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COLLECTED GEOMETRICAL PAPERS

GEOMETRICAL: THEORY OF A PLANE NON-CYCLIC
ARC FINITE AS WELL AS INFINITESIMAL?!

BY
S MukHOPADHYAYA (1908)
INTRODUCTION

The following papor 1s an attempt to study geometrically a plane
convex arc, under the supposition that the radius of curvature exists
at each pont or that the radius of curvature as well as its first rate
of variation exists No complete geometry, however, has been
attempted, the main object of the paper being to deduce a number
of interesting theorcms relating to an infinitesimal arc

In the first place, consecutive points on a fixed curve have been
defined as the ntersections of the curve with a variable curve of
given kind X, these consecutive pomts being only the position of
ultimate coincidence of a number of real distinct points, which must
have originally existed, 1n every case in the proximity of this position,
separated by finite distances The concept is a simple and natural
one. In counting consecutive points the analyst, not infrequently,
confounds real interscctions with imaginary ones.

In the special case where a curve of given kind X, determinable
uniquely by » distinct points, meets the curve m r+1 distinct points
it is possible, under certain circumstances, to bring the r+1 points
nto coincidence, by varying the form and position of the curve of
kind X The method 1s a useful one and has been illustrated in

Theorem I

' From Journal, Asatic Society of Bengal (New Series), Vol, IV, 1908,
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SECTION 1.—FINITE ARC.

A pomnt O moving continuously with time, from a position P to
position Q, describes a line PQ. If there 1s a tangent at each point
of the line which turns continuously as O moves from P to Q along
the line, then the hne PQ will be called a curve. 1f the tangent
turn continuously in the same direction the curve PQ will be called
w conver arc, provided no straight line moets it al more than two
points .

If & number of distincl points be determined on a convex arc PQ
by interscction of a line of given kind X, and when their positions are
varied by varying the line of given kind X, they approach a given
point O and ultimately coincide with b, then in their final position
they arc called so many consecutive points at O, determined by the
line of given kind X. Thus if X determine r consecutive points ab
O then in every double neighbourhood of O thero must exist r
distinct points on PQ through which a hine of given kind X passes.

If a straight line pass through three consecutive points at O, then
O iscalled a point of inflexion Thus in every double neighbour-
hood of a point of inflexion there oxist three distinet points lying on
a straight line

If a circle pass through four consecutive points at O, then O is
called a oyclic point

If the radius of the circle of curvaturc ut a cychc point be
finitely large then O1s ecalled a point of undulution. It 1s hardly
justifiable to defino & point of undulation as one whero the tangent
passes through four consecutive points. In the neighbourhood of a
point of undulation four pomnts on a straight linc canmot exist
whereas in such a neighbourhood fuur points on a circle always exist

A convex arc will be called cyclic or non-cyclic according as there
is or there is not a cyclic point in its interior.

In the convex arc discussed in this paper 1t will be supposed
that the circle through any three points, distinet or consecutive,
varies In o continuous manner as tho points aro shifted along the
are. The radius of the circle through any three distinct points will
be always finite although in the limit when the three points coincide
it may become zero or infinite. It will also be supposed that the
rate of variation of the radius for the shifting of any one of the
points is a continuous function of the positions of the points.
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Theorem 1.—No circle can meet & non-cyclic arc at more than
three points.

If possible suppose a circle meets a non-cyclic convex arc at four
distinct points, P, Q, R, 8 lying in order on the arc. Then by
keeping P and 8 fixed and continuously varying the radius of the
circle we can make Q and R come as close together as we choose.
Again by keeping Q and R fixed and continuously varying the radius
of the circle we can make P or S approach Q or R as close as we
choose. By repeating the above two operations alternately a sufficient
number of times, it is evident we can make P, Q. R, S come as
close togother as we like and ultimately coincide at some point O,
lying between the initial positions of P and 8 Thus there wll
be a cyclic point in the interior of the arc which is against
hypothesis

Cor.—If a circle meet a convex arc at four distinct points
P, Q, R, 8, then there must exist a cyelic point betwcen P and S.

Theorem 11.—If POQ be a non-cyclic arc, then angle POQ will
continuously increase or decrease as O moves along the arc from
P to Q.

1f not, then two positions O, and O, can be found for O, between
P and Q, such that angle PO,Q is equal to angle PO2Q. Therefore,
P, 0,, Oy, Q are concyclic and there is a cyche point between P and
Q, which is against hypothesis.

Cor. A.—1f the tangents PT and QT at I’ and Q are equal, then
{here must exist o cyclic point on the arc POQ. For, the angles
TPQ and TQP, being the limiting values of the supplement of the
angle POQ when O coincides with P and Q, respectively, cannot be
equal 1n & non-cyche arc.

Cor B.—If the angle POQ continuously increase as O moves
from P to Q, then the circle POQ will fall below the are from P to
O and above the arc from O to Q.

Def.—An arc POQ will be called positive, if the angle POQ con-
tinuously incroase, as O moves from P to Q along the arc; and it will
be called negative, if the angle TOQ continuously decrease, as O
moves from P to Q. If the arc POQ be positive then evidently the
arc QOP is negative and vice versa.

Cor. C.—1f the tangents at P and Q to a positive non-cyche arce
PQ, meet above the arc, then QT 18 greater than PT.
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Theorem I11.—If O be any point on a non-cyclic arc POQ, then
the circle POO, passing through P and two consecutive points at O,
will fall entirely below or above the given arc, according as the arc
POQ is positive or negative.

In the first place, it is evident that the circle POO will lie
entirely below or above the given arc, as it cannot intersect the arc
at & fourth point.

Suppose the arc POQ is positive. Then the circle POO will fall
entirely below the given arc.

If not, let it lie entirely
above, as represented by
the dotted line (Fig. 1).

Fig. 1

Take any point R on the given arc between P and O. Join QR
and produce QR to meet the circle POO at S. Join PS, PR, PO and
QO. Then evidently angle SPO is less than angle SQO, as Q falls
inside the circle. Therefore angle PSQ is greater than angle POQ,
which is contrary to hypothesis.

Similarly if the arec POQ be negative, then the circle POO will lie
entirely outside the given arc

The converse theorem is also evidently true, namely, the arc POQ
will be positive or negative according as the circle POO falls conti-
nually entirely inside or outside the given arc, as O moves from P to Q.

Cor. A.—If POQ be a non-cyclic arc, then it will fall between
the cireles POO and QOO.

Cor. B.—If POQ be a positive non-cyclic arc, then the circle of
curvature at P falls ontirely within the circle of curvature at Q. Thus
the radius of curvature at P is less than the radius of curvature at Q.

Theorem 1V.—If POQ be a positive non-cyclic arc and S be
any point in it, then the minor ares PS and SQ will be also posi-
tive, i.c., the angle POS will continuously ncrease as O moves from
P to 8, and the angle QOS will continuously increase as O moves
from S to Q.

Join PS. Then since angle POQ continuously increases as O
moves from P to Q, the circle POO continuously falls below the
given arc. Hence as O moves from P to S, the circle POO falls
below the arc PS, and hence the angle POS continuously increases
a8 O moves from P to S.
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Similarly, if O be taken in arc 8Q it can be proved that the angle
SOQ continuously decreases as O moves from Q to S, i.e., the arc
QS is negative. Therefore arc SQ is positive.

Cor. A.—If PQ be any positive non-cyclic are, then any minor arc
P'Q' is also positive. For, PQ’ is positive, therefore P'Q’'1s also
positive.

Cor. B.—If in an arc POQ there be a cyclic pomnt, then angle
POQ cannot continuously increase or decrease as O moves from
P to Q.

For, 1f there be a eyclic point S, on arc PQ, then in the neigh-
bourhood of 8, four distinet points, say, P/, R/, 8/, Q', must exist
lving on a circle. Hence in the arc PQ, the angle POQ cannot con-
tinuously increase or decrease as O moves from P to Q. Hence in
the arc POQ the angle POQ cannot continuously increase or decrease
a8 O moves from P to Q, for then, by the method of the above
theorem, the angle P’OQ’ would continuously increase or decrease as
O moved from P’ to Q.

Cor. C.—If in an arc POQ there be a cyclic point S, then a minor
arc PSQ can always be found such that the tangents PT, QT at
P. Q are equal,

For, in the neighbourhood of 8, four distinet points P/, R/, 8/, Q/
are obtamable lying on a circle. The point S will be between P’
and Q'.  Keep R'S' fixed and vary the circle 1ill P'R/ or §'Q/ coin-
cide. Then keep these latter coincident points fixed, and vary the
circle till the other two points coincide

Cor, D.—If POQ be a positive non-cyche are, then the radius
of curvature at O continuously increases as O moves from
P to Q.

Cor. E.—~If in an arc POQ there be a cyclic point S, then the
radius of curvature has & maximum or minimum value at S.

For, the circle of curvature at $ as it passes through four conse-
cutive pomts at S falls entirely above or below the arc at S. Thus
if arc P8 be positive, arc 8Q will be negative and vice versa. The
circles of curvature at P and Q will, therefore, both be less or both
be greater than the circle of curvature at S.

Theorem V.—If POQ be a non-cyclic positive are, and S any
fixed point on it, then angle POS will continuously decrease as O
moves from 8 to Q, and the angle QOS will continuously decrease
as O moves from P to S.
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If O be taken between S and Q, then the circle PSO  will

sl T evidently fall below the given arc

m from P to 8, and above the given

o« arc from 8 to O, and again below

4 the given arc from O to Q (Fig. 2).
Fig. 2

Now if O’ be another position of O nearer Q, then evidently angle
PO’'S 15 less than angle POS. Henee angle POS continuously dimi-
nishes as O moves from § to Q.

Similarly the angle QOS continuously diminishes as O moves
from P to 8.

Cor. A.—If PQ be any positive non-cyclic arc, and P/Q’ any
munor arc, then angle PPOQ  will continuously diminish as O moves
from P to P’ or Q to @', and the supplement of angle PPOQY will
continuously diminish as O moves from P’ to /. Ths follows from
above theorem and Cor. A of Theoren IV,

Cor. B.—I1f POQ be any positive non-cyche are, in which angle
POQ 18 always obtuse and P’'Q’ any minor arc, then the radius of the
@rcle PIOQ continuously increases as O moves from P to Q  For,
the diameter of the circle PIOQ/ is P/QYf [sin P/OQ’.

Cor. C.—If any three points O,, O,, O; be taken on a positive
non-cyclic arc POQ, in which the angle POQ 1s always obtuse, then
the radius of the circle 0,;0,0; 1s alwavs ncreased if any of the
three points be moved towards Q

Theorem VI —If P/Q' be a mmor chord of the arc POQ, parallel to
the base PQ, C and R/ the midponts of PQ and 1Y), and & the com-
plement of the ungle between RR/ and PQ, then the distunce between
the centres of the circles PP/Q’ and P’QYQ is equal to PQ tan 3.

Join PT, QQ/, nnd RR! and produce them to meet in T. TLet L

and M be the midpoints of PP/ and QQ'
and let perpendiculars to PP, QQ' and
P’Q/ at L, M and R’ respectively inter-
sect o form the triangle UVW, similar to
TLM. From T draw TN perpendicular to
PQ, and from W draw WX and WY per-
pendicular to RUV and P/Q/, respectively.

Fig 3
Then 1t follows casily from clementary geometry (Fig. 8) that

WX =R'Y =NR, since WY and TN cut off equal intercepts MY’ and
LN/ from LM.
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NR _WX_ UV
T ~N T PG
between the centres of the circles PP/QY and DP/Q'Q.

Cor. A.—The distance between  the centres  of the circles PP/Q
and PQ'Q is P/Q’ tan 4. This is proved in the same way as the
above proposition.

Cor, B.—Ii O be the sumwmib of the are POQ, and R the mud-
point of chord P’Q, and & the complement of the angle botween OR
and PQ, then the differcnce between the radii of the civeles OO and
Q00 1s PQ tan &

Cor. C —Tf T be the intersection of the tangents at P and Q to
an arc PQ, R the mudpommt of chord PQ, and & the complement of
the angle belween TR and PQ, then the distance between the
centres of the circles PQQ and PPQ 1s PQ tan 8.

Therofore, tan 8= PQ tan 8= UV =distunce

Sec¢rioN II,—INFINITESIMAL ARc.

Definitions,—If a number of continuously and monotonously
varying magnitudes vanish simultaneously, each of them al any
instant of the interval of monotoniety, 18 called an infinitesimal

One infinitesimal is of the samc order as, or of a higher or lower
order than, another according us the limiting ratio between the first
and the sccond, at the moment of vanishing, is finite, zero or
infinite  When this ralio 1s unity the two infinitesimals are called
equal.

Any infinitesimal . may be taken as the standard and called an
infinitesimal of order one. Any other infinitesimal y is then called
of order n, if the ultimate ratio of y/z" is finite, that is, neither zcro
nor infinite In all that follows, the chord PQ, of the infinitesimal
arec POQ, will be considered as of the first order.

If PRSQ be an infinitesimal are, the ultimate ratio, of the differ-
ence of the radii of the circles RSQ and PRS to the distance PQ, will
be called the partial rate of variation of the radius of the circle of
curvature at P

If POQ be an infinitesimal arc, the ultimate ratio of the differ-
ence of the radii of the circles of curvature at Q and P to the
distance PQ, will be called the complete rate of variation, or simply.
rate of variation, of the radius of the circle of curvature at P.
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If PRSQ be an infinitesimal arc, RS any minor chord parallel to
PQ, and M, N the midpoints of PQ, RS, then theline through M, N,
in its ultimate position is called the deviation ! axis at P

The angle between the normal and deviation axis at P, both
drawn outwards, is called the angle of aberrancy at P.

Theorem VII.—In any convex infimtesimal arc POQ, the supple-
ment 8 of the angle POQ, and tho angles «, 8, which the tangents
at P, Q make with PQ, are infinitesimals of the first order and
ultimately equal

For, if R, Ry, Ry be the radii of the circles POQ, PPQ, PQQ,
respectively, then R, R, Ry are fimte and ultimately equal to the
radius of curvature at P.

But, PQ=2R sin #=2R, sm «=2R,sin B Therefore, 6, o, B
are ultimately equal infinitesimals of the first order

Cor. A.—TIf PT and QT be tangents at P and Q then PT and QT
are ultimately equal, and the radius r of the circle PQT ss ultimately
equal to half the radius of the cirvle of curvature at P.

(or. B.—The differcnce between the arc PQ and chord PQ 1s less
than a quantity which 1= an infinitesimal of the third order

For, the convex are PQ, falling mside the triangle PTQ, has
length between P'I'+TQ and PQ. Hence the difference between the

B sin a—'*'—ﬂ

arc and chord 15 less than PT+TQ—-PQ or 8r sin | s S =

which is again less than raB (a +f).
Coi. ¢ —The difference between 6 and sin 618 less than a quantity
which is an infinitesimal of the third order, 6 being of the first order.

Theorem VIII.—The angle of aberrancy, ata eyche point on a
convex arc, vanishes.

Let O be a cyelic point. Take any infinitesimal arc POQ. Then,
from Cor. C, Theorem IV, & smaller arc P’OQ’ can be always found,
such that the tangents P'T and Q'T al P’ and Q' are equal. There-
fore, if R be the middle pomt of P'Q', TR is at right angles to P/’

! Transon introduced the term * deviatton azis,’ for which Salmon substituted
aberrancy axts.’ Transon called tan 3 the rate of deviation from’circular form, an
exceedingly suggestive expression, which Salmon cut down to ‘“aberrancy.’ Both
the terms have been retained, by the present writer, with a slight "distinction 1n"use.
(See Liouville, Vol. VI, and Sslmon’s Higher Plane Curves, p. 868 3rd edition.)
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Now, TR becomes the deviation axis at O, ultimately. Therefore,
the deviation axis at O coincides with the normal at O, and the angle
of aberrancy vanishes.

Theorem: IX.—The partial rate of variation of the radius of
curvature, at any point P of & non-cyclic are, is tan 3, where 8 is the
angle of aberrancy at P.

Take an infinitesimal arc PRSQ, where RS is parallel to PQ.
Then, from Theorem VI, we have tan 8= %JQ\L , where UV 1s the dis-

tance between the centres of the circles RiSQ and PRS. Now, 1t is
easily seen that UV is ultimately equal to the difference of the radi
of the circles RSQ and PRS. Hence, tan 6 is equal to the partial
rate of variation of the radius of curvature at P.

Cor. 4.—If PQ be an infinitessimal non-cyclic arc, then the
difference between the radn of the circles PQQ and PPQ 1s PQ tan 93,
for, the circle PPQ 18 transformed into the circle PQQ by a single
change of P into Q.

Cor. B.—The complete rate of variation of the radius of curvature
at any pomnt P, of a convex arc, 18 3 tan 8, where 8 is the angle of
aberrancy at P (Transon’s Theorem).

For, the complete variation of the circle of curvature PPP into
QQQ, may be effected by three equal partial variations, viz., that of
P into Q three times repeated.!

Theorem X.—If PT, TQ be tangents at P and Q to a positive
non-cyclic infinitesimal arc PQ, the difference of PT and TQ is
ultimately equal to 2Ra? tan 8, where 8 is the angle of aberrancy
and R the radius of curvature at P, and « the angle TPQ.

For, if B be the angle PQT, then

PQ
PT _sinf_ 2 sin o _radius of circle PPQ
TQ “sine~ PQ ~ radius of circle PQQ *
2 sin 3

! The above simple and general demonstration of Transon’s Theorem is based on
the conception of partial rate of variation of curvature. Transon himself deduced
his theorem from properties of conics (Liouville, Vol, VI),

2
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Therefore,

TQ—-PT_ radius of PQQ—radius of circle PPQ
TQ+PT radius of PQQ +radius of circle PPQ

TQ-PT_ PQ tents

PO SR’ ultimately

or, TQ—-PT=DRa? tan 8.
Cor. A.—o—3=2a2 tan d.

Theorem XI1.—If O,, Og, O3 be any three points on the positive
non-cyclic infinitesimal arc POQ, then the radius of the circle
0,0,0; is equal to R{1+2(a; +ap+a3) tan 8}, where ay, ag, ag are
the angles which PO,, POy, PO, make with the tangent at P, & the
angle of aberrancy and R the radius of curvature at P.

For, the radius of circle 0,0,03 is evidently

R+ (PO, + PO, +PO;) tan 8=R+2R (o) +ag+aj) tand

since 2R=£9‘ =202 _POs i, the limit.
a1 ag ay
Theorem X11.—If s and I be the lengths of the arc and chord of
any positive non-cyclic infinitesimal arc PQ, then 3=1=2R (a+2a2
tan 8), where & is the angle of aberrancy and R the radius of
curvature at P, and o the, angle which the tangent at P makes with

PQ.
Tor, if R/ be the radius of the circle PPQ, then, by Theorem XI,
R/'=R(1+ 2a tan J).

Therefore, chord PQ=2L sin a=2R/a=2R(a+ 242 tan §).

But the arc PQ differs from chord PQ by an infinitesimal of the
third order.

Therefore, 8=1=2R (a + 202 tan §).

Theorem XIII.—If O;, O, Og be any three points on the non-
eyelic infinitesimal arc PO,0,03Q, the angle 0,030, is equal to
(1—2aj tan §) (ag—a;), where ay, ag, ag are the angles which POy,
POy, PO3 make with PT.

Let angle 0,030,=2.
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=00, ; o) =_0102
Then, sin z IRygn and sin (ag—a,;) oR,, » where R;,3; and

R, mean the radii of the circles 0,0,0; and PO,0,, respec-
tively.

Then sinz  _ Ryp _ R{1+2(e;+ap) tan 8}
’ sin (G'Q—a'l) R123 R{1+2(a1 +ag +a3) tan 8}
=1=203 tan 8.

Therefore, z=(ag—a;) (1—2a3 tan §).
Cor, A.—Angle PO,0; =a,(1=2a, tan §).

Theorem XIV.—In any non-cyclic infinitesimal arc P0,0,Q,
chord 0;0,=(PO,—P0,)+Raja, (cg—a,), neglecting infinitesimal
of fifth order, where ay, ap aro the angles which PO;, PO, make
with the tangent at P, and R is the radius of curvature at P.

We have, by trigonometry,

0,05 +P0, ~PO,=8R,, sin 0121’02 sin 01;)21’ sin 01P02+2°102P
But, R12=R(1+2(a1 +a2) tan 8)

. 0,PO . Gp=aj_ap=—a
1 2= 2 1_C2 1
sin B) =8in ———2 = ———2

sin °'§2P=92¢ (1~2ag tan 3)
sin 01P027010,P _ag=ay ta1 (1 o, tan 3)
2 2 "3
=;_2 (1=2a, tan §).
Therefore,

0,05+P0; -=POy=R(ag=a;) ajag (1+0 tan §)
=R(ag~ay) ajaq.

Theorem XW.—The difference 8 —1 between the lengths of arc and
chord of an infinitesimal non-cychc arc PQ is 1 Ra®, neglecting in-
finitesimals of fifth order, where R is the radius of curvature at P,
and o is the angle between chord PQ and the tangent at P.
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Divide angle o into an infinite number of smull parts (say n equal
parts where n is large), by the lincs PO,, POy, POj3, etc., where Oy,
0,, Oy, ete., are points on the arc PQ.

Then s=§'l; 0O,-; O, in thelimit when n=®
z=2:‘(Po,-Po,_1)
Therefore, 8 —l=Lt z'r'(o, -10,+P0,_,=PO,)
=Lt 2;'R(a,.-a,-1) ar-yay
= BLE S {od, —a¥yoy = (0, —a, o)}

=} Ra®-} R Lt z'l‘(a,—a,_,)o'
=} Ra?.

n n _ 3 3
Since Lt 5. (a,—a ;)3 =L £ 1 _=De *_pga’_
1 1 n n n
Cor. A.—The difference s—1 is independent of 3, rf we neglect

infinitesimals of fifth order, R and o being given.
PRl

3
Cor. B.—8in 0=0—g~ , neglecting infinitesimals of fifth order.

Cor. C —Area of segment, bounded by s and I,
=2R23{(a,~a,_1)a,0,—) +2a,a,_;(a?, —a2 _;)tan 8}(by Theorem XII(
=2R2{}a3 +a* tan 8}
For, E(a,—a,_l)a,ar_1=_%a3
and

32(a2, —a?,_j)aa,-y =Z{o*, —at,, —(a,—a,-1)%(a, +apog)}=at

N.B.—If only the radius of curvature be finite and continuous
and not also 1ts partial rate of variation, then it is more easily shewn,
by omitting tan §, that s—l 18 equal to § Ra®, where we neglect
infinitesimals of the fourth order, not fifth. The writer is not aware
of these rigorous geometrical determinations having been made
before. Text-book writers content themselves generally by stating
that the difference is of the third order.




NEW, METHODS IN THE GEOMETRY OF A
PLANE ARC

I.—Cyolic and Sextaotic Points !
BY
S. MurHoprapuyaya (1909)

The following paper introduces certain simple geometrical
methods applicable to the general theory of plane curves It brings
mto prominence a certam class of singular points, on a plane curve,
to which, 1t would appear, sufficient attention has not been given
hitherto. If we suppose n consecutive points to travel steadily
along a given curve, and carry on their shoulders an osculating
curve of a given kind, which varies continuously as 1t moves, then,
upon the given curve, we shall usually have o number of places or
singular points, where the osculating curve halts momentarily. At
each halt, a change of shoulders 18 effected The rearmost moves
off and the foremost receives an accession, or, the foremost gocs
away and the rearmost 1s strengthened. For the moment the
osculating curve 18 borne on n +1 shoulders, that 18, by one shoulder
more than would suffice to carry its full weight.

In the present paper two members of this class of singular points,
the cyclic and the sextactic, have been studied together, more speci-
ally in relation to an elementary convex oval.

A cyclic point 1s a singular point, on a plane curve, where the
circle of curvature passes through four consecutive points, instead of
three. A sextactic point is a singular point, where the osculating
conic passes through six consecutive points, instead of five At a
cyclic point, the circle of curvature may touch the given curve,

' From Bulletin of the Calcutta Mathematical Society, Vol. 1, 1909.
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internally or externally. In the former case, the point will be called
in-cyclic and in the latter case, ex-cyclic. Similarly, at a sextactic
point, the osculating conic may touch the given curve internally or
externally. In the former case it may be allowable to call the point
in-sextactic, and in the latter case ex-sextactic. With this much
of introduction, we may proceed to demonstrate a number of
interesting propositions.

Prop. I.—If any circle meet a convex arc, at four points, O,, O,
03, O, then there must exist a cyclic point on the arc, between the
two extreme points O; and O, but not coinciding with O, or O,.

Prop. 11.—If any conic meet a convex arc, at six points, O,, Oy,
03, 04, O, Oy, then, there must exist a sextactic point on the are,
between the two extreme points O, and O, but not coinciding with
0, or 0.

In Proposition I. we shall suppose that the circle through any
three points of the arc varies continuously, as the points are moved,
in any maunner, along the arc. This, of course, implies that the
radius of curvature varies continuously but does not exclude the
possibility of 1ts becoming zero or infinite at a cyclic point.

In Proposition II, we shall suppose that the conic through any
five points of the arc varies continuously as thc points are moved,
in any manner, along the arc. This conic must either be an ellipse,
a parabola, or a hyperbola. In the last case, the five points of the
arc must necessarily lie on the same branch of the hyperbola, for,
five points, distributed on two different branches of a hyperbola
cannot, évidently, lie on the same convex arc. For the purposes of
this paper, we shall suppose that the conic through any five points
of the arc, is always an ellipse, although this restriction is not
necessary for Proposition IT.

To prove Proposition I, it should be noticed that the four points Oy,
0,, 03, O, determined by the intersection of a circle with the given
are, can be varied in position along the arc, by a continuous varia-
tion of the circle of intersection. Suppose we vary any two adjacent
points Oy, Oy, by varying the circle, in such a way, that the remain-
ing two points O3, O,, through which the circle passes, remain fixed.
By this operation we can draw together Oy, Oy as close as we like.
When we thus draw together any two adjacent points Oy, Oy, it is
to be understood, that they come indefinitely close, while O3, O
remain fixed, but thal they never overlap or cross each other or any
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other point, 6.g.,, O3 or O,. The order of the points O, Oy, Oy, Oy,
is therefore, strictly maintained. This will be obvious if we notice
that circles through two fixed points cannot cross each other
again.

Draw together, first, O,, O3 and then O,, O, and then Og, O,
the remaining points, during each operation, continuing fixed. At
the end of this cycle of three operations, O, and O, will have come
closer together than at the beginning, By repcating this cycle a
large number of times, we can bring the two extreme points 0, Oy,
a8 close together as we like, so that, ultimately, O;, Og, O3, O will
have all come togethor at some point lying between the initial
positions of O, and O;. In fact, 1f O;, O,, Oz, O, do not come
together ultimately, then there must be a minimum separation
between O, and O,. But this s impossible, for so long as the arc
0,0, is finite, it can be shortened by repeating the abovementioned
cycle of operations by a finite quantity.

The ultimate point, where O, Oy, O;, O, all come together, will
be in-cyclic or cx-cyclic, according as the circle 0,,04,03,0 crosses
in or crosses out at O, initially. This will be so, because the order
of the points Oy, Oy, O;, Oy, is maintained during each operation.
It is possible, however, that during an operation, an extra pair of
intersections, say, X, Y, may arise between a pair of adjacent points,
say, between O, and O,. In that case we may drop O; and X, and
go on repcating our cycles on the shorter are Y0,0,0,. Evidently
the circle 0,XY0,0,0, will cross in or cross out al Y as it does
at 0,. If an extra intersection, say Z, exist beyond the extremities
0,, O,, then during the cycles of operation’it will always move
further beyond.

The proof of Proposition II is exactly similar, and similar obser-
vations apply to it. In this case, the cycle of operations may be
described as follows: Draw together, first, O3, O,, and then, in
succession, the pairs (Og, 03), (04, O5), (0,, Op) and (05, Oy), the
remaining four points, during each operation, continuing fixed. As
conics through four points do not cross each other again, the order of
the points Oy, Oy, O, Oy, Os, Og will be strictly mantained during
each operation.

Prop. I11.—On any clementary oval, there must exist atl least four
cyelic points, two in and two ca.

Prop. IV.—On any elementary oval, there must exist at least six
sextactic points, three in and three ex.
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To prove Prop. III, draw a circle through any, three points O,,
0, O3 on the oval. This circle musb interseot the oval again, in a
fourth point O, as two closed figures intersect in an even number of
points. Suppose the circle 0,0,0;0, crosses in and out, alter-
nately, at O;, Oy, O3, O,. To obtain the in-cyclic points, draw
together Oy, O3 at 05-03, and Oy, Oy at 0,-0;, so that the circle
02-0; 0,-0, has internal double contact with the oval at 0,-O4 and
03-0,. There must now exist an in-cyclic point, in cach of the arcs
02-03 04-0, and 0,-0; 0,-0;, by Proposition I. Thus two in-cyclic
points are ostablished. Simularly, if we draw together O,, O, at
0,-0, and O3, O, at 0;3-O,, we shall have an ex-cyclic point, in each
of the arcs 0,-0, 03-0, and 0;-0, 0,-0,.

Prop. IV is proved in a similar way. Take any two equal
parallel chords 0,0, and 040, in the oval. Then a conic through
0;, Oy, 04, O, and any fifth pomnt O on the oval must be an ellipse,
for, two equal parallel chords cannot lie in the same branch of a
hyperbola. Let the ellipse through O, O,, O3, O,, Oj meet the
oval again at a sixth point Og, for, two closed figures must intersect
at an even number of points. Suppose Oy, 0,, 0;, 0. O;, O, lie in
order on the oval, and the conic through them crosses in und out,
alternately, at Oy, Oy, O;, Oy, Os, O, To obtain the in-sextactic
points, draw together O, O, at 0,-O,, and then O, Oy. at 0,-0,.
and, finally, O;, Oy, at 05-Og.

Then, the ellipse 0,-0p 0;-0 0;-Oy hus internal triple contact,
with theoval at 0,-0,, 0;-04, 0;-O4. Therefore, from Proposition II,
we conclude, that there must be an in-sextactic point in each of the
arcs 0;-05 03-04 05-O4, 04-04 05-04 0,-0,, 0;-04 0,-0, 04-0,.
Thus there will be, at least, two in-sextactic points on the oval. Lot
these two in-sextactic points be X, Y. Draw a narrow ellipse having
internal double contact with the oval at X, Y. Let this ellipse
grow, maintaining double contact with the oval at X, Y, till it
touches the oval internally again at a third point Z, which may n
special cases coincide with X or Y. Then, by Proposition II, there
must be another in-sextactic point in the arc XZY. Thus three
in-sextactic points are demonstrated. In exactly similar way, three
ex-sextactic points on the oval can be proved.

The following six propositions refer to arcs which are either non-
cyclic or non-sextactic. A mnon-cyclic arc is one which does not
possess & cyclic point in it, except it may be at the extremities, A
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non-sextactic arc is one which does not possess a sextactic point on it,
except it may be at the extremities. On the non-cyclic arc we will
suppose that the circle through any three points varies continuously.
On the non-sextuctic arc, we will suppose that the conic through any
five points varies continuously and is, so far as this paper goes,
always an ellipse,

Prop, V.—If 0,, Og, O3 be any three points in order, on a non-
cyclic arc, then the radius of the circle 0;0,0; will continuously
increase (or decrease), if the points O;, Og, O; be shifted in any
manner, along the arc, in the same direction, provided the order of
the points be maintained and the angle 0,0,0; be never less than
a right angle.

Prop. VI.—If O,, O,, Oj, O4, O; be any five points on a non-
sextactic arc, then the area of the ellipse 0,0,0;0,05 will continu-
ously increase (or decrease), 1f the points be shifted, in any manner
along the arc, in the same direction, provided the order of the points
be maintained and the points be never so far scparated from one
another, that the elliptic arc 0,0,0,;0,0; exceeds the semi-
ellipse.

To prove Proposition V, suppose the points Oy, O, O are shifted,
one by one, in order, along the arc, in the samec direction Then
during the shifting of each point, the radius will continually increase
(or decrease). If not, suppose, while O, is being shifted, O, and O,
retaining their positions, the radius at first increases and then
decreases, or at first decreases and then incrcases. Then O, will
have two positions X, Y, betwcen O,, O;. such that the radius of the
circles 0,X03 and O, YO, are equal.  Therefore, we must have angles
0,X0y4, 0,Y0,; either equal or supplementary. But they cannot be
supplementary, as then one of them will be acute, which is agains’
bypothesis Neither can the two angles be cqual, for then the four
points O}, X, Y, O; would be con-cyclic and there would be a cyclic
point on the given arc, which 1s also against hypothesis.

To prove Proposition VI, suppose the points Oy, Og, O3, Oy, O
are shifted in order. one by one, in the same direction, along the are.
Then during each shifting, the area of the ellipse 0,,0,,03,0,,0;
will continually increase or decrease. If not, suppose, while any
one point O; is being shifted, the others retaining their positions,
the area at first increases and then decreases or at first decreases
and then increases. Then O; will have two positions, X, Y, betwcen

3
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0, and O, for which the ares is the same, that 1s, the area of the
ellipse 0,0,X0,0; is equal to the aron of the ellipse 0,0,Y0,0;.
But it is easily shewn that tho two areas cannot under the circum-
stances be equal (see following Lemmia) unless the two ellipses coin-
cide. Therefore O; O, X ¥ O, Oy lic on the samo ellipse, that is,
there is a sextactic point on the given arc, wlich is against
hypothesis.

Lemma.—If 0;0,X0;0, and 0;0,Y0,0, be two eciliptic arcs,
each less than the corresponding semi-ellipse in length, then the ares
of the first ellipse will be greater than that of the sccond cllipse,
provided arc 0;XO; pass above the arc 0,Y0.

Convert by orthogonal projection the first ellipse into a circle C
and the second ellipse into another S. With same lettering, the arc
0,X03 of C will pass above the arec 0,YOj; of 8.

The semi-diamecters of 8 which are parallel to 0,0, and 0503,
respectively, are equal as 0,0, and 0,0; are equally inclined to the
axis of 8. The semi-diameters conjugate to these are therefore also
equal,

The centre of § falls below 0,0, as 0,YO, is less than a semi-
ellipse. Hence the diameters of S which bisect 0,03 and are parallel
to 0,0,, respectively, both fall entirely within C. Thus each of two
conjugate semi-diameters of S is each less than the radius of C,
whence the theorem follows.

Prop. VI1I1.—1If O,, Oy, O3 be any three points, in order, on & non-
cyclic arc, then the circle 0,0,0; will always cross in at O, and Oy,
or always cross out at O, and O3, in whatever way we displace
0,, Oy, 03, along the arc, maintaining their order.

Prop. VI1II.—If Oy, Oy, O3, Oy, O be any five points on a non-
sextactic arc, then the conic 0,0,0;0,0, will always cross in at Oy
and Oy, or always cross out at O, and O, in whatever way we displace
the points 0y, Oy, Oy, O,. Os. along the arc. maintaining their rela-
tive order.

The above two propositions hardly need a formal proof. In
Proposition VII, the cutting in or cutting out at O, or O; can only
be screened, if an extra point of intersection X arise beyond O, or 0.
But this is impossible as the arc is non-cyclic. Similar remarks
apply to Proposition VIIT,

Prop. IX.—If AB be a non-oyclic arc, in which any three points
0,, 0y, Oy being taken, in order, the circle 0,040; cuts in at O, and
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Oy, then the circle of curvature at A falls entirely within the circle
of curvature at B.1

Prop, X.—If AB be a non-sextactic arc, in which any five points
0y, Og, Oy, Oy, Oj being taken in order, the ellipse 0;0,03;0,0;
cuts in at O; and Oy, then the osculating ellipse at A falls entirely
within the osculating ellipse at B.

To prove Proposition IX, move O,, O,, O;, to A, so that we get
the circle of curvature AAA at A, which falls below the arc AB.
Similarly if we move O3, Oy, O; to B we get the circle of curvature
BBB at B which goes above the arc. Therefore, the ecircle AAA
falls within the circle BBB, if we only consider portions above the
chord AB. 1If we move Oy, O, to B and O, to A, we get the circle
ABB, which falls below the arc and cuts AAA at some point C,
above the chord AB. The circle ABB, which falls below the are,
touches at B the circle BBB, which goes above the arc. Therefore
circle ABB falls within the circle BBB. Again the circle ABB outs
the circle AAA at A and C, therefore, below the chord AB, the circle
AAA falls within the circle ABB, and, therefore, much more within
the circle BBB. Thus the circle AAA falls within the circle BBB,
both above and below the chord AB.

Analogous proof holds for Proposition X. Bring0,, Oy, Oy, to A,
and O,, O. to B, Then ellipse AAABB falls below the given arc.
If we bring down to A the other two points O, Oj, also, then the
osculating ellipse AAAAA will full below the given arc and cut the
ellipse AAABB at some point C, above the chord AB but below the
given arc. Therefore, below the chord AB, the osculating ellipse
AAAAA falls within the ellipse AAABB, for these two ellipses have
the four points A, A, A, C, common, and hence they cannot intersect
again. Similarly, the ellipse AABBB goes above the arc and cuts
the osculating ellipse BBBBB, which also goes above the are, at
some point D, above the arc. Therefore, below the chord AB, the
ellipse AABBB falls within the ellipse BBBBB. But ellipses
AAABB and AABBB have double contact at A and B, and the
former goes below the arc and the latter above, therefore, the former

! Tt has heen noticed before by P. G. Tait, and comes easily by assuming the
shape of the evolute between two centres of curvature C and C’, for, 1f p and ¢’ be the
corresponding radii of curvature, then p ~ p'is greater than the chord CO’ of the
evolute (Scientific Papers of P, @. Tait, Vol. II, p. 408).



20 GEOMETRICAL PAPERS

AAABB falls entirely within the latter AABBB. Hence below the
chord AB, the ellipse AAAAA falls within the ellipse BBBBB.
Also, since the former goes below the arc, and the latter above,
therefore above the chord AB, the ellipse AAAAA falls within the
ellipse BBBBB. Thus the osculating ellipse at A falls entirely
within the osculating ellipse at B.

It may be pointed out that the director circle to the osculating
ellipse at A falls entirely within the director circle to the osculating

ellipse at B.
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II.—Cyclic Points and Normals '
BY
S. MukmEoPADHYAYA (1919)
INTRODUCTORY.

A Convez Arc for the purposes of this paper will be defined as
follows : —

(i) Tt is a continuous curve bounded by two extreme points.
(i) It has a tangent at each point and a positive sensc along the
tangent which turns continuously in the same direction

(i) No straight line mcets it at more than two points.

(iv) The circle determined by any three points of the arc varies
in & continuous manner with the determinmng points.

A convex oval may be defined as & closed curve of which every
arc is convex.

The arc or oval will lie cntirely on the right of each tangent
taken in the positive sense. The positive sense along any three-
pointic eircle will be similarly defined.

An arc NPQ of a circle C intersecting a convex arc S at P will
be said to in-cross S at P 1f 1t crosses from the convex to the con-
cave side at P, and to out-cross S at P if it passes from the concave
to the convex side.

A circle C is said to have ordinary contact with S at P if it passes
bhrough omly two consecutive points of S at P. A circle having
ordinary contact with S at P will be said to have under-contact
with S at P if it falls on the concave side of S and to have over-
contact with S at P if it falls on the convex side of S.

! From Bulletin of the Calcutta Mathewmatical Society, Vol. X, 1919.
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A circle C passing through three consecutive points of S at P
will be said to have cross-contact with 8 at P.

If NPQ be an arc of a cirele having cross-contact with S at P then
NPQ will be said to 1n-cross S at P or out-cross 8 at P according
as NPQ passes from convex to concave or from concave to convex
side of § at P. If NPQ in-crosses then we may say that the
portion NP has over-contact and the portion PQ has under-contact
with S at P,

If a cirele C pass through four consecutive points of 8 at P then
P is called a cyelic point of $ and the circle C may be said to have
cyclic contact with S at P. A cyclic point will be called under-
cyelic or over-cyclic ! according as the circle C falls on the concave
or convex side of 8 at I,

We will denote un arc of S betwcen P, and P, by S,, and anarc
of C from P, to P, by C,,, and so on.

A circular arc C,5 will be called cyclic to 8;, if it meets S,
in two or morc points besides P; and P,. It will be either under- or
over- or cross-cyclic to 8. If ib out-crosses S at P; and in-crosses
8 at Dy, it is under-cyclic to S, and if it in-crosses S at Py and
out-crosscs S at P, it is over-cyclic to S;,. If C;, out-crosses S both
at P, and Py or in-crosses 8 both at P, and P,, it is cross-cyelic
t0 8;5.

A fundamental theorem which has been established in my first
paper, referred to, and of which we shall make frequent use in the
present paper, may now be re-stated in the following form :

If a circular arc Co is under-cyclic to S betwecen Py and Py,
then there exists at least one under-cyclic point on 8 between Py and

Pg. If a circular arc C, o is over-cyclic to S between Py and Py, then
there exists at least one over-eyclic point on 8 between Py and P,.

If a circular arc Cyg is cross-cyclic to 8 between Py and Py, then

there exists at least one under-cyclic and one over-cyclic point on S
between Py and P,.

' 1n my first paper (Bulletin of the Calcutta Mathematical Society, Vol. 1,
1909) I have distinguished the two kinds of cyclic ponts and cslled them in-cyclic
and ex-cyclic. The same two kinds have been called here under-cyclic and over.
oyclic.
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TaroreM I.

ItP,, P,, P, be three points taken in order on a convex arc S
and the normals at P,, P,, P; meet ata common point O, which
is not the centre of curvature of 8 at P, and which is towards the
concave side of 8;,, then there exists at least one oyclic point X
on 8 between P, and P, provided none of the angles P,OP, and
P,OP; exceed two right angles. The point X will be under-cyclic
or over-cyclic according as OP, is a maximal or minimal normal.

Case I.—When euch of 1he ungles PyOPgy and PoOP is less than
two right angles.

We may supposc without any loss of gencrality that OP; und
OPj; are the two normals from O to 8, ncarest to OP, on either
side, for, if X lic between the feel of two nearer normals on either
sides, much more will it lic between the feet of two further normals
on either sides.

Suppose OPg is a maximal normal. Then OP, is the maximum
radius vector from O to 8 in the whole ncighbourhood P,PyPy, and
is therefore greater than both OP,; und OP3. Draw a circle through
P, to touch § at P,. We will denote this circle by C and the arce
of this circle from P, to P, by C;,. Then since P,0P; is less
than two right angles and OP; 1s less than OP, the are C;, meets
P,0 at an obtusc ungle and therefore out-crosses S at P,.

Similarly draw a circle ¢/ through P; to touch S at P,. De-
note the ave of this circle from Py to P, by C’/53. Then Clyy will
meet P30 at an acute angle and therefore will in-cross 8 at Pj.

Then either C and C' will coincide or one will fall within the
other.

If C and C’ coincide then the circular are PyPoPy will meet 8
under-cyclically between Py and Py and therefore there must exist
at least one under-cyelic point on S between P, and Pj.

Tt C and C' do not coincide, then one will fall within the other.

The circle C will have cither under-contact or over-contact or
cross-contact with S at Po.

If C has under-contact with 8 at Py then C;, must cross $;,
somewhere between Py and Py, and consequently C;o will meet
8,2 under-cyclically between Py and P,. Thus there is an under-
cyclic point on 8 between P, and P,.
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If C has over-contact with 8 at P, then C,;, produced towards
P, will pass between 8,3 and C'py, i.e., C will enter at Py the
space bounded by Sy, and C'55. C must therefore come out of this
space at some point P, on 853 between P, and P;. Thus C meets
8 under-cyclically between P, and P,.

If C has cross-contact with 8 at Py then Cy, will cither in-cross
S at P, or out-cross S at P,. In the former case there will be an
under-cyclic point on S between P, and Py, and in the latter case
C will in-cross Sy4 at some point P, and there will be an under-
cyelic point between P, and P,.

Next suppose that OP, is a minimal normal. In this case we
can prove, by reasoning exactly [similar that there is at least one
over-cyclic point on S between Iy and Pj.

Casc I11.—When angle P,OP, is less than lwo right angles and
angle PoOPg is equal to two right angles.

Suppose OP, is a minimal normal so that OP; and OP; are each
greater than OP,.

Draw a circle C to pass through P; and to touch S at Py. Then
because the angle P,OP, is less than two right angles and OP, is
greater than OP, the arc C,, will meet PO at an acute angle and
consequently C;, will in-cross 8 at P,

The circle C will ecither have over-contact or under-contact or
cross-contact with S at P,. If C have over-contact with S at P,
then C will cross S between P, and P, and consequently there
will be an over-cyclic point om 8 between P, and P,. If C
have cross-contact with S at P, then C,, will either out-cross
8 at Py or in-cross S at Pp. In the latter case C;o must cross
S between Py and P,. So that in either cusc there will be an over-
cyclic point on 8§ between Py and P,,.

If C have under-contact with S at P, then C will either meet
843 between P, and Py at some point P, or fall below S,3. In the
former caso there 1s an over-cyclic point on 8 between P, and P,.

In the latter case draw the circle C/ or rather the semi-circular
arc C'gg to touch S at Py, and P;. If C/,3 have over-contact with
8 at P, and P then an over-cyclic point on S between P, and P,
is assured. If C'y3; have contacts over and under or under and
over at P, and P; then C'p; must necessarily cross S between P,
and P3; and an over-cyclic point on S between P, and P, is
assured.
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If O3 have under-contact with S at P, and Pg then C' will
enter the space formed by 8;, and C;, at P, and consequently
out-cross 8 at some point P, hetween P; and P,. Consequently
there will be an over-cyclic point on 8 between P, and P;.

Thus on the supposition that OP, is & minimal normal there
is always an over-cyclic point on 8 between P; and P;.

If we had supposed OP, to be a maximal normal we could
prove by similar reasoning that there is always an under-cyclic
point on S between P, and P;.

CoROLLARY T0o THEOREM I,

If the normals al Py and P meet at Py, then (lhere is atleast
one over-cyclic point on S betwcen P, and P,. If the normals al
Py, and P, mect at Py, then there is an over-cyclic or under-cyclic
point on 3 between P, and P; according a8 P,P; is « minimal or
mazimal normal.

Tueorem IT.

If OP, and OP, be two successive normals to a convex arc S
from a point O, on the concave side of S, including between them
an angle not exceeding two right angles, and if O be the centre
of curvature of S at P,, then there is at least one oyclic point
on 8 between P, and P,, which is under- or over- according as
OP, is less or greater than OP,.

Suppose angle P,OP; is less than two right angles and OP,
is less than OP,.

Draw a circle C to pass through P, and touch S at P,;. Then
the arc C;p of this circle will mecet OP; at an acute angle and
consequently out-cross 8 at P,.

Draw a circle C' with centre O and radius OP,. Then C’is
the circle of curvature of 8 at P, and touches C externally at P,
as OP, is greater than OP,. The circular arc C,, will therefore
have under-contact with S at P,. Consequently C,, must in-cross
S at some point Py between P; and P. Thus C,, is under-cyclic
to 8 between P; and P, which ensures the existence of an under-
cyclic point on 8 between P; and Po.

If we suppose the angle P,OP, to be equal to two right angles,
then C;, will have under-contact with 8 at P, and either under-
or over-contact with 8 at P,. In the former case C,, is under-
cyclic to 8 between P, and P, and in the latter case C, g is cross-

4
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cyclic to B between P; and Py, In either case the existence of
an under-oyclic point on 8 between P, and P, is assured.

If OP, is greater than OP, the existence of an over-cyclic point
on 8 between P, and P, can be similarly established.

In this theorem we have supposed O to be the centre of curva-
ture of 8 at Py. The centre of curvature of 8 at P, will in general
be not at O but it can be at O as a special case.

CoroLLARY To Tneorem II.

If the centre of curvature of S at a point P, be a point Py which
is on 8 then therc 18 at least one under-cyclic point on S between
P, and Pg.

The three following theorems follow at once from Theorems I
and IT and their corollaries :

TaEOREM III,

If from a point O on the concave side of a convex arc S it be
possible fo draw n normals to 8, and if the angle between any
pair of successive normals do not exceed two rght angles, then

there are at least n—2 oyclic points on 8 between the feet of the
first and last normal,

TaEOREM IV,

If from a point O interlor to a convex oval it be possible to
draw n normals to the oval, and if the angle between any pair
of successive normals do not exceed two right angles, then there
are at least n oyclic points on the oval.

TaEOREM V.

If from a point O on a convex oval it be possible to draw n
normals to 8 excluding the normal at O, then there are at least
n+1 oyclio points on the oval.

If in the above theorems O be the centre of the circle of curva-
turc at P for any normal OP, then such a normal bas to be counted
twice. If in addition the point P be a cyclic point, then the
normal OP has to be counted thrice.



GENESIS OF AN ELEMENTARY ARC!

BY
S. MukuopapHYAYA (1926)

INTRODUCTORY.

The development of the (heory of clementary curves 1x primarily
due to . Juel of Copenhagen P. Montel has reviewed C. Juel’s
work in lie Bulletin des Sciences Mathematiques, 1924, Part I, as
also that of 8. Mukhopadhyuya on similar lines. A bibliography on
the subject occurs at the end of P. Montel’s review.

C. Juel’s concept of an elementary arc is exposed by P Montel
as follows -

‘It 18 necessary above all, to define the simple element which
serves as the basis for the construction of plane (elementary) curves,
which we proceed in the first place to study with M. Juel, Let us
imagine an arc of a continuous curve with extremities A and B; 1f
this arc encloses with the chord AB, a convex domain, one can
easily deduce from this the existence at each point of the arc of an
anterior half-tangent and a posterior half-tangent. To this let us
add the condition that these half-tangents have the same direction;
our arc shall then possess, at each pomnt, a tangent varymg 1 a
continuous manner with the point of contact. We shall thus obtain
an elementary arc.  Such an arc is met in two points at most by a
straight line; one can draw to it two tangents at most from a point.’’

The definition of an elementary arc as outlined above, assumes
that we know how to define a continuous curve in a satisfactory
way—a thing which we perhaps do not know. The arc has un-
defined proportions and as such is of more limited use than the one
defined in this paper.

The way in which an elementary arc has been evolved in this
paper from a chain of cellular elements may prove intoresting to
geometers as a novel solution of the problem of the plane elemen-
tary arc on rigorous lines.

2. Consider an ordered set of a finite number of points A, I,
P,,...P,_;, B in a restricted domain on a plane which may be
Euclidean or non-Euclidean. The train of n sects AP, P, P,......
P, _yB constibutes a lincar chain of rank n. 'The points A, P,, P,,

' From Bulletin of the Calcutta Mathematical Society, Vol. XVII, 1926.
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v P, -1, B will be supposed all distinct, except that B may coin-
cide with A. In the latter case the chain is closed and in the for-
mer case the chain is open.

In the open linear chain of rank n there are n—1 vertices P,
Py,....P,-; and two extremities A and B. In the closed linear
chain of rank n there are n vertices and no extremities. The order
A, Py, Py,......P,_, B will be called the positive order on the chain
as distinguished from the order B, P,_y,...... Py, Py, A which will be
called the negative order on the chain.

Each of the sects AP, Py Py,.... .P,—; B will be called a {race
of the chain. The trace PQ will be considered positive or negative
according as P precedes or succeeds Q in the positive order on the
chain. The extremities P and Q will be included in the trace PQ.
Two consecutive traces ’Q, QR can have only onc point Q common
unless they overlap. If no two non-consecutive traces have a com-
mon point and if two consecutive traces have only one point com-
mon, the chain will be culled simple.

3. If PQ and QR be any two consecutive traces of a simple chain,
P, Q, R being in positive order, then QR will be either to the right
or to the left of PQ or in the prolongation of PQ. In the first case
the chain will be said to have a positive trend, in the second a negative
trend ond in the third case a zcio lrend, at the vertex Q. The
absolute amount of the trend at Q is measured by an angle less than
iwo right angles between the directions of PQ and QR tuken positively.

If a simple chain has at every vertex Q a trend of the same
sign, with the possibility of a zero irend at some, the chain will be
called monocline or of uniluteral trend. A monocline chain may be
either positively or ncgatively so, that is, it may bo either of dextro-
luteral or of levo-luteral trend.

A simple closed mono chine chain is called a convex polygon. We
may suppose that in a convex polygon the trend does not vanish at any
vertex, so that there are exactly n bounding lines in a convex polygon
of rank n, consisting of the » traces of the simple closed mono-cline
chain which defines it.

THEOREMS,

4. (i) A convex polygon lies enlirely on the sume side of each of
ils bounding lines, Lhat f8 if PQ be any bounding line, taken in the
positive sense, all the other bounding lines will fall on the right side
or left side of PQ according as the polygon is positively or negatively
monocline, respectively.
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() No straight line which does not puss through two consccu-
tive vertices can meet a convexr polygon al more than two dislincl
points.

It is usual lo assume Theorem (i) as the distinguishing property
of a convex polygon and to deduce Theorem (ii) from it. Theorem
(i) however can be proved from definition of & convex polygon as
follows .

Suppose, if possible, that such a polygon lics parily on one side
and partly on the other side of a bounding line PQ. Suppose NP
and QR are respectively the bounding lines which immediately
precede and succeed PQ, N, P, Q, R being in positive order on the
polygon, which we will suppose, has a dextro-lateral trend. Then
NP and QR lie on the right side of PQ, but as part of the polygon
lies to the left of PQ by hypothesis, PQ mecets the polygon aguin at
some point X. Supposc X lies on PQ produced towards Q, so that
the part of the polygon between Q and X lies wholly to the right of
PQ, as QR is to the right of PQ. Turn QX ahout Q towards the
right till QX falls along QR Then X will cither coincide with R
or have & distinct position X; on QR produced towards R. In the
former case, suppose RS is the bounding line immediately succecding
QR, so that X finally travels along RS to reach R. RS is therefore
to the left of QR whereas PQis to the right of QR, which is im-
possible as the polygon has a uniluteral trend.

In the latter casc, turn RX; again to the right till RX, falls
along R8. Then X, will cither coineide with 8 or will have a distinet
position on RS produced towards S.

The formor is 1mpossible and tho latter leads to the repetition of
the process of rotation to the right But the number of vertices of
the polygon which muy lie between R and X 1 finite and consequent-
ly the number of possible rotations to the right will soon be exhaust-
cd, rendering the altornative position of X mposgible Thus
Theorem (i) cannot be false.

To prove Theorem (i), suppose, if possible, a straight lne other
than a bounding linc meets the polygon at three distinct points U,
V, W, in positive order on the polygon. Then V must also lie be-
tween U and W on the straight line UW s the polygonal chain is
simple. Suppose V" 18 un mterior point or end-point of the bounding
line PQ, so that U and W lie on opposite sides of PQ. The portions
UP and QW of the polygon will therefore lie wholly or partly on
opposite sides of PQ. This contradicts Theorem (i).
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5. Consider a simple chain A P; Pj...... P,y B of unilateral
trend all of whose vertices lie on the same side of AB. Such a
chain may be called a convex chain.

Suppose all the vertices of u convex chain AP Ps...... P,-1B are
interior points of a triangle ATB such that the angle between AT
produced and TB is less than a given acute angle a. Also suppose
AB is less than a certain length [, so that the exterior angle theorem
holds for the domain enclosed by the triangle. The tringle ATB
will be called the principal cell of the chain and the chain AP,
P,...... P,.B will be called an elementary chain of cell-angle<Ca
and base AB<I.

If NP, PQ, QR be any three consecutive traces of an elementary
chain in cell ATB then cach of these traces produced positively will
meet TB and produced negatively will meet AT. Consequently NP
produced positively and QR produced negatively will intersect at
some point U interior to the triangle ATB, such that the angle
between the positive directions of NP and QR is less than a. Also
PQ<AB<I, for if PQ produced meets AT at U and BT at W, then

PQ<VW<VB<AB.

The triangle PUQ will be called an clementary cell on trace PQ
or carried by trace PQ of the elementary chain AP} Pg......... P,;B.

The elementary cell on initial trace APy will be a triangle AXP,
where X is the intersection of P{P, produced negatively and a line
AX which lies between AT and AP, and determined in any consistent
manner, Similarly the elementary cell on final trace P,_;Bis a
triangle BYP, ., where Y is the intersection of P,_pP,-; produced
positively and a line BY which les between BP,_; and BT and
determined in any consistent manner.

The elementary cells carried by the successive traces of a given
elomentary linear chuin form an elementary cellular chain carried by
o given elementary linear chain. It may be observed that each
elementary cell falls entirely inside the principal cell of the chain
with the exception of the initial and final elementary cells which
have a corner at A and B respectively. If PQ and RS are two
non-adjacent traces of the elementary chain then the corresponding
elementary cells will lie entirely outside one another.

6. The length of the longest trace of a linear chain will be called
the head of the traces and that of the shortest trace will be called the
tuil of the traces. ‘The magnitude of the largest of the elementary,
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cell-angles of o cellular chain will be called the head of the cell
angles and that of the smallest of the cell-angles will be called the
tail of the cell-angles

If the rank of a given elementary chain ¢ be increased by the
interpolations of additional vertices between pairs of consecutive
vertices of the given chain and the new chain ¢/ thus obtained be
also elementary, then ¢/ will be called a gemmatic cxtension of ¢ or
gemmatically derived from ¢, provided

(@) the order of the vertices of ¢ i« the samo in ¢ and ¢/
(i}) the extremities of ¢ and ¢/ are the same ;
(i17) the prineipal cell AT'B of ¢’ is the same as the principal cell
of ¢ or falls within it ;
(iv) the initial and final elementary cells of ¢’ fall within the
initial and final elemcntary cell respectively of ¢ with the points A
and B respectively common.

Tf PQ be a trace of ¢ and P'Q of ¢/ such that the vertices P/, Q' of
¢! fall between P, Q, i.e., the ponts P, P/, @/, Q arc vertices of ¢/ in
order, then P/Q' is sail Lo have been gemmaticully derived from PQ.
P! may however comecide with P or Q' with . The elementary cell
carried by P'Q’ in ¢/ is also said to have been gemmatically derived
from the elementary cell carried by PQ n c.

7. A system of elementary linear chams ¢y, Coyeennne.. 1€ pransnnnane
such that each chain except the first 1s gemmatically derived from
the one just preceding it, will be called a gemmatic system of
elementary chains.

Sumilarly a system of cellular chains carried by a gemmatic
system of elementary linear chains will be also called gemmatie.

Each of the above two systems will be called regular if the heads
of the traces of ¢y, Cy.evvenenns Crrerevnnnns form a monotone decreasing
sequence of zero limit and the heads of the elementary cell-angles of
C1s Coyeeal py..ulso form a monotone sequence of zero limt.

A soquence of traces fy, fgs..ee..... [ belonging respec-
tively to chains ¢, cgyerveennn. 3 Cra vvenenens of a regular gemmatic
system which are such that each except the first is gemmatically
derived from the one just preceding it, will be called a regular
gemmatic sequence of {raccs. Tho corresponding elementary cells
belonging t0 ¢y, Coyeeevnnens v Crreveennns respectively, will be called a
regular gemmalic sequence of cells. A regular gemmatic sequence
of cells will necessarily have & unique limiting point which is also
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the limiting point of the corresponding regular ggmmatic sequence of
traces.

If PQ and RS be two non-adjacent traces of an elementary chain
¢, the corresponding elementary cells of ¢ will entirely lie outside
each other with no point common and consequently the limiting
points of any two regular gemmatic sequences of cells derived from
them will be entirely distines.

An elementary arc may now be defined as the aggregate of
limiting points of all possible regular gemmatic sequences of elemen-
tary cells e;, eg,..., €,,... belonging respectively to a regular
gemmatic system of cellular chains, ¢y, ¢y,..., c,... Mors briefly
on elementiary arc may be defined as the limit of a regular gemmatic
system of cellular chains.

8. The following properties of an elementary linear chain are
evident :

() No straight line other than one passing through two
consecutive vertices can meet an elementary chain closed by its base
AB at more than two poinis.

(i) The successive traces APy, PyP,...,P,_B of an elementary
chain meet when produced negatively and positively the sides AT and
TB respectively of its principal cell at two ordered rows of points
A, Ul' Uﬂ,...,U”_] and V,,_l, V,,_z,...V], B.

(ii) Every part of an elementary chain is an elementary chain.

(iv) If a point P travcls continuously from A to B along the
chain, the distance AP continuously incrcases and distance BP
continuously diminishes.

The corresponding properties of an elementary arc may be
rigorously deduced :

(i) No straight line can meet an elemeniary arc in more than
two points.

(if) There exists u langent at cach poinl P of an elementary arc
which changes its direction continuounsly in the same scnse as P
travels from A 1o B along the arc.

(iliy Every part of an elementary are is an elementary arc.

(iv) If a point P travels coniinuously from A to B along the arc,
the distance AP centinuously increases and the distance BP con-
tinuously diminishes.



GENERALIZED FORM OF BOHMER'S THEOREM FOR
AN ELLIPTICALLY CURLED NON-ANALYTIC OVAL!

BY

S, MUKMOPADHYAYA

1

Def. (1) —A convex oval V has the fundamental property that
any n distinet points on 1t determine a unique convex n-gon of which
they are the vertices and the order of the vertices of the n-gon is the
order of the points on V

There is a positive order on V and a negative order which s ts
reverse If P;, P, P, be in positive order on V, then T, lies on
the right of the line PyPy If Py, P,, P; be in positve order, we
shall simply say they are in order.

The convex non-analylic oval discussed in this paper 18 of the
class elementary. It consists of a closed continuous curve having &
positive sense along it determined by the positive order of the points
upon it. There is a unique langent at each point P and a positive
sense along the tangent such that every other point of the oval lies
always on the right of the tangent The {angent turns confinuously
on the right as ome proceeds in the positive sense along the oval,
Such an oval is obviously rectifiable

Any point of the plane which Les {o the right of every tangent
and 18 not a pomnt of the oval itself is an interior point of the oval.
Any straight line through an interior pomnt of the oval meets the
oval at two points.?

' P Bohmerin an elegant paper, published in the Mathematischen 4nnalen,
Vol. 60, pp. 258-63, 1905, was the firat to prove that for an analytic oral, in which the
osculating come at each point is an ellipse, the conic throngh any five points 18 also
an ellipse. The methods employed by hun are hy themselves quite interesting,
specially the use he makes of the curpature form.

% Vide QGenests of an Elementary Arc, by 8. Mukhopadhyaya, Bull. Cal.
Math, 8oc., Vol. 18, 1926, pp. 153.58,

5
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'The only other lines, besides straight, which will be discussed in
this paper, in connection with their intersections with the oval are
conics.

2

The oval will not be postulated to possess a definile circle of
curvature at any given point.

If o given conic S meets the oval V at P, it will be supposed to
meet V at a definite one-point at P, provided it crosses V at P but
does not touch, and at a definite two-point at P, if it touches V at P
but does not cross. In the latter case there is either an internal
contact (under-contact) or an external contact (over-contact) of
S with V at P.

If S touches V at P as well as crosses, then we will say that
threo points ut V ure associated by 8 at P. Two of these are defi-
nite ponts of V and the third, we will say, is a possible point of V.
The two definite points of V at P associuled with the third possible
point of P at V will determine a possible circle of curvature of V at
P. Tlus possible circle of curvature of V at P agrees with the circle
of curvature of the given comic 8 at P. Two conics S and 8, each
of which has cross-contact with V at P may have different curva-
tures at P.

Def. (1i).—By a definite five-pointic conic of V will be understood
a conic which passes through five definite points of V.

3

A point P on V may be determined by its arcual distances from n
fixed point on V, measured positively in the positive sense along V.

Def. (iii).—A point P (8) on V will be called elliptic if a finite
neighbourhood (8—d, s+d) of P (8) exists such that every definite
five-pointic conic S of this neighbourhood is an ellipse.

Def. (iv).—An elementary convex oval V will be called clliptically
curled if every point P of V is elliptic in the sense above defined.

Bohmer’s Theorem can now be stated for the above oval as:

(A) Every definite five-pointic conic of an elliptically curled oval
18 an ellipse.

A more general form of the above theorem is:

(B) 1If every hexadic point of an elementary convex oval be
elliptic then every definite five-pointic conic of V is an ellipse,
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The definition of a hexadic point will be given later. See under
Cor. ii, Lemma VI

It will appear from our investigations that every convex oval
possesses some hexadic points. If every point on V is elliptic, then
the hexadic points must necessarily be elliptic and Béhmer’s
Theorem (A) follows at once from the more general form (B).

We will procced to establish Theorem (B). For this purpose it
will be necessury to cstablish a number of uscful Lenms.

4

Def. (v).—A range R, of n (n>8) distinct pownts Py, Py, Pj... .
P, on an elhpse, parabola or single branch of a hyperbola, will be
said to be in order, if they are the successive vertices of a convex
n-gon. The order will be positive if P; lie on the right of P, P,. A
range in positive order on a conic will be simply called a range in
order on the conic.

If Py, Py, P; be three points on a branch 8 of a hyperbola and
, (¥ be the two points at infinity on 8 and if 2, Py, Py, P3, &' be
1 order, then Py, (¥, (), P, are also in order, so that each of the
points Q and ' lies between P; and P;, whereas P, lies between
P, and P;.

It Q, Py, Py, Py, Q' be 1n order on a branch 8 of a hyperbola
and P, lic on the other branch 8, then we will say that P, lies
between P3 and P; on (8, 8y). The branch 8, will bo called the
obverse of 8. In this case Py, O/, P,, Q, P, are in order on (8,8,),
as also Py, Py, P3, Py.

It should be noted that although we say that the ponts P,, Pj,
P,, P, are m order on (8, 8,), they do not form the vertices of &
convex polygon. In fact P, is an interior point of the triangle
P, P3 P,.

1f Q, Py, Py, ¥ be 1n positive order on & hyperbolic branch 8
and (¥, Py, P,, 2 bo 1n negative order on 8,, @ and Q' being the
points at infimty on 8, which correspond to 2 end € on 8, respec-
tively, then Py, Py, P3, P will be defined to be in order on (8, 8,).
In this case Py, Py, P3, P, are not successive vertices of a convex
polygon. If Py, Py, P3, P, be in positive order on (8, 8,), they
are in negative order on (S,, 8).

It will at once appear that the above four points P,, Py, P, P,
which are in order on (S, 8,) cannot be in order on a convex oval,
ellipse, parabola or single branch of a hyperbola.
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LeMMma I

1f Py, Py, Py, Py, P5 be any five intersections of a hyperbola
with a convex oval V, then they must lie on the same branch of the
hyperbola.

If not, at least thres, P;, Py, P, will lie on one branch 8 and at
least one, Py, on the obverse branch S,.

TFirst suppose Py, Py, P, are distinct and are in order on 8, with
8y between P3 and P;. Then P, is an interior point of the triangle
P, Py P, and consequently Py, Py, P;, P, cannot lie on a convex
polygon.

If Py and P, form a two-point P on V then S and V will have &
common tangent t at P. P, and P, as belonging to (S, 8,) will be
on opposite sides of ¢ and as belonging to V will lie on the same side
of ¢, which is impossible.

If Py, Py, P; form a three-point P on V then S crosses V at P
and consequently meets V again at some point P’ different from P.
The argument of the last case will hold again.

It should be borne in mind that a conic can meet V at P either in
a one-point or a two-point or at most & three-point and that the total
number of points thus counted at which an ellipse, parabola or single
branch of a hyperbola can intersect V is always cven.

LemMa 11,

It Py, Py, Py P, (n2>5) are any n distinct intersections of u
conic B with a convex oval V, and if Py, Py, Py......P, are in order
on V they are also in order on S.

If S be a hyperbola all the points lie on the same branch of the
hyperbola, by Lemma I. The rest follows from definitions (i) and
(v).

Cor. (i), These n points determine a unique positive sense on S
as well as on V.

If Q be a point of S and T of V between two of the intersections
P, and P, such that P,, Q, P, and P,, 1, P, are in posilive order
on 8 and V, respectively, then evidently Q and T will fall on the
same side (left) of P, P,.

1f 8 be a hyperbolic branch and the obverse 8, of 8 lie
between P, and P, and if Q be taken on S, then Q will be
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supposed to lie on the left of P, P, although it actually lies on the
right. If 8 (P, P,) denote the part of 8 constituted by sll points
Q and V (P, P,) denote the part of V constituted by all points T
and if 8 (P, P,) and V (P, P,) have no point common between P,
and P,, then 8 (P, P,) will lie entirely over or entirely under
V(P,P,). If 8 be a hyperbolic branch and if 8, lie between P,
and P,, then S(P, P,) will include 8,.

Cor. (ii). If Py, Py, P3, P, are four distinct intersections of S and
8, each of which is an ellipse, parabola or a single branch of a hy-
perbola, then P;, Py, P3, P, form vertices of a convex polygon
and if they are in order on S, they are also in order on §'.
Corresponding to the positive sense along S there is a unique posi-
tive sense along §'.

S(P, Py), 8(P, Pg), 8(P3 P,), S(P, P;) will lie alternately
under and over or over and under 8/(P, P,), §'(P, P3), 8'(P5 P,).
8/'(P, P,), respectively.

Lemma III.

If a hyperbolic branch § intersect a conic X at four points O,,
0,, 04, O, which are in order on both, and if S,, the obverse of
S, lies between O, and O,, and X pass over 8 between O, and O,,
then X must be a hyperbola with one branch S, containing O;, O,,
04, O, and the other branch 8/, falling between O, and O,. Fur-
ther, the eccentricity of X will be greater than that of S.

First suppose O;, Oz, 04, O, are all distinct. Since they are
in order on S they are the successive vertices of a convex polygon
and conscquently cannot lie on two different branches of a hyperbola
(Soc. 4). As the obverse of 8 lies between O, and O, and X passes
over 8 between O, and O, X must be hyperbola with one branch
§' containing Oy, O,, 04, O, and the other branch &', falling be-
tween O, and O,.

If now from the mid-point O of the chord P,P; lines be drawn
to W, and W, as also to W’y and W'y, where W, and Wj are
points at infinity on 8 and W’} and W', are points at infinily on &,
then evidently the angle W,0W, falls within the angle W/;0W/,
and consequently the eccentricity of 8/ is greater than that of S,
as the eccentricity increases with the asymptotic angle.

The cases where all the points O,, O,, Oy, O, are not distinct
are treated similarly.
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5

Def. (vi).—An ordered range R, =P,, Py,...... P, of n(>5) points
of intersection of a definite conic S with the oval V, will be called
an associatcd range of index n. The conic S will be called the
ussociative of R,

Each point of R, where § crosses V, but does not touch, 18 to be
counted as one pownt of R, and each point where S over or under
touches V is to be counted in general as two points of R,, in deler-
mining the index n. Each pomt of R, where 8 crosses V as well
as touches V is to be counted in general us theree points of R,.
Besides the n points thus counted there may be other points of
intersection of 8 with V between Iy and P, both inclusive. Such
points when they exist will be called extra points of R,. Extra
points may exist between two distinct points of R,. They may
also fall in with any of the n associated points of R,. If S over- or
under-touches V at any point P, of R, we may count P, as only
one point of R,, the other point at P, counting smong the extra
points. Similarly if 8 cross-touches V at P, we may count only
one or two points at P, as belonging to R,, the rest counting
among the extra points.

Def. (vii).—An associated range R, will be called regular if the
runge do not possess any exira points. A regular range R will be
denoted by (R) or (R,).

Def. (viri).—~If P, and P, be two distinct poinis of an associatde
range R,, the part S(P,P,) of S, the associative of R,, measured
from P, to P,, in the positive sense, will be called the curl of R,
from P, to P, (s>r). If S be a hyperbolic branch and if the ob-
verse S, of S lie between P, and P, then the curl S(P,.P,) will in-
clude 8,. The part of the conic S which is complementary to
S(P,P,) will be denoted by S(P,P,).

Def. (ix).—If P, and P, ; be two distinct consecutive elements
of u regular range (R, then the curl S(P,P,,;) will be culled a
regular curl. Tt will fall either entirely outside or entirely inside
V. In the former case it will be called an over curl and in the
latter case un under curl. Tt P, and P,,, cowncide the over curl
reduces to an under point and the under curl to an over point., 1f
P,, P,y P,,, coincide m an associated threc-point, an over point
and an under point coineide. The resulting point may be called
on over-under point or an under-over point according us I tet shi
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limi5 of an under followed by an over curl or of an over followed
by an under curl.

Def. (x).—The arc V(P, P, ,,) of the oval V between two succes-
sive points P, and P,,, of the range (R,) will be called the r-th
lup of (R,). The largest of the n laps I/,, 17, I, ., 1" of (R,)
will be called the maximum lap of (R,), and denoted by 1,. The
sum of the n laps of (R,) will be called the full lap of (It,), or
simply the lap of (I¥,).

Def. (xi).—If (R,) be of an even index n, the extreme curls, when
they are both finite, will be both over or both under. In the former
case (R,) will be called an under-range and in the latter case an
over-range. In the former case a pownt of either extreme laps will be
an interior point of S, the associative of (R,), and in the latter ease
o point of either extreme laps will be an exterior point of ¥. If
there be a two-point of (R,) at either extremity it will be an over-
pomt for an over-range and an under-point for an under-range. If
there bo a three-point of (R,) at ocither extremity it will be an over-
under point for an over-range and an under-over point for an under-
range. An over-range will be said to belong to a first category and
an under-range to a second category.

6

Def. (xii).—A regular range of index 6 will be called a hezadic
range or simply a hexad. A hexad is either an over-hexad or
an under-hexad. A hexad will be denoted simply by R.

An element of a hexad may be either a one-point or a two-
point or & three-point. If a hexad consist of two three-points the
associative of the hexad is not fully determined by them as each
three-point contains only two defimte points. A fifth definite point
must therefore exist clsewhere to define the associative.

Def. (ziii).—If R=P,, Py, P;, P,, P;, P; be a hexad then the
mid-points P}, Py, P/, P/, P/5 of the five successive laps of R
will be called the mean-points of R or simply the means of R. The
conie 8/ through the five means of R will be called the mean-asso-
ciative of R,

It may be observed that the five means of R are in every case
five defimte points of V and consequently suffice to define S/. If
R do not contain a three-point all the five means are distinct. If
R contain a three-point two of the means coincide forming a definite
two-point on V,
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LemMma IV,

The associative B of a hexad R meets the mean associative 8/
of R at four points Oy, 0,, 0;, O, in order on S and §/, lying on
8 between P, und Py, both inclusive, and on § hetween I’ and
P/, both inclusive.

First suppose R consists of six one-points P,, P,, P;, P,, Py,
Pg. Then Py and P’y will lie on opposite sides of 8 and conse-
quently the curl §/(P/; P',) must meet S at some pomt O, of §'
between P’y and P’,. Similarly S/(P/, 73), 8/(P’; P/y) and S/(P',
P’5) will meet S at Oy, O, and O, respectively, such that O, lies
between P/, and P/;, O, lies between P’; and P’, and O, lies be-
tween P’y and P'5. Thus O,, 0,, 0,, O, are in order on ' be-
tween P/, and P/;. Consequently they are also in order on S
(Lemma II, Cor. ii).

Again if 8/ (P'y P/5) be a regular curl, it will be on the same
side of V as one of the regular curls 8(P, P,) and S (P, P,) and
therafore will cross 8(P/| P/y) at O,, either between P, and P, or
between Py and P;. If 8/(Py P’/p) be not regular, it will spht up
into two or more regular curls one of which will cross S(P, P;) aé
0, between P, and P3;. Similarly O, will lie on 8 between P,
and Pg.

If the hexad R has a two-point at P on V, 8/ will pass through
P. One of the points O will therefore be at P. If the hexad R has
a three-point at P on V, 8§ will touch V at P. Two of the points
O will therefore be at P. If P, be a two-point or a three-point O,
P,, P/, coincide and if Pg be a two-point or a three-point O, Pg,
P’y coincide.

Def. (ziv).—A hexad R’ each of whose extreme elements fall
between the extreme elements P, and P, of R, or coincide with
either, and whose associative 8’ is the mean associative of R, will
be called an inner mean derived of R.

LeMMma V.

To every hexad of a given category there exists at least one in-
ner mean derived of the same category.

Suppose R is an over-hexad with six distinct elements P,, Py,
Pg, Pyy Py, Pg. Then P'y, Py, Py, P/, P/, the five means of
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R, are all distinet and P’; and P’; lie outside 8. There exists four
intersections Oy, Og, O3, Oy of 8’ with 8 which lie between P,
and P/; on 8’ and between P; and Ps on 8 (Lemma IV). Conse-
quently 8/(P’y P/y), the complementary of S/(P’; P'y), will fall
entirely outside S, and 8§’ will have no point on S(P¢; P,).

The regular range (R/,) of intersections of '/ with V, between P,
and Pg, must be of an even index, as it consists of all the intersec-
tions of §' with the closed figure consisting of V(P,Pg) and S(P4P,).
Consequently (R/,) is either an over-range or an under-range.

(R’,) must be an over-range, for if P/, be the upper extreme
element of (R/,) then it must obviously lie in V(PyPs). If (R/,)
were an under-range then S/(P/,P/;) would enter V at P/, and as it
could not meet V(P;P;) again, would cross the curl S(P,Pg) at
some point, which is impossible, as §/(P/,P/;) being & part of S’
(P’5P'y) lies entirely outside S.

If R be an under-hexad we can similarly shew that (R’,) will be
an under-range.

The cases where R has onc or more two-points or three-points
do not present any special difficulties and can be treated in a similar
way.

It is of interest to note that although in general a two-point of R
gives a one-point of (R/,) and a three-point of R gives a two-point of
(R’,) these one-points and two-points may become two-points or
three-points by association in (R/,).

If in (R/,) the index is 6 then (R’,) is itself a hexad of the same
category as R. If the index be 8 then (R/,) gives two hexads P/,,
Py, Py, Py, Py, P'g and P'g, P',, P/, P/, P/ Py of the same
category as R and one hexad P/, P/;, Py, P/, Plg, P/; of the
opposite category.

It may be observed that in (R/,) the first six elements always
constitute a hexad of the same category as R. This hexad may be
called the leador of (R',) or the leading inner mean derivate of R.

Def. (xzv).—If R, R/, R"...., R™,...be & sequence of hexads such
that each hexad after R is an inner mean derivate of the one which

immediately precedes it, then R, R/, R",...R™...will be called an
inner mean derived sequence of hexads,

6
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LemMA VI,

If 1, U, 1,..1™. be the maximum laps of an inner mean
derived sequence of hexads R, R/, R/,..R™, ... respectively, then

I, v, 17,..0™ . will form & monotone sequence of zero limit,
Tt is easily seen that if 1, ™ be any lap of R™ it must lie either
(f) in & certain semi-lap } 1,1 of R™D or (i) in two consecu-

tive semi-laps } 1,(*~V and }1 5”:11) of R®-1,

In the first case we have 1,M3} 1,1

In the second case we have 1,2 30,0 +l(':_11) ).
8

Again as the six points of R™ cannot all lie in different laps of
R(™=D, of which the number is only five, there must exist at least

one lap of R for which case (i) holds.
We have from case (i) 1™ 2{,1,(""1) 23D 4nd from case
@ Wy @00 0D -
s+1
In either case 1™ 21®=1) gpng consequently [l(”)] is a mono-
tone decreasing sequence. It must therefore have a limit

L, which is either zero or finite. We shall shew that I cannot be
finite.

If L be finite then a value m of n exists such that 1™ —L /e
where ¢ is an arbitrary given length, for all values of n>m. We
may take ¢=1L/100.

Consequently 1™ —1, (m+1)_y, —(m+2) _y 3(m+8) _y
1+ _1, 1™+5 1, are each less than .
We have either L(m+8) 231 M+4) | oge0 () or 1m+8) 2}

@, ™0 £1049 ) cage (i),
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In the former case put K™*%) =L+e; and 1,44 =1 (m*d
—6,M=L+e,~¢,”, where 0Ze;Zeyse. Therefere L+es<
HL+e—e,™) or Li+2e; +6, ") e, or L e, which is absurd.

In the latter case put I™*5) =L 4e5, 1,(m+49) = m+4) _,

=L+e,—¢,(" and lf':‘l*“ = U)o 4D =4, —e, 0D

where 0265 e, Ze, 02e,") and 02, (D) |
Therefore L+ 652} (2L +264—e, " —6,"*D ), or 6, +¢,+D
22(c,—s5) 2. Therefore ¢, and «,"* are each less than 2e,

Again we have either lr(m*'“?é 1,m+8 | case (i), or 1, ™+
240, ™8 4 1mE8) ) cage (ii).
s+l

In the former case put l(rm“) =L+eg—e,") and 1,(7+3)

= [m+3) —33(’)=L +s3—ea(‘)

where 026526, 2, Le and 02e,

We obtain Lit+eys—e, () Y (Lt+ez=e3®) or Li+ey@)Tey
+264(N=26,Z(e3—ey) —e +26, (1) or L £ S¢, which is absurd.
In the Iatter case put lr(m+4) =L+e,—e, ), l‘(m+3)

l(m. +8)

=L+e3—s3(‘) w1 =L+ez—e3(+1) where 02e, ez Le and

¢3® and e,(**+1  are each 0.

Whence we obtain c;a)+s§”1) 2(e3 ~64) +26, (M) <Be.
Therefore sg‘) and eg’ +1) gre each less than 6e.

Similarly we have either lf’:: 9 <3 (lf"”a) ), case (i),

(m+38)

(m+4) 25 (l(m+8) s

+1 ), case (ii).
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The former leads to absurdity and the latter gives egt) and cg“)

each less than Ge,

+8 8 (m+3 +3
where l(zm Dy )—eg) and 1) ) )—e(;ﬂ).
s o
Now lu(m+ " end l??: % cannot be identical with l:mﬂ) and
(m +3) . . ) .
1t+1 , respectively, for a little consideration shews that from two

3
consecutive laps of R(m+ ) we can derive at most one lap of R(mM)

which falls under case (ii).
l(m+3) l(m+3) l(m+3)

(m+3) .
v Ly o , lt+1 cannot be all different,

Again

A little consideration shews that two consecutive laps of R‘mu)

3
can at most be derived from three consecutive laps of R(m+ )

if either laps of R(m+4) fall under case (if).

We conclude therefore that l;':;a) is identical with l:"”s) .

We have consequently three consecutive laps of RM+3) iy, 1(m+3)
§

(m+8) )

+2

l (m +3) and

s+l from which the two consecutive laps l(:nH

1

l f’f: 2 of R(MH) ore derived. We have at the same time e:(:) ,

each less than 6e.

)

(s+1) (¢+2)
€3 3

By continuing the same reasoning we get in RO™*2) four  consecu-

’ l(m+2) l(m+2)' l(m+2) such that s(u) (w+1)
u+l u+2

(m+2)
Y w+3 2 ' %

tive laps

1
.gn-z) 3(2“ 8 , €(2u+8) are each less than 14 ¢, and in R(m+ ) five

(m+1)
v+1

(m+1) l(m+1)

l(m+1)
v+2 ' 0438

Y such

, 1 )

. m+1
consecutive laps l: )
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1 2
that e(;), e;“ ) , s;“ ) ’e(;+a) ,e;v+4) are each less than 30s.

But as R(m"'l) possesses only five laps we have v=1,

Now R™*1) is an inner mean derived of R™ and  therefore
must possess at least one lap for which case (i) holds. This leads to
L £ 61 ¢, which is absurd.

Hence we conclude that the sequence [1(”) ] has zero limit.

Cor. (). If A, X, A7,..A(™) bo the entire lapsof R, R/, R",......

R'™ respectively, then the limit of the sequence [A(™] is zero.
Cor. (if). There is & uniquo point common to all the laps of the

sequence [A(")].
This unique point will be called a hezudic point of V, defined
by the inner mean derived sequence of hexads, R, R/, R/,......

Cor, (iii). Every clementary oval possesses some hexadic points.

Take any five distinct points of V. The associative S of these
five points will meet V in at least another point. Consequently
there exists at least six hexads on V of which the associative is §.
Any of these six hexads with a sequence of ner mean derivates
defines a hexadic point. Suppose K is a hexadic point thus defined.
Now every five-pointic conic of V cannot pass through K for then V
would be a conic. Hence a hexadic range exists on V whose asso-
ciative does not pass through X, and whose laps do not contain K.
A sequence of mean derivates of this hexad will define another

hexadic point.

7

We will now proceed to the proof of Bohmer’s Theorem (B).

If every hexadic point of an elementary convex oval be elliptic,
the conic through any five definite points of V will be an ellipse.

If possible, suppose a definite five-pointic conic of V exists
which is s hyperbola (S, S,). Suppose (R,)=P;, P,, Pj...... P,
denotes the complete regular range of intersections of (8, 8y) with
V, where initial point P, may be any one of the intersections. The
index of the range (R,) must be an even number 56, and all the
points of the range will lie on the same branch 8 of the hyperbola
(Lemma I).
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The points at infinity @ and @’ on 8 arc outside V. Suppose G, Py,
Q' on 8 are in order and there is no point of (R,) between Qand P,.
Then evidently there will be no point of (R,) between P, and Q'.
The range (R,) will therefore be over-hexadic.

Consider the leader R=P;, Py, P3, P,, P;, Pg of (R,) which

will be also over-hexadic and a sequence ¥/, R”,...R(").... of succes-
sive inner mean derivates of R of the same category as R. Sup-

pose &/, 8,..., 8™, ...are the associatives of R/, R",...R("),...respec-
tively.

8 and &' have four intersections O,, Og, O3, O, which lie in
order on S between P, and P; and on §' between P’/; and P/;
(Lemma, IV), and P’y and P’5 are ouiside S. Consequently the range
0,, Og, 0;, O, made by §' on S is an over-range, that is, 8’ goes
over 8 between O and O,. Hence 8/ is a hyperbolic branch which
has its obverse between P’y and P’; and has its eccentricity greater
than that of 8 (Lemma III).

Suppose P(s) is the hexadic point defined by the sequence
R, R/, R”,... Then for cach neighbourhood (8—8, 8+8) of P(s) there

exists a value m of n such that R™ lics in this neighbourhood,
for nSm.

But every hexadic point of the oval is elliptic and consequently
a & exists such that the conic through every five definite points of
the neighbourhood (s —38, 8+ 8) of P(s) is an ellipse, which is contra-
dicted by our conclusion that hexads exist in this neighbourhood for
which the associative conic is a hyperbola. Thus Bohmeor’s theo-
rem (B) is completely proved.

It is worthy, of note that although the associative 8™ of hexad
R® consisting of two three-points may not be considered as passing
through five definite points in the lap of R™, the mean associative
gintl) of R always pass through five definite points in this lap.
If the regular range in which 8®*D meets V in the lap of R™ be

denoted by (R(”"'l) ), then (R('”'l) ) will consist of no less than six
points, at least five of which are always definite. The hexadic point

P(s) which has been defined by the sequence [R(")] may therefore be
equally, well defined by, the sequence [(R(®*1))7].



GENERALISATION OF CERTAIN THEOREMS IN THE
HYPERBOLIC GEOMETRY OF THE TRIANGLE.*

By
S. MUKHOPADHYAYA AND Gr. BHAR.t (1919.)
INTRODUCTION.

The geometry of the triangle on the hyperbolic plane has many
remarkable features which are absent mm the gecometry of the plane
triangle and which are brought out the more prominently by a purely
geometrical treatment. We will consider two well-known theorems
1n the geometry of the hyperbolic triangle with a view to elegant
geomotrical demonstrations and extensions to the case where one or
more of the vertices are ideal or improper points. In the course of
the investigations we will come to some very remarkable new
theorems.

We have 1n Euclidean geometry the two well-known theorems:
(i) The three internal bisectors of the angles of a triangle or two
extornal and one internal bisector meet at a pomt. (ii) The three
perpendiculars on the sides of & triangle from the opposite vertices
mcet at a point.

We will discuss their analogues on the hyperbolic plane with
actual, 1deal or improper vertices.

A system of lines on a hyperbolic plane are said to meet at an
ideal point when they are all perpendicular to the same straight line.
This straight line 1s uniquely representative of the 1deal point. The
system of lines are said to meet at an improper point when they are
parallel to one another in the same sense.

Theorem I :—The three internal bisectors of the angles of a hyper-
bolic triangle ABC meet at an actual point.

* From Bulletin, Calcutta Mathematical Society, Vol. XII, No. 1, 1920.

+ This paper was read before the Calcutta Mathematical Society 1n an abstract
form. I owe tomy pupil Mr. G. Bbar, M.Sc., the present expanded form of my
paper embracing all the different cases and the carefully drawn diagrams.—8. M,
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The internal bisector of an angle A must meet the opposite side
at some poinb D. The internal bisector of B will meet AD at some
point O. The perpendiculars from O on AC and BC are each equal
to the perpendicular from O on AB. Therefore the internal bisector
of the angle C passes through O.

Theorem 1I :—The external bisectors of any two angles B and C
of a hyperbolic triangle ABC meet the internal bisector of the third
angle A at an actual, ideal or improper point.

If any two of the three bisectors pass through an actual point
the third can be shown to pass through the same actual point as in
Theorem 1.

If no two of the three bisectors meet at an actual point, then the
two external bisectors of the angles B and C either meet at an ideal
point or are parallel.

Suppose the two external bisectors BD and CE meet at an ideal

A point, that is, have a common per-
pendicular DE (fig. 1). Then it is
easily shown that D and E lie on
the side of BC away from A, for
otherwise it would follow that the
sum of four angles of a hyperbolic
quadrilateral are together greater
than four right angles or that an
exterior angle of a triangle is less

Lgt

than the interior opposite angle.

This common perpendicular DE cannot meet BC produced either
towards B or towards C, for in either case an exterior angle would be
less than an mterior opposite angle. Neither can DE be parallel to
BC either towards B or towards C, for then an angle of parallelism
would be greater than a right angle. Therefore DE and BC meet at
an 1deal point, that is, have a common perpendicular GF, where it
is easy to see that G lies on BC between B and C and F lies on DE
between D and E.

Produce AB to H and ED to K making BH=BG and DK=DF.
Also produce AC to L and DE to M making CL=CG and EM=EF,
Then HK is acommon perpendicular to AB and ED and LM is a
common perpendicular to AC and ED. Also HK=GF=LM.

Bisect KM at N. Then the perpendiculars NP and NQ on AB
pud AC are equal from the equality of the quadrilaterals NPHK and
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NQLM. Therefore AN is the internal bisector of the angle A. It is
also evidently perpendicular to DE. Therefore BD, CE and AN
have a common perpondicular and therefore meet at an ideal point.

If the two external bisectors of the angles B ard C arc parallel,
the internal bisector of the angle A cannot meet either as then the
three would pass through a common actual point. The internal
bisector therefore passes between the two parallel external bisectors
without meeting either and therefore must be parallel to both in the
same sense.

Corollary to Theorem II:—In the triangle ABC if g be the foot
of the perpendicular on BC from the point O, the actual point of
concurrence of the internal bisectors of the triangle ABC and G, the
foot of the perpendicular on BC from O’ the actual, ideal or improper
point of concurrence of the internal bisector of the angle A and the
external bisectors of the angles B and C, then Bg=CG.

For, AB—-Bg=AC~-Cg,
also AB+BG=AC+CG and Bg+Cg=CG+BG

as is evident from constructions of Theorems I and II when O/ is an
actual or ideal point. When O’ is an improper point similar con-
structions have to be made.

Theorem III:—The three perpendiculars from the vertices of a
triangle in the hyperbolic plane on the opposite sides meet at a point,
actual, ideal or improper.

Let ABC be the given triangle and AD, BE, CF the three per-
pendiculars from A, B, C on the opposite sides. Draw a, 8, v
through A, B, C at right angles to AD, BE, CF respectively.

Casc 1. Suppose B and y meet at an actual point. Then it will
be shown that o, 8 and «, y Will also meet at actual points.

s Let G be the point of inter-

A section of B and y (fig. 2). Produce

70X " GC to H and GB to K making

. P CH=GC and BK=GB. Then

BN the join of HK will pass through

A and will be perpendicular to
AD.

From G, H, X draw perpendi-
fig2 culars GL, GM, GN, HO, HP, HQ,
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KR, K8, KT on the sides BC, CA and AB of the triangle ABC.
Then because GC=HC and CF is the common perpendicular to HG
and AB we have GN=HQ. Again from the congruent triangles
GBN and KBT we get GN=KT. It follows therefore HQ=KT and
similarly HP=KS8. If Hand K be joined, the line HK will pass
through A, for otherwise it will cut BA and CA or each side produced
through A in two points each of which shall be the middle point of
the segment HK which is absurd. Now HO=GL=XR and from
the congruent quadrilaterals HODA and KRDA, it is clear that angle
DAH is equal to angle DAK ; thus AD is perpendicular to HK.
Hence the perpendiculars from the vertices A, B, C are the per-
pendicular bisectors of the sides of the triangle GHK and they
therefore meet at & point (Theorem of Bolyai).

It is important to observe that as BC=4 OR=0D, we get BD=
0C=CL.

Case 2. Suppose now that 8 and y are parallel, that is, meet at

— A __, an improper point (fig. 8). If

on AD, between A and D, a

7. point A’ be taken, perpendicu-

e /7 lars BE/ and CF’ from B and C

/ - on tho sides CA’ and BA’ of the

g T AC trinngle A’BC will lie on the

/ sides of BE and CF away from

S BC. Therefore if 8 andy be

e drawn through B and C per-

fig 3 pendiculars to BE’/ and CF,

they meet at an actual point G/

and it can be proved, as in Casc 1, that o/, #/ and o/, ¥’ also meet in

actual points K/ and H’ where o/ is the perpendicular through A’ to

A'D. If 'L/ be drawn from G’ perpendicular to BC, then because

DC=BL/, as A’ moves along A’'D towsards A, G’ will move along

1/G’ away from BC and finally when A’ coincides with A, G/ moves

off to infinity so that 3’ and ' coincide with 8 and y. Now as BG/

and CG’ are always equal to BK’ and CH!, respectively, as G goes to

infinity, H’ and K’ at the same time go to infinity. Again as the

theorem is true in all particular cases it is also true in the limiting case;

o which is glways perpendicular to A’D will remain so when A’ moves

to A, that is, when o' coincides with . Thus a which is perpendi-
eular to AD meets 8 and y at improper points,




GENERALISATION OF CERTAIN THEOREMS 51

Case 3. Let now 8 and y be non-intersecting lines, that is, let
them meet at an ideal point. They will have a common perpendi-
cular GG’ representative of that point.

We may suppose the angles ABC and ACB to Le acute, for ab
least two of the angles of a triangle must be so. Then angles CBG
and BCG’ aro both acute, consequently GG’ cannot cut BC.

GG/ cannot also cut AB and AC ; for supposing GG’ cuts AB and
AC (fig. 4) at the points G; and G, on GB and
A G/C produced through B and C we can take two

‘v.,'{ points H and K such that GB=BH and G/C=

TR \"’ CK. Perpendiculars erected at Hand K to HB

& N and KC will meet BA and CA, produced if
L A necessary al H;, H, and K3, K, respectively.
? A Further thesc perpendiculars must cut each
’ N other at a point Z. It can now be easily shown
€s that the triangles ZH,K, and ZH3;K3 are both

isoscoles, so that the biscetor of the angle
H,ZK,, which is also the bisector of the anglec H3ZKy, must be
perpendicular to both the intersecting lines HyK, and H3K;
which is absurd.

Again it is not possible that GG’ shall cut one of the sides AB
and AC and be parallel to the other Supposing that GG’ cuts AB
at G3 and is parallel to AC, if on GB produced we take as before a
point H such that GB=BH and erect a perpendicular at H, this
perpendicular will cut BA, produced 1f nocessary, at a point Hj, for
the triangles G3;GB and H3;HB arc congruent. Consequently it will
cut CA, produced if necessary, at a point Hy. Now as GB=BH and
BE is the common perpendicular to HG and AC and also GG’ is
parallel to AC, the perpendicular through H to HG must also be
parallel to CA. Thus this perpendicular cuts CA and is at the same
time parallel to CA which is absurd.

In an exactly similar way it can be shown that it is not possible
that GG’ shall cut one of the sides AB and AC and be non-intersect-
ing to the other.

Further it is casy to see in like manner that GG’ cannot be
parallel to both AB and AC.

GG’ must therefore be non-intersecting to both AB and AC.
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Let GL, GoM, G3N be the common perpendiculars between the
line GG’ and BC, CA and BA
respectively (fig. 5). If GB and
G'C be produced through B and C
to H and K making GB=BH and
G/C=CK and perpendiculars HH’
and KK’ be erected at these points,
these perpendiculars cannot cut
either BC, CA or AB ; for suppos-
ing that any of these perpendicu-
lars cuts any of the sides BC, CA

bg s or AB, it can bo shown from the
properties of congruent figures that GG’ must then also meet one
of the sides BC, AC or AB which we have seen is not possible.

Let H,0, HyP, H;Q, be the common perpendiculars between
HH' and BC, CA and AB respectively and K R, K,8, K4T be the
common perpendiculars between KK’ and the same three lines res-
pectively. Then it is easy to see from congruent figures that H,0=
3, L=K,R, Ko8=G,;M=H,P and H;Q=G3N=K;T. If now H'K
be the common perpendicular between HH’ and KK/, H'K' must
pass through A ; for considering the two figures APH,H/H3;QA and
ASK,K'K,TA in which H;Q=K;3T and HoP=K,8, it can be shown
that if H/K’ does not pass through A, it will cut AB and AC, pro-
duced if necessary through A, in two points each of which shall be
the middle point of the finite segment H'K’ which is absurd. Fur-
ther from the equality of the figures H’ADOH,; and K'ADRK, it is
clear that £LH/AD= LK'AD and AH’'=AK/, so that AD is perpendi-
cular to H'K' through its middle point A.

Thus AD, BE and CF are the perpendicular bisectors of the com-
mon perpendiculars H'K/, HG and G'K between HH', KK’ ; GG/,
HH’ and GG/, KK’ respectively. And these will be proved to be
concurrent later on. See Theorem IV, Case II (i).

Cor. to Theorem III:—BD=CL. This is evident from the
constructions in the different cases.

From the above corollary and the constructions in the different
cases of Theorem III, an important result can be deduced, as has
been pointed out by my pupil Mr. R. C. Bose.

Suppose a, b, ¢, are the sides of the triangle ABC, and a,, by, ¢;
are the corresponding perpendiculars on them from the opposite
vertices.
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In Case I, the acute angle in each of the three three-right-angled
quadrilaterals ADRK, BEMG, CFQH of fig. 2, has opposite to it a
pair of sides equal to (a, a;), (b, by), (c, cy) respectively. This acute
angle is the same in all the three three-right-angled quadrilaterals
being equal to half the sum of the angles of the triangle GHK.

In Case 2, (¢, ay), (b, by), (c, ¢;) are three pairs of complementary
segments.

In Casc 3, fig. 5, there are three rectangular pentagons ADRK, K/
BEPH,H and CFNG G/, which have a pair of adjacent sides equal
to (a, a,), (b, by) and (¢, cy), respectively. The sides opposite to the
above pairs in the corresponding rectangular pentagons, are KK/,
H,H', G;G/, respectively, and each of these is equal to half the sum
of KK/, HH/, GG'.

These results can be summed up 1n the following general theorem :
Suppose XLX,, YMY,, ZNZ, are three right angles having the
pairs of arms (LX, LX), (MY, MY,), (NZ, NZ,) cqual to (e, a;),
(b, by), (c, ¢;) respectively, and suppose X, Xy, ¥, Y1, 2, Z3 8re per-
pendiculars to LX, LX,, MY, MY,, NZ, NZ,, at X, X;, Y, Y;, Z,Z,
respectively, Then

If the pair (x, x,) meet in an actual point at an angle a, each of
the pairs (y, ¥1), (z, z;) will meet in an actual pomnt ai an angle a.
1f the pair (x, x;) meet in an improper point, each of the pairs
(¥ y1)» (2, 1) will meet in an improper point. If the pair (x, x,)
meet in an ideal pont al a divergence 8, each of the pairs (y, y;),
(2, z,) will meet in an ideal point at divergence 3.

Mr. R. C. Bose has also pointed out that from the above theo-

rem an elegant synthetic proof of the ** difficult ** median theorem
of & triangle can be deduced.

A simpler and more elegant proof of Theorem III is given in
Theorem V, which is the most general form of Theorem III. The
present proof is of interest on account of its important corollary.

Definitions :(—
The symmetric of two given directed lines is the locus of the
middle points of all lines which are equally mclined to the two lines.
Every line perpendicular to the symmetric or passing through the
symmetric, when the symmetric is a point, either meets the two
given lines at equal angles or have equal common perpendiculars
from them.
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The symmetric of two given directed lines which meet ab an
actual point is the internal bisector of the angle between them.

The symmetric of two given directed lines which meet at an ideal
point and have consequently & common perpendicular between them
is the line bisecting this common perpendicular at right angles, if the
given lines aroe directed in the same sense with respect to this
common perpendicular; but if they are directed in opposite senses
from this common perpendicular the symmetric reduces to the
middle point of the common perpendicular, for it is evident that every
line which is equally inclined to the two given directed lines passes
through the middle point of the common perpendicular and is
bisected at that point.

If the two given directed lines are parallel, the symmetric is a
third parallel which is equidistant from them, provided the given lines
are both directed in the same sense as, or opposite sense to, the
direction of parallelism. Otherwise the symmetric will be defined
to be the improper point to which the parallel lines converge.

With these definitions we proceed to prove the following compre-
hensive theorem.

Theorem 1Y :—The symmectrics of any three co-planer lines, which
are not concurrent, taken two and two in any three ways such that the
same line has opposite senses in the two different pairs in which it
occurs, are concurrent, the concurrency being understood as
follows : —

(a) if the three symmotrics are straight lines, they will meet at
an actual, ideal or improper point ;

(b) if two of them be straight lines and the third a point, then
the point will lie on the common perpendicular to tho first two;

(c) if one of the symmetrics be a straight line and the other two
points, then the straight line will be perpendicular to the join of the
two points;

(@) if all the three symmetrics be points they will be collinear.

Let a, b, c represent any three coplanar lines which are not
concurrent. If b and ¢ meet at an actual point we will denote this
point by a. If b and ¢ meet at an ideal point, they have a common
perpendicular. The ideal point or the common perpendicular may be
indifferently denoted by a. If b and ¢ meet at an improper point,
then this improper point will be denoted by ai Similarly the points
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of meotbing, actual, ideal or improper, of tho two lines ¢ and a will be
denoted by B8 and that of the lines a and b by y.

The line @ is directed in two ways and may be represented as such
by By and yB. If B and y be actual points this is ubvious; if 8and
v be ideal points then By will represent line @ as the common
perpendicular between 8 and y directed from B8 towards y. Similarly
if B be an actual point and y an ideal point, then By will represent
the line a directed from B towardsy to which it is perpendicular.
Similar interpretation may be given in every case.

The three lines a, b, ¢ can be taken in groups of directed pairs,
two and two, only in four ways satisfying the conditon that if any
one of the lines a occur as By in one pair it can only appear as y8 in
another pair. These groups are:

(1) Ba, ya; ¥B. a5 ay, By;

(2) Bosya; By, oB; oy, ¥B;

(3) Ba, ay; By aB; vy, By;

(4) oB, yo; ¥B. Ba; ay, By;
Case I :—

Let a, B8, y be actual points.

(i Let the lines a, b, ¢ be taken in dirccted pairs as group (1).
The symmetric of Ba and ya is the internal bisector of the angle
between b und ¢; so the symmetrics of yB, o8 and oy, By are the
internal bisectors of the angles between ¢, ¢ and ¢, b. Hence the
gsymmetrics are concurrent (Theorem I).

(i) 1If now the lines be taken in directed pairs as in group (2),
the symmetric of Ba, ya is the internal bisector of the angle between
b and c; but the symmetrics of By, a8 and ey, yB are the external
bisectors of the anglesbetween ¢, a and a, b. 80 the three symmetrics
are concurrent (Theorem II).

(#i) If tho lines be taken in directed pairs as in group (3) or (4)
we have a repetition of (ii).

Case II :—

Let o, 8, y be ideal points and suppose every two of the lines
a, b, ¢ lie on the same side of the third. In this case no straight

line can meet all the three lines at actual points,
VA
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Let AA/, BB/ and CC’ be the common perpendiculars between
b, ¢; ¢, @ and a, b and let P, Q, R be their middle points and p, g, 7
be the perpendiculars through P, Q, R to AA’, BB’ and CC' respec-
tively.

(i) When the lines a, b, ¢ are taken in directed pairs as in group
(i), the symmetrics of Ba, ya; yB8, of and ay, Byarep, g and r
respectively.

Suppose g and r meet at an actual point O. Perpendiculars OM
and ON on the sides b and ¢ are equal being each equal to the
perpendicular OL on a. Therefore the symmetric p passes through O.
Thus the three symmetrics p, g, v are concurrent at an actual
point O.

If however q and r meet at an ideal point, they have a common
perpendicular 0,0; (fig. 6). Now 0,0,
cannot meet b or ¢, for if it meets b, it

" must meet @, but it is evident that it

Cannot meet a since if it meets a it can-

not meet g. Let ()L, O”M, O"'N be the

common perpendiculars between 0503

and a, b, ¢. Then O’M=0'L=0"N.

Therefore the common perpendicular to

0503 and AA’ bisects AA’, that is, PO, is perpendicular to 0,03.

Thus p, g, r have a common perpendicular, that is, the three

symmetrics have a common ideal point.

o d.
N 0z do %

flg‘ 6,

Lastly if 9 and r be parallel p is also parallel to them in the same
sense. For as A and A/ are points on opposite sides of q as well as
of r, the line AA’ must meet q and r at some points D and E (fig. 6).
Let DF and NG be the perpendiculars from D and E on a. Then
DF<DG<DE+EG=DA, ;;, DA'=DF<DA. Similarly EA=EG<
EA’. Hence P lies between D and E. Now p cannot meet q at an
actual point as then r would pass through the same point and
consequently could not be parallel to 9; likewise p cannob meet r at an
actual point. Thus 7 falls between the parallel lines 9 and r but does
not meet either. Hence p must be parallel to 9 and r in the same
sense. The three symmetrics are therefore concurrent at an improper

point.

(i) If now the lines be taken in directed pairs as in group (2),
the symmetric of Ba, ya is the line p; but the symmetrics of By, af
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and oy, y8 are the points Q and R. We are to show therefore that
p is perpendicular to the join of Q and R.
The line QR (fig. 7) cannot meet any of the sides a, b, ¢, for if it
P meets one, it meets all the
three which is impossible. If
O'L, O'"M, O''N be the com-
mon perpendiculars between
QR and the sidesa, b, ¢, it is
. easy to sce that 0’M=0'L=
M O""N; therefore tho common
G perpendicular between AA’
g7 and QR bisccts AA/, thus p
is perpendicular to QR.

(it) I° the lines be taken in directed pairs as in group (3) or (4)
we get a repetition of (ii).

Case I11I: —

Let a, B, v be ideal points and suppose the lines a, b, ¢ be so
related that one of them a has b and ¢ on opposite sides.
Let AA/, BB/, CC' be the common perpendiculars to the line
oA - £ pairs (b,0), (¢,a) and (a,b); P, Q,
T - R their middle points and p, g,
o 4] = r the perpendiculars through P,
o Q, R to AA!, BB’ and CC' res-
\ g . .
+— Dbectively (fig. 8)
() If the lines be taken in
3 s ©  directed pairs as in group (1),
g the symmetric of Ba and yo is
the point P, but the symmetrics of y8, o and of3, By are {the lines
g and . We aro to show therefore that the common perpendicular
to g and r passes through P.

Let the common perpendicular to ¢ and » mect the sidesa, b, ¢
st L, M, N. LMN being perpendicular to g, XBNL= &B/LN.
Similarly £C'ML= LCLM. But &B'LN= LCLM. ., «BNL=
LC'ML. Therefore LMN passes through the middle point of AA/,
that is, through the pomt P.

(i) The lines being taken in dirccted pairs as in group (2), the
three symmctrics are the points P, Q, R. We are to show therefore
in this case that P, Q, R are collinear,

8
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Let the line QR meet the three sides a, b, ¢ in the points D, E,
F. Then {BFQ= {B'DQ= {CDR= LC'ER. . EDF bisects AA/,
that is, P lies on QR.

(i#i) If the lines be taken in directed pairs as in group (38) or (4)
we get a repetition of (i).

Case 1V :—
Let o, 8, y be each an improper point.

Let p be the paralled to b and ¢ which is equidistant from both, g
the parallel to ¢ and a equidis-
tant from ¢ and e and r the
parallel to a and b equidistant
from a and b (fig. 9).

(i) Suppose the lines are
taken in dirccted pairs as in
group (1). The symmetrics of
Ba, ya, yB, of and ay, By are p,
g, r respectively. We are to
show that p, q. r are concurrent.

As g is parallel to ¢ and a it
ftg o, cannot cut cither again; it must
therefore mect b at an actual point E and r must therefore cut q at
an actual point O. The perpendiculars OM and ON on b and ¢ are
equal, each being equal to the perpendicular OL ona. Therefore O
lies on p. Hence the three symmetrics pass through the same
point O.

8

(i) If tho lines be taken in directed pairs as in group (2), the
symmetric of Ba, yo is the line p but the symmetrics of By, af and ay,
vB are the improper points 8 and y so that their join is the line a.
We are to show that p is at right angles to a.

The line p must meet @ at an actual point D. The perpendi-
culars DH and DK on b and ¢ are equal; hence 4aDH and La¢DK
are equal being angles of parallelism for equal distances DH and DK.
For a like reason 4 pDK= LpDH. Therefore p is at right angles
to a.

(iif) The other arrangemonts of the directed pairs will give repe.
titions of (ii).
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Case V :— o

Let a be an actual point, 8 an ideal and y an improper point.
Let A represent the actual point o, BB/ the common perpendi-
. cular between ¢ and « represent the
\E . ¢ ideal point B and C represent the im-
proper point vy, let p and p’ be the in-
ternal and external bisector of the
angle BAC, g the perpendicular to
A BB’ through its middle point Q and
3 r the parallel to a and b which is

equidistant from them (fig. 10).

() Tf the arrangement of the
dirceted pairs be as in group (1) the
three symmetrics are p, g, r and the
proof of their concurrency proceeds on
¢ the lines of the proof for this ar-

‘g o C  rangement in the other cases.

L]

o)

K

(ii) Let the arrangement of the directed lines be as in group (2).
The symmetric of Ba, ya is p; but the symmetrics of By, o8 and ay,
¥B are the pomnts Q and C. We are to show that p is perpendicular
to QC which is the parallel through Q to « and b.

If QC be produced through Q to C’ on the side of BB/ away from
C, QC! will be parallel to AB in the dircction AB as Q is the middle
point of BB/. Hence p is perpendicular to QC [Case IV (if)].

(i) If the lines be taken in directed pairs as in group (3), the
symmetric of Ba, ayis p/, thal of y8, aB is @ while that of ya, By is
the point C. We are to prove thereforc that the common perpendi-
cular to p/ and g passcs through the improper point C, that is, is
parallel to ¢ and b.

Through Q draw QC parallel to @ and b and on g cubt off the
length QD corresponding the anglo of parallelism DQC. The line !
through D perpendicular to g will be parallel to @ and b in the same
sense and when produced through D will meet BA produced at an
improper point ¢, p' will thercfore be perpendicular to I [Case IV
(i)]. Henco the common perpendicular to p' and ¢ is parallel to a
and b.

(iv) Lastly let the lines bo taken in directed pairs as in group
(4) ; the symmetric of o, ya is the line p/, that of yB, Ba is the point
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Q, whereas of ay, By is the line . We are to show that the common
perpendicular to p' and r passes through Q.

Let the perpendicular through Q to r meet the lines b, p', 7, ¢
and a at the points F, F, G, H and K respectively, then LQKB'=
£QHB and LQKB'= £QEA; ..AEH= LAHE. Hence p is per-
pendicular to QE.

If two of the points a, B, y be actual and the third ideal or
improper, or two of them ideal and the third actual or improper, or
finally, if two of them be improper and third actual or ideal, the
proof of the theorem proceeds on similar lines and requires no further
special investigation.

Moreover when one at least of the three points a, 8, y is an ideal
one, the triangle formed by the tihrce lines a, b, ¢ may cither be
such that any two of the threc lines a, b, ¢ lic on the same side of
the third, or that onc of the lines @, b, ¢ has the other iwo on
opposite sides of it but as the proof of theorem in all these varied
cases requires no new principles, the different cases are not sepa-
rately discussed.

‘We shall now extend the theorem of the perpendiculars (Theorem
I1I) to the case of a trianglc of which the vertices may be actual,
ideal or improper.

Theorem Y :—In a trianglec formed by any three co-planar lines
a, b, ¢ intersecting not necessarily in actual points the perpendiculars
D, q, 7, from the vertices a, B, y—actual, ideal or improper—on the
opposite sides are concurrent ; the concurrency being interpreled as
in Theorem IV.

When o is an ideal point the perpendicular p on a is the common
perpendicular belween a and the line a, if @ and « be non-intersect-
ing; when a and « mect at an actual or improper point, the common
perpendicular reduces to this actual or improper point. If o be an
improper point, the perpendicular p is tho perpendicular to a which
is parallel to b and ¢ in the same senso.

Case I:—

Let a, 8, v be actual points.

The theorem for this case has been already proved (Theorem III).
The following is a more general proof and is applicable to almost all
the cases.
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Let A, B, C represent the three actual points a, 8, v and suppose
the perpendiculars BE and CF on AC and AB

a mect at O (fig. 11). Draw the lines EL and
FM making XBEF=4BEL and <«CFE=

£ 4{CFM. Then BE, AC and CF, AB are the
internal and external bhiscctors of the angles
FEL and EFM. It follows from {he theorem
of symmetrics (Theorem IV) that as AC and FC
meet at an actual point C, EL and FM must
also mect at an actual point D and OD is the internal bisector of the
angle EDF. Again from the same theorem it follows that the line
through D perpendicular to OD must pass through B and C; in other
words D must lic on BC and OD is perpendicular to BC. But OD
passes through A as A is the noint of intersection of the external
bisectors of the angles B and 1. IHence the perpendicular from A
on BC passes through O. The three perpendiculars are therefore
concurrent. Similar proof holds if the point O be ideal or improper.

fign

Case 11 :—

Let o, B, y be ideal points and suppose every two of the lines
a, b, cbe on the same side of the third
(Ag. 12).

Let BB’ and CC’ be the common per-
pendiculars belween ¢, ¢ and a, b re-
presenting the points 8 and y and EH and
FK the common perpendiculars g and r
between the lines 8, b and ¥, ¢ and let
and » meet at the point O. Join EF and
draw EL and FM making { HEL= £HEF
and {KFM = LKFE. Suppose EL and FM

fig 12, meet at the actual point D. Then DO
bisects KEDF and it follows from Theorem IV that OD is the per-
pendicular toa. If now ADA’ be drawn at right angles to OD, from
the same theorem it follows that ADA’ is perpendicular to both b
and ¢, so that ADA’is the common perpendicular between b and c.
Hence OD is the common perpendicular between o and a, The three
perpendiculars p, g, r arc therefore concurrent.

If EL and FM do not meet at an actual point, they must be
either non-intersecting or parallel. Suppose in the first place that
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they are non-intersecting, Let LM represent the common perpendi-
cular between them and N be the middle-point of LM. From Theo-
rem IV it follows that the perpendicular between EH and CC’ must
pass through N. Similarly ¢ must pass through N. Thus b and ¢
meet at an actual point N which is contrary to hypothesis. Hence
EL and FM cannot be non-intersecting. If now EL and FM are
parallel, it can be shown in like manner, that b and ¢ must be
parallel to them in the same sense which is against hypothesis.
Hence EL and FM must meet at an actual point D.

Case III:—

Let «, B, ¥ be ideal points and the lines a, b, ¢ be so related that
two of them, b and ¢, lic on opposite sides of the third line a. Then
the common perpendicular AA’ between b and ¢ must meet a ab
some point P,

(i) Suppose the common perpendiculars BB/ and CC’ between
¢, a and a, b mcet b and c rospectively at the ponts Q and R (fig.
13). We are to show that P, Q and R are collinear.

Join A’C. Draw the line A’L on the side of AA’ away from C

8 A R makimg LAA'L=LAA'/C. Similarly
draw the line CM on the side of CB’
? remote from A/ making LB/CM=

o

&LB/CA’. Then AA’/, A'Band B/C,

CC! are the internal and external
< bisectors of the angels LA'/C and
fig 13, MCA’. If possible let A’L and CM
meet at D, The line DP and the perpendicular EDF through D to
DP are the internal and external bisectors of the angle ADC. From
Theorem IV it follows that EDF is perpendicular to both the inter-
secting lines BB/ and C'A which is absurd. Hence A'L and CM
cannot meet at an actual point. Nor can they be puarallel, for from
the same theorem it would follow that BB/ and C’A would be parallel
each being parallel to the lines A’L and CM in the same sense and
this is impossible. Hence A’L and CM are non-intersecting.

From the same theorem it is further evidonti that Q is the middle
pomnt ol the common perpendicular LM between A’L and CM.
Hence the line through Q perpendicular to LM must pass through
P, the point of intersection of the internal bisectors of the angles
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CA’L and A’CM and also through R, the point of intersection of the
external bisectors of the same angles. Thus P, Q, R are collinear.

(i) Let BB/, b and CC/, ¢ be non-intersecting lines and 1, m be
the common perpendiculars between them. We aic to show that
the cornmon perpendicular to ! and m must pass through P,

If we consider the 1deal triangle of which the sides are b, m and
BB/, the theorem follows from Case II.

(i) Let now BR, b and C'C, = be pairs of paralallel lines (fig.

B 14), and n be a line which
"L_/ 1s parallel to both BB/ and
N
Q fig 14,

¢ and thercfore to b and
C'C m the same senses.
We are to show that P lics
on n.
Let BL and C'M be the perpendiculars from B and C’ on the line
n. Itis evident BL=C'M being the lengths corresponding to angles
of parallelisin each equal to half of a right angle. Hence BC/ s
bisected at the pomt O where it meets LM. Therefore the perpendi-
cular through O to b will also be perpendicular to ¢ ; suilarly the
common perpendicular to BB/ and CC’ will pass through O and
Lence O comncides with P,  Thus P lies on n.

Case IV .—

When «, 8, y are improper points, the three symmetrics p, q, =
are the perpendiculars from «, 8, y on «, b, ¢ respectively [Theorem
IV, Case 1V, (u) (iti), (iv)]. Henco the three perpendiculars are
concurrent [Theorem IV, Case IV, (1)].



GEOMETRICAL INVESTIGATIONS ON THE CORRESPON-
DENCES BETWEEN A RIGHT-ANGLED TRIANGLE,
A THREE-RIGHT-ANGLED QUADRILATERAL
AND A RECTANGULAR PENTAGON
IN HYPERBOLIC GEOMETRY

BY

S. MUKBOPADHYAYA (1922) *
THEOREM 1.

A B C is a triangle right-angled at C on a given hyperbolic plane.
AU 15 parallel to CB and DV' is parallel to AB and perpendicular to
AC meeting AC at D. From AU is cut off AE cqual to AB and
from DV is cut off DF equal to CB. Then EF 1s the common por-
pendicular to AU and DV.  See fig. 1.

Produce CB to X and AB to Y. Jom BE and BF. Let G, H, K
and L be the mud-points of CD, EF, EB and BF, rospectively.

Suppose p is the common
parallel to AY and CX.
Let AK and GI, which
bisect BE and BF, respec- -

tively, at nght angles, (% B “;
meet p at K’ and 1/, res-
pectively, evidently at g H K,'

right angles. > L
It follows that the per- |D

F A
pendicular bisector of EF R \
9. 1 S Y

also meets p at right
angles at H', and consequently the angles FEU and EFV are equal.

A

IL may be observed that E, B, F cannot be collinear, for then
the quadrilateral KK/L/L would be four-right-angled. Similarly B
will fall between EF and AD, as otherwise the pentagon KK'L/LB
would have its anglo-sum greater than six right angles.

*  From Bulletin, Calcutta Mathematical Bociety, Vol. 13, 1922.
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Produce AD to M (see fig. 2) making DM equal to AC. Join MF
and produce it to Z. Then 4
the triangles ABC and

MFD are congruent and e

MZ is parallel to CX, be-
causc AY is parallel to ¢ N\\IJ
DV. NP H
Draw GW parallel to ¢ 1
CX and let AP, ER. MN, D
FQ be perendiculars to P
GW.
Then, because G is Ft'g 2. J
mid-point of AM, MN is v
equal to AP. Consequently the angle NMZ is equal to the angle
PAU. Also MF is equal to AE. Thercfore the quadrilaterals NMFQ
and PAER arc congruent. It follows that FQ is equal to ER, and
(+W passes through the mid-point H of EF.

3

Now as (¥ is the mid-point of the common pcrpendicular CD to
CX and DV, FD is parallel to WG and consequently the angle QFD
1s cqual to the angle REU. Also the angles HFQ and HER arc
equal. Therefore the angles FEU and EFD are equal But the
angles FEU and EFD have heen proved {n be supplementary.
Therefore each of them is a right angle.

COROLLARY 1.

If a and b denole the two sides of a right-angled triangle and ¢
the hypotenuse and if A, p denote the angles opposile the sides a, b,
then a three-right-angled quadrilaleral cxisls of which the fourth
angle s 3 and the sides rechoned in order from this angle are 1, a,
m!, e,

This follows at once from fig. 2, if we observe that angle DAE
is B, length of AD is I, length of DY is a, length of FE is m/, being
the distance of parallelism for angle EFZ which is complementary,
to angle DFM or ABC, and the length of AE is ¢. Thus ADFE is
the three-right-angled quadrilateral whose existenco has to be
established.

The above simple synthetic proof of & fundamental theorem due
to Lobatschewsky may prove of interest,

9
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COROLLARY 2,

Given alength | to construct the corresponding angle of parallel-
ism A. (Bolyai’s classical construction.)¥*

Take a length AD equal to 1. Draw DF at right angles to AD
and of any length. Draw FE uf right angles to DF and draw AT
perpendicular from A on FE. Thus DF and AR arc obtained.
Construct a right-angled triangle with DI as base and AT as hypo-
tenuse. The angle opposite {o the base 1s the required angle A, ns
iz obvious from Theorem 1. See fig. 1.

THEOREM 2.

ABUD is « threesrighl-angled quadrilaleral having right angles al
A, Band ('. AU and ("7 are parallel lo AD and D, respectively.
and perpendicular to B(" and BA, respeclively, where A lies on BC
produced and (' lies on BA produced. From ("1 is cut off C'E equal
to AD and from A'U is cut off A'F equal lo CD  See fig. 3

Then EF is the common perpendiculur to ("7 and AU,

Produce AD {o X and ¢D 10 Y Join ED and DF. Suppose p
13 the common parallel to K
DX and DY. Then the A
perpendicular Iisectors of \\'\
CA’ and AC’ which are
also  the perpendicular
bisectors of DF and DR,
respectively, ovidently
meet p perpendicularly
Consequently the perpen-
dicular bisector of BF will
also meet p perpendicu-
larly. Therefore from sym-
metry the angles FEV' and EFU are equal.

+

It can be shewn, as in Theorem 1, that E, D, I cannot be colli-
near and that 1D hies on the side of EF on which B lie~.

* For another proof sce Tnebmann, Nichteuchdishe Geometrie, 2nd edition, p 85,
or, Carslaw. Non-Euclidean Plane Geometry and Trigonometry, p. 73.
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Produce BA’ to K, making A'K cqual to BC, draw KL atright
angles to BK and
cqual to BA  Jomn
LF and produce it to
Z Then FZ 1s paral-
lel to CY, because the
quadrilaterals ABCD
and LKA'F are con-
gruent and AX s
parallel to A’U. Sec
fig 4.

From G the nund-
pomt of CA’ draw
GW  parallel to CY,
Then (:W will pass
through the mud-pomnt H ot Bl

Draw MN and PQ common pependiculars to the lime-pairs LK,
GW and AB, GW and ER, IS perpendiculars 1o GV

Then obviously MN and PQ are equal and consequently the two
three-right-angled  quadridaterals LMNW and C'PQW are congruent.
Also because Ll and C'E ure each cqual to AD, they are equal to
cach other  Hence 1t follows from the congruence of the pentagons
NMLEFS and QP('ER that F'S and ER arc equal  Consequently GW
bisects 1817,

Then because G 15 the mid-punt of A'C, and GW 15 parallel to
CY, 1t follows that WG 1s parallel to U\’ Also because ER 15 equal
to F'S the angles FEC and EFA/ are equal  But these angles have
been proved to be supplementavry  Therefore cach of them s o
right angle.

COROLLARY 1.

If we write the five clements u, b, e, A, p of a 1ight-angled
triangle, v the order A, py «, ¢, b there evists « 1ectangular pentagon
whose stdes in order are 1, m, a/, ¢, b,

Suppose ABCD 1s the three-right-angled quadrilateral correspond-
mg to a right-angled triangle with elements a, b, ¢, \, 1, so that
AB, BC, CD, DA are equal to m’, ¢, I, ¢, and angle ADC is cqual
to 8.
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Construet the rectangular pentagon A'BC'EF as in Theorem 2.
Then FA', A'B, BC', C'E are equal to I, m, a’, c. The fifth side EF
corresponds to angle of parallelism EFZ which is complementary to
angle UFZ. But UFZ is equal to XDY, that is 3, so that BF s
equal Lo b'. See fig. 4.

COROLLARY 2,

With each vertex of the rectangular pentagon as origim we can
reconstruct a three-right-angled quadrilateral and from this agam «
right-angled iriangle. The sides of the rectangular pentagon may be
written in order in five diffcrent ways:

l,m,d, ¢, b (1)
m, a, ¢, b, 1 Q)
a,c, b, 1, m (8)
¢, by I, m, d, &))]
b, 1, m,a, e (3)

By identifying each of tho sets (2), (8), (4), (5), with the set (1)
we have five sets of possible values of «, b, ¢, A, p, including the
given set, viz. :

a, byc, A, p

U, b, I‘-r% -a
b, m’. l,g— -a, Y

l’: ay m, 'Y»%‘—B

T
m, ¢, “"é’ -8B A

We have thus the closed series of 5 associated right-angled trian-
gles and the Engel-Napier analogies are shewn to possess a real
geometrical basis in the rectangular pentagon.

The simple but highly important correspondences between a
right-angled triangle and a rectangular pentagon, above pointed out,
seem to have escaped the notice of previous investigators.



GENERAL THEOREM OF CO-INTIMACY OF
SYMMETRICS OF A HYPERBOLIC TRIAD

BY

S  Muknopapayava aND R. C. Bose (1926)*
1. INntropUCLION

By a hyperbolic triad 1s meant a group of three slements (points
or hines) lymng upon a hyperbohe plane  The group may consist
erther of three lines, or two hines and a point, or two pomnts and a hne
or three ponts, and the elements formmg the group may be situated
im any manner whatsoever on the plane. The scope of the presen’
paper 18 to extend to all hyperbolic triads the well-known concurrency
theorems of the angle bisectors and the right bisectors of the side of
a triangle formed by three hine elements meeung ab three actual
vertices

The extension of the angle bisector theorem to all possible triads
of linear clements, mecting at actual, improper or ideal vertices was
cffected by pure Geometry m a paper by 8. Mukhopadhyay and Bhar
published m the Bullelin of the Calcutia Malhemalical Soctety [Vol.
XII, No. 1, 1920-21] They were first to introduce the concept of
the symmetric between two directed hnes, and to show that mn
certain casos 1b may be a point. The coneurrency theorems of the
angle bisectors of an ordinary triangle wore then shown {o he merely
particular cases of the general theorem of concurrency of symmetrics
between three directed lines.

In the present paper the concept of symmetric between a poimnt
and a linc has been first introduced. By the introduction of this
important concept which 1s claimed to be novel, the difficult problem
of generalising the concurrency theorem of the right bisectors of the
sides of a iriangle so as to cover the cases when two or more of the
sides do not meet at actual pomts has been completely solved.
Again by the introduction of the concept of intimacy it has been
possible to entirely abolish the ultra-geometrical concepts of impro-
per, and ideal points, and at the same time to give to our theorems

* TFrom Bulletin, Calcutta Mathematical Society, Vol. 17, 1926,
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a larger scope for generalily. Some olher new {erms and concepts
have also been introduced which will be found in their proper places.
The final result obtaned 1 an clegant geometrical theorcm of a high-
ly general character which is applicable to all hyperbolic trinds, and
further combines 1 one the {wo distinet theorems of concurrency,
already mentioned. The thcorem as well as the numerous deduc-
tions which have been made from it, will, it is hoped, prove inter-
esting to ull lovers of Non-Iiuclidean Geometry.

2, LumMA [.—If P P3N be perpendicular tv O NOg4 and if P\N
und P,N be complementary lengths, then a horocycle through Py and
Py will touch O;NOy al some point 0, or Oy, such thal O\N or O,N
is complementary o the length 3 (NP, +NP,)

Let OX be a tangent to a horoeycle at O and PN be perpendicu
Jar from any point P, on the horocycle on OX (Fig.1). Draw OY
perpendicular to OX towards the same side on which P, lies, so that
QY is an uxis of the horocycle. drawn from O in the direction ol
parallelism. Draw I’, L an axis of the horocycle at P;.

Let ON=r, P\N=y, OPy=2:, LLPO=/LYOP,=¢
Py Then evidently ¢ 1s the anglo of

?
y parallelism for the distance z.
tan z=cos ¢
=g "0\
_smmhy
sioh 2.

or einh y=2 sinh 2

o s M x
@1 Again cosh 2. = cosh .« cosh y
1-+sinh y=cosh r cosh y e (@
or cosh c=sech y+tanh y . ()

Squanng (i) and simplifying, we get
sinh?y—2 cosech?r sinh gy 1 [=0 v (1)

1t y, and yy be two values of y corresponding to a given value of
£, we have from (iii)

sinh y; sinh yp=1.
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Thus if NP, cuts the borocycle agamn at Py, NP, and NP, are
complementary.

From M the mid-point of PPy draw MD parallel to L. Then
MD is parallel to OY. It follows that the length ON 1s complemen-
tary to the length MN which is § (NP, + NPy).

Corollary.~If N, P, M, P, be points faken in order upon a
slraight line sucl. lhat M 18 the mad-point of P\ Py und lengths NP,
and NP, are complementary, then cosh MP,=sinh MN.

From equation (), cosh J=EF'@EJ—' =1tsmhy,
cosh y, cosh v,

sinh (y; —ys)=cosh y; —cosh y,,

or cosh } (y; —yo)=smh § (y, +y,).
Dut % (y] —y2)=1\IP1 and # (yl -+ yg)-'—-’hIN
Hence cosh MP, =smmh MN,

3. Derwvitions.—The principal ling of a pair of elements consisling
of @ point and « line. Let P be a point and AB a line not passing
through P.  Draw PL perpendicular to AB meeting AB at L Take
P"on PL such that P’L is complementary to PL, P and P/ lying on
the sanie side of L. Let M be the mid-point of PP’. Then the line
perpendicular to PP’ at M 1s defined to be the principal hpe of P
and AB.

It follows from the corollary to Lemma I that cosh MP=sinh
ML

The principal point of « pair of elements consisting of a pomni and
a line.—Let I’ be a point and AB & lLine not passing through 1t.
Draw PL perpendicular to AB meeting AB at . Take L’ on PL
such that PT/ 18 complementary to PL, L and L/ lying on tha same
aide of P TLe# S be the mid-point of LL/. Then the point 8 is
defined as the principal point of P and AB,

1t follows from the corollary to l.emma 1 that cosh SL=sinh SP,

The middle parallel of lwo parallel lines.—The locus of points
cquidistant from two given parallel lines is & line parallel to both.
"This line is defined to be the middle parallel of the two given lines.

4. LemMa IL—If Q be any point on the principal line of P and
AB then cosh PQ=sinh QD where D is the foot of the perpendicular
drawn from Q on AB.
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Let P be a point and AB any line not passing through P. Let
PL be drawn perpendicular to AB, L lying on AB. Let MQ be the
principal line of P and AB, M lying on PL. Let D be the foot of
the perpendicular drawn from Q on AB. Join QP (Fig. ).

Then sinh QD=sinh ML cosh MQ,
=cosh PM cosh MQ,
=cosh PQ.
LemMA II1.—If a line i8 perpendicular
P {o the principal line of P and AB and if

p i8 the length of the perpendicular from
P on this line, then

sinh p=cos ¢, 1, or cosh d
according as the line intersecls AB at

A B " angle ¢, is parallel to it, or possesses
- . P a common perpendicular of length d
ﬁ?‘ : with 1t.

T.et AB, P, L and M he as in Lemma II. Let QC be any line
perpendicular to M(Q the principal hme of P and AB. Let PK be
the perpendicular from P on QC such that PK=p. Let QCcut AB
at an angle ¢ (Fig. iii), be parallel to it (Fig. iv), or possess a common
perpendicular of length d with AB (Fig. v).

M ry i 8
h__dw A
P ®
(4
A . }
A
ﬁ}y B
Then cos ¢, 1, or cosh d =sinh ML sinh MQ,

=cosh PM sinh MQ,
=sinh p.
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LeMMA IV.—If o line passes through the principal point of P and
AB, and if p be the length of the perpendicular from P on it, then

sinh p=cos ¢, 1, or cosh d

according as the line fintersects AB at an angle ¢, is purallel to it, or
possesses a common perpendicular of length d with it.

Let AB, P and L be as before. Let SH be any line through 8
the principal point of P and AB, itersecting AB at an angle ¢ (Fig.
v1), parallel to 1t (Fig. vii), or possessing a common perpendicular of
length d with it (Fig. viii). Let PR Le the perpendicular from P on
SH such that PR=p.

P

S {‘l?/ viti
Then cosh d, 1, or cos p=cosh SL sin LSH,
=ginh SP sin L.SH,
=sginh p.

5. LeMMA V.—If PM be a perpendicular to AD from a point P
lying in AB and if p be the length of the perpendicular from P on
any line parallel to PM (in the sense PM) then

sinh p=cos ¢, 1, or cosh d

according ua the line intersects AB at an angle ¢, is parallel to {t, or
possesses « common perpendicular of length d with it,

10
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Let P be a point in the line AB. Let PM be drawn perpendi-
cular to AB. Let CQ be a line parallel to PM (in the sense PM).
Let CQ intersect AB at an angle ¢ (Fig. ix), be parallel to it (Fig. ),
or possess & common perpendicular of length d with it (Fig. i).
Let PL be perpendicular to CQ such that PL=p.

T M
@ M Q [
e
o/ e \E
B A § , B A
fig.ix. P B : A xi P
ig- X f(? X P ﬁ? X
Then cos ¢, 1, or cosh d=cosh PL sin LLPB,

=cosh PIL cos MPL,
=cosh PL tanh PL,

=sinh p.
6. INTIMACY AND CO-INTIMACY,

The elements we will deal with arc the point, the line, and the
horocycle, the last being representative of a conceptual point to
which its axes converge. All horocycles with the same system of
axes are equivalent.

A point and a line will be called intimate if the former lies on
the latter. Two straight lines will be called intimate if one is per-
pendicular to the other. A straight line and a horocycle will be
called intimate if the line is an axis of the horocycle. A horocycle
maoy be regarded as intimate with itself and consequently with any
equivalent horocycle.

The join of two elements is a third element intimate with both
Between any two distinet elements a unique join always exists.
The join of two points is a straight line passing through both. The
join of a point and a line is the straight line through the point, per-
pendicular to the given linc (the point may lie on the line). The
join of two intersecting straight lines is their point of intersection.
The join of two parallel lines 1s any horocycle of which both the lines
are axes. The join of two non-intersecting and non-parallel lines is
the line perpendicular to both., The join of & point and & horocycle
is that axis of the horocycle which passes through the point.
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The join of two horocycles is the straight line which meets both
horocycles at right angles and consequently is an axis to either horo-
cycle. The join of a horoeyele and a line, not its axis, is thabt axis
of the horocyele which 18 perpendicular to the given line. Tha join
of a horocycle and a line which is its axis may be taken to be the
horocycle itself or any equivalent horocycle.

Any three clements will be called co-mtimate if there is a
common element which is intimate with each. Thus three straight
lines passing through the same point are co-intimate as each of them
is intimate with this point. Also three straight lines perpendicular
to the same straight line are co-intimate. Again three straight lines
parallel in the same sense are co-intimate as each of them is inti-
mate with a common horocycle. Two lines and a point are co-inti-
mate if a straight line through the point perpendicular to one of the
lines is also perpendicular to the other line. Two points and a line
are co-intimate if the straight line passing through the points is per-
pendicular to the line Three points are co-intimate if they lie on
the same straight line Two lines and & horocyele are co-intimate
if an axis of the horocyelo is perpendicular to both {he lines. Again
two lines and a horocycle are co-intimnato if both the lines are axes
of the horocycle, for in this case cach of the three given elements is
intimate with tho horocycle itself. A point, a line and a horocycle
are co-intimate if the perpendicular from the point to the line, is an
axis of the horocycle. Two points and a horocyele are co-intimate
if the straight line through tho points is an axis of the horocycle.
Two horocycles and a line are co-intimate if the common axis of
the two horocyeles is i:erpendicular to the line. Two horocycles and
a point are co-intimate if the common axis of the two horocycles
passes through the point.

It would hardly be appropriate to call the three eloments con-
current in all the above cases. Wo have therefore ventured to
introduce the name co-ntimacy to cover ull these cases and hope
that it will be acceptable {0 Mathematicians. 8. Mukhopadhyaya
has used already the expression ‘ range of intimacy (co-inlimacy) of
two curves ’ for the set of points of intersection of the two curves
(8ir Asutosh Mookerjee Silver Jubilee Vol. II, 1922).

7. DIRECTED ELEMENTS.

A point element or a line element may be taken n two opposite
senses. With each point P we may associate a clockwise or &
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counter-clockwise direction of rotation about the point, With each
line AB we may, associate either the direction AB or the direction
BA.

We sattach no sense to a horocyclic element. A point or a line
taken with a particular direction associated with it we will call
directed element.

The sense of a directed line AB relative to u pont P 1s defined
to be clockwise or counter-clockwise according as the circuit PABP
in clockwise or counter-clockwise.

Two directed points having the same sense are called simuilarly
directed. They are called oppositely directed if they have opposite
senses.

A directed point and a directed line are called similarly dirccted
if the sense of the line relative to the point is the same as the sense
of the point. If these senses are opposite, the point and the linc
are said to be oppositely directed.

Two directed lines parallel to one another are called similarly
directed if the sense of each is the same as the sense of parallelism
or opposite to it. They are said Lo be oppositely directed if the sensc
of one is the same as the sense of parallelism while the senseof the
other is opposite to it.

Two directed lincs with a common perpendicular are called
similarly directed if they have the same sensc relative to a point on
this common perpendicular produced, while they are said to be
oppositely directed if their senses relative to such a point are
opposite.

8. THE MEASURE OF DIVERGENCE BETWEEN TWO DIRECTED ELEMENTS,

The divergence between two directed points at a distance d apart
1s measured by—cosh d, or +cosh d according as the points are
similarly or oppositely directed.

The divergence between a directed point and a directed line at a
distance d from it is measured by —sinh d, or +s8inh d according as
the point and the line arc similarly or oppositely directed. If they
are intimate the measure of divergence between them vanishes.

The divergence between two directed lines meeting at a point
and making an angle 8 with one another is measured by cos 8.

The divergence between two directed lines parallel to one another
is measured by +1 or ~1, according as they aresimilarly or oppo-
sitely directed,
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The diveryence between two directed lines with & common
p erpendicular of length d is measured by +cosh d, or —cosh d
according as the lines arc similarly or oppositely directed.

1f p be a directed clement such that the measure of divergence
betwecn p and a given directed element o 1 the same as the measure
of divergence between p und another directed clement B then p is
defined to be equidivergent with « and B. It s ewnident that if a
directed element p is equidivergent with the directed elements o and
. as also with the directed elements o and vy, then pis equidivergent
with 8 and y.

9. HOROCYCLES EQUIDIVERGENT WITH TWO DIRECTED ELEMENTS

A horocycle is said to be equidivergent with two directed pomts o
and B if an equivalent horocycle passes {hrough both « and 8 and
if every directed point taken on this equivalent horocycle is either
similarly directed to both o« and B or is oppositely direcied to both.

A horocycle is said to be equidivergent with a directed point o
and a directed line S if an equivalent horocycle passing through a
touches 3 and if every directed point taken on this equivalent
horocycle is either similarly directed 1o both o and B or is oppositely
directed to both.

A horocycle is said to be equidivergent with two directed lines a
and B if an equivalent horocycle touches both and if every directed
point taken on this equivalent horocycle is either similarly directed
to both a and f3 or is oppositely directed to both. Again & horocycle
is said to be cquidivergent with two similarly dirccted parallel lines
o and B, if both o and B are axes of the horocycle.

We shall now show that if H is a horocycle equidivergent with
the direcled elements o and 8 and also with the directed elements
o and y then H 1s equidivergent with 8 and y.

In the first case suppose that o and 8 are not simmlarly directed
parallel lines. Draw a horocycle H' equivalent to H and passing
through o if it 18 & point or touching « if it is a line. Since H is
equidivergent wilth o and B, H' passes through S if it is a point or
touches B, if it isa line. Since H is equidivergent with o and y, H'
passes through v, if it is a point or touches y,1f it is a line. Again
if P is any point on H' similarly directed to a, it follows that P is
similarly directed to B as well as to y, and if Q is any point on H'
oppositely directed to o, 1t follows that Q is cppositely directed to 3 as
well as to y. Hence from definition H is equidivergent with 8 and y.
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Next suppose a and 8 to be similarly directed parallel lines The
horocycle touching both o and B is mnot in this case equidivergent
with o and B, as any directed point on this horocycle is oppositely,
directed to 8 when it 18 similarly dirccled to «. In this case His a
horoeycle which has both « and B as axes. Since H is equidivergent
with « and v, the lalter must also be an axis of H and similarly
dirccted to a. It follows that B and y are both axesof H and are
similarly directed. Hence from definition H is oquidivergent with
B and y.

10. 'THE SYMMETRIC BETWREN TWO DIRECTED ELEMENTS.

Between any two directed elements o and S there exists a unique
clement {08} intimate with all elements (directed points, directed
lines, or horocycles) equidivergent with « and 3. {aB} is defined to
be the symmetric between o and 8.

(i) The symmetric between two similarly directed points I and
Q is the right bisector of PQ.—Let p be the right bisector. Obviously
any directed line or directed point intimate with p is equidistant
from P and Q, and is either similarly dirocted to both P and Q or is
oppositely directed to both. It 1s thus equidivergent with P and Q.
Again if there be a horocycle H intimate with p (i.e., having p as an
axis) then a horoeycle through P having the same system of axes as
H, passes through Q. Since P and Q arc similarly directed, every
directed point on this second horocycle is either similarly directed
with respect to both P and Q or is oppositely dirccted to both H
18 then by definition cquidivergent with P and Q.

(fi)) The symmetric belween two opposilely directed pomnts P and
Q is the mid-point of PQ.—Any directed line AB intimate with the
mid-point is equidistant from P and Q. Since P and Q lie on
opposite sides of AB the circuits PABP and QABQ have opposite
genses, Honce if the semse of P is the same as the sense of the
circuit PABP the scnse of Q is the same as that of QABQ, while if
the sense of P is opposite to the sense of PABP the sensc of Q is
opposite to that of QABQ. In every case therefore AB is similarly,
directed to both P and Q or oppositely directed to both. Tt follows
that AB is equidivergent with P and Q.

(i) The symmetric between a dirccted point P and aline AB
similarly directed to it is thc principal line of P and AB.-~Let p be
the principal line. Let Q be any directed point on p. Then Q
must be on the same side of AB as P since p cannot intersect AB
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as it possesses a common perpendicular with AB. Hence Q is
either similarly directed to both I’ and AB or is uppositely directed
to both. Lemma II then shows that Q is equidivergent with P and
AB. Similarly it follows from Lemma ITI that any line intimate
with p (1.e., perpendiculur to p) 18 equidivergent with P and AB.
Again Lemma I shows thut a horocycle through P having p as an
axis touches AB. It is also obvious that every directed point on
this horocycle is either similarly directed to both P and AB or
oppositely directed to both, since all points on the horocycle lie on
the same side of AL as P. It follows that any horocycle intimate
with p is equidivergent with P and AB.

(iv) The symmetric between a direcled point P, and u line AB
oppositely derected lo it is the principal point of P and AB.—Let S
be the principal point. Taking into consideration the directions
of the clements concerned, it follows at once from Lemma IV
that any directed line intimate with 8 is equidivergent with P
and AB.

(v) The syminetric between a directed point P and a directed line
AB intimate with il i3 a horocycle having as an axis the directed line
PL, the sensc of AB relative to L being the same as the sense of the
directed pomnt P.—Tet H be this horocycle. It follows from Lemma
V that any dirceted line intimate with H is equidivergent with P
and AB. Again a horocyclo H' equivalent to H and passing through
P touches AB at P. All points on H' lie on the same side of AB
as L and therefore tho senses of AB relative to every point on H' is
the same as the sonse of P. It follows that every directed point on H’
is either sumilarly directed to both P and AB or oppositely dirccted to
both. Hence all horocycles intimate with H and thercfore equivalent
to it, arc cquidivergent with P and AB

(vi) The symmetric between the directed ines OA and OB meet-
ing at the point O is the extcrnal bisector of angle AOB.

(vi) The symmetric between two similarly directed parallel lines
i8 a horocycle having both the lines as axes.

(viii) The symmetric between two oppositely directed parallel lines
is their middle parallel.

(iz) The symmetric between two similaily directed lines with a
common perpendicular i8 the mid-point of this perpendicular.

(@) The symmetric between two oppositely directed lines with a
common perpendicular is the line besecting this perpendicular at
right angles.
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Conversely it can be shown in every case that a directed point, a
directed line or a horocyle equidivergent with the directed elements
a and B is intimate with the symmetric {a83}.

11. TaeoreM.—If a, B, y be any three distinct directed elements
(points or lines) on a hyperbolic plane, the symmetrics {By}, {yo}
and {aB} are co-intimate.

First suppose {ya} and {oB} have a point or a line element as
their join. Call this element p and associate a particular direction
with it. pis then a directed element intimate with the symmetric
between the directed elements y and a, p is8 therefore equidivergent
with y and o. Similarly p is equidivergent with « and B. It follows
from Art. 8 that p is equidivergent with 8 and y. Hence p must be
intimate with the symmetric {8y}. The symmetrics {aB8}, {Bv}
{yo} are therefore co-intimate, each being intimate with the common
element p.

Next suppose that the join of {yo} and {8} is a horocyclic ele-
ment H. H is then equidivergent with y and o being intimate with
the symmetric between them. Similarly H is equidivergent with o
and 8. It follows from Art. 9 that H is equidivergent with 8 and y.
It must therefore be intimate with the symmetric {8y}. Hence the
symmetrics {a8}, {87}, {yo} are co-intimate, each being intimate with
the common element H.

12. SUMMARY OF OASES.

The following are the more important cases of the general theorem
proved.

Case ].—If a triad consists of three points A, B, C, then

(a) The right bisectors of the lines BC, CA and AB cither meet
at o point, are all parallel in the same sense, or are all perpendicular
to a common line,

(b) The right bisector of BC meets at right angles the line join-
ing the mid-points of CA and AB.

Case I1.—If a triad consists of a siraiyht line 1 and two points B
and C lying on the same side of it, then

(a) The principal line of B and !, the principal line of C and I,
and the right bisector of BC either meet at a point, are all parallel in
the same sense, or are all perpendicular to a common line,
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(b) The principal line of B and ! meets at right angles, the line
joining the mid-point of BC with the principal point of C and .

(¢) The right biscctor of BC meets at right angles, the line join-
ing the principal point of B and I with principal point of C and 1.

Case 111.—If a iriad consists of a sliuight line ! and two points B
and C lying on opposite sides of i, then

(@) The principal point of B and I, the principal point of C and I,
and the mid-point of PC lic on the sune straight linc.

(b) The principal line of B and I, and the principal line of C and
I possess a common perpendicular passing through the mid-point of
BC.

(¢) The right bisector of BC and the principal line of C and 1
possess a common perpendicular passing through the principal point
of B and I.

Case 1V.—If a triud consists of two points 3 and C and a linc 1
passing through une of the poinis (say B), and if BL is drawn peipen-
dicular to 1, lying on the same side of L as C, then

(@) The right bisector of BC and the principal line of C and ! are
either both parallel {0 BL or possess a common perpendicular parallel
to BL.

(b) The line joining the mid-point of BC with the principal
point of C and l is parallel to BL.

(¢) The perpendicular from the principal point of C and ! to the
right bisector of BC 18 parallel to LB.

(d) The perpendicular from the mid-point of BC to the principal
line of C and 1 is parallel to LB.

Case V.—If a triad consists of a poini A and two lines m and n
with a common perpendicular PQ (P lying on m and @ lying on n), and
if A lies botween m and n, then

(@) The right bisector of PQ, the principal line of A and m and
the principal line of A and n, either meet at o point, are all parallel
in the same sense, or are all perpendicular to a common line.

(b) The right bisector of PQ meets at right ungles, the line join-
ing the principal point of A and m with the principal point of A and n.

(c) The principal line of A and » meets at right angles, the lino
joining the mid-point of PQ with the principal point of A and m,

11
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Case V1.—If a triad consists of a point A and two lince m and n
with a common perpendicular PQ and if the line m lies between A
and n, then

(@) The principal point of A and m, the principal point of A
and n and the mid-point of PQ lie on the same straight line.

(b) The principal line of A and m and the principal line of A

and n possess a common perpendicular passing through the mid-point
of PQ.

(c) The right bisector of PQ and the principal line of A and m
possess a common perpendicular passing through the principal pont
of A and n.

Case VII.—If a triad consists of two lines m and n with a com-
mon perpendicular PQ and a point A lying on m, and if AL be drawn
perpendicular to m, L lying on the same side of m a8 n, then

(¢) The right bisector of PQ and the principal line of A and n
are either both parallel to AL or possess a common perpendicular
parallel to AL,

(b) The line joining the mid-point of PQ with the principal point
of A and 7 is parallel to AL.

(c) The perpendicular from the mid-point of PQ on the principal
line of A and » is parallel to LA.

(d) The perpendicular from the principal point of A and n to the
right bisector of PQ is perpendicular to LA.

Case VI1I11.—If a triad consists of two parallel lines m and n and
a point A lying between them, then

(¢) The principal line of A and m, the principal hne of A and n,
and the middle parallel of m and n aro either parallel in the same
sense, meet at a common point or are all perpendicular to a common
line.

(b) The middle parallel of m and n» meets at right angles the line
joining the principal point of A and m with the principal pont of A
and n.

(¢) The perpendicular from the principal pomnt of A and n to the
principal line of A and = is parallel to m and n in the same sense in
which they are parallel to each other.
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Case IX.—If a trlad consists of twa parallel lines m and n, and a
point A such that m lies between A and n, then

(a) The principal line of A and m, and the principal line of A and
n possess a common perpendicular, parallel to m and 7 in the same
sense in which they are parallel to each other.

(b) The line joining the principal point of A and m with the prin-
cipal point of A and n is parallel to m and n in the same sense in
which they are parallel to each other.

(¢) The principal line of A and m, and the middle parallel of m
and 7 possess a common perpendicular passing through the principal
point of A and n.

Case X.—If a triad consists of two parallel lines m andn and a
point A lying on m, and if AL be drawn perpendicular to m, L lying
on the same side of m as n,then

(@) The principal point of A and = lies on a line parallel to AL
and to n (in the sense in which n is parallel to m).

(b) The principal line of A and n meets at right angles the line
parallel to LA and to n (in the sense in which n is parallel to m).

(¢) The middle parallel of m and #, and the principal line of A
and n possess a common perpendicular parallel to AL.

(d) The perpendicular from the principal point of A and n to the
middle parallel of m and n is parallel to LA.

Case XI.—If a triad consists of two lines OA and OB, meeting at
the point O, and another point C lying in the angle AOB, then

(a) The internal bisector of £AOB, the principal line of C and
OA and the principal line of C and OB, either meet at a point, are
all parallel in the same sense, or are all perpendicular to & common
line.

(b) The internal bisector of £ AOB meets at right angles the line
joining the principal point of C and OA with the principal point of C
and OB.

(¢) The external bisector of £AOB, and the principal line of C
and OA, possess a common perpendicular passing through the prin.
cipal point of C and OB.

Case XII.—If a triad consists of two lines OA and OB meeting
at a point 0, and another point C lying on OA, and if CL be drawn
perpendicular to 0A, L lying on the same side of OA as B, then
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(a) The internal bisector of £ AOB, and the principal line of C
and OB are either both parallel to CL or possess a common perpen-
dicular parallel to CL.

(b) The perpendicular from the principal point of C and OB to
the external bisector of the £ AOB is parallel to CL.

(c) The external bisector of £ AOB and the principal line of C
and OB are either both parallel to LC or possess a common per-
pendicular parallel to LC.

(d) The perpendicular from the principal point of C and OB to
the internal bisector of £ AOB is parallel to LC.

Case XIII.—If a triad consists of three lines BC, CA and AB
meeting at the points A, B, C, then

(o) The internal bisectors of the angles BAC, CBA and ACB
meet at & point.

(b) The internal bisector of ~BAC and the external bisectors of
£CBA and £ ACB, either meet at a point, are all parallel in the
same sense, or are all perpendicular to the same straight line.

Cuse XIV.—If a triad consisls of two parallel lines AL and BM,
and a line AB meeting the two former lines at A and B, then

(a) The internal bisector of £LAB, the internal bisector of
£.MBA and the middle parallel of AL and BM mect at a point.

(b) The external bisector of £LAB, the external bisector of
¢MBA and the middle parallel of AL and BM either meet at a
point, are all parallel in the same sense or are all perpendicular to
the same straight line.

(¢) The internal bisector of £ TLAB and the external bisector of
£/ MBA possess & common perpendicular parallel to AL and AB.

Case XV.—If a triad consfsis of {wo lincs Al and BM having «
common perpendicular PQ, and a linc AB meeling the two former
lines at A and B, and if T. and M lic on the same side of AB, then

(a) The internal hiscetors of £LAB and £MBA, and the right
bisector of PQ either meet at a pomnt. are all parallel in the same
sense or are all perpendicular to a common line.

(b) The internal bisector of ZLAB and the external bisector of
£MBA possess o common perpendicular passing through the mid-
point of PQ.
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Case XVI.—If a triad consists of two lines OP and OQ meeting at
O and another line LM such that PL {s a common perpendicular to OP
and LM, and QM is a common perpendicular to 0Q and LM, then

(a) The internal bisector of £ POQ, the right bisector of PL, and
the right bisector of QM meet at a point.

(b) The mnternal bisector of £POQ meets at right angles the
line joining the mid-points of PI: and QM.

(e) The external bisector of £POQ and the right bisector of PL
possess a common perpendicular passing through the mid-point of
QM.

Case XVII.—If a triad consists of three lines AB, CD and EF
such that AC is a common perpendicular to AB and CD, DE is a
common perpendicular to CD and EF, and FB is a common perpen-
dicular to AB and EF, and if every two of the lines lie on the same
side of the third, then

(@) The right bisectors of AC, DE and BF either meet at a point,
are all parallel in the same sense, or are all perpendicular to a
common line.

(b) The right bisector of AC mects at right angles the line joining
mid-pomts of BF and DE.

Case XVIII.—If a triad consists of thiece lines, a, b, ¢, every two
of the lines possessing a common perpendicular, and two of the
lines, say b and ¢, lic on opposite sides of a, then

(¢) The mid-points of the three common perpendiculars lie on
the same straight line

(b) The right bisectors of any two of the common perpendiculars
themselves possess a common perpendicular, which passes through
the mid-pomnt of the third common perpendicular.



TRIADIC EQUATIONS IN HYPERBOLIC GEOMETRY

BY

S. MukHOPADHYAYA AND R. C. Bosk (1927) *

1. INTRODUCTION,

The present paper 1s an application and development of the
principles explained and developed in the paper ‘‘General Theorem of
co-intimacy of Symmetrics ’* published in the Bulletin of the Calcutta
Mathematical Society, Vol. XXVI, No. I, 1926 and should be read for
a proper understanding along with that paper.t A short resumc how-
ever is given of the principles explained and the notations used 1n
that paper so that in a manner 1t can be followed independently of
that paper. The ‘ triadic co-ordinates ’ introduced and so named in
this paper Qiffer from * Wierstrassian co-ordinates * mainly m  the
fact that any of the elements whose co-ordinates are united in any
equation may be indifferently a pomnt or a line. Thus ponts and
lines stand in a relation of unity and not of duahty

2 DEFINITIONS.

We will denote the point, the line and the horocycle as basic
elements.

All horoeycles having the same system of axes will be considered
equivalent as representing the same basic element, which 1s a con-
ceptual point at infinity to which all the axes converge.

A point or a hine as a basie clement ean have associated with it
two directed elements of opposite senses. The horocycle as a basic
element stands quite isolated in this respect.

* From Bulletin, Calcutta Mathematical Society, Vol. 18, 1927.

t+ The use of oriented points and lines which was first made in the paper
above referred to and has been maintained in this, forms a special feature of this
paper. T. Takasu of the Tohoku Imperial Umversity 1n an elegant paper ‘‘ Natural
Non-Euclidean Geometry, Doubly Oriented Points, Lines and Planes as Elements **
published in the Tohoku Mathematical Journal of Aprl, 1926, has developed the
theory of orientation of points, lines and planes in Non-Euclidean 3-space,
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To a basic line element can be associated two directed line cle-
ments having the same position but opposite senses, i.e., directions
of imaginary translation along them.

To & basic point element can be associated {wo directed point
elements having the same position but opposite senses, i.c., direc-
tions of imagmary rotation about thein.

The two dirceted elements associated with o Dbasic point or a
basic line will be called its orents. Of these 1f one be called the
positive orient the other will be called the negative orient.

If o be a basic element, a point or & line, 1ts two orients will be
denoted by . and a_ and either of them by a,.

Two basic lines will be called intimate 1f thoy are at right angles.
A basic point and a basic line will be called intimate if the latter
passes through the former. A basic line is intimate with a horo-
cycle if the former 1s an axis of the latter A horocyele will be
called intimalc with itself or any eqivalent horocycle. It may be
observed that two basic points cannot be intimate, ncither can a
basic pont and a horocyele be intimate under any circumstances.

The join * of two basic elements 18 a third basic element intimate
with both. It will be observed that a unique jon cxists in cvery
case. If a and B be any two basic elements then (a 8) will represent
their join. Simlarly the join of y with (a 8) will be represented by
{(¢8)y} and the join of (af) with (y3) by {(aB)'y8)} and so on.

Any three elements will be called co-intimate 1f there is & com-
mon element intimate with each.

The sense of a directed line relative to a point not lying on it may
be clockwise or counter-clockwisc. Similarly the sense of a directed
point about the point itself may be clockwise or counter-clockwise.

1f the senses of two directed points are both clockwise or both
counter-clockwise they are said to be similarly oriented, but if one of
the senses be clockwise and the other counter-clockwise they are said
to be oppositely oriented.

If the senses of a directed line and a directed point be such that
the sense of the former relative to the base of the latter and the
sense of the latter itself are both clockwise or hoth counter-clock-
wise they are said to be similarly oriented but 1f there senses be
opposite they are said to be oppositely oriented.

% For a summary of the various cases that arige see the paper referred to in
the introduction
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If two directed lines be parallel and the senses of both are in the
direction of parallelism or opposite to it, they are said to be similarly
orignted, but if one of the senses be in the direction of parallehism
and the other against it they are said to be oppositely oriented.

Two directed lines with 2 common perpendicular arc called
similarly oriented if they have tho same sense rolative to a point on
this common perpendicular produced, while they are said to be
oppositely oriented if their senses relative to such a point are
opposite.

A directed clement is said to be intimate with a basic eloment
when the base of the former is intimate with the latter.

T'wo directed elements are said to be intimate when their bases
are intimate.

3. DIVERGENCE.

The divergence between two directed points at a distance d
apart is measured by—cosh d or +cosh d according as the points are
similarly or oppositely oriented.

The divergence between a dirccted point and a directed line at a
distance d from it is measured by —sinh d or + sinh J according as
the point and the line are similarly or oppositely oriented.

The divergence between two directed lines meeting at s pomnt and
making an angle 8 with one another 18 measured by cos 8.

The divcrgence between two directed lines parallel to one another
is measured by -+ Lor —1 according as they are similarly or oppo-
sitely oriented.

The divergence between two directed lines with a common per-
pendicular of length d is measured by +cosh d or —cosh d according
as the lines are similarly or oppositely oriented.

If we denote divergence by div, then evidently we have

div (“H ﬁ+)=div (a._,, ,3-)= —div (au B-)= ~div ("'-v B+)

It should be noted that the necessary and sufficient condition that
two directed elements ay and By are intimate i8 div (apBo)=0.

4, CoO-ORDINATES OF ELEMENTS REFERRED TO A SELF-INTIMATE TRIAD.

A triad of directed elements such that each is intimate with the
other two, will be called a self-intimate triad.

Let £, and 7, be two directed lines intimate with one another.
Let {o be & directed point intimate with both &, and 7. Then £,
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Nos {o from & self-intimate triad. If o, be any other directed
element then

div (ag &o)s div (ag 1), div (ag §o)
will be called the trfadic co-ordinates of ay.

5. THE IDENTICAL RELATION SATISFIED BY THE CO-ORDINATES OF A
DIRECTED ELEMENT.

Mo Case I.—Lct Py be a directed
point with co-ordinates z,, ¥,, 2;.
Po Let 7 be the length of the radius
v 2 vector drawn from {, to P, and 6
the angle which this radius vector
r u makes with £,. Alsolet w and »
be the lengths of the perpendicu-
1L e lars drawn from P, to &, and 7,
S°(’ >§° respectively. [See Fig. (1).]
Flg.(l) Then
#,=div (Py £,)= —sinh 4 = —sinh r sin § .o (D)
y,=div (Pg 7o) =sinh v=sinh r cos 6 U )]
zy=div (Pg {o)= —cosh r . (8
Hence 2, 24+y,2—£,2=~1.
A 110
SN Case I1I.—Again let 1, be a direct-
ed line with co-ordinates «o, yg,
R 7,. Lel p be the length of the per-
pendicular from {, onl, and 6 the
angle this perpendicular makes with
&y- Let ¢ and ¥ be the angles whwh
v & 1, makes with &, and », respectively
)0 <o [ See Fig. (2) ]
< oS5,
° Fg@)
Now zo=dv (}, £,)=cos ¢= —sin 6 cosh p e @
yo=div (I ng)=cos Y=cos 6 cosh p e (8
zg=div (ly {)= —sinh p o (8
Hence T2 +yp?—mp2=+1.

If z, y, # be the co-ordinatcs of a directed element
2 +y?—22="TF1 we (0

12
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the upper or the lower sign being taken aceording as the element is
a point or a line,
6. FUNDAMENTAL THEOREM.

If z;, y,, #; be the co-ordinates of a directed element o, and x4,
Yg, #q the co-ordinates of a directed element B8, then

divleg Bo) =122+ Y Y2~ 2122 .. (8)
Mt Pe
Case 1.—Let oy, B, be
&~ similarly directed points. Let
Ao 71, rg be the lengths of the
T2

radius veclors from {, to a,
and let 6, 6, be the angles

[ which these rudius vectors
02 makes with ;. Also let d be
% & > the distance between ay and
5, ) §. By [See Fig. (3).] Then
Fig(3)
z; = —sinh r; sin 6, Zo==—sinh ry sin O from (1)
y, =sinh 7, cos 6,, Yo =sinh r, cos 6, from (2)
#y;=—cosh r,, zg= —cosh r, from (3)
Thereforo x| Ty +Y Yo —21ko=sinh ry sinh ry cos(d; —6,)
—cosh 7, cosh rq
= —cosh d
=div (ay Bo)-

The samie result would be seen to hold when a,,, B, are oppositely
directed.

AN

* Case I1.—Let g, B, be
directed lines. Let p,, py be
the lengths of the perpendi-
culars drawn from {, to ag
and B, respectively and let
6y, 62 be the angles which
these perpendiculars 1nake
with §,. Also let & be the
angle between oo and B,.

\\~>'§, [See Fig. (4).] Then

Fig.(4)

%)= —sin 6y cosh p;, xo= —sin 6 cosh pg from (4)
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y1=cos 6, cosh p,, ys=cos B, cosh p, from (5)
2, = —sinh p,;, 29=—sinh py from (6)

Therefore z,z5 +Y1Yg — 2122 =cosh p; cosh p, cos (6; —05)
—sinh p, sinh 2,
=cos §=d1v(ayf,)

The same result would be seen to hold when o, 8, are parallel or
non-intersecting.

Cuse 111.—Lct o, be a directed point and B, a dirccted line.
This casc can be treatcd on lines similar to those adopted before.

7. EQUATION OF A BASIC ELEMENT.

We shall show that the co-ordinatcs of all directed clements inti-
mate with a given basic clement (point, line or horocycle) satisfy a
Linear equation. This equation will be called the triadic equation of
the given element.

Case I.—L.ct the given basic element o be a point or a line.

Let ag be an orient of a. Let a, b, ¢ be the co-ordinates of a.
Let yo be any directed clement intimate with «, and let z, y, 2 be the
co-ordinates of y,. Hence by definition y, and o, are intimate.
Thus div (egy,) vanishes. We then get from (8)

ax+by—cz=0 e 9

The Linear equation (9) 1s satisfied by the co-ordinates of all
directed clements intimate with a.

Corollary (1).—If ax+by—ca=0 be the cquation of a, a basic point
or a basic liney and p, g, r are the co-ordinates of ay, an orient of a,
then

<=3 «. (10

Corollary (2).—If ax+by—cz2=0 be lhe equation of a point,
we have

a?+b3<c? . (11)
but if the same is the equalion of a line
a?+b2>c2 . (12)

This result follows from (7) and (10).
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Case 11.~~Let the given element o be & horocycle.

Let py, q;, 71 and pg, g4, ro be the co-ordinates of two fixed
similarly directed parallel lines 3, and y, intimate with the horo-
cycle. Let x, y, 2 be the co-ordinates of an arbitrary directed line
8, intimate with . Then 8, is parallel to both 8, and y,, and is
either similarly directed to both 8, and y, or 1s oppositely directed
to both. In the former case div (8,8,)=d1v (§,y,)=+1, while in
the latter case div (3,8,)=div (3,y,)=—1. Hence from (8)

Mz Y —rE=por+qoy—Ty%
or (py=pa)r+(gy =)y~ (ri—re)2e=0 e (18)

The linear equution (13) is then satistied by all directed elements
mtimate with a.

Corollary.—If axr+by—ca=0 be 1he equalion of @ horocydlic ele-
ment we have
a2 +b2=c2 .. (14)

For, (py—po)? + (41— ¢2)? = (1 —r2)?
=(P12+,2~11 )+ (pa?+¢a2—rs?)
=2(P1P2+ 0192 —7172)
=1+41~2
=0

8, THE CONDITION OF INTIMACY OF TWO ELEMENTS WHOSE EQUA-
TIONS ARE GIVEN,

Theorem.—If ayr+byy—c,2=0 and agx+byy—ce2=0 be the
equations of two basic elements o and B, the necessary and sufficient
condition that a and B are intimate is

a,a2+b1b2-—0162=0 (15)
Cuse I.,—Let neither of o and B be horocyclic.

Let oy be an orient of a and B, an orient of 8. Let p,, g,, 7, be
the co-ordinates of oy and pg, gg, rg the co-ordinates of B,. Then
from (10)

‘.I'J=b.J.=g.l=k 88
Prh ™ 1 (eey)
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Therefore ayag+b bg—c1co=k1kg (102 +q192—"172)
=kkg div (aoB,)
This shows that tho necessary and sufficient condition for the
intimacy of ay and B, and hence of o and B is
a1a2+blb2—0102=0

Case 11,—Letb o be horocyclic.
1f A is intimate with o, then 8 must either be an equivalent horo-
cycle in which casc

a0y +bbg—cio=0a,2+b32~c,2=0 from (14)

or 8 must be a line intimate with a. Let p, ¢, r be the co-ordi-
nates of 3,, an orient of the line 8. Then p, ¢, r satisfy the equation
of a, so that

pay+qby—rcy=0
but from (10), play=q/bg=r[ca,
80 a1dg+byby—cyce=0
Agam if it is given that
6ya5+b by —0c109=0 N0
then 1if B is horocyelic we have in addition to (f)
a12+b,2—c,2=0 from (14)

ag?+by2~cy2=0 from (14)

\ b c
Therefore 41 = 1 = — 1
(byeg—=bge;) (c1az—cgay)  (a1bp—agb))
b ¢
and a9 = 2 = 2
(blcg—bzc,) (claz—cgal) (albg—a,bl)
Thus
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which shows that o and B are equivalent horooycles and therefore
intimate.

Otherwise if 8 is a line then let p, g, » be the co-ordinates of f3,
an orient of 8. Thus
plas=q/bg=r]c, from (10 )
Hence from (15)
pay +qbl “1'01:0
which shows that p, q, r satisfy the equation of the horocyele. Thus
Bo and hence B is intimate with a.

Corollary (1).—If ayx+b y—c12=0, dgr+boy—cez=0 bc the
equations of two basic elements, the equation of their join is

(bycg=bgcy)z+(crag—Coa,)y—(abg—agby)z=0 ... (16)

The result follows at once from the fact that the join is intimate
with both the given clements.

Corollary (2).—The nccessary and sufficient condition that the
elements o, B, y whosc equalions are

GBT+by—cyz=0
gz +boy—cot=0
azx+byy—cy2=0
be co-intimate i8 the vanishing of the determinant
ay; by ¢y
ag by o . (17
a3 by ey

Q. THE EQUATION OF THE SYMMETRIC BETWEEN TWO DIRECTED
ELEMENTS,

If oy and B, be two directed elements, then there exists a
unique basic element A such that, all directed elements intimate
with it are equidivergent with o, and 8,. A is then defined to be
the symmetric between o, and B,.

Let py» 4y, T35 Po» gg, To be the co-ordinates of o, and B, res-
pectively; then the equation of A, the symmetric between them, is

(py=po)z+(q1=g2)y—(r;=19)2=0 . (18)
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For if x,, y,, #, be the co-ordinates of any directed element
Yo intimate with A, then from (18)
(Pr—p2)zy + (@1 = 2)yr = (1 —ro)2; =0
or P&y + 1Yy T2 =P+ d2Yg 1232
or div (agye)=4div (Bovo)
To show that the symmetric is unique, we note thal if there 1s
any other element with equation
le+my—nz=0 ()}
which satisfies the definition of the symmetric, then
(py—pa)r+ (41— qy) y—(ry—rg)r=0 e (i)
is satisfied for all values of x, y, 2 which satisfy (). Whence the
equations (ii) and (iii) must be identical.

It has been shown in the paper referred to in the introduction
that the syminetric between

(i) Two similarly directed points P and @, is the right bisector of
PQ.

(#i) Two oppositely directed points P and @, is the mid-point of
PQ.

(iti) A directed point P and a line AB similarly directed to it, is
the principal line * of P and AB.

(iv) A directed point P and « line AB oppositcly directed to it, is
the principal point of P+ and AB.

(®) Two similarly directed parallel lines, {8 a horocycle having
both lines as axes.

* The principal line of P and AB is defined as follows :—Draw PL perpendicular
to AB meeting AB at L. Take P’ on PL such that P’L is complementary to PL, P
and P’ lying on the same side of L. Let M be the mid-point of PP’. Then the
line perpendicular to PP’ at M 18 defined to be the principal line of P and AB.

+ The principsl point of P and AB is defined as follows :~Draw PL perpendi-
cular to AB meeting AB at L. Take L on PL such that PL’ is complementary to
PL, L and I lying on the same side of P. Let 8 be the mid-point of LL'. Then
8 is defined to be the principal point of P and AB.
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(vi) Two oppositely directed parallel lines, 18 their middle
parallel.*

(vii) The directed lines OA and OB mecting at O, is the external
bsiector of the angle AOB.

(viti) Two similarly directed lines with a common perpendicular,
is the mid-poinl of this perpendicular.

(ix) Two opposilely directed lines with a common perpendicular,
i8 the line bisecting this perpendicular al right angles.

(x) A directed point P and a directed line AB intimate with
it, is a horocycle having a8 an axis the directed line PL perpendicular
to AB, the sense of AB relative to L being the same as the scnse of
the directed point P.

10. Tnok GENERALISED ANGLE-BISECTOR AND  SIDE-BISECTOR
THEOREM,

1f ag, Bo» Yo be three directed elements and if A be the symmetric
between B, and y,, p the symmetric between v, and ag, v the sym-
metric between ay and Bo, then A, p, v are co-intimate.t

Lot ay, by, ¢y ; ag, ba, c2 ; @y, by, c3 be the co-ordinates of
ags Bo» Yo, respectively. Then the equations of the symmetrics A,
M, v are respectively

(ag—ayz)x+(byg=by)y—(ca—c;5)2=0
(ag—aq)x+(bs—by)y—(c3—c,)2=0
(ay—ag)a+(by —=bg)y—(cy —cg)s=0

Since the determinant

ag—ag bg-bg Cg—Cgy
ag—a, bg—b, c3—0Cy
ay—ag  by—by cy1—ecy

identically vanishes, the theorem is established.

The locus of points equidistant from two given parallel hines is & line parallel
to both. This line is defined to be the middle parallel of the two given lines.
+ For s summary of cases see Art. 12, loc, cst,
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11. THE GENERALISED MEDIAN THEOREM.

If ay, By, v, be directed elements, and A, p, v be the sym-
metrics between B, and y-, v, and a_, a, and B_ respectively, then
the basic elements (aA), (Bu), (yv) are co-intimate.

Let the co-ordinates of a,, 8,, y. be respectively a,, by, ¢;;
ag, bg, Cg; a3, b3, ¢3. Then the equation of A is

(ag+ag) @+(bg+bz)y—(c3+cs)a=0
and the equation of a is
ayz+by—cys=0
Henoe the equation of (aA) the join of « and A is
(Ag—Aj)z+(By—Bj3)y—(C3—Cj3)a=0

whers A,, B, etc., are the minors of the corresponding small letters
n

ay b, cy
az bs C3
as as Cs

Similarly the equations of (3x) and (yv) are
(Ag—Ay)z+(Bs—B)y+(C3-Cy)e=0
(A;—Ag)z+(B; —Bg)y—(C;—Cg'a=0
Since the determinant
Ag—Ag By,-B; Cy—C3
Ag—A; B3—-B, C3-C,
A —A, B;-C, C,—-Cg

vanishes identically, the theorem is established.

12. THE GENERALISED PERPENDIOCULAR THEOREM,

If a, B, y be three basic glements then the three elements {(By)a},
{(y)B}s {(B)y} are co-intimate,

13
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Let
a12+b1y~cy8=0
gz +bgy—cos=0
azr+byy—cy2=0
be the equations of a, 8, y.
Then the equation (8y) the join of 8 and y is
(bgeg—bgeg)e+(cgaz—cia)y—(agbs—~aszbsy)e=0

or
A2+ By—Cy2=0

where Ay, B, etc., are as before.
The equation of {(By)a}, the join of (8y) and « is then
(6:Cy—c By)z+(c1A1 —01C1)y— (2B ~byA,)2=0
and similar equations may be obtained for {(yo)3} and {(aB)y}.
Now consider the determinant
b,C,—cB, c1Ay—-a,Cy a,B;—b,A,
bgCo—coBy  cgAg—aCs  agBa—baA,
b3Cy—c3B3 c3A3—a3C; azBg—b3A;
The sum of the constituents in the first column is
(b;C1+bgCo+b3Cs)—(c By +cyBg+c3Bj)

which is zero. Similarly the sum of the elements in every column
is zero. Hence the determinant identically vanishes end this
establishes our theorem.



A NOTE ON THE STEREOSCOPIC REPRESENTATION
OF FOUR-DIMENSIONAL SPACE *

BY
8. MURKHOPADHYAYA

In an address ‘“On the fourth dimension of space’’ delivered
before the Moslem Institute on the 8rd February, 1912, I referred to
a stercoscopic device which had suggested itself to me, for wisualiz-
ing figures in four-dimensional space. It may be mentioned that
the possibility of visualizing four-dimensional figures has been pre-
dicted by Poincaré.

It is well known that a duplicate picture in plano of a solid figure,
taken from Lwo slightly different points of view, when properly
looked at through a stereoscope, impresses one with the vividness of
a single figure in three dimensions. On the same principle, switably
constructed wire diagrams in three dimensions, whose bases are
stereoscopically related, should appear four-dimensional when viewed
through & stereoscope. This will only hold for simple Geometrical
figures about whose expected appearances 1n four dimensions the
mind has been previously prepared by study and thought of four-
dimensional Geometry.

One sumple experiment may be easily made by any one. Take a
storeoscopic duplicate chart mounted on stiff card-board, containing
three white axes at right angles on a black back-ground, some such
charts as are enclosed with Airy’s Tract on Partial Differential Equa-
tions. Stick a couple of equal white pins at the two origins
normally to the board. If now the chart be viewed through a
stereoscope, four white lines including the pin, will appear to
gtand out mutually ot right angles, which is only possible in four-
dimensional space.

* From Bulletin, Cal, Math. 8oc., Vol. 4, 1912,
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It should be observed that the picture on the retina is a twe-
dimensional one. The effort at adjusting the optic axes of the eyes
in binocular vision gives us the perception of a third dimension.
The effort at contracting the crystalline lens for focussing at objects
at near distances could give us the perception of a fourth dimension,
but this latter adjustment takes place simultaneously with the
former and not independently of it from acquired habit of looking
at objects in three dimensions and consequently & certain amount
of strain on the eyes is experienced when we try to realize through
a stereoscope a four-dimensional figure. For the complete realiza-
tion nevertheless we require more of mental development than
organic.



REPLY TO PROF. BRYAN'S CRITICISM *

BY

S. M UKHOPADHYAY

I

I am glad the subject of a brief note of mine, on the stereoscopio
representation of a figure 1n four dimensions (Bulletin, C M. 8.,
Vol. IV, 1912-18, page 15) has interested Prof. Bryan. He gives us
another method of representation.t From the very imperfect
explanations given by him, 1t is difficult to form a clear conception
of his extraordinary pawr of stereoscopic pictures. I hope he will
impart to us further details.

Apparently his method does not aim at visualizing stereoscopi-
cally a four-dimensional figure in all its dimensions, at the same
time, as my method does, but only at giving, successively, two three-
dimensional aspects of a four-dimensional figure, differing in phase
by 90°. If so lis method does not go very far.

I thought T had described my method in my note with sufficient
clearness. The pair of stereoscopic pictures in my method are not
two-dimensional, as is the case with Prof. Bryan’s method, but
three-dimensional, consisting of a pair of rectilineal figures 1n space
(constructed of wire or thread), standing on an ordinary stereoscopic
pair of plane rectilineal figures as bases The simple experiment
I have suggested illustrates the principles of my method. It gives
8 solution of the problem of four dimensions, by representing before
our eyes four lines standing out mutually, at right angles, or at any
rate, a close approximation to such a solution.

The principles on which true vision of four dimensions may be
possible, stereoscopically or otherwise, have been already set forth
by Poincaré Speaking of completo vision he says (Science and
Hypothesis, translated by W.J.G., pages 53,54):

* Prom Bulletin, Cal. Math. 8oc., Vol. VI, 1914.
4 Bulletin, Cal. Math. 8oc., Vol. VI, 1914,
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‘It has, it is true, exactly three dimensions; which means that
the elements of our visual sensations (those at least which concur
in forming the concept of extension) will be completely defined it
we know three of them; or, in mathematical language, they will be
functions of three independent variables. But let us look at the
matter a little clogser. The third dimension is revealed to us in two
different ways: by the effort of accommodation and by the conver-
gence of the eyes. No doubt these two indications are always in
harmony; there is between them a constant relation ; or, in mathe-
matical language, the two variables which measure these two
muscular sensations do not appear to us as independent......... But
that is, so to speak, an experimental fact. Nothing prevents us
a priori from assuming the contrary, and if the contrary takes place,
if these two muscular sensations both vary independently, we must
take into account one more independent variable, and complete
visual space will appear to us as a physical continuum of four
dimensions."’

In my method I may claim that the independent variation of the
twomuscular sensations would find ample scope, if we could ever
8o educate ourselves as to acquire this power of independent varia-
tion. My method might be & help towards such an education.
At any rate, it would place before our eyes a fairly approximate
representation of four-dimensional figures and be useful to us in the
study of four-dimensional geometry.

Professor Bryan after all seems to admit that my method is also
a possible method of representing stereoscopically a four-dimensional
figure, but he says that his method is superior to mine inasmuch
ag it depends only on the single principle of binocular vision, whereas
mine requires the additional principle of accommodation. A priori, it
would seem evident that to produce from the two-dimensional
picture on the retina a four-dimeunsional impression, two and not one
independent physiological adaptations of the eyes are indispensably
necessary, I do not, however, see any good in further prolonging
the controversy between us. Both of us have fairly stated our
methods. It would lie with other mathematicians interested in the
problems of four dimensions to accept or reject either.



A NOTE ON CURRENT VIEWS OF OPERATIONS
THROUGH THE FOURTH DIMENSION *

BY
S. MUKHOPADHYAYA

The object of the present note is first to suggest some rational
genesis of a supposed four-dimensionality of our spatial universe
and then to examine in the light of this genesis the possibility of
certain extraordinary operations which have been currently imagined
possible through the fourth dimension.

A umiverse of space unbounded and Euclidean and of any given
number of dimensions can logically exist as a mathematical concep-
tion. If we supposed such a space to exist the realm of Nature
could not claim the whole of it. The realm of Nature must be
closed 1n the sense that the boundary must belong to it This is a
fundamental hypothesis we will make. It is based on the principle
of continuity in Nature. If the realm of Nature were closed by the
plane at infinity, the plane at infinity should have a geometry
consistent with plane Euclidean geometry, as consistency is the
prime attribute of Nature. But the geometry of the plane at infinity
is not at all Euclidean.

There would be nothing illogical to suppose that & universal
space, unbounded, Euclidean but of four dimensions, existed and
that the realm of Nature was a self-closed three-dimensional boun-
dary to some portion of this four-dimensional universe. This
hypothesis gives a wider view of the universe of space and of its
relation to Nature-space. A three-dimensional Nature-space by the
side of a four-dimensional universe actually existing, dwindles, how-
ever, to & filmy nothingness.

A way out of the difficulty is to consider the four-dimensional
universe only as a creation of the mind to serve as a scaffolding on
which to construct the Non-Euclidean Geometry of Nature-space.

* From Bulletin, Cal, Math. Boc., Vol, IX, 1617,
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In fact we may dispense with this scaffolding altogether and make
the Non-Euclidean Geometry of Nature-space self-supporting. We
return here however again to the three-dimensionality of Nature-
space.

Many operations impossible in three-space has been said to be
possible through the fourth dimension. For example it has been
said that a purse of gold placed n a closed iron safe could be pitch-
forked out through the fourth dimension without opening the safe.
The possibility of success or otherwise of such an operation would
depend on the hypothesis one made between matter and universal
space.

Suppose, for example, that the universal space is unbounded,
Euclidean and of fioe dimensions. Through every point of our
three-dimensional space suppose a circle of variable radius is drawn
into this five-dimensional space, no two of the circles being comn-
cident. Suppose further that these circles form a non-intersecting
but continuous system and generate a self-closed four-dimensional
space necessarily un-Euclidean. The bundle of circles associated
with a molecule of matter may be supposed to form an annular
system which maintans 1its identity indissoluble so long as the
molecule does s0. We may thus have an extended Nature-space of
four dimensions, annular, self-closed and un-Euchdean in an Euch-
dean universal space of five dimensions. This five-dimensional
universal space might be looked upon merely as a mental scaffolding
to the four-dimensional Nature-space. Each molecule might be
supposed extended four-dimensionally along its annulus. Sucha
four-dimensional Nature-space would be rational but none of the
impossible operations 1n three dimensions would be rendered
possible in this amplified field of molecular annuli.



SOME GENERAL THEOREMS IN THE GEOMETRY
OF A PLANE CURVE+

BY
S. MUKHOPADHYAYA
Introductory.

The following paper suggests a number of general Theorems in
the geometry of elementary plane curves. Indications of proof
have been given by the New Methods introduced by the writer.
Rigorous proofs have not been attempted. The nomenclatures
introduced may appear somewhat novel. They have been found
convenient Besides the paper 1s meant to appear in a Jubilee
Volume, where a certamn latitude for novelty may be permissible.

L. Consider a fized continuous plane arc 8. Call 1t the stem.
The two ends of the stem are A and B. Call A the lower end and
B the upper end. The positive direction along the stem is from A4
to B. The arc is described by a pomt P moving always in the same
sense and not attaining the same position more than once.

At each point P of the stem suppose a tangent exists. The positive
direction of this tangent at P 1s along the positive direction of the
stem at P. Suppose this positive direction of the tangent varies in
a contimuous manner as we proceed up the stem from A to B. The
stem 1s free from cusps and nodes.

1f the two pomts A and B comcide, the stem 18 closcd and the
point where the two ends mect 1s the pownt of closure.

An oval is a closed stem of which every point may be looked upon
a8 the point of closure. The positive direction along the oval will
be taken to be counter-clockwise.

2 Consider a wvariable curve T which crosses the stem S at a
himited number of points P, Py,.., P, Call1t the tendrl.

We will suppose Py, Py, .., P, arc arranged 1n ascending order
along the stem, so that P, is above A, P, 1s above Py,..., and B 1s
above P,. We may also say 4 1s below P,, Py is below P,,..., P,
18 below B.

* From Bir Asutosh Mookerjee Silver Jubilee Volume, No. 2, 1922 (Calcutis
University Publication).

14
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We will say that the tendril is intimate with the stem at P,
Py,..., P,, or that, Py, Py,..., P, is the range of intimacy of the ten-
dril with the stem. Two points P,, P,,,, between which no other
point of intimacy lies will be called consccutive points of intimacy.

In certain cases a selected number of consecutive points of inti-
meacy Py, Pi.q,..., P, will be specially called the points of inti-
macy and the remaining points of intimacy which lie above or below
these special points of intimacy will be called the points of sub-
intimacy.

We will suppose the tendril to be a closed branch or a branch ex-
tending to infinity on both sides of some well-known algebraic curve
of kind K of which the co-efficients are freely or conditionally vari-
able and which does not possess & node or a cusp. The order n of
this curve as well as the assigned conditions to which the co-efficients
may be subjected will determine the kind K of the tendril.

The tendril of kind K will have index r if r arbitrary points of
intimacy of the tendril with the stem suffice to determine the tendril
uniquely.

The tendril may however be defined to pass through a certain
number of fixzed points in the plane besides the » variable points on
stem. In general any r arbitrary points lying on the plane in addition
to these fixed points, if they exist, will determine the tendril uniquely.

8. The following conditions of intimacy of the tendril with the
stem will be supposed to hold. When these conditions hold the
stem will be called congenial to the tendril.

() The points of intimacy of the tendril with the stem have the
same order and sense on the stem as on the tendril.

Suppose Py, Pg,..., P, are in ascending or positive order on the
stem. Then Py, P,,..., P, will also be in ascending or positive order
on the tendril. We will say

The tendril embraces the stem in the same order and sense.

(i) The tendril crosses the stem alternately from left to right and
right to left,

As we proceed up the stem from A to B we will suppose that
there is a continuous region to the right and a continuous region to
the left of which the stem is the separating line. The tendril
crosses the stem from left to right when 1t passes from the left region
to the right region and it crosses from right to left when it passes
from the right region to the left region. Between two consecutive
crossings, the tendril, we will suppose, lies wholly in the same region,
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A crossing of the stem by the tendril from left to right we will
call a positive point of intimacy. And a crossing from right to left
we will call a negative point of intimacy. Hence we may say.

The range of intimacy of the tendril with the stem consists of
elements of alternately contrary signs.

(#11) Two tendrils of kind K and index r cannot have more than r—1
points common in the stem or in a certain neighbourhood of the stem.

Thesge r—1 points are exclusive of any fixed points through which
the tendril may pass by definition. As ris the index of the tendril,
two tendrils having = points common will be one and the same.

(iv) The tendril varies continuously with the r points of intimacy,
which suffice to determine it.

The tendril varies continuously in form and position as the =
points of intimacy are variedin any continuous manner along the
stem. In particular if the r determining points are taken in any
interval 8 of the stem which tends to vanish, the tendril will tend to
a unique limiting form and position. The same may be said 1f the r
determining pomts are divided into groups which lie in intervals
tending simultaneously to vanish. The idea of continuity of varia-
tion invdlves the idea that the tendril does not split up or degenerate
or_develop nodes or cusps.

(v) The number of K points on the stem is limited.

A K point will be defined in the next article.

The stem will contain either no K points or & limited number of
K points, separated by finite intervals. If there were an unlimited
number of K points on the stem there would exist limiting points of
K points on the stem. The existcnce of these limiting points is
impossible as the number of K points is limited.

4. A range of r+1 points of intimacy of the tendril of kind K
with the stem, taken m order with alternately contrary signs will be
called & K range. The points of the K range are its elements,
A K range will be called positive or negative according as its first
element is positive or negative.

If there be other points of intimacy lymng between the extreme
points of the K range besides those which belong to the K range
they will be called extra points of the K range. These extra points
will necessarily occur in pairs of elements of contrary signs lying
between pairs of consecutive elements of the K range, for two con-
secutive elements of the K range are of contrary signs by definition
rind consecutive elements of the entire range of intimacy of the
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tendril with the stem are also of contrary signs A K range which
does not possess extra points will be called clear.

If there be other points of intimacy above or below the extreme
points of the K range, they will be called sub-exira ponts.

The 7+1 elements of the K range together with the extra points
when they exist constitute the set of points of intimacy of the K
range. The sub-extra points, when they exist, constitute the set of
points of sub-intimacy of the K range. The set of points of intimacy
of the K range together with the set of points of sub-intimacy con-
stitute the entire range of intimacy of the tendril with the stem.

The interval of the stem, lying between two extreme elements of
the K range is called the interval of the K range.

A part of the tendril ly ing between two consecutive points of the
range of intimacy will be called a loop of intimacy. Loops of intimacy

will be alternately om the right and left or left and right sides of the
stem. A loop lying on the right will be called positive and a loop
lying on the left will be negative

A neighbourhood of a point O of the stem will be called upper,
lower or double according as the neighbourhood extends to the upper,
lower or both sides of 0. The unquahfied expression neighbourhood
of O shall always mean & double neighbourhood of O.

A point O of the stem will be called a K point if every neighbour-
hood of O contains a K range of given sign. The K point would
be positive or negative, according as the corrosponding K range 1s
positive or negative. A positive K point will be written as + K point
and a negative K point will be written as —K point.

A tendril is said to have contact of order p with the stem at O,
if in every mneighbourhood of O there are p+1 consecutive points of
intimacy of the tendril with the stem Thus at a K point, the tendril
has contact of order » with the stem

Imaginary points and so-called coincident points of intimacy do
not count in our investigations. Whenever we say that a tendril has
contact of order p with the stem at O we imply the actual existence
of the set of p+1 real and distinct consecutive points of intimacy in
every arbitrary neighbourhood of O. The contact position of the
tendril is derived as a limit. Tt does not pre-exist in the logical order
of thought. In the contact position, the tendril may be said to have
just left intimacy with the stem, or we may say that in the contact
position the tendril is just on the point of gaining intimacy with
the stem. By adopting this point of view we shall avoid saying in
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any case that a number of points of intimacy of the tendril with
the stem has coincided.

5. One K range is said to be higher than another K range if the
elements of the former arc higher than the corresponding elements
of the latter with possibly some conciding.

A continuous variation of the elements of « K range will be called
a proper varwation if—

() during the variation, the elem ents of the K range remain
within the stem ;

(i) the elements of the K range as well as the extra elements of
the K range when they exist or are developed maintain their relative
order. Any conseculive two may come into as close a neighbourhood
as one wishes but do not comerde with or cross each other. Extra
clements when they exist or are developed do not disappear ;

(i) sub-extra elements of the K range when they exist or are
developed may afterwards disappear, but do not coincide with or
cross the extreme elements of the K range.

A proper variation of & K range will be called elementary if
during the variation r—1 elements of the K range remains invariable
and the other two elements vary.

An clementary variation will be called an elementary contraction
if during the varistion, the two variable elements continually
approach each other.

A K range will be said to undergo a progressive contraction if it
undergoes a series of elementary contractions in which each element
moves 1n a constant direction or remamns stationary during each con-
traction of the series

If a set of consecutive elements of a K range are brought together
by a proper variation within any arbitranly small neighbourhood of
O, they are suid {o congregate at 0. A K pomt, for example, 138
point at which all the r + 1 elements of a K range congregate,

A et of consecutive elements are suid to congregate beside O if
they are brought mto an arbitrarly small upper or lower neighbour-
hood of 0. In the former case we will say they congregate upside O
and in the latter case downside O,

A progressive contraction of u clear K range will be called simple
if the elements of the K range divide:into two groups, a lower and an
upper which continually approach each other. The two extreme
elements P; and P,., are the firat to undergo an elementary
contraction till Py (or P,,;) congregates beside P, (or P,). The
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congregation P,P, and the element P, ., are then made to approach
each other by alternate elementary contractions of Py,P, ., and Py,
P.., till the congregation P,P, comes beside P; or P,,,; comes
beside P,. The process is continued in this munner. 1t will result
in congregation of all the elements at a K point unless stopped at
some stage. As soon as extra points are developed the process must
stop or it may stop when all the elements on one side of an arbitrary
fixed point O within the interval has congregated beside O.

One K range is said to cross another K range, which is either
higher or lower, if the interval of cach contamn in its nterior an ex-
treme olement of the other.

Two cross ranges are said to have external cross comtact if the
elements of each range which lie 1n the common interval of the two
cross ranges congregate beside each other, sv that the common inter-
val is arbitrarily small.

The cross ranges are said to have internal cross contacl, 1f the
elements of onc range which lie in a non-overlapping part of its inter-
val congregato beside the nearest extreme element of the other range,
so that this non-overlapping part 18 arbitrarily small.

An interval of the stem will be called free if 1t does not contain
any K point in its interior.

An interval of the stem will be called prime if it contains in its
interior only one K point.

An interval of the stem will be called composite if it contains in
its 1nterior more than one K point.

A K range will be called prime if it does not possess any extra
elements, neither does 1t develop any extra elements during any
proper variation in its interval, A K range in a prime interval will be
prime but the interval of a prime K range 1s not necessarily prime.

A K range which 1s not prime will be called composite.

Suppose a K range initially clear develops during a simple pro-
gressive contraction a pair of extra pomnts. We can now reduce the
range by considering the two highest or two lowest points of the
range as sub-extra or by considering each of the extreme points of
the range as sub-extra. In the first case, the reduction is unilateral
and in the second euse the reduction s bilateral. A unilateral reduc-
tion is infra-lateral or supra-lateral according as the two lowest or
the two highest elements of the range are reduced.

6. We will now establish some elementary theorems., The stem
will be supposed to be congenial to the tendril.
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Theorem 1.—The sign of each element of a K range as well as of
each extra element remaing invariable during a proper variation.

If any element of the range of ntimacy of the tendril with the
stem change sign, then every element must change sign at the same
time as consecutive elements of the range of intimacy are of contrary
sign. This is impossible as the elements of a K range as well as the
extra elements of the K range maintain their relative order during a
proper variation and do not cross or coincide with each other. If all
the elements of a range of intimacy change sign, then all the loops of
intimacy change sign and in doing so must coincide with the stem at
some stage. But a loop of intimacy cannot coincide with the stem
as the number of points common to the tendril and stem is always
limited.

The only conceivable way in which an element P of a K range
may change sign is when two extra elements are developed indefinitely
close to P on either side. This case will be dealt with in the course
of demonstration of the next theorem.

Theorem 11.—Exlra elements of a K range are developed in pairs
between consccutive elements of the range.

Consider a K range initially clear of extra elements. The deve-
lopment of an extra element is preceded by the bending down of one
of the loops of intimacy on the corresponding interval of the stem giv-
ing rise to a contact of the p'* order of the tendril with the stem at
a point O which is either an interior point or an end point of the
interval P, P, ;.

First suppose O is an interior pomnt of P, P,,]. Then in an
arbitr ary neighbourhood of O falling within P, P, there arc devel-
opod p +1 extra points of intimacy. Now as the signs of Py, Py,q,
originally contrary, continue to be so after the development of the
extra points of intimacy by proper variation and as the extra
points must obey the law of alternately contrary signs with the ele-
monts of the K range, they must be even in number.

Now suppose O is an end-point of P; P,,,. Say O is at P,.
Thep in an arbitrarily small neighbourhood of P,’ there are developed
p+1 points of intimacy of which one is P, and the others are extra
points. These p +1 points lie between P,_, and P,., which are of
the same sign. Consequently p +1 must be an odd number. Hence
the number of extra points of intimacy developed will be even. This
vet of p+1 points of intimacy will be of alternately contrary sign.
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We can identify any of these of a sign contrary to thatof P,_, or
P,., as the point P,, so that between P, and P,_, as also between
P, and P, there will be an even number of extra points of intimacy.
If P, be the lowest element of the K range then we can choose as P,
the lowest possessing suitable sign of the set of p+1 points ; so that
the new points of intimacy developed will consist of any even number
of extra clements and a single or no sub-extra element. The srme
might be said if t he point O were at Py, ;.

If the K range be not initially clear then the new extra points will
be developed in pairs falling between pairs of consecutive elcments of
the K range for the old extra points by definition exist in pairs be-
tween consecutive points of the K range

If extra elementr are developed simultaneously at each of the r+1
points P,, Py,..., P, of the K range and if the topmost and bottom-
most points developed have the same signs as P, ., and P, respective-
ly then we can identify them with P,.; and P, and with suitable
identifications at all the other points of the K range, the K range
will maintain the signs of its elements inviolate and consequently
the number of extra points developed between any two consecutive
points of the K range will be even. If however the topmost or bottom-
most extra point differ in sign from P, ,; or P, then we can maintain
the sign of P, ., or P, inviolate by considering this extra point as
sub-extra,

Theorem I1l.—In an clemenlary variation of a K range the two
variable elements of the K runge move in opposite directionsand in
general any two variable clements in the whole range of intimacy of
the tendril which have between them no other variable element al-
ways move in opposite dircctions.

First, consider two variable consecutive elements P, and P,
of the range of intimacy of the tendril with the stem. If possible
suppose in an elementary variation P, and P;,; recoive small dis-
placements in the same direction, say upwards, to P/, and P';,,
where P/, lies between P; and P;.;. Then the loops P, P, and
P’y P!y, are of the same sign and the intervals P, P,,, and P/,
Py, cross each other. Consequently the loops P, P, and P/,
P';., must cross each other at some point. Thus two different
tendrils of kind K having r—1 points common have another point
common which is impossible.

Next, consider two variable elements P, P, of the range of inti-
macy of the tendril with the stem which have between them only
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elements which are invariable. Suppose P, and P, are displaced to
Py and P/; by an elementary variation. The loops P P,,, and
P,_,P, whero P;,, and P;_, are invarible elcments must lic both
within or both without the loops P/,P,,; and P,_;P'; for cvery
pair of correSponding loaps of two tendrils having »—1 points common
on the stem must possess this property. Henece if P’; lie between
P, and Py.q, then P/; will lie betwecen P;_; and P, and if P!, be
below P, then P; will lie above P,. Thus P, and P, will be dis-
placed always in the same direction.

Lastly, suppose P, and P, arc two variable elements of the K
range which have between them no other eclement of the K rango or
invariable clements of the K range. If no cxtra elements of the K
range lie between P, and P;, then the proof already given holds. If
any oxtra elements oxist between P, and P;, then they will exist in
pairs. Suppose there is only one such pair P, P,,,. Then if P; move
downwards P, will move upwards and consequently P, will move up-
wards. Similarly 1f P, move upwards P; will move downwards.
If there are morc than one pair of extra points between P, and P,
similar proof will hold.

Theorem IV.—In any proper variation of a prime K range it
cannot happen that the clements of the K range are all displaced
in the samc direction or some arc displaced in the sume direction and
the rest are invariuble.

Suppose P,, P,,..., P, are the initial positions of the elements
of the K rangoe. Suppose if possible all of them are displaced up-
wards by o proper variation to new positions P/y, P's,. ., P/, ;.
Somo however may be considered invariable. By a series of ele-
mentary variations of the range P'y, P',,..., P'.., bring down P/,
down to P, while all the other elements move upwards. Again apply
o similar method to bring P/, down to P, while P/, remains invari-
able and all the other elements move upwards. By repetitions of
the method all the eclements except P/,.P’,..; will have been
brought back to their original positions and P/, and P’,,, will have
both moved further upwards from P, and P,., which is impossible
by Theorem III.

Theorem V.—A prime K range converges to a unique K point.

By a simple progressive contraction the interval of a K range
can evidently be made to acquire a sequence of diminishing values
converging to zero, each interval lying within the preceding one,

15
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The sequence of intervals define a certain point O on the stem
which is common to all the intervals. In every neighourhood of
this point O there is a K range. Therefore the point O is a K
point of the same sign as the given K range for a K range main-
tains its sign during a proper variation.

This K point O is unique. If possible suppose by some other
method the K range converges to some other point O’ on the stem
where O’ is above O. Take two sufficiently small neighbourhoods
about O and O’ which do not overlap. Then thereis a K range in
each of these neighbourhoods such that one is a proper variation of
the other. This is impossible by Theorem IV, as in that case all
the elements of the X range about O will have moved upwards to
the neighbourhood of O’ by a proper variation.

Thcorem VI.—~A K point cannot at the same time be both
positive and negative.

In a positive K range the tendril crosses from left to right at the
lowest point of thoe range. Hence in the limiting form to which
the tendril tends as the elements of the K range converge to the
corresponding K point, the tendril approaches the stem from the
left side. Similarly at a negative K point, the tendril approaches
the stem from the right side. Now as the limiting form to which
the tendril tends, as the determining points of intimacy ap-
proach each other is unique, we see that the given K point cannot
at the same timo be positive as well as negative.

But it may be argued that at a particular point O, the tendril
may have a contact with the stem of order r+1. In this case the
tondril should have in every arbitrary neighbourhood of 0, 7+2
points of intimacy with the stem. Of these r+2 points of intimacy
if we take the first 7+ 1 we shall have a K range of a given sign,
say positive. If we take the last r+1 points we shall have a K
range which is negative. Consequently it may be argued that at
the point O, there exists both a positive and a negative K point.
But a little consideration will show that such a contingency is im-
possible, From a purely geometrical point of view a contact of the
r+1¢% order at O implies the existence of r+2 real points of inti-
macy in every arbitrary neighbourhood of 0. Now if we tvy by a
simple progressive contraction to make the first r+ L points to con-
verge at O, the r+2¢" point will be continually moving away from
0, so that if the interval in which the r+2 points existed at any,



SOME GENERAL THEOREMS 113

moment was arbitrarily contracted it would soon cease to hold
the r+2¢* point,

Again suppose we have an unlimited number of K points in the
stem. These will be alternately positive and negative as we shall
prove later on. Suppose O is a limiting point of these K points.
Then in every neighbourhood of O, there will be a positive K point
as well as a negative K point and consequently a positive K range
a8 well as a negative K range. In this casc the point O might be
called a positive as well as a negative K point. This contingency does
not however arisc as we have supposed the number of K points on a
stem to be always limited. [Vide condition (V) of congeniality.}

This theorem is fundamental to our investigations.

Theorem VII.—If a composite K range undergo u progressive
contraction with unilateral reductions it will ultimately converge to
a K point of the same sign as the original K range.

Suppose we stert with a K range initially clear of extra points
and apply to it a simple progressive contraction with unilateral
reductions whenever a pair of extra points are developed. This
unilateral reductions will not alter the sign of the K range. Rcpeat
this process continually. Then a certain stage will be reached
after which simple progressive contraction will no further develop
extra points.

For if the development of extra points continued indefinitely
while the interval of the K range converged to a point O, then in
every neighbourhood of O there would be a K range with extra
points. This K range with extra points by unilateral and bilateral
reductions would give rise to two K ranges with different signs.
Consgequently the point O would be both a positive and a negative
K point which is impossible.

Thus every K point cogverges by simple progressive contractions
with unilateral reductions to at least one K point of the same sign
which 1s interior to its interval. The unilateral reductions we will
suppose always supra or always infra although the argument does
not require it.

Theorem VIII.—Every K. point has a neighbourhood in which
the corresponding K range is prime.

Take any prime neighbourhood of K ; there must exist & K range
of the same sign as that of K in this neighbourhood. This K range
will be prime, for if by any proper variation in the prime interval,
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o pair of extra points are developed, then by bilateral reduction we
shall get a K range of the opposite sign which will converge to a
corresponding K point. This latter K point being of a sign different
from that of the given K point must be a point different from it.
Consequently there are two K points in the same prime neighbour-
hood which 1s impossible.

Theorem IX.—The K pomnls of a slem are aliernately posilive
and negative.

Suppose O and O’ are two consecutive K points on a stem S, O
being abovo O. Suppose O is a +K point. Take any prime
neighbourhood of O, this neighbourhood will not contain O’ as an
interior point. Any K range Py, P,,..., P,,, in this neighbour-
hood of O will be positive. That is. the point P, will be positive.
Some of the elements of this range will be above O, others below
0. We can transfer the element nearest to O on the downside by
a simple progressive contraction of the K range in which the
remaining clements on the downside of O remains invariable. By
rcpeating this process we can transfer all the elcments on the
downside of O except the last clement to the upside of O.

Take any prime neighbourhood of 0’ with corrcsponding K range
Py, Pl,,...I", y. Wecan transfer all the clements Py, P/,,..., I/,
to the downside of O’ while P/, ,; remains on the upside of O'. Now
the mterval OQ' is frce. We can therefore transfer Py, P,....P, .,
to P'y, P'y,...,P', respectively without development of any further
points of intimacy, for in a prime interval there cannot exist moro
than r points of intimacy. Conscquently Pj, Pj,...,P,.. will carry
their signs with them when they arc transferred to P',P’,.... I,.
But the tendril is delermined by the r points of intimacy. Therefore
the signs of P; and P’; are conirary. And hence the K pomts O
and @' are of contrary signs.

Cor.—In an oval there are always an even number of K points for
thoy are of alternately contrary signs.

Theorem X.—If of two prime K ranges of opposite signs one be
above the other, then the point of convergence of the first is above
the point of convergence of the second.

The two K ranges being prime and of opposite signs will converge
to two distinet and unique K points of opposite signs. If the lwo K
ranges be separate, that is, if every element of the first be above
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every element of the second, with possibly the lowest element of the
first coinciding with the highest elemont of the second, then evident-
ly the K point to which the first converges 1s above the I{ pomnt to
which the second converges, as the K point corresponding to each K
range is an interior poimnt of ils interval.

It is only in the casc where the two K ranges cross ecach olher
that the theorem requires proof.

Suppose the first range 1s Py, P,,. ., P,., which is above the
second range @), @,,. , @,.; Apply a sunple progressive contrac-
tion fo the range P, Py, ., I’,,; till the elements of the range

below @, . congregate on the downside of Q, ., or the elements
above ¢, | congregate on tho upsile of @,.,. It may be observed
that during this sumple progressive contraction of the first range, the
first range continues to be above the sccond rango.

In the first case the bwo ranges will have cxternal cross contact
and a progressive contraction applied to the second range will
separate the two ranges and the theorem will follow.

In the sccond case the two ranges will hove mternal cross con-
tact. Now apply « sunple progressivo contraction to the second
range, till the elements of the sccond range above I’ congregate on
the upside of I’y or the clements of the second range below P, con-
gregate on the downside of P,.

In the first case the two ranges will have external cross contach
and can be separated by a further simple progressive contraction
given to the first range.

In the second case the two ranges will have internal cross con-
tact. By continual appheation of sunple progressive contractions
alternately on the two ranges they will cither separate or continually
contract and converge to a common pomnt O, which will be thus
both a positive and a negative K point, which is impossible.

Cor.—If Py, Py,.. P, ., ber+p consecutive pommis of mmtimacy
of the tendril with the stem and if tho ranges Py..., P, .y, Po...P, .o,

. P,...P,,, be all prime, they will converge to P unique K points
of alternately contrary signs.

Theorcin XI.—A composite K range converges to a highest and
a lowest K point which have the sume sign as the original K range.

Suppose we start with a K range initially clear and apply to it
progressive simple contraction. At some stage it will develop a pair
of extra points. By infra and supra reductions wo shall respectively,
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got two K ranges of the same sign which cross each other, the first
being above the second. If we go on applying progressive simple
contractions with infra reductions to the first range we shall get the
highest K point of the range and if we go on applying progressive
simple contractions with supra reduction to the second range we shall
get the lowest K point of the range.

If we adopt the method of cross contact explained in Theorem X
to the two cross ranges with infra reductions {o the first and supra
reductions to the second they would always continue to be cross, that
is, the first will continue to be higher than the second with a
common interval between them or they will separate.

If they do not separate at all then they will ultiinately converge
to a common K point in every ncighbourhood of which there will be
two K ranges of the same sign which cross each other of which one is
necessarily higher than the other. This is impossible (Theorem V)
as ultimately the neighbourhood will be prime.

Cor. 1.—Every composite K rango converges to at least three K
points, as between the two extreme K points of the same sign there
is a K point of the opposite sign. Theorem IX,

Cor. 2.—If two composite K ranges of contrary signs cross each
other, they will converge to at least four K points.

We will now enunciate a general theorem of importance.

Theorem XI1I.—If an oval tendril of kind K and index r, have
2p (Kr+1) points of intimacy with an oval stem congenial to lhe
tendril, then there will exist on the oval at least 2p distinct K points
on the stem.

Suppose P, Pg,..., Py, are the 2p points of intimacy. They
form 2p successive K ranges PP;...P,.1, Po Ps...P,. 0.0
P,, Py... P, of which any two consecutive onos are of opposite sign
and cross each other.

If all the ranges be prime, then by Theorom X, they converge to
2p unique K points of alternately contrary signs and the stem will
contain exactly 2p distinct K points.

If some or all the ranges be composite, the number of K points to
which they will converge will be greater.



A GENERAL THEORY OF OSCULATING CONICS—I*
BY
S. MUKHOPADHYAYA.

Formulae and Theorems relating to Osculating Conics are to be
found scattered in Text-Books and Journals, but they do not seem
to have been treated amywhere 1n a collective form connceted by a
general theory.

The methods of deduction of the equations from first principles
adopted 1n this paper may appeal to many as new. Many of the
results obtained 1n this paper will, 1t is hoped, be found to be also
now.

Exclusive use has been made of the method of differentials, as
distinguished from that of differential co-efficicnts, in deducing the
fundamental equations. BEach of the co-ordinates ¢ and y of any
point of the curve have been supposed to be funetions of an inde-
pendent variable, not cxpressed The differential co-efficionts, of
x and y with respect to the independent variable which we may call
t, of any required order, are supposed existing and finite, such that
the imits At=0 of A"z/(At)" and A"y/(Al)", where A"z and A"y
are to be interpreted in the sense they are used in the Calculus of
Finite Differences, are respectively equal to the n-th differential co-
efficients of « and y with respect to ¢, for the necessary values of n.

1. The general equation of a conie, passing through two given
points (z, y) and (x,, ¥,), must be of the form

AX =2)(X=2y) + p(Y =9) (¥ =yy) +v X =2)(¥ =y,)
+p(X—2)(Y —y,)=0 e (1)
as 18 evident from the number of arbitrary constants involved

Therefore, the equilateral hyperbola through (x, y) and (x,, y,) is
of the form

ME-2) X —2)) = (Y —y)(Y—y 1)} +v (X—a) (Y~ y))
+p(X—z)(Y—y)=0. T )

* From Journal of the Asiatic Society of Bengal, New Series, Vol. IV, 1908.
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Therefore, the cquilateral hyperbola, through (2, ¥), (z;, ¥1),
(®2: ¥2)) (x5, y3), is

(X=2)(X=2,) = (Y =y Y =y,) (X=2)(¥Y=y,) (X—2,)(¥—y)
(@o=)@s =2 ) = W=0Ws=y1)  @=2)go=y:) (@a=2)(ys=y) =0 )
@y ~2) (@ —2) = (U= Ws—y)) (@,=2)ys—y,) (@s—z(¥5—y)
or,
X=z)(X~2)— Y=y (Y-1y,) X-2)(Y-y,)

(g—a)(xg—21) = (Y2—Y)(Y2—Y1) (e—xMyo—yy)

(@z—2)(@s—21)—Ws—Y)¥s—Yy1) (@3 —x)(ys—Yy1)

(Y=y) (@) —2)— (X—2a)(y,—Y)

(Yo—y)ay— x)—(we—a)(y —¥)|=0. ... (4)
Y5~y (ry—a)—=(2;—)(y1—Y)

Now if (¢, ¥), (xy, Y1) (x2, ¥2) (x3, ys) be four conseculive
points on a curve, separated by equal infinitcsimal increments of the
value of the independent variable, then evidently

z)=x+dr, Ta=x) +dr;, £3=x;+dr,.

~

Therefore, x, = +dx+d(x+dz)=x+2dr + d%r, x5 =r+2dr }
(5)

+d2z+d(x+2dx+d%2x)=x+3de+3d3%e +d
with corresponding expressions for v, y,, ¥,

On making substitutions (5) in equation (4), we have, after
simplifying the determinant by subtructing three times the second

row from the third and ultimately neglecting all nfinitesimals of a
higher order,

(X=2)2—(Y=-y)?2 (X—2)(Y—y) (Y—y)de— (X —a)dy
2dx2 —2dy2 2dxdy d?ydx—d2xdy =0. ... (6)
6(d2zdx—d2?ydy) 3(d%ydx+d2zdy) d3ydr—d3zdy |

Equation (6) is the equation of the osculating equilateral hyper-
bola, at any point (&, y) of a curve,
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1f the independent variable be x, then d2z=0, d3z=0, and if we
write p, ¢, r for
dy ~adzy d%
dz ' dz? ' dz3’
the equation (6) becomes
{(X—2)2—(Y—y)?}2pr—8¢%) —2(X —=)(Y —9) {(1—p?)r + 3pg*?}
+6{(Y~y)—(X—=2)p}g(1+p*) =0. v (M

2. As another illustration of the method of last article, we may
determine, in general differentials, the equation of the circle of
curvature.

The equation of a circle passing through (z, ), (x1, ¥,), is evi-
dently of the form

X—2)X ~z))+(Y=y)(Y—y))
=M(Y—y) (@, —z)— (X —2) (1 —9)} ... 8)
Therefore the equations of a circle passing through any three
points, (z, ¥), (£1, ¥1)s (@2, Yo) I8
(X —)(X =)+ (Y—-9) (Y —¥1)

_(wp—a)(zg—a)) + Wa—Y)¥—Y1) iy ) — (X —2) (i« —
(;E_y)(;_;)_(x:_m)(yl_y)‘ {(Y=y)(zy—2)—(X—2)(¥1—¥)} 9)

If now (z, ¥), (€1, ¥1)s (xgs Yo) be three consecutive points on
any curve, separated by equal infinitesimal increments of the value
of the independeni variable, then as in equations (5), zy=x+dz,
29 =2+ 2dz+d%z, with corresponding expressions for ¥ and y,.

Therefore, equation () gives

(x—a)=+(Y—y)2=—d—ffl—‘if%"’—_fd‘;'{;L {(Y—y)dz—(X—2)dy}. ... (10)

Equation (10) is the equation of the circle of curvature. Hence,
the co-ordinates of the centre of curvature and the radius of ocurva-
ture are given by

(dz2+dy2) dy )
dzd?y—dyd®z
da? +dy?) dx . (11
Y=y+ c(lmd'-’y-:?iy)d‘-’z )

_@e?+ay?)?

X=x-

2)-:

P= dzdPy—dya’z
16
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It x be the independent variable equations (11) bscome
1+p¢ 1
X=z-—11D7 +P g l

Y=y + ““’) . (®)

. M .
9 )
3 Theco-ordinates of the centre of the osculating equilateral
hyperbola (7), as determined by differentiating (7) with respect to X
and Y, are

- 3qr__(_1 +p?)
X= T =827 1%

39 (pr—38q¢%)(1+p?)
Y=y~ (pr—3q%)% +r

(18)

It R be the radius vector of the osculating equilateral hyperbola.
drawn from the centre to the point of osculation, then, from (18),
8q (1+p%
= 2 = e, . (14
R V(X—x) +(Y—y)? \/(pr—3q2)2+1,2 (14)
If P be the perpendicular from centre on the tangent at the point
of osculation, then, from (18),

=p (X—x)—(Y—y) _9q° vitp?
P= Vi+p? T or—3g%)%+12 - (19)

The axis of the e quilateral hyperbola bisects the acute angle be.
tween R and P. If a be the length of the semi-axis, then

p=ppe 2004 (L+p)E . .. (18)
{(pr—3q%)2 +72}3

4. Theorem I.—The locus of centres of equilateral hyperbolas
osculating & given parabola, is an equal parabola, which is the re-
flexion of the former on the directrix.

For, taking the parabola to be y= -—. we have p——, q—_. r=0.

Therefore from (18), X =z, Y=y——2g whence the theorem.
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Theorem II.—The locus of centres of equilateral hyperbolas,
osculating & given central conic, is the mverse of the conic with res-
pect to the director circle. (Noticed by Wolstenholme.)

2 g2
For, taking the conic to be :1 +b%= 1, it is easily shewn, by (18),

that
_z (a2+b? y=Y (a2+b?)

T z?yy? z2 +yt an

whenca the theorem.

5. If an equilateral hyperbola and & parabola both osculate a
given curve at a given point they osculate each other, for each of
them passes through the same four consecutive points on the curve.

Hence, from Theorem I, we conclude that—(i) The directrix of
the osculating parabola at a point P of a curve bisects at right angles,
the line joining P with the centre @ of the osculating equilateral
hyperbola; (i) 1f O be the middle point of PQ and S the focus of the
osculating parabols, then 8 is the reflexion of O on the tangent at P.

Hence from (18), we easily deduce the equation for the directrix
of the osculating parabola to be

7(X—=z) + (pr—8¢?) (Y—y)—iq (1 +p?)=0. . (18)

And if (a, 8) be the co-ordinates of the focus 8 of the osculating
porabola, then, from (18), we easily deduce

—. 3q (1 +p?) r—Bpg?
Bt =3¢ 13 1)
B=y+80 pUL+pYr+892(—p7)

2 (pr—3g2)2 +r2

The equation, of the osculating parabole itself, 1s therefore
X—a)? +(Y—B)3

— {r(X—=) + (pr—89?) (Y—y)—3§q(1 + p9)}2

(pr—38q%)2 +13 e 20)

which, after substitutions (19) for a, 3, becomes

{ (X—)(pr—893)—(Y—y)r}9=18¢? {(Y—~y)—p X—a)}. .. (@1}
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The semi latus rectum (I), of the above parabola, is the perpendi-
cular from the focus (a, 8) on the directrix (18). Therefore,

5
1= 27q

=— - 22
{(pr—89?)2 + 12} o

It may be noticed here that the focal distance of P and the focal
perpendicular on the tangent at P, are respectively 4R and 3P, given
by (14) and (15).

6. If two central conics, one of them being an equilateral hyper-
bola, osculate a given curve at a given point, then they evidently
osculate each other ; hence, from Theorem II of article (4), we draw
the following conclusions :—

(i) The locus of centres of osculating conics, to a given curve
at & given point, is a straight hine.

For, the given point P and the centre @, of the osculating equi-
lateral hyperbola are, from equations (17), in one straight line with
the centre C, of any other osculating conic. The equation of this
line of centres PQ is evidently from (13),

(pr—38¢2) (X—a)—r (Y—y)=0. . (23)

(i) The director circles of the osculating eonics to a given point
of & curve form a co-axial system, having two real limit-
ing points P and Q.

For, CP.CQ=a2+b2, from equations (17), C being the centre of
the osculating conic and {herefore of its director circle.

The foregoing conclusions might have been arrived at frem
simple geometrical considerations. The system of osculating conies,
at & given point, have becn looked upon, analytically, as having
four consecutive points common with the curve. This is not,
however, the best way of looking from the geometrical standpoint.
Geometrically we may consider the system of osculating conies as
having four consecutive tangents common with the curve. Hence—

(2) All osculating conies at a given point P of & curve may be
conceived as having been inscribed to the same vanishing
quadrilateral, formed by four consecutive bangents,
Therefore, from well-known properties of & system of
conics inscribed to the same quadrilateral, we have,
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(b) The locus of centres of conies osculating a given curve at x
given point, 1s & straight line.

(c) The director circles of this system of conies form a co-axial
system.

(d) The radical axis of this co-axial system is the directrix of
the osculaling parabola.

(¢) The limiting points of this co-axial system are the given

point P and the centre @ of the osculating equilateral hy-
perbola.

For, the director circle vanishes only if the conic vanishes or is
an equilateral hyperbola.

(f) It C be the centre of any osculaling conic, then CP.CQ
is equal to the square of the radius of the dircclor
circle.

(9) 1f CD be the semi-diameter, conjugate to CP, of the oscu-
lating conic whose centre is C, then

CP2+(CD2%2=a2+b2=CP.CQ=CP2+CP.PQ.
Therefore CD2=CP.PQ. . (29)

Evidently the locus of D is a parabola whose focus bisects PS,
where S 15 the focus of the osculating parabola.

7. TIf we compare the values of p, B, P, a und ! already obtained
(12, 14, 15, 16, 22), we notice a number of obvious relations, of
which the most remarkable is

a?=lp. ... (25)

Again if ¥ bo the angle between the normal and line of centres

B -0 - e

Therefore if =0, then P=R=a=p=I,
N.B.—Tho angle ¥ has been discussed by Transon (Liouville,

Vol, VI). It is easily shewn tan y=p— a '; qu %‘ZP
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8. To determine the axes of any conic of the system we may

proceed as follows :—

From the form of the equation of the line of centres (23), the co-
ordinates (X, Y) of the centre C, of any osculating conic of the system,
can evidently be written as

3qr

X=2- 2 y-_—y__i’i(lf_’xf_?’_‘lfl .

where A is an arbitrary constant.

Whence, CP=13¢ {r’+(Pf-3Q’)R}%'1 (28)
A

snd by (14) PQ= (ﬂl * p:lrg}i

Therefore by (24) CD’=CP.PQ=9q"‘(1+p9).~i. . (29)

The equation of CD is evidently, by (27),

(¥ =) -p(X ~2)=24". . GO

Therefore if PM be the perpendicular from P on CD,

-
PM A_(T'*rp”)é' .. (81)

Hence, if a and b be the semi-axes of the osculating conic.

a%+b¥=CPI+ 0D2=?§ {r®+ (pr—89%)2 + A(1+p?)}
2t (82)

a?® =CD?. PM%2=729. el

The equation of the director circle follows from (27) and (82).
It is
: —8q%)) 2
{X—x«--?-%r-} 'y {Y—y+a-(1@1r§1—2}

3.%1{,”4. (pr_wﬂ)ﬂ +,\(1+pl’)}
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or
MX=2)%+ (Y =y)2} +99 {(X—e)r + (Y - y)(pr—83%)
-§9 A +p9)}=0. ... (89)

9. To determine the equation of any conic of the system, let V
be any point (XY) on the conio and £, 5 its co-ordinates referred to
CP and CD, which are oonjugate semi-diameters. Draw VH and
VK perpendicular from V on CD and CF. respectively.

" 2 =
Then -C_Pf + a%-i 1

{ —y—p -2

{2 SVHE,
But op= ppge = (-t pY). 81g°
A3(1+p?)

by (30, 81)

= [{(Y—y)—p (X—2)}r—0g3]s
81gS

and n? _ 22 VK3 _CP? VK2
CD* VK*(CD? PM?CD?
=992{r?+(pr—3¢9) 2} {(Y—y)r—(X—=z)(pr—8g?)}?

A7, 81g°
Ty (M (r—8a)?}0g*(L+pY). 3

by (28, 81, 23, 39)

MY ~y)r- (X —2)(pr—3q?%)}?
81q¢ '

Therefore
MY =y) =p(X -0} =08g° )2+ A[(Y = y)r = (X - »)(pr—~3¢%)]?
=81q% ... (84)
or
MY =y)=p(X =2)}2+ {(Y = y)r— (X = 2)(rr~8¢?)} 2
=18¢3{(Y-y)~p(X ~-x)} ... (35)
which 18 the general equation of any conic of the system.

A=0, it is a parabola.
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1f M1 +p2) +92+ (pr—~3g%)2=0, it is an equilaleral hyperbola.

10. The conic of closest contact has evidently for its centre the
point common between two consecutive lines of centres. Let X, Y
be the co-ordinates of its centre, so that

=y 847 v_._38a(pr—38g?)

X=z 3 Y=y ==

where A has 1o be determifed.
dX _

dz
responding to «, ¥, A and z+dz, y+dy, A+ dA must be identical.

‘(% =0, as the two centres cor=

Then we must have 0 and

Hence 49X _,_ 8(r%+gs) Sqr _dr _,
de A A2 dx

dy =p~ 8(pr2+pgs -8q21)+ 3qr(pr:—3q2) L.
dx A A% dz

Eliminating g—:: between the above two equations, we have
A=3gs—5r2, e (36)

Therefore the co-ordinates of the centre of the conic of closest
contact arc

3gr Y =y—320r—3¢% @7

X=o— 8qs—>br? 8qs—5r2

and the equation of the conic of closest contact is
(8gs—5r?) {(Y—y)—p(X—2)}2 + {(Y—y)r—(X—=z)(pr—39?)}*
=18¢% {(Y—y)—p (X—=)}. .. (88)

Therefore the conic of closest contact is an ellipse, hyperbola or
parabola, according as 89s—>5r2 is positive, negative or zero.

11. It may be interesting to deduce the equation of the conic of
closest contact directly by the method of differentials.

The general equation of a conic through (x;, y;) and (=, y.) is of
the form, already given (1), viz.,

AX—2)(X—,) + p (Y—3)(Y—y1) +v (X—2)(Y—y,)
+p(Y—y) (X =2)=0,.
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1 herefore the conic through any five points (x, 9), (xy, ¥,),
(g Y2)s (@3, ¥3)s (T4 Yy), i

(X=z)(X-2,) (Y-y)(¥~-y,) (X-2)(¥-y,) (F-p)X-=z,)

@s=2)(z.~2)) W=9)W:=1,)) (2.=D)Ye=v:) W= P(@~2))|_,

@s—2) (@, =a)) W= —11) @—2)Ys—v)  (¥s—y)(zs—2)) B
@i=2)(@,=2,) (Y,—y)y,—y,) @ -2)@.~y) @G —P@—2) '
or

(X—z)(X—w,) (Y=9)(Y-y) (X-z)Y=19))

(@3 —2)(@a=2,)  (Ya—(Ya=1,) (22—2)([Y2—Y1)

(z,—ﬁ)(@s—¢!) W= WYs—91) (@, —2) (Y —Y,)

(@, —0)@=21) @=0(F.~1) (@—2)y.~y))

(Y—9y)(z,—2)~(X—2)(4,—9)
@s—y) (2, —2) = (2. —2) (¥, =¥) |=0. ... (39)
Ws—y)(2y—2) =, —2)(y,—y)
W —(r=2) = (z,=2)(¥ —¥)

Now if (z, ¥), (1, ¥1), (@2 Ya): @3, ¥s) (x4 y,) be five consecu-
tive points on a curve, separated by equal infinitesimal increments
of the value of the independent variable, then, as in (3),

z,=z+dz zo=z+2dz+d%* zy=z+3dx+8d%z+d3x
m4=.r,+4d:1:+6d?w+4d3z+d‘r ... (40)
with corresponding expressions for Yy, Yo. Y3» Yg.

On making substitutions (40) n (39), we have, after simplifica-
tion of the determinant by adding to the third row, the second
row multiplied by (—3), and to the fourth row, the third row multi-
plied by (—4) and the second row multiplied by 6, and by ultimately
neglecting all higher orders of infinitesimals,

(X—2)* (Y-y)°
2(dx)? 2(dy)*
6dxd®x 6dyd®y

6(d*z)® + 8dxd®z 6(d®y)? +8dyd*y

(X=2z)(Y-1) (Y-y)dz—(X—2)dy
2dxdy d?ydz—dzdy

=0 .. (41)
3dxd®y + 3dyd’z d*ydz—d>zdy

6d*xdsy +4ded®y +dyd’x), d'ydz—dizdy

17
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which is the equation of the conic of closest contact in gencral differ-
entials,
Equation (41) reduces to (38) when the independent variable is 2.
12. It is not difficult to extend the mecthod to the direct deter-
mination of the equation of the osculating parabola.

The cquation of a curve passing through (=, y), (zy, y,) which
reduces to a parabola if (z, y) and (x,, y,) comeide, is evidently of
the form

MW (X=2) (X=z;) +#¥ (T=1) (Y=17)

=W (X=z) (1) —(Y—9) (z,—x).

Therefore, the equation of such a curve passing through any four
points (2, ¥)s (x5, Y1) (£2> ¥o)s (x5, ¥3) is

VX-a) X=z;) VYI=9) -9 vYI-) @=-2-&=2) (#,—p)

Viza=2)@—2) V@m0 (=9 VW1 @ —a)—(2,—2) G, =1)

'\/(zn"a:) (zy—~2,) V(ya—y) (1/"?/1) ‘/(?Is-ll) (@,=2)=(z,—2) (y,~9)

=0, .. (42)

Now if (x, ¥), (=1, ¥1): () ¥g), (z3 ¥3) be four consecutive
points on a curve, then, from (5),

v [wg—2) (@g—i,) =¥ Qdz+d%) (dx+ d%z) = v 2(dz+ Jd22)

N (3—x) (z3—a,)=y Bde+3d2z+d%x) Qda+3d%z+dr) )

=46 (dz+jd%),

ete.

V(Y2 =) (z,=2)= (@z—2) (y;—Y) = ¥ d®ydz— d2zdy ... (48)

vV (Y3=y) (@, —2)=(r3=—1) (¥, —Y)

=V 8(d%yde —d2axdy) + (A% yde—d3zdy) = v 3V dzd?y—dyd 2z

d3ydz—d3zdy
X ( 1+ A%ydz—d2ady
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substituting (43) in (42) and simplifying, we have

X—o Y-y 3y2ady—dyd®e)}y T3 GamX—a)dy
dz dy 8(ded?y—dyd?z)
d2x d2y (dxed?y—dydir)
=0 .. 44
or, (Y—y) {dz(d3yde—d3zdy) —3d2x(d?ydr—dzdy)}
—-(X-2) {dy(d3ydz —d3xdy) —8d%y (d%ydx—d3zdy)}

3 —— e
=3y 2(d2yde—d2zdy)2 V(¥ —p) da—X—a)dy .. (45)

which is the equation of the osculating parabola. It reduces to 1)
if  be the independent variable.

From (45) it is evident that the equation of the line of centres 1s
-y { de(d3yde—d3edy) —3d%x(d2yde—d2zdy) }

=(X=—2) { dy@3ydr—ad*zdy) - 3d%y(d%ydz—d2edy) }.  (40)

13. The differential cquation of a conic is the condition that
the conic of closest contact is stalionary. We may determine this
condition easily.

The condition that any six pomts (z, ¥), (€1, ¥1)» (£2> Ya)s X3» Ya)i
(x4¥4)r (5> Ys5) ay lic on a conie is evidently,

(e=2) (@,=2,) (Hy=1) Wa=y) Ws—y) (@22
@a=a) (Z:=%) (=1 Us—=y) @=Y) (8,—%)
(@,=2) @=2,) @) @G=9)) G—%) @ =2
(@g=2) @s=21) Ws=1) Ws=v)) Ws—=1) (@:—2)

W =)@ —2) =y, =)@, =)
(ys=9)e,—2)=(y, =9 (zs~7) I
We=y) (@, =~2)= @, =Yz, =2)
s~ p)N(@1=2) = (1, =¥)(2s =)

=0. . (47
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Now if (2, ¥), (z1, ¥1), (@3, Ys)s (4, Ys)s (x5 95) be six conse-
cutive points on a curve, separated by equal infinitesimal increments
of the value of the independent variable, then, as in (5),

zy=z+dz zg=z+2dz+d?z z3=x+8dx+3d%x+d3z

zy=z+4dr+6d%z+4d3z+d*x )
zs=x+5dr+10d2x +10d3z+ 5d4z+d°z

with corresponding expressions for ¥y, ¥g, Yg» ¥y 5.

On substituting (48) in (47), we have, after simplification of the
determinant by adding to the second row, the first row multiplied by
—3, to the third row, the second row multiphed by —4, and first
row multiplied by 6, and to the fourth row, the {hird row multiplied
by —5, the second row multiplied by 10 and the first row multiplicd
by —10, and ultimately neglecting all infinitesimals of higher
orders,

dz? dy?
8drd®z 8dyd*y
3(d®*z)? +4dzd’x 3(d*y)* +4dyd®y

10d°zdz + 5dzd* ¢ 10d*yd®y + bdyd*y

2dzdy dzd®y—dyd*z
8(dzd?y + dyd*z) drd®y—dydz

=0 ... (49
6d*zd®y +4(dzdy? +dyd*x), dzdty—dyd‘z

10(d*zd®y + d%zd?y) + b(dzd*y + dyd*z). dzd*y—dydsz

which is therefore the condition that the conic of closest contuct at
any point of a curve may be stationary.
If the independent variable be z, then cquation (49) reduces to

4073 —45qrs+992t=0 e (50)

which is the differential cquation of the general conie, as has been
deduced by Monge.

Methods of simplification of equations (41) and (49) will be given
in the next paper.



A GENERAL THEORY OT OSCULATING CONICS—IT *

BY

S. MUKIIOPADHYAYA.

INTRODUCTION.

Abel Transon in a classical memoir, published 1 Liouville’s
Journal (Vol. VI, 1841, Researches on the curvature of lines and sur-
faces), gave the first impulse to the study of osculating conics and
higher affections of curvature.

To him we owe tho important discovery, that if O be the middle
pomt of an infinibesimal chord PQ, and T the summit of the are
P@, then tholine OT, in its limiting position, makes an angle 8 with the

normal, such that tan 8=lfé’~;. He calls the hine OT, inits ultimate

position, the axis of deviation, and takes tan § as the measure of the
rate of devialion of the curve fiom circular form, or, of the sccond
affection of curvature.

The more exact interpretation of tan & } seems, to the present
wriber, to be what he has called the partial rate of variation of curva-

ture, and the formula tan 8=},§p follows at once from this interpre-
8

tation,

Transon notices that the deviation axis 1 the locus of centres of
osculating conies of four-pontic contact. He determines the centre
of the conic of five-pointic contact. as tho intersection of two conse-
cutive deviation axes. The distance R of this centre, from the poinbt

* T'rom Journal A.S.B., New Series, Vol. IV, 1908, pp. 497-509.
} Vide * The Geometrical Theory of & Plane Non-cyclic Are, finite as well as
infimtesimal,’ J.4.5.B., New Series, Vol. IV, 1908, pp. 391-402.
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of contact, he first expresses in terms of p, ;l_p dd ,f ,

duces to an expression in q. r, 8, taking p to be zero. His result

i) d)

R=
EY e T

and then re-

d P qw?

3 (r? +og4?
3qs—5r2

He gives elegant geometrical constructions for completely etermin-
ing the osculating parabola and the osculating co nic. after tan 8 and
R have been determined.

His work is quasi-geometrical. His chief aim was to discover
‘ the second and third affections of curvature.” His discovery of
tan 8 was beautiful, and he rightly thought he had obtained the
third affection of curvature when he had determined the value of R,
which enabled him to construct the osculating conic.

Professors M. and R. Roberts and J. Wolstenholme have, as
isolated problems sct in University Papers or published in Collections
of Problems, made a nuwmber of useful detarminations about osculat-
ing conics. They have not done, however, any systematic work, and
it is not apparent what methods they may have followed in deduc-
ing the results. There is strong presumption that they have mainly
relied on Transon’s researches.

Dr. A. Mukhopadhyaya, in his admirable contributions to the
Journal of the Asiatic Society of Bengal, more specially in his
paper ‘On the differential equation of all parabolas,’” has treated
the subject more methodically, and has deduced and interpreted
several important results.

This second paper is based entirely on certain transformations of
analytical equations, deduced in determinant forms, in the first
paper. The results have bcen invariably expressed in general
differentials. The use made of the quantities P, @, B, S, etc., will,
it is hoped, be found interesting.
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14. The general equation of the osculating conic, obtained as
equation (41),* namely—

(X—2)2 (Y—y)?
2(dx)? 2(dy)?
6dxd?r 6dyd2y
6(d2x)2 +8dxd?r 6(d2y)2 +8dyd?y
(X—z) (Y—y) (Y=y) dr—(X—a)dy
2dxdy A2yde—d2xdy =0
8dxd2y +3dyd2x d3ydr—d8xdy
6d2xd?y+4(dxd’y+dyd'zr) d'yde—dizdy
is capable of a simple transformation
If we write
(Y~-y)dor—(X- x)dy=L
—y)d2z—(X—a)d2y=M
d2yde—dZxdy=Q
d¥yde—d3xdy=R
dtyde —dtxdy=8
adydr—doxdy=T (1)
d3yd2r—d*zd?y=R'
dtyd2r—dtxd?y=8'
dx24dy?=P
drxd2x+dyd?y=Q;
then, cquation (41) easily transforms into
L2 M2 .M L
0 202 0 Q -0
0 0 -3 R
6Q2 —8QR/ —4QR S
or,
L2 M2-2QL
0 ~2QR -3Q“’ l
6Q?2 -8QR'—2QS  —4QR \
or,

(3QM —-RL)? +(3QS—5R2+12QR"L2=18Q4L.

* See J.4.9.B., New Series. Vol, IV, pp. 167-178,
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or,
{(Y~9) (3Qd?z— Rdz) - (X — ) (8Qd?y — Rdy)}?
+(3QS —5R2 +12QR)) {(Y —y)dz—(X ~2) dy}* (52)
=18Q{(Y —y)dz— (X —2)dy}

Hence, the osculating conic is an ellipso, hyperbola or parabola,
according as

3Q8—5R2 +12QR’
is positive, negative or zero. (58)

15. Again, the condi‘ion that a conic may pass through six
consecutive points on any curve, obtamed as equation (19),

namely,
dx? dy?
8dzd?x 8dyd?y

3(d2x)2 + 4dxd®x 3(d2y)2 +4dyddy
10d2zd%z + 5dedte  10d2yd®y+5dyd*y

2dxdy dzd2y—dyd®z
8(dxd?y + dyd2x dzd®y —dyd3x
6d2xd2y + 4(dedy3 + dyd>r) dzdty —dydtx |=0

10(d2zd3y + d3xd2y) + 5(dzxd ty + dyd*z), dxd®y— dyd3x

likewise transforms easily into

0 Q:Z 0 Q
0 0 -3Q* R
3Q? —4QR —4QR 8 [=0
10QR -5Q8 10QR'+5Q8 T
or,
0 R 3Q
8Q S+4R —4R B
10R T+58' 10B'+58 |~
or, 40R3 —45QRS +9Q2T —W0QRR' + #5Q?8'=0 (54)

which is, therefore, the general form of the differential equation of &

conic,



GENERAL THEORY OF OSCULATING CONICS 137

16. The comic of four-pointic contact, at any point (x, y) of
a given curve, has the first, second and third differentials of x and
¥, the same as with the given curve, but the fourth and higher
differentials arbitrary, and, in general, different from those with the
given curve, Hence if we put, in equation (52),

3QS—5R2 +12QR/ =) (55)

where A is an arbitrary constant, we shall have, as the equation of
the system of conics, of four-pointic contact, at any point (z, y) of
& given curve,

{(Y~y) (8Qd*z~Rdz) - (X -z) (3Qd?y—Rdy)}?
+M(Y=y) dz— (X =2)dy}2=18Q3{(Y - y)de— (X ~2)dy}2  (56)
Again, if we consider third and higher differentials of x and y
arbitrary, and put E =pu, ‘.1_6%“’- =v, where p and v are arbitrary

3Q

constants, we have as the equation of the system of conics of three-
pointic contact, at any point (z, y) of a given curve,

{(Y —y) (a3~ pda) — (X ~z) (d%y —pudy)}?

+v{(Y = y)de = (X —2)dy}? =2Q{(Y - y)dr - (X —z)dy} 67

In particular, the equation of the system of parabolas of three-
pointic contact is

{(Y=p)(d2~pdz) = (X =2)(d 2y —pdy) } * =2Q{(Y =y)dz = (X —z)dy}  (68)

17. It may bo interesting to deduce directly the equation of a
conic of three-pointic contact from a special form of the equation of
a conic passing through three given points.

Let (x, ¥), (€y, Y1), (zg, y2) be the co-ordinates of any three
points P, Py, Py, and let

M= (Y ~yy)(@g—21) — (X —21)yz—Y))
N=(Y-y)(xg—2) = (X —2)(ys~y)
18

La(Y~-y,)(@~2)— (X —2,) ¥y, -Y)
} (59)



138 GEOMETRICAL PAPERS

be the equations of the lines PP,, P P, and PP, respectively.
Then

M-Le(Y~y,)(xe =22, +2)— (X—2,)(yp—2Y, +7)
M+Les(Y-y))(zg—z)—(X—2,) Y2 —Y) z (60)
L+M—Ns(y,—y) @y —a)— (g —z)(¥1—Y)

Now, the equation of a conic through P, Py, P, can evidently be
written in the form

ALM—-pNM~-L)+(M~L)2=M+L)M+L-N)=0
where A and p are arbitrary constants, for, it is the same as
A LM=p(MN-NL)~(4LM~MN~NL)=0
which circumscribes L=0, M=0, N=0

Thus, the general equation of a conic, through three given points,
is of the form

MY ~y)(@ =)= (X =2)) G —NHE ~y) @2 —z1)
- X ~-2)(e—y1)}
=p{(Y =9 @y =) — (X —2) [y =) H(Y —¥1) (v — 22, +2)
= (X—2))(y2 =291 +9)}
+{(Y=y))(@a =22, +2) = (X =21) (Y2 — 2y, +1)}®
—{(¥ =y )(zg—2) = (X ~21) Y2 = H 2 ~y) (@, ~2)
= (2e—2)(¥1-¥)}=0 (61)
Now if (z, ¥), (£1, z2), (41, ¥,) be consecutive points on & curve then
zy=x+dx, xg=2,=dw,=a+ 2z +d%
Y=y +dy, y2=y1+dy1=y+2dy+d’-’y}
Therefore (61) becomes
MY —y)dz — (X —z)dy}? —2p{ (Y —y)do— (X —2)dy} {(Y —y)d?=
- (X —z)d?y}

+{(Y—y)d2e~ (X —2)d?y}? - 2Q{(Y—y)de + (X ~x)dy} =0
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Or, {(Y—y)(d%a— pdx)— (X —a)(d%y —pdy) } 2
+v{(Y—y)dz— (X —z)dy}?=2Q{(Y —y)dz— (X —z)dy}
where v==A—pu2. This oquation is the same as (57).

18. Again, the general equation of a cubic through three given
points (z, y), (z}, Y1), (x5, yg) can evidently be written in the
form

a(X=2)(X—2)(X —ag) +B(Y ~y)(Y =y )(Y ~yy)
Y X =a)(Y =y ) (Y —yg) +3(Y = y)(X —2,) (X — 25}
MY =y @y —2) = (X =) 1= NHTY =y 1) @e—2y)
—(X—=z1)(y2—y1)}
= {(Y-y)(wg—a)—(X—2a)(y2—y)}
{(Y—y ) (@e~2r) +2) = (X—21)(y2—2y1 + 1)}

+{(Y=y1) (zg =22y +2) = (X —2,) (y,—2y, +¥)}?

—{(V—y)(@e—a) = (X—z))(yo—y)}
{ye—y)(ay—2)—(2y—2)y,—¥)} =0 (62)

which contains the necessary terms and the necessary number of
arbitrary constants.

Therefore, the cubic of three-pointic contact at any point (z, y)
of a curve, is of the form

a(X—2)3 + B(Y =y)3 +y(X =2)(Y=1)? +8(Y —y)(X—2)?
+M{(Y—y)de— (X —a)dy}?
=2p{(Y —y)dz— (X —z)dy }{(Y - y)d?z— (X —x)d?y}
+{(Y —y)d2z— (X —2)d2y}2 ~2Q{(Y ~ y)do— (X—=)dy} =0  (68)

In general, the equation of a curve of the n'* degree, which has
three-pointic contact with a given curve at the origin will have the
portion below third degrce, of the form

MYdx—Xdy}2—2u{Ydz—Xdy}{Yd2x—Xd2%y}
+{Yd2o—Xd2y}2—2Q{ Ydz—Xdy} =0 (64)
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19. It is easy to deduce from the general equation of a conic of
three or four-pointic contact, that of & four or five-pointic contact,
and the method is a useful one.

For example, the general equation of a parabola of three-pointic
contact is (58)

{(Y=9)(d2z—pda) = (X —2) (d2y —pdy) }?
=2Q{(Y~y)dz— (X —z)dy}.

If this parabola meet the curve again at an adjacent point (X, Y),
corresponding to the value ¢+ of the independent variable ¢ then

I
X= x+dw+—1—2—d x+1—2—-3d x + etc.
(85)
Y=y= dy+ 1 d"’y+ 1 d3y+etc
1. 2. 8. ’

where d"x and d"y stand for ‘i — ™" and ‘ZI—:Z,{— ™, respectively.

Substituting (65) in (58) and remembering that u is an infinitesimal
of first order, we have

(-@—-3u@)?=2Q{}Q+1R}

or, p= B

8¢

Again, {o determine A, so that we may get the conic of five-pointic
contact, from the system of four-pointic (56),

{(Y~1)(8Qd%x~ Rdx) — (X — ) (3Qd2y — Rdy)} 2
+A{(Y —y)de— (X —2)dy}2=18Q3 {(Y —y)dz— (X —x)dy}.

Substitute (65) in (56), and remembering that A is an infinitesimal
of order eight, we have

(—8Q2—3QR+3QR'=1R?)% +A{}Q + }R}?
=18Q3{3Q + iR + S}
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or, 9Q4 +8RQ3 + }R2Q2~3R'Q* + ]AQ3
=9Q*++3Q3R+3Q38
or, A=3Q8-5R2+12QR’

20. Egquation (56) can be written as

{tY —-y) (8Qd2%z— Rdz)~(X —2) (3Qd2y—~ Rdy)}?2

903 2 [
A { (¥ =y)dz— (X —)dy 22 } =81¢

A A
whence.
(Y~y) (3Qd?xz—Rdx)—(X —x) (8Qd2y — Rdy)=0 (86)
and (Y-y)da— (X —2)dy =(.)_g: (67)

arc the Equations of two conjugate diameters.

Equation (66) gives the diameter through the point of contact,
and us it is independent of A, it represents the locus of centres of
all conics of four-pointic contact at the given point.

Equation (67) gives the diameter parallel to the tangent at
rY).

The intersection of (66) and (67) is the centre, whose co-ordi-
nates are

X=g+ 8Q(3Q;12ac—Rd:t) Y=y+ 3Q(3Qd:y—Rdy) ©68)

The osculating semi-diameter CP is given by

cpﬂ:?/%i {(8Qd%z ~ Rdz)? + (3Qd%y — Rdy)?}

- 2
=9q2{9Q4+(ig§, RP)%} (69)
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For, (3Qd%x— Rdx)? + (3Qd%y — Rdy)*
=0Q2{(d2x)? + (d%y)?} ~6QR{ded?z + dyd?y}
+ R2(dz? + dy?)

=9Q29_2PtQ__1_2—6QRQl +R2P

=9Q‘+(3QPQ1_RP)2 (70)

If  be the angle between the normal and line of centres (66),
called the angle of aberrancy, then evidently

tan ”b:@%](?;RP

3Q*2
= 71
Y 00+ GQeI—ER T

3QQ,-RP

siny= 1
{9Q*+ (3QQ, - EP)?}:

If ¢ and b be the semi-axes of the conic (36), then, evidently,

Lt = & oo (3Qa%a — Rdn)? + Ada? + (3Qd%y —Rdy)? + Ady?)

a? 81Q°¢
=81Q"6P{9Q4+(3QQ,—RP)2+AP2}
L= A 30d2z—Rdz)® +Ads?} {(3Qd? 20 a2
o?b? " 812Q12 [{3Qd?%x z)? +Adx?} {(3Qd%y—REBdy)? +Ady?}

—{(3Qd?z~Rdx) (3Qd?y~Rdy) + Adzdy)}?]

3
= B.T%‘_Q.ﬁ_{(:-}Qd?y-Rdy)dm-(3Qd2:c—Rdm)dy}2

A2
272Q°8

Therefore, a2+b2=ig_;{gq4+ (3QQ,~RP)? +AP2} 2)
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ab =27Q,

A3

1f CD be the diameter conjugate to CP, then from (62) and (72)

N

¢D?=a?+b2—cP2= 9P
x

CP2?_9Q*+(3QQ,—EP)?
eD2~ APT : (73)

@2_ 3@1)*1¢ _
op ~ [0 BeQ, BRIy P Y

The equation of the director circle, deduced from (68) and
(72), is

MEX—x)2+ (Y—9)2}—6Q{(X—z) (83Qd%z—~Rdz)

+(Y—y) (3Qd?y—Rdy) +3QP}=0 (14)
Thus the director circles of the system of conies of four-pointic
contact, form a co-axial system, of which the radical axis is
(X —2)(3Qd2z~ Rdz) + (Y — y)(3Qd%y — Rdy) + §QP=0 (75)
This radical axis is the directrix of the osculating parabola.

21. The condition that the osculating conic may be an equilater-
al hyperbola is a2+b2=0, Thereforc, from (72)

__9Q‘+(3QQ,—-RP)2 1
A= e
l (76)

27Q4P3
{90+ +(3QQ, —RP)?}¥

and o2= =p2 cos 3

where o is the semi-axis of the osculating equilateral hyperbole.
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The co-ordinates of the point, where the normal at the point of
contact meets the equilateral hyperbola again, are found to be

2Pdy
X=x+ 2=
Q
()

But the co-ordinates of the centre of curvature are (11)

X=m-£_gﬂ Y=y+

Pdx
Q

Therefore, the osculating equilateral hyperbola meets the normal
again, towards the convex side of the curve, at & distance from the
paint of contact equal to twice the radius of curvature.

Again, as the co-ordinates (77) do not involve higher differentials
than the second, we conclude that all equilatoral hyperbolas of three-
pointic contact pass through the same point (77).

Further, as two consecutive osculating equilateral hyperbolas
may be conceived to possess three consccutive points common, they
intersect again at (77), and, therefore, the envelope of the further
branch of: the osculating equilateral hyperbola is the locus of the
point given by (77).

22. The equation of the osculating parabola, obtained from (56)
by putting A=0 is

{(Y —y)(3Qd?e— Rdz)—(X—=) (8Qd*y—Rdy)}*
=18@Q3{(Y~y) de—(X—u)dy} (78)
The diameter through point of contact is (60)

(Y—y)(3Qd2z—Rdx)—(X —z)(8Qd2y -~ Rdy)=0 and the directrix
is (75)

(Y—y)(38Qd?y—Rdy) + (X—=) (8Qd%e—Rdz) + §QP=0,
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The co-ordinates of the point of intersection, of the diameter
through point of contact with directrix, are

= ! - 3Qd2z-_—-Rda:
Xi=o—d0P? oo 500, —RP) ]
(19)

=y—3Qp2__ 89Qd%*y—Rdy _
Y, =y—§QP 501+ (590, —HP)?

If (a, B) be the focus, then the join of (a, B) and (X,,Y,)is
bisected at right angles by the tangent at (x, y), hence

o=X,—udy B=Y,+ude

9 Q p (80)

where u= mm)z

———

The semi-latus rectum (!) is the perpendicular from focus on the
directrix. Therefore
2705 p8
{90“ + (?)626?1-—131’)2}2

The focal distance of (v, ¥) is equal to the distance of (x, y)
from directrix

3.=p cos MY (81)

= 1 pi =P cosip. (82)
{9Q*+(3QQ,—RP)}® 2

The axis passes through (o, B) and is, therefore,

(Y~y)(8Qd*x~ Rdx) — (X —2)(3Qd?y — Rdy)

_ 9Q°%P (3QQ,—RP)
= 507+ (50Q: —RP)® )

The normal at the point of contact meets the axis (83) at
X=z=udy Y=y+udx (84)

The distance of this point, from point of contact, is

Qapg

3 _
P = SeTT 00, —EDP®

=p cos? ¢ (85)

19
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The co-ordinates of the intersection of the directrix with the
normal at the point of contact are

Py
2Q

Pdx

X=r+ 20

Y=y— (86)

Therefore the directrix of the osculating parabola meets the
normal, towards the convex side of the curve. at a distance from
the pomt of contact equal to half the radius of curvature.

Again, as the co-ordinates (86) do not involve higher differentials
than the second, we conclude that the dircetrices of all parabolas
of three-pointic contact, pass through the samec point (86).

Further, as two consccutive parabolas of four-pomntic contact,
may be conceived to possess three consecutive pomnts common,
their directrices meet at (86), and thercfore, the envelope of the
directrix of the osculating parabola is the locus of the pont (86).

28. Ifa and b be the semi-axis of any ellipse of the system
of conics of four-pointic contact (56), then from (72)

e 2:.—-—];——‘ aN4 _ 2 2
_b—+a 3K%Q2P{JQ +3(@QQ, —RP)2+ P2)\}

Q
7 8ec Y +3-Q§ 87)
2
But (2+2) =4, ¢
w\pts) T

a,b. . . ..
Therefore —b—+7 is a minimum when ¢ is a minimum.

Hence, the ellipse of minimum eccentricity of the system (56)
is determined by,

A= 99'+(3QQ, —RP)?
P2

2 88)
cos ¥

o=

+_b.=
a
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Therefore, the centre of the osculating ellipse, of minimum
eccentricity, is a point, on the line of centres, towards the concave
gide, at the same distance, from the point of contact, as the
centre of the osculating equilateral hyperbola. Here, evidently
CP=CD=p cos ¢.

Again, if A; and A corresponds to equal values of the eccen-
a

b

tricity, and, therefore, to equal values of -, then from. (87)

o =

VA As 9Q* + (SQI?; —RP)? ®9)

Therefore, if C, Cy, Cy be the centres of the ellipse of minimum
eccentriciby und of any two ecllipses of equal eccentricity., then,
from (69)

(4P. CyP=CP? (90)

wliere P i~ the point of contact.

Analogous results hold for the system of hyperbolas of four-
pointic contact.

1f @ be the centre of the osculating equilateral hyperbola, and
Q,, Qo the centres of any two osculating hyperbolas whose asym-
totic angles are supplementary. then we can prove in the same way

Q.\P. Q,P=QP* (91)

Agam, if (@, by) and (uy, bg) be semi-axes corresponding to
Ay and A, then by (72)

¢ 4 ¢ t
a'l b]= 220 azb2= 27?
)\| Y
272 Q8PS
Therefore, wy l)] a, b;,= {‘JQ* +7(SQ—QQ_1P_TP—)??5="" (92)

whore a 18 the semi-uxis of the osculating equilateral hyperbola.

24  The system of simple binomml differential quantilies
P, Q. R.S. T. Q;, R'. 8. which have been introduced in the
preceding investigations, can, of course. be laken with any indepen-
dent variable. Of the cight quantities only the first five may be
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looked upon as primary, and the rest as dependent auxiliaries, If
we take x as the independent variable, then dzx is constant, and
therefore, d%z, d3z, d*z, d%x all vanish. The quantities P, @, R,
8, T, Q1 are, in this case, equal to (1+p2?)dx?2, qdx3, rdz*, sdzd,
tdz®, pgdz?®, respectively. R’ and 8’ evidently vanish.

If we take the arc (8) as the independent variable, then
P=dz?+dy2?=ds?=constant

Therefore, @, =dxd2x+ dyd?y=3dP=0
2 2
@2+ @yr= Lrh €2 (68)

Again dQ, = (d%)? + (d29)2 + dz d3z + dy d3y=} d?P=0

Therefore, dz d3z+dy d3y= — %2~ (94)
Also, dz R'~d%x R+d3z Q=0

dy R'~d?%y R+d3y Q=0
Therefore PR/'—RQ, + (dz d3xz+dy d%y) Q=0

Hence R= _?,% ©5)

Also, S'=dR'= 3Q:R

P (96)

The general differential equation (54) of the conic, if 8 be the
independent variable, therefore, becomes

40 R?+9Q2T=45 QR ( - 2 ) @n

Again let p, o, p, p'"' be the radius of curvature and its three
successive differentials, on the supposition that the arc is the
independent variable,

Then by, (11), (95) and (96)

3 § 8
Q_—_P%%’R_—.d =-—L2-., R/ = % s S/=3 %PI (98)
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_ 2,2 o \
Also 8 + R’=dR—P( A ) |
(99)

.28/ =d2R = ’3(__§£’f Gp'p” "
T+28'=d?R=P e o pg) J

By the above substitutions (98), (99) any expression mn P,Q,R, 8,
ete., can be readily converted into another in P, p, pf, p" and p/’’.

Thus, 9Q* + (3QQ,~PR) =137 (9’“%2 ) (100)

3Q8— 5R‘+12QR’— 20+ %L_QCPP_”) (101)

40 R®—45 QRS +9 Q3T—90 QRR' +45 Q%8
a
P§ /3 ! ol 2 1 3 !
=—~—;6 {4p —9ppp'+9p p’+3pr} (102)

Therefore the differential equation of a conic in p and 8 1s
4p/3—9 p p' p""+9 p2 p" +36 P p'=0

or,

dp) dp d%p o d%p dp_ .
4( ds ds dsz +9p Is‘+801 (103)



ON RATES OF VARIATION. OF THE
OSCULATING CONIC *

BY

S MUKHOPADHYAYA.

1. If D’ stand for (Z—t)' where t1s any dependent variable,

and @, , for D’x D*y—D'y D'x, wherc aundy arc given analytic
functions of ¢, then the equation of the osculating conic at any point
(r, 3) of the corresponding plane curve may be written as

{(Y=y)d~(X~x)B}?+ '{(Y —y)Dz— (X —z)Dy}*
=18Q7s {(Y=-y)Dx—(X—x)Dy}
where A=3Q,,D%z—Q,sDx B=3Q,,D%y—Q, Dy

[=38Q2@Q,,—5Q,,*+12Q,,Q5,
and the condition, that the osculating conie passes through six conse-
cutive ponts, 18 A =0 where
A=40Q1 2 —45Q 150 13Q14 +9Q15°Q 1 5—90Q, 2013025 +45Q, 22Q2 .

These results have been elsewhere deduced from first principles.
Vide ** A (General Theory of Osculating Conies,”” Journal, Asiatic
Society of Bengal, Vol. IV. Nos. 4and 10, 1908. The following
method, however, 18 more simple.

If (z, y) be any given point of the plane curve and (X, Y) any,
other point on it. the correspondmng values of the ndependent variable
beng t and t+r, then

X=x=Dxr+ 2}_] D2x. 24 3'—11 D3z, 78 4ete.
Y—y=Dy. 7+21-' D2y. 72+3li D3y, =3 4ete.

* From Bulletin, Calcutte Mathematical Society, Vol, 1, 1909, pp. 125-130.
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Therefore, (Y—y)Dz—(X~x)Dy
1 o, 1 1 1
=2—1~ le‘l'z'l'g—l Ql:&"'&""_‘ﬁ Q1474+anjr“+etc.
and (Y—y)D2z—(X~x)D?y
=—Qrar+ 2004 + LQuur'+ LQusrHete
31 q1v2 51°%° :

whence it is shewn

{Y=9A+(X—2)B}2+ {Y—y)De—X —~z)Dy}*?
-—18(?‘1"2 {(Y=y)Dr—(X—-2)Dy}=-—~ BJT)Q,gz_\r-"+etc.

Hence {(Y—y)A~(X—a)B}2+I{(Y~y)De—(X—a)Dy}*
—18Q,.*{(Y—-y)Dz—~(X —x)Dy} =0

meets the given curve at five consecutive points at (r, 3), determined
by 3=0., If, however, A =0, thcr®=0, and the point (z, y) is a
sextactic pomnt on the given curve.

2. If £ y be the co-ordinates of the centre of the osculating conic
at (z, y), then 1t is easily shewn

£=x+3Q;‘2A_ ,)=y+3QII‘QB

To caleulate D¢ and Dy, we have
DA=D(3Q,3D%r~Q,3Dx)
=30Q,2D%2+2Q,3D%r—(Q25+Q14) D
=5Q13D%2—(4Q93+ Q) Dx
since Dr. Quy—D2%zr Q,3;+D3z. Q,,=0

5 20 (4
Therefore D( A;i ):"QmD z _‘(gia? +Q“‘)DT—5—~A§Q‘3
Qe Qs 3071,
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Similarly D (——B—;}—)=-—TP§’T
Q. 3Q12”

T
Q12 Q11 3Q12°
Therefore,
r A
ok M ed ol o
D£=D.’c+3DnQJP2L~= Dz+3 Q12" Q19 Q19 Q5"
T 2
§ ( g )
Q12 Q12°
__An
=—Tr
Similarly Dy= —_Irzzé

If we call the locus of (£, 5) the curve of aberrancy, and o the
arcual length of the curve of aberrancy, then

3
Do=((De)?+ D=4

So that if A=0, then Do=0, a result upon which Dr. A. Mukho-
padhyaya has based an elegant interpretation of the differential
equation of the gencral conic. (Vide Journal, Asiatic Society of
Bengal, Vol. LVIIIL, Part II, page 185.)

8. Ifa and b be the semi-axes of the osculating conic, then it
can be shewn that

_27Q10% _ I \-3
ab 4 27( o )

It is hence evident that QI‘ § is an invariant of the point (v, ),
12

i.c., independent of the particular independent variable ¢, as also of

the origin and direction of the axes of co-ordinates,
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-5 7 3
Again D(ab)=——32,~.27.( Pe ) 2 D ~—Il—g—=—%- Q%A—

@,2° Q12 I
L
D(ab) 27, _Qi1s*
Therefore —3=-737 L \3
@12 2 ( g >£
Q12"
Buy D) _ D(ab) {(Dz)? + (Dy)?}} _ d‘(;b) A

Qb (DT DY @t

where 8 is arcual length, and p the radius of curvature of the given
curve at (x, ).

D(ab) . . , a0, . .
Hence ( } is an invariant, Therefore also*';-—xs an invariante

Q.27 Q12

2

Again if r and r, denote two conjugate semi-diameters of the oscu-
lating conic of which r pusses through the point of contact, then

A%+B?

2 2 10
7'2=<§_‘x)2+ (71_?/)2:9@122‘&;3— =9 _Q_Li

T 2
P !
(o)
2, ge

Hence we see thatA—ll';T— 18 also an nvariant of the point

(T’ :’/)- 12

It is easily shewn from the equation of the osculating conic that

2 2 2 2
R2=72+112=9Q?2 Ig‘%g +(_D__x)r‘+ (Dy) E

where R is the radius of the director cirele of the osculating conic.

2 2
Therefore 11’=9Qf2, (_1_7})__1*;_(91)_

20
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To calculate D(r2) and D(r.?),

2 2 P DIa
we have D % +,€L = _20(ADz+BDy) 21 alga
Q- 3Q,2° 8Qo"

where ADz+BDy=C(, ¢ 5— is evidently an invariant,
12

p D22+ (Dy2__ 20

Also _4 3
Q12 2Q,4°
Since D D’%: iandD( Dy )= B 4
Q12 3@12" Q12" 8@ 5

(Dx)2+ (Dy)?
3
D(r,’)=9D.__M%1 2’

T 22

=06Q,. (C (Dz)?+Dy)? A)

8
@127

Therefore

D(RE)=D(2)+D(rf)=~6Q1 {42125 4 DL OV},

4. If 6 be the angle which an axis of the osculating conic makes
with the z-axis, then it is easily seen that

24B +2T'DzDy

tan 20= ~ BT T{(Da)? —(Dy)?}

=M
N
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where

M=

2AB + 2I'DxDy A2— —B24+T{(Dz) — (Dy)?
13 N= 1o
Q12° @12°

To caleulate D{(f), we have

155

4B _ _I(BDa+ ADy)  DzDy _BDz+ADy
borp=—-"" oy D=
Qie’ 8Q,0° @2? 3Q12
Therefore DM =2AD%_{I
3Q7%
2_R2 _
Again pA ?“ __2I'(ADz B_DJ)
@12 ? 3Q12 *
pPa2=Wy? _ 2(ADa:—-BD_/)
o8 3Qm
2_ (Dy)2
Thereforo DN={- (Dz) (g@ 7N
3Q12°
NDM—-MDN NDM—MDN
so that D tan 20= —N¥  or r 2D (6) = —MZTINZ
2_RB2 - a_ 2
But NDM—MpN=22Ld =B DeDy—AB{D)"~ Dy)*}]
dQlZ
o(ADr+ BDy)(ADy—BDx) _ 240
= 4 A
3@12 3 12“5
2 21 2 L1Dy)2}12 2
Q” 3
N - AGQ
Therefore D() 1@ "‘+B7)—1‘{—__——-(D1:)‘+ DV F40eT
But D(_Q_ ) 4%+ B ~T{(Da)* + (Dy)?}
Q12* 3Q1 23
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-0
Therefore D)= P AD Qlé 20T
9 ] +
12[ Q22
D0 becomes indeterminate, if C=0 and also D Q—C—-2 =0, which are
12

easily shewn to be the conditions that the osculating conic is & circle.
For it can be shewn that

D(_aL +_b_>= _—lef—
b a ord
which shews that 2 +£ has & minimum value when D—-C 5—=0.
b a Q12
. a b\2_, et
But since (F+—a> ——4+te—é-

where ¢ is eccentricity of the osculating conic, we conclude that

Cc
D_—~. =0
@12°
is the condition that the osculating conic has minimum eccentricity.

Again if 8 be the angle between the line of centres and normal to
the curve, then evidently

c
tan 8= —
3@, .2

g0 that C=0 is the condition that & vanishes.

It may be pointed out here, in passing, that the apparent way of
interpreting the singularity, when the osculating conic reduces to &
circle, by saying that three consecutive circles of curvature coincide,
is meaningless, unless we can shew that, in the immediate neigh-
bourhood of such a singularity, a circle meets the curve in five dis-
tinct points. It may be shewn, from geometrical considerations, that
such is not the case. In fact, such an interpretation of the singularity
would imply the coincidence of an in-cyclic point with an ex-cyelic
one, which is not possible.



ON RATES OF VARIATION OF THE OSCULATING CONIC 157
We may, however, interpret the singularity by saying that when

the conic roduces to a circle, two singularities of different kinds
coincide. These are

D(% + %>=0 and =0

If ¢ be the eccentric angle of the osculating conic, at the pont of
contact, then 1t is easily shewn,

tan 2 g 20btand _ erdo  _ arde
7,3 A2+B2—I‘{(Dw)9+(Dy)‘~’}'3Q”3D( c
Q1a?

in2
Therefore D)=~ A0 % g% 2¢



NOTE ON T. HAYASHI'S PAPER ON THE OSCULATING
ELLIPSES OF A PLANE CURVE #

BY
S. MUKHOPADHYAYA,

The properties of osculating ellipses which Professor T. Hayashi
discusses 1n his paper t as well as other interesting properties were
given by me, believed for the first time. in a paper published by the
Calcutta Mathematical Society, Vol. I No. I, 1909, and reviewed by
Professor P. Montel mn conjunction with other papers on IFinite
Geometry, 1n the Bulletin des Sciences Mathematiques, 1924, Part
I. The results werc deduced by me 1m an extremely simple but
rigorous manner by s method which was introduced by me in that
paper. Two out of many theorems proved in that paper are quoted
below to bear out my conteuntion.

If we define un elementary non-sextactic arc AB to be one which
hes no sextactic pont in it, except 1t may be at the two extremuities
A and B, the following theorems have been proved to hold, suppos-
g the arc to be of an elliptic nature, that is, the conic through any
five points 1n 1t 1s always an ellipse.

Prop. VI. If 0,, 0,, O3, 04, O; be any five points on such arc
then the area of the ellipse 0,0,0,;0,05 will contmuously increase
(or decrease) if the points be shifted in any manner along the arc in
the same direction, provided the order of the points be mamtained
and the pomnts be never so far separated from one another that the
elliptic arc 0,0,0;0,0; exceeds the semi-ellipse.

Prop. X. If any five pomnts being taken in order, O,, Oy, Oy,
O,, O; on such arc 4B, the ellipse 0,0,0,0,0; cuts n at O, and
Oy, then the osculating ellipse at A falls entirely within the oscula-
ting ellipse at B.

These theorems, 1t may be noted, are in some respects more
general than those given by Professor Hayashi.

The minimum numbers of cyclic and sextactic points on an ele-
mentary oval were also first given by me n this paper.

* From Rendiconti del Circolo Matematico & Polermo, t. LI (1927).
4+ Rendiconts del Circolo Matematico di Palermo, t. L (1926), pp. 419-492.
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SOME OPINIONS ON S. MUKHOPADHYAYA’'S WORK

Professor J. Hadamard, Paris: ‘° My interest in your new methods in the
geometry of a plane arc, which I had expressed in 1909 1n an (anonymous) note n
the revte generale des sciences, has far from diminished since that time.

Precisely at iny seminaire o1 colloquium of the college de France, we have re-
viewed such subjects and all my auditors and colleagues have been keenly interested

m your way of researches wluch we all consider as one of the most 1mportant roads
opened to Mathematical Science

Professor F Engel, Geissen: ‘‘1 am surpiized over the beautiful new calcula-
tions on the 11ght-angled triangles and thiee-right-angled quadnilaterals (in hyper-
holic geometry) Your 'nalogies i the Gaussian Pentagramma Mirificum are
highly remarkable.”

Professor W Blaschke, Hamburg: ‘T am much obliged to you for your kind
sending of your beautiful geometiscal wok. \When, as T hope, a new edition of
my Lessons in Differential Geometry comes out, I shall not forget to mention that
you were the first to give the beautiful theorems on the numbers of Cyclic and
Sextactic points on an oval

Professor ' Cajori, Cahfornia® ‘‘T congratulate you upon your success in
regearch. It ever I huave the time and opportumty to revise my History of Mathe-
matics T shall have ocvasion to reler to your interesting work.’”

Professor T Hayashi, Japan: ‘¢ Sincerely I conpratulate your success on
New Methods in Geumetry, specially on the nerw concept of intimacy

Professor A. R. Forsyth, London: ‘' Your papers connected with analytical and
differential geometry are valuable aud nteresting "’

Professor L. Godeaux, Lielge: ‘“ A first reading (of your papers) has seized my
grand nterest, As I have wrtten, 1 intend making an exposition of these
questions early fo my students of Géometrie supericure, an exposition to which T
reckon to join that of the works of M. Juel.”
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