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II. The Cochlea of the Ornithorhynchus platypus compared with that of ordinary
Mammals and of Birds.

By UrBAN Pritcuaep, M.D., F.R.C.S., Aural Surgeon to King's Colleye Iospital.
Communicated by Professor HuxLEY, Sec. R.S.

Received November 9,—Rend December 9, 1880
[PraTes 45, 46.]

TN the course of my rescarches into the structure of the cochlem of various Mammals
and Birds, I have been frequently struck with the marked dissimilarities displayed in
these two forms of the organ.  For this reason T naturally became anxious to examine
it in a Monotreme, and to find, if possible, some links in structure between these two
cochle.

I therefore made inquiries for specimens of the Ornithorhynchus platypus mnong my
Australian friends, and, after a year or two’s patience, succeeded in obtaining several
skulls of that animal in an excellent state of preservation. These have enabled me to
make some researches into the morphological and microscopical structure of this cochlea,
the results of which I trust will be deemed worthy of the consideration of the Royal
Society.

Morphology.

That part of the bony labyrinth which constitutes the cochlea of this animal consists
of a somewhat curved tube, about } inch (6:3 millims.) in length and 5 iuch
(1'26 millim.) in diumeter, projecting from the cavity of the vestibule and embedded
in the substance of the petrous bone near its anterior extremity (sec Plate 45, fig. 1).

This tube is directed almost horizontally forwards and is slightly curved outwards,
its apex forming a little projection on the outer border of the petrous bone close to its
pointed end.

In section this tube is of an oblong form at its commencement, vestibular end, with
its greatest measurement (% inch or 2 millims.) from top to bottom (see Plate 45,
fig. 3). A little further forwards it becomes triangular, but soon it assuines its general
oval-shape with its greatest diameter (g inch or 1'15 millin.) from side to side
(see Plate 45, fig. 2). The tube terminates in a slightly enlarged rounded extremity,
which, however, is not spherical but flattened from top to bottomn. Its greatest diameter
(from side to side) is ¥ inch or 17 millim. This enlargement is due to the partial
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268 DR U. PRITCHARD ON THE COCHLEA

coiling up of the anterior extremity of the membrunous labyrinth, showing the tendency
to assume the spiral form: thus, the ductus cochlez of the Oraithorhynchus may be
likened to that of u typical Mummal which has been unwound except at its extreme apex.

The yenerul form of the Duckhill's cochlea contrasted with thut of the typical Mammal®
ard Bird.t

On comparing the general form of theso three cochlew it is at ofice evident that
there is much more resemblance between those of the Duckbill and Bird than between
cither of these and that of the typical Mammal. Thus the cochlew of both Duckbill
and Bird consist of curved tubes enlarged at their anterior extremities, with not much
difference in diameter throughout except at their apex.

These two differ, however, in that the Duckbill’s is more curved ; that it is curved
outwards, wherens the Bird's is curved inwurds (towards the median line of the body) ;
and in that the enlargement at the apex in the latter is more oval in shape instead of
being rounded.

The differences between the general form of this Monotreme’s cochlea and that of
other Mammals will be found to be very marked. Whereas the former is merely a
curved tube of nearly equal diwwmeter throughout, the latter is made up of a coiled
tube which tapers from commencement to apex so as to assume the form of the inside
of a Snail’s shell.

The length of the tube is much greater in typical cochlem; thus in the smaller
Mammals, such as the Cat, Dog, and Rabbit, it measures about § inch (19 millims.)
against { inch (63 millims.) in the Duckbill. Lastly, the axis of the spiral cochlea is
horizontal, whereas that of the curved tube is vertical.

The internal arrangement and minute structure of the Duckbill's cocllea.

It may bo well to premise that on examining the interior of this cochlea the
resemblance between it and that of the Bird is almost entirely lost, and its true
Mammalian type becomes at once apparent.

The interior of the tube is divided horizontally into two unequal parts by means of
a lamina, the upper division being larger than the lower. The outer and larger
portion of this horizontal lamina is bony, the inner portion membranous. A very

# For description of Mammalian cochlea sco Qualy’s ‘ Elements of Anatomy,” 8th ed., vol. ii., and
Stricker’s ¢ Histology,” vol. iin

t For description of the Bird's cochlen see—

Paut. Mryer, * Labyrinthe Membraneax dn Limagon chez les Roptiles et les Oiseanx.’

Hassk, Dio Schnecke der Vogel in v. Sicbold’s und Koliker's Archiv. fir Wissensch. Zoologie,
Bd. xvii, p. 381, 1867.

Hasse, Nachtrige zur Anat. der Vogelschnecke, ibid,, p. 461.

Derrkrs, Unt h. u. d. Schnecke d. Vogel Archiv. f. Anat. u. Phys, p. 409, 1860.




OF THE ORNITHORHYNCHUS PLATYPUS. 269

delicate membrane proceeds from the upper surface of the osseous lamina, near to its
inner margin, to the inner wall of the cochlea tube ; this membrane forms an acute
angle with the inner portion of the horizontal lamina, and thus cuts off a third tube,
which is triangular in section and very much smaller than the other two divisions of
the cochlea tube.

The upper large tube is the scala vestibuli, and communicates posteriorly with the
general cavity of the vestibule ; the small triangular tube is the scala medin or ductus
cochlee, and communicates with the saccule of the vestibule. The lower tube is
the scala tympani, and communicates posteriorly with the tympanic cavity in the
dried bone.

The scala vestibuli is largest at its vestibular end; here it is nearly square, being
47 inch or 1'05 millim. high, by Js inch or 1 millim. broad. Further forwards it
becomes smaller and alters its form until it becomes oval, with its greatest diameter
4% inch or 1'15 millim. from side to side, and ;5 inch or -58 millim. from top to
bottom. Near the apex of the cochlea the scala vestibuli communicates with the
scala tympani by means of an oval opening - -helicotrema—formed by the absence of
the bony lamina, which does not extend as far forward as the apex of the cochlen
(see Plate 45, fig. 1).

The scala tympani is throughout much smaller than the seala vestibuli, and this is
due to the fact that the osscous lamina encroaches much further inwards on its lower
than on its upper side. The scala tympani is nearly cireular in scetion, and varies
very shghtly in diameter, g5 inch or *56 millim, throughout its entire length. At
its anterior extremity it unites with the scala vestibuli, as already stated.

These two scala: are lined with endothelium and contain epilymph. In one of my
specimens the scala tympani is almost completely filled, especially its posterior
portion, with a substance resembling organising lymph, the true nature of which
I am at present unable to explain.

Before passing on to the description of the scala media it will be more convenient
to describe the lamina ossea, or outer* portion of the horizontal lamina which divides
the general tube. This corresponds Loth in position and structure to the lamina
spiralis ossea of the typical Mammal.

It is a wedge-shaped mass attached by a very broad base to the outer wall and
floor of the cochlea tube, thus encroaching much more on the lower than the upper
half of this tube, as already stated.

The upper surface of the lamina, except near its attachment to the wall, is almost
horizontal ; but just before its free margin it is raised up into a rounded eminence—
the limbus—and this terminates in a sharp edge the upper lip of the marginal sulcus.

# In describing the position of the parts in the spiral cochlea it is usual to consider the modiolus or
axis as the centre; but in describing the curved cochlea of the Duckbill the median line of the body is
taken as the contre  As a result of this difference, the relative meaning of inner and outer is reversed ;
thus the outer part of the spiral cochlea corresponds to the inner of the Dnckbills.
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270 DR. U. PRITCHARD ON THE COCHLEA

The lower surface of the lamina slopes upwards and inwards from the floor of the
tube, curving round so as to become almost parallel to the upper surface. It also
terminates in a sharp edge the lower lip of the marginal sulcus ; this lower lip projects
much further inwards than the upper.

The free margin of the lamina is deeply grooved, forming the sulcus just alluded to.

The lamina ossea does not extend to the apex of the cochlea, but terminates before-
band in a curved border, which forms part of the boundary of the oval communication
between the scala vestibuli and tympani. As the lamina approaches its anterior
termination it gradually loses its wedge-shape and ceases to be attached to the outer
wall of the tube ; so that at last it simply consists of a plate springing from the floor
and curving round so as to become horizontal at the limbus.

The substance of this lamina ossea is modificd bone, like the lamina spiralis ossea of
typical Mammals. It is not so dense as ordinary bone, and chiefly consists of what
may be called ossified stellate fibrous tissue. It is well supplied with blood vessels,
which have a tendency to become tortuous. The substance of the limbus is again
modified, being more homogeneous in structure and not unlike the matrix of hyaline
cartilage ; moreover, its surface is deeply grooved transversely, giving it a dentate
appearance, the free edges of the teeth forming the sharp upper lip of the marginal
sulcus.

Through the lamina, close to its lower surface, run the bundles of nerve fibres on
their wuy to the organ of Corti; these will be described further on.

From this brief deseription it will be seen that the lamina ossea agrees entirely in
structure and position with the lamina spiralis ossca of the ordinary Mammal.

T'he Scala Mediv or Ductus Cochlee.—This constitutes the membranous labyrinth of
the cochlea. Taken as a whole it is a triangular tube rather more than } inch in
length which is coiled round at the apex of the cochlea, and is connected posteriorly
with the saccule of the vestibule by means of a circular tube with very delicate
membranous walls, in & manner that I have not completely made out. As already
mentioned, it is triangular in section. The floor or base of the triangle is formed by
the limbus of the osseous lamina and by the membrana basilaris, which stretches from
tho lower lip of the marginal sulcus to the ligament of the cochlea. This ligament is
a large cushion of connective tissue adherent to the innmer wall of the cochlea, and
forms the inner boundary of the scala modia. The third and upper side of the triangle
is formed by the delicate membrane of REIssNER, which stretches from the upper part
of the ligament to the upper surface of the osseous lamina, being attached just where
the elevation of the limbus commences.

The whole of the inner surface of the scala is lined with epithelium, which is vari
ously modified according to its position,—that part of this epithelium which lies on
the central portion of the floor being developed into that complex form of nerve
epithelium known as the organ of Corrr.

The membrana basilaris is a strong membrane made up of three layers. The lower
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consists of fibres running lengthways, in the direction of the scala ; these fibres have
spindle-shaped nuclei, which present a rounded appearance like the nuclei of epithelium
when seen in transverse sections of the cochlea. The next layer, the thickest, is
more homogeneous in uppearance, its component fibres run transversely from the lower
lip of the marginal sulcus to the ligamentum cochlez with which they blend. The
upper layer is simply composed of one layer of fine fibres covering the inner part of
the second layer ; these are continnous with the rods of Corrr, to be described later.

The ligamentum cochlew is a large cushion of connective tissue, somewhat triangular
in section; its inner surface is closely adherent to the wall of the cochlea, and its
outer one is raised up into two horizontal ridges one above the other. The lower is
pointed and situated opposite the lower lip of the sulcus; to this ridge the membrana
basilaris is attached: the upper is rounded off, corresponds and is opposite to the
upper lip of the suleus. The grove betwecn may be called the secondary sulcus.

The connective tissue of the liganment is made up chiefly of fine interlacing fibres,
but those composing the lower ridge are much coarser and transparent, they radiate
from the point of attachment of the membrana basilaris. The whole substance of the
ligament is very vascular.

The membrane of RurssNER is composed of a very delicate basement membrane,
which is exceedingly difficult to demonstrate, and « layer of cells on each side—those
on the outer or upper side being the endothelial cells of the scala vestibuli, and those
on the inner or under side the epithelial cells lining the scala media. These epithelial
cells are hexagonal in form and arranged in a single layer ; they are much thicker than
the endothelial cells, and have larger nuclei.

Here and there on the upper surface of the membrane of REissNER are found blood-
vessels, which pass across from the lamina to the ligament, and in certain spots a
blood-vessel becomes convoluted so as to form an elevated knot (sce Plate 46, fig. 7).

The epithelinm lining the Scala Media.—That portion which lines the membrane of
ReissNER has just been described, and if the cells of this layer be traced downwards
on to the limbus they will be seccn to become 1ore rounded in form. At first they
cover the surface of the limbus, but presently they are seen dipping down into
the grooves between the teeth of the limbus, getting deeper and deeper, and thus
entering the marginal sulecus without covering the teeth at all. The cells lining the
sulcus and outer part of its lower lip are still rounded, but before arriving at the
point of the lower lip the cells become entirely altered so as to form the organ
of Corti, which will be described later. On the other side of the organ of Corrr the
epithelium is cuboid, and in this form it lines the inner part of the membrana basilaris
and the surface of the ligamentum cochlea to a little beyond the upper ridge. From
this point to the attachment of the membrane of REeissNkr the epithelium is
peculiarly modified, and is traversed by numerous blood-vessels which chiefly run
longitudinally (to the cochlea) ; this is the stria vascularis.

The shape of these epithelial cells is irregular, somewhat resembling transitional
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epithelium but packed closer together. Numerous blood-vessels traverse the layer
but never appear quite on the free surface. As the form of epithelium, which
is madified so as to receive the terminations of special nerves, is called “nerve
epithelium,” that of the stria vascularis might, I think, be very appropriately called
“ vaseular epithelium.”

The epithelial lining has now been traced back to the membrane of RrisswEr,
and thus right round the tube, with the exception of the organ of Cowti, which
has now to he described.

As the organ of Cortr of the Ornithorynchus (see Plate 46, fig. 6) closely resembles
that of the ordinary Mammal, which I described in a paper read before this Society in
1876,* T propose to give merely a brief sketch of its structure, and later on to note
how it differs from the typical Mammal,

The organ of CorTI consists of two rows of rods separated from each other below,
and united at their upper extremities, thus forming with the membrana basilaris, on
which they stand, a triangular tunnel.

Each of the rods have enlarged upper and lower extremities ; the latter are similar
in both rods, being simply enlarged feet. But the form of the upper extremity differs
in the two rows ; in the rods of the outer one it is oblong, with a delicate process pro-
jecting inwards from its upper part. The upper extremity of the inner rods is more
rounded and fits into a shallow concavity of the head of the outer rod. From
the upper part of these inner rods there is also a delicate process projecting inwards
and lying below that of the outer rod. The shafts of both rows of rods arc cylindrical
and of equal size.

On each side of the rods are arranged rows of cells, there being a greater number on
the inner side (the side next to the ligamentum cochlem). The most important
of these are the hair or bristle cells which are arranged in four rows ;t one row to the
outer side of the outer rods, and three rows to the inner side of the inner rods.
These bristle cells are elongated with flattened upper extremities and rounded lower
ones ; their outline is well defined, and they contain a well-marked rounded nucleus ;
from their summit projects a row of four or five bristles.

* ¢Proc. Roy. Soc.,’ vol. xxiv,, p 316, See also—

U. P., “ Structure and Fanction of the Rods of the Cochlen,” ‘Monthly Micros. Journ.,” 1873.

U. P., “ Development of the Orgun of Corti,” ‘Journ. of Anat. and Phys.,’ vol. xiii.

WALDKER, * The Cochlea,” StrickER's ¢ Histology,’ vol iii.

Tiavpowsky, “ Untersuch. . d Akustichen Endapparat. d. Siugeth.,” ¢ Archiv. Micros. Anat.,’ p. 497,
Bd. xiii, 1877.

Baricnkx, “ Ueber Entwick. u. Ban des Gehorlaby. u. Untersuch. a. Saugeth.,” Nova Acta, Leopold.
Acad, Bd. xxav.

GorrsTEN, “ U. d. fem. Bau u. d. Entwick. d. Gehdrschnocke d. Singeth.,” ¢ Archiv. f. Micros. Anat.,’
Bd. viii,, p. 145,

Winiwarrkk,  Untersuch. u. d. Gehorschn, d. Sdngeth.,” *Wien. Akad. Sitzber.,” Bd. Ixi,, 1 Abth.,
p 683,1870.

4+ Sce postseript for the acconnt of an additional row.
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A reticulate membrane covers and is closely adherent to the upper surface of the
rod heads, and extends outwards and inwards over the summits of the bristle cells—
the bristles passing through rounded meshes of the membrane. This membrana
reticularis is made up of one row of civcular meshes (annulw) to the outer side of the
rods, and on the inner side three alternating rows of annula with elongated meshes
(phalanges) betwcen.

Passing downwards from the inner portion of the membrana reticularis to the
membrana basilaris we find three or four rows of fibres (trabeculw), which run almost
parallel to the inner rods, and are attached to the latter membrane by enlarged feet
very like those of the rods. Between these trabeculw and below the level of the
bristle cells are three or four rows of nuclear cells—that is to say, cells with well-
marked nuclei, but apparently no cell-walls ; these are the cells of DErrERs.

In each of the lower angles of the triangular tunnel is situated a row of nuclear
cells similar to the cells of DEiTERs, and to the outer side of the outer rods are a
number of these nuclear cells lying on the under lip f the sulcus.

The inner and outer boundary of the organ is formed of irregular columnar cells
(the supporting cells), which are the transitional link between the ordinary epithelial
layer and the nerve epithelium proper.

The nerve filaments which come through a row of holes on the upper surface of the
lower lip of the sulcus (huberfula perforata), pass into the organ of Coxrrr, and no
doubt terminate in the nuclear cells and bristle cells ; but this point I have not been
able to demonstrate in the Ornithorhynchus.

To complete the description of the ductus cochlex there only remain its commence-
ment and termination to be considered. The former I have not yet been able to trace
out, but with the latter I have been more fortunate.

The organ of CorTt and the rest of the lamina membranacea is not continued further
forwards than the end of the lamina ossea; but the ductus does not terminate here,
for it is continued round the circumference of the spheroidal extremity of the bony
tube, and ends in an enlarged cul-de-sac close to the basc of the lamina ossea. Thus
the ductus makes a turn of about three-quarters of au complete circle at the apex of
the cochlea tube. This will be better understood by referring to the drawing (Plate
45, fig. 1), where it will be seen that the ductus alwost completely surrounds the oval
communication (helicotrema) between the sculee tympani and vestibuli.

At the end of the lamina ossea, where the ductus commences to curve round, a
complete change takes place in the shape and walls of the membranous labyrinth. It
first becomes contracted into a circular tube, and after passing the extreme apex of the
cochlea it enlarges again into an ovoid chamber—the lagena (see Plates 45, 46, figs. 4, 5).
The walls of this chamber are formed by a thick layer of dense connective tissue,
lined internally by a single layer of epithelium. The cells of this epithelial layer are
for the most part cuboid, but near the further end of the lagena a patch of nerve
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epithelium is found; this patch extends round the chamber, but is broader on its
inner wall.

This nerve epithelium is very similar to that of the macula acustic® of the saccule
and utricle®; thus it consists of a deep layer of small rounded cells connected with a
superficial layer of ciliated ones-—thorn cells and bristle cells. These are covered by a
perforated cuticular membrane, through which the bristles and thorns pass; the whole
is surmounted by a loose mucoid mass, into which the thorns and bristles project, and
which no doubt contain otoliths in the fresh state.t

The last bundles of the cochlear nerve pass forwards to supply this acoustic spot,
and terminate in the nerve epitheliuin in the same manner as in the saccule and
utricle of the vestibule.

The course of the cochlear branch of the auditory nerve.—This passes through the
substance of the bone a little to the outer side of the cochlea tube, and just above the
level of the floor. As it proceeds forwards it gives off Jateral bundles of fibres to the
lamina ossea, its terminal bundles going to the lagena in the manner just described.

Tracing these lateral bundles they soon enter and pass out of a ganglion, which
congists of bi-polar nerve-cells, and is situated in the broad base of the osseous lamina
at its commencement, but further and further inwards as it is traced forwards to its
anterior end. The fibres from the ganglion collect again into bundles which divide
and subdivide, uniting and reuniting so as to form a plexus; in this manner they
pass through the lower portion of the lamina until the lower lip of the sulcus is
reached. This is pierced with a single row of holes (habenula perforata), so that the
nerve filaments may pass into the organ of Corrr. At this point the fibres lose their
myeloid sheaths, the axis cylinder alone entering the nerve epithelium.

Comparison of interior of the cochlea of the Duckbill with that of the
typical Mammal.

As regards the scale vestibuli and tympani the following differences are to be
noted. In the ordinary Mammal there is not so much difference in size between the
scala vestibuli and scala tympani, except at the base of the cochlea, where the latter is
the larger. Again, the size of both scal® diminishes from base to apex of the cochlea
in conformity with the general diminishing spiral.

In the Duckbill the scala vestibuli is throughout larger than the scala tympani ;
and whereas the former diminishes its size, and alters its shape from the com-
mencement to the end of the cochlea, the latter is throughout of the same size and
shape.

The Scala Media.—The scala media or ductus cochles in the typical Mammal is a
triangular tube, almost equilateral at its commencement at the base of the cochlea.

# ¢Quarterly Journal of Microscopical Science,’ p. 397, 1876.
+ In my specimens the acid decalcifying fluid has dissolved out the otolitha.
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But on proceeding up the spiral, the floor becomes broader and the height lessened, so
that the acute angle formed by the membrane of REissNER and the lamina spiralis
becomes more and more acute. These changes in form are not nearly so marked in
the Ornithorhynchus; the membrana basilaris does get broader and broader, but not
nearly in the same degree as in the typical Mammal. As regards the peculiar changes
in the organ of Corri, such as the lengthening of the rods, &c., which are so marked in
the spiral cochlea, they are the same, but less marked in the Ornithorhynchus so far
as I have been able to trace them out.

In the membrane of REsSNER of this Monotreme the epithelial cells are thicker
than in the typical cochlea; but the great feature of difference is the presence of
blood-vessels running across the membrane from lamina to ligament, forming here and
there convoluted knots. These I have never found in any other Mammal. nor have
they been described in this situation as far as I am aware.

The ligamentum cochleze of the Duckbill, both as regards its shape and structure,
scarcely differs at all from that of the typical Mammal ; and the same may be said of
the stria vascularis and its other epithelial lining.

The lamina spiralis ossea, with its limbus and suleus, present no special points of
difference. The same may be said of the membrana basilaris, with this slight
exception—that whereas in the ordinary Mammal one large blood-vessel (the vas
spirale) runs through its lower stratum just below the rods of Corri, in the Duckbill
two small vessels are generally to be found {see Plate 46, fig. 6)—one in the usual posi-
tion, and the other a little further inwards (towards the ligament).

The organ of Cortr itself differs very slightly from that of the ordinary cochlea.
There are the same number of rows of bristle cells as are found in the lower Mammals,*
namely, one on the outer side of the rods and three on the inner. The trabeculse are
thicker, and their feet larger than usual ; so much so, that the lower part of the first
trabeculum may be easily mistaken for the foot of the inner rod.

The rods of Cortr are somewhat different; they stand more upright, so that the
tunnel is not so wide ; the extremities are not so well developed, the feet being smaller
and the heads not so broad. I have not been able to make even an approximate
calculation of the number of rods or bristle cells, but there must be a much fewer
number of these in the Duckbill’s cochlea than in that of the ordinary Mammal.

The course taken by the cochlear nerve and its branches differ in no essential points
from those of the typical Mammal. There is in the former a ganglion very similar in
relative position and component cells to the ganglion spirale. The only differences are
that, whereas in the spiral cochlea the nerve trunk necessarily runs at right angles to
the lamina spiralis, in this cochlea it runs parallel to the corresponding lamina; and
that in the Duckbill the terminal branches pass to supply a lagena, an organ not found
in the ordinary Mammal.

* In the primates there ave five and six rows of bristle cells in the upper part of the spiral, as pointed
out in my paper above cited.

MDCCCLXXXT. 20
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The last and most important difference is the presence of this lagena at the end of
the membranous labyrinth (ductus) of the Monotreme’s cochlea. Nothing approaching
it bas ever been found in the spiral Mammalian cochlea, although a very similar con-
dition is found at the apex of the Bird’s, as will be described later on. This little
addition in the Duckbill forms another of the many links between the Mammal and
Bird found in this peculiar animal.

A Urief sketch of the Bird's cochlea® will now be necessary before any satisfactory
comparison can be made, and it must be borne in mind that the cochlea of the Amphibia
and Reptilia is similar in type, though less highly developed, to that of the Bird.

As alrcady stated, the bony labyrinth of the Bird’s cochlea is a slightly curved
tube with an enlarged anterior extremity; within this is contained another more or
less complete framework of dense connective tissue, cartilaginous in consistence, and
very similar in structure to the so-called cartilage of the eyelid.

At the vestibular extremity of the tube this cartilaginous framework consists of two
pieces, one on each side of the tube, named, from their shape, the quadrilateral and
triangular cartilages (see Plate 46, fig. 8).

Stretching across the cochlea and joining these two is a strong membrane (membrana
basilaris), and thus the tube is divided into two, which for convenience of description
and clearness of comparison may be called the scala tympani and the ductus cochlese.

These are not of equal size in any part of the cochlea tube; the upper or ductus
cochlese being the larger even at the commencement, and the lower or scala tympani
becoming smaller and smaller until it quite disappears by ending in a cul-de-sac before
the enlarged anterior extremity, the lagena, is reached.

On tracing the two cartilages forwards their triangular and quadrilateral forms
become, first, more marked and then they increase in size. Not only do they enlarge
generally, but their upper and lower margins extend further and further round the
circumference of the tube until they mect both above and below; thus forming a
complete cartilaginous tube, which is somewhat loosely adherent to the bony wall by
means of connective tissue.

As this cartilaginous tube is being completed, the scala tympani is gradually
encroached upon, until it is entirely filled up by the cartilage, which at length also
displaces the membrana basilaris ; thus there is only a single scala at the anterior end
of the cochlea. Before the disappearance of the scala tympani the quadrilateral and
triangular plates begin to diminish in thickness and gradually lose their characteristic
forms, until in the lagena the cartilaginous tube becomes of equal thickness all round.

The roof of the ductus is membranous; and this membranous roof is not a simple
arch, but is re-duplicated into a number of longitudinal (to the tube) folds of some
thickness, which in many Birds fill up the greater part of the interior of the ductus

* This description has been taken from my own observations, which confirm w08t of the statementa of
Hasse and MEyER.
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(see Plate 46, fig. 8). This is called the tegmentum; it is a very vascular membrane,
lined with large, rounded, granular, pigmented, epithelial cells, intermixed with some
very transparent ones. .

Tracing the epithelial layer down to the triangular cartilage on one side, and the
quadrilateral cartilage on the other, the cells change their character. Those lining
the upper surface of the triangular cartilage and the adjacent portion of the membrana
basilaris become transitional or cuboid in shape, with well marked nuclei. Those
covering the upper surface of the quadrilateral cartilage are columnar, and of these
there are two kinds. The contents of those nearer to the tegmentum are peculiar,
resembling in appearance the matrix of ordinary cartilage, and this is readily coloured
by staining agents. Further onwards, where the surface of the cartilage curves
downwards to come to the level of the membrana basilaris, these cells are replaced by
other columnar cells, the contents of which are very transpurent. These arc again
succeeded by the mass of nerve epithelium, which may be termed the organ of Corri.

The organ of Corrt is o broad band of nerve epithelium, resting partly on the upper
surface of the quadrilateral cartilage and partly on the adjucent portion of the
membrana basilaris.

This organ of CoRTI consists chiclly of two layers of cells. One set is composed of
nuclear cells (as described in the Mammalian orgun of Cowrr) which lie on the
membrana basilaris and surface of the quadrilateral cartilage. The other layer is
situated at the surface of the ovgan ; the cells of this layer have distinct outlines, are
rounded or elongated, have distinct nuclei, and they each bear on their summit a
short thorn, These thorns are formed of several short bristles united together, and
they project through holes in a membrane which limits the organ, and which is very
similar to the membrana reticularis of the macule acusticee and serving the same
purpose.

From this membrana reticularis pass down numerous fibres or trabeculee to the
membrana basilaris, binding the two membranes together.

Covering the whole organ and also some of the columnar cells of the quadrilateral
tartilage is a thick mucoid layer into which the thorns project; this mucoid layer is
the membrana tectoria.

The cochlear branch of the auditory nerve runs along the tube, first in the scala
tympani and then in the substance of the quadrilateral cartilage. It gives off fibres
all the way up, which immediately enter ganglionic cells, and then pass upwards
towards that part of the upper surface of the cartilage on which the organ of Corrr
lies.

Here the fibres pierce and enter the organ, not by a single row of perforations but
by numerous apertures throughout the whole width of this portion of the quadrilateral
cartilage. From these perforations nerve filaments pass in a radiating manner to the
upper row of cells (hair cells), and possibly also to the lower cells, but their exact
distribution has not been made out.

202
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At the enlurged extremity (lagena) of the cochlea tube, which is entirely occupied
by the membranous labyrinth, the lining is considerably modified, and a large patch of
nerve epithelium is found, quite distinet in character and separate from the organ of
Cowtr. This nerve epithelium is made up of cells exactly like those found in the
macula acustica of the vestibule of Mammils* and Birds, t.e., with the alternating
long bristles and thorns which project from the surface into a mucoid mass containing
otoliths. The terminal branches of the cochlear nerve pass forwards to this patch of
nerve epithelium, and terminate in the same manner as in the macula acustica of the
vestibule.

The interior of the cocklea of the Ornithorhynchus compared with that of the Bird.

The differences between these two are so great that it will be well first to notice
the homologous and analogous parts in each, and then to consider the similarities and
dissimilarities.

In examining the drawings Nos. 2 and 8, it will be at once evident that the lamina
ossea of the Ornithorhynchus (and other Mammals) corresponds to the quadrilateral
cartilage of the Bird, and that the Mammalian ligamentum cochlez is represented in
the Bird by the triangular cartilage. Also, that whereas the lower division or scala
tympani of each corresponds, the ductus cochlez of the Bird occupies the whole of the
upper division, and therefore corresponds to the scala vestibuli and scala media (or
ductus cochleae) of the Mammal. On more minute examination, the peculiar folded
tegmentum of the Bird will be found to take the place of the stria vascularis and
membrane of REisSNER of the Mammal; and by carrying the examination into the
festal condition, the peculiar hyaline columnar cells of the quadrilateral cartilage will
be found homologous with the teeth of the Mammalian limbus, which is represented
in the early foetus by very similar cells.

Dissimilarities in the Bird's cochlea :—

The absence of the scala vestibuli and membrane of REISSNER.

The gradual tapering and final termination in a cul-de-sac of the scala tympani.

The cartilaginous condition of the structure corresponding to the Mammalian’
ligament.

The cartilaginous condition of the structure which corresponds to the lamina ossea.

The cartilaginous tubular formation towards the apex of the cochlea.

The tegmentum, with its folds and peculiar pigmento-granular cells.

The absence of the marginal suleus.

The absence of the rods of Corrr.

The large number of rows of hair cells.

The matting together of the hairs into a sort of spine.

The numerous perforations for the passage of nerve filaments into the organ of

Corrr
* ¢ Quarterly Journal of Microscopical Society,” October, 1876.
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Lastly, the ductus cochles is almost straight in the Bird, whereas in the typical
Mammal it is spiral, and even in the Ornithorhynchus it is coiled round at the apex.

Similarities .—

The membrana basilaris and membrana, tectoria are very much alike in both types of
cochlea. Also the mode of distribution of the nerves, including the ganglionic mass.

But more important than these is the presence of a lagena with its vestibular-like
nerve epithelium, which is found at the apex of the cochlea both in the Oraitho-
rhynchus and the Bird, but not in that of the typical Mammal.

General résumé.

1. That although the general form of the cochlea tube of the Ornithcrhychus is like
that of the Bird (as it is almost straight and of equal size throughout, instead of
being a tapering spiral), yet its internal arrangement and microscopical structure is
unmistakably Mammalian in type.

2. That the acoustic apparatus of the organ of CoRTI is not neacly so extensive as
in typical Mammals, nor do the various minute structures forming it appear to be so
well developed.

3. That the cochlea of the Ornithorhynchus possesses an addition (the lagena) to
its membranous labyrinth which is also found in the Bird, but which is not found in
the ordinary Mammal. And thus the presence of this lagena may be looked upon as
another of the many links between the Bird™ and Mammal which are found in this
Monotreme.

Mode of preparation adopted in this research.

For obtaining thin sections of this cochlea I made use of the same mode of
procedure as described in my paper on the organ of CorTi in Mammals, read before
this Society in 1876, which is briefly as follows : —

The tissues were hardened in an alcoholic solution of chromic acid; the bone
decalcified in a dilute (§ per cent.) solution of nitric acid aided by almost constant
movement of the tissue, by means of an ordinary meat roasting-jack.

Saturated with gum-water, then dehydrated in alcohol, imbedded in parafin, cut by
a razor in a STIRLING'S machine. Variously stained and mounted.

In order to obtain a correct idea of the relation of the parts, I mounted the sections
of certain cochlez in their proper order throughout; this I did with sections cut
transversely and longitudinally, in the former case cutting the cochlea into about 120
sections, and in the latter making about 10 thicker ones. By this means, aided by

* Bat it must be borne in mind, as already stated, that the Bird's cochlea is similar to that of Reptiles
und Amphibians ; and therefore this lagena is really a link betweon tle cochlea of the highor and lower
vertcbrates, and not merely betwceen that of tho Maumunal and Bird.
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unsoftened preparations filed down, I was able to get a very clear demonstration of the
relative position of the parts.

But all these methods, and in fact the whole research, would have failed had it not
been for the very prompt and careful manner in which the skulls were prepared and
preserved before they were sent over to England, and for which kindness I desire here
to offer to my Australian friends my sincere and heartfelt thanks.

DescripTioN OF PLATES.

Fig. 1. Longitudinal section through Duckbill’s cochlea. X barely 20 diameters.

L
2.
3.

o

7.

Opening into vestibule.

Apex, or anterior extremity of cochlea.

Helicotrema, the communication between the scalee tympani and
vestibuli.

. Cavity of lagena ; (<—<&) tube connecting it with ductus cochlez.
. Upper surface of Jamina ossea.
. Upper surface of organ of Corrr, (2) membrane of REISSNER covering

organ of Corri, &c., («') ditto turned back.
Ligamentum cochlex cut through.

Fig. 2. Transverse section through Duckbill's cochlea (middle), from No. 27 of series.

N

\]g}@‘!h,@:

X 75 diameters.

. Scala tympani,
. Scala vestibuli.

Scala media or ductus cochlez.

. Lamina ossea, («) nerve with ganglion.
. Ligamentum cochles, (¢) blood-vessels, (b) stria.

Membrane of REISSNER.

. Organ of Corti, (d) membrana tectoria, (¢) membrana basilaris, (f)

marginal sulcus,

Fig. 8. Transverse section through Duckbill’s cochlea (vestibular end), from No. 38 of

series. X 22 diameters.

. Scala tympani.
. Scala vestibuli.
. Scala media or ductus cochle:.

Lamina ossea.
Ligamentum cochlese.

. Membrane of REIssSNER.
. Membrana basilaris,
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Fig. 4. Transverse section through Duckbill's cochlea (apex), from No. 13 of series.
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7.
8.

X 22 diameters.

. Scala tympani.
. Scala vestibuli.

Scala media or ductus cochlez.

. Lamina ossea, (a) ganglion.
. Ligamentum cochlese, (b) stria vasculans.
. Membrane of REIsSNER.

Membrana basilaris.
Cavity of lagena.

Fig. 5. Transverse section through lagena of Duckbill's cochlea, from No. 13 of srries.

X 100 diameters.

. Cavity of lagena.
. Scala vestibuli.

. Nerve epithelium.
. Nerve fibres.

. Mucoid mass.

Fig. 6. Trunsverse section of organ of CorTr of Duckbill, built up from several
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12.

specimens. X 400 diameters.

. Scala tympani.

Scala media or ductus cochlez.

. Lamina ossea, () nerve.

. Membrana basilaris, (b) blood-vessels, corresponding to vas spirale.
. Triangular tunnel.

. Marginal sulcus.

. Outer rod of Corrr.

. Inner rod, (¢) trabecule,

. Inner hair cells.

Outer hair cell.
Cells of DEITERS.
Extra row of hair cells.

Fig. 7. Transverse section of lamina ossea (Duckbill) showing a blood-vessel passing

1.
2.,
3.
4.

up on to the membrane of REsSNER. X 150 diameters,
Limbus of lamina ossea.
Membrane of REISSNER,
Blood-vessel.
Blood-vessel forming a knot.

Fig. 8. Transverse section through middle of the Magpie’s cochlen. X 75 diameters.

1.
2.
3.

Scala tympani.
Ductus cochles.

Quadrilateral cartilage, (a) blood-vessels.
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. Triangular cartilage.

. Nerve, (b) ganglionic cells, (¢) fibres passing through cartilage.

. Tegmentwm, (¢) folds.

. Organ of Corr, (/) membrana basilavis, (y) membrana tectoria, (d)

bone.
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Postscrirt.
(Added January 26, 1881.)

To prevent misunderstanding, it may be as well to state that the object of this
memoir being the description of the cochlea of the Ornithorhynchus and its comparison
with that organ in the ordinary Mammal and Bird, T have purposely omitted the
description of these last, except where necessary for such comparison.

Very complete descriptions of these will be found in Quary’s ¢ Elements of Anatomy,’
8th edition, vol. ii,, for the Mammal; and in PavL Mever's ¢ Labyrinthe Mem-
braneux du Limagon chez les Reptiles et les Oiseaux, 1876" (published by
J. B. Baiukrs et FiLs, Paris), for the Bird and lower vertebrates.

Since presenting this memoir I have discovered a second row of hair cells to the
outer side (corresponding to inner side of ordinary Mammals) of the rods of Cortr
(see Plate 46, 12, fig. 6, i),

This is the only animal in which I have scen an additional row of hair cells in this
positimf : nor, indeed, am T aware of such a peculiarity having been noticed by other

observers in any fcrm of cochlen.
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In his recently-published memoir entitled ¢ Structure Comparée de quelques tiges
de la Flore Carbonifere” (‘ Nouvelles Archives du Muséum, 1879°), M ReNauLt says
(loc. cit., p. 246) — Si les Sigilluires ne sont que 'état plus agé de certains Lépido-
dendrons, comme le pense M. WILLIAMSON, plusieurs conséquences découleront de
cette identité.

“1° Toute Sigillaire étant représentée dans son trds jeune dge par un axe unique-
ment Lépidodendroide, nous devrors naturellement rencontrer de jeunes Lépidodendrons
construits sur autant de types que nous aurons d'axes internes difiérent de Sigillaires.
En effet, en admettant le Sigillar iu vascularis de M. BINNEY comme type de Sigillaire,
nous aurions trois structures différentes pour les axes des jeunes Lépidodendrons
correspondants.

“a. Cylindre ligneux, représenté par un circle continu de vaisseaux scalariformes,
renfermant une moelle centrale parcourue par de nowbreux faisceaux vasculaires égale-
ment scalariformes.  (Ktat jeune du Sigil. rascularis.)

“b. Cylindre ligneux, formé par un cercle continu de vaisseaux scalariformes, en-
tourant une moelle n'offrant aucune trace de vaisseaux. (Etat jeune des Diploxylon.)
D’aprés M. WiLLIAMSON, le L. Iurcourtii serait le représentant de ce type.

“c. Cylindre ligneux, formé par une couronne disconcinue de faisceaux vasculaires,
scalariformes, circonscrivant une moelle dépourvue de faisceaux vasculaires. (Etat
jeune des Sigillaires des genres Fuvilaria, Leioderma, et probablement Rhytidolepis.)
Jusqu'd présent, le second de ces types Lépidendroides seul aurait ét6 recontrd.”

Having thus defined what he regards as the three distinct types of Sigillaria for
which corresponding Lepidodendroid branches ought to be found, M. ReNaurr
proceeds to show what Lepidodendroid types exist according to his views. These are
again three in number, all of which he considers to be modifications of the type of
L. Harcourtii :—

«1° Lepidodendron Rhodumnense.

90, . Iarcourtis.

“ 3o, ’ Jutierd.

MDCCCLXXXI

1)
]
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“ Dans le premier type, les rameaux et la tige sont pourvus d'un axe ligneux, formé
de larges vaisseanux rayés sans aucune trace de tissu cellulaire interposé, les plus gros
vaisseaux sont au centre, les plus petits ) 'extérieur.

“ Les cordons foliires partent toujours de faisceaux vasculaires placés 3 la periphérie
de 'axe ligneux. En dehors on rencontre une écorce formée d’une couche parenchy-
mateuse, puis d’'une zone de cellules prosenchyme, qui, dans les vieilles tiges, peut
prendre un accroissement considérable, enfin d’une couche cellulaire due en grand
partie aux coussinets des cicatrices foliaires.

“Dans le second type, les rameaux et la tige renferment un cylindre vasculaire
continu entourant une moelle; du cdté de cette dernidre, les vaisseaux rayés qui le
constituent sont larges, et deviennent plus petits vers le periphérie.

“ Les faisceaux vasculaires, qui envoient des cordons aux feuilles sont également
placés A la périphérie du cylindre ligneux ; ce cylindre est entouré d'un tissu paren-
chymateux assez solide, suivi d’'un parenchyme corticale un peu plus liche, enfin d’un
zone de cellules étroites plus allongdes, disposées en séries régulidres.”

M. Renavrr’s third type, not yet described in detail, will be noticed later. I
cannot accept these definitions as in accordance with known facts. I am prepared to
demonstrate that we have found the Lepidodendroid representatives of lis Sigillarian
types « and b, and that, unless I much mistake, his Lepidodendron Jutieri represents
¢. I think that the young growths of the Arran Lepidodendron recorded in my last
memoir (Memoir X., Plate 1, figs. 1, 2) correspond with M. RENAULT's Lepidodendron
Rhodumuense ; in a more advanced stuge it represents his L. Harcourtii; and in its
matured condition it becomes a Diploxyloid tree.

In addition, M. ReNAuLT has omitted from his list of Lepidodendroid forms that
which BINNEY has named L. vasculare, and which, as the following pages will demon-
strate, is the Lepidodendroid representative of M. RENAULT'S Sigillarian group a.

I may further notice another observation, in which M. RENAULT says : “Si certains
Lepidodendrons se transforment en Sigillaires par le fait seul de I'Age, c’est & dire par
Papparition plus ou moins tardive d'un bois exogdne en dehors de I'axe lépidoden-
droide, on doit admettre que I'addition de couches ligneuses ne modifie pas la structure
primitive, propre de cet axe, que les faisceaux vasculaires qui ont émis des cordons
foliaires ont dfi conserver leur disposition particulidre et leur structure générale primi-
tive. Les cordons foliaires eux-mémes déjd formés, et parcourant les feuilles, n’ont pas
dt changer de constitution pendant l'accroissement exogdne de la tige” (loc. cit.,
p 247).

1 have already shown in my description of the Arran plant, as well as in some measure
in that of the Burntisland one (Memoir IIL, Plate 41, figs. 1, 2, and 3 ; and Plate 42,
fig. 9), that such changes do oceur ; and I shall now have to advance evidence demon-
strating not only that the vasculo-medullary elements, both cellular and vascular, do
merease in size and number after they have been surrounded by the exogenous zone,
but, that, in like manner, the foliar vascular bundles are lengthened as the exogenous
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zone increases in thickness, enabling them still to maintain their connexion with the
bases of the leaves that remain attached to the growing stem.

M. RenavLrT represents the first of his Sigillarian types by the Stgillaria vascularis
of Mr. BINNEY, but which is really a state of the common Lepidodendron selaginoides.
‘When M. RENAULT denies that a Lepidodendroid state of this supposed Sigillarian
plant exists, he overlooks the fact that Mr. BINNEY long ago described and figured a
partially decorticated specimen in this condition under the name of Lepidodendron
vasculare.* In that memoir Mr. BINNEY correctly points out that the plant only
differs from his Sigilluria vasculuris in the absence from the former of an exogenous
zone.

Fig. 1 represents a transverse section of a branch of this plant, enlarged about
13 diameters, its actual dinmeter in the longer direction being ncarly ‘8. In its
centre is the vasculo-medullary axis, a, the periphery of which consists « t' a continuous
zone, sharply defined oxternally, composed of numecrous barred vessels. More intern-
ally, cellular elements are interposed between these clusters of vessels, until, in the
central portion of the axis, the vessels are either isolated or cumbined in very small
groups. 'The medullary cells are of two kinds, as pointed out in my memoir, Part IL,
Plate 24, fig. 3. The barred or reticulate character of many of these cells affords an
infallible guide to the identitication of this plant.

Fig. 2 represents a segment of the only specimen T have seen in which «ll the cortical
tissues are preserved ; for vhis specimen I am indebted to Mr. CasH, of Halifax. At
a we have the periphery of the vascular zone. At b is the innermost cortex, separable
into three parts—an internal zone, b, consisting of very minute cells ; a middle area,
U, in which the cells are of larger size ; and an outer one, ”, in which they exhibit a
tendency towards a cyclical arrangement. In this zone the foliar vascular bundles, ¢,
are invariably intersected, in these transverse sections, at right angles to their verticul
course. Enclosing this endophloém we have a middle cortical layer, d, which is very
rarely preserved, its place being usually vacant, as in fig. 1, d. This zone consists of
very delicate parenchyma, the cells of which at its inner margin, d’, exhibit a disposi-
tion towards a radial arrangement. The vascular bundles pass through this zone in
an oblique direction. The yet more external zome, e, is almost invariably prescrved in
these young branches. It consists of strongly-defined thick-walled cells, which
diminish in size from within outwards—the compressed aspect of those shown at
fig. 2, ¢, being obviously accidental. The smaller peripheral cells gradually pass into
crescentic clusters of radially disposed prosenchymatous cells, /. Fig. 1 demonstrates
that these prosenchymatous or bast tissues are first developed in the convex outward
extensions of this portion of the bark which underlie the several leaves. The latter
organs, composed of coarse parenchyma, are seen at g, g’. At ¢’ is the single folinr
bundle; in each of the three leaves of fig. 1 in which this bundle appears there are

* ‘Quarterly Journal of the Geological Socicty of London,’ May, 1862, p. 110, plate 6.
2p2




286 PROFESSOR W. C. WILLIAMSON ON THE ORGANIZATION

peculiar condensations, ¢”, of the cellular tissue of the leaf. In fig. 2, ¢”, we find a
similar condensation of the peripheral part of the leaf through which the bundle g’
originally passed.

Whilst the specimens described are Lepidodendroid branches identical with the
type « of M. RENAULT’s three Lepidodendroid groups, they soon acquire an exogenous
vascular zoune, %e., assume a Sigillarian organization. I am indebted to Mr. CasH,
Mr. SrENCER, and Mr. Binns, of Halifax, and to Mr. J. A1TgiN, of Urmston, near
Manchester, for numerous specimens illustrating this portion of the subject.

Fig. 3 is the vasculo-medullary axis of a specimen like figs. 1 and 2, but with the
beginnings of an exogenous zone, h. This exogenous growth commenced at a single
point at the circumference of the vasculo-medullary axis, from which point it extended
laterally in opposite directions, as well as radially, until it enclosed the vasculo-
medullary axis in a complete cylinder, composed of vascular wedges separated by
numerous medullary rays. In the specimen fig. 3 this growth has begun opposite to
the point z, and has extended round little more than one-third of the circumference of
the medullary axis. Whilst the trausverse sections of the vertical portions of the
foliar bundles are grouped closcly round the axis at ¢, they are separated from it at ¢
by the interposition of the exogenous zone, h. Their normal position is in the innermost
cortical Jayer, which is necessarily pushed outwards by the growing exogenous zone.

Fig. 4 is a segment of another section, enlarged 12 diameters, in which a further
exagenous development has taken place ; and fig. 5 represents the vasculo-medullary
axis and inner bark of another section from the same specimen, enlarged 28 diameters.
In these specimens the exogenous zone has enclosed fully two-thirds of the circum-
ference of the vasculo-medullary axis. As in fig. 3, the characteristic barred cells
of the medulla are conspicuonsly numerous. The details of the structure of the bark
seen in fig. 1 reappear in fig. 4, with the one exception, that the prosenchymatous or bast
layer, f, instead of filling small detached crescentic areas at the base of each leaf, has
now become a thick and continuous zone. The regular continuity of its peripheral
border, f*, makes it clear that the additions to its thickness have been made to that
periphery, and not to its inner margin where it becomes merged in the outer paren-
chyma, e. In more than one of my previous memoirs I have expressed my conviction
that this has been the casc, and the examples now described appear to confirm those
conclusions. It further appears clear that this increase in the thickness of this bast
layer is, like the development of the exogenous zone, an indication of a corresponding
advance in the age of the stem. The leaf ¢, with its single vascular bundle g’, exhibits
a similar appearance to what we see in fig. 1, ¢,

Fig. 6 represents the central axis of another stem, in which the exogenous zone has
completely encircled the primary vasculo-medullary axis. A considerable portion of
the lutter structure hus been destroyed, I presume before mineralisation. With these
two exceptions, this section is a repetition of fig. 5. The innermost bark, b, is now
more or less detached from the primary vasculo-medullary uxis, and encloses the
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numerous transverse sections of the foliar vascular bundles, ¢/, their more internal
portions, ¢, passing almost horizontally through the exogenous zone.*

When my memoir, Part IL, was written, I was unacquainted with any further
advance in the exogenous development of this stem than is seen in the specimens just
described ; but it is otherwise now. The cabinets of Mr. AITkEN and Mr. CasH have
furnished me with several specimens displaying the same stem in various stages of
further Diploxyloid growth. Fig. 7 reprosents one for which I am indebted to
Mr. Arrken, enlarged nearly six diameters. The central vasculo-cellular medullary
axis has a mean diameter of about ‘25.t In another specimen in Mr. AITKEN'S cabinet
the diameter of this axis is fully ‘4, which is also the diameter of the same structure
in a similar section for which I am indebted to Mr. CasH. In a series of specimens in
my cabinet, the entire stems of which exhibit a gradual increase in size, [ find that in
the youngest, in which there is no exogenous growth, the diameter of the vasculo-
medullary axis is ‘02, In the next, in which the exogenous zone has completed two-
thirds of the circle, it is “05. In another, in which the exogenous zone has completed
its circle, it is *1. In fig. 7 it is -25, whilst in Mr. AITKEN’s and Mr. CASH'S specimens
it has attained to 4. We thus find that this central axis steadily increases in magni-
tude with the general growth and age of the branch; and an examination of the
specimens shows further that this increase is not due to a mere enlargement of the
cells and vessels of which this vasculo-medullary axis is primarily composed, but to an
enormous, though gradual, increase in their number. It thus becomes evident that,
contrary to the views of M. ReNauLt, the cells of the axis retained their genetic
activity long after the exogenous zone was developed, and consequently the latter
must have been capable of such interstitial changes as allowed it to expand and
accommodate itself to the increasing diameter of the structure which it enclosed.

The exogenous zone, k, of fig. 7 is composed of very regular, narrow, radiating wedges,
undistinguishable, on a casual glance at the transverse section, from the similar struc-
ture in a Gymnospermous branch. The medullary rays, k, are numerous and large,
and nearly all of them contain more or less numerous barred cells that are elongated in
the direction of the ray. The comparatively narrow cortical zone e is the same as the
zone e of fig. 1, whilst the prosenchymatous zone fis now the dominant one, having
more than four times the diameter of ¢, as well as being four times thicker in propor-
tion than the same zone is even in fig. 4. I have frequently had occasion to point out
the remarkable tendency displayed, both by the Calamitean and Lepidodendroid plants
of the Coal-measures, to the extension of this prosenchymatous zone of the bark, which
has here played the part of a periderm.}

* In illustration of these peculiarities of direction, sce figs. 33 and 34 of my Memoir IX. The vertical
direction which they follow, close to the exterior of the vascular medullary axis in the non-vxogenous
state, is equally transferred to the exterior of the exogenous cylinder when that structure first makes its
appearance and when, by ago, it has attamed to large dimensions.

+ These measurements are in fractional parts of an inch.
1 This portion of the bark in fig. 7 is not devoid of further intercst I long ago ascertained that
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In my memoir, Part I1I., Plate 43, fig. 19, I represented a section of a young
dichotomising branch of the Burntisland Lepidodendron, in its young state, in which
the vascular cylinder had divided into two horseshoe-shaped portions, and in fig. 20 of
the same plate is shown a similar subdivision of the same plant in the more advanced
Diploxyloid stage of growth. TFig. 8 represents a young branch of Lepidodendron
selaginoides dividing in a similar manner. FEach of the two halves of the vascular
axis exhibits the usual horseshoe-shaped contour, the innermost cortical cells, b”,
intervening between the two becoming contiguous to and intermingled with the
medullary ones. The whole of the cortical elements and foliar-vascular bundles seen
in this specimen are identical with those represented in figs. 5 and 6 ; but whilst at
the upper side of the half, A, of the vascular axis we have the crescentic heginnings
of an exogenous zone, k, no trace of such a zone is seen in the half B. Thus the latter
is Lepidodendroid and the former Sigillarian according to the Brongniartian hypothesis.
Immediately surrounding the lower half of each axis, especially of B, we find some cells,
b, arranged in radiating lines, but no trace of vessels. This disposition of cells, occupy-
ing the position of a cambium layer, so to arrange themselves is not unimportant.

Having thus traced the history of an example of M. RENAULT’S group a, from its
Lepidodendroid to its Sigillarian state, I will now deal with his group &.

The specimen of Lepidodendron Hurcourtit described by WituaMm and BroNd-
NIART was made the foundation of a restored figure by the latter botanist in his
¢ Végétanx Fossiles.”® The imperfection of the specimen necessarily led to imper-
fections in tho details of the restoration.

M. Rexavwr, speaking of Lepidodendron Ilarcourtii as the typical representative
of his second group, says,—“ On peut s'étonner quavec un développement semblable
aucune trace de production ligneuse exogéne ne se soit pas encore manifestée en dehors
du cercle de faisceaux vasculairos d’ol partent les cordons foliaires.” And again, “ On
peut donc légitimement conclure que la différence dans le dianétre des rameaux de
Lepidodendron n'apporte pas de changements dans la disposition générale des tissus
que Ton trouve dans ces plantes.”  On both these points I shall offer evidence that
our English specimens exhibit the conditions of which M. ReENAuLT denies the
existence.

Fig. 9 represents a section of a superb example of the young state of Lepidodendron
Harcourtit, for which I am indebted to Mr. AI"kKEN. On comparing it with the
similar section of L. seluginoides it is seen to differ from that plant in two points:
first, in the absence ofall vessels from the area occupied by the medullary cells, causing
the inner boundary of the vascular medullary zone (“ étui médullnire” of BRoNGNIART)
to be sharply defined ; and, second, in the much greater uniformity in the size and

the mineral charcoal, so abundant in almost every British coal of Carboniferous age, is largely composed of
small cubical fragments of prosenchymatous bark. Fig. 7, f, illustrates the strong tendency of this
tissue to be broken up into similar fragments.

* Plate 21, fig. 4.
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structure of the smaller cells composing the various layers of the bark. The foliar-
vascular bundles also much more frequently retain their barred vessels undestroyed.
They appear in the sections as dark, dense bunds, instead of being represented by
vacant spaces.

No example of L. Ilarcourtii in which all tissues of the stem are preserved has
hitherto been described. The mean diameter of the branch figured is about 1} inches.
The cellular medulla, a, is invested by the vascular medullary zone a’, which, in turn,
is enclosed within a dense layer of inner bark 0, the innermost portion of which
is crowded with foliar bundles. ~ Surrounding this is the middle bark «, composed of
small cells. This layer, which is so rarely preserved in L. sclayinoides, is as
rarely absent from [ Ilarcourtii. The cells of the innermost portion, e, of the outer
bark are, as is usual in the Lepidodendra, somewhat larger, and have thicker walls,
than those of the inner bark, whilst the prosenchymatous zone, f; appears as a conti-
nuous, wavy, but very narrow zone, curving slightly outwards opposite to the base of
each leaf, and projected outwards as a sharply defined funnel-shaped prolongation,
wherever one of the numerous foliar bundles, ¢, passes through it. The leaves, g,
differ in no material respect from those of L. selaginoides.

Fig. 10 represents part of a transverse section of a branch of rather larger size and
somewhat more developed growth.®* It exhibits the usual structure of the vascular
and cellular portions of the medullary axis as well as of the inner bark. The central
portion of the cellular medulla, @, has been accidentally destroyed. The vascular
medullary cylinder, o, is composed of barred vessels which diminish in size from
within outwards. Its peripheral margin presents numerous radiating points, ¢’, which
are the bases of as many foliar-vascular bundles. These bend upwards immediately
after their orientation, as in L. selaginoides ; hence they are intersected transversely
at ¢, ¢, where they severally occupy the numerous crescentic areas intervening between
the projecting points ¢’. The cells of the parenchyma of the innermost portion, b, of the
inner bark are very minute, usually forming a dense sheath surrounding each foliar
bundle ¢. In the middle portion of this inner bark is an irregular layer of cells, &', of
somewhat larger size; but its outer zone again consists of smaller cells, b”. In this
outer zone a narrow band of these small cells uppear arranged in radiating lines, 4™,
This radiating zone bears an important relation to some features to be described. At
d we have the thick middle bark with its dense foliar bundles, ¢”, ¢”.

Even in this typical Lepidodendron, when the branches are sufficiently advanced tn
growth, there appears a rudimentary zone composed of true radiating, exogenously
developed, vascular wedges. Fig. 11 represents a segment of a transverse section of a
portion of the zone corresponding to b”, b’ of fig. 10, enlarged 27 diameters. At 0™
are the radiating lines of cells already referred to, and at ” the outermost part of the

* Tt will be observed that before it begins to develop its exogenous zone this plant attains to much
Jarger dimensions than the L. selaginoides does. In this respect it corresponds closoly with the Arran
plant.
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zone. At c”, ¢” we find two folinr-vasculnr buudles, belunging to an outer series corre-
sponding to ¢” of fig. 10, whilst in the curved line between these two bundles we have
a portion of the exogenous zone, composed of numerous radiating wedges, h, of barred
vessels. At &', I/, where these wedges are deflected somewhat from their direct course,
their true vascular character is demonstrated. I find this exogenous zone in so many
specimens that have attained the right stage of growth as to leave no doubt whatever
a8 to its being a normal feature of the plant. Whether or not we shall hereafter
discover it developed into the more perfect Diploxyloid condition seen in other
Lepidodendroids remains to be seen. We were long before we found L. seluginoides
so developed ; meanwhile its presence in L. Harcourtii, even in this rudimentary form,
directly links that plant with the Diploxyloid or Sigillarian group of stems. In many
of my specimens some large isolated cells, fig. 11, b, appear in the zone b”.  In the speci-
men from which fig. 11 was taken these are larger and more conspicuous than usual.
In fig. 9, @”, a considerable segment of the vascular medullary cylinder is detached
from the rest, leaving a hiatus in the cylinder, and carrying along with it a semi-
circular loop of the innermost bark, J’, with its associated foliar vascular bundles.
In my memoir, Part TL, p. 224, I called attention to the fact that the large vascular
bundles separated from the main cylinder to supply the tubercles of the Haloni@ were
given off in the same way, and the bundle ¢ has doubtless had some similar destina-
tion. Such a division of the primary vascular cylinder differs only in amount from
the dichotomous subdivision of a branch illustrated in fig. 9. In another branch
of the same stem, contained in the nodule in which the example fig. 9 occurred,
I found a similar bundle, of which a representation is given in fig. 12, enlarged
21 diameters. In the branch bundle of fig. 9, the central vasculo-cellular mass, a”,
retains the concavo-convex form belonging to it as a small segment of a circle, and the
remark applies also to the dark-coloured layer of inner bark, &', which surrounds its
convex peripheral border ; but in fig. 12, the bundle e has assumed a more cylindrical
contour ; the dark inner bark, I’, now completcly invests the bundle in the form of a
six-sided cylinder, whilst the contiguous cells, d, of the middle bark have re-arranged
themselves in almost coneentric lines around the developing axis. On further exami-
ning the central bundle we find that what in fig. 9, a”, was merely a small concavo-
convex segment of a large circle, having some cells in the concavity of its inner border,
has also changed its form. The extremities of the vascular segment have been bent
inwards, converting the segment into a circular cylinder, o', which has enclosed the
cells, @, that primarily only lay on one side of it.* I am able to demonstrate that
this branch, fig. 12, is merely a further development of a structure like fig. 9, &”, V.
Mr. AikeN kindly allowed me to make a vertical section through the specimen from
which the transverse section, fig. 12, was taken. This not only enabled me to trace the
bundle downwards into the condition represented in fig. 9, but to a yet lower position

* The gap left in the vascular cylinder of the parent root stem closes in the same way by the conver-
gence of the suparated extremitica of the broken circle.
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where, instead of being detached from the medullary vaseular cylinder, the boundary
between the two was only indicated in the transverse section by two slight lateral
constructions in the otherwise unbroken circle of vessels. Other sections of the
same specimen in Mr. AITKEN’s cabinet exhibit similar conditions. We have here
a clear proof that, contrary to the conclusions of M. RENAULT, age does bring about
very important changes in the form and arrangement of the tissues in the branches of
these plants. Other examples of stems in a very much younger state, for which
I am indebted to Mr. ArrkeNy and Mr. Casu, exhibit corresponding phenomena.

My most recent researches have brought to light another very remarkable scries of
facts indicating the Lycopodiaccous character of the Lepidedendroid and Sigillarian
stems. Whatever else may be doubtful, there is no doubt that Stigmaria ficoides,
with its peculiar rootlets, is the root alike of Lepidodendron and of Sigillurma 1 had
long noticed the circumstance that the vascular bundle in euach of these 'ootlets was
rarely in the centre of the small innermost circle of cortical eells by which it is nsually
surrounded ; but such structures are so often pushed out of their normal position in
these fossil plants that I regarded this eccentric position of the rootlet bundle as
accidental.  The perusal of a very important paper by M. Pi. VAN Tirciea,® first
called my attention to a peculiarity in the structure of the true roots of the Lycopods,
especially of the Selaginellew, and led 1n¢ to re-examine the rootlets of Stigmaric
with the results to be deseribed. M. VAN TrieeEEM has shown that when a rootlet
belonging to any class of plan*s is first formed its primitive vascular elements commence
by developing a small vascular bundle at each of two or more points on the periphery
of a central ccllular circle, from which points each bundle grows hy the centripetal
additions to the number of the vessels composing it, until the several bundles approach
each other centripetally, and thus constitute a symmetrical group of vessels. These
primary rootlet bundles are never less than two in number, with the exception of the
ultimate rootlets of the Lycopodiacee and the Ophioglosse. Each terminal rootlet in
these classes of plants contains but one triangular vascular bundle.  This bundle first
appears as one or two very minute vessels attached to one side of the small cellular
cylinder within which it is located. New and larger vessels are subsequently added
centripetally to these piimary ones, but the bundle always remains eccentric in
reference to the cellular sheath within which it is enclosed. The remainder of the
cavity within the sheath is occupied by some large thin-walled cells, which M. Vanx
TIEGHEM regards as the equivalents of the liber of other plants. Fig. 13 represents
the central portion of a rootlet of Selaginella Martensii, in which @ indicates the first
formed vessels of the vascular bundle, and a” the later, centripetally developed and
larger ones. The large cells, ), are those which M. VAN Tikeniy identifies with the
liber, whilst ¢ indicates the next innctmost zoue of the cortex.

Figs. 14 to 20 exhibit sections of rootlets of Stiymaria ficoides in various stages of

# « Recherches sur la symmétrie de structure des plantes vasculaires ”  Pur M. Pn. Vax Tigaurw
Annales des Sciences Natarelles.” Cinguiéme série—Botanique, tome 13, 1870-71.

MDCCCOLXXXE 2Q
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development.  The general relations of the tivsues composing these rootlets to their
larger exogenous roots were shown in my memoir, Part IT., Plate 31, fig. 52. I now only
call attention to their relationship to the rootlets of the living Selagenelle.  Fig. 14
represents the transverse section of one of these Stigmarian rootlets in the condition
in which they most commonly ocenr. At « i3 vaseular bundle composed of burred
vessels enclosed eceentrically within a small eylinder composed of the cells of the
innermost cortex ¢, At «f we have only the outer cortical layer, the intermediate
tissues being rarcly preserved ; but these missing elements have resisted decay in
fig. 15, in which exaunple we have the space between the outer cortex d and the inner
one ¢, vccupied by a very delieate cellular tissue e, the three layers scen in this
specimen apparently corresponding with the three cortical layers b, d, and ¢, of the
branch, fig. 2. The line of demarcation between the outer and middle layers is
very sharply defined.  Fig. 16 represents a very small rootlet in an early stage
of growth ; its entire diameter not being more than "025. Tty vasculawr bundle, «, only
consists of four very small vessels attached eccentrically to one point of the inner side
of the ring of inner cortex, ¢, whilst all that remains of the middle and outer bark is
small hand of the former, ¢, and a very thin ring of the latter, /. The narrow band of
middle bmk, ¢, conneeting the eylinder of inner-bark eclls with the outer cortical zone
is of common occurrence in this form.  In the specimen figured, some of' the cells of
the outer zone have become pavtially detached from the outer ring. It will be
observed that the diameter of the entive young rootlet is less than that of the central
inner bark eylinder of & matured rootlet represented in fig. 18,

[ fortunately possess proof that theso small rovtlets belonged to very young roots.
The enormous thickness to which the exogenous Stigmarian roots were capable of
attaining is well known, and since these thick roots often appear to terminate abruptly
like the end of @ cucuniber, it has been thought by some that they never were of small
dimensions.  This, however, is an error.  The youngest plants can have had no true
Stigmarian exogenous root but, only rootlets, and the stage of growth at which the
exogenous structures first made their appearance lias yet to be discovered. It however
appears certain that the latter were primarily of very small size, and furnished with
proportionally minute rootlets, each of which had but a correspondingly small number of
vessels, I have before me a seetion of the bark of a very small Stigmarian rout, from
Mr. AITKEN’S cabinet, the entire dinmeter of which does not caceed -2, and which is
giving oft several rootlets whose average diameter is about ‘04. No vascular bundle
in the rootlets of this specimen possesses more than from three to tive very small
vessels,  The same eabinet contains a beautitul little section of the exogenous vascular
axis of w Stagmarin, whose maximum diameter is ‘6. This has, of course, been the
centre of a larger root than that just described. 1t gives off numerous root-bundles
proceeding towards the periphery o the bark, each of which possesses from ten to
fourteen vessels. These two specimens are the smallest examples of Stigmaria that I
have yet met with.  On the other hand, in two large Stigmarian exogenous cylinders
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in my cabinct, each of which has a diameter of fully an inch and a half, 1 found each
of the numerous root-bundles consisting of an average of about forty vessels. These
facts show that as the diameter of the exogenously developed root increases with
age, this growth is accompanied by a corresponding increase both in the dimensions
of each rootlet and in the mumber and magnitude of the vessels constituting its vascular
bundle.

Fig. 17 represents the inner cylinder, ¢, with the vascular bundle, a, of a rootlet of
the sume size as fig. 16, but enlarged 270 diameters.  The vasenlar bundle, «, consists
of but three small eccentrieally placed vessels. The space b, occupied in the living
Selaginelle by the large, delicate cells regarded by M. VAN TikcHeM as hiber-cells,
(fig. 13, b), is here empty.  We rarely find a specimen in which this is not the case ;
even in transverse scctions of recent Lycopodiaceous roots these cells frequently hecome
ruptured, and their almost constant absence from the fossil ones is a proof that in the
latter these structures were similarly delicate. I find them preserved in a few
specimens-—as in fig. 15—where they prove to be of much smaller size relatively to
the vessels than in the living plants,

Fig. 15 represents a yet laurger rootlet, enlarged 37 diameters, in which all the
tissues are preserved. The vascular bundle, a, has increased to six vessels of larger
dimensions, and, as already stated, the ring of inner cortex, ¢, encloses the representa-
tives, b, of the “ cellules libémiennes ” of M. VAN TicueM.  The outermost cells, ¢, of
the inmner cortex exhibit a somewhat defined transition from those of the middle hark,
suggesting an homology with the “membimme protectrice” of the French hotanist.
The cells of the middle bark, ¢, are here well preserved and consist of parenchymatous
tissue, very much more delicate and thin-walled than those of either the inner, e, or
the outer cortex, d.

Fig. 14 is a section of a rootlet of the most usual size and aspect. It is enlarged
21 diameters, its actual breadth being about 2. The vascular bundles, o, and their
surrounding cylinders of inner bark ¢ of two similar rootlets are further enlarged in
figs. 18 and 19. We now find that the vesscls of fig. 18 have increased to 18, and
in fig. 19 to 22 in number. Bul even this is not the finul increase, since 1 have
two rootlets in my cabinet each of which has a diameter of fully 4. The central
portion of one of these is represented in fig. 20, in which the vessels composing the
bundle have increased to 38 in number, the last formed ones, @', being much smaller in
size than those which immediately preceded them. The first formed oncs, «, have, in
this instance, become accidentally detached from the inner bark cylinder, which is a
rather unusual ocemrrence.

The illustrations I have given will, I think, demonstrate the fact that we have in each
of these rootlets a single vascular bundle that commences its development cecentrically
in relation to the centre of the rootlet to which it Lelongs, and that, procceding from
this one pole, it is developed centripetally, the extent of that development, including
the number of its constituent vessels, bearing a general relation to the age of the

292
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rootlet so fur as is indicated by its size.  Excepting in the magnitude of its liber-colls,
the resemblance to the corresponding organs in the Selaginellee is complete.  Seeing
that this peculiar structure only exists in the recent Lycopods and Ophioglossee, and
that no other resemblance exists between the fossil Lepidodendra and Sigillarie and
the Ophioglossew, we must fall back upon the Lycopods as the plants with which this
form of rootlet indicates true aflinities. On forwarding characteristic specimens of
these rootlets to M. VAN TiecHeM he at once replied, expressing his conviction that
they belonged to a Lycopodiaceous plant.*

It is now fully established that Stigmariu ficoides, to which these rootlets belong, is
the root of Siyillaria, as well as of Lepidodendron. The structure of these rootlets
therefore adds an additional link to the long chain of evidence, indicating the close
allinity of the Sigillirie with the Lycopods.

But there is yet another feature in these exogenous Lepidodendroid stems which
may prove to have some heaing upon the problem of evolution * this is, the presence
of numerous barred cells in the medullary rays, to which fact T have alrendy made a
slight reference.  In my memoir, Part [L (Plate 27, fig. 23, a, p. 236), I called atten-
tion to the existence of such cells in the triangular spaces that appear to project out-
wards from the medullary sheath, and are intercalated between the inner extremities
of the vascular wedges of the exogenous zone; and in the same memoir (p. 238) I
further pointed out that such cells entered into the composition of the medullary rays.
This is not only the case with the Arran plant described in my last memoir, but T now
discover them to be abundant in the various exogenous states of Lepidodendron
seluginoides, and to be especially conspicuous in the peripheral layers of the more
matured branches.  Fig. 21, , represents peripheral portions of two medullary rays of
fig. 7, enclosing between them a single wedge of the barred vessels.  Fig. 22 represents
a portion of another, but similar, section, taken from the point where the exogenous
zone, b, joins the medullary sheath, @, A number of small vessels, ., 2, appear in all
sections similar to the latter one, respecting which it is ditHcult to determine whether
they are to be 1egarded as belonging to the medullary eylinder or to the exogenous
zone.  Where the medullary rays originate amongst thesc small vessels, oblong barred
cells enter conspicuously into their composition, apparently associated with cells that
are not barved.  The increase in the number of these barred cells as we follow the
course of the ray centritugally is accompanied by a corresponding increase in its
diameter as seen in such transverse sections as fig. 7.

Corpa found similw cells in the medullary rays of his Diploxylon cycadeoideum,
as pointed out in my memoir, Part 1L ; but he did not distinguish these rays from
foliar Lundles, which he believed them all to be. Tangential sections, however, show

* ¢ Par Ia structare da cylindre contenl, et par la division dichotomigue qu’on y observe en plusienrs
endioits, vos ravines appartiennent bien certainement a une Lycopodiacée de la famille des Selaginellées.”
In liberer, Oct 30, 1R7O,
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clearly that this is a mistake, as is obvious from the fact that even in transverse
sections these rays are seen to be very much more numerous than the foliar bundles.

What gives an interest to this frequent occurrence of barred cells in the medullary
rays of these exogenous Lycopods is the fact pointed out by Di Bary (‘ Vergleichende
Anatomie,” p. 505), that amongst living plants such cells ave chiefly confined to the
medullary rays of Gymnosperms and especially to the Abictine.

GENERAL CONCLUSIONS RESPECTING THE CARBONIFEROUS Lycorons.

I think T am justified in expressing my couviction that the present memoir confirms
the views T have so long advanced, viz : that at Jeast many of the Lepidodendroid
plants acquire, through advancing age, those characteristics that have hitherto been
relied upon to distinguish the Sigillarian from the Lepidodendroid forms. In his
latest memoir, alrendy quoted, M. ReNAuLT combines his fossil (Gymmnospermous
Phanerogums in one group, to which he gives the common name of “Diploaylées,”
and in a foot-note (loc. cit., p. 260) he says: “Sous ce nom je réunis toutes les plantes
qui, dans le faiscean libéro-ligneux de la tige ou des feuilles, presentent un double
accroissement, 1'un centriptte, lautre centrifuge.” My friend here reasserts the old
Brongniartian hypothesis in all its definiteness. If the evidence produced in the pre-
ceding pages is not sufficient to demonstrate the erroneousness of this hypothesis, T
am wholly unable to conccive what kind or number of facts would accomplish that end.

The enormous number of Lepidodendroid and allied plants that have now been
described by M. RENAULT and myself seem to me to justify an attempt to ascertain
what bearing our discoveries may have upon the problem of Evolution. In making this
attempt we must not forget that, whilst our rescarches have been confined to carboni-
ferous plants, the discoveries of Dr. Dawsox have shown that the differentiation of
the Gymnospermous Dadoxylons from the Cryptogamic Lycopods was as definite in
the Devonian age as in that which suceeeded it. Nevertheless, it scems to have been
during the later portion of the Palseozoic epoch that the great changes were eftected
which caused the arborescent Lycopods to be replaced by the oolitic Gymnosperms ;
and it fortunately happens that the plants which have furnished so rich a morpho-
logical harvest belong to that important period of transition.

In endeavouring to ascertain possible genetic relationships between plants, Geologists
have to consider: lst, external form; 2nd, the successive appearnnces of different
types of elementary tissue; 3rd, the arrangement of those tissues in the several
vegetative organs; 4th, the reproductive structures,

The study of external forms has occupied, and still oceupies, so many observers that
I shall not now dwell upon this subject. Outward resemblances, taken alone, are very
unsafe guides, though they are too often the only ones that we can obtain. I would
make but two observations in reference to them: So fur as external appearances aro
concerned, I am wholly unuble to draw a line between Lepidodendron and Sigillaric,
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either as regards hark, leaves, or roots. T would further call attention to the fuct that,
80 far ng externals are concerned, the fine Lycopodivm wlicifolivm recently imported
from Khasia Hills in northern India in a living state, only requires to be raised upon
an arborescont stem to furnish an exact copy of the ancient Lepidodendra.  Its thick,
sucenlent, dependent branches, devoid of all adventitious roots; its oblong, fat,
spirally-arranged  leaflets, which leave, when they full, a distinet Lepidodendroid
cieatrix ; and its huge, often dichotomous, strobili, usually six inches in length, remind
us most vividly of the dependent branches of the Palreozoic Lycopods.

The suceessive developments of the various vegetable elementary tissues is not
unimportant.  The modifieation of spiral tissue known as the “barred” vessel—the
“vaissean tayé ” of the French Paleo-hotanists, and which approximates closely to
the modern “ sealariform” tissue—has long heen known to be the prevalent vascular
element amongst Palicozoie plants.  Either in its ordinary shape, or in its “reticu-
lated " modification, it is common to the Culumites, the Sphenophyllums, the Astero-
phyllites, and the Lygivodendra.  Amongst our British Lepidodendra we have as yet
found only the simple bavred form ; and this statement, applies not only to the plants
recognised by my opponents as Lycopodiaceous, but also to those Diploxyloid ones for
which they claim Gymnospermous rank.

It is a fact of some importance that 1 have failed to detect in any one of our
British fossil Lepidodendroids (ineluding Sigiflarie) o trace of those fibres with
areolated * margined pits” which exist abundantly in all living Cycads, in which
Iatter, as I showed long ago,® medifications of the spiral and the pitted states can
be discovered in the same individual vessel.t

But M. ReNauvrr has discovered in France an important group of earboniferous
plants which undoubtedly possess the barred and areolated tissues in the same
stems, to which group he has given the name of Poroxylées: as he points out, these
Poroxylons appear to connect the Sigillarie on the one hand with the Gymnospermous
Cordaites on the othert This very important discovery, the reality of which there
is apparently no reason to doubt, unquestionably links the Palieozoic Lycopodiccea: to
the Giymnosperms of the same age, so far as elementary structures are cencerned, as
completely as any Tvolutionist nead desire. The arrangement of these clementary
tissues into vegetative organs leads us to the sume conclusion. The ample develop-
ment of an exogenous vascular zone in true Cryptogams is demonstrated in the preceding
pages as well ns in my previous memoirs. In the young Lepidodendron the centri-
petal representative of the vascular medullary sheath, which even BroNeN1AnT
recognized as an “ étui médullaive,” is not only cnormously large, but it is the sole

* < On the Structure and Affimties of sume Kxogenous Stems from the Coal-measures,” ¢ Manthly
Microscopical Journal,” Ang 1, 1869,

1 It must not be forgotten that Dr Dawsox considers that he has discovered this tissue associated with
barred vessels in some of the Canadian Siyillasie,

T Loe, et p. 273,
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direet link between the roots and the leaves. In a large number of plunts the
exogenous zone is mercly a superadded structure,  In tho first instance, as in Lepido-
dendron Ilurcourtii, this latter zone is but fecbly represented.  Nevertheless this is
a first termn in a succession which ends in the same zone assuming dimensions that
dwarf the relatively narrow, but still eylindrical medullary, sheath of the plants in
which the enlarged exogenous growth occurs.  In such plants as Sigillerue spinulosa
and elegans the medullary sheath is no louger an unbroken cylinder. It appears as a
cirele of detached vascular bundles.  The exogenous zone now grew more vigorously
than the medullary sheath, hence the lutter was broken up into separated wedges,
leaving intervening spaces through which a direct cellular communication was esta-
blished between the medulla and the medullary rays of the exogenous zoue.  Nothing
of the kind existed in the lower Lepidodendroid forms. In them the medullary
sheath cut off all such direct communication. These changes bring us very near to
the narrow medulluy sheath, composed, as in living Gymnosperms, of spiral vessels,
seen in the British Dadocylons and in the St. Etienne Cordeutes; and, considering how
many “ missing links” have been discovered during the lust five years, I have little
doubt but that our continued researches will supply yet further transitional forms,
and thus establish the unbroken unity of this chain of vegetablo structures.

Heuce, though once holding a different view, I am now convineed that so far as we
are acquainted with the organisation of the plants of the Coul-measures, such facts as 1
have briefly referred to are in thorough conformity with the doctrine of Bvolution,
and that these most characteristic plunts can no longer be quoted in opposition to
that doctrine.

Our knowledge of the fourth point, viz : of the organs of reproduction amongst the
carboniferous plants, is as yet too imperfeet to adwit of our employing them as wit-
nesses. They teach most definitely the doctrine of the persistence of types.  But the
lack of inforination respecting alike their autogeny and their phylogeny is amply com-
pensated by what we learn from similar organs amongst their living representatives.

[ would only add, in conclusion, that whilst I believe I have now demonstrated the
transition from the young Lepidodendroid states of M. RENauLY'S two groups « and b
(see page 1) up to their matured Sigillarian conditions, there yet remains his thind
type of Sigilluian stem ¢, of which no Lepidodendroid state has in his opinion
yet been discovered. He says that such a Sigdlerie would require, according to
my views, a Lepidodendroid representative having the following characteristics :—
¢, Cylindre ligneux formé par une couronne discontinue de faiscenux vasculaires,
scalariformes, circonserivant une moclle dépourvue de faisceaux vasculaires ” (loc. cit,
p. 247); but such a Lepidodendron M. ReNAULT tells us has not yet been found.
Yet he announces on page 249 of the same volume that he has found a new
Lepidodendron of which he has not yet obtained suflicient knowledge to enable him
to say much about it; but he already sees that he can define its broad features ag
follows :—* Le cylindre ligneux ne serait représenté que par une couronne de faisceanx
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vasculaires isolés entourant la moelle et d’od partiraient les cordons foliaires. Dans
ce type on ne trouverait ni I'axe compldtement vasculaire du L. Rhodumnense ni le
cylindre ligneux continu dn L. Harcourtii.” Surely this plant fulfils the chief require-
ments of M. ReNAuLTs third type ¢, his definition of which T have just quoted.
But even were it otherwise, the example of the Lyyinodendron Oldhamium described
in my memoir, Part TV., shows that a medullary sheath may be continuous in a young
state (see Memoir IV., Plate 22, fig. 2) and yet be broken up into widely separated
vascular bundles (idem, fig. 3) through advancing age and growth. In these respects
the structure of the medullary cylinder in Sigilluric elegans and spinulosa presents
almost a fac-simile of the conditions seen in the larger stems of my Lyginodendron
Oldhaminm.

Culumostachys Binneyana.

Much as has been already accomplished in the investigation of this interesting
fruit, we are far from knowing its entire history. I am now able however to fill
np two lacun® in that history. We have hitherto been ignorant of the nature and
position of the organic un’on of the sporangia to the sporangiophores; but I found in
the cabinet of Mr. Casu, of Halifax, a transverse section that gives the required infor-
mation. A portion of this section is shown in fig. 23, & being a part of the outer cortex
of the strobilus. At », v, are two sporangiophores, one of which retains its peripheral,
expanded disk at v, and & marginal portion of the other is seen at v”. The disk con-
sists of a mass of parenchyma, amongst the cells of which an extension of the bundle of
spiral cells that passes along the peduncle of the sporangiophore, is secn prolonged to-
wards the margin of the disk; as the'bundle approaches this margin its cells multiply
as is the case with the similar structures in the sporangiophores of the recent Equiseta,
as well as in other very different structures—e.g., the terminations of the hair-like
emergences of the Droseree. The peripheral surfuce of the disk appears to have
been composed of a layer of oblong cells, which are planted perpendicularly to it.
At v” and v we see that each sporangium is not connected with the peltate end of
the sporangiophore by the entire base of the former, as is the case with the living
Equiseta, but by a very narrow neck of cellular tissue attached to a point a little
within the extreme overhanging margin of the sporangiophore ; the remainder of the
base of the sporangium being entirely free, as is seen at u".

My second discovery is a still more important one. All the examples of this
Calamostachys hitherto described, possess but one kind of spore. But some years ago
I found a fragment, still in my cabinet, in which the sporangia were filled with spores
of about three times the diameter of those with which I was familiar. My immediate
conviction was that these were macrospores—but the specimen being so fragmentary,
and there being no microspores connected with it, T durst. not rely upon its apparent
indications since it was possible that it might only represent some {ransitional state
of the common form of spore. The correctness of my surmise is however established
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by the specimen from the Halifax beds represented in fig. 24, and for which I am
indebted to Mr. J. ArrrEN. It is a slightly oblique and longitudinal section. Hence
the sporangia of the upper part have been cut through, almost tangentially, on one
side of the vascular axis, whilst the lower ones have been similarly intersected on the
other.

Nothing further need be said of the general organization of the plant than that the
barren disks with their bracts are seen at ¢, ¢/, whilst the sporangiophores of the fertile
verticils are variously intersected at v. The importance of the specimen resides in its
spores. All the sporangia of the uppermost of the three fertile verticils, as well as
those to the right of the middle one, v, are filled with the small spores which have
now been so often figured and described. The three to the left of the middle verticil,
and all the four of the lowermost one, u’, contain macrospores. The relative sizes of
these two classes of spores are shown in figs. 25 and 26, which are enlarged 220
diameters. The microspores are about '0031, and macrospores occur as large as ‘01,
most of them equalling '0093. The latter exhibit an outer sporangial wall, @, as well
as an inner one, b, whilst a dark-coloured mass, ¢, exists in the centre of most of the
examples. The outer wall of fig. 26 has not been intersected on both its surfaces on
the plane of its maximum diameter ; hence it appears thicker in the figure than it is
in reality.

Tt is scarcely necessary to say that this discovery of macrospores and miscrospores in
Calamostachys Binneyana supplies another link connecting this strobilus with the Lyco-
podiaces in the same measure that it separates the fruit from the Equisetacee. That
no plant belonging to the latter order ever possessed both macrospores and microspores
is more than we can venture to affirm; but that no living representative of the group
is known to do so is an unquestionable fact—hence to include an heterosporous
Calamostachys in the Equisetaceous order will involve so large an alteration in the
definition of the characteristics of this order as would practically involve the creation
of a new one. On the other hand, this discovery strengthens my old conviction that
the true affinities of this strobilus are with the Lycopodiacez. The verticillate arrange-
ments of the fruit, and of what I believe to be the leaves of this plant (4sterophyllites
or Sphenophyllum) constitute no difficulty preventing us from accepting this con-
clusion. BRONGNIART long ago pointed out how commonly a verticillate foliage
occurred amongst living Lycopods.* Fig. 27 represents the best specimen I have seen
of a section which has passed tangentially through the margins of three of the
horizontal barren disks, ¢, and revealed the form of the bracts, ¢, which ascend from
each of these margins. The specimen is in Mr. AITREN’8 cabinet.

Some years ago Mr. CaRrRUTHERS found a fossil Fungus in a fragment of a Lepido-
dendron from the lower Coal-measures of West Yorkshire, of which he gave a brief
account in his annual address to the Geologists' Association for 1876. M.
BurrerwortH, of Oldham, found a second example, which was described and

* < Histoire des Végétaux fossiles,” Part 2, pp. 9, 10, plate 7, figs. 1, 7, and 9.
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figured by Mr. WoRTHINGTON SMITH in the ‘Gardeners’ Chronicle’ for October 20,
1877, under the name of Peronosporites antiquarius. Mr. Smit figures and describes
the hyphee of the Fungus as having septe, and its supposed oogonia as containing
zoospores. The existence of these zoospores was denied by Mr. MUuRRAY, of the British
Museum, in the ¢ Academy ’ for November 17,1877. Still more recently another example
of the plant has been met with at Halifax in the cabinet of Mr. SPENCER. Fragments
of Lepidodendroid bark, the cells of which are filled with fragmentary hyphe, but
with few traces of oogonia, also from Halifux, are in the cabinet of Mr. Casm. I
have bud the opportunity of examining all these specimens with the exception of
that in Mr. CARRUTHERS’ cabinet, which example he informs me is a very imperfect
one compared with those more recently discovered.

T have failed to find any traces of septa in the hyphs of this plant, and I quite
agree with Mr. MUrRAY in his opinion that no zoospores exist in any one of them.
Some of the oogonia (fig. 33) contain black coaly matter such as is frequently found
in the ordinary cellular tissues of carboniferous plants; but I believe this to be the
result of infiltration, since I find it extended into the hollow tubes of some of
the hyphe (as in fig. 33, «), and is not confined to the oogonia themselves. Having
examined the actual specimen described and figured by Mr. Smrta with the aid of a
Zg1ss oil-immersion lens, I have had no hesitation in arriving at the same conclusion
o8 Mr. MURRAY has done, viz : that its oogonia contain no zoospores. The plant has
been an unicellular branching mycelium with numerous dilatations on the branching
hyphe, which dilatations seem to have been oogonia. No septal division separates the
cavities of these oogonia from the hollow hyphe prolonged from them.

Fig. 28 is a specimen from Mr. SPENCER'S cabinet. The fungus is here inclosed
within the cells, ¢, of a fragment of Lepidodendroid bark. At @ is a branching
mycelium, whilst numerous extremely thin-walled capsules, b, are .seen either
detached or, as at U, connected laterally in & sessile manner with the hypha. Some
of the capsules are round, others pyriform and with short hyphoid necks. In this
specimen the hyphew display no traces of septa, neither are there the slightest indi-
cations of spores within the capsules.

Fig. 36 represents a portion of the specimen already figured by Mr. Sy, for the
loan of which I am indebted to Mr. Youna, F.G.S. Figs. 87 and 87A represent
fragments of plants from Mr. SPENCER’S Halifax specimen. Figs. 29 to 33 represent
various forms observed in Mr. BUTTERWORTH'S section, and which correspond very
closely with the Halifax one. In fig. 29 we have the branching hyphs, the branch
bearing the base of an oogonium, a. In fig. 30 an oogonium, a, gives off three hyphoid
branches, one of which is not only connected with a second oogonium at b, but displays
u swelling at ¢, which appears to be the commencement of a third one. In fig. 81, g,
we have three oogonia connected by two hyphee; at ¢ is the free base of a large
oogonium, and at ¢ is another, but of smaller size. Fig. 32 again exhibits two
oogonia connected by & single hypha, but each cogonium again gives off another hypha
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from its free extremity. Most of these modifications find their counterparts in the
figs. 36, 37, and 37a.

Mr. CasH’s cabinet contains several sections of a fragment of cellular bark, most of
the cells of which contain broken fungoid hyphe (figs. 34, 85, and 388), of smaller size
than those just described. One of the most perfect of these is represented in fig. 34, a.

Numerous as are these fragments, indisputable reproductive structures are extremely
rare among them ; but fig. 34, b and c, are examples which closely resemble in all but
size some of the larger objects already described; and I met with two similar ones,
fig. 38, quite equal in their dimensions to those seen in fig. 28. The exceedingly
small diameter of the hyphe in this example, compared with those in figs. 28, 29, and
80, suggest a distinction of species; but we know too little of the effect of changed
surroundings upon these simple organisms to make a multiplication of names desirable.
This latter form has been described and figured by Mr. CAsH in a paper, “On the
Fossil Fungi from the lower Coal-measures of Halifax,” read before the Yorkshire
Geological and Polytechnic in 1879. The specimen was discovered, along with others,
by Mr. Binns, of Halifax. ’

Mr. SMITH came to the conclusion that since the fossil Fungi which he described
possessed, as he believed, septate hyphs and oogonia containing oospores, they must
be ranked with the Peronosporee. I confess that I cannot confirm the alleged facts nor
accept the inference drawn from them. That the plant is a Fungus seems most pro-
bable : equally so that its relations are with the Saprolegniee. The discovery of its
reproductive organs in a more perfect state will alone enable us to arrive at a perfectly
satisfactory conclusion on this point.

Along with the examples described are numerous single spheres about *0012 in
diameter. It was long doubtful whether or not these belonged to the supposed
Peronosporites, but I have now no doubt as to their doing so. Their diameter is about
the same as that of the oogonia of the branching specimens, and I found one in a small
cluster of these objects which had developed into the state corresponding to that
represented by fig. 37.

I have occasionally found long branching hyphe without any dilatations, and which,
being associated with the branching ones, I presume belong to the same plant, since
they differ in no respect from the shorter hyphee of the latter. From these facts it
would appear that this organism began as a single spore-like cell within the cells and
vessels of other plants. This cell threw out from one to three short hyphe, each of
which developed a capsule like an oogonium at its extremity, which, in turn, repeated
the same process until a complex branching structure was produced. But under some
other circumstances longer branching hyphs, either devoid of oogonia or only bearing
them at much longer intervals, were produced.

In conclusion I have again to thank Mr. CasmE and Mr. SpENCER, of Halifax, and
Mr. JoBN ArTKER, of Urmston, near Manchester, for the free access they have given
me to their cabinets, and to Mr. BurterworTH, Mr. Young, F.G.S. of London, and
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Mr. TroMAs BrITraIN, of Manchester, for sections of the specimen discovered by
Mr. BUTTERWORTH.

Fig. 1.

Fig. 2.

Fig. 8.

Fig. 4.

Fig. 5.

Fig. 6.

Fig. 7.

INDEX TO THE PLATES.

PLATE 47.
Lepidodendron selaginoides.

Transverse section of a young twig of Lepidodendron selaginoides, enlarged
13 diameters. a. Vasculo-medullary axis. b Innermost cortex. d. Zone
from which the middle bark has disappeared. e. Parenchymatous portion
of the outer bark, passing into the bast-layer /. g. Leaves.

PLATE 51.

Segment of a similar section to fig. 1. Reference letters as in that figure.
Enlarged 27 diameters.

PLATE 48.

Transverse section of the centre of a twig in which an exogenous vascular zone,
h, starting from opposite the point z, has extended both radially and laterally.
¢, ¢, foliar vascular bundles in the innermost bark. Enlarged 36 diameters,

Segment of a similar section with the exogenous zone further advanced.
Enlarged 12 diameters. ¢, 7. Accidental fissures in the bark.

PLATE 49.

Vasculo-medullary axis and exogenous zone of a section similar to fig. 4.
Enlarged 28 diameters.

PLATE 50.

Central axis of a more advanced twig in which the exogenous growth, , has
completely enclosed the vasculo-medullary axis. Enlarged 27 diameters.

Transverse section of a branch of Lepidodendron selaginoides of larger size,
and which hes reached a perfectly Diploxyloid stage of growth. e. Pa-
renchymatous zone of outer bark. f. Bast layer of outer bark. Enlarged
nearly 6 diameters,
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PLATE 49.

Fig. 8. Transverse section of the central portion of a young twig preparing for
dichotomous branching. 4. One portion of the divided vasculo-medullary
axis, with an incipient exogenous zone at A B. The other portion of the
axis, without an exogenous zone, as in figs. 1 and 2. «. Medullary cells.
b. Cells of inner bark. ¢. Foliar vascular bundles. Enlarged 18 diameters.

PLATE 52.
Lepidodendron Harcourtii.

Fig. 9. Transverse section of a young branch 1} inches in diameter. . Cellular
medulla. . Vasculo-medullary cylinder. a”. A segment of @’ with its
surrounding inner cortex, b’, becoming separated to supply a lateral branch.
b. Inner bark. ec. Foliar vascular bundles. . Middle bark. e Parenchy-
matous layer of outer bark. f. Prosenchymatous, or bast-layer of the
same. g¢. Leaves.

PLATE 51.
Fig. 10. Vasculo-medullary axis with the inner and middle bark of a more developed
specimen, Enlarged 9 diameters. References as in fig. 9.
PLATE 49.

Fig. 11. Segment of a transverse section of the inner bark of a more matured branch,
showing a rudimentary exogenous zone. b. Large cells. ¢”. Foliar vascular
bundles. %. Transversely divided exogenous vascular wedges. %. Deflected
vessels of obliquely intersected wedges, Enlarged 27 diameters.

PLATE 51.

Fig. 12. A branch-bundle, similar to fig. 9, a”, b’, but from nearer to the periphery
of a section, and in a more advanced stage of development. a, a’. Vasculo-
medullary axis, 5. Innerbark. c. Foliar vascular bundles. d. Middle bark.

Enlarged 21 diameters.
PLATE 53.
Stigmarian Rootlets.

Fig. 13. Central portion of a rootlet of the recent Selaginella Martensii. @,@’. Xylom
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Fig. 14.

Fig. 15.

Fig. 16.

Fig. 17.

Fig. 18.

Fig. 19.
Fig. 20.

Fig. 21.

Fig. 22.

Fig. 23.
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portion of the root bundle. b. Phloém portion of the same (Liber-cells of
Van~ TiecHEM). c. Inner cortical cylinder. Enlarged 270 diameters.
Usual aspect of the transverse section of a matured rootlet of Stigmaria
Jficoides. a. Vascular bundle. c¢. Inner cortex. d. Outermost cortex. The
middle bark is wanting. Enlarged 30 diameters.

Transverse section of a matured rootlet in which all the tissues are pre-
served. «. Vascular bundle. b. Small cells in the position of the Liber-
cells of fig. 13. ¢. Cylinder of inner bark. d. Outermost bark. e Middle
bark. Enlarged 55 diameters.

Transverse section of a very young rootlet enlarged 80 diameters. a. First
formed vessels of the vascular bundle. b. Space left vacant by the dis-
appearanco of the Phloém. ¢. Cylinder of inner bark. d. Outermost cells
of the outer bark. e. Remnant of the middle bark.

Transverse section of the inner cortex, ¢, and the vascular bundle, ¢, of
a similar rootlet to fig. 16. Enlarged 270 diameters.

Vascular bundle and inner bark-cylinder of a rootlet like fig. 14. Enlarged
66 diameters.

Similar object to fig. 18. Enlarged 140 diameters.

Similar section of the centre of a yet larger rootlet. . First-formed vessels
accidentally detached from the bark-cylinder c. a’. Newest formed centri-
petal ones.

Medullary rays of Lepidodendron selaginoides.

Part of fig. 7. Enlarged 200 diameters. A. Three vascular wedges.
k, k. Two medullary rays containing barred cells.

PLATE 54.

Part of a similar section to fig. 7, but taken from the junction of the
exogenous zone, h, h, with the vasculo-medullary cylinder ¢, and exhibiting
barred cells at the medullary extremities of the medullary rays k, k. 2. Zone
of small vessels uniting the vasculo-medullary cylinder with the exogenous
wedges h, h. Enlarged 200 diameters.

Calamostachys Binneyana.

Part of a transverse section of a strobilus of Calamostachys Binneyana in the
plane of a fertile verticil, enlarged 46 diameters. k. Outer cortex of the
axis of the strobilus. u. Sporangia filled with spores. v. Sporangiophores.
9", v, Narrow points near the margins of the peltate peripheral extremities
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of the sporangiophores, v, at which they are organically united to the
sporangia. Enlarged 36 diameters.

Fig. 24. Oblique longitudinal section through a strobilus exhibiting both macrospores
and microspores. [Enlarged 18 diameters. k. Central axis. ¢ Barren
bractigerous disks. ¢. Bracts of ¢ . Sporangiophores of the fertile
verticils. “u. Sporangia with microspores. u’. Sporangia with macrospores.

Fig. 25. A microspore of fig. 24, «, enlarged 165 diameters.

Fig. 26. A macrospore of fig. 24, «, enlarged 165 diameters. «. Exosporium. b. En-
dosporium. ¢. Central mass of carbonised matter.

Fig. 27. Portions of the margins of three barren disks, ¢, showing the ascending
marginal bracts ¢. Enlarged 15 diameters.

Carboniferous Fungi.

Fig. 28. Peronosporites antiquarius from Halifax. «. Hypho. 0. Oogonia. c. Cells
of a fragment of bark. Enlarged 375 diumeters.

Figs. 29, 30, 31, 32, 33. Various fragments of the sume from a specimen from Oldham.
Enlarged 500 diameters.

Fig. 84. Fragments of a Fungus with smaller hyph® from Halifax. Enlarged 675
diameters.

PLATE 48.

Fig. 35. Fragments of a Fungus with smaller hypha from Halifax. Enlarged 675
diameters.

Fig. 36. Peronosporites antiquarius, Oldham specimen. Enlarged 320 diameters.

Figs. 37, 38. Peronosporites antiquarius, Halifax specimens. Enlarged 320 diameters.

During the progress of the investigations recorded in my eleven memoirs I have
experienced some difficulties which would not have been felt if I could have examined
the originals of the figures and descriptions left by my predecessors in this study.
Those who may follow me in these enquiries may be preserved from similar difficulties
by knowing that most of the specimens which I have described will find their perma-
nent resting-place in the Geological Museum of the Owens College, Manchester, where
they will be accessible to all who may require to consult them.

Manchester, Jan. 23, 1881. W.C. W.
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INTRODUCTION.

§ 1. In Vol. XX. (1872) of the Proceedings of the Royal Society (pp. 160-168) is
a beautiful paper by the late Professor CLERKk MAXWELL giving an investigation of
the induction of currents in an infinite plane sheet of uniform conductivity. For the
purposes of the investigation the sheet is supposed infinitely thin; and when it is at
rest and influenced by a varying external magnetic system, the effect of the currents
induced in it is found to be equivalent to an infinite train of images, at the sheet, of
the external system, which, after being formed, move off to infinity with uniform
velocity. When the external system revolves uniformly round an axis normal to the
sheet, the effect is shown to be the same as if the sheet itself revolved round the axis
and the magnetic system remuined fixed. The images will then lie in a spiral trail
in the form of a helix whose axis is perpendicular to the sheet. This theory was
afterwards reproduced in his ¢ Treatise on Electricity and Magnetism,’ and the latter
part proved directly from the equations. The analysis there given is somewhat
difficult to follow, though it is doubtless possible to present it in a more logically
exact form.

The problem of the induction of currents has also been treated by FEerrct
(TERTOLINT'S ‘ Annali, 1853-54) and by JocaMaNN (CreLLE, 1864, and Poce. Ann.,
1864). JocHMANN has solved the case of a sphere which rotates uniformly in a
magnetic field symmetrical about the axis of revolution and finds that no currents
will be generated in it, but that there will be a certain distribution of free electricity
throughout its interior and over its surface. He has also handled the case of an
infinite plate of finite thickness, which revolves uniformly round a normal, by
neglecting the inductive action of the currents on themselves, and shows that the
conditions of the problem may then be satisfied by a system of currents parallel to
the faces of the plate ; he has also traced the forms of the current and equipotential
lines in some simple cases. The solution, however, as MAXWELL has shown in the
case of a thin copper disc, can be true only for very small values of the angular
velocity.

MDCCCLXXXL 28
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HEeLMIoLTZ, in an elaborate memoir on the * Equations of Motion of Electricity,”
in CRELLE'S Journal (vols. 72, 78), has given an exhaustive analysis of the conditions
which have to be satisfied in any problem regarding the movement of electricity, and
has proved very clearly that the solution of any problem is unique; but he has not
dealt with any special case of the problem of induced currents.

MaxwELL's investigation remains up to the present, so far as I am aware, the only
case in which the complete solution of any case of induction has been published.

German writers on ourrent electricity have usually adopted some form of the theory
of action at a distance between the elements of different currents, and the free elec-
tricity is conceived as a scalar quantity distributed with a certain density throughout
tho interior and over the surface of conductors. MaxWwELL's theory, which is adopted
in the present paper, though it leads generally to similar equations, differs notably
from the other in both these respects. The energy is supposed to be seated every-
where in the surrounding medium, and the free electricity is the convergence of
a vector quantity termed the electric displacement. The total current, to which
electro-magnetic phenomena are due, is compounded of the current of conduction and
the time-variations of the electric displacement. Owing to this peculiarity of the
theory, the conditions to be satisfied at the surface of separation of two substances
will ditfer from those given by HermmoLTz. I have therefore analysed them some-
what fully : teking first, for the sake of generality and the simplicity which it gives,
the most general case of two substances in which both the conductivity and specific
inductive capacity are to be retained. We can then deduce the conditions at the
common surface of two conductors, or of a conductor and a dielectric, which is the
case with which we have to do.

One special result of these conditions is that when the vector potential, at the
surface, due to all the currents or magnets in the field is at each point perpendicular
to the surface of the conductor, the electric potential will vanish everywhere, and
there will be no free electricity present either in the conductor or on its surface.

This happens in the case of an infinite plane plate of any thickness. The vector
potential (or electro-magnetic momentum) is then everywhere parallel to the surface
of the plate, and is derived by vector differentiation from u function P ; the current
in it is also everywhere parallel to the surface and is derived from a single current
function ®. It also appears that P is the potential of imaginary matter distributed
with density @ ; and, during the decay of the currents, P satisfies an equation of the
same form as that which regulates the diffusion of heat throughout a solid.

When the plate is infinitely thick there will be no reaction in the inducing system ;
but when it is very thin, the effect will be that given by MAXWELL as already
explained. The general formulm in this case reproduce his results.

For a solid sphere or shell bounded by two concentric spherical surfaces, the vector
potential and current are everywhere at right angles to the radius vector to the
common centre, and their values may be derived from two functions, P and ®, which
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are related to each other as in a plane plate ; during its decay also, P follows the
same law as in that case.

When the shell is infinitely thin, the effect, on an external point, of the currents
excited in it may be represented by the following system of images, which constitute
a generalisation of those of MaxweLL. Divide the time into an infinite number of
equal intervals, and at the commencement of any of these let a positive image of the
system be formed in the place occupied by its electric image at the surface. Let the
parts of this image move towards the centre in straight lines so that the logarithmic

decrement of their distances from the centre is constant and equal to % (R being
the resistance of the shell and a its radius), and let the intensity of the image increase
at each point with a constant logarithmic rate 4-%. At the end of the interval let an

exactly equal but negative image be formed in .the place of the former and move

towards the centre in the same manner, and let these operations be repeated at the
commencement and end of every interval during which the external system is varying ;
the action of the sheet on external points will be that due to the above train of
images. The action on a point within the sheet may be represented in a somewhat
similar manner.

‘When the shell possesses a finite thickness, or is a solid sphere, it is not possible to
express its effect so simply. The variations in the external system produce continually
new systems of currents, the law of whose decay may be exhibited by expressing P in
a series of terms containing each the product of a tesseral harmonic, a “spherical ”
function of the radius, and an exponential e~*, the coefficients of which are to be
found by known methods.

When the shell degrades into an infinite plate, the *“spherical” function becomes
an exponentiul or circular function, and the tesseral harmonic becomes the product of
a factor cos m¢ or sin m¢ by a BrsseL’s function J.(«p). The coefficients might then
be found by means of NEUMANN’S theorem for expanding f{z, y) in BEssEL'S functions ;
but their deduction from the corresponding problem of spherical harmonic analysis
throws an interesting light upon NEUMANN’S expansion, and especially on the meaning
of the symbol o in the limits of integration.

‘When a symmetrical conductor revolves uniformly about its axis of symmetry for
a sufficient length of time, the currents and electric distribution become steady, and
the total currents are then identical with the currents of conduction. In the case of
a plate or spherical shell, the vector potential and currents are expressible in the same
manner as before in terms of two functions P and ®, which are still related to each
other as formerly. The equation which now determines P is 41,,751): md(l:—::@.

The general results of calculation verify MAXWELL'S theorem of the spiral trail of
images due to an infinitely thin plate. The theorem is also extended to a spherical

282
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current sheet ; the trail here becomes conical, the locus of points in it, which corre-
spond to a given point of the influencing system, forming a curve which would
become portions of an equiangular spiral, if the cone on which it lies were developed
on a plane. .

The determination of the coefficients in the problems having reference to a sphere
or spherical shell depends on the elementary formule of reduction of the spherical
functions. By adopting a particular mode of constructing the theory of these
expressions, it is possible to obtain the necessary properties almost immediately from
the definitions : a short sketch of the subject is therefore given, confined, however, to
the results which are necessary for the subsequent analysis.

General equations.
§2. The general equations of the field in MaxweLL's theory are expressed in

terms of
The electro-magnetic momentum at a point, F, G, H

The magnetic induction a, b ¢
The magnetic force a, By
The total electric current u, v, w
The current of conduction Pyq
The electric displacement figh
The electromotive force P,Q R
The velocity of a point x, Y, 2

‘We have also the following scalar quantities,

The electric potential ,
The magnetic potential Q,
The conductivity for electric currents C,

The resistance to conduction, °'=:5’

The dielectric inductive capacity K,

The free electricity at any point in the substance of the conductor e
per unit of volume, on the surface € per unit of area.

Since the dielectric surrounding the conductors is air, we may treat the magnetic
induction and magnetic force as identical, and we may put

dH dG
a=d—y—}-_—,&c...........(l)
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The total electric current u, », w is connected with the magnetic force by equations
of the form,

=%y _a8
41ru—dy—dz,&c.. B )]

and satisfies the equation of continuity

du  dv | qy__
_ri.-u+dy + dz =0.
If we put

b _df ,dg  dh
u_p+dt’ e e_—ll‘n-i.d‘:/.!-d:'

dp jdq  dr  de :
dz:+dy+zlz+dt_0' T

expressing that the loss of electricity by conduction through the faces of an element
is equal to the loss of free electricity in the element, a result which may be taken as
self evident.

If we put, with MaxweLr, p=CP, f=£—r-P, &c., this equation may be written
K de
C€+Er = 0.
If ¢, be the initial value of ¢,
€= E(,e' l-ﬁ [4

showing that any initial electrification will rapidly disappear in a conductor for which
x is small compared to C. 'When the substance does not conduct we shall have
e=¢,; so that if we suppose air and other non-conductors initially uncharged, they
cannot acquire any charge.

The equations which determine the vector potential or electro-magnetic momentum
in terms of the current are

1 (v
=[Sy, &,

where r=+/(z—2/ 4+ {y—y)*+ (z—7)%, and the integrations are to be extended over
ull space where there are currents, whether these be currents due to conduction, or
time-variations of the electric displacement. ¥, G, H are thus the potentials of
distributions of imaginary matter of finite density; and, therefore, in crossing the
surface which divides two substances in the field, we shall have
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F =F, G=G, H=H
dE_av a6 v am_aw oo o (4)
dN " dN? dN " dN’ dN — dN’

F', G’, H'.being the components of the electro-magnetic momentum in the second
substance, and dN an element of the norma) drawn from the first into the second.

The other boundary conditions are more difficult to recognise. Let us first confine
our attention to the common surface of separation of two substances at rest. In the
first the equations of electromotive force are

dF _%
dt  dx

Q____%_'ﬂ' N ()]

dy

P=-—

with similar equations for the second. Let [, m, n be the direction cosines of the
normal (N) at any point, and let f=IF+mG-+aH ; then, since

u—(0+4_” dt) P, &c.,

7\ d K d\d
lu-l-'nn'+nu'=—((,+4-;r (("> l;f (C s dt) d\}!{’ ;
and, for the second substance,
W' mv' nw'= —(C’ +f’; (%) iF_ (C' z_ :t) d"'
The condition of  continuity” at the surface requires that

lut+mutnw=lu'4+mv' 4aw',
and therefore

{o-e+ ()il (g )R- (cHgd)dE= - - - ©
The free electricity ¢ at the surface is given by
i) -(-4-3)

dt dN

=(KC’—K’C)(C—C’+(%}5)-16—%—% . (6)
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(a.) When both the substances are good conductors, we may take K=K'=0; the
equations then become
e, 'l*lf_ w_
(C-C) C =0 @

€=0

(b.) When the first substance is a conductor and the second a non-conductor (air),
we shall have K=0, C'=0; the equations are then, electro-magnetic measurements
being still employed,

(C K d>rljf+crl~{r K day'_

4 dt AN 4dmwdtdN

wto(o-E 27 (42)

(®)

But K’ is infinitely small compared to C; and therefore, if we write () for the
electrostatic measure of €, we shall have

©)

We may derive an important corollary from these results.
If #F is always =0 at the surface of the conductors (as will be the case in the
following problems), we shall have

e 1)

But from equations (5), remembering that e=0, we derive
@ @
v =0, where V’=i:‘+@,+d';’ e e e e e (ll)

within the conductor, therefore,  is everywhere zero; and since ' always satisfies the
equation ¥ %)'=0 outside the surface and is zero at every point of it, it follows that y'
is also everywhere zero, and there is mo free electricity either within or upon the
conductor.

Let us now collect the results of the above discussion, so far as it relates to a
conductor disturbed by the introduction or variation of a magnetic system in a space

surrounded by air ; putting K=0, and writing o for %,
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(1.) Within the conductor

o e _d¥_d¥
47r dt de
9 o2 _dG _’.lf"
4 @V e= dt dy

_d¥
2 — i o}
V===

e=0, V=0.
(2.) Outside the conductor C’=0, and K’ may be neglected ; therefore
vF'=0, v:G'=0, vH'=

'=0, v¥'=0,
(¢“=electric density outside).

(8.) At the surface of the conductor

v GF __d¥’
F-l", dN = &e.

d-’F _ o
% dN =0, F=IF4+mG+nH, Y=y
_dy ¥
(€)= N "aN'
(4) When =0, y=0, ¢'=0, ¢=0, and the currents are confined to the

conductor.
When the conducting substance is moving in any manner, the equations of electro-

motive force are (MAXWELL, Vol. II., Art. 598)

¥

P=yy—pe— ——d—'",’f

. dGd
Q=oz —yz—7 d‘_’/f
ay

If we differentiate these with respect to z, y, z and add, putting for d£+';Q+‘::

its electrostatic value 4(e), we find

=Bl vy

=— L byt )+ 2 (it Botyo) — Y. . . . (12)
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where a':l, r;a,, 0;3 are the angular velocities of the element at =, ¥, 2. 'We cannot,
therefore, look upon Y as the potential of free electricity ; in fact it is easy to see that
there will be no free electricity inside it, just as when it was at rest. If the conductor
be symmetrical about an axis, and revolve about it sufficiently long for the currents to
become steady, the total current will become identical with the conduction current, and
there will be no flow across the surface. We may then take at every point of the

surface
lu+4mo4nw=0.

The triple integrals in the expressions for F, G, H are then to be taken only
throughout the conductor, and we shall have as before I and j—f;—,
passing across the surface ; and outside, F, G, H satisfy the equations

&c., continuous in

V=0, v3G=0, v*H=0.

The special problems which are solved in the present paper depand for their solution
on certain properties of the vector potential ; and it will therefore not be out of place
to devote a little space to their preliminary discussion. We shall thereby gain a
clearer insight into the subsequent analysis.

The vector potential.
§ 3. (A.) We shall first examine the nature of the vector potential inside a space

due to magnets or currents outside that space. It is connected with the magnetic
potential 22 by the equations.

(a) di_dG_ _dn
dy dz d
dF dH an
E —z: -— dy . . . . . . . . . (13)
G dF _  dn
dz  dy dz

and it is clear that, if we can find one set of values F, G, H satisfying the equations
when 2 is supposed given, the complete values will be

F+% o+ B+,

where x is an arbitrary function of «,y, = It is therefore necessary for our purpose to
find one solution only.
MDCCCLXXXI. 2r
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If we can express Q in the form

n_<A +Bl—l}+0) S 7))

where P satisfies the equation v*P=0, the equations are satisfied by

d d
F =<Bl’z—0 @)P]
d d -

d d
1{=(A;15—B E_)P )

and, in particular, if

(16)

These expressions (15) may be easily verified by actual differentiation, taking account
of v?P=0, and may be looked upon as a generalisation of the equations given by
MaxweLs (‘Electricity,” Art. 405). They give additional interest to his expression for
a solid negative harmonic

d, d, d 1
<A1’L”+B|‘7§/+(zl;h) oo < “d.b+Bn(lJ+ /ldz)

and in forming F, G, H any one of the n factors may be chosen to furnish A, B, C;
the results obtained by taking two different factors differing by quantities of the form

'z_‘, jx %, as I have verified. When © is a solid harmonic of positive degree, it is
more convenient to use the simplified form (16), and in the case of a tesseral solid
harmonic, the results of differentiation give rise to a series of very interesting
theorems, which, however, do not interest us at present.

It will be observed that the expressions given for F, G, H satisfy the equation of no

convergence
dl“
+ = =0.

(b.) When we use semipolar coordinates p, ¢, z, given by

x=pcos, y=psing . . . . . . . . . (17)
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the equations (13) transform into

AH _dpG_ _d0
pdp ~ pdz  dp
dF dH dQ
& “dp T pdp
dpG_ dF __d0
pdp pdp —  dz
Here F, G, H are now the resolved components of F, G, H in the p—, ¢—, z—
directions, and the equations are obtained by resolving the two sides of equations (13)
in these directions. The expressions on the left hand sides of the above equations
are most readily recognised by observing that, when they vanish, we must have

(18)

(Fdz+Gdy+Hdz=]Fdp+Gpd¢+Hdz
an exact differential. The equations themselves are satisfied by

i’

=‘:iz-, viP=0,

g 1P o ar (19)
=pdp T= gy HE

and the condition of no convergence

d pF  di4  dH
== =0, is satisfied.
p dp +Pd¢+

(c.) If we employ polar coordinates 7, 6, ¢
[Fdx+ Gdy+Hdz]=Fdr+Grdf-+H.r sin 0d¢
and the results of transforming the coordinates are obviously

1 d.r sin 6H tg_ii.- _a0
23 gin @ dé de dr
1 (dF drsin 6H dQ
rsmﬂ(d¢ T dr > T e s s 20
1/drG_dF _ dQ

dr df 7 sin Od¢

These equations are satisfied by
2712
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n=:r(1'P), viP=0 ]

a» e e e e e (21)
F=0, G=—1~ sin 9:195 H= +d€
and may be readily verified by substitution a.nd actual differentiation, as in the former
cases, observing that v2P=0. They coincide with the expressions given by MAXWELL
(Vol. IL, Art. 671), and before him by JocHMANN ; they likewise satisfy the condition
of no convergence, which in this case is

Lake, 1 dsindG, dH__,
® dr 'rsind dé r8in 6dp

(B.) The vector components of the electro-magnetic momentum give rise to the
vector potential of the magnetic force in the space in which the currents themselves
exist : we shall therefore enquire what distribution of currents must be assigned that
the vector potentials due to them may be respectively of the foregoing types.

(a.) Rectangular coordinates.
The equations to be satisfied are

If we take
G-- H_o........(zzl)

we find that the above equations are satisfied by

o g __ar L
T ded? PT Ty Y T i
i do - (2%)
= =0
U=— o' v=_, w
whero
4rd=— V1P,

@ is here the current function, and v ®P is not now supposed to be equal to zero;
in fact, nothing is at present supposed to be known about it.

(b.) Semipolar coordinates.
The z— and y— directions are variable and are supposed to be in the directions of
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dp and d¢ respectively, the directed quantities, as above, preserving their former

designations.
Our equations are

=1 _deB ...'i’__
dru= <d¢ dz)’ 4 =7, dw
l(dH t!pG) aF rﬂ[
=~ ==, =
p\de dz e dp

and we may satisfy these by

319

=i =)

= (% d¢)

1 dp
F=-— G-— , H=0 . (23
e (23)
and
gl La(n e
= Tdpde P T pdpdz Y pap\Pap) T ¢ i (23)
. lae e o Ee
Y S
4rd=—Vv?P;
here
218, 4 1@ "
VS P Yeap e
(c.) Polar coordinates.
The equations in this case are, resolving along dr, rdf, r sin Od¢
dru= 1 (dysin B_tiﬁ 4 1 (da drysinf l!_lg da

“rein6\ dé r¢) =rsin 0(d¢ dr dr d€)

__ 1 (dHsinf dG _ — .

=rsin a( P7] —d¢)’ """"" = :

and we may put in these
1 dP dp
F=o, G=_sm0¢i¢’ =% . (24)
fid P _lar) 1 &P
=+; [.m 06" “n’i m’0d¢’]’ B=- drdﬂ’ Y= "5 drdp (24
b . (24)

u=0, v=—

sin 6dp* U= + a8
where

dnd=— V2P,
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General problem of induction.

§ 4. The problems to which we shall chiefly devote our attention in what follows are
the induction of currents in a plate (i.) of finite and (iL) of infinitesimal thickness,
either at rest or revolving uniformly about an axis normal to its faces, and in a sphere
or spherical shell either of finite or infinitesimal thickness under the same conditions.

‘We may observe however, preliminarily, that any solution of any problem of induc-
tion which satisfies all the conditions of the question is the only solution that can exist.
For all the equations being linear the difference between the functions which express
two solutions would also satisfy all the differential equations, and would correspond to
the case in which the conductor is under no external inducing forces, and therefore no
currents can be set up in it.

This observation has been made by MAXWELL and has been established more in
detail by HELMHOLTZ in his memoir. From the linearity of the equations we may also
conclude that the effect of different systems acting either simultaneously or in succes-
sion may be found by adding the effects due to each separately.

In particular, when the conductor is at rest, its state ut any time ¢ may be considered
as the aggregate effect produced by a continuous series of impulses during its
previous history. The effect of each of these impulses, after being received, decays
according to a certain law, and cach contributes a certain amount to the total result at
any time. The characteristic equation in these investigations is

. d
SVIP=2(P+P) . .. L (29)

where P, is due to the direct action of the external electro-magnets.

Let an impulsive change take place in this external system, by which P, suddenly
rises from 0 to Py, and let P increase at the same time from 0 to P’; then, integrating
the above equation during the impulse, we obtain

P+Py=0 . . . . . . . ... (26)

The impulse having been administered, P decays according to a law peculiar to each
system, and satisfies during its decay the equation

V2P=-—t‘,.........(27)

Let Py(t) be the value of P, at any time ¢: this value may be supposed to have
been accumulated by impulses during the previous history of the system, and, if 7 be
the time measured backwards from ¢, we may express this fact by the equation

*dPy(t—
Py= —-‘.o —"S-(,T—I )dr.
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Let x(P,) represent the law of decay of a system which was initially represented by
P, ; then, combining equations 26 and 27, we see that the complete value of P at any
time for the system is given by

P=+[:x,<qp°g:’)).dr R 1)

To complete the solution, therefore, we have only to determine the nature of y,.

Case of an infinite plate of finite thickness.

§ 5. Let us now take up the case of an infinitely extended plane plate of thickness
2b, and suppose the origin somewhere midway between the two faces of the plate so
that its faces are determined by z=4-b.

The scalar and vector potentials of external magnets or currents may be denoted by

dr,

dP, . dP,
ﬂ|)='—d—zg, 1'0=_t”l}’ G"=7l.;o’ H,,=0 e e e e e . (29)

The equations of the currents in the plate will have for their type

= _UF+F) ¥

- dt dz

(30)

and we shall prove that all the conditions of the problem may be satisfied by taking

(l)
v=0, F=—‘-lg, G——l-, H=0 )
dy ds I
dd dd
u=—" v="-, w=0 |} B 1))
O e o2 |
7 VP J

The equations of electromotive force are now reduced to the single characteristic
equation

d
ﬁvap____d_t(p+1>ﬂ) O 1))

Since there is no free electricity anywhere present, the currents in the plate are
closed currents, and therefore F, G, H and their differential coefficients are all con-
tinuous in passing across the boundary of the conductor. All these conditions will be

satisfied by having )2204
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Pouuse =P, Inside

Bl

when 2=+ ; and it must be remembered that, outside the plate, the vector potential

is determined by

F——'—”— G_. H=0,vP=0 . . . . . . . (34)

If we employ semipolar coordinates the equation in P in the substance of the plate
may be written
P 1 d[’ 1 @P , &P dP
oty i it )=
To satisfy it, put
P= cos m$pJ.(xp)(A cos nz+Bsinnz)e™ . . . . . . (35)

where J.(xp) is BessEL’s function of the m' degree satisfying the equation

d*J dJ
d;’+PdP+(x“——)J 0 . . ... ... (36)
and
O e S € )]

We observe also that « is a constant, which the problem does not enable us to
determine: it must therefore be supposed to have all values from 0 to w; m is
necessarily a positive integer.

Outside the plate P is given by v*P=0, and is satisfied by

(38)

P=¢ cos m¢J a(xp).Ce™",  positive
P=e" cos m¢Ju(xp). De*™, z negative

it being observed that P must vanish when z=w
To determine n, we have, by equations (33),

(1) when z=+b.
A cos nb+B sin nb =Ce™
—n(A sin nb—B cos nb)= —«xCe™,
(2) when z=—0
A cos nb—B sin nb =De™
+n(A sin 2b+B cos nb) = kDe~=.
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Eliminating C and D,
A(x cos nb—n sin nb)+ B(x sin nb+4n cos nb)=0

A(x cos nb—n sin nb) —B(k sin nb-n cos nl)=0.

From these we find

(1) B=0, 7 sin nb—« cos nb=0, C=Ae¢* cos nb=D (39)
(2) A=0, xsin nb+n cos nb=0, C=Be* cos nb=~—D |

Putting all these together we obtain

inside the plate P=3® cos m¢pJ.(xp)(A cos nze=+ B sin n'z™")
~+similar terms in sin m¢

outside, 24", P=3® cos m¢J.(kp)(A cos nbe~™+B sin n'be)e"- . .
outside, z—"%, P=23 cos m¢J.(xp)(A cos nbe™—B sin n'be™)e 04 J

(40)

where

n sin nb—x cos nb=0, A= 4:'"_(x’+n*)

n’ cos n’b4« sin n’b=0, N'= 4';_(x‘-'+n’-’)

The summations are to be extended, first over all the values of # and »’ corre-
sponding to the roots of the above equations, then over all values of « from 0 to «,
and finally over all integral values of m from 0 to o ; the summation with respect
to « will be of the nature of an integral, as will presently appear.

§ 6. The investigation of the values of the coefficients is attended with some difficulty
owing to the difficulty of interpreting the values of J, for infinite values of the
argument. I have therefore sought to evade these difficulties by conceiving the plate
a8 the limit of a spherical shell of finite thickness but of infinite radius, and keeping
in view the general course which the solution for a spherical shell takes. It is
possible to obtain the solution for any spherical shell, and it might seem therefore easy
at once to adapt that solution to the present case: but unfortunately the adaptation is
also beset with difficulties of a peculiar kind, and therefore we can do no more than
take the steps of that investigation as guides in the present problem. The main light
which the case of the spherical shell gives us is that we have to regard cos m¢Ja(xp)
as a degraded form of the spherical surface-harmonic cos m¢P,*(cos f), obtained by
putting

sin0=f,n=m. N 799

MDCCCLXXXL 2v
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a being the mean radius of the shell (sensibly constant), x a finite quantity : to make
the passage clear we know that, if s==sin 6, P, satisfies the equation

()t =2y {( (n+1)—”‘)}y=o L (A

3

(see HEINE, ¢ Kugelfunctionen,’ p. 216, 2nd ed.) ; which we may satisfy by

y=Cu(s*+ A" 2+ A4 .. L)
where
A {(m+2)—m?} +n(n+1)—m.(m+1)=
Ay{(m+ 4y —m?} +[n(n+1) — (m+2)(m-+3)]A,=0
Ay {(m+6)—m?} +[n.(n+1)—(m+4)(m+5)JA,=0, &e.

If we now put n (infinitely great) =«a, s=%, we find

Cu °p? x'p! wtp®
N "
P"_a"P( 1. m+1+4 8.m+i.m+2 4.8.12.m+l.m+3. m+d+
2mm !
=ThCrTn) (A

the value of the constant C,* being obtained from considering the value of P,*--s*
when s=0; in fact we have (IEINE, 2nd ed, p. 207),

Cr=2-" m<{°(j':;*? S (A

This constant we shall keep, for the present, unreduced.

From the theorem rP,,.".P.."’ sin fdf=0, we derive at once
[}

[:J.(xp)J,gx'p)pdp=o (A

We have moreover (see HEINE, pp. 327 and 253),

2 (n+m)! (n_—_m__)l
[(P SPsin 0d0=5 2 "I L L L (A)

und, correspondingly,

Knpdnts 2 (n+4m)!(n—m) 1
r Ju(xo)Ppdp= (CAY 2n+1(135...2n—1) Zn(m 1)
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If we take into account that n is infinitely great compared to m, we see that
(n—m)!=nl+n" and (n4m)!=nlxn"; also

L —omm 1:3.8. . @n=D),
o, nia™
whence
° (imgam+3 |
"'0 J-.(Kp?ﬁ)dp: -nT';l e e e e e e e . (A-,-)

But n=«a and the successive values of n correspoud to the successive integers

8x=£; hence the above integral becomes
© 1
L Jo(xp)Pedp= e e (Ay)

We are now in a position to find the values of the coefficients (A), (B) in the
expressions (40) : for it may be easily shown that, if n,, n, be two different values of
n, 0, 0’y two different values of n’ from equations (39), then

+5 +b +5
I o8 M,z cos Nyzdz=0, I cos nz sin n2dz=0), I sin @'z sin 7' 2dz=0
- -

- (51
2n'b—sin 22D j (1)

2’

+b i b
-“ cos? nzdz= 2nb+ 91—13—2-"11, r sin® n'zdz=
) 2n —b
From these results we may separate the different values of A, B: for since when
t=0, P=—P,
‘We have in fact

1 2 2 ® +6
— i ROk L cos mpde j pJu(kp)dp I_bPoms neds . . (42)

A=

B may be found in a similar manner, and likewise also the terms depending on sin md.
Collecting all these results for the value of P (¢, p, 2) at an external point on the
positive side of the plate, we have (z positive)

P= —:;2,1:'005 m(p—¢)dg’ I:xe““""’J w(xp)dx J':p'J w(xp’)dp'%

+b

2n'sinnd (Y, . ,,.,
*2nb—sin 2n'b I _Fosinnzds }

(43)

The last = is to be extended over all the values of n, n’ which can be derived as

roots of the equations in these quantities. The first % denotes that the summation is
202
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to be extended to all values of m. It is to be feared there is no simpler mode of
writing the above result; but the approximate solution of any given case could be
obtained from it by carefully conducting the approximations.

Case of an indefinitely thin plane at rest.

§7. We may pass from the above problem to the present by making b indefinitely
small. If R be the resistance to the current per unit of area

2Rb=c¢ . . . . . . . . . . . (49

and we have also to enquire what the values of 7 and »’ derived-—
(a.) From the former solution will now become. To do so I shall write the equation

for n in the form
6 sin 6—«b cos 6=0, where §=nb.

(1.) When «b is small the roots of the equation are approximated to, in general, by
sin =0, or f=jw=4, say.
Let §=8+-=, then to find 2 we have
(B42) sin w=xb cos ..

Expanding sin 2 and cos « in ascending powers of z, we obtain, after some reduction,
z in the following series of powers of «b

x=§.xb x’b’—--- 2 sy

moreover
_R 2
A= 27'_(x’-l— n?).
Hence, in general,

nb—j-n--l- b Ll 6*’ A
(45)

x__(%*+2 e x’b=+.--)lr'

(2.) But there is a root of the equation for which # b is very small given approxi-
mately by n®0*=«b; expanding fully the equation #sin §—«b cos =0 in ascending
powers of 6, we find

wP=xb—4 P+ &4 . . .
)}

A=2 e+ Dbt At (46)
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(0.) In like manner, the equation in »’, which is

n'b cos n'b4-«b sin 2'0=0,

is satisfied, approximately, by n’b=2—L;'—-1 =, say: and more accurately byn'hb=a+u,
where

() sin x=xb cos .

This is precisely the same equation as before, and gives

PR L ooga 6+ 4q )
7 h...a+;.xb-—a.,lrb -5 Kb |
. (1)
, R N S T
A\ =E!1.-b<a5+sz+ *;g— K0r— ot K”’q"" oo ) _Jl

‘When we make b indefinitely small, retaining I as a finite quantity, all the values
of X and \’ become indefinitely great except those which arise from the approximation

in n, n%%=xb-+ . .. ; \is then =§—:. Rejecting: therefore all other values of n, »’,
A and X, and confining our attention to the parls of P outside the plate, we find
[writing A cos nb under the single term &,

-

% positive, P=3) cos me.J*(xp).&e—(" ) }

(48)
2 negative, P=% cos me.J*(kp). Re*<(*-2r)
the term in b in the exponential e being neglected.
If, at the surface of the plate, P=f(z, y, t), then at any point for which z is
positive,

22
P=f<w1 Y t+ I-t—)
and at any point, z negative, N (1))
2wz
P=f(ac, Y, t-——R")

This is MAXWELL'S result.

I have dwelt somewhat fully upon this case because it brings out very clearly the
mode in which the terms depending upon all but a certain number of the values of
A and X’ disappear when b is made indefinitely small. When we consider the case of a
spherical shell, we shall find that a similar reduction takes place.
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Induction of currents in a solid sphere at rest.

§ 8. When a solid sphere of radius a is influenced by an external magnetic system
whose potential is 2, we may express the vector potential of the latter by taking

dp, _dP,

=ar B, F=0, G, =— ~sin 6i¢ T =8 (50)
dz, dy, dz being now coincident with dr, 7d6, r sin 6d¢.
The equations of electromotive force, viz. :
—_dF+F)_ dy
- dt dr
= UGGy d¥
or=———0—Y— 0 e .. (51)
__di+H) dy
T 7 sin 6d¢
and all the conditions of the problem may be satisfied by taking
apP dI’1
¥=0, F=0, G=— sin 9d¢ H= L
o AP _ '_(i(P . (52)
R 7 S
Ard=—v"*P.
P satisfies the characteristic equation
vP=] Iit :
or, more fully,
&P 240 1 d 1 &P _ 4w dP,
@ Ve dr T Psm 6 (18(51 ! 0(10)+r’ sin® 0 d—¢—’_ c & (53)

outside the sphere P satisfies the equation
vP=0

and we must have the further condition that F, G, H and their differential coefficients,
or (which is the same thing)

e N ()
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are to undergo no sudden change in passing across the surface of the sphere, and that
P must be finite at the centre.
The equation in P (inside the sphere), is satisfied by

P=AUSM)e™ % . . . . . . . . . (55

where U, is any surface harmonic of degree 1, and S,(A») is the solution of the equation

Q. 2d4Q n(n+l)
7534.;-‘{-;4.()‘9 )Q 0. . . . . .. . (B

which does not become infinite at the centre. In fact the two solutions of this
equation are, as I have elsewhere shown

1 d \*smar
s.(m-)=(m-)~.(); m)' 2 ]
d \*cosar |

(B,)
Tu(ar)=(nry (x; o) S J

of which the former vanishes at the centre, except when #=0, and the latter vanishes
at o ; it is the former of these expressions which is chosen.
Outside the sphere the value of P is

P=BU, e . . . . . . . .. (5¢)

and the above boundary conditions give

AS,08)=Ba~, A, D= B (14 1)a—,

or

B=a"*1A,S(\a)
EHEHS=0 L (T)

This equation is also equivalent to the following somewhat simpler one (see equation
B;, § 10),
SeaM)=0. . . . . . .. .. . (57)

The values of A being thus determined, we muy proceed as in the former problem
to find the coefficients due to any initial circumstances, and thence the state of the
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sphere muy be readily deduced by the principles which have been already explained.
I may observe that U, is to be expressed in the system of tesseral harmonies

%‘.(A cos meé-- By, sin m¢) P,

The rest of the process needs no remark.

Spherical shell of finite thickness.

§ 9. Let the external and internal radii be b, a; all the conditions of the problem
will be satisfied by the same general assumptions as to the forms of the electro-
magnetic momentum of the currents, the current function and of the potentials of the
external magnetism, The characteristic equation remains

T _ 4 dpP

1V P=03
and, as in the former cases, since there is nowhere flow along thd radii to the common
centre of the surfuces and no free electricity, the currents are entirely confined to the
interior of the shell, and we shall have as before for boundary conditions, that the
vector potential of the currents in the shell and its differential coefficients sustain no
sudden change at crossing the surfuces. Outside the shell and within its inner
surface, the vector potential is given by expressions of the same form as in the
substance, viz. :

1=0, G=—— _ g1
F=0, G= sin 6d¢’ H_dﬂ'
but in the space free from currents
viP=0.

At the boundaries all the conditions are satisfied by having

dap
P and o

continuous when 7=a and when r=b; we must therefore take

within sphere of radius a, P=3CrU.e e
in substance of shell, P=x(AS,+ BT,.)U.e“'-a":

. . |
without sphere of radius b, P=2D1""".U,,c'*‘-«?‘ |

(58)
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S, and T, are the expressions referred to in last article: they are the particular
solutions of the equation

@R | 2dR 0 n(n+l)
s +1 dr +()\ )R 0.

If we write z=Mr, S, and T, are respectively equal to

1d smr 1 d\" cogr
:I"‘(, dm) > and Tn( d—'a) N

To express the boundary conditions we shall write

a=Xa, B=Ab, S=8(\), '=S(Ab), &c; . . . . . . (59)

we have, accordingly,

Ca'=AS+BT, G =) A7 +B) 1

+ (60)

Db--4=AS'+BT',—(n+1)Db-~+2—x<A +B;,§)J

These equations may be put into much more elegant forms ; but to do so we require

various properties of the S— and T— functions; and as these are not very generally

understood, I shall here digress into a brief sketch of the whole subject, confining

myself as strictly as possible to those properties which have a direct bearing on the
present question.

[Properties of the «“ Spherical Functions.”

§ 10. If we write #?=t, and work out the differentiations and integrations, it can be
readily shown that

- (1 d)" sm:c l) J—y (] d)‘ﬂ"“ cosx

dx e
: da\» . :‘d 151: (Bs)
cosz_ mtl——l (L )TV 8IMZ

The constants introduced by integration must be so adjusted as to make a certain
number of terms in the second equality coincide : the others will be exactly equal.

If we write each member of these two equations, as before, respectively S, and T,,
and differentiate the quantities on the loft-hand sides of the equations, we find

ds, dT,
wS.+,=z7d;-nS,,, a:T,,ﬂ=a::I:—uT,, ... ... (B)

MDCCCLXXXI. 2 x
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Differentiating the right-hand members we obtain

—a8,_=e P 418, —eTu=e T DT . . . (B)

These are the fundamental formulse of reduction in these functions : if in the latter
we write n+1 for #, and substitute the values of S,,, and T,,, from the former, we
can show easily that S, and T, satisfy the differential equation

*R 2dR 1
st ( 2t )R—- ¢ )

z dr

. . .. 1S,
nnd are therefore the two solutions of it. If we eliminate from the above w‘a, and

dTu
z " we find

Su @ 3
@n+1) " 4+8, 0 +8,,=0 j|
.: > (B)
(2n+41) 4T, + T, =0 Jl
whence also
S"'FITM—"I“H-Q-IS/':S”'J‘)I_] _S,/_('r,, . . . . . . . (B:‘-)
and, by successive reductions,
. ma 1
8y Ty—Tus18,=8 T ~T,S)= 5 e e (BY
and thus also, by (By), ‘
2n+1
Sunli=TuSim=—"5~=- . - . . . . . (B)
‘We obtain also directly from equations (B,),
a8, o dT, ! 1
T. ﬁ—'sn l{:;-=sn+lTn_lu+]S e oo (BIO)

a well-known result. ]
11. If we now turn to equations (60), we find by elimination

A\ <T 48 -8 d;:): —a*1C <a. Tli'—r-—nT)
B (T4 8 )=+ (« Gr—n)

A (T’Z:—S"ﬂ )_ —b==D (B s+t 1)'1")

AB ('r‘fg ’"')_ 4+b==D (,e A +S)
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These may be written
A==\, (\a)C, B=+4Ma**8,,,(\a).C
A=+4Mb—*'T,_,(Ab).D, B=-—\b""*18,_,(Ab).D.

Introducing a new constant @, we may therefore put

A= —@)\2**b-1T, | (A2)S,_,(Ab)
B=+4@Nar*2b™*18, | (\a)S,_,(Ab)
= —Rur*S,, () J

C= @.b*1S,_,(\b) 3
[

with the further equation, for the determination of A,

8,,1(Aa). T,y (\b) =T, 1 (A2).8.,(AL) =0 .
To construct this equation, I observe that

1 d\rsinz
8., _‘cu(z d.c) x
may be written .
X," sin (m+ )+X sm( + ;]ﬂ)
and that

T,, which —1:"< ) sm( +aa/
&%

may in like manner be written

X,*sin (2'+n—+—11r>+X, sin <z+— E )
In fact

ey (@=Dnr+)n+2)1 A @B-=3)(n—2) ..(n+3)(n+d)1
z X =1— 24 At 2468 B

@ Xy= o 246

With this notation we may put
2x2

333

(61)

(62)

(Bll)

()

&e.
(Bys)
an+1)l (—=2)n~1)...(n+2)(n+3)1
2 - .._.+ e
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n+1

2

S,1a(Ma)=A ** sin (m+”+11r)+A,~+1 cos (xa+ )
7)— Ay sin (hat "3 1w,

Tysa(Aa)=A*! cos (Xa.+

n—1

)
8,-1(\b)=B, sin (xb+ - )+B v~ cos (Ab+" = )
T,,(\b)= By~ cos (xb+'—‘-;—1 ) By~ sin (xb+ 'ﬂ)
Substituting in (62),
(A 1B~ —A 1B ) cos (A(b—a) —m) — (A" *'By~ !+ A+ 1B~1) sin (\(b—a) —7)=0
or more simply

(A""1B*~14A*1B1) sinA\(b—a) — (A1 B~1— A **1B,~) cos.A(b—a)=0.

This equation may be further simplified ; for, putting

X, Ay Bt
tan 9’ —‘('., tan a’ _X v t,:mﬁ' B’""‘ B ()
it becomes
sin A b—a—a'— 8} =0,
whence

Ab—a=a'—B4ir . . . . . . . . . (64)

here &’ and B’ arc the smallest positive angles which satisfy the a.bove equations ; and

3 may, when 2x>n(n+1), be expanded in ascending powers of by GREGORY'S

series.

Up to ::,,

an+1) | (=Du@+ D)@+ 1 awtl \ 1 )
g=ttD Gzt Dt D LML I (i m8(ui ) +12) 5. (65)

The values of o’ and 8 in terms of Aa and Ab may be similarly found, and when
substituted in equation (64) will give the means of finding all the values of \. These
being found, the complete expression for P may be written down and the values of the
constants therein determined from the initial circumstances by known methods; we
shall therefore proceed to find the value of P at a point outside the shell.
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The potentials at a point outside the shell and in its substance may be written
respectively

P=ED’(2)~+IU,@"§:"
and

P=3DNb¥8,(z)T,_,(8) — Tu(@)S, _1(B))e~ s »

wherein, as before, z=Ar, 8=A\b,
Let us write

H=To@) =TSN . . . . . . . (66)

where T,_;(8) and 8,_;(8) are to be treated as simply certain constant multipliers ; H,
will satisfy all the formulw® of reduction which we have found to hold separately for S,
and T,; and we have further these particular values

H,(B)=1, H,,,(«)=0 by equation (62)

. . (67
and by the equation (By), Has,(B)=—2H,(8)=— "+ (67)

H,(8)=—"3

Now H,(x) satisfies the equation

&¢H 2 dH n(n+1)
PR +< )H"

r dr

and if H' correspond to any other value of A, viz.: X, we huve ulso

&*H’ | 2 d o w4+ D\,

s +r dr +(A )——7-"_—>H =0,
whence

{r (Hdli—ﬂ"‘*)} +(2 =N Hdr=0.
But, by equations (B,),
'rd—P!"=nH,+)‘rH,.ﬂ

dH

..-nI“I',.+)JrH’,.ﬂ
and, therefore,

(xﬂ—xf)j"'rsnﬂ'dr.-.-{w(m.HH'.-xH.H'.H)}". .. (88)
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But if ) be also one of the roots of equation (62), both H,,, and H’,;, vanish at
the lower limit ; and at the upper limit

, 2
H,=H,=1 and \H,,,;=\H’,, =~ --'—":1

hence

[FHBr=0. . ... (69)

If we put XN’=A+-38), and then make 3\ infinitely small, we arrive at the value of

]’ b'rgH”d‘r : for

H, =1L\ 4-80.7) = H, 18 e

de
=H,+38\(\rH.,,+nH,) by (B)
and
W= Hop (b 8h0) = Hoy (=M H, = 110,,,) by (By)

Putting in these values in (68)
( "1-‘3H,,9dr=21)\[4-"{M-(H,.9+ m,ﬂ)+an,H,ﬂ}]"

= (20 1) =22, (a) T, () —T,()S,, (b)) . (70)

Let us call this integral I,; we may now separate the coeflicient D’ due to any
term of U,, say cos m¢P,*: for if we put in equation (58) =0, P=—DP,, multiply
across by cos m¢de.P,* sin 60.H,*dr and integrate throughout the body of the shell,
all the terms on the right hand side disappear except those which have the some m,
n, and \; and, if we note that

2 =m, (P sin 6= 2 . .0tm)ia=—m)!_q,
J:. cos® medg=m, L(P") sin §df=, " ; (1.3.5...zn—1)="']"' says
we find

D= :'cos madg( P . s 6t BHr w0,

The coefficient due to sin m¢P,* may be similarly found.
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Putting all the results together we find for the value of P at an outside point

El‘—"—?d'r’

=1 3 ,§<9) | :'cos m(p—)dg . | “PA(O)P.(6) sin 840 ( ‘_’H.(xq-')m_

o\7,
Xe“wt . . . . . (71)

From this formula the action of the shell on an external point due to any inducing
system may be found.

‘We proceed to inquire what will be the result when the shell is supposed to become
infinitély thin.

Infinitely thin shell.

§ 18. Putting b—a=c, s=Rc, the exponential-function e™* +, will be finite only for
such values of \ as make M¢ finite : if A become indefinitely great the correspouding
terms will rapidly disappear. More accurately, the terms for which A% is finite will
die away infinitely less rapidly than those for which it is infinitely great.

If, in the equation

Ae=a'—B i,
we take as a first approximation )‘=t:r, we may readily expand Ae in a series of the
o
form ir+4E,.c4+E*+ . .. ; but in this case A%:%I approximately when ¢ is very
great.

The corresponding system of currents will rapidly decay. It is therefore by putting
t=0 that we obtain the currents which have the greatest persistence. The equation
in\is

9o @2+ 1) _(n—1)n s in A1 A=2
Ne= on 2 <+ terms in A7, A7F,

and, for a first approximation, b=a and
No=i@a41) . . .. ... .. . (72)
Hence, by equations (58) and
for points outside the shell, P=2@<:)~“U.e':.‘="“>' l
» within the shell, P=2®(£)”U,¢"4:.'=" e )

To interpret these results: —
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(1.) For an external point,

we observe that when ¢ =0, P=3 a:(;)iﬁlU. )

and that, always, P=e':?-'.2€r<i’)“lU. N )
R

where a'=ue~wa’ J

The result, therefore, of an impulse on the sheet is such that initially the currents
exert the same action on an external point, as a positive image of the magnetic system
placed at the position of the electric image at the sutface of the sheet.

The points in which this imaginary magnetism is distributed then move towards the

centre according to the law p'=pe";::, while at the same time the intensity at each

.
point increases according to the law I'=Ter,

When a=o we may tuke p=a and p—p'= 215}-" and I’ is constant; this result

reproduces MAXWELL'’S expressions for a plane sheet.
(2.) For a point on the other side of the shell

P=c iy .o <:,,)"U,,
where B )N

Rt
a'=aetin

The effect i, therefore, the same as if the inducing magnetic system were reversed
in sign, and the points in which it is distributed were to move off to infinity in lines
passing through the centre of the shell according to the law

’ R
p= pan,
the intensity at each point diminishing according to the law

Re

I'=I¢im.

§ 14. This result is so interesting that it may be well to give an independent demon-
stration of it. Employing, as hitherto, spherical coordinates, let ® be the current
function for the currents in the sheet; P, the potential due to imaginary matter dis-
tributed over it, with surface density @ ; the magnetic and vector potentials of the
current system may be written

1d . _,1 __dl’_.__ _ _d_P_
0= e El;'(P")’ F=o, G_+a sin 8d¢’ H= adé’
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The components of the current are

b dd

U=0 V= "y U ap

The equations, therefore, of the current are

R do ey

4 sinO@d$p  asinOdpdt add
Rd>_, &r  dy

4r d9~ Tadfdt  asin Oi¢’

which is satisfied by

D
P=0, d=="——
Outside the sheet and within its inner surface,

Feo G=—  mg—_d

Tsmédy T a@
v P=0.
Hence
outside Po=2A(§‘;)”+1U,.¢a“"4E
inside P,=2A<§)"U,.e-'\‘.':f;

AR
at the surface & = —!EAU&-A anl, )-7;-1;

a

But we have also the further condition

dp, dP) _
< ar dr ),_.— 4,

hence

V=|-1;, (2n+1);
and therefore

P,=% A(;)"H U“c-a-u)%l’
P,=3A (E)"Une-«snn)}_r_

This corresponds with the result obtained from the more general investigation of
last article.

MDCCOLXXXI, Y
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Moving conductor.

§ 15. When the conductor is moving in any manner, the parts of the electromotive
force due to the motion are, in the directions of the three axes, respectively equal to

7.;/—35: az—ﬁ’ B;z—“.;/'

The form of these expressions shows that, when it is desirable to resolve the
electromotive force in any other-directions at right angles, the components will be

YV—BW, aW—yU, BU—=aV. . . . . . . . (1)

o, B, y being the components of magnetic force, and U, V, W the components of
velocity in these directions. When the motion of the body is uniform, as when it is
revolving uniformly round an axis, and when it is symmetrical about this axis, the
electric staute may after a certain time be supposed to have become constant ; there is
then no variation of electric displacement at cach point of space, and the currents of
conduction become the total currents. We have then

u=o'P=;{'.j;..
and therefore
df . dg  dh
‘=d;f;+(zz+;a=°' N O}

There is thus no free electricity in the substance of the conductor, though there
may be electric potential : and the normal component of the current across the surface
of the body is zero: that is to say,

ludmv4nw=0 . . . . . . . . . . (3

It is to be noted here that we are here dealing with the state of definite points of
space: these are invariable. The different parts of the conductor tuke different
conditions as they move from one point of space to another.

Since the currents are confined to the conductor the vector potential due to them
and its differential coefficients will all be continuous on passing across the surface of
the conductor.

With these preliminary observations we proceed to the consideration of a solid of
infinite extent and thickness bounded by a plane face, revolving round an axis normal
to its face,
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Infinite solid bounded by plane face.

§ 16. Let the axis of 2 be chosen to coincide with the axis of revolution and the
origin on the face, and revolve along dp, pd¢, dz ;

U=0, V=wp, W=0 . . . . . . . . . (9

o being the angular velocity supposed uniform.
The components of electromotive force are

L P= o=
= Y .
R=—wpa—(%'

The external magnetic force may be represented by

d
a="0, F= =2 Go= . Hy=0,

Pd¢

and all the conditions of the problem are satistied by taking for the vector potential
of the currents in the solid

The total magnetic force is the sum of the parts due to the currents in the sheet
and the external force : it is therefore given by

BT+l g FE+IL) dP+P)\ | 1 d(P+Ty)
dpdz * P= " pdgpdz * Y= p d,, P~ ap P A

The currents may be denoted by

_ do o 0
U=— ¢,v d,w_
p==vP . . . . . . ... . (6)

If we now substitute for P, Q, R their equivalents ou, ov, 0, the second of
equations (5) becomes

G"$=—P7¢:......-....(GQ)
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which is satisfied by
X d. 1
— —X__ 192
‘[’—pup, o= = e (65)
and from the last equation
AP+ Ay o,

P dpiz  — Pdpdz

ox=wP+P) . . . . .. . ... (D

whence

By equation (6,) this may be written
4ﬂ_v9P—w (P+P(,) B )

This is the characteristic cquation of steady currents in a rotating conductor : we
may show that the first of equations (5) is also satisfied, for this requires that

o d(l) d_d(P+P,) +

o PP+ P',) d
Toap = P ip p d¢?

lfp P ‘iP (P+Pu)
or

—ccp_w 13 (B+E0),

which corresponds with the former equations.

All the conditions of the problem will be satisfied by determining P subject to the
following conditions :—

(1.) It must satisfy equation (8) within the solid, and vanish when 2= —co.

(2.) ' »  V?P=0 outside the solid, and vanish when 2=+ .

(3) Pand (7[; must be the same outside and inside the solid when z=0,

Let us now suppose that P, can be expanded within the solid in a series of the form
o=2(Ac" 4 A'e™*)J,(kp)e=: each of these terms verifying the equation V*Py=0 as
they ought to do, and vanishing when z=—w. Wae shall show presently how this
may be done.
The corresponding part of P due to Ae™ is

P=—Ae™Jup)e+I . . . . . . . . . (9)
where
- V M=+4ow l:
Putting therefore
O=Be**J.(kp)e*s. . . . . . . . . . (10)
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we have
. -Lvrmi)

(B
a

— 2+p.”= (ll)

Sop=+ /\/xl—i“;"?:_—j:(p—iq) suppose.

We must take only the positive sign since [1=0 when :=—c.
Thus
P=¢"*J,(kp)(—Ac“+Be*) within the solid ;
outside
P=c¢"*J ,.(kp).Ce™,

and the conditions of continuity give us

—A4+B=C, —xA4+uB=—«C,
whence

B= 2«

N .
= A C A .. )

Tk+p

Let us confine our attention now to the value of C which expresses the action of
the sheet on external points

A X—P+qr_ 7 ’-
C—A'x—+p—qi—A(p +q7).

similarly, corresponding to the term A’e~», we find

C'=A'(p'—~q.9).

Let
At A'em =@ cos mp+ 28 sin mé
Cemt - C'emim =@ cos m¢-4-ID sin m¢p
S=CrU=ap+ g 1s)
B=(C-Cli=dp—ay | °
Let

P +qi=M.¢,
then corresponding to a term in
Py=(R cos m¢p+38 sin me)e=J u(xp),
there exists in P (outside) the term

(M’ cos (mg-+9)+IBM’ sin (mg+9")]e=Ju(wp) . . . . (14)
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the term is therefore altered in intensity in the ratio M’ : 1 and the azimuth increased
by the angle 9. If we put
pe=M32,

we can easily prove that R

i 9 _ 88 o, w, . (Msind
M_p+q_sin.9+ 003.9’8—2+t‘m ( *

where also

3
tan 29= 47’—0"'3’, Mé=xht (4‘"‘;}10)) :

The action of the solid will therefore be the reverse of the original magnetisation
und M’ is a proper fraction.

The coefticients @, 3 are found by considering the value of P, when z2=0; call it
Z, Then as we have found

2,

] . ’ - * o ’ U 4
Z0=_’—r 2[0 cos ln(¢—¢’)d¢.|’0 K(IKJ,,,(Kp)J’UZ(,J,‘(Kp pdp'. . . . .(15)

Plate of finite or tnfinitessmal thickness.

§ 17. For the casc of a plate bounded by two parallel planes at distance b apart,
we may satisfy all the conditions by taking the same general forms for the vector
potentials and for the currents in the sheet: and the characteristic equation for the
determination of P will remain the same as before. If we suppose the inducing
magnetism distributed on the positive side of the plate, we may express P, within the
plate as a series of terms of the form

Ae] . (xp)er,

the origin being in the axis of revolution, and on the positive surface of the plate.
The forms for the vector potential due to the currents are all given by taking for P a
series of terms of the type

i. In the substance of plate — Ae**J,(xp)e*+e*J . (xp)(B e+ Bye™)
ii. Outside the plate, z positive, ¢**J,(kp)Ce™
iii. Outside, z negative, €**J,.(kp). De**

. Jrom
p= /\/Kg_' ‘:i”'.

where
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On the two faces of the plate P and :-I—II; are to change continuously on crossing the
faces.
The final result of the calculation gives

N ot oty
O s+ - - (19)

when b is indefinitely small, we treat R=; as finite, and therefore while « is finite p

41'1',""’.1'. To find C, we have then
v

is infinitely great, but p?b is finite and equal to —

6] ,‘3_"5 pub_ p—ph
CHA™ 2% (e —r rb) 4 plewd 4 cwb)
_ (&—pd 1+ G +..
=" 0 TR g
R T R
2rem .
=xR.1..............(l7)

If Q be the value (due to a positive image of P,) on the positive side of the plate,
and P the value of P due to the currents,

Q=2Ae"*J ,(xp)et, P=SCe"*J, (xp)e™™
then, putting

27w
=T

apar__dQ
TSy (18)

This corresponds with MAXWELL's result ; see also equation (34).

Spherical shell and sphere.

§ 18. We shall now treat the case of a spherical shell, whose outer and inner
radii we shall take to be b, a.

The expressions for the electromotive force are (taking d=, dy, dz to correspond
respectively with dr, d#, r sin 6d¢).



346 PROFESSOR C NIVEN ON THE INDUCTION OF RLECTRIC

P=—wrsin 0.3—1—1-’# ]

Q= +w1sm6’a—:l’; | Y  £)]
ay
R= " rsin 0d¢ J

Since, with the present notation, we have U=0, V=0, W= sin 6, we shall choose
the sume forms for the vector potentials and current-functions as in § 8, viz. :—

% —_ — __d_P 0 b
no—(h.(l i), Fy=0, Gy=— sin 0'14, Hy= e’
dpP (ll’
F=0, G=~— smOdg’ e’

The magnetic force e B, y is due to both potentials, and thus (sce § 3 B, ¢),

1[ 1_d o gltFT, dlﬁi;,} g= 12 PF D, 1 ®PFP,r
s t

=lsmaag®"? e +mn“ 6 d¢* T drdd 7T Trsing drdp

The currents will be denoted by

dd dd
u=0, v=— sm 0d¢’ Y= e
where
drb=—vP . . . . .. 0L (20)
observing that
v *P,=0.

Substituting for P, Q, R in terms of u, v, w by Onms’ Law, the last of equations (19)

becomes
dd d-
cdﬂ—_rsinﬂdgp' T 1 )

This is satisfied by taking
o=— ,1p_o-'rs1n0d N 19

and the first of equations (19) becomes

. PP P ‘,.'r Poxr
wsin =1 drid —osin 0:;{[0_0,

or
ox=w(P+P) . . ., ., ., . .. . (219)
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Equation (20) now becomes
a-v’],’_ @_(_P_*' P, g
———4"—0)‘{—4’..........(22)
the same churacteristic equation as in § 16.

‘We may now show that these results verify the second of (19) as the reader may
easily convince himself by substitution.

(2.) When the inducing magnetism or currents are outside the shell altogether,
P, will consist of a series of terms of the form

AMWPHM.(E)“ e e e e e e s e (23)
and for the value of P we shall have

i. in substance of shell (b>7>a), P_[ <%)“+BIS.()\1*)+BﬂT,,()w)]ewP“.

ii. outside shell, > p=c.(!;)'”e~4p,~ . (24)
iii. within shell, #<a P=D.<—)'e""‘P.“
and where

e ¢ )
we shall put as before

x=M\r, a=:a, B=M\b, 8,(x)=S8, 8,(8)=S\ . .
‘When r=a,

~A(t) +Bs+Bn=D(),

- Ai‘ +B

nl) ar?

+Bs “'—'_

and when =D,
—A+4B,8.+B,T.=C,

ds’
+Bl dBn+B$ dﬁ (n+ l)l.b

By the help of the formule of reduction in § 10, we can put the result of the calcula-
tion of the new coefficients B,, B,, C, D into somewhat elegant forms.
MDCOCLXXXI, 2z
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Eliminating C and D we find

B8, +B;T.,,=0
B BT =21,

whence we find for C, which is what we chiefly want,

2041 8, 1u=TenS% S R VA )
C=A{ —1 2 20+l 8, w1 } —A DRI TP (g
H Su HTI u-1 —'-l-»n 1s n-1 Su-] 1T n-1"" u+]s =1 ( )

() When the inducing magnetism lies partly within the shell (not in its substance)
we may take for P, a series of the form

A’e‘wp’“"(l’)u-ﬁ-l :
r

the other expressions for P will retain their forms except that we must take the first
term —A'(:j’)”linstead of -A(I—:)“. The calculation of C is similar to that given above;
and, when the algebraic work is performed, we obtain finally

Y Zu+ 1o\ STy —T'Sy
C—A{ 1= ra (“) su+1T'»-1"T~+ls~-l} A (27)

There are two particular cases of these formulee which possess a special interest.
(L) In the case of a solid sphere a=0, 8,,,(Aa)=0.
The inducing magnetism can only belong to type (@) and may be represented by

Py=3Ae~P,* <;)“: the external effect of the currents is then given, according to

(26), by

Susa() B+
P=34 00, () . (29

and it is easy to deduce from this expression the value of P when P, is given by terms
which are real in ¢.

(IL) In the case of an snfinitely thin shell, we must put b=a+-c.

This case is interesting as it constitutes an extension of MAXWELL's result for a
plane plate. A glance at the preceding formulee will show that we have here to
expand S, (\a+Xc), T,(Aa+Xc), where y=n—1, n or n+1, in ascending powers of c.
Some cantion is requisite, however, in doing so on account of the value of \: for
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N= —4—7';&0.1', and if we put o=Re, and treat R as finite, we must suppose ¢ finite,

and therefore Ac is a small quantity of the order ¢!, while % is also of the order c*.

The expression
8., T, —T..,S,

T, &, s,
= ,,,,T,—T,ﬂs,+>.c<s,ﬂ T, 2 ) e c’( ,ﬂﬁ—'l‘,+,z,-)+...

If we write

drT, drs,
T T g =

we can readily find a formula of reduction in
8, and T, both satisfy the equation

27 4927 {0 —u(y+1)Jy=0.

By LeBN1TZ' theorem

2y oD 4+2(p+1)ay V(2 + (p—v)(p+v+1))y O +2py - +p(p— 1)y 7=

wherein
%Y.
Y=

whence

1¢p+’+&3'3 Upy+ <1 + (E:'Mf?_v*. 1)) """l3 1+£(p-‘—11;-—2— 0,

in which we have to write & for z in the problem before us. We conclude that w,,,
will usually be of the same degree in % as %, and when u, and u, arc given we can
readily find the remaining values of u, But as each of them is multiplied by ever
increasing powers of Ac, it will be only the first one or two terms which will give finite
terms when we treat % ag infinitely small. Let us now take up cases (w) and (b) of
last article. .

(a.) From formula (26) and remembering (B,), we obtain

=B BuTu=TunSe
CHA™ " 2at1" 8,1 T, 8\
22z2
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now
’ dT, as,
S~+1T/n+1— ~+1S u+1=M'<Su+l (‘l;ﬂ-T "‘_ﬂ)+ .

"1 g
=\c. —%a,-+ terms negligible.

dT, ds,
80T =T, 8,=5,, . Ts—=T,.S. +)¢< L, T-+1—)+ L

da

1
=t o

and it may be casily shown, by working out the different coefficients of ¢, ¢2, . . .
that the terms neglected are really negligible.
Finally, we obtain

C

(.H:A "u+1’ putting a for b in 8.

drmon .
—é;_’_ljﬁ.‘l L T T (29)
(h.) Here
C+ A 2041 (b)‘*l ST ary =TS
—_—— : T A

A A Ser T —TunSy’

. 1 .
The numerator is, as we know, Nl and the denominator

dT, dS,_
_s,+lT,_1—T~+ls~-1+’~0( WL, (i;1>+ e

2n+1
o

the former of which set of terms =—

To find the latter we observe that d;?;“=n— ls';ﬂ+S., and similarly for T'; hence

the term in Ac is
X(:[_('if_}.);(‘_?"_ﬂ )y :’]

the first term of which is negligible compared to the second : putting these different
results together, and making
C-;)-H:l and B=a, -

1
C+A’ 2u+1 o __ 1
AT T T T T 24l e Nac

a® +a_' 241 i
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and hence
_C __ M
C+A’"  2u+1

4mrmwn

= ~Gn+ DT ) (30)

To interpret these results, let Q, be the value of P, which would result from the
magnetism inside the shell combined with the positive image (at the surface) of the
magnetism outside the shell, then

n+1
Q,-.-:(A+Af)(}f) B T 231
and
P =ZC<:-)')"1(?"P.," :
both the foregoing results merge into the equation

2mrwn d

l
e Prt)="2" g F+Q)
or putting

P=Pi, @=Qut, =a=T"" . . . . . . . . ()
{4 d dR
r“l—?—md%:m-(-i—. . Ce e e e . (83)

When a=o, and #=a--2, the above equation becomes

d d d
B e

indicating the spiral trail of images obtained by MAXWELL.

If in the sphere we put r=er, we have

L]
Bl )

which is analogous to MAXWELL'S equation, and may be interpreted in a similar
manner.
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§ 19. We shall briefly verify these results by a direct investigation of the case of an
infinitely thin shell.
Putting as before

dd dad
u=0, v_—ﬁ“ﬁ{p’w_io e s e e (36)

and denoting the vector potential of the shell by

dr dP
F=0,G=—;i;—07l¢:, H=l-l—5 S 14

we know (MaxwerL’s ¢ Electricity and Magnetism,’ Vol. IL, Art. 670) that P is the
scalar potential of a shell of matter coinciding with the surface of the sphere where

surface density is

“;’............(38)

The equations’of the currents on the sheet are

R d——d,=m' sin f.a— &

b 44 0 . (89)
R @_ _
a0~ 7sin 6d¢
wherein, also,
_J1_d . dPFP, 1 &PEP
a—;[sinﬂ R T +sin’0 dg? ]

as in the foregoing articles, and where also 7 is to be put equal to a.
All these equations are satisfied by

®=—2 y=Rasin 62X

d¢’ de’ RX=“’(P+P0) P R Y (40)

¥ now referring only to the surface of the sheet.
Outside the sheet P1=C(;)'+lc"*P,.",
Inside P,,=c(§)'e'~P.~,

P, and P, being the values due to the currents in the sheet. At the sheet
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dP,_dP\ _
(dr_d-r>..=._ ir

(2n+l)§=41rE. A (30

where
&=3(Ee™P,").

But P, being =3@¢*P,.* at the sarface of the sheet, equations (40) give

RE=—wni(C+R),
and therefore
\ drwma .

=——2m1.(0+a) L (42)

the same result as obtained in the previvus article.
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I. ELkcrrosTATIC CAPACITY OF GLAss.—IL
Received November 3,—Read December 16, 1880.

In 1877* 1 had the honour of presenting to the Royul Society the results of some
determinations of the specific inductive capacity of glass, the results being obtained
with comparatively low electromotive forces and periods of charge and discharge of
sensible duration.

In 1878 Mr. Gorpont presented to the Royal Society results of experiments, some
of them upon precisely similar glasses, by a quite different method, with much greater
electromotive forces and with very short times of charge and discharge. Mr. Gorpon’s
results and my own are compared in the following table :—

GoRDON.
IR H \
Christmas, July and Aug., 1877.

1877. 1879.

[ P -
Double extra-dense flint . . . . 3164 3838 101
Extra~-dense flint . . . . . . 3053 3621
Lightflint . . . . . . . . 3013 3443 685
Harderown . . . . . . . . 3108 8310

It is quite clear that such enormous differences cannot be due to mere errors of
observation ; they must arise from a radical defect in one method or the other, or from
some property of the material under investigation. I have now repeated my own
experiments with greater battery power, and with a new key for effecting the con-
nexions of the condensers, and have obtained substantially the same results as before.

Two hypotheses suggest themselves as to the physical properties of glasses which
might, if true, account for the diversity of results :—(i.) In my own earlier experiments
a considerable time elapsed, during which some have thought residual charge might
flow from the glass c.ondenser and go to swell the capacity determined. Sir W.

® Phil. Trans,, 1878, Part I.
t Phil. Trans., 1879, Part I.

MDCCCLXXXI. 3 A



356 DR. J. HOPKINSON ON THE ELECTROSTATIC

Ttomson had informed me that experiments had proved that the capacity of a good
insulating glass is sensibly the same, whether the period of discharge be the ten- or
twenty-thousandth of a second, or say one-quarter of a second. This statement has
been verified. (ii.) It appeared plausible to suppose that specific inductive capacity
of glass was not a constant, but was a function of the electromotive force—in other
charge of glass condenser
difference of potential
great than when it was small. This surmise gains some force from Dr. KERR's electro-
optical results, which show that electrostatic and optical disturbance of a dielectric are
not superposable. It has, however, been submitted to a direct test, with the result
that, within the limits tried, specific inductive capacity s a constant, and that it is not
possible that the discrepancy of experimental results can be thus explained. Finally,
I have made a rough model of Mr. GorDoN’s five-plate balance, and used it to make
determinations of specific inductive capacity.

Firstly, a brass plate was tried, and its capacity was found less than unity instead
of infinite.

Secondly, by varying the distances of the plates of the balance from each other,
different values of the specific inductive capacity of the same glass were obtained. In
fact, it has been shown that the five-plate induction balance cannot be freely, relied
upon to give correct values of specific inductive capacity.

I conclude that the values I published in 1877 are substantially accurate, whether
the period of discharge be 553gg or 4 second, whether the electromotive force be one
volt per millimetre or 500 volts per millimetre, and that Mr. Gorpon’s different result
is to be explained by a defect in the method he used.

words, that the ratio was less when the electromotive force was

(I.) To prove that « condenser of well-insulated glass may be almost completely
discharged in 35555 second.

For this experiment it is essential that the effect of conduction over the surface of
the glass should be insensible. A jar, such as that used in Sir W. THoMsON’s electro-
meter, is unsuitable. The proper form for the condenser is a flask with a thin body
and a thick neck, filled with strong sulphuric acid to the neck. Such a flask of light
flint glass was prepared, and was instantaneously discharged in the following manner :—
The interior of the flask was connected to a metal block, A. Upon this block rests a
little L-shaped metal piece, B, which can turn on a knife edge, C. A and C are
carried on a block of ebonite, and are therefore insuluted. D is a piece of metal
connected to earth, and rigidly attached to the extremity of a pendulum. The pen-
dulum is drawn aside and let go ; the piece D strikes B and puts the jar to earth, and
instantly afterwards breaks the contact with A, and drives away the piece B. In all
cases the pendulum was drawn aside 45° and in all the experiments blit one mentioned
below it made 93 half-oscillations per minute. The duration of the discharge was
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determined by the following method, which I arranged for myself, unaware that a
similar method had been used by Mr. SaBINE.* A condenser of known capacity is
connected to A through a known resistance ; the condenser receives a known charge
whilst connected to the electrometer; the piece B is struck by the pendulum, and the

Fig. 1.

remaining charge is observed. Two experiments were made; in each the condenser
was of tinfoil and paraffin, such as are used by Messrs. CLARK, MUIRHEAD, and Co.
for telegraph purposes, and had a capacity of 0'29 microfarad. The resistances were
respectively 512 ohms and 256 ohms. The results gave respectively duration of
discharge 0:0000592 second and 0:0000595 second. We may take it that the dura-
tion of discharge was less than 0°00006 second. The condenser was now replaced by
the flask. The flask was charged for some seconds from the battery, was insulated
and discharged by the pendulum, and the remaining charge read off on the electrometer
80 soon as the image came to rest. In a first experiment the charge was from four
elements (=444 divisions of the scale), and the charge remaining gave deflection
84 divisions. In a second experiment the charge was from eight elements (=888
divisions), and the remaining charge was 61 divisions. Even this small residual
charge is largely due to the inductive action of the needle of the electrometer on the
quadrant connected to the flask. To prove this, the expériment was varied by begin-
ning with the quadrant separated from the flask, and only connecting these after
discharge had been made. With eight battery elements, the remaining charge in the
flask was found to be 25 divisions; with 20 elements, 61 divisions. From these
experiments we may conclude that, if a flask of light flint glass be charged for some
seconds and be discharged for 0:00006 second, the residual charge coming out in the
. next three or four seconds is certainly less than 3 per cent. of the original charge. It

* Philosophical Magazine, May, 1876.
3A2
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was important to learn if this 3 per cent. was sensibly diminished if the time of
discharge was somewhat increased. For this purpose the time of oscillation was
increased, and the arrangement of piece B and knife-edge C was duplicated, so that
the flask was twice discharged within an interval of about g5 second between. The
result was, with charge from eight elements and the flask initially connected to the

Fig. 2.

quadrant, a remaining charge of 61 divisions, exactly the same as when the discharge
only lasted ty}55 second. I conclude that, with this glass, it matters not whether the
discharge of the flask last y;35p second or g5 second; its capacity is the same.
This is in precise accord with what Sir W. THoMsON told me before I began the
experiments for my former paper.

(IL.) Determinations with the guard ring condenser.*

It has been suggested that my former results were liable to uncertainty from the
small potentials used and from the comparatively long time of discharge. The main
purpose of the present experiments hus been to ascertain the force of the objections.
As the principle of the method is the same as in the earlier paper, it is only needful to
explain the alterations the apparatus have undergone.

The battery.—A chloride of silver battery of 1000 elements was constructed and
very carefully insulated, both as regards cell from cell and tray from tray. Each tray
contained 50 cells and the set of 20 trays was conveniently enclosed in a wooden case
provided with suitable terminals. As my experience of the battery is but short

® The cost of the additional instruments used has been defrayed by a Royal Society Grant. The
battery and some of the other instruments were made by Messrs. L. CuArk, MuirHEAD, and Co., the
remainder by Mr. Gzoves.
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I shall not now minutely describe its details, it is sufficient to say that by connecting
its middle to earth two condensers can be charged to equal and opposite potentials of
500 elements.

The guard-ring condenser.—This is the instrument of my former experiments, with
the switch removed and some slight improvements in mechanical detail. It is by no
means perfect in workmanship, and the irregularities of the results now to be given
are to be attributed to such imperfections. It was not worth while to make a new
instrument, as, for any present interest, determinations of capacities of glasses, correct
to 1 per cent., are as valuable as if they were absolutely accurate.

The sliding condensers.—Two sliding condensers were constructed possessing
together a very considerable range of capacity. Each has a single scale and is
used as before merely as a balance to the g:urd ring condenser, excepting in one
experiment, the subject of the next section.

The switch.—The switch formerly used performed the following operations:—
Initially, the quadrant of the electrometer was to earth, the guard ring and the plates
of the guard ring coudenser were connected to one pole of the battery, the sliding
condenser to the other pole. On turning the handle the quadrant and the condensers
were insulated ; next, the charges of the condensers were mixed, the guard ring being
put to earth at the same time; and, finally, the connected condensers were connected to
the quadrant of the electrometer ; they remained so connected until the handle of the
switch was turned back into its first position. This instrument could not be used to

Fig. 3.
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Fig. 4.

Section on line s, ¢, .

determine capacities when the residual charge was great, as in the case of plate glass,
and was unsatisfactory to anyone who held that flint glass condensers discharged very
much more in a time comparable with one second than in a minute fraction of a second.
The new switch was arranged to effect the further operation of breaking contact
between the condensers and the quadrant immediately after the contact was made.
It is also arranged for much higher insulation, the old switch being quite useless for
the greater battery power used.

@, ¢ are stiff insulated horizontal contact bars connected to the two poles of the
battery. d, e, f are insulated springs normally touching a and ¢ on the under side,
d is connected by a wire to the guard ring, ¢ to the plate of guard ring condenser,
S to the sliding condenser. b is un insulated binding screw connected with ¢ for the
purpose of more conveniently introducing the battery wire. [ isaspring connected to
earth. ks a stiff insulated piece, carrying an adjustable point m, normally in contact
with the upper side of the insulated spring 4. From % a wire leads to the quadrant of
the electrometer. % can at any moment be put to earth by a spring key. The
insulated spring g has its end between e, f, and %, and is normally in contact with
neither. The springs d, e, f can be simultaneously bent downwards by an insulated
plunger. When this plunger is struck downwards we have the following operations
effected in a fraction of a second—

1° [d and e are in contact with a.
Jf in contact with c.
2°. d, e, and f insulated.
8%  (d connected to L
{e, J, and g connected together,
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4. ¢, f, g, k, k connected together.
5° Connection of k and & broken.

In other words we have—

Guard ring condenser plate, and
One pole of battery.
Sliding condenser.
Other pole of battery.
2°. All condensers insulated.
3° (Guard ring.
Earth.
Guard ring condenser plate.
Sliding condenser.
4°, Mixed charges to electrometer.
5°, Electrometer insulated.

1° Initially {Guard ring.

}Mixing of charges.

The whole switch, binding screws and all, is covered with a brass cover connected to
earth and provided with apertures for the connecting wires. The ebonite legs which
carry the pieces a, b, ¢, d, e f, g, k are attached to a brass base plate, so that if any
leakage occur from a, b, ¢, d, e, or f; it shall be to earth and not to the electrometer.
The connecting wires are insulated with gutta-percha, covered with a metallic tape as
an induction shield, this tape being of course connected to earth.

The mode of experiment was substantially as before. A glass plate was introduced
in the guard ring condenser, and the sliding condenser adjusted till the capacities
were equal ; the glass plate was removed and the guard ring condenser, with air as its
only dielectric, was adjusted till its capacity was equal to that of the sliding condenser.
In every case tho battery was reversed and the mean taken.

The following tables give the results obtained :—

All measures are given in terms of turns of the micrometer screw of the guard ring
condenser, of which there are 25 to the inch.

Column I. gives the circumstances of the particular experiment.

Column II. the distance between the plates of the condenser with glass in.

Column IIT. the same distance with air only when the capacity is the same as in TI.

Column IV. the thickness of air plate equivalent to glass plate.

Column V. resulting value of K.
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DouBLE extra-dense flint. Density, 4:5. Thickness of plate, 24:27.

I IL L 1v. V.
200 elements used, 100 to cach cond-.nser, gln.sa in contact
with both plates . . 2427 | 248 248 978
1000 elements, contact with hoth plahea . 2427 | 248 2-48 978
1000 elements, resting on lower plnﬁo apm-e betwoen gln.ss and
upper p late . . . . 2469 | 2:865 | 2:445 992
Ditto " ditto ditto ... 2519 | 336 244 994
Ditto ditto ditto . 2539 | 357 245 990
Glass separated from lower plate by three small pmces of
ebonite also scparated from upper plate. . . ... | 2519 | 336 2:44 994
Mean of last tive experiments, K=9-896.
Result formerly published, 10-1.
DexsE flint.  Density, 3'66. Thickness of plate, 16°57.
I i II. . 111, | 1v. V.
Glass in contact with both plates, 400 elements . . . . . .! 16:57 2 265 2:265 731
Glasa in contact with both plates, 1000 elements . . . .| 1657 2:265 2265 731
Glass resting on lower plate, 1000 clements . . . . . . .| 1719 | 2:85 2-23 743
itto ditto e . 176y | 336 224 739

Mean of last three experiments, K=7376.
Result formerly published, 7°4.

Liont flint. Density, 3'2. Thickness of plate, 15:04.

I 1L IIL 1v. V.
Glass in contact with both plates, 1000 elements . . . . .| 1504 | 2215 | 2215 679
Glass resting on lower plate, 1000 elements . . . . . . .| 1529 | 2505 | 2:255 667
Ditto ditto c e e . .. .| 1569 | 2865 | 2215 | 679
Ditto ditto e e e e | 1619 | 342 227 662
Mean value of K=6-72.

Results formerly published, 6:89 and 6 76=6"83.
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LigaT flint. Thickness, 10°75.

863

L 1I. I 1v. V.
Contact with both plates, 1000 elements C e e e e e 1075 | 161 1-61 6'67
Resting on lower plate . . . C e e e e e 11-19 2:035 1-595 674
Ditto 1169 2555 1615 665
Mean value of K=6-69.
Result formerly published, 6:90.
Mean result for light flint, 6-72.
Mean formerly published, 6:85:
Very light flint. Density, 2:87. Thickness, 12-70.
L II. IIL Iv. V.
Glass in contact with both plates, 400 elements . 12-7 1-915 1-915 663
Glass in contact with both plates, 1000 elements . . 127 1915 1915 6-63
Glass in contact with lower platc only, 1000 elements 12:909 | 2215 | 1925 659
Ditto ditto 1839 2-61 1920 661
Mean of last three, K=6"61.
Result formerly published, 657.
HARD crown. Density, 2'485. Thickness, 11-62.
L 1L IIL 1v. V.
@lass in contact with both plates, 1000 elements . 11-62 1:675 1675 693
Glass in contact with lower plate only, 1000 elemenes . 1170 174 1-66 70
Ditto ditto ditto 11'90 | 1945 | 1665 | 698
Ditto ditto dltto 12-30 2255 1675 698
Mean value of K=6'96.
PraTE plass. Thickness, 6'52.
I 1L L 1v. V.
Glass in contact with lowe'r pll.te only, 400 elements . . . .| 770 195 077 847
Ditto 1000 elements .. 770 195 077 847
dittn ditto .. 0 1665 | 0785 | 843

Mean value of K=8"45.
3B
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RemarK. —On account of the small thickness of the equivalent plate of air, 4 inch,
this result is subject to a greater probable error than the others.. No inconvenience
or uncertainty was experienced from the effect of residual charge. If the screw
(m, figs. 3, 4, pp. 359, 360) be lowered so that contact with the electrometer is not
broken, observation becomes at once impossible.

These results show that my former experiments require no material correction,
except in the case of plate glass, for which an accurate experiment was formerly
impossible. They also show that electrostatic capacity does not depend on electro-
motive force up to 200 volts per centimetre for double extra-dense flint, and a some-
what higher electromotive force for the other glasses. It is desirable to show that the
same is true for a wider range.

PARAFFIN, Thickness, 20°19.

|8 1L 1L v,

Resting on lower . . . .} 2382 | 1242 879

Ditto L. ] 22 11-32 880
Ditto ... ] 2187 996 878
Contact with both . . .| 2019 878 878

Mean value of K=229.

In this case the guard ring condenser was always charged with 700 elements, the
slide with 300 in order that the same sliding condenser might be used.
BoLTzMANN gives 2'32 for paraffin for short times of discharge.

(I11.) To show that K is a constant, as is generally assumed.

Dr. DE La Rug very kindly allowed me to try a few preliminary experiments last
February with his great chloride of silver battery. A flask of extra-dense flint glass
was used, insulated with sulphuric acid precisely as in my experiments on residual
charge. The comparison was made with a large sliding condenser having a scale
graduated in millimetres. Taking one division of the scale (= about 0'0000026
microfarad) as a temporary unit of capacity, I found it impossible to say whether the
capacity of the flask was greater or less than 390 divisions, whether the charge in each
condenser was 20 elements or 1800 elements. Subsequently a similar experiment
was tried with my own battery and a flask of light flint, with the following results,
each being the mean of four readings :—
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Charge to each condenser Capacity in millim. divisions
in Ag.Cl. elements. of sliding condenscr.
10 27375
100 27400
200 27375
300 274'5
400 2730
500 2735

The mean of these is 27375, and the greatest variation from the mean 028 per
cent.

The conclusion has some considerable importance, for some conceivable molecular
theories of specific inductive capacities would lead to the result that capacity would
be less when the charge became very great, as is actually the case with the magnetic
permeability of iron (vide MAXWELL, vol. ii,, chapter vi.).

The flasks tried are about 1 millim. thick. I intend to try a very thin glass bulb,
testing it to destruction.

. [In order to extend the limits of this test, a thin bulb 29 millims. diameter was blown
on a piece of thermometer tube and its capacity compared with the sliding condenser
with varying charge, as follows :—

100 battery elements to each condenser, capacity of bulb was 297 scale divisions.
300 elements, capacity=297 divisions.
500 elements, capacity=297} divisions.

The bulb was afterwards broken and the thickness of the fragments measured ;
they ranged from 005 to 0-15 millim., the major portion being about 0°1 millim. We
may conclude with confidence that the value of K for the glass tested continues
constant up to 5000 volts per millimeter.——Dec. 9, 1880.]

An experiment was subsequently tried to ascertain if specific inductive capacity
varied with the temperature of the dielectric. Accurate results could not be
obtained, owing to the expansion of the acid, causing it to rise in the neck of the
flask. The result of the single experiment tried was, however, that the flask at
14° C. had a capacity equal to 275 divisions of the sliding condenser; at 60° C. it
was equal to 280 divisions. Having regard to the increase of capacity due both to
the expansion of the glass (which may safely be neglected) and to the expansion of
the acid (which is material), we can only conclude that the capacity of glasses cer-
tainly does not change rapidly with temperature—that consideration of temperature
cannot be expected to reconcile Professor MAXWELL's theory with the results of
experiment.

I have repeated the temperature experiment with greater care. The flask was
cleansed, filled a little short of the shoulder with acid, and arranged for heating
and testing as before. In order to avoid the effect of rising of the level of the acid
from expansion, the flask was heated to its highest temperature before any observation,

3B 2
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It was agsumed that on cooling the surface of the flask would continue to conduct to
the level at which the acid had been.
The following table gives the results of the experiment :—

Temperature Centigrade. Capacity.
81 2694 11th Nov.
48 266 »
27 2633 2
12 262 12th Nov.
394 2663 »
673 2683 »
83 2713 »
60 268 »
504 267 »
13 264 13th Nov.

‘We may conclude, I think safely, that the specific inductive capacity of light flint
does increase slightly, but that the increase from 12° to 83° does not exceed 2} per
cent. The conductivity of the same glass* increases about 100-fold between the same
temperature, and the residual charge also increases greatly.

(IV.) Examination of the method of the five-plate induction balance.

The theoretical accuracy of this method rests on the assumption that the distance
between the plates may be considered small in comparison with their diameter.
When this condition is not sufficiently considered, it is easy to see that it is not
likely that correct results will iu all cases be obtained, for suppose that in lieu of the
plate of glass a thin sheet of metal of considerable size is interposed between the
fourth and fifth plates of the balance, it ought to be needful to withdraw the fifth
plate by an amount equal to the thickness of the sheet. One can apprehend that it
will be actually necessary to push it in, but to an extent which it would not be easy
to calculate.

Some doubt is also thrown upon the practical accuracy of the method by the fact
that Mr. GoRrpoN has arrived at the very unexpected result that the specific inductive
capacities of glasses change with the lapse of time.

In order to satisfy myself on the point I had a rough model of a five-plate induction
balance made. The instrument is far too rough to give minutely acourate results if
the method were good, but I believe it is sufficient to show rapidly that it cannot be
used with safety. The insulation was not perfect, and no attempt was made to
enclose the instrument or shield the connexions from casual inductive action. The
plates are all 4 millims. thick ; they are, as in Mr. GORDON’S apparatus, 6 and 4 inches
diameter. Each plate is suspended in a vertical plane by two rods and hooks from

* ¢ Residual Charge of the Leyden Jar,” Phil. Trans., 1877,
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two of a set of four horizontal rods of varnished glass. The plates can thus be placed
parallel to each other at any distance apart that may be desired. The distance
between-the plates was measured by a pair of common callipers and a millimeter rule to
the nearest } millimeter. For convenience, let the plates be named A, B, C, D, E, as

Fig. 5.

Half full size.

in the accompanying diagram. In a first experiment B and D werc respectively con-
nected to the quadrants of an electrometer of which the jar was charged in the usual
way. A and E were connected to one pole of a battery of 20 AgCl elements, C to
the other pole through an ordinary electrometer reversing key, E was adjusted till
the disturbance of the image was a minimum, when the key was reversed. This
method was unsatisfactory, probably because in the act of reversing all the plates
A, C, E were momentarily connected to one of the poles, and also because the insula-
tion of the plates B, D was imperfect. The experiments, however, sufficed to prove
beyond doubt that the instrument gave diminishing values to the specific inductive
capacity of glass, as the distance of the five plates from each other was increased from
12 millims. to 82 millims.,, also that it gave values less than unity for the specific
inductive capacity of brass in the form of a plate 3'5 millims. thick. More satisfactory
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working was attained by approximating, so far as my instruments admitted, to the
methods of Mr. GorboN. B and D were, as before, connected to the quadrants, C was
connected to the interior of the jar and to one pole of an ordinary induction coil ;
A and E to the case of the instrument and to the other pole of the induction coil. The
plate E was adjusted till the working of the coil caused no deflection of the image on
the scale. In each case the plate examined was placed approximately half-way between
D and E. The following table gives results of a plate of double extra-dense flint
2475 millims. thick and 285 millims. diameter, and on a plate of brass 35 millims,
thick and 242 millims. diameter.

Column I. gives the air-space between the plates AB, BC, or CD.

Column II, the air-space DE (a,) when no dielectric plate was present.

Column III the distance DE («,) when a dielectric was introduced.

Column IV. the value of the difference b—(a,—a,), b being the thickness of the
plate, which ought to be constant for each plate.

in . . A
Column V. the specific inductive capacity = .
P pactty b—(ag—a,)
DouBLE extra dense flint, 24'75 m.m. thick.
L II. IIL IV. V.
5 5 27 3 8:25
8 8 30 2 90
12 113 31 4 5-21
18 21 37 8 291
25 32 43 13 1-83
32 44 49 19 1-25
i
True value of K=9'896.
Brass plate, 3'5 m.m. thick.

I 1L IIT. Iv. V.
5 , 45 675 125 28
8 | 80 625 525 0°66

12 | 11-25 100 475 078

32 445 16°5 3156 011

True value of K= ",

Tnspection of the column IV. shows how impossible it is to attribute the variations
of K to any mere error of observation even with the roughest appliances. Column V,
demands no comment,
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II. ELEctrosTATIC CAPACITY OF LIQUIDS.*
Received January 6,—Read January 27, 1881.

The number of substances suitable for an exact test of Professor MAXWELL's
electromagnetic theory of light is comparatively limited. Amongst solids, besides
glass, Iceland spar, fluor spar, and quartz have been examined by RomicH and
Nowaxk,t giving results for specific inductive capacity much in excess of the square of
the refractive index. On the other hand, the same observers, with BoLTzMANN, obtain
for sulphur a value of the capacity in reasonable accord with theory.

On liquids the only satisfactory experiments are those of SiLow} on turpentine and
petroleum oil, in which the capacity is precisely equal to the square of the refractive
index for long waves.

SiLow finally obtains for long waves and capacity—

. VK.
Turpentine . . . . . . . 146 1-468
Petroleum I. . . . . . . . 1422 1+439
Petroleum IL.. . . . . . . 1481 1428
Benzol . . . . . . . . . 1-482 1483

A comparison of the whole of the substances which have been examined indicates
the generalisation that bodies similar in chemical composition to salts, compounds of
an acid, or acids and bases, have capacities much greater than the square of the refrac-
tive index, whilst hydrocarbons, such as paraffin and turpentine, cannot be said with
certainty to differ from theory one way or the other. It secemed desirable to test
this conclusion by experiments on animal and vegetable oils and on other paraffins. It
was probable that the compounds of fatty acids and glycerine would have high
capacities,

Samples were tested of colza oil, linseed oil, neatsfoot oil, sperm oil, olive oil,
castor oil, turpentine, bisulphide of carbon, cacutchoucine, the paraffin actually in use
for the electrometer lamp, and three widely different mineral oils kindly given to me
by Mr. F. Fierp, F.R.8,, to whom I am indebted for the boiling points given below.

The method of experiment was very simple. The sample was first roughly tested
for insulation. It was found that it was useless to attempt the samples of colza or
linseed oils, of caoutchoucine, or of bisulphide of carbon, but that the rest had
sufficient insulation for the tolerably rapid method I was able to use.

The fluid condenser consisted of a double cylinder to contain the fluid, in which an

* The abstract of this paper is published in the Prooeedings under the title “ Dielectric Capacity of
Liquids.”

2 Wiener Sitzb. 1xx., part ii., p. 380.

$ Poaa. Ann., 156, 1875, p. 389, and 158, 1876, p. 313.
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insulated cylinder could hang; three brass rods suspended the latter from an ebonite
ring which rested on three legs rising from the outer cylinder of the annular vessel.
The position of the insulated cylinder was geometrically determined by three brass
stops (a, a, a) which abutted against the legs which carried the ring, six points being
thus fixed. A dummy ebonite ring with three brass rods, but without the cylinder,
was provided for the purpose of determining the capacity of all parts and connexions
not immersed in fluid.

Fig. 6.

Half full size.

The condenser was balanced against a sliding condenser, first with air and then with
fluid.

The key which was used for experiments on plates was used here also, leaving the
piece connected to the guard ring idle.

The capacity of the sliding condenser was first tested with the result that to the
reading of the slide 82'2 must be added to obtain the capacity in terms of the milli-
meter divisions of the scale. The capacity of the fluid condenser empty, with its
connexions, was 1065 divisions. The capacity of the dummy and connexions was 7-7,
80 that the nett capacity of the fluid condenser was 98'8. In all cases 1000 AgCl
elements were tried, these being divided between the two condensers.

The following tables give the results obtained : —

Column I. is the number of elements charging the fluid condenser, the complement
being used on the sliding condenser.

Column II. the reading of the slide plus 82'2 when a balance was obtained ; this is
the mean of two readings when the fluid condenser was respectively charged positive
and negative,

Column III. is the capacity calculated from the experiment.
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Petroleum spirit.

I
400
500
600

Petrolewm oil (FIELD’S).

I
350
400
500

L
400
500
600

Ozokerit lubricating oil.

II.
1332
1967
294°7
Mean value of K=1-92.

II.
1142
1412
2122
Mean value of K=207.

Petroleum oil (common).
IL
1442
2142
3212
Mean value of K=2-10.

Boiling point, 159°.

1II.

1'94
1'9]
191

Boiling point, 310°

1II.

2-07
2:06
2:07

IIL
2:11
209
209

Boiling point, 430°.

371

Two determinations of this oil were made some days apart ; at the time of the first

determination the oil was slightly turbid.

In the interval before determining the

refractive index the upper portion became clear, the heavier particles having settled
down. The capacity of the clear oil was then determined, and the results are given
in the second table. It is possible that if the oil remain quiescent for a longer time
a further reduction may be observed.

L
400
500
600

400

500
600

MDCCCLXXXI.

First experiment.
IL
1492
2232
3347
Mean value of K=2-18.

Second experiment.
1L
1462
2177
3277
Mean value of K=213,
3¢

1L
2:19
218
2:18

III.
2:14
2:12
213
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Nlive o!”.

L 1L 111
300 1377 317
400 2137 316
500 3192 315

Mean value of K=38-16.

Castor oil.

I. 1II. III.
250 1602 478
300 306-2 479
400 3192 476

Mean value of K=478.

Sperm oil.

1 1L 1L
300 132-2 3:04
400 2027 300
500 " 3067 3-02

Mean value of K=3-02.

Neatsfoot oil.

L 1I. TIIL.
300 134-2 3-09
400 2067 3-06
500 311-2 307

Mean value of K=3'07.

Turpentine.

A satisfactory determination for turpentine was not obtained. The turpentine
seemed to act on the material of the vessel. After being in the condenser a short
time its insulation was much reduced. When the charge had a potential of about
600 elements the condenser dischurged itsclf disruptively through the turpentine.
However, with a charge of 100 elements on each condenser a balance was obtained at
228-2, indicating a specific inductive capacity 2:28.

The refractive indices were determined from the same samples as the capacities in
the usual way by the minimum deviation of a fluid prism. The spectrometer was the
same I had previously used for experiments on glass (Proc. Roy. Soc., 1877). The
observations were made for the hydrogen lines and the sodium lines, from these the
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index for long waves was calculated by the formula a+§.' The results are given in
the following table :—

#C. uD. uP. ¢ poo. Temperature.
Petroleum spirit . . .. 18952 1-3974 1-4024 1-4065 13865 12:75
Potrolenm o1l (me’s) .o 14520 1:4547 1-4614 14670 14406 13-0
Petroleum oil (common) . .| 14525 1-4551 14615 14670 14416 130
Ozokerit lubricating oil. . .| 14558 1-4585 14653 .. 14443 130
Turpentine . . . . . . .| 14709 14738 14811 1-4871 14586 13-25
Castor oil . . .o 14785 14811 14877 1-4931 1-4674 135
S oil . . Co | 14724 14749 14818 e 14611 1375
Oliveoil . . . . . . . 14710 14737 14803 . 1-4598 140
Neatsfootoil . . . . . .| 14673 1 4696 . .. 14578 140
|

In the following table is given a synoptic view of the comparison of p «?and K :—

poo. poo’ K.

Petroleum spirit . . . . 1-3865 1-922 192
Petrolenm oil (F1ELD’S). . 14406 2075 2-07
Petroleum oil (common) .o 14416 2:078 210
Ozokerit lubncutmg oil. . . 14443 2 086 213
'l‘urpent-me I . 14586 2:128 2:23
sastoroil . . . . . 14674 2153 478
Spermoil . . . ., ., 14611 2:135 3-02
Oliveoil. . . . . . . . 14598 2131 316

i Neatsfootoil . . . . . . 14578 2125 307

A glance shows that vegetable and animal oils do not agree with MAXwELL's theory,
the hydrocarbon oils do. It must, however, never be forgotten that the time of
disturbance in the actual optical cxperiment is many thousands of million times as
short as in the fustest electrical experiment even when the condenser is charged or

discharged for only the sg5355 second.

cz

(2]
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VI. On the Forty-eight Coordinates of a Cubic Curve in Space.
By WiLLiam SporTiswoopE, P.R.S.

Received December 29, 1880—Read January 13, 1881.

IN a note published in the Report of the British Association for 1878 (Dublin), and
in a fuller paper in the Transactions of the London Mathematical Society, 1879
(vol. x.,, No. 152), T have given the forms of the eighteen, or the twenty-one (as
there explained), coordinates of a conic in space, corresponding, so far as corres-
pondence subsists, with the six coordinates of a straight line in space; and in the
saume papers I have established the identical relations between these coordinutes,
whereby the number of independent quantities is reduced to eight, as it should be.
In both cases, viz.: the straight line and the conie, the coordinates are to be obtained
by eliminating the variables in turn from the two equations representing the line
or the conic, and are in fact the coefficients of the equations resulting from the
eliminations.

In the present paper I have followed the same procedure for the case of a cubic
curve in space. Such a curve may, as is well known, be regarded as the intersection
of two quadric surfaces having a generating line in common ; and the result of the
elimination of any one of the variables from two quadric equations satisfying this
condition is of the third degree. The number of coefficients so arising is 4 X10=40;
but I have found that these forty quantities may very conveniently he replaced by
forty-eight others, which are henceforward considered as the coordinates of the cubic
curve in space. The relation between the forty and the forty-eight coordinates is
as follows: on examining the equations resulting from the eliminations of the
variables, it turns out that they can be rationally transformed into expressions such
as UP'—U’P=0, where U and U’ are quadrics, and P and P’ linear functions of the
variables remaining after the eliminations. The forty-eight coordinates then consist
of the twenty-four coefficients of the four functions of the form U (say the U
coordinates) together with the twenty-four coefficients of the functions of the form
U’ (say the U’ coordinates), arising from the four eliminations respectively; viz.:
4X64+4X6=48. And it will be found that the cocfficients of the forms P, P/, are
already comprised among those of U, U’; so that they-do not add to the previous
total of forty-eight.

The number of identical relations established in the present paper is 34. But it will
be observed that the equations, UQ’'—U'P=0, are lineo-linear in the U coordinates
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and in the U’ coordinates; and as we are concerned with the ratios only of the
coefficients and not with their absolute values, we are in fact concerned only with the
ratios of the U coordinates infer se, and of the U’ coordinates inter se, and not with
their absolute values. Hence the number of independent coordinates will be reduced
to 48—34—2=12, as it should be.

§ 1. Formation of the equations.

With a view to the problem in question, it is first required to form the equations
of two quadrics having a generating line in common. For the present purpose the
following appears the simplest way of effecting this; let

u=ax+By-+yz+38t, u'=dz+By+yz+8L, . . . . . (1)
v=ax+By+ye+dt, v=eo'z+By+y, 248,
w=az+By+ye+t, w=ayz+8y+y2+8,1,

From these we may form the three equations

w'—vw=(e, b, ..)= ¥21t)*=0,. . . . . . . (2
ww' —wu=(a,, by, . . )z, ¥, 2, t)*=0,

W' —u'v=(ay, b, . . )(z, ¥, 2, t)*=0,

of which two only, of course, are independent. Any two of them may be taken as
representing the two quadrics in question. Thus, if we take the last two, the equa-
tions of the common generating line will be u=0, ¥'=0.

The next step is to climinate the four variables in turn from the two quadrics; for
which purpose it will be convenient to express the system (2) in the following form :

wiw=viv=w:w’; . . . . . . . . . (8)

or, introducing an indeterminate quantity 6, we may use, instead of equations (3), the
following, viz. :
u4-0u'=0, v400'=0, w4bw'=0. . . . . . . (4)

In order to eliminate one of the variables, say ¢, let us write,

u=wu, 48, w=u'/4+8, . . . . . . . . (3)
v=n+481, v'=v 43},
w=1y48, w=w'+8,t
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The system (4) will then take the form
w48t 4 Ou; 4-0t8’ =0,
v+8,2+6v/ +6t8/=0,
w.+8,¢+ 0w,'+0t8,’=0 H
or, as it may be written,

0=u-+8t+0u' +6t8 (u, v, suffix ¢; §, &, suffix 0) .

0=v +48t400" +0t8 (v, o, , ¢ 88, , 1)
O=w+ 8¢+ 0w+ 08 (w,w, , ¢; 88, , 2),

377

(6)

and if we multiply these equations throughout by ¢, we may write the two systems

(6), and ¢(6) thus:

utOu +t8+68 . . . =0, (u, ¥, sulix ¢; §, &, suffix 0) .
v+O/ +B3 0 . . . =0,(v, ¢, , ¢388, , 1)
wtw'+8 468 . . . =0,(ww, , 8%, ., 2

. tutOtu +2804-00%'=0, (v, v, ,, ¢; 8,8, , 0)

. o0 +1%8408'=0, (v, v, , t; 8,8, , 1)

. twOtw 4234068’ =0, (w, v, ,, ¢; 8,8, , 2)

4]

whence we may at once eliminate 1, 6, ¢, ¢, t%, 02, and obtain the following result :

u, ', §, &, . . =0, (u, v, suffix ¢; §, &, suffix 0)
v, v, &, .. (w ¢, ., t:898, , 1)
w,w, 8, &, . . (w, v, , 89, , 2
cou,u, 5,8 (u, ', ., 88, , 0
.0 v, 8,8 s, ., 8% , 1)
.ww, 8 ¥ (w, o, , ¢898, , 2

®)

The corresponding results, when &, y, 2 are respectively eliminated, are obvious; viz.:

writing down the upper lines only, they may be represented thus :

| v, ¥, a, &, | =0, (4, «, suffix z)
I U, u’: B, Blt L I =0’ (u! u" » 3/)
l u, u', Y 7” I =0, (u: u', 3 z)

@)

From these equations it is not difficult to write down the coefficients of the powers
and products of the variables in each case. Thus in the case of (8), or ¢ eliminated,
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we shall have, for [%],... 3[«%] ..., te., the coefficients of % ...3x%,...

respectively,

[#*]=a, «, 8, &, . . (suffix 0) .

a,a,8, 8 . . ( , 1)
o, a,8, 8, . . ( , 2)
a,a,8,8,( , 0)
a,a, 8,8, ( , 1)
a,a,8,8,( , 2

[a¥y)=a, a3, &, .

e, a,d &, . .

.+, 8,8, ¥, .
a, BI’ 8’ 8” .

* +ﬁ: a,’ 8’ 8’)
Bs a', 8’ 8’: M

. . (suffix 0)

- (
- (
, & (

2,a,8, 9% .. 8,8 7,. B 38 &, .
. BB, 8¥ . BB,3Y B B,3
. BB,8¥ . BB,SY . BB,8¥(
. B)ﬂ:a!sl . B’B',S:s'

|u, v, | =U, |u o, | =T,
|w, ', B | =V, |u v,B]|=V,
|u, o'y y | =W, |u, o,y | =W,
| u,w, 8 | =T, | n, w, 8 | =T,
| v, @, & | =P, |, a, &' | =P,
|nB B1=Q |8 B|=Q,
lu, 7 ¥ | =R, |u,y 7| =R,
|w, 8, & =8, |8 &]|=8,

- B B,3 Y (

But there is another and very useful form which may be given to the equations (8)
and (8’). In fact, writing down only the first lines of the determinants, and putting

(u, o', suffix x)

(v, W,
(w, o',
(u, o',
(u, «,
(u, ',
(u, w,

(u, o,

»

Y)
2)
)
)
%)
2)
t)

”

s

”»

1)
2)
0)
1)
2)

©®)

(10)

We may write the results of eliminating z, y, z, ¢ respectively in the following

forms :
UpP' —=UP =0 .
vVQ —VQ =0,
WR —W'R=0,
TS =TS =0;

(1)

and these may be regarded either as the equations of the projections of the curve on
the four coordinate planes respectively, or as equations of conical surfaces passing
through the curve, and having their axes parallel to the coordinate axes respectively.
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It might at first sight appear that, in each of the curves (11), we should in general
have nine points determined as follows : viz. (taking the last equation)

by the intersection of 8 and 8, one point,
”» ”» T 2 S, two POiﬂtS,
” ” T ,, 8, two points,
» » T ,, T, four points.

nine in all. This however is not strictly the case, for

8,8, T, T=u, «, 8, &, (u, v, suffix¢; § &, suffix0o) . . . (12)
v, v, 8%, (v, . 3898, ., 1)
w, w’) 8’ s’: (w: wl; » t; 8, 8’1 ) 2)

and since the four determinants which can be formed from the above matrix are
equivalent to only two independent determinants, it follows that if any two of the
equations 8=0, 8'=0, T=0, T’=0, are satisfied, all will be satisfied. In other words,
the four curves 8, 8’, T, T’, have a common point of intersection.

Instead, however, of taking the coefficients of the equations (8) and (8'), i.e., the
quantities of which (9) are specimens, as the forty coordinates of the curve, it will be
convenient to take the coefficients of the functions (10) as the coordinates. These
will be found to be forty-eight in number, and to be comprised in the following table,
as stated in the introductory remarks. For the sake of brevity, only the upper lines
of the determinants are written down:

B, B,a=B, (suffixz), B, ¥ « + § B, a=2M (suffixz), . . (13)
Y ')", a=Cr ( 2 m)x Y 8’; o + 8: 7’) a=2N ( » w)n
8’ 8/1 “=D: ( ) a’): B: 7;’ a + Y B/x a=2F ( ”» -'E):

a, a'" B=A’ ( » y)! o, slv B + 81 “’1 ﬁ=21‘ ( 2 ?/):
Y ‘y'- B=C, ( 9 !/)s v s,: B + 8; 7’: B=2N ( 3 ?I):
8: 8’: B=D’ ( ”» .1/): s “I: B + = 'Y,, B=2G ( » .’/)s

@, d.’, 7=A!( ” Z), a, 8’9 Y + 8) a": 7=2L ( ”» Z),
ﬁ: B” 7=B’ ( 2 z), ﬂs 8'1 Y + 8, B,a 7=2*\'I ( ’s 2)’
sl 8'1 7=D’ ( ”» 2), a, Bls 7 + B, a’) ‘)’=2H ( ” z)’

@, ﬂ’, S=A‘( » t)t ﬁ: 7” 8 + e B’; 8=2F ( ) t)-
B’ B" 8=Bn ( ”» t)’ e a’, 8 + a 7’; 8=2G ( » I):

v 'y'a 8=C, ( ”» t): «, B': ) + B, “I; §=2H ( ) t):
MDCCCLXXXT. 3
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with a similar set of expressions of which the following are specimens :

BB =B, B¥ o« + 8B, a=2M, . . . . . (14

Substituting these values in (10), we shall find the following to be the forms of the
functions therein contained, viz. :

U=(B,C,D,N, M, F)y,z ¢, U'=B,...)#2%(B,...oufixz) . (15)
V=C,ADLNGGE=z), V=C...0Ea05C ... . 9
W=(A, B, D, M, L, H)(x, 4, ), W=(A"...) @5 85 A ... » 2
T =(A B CFGH®@y2, T=A&..)&5n2%5 A .. ,» o

P =Ay4+Az +Ag, P =Ay+...)
Q =B.x+B: +By, Q =B/z+...)
R =Cax+Cy +Cy, R =C/2+...)
S =Da+Dy+De, S =Dz+ ...)

And finally we may, by means of the equations (L1), replace forms having the
coefficients (9), by forms having coefficients into which the quantities A, B, . . . enter.
Thus, writing

B.A;—B/A,=(B, A, #,3), CA/—C/A=(C A g7),...

The forms in question are

B A2y, . . . . . . . ... ... (1)
(C, A, 2, 2),

(D, A, z, t),

(C, A, x, t)4+2(N, A, x, 2),

(D, A, x, 2)+2(N, A, =, t),

(B, A, z, t)+2(M, A, z, 9),

(D, A, =, »)+2(M, A, z, ¢),

(B, A, z, 2)4+2(F, A, =, ¥),

(C, A, z, y)+2(F, A, x,2),

(N, A, 2, 9)+ (M, A, 2, 2)+(F, A, a, ¢)}Ty, 2, t)°
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{(C, B, y,2),

(A, B, y, 2),

(D, B, 3, ¢),

(A’ B, y, t)+2(L1 B, y, x),

(D, B, y, z)+2(L, B, v, t),

(C. B, 4, £)+2(M, B, 3, 2),

D, B, y, 2)+2(M, B, y, ),

(C, B, y, )+2(G, B, 7, z),

(A, B, 7, 2)+2(G, B, 7, ),

(L, B, v, 2)+ (N, B, y, ) +(G, B, #, ¢)}¥z, , £)°

{(4, C, 2, x),
(B, C,z),
(D, C, 2 t),
(B, C, 2 t)+2(M, C, 2, 9),
D, C, 2z n)+2M, C, 2 t),
(A, G, 2z, )+2(L, C,zx),
(D, C, z, ) +2(L, C, 2, t),
(A, C, 2z, y)+2(H, C, 2, x),
(B, C, 2, 2)+2(H, C, z, 7).
M, G, z, 2)4+ (L, C,z y)+(H, C, 2, 1)}z, v, ¢)°

{(A, D, t, x),

(B, D, ¢, »),

(C, D, t, 2),

(B, D, ¢, z)+2(F, D, ¢, ),

(C, D, ¢, y)+2(F, D, ¢, z),

(C, D, t, ©)+2(G, D, ¢, 2),

(A, D, t, 2)+2(G, D, ¢t, 2),

(A, D, ¢, y)+2(H, D, ¢, @),

(B, D, ¢, x)+2(H, D, ¢, y),

(F, D, ¢, 2)+ (G, D, ¢, y»)+(1, D, t, 2}, ¥, 2)°

3 D2
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§ 2. The identical relations between the forty-eight coordinates.
On inspecting the expressions (13) and (14) it will be seen at once that the following
relations subsist, viz.:
N,+M+F, =0, . N/4+M/4+F/=0, . . . . (16)
N.+ . +L +G=0, N4 . +L'+G/=0,
M.+L,+ . +0=0, M/+L/+ . +H/=0,
F, +G,+H,+ .=0; F/ +G,’+H,’+ . =0,

This is a set of 4+4=38 identical relations between the forty-eight coordinates.

Added February 19, 1880.

The next set of identical relations is to be sought among the first minors of the
discriminants of U, V,. .., bordered respectively with the coefficients of P, Q,. ..
Thus, selecting T, we have to examine the coefficients of A, B, ... (say the quantities
@, 23, . . .) in the development of

A, H, G D, (A B,...,suffix¢).
H, B, F, D,

G, F, C D,

D, D, D,

We then have, changing the sign,

A=BD*—2FD,D,4CD,?
= |BBE[x|88 ]|
—{IBY, 8| x |78 3]}|88,y|x]8%28]
+ [»n?Y,8|x[888]|
={|BB 3| x|8%y|—|7nB 8| x|588]|}]8¥,y]|
{878 x|88y|—|r7,8|%x|8¥%8]}]|85%, 8|

=8 8,8 . . yX|8¥&ylxXyy,8 . . B
BuB,d, . - N8, . . B
BB,y - 7 Yoy 8% - - B
B . .8 & vy v . . 8 8 B
B, - .8, n Y - - 8,88

B . sﬂl 8.‘1’ 7: Ya - . 8_, s.’li B
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and if in these last determinants we subtract rows 4, 5, 6 fromn rows 1, 2, 3 respec-
tively ; and then subtract column 3 from column 4, we shall find that the whole
expression
=|B%n8|{|B&EFIX|7n8¥|—|7.8¥|%X 83|}
= | B: b4 8 I (D’ D: :’/: z)’
or more simply
=|8,738]|(Dy 2.
From this result we may at once conclude the following group:

A=18y8|MDy2 . . . . . . . . (U7
B=|vy, e 8|(D,za),
C=|a, B 8| (D,x,y).

Again, proceeding as before we should find

—24=2(AD,D.—HD,D.—GD.D,4+FD.}) (A, H,...suffixt)
={|aa, 8|+ |aa,8|}]88 8]x%x][88y]
—{|a,B,8|+|Ba,8]|}]|88 a|x |88 y]
—{l%e, 8| +]ay,8]}]|88B|x]|8¥al
-|-{IB,‘y',8|+|y,B',8]}|8,3',a.| x 188 al

=a, o, 8 . . BX|8¥y|Xe «,8 . . yx|§¥8]|
a, a8, . . B a, e, 8, . . 7
ay ), 8, . . By aya,8, . . 7
@, . . & & B @, . . 5 &, ¥y
a, . . 8,8/, 8 a, . . 8,8\ n
ay . . 88, B ay - . 88,7

-, ¥, 8 . . B +a, B,8 . . y}x |88, a]

o, v, 8 . . B a, 8,8, . . m

Yy, 8% . . By a, B, 8. . 7

e, . . 8 & B a, . . 8 & vy

a, . . 8,8, B a, . - &8 n

ay o . 88 B ay, . . &7
=—|88a | X |88y |X]|6dB|—]88a|X|588]|X|ady]|
+188a | x |88y x|a88]+]88a]x[888(x|0dy]

=|a8B|(Dzx)+ |y, ad|(Dzy)
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From this we may conclude the following group,

o=, B8 | (Dz,z)+ |y, 2, 8| Dyzy). . . . . (18)
2G=I“JB’S|(Dn% z)+lB)7:8I(D'$:?/):
2m= | 77 @, 8 l (l)’ y’ Z)+ l B! 7’ 8 l (Ds Z, z)«

From (17) and (18) we can now climinate the three quantities |8, y, 8|, |y, a, 8},
|@, B, 8], and obtain the following identical relations,

B(D, z, y)*—24F(D, z, y)(D, z, 2)+E(D, z, z)*=0 . . . . (19)
@(D, y, 2*—2&(D, y, 2)(D, 2, y) +R&(D, z, y)=
A(D, z, x)2—2HD, z, z)(D, y, z)+W(D, ¥, 2)*=0

to these may be added

=FF(D, ,2*~RA(D, 2, z)(D, z, y) + (D, =, )(D, 9, 2) + &(D, y, 2)(D, z, 2)=0 . (20)
—&(D, 2,z)*+ (D, 2, z)(D' x, y)—W(D, =, y)(D, y, )+ (D, . 2)(D, 2, x)=0
(D, z,y)*+ &G (D, z,z)(D, 7, y)+F(D, 2, y)(D, y, ) — &(D, y,2)(D, z, 2) =0

But, as the six equations (19) and (20) are in any case equivalent to only three
independent conditions, it is not necessary to go beyond the equations (19).

[Postscrirt.
Added April 23, 1881

In the present case however the equations (19) are themselves not independent, as
may be shown in the following way. Write for the moment

D.=X, D,=Y, D.=Z; D./=X', D,/=Y, D/=Z;
then
(D, 4, 2)=YZ~YZ, (D, 2, x)=ZX—-ZX’, (D, =, y)=X'Y—XY".

Inserting these values in the first equations of (19) we obtain

BXY-XY)—2#(X'Y—XY')(Z2X—-ZX)+E@(ZX~ZX')=0
=Y 4-24#YZ +CZ)X 2+ VXY *+ X222 424 X2Y'Z’
—2@ZX.Z’X —2BXY.X'Y =24 XY.Z X —2HZX.XY".

But

BY 4+ 24YZ+ @72
=(0X?—2GZX+AZ)Y*—2(AYZ—-HZX—-GXY+FX*YZ+(AY*~2UHXY+BX?)Z?
=(CY:—2FYZ4BZ})X?
=AX?
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CZ+$Y
=(AY*—2HXY+BX?)Z—(AYZ—HZX —GXY+FX?)Y
=(BZX—FXY—HYZ+GY?)X
=—@GX

BY+ L2
=(CX*—2GZX+AZ})Y —(AYZ—HZX ~GXY+FX)Z
=(CXY—GYZ—FZX+HZ)X
=—X

Hence the whole expression
=(@X*+BY*+CZ*+2H#YZ +2GZX +2HXY') X2,
(&, 2,...)X, Y, Z)P=0

A, H

H, B

G, F, C

D, b, D,
D/, D/, D/,

The equations (19), and consequently also the equations (19) and (20), are therefore
together equivalent only to the single condition (21).

Now the relation (21) has been derived from the form T; if to this we add the
corresponding relations derived from the forms U, V, W, we shall have four relations.
Others are readily obtained as follows. If we form the four systems of which (17) is
one, we may write them down thus :—

and

or

e,

, G, D,D/=0
¥, D, D/

D, D

(20

='7’¢:81(A' EA)N QE:I“:B)SI(A»?/’ t), m=|¢,ﬁ:’7|(A. ¥, 2), (suffix z)

_lﬁt'ﬁsl(n z, t), . =I“»IS-SI(B’ % 1), D= ]“15-7'(“': 2, &), ( » 3/)
—Iﬂ,'y.sl(C %), —I'Ylarsl(c 2, 1), ‘=I“13771(c: 2y, ( » 2)
A=18,738{D,y, 2, B=|v,4,8|(D,z2), @—la,ﬁ,sl(l) z,y), . (s b
‘Whence
. A : B2 t)=a :(Cy )=R : (D, y,2), . . (22)
1 (A, z t)= . : (G, x, )= : (D, 2, ),
(A, y 8)=@€ : (B, x, t)— . =@ : (D, x,y),
(A, 2)= : B,z,2)=D : (C z 9)= .
(suﬂix x) (suffix y) (suffix 2) (suffix ?)

We thus have eight more relations. And if to these we add ‘the corresponding
relations derived from the forms U’, V’, W’, T, we shall have 2(4+8)=24 relations in
addition to (16), viz., 8424=32 in all.]
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From this we may conclude the following group,

2:IP=|“,.3,3|(Ds=,-’ﬂ)+|7,¢,51(D,z,?l)- e (18)
2G=I¢'B’8|(D’y’z)+ |Br%s|(D-m,y),
2§?=l71 “,sl(D,?/»z)+|B,7,3|(D, 2,.’1:).

From (17) and (18) we can now eliminate the three quantities |8, v, 8|, |y, &, 8!,
|, B, 8|, and obtain the following identical relations,

8D, z, y)*—2H(D, z, y)(D, z, ©)+&D, 2, z>=0 . . . . (19)
@(D, y, 2—2@(D, y, 2)(D, , y) +A(D, z, y)'=0
A(D, z, z)*—2#(D, 2, x)(D, y, 2)+I(D, y, 2)*=0

to these may be added

—£(D, 9, *—A(D, 2, 2)(, , 5)+ 8D, 3, 9)(D, 9, ) +G(D, 3,5 (D, 5 2)=0 . (20)
— (D, 2,2+ B)(D. 2, 2)(D, 2, )~ (D, 2, 5) (D, 3, 2+ 4D, 9, 2)(D, 7, 2)=0
—#(D, 2, 1)+ G (D, 2)(D, 7, 5)+# (D, 2, 5)(D, 9,9 — €(D, 3, 3(D, 2, 3) =0

But, as the six equations (19) and (20) are in any case equivalent to only three
independent conditions, it is not necessary to go beyond the equations (19).

[PosTscrrpT.
Added April 23, 1881.

In the present case however the equations (19) are themselves not independent, as
may be shown in the following way. Write for the moment

D,=X, D,=Y,D.=Z; D/=X,D/=Y,D/=Z;
then
(D, y,2)=YZ-YZ, (D, 2, 2)=ZX~—-ZX', (D, z, y)=X'Y—XY"

Inserting these values in the first equations of (19) we obtain

BXY-XY)P—2#XY-XY)NZX—ZX)+(ZX—-ZX')=0
=(BY*+ 2 YZ+4+@Z2)X 2+ BX2 Y+ @X2. 22424 X2Y'Z’
—2@ZX.Z’X' —2BXY.X'Y —24#XY.Z’X —2#ZX.XY".
But
BY '+ 2#YZ+EZ2
=(CX*—2GZX+AZY)Y?*~2(AYZ—-HZX —-GXY+FX*)YZ+4(AY*—2HXY+BX?)Z?
=(CY*—2FYZ+4BZ)X*
=AX?
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CZ4+-FY
=(AY*—2HXY+BX?)Z—(AYZ—HZX—GXY+FX?)Y
=(BZX—FXY—HYZ+4GY?)X
=—@X

BY+FZ
=(CX:—2GZX+AZ)Y—(AYZ—-HZX —-GXY+FX?%)Z
=(CXY—-GYZ—-FZX+HZ?)X
Henco the whole expression

=(@X2 4+ BY+ CZ2+2$ Y Z +2GZ X +2XY)X?,
@ B,...)X, Y, Zr=0

and

or

PROR
A, H G D,D/=0. . . . . . . . . (2
H, B, F, D,D/
G, F, C, D, 1
D, D, D, . .
D,/, D/, D/,

The equations (19), and consequently also the equations (19) and (20), are therefore
together equivalent only to the single condition (21).

Now the relation (21) has been derived from the form T; if to this we add the
corresponding relations derived from the forms U, V, W, we shall have four relations.
Others are readily obtained as follows. If we form the four systems of which (17) is
one, we may write them down thus :—

B= I'Vr “Jsl (4,21, C= l“rﬂn sl Ay t), D= I"u B 7|(A, Y 2), (sumx xr)

A= |B,7,8|(B, 2, t), . C= I“’B-SI(B! % t)! D= |“IBIVI(B1 2, ")’ ( » :'/)
a= 'ﬂ; '7:81(0: %), B= I'Yl ¢,8|(C, z, 0), . ™= l': 3171(01 %Y, ( » 2
a=|ﬁ,'y,sl(l),:l/,2). ”=|'7s“s8l(D’zt"')’ @=|°‘!B'8I(Dt"3'?/)’ . (-0
‘Whence
. A: B,z t)=A :(C,y, )=RA : (D,y,2), . . (22)
B:(Azt)= . =8 : (C,x )= : (D, 2, x),
¢ :Ay)=C€: Bzi)= . =€ : (D,z,y),

D: A yz)=D: (Bzz)=D : (Cuxy)= .
(suftix x) (suffix y) (suffix z) (suffix ¢)

We thus have eight more relations. And if to these we add the corresponding
relations derived from the forms U’, V', W’, T, we shall have 2(4+8)=24 relations in
addition to (16), viz., 84+24=32 in all.]
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To obtain two more, write for the moment
lﬂ; Y 8 l =P-l) l Y @y L) l :=q-l; I a, ﬂs L) I =r—l: l @, ﬁs Y I =51 | (23)
and then multiply (17) by pD,, gD, 7D, respectively and add them together. This
will give
@ApD.+BqD,+&rD,=0.

And if we proceed in a similar way with the corresponding systems derived from
U, V, W respectively, we may form the following system

BAG+CAr—DAs=0, X, B, . .. suffixz . . . (24)
ABp+ . +C€Br—DBs=0, ., » Y
AC.p+8Cq+ . —-BDCs=0, ,, 1
ADp+BDy+EDr+ . =0, y b

whence eliminating p, ¢, 7, 3, we finally obtain the following relation,

BA, CA, DA=0, A, B, .. . sufixz. . . . . (25)
@B, . B, DB » w Y
ac, ¥, . DO, , .
ab, ¥D, €D, . ” , b

To this may be added the corresponding relation obtained from the forms U’, V',
W', T'. These added to the former conditions give us 3242=34.

Tt was however remarked at the outset that the equations UP"—U'P=0, &c., are
lineo-linear in the U coordinates, and also in the U’ coordinates; and as we are con-
cerned with the ratios only of the coefficients, and not with their absolute values, we
are in fact concerned only with the ratios of the U coordinates inter se, and with
those of the U ‘coordinates inter se, and not with their absolute values. Hence the
number of independent coordinates will finally be reduced to

48—34—2=212,
. as it should be.



[ 387 ]

VIIL. On the Viscosity of Guses at High Exhaustions.
By WiLLiAM CROOKES, F.R.S.

Recoived December 26, 1880,—Read February 17, 1881.

[PraTes 55-58.]

CONTENTS.
Par. Par.
Introduction vecevevrsncerersesnsiansase. 635 | Repulsive force of radiation in carbonic an-
The viscosity torsion apparatus..........,. 638 hydride «.ovoevensianeaens [T 1]
MocLzor’s gauge for high vacua............ 642 Observahons on the spectrum of carbonic
Procoss of observation. Logarithmic decre- anhydride «o cevvennn.n . veseesncaeaia. 681
MeNb ciiivtenintnienneeestisencesesas 045 | Viscosity of carbonic oxide gas «.e...... ... 682
Precautions necessary before exhausting to Plotted curves of the viscosity of carbonic
high points ...vevuiviiennss . 650 [ < T T veee. 684
Note on the viscosity of glass.... .. 652 | Repulsive force of radiation in carbonic oxide 685
Viscosity of ir....eeeeveeuvseeensnnse.. 653 | Observations on the spectrum of carbonic
Repulsive force of radiation in air.. ....... 655 0xide coiiesinnenn s teceesanens ... 686
Calculating the zero-point for the swing pro- Viscosity of hydrogen gas .. ....... cesee.. 687
duced by radiation .....cccieieiiiinnas 656 | Plotted curves of the viscosity of hydrogen.. 690
Plotted curves of the viscosity of air........ 658 | Repulsive force of radiation in hydrogen.... 691
Mean free paths of the molecules .......... 661 | Proportion between the viscosities of air and
Resistance of air to the passage of an induc- hydrogen “....eeeceeecicnines ceeeeees 692
tionspark............................ 663 | Influence of foreign gas on the viscosity of
Viscosity of oxygen gas ......cceeeaen. ... 666 hydrogen ...... teesteiteseicacnceness 695
Plotted curves of the viscosity of oxygven ... 668 | Observations on the spectrum of hydrogen .. 698
Repulsive force of radiation in oxygen...... 670 | Influence of aqueous vapour on the viscosity
Viscosity of nitrogen gas......ceceveeeess 671 Of BIF ceuieraiinnnanenanans Ceeeieeens 699
Comparison of the air curves with those of Plotted curve of the viscosity of moist air .. 701
oxygen and nitrogen .........ess00e0.. 674 | Explanation of the action of aqueous vapour 702
Observations on the spectrum of nitrogen ... 675 | Viscosity of kerosoline vapour .. .......... 705
Repulsive force of radiation in nitrogen .... 676 | Discussion of results . .coecovenens 706
Viscosity of carbonic anhydride gas ........ 677 | The ultra-g state of matter .......0.0 710
Plotted curves of the viscosity of carbonic
anhydride ...oivveiincceniiiniieeneins 679
Note on the Reduction of Mr. CrookEs’s Exp ts on the D t of the Arc of Vibration
of a Mica Plate oscillating within & Bulb containing more or less Rarefied Gas. By
Professor G. G. STOKES, 8. R.Bevcveerreecsearcestonsasnssesssssssssssasssassasss Page 435

MDCCOLXXXI,

3 E



388 MR W. CROOKES ON THE VISCOSITY

INTRODUCTION.

635.* By the viscosity or internal friction of a gas, is meant the resistance it offers to
the gliding of one portion over another. In a paper read before the British Association
in 1859, MAXWELLt gives the following explanation of the internal friction of gases :—

“ Particles having the mean velocity of translation belonging to one layer of the gas,
pass out of it into another layer having a different velocity of translation, and by
striking against the particles of the second layer exert upon it a tangential force which
constitutes the internal friction of the gas. The whole friction between two portions
of gas separated by a plane surface, depends upon the total action between all the
Iayers on the one side of that surface upon all the layers on the other side.”

The research here recorded commenced with experiments instituted to discriminate
between the friction of the pivot supporting the fly of a radiometer and the viscosity
of the residual gas. In the paper just quoted, MAXWELL presented the remarkable
result that on theoretical grounds the coefficient of friction, or the viscosity, should be
independent of the density of the gas, although at the same time he states that the
only experiments he had met with on the subject did not seem to confirm his views.

An elaborate series of experiments were undertaken by MAXWELL to test so remark-
able a consequence of a mathematical theory ; and in 1866, in the Bakerian lecture for
that year,f he published the results under the title of “The Viscosity or Internal
Friction of Air and other Gases.” He found the coefficient of friction in air to be
practically constant for pressures between 30 inches and 0°5 inch; in fact, numbers
calculated on the hypothesis that the viscosity was independent of the density agreed
very well with the observed values.

The apparatus used by MaxwEgLL was not of a character to admit of experiments
with much lower pressures than 0'5 inch.

636. In the Philosophical Magazine for July, 1875, is a translation of a paper by
MM. Ku~npr and WARBURG, “ On Friction and Heat Conduction in Rarefied Gases,”
in which the laws theoretically discovered by MAXWELL were examined at higher
exhaustions.

MaxweLL's theory, that the viscosity of a gas is independent of the density,
presupposes that the mean length of path of the molecules between their collisions is
very small compared with the dimensions of the apparatus; but inasmuch as the mean
length of path increases directly with the expansion, whilst the distance between the
molecules only increases with the cube root of the expansion, it is not difficult with
the SPRENGEL pump to produce an exhaustion in which the mean free path is

* Tho research embodied in this paper is an outcome of work recorded in my various papers “On
Repulsion resulting from Radiation,” Parts 1 to 6, “ On the Ilumination of Lines of Molecular Pressure,
and the Trajectory of Molecules,” and * Contributions to Molecuiar Physics in High Vacua.” The
paragraphs are therefore bered in continuation of the last d paper.

+ Phil. Mag., 4th ser., vol. xix., p. 81.
t Phil, Trans., 1866, Part I, p. 249,
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measured by inches, and even feet,* and at exhaustions of this degree it is probable
that MAxwELL'S law would not hold good.

MM. Kunor and WARBURG found that for pressures between 760 millims. and
1'5 millim. the coefficient of viscosity of air was constant, but at higher vacua it fell
off. They, however, give no measurements of the amount of cxhaustion obtained,
simply speaking of Vacua L, II., 11, and IV.

637. As I have had considerable experience in working in high vacua, and am
accustomed to measure with accuracy exhaustions up to the ten-millionth of an atmo-
sphere and even higher, it has been proposed that I should continue these experiments
on viscosity of gases at high exhaustions, at the same time obtaining as many other
data and measurements as the apparatus can be made to afford.

My experiments were commenced early in 1876, and have been continued to the
present time. In November, 1876, I gave a note to the Royal Society on some
preliminary results. Several different forms of apparatus have since been used one
after the other, with improvements and complexities suggested by experience or
rendered possible by the extra skill acquired in manipulation. The earlier observa-
tions are now of little value, but the time spent in their prosecution was not thrown
away, as out of those experiments has grown the very complicated apparatus now
finally adopted. I will therefore not occupy time in describing earlier forms of
apparatus, but will proceed at once to the one finally adopted.

THE VISCOSITY TORSION APPARATUS.

638. Plate 55, fig. 1, shows the general construction, fig. 2 (p. 390) an enlarged view
of the torsion beam, &c., the same references applying to either figure. a is a glass
bulb, blown with a point at the lower end, b, and sealed on to a long narrow glass
tube ¢ ¢. In the bulb is suspended a plate of mica, d, by means of a fine fibre of glass,
26 inches long, which is sealed to the top of the glass tube ¢ ¢, and hangs vertically
along its axis. The plate of mica is ignited and lamp-blacked over one-half, as shown.
The tube ¢ ¢ is pointed at the upper end, e ; the points ¢ and b are 46 inches apart, and
are accurately in the prolongation of the axis of the tube. Sockets are firmly fixed at
b and e to a solid support, so that when the tube and bulb are clamped between them

* Thus, supposing tho mean free path of the molecules of air at the ordinary pressure is the ygjsoth of

a millimetre, at an exhaustion of the ten-th dth of an atmosphere, the mean free path will be 1 millim.
At one-millionth of an atmosphere the mean free path will be 10 centims., and at an exhanstion of one
hundred millionth—by no means a difficult point to attain with present appliances—the mean free path
will be over 80 feet. This rarefaction corresponds to that of the atmosphere u.t a height above the earth
of a little more than 90 miles, assuming that its dexsity d ing tri P"Oes ion as its height
in arithmetical progression, and neglecting the small corrections for diminished gravity and

temperat As the height above the earth increases, the length of the mean free path of the molccules
of air rapidly approach f.o planetary dist: ; at about 200 miles height the mean free path is
10,000,000 miles, whilst between 80 and 90 miles higher the rarity is such that the mean free path would

extend from here to Sirius.

3 E2
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they are only able to move around the vertical axis. The upper socket is lined with

-cork and is pressed down by a spring. The lower socket is a steel cup, and a brass
point is attached to the bottom of the bulb. This device is adopted because in the
earlier apparatus the friction of glass against cork generated electricity, which inter-
fered with the free movement of the torsion fibre. The glass fibre being only
connected with the tube at e, rotating the tube on its axis communicates torsion to
the fibre and sets the mica plate swinging on the same axis without giving it
any pendulous movement. The mica plate d is not fastened direct to the suspending
fibre, but through the intermediary of a twisted aluminium wire, f, about 12 inches
long, with a mirror of platinised glass attached to it. The tube opposite the mirror
is blown into the form of a thin cylinder of about double its original diameter, and the
centre of curvature is made to coincide as closely as possible with the fibre, or centre
of motion of the mirror. There are three reasons why the mirror is kept some
distance above the mica plate, instead of being close to it :—1. There is much less
distortion of the reflected index of light when passing through a cylinder than
through a bulb. 2. The light falling on the mirror from the lamp might diffuse
sufficiently to produce repulsion of the black surface. 3. The torsion bulb and plate
can be completely packed in wool or immersed in water, to diminish variation of
temperature,

The total weight of mica plate, mirror, and aluminium support is 5'69 grains.
These are purposely made very light, and to render the effects of viscosity more
apparent the glass fibre is as fine as it can be drawn consistent with safety. The
diameter of the fibre is about' 0'001 inch. The attachment of so thin a fibre at each
end of the apparatus requires extreme care, or it will snap off at a joint when torsion
is applied. The following plan has been found to answer best :—The fibre being
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drawn from a piece of glass rod about 0°5 millim. in diameter is left attached at
one end to the rod from which it was drawn, the other end being broken off to the
right length. This broken end of the fine torsion fibre is inserted into the wider
end of a fine, somewhat conical, glass tube a, fig. 3 (which must not be much larger
than is necessary to allow the fibre to enter freely). A small flame applied at b melts
the glass tube and fibre together. The lower part of the glass tube is bent, as shown in
the figure, to allow the aluminium support for the mirror, g, and mica plate to be hooked
on to it. The small piece of glass rod remaining attached to the upper part of the
torsion fibre is then passed through, so as to project above the top of the glass tube c ¢,
fig. 1, which has previously been drawn out to the right size, and held in position by
an aluminium spring. When the instrument is held in a vertical position, the final
adjustment can be made by moving the projecting end of the rod; the top aperture is
then sealed, and the piece of rod carrying the fibre is likewise sealed in at the same
time. The viscosity apparatus is connected to the pump by the arm %, and tubes ¢, j,
k1, m,n,and 0. A flexible glass spiral is introduced at ¢, so as to allow the apparatus
to rotate on the pivots b, ¢, and at the same time to be connected to the pump
altogether with sealed glass joints. Another arm at p, working between metal stops,
limits the rotation to the small angle only which is necessary. A spring keeps the arm
pressed close to one of these stops.

639. The bulb of the viscosity apparatus is entirely enclosed in a box, packed with
cotton-wool ; in this box is a tube, ¢, opposite the black half of the mica plate, so that
a candle at » will shine on it and produce a deflection. This tube is closed at each end
with glass plates to keep out air-currents, and in front is a shutter to cut off or turn
on the light of the candle, as desired. The position of the candle flame and its
distance from the plate are always kept identical in the following manner :—A small
lens, fixed at some distance from the candle, forms an image of the flame on a white
screen, and it is so adjusted that when the flame shines direct on to the mica plate
its image exactly overlaps a mark on the screen. A second system of -lens and screen
is fixed at right angles to the first, and thus the position of the flame can in a few
moments be adjusted. To avoid unnecessary complication this arrangement is not
shown in the figure.

In viscosity experiments when the deflection produced by the candle-flame is not
measured—as, for instance, in exhaustions below one millimetre—the whole apparatus
is immersed in a large copper vessel full of water surrounded by a double row of
Winchester quart bottles, also full of water, and the spaces between them and the
copper vessel are filled with cotton-wool. A cardboard case surrounds and covers the
whole. A thermometer reading to tenths of a degree C. is in the water close to the
bulb. This device, which I have long adopted, and found extremely useful, prevents
the temperature of the apparatus during a long day’s work from varying more than the
tenth of a degree.

The torsional movement given to the mica plate, by the light of the candle shining
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on it or by the rotation of the bulb and tube on its axis by the movement of the
arm p between the stops, is measured by a beam of light from the lamp s, reflected
from the mirror g to the graduated scale t.

640. The angle through which the apparatus is rotated is small. The distance of
the scale from the mirror is 4 feet, and the amplitude of swing carries the line of light
between 100 and 200 divisions of the scale. 100 divisions of the scale =62 millims.,
8o that the deflection of the line of light is never more than about 10 degrees. As
the scale forms the tangent of a circle a small correction is required for the scale-
reading. Let S be the scalereading; R the radius or distance of mirror (centre of
motion) from the scale; S’ what would be the scale-reading if it were curved in a
circle of radius, R; then—

s'=s{1 —i(%)s+%(§)4— &"'}

g
The ratio of S to R is, however, so small as to make %?ﬁ and the succeeding terms
v

insensible. The correction therefore is simply—
3
)
Except in special cases this correction was not applied, for unless the amplitudes
were very long the amount to be deducted was less than the average error of each
observation.

641. Air is introduced into the apparatus through a very fine glass tube drawn out
to almost the fineness of a hair, and projecting from the connecting tubes at A. A
momentary contact with a spirit flame seals up the point, and when air is to be
admitted the tip of the tube is broken off, and the air slowly enters, passing through
the drying-tubes, m, before it reaches the apparatus.

Gases other than atmospheric air are introduced into the apparatus through the tubes
u and v. The tubes % and v are only open when actually in use, and when the appa-
ratus has been filled with a pure gas and exhausted a sufficient number of times, they
are senled off at « or at v, as the case may be, and when required are again attached
for another gas. This prevents the apparatus when actually at work having any mer-
cury joints, blown joints being used in all other cases. At m is a system of six
tubes, for the double object of drying the gas and of keeping mercury vapour out of
the torsion bulb. The tube nearest the pump contains pure sulphur which has been
fused, then finely powdered, and introduced while warm into the tube. The next tube
contains finely-divided copper reduced by hydrogen from the oxide, and the four
remaining tubes contain phosphoric anhydride. The phosphoric anhydride must be
tightly packed in the tubes, so as to force the air to pass through, and not merely
over it, or the last traces of water will not be removed. The sulphur tube stops mer-
cury vapour, and in the course of some months becomes darkened at the end nearest
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the pump. A tube packed with gold-leaf was used in the early experiments, but as it
did not entirely stop the pussage of mercury vapour, it was discarded in favour of
sulphur, which, whilst not quite perfect, answers fairly well. As it was thought possible
that sulphur vapour might be given off, the copper tube was interposed : at first a
tube of oxide of lead was used for this purpose, but copper seems to answer better. . At
w a similar system of six tubes is interposed in the path of the entering gas. These
will be further alluded to when the experiments with gases other than air are
described. The tube o is the phosphoric anhydride reservoir belonging to the pump ;
z is the McLEOD measuring apparatus; y is a small radiometer, having a standard
candle at a fixed distance from it ; & is a spectrum tube with capillary bore furnished
with aluminium poles ; ! is a resistance tube having aluminium terminals with ends
4 millims. apart (663, 664, 665). At z a series of spectrum tubes is attached, so that
in course of experiment one tube can be sealed off at any particular pressure for
further reference.

642. The pump employed has already been described (355). The measuring appa-
ratus is similar to that described by Professor McLEop* before the Physical Society,
June 13th, 1874, As it contains several improvements shown by experience to be
necessary when working at very high vacua, a detailed description may be useful.
The instrument shown in fig. 4 consists essentially of a globe, @, a volume tube, b,

* Philosophical Magazine, vol. xlviii., p. 110, August, 1874,
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and a pressure tube, c. The upper part of ¢ communicates with the exhaust arm of
the pump, and the tube ¢ communicates with the upper mercury reservoir by means
of a screw tap. The pressure and volume tubes are from the same piece, accurately of
the same internal diameter, and are graduated in millimetres. The divisions in the
pressure tube are numbered from below upwards, and extend to some height above
the volume tube ; and the divisions of the volume tube are numbered from above
downwards, the lowest division, 80, being on a level with the 0 of the pressure tube.
The proportion between the contents of the volume tube and the globe was ascertained
in the manner directed by Professor McLkop, and it was found that the globe, &c.,
from the point £ had 111°8 times the capacity of the volume tube down to the 80th
division. The action of the instrument is as follows :—Before the viscosity apparatus
on the pump is exhausted the tap ¢ is closed, in order to exclude mercury from the
measuring instrument, the upper part being in communication with the pump and
viscosity apparatus. The pump is now set to work, and the exhaustion in the globe
keeps pace with that in the apparatus, there being free passage from ono to the other.
When the exhaustion is good it is advisable carefully to unscrew the tap e a little, to
allow mercury to fill the two air-traps, d d, and rise in the tube as far as g. The tap
e is then tightly closed, and the exhaustion continued. When it is desired to make a
measurement of the pressure, the tap e is opened, and the mercury allowed slowly to
rise. When it reaches the point f it cuts off communication between the globe ¢ and
the rest of the apparatus. The globe a now contains an accurately measured volume
of highly rarefied gas of exactly the same exhaustion as that in the viscosity apparatus.
The mercury continuing to rise, part ascends the pressure tube ¢, and part fills the
globe, compressing the rarefied gas, until, when it reaches the lowest division, 80, of
the volume tube, the gas is condensed to 111°8 times its original volume. I now
quote from Professor McLron’s description :—*‘ Ultimately the whole of the gas in the
globe is condensed into the volume tube; and its tension is then found by measuring
the difference of level between the columns of mercury in the volume and pressure
tubes. On dividing this difference by the ratio between the capacities of the globe
and volume tube, a number is obtained which is approximately the original pressure
of the gas: this number must now be added to the difference between the columns,
since it is obvious that the column in the pressure tube is depressed by the tension of
the gas in the remaining part of the apparatus: on dividing this new number once
more by the ratio between the volumes, the exact original tension is found. . . . The
relations existing between the contents of the other divisions of the volume tube and
the total contents of the globe were determined by measuring the tensions of the
same quantity of gas when compressed into the different volumes.” In this way a
table has been constructed giving the value of each millimetre in the volume tube
from 1 to 80. I generally make several readings at different heights of the volume
tube, and take the mean. The McLeop gauge will not show the presence of mercury
vapour. I have, however, entirely failed to detect the presence of mercury vapour at
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any great distance from the mercury in the pump; and the tube packed with gold-
leaf, which I formerly interposed between the pump and the apparatus, showed no
trace of bleaching, and cxerted no appreciable effect one way or the other on the
results. The chief improvements in this instrument over Professor McLEoD'’s original
design consist in the entire absence of joints; the tubes and bulbs are all soldered
together in one piece ; and the two air-traps, d d, which obviate the inconvenience at
first encountered, of traces of air rising with the mercury and spoiling the vacuum in
a. The globe @ is also larger in proportion to the volume tube, and this tube is longer.
These improvements are mere details, and in no way detract from the great beauty
and merit of Pyofessor McLEOD’s valuable instrument.

643. In the case of a body moving quickly through air of ordinary density the
“work” is almost wholly represented by a wake of eddies left behind. The smaller
the velocity of the body and the rarer the gas the less is the work spent in producing
eddies compared with the work spent in directly overcoming friction. In these expe-
riments the motion is so slow that even at full pressure the effect of eddies is well
nigh or altogether invisible, and it is utterly insensible at even moderate exhaustions.
The molar vis vive is rapidly converted by internal friction or viscosity into molecular
vis viva (heat, thermometric—not radiant), and this is too rapidly dissipated to inter-
fere with the observations.

644, Before taking an observation the arm p (fig. 1) remains pressed against one of
the stops. In this position the index line of light stands in the middle of the scale
at 0, the divisions counting on each side from 0 upwards. The arm is then moved
over to the other stop, and in a few seconds allowed to return to its original position
by the action of the spring. This movement rotates the viscosity apparatus through
a small angle, and sets the mica plate vibrating, the reflected line of light traversing
from one side of the scale to the other in arcs of diminishing amplitude till it finally
settles down once more at zero. The amplitude depends on the manipulation, a slower
turn being more effective in producing motion than a very quick one. Even if the
arm p is turned at the same rate, in experiments with different degrees of exhaustion
there will be no simple relation between the arc swung through and the viscosity.
What is simply related to the viscosity is the logarithmic decrement of the arc of
oscillation. The logarithmic decrement will <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>