whose equations are r=(— 10a+b—c)+¢ (8a+2b - 3c),

r=(-a+4b-3c)+s(7a+b-c)

are coplanar, and find their point of intersection,

If the above lines are coplanar, then they must inter-
sect for which we should get identical values of r. Com-
paring a, b and ¢ in the two equations we will have three

relations in s and 4 Solving the two we find that the
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third is also satisfied and hence they intersect and the point
of intersection is obtained as 6a4-5b-Tc.

Ex. 32, Prove by vectorial methods the eqution —2—+—Jb’— =]

which is the equation of a straight line in terms of its intercepts

on the axes of reference. The axes may be rectangular or oblique.
Let the position vectors of B

4 and Bbe a and b respectively

and their modules be @ and b,

A A
sothat a=¢.a and b=b.b.
Let P be any point (, y)

; 0 M
on the line. From P draw PM Fig No 50
parallel to OB, so that OM=x

- A

and MP=y.
- A, - A y
A OM=x.a=—a-.a and MP=y.b='b .b.

Now P being any point on 4B,
-
OP=r=(1-t)a+b ... ... ... ...}
- > -

Also OP=OM+MP=:.a+%.b.. e @

Comparing a and b in (1) and (2), we get

1—l=—f~, l= 2«.
a

b
Eliminating ¢, we get —: + %—=1 as the required equa-

tion.

Ex. 33. The straight line through the mid. points of three
voplanar edges of a tetrahedron, each parallel to the line joining a fixed
point, O to the mid. point of the opposite edge are concurrent at a point
P such that OP is bisected by the centroid (of volume) of the tetra-
hedron. (Agra 46)
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Take O as origin and let 4
the position vectors of 4, B, C
and D bea, by ¢, d respectively. R,
Let P, and 7; be the mid. B Q w
points of opposite edges, so that K
their position vectors are

b4 d fi X
5 ©and *t . c

“ 2 Fig. No 51

Now the equation of a line
through P; and parallel to 0T, is

b+tc (a+d

r_”‘z +t --.(1)

Similarly we can write down the equation of line

a+b

Q0 as

througil Sy i.e c-'2--dand puallel to OR, where R, is

c+d a+b
e ( (@

‘

The equation of the line through % i. e. b}d and para-

lel to 0Q,; where Q, is _a_-_;g is

b+d+p(a+¢)“ T )

Now (1) and (2) intersect at P and hence on comparing
we have t=s5=1 and we get the point P as } (a+b+c+d).

Again if we choose p=1, the point satisfies (3) also.

Hence the above three lines are concurrent at P.

Now mid-point of OP is

3[0+4% @+b+c+d)]=

which is the centroid of volume G of the tetrahedron.
Hence OP is bisected at G.

a+b+c+d
4
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Ex. c4s If a, b are two non-collinear vectors, show that the
points hatmb, lLa+mb, la-4mb=0 are collincar if and
only if

I Ll 1y =0
my my, my
1 1 1 (Agra 42)
If the given vectors are collinear, then we must have
% (ha+4-mb)+y (La+mb)+z (lza+mgb)=0,

where x4+9+2z=0... ... ... .. (D
[§ 7. P. 48]

or (%l yly+ 2lg) a4 (xmy 4 ymy+ 2rn) b =0,

Since a and b are two non-collinear vectors and if
there exists a relation of the type la+mb=0, then
=0, m=0 [§ 5 chapter 1, P. 16]
or sli+yl+z=0... ... .. o0 (9

amyymptzme=0... ... ... e oel(B)

Eliminating %, », = betwen (2). (3) and (1), we get the
required condition.

§ 9. Vector equation of a plane.

To find the vector equation of a plane which passes through
the origin and 15 parallel to two given vectors a and b.

Choosing O as origin let TR T T
the vectors 04 and OB be a and N %
b. Let P beany point on the / /f e ? /
plane. From P draw PM and o M d
PN parallel to OB and 04 res-
pectively meeting 04 and OB

in' M and N respectively.

Fig.No.52

-
OM being collinear with Od==sa.
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s
ON being collinear with OB =tb.
Ifr be the position vector of P any point on the plane,

e I -
then r—OP =0OM+MP=0M+4ON=1sa+tb.

Hence the vector equation of the required plane is
given by
' r=sa4+thb ... ... ... ...(1)
where s and ¢ are scalars which vary as the point P moves on
the plane.
Note. See § 5 P. 16 Chapter 1.

Cor. x. To find the vector equation of a plane through a
given point ¢ and parallel to a and b, [Agra 40]
Let ¢ be the position vector

of any point C on the plane and

P be and point on it. Now the C_s}*tb L
P . C{ r_
vector CP is coplanar with a and
-—
b and as such CP=sa+tb. o Fig.No.53

(§ 5 chapter 1 P. 15).
If » be the position vector of P, then
.
r=0P=0C+CP=c+sa+th. ... ... ...(})

Hence the required vector equation of the plane is
r =c+sa+tb where s and ¢ are scalars which vary as the
point P moves on the plane,
Cor. 2. To find the vector equition “of a plane that passes
through three points whose position vectors are a, b and c.
(Agra 39)
Leta, b, ¢ bz the position vectors of the points 4,

-
B and C respectively on the plane, so that AB=b-a and
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-y
AC=c-a. 8

Now the required plane is 4
one through the point a and

- -
parallel to 4B and AC, i.e. through 4 %) ¢
a and parallel to b-a and c-a Fig.No.54

and hence by Cor. 1, its equation is
r=d+s(b-a)+t(c—a) '
or r=(l-s—=4§) a+sb+tc.. ... ... ...
Cor. 3. To find the vector equation of a plane through two
points a and b and parallel to c.

If a and b be the position vectors of 4 and B respec-
-—
tively, then AB=b-a. Hence the required plane is one that
passes through a and is parallel to b-a and ¢ and hence by
Cor. 1, its equation is
r=a-4s(b-a)ttc
or r=(l-s a4sb4tc.. ... ... ...(d)
Cor. 4. To find the Cartesian equivalents of the vector
equations of planes found above.
[Refer author’s Solid Geometry.)
Case 1. Plane through origin and parallel to the
given line.
Let in terms of unit vectors i, j and k through origin
0, the vector
r=x+yj+zk so that P is (x, y, 2).
a=a,i+a,j+ask so that direction cosines of vector a
are proportional to a,, a,, as,
and  b=bji+byj+ bk so that direction cosines of vector b
are proportional to by, by, bs.

(r) Now vector equation of a plane through origin
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and parallel to vectors a and b is
r=sa-+tb
or ity +zk=sa,i+aj+agk\+-£ (bi + b5+ b k).
Equating coefficients of i, j and k, we get
X —sa;—tb;=0,
Y —S6y— b, =0,
z—sag—tby=0.
Eliminating —s and —1, we get
| # ay b, =0
I |
i J gy by
Pz a3 by !
or  x(ashy—aghy)+y (ash, — a1b3)+ 2 (@05 — a,b,)=0.

Above is the coiresponding cartesian equation of a
plane through origin and parallel to lines whose direction
cosines are proportional to @y, a,, a5 und by, by, bs.

(b) Case 2. Plane through a given point and para-
llel to two given lines.

Vector equation of a plane through a point and parallel
to two straight lines is

r=c+sa-+tb [by Cor. 1]
or (r -c)=sa+$th.

Putting in terms of unit vectors ard equating coefh-
cients of i, j and k, we get

(x=¢y)—sa, — tb, =0
(y—cg)=sag—1th, =0.
(2=cq) =05 ~ thy =0,
Eliminating —~s, —¢, we get
X—0c a, b |[=0

J—¢ a; b,

{—C a3 by
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or ' x a4 by |=| ¢ a, by |
) a, b, |- ey a, ) by !
Z ag . by ‘ 3 ay by :

Above is the corresponding cartesian equation of a
plane that passes through the point (¢, ¢, ¢;) and is parallel
to two lines whose direction cosines are proportional to
ay, 85, az and b,, b, b,.

(c) Case 3. Plane passing through three given
points.

Vector equation of a plane through three given points is

=(l-s-t)a4sb+ic [Cor. 2]
or r=a+s(b-a)4¢ (c-a)

Putting in terms of unit vectors and equating coefficients

of i, j and k, we get
(®—a)) =5 (by—a)~1 (¢, —ay)=0,
(9= 89) =5 (by — 85) = £ (3 — ay)=0,
(z=—ag)=s (b — a3) ¢ (c3 — ag)=0.

Eliminating —s and —¢ between the above equations,
we get

x—a, by—a, a—a; |=0.
J—ay b,-a, Cp—ay
g—ag by - a, (3—ag

The above determinant can be written as a fourth order
determinant as following :

i x—a; - b-a €G- 6 a =0
1

‘ b

| J =6y 2~ dy Cp—ay a;

|
i Z—aa : bs"a" Ca-ag a3
| .
J

0 0 0 1
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Adding fourth column to first, second and third column,
we get
x by ¢ a |=0 or| x 3 z 1 [=0

Y by ¢ a by b b5 1

z by ¢35 ay 6 ¢ ¢ 1

11 1 1 a a; ay 1
or - x y z 1 [=0.

a a, az 1

f bl b 2 b, 1

b6 € ¢ 1

Above is the corresponding cartesian equation of
a plane «through three points (ay, a5 ag), (by, bg, by) and
(cqy €3y €3).

§ 10. Condition for four points to be coplanar.

To prove that the necessary and sufficient condition for any
Sour points in three-dimensional space to be coplanar is that there
exisis a linear relation connecting their position vectors such that
the algebraic sum of the coefficients in it is zero.

(Pb. 60; Agra 37, 54)

We have seen that the vector equation of a plane
through the points whose position vectors are a, b and ¢ is
re=(l-s—1) a+sb4tc=0. [Cor. 2]
The above relation may be written as
(l=s—%) a4sb4tc—-r=0,

Above is a relation between the position vectors of
four points 4, B,C and D which are coplanar and we
observe that algebraic sum of the coefficients of a, b, ¢ and
ris 1—s—t4s4+¢-1 which is zero. Hence the condition
is necessary.
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In order to prove that the condition is sufficient let us
suppose that any four vectors a, b, ¢,d be connected by
the relation la+4mb 4-nc+pd =0 where |+ m+4n+p=0.

Dividing by p (p£0), we get

m n
d=l—~;—}- a- _’?— b- o c,
m
where B +~2)— ; =]
Putting - ;‘~=s and - ; ={,
[')»=-1- [':f—- ;-=-1+s+:.

S d=(l-s5-¢t)at+sb+tc.

Above relation shows that d isa point on the plane
through a, b and ¢; hence a, b, ¢, d are coplanar.

Alternative Proof.

Let us suppose that the points 4, B, C, D whose posi-
tion vectors are a, b, c,d are coplanar and let 4B and
CD intersect at P (it being assumed that 4B and CD are
not parallel and if they are, then we will choose any other

pair of non-parallel lines formed by given points).
If Pdivides 4B in the

o
ratio p.: q and'C'D inm:n, " /,,

then its position vector A —— P 8
written from AB and CD is C/

tb+ga_md4nc Fig.No.55

p+q mtn

P p__ " -

or P +P+9 rn+n m+nd =0
or La+Mb+4Ne+Pd=0
whete L4M4 N4P=-1 4 P _ % _ M __, 1

p+q ptg mtn m+'l
Hence the condition is necessary.
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Note. I'rom here we find the position vector of any

point d on the plane through a, b, ¢ as
a_latMbiNe La+Mb+Ne

-P T T TLyM+N
** L+M+4N4P=0,

Converse.
Again let la+mb+nc+pd=0 where [+ m-+n+4p=0 and
we will show that the points 4, B, C, D are coplanar,

Now of the three scalars [+m, l4n, [4p, one at least
is not zero for if all of them were zero then
I4+m=0, |4n=0, [4+p=0.
. m—n=0,n-p=0or m=n=p=-1l

Also l+m+n+p=0 but |4+ m=0.
. oo ntp=0or =0: ... p=0.
s I=0=m=n=p which is impossible.

Let us suppose that I+4m is not zero and therefore

I4m= — (n4p)£0.

From the given relation, we get
(‘a4 mb)= — (nc+pd)
la4+mb nc+4pd

o T4m ~ngp

L. H. S. is centroid of points 4 and B with associated
numbers [/ and m and hence is on 4B, and R. H. S. is cent-
roid of C and D with associated numbers n and p, hence is
on CD. Hence we find a point on 4B is same as a point on
CD showing that they intersect and hence 4, B,C, D are
coplanar.

Also the point of intersection of AB and CD is

latmb  nctpd
I4+m ntp °
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Exercise

Ex. 1. If any point within a tetrahedron ABCD is joined
to the vertices and AO, BO, CO, DO are produced to cut the opposite
Jaces in F, Q, R, S, show that
0P 0Q OR 0S_
aptpotcrTDs™H
(Agra 33, 35, 39, 43, 46, 49, 58, 61)

Taking O as origin let the A
position vectors of 4, B,C, D be a, B
b, ¢, d respcctively and we know 0
that any four vectors are linearly
dependent i.e. there exists a rela- bp
tion of the form C D
lat+mb+net+pd=0 ...(1) Fig No 56

-

Equation of 40 is r=—a and hence equation to OP is
r=—ka where £ isa scalar positive for points on 40 pro-
duced and - ive for those on OA.

But from (1), we have

_mb+nc+pd
1

-
Putting for a from above the equation to OP\is given

by
k
r= (mb+ nc+pd) N ]

Again equation to plane BCD is
r=(l-s-# b+sc+id [Cor.2] ... ...©9)

Now (2) and (3) intersect at Pand hence we have on
comparing,

km kn kp
-[4-1 -—t, Tﬂls, T=t-
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.k l .
Addmg,T(m+n+p) 1 or k——m:;_f_—p .:.(w)
-, . l
Hence position vector of P is ~mtnFp®
- - -
= e —ae - b g lEmEntp
Again AP=A0+0P=-a mtnip va=— mintp
Y
or AP.-_-_.’.‘.“";L"‘L” fa ’+’"+"+P0P [by (iv)|
OP=-—Ica.
. orp 1 N .
S APTIFmEatp Proceeding as above, we have
0Q m  OR_ n
BOT I+m+n4p CR™ I+mtndp
" oos b

ad ST mfn +p

Adding, we get the required result.

2. Fuind the equation of the plane through the origin and
the points 4jand 2i+k. Find also the point in which this plane
is cut by the line joining the points i—2j+k and 3k -2j.

(Agra 42, 45, 56)

Equation of plane is r=1s5. 4j+¢ (2i+ k).

IZquation of line is r=(1-p) (i-2j+k)+p 3k-2j).

For point of intersection, comparing and solving, we
find that ¢=% s=-} and p=-}, anl hence the point is
1 (6i~ 10j+3K). ‘

3. Prove that the feur points 2a+3b-c, a-2b+3c,
3a+4b-2c and a-6b+6¢ are coplanar.

1st Method. Let the given points be 4, B, C, D
respectively. We will prove that the lines joining any two
intersects the line joining the other two provided they are
not parallel and hence the four points are coplanar.
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" - — -

AB=0B-0A=-a-5b+4c,

- = -
CD=0D~0C= -2 —10b +8ec.

- -
We find that AB=-2CD i.e. ABis parallel to CD.
.~  let us consider the lines AC and BD say.
- o - '
AC=0C~-04=a+b-c,
- - -
BD=01)—OB= —-4b+3c.

Equation to AC is r=2a {+3b-c+? (a4+b—eo).

Equation to BD is r=a—2b+4-3c+s (—4b+He).

If they intersect, we have on comparing,

OQ4-t=], 34t==2=4s, =1 =t=3+3s.

Solving the first two, we find t=-1and s==1 and
these values satisly the 3rd equation as well. Hence the
two lines intersect showing thereby that the four points
are coplanar and the point of intersection is a+4-2b.

_’
and Method. AB= -a-5b+4c,

-
AC=a+b-c,
- - -
and AD=0D-0A4= —-a-9b+Tc.
If the given points are coplanar, then the three coter-
> = -

minous vectors 4B, AC, AD should be coplanar and as such
they should be linearly dependent, i. e., there must exist a
relation between them. Let us suppose that
- s o

l.AB4+m.AC=AD

or l(-a=5b+4dc)+m (a+b—c)=-a-9b+Tc,
Comparing; we get
~l+m=~1, =bl4m=-9, 4dl-m=17.
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Solving the first two, we get [=2, m=1 and these

- -
values satisfy the third relation 4/-m="7, and hence 4B, 4C
-
and 4D are coplanar. Therefore the points 4, B, C, D are
coplanar.

4. Prove that the points 6a+2b-c, 2a-b+3c, —a+2b
—4cand —12a-b~-3c are coplanar.

5« Prove that the points ~a+4b-3c, 3a+4 2b-1Jc,
Ja+8b-5¢, - 3a+2b+-c are coplanar,

6. (a) Find the point in which the plane

r=a-b+4s(at+b-c)4¢ (a+c—-b)

is cut by the line through the point 2a+3b and parallel to c.

The equation to the line is r=2a+43b<4pe. For point
of intersection compare etc. Ans. 2a+3b-4c

(b) Find the intersection of the line joining the points (1, —2
—1) and (2, 3, 1) with the plane through the points (2, 1, =3),
(4, =1, 2)and (3,0, 1). Ans. (3,4, )

w. Prove that the six planes  containing one edge and
bisecting the opposite edge of a tetrahedron bisect each other.

Plane containing 04 0
and bisecting BC i.. plane
04D is

r=satn (1) 159
Plane OCF is
b
r=s5c+1t a—;— ) (§ 9

Plane PBC 1s

r=(L=s3—~13) g-+sab+tsc (§ 9 Cor. 1).

Compare the coefficients of a, b and ¢ for point of
intersection.
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tg 1 53'— ta ﬁ Ia

sl'—'—‘ ? bt Q"" ) M) 2 =53, 2 =32—’3
oo ‘1—t8=§ and sl’i"
Hence the point of intersection is a+h te,

4
Similarly we can show for other planes.
7. (b)  Prove that the middle points of the six edges of a cube

which do not meet a particular diagonal are coplanar.

and

along which the unit vectors D’ \ ¢
be i,j and k respectively. PA R
Let the edge of the cube be \

of unit length. P, Q, R and P', R P
Q', R’ are the mid. points of A \ 8
the edges on which they are Q \
marked. The pcsition vector D C

Let 4 be taken as origin A B’
4B, AD and AA’ as axes \

of these mid. points are

and

Ph.ad, RIEE K oty

P (:+1+lf;+(jj_¥)= LI,

Similarly, 0 is i+~% +k

Now the equation to the plane PQR is
i i . k
r=(l=s=t) 2~-+s . -2~-+t (J+—§—).

The point P’ -%-{-j-l—k will lie on it, if on comparing

the coefficients,,
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t
2

Solving the last two, we get ¢=2,5=-2, and these
values satisfy the first also.

Similarly, we can show that for some suitable values
of s and ¢ the other two mid. points Q' and R’ will also lie on
the same plane. Hence P, Q, R, P, Q' R’ are coplanar.

8. Ifa b c be any three non-coplanar vectors, then
proce that the points lLa+mb4-nc, La+mb+ne, l;a+tmb
+nzc, la+mb+ne are coplanar if and only if

L & I I, =0.

=10

l—s—t=1, —2i,+:=1,

my my my My

I
l
1
!
+
|

I ny My mg ong
i
l

11 11
If the given vectors are coplanar, then there must exist
a relation of the form
x (ha4+mb4-n,e)+y (La+tmb+n,e)+ 2 (lza+mb4ngc)
+w (l;a+mb4n6)=0,
where x+y+z4w=0, (1)

S alyyly+zlgtwly) ad-(xmy 4 ymg+-2ms+wmy) b
+ (%13 4yny 42034+ wng) c¢=0.
Since a, b, c are three non-coplanar vectors and if

there exists a relation of the form la+mb+4ne=0, then

l=m=n=0. [§ 5 Chapter 1, P. 15}

oo x4yl 2lgtwi =0, veo(2)
amy 4 ymg+ zmg+ wmy =0, oo o(3)
xny+yng+zng+4wn, =0, oo (d)

Eliminating #, y, 2 and w between (2), (3), (4) and (1),
we get the required result.
Therom of Ceva
9. IfP, Q, Rare three points on the sides BC, CA, AB
respectively of a triangle ABC, such that the lines AP, BQ 2l
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CR are concurrent, then g’; . %—% . %—2= — 1 and conversely.
Let D be the point A :
of intersection of AP, BQ 2 a
and the position vectors ﬁ $ :
of 4,B,C,Dbea,bc,d g £ c
respectively. Since these Fig.No.58

four points are coplanar,
xa+4yb+zc+wd=0 where *+y+z+4+w=0;
S xadyb=—(zc+wd)
and 24r=—(24w).
xa+yl:__zc+_wd
x+y 24w
The L. H. S. isa point on 4B and R. H. S. is a point
on CD and both being same, either gives the point common
to AB and CD and hence R.
xa<yb
x+y
troid of 4 and B with associated numbers * and », and

thus divides 4B in the ratio y : ».
AR y ARy
"

Thus position vector of R is which is the cen-

“ RB=% ° BR="
Similarly CBT,I?:—J;- and Z(Z’— =
. 4R BP CQ y _z _
 BR'CP AQ="F Ty T T

Hence proved.
Converse. We are given that \
AR BP CQ
BR ' CP* ZQ——I cieeee wal(D)

and we are to prove that AP, BQ and CR are concurrent.
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BP z cQ x
Let us assume that oF=- ) and ZE= - and hence
AR y
from (1), ET{:_ 'x .

From above, we get
BP z CQ x AR y |
PC=7" Q4= 2" RE= %’
. . yb4ze . . ze+xa . xat)b
S PlSm, is - ,R1is ity
Suppose D isa point on AP dividing itin the ratio
JY+z: x and therefore its position vector is
Jb+ze
(y+2) ”y—+'z—‘+xa
*+y+z
xa+jyb-+ze
+y+z
The symmetry of the result shows that this point will
also lie on BQ dividing it in the ratio z4-x:» and on CR
dividing it in the ratio x4y : 2.
Hence the three lines are concurrent.
Theorem of Menelaus

10. If P, Q, Rare three points in the sides BC, CA and
AB respectively of a triangle ABC, such that the points P, Q,, R are

collinear, then prove that -gl; . g—% . %%=-I and conversely.
Let D be the A
point of intersection
of BQ and CR and
the position vectors >
of 4, B,C, D be taken 8 % P
as a, b, ¢, d respec- - “Flg.No.59
tively.
Since these four points are coplanar, we have
xl+yb+;c+wds‘n0 where x4y+z+w==0,

or ‘
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Just as in Q. 9, the position vectors of @ and R on 4C
and 4B respectively can be taken as

_xa+zc _

=%Fz - (*+2) q=xatze ... ...(1)

xatyb | emtn )
=y (x+yr=xatib ... ...(2)

Subtracting, we get (x+2) q— (*+3) r=zc—yb.
Dividing both sides by -y, we get
(x+2)g-(x+) r z2c—3b

F+2)-@x+y) T 2=y C
L. H. S. gives a point on the line joining points whose
position vectors are q and ri. e. on RQ and R. H.S. gives
a point on the line joining b and c. i. e. BC. Smce they are
equal therefore L. 1. S. or R. H. S. gives the position vector
of the point of intersection of BC and RQ. i. e. of P.

zc-Jb o
o =" _-7 . T )|
=",
Now from (1), (2) and (3), we get
CQ’: ¥ ) AR—_:»J’ and Pf=-—£
A"z’ RB™ x PC ¥
. BP_z AR_ y CQ _ «x
** CPTy*BR”T T x'AQ T Tz
. BP CQ AR -1
** CP"AQ " BR™ ™
Converse. We are given that
BP CQ AR_,
CP " 4Q " BR™
Let us suppose that gi £ and j%——-i and hence

AR b
BR™ ™ x
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. BpP 2z C x AR
 PCT Ty Qa"‘% and ="
Hence if p, q, r are position vectors of P,Q and R
respectively, then from above ratios,
_ic=yb _xatzc = xairb
P=sy 95 ag ™5 x+y
Now if p, q, r are collinear then there must exista
relation of the form Lp+ Mq +Nr=0, such that
L+ M+N=0
==))p+(+2) q-(x+9)r
= = (zc~)b) +(xa+ z¢) - (xa+yb) =0
where —(z=))+(#x+2)= (x+7)=0. Hence collinear.



CHAPTER III
MULTIPLICATION OF VECTORS

§ x. There are two different ways by which vector
quantities are multiplied : one is called scalar or dot
product and the other is called vector or cross product.
The former is a mere number and does not involve any direc-
tion whereas the later is associated with a definite direction
and as such is a vector quantity. However, in each case
the product is proportional to the products of the lengths of
the two vectors and they also follow the distributive law
just as in the product of ordinary numbers. The scalar or
dot product of two vectors a and b is writtenasa.bi. e,
by placing a dot.between a and b whereas the vector or
cross product of the vectors a and b is written as axb i.e.
by placing a cross X between a and b.

§ 2. Scalar product.

(Agra 32, 33, 49, 44, 51, 57, 58)

Def. The scalar product of two vectors a and b of moduli a
and b respectively is equal to ab cos 8 where 6 is the angle between
the directions of a and b .

Thus a.b=abco 0= |a|.|b]|.cosd.

Again a . b=a (b cos 0). 8
Now b cos 8 is length of b
the resolved part OL of OB i. e.
module of vector b in the direc- )
tion of a whose length isa g
or we can write it as 0 380 L
a.b=b(acos b
where a cos @ is the length of the resolved part of a in the
direction of b whose length is b.

A
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Hence dot product of two vectors is equal o product of the
length of one of them with resolved part of the other in the direction
of the former. .

Again if we take that b represents a force in magni-
tude and direction whereas a represents a vector drawn in
an assigned direction, then b cos 0 is the resolved part of
the force b in the direction of a. Thus ab cos 6 represents
the work done by the force b in moving its point of appli-
cation from O to A4 along 04 and work does not involve
the idea of a direction and hence dot product is a scalar
quantity.

Properties of Dot product of Vectors

1. From above we find that a . b=b . a=ab cos 0.

Hrnce scalar product is commutative.

cos 0=2"P o a.b
ab laj [b]

2. T he dot product of two vectors will be +ive, zero or —ive
according as cos 0 is +-ive, zero or — ive which means that according
as 0 is acute or a right angle or obtuse.

Again a . b=ab cos 6.

3. Nowa.b will be zero only ifeither a or b or cos 8 is
zero.

Hence dot product of two vectors is zero if either of the vectors
be a zero vector or if they are non-zero vectors then their direc-
tions should be perpendicular. [Remember].

Again if 8 be the angle between the directions of a and
b, then 7 -8 will be the angle betwcen the directions of a
and =borof —aand b

Thus a « (=b)=ab cos (7 - 8)=(-a) . (b)
or a.(=b)=(—a).b=—abcos §=-(a.b)

4. In ‘dcl)‘tA pibdyct of two veclors if either of the factors is
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multiplied by minus sign, then the total product is multiplied by
minus sign.

Again if 8 be the angle between the directions of a and
b, then since vertically opposite angles are equal, 8 is also
the angle between the directions of —a and —b. Thys
(=a) (=b)=abcos=(@.b). Again ife be the module
of vector a then vector ma is a vector in the direction of a
but of length ma.

Thus (ma).(nb)=(ma) (nb) cos 8 =mn (ab cos 6)

=mn(a.b)
or =a . (mnb) cos §=a . (mnb)
or =(na) (mb) cos §=na . mb.

5. T hus the scalar product of two vectors in associative,
If the vectors be like, then angle between them is 0,
i. e cos g=1.
S a. b=ab.
6. Thus the product of two like vectors is equal to the
product of their mod uli.
In case they be unlike then §=180° i. e. cos 6= -1
S a.b=-ab.
If the vectors be equal then a « a=a . a . cos 0=a%*and
written as a?=aq?,
7. Thus the square of any vector is equal to square of its
module. (Remember)
In case there be two unit vectors then their moduli

A A

arc each unity. Thus a.b=1.1. cos f=cos 6.

8. Thus the product of two unit vectors is equal to the cosine
of the angle between their directions.

Orthonormal vector triads i, j, k.

We know that i, j, k are three mutually perpendicular

unit vectors. QDonated by

Y PR A
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. i*=jl=ki=] (Properties 5) *

and i.j=j. k=k.i=0 (Property 3).
9. Distributive Law i.¢.a . (b+c)=a.b+a.c
(Punjab 60)

Taking O as origin let 8 ¢ A
- = $+c
04, OB and BC represent P
the vectors a, b and ¢ res- —
- o — A
M ¢
pectively so that 0C=b+c. Fug %.6/‘2 "

Again if BM and CN be perpendiculars from B and C
on 04, then OM and ON are the projections of OB and OC
on 04 and hence MN is the projection of BC on 04.

Also OM+MN=0MN,

Again we know that dot product of two vectors is
equal to the product of the module of one with the resolved
part i. e. projection of the other on the former.

-—)
s a.(bt+c)=a.(00)=a.0N=a(OM+MN)
=a.0M+a. MN=a.b+a.c.
Similarly a . (b~-c)=a .[b+4(-c)]=a .b+a.(-c)
=a.bt[{-@.c)]=a.b-a.c
By repeated application of above, we obtain
(a+b).(a-b)=a.a+b.a-a.b-b.b
=a'-b% ‘' a.b=b,a.
For geometrical interpretation of above see (). 5 next
3xercise.
(a4bl=(a4+b).(a+b)=a.at+b.at+a.b+b.b
=a?+4% . b+b?
(a—b)=a%-%a . b+bt
In general (a+b+c+...). (p+q+r+...)
=a.pta.q+ta.r
+b.p+b.q+b. r
+c.ptc.qt+crt,..
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Again if a and b be expressed in terms of unit vectors
as a=agitajtak, . a=V(a+a’+ae?;
and  b=bitbjt+hk, . b=V +b2+bs ;
then a . b=(a;i+a,j+agk). (b,i+bsj+ b5k)

or ab cos 8=a,b,+ aghy+ aghs.
i’=jz=k2=1 and i . j=j . k:k . i=0. (Pl‘op, 8)
or cos fe=tabrtaby+asby
ab
—=— e ,albl+asz +agb, "

Vit hat e - VT
Note. (a,, a5, a3) and (b;, by, bg) are the coordinates of

the points 4 and B respectively.

Again if 1, my, ny and l,, my, n, be the direction cosines
of a and b, then

a a a. b
[1=—51-, m1=73, nl=?3 and l.,.=~bl etc.
10, . cosf=ll,+mm,+nn,, (From (1))

11. Components of a vector (Imp.).
(Delhi 50, Lucknow 52)

If any vector r is inclined at an angle 6 to the direction

of a and a be a unit vector in this direction then the resolved

A ‘
part of r in the direction of aisrcos 4 .a

ar cos ¢ i\=(r.n)a/a\__(r.a_) a ot a(a\—a
. ) = a2 03 . =a.

(Remember)

Again if r be resolved into two components in the plane
of a and r, one parallel to a and the other perpendicular to"
a ; then these components are

r.a r.a .
7;—,—- +aand r--—-.a. You can write a’ for a*
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Similarly if a vector r be resolved into components
parallel to unit vectors i, j and k, then since *=j'=k?=1;
these components are

(.91, (r.j75 (r.kk (Remember)

Alternative. We know that any vector r can be
expressed in terms of thrce non-coplanar vectors i j, kand
let us suppose that r=xi+yj+zk... ...() (§ 5 P. 15]

Mulplying successively by i, j and k and noting that

i.j=j.k=k.i=0and i*=j*=k'=1. (Property 8)
S rui=x r.j=jy r.k=z
Putting the values of #, y and z in (1), we get
r=(r.i)i4+ @.§j+@r. .k k
12, Again if r be expressed in terms of any three

non-coplanar vectors a, b and ¢, then there exists a relation
between them i. e. r=xa+3yb+42zc N ¢

Multiplying the above relation scalarly by a, b and ¢
successively, we get §5 P. 1b)

r.a=xa.at+sb.atzc.a ... ... ...(9
r.b=xa.b+ib.c4zc.b ... ... ...09)
r.c=xa.ctib.ctzc.c ... ... eoo(d)

Now a-.a, a.band c.b etc are scalars. Hence eli-
minating #, y, z between (1), (2), (3) and (4), we get
‘ r a b c |—0.

r.a a.a b.a c.a
r.b a.b b.b c.b
r.c a.c b.c c.c
Examples
Ex. 1. Prove that in a tetrahedron if two pairs of opposite
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edges are perpendicular, the third pair are also perpendicular. Also
show that sum of the squares on two opposite edges is the same for

each pair, (Lucknow 49, Agra 38, 53, Utkal 52)
Taking D as origin, let X
the position vectors of ¢

points 4, B andCbea,b &
and ¢ respectively.
We are given that 7 Fig.No 62
AC is perpendicular to DB and AB is perpendicular to LG;
and we are to prove that D4 is perpendicular to BC.
AC | toDB; . b.(c-al=0crb.e=b.a...(])
dot product of two perpendicular vectors is

.
<@

zero.
4B | toDC; s c.(b-a)=0orc.b=c.a. ...(2
Now a . b=b . a; therefore from (1) and (2), we get

a.b=b.c=c.a. B )]

From above we deduce that a . (b—¢)=0 showing that

DA is perpendicular to CB. Hence proved.
- -

Again AB?+CD?*=A4B*+ CD*=(b-a)’4(- c?),
square of a vector is equal to square of its
module. (Property 7)
=a’+b?4c*-2a.b which is symmetrical because
a.b=b.c=c.a from (3). '

S BD*4+CA*=DA®4BC*=AB2+4CD?,
Ex. 2. Prove that sum of the squares on the edges of any
tetrahedron
(2) is equal to four times the sum of the squares on the joins
of the mid-points of opposite edges. (Agra 51)
(i) s equal to four times the sum of the squares of the lines
Jjoining the vertices to the centroids of opposite faces.
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Ex. 3. Prove that in right-angled triangle ABC,
AB34-AC2=BC?, [/ A being a right angle.

Taking 4 as origin and the position vectors of Band C
asband ¢, we have b.c=0, °° L A=w[2etc.

Ex. 4. Prove that the points 2i-j+k, i-3j-Ik,
3i—4j—4k are the vertices of a right-angled triangle.
(Lucknow 52)
Find also the other two angles of the triangle.

Either calculate modules of each and prove that sum
of the squares on the two is equal to square on third, or if

- > -
the given points be 4, B and C, then find 48, BC, CA and

prove that dot product of any two is zero.
Again a . b=ab cos 0 etc. cos™! Vz%), cos™t V(ED).
’ (Use Prop. 8)
(b) Ifr=a+ttb be the equation of a si. line, b being a unit
vector, prove that the line through origin perpendicular to it is
r=s5{a— (a.b) b} and length of perpendicular is
V{a®-(a . bp’} (Agra 41)
The given line passes through Pa and is parallel to
unit vector b, We are to find the equation to the line OM
which passes through origin and is perpendicular to it.
Note : In the figure take OM perpendicular to MP.
MP=projection of OP ain gy P, b

the direction of unit vector N i
b==a cos 4. &
o

Butl.b=a.1.coso.

-

<o vector MPin the direction of unit vector b is of
mOdule a . b.

-
MP=(I . b) ba
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e

Now MP=0P- OM
> 5 o '
or OM=0P-MP=a-~-(a.b) b.

Hence the equation to OM i. e. a line through origin is
r=s5 {a—-(a . b) b}
Also OM*=0P?- MP?,
& OM=V/{a®-(a. b)?}.

Ex. 5. Prove that in any parallelogram the sum of the
squares on the diagonals is twice the sum of the sauares on two
adjacent sides; the difference of squares on the diagonals is four
times the rectangle contained by either of these sides and projection
of the other upon it; and 1he difference of the squares on fwo adjacent
sides is equal to rectangle contained by either diagonal and the
projection of the other upon it.

I — .._) N
Let AB=b, AC=c¢, so that diagonal AD=b+4c¢ and

e T
BC=AC - AB=c-b. Remember thatb .c=bc cos 6, 1i.e.

module of b multiplied by the projection ¢ on b, etc. etc.
(b) Prove that a parallelogram whose diagonals are equal is
a rectangle.
- -
Refer Q. 5. AD=BC; . AD*=BC? or (b+4c)?=(c-b)*
- -
or 4b . ¢c=0, ie¢ AB 1 AC and hence a rectangle.

Ex. 6. If a straight line is equally inclined to three coplanar
straight lines, prove that it is perpendicular to their tlane,

Taking O as origin, let 04, OB and OC be the three

' - - -
coplanar lines 04=a, 0B=h, OC=c.
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-
Again let OD=d and we are given that 0D is equally
inclined to all the above lines.
cos p229d_P.d_c.d
, ad = bd ~ o
cos @ cosf cosé d

a b ¢
a b ¢
But E # —b— ‘C‘ .

Hence the above will hold good only if cos =0 i.e.
6=90° which means that OD is perpendicular to all the three
lines 04, 0B, OC which in other words means that it is per-
pendicular to their plane.

Ex. 7. If Pbe the middle point of the side BC of a triangle
ABC, prove that AB*+ AC®*=2 (AP%+ BP?).

- -
Choose P as origin and PA=a and PB=b, so that

- 5 - - - -
s AB=PB~PA=b-a and AC=PC-PA=-(b+a)etc.
Square of a vector=square of its module. (Property %)
Ex. 8. Prove that in any triangle ABC,
3 (AB*4BC*4-CA42)=4 (AP24+BQ3%4CR?)
=9 (AG*+BG?*+-CG?),
where P, Q, R are the middle points of the sides BC, CA and AB
respectively of the triangle and G is the centroid.

=
Use 4B*=AB" (Property 7)
Ex. 9. In a qurdrilateral ABCD, prove that
AB4 BC*+ CD*+ DA®=AC%4 BD*44PQ},
where P and Q are the middle points of the diagonals AC and BD
respectively.
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Ex, 10. Prove that the middle point of the hypotenuse of a
right-angled triangle is equidistant from its vertices. (Pb. 60)

Choose P the middle point of BC BN
as origin and let the position vectors of
A, B be a and b; so that of C is —b. P,

& PB=PC. We have to prove

that PA=PB=PC Bb OA
or PA2=PB?, Fig No-63

- > -
AB*4-AC?=BC?* or (b-a)’4(-b-—-a)=(-2b)*
or 9b%4-2a2=4b?* or h?=a? or PB?=PA?=P(C2,
Ex., 1x. (a) Prove that in any triangle the perpendiculars
Jrom the vertices upon the opposite sides are concurrent.
(Agra 42, 473 Utkal 53; Luck. 54)

Also prove that the right bisectors of the sides are concurrent.
(Luck. 49)
Let the point of inter-
section of altitudes BQ and
CR meet at O and taking
this point as origin let the
position vectors of vertices
4, B and C be a, b, c B;

P Fig.No. 64
Let A0 produced meet BC at P. Then we should prove
that AP is perp. to BC.

- - - -

OB=b; .. BQ=-pupb,0C=¢c; .. CR=-ypc,
- -

OA=a; ,, AP=-)a.

- -
AC=c-a and AB=b-a,
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BQ is perp. to A4C; *. —pb.(c-a)=0; . a .b=b.c,
CR is perp. to 4B; .. ~vc.(b-a)=0; ., b.c=c.a.

S a.b=b.c=c.a or -la.(c-b)=0,
ie. AP is perp. to BC.

Let the right bisector of sides BC and CA meet at O.
Taking this point as origin let the position vectors of the
vertices bea, b and ¢, so that the position vectors of the

middle points D, E, F are b+c c+a a+b

2 ) '_,2'" —"'Z' .
Now OD is perpendicular to BC.
E; o(c=b)=0, . bi=cd

Similarly OF is perp. to C4; .~ c*=a?
Noyw we have to prove that OF is also perp. to 4B which

will be true if %‘3 . (b—2)=0, i.c. b®=a? which is true.

S bi=c?=a?

(b) Prove that the median to the base of an isosceles triangle
is perpendicular to the base.

Ex. 12. (a) Prove that the diagonals of a rhombus intersect
at right angles, (Luck, 50)

Taking 4 as origin, let the D
position vectors of B and D /
be b and d, and since 4B=4D,
we have b?=d2% Also

- - = A 0

AC=AB+BC=hb+d,

- - -

BD=AD-AB=d-b,

(9]

- -
AC « BD=(d+b) . (d-b) B Fig.No.6d
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=d?-b? which is zero as b=
Hence AC is perpendicular to BD.
(b) If a ‘point is equidistant from the vertex of a right-
angled triangle, its join to the mid. peint of the hypotenuse is
perpendicular to the plane of the triangle. (Agra 52, 54)

Leta, b, ¢ be the c&
position  vectors of

the right-angled tri- .

angle.
. AB*=A(C24-B(C?
or (b-a)?=(c—a)? Aa ) ~ 8
+(e-b)? Fiq.No.95 ‘w s
or eb=a.c+b.c-c? eeo(1)

Let p be the position vector of any point P Wthh is
equidistant from the vertices.

S (p-a)P=(p-bi=(p-c’
S 2p. (a-b)=a?-b? 2p . (b-c)=h*-c?
and 2p . (c—a)=c%—a? oo eee(2)

or [p a+b . [a=b]=0

or DPis perpendicular to BA.
We should also prove that DPis perpendicular to AC

for which we must have [ -P—_;:l?] . (c—a) equal to zero.

Now p.(c-a)-3(@a.ct+b.c-a2-b,a)
2 .
or °-—-'4‘--§ (c*~a%=0 from (1) and (2).
DP is perpendicular to AB as well as AC and hence it
is perpendicular to the plane 4BC.

Ex. 13. Prove that in a parallelopiped, the sum of the squares
on the diagonals is equal to sum of the squares on the edges.
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The four diagonals ¢ " F

are OP, CD, AE, BF, ) o

and clearly bt ) Ptie

) E ~—1&+b+C

(a+b+c)?2+(a+b-c)? G .

+(b+c-a)+(c+a-hb)? »

=14 (a’+b+c?) ‘
=4 (04*+0B°+0CY. By frronoes  Dard

A}

° -—-OA’ 042 (Property 7)

Ex. x4. A line makes angles o, B, vy, 8 with the diagonals of
a cube ; prove that cos® a+cos® B+cos? y+cos? §=%. Also prove
that the angle between two diagonals of a cube is cos™ 3.

- - -
Refer figure Q. 13 and let 04=i, OB=jand OC=k, so
that the diagonals are
OP=i+jtk CD—(!-I—_] k), AE= j+k-i, BF=k+i- §
Let OL be any line r==xi4yj+ zk.
S OL=V(@+45*42%).

-> -

OP . OL=0P , OL cos «,
(+i+K) . 3i+rj+2k)=VA+1+1) . 4/ (#2424 22 cos a
*+y+2

== . a
or IV P =8 ¢ (Property 8)
Similarly cos B=—; \/ 3 \/ & zx,), cos y= v;;/z(; )’
2tx-)
cos 8=7§7(_27')'

o~ cos? a+-cos? B+cos? y-+cos? 8

B G 2 o9 e o e ¥ e e o e LY
3 (#*+»*+2"




Multiplication of Vectors 113

Ex. x5. Prove that sum of the squares of the distances of
any point O from the angular points of a triangle exceeds the sum
of the squares of its distances from the mid. points of its sides by
sum of the squares of half the sides., (Agra 48)

Ex. 16, [f O be the circum centre, G the centroid and H the

ortho-centre of a triangle, prove that O, G, H are collinear and that
G divides OH in the ratio 1: 2. *

Take O the circum-centre of H G 0
the triangle ABC as the origin so Fig. 67

that the points 4, B, C are a, band ¢. Also 0A=0B=0C,
or 042=0B*=0C?, i. al=bi=c® ... ...(1)
at+btc

Again position vector of centroid G is - 3

From (1), a2=b? or b?=c® or c’=al
(@a+b). (@a-b)=b+c).(b-c)=(c+a). (c~a)=0
or [(@+b+4c)—c]. (@a=b)=0, [(a+b+c)—a].[b-c]=0
and [@a4+b+c)—b].[c-a]=0.
Now if M be the point whose position vector is

a-b+c, then above relations show that

- - - -

CM BA=0 AM . CB=0, BM . AC=0
ie CM 1| BA, AM | CBand BM | AC.

Hence M is ortho-centre of the triangle which is given
to be H.

- - -
S, 6M=0H=a+b+c=30G.

»~ 0, Gand H are collinear.
- o> -

OH - 0G=20G or GH —‘ZOG
& G divides OH in the ratio 1 : 2.
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Ex. x%. If P be any point ¢
in the side AB of a triangle
ABC, such that
A.AP=p . PB
p« PB, 2 \ 8
then prove that Fig. No.68

A.CA'4p . CB*=). AP*4 p . BP*4-(A+p) . CP2

- -
CA = CAz—(CP+PA)”=CP’+PA’+QCP PA... ...])
- - -
CB’=CB’=(CP+PB)’=CP’+PB2+QCP «PB... ...(2
Multiply (1) by A and (2) by p and add.
A.CA4p . CB*=(\+p) . CP24 X . AP*+p . BP?

- - -
. +9CP[\ . PA+p . PB)

- - - -
NowA.AP=p.PB or p.PB-X.AP=0

- -
or p o PB4+2 . PA=0. Hence etc.
Ex, 18. Prove by vectors that in
any iriangle ABC,
a=b cos C+c cos B
and  a®=b24c2— 2bc cos A,

(Agra 42)
-> - -
Let BC,CA and AB have
modules @, b and ¢ respectively. /78 % \C
- -y —y ‘e F&g No.69
Also BC+CA+AB=O.

_.)
C= "(CA +AB) Squaring,

-
BC’=CA’+AB’+QCA . AB,
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Squaring, we get
a?=b24-c®4 2b¢ cos (m - 4)
=b%+c2-2b¢ cos A.

- = - = -
Again BC.BC=-(CA+4A4B). BC
- s T
or BC*=-CA .BC—-AB. BC
or a®=-—-b.acos(@=c)—c.acos(w—B)
or a=bcos C+ccos B

Ex. 19. Prove by vector method the following formula of
plane trigonometry :—

cos (x— B)=cos acos B+sin a sin B.
Let there be two unit  yp

vectors i and j along OX and i

OY, two perpendicular lines - A

in the plane of the paper. J Q
If OP and 0Q be any two lines B

in the same plane making a_ﬁﬁ

angles « and B8 with OX res- 0O Fig No.70

pectively, then /. POQ =« - 8.
- -
Again let 04 and OB represent unit vectors along OP
and OQ respectively so that their dot product is cosine of
the angle between their directions,
-> -

t.e. 04,0B=1.1.cos(@—B)=cos(@=P) cev .v. «..(1)

-
But 04 inclined at an angle « to the direction of i can

-3
be expressed as OA4A=cos & + i+sin « « j
- .
and similarly OB=cos 8 .i+sin 8. j.
-> -
& 0A4.0B=[cos a.i+sin & «j].[cos B«i+sinB.j)
=cos % Cos B+sinasinB ... ..o o2
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© i'=j=1 or i.j=j.i=0.
Hence from (1) and (2), we get
cos (& — B)=cos & cos B+4sin « sin B.

Ex. 20. Particles of masses my, mg, mg, . .....are placed at
the points A, B, C. . .respectively and G is their C. M. Prove that
Sfor any point P,

myAP24+-m,BP34-msCP2. ... .=mAGE4m,BG*+.......
+(Z m,) PG2.

It will be convenient if we choose the centre of mass
G as origin and the position vectors of 4, B, C.... be taken

as a, b, c....respectively and that of P be p.

e
s A4P=GP-GA=p-a, BP-p b etc.

Also since the c. m. is at the origin, we have 2 ma=0
) (D)
-
Also AP?=AP'*=(p—a)?=p?-2p . a+ta’.
s mAP*4+-m,BP24+mgCP2+. ...
=m (p*-2p . a+a?)+m, (p*-2p . b+b+....
=p? m+mp+mg+...)+2p . (£ ma)
+(ma+tmbi4....)
=(Z m,)) PG®4+mAG*+4+myBG+-. ...
*» 2 ma=0by (2)
Ex. 2x. If there be four non-coplanar straight lines and unit
vectors parallel to their directions be denoted by a, b, ¢ and d res-
pectively and cos (a, b) stands for the angle between the lines which
are parallel to a and b , then prove that
1 cos (@, b)) cos (a,¢) cos (a, d) |=0.

cos (b, a) 1 cos (b, ¢) cos (b, d)
cos (¢, @) cos (¢, b) 1 cos (¢, d)

cos (d, @) cos(d, b) cos (d,c) 1
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We know that there exists a linear relation between
any four non-coplanar vectors and let it be
rayb+zet+wd=0 ... ... ...}

Multiplying (1) scalarly by a, b, ¢ and d in succession
and noting that a,a=1 as a is a unit vector and
a.b=1.1.cos (a, b), we get on multiplying (1) scalarly by a

% .14y . cos (a, b)+z cos (a, c)+w cos (g, d)=0 ...(2)

We can write down similar relations as above on
multiplication of (1) scalarly by b, ¢ andd. On elimina-
ting #, 7, 2 and w between the four relations thus obtained,
we get the required result.

Ex. 22. The position vectors of the foci of an ellipse are

b and --b, and the length of the major axis is 2a. Prove that the
equation of the ellipse is

at—a? (r+b? 4 (b . r)2=0.

We know that in the case of ellipse the sum, of the
focal distances of any point on itis equal to the length of
major axis. Hence if r be any point on it, then

|r+b | + [r=b | =2
or (r+bpP=[2a- | r-b | )%

[Square of a vector is square of its module]}
or r’4+9%.b+b:=4de’~4a| (r-b)| +r+b?-2r.b

or (a?=r . b]=a | (r—=b | Square again.
at =2 . b4(x . b)¥=a? (r2—2r . b4 b?).
or a*—a? (£*4-bY) 4 (r . b)2=0.

Ex. 23. Prove that the hyperbola whose foci -are points by
and b, and whose transverse axis is 2a is given by
I r—bl l - ‘ r'-bg ' =2a.

Ex. 24. Prove that

G-w)-(F)
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§ 3. Vector Product. Definition.
(Agra 4o, 51, 57, 58; Pb. 60; Raj. 57)
The vector (or cross) product of two vectors a and b of moduli
a and b respectively is a vector whose module is ab sin 6,
0 being the angle between the directions of vectors a and b and
whose direction is perpendicular to both a and b, this direction
being regarded positive, if the rotation froma to'b appears counter-
clockwise. In case the rotation is from b toa, then it will be in
clockwise direction and hence negative,

Thus aXb=ab sin 6 .n 4 g
where m is a unit vector
perpendicular to both a :

4
and b. 0

Fig. No .17"/ A

1. Vector product is not commutative.

We have proved that dot product of two vectors is
commutative, i. ¢, a . b=b . a, but this does not hold good
in the case of cross product of two vectors a and b, i. e.
axb is not equal to bxa because the rotation which
carries a to b, i.e. counter-clockwiseis opposite to that
which carries b to a, i. e clockwise. Of course the magni-
tudes of the two are same. but their sence is opposite.

Hence axb=—(bxa).

Therefore we conclude that the wvector product is not commuta-
tive, i. ¢. the factors in a vector product can only be interchanged 1f
and only if the sign of the product is reversed.

2. Vector Product is associative,

. Justasdot product of two vectors is associative, their
cross product is also associative, i, e. if either factor a or
b.inthe cross product is multiplied by a scalar m, then
their product is alo multiplied by that scalar,
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i.e. (ma) X b=a X (mb)=m . (a X b)=m (ab sin 0 n)
T hus the vector product of two vectors is associative.

3. Cross product of two parallel vectors.

We know that aXb=ab sin 6 . n.

In case a and b are parallel, then angle between them
i. e. 6 should be either 0 or 180° and in either case sin §=0.

~. axXb=0. From here it also follows that a xa=0,

Thus we conclude that vector product of two parallel or equal
veclors is zero.

Conversely, if axb=0, ., absin § n=0, then either
a=0 or b=0, or sin 8=0, i.e. either of the vectors is a zero
or null vector, and in case neither of the vectors is a zero
vector, then sin @ being zero shows that they are parallel.

T hus if cross product of two vectors neither of which is a zero
vector vanishes, then these vectors are parallel.

4. Cross product of two perpendicular vectors.

In case the vectors are perpendicular, i.e. §=90° then
sinf=1; ., aXb=ab.n.

Thus the cross product of two perpendicular vectors is a vector
whose module is equal to the product of the moduli of the given
vectors and whose direction is such that a, b and m» form a righ-
handed system of mutually perpendicular vectors.

5. Cross product of unit vectors.

In casea and b are unit vectors i.e. their moduli are
each unity, then aXb==sin 6 . n. )

Thus the cross product of two unit vectors is a vector whose
module is equal to the sine of the angle between the directions of
the given vectors.

6. Unit vectors i, j, k. (Veryimportant relations)

From above it is easy to deduce that

iXi=jX j=kxk=0
whereas it=jl=ki=]
and iXj=k=-jXi,
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iXk=i=-kxj,
kXi=j=-ixk,
whereas i . j=j.i=0,j . k=k.j=0,k,.i=i.k=0.

7. We know that axb=ab sin 6.n.

If b’ be the component of b perpendicular to a then
b'=bsin 6. Alsoa and b’ are in the same plane as a and
b so that n remains the same.

o aXb'=absinf.n=axb.

Thus we conclude that the vector product of two vectors
remains unchanged if one factor is replaced by its normal compo-
nent to the other.

8. The component of a vector r perpendicular to a
given vector a. (Delhi 59, Lucknow 52)

Let a unit vector in the direction of a be denoted by i
so that a=diand ina direction perpendicular to it be j.
Let the unit vector k be perpendicular to the plane i and j.
Now if r be any vector in the i j plane inclined at an angle
6 to a then its components in the directicn perpendicular to
a,ie jis rsinf.j cee wee(l)

Now aXr=arsinf.k N 3]
where k is a unit vector perpendicular to i j plane in which
both a and rlie. Now kXxi=j.

s arsin 8. j=ar sin 0 . kX i=(a Xr)Xi by (2).

S rsinf. j=('l§_’i§__’=(a X r)g)(_ai
a a
or componentof r | toa= (13%"2_"_9_ _a _x_%ﬁ).

Note :—We have proved in § 2'11 P. 103 that the
component of r in a direction perpendicular to a is
r.a
ad
We will show in the following pages that it is same as
found above.

r~—
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9. Distributive Law.
aX(b4c)=axbtaxec.

See § 5 Cor. 5 P. 138 for proof.

Thus in general

(a+b4c+....)x(p+q+r+4....)
=aXp+aXqtaXri....
+bxp+bxq+bxr+....
+eXpteXqtexXrd.....
10. Expression of vector product in terms of
unit vectors.
If a and b be expressed in terms of unit vectors as
a=aitajt+ak, . a=V(2+a,2+a?);
and b=bi+-byj+bk, . b=V (0P +b,+b5%);
JooaX b=(g,i+a2 J+ agk) X (byi+byj + bak).
ab sin 0 « m=(ayb; —agby) i+ (ash; —~ asbs) i
+(aghe—agb) k... ...(1)
v ixi=jXj=kXk=0 and iX j=k=-jXi etc.
The above may be expressed in determinant form as
axb= i j k N 4]

9 G 4
by by b [Remember]

Squaring both sides of (1) and remembering that square
of a vector is the dot product of a vector by itself and also
that i"jazkzsl and i. j=j Jk=k. i==0,

a®h?® sin® 0= (agbs — a3hy)*+ (83D = 6103)*+(a1bs — aghy)*.
abs — G3bs)®+(ash, — 8,b5)*+ ()b — aghy)2
(@1* 4853 +a5?) (6" +-bs*+bs®) Or a2b* *

Again if l;, my, n, and Iy, my, n, be the direction cosines

of a and b, then

. sin? 0—(a
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S W DU R R
ll—\/(alx'i‘ae"l'asa) W M= M=
and l,—vzb-—lz_*_bza-—————_*_bsz) e, s My=—, ng= %

s sin® O0=(myny — myn,)2 - (nyly — npl B4 (Iymy — Lymy)2.

In case the two vectors are parallel, then axb=0 and
hence from determinant (2), we must have two rows identical,
g a, ag

1.6, b1= b~2= -b—a.
Again
sin? §=1-cos? § and l,24m2+4-n,3=1=12+m,2 4 n,?
and putting the value of cos 6 from 10 of § 2 P. 104, we get
the well known Lagrange’s identity
(myng = myny)®+(my 1y — ngly)2+(Lymy — Iymy)?
=02+ m P+ m?) (P +mp?+ng?) — (Ll +mymg+nymy)?.

11. In case aXb=axc cae wea(l)
Now if b=c+ka, then
axXxb=aX(c+ka)=axc P (|
> axa=0.

From (1) and (2), we conclude that if axb=axc, then
it does not mean that b=c only but that b may differ from
¢ by a vector which is parallel to a as b=c+-ka.

12. (@axXb?=a’h’~(a.b)

aXb=ab sin 6 . n, where n is a unit vector.

Squaring both sides, we get

(axb)?=a2b?sin®6, °° ni=l
=a2h? (1 -cos? 0)=a%h%— a%bh? cos?
=a’bh?~(a . b)?,
** a?=a? and b2=b% and a . b=ab cos 0.
13. sin (@—pB)=sin « cos 8—cos « sin B.
sin (x4B)=sin « cos B+cos a sin B.
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Proceeding as in Q. 19 14

P. 115,
- j
OA=cos a i+sin « j,

-
OB=cos B i+sin B j. o} > X
If 0Q' makes an angle B

with the direction of i in
opposite direction, then

‘Fegho.72 g

0—1;'=cos Bi-sinB j, [sin(—pB)=~—sin ]

- -

0B x 0A=(cos B i+sin B j)X(cos a i+sin a j)
or 141 .sin(a—p) n=(cos B sin a iX j+sin B cos a jXi),
where m is a unit vector 1L to i;j plane.

Now iXi=jX j=0and iXj=nand jXi=-n;

S sin (@=pB) n=(sin « cos B—cos & sin ) n

or sin (¢ —f)=(sin « cos B-cos « sin B).

- o
Similarly OB'X 0A=(cos B i—sin B j) (cos « i+sin & j)
and proceeding as above, we have

sin (x4-B)=sin a« cos B4cos a sin 8.
Exercise

Ex. 1. Two vectors a and b are expressed in terms of unit
vectors as follows : a=3i4j+2k, b=2i-2j+4k. What is the
unit vector perpendicular to each of the vectors. Also determine the

sine of the angle between the given vectors ? (Lucknow 48)
axb=| i j k |=8{d-j-k) (from 10 P. 121).
3 1 2

2 -2 4
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Now axb represents a vector perpendicular to both
a and b and hence a unit vector in this direction is obtained
by dividing 8 (i—j~k) by its module, i.e. /(82482489
or 8V/3.

Hence the required unit vector is

g (i-j-k) i-j-k
8V3 ~ V3
Again (axbp=8 (i—j-k)?=82.3,
(@b sin 6 . n)®=82, 3 but a=V(9+1+4)=V/(14)

and b=/ (4+4+16)="V/(24).
S ah?sin?0.1=82.3;

2

s sin? 0=I%‘:—§;1=4’ 3 o. sin 0=V?7.
Ex, 2. Prove that the unit vector perpendicular to each of
the veetors 2i—j+k and 3i4+45—k is :31%.(‘%1_5-{;_)111: and the

. . 155

sine of the angle between them is ,\/ ( 756" (Utkal 53)
Ex, 3. Taking aand b from Ex. lor 2, prove that aXb

represents a vector which is perpendicular to both a and b.
Hint. You should show that dot product of both a and

b with aX b is zero.

Ex. 4. Find the equation of the straight line through the
point d and equally inclined to the vectors a, b, ¢ in the form

(Imp.)
a b c
r=dts(S45+7)
_ a (bXc)+b (exa)dc (axXhb)
and r=d+s [ abc ] (Agra 60)
Let the equation of th line through the point d be
A

parallel to unit vector k so that its equation is r=d+ik
LN ] l(l)
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Since the required line is equally inclined to vectors a,

b, c, therefore they are equally inclined to k.

A A A
S a.k=a.lcosb b.k=b.1cosb, c.k=c.1cos?é.
A A A
o 1“.k=—b—-k=~c—.l:=cos(:7
a b ¢
AANANANAA
or a.k=b.k=c.,k=cos 0 JP 4]

A
Above shows that the resolved parts of k in the direc-
tions of a, b and ¢ are equal. In case their module be A,

then k can be written as

A A A A
k=)a+Ab+Ac=A (%+% +§) e ea®

A
Substituting the value of k from (8) in (1), we get the
required equation,

as r=b+ (%-}- :_-l- Ci) Replae ¢A by s.

Second form.

A ANA
Again from (2), we get (a=bh) . k=0,

AN A A
(b—c) « k=0,

Now we know that dot product of two vectors is zero

provided they are perpendicular. Hence we conclude that

A AN A A A
k is perpendicular to both (@—b) and (b—¢) and therefore

AN AN A
k is parallel to (@a—b)x (b ~c) because aXb is a vector per-
pendicular to both a and b.
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ANANAANANNANA
=t(@axb-axXxc-bxb+hbXc)

A A ANANA
Xb=0and -aXc=cXa
ANANANNA
S. k=t(@axb+bxXctcxa)
axXxb bxc cXa
=t (—ab» +_Eé T )
= [a (bxec)+b (eXa)tc (ax b)]

T> B>

Put

>

abe

(b) Prove that in a regular tetrahedron the perpendiculars from
the vertices to the opposite faces meet at their centroids.

Let the vector O be chosen as origin and the position
vectors of the other vertices 4, B and C be a, b and c.
since the tetrahedron is regular, therefore perpendicular from
7 on the face ABC will be equally inclined to 04, OB and
OC i. e. vectors a, b and ¢ ; as such its equation will be

a b ¢
r=A (Z +'E + vz).
But since the tetrahedron is reguiar,
S, 04A=0B=0C or a=b=c.

r=2 @+b+c) ... ... ...(D)

Equation to the plane 4BC is
=(l-s—-t)a+sb+ic ... ... ...
For the intersection of (1) and (2), on comparing the

coefficients, we have

A=1-—s—t, '\=s, ~)‘=t
a a a

. A=;1—»—A— - A- or ~A =}=s5=1
a a a a

Hence the position vector of the point where the
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perpendicular from O meet 4BC is
a+b+c
g
which is the centroid of face ABC.
5o By vector method establish the relation between the
sind_ sinB_ sinC

sides and angles of a lriangle, i. e. e ==
e A
Let BC, CA, AB be vectors
a, b and ¢ respectively.
S a+b4c=o. c b
Now we know that cross
product of two vectors one of 7-c
which is zero and cross pro- ‘& C
duct of two equal vectors is FighNo 73.
zero,
aX(a+b+c)=0 or axb+axc=0,
or aXb=cXa °° -—-aXc=cXa.
Similarly, bX(a+b+4¢)=0 or bXa+bXec=0
or bxc=aXbh.
S |axb|=|bXe|=|cxa]|
or ab sin (m—C)=bc sin (w — A)=ca sin (7 - B)
or ab sin C=bc sin A=ca sin B.

Dividing throughout by abe, we get
sind sinB_sinC
a T b T ¢
-
(b) If the vector product of a constant vector OA with a

-
variable vector OB in a fixed plane AOB be a constant vector, show

that locus of B is a straight line parallel to OA.
(L‘lcko Bc Sc. 46’ 49’ 55)
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- -
OA=a say and OB=r. 8
Now a X r=constant given. A

-
aXr=k=axOP

Ry
h N

0

-—
=aXb where OP=b say.
a.o aX(l’—b)=0.
Since the cross product is zero, therefore r~b is para-
llel to a.
S r—b=ia or r=b+ta

Above represents a line through P parallel to OA.
Hence the locus of B is as given.
Ex. 6. Find the vector area of a triangle OAB where

-, -
OA=a, OB=Db and they are inclined at an angle  ard hence find

the vector area of a triangle whose vertices are the points a, b and c.
(Utkal 50)

We know that axb=ab sin 6 . n.
Now area of AOAB=30A4 . OB sin §=1}ab sin 6.
s aXb=absinf.n=2An,
Hence vector area of AO4AB=31aXbh.
Also the vector area of the parallelogram two adjacent
sides of which are a and bisaxh.

Now if the position vectors of 4, Band C be a, b and
- -
¢, then BC=c-b and BA=a-b.
Therefore vector area of AA4BC is
3 (c=b)X(a-h)
=% (cXa-cXb-bXxa+bXxb)
=3 (aXb4+bXc4cXa) [Remember]
' bXxb=0and ~bxa=aXxhb,
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Note. In case the three points are collinear, then
clearly axb+b X c+cxa=0.

Ex. 7. In a triangle ABC points D, E, F are taken on the
sides BC, CA and AB respectively such that
BD : DC=CE: EA =AF : FB=n: 1,
~n+1
prove that ADEF= ‘ I AABC,

Taking 4 as origin C
let the position vectors
of B and C be b and ¢
respectively.  Therefore
the position vectors of
L, D and E are respectively
nb nc+b E €

dad . g P. 0
Fn+l’D ntl ' a4l (§1P. 36)
- o> -
. e Afr_ AFD—C
o EF=AF-AE= il
-> = nc4+b-—-nb
ED=AD- AIL-—» ntl
Vector area of AABC=14 (bXc). [by O. 6.}

- -
Vector area of AEFD=1 (EF X ED)

3 (n+1)’ (nb—c)X[nc4+(1-n) b)

=1
=y

’ — —-—
(n+l)"[" bXc—=(l-n) cxb]

Y bXb=cXc=(

=} -n+41)(bXc), ° cXb=-<(bXc)

__1 2
(12
n-n+1

="nFip L48C. * y(bxe)=AA4BC
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Note—In case D, E, F are the mid. points, then putting
n=1, we get AEFD=ADLF=}AABC.
Ex. 8. The internal bisectors of the angles of a triangle ABC
meet the opposite sides in D, E, F; show that
2abc
ADEE= Gt 40 (o)
a, b, ¢ being the lengths of BC, CA and AB respectively.
Refer fig. Ex. 7

AABC,

We know that internal bisector of an angle divides the
opposite side in the ratio of the arms of the angle i.e. IF
divides 4B in the ratio CA : CB, i.e. b : a etc.

.. position vectors of F, D and E are respectively

bb+a.0 cc+bb _a.04cc
. F " b+a ’Dc+b’Eva+c’

. A ) ) cc (atc)bb—(b+a)cc

w EF=A4F- AE:I;:F?; at¢~  (@+b)(c+a
D — AD - Ap_C€ b _ cc

T c+b Tc+a

¢(a=b) ct+b(cta) b

=7 bt

- -
S AEFD=3}EF x ED.
(a+0) bb—(b +a)vcc] [cia_—b)c+b(c+a)il_)

=t wrh et C+hc+a)
Now multiply 1lst bracket above and below by (b+¢)
and 2nd by (a+b).

“2@tor (bl+c>n cgap (e ta) b+0) bb=(b+0) (40 ce}

x {c (a=b) (a+b) €+b (c+a) (a+b) b}].
Now keeping in view that bXb=cXc=0 and
—-cXb=bxXc, we get
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(bX
Q-(b;,;)—z—(—b;ij),—“—;‘;)—, [(@+0) (b+0) b . ¢ (a—b) (a+b)

+(b+a) (b+c) ¢ « b (c+a) (a-+b)]
bec (@+b) (b+¢) (c+a) [a—b+a+b

AEFD=

_____ Ad4BC
T (@)% (btc) (c+a?

Dabe ,
=@+b) b+o) c+a) & 4BC

Ex. 9. Provethat (a—b)X (a+b)=2axb and interpret it.
(Agra 47, Lucknow 56, Andhra 36)

We know that
aXa=bxhb=0

and —bxa=aXbh.
(a-b)X(@-+b)
=2axh.

Interpretation :—

In the parallelogram ABCD let AO=a and OD=b.
- - -
s OB=—b and hence AB=a—b and 4D=a+b.
{a—b)X(a-b) represents the area of parallelogram
and it being 2ax b, i. e. twice the area of the parallelogram
whose adjacent sides are semi-diagonals of the first parallelo-
gram.

Ex. 10. Prove that the area of the parallelogram determined
by the vectors a=i+2j+3k and b=-3i-2j+k is 6/ 5.

Ex. xx. Given the vector r=ai+bj where i, j are unit
vectors in the direction of the axes, find an expression for the vector
of the same length perpendicular to the given vector through the
origin, (Lucknow 46)

The module of the given vector is V/(a?+52%) and it
lies in i,j plane and therefore ixj represents a vector

perpendicular to i and j plane and hence perpendicular
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to the given vector which lies in this plane. Since its length
is to be the same as thatof the given vector, hence it
should be V/(a*+5%) i Xj.

Ex. 12. Prove that the area of the triangle formed by joining
the middle point of one of the non-parallel sides of a trapezium to
the extremities of the opposite side is half that of the trapezium,

(Agra 45, 57)

Let P the middle point of the )
oblique side BC be joined to the
extremities of the other side 04,
then we have to prove that

ANOAP=30A4BC.

Let OAbeaand ABbe b Fig.No 76
. -
so that position vector of B, i, ¢. OB=a+b,

- - -
Now OC being parallel to 4B, [, OC=kAB=kb.
The position vectorsof B and C are a+b and kb ;
therefore the position vector of P the middle point of BC is
1 (a+b+kb).

-> -

AOAP—erAxOP_ aX} (a+b+kib)
=% (@aXb+kaxb)=%} (k+1)axb .,.(1)

- -
AOAB 104x0B=}ax(a+b)=1aXxb,
- - -

AOBC=30Bx0C=3%a+b)Xkib=3}kaxb ;

- - -
- trapezium OABC= AOAB+ AOBC=} (k41) axb.

- -
S 2A0AP=trapezium OABC. from (1),
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Ex. 13. Q and R are the middle points of the sides AC and
AB of a triangle ABC respectively. CP is drawn parallel to AB
and meets BQ produced in P, Prove that ARQP= ARCQ and
each equal to one-fourth of N\ ABC.

Taking 4 as
origin let the points
BandC beb and ¢
respectively so that
R and Q are ib and
e repectively. ®

FigNo 77

- -

AABC’=1B(‘>< BA=}] (c-b)X(—b)
=-=3cXb=31bXec,
[
Bquation to CP is r=c+tb as it is parallel to 4B.

-3
Equation to BP is r=hb+s (c/2—b) as it passes through
Qi.e.c/2and Bi.e. b.
These lines intersect at P and hence on comparing,
we get
l1=s/2and t=1=s5; .. s=2andt=-1.
Therefore the position vector of P is ¢e-b.
- - -
ARQP=3RQ X RP=} (1c—=3ib)X(c-b-1b)
=} (-%cxXb-ibXc)=% 3bxc—-1bXc)
=$bXc=}.4bXxc=1AA4BC.

- >
Similarly ARCQ_==1; (RC X RQ) etc.

=1 (ch)-—-i-AABC.
Ex. 14. AC and BD are two diagonals of a quadrilateral,

- -
Prove that its area is 3AC X BD.
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If P be the intersection of
the diagonals, then quadrilateral
is

- - - -
APAB+ APBC+ APCD+ APDA

e e T Aé
=1 (PAX PB+PBXPC+PCXPD

- -
+PDxPA)

e T e T T 2
=1{(— PBX PA+PD X PA)+(PBX PC — PD x PC)}

Fegho.78 2]

- - - - o -
=1} [(BP+PD)x PA+(— BP— PD)x PC)
- - - - e - -
=1 (BP4+PD)X (PA—PC)=3BD x\PA4CP)=3BDx CA
- -

'=-1BDx AC=} ACX BD.

15. A line EF is drawn parallel to base BC of a triangle
ABC meeting AC and AB in E and F respectively. If BR and
CQ be drawn parallel to AC, AB respectively to meet EF in R and
() respectively, then prove that N\ ARB= N\ACQ. (Agra 59)

§ 4. Product of three vectors.

Scalar triple preduct and vector triple product.

(Agra 37, 40, Raj. 56, 57)
We have already scen that the dot product of two

vectors a and b is a mere sclaar whereas the cross product
of two vectors a and b is a vector itself,

i, e, a . b=ab cns 0 (scalar)
and axb=ab sin 0 . m, (vector)

where m is a unit vector perpendicular to the plane of
given vectors.

Now since aXb is a vector, we can multiply it both
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scalarly and vectorially by another vector say c. The
former will be called scalar triple product and the

latter vector triple product.

s (axb).ec or c.(axb) is scalar triple product
of the vector a, b and ¢ whereas ex(@axb)=-(axb)Xc
is vector triple product of the vectors a, b and .

Naturally the questions arises : \What do (a . b) « ¢ and
cX(a « b) stand for ?

Since a.b is a scalar and as such (@ . b). ¢ may he
writtenasa . b ¢, it simply represents a vector in the direc-
tion of ¢ whose module is a . b tunes that of ¢. Thus the
dot product of two vectors can occur as a coefficient of
a third vector.

Again as above a.b being a gcalar and not a vector,
theretore eX(a . b) is meaningless.

§ 5. Geometrical interpretation of scalar triple
product (axb) . c. (Agra 59)

In the adjoining para- axb=n
llelopiped the three coter- 2 e £
minous edges 04, OB and
OC represent in magnitude
and direction the vectors

a. b and ¢ respectively.

Therefore aXb repre- Fig.No 79

sents a vector m whose magnitude is the area of the
parallelogram 0ADB whose direction is perpendicular to
the plane of the face 04DB. Now if 8 be the angle between
the directions of axb i.e. mand that of ¢ then (@aXb).c
i.e. m.c=area 04DB.ccrs 6 which we know represents
the volume of the parallelopiped. The value of the scalar
triple product is +ive when 8is acute i. e a, b, ¢ forma
right-handed system of vectors.
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In a similar manner we can show that (bxe¢).a and.
(exa). b also represents the volume of the above parallelo-
piped.

Also we know that a . b=b . a and as such
@axbh).c=c.(@xb) ... ... ...(1)
bXc)ea=a.(bXe ... ... .. (©?
(cxXa).b=b.(cXa)... ... ...

and each equal to volume.

Now we find that (@xh). c=a.(bxc)from (1)and (2).

We find that we have’ interchanged the position of dot
and cross in above scalar triple product, but the cyclic
order of the factors is maintained.

Similarly,

(cXa). b=ci:(axb)and (bXc).a=b.(cXa)
Thus we conclude that in the scalar triple product
the position of dot and cross can be interchanged at
pleasure provided we maintain the cyclic order of the
vectors a, b and c. (Pb. 6o, Agra 59)

3

Effect of changing the cyclic b_—— =
order :— \
Now we know that
(aXb)=—(bXa).
s V=(axb).c=-(bXa).c (
=—c.(bXa),

(bXc)sa=—(cXb).a /
=-a.(cXbh)
(cXa). b=—(aXc). b Fig No.80
=-b.(@aXec).
Thus we observe that by changing the cyclic order
of the vector a,b,c or b,c,a or c,a,b to b,a,c or
a,c,b or ¢,b,a the sign of the scalar triple product is
changed.

a
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Also we see that —(aXc) .b=—a ., (cXb) and 5o on, i.e.
the position of dot and cross can be changed at pleasure whether you
maintain the cyclic order of a, b and ¢ or not ; if, however, you
change the cyclic order, the sign should be changed,

Notation :—The scalar triple product of three vectors
is generally written as [abe]. Thus

[abc]=[bca]=[cab]= —[acb]= - [cba]= - [bac]

In each of the above different forms of scalar triple
product the position of dot and cross can be changed.

S ijk]=i. (jxk=i.i=], . jxk=i

Cor. 1. Condition for three vectors to be coplanar.

(abc]=a .(bXc) where a, b, ¢ are three coplanar
vectors. Now bXc represents a vector which is perpendi-
cular to the plane containing b and ¢ in which also lies
the vector a and hence bXc 1s perpendicular to a. There-
fore a . (bX c)=0 being the dot prcduct of two perpendi-
cular vectors a and bxXec. Thus [abc)=0 when the three
vectors are coplanar.

Converse :—If [abe]=0, i.c. a . (b X ¢)=0 showing that
bXcis perpendicular to a. But bXcis perpendicular to
the plane containing b and ¢ and hznce a should also he
in the plane of b and ¢, i.e. a, b, ¢ should be coplanar.

Cor. 2. Scalar triple product when two of the
vectors are equal,

[aacj=a .(@Xec). Now aXc is perpendicular to the
plane containing a and ¢ and therefore a.(@axe)=0 or
otherwise also [aac]=a . (@ X c)=(a X a) . ¢ because the posi-
tion of dot and cross can be changed.

s [aac]=(axa).c=0, 2 (axa)=0.

Cor. 3. Scalar triple product when two of the
vectors are parallel,

Let aand b be parallel so that b=ka wherekisa
scalar.
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.. |abc]=a.(bXc)=a,(kaXc)=k.a.(aXc).
s k[aac]=0. {by Cor. 2].
Hence from Cor. 1, 2 and 3, we have the following :

The scalar triple product of three vectors will be zero when
they are coplanar or two of them are equal or parallel.

Cor. 4. e know that any vector can be expressed in
terms of three non-coplanar vectors as

a=a;1+e,;m+azn,
b=>b1+b,m+ bsn,
c=¢l4cm-+cgm;
bXxc=(b,14b,m +b;n) X (c,14-c;m 4 c;n)
==(bytg — bacy) ma XM+ (bgcy = bycy) n X1
+(bice—bycy) 1 XM,
’ [abcl=a . (bXc)
=[a,1+a;m+azn] . [(byc;— byts) m X m
+(baey — b103) m X 1 4-(byc5 = byey) 1 X m)
=a,(byc3 —bgcy) 1 . (M Xm)+ay (byey—bic3) m o (mX]1)
+ag(bica = byey)n o (1 X m).
Also other terms in the above product vanish as the
scalar triple is zero when two of the vectors are equal.
Again we know that
l.mxn)=m .mxl)=n.(1xXm)=[lmn].
(abc]=(a; (bacs — byce) + a5 (bsey = bycg)+ag (by¢y — bycy ] [Imm].

S [abe]l=! a a3 a3 |[lmn]
by by by
o g cg | (Agra 38)

Incase a, b, ¢ be expressed in terms of unit vectors i, j,
k, then [ijk]=1 and hence
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[abcl=| a a, a4 '
by by by

o A c3 (Agra 40)

Above is the well known expression for the volume of a
parallelopiped whose one vertex is at the origin and the
other three at (ay, 4y, a3) (by, by, b3) and (¢y, ¢5, ¢;) [rectangular
coordinates).

Note :—In case any two vectors are equal or parallel
then the two rows in the above determinant will be identi-
cal and as such it will be zero and hence if two of the vec-
tors a, b, ¢ be either equal or parallel, then [abc]=0.

Cor. 5. To deduce the distributive law of cross product of
two vectors by the help of scalar triple product, 1. e.

aX(b+c)=axXb+aXc.
(Agra 51, Raj. 57)

Let r be any vector; then since scalar product is distri-
butive, we have

r.[aX(b+c)-axb-aXxc|
=r.[aX(b+o]-r.@xb)=r.@xc... ...(1)

Again we know that in scalar triple product the posi-
tion of dot and cross can be changed without altering the
value of the product. Hence we can write R. H. S. of (1),
as (rXa).(b4c)—(rxa). b—(rxa).c
which can be written as

(rxa).[bt+c—b-c]=(rxa). 0=0
because scalar product is distributive.

Hence we have for all values of r,

r.[aX(b+c)-axXb-axc]=0.
s aXbt+c)-axb-axe=0
or aX(b+4c,=axb4axec.

The other possibility of either r being zero or it being
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perpendicular to aX(b4+c)—axb—aXc is ruled out by the
fact that r is any vector whatsoever.
§ 6. Vector Triple Product.
A aXbXc=a.cb-a.bec.
(Alld. M. Sc. 1950, Pb. 60, Agra 32, 35, 59)
Nate :—a . ¢ i3 a scalar and occurs as a coefficient of
vector b and similarly, a .b being scalar occurs as a
coeflicient of ¢.

1st Method. Consider the vector triple product when
two of the vectors are equal, i, e.

aX(axXxb)=a.ba-a.abh.
We have done that if there be a vector b, then its

. .. b.a
component along a given vector a is g2 2 (Page 103)
b.a e o
or , - a; ' a’=a.a
a.a

and in a direction perpendicular to a its component is
aX(@axb) aX(axb)
Y PP
(Page 120)
_b.a _aXx@xb)
a.a a.a
Multiplying by scalar a . a and transposing, we get
aX(aXb)=b.aa-a.ab=a.ba-a.ab,
* b.a=a.b
Rule :—First we take the dot product of the vector outside
the bracket with the extreme vector inside the bracket and it becomes
the cocfficient of the remaining one, Then we take the dot product
of the vector outside the bracket with the nearer one inside the
bracket and it becomes the coefficient of the remaining one. The
same rule is true when all the vectors are unequal.
Again (axb)Xxa=-~-aX(axXxb)=-(@.ba-a.ah)
or (axb)Xa=a.ab-a.ba
which obey the rule written above.

S0 b



Multiplication of Vectors 141

All the vectors being unequal.
Let P=aX(bXc)=aXn where m=bXc which repre-
sents a vector perpendicular to the plane containing b and c.
. P=aX(bXc)=aXnis perpendicular to both a and
n but n being perpendicular to the plane containing b and ¢
and thereforc P is perpendicular to a and it lies in the plane
of band e. Hence P is expressible in terms of b and e.
Let P=xb+ye ... ... ... ...()
P.a=xa.b+ya.c ... ... ...(9
But we have already stated that P is perpendicular to a.

. 0. - o * _ =) _
s Poa=0; .o fmm(“)’a.c ik k say.

Putting the values of x and y in (1), we get
P=ax(bXec)=k(a.cb-a.bc ... ...(3)

Now we have to find the value of £.

S P.b=k(a.cb.b-a.bb.c)... ...(4)

Now P.b=aXx(bxc).b

=a.[(bXc)Xb]
as the position of dot and cross can be changed at pleasure
if the cyclic order is maintained

=a.[b.b c-b.cb]by the rule written before when

two vectors are equal
=a.cb.b-a.bb.c ... NG

Equating the values of P.b from (-1) a.nd (5), we get
k=1.

Hence from (3) by putting k=1, we get

P=aX(bXc)=a.cb-a.bc
or (bXc)xa=-aX((bXc)
=a.bc-a.ch.

The above obeys the same law as written before in the
rule’i. e. first we write the dot product of extremes and then
of nearer ones; the factor outside the bracket is included
in both the dot products.
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Note :—]Just as a . (b Xc)=b . (cXa)etc. but aX(bXec)
is not equal to bX(cXa) as the former is coplanar with
b and ¢ and expressible interms of b and ¢ whereas the
later is coplanar with ¢ and a and is expressible in terms of
cand a,

i. e bX(cxXa)=b.ac-b.ca.

2nd Method.

Let P=ax(bXc)

Consider unit vectors, i, j, k and let b be along j.

s~ b=bj say and let k be perpendicular to b and in
the plane of b and e.

S €=(j+csk and let the third vector a in terms of
i, j arnd k be a;i+a,j+ azk.

b X e=byj X (coJ+ ¢sk)= boc3j X k= byc4i.
0 jxj=0and jx k=i,
S aX(bxe)=(ai+ayj+egk) X (bycgi)

=aybye33 X 1+ aghyocsk X i

=aybyrsj — azbyck . cee eae(1)
i=-iXj=-kand kx:-—_]
[(@i+apj+ask) . (c2j+ k)] bej
=(yta+ayc3) bpj 0 i.j=j.k=k.i=0.
(a . b) e=[(ai+a,j+azk) « by j] (c2§+csk)

=ayb, (Caj+ csk).
@.c)b-(a.b)c=asshj—asbyck ... ...(2)

A B
Again(a.c)b=

Hence from (1) and (2), we get
aX(bbxc)=@.cb-(a.b)c,

Similarly,
bXx(cXa)=(b.a)c—(b.c)a
cxX(@xb)=(c.b) a—(c.a)b. Hence proved.

Adding, we get ax(bxe)+bx(cXa)+cX(axXb)=0

because (a . b) c=(b . a) ¢ etc.
(Agra 42, 53, Annamalai 38, Andhra 36)
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Note :—The component of r perpendicular to a was

r.a
shown to be r—" |

P (See P. 103)
¢’r-r.aa a.,ar-r.a

= a* T e (See§ 8P, 120)

aX(rXa) aX@aXr)

= a2 or ==—-—rgu

Note :—Verify the above formula
aXbXc)=@.c)b-(a.b)c \éj
by taking a=i-2j+k, b=2i+j+k, c=i+2j-k.

§ 7. Scalar product of four vectors (Agra 37, 51)
(@axXb).(cxd)=] a.c b.c

!
a.d b.d |
Let us suppose that exd=n.

S (axb).(exd)=(axh) .n=a.(bxn)
as the position of dot and cross can be changed,
=a.[bx(cxdl=a.(b.dc-b.cd]

=b,da.c-b,ca.d=] a.c b.c

I
'
|
1
i

a.d b.d
§ 8. Vector product of four vectors (a xb) X (cxd)
Let exd=n. (Agra 38, 42)

S @Xb)X(exd)=(@aXb)xn=a.nb-b.na
=a.(cxd) b-b.(cxd)a... ... ...(1)
=[acd] b-[bcd] a.
Again let us put (aX b)=m,
s @Aaxbh)XeXd)=mX(cXd)=m.dc-m.cd
=@axXb).dc—-(axb).cd
=[abd] c—-{abc]d ... ... ...(2
Equating (1) and (2), we get
[acd] b-[bcd] a=[abd] c-[abc] d
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or (bed] a—-[acd] b—(abd] c—[abc] d=0.
Now replacing d by r, we get
[abc) r=|ber]a-[acr] b4-[abr]c ... ...(3)

Now a scalar triple product remains unchanged if the
cyclic order of the factors is maintained but for cvery
change of cyclic order, there is a change of minus sign.

[ber|=([rbc), [acr]={rac]= —[rca)
and [abr)=|rab].
Hence from (3), we have
r=(XPe]at(rca] bi(rab]c )
|abe] see  eas
(Agra 35, 45, 57, 60)

Above relation expressess a vector rin terms of any
other three vectors a, b, ¢ provided they are not coplanar
i.e., [abc) 0.

Rule. The last three vectors in the numerator are the cyclic
arrangement of a, band c,i.c., bea, cab and abc and the first
being r. ' S

§ 9. Reciprocal system of vectors. (Agra 59, 60)

The three vectors a’, b’, ¢’ defined by the c¢quations

, bXe ., cxa , axbhb
“labe) © " [abe) € T labe)
are called reciprocal system to the vectors a, b, ¢ which are
non-coplanar i.e. | abe}£0.
Property 1. If a,b,c and a’,b’, ¢’ be reciprocal

system of vectors, thena.a’'=b . b'=c.c'=].

, bxc_[abe]
NOW a.a=a. [abc]=[a—‘5a—l.
Similarly, b.b'=c.c'=l.

S a.a'+b.b'4c.c'=3

or a'==}-, b=t and c’=-~1- .
a b c
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It is because of the above property that the two sys-
tems of vectors are called reciprocal systems.

Property 2. The product of any vector of one system with
a vector of the other system which does not correspond to it is zero,
e, a.b'=0. [ :
, cXa aca
a.b'=a. fébc]]=f;ﬁ%=
as the numerator is the scalar triple product of three vectors
two of which are equal and hence it is zero. (Cor. 2 P. 137)

Similarly a . ¢’=b.c'=c.a’=0 etc. etc.

Cor. Thus we conclude from the two properties that if
a’, b’, ¢’ be reciprocal system to a, b, c, then a, b, ¢ is a recipro-
cal system to a', B', c’.

Property 3. The scalar triple product [abc) of any three
non-coplanar vectors is reciprocal to the corresponding scalar triple
product formed out of the reciprocal system of vectors a', B, c'.

(Agra 47, 51, 59)

M ’ .’ — "']'
ie, {a’b’c ]—[abc]'
[a’'b'c’]=a’. (b'xc) N ¢ )]

Now substitute the values of a’, b’ and ¢’ in terms of
a, b anc c.

- [a'b'c']=(l? ?( C) ® [(c X a) {<_(a_x b)] from (]) ...... (2)

T labep

Now (cXa)x(axXb)=(cXa)Xm say=m.ca-m.ac
=(aXb).ca-(axXb).ac=[abc]a.

°s (aXb) -a=0.

(bXc).[abcla [abc](bXc).a

o [a’b'c’]— —— ~[~£l-)~é‘]a--~-——-= W’ from (‘2)
[abe] [bea]_[abe] [abe]_ 1
= labe)* = [abcP " [abe)

s [abe] [a'b'c’|=1. (Agra 47)
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Cor. From above, we conclude that
[axb, bXc, ¢Xal=[abc]?.
(Agra 36, £1, 51, 53, 57, 60; Pb. 60; Andhra 38;
Benaras 56; Rajputana 56)
1f a,b,c be expressed in termsof unit vectors, i.e.
a=a,i+a, j+ a3k etc., then we have already done that

[abe]=]| @ @, ag
by by by
(51 Cy C3 (COI‘. 4 P. 138)

Again a X b=(a;i+ a; j+a:k) X (byi+ b, j+ b3k)
=(agby — aghy) i+ (b185— byay) j+(a;65 - a.by) k.

(P. 121)
and similarly we can write for bX ¢ and ¢ Xa.

faxb,bXc, cxal

=| agby—azhy biaz—bgay aby—ayh,
bocg = bacy  c1bg—cghy  bycy = byty

Col3 —(3dy  GyC3— a3y (105~ (20

(Cor. 4, P, 138)

= Cl Cg Ca = Al A2 As
Al A2 A3 Bl B2 B3
Bl B2 Ba C1 Cz Ca

(where capital letters denote the co-factors

of the corresponding small letters)
which is equal to
a a; ag P i e [abc)?,

by by b

6 G Cy (Refer Author’s Algebra)
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Note. If a,b, c are non-coplanar i.e [abe]Z0, then
[axb, bXc, cXa] are also non-coplanar as their scalar triple
product is [abe)? which is not zero.

Cor., We have done before that any vector r can be
expressed in terms of three non-coplanar vectors a, b, c.

as r=rPel ’H'f:“):r (rable  (p 144 Giv)
[rbe]la r.(bXe ,
—[—‘I)—C_J— gﬂhlabié]— a=r .aa
where a’, b’, ¢’ form a reciprocal system of vectors to a, b,
c; .. r=r.aatr.b'btr.ce (Agra 38)

Also the two systems of vectors [abcl, [a’b’c’]. each is
reciprocal of the other
also be written as

r=r.aa'4+r.bb4r,.cc’.

Againi.i=j.j=k.k=1and[ij k]=1

.~ the system of vectors i, j, k is its own reciprocal.

Hence in terms ot unit vectors i, j, k, we have

r=r.iitr.jj+r.kk [See P. 104]
Fxercise

Ex. 1. Prove that (a+b,b+c, c+al=2[abc),a, b, c
being three vectors.

Ex. 2. Frove that

(lmn] [abc)= 1.a 1.b l.c |

and as such any vector r can

(Dacca 27, 29)

m.,a m.b m.c

n.a n.b n.c
and give its cartesian cquivalent.

(Agra 38, 40, 47, 49, 51, 543 Lucknow 52, 5 3
Pb. 60; Benaras 52; Annamalai 47)

Let a’, b, ¢’ be a system of vectors 1eciprocal to a, b, ¢
and hence [a'b’c’] [abc]=1.
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Also we know that any vector r can be expressed in
terms of any three non-coplanar vectors as
=r.aa'+r.bb'+r.cc’.
We shall express the vectors 1, m, n in terms of
a', b, c.
lI=l.aa'+1.bb'4+l.cc
m=m.aa+m.bb'+m.cc'.
n=n.aa+n.bb'+n.cc’.
s [lmn]= l.a 1.b 1.c |[a'b'c']

m.a m,b m.c

n.a n.b n.c |[Cor.4P. 138]
Multiply both sides by [abe]) and since [abe] [a'b’c"]=1,
we get the required result.
* Cartesian Equivalent.
Let 1=lLi+l, j+ Lk etc.

a=ajita,j+azk etc.

s [lmn]label=, [ ag |...(1)
my my My by

Alsol.a=al,+a)ly+a5l,, 0 ==
l.a2a 1.b l.c |= alll+azl2+a3l3 Zblll 26111 ‘e -(2)

m.am.bm. c aymy+ agmy+agmg Ebymy Zeymy

n.a n.b n,c ayny+ayngtagng  Zbyng  Zegmy

= ll lg la (2] ay ag
m my mg by by b
n ny ng l 6 ¢ €3
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Note :—In case 1, m, n are same as a, b, ¢, then we get
[abc] [abe]l=| a.a a.b a.c |=[abc]

b.a b.b b.c

c.a c.b c.c
or =[aXb, bXc¢, cXa] as proved in Cor. P. 146.
Note. 2. In case 1, m, n are reciprocal to a, b, ¢ then
[lmn][abc]=1landl.a=m .b=n.c=1butl. b=1.c=0,
m.a=m.c=0,n.a=n.b=0 [Prop. 2 P.145].

(Benares 55)
S wegetl=| 1 0 0
0 1 0
0 0 1

Ex. 3. Prove independently that

[axb, bxc, exal=[abc]’=| a.a a.b a.c

b.a b.b b.c

l c.a c¢c.b c.c

The first part is proved on page 145.
Now we know that (a X b)2=a2? sin® 6=4%?2 (1 - cos? §)
=a?h? — a%? cos? 0
=a?b?—(a . b)2
' square of a vector issquare of its module and it
stands for the dot product of a vector by itself i.e. a*=a%?=a .a
and also a . b=ab cos 6.
Now [(a x b) X c]!=[m X c]!=m??—(m , c)?
=(aXx b)? c?*-[(axh).c]?
=[a?h?-(a . b)?] c*~[abc]?
=a’bic?-(a.b)pc?-[abc]? ... ...(1)
Again [(axb)Xcl=(c.a)b-(c.b)a,
s [@axb)xel=[(c.a)b-(c.b)a]
=(c . a)’b’+(c. b’al=2(c.a)(c.b)(bs a)... ...Q)
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Equating the values of [(@aXb)X¢c]® from (1) and (2), we
get a’bic®-(a.b)? c?—[abc]?
=(c.a)® b?’}(c. b a’-2(c.a) (c.b)(b.a)
s [abcP=alb’c®-(a . b c’-(b.c)? a?—(c.a)? b’
+2@.b)(b.c)(c.a)

Now if we expand the determinant on L. H. 5., we get
the same result. Hence proved.

Ex. 4. Prove that if 1, m, n be thiree non-coplanar vectors
[lmn]@xXb)=| 1l.a 1.b 1 |

m.a m.b m
n.a n.b n
(Agra 49, Dacca 40)

‘Expressing 1,m, n and a, bin terms of unit vectors
ij Kk I=hLi+lj+1k
and a=gaji+}a,j+ k.

oo l . a=lla1+lza2+l3as etc.
and [Imnl=| &, I I, |and@@xb=| i j k

my my my a, a, ag

n na Ny by by by
s [lmn] (aXb)

mi+myj+mgk ma,+mya,+meag mb,+myby+mgby

nitngjtnk ma,tnga+nsa;  nyby4-nyby+ngby
= 1 l.a 1.b [= l.a 1.b 1

mm.a m.b m.a m.b m

n n.a n.b n.a n.b n
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Ex.5. Ifa, b, care three non-coplanar vectors, then prove
the following :—
1. [bXc, cxa, aXb]=[abc].
(Agra 36, 41, 51, 53, 57, 60, Benaras 56,

Andhra 38, Rajputana 56)

2. bXc, cXa, aXb are also non-coplanar.

3. Expressa, b, ¢ interms of bXce, cXa,aXb.

4. Express bxc, cXa, aXb in terms of a, b, c.

The first two parts we have already proved in Cor.
P. 146 and Note P. 147,

3. Leta=I(bXc)+m(cXa)+n(axXb) oo oaa(D)
Multiplying both sides scalarly by a,3
a.a=la.(bXc){ma.(cXa)tna.(@axbh)
or a.a=![abc].
scalar triple product is zero when two vectors are
equal.
. 7=2:2
°* [abc]’
Similarly multiplying both sides of (1) scalarly by b
and ¢, we get
. C
[abe)*
a.(bXc=b.(cXa)=c. (axh)=[abc)
Substituting the values of I, m and = in (1), we get

1L} d
—EI)CJ an u-—-

a=%;)—:] (b °)+;+b:j (ex a)+;%:—] (axXb),
Similarly we can write the value of b and c.
4+ Let(bXc)=la+mb+nc e eee(2)
Multiply both sides of (2) scalarly by (bx e)
S (bXxe).(bXe)=la.(bXc)t+mb.(bXc)+nc. (bXc)
(bXc). (bXc)
[abc]

o as before I=
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Similarly multiply both sides of (2) scalarly by
(bXxe).(cXa)

(abc]
_(bxe).(axh)

T labe)

Substituting the values of I, m. n in(2), we get the
required result. Similarly we can express ¢Xa and aXb in
terms of a, b and c.

(exa)and (@xb) and find m="—

and

Ex. 5. Express a vector x as a linear combination of a vector
a and another vector perpendicular to a and coplanar with r and a.

We have already stated that the vector aX(aXr)isa
vector perpendicular to a and coplanar with a and r and as
such its dot product with a is xero, ** dot product of two
perpendicular vectors is zero.

Let r=laf{maxX(axr) N ¢ )

Multiplying both sides scalarly by a, we get
r.a=la.atma.[aX(@xr)j=la.a

rT.a
a.a

S 1=

Again multiply both sides of (1) vectorially by a.
s rxXxa=laxatml[aX(@xr)]Xa
=04+mla.ra-a.ar]Xa.
rXa=mla.r(@Xa)—a.a(rxXa)l=-m(a .a)(rXa).
1

[ Y m—

.
LY

Substituting the value of / and m in (1), we get
r.a

=——a-— ~1——-a><(a><r)
a.a a.a

Above shows that the component of a vector r along



Multiplication of Vectors 153

. . . .. Y.a . . . .
a given direction a is ia? and in a direction perpendicular

aX(aXr)
“a.a [See § 8 P, 121]
Ex. 6. Prove that
[aXb, cxd, exf]
=[abd] [cef]—[abc] [def]
={abe] [fcd]-[abf] [ecd]
=[cda] [bef |- [cdb] [aef]. (Agra 36, 61)

to itis =

We know that any scalar triple product [gpqr]is equal
top.(qXr)=q.(rxp)=r.(pxq). Writing the given
scalar triple product in the above three ways maintaining
the cyclic order we shall get the three results as given. We
shall show only one and the rest can be done by the
students themselves.

[axb ecxd, exf]
=(axb).[(exd)X(eXf)]
=(aXb).[nX(exf)]
=(aXb).n.fe—n.ef]
=m.f)[axb).ej-n.e)[@axb).f)
=(cxd). f[abe]-(cxd) . e [abf]
=(abe] [fcd] . [2bf] [ecd].

Ex. 7. Prove that [axp, bXq, cxr]+[axq, bXr, cXp]
+[axr, bxp, exq]=0. (Agra 34, 48, 59; Luck. 55)

Expand first bracket as A . (BXC), second as B . (CXA)
and third as G.(AXB) and then add keeping in view that
scalar triple is unchanged if cyclic order is maintained and
its sign is changed for every change of cyclic order.

Ex. 8. Ifa,b,c and a',b’, c' form reciprocal system of
vectors, then prove the following :—

(1) a.a’+b.b'4c.c'=3.
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(2) axa’+bxb/4cxc’ =0.
(3) a= p’xc'_i _c'xa’ c=a,Xb~’-«
[a’b'c’]  [a’b'c’] T [a'b'c’]
Ex. g. Find the value of
"P=ix@+i)+jx@xj+kxaxk)
P=@(.i)a-@{.a)it+{.jla-G.a)j+k.ka-(k.a)
=@+ata)-((@.i)it+@.j)j+@ .k k]
=Za-a="2a, [§ 2:11 P. 1006)
Ex. 10. Prove the relation
aX[bx(cxd)]=b.daxec-b.caxd
=[acd|b-2a .b cxd
and hence we prove that
ax[bx{cx(dxe)}]
=la.dc.e-c.da.e]jbt(a.b)lc.de-c.ed)]
(Agra 37, 42, 55; Delhi 51)
L.HS.=ax[b.dc-b.cd]etc.
or =a.(cXd)b-a.bcxd.

’

Ex. xx. Prove that

(bxc).(axd)+(cxa). (bxd)+(axb).(cxd)=0
and dednce that

sin (A4 B) sin (A—-B)=sin? A-sin® B

=1 (cos 2B —cos 24)=cos® B—cos® A

and cos (A+B) cos (A— B)=cos% A - sin® B,

(A3ra 37, 46, 50, 53, 60; Benaras 53; Delhi,
Luck. 55, Allahabad M. Sc. 60
c.b c.d 4

= a.c a.d

b.a b.d i+

a.b a.d ' b.c b.d

[§7P. 143
=Mb.a)(c.d)-(c.a)b.d)+Ec.ha.d)-(a.b)(c.d
+@.c)(b.d)—-(b.c)(a.d)

Now using the fact that a . b=b . a etc., we get

csa c.d
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L. H. S.=0.

Let L 40C=4
and L. AOB=B,

s L BOC=A-B,

Let /£ BOD=A.

B
5 LCOD bin — b

=/BOD-/BOC 05 >4
=A4-(A-B)=B. Fig No 81
s LAOD
=/A0C+ /COD=A4B.
Let n be a unit vector perpendicular to the plane of
a, b, ¢, d which are assumed to be coplanar.

Now we know that (axb)=ab sin § n where 6 is the
angle between the directions of a and b weasured from a
in anti-chockwise direction towards b.

Again we have proved that

(bXc). (axXd)+(cxa).(bxd)+@xb).(cxd)=0
or (bXc).(axd)=(axc).(bXxd)+(@axb).(cxd)=0
or (bc sin E0C) n . (ad sin AOD) n
—(ac sin AOC)n . (bd sin BOD) n
+(ab sin A0B) n . (¢d sin COD) n=0
or abed sin (A~ B) sin (A4 B)—abcd . sin A . sin 4
+abed . sin B« sin B=0
n.n=],
» sin(4-B)sin (44 B)=sin® A—sin* B
1-cos QA—-tgﬁgg—cos 2B —cos 24.
2 2
Again (axb). (cxd)=

—

a.c a.d

b.c b.d)
=@.cb.d)-b.c)(a.d)
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or (ab sin B) n . (cd sin B) n=(ac cos 4) (bd cos 4)
— {bc cos (A-B)} {ad cos (A+B)}.
Cancel abcd and put n . n=1 as n is a unit vector.
or sin? B=cos? A—cos (4 - B) cos (A+B)
or cos (A+B) cos (4— B)=cos? A-sin® B
=cos? B-sin? 4.

Ex. 12. Prove that

(axb). axc)+(axb).(aXc)=(a.a)(b.c)
(Annamalai 39)

Ex. 13. Prove that
2 (cxd)xX(@xb)= a a ay G ‘

b b by, by

—-Cc ¢ € ¢

—d dl d2 ds

where a=a,i+a,j+ask; b=>bi+b,j+bk etc.
(exd)X(aXb)=(cxXd)Xm=m.c)d-(m.d)c

=[axb).c]d-[axb).d]|c
=[abc] d-[abd] c

= a, a, a3 |d=| o a3 a3 |c ...(1)
by by by by by by
GG (3 (3 dy dy dy

[Cor. 4 P. 138]
Aagain putting (¢ Xd)=mn and proceeding as above,
(ch)X(aXb)= b]_ bz bs a—- a (23 aa b .o 0(2)

€1 € €3 ¢ € C3

dy dy d dy dy dy
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Adding, we get
2(cxXd)X@xb)= a a; 6 ag

b b b b
-C ¢ ¢ G

-d d, dy 4y
** If we expand the above determinant, we get the
four determinants of (1) and (2).
Ex. 14. Prove that
(axb)X(cxd)+(axXec)x(dxb)+(axd)xX(bxc)=2[bdc] a.
(Andhra 38)
Expand Ist in terms of ¢ and d, 2nd terms of a and ¢
and 3rd in terms of a and d etc.
Ex. 15. Show that the perpendicular distance of a point C
Jrom the straight line through A and Bis | bXc+cXa+aXb |
= | b—a | where a, b, c are the position vectors of A, B and C.
The vector area of a triangle 4BC is
% (aXb+bXctcXa). [Ex. 6 P. 128)
Its module is % base 4B X perpendicular from C on 4B
=3} | b-a| Xp.
. p=|axbt+bxctexa| -+ |b-a].



CHAPTER IV
THE PLANE AND SPHERE

1. Vector equation of a plane, (Agra 31, 39)

I et there be a unit vector
N
/;-/

= A o .
then ON=p.n, Fig.No.82

Let r be the position vector of any point P on the
plane ; then the projection of OP on ON is p.

n normal to the plane. If p a

be the length of the perpendi-
cular from origin on the plane,

But projection of OP on ONis 7 cos §=r.1.cosf=r.n
and it being equal top, we have the required equation

A

of the plane aston=p ... ... . T ()|
p standing for the length of the perpendxculat from the

origin,
Cartesian form :—
Let the coordinates of P referred to unit vectors i, j
and k through O be #, 3, z so that

-
OP=r=xi+yj+zk.
If [, m, n be the direction cosines of normal, then

=i+ mj+nk,
A . .
St on=(xi+yj+2K) . (i4+mj+nk)=p

or ledmyt+nz=p, °*v it=jl=ki=1
and i.j=jk=k.i=0



The Plane and Sphere 159

which is the standard equation of the plane in Coordinate
Geometry.

Cor. In case there be any vector n parallel to unit vector
A

n and of module n, then n=n . n.

Multiplying both sides of (1) by n, we get

n(r.n)=np or f.n=np=g,say, where p=gn.

Thus r . n=¢ reptesents a plane; the length of the
perpendicular from the origin is obtained by dividing the
R. H. S. by the module of n,

: _¢_ R.HS.
b p—T'Module of n’

Cartesian to vector. If the plane be 2¢x+43y+4z=10,
then the corresponding vector equation is evidently
(*i+rj+2k) . 20 +3j+4k)=10 i, e. £ . n=q and the length of

g 10
module of n= V(22432442
10
=y

Cor. 2. The equation of a plane that passes through

a given point,

perpendicular from origin is

Let the position vector of a point 4 be a through which
the plane passes and whose normal is n. If r be the posi-
tion vector of any point in the plane, then 4P lies in this
plane and as such n is perpendicular to 4P.

-
Therefore AP . n=0
or (t-a).n=0 or r.n=a.n=qsay.

The length of the perpendicular from origin on the
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plane is
q a.n a.n A [ n A]
T e g ——— == ¢ N1 A ,,_r;._.n

=a. 1 cos b, i.e. the projection of 04 along
the normal.

Converse : To prove that the equation r . n=q repre-
sents a plane.

£, n=q eee eee(l)

Let a and b be the position vectors of any two points
4 and B which satisfy (1).

S a.n=¢q N 3]
and b.n=¢q PPN )]
’ Multiplying (2) by m and (3) by # and adding, we get
(ma-+nb) . n=(m+n) q

ma--nb
or ~m—_;—n—.n-—q eoe ...(4)
Equation (4) shows that the point whose position
vector is m;+nb also satisfies (1).
Now 72%:3—" is any point on the line joining a and b

and divides itin the ratio n:m. Thus we observe that
every point on the line joining 4 and B satisfies equation (1)
which therefore should represent a plane.

Cor. 3. Two sides of a plane : The points whose position
vectors are a and b lie on the same or opposite sides of a plane
t.n=q according asa.n—gq and b .n-q are of the same or
opposite signs.

Let the line joining 4 and B intersect the plane at P
which divides 4B in the ratio n:m and therefore its
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position vector is m;;::::b . Since this point lies on the plane
Lo n=q,
. ma4nb
m+n cn=q
or m@.n—¢g)=-n(b.n-gq
n__a.n-¢
or m b.n-g

If njm is +ive, i.e. a .n—¢gand b . n-q are of opposite
signs, then P divides internally the join of 4 and B, ie.
A and B are on the opposite sides of the plane,

If njm is —ive, i.e.a.n—¢ and b.n-gare of same
sign then P divides the join of 4 and B externally, i.e. A4
and B are on the same side of the plane.  Hence Proved.

Ex. 1. Find the equation of the plane through the point
2i4-3j~k and perpendicular to the vector 3i+4j+7k. Deter-
mine the perpendicular distance of this plane from origin.

Here n=3i+44j47k and a=R2i+3j—k.

S a.n=0(412-7=11 and 2=+/(324+424-7%=8.. .(1)

Now equation of the plane through a point a is

(r—a).n=0 or r.n=a.n. [Cor. 2]
or r. (3i+4j+7k)=11. (from (1)]
Also p=~T nT -.—.lgl. (from (1)]

In cartesian form its equation is 8x+44y+Tz==11.

§ 2. Equation of plane satisfying the given conditions.

We have already seen that the equation of a plane is
t.n=qgand a plane through a given point is (r—a), n=0,
te,rf.n=a,n,

Here we shall deduce the equation of plane satisfying
other given conditions by the help of vector and scalar
triple product.
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I. Equation of a plane through three given points.
(Agra 51)
Let the position vectors of any three points 4, B and
C through which the plane passes be a, b and c respective-
ly. Let r be the position vector of any point P on the plane.
Now the points P, 4, B, C all lie on the same plane, i..,

- - -
vectors P4, AB and BC i.e r—a,b—a and c—b are copla-

nar. Now we know that if three vectors are coplanar, their

scalar triple product vanishes. [Cor. 1 P, 132]
S (r=a) . {(b—2a)X(c—b)}=0

or (r—a).[bxXc—-aXc+axb]=0, ° bxb=0

or r.[bXct+cxataxb]

=a.(bXc)4a.(cXa)+a.(axb).
s t.bxc4cxataxbl=fabc] ... ...(1)
°* =—aXc=cXaanda.(cxa)=0=a.(aXDb),
*» scalar triple product is zero when two vectors are
equal. [Cor. 2 P, 132]
The equation (1) is of the form r .n=gq and is therefore
the required equation of the plane.
The plane is clearly perpendicular to
n=bXc+4cXa$axb

-
which is equal to 2A4BC (Q. 6 P. 128). If p be the length
of perpendicular ON from origin on this plane, then

b
p= Ll e
whereas ON=p .n=p. : =[3%ﬂ-(bxe+c><a+ax b)

[from (2)]

Note. Equation (1) is called non-parametric vector
equation of a plane through three points, a, b and ¢ and
we have already found the corresponding parametric



The Plane and Sphere 163

equation of the plane in Chapter IT § 9, Cor. 2 P. 82 as
r=a+s (b-a)4¢ (c-a).
Multiply both sides of above scalarly by
bXc+cxataxb,
r.(bXc+cxataxb)=a.(bxct+cxataxb)
+s(b-2a). (bxe+eXa+a?(b)
4+t (c—a).(bXxc4+cxataxb)
Now we know that scalar triple product is zero when
two of the vectors are equal. [Cor. 2 P. 132]
coefficient of s is
b.(cxa)—a. (bXc)=[abc]-[abc]=0.
Similarly coefficient of ¢ is zero and hence we get
f.(bXc+cxXataxb)=a.(bxc)=[abc]
which is same as equation (1) found above.
Cotresponding Cartesian form.
Let in terms of unit vectors i, j, k
a=a,i+a,j+agk, and r=xi+4yj4zk;
then (c—a)=(x—a,) i+(y—a5) j+(z—a5) k,
(b—a)=(by—a,) i+(by— a5) j+(bz—a3) k,
(c—b)=(c;—by) i+(cp—bg) j+(cs— b3 k.
Since r—a, b—a, c~b are coplanar, we have
X—a, y—ay z—ag |=0

by—a, by—ay by—ay
‘l—bl Cz"‘bs Ca—ba
as the required equation of plane.
II. Plane through a given point and parallel to two
given lines.

Let the plane pass through the point a and parallel to
lines which are parallel to b and c.
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Since the plane is parallel to b and cis therefore
perpendicular to bxc, hence the required plane is one
through a and perpendicular to bxc and its equation
therefore is (r—a), (bXxc)=0.
or r.(bXc)=a.(bXxc)=[abc] TN (14

Note :—The corresponding parametric equation of the
plane is r=a+s b4t c [Cor. 1 P, 81] and on multiplying
both sides scalarly by bxe¢, we get the form (2).

III. The plane containing a given line and parallel
to another line or perpendicular to a given plane r. c=g,

Let the plane contain the line r=a+¢b and is parallel
to ¢ which means perpendicular to plane r . c=g¢.

Thus the plane contains the point a and is parallel to
both b and c and therefore perpendicular to bx c and hence
its equation is (r—a).(bxc)=0

r.(bxc)=a.(bxc=[abc].

1V. The plane through two given points and para-
1lel to a given line. (Pb. 60)

Let the plane pass through two points a and b and
given line be parallel to c. Thus the plane is one through
the point a and parallel to b—aand c and therefore per-
pendicular to (b—a)xe. Hence its equation is

(r—a) . {{(b—2a)xc}
or r.{{(b—a)Xc}=a.{bXc—axc}=a.(bxc)=[abc].

V. The plane containing a given line and a given
point.

Let the line be r=a+tb and given point ¢ so that the
plane is through a and c¢ and parallel to b i. e. through a
and parallel toa—c and b or perpendicular to (a—c)Xb.

Hence its equation is (t—a) . [(a=c)X b]=0 -
or r.[(a=c)xb]=a.[laxb-cxb]

=~a.(cXb)=a,(bXc)=[abc].
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§ 3. Angle between two planes.

Let the two planes be r. n;=¢; and r. n,=¢, and the
moduli of n; and n, be n; and n, respectively.

Now angle between two planes is equal to the angle
between the normals to the planes. If 6 be the angle bet-
ween n,; and n,, then n; . ny=n;n, cos 6.

5 B=cost M1 T2
myny

Angle between a line and a plane.

Let the linc be parallel to b and the plane be r.n=gq.

Now angle between a line and a plane is comple-
ment of the angle between the line and the normal to the
plane.

[f @ be the anygle between the line and plane and ¢ be
the angle between normal and line, then ¢=90-6.

Now n . b=nb cos ¢.

S, Ccos ¢=nnlb2==cos (90 - 8)=sin 6.

N O
S f=sinTt - o
nb

§ 4. Intercepts on axes of coordinates (rectangular),

Let the equation of the plane be t.n=q.

Let the wnit vectors along the axes be denoted by i, §
and k respectively. If » be the intercept made by the plane
on the axis of x, then the point «i lies on the plane.

S o x¥i.o=q or x=i—q—g respectively.

Similarly the intercepts on the y and z-axis are

q 9
Toa and k.5

Ex. 2. Prove that sum of the reciprocals of the squares of the
intercepts on rectangular axes made by a fixed plane is same for
all systems of rectangular axes with a given origin.
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Let the plane be r.n=q.
If %, y and z are the intercepts on the axes, then

=i T Ciw ree e
If the normal makes angles 6,, 6, 03 with i, j and k,
then cos® 0;+cos? 0,4 cos? 03 =1, i.e. B4mP4ni=1.
Also i.n=1.ncosf,j.n=1.ncoséb,
and k.n=1.ncos b N ()

.11 1 2 2
oo 7,+;,+ &= -Z; (cos? 0y +cos? 034 cos? 0,,)=~;—l-2.
[from (1) and (2)},
i.e. constant because the plane is fixed.

§ 5. Perpendicular distance of a point from a plane.
(Agra 41)
Let the equation of the 0

plane be r . n=g, so that per- A

pendicular from the origin O N
on it, i.e, ON=p=g|n.

We have to find the per-
pendicular distance of a point

4, i.e. a from the given plane. N m
Fig.No.83

Now consider a plane through the point.A and parallel
to the given plane whose equation is
(f=a)en=0 or tr.n=a.n,
ON'=p'=length of perpendicular from origin on this

lane is 22
P n '

5 AM=ON-ON'=p-p=1 _2:2_07273
- A A
Also AM=1—8+8y _¢=3.n

n?
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‘Whenever we have to specify a vector, we multiply its
magnitude with a unit vector in that direction

-
-2 1N
or AM=—-——72_' n
' n

The above value of AM is positive for all those points
which lie on the same side of the plane as the origin. For
points on the opposite side it will be —ive.

Alternative Method,

Let AM be perpendicular from a to the plane r . n=g¢;
then its equation is r=a+¢n....(1) as AM passes through a
and being perpendicular to plane is parallel to normal n.

M is the intersection of this line and the plane and
hence we should have

(@a4in) en=q or a.n+in’=g, [*% n?=n?]

or t=q:-:2'~-n.

Putting the value of ¢ in (1), we get the point M as

q“a n
"

at

-> -> -> —a.n
- AM=OM—OA=a+9._n2_ n-—a

q—aon
1 nz [ ] .
-
-a.,.n -—a.n
AM=|AM|==q—:2———.|n|=q ;‘, .n
q—ann

n

Ex. 3. Show by vector method that the points (1, 1, 1) and
(2,1, —4) are on opposite sides of the plane 3x+4y-45z=9.
Find the perpendicular distance of the former from the plane and
the vector through it perpendicular to the plane,
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In terms of unit vectors i, j, k,
A=i+4j+k, B=2i+j~-4k,
and the given plane is (xi+pj+2zk) . (3i4+4j+5k)=9 so that
n=3i+4j+5k and n=V/ (82442453 =5V 2.

Now perpendicular distance of a point from a plane is
¢g—a.n
n

.. perpendicular distance from 4, i.e. i+j+kis
9—(i4j+K) . (Hi+dj+5k) 9-(+4+5) -3
54/2 T bhyve  Thyer
Perpendicular distancc from B, i.e. 2i+j—4k is
0-Qitj- 4 . Gi+j+5K)_9-(+4-20)_ 19
5V 2 - 5v2 “hver
Again since ¢—a.n=-~3 and ¢—-b.n=19, ie. they
are, of opposite signs, therefore the two points are on
opposite sides of the plane. [Cor. § 1 P. 160]

Also the vector through A4 perpendicular to plane is
1=8:0 oo 65%i2 + (i 4j+5K). 5]
(b) Show that the points i—j+3k and 3 (i+j+k) are
equidistant from the plane t . (5i+42j~7k)+4+9=0 and lie on
opposite sids of it, (Agra 59)
Cor. Distance of a point from a plane measured in

a given direction,

Here we have to find

. . A
the distance of the point 4
from the plane but mea- d3
sured in a given direction
A .
say of the unit vector b, Fig No.84

Let a line through 4 parallel to unit vector b meet the plane
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- A
in M and let d be the length AM so that AM=d . b.

- - -

A
The position vector of M, i. e. OM=04+4A4AM=a+d b
lies on the plane r . n=gq.

A
S (atdb).
g—a.n

d=1"
or A

b.n
which is the required distance.
Ex. 4. Find the distance of the point (1,2, 3) from tie
plane x+4y+z="5 measured parallel to the line
£_J)_ 2
2737 —6
The given point (1, 2, 3) is i4-2j+3k=a say.
The given plane is (¥i+yj+zk).(i+j+k)=5 so that
n=i+4j+k and ¢g=5.
The direction ratios of the line are 2, 8, —6 and hence
a vector in this direction is 2i+43j—6k=Db,
. a unit vector in this direction is
A 2i+43j -0k
TV@+EEE T
Hence the distance of 4 from the plane is
g-a.n 5-—(1+21+3k) (i+j+k)

=} (2i43j - 6k).

A T FQi43-6k) . (i+j+ K
b.n
_5-0+243)_,
+243-6)

§ 6. Planes bisecting the angles between the given
planes.

Let the equations of the two planes be
£.ny==q and r.ng=gqy.
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Now if £ be any point on the plane bisecting the angle
between the given planes, then the perpendicular-distance
of r from both the planes should be equal.

=Ty =T Ny

or

n - g

A A A
or "g'l— -1 .= i('qa- bl 30 ng) y e E'l=n1
n, ny n

A A
or 3 (n1+n2)=(q‘1‘+q*2)

A
and . (nl_n2)=(ql qz)

Above are the required equations of the planes.

§ 7. Plane through the intersection of two given
planes.

. Let the given planes be r . ny=¢, and 1. ny=g,.

Consider the equation (r « n;=¢1)—2 (£ . ng—go)=0...(1)
where A is any constant.

Now all those points which satisfy both the given
planes also satisfy the equation (1) for all values of A and
as such itis satisfied by all the points on the line of inter-
section of the given planes. Rewriting (1) in the form
£, (M —-2p)=¢;~A¢;, we get the required equation of
the plane through the line of intersection of the given
planes. The value of Ais found by an additional given
condition of the question. For example, if the required
plane passes through a given point a, then

a . (Ng=Ang)=gq, - Aqq

a.M—G

or . —_——
a.nz qa

In particular, if the required plane passes theough
origin, then putting*a=0, we get A=¢,/g, and hence the
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equation of thg plane is gy (r.n;—g))—¢; (r. ny- gs)=0 or
T o (g0~ ¢109)=0.
§ 8. Line of intersection of two planes.
(Agra 51, 55, 61) [Read carefully]
Let te equations of the two planes be
r.ny=¢g; and r.ng=g,

The line of intersection being common to both the
planes is therefore perpendicular to both n; and n, the
normals of the two given planes. But n;Xn, represents a
vector perpendicular to both m, and m, and hence we
conclude that the line is parallal to n;Xn, In order to
determine its equation completely, we must know a point
onit. Now if N be the foot of the perpendicular from
origin O on the line, then clearly ON is parallel to the plane
of n, and n,. If we denote the position vector of N by a,
then a=/ljn; +I,n,, where [; and [y are any constants.

Now N lies on both the planes. .. {n,4/n, should
satisfy both the planes and this will give us the values of
{y and I,

S (g lng) s ny=q; or Lnjl4lLn; Jny=¢q, ...(1)

(g 40n,) s ny=q or [n; . ny4lLn?=qs ...(2)

Multiplying (1) by ng? and (2) by n, . n, and subtracting,
we get [ [n,%n,%—(n, . n,’]=¢,0," - ga0, . 5.

o L= ‘I;"z:— oty - 1,

n®ng® - (0 « ny)¥’
—9am®—qi0; . 0y
my®ng®— (0 . 0y’

Having found !, and l,, we know the position vector
of point N on the line which is parallel to n;Xn; and
hence its equation is

r=[n,4ln,4n, X n,,

Note. Above is called paramretric equation of the

line of intersection.

n2=n,2 and nt=n,’

Similarly, I,
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We can however find the non-parametric equation of
the line as follows.

Equation of a line through a given point and parallel to a given
line.

Let r be any point on the line which passes through a
given point a and which is parallel to b. ., r—a and b are
two parallels and we know that cross product of two para-
llel vectors is zero.

L. (r=a)Xb=0 or rXb=aXb
is the required non-parametric equation of the line.

In case the line passes through origin, then putting
a=0, we get its equation as rXb=0.

In case the line is perpendicular to c and d, then
clearly it is parallel to ¢xd and hence replacing b by c¢xd
we get its equation as (r—a)X (cx d)=0.

Hence the non-parametric vector equation of the line of
intersection of two planes is

(r—a)X (ny Xny)=0 cee «ee(?)
where a=[n,+ln, and [}, [, have values found above.

It may be observed here asin Note 162 that the non-
parametric form of the equation of line can be easily
deduced from the corresponding parametric form

r=a+t b. [§ 6 P. 47]

Multiply both sides vectorially by b.

S, tXb=axb4tbXb=aXb,

s (t=a)xb=0 is the required equation.

Ex. 5. (a) Find the equation of the line of intersection of the
planes ¢ . (3i~j+k)=1ard 1. (i+4j-2k)=2. (Agra 45)
The line of intersection is clearly parallel to n, X ng,

i.e. (3i=j+k) X (i+4j = 2k),
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ie. @=4) i+[1—-(=6)] j+[12~(=1)] k

or -2i4+7j+13k.
In order to find the line we must know a point en it.
Let a be the foot of the perpendicular from origin on it;

then since it is expressible as a linear combination of n, and
n,, let a=! (3i—-j+k)+I, (i+4j~2k).

Now a lies on both the planes.
[h Bi=j+k)+1; (i+4i—-2k)]. Bi=j+k)=1
and [l Bi-j+k)+ly (+4j-2K)] . (i+4j—2K) =2,
s 11 -8,=1 and —8L+21,=2.
Solving the above two, we get

25

l,=gl and lz=2§5.

222

Having found the point and direction, the equation of
the line is given by t=a+t b,

i.e. =

222 ( H-k)+22 5 (i44j - 2k) +# (21+7j+13Kk)
or =5}y (1061 +73j - 23k)+¢ (=2i+ 7j+13k).

Above is the parametric equation of the line.
Again in order to find the non-parametric equation of
the line,
(r—a)X(n; X ny)=0 [Bottom P, 167]
or £ X (—2i+7j+13k)="5i x 6j4-4k.

Ex. 5. (b) Prove that the plane through the point
(=1, =1, = 1) and containing the line of the planes

r.(i+3j-k)=0%nd ¢ . (j+2k)=0
is . (i42j-3k)=0.
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§ 9. Perpendicular distance of a point from a given
line, (Agra 49)
Let the given line be Ce

A
r=a+tb passing through

the point A and parallel to

. [2) .
unit vector b. We are to N 7 7

find the perpendicular dis- Fz'ngo 85

tance of any point C whose position vector is ¢ from this
- -5 o

line i.e. CN. Clearly CA=04-0C=a—c and C42=(a-c)...(l)
because square of vector is square of its module.

Also N4 is projection of C4 along unit vector b and it
is therefore equal to CA4 cos =1 . CA . cos 6.

A A
=b.(a-c); . NA=[b.(@a-c)} ... ...(d

A
o CN2=(C4 -~ NA?=(a—c)?~[b.(a-0)]?

from (1) and (2).

e s T Y=

Also CN=CA4+AN=CA-NA
A A
=@-c)=[b.(a=c)]b
A
b

because NA=b .(a—c) and it being in the direction of b,

= A A
s NA=[b, (a=¢)] b.
Incase b be nota unit vector then we shall replace

[l; by bjb where b is the module of b.
Ex. 6. Find the perpendicular distance of a corner of a unit
cube_from a diagonal not passing through it.  (Agra 33, 41, 56)
Since the cube is a unit cube, let the vectors determined
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by conterminous edges 04, 0B and OC be i, jand k respec-

-
tively so that the diagonal OP is b=i+ j+k which passes

through origin.

c
F / ] o
P
. M .
8 £
Fig. No.86

i+j+k
Yl

A unit vector in this direction is

1f CM be perpendicular from C i. e. k on OP, then

OM=projection of OC on OP

e d
=k . unit vector along OP
o ititk 1

L] V3 — v3 .

- -
Also OC=k; .. O0C=|0C| =1.

5 CM=0C*-O0M*=1-}=% . CM=Vi=1V6.

§ 10. To find the condition that any two given lines

may be coplanar i, e. they may intersect.
Let the given lines be 3,
r=a;+tb; A
and r=ag+sb,

i. e, passing through a,, a,
and parallel to b; and b,
(¢

respectively.  In case A
they intersect, then their Fig.No.87
common plane should be

é
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parallel to a, - a,, b; and b, i. e. these three vectors should
be coplanar, the condition for which is that
(a3 —ay) « (b X by)=0 [Cor. 1 P. 137]
or a; . (by X by)=a, . (b; X by)
or [a;b,bg]=[a;b;b,) vee eee o)
is the required condition.
The plane through the coplanar lines.

In case the given lines intersect, then condition (1)
holds good and in order to find the equation of the plane
through them, we write the equation of the plane through
the point a, and parallel to b, and b, Since plane is
parallel to b; and b, it is perpendicular to b;x b, which is
perpendicular to £—a,, any line in the plane.

*» dot product of two perpendicular vectors is zero,

S (£—a)) « (b Xby)=0
or * £.(b; X by)=a, . (b; X b,)
or [£b,b,]=[a,b,b,] N ¢4

Above is the required equation of the plane and it
will pass through the point ag if [agb,bs]=(a;b,b,] which
we know is true by virtue of (2). Hence (%) represents the
required plane.

Note :—By considering the plane through a; we could
also write its equation as

' [1byby)=(a,b,b,].

Corresponding cartesian form.

[See author’s Solid Geometry P. 125]

Letin terms of any three non-coplanar unit vectors
i,j, k along the axes,

a=xi+yj+2k and by=li+mj+nk,
ag=1xgi 7 + 2,k and by=Ulyi+myj+nsk
so that the two lines are r=a;+¢b; and r=2a;+¢b,.
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Taking the corresponding cartesian form  where
r=xi+yj+zk, we get their equations as (Cor. 3 P, 48)

X=X _Imh_2=% g XX I 270
ll ml ny lz my ny

The condition for coplanar lines is
(a;=ay) « (by X by)=0
where  a;=a,=(x;— &) i+ ()=, j+ (21~ 2 k.
The above condition means that

L

Ly

[ijk]40 but equal to 1, .,

my

my

X1=%Xy N~ Z—2 [ijk]=0

ny

ny

[Cor. 4 P. 138]

the required condition is

] Tm% =0 -z (=0
Iy m n

Also the equation of the plane containing them is

(f— al) . (bl X b2)=0 or (l'- aﬁ) . (bl X b2)=0
or X=Xy Y= 2=y |=0
Iy my n
12 my na g)onu'llj } i
or ¥=% J=0s 2=% |=0. aal N Sreehant:.
Loom om M.Sc.(Maths) 0.U.
ly my Ng

§ 11. Shortest distance between two non-intersect-

ing lines, (Agra 37, 39, 42, 52)
Let the equations of the lines be
r=a;+tb; and r=a,4 sb,.
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Let PP, be the shortest /'1, P
distance between the given
lines. Since PP, is perpendi-
cular to both b, and b, itis B

parallel to b;xb,=n say Az Fiq.No 88
whose module is .

Let A, i.. a, and 4, i a, be any two points on the
given lines respectively, then shortest distance is the projec-
tion of 4,4; on P,P,, i.e. projection of a; —a; on n

_(A1=3).n_(3-3y) . (b;XDy)
- n T | bixb, |

Thus in order to find the S. D. between two non-
intersecting lines parallel respectively to b; and b,, you
should find a point on each of the lines; then find thé pro-
jection of the line joining these points on by X b,

Equation of the shortest distance.

The equation of the shortest distance is the line of
intersection of the planes through the given lines and the
shortest distance.

The plane containing r=a,+¢b; and S. D. which is
paralle] to by X b, is
(=2, . [by X (b, Xby)]=0. [§2III P. 164]
The plane containing r=a,+4sb, and S. D. is
(r—a,) . [byX (b, X b,)]=0. [§ 2 III P. 164].
Note. Incase the line be coplanar, then S. D. bet-
ween them is zero and as such (a; —a,) . (b; X by)=0
or a;.(b;Xby)=2a,.(b;Xb,)=0 or [a,b,b,]=[a,b,b,]
as found in § 10.

Corresponding cartesian form.,
Resolving in terms of unit vectors i, j and k as in § 10,
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(33__- ag) . (bl X bz)_— [_31 - ay bl bz]

S. D.is - =
| byx b, | | P1x Db, |
or ¥i—% 1=): 2~ |T |byXb,|
A my ny
L my m e D)

(b, X by)2=5,2b,% sin? 0 =b,%,% cos? 6
=b12b2’—(b1 . 1)2)2
=(ly2+ m 2+ n )P +me® + n®) = (Lilp + mymg + nymy)?®
=2 (myny —myn, 2.
So | biX by | = V[Z(mng—myny)®).
Alternative. by X by=({;i+m;j+ n;K) X (Lgi+ myj 4 n5k)
=(myny —myny) i-+(nyly — noly) j
+(my = Iymy) k.
o | by X by | =V[Zmyny —many)?).
On putting for | byXb, | in (1), we get S. D.
The equation of the S. D. is the line of intersection of
planes.

(f"’al) . [bl X (bl X bs)=0

i.e. [t—al bl bIXb2J=U

and [r-a, by b;Xb,]=0,

i.e. X —xl J"'.yl Z_Zl "'——'—0
Iy m n

myng—mgny Myly —ngly Lymy—Ilym,
and XXy =D z2-z¢ =0,

12 ma "2

myng—mgny nyly—ngly lymy—1ymy
Ex. 7. The shortest distances between a diagonal of a rect-
angular parallelopiped whose sides are a, b, ¢ and the edges not
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meeting it are
_ b ab
V) VE+a) V(@55 (Agra 33, 60)
[See Author’s Solid Geometry]
Let the unit vectors along 04, OB and OC be i, j and k.

Now OA=a, OB=b and OC=c and therefore position
vectors of 4, B ani C are ai, bj and ck respectively.

Cck 5
/
/
F 5
o™ cﬁqi
B&j Eal+ty
Fig.No 89

Now we have to find the shortest distance between the
diagonal EC and the edge OB which does not meet it.
- - 5 o

0OB=bj and EC=0C - OE=ck — (ai-bj).

(a—a"y . (bxb’) ,
_-.IT;B'T« where a and a’ are
points on each of the lines and b and b’ are the directions
of the lines.

Shortest distance is

a==0, a point O on OB
and a'=ck, a point C on EC.

- -
Also bXx b’=0B X EC = bj X (ck— ai- bj)
=bc jXk—-bajxi, . jxj=0
=bcitab k, °* jxk=iand iXxj=-jxi=k,
S | bxb | =V (2 +a?b?)=b\/ (a3 +c2)
. D0 G itab k)
o SPET
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—abc ac
@ V@
Similarly we can find the S. D. between other diagonals
and the edges.
Exercises
Ex. 1. Prove that the equation of the plane through the point
(1, 2, 3) and perpendicular to each of the planes
v (i4+j4+k)=3 and r . (2i+3j+4Kk)=0 is r . (i+6j+5k)=28.

If n be the normal to the required plane, it is perpendi-
cular to both b and ¢, the normals of other given planes, and
hence parallel to b and c. If a be the given point, then the
plane is (r=2a). (bxc)=0 [Cor. 2 P. 159]
or [tbc]=[abc).

Ex.2. Find the equation of the plane through the point
(1, 2, = 1) and perpendicular to the line of intersection of planes
r.(3i-j+k)=1 and r . (i+4j—2k)=2.

The given point is i+2j—k=a say and from
Ex. 5 P. 173 the line of intersection is parallel to
—92i47j+13k=n say and it being perpendicular to the
plane its equation is given by (r—a) . n=0.

Ans, r.(2i-Tj+13k)=1.

Ex. 3. Find the line of intersection of the planes
r.(i43j-k)=0 and t.(j+2k)=0 and hence find the equation
of the plane containing the above line and through the point
(-1, -1, - 1),

The line of intersection is parallel to

(i+3j—k) X (j+2k)=Ti-2j+k
since both the planes pass through origin, and hence the
line also passes through origin. The plane also passes
through (-1, =1, =1),i.e. =i=j=k,

Now use case V. P. 164.

Ans. 1, (i+2j-3k)=0.
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Ex. 4. Prove that the planes = . (2i45j43k)=0 and
£ . (i—j+4Kk)=2 intersect in the line

2 o e 76 . . -
r=- (21+51+3k)+6—£67 (i-j+4k)+¢ (23i- 51 - 7k)

and hence show that the given planes and the plane
r.(7j—-5k)+4=0
have a common line of intersetion.

Hint. Prove that the line of intersection lies in the
third plane i.e a point onit satisfies the plane and it is
perpendicular to the normal.

Ex.5. Prove that the line of intersection of the planes
r.(i+2j43k)=0 and r.(3i+2j+k)=0 is r=t (i-2j+k).
Show that the line is equally inclined to iand k and makes an
angle % sec™ 3 with . (Agra 55, 61; Utkal 53)

Angle between line and j is given by

* (1i-2j+Kk). j=abcos 0=+/(14+4+1).1.cos 8
or —2=V6cos0; .. cosf=-=2/V6.
S Cos 20=2cos20-1=2.4-1=1;
S sec20=3 or 60=% sec! 3 etc.

Ex. 6. Prove that the plane through the point a parallel to
the line t=b+tc and perpendicular to planc r.n=gq is
[tnc]=[anc].

If n,; be the normal to the plane, then it is perpendicular
to both n ard ¢ and hence parallel to nXc and therefore
the required plane is (r—a) . (n X ¢c)=0.

Ex. 7. Find the equation of the line through the point a
parallel to the plane v . n=q and perpendicular to line r=b1c.

Ans. r=a4tnXc or (rt—a)X(nxc)=0

Ex. 8. Find the equation of the plane which passes through
the line of intersection of the planes t.my=q;, t.ny=q, and is
parallel to the line of intersection of the planes

L.Ng=(g, I.N=q,
Any plane through the line of intersection of given
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planes is (fen;—g)+A (. ny—gp)=0
or fo(m4+An)=q+Aq; ... ... ...(1)

Above plane is parallel to ngXn, i.e. the line of
intersection of £ . ng=gg and r . ng=¢, and hence perpendi.
cular to normal.

S (hy4An,) . (ngXng)=0,
n; . (ngXny)=—2A {(ny « (ng X ny)}
(nynan4)
- [nynyn,]
Hence the required plane is
(r o n;—qy) [nyngn,]=(r . ny—g5) [nyngn,].
Ex. 9. (a) Find the equation of the plane whick confains two
parallel lines t=a+t b, r=c+¢ b.

Clearly plane passes through a and is parallel to a—-c
and b. [Case IL P 158]

Ans. r.{@a-c)xb}4[acb]=0.

Ex. 9. (b) Find the equation of the plane which contains the
line t=¢ a and is perpendicular to the plane containing

t=5 b snd £=k c.

The plane containing r=s b and t=kc will be per-
pendicular to bxc. The required plane being perpendi-
cular to above plane is therefore parallel to bxec. Also it
contains r=1Z a, i. ¢. it is parallel to a. Hence it is perpendi-
cular to aX(bXc). Siuce it passes through origin; hence it

or

equation is r.aX(bxc)=0.
Ex. 10. Prove that the lines
rXa=bXaand rxb=axb “(Pb. 60)

intersect, and find their point of intersection.
The first lineis (r—b)Xa=0 i.e. a line through b
and parallel to a and its parametric equation is r=b+-¢ a,
Similarly the 2nd line is t=a+4-s b.
They will intersect if [a=b, a, b]=0,
(a=b).(@axb)=0,a.(@axb)~b.(axb)=0,
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which is true as scalar triple product is zero when two
vectors are equal.

For their point of intersection we should have identical
value of r for which on comparing the coefficients of a and b
in their equations we have l=sand 1=t¢and we get the
required point as a+b.

Ex. 11. Prove that the lines

r=a+¢(bXc)and t=b+s (cxa)
will intersect if a . c=b , c,

Ex. 12. Ifa, b, c, d be the position vectors of four points

relative to an origin O, then interpret geometrically the equations
(c=d)X(@xb)=0, (c-d). (ax b)=0. (Pb. 60)

Clearly equation of plane O4B ist,(axb)=0. Also
DC is c—d. Cross product of two vecters is zero when
they are parallel.

s CD is parallel to axb which is normal to plane
04B.

Hence CD is normal to plane OA4B.

Dot product is zero when vectors are perpendicular.
Therefore CD is perpendicular to normal, i.e. it lies in the
plane OAB. or is parallel to it.

Ex. 13. Prove that the locus of a point such that the difference
of the squares of its distances from two given points is constant is
a plane perpendicular to the lines joining the points. (Agra 43)

Ex. 14, Find the equation of the straight lines through the
point a and intersecting both the lines t=c+t d and r=c'+¢' d’,

(Agra 46, 55, 61, Delhi 51)

Let the equation of the given line be

r=a+4+sb ... .. oo oal(1)

and the given lines are
t=c+td e vee se e -ou(g)

t=c'+t' d’ see soe oo ooo(3)
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Since (1) and (2) intersect, we have [b d c-a]=0
Again (1) and (3) also intersect. .. [bd’c'—a]=0
or b.{dX(c~a)}=0and b. {d'x(c’'~a)}=0.
Above relation shows that b is perpendicular to both
d X(c—a) and [d’ X (c'—a)].
» bis parallel to [dX (c—a)]X[d'x (c’—a)]
Hence required line is
r=a+k [{dx (c—a)}x {d’'x(c'-a)}).
(b) Find the straight line, through the point c, which is
parallel to the plane £ « a==0, and intersects the line r—a’=1b,
(Agra 58)
Let the line be r=c+-td passing through c.
It is parallel to r«a=0 i.e. | to normal a.
d.a=0 ... ... ... ...}
It intersects r==a’4-¢tb.
s [dba'=c]=0 or d.[bx@'-0c]=0 ...®
(1) and (2) show that d is perpendicular to both a and
bx (a"—c) and hence parallel to ax {{(bx(a’—c)}.
»~ line is r=c+k[ax {bXx (a’—c)}]
Ex. 15, Find the point of intersection of the planes
Lon=@y, feNg=@y, t.N3=0s.
where n,, Ny, Ny are three given non-coplanar vectors i.e. [0y Nyng]70.
Since n;, n,, ng are three given non-coplanar vectors,
ny X Ny, Ny X Ny, Ny X 0, are also non-coplanar Ex. 5. (2) P. 151
and we know that any vector can be expressed as a linear
combination of any three non-coplanar vectors. Let the
position vector p of the point of intersection be expressed as
p=! (n; X ng)+m (ng X ny)+n (n; X n,)
where I, m, n are to be found. Now p satisfies the equations
of the three given planes and also noting that scalar triple
product when two vectors are equal is zero.

s l(ngXng) eny=qg or Il=-—"—,

\
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Similarly m=[» 2 andn=—! Hence p is etc.

n;0,0;] [ 102 a]
Ex. 16. A variable plane is at a constant distance p from

the origin and meets the axes in A, B and C. Through A, B and
C planes are drawn parallel to the coordinate planes. Prove that
the locus of their point of intersection is given by
—2+},—2+z—2_p-—2
[See Author’s Solid Geometry, Q. 7 (b) P. 61}
Let the equation to the plane be

q

r.n=q wherep—-—; e ean(D)
and let n be nyi+ nyj+ngk.
S ni=nl4n24ng? N ¢4
. Its intercept on the axis of x is
9 _‘___*_‘J_h q
i. . (myitng)+ngk) my

s A=17 i similarly B= 7 jand c=1 k.
n ; ng ng

Now any plane through 4, i.e. nq, i and paralle! to jk
1

plane whose normal will be along i is given by
(t—a)en=0 or r.n=a.n

9.

.

or r.i-——--g—fi.i or r.i=-
ny 7

Similarly planes through B, parallel to k-i-plane and
plane through C parallel to i-j-plane are
tti-—-—‘q‘, ) Y k-":““".
g ng
Now if %, , z be the coordinates of the point of inter-
section then xi4yj+zk will satisfy the above three planes.
s (xn+Ji+zk) R T
I h 1‘ 1 "1

Ve e
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Similarly y——~, 2= q .

g
x-=+y-=+z—z=¥‘1”.+ ";:ff"s;;lsz-z from (1).

Ex. 17. A wvariable plane is at a constant distance p from
the origin and meets the axesin A, B and C. Show that the locus
of the centroid of the tetrahedron OABC is x4y 2+ 2= 16p=2.

[See Author’s Solid Geometry, Q. 7 (a) P. 60}

If x, », 2 be the centroid, then

syibck= | [ it ]+l k0]
+ Ln ng ng

Equating i, j, k, etc. we get x, 3, and 2 etc.

Ex. 18. Find the locus of a point which is equidistant from
the three planes

f.n==¢q), T .Np=¢,, r.Nn3=q; (Lucknow 51)
g,-r N _a=f-Dy_03=f.Ng
g ng

Ex. 19. OA OB and OC are three mutually perpendicular
lines; p is the length of the perpendicular from O to the plane ABC;
show that p~2=a=2+b-24-c"* and the area of the triangle ABC
s 4V (b2 +cPa?+-a%b?), a, b, ¢ being the lengths of OA, OB and
ocC.

Equation of the plane through a, b, ¢ is

r . n=[abc] where n=bxc+cxataxb
and its module being twice the area of the triangle whose
vertices are &, b and ¢ and perpendicular from O is
[abc]
a1

Ans.

Here a=gai, b=bj and c=ck etc.

Ex. 20. Prove that the four points 4i+5j+k, —j-k,
3149+ 4k and —i4j+k are coplanar.

Find a-=d, b-d, c-d and prove that their scalar
triple product is zero. t
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Ex. 21. Prove that the perpendicular distance of a point d
from the plane through the points a, b and c is

[abc]—[abd]4[{acd]-[bcd]-+(bX c4cXa4aXDb)

Volume of tetrahedron whose vertices are a, b, ¢, d is
% [(abc) - (abd)+(acd) - (bcd)]=4 area of A through a, b, c
X perpendicular distance of the point d from the plane
through a, b, c=3% .3 (bxXc+cxataxb)xp.

».  p=as given etc.

Ex. 22. Prove that the shortest distance between opposite
edges of a regular letrahedron 1is equal to half the diagonal of the
square described on an edge. (Agra 50, 59)

We know that a regular tetrahedron can be inscribed
in a cube.

. C

M
71N
AN N
/I AN
/ > S
// K \\ S
L / NN
7 P - N
// 71D I PN
’ ENRN
, z =
/ 9 DA
/ z° P
/ J d -
, J? __-r
/ 7 _—”
t 7~ -
17 -
<
8 N
Fig No 97

Let the unit vectors along 04, OB, OC be i, jand k

-
respectively. . OD=i+j+k. BACD is the regular tetra-
hedron and we are to find the shortest distance between
pair of opposite edges say BC and 4D.

- -5 -

BC=0C-0B=k-j

- - o
and AD=0D =04=(i+j+k)-i=j+k,
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- -
o BCXAD=(k—j)X (k+j)=kXj—jXke= =02i,

- -

Module of BCX AD= | -2i | =2.

Now B is any point on BC and 4

- o> -

s AB=0B-0A=j-i.
Required shortest distance is the

a point on 4D.

projection of 4B on

- - -

- -
pCx4D. » SD.=A22BCXAD) gy p, 178)
[ BCXAD |
0-9. -2
Now AB=|j-i| =V2

.~ diagonal of the square with one side 4B

=V(@2+2)=2.

S S.D.=1=£=1}. the diagonal of square.

Alternative Method.

Let OABC be the regular
tetrahedron and O be the origin
of vectors with a, b, ¢ the position
vectors of 4, B, and C. The two
opposite edgs are 04 and BC.

The equations of these are

r=ta and t=(1-s) b4sc

=b<4s (c-b),
The S.D. between them is
_aX(c-b).b
= Taxe-b)|
aX(c—-b).b
“Taxc—axb|

0

FANY
N7

B

T § |
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axc=24, OAC . n, where n, is the unit vector per-
pendicular to the AOAC.

aXb=24, OAB . n, where n, is the unit vector per-
pendicular to the AOAB.

Module of aX ¢c~a X b=module of QA,Q,—- '24,,:/1\2
=V[442 (n2+n,2-2n, . n,)],
as 4,=4, being areas of the faces of the regular tetrahedron
=V[44® (14+1-2 cos 0)

where 6 is the angle between the two faces and hence
cos 0=14.

= module ofaxe—-axb=\/(842.§)=‘i—f3 SN 124
abc 6V 6V
Hence 1’—[34_]=4 rEnr [from ()]
V3 3 4
6 a*V?2 l_ a. . __‘fy:)‘
U192 et —\/2’ ° 19
1
p=05e eV Vidta)

i.e. half the diagonal of the square described on an edge.

Ex. 23. Prove that the S. D. between pairs of opposite edges
of an isosceles tetrahedron lie along the join of their mid. points and
that the three S.D.’s are perpendicular,

Take one vertex as 0
origin O and the position
vectors of the other be a, p
b and c respectively.
- -
OA=a, BC=c-b, A

= bt+c a
r="3%- 5 4

btc-a Fig.No. 10!
== 5 . g B

199
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If PQ is S. D. between OA and BC then PQ should be
perpendicular to both 04 and BC and it will be so if
3 (b4c-a),a=0 and } (b4c-a). (c-b)=0
or if a.b+4a,c=a? B ¢ )
and ct—b?=a,.c-a.b ver see s
Since the tetrahedron is isosceles, we have
OA=BC, AB=CO0, CA=0B

or a’=(c-b)? or a’=b2}c?-2b.c

or 2b, c=(b%4c?-a? ... ... ...(9)
Similarly 2 .a=(c?+4a%-b? ... ... ...(4)

and %a ., b=(at+4+-bi~c? BN )

Adding (4) and (5), we get (1) and subtracting (4) and
(5) we get (2).

Hence PQ is S. D. between 04 and BC.

Similarly we can prove for other pairs of opposite
edges. The three S. D.’s lie along

b+4c-a,c4a-b,a4+b-c
and these will be perpendicular if
(b4+c~—a).(c+a-b)=0 etc.
if ct=(a-b)2=0

or if 2a . b=a?4b2-c? which is true by (5).

Similarly we can prove other pairs to be perpendicular
by (3) and (4). '

§ 12, General equation of a sphere.
(Agra 35, 38, 43, 52, 60)

If C be the centre of a sphere, )
then by definition, the distance of re \
any point on the surface of the '
sphere from the centre is equal to
radius a.

Let the position vector of any

point P on the surface be r with
respect to an origin O and that of ?

Fig.No.90
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- -
the centre be ¢, i.e. OP=r and OC =c ; then
- 5 -

CP=0P-0C=t~-c.
-
Now module of CP=radius=a and we know that
square of a vector is square of its module.
S (r—cP=a?

or 2=2r.ctcF-a=0 ... ... ...D
o Cz=6’.

We may for the sake of convenience put ¢*—a®=Fk and

the above equation becomes
12—2r , c+k=0 N 4]
, Above isa relation between the position vector of any
point on the surface of the sphere and is called the equation

of the sphere.

Corresponding cartesian form.

If P be the point (%, 9, 2) and C (¢4, ¢3, 3), then resolving

in terms of unit vectors i, j and k,
-
OP=r=xi+)»j+zk
-
and OC=c=cyi+cj+c5k.
-
. CP=t—c=(x—cy) i+()=6) j+(2~c3) k.

Squaring both sides, we get

-
=(x =0 +(y =+ 2~y o | CP|t=a?
which is the well known cartesian equation of the sphere

whose centre is at (¢, ¢g, ¢3) and radius is a.

Particular case,
1. In case the origin of vectors lies on the sphere,
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-
In this case the module of OC will be equal to radius
i.e. c¢==a and hence from (1), we get the equation of the
sphere as

2=2t.c=0 ... ... e .e.(3)

e k= -at=at=qa%=0.

Polar form. r2=r%and r. c=rc cos 8=ra cos @
S (3 gives 1*=2racos =0 or r=2acosf is the

required polar form.
Cartesian form,

Putting the values of rand c in terms of unit vectors
i, 1, k, we get from (3),
(*i4pj+2k)?=2 (xi4pj+2K) . (i+4cj4c5k)
or X242 422 =2 (2403 7+ ¢32)
which represents a sphere whose centre is at (¢;, ¢, ¢5) and
which passes through origin.

2. If the centre is at the origin.

In this case O is at the point C and hence clearly the
equation of the sphere takes the form r2=a?,
or (t=a). (t4a)=0... ... ... ...(4)
B I T P
AP=0P-—OA=I—-II,
> -5 -
BP=0P—-(0B=t+a.
** positon vector of Bis —a, B8
-> = @

AP , BP=(t—a) . (t4+a)=0
and we know that if dot product of
two vectors be zero, then they are Fig.No- 91

perpendicular. Thus 4P is perpendicular to BP, showing that
diameter of a sphere subtends a right angle at the sur face.
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General Method for above propetrty. (Agra 52)
Let the equation of the sphere be
2= 9 . c+hk=0 where k=c*=a? ... ...(5)

- -
If CA=a, then CB=—a,
- = -

. 04=0C+CA=c+a,

LN ]
- > -

OB=0C+CB=c-a.

Above gives us the posi-
tion vectors of 4 and B.

If r be the position vcctor of any point P on the circum-

ference, then

T
AP=0P-0A=1~-(c+a)

- - -

and BP=0P-0B=1-(c~a),
> -
Now AP  BP=(t—c—a). (t—c+a)
or (r—c)2—a% or 1?=9r.cHc?—a?
or £2—9r . c+k which is zero by (5).

Hence AP is perpendicular to BP, showing that a dia-
meter subtends a right angle at the circumference,

Cor. 1. Equation of a sphere on the join of two
given points as diameter. (Benaras 48, 54)
If g and h be the position vectors of the extremities G
and H of any diameter and P any point on the surface
whose position vector isr, then LGPH=m[2, i.e. GPis

perpendicular to HP,
- -
~ dot product of GP and GH is zero
i.e (r—g)« (t=h)=0,
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Above represents the required equation of the sphere.
§ 13. Points of intersection of a line and a sphere.

Let the equation of T

the sphere be
F (1)=1*~2¢ s c+k=0
(1)
where k=¢?—a2 P
Let the line pass
through the point P

Eig N,
whose position vector is ¢g No 93
A
p and be a parallel to unit vector q, so that its equation is
A

t=p+iq... ...(2) [§6,P.46]
¢t will stand for the distance of the point P from any
point on the line.

In order to find the points of intersection we have to
eliminate r between (1) and (2) and noting that square of a
unit vector is unity, we get, on putting the value of r from

(2)in (1),

A
(p+1 ‘])“ (p+:q). c+k=0

A A
or 2492 q.p+p*-2psc—-2q.c+k=0
A
or 2429 . (p—c) t+(p®—=2p « c+k)=0
A
or 2429 . (p-c)t+F (p)=0... ... ...(3

Above being a quadratic in ¢ shows that every line
cuts the surface of sphere in two points which will be real if

A
[q«(p=C) > F(p),i.e B® > 44C.
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If Q and R are the points of intersection, then the roots
of the above equation (3) will be the values of distances of
P from Q and R, i.e. PQ and PR.

~ PQ . PR=Product of roots=F (p).

Above result dces not depend upon the direction of

lines as it is independent of q showing thereby
PQ . PR=F (p) for all lines drawn in any direction through
the point P to cut the surface of the sphere.

Cor. 2, Square of tangent from any point.

In case Q and R coincide atany point T, then PQR
becomes tangent line PT and both PQ and PR become PT.

PT .PT=F (p) or PT?=F (p).

Thus square of the tangent from any point to the surface of a
sphere is obtained by substituting that point in the equation of the
sphere, which is a result that is identical with the correspending
result of coordinate geometry.

Cor. 3. Tangent plane at a given point, [Refer
Author’s Coordinate Solid Geometry.) The same procedure is adopt-
ed for finding tangent planes at any point to a conicoid.

Now let us choose that the point P is on the surface of
the sphere so that F (p)=0 and then one root of (3) will be
zero as PQ will be zero in this case.  If the line through P
is to be a tangent line then the other root of (3) should also
be zero, the condition for which is

A
q . (p-c)=0 from (3) N (-]

Now q being the direction of line which is now a tan-
gent line and p-cis the vector joining the centre to the
point P and since their dot product is zero we conclude that
tangent line is perpendicular to the radius through that
point.
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All such tangent lines will lie in a plane whose equa-

A
tion is obtained by eliminating q between (2) and (4) (in solid
geometry by eliminating I, m, n, i.e. direction cosines) and
we get the equation of the tangent plane as
(£=p) « (p—c)=0. cee eee(D)

Above equation clearly represents a plane through the
point p whose normal is p~c 1i.e. the line joining the centre
and the point of contact.

Now we know that F (p)=0 and hence the equation (5)
remains unchanged if we add F (p) in L. H. S. Thus the
tangent plane becomes ‘

(r=p).(p=c)+F (p)=0
or r.p-pi-r.c+p.ct+p’-2p.c+k=0
or f:p-(t+p). c+k=0 cee oea(6)

Above is the equation of the tangent plane at p.

Rule. In the equation of the sphere replace £ by t . ¢ and
change one of the £'s by the given point p and replace 2t by 41 and

change one of the £'s by the given point p and this rule is identical
with the corresponding rule of coordinate geometry,

Cor. 4. Condition for any plane to be a tangent plane.
We have seen that tangent plane at any point is per-
pendicular to the radius through that point and as such if

any plane is a tangent plane then its perpendicular distance
from the centre should be equal to radius.

Let the plane be r.n=g and c be the centre and a the
radius.

. (g:nig)"“" [§ 5 P. 166]
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Ex. 1. Find the coordinates of the centre of the sphere
inscribed in the tetrahedron bounded by the planes
£.i=0,r.j=0, r.k=0and r.(i+j+k)=a.
Also write down the equation of the sphere, (Benaras 53)
Let (%, 9, 2) be the coordinates of the centre so that the
position vector of the point is xi+yj+zk.
Since the given planes are all tangent planes, therefore,
perpendiculars from the centre to all the planes are equal.
0- (x1+)’]+;vk) . 1 0- (xiﬂi_tékl. j
i 7 il
0—(xi+yj+2k) . k_a—(xi+yj+zk) . (i+j+k)
- Ik | - li+i+k]
*Since perpendicular distance is not —ive, we get
) _k_o=(®trt+y_,

*_JD_Z_ sy
1117 s ay)
A x=k, y.—_:k’ Z=k and a - (]C+k+k)=\/3k
or a=Fk (V3+3)
__a a(3-V3) _ a , ¢
or k——g:-{_—‘_\—/:_j 9 d = - (3— \/3)-

S A=y=2= g» (‘3- '\/3)= radius.

Hence on putting the values of %, y and z the position
vector of the centre is

& B= V3 A+i+h.
Hence the equation of the sphere is (r~c)*=2a2
[ 6-vau+itn]=[4 6-va].

(b) Prove that the equation of the sphere circumscribing the
tetrahedron of part (a) is t. {t—a (i+j+k)}=0.
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Cor. 5. Condition for orthogonal intersection of two
sphetes,

In case the two spheres cut each other orthogonally,
then evidently the tangent plane to one of them at their
common point of intersection will pass through the centre
of the other. Hence the square of the distance between
their centres should be equal to sum of the squares of their
radii, i.e. if the two spheres be

-2t , ¢;+k; =0, where k;=c,%—a?

and 12— 2t . c,+ky=0, where ky=c,2~a?
then (c;—Cy)2=a,24-a,®

or 612+632—‘2c1 . cZ=C12—k1+sz-k3
or ")Cl . C2 "-=kl+k2.

Corresponding cartesian result.
Two spheres
24924224 Quy x + 20, Y+ 2w 24d, =0
and %2492+ 22+ 2uox 420, y+ 2wyz4+-dy =0
will cut one another orthogonally if
iyt + 20,05+ 2w ,wy =dy + dy,
[Refer Author’s Solid Geometry P, 213]

Ex. 2. T he sphere which cuts Fy(t)=0 and Fy(t)=0 ortho-
gonally also cuts F,(t) = AFy(r) =0 orthogonally.
(Alld. M. Sc. 1960, Agra 38, 46; Benaras 55)
Let Fyf)=12=2r . ¢4k =0 CER RN ¢ §)
Fa(r)=ts-2t -Cs+k3=0 tee ---(2)
... Fl(r)—AFz(T)-——'(ra— Qr . cl +k1)"A (tz"Qt . Ca+ks)=0
=12 (1=-2)-2r, (€1 = Ace)+ky — Aky=0

-9, ¢ —Ac, +k1 )‘kn

or -m— 1 A ‘oo oou(a)
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Let the sphere  12—2r. c4+k=0 N ()]

cut the spheres (1) and (2) orthogonally.
2 .ci=k+k. SN ()
o 2¢ e Cy=k+k, N (1))

Multiplying (6) by A and subtracting from (), we get
C;—AC, )«k2
) B
Above is evidently the condition that the sphere (4) may
cut sphere (3) orthogonally.

or 2 .

§ 14. The polar plane.

Defi, The polar plane of a given point with respect to
a sphere is the locus of points the tangent planes at which
pass through the given point.
Let the equation of the sphere be
F (£)=12=2r. c4+k=0.
The tangent plane at any point p is given by
£.p—(r+p) . c+£=0.
If it passes through a given point d say, then
d.p-(d+p). c+k=0.
The locus of point P is therefore
t.d—(d+1) . c+k=0 vee wnd(D)
or it can be written as
r.(d=-0=(c.d=-k ... ... ...(2
Above equation represents a plane which is clearly
perpendicular to the line joining the centre and the given
point.
Thus the polar plane of a point is perpendicular to the line
joining the centre of the sphere to that point.
Again let the polar plane of point d cut the line joining
the centre to d in T : then CT is the perpendicular distance
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of ¢ from the polar plane of d as this line is rormal to the
polar plane.

. cr=le.d-B-c.d=-0 g-r.n

1§ 5 P. 166 e, #7012

[d-c|
~—kt_ @
="CD TCD

where D is the point whose position vector is d.
s CD.CT=da
The two points D and T arc called inverse points
with respect to the sphere.

Also it is casy to prove from (1) that if the polar plane
of a point d passes through the point e, then the polar
plane of e will pass through the point d.

§ 15. Radical plane,

The radical plane of any two given spheres is the plane which
contains all such points the squares of the tangents from which to the
given spheres are equal.

Let the two spheres be

2=t c;+k =0 N 0|
r2=2r.cCy+ky=0 D 24

Let there be a point p such that squares of the tan-
gents from it to (1) and (2) are equal.

S pP-2p . e +h=p*=2p . cy-hy=0

or 2p . (cy—C))=k; —k,.
Above shows that the point p lies on the plane
2t , (c;—cCo)=ky—~ 4y O )]

Clearly the above plane is perpendicular to ¢, —c,, t.c.
the line joining the centres.

Rule. The radical plane of two given spheres is

obtained by subtracting the equations of the spheres as can
be seen from (1), (2) and (8).
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Ex.3. The locus of a point which moves so that its
distances from two fixed points are in a constant ratio n: 1is a
sphere. Prove also that all such spheres, for different values of n,
have a common radical plane.

Let the middle point of the line joining the fixed points
4 and B be origin so that position vector of 4 is a and
of Bis —a. Let the point Pbe r.

->
s AP=r—a and BP=r+a.
S AP?=(r—a)® and BP?=(r4a)%

Also we are given that

AP n -
EI-):—_- ] or AP2%=n . BP2¢
o (r2=9r . ata?)=n (1242r . a4-a?)
or, B2 (1-n%)=2r.a.(l4n24a? (l-n?)=0
or 12-9r.a 1+n)+ a?=0.

Above equation clearly represents a sphere.
Giving n the values n; and n,, we get two spheres.

The radical plane of the above sphere is obtained by
subtracting them and is
2t.a g»l-t'hj 14n" }—0 or t.a=0
1-n? 1-n?
which is independent of 7, and n,.

Above represents the radical plane which passes
through origin which is the middle point of 4B and the
normal is along a.

Thus the radical plane bisects perpendicularly the
distance between the given points.
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Exercises
Ex. 1. Prove that the locus of a point the sum of the
squares of whose distances from a given point is consiant is a
sphere whose centre is at the centroid of the given points.

Ex. 2. Prove that the distances of two points Jrom the
centre of a given sphere are proportional to the distances of the
points each from the polar plane of the other.

For the sake of convenience let us choose the equation
of the sphere as r2=a? centre being at origin and the given
points as a, and a,, whose polar planes are

r.a;=a%and r.a,=a?etc,

Ex. 3. From any point on the surface of a sphere, straight
lines are drawn to extremities of any diameter of a concentric
sphere,  Prove that sum of the squares on these lines is constant.

(Agra 38)

Let the centre of the concentric
spheres be the point ¢ so that the
equations of the outer and inner
spheres are

=9, c+k=0... ...Q)
12=9, c+k=0... ...(9
where k;=¢%—-a,* and ky=c%-0,2...(2) FigNo.99 P

Let r, be any point on the outer

sphere so that
£,2=2r, . c+k;=0 T )

If g and h be extremities of diameter of the inner
sphere, then its equation is (r—g) . (t —h)=0
or . ?=r.(g+h)+g.h=0 ... ... ...4

Comparing (2) and (4), we get

g+h=2cand g.h=k ... ... ...(5)

- -
Now PG3+4-PH*=PG*+PH=(g—1,)*+(h—1)%



204 Vector Analysis

=g¥+h®-2r, . (g+h)+21,°

=(g+h)¥-2g . h—2r . (g4+h)421?

=4c?— 2k, - 21, . 2c49r,2

or 4¢3 = 2ky+2 (1,2 =21, . ©)

=4¢? - Ok, 42k, [from (8)]

=2 [(* = k) +(2 - k)])=2 (a2 +a,?)

=twice the sum of the squares of the
radii and hence constant.

Ex. 4. A straight line is drawn from a point O to meet a
fixed sphere in P.  In OP a point Q is taken so that OP : OQ is a
fixed ratio. Prove that the locus of Q is a sphere. (Agra 35)

Let r; be the position vector of Q on OP, so that P will
be nr;, where n is constant and this point P lies on the
sphere and hence the locus of Q i.e 1; is etc. ctc.

‘Ex. 5. A plane passes through a fixed point (a, b, c) and
cuts the axcs in A, B, C.  Prove by wvectors that the locus of the

centre of the sphere OABC is ~:+ £+ F::Z.
&
[See Author’s Solid Geometry Q. 4 (a) P. 165]

The fixed point A=ai+bj+ck and let the normal to the
plane be n=mn;i+nyj+ngk.

The equation of the plane through 4 is given by

f.n=a.n

or t o (myi+ ngj+ngk)=an, +bny+cny=q say.

If x; be the intercept on the axis of #, then #i lies on
the plane.

A xli.(n1i+n2i+nsk)=q or Xm=q oOor xl=._Z_l_

s point 4 is 73, Similarly B is 4. jand Cis Ak,
The point O is origin.
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Let the coordinates of the centre be P(x,3,2z), ie.,
xi+yj+zk.
.. OP=AP=BP=CP=radius of the sphcre 04BC

xi+yj+zk =Kx- %)i+yi+zk‘=:xi+(y— Z;)i+:k
1
-.__-lxiH-yi-l—(z— 4 k‘.
n3
Equating their modules, we get

q\2
x2+_y3+z2=a(x-— ) +y:422 etc.
n

'S q
or =2%.-- or x=--.
n? n

. _9
Similarly, 'y—‘an’ Z Ong"
e b ¢ 2 2
7+5'+'z—=—q~ (an1+bn2+cn3)= q . q=2,
Ex. 6. If any tangent plane to the sphere x2+4y4 22=d?
makes intercepts a, b, ¢ on the axes, prove by vectors that
1 1 1 1
@t pt =g
[See Q. 5 P. 182 of Author’s Solid Geometry].

The centre of the sphere is origin and radius is d and
hence its vector equation is r2=d>

.

Any plane r . n=g¢ will be a tangent plane if perpendi-
cular from centre is equal to radius

i.e., I ;Il-l—=d or ¢g=nd.
The intercepts made by the plane on the axes are
q g9 q

=, =

i-n ion ,k.n

g G L 0 o)
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[n® cos? a+n? cos? B+n* ccs? y]

**  cos? a4-cos? B4cos? y=1,

1
i

1
b

«, B, y being the angles which the normal makes with the
axes.

Ex, 7. The plane through the intersection of two spheres is
perpendicular to the line joining their centres.

Ex. 8. The mid. points of the six edges of a tetrahedron
ABCD lies on a sphere of radius t; then prove that :—

(1) Centre of the sphere is the centroid of the tetrahedron.

(i) The sum of the squares on the line joining the centre to
the vertices of the tetrahedron is 12r%

(iii)) The sum of the squares on the pairs of opposite edges
is 16r* and that these edges are A
perpertdicular.

Let the centre of the sphere
be taken as origin and the posi-
tion vector of the vertices be a,
b, ¢ and d respectively.

The mid. points of the edges
(writen in groups of opposite

edges) are F1g No.100 ¢
a+b c+d b4c a4d a+c _b~+d ’
2 "2 2 T2 27 2
t.e.PandQ i.e.Rand S zeLandM'
Since these points lie on the spherc whose centre is

origin and radius r, we have

&) -)-C3-(0) (%)

(b'*'d =, veu(l)

(1) We have to prove that centre of the Sphere is the
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a+b+c+d

centroid or we have to prove that — 1 =0 as we

have taken the centre at the origin.
Now (a+4bR=(c+d)=dr?
or (a+b+c+d).(a+b-c=d)=0

Y
or (a+b+c+d). 10P=0.
Similarly,

- -
(a+b4c4d).3SR=0 and (a4b4c4d), 1ML=0.
Above relations show that a4+ b+4c+d is perpendicular

> -
to QP, SR and ML which are the joins of the middle points

of pairs of opposite edges and are non-coplanar vectors. Now
if a vector is perpendicular to three non-coplanar vectors,
then it should be a zero vector.

s a4b+4c4d=0.
(2) Now have to prove that
0424-0B24-0C34-0D2%=12r2
or a24-b24-c24-d2=12r3,
Adding the relations in (1), we get
a+b\? 2 )
2( 5~) =6r2 or 3Za4-2Xa.b=2412 ,,.@
Now a<+b+c+d=0.
Squaring, we get Za?+422a . b=0
or —Za*=92%a . b,
S 3Zat-JXal=24r or Za®=12s2 from (2).
(3) The sum of the squares on the opposite edges is
AB*4+CD*=(b-a)4(d-c)t=2a’~2(a.b+c.d)
=12-2@.bt+c.d) .. o @)

Now from (1), (a+b) +<c+d =rigy?
or Za?42 (a . b4c.d)=8r,
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S 2(@eb4c. d)=82=Ta2=8r2= 1212= —4s2,
v ABLCD*=121— (=419 =106r",
Againa.b+4c.d=-2r2=b.c+a.d
b.@a-c)-d.(a-c)=0 or (a—c).(b-d)=0

-> o
ie CA1 DB, Hence proved.

Ex. 9. Prove that any straight line drawn from a point O
to intersect a sphere is cut harmonically by the surface and the polar
plane of O. (Agra 53, 60)

Let the equation to the sphere be r2—2r.c+k=0 and
the point O be taken as origin. Therefore any line through

A
O is r=t b where ¢ stands for the distance of any point on
it from 0. Its points of intersection with the spherc are
given by

A A
#2-2b.ct+k=0; °* bl=1, [§13 P.195]

If it meets the sphere in P and Q, then OP and OQ are
the two values of ¢ given by above

A
1,1 1,1 444 2%.c
(—)—I-)+OQ_tl+tz_ t1t2= 'k‘—.o- ..0(1)
Again polar plane of O w.r.t. the sphere is r . c=k.
(§ 14 P. 200]

A
Again if t==tb cuts this plane in R, then ¢tb.c=Fk where
t now stands for OR.

A
2 2 2b. 1 1
S PR=T=F °=——P+Oa[from (D).
1

1 1 .
~ 0P OR 0Q are in A.P.
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or OP, OR, 0OQ are in H.P.

Hence the line is cut harmonically by the surface and
the polar plane of 0.

§ 16, Volume of a tetrahedron.

Let the position vec- A
tors of the three cotermi-
nous edges 04, OB and OC
of the tetrahedron OABC be
a, b, c respectively with
respect to origin. O&gm—=-—-—-- > mmmHC

Now we know that
volume of a tetrahedron is
3 area of base OBC X height 3
of 4 from the plane of base.

-
Area of AOBC ibxc (Ex. 6, P, 128) which represents

a vector perpendicular to the plane of AOBC.

»~ volume of tetrahedron=%. ({bXc).a
=% (bxc).a=} [abcl.

Again we know from § 5, P. 130 that the volume of a
parallelopiped whose three coterminous edges area, b, ¢
is [abc).

s volume of tetrahedron=% volume of parallelo-
piped.

Cor. 1, Volume of tetrahedron in terms of position vectors
of the four vertices, neither of which is at origin.

We have seen that when one of the vertices is at the
origin, the volume of the tetrahedron is
% [abc]=3a . (bXc)

e
=304 .(0Bx0C).

Let the position vectors of the four points 4, B, C and
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O be a, b, ¢ and d with respect to any origin O'.
(Agra 39, 51)

- - -
s 04=0'4-0'0=a-d.

- -
Similarly OB=b-d and OC=c-d.
» volume of tetrahedron
=%.[a-d,b-d, c-d]
=%.(@a—-d).[(b-d)X(c—d)).
V=%[a-d). {bXc—-dXc—bxd}], ° dxd=0
=¢[a.(bXc)-a.(dXc)—a.(bxd)-d. (bxc)]
Scalar triple product is zero when two vectors are
equal. (Cor. 2, P, 137)
=% {{abc]-[abd]4-[acd]-[bcd]}.
v =a.(dxec)=a.(cxd)=[acd]

+ Rule :—The above form is quite convenient to remem-
ber ; i.e. write a,b,c,d and strike one letter from the
end and then the next and soon. Then form the scalar
triple product of the three vectors thusleft and connect
them with alternately +ive and —ive signs.

Cor. 2. Condition for any four points to be coplanar,

In case the four points are coplanar, then the volume
of the tetrahedron should be zero or otherwise a—~d, b-d,
c—-d are coplanar, ie [a—d,b-d,c~d]=0 which when
expanded reduces to

[abc]—[abd]4-[acd]~[bcd]=0.

Cor. 3. Volume of tetrahedron in terms of the
coordinates of the vertices. (Agra 48)

Let (%, ¥, 2,), where r=1, 2, 3, 4 be the coordinates of
the four vertices of the tetrahedron so that the position
vectors of the four points in terms of unit vectors 1, j and k
are a=x,i+7j+2k etc,

d=xd+2j+ 2k,
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so that a—d=(x—%,) iX (-2 j+(z,-25) k.
Now the volume of the tetrahedron is
%la-d, b-d,c-d]
or V=3%| %-% 3= z1—2; |[Cor. 4 P, 138]

X3 — Xy Ja2—Ja Re—2y

X3 — Xy Js—Ja R3=—24
The value of this determinant remains unchanged if we
make it of fourth order by adding one row of 1, %y, 54, 24 and
one column of 1, 0, 0, 0 as shown below

-'- V=% l xl J'4 z!
0 X=Xy N—=Isr U-Z%
0 Xg=X1 Je—Js R2—Za

0 Xg—Xg J3—Js R3—24

Adding the elements of 1st row to 2nd, 38rd and 4th
rows, we get

V=3 Xy Js 2

1

1 X1 N1 R1
1 X2 Js g
1

3  Js 4]
Exercise

Ex. 1. Prove that the volume of a tetrahedron bounded by the
Sour planes t . (mj4nk)=0, ¢ . (nk+1i)=0, £ . (li4+mj)=0 and
. p— . 2pa
£. (li+mj4nk)=p is St
[Q: 7 P. 80 of Author’s Solid Geometry]
(Agra 39, 45, 59; Benaras 54; Lucknow 52)
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Let us find the points of intersection of the four planes
taken three at a time. The cartesian equations of the
planes are () my+nz=0, (i) nz+lx=0, (i) lx4my=
and (iv) lx4my+nz=p.

Clearly the first three intersect at origin. Now let us
find the point of intersection of (i), (i) and (iv). Let it
be (%, 9,2) so that the position vector of this point is
*i+3j+zk (say).

Adding (i) and (ii), we get

lx+my+nz=0
or p+nz=0 [from (iv)}; = z==pln.
s my=p or y=plm [from (i)]
and Ix=p or x=pll [from (ii)].

!’ 1’-1)

Hence 1+ Z- j— 2 k=c (say).

’ Similarly points of intersection of (i), (iii), (iv) and (ii)
(111), (iv) arc

p. b D
7 j— . l+',{ k=Db (say)
and ZitL i1t x=a (say)

Now the volume of a tetrahedron whose one vertex is
at the origin is § [abc]

=3 —pl pm  pn | p]-1 1 1

= 6lmn!
it —plm  pln 1 -1 1
Pl pim —=pln [1 1 -1 |
4 P2 P

(= LA=D=1(=1=D+1A+D}=¢ =5

Ex. 2. Prove the following formula for the volume V of a
tetrahedron in terms of lengths of three concurrent edges and their
mutual inclinations,  [Refer Author’s Solid Geometry P, 75]
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V,‘,_azbzﬁi 1 cos ¢ cos P
T 36

' cos ¢ 1 cos 6

cos ¢ cos 6 1

(Agra 57, Luck. 55)
Lct the three concurent edges concur at origin O and
the position vectors of the other vertices 4, B, C be
a=xitnjtzk, b=xit+rnjtek, c=xityj+zk
0A2=x2 4 y,2 42,2 =0a? OB2=2X'x,2, OC?=2Ix,3,
Again a . b=x,%+9, 7+ 212,=ab cos ¢
b . c=Xx,x3=bc cos 6,
C . a=Xxg%,=ca cos .

V=35 labc]=5| x N 4]
X D2 22

X3 Js 23

S V=gl % N 21 |X| % N z
X9 2 Ra X Y2 Ra
X3 Js X3 %3 Js 4

=3%| 2Zx,? Zx,xq Zxy%q

Zxixy  Zxg? Zxy%g

Zxixg DXy Zxg?

=y a? ab cos ¢ ac cos P

ab cos ¢ b be cos 6

accosy becos @ c
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_abe a bcos ¢ ¢ cos ¢
~86
acos ¢ b ccos 0
acos P bcos 6 c
a®b%? 1 cos¢$  cosy
=86
cos ¢ 1 cos @
cos P cos 8 1

Ex. 3. G,, Gy, Ggare the centroids of the triangular faces
OBC, OCA, OAB of a tetrahedron OAEC, ~ Prove that the volume
of the tetrahedron OABC is to the volume of the parallelopiped
constructed with OG,, 0G, and OG; as coterminous edges as 9 : 4.

Ex. 4. Prove that each of the four faces of a terahedron
subtends the same volume at the centroid.

Let G the centroid of a, b, c and d be taken as origin.
oo a+b+¢+d=0 cee con . .(1)
Volume of tetrahedron GABC, G being origin=4 [abc].
Volume of tetrahedron GBCD =% [bed]
=%b . (cXd)=%b . {cX(—a-Db-c)} from (1)
=3b.,{-cXa—cXxb}=~1b.(cxa)
=3b.(cxa)=0
=4 [abc).
Ex. 5. In tetrahedron OABC prove that the volumeV is
given by the formule % AB. OC . p sin 0 where p is the shortest
distance between AB and OC.

From the figure we observe

-
that 4B is parallel to b—a and OC
is parallel to c.

~. shortest distance is paral-
lel to (b—-2a)Xc,

Also a is a pointon 04 and ¢
is a point on OC.

s shortest distance is projec-
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tion of a—-c on (b~a)Xc. ' [§ 11 P, 177)
If p be the shortest distance, then
_(a=c).[(b-a)xc]
P T B-axe]
(a-c). (bXc—-axXc)
= AB.OC sind
a.(bxc)
=AB.0Csmo’
scalar triple product vanishes when two vectors are

equal.
. fabc] .
“ P=ABTOCsmo’
s V=1%[abc]=%4B.0C.psin 6.

Ex. 6. Show that the volume of a pyramid of which the
vertex is a given point (%, y, 2) and the base a triangle formed by
joining the points (a, 0, 0), (0, b, 0) and (0, 0, c) in rectangular
coordinates is

rape| Folp 21
dabe [ s T5t7 1] (Agra 47)
We know that a triangular pyramid is a tetrahedron.

In terms of the unit vectors the given points are ai, bj, ck
and xi4yj+zk, say vectors 4, B, C and D.

V=%|A4-D B—D C-D| [Cor 1P, 188]
A-D=(a—x) i-)yj—2zk,
B=D=—xi+(b-)) j—zk,
C-D=—xi—-yj+(c=2) k;

A V=%- a—-X =) -2

-x b=y =z

-2 -) =2
=3abc| l=xja =yb =zlc |.

—%a 1=)b =2z
-%la  -yb 1=z
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Adding column nos. 1, 2, and 3, we get

V=%abc (1- x|a—yb-zJc)

=34 abc (1- xla—y[b—zJc)

=3 abc (1—-x/a—y[b-2z[c)

=4abc (xla+3[b+zjc—1).
Ex.7. G 1is the centroid

1
1

1
1

0
0

=Ib =zl
1-y/b =2zfc
—yb 1=z
=Jlb -zl
1 0
0 1

(by R2 - Rl and Ra - Rl)

of the tetrahedron OABC ;

O'A'B'C’ is another tetrahedron such that 00', AA’, BB’ and CC’
are all bisected at G ; show that G is also the centroid of the

tetrahedron O'A'B'C’,
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1. Find the vector equation of a straight line passing
through two given points. Prove by vectorial methods that
the following are concurent :—

(a) the bisectors of the angles of a triangle ; and (b) the
medians of a triangle.

(a) Cor.2P. 48, (b) Ex. 1 P. 52, Ex. 2 P. 53,

2. (a) Find the vector equation of a sphere.

(b) (i) Show that any diameter of a sphere subtends a
right angle at a point on the surface.

(i) Prove that if a point is equidistant from the
vertices of a right-angled triangle, its join to the middle
point of the hypetenuse is perpendicular to the plane of the
triangle.

(a) § 12 P, 191,

(b) (i) See general method P. x94. (ii)Q. xx (b) P, 111.

3. (a) Obtain the equation of a straight line perpend'-
cular to two non-intersecting lines.

(b) Prove that the locus of the middle points of all
straight lines terminated by two fixed non-intersecting
straight lines is a plane bisecting their common perpendi-
cular at right-angles.

(a) § 1xP.xyy.

1953

1. (@) Define ‘Centroid’. Show that the centroid is
independent of the origin of vectors.

(b) Prove that the lines joining the vertices of a tetra-

hedron to the centroids of area of the opposite faces are
concurrent,
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(a) §2P.37,§ 4P. 40.
(b) Ex. 6. P. 59.

2.(a) Ina tetrahedron, if two pairs of opposite edges
are perpendicular, prove that the third pair are also per-
pendicular to each other, and the sum of the squares on
two opposite edges is the same for each pair.

(b) Prove that any straight line drawn from a point O
to intersect a sphere is cut harmonically by the surface
and the polar plane of O.

2. (a) Ex. 1P, 104, (b) Ex. 19 P. 208,

3. Establish the following relations :—

(1) ax(Xc)+bX(cXa)+cx(axb)=0.

(i) [axbbxecxal=[abc)’
(i) (bxc).(axd)+(cxa). (bXxd)+(@axb).(cxd)=0.

(i) See bottom P. 142.

(ii) Cor. P. 146.
(iii) Q. xx P. 154.

-~

1954
1. Prove the following by vector methods :(—
(a) The internal bisectors of the angles of a triangle
are concurrent,

(by ABCD is a parallelogram and O the point of
intersection of the diagonals. Show that for any origin
(not necessarily in the plane of the figure) the sum of the
position vectors of the vertices is equal to four times that
of 0.

(a) Ex.2P.53, (b)Justas Q.15 (b)P. 30,
2. Give vectorial solutions of the following :—

(a) The area of the triangle formed by joining the
middle point of one of the non-parallel sides of a trapezium
to the extremities of the opposite side is half that of the
trapezium,
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(b) Find the coordinates of the centre of the sphere
inscribed in the tetrahedron bounded by the planes
r.i=0r.j=0,r . k=0and r. (i+j+k)=a.
(a) Ex.12P.132, (b) Ex.1P. 1g8.
3. Establish the following vector relations :~—
(1) ax{bx(cxd}=b.daXxc-b,caxd.

(i) |Iman] [abc]———l' l.a 1.b l.c

m.a m.b m.c%

n.a n.b n.c
Q. 10 P, 154, (b) Ex. 2 P. 147.
1955

1. Prove the following by vector methods —:

(a) The medians of a triangle are concurrent.

(b) The four diagonals of a parallelopiped, and the
joins of the mid. points of opposite edges, are concurrent at
a common point of bisection.

() The three points whose position vectors are a, b,
“a - 2b are collinear.

(a) Ex. 1 P. 52, (b) Ex. 7 P, 61.

(c) Q. 26, (b) P. 77,

2. (@) Find by vector method, the equation of the line
of intersection of two planes.

(b) Show that the line of intersection of

r . (i42j+3k)=0 and r . (3i4-2j+k)=0
is equally inclined to i and k, and makes an angle } sec™? 3
with j.
(a) § 8 P, 171, (b) Ex, 5 P. 182.
3. (a) Prove the relation
ax{bx(ecxd}=b.daxc-b.caxd,
and hence expand
ax[bx{cx(dxe)}]
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(b) Find the equation of the straight line through the

>oint ¢, intersecting both the lines
r—-a=sband r-a’'=tb’.

(a) Q. 10 P. 154, (b) Ex. 14 P. 184.
1956
1. (a) Prove the following by vector methods :—

(i) The internal bisector of the angle 4 of a triangle
4BC divides the side BC in the ratio 4B : 4AC.

(ii) The join of the mid. points of two sides of a tri-
ingle is parallel to the third side, and of half its length.

() What is the vector equation of the straight line
hrough the points i—-2j+k and 3k—2j?

Find where the line cuts the plane through the origin
ind the points 43 and 2i+k.

(a) (i) Ex. 3 P. 57, (ii) Ex. 19 P. 72.

. (b) Q.2P.go.
2. (a) Find the equations of the planes bisecting the

ngles between the two given planes
r.n=gand r.n'=¢".

(b) Find the coordinates of the centre of the sphere
nscribed in the tetrahedron bounded by the planes
r.i=0,r.j=0,r . k=0and r . (i+j+k)=a.
(a) § 6 P. 1€g, (b) Ex. 1 P, 198.
3. (a) Prove that
(Imnjfabc]=| 1.a 1.b l.c

m.a m.b m.c

n.a n.b n.c
(b) Prove the formula
[axb, cxd. ex f]=[abd] [cef]-[abc] [def]
=[abe] [fcd]—[abf] [ecd]
=[cda] [bef] - [cdb] [aef].
(a) Ex. 2 P. 148, (b) Ex. 6 P. 153.
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1957
1. Prove the following by vector methods :—

(a) The internal bisectors of the angles of a triangle
are concurrent.

(b) The area of the triangle formed by joining the
mid. point of one of the non-parallel sides of a trapezium
to the extremities of the opposite side is half that of the
trapezium.

(a) Ex. 2P. 533 (b)Q. 12 P, 132,

2.(a) Show that any given vector r can be expressed
in terms of three given non-coplanar vectors «, 8, y in the
form

N - - -
» (TBy) at[rye] B+[raB)y
[«87] )
(b) Prove that [axb, bXc, cxXa]=[abc]? and express
the result by means of determinants.

(a) § 8 P. 143-144, (b) Cor. P. 146.

3. () Explain the terms scalar and vector products
of two vectors, giving illustrations.

(b) Prove the following formula for the volume ¥V of a
tetrahedron, in terms of the lengths of three concurrent
edges and their mutual inclinations :

Vs_a”b‘*’c’ 1 cos ¢ cos P

cos ¢ 1 cos 8

cos¥ cosf 1
(a) § 2 P. g9 and § 3 P. 118, (b) Ex. 2 P. 212,
1058
1.{(a) Define ‘centroid’. Show that the centroid is
independent of the origin of vectors.

(b) Two forces act at the corner 4 of a quadrilateral
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- -
ABCD, represented by 4B and 4D ; and two at C repre-

- -
sented by CB and CD. Show that their resultant is

-
represented by 4PQ, where P, Q are the mid. points of AC,
BD respectively.

(a) §2P.37,§4P. qo.

(b) Q.15 (a)P. 30.

2 (a) If any point O within a tetrahedron 4BCD is
joined to the vertices, and 40, BO, CO, DO are produced

to cut the opposite facesin P, Q, R, S respectively, then
show that
or

AF

(b) Prove that the three points whose position vectors
are a, b and 3a—2b are colliuear.

. (a) Ex. 1 P, 893 (b) Q. 26 (b) P. 77.

3. (@) Detine (1) the scalar, (2) the vector product of
two vectors, and give instances of their application to
mechanics.

(b) Find the straight line, through the point ¢; which
is parallel to the plane r . a=0, and ntersects the line

r-a'=th.

§ 2 P. g8 and § 3 P. 11g and see Q. 14 (b) P. 185,

1957

1. Prove bo vector method the following -—

(@) If a line be drawn parallel to the base of a triangle,
the line which joins the opposite vertex to the intersection
of the diagonals of the trapezoid thus formed bisects the
base.

(b) The points i-j+3k and 3 (i+j—- k) are equidistant
from the plane r.(5i+2j-Tk)=0, and are on oppposite
sides of it.

(a) Ex. 22 P, 52. (b) § 5 P. 2€6 and Ex. 3. (b) P. 168,

z 1.
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2. Prove that :—
BxC)xA=A .BC-A.CB,

and that the volume of the tetrahedron bounded by the
four planes

r . (mj+nk)=0, r . (nk41{)=0, .
r . (li+mj§)=0 and r . (li+mj+nk)=p
is 263(3lmn,
§ 6 P. 140, Ex. 1 P, 211.
3.(a) Prove that the shortest distance between the

two opposite edges of a regular tetrahedron is equal to
half the diagonal of the square described on an edge.

(b) Establish the vector formula :
[axpbxq cxr]+[aXqbXr cXp]
+[axr bXp cxq]=0.
(a) Ex. 22 (d) P. 188. (b) Ex. 7 P. 153.
1960
1. (@) Find the vector equation to a sphere. Prove also

that any straight line drawn from a point O to intersect

a sphere is cut harmonically by the surface and the polar
plane of O.

(b) Find the equation of the straight line through the
point d and equally inclined to the vectors a, b, ¢ in the

form
mans(34549)

and r=d+s [aili( <) +—b(—z;(' a)_-{—c (a_.)f_ll) .

(a) § x2 P. 191, Ex. 19 P. 208, (b) Ex. 4 P. 124.

2. (a) What do you understand by a system of recipro-
cal vectors ? Show that any given vector r can be expressed
in terms of three given non-coplanar vectors «, B, y in the

form
__rBy) a-+[rya] B+[raf] y
(8] )
(b) Prove that [axXb bXc cxal=[abc]® and express
the result by means of determinants.

(a) § 9 P. 144, (b) Cor. P. 145,




224 Vector Analysis

8. (a) Prove the formula
(bxc). (@axd)4(cxXa). (bxd)+@axb).(cxd)=0
and use it to show that
sin (44 B) sin (4 - B)=sin? 4 —sin® B,
(b) Prove that the shortest distances between a diago-

nal of a rectangular parallelopiped whose sides are a, b, €
and the edges not meeting it, are

be ca ab
VA Vs a Vb
(a) Ex. 11 P. 154, (b) Ex. 7 P, 180.
1961
1. Prove by vector methods the following :—
(@) If any point O within a tetrahedron ABCD is

joined to the vertices, and 40, BO, CO, DO are produced to
cut the oppcsite faces in P, Q, R, S respectively, then prove

op
(b) If through any point within a triangle, lines be drawn
parallel to the sides, show that the sum of the ratios of
these lines to their corresponding sides is 2.

Ex. 1 P. 89, Ex. 22 (b), P, 73.

2. (a) Show that the line of intersection of
r.(i+2j+2k)=0and r . (3i+2j+ k)=0
is equally inclined to i and k and makes an angle 4 sec™ 3
with j.
(b) Find by vector method, the equation to the line of
inter section of two given planes.
(a) Ex. 5 P. 182, (b)§ 8 P. 171,

3.(a) Find the equation of the straight line through
the point ¢, intersecting both the lines

r-a=sb and r—a’=tb’.
(b) Prove the formulae
[ax b, cxd, eXf]=[abe] (fcd]~[abf] [ecd]
=lcda] [bef]~-[cdb] [aef].
(a) Ex. 14 P. 184, (b) Ex. 6 P, 153.




RAJPUTANA UNIVERSITY SOLVED PAPERS

1959

1. Define scalar triple product and prove the follow-
ing :—

(@) A cyclic permutation of three vectors does not
change the value of the scalar triple product but an anti-
cyclic permutation changes the value in sign but not in
magnitude.

(b) The position of a dot and cross can be inter-
changed without changing its value.
§ 4 and 5 page 134-136.
2. If p, q, r are three vectors defined by the relation
_bxec _ cXa r___a)(b
p= (abey qm(abc)’ ~(abcy
where a, b, ¢ are vectors and the scalar triple proluct
(abe)7£40, prove that (abc) (pqr)=1 and obtain the values of
a, b and ¢ in terms of p, q and r.
§ 9 and Property 3 page 144-145.
1960

100% of the questions were set from this book.

1. (a) Show that every vector can be represented asa
linear combination of two non-collinear vectors coplanar with
the original vector.

(b) Show by the method of vectors that the stiaisht
line joining the middle points of two sides of a triangle is
parallel to the third side and is of half its length.

() § 6 page 14, (b) Ex. 19 page 72.

e e



PUNJAB UNIVERSITY SOLVED PAPERS
1960
100% of the questions were set from this book.

1. (a) The necessary and sufflicient condition for four

S>>
points with position vectors a, b, ¢,d, to be coplanar is that

there exist four scalars %, », z, ¢, not all zero, such that
- o> 5 o
% a+t y b+z e+t d=0, x+3+241=0.

(b) Show that the internal bisector of any angle of a
triangle divides the cpposite side internally in the ratio of
the sides containing the angle.

(c) Show that the external bisectors of the three plane
angles of each trihedron of a given tetrahedron are coplanar.

(a) § 10 page 86, (b) Ex. 3 page 57.

2. (a) Define the vector product of two vectors and

prove that
- = —> - >\~
(bxa ( (

(b) Find the condmon that
- =\ -
ch axb Jxc
and interpret it geometncally.
(¢) Prove that
e e o R el
bxec,cxa,axb |=|a, b,¢c, |
DD D > > > —>=>

a.b ¢c+b.c a=2.ab,

(a)§3 P. 118, § 6 P. 140, (b) Expand both sides
by (a), (c) Cor. P. 146.
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8. (a) Show that

> D) B>
a\ b+c )=a.b+ta.c.

-
(b) Find the distance of the point. a, from the plane

-> - > -
r . n=¢q measured parallel to the line r=>b4-¢ ¢.

() Show that the middle point of the hypotenuse of a
right-angled triangle is equidistant from its vertices.

(a) § 9 P. 1004 (b) Cor. P. 168, (c) Ex. 10 P. 10g.

4. (a) Show that in the scalar triple product, the dot

and cross may be interchanged without changing the result.
S>> -

(b) 1f g, b, ¢, d be four vectors, expressd as a linear

o -S>
combination of the three non-coplanar vectors g, b, ¢.

Hence prove that

A I T s
p.b p.q P’

[—)—)—)][p—)—)-)] B -
pardpadrl={qg.t 9.4 9.7}

. B T g e
r.p r.gd r.r

e e MO T
where p, ¢’ r'; p’ ¢’ 1’ are any vectors.
§ 5 P. 135, 136, (b) § 6 (iii) P. 16, (c) Ex. 2 P, 148.
5. (a) Show that the equation of the plane through two

—>—

given points 4, B with position vectors @, b and parallel to a
-

given vector ¢ is

- —>—>—>—>) >y
r.\bXc+exXa /)= a b ¢}
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(b) Show that the lines

e da A I B I g
rXa=bxa, rXb=axXb

intersect and find the point of intersection.
(c) The position vectors of four points 4, B, C, D

_ S>>
relative to any origin O are denoted by @, b, ¢, d.  Interpret

geometrically the equations

o (o-0)x(3xd)=0,
(ii) ( ) (cxd)._o

(a) Result IV page 164, (b) Ex. 10 page 183,
{c) Ex. 12 page 184.
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