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PREFACE

The last few years have seen a considerable increase in our
knowledge of the structure of locally compact groups, and in this
book we shall try to make some of this information conveniently
available. We have a double purpose; one, to report fully on those
recent devclopments which tend to round off the subject of the
relation of locally compact groups to Lie groups; and two, to
stimulate interest in the still wide-open field of topological
transformation groups. The second more unexplored topic is
the larger and has long been of interest to us.

The subject matter of this book originates in the nineteenth
century concept of “finite continuous groups”’. These are families
of many-times differentiable transformations of a region of the
spacc of # real or complex numbers into another such region.
These part-analytic, part-geometric structures are often only local
groups (local Lie groups); the region of definition of the group
operations is usually dependent on solutions of certain differential
equations, so that there is actually given a “group-germ” rather
than a group.

The present-day concept of a group (in the large) also possessing
a topological structure developed around the end of the last
century, roughly parallel to the development of the subject of
topology. Of course in the work of Lie and others on ‘“‘continuous
groups’’ there appear many concepts and many types of arguments
which we now call topological. The highlights of this development
are perhaps these:

First, the background of work of Lie, and others.

Second, the formulation by Hilbert of his fifth problem (in
his address at the International Congress of Mathematics, in 1900,
setting forth twenty-three large programs of research) in which
he underscored the class of locally euclidean groups as distin-
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vi PREFACE

guished from groups with differentiability properties (see 2.15 of
the present text); then also the work of Hilbert on the foundations
of plane geometry from the point of view of topological properties
of groups of congruences.

Third, perhaps, the work of Brouwer on transformation groups
of the line and the plane, and his work on the cantor-discon-
tinuum as a group manifold (1910—1912) coupled with his work
on the topology of locally euclidean spaces. Then, through the
work of E. Cartan and H. Weyl and others there resulted a very
complete view of the Lie groups as geometric entities, and much
information about their global structure, as well as their relation
to subgroups of the matrix groups. What we may now call the
classical period (preceding 1935) terminated with the analysis of
compact groups by von Neumann, and of locally compact abelian
groups by Pontrjagin, and a considerable extension of this work
to other important classes of groups.

After 1935 the subject developed along many different and
important lines, but we shall concentrate on only two of these:
first, the relation of locally compact groups to Lie groups (extending
the results already known for compact groups); and second, some
selected topics in the theory of transformation groups which
happen to be in the field of principal interest to the authors.

The first four chapters of the book deal with the first problem,
and they are on the whole self-contained. We have not repeated
the theory of differential equations underlying the introduction
of analytic coordinates, nor the details of the theory of charac-
teristic functions of integral equations, but we have given almost
everything else that is needed in rather complete detail. The first
chapter is a background course in the elementary topological
notions which are constantly in use in the book. The second
chapter reviews the classical period; this has been covered in the
book of Pontrjagin and some of what we do is also in Weil, but
is here repeated, with some new material.

Chapter III and part of IV deal with new methods by which
the results of the earlier period have been extended to all locally
compact groups. In many ways this work goes beyond the program
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suggested by Hilbert. However, many aspects of that program
or its natural outgrowth remain open.

In the earlier chapters there is some material on transformation
groups, and the last two chapters are largely given over to this
concept. Here we have a topological group, usually a compact
one, acting as a group of “motions” of some standard space,
usually the n-space, #-sphere, or other #-manifold, and the guiding
thought in the investigations may be said to be to find how nearly
the situation resembles that of a group of linear transformations
of the space or some other familiar group. It is only in the plane
or in three-space that this problem is fairly completely solved.

The last two chapters rely on material not exposited in the
book, using a few basic results from homology theory, dimension
theory, and fibre mappings, as these are needed. Since this part
of the field is not near its final form, it is perhaps better to leave
to a later date an attempt at a complete and detailed exposition.

A part of this material was presented by one of us at the Summer
Colloquium of the American Mathematical Society in Minneapolis
in 1951, and was originally intended for publication in the Col-
loquium Series of the Society. This part has been completely
revised and is being published here with new material.

The authors express their appreciation of the friendly care with
which Professors R. Jacoby and E. Schenkman have read the
manuscript, of the many valued suggestions they made, and of
their help in the proofreading.

It is a pleasure to offer our thanks to W. Huebsch, M. Kuranishi,
and C. T. Yang, who also helped with proofreading. One of the
authors acknowledges also the invaluable assistance of the
Office of Naval Research and National Science Foundation sub-
sidies.

DEANE MONTGOMERY
Leo ZippPIN

Institute for Advanced Study, Princeton, N. J.
Queens College, New York, N.Y.
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CHAPTER 1

Topological Spaces and Groups
1.0. Introduction

This chapter contains the preliminary and somewhat elementary
facts of general spaces and groups. Proofs are given in considerable
detail and there are examples which may be of help to a reader
for whom the subject is new.

We use the standard set-theoretic symbols: capitals 4, B, etc.
for sets, A U B for the umion of sets (elements in one or both),
A N B for the intersection (elements in both), etc.

1.1. Spaces

The term space is sometimes used in mathematical literature
in a very general sense to denote any collection whose individual
objects are called points, but in topology the term space is used
only when some further structure is specified for the collection.
As the term will be used in this book it has a meaning which is
convenient in studying topological groups. The definition is as
follows:

DEFINITION. A ‘topological space (or more simply space) is a
non-empty set of points certain subsels of which are designated as
open and where, moreover, these open sets are subject to the following
conditions:

1) The intersection of any finite number of open sets is open.

2) The union of any number of open sets is open.

3) The empty set and the whole space are open.

4) To each pair of distinct points of space there is associated at
least ome open set which contains ome of the points and does not
contain the other.

(1
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A space is called discrefe if each point is an open set.

Condition 4) is known as the T-separation axiom in the ter-
minology of Alexandroff and Hopf. The first three conditions
define a topological space in their terminology. The designated
system of open sets is the essential part of the topology, and the
same set of points can become a topological space in many ways
by choosing different systems of subsets designated as open.

1.2. Homeomorphisms

DEFINITION. A homeomorphism is a one-one relation between all
points of one topological space and all points of a second which puts
the open sets of the two spaces in one-one correspondence; the spaces
are topologically equivalent.

The notion of homeomorphism is reflexive, symmetric, and
transitive so that it is an equivalence relation in a given set of
topological spaces.

Examples of spaces. Let E, denote the set of all real numbers
in its customary topology: the open intervals are the sets
{y; x <y < z for every x < z}. The open sets are those which
are unions of open intervals together with the empty-set (null-
set) and the whole space.

Let R, C E, denote the set of numbers in the closed interval
0 <y =1, where for the moment we take this subset without
a topology.

1) Topologize R, as customarily: the open sets are the inter-
sections of R, with the open sets of E,.

2) Topologize R, discretely, that is let every subset be open.

3) Topologize R, by the choice: open sets are the null set, the
whole space and sets {2}, x <z < 1.

4) Topologize R, by the choice: the complement of any finite
set is open and the empty set and the whole space are open.

In the sequel R, will denote the closed unit interval and E,
the set of all reals in the customary topology. A set homeomorphic
to R, is called an arc. A set ;homeomorphic to a circle is called
a simple closed curve.



CHAPTER 1 3

1.3. Basis

DEFINITION. A collection {Q,} of open sets of a space is called
a basts for open sets if every open set (except possibly the null set)
in the space can be represented as a union of sets in {Q,}. It is
called a sub-basis if every open set can be represented as a union
of finite intersections of sets in {Q,} (except possibly the null set).

A collection {Q,} of open sets of a space S is a basis if and only
if for every open set Q in S and % € Q there is a Q, € {Q,} such that

x€Q,CO.

If a collection has this property at a particular point x then the
collection is called a basis af x.

If a set together with certain subsets are called a sub-basis, then
another family of subsets is determined from the sub-basis by
taking arbitrary unions and finite intersections. This new family
(with the null set added if necessary) then satisfies conditions
1), 2), 3) for the open sets of a topological space. Whether 4)
will also be satisfied depends on the original family of sets.

ExawmpLE. Let E, denote the space of real numbers in its usual
topology. For each pair of rationals 7, < 7, let (ry, 7;) denote
the set of reals 7, < x < 7, This countable collection of open
sets is a basis.

A space is said to be separable or to satisfy the second coun-
tability axtom if it has a countable basis. A space is said to satisfy
the “first countability axiom” if it has a countable basis at
each point.

ExampLE. Let S denote a topological space and let F denote a
collection of real valued functions f(x), x € S. If f, is a particular
element of F then for each positive integer »n let Q(f,, #) =
{feF; |{(x) — folx) | < 1/n for all x}. We may topologize F
by choosing the sets Q(f,, #) for all f, and # as a sub-basis. The
topological space so obtained has a countable basis at each
point in many important cases.
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1.4. Topology of subsets

Let S be a topological space, T a subset. Let Q N T be called
open in T or open relative to T if Q is open in S. With open sets
defined in this way T becomes a topological space and the topology
so defined in T is called the ¢nduced or relative topology. If S
has a countable basis and 7' C S then T has a countable basis
in the induced topology.

DEFINITION. A subset X C S is called closed if the complement
S — X is open. If X CT CS, X is called closed in T when T — X
is open in T.

Notice that T closed in S and X closed in T implies that X is
closed in S. The corresponding assertion for relatively open sets
is also true.

It can be seen that finite unions and arbitrary intersections of
closed sets are again closed.

DeFINITION. If K CS, the intersection of all closed subsets of
S which contain K is called the closure of K and is denoted by K.
If K 1s closed, K =K.

1.5. Continuous maps

Let S and T be spaces (= topological spaces) and f a map of
S into T
[:S—>T;

that is, for each x in S, y = f(x) is a point of T. If the inverse of
each relatively open set in f(S) is an open set in S then £ is called
continuous. In case f(S) = T then f continuous and V' open in
T imply f-1(V) is open in S. The map is called an open map if
it carries open sets to open sets.

If f is a continuous map of S onto T (that is f(S) = T) and if
f~1 is also single valued and continuous, then f and /! are homeo-
morphisms and S and T are homeomorphic or topologically
equivalent (1.2).

ExamMPLE. The map f(f) = exp (2#V — 1¢) is a continuous
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and open map of E, onto a circle (circumference) in the complex
plane.

ExaMpLE. Let K denote the cylindrical surface, described in
%, ¥, z coordinates in three-space by 2% + y2 = 1. Let f, denote
the map of K onto E, given by (x,y, 2) - (0, 0, z), let f, denote
the map of K onto CZ given by (¥, ¥, z) = (x, , 0) and f; the map
(x,9,2) = (x,9, | 2|) of K into K. All three maps are continuous,
the first two are open, and f, and f; are also closed, i.e. they map
closed sets into closed sets.

1.6. Topological products

The space of # real variables (x4, %, . . ., %,), — © < %, < ,
i=1,..., n, and the cylinder K of the preceding example are
instances of topological products.

Let A denote any non-null set of indices and suppose that to
each a € A there is associated a topological space S,. The totality
of functions f defined on A such that f(a) € S,, for each ae 4,
is called the product of the spaces S,. When topologized as below
it will be denoted by PrROD S,; we also use the standard symbol X,
thus E X B.

The standard topology for this product space is defined as
follows. For each positive integer », for each choice of # indices
ay, 4y, . . ., &,, and for each choice of a non-empty open set
in S,,

Ug,CS,pi=12,...,mn,

consider the set of functions f e PROD S, for which
f(a;)eU,, t=1,...,n

Let the totality of these sets be a sub-basis for the product. The
resulting family of open sets satisfies the definition of space
in 1.1.

ExampLE 1. The space E, = E; X E; X ... X E;, n copies,
is the space of # real variables; here 4 = {1, 2, .. ., n} and each
S, is homeomorphic to E; (1.2). Let x;€S,. Then (%, ..., %,)
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are the ‘“coordinates” of a point of E,. It can be verified that
the sets U, (x), mel (the collection of positive integers), of
points of E, whose euclidean distance from x = (x, ..., x,) is
less than 1/m, form a basis at x. The subset Ry X R; X ... X R
is an #n-cell.

ExAMPLE 2. Let A be of arbitrary cardinal power and let each
S,, a € A, be homeomorphic to C;, the circumference of a circle.
Then PROD S, is a generalized torus. If A consists of n objects,
the product-space is the n-dimensional torus. For n = 2, we
get the forus.

EXAMPLE 3. Let D=5; X S; X ... XS, X ..., nel, where
each S, is a pair of points — conveniently regarded as the “‘same”
pair, and designated 0 and 2. This is the Cantor Discontinuum,
or Cantor Middle Third Set. It is homeomorphic to the subset
of the unit interval defined by the convergent series: D : {2a,/3"},
@, = 0 or 2. This example will be described in another way in
the next section.

THEOREM: Let F, be a closed subset of the topological space
S, aeA. Then PrROD F, is a closed subset of PROD S,.
The proof is left to the reader.

1.7. Compactness

DEFINITION. A topological space S is compact if every collection
of open sets whose union covers S contains a finste subcollection
whose union covers S.

ExampLE 1. The unit interval R, is compact. Thus let {Q}
denote a collection of open sets covering R,. Let F denote the
set of points x € R such that the interval 0 <y < x can be
covered by a finite subcollection of {Q}. Then F is not empty
and is both open and closed. Hence by the Dedekind cut postulate,
or the existence of least upper bounds, or the connectedness of
R,, it follows that F = R,. To illustrate the concept of com-
pactness consider the open sets W, CR;, W, :1/3n < x < 1/n,
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#n eI. This collection does not cover R,. Let W, be the union
oftwosets:0 £ ¥ <aandl —a < x < 1,forsomea,0 <a < 1.
Now, no matter how a > 0 is chosen, there is always some finite
number of the W, which fogether with W, covers R;. Of course
R, minus endpoints is not compact and no finite subcollection
of the W, in this example will cover it.

THEOREM. Let S be a compact space and let {:S — T be a
continuous map of S onto a topological space T. Then T is compact.
Let {0,} be a covering of T by open sets. Since { is continuous,
each f-1(0,) is an open set in S. There is a finite covering of S
by sets of the collection {f~*(0,)}, and this gives a corresponding
finite covering of T by sets of {O,}. This completes the proof.

COROLLARY. If f is a continuous map of S into T then f(S)
is a compact subset of T.

1.7.1. THEOREM. Let S be a compact space and {D,} a collection
of closed subsets such that N,D, is empty Then there is some finzte
set D, . D, such that O, D, is empty.

The complement of N,D,is U (S D,); if the intersection-set
is empty, the union covers S There is a finite set of indices a;
such that SC U,(S—D,) and consequently N,;D, is empty,
for the same finite set of indices.

COROLLARY 1. Let D, n eI, be a sequence of non-empty closed
subsets of the compact space S, with D,y CD,. Then N,D, is
not empty.

APPLICATION: The Cantor Middle Third Set D. From R,,
“delete” the middle third: 1/3 < x < 2/3. Let D, denote the
residue: it is a union of two closed intervals. Let D, denote the
closed set in D, complementary to the union of the middle third
intervals: 1/9 < x < 2/9 and 7/9 < x < 8/9. Continuing in-
ductively, define D,CD,_, consisting of 2" closed mutually
exclusive intervals. Let D = N D,,. This is homeomorphic to the
space of Example 3 of 1.6.

COROLLARY 2. A lower semi-continuous (upper semi-continuous)
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real-valued function on a compact space has finite g. 1. b., greatest
lower bound (and l. u. b., least upper bound), and always attains
these bounds at some points of space.

This follows from the preceding corollary and the fact that
the set where f(x) < 7 is closed, for every r (similarly, f(x) = 7).

1.7.2. THEOREM. A topological space with the property: ‘‘every
collection of closed subsets with empty set-intersection has a finite
subcollection whose set-intersection is empty”, is compact.

The proof, like that of the Theorem of 1.7.1, is based on the
duality between open and closed sets.

DEFINITION. If a point x of a topological space S belongs to an
open subset of S whose closure is compact, then S is called locally
compact at x; S 1is locally compact if it has this property at every
point.

COROLLARY. A closed subset of a locally compact space is locally
compact in the induced topology. Stmilarly a closed subset of a
compact space is compact. The union of a finite number of compact
subsets is compact.

The proof is left to the reader.

A set U in a topological space is called a neighborhood of a point
z if there is an open set O such that ze O CU; = is called an
inner point of U. A set F is covered by a collection {U,} if each
point of I is an inner point of some set U,.

1.7.3. A space S is called a Hausdorff space if for every x, y € S,
x # 9, there exist open sets U and V including ¥ and y respec-
tively such that U NV = @ where @ is the empty-set; an equivalent
property is the existence of a closed neighborhood of x not meeting
y. It is left to the reader to show that a compact subset of a Haus-
dorff space is closed.

LEMMA. Let S be a compact Hausdorff space, let F be a closed
set in S, and x a point not in F. Then there is a closed neighborhood
W of x such that WN F = @.

For each y € F let U, be a neighborhood of ¥ and W, a neigh-
borhood of x, such that U, N W, = ®. There is a covering of I
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bysetsU,,..., U, . Let W, be the intersection of the associated
W,,i= 1 con, and let W be the closure of W,. The union
of the U, does not meet W. Then W F = @, which completes
the proof

A space with a property of this kind is called regular. A regular
space in which each point is a closed set is also a Hausdorff space.

THEOREM. Let U be a compact Hausdorff space and let F, be
a sequence of closed subsets of U. If U is contained in the union
of sets F, then at least one of the sets F, has inner poinis.

Take a sequence C; D C3 D ..., of non-empty compact neigh-
borhoods such that for each #, (U7 1,) N C, = @. This leads to
NC, =P, a contradiction.

A set is nowhere dense if its closure has no inner points. A space
is said to be of the second category if it cannot be expressed as the
union of a countable number of nowhere dense subsets. Hence
a compact Hausdorff space is of the second category. Complete
metric spaces, to be defined later, are also of the second category.

1.7.4. THEOREM. Let S be a locally compact space. There exists
a compact space S* and a point z in S* such that S* — z is
homeomorphic to S.

Let 2z denote a ““‘new” point, not in S, and let S* denote the
set-union of S and z. If Y is a subset of S, let Y* C S* denote
the union of Y and z. We topologize S* as follows. Any open
set in S is also open in S*. In addition, if X is a compact subset
of S and Y is the complement S — X, then Y* is open in S*.
These open sets arc taken as a sub-basis for open sets in S*.

Suppose now that we have some covering of S* by a family
of open sets. Then z belongs to one of these open sets, say z ¢ U*.
The complement of U* is a compact subset of S. Hence the
complement is covered by a finite subset of the given covering
sets, because of the compactness in S. Together with U*, this
gives a finite covering of S*.

1.8. Tychonoif theorem

THEOREM. Let S,, ac{a}, be compact spaces and let P be the
topological product of the S,. Then P is compact.
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We shall first prove this theorem for the case of fwo factors.
In the next section we shall prove the general case without
reference to the number of factors.

Let P =S, X S,, and let F denote a family of open sets of P
covering P. For each point x; of S;, the closed subset x; X S,
of P is homeomorphic to S; and is therefore compact. Each
point of x; X S, belongs to a set in F because F is a covering.
Because of the way in which a product is topologized, it follows
that each point of x, X S, belongs to some open set U X V of
P such that U X V is a subset of some set of F. It follows from
its compactness that %, X S, is contained in the union of a finite

number of sets
U XVy..,. U xV,

each of which is a subset of some set of F. Let U' = NU,. Then
U’ X S, is covered by a finite number of sets of F.

Since x, is an arbitrary point of S; and S, is compact, there
exists a finite number of open sets of S,

v, U,

which cover S; and which are such that there is a finite
number of sets of F covering U; X Sp, % = 1, ..., m. The totality
of sets of F thus indicated is a finite number which covers S; X S,.
This completes the proof for the case of two factors. The case
for a finite number of factors follows by a simple induction.

ExampLE. Let R, = R; X R; X ... X R, n factors. Then

R, is compact and it follows that E, (= product of # real lines)
is locally compact.
1.8.1. To consider the general case, let {a} be an arbitrary col-
lection of at least two indices: let S, be compact topological
spaces, let P be the topological product, and let F be a collection
of open subsets of P covering P. The proof that P is compact
is by contradiction. Accordingly, we shall suppose that no finite
subcollection of sets of F covers P.

It was shown by Zermelo that it is possible to well-order the
set of all subsets of a given set by the use of an axiom-of-choice
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of appropriate power, namely the cardinal number of the set of
all subsets of the given set. A well-ordering of objects permits
them to be inspected systematically.

Using such a well-ordering we can enlarge the given family F
to a family F* of open sets, where F* has the following properties:

1) F* is a covering of P by open sets.

2) No finite subcollection of F* covers P.

3) If we adjoin to F* any open subset of P not already in F*,
then the enlarged collection does contain a finite subcollection
which covers P. Of course it is in 3) that F* has a property
not necessarily true of F.

Using this enlarged family the proof for the general case be-
comes similar to the proof for two factors. Let b denote an ar-
bitrary index in {a}, which shall be fixed temporarily, and let
P, denote the product of all factors S, excepting S,. Then
P is (homeomorphic to) S, X P,.

Suppose for a moment that to each point x, € S, there exists
an open U,C S, containing x, such that

*) U, x P,eF*.

There must then exist some finite covering of S, by sets U, ,1,, U..,U;
each satisfying *). The product P is covered by the union of
Uix P,, i=1,...,n. This is impossible by the construction
of F*. Hence in each S, there is at least one x, which does not
satisfy the first sentence of this paragraph.

It follows by the axiom of choice that P contains at least one
point x = PROD %, such that if U, is an open set in S, and %, € U,
then *) is false. This holds for each coordinate x, of x. This
implies for each coordinate x, of x that if x, is in an open set
U, of S, then there is a finite collection of sets tn F*

1 2
0!, 0%, ... OM

which together with U, X P, forms a covering of P.
The point x belongs to an open set O, e F*. There is some
open set contained in O, which contains x and is of the form

Uy XUy X ... X Ugy X Pgg,...a,
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for some finite set of indices #,, and where the last set is the
product of all S, with the exception of S,,7=1,2,...,n. For
each a, there exists a finite collection of sets of F* which together
with U, X P, covers P, say these sets are

1 2 ;
) 0L, 0%,...0M,i=12._.,m

Then P is covered by the union of O, and the sets of **). This
contradiction completes the proof.

1.8.2. ExampLE. The infinite-dimensional torus described in
1.6 whose “dimension’ equals the cardinal power of the set of
indices 4 is compact. It is a commutative group where the ad-
dition of two points is carried out by adding the respective coor-
dinates in each factor S, = C;, each of these factors being itself
a commutative group. The group addition is continuous in the
topology and this defines a topological group (1.11). In fact
this is a universal compact commutative topological group
(depending on the cardinal power of the group). Sec Alexander-
Zippin [1].

The principal theorem of this section is due to Tychonoff [1].
The present proof is dual to a proof given by Bourbaki [1].

1.9. Metric spaces

DEeFINITION. A set S of points is called a metric space if to
each pair x, y € S there is associated a non-negative real number
d(x, y), the distance from x to v, satisfying

1) d(x,y) =0 if and only if x =y
2) d(x,y) = dly, x)
3) d(x,y)+d(y,2) =d(x,2), x,9,2¢S.

The distance function d(x, y), also called the melric, induces
a topology in S as follows. For each > 0 let S,(x) denote the
sphere of radius 7, i.e. the set of yeS such that d(x,y) <7.
Now let S,(x), for all positive  and all ¥ ¢ S constitute a basis
for open sets. This choice of basis makes S a topological space.
A space is called metrizable if a metric can be defined for it which
induces in it the original topology. It is clear that a metric
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space has a countable basis at each point x, namely S,(x), »
rational.

ExampLE 1. If S, and S, are metric spaces then S; X S, is
a metric space in the metric

d((xlt xz): (yp ya)) = Max (dl(xb yl)’ ds("z» yz))

where %,, y; € Sy, %s, ¥s € S,. The topology determined by this
metric is the same as the product topology.

ExamrLE 2. The set F of continuous functions defined on a
compact space S with values in a metric space M becomes a
metric space by defining for f, g in F

d(f,g) = lub. (x € S) [dy (f(%), ()]
where d,, is the metric in M. (See corollary 2, section 1.7.1.)

THEOREM. The colleciion of open sets of a compact metric space
S has a countable basis.

For each # e I there is a covering of the space by a finite number
of open sets each of diameter at most 1/#. The countable collection
of these sets for all # is a basis.

ExampLE 3. If S is a compact metric space and E; denotes
the real line, then S X E, is a metrizable, locally compact space
with a countable basis for open sets.

By Example 1 above the space is metrizable. 1f {U,} and
{V .} are countablc bases in S and E, respectively then {U, XV .}
forms a countable base in S X E,. If E;, = {x e E,, || = n}
then S X E,, is a compact subset of S X E; and any point of
the product is interior to S X Ej, for # large enough. This proves
the local compactness.

1.9.1. The following is of interest: If (x, y) ¢s a metric for a
space M then the following equivalent metric:

s xy)
B = ) =

is a bounded metric. Properties 1) and 2), above, are obviously
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satisfied. For 3), one uses the fact that the function ¢/(1 4 ¢)
increases with ¢. Thus:

’ ’ _ (x' y) . (y’ 2')
(% 9) + (¥, 2) 21+(x,y)+(y,2) L+ (y,2) + (%,9)
_ (x, y) + (% 2) >~ (x’ 2)4 -
1+ (5y) + (0,2) 1+ (x2)

This has the following consequence.

= (%, 2)".

LemMA. Let M be a space which is the union of a system M,
a € {a}, of open mutually exclusive sels. Suppose each M, is a metric
space and carries a metric d, bounded by 1. Define a function
d(x, y) which is equal to 2 if x and y are not in the same M ,; otherwise
let d agree with the appropriate d,. Then d is a metric for M.
We omit the easy proof.

1.9.2. A sequence of points x, in a metric space is said to converge
to a point x, symbolically x, — #, if lim d(x, x,) = 0. A sequence
of points x, satisfies the Cauchy convergence criterion if when
€ > 0is given there is an N such that for m, » > N, d(x,, ¥,,) < e.
A metric space is called complete if every sequence of points
satisfying the Cauchy condition converges to a point of the
space. A subset of a space is called dense (everywhere-dense) in
the space, if every point of space is a limit of some sequence of
points of the subset.

1.10. Sequential convergence

The proof of the principal theorem of this section illustrates a
standard technique. It will involve choosing an infinite sequence,
then an infinite subsequence, then again an infinite subsequence
and so on repeating this construction a countably infinite number
of times. A special form of this method is called the Cantor
diagonalizing procedure. To facilitate the working of this technique
we shall sometimes use the following notation.

1.10.1. The letter I will denote the sequence of natural numbers
1, 2, 3,.... When subsequences of I need to be chosen they
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will be labeled in some systematic way: I, I,,...or I', I", ...
or I*, I** ... and so on. Then given a sequence of elements:
%, nel, we can refer to a subsequence as: x,, nel;, or: x,,
n eI* and so on.

1.10.2. If 4 is a subset of a metric space M let S¢(4) = U, S (%),
x € A, where as above S¢(x) = {y e M, d(x,y) < €}.

DEFINITION. Let S denote a metric space and let K, n e,
be a sequence of subsets of S. The sequence K, is said to con-
verge to a set K if for every ¢ > 0

1.10.3. K,CS.(K) and K CS(K,)

for »n sufficiently large (depending only on ¢).

If K, is given and if a K exists satisfying relation 1.10.3 then K
also satisfies 1.10.3. If two closed sets K’ and K"’ satisfy 1.10.3
for the same sequence K, then K’ = K”'. In the special case that
the sets K, are single points, the set K if it exists is a point and
is unique.

1.10.4. THEOREM. Every sequence of nom-empty subsets of a
compact metric space S has a convergent subsequence.

Let K,, n €I, be an arbitrary sequence of subsets of S and let
W,, nel, be a basis for open sets in S (Theorem 1.9).

Let I be called I, and suppose a sequence I,,_, has been defined.
Consider W,,NK,, nel,_,, m fixed. Then either W,NK, is
not empty for an infinite subsequence of integers # ¢I,_, or on
the contrary W, ,NK, is empty for almost all nel,_,. In the
first of these cases define I,, as the set of indices # in I,,_; such
that W, N K, is not empty; and in the second case define I,
so that W, N K, is always empty for n e I,,. Then in all possible
cases I,, CI,_, is uniquely defined. We now consider I, to be
defined by induction for all m eI.

We can now specify what subsequence of K, we may take as
convergent. Let I* CI denote the diagonal sequence of the
sequences I,, that is I* contains the m-th element of I, for
each m. We shall show that K,, n e I*, is convergent. It follows
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from the definition of I* that for each m e I, if we except at most
the first m integers in I*,

W.nK,, nel*

is always empty or is never empty depending on .

We next define the set K to which the sets K,, # eI*, will
be shown to converge. Let W denote the union of those scts
W, mel for which W,NK,, nel*, is almost always empty.
Let K =S — W. Since each W, forming W meets at most a
finite number of the sets K,, no finite number of these W,, can
cover S. Therefore W cannot cover S, since S is compact, and
hence K is not empty. The set K is closed and therefore compact.

Let € > 0 be given. There is a covering of K by sets

Weo Wi o oo Wi, kel

each meeting K and each of diameter less than e. None of the
sets W, can belong to W and each must intersect almost all the
K,, neI*. Therefore for sufficiently large #n, n e I*

Wy NK, # 9.
It follows that
KCS.(K,), nel*,

for all # sufficiently large. Finally it can be seen that the closed
set S — S¢(K) is contained in W. It follows that the complement
of S¢(K) is covered by sets

W,, Wy, ... W,
each of which is an element in the union defining W. Therefore
W, NK,, nel* k=1,2,...1
is almost always empty. Therefore for sufficiently large # e I*
K, C S¢(K).
This completes the proof of the Theorem.
1.10.5. Let X and Y be closed subsets of a compact metric
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space S. Define the Hausdorff metric: d(X, Y) as the greatest
lower bound of all € such that symmetrically

X CS.(Y), YCS(X).
This is a metric for the collection of closed subsets of S.

TueoreM. The set F of all closed subsets of a compact metric
space S is a compact metric space in the metric defined above.

The set F is a metric space in the metric defined above. If
A, isin F then A, has a subsequence converging to a set 4 in the
sense of convergence defined above and the set A may be assumed
closed. It follows that the subsequence also converges to 4 in
the sense of the metric of F. Hence every sequence in F has a
convergent subsequence.

Let W,, nel, be a basis for open sets in S as in the preceding
Theorem. For cach # and each choice of integers %, ..., Ry,
let W(ky,..., k,) denote the union of the sets Wi oo W,
Now let W*(k,, . . ., k,) denote the subset of F consisting of all
the compact sets in S which belong to W(k,, . . ., k,). This gives
a countable collection of subsets of I. The proof of the preceding
theorem shows that this collection is a basis for open sets in F.

Finally, let {0,}, n=1,2,..., be a countable collection of open
sets of F which cover F. We have to find an integer s such that
U™0, covers F. If no such integer existed we could find a sequence
of points x,,, %, ¢ F — U?0,. This sequence would have to have
a subsequence converging to some point x. Since x €0, for some
m, it follows that infinitely many of the x, belong to O,,; this
contradiction proves the theorem (see below).

1.10.6. Note that separability implies that every collection of
covering sets has a countable covering subcollection. It also
implies that there cxists a countable set of points which is every-
where dense in the space.

THEOREM. A metric space S is compact if and only if every
infinite sequence of points has a comvergent subsequence.

Suppose that every infinite subsequence of points of S has a
convergent subsequence. We shall prove that S is separable.
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The last paragraph of the preceding section then shows that S
is compact. The converse is shown in 1.10.4.

For each positive integer # construct a set P, such that 1) every
point of P, is at a distance at least 1/# from every other point
of P,, 2) every point of S not in P, is at a distance less than
1/n from some point of P,. It is easy to see that no sequence of
points in any one P, can be convergent, and it follows that P,
is a fimite point set. Let P=U P,. Then P is countable, and
every point of S is a limit point of P. For each rational > 0
and each point of P construct the “sphere” with that point as
center and radius . The set of these spheres is countable, and
is a basis for open sets. This concludes the proof.

ExaMpLE. Let S be a compact metric space let H be the space
of real continuous functions defined on S, with values in R,.
Each continuous function f(x) determines a closed subset of
S X R,, namely the graph consisting of the pairs (x, f(x)), x¢ S.
Hence H is a subset of a compact metric space (see examples 2
and 3 in 1.9). Notice that the metric defined for H in example
2 of 1.9 and the metric which it gets from S X R, are topologically
equivalent. This shows that H itself is a separable metric space.

1.11. Topological groups

Topological groups were first considered by Lie, who was con-
cerned with groups defined by analytic relations (see 2.0). Around
1900—1910 Hilbert [1.2] and Brouwer [1.3] and others were
interested in more general topological groups. Brouwer [3]
showed that the Cantor middle third set can be made into an
abelian topological group. Later Schreier [1] and Leja [1] gave
a definition in terms of topological spaces whose theory had been
developed in the intervening time.

A topological group is a topological space whose points are
elements of an abstract group, the operations of the group being
continuous in the topology of the space. A detailed definition
containing some redundancies is as follows:
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DEFINITION. A topological group G is a space in which for x,
y € G there is a unique product xy in G and

1) There is a unique identity element e in G such that xe = ex = %
for all x €G.

2) To each x e G there is an inverse x~ such that xx™ = x~1x = e.

3) x(yz) = (xy)z for x, v, 2€G.

4) The function x1 is continuous on G and xy is continuous
on G X G.

Familiar examples are the real or complex numbers under
addition with the usual topologies for E, and E, respectively,
and the complex numbers of absolute value one under multi-
plication with their usual topology as a subset of E,. The space
of this last group is homeomorphic to the circumference of a
circle.

1.11.1. Of course, properties 1), 2), 3) define a group in the
customary sense and a topological group may be thought of as a
set of elements which is both an abstract group and a space, the
two concepts being united through 4). When a subset H of G
is itself a group then we shall call H a subgroup of G but we shall
understand that H is to be given the relative topology. It is
easy to see that then H becomes a topological group.

If H is a subgroup of G and if x and y are points of G belonging
to the closure of H, then every neighborhood of the product
element xy contains points of H. For let U be a neighborhood
of xy. Then by 4) there exist neighborhoods V of x and W of y
such that every product of an element of ¥V and an element of
W is contained in U. We see from this that xy belongs to the
closure of H. Similarly, ! belongs to the closure. Thus, H is
a group, and we shall call it a closed subgroup.

1.11.2. If G,, ae{a}, is a collection of topological groups and
if G denotes the product space defined in 1.6, then G can be
regarded as a group (the product of two elements of G being
defined by the product of their components in each factor G,).
Because each neighborhood of the pProD G, depends on only a
finite number of the factors, it is easy to see that G becomes a
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topological group. We shall call it the topological product group
of the factors G,.

By way of examples, note that the product of an arbitrary
number of groups each isomorphic to C;: the group of reals-
modulo-one (isomorphic to the complex numbers of modulus one
under multiplication) is a compact topological group. The product
of an arbitrary number of factors each isomorphic to the group
of reals is a topological group which is locally compact if the
number of factors is finite.

A finite group with the discrete topology is compact and the
topological product of any collection of finite groups is therefore
compact.

1.11.3. If x and y are in a topological group, ¥ # v, then as will
be seen (1.16) we may choose a neighborhood W of e such that
y¢ WW-L
Hence yW and x#W are disjoined, and thus two distinct points
of a topological group are in disjoined open sets. This is
called the Hausdorff property (see 1.16); it implies that a point

is a closed set.

It is easy to see that if H is an abelian subgroup of a topo-
logical group G then H is also abelian. Thus if x, ye H and
xv # yx there are neighborhoods U, of xy and U, of yx with
U;NU, = ®. There exist neighborhoods V of x and W of y
such that foreveryve Vand we W, vw e U, and wv ¢ U,. However,
if v, we H then wv = vw and we are led to a contradiction,
proving that the closure of H is abelian.

1.11.4. Important examples of topological groups are given
below.

ExampLE 1. The sets M ,(R) and M, (C) of all nX»n matrices
of real and complex elements under addition with the distance
of 4 = (a,), B = (b,) defined by

d(4, B) = max, ; |a, — b, |.
The spaces of these two groups are homeomorphic to E,s and
E,,s. They are in fact the sets of real or complex vectors with
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n? coordinates, and hence are vector spaces as well as groups.
Another example is the set H of continuous real valued functions
on a compact metric space under addition.

ExaMpLE 2. The sets of non-singular real or complex # X =
matrices GI(n, R), Gl(n, C) under multiplication; these are subsets
of M,(R) and M ,(C) respectively and are given the induced
topology. They are open subsets and are therefore locally compact
and locally euclidean (1.27).

ExaMPLE 3. Let S be a compact metric space and let G be
the group of all homeomorphisms of S onto itself topologized
as a subspace of the space of continuous maps of S into itself
(1.9 example 2).

1.12. Isomorphism of topological groups

The spaces associated with two topological groups may be
homeomorphic but the groups essentially different, for example,
one abelian (= commutative) and the other not.

ExampLE 1. The matrices

a 0
( 0 b)’ a, b real

under addition. This is an abelian group with E, as space.

ExamrrLE 2. The matrices
e b
( 0 o ) a, b real
under multiplication. This is a non-abelian group with E, as space.
If we give the space in this example (or example 1) the discrete
topology we obtain a new tepological group with the same
algebraic structure.

ExampLE 3. In the additive group of integers, for each pair
of integers # and &, £ # 0, let the set {4 4+ nk}, n =0,1,2,.. .,
be called an open set and let the collection of all these sets be
taken as a basis for open sets.
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ExampLE 4. Introduce a metric into the additive group of
integers, depending on the prime number p, defined thus:

d(a, b) = 1/p*
if a 5 b and ™" is the highest power of $ which is a factor of a — b.

ExamMpLE 5. Let G be the integers under addition with any
set called open if it is the complement of a finite set (or is the
whole space or the null set). Algebraically G is a group and it
is also a space. However it is not a topological group because
addition is now not simultaneously continuous. It is true however
that addition is continuous in each variable separately.

For some types of group spaces separate continuity implies
simultaneous continuity. It is not known whether this is true
for a compact Hausdorff group space.

DEFINITION. Two topological groups will be called isomorphic
if there is a one-ome correspondence between their elements which is
a group isomorphism (preserves products and inverses) and a space
homeomorphism (preserves open sets).

An isomorphic map of G onto G is called an automorphism.

In examples 3) and 4) the abstract group structure of the
additive group of integers is embodied in infinitely many non-
isomorphic topological groups.

1.13. Set products

If G isa group, A C G, let A~ denote the inverse set: {a—'}a e A.
Clearly (A1)~ = A. If BCG let AB denote the set {ab} ae 4,
be B. It is understood that the product set is empty if either
factor is empty. We shall write A4 = A2 and so on. It can be
seen that (AB)C = A(BC), and (AB)~! = B4, The set AA~!
satisfies

(AA1)1 = A4
that is, it is symmetric. Similarly the set intersection A N A~
is symmetric. The intersection of symmetric sets is symmetric.

A set H in G is called invariant if gH = Hg for every g ¢ G,
equivalently if gHg-! = H.
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THEOREM 1. Let G be a topological group and let A CG be an
open set. Then A~ is open.

Let 21 be in A. By the continuity of the inverse there exists
an open set B containing a such that b ¢ B implies ' € A. This
means that B-1 C A and therefore BC A-1. Thus A-1is a union
of open sets and is open.

COROLLARY. The map x — x~' is a homeomorphism.

LemMmA. Ler G be a topological group, A an open subset, b an
element. Then Ab and bA are open.

Let a€ A and let ¢ = ab. Then a = cb~*. Because 4 regarded
as a product is continuous in ¢ there must exist an open set C
containing ¢ such that if ¢’ € C then c¢’b~' e A. But then ¢’ € 4b
and it follows that C C 4b. Therefore 4b is a union of open sets
and is open. The proof that b4 is open is similar.

CoROLLARY. For each aeG the left and right translations:
x —> ax, x —> xa are homeomorphisms.

THEOREM 2. Lel G be a topological group and let A and B be
subsets. If A or B is open then AB is open.

Since AB is a union of sets of the form A4b, b e B it is open
if A is open. Similarly AB is a union of sets aB, a € 4, and
is open if B is open.

COROLLARY. Let A be a closed subset of a topological group.
Then Ab and bA are closed.

This is true because left and right translations by the constant
b are homeomorphisms of G onto G.

A function f(x) taking a group G, into another group G, will
be called a homomorphism if

*) f@) fly) = flxy) % yeGy.

When G, and G, are topological we shall ordinarily require that
f be continuous. The most useful case is where f is open as well
as continuous. In many situations (see 1.26.4 and 2.13) continuity
implies openness but this is not true in general. The set of elements
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going into ¢ is a subgroup and if f is continuous it is a closed
subgroup (a point in a topological group is a closed set). This is
the kermel of the homomorphism.

ExampLE: Let ¥, be the additive group of real numbers and
G a topological group. A continuous homomorphism, 4(¢), of
V, into G, is called a one-parameter group in G. If h is defined
only on an open interval around zero satisfying *) so far as it
has meaning, then A(¢) is called a local one-parameter group in G.
If k() is a one-parameter group, the image of ¥, may consist of
e alone and then %(¢) is a trivial one-parameter group. If this
is not the case and if for some ¢, # 0, k(f,) = e, then thc image
of V, is homeomorphic to a circumference. In case A(f) =e
only for ¢ = 0, the image of ¥V, is a one-one image of the line
which may be a homeomorphism of the line or a very complicated
imbedding of the line. To illustrate this let G be a torus which
we obtain from the plane vector group ¥, by reducing mod one
in both the x and y directions. In V, any line through the origin
is a subgroup isomorphic to ¥, and after reduction the line y = ax
is mapped onto the torus G thus giving a one-parameter group
in G. If a is rational the image is a simple closed curve but if a
is irrational the image is everywhere dense on the torus.

1.14. Products of closed sets

If A and B are subgroups of a group G, AB is not necessarily
a subgroup. However if A is an invariant subgroup (that is
g'Ag = A, g €G) and B is a subgroup then 4B is a subgroup.
The product of closed subsets, even if they are subgroups,
need not be closed. As an example let G be the additive group
of real numbers, H, the subgroup of integers {4 #} and H, the
subgroup {4+ #+/2}. The product H,H, is countable and a sub-
group but it is not a closed set.
It will be shown later that if 4 is a compact invariant sub-
group and B is a closed subgroup then 4B is a closed subgroup
(corollary of 2.1).
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1.15 Neighborhoods of the identity

Let G be a topological group and U an open subset containing
the identity e. We showed in 1.13 that xU is open and clearly
% € xU. Conversely if x €0, O open, then U = %710 is an open set
containing e.

If a collection of open sets {U,} is a basis for open sets at ¢ then
every open set of G is a union of open sets of the form x,U,,
%,€G, U, € {U,} and the topology of G is completely determined
by the basis at e. In particular the collection {xU,} is a basis
for open scts at x (so also is {Ux}).

If U is a neighborhood of ¢, U~! is a neighborhood of ¢ and
UNU-! is a symmetric neighborhood of e.

THEOREM. Let G be a topological group and U a neighborhood
of e. There exists a symmetric neighborhood W of e such that W2 C U.

Since ¢ - e = ¢ and the product is simultaneously continuous in
x and y there must cxist neighborhoods V; and V, of e such that
ViVoCU. Define W=V, NV1NnVyNnV;'. Then W2CU, and
this completes the proof.

COROLLARY. Let G be a topological group. If x +# e, there exists
a meighborhood W of e such that W N\ xW is empty.

Since G is a topological space there is a neighborhood V, of ¢
not containing x or there is a neighborhood V, of x not containing e.
In the second alternative, V3! is a neighborhood of e not con-
taining x. In either case there is a ncighborhood U of e not con-
taining x. Let W be a symmetric neighborhood of e, W2 CU.
If W N xW were not vacuous there would exist w, v’ ¢ W with
w' = xw. But this gives x = w'w—! ¢ W2 C U which is false.

1.15.1. If G is a topological group then a set S of open neigh-
borhoods {V'} which forms a basis at the identity e has the following
properties:

a) the intersection of all ¥V in S is {e}

b) the intersection of two sets of S contains a third set of S

c) given U in S there is a V in S such that VV-1CU

d) if Uisin S and @ € U then thereisa V in S such that Va CU
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e) ifUisin Sand aisin Gthereisa V in S such thataVa—? C U.

Conversely a system of subsets of an abstract group having
these properties may be used to determine a topology in G as
will be formulated in the following theorem, the proof of which
is contained in main part in remarks already made.

THEOREM. Let G be an abstract group in which there is given a
system S of subsets satisfying a) to e) above. If open sels in G are
defined as unions of sets of the form Va, a eG then G becomes
topological with S a basis for open sets at e. This is the only topology
making G a topological group with S a basis al e.

1.16. Coset spaces

Let G be a group and H a subgroup. The sets xH and yH, x,
y € G, either coincide or are mutually exclusive; and xH = yH
if and only if 'y e H. Each set xH is called a coset of H, more
specifically a left coset. Right cosets Hx, Hy will be used in-
frequently. We usec the notation G/H for the set of left cosets.
When G is a space G/H will be made into a space (sec below
1.16.2) but we speak of it as a spacc in the present case also,
although it carries no topology at present.

If H is an invariant subgroup, that is if ¥'Hx = H, equivalently
if Hx = xH, x ¢ G, then

xHyH = xyH, x, yeG

is a true equation in sets of elements of G. In this case the coset
space becomes a group, the factor group G/H.

1.16.1 DEFINITION: By the natural map T of a group G onto
the coset space G/H, H being a subgroup of G, we mean the map

T:x—xH, xeG, xH ¢ G/H.
For any subset U C G we have
T(T(U)) =UHCG.

Let G be a topological group, H a subgroup. It is useful to topo-
logize the coset space and to do this so that the natural map T
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is continuous. It will become clear as we proceed that unless
the group H is a closed subgroup of G it will not be possible in
general to have T continuous and G/H a topological space; for
this reason only the case where H is closed will be considered.

1.16.2. DEFINITION. Let G be a topological group and let H be
a closed subgroup of G, that is a subgroup which is a closed set.
By an open set in G/H we mean a set whose inverse under the natural
map T is an open set in G.

THEOREM. With open sets defined as above, G/H is a topological
space and the map T is continuous and open. If xH # yH, there
exist neighborhoods W, and Wy of xH and yH respectively such that
W, W, is empty.

Let U denote an arbitrary open set in G. Then UH is open
(1.13) and is the inverse of T(U). Since T(U) is open in G/H,
T is an open map.

Let x, yeG and xH # yH. Then x¢yH, and yH is closed
because H is closed. There exists a neighborhood U of e such
that Ux NyH is empty. Let W be open, ee W, and W2CU
(Theorem in 1.15). Then if WxH N WyH is not empty we can
find w, w, ¢ W and &, h, € H so that w,xh = wyh,. But this leads
to w~lw,x = yh,h~! and implies that Ux mcets yH. Therefore
WxH n WyH is empty. The sets Wx and Wy are open. Therefore
W, = T(Wx) and W, = T(Wy) are open in G/H; xH eW,,
yH € Wy, and W, W, is empty. This is the main part of the
proof and depends on the fact that H is closed. We have proved
more than condition 4) of 1.1. The remaining conditions of 1.1
are easy to verify. The fact that T is a continuous map is stated
in the definition of open set in G/H. The fact that T is open
was proved in the first paragraph.

CoroLLARY. If G is a topological group, %, y € G, x #y, then
there exist neighborhoods W, of % and W, of y such that W, N\ W,
is empty.

To see this it is only necessary to take H = e. A space in which
every pair of distinct points belong to mutually exclusive open
sets is called a Hausdorff space. Therefore it has been shown that
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a topological group G and a coset-space G/H, H closed in G, are
Hausdorff spaces.

COROLLARY. Suppose that G is a topological group and H a
closed invariant subgroup. Then with the customary definition of
product. (xH)(yH) = xyH, G[H becomes a topological group. The
natural map of G onto G/H is a continuous and open homomorphism.

1.17. A family of neighborhoods

Suppose that we are given a topological group G and a sequence
of neighborhoods of e: Q,, Q,, . . .. By repcated use of the theorem
of 1.15 we can choose a sequence of symmetric open neighborhoods
of e: Uy, Uy, ..., with Uy = Q,, such that

1) U2,,CU,NQ,, n=0,1,...,.

In this section we shall show how to imbed the sets U, in a
larger family of neighborhoods possessing a multiplicative pro-
perty which generalizes 1). We shall use this family in the next
section to construct a real and non-constant function which is
continuous on G. In 1.22 we shall use a similar family in order
to construct a metric in a metrizable group. We remark in
passing that in groups which do not satisfy the first countability
axiom the set: N U, may be of considerable interest (see 2.6);
it is a closed group (if ¥, y¢ N U,, then for cvery n, xye U2, CU,).

Now, for each dyadic rational r = k/2", for n =0, 1, ... and
k=1,..., 2" we define an open neighborhood V, of ¢ as follows:

2) Vi =1U,, for all n,

and then using 3) and 4) alternately by induction on %,
3) V2k/2"+1 = Vk/z"
4) V(2k+l)12;:"‘ = Vl/z"“ Vkl2"'

Each V, depends on the dyadic rational 7, and not on the parti-
cular representation by k/2". The entire family has the property

5 VipgVapr CVappn m+ 1= 2%



CHAPTER 1 29

For m = 2k, 5) is an immediate consequence of 3) and 4). For
m = 2k + 1, the left side of 5) becomes -

V1/2" (V1/2" Vk/z""‘) - V:/z"'1 K21

The right side of 5) becomes V ;4 on-1. This sets up an induction
on n and since 5) holds for » = 1, we have proved that 5) is
true for all #». It follows from 5) and also more directly that:

6) V,CV,ifr<7r =1

1.18. Complete regularity

THEOREM. Suppose that G is a topological group and that F is
a closed subset of G not containing e. Then one can define on G a
continuous real function f, 0= f(x) =1, f(e) =0, f(x) =1 if
xeF.

In virtue of the property described in the theorem, G is called
a completely regular space at the point e. The theorem is due to
Pontrjagin (see A. Weil [1]).

Set Qy = G — F and (setting Q, = Q,, for every =) construct
a family of sets V, as in the preceding section.

Define f(x), x ¢ G, as follows:

1) f(x) =0if xeV, for every 7,
2) fix)=1if x¢gV,,

and in all other cascs
3) fx)=lub,{r=1, x¢V,}

It is clear that ¢ belongs to every V, and that F =G —V;
and does not meet V;, so that there remains only to prove that
f is continuous; let € > 0 be given and let # be a positive integer
such that 1/2" < e.

Now suppose that f(x) < 1 at some point x¢G. Then there
is a pair of integers m and & such that & > #» (same # as above),
m < 2% and (interpreting V,, if it occurs, as the null set),

xe lez‘= - Vm—llzk'
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Let y be an arbitrary element in the neighborhood V,+x. Then
ye Vl/‘..’" Vm/‘.’." c V(m+1)l2"‘

By the choice of y, yx~te V', ; therefore xy~le V,» and xe Vypry.
It follows from this that y cannot belong to V(,_ g+ and this

shows that
(m — 2)[2 < f(y) = (m + 1)[2%

Concerning ¥ we know that
(m — 1)[2F < f(x) = m/2*
and we may conclude from both inequalities that
[ /x) —fy) [ =22 = 12" <e

Suppose next that f(x) = 1, and choosc £ > # as before. Let
y be an arbitrary element in V;,:x. Now y cannot belong to V', ,*
with m < 2% — 2 without implying that f(x) < 1. It follows that

L—22k = [y) =1

and again we get |f(x) — f(¥) | = e. This concludes the proof
that f(x) is continuous on G.

CoroLLARY. A topological group is completely regular at every
point.

1.19. Homogeneous spaces

THEOREM: Let G be a topological group, H a closed subgroup.
Each element of G determines a homeomorphism of the coset space
G/H onto itself, and G becomes a group of homeomorphisms of this
space; furthermore G 1is transitive on the space: i.e., each point may
be carried to any other by an element of G.

Let a € G. Associate to @ the mapping

T,:xH — axH.

This is a one-one transformation of G/H onto itself with T, as
inverse. These transformations are open and each transformation
is a homeomorphism.
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Since T,T, is given by
T,T,(xH) = Ty(axH) = baxH = T,,(xH),

the association of @ € G and T, makes G a group of transformations
of G/H. 1t is clear that xH is carried to yH by T, with 4 = yx~1.
This completes the proof.

A space is called homogeneous when a group of homeomorphisms
is transitive on it. We have shown that G/H is homogeneous
with G being the transitive group of homeomorphisms. This
implies that the unit segment R,, for example, cannot be the
underlying space of a group or cven a coset-space G/H since an
end-point of R, cannot go to an interior point by a homeomorphism
of R,.

It follows from the simultancous continuity of ax € G in the
factors @ and x that the image point axH of xH under T, is
continuous simultaneously in the counter-point xH and the
element T, of G. This makes G an instance of what is called a
topological transformation group of a space M, which will be
defined below.

However, we shall be principally concerned with transfor-
mation groups which are locally compact and separable, acting
on spaces which are topologically locally euclidean.

1.20. Local groups

An open neighborhood of the identity of a topological group
when it is regarded as a space in the relative topology has some
of the properties of a group. There will usually be pairs of elements
for which no product element ex:sts in the neighborhood. A
structure of this kind is called a local group and will be defined
below. Local groups often arise in a natural way, especially in
the case of analytic groups (Lie groups of transformations) and
they have been intensively studied in that form.

DEFINITION. A space G is called a local group if a product xy
is defined as an element in G for some pairs %, y in G and the
following conditions are satisfied.
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1) There is a unique element ¢ in G such that ex and xe are
defined for each # in G and ex = xe = x.

2) If %, y are in G and xy exists then there is a neighborhood
U of x and a neighborhood V of y such that if " ¢ U, y" ¢ V then
%'y’ exists. The product xy is continuous wherever defined.

3) The associative law holds whenever it has meaning.

4) If ab = ¢ then ba = ¢. An element b satisfying this relation
is called an inverse and is denoted by a~!. We assume that 4!
is unique and continuous where defined, and that if it exists for
an element a it exists for all elements in some neighborhood of a.
Note that a—! always exists in some neighborhood of ¢. In fact
there exists a symmetric open neighborhood U of ¢ such that
U? is defined.

The above definition is somewhat redundant.

EXAMPLE. Any neighborhood O of the identity in a topological
group is a local group if the neighborhood is open.

We shall call two local groups ssomorphic if there is a homeo-
morphism between their elements which carries inverse to inverse
and product to product in so far as these are defined. However,
in some applications it is natural to regard two local groups as
equivalent if they belong to the same local equivalence class;
that is, a neighborhood of ¢ in one is isomorphic to a neighborhood
of ¢ in the other. In this book an isomorphism means a one-one
correspondence which is a homeomorphism and preserves group
operations so far as they are defined.

LeEMMA. Let G be a local group with U the symmetric open neigh-
borhood of e described in the defimition. Given amy mneighborhood
V of e, VCU, there is a symmetric neighborhood W of e, W3C V.
The product sets AB, BC, (AB)C, A(BC) exist for A, B, CCW
and (AB)C=A(BC). The set AB is open if either A or B is open.
The sets A, bA, and Ab are homeomorphic for be W. Any two
points of W have homeomorphic meighborhoods.

The proof is omitted, the details being as in 1.13, 1.14, 1.15.
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1.21. Coset space of local groups

DEriNITION. A closed subset H of a local group G is called a
subgroup if a meighborhood V of e exists such that V2 is defined,
V open and symmetric, and:

1) xeHNV implies x e HNV
2) x, yeHNYV implies xy e H.

The subgroup is called invariant if a V exists satisfying 1)
and 2) and also

3) yeV, he HNV implies yhy e H.

LEmMMA. Let G be a local group, H a subgroup, V a neighborhood
as described above, and let W be a symmetric open neighborhood
of e with W8 CV. Then for x, y e W, x7y € H is an equivalence
relation and x'y e H if and only if xHOW =yHNW.

The relation x~ly e H is reflexive since xlx =ee H. It is
symmetric since if %, y € W then 21y e W2; hence y—'x is defined
and belongs to W2 Now x~'y ¢ H implies y~' ¢ H. The relation
is transitive because x, v, 2 € W, x71y and y~'2 ¢ H implies sz ¢ H
by condition 2).

It can be seen that the sets xH N W, x e W are the equivalence
classes of this equivalence relation. They are called the local
cosets and are the points of a coset space W/(H N W). We shall
now define the topology for this space.

Let T denote the natural map of W onto W/(H N W) defined by

T:x— (xHNW).

Note that T (for local groups) is defined only on W. Let the
open sets of the coset space be those which have an open set in
W as inverse under T. Then T is open and continuous.

CoROLLARY. With the same assumplions and notation as in the
preceding Lemma let H be invariant. Then W/[(H O W) is a local
growp when the product is defined in the natural way.

The product function is defined for x, y e W by:

(xH N W)(yH W) = (xyH O W).
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To prove that this is single-valued on cosets it needs to be shown
that for #, »' e H and xh, yh' e W, the product (xy)-l(xhyh')
exists and is in H. The product is in W4 and defines an element
of V. This element can be seen to be in H NV by the use of the
associative law and condition 3) above; it must be verified that
all indicated products are defined. Finally let U, be an open
neighborhood of ¢ in G, U} C W. It can be seen that the product
of each pair of elements in the open set T(UoyH N W) is defined
as an element of W/(H N W). The remaining details can be verified
by the reader.

THEOREM. A local group G possesses such a family of meigh-
borhoods as is defined in 1.17. For every subgroup H of G and neigh-
borhood W of e (this meighborhood chosen as above) the coset space
W[(W N H) is a Hausdorff space.

The proof is the same as in 1.16 and 1.17.

Some of the principal results of the succeeding chapters are
valid for local groups as well as global groups. However the
consideration of local groups in each preliminary Lemma and
Theorem is not feasible in a work of this kind. In the sequel
we shall only occasionally need to make explicit mention of the
local groups.

1.22. Invariant metric

The construction of metrics and invariant metrics in groups
was carried out by Garrett Birkhoff [3] and Kakutani [1] in-
dependently.

A local group is called metric if some neighborhood of the
identity is metric.

THEOREM. Let G be a topological group whose open seis at e
have a countable basis. Then G is metrizable (1.9) and, moreover,
there exists a metric which is right invariant.

Let U, 1 =1, 2,..., be a countable basis for open sets at e
and for each positive integer # let 0, = N}U,. The sets O,
are monotonic decreasing and form a basis at e. Let V,, for
each dyadic rational » = %/2", 1 £k < 2% nel, be a family of
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neighborhoods of ¢ in G such as is constructed in 1.17. Define
a function f(x, y) on G as follows:

1) f(x,y) =0 if and only if y eV, V'« for every 7,

2) otherwise f(x, y) = Lub. {r; y eV, V'x}.

For any set U and elcment 4 in G, y e Ux if and only if
ya € Uxa. From this it follows that f(x, y) is right invariant:

3) (% ¥) =[(xa, ya).

Next from the fact that V,V;' is symmetric it follows that

xy~LeV, V,;! if and only if yx1 eV, V;?! for the same 7. It follows
that f is symmetric

(%, y) = fy, x).

The sets V,» are symmetric so that VyueViie = V23 CV, e
by 5) of 1.17. Also V,p-1CO, ;and N0, ; =e. It follows
now that

f(x,v) = 0 if and only if x = y.

We next define the distance function:

%) dx, y) =Lub., |z ) — [, w) |
The definition shows that d(x, y) = d(y, %),
dx,y) =f(x,y) =0, and d(x, x) = 0.
If d(x,y) = 0 then f(x,y) = 0 and x = y. Finally the triangle
inequality:
d(x, 2) = Lub.,| {(x w) — [(y, ) + f(y, u) — j(z ) |
< d(z,y) + A, 2).
The right invariance of the metric is shown as follows:
d(xa, ya) = lu.b.,| f(xa, u) — f(ya, u) |

= Lu.b.,,| f(xa, va) — f(ya, va) |

= Lub.,|/(x, v) — f(y, ) |
=d(x,y).

Finally we must show the equivalence of the original neigh-
borhoods of G and the spherc neighborhoods of the metric. It
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is sufficient to verify this at e because of the invariance of the
metric on the one hand and the translation properties of G (1.13)
on the other. Let S;,» denote the set of elements whose distance
from e is < 1/27. The fact that

V1l2n+l C Sllz"

shows that the metric spheres are neighborhoods of ¢ in the original
topology. It remains to show that they form a basis at e. Let
a neighborhood O of e be given. Since the sets O, are a basis at
e there is an integer £ such that 0, CO. Then if xeSmm,
d(e, x) < 1/2%+1 and f(e, x) < 1/2*¥+1, and finally

% € Vijgern C V3 CO,, hence
Sl/2k+l C Ok .

This completes the proof.

1.23. Metric homogeneous space

THEOREM. Let H be a closed subgroup of a meitric group G.
Then G|H 1is metrizable.

Let d(x, y) be a right invariant metric in G. Define D (xH, yH)
as follows:

D(xH, yH) = g.l.b. d(xa, yb), a, be H.
Then for every e >0, H contains elements &, b, ¢, d such that

D(xH,yH) + D(yH, zH) + 2¢
= d(xa, yb) + d(yc, 2d)
= d(xa, yb) + d(yb, 2dc~1b)
= d(xa, 2dc1b)
= D(xH, zH).

This shows that D satisfies the triangle inequality. It can be
verified that D is single-valued in G/H X G[H, that D is sym-
metric, and that D(xH, yH) = 0 if and only if xH = yH. Then
D is a metric.

The set yH belongs to the set Sypn(e) « H if D(xH, yH) < 1/2".
Therefore any neighborhood of xH in the original topology in-
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cludes a metric neighborhood. The converse can also be shown.
Therefore the metric D induces the topology of G/H.

1.24. Connectedness

A subset M of a topological space Sis called connected if whenever
M = A U B, where A and B are open relative to M and are not
empty, it follows that 4 N B is not empty.

LEMMA. If M is connected and A is a subset which is both open
and closed relative to M, than A = M, or A is the empty set.
This follows from the definition.

LeEMMA. If G is a topological group and H is a subgroup which
is open, then H is also closed.

Since H is open each coset of H is open. The complement of
H is the union of cosets of H. Hence the complement of H is
open so H must be closed.

THEOREM. If G is a connected group and W is an open neighbor-
hood of e, then G = U, W™,

The set H== U, (W N W-1)" is an open subgroup of G. Therefore
H is a closed subgroup, and then it follows from the connec-
tedness of G that H = G.

A union of an arbitrary number of connected subsetsis connected,
provided every two of the sets have a point in common. It follows
that to cach point x € S there is uniquely associated a maximal
connected subset of M containing x; these maximal connected
subsets are called components of S. The closure of a component
is connected — therefore the component is closed. A space is
called totally-disconnected when each point is a component.

LemMMmA. If M is connected and [ is a continuous map of M into
a space N then f(M) is connected.
If fM)=AuBand ANB=29,
then M = f1(4) U fY(B) and f(d)NfB) = P.
CoROLLARY. If G is a connected group and H is a closed sub-
group, then G[H is a connected space.
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DEFINITION. A space is called normal if any two disjoined closed
sets are comtained in disjoimed open sets; two sets arve disjoined
(disjunct, mutually separated) if they have mo common poinis.

LemMMA. A compact Hausdorff space is normal.
The proof is straightforward and is omitted.

LEMMA. Let S be a compact Hausdorff space and x a point in S.
Let Q be a set of indices {q}. If {A,} is the set of all compact open
subsets containing %, then C = N, A, is the x-component of S.

Let

N4, =X0VY, XNnY =9,

X and Y closed. There exist open sets ¥ D X and W D Y such
that VN W = @. Hence

*) (S—(VUW) n(N4,) =9
and there is a finite set of indices Q" C Q such that *) continues
to hold if the intersection N, is restricted to ge Q. Let 4 =
Ny Ay, g €Q. Then 4 is compact and open and x € A.

Finally, since
A= {AnV)U (AnW)

it follows that A NV and A N W arc compact open sets only one
of which can contain %. Since the system {4}, g € Q, is maximal,
oneof ANV and A NWisin {4}, say 4 NV e{4,} and thercfore
N,4,C ANV CV; hence Y is empty.

This shows that C = N, 4, is connected. It is now clear that
C is the component containing x.

COROLLARY. Let S be a compact Hausdorff space, C be a com-
ponent of S, let F be a closed set and suppose that F N C =®.
Then there is a compact open set A', CCA', FNA'=®.

It follows from the hypothesis that there is a finite set Q" C Q
such that

FO(Ngdgy) =D, q" Q.
Let
A'= OgAgp

This is the set required by the corollary.
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1.25. The identity component G,

THEOREM. Let G be a topological group and G, the component
of G containing the identity. Then Gy is a closed invariant sub-
group and the factor group G|G, is totally disconnected.

If M is a connected subset of G, M1 is connected, Mx and xM,
x € G, are connected (1.13). It follows that the identity com-
ponent G, is a group, and that the cosets xG, are also components.
We have already remarked that components are closed sets.
Then G, is a closed subgroup. Since x7'Gyx is connected and
contains the identity e for every x € G, it is clear that G, is in-
variant.

Now let M denote a connected subset of G/G,. Let T be the
natural map of G onto G/G,. We shall show that T-1(M) is
connected, thus proving that it is in a coset of G/G,. Suppose that

TY(M)=AUB

wherec A and B are rclatively open (and closed) in T-(M) and
AN B is empty. Then T(T-}(M)) =M = T(A)U T(B). Since
there exists an open set, say U, in G, such that A=UNT1(M)
and since 71" is an open map, the set T(d) is open relatively
to M. This is true also of T'(B). Since M is connected it follows
that T(A) NT(B) is not empty. Let xG,e I°(4) N T (B). Since
%G,y is a connected subset of G,

%Gy = (2GoN A) U (xGy N B)

leads to a contradiction.

A subgroup of a group G is called central if each of its elements
commutes with every element in the whole group. Subgroups
H and g—'Hg are called conjugate.

THEOREM. If G is a connected group and H is an invariant
totally disconmnected subgroup them H 1is cemtral.
Let x be an element of H and consider the map of G into H
depending on «:
g—>gxgl, geG.

Since H contains no connected set with more than one point,
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the image of G which contains x, must coincide with x. This

completes the proof.
The set of all central elements forms a group called the center.

1.26. Transformation groups

We shall soon confine our attention to groups which are locally
compact, and we shall be particularly interested in the transfor-
mation groups of locally-euclidean spaces. For the time being,
we continue to study the more general phenomenon.

DEFINITION 1. Let M denote a Hausdorff space and G a topo-
logical group each element of which is a homeomorphism of M
onto tself:

(1) f(g; x)=gx)=2"eM; geG, xeM.

The pair (G, M) or, sometimes, G itself, will be called a topological
transformation group if for every pair of elements of G, and everv
x of M,

(2) gi(ga®)) = (g182) (%),
and if ' = g(x) = f(g; %) is continuous simultaneously in x e M
and g eG.
‘rom 2) and from the fact that each g is one-one on M, it
follows that for every x e M

(3) e(x) = x; e the identity in G.

If ¢ is the only element in G which leaves all of M fixed, i.e.
if e is the only element satisfying 3) for all x, then G is called
effective.

DEerFINITION 1. A pair (G, M) will be called a local transfor-
mation growp if all conditions of the preceding Definition are ful-
filled excepting only that G is assumed to be a local group, and con-
dition 2) holds whenever g.g, is defined.

Some of the remarks below apply both to local and global
transformation groups but we confine attention to the global
case for the most part, except when noted.
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Let G be a transformation group, g € G, %, y e M and suppose

that
g(x) =y #x.

Since M is a Hausdorff space, there is a neighborhood Y of y
not containing x. By the definition of transformation group,
there is a necighborhood U of g such that for g’ e U, g'(x) e Y.
Therefore g’'(x) # %, and it follows that the set of elements of
G which leave «x fixed is closed. Therefore this set is a closed sub-
group of G. We shall denote it by G,. Similarly, the set of elements
of G leaving fixed every point of M is a closed subgroup G,,.

TueoreM. Let (G, M) be a transformation group, and let K be
the closed subgroup of G leaving all of M fixed. Then K is invariant
and G[K is an effective transformation group of M under the action:

T*: (gK)(x) = g(x); geG.

For x e M, h e K, g e G, we must always have: (g~thg)(x) = x.
This shows the invariance of K. If (¢K)x = y and a neighborhood
Y of y is given, there is a neighborhood U of g and X of x such
that g’ e U, 2" ¢ X imply g’'(x’) e Y. But then (g'K)(x’) e Y. From
this it is clear that T* is continuous simultaneously in gK and x.
It can be seen that

81K (8K (%)) = £28.K (%).
It follows also that gK(x) = x for every x implies g € K, equi-
valently gK = K.

1.26.1. If G is a transformation group of M and 4 is a homeo-
morphism of M onto itself, then the homeomorphisms

{ngh™'}

of M onto itself form a transformation group which is said to
be topologically equivalent to G.

1.26.2. A topological group G can be regarded as a transformation
group on itsclf as space in several ways, in particular by associating
with a e G
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1) a(g) = ag (left-translation)
2) a(g) = ga (right-translation)
3) a(g) = a~'ga. (conjugation, taking of transforms).

Also G is a transformation group of a left coset space G/H, H a
closed subgroup, by

4) a(gH) = agH.

In cases 1) and 2) G is effective. In 3) let Z denote the center
of G; then G/Z is cifective. In case 4) if

agH = gH
for every ge G then
aegHg!

for every geG. Then K = NgHg™! is an invariant subgroup of
G, and G/K is effective on G/H. Of course K is a subgroup of H
which depends on H as well as G and which may be trivial.

1.26.3. Further examples of transformation groups are given
below, proofs are omitted.

1) Let G = GI(n, R) be the group of # X # matrices a = (a,,)
with | a,, | # 0. Let E,, be the space of # real variables %,, . . ., #,.
Then G is a transformation group of E, whose elements are

T*:a(u) =u'
where u; = Za,u,
2) With G as above let S*1in E, be the (# — 1)-sphere defined
by ZuZ=1. Let G act on S*1 as follows:

T, :a(u) = u"

where %, = u;/Zu; and u; is as above.

Here the effective group is G/K,, where K, consists of scalar
matrices: (4d,;), where d,, is the Kronecker delta, and 4 is positive.

3) Let G be the group of two by two real matrices with deter-
minant one and let it act on E, as in 1).

4) Let G be the group of two by two real matrices of deter-
minant one and let G act on itself by inner automorphisms. As
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a space G is the product of a circle and a plane. One-parameter
groups fill a neighborhood of the identity and in the large are
closed sets which are either circles or lines. No two of them cross
and they are permuted by G.

5) Let G be the circle group acting on E, as the collection of
homeomorphisms of E, given by the following

X} = %, cos 2mmi + %y sin 2nmt

Xy = — %, sin 2nmt + %, COS 2mmt
¥y = %3 oS 2mwmt + %, sin 2nnt

% = — x4 sin 2nnt + %, cos 2nnt.

This can also be viewed as a transformation group on the unit
sphere S3% in E* since it leaves S? invariant. The simple closed
curves swept out by points of S® are linked.

6) A guasi-rotation in E,4in a fixed cylindrical coordinate system
(2,7, 0), is a group of homeomorphisms depending on a positive
continuous function F(r, z), 0 <7 < 00, — 00 < 2 < o0, F boun-
ded on compact sets in E; and given by:

* hi(27,0) > (2,7,0 4+ 2rF(r, 2)t),

for all real 2.

Each point which is not a fixed point moves in a circle about
the z-axis. The period of a moving point, i.e. the least positive #
for which it is left fixed by *) varies continuously. If % is an
arbitrary homeomorphism of E; upon itself, then {4~} defines
a topological quasi-rotation-group. As we shall mention later,
these groups can be characterized abstractly.

1.26.4. The transformation group G is called transitive on M if
for every x, y e M there is at least one g € G, such that g(x) = y.
As remarked earlier every topological group G is transitive on
G/H, H a closed subgroup.

THEOREM. Let (G, M) be a topological transformation group
which is transitive on M. Then the groups of stability G,, % e M,
are conjugate and for amy one of them G|G, is mapped in a con-
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tinuous one-ome way onto M by the map
T, :gG, — g(x).

Let x, ¥ € M be given with g(x) = y. If g'(x) = %, gg'g7 (y)=y.
It follows that G, and G, are conjugate.

Now let x be fixed. If g'(x) = #, gg'(x) = g(x) for every ge G
and this shows that the map

T,:G|G,—~M
defined in the theorem is one-one. It maps G/G, onto M because

G is transitive.
Let T be the natural map G — G/G,. Then T,T maps G onto M:

I\ Tg = g(x).
This map is continuous in G by the definition of a transformation
group. Let U be open in M. Then (T,T)'U is open in G and
T(T,T)~'U is open in GJG,, since T is an open map. This shows
that T, is continuous as well as one-one. In the cases of most
interest it will turn out that T, is a homeomorphism.

1.27. Locally euclidean spaces

We have used E,, # €I, to denote euclidean n-space, with real
coordinates %4, .. ., x,. It is the topological class of spaces homeo-
morphic to E, which we have in mind, rather than the space
endowed with a standard euclidean metric. By the Brouwer
Theorem (1911) (see Hurewicz-Wallman) an open subset of E,,
and an open subset of E, cannot be homeomorphic if m # n.
This shows that the possibility of the one-one bicontinuous
coordinatization (x,, ..., x,) of E, is a topological property. The
number # is a topological invariant, and is called the dimension.

The term locally euclidean is used to describe a topological
space E of fixed dimension # each point of which has a neigh-
borhood that is homeomorphic to an open set in E,. The simplest
examples of such spaces are the open subsets of E,. If a locally
euclidean space is connected it is called a manifold. For example,
the spheres of all dimensions, the ordinary torus, the cylinder,
etc., are manifolds.
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A locally euclidean space can be covered by a certain number
(not necessarily finite) of open sets each homeomorphic to an
open set in E,; let us call such sets, each with a fixed homeo-
morphism, a coordinate-neighborhood. The circle C, can be covered
by two (or more) coordinate neighborhoods, the two-dimensional
sphere S? by two or more. However, to describe classical euclidean
space one uses the entire family of those coordinate systems which
are related to each other by orthogonal transformations. Similarly
to define affine #-dimensional space, one uses a larger family,
namely all coordinate systems which are affinely related to each
other.

To describe a topological manifold one could use in it the family
of all possible coordinate neighborhoods. However, if for some
purpose a restricted class of coordinate neighborhoods covering
the manifold is specified, then one can speak of admzssible coordinate
systems. In general, where two coordinate neighborhoods overlap,
the coordinate systems will not be found to be in any simple
relation. It may happen that the admissible coordinate systems
have been so selected that in every region of overlap of two such
systems the two sets of coordinates are related by functions which
are differentiable, or analytic.

A manifold is said to be a diffcrentiable manifold and to have a
differentiable structure of class C*(r = 1) if there is given a covering
family of coordinate neighborhoods in such a way that where
any two of the neighborhoods overlap the coordinate transfor-
mation in both directions is given by # functions with continuous
partial dcrivatives of order . The same manifold may be assigned
a differentiable structure in different ways and in general two
such structures need not be differentiably related. It is unknown
whether a manifold can always be given a differentiable struc-
ture.

In the same way a manifold is said to be a (real) analytic manifold
and to have a (real) analytic structure if there is given a covering
family of coordinate neighborhoods in such a way that where
any two overlap the coordinate transformation in both directions
is given by # functions which are real analytic, that is in some
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neighborhood of each point of the overlap they can be expanded
in power series.

The definition of a complex analytic manifold and structure is
similar to the above. Such a manifold of course has an even num- .
ber of real dimensions; it is automatically real analytic. However,
there are many real analytic manifolds of even dimension which
cannot be given a complex analytic structure; thus the existence
of a complex analytic structure is a much stronger property than
the existence of a differentiable or even real analytic structure.

1.27.1. Suppose that M is an n-dimensional manifold and that
x and y are points of M belonging to a set U which is homeo-
morphic to an open #z-sphere. Then it is not difficult to describe
a homeomorphism of M onto itself which keeps fixed all points
of M not inside of U, and which maps x onto y. Using this and
using the connectedness of M, and being given an arbitrary pair
of points x and y of M one can find a homeomorphism of M onto
itself mapping x on y. We shall not give the details.

1.27.2. Suppose that M and M’ are manifolds and that there is
given a continuous map f of M onto M’. The map f is called
a covering map and M is said to cover M’ if the following con-
ditions are satisfied

a) for each y in M’ there is an open neighborhood V of y such
that f~1(V) is the union of disjoined open sets U,, where there
is a U, for each xef1(y) and xe U,

b) / is a homeomorphism of U, onto V for each x in f~1(y).
For each ye M’, each x¢&f-1(y) is called a covering point. It is
clear that M and M’ are of the same dimension, and it is clear
that each point of f~1(y) is an isolated point of f~(y) (each point
is a relatively open subset) so that f1(y) is a discrete set.

By way of example, let M’ be the ordinary torus with mo-
mentarily convenient coordinates #, v:0 <%, v < 1, and let
M be the ordinary plane with real coordinates ¥ and y. Define
the map f(M) = M’ by

(%,9) — (u,v) if and only if x =% and y =v (mod 1).
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This pair of manifolds can also be regarded as an example of a
group M covering a factor-group M’. Thus let M now denote
the two-dimensional vector space V,, and let x; and y, denote
two independent vectors in V,. Let D be the (countable, discrete)
subgroup of V, consisting of the linear combinations of x; and y,
with integral coefficients. Finally, let M’ now denote the toral
group V,/D.

A more general example is the following:

If G is any connected locally euclidean group and H is a discrete
subgroup of G then G covers the coset-space G[H under the natural
map G — G[/H.

A manifold M’ is called simply comnected if whenever it is
covered by a manifold M, the covering map f:f(M) = M’, is
a homcomorphism (in that case f~1(y) is single-valued). Euclidean
spaces of all dimensions and the sphere-spaces of dimension greater
than one are simply connected manifolds; the one-dimensional
sphere (circumference of a circle) and more gencrally, the toral
spaces of all dimensions are not simply connected. We shall not
really need this concept until the last chapter, and we postpone
discussion of it until then.
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Locally Compact Groups
2.0. Introduction

A topological group is called locally compact if the group-space
is locally compact (similarly it is called locally-euclidean or
connected or whatever the case may be if the space of the group
has the corresponding property). In the case of all local topological
properties it is sufficient of course that the group possess the
property at some one eclement, say the identity. Then since group
translations are homeomorphisms, the samec local property holds
at every point. Therefore a group is locally compact if the iden-
tity has a compact neighborhood.

The class of locally compact groups will occupy us through
this and the next two chapters. By way of a first set of useful
examples of these groups consider the following:

1) the group of order two (consisting of two elements) and also
the topological product of an infinite number of copies of this
group (the group space is the Cantor Discontinuum if the number
of copies is countably infinite),

2) the ““dyadic” group D, whose elements are the formal series
in powers of 2:

g=a+a2+...a,2"+4+ ..., each a,=20,1

and elements are added as though they might represent integers,
but with (possibly) énfinite carry-over. Thus

gi=land ggl=14 124 ... 41274 ,..
are inverses. The group is abelian; the topology is determined
by the following choice of neighborhoods of the zero, or identity:

U,={geDy, a;=0if i <mn}, n=1,2,..
so that D, is compact and totally disconnected. The space of
(48]
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D, is homeomorphic to the Cantor Discontinuum. We shall call
the element g, the generator of D,; the “powers” of g, are every-
where dense in D,.

3) the product of an infinite number of groups isomorphic to
C,, the group of reals mod one; this is an “infinite-dimensional’’
group.

4) the product of D, and C,; or D, and V,, the group of reals.
These are locally isomorphic groups, ‘‘one-dimensional’”’, but
clearly not locally euclidean (see, also, 2.14).

5) the group of rigid-motions of the ordinary plane. This is a
locally euclidean group (three-dimensional) and a Lie group (see
below).

All discrete groups (the identity element being an open subset)
are locally compact, and uninteresting from a topological pcint
of view. The groups C; and V; as well as 5) are also examples
of Lie groups. In appropriate context, the discrete groups may
be counted as Lie groups of dimension zero.

The Lie groups constitute the most important class of locally
compact groups for two distinct reasons. First, they include all
of the most important groups of geometry and analysis (orthogonal
groups, affine groups, projective groups, etc.). Second, all locally
compact groups may be approximated by Lie groups, roughly
speaking. Speaking precisely: let G be a locally compact group.
Then G has an open subgroup G’ and G’ has arbitrarily small
compact invariant subgroups H such that G'/H is a Lie group.

The proof of this approximation-theorem will run through
three chapters, along with other developments. Let us now state
briefly what Lie groups are.

DEFINITION. A lopological group is called a (real) Lie group if
the identity component is open and if this component may be given
an analytic structure (1.27) in which the coordinates of the product
element z = xy are analytic functions of the coordinates of the
elements x and vy, and the coordinates of z~' are analytic functions
of the coordinates of z. A complex Lie group is defined similarly.

The fact that the operation of forming the inverse is analytic
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follows from the analytic multiplication by the theory of implicit
functions, so the definition is slightly redundant.

A complex Lie group is a real Lie group but not necessarily
conversely. Clearly, a group isomorphic to a Lie group is a Lie

group.

ExampLEs. The additive group M, (R) of » X n real matrices
(a;,) has E,s as underlying space. The components a,; arranged
in some order may be taken as analytic coordinates and the for-
mulas of composition are

C” = a“ + bi"
The non-commutative group GI(n, R) of non-singular #» X »
real matrices (4;) under multiplication has an open subset of

E,: as underlying space. The components may again be taken
as analytic coordinates and the law of composition is

C" = Zlc @i bk:'

This multiplication, and the operation of forming the inverse
element, are expressed by analytic functions.

It is very useful that the closed subgroups of M, are casy to
find; the closed connected subgroups are themselves linear vector
subspaces with £ < »? generators. The simplest of these, the one-
parameter groups, are given by the set of matrices ({a;,),
— 0 <t< o, a; any fixed real numbers. Through the ex-
ponential map (2.16) relating M, to GI(n, R) it is possible to study
the closed subgroups of the multiplicative group. We do this
to the extent of proving that they are Lie groups (von Neumann,
1929 [1]). These subgroups, of course, are locally compact.

In 2.20 we prove that compact groups G have arbitrarily small
subgroups H such that each G/H is isomorphic to a subgroup
of Gi(n, R), first proved by von Neumann [2] in 1933. In 2.21
we study locally compact abelian groups (Pontrjagin [1], 1934).
In preparation for all of this, and for the study of locally compact
groups in Chapter III, we show the existence of an invariant
integral (Haar [1], 1933), and discuss its properties.

Although it is just as easy to set up an integral for the non-
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separable groups as for the separable, it is interesting to consider
the connection between the two cases and we discuss this in 2.19.
In the first sections we develop some of the simpler properties of
locally compact groups, showing among other things that they
can be approximated by separable metric groups (Kakutani-
Kodaira [1], 1944). A number of sections are devoted to concepts
relating to transformation groups, looking to the final chapters
of the book.

2.1. Compact subsets of topological groups

We saw in 1.14 that the product of closed subsets of a group is
not necessarily a closed set. However, the product is closed if
one of the factors is compact. This, and related facts, will now
be shown.

LEmMMA. Let G be a topological group, let I' be a closed subset
and C a compact subset such that F N\ C = @D. Then there is a neigh-
borhood V of e such that FN\CV = @,

Let x be in C so that x is in the open set G — F. There is a
neighborhood W, of e such that W2 C x~1(G — F). There is a
set of points #;,7 = 1, ..., #, and a set of associated neighborhoods
W, such that x,(W,)2CG—F, and u;x,W,DC. Set V= n;W,.

Now for any x ¢ C, x & x,W, for some 7, and sV C x, WEC G—F.
Then xV N F is empty. Clearly CV N F is empty, and this com-
pletes the proof.

Similarly, there is a ¥ such that VC N F = @& and there is also
a neighborhood U of ¢, U2CV, and UC "UF = 9.

COROLLARY. Let C be a compact subset and let B be a closed
subset of the topological group G. Then CB and BC are closed.

Take any y not in BC. Then B~y NC = @ and there is a neigh-
borhood V' of e such that B-yV' N C = @. Then yV N BC = P.
Thus the complement of BC is shown to be open. Then BC
is closed as asserted in the Corollary. Similarly CB is closed.

The reader will see easily that a compact subset of a topological
group is a normal space (1.24).
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2.1.1. LemMA. If B and C are compact subsess of a topological
group G, then BC is a compact subset.

In the product group (1.11.2) G X G, consider the compact
set B’ x C’ (1.8) where B’ is the one-one image of B in the first
factor and C’ is the one-one image of C in the second factor and
therefore B’ and C’ are compact. Now the product BC in G is
the continuous image of B’ X C’ by 4) of 1.11 and is therefore
compact (1.7).

The Lemma extends to any finite number of factors, the proof
is by induction.

2.2. The class of locally compact groups

If G is a locally compact group and if H is a closed subgroup
then H is locally compact. The coset-space G/H, say the left-
coset space, is also locally compact: for let T be the natural map
of G onto G/H, and let U be a compact neighborhood of ¢ in G.
Since T is open and continuous, T'(U) is a neighborhood of T(e)
and T(U) is also compact.

We shall have infrequent occasion to use the following “con-
verse” proposition but we include it for its intrinsic interest.
The proof is a modification of one by Gleason [5].

THEOREM. If a topological group G has a closed subgroup H
such that H and the cosel-space G/H are locally compact, then G
is also locally compact.

Let T denote the natural map of G — G/H.

Since H is locally compact in the relative topology (1.4) we can
find in G a closed neighborhood U of e such that U N H is compact.
Let U, be a closed symmetric neighborhood of e such that UiCU.
For every x in U;, x-1U,; N H is a closed subset of U NH and is
compact. Therefore x(x'U, N H) is compact and U;NxH is
compact for every x in U,. Let U, be a closed symmetric neigh-
borhood of ¢ such that UZ C U, and let C denote a compact neigh-
borhood of T'(¢) contained in T'(U,). Set V = U,N T~(C). Now
V is a closed neighborhood of ¢ and has the character of a compact
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collection of compact sets so that one may anticipate that it is
compact.

Let {0,} be a collection of open sets covering V. We shall prove
that there is a finite covering (1.7). Let y be an arbitrary element
in C. Pick an element x in U; N T-'(y); then T(x) =y. The
family consisting of the open set G — V.and the collection {0,}
is a covering of U; N xH, and it has a finite subcollection which
is also a covering. Let X denote the union of this finite sub-
collection: U;NxH CX; and X is open. Therefore, by the
preceding section, there is a neighborhood W of e such that
WU, NnxH) CX. We may take W= W-1CU, Now let x
be fixed; Wx is a neighborhood of x in G and T (Wx) is a neigh-
borhood of y in C.

We now show that for everyy’ in C N T (Wx), U,NnT-1(y') CX.
It is clear that T-1(y") = wxH, for some we W. If 2¢e UyNwxH,
then 2z = wxh, for some A in H and xh = w2 ¢ (Uy)2CU,.
Then xhe U;NxH and ze X. Since U,N Ty’ is contained in
¥V no point in it can belong to G — V. Hence U, N T1(C N T (Wx))
is covered by the finite collection of sets of {0,} which belong to X.

There is a finite set of points x,, 7 =1, ..., n, and associated
neighborhoods W,, as above, such that the union of the sets
T (W x,) covers C. The existence of the desired finite covering
for V' is now obvious (compare 1.8).

2.3. Open subgroups

We showed in 1.25 that the identity-component of a topological
group G is a closed invariant subgroup G, such that G/G, is totally
disconnected. If G is locally compact then G/G, is locally compact.
In this case, it will next be shown that G/G, contains arbitrarily
small compact open subgroups and corresponding to these G con-
tains open subgroups G’ such that G'jGy is compact. The groups
G’ are subgroups which may be generated by a compact neigh-
borhood of the identity, and constitute an important class of the
locally compact groups (they are the ones which are actual limits
of Lie groups).

Let us recall that if H is an open subgroup of G, then the cosets
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of G/H are open in G and the complement of H is open, and H
is also a closed group. The image of H in G/H being open, it
follows that G/H is discrete.

LEMMA. Let G be a locally compact group and suppose U to be
an open and compact neighborhood of e. Then U contains a com-
pact open subgroup.

Let

F=(G-U)NnU?%
so that F is closed. Since U N F is empty there is an open sym-
metric neighborhood V of ¢, V C U, such that UV N F is empty;
since UV CU?, this implies that UV CU. Then, of course,
UV CU for every n. From V CU there follows U,V"*CU.
Then U,V"is the desired group; being open it is also closed hence
compact.

THEOREM. Let G be a totally disconnected locally compact group
and let V be a compact neighborhood of e. Then V contains a compact
open subgroup.

Let U be an open neighborhood of ¢, U2CV. Let

F= (¥ -U0U).
If F is empty, then U = V is open and compact and the Theorem
follows from the preceding Lemma. Suppose that F is not empty.
Then, because ¢ is a component of ¥V and V is compact, there
exists an open and closed neighborhood W of e, W CV, such
that W N F = & (1.24). The preceding Lemma applies to W and
since W CU CV the Theorem is proved.

2.3.1. LeEMMA. Let G be a locally compact group with identity-
component Go. There exists an open subgroup G’ of G (necessarily
G’ D G,) such that G'|G,y is compact. For every choice of such a
G’ there exists a compact neighborhood W such that G' = W - Gy;
and G' is generated by W.
Let T denote the natural map
G - G|G,,

and let D be an arbitrary compact open subgroup of G/G,. Then
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T-Y(D) is the required G’. Now let T’ denote the natural map
G’ - G'[G,.
Choose a compact neighborhood W’ of e, W' C G'. Then T'(W’)
includes a set open in G'/G,, and G’/G, may be covered by a
finite set of translates of T'(W’), i.e. there is a finite subset F C G',
ee F, such that
G'[Go C T' (U, W'g)-

Finally, W = U,,zW'g is in G’ and is compact; G' = WG, as
required.

Since W is a neighborhood of ¢, W generates an open and closed
subgroup of G’. This subgroup contains G, because G, is con-
nected. Therefore W generates all of G'.

2.4. Intersections of neighborhoods

If U is a neighborhood of ¢ in a locally compact group G and
{#x~1Ux} is a family of transforms of U for x in a set K, then the
intersection of members of the family, M x~Ux, is not necessarily
a neighborhood of ¢ unless K is compact. This special case has
important application to groups which are generated by a com-
pact subset.

THEOREM. Let G be a locally compact group, let K be a compact
subset of G and let U be an open meighborhood of e. There exists
a neighborhood V of e such that

xWxCU, xekK.

Let x be a point of K. There is a compact neighborhood V,
of e such that V,C xUx~1. Then 21V ,x N F=®, where F=G—U.
Therefore there is a compact symmetric neighborhood WY of e such
that x~1V ,#W° N F is empty. This means that x-1V x N FW)=®.
By 2.1 FW? is closed and so again by 2.1 there is a symmetric
W. of e such that

W.x W, s\ FW) = @.
Let W, = W2NW,. Then
WoxV sW,NF = .
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For any yexW,, yle W, and
y 1,y CU.

Finally there is some finite subset X of G such that K is covered
by the neighborhoods xW, as above, x € X.

Let V=NV,, xeX, where each V, is associated with W,
as above. Now if y e K, then y e xW, for some x ¢ X and

y Wy CW, W aW,CU.

This completes the proof.
An equivalent statement of the conclusion of the theorem is
that N xWx, x e K, is a neighborhood of e.

2.5. Totally disconnected groups

A locally compact totally disconnected group contains arbitrarily
small compact open subgroups, but none of them are necessarily
invariant unless the group is compact.

THEOREM. If G is a compact totally disconnected group and a
neighborhood U of e is given, then there is a compact invariani open
subgroup H CU; G/H is a finite group.

We saw in 2.3 that U must contain a compact open subgroup,
call it H'. Set H=Nx1H'x, for all x in G. The preceding
Theorem shows that H is open and it is clear from its definition
that H is invariant and compact. Since G/H is compact and
discrete (each coset xH being open), G/H must be finite. This
completes the proof.-

Suppose now, on the same hypotheses as above, that g is some
element of G. Since G/H has only a finite number of cosets,
there must be an integer # such that g™me H. Therefore almost
all elements of the sequence g™ belong to H, n=1,2,..., and
it is natural to say that g*' converges to e even when G is not
necessarily separable.

Although compact, totally disconnected groups can be appro-
ximated by finite groups, namely the groups G/H, their algebraic
structure is not known in the general case even when the group G
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is abelian. However, the abelian separable case has been worked
out (See Ulm [1], Zippin [4], Kaplansky [1]).

EXAMPLE. There exists a totally disconnected locally compact
group G which has mo invariant compact open subgroups.

Let G be the group consisting of an identity element and of all
finite and some infinite products (to be described later) of
generating elements z and x,, n=..., —2, —1, 0, 1, 2,....
Let the generators be subject to the conditions 1) %2 = ¢ for
all n, 2) x,,%, = %,%,, for all m and », 3) x,,z = 2x,, , for all m.
It follows from 3) that for every ¢ and j, positive or negative,
there is an integer # such that 4) z7"x,2" = x,.

Let H denotc the subset of G consisting of the identity and of
all finite and infinite products: %, %, ..., with n, <n, <...,
so that at most a finite number of the subscripts are negative
integers. The product of two elements of H is defined to be an
element of the same form containing those generators which appear
in ome but not in both of the given elements; if the given elements
are the same then the product is to be the identity. This rule is ob-
viously consistent with 1) and 2) and makes H into an abelian
group cvery element of which is of order two.

Now if x&e/l is the clement x, %, ..., then 5) z7lxz = %'
where the gencrators appearing in the expansion of x” are numbered
ny — 1, my — 1, .. .; this is consistent with 3). Finally, every
element of G can be written as 2™, where x is in H (possibly the
identity) and m is an integer (possibly zero: z° = ¢). We have
concluded our definition of the elements of the group G; products
are defined using 5).

To topologize G choose ncighborhoods U, of ¢, m =1,2,...,
such that U,, C H and contains the products of those generators
%, only for which # > m. The sets U, are easily seen to be
compact open subgroups of G.

Since every open subgroup must contain some elements x, for
large positive # at least, it follows from 4) that an open invariant
subgroup must contain @/l elements x,. Such a subgroup cannot
be compact.
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2.6. Approximation by separable metric groups

THEOREM. Suppose that G is a locally compact group with identity
component Gy such that G|G, is compact. If neighborhoods of e,
Wy, W, ..., are given, then there exists a compact invariant sub-
group HC N, W,; G[H is separable melric and locally compact.

Let V, be a compact neighborhood of e such that G = VG,

2.3.1). By successive applications of 2.4, and also 1.15, we can
construct a sequence of ncighborhoods of e, V', Vs, . . ., such that:

1) each V, is compact and symmetric
2) V?A C V'n-—l N W'n
3) gW,egCV,_, for every g in V,.
Let H=nN,V,. Then H is a compact subgroup and g-*Hg C H
for every ge U, V2. But V,, according to 2.3.1, generates G.
Therefore g~1Hg C I for all ge G, and /I is invariant.
Let T* denote the natural map

G - G/H.

To show that G/H is metrizable it is enough to show that T*(V,),
n=1,2, ... is a basis for neighborhoods of T*(¢). Each open
set in G/H containing T*(e) is thc image of an open set in G
containing H. Let V be an arbitrary open set in G, with HCV.
We must prove that for some integer m, V, CV.

Let F = G — V; then F is closed and also H N F = @. There-
fore

D= (nnvn) NF= ﬂ,,(V,,ﬁF),

and the monotonic sequence of compact sets ¥V, N F has an
empty intersection. It follows (1.7.1) that for some integer m,
V.NF is empty. This concludes the argument that G/H is
metrizable.

Since G = U,V (2.3.1) and each summand is compact (2.1)
it follows that G/H is the union of a countable collection of com-
pact metric spaces. Therefore G/H is the union of a countable
collection of separable spaces (1.9) and G/H is separable. This
completes the proof. The theorem is a slight but useful extension
of a theorem of Kakutani and Kodaira [1].
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2.6.1. LEMMA. Suppose that G' is a locally compact group and
that G is an open subgroup such that G|/G, is compact. Suppose
also that the coset-space G'|G is a countable collection of cosets.
Then, given any neighborhood V of e there can be found a countable
set of elements g, e G’ such that G' = U,g,V.

The proof of this Lemma depends on 2.3 only. However, it
will then follow from 2.6 that G’ has an arbitrarily small sub-
group H (invariant in G but not necessarily invariant in G’)
such that G’/H is a metrizable, separable coset space.

To prove the Lemma, let ¥, be a neighborhood of ¢ in G such
that G =V, G,, and G= U,V§ (2.3.1). For each n, V§ is compact
and may be covered by a finite number of left-translation sets
of the form: gV, ge G. Then G is the union of a countable collec-
tion of such sets. Since G’ is the union of a countable collection
of left-translations of G, the Lemma is proved.

2.7. Projective limits

The group G of Theorem 2.6 is a projective limit of separable
metric groups. Although we shall not prove this fact we shall
use it below to illustrate the concept of projective limit now to
be defined.

DEeFINITION. Let A = {a, b, ¢, ...} be a directed set of indices
directed by <; thus if a < b and b < ¢, it follows that a < ¢
and to each pair 4, b there is an index ¢, a < ¢, b <c. Let G,
aeA, be a collection of topological groups such that if a < b
there is given a continuous open homomorphism T2 of G, into
G,; and if b < ¢ then TS = T°T¢. Such a system of groups and
maps is called an inverse mapping system. Let {g,} be a point
of the product space PROD G, which has the property that for
2<b, T2(g,) = g, Such points form a group and a closed sub-
space of the product. This topological group is called the pro-
jective limit of the system.

Returning to the hypothesis and notation of 2.6, we saw that
there is a sequence ¥ ,(¢) of neighborhoods in G such that T*(V  H)
is a basis for open sets at T*(e) = eH ¢ G/H. Let H’ be another
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group such that G/H’ is separable metric and lct V. (e) be such
that V_H' form a basis for open sets containing H’. Then if
we form

W) =V,nV,,
we can determine a group H'’ such that G/H" is separable metric
and H” CH'nH. This observation is the basis for the final
result.

We attach indices to the subgroups H such that G/H is sepa-
rable metric, denoting G/H, by G, and consider that a < b if
H,C H, Then maps T} of G, onto G, exist in a natural way.
The group G is the projective limit of the inverse system {G,, 77}
but we omit further details.

2.8. Real continuous functions on groups

THEOREM. Let G be locally compact, let GG, be compact and
let f be a real continuous function defined on G. There exists a com-
pact invariant subgroup H such that f is constant on cosets of H
and G[H is separable metric.

Let V(e) be compact and such that G = U, V™. Next let R
denote the space of real numbers and let O,, 7 €/, be a basis
for open sets in R. Suppose that for some i, 7, kel the sets

4 =[0,)NVx

B = f_l(o)) NV,
are not empty and suppose further their closures do not intersect.
Then there exists a neighborhood of ¢ which we may denote by
W = W,,, such that AW N BW = ®.

There is a countable collection of these sets W,; and if we
arrange all possible sets of this kind in a sequence their inter-
section contains a compact invariant subgroup H such that G/H
is separable metric.

Now suppose there are elements x, ¥, z € G with y, z e H such
that

| f(y) — fluz) | =8> o.
Because ¥H is compact, we have xH C V* for sufficiently large
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kel. Let O; be an interval containing f(xy) and O, an interval
containing f(xz), each of length < /3. These determine a W, (e)
containing H. But xy = a € A, ¥z = b € B; therefore

x=ayle AHC AW,
x = bzle BH C BW.

This is a contradiction which completes the proof.

COROLLARY. In the theorem above if instead of f there is given a
countable set of real continuwous functions fy, fy, ..., then H may be
chosen so that each f, is constant on each coset of H.

For the proof take a system of W’s for each f; and select H
in all of them.

2.9. Remarks on transformation groups

Let (G, M) be a transformation group and H a subgroup of M.
Then (H, M) is a transformation group.

For cach xe M, the set H(x) CM is called an orbif (orbit
under H, or H-orbit). The orbits are mutually exclusive subsets
of M filling up M: M is a “space” of orbits. This often becomes
a spacc in the precisc meaning of the word, when open sct in the
orbit space is defined to be a set whose counterpart as a point
set in M is open in M. It can be seen that if M is a locally com-
pact Hausdorff space and H is compact, the orbit-space of M
under H is a locally compact Hausdorff space; we shall denote
it by D(M; H), sometimes by M/H; and we shall call it the
decomposition space of M by orbits of H. There is a natural
map of M onto D(M; H), namely x — H(x).

If H is an invariant subgroup of G, the elements of G permute
the H-orbits:

g(H(x)) = H(g(x)) CM, xeM, geG.

In this action of G on D(M; H), the group H leaves all points
fixed.

THEOREM. If (G, M) is a locally compact transformation group
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of a locally compact space M and H is a compact invariant sub-
group of G, then G/H is a locally compact transformation group of
the decomposition space D(M; H).

The action of G/H on D(M; H) is defined by:

gH (H(x)) = H(g(x)), gH ¢ G/H, H(x) e D(M; H).

The verification of this theorem is left as an exercise.

It is an exercise in the definition and topology of coset spaces
to verify the following theorem. This is to be interpreted in the
light of the existence of a natural map G/N — G/H.

THEOREM. Let G be a topological group, H and N closed sub-
groups, with N invariant and N C H. Then there is a natural
homeomorphisim between the coset spaces G/H and (G/N)/(H|N).

2.10. Remark on non-separable groups

Suppose that G/G, is compact and that G acts on M (G and
M locally compact). Let x,, nel, be a collection of distinct
points of M. Let U,,, n, mel, n #* m, be a neighborhood of
%, not containing %, and let W,,,(¢) C G be such thatif ge W,
then gx, e U,,,,; in particular gx, # x,,. The neighborhoods W,
are countable, and we may apply Theorem 2.6. There exists a
compact invariant subgroup HC N W,,,, such that G/H is sepa-
rable, metric. By the construction of H, H(x,) # H(x,,), n 5+ m,
and G/H is a transformation group of D(M; H) in which the
images of the points x, are distinct points.

The product of uncountably many circle groups is not separable.
The group of rotations of the unit circle, taken in the discrete
topology, is locally compact, totally disconnected and non-
separable. The natural one-one correspondence between the
elements of this group and the circle-group C, (1.5 or 1.18) is
continuous one-way, and is not open and is not a homeomorphism.
This gives an example also of a transformation group of a con-
nected space M where G is transitive on M and where Gy (= ¢)
is not.
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2.11. Separability properties of transformation groups

THEOREM. Let (G', M) be a locally compact transformation
group. Let G be an open subgroup of G’ such that G'|G is countable
and such that G|G, is compact (Gy = G, being the identity component
of G'). Let M be locally compact and separable. Then if G’ is effec-
tive, G' is separable and metrizable.

Because M is separable it has a countable basis {U,,}, m €1,
of neighborhoods which may be supposed compact. For certain
pairs of indices m, n € I it will be the case that

U, Cinterior U,

For the same pair of indices let W,,, denote the set of elements
of G such that
g(U,) Cinterior U,.

There is (2.6) a compact invariant subgroup H, HC N W, for
the index pairs m, » which occur as above, such that G/H is
metrizable and separable.

Let 4 denote an arbitrary element of H, x a point of M. Let
h(x) = y and suppose that x 5= y. Then there is a compact neigh-
borhood Us, m eI, of x not containing y and there is at least
one compact U of x consisting of inner points of Uy; the fact
that H C W5~ leads to immediate contradiction. Therefore no
element of H moves any point of M. Since G is assumed effective,
H is e. Therefore G is separable metric. Since G’ is the union of
a countable number of spaces homeomorphic to G (the cosets,
namely, of G’/G), G’ too is separable. Therefore G’ is separable
metric (1.22) and the theorem is proved.

COROLLARY. Under the assumptions of the preceding theorem,
except that G'|G is not required to be countable, it follows that G’ is
metrizable.

Since the groups G’ and G coincide locally, G’ has the first
countability property and the metrizability follows from 1.22.

2,12, Homogeneous spaces

A topological transformation group G is transitive on a space M
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if for every x, ¥ e M there is a g € G such that g(x) =y. The space
M is then called a homogeneous space. To verify that M is a homo-
geneous space it is enough to know that some one point of M
can be transported to every other one. Every manifold in the
sense of 1.27 is a homogencous space. The proof of this was
merely indicated in 1.27.1. We shall not elaborate on it because,
in general, the group of homeomorphisms of a manifold is not
locally compact.

For each point x of a homogeneous space M transitive under a
group G there is a subgroup of stability consisting of the elements
of G which leave x fixed. This is a closed group which we shall
usually denote by G,. If g(x) =y, then G, = gG g%, and the
stability groups are conjugate.

If H is an invariant subgroup and H C G, for one point x of a
homogeneous space M, then H C G, for all y in M. Then if G
is effective (1.26) H =e. If G is effective and transitive on M
the points of M are in one-one correspondence with the left-coset
space G/G, for any x of M: y in M is paired to gG, if and only
if g(x) = y. The map is continuous from G/G, to M; we discuss
the continuity of the inverse map in the next section.

Suppose now that the homogeneous space M satisfies the first
countability axiom. Then a sequence of neighborhoods in M closing
down on x gives rise to a sequence of neighborhoods of ¢ in
closing down on G,. If G is locally compact, such a sequence of
neighborhoods contains an invariant subgroup H such that G/H
is metrizable. Therefore in this case if G is effective, H = ¢, and
G is metrizable.

Homogeneous spaces although topologically more general than
group manifolds form a very restricted class of spaces. (See
Cartan [1], Samelson [1].) For example, among two-dimen-
sional manifolds the plane, the infinite cylinder and the torus are
group manifolds; in addition, the sphere, the projective-plane,
the Klein bottle, and the Mobius strip (without its customary
edge) are homogeneous spaces for Lie groups (see Mostow, and
earlier references there).

When a transformation group acts on a space non-transitively,
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then the orbit of a point # is in one-one correspondence with the
homogeneous space G/G,. This correspondence is a homeomor-
phism if G is compact.

2.13. Relation of homogeneous space and coset space

In general there is a distinction between the homogeneous space
M on which G is transitive and the coset space G/G,. This is
shown, for instance, by the case where G is the group of integers
acting on a circumference by rotating through integral multiples
of an irrational multiple of 2z. Any orbit M is then dense in the
circumference. However in many important cases G/G, and M
arc homeomorphic. The following Theorem was proved by
Arens [1]. In this connection see also Freudenthal [1, 2, 3].

THEOREM. Let G be a locally compact group, G' an open sub-
group such that G|G' is countable, and G'|G, (Go = identity com-
ponent so Gy C G’ and Gy = Gg) is compact. Let G act transitively
on the locally compact Hausdorff space M. Then for any x e M,
G|G, ts homeomorphic to M.

In view of the theorem of 1.26 it is sufficient to prove that the
map 1, 7" of G onto M (1 maps G onto G/G,, T, maps that onto M)
T,Tg = g(»)

is open.

Let W C G be any compact and symmetric neighborhood of e.
For some countable set g, G, G C U, g,W. Then M C U, g,W (%),
and at least one of the summands has an inner point (1.7.3;
category argument). Since each g e G is a homeomorphism of
M onto itself and since (gW)(x) = g(W (x)) it follows that W (x)
must have an inner point. Let k(x), 4 € W, be an inner point of
W(x). Then x is an inner point of A-1W(x) C W2?(x).

Let V be any open set in G and g any element in V. Now choose
W compact and symmetric so that g2 CV. Then W2(x) has
% as an inner point and V(x) D gW2(x) has g(x) as inner point.
This concludes the proof.
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2.14. Transitive groups and the identity component

The following examples of cosct-spaces G/H = M show among
other things that no simple relation with respect to transitivity
need exist between the coset space G/H and the identity com-
ponent G,, even when G/H is connected. The first example is
meant to illustrate what might be called the expected behavior.
The first three examples are abelian.

1) Let ¥, be the additive group of reals. Let 4 denote a group
of order 2 (e, a, a® = ¢). Let G = 4 X V, be the direct product
of these groups. Let H, be the closed subgroup of G generated
by the element (¢, 1) and let H, be the closed subgroup generated
by the element (a, 1). We see that H, consists of all (¢, 4 »)
and H, consists of (e, 4+ 2n)uyU (a, £ 21 + 1).

Now G/H, is a pair of circles each “covered” by one component
in G and G/H, is a single circle covered by both components.

2) Let ¥, denote the group of the reals, and let D, denote the
dyadic group described in example 2) of the introduction 2.0.
Let G = D, X V,, and let H, denote the subgroup of G which
is generated by the element (e, 1) where ¢ denotes the identity
of D, and 1 denotes the real number one. The group H, consists
of the set of elements (e, 4 7). Then G/H, is a discontinuum times
a circle (each circle in G/H, covered by one component in G).
The group H, is defined to be the countable closed group generated
by (g, 1) where g;, as in 2.0, denotes the so-called generator of
D, whose powers are everywhere dense in D,. It is left to the
reader to show that G/H, is a single compact connected set —
a solenoid S (of van Dantzig [1]), and no component of G covers S.
Locally at each point, S has the form of a discontinuum of arcs,
that is locally S is homeomorphic to a neighborhood of a point
of G — and in this sense G is a cover of S; but no component of
G is a cover in any customary sense.

3) Let Z CV, denote the subgroup of the reals consisting of
the integers 4+ #. Let G, = D, X Z. Both H, and H, as defined
above belong to G;, and we can form G,/H, and G,/H,. It can
be seen that G,/H, is isomorphic to D, and that G,/H, is isomorphic
to D,.
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4) This final example suggests some of the intricacies of a
transformation group even when the topology is simple.

Let Q be the non-abelian group whose carrier is topologically
a plane, whose elements are the transformations

¥ =ax +0b, a,breal, a>0
of a line into itself. The composition of elements of @ is given by
2.14.1 (a, b) - (a’, b') = (aa’, ab’ + b).

Consider Q as a transformation group of the plane by letting Q
act on itself as follows: each v € Q determines the transformation

T,:u—>vuy, veQ.

The orbit of a point # = (a, b) € Q lies on a topological line
given by a4 = constant. All such lines are orbits with a single
exception. The line ¢ = 1 is the union of three orbits, two open
half lines and the identity (z = 1, b = 0) which is its own orbit.
On the exceptional line, corresponding to an invariant one-para-
meter subgroup, Q acts like a group of positive similitudes.

The group Q has one-parameter subgroups radiating from the
identity. Thus for each 4 # 1, and b, the one-parameter group
though (a, b) is

(t, b —1)j@@—1), t>0.

The group (1, s), s real, is an invariant subgroup. The group Q,
in the action just defined, permutes these one-parameter sub-
groups.

Of course Q acts on the plane E, in another relationship. This
is the left or right translation of @ by its own elements.

2.15. The Hilbert fifth problem

It is common in geometry and many other applications that the
action of a transformation group upon a manifold is described in
terms of analytic functions, that is

1) the group G itself is a Lie group and when local coordinates
(1 - - -» gn) are taken in it which make the group operation
analytic then
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2) local coordinates (%, ..., %,) may be chosen in the mani-
fold M so that the transformations of the group g(x) = f(g; x)
are given in the coordinates by

2.15.1 Ky =F,(F1 e ooy %} G v v s &r)

where f, is simultaneously analytic in (¥, g).

It may be of interest to incorporate a translation of a large
part of Hilbert’s fifth problem. This is one of 23 problems given
by Hilbert in 1900 at the International Congress of Mathematics
and published in Gdttingen Nachrichten that year. The translation
follows: “V. Lie’s concept of continuous transformation-groups
without the assumption of the differentiability of the functions
defining the group.

“As is known Lic set up a system of axioms for gcometry in
which he incorporated the idea of continuous transformation
groups and showed on the basis of his theory of transformation
groups that his system of axioms was adequate for the building
up of geometry. However, since Lie always assumes in the foun-
dations of his theory that the functions defining his groups can
be differentiated, the question is not touched on in Lie’s develop-
ment whether the assumption of differentiability is in fact
unavoidable in the study of these axioms of geometry or whether
on the contrary it is not a consequence of the concept of a group
and the other geometrical axioms. These considerations, and also
certain problems related to arithmetical axioms lead us to the
more general problem, fo what extent the concept of the Lie con-
tinuwous transformation~group is adequate for owr investigations,
without the assumptions of differentiability.

“As you know, Lie defines a finite continuous transformation-
group as a system of transformations

% =f(X, s X} Gyy e na) (E=1,..,n)
of such a nature, that any two transformations of the system

Xy =%y ooy Xs By ey By)

x:' = f‘(xll, ‘e x;; bp seey br)
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carried out one after the other result in a transformation which
also belongs to the system and so can be represented in the form

%y = [,(fa(x, @), oo oy fu(®, )5 by ooy b)) = F.(B1y o v oy Fs Cpy e es C)

where the ¢, ..., c, are certain functions of the 4,,..., 4, and
the by, . . ., b,. The group property finds its expression in a system
of functional equations and of itself imposes no further restric-
tions on the functions f,, . . ., f, ¢;, . . ., ¢,. Nonetheless, the way
in which Lie develops these functional equations necessitates the
assumption of the continuity and the differentiability of the
functions defining the group.

“Now as for continuity, one would certainly insist upon this
condition — simply out of regard for the geometric and arith-
metic applications, where the continuity of the functions which
cnter into the problem appears as a consequence of the continuity
axiom. On the other hand the differentiability of the functions
defining the group is a condition which can be formulated among
the geometric axioms only in very artificial and complicated ways,
and so there arises the question whether it is not possible by the
introduction of appropriate new variables and parameters to
transform the group into another one where the defining functions
are differentiable, or at least whether it is not possible by the
imposition of certain simple assumptions to achieve a transfor-
mation to a group in which the Lie methods are applicable. This
reduction to an analytic group is always possible, according to a
theorem proposed by Lie and first proved by Schur, if the group
is transitive and if one assumes the existence of first and of certain
second derivatives of the functions defining the group.

“The investigation of this problem is also interesting, I think,
for infinite groups. Above all we are led to the wide and not
uninteresting field of functional equations which in the past have
been studied only on the assumption of the differentiability of
the pertinent functions.”

The last paragraph indicates the direction in which the remainder
of this Fifth Problem goes, and since it lies entirely outside the
scope of this book, we shall not complete the quotation. We shall
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not consider the “‘infinite continuous groups”, which are not
groups in the present-day sense (see E. Cartan, Collected Works,
and also papers by S. Chern, by C. Ehresmann, and by Y.
Matsushima).

Let us now consider the following questions, the second and
third of which are asked by Hilbert:

If a locally compact group G acts effectively on a manifold M
(locally-euclidean space) then

1) is G necessarily locally euclidean,

2) if the group G is locally euclidean, is it a Lie group in some
appropriate coordinates.

3) If G is a Lie group, can coordinates be chosen in G and M
so that the transforming functions are analytic?

The answer to 2) which can be asked, of course, without men-
tioning transformation groups, is yes and was first solved by the
contents of two papers onc by Gleason [5], the other by the
authors [13]. These papers showed further that any finite-
dimensional locally compact group is a generalized Lie group
(this means essentially that G,, the identity component, has
arbitrarily small normal (invariant) subgroups N such that Go/N
is a Lie group). This work was extended and simplified by Yamabe
[3, 4] who used the methods of Gleason to show that any locally
compact group is a generalized Lie group.

The answer to 1) is unknown except in some special cases. In
particular if G is connected and acts on a three-dimensional
manifold then G is Lie, Montgomery-Zippin [4]. Whether 1)
is true or false the question can be asked how regular G and its
action must be and how closely it must resemble the familiar
groups of geometry.

The answer to 3) is no. For example a group of reals can act
on E? by having fixed 22 + y? < 1 and slowly rotating the rest
of E2. This can not be analytic since if it were the existence of
an open set of fixed points would imply that all points were fixed.
The answer to 3) is no even if G is compact as was first shown
by Bing [1] by an example of the cyclic group of order two
acting on E, in a way which could not be differentiable. See also
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Montgomery-Zippin [14]. As mentioned, 3) is true in some cases
and it remains to find out when it is true or in general whether
the truth resembles the differentiable case in some way.

Some of the main problems of transformation groups occur in
the differentiable and analytic cases. Here, although much has
been done, very little is known in the large.

As we shall see much later a locally euclidean group of dimen-
sion 7 has a family of one-parameter local groups filling a necigh-
borhood of the identity and it is possible to find 7 of these

%(t1), %5(ts), - . ., %,(¢,), ¢, real,

such that the group product

% = % (t)%a(la) - - . %, (2,)
is a one-one continuous image of the 7-cube
|t <a

for suitably small positive real a.

The numbers ¢, are called canonical coordinates of the second
kind. The group operations are analytic in these coordinates.
But this solution of 2) cannot be pushed through in so direct a
fashion. It has not been possible so far to solve 2) except through
analyzing the structurc of the whole class of locally compact
groups.

In this chapter we shall set up much of the preliminary machinery.
The bulk of the proofs for the structure of locally compact groups
will follow in the next chapter, and will be concluded in Chapter IV.

2.16. Subgroups of GlI,

We denote by Gl,, the group of m X n non-singular matrices with
real coordinates a;,, ¢, | =1,...,n; the product C = AB being
defined by the usual formulas:

C‘k = z?=1a“b1k, 1', k == 1, ooy n.

In this section we shall prove the theorem of von Neumann
([1]; 1929) that a locally compact group is a Lie group if it can
be mapped into G/, by a one-one continuous homomorphism.
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This theorem, which contains the result that the closed subgroups
of GI, are Lie groups, is a keystone in our exposition of locally
compact groups.
The proof depends upon the properties of the exponential map:
A-—>expAd

which connects the additive group M,, of # X # real matrices and
the group GI,. This map is defined by the exponential series for-
mula, applied to matrices. Let the matrix 4 be (4,,), and let
(a,,)™ = A™ denote the m-th power of the matrix. Then exp(a,;)
is defined by the series expansions:

exp(a,) = (4,) + (a,) + (1/21)(@,)* + ... + (Im!) (a,)" + .. .,

with the usual matrix multiplication and addition, and where
(8;;) is the unit #» X n matrix.

Let the coordinates «;, be numcrically smaller than some » > 0.
It can then be seen by an inductive argument that the components
of the matrix (a,;,)™ are numerically less than #™7™. Therefore
each component of the matrix exp 4 is defined and is less in
absolute value than

expnr = 1+ nr 4+ (1/2!)(nr)2 4. . ..

If we let A range over those matrices of M, all of whose #n?
coordinates are numerically < 7 then each of the #? coordinates
% of exp A is a uniformly convergent power series in the coor-
dinates of A and is an analytic function of those coordinates.

The Jacobian of the #? functions x,, with respect to the #?
arguments a;, is equal to one at the origin of components of M.
To see this arrange the components a,; of 4 in some linear order:

A == (ul, .o .,M,,:)SM”
and arrange the components of the matrix exp A4 in the cor-
responding order:
expA = (vy..., V)G,

Take as the coordinates of matrices of Gi, not the actual com-
ponents x,, but rather the differences: x,, — 8,;. Now, to calculate
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each of the »n* terms 0v,/0w; at the origin we may let all #,’s
be zero except one, say #; = u. The terms in exp 4 of the first
order in % show that ov,/Ou;, =39,,, 4,7=1,..., 7% and the
Jacobian at the identity

A=(0,...0)

is simply the unit #? X n? determinant.
1t follows from the implicit function theorem that there is a compact
neighborhood U, of the origin of M, defined by:

|, | <7 for some 7" > 0,

which is mapped topologically onto a neighborhood V of the identity
matriz in GI,. In what follows we stay within these neighborhoods.

The homeomorphism which has just been constructed cannot
be an isomorphism for # > 1 since M, is abelian and G/, is not.
However the map carries one-parameter groups of M, into one-
parameter groups in GI,. This important fact is seen as follows.
Let A be a matrix of M, and let » and s be real numbers. Then
the product in Gi, of cxp 74 and exp sA4 is given by

exprd expsd = (Z reA* [k !) ( z S’A’/J'!)
k-0 -
m ’i s’m-—-l

-3 3

m=0 t=0 7"("‘ - ")'

_g e,
m=0 m!

Am

= exp(r + s)4.

In the group M, each element A for each integer m has one
and only one m-~th root namely the matrix (1/m)A4 which we may
also write as A/m. Since the exponential is one-one from U, to
Vo, it follows that each element of V,, has one and only ome m-th
root in V,, for every integer m. This shows that there are no
other non-trivial one-parameter local groups in V, than the ones
which we get as images of the linear groups ¢4 in M, ¢ real.

There is a formula expressing exp (4 + B) in terms of exp 4,
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exp B. In order to derive this formula we consider the other
standard definition of the exponential.
The definition of exp 4 has been given as

1) expA=1+ A4+ A%2! 4 ...
but it can be shown that the following definition is equivalent
2) expd =lim (I 4+ A/m)™.
In order to see the equivalence we proceed as follows. From 1)
3) expA=1+ A+ A%/2! + ...+ A*k! 4+ R(k)
— S(k) + R(k),
where R(k) is a matrix which tends to zero as % goes to infinity.
Let the matrix T(m) = (I + A/m)™; for m > E,

— 1) A2
4) T(m)=I+A+ﬂmmz R
—1)...(m— (k—1)) 4* ;
+m(m ) m(:” ( ) w7 T Elm, &),

= D(m, k) + E(m, k).

Let € > 0 be given. Then because the exponential series 1)
is uniformly convergent on compact sets, it follows that there
is an integer N such that for any integer ¢

N+aq A"‘

=

k=n k!

5’) < €I

for all A’ e U,. For the moment we are using the absolute-value
sign to denote the maximum value of any component of the
enclosed matrix. The freedom to vary 4 in U, will be useful in
a later Corollary.

Hence given any € > 0 there is an integer N such that for all
k> N and all m > k we have

5) |T(m)— D(m, k) |=|E(m, k)| < e/3.
Further let the choice of N be such that if 2 > N
6) |expd — S(k) | < ¢/3.
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Now take a fixed & > N; with & fixed choose M so that if m > M
7) |S(k) — D(m, k) | < /3.
Combining 5), 6), 7), we obtain
|expA —T(m) | < e
for all m > M. This proves 2).

LEMMA. Let A and B be matrices of M, with exp A, exp B the
associated elements of Gl(n, R). Then

exp (4 + B) = lim (exp 4/m exp B[m)™.
Let

z(m)=cxp A/m exp B/m

=+ (1/m)A4(1/2!m?) A%+ ...) I+ (1/m)B+ (1/2!m?) B3+ ...)

= (I+(Um)A+(1)m#) 4") I+ (1}m) B+ (1/m?) B

=I+(1/m)(A+B)+(1/m*)C
wherc A’, B’, C arc matrices dcpending on m but uniformly
bounded; in fact if #’ is a bound for the elements of 4 and B then

there is a bound « for all elements of 4’, B’, and C depending
only on 7' and on the order of 4 and B. Hence for m > &

m(m—1) (A-{-B-}—(l/m)glf

smy=I+(A+B+Am)C) +— F

2!
+m(m—-1)...”£:n—(k—l)) £A_+BJ;(!1/M)C)"+R(m,k)
= Q(m, k) + R(m, k).
We know
exp (4 + B) =lim (I + (1/m)(4 + B))™,
and we let

T(m) = (I + (1/m)(4 + B))™

For m > k we have
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R

mm —1)...(m— (k—1)) (4 + B)*
- m,, Y +Em k)
= D(m, k) + E(m, k).
Given € > 0, there is an integer K such that for all m if m > %2> K,
) [z(m)™ —Qm, k) | <e/4,
| D(m, k) — T'(m) | < €/4.
It is worth noting that 9’) holds for all 4, B e U, if the integer
K is large enough (in view of the remarks accompanying 5')).
Now fix a value for £ and then choose an integer N’ so that

| Q(m, k) — D(m, k) | < /4

| T(m) — exp (4 + B) | < €/4,
for m > N'. Now for m > N' >k

|z(m)™ —exp (A + B) | < e

and this completes the proof of the Lemma.

COROLLARY. Swuppose that A, A,,, B, B,,e M,, mel and that
limd4, = 4, lim B,, = B.
Then:
lim (exp 4,,/m exp B, /m)™ = cxp (4 + B).
The proof is contained in the proof of the Lemma, in view of

the uniform convergerice of the exponential (sce remarks accom-
panying 5’). The details are left to the reader.

LemMMA. Let M, = L'+ L" be a direct decomposition of M,
into complementary linear subspaces of dimensions n' and n'’
respectively (n' + n'' = n2). Then every element z of Gl, near
enough to the identity is a unique product of the form:

10) z=-expA'expA4”
with A" in UyN\ L' and A" in UgNL".
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Let A,, k=1,...,n', be a basis for elements of L’ and let
A, k=n"+1,..., 1% be a basis for elements in L. Then every
matrix A in M, is a unique real linear form:

11) 4= Z:;ltkAk + 2;:-n’+1tkAk'

Let e, denote the identity of GI,. Let ¥V, be a neighborhood
of ¢, in G, whose square is in V, and let U, be the counter-image
set in M, under the exponential map as restricted to U,. Now
if A’isinU;NL" and 4” isin U;NL", then z=exp A" exp A"’
belongs to ¥V, and is of the form exp A4 for some 4 in U,. Then
z may be given two sets of coordinates, the numbers vy, ..., v,.
defined earlier as coordinates of exp 4 and the new numbers
by e ooy by

To find the Jacobian of the transformation from one set of
coordinates to the other we first calculate the #»# partial deriva-
tives: dv,/0f,. Let all ¢; = 0 except that #; = ¢. Now whatever
value j may have z is of the very special form expi¢A4, The
explicit form of the exponential shows that the derivative of this
matrix with respect to ¢ is the matrix 4,. The desired derivative
Ov,/ot; is simply the v-th coordinate of the particular matrix
A,: we denote this by v\, 4, j=1,..., %%

The #% X n? Jacobian of the transformation of coordinates in
Gl, at the origin e, coincides with the determinant of the system
of equations indicated in 11). If #; ¢ =1, ..., n% are the coor-
dinates of A4, then 11) takes the form of #? equations in #? un-
knowns: ¢,.

12) o, =2 40, i=1,...,n%

The determinant of this system cannot be zero because, by con-
struction, the set of matrices 4, is a basis for elements of M,,.
Since the Jacobian does not vanish at e; in G/,

D(v,)
D(t)
It follows by the implicit function theorem that z = exp 4" exp A"

ranges in a one-one way over some neighborhood of e, in GI,.
This proves the Lemma.

#£0, by=ty=...=1uy=0
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2.16.1. Having analyzed the exponential map in some detail we
turn now to those subgroups of G/, which can be the one-one
homomorphic images of locally compact groups. The closed sub-
groups of GI, constitute the most natural examples of such
image-groups. A different kind of example is got by mapping
the group of the integers so that the image is everywhere dense
in a circle group. A similar, less trivial example is the type of
one-parameter global group on a torus which winds round and
round without closing to a circle.

LEMMA. Suppose that G is a locally compact group and that ¢
is a one-one continuous homomorphic map of G into Gl,. Then
there is a linear subspace L’ in M, and there is a compact neigh-
borhood V' C G of the identity in G such that the set (V') coincides
in a neighborhood of e, with the exponential map of L' N U,

Since exp (U,) is a neighborhood of ¢, and ¢ is continuous,
there is a compact symmetric neighborhood ¥ C G of the identity
of G such that

@(V) Cexp (Uy).

Since V is compact and ¢ is one-one and continuous, it follows
that ¢ is a homeomorphism on V. If ¥V is discrete (this would
be the case in the trivial example mentioned above) then ¢(V)
is also discrete and there is nothing to prove since the zero of
M, can be regarded as a (zero-dimensional) linear subspace.
Accordingly we suppose that (V) contains a sequence of distinct
elements x,, %,, . . . converging to e,, the identity of GZ,. Each
%, belongs to a one-parameter local group X,(f) which is con-
tained in exp (U,) and meets the boundary of exp (U,). It
follows from this that there is a sequence of integers, %y, &, . . .,
such that

xsEhep(V)but 4kt go(V), n=12,...

We may suppose, without loss of generality, that the sequence
x¥1, ks, ... converges to an element of x* of ¢(V). Since the
sequence 1+, xka+!, || also converges to x* and since the identity
of G is an inner point of V, it follows that x* is not ¢;. Then,
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first, x* determines a unique one-parameter local group X (t)
which we may suppose so ‘“‘normalized”” that x* = X (1). Second,
the integers %,, k,, . .. increase without limit. We suppose the
parameter on each group X, () normalized so that X, (1) = x¥»,
and then x, = X,(1/k,). By looking at the counter-images in
M, one sees easily that, for any choice of ¢ in [—1, 1], X (#') is
a limit of a sequence of elements x» where i, <k, andlim ¢,/k,="¢'.
This shows that X(¢) belongs to (V) for |¢| = 1.

Now let us denote by L’ the set of elements 4 of M, such that
some local subgroup of exp ¢4 is mapped into ¢(V). Thenif A'e L’,
exp tA’ ¢ p(G) for all ¢ and there is a maximum # > 0 such that
exptd'e (V) for |t| =<¢. The element exp#A4’ belongs to
@(Bdry V). We have proved above that L’ contains a non-trivial
clement. We show next that L’ is a linear subspace of M,. It
is clear that if A e L’ then 74 ¢ L’ for every real 7.

Suppose next that A, Be L’. Then, by the definition of L’, ¢(V)
contains every element of exp ¢4 and exp¢B, |{| < ¢ for some
¢ > 0. Then for all large » the elements

%, = cxp A/n exp B/n

belong to ¢(V); clearly, the sequence of these elements converges
to e;. If x, were equal to e, (for infinitely many values of %)
we would conclude from exp (4 + B) = lim (exp 4/n exp B/n)"
that A + B is the zero and certainly belongs to L’. We suppose
now that the x, are different from e, and then it follows by an
earlicr argument that there is a sequence of integers %y, &, . ..
such that some subsequence of

af, xb, L

converges to an element x* different from e,; and x* belongs to
a uniquely determined one-parameter local group X (¢) C (V).
If k, = n for infinitely many values of # then for those values
(exp A/n exp B/n)™ belongs to @(V). Therefore ¢(V) contains
exp (A + B), and the one-parameter group exp (4 + B) coin-
cides with X (f) near ¢;,. Then in this case, also, 4 + BeL'. If
k, < n, then for some sequence I’ CI, lim k,/n = k = 1 exists
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as » ranges over I'". Set A, =k, A/n, B, = k,B[n. Then
lim (exp A/n exp B/n)*»
= lim (exp 4,/k, exp B,/k,)*
= exp k(4 + B).

Now it is clear that @(V') contains exp k(4 + B) for || = 1
and therefore A 4 BeL’. Then we have shown that L’ is a
linear space.

Let L'’ denote a linear subspace of M, complementary to L’
and choose a basis for M,: 4,,..., 4, Apyq, ..., A,z asin 11)
above. Let U* C U, denote the set of elements satisfying

18) A =2I"t A, |t <c,

for ¢ > 0 chosen as follows. Is7st, in accordance with the preceding
Lemma, choose ¢ so that if AgU* then exp 4 == cxp A’ exp A"’
as in 10). Second, since the boundary of V (this set is in G) is
compact and does not contain the identity, then ¢(Bdry V) CGI,
is closed and does not contain e,; therefore we can require ¢ to
be so small that exp 4 g ¢(Bdry V), for A e U*. In this case it
is also true that exptd ¢ (Bdry V) for [¢| < L

Let L, CGl, denote the image of U* N L’ under the exponential
map. It follows at once from the choice of ¢ that L, C (V). We
need to prove that ¢—1(L,) C G is a neighborhood of the identity.
This is equivalent to showing that if cxp A, exp4,,... is a
sequence of elements of ¢(V) converging to e, then exp A4,¢eL,
for sufficiently large 7.

The sequence A4, 4,, ... converges to the zero of M, and for
largen, A, e U*and exp 4, = exp A4, exp A, asin 10) for suitable
A,, A,. For any convergent subsequence of A;, A, ..., the
corresponding subsequence of Ay, A, ..., converges and then both
subsequences converge to e, e M ,; this is the only element common
to L' and L"”. Therefore both sequences converge to ¢, Since
exp A, and exp 4, are in ¢(V) and are near e, for large #, it
follows that exp A, is also in ¢(V) for large #.

Set x, = exp A, , for all . Now precisely as in an earlier
argument, there is a subsequence of some sequence of powers:
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x%1, «¥, . .., all belonging to ¢(V), which defines a non-trivial
one-parameter local group X (¢) C ¢(V). Now, however, X(¢) is
the image of elements in L'’ and this is a contradiction. This
concludes the proof that ¢—1(L,) is the neighborhood ¥’ required
by the Lemma.

It is interesting that this neighborhood is filled by a family
of one-parameter local groups intersecting only at ¢, and running
to the boundary. The existence of such a neighborhood, as we
shall see much later, characterizes Lie groups.

2.16.2. Finally we show that the group G described in the Lemma
above is a Lie group, ¢ (L,) being a suitably coordinatized neigh-
borhood. Let exp A4, exp B, exp C ¢ L, be such that

exp C = exp 4 exp B.

We must show that the coordinates of exp C are analytic functions
of the coordinates of exp 4 and exp B. Let 7., s;, t,, k=1, ..., n?
be the coordinates of the matrices 4, B, C respectively, as ex-
pressed by 11). The last 2 — »’ of these coordinates are zero.

Now 7,, sy, tx, kR = 1, ..., n’ are the coordinates in L, of exp 4,
exp B, exp C, by definition. We must trace the dependence of
each ¢, upon the set of 7,, s;, 2 = 1, .., n’. The #? ordinary com-
ponents of the matrices 4 and B are linear functions with constant
coefficients of the coordinates 7, and s;, respectively. The com-
ponents of exp 4, exp B are analytic functions of the components
of A and B and therefore analytic functions of »’ coordinates
7x, Sp. The components of exp C are bilinear functions of the
components of exp 4 and exp B, and therefore analytic in the
7, and s, jointly. The #2 components of the matrix C are analytic
functions of the components of exp C: this follows from the fact
that the components of exp C are #? analytic functions of those
of C with non-vanishing Jacobian in a neighborhood of the origin
of GI,. Finally, the coordinates of the matrix C are linear functions
of the components of C, as determined by the unique solutions
of 11): actually, the #2 components of C determine #2 numbers
t., but the last #2 — #’ are zero since exp C is in L, by hypothesis.
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This completes the proof of the principal theorem of this
section, as follows.

THEOREM: A locally compact group G is a Lie group if it can
be mapped into GI, by a continuous one-one homomorphism .

The subgroup ¢(G) C G/, is not nccessarily closed unless G
is compact. However, cvery closed subgroup of G/, satisfies the
hypotheses of the theorem and is a Lie group. In this way one
sees that the orthogonal group and other familiar groups are Lie
groups. The exponential map is frequently useful for showing
more directly that a particular group is a Lie group. By way of
example, let us look at the orthogonal group in # real variables.

A real matrix B = (b,,) is called orthogonal if the transpose
matrix is also the ¢nverse. The set of such matrices is a compact
subgroup of G/,. Let us denote it by R,.

Recall that for any matrix 4, exp ¢4 is a one-parameter sub-
group of G/, and thercfore:

exp — 4 = (exp A4)~L
Furthermore, for all matrices, directly from the definitions:
exp (transpose A) = transpose (exp 4).
Now let A = (a,,) be a skew-symmetric matrix:
Ay = —a,, 1,]=12,..,n
Then exp A is orthogonal, because if 4 is skew-symmetric:
exp (transpose 4) = exp (— 4)
and, therefore, combining the relations above, we get
transpose (exp 4) = (exp 4)*.

One can see, as follows, that all orthogonal matrices near the
unit-matrix are images of skew-symmetric matrices. Since R,
is transitive on the unit-sphere in #-space and the group of
stability is R,_;, it follows inductively that the dimension of
R, is (n® — m)/2. This is also the dimension of the additive group
of skew-symmetric matrices and it follows that R, is (locally)
the one-one image of that group under the exponential map.
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2.16.3. If K = ¢(G), G as in the preceding theorem, is abelian
then the exponential map establishes an isomorphism between a
neighborhood of the linear vector space L’ C M, and a neighbor-
hood of ¢in K. For if A and B are in M, and exp ¢4 and exp ¢B
commute for all #, then

exp(4 + B) = lim (exp A/m exp B/m)™ = exp A exp B.
If K is abelian and connected then the next theorem will show

that it has the structure of a product (1.11.1) of a vector group
and a toral group.

THEOREM. If K is a connected locally compact abelian group which

is locally isomorphic to V,, then
K=T,xXV,, kd+r=mn
with T, a toral group of dimension k.

Let f denote an isomorphic map of a neighborhood Q of the zero
of V, onto a neighborhood U of ¢ in K. Extend f to a homo-
morphic map of ¥, onto K as follows. For cach z&V, there is a
sufficiently large integer m' such that for m = m’ the m-th root
of z (call it z,,, and then mz,, = z) belongs to Q. Now let f(2)
be defined as mf(z,,) e K. It follows readily that f(z) does not
depend on the choice of m = m'.

Let PCV, be a neighborhood of the zero such that P2C Q.
Now if x, y, z are clements of V', such that z=x 4y and if they
have m-th roots %x,, ¥m, 2, in P then

]'(2') = 7"’/(zm) = mf (%, + ym)

= m[f(xm) + f(ym)]

= mf(¥n) + mfYm) =% + .
This shows that the extension of f is a homomorphism. Since
f(P) = U is a homeomorphism it follows that f is continuous
and open, and K is isomorphic to V, /D where D is the kernel
of the map. We see that D is discrete because D N @ contains
only the zero of V,.

Now what remains to be proved is equivalent to the well-known

fact that if D is a discrete subgroup of V ,, then V', /D is the product
of a toral group and a vector group. Let ¥V, denote the linear
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subspace of V', of smallest dimension k < # which contains D.
There is a direct decomposition of V,:

V,=V,XV,.

Since DCV,, and V,, NV, is the identity, it follows that V,/D
is a direct product, and

K = {(Vy) x f(V,)-

Now f(V,) is a space isomorphic to V,. We must show that
f(Vy) = V./D is a toral group.

If £ = 0 there is nothing to prove; suppose 2 > 0. Since V
is the smallest linear subspace of ¥V, containing D we can find
k one-dimensional linearly independent vector groups X3, . . ., X
such that X;ND, ¢ =1,..., %k contains at least two elements.
Therefore X, N D is isomorphic to the group of integers. Let x;
denote a generating element of X, N D. Every element x of V,
can be written in one and only one way as

1) x=rx+ ...+ 7%, r's reals.
Since x,¢ D, every element X’ such that:
2) ' =myx, + ...+ mx,, m's integers

is an element of D. If it were true conversely that every x"& D
could be written as in 2) then it would be clear that V,/D is a
product of % circle groups and the proof of the theorem would be
completed. But, in general, we need to construct a ncw basis
Y1 - - -» ¥ Which will have that property.

For each 7 =1, ..., 2 choose an element y; of D as follows.
There is a bounded set S; CV,:

3) S‘-—_-{y; y=2,‘=11’,x’, Oéf:’él, 7‘>0}.

Since D is discrete, D N S, is finite; and it is not empty because
x;eS,. Let y, be one of the elements of DNS; for which the
coefficient v, is as small as possible.

It is clear that the set of elements y;, . . ., ¥, forms a basis for
V, (using real coefficients); it must be proved that they generate
D (using integer coefficients). Take y ¢ D; by adding to y suitable
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(integral) multiples of the elements y, we get an element y’'e D
for which
y =2Ery, 07, <1,7=1,...,k

If all 7, = 0, then y is in the group generated by y,, ..., as
asserted. Suppose that for some ¢ <k, 7, > 0 but 7, = 0 for
j > 1. From y' = ry; + ... + 7y, and the fact that 0<7,<1,
it is clear that the expansion of y’ in terms of #,...x, has a
smaller last coordinate than the expansion of y; (in terms of the
% ...x,;); this leads to a contradiction to the choice of y, and
completes the proof.

2.17. Invariant integral

In 1933 Haar [1] proved that every locally compact separable
group possessed a measure function which was invariant under left
translation, and from this a Lebesgue integral can be defined. In
Lie groups the existence of the integral was known earlier and had
been used by Peter and Weyl [1] to analyze the representations of a
compact Lie group. Von Neumann [4] showed that a left invariant
measure is unique up to multiplication by a positive real number.

The proof below for the cxistence of an invariant integral
follows Haar’s proof in the form given to it by A. Weil [1].
This uses the Tychonoff Theorem and makes no distinction
between the separable and general cases. We give the definition
in this way but for developing the details we consider first the
separable case. We then use this case and the fact that any
locally compact group has many separable factor groups to extend
to the general case. We do this because the separable case is
adequate for our purposes and because it may be of interest that
this procedure gives the integral in the non-separable case without
the use of the general Tychonoff theorem.

We work with the larger class of local groups; we develop only
the propeities of the integral needed for our applications.

Given any group G with product ab we may define a new
group G* with the same elements and topology and a new multi-
plication a X b defined as follows

@ X b = ba.
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The group G* has the same topological properties as before. If
G* has a left invariant integral then G has a right invariant in-
tegral, so that the existence of a right invariant integral can be
deduced immediately from the existence of a left invariant
integral.

2.17.1. A carrier of a function is any set outside of which the
function vanishes; occasionally we use the carrier to mean the
closure of the set on which f does not vanish.

Let G be a locally compact group (or local group) and let W
be a compact symmetric neighborhood of e (such that W* is
defined if G is a local group). We shall continue to put in paren-
theses most of the remarks which apply mainly to local groups.

Let C denote the class of continuous real functions on G having
compact carriers (carriers interior to W2), and let C be topologized
by the metric

d(f,g) =1lub. |f(x) —g(x)|, all xeG; f, geC.

Let C+ denote the non-negative functions in C. For f and g
in Ct+ there may be an integer #» and elements a,,...,2, in G
(in W?) and non-negative numbers 7y, ..., 7, such that for x
(in W?)

f(x) = Zrig(ar" ).
If so, (f: g) is defined to be the greatest lower bound of all X7,
for all such sets of elements and numbers, and if not, (f:g) is
defined to be plus infinity. For f, g e C*, one sees that

(f:8) = (Lub. f)/(L.ub. g)

and (f : g) is finite when g is not identically zero. It is greater
than zero if f also is not identically zero. If f, and g are not zero,

F:e)=(:H)h:e
and
1 (7:g)
—_ (f:f).
Gp=g =N
2.17.2. Let f, be a fixed function in C+ not identically zero.
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To each function f in Ct we now associate the closed interval I,
on the real axis defined by

1
(fL:1)
Using the Tychonoff Theorem (1.8.1.) we form the compact set P

I,: <5< (h: )

P = rrop, I,.

Next, let V C W be a neighborhood of e. Then let g not iden-
tically zero be an element of C+ with carrier in ¥ and consider
the ratio:

(7:¢)

(fr:8)
It follows from the inequality preceding this section that the
ratio (f:g)/(f,:g) belongs to I, for every g chosen as above.
Thus g determines a unique point in P whose coordinates are those
ratios. Then the neighborhood ¥V C W determines the following
closed subset Fy of P, namely the closure of the set of all points
of P associated with functions g as just described.

Finally, because P is compact there is at least one point of P
in N F,: the intersection of all sets F; for all neighborhoods V
of ¢, subject to ¥ C W. To each choice of a point in N Fj we get
an sntegral. Thus let {r,} denote a particular choice of a point
of Pin N Fy, the f-coordinate of this point being the real number
7,. Then we shall define [f by

[t =r1.
We shall sometimes write [f(x)dx for [f.
However instead of developing the properties of the integral
thus defined we now return to take up the separable case, and

carry out the procedure mentioned earlier. To continue from the
above definition would use many similar details.

2.17.3. Assume now that G is separable metric and let W be a
neighborhood as above. Let {W,} be a basis for open sets in-
cluding e (assume W,C W). Choose functions g, such that
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a) 0sg,=1
b) g.le) =1
c) g, vanishes outside W,.

It has been shown that the set of real continuous functions
defined on a compact metric space is separable. Hence C* is
seen at once to be separable if G is a local group. However C+
is also separable in case the separable metric G is a global group,
for in this case G is seen to be the union of a countable increasing
family of compact sets so that C* is the union of a countable
collection of separable subsets, and this implies that C* is se-
parable.

Hence there is a countable family {f,} which is a dense subset
of C+. We shall suppose that one of these, f;, is identically 1
on a neighborthood of e. It is convenient to have {f,} closed under
addition of its elements and also under multiplication by a
positive rational number and we choose {f,} in this way, adjoining
new functions if necessary.

Let I* CI be any infinite sequence such that

lim _(/_"_i‘l
1€t (f 1°8 l)
exists when ¢ runs through I* for all functions f,, n eI. By the
diagonal process such a sequence I* can be seen to exist. This
limit for each » is denoted by [f,(¥)dx = [f,.
Whenever

. (g0
A) 1 ‘)
) ig;: (fl :gl)

exists for a function f in C+ it is denoted by [f. By a preceding
formula

1) Yh:N=lf={:h)

so that in particular the integral is always finite.

If ¢ is a non-negative real constant then (¢f:g) = i(f:g).
Therefore if [f exists then [tf exists and is equal to #ff. It follows
that Jtf, = t.
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From (f+/ :g) = (f:8) + (f : g) it follows that

f+i=lt+1)
if all three exist. If in addition f(x¥) < f'(x), x € G, then [f < [f'.
Suppose the integral exists for f, f', F,, and that f < f' + ¢F,.
Then (f:g,) = (f' :8) + ¢(Fy:g;) and since limits exist,
[t = + iF,.
Now if |f — f' | £ tF,, it follows that ' < f 4 {F;. Hence

I —uF, =t = +4F,
[t = 01" | < {[F,.
Hence if the integral exists for each element of a uniformly con-
verging sequence %, e C+, with carrier 4, in a fixed compact
set K, and exists also for the limit function % € C*, then
lim fh, = [lim &k, = [h.

To see this choose 7, in {f,} with a positive lower bound on K.

Let % be any function in C+. Then & is the uniform limit of
functions 4, in the set {f,}, carrier %, in a fixed compact set,
so that [#, exists for all n. We shall show that [A exists. If the

ratios
(h:g,)

B) -
(f1: 84
do not converge with increasing 4 e I*, therc must exist two sub-
sequences If CI* and I CI* such that B) has a limit, call it
[1h for i e I and another limit, call it [, for ¢ e I;. Each of these
subsequences defines an integral [,f and [,f with the properties
already established for [f; and [}k, = [,h, = [h, if A, belongs to
the family {f,}. Then
fi# = lim f}h, = lim [,h, = [4h.

This contradiction completes the proof that

2) [k exists for all ke Ct.

At the same time, because of the preceding argument, this
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shows that if carrier %, C a fixed compact set independent of #,
then

3) lim [k, = [limh,
for all uniformly convergent sequences in C+ (with carriers in
W in the local group case). It is also true if 4, »’ and F, are
in C* then
|h— 1| <eF, implies | b — [h' | < e [Fy.
It follows also that if # is any real number and fe C+ then
4) 7ff = [rf.
We shall prove next for f, f in C+ that
8) [(t+1) =+

The inequality [(f + /) =[f+ [f is known and it is only
necessary to prove the reverse.

Let F = f + f + rF,, with r > 0, and where F, is a function
in C* with positive lower bound on (carrier f) U (carrier f') =K.

Let A = f/F on K and zero elsewhere; similarly 4’ = {'/F on
K and zero elsewhere. Then F, &, W' eCt, hF = f, 'F = {,
h+Hh =<1 and A + A’ has carrier K.

Let € > 0 be arbitrary. There is a neighborhood ¥V of ¢ such
that if x e yV we have (by uniform continuity)

| h(x) — h(y) | <e and |A'(x) — W' (y) | <e
Take 7 so large that
carrier g,C W,CV.
If
F(x) = Z7,8,(a;"%)
the term g,(a;'x) will be zero except when xea,V. Since
h(x) < h(a;) + € in those terms, we have also
F(x)h(x) < X'7,g,(a7" %) (h(a,) + ¢),
where X’ is restricted to the terms not zero in a,¥ and therefore
for all x
F(x)h(x) < Zrgi(ar's)(h(a;) + ).
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The same relation is true for A’ and hence
(Fh:g) + (Fh :g) < Z7,(1 + 2¢),

since & + h" < 1. Since e is arbitrary the right side may be made
to approach X7,, and this may be made to approach (F :g;).
Using this fact and remembering that Fk = f, FA' = f’, we may
conclude that

(f:8) + (' :8) = (F:g)
This shows that
I+ =Ir
and so
[+ =0 +1) +r[F.

Since 7 is arbitrary 5) is proved.
More generally, combining 4) and 5) with 7 and s non-negative
reals we have

6) off + sff’ = [(rf + sf).

The integral has so far been defined for C+ but the definition
can of course be extended to C. If % e C, then A+ = Max (h, 0) e C*+
and A~ = — Min (h, 0) e C* and & = h* — h~. Then [f can be
extended to C in a natural way using the fact above so that 6)
continues to hold for all real » and s. Then [f is a linear functional
on C satisfying conditions 3), 4), 4'), 5), 6).

Take f e Ct (for the case of a local group take fe C+, carrier
interior to W) and with the notation above suppose that

(%) = Zr,8.(a74)
for all x in G (in W2). Let a be an element of G(a ¢ W). Then,
letting af(x) = f(a—'x) we have
af = f(a7'x) < 2r;g,(a7"a7"x)
for all x e G(e W2). Hence

[H(ax) = [f(x).
This property extends to f e C. Thus for f in C (carrier f C W),



92 TRANSFORMATION GROUPS

and a€G (a e W) we have

) Jaf = If-

This is the property of invariance of the integral.

2.18. Uniqueness of the integral

In this section and the next we consider only global groups.
The results are valid for local groups but we omit them.

As mentioned above it was first shown by von Neumann [3]
that the integral is essentially unique, that is, it is unique to
within a scalar multiplier. We shall prove this theorem although
we shall not have much need for it except to show that the
integral exists in an arbitrary locally compact group, without
using the Tychonoff Theorem.

Following A. Weil [1], it is convenient to usec a construction
duc to Dieudonné which we now prove. Let K be a compact
subset of a locally compact group G, let ¥ be a compact neigh-
borhood of e and suppose that every point of K is an inner point
of UyV, y,€G, i =1,...,m Let k; be a continuous function
on G, h,=1onyV, 0 <k, <1, carrier &, Cy, V2

Let % be a continuous function, k=1 on K, and 0 £k < 1
everywhere. Now define the continuous function

m = min (k, b’ = Zh;),
Then m = 1 on K and m/k’ < 1. Finally define the partitioning
functions
hy = mh/W'.
When 4’ = 0, m and h; = 0 and it is understood that &, = 0.
By construction the functions h; are continuous, A; = 0, and
vanishing outside of y,¥2 and Zh, =1 on K.

THEOREM. Let G be a locally compact group and C the class of
continuous functions on G with compact carriers. If [* denotes
a non-trivial integral defined on C with properties 3),...,7) of
the preceding section, then every such integral is of the form #[*
for some fixed real number r > 0.

Note that this theorem does not use separability for G.
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Let f and g belong to Ct, g not identically zero. Then for
some real numbers 7; and elements 4,
f(x) < Xr,g(a7'x)
and therefore (letting a,g = g(a;%))
[*f < Zr,[*ag = (Z7,)[*¢
Since this is true for all X7, satisfying the preceding formula,
it follows that
M= (el
where, as defined above, (f:g) = g.lb. (Z7,).

Now let f be fixed, let K be the carrier of f and let € > 0 be
preassigned. There is a U(e) such that y~'x e U implies

) — ) | <e
Choose any ge C+ not identically zero with carrier in U and
symmetric, that is, g(x) = g(x™1). For %, yeG, x not in yU,
g(y~x) = 0. For x eyU, f(y) = f(x) — e. Therefore for every x
*y)gly=x) 2 (f(x) — €)[*gly~'x)
= (f(x) — o*g(x7y)
= (f(x) — &)f*g.
Now let € > 0 be arbitrary and choose V'(¢) so that yeV'z
implies
ley) —glz) | <<
Let V(e) be such that ¥2C V’ and choose elements y, and par-
titioning functions %, € C+ such that 2k, = 1 on K, the carrier
of f, and h; vanishes outside of y;¥’. Then

*y)ely—x) = ?I*f(y)h.-(y)g(y"lx)dy-

But k,(y) is zero except for y in y;V’ and yeyV' implies
y;'x e V'y~1% and hence
gly'x) = (g0y7'x) + €).
Let 7, = [*fh,/[*g; then Z7, = [*f/[*g. Combining the preceding
inequalities

1) S € + ¢ Sr, + Srglyi).
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Since €’ is arbitrary and not related to f and g,
f#) < e + Zrg(yi').

Assuming f not identically zero there are elements x,, =1, ..., N,
such that for x e K,

1 < Zf(xtx).
Hence
) = e Bf(%'%) + Zrg(y; '),

Using the fact that (x,/:g) = (f(x;'%) : g) = (f: g), it follows that

(f:8) =eN({:¢) + [
Therefore

(f : &)(1 — eN) = [*f/[*e.
It is important to observe that N does not depend on €, the more
so because g(x) and therefore [*g does not depend on e.

Finally if f, is another non-trivial function in C+ the same

argument shows that

(*H(1 —eNy) _ (F:g) _ )

[*fo “ (fo:8) T (*f)(1 —€N)

We see that if € tends to zero and g is chosen in an appropriate
carrier, the ratio (f:g)/(fo : g) converges to [*f/[*f,. It follows
that the ratio [*f/[*f, depends on the functions f and f, and
not on [*. This completes the proof.

2.19. Integrals on non-separable groups

Let G be a locally compact group and H a compact invariant
subgroup. Suppose that an integral is defined on G. Let /' be a
continuous function on G/H, with compact carrier. Then there
is a function f on G uniquely defined by

f(x) = ['(xH),
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which is continuous and has a compact carrier. Define an integral
on G/H by
['f=1It

where the first integral is on G/H and where the second integral
is on G. The functions f range over a linear family of functions
on G closed under uniform convergence and the integral restricted
to them has its usual propertics that is 3)—7) of 2.17. It follows
that ['f’ is the integral on G/H to within a scalar multiplier.

Now let G be a locally compact group, G’ an open (hence
closed) subgroup as described in 2.5 with G'/G, compact. Let
foe Ct, fo 52 0, where C is the class of continuous functions with
compact carriers in G’. We shall define a left invariant integral
on G’ so that [*f, = 1. Take fe C, f 3 0. There is an appropriate
subgroup H, that is a compact invariant H such that f and f,
are constant on cosets of H, and G'/H is separable metric.

Let f, and /' be the functions on G’/H determined by f, and f.
We define the integral of f on G’ by

*f=TIr
for that unique integral [' on G'/H for which
Ifh=1.

We have to verify that [*f does not depend on the particular
choice of H.

It is sufficient to verify that if H' is appropriate to f and f,
and H’' C H, then [*f is the same number whether defined from
H or from H’. But in this case we have the natural maps

T':6G'—~G'|H; T,:G'|H - G'|H
and
T=T,T:G —-G'|H.

It follows from the opening paragraphs of this section that with
the normalization

IMo=1; ["fg =1
the first integral on G'/H, the second on G'/H’, the following
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equality holds
If=rt.

This shows that [*f is well defined. It is a fact that given any
countable set of functions of C there is at least one H which is
appropriate to all of them (2.8); it follows that [*f enjoys all the
properties of an integral including convergence for uniformly
converging sequences with carriers in a fixed compact set.

Finally, it is a simple matter to extend this integral over all
of G. First if ¥ is a compact subset of G then V is the union of
a finite number of disjoined compact sets each of them contained
in a unique coset of G/G’. Then the integral of a function with
carrier in V' will be defined as the sum of the integrals over the
individual cosets. Next if f is a function with carrier V in a
coset aG’, for some a € G, then we define

[of(x)dx = [of(a " x)dx.
It follows from the left invariance of the integral in G’ that this
definition is unique.

2.19.1. We conclude this discussion of the integral with some
remarks on the iterated integral. Let f(x, y) be a function on G
which is continuous in x and y and vanishes when either x or y
is outside of some compact set U. Then [f(x, ¥)dy is defined for
each value of x and is continuous in #x, and vanishes outside of -U.
Therefore the iterated integral [[f(x, y)dydx exists and it defines
an integral on the product group G X G. Since [[f(ax, ay)dydx =
[[f(ax, v)dvdx = [[f(u, v)dvdu, it follows that this integral is left-
invariant on G X G. .

Similarly, the iterated integral [[f(x, y)dxdy defines a left-
invariant integral on G X G. Both integrals have the standard
properties, and therefore the two integrals coincide provided they
give the same value for at least one non-trivial function. It is
obvious that the integrals agree for symmetric functions, and
therefore the two iterated integrals are equal.

We shall soon refer to some of the classical results on charac-
teristic functions of symmetric kernels; the use of properties of the
iterated integral is implicit in that theory.
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2.20. Compact groups

The existence of an invariant integral in Lie groups can be
established in a simple and direct way. In 1929, Peter and
Weyl [1] introduced the methods of integral equations in the
study of compact Lie groups. Their methods were carried over
to the general compact groups by von Neumann once an invariant
integral was available. Only the beginning of their theory is
needed to show that compact groups have representations as
subgroups of matrix groups GI,. In the general case, no single
representation can be an isomorphism; but to every neighborhood
U of the identity there is a representation whose kernel lies in U.
In the next paragiaph we shall formulate without proof the part
of the theory of characteristic functions which is needed for the
present application. The proofs are available in many standard
works of analysis, Courant-Hilbert for example. The complete
details will also be found in Chevalley ([1], pp. 204—212); nothing
in those pages depends on special properties of Lie groups.

Let G be a compact group with a left-invariant integral defined
on it (it is not important for the sequel that for compact groups
the same integral is also right invariant). Let f(x) be a real
continuous function on G and let 2(x, y) be a real function con-
tinuous on G X G. Then

1) g(x) = [kx, ¥){(y)dy
1s a continuous function of x. We shall assume that the kernel
k(x, v) is symmetric, i.e. k(x, y) = k(y, x).
Any non-trivial continuous function on G satisfying

2) fx) = cfk(x, y)fv)dy

is called a characteristic function for the number c; and ¢, which
is necessarily real, is called a characteristic number. The charac-
teristic functions for the same c form a finite-dimensional linear
space.

Characteristic numbers and their associated functions exist
for every choice of a symmetric continuous kernel on G. Moreover,
if a function g(x) can be represented as a transform 1) of a con-
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tinuous function f(x), then g(x) can also be represented as the sum
of a uniformly convergent sequence of characteristic functions of the
kernel k:

3) g®) = hW) + falx) + ..
the functions f,(x), satisfying relation 2).

We shall show now that if a kernel 2 has the special form
h(x~y) for a continuous function A(z) = k(z7!) and if ¢ is a
characteristic number for the kernel 4(x~'y), then the charac-
teristic functions for the number ¢ are permuted by the elements
of G. Let f(x) satisfy

1) [(x) = c[h(x7y)f (y)dy

and let @ be an element of G. Then
af(x) = f(a7x) = c[h(x~tay)f(y)dy = c[h(x12)f(a=2)dz,

and we see that af(x) is a characteristic function for the number c,
as asserted.

It is clear that G is a linear transformation group of the space
of continuous functions on G and therefore for each characteristic
number ¢ we obtain a representation of G as a linear group of
transformations of a finite-dimensional space. We prove next
that if b is an arbitrary element of G, b # ¢, we can find a represen-
tation of G in which & is not in the kernel: i.e. b is not mapped
into the unit matrix of G/,. Let U be a symmetric neighborhood
of ¢ such that

b¢ U2
Let f be a continuous non-negative function vanishing outside
of U and equal to 1 at e. Let A(z) = f(z) 4+ f(z71). Now define
a function g by

5) g(x) = [h(x71y)f(y)dy.
Then g(e) = [(f(y))2dy > 0 and, at the same time, g vanishes
outside of U2 Therefore it follows that

6) bg#g.
Now let us write g in the form 3) for appropriate characteristic
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functions f,, f,, . . ., for the present kernel 4. It follows since 3)
holds for ecvery x that

7 bg=bH+ b+ ...
It follows from 6) that for at least one characteristic function f,,,

bfm # tm

This function gives the desired representation of G as a subgroup
of GI,, where n is the number of linearly independent charac-
teristic functions which correspond to the same characteristic
number as the function f,,. The kernel of this map of G into Gi,
is the set of clements for which af,, = f,,, and b is not among them.

With this background it is easy to prove the principal result
of this section.

THEOREM. Let G be a compact group and let U be an open neigh-
borhood of e. Then U contains an invariant subgroup H of G such
that G|H is isomorphic to a subgroup of some Gl,, and in fact to
a subgroup of the orthogonal group of some euclidean space.

Let a denote an arbitrary element of G not in U. Let H, denote
an invariant subgroup of G not containing a such that G/H, is
a representation. Since H, is closed, and the complement of U
is compact, there is a finite set of such subgroups:

H,.. ,H,,
whose intersection is contained in U.
Let E;, 1 =1,...,n, denote euclidean spaces of appropriate

dimensions such that G/H, is isomorphic to a linear transfor-
mation group of E, If we form the product space

E=E1XE2X...XE’"

we can define the action of each element of G upon E from its
known action on each factor E,. In this way G becomes a
linear transformation group of E whose kernel is the intersection
of the given H,; the kernel is contained in U as asserted.
The fact that G can be regarded as an orthogonal group on each
space E;, and therefore on the product space E, arises from the
fact that G is an orthogonal group on the space of continuous
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functions on G. This means that G leaves invariant a scalar-
product of functions:

(f, &) = [f(x)g(x)dz,
leading to a norm ||f|| = (f, /) 0. Thus

(af, ag) = [{(a~'x)g(a"x)dx
= [f(z)g(z)daz
= [{(z)g(2)dz = ({, g)-
For a euclidean space, the existence of this invariant scalar product
is equivalent to the invariance of a positive definite quadratic
form, or equivalently a distance-function.

COROLLARY. There is an open meighborhood W, UD W D H
such that any subgroup of G which is in W is a subgroup of H.

This follows from the fact that G/H has no small subgroups,
since it is contained in GI, which has none. Thus let W* be a
neighborhood of the unit in G/H and let W* have no subgroups.
Let T denote the map of G onto G/H, and let W=UnN TIW*,

The preceding proposition will be of the utmost importance
in the sequel. The following proposition is of interest.

COROLLARY. A compact group G is isomorphic to a subgroup of
the product of a number (possibly uncountably infinite) of orthogonal
groups of appropriate dimensions.

Take a basis for neighborhoods at e. With each neighborhood
U, of e, associate a subgroup H, in U, such that G/H, is a subgroup
of some orthogonal group O,. Let O* denote the product-space
(1.6) and product group of all the O,. Each element % of G has a
coordinate #, in the “factor” O,, namely the element of 0, upon
which it is mapped. If % is not ¢, then for at least one value of ¢,
x is not in H,, and x, is different from e,. This shows that the
mapping of G into O* is one-one. Since the mapping is continuous
one way, and the spaces are compact, the map is a homeomor-
phism. Therefore the map is an isomorphism, and the theorem
is proved.

The analysis of compact groups, only a small part of which has
been shown here, was achieved by von Neumann in 1933.
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2.20.1. We have shown that if a compact group does not have
arbitrarily small subgroups, that is if there is a neighborhood U
of e such that e is the only subgroup of G contained in U, then G
is isomorphic to a subgroup of some GI, and, consequently, G
is a Lie group. We shall see later that if a locally compact group
does not have small subgroups it is necessarily a Lie group.
However it is known that a Lie group G is not necessarily isomor-
phic to a subgroup of some GI,, if G is not compact. It is true
but will not be considered in this book that every Lie group is
locally isomorphic to a subgroup of some Gi,.

2.21. Abelian groups

The analysis of locally compact abelian groups can be made to
depend upon the fact, proved by Pontrjagin in 1934, that they
are locally isomorphic to compact groups.

THEOREM. Let G be a locally compact abelian group. Let U be a
compact symmetric neighborhood of e. Let G’ be the subgroup of G
generated by U. Then G’ comtains a discrete subgroup D with a
finite number of generalors such that G'|D is compact.

In any group G’ which is generated by a compact neighborhood
U, whether or not G’ is abelian, it is easy to obtain a subgroup A
with a finite number of generators such that

G'CAU.

For, since U*?is compact there is a finite set of elcments, a, a,,...,a,
of G' such that U2C y a,U. Let 4 be the group generated by the
elements 4,. Then
U2C AU
UsC AU C AAU = AU,

and so by induction U*CAU, for every n. Therefore G'= U U*C AU
as asserted.

Except in the abelian case, the group A will not need to be
invariant; and in even the present case that G’ is abelian the
group A is not necessarily discrete. To find the desired discrete
subgroup D of 4, such that G' C DU we need the following Lemma.
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LEMMA. Let T denote the additive group of imtegers (the same
result and the same proof hold if T is the additive group of reals).
Let { be a homeomorphic map of T into a locally compact group G
(not necessarily abelian). Then, either this map is an isomorphism
or f(T) is contained in a compact subgroup of G.

Let K denote the closure of the group f(T'); K is a closed abelian
subgroup of G (1.11.1) and we now confine our attention to K.
Suppose that there can be found a neighborhood U’ of ¢ (in K)
and also a positive integer # such that U'Nf(T) contains o
element f(¢) for which ¢ = #. In that case it is easy to see that
f(T) is an isomorphism. We shall suppose that f(7’) is not an
isomorphism, and then every (symmetric) neighborhood of e
meets f(T) in elements f(¢) for arbitrarily large £ > 0. We must
now show that K is compact.

Let V be an open symmetric neighborhood of ¢ in K such that
V, the closure of V, is compact. Since f(T) is dense in K, every
element x of K is contained in some f(:)V and we may suppose
that ¢ > 0, in view of the remarks above. Because V is compact,
there is a finite set of positive numbers ¢y, . . ., ¢, of T such that
7V C U,f(t,)V. Let t* be the largest number among the ¢,.

Now let % be an arbitrary element of K and define {(x) = te T
as the smallest non-negative number such that x e f(&)V. Because
of the symmetry of V, we may write /(t)x*¢V and there is at
least one of the elements #,, above, such that f(¢)x~1 ¢ f(¢;)V. Then

x e ft, — )V,

xef(t —t,)V.
It follows from the definition of #(x) that ¢ — ¢, < 0. Therefore
t(x) < t* = max. (£,). Since x is arbitrary in K it follows that
K C {(T*)V where T* is the interval on T from ¢ = 0 to ¢ = ¢*.
Thus K is compact, and the Lemma is proved.

We return to the main theorem and the interrupted proof.
Suppose that each a; of A generates a compact subgroup. In
that case it follows that A is contained in the set of products of
elements of those groups, and A4 is contained in a compact set
(2.1.1). But then G’ = AU is compact and there is nothing more

to prove.
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Accordingly we now suppose that the elements a,...,a,
generating A have been so arranged that the group generated
by the first 2 < n is a discrete group D and that if & < # then
for each 7, & < ¢ < n the element 4, and the group D generate
a closed subgroup I7; which is not discrete. If 2 = #, then D = A4
and G’[4 is compact; the Lemma is proved.

We now suppose that 2 <#. For each ¢, k<i < #, F;is
not discrete and F,/D which is locally isomorphic to it is not
discrete. The map F;— F,/D takes {a]'} to a dense set in F;/D
and it follows from the Lemma above that F,/D is compact.
By the argument which was used in 2.3.1 it follows that F, contains
a compact set W, such that F; = DW,.

Now let W denote the set-product of the compact sets W, for
alli =k 4 1,...,n, and consider the set DWU. Every element
of 4 is contained in the product DF, ... F,. But

DFyyy ... F,CD(DW,y) ... (DW,)
= DWWy . .. W,.
= DW.

Thereforce A C DW. Then G' C AU C DWU. But WU is compact
(2.1.1) and therefore G’/D is compact. This proves the Theorem.

COROLLARY. The group D may be assumed to contain no elements
of finite order.

We prove this by arranging the gencrators of D so that the
first 5, h <k, generate a group D’ with no element of finite
order, but so that any remaining generator (if # < k) introduces
elements of finite order. Then for each 7, A <4 < &, we get a
group F; such that F,/D’ is finite. The rest of the proof is as
above.

There is an arbitrarily small subgroup H’ of G'/D such that
(G’'|D)/H’ is a compact subgroup of some Gl,. Since D is discrete
we may choose H' small enough so that it is isomorphic to a sub-
group H of G'; i.e. there is a subgroup H of G’ such that G'/DH
is a compact Lie group (DH is the group in G’ which is the product
of D and H). From this point of view it is clear that G'/H is a
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group locally isomorphic to the compact Lie group G'/HD. We
have proved the following corollary to the theorem.

COROLLARY. There is an arbitrarily small compact subgroup H
of G' such that G'[H is locally isomorphic to a matrix group and
therefore is a Lie group.

2.21.1. One of the most interesting theorcms about abelian
groups is the following by Pontrjagin.

THEOREM 1. Let G be a locally compact connected abelian group.
Then G contains a maximal compact subgroup K and G[K is an r-
dimensional linear vector-space.

Since G is connected it may be generated by a neighborhood
of the identity and therefore the preceding corollary applies to it.
Let H be a compact subgroup such that G/H is locally
isomorphic to ¥,. By the Lemma at the conclusion of 2.16 we
may write G/H =V, X T, where T, is a k-dimensional toral
group. The inverse-image of T, in G is a compact subgroup
K such that G/K is isomorphic to V,. This completes the proof.

COROLLARY. Let G be an abelian locally compact group. Then
G contains an open subgroup G’ and G" contains a compact sub-
group H* such that G"[H* is a V,.

Let U be a compact neighborhood of e and let it generate the
open subgroup G’ of G. Then G’ has a compact subgroup H such
that G/H is locally isomorphic to a V,. Now the identity-com-
ponent of G/H is the product of a V, and a toral T,. Let G”
be the inverse image of the identity-component of G/H and let
H* be the inverse image of T,. This completes the proof.

It is not difficult to show that G” contains a subgroup iso-
morphic to ¥, such that G” = H* X V,, and also to show that
V, is a direct factor of the group G. We shall postpone this to
Chapter 4 because the operation of “lifting” an #-cell from a
factor-group back into the group will come up again in a more
general setting.
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2.22. Existence of one-parameter subgroups

We conclude this chapter with the proof of two special cases
of the following proposition: a locally compact metric connected
(non-trivial) group G has a (non-trivial) ome-parameter local sub-
group x(t). Of course, each local group is contained in a unique
extension x(f) defined for all ¢ but the extended group is not
necessarily closed.

Case 1). Let G be compact. Let H, D H,D ..., be a sequence of
invariant subgroups of G converging to e such that G/H, is a
matrix group, # =1,2,.... Let x,(t) be a (non-trivial) local
one-parameter subgroup of G/H,. Let T denote the natural map
of G/H, upon G/H,. Let U, be a neighborhood of ¢ in G/H,
such that every element is on a unique one-parameter local
group contained in U,. Then U, = T(U,) is a neighborhood
of ¢ in G/H, and U, contains an element x,(¢t') distinct from e
(for sufficiently small #'). Let x,(#') be an element of U, covering
x,(t') and let x,(¢) be the one-parameter local group in G/H,
which contains x,(¢'). It is clear that T(x,(s)) = x,(¢) for all
values of ¢ for which both groups may have been defined.

Continuing in this way we can construct groups x,(£), %,(¢), . . .,
in G/H,, G/H,, ..., respectively, each projecting upon the preceding,
and all defined for the same range of ¢, say |[¢| < 1. To these
groups there corresponds the monotonic sequence of compact
sets: x, (t)H,, %5(t)H,, . . ., in G, and the intersection of these sets
is the desired local group x(t).

Case 2). Let G be abelian and locally compact. Then G contains
a discrete group D, and G/D is compact and connected and con-
tains a one-parameter local group %(¢t). Since G and G/D are
locally isomorphic, this gives a one-parameter group in G.

In the next chapter we shall conclude the demonstration of
the gemeral proposition (p. 118).
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Groups With No Small Subgroups

3.0. Introduction

Every topological group G may be regarded as a transfor-
mation group over itself as space through its left (and right)
translations: ¥ — gx (and x — xg) and through the taking of
transforms:

1) x—glxg.
The translations exhibit G as an effective transformation group,
but in the case of 1) the elements of the center of G are inoperative
and the effective transformation group is G/H, where H is the
center of G.

A Lie group being a differentiable manifold has associated with
it at each point a tangent-space; these are vector-spaces of the
same dimension, say #, as the group. The group operations of
a Lie group are differentiable, and therefore they permuste the
tangent-spaces. In particular, the transformations 1) carry the
tangent-space at the identity into itself and in this way our
group becomes an automorphism group of an #u-dimensional
vector-space.  This is called the adjoint-representation of a Lie
group.

Every Lie group has neighborhoods of the identity that are
uniquely filled by one-parameter local groups radiating to the
boundary; each one-parameter group corresponds to an initial
direction-vector. In M ,(R), the additive group of real n X n
matrices, the whole group is such a neighborhood. More generally,
neighborhoods of this sort can be obtained in any closed subgroup
of Gl (n, R) by the use of the map of M,, into GI,;:

2) A-—>expd,
which, as we saw in 2.186, is a local homeomorphism carrying one-
(108]
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parameter groups into one-parameter groups. To each closed
subgroup of Gi,, 2) makes correspond an appropriate linear sub-
space of M, (2.16).
The formula which was very important before,
3) exp (A + B) = lim (exp A/n exp B[n)",
n—>»w

shows that to the operation of addition in the vector-space
associated with a subgroup G of GI, there corresponds an in-
trinsically defined operation in G. If x(¢), y(¢), are local one-
parameter subgroups of G in a sufficiently small neighborhood
of ¢, then 3) enables one to define an operation of “‘addition”
in G:

4) x(t) + y(t) = Uim (x(t/n)y(t/n)) "™

n—>ow

In terms of this new operation the set of elements on one-para-
meter local groups in a neighborhood of ¢ in G becomes a local
linear vector space. We shall prove this n @ much more general
setting in 3.9, 3.10 of this chapter.

It is not difficult to see that the transformations 1) “commute”
with the operation of addition defined by 4) and in this way one
is led again to the adjoint representation of the group G. This
will be generalized in 3.11 of this ‘chapter.

A Lie group has no small subgroups; that is, there is a neigh-
borhood of e which has no other subgroup than e. Conversely,
if G is a locally compact group withous small subgroups then G is
a Lie group. This result was proved by Gleason [5] (1952) for
finite-dimensional groups and the result was extended by Yamabe
[3] (1953). Not quite all of this will be proved in the present
chapter. We show here that a group G with no small subgroups
has an “adjoint representation”: that is, by means of transfor-
mations 1) G becomes homomorphic to a subgroup of Gl,,. At that
point we shall know that the kernel H of the representation and
the factor group G/H are both Lie groups.

If x(t), y(f) are one-parameter local groups in a group then
2, = (x(1/n)y(1/n))" can be defined for every ». But it is not
obvious that z, converges as 7 goes to infinity, and it is not even
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obvious that z,, remains in a fixed compact subset (in which case
some subsequence will converge). The first sections, following
Gleason and the improvements by Yamabe, set up the machinery
for proving the boundedness of z,. They are used again in the
next chapter for the general case (small subgroups being present).

In 3.4 to 3.6 we construct the basic family of one-parameter
local groups of G to which 4) is then to be applied. In 3.7 we
prove the uniform boundedness of z, when x(1), y(1) are in a
suitable compact neighborhood of e. In 3.8 we prove a basic
Lemma from which one derives the uniform continuity of the new
addition-operation: x + y. That we obtain a finite-dimensional
representation follows. The mcthods in Chapters III and IV
derive principally from Gleason [5] and Yamabe [3, 4].

An important partial result along these same lines not restricted
to finite-dimensional groups had been found earlier by Kuranishi
(1949) and we follow him in some details. This is particularly
true of our replacing the explicit use of a “‘tangent-space” by
the device of defining a new “addition-operation” in the given
group. This seems to lead naturally to certain small differences
in connection with the use of the elements of G as ““operators’ (3.3).

In the next chapter, in order to analyze the general locally
compact group we shall need to use the fact that compact groups
can be approximated by Lie groups (2.20). It is interesting that
one can study the class of groups without small subgroups without
first “‘sorting out” the compact case.

3.1. Generating sequences of sets

Throughout this chapter G will denote a locally compact group
which satisfies the first countability axiom; as we saw in 1.22
this implies that G is metric. We shall not make any systematic
use of a particular metric on G, but a metric is used implicitly
in connection with properties of sequential convergence of sets
(1.10). We remind the reader that the notation 4B designates
the product of sets; A”is the collection of products of # elements,
each of them in A4, A° is the identity. The symbol [7k] as an
exponent denotes the largest integer = 7k.
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Suppose that 4,, n =1, 2,..., is a sequence of somehow
defined compact symmetric subsets of G converging to ¢, ec 4,
4, #e:

1) limA4, =—e.
Let U denote some compact neighborhood of ¢ and assume that
for each n there exists some power of A, which is not contained
in U. In that case there will exist a sequence of integers k(n)
such that

2) A¥WH QU but 4L CU for i < k(n);

the integers %(n) necessarily increase without limit because of 1).
It follows from 1.10 that there is a subsequence I’ C I such
that lim A¥™ exists and also lim AZ™/2, et

3) lim AX" = E(1), lim 4Um/2] — E(%), nel;
then,
4) eeE(%)CE(l)CU.

LEMMA. The set E(1) contains a point of the boundary of U.

Let ¢, denote a point of A*™+! which is not a point of U;
qn = P.x, where x, is some point of A, and p, is in A¥™, The
sequence ¢, belongs to U2 and U? is compact: therefore there
is a convergent subsequence. Let ¢ denote a limit point of such
a convergent subsequence. Since x, converges to e, ¢ is also a
limit point of the sequence p, and belongs to E(1). This com-
pletes the proof.

CoroLLARY. The set E(1) is comnected.

Suppose that E(1) is the union of compact non-empty non-
intersecting sets 4 and B, and that e¢ A. There is an open neigh-
borhood V of ¢ such that AV N BV = & (2.3). It is clear that no
point of E(1) is on the boundary of AV. Since B is not empty,
it is mot possible that all the sets 4,, 4%, ..., A¥™ belong to AV
for arbitrarily large n. This permits us to find an appropriate
subsequence of the sets 4, and appropriate powers < k(n) which
generate a set E’(1) C AV meeting the boundary of AV. Since
E’(1) is in E(1), this is a contradiction.
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3.1.1. LEMMA. Let A,, nel' CI, be compact symmetric sets such
that lim A, = e, and let them gemerate the sets E(1) and E(}):
lim AX™ = E(1), lim AX™® = E(}). Suppose that E(1) is not a
group and let p be a point of E(1)2 — E(1). Then

PEG)NE(}) =©.

Of course, if E(1)2 — E(1) is empty then E(1) is a group.
Therefore it is not empty and contains some point p. Suppose
that px = y, where x and ¥ belong to E(}). Then x =limx,
and y = limy, for some sequence of points x,, y, in A2,
Now p = yx~1= (lim y,)(lim ;') = lim y,%; elim A¥™ = E(1).
The contradiction completes the proof.

COROLLARY. Under the hypotheses above, there exists a compact
neighborhood X of e such that

PEGFXNEHX =9,
and such that for all sufficiently large nel' (as above)
P A’[‘k(n)lzl XN As‘k(n)lzl X =,

The first rclation follows from the Lemma and from 2.1. The
second relation follows from the first and the definition of sequen-
tial convergence (1.10).

3.1.2. It is extremely interesting, although we shall not need
to take advantage of it, that sets E(r) can be defined by the
diagonal process for every rational 7 and that they form a semi-
group of sets:

E(r)E(s) = E(r + s).

The set E(0) is defined separately as M E(r) for all » > 0; it is
a compact subgroup contained in U. When E(0) = ¢, the defini-
tion of these sets can be extended easily to all positive reals, and
one obtains a one-parameter semigroup of compact sets (Gleason
[2, 6]). We shall not pursue the details here. An interesting
study of the kinds of semigroups which may be constructed on
Lie groups will be found in Rédstrom [1].
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3.2. Smoothing functions: A,
We continue to use the sets 4,, of 3.1 defined for all #el.
For each #, the function 4,(x), xeG, is defined as follows:
A,(%) = 1 if % is not in AR/
= 2j/k(n) if xe Al — A%, { < k(n)/2, (A%=e)
=0if x =e.

We see that 4,(x) = 0 if and only if x = e. These functions are
symmetric and lower semicontinuous and satisfy the following:

1) d,(xy) =4,(x) + 4.@)

for all x, y.

Let 6,(x), 64(x) € [0, 1] be a fixed continuous function with an
arbitrary compact carrier X C U, such that 0y(x) = 1 if and only
if x = e. For each # define the smoothed function 6,

2) 0a(%) = Lub., (1 — 4,(y))0(y"x).

Since 0y(y—'x) is zero when y~'x is not in X, and 1 — 4,(y) =0
when y is not in AF™2 it follows that 6,,(x) vanishes for x out-
side of AF™IX. For all ¥ and all »

0= 6p(x) =0,(x) = 1.

We shall show next that the functions 6,(x) are continuous
and in fact equicontinuous. Let € > 0 be given. Since §, is
continuous on a compact carrier there exists a symmetric V¢(e)
such that for all y

3) 160(yx) — Oo(y2) | <
provided x-1z2e V.. Let an x and z be related in this way. By
definition
0u(z) = Lub, (1 — 4,(7)) O6(y).
For this fixed 2z,

(1 — 4,0))8(y*2)

regarded as a function of y is upper semicontinuous on a compact
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carrier in U and therefore there is a § depending on z such that

4) 0,(z) = (1 — 4,(7) (6o(77").
For the same element ¥,

0u(e) — 6,(3) = (1 — 4,(9) (Bo(7%2) — 6o(771)) S «.

This relation holds for any x and z for which x'z¢ V.. But
x7'z2¢eV, implies z7x ¢ V and it follows that, independently of
n, including # = 0,

5) [0,(2) —0,(x)| Ze
This completes the proof of the equicontinuity of the family of
functions 6,

In the next section we derive from 5) certain important for-
mulas.

3.2.1. We are going to interpret the elements of U as operators
on the functions 0,: if a& U, then a 6,(x) = 0,(ax); we will
not always indicate the independent variable, writing merely
ab,, .

What is more likely to cause confusion is that when a, b are
used as operators in succession on the same function then

abf(x) = af(b7'x) = [(b~"a )
as it should since
(ab)t = b~la L.

To see this more clearly the rcader will remember that bf(x) is
a new function, say g, which has that value at the place bx that
f has at the place x (for every x). Then, abf(x) = ag(x) has that
value at the placc abx which g has at the place bx.

We can compare two elements a, b of U by forming the new
function

(@ — )0, = al, — b0,

This leads us to consider expressions of the form

0..(ay) — 0,(by)
for a range of values of y, and these do not quite answer to 5),
above.
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Let V¢(e) be given. A neighborhood V7 of e exists (2.4) such
that for every ye U?,

y Wy CVe.

Now it follows from 3.2 that given any e > 0, there exists a
V(e) such that if a1 ¢ V. then for all y in U?
6) I on(ay) - en(by) I <e

It will be convenient to have a neighborhood V¥ such that 6)
continues to hold if a='beVg¢ and also if ab~1¢e VE. Since
(a1b)t = b~'a # ab™!, in general, one has to keep in mind
that b-'a may be “‘near” e and ab—! may not be near e. However,
if a, b are restricted to a compact set, say U2, then given V (e)
there exists V*(e) such that:

7) ab~leV* implies a7lbe V.
To prove this, recall that U, is separable. If 7) were not true
there would exist sequences a,, b, such that a,b;! converged to e,
and such that a;'b, ¢ V,. Now, if a, converges to a4 and b, to

b, then a = b. But then a;'b, converges to ¢, and this is what
is necded for a proof by contradiction.

3.2.2. Therefore we may sum up in the formula: given any e > 0
there is a symmetric V¥ (e) such that if a, b, y e U and if a=2b e V¥
or if ab=e V¥ then independently of y and for all » including
n=20

8) len(a'y) - on(by) I <e

3.2.3. The following functional relation is a generalization by
Yamabe [4] of a relation which Gleason [5] introduced as a type
of Lipschitz condition.

LeEMMA. For all nel and all aeG, independently of xe G
I en(ax) - en(x) I é An(a)
By definition,

0,(ax) = Lub., (1 — A4,(y))0y(y'ax)
= lLub., (1 — 4,(az))0y(z72%).
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As remarked in connection with 4) there exists an element 2
depending on x, such that

Ba(%) = (1 — 4,(8))6y(z5).
For the same x and Z
6,(a%) Z (1 — 4,(a2))0y(21%)
and
0.(%) — 0,(ax) = (4,(a2) — 4,(3))0p(2712)
= 4,(a)y(z7%)
= 4,(a).

Since the relation holds for all 4 and since the right hand side
is independent of x we may use a~lax = x to write

0,(ax) — 0,(x) = 4,(a7?) = 4,(a).

The two inequalities complete the proof of the Lemma.

3.3. An analytic lemma

We continue to use the notation and results of the two preceding
sections.
Assume that there is an element $ ¢ U% such that

1) peE(1)2— EQ1).

As already remarked such an element surely exists if U does not
contain a nontrivial connected group. There is a subsequence
I' CI of elements p,, #n el’, such that

2) limp, =p
and
8) Pa= 1 p1%n2- - Znartn %ni€dyn
Since # is not in E(1) it follows that
E(1/2) NpE(1/2) = ®.
We shall now determine a compact neighborhood X (¢) CU to
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play the role of the arbitrary X of the preceding section. There
is a compact X(e) such that

4) E(1/2)XNpE(12)X =D
and also
5) AF®EX N P AR X — D

for all but a finite number of the integers # in I'.

We now select a function 6, as described in the preceding section,
with carrier in the set X just determined. Then precisely as
before, we define the functions 0,.

Now let us choose a left invariant integral on G; let ¢, denote
a continuous non-negative function with compact carrier which
is equal to 1 on U2 and let the integral on G be normalized so that

8) fp. = 1.
We recall the notation
7)) (f, g) = [fg-

We shall deal exclusively with continuous functions having
compact carriers, and thus the integrals which we indicate will
always exist. For 0,

8) [6,=1,
since 8, < @,. Additivity of the integral shows that
(. Zg) =2(/ &)
and invariance of the integral that
(af, g) = (¢, a~g).
It follows from properties of the integral that
()= (7 1gD-

Since X contains the carrier of 0, and A¥™/2X the carrier of
9,, it follows from 5) that the carriers of 6, and 2,0, have no
common point for almost all #. Therefore for large #

(Pnem 00) = 0'
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and
9) (6, — Pa0r, 00) = (0., o) = (0o, Op) = » > 0.
Let some of the factors of p,, be singled out as follows, y, , = ¢
and
Vi = Xp1en-Bpoa, ¢ =2,..., 2%k(n).
Then
(00 — Dub O0) = L (v, (€ — %,,,)0,, O).

Hence for some fixed 7* depending on #, in view of 9)

]O) k(ﬂ) | (yn,z’(e - xn,z‘)on’ 00) I g y/z
We now write y,, for y, ,« and x, for x, .« and cxpress 10) as
follows:

A) k l((e fu ynlol)) I = 7'/“
This formula gives an order of magnitude of the elements %,
regarded as operators on the functions 6,. We seck next an

order of magnitude of ¥¥™, and shall find it through the following
identity:

(e — 2 ™)0,, ¥7"00) = (ZF3 wnle — #,)0,, ¥,'0,)
= (k(n)(e —%,)0,, 1/k(n) ZFE™ %" y7" 0o).
This leads directly to
B) (e — #™)0,, 7100) = (k(n)(e — %,)0,, ¥;" 0o)
+ (k(n)(e — %,)0,, I/k(n)z”‘”" (27° — e)yn" bo)-
The first term on the right side of B) is always = y/2; it follows
that the other two terms cannot each be less in absolute value
than y/4.
In the last term of B) the element x, belongs to 4, and it
follows from 3.2.3 that for all ¥ and for all »
k(n) l (e - xn)on(x) l é k(n)An(xn)'
From the definition of 4, this gives

C) k(n)|(e—x,)0,(x)| <2 nel
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LEMMA. Let G be a locally compact separable group and let the
subsets A, described in 3.1.1 generate E(1) and E(1/2) and let
E(1)2 5= E(1). Then there exists a neighborhood W (e) and for an
infinite sequence I' CI there exists x,e A,, nel’', such that for
some integer (n) < k(n)

%™ is not in W.

The sequence I’ is determined as above so that the formulas 4,

B, C are valid. Now we choose W as the symmetric neighborhood

V* of 3.2.2 corresponding to e = y/8 (y = (6, 0,), as above).
Then for any 4, beU and n =0, 1,...,

|0n(ax) - e'n(bx) l é '}’/8

provided that ¢~1b is in W and # is confined to U2
Suppose now that there is an integer # &I’ such that

weW,1=12,... k(@n).
Then by the choice of W, taking a = e and b1 = x*™),
| € — 25™)0,(x) | < ¥/8.

By the monotonic property of the integral, it follows that the left
hand side of B) is not greater in absolute value than

I8 | Jyat0o |

Using the left invariance of the integral and relation 8) above,
we get
I8 | Jyz1 00 | = v/8 |00 | = ¥/8.

In order to estimate the second term on the right of B, fix a
value of ¢ < k(n) and set a = y,%% and b = y,. Then a~1b =
x,e W. Therefore,

[(x7" — €)ya100(%) | = | Oo(Yn2n%) — Oo(ya%) | = 7/8

by the choice of W. We have to add k(») terms of this kind,
for i =1,... k(n), and divide by k(n). The absolute value of
the sum is bounded by y/8. By C), the carrier being in U?,

[ k(r) (e — %,)0n(%) | = 24
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independently of z, it follows that the absolute value of the second
term on the right is at most y/4.

As already remarked, the absolute value of the middle term
of B) exceeds y/2 and this gives a contradiction. The Lemma is

proved.

3.3.2. As a first application of this Lemma we complete the
general proposition which we looked at in 2.22. We shall show
that every locally compact conmected metric (non-trivial) group G
contains a compact connected group or else it contains an abelian
connected growp. By what has already been proved in 2.22, it
follows that G contains a one-parameter subgroup (non-trivial).

Let U be a compact neighborhood of eandlet 4,, n=1,2, ...,
be a sequence of compact neighborhoods of e converging to e.
Since G is connected, G is generated by every neighborhood of
¢ and it follows that each A, has some power which is not contained
in U. Therefore we can pick an appropriate subsequence of these
sets to be a generating sequence in the sense of the preceding
sections. Now there are two cases.

First, E(1) = E(1)%. In this case E(1) is a compact connected
group which is non-trivial.

If E(1) # E(1)? then the preceding Lemma applies, and it
guarantees us a neighborhood ¥ and a sequence of elements x,,
n=1,2, ... converging to e such that each x, has some power
that is not contained in V. In this case the sequence of elements
x, will give rise to an abelian connected group. In the light of
the foregoing sections, we see this most easily by defining a new
generating sequence By, B,,..., in relation to V.

Thus, let B,=eU %, U %,'. Now the B,’s generate a set E’(1)
which meets the boundary of V and is compact connected and
abelian; that is, every pair of elements of E’(1) commute. Ior
if i(n) and j(n) are sequences of integers such that x™ converges
to some y and %™ converges to some element z, then yz = zy.
The set E’(1) generates an abelian connected group; and this
concludes the proof.



CHAPTER III 119

3.4. Groups without small subgroups

Throughout the remainder of this chapter we assume that G
is a locally compact group with a compact symmetric U(e) such
that {e} is the only subgroup of G entirely contained in U. Most
of the Lemmas can also be proved by essentially the same ar-
guments for the case of a locally compact connected local group
but we shall not complicate the statement and proofs of the
Lemmas by inserting the necessary qualifications. The case where
G is a connected locally euclidean local group may be one the
interested reader would like to keep in mind.

LeMMA. Let G be a locally compact group and let U(e) be com-
pact, symmetric, and let U contain no subgroup except e. Let K
be a compact subset of U, e not in K. There is an integer h = 2
such that for x e K there is an m(x), 1 < m < h, such that x™ 1s
not n U.

For any x in G, the powers x™ form a group. Therefore if
% e U, x # e, there is a least positive integer m = m(x) such that

x™ is not in U.

Then there is a neighborhood of ™ which does not meet U and
by the continuity of multiplication there is a W(e) such that if
z € Wx, then also z™ is not in U. Thus m(z) < m(x) and m is an
upper semi-continuous function and has a maximum on the com-
pact set K. This maximum is denoted by 4. For every x e K,
m(x) = h, and the Lemma is proved.

3.4.1. COROLLARY. Given a neighborhood Wy(e), Wy C U above,
there is a number ry in (0, 1) depending on Wy such that if x and
n satisfy x* e U, 1 < n, then % e Wy, | < rgn.

By the preceding Lemma determine 4 for the set K = U — W,,,
and let r, = 1/2h. If for some %, x* is not in W,, then x*™ is not
in U for some m < h. Then .

km = n,
k=nlm =nlh > rgn

which was to be proved.
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Every locally compact group G contains an open subgroup G’
such that in every U(e) C G’ there is a compact subgroup H with
G'/|H separable. In the present case when U has no non-trivial
subgroup, H = e and G’ is separable so that G is locally separable.
Hence we may always choose in G a compact separable W (e)
such that W, or W2, contains no non-trivial subgroup

3.5. Uniqueness of square roots

The following Lemma was proved by Gleason [3] and by
Kuranishi [2]. Compare also Chevalley [3].

LEMMA. Let G be a locally compact group without small sub-
groups. There exists a neighborhood U of e such that if x and y
are in U and x® = y? then x = y.

Let W be a symmetric compact separable (see last paragraph
of 3.4) neighborhood of ¢ containing no non-trivial subgroup.
Suppose that
for some x and y in W and let

a=x"1y.
Then
xlax = x2yx = y~lx = a1
and for every integer m
xlamy = (x7lax)™ = a~™.
Assume now that the Lemma is false. There must then exist

a sequence of pairs of elements x, and y, with

lim %, = limy, = ¢
and
Xy = Yu,
but with
Ay = X'y, 7 e.

There is also a sequence of integers m(n) for some sequence
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nel CI such that
a;,""‘) eW, a:.”(”)"'l W
and
lim a™™ = p
exists. Since lim a, = e, it follows that
lim ™™+ = p
and therefore
b e boundary W, b £ e.
But
2tammy, = g;m
and by taking limits we get
b=>b"1 b2=e

and the set consisting of ¢ and b is a non-trivial group in W.
This is a contradiction and proves the Lemma.

3.5.1. Let U denote a compact symmetric separable neigh-
borhood of e such that U contains no non-trivial group and such
that if x, yeU and x% = y? then x = y.

COROLLARY. If x(t) and y(s), s, t e [— 1, 1] are one-parameter
local subgroups of U:

x(t), y(s)eU, s, te[— 1, 1]

and if %(t,) = y(so) for some sy, tye [— 1, 11, then x(rty) = y(rs,)
for re [— 1, 1].
For the proof, observe that
x(to) = x(te/2)* = y(s0/2)* = ¥(s0)

and consequently

%(6/2) = y(s0/2)-
Inductively

% (to/2%) = y(s0/2%)
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for every A and x(kfy/2*) = y(kso/2*) for every integer & < 2*
Therefore by continuity

x(rly) = y(rs,) lri=1

proving the Lemma.

We have introduced the Corollary at this point to indicate that
the one-parameter groups in U will “‘radiate from the identity,”
suggestive of their behavior in Lie groups. However we shall
not prove until nearly the end of the major theorem that all
elements in some neighborhood of ¢ are on one-parameter groups
and have square roots.

3.6. The family of one-parameter local groups

Let U be a compact, symmetric neighborhood with unique
square roots and with no subgroup except e.

LEmMMA 1. Suppose that x,e U, nel’, and suppose that an in-
creasing sequence of integers h(n) is given such that xieU for
1 S h(n). If V is an open meighborhood of e, there exists ry > 0
such that

eV
for © < [reh(n)].

This follows from 3.4.1.

COROLLARY 1. For the x, as above, lim x,=e. Also, lim %™ = ¢
for every sequence of imtegers j(n) for which lim j(n)/h(n) = 0.

LeMMA 2. With the same hypotheses as in Lemma 1 except
that moreover
lim 22" = x

exists, it follows that for every v, 0 <r =<1
1) lim xI™™ exgsts.

If lim xI™™ 45 denoted by x(r) and if 7,, 75, 1, + 7, are in [0, 1]
then

2) x(r)x(ry) = x(r, + 75).
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There exists a subsequence I* C I’ such that for every rational
7 in [0, 1]
%(r) = lim x[2™1 4 ¢ I*

exists (for » = 0, set 22 =¢). For r,, 7, 7, + 7, rationals in
[0, 1] it follows easily from lim x, = e that

3) x(r1+ 73) = x(r)x(ry).

3.6.1. To prove 1) we shall now employ a type of argument
that will be useful to us in several lemmas: we are given a sequence
about which we know that it and every subsequence of it has
convergent subsequences. We then show that the limit of such a
convergent subsequence can be determined independently of the
choice of subsecquence. It follows that the limit is unique and
that the original sequence converges.

3.6.2. Now, pick a definite » in [0, 1] and suppose that
z = lim #I™™)] exists for # in an appropriate subsequence of I*.
Let W CU be an arbitrary neighborhood (compact, symmetric)
of e and choose 7, > 0 in accordance with 3.4.1. Let #’ denote
any rational in the interval » < # <7 + 7,. Define integers
j(n) by the equation

LMWL gl i),

It follows (in the limit on #) from the choice of 7, that
x(r') e zW.

Now, since W is arbitrary we see that if 7,,, m £ I, is any sequence
of rationals for which lim 7, =, then lim x(r,) = 2. Thus
%(r) and lim x(»,,) are the same for these subsequences of I*.
Therefore, finally, lim x[™™! exists for n e I*.

The argument just given shows also that x(r,) converges to
%(r) when 7, converges to 7. Since 2) holds for rationals (by 3)
above), 2) is valid for reals by a passage to the limit.

Now we use the type of argument mentioned above (3.6.1) to
see that 1) and 2) hold for limits defined over the original
sequence I'. This follows from the fact that the one-parameter
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local semigroup which we have just got is uniquely determined
by the element %(1), x(1) = lim #A™. This concludes the proof
of the Lemma.

3.6.3. LEMMA 3. With the same hypotheses as above, given 7 € [0, 1]
and a sequence of integers i(n) < h(n) with limi(n)/h(n) =7,
then

lim i = x(r).

For » = 0 this follows from Lemma 1. In general, ¢(n) =
[rh(n)] + j(n) and lim j(n)/k(n) = 0. Then lim xJ™ = ¢ and

lim ™ = lim x["™™)1 . lim x5 = x(r).

COROLLARY 2. With the same hypothesis as in Lemma 2 if a
neighborhood V of e is given and a sequence of integers b'(n) < h(n)
then for almost all n

g (b (n)[h(n)) e V.

The corollary follows at once for any sequence %’(n) for which
the ratio 4’(n)/h(n) converges. Therefore it holds for all sequences
K (n).

3.6.4. LEMMA 4. Let a neighborhood V (¢), V C U be given. There
is a neighborhood W (e) such that for every sufficiently large integer k
1) %, 22%...,2%¢U, vy, 9% ...,9%eU
and
2) xkykeW
imply that
2yteV, 1<k

If this Lemma is false there exist sequences of elements x,
and y, and there exists a sequence of increasing integers A(n)
such that

Ky ooy 0™ U

Vs« 0 YR e U
lim x:‘”) y;h(n) =e;
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but for some #(n) < A(n)
2Ny V.
Since the sequence %4(n) increases without limit, the sequences

%, and y, must converge to e (Corollary 1). We suppose that
both sequences have been ‘“thinned” so that, also,

%™ converges to an element x(1), and y*™ to an element y(1).

It is clear that x(1) = y(1) and therefore (3.5.1) x(r) = y(r),
r€[0, 1]. Choose V,(e) so that V3CV.
For all sufficiently large n (letting ¢ = i(n), h = h(n))

xix(—ifh) eV,
and
x(i[h)ya" € Vy
and the product is in V2C V. This contradiction proves the
Lemma.

3.6.5. LEMMA 5. Given a mneighborhood W(e) theve is an 7,
0 < 7o < 1 such that if x(r) is a one-parameter local group belonging
to U for |r| =<1, then

2(s)eW if |s| =7,
This is a consequence of Lemma 1 and Corollary 2.

3.6.6. LEMMA 6. If lima*™ =x=¢, «!eU, i < h(n), then
x%(r) =e¢ and
lim %™ = ¢, i(n) < h(n).

This follows from 3.5.1 because e(r) = e is a one-parameter
semigroup and so is x(r) = lim #I™™); and by assumption
x(1) = e(1).

The following lemma gives the beginnings of a view of the
family of (local) one-parameter semigroups which exist in U.

3.6.7. LeEMMA 7. Suppose that for each nel, z,(t) CU is a one-
parameter semigroup, te [0, 1], and suppose that z,(1) converges
to an element zy. Then zy is on a semigroup zy(t) and for every ¢,
2,(t) converges to zy(t). The convergence is uniform.
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First, let us consider only dyadic rational values of the para-
meter ¢&. Every convergent subsequence of z,(1/2) converges to
the unique square root of z,. Then z,(1/2) converges, and we may
denote the limit by z,(1/2). By induction, it follows that z,(%/2™)
converges to an element which we now denote by z,(%k/2™), %
and m integers, /2™ ¢ [0, 1]. By Lemma 2, the sequence z,(1/2™)
generates a one-parameter semigroup 2,(f) with z,(1) = 2,.

Now let symmetric U,(e), V(e) be given with V3CU,CU.
Let V determine a W(e) in accordance with Lemma 4 and let V
determine 7, > 0 in accordance with Lemma 5. By hypothesis
if » is sufficiently large, say # = N, then

z'n(l) € Wzo:
and therefore, for every pair of integers 2 and 4, & < 4,
z,(k[h) € Vzo(k[h).
If ¢, ¢/, ¢ —te[0,1] and ' — ¢ <7y, then foralln=0,1,...,
by the choice of 7,:
2, (2,0) =z, — 1) e V.

Fix #. Now choose % = 2™ > 1/r, and choose an integer
k so that for ¢ = k/h, t' — t < 7,. Finally, from z,(') e 2,(t)V,
2,(t) € 29 (2)V, 2y(t) € 24(t')V (because V is symmetric) we arrive at

2,(8) € 2o(8") V3 C 29(t') Uy, n > N.

In this formula, U, is an arbitrary preassigned neighborhood of
e, and # & [0, 1]; the integer N depends only on U;. This shows
that the conveigence of z,(¢) to z(f) is uniform.

Incidentally we have shown that the set of elements of U
which lie on one-parameter semigroups is compact.

3.6.8. So far we have spoken mainly of semigroups. If x(¢) is a
local semigroup in a symmetric neighborhood U, then the set of
inverses is also a semigroup, and the union of these two semi-
groups (using an appropriate parameter e [— 1, 1]) is a local
one-parameter group in U:

x(t+ ) =x@)x@), if ¢, ¢, t+e[—1, 1].
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The details are quite elementary and will be omitted except for
the remark that the appropriate parameter to use for the local
group is one which extends one of the semigroups by giving the’
negative parameter value to each inverse element. The reader will
bear in mind that the elements of a one-parameter semigroup
commute (by 2) of Lemma 2); this is also true for the local group.

3.7. The set of n-th roots

Let U, be a fixed separable compact symmetric neighborhood
of e such that U} has e as its only subgroup. The reader will
understand that the use of one or another power of U, is designed
to keep certain group products within a region of ‘‘no subgroups”.

To make available the machinery which was set up in the
beginning of the chapter we now choose as generating sets 4,
(3.1), n eI, the set of all elements all of whose powers up to the
n-th belong to U,

A, ={x; 2*eUy t=1,...,n} nel.
Each 4, is a compact symmetric subset of U, containing e and
lim A, = ¢ by Lemma 3.4. We discard the trivial case where
the group is discrete and the identity is an isolated element of

U,. It follows that A, is never equal to e¢ and that for each
there is a least integer k(n) such that

A¥m CU,, A¥ U,

We may suppose now that the construction of sections 3.1—3.3
has been repeated with this choice of generating sets. Then
E(1/2) and E(1) are defined as before

E(1/2)2CE(1)CU,
and now because there are no subgroups in U,
E(1)2 # E(1).

Select any p ¢ E(1)2 — E(1) and choose a compact symmetric
neighborhood X of e restricted as before by

1) pARMRIX A AHENRY = @
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for sufficiently large # eI’ (see 3.3) and also by the condition
X2CU,, so that

2) X,CUL

Define the function 6, as before, with carrier in X and define
the functions 4, and 0, for all nel.

LEMMA. If q ¢ UZ then the inner product (¢0,, 6,) vanishes
identically. This holds for nel.

The carrier of 6, is X. The carrier of 6, (see 3.2) is contained
in AX®EYX CU,X. Therefore the carrier of ¢f, is qU,X. All
that we need to prove is that gU,X N X = @. Suppose there
could exist x, ye X and we U, such that qux = y. It would
follow from the symmetry of X and of U, that ¢qe& X2U,C UZ.
This is contrary to hypothesis, and the Lemma is proved.

3.7.1. In defining the sets E(1), E(1/2) we use a subsequence of
the sequence of sets

Ay Ay . LA, ...

and in proving the Lemma of 3.1.1 we restrict the subsequence
slightly more. Therefore in order to apply @l of the results of
3.1, 3.2, 3.3 we need to restrict ourselves to sets 4,, nelI’ and
n large. However after we have proved the following Lemma we
shall be able to free ourselves of this particular restriction.

LEMMA. The integers k(n) associated with the generating sels
A, nel

A,={x; %, 22, ..., x"eUy}, nel’,
satisfy a relation
n < kok(n)
for a constant (integer) k.
If we apply Lemma 3.3 we see that there is a Vy(¢) and in

each 4, an element x, such that for an 4(#) < k(n) depending
on x,, nel,

™ ¢ V.
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There is an integer %, associated with this ¥, by 3.4 such that
for some j(n) < kok(n) depending on x,,

23" ¢ U,

But then j(#) > » by the definition of 4, and #n < j(#) < kok(n).
This concludes the proof.

3.7.2. The sets A, are defined for all # and so are the functions
k(n). This is all we need at the moment to free the preceding
Lemma from dependence on a particular sequence I’.

COROLLARY 1. There is an integer ky such that for all nel,

1) n < kyk(n).

If the Corollary were not true then there would be an infinite
sequence I’ C I such that the ratio n/k(n), nel”, increased
without limit as # increased. We now apply all the preceding
construction of this section to the sets 4,, neI”. Finally we
prove the Lemma, above, for the numbers » and k(n), in the
present case that nel'”. This gives us a constant which is an
upper bound to the ratios n/k(n), neI”. The contradiction
proves the Corollary.

We now denote by k, the constant which has been proved to
exist such that 1) holds for all n.

CoroLLARY 2. If x,, y,€A,, then
(%,y2a) €U, 4 < m.
It is clear that (x,y,)*e 42", 1 <#n. But
A% C AZRRM C (AEM)2ke C Uk
and this proves the corollary.

3.7.3. It follows at once that if x, and y, are sequences, n ¢ I*,
(XY )" is in a compact set (2.1.1) and has a convergens subsequence.
This will be of especial interest for the case (x(1/n)y(1/n))", where
%(t), y(t) are one-parameter local groups, ¢ e [— 1, 1], contained
in U, To investigate this situation we shall again regard the
elements of G as operators on continuous functions with compact



130 TRANSFORMATION GROUPS

carriers. We use the left invariant integral on G normalized so
that [p, = 1, where g, is 1 on U§, has a compact carrier, and has
all its values in [0, 1].

3.7.4. There is another formulation of the results of 3.7.2 which
will be particularly convenient when we deal with one-parameter
local groups (in 3.9).

LemMA. Forevery mel, if xed, , and v = n, then xte Ay, CU,,.
The function % is defined for every # and therefore for £yn; then

ko < kok(kon)
by 3.7.2 and, equivalently,
n < k(kgn).
Therefore, finally, with i < »
vie A C U,
by the definition of the function k. This completes the proof.

3.7.5. The only way in which we shail use the Lemma of 3.3 in
this Chapter is through the Lemma of 3.7.4 which is valid for
all n. The functions 4, and 6, are defined for all # (in 3.2) and
the important Lemmas in 3.2.3 and 3.7 are valid for all n. The
functions 0, depend on 6, as well as on the functions 4,; the
function 0, was required to vanish outside of a neighborhood X
whose construction depended on a subsequence of I but this fact
will not enter into our use of the functions 6, and 4,,.

Therefore we do not need to be tied to the sequence I’ used
in 3.1, and hereafter the symbol I’ will denote a subsequence
as needed.

3.8. A key lemma

Let &, be the integer such that # < kyk(n) for all = (3.7.2).
In the following we shall often use the exponent [n/k,] and for
convenience we define and use

n* = [nfkg).
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Then for all #, by 3.7.2,
n* < k(n).

We shall consider the two quantities 5% 2" and (x,y,)™, for %,
yn€ AL, neI*CI, and prove in the next two lemmas that if
either of these converges to e then so does the other.

The elements %, y,, are taken in A% instead of in 4, to allow
for later application., We use the exponent #*, rather than =,
to be certain that (x,y,)" and x2"y%" are in U§ where we know
that there are no subgroups except e. Thus for %, v, € A% and
1 = n*, we have

(%Y a)t € A3 C A C UG,
1L yE e AP AN CUS.

LemMMA. With notation as in 3.7 let an arbitrary V (e) C U, be
given. There is a W(e) such that for every sequence of pairs %,,
YV € At, n e I*,

2yt e W
implies that

(®aya)" €V
for almost all n.

Let % be the integer associated with the given V and with U}
by 3.4; then if z2¢V, z* is not in U2 for some 7 < h. Let &,
be the constant (3.7.4) such that # < kyk(n) and choose ¢, > 0 by

10h ¢, = (65, 0,)

where the inner product (0,, 0,) is defined as before (see 3.3).
Pick a symmetric neighborhood W, of e such that, independently
of y e Uy (it is understood that W, C U,)

| Og(ay) — Oo(by) | < &/8

if a=2b or ab—! € W,; this was shown to be possible in section 3.2.2.
If x ¢ A;, then x*¢ U3 for + < n*. Therefore we can choose an

7o > 0 so that if x e A3 then x/ ¢ W, for § < [ryn*]. This was

proved to be possible independently of # in section 3.4.1.
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Next, by 3.2.2, there is a symmetric neighborhood Wy(e) C W,

such that
| (@ — 8)0,(x) | < 7p€o/8
if a1b or ab~le W,.

Finally the desired W C W, is defined so that if #} yp e W
then xy:e W, for all £ < n*. This is possible by Lemma 4 in
3.6.4 (to apply Lemma 4, replace y of that Lemma by y-1).

For all sufficiently large »

ALCW.
Assume now for some » for which #* > 1/r, and A3 C W, that
Ayt e W
but
(@)™ ¢ V.
We shall obtain a contradiction.

Since (¥,y,)™ ¢V, it follows that there is an integer m < A
such that (x,y,)™" ¢ Uz. Then using (%,¥,)™" as the element ¢
of the Lemma of 3.7 we see that

((xnyn)”m'om 00) = 0.

Now

1) 10hey= (O, Op) = (O 60) = (& — Fa¥n)™")00, O0)-
Expand the right hand term by the device used in Lemma 3.3
to obtain

m(n*(e — %,,)0,, (1fmn*) P07 (,9,,)~0).
Introduce the abbreviation

2) @ = (1mn*) 3" (%ay0) 0o,
and, for later use, notice that because of the invariance of the
integral

21) [p=[0,=1.
Make a further expansion of 1) getting

3) 10hey < m(n*(e—x,)(y,—e)0,+ n*(e—x,)0,+

7*(e—¥,)0. 9)
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Consider the following term in 3):

(n*(e — %4) ¥ — €)0., @) = (n*(y, — €)0.,, (¢ — 27")9).

Since y, € A%, and so
| 0 — €)04(%) | = 4,(y,) < 8/k(n),
it follows that
| n*(y, — €)0,(x) | < 8.

The (7 4+ 1)th summand in the function (¢ — x;')g is

3.1)  Oo((¥nyn)®) — Oo((%Yn) % a%).
Let (x,y,)*=a and let (x,y,)**,=>b. Then a~lb=x,e AACWCW,.
Then the absolute value of 3.1) is less than ¢,/8 by the choice of

W,. There are mn* summands in 2), and the coefficient (1/mn*)
so that

[ (e — 22N )o() | < «f8.
Finally from the monotonic property of the integral and from
the way the integral was normalized

4) [m(n*(e — x,)(ya — €)0, @) | < heo.
Next consider
5) ([ron*1(e — %,)0, — (e — 2")0,, @) =
= (EI7 (e — %,) — 2l — %,)) 00 @)
= ([rgn*1(e — %4)0,, 1/[rgn*] Bt (e — %37) ).
Since j < [#yn*], it follows from the choice of 7, that %, and

therefore also x,7?, belongs to W,. Then by the choice of W,,
for each §

| (¢ — x)p(x) | < &f8.
Summing on j and dividing by [rgn*] we get
irgn*] | Z(x77 — ) @ | < &f8.

Recall again that #* < k(n). Since |[rgn*](e — %,)0,(x) ]| is
bounded by [r,n*]8/k(n), hence by 8r,, we get from 5),

6) [ ([ron*1(e — %,)0, — (¢ — 2°") 0, @) | < Toco:
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By precisely similar steps
) | ([rom*)(e — ¥4)0n — (6 — ¥7")0, @) | < 706,

There remains to consider and to combine with 6) and 7) the
expression

7.1)  ((e — 7™ )0, + (e — 5" )0, ¢) =
= (le— #N0,, 9) + (57" — )0, ¢ + (7 — c)g)
= (""" — 27")0", ) + (077" — €)0,., (41" — e)g).
By the choice of W, the fact that x72"y2" e W implies
Ay ¢ T,
and, therefore, by the choice of W,, (with a = x[r™"], p = yrn’])
| 10" — 250 )0,(%) | < rocf8.
Therefore since | | @ | =< 1 the absolute value of the first integral

on the right hand end of 7.1. is bounded by 7, € o/8. Finally in
the second integral, because y,*e W, for i < [ryn*],

[ (0™ — e)p(x) | < /8.

Since

S[ron*] 8[r0n] ko
=- — 8
kn) — =n < %o

A, < o

we have
| (yar™™ — €)0,,(x) | < 87,

The absolute value of the second integral (right hand end of 7.1))
is certainly less than 7, ¢,; and

) | (6= 50" )0+ (e—y5o")0,, @) | < 7ogo + 7o€0/8 < 2roep.
Combining 6), 7), and 8) we have
| ([ron*1(e — %,)0, + [ron*1(e — ¥2)0n @) | < 4700

Since
ron* < [rgn*] + 1 = 2[rgn*],
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we have
9) |(n*(e — %4)0n + n*(e — ¥4)0n @)| < 8ep.
Then
10) m | (n*(e — x,)0, 4+ n*(e — ¥,)0,, ) | < 8he,.
Finally using 1), 4), 10) in 3) we obtain the contradiction
102 ¢y = (0,, 0,) < 9he,.
This concludes the proof of the Lemma.

3.8.1. Now we prove the converse.

LeEmMA. Let I' CI be an arbitrary sequence and let %,, v, € A%,
nel’, be such that lim (x,y,)" =e. Then lim x} yi = e.

By hypothesis lim (x,y,)* =e. Then, by 3.6.6 lim(x,y,)"™1=z(r)
is a one-parameter group such that z(r) = e for all 7, and
lim (x,y,)"™ = e for all (n) < n*. Therefore given an arbitrary
neighborhood X(e),

(®ya)ie X, 1 S n*

for all sufficiently large values of n*.
Now let V be a fixed compact symmetric neighborhood of ¢
such that
g WgCU,

for all ¢ in the compact set Uj§ (2.4).
There is a sequence of integers #’' = »'(n) such that for suf-
ficiently large » (if the Lemma is false),

1) (xya) eV, f=n' but (x,,)"* ¢ V.

Because the neighborhood X mentioned is an arbitrary neigh-
borhood, it follows now that for the fixed neighborhood V, the
integers »' satisfy

2) lima*n' =0, nel'.

Then for all e U§ and ¢ < o’

3) (§7%aYaq)' = ¢ (#aYa)q 8 Vo
This shows that (g7'x,y,.9) € 4.
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Suppose now that # y, does not converge to e. There is
then a W(e) such that infinitely many of the x7 *y™* are not in
W, and then there is a subsequence I’ CI’ and an integer A

such that
(amym ¢ U, nel”.

Consider
0 < (0, 90) =| ((xz'y,, )* — )0, 0) |
= | Z (2 yn )i (xn v — €)0n, Oo) |
h-l » L
= I ((x'n yn - e)on” go(x: y: )_‘00) I
h—1

= [ (65" = %0, %™ Z (@5)700) |

——I E (™ yfi’”‘“‘x;"l)ow. @) |
where

Pn= \’—"‘ Zt=0 (x yn.)“' 00'
Continuing the expansion we get:
n‘—l
(6o, 6o) = I Z (6 (4va) % — e)0,, 2 V" ey) |
= l (”* n(xnyn)x;“ - 8)0”', "/)n) I =0,

where ¢, is a number and where

—n*+e—1

Dy, =2ty P

here i’ = ¢'(n*) is a particular value of the index of summation
for which the corresponding inner-product has the maximum
absolute value among all the #* summands.

Because of the invariance of the integral

I'pn = I‘pn = h.wo é h.

It is clear that ¢, and y, are continuous functions with compact
carriers so that the inner products above are defined.
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Now because x, ¢ A4 C 44" C U} it follows as in 3) above that
X (%Y )27 € Ay
Therefore, by 3.2.3, valid for all nel (see 3.7.5),
| 7% (25 (%)) %0 — €)0, | < 2n*[k(n")
= (2n*/n’)(n’[k(n’))
< 2kgn*[n’,
by 3.7.2 valid for all nel.
Therecfore, finally,
(0o, 0p) =< 0, < 2hkyn*|n'.
But because lim »n*/n’ = 0 this gives a contradiction for all large

values of #. This completes the proof.

3.8.2. We will use the preceding results in the following particular
form.

LEMMA. Swuppose we are given a,, b,, c,e A%, nel’ CI, and
thatlim a®* = a, lim b** = b, lim ¢ = c and also that lim(a,b,) " =B,
lim (a,c,)” = C. Then b =c if and only if B = C.

First, if b = ¢, then ¢~16 = ¢ and lim ¢;"* 57" = ¢. Then by
3.8 lim (c;'b,)* = e; equivalently, lim ((c;'a;')(a,b,)™ = e.
Finally, from 3.8.1, it follows that

lim (c;l a;l) n (anbn) M=e

or, equivalently, that C-'B is ¢ and B = C.
The converse is proved by retracing the steps of this argument,
using 3.8 and 3.8.1 (again in that order).

3.9. Study of (x(1[m)y(Il[m))"

It will be clear later (4.2) that all elements sufficiently near
to e belong to local one-parameter groups in U,. In consequence,
the operation which we are going to define will apply to ail
elements near e. However we cannot show this now and for the
present we confine our attention to the class of elements on local
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one-parameter groups contained in U, (except when operations
performed on these elements appear to take us outside of the
class).

Let xe U, belong to a one-parameter local group contained
in U,. This one-parameter group containing x is unique (3.5.1).
It will be denoted by #x(¢). Furthermore, this notation will mean
that 1) in the range of definition ¢ is a group-parameter: x(¢)x(¢')=
x(¢ + t'), and 2) that x(1) = x. With this normalization the group-
parameter is unique; without it the parameter is determined to
within a constant multiple (by the theorem that a continuous,
real, linear function of the real variable ¢ is a constant multiple of ¢).

Let x(¢), y(t) CU,, |t|=1. Then x(1/m), y(l/m)e A, for
every mel and for + < m, (3.7.2),

(x(1/m)y(1/m))* e A% C Ut

and there is a subsequence I’ CI such that
lim (5(1/m)y(1fm))™ = z
exists as m increase without limit, m e I’

The reader will recognize the analogy of the operation
lim (x(1/m)y(1/m))™ to the formula for exp (4 + B) for the
exponential map (2.16) taking M, into GI,. In this section we
shall work out some of the preliminary steps to showing that there
is a vector space which is mapped into G by a completely analogous
map. As we shall see in the next section the desired vector space
is the space of all homomorphic maps of the reals into G.

3.9.1. Given local groups x(¢), ¥(f) in U, and a sequence I' CI
such that the following limit exists:

z = lim (x(1/m)y(1/m)) ™
we shall soon need to know that z belongs to a one-parameter
group; ultimately it will be clear that lim (x(¢/m)y(t/m))™ exists
and forms such a group. But for the present it is enough that
for some subsequence I C I’

Lim (x(1/m)y(1/m))™ = 2(¢), |t| <1
exists for every #. Although on the face of it, this appears to be



CHAPTER 1III 139

an altogether different group from the first one indicated, it will
turn out that the two groups coincide.

The desired subsequence I’ may be found by the requirement
that 2(¢) is defined for all rational ¢{. It is easy to see that if
%(1/m), y(1/m) & A y,, then all elements (x(1/m)y(1/m))* e U for
¢ = m. Then we know by Lemma 2 of 3.6 that the set 2(¢) exists
and is a group uniquely determined by z(1).

A convenient way of making sure that x(1/m), y(1/m) e 4,
is to require that x(¢), ¥(¢) CU, for |¢| <k, This will also
suffice to make available the work of 3.8.2.

3.9.2. Corresponding to the opening remarks in 2.16.3 about
abclian subgroups of GI, we have the following Lemma.

Lemma. If x(t), y(t) are one parameter local groups such that
the elements of ome commule with elements of the other then

(x(1/m)y(1/m))™ = x(1)y(1) = lim (x(1/m)y(1/m))™.
The proof is obvious.

3.9.3. The next Lemma is concerned with the commutative
character of the operation Lim (x(1/m)y(1/m))™.

Lemma. If x(t), y(¢) are given local groups and if for meI' C 1,
lim (x(1/m)y(1/m))™ exists then so does lim (y(1/m)x(1/m))™ and
the two limits are equal.

This follows from the fact that for any sequence of clements
A, b,, converging to e for which lim (a,b,,)™ exists,

lim (@,,0,,)™ = lim a,,(b,,2,,) 4, = lim (b,a,)™
3.9.4. Inthenextfew Lemmas we are concerned with the question
of continuity in the variables x, y appearing in lim (x(1/m)y (1/m)) ™.

LEMMA. Let x,(t), nel, x(t) and y(t), be local groups, |t | < k.
Suppose that

1) limx,=x
and that for all m of a sequence I' and all nel

2) lim (y(1/m)x,(1}m))™ = z,
mel’
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3) li:nz' (y(1/m)x(1/m)) ™ = z,.
Then
lim z, = z,.

If the Lemma is not true then there is a sequence I’ C I such
that

lim z, = z* # z,.
ner”

Now for each # € I"” we may choose an integer m, € I' such that
for the sequence of integers m,,

lim (y(1/m,)5,(1fm,))™ = z*;

ner’
this is possible because of 2). Now, because of 3), since m, el’,

Lim (y(1/m,)%x(1/m,))™ = z,.

ner’

Set y(1/m,) = a,, x,(1/m,) =10b,, %(1/m,) =c,. Then
aps = y(1), B = 2,(1), e = x(1),
and, because of 1),
lim b» = x(1).
Remember that x(1/m), y(1/m) e A, . Then it follows from
3.8.2 that
lim (a,b,)™ = lim (a,c,)"
and this means that
2* = 2,
The contradiction completes the proof.

COROLLARY. Suppose that x,(t), y(¢) are as above, with lim x,=x
and suppose that z,, is defined for all n as in 2). Then lim z,, exists,
and 3) is satisfied by selting 2z, = lim z,,.

This follows from the Lemma by the type of argument of 3.6.1.

3.9.5. Next we consider continuity in both variables.

LEMMA. Let x,(t), ¥,(t), n eI, and x(t), y(t), |t | = ko, e local
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groups in Uy with lim x,, = x and limy, = y. Suppose there is a
sequence I' CI such that for all nel

1) lim (y,(1/m)x,(1/m))™ = z,
mel
and

2) lig' (y(1/m)x(1/m))™ = z,.

Then
3) limz, = z,
For each n consider the sequence for m eI’
(y(1/m)x,(1/m))™.
Choose a sequence I'" CI' such that

lim (y(1/m)x,(1/m))™ = z¥
mel”’

exists for each #. It follows from the preceding Lemma that
lim z¥ = z,.
For some sequence of integers m, e I* CI"”
T (y (1) (1)) ™ = 2

For this secquence let m’ = m,, and let

Ay = yn(llmn)’ bm' = x'n(]/mn): Conr = x(]'/mn)'

Then lim (b,,,)™ = % = (c,)™ and consequently, for this sub-
sequence
lim z,,, = z,.

Since 2, is independent of I*, we may be sure that lim z,,, = z,
when m' ranges over all of I”. Since z, is also independent of
I"", even though the elements z¥ depend on I we may be sure
(8.6.1) that lim z, = z,. This completes the proof.

COROLLARY. Let us be given local groups x,(t), y,(t) as above
withlim x, = x and lim y,, = y. Suppose that z,, is defined as in 1).
Then lim z, exists and 2) is satisfied by selting z, = lim z,,.
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This follows from the Lemma and the standard device (3.6.1).

3.9.6. We shall now show that when lim (x(¢/m)y(¢/m))™ is
defined on a dense set of values of ¢ in some range then it can
be extended to all ¢ in the range and we shall show that it is
continuous in ¢

LemMA. Let x(t), y(t) be one-parameter groups in U, for |t | <k,
lett, e [0, 1] and letlim ¢, = t. Suppose that we are given a sequence
I' such that

1) lim (x(t,/m)y@,/m))™ ==z, nel.

mel’

Then, for m over the same sequence I',
lim (x(t/m)y(t/m))™ =z
exists and
limz, == z.

For the proof, set x,(s) = x(¢,s) and set y,(s) = y(/,s), for
each #; and apply 3.6.1 and the last Corollary. This concludes
the proof of the Lemma. Then if 1) happens to be defined on a
dense subset of a domain, it can be extended to the whole domain
by continuity.

3.9.7. The next Lemma is concerned with the property of as-
sociativity.

LEMMA. Let x(¢), y(t), z(t) belong to Uy for | t | < ko and suppose
that for a sequence mel’

Tim (y (1/m)z(1/m))™ = v
and
lim (x(1/m)v(1/m))™ = w
exist. Then for the same sequence
Lm (x(1/m)y(1/m)z(1/m))™ = w.

The assumption which is made in the statement of the Lemma
that v is on a one-parameter group so that v(1/m) is defined for
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all m is justified by 3.9.1. Leta,, = x(1/m), let b,, = y(1/m)z(1/m),
and let ¢, = v(1/m). We are given that lim b, = lim ¢} = v.
One can see that v(1/2m) e A,,, and then v(1/m) e A%, and 3.8.2
applics. Let m* = [m/k,], as in 3.8.

Now for every ¢ < m, (x(1/m)y(1/m)z(1/m))* e U and we shall
suppose (ultimately using 3.6.1) that (a,b,)™ converges and so
do the sequences (@,b,,)™ and (@,c,)™ (compare 3.9.1), and
thereforec by 3.8.2

lim (@,b,)™ = lim (@,¢.)™.

This common limit is w(1/&,). If we raise the terms of this equation
to the k,-th power we obtain the desired result, proving the
Lemma.

3.9.8. If a positive integer # is given we can find a neighborhood
of e where the associative principle of 3.9.7 can be extended to
any 7 one-parameter groups contained in that neighborhood.
Thus, for each n¢I, let L, be defined as follows:

L,={x; xex(t) CU, for || = (2ky)"}.

If x¢ L, then x(1/m) e A,,~, where m" = m(2k)". If x, ye L,
and if z = lim (x(1/m)y(1/m))™, m e I* CI, then by 3.9.1, z is on
a one-parameter group in U,; by the argument there using the
definition of &, (3.7.4) it follows that z¢ L, ;. Now if %,,.. ., %,
are elements of L, we can apply 3.9.7 to x,, %,, x5 to get an element
of L, ,, and by induction we can ‘‘associate’ all of the #’s to a
single element of Ly C U,

If x(¢) is any one-parameter local group in G then there is a
sufficiently large integer N so that x(¢')e L, if [#' | < 1/N, and
in this sense, at least, L, is a neighborhood of e with respect to
one-parameter local groups in G. That is all we need to know
now about L,; later it will turn out that L, is really a neighbor-
hood of e in the standard sense.

3.9.9. For the moment let F denote a countable dense subset
of L, (3.9.8) and let I*CI denote a sequence such that
lim (x(1/m)y(1/m))™ exists for every x, ye F. Then if x, ye L,
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are given there exist sequences x,, y,& IF such that limx, = x
and limy, =9. By 3.9.5

1) lim (x(1/m)y(1/m))™ exists for m ranging over I*.

We now keep this sequence I* fixed and we have no further
need for the set F. For everynel, x, ye L, define a new element
zof L, ;. In order to facilitate the calculation in the next
section, we shall introduce the notation %oy and shall write:

z = lim (x(1/m)y(1/m))™ = xoy;

it is understood here and in later sections that » ranges over I*,
as above.

3.9.10. Suppose that x, ye L, and that s, ¢, s+ te[— 1, 1].
Then using the notation above, and applying 3.9.2, 3.9.7, 3.9.3,
etc.,, we get:

2 +t)=2x(s+ ) oy(s+¢)
= (x(s) 0%(i)) o (y(s) o ¥(t))
x(s) o (%(t) 0 y(s)) 0 ¥ ()
= x(s ) o (¥(s) o x(¢)) o y(¢)
= (2(s) oy(s)) o (x(t) o ¥(t)
= z(s) o z(¢).
This shows that
Lim (x(r/m)y(r/m))™ = z(r), re [— 1, 1]

is a one-parameter local group in U, Being in U,, this group
is uniquely determined by any onc of its elements (other than e).

3.10. The exponential map

Let V, denote the group of the reals and let M be the collection
of homomorphic maps of V; into G. We shall topologize M and
we shall define an operation of addition on its elements. Then
we shall show that M becomes a finite-dimensional vector-space.
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Then we can easily define a map, which because of 3.9 it is
reasonable to call the exponential map (2.15), of M into G.

The elements f, ..., of M are the continuous homomorphisms
f(¢) € G defined for all ¢ Vy:

1) j@fE)=1¢+1) ¢t eV,

These maps are not necessarily isomorphisms, in fact one element
of M, denoted by f,, is defined by

2) fo(t) = e, for all .

Observe that if x(¢), | £ | < ¢ for some ¢ > 0, is a one-parameter
local group in G, then x(¢) has a unique extension to an element
of M. Itis easy to get an extension (compare 2.16.1); the require-
ment that the cxtension is to be a continuous homomorphism
makes it unique. It is clear that if x(¢) and x’(¢) are local groups
which coincide for some domain |¢| < ¢, ¢ > 0, then they give
rise in this way to the same element of M.

The fact that G has non-trivial one-parameter groups shows
that M is not a trivial space. For example, if x(f) € U, for
te [— 1, 1] and x(¢) is not identically equal to e, then there exist
distinct elements f,e M for all real » defined by

3) f(1) = x(),
where 1 denotes the real number 1 of V; (which is regarded as
fixed when V; is given). It may as well be observed at this moment
that 3) also defines a map of M into G.
To topologize M we define a metric d(f, g), f, g ¢ M, using any
convenient metric d'(x, y) in G. Thus

4) 4\, g =lub. (/). g®), |t =1}

Because f and g are continuous maps into G, d@'(f(t), g(t)) is a
continuous function of ¢ and has a maximum on a compact
range. Then d(f, g) is defined. For each f, g¢ M and for some
!"¢|— 1, 1] depending on f and g

4) df, &) =da'({{t), g(t')).
Then given f, g, he M, and ¢’ satisfying 4’), we see that
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d(f, h) + d(h, g) = d'({({#'), A(t')) + d'(h(¥'), g(t))
2 d'(f(), g)) = a(f, g)-

The symmetry of d(f, g) is obvious and it is also obvious that
a(f, f) = 0. If d(f, g) = 0 for some f, ge M then f(¢) and g(?)
coincide for all £ [— 1, 1], and it follows from 1) that f(f) and
g(t) coincide for all ¢, and so f = g. This concludes the demonstra-
tion that d(f, g) is a metric; and M is now a metric space.

Since U, is a neighborhood of e in G there is also a metric
neighborhood of e contained in U,. Choose a number d* > 0
such that if d'(», ¢) < d*, then xe U,.

We show next that the set of points

5) My={f; dlfo, ) =a*}CM

is compact. It follows from the choice of d* that if fe M, then
ft) CU, for |t| = 1. Now if f, e My, nel, is given we can find
a subsequence I’ such that the elements f,(1) converge to an
element x and then the one-parameter groups f,,(¢), nel’, converges
to a one-parameter local group %(¢), | ¢ | = 1. This group has an
extension to an element f of M and the scquence f, converges
to f in the sense of the metric on M. Then every sequence in M,
has a convergent subsequence and it follows (1.10.8) that M, is
compact.

Next we define the addition of pairs of elements of M. Given
f, ge M there is a positive integer N such that f(t), g(¢) e L, for
|¢| < 1/N. Now, following 3.9.10, we define a one-parameter
local group z(¢) by

2() = f(t) o g(®), | ¢| < 1/N.
Let us denote by A(¢) the unique extension of this local group
to an element of M. It is easy to see that only the domain of
definition of z(¢) is affected by the integer N, and therefore A(¢)
is independent of N. This defines the addition:
6) [+g=nr
It now follows from 3.9.3 that for every f, ge M

7 [+eg=¢g+/
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It is clear that the element f, is the zero of this addition:

8) ]‘o+f=f=f+fo-

Since f(t)f(— t) = e, we denote by — f the element f(— £) e M,
and then

9 f+(=N=fo=—1+"1
If for any f, ge M, f+ g = f,, then f(t)g(t) = e for all ¢ and
g = — f; this follows from the fact that lim (f(¢/m)g(t/m))™ = e
implies (by 3.8.1, ¢ small enough) that lim (f(¢/m)) ™(g(¢/m)) ™ = e,
and this gives f(¢)g(t) = e. Therefore each f has a unique inverse;
equivalently, 9) has a unique solution.
It is easy to see that

10) (f+g)+r=f+@g+h);

because it follows from 3.9.7 that f(¢) o g(¢) o A(¢) is associative
for small enough ¢. Finally, M is a vector space, using the reals
as coefficients. Thus for every real 7 and every fe M there is
defined #f:

L) 7 =7f(t) = f(rt), teV,,
and, we obtain 7(f + g) = rf 4+ rg and,
12)  (r4s)f =f((r+s)t) = f(rt)f(st) =(r) 0 [(st) = #f+sF.

Concerning the continuity of the algebraic operations in M we
observe first that if f, f, e M then lim f, = f means that we have
lim f,(¢) = f(¢) uniformly for |¢| < 1. Therefore, if lim f, = {
there exists a positive integer »' such that f(¢), f.(¢) e U, for
| 2] < 1/n’, for all n. If we are also given real numbers 7, 7,
with lim r, = then f,(r,¢) and f(rt) belong to U, for sufficiently
large # and for all ¢ numerically less than 1/2»’ if |7 | =1 and
all ¢ numerically less than |1/2rn’ | if [# | = 1. Then it follows
from 3.6.7 that f,(r,t) converges to f(z¢) for all £ in the indicated
range. It follows that this convergence holds uniformly for
[t| =1 and therefore

18) limf, ={, limr, = 7 implies limr,{, = rf.
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If f, f,. 8 gn& M are given and lim f, = f, lim g, = g then for
some positive integer #’, {(£), f,(¢), (), g.(t) &€ Ly (3.9.8) provided
|t] < 1/n'. Now using the notation of 3.9.10, it follows from
3.9.5 that f,(¢) o g.(t) converges to f(¢) og(¢). This convergence
holds uniformly for [¢]| < 1, so that

14) lim/f, = f, lim g, = g implies
lim (f, + g,) =1 + ¢
This concludes the demonstration that M is a locally compact
vector space. It follows from the theorem of Riesz [1] that M
must have a finite basis

15) flo s fN
and every fe M is uniquely representable as

16) f=mnfi+ ...+ 7aly
with real coefficients 7y, ..., 7y. We do not need to prove this
directly since we can see it quite easily from the theorem of
Pontrjagin (2.21). We have proved that M is a locally compact
abelian group and that each element lies on a one-parameter
group, by 12) above. Then M is connected (since these groups
contain f,). If f& M, the collection {nf}, n & I, has no limit element
in M and consequently M has no compact subgroup, and therefore
no “small subgroups’”, except e. Now it follows from 2.21 that
M is isomorphic to a vector space Vy for some N = L.
There is a map of M into G defined by

17) f—1(1)

and it follows from the way in which M was topologized that this
map is continuous (limf,=f implies limf,(1) = f(1)). If
xe Ly (3.9.8) then as we remarked above there is one and only
one fe M such that f(1) = x, and f(¢) e Uy, | ¢| = 1. Thus, 17)
is a one-one map of a neighborhood of the zero of M onto Ly;
and similarly for Ly, N as in 15).

It will be seen later that L, (and also each L,, n &) is a neigh-
borhood of ¢ in G (supposing that G is connected). The example
of the map of M, into G, (2.16) would lead one to expect that
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any (minimal) basis of vectors in M (for example, the set in 15)
would give rise to an analytic coordinate scheme in G in a neigh-
borhood of e. This turns out to be true.

3.11. The adjoint representation

We now show that G is a topological transformation group of M
in a way which is completely analogous to the adjoint represen-
tation of a Lie group (compare the discussion of Gi, in 3.0).
Although the vector space M (3.10) is naturally associated with
the identity-component of the group G (with no small subgroups),
it is immaterial in defining the present representation of G whether
or not G is connected.

Let a be an arbitrary momentarily fixed element of G. Let f
denote an arbitrary element of M. Then a~Yf(t)ae L, for all
sufficiently small £, and a~f(¢)a has a unique extension to an ele-
ment f, of M. This gives a transformation of M into itself as-
sociated with the element a:

18) aeG: f—>f,e M.
Of course, we have it in mind that for arbitrary real  and s
18")  fa(r+s) = a(r+s)a=a"lf(r)aa"f(s)a = fa(r)fa(s)
so that f, is indeed an element of M. Now if 7 is any real number:
19')  a7Yf(r)a = fu(r?)
for all ¢; this follows from 18’ for integral 7, and then for rational »
and finally it is true for all » by continuity. Writing 19°) in
accordance with 18) we have:
19) (rf)a = o
Next, for given f, ge M and for all teV; and all mel
20°)  a(f(t/m)g (t/m))™a = (a7'f(t|m)aa"g(t/m)a)™
= (fa(t/m)ga(t/m))™.
For sufficiently small ¢, 20") gives
20”)  a7t(f(¢) o g(t))a = fa¥) 0 &a(t)-
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This holds for all £ and we get

20) (f+ga=/at 2
Given a, be G, it is clear that for all /e M and all ¢,
21')  b~la7Yf(t)ab = (ab)~Yf(t)ab;
this gives
21)  fap = (fa)w

and shows that G is a transformation group of M. It follows from
19) and 20) that 18) is an endomorphism of M. Then 21) shows
that 18) defines an automorphism (that is, the map is not merely
linear and into but also one-onc onto as one sees by taking ab == ¢
in 21)).

Each map: f — f, is continuous; this follows from the fact that
if f, f,e M and lim f, = {, then lim a7f,(1)a = a~'f(1)a. But if
moreover &, a,¢ G and lim 4, = a then

21”) lima;'f,(1)a, = a-f(1)a.

It follows that G is mapped continuously as well as homomor-
phically into the group Gl,.

Let H C G denote the kernel of the map 18); that is, a ¢ H if
and only if f, is always equal to f. An equivalent, useful criterion
is the following:

22) ac¢ H if and only if a~'f(t)a = f(t) for all f¢ M and all ¢.

The kernel H is a closed invariant subgroup of G (1.13.1) and
G/H is mapped in a one-one way upon some subgroup of Gl.
The natural map of G onto G/H is open, the map of G into Gly is
continuous. It follows that the map of G/H into Gl is con-
tinuous as well as one-one.

Now it follows from 2.16 that G/H is isomorphic to a Lie group.
If it happens to be the case that G has no invariant subgroups,
then G will be isomorphic to a Lie group. At the other extreme,
if G happens to be abelian then G is a Lie group (2.21).
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3.12, The kernel of the representation

We shall prove now that H (3.11) is a Lie group whose identity
component H, is abelian, and in a later section we shall see that
H is a central subgroup of G, if G is connected. We need the fol-
lowing Lemma.

LemMmA. Let F be a topological group and let K be a central
closed subgroup such that F[K is a one-parameter group. Then
F is an abelian group.

Let 4, be an arbitrary element of F. The coset g,K has a
2"-th root, a¢,K, n=1,2,...:

(@, K)" = a K.
Therefore, for each # we can find an element % ¢ K, depending
on #, such that:

on
ka; = a,.

This shows that a, commutes with every , and therefore also
with every element of every a,K. Therefore a, commutes with
the group generated by the sets ¢,K, and it is easy to see that
this group is dense in F. Since a4, is an arbitrary element of I,
this concludes the proof.

3.12.1. We return to the group H. Suppose first that H is totally
disconnected. In this case, since H contains no small subgroups,
H must be discrete (2.3). Then H is a Lie group by definition
and, since G and G/H are locally isomorphic, G is a Lie group.

Next we suppose that the identity component H, of H is not
trivial. Then the closed group K generated by one-parameter
subgroups of H, is not trivial and is in the center of H, by the
nature of H. If K did not coincide with H,, then Hy/K would
contain a one-parameter subgroup (2.22). In this case H, would
contain a subgroup F such that F/K was a one-parameter group.
By the preceding Lemma, F is abelian, and its closure is abelian
(1.11.3). Since F is in H,, it has no small subgroups, and so F
is an abelian Lie group every element of which lies on a one-
parameter subgroup (2.16.1). It follows that F is in K, by defini-
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tion of K, and this contradiction shows that K must coincide with
H,; then H, is an abelian Lie group.

Finally we must show that H/H is discrete. Let H’ be an open
subgroup of H such that H'/H, is compact. Let D be a discrete
subgroup of H, such that Hy/D is compact (2.21). It follows

easily from
H'|H, = (H'|D)/(H/D)

that H'/D is compact. Since H’/D is locally isomorphic to H'
(and H' does not have small subgroups except e) it follows that
H'[D is a Lie group, and its identity-component must be an open
subset. Since H and H’[/D are locally isomorphic we see now
that Hy must be open and that H/H, is discrete. This completes
the proof that H is a Lie group.

Since
G/H = (G/H,)/(H[H,),

it follows that G/H, is locally isomorphic to a matrix group. In
the next chapter we shall see that H| is central and then conclude
the demonstration that G is a Lie group.
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Approximation by Lie Groups

4.0. Introduction

A group G is said to be approximated by Lie groups if every
neighborhood of the identity contains an invariant subgroup H
such that G/H is isomorphic to a Lie group. In this chapter we
shall prove that every locally compact group G has an open (and
closed) subgroup G’ such that G’ can be approximated by Lie
groups. The group G’ is not uniquely determined but is merely
any open subgroup of G such that G'/G, is compact, G, being the
identity component. An occasionally useful property (sec 2.5)
of G' is that it is a subgroup of G generated by a compact neigh-
borhood (symmetric) of the identity.

In Chapter II we showed that every compact group can be ap-
proximated by Lie groups. There the approximating groups
G/H were shown to be Lie groups from the fact that they were
isomorphic to matrix groups. A non-compact Lie group is not
necessarily isomorphic to a matrix group and the fact that it is
locally isomorphic to such a group is difficult to prove, in general.
We do not prove this fact here. We have shown in the preceding
chapter that a locally compact group without small subgroups
has an invariant Lie group H with an abelian identity com-
ponent such that G/H is isomorphic to a matrix group. We shall
show next that such a group is a Lie group. Then we shall show
that every locally compact G such that G/G, is compact has
arbitrarily small invariant subgroups H such that G/H has no
small subgroups, — therefore is a Lie group.

4.1. One-parameter factor groups

If G is a topological group and H is a closed invariant subgroup
[153]
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such that H and G/H are Lie groups, then G is a Lie group. This
was first proved by Chevalley [2] for the case, essentially, that
H and G/H are abelian. In the form in which we shall use it for
our exposition it was proved by Kuranishi (1) (the general case
was obtained by Iwasawa [1] and also by Gleason [4]). Although
we do not give a direct proof of the general result, this will of
course follow from the theorems on the structure of locally com-
pact groups given below. The proof of the Kuranishi result
requires that we find in G a set which locally cross-sections the
cosets xH. Such a set is locally homeomorphic to G/H and permits
us to carry coordinates from G/H to coordinates in the local cross-
section. These coordinates, supplemented by the coordinates of
H will be used to construct coordinates for G.

It will be convenient to have a Lemma proved by Iwasawa [1],
which is Lemma 2 below. We begin with a fact about toral
groups.

LEMMA 1. Let G be a connected topological group containing a
closed invariant subgroup H which is a finite-dimensional loval
group. Then H is central.

Since G is connected it is generated by any neighborhood of
the identity (1.24). Therefore to prove that H is central it will
be sufficient to prove that there is a U(e) in G such that every
element in U commutes with every element in H.

If g is any element in G then g determines an automorphism of
H by the following:

g:h—ghg™t,
and because H is compact this automorphism can be made
arbitrarily small provided U is chosen properly and g is in U.

The proof will be completed by showing that any small auto-
morphism of H is the identity. The reader can verify this when
H is the circle group. Assume now that H is not the circle group,
that is dim H =n > 1.

We may write

H=C, xT,,,

where C, is a circle group and T,_, is a toral group of dimension
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one less than H. By an automorphism of H, C, is carried to a
group C; in H,

C{CCy X Thy,

and we may project C, into T, , and there obtain a group
Cy/CT,,.

If the automorphism is small, the group C; will be near the
identity of T,_,, but the only group in T,_; near the identity is
the group {¢}. Hence any small automorphism of H leaves C,
invariant. The same is true for each C;, where

H=C x...xC,.

Hence every sufficiently small automorphism of H is the identity
and this completes the proof of the Lemma.

4.1.1. ReMARK: Under the same hypothesis except that H=T XV,
where T is a finite dimensional torus and V a vector group it
follows that T is central. The proof above can be extended without
change to this case; or one can observe that if H is invariant
then T must be invariant too.

4.1.2. As the term is used below a one-parameter group is a topo-
logical group which is the continuous homomorphic image of
the reals; hence it may or may not be locally compact and both
situations will be needed in the applications. Thus also the group
K of the next Lemma may or may not be locally compact.

LemMmA 2. Let K be a topological group and H an invariant
closed subgroup. Suppose further that H is a locally compact con-
nected abelian growp without small subgroups and that K[H is a
one-parameter group. Then K comtains a one-parameter group X
such that K = XH and XN H = e.

Although K need not be locally compact note that the inverse
of any arc in K/H is locally compact (similar to 2.2); hence K
is the union of a countable increasing family of compact subsets.
Recall that H is the product of a torus and a vector space.

Following Iwasawa we proceed inductively on the dimension
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of H (note that the Lemma is true when dim H = 0), and we
assume the Lemma to be true for subgroups of dimension less
than dim H.

Suppose first that H contains a connected closed subgroup H,
which is invariant in K, 0 < dim H; < dim H. Then since (up
to isomorphism)

K|H = (K/H,)/(H[H,),

and H/H, is of lower dimension than H, it follows by assumption
that K/H, contains a one-parameter group V of the type required
in the conclusion of the Lemma.

This gives a group K’ in K such that K'/H, = V. Since H,
is of lower dimension than H we may assume that K’ has a one-
parameter group X satisfying K'= XH,, XN H, =e But
because K’ N H = H, this group X also satisfies

K=XH, XOH =ce.

Therefore the general case of the Lemma has been reduced to
the case where no proper connected subgroup of H is invariant
in K.

By the remark in 4.1.1, H is therefore either a torus or a vector
group. In case H is a torus, we know that H is central by Lemma 1
above, and the central case will be considered later. The case
considered next is the one where H is a vector group, which is
not central.

We observe that any g in K determines an automorphism of
the group H given by g : h — g~'hg. This is an automorphism of
H in the vector space sense as well as in the group sense and is
a linear transformation of H.

Let x, be an element of K which does not commute with all
elements of H. Let X denote the subgroup of elements of K which
commute with x,.

Acting on elements # of H, x, gives a linear transformation

Zpluxgul =veH

of the n-dimensional vector space H into itself. This transfor-
mation is equivalent to a system of # linear equations with con-
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stant coefficients in the coordinates of H. If v e H is given,
the equations can be solved for # € H provided that the determinant
of the system of equations is not zero — or equivalently provided
that the homogeneous equations

1) xluxgul=ce

cannot be solved except by u = e.

We now investigate the equations 1). Let H' denote the space
of solutions of 1), that is # € H’ if and only if xgu = ux,. The
set H' is a linear subspace of H.

Let x be an element of K. Since K/H is abelian,

XX = wWxxy, weH.
Then for # € H', remembering that wluw = u,
2 tux = x Vg tuxgx
= (%)Mt (x%)
= (w¥%q) 1t (wxxy)

= x5 x luxx,.

Therefore x~1ux belongs to H’. It follows now that H’ is in-
variant in K. Therefore H' = H or H' = e¢. But H' -+ H since
some element in H does not commute with x,. This concludes
the proof that given ve H

2)  xgluxgu = v

can always be solved for u.
Finally let y belong to K. We shall show that x, commutes
with one element on the coset yH. Define v ¢ H as follows:

v == 25 yxgy~t
and solve

v = x5 uxgu1
for we H. We have

-1 -1
VXY™ = UXgl
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so that

wlyx, = xouly

and x, commutes with #~'y which belongs to Hy = yH. If x,
could commute with two distinct elements in yH it would com-
mute with an element of H distinct from e. Therefore there is
just one element on each coset yH which commutes with x,. The
set X of these elements is the desired one-parameter group
isomorphic to K/H, as we shall now see.

We know there is a continuous one-one homomorphism T (the
natural map restricted to X) taking X onto K/H. The group K is
the union of a countable increasing family of compact sets 4, and
hence K/H is the union of the increasing compact sets T(X N 4,).
Further T is a homeomorphism on each of the sets XN 4,. By
a category argument some interval in K/H is contained in some
set T (XN4,), n fixedd Hence XN A, contains an interval
mapped homeomorpbically onto an interval in K/H. From this
it can be deduced that X is a one-parameter group as desired
(compare the argument two paragraphs down).

In the application of this Lemma which we are about to make,
K is a subgroup of a group G in which H commutes with all
elements on one-parameter subgroups of G (as in 3.11). In that
case it follows that H commutes with the elements of X and K
is necessarily abelian.

If K is abelian and x(¢), #(t) one-parameter groups in K, then
the set of elements z(t) = x(f) - £(¢) is a one-parameter group.
In this way it is clear that every element of K (K as above) is on
a one-parameter group. Of course, X or any other one-parameter
group in K not in H constitutes a cross-section of cosets xH in K.

To complete the proof of the Lemma we need to consider the
case that H is a central subgroup of K. In this case it follows
from the Lemma in 3.12 that K is abelian. It also follows
from the present induction that H is one-dimensional (so that in
fact K is a continuous homomorphic image of the vector-plane)
but it is not important to take advantage of this. It has to be
kept in mind that K is not necessarily locally-compact; in the
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application which we have to make the group K is generated by
a local one-parameter subgroup of a group G/H and K may fail
to be a closed subgroup.

Since K/H is a one-parameter group there is a compact interval
J around ¢ in K/H which has no proper subgroup (except the
identity). Let J/* denote the inverse of /| C K. Now let us retopo-
logize K, if necessary, as follows. If W is a neighborhood of e
in K, let W* =W N J* be a neighborhood in the “new’’ group K*.
Clearly K is a continuous, one-one image of K*. Note that J*
is connected and generates K*. Then K* is a locally compact
connected abelian group, and K* has no small subgroups and is
an abelian Lic group. Therefore K*, which is the product of a
vector group and a toral group (2.16.1), has a one-parameter
group X* such that K* = H*X*, and .X* meets H* in the identity
(since H C J*, H and H* are isomorphic). Let X C K be the image
of X* in K. Then X is the desired one-parameter group.

4.2. Groups with no small subgroups

We have already proved the larger part of the following principal
theorem. We have not proved the existence of the cross-sectioning
set S for which the theorem calls, but we prepared the way for
that in the preceding Lemma.

THEOREM. Let G be a locally compact connected group with no
small subgroup and let H denote the center of G. Then H is a Lie
group locally vsomorphic to a vector space of dimension n = 0 and
G/H is a Lie group of dimension m = 0 isomorphic to a matrix
group. Furthermore there is a neighborhood U of e such that each
of its points is on a one-parameter group in G. The set consisting
of points x on segments in U (a segment is an arc of a one-parameter
group joiming e and x) contains an m-cell S which is a local cross
section of cosets xH.

The coordinate system obtained in this theorem for S together
with coordinates in H will help later in finding analytic coor-
dinates in G.

We begin with the group H constructed in 3.11 and with the
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natural map T and the map T* (H, = identity component of H)
T*:G - G/H,
T:G— G/H.

The groups G/H, and G/H are locally isomorphic.

At present we know H includes the center of G and we prove
next that H is the center of G. Since G/H is mapped by a con-
tinuous one-one homomorphism into G, there is a neighborhood
V of the identity of G/H (and a similar V, in G/H,) which is
ruled in a unique way by segments of one-parameter groups
radiating from e (2.16.2).

Let U, be the standard neighborhood of ¢ in G with which we
worked in Chapter III (U3 has only the trivial subgroup ¢), and
assume that

T(U,) CV, T*({U,) CV,.

We set U = U, and define L here as the L, in 3.9.8. The set
H N L coincides with H locally.

Let x be any element of U = U,. Then T*(x) is on an arc in
V of a one-parameter group say ¢(¢) in G/H,. Let K be the inverse
in G of the one-parameter group ¢(t). By the previous section K
contains a one-parameter group which contains x, and thus every
element in U, is on a one-parameter group in G.

Because G is a connected group it is generated by U,. Since
every element of U, is on a one-parameter group, every element
of Uy commutes with every element of H.

It follows that H is in the center of G. Finally, H having becn
defined as the group which commutes with all elements on one-
parameter subgroups, H coincides with the center of G. This is
very convenient in the extension-theorem which is to follow (4.3).

We turn now to the construction of the cross-section S of the
cosets xH. We shall get this set quite easily from the connection
between the “vector-addition” (3.9) defined in L, and the “vector-
addition” defined in G/H (in a neighborhood of the identity, of
course) by virtue of its being a matrix group (2.16). If we prefer
we can associate a ‘“‘vector-addition” with G/H because it is a
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group without small subgroups; but this is merely a longer way
to the same “vector-addition’ of its elements.

Let z,(¢), 2,(¢) be arbitrary one-parameter groups in L and let
Z,(t) and Z,(¢) be their images in G/H:

Tz(t)=Z,¢),1=12, |t|= L
Then we have to show that (notation as in 3.9.9)
T(z102) = Z,02,,

where vector-addition on the left is lim (z,(1/m)zy(1/m))™, and on
the right it is defined by lim (Z,(1/m)Z,(1/m))™ (for some sub-
sequence). But

T (21 (1/m)zy(1fm)) ™ = (Z1(1/m) Zy(1/m))™

from the fact that T is a homomorphism, and the corresponding
limits are equal from the fact that T is continuous.
Finally let:
Zl(tl): MR Zm(tm)
be a linearly independent set of one-parameter groups in G/H in

the vector-addition generating the vector-space of G/H. Now
choose

2(t1), -« o Zm(Em)
as one-parameter subgroups of G such that Z;,=Tz;, 1= 1,..., m.
Let S contain all elements of the form
2 ==2(5;) 025(Sg) 0. . .02y (Spw)

for sufficiently small real numbers s, . . ., s,,. Let 2’ be another
element of S:
2 =2,(5{) 0. ..0Zp(Sh)

Then for small s; and s,
T(z)=T()

if and only if each s, equals the corresponding s, because the
“vectors” Z,, ..., Z, are independent. It follows that z = 2’ if
and only if the coordinates s, =s;, ¢ =1, ..., m. This shows that
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the “vectors” z,, ..., z,, are linearly independent in the vector-
addition in L, and it shows that two different elements z and 2’
of S belong to different local cosets: zHNL 5= zHNL. On the
other hand, since the one-parameter groups 2y, . . ., Z,, generate
a neigborhood of the identity of G/H, it follows that every coset zH,
for z near enough to ¢, is the image of an element of S. Then we
have proved that S is also a local cross-section of H cosets in
the neighborhood of e.

This concludes the demonstration of the thcorem except to
remark that the integer m giving the dimension of G/H is zero if
and only if G coincides with H. In this case G is an abelian Lie
group and the theorem is true, the cross section S reduces trivially
to the identity. The more interesting special case is that H is
the identity. Here G is isomorphic to a matrix group and the
theorem is true with S trivially equal to G.

COROLLARY 1. If G is a connected locally compact group without
small subgroups there is a neighborhood of e which is uniquely ruled
by segments of one-parameter groups.

We select in H N L, » independent onc-parameter groups

xl(rl)’ ] xn(rn)

generating H N L. From the fact that S is a local cross-section
of H-cosets, there is a neighborhood of ¢ in G such that every
element is uniquely represented as a linear combination (in
vector-addition) of an element in S and an element of HNL.
This gives to each element of G a unique sct of m -+ # coordinates

R S ST

and each such element lies on the unique onc-parameter local
group:
b, b, .. bt b, L7t [ S L
This proves the corollary.
A system of coordinates of the kind just described is called a

canonical system of the first kind. It can be shown (though we
shall not do so) by use of the results of 4.4 that in some neigh-
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borhood of e every element is also uniquely represented as a
product in the natural multiplication in G:

23(ty) * Za(fa) -« - Zm(fm) * X1 (i) - - - Zn(Emsn)-
Such a coordinate system is called canonical of the second kind.
Of course, it is not meant that an element will necessarily have
the same coordinates in these two systems.

There does not seem to be any easy direct proof of the fact
that the group multiplication and the inverse-operation are
analytic when cxpressed in canonical coordinates of either first
or second kind. In the next section we shall prove that G is a
differentiable group of class C*.

CorOLLARY 2. If G is any locally compact group without small
subgroups (not necessarily comnected) then G|Gy is discrete; hence
Corollary 1 is true in this case also.

For such a general group G it has already been shown that H
is a Lie group and that H, is abelian (3.12). The groups G/H and
G/H, are locally isomorphic and therefore G/H, is a Lie group
and its identity-component is open. This component maps into
the identity of G/G, under the natural map

G/Hy — G|G,.
Since this map is open, being part of the chain of maps
G — G/Hy — G|G,,
it follows that the identity of G/G, is an open set and G/G, is
discrete. This completes the proof of the Lemma.

We shall show below that G is a Lie group. The converse pro-
position that a Lie group docs not have small subgroups is true,
and thus the property of “no small subgroups” is characteristic
of Lie groups. The converse will be proved indirectly, — but a
direct proof independent of the foregoing can be found in 5.2.

We have shown above that a neighborhood of the identity in a
locally compact group without small subgroups is homeomorphic
to a euclidcan cell. The dimension of this cell is unique (by a
theorem of Brouwer) and we can therefore attach a finite dimen-
sion to any locally compact group without small subgroups.
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4.3. An extension theorem

The first extension theorem sufficiently general for our pur-
poses was proved by Kuranishi [1]. An important special case
has been proved by Chevalley [2]. A generalization was proved
by Iwasawa [1] and by Gleason [4].

A group or local group is of class C* if it is locally euclidean
and if coordinates can be chosen in a neighborhood of ¢ such that
the group multiplication is given by

ft(xlt"':xn; yl:"':yn): i=17"r”

where each /, is of class C*. By the theorem on implicit functions
the inverse is automatically of class C*. For the same reason the
analyticity of f;, ¢ = 1, . . ., » (Lie groups) implies that the inverse
is analytic.

A group is differentiable of class C* if there exist coordinates
in which the product-functions f; are of class C* for every k.

THEOREM. Let G be a locally compact group and let N be a
closed central subgroup, locally an n-parameter vector group. If
G/N is an m-parameter group of class C* and if there exists a local
cross-section K of the local left N-cosets, then G is an (m + n)-
dimensional group of class C*.

Kuranishi’s theorem is more general; in it N is not necessarily
a central subgroup but is merely abelian and invariant.

Let G’ denote G/N. By hypothesis, in a suitable neighborhood
of ¢ in G’, the elements s, £, ... are in one-one correspondence
with sets of real coordinates (we follow Kuranishi [1])

1) a=(2,...,%p), |« |<a, for some a > 0,
in such a way that the product of elements of G’
s(a)s(e’) = s(a’)
is represented by functions f,, 1 =1,...,m
2) a:'=f,(u1,...,am; Uy oo t), 8=1,...,m

whose partial derivatives exist and are continuous for all orders
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up to and including k. It follows too that the coordinates of
s—1s’ as well as of s’s! are of class C¥ in the coordinates of s and s'.

The group N has local coordinates x5, . . ., ¥, and for x, " e N
3) x-x = (% AL, ... X+ )
V= (— %y, ..., — %,);

of course N is a local Lie group.
By hypothesis, also, there exists at ¢ a local cross-section K,
e € K, of the local N-cosets. It follows that there is a homeomor-
phism y between a neighborhood of ¢ in G’ and a neighborhood
of e in K:
4) y(s)eK; s=s(x)eG'; |« | <D for some b > 0.
(s(0,...,0)) =eeK.

In a sufficiently small neighborhood of e, every point of G is
uniquely of the form

5) p(s) x=2x-y(s), ¥eN, seC'.

From the fact that K is a local cross-section at e it follows that
there is a continuous function #(s, ¢), s and ¢ near ¢ in G’, described

by coordinate functions x,(s, ¢), 1 =1,..., a:
6) u(s,t) = (%,(s,2), ..., %u(5, 8)) €N
such that

7) p(s)p(t) = uls, ?) - pist)-
If we use the associative law in G
(wE)p©)p() = »(s) @OP()
and remember 5) we obtain
u(s, tyu(st, r) = u(t, r)u(s, ir).
This implies for each coordinate function that
8) x,(s,8) + %,(st, r) = x,(t, 7) + x,(s,87), e =1,..., "
We now have a local coordinate system in G as follows:

(s« « s X} Fpp v o o B
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The first m coordinates of the product of a pair of elements,
v(s) - and y(¢) -y, depend only upon the first m coordinates
of the factors and are of class C* according to 2); the last »
depend upon all coordinates. Their dependence on the coordinates
of s and ¢ is given by the functions x,(s, ) which are continuous
merely but which satisfy the functional equation 8). We must
show that they can be replaced by comparable functions of class
C*. This proceeds in three stages.

Let A(s) be any non-negative real function on G’ of class C®
in the coordinates 1), not identically zero, whose carrier is inside
the coordinate neighborhood.

We introduce a left invariant measure in G’ such that [1 =1,
and define the following auxiliary functions

9) vus) = [ex,(s, )A(t)dt, i =1,..., m;

the symbol df calls attention to the fact that we are integrating
a function of # and that s is a parameter. For each ¢, the integrand
varies continuously with s and since it has a compact carrier it
is uniformly continuous. Therefore by property 3) of 2.17.3,
¥4(s) is continuous in s.

Let v(s) = (y1(s), . . -, ¥.(s)) € N, and define ¢'(s) by

10) ¢'(s) = v(s)p(s)-
Then
K’ = {y'(s), s near ¢ in G’}

is a new local cross-section in G of N-cosets. Near e each element
is uniquely of the form:

2y’ (s) = y'(s)x"; v'(s) eK’, " eN.
Let «'(s, ¢) e N with coordinates
%,(s,8), ..., %,(s, 1)
be defined by
1) y(shy' () = w'(s, Oy (s2).
Putting 10) into 11), remembering always that IV is central, we
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obtain
v(s) o (t)tu(s, t)y(st) = ' (s, t)v(st)Lyp(st).
Cancelling y(sf) and expressing the relation in the coordinates
of 3) we get:
12)  Zi(s, 1) = %,(5, 2) — ¥4(s) — 3.(8) + 2. (st).
Using 9) and the fact that [A=1:
75, 8) = Jela(s, 1) — %,(5,7) — &L, ) + £,(st, )]A(r)dr.
Then using 8)
x,(s, 8) = [eo[%:(s, tr) — x,(s, 7)]A(r)dr.
Using the left invariance of the integral in the first integrand
we obtain:
13) (s, £) = [exs(s, 7)AEr)dr — [ex(s, r)A(r)dr.

The function A(¢-'7) is of class C* in the coordinates of ¢ ¢ G’ and
therefore the first integrand in 13) is of class C* in these coor-
dinates; the second is independent of them. It follows as in the
usual way using property 3) of 2.17.3 that the functions #;(s, ¢)
are of class C* in the coordinates of . This completes the first
stage of the construction.

Let [* denote a right invariant integral normalized by the con-
dition that

14) J.zll = 1.

The functions x,(s, ) are in the same relation to the cross-section
K’ that the functions (s, ¢) were to the set K and they satisfy
the functional equation 8). Substituting them into that equation,
multiplying by A(s) and integrating over G' by the right invariant
[* we obtain.

15)  [*x;(s, t)A(s)ds + [*x;(st, r)A(s)ds
= [*x,(t, r)A(s)ds + [*x;(s, tr)A(s)ds.

The first term on the left has been shown to be of class C*
in the coordinates of ¢ and this is also true of the last term on the
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right because of the nature of the dependence of # on ¢ The
integrand x (s, 7)A(s) regarded as a function f(s) and subjected
to a right translation:

f(s)e = f(st™)
becomes

x,(s, 7)A(st7Y).
Therefore

[*x](st, 7)A(s)ds = [*x,(s, 7)A(st~1)ds

and this term also is of class C* in the coordinates of £. The
remaining term in 15) is simply x;(¢, 7) in view of 14). It follows
that #;(%, 7) is of class C* in the coordinates of ¢ and from what

was learned above x; (¢, 7) is also of class C* in the coordinates of 7.

This is the second stage of the proof.
Finally let us operate on the functions x,(s, f) exactly as we
did on (s, ¢), defining auxiliary functions analogous to 9)

yi(s) = [xl(s, )A()dt, i =1,...,m,
using the original left invariant integral. We obtain
18) x;'(s, t) = [xi(s, )A(t~r)dr — [x,(s, )A(r)dr.

In the light of the remarks following 13) relation 16) shows that
the new functions x; (s, £) are of class C* in s and ¢ simultaneously.
Analogously to 10) we define a function v'(s) e N, se G’ and a
map y''(s) e K", a new local section. In a neighborhood of e,
elements of G are yniquely represented in the form

b= xy''(s) = y"(s)%.
The coordinates of p in G are
(al’ ey By Xy 000, xn):

the first m being coordinates of s in G’ and the last # being coor-
dinates of x in N.
If p = 9''(s)x and ¢ = 9" (t)y then

17) g =y (st)u (s, t)xy,
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with %" analogous to #’ in 11). As once before, the first m coor-
dinates of the product g are of class C* in the first s coordinates
of p and ¢g. The last # coordinates are

xi'(s, t) + % + Yoo o x:(s’ t) + Xy "[' Y-

By what has been shown above these are of class C* in the coor-
dinates of s and ¢, and they are obviously linear in the remaining
coordinates. This completes the proof.

In the case which interests us most G/N is a Lie group with
an analytic coordinate system. Such a system is of class C*.
Then, since the function 4 was chosen to be of class C* the
argument above gives a coordinate system in G which is of class
C* for every k. Therefore the group G becomes a differentiable
group of class C*. However, the new coordinate system is not a
canonical onc, in general. The fact that any canonical coordinate
system is automatically of class C*, and even analytic is difficult
to prove.

4.4. Analytic coordinates

In a differentiable group of class C¥, £ = 1 it is always possible
to introduce a canonical coordinate system by a transformation
of coordinates of class C*¥, and the group operations become
analytic in thesc new coordinates. This was first proved in 1891
by F. Schmidt (for 2 = 2) and is the result referred to by Hilbert
in the quotation in 2.15. A detailed presentation of this subject
along somewhat the same lines as that of Schmidt will be found
in Eisenhart [1] and also in Pontrjagin [1]. The thcorem was
extended to a much wider class of groups by the work of G. Birk-
hoff [1], I. E. Segal [1] and P. Smith [4]. We shall not give
the details of this classic theorem but shall sketch some of the
ideas in it at the end of the section. In view of this theorem,
and of what we have already proved up to this point we may
now state the following principal theorem.

THEOREM. A locally compact connected group G without small
subgroups is a Lie group.
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If Uq is a neighborhood of e, Uy without subgroups and L is the
set of points in Uy which lie on one-parameter local groups radiating
to the boundary of U,, then L is locally homeomorphic to a vector-
space of some dimension n = 1.

In the vector-addition x oy = lim (x(1/m)y(1/m))™, associated
with one-parameter subgroups x and vy of L, L is locally isomorphic
to the n-dimensional vector space.

If x,, . . ., x, denote n one-parameter local groups in L which are
linearly independent in the vector-addition in L then every element
of L mear emough to e is uniquely represented as

ax + ...+ ax,

for some choice of real numbers ay, . . ., a,. If these numbers are
taken as coordinates of elements mear e, then the group operations
are analytic functions of these coordinates.

We now give a brief survey of some of the ideas in the proof
of the fact that a differentiable group is a Lie group. Let G be
a differentiable group of class C¥, £ = 3. The elements x, v, 2,
etc. near e are given by # real coordinates, x,, y,, z,, etc., with
e=(0,...,0). If z=xy, then

2y = ft(xl’ ceaXa Y- yn)

and the functions f, are of class C*. They can be expanded using
Taylor’s Theorem which for £ = 3 has the form

fi=%+ v+ Ziptn¥ye + Ry

The numbers «,,, depend on G and on the coordinate system.
It turns out that the #3® numbers

Cijk = Qoyx — Rixs

are of great importance. They are called the structural constants,
or the comstants of composition of the group. They satisfy a
“relation of Jacobi” in addition to the obvious skew-symmetry
in § and %; any set of such constants determines a local Lie group,
unique to within a local isomorphism.

The partial derivatives 9f,/0y; = d,; at x = e. However, these
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partials at ¥ = ¢ are functions of ¥ depending on the coordinate
system. Let

v, (%) = vy(%, .. ., %) = % (#y, .- 2,5 0,...,0).
Y;
The importance of the functions v, is indicated by the following
theorem. Let a,,..., a, be real constants, not all zero; they
define a ‘“‘direction’’ at e. Let x,(¢) be functions of a parameter ¢

satisfying the system of total differential equations:

dx,(t)/dt = Z,a;v;)(%y, . « ., %)
%,(0) = 0.

Then the set of elements of G: %(f) = (,(¢), . . ., %,(f)) is a one-
parameter local group (for sufficiently small #). Conversely, the
one-parameter subgroups of G satisfy such equations, and the
direction (a,, . . ., 4,) is the tangent vector at e. Because of this
theorem it is possible to introduce into G a canonical coordinate
system of class C*.

In canonical coordinates the one-parameter groups are sets of
clements with coordinates of the form x; = a¢, where (a,) is an
“initial direction”. From this point of view the functions v,;
yield functions w;,({; @) #v,(at). The v, satisfy certain partial
differential equations involving the structural constants, When
canonical coordinates are used these equations become equivalent
to the system of total differential equations:

dw,;
at
This shows that in canonical coordinates the structural constants
determine the functions v,; (through the w’s) as unique analytic
functions of the coordinates a,t (see Pontrjagin, loc. cit.).
The product-functions z; = f,(x; ¥) satisfy a certain system of
partial differential equations, namely:

=9;, + Zg,kcbka:wik'

0z .
E’v“(z)—ai = vik(x); 2, k:lv R (8

which are called the fundamental differential equations of the group.
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These equations determine the functions z, if the v’s are known,
and if certain ‘“‘integrability conditions’” are satisfied. These
conditions link the functions v, and their derivatives to the
structural constants. The v’s having been determined so that the
integrability conditions shall be satisfied, it follows that the
functions z, are analytic if the v’s are analytic. This concludes
the summary.

4.5. Small subgroups

It will be remembered that a locally compact group may have
arbitrarily small subgroups. For example, the product (1.6) of
an infinite number of compact groups has small subgroups of the
same product-structure as itself. All totally-disconnected groups
have small open subgroups. The solenoidal groups (2.14) are one-
dimensional non-Lie groups which have arbitrarily small totally
disconnected subgroups. We shall see in 4.9 that small subgroups
of connected locally compact finite-dimensional groups are totally
disconnected and belong to the center. In the case of connected
locally compact infinite-dimensional groups small subgroups arc
not necessarily invariant.

In this section we shall prove that the sufficiently small sub-
groups of a locally compact group G themselves generate a small
group; if G/G, is compact we can always find small invariant sub-
groups which are generated in this way. This result was first
proved in complete generality by Yamabe [4], the key idea being
the Lemma in 3.3 which connects the powers A" of “‘small”
subsets 4 of G and the powers of individual elements contained
in 4.

LEMMA. Let G be a locally compact group and let U be a neigh-
borhood of e. There is a subgroup H contained in U and there is a
neighborhood W of e such that every group contained in W is a
subgrowp of H.

CoROLLARY. There is an open subgroup G’ in G and an invariant
(#n G’) compact group H' in U NG’ such that G'[H' has no small
groups.
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First take the case that G has a countable base at e. Let W,
n eI, be a monotonic sequence of compact symmetric neigh-
borhoods of e intersecting in e. For convenience, let W, CU.
For each #, let 4, denote the set of elements of W, all of whose
powers are in W .

A, ={x; x, 2% ...e W,}.

Then for every V (e), almost all sets 4, are contained in ¥ and
all powers of individual elements of these sets remain inside of V.
This contradicts the conclusion of Lemma 3.3. Accordingly, we
shall show that there is an integer #' such that for all %

1) ALCW,CU.

If this were not true there would be a sequence of integers k(n)
such that

2) ARG W, AW CW,.

Without loss of generality, we may suppose that a set E exists
defined by

3) lim A¥» = ECW,,

and we know that E meets the boundary of W, (3.1).

This contradicts Lemma 3.3 unless E = E2. If E = E? then
E is a compact group (3.1). Using what we know (2.16) about
the structure of compact groups we shall obtain a contradiction
in this case too. There is an invariant subgroup E’ of E contained
in the interior of U such that E/E’ has no small subgroups. As
we have already observed in 2.16 this implies that there is some
compact neighborhood U’ of E’ such that every subgroup of E
in U’ is also in E’. Of course in 2.16 the set U’ would correspond
to a subset of £ and E’ would be a set of interior points of U’
relative to E. But in the present case we may suppose that U’
is in W, and that E’ consists of inner points of U’ (using the
relative topology). We shall now get a contradiction as before,
using the same sequence of sets 4, and the compact set U’
instead of the previous Wj.

Since U’ is in W,, it follows from 2) that there is a sequence of
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integers %'(n) < k(n) such that A¥™ q U’, but 4¥™C U
We may suppose that there is a set F defined by lim A¥™ which
reaches to the boundary of U’. Now, finally, if F = F?, then it
is a group and since it is a subgroup of E and belongs to U’ it
follows by construction that it belongs to E’. In this case of
course it cannot reach the boundary of U’, and this is a contra-
diction. On the other hand if we do not have F # F2, then
Lemma 3.3 is contradicted exactly as in the first paragraph of
the proof.

We have now shown that there is an integer #’ such that 1)
holds. Let H denote the closed group generated by 4,, i.e. H
is the closure of the union of all powers of 4,.. Then H is the
group we are seeking and W, is the neighborhood W called for
in the Lemma.

We turn now to the proof of the corollary, using the group H
and the neighborhood W which have just been constructed. Since
H is compact, it has an invariant compact subgroup H’ consisting
of interior points of W such that H/H’ has no small subgroups.
There is an open set W', H' C W’ C W such that every subgroup
of G which belongs to W’ is also a subgroup of H'.

By 2.1, since H’ is compact and W’ is open there exists a com-
pact symmetric neighborhood ¥’ of e such that

V'HV' CW’,
and in particular such that
g HgCW', geV'.
Let G’ be the normalizer of H'; i.e. G’ is the group of elements g
such that g~1H'g = H’. We shall show that G’ is open by showing
that it contains V.

If a group belongs to W’ it belongs to W, and therefore belongs
to H. On the other hand if a group belongs to H and to W',
then it belongs to H’. This shows that if g € V', the group g *H'g
belongs to H’. But since V' is symmetric, we see that for g in V7,

also gH'g? belongs to H’. From this it follows that g is in G’.
In case G is not metric, i.e. in case G does not have a countable
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base at ¢, the Lemma and Corollary are still true. We shall need
a similar argument in the next section and show the details there.

4.6. Main approximation theorem

THEOREM. Let G be a locally compact group such that G|G, is
compact, G, being the identity component. Let U be an arbitrary
neighborhood of e. There exists in U a compact invariant subgroup
H such that G/H has no small subgrowps; and G|/H is isomorphic
to a Lie group.

It is convenient to take the metric case first. By the preceding
scction, there is an open subgroup G’ of G and an invariant
(in G') subgroup H’ C G’ such that G'/H’ has no small subgroups.
There is also by 4.5 an open set W’ containing H' such that any
subgroup in W' is a subgroup of H'.

Since G’ is open and closed, G’ contains G,. The natural map
of G onto G/G, carries G’ C G onto the open subset G'[G,. It
follows that there cxist a finite number of translations of G’:

G, gG',. .., 8.6, g eG

whose union covers G.
Let

H=nNgHyg", i=1,..,n,
and let
W=ngWgli=1..,n

The group H is invariant in G. This is becauses H' is invariant
in G’ and therefore:

H=0N(geg)H (gg)t,i=1...,.n geG".
But then
H=nNfHY, feG
since every element of G is in the form g,¢ for some g, and some
g of G'. This shows that H is invariant in G.

Any subgroup in W is contained in each g;'W’g, and therefore
is a subgroup of each g;'H’g,; then it is also a subgroup of H.
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Since H is contained in W this shows that G/H has no small
subgroups. Therefore G/H is isomorphic to a Lie group, and the
theorem is proved in the case that G is metric.

In the general case there is a compact invariant subgroup H*
contained in the interior of U such that G/H* is metric (2.6). Let

T : G — GH*.

Then TU is a neighborhood of ¢ in G/H*. Suppose for a moment
that TU contains an arbitrarily small invariant subgroup H' such
that (TG)/H’ is a Lie group. Let H= T-'H'CG. Then H is
the desired group such that G/H is a Lie group and H belongs
to U provided H’ is chosen sufficiently small.

We shall now see that such an H' exists. We know

TGy C (G/H*)
so if T-Y(G/H*)y = F
Gy CT-YG/H*)y = F
and F is a closed invariant subgroup of G. Now
GlGy— G|F = (G[H*)[(G/H*)q

and since G/G, is compact it follows that (G/H*)/(G/H*), is com-
pact. This proves the existence of H' as desired, which proves
the Theorem. This also completes the proof of the Lemma and
Corollary of the last section.

4.7. Inverse sequences

We have not yet defined the topological dimension of a locally
compact group. We could begin by saying that any open set in
a euclidean space £ = R; X ... X R, has dimension #. It was
proved by Brouwer that this definition of the dimension of such
open sets is invariant, that is that an open set in E can be homeo-
morphic to an open set in E' = R, X ... X R, only if m = n.
The dimension of a Lie group G can be defined as the dimension
of any open set in a euclidean space which is homeomorphic to
an open subset of G.
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For a general locally compact metric group G, the dimension
can be defined as is done for any general space in dimension
theory (see Hurewicz-Wallman [1]). For such groups G, however,
the dimension can also be defined as the maximum dimension
of any cell contained in G if such a maximum exists, otherwise
as infinity. We shall point out later that these two definitions
of dimension are equivalent for groups.

The following two sections will be useful in considering dimen-
sion.

4.7.1. LeEMMA. Let G be a locally compact group with compact
invariant subgroups H and F. If G/H and G|F have no small
subgroup then G|(H N\ F) has no small subgroups.

In G there are open sets U and V

FCU HCV

such that if a subgroup K of G is in U then it is in F and if it
isin ¥V then it is in H. Let T be the map

T:G—-G/HNF)
and let W’ be a neighborhood of ¢ in G/(H N F) such that
T\ (w)cunv
and let K’ be a subgroup of G/(HNF), K' CW’. Then
TYK')CUNV

and
T-Y(K')CF, T"(K')CH.
Therefore
T-YYK')CFNH
K' =,

as was to be proved. It follows that if G/F does not have small
groups then F includes a group F, where F, is arbitrarily small
invariant in G (G/G, compact) and G/F, has no small subgroups.

4.7.2. Let G be metric and let G/G, be a compact group. Then
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it follows from the Lemma and from 4.6 that one can find a
sequence of compact invariant subgroups of G:

H,DH,D...

intersecting finally in e such that the corresponding factor groups
and the associated natural maps:
T T T
G/H, «— G/Hy<~—2.. . < G/H,«—...

is an inverse projection sequence (2.7) of groups without small
subgroups and the limit group is G.

We now amplify some of the earlier remarks (2.7) about such
limit groups. Let P,, for each #, denote the natural map

P,:G—G/H,

If the sequence x, € G/H, forms an inverse sequence, that is if
for every =:

Tn(xn-H) = %ns
then the following inclusions hold for the indicated subsets of G:
P (%41) C P (x,).
Furthermore the set
0 Pl (x,)

is a unique point of G, depending of course on the sequence
Xy Xy .. ..

Suppose now that x,(t) C G/H, is an inverse sequence of one-
parameter groups, so parameterized that for each value ¢’

T % (t') = 2,(2).

Then the reader will have no difficulty in showing that the
sequence

%(8) < 25(2) <. ..
defines a one-parameter group x(f) C G, and for every #
P x(t') = x,(¢).

Suppose, next, that we are given a one-parameter subgroup
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%,(¢) C G/H,. We shall now find a “‘covering”’ group x,(f) C G/H,.
Let U, be a neighborhood of the identity of G/H, uniquely ruled
by one-parameter groups and let U, be a similar neighborhood
of the identity of G/H; such that

U, C T,U,.

There is a parameter-value ¢’ such that x,(#') e U, and there is an
element x,e U, such that T,x, = x,(¢') and there is a unique
one-parameter group

%5(t) C G/H,

determined by x,. If we normalize x,(¢) by requiring that x,=2x,(¢'),
for the same ¢’ as above, then we shall have

Tyx,(8) = % (2)
for all ¢.
The reader will have no difficulty in seeing how to continue
inductively and in this way construct an inverse sequence,
%1(2) < x5(2) <. ..

defining a limit one-parameter group x(¢) C G.

4.8. Existence of n-cells in a group

THEOREM. Let G be a locally compact metric group and let H, be a
compact invariant subgroup such that G[H, is an N-dimensional
group without small subgroups. Then G contains an N-cell.

Let wu (), ..., uy(ty) CG/H, denote local one-parameter
groups, |¢;| =a, a > 0, which are independent in a vector
addition (3.9.9) associated with G/H;. We suppose further, that
the following set K is defined and associative in this addition:

Ky, = {u,(ty) o...0oup(ty); |t | = a}.

Now let %,(¢), ..., 254({) CG, |¢| = a, be local one-parameter
groups which are constructed for us by 4.7.2. Then for each
1 =1,..., N and each parameter-value '¢ [— a, a]:

Pyx,(t') = uy(t').
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Next, let #» be a momentarily fixed integer and consider the set
of local one-parameter groups v,(¢) = P, x,({) CG/H,, 1+ < N.

Before we speak of a vector addition in G/H, we recall that the
constructions in 3.9 rest on a choice of a sequence of integers. But,
given such a sequence, say I,, for G/H,, we can use some sub-
sequence I, CI, to define a vector addition in G/H,. On this
understanding, there is a real number b > 0 such that the fol-
lowing set K, is defined and associative in a vector addition
in G/H,:

K, = {o,(t) 0. .. ouy(ty); |8 ]| < b}

We shall restrict & by the condition b < a.
Let Q, denote the natural map of G/H, onto G/H,. It is clear
that these maps are related to the maps P, through

Q.P,x= Pyx, x¢G.
For each 7 =1,...,N, and each parameter value ¢’

ant(t’) = us(tl)‘
The reader will have no difficulty in showing that Q, maps K|,
isomorphically (in the respective vector-additions) into K, and
in fact into the subset K|:

K1, = {u(ty) 0. .. ouy(ty); |4 | < b}

We want an N-cell K, C G/H, which shall exactly cover K,,
and this is now easy to get. Each local one-parameter group
v(t) CK,, is part of a one-parameter group defined for all values
of the parameter and we can choose as large an interval as we may
need. We can do this systematically by noticing that the larger
interval is to the original one in the fixed ratio a/b.

This gives us the desired set K,C G/H,. It follows that

QnKn = Kl'

The map Q,, is one-one on K, to K, because if two distinct
points of K, could map into the same point of K it would follow
that two distinct one-parameter groups of K; had a point in
common. But this is in contradiction to the choice of K.
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Now it is clear how we can pick an N-cell K, C G/H, for each
n, covering K, and the reader can show that in this way we get
an inverse sequence

.K1 < KZ < ...
defining an N-cell in G. See also 4.15.

4.8.1. Suppose that G, and G, are groups with no small sub-
groups, and suppose that we are given a homomorphism @ of
G, upon G,. Then there is a vector addition in G, and a corres-
ponding vector addition in G, such that the associated vector-
spaces M, and M, (as in 3.10) are homomorphic; and this homo-
morphism Q*:

Q*My, = M,

is defined as follows. Let T; denote the exponential map (3.10)
of M, into G,, 7 =1, 2. Now given v ¢ M,, there is one and only
onc % & M, such that

TIQ*'U == QTzv = Tl'u & Gl'

It follows from this that if H C G, is the kernel of the homo-
morphism @ and K C M, is the kernel of the homomorphism
Q* then

T,KCH

and T, is the exponential map on the vector space K to the
group H.

4.9. Finite-dimensional metric groups

Compact spaces are known which are infinite-dimensional in
the topological sense and which do not contain any subset homeo-
morphic to a one-cell. In the case of locally compact groups,
however, the topological dimension is precisely the upper bound
of the dimension N of subspaces homeomorphic to N-cells. This
upper bound may be infinite as the inifinite-dimensional torus
(1.11.2) shows. In this section we shall characterize the finite-
dimensional metric groups. The supporting material necessary
for the non-metric groups will be found in 4.15.
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THEOREM. Let G be locally compact, metric, and suppose that
G/Gq is compact. Suppose that every approximating group without
small subgroups is at most N-dimensional for a fixed integer N.
Then G is locally the product of a compact totally disconnecied group
Z and a local m-parameter Lie group R. The group G cannot have
arbitrarily small connected subgroups.

Conversely, if G does not have arbitrarily small connected sub-
groups then, for some m, G has the local product form announced
above and every approximating group without small subgroups
is of dimension = m.

Suppose that N is the maximum integer for which there is a
compact invariant subgroup H, of G such that G/H, is N-dimen-
sional and is without small subgroups. Now let H, C H, be any
compact invariant subgroup such that G/H, is without small
subgroups. Then G, = G/H, is N-dimensional, by the choice of
N, and the natural map Q, of G, upon G, = G/H,, has a kernel
which is zero-dimensional (see 4.8.1). This kernel is isomorphic
to H,[H,. Since we are dealing with Lic groups the zero-dimen-
sional kernel must be discrete and it follows that H, is open in
H,. Since H,/H, is compact, H,/H, must also be a finite group.

We see now that H; has arbitrarily small open (and closed)
invariant subgroups and therefore H, is totally disconnected. Of
course, every subgroup of H, is also totally disconnected. Since G/H,
has no small subgroups there is a neighborhood U, of H, such that
every subgroup of G which is in U, is also in H,. Then it follows
that G does not have small connected subgroups. There remains
to find the local Lie group R and to prove that G has the desired
product form.

4.9.1. Let K, CG/H, be an N-cell neighborhood of the identity
of G/H, which is uniquely ruled by one-parameter groups and
which is sufficiently small so that we can “raise” it, by the method
of 4.8 to an N-cell K CG. The set K| is necessarily a local group
(being a neighborhood of the identity of a group) and all the sets
K, which are constructed by the method of 4.8 are local groups
in the present case, for the same reason. The sequence
K, <« Ky<...
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i5s an inverse projection sequence and it follows that the set K is
also a local group; for example, it is easy to see that for elements
of K near to e the product element is also in K.

Then we can find an N-cell neighborhood R CK of e such
that RR-1CK; R is a local group. Because the map of G onto
G/H, is one-one on K, it is clear that R and also K is isomorphic
to a local Lie group. Observe next that every element of K
commutes with every element of H,. For, the set

{(k1hk; k<K, h fixed in H,}

is connected because K is connected and it belongs to H, because
H, is invariant. Therefore this set reduces to the element 4
because H, is totally disconnected and cach element is a com-
ponent.

The set K N H, = e because under the map P, of G onto G/H,
every clement of H, maps into the identity of G/H, but no element
of K does this (excepting e). Of course, then

Ran].: 4

by the choice of R. Now we can see that the elements of the
product set RH, C G cover a ncighborhood of e in a unique way.
First, by the fact that P, is one-one on K to G/H, it follows
that PR is a neighborhood of the identity in G/H, and therefore
RH, which is P{}(P,R) is a neighborhood of ¢ in G. If it were
possible to find elements x, y in R and 4, A’ in H, such that

xh = yh',
then it would follow that
xlyeH,NK.
This means that x =y and then it is clear that furthermore
' _I:‘ir}:a'lly, since every element of R has been secen to commute
with every element of H, it is clear that RH, is a group product

as well as a space product and this completes the proof of the
direct part of the theorem.
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4.9.2. As for the converse part of the theorem we can see at
once that if there is a neighborhood U C G of the identity which
does not have any connected subgroups and if H,; CU is such
that G/H, has no small subgroups, then H, is totally disconnected.
Now any H, C H, is totally disconnected. If G/H, does not have
small subgroups then it follows that also H,/H, is without small
subgroups and therefore H,/H, is a finite group. Therefore G/H,
is of the same dimension as G/H,. Now the methods of 4.9.1 apply
to this case also and the theorem may be considered to be com-
pletely proved.

4.9.3. It is a theorem of dimension-theory that a compact set
is at most #-dimensional if for every preassigned € > 0 it can be
mapped upon an #-dimensional polyhedron by a continuous map
f(%) such that all the inverse sets f~*(f(x)) are of diameter less
than e. A set is of dimension at least # if it contains a subset of
dimension #. A euclidean n-cell is of dimension . It follows
from these theorems that a locally compact metric group s n-
dimensional in the topological sense if and only if it is the local
product of an n-parameter local Lie group and a compact totally
disconnected group.

We showed before that if a group G is no¢ finite-dimensional
then it contains euclidean #-cells of arbitrarily large dimension.
However a stronger result is true. It follows from a theorem of
Iwasawa [1] which we shall not prove here that in this case (if
G is connected) then G is locally the product of an arbitrarily
small compact invariant subgroup and a local Lie group of
arbitrarily large dimension.

4.10. The Hilbert Problem

Hilbert’s question (2.15) about the analytic character of locally
euclidean groups is now answered by the following theorcm.

THEOREM. A locally euclidean group has no small subgroups and
1S isomorphic to a Lie group.

Let G be of dimension #. Then G is locally the product of an
n-parameter local Lie group L and a compact totally disconnected
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group N. If K denotes a sufficiently small connected set in &
containing e then K belongs to L. Therefore sufficiently small
neighborhoods of ¢ in G belong to L. Therefore L is a neighborhood
of ein G and N is a discrete group or N reduces to e. This com-
pletes the proof.

4.10.1. The same argument proves the following more general
characterization of a Lie group.

THEOREM. A locally compact group which is finite-dimensional
and locally-connected is a Lie group.

A space is locally-connected if each point has small connected
neighborhoods.

The condition of finite-dimensionality in the Theorem is
essential; the infinite-dimensional toral groups (1.6), for example,
are locally connected.

4.10.2. A certain part of the topology of finite-dimensional
groups was already known through the work of Montgomery
[7, 8, 9, 10, 11], Gleason [4], Iwasawa [1] and others, before
the theorems of this and the preceding section had been proved.
Thus in Montgomery-Zippin [13] on the theorems of 4.9, 4.10 we
were able to depend from the beginning on the finite-dimensionality
of the group G and to proceed by dimension-theoretic methods.
This work is not easily summarized, and the interested reader is
referred to the paper. However, there is one aspect of the work
which it is worth calling attention to here, although it will come
up again in other connections.

Suppose for the moment that G denotes a finite-dimensional
locally compact space which has many of the properties of a
manifold. Suppose that Z is a compact totally disconnected group
which is given as an effective transformation group of G. It has
often been conjectured but it has not been proved that in this case
Z must be a finite group. The problem is unsolved even when G
is the euclidean 3-space. If it is given that Z is a finite group,
then a theorem of Newman [1] asserts that orbits of Z cannot
be uniformly small. This indicates a possible approach to the
question of existence of small subgroups (at least in groups like
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locally-euclidean groups) and, in fact, it was this connection which
inspired Newman'’s theorem. The connection, of course, is in the
fact that a subgroup of a group G is a transformation group of
G in certain natural ways.

If G is a group and Z a subgroup then to each z e Z there is
associated the transformation of G

T:g—>2g.

Now, if ze Z is of finite order #, that is if z» = ¢, then T™ is the
identity map, and Newman’s theorem implies that if G has
appropriate properties then at least one of the powers of z lies
outside of a certain fixed neighborhood of e. Thus it comes about
that G with appropriate properties cannot have arbitrarily small
finite groups.

Again, to each z¢ Z one may associate the transformation

T:g > zg:.

Suppose now that it is discovered in some way that a subgroup
Z’ of Z is completely ineffective, — then one may conclude that
Z' belongs to the center of G. The first situation described is
the one which is appropriate to subgroups of a locally-euclidean
group, the second is appropriate to a study of the small subgroups
of a finite-dimensional group. The methods which the authors
use in the paper cited applies both of these ideas.

Those methods, as they stand, are largely restricted to the
case of a subgroup acting on a group in one of the ways in-
dicated. But it is hoped the paper may be useful in the problem
of arbitrarily small transformation groups; perhaps this will be
the case with the argument in section 5, pp. 218-—226, loc. cit.

4.11. Subgroups and factor groups of Lie groups

If G is a Lie group and H is a closed subgroup then H is a Lie
group and the coset-space G/H is a manifold; if H is an invariant
subgroup then G/H is a Lie group. This was proved by E. Cartan
[1] generalizing the theorem on matrix groups (2.16); we point
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out in the next paragraph how to prove these facts from the
results above.

If G is a locally euclidean group then G does not have small
sub-groups, as one sees by the preceding theorem, and therefore
the subgroup H does not have small subgroups and H is isomorphic
to a Lie group. The introduction of a canonical coordinate system
in G furnishes a vector addition giving rise to a pair of com-
plementary linear vector-spaces, one of them spanning the group
H and the other forming a local cross-section for the cosets of
G/H (quite as in 2.16). In this way it is clear if H is invariant
that G/H has no small subgroups.

4.12. Abelian groups

We saw in 2.21.1 that a locally compact abelian group G has
an open subgroup G’ generated by a compact subset, and G’ has
a compact subgroup H’ such that G’/H’ is an r-dimensional real
vector group V,. Now we shall prove the theorem of Pontrjagin
(1] that G’ has a vector subgroup E. and G' is the direct sum of
H' and E,.

For non-metric groups see 4.15.

If we apply to G’ the “lifting” process described in 4.7, 4.8
we obtain a local vector group L, such that the map of G’ onto
G'[H'’ is a local isomorphism of L, onto a neighborhood of the zero
of V,. Each local one-parameter subgroup of L, is contained in
a one-parameter global group x(¢) in G’ and this group is mapped
homomorphically into V,. It follows from the Lemma in 2.21
that x(¢) is mapped isomorphically into ¥, or else it is mapped
into some compact subgroup. But ¥, has no compact subgroups,
except e, and it follows that the map is an isomorphism.

In this way, we see that L, extends to a uniquely determined
group E, which is mapped isomorpbically onto V,; and E, is an
r-dimensional vector subgroup of G’. Clearly H' N E, = e. Since
each coset of G’'/H' meets E, in one and only one point, G’ is
the direct sum of H’ and E, as asserted.

CorOLLARY. The group E, is also a direct summand of G.
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The proof is by induction on the number of cosets of G/G’. Let
a,, 4y, . . ., be an enumeration of elements of G one from each
coset of G/G’ in a finite or transfinite sequence, as the case may be.
Let a denote the element a, if a, ¢s not in G’, otherwise let a
denote a,. There are two possibilities to consider:

i) No power of a belongs to G'. In this case take the group
generated by H' and a; denote it by H;. Every element of H,
is of the form #a™ for some element # of H' and some integer m.
It is easy to see that H, and E,_have only the element ¢ in common.
Let G, be the group generated by H, and E,; G, contains G’
and «, and has E, as direct summand.

ii) There is a least positive integer s such that a™ = Av’ for
some 4 in H' and some v in E,. Then a™ = hv™ for a uniquely
determined v in E,. Now let b = av~!, and let H, denote the
group generated by H' and b. As before, H, and E, have only e
in common and the group G, generated by H, and E, has E, as
direct summand; G, contains G’ and a,.

Next, let a’ denote the first element in the enumeration:
s, ag, . . ., which does #of belong to G; and repeat the preceding
construction. Thus one obtains a group G, which has E, as direct
summand and which contains G’ and 4, and a4,. Continuing this
indicated process as long as may be necessary one actually con-
structs in this way a group H, such that G is the direct sum of
H, and E,. The group H, contains H' and H,/H' is discrete.

4.13. Two structure theorems

There are many classes of topological theorems about locally
compact groups which are outside of the confines of this book;
for some of these the only known proofs depend on the use of
the Lie algebra theory. A very interesting survey of this field
will be found in Samelson [2]). We shall call attention without
proof to two theorems, giving some examples to illustrate them.

The first is a generalization by Iwasawa [1] of a theorem of
Cartan [1]:

THEOREM. A connected locally compact group G has maximal
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compact subgroups, and all such subgroups are connected and are
conjugate to each other. Let K denote one of them. Then G contains
subgroups Hy, H,, . . ., H, all isomorphic to the vector group V, and
such that any element g e G can be decomposed uniquely and con-
tinwously in the form

g=h1--°h‘rkv h‘EHu keK.

In particular, the space of G is the product of the compact space of
K and that of Hy X ... X H,, which is homeomorphic to the r-dimen-
sional euclidean space E.. The integer r may be called the charac-
teristic index of G.

In the abelian case, the product H,...H, is necessarily a
group, and in the present set-up it would be a vector group so
that this thcorem generalizes the theorem of Pontrjagin in 2.21.
A generalization to the solvable case was given by Malcev [1] and
Chevalley [2].

To consider only simple examples of this theorem, the spaces
of threc-dimensional locally compact Lie groups are homeomor-
phic to one of the following spaces: the product of a linc and a
torus, the product of a plane and a circle, ordinary three-space.
There is only one group corresponding to the product of a line
by a torus, and this is the abelian group. There are several
distinct instances of each of the other spaces (Eisenhart [1]).
Thus the three-space is represented by the abelian group and also
by the following, let us call it G; : G is the subgroup of the 3 X 3
real matrices which has one’s down the diagonal, zero’s below it.
We shall discuss this group in the next section.

The group of the projective transformations of the line is an
example whose manifold is the product of a plane and a circle.
Let us denote this group by P : P; may be represented as the
group of 2 X 2 real matrices of determinant one. This connected
group has the interesting property that not every element lies on
a one-parameter subgroup. For example, the element with zero
in the lower left corner and — 1 elsewhere is not on a one-para-
meter subgroup of P,; this follows from the fact that this element
has no square root in P,. It is interesting that all of the circle
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groups in P; intersect in a pair of points. Thus, in addition to
the identity, all circle subgroups in P; contain the (central)
element which has minus one on the main diagonal, zero’s off the
diagonal.

For the moment let Qg denote the universal covering group of
P, (this is a group locally isomorphic to P; uniquely defined by
the condition that it shall be simply-connected). There is in Q,
a discrete central subgroup Z such that Q,/Z is isomorphic to
P;; actually Z is isomorphic to the group of integers. The circle
groups in Pj are covered by line groups in @ all of which infersect
in the elements of Z. It was proved by E. Cartan [1] that Q,
is not isomorphic to a matrix group (of course it is Jocally isomor-
phic); this is expressed by saying that Q, does not admit a fasthful
representation (4.14).

4.13.1. Very much is known about the topological structure of
compact groups and their coset-spaces, and more is in constant
process of being learned. We shall quote only one theorem (sec
the article by Samelson, cited above, for references. This theorem
is algebraic as well as topological and has a number of applica-
tions.

THEOREM. A compact connected Lie group has a maximal toral
subgroup of dimension r = 1, called the rank r of the group. All
such subgroups ave comjugate to ome another and every element
belongs to at least ome such subgroup.

The compact connected three-dimensional Lie groups are:
the toral product of three circle-groups, the orthogonal group in
three-space (consisting of rotations about the origin), and the
universal covering-group of this rotation group. The first of these
is abelian. Each of the others is of rank one: the maximal toral
groups are circle groups (corresponding to axzal rotations). The
covering group has the three-sphere as manifold, the rotation
group has the projective three-space; the covering is two-to-one.

4.14. Faithful representations
We shall not consider the subject of faithful representations of
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Lie groups (see Goto [2], Matsushima [1], and references there)
except to give the following example by Birkhoff [1] of a group
not isomorphic to a subgroup of a matrix group. The existence
of such groups imposes some difference between the methods
available for the analysis of compact groups and of the non-
compact ones. The first such example is due to Cartan [1].

Let G, be the group described in the preceding section consisting
of matrices of the form:

1 X 4
M(x,y,2) = (O 1 y)

0 0 1

and let N be the invariant subgroup consisting of the matrices
M(0, 0, #), n any integer. Then G¥ = G4/N is not isomorphic
to a matrix group.

The proof is as follows (Birkhoff [1]).

LemMA. Let G be any group of linear tramsformations of an
m-dimensional vector space E,, over the complex field. Suppose
that G contains elements'S and T whose commutator R = S1T1ST
1S of prime order p, and satisfies SR = RS, TR = RT. Then
the dimension of E,, is at least .

Since R is of order p, E,, contains a vector x such that Rx=ax,
where a is a primitive $-th root of unity (see A. Speiser, theorem
127 in 3rd edition, theorem 126 in 2nd. edition ). Now let V
denotc the linear subspace of all vectors x of E, satisfying
Ry =ax. If xeV then

R(Sx) == S(Rx) = S(ax) = a(S%).
This shows that S, and similarly T, transforms V into itself.

Now if we confine our attention to the linear space V, then
S1T-IST = ol (where I denotes the unit matrix corresponding
to the dimension of V). Therefore T-1ST = «S. But T-*ST and
S have the same characteristic roots; hence so do S and «S as
linear transformations of ¥. Moreover since S is non-singular,
its characteristic numbers are not zero; hence it has at least ¢
characteristic numbers. It follows that ¥ and therefore E, is at
least p-dimensional.
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This concludes the proof of the Lemma.

The application is as follows. Suppose that Gg' is isomorphic
to an m X m matrix group. This is a linear group on E,. Let
$ be any prime. Let S be the image of M (1, 0, 0) and let T
be the image of M(0, 1/p, 0). Both of these commute with
R = S-1T-1ST which is the image of M (0, 0, 1/p) in G3; R is
of order p. It follows from the Lemma that m = p. Since p
is any prime this is impossible.

4.15. Remarks on the non-metric case

Here we sketch a method for extending the results of 4.8 and
4.9 to the non-separable case. We leave details to the reader.
The main tool is Theorem 1.

THEOREM 1. Let G be a locally compact group and H a compact
normal subgroup, and T the natural map from G to G/H. If x(f)
is a one-parameter group in G[H there is a one-parameter group a(t)
in G such that Ta(t) = x(¢).

For the proof the following Lemmas may be used.

LemMAa 1. For any G and H as in the theorem,
T(Go) = (G/H)o~
We omit the proof. This fact shows that in proving Theorem 1
it will be sufficient to consider G connected.

LeEmMA 2. Let G, x(t), H be as in Theorem 1. Let G be connected.
Let K CH be a compact invariant subgroup of G and let N be a
compact subgroup of K such that 1) N is tnvariant in K 2) K/N
has no small groups. Then N is invariant in G. Moreover if G/K
contains a one-parameter group mapping into x(t) by the natural
map then G/N has the same property.

The first part of the conclusion depends on the fact that gNg—
is in K and since it must equal N for g small (K/N has no small
groups), we always have g Ng—1 = N because G is connected. For
the second part consider the map

G/N - G/K.
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The kernel is the Lie group K/N, and this makes it possible
to prove the last part. We next prove Theorem 1.
We know there is a compact subgroup K (for example K = H)
satisfying
a) KCH; K invariant in G;
b) G/K contains a one parameter group mapping into x(¢)
under the natural map of G/K to G/H.
If K is any such group let y(¢) be the one-parameter group in
G/K which goes to x(t) and let S be the map from G to G/K. Let

A(t) = S-1y(t).

Then A(¢) is a group (not necessarily locally compact) and for
each ¢, A(t) is a coset of K. Furthermore TA(t) = x(¢), and
A(R,) is a compact set.

By Lemma 2 any group K of this kind contains a smaller group
of this kind if K ##e. We can see also that any transfinite
decreasing sequence of such groups has an intersection of the same
kind. Therefore there must be a minimal K and this must be e,
and for A(0) = ¢, A(¢) is a one-parameter group. This proves
the Theorem.

4.15.1. To apply the theorem let G be any locally compact group
and H a compact normal subgroup such that G/H is an n-para-
meter Lie group. In G/H choose # one-parameter groups
%,(t), - . ., %,(t,) which can be used for canonical coordinates of
the second kind (we do not give the proof that thesc exist) that
is such that

%1 (t)%a(la) - - - %, (), 0l =7

gives an #~cell in a one-one way. Then in G choose a,(¢,), . . ., a,(t,)
such that

Then
ar(t)aslts) - - . anlts), LI =7

must give an #n-cell in G in a one-one way, for T is a homomor-
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phism and if the representation above were not one-one then the
representation below could not be.

Thus any #-cell in G/H can be lifted to G, and this provides a
basis for obtaining the results of 4.8 and 4.9 for the non-separable
case. In the abelian case of 4.12 this method enables us to lift
a vector group from G/H to G.

For more details on the non-separable case see Iwasawa [1];
this paper was of great importance in several directions in the
development of the theory of locally compact groups.
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Transformation Groups

5.0. Introduction

From now on we shall emphasize properties of transformation
groups rather than properties of groups themselves, and sum-
marize a few of the known results.

A transformation group of a space has been defined (1.26) as
a pair (G, M) where G is a topological group, M is a space and
where further to each element g € G there is given a homeomorphism
g(x) = f(g; x) of M (Hausdorff) onto itself satisfying

1) f(g; x) = g(x) is simultaneously continuous in g and x;

2)  £1(82(%)) = (g182) (%)-

There are several different levels of generality on which questions
may be raised and on all of these levels there are many unsolved
problems. Most of our attention will be directed to the case where
M is a manifold (1.27). In this chapter M will first be a differen-
tiable manifold, and for each fixed g, f(g; x) will be a differentiable
homcomorphism. When G is locally compact and effective, it will
follow that G is a Lie group. It will be seen also that a con-
siderable number of differentiability properties are implied by
rather light assumptions. This fits in with the general obser-
vation that group properties often force considerably more
regularity than is explicitly postulated.

This chapter also includes a theorem about a gencral Lie
group G which says that if H is a closed subgroup there is a
neighborhood O of H such that any closed subgroup in O is con-
jugate to a subgroup in H (Montgomery-Zippin [8]). This can
be regarded as an extension of the theorem that G contains no
small subgroup, and it has a number of applications to transfor-

(195]
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mation groups and their geometric properties, some of which are
presented in the next chapter.

Later in the chapter there is a section on local cross-sections
of orbits and another on periodic and pointwise penodlc homeo-
morphism of manifolds.

Although the first four chapters are rather self contained we
shall not hesitate in these last two chapters to make use of standard
results from geometry and topology.

S5.1. Simultaneous continuity of derivatives

Let M be a manifold with a differentiable (or analytic) structure,
and let G be a topological group which acts as a transformation
group on M by means of the transforming relation f(g; x) = g(%).
If %, is a point of M and g, is an element of G then for g in some
neighborhood of g, and x in a neighborhood of x; the relation
f(g; x) can be expressed in a pair of admissible coordinate systems,
one around %, and one around g(x,) by means of a set of # coor-
dinate functions

1) f.(g x)="filg % ..0%,), t=1,...,m.

If M is of class C* (or analytic) and if g is fixed the transfor-
mation g(x) is of class C* (or analytic) provided the functions
1) are of class C* or analytic for admissible coordinate systems
in M. We shall consider the case where for each fixed g e G the
transformation g(x) is of class C* or analytic.

From the fact that f(g; x) is continuous simultaneously in
(8, %) and that for each fixed g the partial derivatives are con-
tinuous functions of x it is not immediately clear that these partial
derivatives are simultaneously continuous in (g; x), but this will
be shown to be true. The partial derivatives of f;(g; ) will be
denoted by f,;(g; %), where this expression depends on and is
defined only in a pair of admissible coordinate systems covering
neighborhoods in M. Of course if the functions f,(g; x) are
continuous in admissible coordinate systems for given neigh-
borhoods they will also be continuous in any other admissible
coordinate systems for the neighborhoods. Thus the continuity
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of f,;(g; #x) is independent of which admissible coordinates are
chosen.

THEOREM 1. Let G be a locally compact group which is a trans-
formation group of a manifold M of class Cl. If for each g eG
the transformation g(x) = f(g; %) is of class C* then the derivatives
of the local coordinate functions f,(g; x) (these derivatives are
f.,(g; %)) are continuous in (g; x) simultaneously.

In the proof (Montgomery [2]) use will be made of methods
of Baire and we begin by proving one of his results formulated
so as to apply here. Theorem 1 is true also when G is a complete
metric space or more generally whenever category arguments
(1.7.3) are valid but we do not formulate or prove this extension
of the theorem.

LEmMMA 1 (BAIRE). Let ¢,(g) be a convergent sequence of con-
tinuous real fumctions on a compact Hausdorff space Z with
¢(g) = lim@,(g). Then poinis of continuity of @(g) are every-
where dense.

Let E, be the set of points where ¢(g) has a discontinuity
= 1/4, that is g is in E, if and only if for every positive e, every
neighborhood of g contains two points on which ¢ differs by at
least 1/i — e. The set E, is a closed subset of Z. The union of
the sets E, is the set of discontinuities of ¢ and it is sufficient
to show that E, includes no interior points, for then U E,is of
the first category and hence Z — y E; is everywhere dense.

Assume that some E; contains a non-null open set E and let
E,y for each N eI be the points g of E, such that |@,(g) —pa(g)| =
1/3¢, m, n = N. For g in E,y,

| pa() — @lg) [=1/3i, n=N.
The set E, is a compact subset of E; and
UyENy=E,.
Then for some one integer N, E,, contains a point 4 in E which
is an inner point of E,y by a category argument. Hence there

is a neighborhood A4 of a such that if b and ¢ are in 4 then these
points are in E,y. Therefore for any b and ¢ in 4,
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2) |@®) —@.(0) | =1/3, n =N
3) |onlc) —@l) | =1/3, n=N.

However by the definition of E, we must have for some 4 and ¢
in A and for a preassigned positive e

4) |olc) —o®) [21)i—e
These inequalities imply
| Palc) — @a(0) | 2 1/3i — ¢

but & and ¢ may be chosen in any neighborhood of 4, that is ¢,
is discontinuous at «, contrary to hypothesis. Hence the assump-
tion that E; contains an inner point leads to a contradiction.
Therefore E, contains no interior point and the lemma is proved.

LeEMMA 2. Let Z be any compact space and let V be the set x5 + . . .
+ 22 < 1 in euclidean n-space. Let F(g; %y, ..., x,) be a con-
tinuous real valued function defined on Z X V and let F,(g; x) =
(9/0x;)F (g; %y, . . ., %,) exist and be continuous in x for any fixed
gin Z. If ais a point of V then the points g, such that F,(g; x)
s simulianeously continuous at (g,, @) arve everywhere dense tn Z
(7 fixed). The set where this is false is first category.

It must be proved that there is one of the required points in
any compact neighborhood Z* of Z. However the argument for
Z* instead of for Z involves only a change of notation. This will
not be made since we now see in this way that it will be sufficient
to show that Z must contain at least one such point.

For a given positive » and each g in Z choose S(a, g, 7) to be
an open set in ¥V which includes 2 and is such that if x is in
S(a, g, 7) then

[ Fyg: %) — Fylg; a) | = 7/4.
The set S(a, g, ) must exist because F,(g; #) is continuous in
x for each fixed g by hypothesis. Let O, be a sequence of neigh-

borhoods of a in ¥ which have 4 as their only common point.
Let G, be the collection of points g of Z such that

0,CS(a, g, 7).
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It follows that
u,G,= 2.
Hence by a catcgory argument there is a value of #, say #,, such
that G, is everywhere dense in an open subset Z, of Z, that is
(Gn, N Z) is dense in Z,.
Then if x is in O, and g is G,,

5) lF.‘ig'x)—Fg' 137/4

For a fixed, F,(g; a) is a limit of a sequence of continuous functions

of g and by the preceding Lemma there must be a point gy in Z,
where F,(g; a) is continuous in g. There is an open set Z,

7*Cz,Cz,
such that if g is in Z¥ then
6) | F,(g a) — Fylgo; @) | =7/4.

By the two inequalitites above it can be seen that for x € 0,
and geG, NZT

7) | F,(g; %) — F,(go; @) | = 7/2.
Consider the quantity
8) (1/4%,)[F(g; %y, - %, + 4%, ..., %,) — F(g; %1, - . ., %) ].

By the theorem of the mecan this quantity is equal to the fol-
lowing for some ¢, 0 < ¢ < 1,

F,g; %y, ..., % + 4%, ..., %,).

Hence if

i) =xeO,

il) geG, ﬂ zf

iii) Ax, is so small that the closed interval from (CE |
to (%, ..., %; + 4x%,,...,%,) is in 0,, then

9) | (I/ij) [F(g; %1, . - - %; + 4%, . . ., %,) — F(g; %)]
— Fi(gg; a) | = 7/2.

The difference quotient is a continuous function of all variables
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entering into it and since the set (G, NZ}) X O, is dense in
Zt x 0, it follows that the relation above holds for # in 0,
and g in Z}.

The difference quotient in 9) has F,(g; #) as a limit and con-
sequently 7) also holds for x¢0,, g<Z{.

We shall now summarize what has been done so far to prove
the Lemma. It has been shown that given a ¢ V' there is an
open set 0, CV including a and an open set Z} in Z such that
if (g, #) and (g’, #') are in Z¥ X O, then

) [ F,(g %) — F,g;2) | =7
By a similar procedure there can be found an 0, with
ae0, CO, CV
and an open set ZF, whose closure is in Zf
Zy C Z¥,
giving an inequality similar to the above 9’) but with 7 replaced
by #/2. Continuing in this way a point of the kind desired may
be found by choosing any point in N Z} = NZ}. This com-
pletes the proof except for the last statement.

The points of continuity of a function are a G5 (= intersection
of a countable collection of open sets) and if such a set is every-
where dense then the complement is of the first category (= union
of a countable collection of nowhere dense scts). Therefore the
points g which do not satisfy the requirement are a set of the
first category. This completes the proof.

In the application 'to be made of the above Lemma there are
n functions f,(g; #) and they have partial derivatives f;(g; %)
which are continuous in x for g fixed. The Jacobian of the transfor-
mation f(g; x) is the determinant of the matrix (f;(g; %))

det (f4(g; x))

and is denoted by D(g; x); the functions f,, f,;, and D(g; x) of
course depend on the admissible coordinate systems chosen, but
the continuity of all these functions is independent of which ad-
missible systems are chosen.
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Let a in M be given and let B,, be the set of points g, in G
such that f;;(g; x) has a discontinuity at (g,, ). The union on
¢ and 7 of B,; is a set of the first category. This proves the fol-
lowing:

LemMma 3. Under the hypothesis of Theovem 1 above let a be a
point of M. Then the set of points gy tn G such that all the functions
fi:(g; %) and hence also D(g; x) are continuous at (g,; @) is every-
where dense in G.

There is onc more Lemma which will also be useful in the proof
of Theorem 1.

LEmMmA 4. Under the hypothesis of Theorem 1 let a be a point
of M. Then for all i, | the function f,(g; %) is simultaneously con-
tinuous at (e; a) where e is the identity of G.

Let g, be an element of G such that the functions f,,(g; ») for
all ¢, 7 are continuous at (g,; @). The function D(g; x) is also
continuous at (g,; 4); since each transformation in G has an in-
verse, D(g; x) can never be zero; in particular it cannot be zero
at (go; @) and therefore D(g; x) must be bounded away from zero
in somec neighborhood of (g,; ).

If & is in a sufficiently small neighborhood of ¢ then gy is in
a preassigned neighborhood of g,. For such % and for x near a the
following relations have meaning and are true:

f:(goh; Xis oo o xm) = fc[go; /I(k; .')C), e fn(h; x)]

Hence

10) £, (g %) = 2y fuulgos F(h; %)t (h; %)

When 2 = e and x = a this becomes

ll) fu(go: “) = Ekftk(go; a)akr

When 4 is near e and x is near a then f,,(g.k; %) is near f(gq; @)
and fgu[ge; f(k; %)] is near f,,(g; @). The first of these things is
true because of the simultaneous continuity at (g,; @); the second
is true because of continuity in the right hand variable at an
arbitrary point. Furthermore the determinant whose elements



202 TRANSFORMATION GROUPS

are f,.[go; f(h; x)] is bounded away from zero for x near 2 and &
near e.

With 4 held fixed, 10) may be solved for f,;(4; ) and the above
remarks show for x near a, % near ¢, that f,;(k; x) is near d,,
which is equal to f,,(e; @). This concludes the proof of the Lemma.

The proof of Theorem 1 will now be given. Let a be any point
of M and let g be any element of G. By a property of a transfor-
mation group

1(gh; %) = flg; H{h; %)),
and in suitably chosen neighborhoods of g, of ¢ (% near ¢), of a
(* near a)

figh; x) = f,[g; f(h; %)].
From this

fis(gh; %) = Zpfule; (b 2)1fe(h; %).

When 4 is near ¢ and x is near q, f,,(k; %) is near f,,(e; a) = é,,
by the preceding Lemma; also under the same conditions
falg: f(h; x)] is near f,,[g; 4] by the continuity in the right hand
variable. From this it can be seen that f;(gh; x) is near
2 fulgs al0s; = [,,(g; @), but this asserts that the function is
simultaneously continuous at (g; @) and this completes the proof
of the Theorem.

CoroOLLARY. If G is a locally compact group which is a trans-
formation group of a manifold M of class C* and if each transfor-
mation of the group is of class C* then the derivatives of the local
functions f,(g; x) of order up to and including k are simultaneously
continuous in (g; x).

The proof will be made by induction so it will be assumed that
the theorem is true for 2 — 1. Then by this assumption all partial
derivatives of order up to and including # — 1 of the functions
fi(g; x) are simultaneously continuous in (g; x).

Let a be any point of M. The set of elements g, in G such that
a given kth order derivative is simultaneously continuous at
(g0; @) is an everywhere dense set whose complement is of the first
category. This follows from Lemma 2. Since a finite number of
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functions is involved the same remark holds for the g,’s such that
all the kth order partial derivative are continuous at (go; a)-

The proof may now be made by following along the lines of
the proof of Lemma 4 and the subsequent proof of Theorem 1.
Carrying out the details for £ = 2 will suggest to the reader the
general procedure to be followed.

5.2. Differentiability with respect to group parameters
and local linearity at fixed points

The following Lemma was proved by H. Cartan [1].

LEmMMA 1. Let G be a topological group which acts on a manifold
M of class C' and assume for each g that g(x) = f(g; %) s of class
Clin x. Let W, and W, be open admissible convex coordinate neigh-
borhoods in M, W, C W,, and let U be a neighborhood of ¢ in G
such that UW,C Wy and let g, g% ..., g be in U. Then for all
% in Wy,

filg% %) — x; = X,[8,(g; » 9)1[g{f,(g; #) — %3],
where with v,(g; x) = [,(g; *) — %,,
8u(gs % 9) = (1/g) [o[80, + fir (g5 % +8y) + . .. + [oy (8% 2+ ty)]dt.
For the proof let

T, (g %) =x;+fig; %)+ ...+ f.(g"L %)

and as usual let T,; denote the partial of T, with respect to x,.
Then (using x for the coordinates of x, etc.)

1) Tug x+y) — T.(g 2) =X,y 5 Tilgs x + ty)dt.

From the definition of T'; we see that

Ti(g; x+y) = Tig (g %)
= f,(g; %) + ...+ [:(g% %)

and therefore

2) Tig x+y)— Tulg x) = f:(g% %) — =,
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We now combine 1) and 2) and obtain

fi(g% %) — %, = Z,[[o{8; + f (g x +2y) + . ..
+ fu(g® % + by)}atllf,(g; x) — =]

Multiplying and dividing on the right by g gives the desired
result and thus completes the proof of the Lemma.

ReEMARK. By using the above Lemma we can prove that if a(¢)
and b(¢) are one-parameter groups in a Lie group G, then

lim (a(¢/q) b(¢/g))°

exists at least for ¢ in a neighborhood of zero. (Compare 2.16 and
note that this proves that in Chapter III the convergence is in
actuality for the full sequence). In this use of Lemma 1, f(g; %)
is to represent group multiplication in a Lie group G. It should
be noted that f;(g; x) is then uniformly near §,; for g ranging
over any compact set and x in a sufficiently small neighborhood
of e; we take ¢ to have coordinates zero. The element g has
coordinates, and in our application of Lemma 1, x = 0, and
y becomes g. The groups a(¢) and b(¢) are given in coordinates by

a,t) =at +ct2+ ...
bi(t) = bt + a2+ ...

and hence
(@(@)b(2); = (a; + b))t + A, (2)¢

where A,(t) approaches zero with ¢. Letting g = a(t/g)b(t/g) in
the Lemma gives

1:((a(t/q)b(t/q)) % 0) = (a(t/g)b(t/q))t =
= Z,[é‘,(g; 0; ¢)1[(a; + b,)¢ + A;(t/q)¢].

An examination of the expression for d,(g; 0; ¢) shows that it
tends to 8,; when ¢ tends to infinity. Hence the above expression
has a limit as ¢ tends to infinity and this limit is (a; 4 b,).
We next deduce two corollaries and later show that any
locally compact group of differentiable transformations of a
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manifold is a Lie group. It is an open question whether or not
this is true without differentiability. Even with differentiability
the behavior of a compact transformation group in the large
presents many difficult topological questions.

COROLLARY 1. Under the hypothesis of Lemma 1 and with the
further assumption that the functions f,(g; x) are comtinuous in
(g; %) st follows that for every € > 0, U may be so chosen that if
g ..., 89U, then

qlt,(g; %) — x;] = X, «;,(g; %5 @)[fi(g% %) — x,],

where a;;(g; x; q) 15 inverse 10 8,,(g; x; q) and |a,,(g; x; 9) — 8| < e.
Note that the hypothesis of simultaneous continuity of the
function f;,(g; x) is automatically true if G is locally compact
by Theorem 1 of the last scction.
If Uis sufficiently small the simultaneous continuity implies that
d,,(g; x; g) is near the Kronecker 4,, so that the inverse exists
and is also near §,. This is true independently of g.

COROLLARY 2. Under the hypothesis of Corollary 1 it follows that
if all powers of g are in U then for any x in W,

&) = 1(g; %) == x.

This will be used to prove in Theorem 2 that if G as above is
locally compact and effective then G cannot have small subgroups.
As a tool for later use we now prove the following:

Lemma 2. If G is locally compact and M is (real) analytic and if
each transformation of G is analytic then the power series expansions
of {(g; x) for g in some neighborhood of e and x in some admissible
coordinate system on M are dominated in sufficiently small neigh-
borhoods by convergent power series which are independent of g.

Let U be a neighborhood of ¢ in G and (x) a fixed coordinate
system in M. For each ge U, f;(g; %) is represented around the
origin of (¥) by a convergent expansion as follows:

a) filg; #) =Zaj (@)t .. 2,
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and for each £ =1, 2, ... we denote by E, the subset of U for
which

b) sup;, a,,.. 1' Ay )/kl‘+ Hha | Sk

Since for each g, a) ha.s some domain of absolute convergence,
U is the union of all E,. Also the coefficients a,(g) are values at
x = 0 of partial derivatives of f(g; x) with respect to x, and thus
by an earlier corollary are continuous. Therefore each E, is
closed in U and by a category argument, at least one E, contains
an inner point, call it g, Since, for fixed k, the inequalities
b) imply dominated convergence of the series a) in some x-neigh-
borhood, our theorem has been proved for some sub-neighborhood
Ul(g,) of U.
The group relations

1&g %) =g e %)

will permit these majorants to be transferred to some neighborhood
of ¢, or any other element. This completes the proof of the
Lemma.

The above lemma sometimes makes it possible to integrate
f:(g; x) over G and be sure the result is analytic. For suppose G
is compact and leaves fixed the origin of a coordinate system %
in a manifold M. Further assume for each g that f(g; «) is analytic.
The Lemma above then shows that the expansion for f,(g; %)
around the origin are majorized by a convergent series. Hence
integrating over G, that is, forming

Jofilg; %)dg

leads to an analytic function of x, defined by a convergent power
series in a neighborhood of the origin of (x).

This will be used later and in fact a closely related application
is needed in the following proof.

The following theorem was proved by Bochner [1]. A stationary
point is one left fixed by every element of the group.

THEOREM 1. Let G be a compact group of transformations of a
manifold M of class C* (k = 1) or analytic and let each transfor-
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mation of G be of class C* or analytic. Then in the vicinity of a
stationary point admissible coordinates may be so chosen that the
transformations are linear.

Because G is compact the stationary point is in arbitrarily
small neighborhoods which are invariant under G. Inside one of
these we choose a comvex admissible coordinate system with
origin at the stationary point. The theorem of the mean shows
that if T'(g) denotes f(g; x) then

T,(g) = f.(g; ) = X}, a,,(8)%; + 220 0,,(g %)%

where b,,(g; x) tends to zero with Zx2.
Let L(g) = (a,(g)) be the linear transformation determined by
the first term above and we then have

L(g)L(h) = L(gh).
For each g e G consider the transformation L(g—1)T(g) which is
given by the function A(g; x) where
hi(g; ) jnlau(g— )fa(g: x)
We see also that

hilg: x) = x; + X, ¢,,(g; %),

where c,;(g; ») tends to zero with X2,
We consider now the transformation R defined as follows:

R=[sL(g)T(g)ag

where the integration is normalized so that the volume of the
whole group is one. Then

Rz(xli AR xn) = fG hi(g’ x)dg!

furthermore R is of class C* and it has an inverse of class C*
in a neighborhood of the origin (in the analytic case R and its
inverse are analytic). Let a4 be an element of G so that

L(a)R = L(a) [L(¢g™)T (g)dg
= [ L(ag™)T (g)dg.
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Changing variables by letting ag= = A, g = ha gives

L(a)R = [ L(h7Y)T (ha)dh
= [L(h )T (h)dh - T (a) = RT (a).
Therefore
L(a) = RT(a)R™?

that is R, which is an admissible transformation, transforms
T'(g) into L(g) which is linear. This completes the proof of the
Theorem.

THEOREM 2. Let G be a locally compact effective transformation
group of a conmected manifold M of class C1 and let each transfor-
mation of G be of class C . Then G does not contain small subgroups
and by earlier resulis G must be a Lie group.

By Corollary 2 above any sufficiently small subgroup must leave
some maximal open set Q stationary; Q is also stationary. By
Theorem 1, G is locally linear around a stationary point and
therefore this stationary set ¢ has no boundary and hence we
can see that it includes all of space. Thus any sufficiently small
group leaves all of M fixed. Since G is effective such a small
group must contain only the identity, that is there are no small
groups. This completes the proof.

The above fact was proved in Bochner-Montgomery [2] in the C?
case, and proved by Kuranishi [2] in the C! case. Earlier Myers
and Steenrod [1] proved a related theorem for isometries of
Riemannian manifolds and H. Cartan for bounded domains in
complex variables. We show (Bochner-Montgomery [1]) that the
transforming functions automatically have derivatives with
respect to the group parameters; this now has meaning since G
is a Lie group. It will be shown in the analytic case that the
transforming functions automatically are analytic in the group
parameters (loc. cit.).

THEOREM 3. Let G be a Lie group which acts as a transformation
group on a manifold M of class C* in such a way that for each a
in G, f(a; x) is of class CL. If a = (a,, ..., a,) are analytic para-
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meters for G then (0/0a,)f,(a; x) exists and is simultaneously con-
tinuous n (a; x), ¢, j=1,...,n.

5.2.1. The proof of Theorem 3 will be made in several steps which
we shall state as Lemmas (Bochner-Montgomery [1].

LeMMmA A. If the G of Theorem 3 is a one-parameter group with s
as parameter and f,(s; x) as the transforming functions then the
derivative (0/0s)f; (0; x) exists and for small h

a) filh; %) — £:(0; %) = X, [[of:;(¢; %)de][(9/2s)f,(0; #)].
The following function will be used in the proof:
b) T.(; %) = [5f(t; x)dt.

Because f;, has been shown to be simultaneously continuous it
follows that differentiation under the integral sign is permissible
in b), that is T,; = (9/09x,)T, exists and

) Ty(h; x) =fofu(; x)dt.
Using the mean value theorem gives
d) Tulh; y) — Tulh; x) = 2y Ty, (h; 206)) (v, — %)
where %(1) =x 4 0,(y — %), 0 <0, < L.
Let » be a small real number and let y = f(p; x). Then
e) T.(h; y)—T,(h; 2) = [51.(p + & x)dt — [5f,(t; x)at
= [ 1t x)d@t — [51:(t; x)at
= [ 1. x)dt — 31, %)t
Substituting c¢) and d) in e¢) and dividing by p gives
f) (Up) g [f.(h+t; x) — f,(t; x)]at
=2, [[0f.(t; 2())at] [(1/p)(y; — %,)].

Since f;,(¢; %) is simultaneously continuous and equal to d,;
when ¢ = 0, the matrix

|| (/) fof.s(2; 2(3))dt ||

is near the identity matrix for 4 small and this is true uniformly



210 TRANSFORMATION GROUPS

for x in a compact neighborhood and 4 in a closed interval. For
this reason f) can be solved for (1/p)(y, —%,). Let | @, (h; 2()) |
be the inverse of the matrix
1| 10 fis (65 2(6)) d |].
If y, — %, is replaced by its value we obtain as the solution of
f) the following
g) (), #; %) —x]=
%, @i (h; () (1/p) 1@+ h; x) — fi(t; x)1dt.

The right hand side of g) has a limit as $ tends to zero. But the
limit of the left hand side is (9/0s)f,(0; ) so that the existence
of this quantity is established.

LeMMA B. Let the G of Theorem 3 have r parameters g=(a,, . . ., a,)
where these are canonical coordinaies such that the curves

yr=0bt, ..., 9, =0b,t
B+4+...+8=1
are local one-parameter groups. If we introduce the functions
1) filt; b; %) = [,(bt; %)
pertaining to such a subgroup then the derivatives
2) F(b; x) = (0/2t)f,(0; b; %)

are continuous in (by, ..., by %y, ..., %,)-

The formula a) of Lemma A holds for any one-parameter group,
so that in a), f,(¢; x) may be replaced by f,(¢; b; x) and we may
then invert to obtain

3) F,(b; 2) = Zypulh; b %)[fi(h; b5 %) — £(0; b x)]
where the matrix || ¢, || is the inverse of
4) |0 fult; b; x)at ||.

However for a fixed small 4, 3) is continuous in (b; %) so that
2) is also, and this proves the Lemma.
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LemMa C. For the parameters g = (a,, ..., a,) chosen as in
Lemma B the partial derivatives
(0/0a,)fi(@1, « - o Bp; %y, oo %), @ =1,...,7

exist and are comtimuous in (a; x).

The proof of this Lemma which will now be given will complete
the proof of Theorem 3. It will be sufficient to consider only the
parameter 4,. We consider the group elements

g = (al’ e Gy)

g=(a+h...a)

y =gt =y(a; h)
Let y = (1, ¥ - - - ) and then these components of y have the
following form:

y1="h+ Q:(k; a)
Yo =05k a), o=2,...,7

where Q,(h; a) is a symbol representing the appropriate power
series in (k; @, . . ., 4,); these series are divisible by 7 and contain
only terms of degree two or more. It can be seen that we can write
Yo = bg (h; a)-t(h; a), o=1,...,7,
with
p) bz =1,
where b, (h; &) and ¢(k; a) are power series in (k; a) and by(h; a) is
normalized to have the form
1+ Qu(h; a)
with Q,(k; &) being a power serics without a constant term.
Since f(g,; *) = f(y; g(*)) =/(y; 1(g; »)), the difference quotient

5) (Un)f(an; %) — fila; #)]
has the value
(Un)[fs(y; a(x)) — £:(0; a(x))]
and by a) of Lemma A this is equal to
8) Z,[(1/h) %9 is(v; b(h; a); a(x))dr]F,(b(h; a); a(x))



212 TRANSFORMATION GROUPS

where F, is defined by 2). Now
fus(w; blh; a); a(x)) = fy(%; b(4; a); f(a; %))
is continuous in (v; h; a; x) and F,(b(h; a); a(x)) is continuous

in (b; @; x) by Lemma B. Therefore we may let 4 tend to zero
in 6) and the limit is

[(9/0R)t(0; a)] - X;f44(0; b(0; a); a(x)) F,(b(0; a); a(x)).
This however is continuous in (a; x).

LEMMA. Let G be a Lie group acting on a manifold M of class C*
(analytic) and let each transformation of G be of class C* (analytic).
If a = (ay, ..., a,) are analytic parameters for G then (0/0a,)f,(0; x)
are class C*— (analytic) functions of x.

It will again be convenient and involve no loss of generality
to consider the index § = 1. In a) of Lemma A above let 2 =0
and obtain l

7) fih, 0,...,0; x) —[,(0,0,...,0; x) =
2,161, 0,..., 0; x)dt] - [(9/0ay)f,(0; )]

Consider first the analytic case. The functions f,(4, 0, . . ., 0; x)
are analytic in « for a fixed 4 and f,(0; %) is also analytic. Further-
more

31,0 0,...,0;x)dt

isanalytic in x because by an earlier result it follows that the power
series entering under the integral sign are majorized. As before
the equations above can be solved for (9/de,)f,(0; x) and it
follows that this quantity is analytic.

Consider next the case where f(a; %) is of class C* in x for
each fixed 4. In this case the same cquations (7) are used. They
may be solved to express (9/9a,)f,(0; %) in terms of /,(4, 0, ..., 0, x)
and £,(0; x) which are of class C* and in terms of

.[gf:')(t: 0; . ey 0; x)dt
which is of class C*-1. This proves the lemma.

THEOREM. Let G be a Lie group which acts as a transformation
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group on a manifold of class C* (analytic) and assume that for
each g, f(g; x) is of class C* (analytic) in x. If a = (a,, ..., a,)
are analytic parameters for G then the functions defining f(a; x)
are of class C* (analytic) in (a; x) simultaneously.

It is sufficient to verify the theorem in any neighborhood of
the identity in G as it then follows for all of G by group translation.
The parameters for G are assumed canonical of the kind used in
the proofs above.

For £ = 1 the theorem has already been proved above. Making
use of this will make it possible to derive Lie’s differential equa-
tions (see Eisenhart [1]) by the usual procedure and this will now
be carried out.

Consider the group elements a, b, ¢ subject to the relation

ba = c.
Let x’" = f(a; x) which gives the relation
fi(b; ') = file; %)

in which #, 4, and ¢ will be taken as independent variables. Dif-
ferentiating this relation with respect to 4, gives
of,(b; x') 0b of;(b; x’) ox,
fz( x)___g_*_z" fi( 'x_)__xz_=

ob,  Oa, ox;  Oa,
where the rules of differentiation are justified by the results

above.
Since 9f,/0x; is continuous in (g; x) and since for g =¢

¥, _ Ofiles )

8 24

ox; oz, =%
the equations 8) can be solved for ax;/aae and the solution gives
o7,
_— b; ! Q N b .
aae 2 éig(; #) og(a )
Letting b = 0,
ox.
éa—‘ = X;£,,(0; ') Qgp(a; 0)

e
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and these are classical equations:

ofi(a; x)
~ da,

In these equations the functions £,,(a) are analytic in a since
they involve the operations within G itself. The functions &,,(x")
are analytic in #' if for each fixed g, f(g; ») is analytic, by the
results above. The functions &,,(x') are of class C*1in x if f(g; x)
is of class C* in x.

If one makes the inductive assumption that f(a; x) is of class
C*¥-lin (a; x) then it is possible to take (¢ — 1) successive mixed
derivatives of the right side of 9) and therefore f(a; x) is of class
C*in (a; ). This completes the proof for all k for the C* case.

Next assume that the functions

10) x; = f,(a; %)

9) = ZaEia (f(“; x)) 'Qag(a)-

are analytic in x so that the functions &,,(x') are analytic in #'.
The functions 2 are analytic in « and therefore the functions 10)
satisfy the analytic differential equations

’
0%,

oo,

11) = zafia(x')gag(“)-

As has been shown the functions 10) are at any rate of class
C* in (a; %) for every k. They are also a complete solution. But if
the system has such a complete solution, then the system is
integrable and the complete solution is analytic in (a; z). This
proves the result in the analytic case and completes the proof of
the theorem.

In the case of real parameters and complex space coordinates
there are analogous results (Bochner-Montgomery [1]).

5.2.2. Consider now the case where M is a compact complex
manifold. For the remarks to follow see Bochner and Mont-
gomery [3]; we omit proofs. Let G be the collection of all com-
plex analytic homeomorphisms of M onto itself. It can be shown
that for each g e G, g1 is also analytic, and thus that G is a group.
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The group G can be topologized by giving M a metric and then
giving G the metric

D(gy, g2) = max d (g, (x), ga(*)).
With this metric it can be shown that G is locally compact; by
a theorem above it follows that G is a real Lie group with para-
meters () and that the transforming functions f(a; x) are auto-
matically differentiable with respect to («). It can further be
shown that G is a complex Lie group.

In case M is a bounded domain in the space of several complex
variables, let G be the group of all complex analytic homeomor-
phisms of M onto itself. It follows in a similar way that G is a
Lie group. For this case the theorem was first proved by H.
Cartan [1] who introduced some of the devices used and extended
in Bochner-Montgomery [1].

5.3. Conjugacy of subgroups

The theorem to be proved next is of interest in itself and has
applications to the action of Lie groups as transformation groups.
When a compact group G acts as a transformation group of a
space M and if x e M and if O is any open set in G including
G, (G, = elements g such that g(x) = x) then for y sufficiently
near to x, G, is in 0. For this reason the relation between one
closed subgroup of G and another in an open neighborhood of
the first is of help in understanding the action of groups.

Let F be a compact subgroup of any Lie group G, and let M
be the homogeneous space G/F,

M = GJF.

The group F acts on G/F and leaves x = F fixed; it acts on the
tangent space of G/F at x as a compact linear group. It therefore
leaves invariant some non-singular quadratic form. If any such
invariant form is selected at the origin it may be transported to
each point of M in a unique way because of the invariance. In
this way we see that G/F has a Riemannian metric invariant
under the action of G on G/F. We ccme now to the theorem about
neighboring subgroups (Montgomery-Zippin [8]).
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THEOREM. Let G be a Lie group and F a compact subgroup of G.
Then there exists an open set O in G, F C O, with the property that
if H is a compact subgroup of G and H C O, then there is a g in G
such that

g *Hg CF.

Moreover given any neighborhood W of e, O can be so chosen that
for every H C O the desired g can be selected in W.

Let G/F = M. The group G acts transitively on M and since
F is compact the space M as mentioned above may be given a
Riemannian metric which is invariant under the natural action
of the group G. If x is any point of M then for sufficiently small
neighborhoods U of x the topology of U is equivalent to the
topology given by the geodesic metric d(y, z) where for y, zin U,
d(y, z) is the length of the shortest geodesic joining y and 2. In
the course of the proof of the theorem attention will be restricted
to neighborhoods of this kind and it will be assumed that they are
metrized by the geodesic metric as mentioned.

The symbol S(x, ) denotes the closed set of points y whose
distance from x is at most . The boundary of this sphere is the
set y of points whose distance to x is precisely ». A sphere is
called convex if each two points of the sphere are the end points
of a geodesic arc every inner point of which is in the interior of
the sphere. It should be remembered that if a geodesic arc is
in a convex sphere, then only the end points can be on the boundary
of the sphere.

The proof of the theorem will be based on a series of simple
lemmas all having the same hypothesis as the theorem; x is ar-
bitrary but a definite point.

LEMMmA 1. If x is any point of M there exists a neighbourhood U
of x such that if a, b, c are any three points of U which lie on a
geodesic in that order, then

d(b, ) < max [d(a, x), d(c, x)].

Let 7 be a positive number such that every sphere of center
% and radius 7’ < 7 is convex. The existence of such a number 7
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has been proved by Whitehead [1]. Let U be the interior of
S(x, r), and let a, b, c be points of U which lie in that order on a
geodesic arc abc in U.

Consider the sphere S(x, 7,) where 7; = d(x, b). The boundary
of this sphere meets the geodesic arc abc at b and this means that
either « or ¢ is outside S(x, 7,) as otherwise S(x, 7,) would not be
convex. But if a point is outside S(x, 7,) its distance from x is
greater than r and this completes the proof of the lemma.

LeMMA 2. If x is any point of M there exists a neighborhood U
of x such that if a, b, c, and u are four distinct points in U and a, b,
and ¢ are on a geodesic arc in U in that order then

d(b, #) < max [d(a, u), d(c, u)].

For the proof let U= S(x, 7/2), where » has the same meaning
as in the preceding lemma. There is an element g in G such that

g(u) = x.
The points g(a), g(b), g(c) are on a geodesic arc inside S(x, 7)
because g is an isometry (since we introduced an invariant
metric) and preserves distance and geodesic. Making use of

Lemma 1 and again using the fact that g is an isometry completes
the proof of the lemma.

LemMA 3. If % is a point of M there is a neighbourhood U of x
such that if a, b, ¢ are distinct points lying in that order on a geodesic
arc in U and if d, u, f are distinct and lic in that order on a geodesic
arc in U, then '

a(b, u) < max [d(a, d), d(a, [), d(c, 4), d(c, f)].

By Lemma 2, d(b, u) is either less than d(a, %) or less than
d(c, u), say the notation is such that

apd, u) <d(a, u).
Using Lemma 2 again gives
d(a, u) < max [d(a, d), d(a, f)]

and this completes the proof of the lemma.
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LeMMA 4. If x is any point in M, there exists an arbitrarily small
neighborhood U of x such that if H is a compact subgroup of G and
H(x) is in U then for some b in U, H(b) = b, that is b is a stationary
point of H.

Let U denote the interior of some convex sphere about x which
satisfies the conclusion of Lemma 3. It will be shown that this
U also satisfies the present lemma. In order to carry out the
proof assume that H(x) CUCU.

Choose ¢ € U such that H(g) is of minimum diameter among
thosc orbits of H which lie entirely in U. If H(q) = q there is
nothing more to prove so it may be assumed that H(g) # g.

Therefore H (g) contains more than one point. Let b denote the
midpoint of a geodesic arc in U whose endpoints are in H(g).
Since H is a group of isometries, H (b) is entirely included in the
set of such midpoints, and H(b) is in U. It will be shown next that

diam H(b) < diam H(g)

which will be a contradiction to the choice of g, and this contra-
diction will prove that H(gq) = g.
There is an 4 in H (since H is compact) such that

diam H(b) = d[b, h(d)].
The point b is the midpoint of a geodesic arc abc where a and ¢
are in H(g). The point 4(b) is the midpoint of the geodesic through

h(a), h(b), h(c). Denote these points by 4, #, f and apply LLemma 3
to obtain

d[b, h(b)] < max {d[a, h(a)], d[a, k(c)], d[c, h(a)], dlc, h(c)]}.

This shows that the diameter of H(b) is smaller than that of
H(g) and this contradiction proves the lemma.

By using these lemmas the proof of the theorem will now be
concluded. The points of M are images of G under the natural
map

T:g—>gF.
Let T(F) = x and let U be as in Lemma 4. Define
0 =T1U)
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so that O is an open set in G which includes F. Let H be a compact
subgroup of G, H C 0. Then T(H) = H(x) CU and by Lemma 4
some point of U is a stationary point of H. This means that
there is a coset gF C O such that

HgF =gF.
Hence

g 'HgF = F

g 'Hg CF

and the first statement of the theorem is proved.

The last statement is a consequence of the method of proof
above.

Thus the set T(W) is a neighborhood of x. If the neighborhood
U of the last lemma is small then H will have a stationary point
y near x and by choosing U sufficiently small it may be arranged
that

v e T (W).

Then there is a ge W such that T(g) =y. Hence HgF = gF,
g 'Hg C F as before.

5.4. Cross-sections

It is not possible in general to find a closed set which forms a
cross-section (that is a one-one image) of a family of orbits.

One sees this readily in the following simple example of cosets:
let H be the subgroup of a circle group C consisting of the two
elements of order two, and let H act on C by translation.

But under reasonably general circumstances there do exist local
cross-sections. This was shown for one-parameter groups by
Whitney [1] and is easily extended to abelian local #-parameter
groups. The following more inclusive theorem is due to Gleason [2].
The theorem is proved here for compact Lie groups, but it can be
proved for local Lie groups (therefore including the one-para-
meter groups).

THEOREM 1. Let G be a compact Lie group which acts as a trans-
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formation group on a Hausdorff space M and suppose that a point
P € M is in a neighborhood X in M with the property that if x e X
and g,, g € G then g,(x) = gq(x) only if g, = gy. Then the orbits of
G have a local cross-section at p.

It will be proved that there is a compact set F including  such
that for every « in some neighborhood of $ there is a unique fin F
and a unique 7 in G such that

% =r(f).
This is a little more than is required and shows that points on the
orbits near $ form a topological product of F and G.

Let H be a faithful representation (2.20) of G in the space of
n X n matrices Gl(n, R). If a and b are in G then H(a), H(b),
H(ab) are in Gi(n, R) and

H(ab) = H(a)H(b).
The Lie group G possesses a left invariant measure.

A function J(x) will be defined for x e G(X) and with values in
the space of # X # matrices M,. On G(p) let J be defined as
follows

J(a(p)) =H(a) for aeG
Now let J be extended to G(X) in any continuous way, by Tietze’s
theorem (p. 80 of Hurewicz-Wallman).

Making use of these definitions

[cH(@)] (a(p))da = [cH(a")H (a)da
= [¢Ida, (I = unit matrix)
= Al
where A4 is a positive real number. Assume the measure in G
normalized so that 4 = 1, and then with this convention

JeH(@] (a(p))da = 1.
Now define a continuous function K (¢) for ¢ in G(X) as follows:
K(g) = JcH(a™)] (a(g))da.
By the remarks above
K(p) = 1.
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It will be convenient to prove for ¢ in X, » € G, that K(rq) =
H(r)K(g) and to do this proceed as follows (let ar = b, a = br1):

K(rq) = JgH(a™")] (arg)da
= [ H (rb™")] (bg)db
= H(r) [ H(b™")] (bq)db
= H(r)K(q)-

The group G acts not only on the space M but also on the space
of n X n matrices through the representation H. It is known that
local cross-sections exist for cosets of a subgroup in a Lie group.

There is a compact neighborhood N, of the identity matrix (in
the set of # X 7 matrices) and a closed subset C, of N, such that
if m e N, there is exactly one point of C, of the form H(r)m,
reG. It may be assumed that N; contains only non-singular
matrices. Let N = K-!(N,;) and F = K-*(C;). Then N is a com-
pact neighborhood of p and C is a compact subset of N.

Suppose x is in N. Then K (x) is in N; and there is exactly one
point of C; of the form

H(n)K ().

Since K (x) is non-singular the element of C, can be so represented
in only one manner. Therefore there is precisely one 7 € G such that

K(r(x)) = H()K(x)
isin C,. Therefore there is exactly one 7 € G such that »(x) is in C.
This completes the proof of the theorem.

THEOREM 2. Let R be a compact Lie subgroup of a locally compact
group G. Then there is a compact local cross-section at e for the
cosets of R.

This is a corollary of the theorem above because the cosets can
be regarded as orbits under R acting by translation in G.

THEOREM 3. Let G be a compact Lie group which acts as a trans-
formation group on a Hausdorff space M. Suppose p € M and for x in
some neighborhood of p that G, is conjugate to G,. Then the orbits
of G have a local cross-section at p.
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Since the interest is in local properties there is no loss of general-
ity in assuming that for every %, G, is conjugate to G,. This
assumption having been made let 4 be the set of points each of
which is left stationary by all of G,. Note that p € A and that 4
touches every orbit.

Let N be the normalizer in G of the subgroup G,. Then 4 is
invariant under N. Since every point of 4 is left fixed by G,, it
is possible to define in a natural way the action of N/G, as a
transformation group on 4. To do so let gG, be any coset in NG,
and define for x e 4,

(8G,) (%) = g(=).
This group N/G, thus acts so that ¢ is the only one of its elements
which has a fixed point. By the theorem above the orbits of
N/G, have a local cross-section F at p. Since within 4 there is
one and only one orbit of N/G, in cach orbit of G, the cross-section
F is also a local cross-section for the orbits of G. This completes the
proof.

REMARK. Let G be a compact Lie group acting on a locally
compact space M. Let % be the highest dimension of any orbit of
G in M and let O be the set of all points of M on k-dimensional
orbits. Then O is an open set. If x and y are any two points of O
then dim G, = dim G,. In O choose a point p where G, has as
few components as possible. By a theorem above (5.3) it follows
for all x near p that G, is conjugate to a subgroup of G,. But
since dim G, = dim G, and since G, and G, have the same number
of components it follows that: For all x near p, G, is conjugate to
G,. Therefore the orbits of G have a local cross-section at p.

5.5. Periodic and pointwise periodic homeomorphisms

Among compact groups of transformations, finite groups and
especially finite cyclic groups are a very important class. They
are of great interest in themselves and give information about com-
pact Lie groups of transformations since in a compact Lie group
the periodic elements form an cverywhere dense set. We first statc
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without proofs a few of the interesting results about periodic
transformations, and later use one of these results to prove a theo-
rem about pointwise periodic homeomorphisms.

The following two theorems were first proved by Newman [1]
and later extended and sharpened by P. A. Smith [2]. We formu-
late them for manifolds although Smith has shown them to be
true for spaces which resemble manifolds in homology properties
but may be more general. Recall that a manifold is a connected
locally euclidean space.

THEOREM 1. Let T be a periodic homeomorphism acting on a
manifold M. If the set of fixed points of T contains an inner point
then every point is fixed and T is the identity.

For simplicity we formulate the following theorem in terms of
a metric although it can be formulated in terms of coverings
without a metric.

THEOREM 2. Let M be a metric manifold. Then there exists a
positive number r depending only on M such that if T (not the identity)
1S any periodic homeomorphism of M then some point has an orbit
whose diameter is greater than r.

The following theorem was proved by Smith [1] for euclidean
spaccs and more generally for spaces with homology properties
similar to euclidean spaces.

THEOREM 3. Let E be euclidean n-space and T a periodic homeo-
morphism of E of prime power period. Then T has a fixed point.

Smith has shown that when T acts on M with period $ and if M
resembles a sphere in mod p homology then the set of fixed points
F resembles mod p a sphere of some lower dimension. In the spe-
cial case where M = S® then Smith has shown that F is either S°
(that is a pair of points) S or S2. Many other interesting results
have been given by Smith. Recently Floyd and Liao have ex-
tended our information about these questions.

Bing [1] has given an example of a period two homeomorphism
T of S® onto itself where the set of fixed points F is homeomorphic
to S? but where S2 is not tamely imbedded (see 6.0). Hence T
cannot be equivalent to an orthogonal transformation. His exam-
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ple can be modified to give a period two homeomorphism of S*
where F is a simple closed curve which is not tamely imbedded.

A homeomorphism T of a space M onto itself is called pointwise
periodic if for every x in M there is an integer 2 depending on x
such that T%(x) = x. If there exists a % such that T*(x) = x for
all x then of course T is periodic. In general there are pointwise
periodic homeomorphisms which are not periodic but the following
shows (Montgomery [1]) that this cannot happen for well behaved
spaces.

THEOREM. Let M be a connected locally euclidean space and let T
be a pointwise periodic homeomorphism of M onto itself. Then T is
periodic.

Let T° be the identity and for each x let $(x) be the period of x,
that is by definition p(x) is the smallest positive integer % such that
T*(x) = x. The function p(x) is lower semi-continuous.

Let K be the collection of points x such that on every neighbor-
hood of x, $(x) has an infinite least upper bound. Then K is a
closed subset of M and is nowhere dense because (x) has finite
values and as a semi-continuous function its points of continuity
are everywhere dense. The proof of the theorem will depend on
the following.

LEMMA. On every connected open set R in M — K, the function
p(x) ts bounded.

Let C be the set of points of continuity of p(x). As already
remarked this set is everywhere dense in M. In some neighborhood
of each point of C the function (%) is constant, and C is an open
set.

Therefore there is a connected open set H in R such that p(x) is
constant and equal to an integer % everywhere in H. If H is not all
of R let b be a point of R on the boundary of H. There is an open
neighborhood U of b in R and an integer N such that for any point
% in U, p(x) is at most N. This is because p(x) has a finite least
upper bound at b.

Consider the homeomorphism S = T* and let

Hy= UMISIH YU
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This set is transformed onto itself homeomorphically by S, because
any point y of H U has period at most N under T and therefore
y has period at most kN under S.

The homeomorphism S, on H,, is periodic of period at most
(kN)! and for x in the open subset H of the connected locally
euclidean set H,, it is true that S(x) = x. But by theorem 1
(Newman) it then follows that every point in H, is fixed under S.
This means that if x is in H,, then T%(x) = «x so that every point
of H, has period at most k2 under T.

This shows that if H is not all of R then H may be enlarged to a
connected open set H, in R such that every point of H, has period
at most k. If H, is not all of R then it may be enlarged by a similar
process to a connected open set H,. Since the union of open sets is
open we may continue by transfinite induction if necessary and
finally obtain a set H, = R. Then every point of H, has period
at most 2. This completes the proof of the lemma.

The theorem will now be proved by the method of contradiction.
Assume that () is unbounded on M. On the basis of this assump-
tion the lemma above shows that M — K is not connected and
therefore that the closed set K is not vacuous.

Let p(x/K) denote p(x) restricted to K; p(x/K) is semi-conti-
nuous on K. Let a be a point of K where $(x/K) is continuous.
There is an open set H C M including a such that p(x/K) is con-
stant and equal to some integer & everywhere in HNK. Let R
be any component of M — K having points in H. There is by
the lemma an integer N such that every point of R has period at
most N. Let S = T* and define

W = UY Si{(R).

If any point of RNK N H is an inner point of W U K, p(x) is
bounded at that point. Let ¢ be any point of RNK N H. This
point is in K and by definition of K and the remark just made, the
point ¢ cannot be an inner point of W K. Let V be a connected
open set which is in H and which contains c. The set V — W is
not vacuous. Furthermore ¥V — W is separated from W by K
and each point of K N H is fixed under S so that the transformation
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S* now to be defined is a homeomorphism of ¥V U W onto itself.
The definition of S* is as follows:

for x e W, S*(x) = S(x)
for xe V. — W, S*(x) = «.

The set V' U W is a connected locally euclidean space on which
S* is a periodic homeomorphism whose fixed point set includes an
interior point. Consequently S* leaves fixed all of V U W.
Therefore every point of W and in particular every point of R
has period at most %2 Since R is an arbitrary component of
M — K with points in H, it follows that every point of (M — K) N
H has period at most £. This is also true for every point of H N K.
Therefore at any point of H NK, p(x) has a finite least upper
bound. This contradicts the definition of points of K and proves
that K is vacuous. This completes the proof of the theorem.

5.6. Simply connected homogeneous spaces

If G is a Lie group and H is a closed subgroup then a great deal
is known about the homogeneous space G/H, especially when G is
compact (the case G non-compact is apparently much more
difficult). In this direction many contributions have been made
by A. Borel, E. and H. Cartan, C. Chevalley, G. Hirsch, H. Hopf,
G. D. Mostow, H. Samelson, H. C. Wang and others (see Samelson
[2]). We do not attempt to discuss this interesting topic but we
do include a theorem (Montgomery [12]) which has a rather simple
geometric proof involving some facts about fibre mappings.

THEOREM. If G is a conmected Lie group which acts transitively
on a compact simply connected manifold M, then G contains a com-
pact subgroup which also acts transitively on M.

The proof depends on the fact already mentioned (4.13) that if
G is a connected Lie group then G is the direct product, as a space,
of a maximal compact subgroup K and a euclidean space E. There
always exist maximal compact subgroups and any two such are
conjugate. Any given compact subgroup is in a maximal compact
subgroup. In view of these facts let the group G of the theorem
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above be the direct product, as a space, of K and E
G=K-E.

Since M = G/G, is simply connected, G, must be connected. Since
G, is connected, G, is the direct product of a compact subgroup
L and a euclidean space I

G,=1L-F.

It may be assumed that L CK by the remarks above.
Let T, be the map from G/L to G/K under which each coset of
L is carried to the coset of K which contains it.

T, : G/L — G/K.

This is a fibre mapping in the sense that each point of G/K is in
a neighborhood whose inverse is a product of a fibre and a local
cross section. Each fibre is homeomorphic to K/L. But G/K is
homeomorphic to E, a euclidean space of some dimension, and
when a fibering has such a base space, it is a product (proved by
Seifert in two dimensions and by Feldbau in general). Therefore
G/L is homeomorphic to the topological product of K/L and E,

(1) G/L =K|L X E.

Let 7', be the map from G/L to G/G, = M under which each
coset of L is carried to the coset of G, in which it is contained.

T,:G/L - G[G,.
This is a fibre mapping and each of the fibres is homeomorphic
to G,/L, that is, to F, a euclidean space. But when all the fibres
are homeomorphic to euclidean space it is known that a cross
section 4 exists in the large. The set A4 is a closed set in G/L,
touching each fibre of T, precisely once, and 4 is homeomorphic
to the base space G/G, = M.
There exists a mapping P which retracts G/L onto 4;

P:G/L >4,

that is, P maps all of G/L into A and each point in 4 is fixed under
P. If a cycle in 4 bounds in G/L, it also bounds in 4. The set 4
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is a manifold and hence contains a non-bounding cycle z, mod 2,

such that
dim z = dim A4.

Since z does not bound in A, the map P shows that z does not
bound in G/L.

From (1) it follows that the homology properties of G/L are
the same as those of K/L, and therefore dim M = dim 4 =
dim 2z < dim K/L.

Since L is a maximal compact group in G,, we have

L=KNG,
Then K(x) is homeomorphic to K/L
K(x) =K|L
so that
dim M = dim K (x) = dim K/L = dim M.
Since K(x) is a manifold of the same dimension as M,
Kix)y=M

and this completes the proof of the theorem.



CHAPTER VI

Compact Transformation Groups

6.0. Introduction

In the last sections of this chapter we shall report in some detail
on compact connected transformation groups of three-space (and
of lower-dimensional euclidean spaces). The results here are as
favorable as one could wish — the action of such transformation
groups on three-space being topologically indistinguishable from
that of subgroups of the orthogonal group.

The situation is more complex for groups that are #of connected,
and for groups on higher dimensional spaces. Thus we have
mentioned the example by Bing [1] of a ‘‘quasi-reflection” in
three-space. In this involutory homeomorphism of S3 the set of
fixed points is a topological plane but the two complementary
domains are not homeomorphic to three-cells (the plane is wildly-
imbedded). Such a transformation cannot be linear in any coor-
dinates. A simple modification of this example gives another
example of a sense-preserving involution of three-space which
has a wildly-imbedded topological line of fixed points; and using
that modification the authors have constructed an example of a
circle group acting in four-space E, [14] so the action cannot be
differentiable in any differentiable structure of E,. Yet even in
this example the behavior on the whole shows many regularities
and considerable resemblance to the case of a linear group of
transformations. The extent to which this resemblance is valid in
general is an interesting topic for study. There are indications that
the possibility of irregular behavior of a compact transformation
group is associated with the absence of orbits of high dimensions.
It thus becomes a plausible program to discover what can be said
about the action of a compact connected group on a manifold;
for example, one may ask what the structure of the fixed point

[229]
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set is like, what different types of orbits can occur, how the orbits
are related to each other and to the fixed point set. Other questions
worth attention are suggested in the preceding chapter as well as
this one.

In the first sections of this Chapter we include some theorems of
a general nature which are intended as the groundwork of such a
research program supplementing the work of the preceding Chapter.
A special case of considerable interest (when an #— 1 dimensional
orbit is present in #-space) is worked out in considerable detail
in 6.5.

We shall confine ourselves to groups which are separable metric
as well as locally compact (in this commection, compare 2.11 in
Chapter II). This is to be understood in the sequel.

Some of what is proved is applicable also to locally compact
groups but it is clear from an example below that the situations
are more complicated if the condition of compactness is dropped.

Let E denote the real line, let C denote a circle group given to us
as a transformation group of E. Then each orbit C(x), x¢ E, is a
point, or a circle, and it cannot be the latter. Therefore the action
of C is trivial: every point is a fixed point. Since the line has no
compact connected subsets which are homogeneous, every compact
connected group would give the same result. On the other hand,
every open interval is homogeneous — and the group of simili-
tudes Q (see Chapter II, 2.14, example 4) as well as the vector
group V; can act on it leaving the endpoints of the interval fixed.

In the plane, and in higher dimensional spaces too, the group V,
(for example) can operate effectively in one region of space and
leave another region pointwise fixed. This makes it possible to
have the group V, operate so that its action in one part of space is
not influenced by its action in a different part. This also makes it
possible to have a product-group operate so that each factor acts
more or less independently of the others.

It is not known whether the same phenomenon can occur for
the action of compact groups (it cannot occur for compact Lie
groups); in particular it is not known whether the p-adic groups
can operate effectively on euclidean spaces. If not, then it would



CHAPTER VI 231

follow that every locally compact group acting effectively on a
manifold (locally-euclidean, connected) was necessarily a Lie
group.

However, when a locally compact group is {ransitive on a mani-
fold then its action is more amenable to study. This case is of
especial importance in connection with the use of transformation
groups in geometry. We conclude the book with a brief mention
of only one aspect of this problem, having to do with the foun-
dations of geometry of three-space along lines which Hilbert [2]
developed for plane geometry.

6.1. Cross-sections and zero-dimensional groups

In this section we first prove a general theorem which pertains
to finding a cross-section to an arc of sets, cach set being compact
and totally disconnected. The theorem, proved by Whyburn [1]
and by the authors [2], is related to the subject of covering spaces
and we make some application of it along those lines.

THEOREM 1. Let M and N be compact metric spaces and let f be an
open continuous map from M to N whose inverses are totally dis-
connected. Let a*(t) be a map of the unit interval Ry, 0 <t < 1, into
N. Then if {(a) = a* = a*(0), there is a map a(t) of R, info M
such that

«(0) = a, fo(f) == a*(t).

For each n ¢ I, let D, be the set of dyadic rationals of the form:
72", 0 < ¢ < 20

and let D =yD,. Let 8,(t) be a function defined on D, to M
such that f,(0) = « and if ¢te D,, fB,(t) = «*(!) and subject to
the further condition

A[Ba(5/2"), Ba(d + 1/2M)] = dist [B,(/2%), fTa*(E + 1/27)].

From the sequence of functions g, (¢) it is possible to select, by the
diagonal process, a subsequence f, (¢) which is convergent on all
dyadic rationals D (of course for a fixed ¢ in D there may be a
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finite number of #,’s for which 8, (¢) is undefined). Denote the
limit on D by «f(t).

The function «(¢) will now be shown to be uniformly continuous
on D. Assume that this is not true and that there is an » > 0
such that for every % there are dyadic rationals s, and #, satisfying

I'se — & | < 1k, dla(s), a()] > 7.
There is no loss in assuming that s, and ¢, converge to a real
number £.

Let € > 0 be given. When #, > K, K some intcger, it is true
that the distance between two successive functional values of
B, is less than e. Using this it follows that between s, and ¢, there
isasetx, =s,, ..., %y =1, of increasing dyadic rationals, satis-
fying

aB.(x,), ﬂn(xo+1)] <e€
d[ﬁn(xl)' ﬂn(xn’)] > 7.

These functional values form an e-chain of diameter greater than 7.
Hence f~1(f) must contain a connected set of diameter at least 7
but this is impossible. Hence «(f) is uniformly continuous.

Therefore a(f) may be extended so as to be defined and conti-
nuous on all of R, and this proves the theorem.

6.1.1. Let G be a compact group which acts as a transformation
group on a normal (1.24) Hausdorff space M.

The orbits of G denoted by G(x), x e M, are mutually disjoined
compact sets which form a collection denoted by M* and also
by M|G. There is a map

T:M—> M*
under which a point of M is mapped on the orbit containing it-
The collection M* is made into a space, also denoted by M*, by
defining a set W* in M* as open if T-1(W*) is an open set in M.
By its definition, T is a continuous map.
THEOREM 2. The space M* defined above is a Hausdorff space

and the map T is open. If M is metric so is M*.
Let Q be any open set in M. Then G(Q) is a union of open sets
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and is also open. Next,

TQ) =TG@Q) =0~

However, Q* is open because T-1(Q*) = G(Q) is open; and there-
fore T is open.

Let a* and b* be two distinct points in M* and let a and b be
such that

aeT1(a*), beT71(d*).

Let U and V be disjoined open sets including G(a) and G(b)

respectively. Choose X and Y to be open sets such that

aeX, G(X)CU
beY, G(Y)CV,
as is possible by the compactness of G. Then
TGX)NTG(Y) =

and thus a* and 6* are in open disjoint sets proving that M* is
a Hausdorff space.

If M is metric, then M* can be metrized by using the Hausdorff
distance (1.10.5) for orbits in M.

THEOREM 3. Let G be a locally compact group acting effectively
on the line or the circle. Then G is a Lie group.

A theorem almost as general as this was proved by Brouwer in
[1] in 1912, by methods which used the explicit construction of
the coordinate systems appropriate to all the possible Lie groups
of transformations of the line or circle.

Let J denote an arc on the line or circle and let the five distinct
points p, g, 7, s, t lie on J in the indicated order. There is a neigh-
borhood U C G of the identity such that for all Ae U, k(q) is an
inner point of the arc pgr and A(s) is an inner point of the arc rsi.

There is an open subgroup G’ of G and there is a compact in-
variant subgroup H C U such that G’/H is a Lie group. It is not
hard to see that H is the identity. For, since H is compact, H(g)
has first and last points on pgr and H (s) is in #st. Then one sees
first that no element of H can be sense-reversing.

Let ¢, and ¢, be the first and last points of H(g) in an ordering
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on the arc. Now let % be any element of H. If h(gy) # g, then
h(g,) is to the left of g,. There is an x such that A(x) = gy and «
must be to the right of g, as otherwise sense would be reversed by
h. But then A~1(¢g,) = x and the orbit H(g) contains a point to the
right of ¢, which contradicts the choice of g,. Hence for all 2 ¢ H

h(gs) = g2 =g
Hence H(q) = g and H(s) = s. It follows by the same considera-
tions that H(x) = x for cvery x of the line or circle. Since G is
effective this means that H is e, as asserted. Therefore the open
subgroup G’ is a Lie group and consequently G is a Lie group.

6.1.2. A pair (X, f) consisting of an arcwise connected space X
and a map f of X is called a covering space of a space Y (compare
1.27.2) provided that (f is continuous)

1) f(X) =Y,

2) every point y in Y is in an open set ¥ such that f1(V) is
the union of disjoined open sets each of which is mapped homeo-
morphically onto V by /.

A path A(t) in a space is the continuous image of the closed
unit interval [0, 1]. A path is called closed if the ends A(0) and
A(1) are equal. Two paths A () and B(t) with the same ends are
homotopic if there is a map Q(4, ¢) of the rectangle 0 < s <1,
0 =<t =<1 such that

Q(0,2) = A(t), Q(L, %) = B(¥),
Q(s, 0) = A(0) = B(0), Q(s, 1) = 4(1) = B(1).

An arcwise connected space is called simply-connected if every
closed path in the space is homotopic to a point. In such a space
any two paths with the same ends are homotopic.

These remarks can all be applied to topological groups. A pair
(G, f) consisting of an arcwise connected group and a continuous
homomorphism f of G is called a covering group of a topological
group H provided the conditions 1) and 2) above are satisfied
for G=X and H=Y.

The following theorem expresses one of the useful properties of
covering spaces.
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THEOREM 4. Let (X, f) be a covering space of Y and let M be a
simply connected space, containing a point my. If D* is a map of M
into Y taking my into y, and if x, satisfies f(%y) = vq, then there is
one and only one map D of M into X satisfying

D(my) = %y, {D(m) = D*(m), m e M.

The proof may be outlined as follows: It is first proved that
the result is true when M is the closed unit interval or when it is
a rectangle and m, is an end point (or a corner point). Next if m
is any point in M let A4,(¢) be a path joining m, and m, and let
B, (¢) be the unique covering path of DA, (t) which begins at x,.
If A,(¢) is a second path joining my and m, then B,(1) = By(1).
Hence it is permissible to define D(m)to be B,(1). This definition
gives a continuous map with the desired properties. The fact that
it is unique follows from the same property for intervals.

As a Corollary to the foregoing one obtains:

Let (X, f) cover Y and let A(¢) be a path in X. If fA(t)isa
closed path in Y and can be shrunk to a point then A4 (¢) is a closed
path in X and can be shrunk to a point.

6.1.3. A transformation group is said to operate without fixed
points if no element except the identity leaves a point fixed. This
is the case, for example if a subgroup of a group operates on the
group by translation (1.26.2).

THEOREM 5. Let G be a compact zero-dimensional group acting
without fixed points on a normal arcwise connected Hausdorff space
X. If H is a compact open invariant subgroup of G then X|/H and
the natural map

T : H(x) - G(%)

1S a covering space of X/G.

The proof is left to the reader.

By means of this theorem and the fact that compact zero-dimen-
sional groups have arbitrarily small open and compact invariant
subgroups it is possible to extend some of the facts about coverings
mentioned above.
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THEOREM 6. Let G be a compact zero-dimensional group acting
without fixed points on a normal arcwise connected Hausdorff space X
and let f be the map taking X to the decomposition space X|G. Let M
be a simply connected space containing a point my. If D* is a map
of M into X |G taking my to vy and if f(x,) = ¥, then there is one and
only one map D of M into X satisfying

D(mgy) = %y, fD(m) = D*(m), m e M.

Let H, D H,D ... beasequence of compact invariant subgroups

of G, intersecting in ¢, and such that each G/H, is finite. Each

space X/H, is a finite covering X/G, and is also a finite covering
of X/H, ;. The space X is the inverse-limit of

X/G <« X/Hy< X[Hy<. ..

and the theorem can be proved by successive “lifting”’ of the map
D* through the finite coverings.

In case M is metric a more direct proof can be made using
Theorem 1. The details are left to the reader.

CoROLLARY 1. Let U be a neighborhood of xyin X. Then there is
a neighborhood V of f(xy) in X|G such that if D¥(M) CV then
DM)CU.

A suitable neighborhood ¥V can be obtained by the choice:
V = f(U). Verification of this, and of the succeeding corollaries is
left to the reader.

COROLLARY 2. An arc in X|G can be “raised” to an arc in X.

CoROLLARY 3. If A(t) is a path in X and if fA(t) is a closed path
in X /G which can be shrunk to a point then A (t) is a closed path in
X which can be shrunk to a point.

6.2. Finite-dimensional groups and orbits

In this section we prove a few general Theorems about locally
compact groups (considered to be separable metric for simplicity)
acting transitively on a finite-dimensional set, or (more generally),
acting on a space so that all orbits are of the same finite dimension.
We begin by recalling the theorem which was proved in 4.9.
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THEOREM. Every n-dimensional locally compact group G in some
neighborhood U of the identity is the divect product of a compact
zevo-dimensional subgroup Z and a local n-dimensional Lie group R;
thus

U=ZXR.

We may suppose that R is ruled by one-parameter local subgroups.
If K is a compact invariant subgroup of G such that G/K is a Lie
group, then dim G|K =< n.

The last remark in the theorem follows from the way in which
the thcorem was proved (namely the “lifting of n-cells”).

The group G has open subgroups each of which is a projective
limit of a sequence of Lie groups; and in fact the subgroup genera-
ted by R and Z is a typical group of this kind. For most of our
purposes there would be no loss in supposing that G itself is
generated by R and Z. In this case Z is a central subgroup of G,
and every subgroup of Z is invariant.

Nowlet Z; D Z,D... be a sequence of compact invariant groups
such that lim Z,= ¢ and for each 7, G/Z, is Lie; let G, denote G/Z,.
Then G, is a Lie group and the sequence: G, < G, < is an inverse
sequence whose projective limit is G. Any cell in G, can be raised
to a cell in G so dim G; < dim G = #. Since the natural map of
G onto G, has inverse sets which are uniformly small (over any
compact subset of G), it follows that dim G; = #, at least for large
7 (Alexandroff Approximation Theorem, see Hurewicz-Wallman).
However, independently of this (from the way in which the pre-
vious theorem was proved) dim G, < # for all . There would be
thus no loss of generality in assuming dim G; = dim G for all 7,
and that Z,_,/Z; is finite.

We turn now to the structure of coset spaces of a group G.
Throughout this discussion the group G is to be separable metric
and locally compact. Further we assume that G has arbitrarily
small compact invariant subgroups giving Lie factor groups.

This means we assume the following:

A) G is the limit of a countable inverse sequence (G, f,):

Gy < Gy« ...
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of Lie groups with f, being a continuous homomorphism taking
Gyyq tmdo Gy; [, has a compact kernel.

If G is compact or locally compact and G/G, compact it auto-
matically satisfies A); in general G might not satisfy A) although
it would always have an open subgroup satisfying A). If G is
finite-dimensional it may be assumed that dim G =dim G, for alls.

If H is a closed subgroup of G then associated with H, there
is in each G, a closed subgroup H,, lim H, = H. There is then a
collection of coset spaces,

G./H,
and the maps f, induce maps of these coset spaces

fi:8a i > 18 H)
=/, (gt+l)H|'
Hence the coset spaces G,/H, and the induced maps form an in-
verse sequence. It will be left to the reader to prove that
G/H = lim (G,/H,).

If dim G/H is finite it does not follow that dim G is finite. How-
ever it will be shown soon that if dim G/H is finite then some
finite-dimensional group is transitive on G/H so that the struc-
ture of a finite-dimensional G/H will then be known to be the
same as if G were finite-dimensional. We next consider the struc-
ture of G/H for a finite-dimensional G.

When G is finite dimensional we may assume

dim G; = dim G

dim H; = dim H
Each space G,,,/H,,, is a finite covering of the preceding and by
the use of the theorems of 6.1. we can lift a cell from any one of
these spaces up to the limit space G/H. We can also do this directly
by the use of the first theorem of 6.1 because G/H is a ‘“‘covering”
of each G,/H; whose covering sets are compact and totally dis-
connected.

Now G, is a Lie group and each G,/H, has the same dimension,
say &,

dim G,/H, = dim G, — dim H, = dim G — dim H = &.
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By the theorem of Alexandroff already mentioned it follows that
dim G/H < k. Hence dim G/H = k.

6.2.1. The preceding discussion has been preliminary to the
following important theorem on the local structure of n-dimen-
sional orbits.

THEOREM. Let G be an n-dimensional locally compact group which
satisfies A) and let H be a closed m-dimensional subgroup. Then
dim G|[H = k = n — m. The space of G|H is locally the topological
product of a k-cell and a totally disconnected set D.

It is in accord with the definition that a single point shall be
called a totally disconnected set. However, if D is a single point
(or a finite set) then G/H is locally euclidean; otherwise D is
actually a perfect set.

The proof follows readily from the inverse limit sequence which
was set up in the preceding section. Each G,/H, is k-dimensional,
and carries a k-cell. This can be lifted to a k-cell in G/H. The
desired k-cell can also be found by use of the local subgroup R.
For H intersects R in a closed set, and there is a local Lie group
R, which coincides with this intersection in a neighborhood of e.
There is a k-cell S; C R which is complementary to R, in the vector
addition (3.9) and S, determines a k-cell of cosets of H. Let Z, =
HN Z. The set D is determined by Z/Z,.

6.2.2. The next theorem shows that a finite-dimensional G/H
has the same structure that it would have for dim G finite.

If G is a locally compact group and H a closed subgroup then
G acts transitively on the space G/H = M. If G contains anormal
subgroup K which leaves all of M fixed then G/K can be defined
in a natural way as a transformation group of M.

THEOREM. Let G satisfy A). If H is a closed subgroup of G such
that dim G/H = n, then H contains a closed connected subgroup K
such that a) K s invariant in G, b) G/K is finite dimensional.
Thus if G acts on a finite dimensional coset space, then there is a
finite dimensional group G|K which has the same coset space.

If dim G/H = 0, then K may be taken to be the identity-com-
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ponent C,(G). Hence it will be assumed that dim G/H > 0.

Let F, be compact invariant subgroups of G such that G/F, =
G, is a Lie group, and let K, = C,F,. The group G/K,, is mapped
onto G/F, with a compact zero-dimensional kernel. Since G/F, is
a Lie group it follows that dim G/K, = dim G/I7, which of course
is finite. We suppose F; D FyD ..., and that NF, =e.

Each K acts on G/H = M and since K, may be selected in any
preassigned neighborhood of e it follows that if x € M there is a
value of a, say @ = N such that

Ky(x) is a proper subset of C,M.

Since K, is invariant in G, the group G operates on the space,
called D(M, K,) made up of the orbits Ky(y), y e M. In this
operation Ky leaves every point of D(M, Kj) fixed so in conse-
quence there is a natural way in which

G/Ky operates on D(M, Ky,).

The space D(M, Ky) has positive dimension because Ky (x) is a
proper subset of C, M.

Let x € M map into x* in D(M, Ky).

Since G/Kj is finite dimensional it contains a local Lie group R
such that dim G/Ky is dim R. Let G,. denote the subgroup of
G/Ky which leaves x* fixed. Then

RNG,.

is a local Lie subgroup of R. There is in R and therefore in G/Ky a
local one-parameter group 4*(¢) such that for | ¢ | < some positive
«, h*(¢) meets G,. only in e. There is in G a one-parameter group
A(t) such that

h(t) — h*(t)
under the map

G —> G/Ky.
Hence A(t) operates on x* and if ¢t #¢, |¢|+ |#| <« then
h(t)(x*) # h(t')(x*). Now h(t) operates on M.

It follows that
h(t)Ky(x) does not touch A(t')Ky(x),
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and for |¢| < « that
h(t)Ky(x)
is homeomorphic to the product of Ky(x) and an interval. But

such a product has larger dimension than Ky(x).
Therefore it has now been shown that

dim Ky (») < dim M.
If dim Ky(x) > 0 the same process may be applied to Ky and
the orbit Ky (x) gives an # > N such that
dim K, (x) < dim Ky(x).

Continuing a finite number of steps gives an index ¢ > N such
that dim K,(x¥) = 0 and since K, is connected,

K,(x) = x.

But K, is an invariant subgroup of G so that for all y in M,
K,(y) = y. It has already been remarked that dim G/K, is finite,
and the proof of the Theorem is completed.

6.2.3. THEOREM. Let G be a compact group which acts on a locally
compact space M. Then the points of M on orbits of dimension = k
(B 15 any nom-negative integer) form an open set.

If the theorem is false, then M (using sequences for simplicity)

contains x¥ and a sequence y,, ¥,,..., converging to x, such
that for some pair of integers 4 and %, with 2 < &, and for all #,
dim G(x) = %
dim G(y,) = h.

Set F,, = G, and set H = G,. Every open subset of G containing
H must contain all but a finite number of the sets F,.

Let K denote any invariant subgroup of G such that G/K is a
Lie group. Set G’ = G/K and let T denote the natural map of G
onto G'. Set F, == T(F,) and set H' = T'(H). Every neighborhood
of H' in G’ contains all but a finite number of the groups F,
and therefore, for sufficiently large #, F, is conjugate to a sub-
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group of H' (p. 216). For all such # there exists a map of G'/F,
upon G'/H’, and it follows that dim G’/H’ < dim G'[F,,.

For all #, there is natural map of G/F, upon G’/F,, and it
follows from dim G/F, = & that dim G'/F, < k. Therefore,
finally, dim G'/H’ < h.

It follows that G/H can be approximated by coset-spaces
G'/|H' of dimension not greater than 4, and we get the contra-
diction

dimG(x) =dim G/H S h < k.

6.2.4. Let G act transitively on a space M, and let K,, be the
identity component of the subgroup of G which leaves all of M
fixed. We showed that if M is finite dimensional there is a con-
nected subgroup K leaving all of M fixed such that G/K is finite
dimensional. Let us sec that dim G/K,, is finite.

Now K CK, and G/K, = (G/K)/(Ky/K) and therefore dim
G/K,, < dim G/K by 6.2.2. Many of the theorems of this section
were proved by the authors in [6].

THEOREM. Let G be a compact group acting on a locally compact
space X. For all orbits N sufficiently near to an orbit M, Ky, lies in a
preassigned neighborhood V of K. If M is finite-dimensional then
for N sufficiently near to M, Ky C K,,.

The fact that K, draws into a neighborhood V of K, as N
approaches M follows because otherwise there would be a connec-
ted set not in V and leaving all of M fixed.

Consider next the case where M is finite-dimensional and assume
dim M > 0; for dim M = 0 the proof is immediate. Then G/K,,
is also finite-dimensional. From the local structure of a finite-
dimensional group there is an open set U(e) in G/K,, which con-
tains no non-trivial connected subgroup. Let T be the map

G — G/Ky.

Then T-}(U) =V is an open set including K, in G. Any
connected group F in V must be in K, for otherwise T'(F)
would be a non-trivial connected group in U. This completes
the proof.
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6.2.6. THEOREM. Let G be any effective compact Lie group of iso-
melries of a connected analytic Riemannian manifold of dimension k.
Then dim G < (1/2)k(k + 1).

The proof can be made by induction since G, leaves invariant a
small sphere S around x and must be effective on the manifold S;
dim S = k£ — 1. The details are left to the reader.

COROLLARY 1. Let G be a compact connected Lie group effective
on an orbit M whose dimension is k. Then dim G < (1/2)k(k + 1).

The Corollary follows because it is possible to introduce into M
an invariant Riemannian metric.

CoroOLLARY 2. The result of Corollary 1 holds for any compact
connected G.
This follows from Corollary 1 by a limit argument.

THEOREM. Let G be a compact conmected group acting effectively
on a connected space X. If all orbits in X are of the same finite-
dimension k then G is finite-dimensional.

Let M be any orbit in X. Then G/K,, is finite-dimensional.
For N near to M, Ky CK,. Choose M so that G/K, is of the
highest possible dimension, which must be < k(¢ + 1)/2. Now
for N near to M, Ky = K,,. Then the set left fixed by K, is
open. But it is also closed and this proves the Theorem.

6.3. Orbits which are manifolds

LemMA. Let G be locally compact satisfying A). Let Ny N; DNy,
NN, =¢, be a countable collection of compact invariant subgroups
such that G|N ;=G (Lie group). If H is a closed subgroup such that
G/H is finite-dimensional and locally comnected then for some 1,
N,CH.

CorOLLARY. If a locally compact group satisfying A) s effective
and transitive on a locally compact connected finite-dimensional
space then G is a Lie group.

Let f,: G/N,,; > G|N, and for the proof recall that G/H is the
limit of the system of spaces G,/H; and maps f, (more exactly the
maps induced by f; which we shall also call f;). Under the present
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hypothesis for all large 4, f; must be a homeomorphism of G,/H,,,
onto G,/H,, that is we have

1) fi:Gia—> G,

2) fi:GuafHua —~ GJH,;
and 2) is a homeomorphism. However 2) is a homeomorphism
only if N,;,, C H,,,. This completes the proof of the Lemma and
Corollary.

6.3.1. Suppose now that a compact metric group G acts on a
manifold. Then as has been seen

G =1imG;

is the inverse limit of a countable sequence of Lie groups G; =
G/N, with maps f; : G;; = G,.

If, further, G has a finite-dimensional locally connected orbit
G(x) = G/G, then for some i, N,CG,.

If a compact metric group G as above acts on a space E in such
a way that all orbits are locally connected and finitc-dimensional,
then there is defined on E a function p (x) where p(x) is the smallest
integer p such that N, C G,. For the next Theorem, compare 5.5.

THEOREM 1. If a compact group G acts effectively on a connected
locally euclidean space E and if all the orbits in E are locally con-
nected then G 1s a Lie group.

As mentioned just above thcere is defined a function p(x) every-
where in E. Let L be the set of points in E at which the least
upper bound of p(x) is infinite. The function is lower semi-
continuous and is integral valued so that L is a closed nowhere
dense set. The proof of the Theorem will make use of the following
result for which we use a theorem of Newman [1].

LEMMA. Let R be a component of E — L. Then p(x) is bounded
on R.

It is clear that () is bounded in the vicinity of each point of
R but the Lemma asserts further that there is a uniform bound
for all of R.

Let O be a maximal open connected subset of R on which (%)
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is at most equal to k2, when % is so chosen that O is not vacuous.
Assume that O does not coincide with R, and let b be a point of R
which is on the boundary of O and thusis not in O. Let U be a con-
nected open neighborhood of 4, U C R such that $(x) is bounded
on U, say for xe U, p(x) <7, k<.

The group N, leaves each point of O stationary and this implies
that

X =N,(0uU)
is a connected locally euclidean space. The group N, leaves every
point of X stationary so that N,/N, may be defined as a trans-
formation group of X in such a way that the orbits of N,/N, are
the same as orbits of N,.

Thus N/N, is a compact Lie group acting on X and leaving O,
an open set, stationary. This shows by a theorem of Newman
that NV,/N, leaves all of X stationary. The same is true for N,.
This contradicts the assumption that O was maximal, and this
contradiction proves the Lemma.

The proof of the Theorem will now be made by using the Lemma.

Assume that $(x) is not bounded on E. By the Lemma, L is not
vacuous. Let p(x | L) be the function p(x) as restricted to L and
let b be a point of L at which $(x | L) is continuous. There is an
open set O including b such that p(x| L) is constant and equal to
an integer & everywhere in O N L. Let R be any component of
E — L which has a point in 0. There must be an integer , » = &,
which bounds (x) in R. Let

X = N,(R).

The function $(x) is bounded on X and consequently no point of
L can be an inner point of X. Let ¢ be a point of X "L N 0. This
point cannot be an inner point of X. Let ¥ C O be a connected
open set which contains ¢. The set ¥ — X is not vacuous and it is
separated from X by L. For this reason it is possible to define N,
as a new transformation group of X U ¥V in a manner about to be
described.

If xis in X and g is in N, let

gix} = g(»).
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I xisin V — X, let
gix} = x.

With the new action of N, thus defined the group N, leaves all of
X y V fixed so that the group N,/N, which is a Lie group acts in
a natural way with the same orbits as N,. But N,/N, leaves all
of V — X fixed and this includes an interior point. Hence N,
leaves all of VU X fixed. Hence for x e VU X, p(x) < .

The component R was an arbitrary one touching O and there-
fore for every point x of O — L, p(x) < k. This shows that p(x) is
bounded at points of L in O and this contradicts the definition of
L. This shows that L is vacuous and thereby completes the proof
of the theorem.

THEOREM 2. Let G be a compact connected Lie group which acts
effectively on a connected locally euclidean space E and let k be the
highest dimension of any orbit. Then dim G < k(k + 1)/2.

This is known for G acting on an E consisting of a single orbit
and this will be assumed. Consider now the more general case
where G is not transitive on E. It will be shown that there is an
% in E such that for M = G(x) the group G,, is finite, where G,
is the group leaving all of M fixed.

Choose x so that G/G,, has as high dimension as possible. For
orbits N near to M, K, C K,,. The groups K and K,, are connec-
ted Lie groups; if dim Ky < dim K, then dim G/Gy > dim G/G,,
which is against the choice of M. Hence for N near M, Ky = K,,.
Thus K,, leaves an open set fixed and therefore leaves all of E
fixed. But G is effective so K, = e.

Hence G, is finite and dim G/G, = dim G. The group G/Gy
is effective on M, and by hypothesis dim M < k. The general
case now follows from the special case of a single orbit and this
completes the proof of the Theorem.

6.4. The orbit of an (n—I)-cell and application

THEOREM. Let G be any compact group acting on a locally eu-
clidean n-space E. Let K be a closed (n — 1)-cell in E and let C be
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the component of G (K) which contains K. Then the set H of elements
h such that h(K) C C is an open and closed subgroup of G. Also,
G(K) has a finite number of components.

It will first be observed that H is a group. This is true because
C is invariant under H and in fact H could equally well be defined
as the set of all elements which leave C invariant. Furthermore
since C is closed, the subgroup H is closed.

It will be proved that H is open. Because H is a group it will
be sufficient to prove that the identity of G is an inner point of H.

6.4.1. The proof of this Theorem (Montgomery-Zippin [2]) rests
on the following topological fact which is a direct consequence of
fundamental separation properties of #-space (compare in Borsuk
[1], thenotion of free subset; also in Wilder [1]). Let E be a locally-
euclidean #-space and let S C E be a set which is the union of an
(» — 1)-cell and an arc one of whose endpoints is an inner point
of the cell, and the arc and cell have no other point in common.
Then therc exists an € >- 0 such that if f is a continuous map of
S into E and dist (¥, f(*)) < ¢, then S and f(S) have a point in
common. This may be expressed by saying that the set S is not a
free subset of E, or that S is not free in E.

Let O be an open #-cell, O compact, where O includes a point % on
the relative interior of K. Let K, be a closed (r—1)-cell interior to
K and in O and with & in the interior of K,. Let B, be the boundary
of K,. Let U be a neighborhood of ¢ in G so small that U(B,) does
not scparate between £ and the boundary of 0. Let NCU be a
compact normal (= invariant) subgroup of G so G/N is a Lie group.
Let a,b, be an arc drawn from O — N(K,) to N(K,) — N(B,) so
that the only point of the arc in N(K,) is by, and so N(a,b;) CO.

There is an element f in N such that f(b,) is in K; — By, The
arc ab = f(a,b,) is entirely in O — N (K,) except for the endpoint b
which is in K;. For gin N and g sufficiently small it must be true
that g(b) belongs to K, or that

(Kyuab) Ng(K,) # @

or
K, N g(K, U ab) # ®.
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This is impossible unless K and g(K) intersect. Hence N contains
a compact subgroup say N, such that G/N, is a Lie group and
such that if g e N; then K Ng(K) # ®. Hence N,(K) CC, and
N, CH. It is also true that

G*=C,G)CH
and therefore if F is the group generated by N, and G*,
FCH.

However F must include e as an inner point in G. This completes
the proof of the theorem.

6.4.2. THEOREM. Lef G be a compact group acting on a locally
euclidean n-space E, and let K be an (n— 1)-cell in E. Then
G(K) 1s locally comnected.

In order to prove that G(K) is locally connected it is sufficient
to prove that it is the union, for any e, of a finite number of con-
nected sets of diameter at most e. The cell K may be expressed
as the union of a finite number of cells K, where each K, has
diameter less than e/8.

Let N be a compact normal subgroup of G such that G/N is a
Lie group, and so that diam N(K,) < /2. The set N(K,) hasa
finite number of components by 6.4. Hence

N(K) = UN(K)

is the union of a finite number of connected sets of diameter
< €/2.

The group G/N may be represented as the finite union of con-
nected sets A} each of diameter less than any desired positive
number. Let A, be the sets in G corresponding to the sets A in
G/N. Then

AIN (KJ)

is connected and G(K) is represented as a finite union of these
connected sets which can be so constructed as to have diameter at
most e. This completes the proof.

COROLLARY. If a compact growp G acts on a locally euclidean
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n-dimensional space E then any (n—1)-dimensional orbit is locally
connected.
This follows from 6.2.2 and 6.2.1.

THEOREM. Let G be a compact zero-dimensional growp which acts
effectively on a two-dimensional connected locally euclidean space E.
Then G is finite.

The same fact for one-dimensional connected locally euclidean
spaces has already been proved and will be used. Also N(C'),
see below, is locally connected by the above.

Let D be a domain in E whose closure D is a two-cell and let D’
be the boundary of D. Let C’ be a simple closed curve in D and
let C be the interior (in D) of C’. Let x be any point in C. There is
a normal compact open subgroup N in G such that N(x) CC.
Let K be a closed 2-cell in C such that

N(x) CK.
The group N may be chosen so that

N({C)CD, NC')NnK = ®.
The set N(K) is a continuum such that
NEK)NN({C') =D

N(K)CC.
The component of E — N(C’) which contains N(K) is invariant
under N. The boundary B’ of this component is also invariant
under N and separates x from points of D’. The component of
E — B’ which contains D’ is invariant under N. The boundary
B of this component is invariant under N and separates x from D’.

It can be seen that B”’, a subset of N(C’) is the common bound-
ary of at least two domains, and must therefore be a simple closed
curve (Whyburn [1], p. 106). By the theorem for one-dimensional
manifolds there is a compact open subgroup N’ of N which leaves
every point of B’ stationary. It will now be shown that N”
leaves every point z of E stationary.

There exists one arc azb such that a and b are on B’ and the arc
azb separates the domain of E — B’ in which it lies. In the closure
of this domain it separates a pair of points ¢ and 4 in B"".
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By a similar argument to the above N'(azb) contains an arc
which is invariant under N’’ and which joins 4 and 4. The points
@ and b are fixed under N and it follows that every point of the
invariant arc is fixed under N”’. It now follows that the invariant
arc coincides with azb and hence that z is a fixed point. This com-
pletes the proof.

6.5. (n—1)-dimensional orbits in E,

We now consider a compact group acting on E, with at least
one (n — 1)-dimensional orbit. In this case the action of G can be
rather completely analyzed as we shall indicate (sce Montgomery-
Zippin [4]). In all of Chapter 6, G is a separable metric.

THEOREM. Let G be a compact connected group which acts on
euclidean n-space E with at least one (n — 1)-dimensional orbit.
Then all orbits except one are (n — 1)-dimensional.

We know that G () is a manifold and separates E into preciscly
two domains. If E* is the decomposition space of E in which each
orbit of E becomes a point, then the point x* corresponding to x
cuts E* into precisely two connected sets. Thus x* is a cut point
and a cut point of order 2. The space E* is such that the cut points
form an open set and each cut point is of order 2. By cyclic element
theory (see Whyburn [1]) E* is an arc, a ray, or a line. It follows
that E* is a ray because a cut point of E* divides E into two
domains one of which has a compact closure. This completes the
proof of the Theorem. If G is effcctive it is a Lic group.

6.5.1. THEOREM. Let G be a compact connected group which acts
on euclidean n-space E with at least one (n — 1)-dimensionai orbit.
If x and y are not in the exceptional orbit of lower dimension then
G, is conjugate to G,.

Denote the identity components of G, and G, by G¥ and Gj.
It will be shown first that G} and G} are conjugate.

If z is on the exceptional orbit then for all x and y in E — G(z)
it is true that dim G} = dim G}. It is known that if y approaches
x then G, and G} draw into any given neighborhood of G, and G;.
Hence for y near x, G) is conjugate to Gj.
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Now let x be a definite point in E — G(z). By the remarks above
points y such that G} is conjugate to G} form an open set. How-
ever it is also true that this set is closed in E — G(2) so that it
must be equal E — G(z). Therefore for any x and y in E — G(2),
G¥ is conjugate to G¥.

Next consider the integral valued function a(x) defined for x
in E — G(z) and equal to the number of components in G,. This
function is constant on each orbit so that there is an associated
function «*(2*) defined in E* — z*. Both of these functions are
upper semi-continuous and this, together with the fact that they
are integral valued implies that they are constant on certain open
sets. If a(x) is constant everywhere in E — G(z) then G, and G,
are conjugate for every x and y in E — G(z) as may be proved in
a similar way to the method used to prove that G} and G} are
conjugate.

It will therefore be sufficient to prove that «(x) is constant on
E — G(z) and it has alrcady been observed that it is constant on
certain non-vacuous subsets of E — G(2).

Consider a point p* of E* — z* around which a*(x*) is constant.
If a*(x*) is not constant everywhere then as a point moves along
ray E* in either direction it must come to a first point b* where
the function has a different value. Assume to be definite that
a* (p*) = 7 and that for all points x* immediately to the left of b*,

a*(x*) =7
whereas
a*(b*) =s, s #£7.
There must be a positive integer ¢ 7 1 such that s = #r, so that
a*(0*) =tr, t # 1.

Speaking roughly this means that if x and b are points in E in the
orbits corresponding to x* and b*, then G(x) winds ¢ times around
the orbit G(b). This violates intuition because these are (n — 1)-
dimensional orbits and it will now be shown that it is in fact
impossible.

Let V be that part of an open neighborhood of b which is on one
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side of G(b), where V is so selected that for x ¢ V, a(x) = r. For
any # in ¥ there will now be defined a transformation T, of G ()
into G(b) as follows: Let g, be an element of G such that

£.G.8,' CG,

and assume g, so selected that g, tends to ¢ as x tends to b. The
theorem in 56.3.1 on conjugate subgroups proves that such a choice
is possible. Then if y = g(x) is any point in G(x) let

T,(y) = g.g85" (b)-
This transformation is a local homeomorphism of order ¢ taking
G(x) into G(b).

When « is near b, T, moves points a short distance and T, has
degree t for properly chosen orientations of G(x) and G(b) (see
Alexandroff-Hopf).

The point z is inside G(x) for x in ¥ and also inside G (b). These
two manifolds are orientable and imbedded topologically in E.
The order (see Alexandroff-Hopf) of z with respect to either of
these manifolds has absolute value one. However the remarks
above about T, prove that the order of z with respect to one of
these manifolds is ¢ times its order with respect to the other. This
is a contradiction and proves that «(x) is constant in E — G(z)
and this completes the proof of the Theorem.

THEOREM. Let G be a compact connected group which acts on
euclidean space E with at least one (n — 1)-dimensional orbit. Then
the exceptional orbit is a point z and there is a ray beginning at =
which is a cross section for all orbits in E.

We have shown that if % is near a point p of E — G(z) then G,
is conjugate to G,, and there must be a compact set 4 containing
# which is a local cross-section of the orbits filling a neighborhood
of G(p). Then A must be homeomorphic to a neighborhood of $*
in E* and since E*—z* is a ray it follows that A can be chosen to
be an arc.

Let p*¢* and g*7* be arcs in E* — 2z* having only ¢* in common
and with the arc p*g*r* as union. Let g and g¢,7, be arcs in
E — G(z) which are cross-sections respectively of the sets of orbits
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represented by p*g* and g*r*. If ¢, = g then pq and ¢,7, have a
union which is an arc and a cross section for the orbits of p*g*r*.
If ¢, # q, there is a g such that g(¢g,) = ¢ and then

pq U g(qs71)

is the cross-section of the orbits p*g*r*.

Using this fact and the Heine-Borel theorem shows that for any
arc in E* — z* there is a corresponding cross-section. Therefore
there is also a cross-section for the set E* — 2*, and this cross-
section will be denoted by Q. It still must be shown that Q can
be extended to a cross-section of all orbits including G(z) and that
G(z) is a point.

It will be shown next that G(z) is a point. Assume that this is
not true. Then G(2) is a manifold of dimension 7, 0 < 7 < #, and
G(z) carries a cycle mod 2, whether or not it is orientable. Con-
sequently the Alexander duality theorem shows that there is a
cycle C in E — G(2) such that C does not bound in E — G(2).
The cycle C is carried by some compact set X in E — G(2).

Any point p in E — G(2) is on the same orbit as some g € Q.
There is a g in G such that g(q) = p. Now take ¢ as a definite
point of Q and let ¥ be a variable point of Q. The set Q can be so
selected that for y in Q

G, = G,

Consider the product Q X G(g) and let T map this product into
E — G(z) as follows

T: (v, 8(9) > W)

Then T is a homeomorphism, so E — G(z) is the topological pro-
duct of any one orbit and a line. Consequently any compact set
in E — G(z) may be deformed so as to be outside any other com-
pact set. Therefore C can be deformed in E — G(z) to a position
outside some sphere in E which includes G(z). Therefore C cannot
be linked with G(z). This contradiction shows that G(z) is a point.

It then follows that Q can be extended to a cross-section of all
orbits in E simply by adjoining the point 2z to Q, and this completes
the proof of the Theorem.
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CoROLLARY. The orbits G(x), x # z, have the same homology
properties as an (n — 1)-sphere.

This can be proved by using deformations either toward infinity
or toward the point z in a manner similar to the above.

By using recent work of Borel [1] and Wang [1] it could now
be shown that G(x), ¥ # 2, is an (» — 1)-sphere and that the
group G must be one of a small number of groups which can be
transitive on a sphere. (See also Montgomery-Samelson [1]). It
probably follows that coordinates can be introduced into E in such
a way that the action of G is orthogonal. Thus the group G acting
on E with at least one (» — 1)-dimensional orbit is topologically
equivalent to a subgroup of the orthogonal group acting ortho-
gonally, at least, if the conjecture just made is true.

6.6. Compact connected abelian groups in E,

THEOREM. If G s a compact connecled abelian effective trans-
formation group of a connected locally euclidean 3-space E, then G
is a Lie group.

The proof of this thecorem (Montgomery-Zippin [2]) is rather
long and a brief outline is given first. The group G must contain
a one-parameter dense subgroup T. If G is not a Lic group it has
a compact infinite zero-dimensional subgroup F£. Under the action
of T, E is filled with curves for which there is a local section and
this Jocal section can be chosen to be a two-cell. Furthermore the
section and the group F can be selected so that F is a transforma-
tion group acting on the section. This is because F permutes the
local curves generated by T. A contradiction is then rcached by
using the fact already established that a compact infinite zero-
dimensional group can not be effective on a locally euclidean two-
dimensional space (see p. 249).

As a first step the existence of a dense one-parameter subgroup
T is shown.

LEMMA. Let G be a compact connected separable metric abelian
group. Then there is a one-parameter group T which is dense in G.
Let G = lim G; where the connecting homomorphisms are f,
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fi: Gy > Gy
There is no loss of generality in assuming that the kernel of each
f:is either a finite group or a connected group. The group G, isa
torus of some dimension and there is a one-parameter group 1
which is dense in G,.

If f, has a finite kernel then a neighborhood of the identity in
G, is mapped isomorphically onto a neighborhood of the identity
in G,. Then a small open arc in T, determines a small arc in G,
and the latter arc gencrates a one-parameter group T, which is
dense in G,.

Consider next the case where the kernel K of f, is connected, and
is therefore a torus of some positive dimension. Then G, may be
expressed as a direct product

Gy=K x L

where L is a torus group which f, maps onto G, by an isomorphism.

Let K be of dimension # and L of dimension s. There is a one-
parameter group T* in L which is mapped isomorphically onto
T,. The group T* is everywhere dense in L. Since L = C; X C,
X ...X C,, C; a circle, any clement t* on T} near e has the
following form

* = (%, ..., 4%,).
The fact that T* is everywhere dense means that the coordinates
%,, +=1,..., s are rationally independent.

IfRK=C,y X...XC,,,, it is possible to choose coordinates
Kgp1s ++» Xgyp SO that &, 2==1, ..., s } 7, are rationally indepen-
dent. Then by Kronecker’s theorem the one-parameter group
T, determined by the point «x, .. ., x,,, is everywhere dense in

G, =L XK.

The group T, is mapped by f, in a one-one way on T,.

This process may be continued and gives one-parameter groups
T, dense in G, and satisfying f,(T,,,) = T,, this relation being
one-one. Hence lim T'; is a onc-paramcter group T dense in G
and this completes the proof of the Lemma.

The action of T on E will now be considered. There must be a
point p which is moved by T since G is effective.
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There exists a neighborhood X of $ in E and an arc J in T
including e in its interor such that if x isin X and f and ¢’ are in J
and distinct then

t(x) #t'(x).

Hence by the theorem (of Whitney [1], see 5.4) on local cross-
sections there is a compact local cross-section K at .

This means that for some arc J including e in T the points ¢(%),
te], keK, cover a neighborhood of $; further, this covering is
unique, that isif &' e K, #' € J and #'(’) = ¢t(k) thent=1¢', k=k'.

It was proved by Whitney [2] that the set K is a two-cell in
some neighborhood of $; an independent proof was given in
Montgomery-Zippin [2]. The proofs call for some topological char-
acterisation of the two-cell or of the two-sphere. The reader will
find such theorems discussed fully in Wilder [1]. Here we shall
sketch only briefly a way in which properties of K are inferred
from properties of the containing space E. One can do this in
several ways and we fall back on some local separation properties
of three-space which were first studied by Alexandroff [1], and
which are discussed in Wilder [1].

First, let S C E denote a solid open sphere with p as center and
which is contained in J(K). Suppose further that S is small enough
so0 S, #(S) and £1(S), £, >> 0, are mutually exclusive. Let W denote
the component of K NS which contains . It is possible that the
set W as constructed is not simply-connected and therefore not a
two-cell; but it turns out to be homeomorphic to a subset of the
two-sphere.

Any subset of S can be projected into K, along the lines of action
of J, and any subset of S which contains a point of W and is small
enough will then project into W. Since S is locally connected, it
follows that W is locally connected and in fact W is also locally
deformable to a point. Let ¢ denote an arbitrary point of W and
consider the arc J(g). Since no arc of three-space in any connected
open domain of three-space can separate that domain it follows
that g cannot separate any neighborhood of itself in W. Then W
is cyclicly connected and, in fact, W contains arbitrarily small
simple-closed curves.
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If C denotes an arbitrary simple closed curve in W, then the
set J(C) is a compact cylinder and separates three-space locally
in the neighborhood of every point which is not an edge point. It
follows from this that there are points on W near to C which cannot
belong to a connected subset of J(W) — J(C). Since W is con-
tained in S, W cannot meet £,(S) or #71(S) and it follows without
difficulty that C separates W.

On the other hand, if ab denotes an arc in W, then J(abd) is a
closed two-cell which does not separate space locally in the neigh-
borhood of points of its edge and in particular it does not separate
space in the neighborhood of the point a. The fact that one can
go “‘around the edge” of the two-cell J(ab) in the vicinity of the
point a shows easily that one can go around the end (namely the
point a) of the arc ab in the set W. The fact that this is true for an
arbitrary arc ab of W shows that no arc of W can separate W
in the large.

Finally, in view of known characterizations of the open subsets
of the two-sphere (Zippin [1], for example; see Wilder [1], and
also Whitney, loc. cit) it follows that W is a two-cell in the neigh-
borhood of any one of its points.

It will now be shown that a small subgroup in G can be viewed
as a transformation group on a properly chosen subset of W.

Let w be a point of W and let g be a small group element in G.
Then

gJ (w) = Jg (w)
must intersect W in a unique point »’. Define a new action of
G by
glw} =,

Let Z be any compact zero-dimensional subgroup of G. If W*
is an open connected subset of W which includes p and if F is a
compact zero-dimensional subgroup of Z so small that F{W*} C W
and if for f e F, f{{W*} intersects W* then

W** = F{W*}
is a connected locally euclidean two-dimensional space on which
F operates as a transformation group.
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It is shown in 6.4.3. that F possesscs a compact open subgroup
H such that for all x e W**

H{x} = .

This means from the definition of g{w} that g ¢ H implies g{w} is
in the arc J(w), that is H operates on a locally euclidean one-di-
mensional space. Therefore

e W** and g e H implies g(w) = w.

In particular this is true when w = p.

But 4 was an arbitrary moving point. Thus if $ is any moving
point there is a compact open subgroup of Z which does not move
$. The same is all the more true if 4 is not a moving point under G.

Hence for any p ¢ E, there is an open subgroup of Z which does
not move p. Therefore Z is finite (see 6.3.1).

It has been shown that G contains no infinite compact zero-
dimensional subgroup. It follows that G is a Lic group. This
completes the proof of the theorem.

THEOREM. If G is a compact connected abelian growp which
operates effectively on euclidean three-space E, then G is acircle group.

It is already known that G is a Lie group, and so G is the direct
product of a finite number of circle groups (2.16.4). It will be
sufficient to prove that G cannot be the product of two circle
groups (assuming, as we do, that G is non-trivial).

Assume the theorem false and assume that

G=T1XT2

where T, and T, are circle groups.

For any % € E the subgroup leaving fixed all of M = G(x) is the
group G, (because G is abelian). Therefore for some ¥, G, is finite
and the orbit G(x) is two-dimensional. Such an orbit is homeo-
morphic to G(x) = G/G, and is a torus. This contradicts the
known fact (6.5) that an (» — 1)-dimensional orbit in n-space
must have the homology properties of an (# — 1)-sphere. This
proves the Theorem.

This Theorem does not describe how a circle can act on E, but



CHAPTER VI 259

that will be done later and it will be shown that the action is
equivalent to the group of all rotations around an axis.

6.7. Compact connected groups in E,

THEOREM. Let G be a compact connected group which acts on
euclidean three-space E effectively. Then G is either the civcle group
or the proper orthogonal group in three variables.

It should again be noted that the conclusion is only about the
nature of G and says nothing about the action of G. It will be
shown later that in either case the action of G is equivalent to the
familiar geometric case (Montgomery-Zippin [4]).

Since G is compact and connected (assumed not trivial)

G = lim G,

where each G, is a compact connected Lie group. If any G, con-
tains a toral group 4, then G,,, contains a toral group 4,,; which
is mapped onto 4;. This can be chosen so that 4,,; goes to 4;
with a finitc kernel (this takes argument).

Hence if any G, contains a torus of dimension 7 then G contains a
compact connected abelian subgroup of dimension ». By the
theorem of 6.6 it follows that every G, is of rank one, that is it
contains no toral group of dimension greater than one.

The compact Lie groups of rank one are all well known, and it
follows that each G; is either (1) a circle group (2) the proper
orthogonal group in three variables or (3) the universal covering
of (2), that is the group of quaternions of absolute value one
which is a double covering of (2).

If all groups G, are of type (1) or of type (2) the theorem follows.
Suppose now that some G, is of type (3). Then each subsequent G,
is the same type and the homomorphisms f; taking G, to G; are
isomorphisms from this point on. Hence G itself is of type (3).

Orbits of G are either points or two-dimensional. Since G is
effective some orbit is two-dimensional. By the structure of G
such an orbit is covered by a two-sphere and such an orbit is
either a two sphere or a projective plane. However by the theorem
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on (n — 1)-dimensional orbits in euclidean n-space it follows that
the two-dimensional orbit is a two-sphere.

Let x be a point of this orbit. Then G, is a circle. Now G has a
center consisting of two elements. This center is in all G, for x not
stationary. But if « is stationary, G, is equal to G and also con-
tains the central group. Hence a G of type (3) cannot be effective
on euclidean thrce-space. This proves the Theorem.

6.7.1. THEOREM. Let G be a compact connected group (non-trivial)
which acts effectively on euclidean three-space E. Then G is a circle
growp or the proper orthogonal growp in three variables and the
action of G is topologically equivalent respectively to the group of all
rotations around an axis or the group of all proper orthogonal trans-
Jormations.

It is known that G itself is either (1) a circle or (2) the proper
orthogonal group in three variables. It remains only to be proved
that the action of these groups is equivaleat to the ordinary geo-
metric action as stated. Case (2) will be considered first. Hence G
is now taken to be the proper orthogonal group acting effectively
on E.

In this case an orbit of G must be either zero-dimensional or
two-dimensional (a three-dimensional orbit would be a compact
three-dimensional manifold imbedded in E which is impossible).
Not all orbits can be zero-dimensional, that is a point, because G
is effective. A two-dimensional orbit of G is either a projective
plane or a two-sphere and only the latter is possible in E.

Hence there is a -two-dimensional orbit G(x) which is a two-
sphere. Therefore G, is a circle subgroup of G. Hence all orbits
except z = G(2) are two-dimensional. There is a “‘ray” R begin-
ning at z which is a cross-section for all orbits and if x and y are
in E — z then G, is conjugate to G,.

Take x in E — z and let A4 be the set of stationary points of G,.
The point zis in 4 and for each orbit in E — z there are two points
of the orbit in A. Thus 4 is homeomorphic to an open line and
it may be assumed that one half of the line beginning at z is the
ray R.
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Next consider a euclidean three space E’' with coordinates #, v,
w. Let W denote the ray which is the non-negative w-axis. Let
T be a homeomorphism taking R onto W.

The group G, being the orthogonal group in three variables can
be made to act in a natural way on E’. The homeomorphism from
R onto W will now be extended so that it takes all of E onto E’.

Let p be any point of E. Then p is on the orbit of a point 7 € R.
There is a g in G such that p = g(r). Define

T(g(r)) =T(p) = gT ().
The homeomorphism T as thus defined shows that G in acting
on L is equivalent to G acting naturally on E’.

This proves the Theorem for case (2) and case (1) will be con-
sidered next. The proof for this case is somewhat longer.

6.7.2. Assume then that G is a circle group which acts effectively
on euclidean three-space E. The proof given here follows Mont-
gomery-Zippin [1] where a theorem of greater gemerality is
proved.

It will be convenient to adjoin a point at infinity « to E to
form S, the three-sphere. The action of G is extended to S by
making « a stationary point of G

gla) =«, geG.

In this way G becomes a topological transformation group of S.

Let E* and S* be the orbit spaces of E and S and let T be the
natural map from E and S to E* and S*

Lect I be the set of stationary points of S. Points in S — F are
called moving points. A stationary point x is said to have period
zero, p(x) = 0. For any other point %, p(x) is the smallest non-
zero element of G which returns x to #, so that p(x) can be re-
garded as a positive real number, 0 < p(x) < 1. Of course p(x)
is rational, and also (x) is lower semi-continuous. The function
# (%) is constant on an orbit and therefore determines an associated
function p*(x) defined in S*.

If x, tends to a moving point x and p(x,,) tends to a number p,
then p is an integral multiple of p(x).
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Let M denote the set of moving points, D the subset of M where
p(x) is discontinuous and C the subset of M where $(x) is conti-
nuous. Then

S=FyCuyuD

where the three sets F, C, D are mutually disjoined. The set F is
closed. The set C is open and everywhere dense in M because of
the semi-continuity of #(x) and the special nature of the discon-
tinuities as mentioned above. It also follows from earlier theorems
that F is nowhere dense in S.

If y is a point of C then for x near y, G, = G, so that thereis a
local cross section at y from the thcorem on existence of local
cross-sections.  Since local sections can be pieced together in
the present case we have:

LeEMMA 1. If A is an arc, two-cell, or simple closed curve in T (C)
then T-1(A) has a cross-section and is the divect product of the cross-
section and a simple closed curve.

LEMMA 2. If the arc ab is in T (C) except for the point a which is
in T(F) then T-'(ab) has a cross section and is a closed two-cell.
The proofs of these Lemmas are omitted.

6.7.3. A type of set used below will now be described. Let B be
a compact cylinder, the product of a simple closed curve and an
arc. Let points on each base be specified by 0, 0 < 6 < 2.
On one base of B identify each set of % points of the form 04-2nn/k,
n=0,1,..., k— 1. The set obtained in this way will be called
B,.

LemMMA. Let ab be an arc which, except for a, is in T(C) and is
such that as x approaches a along ab, p*(x) approaches kp*(a).
Then T-1(ab) contains a cross-section and is homeomorphic to B,.

If cd is any subarc of ab which does not include «, then T-1(cd)
has a cross-section by Lemma 1 above (2 is not fixed).

Let y be any point of T-!(a), and let K be a compact local
cross-section in the space T-1(ab) of the orbits of G. This means
that there is in G a symmetric arc J including ¢ in its interior such
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that the points
JEK)= utlc) te], ceK

are a product J X K and form a neighborhood of y in T-(ab).

The set T(K) is a compact neighborhood of  in the arc ab and
T(y) = a. If x 5 ais in ab and sufficiently near to 4 then T-1(x)
cuts K in precisely & points. Choose af in ab so that for x in af,
% # a, T71(x) cuts K in precisely % points, and now let

K' = KN T-(af).

It can be seen that K N T-! (af — a) consists of exactly % half
open intervals which are mutually disjoined.

Consider one of these half open intervals and add to it the point
v thus obtaining a closed interval which is a cross-section of the
orbits of T-(af). The interval fb is such that T-(fb) has a cross-
section and this can be translated so as to touch the cross-section
of T-1(af) in one point. The union of the two then is a cross-
section of T-1(ab).

By using this cross-section it can be seen that T-(ab) is homeo-
morphic to B, and this proves the lemma.

6.7.4. LeEMMA. The set D in (6.7.2) is vacuous.
This will be proved by showing that 7T°(D) C S* is vacuous.
Since T'(D) is closed in T(M) it follows that

T(D) = D,uD,

where D, is perfect in T(M) and D, is countable. Two cases will
be considered.

Case 1. D, is vacuous.

In this case T(D) is a countable set closed in T (M). Then T(D)
must contain an isolated point 4. Since T(F) is closed there
exists in S* an arc b'b which except for b belongs to T'(C). In this
case the complement of D is connected and therefore there is an
arc fb’ where f is in T'(F) and all other points are in T(C). Then
fb’ U b'b contains an arc fcb where f is in T(F), b e T(D) and all
other points of fcb are in T(C).

At the point b it can be seen that *(x) has a unique limit say
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kp*(b). Hence T-(cb) is homeomorphic to B, and T-!(fc) is a
two-cell. The sct

T(fcb)
carries a non-trivial two-cycle mod # but it carries no non-trivial
two-cycle with the integers as coefficients. By the Alexander dual-
ity theorem such a set cannot be imbedded in the three-sphere S.
This contradiction shows that case 1 is impossible.

Case 2. D, is not vacuous.

The function p*(x) is semi-continuous. This function restricted
to D, U D,, denoted by #*(x, D, U D,) is also semi-continuous.
Hence the points of continuity of p*(x, D, U D,) are dense in
D,uD, and are a Gg, that is the intersection of a countable
number of open subsets of D, U D,. Therefore there is a point b
in D; at which p*(x; Dy U D,) is continuous.

Let U be an open neighborhood of 4 in S* so chosen that
T(F)NU = ®.

Let bed be an arc in U with be Dy, d in D, U D, and (bed — b
— d) CT(C). The function $*(x,bcd — b — d) is continuous and
in fact constant because a function with rational values which is
continuous on a connected set must be constant on the set. Hence
if xebed —b—d

p*(x) = kyp*(b)
p*(x) = kop*(@).

Now U may be assumed as chosen in advance so that if
d e U N (D, U D,) then p*(d) = p*(b). This is because p*(x) has
the form 1/n. Hence k; = k, and define

k="Fk =k,

Then T-1(bc) and T(cd) are homeomorphic to Bj.

The set T-!(bcd) carries a non-trivial two-cycle mod % but it
does not carry a non-trivial two-cycle with the integers as coeffi-
cients. As before such a set cannot be imbedded in S by the
Alexander duality theorem. This shows that case 2 is impossible.
This proves that D is vacuous and concludes the proof of the
Lemma.
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LEMMA. The set M s conmected.
If M is not connected let

M = Ul U Uz
where U, and U, are disjoined open sets, both non-vacuous. Then
S == F U U1 U U2

and G may be defined as a transformation group in a new way as
follows

if xeUyUPF, let g{x} ==«

if x € Uy, let g{x} = g(x).

With this definition G is a transformation group of S and since the
set of stationary points includes U,, it follows that every point is
stationary. This is a contradiction and proves the Lemma because
G is compact.

If p € F then there arc arbitrarily small open invariant connected
sets which include 2.

LemMA. If O is an open connected set wihch is tnvariant under G
then O — F s comnected and arcwise connected.

This can be proved in the same way as the Lemma above. It
shows that F does not secparate locally. Hence F is arcwise
accessible from M.

LEMMA. The set T(M) is homeomorphic to an open two-cell.
Let J denote any simple closed curvein 7°(M). Then T-1(J)isa
torus and
S=T7(J)=U,uU,

where U, and U, are disjoined, open connected sets, and
U,—U,=T7]),i=1, 2

Further the sets U, and U, are invariant and therefore T'(U,) and
T(U,) are disjoined. But

S* =] =T(U)uT(U,)

and therefore J separates S* and in consequence separates T (M).
Next let 4 be an arc in T(M). Then T-(d) is homeomorphic
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to a circle times an interval. Hence T-1(4) does not separate S
and A does not separate S*. Also T-1(4) cannot separate M and
therefore A does not separate T'(M). Similarly it can be seen that
if $ is a point in T(M) then p does not separate T (M).

To show that T (M) is a plane, use will be made of a characteriza-
tion of the plane given by Zippin [1] (see also Wilder [1]).

It must be shown in addition to the above that either T'(U,) or
T (U,) has a compact closure in 7(M), and that the other does not.

Either U, or U, contains the point at infinity «, say « € U,.
Hence T'(U,) does not have a compact closure in T(M).

It remains to show that U, does not contain points of F for then
T(U,) has a compact closure in T(M). ‘

The fact that T-1(J) is accessible from each domain shows that
the same is true for J. Assuming that T'(U,) contains a point of
T(F) there must be an arc abc such that a and ¢ are in T(F),
bis in J, the open arc ab isin T (U, — F), and the open arc bc is in
T(Uy, — F). The sets T-'(ab), T~'(bc) are two-cells and their
union is a two-sphere S, which has in common with the torus
T-1(J) the simple closed curve T-1(b).

By the duality theorem S, separates E into exactly two open
connected domains ¥, and V,. Now 7T-1(J — b) is connected and
must be entirely in one or the other of these sets, say in V,. This
implies that there cannot be points of ¥, in both U, and U,. Since
the points of 71(«) and T-1(c) (points of S,) must be accessible
from V, this is a contradiction.

It has already been remarked that if 4 is a two-cell in T'(C)
then T-2(A) has a cross-section (first proved by Seifert [1] and
later extended by Feldbau [1]).

LEMMA. If x is a point of T (M), the basic cycle of T2(x) cannot
bound in M.

Let z be the basic one-cycle of the simple closed curve T(x).

Since T(M) is a plane, and since it is now known that D is
vacuous, it follows that M has a cross-section in the large.
This determines a homeomorphism from M onto the topological
product of (T)M and a circle with orbits going to circles. Hence
z cannot bound in M. This shows that F is not empty.
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LeMMA. If z is a point of F then F — z is comnected.

If z is a point of F for which the lemma is false then F is the
union of two closed non vacuous sets X and Y (see 1.24) whose inter-
section is vacuous or consists only of the point 2. Let x and y be in
X and Y respectively and let T(x) = a, T(y) = b. Then there is
an arc ab in S* which contains no points of T (F) except 4 and b.
This follows from the fact that F is arcwise accessible.

Then T-1(ab) is a two-sphere and its basic two-cycle bounds in
S — z. On the other hand if 4, is an interior point of ab, the basic
cycle of T-'(a,) bounds in the complement of X and in the comple-
ment of Y. This however contradicts Lemma W* of a paper by
Alexander [2], and this contradiction establishes the Lemma.

It follows from the previous Lemma that F contains more
than two points, and now it follows that F is connected.

LEMMA. The set T(E) is homeomorphic to a closed half plane.

Take x and y in F as in the preceding Lemma. Again let T'(x) =
a, T(y) = b, and let ab be an arc with no points in T(F) except a
and . Then T-1(ab) separates S so that the arc ab separates
S* = T(S). A proper subset of the arc corresponds to a proper
subset of the two-sphere and does not separate. Hence ab se-
parates srreducibly.

It is true that each domain of S — T-1(ab) contains a simple
closed curve orbit. Since this orbit bounds in the domain, it
follows that each of the domains of S — T-1(ab) contains a point
of FF. Therefore x and y separate F.

Therefore T(F) is a continuum without cut points which is
separated by every pair of points. Hence (Whyburn [1]) T(F)
and F are simple closed curves. It follows from a theorem of
Zippin (see Wilder [1]) that T'(S) = S* is a closed two-cell whose
boundary is T(F). The fact that T(E) is a closed half plane with
boundary T(F — «) follows and this proves the Lemma.

The argument for the theorem can soon be concluded.

It has already been remarked that M has a cross-section which
will now be denoted by K;. Then

T : K, - T(M)
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is a homeomorphism of K, onto T (M). However T is also a homeo-
morphism of F — « onto T'(F — «).
Let
K = Kl U (F _— a).

Then T maps K onto T(E) and it can be seen that the map is a
homeomorphism.

Any point % of E is on the orbit of a point %4 in K, that is, there
is g € G such that

g(k) = x.

The group G also acts in a natural way on threc-space ¥y, yp, Y3 as 2
rotation around the y;-axis. In this natural action each point is
on the orbit of a point in the half plane P given as follows

P:y, =0, y, =0, y, arbitrary.

There is a homeomorphism T* from K to the half-plane P taking
F—uatotheaxisy, = 0, y,== 0. It may now be left to the reader
to extend T* to be a homeomorphism from all of E onto all of the
space ¥y, Ya, s, and in such a way that the original action of G is
carried to the action on (y;, ¥, ¥3). This proves the Theorem.

6.8. One-parameter transformation groups in E,

As already remarked, the action of ¥; on the plane or on three-
space can be very involved, and extra conditions must be imposed
in order to achieve useable theorems. Two results of this kind will
be described without proof.

A one-parameter transformation group V; of Ej is called disper-
stve if for every pair of points x, y ¢ E; there exist neighborhoods
U,, U, C E, and a positive number N such that for every z¢e U,
and every ve V,, [v|> N, the point vz is not in U, (Montgomery-

Zippin [3]).
THEOREM 1. A mecessary and sufficient condition that V, be a

translation-group of Ey (in an appropriate coordinate-system) is that
it be dispersive.
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The second Theorem rests on a definition given in 1.26.3,
example 6, of Chapter I.

THEOREM 2. A one-parameter transformation group of Eg which
is pointwise periodic, whose orbits are small near fixed points and
whose period function is bounded in the meighborhood of moving
points, is a topological quasi-rotation group of E,.

The proof of the second theorem does not differ very much from
the analysis of the circle group on E; (Montgomery-Zippin [1]).
In the first Theorem the key idea of the proof is to construct a
cross-section in the large.

6.9. Rigid geometries of E;

When a compact group acts on a metric space it is easy to find
a metric for the space which is invariant under the action of the
group. Thus, let d(x, y) be a metric for a space M acted on by a
compact group G. Choose a left-invariant integral in G (2.17)
normalised by the condition 1 = 1. Now define a new metric
d* by
a*(x, y) = [d(gx, gy)-

Then from the triangle inequality for d expressed by

d(gx, gy) + d(gy, g2) = d(gx, g2)

for every x,v,2¢e M and geG, the triangle inequality for 4*
follows at once. The other properties of a metric are equally ob-
vious. The invariance of d@*, for every A4 ¢ G, follows from

a@*(hx, hy) = [d(ghx, ghy) = [d(g'%, g'y) = d*(x, y).

Of course, if the metric 4 has certain special properties, it does not
follow that d* will have them (in the Bing example in Ej already
referred to, the “averaging process’ just described must alter the
given euclidean metric to something that cannot be euclidean).

We may express what has been proved above by saying that
every compact group of transformations of a metric space M can
be regarded as a subgroup of a group of isometries of M. This is
not true in general for locally compact groups, and not even for the
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projective group on a line, since that group has one-parameter
subgroups which cause a moving point on the line to approach a
fixed point.

6.9.1. The notion of congruence which underlies the euclidean and
hyperbolic geometries of the plane and of three-space is essentially
a concept of isometry applied to transformation groups which are
not given as topological groups (but which acquire a natural
topology from the way in which they operate on a topological
space). The topology which is appropriate to these transformation
groups makes them locally compact.

In one of his studies of the geometry of the plane Hilbert [2]
formulates a class of transformation groups which may be des-
scribed as follows. Let M be a topological space and let G be a
group of homeomorphisms of M. A pair x, y ¢ M is called congruent
to a pair x’,y' ¢ M if thereisa g € G such that gx = #"and gy = »".
A pair %, ¥y € M is called semicongruent to a pair x”', y'' ¢ M if with
respective neighborhoods U(x), V(y), U(x"), V(y"), all in M,
there exists a, b in U(x), V(y) and &’', 4" in U(¥"), V(y") such
that the pair (a, b) is congruent to the pair a”, b".

Hilbert studied transformation groups of the number-plane
which had the property that every semicongruent pair (of pairs of
points) was also congruent. His work was partly carried over to
three-space by Kerekjarto [2] in 1927. After the structure of com-
pact topological groups had been worked out it was possible to
extend Hilbert’s theorem to three-space in a form very close to the
original (Montgomery-Zippin [7]) as follows.

THEOREM. Swuppose that E is Ey and that G is a group of homeo-
morphisms of E onmto itself such thai

1) if a pair of pairs of points of E is semicongruent under G then
it is congruent

2) there is at least one point p € E such that G, C G is a proper
subgroup of G, and for this point

2a) the set G,(x) is infinite, x # p

2b) there is at least one q € E, q # p, such that G,(q) is not totally
disconnected.
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CONCLUSION: [line, plane, angle, congruence may all be defined in
E and E is the euclidean or the hyperbolic space and G is the group of
all congruences or it is the group of all oriemtation preserving con-
gruences.

We have remarked before that it is not known whether a com-
pact totally disconnected infinite group can operate effectively on
three-space. In line with this, it is not clear whether condition 2b)
is redundant. However, in the present theorem we are dealing
with a rather large group of transformations of the three-space
and the question may be a little easier to answer.

The condition 2b) 4s superfluous in the plane (6.4.2) and
Hilbert does not use it in his theorem. The remaining conditions,
above, are a little weaker than the ones used by Hilbert (for the
plane) but they are sufficient to give his result if E, above, is
interpreted to be the number-plane (rather than E,).

Concerning the proof we shall only remark that the group G,
is first proved to be compact (in a naturally defined topology
which embraces all of G). Then the preceding results give the
structure of the group G, and of each G, for which % € E can be
proved to be on the orbit G(p). Ultimately, of course, G is seen to
be transitive on the space.
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Abelian (-commutative) groups, 20,
83, 101, 187
Adjoint (representation), 106, 149
Analytic coordinates, 169
analytic group (Lie), 49, 68, 169
analytic structurc (manifold), 45
Arc, 2
Automorphism, 22

Basis (for open sets), 3
basis at ¢, 25
Bounded metric, 13
Brouwer thecorem (invariance of »-
cell), 176

Cantor diagonalizing procedure, 14
Cantor discontinuum (Middle-Third
set), 6, 7
Carrier, 86
Category, 9, 197
Cauchy criterion, 14
Center, 40
central, 39
Characteristic function, number, 97
Class Cr, 45, 164; C®, 164
Closed, closure (7), 4
Compact, 6
locally compact, 8
Complement (set), 4
Complete regularity, 29
Complete space, 14
Complex analytic structure, 46
complex homeomorphism, 214
component, 37
of the identity, 39
conjugate (element, subset, sub-
group), 39
connected, 39
locally, 185
simply, 46
convergence (of points, x, - %,
lim », = #), 14

of sets (lim 4, = 4), 15
continuum (= compact, connected
set), 37
continuous (map), 4
coordinates, canonical of first kind,
162
admissible, 45
canonical of first kind, 162
of second kind, 163
coordinate neighborhood, 486
coset, coset-space, 26
for local groups, 33
countability axioms, 3
cover (by open sets), 8
covering-map, 46, 234
cross-section, local, 159, 219

decomponsition space (orbit-space),
61
deformable (shrinkable, homotopic)
to a point, 234
dense, everywhere, 14
nowhere, 9
Diagonal process, Cantor, 14
Differentiable coordinates
ture, 45, 164, 196
Dimension, 176
Direct decomposition, factor, sum-
mand (of groups), 20
Disconnected, totally, 37, 56
Discontinuum, Cantor, 6, 7
Discrete, 2
Disjoined, disjunct, 38
Dyadic (group), 48
dyadic rationals, 28

struc-

e (identity of group, also subgroup
consisting of identity), 19

E, 3; E,, b

Effective (transformation group), 40

Exponential map, 72, 144

Euclidean, locally, 44



Factor (of a product), 20
factor-group, 27
Faithful representation, 190
Free subset (of E,), 247
Fundamental differential equations
of a group, 171

Generating (subset of a group), 54
sequences of sets, 108

Generator (of dyadic group), 49
Geometry of three-space, 269

Geodesic metric, 216

glb., 8

Gl,, 21, 50, 71

Group (axioms), 19
product of groups, 19
subgroup, 19
topological, 19
transformation, 40

G, 43

Hausdorff metric, 17

Hausdorff space, 8

Hilbert fifth problem, 67, 184

Homecomorphism, 2

Homogencous space, 30

Homomorphic, homomorphism, 23

Homotopic path, homotopic to a
point, 234

I (the positive integers), 1’, 17,
I*, ..., 14
Identity e, 19
Tdentity-component, 39
Index (Brouwer), 252
Induced (relative) topology, 4
Inner point, 8
Integral, 85
Invariant (subset of a group), 22
metric, 34
Inverse set (map), 4
in a group, 22
Isomorphism, 22

ko 129
Kerncl (function), 97
of a homomorphism, 24
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Lie group, 49

Limit, projective, 59
sequential, 14, 15

Local group, 31

Map, 4
natural, 26
Manifold, 44

Matrix group (subgroup of Gi,), 71
Metric, 12

invariant, 34
M,, 20, 50, 72

Natural map, 26
Neighborhood, 8
of identity, 25
Normal subgroup (=
subgroup), 22
Normal space, 38
Newman theorem, 223

invariant

One-parameter group, 24, 105, 192
semigroup of sets, 110
Onto (map), 4
Open (set), 1
(map), 4
open in (relative topology), 4
Orbit, orbit-space, 61

Path, 234

Periodic, pointwisc periodic, 222
Prod. S,, product of spaces, 5
Product of subsets of a group, 20, 22
Projective limit, 59

R,, closed unit-interval, 2

Regular, 9

Relative (induced) topology, +

Separable space (= 2nd coun-
tability), 17

Set, set-intersection: N, set-union:
U, 1

Set-inverse (map), 4

set-product in groups, 22

Shrinkable to a point, 234

Simple closed curve, 2

Solenoid, 66
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Space, 1
Sphere S,(x), 12
S.(4), 16
Stability group: G, 40, 64
Structural constants, 170
Subbasis, 3
Subgroup, closed, 19
open, 2.3
Symmetric (sets), 22
neighborhood of e, 25

Topological equivalence (homeomor-
phism), 2
topological group, 19
space, 1
product, &

Totally disconnected groups, 56
Transformation group, 40
Transitive, 30, 43, 63
Translation (left, right), 23

of euclidean three-space, 268
Tychonoff theorem, 9

Vector-addition, ¥ oy, 144
x—1y, 146
Vector-space V,, 83

Wildly-imbedded, 229
Without fixed points, 235
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