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PREFACE

The study of Trigonometry at school may be divided into the
following stages:

(1) A course of Numerical Trigonometry should be taken by
every pupil to crown the usual mathematical work in
Arithmetic, Algebra and Geometry.

(ii) A course of Algebraical Trigonometry should also be taken
by all Science and Engineering pupils.

(iii) A knowledge of the elements of Complex Numbers and
Series is necessary for the serious Science and Engineering
students.

(iv) The study of Infinite Series and of trigonometrical functions
of a Complex Variable must be taken by the Mathematical
Specialists and the Physicists.

This book is divided into four parts to meet the needs of the above
studies.

The book has a very large number of exercises in all parts, and
the effort has been made to make these bear more directly than is
usual in books on Trigonometry on the pupil’s work in other branches
of Mathematics and Physics—e.g. Mechanics, Calculus, Co-ordinate
Geometry and Light. Work in three dimensions is common through-
out. All exercises are grouped under appropriate headings and
carefully graded, and there are sets of Miscellaneous Examples and
Papers for Revision. Another feature is a large number of worked
examples chosen with the special object of developing systematic
work; they should be carefully studied, especially in Part I.

‘While Part I is suitable for the beginner, the complete>book will
take a pupil well up to the standard of University Scholarship
Examinations, and leave him ready to read advanced treatises. No
attempt has been made to tackle all the difficulties in the more
advanced portions, but these have always been pointed out where
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they exist, and although much is left for the pupil to amplify, it is
hoped that there is nothing which he will have to forget.

An index is provided and answers to exercises.

We have to acknowledge the courtesy of H.M. Stationery Office,
of the Oxford and Cambridge Joint Board, of the Oxford Local
Examinations Delegacy, of the Cambridge Local Examinations
Syndicate, of the University of London for permission to include
exercises from public examination papers. Finally we have to thank
many colleagues and friends for suggestions and criticisms.

A W. 8
R. T. H.
Harrow,
May, 1928.
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CHAPTER XVII
FUNCTIONS OF COMPLEX NUMBERS

§ I. In Chapter xv complex numbers were introduced into the
Binomial Series and the Exponential Series. This chapter deals first
with the circular and hyperbolic functions of complex numbers and
then with exponential and logarithmic functions of complex numbers.

No attempt is made to produce a complete treatment, but caly to
introduce the subject, one which is full of pitfalls and difficulties.t

§2. Circular Functions of Complex Variables.

‘When a function has been defined for a limited range of values and we wish
to define it for an extended range, we usually take some property of the function
that has been proved for the limited range and try whether that will furnish us
with a definition for the extended range. (Remember how the meaning of 10* was
extended.) In such cases it is important to see that the new definition over the
extended range includes the functions for the limited range, as particular cases,

In Chap. xv, §4, we saw that, when « is real,

e npes_ B T
cosx = —-l—g-+|é—... sxnac—x—'é-i-'é

_ exp (tx)+exp (- i) _ exp (ix) —exp (—1x)

- ! h P

If 2 is a complex number, cos'z and sin z have at present no mean-
ing, but we shall take the above properties and define sin z and cos z
as follows:

Def. If z is & complex number,
. exp (iz) + exp (— 12) oxp (iz) — exp (— ¢2)

2 ! 2 ’

These forms are, of course, merely shorthand for two infinite series.

Now a,real number x is a particular case of a complax number
2 + 1y, 8o that the above definition defines cos z and sin =, where = is
real.

sinz=

CO8 %2 =

+ The student should pursue the subject in Hobson’s T'rigonometry, Hardy™s
Pure Mathematics, or Chrystal's dlgedra.

SHT 1y
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Further, in Chap. xv, §5, we pointed out that, if we defined cosx and
sih » by means of these series, we could deduce all the analytical
results of Chaps. v1 to viir. Hence we see that our new definition
does not contradict the old definition.

From this definition we can deduce the relations

cos(—z)=cosz, sin(—2)=-—sinz, ........ (D)
cos?z+8in%2=1, .. eeeeiiiiiiiiiiiniin 2)
08 (2, + 2,) = COS 2, CO8 2, — 8iN 2, 8N 24, ... 0vvervenn(8)
sin (2, + 2,) = 8in 2, €08 2, + CO8 2 8IN Zge vevvarennnns 4)
B.g. sin (s + )= exp (% 2+ 23) ;iexp (- 22+ 2)

_ oxp(iz) exp (izs) — exp(~ i2y) exp (~ izy)

- 2

_ [exp (32,) — exp (= i2,)] [exp (32,) +exp (- i2,)]

- 2t 2 :

, [6xp (i2,) + exp (= iz)] [exp (i2,) — exp (- iz,)]
2 2

=8in 2, cos 2; + €O8 2, 8in 2,.

As the formulae (1) to (4) above are now seen to be true for com-
plex values of z as well as for real values, it follows that the formulae
of Chaps. v1 to viit which were deduced from formulae (1) to (4) for
real values are also true for complex values,

Also as cos (z + 2nw) = cos % cos 2nw ~ sin 2 sin 2nr =cos 2, and
similarly sin (2 + 2n7) =sin 2, etc., it follows that the circular functions
of a complex variable have the same real periods as the corresponding
circular functions of a real variable,

§ 3. Hyperbolic Functions of Complex Variables.

Just as we have defined cos and sin for a complex variable l;y means
of series, 80 we define cosh and sinh for a complex variable.

Def. If z is complex,
cosh 7 = 2XP(?) +zexr> o)

ol D)~ OXPLg)

This definition obviously includes the definition for a real variable,
and the formulae deduced in Chap. xv, § 7 for hyperholic functions
of a real variable also hold for a complex variable.
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§ 4. Connection between Circular and Hyperbolic
Functions.

Since coshz= exp (2) +2exp (=2

=1 +z—’+z:+
= BYE*
=1-£iz—f+(iz)‘+

R T

*. cosh z = cos (iz).

Similarly sinhz= % sin (iz) ; hence we have

sin sz =t¢sinh?, cosiz=coshz, tanz=<¢tanhz,
sinh4z=1sin2, coshiz=cosz, tanhiz=4¢tanz.

From these relations it is possible to deduce formulae in hyperbolic
functions from formulae in circular functions,
These relations enable us to see that cosh z and sinh z have an
imaginary period 2wi, and tanh 2z an imaginary period =, e.g.
cosh 2 = ¢08 iz = co8 (— 207 + 12)
=cos ¢ (2nmt + z)
= cosh (2nwi + 2),
See also §8.

§5 Example i. Write tan (z +1iy) in the form u +iv, where z, y, u, v are
real,
sin (z +iy)
cos (x+1y) -
__2sin (z +1y) cos (z - iy)
" 2 008 (x+ iy) cos (v — iy)
_ 8in 2z +8in 2iy
" cos 2z + 008 2iy
_sin2z+isinh 2y
" cos2z+cosh2y °
= sin 2z o= sinh 2y
cos 2z +c0osh 8y’ . cos2z+ocosh2y’

tan (z+iy) =

19-3
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Example . If tan (2+iy)=u+ v where 2, y, u and v are real, prove that
w40+ 2ucot 2x=1, .
tan (z +iy) =u +iv.

s tan (z-dy)=u—iv,
(u+iv) + (u —iv)
1—(u+1iv) (u—-iv)’
i.e, tan2z= 2u
oCo —m}-

o tan {z+iy+a-iyl=

. ul4v34-2u cot 2z=1.

Example 1il, If sin (A +iB)=cos 0 +isin 6 where A, B,  are real, prove that
cos2 A=sinh3B.
sin (A+4B)=cos 6+ gin 6.
. sin A cosiB +00sAsin iB=cosd41isiné,
. 8in A cosh B 4% cos Asinh B=cos 8 +i sin 0.

.~ 8inA cosh B=cos ¢,
cos A sinh B =sin 6.

». #in%A cosh? B 4 cos? Asinh?B=1,
.~ (1-cos?A) (1+8inh3B)+ cos? Asinh3B=1.
+. 8inh3B - cos? A=0.

EXERCISE XVII. a.

[AlL letters represent real numbers unless otherwise stated.)

1. Prove, from the definitions of § 2, that if 2 is a complex number;
(i) sin2z=2sinzoos 2,
(ii) cos 2z=0c08%2z —s8in32 =2 00827 - 1=1 -2 8in?z,
(iii) cos (2, — 3,) =008 2 008 2, + 8in 2, 8in 2,.

2. Prove:
(i) oosh (z+i§)=isinh:a, (iv) cosh (?g-z)=_mnhz,
(ii) sinh (z+¢;) =tcosh z, (v) sinh (%' - z).—.icoshz,
(iii) tath (z'+4§) =coth z, (vi) tazh (%’ - a:) = —coth 2.

8. Deduce formulae for the following, by the substitutions of § 4, from the
analogous formulae in ciroular funotions of real numbers:

(i) oosh (u+v), (iii) cosh 2u, (v) sinh 2u + sinh 2v,
(if) sinh 2u, (iv) tanh 8u,
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4. Write in the form u +{v (i,e. separate into real and imaginary parts) :

(i) sin (z+1y), (iv) sinh (x+1dy), (vii) tanh (z+iy).
(ii) cos (z - iy), (v) sec (z+1iy),
(iii) cosh (z +iy), (vi) cosech (z +iy),
8 If sin (a +iB8) =808'0 +i sin 4,
prove that sin 6 = +c08%a = +gsinh?g.
e It sin (z +iy) =tan (u +iv),
show that sin 2u tanh y=sinh 2v tan z,
2. If sin (a +if) ==z +iy=(r, 6),
prove that

e '
@ sm’a ~ costa V! costip T smbIp "
(i) tan 9=tanh g cota and r3=1 (cosh 28 - cos 2a).

8. I a is acute and if
tan (0 +ig)=cosa+isina,

prove that 40=(2n+1) » and cosh 2¢ =sec a.
9. If tan (T +iy) =u+iv,
u 8in%z 1-ut-9? coslzx
prove that 5= sinh 3y and 1+u’+1)3=oosh2y'
10. If z+iy=tan§ (u+1iv),
then 22+y3=1-2z 0ot u= - 1+2y cothv,

and show that u is the angle between the lines joining the point (z, y) to the
points (0, £1).

1. It tanhu= 3% ong tanp=S100Y
cosh y cos z
prove that tanh (u +iv) =sin (¢ +iy).
1a. It cos (a+iB)=(r, 0),
Ein(a -6
prove that p=}log %8 in #in (a + 0) 0)
18, If tan (a +i8) =tan ¢ +1i seo ¢,
where a, 8, ¢ are real, prove that
s ¥ g (LT 008
Sa=nr+ 3+ and 4ﬁ.-log(1_m¢
where n is any integer,
14, If cosh (#+{y)=cot (u+dv),
prove that sinh 2v cosec 2u + tanh = tan y =0,

and that coth 2v= — {cosh 2z + cos By + 3} /4 sinh z siny.
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§6. Inverse Circular Functions.
It cos (x +iy) = w ¥ iv,
then  + ¢y is defined as an inverse cosine of u + iv.
But cos ( + ty) = cos (2nw + m) by § 2, so that 2nx + (x + 4y) is

in general an inverse cosine of u + iv for any integral, or zero, value
of n.

Hence we say that
Cos~! (u + ) = 2nw + (x + ¢y) or 2nr + cos™ (u + ),
where Cos is written instead of cos, to indicate that the many-
valuedness of the function is being considered.

We shall in future use cos=?(w +14v) to represent the principal
value (defined below) of Cos~ (w + ).

The principal value of Cos~!(u + iv) is that value for which
the real part lies between 0 and , or =0 or .

Note that this definition agrees with that for the principal value of cos~1a,
where a is real. See Chap. v, § 5, p. 86,

Similarly if sin (@ +ty) = u + v,
Sin~! (u + i) = nw + (= 1)* (v +4y) or nw+ (—1)*sin~? (u +iv),
and if tan (@ + 1y) = u + v,
Tan™ (u + ¥) = nx + (z +4y) or nw +tan~! (u + w).
The principal values of Sin-!(u +¢v) and Tan™! (u + iv) are in each

T

case those values for which the real part liés between — 3 and + 7

2 ’
or =—g or +’2-5. See Chap. v, §6, p. 86.
Inverse Hyperbolic Functions.
From § 4, it follows that
Cosh~! (u + v) = 2nmi + cosh—? (u + iv),
Sinh-! (w + tw) = #wi + (—1)*sinh~? (u + tv),
Tanh~! (u +4v) = mri + tanh™ (u + iv).
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§ 7. Example iv. Write cos™ (cos 0+ i sin 0) in the form z+ 4y, where 6 is a
Dpositive angle < .,

Let cos™1 (cos 0 +isin 0) =z +1y.
~. 008 0 +1 sin @#=co8 (z+1iy)
=coszcosh y —iginz sinhy, ........... (i)
S €08 coBh Y=CO80,.ceieniiriireereanrnnsld ROUPOVPRRORRON | +1]
sinzsinhy=-sind. .......... [ETTTPTRRIP v nea(iii)

~ (iii), (1-ocos?z)(cosh?y — 1)=sin?4,
*. cosh?y +cos? z — 1 — cos? x cosh? y =sin? 4.
< (i), cosh?y +cos?x=1+ 00826 +8in?¢=2,
~ (ii), (coshy+cosz)?=2+ 2 cos =4 cos? g .
', coshy+cosz= +2cos g (as cosh y>1, 4 being + and < =).

Similarly cosh y - cosz= +2sin g (a8 coshy>1).

.0
coshy:coag+sm—, ........................ v (iv)
9 .0
and COSZ=C08 5 =8Il 5. wooeriiii (v)

. w=cos"! (oosg - gin g), since the principal value of = corresponds to the

principal value of ecos™! (cos 6 +isin 6), and

2 2
Now z and 6 each lie between 0 and =, so sin x and sin 6 are both positive.

y = +cosh™! (ooe -0»+ sin f) .

« by (i) y= - cosh~? (cosg+ sin g) ,

. ?os'l (cos 6 +i8in §) =cos™! (cos g —sin g) —1icosh™! (cos g+ sin g)
These results may be thrown into a neater form thus:
(iv) 14 8inh3y=1+gin 4,
(v) 1-gin?z=1-sin6.
s z=sin-1(x \/8in §), y==sinh-! (+,/sin 0).
Also the principal value of x must lie between 0 and .
~ @=gin"1(+4/8in ),
and by (iii) y = —sinh~1 (4/sin 6).
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Example v. Write tan™! (a +iB) in the form z +iy, where a, 8, x, y are real.
Let tan™! (a+if) =z tiy.

s tan (z+iy) =a+ig.

But tan (z +y) ='m—-—'—:.%ih%’, from § 5, Ex, i.

_ sin 2z _ sinh 2y @
= Gos 2w+ cosh 3y ’ B= o 2z +cosh2y” T

Now tan-! (a +1ig) is the principal value of the function, therefore z, its real

part, if positive, lies between 0 and :2' ; and, if negative, between 0 and—’—; .
Therefore from (i) we see that a and z always have the same sign, as the
denominator is bound to be positive (cosh 2y >1>cos 2z); similarly 8 and y
always have the same sign,
1. . Bin?2x+8inh?2y  cosh?2y — cos? 2z
Also attfi= (cos 2z +cosh 2y)? ~ (cos 2z + cosh 2y)?

_cosh 2y - cos 2z
" cosh 2y + cos 2z
1-a’—ﬁ’=rs£%, ........ e r i trerrerrrrerens vererernes (ii)
1+u’+ﬁ’=e-'—)%—%. et s et (iii)
o (), (i), tanh2y=lT§£l_—-ﬁ-,, y=1}tanh"1]:%g:@,

. 2a 2a .
and (1), (ii), tan 2z= 1—:;;:—52—. & 2z=nw + t&n_lm. cevnssees (lV)

N . 1 2a
5 E= + 4 tan ia-@-

Two cases now arise, '

If a®+ %<1, n being taken such that = has the same sign as a, » must be zero
for the principal vah;e.

It a*+8%>1, for z to have the same sign as a, n must be +1if a is positive,
and -1 it a is negative.

Hence % .
-1y - =r -1__ % -1
e = b s iy 2
where n has the value 0, +1, according to the conditions above stated.
I a* + %=1 from (iv),
tan-1 (¢+€ﬂ)=; +i}tanh-18,
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EXERCISE XVII. b,
(AU letters represent real numbers unless otherwise stated.)
1. Prove that, it A+iB =gin-? (cos 0 +1sin 6), then cos? A=sinh?B.

If cos™ (a +iB)=A +1iB, prove that
(i) a?sec®A - B2 cosectA=1, (ii) a®sech?B+§2cosdch? B=1.

8. Prove that one value of sin—? {6 ",Z ; M} is cos™* § +ilog 2.

w+iy $+!/

4. Show that one value of tan“ is equal to one value of Y its log

8., Show that, if
cosh~1 (z + iy) + cosh~! (z — iy) =eosh~1a,
then 2(a-1)2%+2 (a+1)y*=ad-1,
e. It tan=! (§ +iy) =sin~? (z + i),
prove that Bni=(a2+ ) VAT 1 22 - 25+ P + 1.

*7, If Sin-12=a+iB,
show that a=2nr+3 and g=log (24+/3),
where n is any integer,

%8. Prove that

Cos—11:5=2nr+1ilog (3 *‘;/3) .

%9. Prove that

Bec™! 0°5=2nx +ilog (2+~/3).

#10. Write sin!(cos § +ising) in the form z+iy, where 0 is a positive
angle <.

#11. Write cos—? (a+i8) in the form z +iy.
%*13. Prove that Tan~? (cos 6 +1sin ) is equal to
mr+§+i 4 tanh~1 (sin 6), when cos ¢ is positive,

and ne - ;—+t} tanh-1(sin 6), when cos 9 is negative.

%18, Prove that, when a lies between 0 and =,
8in~? (cose0 a) = + & log tan 3.
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% 14. Prove that

Cos=1 (sec a) =2nw +ilog (tan a +8ec a), when sec a is positive,
L]
and (2n+1) »+ilog (tana — sec a), when sec a is negative.

#18. Prove that

1)2 493
Coth~! (2 +iy) _._.} log {g—t&_::‘z} +i {mr + % tan—1 iz :5/ . y"g} .

#16. Show that the general solution of a cos 6+ b sin 6 =c when ¢>na?+ 5% is

) b ¢
= 1244 S
6=2nw + tan a +17cosh ol

b a
i i -12; -1 ——
provided the value assigned to tan ;s also a value of cos e

ExPONENTIAL AND LogARriTEMIC FUNCTIONS.

§ 8. To show that the exponential function of a com-
plex number is periodic, the period being 2i.

We have already seen in §4 that the hyperbolic functions, which are really
exponential functions, have imaginary periods.

In Chap. xv, §2, we defined the exponential function thus:
7 2
L
and we showed that, if 2 =« + ¢y, where « and y are real,
exp (2) = exp (z + iy)
= exp (x) exp (iy)
= exp (x) (cos ¥ + ¢ sin y),
. exp (z) = exp (x) {cos (¥ + 2n=) + i8in (¥ + 2nm)},

where » is any integer,

= exp () exp (i.y + 2n~)

= exp (x + 4y + 1. 2n7)

= exp (2 + 2nmri).

exp (z)=1+ + ey

.. exp (z) has an imaginary period 2.

§9. Def. If u=exp (2), z is defined to be the logarithm of , or
in symbols £ = Log u.

If 5 is real, we see that this definition agrees with the ordinary definition of
the logarithm of a real number to the base ¢, 1.e. the Naperian logarithm of the
number.
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8ince, by § 8, exp (2) = exp (z + 2nni), it follows that z + 2nare, the
logarithm of u, is a many-vajued function ; this we denote by writirg
Log w for the general value,

If log » denotes the principal value (defined in §10 belov;) of
Log u, since
u = exp (2) =exp (z+ 2nwri),
‘. Log w=log % + 2nm.

§ I0. To show that Log (r, f)=1log r+1 (§ + 2nw). ,
Let Log (r, ) = u + iv.
S (r, 0) =exp (u + 1)
= exp (u) x exp (),
. 7 (cos 0 + 1 sin ) = exp (u) (cos v + ¢ sin v),
. exp (u)=r and v=0 + 2nm,
Sou=log
.. Log (r, 6) =log r + ¢ (0 + 2nw).
Def. log (r, 6), the principal value of Log (r, §), is the value of

log » + ¢ (6 + 2nx) for which the angle lies between — = and + =, the
limits including + = but excluding — .

If 2 + iy = (r, 6), tan™? %, which represents the principal value of

the angle, has a range from "% to +1§r (see Chap. v, §5, p. 86), )

whereas 0 has a range from ~ to + ; it follows that
Log ( + iy)=log N+ 5 +4 (tm—lgmm) :
when 2.is positive or zero, and
Log (z + iy) =log N&@ + g3 +4 (tan-l Y on+ lar)

when « is negative. .

It s‘ould be clear that, if 2, and 2, are any two complex numbers,
Log 2,2, = Log 2, + Log #,

but the following cases arise when principal values only are con.
sidered.
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Let o, 8 be the principal values of the amplitudes of 2y, 2,, so that
ench lies between — and +, then
log %%, =log %, + log %, — 274, when e+ 8>,
log #,2, =log # + log %, when a + B lies between + m, or =,
log 2,2, =1log 2, +log 2, + 2%, when a + 8 = or <—m.

Similar results hold for log :—:

§II. Complex Indices.
Def. If a and z are complex numbers, a® is defined to be
exp (2 Log a),

From the definition we see that, as Log a is many-valued,
exp (z Log @) is many-valued, so that a* is many-valued.

‘We shall use the definition in some examples, but shall not pursue
the subject further. We must, however, point out the danger of
treating a many-valued function as though it were a single-valued
function.

§ I2, Example vi. Find the values of Log (1+i),
1+i=(J’2‘, 2mr+z’).

~ Log(1+1i)=log \/2+1 (2nr+§) where n is any integer,

=§1032+¢(2nr+;).

Note. Hence the values of Log(1+i) can be represented geometrically by
points which all lie on & straight line perpendicular to the real axis,

Example vil. Evaluate Log (- 1).
~1=(1, 2nr+x).
', Log(-1)=logl+1i(2nr+~x) where n is any integer,
=(2n+1) i,

Example vill, Resolve Logcos(z+iy) into its real and imaginaryy parts,
where x and y are real,
Let Log oos (2 + iy) mu +{v,
» exp (4 +iv) =008 (5+1y)
=008 cosh y ~ { sin zsinh y,
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. exp(u) (cos v+1 sin v)=r {cos (0 + 2nx) — i sin (0 + 2nx)}, say,
where r3=cos® z cosh?y + sin? z sinh?y
=} [(1+ 008 22) (1 + cosh 3y)+ (1 ~ cos 2z) (cosh 2y — 1)}

=4 (008 22 + cosh 2y),
and  §=tan~) (tan rtanhy), if cosz is positive (cosh z must be positive),
or =x+tan™! (tan 2 tanh y), if cosz is negative.

». Log cos (z + iy) =1} log Mﬁﬂ -i(2nx+06),

where 6 has the value stated above.

Example ix. Find the values of af.
By definition
a‘=exp (i Log a)

=expi (log a+2nwi) where n is any integer,

=exp (2nr) x exp (i log a)

=exp (2nx) . {cos (log a) + i sin (log a)}.
Example x. If (+1iy)otiB is expressed in the form X +1Y, show that one of

the values is real if * Blog (22 +y?*) +a tan“% i3 a multiple of .

Let z +1iy=(r, 6) and suppose x is positive.
(z+iy)otiB=exp {(a +iB) log (z +iy)} by def.,
=exp[(a+if) {logr+i(6+2nw)}]
=exp[{alogr—B(0+2nw)}+i{Blogr+a(6+2nx)}]
=exp {alogr—B(0+2nx)}.[cos {glogr+a(f+2nw)}
+isin {Blogr+a(6+2nx)}].
Hence one value will be real if
Blog r+a (0 +2n~) is a multiple of x,
t.e. if Blog r+af is a multiple of x,

ie. if 4Blog(z3+y +a tan‘lg is & multiple of .
If = is'negative for 2nx we must take (2n+1) » and the same result is true,

EXERCISE XVII. o.

[AUL letters represent real numbers unless otherwise stated,]
1 ‘W:ite'in the form z 4 iy ?
) (i) Logl, (i) Log(—a), (iii) Logi.

2. Prove that, if 6 lies between =X,
log (1 +1 tan 8) =}og seo 9 + 18,
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z 4y
x -~y

8. Prove that log is & value of 2 Tan™? % .

4. Prove that logtan (§+ig) =itan™1 (sinh ).

co8 (z —iy) _

8. Prove that log 008 (2 3 79) =2i tan™! (tan z tanh y).

6. Prove that
log (1 +co8 20 + i sin 20) =log (2 cos 9) + 4,
r
« 2 ’
7. If log cos (6 — ¢i) = A + Bi, prove that
A=1}1og 4 (cos 26 + cosh 2¢),

and also that ¢ =4 {log sin (9+B) - log sin (6 - B)}.

8. Resolve Log sin (z +iy) into real and imaginary parts.

provided 4 lies between i+

9, Prove that
i*=cos {(4n+ 1) ; x} +isin {(4n+ 1) g x} , where n is an integer.
10. Express (z +iy)¢ in the form A+iB.
11. Reduce to the form (r, 6), i* and V1+ Vi
18, If ¥+ =z 4 iy, prove that 23+ y?*=exp { - (4n+1) vy}.
18, If (a+ib)e+d iz wholly real and principal values only are considered,
prove
(a +ib)e+id =2/ (a3 D3)BFa,
14, Prove that, if principal values only are considered, the real part of
Ll
i+ g e 8 cos (; log 2) .
(L +9)=+v
18, I ==
16. Prove that, if log {log (z +iy)} =p +ig, then
y=z tan {tan g log Jw’+y’}.
17. If principal values only are considered, prove tha, if
' [co8 (a — i8)J+a=A + 1B,
m—t% = g log (cosh? g - sin? a) +p tan=1 (tan a tanh g).

=(r, 0), then one value of 8 is } zx +y log, 2.

For further examples sce Miscellaneous Exercises IV, p. 391.



CHAPTER XVIII
INFINITE SERIES

¢ The theory of series is both difficult and incomplete; but the difficulty is not
of the kind which the student perceives, and the deficiency is also unseen, because,
in fact, the imperfect theory which is first presented to him is more than sufficient
for all the series of which he has any ezperience. He grows, therefore, in the
conviction, that whatever series may be proposed, or may occur, the theory may
always be made satisfactory.” DpE Morean’s Calculus.

§ I. In this book we do not propose to attempt to deal thoroughly
with the question of convergence of series, partly because a satisfactory
treatment would take up too much space and partly because it seems
best for a student to study the subject after he has had some
acquaintance with infinite series; on the other hand we shall try to
point out places at which we make assumptions about convergence
and at which difficulties arise.

‘We shall assume that the reader has studied the introduction to
the subject of convergence of series in algebra and that, after réading
this book, he will study it further in such books as Chrystal’s Algebra,
Hobson’s Trigonometry and Hardy’s Pure Mathematics.

Below we give some definitions and state some properties about
convergence which we shall assume.

For the proofs of these properties the student should consult the
books referred to above.

§2. Series of Real Terms.
Def. Consider the infinite series w, + w, + g+ ... + %, + ....

r=n
If u,, u,, otc. arereal, and if = u, tends to a definite limit as n tends

r=1
to o, the series is said to be convergent and that limit is called
the sum of the series,
It shodld be noted that the word ‘¢ sum? as applied to an infinite series has an
artificial meaning and we must not assume that properties of the sum of a finite
series are necessarily true of the sum of an infinite series. All such properties

need investigation for the sum of an infinite series; some will be found to be true
and some untrue or true only over a limited xange.
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Def. Let |u,| denote the positive value of the term u, (irrespective
of the + or — before it); then, if 3|u,| is convergent the series Su,
is said to be absolutely convergent.

Def. Ifr;‘u, tends to + o as n tends to o, the series is said to be
r=1
divergent.

§ 3. Series of Complex Terms.

D¢’ If u,, u,, ... are complex and if u, = v, + tw, where v, and w,
are real, then u, + u;+ ... is said to be convergent if the two series
v, + v+ ... and w, + w, + ... are both convergent.

Def. The definition of an absolutely convergent series is the
same as the above definition if for “convergent” in each case we read
‘‘absolutely convergent.”

If Zmod (u,) is convergent, then Su, is convergent. For a geo-
metrical illustration see §11.

§4. The Power Series = (a,2") where a is real.

If the power series is absolutely convergent for any particular
value of mod (z), say 7, then it is absolutely convergent for all
values of mod (2) such that mod (2) <.

Def. If a series is convergent for all values of z such that mod (2) <7
and is not convergent for any value of z such that mod (z)> r, the
circle with centre at the origin of radius » is called the circle of
convergence.

‘We may then say that the series is convergent for all points inside
the circle of convergence, and is divergent for all points outside it;
but the cases of points on the circle of convergence will need separate
investigation.

§5. Differentiation and Integration.
If §(2), the sum of a series involving 2, is absolutely convergent
over any range of values, we shall make the following assumptions.

(i) The result of differentiating the series term by term gives a
series whose sum is equal to the result of differentiating § (), provided



2-6] INFINITE SERIES 305

that the derived series is absolutely convergent,t and provided z is
limited to the range of valugs mentioned above.
Or, in symbols, if
S(z)=u + Us+ Ug+ ... ad infin.

d8(z) _du, duy du, .

~dr ——(i—z—+7z'-+w+ .es adm‘ﬁfn.
(ii) The result of integrating the series term by term gives a
series whose sum is equal to the result of integrating S(z), provided
the range of the integration in each case is within the limits
mentioned above,

then

Note that in the process of differentiating a single term we have a quantity
which — 0 as we approach the limit. Now in differentiating the separate terms
of an infinite series, we have an infinite number of small quantities and, though
each—>0, it is by no means certain that their sum will necessarily approach 0.

§6. The Geometrical Series.
The sum of the finite series 1 +2+2*+ ... +2* 1 is
1-2" 1 _ 2"

1-2 1—-2 1-2’

whether z be real or complex.

Now suppose z = + iy =7 (cos § +isin ) or (r, 6).
Then by Demoivre’s Theorem, Case 1, since n is a positive integer,
2" = (r" nb) = r™ (cos n6 + i sin nf),
n . .
Wt oL 7 (cosnl + 1 ?m.ne)
n—oo 1 =2 e 1—7rcosf—irsind
=0, when r< 1.
. Provided » =mod () <1,

. . 1
1 + 2+ 2+ ... ad infin. converges and its sum is =

* The following example illustrates that the theorem is not true unless the
derived seriew ia convergent.
da=sinz - m;ﬁz + su;a:c —...ad infin. (See Note, Example iv, p. 887.)
If we differentiate the series, we get
CO8 & — co8 22 4+ 008 8z — ... ad infin.,
which does not converge and is completely indeterminate.

SHT 30
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§7 The Binomial Series.
n,  nm-1), a@-)@-92) ,

l+ye+—5 1.2.3

When this series converges, its sum is one of the values of (1 + 2)*
and it is taken to be the principal value of (1 + z)™

The reader is already aware that if n is fractional a* is a many-valued ex-
pression.

Case 1. If n is a positive integer, we have seen in Chap. xv, §1,
p- 25Q that the series is finite for all values of 2, and its sum is (1 + 2)"
which is single-valued in this case.

Case 2. If nisnegative or fractional and mod (%) is numemcally <1,
the series is convergent.

Case 3. If n is negative or fractional and mod (z) =1,

(i) if » is a positive fraction, the series is convergent;

(i) if » is between O and — 1, the series is convergent, sxcept
in the case of z=—1 when it is divergent;

(iii) if n=-~1 or <—1, the series is divergent.

Case 4. If n is negative or fractional and mod (z)> 1,
the series is divergent.

§ 8. The Exponential Serlen.

exp (2)= l-rL L+L+ .. ad infin,

This series is absolutely convergent for all values of 2 real or
complex.

In algebra books it is shown that, when 2 is real, exp (2) is at any
rate one of the values of ¢

‘We take exp (z) as the principal value of ¢*.

The series for sin 2, cos 2, sinhz, cosh z are absolutely convergent
for all values of #, real or complex.

§9. The Logarithmic Series.

z 22 2 .
i -§+§--...admﬁn.

In algebra books it is shown.that this series is convergent and its
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sum is log (1 +z) provided z is real and lies between + 1. This is also
true when 2 =+ 1, but not when z=-1,

‘When z is complex, the series is convergent and its sum is log (1 + z)
the principal value of Log (1 +#), provided mod (2) <1, and also in
the case of mod (z) =1 except when amp (2) = (2n + 1) =.

§ 10. Multiplication of Series.
Multiply o, + %, + %+ %; + ... by v+ v+ vy + v + ...
and arrange the work as follows:
wy +uy Uy Fup ..

Y, + vy + vy + Vg T oeee

Uy Vg + Uy Uy + Uy + UV + ...
Uy + Uy 0y + UV + ..

UV + UV + ..

UgVg+ ...

w, +w, +wy, +w, +..
If Su, and Sv, are two series of numbers, real or complex, which
are absolutely convergent over a stated range, and if
Wy =Wy Vp + Uy Vp_y + UgUp_g + o0 + Upp,
we shall assume (i) that the series Sw,, which we shall call the
product series, is absolutely convergent over the same range and
(ii) that the sum of the product series is equal to the products of
the sums of the original series over the same range.

§ II. Geometrical Illustration of Convergence.

The sum of a series of real positive numbers, %, + %, + 3 + ..., may
be represented by measuring off along a straight line OX successive
lengths OA,, A A,, AA,, ... equal to u,, u,, us, ....

The sum of n terms is then represented by OA,,

[ L i L 5 (] L
v

6 ’ Ax I'\a A'a TAA An A X

If there is a point A towards which A, continually approaches but
which it never reaches such that Lt A A=0, OA represents the
sum to infinity of the series. e

20-2



308 TRIGONOMETRY [cn. xviL 11

Suppose the figure above represents a series of rods hinged at
C, A, A,, ...; if we turn therods so that they make angles 6, 26, 36, ...
respectively with OX, in their new positions OA;, AA,, AA, ...
represent the successive terms in the following series of complex
numbers (w,, 6) + (uy, 20) + (45, 36) + ... and OA, represents the sum
of the series to n terms.

The figure shows that, in the case taken, the rods form a sort of
spiral which coils round and round a point; it suggests that, if we

o

added on more and more terms, we should get closer and closer to a
fixed point. This suggests that A, approaches a fixed point so that,
as n approaches infinity, the sum of the series approaches a fixed
value.

The reader is advised to draw out in this way the successive
terms of several convergent series of complex numbers.



CHAPTER XIX
SUMMATION OF INFINITE SERIES

I. The most common method of summing an infifiite series is to
throw the series into the form of some standard series whose sum is
known; in summing trigonometrical series this is frequently done by
using complex numbers (see Chap. xvi, § 5, p. 271).

In some cases we can sum a series to n terms, and then fird the
limit of that sum as n “tends to infinity.”

In this chapter the convergence of the series is generally assumed,
or the limitations under which they are convergent are stated. At a
later stage the pupil may investigate the convergence for himself.

§ 2. Series whose summation depends on known series.

Geometrical Series.
For the convergence of these series see Chap. xvir, § 6, p. 305.

Example i. Find the sum to infinity of the series (z real and <1)
142z cos 0+ 22% cos 20+ 323 cos 30 +....
Let C=1+2zcos 0 +3z%cos 20+ ...
and S =2z g8in 0+ 2z%8in 20 +....
s C+iS=1+2(2, 0)+2 (2% 20)+...
=1+2(z, 6)+2 (z, ) +...
2(z, 0)
1-(x,0)
=1+ 2(z,0) {1-(=, -0)}
{1-(=z 0)} {1-(z, - 6)}
_142(%0)-3(=0)
1-2zcos0+27
1-234+2izsin 6
=1i-3zcos0+2 "
Hence, gquating real parts on each side of the equation, we get
C= 1-29
1-2z cos 6+ 22
By equating the imaginary parts and dividing by 2, we get

j . z8in 0
z 8in 0 + 2% 8in 20 + 2®6in 80 + ...ad nn. = eos o+at”

=1+ since mod (z, §) =z <1
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Binomial Series.

For the convergence of these series see Chap. xvii1, §7, p. 306.
Example ii, Find the sum to iMnity of the series

zsin-o+}x’:m30+ z‘sm60 +41.'88.'152w"sin 70+..
Jor certain real values of x. What are these values?
Let [ .-xsin0+iz’sin80+4 8z“sm50+
1.8
and Oszeos0-{-}z'cosso+4—8-z‘cos50+....
s C+iS=(z, 6)+} (=% so)+ '8(.1:“, 50)+..

=(z, 0) [1+} (%,960) + 15 (4, 40) + :]

_(s,o)[1+}(~ 20) . aL(— 20) +
=(z, o)[l-(”—',go) -

provided mod (— 20) is <1, that xs—-<1 orvV3>z> -N2.

2
s C+iS= (= 9) 3
a2 a3,
[1——§cos20—z—2-sm20]
x4 x38in 20
=1-23 z = 2 SIRav
Let =1~z eos20+4 and tana 32005 36"
5 Ctig=_%0 ___ (=90 —( 2z .0+ )
(ry —a)‘} (J;’__) 2
Equating the imaginary parts on each side of the equations,
&
=ﬁnin(0+§).

z . a «38in 89
' 8= —_—gin (0+—) where tan a = ————
Jl—z’msw+%’ 2/ 2 - z3c0820

provided V2>z> -+/2.
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Exponential Series.
For the convergence of these series see Chap. xvii, §8, p. 306.

Example iil. Find the sum to infinity of the series
a? sin 20 + at sin 40
[2 (4

For what real values of a is the summation justifiable ?
a®sin 20 atsin 40

¢ Let 8= l? E’ +.0
. G+is=1+% I;O) (“"L:”H ... (see footnote t)
+1- (_atif?) N (a.é')2 _ (a.l;)a . (.,]3,,)¢+ ]

=% [exp (a, 6)+exp(-a,0)] for all values of @
=4} [exp (a cos 6) exp (ia sin 6) +exp ( —a cos §) exp ( — ai sin §)]
=4 exp (acos 6) {0os (a sin 9) +i sin (a sin 9)}

+% exp (—a cos 0) {0os (agin §) - i sin (asin 9)}

Equating the imaginary parts on each side,
exp (a cos d) — exp (— a cos )
2

S =sin (a ein 6)
=sin (a sin ¢) sinh (a cos 6),
and the summation is true for all real values of a.

Logarithmic Series.
For the convergence of these series see Chap. xvim, §9, p. 306.
Example iv. Sum to infinity the series

sin 0 }sin80+4sinb0- ...,

where 0 lics between *;.

1 Or alternatively from this point
C +18 =cosh (a, 6) =cosh (a cos 6 +ia sin 6)
=cosh (a cos §) cos (a sin 6) +isinh (a cos 6) sin (a sin 6).
. 8=sinh (acos 8) sin (a sin 6).
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This series is most easily summed by aid of Gregory’s Series, see Chap. xxi,
§ 6, p. 834; but the following method of summation is instructive.

Let S=sn 6-}sin30+4sinbo- ...,
and C=cosf-4cos39+}cosb0—....

Let 2=(1, ). Then

s 2
C+18=z-:s—+3—

(i) | (i)
iz 4+ 3 3 + ...

(i2)* | (i2)*
+iz——-2—-+——§~--... ]

2

=%nmu+ay4mu_an 08 0% (n+1) 7
3o} o e-5)
=-3[ios (2o e 5 ) s (2eong- 3.3 7))

O O R L NI

Now, as @ lies between *-, co8 ( 1 2) and cos (2 i are both positive.

. Equating imaginary parts on each side,

s=-% [log (2 cos E_+—g) - 1°8(2°°s g-_—%r)]

cos (- -
=4%log -
oos(4 ;)

6, . 8
cos §+sm2
=}og——
cos§—sm-2

=} log tan (-:-+ g) .
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EXERCISE XIX, a.
Find the sum to infinity of the fgllowing series :
1. (i) sin0+sin?@+sin®6+...,

(ii) ooso+% cos 20+§1§oos 30+...,

(i) oin 0+ sin 80+, sin 60+ ..,

(iv) zsin 6 +298in 20+ 2%8in 30 +... (x<1),
(v) cosa+xcos (a+p)+a%c08 (a+28)+... (z<l),

(vi) 1+ cosh a+2? cosh 2a + 2% cosh 8a+.... State the necessary con-
ditions.

2. (i) 1+m:coso+n—('—‘l—£—l)x’cos20+"—(¥’:%3)z’cos3o+... (z<1),

1.3 1.3.5
(ii) —sml9+2—4mn2(?+2 1 6mn30+ (2r>0>0),

n(n+1) (n+2)

(iii) noos 6+ 1.2.3

nn+1)
1.2 cos 20 +

cos 36 +...
(n<1and 2r>6>0),

A 1 . 1.3 .
(iv) §sm0—msm2o+2.4_6smao—... (6 between + ),

1 1.4 , 1.4.7
(v) 1+§z0080+-ﬁz cos20+3.6‘9z300330+... (z<1).
8. () sina:_sin2a: sin3a;_
1] [z ] ’
(i) zsinaa,?-ésin 2a+Tt;sin3a+...,
2
(iii) 1—a:oosO+T—Ecos2o-...,

(iv) cos 8+ cos (0 +a)+ Izcos(f)+2«.)+... ,

(v) cosa+= 1 oos(a+ﬁ)+

2

4. (i) E—nﬂ- - m;h + g_i%ix__ «. (z between xx),

Loos(a+2ﬁ)+ s

(u)acoso+}coszo+§cos30+ v (27>0>0),
(iu) asmx—-—sin?a:+—-eln8a:— o (a<l),

(iv) oosx+§cossx+§oou5$+...
(a) when ¥>z>0, (b) when 2x>z>w.
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8. zsinha+238inh 2a + 2% sinh 8a +.... Btate the necessary conditions,
@. ©080008 6+00820 008 20 +cos® B 00880+ 5. (Onx).
7. .co8 0 8in 20 + cos® @ sin 80 +cos® O sin 46 +... (Oknux).

«

8. sin 0 sin 0+ 8in2 0 sin 20+ 8ind 0 8sin 80 + ... (o#mrs:g) .

«

9. oosa-r'i.lflﬁoos (a+8)+ cof;ﬁoos(a+2ﬁ)+....

10, sin0+nesingo+ 2P sagingg s . (@<1).
t
gsinz gin2z  sin3z
11, —r—--‘lT+ pr
. 3 LR
18. zsina-3 sm(a+p)+—3-sm(a+2ﬁ)-... (z<1).

18, 1+zsinuoosa+r—_;sin’aw92a+|—§sm‘aoos3a+....

1 1
= 2 = 3
14. 1+oosotan0+l2oosﬁotan 0+ |3°°530m 0+....

18. oosa+-l—oos(a+2p) +-écos(a+4ﬂ)+... .

B

10. cos 0 sin 6+} cos?0 sin 20+ F 00s® 0 8in 86 +.., (6 acute).

17. co08 60 sec 0+%oos2o se0? § + %,cos 808ec®0+... (se0f<2).

18, 008 a+nzcos («r.+0}+'—‘—(;'——£-2 22cos (a+20)+... (z=<1).

10. 008 008 8+ § 008 2a 008 28+ } €08 Ba 008 BB +... (aS+2nx).

1 1
10— = 0083 20 + 5. 008?30 —
20. cos* 05 o8 20 + 55 008780 - ...

21. Prove that the value of the series

1 1.8 1.8.5
oos0+200120+2 4oosxm9+2.4.6

is one of the values of cos ( it 30) (2 sin g)-* if 6 lies between certain limits;
and find those limits.

For further examples, the student may sum to infinity the series
given in Exercise xvi d, p. 272, Nos. 18 (z<1), 19 (z<1), 20, 29
-and Miscellaneous Exercises 111, pp. 286-287, Nos. 106 (z<1),
113 (z<1).

cos40+...,
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§ 3. Many infinite series may be summed by the method of dif-
ferences. The sum to » terms is first found and the limit of the sum
as n tends to infinity. See Chap. xvi, §3, p. 267.

§4- The sum of a series can sometimes be found by differentiating
or integrating a known series and its sum. For the conpditions under
which this is justifiable see Chap. xvi, §5, p. 304. Also see Chap.
xx1, § 5, Example ii, p. 332.

EXERCISE XIX, b,
Find the sum to infinity of the following series:
Nos. 1-5. Use the method of differences.

8a 8a
1. sinasin8a +sm 3 gin 1 +sin 2-, gin — 3 +..

qin’%ocseo %+ % sin’%ooseoah%, sin? -gicomg

gt

8, sindy 3 +38 sm3 =+8? gin® o & +..

8in 20 00576 - } sin 40 cos?20 + } sin 89 cos?46 - ...
8. tan'f+tan-1§+tant 4.

Nos. 6-8, See Chap. XVI, Ezample iv, p. 265.
8. cos f+zcos20+a3co880+... (x<l).
7. cosa+2zcos (a+8)+23cos (a+28)+... (z<l).
8. sina+zsin(a+p)+2?sin (a+28)+... (z<1).

Nos, 9-13. Use diﬁ'ereriiiation or integration,
©. Sum cosd-+200820+3cos30+... to n terms.

4

1 z 1 z
2 - 2+ = gect=
10, Sum sec x+4sec’2+4,seo wte ad infin,
11. Show that smo+;°“;’+; 200 ... ad infin.=0, provided 0 liss
between a;.

12, Show thaf, provided 2x >z >0,
cosz cos3r ocos 8z

—

2 wx
0 +—7§—+-—s—,——+...adinﬁn.=—4-— ?+8,

where S=%+%+%-§... ad infin,
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18.. Show that, provided x lies between =,
2
cosz cos2z ocosdx a%linﬁn.=s-f—

T e e i
1 1 .
where s=1-ﬁ+312- z—,-f-...ad infin.

¥ EXERCISE XIX. c.

MISCELLANEOUS SERIES.
1. Prove that, if 6<2nx, log cot 6 =c08 20+ } cos® 20 +} cos® 26 + ... ad infin.

2. Prove that tan 0+%tang+%tang+... ad inﬁn.:%-zoot 26.

z
2
4. Prove that, if cosa < cos(a —-B),
cos (a+pB) , cosacos(a+28) & cos?acos (a+38)
cos (& — ) cos? (a — B) cos? (a — )
8. Bum to infinity a sin 0+ } a3sin80+} a5sin 56+ ..., where 0<a<l.
Deduce the sum of the series sin 0+ § 8in80 + } sin 50 + ...

(i) when 0<é<mr, (ii) when <@ <2x.

8. Prove that tan seox+tan§,— sec':f+tan:—3 860 0=+ ... ad infin.=tan z.

2 28

+... ad infin.=0.

1+

6. Prove that ; is the sum of the infinite series

1

CETES M

tan-1 3} +tan—14 4+ .., + tan—

7. Prove that cot~1 (2.1% + 00t (2. 2+ oot™! (2. 8) + ... ad infin.= .

8. 1t 0 lies between % and =, prove that

oot-g+ écot”g+ icot'g-i-... ad infin,
=}[sin0+}sin?0+}sin®0+... ad infin.],
and, if 4 lies between 0 and g ,
hn’0+~}ﬁn°o+éunl°o
3 3 g+ adinfin.
=4 [45in?0 + ] sint0+ 4 sin® 6+ ... ad infin.].
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9. Prove that the sum of the infinite series

1.3 1.3.5
2 2 3
1+}cos?0+ g 0043 6 00820+ 5" 0083 0 008 80+ ..
is cos (— ——-)/ A/sin 6 when 0<8<,
and cos ———-)/J-sm&when r<f<2w.

10. Find the sum to infinity of
sin £+ cos y sin (# +y) + cf gy sin (z+2y) +....

11. Prove that, if = lies between 0 and 2w,

sin2z sin8z  sinds a1 ]
1.3+ 2.4 + 3.5 +...admﬁn._‘}sm:c[l-4log(2snn§)].

13. Find the sum to infinity of
cos? a - sin?2a + § 008% 3 - § sin?4a + ...

18. Find the sum to infinity of

sinz - n cos y sin (z+y)+"("—-|£1) cos?y gin (z +2y) -

. sin no sin n6\3
14, Sum sin(n+7)0 Snrd 3 sin (n+7) 20 (sin 0
sin nf\3
sinrg

- ... ad infin.

+% sin (n +7)860 (

3 g si 5 0 si
15. Sum cos @ sin 04+ algm 8¢ + 008 et:—m 50+... ad infin.

16. Prove that
3 9
ooso"-‘l’—"- sin 2a°°“ 6 oosaa“; sin 40 259 4 cos 50“&;-6—-. . ad infin.

=cot~1(L+tan @+ tan’ 6).

17. Find the sums to infinity of the following series (6 between 0 and 2x):
cosd cos20 cosBO
O 1T3+33* 3.4
. 8iN0  #in20  sin 86
@ 1T3+38 TEat
18. “rove that
. 5008 0+ |8 cos 30+ L cos 50 + ... ad infin,

=4 ¢**® 008 (0-+8in 6) +§ ¢ ~**** 008 (6 - sin 6) +4 cos (sin 6) aizh (cos 0).



318 TRIGONOMETRY [EX. XIX. ¢

10. Prove that
a:‘ . ,\/5 3
1 L+ -adinfin=}e*+§ ¢ < ¥ sin (zT - §> .
20. Prove that, when m is a positive integer,

m(m-l)

008 mf cosec™ 6 =1-+m cosec ¢ cos ¢ + cosea? ¢ cos 2¢

+m(m 1) (m 2)

3 .
12,8 cosec®pcos B¢+ ...,

where oot 0 =1+ cot ¢.
21. Show that
cos40 cos89 cos 120 ,
l_“_ + |£ + ,E +... ad infin.
=4 [cos (cos 6) cosh (sin ) + cosh (cos 8) cos (sin 6)].
cos 2¢ cos6p cos 10¢
ETE T
a8. Prove that, if p<1, the infinite series

(L"‘l) 'f-(1'+—1|%_-(f+—2)p3cosso+...-—jq"oosn¢,

1+

23. Sum the series

+... ad infin.

1+npcos @ + ——-—"p?cos 20+

where ql,=1-2pooa 0+p2 and sing=pgsind,

24, Bum the series
cos®acos3a cos’acos Ta = cos!la cos lla

|§_ E_ + lll. +... ad infin,




CHAPTER XX
EXPANSIONS IN FINITE SERIES

§I. In this chapter we expand cos nf and %?T"g in series of
powers of cos 6 or sin @ and cos™8 and sin™@ in series of cosines and
sines of multiples of 6.

§2. To express cos nf, where n is a positive integer, in
a series of descending powers of cos 6.
In Chap. x1v, § 16, p. 244, it was shown that it is possible to express cosné

in a series of powers of cos § and that the highest term is 2%-1cos* 8. The whole
series is best obtained as follows,

The following expansion was obtained in Chap. x1x, § 2, p. 309, or
it can be verified by actual multiplication.

‘When z2<1,

1= )4 9wc0s 6+2u% cos 26+ 2% cos 30+ ... (i)
1-2ccos 0 +a3 % + 42" cos
Now — =% (1-2%) {l— (2 cos §—a)}~

ow 1—2wcos(9+a:’_( ) {1 -2 (2 cos 6 —z)}

=(1-a®){l+x(2co8 0—x)+a'(2co8—x)+...
+a""1(2co8f—ax)*1+a*(2cos 0—a)*+ ...}, (ii)
since « can be chosen so that (2 cos § —x)<1.
Equating coefficients of «" in (i) and (ii),
2 cos nf = (2 cos 6)*—,_,C, (2 cos )"+, _sC; (2 cos )" 4~ ...

+(=1) 4—4Cr (2 co8 )** + ...

—{(2 cos B)*-1—,_,C, (2 cos )*4 + ...
+(=1) apiCpy (2 008.)* "+ ...} (i)
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+The coefficient of (2 cos 6)*~* in (iii) (when »>1)
= (" l)r {n—rcr + n—r—lcr-l}

~( 1)"{ |n—r [p—r—1
- |Z[n—2r+|r—1|n-2r}

=CU e |r ln 2r
—(=1y n [n r-1
|r |n— or

=(_1),n(n—r-l)(n—'rlz2) v (n—=2r+ 1),

(n r+7)

. 2 cos nf=(2 cos 6)"-n (2 cos 0)""+—"—L—(—"|42:i) (2 cos G)~*
_n(n-4) ('n——5)

3 (2 cos O)*~¢ + ...

+- 1),.n(n—-r—l) (n—lz— 2)...(n—2r+1) (2cos )7 4 ... (1)

n-1
‘When « is odd, the last term is (— 1) 2 7 (2 cos 6); whenn is even,

n
it is (—1)22.

§3. To expreu-'i—n-%e s where n is a positive integer, in

a series of descending powers of cos 6.

In Chap. x1v, § 16, p, 245, it was shown that it is possible to express s;;n:

in a series of powers of cosd and that the highest term is 2%-1cos"~14, The
whole series is best obtained as follows.

t Before dealing with the general term, the reader should pick out the first
few terms of the series for himself,
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The following expansion was obtained in Chap. xix, § 2, p. 309, or
it can be verified by actual multiplication,

‘When x<1,
z 8in 6 . . . -
1—-————-—_2&(:080_'_x,=w5m0+w’sm20+w’sm30+.... (i)
x sin 0 ) 2
Now g cos o= 7m0 {1 -2 (200s0-a))

=xsin @ {l +2(2cos8 0—x)+x*(2cos 6—x)*+...
+a*1(2co8 0—a)* 1+ ...}, (i)
Equating coefficients of 2" in (i) and (ii),
sin 70 = sin 0 {(2 cos )"~ ,_,C, (2 cos 6)"~% + ,_4C, (2 cos G)*—*— ...
+(= 1) p_psC,p (2 co8 O)- 4 ...},

. s;?n%: = (2 cos 9)""‘1 — 3Gy (2 cos 0)1.—8 + 5-sCs (2 o8 65— ...
+(=1) pep1Cr (2cos O)*-2-14+ ... (2)
n-1

When = is odd, the last term is (—1) 2 ; when = is even, it is

a-1
(-1)2 "ncosé.

§4. To express cos nf, where n is a positive integer, in
a series of ascending powers of cos§. 1'
Case 1. When n is even.
In §2, it was seen that the general term} in the expansion of
2 cos nf is
(_1),n(n—r—l) (n—r-2)...(n-%r+ 1)(20080)”"",

0

n
-

where r ranges from 0 to 3

Let r=g—p, where p ranges from g to 0.

+ For an alternative method, see Ex. xx. s, No. 5, p. 826.
1 Before dealing with the general term, the reader should pick out the first
few terms for himself,

SHT a1
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The general term

—(-1y "ll_l'—]i—— (2 cos )=

_(_1)—-—pnl n/2+p—1
r2-p2p

(g—+p—-1) (’§‘+p-2)...(§+1)
g(g_l)"'(g_;ﬁ) (g—p+1) (2 cos 6)*

(2 cos 6)*

—p {(n+2p 2)(n+2p 4) (n+2)n}
=(- 1)2 on (n—2)... (R~ 2@,4) (n-2p-2) cos™ @
n Y )
(=1 §-P2n’(n’—2’)(n’—4’)...(n°—2p—2) '
(-1) BZ’ cos @;

therefore, when = is even,

n 2 2
cosnf=(—1)2 {1—%cos’0+"mél2—) costf - ...

r(=1p n® (n?— 27%) (n’-——4;) .(n=2p-2)

cos®? § 4 ..

+ (= 1)3 2% cogn o}. @)

Case 2. When n is odd,
The general term in the expansion of 2 cos n6 is

"'Llﬁr_ (2 cos Oy,

where r ranges froniOto—’f-Q—}-.

Lebr-_-—-i-l-p, wherepra.ngesfrom’-l——l- to 0.
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1)%';—1-” Knn (17;/21—,)2];}) 77 (oosbyPn
(CE s (2o
('%1)(" - ) (———P“"l) J(2(:0&10)91’“

|2p+1

The general term = (—

nol,
=1)7F a

(n+2p-1)(n+2p - 3) .. (n+1)}
(n-1)...(n—2p—3) (n-2p—1) cos™*1 §

=(- 1)’%‘1“’27»{

12p+1
n-1 on -1
=(_ 1) 5 +P2 ( 18) (na 23;)+ 1( —2p—1 )00 ap+1 0;

therefore, when = is odd,

n-1 2 _
cosn&:(—l)T {& cosa—q-?—(nlé-—p)cosse

+n(n’~— 1{%(7&’-—3’) cos®f—
I
+(= l)"n(ns_lz) (n’Igez’:l-“l. Wo2-1) pogwrig ...

n-1
+(—1)73 gn cos"0} . (4)

sin né
§ 5. To express <50’ where n is-a positive integer,
in a series of ascending powers of cos 6.

Case 1. When n is even.

In §3, it was seen that the general term in the expansion of
sin nf .
sing |

jn—r-1

,
(3 noraOr (2008 0= (— 1) == (Rooa By,

where r ranges from 0 to g - L

212
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Let r=g-p—-1, where p ranges from %—1 to 0,

The general term = (—1) 37" 1|n/2 %}) o} (2 cos 9w+
{(2“’) (3r2-1)- (a*‘)}
( 1); p-1 9( 1) (§‘p+1) (2 p) (@costyeh

]22+l

{(n+2p)(n+2p 29-2) .. (n+2)}
Ln(-2)..(n=2p-2) (=)}  api1g

12p +1

" 3
_(pyserin=2) (n72—p4-:)1... (% =3p) gouwi g

therefore, when # is even,

=(- 1)3"’

cos®@—...

s;“—(-l)? !ncosO—’wéﬁws30+7Mj‘§M
n(n?—2%) (n?—-4%) ... (n3 -

_3
[2p+1 2) cosm+1 6 + ...

+(—=1)

+(—1)2+12"—loos""0}. (5)

Case 2. When n is odd.
The general term in the expansion of “:n": is

(2 cos G)=2r-1,

=1y L!n 2'r

where » ranges from 0 to '—'—2—-}

-1 -
Let r=’-‘—25—--p, where p ranges from 1_a_§_l_ to O.
¥
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i _p |(n=1)/2+p
The general term = (- 1) IZ;‘-——————W (2 cos )

I s g )

(252) (B2 -0 +) (%2001

=(-1)"2 p (2 cos 9)®
n-1 {(n+2p 1)(n+2p 3).. (n+l)}
=(_ I)T— (n~1)...(n-2%p—8)(n-2p-1) cos™ 6
[2p
—12
—(-1) 2 —-—p(n’ 1’)(n"-3’l'-;—’.".. (n*~2p—1 )cos”0;
therefore, when = is odd,
:i;:;o=(* l) {1— " cos? 6 + —-————("L—pl):n’—:a’) cost 6
—12)(n?—39) ... I
+(-1p il )<” 3|;P (=221 o6 ...

n-1
+(—1) 2 2%1cos-! o} . (6)

§6 If %-—- 6 is substituted for 6 in formulae (3), (4), (5), (6) of
§§ 4, 5, we obtain;

From (3), when = is even,

n
cosnf=1 —'%'sin*o + E"(%ﬁ) Sintf— ... + (- 1)32ain®d.  (7)

From, (4), when = is odd,
n(n?-1%) sin®6 + n(n?— lt(n’ -39

o »n o, .
smno—EsmO— B sin® 0 —

+(- 1)"5‘ 2*~'sin*6. (8)
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_From (5), when n is even,

sin no=nsin0 _n(n*-2%) sin 8 + n(n®= 2%)(n? — 49) sin®6 —
cos @ |3 5

- n
’ +(-1) z+1 gn-1ginn- 6. (9)
From (6), when n is odd,
2__ 12 2_ 12Y(n3_ 3¢
cosnf_y W1 gy (1) g

c0s 6 B &
n-1
+(-1)72 2n3sin™16. (10)
sinh nu
§7. Series of cosh nu.and T

Corresponding to the first equations of §§2, 3, we have (see
Ex. x1x. a, No. b), provided « is small enough,

1-a
m: 1 + 2z cosh @ + 2a? cosh 26 + ...
and ——w—-ﬂlio—————=wsinh0+w’sinh 20 + ...,

1 -2 coshf + «?

therefore formulae (1) to (6) are equally true if cosh and sinh are
substituted throughout for cos and sin respectively.

Nore. The above results are readily obtained if we assume that formulae (1)
to (6) are true for imaginary angles—a big assumption—and if we substitute i6
for 6 and use the facts that cos i6=cosh 6 and sin i6=isinh 6.

If we make the same substitution in formulae (7) to (10), we find that the

‘8igns before the terms are now all positive.

EXERCISE XX, a.

The following examples should be worked out by the methods used
in §§ 2-6; not by substituting in the results there obtained.
Easier examples will be found in Ex. XIV, d, p. 245.

1, 22 80: 128 cos” @ — 192 ¢0s58 + 80 0088 — 8 008 0.

sin @
2, 008 89=1 - 32 gin20 4 160 sin49 ~ 256 sin®g + 128 sin®0.
':;?::256 008%0 - 448 008°%9 + 240 cos*9 — 40 00820 + 1.
4. 008 90=256 00890 ~ 576 cos” § + 482 c08%0 — 120 cos39 + 9 cos 6.
8. Obtain the series for cos n6 in ascending powers of cos @ directly from the
squation

-g8 ‘
*1_2;——-.0—:'57;?-1+2zcosa+2ﬁoosao+....

{Bxpand (1 -2%) {1+2(x-20080)}".]
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6. Obtain the series for sm n9

in ascending powers of cos @ directly from tl.le

8in 0,
equation
zgin 6
__ xeind . . 30
T 9z008 0523 8in 6+ z8in 20+ 2%8in 36 +....
7. Use the method of the note of § 7 to find the expanstons for cosh nu and

sinh nu
Sinhu corresponding to formulae (1) to (10),

8. Obtain the expansion for cos n9 in descending powers of cos 6 from the
equation
l-zcosd
1 -2z cos 0+ &3

For examples on the applications of these expansions to roots of
equations sece Chapter XXIV, §6.

=1+zco80+22c0820+....

§ 8. To express cos=0, sin® § in a finite series of cosines
or sines of multiples of 0 (n being a positive integer).

Let z=cosf +1sin 6,

L os0—ising,
F1

then 2" + % =2 cosrf, 2" —;1- = 24 sin 7, for all positive integral values
of .

(2 cos )" = (z + -1->”

—-(z" )+n(z""’+ e n(112 1)(""+ 1 + .

=2 cos nf +n 2 cos (n—2)0+1%—]1-)2cos(n—4)0+ ey
therefore, when = is odd,
n(n-l)eos(n—4)0+

2%~1 cos™ = cos nf + n cos (n — 2) 6 +

2

MICEE] |(n+1)/2°°‘9' , (@b

and, when # is even,
n(n-1)
2

1 |n
‘app mp 49

2*1cos™ 0 =cos nf + ncos(n—2)0 + cos(n—4)0+...
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In a similer way, from
(2isin 0y = (z - l)”
« z ’
we find that, when » is odd,

n-1 n(n—1
(=1) 2 2"'sin"f=sinnf—nsin(n-2) 6 + E )sin(n-4)0—-..,

n-1
+(-1) 2 |

(S ERICES Y R (1)

and, when = is even,

n -1
(—1)2 2"~ 5in" 6 = cos nf — n cos (n—2)0+ﬁ%-—2cos(n—4)6—

" in
+(—1)2§ELTL@W0. (14)

(13), (14) can also be obtained from (11), (12) by putting g-o for 6.

The above method may also be used to express cos?§ sin?8 in a
series of multiples of sines and cosines of 6, where p and ¢ are positive
integers.

] EXERCISE XX.b.

Prove, without quoting the results of §8:

1. 23 cos*0=00840+4 cos20+3,

2, 2¢sinff=ain 50 — 5 sin 30 + 10 sin 6.

8. 2°8in8f= ~ cos 66 + 6 cos 46 — 15 cos 26 + 10.

4. 2%00870=00870+ 7 cos 50 +21 cos 86 + 35 cos 6,

8, 2%sin?0= —sin 76+ 7ein 56 - 21 sin 86 + 85.6in 6,

8. 270089 =008 80 + 8 cos 60 + 28 cos 46 + 56 cos 20 + 35.

7. 278in%0 =cos 89 — 8 cos 60 + 28 cos 49 - 56 cos 20+ 86.

®. 2°5in9=sin 99 - 9in 70+ 36 sin 50 - 84 sin 80+ 126 sin 0.

9. 29008'%0=cos 100 + 10 cos 89 + 45 cos 66 + 120 cos 46 + 210 cos 26 + 126.

10. 2%008%0 8in®g=sin 76 - 8 sin 50 + sin 80+ 5 sin 6.

31, 2000830 sipt 6==c08 70 ~ cos 50 - 8 cos 86 + B cos 4.

18. 200840 sin® 9= ~ 008 106 +2 008 80 4 B 08 86 — 8 008 48 — 200836 +13.



CHAPTER XXI

EXPANSIONS IN INFINITE SERIES

§ I. Expansions in powers of the variable can often be obtained
by Taylor’s Theorem or Maclaurin’s Theorem, but the differentiation
may become heavy; other methods often give &n expansion more
easily, and expansions in series of sines or cosines of multiples of the
variable must be obtained by other methods.

Various methods are given in Examples in this chaptor. In
Chapter xxur it will be shown how many expansions can be obtained
from factors by using logarithms,

2. The following expansions were found, in (hap. xv, by a
method which is practically the equivalent of using Maclaurin’s
Theorem

sinm:m-“]—_—'i+f—...adinﬁn.,

cos = k— L L .. ad infin,

In Chap. xvi11, it was pointed out that both these series are convergent.
In §3 we shall indicate how these expansions may be obtained
without calculus,
The hyperbolic functions sinh # and cosh x are defined by the
series (see Chap. xv, § 6, p. 254)

sinh@ =2+ = ms .. ad nfin.,

Ll5

cosh & = l-l-— .. ad infin.
E

3. The series for sinz and cos x can be found without the use of the
caleulus as follows,
In Chap. x1v, § 16, p. 244, it is proved t that, if n is a positive injeger,

008 nf=cos™ 0 — ’L(lI?_:H cos™ 20 sin?@ +"_(_”.’_'M'_‘?E)_(3’_f) 0B 40 8in®6 — ..

+ The proof given on p,244 depends on de Moivre’s Theorem ; but it is pointed
out on pp. 248, 244 that the expression quoted for cos n6 can be obtained from
the addition formulae, which can be obtained by mathematioal induction, so
that this expression for cosné can be obtained without the use of complex numbers,
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cosz:ooa"f—r—‘(—n?l) cos™-2 % gina 2
n 2 n n

M’_l'z_?)(_"_g) gos"“ sm‘ =-...

L. ozn2
sin —
=oon %~ 2= 0) pngZ( "
n E nl| =z

n
sin = ‘
+x(:c-0) (x —20) (- 86) cosn—4% L
4 n z
n
Now let z remain finite, but let #n —  , so that 6 — 0.
It is possible to deduce that
xt
cosz=1-

l2 + L ... ad infin.,
but to make the proof complete it is necessary fo consider various limits (see § 4)
and to disouss the question of convergence.

Similarly the equation

#in n0=ncos"1¢sin 6 - Z‘—(ﬂ——-_llls—(n—_—g—)oos*—‘odn’o-&-

leads to sin t=x~ -i-v—;+"|£—g—...adinﬂn.

§4. To find Lt cos (E)n.

n-»o

x "
Let y=(oos-,;) .

Then 1ogy,=nlog(cos§)
=nlog (l:ﬂlin’%)

I
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= —onsin % Yein 3 4ains 2 e
= 2nsm2n sm2n+sin an 5 +...

sin - 2% gin’
=-z n ain£+sin‘£+——ﬂ+
z 2n 2n 8 ),

2n

s Db logy= -xx1x(a factor which approaches zero)
”»~>®0

=0.
. z\*_
A ”I_.Eq° (cosn) =1.
To find Lt n

n~»® x

. ®. .
Since 58 acute, when n is large

x r . =z
tan — > —>sgin—.
n n n

z
. _1_>._7_'_>1,
x
cos- 8in=
n
x »
1 n
. " — 1 >1
(oosf) sing
n n
Now Lt (oos—) =1,
n >
x n
- | =2 ] lies between 1 and a quantity which spproschesli:'nthelimit.
x \* . Z
B . ; ﬂln;
s Lt — ] =1 s Lt —— =1,
neso z : n->x z
n

331
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§ 5. Example i. Expand tan z in ascending powers of z, up to 8,
Since the series for sin x and cos z are both absolutely convergent for all
values of z (see Chap. xvi1, §10),

ta.nz=s—u—:— =sin z (cos z)~1

() bR
(-3 *m (145 - E 45

=2+ 3 + zﬁ neglecting higher powers of z.

Example #. Find the expansion for sin~1 x in ascending powers of z, where =
lies between =1,

We know [ " ix_._
o J1-23

By the binomial theorem, z being between *1,
1

Njer

Therefore, integrating each side,

sin—1 z._z+;"';s }—2“’5 ... (see Chap. xvim, §5),

=gin-1z, where sin~1z is the principal value.

=(1 _a;!)—§=1+%x2+_1__3,4+

and this series is convergent, = being between %1,

EXERCISE XXL a.

1. Use the series for sinx and cos z to ﬁnd,' correct to 4 decimal places,
the sines and cosines of angles of (i) {4 of a radian (ii) 4 of a radian. Check by
aid of four-figure tables.

a If— mo %, find 6 to the nearest minute,
8. If oo.o=0-9994, find 6 to the nearest minute,
4. If tan §=0-02, find 0 to the nearest minute.

8. If sin 0=0-9998, find 0 to the nearest tenth of a minute.

. @, Find s series for cos™1 &, by the method of §5, Example ii,
7. Find the first three terms in the expansion of sinh~1x, when z <«1.

@. Prove that ﬁ(ninho+|in0)=o+l—£+ ]—f'

and F(:sonho+cosb)=1+ﬁ+g



5] EXPANSIONS IN INFINITE SERIES 333

9. Prove that, when z is the circular measure of a small angle,

zt 228
OO R ol
conlz=1 z+8 st

10. Prove that, when z is small,

. z?
oos(a+x)=eosa.—auma.—-§eosa.+....

From the values of sin 60° and cos 60° deduce the value of cos 63° to 8 decimal
places.

11. I cos36 be expanded in a series of even powers of 6, prove that the co-

efficient of 9 in the expansion is S(-1)
e

4 94
12. Prove that coszooshx=1-m—lz +?Ezs—....

(1+8%1),

18. Find the first significant term in the expansion in aseending powers of ¢
of 29 28810 0+8in 20
* 9+ 60088

14. An approximate value for the angle ¢, measured in radians, is
8sin ¢
2+ 008’

provided ¢ is legs than %. Establish this result when ¢ is small, and show that

5
the error is approximately % .

18. Find values of ¢ and b which make a sin 20 - b sin 6 approximately equal
in value to 6, when 6 is small,

16. Prove that sin §=0 (cos 0)* approximately. Deduce that, when § is small,
log sin =1og 0+ § log cos 6.

19. Prove that, if powers of z above the fourth are neglected,
' T sinz x4 tan z
log - +4log seoz=a—5=log 5 - 4 log sec z.
18. Prove that the roots (other than zero) of the equation tan z=2z are
o 3
approximately + C—‘ -a- 9%-) , Where %= (2n+1) ;— and n is any integer.

[From the graphs of tan z and «, it can be seen that the roots are near to
£l
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28in 6 — sin 20 . tan 20 - 2 8in @

. H t ’ i Lt )
19. Evaluate: (i) OL_’O o (i) T @

2 20 — cos?
%, (iv) Lt (secd-tan @),
0-—>§

iii) Lt
@) 6—>0

]
(v) Lt (cos 01)” .
n—>o n
3
20. Evaluste Lt 8sginhz - 3s:na: — tan z
¢ x—>0 z

21. Evaluate Lt tan (sin z) — in (tan z)
z—>0 sinz—-zcoszx --g-smsz

§6. The expansion of tan-x (x between +1).
CGiregory’s Series. '

‘We know that fl T%:tan"w, where tan-'z is the principal
0

value.
As i<l D e
] <1, 1_;-_6!,"2= - + -— +...,

which is absolutely convergent for between + 1.

Therefore, integrating each side from 0 to « (see Chap. xv, §5,
p. 304),

x8 xb
"‘1 — -— emmn —-—
tan-lx=x 3+5 ey

when « lies between + 1. The series is also convergent when = = 1
but not when x=-1,

It is interesting to see how the expansion may be obtained without
calculus.

log (1 + ix) = log /T + 2 + & tan*a,

therefore, when x lies between + 1,

R 29 23
log T+ &+ itan-ta =i — T + S0
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'3 ]
and logJ”“1+z=-itan-lw=-iw-3§-'-'-g-'-....
3
28 N
2itan-'z=2<iw+"—‘f+?—£+...),
3 b
- 5
. =1y — —_— ——
o tan~le =2 3+5

tan—'z is the principal value and so lies between + % .

If 6 is any one of the angles Tan—'a,
tan®6 tan®0
5 tTE

where n is to be so chosen that 8 — nr lies between i% .

6—nwr=tanf -

Gregory’s Series can be used to evaluate .

‘When =1, ta,n‘%c:%,

com=d(L—gtg—p+ o)
This series, however, converges very slowly. Various formulae

have been devised to give geries which converge more rapidly; the
best known of these are given in Exercise xx1. b, No. 9.

EXERCISE XXI.b.

ON GREGORY’S SERIES.

1. Find the expansion for tanh~! z in ascending powers of z. Are there any
restrictions to the value of 2?

2. Prove tan~1x=Gregory’s Series, by using the expansions for log (1 + i tan 6)
and for log (1 - tan 6).

8. Prove that, if 9 lies between; and 341 ,

k3

f=7 —cot 8+ cot30 - F cot*0+ ...

4. Prove that, when  lies between =1,
tan z - § tandz + }tanz - ... =tanhz + Jtanh3z -} tanh®z+....

8. Bum the series 1~ g3 + g5 = s+ s o infin.
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8. Bhow that, if z lies between %1,

1 tan-1z\  2* 13z¢ 251z°
%\"= )" 8*t90 "Wt

7. Sum to infinity the series

scoso—%’oosao+'%'cosw— o (2<1).

8. Prove that, provided  is not an odd multiple of =,
sinz -} sin 82+ } sin 5z~ ... =% (sin z+ § sindz + J ein°z +...).
9. P_ove the truth of the following identities which have been used for the

evaluation of x:
(i) tan-1%} +tan-1} = z + (Euler.)

(i) tan-1% + tan-1§ + tan=1 3 =T, (Dase.)
(iif) 4tan-1§ - tan-1 g}y = 7. (Machin.

(iv) 4tan~1 § ~ tan-1 75 +tan~! gy =7. (Rutherford.)

w

(v) Stan~1}+2tanfy=7. (Euler)

§7. The two following examples, which are very alike, are worked
out in full so that the reader may compare the two methods used.

. Example iii. Factorise 1 -2z cos 0 +3, and hence obtain the expansion of
log (1 — 2z cos 0 + 29) in a series of cosines of multiples of 0 (x between +1).

Deduce by differentiation that
& 0in 0+ %0in 20 + SH0in 30 4= T—gr Tl

1-2z0080+2%={1- (z, )} {1 - (z, - O)}.

- log (1 -2z cos 0 +22)=log {1 - (z, 6)} +log {1 - (x, - 6)}

__ |=, 0 (2% 20) (*80)
== { ,1 + 2 + 8 +...

+(a:,1- 9) + («2, ;20) + (:c’,;ao) + ...} (a8 zlies between:1).
. log (b-- 32 008 0+ &%) = ~ 3 {aoo-a+"§maa+%'m so+...},
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Differentiate each side of this equation with respeot to 0 (see Chap. xvmI,
§5), .

2z8ing@ 2. .
m_2 {msin0+a: sm20+.t“sxn80+...}.

which is convergent when z lies between 1,

]
. 2 z sin .
. & 8in 04 22 8in 20 + 28 8in 30 + .. ={ 9z 008 0% 2

Example iv. Prove that (z between =1)
% log (1+ 2z cos 6+ 23) =z cos § — §? cos 20+ 323 cos 86 -- ...

- rsin§ —xsin 0 —too _
and tan 1722 cos 05 28 & 8in 6 *x 8in 20 + $28 sin 3(? cees
Since z is numerically <1,
log {1+(z, 6)} =(z, 6) -} (23, 26)+4% (a3, 80) - .... 1)
But 1+ (z, 6)=1+xcos 6 +iz 8in @
R — z sin @
= 2 i =tan-1—— " _
=,/1+ 2z cos 0 + 22 (co8 ¢ + i 8in ¢), where p=tan Trz 080"

" log {1+ (2, 6)} =} log (1 + 2z cos 0 + &%) +i tm-l%, as 14+ 0088 ia
positive (see Chap. xvm, § 10).
Therefore, equating the real parts of (1),
$log (1+22 008 6+ 2%) =z cos 0 - 2008 20 + §z%cos 36 - ...

(Note that the result of Example iii follows from this by changing = to —z)
and, equating the imaginary parts of (1),

-, _xsiné __3 f.s _
tan Trzo0s0= =z8ind 3s1n20+3sm30

Norn. Both series can be proved to be convergent when z=1, provided @ is
not an odd multiple of .

. $log2(1+cos6)=cos 9 -4 con20+}cos36~...,
i.e. log (2 cos g)=o¢.>s10—1\ooa 20+ 400830 - ...

and tan-‘lz_ino =sin6-§sin20+4sin80- ..
sin ¢ 4
Now 1—+m=tan 3’
v S=sing - fein20+§sin80-...,

where 6 lies between + .
SHT 29
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§8 Example v. Ezpand e**sin bz in a series of ascending powers of z.
€% gin b = 2% exp (ax) {exp (ib$) — exp ( —ibz)}
=21_i {exp (a+ib) z - exp (a - ib) z}.
Let a+ib=(r, 6).
Then €% gin bz= 217 {exp (ar, 6) - exp (zr, - 6)}

1 (zr, 0) (2272, 26)
=5 {1 + I + T +..
(ar, —6) (x?7%, —26) i
-1- - 5 - }

1t
_1 {2xrisino+2x9r”isin20+ }
=5 L B S
. ez _arein@ 2%r?sin20 2%%sin36
S ewginbr= i + B + 0 ey
—_— b a
here r=a/a?+ b2 and @ is such that sin 6= -, C08 0=
where r=na¥+ is suc T T

Example vi. If sinx=hsin(z+a), where —1<h<1, show that

h? h3
z:mr+hsina.+?ain2u+-3—sin3a+...,
where n is any integer.
sin z="h 8in (z +a) =h (sin x cos a + cos z sin a).
. tanz—_hin.g—.
) “1-hcosa’
. exp (ix)—exp(—ix) _ ihsina
" exp (iz)+exp(-iz) 1-hcosa’
exp(iz) _1l-hcosa+ihsina
" exp(-iz)  l-hcosa—ihsing’
. : _lj(h’ -a)
S exp (2&@)-— 1‘:’0;;:)—-
s 2nwi+2iz=log {1~ (h, —a)} -log {1-(h, a)}
=-(h,-a)—q}(h’,—-2a)—%(h’,—Ba)—...
+(h, @) +% (B, 2a) +} (h3, 8a) +... (since —~ L <h<1)

. . m,_. . he_, .
=h2tsm¢+—2—218m2a+—§2zsm3a.+...o

. h? . 3 . . .
a:=mr+hsma+§sm2a+—';—sm8a+...,wherenmsnymteger.
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EXERCISE XXI. o.

1. Expand log (1 -2« cos 6+ z3) in ascending powers of z, when x#<1; and
deduce that
cos §—x
1 -2z cos 0 +a?

3. Expand in ascending powers of z (r<1):

=co08 0 +x cos8 20 +z2co8 80+ ....

) 1+xcosf (i) 1-22
142z cos 6 +x?’ 1-2zcos 0+x3°
(i) - 2z cos 0 (iv) 1
1-2xsin 042’ 1-2zxc0860+23"
8. Prove that the coefficient of z* in the expansion in ascending powers of =
l1-z .
of i—-—:m 18 co8 (n"l'i‘) 0560%0.

4. Expand in ascending powers of z:
(i) excosboos (zsing), (ii) e®*cos bx.
8. Expand log (sec 6 +tan 6) in ascending powers of sin 6.

8. Expand log cos # in ascending powers of tan g , where 6 is an acute angle.

n

7. Expand log cos § in ascending powers of tan 6, where 0 lies between = Y

8. Prove that, for an acute angle 6,
log 2 cos 0=cos 20 — 4 cos 40+ 4 cos 60— ....

9. Prove that, for an acute angle 6,
log 2 cos (’—; + g): -sin0+4cos20+4sin 89—} cos 46— f sin 56+ ...
10. Prove that, for an acute angle 0,
Tr 0 . . .
log tan (Z + §>=2 {sing-{sin36+Fsin56-...}.

r8in 0
] 1-rcosd
13. If sinz=ycos (r+a), expand z in ascending powers of . (- 1<y<1.)
18. Prove that, if tan =38 tan (z -y),

11. Expand tan—1 in powers of r, where r<1,

?l=1—1§ sin2z—2—:-l—2-,sin 4a:+§l§¢sin 6z—....
14. If tan a =cos 2w tan A, prove that
A-a=tan?wsin 2a+§ tan‘ wsin da+ ftantwsinBa + ...

22-3
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16, If tan%:?tan%, prove that

g S0 1, 1
*(0 o) =tan 8_00”..3sma+2 5 rzun?!az-r-3 33"“3“‘*'
16, Show that, when ¢ is positive,
gin 0

M0 _5'Y eMsinng
coshg-cos 6~ ,,=le g

17. If B is an angle of & triangle ABC and less than A, prove that

B-—smC+ sm2C+ sm30+

18. Prove that the coefficient of z* in the expansion in ascending powers of

n
7, of ¢#e9 gin (a4 2 sin §) is T—n 8in (nf + a), where cos a+i sin f=(r, ),

10, Prove that the coeflicient of 2* in the expansion of ——-—- in
ard -2z +c

n42

asoending powers of , where ac> b?, is( ) ! sgl-gﬁ%l) , whete ¥ ac cos § =,

20, Expand ¢%cosz in ascending powers of z; and show, by equating the
ooefficients of 2" in the expansions of ¢* sin « x ¢* cos x and of %e’“ gin 2z, that
(n-l)r r an-1) , (n-2)r r (n-1)7

+ +... +n8in — cos

“‘“441244 1%

=(@-1- s ],



CHAPTER XXII

FACTORISATION. FINITE PRODUCTS

I, There are various methods of factorisatioh, but the most
useful method applicable to trigonometrical functions is to deduce
factors from consideration of the roots of equations.

This method is applied to various functions in the first part of the
chapter, after that many forms which can be deduced from these
fundamental factors are considered.

Most of the factor forms can be derived from the general factor
theorem of § 9.

2. Factorisation of sin nf where 7 is an integer.
sin0 ’ g

In Chap. x1v, § 16, p. 245, it was shown that E—:?nlzog can be ex-
pressed in a series of powers of cos 6, the term of highest degree
being 2"~ cos®1 6.

s;?nzo can be expressed as the product of n—1 factors thus:
s;?nno=2"'-‘ (cos@—  )(cosf—  )(cosb— )....

Now sin 76 = 0 =sin p, where p is zero or any integer, when

27 3 n-1
0=0’ %: ';?: %)‘--: poy z

’

. T 27 3 n—1w
.. sinnf=0 when cosﬂ:cos"—z,cos—;b-, CO8 —=, ..., CO8

.

The case of p=0 has been left out because that corresponds to
sin 6 being a factor of sin nf.
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Now these values for cos§ are all different, and no new values
could be obtained by giving further integral values to p.

. M: 2""1(cos0 - cos’—r) (cos0—cos g"f) (cos 0—cosn— l’r) .
sin @ n n n

This we shall abbreviate thus:

sin n6

p=n-1
- =91 I (cosf—cos?
s1n

I 2. (1)

(range of angles )

§ 3. By a similar method it can be shown that

cos nf =21 cos 6 — cos Zr——) (cos 0 —cos 3—”) (cosG—cos2n = 1")
2n 2n 2n

= 2n-1 pI=I” cos 6 — cos % - 1") 2)
p=1 2n

(range )

§4. Factorisation of cos né — cos na, where « is an integer.

In Chap. x1v, § 16, p. 244, it was shown that cosnf can be ex-
pressed in a series of powers of cosf, the term of highest degree
_being 27! cos"§.

*. cos nf —cosna can be expressed as the product of n factors
thus:

cos 26 — cos na = 2" (cos 6 — ) (cos 6 — ) (cos 6 — ) T

Now cosnf — cosna =0, t.e cosnb=cos(ne+ 2pr), where p is
zero or any integer, when

0- 2 4r 6 2(n—1)=
= a, a+.;‘, a+~’;, a+7f-l—’ ceey a+—-———,;——.

. cosnf — cosna=0 when

27 4r 2n—-1=nw
cosf =cosa, cos (o.+ —), cos(a+ —), <oy CO8 (a+ )
n n n
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Now these values for cos  are all different,t and no new values
could be obtained by giving further integral values to p.

-
" cos nf — cos na = 2"~ [cos § — cos a] [cosﬂ —cos (a. + 2-1—:')_|

x [cos@—-cos(a + 4—”)] [coso-cos (a + 2’n-—11r)]
n n

=n-1

=211 | cos8—cos a+?£’—r . (3
=0 n

(range 2m)

In particular, put na = g, then

=n-1
cos nb =2"-120 ﬁ cos § —cos (—— + %)] ,
=0 2 n
(range 2)

which can be thrown into the same form as formula (2).

§ 5. Factorisation of X® — 1, where = is an integer.

—~1=0 when
%" = cos 2pw + ¢ sin 2pw = (1, 2pw), where p is zero or any integer.

#*—-1=0 when w:(l, 2%’-), where p=0,1,2,...,n—1.

These » values of x are all different and no additional values for
« could be obtained by giving further integral values to p.

p—n— pr p=n—
S — 1— ac—-(l ——-)]or ” (x—cos2ﬂf—zsm2p")
p-O n

This form has the disadvantage that most of the factors contain
imaginwury numbers, but we can group the factors in such a way that
we get rid of the imaginary numbers.

+ Except when na is an odd maultiple of .
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Leave the factor for which p = 0 by itself, but group together the
fuctors for which p=1and n—-1, p=2 und n-2, ....

S N ) = [ o)
x [w - (1, 271‘:5")]

= @=1) (=~ % con 27 + 1) (a2 2wcm3—21' 1) s

If n is odd, the last factor will be (w’ 22 cos 712—1 %%r + 1) and
1
=) 11 o - 2 cos 22T 1) (4a)
(range )

If n is even, a factor [ (1 n2">] will remain over, and this
s equal to x + 1.
P73l P 2n
@ —1=(af—1) T [z”— 22 cos 227 1]. (48)
p=1 n
(range )
§6 Factorisation of x® 4-1, where n is an integer.

By a method similar to that of §5 we can factorise «® + 1.
a*+1=0, when a* =—1=(1, = + 2pm),

t.6. when @ = (1, 27);1"), where p=0,1,2,..., n—1,

These n values are all different and no additional values for & could
be obtained by giving further integral values to p.

o w127 oo (1 B2,
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By groupmg the factors in pairs as in § 5, we find;

when n i odd o
,,,’.‘;?
Pale(mel) M (af- 2xcos2”‘;1" + 1), (5a)
»=0
(range )
when n 18 even
p=n"2 —
2
+1= I (a:’ 2accos2p;1"+ 1). (5%)
»=0 (ranye )

§ 7. Factorisation of

x"+$—2 cosna or x™ —2x"cosna+1,
where n is an integer.
Put & — 22" cosna + 1=0.
. (" — o8 mia T4 5i ma) (& — 608 ma — i sim ma) = 0,
2" =cos na + ¢ 8sin na = cos (na + 2pw) + 1 sin (na + 2pw),
where p is zero or any integer,

& =cos a+gp—)+msm a+gp—-)
n n

Nowif p=0, 1, 2, ...,n -1, we get 2n differentt values for =
and we get no additional values by giving further values to p,

-n—1
. a:"'-—2ac"cosna+l=p ﬁ w—cos(a+g£?-r)—isin(a+-2-p—")]
p=0 n n
2pm\ . .
x[ac—cos(a+—n-)+zsm (a+——>]
-n-l

[w’ 2 cos (a+——- + 1'1 (6a)

('romge 2)

+ Except when na is an odd multiple of .
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p=n—1
And w"+;};-—2cosna=

i w+l—2cos(a+-2-££)]. (6b)
p=0 X o n

Note. The factors of cosnd — cos na (see § 4) may be deduced from the above
thus:
Let £=(1, 9), then
1 1
z =(1,-6), =z*=(1,n6), ;os:(l’ - nd).

1 1
:c+5=2 cos 4, z“+§‘=2 cos nf,

On substituting these values in (6b), we get (3) of § 4

§8. Pactorisation of cosh nu — cos na, where = is an integer.
From §7

1 p=n-1
m"+a7,-2cos'na— I

w+1—2cos(a+@z)] .
p=0 X n
1 1
Let 2 = ¢%, then 2= ™Y gt =™, — =g~
1 1
. w+a—c=2coshu, :v"+g=2coshnu.

p=n—1
.*. cosh nw —cos na =271 II

2 {coshu — cos (a+ g%’—r)} . (7

(range 2)
§9. The results of §§ 4, 7, 8 may be stated thus:

p=n—1
2 cos nb — 2 cos ma =

= II [20080 cos(a+--—)],
- p=0

1 p=n—-1
w"+5,-w—2cosna= i1

x+l-—2cos(a+ﬂ)],
=0 n

p=n—1 217”
2coshnu—2cosna— II 2 cosh u — 2cos(a+—n—)].
p=0

Thus we see that if v, denote any of the functions
2 cos nf, 2 cosh nu, z"+ 1
p=n—1

v,,-—2oosmz— I v1—2cos(a+gg7—r>]. )
=0 n

(range 2m)
This result, which we shall call the Greneral Factor Theorem,

is a convenient symmary of the results proved in §§ 4, 7, 8
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sin nd
§ I0. Various factor forms for <=7

From §2 i ‘
sinnd _ gn-1 (cosO—cos:—:) (cos 0 ~ cos 27”) ...(cos 6 —cos 2= “r).

sin 6 n

n—pmr T
Now cos——L =—cos%—.

Hence, taking together factors equidistant from the ends, we get:
when n 18 odd

on n6 = 2n-1 (cos’@ — cos? -_r_r) (cos’0 — cos? 2-”)
sin 6 n n

n—-1x«

(cos’a—cos’ 3 n) (9a)

2
= 281 (sin"‘ T sin’0> (sin’ T sin"’G)
n n

(ainﬂ"——;" = —sin®0); (100)
when n is even, there is one middle factor (cos 0 — cos g :—:) = cos 0,

sin nd
sin 6

= 2"1¢cos 6 (cos’0 — cos? I) (cos’@ — cos? 2—") wee
n n
n—-2=n

(cos’@ - cos’—-§— ’—l) (9%)

= 9"cos 6 (sin? - - sin’G) (sin’ 2r_ sin’@)
n n

o (i 23 2 T -sint9) . (108)

If in (10a) and (10b) we make 6 =0, since Lt o _ n (see
00 SIn@
Ex. 1x. ¢, No. 4),
n=2""sin’£sin’27”-..., 11)
theast factor being sin® z ; ! E or sin? n; 2 % according as % is odd

or even.
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Hence, on dividing (10a) and (100) by (11), we get:
2vhen n 18 odd

sin no; ( sin? 9) (1 _ sin? 0) ( sin? @ ), (124)
n 8in ¢ . . 7
sin' sin sin 5 =

when n i8 even

sin nf sm 6 sin 0 sin? 6
1 —
nsinfcosf , R 21r
sm’ sin sin < n

(12b)

Note that the range of angles in formulae (9)—(12) is‘% in each case.

For other forms see Exercise xx11.a, No, 6.

§II. Various forms for cos nf.
Starting from (2) in §3 and proceeding as in § 10, we get:
when n i odd

cos nf = 21 cos 6 ( cos?  — cos? 1) (cos2 6 — cos? i'—r) ..
2n 2n

n—27

...(cos’o——cos’ n ) (13a)

= 2"1cos 6 ( sin® 2-—7:—" - sin’O) (sin" g—;: - sin’6>

o (st 2T i o) . (l4a)
when n is even

cos nf = 21 (oos’o — cos? 1) (cos’o — cos? 3—")
2n, 2n

. (cos’O—cos’m") (13b)

2n

= gn1 (sin’ é'% - sin’0> (sil‘l2 ?2%: - sin’e) ves

(sin’ n-lm

— sin? a). (14b)
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On putting =0,
1=2m1 sm2 sm‘ 7 gin? — Sm ey (15)
n n

27 L an—1w . .
or sin? , according as n is odd

2n

the last factor being sin? *
or even.

Lastly, on dividing (14a) and (145) by (15), we get:
when n is odd

cosnf=cosff 1 — sin’ § - —8-1-1—12—0— 1- sin’ 0
- sin2 sun2 ) n? T 2w

(16a)

when n 18 even

in3 2 2
cosnd=[1- 22 0 1- sin 0 1- ____sm o
gin? — sin’ sin* © )
2n
(l 6b)
Note that the range of angles in formulae (13)~(16) is gin each case.

For other forms see Exercise xxi1, a, No. 7.

§ I2. The following method of finding some of the formulae of
§§ 10, 11, taken substantially from Serret’s Trigonometry, is of
interest.

From Chap. x1v, §16, p. 244,

_n(n=1)

cos n = cos™ @ B

cos" %@ sin?@ + ...,

n (n—1) (n—2)
E

. n p —ap s
smn9=—lcos” 10 8in 6 — cos™ 30 sin%0 + ... .

If n 18 even

» _ =)
cosnf=(1 —sin®6)s— "= (1 _gin16) T sin®h 4 ...,
B' J

n-2

sin 18 = cos {& (1 - 8in®6) ¥ sin 6

_"_("_-_lé(_":z) (1=t ) T sinth ..}
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*. cosnf and M are functions entirely of sin §, which
n 8in 6 cos §

ea.ch reduce to 1 if sin #=0.

Now cos n0 is of degree » and vanishes if
(n-1)7 (n—-38)= 3 =® =« 3« (n=1)m

0=- 2n ’ om ""’_%’_%’%’%l“" 2n ’

.*. cos nf is divisible by

1 gin3 6 1— sin% @ 1 sin? @
- sin® — ’ sin? — w3t T sin? M
2n n 2n

.*. ascosnfd=1when =0

n
P=3 : 2
cosnf=II { 1— -—-——?—19—0—— (16d)
p=1 slnz(p )=
2n
Also ;E?%ll%’lci—sgis of degree n — 2 and vanishes if
o=__(n——2)1r _(n=4 _4r 2r 27 drm (n— )1r
2n ' 2n 77 2 T 2% It 2m’ T 2m

sin nd

. m is divisible by

sin?d sin? @ sin? 4
-5 =g = 1- (n—2)=’
sne 47 2 : -
sin o sin o sm’T
s sm.'n0=l when =0
7 8in @
ptt=2

P 0 = 2 . 2
s;;;"; =ncosf II 1S 4 . (123)
: p=1 mn’p—:

In?
Using the transformation 1 —:li';,: =cos*u ( 1- ﬂi‘é’) ,
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when n ts even

n
P=3 2
cosnf =cos® 0 1I 2(1 - ___tap_O____) aamn)

p=1 ta.n’ (2p_ 1)7‘-
2n
p="22
. 3 2
sgl_'nﬂ —ncost19 m [1-120 0 (18)
sin 6 p=1 tan??”
n

Serret also finds the corresponding formulae for the case in which
n is odd.

§I13. Factors of a%hrt::-l and cosh nu.

Corresponding to most of the factor forms of §10, 11, there are
sinh nu
sinh »

These forms are most readily obtained by putting §=+4u and
making the assumption—a big assumption—that the results of
§§10, 11, proved only for real values of 6, are also true when 4 is
imaginary, and using the formulae cos tu = cosh u, sintw = 4sinh u.
The justification of the results depends on independent proofs that
make no such assumption as that referred to.

factor forms for and cosh nw.

Some of the results for s::; o e found below, and similar proofs

can be found for the various forms for cosh nu.
From the general factor theorem,
p=n—1
cosh nv — cos ma = 2" II | cosh v — cos (a + gﬂf ]
. p=0
Put v=2u and a =0.

Then cosh 2nu—1=2""1 p=ﬁ_ (cosh 2u — cos ~—)
Pp=0

. p=n=1, . P
+ 2sinh?nu = 2”‘“1 II (sinh?u + sin? ——) ,
=0 n
sinh? p=n—l s .
“inhZu gnu =2"-7 II (sinh’u + sm’-p—") .
sinh?u p=1 n
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Let «—0, then in the limit

p=n-1 p
n?= 2”‘" II sin?—
p=1

sinh?nu _ #=n-1 /sinh?y
. —E—.——ﬁ?—- = I +11\.
wisinh*u - poy | L aPT
n
Now factors equidistant from the ends are equal, and all the

factors are positive, and sinh nw and sinh % are both positive or both
negative.

n-1
. p="u .
. . sinh nu 2 - sinh®
S when n is odd, ——— = TI 1+ ,
n sinh w p=1 sin? pm
n

nsinhucoshu -

n
. p="" < 1e
, sinh nw 2 sinh®«
when n i8 even, ——————= 1 (1+ .

EXERCISE XXII. a.
Mainly on bookwork.

1. Write out in full the proof of formula (2) of §8.

2. Show that the special case given at the end of §4 can be changed to the
form of formula (2) of § 3.

8. Deduce the factors of z*~ 1 from (6a) in § 7. .
4. Deduce the factors of z*+1 from (6a) in § 7.

2
8. Prove that 1- _eos (l—tin—,g).
tan? v
8. Use the transformation of No. 5 to show that:
. p= n 2 3
(i) Whenniseven, inno—n com-19 1 (118020
0 p=1 t&nﬂﬂ
n

’nl

i 2
(ii) When nisodd, 2% _,coem-1g 1= [1-8820\
sin 6 pm=i1 tans?”
n
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7. Use the 'transformation of No. § to show that:

n
p=2 2
(i) When n is even, cos nd=cos* 6 II [1- —-—taf—il—-— .
Y (N IS T
2n
p=t=l
3 / 2
(ii) When n is odd, cos né=cos® ¢ II 1- —t—a;—L .
p=1 tan? ( Pg— )w
n

m factors for the

»

8. Use the method of §12 to express (i) cos nb, (u)
cases in which = is odd.

9. Show how the factors of sin ng
sin 6

theorem, or from formula (3), § 4.

10. Use the general factor theorem to show that:
(i) When n is odd,

can be obtained from the general factor

pot=l L
cosh nu=2"1coshu II sinh? u + gin? 322_ }1)
p=1 n
n-—1
LA inh?
=coshu II 1+——————8lEB_E B
p=1 sin"2p_l1r
2n

(ii) When = is even,

n n
Pe 1w\ 3 inh?
cosh nu=3"-1 II (sinh?u+gin? 2217 5 ! "): o /1+ sinh?u .
p=1 n p=1 ‘g ?4’_ 1x
sin? o

11. Deduce the results of § 13 and No. 10 above from the results of §§10, 11
by putting 6 =1u.

smh

12. Prove that 1 +

tanh?
“_ 2 z
i =oosh’ u(1+ teniv )

18. Use the transformation of No. 12 to deduce, from the results of No. 10,
that:

2
(i) When n is odd, cosh nu—cosh"u II tanh?u .
p=1 tan’ !2])—1)1
n
(ii) When n is even, cosh nu =cosh®u II 14 —tanh?e T
p=1 tan? @;}I
n

SHT a3
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14. Use the transformation of No. 12 to deduce, from the results of §18, that:

n-1

= 2
(i) When n is odd, iln—hn:_m)shn—l w 10 <1 + tanh! u) .

p=1 tan2 27
n

-2
p_ﬂ

-2t .
(i) When n iseven, smhl_?_u —coshmlu T [14f20RIE\
“ p=1 tan2 27
n

§ I4. When given a factor form for simplification, the first thing
to consider is what is the range of angles.
(i) If the range is 2, it probably depends on the general factor
theorem (§9).
(ii) If the range is 7, it may come from the general factor
theorem by taking together factors equidistant from the ends of the

product, or by changing into half-angles (using l+cosa=2 cos“‘%L

perha.ps) , or it may depend on some factor form that has been derived
in one of these ways, e.g. the result of Example ii below.
(iii) If the range is = 3 it probably comes from a factor result of

the type (ii) by taking together factors equidistant from the ends or
by going into half-angles.

Example i. Simplify
2"'lsm0nn<0+—-) sin (6 +22;nf) ain(o +n-1 %{
The range of angles is 2x, 80 write

sm(o-i-—) cos —-cos r+0+?%’-r).

—1
the given expression = 2"'3 II cos g — 008 ( +0+- L4 ')}
p=0

=cos ¥ —oos(n; +n0+2p1r)

=cos o —oos( ng+ no).
)

oo 8in (¢+ -;lw)

Example fi. Simplify
2%-14in ¢ sin (¢ + ) sin (¢ + 2:
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The range of angles is =, so write

2sm‘-'(¢+p) 1- oos(2¢+ Lkl )—-oosO cos(2¢+2p')

-1
From §4, cosnd—cos na=an1" "1t {cos 6 — cos (a+ ——)},
p=0
put 6=0 and a=2¢, then A

=n—-1
2sin’n¢=2"'lp I'I‘o {2sin’(¢ +1%' }

p=

sin? ng=220-1" I {Sim ("’ +1'Df)} ’

=0
2n-1gin ¢ sin (¢+ :—:) sin (¢ + gn’:) ...8in (¢ + l;—}w) = %ginng.
We have now to consider the ambiguous sign.
If ¢ lies between 0 and ’—; , 8in n¢ is +ve and all the factors are +-ve.

If ¢ lies between %' and 27—:', sinng is - ve and the last factor only is — ve.

If ¢ lies between 27' and %:—r , 8in n¢ is + ve and the last two factors only are + ve.

etc. eto,
Therefore in all cases

a“‘un¢-m(¢+';')-m(¢+-’?") veesin (¢|>+’-'-';'—1 'n') =sinn.

Example ili. To make various deductions from the result of Example ii.

By changing ¢ into ¢+21 , we get

win (94 1) s (9 22) oo (42

sxnn¢
n¢
T 2w .. n-1
27%-1gin - gin — ... 8in — w=n,
n n n

=08 ne.

Again, a8 ¢ —0,

but factors equidistant from the ends are equal and all the factors ars positive.
n-1 _
27 % sin ’—rsingf... =a/n,

the last factor being sin —2—— x when n is odd, and sin 7-3572 = when n is even.

This last result was found by a dnﬂerqnt method near the end of § 10.
23-3
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Again, put ¢ = 5

L3 2r n-1w
271 co8 — CO8 — ... CO8
n n

._sm-2— T ~0 when n is even,

or=1 if n is of the form 4p+1,
or= -1 if n is of the form 4p- 1.

If n is odd, by taking together factors equidistant from the ends and taking
the square root

ne-l T 2 n-1x
2 2 cos- 008 —...CO8 -
n n 2n

=1,
since ali the factors are positive.
Again, put ¢ =iu in (19), and we get

(—2i)*~1sinh u ginh (u +i —) sinh (u+ i —) . 8inh (u +1 ) =ginhnu.
EXERCISE XXII. b.
1. Write out in linear factors: -
(i) cos 5a — cos 58, (ii) cosh 4a — cos 48.
2. Express as the product of quadratic factors:
(i) ™ - 2a"z" cos nd + a?", (iv) «®-2z*cos 1 L 1,
(i) =4+ 2 ~2c0s 46, (v) a8+2abcon 5 +1.

(iii) 212 - 225 cos 6a+1,
8. Write out (a) in linear factors, (b) in quadratic factors:

. " .\ 8 h 5
(i) cos @0, (ii) cos76, (iii) sm 60 (iv) %77:’, (v) cosh 4u, (vi) s;?nh:

4. Express as the produot of real factors:

(i) 28—-a8+1, (ii) 212 -a8+1, (iii) 210+a%+1,
8. Express as the product of real factors :

(i) «5-1, (ii) x¢-1, (iii) #7+1, (iv) «8+1.
8. Faotorise:

. (i) sin 3a - sin 38, (ii) sin 4a —sin 48.
7. Express as the product of real factors:
(i) 2™ —a™, (ii) 2+l — g2t (iii) 234 a2, (iv) adntlpqg2ntl,
8. Prove that
':l:l;‘ 08 ¢ — COo8 -—) r_"_l {l—oos (¢ + 2’—:)} =

r-l
¥
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9. Prove that

. .0
sin?
cosnd —cosna T=n _

1-cosna re=1 gin? (E_I_a_:)
n 2

10. Prove that

2rw
CO8 ¢ — cos w

ne r=n-1
tan? " =(-1) II T
? ™ | oos ¢—oos@:n_1).£
11, Prove that
conam2im " gin 2042 FLT
r=0 2n

12. (i) Prove that

2n-1 008 6 cos (0+g’-r) cos (0+4—’) .. CO8 (0+2n— 1 ”)
n n n

=(-1)" (cos ’—;—"-' —co8 nd) .

(i) Find the value of the produet when n is odd.

(iii) Consider the special case in which @ is zero and = is even.
(iv) Put n=2p and deduce that, when p is odd,

2’"008’-;0052;"' 2—1—"'—(-1)-2—.

(v) Obtain from (iv) a factor form of sines by putting

cos a=s8in (§ --d.)

18. What is the result of putting n0=g in No. 12 (i)?

14. Prove that

91008 — oos ?;:—' cos 3—’ . 008 2= 17

= (— 1)" -1,

- 8in2 0)
16. Prove that

2"‘1605000u(0+ )cos(”_) m(“_ 11-)

n—1 n

is equal to (- I)T cos nf if » is odd, or (- 1)i sin nd if n is even.

18. Prove that
r=n
sin (2n+1) 6=22sing II fsm’I
re=l
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19. (i) Prove that

3w 5w 2n—1mr nw
-1 =z el ekl Tt fd
2n-1 cos 2n cos % cos SRt cos % =cos 5

(ii) Obtain new forms for this equation by taking together factors equi-
distant from the ends.

(iii) Use the results of (ii) to find factor forms of sines by putting

cosa=sin | =
amin(J-a).
18. (i) Use the fact that

atm

gina=2 sin & 3 sin 5

to prove that, when = is a power of 2,

sin 0= 2"‘1smasm9—+zs' 0+2”...sin8+n-lr.
n n n

(ii) By taking together factors equidistant from the ends, show that

sin 6 =2"1gin 9 cos 9 (sinf—r— sin’g) (sinz‘z—': - sm2?->
n n n n n n

(ssinz nf2-1x _ gin? 0) .
n n

§ 15. Applications of Factors.
Example iv. Prove that
2 n—1
n cot ngp=cot ¢ +cot (¢ + :-:) + cot (¢ + ;"—) + ... + cot (¢ + @—h- 1') .
The range of angles is .

In Example ii, p. 355, it is proved that

8in ng =27"1gin ¢ sin (¢ + ) sin (¢ + —) .8in (¢+n 1 ’r) .
Taking logs of each side of this equation, we get

=n~-1
log sin n¢p =log 271 + » 3 log sin (¢ +1;—’r
p=0
Differentiate with respect to ¢.
p=n-1 pr
s meotng= I cob (¢ +
p=0 n

Note, This method of deducing a series from a product is often
very'useful. See Chapter xxu1, §8.
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in real partial fractions.

a4
Example v. Express e
If o is one of the roots of the equation 7+ 1=0, then the partial fraction which

a.“ 1
has (z - a) for its denominator ist _E = ;7—“; Hence the two partial fractions

corresponding to the conjugate roots ( = ) ( 1, - ._) give
1

) o) 16 T) )
(o) () - ()

22— 2z cos 2X 41

7
T 2pr
—}w .2 cos 7 2 cos = '
7 — 2z 008 -7— + 1
PT_ oos 207
2 x cos 7 — cos 7
7 —~ 2z cos I%r +1
and p has the values 1, 3, 5.
Also the partial fraction corresponding to the factor (z+1) is-,-].‘l- (-:c_-]l.-—lj .
Hence 2r+1) ( )
r+1)r 22r+1)w
b 1 2r=2 g TeR

:c7.|.1=— 7——_—_(¢+1)+7r=0 z3—2z008(2r+1)1r+1
7
EXERCISE XXII. c.

Prove the following :
=n.

. T . 27 . n—-1wr
1. 2*-1gin —gin — ... 8in
n n n

n-1 2r n—-imr —
2 sin ¥ sin =¥ i = .
2. 277 sin_sin - ..sin— Jro nodd.

+ If ! (z) u to be put into partial fractions, and if (x-a) is a factor of ¢ (z)

1 ,,/0@
is 7@’ where

which is not a repeatod factor, the coefficient of the term
¢’ («) is the first derived function of ¢ (z).
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Prove the following :
n-1 . "‘_—‘ _
8 27 sinTain 2T . sin®2" = \/n. neven.
n n 2n
8 2n—-1nw
1 — — —_——
4. v sm2 sm2 o B0 — .
2=t T 3r n-2
2 Foain 27 . - —
8. 2 sin2usm2n...sm on =1. n odd.
et 2 1
6. 2 ° cosrcos—"..008———2=1. modd.
n n 2n
7. 21 cosfcosgf...0052"—1’-:(-1)"—1
n n
_ 5r dn-8m _ nr
8. 2» 10052—-0052,"...1.305 n =(-1)"cos )
108 - cos °F n-17_ 0s™T
9. 2n-lcos 2ncos o 008 —5 5 "
n—1
- 8w n-1w
10. 2 cosﬂoosg—n...oos o =1 n even,
2ot T n—-2r :
11. 2?7 cosé—cos%...oos o =0 nodd.
bein T a 8r . 2n—11r=
13. 2"-3gin ‘msln in . 8l i 1.
18. Prove that, when n is odd,
tn.n0+tan(0+——)+tan (0+——)+ +ta.n(0+2n 1’)—ntann0.

14, Prove that

nsinng _ r=a-1 8in ¢ _
cosnp-cosnd .-, 008¢—cos (ra+6)’ where na=2r.
18, Prove that
sin 0+g71
n sin nd =,-......1 1
COS NP —0C08 RO  ymp ooa¢—cos(0+-2—g

16. Express in real partial fractions

142
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17. Resolve into the sum of n partial fractions:
@) a®—amcosnf (i) nz® 1 (™ — a® cos nf)
Z20 — 2z"a™ cos nb + a*n’ ™ — 2gna® cos nf +a™™

18. Prove that

1 1 Fot— 1 — =0

I E_ &I‘ T '271—11'
cosn cos 6 cosn cos(0+n) oos;—cos(0+ p )

19. Prove that
T=n -1 1 ,nﬂ

™0 1-cos (¢+g:;—1r) 1-cos ng

20. If n is even, show that
—zp=2( 2 r 237 2 gn-1n
1+z)*+(l-z)"=2 (.’c +cot? 2n) (z”+cot 211,) (z +cot 3n )"

™

21, Ifa= Gng1 Prove that

(1 4+ )i+ — (1 - z)M+1=2 (2n + 1) z (1 + 22 cot2 a) (1 + 2 cot? 2a) ... (1 +22 cot? na).
22. If » is even, prove that

n (] — )0 = 2 2™ 2 g 2w 2 i
(L +a)m = (1 — gy 2nx(x +tan n)(z +tan ”)(z +tane 22T,

28. Prove that
r= —_
a4 (2 -1)M=2 II” {z’—x + } cosec? %DI} .
r=1

24. Prove that
1 A B
Trap+i-ap + 3r’

2 2 T 397
22+ tan' 10 22+ tan 10

and find the values of A and B.

28. Prove that, if a=:—;,

‘ ngin-1 z r=n-~1 2 —-cosra

Py e ey R r=1 %2-2z008Ta+1’

26, Prove that

=p—1 e
* cos nd + sin no=2v-+""11 sin (o.g.ﬁ'ill),
p=0 4n
27. Prove that
1 + 1 + ... ton terms=n3.

L3 8r
l—oosg—” 1—005-27‘
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§16. De Moivre’s Property of the Circle.

IF Ay, Ay, Ay ooy A, be the successive vertices of a regular polygon®
inscribed in a circle of radius a and centre O, and P a point distant
2 from O, such that . POA, is 6, then

PA. PA. PAZ. ... PA,? = 2™ — 22" a" cos nb + a™.

LPOA,,=6+" 2",

. PA%,,= OP?+OA?— 20P.OA cosPOA,,,
.2
=% — 2a cos (0 + T—;—T) + ad

o PAZ.PAZ, PAZ,....PA,?

[:1,3 2xa cos (0 + ':") + a”]

=ac”‘— 2x"a™ cos nd + a®, by §7.

T“'l 1

Cotes’ Properties of the Circle.

These are really particular cases of De Moivre’s Property.
(i) If P is a point on OA,, 6 =0.
<. PAZ.PAZ.....PA? =a™ — 22"a" + a®".
.. PA,.PA,.....PA,=2"—a"
(ii) If P is on the bisector of . A,0A,, 6 =£.

. PAZ.PAZ,....PA2=a™—2z"a" cos 7 + a®"
=™ + 22" a™ + a™
.~ PA,.PA,. ....PA, =2"+a"

EXERCISE XXII. d.

1. A, Ay, ..., A,, are the vertices of a regular polygon of 2n sides inscribed in
a circle of radius a.
(i) It O is the mid-point of the arc A, A,,, prove that
OA,.OA,. ... .OA,=,/3a"
(ii) Prove that
A A A A, ... A A =0 n,
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2. A;,’Ag, ..., Ay, are the vertices of a regular polygon of (2n + 1) sides in-
soribed in a circle of radius a. If the diameter through A, ., meets the circle
again in P, prove that

PA;.PA,. ... .PA, =a"

8. A regular polygon of 2n sides is inscribed in a circle of radius a. P.ove that
the product of the perpendiculars from the corners to a line through the centre
. . oo a
and the mid-point of one side is =t
4. A regular polygon of n sides is inscribed in a circle of radius R and perpen-
diculars are let fall from its vertices on a chord. Show that their produet is

R»
ol (cos na + cos nB),

where 20 is the angle subtended at the centre by the chord, and g is the angle it
makes with any side of the polygon.

8. If a square A; A,A3A, and a regular pentagon B, B,B,B,B; be inseribed in
a circle of radius r, show that the continued product of all the chords AB is
numerically equal to 220 sin 20 4, where 26 is the angle subtended at the centre
by any one of these chords.

8. If A B, C, ... be the angular points of a regular polygon of n sides inscribed
in & circle of radius a and centre O, and if P be any other point, show that the
sum of the angles made by PA, PB, PC, .., with OP produced is

tan-1 atsinng
a*cosnf -z’

where OP =z and POA =4.



CHAPTER XXIII

INFINITE PRODUCTS

§ I. In Chapter xvin it was explained that the theory of infinite
series was not treated fully on the grounds that it is outside the
scope of the present work and is best studied after some acquaintance
with infinite series. For similar reasons we shall not deal with the
fundamental difficulties of proceeding from the product of a finite
number of factors to that of an infinite number of factors. The reader
should consult such books as Hobson’s Trigonometry and Chrystal’s
Algebra.

If ," denotes the product of n factors u,, u,, ..., u,, Where

Uyy Ugy ooy Up
is a sequence of quantities formed according to some law, and if
Lt II," tends to some finite limit II, then II is spoken of as the

7n—>w
value of the Infinite product and it is said to be a convergent

product.

‘When we wish to express f(x) in the form of an infinite product,
we shall content ourselves with adopting one of the following
courses :

(i) we shall find II,", the value of the product of the first »
factors, and we shall prove that Lt IIL,"=f(x);
Nn—>»c0

or (ii) we shall show that f(x)=1II," x @, where Q lies between 1
and a quantity which approaches 1 as n tends to infinity.

§2. To prove that

sin 0 6 6 (4
2= COB 3 COB 3, COB =y ... ad infin. (Euler’s Product).

sinf =2 cos2 sin Q

2 2
= 2% cos 2co:s—‘?—sin 2
2 22 28
_0_ . 6
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. H”=cosgcosgcos£ cos£= sin 6
- A 2 2" sin 2
21\
/]
sind “on
Lt ,*= Lt | —
7= 1 n—»xo 0 . 0
s §Tl
9
_siné Lt — P
0 nsrw singu
sin 6
=g (Chap. 1x, § 4, p. 139.)
sin 6@

6 0 0 .
. —0—=eos-2-cos§—,cos?...admﬁn.

§3 To show that when ¢ is real,

singg=0¢ (1 -g) (1 - 2—%) (1 —5%) ... ad infin.
(-
From Chap. xx11, § 10, p. 348, when n is even
sin nf sin? 0 sm’ 0 sm’ 0
1 -
nsinfcos§ ( T )( . )(
sin?— sin? —
(1 - —sl’io—)
. sin? n—2w
2 n

Let nf=¢, and let ¢ remain finite, but let >, so that
6= -‘é—>0.
n
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sin 0 ¢ sin 0 ¢

Then nsm90080=n0-—7— ——4: g o8 .-
sin 0 qS a@xin"32 sin’%
I Akt Rewr-y | s
n n
sin’% sin’%
x{ 1- 3 1- Q,
sin? 2= sin? T~
n n
sin’% sin’%
where =] 1 - ——m— ]—-—nr oo
g2 7F 1w sin2 7 2w
sin“i’
1 -~ .
sin? 227
2
Now, as n—>0, §1n0_> 1, cos ¢->1
[/} n
sin*? sm’¢ (p?r)
n ¢2 ¢a
and le——=1- ——> 1.
sin? 25 (9) sm’p m g p'r’
n n n

. sin¢=¢(1-‘§)( 2,",)(1 _. ,>( T‘Z’; q,

where @ is the value of @ as n— o0

To complete the investigation it is necessary to prove that Q' lies
between 1 and 1 —¢, where ¢ is a positive quantity which approaches
0 as r gets larger and larger.
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Since we are at liberty to choose r as we please, we may choose it
5o that
é 3

sin =
n

<l
pr

sin —
n
when p=7+1 or any number > + 1; hence we see that each factor
in Q is positive and less than 1.
soa<l.

The proof that @>a quantity which approaches 1 as r»—o is
more difficult. The reader should consult Hobson’s Z'rigonometry
for the completion of this proof. See also §6.

Note we might equally well have started from the product for
sin n6 when # is odd, formula (12a), p. 348.

Note also the following form for the product:

intes (- 42)(1- ) -0 - 8.

4. By an investigation similar to that of § 3, from the formula
(16a) or (165), p. 349, for cos nf, we can deduce that, when ¢ is
real,

cos g = ( %’) (1-‘51#;:,) (1-%) ...ad infin.

_Pﬁw 1
_P=l( - 2p-1 ).

See also §6.

The infinite produect for cos ¢ can also be obtained by dividing the product for
sin 2¢ by that for 2 sin ¢.

§5. The infinite products for sin ¢ and cos ¢ have been proved
for the case in which ¢ is real; they can also be proved to be true
when ¢ is imaginary or complex. See Hobson'’s T'rigonometry.

If we put ¢ = iu we get, from § 3,

. . . u u? u? .
sin tu =ty (1 + ;:) (1 + 2,—",) (l + 571?) ... ad infin.
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Now sin tu = ¢ sinh u.

<. sinhu=u (1+;;) (1+§%) (1+§;%) ... ad infin.
=u’f (1+p,’,)

cosh u = (1 +i"“;) (1 '*"*'175) (1+-*,“7,) ... ad infin.

4u?
= H .
These products can be derived from the results of Chap. xx1r, § 13, and similar
results,

Similarly, from § 4,

§6 The infinite products for sin ¢ and cos ¢ can also be obtained
from formulae of Ex. xxiL a, Nos. 6, 7. Theseé formulae are not so
easily obtained as those used in § 3, 4, but the investigation of the
convergence is a little easier.

T'o show that, when ¢ is real,

cos g = (1 -%’) (1 - ﬁ) (1 -%) ... ad infin,

From Ex. xx11 a, No. 7, when » is even,
2 5

cos 7 = cos™ 0 tano 1— ta.n0 1 tan:
tan a3 I tan? or
2n

1— tan?6
( tan? (n— 1)").

2n

Let nf=¢, and let ¢ remain finite, but let n-—»w, so that

=i—>0.
n
. é tan’% ta.n“% tan’%
) cos‘ﬁ‘:cos“;& 1- T 1- 3r 1- 5
2 T 297 |, -
tan’ o tan o ta.n“2n
‘l;tm’2 .
@D [*
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tan’% tan’%
where@=| 1 - ——F— 1-
ta o (2r+ ) (2r+3)1r
Yo n
ngq—S
1-— =
tan’(n—l)”
2n'
Now, as n—>wo, cos"i’—»l,
n
é $\* rm \’
2— fluiliy
wato om g [w) [ 2 ) s e
tan? 27 ¢ tan 27 Pz"" T
2n n 2n

.. cosp= (1 - 4—1‘_?;) (1 _ ;‘ﬁ:) (1 _ 44’2) (1 49

B Gr—1yp=) %
where Q' is the value of @ as n— o0

We shall now prove that @ lies between 1 and 1 — ¢, where ¢ is
a positive quantity which approaches 0 as r gets larger and larger.

Since we are at liberty to choose r as we please, we may choose
it so that

2
tan?
n

<1,

where #=2r—1 or any number >2r—1; hence we see that each
factor of @ is positive and <1

o Qis <1,

SHT

24
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Again
( tan’% ta.n*g
a=]1- 1
L(2r+ 1) 7 2r+3)=
2
\ tax 2n ! 2n
tan? ‘—#
1- T
tan? ————-(n Ik
2n

N 1 1 1 T
>1 - tan* {ta J@reD= n,(2r+3)1.—+“'+m}
2n 2n

2n
d;{ in? 4n? 4n?
>1-tan® @ra iy T @reoy ’+"'+(n—l)’1r“}’
since tan 2% > 27 a5 2T is an acute angle for all the values of
o> o B, g all the es of p in
the range.
_ 4nt o[ 1 1 1
.- Q>l———tan—{(2r+l)’+(2r+3)’+"'+(n—-l)”}
T 1 1
>1- " ten'? {2r(2r+2) Gred@rah’
1
+('n 2)n}’
in? .1 1 1 1
””1"?“"55{% T A I R T

+1_1
nZn}

1 If uy, ug, ug, ... are each positive and each <1,
(1 =4) (1-ug) (1 -ug) 0. >1 - (U + Uy +ug+..).
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2
1.2

v Q> X =—.
2" 2

.% @ >1 —¢ where e—0, as r gets larger and larger.

o, Co8 ¢ = <l - “i” (1 - ;?22) (1 - ;—;é, o aq tnfin.

The proof of sin ¢ follows the same lines, starting from the formula
of Ex. xxir.a, No. 6; the end part of the investigation is as follows:

Qa>1 - — ta’¢{ 1 1

et
>l——ta 1 1
{ ('r+1) (r+1)(r+2) (n;4)(,1:2__2)}9

2.€. >1——tan2¢{1 }
r
2
. t;a.n2
>1- L4 n let:c
w? ¢ r
n

EXERCISE XXIII. a.

Mainly on bookwork.
1. Find the infinite product for sin ¢ from formula (12a), p, 348, for sin n@
when n is odd (see § 8).

2. Finqd the infinite product for cos ¢ from formula (16b), p. 849¢ for cos né
when 7 is even (see § 4).

8. Deduce the infinite produot of cos ¢ from those of sin 2¢ and sin ¢ (see § 4).

4. Find the infinite product for sin ¢ from the formula of Ex. xxu. a, No. 6,
when n is even (see end of §6).

24-2



372 TRIGONOMETRY [cH. xx111

§ 7. Examplei. Prove that
p=» 4¢‘- 4¢a
20=9cos?6” Tl {1- }{1~—~—- }:l
c0s 2¢ +cos cos Ry ey Gt r a0y
008 2¢ - 008 20 =2 cos (6 + ¢) cos (6 - ¢)

=2»i=1°° [1 4(0+¢)2)] rﬁm [1— 4(0—¢)92]

p=1 (2p-1)2 p=1 (2p-1)t~
P=o (Op _iw—20-2¢)(2p - Lo +20+2¢)(2p— 1w —20+2¢)(2p— Lo+ 20-2¢)
p-l[ (2p-1)t =t
o "5~ [Bp 1w —20)* - 4¢") [(Bp T+ 20)" - 49"]
p=1 (2p-1)m
Put ¢=0.
= (Zp_1w-26)2(2p—1 11r+29)’
Then 1+cos20= 2;;“1 Bp-1)ine
cos2¢p +cos20 r= 492 4¢?
S gt bttt ]
1+cos 260 p=1 (2p — 17 - 26)2 (2p - 17 +20)*
=0 2
oos2¢+cos20=2cos’0pll {1— i } {1— 4¢? }]
=1 (2p-1m-26)? (2p - 17 +26)2

EXERCISE XXIII. b.
1. Prove that the value of the infinite product

—tan2?® — tan2® —tan2?® g %
(1 tan' 2) (1 tan' 4) (1 tan' 8) is tana’

2. Prove that
(2cos0-1) (200820 ~1) (2cos220-1) ... (20082710 -1)=
8. Prove that

(A o) )

2cos 270 +1
Zcosf+1

.

Write down the corresponding result for sms(li 0¢)
4. Prove that
008(0+¢)=Pﬁ0 (1+ 2¢ )(1+ 26 )
c8f  pai 20-2p-1x 20+2p-1x/"
Write down the corresponding result for &Scz(:;;j’_) .

8. Express cos 2¢ — ¢os 20 as an infinite product (use the method of Example i)
and hence show that

cos 2¢ — cos 20=2 sin? ¢ ( - g):izj [{1 - (p:i 0)"} {1 - (p:-I’- 0)2} :I
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6, Show that

sm:l:‘:n"’ 1+¢)(1~——)(1 o+ )<+ 2')

(” 732 (1' szsTr) (" m)--'“" infin.

8in @ — sin ¢ N

in

Write down the corresponding results for

7. Show that:

.. coshu+coshy p»=« u3 4+ 2uv 2uv
@ 1+coshv —'pI_Il <1+ (2p- 1)’1r2+v’) (1+ (2p—1)‘1r’+v?>’

—_ = 2 2 _
(i) cos_h_ym cosh v (1__ p (1 42 + 2uv )(1+ u2 - 2uv )’

“1-coshw (2p)% w3+ 02 (2p)2 wt+ 02
sinh u 4 sinh v u,2 24 (-1)P2uv
) Ry (1 te ) ( iy )¢

8. Express coshu+cos 6 as an infinite product. [Put cosh u=cosiu, and
proceed as in Example i.]

Hence show that

p=w 2 2
cosh u +cos 0= 200529 18 {1+ Y }{1+ — ,}.
2p=1 (@p-1r-0)° @r-1x+9)

9, Show that

[} p== u2 u3
- =928in? - Y = U
cosh u - cos ¢=2sin 3 (1+ 0,) I {1+ (21”__0),} {1+(2p1r+0)’}

10. Show that: .
=00
(i) coshu+cosu=2"TI {1+ _.4_“,_},

p=1 (2p-1)t!
4
(ii) coshu - cosu=u? " {l+—-4—l:——}.
p=1 (2p)* =*

11. Prove that
b
N3 (sm +cos 2) = % (r +22) {1— (”%;2:—)} {1 (’8-:2’3)1}

12. Prove that :

) p== 4a3 402 1 2

LT ) - ) =g e

18. Prove that L

. pn (1+}_’ =smh1r. .
p=1 P

14. Assuming the infinite product for 8in 6 and the series for sin 9 and cos 6
in ascending powers of 6, prove that

(1+:c)(1— )(1+5)(1__) =1 E.E_%T_Q_I:T; ::E s

.
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§8. Applications of Infinite Products.

Example ii. Prove that, except when 6 is a multiple of ,
1 1 1
} 00t0—~+p=2=1 {0-p1r+0+p1r}’
and deduce another expansion by dqﬁerentiation.

02
gin 6= 0 II 1"1,7;.‘1)

. logsin 6=log6 + Pz {log ( pr — 6) +1og (pr + 6) - log pPa2}.
p=1
Differ:ntiate each side with respeot to 4.
-1 1
s cotf= ? 2
+ p=1 {pr [ p1r+0}

_1,35” L)
o7 poa 6=pr ¢+pm
By differentiating again, we get

coseczo—-l— +”§)uo {__1__ + ———1——}
T ooy [(6-pm)2 T (G+pm)f

Example iii. Prove that

1 1 1 . 3
-1—2+§2+§,+...&dm(m.=%,
and -1—-+l+1+ . ad infin. xt
1T g =90
62 ¢

gin 0= 0(1——— (1'27;2)(1"37;5 ey

also sin@=6- & 05
R

2 6
(1-->( 2,1‘_2)(1 o) - =1= g +zp= s
® o
log(l——)+log(1-2, ,) _log{ % 120" )}

Expanding each term and oollectmg in powers ol 0,

oL 1 04 1
'Ff( 22 3: e 14 24 tot -
11
=‘§+‘"(raq"§'s—e -
2 g
~76 180"

Equating coefficients of 3, and equating coefficients of 6%, we get the required
results.
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Example iv. Prove that

™_ 224466 . .9
3=1 § 3’557 .. ad infin, (Wallis’ Theorem.)
0 ( 92

)(1 22,r=)(1 32,,)...

Puta_— then f— L
T 2

2 1 1 1
Hence ;=(1—§11) <1—4—2) (1—52) P
1

Wallis’ Theorem is also stated thus:
When =z is very great

Vi @n+1) dr@n+1)= 1—3;———-'6"'('2'?_—1—)apptoximately.

For it is approxxma.tely true that, when = is large,

2=(-5)(-g) -~ (1-gp)-

L2 1.32.52. ... (2n-1)2 2n+1)

™ 22,42, 6%, ... (2n)? ’

6....2
'\/%7(27!1'1) 1—:———'.“—(27‘—'_1*1‘)-

EXERCISE XXIII, c.
APPLICATIONS OF INFINITE PRODUCTS.
1. Assuming the result of Ex. xximr. b, No. 9, sum to infinity

. 1 1 + 1 1 1
s $’+ (27 - ¢)? (2‘l'+¢)2+(4r_¢)2+ (41r+¢)"+ e

2. Prove that ——1—— 1 L

~ n
etizetiziet - =shaby

. 1 1 1
8. Sum the sengs YY) + Tres + ﬁ‘fa‘a"‘ e
P =

2
. hat =
4. Prove tha ool I rcothr 1.

375
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8. Prove that:
(i) tanp=86 {

1 1 1,
e v I P v R Y }
1 1 1 1

(i) Joect0 = c—gom + rraap * (@r 207 * Br e 2P

+ ...

6. Prove that L L
1
7 + 2 (-1)r { - pr 0*+p§} =cosec 0.

7. Prove that
1 1 6 1 6 1 6

ootG:a- '2";"“5"2—2“"-‘9‘2‘2_3““@“
1 1
8. Sum ﬁ,+2_"+-§‘_‘+ veee
9. Prove that:
o 1 1 1 2
(i) ]—.-2+§‘2+§2+-..=§,

1 1 1 s
(ii) i—;+§4+ 5—‘+...—9—..

L2 N

1 1 1 1 _m?
10. Prove that p-ptmp-pt-~m

11. Prove that
1 1 1 1 1 1 4x3

Lrptntatatetiet =9
12. Sum the infinile series
1,11

T.ataatg et

18. Sum the infinite series

251017
g gt

1

14. Prove that Z 120, where the summation includes all positive in-

tegral values of » snd s except that » and s must not be equal.

" 18, Prove that the sum of the pro}luots two together of the reciprocals of the

squares of all different positive odd numbers is o=+ 584
16. Find the sum of the series
1 + 1 + 1 +
matEmpta st
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17. If 2, 8, 5, ... are all the prime numbers, prove that:

. 1\ 1 1 (]
0 (1-5)(1-5) (1-5) =5
- 1 1 1 15
(ii) (] +2-§) (1 +§2) (1+ g&) e =”—-§.
18. Prove that the coefficient of * in (14+2) (142 ) (142) ... is o
. Prove e coefficient o n (1+2) (1+3 tag) 6y
19. When = is large, show that an approximate value of

p=n 1\ . 1
p) log(l-2-5> is %log('l—"_).

=1



CHAPTER XXIV

THE CUB1C EQUATION. SYMMETRIC FUNCTIONS OF
ROOTS OF EQUATIONS

§I1. Equations involving trigonometrical functions have been
solved ir many parts of this book, and we have seen how trigonometry
may be used to solve the algebraical cubic equation with three real
roots (Chap. x, p. 161).

In this chapter we shall first deal with the other cases of the
cubic equation; then we shall consider various methods of finding
relations between symmetric functions of roots of equations, the
methods generally depending on the expansions found in Chapter xx.

§2. Solution of the Cubic Equation.
Any cubic equation can be reduced to the form
o+ pr=gq.

I. In Chap. x, p. 161, we solved such an equation by aid of the
formula

4c08®0—3cosf=1co8 36. .......c....e.un. ¢))
If we put z =% cos 6, we get
& cos® 0 + pk cos 0 = g,

4 4
or 400880+-£:0080=—k—g. .................. (2)
For (1) and (2) to be the same equation

i _ 49 _
F—--—.?» and k,—-cos36.

The method will only apply if p is negative and 4,;—3 lies between
1 and —1 (including both limits).
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II. The corresponding equation
4 cosh® u — 3 cosh u = cosh 3u

enables us to solve the cubic equation if p is negative and % is posi-
tive and < 1.

III. Again, the formula
4 sinh®  + 3 sinh % = sinh 3u
enables us to solve the cubic equation for the cases in which p is
positive without any restriction as to the value of ¢.

IV. Thus we can deal with every case except that in which p is

negative and %‘ is negative and numerically greater than 1 (..
<-1).

This case can be dealt with by putting « = - y, which gives us the
equation

y+py=—oq,
and so now comes under II.

In cases II, IIT, IV we shall get an equation
cosh3u=... or sinh3u=..,

from which, by the aid of tables, we can find 3%, and so u. Now if
3a is the value of 3u found,

the general values of 3u. are 3a, 3a + 2ni, 3a+ 4m, ...,
.. ”» ” U o, @ a+iFm, a+ 4w, ...;
therefore the three values of cosh u are

2mi 4me
cosh @, cosh (a+—;—), cosh(a +—3—),

and similarly for sinh .

Therefore in cases II, III, IV one root of the equation is real
and two are imaginary.

EXERCISE XXIV. a.
Solve the cubio equations :
1, z°-8z-4=0. 8. 234+32x-2=0.
2. 28-2-2=0. 4, 223-224+3=0.
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§ 3 Symmetric Functions of Roots of Equations.
Refore reading the rest of the chapter, the student should revise
the elementary work on the Theory of Equations to be found in
most books on Higher Algebra. The chief knowledge required here
is: ‘
(i) If a, B, 7, ... are the roots of the equation
g +a " +a,a" 4 . =0,

Sa= y 2 ,3— a’ SaBy= ——3, ete.

(ii) Familiarity with the transformations of roots of equations.

The reader is advised to work through Miscellaneous Exercises 11,
p. 170, Nos. 69-75.

§4. Relations between the roots of fairly simple equations may
often be obtained by elementary methods. The formulae of Chap. vi1,
§ 7, p. 113, are particularly helpful; the following example illustrates
their use.

Example i. Prove that the equation
a?cos? ¢ + b2sin? ¢ + 2gacos ¢+ 2fbsin ¢ +c2=0

has four roots, not differing by a multiple of ér, and that the sum of these roots is
a multiple of 2.

¢ L2t _1-
Let tmtan 5, then sing = irar “o8¢=7ra-
Substitute these values in the equation; it reduces to
t4 (a2 — 2ga + c?) + 41Dt + 12 (412 - 2a? + 2¢%) + 4f bt + (a2 + 29a+ ¢?) =0, ...(i)

an equation having four roots, say ¢, ¢2, ¢3, ¢,.

¢1+¢2+¢3+¢4 ZT,-2T;
Also =13T,43T, (§ 15, p. 244).
—4fb+4
From (i) T -2T;= 7 f;g: f: 2=

’°1+¢2;¢s+¢4 =nw

b1+ Po+ Ps+ Py =20,
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)

EXERCISE XXIV. b,

1. Prove that the equation cos 20 +a cos 9 + b sin 8 + ¢ =0 has, in general, ¥our
solutions a, 8, v, 8, between 0 and 2w, Prove that a+S++y+48 is & muliiple
of 2ur.

2. Assuming that the values of 6 found from the equation cos (6 —’a)=c tan @
are all real, determine the number of roots that lie between Gand 2x, and prove
that the sum of these roots is 2« or differs from 2a by a multiple of 2w,

8. Prove that, in general, the equation A sin® z + B cos®z+ C =0 has six distinct
roots, a;, a, ..., ag, no two of which differ by a multiple of 2=, and that

A
tan%(a1+ag + ... +ag) = 8"

4. If a, B, v, 6 be four roots of the equation tan (0+‘—I)=3tan 30, and no

two of them have equal tangents, prove that 2 tan 2a= § .

8. Prove that the equation a sin 26 + b 8in 64 ¢=0 has, in general, four solu-
tions a, 8, ¥, 8, not differing by multiples of 2w, such that a +8+v+ 5 is an odd
multiple of .

Also prove that :
(i) sin a+8in 8+siny+8ind=0,
(ii) 4 gina sin B8 sin v sin § (2 sin a sin 8+ 1) =(Z sin a 8in B sin )2,
(iii) (cosa+ cosB) (1 + cos vy cos 5) + (cos y + cos 8) (1 + cos a cos 8) =0,

§ 5. Functions of ratios of angles of the type (9 + 1—::—') , including

I_;_:{ , can be deduced from the expansions for cos n, sin nf in Chap. xx,
§§ 1-6, or the formula for tan n6 in Chap. x1v, §17.

For instance, the expansion of cos n@ (formula (1), p. 320) gives an
equation with roots of the type cos (0 + 35:1’) . See Example iii,

below.

The expansion of sin n8 (formula (2), p. 321) gives an equation with
roots of the same type.

The formula for tan n6 gives an equation with roots of the type
A tan (0 + 23-") .
n
Again, formulae (7)-(10) of p. 325 give equations with roots of the
. 2pw i
type sin (0 + —n—) .
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From these equations, by putting =0, equations involving
fut.ctions of %:—r are derived.t In these cases it is often necessary to

sin 20 sinng 6
use the fact that Lt nd = 9_1;0 w0 X "= (see p. 139).

60—>0

Example ii. ~rove that:
. 27 4w\ _38
(i) cos 8+ cos (0+—3—) + cos (o+?>_z,
- 27 4r\ 1
(ii) cos 6 cos (0+§) cos (0 + §—>—Icos 30.
cos 30 = — 3 cos 0 + 4 cos34.
<. 4cos36—-3cosf—cos36=0

s s e 2
is an equation in cos # whose three roots are cos 6, cos (0 + —;—') » CO8 (0 + 531)

Hence the results follow,

Example iii. Prove that, if n is odd .
(i) cosa cos (a. + —) coa(a + - 12") ga=T 008 na,

(ii) sec a+sec (a+~—)+ +cec(a.+"— 12") (- 1) nsecna.

From Chap. xx, § 2, p. 320, if n is odd,

n-1

2oosM=(20030)"-n(2cose)""+M(2coso)"-4- wet(~1) "2 n.2co80.

If @ has any one of the n values a, a+——-, a+5§ ,¢+2(” 1)7, then
cos n0 has the value cos na.
Hence, putting z=2 cos 6, the equation
n-1
zﬂ-mﬂ#‘—‘i’i—‘éﬂzw i 4(-1) T nz-2cosna=0

has roots 2cos a, 2cos(a+27::), . 2cos(a+n_:2').

cosucos_(a-t-?;;) ... CO8 («u+"_1 2') 32cosna_ 1 o8 na.

2n -1

‘ n-1
1 2r n-12x _(—1)-’1:
And 2[uoa.+seo(a+ n) +...+see(a+ " )] Sooma
—1
) (- 1) n sec na.

n-12»

‘. 8eca -+ 86ec (a+—-) . +seo(a+

+ Compare Chap. xx11,
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Example iv. Prove that, if n is odd

n-1
= 3
(i) tana.ttm(a.+ )tan(a+-—) . tan (a+n 1*) (~-1) * tanna.

n-1

n-lr T=(-1) " n

(ii) tan ~ tan il ... tan
n n

From p. 244, if n is odd,
n—l
ntand—,Cytandd + ...+ (-"1) 2 tan® 6
%-1

1-,Cytan?0+...+(-1) ? ntann10

tannf=

9 —
If 6 has any one of the n values a, a+’1—';, a+:7:—', veny a+(—n%)', then tan né
has the value tan na.

Hence, putting z=tan g,
n—1 n-1

(1) % ane . - C,a:3+m: tanna {(~1) ? nzn1 — .., - ,Cy22+1}=0

. R -1
is an equation whose n roots are tan a, tan (a+%) s oeey tBD (a +" p r)

m 1. n-1
- tanatan (a+£>t&n(a+gn£)...tan(a+" n1')= (-1) 2 tanna.

If we put a=0, we get

n—
tan - ta.n?—t tan"—l’r =(- 1)2 Lt t—a~q£‘5=( ~1) %2 n (see p. 189).

This last result could have been obtained as follows :

tan n6=0 when 6=0, 4'— 2{,.--.“_:”

Hence, putting tan 6 =z in the formula for tan né, when n is odd,
n—1
ne—aCsa® +... + (- -1) 7 2*=0
is an equation whose roots are

tan 0, tan 7, tan?f ., tan™21T,
-1
Ln- c,z2+...+(—1) i gn1=0
has roots tan— tan = tan“—lf.

- tan X tan ?:
n n
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EXERCISE XXIV. c.
(i) sin 6+sin (0 +%;—r) + 8in (0 +i;-) =0,
(ii) 4sin @sin (0 +2'_§1_r) sin (0 +é§) = —~sin 36.

2. Prove that:
o) tan0+tan(0+%)+tan<0+2,—5-')=3ta.n30,

(ii) tan 0 tan (0 +%) tan (0 +?31)= — tan 36,
(iii) tan20+tan‘-'(0 +%)+tan’ (o+-2.f)=6+9tanrse.

8. Prove that, if » be odd :
d) t.an0+ta.n(0+ )+tan(0+——)+ +tan(o+" 1

(ii) cot 9+ cot (9 +;) +cot (0+—1—'-) + ... +cot (0 +

4. Prove that:
n-1nr
n

(i) cot?d+ cot? (0 +:—:)+cot’ (0 +-2%) + ... +cot? (0+
=n2cot?nb+n(n-1),

384

1. Prove that:

) n tannd,

n- lr)—-nootno.

~1
(ii) tan’0+tsn2(0+ )+tan2(0+2 )+ +tan2( +f‘——n—’5)
=nicot? (’%" +'n0) +n(n-1).

8. If n be even, prove that:
(i) cos 6cos (0+—.) cog(o+_) . cos (0+n 127)

n

=§,éi[(~ 1) ?_cos né},

(ii) sec6+seo (0+2—'>'+sec(0 +‘55)+... +8e0 (a +’1Z—1—°1)=0.
n n n
8. If n be odd, prove that:
(i) seoaseo(o +-21) aeo(o +n__}?1r) 2n-1gec n8,
(ii) seo'0+see=(o+ )+ +sec=(o+” 12"’) n3 sec? nd,

(iii) t&n’0+tan’(0+—nt + ... +tan? (0 +'—‘~:'%—2?£)=n(nseo’no-1).
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7. Prove that:

(i) 2" 1sin @ sin (0 +27') ... 8in (0 +7 '; 2’)
n-1
- =(-1) 3% ginng, when z is odd‘
n
and =( - 1)‘ (1 - cos nd), whenyn is even.

(ii) cosec?d + coseo? (0 +?"_:j) + ... +cosec? ( L] +'ll'_n1.gf)
=n cosec?nh, when n is odd,
and = §n? cosec? 1_;_0 , when 7z is even,

8. Prove that, when n is odd, the sum of the products taken two together

of the (n - 1) quantities tan~ , tan E’_' o tan® —nlr W™ (12- n)

9. Prove that, when n is even:
n—1xr

(i) tan +tan + . +tan n =0,
(i) tan = tan 3T ., tan 2~ 1”_( 1.
10. Prove that:
p=n—1
i) 3 seo’p =n?-1, when n is odd.
p-l
o 2 Pr_n2-1
(ii) 2 eoseo n 3 -
ieoy PR-1 P _2(n2-1)
(iii) pEl cosec? o =——g— .
11. Prove that:
2 o 87 4 bx 11
H 2 2 2 2
(i) sin 11+sm 1+sm u+sm 11+ssm o=

2

« (i) cot? —+oot’ t+oot’ +cot’ +oofﬁ-—_15

L
12. Prove that the values of z which satisfy the equation
n(n-1) . nfn-1)(n-2) i+
T.’B +——-——E—:———"33+ ..-+(—1) =0

(i‘:;;‘—l-)l , where p is any integer

3-na-

are given by = = tan

18, Provethat  tan -~ tan>¥ ﬂ”—'ﬁll-’fal

G ‘Tl""" “n

SHT a3
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§ 6. The evaluation of symmetric functions of the trigonometrical
. w 27 3w .
ra.ios of angles such as pot Rt Real I for special values of » may
be effected in various ways, most of which ultimately depend on
forming an equation of which the ratios are the roots. An
example will illustrate some of these ways.

Example v. Prove that:
8m

(i) cos?-!+cos4w+cos6—-'+cos—-— -
9 9 9 9~

[ 1N

(ii) coag~coe dr €08 — b cos 8r _ 1 .
9 9 9 9 16

First solution.

[This is not very suitable except in the case of small denominators; even with
as large a number as 9 it is clumsy.]
27 4x 67 8nw
9°'9°9°79"

*. 008 40 =008 50 =cos 20 cos 80 — sin 20 sin 86,

. 20087260~ 1=(2 cos?6 ~ 1) (- 3 cos 6 +4 cosd §) — 28in 6 cos 4 (3 sin 6 — 4 sin%4).

Let z=008 0, then sin2 § =1 ~ 22

Y 3(22%-1)2-1=(222 - 1) ( - 3z + 423) — 2z (1 - 22) (422 - 1),
which gives the equation )
162° - 8z* — 2023 + 822 + 5z — 1=0.

If ¢ be any of the angles 0, then 96 =2nw.

or 4r 6r 8r 1

R cosO+oos—§—+eos 9 +oos?+cos 3=3
. 2r 4r 6r 8x 1
. cos?+oosv+cos -9-+oos 5= "5

27 008 47 008 8T 00s 3T = 1
9 9 - 16’

and o8 9 3

since cos0=1.
Second solution.
By quoting the series for cos nd in Chap. xx, §2, p. 320,
200896 =(2 008 6)?— 9 (2 co8 6)"+ ... +9 (20086).
If cos 99=1, 96=2n,
27 4r . 16x
L 0=0, 31 g1 s g
Henoe, if 2332 cos 8, the equation
22-9274 ... +93=2
hn for its roots the values of 2 cos @ when # has the 9 values
0 v 4x. 16
B R I
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p=8 2pw _
Hence }E cos —g— =0.
cosO+2 z oosip—_
p=1 9
2 4w (2.4 8r 1
. eos—§—+oos—6+oos§—+cos—9—_ -3
Again Y II co 52’; .
p=0
. s 2w _ 1
2 eosOpI:] cos 9 7

y coagzcosﬁcos—— oos—‘— \/
' 9 9 2= 16'
since two of the factors are negative and two posltlve

Third solution.
The required equation is here found by the use of complex numbers.
Let y=(1, ),

o y¥=(1,96).
Hence y°=1, if 4 is 0, 2—". 49", ey }—%"
Therefore the equation y*-1=0,

ie. (y-1)(¥¥+y"+...+1)=0,
has for its roots the 9 values of (1, 9) corresponding to the 9 values
0 2r dx 16w
, ? ’ 9 3y reey 9
of 9. Also the root y=1 obviously corresponds to the value 6=0,
Now let y + 3:24',
.. x=c00880,
and y’+5,=4xﬂ—2, y’+— =828 -6z, y‘+$a-16.c‘—lﬁz’+2.
Henoce the equation ,y8 +y'+...+1=0,
. 1 1 1 1
e () + () + (w0 ) + (v+5) 120
becomes 1624+ 823 - 1229 - 42 +1=0,
which is an equation in x satisfied by cos 6, where ¢ has the values

2x 16x\ 4» 4r\ 6x 12x\ 8» 10x
AGE Y EAGE Y B <)% ——

2 41 Br 87
Hence oos?+oos -g-+oos 3-+oos =" 5’
xr 47 6xr 8x 1
and m.é_ ._.m ’ m_. = i..e

252
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EXERCISE XXIY. d.

5»

1. (i) Prove that cos = T cos 37 , GOS8 7 are the roots of the equation

823 - 422 - 42+1=0,

8x

(ii) Prove that sec? 7 seo? — 7 sec’57 are the roots of the equation

3 — 2422+ 80z — 64=0.
(iii) Prove that tan? ;, tan? ?71, tan3 57'- are the roots of the equation
a® - 212% + 86z — 7=0.
(iv) Prove that

(1+2oos;) (1+2003 —) (1+2eos >+1=o.

(v) Prove that cos 2-71, cos 4—75, cos §7— are the roots of the equation

828 + 422 - 42 - 1=0.
2. Show that
8 27

sm—7-+sm7-sm7_4sin sm———sm—_QN/—

8. (i) Find a rational integral equation in tan ¢ which is satisfied by tan z

7
‘What are the other roots?
(if) Prove that ta.nﬁg, tan? 27", tsn’ 5 T satisfy the equation

z3—21:2+85z -7=0.
(iii) Hence, or otherwise, show that the roots of the equation

23428 /T~ T2+ /T=0

B 4x
uotan 7 tan T tan T
4. Expand 7 in powers of gin? 6.
987 N
Prove that gin? ﬁ + sin? 14 + 8in? 1: F
and that oot’ 2t aot«‘B iz +oot’ =21.

8. Find an equation whose roots are the tangents of 9, 26, 46, 59, 76 and 89,
where =20°; hence show that

(i) tan 20° tan 40° tan 80°= /8,
(ii) tan®20°+ tan$ 40° 4+ tan? 80°=88,
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2r 8x 4r
2 3 &% t Tkl s__ -..
8. Prove that  cos ) +cos? 3 + 008 3 + 008 i

7. Prove that =2 cosg is a root of the equation
- 62t +922-1=0,
and write down the other roots. .

=

Hence find the cubic equation whose roots are cos? % , cos? 4—, co8? — 3"

9

8. () Ha=g, prove that ,
sec?a + 8ec?2a +se024a = 36 =3 (cosec?a + cosec? 2« + cosec? 4a).

4?;—"+t;n.1:12 7—7—33

9. Prove that tan 10°, tan 70°, tan 180° are the three roots of the equation
3% 322 -8 \/3z+1=0.

(i) Prove that tan?7+tan®

10. Prove that 2 cos 2Ti is a root of the equation

Y0 +yt —4y3 - 3y2+ 8y +1=0,
and show that

(i) cos 2—"'+ ©cos 4‘"'+ cos 6"'+ cos 8"+¢.aor3 10x = - 1,
11 11 11 11 2
(ii) cosl—l+ cos 311 + 008 1= 5m 7 +cos Z:+ °°°?; 1
11. Prove that ,E. cogecn =40,
12. Prove that:
(i) sin3 gy + #in? 21 + sin? f: + gin? il + sin? ‘i;' 141’
(i) 32008 -3 11 ’r 1; 4' i 11=1.

27 .87 4r iy
1 tan 11 , tan2 i tan' i are the roots of the

8- 55a:‘+330a:’ 462:0’-&-1663 11=0.

Hence find the values of Z o2 2% i * and E sec'p il
p=1

18. Prove that tan? .~ o’ tan2 —
equation

14, It = %, prove that

€08%8 + cos® 20 + 008° 86 + cos® 4 + 008?50 = - 3.
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16.

16,

17.

18.

TRIGONOMETRY
=13
Prove that ? = sec??T =168,
ooy 013
p=9 T 1
Prove that ,,E . o8 5 = 5y
-8
Prove that ”z sec? 2l’5=144.
=1 17
Prove that

r Or

cosec? Ef(') + cosec? 3—’ + cosec? —— 4- cosec? — =48.

20 20 20

[Ex. xx1IV. d



MISCELLANEOUS EXERCISES IV

1. Show that, if the modulus of 2 be unity, the points repreienting \/ 1+2
lie on one or other of two perpendicular lines.

2. The complex numbers 2, 2,, 2 are represented in an Argand diagram by
a variable point P and fixed points A and B respectively. Prove that thq variable

point P moves on & straight line if log:-:‘ is (i) purely real, or (i) purely
— %2
imaginary.
What angles do the lines corresponding to (i) and (ii) make with AB?

8. If cos a+cos B+ 008 y=0 and sin a+sin B +8in y=0, prove that
Zoos8na=0 and Zsin na=0,
provided n is an integer prime to 3.

4. If cos 6= % (u + :7), prove that
gin 0= *% (u - ;)
What does this tell us about u?

8. If cos (a+iB) =exp (if), prove that
sin 0= +ginZa = = sinh?g.

8. If cos (a+if) -.'c+iy (r, 8), prove that :

¥
) oos’a - Ginia =1, (iii) tan = - tana tanh B,

" 2?
(ii) woshTp + s_ix?h’ p=1' (iv) 72 =4 (cosh 28+ cos 2a).
9. Iftan g: tanh g, where a is acute (positive or negative), prove that
u=log tan (2 + 92-) .

8. Obtain the values of (1 +e“)} each in the form a+ib, where a and b are
real.

9. Express cosh—! (008 z + i sin z) in the form A +iB, when z is aoute.

i, a, af:%—a
10. Prove that—ﬁlog;. is a value of Tan (im .
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2 tm—l 9
158—(75*+—b’)
13. If log sin (6 +i¢) =« +i8, prove that 2¢2* =cosh 2¢ — cos 24.
18. If sin (z +14y) sin (o,+1ﬁ) 1, show that

ginx
tan a= = m and tanh B— F -3

14, Taking cos = to be defined by the exponential expression for it, prove
that cos 2=0 for a real positive value of # which is less than 16,

z+1y
c

.11. Prove that, if a 4 ib=g*t¥, theny

1s, If¢+i¢=oosh-1
of a real point, find the ourves ¢ =a constant, Y =a constant.

16. If sin (§+1iy)=k sin z, when k>1, find how { and 7 vary as z varies
from O to =.

17, Bhow that the values of if can be arranged so that they form a geometrical
progression.

, where ¢ and y are real and z, y are the coordinates

18. Prove that the numerical value of% sin z is always less than unity when

z is real and finite, and that the numerical value of % sinh  is always greater

than unity under the same conditions.

Hence show that the equation tan z=az, where a is real, cannot be satisfied by
any complex quantity whose real and imaginary parts are both finite, .

19, Prove that the roots of the equation (1+2)®=(1-z)* are the vslues
of ¢ tan — , where r may have all integral values from 0 to (n - 1), omlttmg it
n is even.

20. Determine the roots of the equation 2"=(z+1)* and show that, if the
points representing the roots are marked in an Argand diagram, then thege
points are collinear,

21, Prove that, if h and k are small:
(b}] x———————-—_((‘;:’;)) -s:;: : approximately,
(i) tan(z+h)- tan =
tan (z + k) —tanax
(iti) log cos (z + h) - logoosx h
log cos (z+ k) — logcosz —
What significance have theae results in the compiling of tables?

= h approximntely,

approxlmately.
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zsiny-ysinz

23. Evaluate .
y—>z TCOBY —YCOSZ

28. Verify the following construction for finding approximately the length of
an aro AB of a circle when the chord AB is less than half the radius. Join BA
and produce it to D making AD=§~AB. With centre D and radius DB describe
the arc BC cutting at C the tangent AC to the arc at A. Then ihe length of the
arc AB=AC.

sm 90

24. Prove that =(22 ~1) (28~ 624+ 922 - 1), where =2 cos 4.
1+ cos 960
1+4co8é8
1+coslld .

26. Prove that Troosd © is the square of a rational functxon of cosé and

28. Prove that = (2% - 2% — 322+ 32 +1)?, where x=2 cos 6.

find this function.

cos 2x cos Bz cos 182
sin 8z * 8in9x  s8in 27z

27. Sum to n terms

3 n-1 n=2 2
Snird =tan nre tan s
Hence find the sum to n terms of the series
: tan—11 +tnn—11-+tan-1§57+t&n-1 Lt
29. Sum to n terms

tan26 + 4 tan220 + 42tan?2229 + ...

80. Sum to n terms

28. Prove that tan™!-

0 9 0 g 8 O 9
cosh §+2 cosh 3 cosh gt t 27-1 gosh 3 ooshz—, ...cosh o
81. Find the sum of the series
008 & — ¢, €08 (@ + b) + ¢3 008 (a + 2b) — c3 008 (@ +3B) + ... + ( — 1)" cos (a +nb),

where 1,.¢,, ¢, ..., 1 are the coefficients in the expansion of (1 +z)™

82. If 8= mcsind+ ( 1)c.‘sm20+ .to n terms

and : c=1+mooso+"(" 1)c°cos20+ .to (n+1) terms, °

prove that 8"+C’=(1+2¢ooso+c’)"
88. In any triangle, prove that, when » is a positive integer,
¢*=a™ 008 nB +na™-1b 008 (» — 1B — A) + ’i(i'L';la*’b’ cos (=2 B~-2A)+ ...
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84, Prove that, if n is an even integer,

2a_1r_ 2(ate)r (n-1)(n-2) 2(a+2¢)w
L] (n—1) cos e T 1.9 cos ne

- n -1 -
+(= 1)1 cos 2(atnc-o)r_ (~1)22n-1 (sin E)" sinl28=9) 7
ne n ne

85, Sum the ‘weries:

@) ncoshu+ngn;1)cosh2u+...,
(ii) sinhu+ 7 sinh 2u + (1'"' 1) ginh 3u 4-..

86. Find S, =sinz+s8in 22z +8in 3z +... to n terms, and prove that
$1+S;+...+S,_
Lt - =4 cot .

n—>w

87. Sum the series
§+(n—1) cos 0+ (n—2)cos 26+ ... +cos (n—1)06.
Prove that if 0=§ the limiting value of %times the sum of the series, as n
approaches infinity, is ;2-., .
88. Find C,,, the sum to n terms of the series cos  — cos 80 +cos 56 — ..., and
Show that, if — }r<0<ir, C,, is positive and less then JE

Prove also that, for such values of 8, the sum of n terms of the series

Py —1
sing - } sin36-+§ sin50 ... mf Lt (22000 B2 g

89. Prove that
2w . ,ar 3n+4d

ind T +gint 5 a7
siné 5- +sind 5o+ . +sint o = ——.

40. Sum to n terms
12008 a — 22 c0s 2a +82c08 8a — ... .

41. Sum the series

1.2winY +2 3sm2—-+ +(n—1)nsm(” l)f

43. If P=’§“ cosec 2P +19 and Q=”i“ tan 2P-19 gec 270,
p=0 p=0

prove that 8P- Q-eot§+oot 9 — cot 2”0 — cot 28 +14,
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43. Sum to n terms

log (z’ - 2x cos %+ 1) +log (zﬂ— 2z cos 0-;21_'_ 1)

+log (z’ -2z ooao 24'+ 1) Foee

44. Sum to n terms the series whose rth term is 3
1 co8 2r0 +sin 0)
08\ cos 2r6—sind)"

48. If n be even, prove that

21 n-1x

tan 6+ tan (0+E)+tan (0+-ﬁ)+...+tan (o+

) = —-ncotnf.
46. Express cos nf sec™ § in a series of ascending powers of tan 4, where n is
& positive integer.

47. Find the coefficient of 2™ in the expansion of (1+ \z +23)", where n is a
positive integer; and, if A=2 cos §, deduce that
€o?+ 12 00820 + c,? co8 46 + ... + ¢, 2 cos 2n6
-l {25 G2 oo,
where the indices of cos  are positive numbers or zero and
14z =co+ 6+ a2+ ... + 2™,

48. Prove that
sinnd _ cosnd oos(n-1)0+ cos
gind ~ cosd cos?@ " eosm @

=co8(n—~1)0+cos(n—2)0cosb+... +cosdcos? 20 +cos-16,
49, Sum to n terms the series whose rth term is
sin” (r2+ 1) asin (r+ 1)2(r+ 2)

asin (r+1)a.

80. Sum to n terms the series whose rth term is
cot(r+1)6
1-cos?(r+1)0sectd’
81. Sum to n terms the series whose rth term is
8in a sin ra
(cos a+cosra)d’

82. Prove that
mtan 2 _r3n 1
8in 20 ,-lam,(ﬁrzl)r_dn’o
in
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88. Prove that
- 1 ren-1 © sin (0+?E—)
2™ _2z%cosnf+1 nsinnb .o 2 92 cos (0+ 2ru-) +1 *

84. Show that

sin
2n

slnz(——-—O) o +e)’

where 7 nas the values 1, 5, 9, ..., 4n— 3.
88. Show that, if0<m<n a.nd (m+n) is odd,
smmz_:}" ;: (- 1)"sm—-—cosec (z-—z
8iNAE ~ M pmo N
86. The circumference of & given circle of radius r is divided into n equal
parts at Ao, A,, Ag, ..., A, _;; if the distances from A, of the points A,, A,, ...,
A, are denoted by a;, ag, ..., @y, show that

2ngecnf=2

a4+ agag+ ...+ @y g8, ) =2nr3 oos%.
87. Prove that the sum of the squares of the reciprocals of the lines joining
3_
one vertex of a regular polygon of n sides to the other (n -~ 1) vertices is % ,

where r is the radius of the circumseribing circle.

88. A regular polygon of n sides is inscribed in a circle of radius r; prove that
the sum of the reciprocals of the distances of the angular points of the polygon
2
from a tangent to the circle is % cosec? g 0, where ¢ is the angle which a radius
drawn to the point of contact of the tangent makes with the radius drawn to
one of the angular points of the polygon.

89. Find the first three terms of the series, in ascending powers of z, for tan z.

Hence find the first three terms of the series for sec?z.

Check by finding the series for seo z from the series for cos z, and hence the
series for sec? z.

60. Prove that; when z=tan 26 and 6 lies between ~ T andr,

8
tanb6=> (1 a:’ 9:-— M

and that, if powers of x above the ﬂfth are neglected,
sing= (1~ §at+ iy at).
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681, Prove that, when z is real,
a7 1. - NS
z+'4+ L+...=§e‘+§e 42 gin (“’T - 6) .
27 wla

62. Sum the series m—7+-ﬁ-....

(z<1)

63. Prove that the coefficient of z® in the expansion of e?codz in ascending

owers of z is?—2 os"—rir
p [ cos .
6. 1 30 50
64. Sum 008 5 + 5008 5 +-2— 85t . ad infin,
65. If  a=008% 0} cos® g cos 80+ cos® 6 cos 56 — ... ad infin.,
prove that tan 2a=2 cot? 6.

@8. Prove that ¢ is the sum of a constant and one of the two series
tan g -} tan® 0+ } tan®6 - ...,

or —cot 6+ cot? 6~ foot50-...,
distinguishing the cases.

67. If z is an acute angle and if y=1log tan (; + g) , prove that

cosz coshy =1,

and that 3y=sinz-}sindz+}sinbz—....
68. Sum the series (assuming them to be oonvergent) :
(i) smhu+ smh2u+1 2 3sthu+...,

(ii) coshu - % cosh 2u+fecoshBu-....
69. Sum to infinity the series
C . 1 1
ooso—E-eos80+ [5-00850— veee
70. Find the sum of the series

2 4 6
T 831!12:0-3——5-&1144&-—7- sin 6z -
for all values of z between 0 and .

71. Prove that the coefficient of "1 in the expansion of (1 -zh+A%)-1 is
(z -2 cos a)(z~ 2008 2a) (- 20088a) ... (-2 co8 n—1a),

-
where a = —.
n
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sin ¢
1-2z cos ¢ + 22
ginn+1¢ -z sin ng
1 -2z cos ¢+ a2

72. Expand in ascending powers of x, and prove that the

remainder after n terms is z% (

1
1 + sin 2\ cos 8

sec 2\ [1+2“-2Q (- 1)"ta.n”>\oosn9:|.
nom=l

78. Prove that may be expanded into an infinite series

74. Show that

log(l— cosz)-—k2+1}k‘ YR
—2kcos:c—2k c;s2z_2k3 oossa:_m‘
3
78. If tan (6 +a)=tan a sec 28,

prove that @=tan?gsin 2a+ } tan'g sin 4a + } tan® 8 sin 6a +....
76. Prove that

1 T T N
;_~tan4 tnn + 6t 16 + ...ad infin,

77. Bum the series = {(8r—1)~4+ (3r+1)-4}.
r=1
98. Show that the sum of the rth powers of the first n odd integers, when »

sinh nx
sinhz °

is a positive integer, is the coefficient of ?é in the expansion of en*
79. Prove that, when z?<1,

1.32% 1.3.5.7 a®
2 “lg= et
log (z + o/1+2?) 4 sin~lz = 2{z+2 15 +2.4.6.8§+ }

80. The roots of the equation 23 - 2bz + ¢=0 are imaginary and an angle a is
defined by the equation b2=c cos? a; prove that

n=o
log (1-2by+cy?y)=- 2 %b"y"sec"a €08 na.

n=1
a1, If y=1log tan (E+§)=a,z+a.a:“+a5x°+...,
prove that z=ay, - agyd+ay ys—

82. Prove that the sum of the squares of the moduli of all the values of

s

(14 &)1+ which are less than unity is equal to ¢ 3 cosech 2r.
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88. Show that z1°+ 1 = (23 + 1) (.1;4 - M’eos% + l) (.1:4 ~ 222 cos 3?" + 1).
Hence find the numerical value of cos 36°.

84. From the faotors of z2*—-2z"cos n0+1, find the real quadratic factors
of gintly]

z+1 °
a8, Find the value of sin a 8in 3a 8in 5a .., 8in (2n ~ 1) «, where dna=m.

. T 3r 5 n-2x
86. Prove that, when n is odd, cot 5 cot2—n cot o cot on —ﬁ, and

T 3 5r n-1lmx
find the value of cot on cot — on cot oy cot n

, when n is even.

87, Find the value of cot « cot 3a cot 5a ... cot (2n+ 1) a, where 4 (n+1) a=m.
88. Prove that
: . T\ "T=n-1 re
ginn(a- B)=(-1)"1cos® asinn (p+§) I {tan a-—tan (B+ ;)} .
[

r=

89. Prove that

n=w 8 smr(a-—x){cosh(rxf) cosar(2a+z)}
n=n_, 1+(n a)"] 2gindwa

90, Taking the infinite product forms as definitions of sin ¢ and cos ¢, prove
that they are periodic.

91. If n is odd, show that sin n6 + cos nd is divisible either by sin 4 + cos 6 or
by gin § - cos 8.

r_1,/5+v6 8r 1 /65— 5-~5
92. Show that cos — =3 —Tandoo =3 —

08. Show that 4 cos? ; is a root of the equation 23— 522+ 6z ~1=0, and find

the other roots.

94. Prove that the roots of the equation 23 — 231224352 - 7=0 are
8r 5r
2T °r 297
tan 7 tan? 7 tan! T

085, EXpress 27 - 1 as the product of linear factors.

It 6= 7 , 8how that the product of
exp (264) + exp (464) + exp (86i) and exp (66%) + exp (106%) + exp (126)
is 2; and that sin 7 2 4sin 57 +sm---1}~/7.
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96. If r=008 a+18in a, where a=27”-' , 8how that r+ 18, 1245, 73+ r# are roots
ot a cubic with real integral coefficients.

©7. Show how to ﬁnd the equation z®+a, 2™~1+ ag2™2+ ... +a,=0 which is
satisfied by :c-.tan

1 , where k is any integer.

i 2008 8w

Prove that therootsofz3+x’—2z~1=05re2cos , 2c08 = T -

4’r+tan———3~/3.

98. Rhow that tan T +tan 5

L
9’ 9

99. Show that the equation whose roots are cos el , GOS8 — 9

9
823 -6z +1=0.
100. Prove that tan220°, tan?40°, tan?80° are roots of the equation
2% — 3822427z - 3=0.

6r 18« 10x 147 227
101, If a =cos 13+cos 13+oosj 15 ° B=cos = i3 + 008 = 3 + €08 ~— 3 show

that a, 8 are roots of the equation 442 +2x — 8=0. Hence evaluate a and g.

102, Ifa= {5— » prove that
008 2a + 608 40 + 008 8a + cos 16a=% ,

8in 2a + sin 4a + sin 8a + sin 16a = '1/2-1;5-

108. Prove that 2 cos 56+ 1 is divisible by 2 cos 6+ 1. Find the quotient and
employ the result to show that sec? 12°+ sec? 24° 4 sac? 48° + sec? 96°=96.

104. Prove that 2 ‘cosec? -x. = 96.
reml 17

Sum to (n+1) terms

L 4 8r
Trin T I

cosec? + cosec? —————

4(~n+ 1)

108. If x=cos 86 + cos 50 + cos 60 + cos 70, where 0--—7 , prove tha'
NT74+1
et
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106. Find the relation between p, g, r if two values of @ sa.iisfying the
equation p sin 6+ ¢ cos @ =r sin 6 cos ¢ differ by % .

107. Show that the equation sin (¢ + \) =a sin 26 + b has four roots % By, &
such that their sum is an odd multiple of two right angles.

108. Show that the equation cos (20 — a) =k cos (¢ — 8) can besgatisfied by four
values, 8;, 0, 03, 6,, of 9, of which no two differ by a multiple of 27, and by no
more,

Show also that 0,4+ 0,405+ 0, — 2a=2rm,

109. Prove that, if the equation a®cos 26 sec 2z — b2 sin 26 cosec 2z = 12 - b2 is
satisfied by values a, 8, v such that no one of them differs from another, or from
0, by a multiple of ,

tan (a +B8+v)+tana tan g tany=0,

and that, if 2=242, tan3a=tan®gB=tan3y= —coté.
110. If &, x,, x3, 24 are the roots of the equation
ot — 238in 28 + 22 008 28 —xcos B —sin B=0,

prove that = tan~1z, + B=nmr+ g , where n is an integer.

111, Prove that the equation sin36=psin 6 +q cos 8 +r has six roots, the
sum of which is an odd multiple of .

112. Show that, for six values of @ which satisfy the equation sin 84 =¢ and
do not differ by multiples of x, = sin?§=3.

118. Iftana, tang, tan+y are all different and such that
tan 3a =tan 38=tan 3+,
then (tan a + tan g8+ tan y) (cot a + cot 8+ cot y) =9.
Generalise the theorem to the case of (2rn+1) angles @, 8, ..., A.

114. Jf u,.=(2cos §)" ~ (r—-1) (2cos 8)"2+ (7'—-21—)(;—“3) (2cos O)r—4—-...,
prove that: Up—2008 Uy +up_2=0,
118&, Prove that the product of the n factors

* .. tan2"a
(1 +8ec2a) (1+8ec 2%a) ... (1 +8ec 2%a) is ana

116. Prove that the product of the n factors
2cos 2"a +1
2 cosqg+1 °

SHT 26

(2cosa—1) (2008 2a—1)(2cos 2%a—1)...(2cos 2" a~1) is
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117. Prove that the product of the n factors

! (008 g+ co8 g) (008g+ co8 g) (cos +cos ﬁ) (008 + 008 —-)

1 cosa—cosﬁ

an” N
cos 5,; - eos o
118. Prove, without forming an equation, that if a = §
16 cos a co8 2a cos 3a cos 4a=1.
119. Prove that
Tr sin 111r . 177
16 sin ~—+am 30 4B 35 8 nW_L

120. If z, y, z are real and A+B+C=r, prove that
2+ y? 422> 2yz cos A + 22z cos B +2xy cos C,

unless z:y:z=sinA :sin B :8inC.

121, If 224924 22— 2yz cos A ~ 22z cos B — 22y cos C=0, then the only real
values of z, y, z are given by z : y : z=sin A : gin B : 8sin C.

123. Prove that in any triangle
c2 cos? C cos? 2C =a? cos? A cos? 2A + b2 cos?B cos?2B

+2ab cos A cos B cos 2A cos 2B cos 4C.

128. If A, B, C are the angles of a triangle, show that
-1 cosC cosB |=0,
co8sC -1 cosA
cosB cosA -1
and, by expanding the determinant, prove that
cos2 A +c0s82B +¢0s8?C +2 008 A cos Bcos C=1.

[Use a==bcos C+ccosB.)
124. If A, B, C, D be the angles of a quadrilateral, prove that
1 -cosA cos(A+B) -cosD |=0.
—cos A 1 -cosB  cos(B+C)
cos (A +B) -cosB 1 -c08C
—~co8D  cos(B+C) -cosC 1
128, It 1 cosz O 0 |=0,

cos x 1 cosa cosfB
0 cosa 1 cosy
0 cosB ocosy 1
show that sin?y ginfz=coala + cos? 8 -“’i,j,eos a o8 8 cos y.
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126. Show that 1 ocosf oo820 |=0.
cosd  cos20 oo0s36
cos20 cos80 cosdd

127. Show that 1 cosd cos20 cos3f |=0.
cosf® 00820 cos3@* cos46
cos20 cos30 cos4@ cosbl
cos30 cos40 cosb50 cos6B6

Show also that each of the first minors of this determinant is zero.

128. Show that

sin(a+2) sin(a+y) sin(a+2z) |=0.
sin (8+2) sin(8+y) sin(B+2)
sin(y+z) sin(y+y) sin(y+2)
[Express as the product of two determinants.]

Show that, if a+8+y+z+y+2=0, the determinant with ¢ tan’ written for
‘‘sin” also vanishes.

129. If A, B, C are the angles of a triangle, prove that

gin2A 8inC 8inB |=0.
sinC 8in2B sin A
gsinB sinA 8in2C
180. Prove that, if 1 —-cosz =—cosy |=0,
~ 0082 1 —~008 T
~008Y ~—cCOSZ 1
then zryxz=(2n+1) .

181. If A+ B+C=u, show that tan A, tan B and tan C are roots of an
equation ¥ —pt2+ gt — p=0. Hence show that
1 cot?A cotA coseccA
1 cot?B cotB cosec:B
1 cot?C cotC cosec?C

=0.

133. Show that, if a, 8, v are all positive and each less than E, the déterminant

sin?a cota 1
sin?8 cotg 1
sin®y coty 1

can vanish only if two of the angles are equal.

26-2
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138. Show that
gin?a 8in22a 8in23a | = - sin*asin22a.
cosZa €0822a cos23a

cos‘2a c0s%3a cos?da

184. Prove that the sum of thg two determinants

1 1 1 and 1 1 1
sinA sinB sinC cosA cosB cosC
sin2A sin2B &in2C cos2A cos2B cos2C
is 2 Zsir AZsin (B - C).
188. Show that
sEn2u cos a sina - 4sinﬂ_'y gin =% sin“_ﬁ
gin 28 cosB sing 2 2 2 .
sin2y cosy siny x {sin (§+7v) +8in (y+a) +sin (a+B)}.
186. If sin2 cosa sina 1 =0,

sin28 cosf sing 1
sin2y ocosy siny 1
8in25 cosd sind 1
and if a, B8, v, § are different positive angles each less than 2w, show that
a+B+y+d=nm,
where n is an odd integer.

187. Prove that
cosd sinfdcos¢ ginfsin ¢ cosy sin 6 sin gpsin ¢ |=sin?Psin ¢.
—-sind cosfcos¢p cosfsingcosy cosdsingsiny
0 -ginfsing sinfcospcosy siunfcos psin Y
0 0 -gindsingsinyg sinfsingcosy

188. Prove that
cos 0 1 0 0 «.  |=008nd,
1 2cosd 1 0
0 1 2c080 1
0 0
1 2cos6 1
0 1 2co8 8

if the determinant is of the nth order.



ANSWERS

EXERCISE XVII. a.

PAGE
.., 3tanhu +tanh3u
292, 3, See p. 256 (lv) m—r
298. 4, (i) sinxcoshy+icoszsinhy. (ii) cos z cosh y +isinzsiphy.
(iii) coshz cosy + ¢ sinh zsiny.  (iv) sinh & cos y + i cosh z siny.
) 2 cos x cosh y + 2i sin z sinh y (vi) 2sginh z cos y — 2i coshz siny
cos 2z + cosh 2y ’ cosh 2z — cos 2y :

if) sinh 2z +i gin 2y
( cosh 2z +cos 2y *

EXERCISE XVII. b.

297. 10, sin™! (cosg - sing) +1icosh—1 (cos g+ sing) .
1L cos 1} (VI +apP+ B -V{I-a)i+ 6}
woosh™ 4 {/(I+a)+ 8+ N/ (T=af +F°}

the upper or lower sign being taken according as g is positive or negative.

EXERCISE XVII, c.
801. 1. (i) 2nmi. (i) loga+i@2n+1)m.  (iii) i(2n+ %),

802. 8, }log 00—5112%928—2—? +4 {2n7 +tan~! (cot ztanh y)},

if cot z tanh y is positive;
or - ,}1 00sh 2 - 20827 | {(2n+1)7 +tan™ (cot z tanh y)},
if cot = tanh y is negative.

10. (1, 4 log 23 +y?) exp (%r - tan™1 %) , when z is positivg;

or (1, % log x% +y?) exp (2n+ 1x — tan™! %) , when x is negative.

n (1 dni1 ) (\/ 4u+lw, 4_71——;-611).
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EXERCISE XIX. a.

PAGE
. 8in@ ... 4c080~2 6 8in §
313. 1. () rp- Oy yrr (1) g g oos20"
iv) zsin 6 ) " 008 a — z o8 (a — 8)
@ 1-2zc080+23" 1-2zc088+22 '
1-zcosha -
(vi) I—%zcoshata® ° <e* and <e™o,
" .
2. (i) (1+22cos6+2%)3 cosn (tan"l——lzi‘l:; 2)
1
(1) —7——= sin (’41 - g) (@) 14, 008 3 (x~0).
\/2 sin - (2 sin —)
2 2
. 6 . 6
(iv) \/2003 zsing.
1 P _ 3 o pan—y X8RO
) -‘-Vs,—r;cos—g, where 12=1 - 2z cos 8+ %, ¢=tan T-ze0s0"
3. (i) e~**=gin (sin z). (ii) e*co*e gin (z sin a).
(iii) e—*cf 008 (zsin ).  (iv) e«*@cos (0 + sin a).
8
) %e‘mgoos (a+sin g)+4} e~ %583 cos (a-sin g) .
R ] " . 0 - asinz
4, (i) 3° (ii) ~log (2 sin 5) . (iii) tan TTacoss"
(iv) (a) % log (cot ;) , (b) §1log (- cot ;) .
z ginh a . cos? 6
314. 5, TSz cosbatad’ z<e* and <e™®. 8. 0. . Snd”
1
8. S SootTootie” 9. e°*8 cos (a + sin g cos B).

n x 8in 20
- 2 =3 gi - TP
10, (1 -2xz00826+2%) 73 gin (0+ntan i-zc08%8) "

wginz
11. 1+21 C0oBZ +%3"
12. } sin (a - 8) log (1432 008 8+ 2% +cos (a ~ §) tan™ ﬁi%pz
13, estinacma cog (z gina), 14. e*9cos (tan 6 sin 6).

15. } ec>*Boos(a~B+sing) ~ % e=°*B 008 (a — B - 8in B). 16. g—""d.
17. 2cos29.



ANSWERS xh

PAGE
tan—y *sind
314. 18, (1+2zcos 0+ 2?3 cos (a + ng), where p=tan Tizo0s0"
. 1+2cos 26
-4 log 2 -~ & log (cos o~ 008 8). 20. %+m.
21. 6 between 4nw and (4n+2)w,
EXERCISE XIX. b,
315. 1, sin?2a. 2. coseo2a.——1—. 3. $(a-sina).
4aq
in 20 - - . cosb-z
4, }sin20-90. 5. tan—18. 6. T Srod "
7 cos a — z cos (a — ) 8 sin a — z 8in (a — B)
* 1-2zcosB+a? * 1-2zcosB+a?
(n+1)cosnd —ncos(n+1)9— 1 g, 1
9. (1008 9) 10. 4cosec’z— ;.

EXERCISE XIX. c.

316. 5, }ta -12“_5‘%’, L -1

817. 10. ¢°¥gin (z+siny cos ).
12. }1log(=coseca), according as cosec o is positive or negative.

13, sin*ysin (z+ny - 1121 .

sin(n+7)60
14, n04-2pmw, when—W

negative; p being chosen so that the angle is between .
15. sin (sin 6 cos 0) cosh (cos?6).

17. (1) 1-2 sm2 log (2 gin- ) (— - —) 8in 6.

(ii) (2 2) 2 mn2 5 sin 6log (2 sin g)

318. .Zuz 4 oosh (cos ) cos (sin ¢) — 4} cos (cos ¢) cosh (sin ¢).
24, % sinh (cos%a)c0s(sin a cos a) - § sin (cos*a) cosh (sin a cos a).

is positive; or nf+w+20x, when it is

EXERCISE XXI. a.

832. 1. (i) 0-0998, 0-9950. (ii) 04794, 0-8776.
9. 4°2¢'. 8. 1°59. 4. 1°9. 5. 88°51-2(4)".
6. F-g-L22 1.82° 7, 2-12,1.82%

) 337943 " **°38373.45
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PAGE

33s3.

334.

336.

a3e.

3389.

340.

a88e.

TRIGONOMETRY

1. 15- 15. a= -}, b=-4.
19. @)1 i) 8. (i) 2¢2-9Y '“) (iv) 0.
20. -1. 21. O.
EXERCISE XXI. b.
x3 b -
1.1+3+5+ 5.~/3€.

2.1: cos @
B Buindhubbidig
7. % tan o -

EXERCISE XXI. c.

1. —2[zcosb+} 22cos20 + § 2300536+ ...].
2. (i) 1-xcosfd+a%cos20-—....

(ii) 2 {xcos 0 +228in20 — x8co 80 —z4sin46+...}.

(iii) 1 +2x cos 0 +22%2co820+....

sin 20+ 2 sin 360
sin 6 sin @

zxcos 8 x%cos 28

4, (i) 1+7°%° AT

zrcos® = x27Zcos 20
[
5. sin0+} 8in%6 + L sin®o+ ...

8. 2(—tanzg--}t&n“%—%tan“’g—...).
7. —%tan?0+tan*0-}tan®d+....

11. rsin6+4728in20+ % r3sin30+....

@iv) 1+=2

+....

(i) 1+

12. yoosa-}y?sin2a—~} y3cosBa+}ylsindast....

Yoos ™ x22% 00 2¥ 3x
z2 cos £ x22 cos — :::"2'31'3094

20, 1+ - B + El + B

+....

EXERCISE XXII. b.
1. (i) See §4. (ii) See §8.

2. (i)—(iv) Bee §7. ) : 1:1:) 28— 2z cos (‘%’5 + “*’T") + 1] )

E + ..., where a+ib=(r, 6).



ANSWERS xliii

PAGE
366. 3, (a) (i) (ii) See §3. (iii) (iv) See §2.
p=38 "~ pﬂ. R p=4d _ E’
(v) 28;:1-[0 [ooshu— cos (§ + '2?")] . (i) 2‘1’111 (eoshu cos ) .

) @) (ii)‘ See §11. '(iii?z (iv) See §10.
™ [1+ sinh2 1+ smhgu .
sin® T sin? 2F
8 8
i) 5 /14 sinh2u 1+ sinh2u
< 8in? T > < 8in? 2—”)
5 5
4. (i) pﬁ: %~ 2z cos < + --_.) + 1]
p=

=5
(ii) "Il [ 422z cos ( +2 ") + 1]
p=0 T

=4
(iii) I [ -2z cos (2” 2pm +1:| 5. See §§ 5, 6.
ps

15

6. (i) 4(sina—sing) (sin o —sin 5 - ﬁ) (ain a-— sin2—3!+ﬁ) .

(ii) B::ZI cos<§-a> cos(g-—p+l’2’—r):l.

=n-1
7. () (w’—a“)p i ~%az cos 2X +a’:|
p=1
p=n
n _ _ %pr
i) (= a)pEl[z“ 2axcoszn+1+a].

=n-1
i) "I [x2-2azcos(2l+?p—')+a=].
p=0
(iv) (.'c+a)pI-I” z’-2azoos(2p+1)r+ ]
r=1

2n+1
- -1 8w . p-2m
3857. 12. (ii) cosné. v) 2 2 sm%sln % . 8in* % =1,
51r dn-3w nr
n—1 3= =(-1)*cos—x.
13. 271 cos cos 35 08— (-1)*cos 3

EXERCISE XXII. o.

2 (1 z co8 5) 2(1+a:eos%—')
860. 16. ;75 +1) TN
6(z’ 2xm56+1) (a:“+2zoosF+ 1)




 xliv TRIGONOMETRY

PAGE

p=n-1 a:cos(n 10——-—) ~acosnd
861. 17, (i) = .
=0 pan-t {z’ 2ax cos (0 + = ) + a’}

”_1 m—acos(0+—-)

"”° 22 - 2az 008 (0+JP")+a’

(i) *

24. A = -B.
10 (tan — - tan? 10)

EXERCISE XXIII. c.

875. 1, } cosec? g . 3.3 T ooth ——}
8 2 Pad 4 2
376. 8. .= 12. - 18. 5 +5- 16. 5 -3.

EXERCISE XXIV. a.
879. 1. 2196, 2 cosh (o-439+ 2m ) 2 cosh (0 439+4—-’”)

9. 1522, “3—‘/—3 cosh (o~777+2——") 2—“/——cosh (0 et +112

3. 0596, 2 sinh (0-294+——-) 2 sinh (0‘294+-1‘)

4, -1481, - -“-/_ cosh (o 679+ 27 -?-‘f? oosh (o 679 + 271 4’"

EXERCISE XXIV. d.
888. 3. t6- 21448512 7=0, ta: 27 , tan T . ,tane,;'
4. 1-245in3 6+ 80 sin®  — 64 sin® 4. 5. 1588442763~ 8=0.

389, 7.2oos’g,p=2,4.5,7,8.‘ 64s5-96234+362-1=0. 13, 15, 60,

MISCELLANEOUS EXERCISES IV
891. 2. () 0. (i) %’. 4 u=(1,+0).
8. *(\/ﬂoos goos%+i\/2cos —osing),itoosgis +ve;
(\/—2003 Bln—-—td 2008:0034) 1!cosgw —-ve.
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PAGE
391. 9, A= =cosh? cos 4-8in2 , B=2nr+co08"! cos Z-ginZ).
2 2 2 2
3 2 2 2
392. 15, —— M ’” y 1.

" Fooshig T cTsinhTg ' dleosiy | Sieimiy

16. As x changes from 0 to sin™? }—‘ , n i8 zero and ¢ increases from 0 to
T . .41 I La _ .
3 while z changes from sin—1 p to o —sin™! o E= 3 and y=cosh~! (x 8in z) ; as
z changes from w-sin‘lllc to r, 7 is zero and ¢ decreases from ;- to 0.

m P

17. e—3 (e~2m)n. 20. —%—i%cotp—::, p=1,2,38,..p-1.
3938. 22. tan (z-tan~lz).

26. [82 cos6d — 16 cost9 — 32 cos36 + 12 cos26+ 6 cos § — 1T2.,

3n
_ -1_°%
27. 4 {cosec z — cosec 3*z}. 28. tan™! .
4 -1
29, 22" cosec? 2"9 — cosec?d — -3
. /] ] .. b nb nr
30. % sinh 6 (coth giFi coth §) . 381. 2nrsin® 5608 (a+ T-7g)"
394. 3. (i) 2" coshn & cosh ‘o' - 1. (i) 2% cosh® % sinh (n "22)“.

sin2 nf/2
87. gemea”
40. (-1)"“&590’% {(n+1)’cosna+n’cos (n+1)a—cos (n+})aseo g} .
cosw/2n  m(n+1) ot X

4. -oseent 3 '

o on cos (n+1)0+sinnd
395. 43, log(« 2z cos 6 +1). 44, log o8 (nt 1) —smnb (nt1)0—smno"

46. 1-,Cztan?0+,C4tan‘d—....

47, c N+ 10 ey N 200 p NP4l

49. } {sinnasin (n+3)a cosec a +sin 2a — sin (n+1) (n+2) a}.

cos @ 8in né sin (n+ 8) 6
50,
* 48in3@8in (n+1)08in (n+2)0°

3o aftl 2%
51. i{sec g + 860t o —a-sec? 511 .

8986. 59. tanx=x+§-x3+-&m5, sec?z=1+x2+ § zt.

897. 62, } {tan-lz+wtan"lwz+w tan—lwiz}, where w¥=1.
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PAGE

397.

398.

399.

400.

401.

TRIGONOMETRY
2 cos 6/2

84 FTooso

68. (i) e™wsinh (sinhu). (ii) log (2 cosh g) .

69. sin (cos 8) cosh (sin ).

70. q:i'—cos z, according as cos x is + ve or — ve,
8

77, -1+t

8c. ~/5;+1. 84. See Chap. XXII, §6, p. 345. 85, 2n1v§
86. 1. 87. 1.

93. 4c0522;7-—" , 4cos3§7£-

96. o3+2%—2x+1=0. 101. a=—‘/—1—2~:—1—, B= ‘—”'J?_l

103. 16cos%6 -8cosd8 - 16 cos?0+8 cosf+1.

106. 2(p?+¢%)3=1r*(p*- 4%
113. Stana = cota=(2n+1)%



sinh x

01 |-02 |08 |04 |-05 |06 | 07| 08

0°0100| 0°0200| 0:0300| 0°0400| 0'0500{ 0-0600f 0-0701| 0-0801| O

0'1102| 0°1203| 01304 ©0'1405| 0°1506( 0°1607} 0'1708| 01810
0°2115| 0:2218] 0°2320] 0-2423| 0°2526| 0°2629) o-2733| 02837
0-3150| 0:3255| 0:3360| 0-3466] 0-3572| 0-3678] 0-3785| 0-3892
0°4216| 0:4325| 04434 0°4543| 0'4653| 04764 034875| 0:4986)
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INDEX, FORMULAE, Erc.

Absolute convergence 304
Addition formulae 105, 243
Ambiguous case 34, 37, 190
Amplitude 231

Arc 187

Area of sector 137

Area of triangle 30, 56
Argand 230

Bearings 13

Binomial series 250, 306, 310
Biseotor of angle of triangle 195
Brocard point 276

Cirele, Circum 30, 191

Circle, Esecribed 192

Circle, Inscribed 192

Circle of convergence 304

Circular functions of z+1iy 289
Circular measure 136

Circular and hyperbolic functions 291
Complementary angles 3, 6, 19, 94
Complex indices 800

Complex numbers 228, 271
Complex numbers, Functions of 289
Compound angle 105

Compound periodic function 178
Conjugate complex numbers 234
Convergence 303

Convergent product 364

Cosecant 16, 19

Cosine 2, 19

Cosine rule 40

Cosine series 252

Cotangent 5, 19

Cotes’ property 362

Cubic equation 161, 878

Cyolie qtiadrilateral 202

Damped oscillation 176

De Moivre’s property of circle 862

De Mo!vre's theorem 238
Determihants 402

Differences, Method of 267, 815
Dig;azentiation of series 804, 815, 358,

Differentiation of sin x, cos x 251
Divergence 304
Double angle 54

Elimination 98, 101, 118, 125, 132,
163, 282

Equations 87, 88, 97, 100, 110, 118,
120, 125, 132, 134, 148, 169, 180, 275

Equations, Simultaneous 160

Escribed circle 192

Euler’s product 364

Expansions for sin 8 and cos® 252

Expansions in finite series 319

Expansions in infinite series 329

Exponential functions 298

Exponential series 250, 306, 811

Exponential values of gin z, cos z 253

Factors 341, general theorem 846
Factors, Application of 358

General angle 81

General expressions for angles whose
sine, etc. are given 150-152

General solution of equations 152

Geometrical series 805, 309

Gradient 142

Grg%xica.l solution of equations 180,

Graphs 90, 172, 275

Graphs of hyperbolie functions 259

Gregory’s series 834

Half-angle 112, 123

Hyperbolic functions 254, 283
Hyperbolic functions of « + iy 290
Hyperbolic and circular functions 291

Identities 96, 99, 110, 115, 124, 130, 133
Imaginary numbers 228

Incircle 192

Inequalities 282

Infinite products 365

Infinite produets, Application of 874
Infinite series 308, 309

Integration of series 804, 615

Inverse functions 86, 102, 117, 126, 294
Inverse hyperbolic functions 258, 294

Limits 84, 139, 330

Log sin ete, 17
Logarithmic function 298
Logarithmic series 306, 811
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Max. and min. 102, 109, 119, 132, 282

Median 132, 194
Magduias 231

“Multiple angles 54, 112
Multiplication of series 307

Negative angle 81
Nine-point circle 196

Obtuse angles 35
Orthocentre 196
Oscillation 173

Partial fiactions 359

Pedal triangle 196

Period 172, 290, 291, 298
Periodic function 172
Periodicity 172

Polar coordinates 96, 102, 126
Power series 804

Principal values 86, 259, 294, 299
Product formulae 128
Products 341, Infinite 364
Projection 20, 70

Pythagoras 95

Quadrilateral 202

Radian 136
Recurring series 265
Roots of a number 239

Secant 16, 19

Sector 137

Series, Summation of 263, 309
Simple harmonic motion 178 179
Simultaneous equations 160

Sine 1, 19

Sine curve 90, 173

Sine rule 36

Sine series 252

Small angles 189

Solution of triangles 83, 36, 41, 43, 52

Sub-multiple angles 112, 123
Sum of series 303

Sums and products 128, 166, 278
Symmetric functions 380

Tangent 5, 19

Tangent rule 52, 185
Traverses and projections 70
Vector 231

Wallis’ theorem 875

80°, 60°, 45°; 8

0, 90°, 180°, 270°; 83
18°, 36°; 157

80°-0; 3, 6,19, 94
90°+4; 89, 93

-6;

1so°=eo 35, 85, 92, 93

smgetc 54, 55, 113, 113, 123

ta.n' 113

sin (A:!: B) ete.; 105

tan (45°+A); 108

sin 2A etc. ; 54, 112

sin 3A ete.; 113
acosf+b sin 6; 119, 155, 178
2sinAcos B etc ; 128

sin 8 +sin D eto.; 128
tan 6>0>sin 4; 189
Triangle formulae, 186
sin n8 eto.; 244
Hyperhohc formulse; 255
cosh™1z ete. ; 2569

x, Evaluation of 335, 336, 374, 876
Series cosné ; 319, 321, 325
sinnf. 390, 323, 325

oo’
coshnu amh L
' ginhu’

cos™ @, sm” 0; 327
cos z, 8inz; 252, 829
tanz; 332

gin~lx; 382

tan—lx; 334

Factors cosnf; 842, 348, 349, 351
smn

; 326

zr+1; 848, 344" )

N 4 eosna-a-'l ; 845
cos nf — cosna; 842

cosh nu — cos na; 846

sin ¢, cos ¢»; 365, 367, 368
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