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Historical Introduction.

The foundations of the science of Hydrostatics were laid down
ag early as 250 B. C.by Archimedes (287—212 B. C)in his
treatise on Floating Bodies. He formulated the theorem that
pressure at any point of a fluid mass in equilibrium is the same
in every direction. He injuired into the conditions according
to which a solid boly floating in o fluid assumss and preserves
a position of equilibrium, and proceeded so far as to give a
complete investigation of tho positions of rest and stablility of
a right segment of a parabloid of revolution wholly above or
below the surface of the fluid,—an investigation which has been
characterised as a “veritable tour de force” by Nir Thomas Heath e
tho historian of Greek mathematics.

In spite of the brilliant and sweeping range of Archimedes’
researches, the science of Hydrostatics made no progruss at all for
a long time to come. For, as Hogben has pointed out, Grook science
had reached a stage when having been divorced from the social
heritage of the age it had degonerated into a hobby of the
unemployed intellectuals of a leisured class. Long loug after
when the Reformation had stimulated interest in the practical
problems of craftsmen and mariners, the study of Hydrostatics
was resumed. By the beginning of the 17th century a fow hydraulic
machines such as the forcing pump and the siphon had been
invented. In 1603, Marinus Ghetaldus in his ‘Promotus
Archimedes’ made the first serious attempt to apply the principles
already enunciated by Archimedes more than eighteen centuries
ago. But the laws of equilibrium of fluids were for the first
time demonstrated in the most perspicuous and simple fashion
by Blaise Pascal in his posthumous work,— Sur 1' Kquilibre
des Liquers. The Galilean spirit of scientific enquiry animating
_this work coupled with ample experimental conﬁrmauon of the

. P, 91 History of Greek Mathematics Vol 1I by Sir T. Heath
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laws enunciated invested Hydrostatics with the dignity of o
sclence

The next considerable advance in Hydrostatics is associated
with the name of Torricelli who invented the barometer and
discovered that atmosphere exerts pressure. Here again Pascal
carried on Torricelli's work a stage further. It was at his
suggestion that his brother-in-law, M. Percier, performed the
experiment of carrying a barometer up the Pury de Dome in
Auvergne and noting thoe fall of the column of mercury as the
atmospheric pressure decreased.

The problem of equilibrium of floating bodics was taken
up by Christian Hnygens in 1650 after the epic making work
of Archimedes on the same subject. Huygens treated the problem
by a new method based on the principle that in equilibrium
the centre of gravity of the whole mass of the floating bedy
and of the liquid is as low as possible. A century later two
geometrers  occupiod themselves with this problem about
the same time; Bouguer in his Trait¢ du Navire, and Euler, in
his Scientia Navalis. Dupin introduced the surface of floata-
tion and completed the theorems of Bonguer and thus gave the
principal general methods now-a-days in use. His memoir with
the report of Carnot is reproduced in “Les Applications Geometric
et Me'canique, par Charles Dupin.” Bouger was the first to
study the question of the stability of equilibrium of floating
bodies; but he only considered the particular case in which the
displacement was such that the volume displaced remained con-
stant. Duhamel; showed the insufficiency of Bouguer’s reason-
ing. He attempted to complete the study of the small movement
of the system in the neighbourhood of the position of equilib-
rium; but he mads the arbitrary assumption that in
this movement the pressures can be determined according to
the laws of Hydrostatics. Nevertheless the conditions of stability
of equilibrium, which ho found, are exact. The hypotheses made

(1) Duhamel : Note sur divers Principles de Mdéeanique, observations
Sur la Stabilité de ’equilibre des corps flottants (Journal d'Etole
Polytechnique XXIV Cahter 1835).



by Dubamsel were criticised by Clebsch, who saw that certain
terms neglected by Duhamel were of the same order of magnitude
as others retained. Besides, Duhamel did not give under one
simple form the necessary and sufficient conditions of equilibrium.

The first rigorous exposition of the tlicory of the stability of
flonting bodies was given by Guyous following an idea put
forward by Bravais in his thesis. This theory which rests on
the same principle as that of Huygens and which is rendered
rigorous by the theorem of Lejeune-Dirichlet 18 supported by a
simple and elegant geometrical demonstration. A very detailed
history of the problem will be fonnd in a memoir by Duhem,.

A question of the same category but much more complex,—
equilibrium of a ship floating in a changing liquid,—has been
the object of recent studies by Guyou, Duhem, Greenhill and
Appell.

Further progress in the fiold of Hydrostatics during recent
years has been alinost exclusively concerned with the determina-
tion of shapes assumed by stationary or rotating fluid masses
subject to their own gravitation. This problem is of particular
importance in Astronomy and Cosmogony. So voluminous is
the work doune on the solution of this problem that its study has
by now become a scparate branch of higher mathematics. A
historical account of this subject will be given in chapter VIL

(2) Clebsh: Uber das Gleichgewicht schwimmender Korper, (Journal
de crelle, 57, 1860).

(3/ Guyou : Theorie nouvelle de la Stabilit¢ de I’equiiibre des corps
flottant et Théorie du Navire,

(4) Duhem, Sur la stabilité de I’ equilibre des, Corps flottant (Journal
de Mathématiques, 5° scrie, t. I; 1895.)






CHAPTER L
The Fundamental Property of a Perfect Fluid.

11 It is a well known fact of common cxperience that
matter so far as we know oxists in threo states vi'z. solid, liquid
and gascous. Matter in the last two states is also referred to as
flnid. What distinguishes the solid from the fluid state ?

Matter in the solid state is supposed to be rigid 7. e. to have
definite shape and volume, which are not altered by the action
of any external forces. Yet, even the hardest solid, however
rigid, succumbs to the action of foree if sufficiently strong. In
practice, therefore, there exists no perfectly rigid body; solid
bodies are rigid only to an extent. Still for the purposes of
mathematical analysis we visualiso a perfectly rigid body as
onc which does not yield tothe action of any force 7. e the
particles constituting it retain the relative distances between
themselves unchanged even when it is acted npon by any foree,
however great.  Let us now consider a small plane area insido
a body. The two portions of the body on ecither side of it excert
on each other equal and opposite action. Let this action ho
R. Resolve 1t into two components, T in the plane and S normal
to it; then T 13 called tangential or shearing stress and S normal
stress. The deformations produced by the action of stress aro
called strains. The effect of the shearing stress (1) is to cause
the portion of the body on either sides of tho plane area to slide
over that on the other side; this deformation 18 known as shear-
ing strain e. g. the action of a pair of scissors in cutting through
a piece of cloth. It may be mentioned in passing that the
normal stress (S) is either one of tension or compression according
as the two portions of the body on either side of the plane tend
to exert a pull or a thrust respectively on one another. 1t follows
at once that a perfectly rigid body can resist shearing stress to
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an indefinite extent. On the other hand fluids +. e. ‘substances
we have classed as liquids and gases have very little cohesion.
If a plane is passed through water or air it meets with little
resistance. Hence shearing stress between the parts of water or
air is very small. Just as for purposes of mathematical analysis
we evolved a definition of a perfectly rigid body, so also we
define our ideal or perfect fluid as one between the various parts
of which no shearing stress can exist. In other words, “a perfect
fluid is an aggregation of particles which yield at once to the
slightest effort made to separate them from each other.”

Consider now a small plane area round a point P in a fluid
mass. The action of the fluid mass on one side of it is a force
R, having components T along the plane and S normal to it.
But by hypothesis, since the mass is a perfect fluid, T=0, hence
the direction of R is normal to the plane. The action of the fluid
mass on a small plane area is always normal to the plane area.
Thus the fluid pressure is normal to any surface with which it
is in contact.

Actually however, all fluids do more or less offer resistance
to separation or division e. g. if a jug of coal tar be poured over
a slab, it takes much longer to spread over the surface than water.
This is due to difference in the degree of viscosity of the fluid.
We can amend our definition of fluid in such a way as to include
fluids of all degrees of viscosity. “A fluid is an aggregation of
particles which yield to the slightest effort made to separate them
from each other, if it be continued long enough”. In a viscous
fluid at rest there can be no shearing stress asin the case of a
perfect fluid. Hence the fundamental property of a perfect fluid
proved above is also that of a viscous fluid af rest. It follows
that all propositions in Hydrostatics are true for all fluids what-
ever their viscosity.

ReMARK :—Fluids which are easily compressible e. g. air,
are known as gases; while incompressible fluids e. g. water or
mercury, are known as liquids. A prefect liquid is a perfect
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fluid which is absolutely incompressible f.e which can resist
pormal stress (S) to an indefinite extent.

1'2. Pressure. Consider an area A of a plane surfaco ex-
posed inside a fluid. We have already seen that the action of
the fluid is a force R normal to the plane. If the action of the
finid on A be uniform, then % is the thrust per unit area. This

thrast per unit aroa is called the pressuroat each point of the
surface.

When the thrust on a surface is not uniformly distributed,
then the pressure will vary from point to point. Consider an
indefinitely small area 8A of tho plane area A round a point P

and let §R be the thrusi on it Then IR is the averago force

SA
per unit arca, In the limiting caso when §A tends to zero,
SR .. iR ;
5 A~ Ultimately tends toZl-A- =p ; then p is defined to be the

measure of pressure at the point DI

1'3. The pressure at any point of a fluid at rest is ths same
in every direction.

Let O be any. point in the flmid
and let us take any three mut ually
perpendicilar lines as axes of co-
ordinates. Consider a small tetra-
hedron formed by the fluid mass
enclosed by the 3 coordinates planes
and the plane ABC. Let p,, p., ps
be the pressures on the 3 taces BOC,
i%l(&), AOB and ¢, the pressure on

Let A be the area of the triangle ABC, and [, m, n the direction
cosines of the perpendicular from O to the plane ABC and let &
be the length of this perpendicular.

Then areas of the triangles BOC, COA and AOB are respectively

Al, Am, and An.  Also the volume of the tetrahedron OABC
8k Ak
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Now since p, is the pressure on the face BOC, the force on this
face i8 p, A I acting normally to the face BOC 7. e. parallel to
OX. Forces on the faces AOB, and AOC have no component
parallel to OA. Force on the face ABC has a comporedis,—q A !
farallel to OA.

Let the fluid be at rest under the action of forgwm(X, Y, Z)
per unit mass.

Hence the tetrahedron under consideration is in equilibrium
under the pressures normal to the 4 faces of the tetrahedron
and the extraneous forces.

Resolving along OX, we have

Al —qgAl+3 APIX=0,
P being the density of the fluid, for the mass of the volume of
the fluid in the tetrahedron is § A P &,
Hence (pr—q) 1H+3 P X h=0.. cuaeer(1)
Now let us diminish the size of the tetrahedron by letting the
plane ABC move parallel to itself towards O. Ultimately when
the tetrahedron is reduced to almost a mere point, 2 becomes
an infinitesimal and may be neglected in equation (1), hence
Pr—g=o0
or, pr =4
Similarly  p.=¢, ps=¢
Hence, P1=P2=pPs=¢
But as the three directions OX, OY, OZ are perfectly arbitrary
it follows that the pressure p at O along any direction is the
game. Of course at any other point, P in the fluid mass the
pressure may be very different from what it is at O, this diffe-
rence always depending on forces which act bodily on the
fluid mass.
1'4. Density and Specific gravity.

Density of any homogeneous substance is the mass per unit

volume of that substance. Hence if M be the mass of a body

whose density is d and volume V, then d =%t[ or,V = %
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Theﬁeciﬁc gravity of a substance is the ratio of the
weight offany volume of the substance to the weight of an equal
volume of some standard substance. Usually this substance is
distilled water at 4°C in the case of solids or liquids.

It is evident that specific gravity of a substance is the ratio
of the densities of the substance to that of the standard substance.

«_d
S= a—,
where, d =density of the substgnce,
d= " standard substance.
s d=8d’.

Since in the C. G. S. system of units d’=1, specific gravity of a
substance i8 equal to its density.

If W be the weight of a body.whose volume is V and specific
gravity is S, then density =Sd’ =-‘%.

Hence W=8d'V.

1'5.  Specific gravity of Mixtures.

Let v,, vy, v4,... be the volumes of the different substances,
and let s,, 35, 83, ... be their specific gravities, and let d’ be the
weight of unit volume of the standard substance. Let v be the
volume of the mixture and s its specific gravity.

Assuming that no chemical action takes place and therefore
there is no change in the volume,

L S I S R (1)
Also weights of the various constituents of the mixture are
v, s, d/,v, 55 d, etc.
Hence the total weight of the mixture vsd’ must be equal to the
sum of the weights of its constituent,
Sovsd =v, sy dHvg sp A v sy diH ...

— V1 8;+vs 82+vs 85+ or e
DR ol U2 e T by (l)

or, 8
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If. however, there occurs a diminution in the total volume when
the substances are mixed so that the actual volumo of the mixture
is a fractional part k of the sum of the volumes of the different
components we have

v=k (v;+ve+vs+...)
vy 81" 85t

‘Hence s= =2

ko, +v,+ .. ..) °

Ezxawple 1. If the specific gravity of pure milk be 1.031 and
of an adulterated specimen 1.024, find the perceniage of added
water (7. e. the number of gallons of water wlich must have
been added to 100 gallons of pure milk).

Let us suppose x gallons of water are added to 100 gallons
ot pure milk to have the specific gravity 1.024.

Total volume of the mixture=1004z

*Total weight of the mixture=(:z~+106)>< 1.031°d’
.".specific gravity =1.024
_(z-+103.1)a’
(z+100)d’
where d’ is the wt. of a unit volume of water,
Soe=20.17,

Example 2. From a vessel full of aliquid of density P is
removed ?11 th of its contents and it is filled up with a liquid of
density o.

If this operation be repeated m times find the resulting. density
in the vessel. '

Deduce the denisty in a vessel of volume », originally filled
with liquid of density P, after a volume u of liquid of density P
has dripped into it by infinitesimal drops.
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4
Let v be the original volume of the liquid; 2 has been remo-
‘ n

ved and replaced by a liquid of density o¢; hence the mass of

the mixture=(1— %)UP + ';"13-‘,-—

__mass of the mixture
volume

~.d ,=density~ after the first operation

_ 1 c

Similarly, 4, =density after the second operation.
=1-1 i
( n)dT +-
c(1-lyprg_lyo o
=(1=2)P+1— ) -+

=(1-3yP+Z{1+a-1}

3
do=(1- D2 {1+ (1-D+a-1) }

8o, d. =deusity atter the completion of the m th operation

= -1 p+ 2 1+ a-Dy a1V

- 1 —@a-H")
=(1-3) P+ Sy — "
1— (.1"‘,;)
=(1-1)P+o {1 — (- };)"'} (1)

Cor. If m and n be made to tend to @ so that %, an in-
finitesimal quantity, is removed m times where I—E v=u, we have
Lt%n = u/v, whenm and n ——> @
Hence from (1) the density req;zired is the limit of

@~ +o { 1-— (1-—%)"}
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when m, n tend to « in such a way that Lt % =s-

) . —u/v —u/v
Hence, required density=Pe  + o (1—¢ )

Wiy
=g +(P- a)g”#’/\/
1'6. Density of a heterogeneous fluid

Consider a point P of a fluid in which density varies from
point to point. Consider & m an elementary mass of the fluid
round P. Let its volume be &v, then if P be the average
density of the mass & m,

P=¢& m[8 »

In the limit when & m and & v

> o, P (2’3‘:7” ) becomes the
actual density at the point P.

"Example 1. The density at any point of a liquid contained
in a cone having its axis vertical and vertex downwards is
greater than the density at the surface by a quantity varying
as the depth of the point. Show that the density of the liquid,
when mixed up so as to be uniform, will be that of the liquid
originally at the depth of {th of the axis of the cone.

Let & be the height of the cone.

Consider a circular disc of liquid at distance x from vertex
O and of thickness dw. Since the depth of every point on the disc
is (k—=) below the base, density at every point of the elemen-
tary disc is the same viz. P,4-(A—2) X, P, being the density
at the top.

Mass of the disc is, therefore,

{P.4(h—=) \ } 72? tan? a da.
~Total mass = S P2{P,4(A—2z)\}7+? tan? a da
Total volume = 47 A®tan®a
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s 3N
.".Mean density=P.+Xh — &
— h
= Ptz

= density of the liquid originally at the depth
of one-fourth of axis of the cone.

Example 2. Show that the specific gravity of a mixture
of n fluids is greater when equal volumes are taken than when
equal weights are taken, assuming that no chgrge in volume
accurs as the result of mixing.



CHAPTER |i
Equilibrium of Fluids.
2. 1. The Fundamental Equation of Equilibrium :—

Consider a mass of fluid, compressible or incompressible,
homogeneous or heterogeneous, at rest under the action of any
gyster ~f given forces. Lot the component of the given force at
any pomt P (=, y, 2) along the three rectangular axes be respec-
tively X, Y, Z per unit mass of the fluid.

Let P be the density of the fluid at any point P (z, y, 2). We
shall suppose that P, X, Y, Z are all functions of (z, y,2z) We
require to find p, the pressure at any point P as a function of

(2, ¥, 2)
Let p=f (x, y, 2).
l'ake a point Q (z+ 8=z, y, 2) adjacent to P and with P Q as

axis, construct a cylinder of the fluid with an infinitesimal cross
section a.

This cylinder is kept in equilibrium by the following forces:—

(i) the thrust of the fluid acting along P Q on the cross
section at P. This thrust is pa=af (z, y, z);

(i) the thrust of the fluid acting along Q P on the cross
section at Q. This thrust is p/a=af (z+8, y, 2);

iil) the external force acting on the mass of the fluid; the
>omponent of this force parallel to OX or PQis plainly XaPé&z,
tP&z, being the mass of the fluid in the cylinder;

(iv» The fluid pressures acting on the curved surface of the
iylinder. They have no component along PQ, being everywhere
serpendicular to PQ.

Hence resolving along PQ, we have for equilibrium
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{f (x+3x, y2)—f (zy,2) ) a= XaPSx
f(x-}-é‘x Y 2)— f(‘r Y z)._.px

or

Sz
Proceeding to the limit when &% is made indefinitely small,
g._t =P X,
dz
Similarly,
3f —pvY
Ay !
3z

In other words,

31’-—91;31” PYaP-—Pz, ..... 1)
3z Ay 3z

. e (BFf 3f af
Again since, dp—df—(ﬁ dz 4 5—yd y+ 3 zd 2)
=PXdae+Ydy+Zdz)
dp=P (X dr+ Ydy+Zdz)........ (2)
This is the differential equation which determines the pressure.

Remark : Let PQ be the axis of a very small cylinder boun-
ded by planes perpendicular to PQ, PQ being drawnin any
direction. Let p be the pressure at P and p+38p at Q, @ the
area of crossesection and & s the length of PQ. Let S ém be
the component of the forces acting on the infinitesimal fluid
mass §m at P, in the direction of PQ.

Then as before, coneudermg the equilibrium of this cylinder
of the fluid we have

Aptép )'z—pa=$8m=SPaSs,
or, dp==PS ds.........(3) ‘
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Now if (, g, 2) b the coordinates of P, then the direction cosines
of P Q ar Zf’ 35’ dz, Hence if X &m, Y 8m, Z ém are the

components the force acting on an elementary mass &m in the
direction of the coordinate axes, then the component of these

forces along PQ is
(x 354y 9947 9%) om,

So that
—( wd% y
8 sm =(X54Y 3¢ +z 92) om

Hence from (3)
—P (X do+Y dy+Z da).

If the position of P is given in terms of the cylinderical
coordinates r, 6, and z, and P, T, Z be the conponents of S in
in the direction of r, 6, 2,
_pdr dé dz
S=P —d—8+T?‘a§+ Z(i—é’
for the cosines of the angles made by P Q with O P, PM, (per-

dr da dz
pendicular to O P in the plane Z O P), and O Z are ds' 3 ds

respectively.
Hence,  dp==P (Pdr+Tr d6+Z d2)...... (4).

Again if the position of P be given by the ordinary polar coordi-
nates r, 6, ¢ and if the components of 8 in the direction of r, 6,
and ¢ be R, N, T then

S-—Rd'r—i-Nr Sme +T

Hence, dp=P (Rdr+N r8in 6 d¢+T rdb).. ... (5)
2'2. For equilibrium of the fluid we must have
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%—p X,% =pY%=pz.(1)
(-] 3y 02
But p being a function of the independent variables z, y,

a’p__23’p @°p__23°p 3°p __23p
dydz 0z0y dz9w 0w 3z @zdy Jydw

Hence from (1) we have

a rﬂ P a Y

é’—y (PZ)= a9z (PY)

.—a._ -—-—1 p @ve 906 g9y 0000 vas 2
o (PX)—-a (PZ) (2)

%(PY)-—:a—")y(PX).
From these we obtain

z éac—; —Y giz=mg.¥;—g§.
X—gzg —Z %2=P(—g-g—%}—§ Joureen(8)
Yg-g-—x %:P(%-—%{)

Remark I In the case of heterogeneous fluids, whose law
of density is known (<. e when P is a known function of &, y, 2,)
conditions of equilibrium are given by equations 2, or (3), above.

Remark II.  Elastic fluids under the action of a conserva-
tive system of force.
Let V be the potential function of the system so that

X dz+Y dy+Z dz=—dV.
In the case of elastic fluids we have

p=kP
hence, the equation dp=P X dz+Y dy+Z dZ) becomes



dp_ _dV
I k
Integrating
—V/k c —V/k
p=ce , and P =g e

Multiplying equations (3) by X, Y, Z respectively and adding,
we obtain
Y Z

which is therefore a necessary condition of equi]ibrium.

The geometric interpretation of this equation is obvious v7z.

that for equilibrium to be possible the lines of force, dz’f d-’i dz,

can be intersected orthogonally by a system of surfaces.

Remark L : If the fluid be homogeneous and incompressible

t. e. if P is constant the necessary and sufficient conaition for the
equilibrium of the fluid is that (X dz+Y dy—+Z dz) be a perfect
differential, or in other words, the force system be conservative,
or capable of representation by a potential function. That is,
there exists a function V (=, y, 2)

aV o 38V _av.
T YT kS ==
For if this is so, then clearly by taking p=—"VP, the equations
(1) of § 2.1 are satisfied since P is constant. Conversely if
equations (1) of § 2.1 hold <. e. if the fluid is in equilibrium, then
there exists a functionp (=, ¥, 2)

such that X =

— 19 lop, , 132
such that X = 5 & Y= B 2= 2P

so that the force system is conservative and its potential func-

tion is ——%.
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2. 3. Superposed Fluids :—Let two fluids be superposed so
that p, P and (X, Y, Z) are the pressure, density, and force com-
pon-nts per unit mass of one fluid and g/, P’, (¥, Y/, Z/) are similar
quantities for the second fluid.

The two fluids being in equilibrium, we have for the lst
dp=P (X dz+Y dy+Z dz).
and for the second,
dp' =P (X' dz+Y' dy+-Z' dz)

Along, the surface of separation 8, the difference ( p—p') is zero,
for any element of this surface must be subject to the same
pressure on both sides for equilibrium to exist. We have there-
fore, the result that for any displacement ds along the surface S,

P (X dz+Y dy+Z dz =P (X' do+Y' dy+2Z'}d>z),
which is the differential equation of the surface of separation.

Remark . When the foree systems (X, Y,Z) and (X’, Y/, Z')
are conservative or derivable from potential functions V and V/,
we have

PdV—P dV' =0

Remark 1I.  When the force system is the same in two cases
(P—P) dV =0,

Since P—P’520, dV =0 along the surface of separation.
The surface of separation is therefore an equipotential surface.

Remark IIL. If P, P’ be supposed to be constauts the equa-
tion of the surface of separation is given by

PV—P'V’ = cons.

2. 4. Pascal's Principle : — In the case of an incompressible
homogeneous liquid subject to a conservative system of forces
derivable from a potential function V, we have
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dp _
p =—dV

S(p=po) | P=(Vo=V),

giving the pressure at any point when that at any other point
P, is known.

Suppose now that by any process whatever the pressure at
P, is altered to p,+¢& p,; a new condition of equilibrium is
established and the value of the pressure at any point P will
become p8p.

The new equation of equilibrium is

rt 810——;10;!-8100) =V —V

~8p =8p..

It follows then that in a liquid in equilibrium any pressure applied
at any part of the liquid 18 transmitted equally to all the parts
of the liquid.

This is known as Pascal’s Principle for a homogeneous incom-
pressible liquid and is applied in Bramah’s Press.

In the case of a fluid in which density P is a function of
pressure, the equation of equilibrium is

P dp
5@

where P = f (p) and p, is the pressure at the given point P..

=V ~V,

If we now change the pressure at P, to p,+4&p, the new
value of the pressure at P is p--8p, which is given by

pHep gp \
fpo+5p 7= VY

-}
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_(? _d_g;

S ®
fp+3p_4p_= 10°+5‘Po_@£ .
» f(p) Po S(p)

This equation gives 8p in terms of §p, and expresses the gene-
ralised Principle of Pascal.

In the particular case, where 8p, is infinitesimally small,
so is &p.

Hérap  sp
. fp flp) j(p+66‘p) " where 0<6<1,

: P8P gp sp,
an fp f(P) -m where 0<6'< 1.

8p_3p,
Hence P,
The infinitesimally small variations of pressure are, - therefore,

transmitted at every point in proportion tothe density at
the point.

2.5. Surfaces of Equal pressure. In all cases in which
equilibrium is possible, we obtain by integration

p=j(x, Y z)'

This shows that locus of all points at which pressure is constant
is the surface

f(x’ Y z)=cons...... cene- 1)

This is known as a-surface of equal pressure. It is evident
that by varying the value of the constant we obtain a whole
series of surfaces of equal pressure.

If this constant be taken as equal to the pressure external

to the fluid we obtain the equation of the free surface or the
external surface,
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If the external pressure is zero, the free surface is given by
Sz, y, 2)=0.

We shall now prove an important theorem regarding the sur-
faces of equal pressure vz “The surfaces of equal pressure are
the surfaces intersecting orthogonally the lines of force ”.

For the direction cosines of the normal to a surface of equal
pressure at a point P (x, y, ) ar- by (1) proportional to

of, 24, of
Bz By 22

But these quantities are respectively equal to PX, PY, PZ.

Hence the direction cosines of the normal at P to the surface of
equal pressure pa sing through it are proportional to X, Y, Z.
The direction of this normal is, therefore, also the direction of
the line of force at P. The line of force at P consequently
intersects the surface of equal pressure passing through P ortho-
gonally.

Remark I. In the case of a homogeneous liquid at rest under
the action of a given system of forces, the surfaces of equal
pressure ars equipotential surfaces. For, we have alieady seen
that when P is const:nt the system of force must be conservative,
7. e. must have a potential function V.

cdp=P (X dz+Y dy+Z dz)
=P dV
or, p~+PV=cons.

Hence if P is constant over any surface so is V, and vice
versa.

Remark Il. If a fluid is at rest under the action of a conser-
vative force system, surfaces of equal pressure are equipotential,
and are also surfaces of equal density.
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For if the force-system is conservative, then
X dz+ Y dy+Z dz =—dV
Hence for equilibrium dp=—P dV. -

Also since the fluid is in equilibrium, dP is a perfect differential.
Hence P must be a function of V, for if not==P dV, and therefore
dp will not be a perfect differential.

Hence both p aud P must be functions of V. Consequently if V is
constant over any surface so must  and P be over it and vice
versa. Surfaces of equal pressure are therefore also surfaces of
equal potential equal and density.

2. 6. Curves of Equal pressure and density in the case of
heterogeneous incompressible fluids.—

The identity of the surfaces of equal pressure and density
proved in § 2.5 depends on the conservative character of the
force system. If the force system be not conservative, the two
surfaces will not be coincident. Suppose we ave a surface of
equal pressure given by

P=f (=, y, z), where p is taken as constant. . .. (1)
Let P=4¢ (z, y, 2! be a surface of equal density,
where P is assigned a constant value.. w..... ce.u. (2)

We require the intersection of these two surfaces which will be
the curve of equal pressure and density #.e the locus of all

points where both the density and pressure of the fluid are the
same.

If we consider the totality of surfaces of equal pressure and
the totality of the surfaces of equal density, these two series of
surfaces define for us a family. of curves whose differential
equation we proceed to discover.

Let P (@, y, 2) and Q (z+dez, y+dy, z+dz) be any two
neighbouring points on a curve of this family, which for the sake
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of definiteness we may assume to be given by the interesection
of (1) and (2).

Since P and Q are points on the same surface of equal-pressure
f (g, 2)=f(atdz y+dy, e+dz)
=/ @, y,2)+ (axda: +@dy +5—zdz),
Neglecting infinitesimals of higher order than the first,

%:daﬁ fdy+3fdz—-o

or, Paz+PaysPia=
or, a,dx+ aydy+azdz-0.

or P (X dx+Y dy+Z dz) = 0 ........(3)

Again, since P and Q are points on the same surface of equal
density, we have similarly

?fdx+apd +apdz T

dx, dy, ds therefore satisfy equations (3) and (4.

Hence,
dx = dy — dz (5)
7P _yaP yxaP 3P P -
ay 92 8z Ox Ax Yy

But from equations (3) of § 2'2 we have as conditions of equili-
birium of the fluid

af Y 27
Z y Y az P\az "_"é'y), etc.

Hence equations 5) become

dx — dy =__ dz LY XY YY (6)
a%_3Y X 02 aY_oX
ay 22 2z ?x 0= T
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These are the differential equations of the curves of equal
pressure and density.

2'7. Fluids at rest under the action of gravity :—
Take vertical measuring down wards as the axis of Z, then
X=Y==0, Z=g."
Hence equation (2) of § 2°1 becomes
dp=Pgdz
If P is constant ¢. e. if the fluid is a homogeneous liquid,
p=gP z+c

Thus surfaces of equal pressure are horizontal planes. The free
surface must therefore be horizontal. Let us take the origin
in the free surface and 11 as the external pressure,

then p== 1, when z=o0, so that ¢=T.
Hence p=g P 24T
If there is no external pressure on the free surface
s p=gPz
(ii). In the case of a heterogeneous liquid we have
dp,=g P dz,
so that P must be a function of zwlone.

It follows that density and pressure are constant for all points
in the same horizontal plane. In other words surfaces of equal
pressure and also of equal density are horizontal planes.

(iii.. In the case of an elastic fluid,
o=k P
.dp_g
LY '5"'— kdz
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g 2k
or, P=ce .
Thus the surfaces of equal pressure are again horizontal
planes.
Ex. 1. A massof fluid rests upon a plane subject to a
central attractive force ;2, situated at a distance ¢ from the plane

on the side opposite to that on which the fluid is; if a is the
radius of the free spherical surface of the fluid show that the
pressure at any point is given by

nP (}—;ll)-

Let O be the centre of /’;\

force. O M perpendicular
from O on the given plane.

Using equation (5) of § 2°1
we have

dp = —ggdr

., wP
e P= —7—_.+G

Thus if p=const., r=const. so that locus of all points at
which pressure of the liquid is the same is a sphere with
centre O  External pressure is zero, therefore, the free surface
is a sphere of radius a, given by

. P
0“0+‘a,

o‘-p = “ p(%‘—%)o
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This gives pressure at any point of the fluid.

Ex. 2. A mass M of gas at uniform temperature is diffused

through all space and at each point (z, y, z), the components
of the force per unit mass are —-Agz, —By, —Cz. The pressure
and density at the origin are p, and P, respectively.

Prove that
ABCP,M?=873p3,
We have by equation (1) of § 21
dp=—P(Axd 2+Byd y+Czd 2),

and p=kP
.dp_ _Azdz+Byd y+Czd=
e k

A z%2+4B y*+4C 2?
— ( )
or p=De 2k

Since p=p, and P=P, when z=y=2z=9,

po_‘—'.D, zp’.?:k'

A
. e “Po
Accordingly, p=D,

Also density at any point (z, ¥, z )is given by
P,
e—-;——o {Az*+ (By*+Cz?)
P=pP,
Now, the total mass of the gas diffused throughout whole space is

e - o] (o]
f_w f_oo f_mpdwdydz.
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_Po (A 224+B y3+4C2?)

am=f f__m [-—-oo i dw dy dz

o[ e [
—0 dz — dy —® dz

RN

— 8’% 3
Po (zpops)

= & 4
ABCP

. ABCP M?2=87p,5.

Ex 3. A compressible liquid is at rest under gravity,

Defining the compressibility, %, by the relation p';P° =k (p—p.)

where P, p are the density and pressure, respectively, and P,
and p, refer to the free surface, and assuming & to be constant,
show that at a depth z below the free surface

Ppg {1+k(p -2.))
kgP 2

and hence that P=P,e .

A mine shaft has the same horlzontal cross section at all depths

It is filled with water to a depth % Show that if the density.

of the water were evgrywhere equal to that at the surface,

kgP A2
2

the water would- rise in the shaft a distance It may

be assumed that & is very small. (Tripos Part I, 1925. I C.S.
Higher Applied 1937).

Ex. 4. An infinite mass of homogeneous fluid surrounds
a closed surface and is attracted to a point (O) within the surface
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with a force which varies inversely as the cube of the distance.
If the pressure on any element of the surface about a point P
be resolved along PO, prove that the whole radial pressure
thus estimated, is constant, whatever the shape and size of the
gurface, it being given that the pressure of the fluid vanishes
at an infinite distance from the point O.

Take O as the origin and use 3-dimensional polar coordie
nates. Equation (5) of § 2'1 gives

dr

,.8

dp= —Pp

_ wP
Hence, y 4 -— —2—;;+c

But p=0, when r —> o,

nP

L P=g

Consider now any surface and let P, where O P=r, be any point
onit. Taking an element d 8 of it we find that the radial
pressure along O P is p cos &, & being the angle between the
normal at P to the surface and the radius vector O P.

Hence the whole radial pressure

= S/Spcos & dS

=} ff;;p—cos e dS
=W fletmytnzgg )

where (I, m, n) are the direction cosines of the normal at P to
the surface and (=, y, #) the Cartesian Coordinates of P.

Now by Greens’ theorem we have

SS Aftmotnwas={ [ f QI+ 21 M0y as
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Hence the surface integral (1) becomes

prff az 78)+3y(r )+3( )}dwdydz

-évpfffZ{ }dwdydz

-—&»Pfff( ’-’—s”-é’—‘"—z—-)dzdydz

Note: The whole radial pressure has no physical signi-
ficance whatsoever, being merely a sum of the magnitudes of
a number of forces acting in different directions.

Ex. 5. A hollow sphere of radius a, just full of homo-

geneous liquid of unit density is placed between two external

2

centres of attractive forces E—- and ¥, distance ¢ apart, in such
r

/2’

a position that the attraction due to them at the centre are equal
and opposite. Prove that the pressure at any point is

R w V' (p+p)?
LR
! { (“_‘..“ ’-Hm"c’ } %

Let A, B be the centres of force and O, on A B be the centre

of the sphere then Og is given by

:(;, (L;.ﬁ . and AO-+OB=¢,

o R

Adopting the bipolar coordinates (7, ') of any point of the fluid
P referred to A, B as origins we have
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dp = — {:!: dr + ;"7’-: dr’ }density being 1.

] ! 2
L p=C+E +E

r L
To determine the constant C, we observe that since the sphere

is only just full, there must be a point on the sphere at which
the pressure p is zero.

If the bipolar coordinates of this point, Q be (r,, r,’) then

C +" +.._ =0.euveennell)

r,or/
Also if OQ makes an angle 8 with OB, then

,! =0B%+¢2—24.0B cos 6 2)
=0A*+a*+2a OAcos 8§ '

Evidently Q is the point on the sphere at which p is minimum,
so that dp=o.

] ]
Henco *dr, + g-:--,dr’x =0unneenn(3)
1

1

From (2) dy', = a.0B :’m 6 de
1

dr. = aOA stn 6 do
1 rl
Hence from (3) we have

“8 ”l 8
r,® ‘_"'1 *
f_w
or, L =t . (4)
r,ooB
Again from (2)

OB*+a*—2a0OBcos § _vr,'* _p'*

S,

OA"+a*+230Acos 6 #? pt
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or substituting the values of OA and OB we get
a(p?—p'?)=2cpp’ cos 6. ..... (5)

/12

2
From (1), C= - (5—1- +L:—,—1-)

= W ("','l_‘i) by (4)
Ty

= —pu/(p4p') { 1
OB2+a?—2a OB cos 6
Substituting for OB and for cos 6 from (5)
= —y/(utu! B (ptp)? 3
Wkt {?w”+a’u’ (n+w)* }
S \’uu’ (p-!—u’) !
{pp'+a® (w ') }

] 2 !
=B Vup/ (p+p'?
Hence,p = 5 + 7 {cpw+a? pFpR)

Ex. 6. If the components parallel to the axes of the forces
acting on an element of fluid at (2, y, 2) be proportional to
y*+22\yz+27, 2%+ 2pax+a?, 2+ 2vay+ 17,
show that equilibrium is only possible, if
Coaa=2up=2v=1,

Find the most general possibie expression for the density of
the fluid. .
If the density am from the plane z+¥+2z=o0, the

curves of equal pressure and density will be circles.
Equations (3) of § 22 give for equilibrium

(aY 6Z) =o.

or, 2 £ (y?+2ayz+2?) { c—y)+@p—v) 2} =0
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ér, = (P +2) (z2—y)+2ENyz (2—y)
+= (y?+22) (p—v) 2+22yz TX (p—v)=0
or, £ yz (y-f-s)+E(z”—y°)+2Z Ayz (z—y)
+Za (y*42%) (p—v)=o0
or, £ yz(y—z) A—2\)+ £ a(y*+2?) (k—v)=o0
or, £ y?z (1—N—p)—2%y (1—A—1)=0
Hence 1—A—p=0pl—=N—v=0,
and l—p—v=0, l—p—\=o,
and l—v—\=0, l—v—p=o,
A=p=v=}
Thus the necessary condition for equilibrium is
IA=2p=2v=1
We have, therefore, from Equation 2 of § 2.1
dp=P (X dz+Y dy+Zdz)
=Pk = (y*+yz+2?)dz,
where X=F (y?+yz+2?) ete.

In order that equilibrium be possible we must have P such a
function of z, g, 2, that

PZ (y2+yz+2%) dx is a perfect differential,
say of ¢ (=, y, 2).

To find the form of ¢, we proceed to find the primitive of the
total differential equation

E (y9+yz+z’) dzzOoonn------u-‘ 1)
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That this primitive does exist is known for the condition of
integrability, ( which is the same as the condition of equilibrinm
sxpressed by Equations 3 of § 2'2), is satisfied.

Treating 2 as constant in the 1st instance,

(y*+yz+2?) do+(2*+2z+2* ) dy=o leads to

- rtyte o —coms
—2 zy—x2—2y

JBu_ 2 (y1+yz+2 du__
'3z (23—2 zy—xz—2y)?’ dy

and, au oty —2z2—22 y—2*
(2 2axy—wz-2y) 2’

2 (2%+zz+2*)

(27 —2 zy—zz—gy %

Hence if we multiply (1) by {7 -2 = y_z_,, z—zy}2!

1) becomes
au du 2 (e tzytytdz _
d + d + ( 2 xy__xz___zy)l

3u du (@2+y?—2 2 2—22 y—2?)
o m dx + 2y dy + C—2w g—mea—2 y)° dz+

(etyts g

(*—2x y—x2—2y)°

or, (%: d 2+ g';‘ 1yt %Z d z)+u* d 2=0

du
u
0!', g~ l:cons.
u

or, z y;:_yyf:_z =cons

. _2ytyzize
Thus setting ¢ (z, y, #) o s
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o__ y*'tyz+a2®

we have —= etc.

3z (et+y+z)¥’
Hence P Z(y*+y 2+2?) do becomes

(y*+y s+7°)
Pty T 2

or, P(et+y+2d2d¢
d p=P k (z+y-+2)* d¢, where

¢= x E+g z+z @x
@+y+2)?

It follows, therefore, that P (z+y-+2)2 must be some function
T y+yztza
of ¢ or of [ R ]

ie P(zty+e)? =f (2 y:-:yr:;};z z )

— 1 cytyztze
Hence p___.( x+ y+z)’f ( z+y+z )

giving the most general possible expression for the density of
the fluid in equilibrium under the action of the given forces.
Curves of equal density and pressure are given by the differen-
tial equations,

—iL— = ,-..d.y___ = .........‘..I_.z....._.’
%_o ~ X _o4  W_oX
oy oz 2 ax 23y

which become in the present case
dx dy dz

P .
— —

y—z z—zx ZI—§

_dz+dy+dz ...... @
o

—rdxr+ydy+zdz ...... (i)
o
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Eq. 1) leads to x+y+z=cons'; and
Eq. (ii) leads to x+y?+2’=cons.
Thus the curves of equal pressure and density are circles.-

Ex. 7. Ifafluid is at rest under the action of a system
of forces whose components along three rectangular axes are
proportional to

(ay—b 2), (c z—a z), (b z—c y)

show that in order that equilibrium be possible density must
be equal to

ax cz)/(ay_b,)n

a y—b
F being any arbitrary function.

Show that the "lines of equal density and equal pressure are
straight lines.

Ex. 8. Find the value of pressure at any point in the
preceeding example.

1 aa:—cz axT—C 2z
[p=" [ F(2E=t2)q (22Z02 ]

Ex. 9. A fluid is in equilibrium under a given system of

forces; if P, =¢ =, #, 2), P, =V (=, ¥, ¢) be two possible values

of the density at any point, show tbhat the equations of the
surfaces of equal pressure in either case are given by

¢ (%, 9, ) + XV (2,4, 2)=0,
N being an arbitrary const.

Ex. 10. A mass of gas at-constant temperature is at rest
under the action of forces of potential ¥ at any point of space,
with any boundary conditions. At the point where W is zero
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the pressure is 7 and the density P,. 'The gas is now removed
from the action of the forces and confined in a space so that
it 18 at a uniform density P,. Prove that the loss of intrinsic
potential energy by the gas, due to expansion, is

A
po Jjjwe de’

where the integrations are taken throughout the gas in its
original state.

‘/Ex. 11. A uniform spherical mass of liquid of density P
aud radius a is surrounded by another incompressible liquid of
density ¢ and external radius . The whole is in equilibrium
under its own gravitation, but with no external pressure or
forces. Show that the pressure at the centre is

§mPT a4 o {%2-2 (P—o)+o(a+d) }(b—a).

For our purpose we may assume that a liquid of density. 4
occupies the entire space enclosed in the outer sphere of radu.ls
b and a liquid of density P—& occupies the space enclosed in
the inner sphere of radius a.

Hence gravitational attraction at any point of the fluid
inside the inner sphere is

L 4 4w
4—3—- gr +T (P"c) r =-3—P r,
r being the distance of the point from the centre

Also the gravitational attraction at any point inside the outer
sphere and outside the inner sphere is

m 4w a®
—3-¢T+ —g—(p—c)ra
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Honce pressure at any point inside the inner sphere is
given by
4 :
dp= —-P-:;— Prdr......(i)

and at any point outside the inner sphere but inside the outer
sphere

8
dp=— ;43’.'{” +(P—aZ } (i)
T
.~ p==c— § T P?r,%c being the presure at the centre.
This gives the presure at any point inside the inner sphere.
Hence presure on the boundary of the inner sphere is

0_2 g’p’az .ee oo coe (iii)

Again pressure at any point outside the inner sphere but inside
the outer sphere is given by

P 47
Lp=g o (=) 5 o(P-—c)a’(%-——lb-

Hence pressure at the boundary of the the two liquids . e. at
r == g, i8 given by
2 ., 470 1
-3—0’(6’—-a’) + "?""‘(P -c}a’(;‘—l)

P
=c—3 Pay, .. . by (i)
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c=2~;—' Pz a2 4 ‘?33 ¢ { o (b+a) +22”—2(P-0) } (b—a)

Ex. 12. Two homogeneous liquids of density P and P,, and
volumes V and V,, are superposed in a cylinderical vase having
the form of a cylinder of revolution with vertical generators.
The upper liquid is simply heavy, but the lower liquid P, is heavy
and in addition its elements are attracted by the centre O of the
bottom of the vase, the force of attraction being proportional to
distance and mass. The attraction of the point O on a unit mass
at unit distance is \. Determine the figure of equilibrium and
the law of pressure.

Ex. 13. A uniform incompressible fluid is of mass M in gra-
vitational unite, and forms a sphere of radius @ when undisturbed
under the influence of its own gravitation. It is placed in a weak

field of force of gravitational potential = pu, o+ = +1 S, (8,¢).

(n>1), where r is measured from the centre of the mean spheri-
cal surface of the liquid and the squares of quantities of the type
M, can be neglected. Prove that the Equation of the free surface is

: _.1+z"'2”+ls ®, ¢),

8, being a Spherical Harmonic of nth order.

Let P be the density of the liquid, then

4
=3a*P .. .. e (1)

Let the Equation of the free surface be
r=1+ £ a,8,(6,9), ... G

We first proceed to find the potential of a gravitating mass of
matter enclosed within equation (2). Since @, may be assumed
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to be small, we may consider that the potential is the same
as that of a solid sphere of radius a plus the potential of a distri-
bution of matter of surface density a P £a, S, (6, ¢) spread over
the sphere. It is known from the theory of Potential that
potential of a solid sphere of homogeneous densily P at an
. z .
internal pointis 2 7P a*(1 %;5). Likewise the potential of a
distribution of matter of surface density

aP Za,S,(6,¢)

a5,

.+.

over a sphere of radius a is 47 Pa* x ;- 3 ( —) at an internal

point.

‘The total potential of the external field and that of the
gravitation of the liquid is, therefore,

D 2 __ ,,gzaan I‘S
9mPa(1 )+4 P 2+1 )+s a)

Now we know that in the case of liquids subject to a con-
servative system of forces derivable from a potential function V,
we have

€+ I’=const=("-

If p=o over the froe surface, the Equation of the free surface
i, therefore, V=C

 HBn Sn ) n_

2
or, 27Pa? (1 ~—.3Z_;)+4wp g

nla

In order that this be identical with the equation 3; =1+xsa,S,

that it is necessary and sufficient,

47Pata, (2T~ ) + 'i"-zo forn>1
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el e 201 pay o ow
”a"—Qu—-2 47a®P  20—2 M, by (i0)
3

Hence the Equation of the free surface is

;;7“8” (9, ¢)

r_ 2n-+1
a 4= 2n—2
Kx. 14. A solid gravitating sphere of radius a and density P is
surrounded by a gravitating lizluid of volume gf( 4%—a®) and

density 0. The whole is placed in a field of force whose potent-
ial is § w*r? [1— P, (cos 6)]. Shew that the form of the free
surface of the Jiquid is a spheroid of small ellipticity & given by

= {l———ﬂ g Pz(COS 6)}v

15w25®
87 { H(P—0)a®+20b° }

where &€ =

P, being Legendre’s coefficient of the second order.

v/ 2.8. Rotating Fluids.—If a particle of mass m moves in a
circle of radius r with constant angular velocity w, the effective force
acting on the particle 1. e. the product of mass and its acceleration,
18 m w?r, acting along the radius and directed towards the centre.
Consider now a quantity of fluid revolving uniformly and without
any relative displacement of its particles i. e. as if rigid, about
a fixed axis. The “eftective force’’ on any particle m of the
fluid is m+2r directed towards the axis, where = is the distance
of the particle from the axis and w is the angular velocity of the
fluid. This force must be supplied by the external forces and
fluid pressure acting on the particle. Hence the resultant of the
external forces and fluid pressure on the particle is a force mw?r
acting towards the axis. It follows then that the fluid pressure,
external forces, and forces mw?r acting from the axis arein
equilibrium. We may accordingly consider the fluid at rest and
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apply the equations of §2. 1 provided that we consider each
particle as acted on by a force (w?r) per unit mass from the
axis in addition to other forces.

Take the axis of rotation as z axis. If the system of exter-
nal forces acting on the fluid is derivable from a potential
function V, the equation of equilibrium, therefore, becomes

dp=P {(X+w?)ds+(Y+w?y)dy+Zdz }
—_— __.QY wir Mdx ——a‘-"f w? —av
=P (5 o )et—] Famy) dy—de)

=—PdV+LwPd(x*+ )
=—Pd { V—}a?(++5?) }
Or -g—‘—[_v-—%w’(x’—{-yz)]:cons,

assuming P to be constant.

This shows that fluid pressure is the same as in the case of a
fluid at rest subject to an external force derivable from a potent-
ial function.

V——%w’(x’-l—)")
The effect of rotation is, therefore, merely to add an additional

term,—3w?( #24? ) to the potential of the external system.,

s
J Ex. 1. A homogeneous mass of liquid contained in a vessel
revolves with uniform angular velocity w about a vertical axis
Find the pressure at any point and the surfaces of equal pressure.

Take the axis of rotation directed Vertidally.' upwards as z,
axis and the highest point of the axis as origin. Potential V of the
external force system is clearly ge.

Hence €+gs—£w’(xa+)’)=00ns
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or, p=P { du*(+*+*)—gs} +c
Surfaces of equal pressure are parabloids of revolution.

‘/Ex. 2. Liquid is rotating as if solid with angular velocity
w, about a vertical axis. Shew that the free surface is formed

by the revolution of a parabola of latus rectum %-iabout its axis.

(Tripos part. I 1924)

Ex. 3. A mass m of an elastic fluid enclosed in a cylinder
of radius a and height % is rotating round its axis, which is
vertical, with uniform angular velocity w. Prove that density
at any point distant r from the axis and at a height z is

o/k wir'—2gz
e e 2k

Where ¢ is given by the equation

w’a
e/ 2k7 __9;:_
= 2mk* (¢ —1) (1—e™)

. Ex. 4. Prove that the common surface of two homogeneous
liquids of densities P and P,, superposed upon one another in a
vessel and rotating with uniform angular velicity w about a
vertical axis is a paraboloid of revolution. Find the latus rectum
of the generating parabola.

(Hint use §2.3. Ans. -i—)‘%)

Ex. 5. A mass m of elastic fluid is rotating about an axis
with uniform angular velocity w, and is acted on by an attraction
towards a point in that axis equal to u times the distance, p
being >w*,prove that the equation of a surface of equal density is.



( 40 )
p Xy 2 —wt x 2+ y? )=k log {l‘(l“’wq)q . m* }

8ms ' Ppag?

Taling the axis of rotation as z axis and the centre of

attraction ¢} on it as the origin, we have from the equation
of pressure dp=—PdV,
and p=kP,

where V 1 the potential of the external foroes acting.
- kdP=—PdV
or, k log P=¢c V

—-V/k
P=Ade

-ow the poteuntial of the attractive force is du( @®+4»’-2* )
and that due to the “centrifugal force” of rotation—&w*( @’ %)

LV =Yu— ')+ (n— o) Hips

-—-.é%- { (b = )2’ + (p=1")y’+ps’ }

s P=Ae
Sinee the whole mass is m,

,,,;_-.-../"/'_/'P dxdy dz
® (o (o =4k (p—v?) (2?+r")+pe’ )
= J’ J Ae dedydz

o (p—w) 3 (o (b=w) 2 (®_p
“’ Y 7

=8A 2k - 2
a dz. | e dy |l e ds
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{ v2km ) 2 vé'l?v?\|
=84 | 2V p—w L 2 i
L J L J

Av ¥ o5 B
(p—w’) 4";"

The Equation of a surface of equal density P is, therefore,
(b—t) (P Hns= e log o

mﬁ(p_wﬂ)ﬂu
= ke log { gmppr S
»
~'Ex. 6. A conical vessel of height k and vertical angle 2a
contains water whose volume is & of the cone ; if the vessel and
the water revolve with uniform velocity w, and no water over-

flows prove that w must not be > \) gi cot a.

Ex. 7. Liquid is contained in a thin circular tube in a verti-
cal plane which can rotate about the vertical diameter. If the
liquid subtend an angle 2a at the centre, show that it will sepa-

. . a
rate into two parts when the angular velocity exceeds \}% Sec g

a being the radius of the circle.

(Hint: -the liquid will first separate when the pressure at
the lowest point'is zero.)

Ex. 8. The whole circumference of a circle and a
diameter are formed by fine uniform tubes communicating freely
with one another. The diameter is vertical and initially tubes
are filled with water to the level of the centre of the circle.
Prove that all water will be just driven into the circumference
if the system be made to rotate with an angular velocity
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\/ a(1—2§n 75 about the diameter, where a is the radius and

¢ is the unit circular measure i. e. a radian.

Let O, be the centre of the circle and M its lowest point.
Let P and Q be the points on the circle up to which water rises
when the water in the diameteral tube isjust driven into the

circumference. Then clearly arc AP=arc BQ=;5. Therefore

<AOP=<BOQ=?, ¢ being a radian.

Taking O as origin and the downward vertical as z—axis
we have

E=geth(a®+y%)+-,

¢ being a constant.

Since the pressure Poat P must be equal to that at M, we have

l’pg =ga+4w?(0)+-c
=g( — a sinz )+4w?a? cos“‘g-{—c
sow? coe’g=g§(1+sing)

or, w* cos *?=g‘l (1—sin*¢/2)
¢ (1__sing)

- _
or, w=\/2 —
a l—smm 3

iEx. 9, A circular cylinder with an open top is filled with
a liquid of density P. The cylinder is set rotating along with
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the liquid with angular velocity w about its axis which is vertical.
Show that a volume ("w?a*P)/4g will run out, a being the radius

of the cylinder provided that w? < 2-%}1
— a

Examine the case when w? >%=2,!‘

Ex. 10. A cylinder of radius a is filled with water to a
depth A. A fine vertical tube is at a distance d ( Za) from the axis
of the cylinder and communicates with the bottom of the cylinder.
If the whole is made to rotate uniformly about the axis of the
cylinder show that the angular velocity » necessary to make
the water rise in the tube to a height « above the bottom of the
cylinder is given by

w? (@2 —% )= 29 (& =)

Let 2 be the height of water in the
vertical tube MN at a distance d from the & z c
axis OA of the cylinder. Let BAC be \

the free surface of the water in the

cylinder when the system is revolving
with angular velocity w. Take O as
origin and the upward vertical as axis of d
£, the equation of pressure is H 0 Mg

]

% — gdz + wirdr

—g— = C =gz} wir?

At N the top point of the vertical tube up to which water rises,
g#=x, and OM==d, p==T the pressure at the free surface.

5=C—go+iuv'd® . e (1)
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If the height of B or-C above O is £, then

%= — gk +3wa® .. . (2)

o Bl = gk — ) + b wi(r*—a?)

The equation of the paraboloid of free surface viz BAC is therefore
clearly

g (b —2)+ 3w (r*—a®)=0

w?

2 2
or,r’=z;‘g(z—-7c+ 20;

)

N ow‘the Volume of the liquid
=Volume of the cylinder GHBC—paraboloid ABC
=mad k— 7T fridz
k

w’a’) dz

='ﬂ’a’k T gg, (z__ k + 29

w3

7 4
- wa!k_w_?g‘_q_-a—.

But the volume of water was originally 7a*%

Tw?a*

49

Ta2h=mq?—

wa?

49
Now subtracting (1) from (2) we have

Cgle—k)t 3w (a® —d*) =0

or kz}l»"' eoe .o wee (3)
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Hence by (3 we have

w? (d2=— q;)-: 2g (& — &).

Ex. 11. A straight tube AB of thin uniform bore is closed
at the lower end A and filled with water. The length of the tube
is 1 and it rotates with constant angular velocity w about the
vertical through A, to which the tube is inclined at an angle @
Show that no liquid excapes if ‘

g cos &
! sin?*a’

w? <
and that all the liquid escapes if

29 cos a
w? 2,.? sin? @

Ex. 12. A uniform semi circular closed tube of radius r is
tightly filled with equal volumes of two fluids of densities P and @
respectively which do not mix, and is rotated with angular
velocity w about a vertical radius making an angle & with the
line of symmetry. Prove that the pressure at the two ends will
be equal if

v P
cos@ + gin @ cos @ — 8In @

wiy
2 (c—P)=

the fluid of density ¢ being the lower of thetwo, and the con-
vexity of the tube being downwards.

Ex. 18. A fine straight tube of length [, closed at both ends,
and inclined to the vertical at an angle a is just filled with a liquid
of density P. If the tube is rotated with unifrom angular velocity
w round a vertical axis through the lower end, prove that the
pressure at the highest point is

$ Pw? sin %a (I — g cos afw? sin®a)?.
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provided that w?> g cosa/l sin? a. What is the pressure if
w* < this value.

. 2 _ 2glcosa
Ans.§ Pw? sin?a (l w; sin2 Q)

Ex. 14. A hollow sphere of radius a, half filled with liquid,
is made to rotate with angular velocity w about its vertical
diameter. If the lowest point of the sphere is just exposed,
prove that

29=a w? (2 — )

Ex. 15. Prove that, if a mass of homogeneous liqunid rotates
about an axis and is acted upon by a force to a point in the axis,
varying inversely as the square of the distance, the curvatures of
the meridian curve of the free surface at the equator and pole

. 1 1 mb?
are respectively ;(i:r—n—)a’nd 7(1——7) where a and b are the

equatorial and polar radii, and m is the ratio of the centrifugal
force at the equator to the attraction there.



CHAPTER i
Fluid Pressure on Surfaces

3.1. In the previous chapter we saw how to calculate the
pressure at any point of a mass of fluid at rest. We shall now
consider the problem of finding th~ resultant of the pressures
exerted by fluids at rest upon surfaces with which they are in
contact. Take first the simple case of a horizontal plane surface
A B at a depth d below the surface '

of a homogeneous fluid at rest under A e R

gravity. At any point P of this e
surface we saw that the fluid pressure s
is g P d, P being the density of the
fluid. The direction of this force is
normal to the surface i. e. vertical. Hence if we consider an
infinitesimal area §A of the surface round P, the force on this
infinitesimal area would be g P d & A, acting at right angles to
the plane.

Splitting up the surface into an infinite number of such infinite-
simal areas we find that the problem of finding the resultant
fluid pressure is just the same as that of finding the resultant of
parallol forces like g P d 8A acting all over the plane. Now
the resultant offthese parallel forces is known to be

sgdPSA
=gPd g 8A,

since d is the same for every point of the horizontal plane surface
we are considering,

=gPdA,

where A is the whole area of the plane
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3.2. Let us now take up the more general problem of a
plane surface of any kind in a fluid at rest under the action of

any given forces.

Take any two rectangular lines in the Y
plane as axes of z and y. Considef any point
P (, y) of the plane. The pressure (i. e. force P
exerted by the fluid per unit area) at P will
dpend on the forces which act upon the fluid ol 3 "

and maintain it in equilibrium. Let it be p, which will in
goneral be a funciion of (x,y) and the forces acting on the
fluid. Moreover, its direction will be normal to the plane. Consi-
dering as before an elementary area dz dy round P we see that
the force acting on this area will be p dz dy at r.ght angles
to the plane. If we imagine the plane to be split up into an
indefinite number of such plane areas, to each such area there
will correspond a force of definite magnitude and normal to the
plane. We have, therefore, to compound an indefinite number
of such parallel forces; the resultant is, therefore,

s pdzdy
=/J pdzdy.

If we had used polar coordinates, we would have considered
an'area rdfdr round P and the expression for the resultant
pressure would have been

S S prdbdr.

Remark:—If a homogeneous fluid is at rest under the action of
gravity alone, p= g P z where z is the depth of the point P
below the horizontal surface. Hence the resultant pressure

=g gPz 8A, §A Dbeing an infinitesimal area round P.

=gP g 2 8A
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=g P ZA, where A = whole area of the plane, and

Z = depth below the horizontal of the centroid of the
plane.

Ex. 1. Calculate the pressure on a triangular lamina
immersed in a fluid of density P.

Let the depth of the 3 vertices of the lamina below the
horizontal surface be d,, do, ds.

Then the resultant fluid pressure=g P A (d,

+gz+da)

dytdrkds

where A = area of the triangle, for, z =

Ex. 2. Prove that the pressure of a parabolic lamina
bounded by latus rectum and inclined at an angle 6 to the
horizontal is § gP (d + § a sin 6) a?, where d is the depth of
of the vertex and 4 a the latus of the lamina.

Ex. 3. An isosceles triangular lamina is immersed in a
Auid vertically with its vertex coincident with the surface
of the fluid, and base horizontal. Find how to divide the lamina
go that the pressure on the upper and lower portions be in the

ratio of Lan.

V{ Ccntre of pressure. While dealing with plane surfaces
immersed in fluids we were able to deduce a simple formula
for finding the magnitude of the resultant fluid pressure. We
have now to investigate the line of action of the resultant. So
far as the direction of this resultant pressure is concerned it
must be normal to the plane. Hence if we know the point
of the plane where the resultant of the fluid pressure meets
it, the line of action of the resultant is known. This point is
known as the centre of pressure. We may briefly define it as
the point at which the direction of the single force, which is
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equivalent in all respects to the fluid pressures on the surface
meets the plane surface.

Take any two rectangular straight lines as axes of  and y
in the plane surface. Let p be the fluid pressure at any point
P (z, y) of the plane. Then the fluid pressure on an infinitesimal
area dz dy round P will be p do dy. We have thus parallel
forces like p dz dy acting at P (z, )

The resultant fluid pressure will therefore act at the point
(%, y) where

- __Spzdedy -_Zpydzrdx
*T E pdedy '’ Epdedy

_ S Spxdedy __ S S pydzdy

_= - ¥ - - poS. A

S S pdzdy'  SS pdxdy’
the field of integration being the whole area of the plane.

Hence the coordinates of the centre of pressure are

(LL prdzdy S Spydedy)
S S pdedy’ SJS pdxdy

Using polar coordinates, we can similarly prove that the cartesian
coordinates of the centre of pressure are

(ffpr’cosedrda ffpr’st'nOdrdﬂ)
SS prdrdé S S prdrdb

Remark 1: If a homogeneous fluid is at rest under the
action of gravity alone then p=g P z, where # is the depth of
the point below the surface. Hence

nszzmdw-c_ly*;__ffzwdwdy
TS S zdedy Y S S zdwdy’

~ Remark 2: Let us take the line of intersection of the
plane with the horizontal surface as O 2. Then #z, the depth
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of P below the surface=y s¢n § where 6 is the inclination of
the plane to the horizontal,

_SSwysinbdady_JSSxydzdy
SS ysinbdady JSS ydwoy

s =SS Psinbdzdy S/ y' dwdy
YT S S ysinbdedy T [/ ydedy

This shows that the position of the centre of pressure relative
to the plane is independent of its inclination to the horizon.
1t follows accordingly that if a plane area be immersed in a fluid,
and then turned about its line of intersection with the surface
as a fixed axis, the centre of pressure relative to the plane
will remain unchanged.

Hence x

3'4. In the case of . plane lamina /°/" y* d= dy is plainly
the moment of inertia of the lamina about O .

° ‘.::‘/“/‘._;y..z_.,_._d“c 'ly ;::é__’g.
YT S S ydady Az’

wher> A =area of the lamina, k =radius of gyration about O z,
which is the line of intersection of the lamina with the horizontal
free surface, and z is the ordinate of the centroid of the lamina.

Hence yz =k
Tu particular, if the lamina is vertical, we have:

1depth of the centre of pressure of the lamina) X ( depth of
the centre of gravity of the lamina)=k2=K?+ 2, where K
is the radius of gyration about an-axis through the centroid
parallel to the horizontal. K is obviously a fixed constant of
the lamina.

Hence z (;— z)=K?

Or, (depth of the centre of gravity below the free surface) (depth
of centre of pressure below the centre of gravity)=const.
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This is an important result.

Ex. 1. A plane triangular area is immersed with its plane
vertical, one side horizontal, and the opposite corner downwards.
Its vertical altitude is %, and the horizontal side is at a depth 4
below the free surface. Show that its centre of pressure is at

a depth 1 7 below the free surface. (Tripos 1926}

RLLE SYRFA

Reducing the triangle to its equimo-
mental particles we see that the
moment of inertia of the lamina a-
bout the horizontal is the same as

that of three particles of mass %

placed at the mid-points of the

triangle, or at depths, 4, " & Jl respec-

tively, A being the area of the trlangle.

-

2
H = A{h’ 9A2 bs 1_11,5,
ence + —_— t— ———64,

% being the radivs of gyration of the area about the line of
intersection of the area and the free surface.

Now, Z=depth of the C. G. of the area=k+§=4g’
h

for G D= 3

Since ( depth of centre of pressure below the free surface) X
(2)":7"2:
.. Depth of centre of pressure = uh’ =11
dh ¥
Ex. 2. Aflat circular plate of radius g, lies in a plane in-
clined at 30° to the horizontal, and issubjected to water pressure
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on one face.

The centre of pressure is at a distance i—é a from its geometrical

centre.

Shew that the geowmetrical centre is at a depth 2 a below
the free surface of water. (Tripos part I 1927)

Ex. 3 Prove that in the case of a plane lamina immersed
vertically in a homogeneous liquid at rest under gravity, centre
of pressure is always lower than its centre of gravity.

Show that as the lamina is lowered down the liquid, the
vertical distance between the centre of pressure and centre of
gravity becomes smaller and smaller.

Calculate its rate of variation

[Anfs&.{;2 where & is the radius of gyration of the lamina and Z,

the depth of its C. G.]

Ex. 4. A system of particles of masses m,, m,, . ...placed

at (€, 91 Y (@3 ¥2)- cevveseen weisenis equimomental with a
lamina immersed in a heavy homogeneous liquid (with
its plane not necessarily vertical). The axis of & is the line of
intersection of the lamina with the free surface,

Prove that the coordinates of the centre of pressure are the
coordinates of the centroid of a system of particles of masses
My Y1» Ma Y gyee -eeoe oo-Placed at [xy gy, ], [23, go) ete.

Ex. 6. Show that the depth of the centre of pressure of a
triangular lamina, whose vertices are at depths a, b, ¢ below the
free surface, is the same as the C. G. of 3 masses proportional
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to [2a+b+c], [2b+6 + a] ) [20 + a+b] FRES Stortee
placed at 4, B, C respectively. -

The triangle is reducible to 38

particles of mass -7-:;-Z each placed at mid-

points of the sides, this system being s
equi-momental with the triangular lamina, where m=mass of
the lamina.

at+bd b+c - ci-_c_z_

" Hence m; =m,=my= ~and NEGn= oY= 5

We have therefore to find the depth of the C.G. of a

( a-l—b ),3 (Z)+c) m c+a

system of 3 partlcles 3 )pla(ed res-

a—H) b+c cta
2

pectively at depths 5 below the free surface.

Hence the required depth of‘centre pressure

a+b) ( a+b)+m( b+t' ) ( b+c}+m c+a) (c+a)

== 3
71‘(2_'_*’_’1.) m IZ_‘L" m ( C;":@
3 2 +3( 2 )+3 2 )
—j 2+ 8+t +betcat-abd )

(atb-t-c)

= £ a(@+bte
= (2a+b-+c)
Ex. 6. Show that in the above example the depth of the

centre of pressure of the lamina below its C. G. is —--(21’E 2)2

Ex. 7. ABCD is a quadrilateral having its side AD in the
surface of a liquid and the sides AB, DC vertical and equal to
a and b respectively. Show that the depth of the centre of

pressure is
(a?+%) (at+d)
2 (a*+ab+8*)
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(Bini:— Reduce the quadrilateral to two triangles by a
diagonal and deduce the system of particles equimomental to the
lamina, then apply Ex. 4.)

Ex. 8& A {rapezium is immerged vertically in a liquid
with one of its parallel sides of length [ in the surface and
the other of I at s depth d from the surface. Find the depth of
the centre of pressure. _+3ld

Avs. —gou gy )

Ex. 9. A parallelogram has its corners at depths d,,d,,
dy, d,, below the surface of a liquid and its centre is at a depth
d show that the depth of the centre of pressure is

d,'Fd,? +dy? +d," +8d2
124

I’x. 10. A square lamina just inmersed vertically in water
with one side in the surface is then lowered through a depth 4.
If a be the length of the square, prove that the distance of the
centre of pressure from the centre of thesquare is a’

6a+12 A

Ex. 11. A regular hexagon, whose side is a is immersed in
a liquid with one side in the surface, prove that the depth of its
centre of pressure bolow the surface is 1.107a approx imately

(I. C.8.1930)

Ex. 12. A square lamina ABCD is
completely immersed in water with its
plane vertical so that the side A Bis in a5
the surface. Draw a line B E to a point
E in C D such that the pressures on the
two portions may be equal. Prove that,
if this be the case, the distance between
the centres of pressure: the side of the

square =+5(5: 48,

O &

Let E C=5.
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Pressure on the triangle B C E=¢ P (a 5 g)
Also pressure on the whole square is g P a’(% )

If the pressure on B E C is equal to that on A B E D then this
mnst be half of the total pressure on the square. Hence

19Pa? b=égpa’(g)
L b=1%a
or, D E=al4.

Now take A B and A D as axes of 2 and .
Triangle B E Cis equimomental with 3 particles each of
mass proportional to% ( g ) (3a)= _‘; '2, and placed at (o, .‘; ),

5 5 a
(Ba’ a) and (8“7 :2)'

Hence the coordinates of the centre of pressure of the triangle
are the same asthose of the centre of gravity ofthe particles of mas

2 aﬂ . a! a a 5 5a a
%(g)r-g(a), ‘g(é)placedat(a,g), ( ) ( )
respectively.

)(a>+“ (a) <5“> +4 <“> (50)

Soor =8 2 8

“’( + % () + (“—)

23
.-_-.-32a.

VL (@) + ’(%)’
(2>+(“ Ja+e (2)

i
H@
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Hence the coordinates of the centre of pressure are (33a, ia).

Similarly splitting the trepezium A BDE inte equimomerntal
particles, the coordinates of the centre of pressure will be found

to be (Fr a, 1% a)

.*» The required distance =+ { (43—+%)* a’+(§— %)’ a®
=505

LD

48

Ex. 13. If an area is bounded by two concentric semicircles

with their common bounding diameter in the free surface, prove
that the depth of the centre of pressure is

5 7 (a+2) (a®+02)|(a® +ab+d*)

where a and b are the radii.

By § 33 and using the bounding diameter in the free surface as
the initial line we have

SSpreos8drdé ./ /[pr* sin6dr db
S Sprdédr ' y ffprdOdr

S Sr*sinb6cos6drdd S Sr® sin® 6dr d6
= SfSr*snbdédr > T S Sr* sin 6 dr db,

Since p=gP r siné)

n b L b
J‘ Sin 6cosb dGJ r3dr J Sin2?6 dOJ ® dy
— o’r
J Sin 6 d6 J r? j SandOJ r2 dy

5 7 (a+d)(a® +8%)
=I5 (@ Fab+5)

Ex, 14. Shew that the depth of the centre of pressure of

the area included between the arc and the asymptote of the curve
T o416
4 m

x =

= o

(r—a) cos 6=0bis ¢
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the asymptote being in the surface and the plane of the curve

vertical.

(I.C.S. 1931)

The form of the curve is roughly as shown in the fig. where

T T’ is the asymptote.

Consider an elementry area rd6d, o
round P. The depth of this point
below thesurface (orthe asymp.  _, X

tote) is (r cos 6-3); hence thedepth RN
of the centre of pressure below \/

the surface

S S (r cos 6—b) pr d6 dr

S S (r cos 6-b) gP r db dy

S Spr6drds where p is the pressure at P

==ff(?‘0080“b)yp'rd0 dr’ Bincep=gp (1‘0089"‘1)).

-~ 7 ~a--b sec 6
2
d6 | (+* cos* 6—2 by cos 6+6°) rd »
w
72 " bsech

]

~ T/2 _.a+bsecb
dé | (rcosb6—b)rdr

7 9 ““bseb

row/9
" s
- (‘Z— cos® 6+3§~1’ cos 6) d6

—

_ TR e

vr/2 .
a’s a’ b

J 2

- 37a+165

4 444375 °
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Ex. 15. A plane area, bounded by the parabola y* =4ax the
ordinate #=A and the axis y =o, is immersed in a homogeneous
liquid with the axis vertical and the vertex in the surface, aud is
then lowered without rotation. Prove that the centre of pressure
moves along the straight line.

48v7% y =54 (Tz+3h),

approaching the centroid of the area as its limiting position.

1.CS. 1932)
l.et ONP be the lamina, where ON =A.
Let the depth of the vertex O below — — —¢=&éféf=" "
the free surface in any subsequent A _
position be . If 7,5 be the cordi- | \
nates of the centre of pressure with ____ | #
respect to given axes fixed in the
lamina we have by § 3'4 v °

= LS pzdedy -_ /S pydzdy

SS pdzdy’ Y S S pdady
where p is the pressure at any point Q (z, ) of the lamina.
Now the pressure p= gP (depth of Q below the surface)
=gP(x+N)

= =SS z@tNdady - _ S S yletN)dady
CET S @t Ndedy 'Y S (@) dady

the field of intergation being the whole of the plane lamina.

Via g
) r
Heue N — ___3: 5R2+TA\R (i
auce i T (i)
Ch o
de | (z+X\) dy
7 oo J o
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s
dz | y(z+2)dy
~—de Jo _Nah 2h+3N ..
y — =
Yia 4 3Iz+5x"’(u)
ch O
do | (z+))dy
o o

To find the locus of (z, y*) we have to eliminate X\ from
equations (i) and (ii).

From (i) we have
7x__ 5h+TN
8%  3h+bh

17, _ 4(2h4+30)
or, 37 +1 3h+5N

Dividing this equation by (ii) we have

Tx+3h _ 16
3hy 5vah

or, 48 Vi y = Vg (7z + 3k).

Ex. 16. A regular polygon wholly immersed in a homoge-
neous liquid is movable about its centre of gravity; prove 1l ut
thé locus of the centre of pressure is a sphere.

"Take the fixed centre of gravity O of the lamina as origin.

Take any three mutually per-
pendicular lines as axes of-z, y and 2, _,
taking the vertical through O as z < e
axis. Let the principal axes of =
inertia of the lamina be Oz/, Oy’ ’
and Oz’ be normal to the lamina. @
Then since O, the origin, is the
centre of gravity of the lamina,

SS&da' dy = S Sy de dy' = o , 1)

2
’

X
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Again since Oa', Oy’ are the principal axes of the lamina
S Sy da' dy'=o (2)

Again since the lamina is a regular polygori, by syminptry
the moments of inertia of the lamina about Ox' and Oy’ are
equal. :

Hence /" /f'a'* do' dy’ = S S y'? do’ dy = Ak?, (8)
where /" fda’ dy' = A==area of the lamina.

Let P be any point in the lamina. Its coordinates relative
to axes Oz’ y' # (fixed in the lamina) will be (2, ¢/, 0) while
relative to the axes O  y z (fixed in space) will be (z, g, 2). If
(14, w1y my ), (g my, my), (1, ms, ng)be the direction cosines
<t the lines O/, Oy’, O’ with respect to axes O« y2z, then
by considering the projections of O P on Oz etc. in two different
ways we have

e=0l 2 +1,y
=m, & + m, y
z=mn, o +n, 9y
Let the coordinates of the centre of pressure of the lamina
in this particular position be (z, y, 2) with respect to axes fixed

in space and (', 3/, 0) with respect to axes fixed in the lamina,
since the centre of pressure must plainly be in the lamina.

Then,» = 2’1, + ¢ I,

y =z m + ¢ m, (4)
:=E,n|+5’ﬁﬁ
also, 7 =L L pedr dy o _ S/ pydedy
! ffpda: dy S S pdx dy
2 =o0 (5)

Now pressure at (x,y,0)is g P (depth of P “below the
surface )



( 62 )

Let the depth of the fixed origin O below the free surface bhe
d, then the depth of P below the free surface is d -- 2, 2 being
the corresponding z—coordinate of P with respect to fixed axes.

Butz=mn, ' +n, ¢
TP = gP(d—n, &' — n, y)
Hence from (5) we have

= = LS (d=n, &' — n, ) ¥ dz’ dv
SS(d—n, 2 —n, y)d2 dy

= — '——/-‘-[..12 dxl dyl <
" S rde dy by (1) aud (2)

F— 2‘;‘ k’ p
p by (3)
So alsc
o oo P2 fe2
y y k

Now, by squaring and adding each one of the equalione
(4) we have

3:2+.yg+z=.’;?’+g'/2
C" -
=”d“z (”l?+”22)
Also z= n Z'+n, 3}’
2
= _% (n12+”=a)

Teidyida=—F g,

d

which is the locus of cenire of pressure, with respect 1o fixed
axes. This locus is evidently a sphere.

Ex. 17. Prove that the locus of the centres of pressure of
a series of a coaxal circles immersed completely in 2 homogeneous
liquid and having their line of centres horizontal is a parabola.
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Ex. 18. An elliptic area bounded by two conjugate dia-
meters C B, C D and the intercepted arc is immersed vertically
in a homogeneous liquid,’ C D coiuciding with the surface.
Find the centre of pressure. (Punjab Univ. M A. 1928).

Ex. 19. Aun area bounded by the curve r=a (1-+cos 6) is
immersed in a flluid, the prime radius vector being coincident
with the surface. Find the ceuntre of pressur .

3'5. If a straight line be taken in the plane of the area
parallel to the surface of the liquid and as far below the
centroid of the area as the surface of the liquid is above, the
pole of this straight line with respect to the momental ellipse
at the centroid, whose semi-axes are equal to the principal radii
of gyration at that point, will be the centre of pressure.

Take the principal axes of the lamina through ite centroid
as axes of » and y.

Then, if A be the area of the lamina, and b, a the principa]
radii of gyration,
AV =/ y*dz dy, A a’= S [ o az dy,
S Sz ydzdy=o.
Also, S Sz dx dy= [ [y dx dy=o,
for the C. G. of the lamina is at the origin.

Hence the equation of the momental ellipse is
Y
aTeE"
Let x cos 6y stn 6 =d be the equation of the line in the free

surface, and (, y) the coordinates of the centre of pressure; then
S Spxdedy —_SSpydedy

r_f_/'pdw_dy ¥ ffpdwdy
where p is the fluid pressure at P(x, y).

Hence if the fluid is homogeneous and at rest under the
action of gavity,
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p=gP (perpendicular from P on  cos 6-fy sin 6=d).
s p=gP (dx— cos 8—y sin 6)
H = _JSS(d—2 cos 6—y sin 6) x dw dy
ence T S S(d—71cos6—y sin 6) dz dy
a’

== cosb,

2
and similarly, y = —% sin 6

It follows at once that (%, ) is the pole of the line
x cos -4y sin 0=—d
with regard to the momental ellipse.

Ex. 1. Find the locus of the centre of pressure of an
elliptic lamina immersed vertically in a homogeneous fluid at
rest under gravity and moving in the vertical plane in such
a way as to be always just immersed.

Let « cos 6 +y stin 6=d {)6 the LRES SURFAL L.
equation of the horizontal line in
the free surface touching the elliptic
lamina with respect to the principal
axes of the lamina. Let the equa-
tion of the ellipse be

xﬂ y2 _
RNt

Since (the radius of gyration about o @)? .—:.5.2 ,

and, (the radius of gyration about o y)? =9£,

the equation of the momental ellipse will be

The centre of pressure (, y) is the pole of
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x cos 0+ sim 6=—d......({1)
with respect (i) -
Hence comparing =% +’ y =1 with (ii), we have
- a? . 4‘
x= = - cos 6,y = -Z—J sin 0...... (i11)

Now, since = cos 6y sin 6=d is tangent to the ellipse
x4 9?
;i+3? =1,
a? cos? 64-56% sin? 0=d3.

Substituting in this from (iii) we have

v __1
6% 16'

as the locus of the centre of pressure.

Ex. 2. A quadrant of a circle is just immersed vertically.
with one edge in the surface in a liquid, the density of which
varies as the depth. Find the céntre of pressure.

Take O # as the edge in the surface, P=p y andp=14 pg y*

_SSpedzuy_JS Sy dndy
SSpdzdy  SSY dzdy

va? —g3

Hence z

e (
de | = »2 dy
« O v O

Va? —g?

i

("a r
dg | y*dy
o/ o o+ O
r

w(ai__ 2)% dm
°
a

(az__ a)%‘ dm

v o

I

r~
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160
157
. - _ 32
Similarly ==1—5-7? .

Ex 3. A plane area immersed in a fluid of uniform deusity
moves parallel to itself and with its centre of gravity always
in the same vertical straight line. Show (1) that the locus
of the centres of pressure is a hyperbola, one asymplote ol
which 18 the given vertical, and (2) that if @, a+ 4, a+4', a+4"
be the depths ot the C. G. in any positions, y, y+k, y=+', y+&'

those of the centre of pressure in the same positions, then
E k h(k—h) | =0
ok K (E-1)
k,l/ hll ;‘Il (kll__hll)

Let G be the centre of gravity of the plane area A and, C the
centre of the pressure. Suppose the area is moved parallel
to itself so that G moves in a vertical straight line. Let a ba
the depth of (x in the first position and a4 be its depth when
m the position G’. Let C” be the position of the new centre of
pressure, C’ being the new position of the old centre of pressure.

In the old position the resultant of pressures p at every
point acted at C and was equal to gP A a.

Now iu the present position pressure at every point is
increased by gPh because every point is now at a depth %
below its previous position. Hence the pressure at every point
is  p + gPh; bul the resultani of pressures p at the
varius points of the area is gP A @ and acts at C/, the present
position ot the point C.  Also the resultant of the constant
pressure gPh acting at every point of the area will be clearly
gPh A acting at the centroid of the area. Hence the new centre
of pressure C"is the point where the resultant of parallel
forces gP A a acting at C' and gP% A acling at G’ acts.
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Hence taking moments about C”,

G/ (P AR =CC" (gP A a)

G0 _a

T ok
or. 30" a
"G C T ath

Let us now take the vertical along which G moves as y axis
and the projection of G C on the horizontal free surface as
x—axis. Let (z,, y,) be the coordinates of C in the initial
position of the lamina; then in any subsequent position of the
lamina when it has been lowered through depth %, the coordi-
nates of C', the subsequent position of C will clearly be (., ¥, +4)-
Now if (x, y) be the coordinates of C”, the new centre of
pressure, then since G/ C” : ¢/ C""=a : &,
azx

Qr =2 = ﬂy&i@i’l _(_aj—}l)
atr Y ath

Locus of (z, y) the centre of pressure is clearly obtained by
eliminating the variable parameter ‘A’. It is

(Yo—a) 22—z, x y+a x,2=0,
which is a hyperbola, whose one asymptote is #=o, the vertical
along which G moves.

If y,, yo+k, y,+%', y,+%" be the depths of the centres of
pressure corresponding to the depths a, a-+k, a+A', a+h",
of the C. G., then we have

gt 1o =@ Gt REh (0B

a+h
r o WAV (t-H)
yo+ k - a+h[
) 8 Wb W4 B ()
Yotk R

or, b (y,—2a)+k a+h (b —h )=c¢
b (y,—2a)+k' at b (K —F )=0



( 68 )
hl/ yo__2a)+klla+huuc1!__hll)____0

Eliminating (7, — 2a , a, we have
h k (k—h kR =0
Kk (k—k)K
Kk (K —R") R

3. 6. Resultant pressure on curved surfaces.

We shall first consider the case of curved snrfaces immersed
in a fluid of uniform density and at rest under the action of

gravity.

To find the resultant of the fluid pressures acting on a curved
surface let us first find ont the vertical component of this resul-
tant. We shall later find the components of the resultant iu
two mutually perpendicular horizontal directions. It will then
be possible to deduce the resultant from these three components.

(i) Let the curved surface PQ R S
be bounded by the contour P Q R. / 2;‘,;’“/
Let us drop perpendicalars trom L4 et S IR

every point of the coatour on the AN
free surface so thal the plane curve ¢
p q ris the projection of the skew

cuarve PQR  These perpendiculars

clearly generate a closed surface bounded by the cylinder on the
base p ¢ » and the surface Y Q RS  The mass of fluid enclosed
in the surface p 9 »—P Q R 8 is in equilibrium under the action
of fluid pressures acting on the surface p ¢ —P Q R 8, and its
own weight acting vertically downwards through the centroid
of the enclosed fluid. Hence resolving vertically the resultant
of the vertical compon 'uts of the fluid pressures on the surface
pgr—P QRS is equal to the weight of the fluid enclosed in
the surface p ¢ r—P Q R S and acts vertically upwards through
the centroid of the fluid enclosed in this surface. But the fluid
pressures on the cylinderical part of the surface p ¢ —P Q R
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have no vertical components at all. Hence the resultant of the
vertical components of fluid pressures acting on the surface
PQRSis equal to the we'ght of the fluid enclosed in the
surface p ¢ r—P Q R S, and acts through the C. G. of this mass.

(i1) Secondly, consider now a
surface P Q which is pressed upwards
instead of downwards. Let A B be

the horizontal surface. Let us project
the contour bounding the surface

P Q on the surface A B. Consider the surface formed by the

surface I’ Q and the projections of its contour P Q on the free
surface A B. If this surface were supposed filled with fluid of

V4 A et

Q

the same density, the resultant vertical pressure on the surface

I’ Q will be, by the above argument, equal to the weight of the
fluid enclosed in the surface A Q, and act along the vertical

through the centroid of this mass.

But the pressure at any point of the surface P Q is just the
same in the two cases, for the depth of the point below the free
surface remains the same 1in either case and the Ppressure in the
case of a homogeneous fluid at rest under gravity depends only

on depth. Hence .the resultant vertical pressure on the surface
P Q in the actual case is also known.

Ex. 1. A hollow spherical vessel is formed by two hemi-
spherical cups joined together. The vessel is placed with the
plane of the join horizontal and contains liquid up to height &
above this plane. Shew that the pressure of the liquid produces
a force tending to lift the upper hemisphere from the lower
proportional to A®, but independent of the radius of the vessel.

(Tripos Part I, 1926 )
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Here we have to find the fluid pressure on
the upper hemisphere. In this case the liquid
is pressing the surface upwards. Hence the
vertical pressure by what has been just said is
equal to the weight of the fluid enclosed in the
space between a cylinder of height 4 based on

the circle in the plane of the join and the upper hemisphere i. e.

h
= {"f a* h— J"" (az—-wq)dw}gp

hs
= T P —_
g 3

(iii) Thirdly, suppose now that the surface is pressed
partially upwards and partially downwards, 1. e.

part P S of the surface P Q 18 pressed

upwards and the part S Q downwards.
Vertical pressure on the surface 8 Q is by

(i) clearly equal to the weight of theliquid

contained in the surface A S8 Q B acting

vertically through its centroid. Now surface 8 P is wholly
pressed upwards so that by (ii) the vertical pressure 18 equal to
the weight of the fluid enclosed in the space A ST C acting
vertically through its centroid.

Hence the resultant vertical pressure on the surface PSR Q
is equal to the weight of the fluid enclosed in the spaces P S R
and B Q R C acting vertically through its centroid.

3. 7. We have next to find the horizontal compounent of the
resultant fluid pressure on a curved surface in any given
direction.

Let the curved surface in question be P R Q.
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Let us project the surface P R Q on
a vertical plane perpendicular to the /

given horizontal direction. Let p g be 9__ g!)l
the curve into which the surface thus

projects.

Consider the mass of fluid enclosed in the space p ¢g—P R Q.
It is in equilibrium under the action of (i) fluid pressure acting
on the given surface P R Q (ii) the fluid pressure on the plane
curve p g (iii) the fluid pressure on the cylinderical surface
generated by perpendiculars from points like P of the bounding
contour P Q of the surface P R Q on the vertical plane, and (iv)
the weight of the fluid which acts vertically, (and has therefore
no horizontal component).

Resolving horizontally along the. given direction we see
that fluid pressures on the cylinderical surface being everywhere
at right angles to this direction have no component in this
direction. It follows that the horizontal component in this
direction of the resultant fluid pressure on P R Q must balance
the fluid pressure on the plane area p ¢. Hence the required
component is equal to the fluid pressure on the plane area p ¢
and passes through its centre of pressure.

To determine the resultant fluid pressure on any surface
we have therefore to find (i) the vertical pressure, and (ii)
resultant horizontal pressure in any two direction.

These three forces may in some cases be compounded
into a single force, in which case the point in which the
line of force meets the surface is called the centre of pressure
of the surface.

Ex. 1. A vessel in the form of an elliptic paraboloid,

whose axis, i8 vertical and equation :;—+§=-§-, is divided into
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four equal compartments by its principal planes. Into one of
these water is poured to the depth %; prove that, if the resultant
fluid pressure on the curved portion be reduced to two forces,
ons vertical and the other horizontal, the line of action of the
sa 55 3
16’ 16’ 77

Let OACB be one of the four equal parts into which the
elliptic paraboloid is divided by the planes 20z and y0z, the plane
ACB being the horizontal surface of the water. We require the

latter will pass through the point (

horizontal component of the fluid pressure acting on the curved
surface AOB,

The horizontal component of the pressure parallel to Oz
is equal and opposite to the fluid pressure acting on the projection
of the surface on the plane y 0 z i. e. on the parabola BOC, whose
equation is y*/4*=z/h, x=o, BC being the water line,

The coordinates of the centre of pressure are (x, y, z) where
~ =3/ py ydz

:'-' _ L J J
x*=0, y f_p}'dz

%gPJ (h—2) -‘—zd

= -
gP j (h—z 6 Nzdz
o VA

h h
pz ydz J gP (h—2) 2 zb
Z=+%o = _ JO 4/1

P o
Jl’yd’ J 9P (h=2)b oz T

° vh
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Hence the horizontal component of the fluid pressure parallel

bb
1o ox acts at (0, 4 6 7 —)

Similarly the horizontal component of the fluid pressure
3 )

parsllel to oy acts at ( 51'2 y 0 7

The line through (o, I 6 ) 3? ) parallel to oz clearly meets

the line through (-———, o, 7 ) para]lel to oy in the point

ba 5D 3h
(6 160 7>

which the resultant of these two horizontal components must pass.

which is, therefore, the point through

Ex. 2. A hemisphere is filled with a homogeneous liquid;
find the resultant fluid pressure on one of the four portions into

which it is divided by two vertical planes through its centre at
right angles to each other.

— 2
(Resultant force =-—€1;~ gP a® ym3+ &, acting along x = y= ';rz')

Ex. 8. A hemispherical bowl is filled with water, and two
vertical planes are drawn through its central radius, cutting off a
semi lune of the surface; if 2a be the angle between the planes,
prove that the angle which the line of resultant pressure on the

- Sin a
surface makes with the vertical is tan ( e )
O A

Let ABC be the semi-lune of the 2c
hemispherical surface cut off by two
vertical planes AOC and BOC inclined
to each other at an angle 2a.

'I‘he vertical component of the pressure on the surface is
eqnal to the weight of the fluid enclosed in the semi-lunar surface
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‘n'a'

ABCO. Now the area of the circular quadrant is with its cen-

troid G at ( 4: , g‘;- ), OB, OC being taken as axes of

5
coordinate.

Volume of the surface thus genarated
= (area of the quadrant) (distance travelled by G as the
quadrant moves from its position BOC to AQC),

4a 2a8
fuadl = —a
(37 29) 3

‘lra’

4

S

Hence the vertical component of the fluid pressure is
3gP a a.
Horizontal component of the fluid pressure perpendicular
to the plane BOC is g_P_;"g’ ( —;-g— ) = 3gPa?, acting at Q.
So also the horizontal component of the fluid pressure per-
pendicular to the plane AQOC is § gPa® acting at P.

By symmetry, normals at P and Q to the planes BOC and
AOC respectively meet at M so that <PMQ = ™—2a.

Now, the resultant of equal forces § gPa® acting along MP
T—2a, _

and MQ is clearly ¢ gPa® cos ( % gPa?® sina. Since the

vertical component is § gPa’a, the angle between the resultant
§ gPa® Sina, _ =i Sina
3 gPada ) = tan (=)

=1
and the vertical is tan (

Ex. 4. A vessel full of* water is in the form of an eighih
part of an ellipsoid (axes a, b, c), bounded by the three principal
planes. The axis cis vertical, and the atmospheric pressuro is
neglected. Prove that the resultant fluid pressure on the curved

surface is a force of intensity 3gP { %¢c* + a’ct*+ {7%a?b%? } 5
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Ex. 5. A surface in the form of a quarter of a circular
cyliuder of radius a and axial length #is immersed in a fluid of
density P with its axis and edge in the free surface. Neglecting
atmospheric pressure, show that the resultant pressure of the fluid
on the concave surface is ‘093gPa?h and is inclined at 32.5° to
the vertical.

(Tripos, Part I, 1925).

38. Fluid pressure on a solid.

We shall now show that the resultant fluid pressure on the
surface of a solid either wholly or partially immersed in a fluid
at rost under gravity is equal to the weight of the fluid displaced
and acts vertically through the centroid of the displaced fluid.

o

D

D7

Draw parallel lines D, [ touching the surface and forming
a cylinder which encloses it; the curve of contact divides the
surface of the solid into two parts on which the resultant horizon-
tal pressures parallel to the axis of the cylirder are equal and
opposite (§ 3.7). It follows that the fluid pressure on the solid
has no horizontal component and is therefore entirely vertical.

Now draw parallel vertical lines i £’
E, E’ touching the surface and let c
C D be the curve of the cylinder / >
generated by E, I and the surface c

of the solid. The curve C D divides

the surface of the solid into two parts, on one of which the resul-
tant vertical pressure act upwards, and on the other downwards,
the difference of the two is plainly the weight of the fluid dis-
placed by the solid.
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The resultant pressure ie thcrefore equal to the weight of
the fluid displaced.

. Remark : 1If the bounding surface of a solid completely
immersed in a fluid consists partly of a curved nurface and
partly of known plane areas, we can easily find the resultant
fluid pressure on the curved surface

Suppose for the sake of definiteness the solid consists of
two plane areas and a curved surface.

The resultant fluid pressure on the entire curved surface of
the solid v1z S, and the two plane areas is vertical and equal to
the weight of the fluid displaced, acting through its centroid.

Now the pressures on the plane surfaces can be easily found both
in magnitude and direction. .Henes the resultant fluid pressure

on S is clearly known.

Ex. 1. An unclosed curved surface which has a plane curve
for its boundary, is immersed in a homogeneous liquid. Prove
that the thrust of the liquid on one side of the surface is equi-
valent to two forces, one vertical and the other perpendicular to
the plane of the boundary. State precisely the magnitude of

sach force and the position of its line of action.

Ex. 2. A cubical box of edge a is made of thin metal and
has an accurately fitting lid smoothly hinged to one side. The
lid has a piece of uniform metal of specific gravity s forged to its
inner face, the volume of the metal and the distance of its centre
of gravity from the lid being » and % respectively. The box is
filled with water and the lid being beld closed, is placed with
the side to which the hinges are attached on a horizortal table,
Prove that, if 6 (s—1) z A >a*, the lid will not open when

released.
(Tripos Part 11923.)
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Let BCDE be the lid and BC, 2
the line of hinges. Fluid pressure on
the lid acts normally to the lid at P
which is the centre of pressure. The £l . c
fluid pressure is clearly gPa® (~~; ) ATE
I

= % gPa®, acting at the centre of 4

pressure P whose depth below ED is # a, or whose height above
BC is —:},
to rotate the lid about BC outwards ¢.e opens the lid. The

woight of the metal of volume ¢ forgrd to the lid has opposite
tendency.

P being the density of water. This pressure tends

The weight of the metal acting downwards through G is
v (sPg). Also the fluid pressure acting on the solid is equal fo
the mass of the fluid displaced by it, acting also at G- but vertically
upwards. This fluid pressure is gPv

Hence, the net vertical force acting at G is gPv (s~1). Lhis
force tends to counterbalance the effect of the fluid pressure in
opening the lid.

Hence, taking moments about BC, the lid will not open so
long as

gPv (s-1) 2>4 gPa® (—%-)

‘ or, 6 (s-1) A v>a*.

Ex. 8. A right cone is totally immersed in watcr, the
depth of the centre of its base being given. Prove that, P, I, P
being the resultant pressures on its convex surface, when the
sines of the angles between its axis to the horizon are S, &, 8”

respectively
P2 (8-8") + Pr* (8"-8) + P2 (8-8') = o.

Ex. 4. A solid is formed by turning a circular area round
a tangent line through an angle 8, and is held under water just
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immersed with its lower plane face horizontal If ¢ be the
inclination between the horizontal and the resultant flmd pressure
on the curved part of the surface of the solid,

fan ¢ = tan -~;~ —~+ cosec 6.

Ex. 5 A solid is formed by turning a parabolic area,
bounded by the latus rectum, about the latus rectum, through an
angle 6 and this solid is held under water, just immersed, with
its lower plane face horizontal. Prove that, if ¢ be the inclina-
tion to the horizen of the resultant pressure on the curved surface
of the solid,

3 gin? 6 tan ¢ = 5 sin 6-3 sin § cos— 26.

Ex. 6. A hollow ellipsoid is filled with water and placed
with its a- axis making an angle @ with the horizontal and its
c-axis horizontal. Prove that the fluid pressure on the curved
gurface on either side of the vertical plane throngh the a-axis
is equivalent to a wrench of pitch

3csin @ cos @ a?—b2

2 4c® + 9 (a? sin*a + b7 cos? @)

Let OA, OB be the aand &
axes of the ellipsoid, OA making
an angle @ with the horizontal.
Since OC, the ¢-axis i8 horizontal
and normal to the plane of AOB,
hence AOB must be a vertical
plane. Let OV be the vertical in
in th 8 plane. '

Let us take OA, OB, OC as anes of 7, y and z respectively.
‘We have to find out the resultant pressure on the curved surface
on either side of the plane AOB.

The horizontal component of this pressure in the direction
of OC is the pressure on the curve of projection of this surface
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on the vertical plane normal to OC ¢. e. on the plane AOB. This
projection is precisely the ellipse with axes A A’ and B B’ whose
equation with regard to OA, OB as axes is

_z? + y*

a2 -—b—’— = 1. vee (1)

Let LI’ be the horizontal line touching the ellipse, then
since it is inclined at an angle @ to OA, its equation will be

xsin @ + y cos @ = d, where
a*sin?a + b%cos?a = d? 2
Now the pressure on this plane area bounded by the ellipse
(1) is gP (area of the curve) (depth of its C. G. below the
horizontal)
== gP™ ad d, where d is given by (2).

This pressure of course acts normally to the plane AOB and
therefore its line of uction has direction cosines (o, o, 1).

Further it must act at P (§, n), these being the coordinates
of the centre of pressure.

By §3.5, P (5. ™ is the pole with respect to the momental
ellipse of the area, of a line parallel to the horizontal line LI/
and as far below the centroid of the area as LL’is above it 7. e.
of the line #» sin @ 4 y cos @ = —d. Also the equation of the
momental ellipse is

2
2. o4 Y =1

alld | b4
.
Hence t = — _.‘!Z_- ?EEJ“. ,
b* cosa
N = =— — .
4 d

Thus the horizontal component of the pressure on the curved
surface i8 ™ ab dgP acting along the line whose direction cosines
are (o, o, 1) and which passes through
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a? sina b2 cos a :
71 4 -6

The vertical component of the resultant pressure on the
sarface is equal to the weight of the liquid enclosed by the surface

and acting at its centroid.

Now the volume of the liquid enclosed hy the surface is
clearly half the total volume of the ellipsoid, viz. 3 7 abe.

Hence the vertical component i8 § 7 abe gP acting vertically
t. e. parallel to OV whose direction cosines are (sin @, cos @, o)
and acting at the centroid of the semi-ellipsoid into which the
plane divides the ellipsoid 7. e. at (o, o, i;—) (4)

Hence if X, Y, Z,and L, M, N he the resultant pressures
parallel to the axes and the resultaunt couples about the axes,
respectively, then from 3) and (4)

X = 3 7 abe gP sin @,

Y = 3 7 abe gP cos a,

7% = 7abdgP,

L= — %-gpab(bﬂ-{—c')cosa

i

M ir— gP ab (a? 4 ¢?) sin &,

N =

Heonce the pltch of the wrench (X, Y, Z, 1., M, \I), to which
o lluid pressure is equivalent

~ XL+ YM + ZN
X2+ Y+ 2
3 Mg P? é&ﬂ:‘iﬂa-( ~5?)

= 3 w2203 apz + w2, 262 zpedz T
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3c sin a cos a S __‘_az“‘l’f I
3 4 + 9 (a’ sin *a +5* cos “a).

3.9. Let us now find the resultant pressure on any surface
of a fluid at rest under the action of any given forces.

We have already seen how to find out pressure at any point
of a fluid at rest under the action of any given forces.

Consider now a surface S exposed to the action of such a

fluid; and let P (z, y, 2) be any point on it.

Let (I, m, n) be the direction cosines of the normal to the
surface at P. Let p be the pressure at P; p is then a known
function of x, y, z and the given forces that act on the Huid.

Considering an element &8 of the surface about the point 1’,
the force on this element is pdS acting along the normal at P to
the surface. This force therefore has components Ip &S, mp &S,
np8S parallel to the axes. We have thus an infinite number of
such forces acting at every point of the surface. We know from
statics that these forces can be reduced to three forces X, Y, %
acting along the axes of coordinates and three couples I, M, N
whose ‘axes’ are also the coordinate axes, where

X = Z [pdS=// lpds,

Y = £ mpdS=/"/ mpdS,

2= Z np8S=/"J npdy,

L =% p(ny- me) 8S=/"/ p (ny — ma) dS
M=% p(lz-nz) §8=/"/ p (Iz - n2) dS,
N = £ p(mx-1ly) 8S= S S p (mr - 1ly) dS,

the integrations being made to include the whole of the surface
under consideration.

- Again, since I d § 18 the projection of the elementd S on the
z o j plane therefore [ d S=dJ d = ; hence the three components
of the force X, Y, 7, are also equivalent to’
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X=/SSpdyde, Y=/ plzdx, Z= [ /[ pdz dy;

and the couples L, M, N, are equal to

L=/f pydy — 2dz) do, M=/ S p (2dz—x dz )dy
N=/JS p(xdz — ydy) da.

In the particular case of a fluid at rest under gravity let us
take the free surface of the fluid which is known to be a horizontal
plane as @ o y plane. Let P” be the projection of any point
P (, y, ) on the = 0 y plane.

We know by the above that the component of the fluid
pressure along the vertical is
Z= S pdxdy, oo oo (1)
the field of integration being the curve into which the surface
projects on the oy plane. Now the weight of a column of
liquid with a small area ua dy at I’/ as base and height P/ P is

2
. dzdy [gsz

But dp=gP dz,
.". the weight of the fluid in the column P” P is

P
dxdy j dp=p d=z dy,

w here p is the pressure at P, (the presure at the free surface is
sken to be zero).

Hence by (1) Z is equal to the weight of the fluid enclosed
in the surface and its projection on the free surface.

3.10. We proceed to deduce now the results of § 3. 6 analy-
tically. Suppose that the fluid, homogeneous or heterogeneous,
is at rest under the action of gravity only, then taking z— axis
as vertical dp = gP d z, so that p is a function of z only. Let

p= ¢(z)
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X=f S pdy dz= /S (2) d da

This expression clearly shows that the horizontal component

of the pressure on the surface along o x is the same as the pressure
on the curve, which is the projection of the surface S on the yos

plane. For if P’ be the projection of any point P of S on yoz then
P and P’ have the same z—coordinate so that the pressure at
P’ is also ¢ (z), the same as at P.

Similarly Y is equal to the pressure on the projection of S on
& oz

3.11. If the surface S is closed, we have by applying
Green’s Theorem,

Xszf%f da dy dz, etc. and

L=fff(y%z;——-zg§)dmdydz,etc.,

the integrations being made over the entire space enclosed by
the surface, and p being the value of the pressure function at the
point (@, y, ) of the enclosed space which is supposed to contain
fluid with the same law of pressure as the surrounding fluid.

Ex. 1. A small solid body is held at rest in a fluid in
which the pressure p at any pointis a given function of the
rectangular coordinates (=, y, z); prove that the components of
the couple which tends to make it rotate round the centre of
gravity of its volume are

3% 3%p  3p 3%p 3%p

C—B) L — D5 —F)—E F o=

( )Gyaz D(ay’ az* ) 8y8£¢+ 323>
and two similar expressions, where A, B, C, D, E, F, are the

moments and products of inertia of the solid with respect to axes
through the centre of gravity.

We know that, with centroid as origin
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A=SS S (42 )dzdy de, B= S S S (& +a*) dedy dz
C=SS S (& +y*) de dydz;
D=SSS yzdaedyds, E=/S S z 2 dzdy dz,
F=/SSS «ydx dy da.

= OP_} P4y SR
Now L fff(y o lay)dwiydz, PR ¢

integration to be made over the space enclosed by the solid.
But -the solid by hypothesis is small and origin is the centroid
of the solid. Let («, y, 2,) be the coordinates of a neighbouring
point so that z, y, z are small. Hence

@p___ p 3
2z (87)o+(878:r) +(88y) y+( 222 )oz

= () +(ZL) ot (GF) p+ (1)

Substituting in (1) we have,

SINNARS SRANC-ARANC A

IRy} - { () s+ (LB re+(ZE) yot

9z axd
“Vaxayd
(a—y—é;)o } xXaydz
apy_ 3P (2%, &
az’()a' ° +[( 2° )o )] ()an

a!
+(—a—y-§z)o (C-B)

For, SS S ydwmdydz= y v=o, etc.

Ex. 2 Prove that the resultant thrust on the curved surface
of a right circular cylinder completely submerged with its axis

2
at an angle @ to the vertical is w Sin @ and acts at right angles
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to the axis through its middle point, w denoting the weight of
the liquid displaced by the cylinder
(Punjab Univ. ‘M.A.’ 1935).

Ex. 3. A plane lamina is immersed in a liquid with its
plane vertical. It is rotated in its plane about a fixed point lying
in the surface of the liquid. Prove that the locus of the centre
of pressure of the lamina is part of a straight line so long as the
lamina is totally immersed (atmospheric pressure is neglected).

A plane lamina in the form of a regular polygon having
n siles of length a is totally immersed. Prove that centre of
prossure lies within or on a similar polygon of side

a w w
1'-2[ 2 008~ + Sec ;‘]
(Tripos Pt. IT 1927)

Ex. 4. A uniform sphere of weight w, sp. gravity ¢ and
radius a is wholly immersed in water with its centre at a depth
k. Show that if the sphere is divided by a vertical plane
through its centre and the hemispheres are smoothly hinged
together at their highest point the magnitude of the least
horizontal force through the centre that would have to be applied
in order to separate themis 3 w (14 44
16 ac

(I'ripos Pt. IT, 1925).

Ex.5. A mass of homogeneous liquid is at rest under the
aztion of a force whose potential is a quadratic function of rectan-
gular coordinates, so that the surfaces of equipressure are
ellipsoids. Show that, if a body of any shape is held immersed
in the liquid, the resultant thrust on the body may be represented
as a force acting through G, the centroid of its volume, and
directed along the normal to the surface of equi-pressure through
G, together with a couple which depends on the orientation of
the body but not on the position of G in the liquid.

(Tripos. Pt. 11, 1924).
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Let V be the potential so that
V = = (4x°4-2 Fyz-+2ux)

We also know thatg—l-V«'--cons.

By § 311 we know that the components of the forcs
system due to the pressure of the liquid are given by (X,Y,4,

L,M,N) where

= 9P .
X fff awda,dy dz,
L.—.fff(y?_P —z 21’) dz dy dz etec,

the field of mtsgra.tlon being the region enclosed by the solid
body.

~X=f [ [®axay s
=P fffg:—’da: dy dz

=—2 [ f [(Aw +Hy+Gotu) dz dy ds
=—92P(AT+Hy Gz+u)t

where t is the volume of the solid and (z, y, z) the co-ordinateg
of its C. G.

Transferring the point of action of the force components
(X, Y, Z) to the centroid of the mass viz (7, y,z ) the components
of the force acting at G are proportional to

(Az,4+Hy+Gz +u) : (Hz +By +Fz+0): (G T +Fy+C +w)

3
i S S N o N

or, proportional to the direction cosines of the normal at G to
the surface of equipressure passing through G. Thus
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the resultant force 18 in the direction of the normal to this

surface. The transference of the point of application of
the forces (X, Y,Z)to G involves the introduction of a

couple, whose components are
e Y-yZ 22— X, yX-zY.
Thus the system reduces toa force through Gand a couple of
components
Lt 2Y—~y Z, ete,
Let q, b, ¢, f, g, 4 be the moments and products of interia

of the body about axes parallel to O & y z passing through the
centroid G. Let o, ¥/, ¢, f/, ¢/, A’ b similar quantities about

axes Oz yz
Then a'=/"f /' (4’422 de dy dz,
V=SS S (@2 dady az,
=SS S (a*+y") dz dy de,
f=SSSyrdedy da
=SS S 2z dzdy dz
K=/ ) Sxydz dy ds.
It follows at once that /' /" /'x* de dy dz= .b""_:’.‘_” —-d olec.

Also, d'==a+ ¢t Y2+ 2%, f=f+ty 2
¢t being the volume of the solid.
Now, we have L4+2Y—-73Z
=fff();%§—z %’) dz dy de+z Y~y 2
=—2P/ S S 1y(Ga+Fy+Cz+w)— o(He+By+ Fz+v)|ded yds
+2 2 Bz +By +Fz+v) (—Pe)-25 (G 7 +F 7 +C7 +w)(-Pe)
=(~2P) { (Gh'~Hg')+(C-B) f+F (¢'~b) }
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+2Pt {(G # y—Hzz )+ (C—B)yz+F(y*—2*)}
—(—2P) { G(V—tF )—H (f—t7 %) } +(C—B)
(F—t 5 ATy * 4=t 7 )
= —2P[(GA—Hg)+(C - B) f +F(c—b)]
This depends only on A, B, C,...and a, b, ¢..., none of which

depend on the position of the centroid. a, b, c...,depend only
on the orientation of the solid. Thus the couple depends only

on the orientation of the Lody but not on the position of G in
the liquid.

Ex. 6. A hole in the side of a ship is closed by a circular
door 5 ft. in diamefer hinged at the highest point and held
inside against the water pressure at its lowest part by fastening.
If the highest and lowest partsof the door are at a depth of 4
and 8 ft. find the least force exerted by fastening.

Ex. 7. A hemispherical body of radius a is entirely sub-
merged in a liquid of density P so that its diametrical plane
makes an angle 6 with the horizontal and has its centre at a
Cepth A, Prove that the resultant force on the curved surface is

ma? gP { $a?+h*F 4 ahcos 6 } 3
(Tripos pt. I, 1920; 1. C. S. 1985)
Kx. 8 A portion of a sphere eut off by two planes through
its centre inclined to each other at an angle :-is Just immersed

in a liquid with one face in the surface. Find the resultant
thrust on the curved surface and show that it makes an angle
-1
tan (1; — 1) with the horizontal:
' (L C.8. 1937)

Ex 9. In the two immersed ellipoidal surfaces
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2
+” +5 21 and @02 +& 5=

% >al, b<b’, ¢<¢;z-axis is vertical and the surface of the water is
at a height & (> ¢) above the plane of xy. Prove that the resultant
horizontal pressure on that part of (i) which lies on the positive
wde of yz and without the surface (ii) is

be' (a®—a'?)

h
3 “ —
@ ("B ot b) (aF o g3 *)

W, being the weight of water displaced by volume of (i)
(1. C. 8. 1935)

x. 10. A plane area Lounded by the arcs of the four
parabolag y® =4az, y* =4bz, x*=4cy and x*=4dy is placed ver-
tically in a homogeneous liquid with z-—axis in the liquid line.
Shew that depth of cen:re pressure is

16 --n%)(dg—-cs)

B e v

Ex. 11. A heavy heterogeneous liquid fills a semi-ellipsoid
. Y Q
whose  equation is ;ﬁ;+ +--—1 Show that in order that

the liquid be in equilibrium the fluid arranges itself in such a
way that density of any element is a function of ‘z’ coordinate
only i e. of its depth below the horizontal surface.

Assuming thas Pmprzr“1 prove that the resultant action
Y

ou one of tha octants into which it is divided by the vertical
Planes viz x=¢ and y=o is a single force acting in the line

ereyh | ower ()
T, rW
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0r‘(r+l ¢! [~ (7'+4

R I
\m—(+ ) r«pr(’*"’

Ex. 12. A cubical box of side a has u heavy hid of weight
W .movable about one edge. lis filled with water, and held
with the diagonal through one extremity of this edge vertieal. Ifis
be now made to rotate with uniform angular veloeity w show
that in order that no water be spilled W must not be less than

w?a
( + 243 9 a
where W' is the weight of the water in the box.

Ex. 13. A liquid of depth 2a and unitorm density P is
superposed on a liquid of density 2 P and depth greater than a.
A circular lamina of radius a is placed with its plane vertical
and its centre in the surface common to the two liquids. Deter-
mine the depth of the centre of pressure neglecting atmospheric
pressure.

. (Fripos part | 1937)

Kx. 14. A vessel in the form of a right circular cylinder
of radius a is held with its axis inclined at an angle a to the
vertical and contains a volume of water which is such that the
circular base of the vessel 18 just covered. Show that the resul-
tant of the pressures exerted by the water on the curved surfac-
of the cylinder is a single force of the magniiude

™ gP a® (Sec a-- Cos a),

where P is the density of the waler, and a tniospheric,
pressure i8 negleciad.

Ex. 15. A thin glass flask consists of a portion of a sphere
of radius a on a plane circular base of radius a cos @, and a neck
in the form of a circular cylinder of radius a cos @ The flask
is symmetrical about a vertical line. Water is poured in until
the horiz ntal thrusts on half of the neck and on half of the
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spherical portion bounded by a vertical plane are equal. Obtain
an equation giving the depth of water in the neck and deduce
that whatever the value of @ the ratio of the depth of water in
the neck to the depth in the spherical portion must exceed

1+ V2.

Ex. 16. A rectangular block whose edges are of lengths
2a, 2b, 2¢ is divided by a plane through the centre perpendi-
cular to the edge of length 2 ¢, and the two halves are hinged
together along edges parallel to those of length 2a. 'The whole
is then immersed in a liquid with the line of hinges inclined at
an angle 6 to the horizon and the dividing plane vertical, the
hinges being in the upper face. Prove that the two halves will
not separate unleess

{ (1—=3)" —3t’ }Cose > 24d,

where d 1is the depth of the centre of gravity of the block, o the
density of the block and P that of the liquid.

Bx. 17. A cone, whose vertical angle is 2a, has its lowest
generator horizontal and is filled with liquid ; prove that the
resultant pressure on the curved surface is v (1 4 15 Sin ? a)
times the weight of the liquid.



CHAPTER IV.
Equilibrium of Floating Bodies.

4. 1. The Principle of Buoyancy:— We shall first consider
the case of a fluid,~liquid or gas, homogeneous or heterogeneous,
at rest under the action of gravity only. If any curved closed
surface be traced out in imagination in such a fluid, the pressures
exerted on all the elements of this surface by the surrounding
fluid have a single resultant, which is equal and opposite to the
the weight of the fluid enclosed by the surface. This follows at
once from the fact that the fluid inside the surface is in equili-
brium under the action of

(i) its own weight acting vertically through its C. G. and
(i1) the fluid pressures acting normally on the surtace

The resultant of {ii) is accordingly equal and opposite to
(i). 1If the curved surface is not one merely traced out in imag-
ination in the tluid but the surface of a solid body placed in the
fluid, result is the same. Hence the resultant pressure of a heavy
fluid on the surface of any solid body placed in it is a vertically
upward force equal to the weight of the fluid displaced by the
solid, acting through the C. G. of the displaced fluid. If the
solid is in equilibrium solely under the action of its own weight
and the fluid pressures on its surface, the weight of the solid
must be equal to the weight of the displaced fluid and the centres
of gravity of the solid and the displaced fluil must be in the
same vertical line. .

Ex. 1. A uniform rod A B, of small normal cross section
and weight W has a mass of metal of small volume and weight

—V;Y attached to extremity B. Find the condition that the rod

shall float at all angles in a given homogeneous liquid.
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Let A B be the rod, its lenght A
being 2a. Let G be the C. G. of r/“_q/‘_ .
the rod and the piece of metal attached " 14"
at B,so that BG= a r’

i+1 | "
n Py

If P and s be the density of the liquid and the rod respecti-
vely, we have W =2 acgs, and by the first condition of equilibrium,
weight of the solid must be equal to the weight of the fluid
displaced, — we have

gP ¢ BE = ( -f 1) W, ¢ being the cross section of the rod.

Also the C. G. of the fluid displaced viz. the mid-point of
BE must be identical with the point G, by the second condition
~of equilibrium
2a
Thus BE=2BG="] 41

n

W) 2gp, (2
Wt ) =gPo =0

h[-o

W
1+1

S N

n
or, (n41)?s=Pns, which is the required condition.

Ex 2. A solid ellptic paraboloid whose equation is
z* | oy _#
PLEA LA
and of height % is floating with its axis vertical and vertex
downward., If the horizontal surface of fluid is at a helght
k above the vertex, prove
h‘l
k2 "="
solid respectively.

; P and o being the density of the liquid and the
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The volume of thesolid bounded by
h

the plane 2=4 is wj % .45 for the

o C
gsection by any plane Z =2 is an ellipse

of axes a vz and bvz respectively so
c c

that the volume of a thin element of thickness dz is 7 ab z dz.
e

Hence if o is the density ot the solid, the weight of the

solid is 7go 5;—‘1%2'
Similarly the weight of the fluid displaced is
k

K P dzp= T . . ..
;‘}!’9 f ‘Z % ggpgk’,P being the density of the liquid.

Hence by the first condition of flotation o A* =P%?.

Ex. 3. A hollow hemispherical shell has a heavy particle
fixed to its rim, and floats in water with the particle just above
the surface, and with the plane of the rim at an angle of 45°
to the surface; shew that the weight ot the hemisphere: the
weight of the water it would contain

:1442—0; 6+42.

Let a be tho radins of the hollow

hemisphere, G’ its C. G. so that

1= &
0G 5
Let W be 18 weight and W’

that of the heavy particle at B. The
hemisphere floats under the action of

(i) aforce W acting vertically downwards through G’,
(i1) a force W', " " B
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(iii) the resultant of fluid pressures acting on the surface
BC of the hemisphere, which by the principle of
buoyaney is equal to the weight of the fluid displaced
i.e. the fluid that can be contained in the segment
bounded by the horizontal plane

Taking any plane at right anglesto O P, the vertical
through O at a distance x from O, we see that the volume of a
small element of thickness da is "(a®—=2?) dz. Thus the vplume

0Q
of the spherical segment BC 18 7 J (a®~—z)d .
oP

'Taking moments about B, we have

a
Wee 8 )= TgPa J'a’——w’)dw
0P

LW 425
27mgPa® " 642
3

Ex. 4. 1t the height of a right cirgular cone be equal
to the diameter of the hase it will float with its slawt side
horizontal in any liquid of greater density.

Ex. 5. An elliptic cylinder of major and mingr axes
(2a,20) floats in a homogeneous liquid with vertex of the
olliptic wection at the top jusf abpve the liqyid. If the angle
that the axis makes with the vertigal be 8, imov_e that the ratic
of the heignt % of the cylinder to its semi axis a is

b tan'd+ 2.
4 tanb
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Let the plane of the paper represent the
vertical plane through the major axiA

AB. Let AE represent thet race of the
horizontal plane of flotation. Since =~
the angle between the vertical and

the axis is 6, the angle between AB

and AE is also 0.

Hence taking AB, AC and a line through A perpendicular
to the plane of the paper as axes of x,zand y respectively
the equation of the cylinder is

and of the plane AE, z=xtan 6.

Now by the principle of buoyancy the C. G. of the cylinder
ie. G and the C.G. of the fluid displaced by the cylinder ie.
of the portion ACDE vizG" must be on the same vertical line.
It is obvious that C.G., G,of the portion AEB must lie on the
line GG" so that GG’G’ is a vertical st. line and therefore at
right angles to AE.

Now the coordinates of G are easily computed. If we take
any element dz dy of the section of the cylinder by the plane
oy, the volume below the plane AE is  tan 0 dx dy, the C. G.
of the element being (z, y, 4 X tan 0). :

Hence if ( z, y, z ) be the coprdinates of G*

./'./'m.wtanodmdy
T fJ Z tan 0dz dy,

H

(X tan 0 )? dzdy
z"'/‘f ® tan 0 dx dy’

andy = o from symmety.
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% (BT = (z—a )"

dw a  z*and dy
J o J -—-bg/f--'é::&“ )s
vx = A
" 2a (b1 — (@__‘_‘_:a)’
dit a xtan 6 dy

J o “‘Wl-—-(_@_-_-&)z
[

[,

—
=

1.

Similarly z = 5—:— tan 0.

Also clearly coordinates of G are (a,o, g ).

. Since G G is at rt. angles to AE whose direction cosines
are (cos 8, o, stn 8), we have

(%%~ g )eos 04 (!—’Sgtan 9"

. 2)sm0=o

h BStan2®+2
g 4 tan 6

Ex. 6. Prove that the ratio of the densities of the cylinder
and liquid in the above example is
c_ 1+ Se?0

P~ 2+ btan®e.
Ex. 7. Prove that a triangular prism floating with its edges
horizontal has in general three positions of equilibrium .

Ex. 8. A solid cone whose height is 4 and vertical angle 2 @
has its vertex fixed at a distance p beneath the surface of a
homogeneoue liquid. The cone is in equilibrium with its axis
inclined at an angle 6 to the vertical and its base above
thesurface prove that
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P p 4 cos 8 cos *a=a h*|cas (8-, cos (0 + a)];

Let the plane of the
paper represent a vertical /\
plane through the axis VZ  merc2” \\,sw,c,:
of the cone. Let VX he i 4 /
L to VZ in this plane and 4
VY be L to the plane XV
Z. With VX,VY,VZ as y
rectangular axes the equ-
ation of the right circular
cone i8

X

(x* 4y *)=2*tan *a,
a being the semi i verfical anglo,
Let the irace of the horizontal plane of flotation on the
vertical plane XVZ be AB. Draw VX’ parallel to AB. In order
to find the equations of the section of the cone by the plaue of
flotation, let us transform axes to VX', VY and VZ’, where VA’
is L to VX'in the plane of the paper.

Let <X V X'=6, then if ( Z',y',2’ ) be the coordinates of
any point P (1,y,2 ) in the new system
xr o= o' cos0—2 ssn 0
y=y ,
z=a'stin 6 + ¢ cos 6.
Hence the equation of the cone in the new coordinates is
(«' cos B—2" sim B)* + y'* =( 2’ sin 6+ 2’ cos 6 )¥an® q.
Equation of the horikontal plane AB is clearly
2'=p where VZ'=p .

‘Hence the equation of the elliptic section by the plane of
flotation is
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(2" cos 8 — p sin 62 +y'3=( a' sin 6+ p cos 6 )*tan’a.

and 2’/ =p.
.,_p Cos 6 Sin 0 Sec’a |, /s
(& Cos ? 6—Sin’ 6 tan’a) y
or - . - —_— et -]
ptan’a prtanta

(Cos?6 —Sin26 tan’a)? (Cos?6 —Sin?6 tan’a)
and 2'=p.
Hence if C be the centre of the elliptic section
7/ =P c08 8 Bin 8 Sec’a
Cos? 0 —Sin? 0tan?a’
Also, the volume of the fluid displaced
= volume of the coﬁe VAB

=} p (area of the elliptic section AB)
=i p Tp *tan’a

N
(Cos?8 — Sin?6tan’a)?

Let C. G. of the cone V A Bbe G’. Evidently it must lie
on the line joining V to the centre C of the ellipse cut out by the
plane of flotation.

Also V G'=3VC,

Hence the resultant fluid pressure on the cone is an upward
vertical force of magnitude

9P p tan’a o
8 (Cos’0 —Sin*e tana)%
~ acting through G'.

The cone is in eyuilibrium under the action of this force,
its weight viz. igoh®tan?a, acting at G where VG=%V %,
and the action of the hinge at V.

Taking moments about V, we therefore have
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Wgeps tan’d . 93 (%VC Sin CVZ/)
3(009'6-Sin’ Otan’a)
=}mgo h® tan’>a (V G Sin Z V Z')
or PP tan'a ey §Z'C=0h*tan’a(}3ASind)
(Cos0 —Sin’ftan?a) *

or, Pp* tana cos 0 sin 6 sec’a
(cos20—stn%0 tana ) 5'1
P p *cos 8 cos *a=0 ht[cos?6 cos®a — sin? 0 sinla]s’/®
= 0 h*[cos (0 — @ ) cos (6 4 a )]*/2

Ex. 9. If in the above example the density of the liquid
varies with depth according to the law u 2%, find the correspon-
ding relation.

= oh* tan *a sin @

Ans. u p* cos 8 cos®a= (r+4) o k4[cos (0—a) cos (9—}-0!)]%'

Ex. 10. A solid is formed by revolving a symmetrical curve
y=/f (), about its axis of symmetry which is O X, (vertex
being the origin O). It is divided by a plane through its axis
and the parts connected by a hinge at the vertex. The system
is now placed in a liquid with its axis vertical and vertex down-
ward. If it float without separation and % be the length of the
axis immersed and % the height of the solid, shew that

k(3 } kE 2
L {f+3m(k-—x)/fdx Jf dez
— > ° .

h 3 h 2
dex S d=

X

Let PO Q be the solid of re-
volution and let A Bbe the level up to
which it is immersed in the liquid,
Let it be divided by the plane L 0 M
at right angles to the plane of the
paper. Let O X be the axis of
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symmetry and O Y be L to OX in the plane of the paper and
0Z 1 to OXin the plane L O M. Consider first the entire
golid. Since it is in equilibrium we have by the principle of
buoyancy.

k k
go :'y’da: =gP o"y’dx,

where o is the denity of the solid and P that of the liquid.

k

Jof’dx

P 1
[f"’” M)

Now consider one half of the solid divided by the plane
O L M. The forces acting on it are:—

g -
5 =

(1) the weight of the half solid acting at its C.G.
viz G;

(i) the weight of the fuid displaced by this half of the
solid acting at the point G’ the centroid of the fluid
displaced;

(1:t) the pressure p on the plane O L M acting at ite centre
of pressure N; and

(iv) the action of the hinge at O.
Now (i) is evidently

w [F
S 2
9% Y d= acting at G, where y the distance of G {from the
0Xis
mw go‘ h2
5 y*da (1Y)
m™

o

x [k
599 | y'dx
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Similarly (ii) is

gP 7 k . : —- .
- | ¥? dz acling at G’, where 3’ the distance of G’
2|3 y

from O X 18
n Pk k4
— a ,,.-'_/__
5 gP hy dz ( 4 -)

” (k
é—gp y?* dx
< o
Evidently (ii1) is
k
2p y dz acting at N where
k
Zpyx de
ON= k ~ , p being g P (k—3}
J?py dx
Hence taking moments about O
(k
UL o
3 J.y dz X (% >
~——2gp y?dx
v e
x ( 4 (ke ’
w (h 59° oy’dw(gg) k 2pxyde
yv?fj.;!’ dx Xw 7 - ?pydx o E—
297 y?da 2pydsa
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k o0 [ k
or % °y‘ de >§}—, y3dx—2 §(k—-a:)y dz

(ke k 7 (h
or .y' de+3 Joxy(k-x)da:>9 °y8 de

(Ck
{ J e

{y’+*7(’ —w)v/}
— > a

ﬂl‘ B B T
y¥lx oY

v e

Ex.11. A hemisphere is just completely immersed with' ite
contre fixed and is kept at rest with 1ts base vertical by means
of a couple (&, determine for any values of P and ¢ the reaction
at the centre and the couple. ( Lripos pt. 1, 1915).

Ans. Horizontal componeut of Reaction == 7 a2gP

Vertical . , = ?5" a® (g—P)

;= wgf—g (o—2P).

4. 2. Body floating in a heterogeneous liquid:—

If the body is floating under the influence of gravity alone
in a heterogeneous liquid the positions of equilibrium are still
given by the principle of buoyancy proved in § 4.1. For the
resultant pressure on the floating body is still equal and opposite
to the weight of the liquid displaced by it. Only in filling up
the gap the law of density must be maintained i. e. the surfaces
of equal density must be continuous with those of the surroun-
ding liquid.

4. 3. General Principle of Buoyancy:—  The resultant
fluid pressure cn a solid hodv wholly or partially immersed in a
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fluid, which is at rest under the action of given forces, is equal
and opposite to the resultant of the external forces which would
act on the displaced fluid. For imagine the solid abolished and
its place occupied by the fluid This fluid is in equilibrium under
the action of

(i) external forces acting at each point «f the enclosed

fluid.

(ii) fuid pressures acting normally on the rurface (5)
enclosing the fluid.

Hence the resultant of (ii) is equal and opposite to that of
(). Now clearly the system (ii) is the san.e whether the tpace
inside S is occupied by the solid or by the fluid. [t follows
then that the resultant of the fluid pressures acting on the boun-
dary of the solid is equal and opposite to the resultant of the
external foroes acting at each point of the displaced fluid. It
ghould be noted that this resultant may not reduce to a eingle
force.

Hence if a solid is in equilibrium under the action of the
fluid pressures and external forces which act equally buth on the
golid and the fluid, the resultant of the external forces acting ou
the solid must be equal and opposite to the resultant of the
external forces acting on the displaced fluid.

Ex 1. A homogeneous liquid of density P surrounds com-
pletely a solid mass M of any shaps whatever. The solid and
the liquid attract one another according to the law of direct
distance. Prove that free surface of the liquid is a sphere.

A small cylinder, which is aleo attracted by the solid accor-
ding to the same law floats in the liquid. Show that it must
float with its axis oriented towards the centre of mass of M and

2d ( Ph—ach )z(q kr— P h/a)
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P,o being the densities of tho
liquid and cylinder, & the height
of the cylinder, &’ the length of the
axis immersed and d the distanc - of
the centre of the face nearest to the
centre of mass of the slid from it.

Siace the law of force is that
of direct distance, the resultant attractic n of the solid mass on duy
particle is in the direction of and proportional to the distance of
the particle from the centre of mass O of the solid. Taking O
as the origin, the equation of equilibrium is

dp=—PuMr dy

80 that p=4p M P (12— r’),é
where the radius of the fr.e surface where p=ois A.
Again the resultant attraction of the mass A/ on another

mass M’ is p MM'O P, P being the centre of mass of the second
body. Now the cylir.der is subject to two forces

(i) the resultant preseure of the surrounding fluid, and
(i1) ihe resultant attraction of M.

Force (ii) is evidently Mu (™ a’k ¢) O P, and acts along OP,
where a is the radius and P is the mid point of its axis.

Force (i) 18 the force which is equal and opposite to the force
acting on the fluid displaced. It is, therefore, Mp (a2’ P) 0Q,
along 0Q, %’ being the length of axis immersed in the liquid and
Q is the mid point of immersed portion of the axis, assuming
that a is very small compared with A.

. In order that the cylinder be in equilibrium O Q and O P
must be in the same line so that P,Q,0 are collinear. As P,Q are
two points on the axis, it is therefore oriented towards O.

Also Myp ma’h @ (OP)=Mp ma? k' P (OQ)
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h , K
or oh(d+3)=PK(d+3)

2d (P — ah)=(0 § — P A?),

Ex. 2. A right circular cone floats with its variex downward

in a rectangular tank moving horizontally with acecleration £
—1

Show that the axis of the cone makes an angle tan g with the

S

horizontal.
Find also the nature of {ree surface.

Ex. 3. A circular eylinder of radins a flo.ts in a rotating
liquid, itself remaining at rest witl; its axis vertical and a length
h unimmersed. Shew that if the cylinder is snfficiently long, it
will float in equilibrium with its upper rim in the surlace provided
the liquid is made to rotate with angnlar velocnry . v 97,_

(Triops PL.T, 1924)
4.4. Surlaces of Flotation.

In order to specily the oricniation in space of a toating
body take a point of the body say its C. G., G and draw out limes
GA,GB, . inall dircetivns fixed in the body, These lines
may be calied axes of orientation We may then specify the
orientation of the body by saying that GA for example is vertical
and directed downwards towards the base. For our present
purposes all positions of the body obtained by rotating it round
vertical G A must be regarded as equivalent

Plane of flotation is a plane (AB) which cuts off a volume
V such that the weight of volume V of the liquid is equal to
that of the body (W) so that W=gPV, P being the density of
the liquid. Volume V is called displacement.

The Section of the body by a plane of flotation is a plane
area, which is called the the Area of Flotation. In all possible
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positions of equilibrinm of a given body floating freely in a
given liquid the displacemen! is constant. For if we orient the
body in s ich a way that the axis of orientation L to a particular
plane of flotation is vertical, the plane of flotation itself being
made to coincide with the surface of the liquid, then by the first
condition of flotation weight of the body must be equal to the

weight of fiuid displaced so that V= ;Ig=oonst

* Hence without any reference to second condition (which may
or may not be fulfilled all possibls conditions of equilibrium are
exhausted by describing planes which cut off a constant volume

\—% 'from the body. All such planes are possible planes of
)
flotation for we have only to make the axis of orientation at

right angles to this plane vertical an.l the intersecting plane
coincident with the free surface of the liquid in order to make it
a plane of flotation.

Let us now considerthe envelopeof all the planes of flotation
cutting off equal volume. = Such a surface is called the surface
of flotation and is characterised by the fact that every tangent
plane is a possible plane of flotation.

Ex. Prove that in all cases two and only two tangent
planes can be drawn to a surface of flotation parallel to a given
plane.

4'5. A Theorem of Bonguer and Dupin:—

The point of contact of each plane of flotation A B with the
envelope surface S is the centre of gravity of the corresponding
area of flotation.

To prove this we use the lemma: — o

If we consider a fangent plane to a 4 = el I8
surface, the point of contact of this plane is 4’ L
found to lie on the line of intersection of this
plane and any other tangent plane infinitely
close to it. Thus the common point of the
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lines of intersection of this plane with nmghbourm,«_, tangent
planes is the point of contact.

Nowlet A B and A’B’ ba two planes of flotation inclined
at an 0 and infinilely close to each other. Let us take a system
of rectangular axes, the line of intersection of AB and A’B’ as
0X,0Y in the plane A B at right angles toOX, and O Z normal to
the plane A B. The equation of the plane A'B’is accordingly
z==y tan 8. Since the volumes displaced by the iwo planes are
equal, the volume enclosed in the angles A O A/, and B O B’ are
equal. Let dz dy be an element of the plane zy ata point P
(z,y) and let zbe the height of the point P’, which is the
intersection of the perpendicular from P on the plane AB, and
the plane A’B'.

Thus z=y tan 6.

The total volume enclosed in the wedge B O B will be
S S zdz dy, z being+ive and that in the wedge AOA’ will
be /S Sz dz dy, z being—ive. Volumes in the two wedges
being equal numerically

S Szdz dy=o,

1ntegrat10n being now extended over the whole area of
flotation in the plane AB.

or, /'S ydody=o, as 2=y tan 6’
or y=o.

Thus the C.G. of the area AB lies on OX ie. on the in-
tersection of the plane of flotation (A B) with any other plane
infinitely close to it. Thus the C. G. is the point of contact of
the plane with the surface of flotation.

Centre of gravity, C, of the mass of the liquid displaced is
called the centre of buoyancy. The locus of C for various
positions of the plane of flotation is called the surface of
buoyancy.
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Ex. 1. Prove that the tangent plane at any point C to the
surface of buoyancy is parallel to the corresponding plane of
flotation.

Ex. 2. Prove thit so long as no part of thos base of a
right circular cone float:ng in a homogeneous liquid with vertex
down-wards is submerged, surfaces of flotation ai.d buoyancy are
hiyperbloids of revolution.

Let VP be the perpendicular from V on any plane (AB)
cutting the cone and 6 be the angle between VP and the axis
of the cone. The plane through VP and the axis of the cone
will cat the cone ih two lines VA and VB which mterseet the
givea plane in the points A and B which are the extremities of
the major axis of the ellipse.

T = P VB= __.P_

thon VA= by VB= Galimw
2

VAVB= . . & .

Cos (6+a) Cos (6’ —a)

If V is the volume of the displaced liquid,

V =} p (area of the ellipse)

_ ™ p® tana

3 (Cos?0 — Sm’ﬂtanza)g
(See Ex. 8 § 4°1)

0 that - PE_,.‘-., - =Cons,

[Cos(6+a) cos (6— cz)]1g
or VA. YB=Cons.

Since C the centre of the eliipse is tha mid-point of the
line AB, the locus ot C will be a hyperbola with VA, VB as its
asymptotes, for varying porstions of A B. Hence for all possible
positions of the cutting plane the locus of the centre of gravity, of
the area of flotation is a hyperbloid generated by the revolution
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of this curve about the axis of the cone. It follows then from
the theorem of Bouguer and Dupin that this is the surface of
flotation. ‘

If H be the centre of buoyanecy in any position, then H
lies on the line V C such that V H =%VC; so tha~ the locus of
H,—surface of bnoyancy, is a similar hyperbloid. .

i

Ex. 3. Find the surfaces of buoyancy and flotation for an
ellipsHid and deduce from this those of an elliptic eylinder.

Ik'x. 4. Find the surfaces of flotation and of buoyancy in
the case of a cylinder of any cross saction.

Liet O be the centroid of ths base and OZ, normal to the
base, the line of centroids. !he centroid of the cross section hy
any plane of flotation is the point where O Z intersects it. Thus
all possible planes of flotation meetin one point, which is acco-
rdingly by the theoremn Bougner and Dupin, the rurface of
flotation.

If U 2,0z Ozbetaker asrectangular axes and the equation of
the cutting plane as z == la + my+-e¢, the coordinates iz, y, 2 )
of the centre of lmoyancy are given by

S S rzdedy field of integration
SS2dzdy being the base.

zé{ffx(lw-f-my +c)da:dy}
v Vz = al 4hm,

where n = [ S o dady h=/ [ zydxdy,
SS vdedy=/)Sydx dy=o.
Similarly
Vir-ffyzdxdyr—ffy(lw-}-my-l-c)dwdy
== (% 4 bm),
where b == /" /S y* da dy

x =
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Also Yz=4& /S 22 dzdy
=b(al? +2hlm+ Im?)+3§c? A

Alsy A c=V.
Eliminating I, m from these we have
@z=a) = (ba*—2hzytay’
\' ab — A%

Thus in the case of a solid box bounded by planes x = Fd,
y =Fe, 2 = k floating with the base 2=0 wholly immersed,
we hiave

S St dz dy= g’ (4de), S/ S y2dw dy =§”(4de)
SSxydedy=o;

so that the surface of buoyancy is

%—c _ _B3a® . 3
\% d2(4 de) e2(4 de)
WLy Bdes _
or ,z b +"é z 3V 3}:
asV=4dec

Ex'5. Prove that the curve of buoyancy in the case of a
rectangular lamina is a parabola.

4.6, Metacentre:—

Let C N, C' N/ be normals to the
surface of buoyancy at C and C/
Draw pp/, the shortest distance line
between the two normals, then p is
called the meta-centre corresponding
to the line of intersection of the adja-
cent planes of flotation A B, A’ B/,
—called the axis of inclination O 2
It is obvious that pp’ is parallel to O x for CN and C' N’ are
respectively perpendicular to planes A B and to A’ B..




The metacentre p is situated in general betwecn the two
centres of principal curvature M and m of the surface of buoyancy
(C) at the point C. It coincides with one of the centres of
curvature M or m when the axis of inclination Oz is parallel to
one of the principal directions of the surface (C) at the point C.

This theorem is really a general theorem applicable io
curved surfaces and therefore also in narticular to a surface of
buoyancy; we proceed to prove this theorem.

Take the point C as origin, CN the normal at C as Z-axis,
and CX, CY in the direction of principal radii ax axes of X and
Y. The equation of the surface in this system of axes with the
usual notation may be written as

z=§ (r,2% + t,y% ) +..., for small values of z and

W ;1— y ~t]i being the principal radii of curvature at C
] ]
Thus CM= >, Cm=-1 .
The equation of the normal /N’ is
g—:{ = Y_-l/ = Z:_g == r._._.—_-_ =
P 9 —1 1+p*+q*

Let CV be the projection of pp’ on XOY plane. Ciearly
since pp’ i8 normal to Cp, pp’ will be parallel to CV and Vy’
=Cp Le. the Z—coordinate of p is equal to Z—coordinate of p’
Now let the direction cosines of pu’ be (I, M, N} then since pp’
is perpendicular to C p and C'p,/

N=O,andLp+Mg=0.

Hence the direction cosines of CV are are (L, M, o) where
L p+Mg=o0. The equation of the plane CV p’p is accordingly
Xp-}-Yq-":o. We now require the z— coordinate of ', the point
of intersection of C'w’ with the plane Xp-+Yq=o.

Any point on the line being given by (z-+p\, y+4gX\,— 2\)
we have
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p (z4pNtq'y )=,

so that \ = — P r+qy.
rt+e
Hence Vp’=Cu= =54 PTT 9;1'957
_ (r )+ t'l/)y
A o x® 4t Ty?

substituting for p and q from the equation to the surface.

Now in the limit when C’ tends to C,r, %,2 tend to zero in such

a way that the ratio % tends to the limit tan @ where @ is the

angle made by the limiting direction of CC’ with CX.

. t tan’e
o le z:::C = 4,29.-1-__9_,...____,
b Ft tan’a
The limiting value ot Cp lies therefore, batween L and Lo

r, t,
te. p lies between CM and Cm. In the particular case when

w . . . , . . .
a=o0or 2’ 7.e. when the direction of CC’ coincides with one of

the principal directions of the surface at C,— Cu=CM or Cm.
The centres of curvatures M and m correspond to the maximum
and minimum of Cp and may be called the ‘major’ and ‘minor’
meta-centres respectively relative to the point C.

4. 7. If Ibe the moment of inertia of the area of flotation
having an axis of intersection Oz, about this line, the meta-
centre p corresponding to the axis is at a distance IfV from
Gi. e Cp=1V.

»

Fig. (i)
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Figure (i) shows the infinitely close normals CN and C' N
with pp/, the shortest distance line between them. Draw e un
parallel to C'N’ and let e be the projection of ' on the plane
contaiming CpN aund e un.  Fig. (ii) represents the section of the
body by the plane epN and C pn. Rince pp’ 1s parallel (o the axis
of intersection (See §4.5) and pp’ is normal tothe plane con-
taining CuN and e pn, it follows that the axis of inter section
is also normal to this plane (the plane of the section shown in
Fig. 1)

Let Nun==0

Take as before for y —axis a hue perpendicular to Ox in the
plane AB, and 0Oz as vertical. Let (x, y, 2) be the ceordinates
of a point p’ or ¢’ of the plane of flotation A’B’ relative to these
axes, we have then

z=y tan 6,

Let dz dy be an element of area of the plane of tiotation AB
pliced at p or ¢, the moment of intertia about Ox is there fore,
1=/ /S y* dx dy, inlegration being over the area o1 flotation,
Let us apply to all the elements of the volume displaced in the
1st case limited Ly the horizomal plane AB fictitious forces in
the vertically wpward direciion equal to the volume of the
element. These forces then have a resultant equal to their
sum viz. V acting at their centre of gravity C along the
direction CN. '

Similarly let us apply at each element of the volume displ-
aced in the second case and limited by A’B’ forces equal to the
volume of the element but acting vertically downwards. The
resultant is again a force V acting at C' vertically downwards.

The resultant of these fictitious forces 18 a couple whose arm
is C'D, being the distance of C’ from the normal CN. The result
may be calculated in another way as follows: The forces acting
at the common elements of the two volumes cancel each other
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Yieing equal and opposite; there romain thereforé only the forces
applied to the elements of volume in the wedges AA’ and BB’
An elementary cylinder pp' based on dx dy and of height £ i
the 1st wedge is acted by a vertically downwards force of
magnitude zdwdy, the volume of the elementery cylinder. The
moment of this force about Oz is yzdaxdy Similarly the volu-
me of the cylinder ¢¢’ in the second wedge is acted upon by a
veitically upward force, whose moment about Oz is ¥z de dy.
The resultant of the forces in the two wedges being known to he
a couple, the sum of the moments of these forces about Ox is
equal to the component of the moment of the couple in a plane
normal to Uz.. Thus /S ys dx dy= V (projection of the arm
of the couple,C'D in Fig (i) on a plane normal to Oz i e. the
plane of the section in Fig. (ii). == V.eD.

But for every given z, whether of pp' or of qé’, 2 18 equal to
ylanb -
8o that tan 6 /" /S y* de dy=V.e D.

I 3 eD:.
y=lim e
Also, from the A p D e, whose angle at p 18 6, we have

e ‘

tan an 6

or,

=D n
The point D is mﬁmtely cloee to C, in the hmlt therefore,
Dp = Cp. :
Hence Cu=Il/V.
48, Positions of equilibrium:—

The conditions of equilibrium’ according to thLe principle of
buoyancy are - Voo

() the volume V of the immerted part is equal to Zg , W
being the welght of the body, and P the density of the

liquid. The free surface is a tangent to the surface of
flotation.
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(ii) The line GC must be vertical i.e. normal {o the surface
of flotation AB. But as the surface of flotatin AB
is parallel to the tangent plane to the surface of
buoyancy at C (Ex. 1 § 4.5), GC is also normal to the
surface of buoyancy. The centre of buoyancy corres-
ponding to a position of equilibrium is therefore the
foot of a normal from the centre of gravity G to the
surface of buoyancy.

Conversely every normal GC dropped from G to the surface
of buoyancy .will correspond to a position of equilibrium obtained
by immersing the solid up toa volume whose centre of gravity
is the foot of the normal considered. Tu this position G can bo
above or below C.

It follows then that the orientation of the flacting body in the
position of equilibrium as well as the nature of equilibrium
(stable, unstable or neutral) is the same as those of a heavy body
bounded by the surface of buoyancy resting on a horizontal plane.
From this theorem it is easy to deduce the necessary and sufficient
conditions of stability of equilibrium.

49. Equilbrium of a heavy solid on ahorizontal surface. We
shall employ the well-known theorem of Statics that when a heavy
gystem is in equilibrium, the necessary and sufficient condition
of stable equilibrium i8 that its centre of gravity be as low as
possible i.e. lower than when it is in any of the neighbouring
positions.

Consider now a heavy solid bounded by a surface < convex
at a all points and resting on a horizontal plane
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Let G be the C. G. of the body, GH its distance from the
fized plane. The positions of equilibrium are obtained by
determining the positions in which GH is maximum or minimum
the positions in which GH is minimum being stable and those in
which it is maximum being unstable. (The segment GH must
be regarded as positive or n~gative according as G 18 above or
below the horizontal plane. The C.G. can be below the horizon-
tal if it 18 external to the body asin fig. 11.)

Let O be the point of contact of the body with the horizontal
plane, then the necessary and sufficient conditions of stable
equilibrium are:—

(i) The C. G must be on the normal at O;

(1) Tt must be below the two centres of the principal curva-
tura of the surface relative to the point O.

The first condition is evident, for if there is equilibrium it is
necessary that the weight of the body acting at G must balance
the rcaction of the plaue acting at . The reaction at O there-
fore must pass throngh G, so that GO must be the common
normal to the plane and the surface at O.

The first condition being fulfilled; for equilibrium to be
stable it is necessary and sufficient that in the position of the
body considered, the distance of G from the horizontal plane be
less than in all other positions infinitely near to this. Instead
of leaving the tangent plane fixed and displacing the body it is
more convenient to regard the body as fixed in its equilibrium
position and move the tangent plane. It is necessary and suffi-
cient for equilibrium to be stable that the distance GO of G from
the tangent plane at O is less than the distance of G from other
tangent planes at points O’ infintely close to O.

Take O as origin, the tangent plane at O a8 2oy plane, and
the principal directions of the surface at O as axesof z and y,
and let Oz be on the same side as the surface.
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Let O’ (=,y,2) be any point close to 0.

Let the equation of the surface be
=} (r2’+ty’)

oM=1 om=1 + ~being the principal radi of curvature.

"e o

The equation of the tangent plane at O’ is
(4—2)=p(X —2)F (¥ -y
The distance of G (0,0, §) from the plane is
=t~ s+ pr+0y) NTFp 4%
Now at the point O, p=q=g=y==2=0, s0 that at 0’ a

point mﬁmtely near, O, these qu.mmles are very smalil. Hence
the expression for G H has the same sign as §.

G H =[5+ Y@+t J (14221, 2y, )-%

substituting for p,g and z from the equation of the
surface.

Expanding in series of «? and y? the expression on the R.H.S.
we have up to terms of the 2nd order '

G H=5—1%r 2"+t ’y’)+5(row°+t°y°)
=844r" 2 ( —--~§) it y‘ =8+

For the value of G H to be minimum it is necessary and
sufficient that the coefficients of #’and y° be positive.
or, t<l and 3<l
r o t.

t e.S<OM, and §<Om.

Hence G must be below the ‘minor’ ‘meta-centre,

W

Remark I: In this we can mdlﬁ'eginﬂy su‘ppose t§ point G
to be interior to the surface, regafd” being .had to:@e proper
sign of G H.
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.Reﬁ;@rk Ii: The necessary and sufficient condition that
the equilibiium”of a floating body be stable is that G must be
below m, the mibor meta:centre.

We have al"r:eady sean that the distance

1 .. ..
3m=-\‘37-’ where I, =the minimum moment of inertia of the

plane -of flotation with respect to au axis passing through its
centr-.

Hence for stability of equilibrium

I,
CG £ v
4. 10. We shall now prove the necessary and sufficient
condition of stability of equilibrium by another method.

In § 4. 6 it has been pointed out that when the direction of
CC’ coincides with one of the principal directions of the surface
of buoyancy at C, Cu=CM or C m.

In this case the normal at ¢’ to the surface interects the
normal at C and ‘p, p’' coincide with the point of intersection.
The axis of intersection in the area of flotation is a line
paral'el to the line of intersection of the tangent planes at C
and C so that the axis of intersection it a line through the centre
of gravity of the area of flotation parallel to one of the principal
directions of the surface of buoyancy at C. There are accor-
dingly two such axes of intersection corresponding to the two
principal directions of the surface of buoyancy at C. IfI,, I,

he the moments of inertia of the area of flotation about these
VPP | 1,.
axes then by §1-6 CM =% C m=yf
Since CM and Cm are the maximum and minimum value of
Cp(-zé), I, being the moment of inertia about any line

through the centre of the area of flotation, it follows that I,
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Z 1 £ 1,,s0that I, and I, are the greatest and least moments
of interia of the area of flotation. Consequently the corresponding
axes are principal axes of inertia. Consider now a rotation of
the body about any one of these two axes through a small angle
6. In the displaced position, a vertical force W =(gPV) acts
through G parallel to C'M, which is the vertical in the displaced
position and the fluid pressure gPV acts vertically upwards (ic.
along C’M) through the new centre of buoyancy C’. Hence
assuming G to be below M, the moment of the restoring couple
i8 G M Sin 6 (gPV) and is about the same axis about which
the body is rotated.

gP V. G M Sind=¢gPV (CM—CG)8, 9 being small,
=gPV('2 —hys
=gP 1, —Vh) 6.

If on the other hand the body be rotated through a small
angle 6’ about the second principal axis of inertia of the area of

flotation the moment ot the resloung couple about the axis of
rotation is gP (I, —VA)8’.

If the body is rotated through a small angle about any axis
through the C. G. of the area of flotation, it may be resolved
into two swmall rolatious 8, 8" about the principal axes of inertia.

the restoring couples set up, therefore, will have moments
gPI,—V&Z) 6 and gP(I, -~ VA0

In ovder that the equilibrium be stable 11 is necessary that
[l =0G 1_5 ’
v andA=CG <V'

these moments be positive, so that A=CG<
Conversely if k=C G< I—,’-(where I, <I,)the two couples

have positive moments and tend to restore the body to its equili-
brium position.

Ex. 1. A solid cylinder of radius a and length % floats
with its axis vertical. Find the c.udition of stable equilibrium.
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Tf the length immersed is 4’, we have
g7 a*h'P=Ta2hgo

s b= ’fg'

=1
0Cc=%,06= %, %0 that 0G="7"*

For stability
(7a*) a*)
I _ 4 _a*
CO<y= v =i
h-W
o Ty <4h’

Ex.2. A uniform right circular cone of specific gravity o, whos.
base is an ellipse of semi axes a, b (a>b) and whose height is 4
floats freely in water with its axis vertical and vertex downwards.
If the equilibrium is completely stable, shew that

(h J‘_*_b t) \/

If &’ be the height immersed, then by the principle of buoyancy
A
-’igp oa=Ngp a’ =% g0 )

or, T L (1)
A being the area of the base and A’ of the plane of flotation.

The plane of flotation is an ellipse whose axes are (ah b: )

27 /2 q¢ 2
hence T,, the moment of inertia about major axis is ~— I;’;a, aZf’

Also O G =%k and OC==}#',C bemg the centre of buoyancy

For stability CG =h~H)< 1‘17
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o BW(mabl
or, ¥k K-‘ZP‘»%%%

a(r_ 3y < 867
0!',:(’3 ’I)<4hz

or, 3 < (R348 = (R 44%) 4 o*

80 thdf o> (ha +b2)
Ex.3. If a solid cone of density ¢ floats in a liquid of density
P show that the equilibrium is stable if

(1) > \/ (‘ )q 1; vertex downwards-

> ), P
i)y k \/( P—¢ ) =1, vertex upwards,
.k being the radius and height of the ccne.

Ex. 4. A thin rectangular strip of uniform material having
sides of length ! and 7a is bent into a channel of semi cireular
section (radius @ and length [, with open ends and immersed in
water. The specific density of the material is j.

Confining attention to positions in which the straight edges
of the channel are horizoutal, show that there are two configura-
tions of stable equilibrium. Are there any configurations of
unstable equilibrium ?  (Tripos pt. 1 1927)

Ex. 5. The radius of gyration of the section of a ship at the
water level is 20 ft., and the volume of water displaced is 24 A
cubic ft. where A is the area of the water line.  Assuming the
curve of buoyancy to be a parabola show that if the C. G. of the
ship is §/ above the meta-centre, the ship will heel over through
about 5° into a position of stable of equilibrium.

(Only rolling displacements are to be considered)
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Let the centre of gravity G be on the axis of the parabola
of buoyancy and let m be the corresponding meta-centre.

Then _ Ak? _ A(20)* _ 50
Om = =3~ 24A"3ft

OG=Cm+ (50 L)t

Also since C m = radius of curvature of thé parabola at the
vertex = 2a, 2a being its semi latus rectum.

'Phus %:?m

Other positions of equilibrium are obtained by drawing
normals from G to the parabola,
Ifp be the slope of a normal, its equation is
y=p ax— 2a p — ap®.
Since it passes through G ( = 50 —|- 16 ’ o)
we have

50 4L 1y o apt =
( +16) 2ap— a p® =

The solution p=o0 corresponds to the position in which the
axis is vertical.

b The other two solutions give the oblique positions of equili-
rium.

We have then
aw ( 3 16 ) 2a
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Thus if the angle between the normal through G and the
axis of the parabola is 8, tan 6 =. 0566

or §=5° approx.

Thus if the ship be rolled through 5° on either side of the
position in which O G is vertical, the oblique positions will be
positions (f equilibrium. Since the intermediate position is of
unstable equilibrium ((+ being above the metacentre: these posi-
tions will be stable as positions of stable and unstable equilibrium
occur alternately.

ix. 6. A beam of leagth [ and density o has a square
scction ABCD of side a and floats in a liquid of density P(>g:
with the side ! horizontal and A B above the surface of the
liquid.

Prove that a beam of" the same dimensions but of density
P—o will float in the inverted position with the same plane
soction in the free surface.

If g—«(l—-g) <& shew that the only position of equilibrinm

i8 horizontal and that it is stable for small displacements about

the length .
(L C. 8. 1934)

Ex. 7. A uniform solid cone of semi vertical angle 30° and
specific gravity } floats with vertex downwards in water with
the axis vertical. The vertex is loaded with a particle whose
mags i8 n times the mass of the cone. Show that the equilibrium

is neutral if

3v2
1g= 2¥2
-+ 1

. (L C.S. 1921)
iHint : Here CG=CM.)

. Ex. 8. Prove that an isosceles triangular prism or wedge
floating with its base not immersed and its edges horizontal has
three or only one positions of equilibrium,
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In the former case the position with
base horzontal is unstable, whilc in-the latter —
case il is stable.

Let the wedge float with its edges
horizontal and let & d be any plane of flotation, Y
Taking oblique axes AB and AD as axes of X
and Y we fiind that the coordinates of the

centre of gravity of the triangle A b d are (%’ E‘) whero
A b=X, Ad==Y.

Since the weight of the wedge ABD is equal to the weight
of the volume of fluid displaced by it, we have

$(AB) (AD) Sin 2a. gol=1XY Sin 2agPl. g )

! being the length of the horizontal edge.
XY = p’g , where AB=AD = p.

The locus of the centro of gravily C of the triangle Abd is
therefore the hyperbola

— p'c )
XY= P e (D
Clearly AB, AD are the asymptotes of this hyperbola. The
surface of buoyancy is therefore a hyperbolic cylinder whose
asymptotic planes are the sides of the wedge.

The positions of equilibrium are given by drawing normals
from G to this surface. Since G is on AE, the bisector of the
angle BACG, G is a p.int on the major axis of the hyperbola.

Now it is easily proved that from a point G on the axis of
a hyperbola, either three normals can be drawn or only one
according as
> at+bt . . .
AG T, b being the major and minor

aXes.
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Also if 2a be the angle between the asymptotes of the
hyperbola, we have

tan @ = b ;
a
] 2 ]
and 2 -:b -'=];: , since the equation of the hyper-
s
bola with asymptotes as axes i8 XY---E-—-;%'—Z—Lz = %’; by (1)

Thus there are three positions of equilibrium or only one
acecording as A G =§pcos a za(l +tan*a) =§ P \/gcos a sec’a,
or according as,
Cos* a z\/g .
If cos*a™> \/g , there i8 only ore position of equilibrium
which is the position with its base horizontal.

One of the principal sections of the surface of buoyancy
i the section by the vertical plane perpendicular to the edges of
the wedge, the 2nd being normal to this. If K be the "vertex of
the hyperbola, K M, the height of the minor meta-centre,

= (radius of curvature of the hyperbola at its vertex K)

= d*/a=a tan*a= gp\}g cos @ tan3a
Hence AM=A K+KM = %p \}g cosa (1-+tan*a)

¢ z:g «\j;
3p \PSGOQ.

The necessary and sufficient condition of stability, as we have
seen, is that G be below M so that
AG<AM

or, gp cosa<§\)gma
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Or, cos?a <\jg , which is also the condition that there is
only one position of equilibrium.

Thus if there is only one position of equilibrium the position is
also stable. On the other hand if cos?a > \/g , there are three

positions of equilibrium, but the intermediate one viz. horizontsl
position, is unstable. The other two must therefore be stable in
accordance with the well-known principle that positions of stable
and nnstable equilibrium occur alternately.

KEx. 9. Find a solid of revolution such that when a seg-
ment of it is immersed in a liquid, the distance between the
centre of buoyancy and the metacentre may be constant, whatever
be the height of the segment immersed.

(Tripos part 1 1939)

Take the origin, O of the coordinates at its lowest point, the
axis of z being vertically upwards and that of y horizontal. Then
if (x,y) are the coordinates which determine the surface of flota-
tion in the ax¢ally vertical position and (a’,y’) those belonging
to another parallel plane, we have at once

ﬂy’(% )
CM=I)V= T .
" . yf!d”f
4

2~ if CM is coustant and equal to m, whatever # may be,
we have

L4 T 4
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3
Differentiating ¥ % =my?

SoYi=2m a.

The generating curve is, therefore, a parabola, and the solid
of revolution is the paraboloid generated by the revolution of the
parabola about O 2.

Ex. 10. Find the solid of revolution such that when a
segment of it is immersed in a liquid, the height of meta-centre
above its lowest point is independent of the segment immersed.

(Ans. Anchor-ring, formed by the revolution of a circle about
a tangent),

Ex.11 If the height in the above example were a function
$ (2, y), z,y being the coordinates characterising the plane of

flotation, show that the differential equation of the generating
curve is

FREAT S R N
do a$ | dy d¢ l> o
L dx ' dz dy J

Ex. 12. The cross section of a cylinderical ship is two equal

arcs of equal parabolas of latus rectum 7, which touch at the keel,

the common vertex of the two parabolas so that the sides of the

ship are concave to the water. The ship is floating upright with

its keel at a depth 2. Prove that the height of the metacentre
above the keel is

3, A
B (S

Ex.13. A solid of uniform density ¢ floats partly im-
mersed in a homogeneous liquid of density P. Show that a solid
of the same size and shape and of uniform density (P — o)
can float inverted with the same plane of flotation in the same
liquid; and that if the equilibrium is stable in one case it is also
stable in the other case for like displacements.
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4.11. Equilibrium of a vessel containing a liquid: —

Suppose a vessel containing a given volume of
liquid of density P floats in a liquid of density P'.
If the vessel receives a small angular displacement
there will be a force of buoyancy due to the exter-
nal fluid acting upwards through its metacentre M;
the line of action of the contained liquid acts along
the vertical through its new centre of gravity and it
intersects the line G M in M, the meta-centre of the contained
liquid. This force acts downwards. (It is assumed that the body is
symmetrical about the plane of displacement through its centre
of mass and that the centres of mass of the body and of the liquid
are in the same vertical line). Taking moments about G, the
resultant fluid pressures will tend to restore equilibrium or reverse
it according as

W.GM- WGM, <

W > GM,

% W < GM -

kx. 1. Consider a cylinder containing water floating in a
liquid of specific gravity w with its axis vertical.
Let & == height of the cylinder,
%', the height of the contained water.

Let d be the depth of the cylinder in the given liquid, and
a be the radius of the cylinder.

Than .\v '=Tatgh' P

W = 7a2gd Pw
Again GM.=OM 0G=0C + CM~-0G
= + _9_’.[4 _hk

-
GM, = 0311—0G=OC’+C’M1—OG
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_+ 2/4 A

- For stable equilibrium

_GM, _ 22 4 a®—2hK (l <. W __dnw
GM 2d*+a*—2 dh W ow

k'3 4 a%— 2N

24't + a*—2dh

or, < w.
Ex. 2. Establish a similar relation for a right circular cone
floating with its asis vertical and containing some liquid.

3 ‘) I sec?a— 8k

9 2 sec’a B4

Ans. ( %, ) >

!

where 4 =the length of the axis of the cone,
= " in the contained liquid,

z=th. length beneath the surface of the external
fluid,

and @ =the semi vertical angle.

Ex. 3. A paraboloidal cup, the weight of which is w, standing
on a horizontal table, contains a quantity of water, whose weight
ismw. If% be the height of C. G. of the cup and the contained
water, the equilibrium is stable if the latus rectum of the
parabola is

> 2 (nd41) A

Let the equaiion of the parabola generating the paraboloid
be y? =4 az, axis being O z and tangent at the vertex }eing y-
axis.

Let 2 be the height of the water in the cup, then O C, C being

the C.G. of the contained water,
= 1[0_’5_2 z dw = _.fo'm’dw
T[Syt de JSx de

.'::-gz,
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Let the height cf CGr of the cup above O be %

kw+nw(3z) _ k+3ns
w0+ nw n+1

then 4 =

Height of meta-centre above C.

Thus in the subsequent displacement the weight of the con-
tained water must be imagined to act at M i.e. at height % 3+ 2a.

. M the wetacentre of the system is given by

OM = @k +nw(3z+ 2) — 2an

) o —

w(n -+ 1) A+l "’

Also the rads of curvature R, of the paraboloid at the
vertex = 2q.

Hence from a well known result in Statics we have for stable
equilibrium
1

-—j...>v\ =

OM

o, L
h -+ 2an

n+1
4a>2(0m+1)A

Ex. 4. A cylinderical vessel, the weight of which may be
ueglected, contains water, and the vessel is placed on the vertex
of a fixed rough sphere with the centre of its base in contact
with the sphere. I'ind the condition of stability for infinitesimal
displacements.  Prove also that if the equilibrium be neutral for
such displacements, it is really unstable,

|~

> -, which leads to

L
Z2a

Ex. 6. A hemispherical shell, containing liquid is placed on
the vertex of afixed rough sphere of twice its diameter; prove that
the equilibrium will be stable or unstable according as the weight
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of the shell is greater or less than twice the weight of the
liquid.

Ex 6. A thin vessel in the form of a surface of revolution
contains a given quantity (volume V) of homogeneous liquid of
specific weight w. It rests with its vertex at the highest point
of a rough curved surface, prove that the equilibrium is st=hla
or unstable for lateral displacemnts according as

Vot W)R > or <(XTR ) (Ve + T + W) ,

where W is the weight of the vessel without the liquid, I the
moment of inertia of the free surface of the liquid and 4, / the
heights of the centres of gravity above the vertex of the vessel
and the liquid respectively, R,R’ being the radii of curvature of the
vessel and the fixed surface in the plane cf the displacement.

4. 12, Stability of a body floating in two liquids.

Let a solid float in two liquids of densities P and P -+ P
the former being above the latter. Let V be the volume of the
solid immersed and V' only that part of the volume which is
immersed in the second liquid only. lLet A,A’ be tho areas of

flotation of the two liquids.

We may evidently suppose the volume V to be immersed
in a liquid of density P and V' to be immersed in a hquid of
density F’. The forces which support the weight of the budy are
gP V and (4P'V’) acting upwards at Hand H', the centres of
gravity of the volumes V and V’ supposed to be homogeneously
filled. Let G be the C.G. of the body. We shall consider only
the simple case in which the body is symumetrical with respect
to a vertical plane perpendicular to the plane of displacem nt so
that G,H,H’ are in the same vertical line,

Let the body be displaced through @ about any horizontal
axis in the plane of symmetry, the moment of the restorative
couple will be
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gP (I, — V. HG) 6 4 gP’ 1, — V" H'G) 6,

I,, I, being the moments .of inertia of the areas of flotation about
axis through the centres of gravity of these areas.

For stability of equilibrium
P{I, — V.HG) > P (V HG—1,).

lix. 1. A uniform liquid of deunsity ¢, overlies avrother of
greater dewsity o, and a body with a plane of symmetry floats
with its plane vertical so as to be in contact with both liquids.
Prove that the meta-centric height from the boiton of the body is

(2. V. + K 2A)) (0, —0,) + (2, Vz%__‘!:;Kz,f_ég)__gu__
Vi(e, —0,)+ V, 0,

where V, is the volumme submerged in the lower liquid, Z, the
height of the centre of buoyancy «f this volume above
the lowest. point of the body, A;, K, the area and radius
of gyration of the lower “water line”; and V, is the whole volume
helow the upper “water line’, 2, is the height of the centre of
buoyancy which this volume would have if it were submerged in
a single liquid, and A,, K, refer to upper water line.

(Tripos Pt. II,1921)

4. 13. Stability of a body floating in a heterogeneous liquid.

It should be noted that when a body floats in a heterognee-
ous liquid, which is subject to the action of gravily, horizontal
planes are surfaces of equal density.

Consider now a heterogeneous liquid arranged in horizontal
layers of equal density viz. the topmost layer of density P, next of
P,+4P,, nextof P,+4P,+4P,, ete. Let the volume of the solid
cut off by these layers be vy, vg, v5 .. eto. andlet H, H,, H,...
be the centres of gravi ty of these volumes when homogeneously
filled. Let A, A,, A, ... and k,, k,, k3... be the areasand radii
of gyration of the sections of the body by the layers of equal
density.
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The forces called into play by the immersion of the body
in such a system are the same if the volume v, of the body were
immersed in a homogencons liquid of density P,, v, w that of
density P, v, in that of density Py etc. '

Now if the body be displaced through a small angle 6 abous
any horizontal axis in the plane of symmetry (assuming that it
had one), the moment about G, the . G. of the body, of forces
tending to restore equilibrium are

9P (A k2 —v . H G )6, gP, (A, k,2—v, H,G) 6,...

.. Total moment

n )
=g {z Po Ap ku? —(Py v H G +P,0, H,G+..)) j(
1

Now if masses P, v,, P; v,, .. act at 0, H,, ......

n
then (P; v, +P, vy 4+ ... ) HG= =P, v, H, G,
) 1

where 1 is the centroid of the liquids displaced by the body.
n
=P, v, H. G = (HG) M,
]

Mo being the mass of the liquids displaced by the body.

Hence the total moment of the couple is
n
g { me A, kb, —M, (HG)} 0.

Che case of a heterogeneous liquid whose density varies
continuously is immediately dedueed from this by dividing the
liquid into an infinits member of inflnitely thin layers.

Let the functional relation between P at any point aud its
depth z below the horizontal surtace of flotation be given by

P = f(2).
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Considering two consecntive layers of density P, + P;+...
P.,,and P, 4 P, 4...P, at depths £ and z and z-}dzwe see
that Pr, thedifference between their densities,

=f (s+dz)—f (2)
s

Hence in the limit the expression

4 m
, 2
2 Py Aula=P, Ak, 22P_Aml,m

=P, Ak, + [ Fars) Py,

where 4 18 the depth of the lower most layer.

Moment of the restoring couple is
ga{ PLA K, 2+f"Ak2;£dz~—M.,HG |
For stability of equilibriun, we must have

P ALK+ ffAk* 3{dz> M HG

P oA+ [A 12 g
or, G <1 T e T

1
M

|

. Metacentric height HM= { P,ALE, ’+thk’ g{dz}
Remark : P&k, + [ Aaks e

=P, A k,*+ [Afa’ﬂf"f:' Fd(Ak?) -
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= AP, — f hoa(ar).

- f " Pd (Ak%)= f Pd (Ak?)

if the solid does not have a flat bottom.
Hence for solids without a flat bottom, metacentric height
H M= .ﬁo f 4Pd(Ak*) the limits o and % refer o the top and

and bottom sections.

Ex. 1. Show that in order that the equilibrium of a right
circular cone of semi vertical angle @ floating in a liquid whose
density is directly proportional to the depth, be stable cos * @
_ 4N
™ Bh
height of the cone.

where %’ is the length of the axis immersed and % is the

Here soctions by horizontal planes are circles. - Consider a
section by a plane distant 2 from the vertex. Then.

o Ptan’a

A=7 (z tan @), k? i

SAR = ;—z*tan ‘q,
The required condition of stable equilibrium is
ot U
f Wpg (7 2 tanta)
o - \a? |
/
f/" P (722 tan’a) d»
®

f L’Pz'dz

< tan’ @ T
f P2ds
3

~5—ia‘ tan? @, since P=p (A'—2)

HG <

<
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{’ z ("P2? tan %a) dz

Also HG=% h—: ~—7-, —
) f T 2% tan *a Pdz
5, 8.
=yt 3

tlence the required condition 1s

— 7&< (l+1dn b = ‘}t' Sec * «
4 ¥,

5 h

Ex. 2. Determine the condition of stability of a solid
homogeneous cylinder of radius a und.:r the same circumstances.

[Ans a 3= #(h—3 W)}

Ex. 3.© A heavy homogeneous cube is completely immersed
with two faces horizontal in a fluid whose density=/, times the

7
cube of the depth. Prove that the meta-centric height is & '1%?)'1\,1

or, cos ‘a < -

where M is the mass and a the length of an edge of the cube.

Ex. 4. Find the metacentric height in the case of a solid of
a revolution formed by the revolution of a curve y = f («) about
x — axis, floating with vertex downwards in a liquid whose
density at depth zis ¢ (z). The length of the axis immersed
is A.

]’/ﬁb(.’—-w);‘ 3f’ dz
[ W ih—a)f2de

Ex. 5. If the meta-ceniric height in the above example
is constant whatever be the law of deusity of the liquid show
that the solid is a paraboloid of revolution.

Ans

Ex. 6. A paraboloid of revolution floats with ils axis
vertical and vertex downwards in a liquid whose density varies
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as the depth; the equilibrium will be stable or unstable according
as4 k < or > 3 (4a -+ A'), where & is the length of the axis,
4 a the latus rectum of the generating parabola, and 4’ the length
of the axis immersed.

Ex. 7. An oblate spheroid floats half immersed with its axis
vertical, in a liguid whose density varies as the square of the
depth. DProve that the height of the neta-centre above the
surface is i .

8 A
(Apply Ex. 4.)

Miscellaneous E.amples.

Fa. 1. A uniform right circular cone of weight W floats
with its axis ver.cal and vertex downwards in a homogeneous
liquid which is contained in a circular cylinder of radius r witk
vertical axis; the cono in equilibrinm displaces a volume 7 ¢2 &
of the liquid and its vertex is at a depth % helow the surface
"The cone is slow.y lifted just clear of the liquid, its axis being
kept vertical; prove that, work done is

SWGA - 28,
(M. A. Punjab Univ. 1938

lix. 2. I W be the weight of a body and V the volume o
the .part immersed in a liquid contained in afixed vase. Provetha
ifthe tloating body be lowered vertically a small distance & 8, the
centrs of gravity of the liquid contained in the vase rises by the

y PVES
quantity __-‘L_W_,_m
W', being the weight ot the contained liquid and P it
den.ity..

Kx. 3. Deduce by means of the above result the principl
of Archumedes from the theorem that the height of the commo
comirs of gravity of the solid and liquid must-be a maximum o
minimam.



( 139 )

Ex. 4. A life belt in the form of an anchor-ring generated
by a circle of radius a floats in water with its equatorial plane
horizontal; shew that, # the depth immersed, is given by

z=a{1 —eos a)
27s= (2a—sn 2 a),
s being the specific gravity of the material of the belt.

Ex 5. An isosceles triangular lamina ABC right angled at
C floats with its plane vertical and the angle C immersed in a
liquid of which the density veries as depth. . Prove that if

z+ 6 be the angle which AB makes with the vertical in either

of the positions -in which AB i8 not horizontal, the value of 0 is
given by _
m stn*6cos30 == (stn 6+cosb)?.

(1. C. S. Higher Mathematics 1933)

Ex. 6. A homogeneous solid body consisting of a hemi-
sphere of radius a with 1is plane face attached to one end of a
circular cylinder of radius a and length a floats in equilibrium in
a homogeneous liquid. The axis of symmetry of the body is
vertical and the cylinderical poriion is uppermost. The length
of the cylinderical portion i1mmersed is § a. Find the position
of the metacentre and determine whether the equilibrium is
stable or unstable

(Tripos Part 1 1938)

27 .
*“_ from, the centre of the hemisphere.)

(Ans. 190

Ex. 7. Prove that if the equilibrium of a solid cone floating
with its vertex downwards and axis vertical is neutral for an
infinitesimal displacement, it is really stable for any finite displa-
cement



CHAPTER V.
Gases.

5. 1. We have seen that what distinguishes a liquid from
a gas is its conpressibility. A perfect fluid which is absolnutely
in practice nearly) incompressible is called a liquid. A pertect
fluid which is compressible is called a gus. We shall now
describe some of the more important properties of compressible
fluids or gases.

5 9. Torricelli’s Experiment. Take a glass tube about 3
fi. long open at one end and closed at the other. Fill it with
mercury and invert it in a vessel of mercury so as to immerse its
open eud. It will be noticed that mercury in the tube will fall
until the height of the column ir about 30 inches. 1f A be any
point on the level surface of the mercury in the vessel and Q be
a point in the samos level inside the
tube, we know that pressures at A and
Q must be equal. Now pressure at A
is the pressure of atmosphere T and
the pressure at Q is that of a column of
mercury of height P'Q, i. e. go Qo
b ing the density of mercury. since the
pressure at P is zero.

Hence W =g (PQ:.

This simple apparatus was first devised by Torricelli and is
known as barometer. Clearly we may take the height I'Q of the
column of mercury as a measure of atmorpheric pressure. We
may also use any other liquid such as water. Since the density

of mercury is about 13. 5 times that of water, the height of a
water barometer will be about 134 X 30 inches, or 334 ft.

Ex. Prove that the barometeric heights to which liquids
rise are inversely proportional to their densities.
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£3 TLaws of Boyle and Dalton

Consider a given mass of gas enclosed in a volume. If we
neglect the weight of the gas its pressure at any point of the
enclosure is given by dp=o.

It is, therefore, the same at all points and is equal to what-
ever value it has at the surface. Whenever a given mass of
gas in an enclosure is said to be at pressure p, it i this constant
pressure that is referred to.

Now the volume of the gus may be altered by compression
or dilation 1. e. change of pressure, keeping temperature constant,
or by a change of temperature keeping pressure constant, or by
a change of pressure and temperature simultanecusly. "The law
governing the change of voluine and pressure when temperature
remains constant was firsl discoverd by Robert Boyle. He
showed that the pressure of the gas varies inversely as the
volume of the enclosure provided the temperature remains
constant.

‘T'hus pv —const.

Since density P ot of the gas varies inversely as the volume,
it follows that pressure varies directly as the demsity so that

%— = coust.

The law relating to the change of volume consequent upon
a change of temparature, (pressure remaining constant’, was
discovered independently by Charles, Dalton and Gay Lussac:
They found that: —

“ If pressure remain constant, an increase of temperature of
1°C produces in a mass of gas an expansion 1 of its volnme
p p

273
at 30"

Thus let v, be the volume of the gas at 0°C and let v, be its
volume at ¢°C, then
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n=r (Lt o), 427.3147\;)_

pressure p remaining constatt

Similarly, v/ :,;.(_..?J.;%"ff )

/
¥y R

that ——1- - =__ "t *
so M ST3 T 273

If we define ‘absolute temperature’ of the gas by the relation
T=273+¢, - . (1)

it follows that it pressure remain constant, the volume of
the gas varies directly as its absolute temperature,

Le v = const

<. g =const.
We shall now deduce the law of change of volume, when
both temperature and pressuce vary. Let (p, », T) be the

pressure, volume, and ‘absolnte temperatiure’ of the gas. Let us
keep T constant and change pressure to ;/, s0 that by Boyle's

law, the volnme changes to r '-f—

If we new alter the temperature T to T’ we have by
Dalton’s law

The equation

‘gry =const.
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satisfied by the pressure, temperature, and volume of the
gas 18 known as its equation of state.

Kxperiment, however, shows that not all gases obey this
equaiion accurately and even those which do, do so only appro-
ximately for certain ranges of temperature and pressure, beyond
which the relation is no longer satisfied. A gus which obeys
the equation of state '

P = comst.
T t
is known as an’ideal’ or ‘perfect’ gas. Various equations of
state for imperfect’ gases have been formulated but the best
known is that given by Van der Waal

[ Yoy -

where a, b are constants for the same mass of gas, but depend
on the amount of gas as well as on its nature.

5 4. Nature of Gas Pressure.

''he nature of this pressure is best understood on the basis
of Kinetic I'heory of Guses. According to this theory the mole-
cules of a gas are in a state of incessant motion describing
rectilinear paths with uniform velocity except when they encoun-
ter other molecules or the walls of the e.closure-
'Lhe pressure of the gus on a emall elument of a wall of the
enclosure 18 due to the continual impacts of the molecules on it.
So also the prersure at any other point of the volume is the result
of melecular impacts on a small area imagined to be placed at
the point. With the help of certain appropriate assumptions it
can be shown that when the gas is in a steady state, the pressure
due to molecular impacts on any element of the wall of the
enclosure or on any plane elument imagined elsewhere is the same,
being equal to

g eq 1 Nm g

3 v >
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where N is the number of molecules of the gas in the enclosure,
m the mass of a molecule, ¢* the mean square velocity ie the
mean value of ¢*, where ¢ is the velocity of a molecule, and
v i8 the volume of the enclosure. Now according to the funda-
mental hypothesis of Kinetic Theory. the temperature of the gas
depends only on its mean square velocity, so that if temperature
remains constant, so would ¢*. Hence if temperature of the gas
remains constant, its pressure varies inversely as the volume.
Thus Kinetic Theory gives a simple explanation of Boyle’s I AW,
Indeed Kinetic 'Iheory postulates the relation

&m c = P\T, Xy .o (l)

where R is a universal gas constant, the same for all gases, and
T is its absolute temperature.

We have therefore,

, — NRT
7 P
or, —%:-L—*:NR:consf . . (2)

It will be seen that we have tacitly assumed the identity f
‘absolute temperature’ as defined by equation (1) ot § 5.3, with
the ‘abs>lute temperature’ of the Kinetic Theory as defined by
relation (1) of this article. This identification is justifi d in works
on Kinetic Theory of Gases.

In establishing the formula quoted above for the pressure
exerted on the walls of an enclosure Kinetic Theory assumes the
molecules to. be sphericsl points devoid of size and shape.
It further assumes that the forces of cohesion between the
molecules are non-existent. In any real gas, however, the
molecules must have size and shape. Nor will the forces of
cohesion be entirely negligible. Hence it comes about that the
equation of state (2) which is accurately satisfied in the case of
an ideal gas will only be approximately satisfied when applied
to a real gas. It can be shown that the equation of state, which
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takes into acconunt the size of the molecules and the cohesive
forces between them is Van der Waal’s Equation

( p+ %)(v—-& =RNT,

where o,/ are coustants for the same mass of gas, but depend on
it8 nature und amount, R is a universal gas constant, and N is
the number of molecules of the gas in the enclosure.

5. 5. Mixture of Idcal Gases.

If two enclosures containing two gases at the same pressure
and temperature are counnected together, the molecules of one

gas diffuse into those of the other until they are cox pletely mixed
provided there is no chemical action between the gases.
The volume of the mixture is the sum of the volumes of the
enclosures, its pressure and temperature being the same as those of
the constituent gases 1t is easy to deduce trom this experimental
fact that ‘

“If two volumes V, V, of different ideal gases at pressures
71.p»and absolute temperatures T ,, T ; are mixed together, the

volume V, the pressure p, and absolute temperature T, of the
mixture are connected by the relation.

pV __:p,\",_ paVa.
T T, + T

If the .temeprature T, and pressure p, of the first gas be
changed to T and p respectively, its volume will become
2V, T
T O 4

similarly the volume of the second gas at temperature T
and preesure p will be

PaV, T.
Ts 2

Now if two gases of volumes 2V, T and T ELY_L
T, »p P Ts
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respectively at the same temperature and pressur: be mixed, the
volume V of the mixture at the temperature T and pressure p
will be

PIVI ]’avv T.
e i a0

Hence pV p_er.x +p_?.i'

The result can obviously be extended to a mixture of any
number of gases.

5. 6. Isothermals.

For an ideal gas the relation heiween pres-ure, volume and
temperature is expressed by the equation

pr=RNT (1)

If we take p, v a8 rectrugular axes and draw the various
curves by giving to T different constant values in the above
equation, these curves are known as the isothermals of an ideal
zas. The isothermals of an ideal gas are plainly rectaugular

hyperbolaa

(4

For areal gas, the isothermals are the system of curves
obtained by assigning constant value to T in Van der Waal’s
oquation

(p+u:—--«) (v-— b):-:.R N T ' T e .- (2)
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Theso isothermals have been traced in the figure below.

y

4

?EF
D fferentiating '2) with respect to v, we have

(-2 (08

Hence the locus of the pomts of the isothermals at which

‘%:o,—-{, e. the points of the isothermals where the

tangents are parallel to v—axis,—is a curve
al»—2b)
p= > .- - (3)

This curve MPN is traced in the figure. It is easy to see
that the cmve MPN has the maximum ordinate at the point

) The isothermal through P

P whose coordinates are (3b

' 57
clearly corresponds to a value of T which is given by
I T - .
NRT = 2. . . )

This isothermal is repesented by P,PP, in the figure. The
curve M P N intersects an isothermal conespondmg to a ¥altie
of T which is less than that given by equation (4) in two points
M, N. Thus there are two points of the isothetihal at which
curve MPN cuts it. As we mova closer towards the isothermal
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P,PP, the two points M and N come closer and closer till they
coincide with the point P. The curve MPN, therefore, meets
the isothermal P,PP, in two coincident points. Since at every
common point of this isothermal and the curve M P N
dp =°, dp =0 at P for the isothermal.
dv dv?

The isothermal therefore has a point of inflexion at P, the
tangent at which is horizontal.

The curve MPN, however, does not intersect any isothermal
which corressponds to a value of T exceeding that given by
equation (4). All such isothermals are therefore everywhere
convex to the axis of v. Consider now again an isothermal

lying below P,PP, such as L MNR. The curve MPN interesects

it in two points M and N, at which therefore 51; =

Take any point V on the isothermal lying between M and N.
Draw through it a line parallel to v-axis. It meets the isother-
mal in two other points U and W. It isthen clear thatthe
points U, V, W represent the states of the substance having the
same pressure and temperature. We shall now show that ihe
state represented by the point V is unstuble, and therefore

incapable of actual realization. At the point V,~-%€ 18 positive,

it accordingly represents a stale such that a decrease in
volume, keeping temperature constant, is accompanied by a decraase
in pressure. When therefore a slight ¢ncrease in external pressure
decreases the volume of the gas in the state represenied by V the
pressure of tho gas also decreases. There is therefore an
unbalanced external pressure which tends to decrease the volume
still further. The state represented by V is, therefore, unstable.
Since V was taken arbitrarily anywhere between poinis M and
N of the isothermal LMNR, every poiat of the isothermal lying
between M and N represents an unstable state. At points

ﬁ a‘nd W, ;%-is negative, 80 that the states represented by them
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are stable. The point W obviously represents the gaseous state
and’ the point U corresponding to lesser volume is believed to
represent the liquid state. With this interprotation it follows
immediately that a gas, whose temperature is kept above that
of the isothermal P,PP, cannot be liquefied by any amount of
compression. The temperature of the isothermal P; PP, is
known as the critical temperature of the substance.

“So loug as the temperaturs is above the critical tempera-
ture, no pressure, however great, can liquefy the gas.”

A substance in the gaseous state whose temperature exceeds
its ‘critical temperature’ is a ‘gas’, whereas if it is below its
critical temperature it is called a vapour.

The laws enunciated in the preceding articles are equally
true of vapours.

Point P of the isothermal P, P P, is known as the critical
point of the gas. The values v, p., and T corresponding to this
point are known as critical volume, critical pressure and ecritical
temperature. We have already seen that

vc=3b)pe= 72;69 'R N Tc: g;b :

If we adopt critical volume, critical pressure and critical

temprature as the units of volume, pressure, and temperature the
equation of state assumes a simple form, which is known as the

“reduced equation of state”. Denoting volume, pressure, and
temperature by v, p, T respectively we have

Ty = L R ,.._E__”‘=..M_.
T PT T TT,
— . — __‘_!__ r =5a gt
go that v=310 ¢, p 57iE P R NT 27bl

Substituting these values in (2) the equation of state
reduces to

(p+=

v

5 (-p=3T
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Thts equation is the same for all gases, for the quantities
a and b which vary from one gas to anothér, have entitely

disappeared. It is known as the reduced eqnation of State of
Van der Waal., .

Ex 1. 'The tube of a barometer rises to 34" above the
mercury in the trough, and the morcury column is 30” high,
Find what changes are produced in the height of the column
by the following operations successively performed : —

(1. As much air 18 allowed to rise through the mercury as
would at atmospheric pressure occupy 2’ of the tube.

(i1) A rod of iron whose volume equals 5” of the tube is
allowed to float at the top of the mercury column.

(Take the specific gravities of mercury and iron as 13.5 and
7.5 respeclively -

Let the height of the mercury column be z” after the
operation (i). The volume of air enclosed in the tube above the
mercury columm is therefore A (34-—2)”, A being the cross
gection of the tube. If the pressure of the the air is p, we have
by Boyle’s law, since its volum= at atmobpheric pressure 1
is2 A, AB4-z)p=2AT

2n

or, p= B4 -z o (1)

But the pressure p and the pressure of the column z of
mercary must be equal fo the atmospheric pressure.

s ptgPz=1,
where P ig the densily of merenry.

Now 1i=gP (30), since the length of the column under
atmospheric pressure is 307, whe have from (1)

2(30) gP P g=oP (3
oL gP @ =gP (20)

or, 22~ 64z +960="°
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Hence x=24", 40"|.
Clearly the second solution 40" is inadmissible,
Hence the mercury column will fall by 6".

Let the length of the column after the operation (ii) as
well be «, .

Let a ba the coss section of the iron rod and ! its total
length, Then

la=>5A (2)
The volume of iron immersed in mercury
7 5 5
=35 le=g

*. Volume of iron unimmersed = % la

Now if the height of the mercury column be =,
inches, the volume occupied by air

=(34-z,) A~ ¢la

-——(34-—%1) A—-——29 A esne u.bY(2)
The pressure ot the air is by Boyle’s law
m2A 2 a0
9
Now the pressure at the top of the trough is
n
gPz + 34—, —20 =0
9

or, g (13.5) ,+2 (30g) (13'5)
34—zx,—20 =30g(13:15)
)
540

286’ Qm v = 30

or, &+
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or, (92,—286) (30— 2;)+540=0

S X =23 %—inches appro .
There is accordingly a further fall of approximately §"
in the mercury column.

Ex. 2. A diving bell is suspended in water at a fixed
depth below the upper surface of water. The area of the
surface of water within the bell is A. There is in the bell a
volume pA of air under a pressure 4 as measured on the water
barometer scale. A small object of volume A a and of specific
gravity o falls from a shelf inside the bell and floats on the
enclosed water. Show that z the resulting rise in the level of
the enclosed water satisfies the equation

12—z (h+p—+o0) +haoc=o.
Will the bell contain less or more water than before ?
(LC.S. 1927)

Ex. 3. A canister of weight W without a lid, made of
uniform thin material in the form of a right circular cylinder of
radius @ and height % is inverted and sunk in water, the whole
of air originally in it being imprisoned. Shew that when the
canister is in equilibrium with its axis vertical, the height of

the air column is AH_, and that the water level inside is
H+ok

at a depth o% below the level outside, where o= ;—Y—V— ’
ahw

w being the weight of unit volume of water and H, the height of

water barometer.

Show that the canister is stable in this position only if the

centre of gravity is below the cenire of gravity of the displaced
water, that is, if

o8 ok (1+0)—H (1—0)
2h " H (2=0)—02k
(Tripos, 1932).
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Ex. 4. A circular cone, hollow but of great weight is
lowered into the sea by a rope attached to its vertex; prove that
the depth of the level of water inside the cone when the vertex
i8 at a given depth ¢ below the surface is given by

xt4-(k+c) ¥ —k h® =0,

where % is the height of the cone and k is the height ot
water barometer.

Ex. 5. A cylinderical diving beli sinks in water until a
certain portion V remains occupied by air and in this position
a quantity of air, whose volume under atiospheric pressure was
2V is forced into it. Show how far the bell must sink in
order that the air may occupy the same space as in the first
position.

(L. C. S. Lower 1932)

(Ans. Twice the height of water barowmeter).

Ex. 6. Two bulbs containing air are connected by a horiz-
outal glass tube of uniform bore, and a bubble of liquid in this
tube separates the air into two equal quantities. The bubble
18 then displaced by heating the bulbs to absolute temperatures
T and T'; prove that if the temperature of each bulb be
decreased ¢ degrees the bubble will receive an additional
displacement which bears to the original displacement the ratio
of

26 (T+T/—2).

Let V be the volume of any
one of the bulbs, and » the volume
of the tube AO, when the bubble
is at the middle point of the tube
so that air on both sides of the 4 x
bubble is at the same pressure and 4 o .0 2

volume and consequently also at the same temperature (T').



( 154 )

Let the bubble move from O to 0’, when the temperature of
one of the bulbs 1s changed to T'. let O0'==. Since the
bubble is in equilibrinm the pressure p on the two sides must be
equal.

The volume, pressure and absolute temperature of air to the
left of the bubble are V+4a (I4=z), p, T, where a is the cross
section of the tube.

Correspondmg quantities for air to the nght of the bubble
are V—a l—x), p, T'

Hence by Boyle’s and Gay Lussac’s Laws
V+a (142 __ V4a(i—a)

e e, e

T T
or, V (T—T)+la (T—T") =az ‘T+T") e (D

If the temperature be now changed to T—¢ and T'—¢,
respectively, the displacement Q0” will be 2’ given by

V (T—T)4la (T—T)=az T+T'—2) ... (2)
Substracting * 2} from (1)
2 tx= (z'— ) (T4+T'—2¢)

e 2
‘oz T+T'—2¢

Ex. 7. A pressure guage cousists of a U—tube of uniform
bore containing mercury, one arm of the tube being closed at the
top and containing 15 c. ¢ of air at atmospheric pressure, and
the other arm being c¢ unnected to the receiver of a condenser
Inivally the pressure of the receiver is atmospheric and by
working of the cendenser, the vulume of the air in the guage is
reduced {o 3'5 ¢ c. aud the mercury is 15 cm.  Find the pressure
in the receiver  Assume that the height of a mercury baro-
meter is 760 mm. and that the temperature in the guage is
unaltered.

(Ans. Approximately 4.68 atmosphere)
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Ex. 8. The lengths of the arms of a siphon Hiéasured
vertically are k, & (A>k). The siphon is filled -with liquid of
density o greater than the density P of the liquid in the v.sgel.
Prove that the siphon will begin to work with the end of the
longer arm immersed in the liquid in the vessel provided the
depth. of that end below the surface of the liquid in the vessel

exceeds (k—Fk) %—'

Let ABOO'C be the siphon
filled with a liquid of denmsity o.
Let the arm O B A=k be immersed

in the liquid of density P contained
in a vessel.

Pressure at A of the liquid in the vessel is
gP d+1, where d=AB, and T is atmospheric pressure.

Plainly pressure at A of the liquid in the siphon is gok

s M=g(ch—Pd) w (1)
Pressure at C is gok. The siphon will work only if gok >0
or gok >g 10 h—Pd)

or, d >""g“‘(h‘]~')’

Ex. 9. The figureillusirates a siphon for drawing water
from a cask. The lengths of pipe DB, B A are 40 and 160
inches respectively. The end A is initially closed and the pipe
from A to C filled with water, the air enclosed being at afmospheric
pressure. The end A is then opened and as water level in C A
decreases the level in D B rises. If a balance is obtained just
before the water has risen to B. what lerioth 6f watetr will
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Show that the siphon canmot be started by the process
descited above if the initial length of water in the arm A C is
less than 120 inches.

Let A Cm y und let = be the length of water that runs out
by the time water in D B rises up to B when equilibium is
reached.

If p be the pressure of the air in the equilibrigm position,
. pressure at A would be

PP (y—2) con 60° =T,
for otherwise the liquid at A will not be in equilibrium.
Here 17 is atmospheric pressure.

Likewise pressure at D will be p+g¢P (DB)=p+-gP (36)
=T )

p+gP (y==) cos 60°=p--gP (36)
or, y—a=72",
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Thus length of water that will remain in the arm is 72"

Also by Boyle's Law
p (160—y-+tz)a =1 (160+440—y) a,
a being the cross section of the 1ube
But p =11—gP (DB)
=gP (12) (83)—gP (36)
=4P (12) (30).
Substituting for p and y—ux iu the ubove
gP (12) (30) (160—72)=4P (12) (33. (200—y)
or, y=120".

Ex. 10. One end of a siphon is immersed in a liquid whose
dlensity at any point is proportional to the nth power of the depth
below the surface, the highest point of the siphon being at the
level of the free surface of the liquid, and the siphen is filled
with homogeneous liquid whose density is equal to that at the
immersed end. Prove that liguid will flow at the free end of
the siphon even if it be above the level of the immersed end
provided

(i) that the vertical distance of the’free end above the
immersed be less than —1—-th of the vertical distance o' the former
n

below the surface of the liquid ; and

(ii) that ‘the atmospheric pressure excecds (—= 1) of the

U

pressure at the immersed end.

5. 7. Work done by the pressure of a gas in expunsion:
Let us consider a gas enclosed

in an expansible envelope. Its ds
pressure on each..element, ¢ S of - . >3
the envelope is continually pushing
the element d S outwards along
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the normal to it. Hence when the volume of the gas increases, a
certain amount of work is done by the pressure on the various
elements. Taking the element d S at P, the work done by
pressure p will be pdS. 8mn, where &nis the small length
PP’ taken along the normal at P. Hence the total work done
in the small displace ment produced by the movement of every
small elem ent of the surface a distance & normally ontwards is.

= pdS.8n

Since the pressure p 18 the same at every point of the
surface of the enclosure, we have

Z pdS. Sn=pZdS(&n)
=pdr,

where dv is the total change in volume by the displace-
ment &n of every element of the envelope.

Hence work dH” done by the pressure of the gas in expand-
ing from ABC to A'B'C’is given by
dW =pd.

"Total work done by the pressure of a gas on its envelope in
expanding froni an initial volume v, to v, is, therefore, given by

(4}
W= pe.
Uy

In the particular case of isothermal expansion of an ideal
gas we have

PV =const,

’o

v
" W—"—J; %dvzolog g: = g log%:

In the case of an actual gas, where the pressure and volume
in an isothermal expansion are connected together by Van der
Waal’s relation
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(p+ ;a’_) (v—0)=c,

wo have

=[clog (v—8)+,]

b)+a(—‘ ~:)

(pt55-) (v—8) log L —+a o o)

Ex. 1. A piston of weight w rests in a vertical cylinder of
iransverse section k, being supported by a depth a of air. The
rod receives a vertical blow p, which forces the piston down
through a distance &; prove tha

(wtTk) {I:-}-a log a=h } -+e‘lll’ =0’
a 2w

11 beiny atmospheric pressure. The temperature of air is
assumed to remain constant.

When a blow p is imparted to the piston, it starts moving
at once with a velocity w given by

9

Hence the Kinetic energy generated i8 4 (__)u.___igp

Further a force (1% 4-w) acts on the piston downwards and
if it moves a distance 4 before coming to rest, work done by this
force 18 (Tte4w) A.
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Hence the work done in compressing air in the cylinder

must be equal to } %—1-{-("/0 +w)h.

Now the initial volume of the air in the cylinder is ka,
final being % (a—*%). Since the piston is ot rest originally
thrust of the atmospheric pressure on the piston and the weight
of the pision must balance the thrust of the pressure of the air
kolow, so that W k+w=pk,

p being the pressure of the air in the cylinder. As the
gas is compressed isotuermally work done on it is given by

(Fe(a—h)
- pdv
v, ka
(ke(a=h)
I — edv

Jta 5 = --m/c-l;:p) ak log _t_t_;_:('f

—h.

=—(We+w) a log

a

Hence we have

2 -
%%-l—(ﬂk-l—w) [ =~ (T~ w) a log (e»—a-"
which gives the required result.

Ex. 2. A piston without weight fits into a vertical cylinder,
dosed at its base and filled with air, and is initially at the top
of the cylinder;if water be slowly poured on the top of the
piston, show that the upper surface of the water will be lowest
when the depth of the water is (ygh—*%), where % is the height

of the water barometer and a the height of the cylinder.

Ex. 3. An ideal gas is compressed to f};th of its original
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volume and in this process the relation of pressure to volume is

expressed by pv‘(-—=oonst., where X has a constant value. Itis

then cooled at constant volume to its original temperature. Finally
it is expanded at this constant temperature to its original \olume.
Show that the net energy expended on the gas in this cycle (i. &
work done on the gas) is 4 times the work done in compression,

where . _,_(X—1) llog‘ n .
ne 1

Let the initial volume, pressure and absolute temperature of
the gas be wy,p,,T, respectively. W ork done on the gas im

compressing it to the volume ZLis given by
n

vllﬂ
W=— | pdv
"
Since during the compression
pv‘-‘:c = p.v,‘(
[ g Pt [, 1
We=— [ 2 do=L1% (01

Let the temperature of the gas in the new condition be T,*
Now pressure p;’ in the new state is given by

p’ (%)Y—’p, 2, ¥

or, P1'=“‘P1

Since,%vis constant for an ideal gas, it follows that

Phi(v) P vy
T/ m T
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so that T1’=nY'1T,.

The gas is, therefore, at pressure, n‘p, temperature n’(’lT‘

1
. v, i '
wu volume — If we keep volume constant and alter the

? +

temperature nx_lT, to T, pressure becomes np,.

We now have the gas at temperature T, pressure n p, and

volume v;“——' If the gas be allowed to expand isothermally to

its original volume 7,, work done by the gas is given by

W’T'—-"Ill"l ':i_v_. ._:]7101 lOg h

Henee total work done on the gas
~W-W

= 'Y‘-—v]] (”‘—1"'.'1)"’171"1 log n

= I-W . where k=1 — (-1 log »

w1l

5.8. Thermodynamics. Ttis now an accepted physicai
principle that a quantity of heat is the same thing as a quantity
of mechanical energy. [his equivalence was flrst established
by Joule’s esxperiments. Joule showed that a unit of heat viz a
calorie was equivalent to 41.8)10¢ ergs. This constant is known
as Joule’s mechanical equivalent of heat. With its help we
could express any quantity of heat in terms of units of mecha-
nical energy.

If we now cousider a gas as a system of molecules between
which there act forces which have a potential, the gas wili
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possess energy, which will consist of the kinetic energy of
molecular motion and the poiential energy of mtermolecular
forces. ‘I his energy, whlch will of course, depend on the conﬂ-
guratlon and motipn of the molecules is known a8 mternal
energy of the gas. Let U be the internal energy of a gas, s
that we may write

U=N(4mec*)+3¢

where (§ m ¢ *) is the mean energy of the N molecyles, and ¢
18 the potential energy of the intermolecular forces.

Tt is clear that the difference between the energies  in two
given states depends only on those states and not upon the
mode of change from the one to the other.

Let us suppose that a quantity dQ of heat expressed in
mechapnical units is absorbed by the gas from some externa}
source so that as a consequence its pressure, voluxhe and tem-
perature change. Let us suppose that after this absorptlon the
gas agam assumes a steady state and that in thisstateits gnternal
energy is u -4~ du. Now the work done by the gas in expa.ndmg
from volume v to v + dv is pdv. Hence by the principle of
conservation of emergy change in the energy of the gas must
bu equal to the energy supplied winus the work done by the gas
in expansion .

t.e. du=dQ — pdv
or, dQ=du -+ pdv.
This equation expiesses the First Law of Thermodynamics.

5. 9. Internpl energy of an ideal gas. The State of an
ideal gas is defined by its pressure, temperajure a and volume
Since these three quantities are not /independent bemg oonnectw-

ed by the relation %v = const,-the state of the gas is given by

any two of the quantities p, v, and T. Hence internal energy
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u is a function of two indeper.dent variables only. We can easily
show that in the case of an ideal gas it depends only on its
temperature. 1f a gas initially in steady state be allowed to
suddenlyexpand by the opening of a stop cock which establishes
communication with a previously exhausted vessel, a number of
intricate mechanical and thermal changes will at first occur.
Let the walls of the enclosures be absolutely rigid and non
conducting. Let uy be the internal energy of the gas in the
initial state and u, in the final state. Neither thermal nor
mechanical energy has been added 1o the gas from without.
The walls of the enclosure being non conducting as well as
rigid, it follows from thc first law of Thermodynamics

Uy ™ Uy = 0.

If we wait long enough to allow thermal equilibrium to be
established, we shall find that temperature of the gas remains
unaltered. But the volume of the gas chunges. The change of
volume, therefore, has no effect on the internal energy provided
its temperature remains constaut,

du _
or ( 5;) ) T =0.
Hence taking »,T as independent variables

( 7 )T

dQ( ). dT +pdv oo . (1)

6. 10. Specific Heat ~ Specific heat of a substance is the
eatio of the amount of heat required to raise by 1° the tempera-
ture of the body to the amount of heat required to increase by
1°c the temperature of an equal weight of water. If an amount
of heat dQ produces in unit mas: a change of temperature &T, the

aQ
specific heat is— T
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At a given temperature any number of specific heats might
be defined according to the conditions under which heating
takes place. For the quantity of heat absorbed in a given
change of state depends partly on the manner in which that
change is brought about. In the case of a gas we shall consider
enly two cases:—

(i) when the pressure remains constant, the gas being
allowed to expand,

(ii) when the volume remains constant.

The specific heat in the former case is called the specifie
heat at constant pressure and is denoted by ¢, whereas that in
.the latter case is krown as specific heat at constant volume ard
is denoted by e,

From equation (1) of § 5.9 it iseasy to seethat

_dQ _ , 2u
T

“=ar = (3
". we have dQ = ¢, dT + pds.

But for anideal gaaef’,i, = const = ¢

Spdvtovdp=cdT,
#o that, dQ = cdT + ¢, dT —vdp,

. C,= (%% ) p=c, + ¢
or,c, — ¢, = ¢ = const.
Thus ¢, >¢, since ¢ is positive.
Now it is found that ¢, is constant within a considerabls

range of temperature. Hence ¢, i8 also a constant within the
eame range. We have,

u=¢, T+const w (1)
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For a perfect gas Elis found to be 1.41.
Remark: In 5.8 we found that
w=Nidme?)+ 9.

T2
But as pointed out in § 5.4, %m e =3 RT

u=2 R 'I‘+§_

If ¢ the coniribution from the potential emergy of the
‘molecules be ignored, 1his expression coincides with that given
m (1). 1t is thus seen that the internal energy of an ideal gas
consists entirely of the kinetic energy of its moleeules, the
potential energy due to the molecular forces being zero.

5.10. Adiabatic Fxpansion—An adiabatie expansion or
compression is cve which takes place without any heat being
imparted to or lost from the gas. For ap adiabatic change

therefore, we have dQ=o,
so that du-+ pdv=o
or, ¢,d T+Hpdv=o.
But pr=cT, .".pdv+vdp=cdT.
Eliminating dT, we have

%’-—(pdv-}— vdp)+pdv=o.
But ¢,—¢,=¢

. ¢, (pdvt-vdp)+(c,¢,) pdr =0
or, d p+~—§'—’~ pdv=0

or, pv \=const., where - =x
‘Cy

This equation is the equahon of adiabatic change -ve:.a
ébange during which no heat is lost or-gained.
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The relation holds in the case of a sudden dilatation or
compression which occurs so rapidly that there is no time for
any sensible loss of heat, or for any addition of heat from
external sources.

Ex. A certain volume of a perfect gas at absolute tem-
perature T, is compressed adiabatically till the temperature
becomes T, and volume »;. It is then allowed to expand
isothermally till its volume is v,, after which it again expands
adiabatically till its temperature is T, If the gasis again
compressed isothermally till it is restored to its initial state,
prove that the work done by the gas in the cycle of transform-
ations is

R (T,—T,) log !’5__
1

where R is the gas constant defined by the relation—%’ =R.
Let p, v,, T, denote the initial
state of the gas, and let p,,7,, T)
be the state after the first adiabatic Ay
transformation. In the figure (e‘wO
A denotes the initial state and B, (3%)
the final state. Work by the gas &%)
during the compression is 6 »

© (o, v
W1=J pdv= SJ@‘:l-f [ ! — 1
[y v, X X

o

where p, %Y =p1'01‘=c.

.'.W = 101_2090
1—x

But sinceﬁ%_——_%;-';’ﬂ =R
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.'.W1=£—{ (T,—T) . .. e )

The gas is now allowed to expand isothermally from
volume 2, to volume 7,, its temperature remaining Ty, work
done by the gasis

v
W,=J * pdv=R Ty log?2 . {2)
1

!
During the next adiabatic transformation, work done by the
gas is

= DP3 VUs— Pa ¥,
W 1—-x

where pg vy, are the pressure and volume in the state at whioh
the temperature of the gas is To.

But 28% —21% g
To T‘I

. — To—TI
AWe=R T80T L L (@)

Work done by the gas during the final isothermal transformation

is W4=RT,log:~° T ()
]

But p, ”:‘ = Ps ”a,‘ pav 2 =RTy;
also pg v3 =p, v,=R To.

e Ds 03‘= R Tavsx—l

Ps Vs N R Ty ”:‘—’1
T To
= "T\;'

Bimilarly it may be shown that

or, (2o )Y
Vs
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v yx-1_ T,
( o ) :,

It follows then 2T = -Y2_
‘uo 03

Equation (4) gives
W,=RT, log X (5)
Va
From (1), (2), (3) and (5) we see that total work done by the
gasis
R(Ty —T,)log »;’—’

1

Remark: The cycle of transformations which the gas is
supposed to undergo is known as Carnot’s cycle.

512 Atmosphere iu isothermal (conductive) equilibrium,

It the temperature of the air be assumed to be uniform,
throughout, the relation between pressure and density is

= kP . it ...(1)

The equation of hydrostatical equilibrium under the action
of gravity, which may be assumed to be uniform, is

dp= —gPds .. (2)

z-axis being the vertical oriented upwards.

From (1) and (2) we have
Ny PR
log Po 3 (z— 25);

P, being the value of p at height 2.,

If z, =0 and H be the height of the homogeneous atmosp-
here of density P, that could produce the pressure p,, we have

P2.,=gP, H,
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Sok=gH;
Hence pr—poe_z,H
or, P-=P°e—z’H

Thus the density of the atmosphere falls off exponentially
with the height above the earth’s surface.

Ex1l In an atmosphere at rest under gravity, the height
H of the equivalent homogeneous atmosphere above any point
at height #, measured in terms of air of the density at height &
“is given as a function of 2 Show that the pressure p at height
h is given by

A
- di
p=p.,J) o H

where p, is the pressure at 2=o.

Show that in an isothermal atmosphere H is a constant
independent of #, and deduce that an isothermal atmosphere
extends to infinity.

Ex. 2. A large spherical balloon of radius » and total
weight W floats with its centre at a height 4 above the surlace
of the earth. Show that 4 is given by

gk 4x :
k g k

where p, is the pressure at the surface of the earth and k
is a certain constant.
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Let O be the centre of the balloon
and P be any point so that angle bet-
ween OP and the vertical through O is
0. Consider now an area of the
epherical surface formed by the re-
volution of the small element PP’
(=r d6) round the vertical through O. h
Every point of this area is at the same
height (% —# cos 6) above the earth, so
that pressure at any point Pis

—g’c-(b——r cosb)
b, €

acting aormally along the radius PO

Hence the componentof the pressure along the upward
vertical through O is

gk 97 b
P o
Do € . e ¢os 6.

Vertical component of total pressure acting on the belt
considered above is

—&’&_ y_?. cos 8
k k
27 r25in6dbp,e e COS Q.

Hence total upward thrust of the atmospheric pressure is

gr
‘2_” o T cos 6
2,,rgpek gin 6 cos 6 e de
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—gh ( I 2 o
=k gr__ _k* sinh gr
=47rip e k <Lgr cosh le y”r’ k }

Since the balloon is in equilibrium, this must be equal to
its weigh W.

gHl A7 et | 2 gion 77 ]
e W r cosh P sinh A

Ex. 8. Taking into account the variation of gravity with
height and assuming that the temperature of the air is constant

at all heights prove that at a height @ the pressure p of the air
is given by

1 P = — go ax
Og po /c (a—l—x)

where ais the earth’s radius, k=p,| P,, and p,, P,, g, are
the values of the pressure, density and gravity at the earth’s
surface.

A balloon carrying a self registering barometer records
pressures equivalent to 4 and %, inches of mercury when it
ascends to heights equal to fractions @ and a, of the earth’s
radius respectively. Prove that

ag, _ai- 14«

& (1Fa) (1+a,) l°g +21 S Ta
Es. 4 A small hollow gas tight sphere containing
hydrogen requires a force mg to prevent it from rising when the
lowest - point touches the ground. The total mass of sphere
and hydrogen is M. Show that the sphere can float in equili-
brium with its lowest point at a height % above the ground

where

h= —El—log M+m

0

" P,, 2, being the density and pressure at the ground.
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5.13. Atmosphere in adiabatic (convective) equilibrium.

The law of variation ,of atmospheric density investigated
in the preceeding article is the law which would undoubtedly
become established if the earth’s atmosphere were left at rest
for a sufficient time. This is, however, far from being the case,
for under actual conditions the earth's atmosphere is con-
tinually being agitated by currents and storms, so that there
is an incessant mechanical transference of air from one part
of the atmosphere to anosther. Besides, conduction of heat in
gases i8 very slow. It, therefore, results that the atmosphere is
never permitted to assume the equilibrium density which has
been investigated on the hypothesis that the atmosphere is at a
unifcrm temperature. As an element of atmosphere moves from
oue layer to another, its deusity changes and conseguently also
its temperature.  But before its emperature Las adjusted itself
to that of ite nmew surroundings it moves awain to some other
layer. Hence the density of the atmosphers ie determined not
by the equalisation of temperature necessary 1o a permanent
state, but by the coundition “that an element of almesphere on
being moved from one place to another shall take up the re-
quisite pressura and volume without any loss or gaiu of heat
by condu:tion taking place.” That is, the law connccting the
pressure and volume in the atmosphere is the adiabatic law
found in § 511.

We thus have for the equilibrium of atmosphere

dp=—gPdz.
Also the adiabatic law counecting p and P is
p=7cPY
x-1 dP____
X1 5 x-1
Integrating, *I% (P P )=gz, - ()
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where P_ is the density at z==o.

Since p= RPT, £ =kP¥—! =RT

X _Rom oy
..'(-:'T(To T) 9z

T, —T
e~ =const,

or
'

where T, is the temperature at z=o.

Thus the temperature decreases as we move upwards, the
amount of decrease being proportional to the height.

Ez 1. Show that there is a superior limit to the height of
an atmosphere in convective equilibrium. This limit is

Po X

gP(Y—1)

where p, and P, are the pressure and density at the earth’s
surface.

Ex. 2. 1If the absolute teraperature T ot a height z is a
given function ¢ (2) of the height, show that the ratio of the
pressures at two heights z,, z, is given by

loo P2=9 _fz

k being a constant defined by the equation p=7rPT.

As an asroplano ascends the temperature and pressure are
simultaneously recorded and a curveis drawn plotting the absolute
temperature against the logarithm of the pressure, prove that

2ight ascended between two readings is

T
_k j "I,
9 ),
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where z=log p.

Ex. 3. In a vertical column of perfect gas the pressure
and absolute temperature at any height z are p and T. Prove
that

where p, P, T, are pressure, density and absvlute
temperature at the botrom.

Height is measured in an aeroplane by means of a specially
graduated aneroid barometer. The graduations are such that
the truc height would be read direct if the temperature of
atmsphere were uniformly at 10°c. Show that the instrument will
read differences of height correctly whatever the barometric
pressure at ground level.

To :nd the true height when the {emperature is not uni-
form it is necessary to read the temperature during ascent.
Show that the true height corrcsponding to a recorded height

T

Z
z18 J mdz‘ , where 2o is the reading atground level
Zo

and T the absolute tsmperature when the reading is 2;.
(Tripos Pt. IT, 1921).

Ex. 4. Assuming the temperature of the air to dimiuish
uniformly with the height piove that the diffcrence of level of
two stations is ‘

A
T,-T, 8%
H 273 og T,
T,

where H is the height of the homogeneous atmosphere at 0°

centigrade, T, Ty, are the absolute temperatures of the stations,
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ko, b, are the barometeric heights reduced to 0° centigrade.
Prove also that if as an approximation the temperature were
taken to be constant and equal to % (T,+T,) the calculated
height would be too great by a fraction of its true value equal

—-I;I%:-——_i_%r]’ assuming (T,—T,) to be small.

Ex.5. A perfectly flexible balloon contains a light gas
of total mass m. At the ground level it is at the same tempe-
rature as the surrounding air. Prove that it will exert the same
lift at all heights if it remains at the same temperature as the air
round it; but that if the gas inside expands adiabatically the
lift at height z will be less than the lift at the ground level by the
amount

roughly to 3 [

4 X_/-:_Y__*.
myo {l— 1— g -1V }

where ¢ is the ratio of the deunsity of the air to that of gas
under standard conditions, X, X’ are the ratio of specific
heats for air and the gas and H is the height of the at. osphere
7. e. height at which pressure, temperature and density vanich.
It is supposed that the balloon is never fully expanded.

Let P be the density of the air at height z and let P’ be
that of the gas inside the balloon when at this height, Then

the volume of the gas inside the balloon at this height is —;?- The

volume of the air displaced by the balloon is accordingly-’—g; and
therefore weight of the air displaced by the balloon is —’379 p.

Hence the upward lift at any height » by the air outside the
balloon 18 mg (g-,) where ~g7is the ratio of the density of surround-
ing air at height z to that of the gas inside the balloon. Now if
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vhe temperature T outside the balloon is the same as that of
the gas inside it, we have - T =R, for the air and 5’%7 =R/, for
the gas.

The balloon being flexible, p=p’ at auy height and T=T"
by hypothesis, hence at any h-ight 2

:;7 -—I%’- =const.

Hence the upward thrust of the air is the same at all
heights.

!

If the gas inside expands adiabaticallywe have p'=#k’ pr¥'s

where p’, P/ are the pressure and density respectively of the
gas and Y’ is the ratio of specific heats.

The equation of pressure for air 18 dp=—gPd%;

Also p=kPY

. oX-1
SEP ;—}.:;1 gz + cons.

But P=o0 when z=H

EQ;YI)H [1__ }_}]

1
or P=K' [l-ﬁg ] X—1

.. pressure p at height z is equal to
X
P =kK [1- 7] =1

This is also the pressure of the gas inside the balloon as
the bolloon is flexible. Hence if P’ be the density of the gas
at height £
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pzk/p/Y,

X
=kp¥ =1KY [1— Z7¥1
X
/ ———
p,__(/rK‘)Y (1— H ) (x—1x

X=X
Hence P’ (kK X ~(’ 1 _ 2y (-1
) — i)

In particular if 2=,

..upward thrust at the ground level minus that at a height

£ i8
mg {E) -G )

X —X }
=mgo { 1_[ 1_}; -](‘Y— 1)7' [

Ex. 6. A cylinderical well contains air at constant tem.
perature, and densities at the top and bottom are P and P,.

Assuming g to be constant show that the mean density of the
P,—P,

air in the well is Iog ( )

(M.A. Punjab Univ. 1935)
We have for equilibrium of air

dp=—gPdz



immersed 1n water.

where p=£ P
® g ‘
'_P‘ = "‘E d’
9%
or, P=Pe k
I
(7a?) P e dz
Average density P =: -
J ("a?)1z
[
= (Pa=P)k
hg

h being the height of the cylinder.
—gh

~

Since P, =P e &

©
-

" h=— klog'

©
°

Pl"'ps ’

5 =] X
Hence log(FI;o,)

Ex. 7. A bed: tube of uniform bore, the arms of which are

at right angles revolves with constant angular velocity w about
the axis of une of its arms, which is vertical and has its extremity
Prove that the height to which water will

rise iu the vertical arm is

n(—s k)
gP
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a being the length of the horizontal arm, 11 the atmospherie
pressure, aud P the density of water, and X the ratio of the
pressure of the atmosphere to its density.

Ex. 8 When the pressure of a given mass of a gas is p, its
volume is v. If the gas is allowed to expand slowly from vslume

v
v, to volume v, show that W, the work done 18 fp dv.

Vo

For a gas which is such that for p >p,.
W =9pv+ p, v, +p°’~; + const,

verify that v decreases as p increases from p, and find v in terms
of p.

(Tripos part I 1938)

. _p'l‘__ﬁgz
Ans. v= Y pe  2p." ]
[4ne o=

Ex. 9. A hollow closed rigid vessel whose walls are of
negligible thickness has volume V and contains air of density ¢
at atmospheric pressure If and absolute tempsrature T. The vessel
i8 held below the surface of a lake of uniform density P and temn-
perature T. A small hole is made at the lowest point of the
vessel allowing water to enter the vassel but no air to escape.
All changes take place isothermally. When water ceases to
enter the vessel, the water surface inside it is at a depth 2 below
the surface of the lake. If the vessel, when released, can float
freely (totally immersed) in this position, determine 4 in terms
of M, V, 1, o, P and g where M is the mass of the vessel when
empty.

Find whether the equilibrium is stable or unstable for

vertical displacements.
(Tripos 1939).
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(dn b WL = @) V— M}

gPM—+4 0o V)

Ex. 10. Two cylindrical gasholders, of weights W, and
W, and of cross sections A, and A, fioat in water with their
tops at the same height % above the waler. The combined
quantity of gas in them would occupy a volume V at the atmos-
pheric pressure . Prove that

1 a
—_— r w2 ) Wflf
L { V 9 ( W1 +\'\ 2 ) } — ypk \ -_gf—Aug__.M

A T (A HA T W, + W,

where P is the density of water, and the buoyaucy of the water
displaced by the side of the gasholders is noglected.

Ex.11 In ascending a mountain the temperaiure of the air
is found to decrease Ly a quantity proporfional fo the height
agcended and A, %k are tho observed heights of the barometer at
two stations whoss diffsrence of altitude is 2. Show that z varies
a8 A™ — k™, where m i8 a certain constant, and where changes
of density in the barometer are neglected.



CHAPTER VL
Capillarity.

6. 1. When the surface of water contained in a vaseis
carelully examined it is found to be imperfectly level becoming
considerably cnrvsd in the vicinity of the walls of the vase.
Again, if the lower end of a vertical tube having a narrow bore
18 inmersed in water, the liquid rises somne distance above the
level of the outer surface of wuter. The free surface of the liquid
within the bore i8 curved and appears to cling to the wall of the
tubs at a definite angle. This angle is called the “the angle of
capillarity.” If a small quantity of mercury is poured on a
horizontal plate, it forms a drop. Ifthe quantity of mercury is
exceedingly small it assumes a nearly spherical shape. A
- larger quantity spreads out into a cake-shaped mass with a
nearly flat top and with rounded edges. 'These and other allied
phenomena are explained on the hypothesis that the molecules
of the liquid and the solid with which the liquid is in contact
attract one another with forces,—capillary forces,— whose range
1 action is very small.

62 Historical introduction. Many of the phenomena due
to capillary forces were described as early as 1670 by Borelli; but
the first accurate observations of cupillary action of tuhes ang
glass plates were made by Francis Hawksbee (1713), who
ascribed the action to the attraction Letween glass and the liquid.
He observed that the effect was the same ia thick tubes
a8 in thin tubes and concluded th .t only those particles of glass,
which are very near the surface have any influence on the
phenomena. Clairaut in his “Theorie de la figure de la Terre”
(1743) attemp.ed uusuccesstully to calculate the elevation of
liquids in capillary tubes. In 1805 Thomas Young compared
the free surface of a liquid to that of a membrane equally
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stretcnea 1n all dwrections. He also gave for the first time
the differential equation to be satisfied by such a surface. But
a: Laplace and Poisson have pointed out, “the identity of the
surface of a liquid with that of a stretched membrane can only be

the consequence of and not the principle of the solution of the
problem..

A satisfactory explanation of the capillary phenomena on
the basis of a mathematical theory was not forthcoming till
1806, when Laplace formulated his theory of capillary action.
The fundamental hypothesis of his theory was that any two
molecules of the liquid attract one another with a force which
acts along the line joining them and whose magnitude is pro-
portional to their masses but depends on their distance according
to an unknown law. Laplace also assumed that these molecular
forces become infinitely small when the distance between the
molecules exceeds a small distance & called the “radius of
molecular activity.” On the basis of these simple assumptions
he explained nearly all the phenomena of capillary action then
known. '

It had been noticed that the angle of capillarity for a given
liquid and solid was constant along the curve of contact of
the liquid and the solid. Laplace’s theory suffered from the
defect that it was not able to explain this constancy except in
the case of a cylinder. In 1830, Gauss proved the constancy
of the angle of capillarity by applying the theory of virtual
work.

Abont the same time (1831) Poission in his “Nouvell
The’crie de 1, action Capillaire’’ pointed out that the theories
of Laplace and Gauss had taken no account of the fact that the
density of the liquid near the free surface is not constant. By
means of extremely complicated but very well conducted cal-
culations he proved the constancy of the angle of capillarity and
established other results already given by Laplaceand Gauss.
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Poisson’s analysis was simplified considerably by Mathieu &
Poincare’ Hagen, Brunner and others studied with the utmost
precision the elevation and depression of liquids by capillary
action and showed that the thsoretical results of Laplace,
Poisson, Gauss etc. are completely in accord with experiment.
Plateau’s celebrated work,~ “Sur Les Liquides Soumis aux seules
forces moleculaires’”” —contains an elaborate account of the
mathematical theory of capillarity and of his own extensive
series of experiments,

6. 3. Theory of capillarity, in its most general form, is the
study of the forms assumed by the surfaces of liquids in contaet
with each other 'and with solid bodies. The curious ferms of
such surfaces become explicable only on the hypothesis of the
existence of intense molecular forces having an extremely small
range of action.

Let m; and m, be masses of two molecules of the liquid
and be the distance between them. The molecular force
between them is then assumed to be

m; my f (7.0,

f, being an unknown function, which becomes infinitely
small when 7, exceeds &, “the radius of molecular activity”.
Here it is tacitly assumed that the linear dimcnsions of the
molecules are infinitely smaller than the length of any line from
the surface of one to the other, for otherwise the quantity »,
would have no meaning utless, of course, the molecules are
supposed to be spherical.

In order t> proceed further it is now necssary to make some
assumption concerning the constitution of matter. No doubt
the application of Integral Calculus to the determination of the
action produced on a molecule of a body by the neighbouring
molecules is rigorously justifiable only on the assumption that
matter is completely continuous and that there is no vacant
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space, however small, between the molecules. Still such an
bypothesis, as remarked by Lame/, is inadmissible. On the other
band the assumption that the molecules of matter are very distant
from each other so that the space surrounding any molecule is com-
paratively void of matter, makes the application of mathematical
analysis almost impossible. We, therefore, s'rike a via media
and assume that matter is quite closely packed, the dimensions
of molecules being greatr compared with the distances Letween
the surfaces of two contiguous molecules. Matter may, there-
fore, be regarded as sufficiently continuoussc as to permit the
application of Integral Calculus at any rate as a very close
approximation to truth. But on this assumplion, when calculating
the molecular force between two very clo<e molecules m; and m,,
it will be necessary to imagine both the molecules as subdivided
into infinitesimal parts “m; and &m, so that the dimensions of
each part are infinitely smaller than the distance between any
two points on the parts consdered. If r;, be the distance bet-
ween these parts, the attraction between them will be &m; Sm,
f (r.). Integrating over the two molecules we shall obtain
the force acting between them. In what follows, therefore, we
shall apply the Integral Calculus as though matier were con-

tinuous.

6. 4. Consider a homogeneous liquid in contact with a
solid body. Let (X, Y, Z) be the components of the external
force per unit mass acting on the lignid. Tn order to determine
the equilibrium of the liquid we shall apply the principle of
virtual work.

Let m,, m,. - .. be the molecules of the
liquid and M,, M,, .- Ms, ... those of the solid. Let r;, de
the distance betw:en the molecules m; and m, and R, that
between m; and M,. Let m; m,f (r,) be the attraction between
m; and m, and m; M, F (7.) be the attraction between m;
and M,. Then the virtual work of two equal and opposite forces
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between m; and m, acting along 7, consequent upon a slight
displacement &8 7, is
—m; m, f (r,) &,
" Similarly the virtual work of the force between m; and
.18
—m M F (R,) § R,

The virtual work of the external force (X, Y, Z) is
m; [X8z +YSy+Z382).

Since the system isin equilibrium, the sum of the virtual
works must be zero for any displacement consistent with the
laisons or constraints of the system.

Or, Em, [X8a+Y&y+Z8z]—4 X, m m, f ("'i.) 8r,

..._E,Z“'mi L’I. F (R,.‘S R;,‘—‘:o e (1)

Hers the first sum extends over each molecule of the liquid,
the second sum, which is double extends over every arrange-
ment of two molecules of the liquid; and the third sum, which
is also double, extends over every molecule M of the !solid paired

with every molecule of the 1iquid. We have taken the factor %
in the second sum in order to ensure that each pair of molecules

of the liquid contributes towards the sum only once.

Let Jef (r) dr=wa () dr=0(r)
r r

gince f (r) is infinitely small when » >e.

e @
Similarly letf F ir)‘,dr:sj‘ F (r) dr=¥(r)
r

r
ot (1) 8r=89 (r), and —F (r) 8r =28V (x)

Accordingly equation (1) becomes
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Zm [X8z+ Y8 y+Z82]+3 5,5 mm,86(r.)
+E.2, mil 8V (R,)=o.

Remark :—Since f (r) and F (r) are negligibly small when 7 ¢
so are ¢ (r) and ¥ (r).

Now,set U== /(Xdz+Ydy-+Zdz) m,
HEE mmbln)+=2, ™M B @)

The condition of equilibrium is, therefore, §U=0 for every
possible displacement consistent with the laisons of the system.

6. 5. Wae shall now evaluate the double sums encountered
in the preceeding article. Consider the sum =%, m; m, ¢(r, ).

Take first a molecule m; so situated that the sphere of
radius & round m; as centre is completely immersed in the
liquid. The sum i =, m, ¢ (), where m, extends to every
molecule of the liquid except m;, is clearly the same as if the sum
extended only to molecules within the sphere of molecular
activity, for ¢(r,) vanishes for », >8.

Accordingly =, m, ¢ (r.)=P /(4 ™2dr) ¢ (v),

&
=47P J r* ¢ (r) dr=cons=L (say), where P is the density of

the Liquid,

If it were possible to surround every molecule by the sphere
of molecular activity in such a way that the latter remains
wholly inside the liquid, tho calculation of == m; m$ (r.) would
be a simple matter, for it would be=Zm; L=ML, M being
the total mass of the liquid.

Actually, however, it is impossible to do so for molecules
at a distance less than & from the free surface of the liquid or the
surface of contact of the liquid with |the solid. We are, however,
able to do so by drawing an imaginary shell of constant thick-
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ness & surrounding the free surface and the surface of contact
between the liquid and the solid. It is clear then that

ML =88, [m m, $(r,)]+=; =, m; m, ¢ (rs)

where the summation 8 exteds over mole of the umles imaginary
shall. We now proceed to prove thet S; S, m; m, ¢ (»,) is propor-
tional to the sum of area of the free surface and the area of the
surface of the liquid in contact with the solid.

Let A B and A’ B/ be the surface
of the liquid and the outer surface of A,!z o 6|5
the imaginary shell respectively. 7@%:
The two surfaces are by hypothesis ‘ [ &4 3
parallel, the normal distance between A t";\\\..if—/))//
them beinge. Consider now an ele- RN
ment of volume at Q, whose mass is )
Pds dz where z=Q, and ds is an
elementary area of the surface
through Q parallel 1o the surface
A Bor A’ B. Draw a sphere of radius & round Q. Take polar
coordinates with Q as pole, Qp as the axis of 8 and any line
through Q at right angles to Qp as the axis of 0.

/ ’

Let us take dS so small that the distance of any pcint
P( r6, ¥) from any point of the elementary area dS at Q is the
same as QP=r. Hence S; S, m; m; ¢ ( 7, )

=LSSSS S (P dSdz) (Pr2dr sin 6 d6 dV)¢ (r)
=P2 L S S 1 dSdz S S Sr2d (r) sir. 6d d6dV¥]

The limits of the tripls integral within brackets are to be
such that the field of iutegration is the volume between the
surfaces A B and A’ B’ and the sphere of molecular activity
round Q. Since tho radius of the sphere is infinitely sn:all
compared to the free surfac> of the liquid and the surface in
contact with the solid, the sections of the sphere by the surfaces
A B and A’ B’ may be taken to be planes.
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Hence fffr" ¢ \r) sin 6 drdd dV¥
- fffscctor aQbp a+_(ffa Qa,bQ b’+fffa’Qb’ga’

1 zsech 27T cost z—8

J d‘?Jsm Odﬂf 2¢ (r)ldr +JdWJ stm 6 d6 Jrz ¢ (r) dr
cos "1 2 o

(z=—¢) sec 6

J d‘Pf st1. 6 de[r‘“ ¢ (r)dr
cos tz—-8),

=p (2, (say).
Hence 8§ S, m; m, ¢ (r,) = P2 S/ /dS u () dz

=p? [f ds on (2)dz=A'P28,=B 8

where Bgis a constant and 8 is the sum of the area of the free
surface and the surface of contact of the liquid with the solid.
Let the former be ¢ and the latter be X, then

=0 4 X
HetcoZ; =, mym, ¢ (r,)
=ML —(A\+0¢)B
=2A— (N4 0 B,
A, B being constants.
Similarly it is easy to establish that
2 E,m MY(R,) =E\
Hence by equation (2) of § 6.4
U=2/(Xde + Ydy + Z dz) ni + A—4B:\+0)+EX
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=% f(Xdz+Y dy + Z dz) m + A—}B o —(3B—E.

where A,B,E are positive numbers.

Remark:— We have assumed that the density P is uniform
throughout the liquid. As mentioned in § 6.2, this assumption
las been criticised by Poission and Mathieu. The results obtained
by them on the assumption that t . density of the liquid near
the free surface varies ars, however, similar to those obtained
above.

6.6 Equilibrium of a liquid contatned tn a vase. If the
only external force acting ou the liquid be that of gravity, then
taking the upward vertical as z-axis, we haveX =Y =0, Z= -g.

Hence U= — g% fmidz+ A— {Bo — (3B-E) 2
=— g% mz + A — {Bo—(4B — E)x
=—gPS S Szdv+A — §B o —(3B—E)»

where dv is an element of volume of the liquid, ¢ is the area of

the free surtace and X\ the area of the surface of contact of the
liquid and vase.

For equilibrium we must have

8U=0
or, —gP8 S S S zdv — §B 80 — (1B — E)Sx=0......(1)

We now proceed to calculate the variation ., ,
of each of the three terms of the above equa~ * P
tion. Let AB be the free surface of the liquid 4 u ja
in its equilibrium position and A, B, its position i
after a virtual displacement. These two sur-
faces enclose a volume between themselves.
We split this volume into small elements by
drawing nomals M M/, NN’ at each point of

the contour of a small element d3, (MN), of the surface AB. If
MM’ =&, the volume of the element is d7= &ndS.
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Now /" /" ./ gPzdv is the moment of the weight of the liquid
with respect to oy plane. Its variation is therefore clearly
the moment of the weight of the liquid contained in the surfaces
AB and A,B;.

Hence 8 /S ./ gP2dv=Pg [ [ 28ndS...(2),

where the fleld of integration of the double integral on the
right hand side is the free surface of the liquid.

To find the variation §@ of the free surface area, we require
the difference between ¢ and ¢, the areas of A B and A,B,.

O 80“—"0. — vee @ .on (3)

Let L be the curve of contact of the surface AB with the
vase and L, the corresponding curve of A, B,. Draw normals
at each point of the curve L to the surface AB. These normals

intersect the surface A ,”B, in a curve L/, bounding an area o'
of the surface A, B,.

Let ¢ be the area of the surface A, B, bounded by the
curves L, and L.

. o,=0'+0o"
Accordingly,
So=0'+0'—0c
=¢"+SS VIS =SS dS ... 4)
dS' being an element of the surface A’ B’ and dS of A B.

Let us now compare d8’ and dS. Imagine the net work of
principal lines of curvature of the surface drawn out on it.



( 192 )

Let MN and MP be two such lines through
M, then the normals at M and N intersectat C
and the normals at M and P,at C’ andMC and
MC’ are the radii of principal curvature.

Since <PMN is a right angle, area dS
of the mesh MPQN is MNXMP. The
normals at the points M, N, P, etc trace a
corresponding mesh M'N/Q’P’ on the surface
A’B/, whose area dS'=M'N'XM'P".

Now MM'=8n. Hence from the triangle MPC’ we have
MP _MC_MC—-MM 1—8n
MP MO MC R

deyy M

1

R, being a principal radius of curvature of the surface at M.
Similarly,

MN Ry
S

_&ny (_8n
(1 Rl) (l R‘:‘

ds .
= 1.1
=1=0n g+,

neglecting term of the second infinitesimal order.

1
Hence dS'—dS=—8xn (”E: +R‘1‘) dsS
2

Sfas-ffas=—[ [ Graasen @
r L

Let us now evaluate the annular area ¢” between the curves
L, and L’ of the surface A; B Take two points A and C on the
curve L infinitely near each other. The normals AA’ and CC’
at A and C respectively to the surface AB meet the curvel/
in points A/, C’ infinitely near each other.
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From A’ and C’ draw lines A’A, & C'C, '

lying in the surface A, B, and perpendicular -

to AA’ and CC’ respectively. v ¢,|
These lines divide the areac” into ele- -

ments A’A,C,C/, whose area is sensibly ¢ b

dw=dsXAA’,
“'ds being the element AC of the curve L.

Defining the ‘angle of capillarity’ to be the angle
between the fres surface and the surface of the solid at any
point of the curve L, it is easy to see that angle AA,A’ after
the displacement can be id:ntified with 6, the angle of cap-
illarity.

Hence A,A’=AA’ cot 6=8n°289:
stn 0

. dw=dscofs——e~ Sn,
stn 6
g0 that

—f[dw f“”' O5n ds.

it follows from (4) and (5) that

So= f'm ‘s,.ds—ff( A 1ysnds  (6)

Finally we require the variation &X of the surface of the
liquid in contact with the solid vase. It is clear that &\ is
the area comprised between the lines L and L.;. An element of
this area is AA, C,C.

Hence J‘xsz dsA A,

&n
L stn b

ds.

P
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The Equation of Equilibrium (1) accordingly becomes

' B -1 .1 _B [ cos®
o f st B f i =2 2t s

B _ n _
-(-§ E)f o ds=o.

L B
R STy P N
”i 5 ds=o. (7)

This equation must be satisfied whatever be the value of 8n,
provided, of course, .that the value of &n is itself compatible
with the laisons of the system. Now the liquid being assumed
to be incompressible, the algebraic sum of the variations of the
volume resulting from the virtual displacement of the bounding
surfaces must be zero. We have already seen that the volume
of an element comprised between the free surface and its dis-
placed position is &n dS. Hence the incompressibility of the
liquid imposes the contraint,

ffEé‘ndszo (8)

If we take into account this equation, equation (7) is sat-
isfied for any arbitrary value of &n compatible with the lai-

sons if

B,1 1
-.gpz+ -2-—-(R-l +-§; ) = Oonst.-—:K (9)
and (E-—-—g— )——g cos 6=0 (10)

These conditions are obviously sufficient; for if they are
iatisfied, the second term of equation (7) vaniShes, whereas the

iirst reduces to the product Kf f ] 8n dS and i8 therefore zero
y (8)
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These eonditions are also necessary for if they are not
gatisfied, we can arrange a displacement of such a kind that
although equation (8) may vanish yet equation (7) will not.

Let us first suppose that— ng+—B (r—l— + lw) is not a con-
2 R‘ R’

stant. It is then a function of the coordinates of the surface and
its value at any point lies between a relative maximum and
minimum as the field of variation of the function is a finite
region. If K be a value intermediate between this maximum
and minimum, the funection

B,1 1
—gPs+ © (5—+=)—-K 11
g 2 (R1 B, ( )
is sometime positive and sometime negative.

Let us give to 8na value zero along the curve L and a
value of the same sign as the expression (11) at other points
of the surface. These values can always be found so as to
satisfy (8).

‘We then have
f f LK 8” dS=o
and therefore,

SSI=gPs g (} + 5 )18nas

=/ S [ —gPr+ig (§ +5,)~K 18 nds

Now by hypothesis 8n is zero along L so that the line
integral of Eqnation (7) vanishes. Also &n is of the same sign
as expression (L1), 8o that the surface integral of (7) is not zero
as each element is positive. It follows then that Ejuation (7)
cannot be satisfied so that equilibrium is impossible. Condition
(9) is therefore necessary.

Let us now suppose that condition (9) is satisfied but not
(10), we can always choose values of 8n satisfying (8) and such
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that along the line L, the sign of 8x is the same as that of

(E - ~)-—-§cosﬁ

The first integral of Equation 17) is zero while the second
is positive. Equation (7) cannot be satisfied.

It follows then that Equation (9), (10) are the necessary
and sufficient condiitons of equilibrium.

Equation (9) is the equation of the free surface of the liquid
and Equation (10) shows that the angle of capillarity 6 is cons-
tant at every point L of the curve of contact of the free surface
of the liquid and the containing vase (or the adjacent solid),

6. 7. We now proceed to give the differential equaticn of
the free surface of the liquid.

We have already seen that if R,, Ry be the principal radii
of curvature of the free surface at any point

B 1, _ K
3 B TR, =7 T e
or, a® (~] + L ) = (2—h)

! Ri " Ra

. . B -K
2 t antit — =
where a? athe positive quaniity 5P and A 7 5 -

From solid geometry we know that

1 —. (1 4+p2)¢t+ (1492 r—2pgs
(R,+ )= (14 p* + ¢* )smpq ’

9z .} _ 3%z 3% __ 223

h == ,g= " ,r = —3 =, = =
e P e 1 T By T @t T Bagy’ ' T oy

The differential equation of the free surface becomes

(1—}-(’192;-; (_1i_+qge’)):;2pgs ,(z_") o (1
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Remark I :—If the free surface is surface of revolution
genecrated by the revolution of a curve z=f (x) about
the (vertical) axis of 2 the principal radii of curvature at any
point are known to be the radius of curvature of the meridian
section and the normal intercepted between the point and the
axis of revolution.

The former radius of curvature is

[1+/” (@)] **
j” (W)

and the latter is

V141
}'Ti

Hencell{ +11{ =_f @ .+ f(a)
L Nt 2N TIR)
@+ @ i @]
RESIENE

The differential equation of the generating curve of the free
surface is

@ +if@u+r @] _a—h
(L7 @) a

This result is, of course, also directly deducible from
equation (1).

Remark II. The “Constant of Capillary forces" g is called

. (2)

surface tension’ of the liquid. See also § 6. 10

6.8 Weight of liquid rising in a cylindrical tube. Consider
a oylinderical tube plunged vertically in the liquid. The.equation
of the free surface can be written as
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d d
(A+e") g2+ 1) H-pa @+ .

(1+ pa+ gs) i a?
‘4 P d
or, = —_—_— —_— __ﬁ = z2—
ao i) Ty Ve R
or, ‘.1_l_7+ ﬂfa S_h.’
'do ' dy a?
where U=

—P v=__9
V1+p*+g® VI+p*+¢°

Multiplying both sides of this equation by da dy and in-
tegrating, the field of integration being a cross section of the

cylinder

ffc ( g‘g'*‘ Z—g)dxdy-* (—l%, ff( 2—h ) dzdy.

Now the left sand side by Green’s Theorem is easily trans.
formed into a line integral.

It is equal to
fc(Uoose+Vaz’n ¢ ) ds,

where & is the angle between the normal to the curve of the
right section of the cylirder and the 2-axis,

(a0 dV — cos 8€+q sin & 4
Honoo f f (dw+dy Jaudy= | F 41+p’?{-q3 ’

Now the direction cosines of the normal to the free surface
and the mnormal to the wall of the cylinder are reepactively,

2 _ -—1
T g’ Vitp'+e® Vitpitg?

cos 8 ’ sin e , 0

Hence if 6 is the angle of capillarity
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pcost + gsint
Vl-{-p’-l—q"

cos 0=

Accordingly,

. _pcos & + g sin &ds =cosefds=lcoso
J C 4 1 + pﬂ + q’ e

since 0 is constant; ! being the length of the contour of a normal

section of the cylinder. '

Hence ./ /" (z—h) dxdy = a? lcos 6.

The quantity A represents the z-—coordinate of the level
surface of the liquid outside the tube. Hence /" /", (2—4) dady
is the volume v of the liquid which rises in the tube above the

horizontal surface outeide the tube.
S v = a? ] cos 6.

If angle 6 is obtuse as in the case of a glass tube dipped in
mercury, the value of v is negative which indicates that the liquid
is depressed in the tube.

Ex. 1. Prove that the volume of the liquid that rises in
the space between two cylinderical tubes of the same material
dipped in a liquid is proportional to

(441" cos 6,

where 1, I are the lengths of the contours of thy normal sections
of the tubes and 6 is the angle of capillarity for both the tubes

Ex. 2. A cylinderical tube of any cross section is plunged
in a liquid so that the angle between the generators and the
vertical is @ Show that the volume of the liquid that rises in the
tube is (sec @) times the volume that would risa if the tube is

plunged vertically.

Ex. 8. A large drop of a liquid having a nearly flat top
~ rests on a horizontal plane in the form of a surface of revolution.
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If v is the radius of the section of the surface by the horizontal
plane on which it rests and ¢ the angle of capillarity, prove that
the volume V of the drop is

(2 7ra% sin ¢ +7h r?)

where A is the height of the highest point of the drop above the
horizontal plane and gPa? is the surface tension of the liquid.

Let us take the vertical axis of revolution of the solid as axis
of # and the origin of coordinates i1 the horizontal plane.

We have seen that the equation of the surface is

1 1
(z""'h) - (12 (ﬁl +‘R. ) wuu eee (l)
. e B B .
where A i8 a constant and ¢ = —— go that _ = surface tension
2P 2
=gPat.

Since the drop is very large and has a flat top the principal
radii of curvature at the top must be infinite so that if z. be the
height of the highest point above the horizontal plane, we have

Hence 4 is the height of the highest point above the
horizontal plane.

Multiply both sides of Equation (1) by dz dy and integrate
over the projection of the free surface of the drop on the
horizontal plane.

S S2dedy — b S S dedy =a* S (L +F ) dady

or, V — "r'h=a“./',/'(—%h+—%h ) dady.

But /S ( %f% Ydedy=27rsind  (se0§ 6.8)
2
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Hence V=27ya? sin ¢ + 7her2.

Ex. 4. A drop of mercury resting on a horizontal plane is
in the from of a surface of revolution. If 2 be height of the
topmost point of the drop above the horizontal plane and ¢ the
angle made by the surface of the drop with horicontal, prove
that

8
] 22%  2a? 1—sin 3
=9 ' o8 Ll
h=2acos s — =+ o i (appoz)
where b1s the radius of curvature of the meridian curve at
the top and » is the radius of the base of the drop, and gPa®

is the surface tension of the Yiquid.

_z2- N
We know that R + T

Taking a horizontal line through P as x-axis and the down-

ward vertical as z-axis, we have

W _ (1,1
PER T

Since z=o0 at the topmost point P, where the radii of
principal curvature are b, b we have
2a?

Ja= 27 t
k 3 2)

dz
Set (—-1;=tan ¢,

=Sin¢ , 1 _d¢ _ d¢ dz —Sin ¢ ¢

thean x R, T ds  dz ds
Equation (1), therefore, becomes

d¢ qu: =N
dz Sin ¢+="- " at

Intergrating,
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(ﬁ"'}l’)’n —cos $+ Sm ¢d +C.

Now ¢ =0 when z==0, therefore,

2
(z-;(l:”) = 1-c0s ¢ Smf_bd +

o

2

el Si 242,
=(1—cos ¢)+ “;fdz—s— .

o
by (2).
Assuming that 3, the radius of curvature at the top is very
large, the last term of the above equation is very small and may
therefore be neglected.

Let the distance @ of any point of the free surface from the
axis be denoted by (r+u) where r is the radius of the base,
We have then

2
(2~ ]l’)’=(1—008 ¢+ §~111-—‘—’dz
e utr

If » be large compared with a®, we have to the first

approximation,

(':'2—’;) =(1-o08 $)=2 Sin’-?
¢

or, s—h' =2q Sin-z—

Substituting this value in the integral

Sin ¢dz== Sin ¢

utr utr

2a Sin._?Cos'_g
2 2 d¢
(u+7)

aCOB ¢d¢
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=33 +'r d (cos —-1)
3¢ 1—cos® ¢
_ 4a 1 Cos 9 4“J‘ ) d¢
3  utr (u+r)?

Neglecting the last term as very small compared with the
first, we have

¢
1:- cos?® 3

(u+r)

(z—H4)?=4a* Sin? %-I— 8a

¢
or z—h/ =2q Sin $ 1 2a? (1—cos® é_‘_)__
2 3 (u+r) Sin¢~2~

Now if ¢ be the acute angle made by the surface of the drop
with the horizontal plane, we have ¢ =7—¢, at uny point of the
base, where =4 (say) and u==o.

+ 2¢2 1—Sin3¢[2

"+ bk’ = 2a cos 5 2 ' Br cos 1/2

or h = 2a cos— -g%a+ za

1—Sin®%7 2.
3 .

?
cos—
2

This gives the height of the drop.
Ex 5. Proveo that the formula

=__29: _\}40 cos? z' 8a® (1—8in® ¢ )(l—a Sir 1')
? T8 r 2

gives a better appx_'oxima.tjon than the formula given in
the preceding example.

Ex. 6. Show that the radius of curvature '3’ at the top of
the surface is given by
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-8 r

g__ o —
1 — @ Jrptan T—1 e g

F=2V2 . —48in? =

where » 18 the radius of the section at the base.

Ex 7. A drop of mercury rests in the form of a surface of
revolution on a horizontal pla: e. Show that if + be the radius
of the base and R the groatest radius of any horizontal section

1 ™
R=r-}-8—- -.._a_’_.__ (—-—-7—-+2—'310g tan— )
r+ §(r+) 2cos “; 8

a2 1 9.1'___3 ta 1..’:.:5 '
+6(r+ﬂ) (2009' "—z’+4 g log tan 4)‘

—

4

where A==R—r and ¢ is the angle between the tangent at
the top to the meridian curve and the horizontal.

Ex. 8. A drop of a liquid whose volumeis v rests in the
form of a surface of revolution, show that radius r of the section
of the horizontal plane on which it rests is the positive root of
the quadratic equation

1—8in® ¢ .
. .
r*+ (3 " Oos? 3‘- —2 Sin 2 ) 574 Oos ¢ ’
< 2

6.9. RBiso of liquid mear a plane plunged vertically tn it.

Let us take x-axis to be such as to be perpendicular to the
plane, —axis being vertical and lying in the plane. If the
plane be so large that we can neglect what is happening at its
extremities, the free surface of the liquid assumes the form of
a cylinder whose generators are parallel to y-axis. Hence the
coordinate 2 of any point of the free surface is independent of y.
The equation (1) of § 6. 7 for the free surface becomes



an
.___._@___._.. — 2k
[1+( ) ] '!' al
or integrating
) O—(a—h)
dz, % " 2q°?
Q1 +((T”) 1

If we count # from the natural leval of the liquid, the plane
zZ=0 meets the free surface asymptotically and the radius of

2
curvature is infinite. Hence for z=o0, — dlz _ ds =0, 80 that
de? dz
A=o0and C=1,
weo, therefore, have
do _ (222 — 2?)
t dz P ,"m .o v (1)

or, 4+ = _.44a -2t _, log V4q2—3? 42 + const ... (2)
®

Let 6 be the ang!e of capillarity, then 8 is the angle made
by the normal at P to the free surface with s——axis. If the
liquil rises to a height % against the plane, then O P=Fk so
that

- ..‘ ——t VEL OF 2/QUID

tan (90+0) = | z—% ol
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= _k Jda2—2
T e - WO

. Y
or,stn 6= 1— % )

or, k= +av3 \1—s/nf) =-12asin ( T —f )
4 27
-+ or— sign being taken according as the liquid rises or is
depressed.

If the liquid wets the plane, 6 = o sothat the height to
which it rises is av2,

Ex. 1. If a plane is inclined at an angle ¢ to the horizontal,
the height to which the liquid rises is

2.""‘6 )

2 asin (

where g"a? is the surface tension.

Ex. 2. Two parallel planes are plunged vertically in aliquid,
the angle of capillarity of both the planes being ¢. If thedista:ice
. beiween the plaues be very small, show that the height of the
liquid which rises against any plane is approximately

2a*

l

. ™ ‘1
cos ¢ + (— sin ¢ cos ¢ + 5 ¢) Tt
wherelis the distance between the plaunes and gPu? is the surface
tension.

Ex 3. A capillary tube of narrow bore and circular cross
g-ction is plunged in a liquid. 1If the angle of capillarity ¢ is
acute and the radius of the tube r, shew that the free surlace of
the liquid in the tube is the surface obtained by the revolution
of the curve

=g = A p e ® s Y
2=¢ = N gt—q +302 log c+ve2—y2
a 2¢



( 207 )

about the z-axis, which is the vertical through the centre of a
circular section. Here

- r_ . 1 sin? ¢
¢ cosP 3a®  cos®® (14sin 9) » and gPa?

is surface tension of the liquid.
Lot us take the origin in the plane of the level surface.

If « be the distance of any point on the surface from the
z——axis, we have

d? la’ a
d):‘z mdzm[ +( ) ] 2

5 - 1)

[1+( 22 SK

Multiplying both sides of (1) by x and then integrating
with respect to @ we have

dz x
dx 1

a_=

N1+ ( dz ) a? x2z d® oee oo (2)

]

If » is very small, we may suppose that the surface of the
meniscus differs only slightly from the portion of a sphere.

The meridian curve of the surface will, therefore, be a circle
whose equation is

2=l—v *—a?,
I and ¢ being constants. Let us set
z=l-vei~z’+ u,
where u is a small function of . We have then
dz

s t%
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we have then

A\ dz ) * ¢ 2 Ve'—2? du
1 = ¢
+( gz ) )

dz
Yz 2 Leli—a’du | aVi—a du
(+( )a) (e ¢c da ¢  dz
g_’ (c?=2*)3 du
+z o3 I
Al z 2?] (c"—a:’)%——c"’
80, - oa:z do= 5 -t "
1
neglecting 3 ) uz dz.
Equation (2) then leads to
du_c? cl x e* 1 __ ¢c® 1
—1)~ + - 1 s
dz ( )(c’«-xg)!zr 3. z  3a2 z(c— z®)*
u=c? (-2 - —1) — —~+ ", log (44— &
2*  3a’ NCo—g ] ’
~+-const (3)

Since » must not be large when « differs slightly from ¢, the
first term must vanish.

* 32(_‘:2_ _2.

N . + 3¢ (4)
Also for =0, 2 i8 zero, so that [ —c+u, =0

°+"c — —tc—1

..u-—— log —*

The equation of the surface of meniscns is
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—_— c® ¢+ Ve? —z?
él—-c—*lc’—w"f" 3422 lOg %

If the angle of capillarity ¢ is acute
dz

cot ¢-— ’for z=r
3
of cot p==—"T — (1— 36 ___l:_:__“
Ne? =r? 8% (VoI —z?
r 2 1 Sin %¢,
or e=—"

cos & 3a2 cos “¢ 1+Sin ¢(appox)

6.9. Burface Tension— We have already seen in § 6. 2
that Thomas Young compared the free surface of a liquid to
that of a membrane eqally stretched in all directions and
obtained the differential equation of the free surface of a liquid
on this hypothesis. Laplace’s objection to this mode of treat-
ment of the theory of capillarity has already been noted. We
shall here indicate how the hypothesis of a uniform surface
tension leads to the same results as already obtained.-

Let assume that the free surface of the liquid is in a
state of uniform surface temsion T, so that the tension on the
surface across any short length &s in the surfaceis T &sat
right angles to the line &'s.

Consider now a portion of the free smface ABCD of a
liquid at rest under the action of gravity.

Let PQ, PS be elements of arcs of
two principal sections of the surface at P.
Draw the two principal ssctions OR and SR
at the points Q and S. We thus obtain a
small area PQRS of the free surface. Con-
sider an element of the surface bounded by
PQRS and of infinitely small thickness .
It is in equilibrium under the action of
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surface tensions acting across the contour, the weight, and the
liquid pressure acting normally on the element. (We neglect
atmospheric pressure at the top). We resolve all the forces
along the normal PC’. If the pressure at P, a point imme-
diately below P is p, the total hydrostatical thrust acting on the
element is p (PQ) (PS)=pds 45/, along C'P. The weight of the
element is gP ds ds'e, acting vertically downwards. If the
angle between the normal and the vertical is @, the component
of weight along PC’ is

gP ds ds'e cos a.

If T is the tension per unit of length across PS, the whole
tension across PS, (which acts at its middle point perpendicularly
to PS) is T (PS)=Tds" Its component along the normal PC’

is therefore

Tds cos QPC’| Tds' cos (_"21—_1_’%’_@

1y sin 209
2
=T '___._df_
Tds 3R,

The tension across QR also gives a component of the same
magnitude; heuce the sum of these two components is %ﬂ
1
Similarly the sum of the normal components of the tensions
Tdsds'.
R,

Hence the normal component of the tensions acting across
the whole contour PQRS is

1.1 ’
T(R +R,) dsds'.

acting on the sides PQ ard SR is

1

For equilibrium, therefore
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pdads' = [T(= L) +egP cos a] deds’
R, 7R,

Since & is infinitely small compared with the other terms
of the equation, this leads to

=7 (L1
.p*—T (R1+RB).

Now for a liquid at rest under gravity we have dp=gPds.
This equation will hold through-out the liquid until a
distance & from the free surface. Hence we can use it to’
determine pressure p at the point P, which is taken to be ata
distance & from the iree surface.

Hence p==¢P (z~—A), 4 being a constant.
We, therefore, have

141y =gpz—4).

B
Comparing this equation with that obtained in § 6° 7, we

'IB

see that the “constant of capillary forces” — is identical with the

surface tension T of the liquid. That is why the constant —-—;—3
was called the surface tension of the liguid.

Ex. 1. Show that the equation of a liquid film enclosing a
mass of air at pressure p is given by

1 1 —
T(R, +R,) p— N

where T is the tension of the liquid film and T is the external
pressure of the atmosphere.

Ex. 2. A plane plate is partly immersed in a liquid of
density P and surface tension ¢. The angle of capillarity for the
liquid and the substance is B and the plate is inclined at an angle
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@ to the horizontal. Prove that the difference of the liquid on the
two sides of the plate above the undisturbed surface level is

4{t }} cos T—28 cos T2

gP 4 4
We know that 2, =2a stn a;ﬁ
h,=2a si'n 1—:5:_5_
2
by =ty =2a 2[cos m—28 cos —— 2a ]
4 4
_ T— 28 T — 2
=4 @ cos ) cos 1 ,

P opg=( L3
where t=gP a*,or a (gP)

Ex. 2. A volume 4 7 ¢® of gravitating liquid and of density
P is surrounded by an atmosphsre of pressure 1f and contains a
concentric cavity filled with air, whose volume at this atmosphe-
ric pressure is 4 T a®. The surface tension of the liquid is ¢;
prove that the radius @ of the cavity in the configuration ef
equilibrium is given by

@® _iy=gp {1y 1 }gz.sf_ﬂﬁ’i_._am’
Tige™ )= {w+ e+ Ty { {c*+a’ }
Ex. 8. If two soap bubbles of radii » and ' are blown, from
the same liquid and if they coalesce into a single bubble of
radius R, prove that if 1T be the atmospheric pressure, tension is

W R¥~pB—yp'3

3§ PR

Ex. 4. A spherical balloon of radius = is made of a material
which can sustain a maximum tensile stress of amount T
(thickness). It contains a quantity of gas of density ¢ at the
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pressure I of the atmosphere on the surface of earth. The
balloon rises vertically against gravity supposed constant, prove
that it will burst when its velocity is given by

2= 2T 1 - 1
% gor + o Tir )’
where p=k P. °

(Higher I C. 8. 1934)

We have dp = —g¢P dgz, for any point of the atmosphere at
height 2.

But p=1%kP
dp__ g
s kdz

—7; n—9,
or,p=Te * andP=3° ¥

.

Now at any height 2, the buoyancy of the fluid on the
balloon is gPV, the weight of the ballon being appraximately
g @ V, so that equation of motion of the balloon is

d
(gaV)v—J';:gPV——ch

p N
(""’1)-— Ee k

dv

dz -1

. o —rlk
..%vz‘— ]—éae (-‘5)—-2"'0.

Since v==0, when z=o,

=1
0= pr +C
92
=gy "k) —2
or, ﬁ'v’-—gc (1—e )

Now the balloon bursts when



( 214 )

Q
k‘l;.

2T

; =M—p=l—Te

-‘-"-ﬂ(l—-egk/k ).
. 2=__2_-_r "k.. -—H—
Sy gw—l-glog(l o )

Ex. 5. A cucular cylinder is made to rest on a liquid with
its axis fixed horizontally at a height & above the level surface
of the liquid. If & be the angle of capillarity and 26 the angle
subtended at the axis by the arc of the cross section in contact
with theliquid, prove that the surface of the liquid near the cylinder
is a cylinder whose right section is the curve whose parametric

" equation is

=T 9 ¢
@ \/yP [logcot4+2co.82]+A

o A[Toain ®
z=2 Eﬁsm 5
Also shew that
gP (c cos 6— k)2 =4T sin?( 0-2-a )

6. 11. Liquid Iilms: If we dip a frame work formed by
rigid wires in a liquid e.g. a solution of soap and water and
then draw it out slowly we obtain a system of infinitely thin
films of the liquid which are bounded by the wirss. We proceed
to find the surface of equilibrium of these films. We have
already proved in § 6. 6 that the force function, U, of a system
consisting of a liquid resting in contact with solids is

— g/ S P d,,-+_A-1§3c+(E-§)>.,

where ¢ is the area of the free surface of the liquid and \ the
area of the liquid in contact with the solid.
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In the particular case of infinitesimally thin liquid films,
we may neglect that last term as the area X of the surface of
contact of the liquid and solids is proportional to the thickness
of the film, which is assumed to be exceedingly thin. The first
term is also negligible in comparison with the third because it is
also proportional to the thickness of the film, provided, of course,

éB—which is the surface tension of the liquid film, is not itself

very small. 'The secind term, which is a constant may also be
ignored as the addition of a constant to the force function of a
system makes no difference in the equations of equilibrium of
the system derived from it.

We thus take the force function U in this partieular instance

B
t ——.
o be 20

The condition of stable equilibrium is that U or----—lé3 o be

a maximum. That is, the area ¢ of the free surface must be a
minimum. In the case «f a single film, the free surface o is
composed of two faces of the film, whose surfaces are sensibly
:dentical as the thickness of the film is very small. Hencein
order that the equilibrium of a film be stable, it is necessary and

sufficient that area—; of one of the two faces be a minimum.

This conclusion is easily verified by means of a simple
experiment due to Van der Mensbrugghe. Take a circular wire
of copper and suspend it by means of three strings. Dip the
wire in soap solution and withdraw it gently from the liquid
by means of strings. A thin film is thus obtained. Form
a loop of a piece of thread and moisten it with soap solution.
Place it gently on the film. The thread can assume
any form whatever. Now perforate the thin film inside the
loop by means of a pin. It will be found that the loop of the
thread is instantly drawn out into a circle ¢ by the contracting
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film. Of the closed curves having a given perimeter circle has
the maximum area. The area comprised between the circum-
farence of the circle ¢ and the metallic wire is thus least when
the liquid is in equilibrium.

6.12. Liquid Films (Minimal Surfaces).

Let AMB be one of the faces of a liquid film and
A,M,B, a parallel surface infinitely close toit. If A MBisa
surface of minimum area, the areas AMB and A,M,B, must
differ by infinitesimals of the second order. Let us draw normals
to this surface at every point of the contour of AB. These
enormals intersect the smface A,M,B, in a curve L/, which
encloses an area ¢’. Let 0” be the annular area between the
contours A;B; and A'B’. (See § 6. 6) we then have

o,=0'+c"

Also §0=0,—0=0'4-0"—0

=g''4~(¢' —0)

= |dncosb, 1 llpl 3
_[L Si ea’s JJER1+R2) Snd>S,

by equation (6) of § 6.6.

The condition of equilibrium is therefors,

1 1
JJ(R_l +R-—2) &n dS—Jﬁn cotd ds=o.

Since this condition must be satisfied for any value of 8n
arbitrarily taken, we must have

11
R, TR, "
and cotf =o.

The two principal radii of curvatures of the surface must
therefore be equal and of opposite signs. Such surfaces are
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called minimal surfaces The second equation expresses the
fact that the angle of capillarity isg— Since the direction of the

taugen plane to the wire with which the film is in contact is
arbitrary, this is the same thing as saying tnat the surface of
the film passes through the contour of the wire.

The problem of determining the surface of a liquid film is
the same as that of flnling a surface of minimum area passing
through a given contour.

Ex. 1. 'Prove that the differ ntial equation of a minimal
surface is

2 | 92,2202 8% ] 22-
{ +( )iaw‘ 23z8J 8mau+{l+(3w) fay’

=0.

Ex. 2. Prove that a helicoide is a possible surface of equili-
brium for a liquid film.

3. Prove that the suiface of equilibrium of a liquid fllm
supported by the circumferences of two circles whose planes
are perpondicular to their line of centres is a catenoid formed by
the revolution of a catenary about the line of centres

Ex. 4. Show that a surface whose mean curvature is zero
every where is a surface of eyuilibrium for liquid films, Prove
also that the equilibrium is stable (Schwarz)

6 13. Euqilibrium of a drey of orl.

Let us consider the equilibrium of a drop of olive oil trapped
between two wires of any shape or two circular discs) and
inserted in a mixture of water and aleohol of the same density
as itself.

In crder to fiLd the cendition of eq ilibrium it is sufficient
to determine the condition that the force function of the system
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formed by the oil and liquid is either a maximum or a minimum.
Now the forces that act on the system are the weight and the
capillary forces of the molecules The centre of gravity of the
liquid and oil does not chan.se whatever may be the displace-
ment of the oil drop since the surrounding liquid is of the same
density. Hence the work done by weight ia any virtual dis-
placenient is zero It is therefore not necessary to take iuto
account the external torce of gravity.

The capillary actions are of several kinds. They are
attractions.
(1) of wires on the oil,

(2) of oil on itself

(8) of the mixture cn itself,

(4) of the mixture on oil,

(5) of the mixture on the wires

We neglect the attractions of the material of the containing
vase on the liquids which it contains because they do not figure
in the variation of the force function when oil drop is slightly

displaceed, provided that the oil drop is always at a great comp-
ared with &), distance from the walls ot the vase.

Let us denote by

o==the surface of contact of the oil and the mixture,
N'=the surface of coutact of the oil and its solid supports,
X =the total surface of the solid supports,

B! =the function relative to the mutual attractions of the
molecules of the o1l

E, =the function relative to the attractions of the molecules
of the oil and the solid supports

B,’, E,’ corresponding functions for the mixture and E,, the
function relative to the attractions of the oil and the mixture,
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Woe have for the force function resulting from the capillary
actions enumerated above,

1E,;»\,

@®-(o+)

(BI—2L (0=, +1)

4)E, 0
(5) ETI(x-xl)a
neglecting constant quantities.

Hence the total force function for the gystem is, (except
for a constant),

EB ) (B, ~ B - By o 2+ D)

Now since the framework of wires is solid, the surface A
remains constant. We may therefore take

' ’
(Ea_’% """%L) o+ (EI—%L“+'§2}" —E,)x,,

as our force funection.

For equilibrium, therefors,

(B,—Sr—Byys o+E,—S1+ BU g, x, =

Comparing this with equation (1) of § 6. 6 giving the
condition of equilibrium of a liquid in contact with solid walls
wo 8ee that they are of the same form. They only differ by the
values of the coefficients of §¢ and §\; and by the disappearance
of the term relatiug to weight. Following the same reasonings
as there, it is easily seen that this condition of equilibrium leads
to two conditions viz.
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-!—+-—1~— =const,and
R, "R, ’

¢ =const.

Hence the mean curvature of the surface of separation of
the oil drop and the mixture must be a constant and the surface
must cut the solid suppor:s at a constant angle.

6. 14. If the surface of equilibrium of the drop is a surface
of revolution the meridian curve is the path of the focus of a
conic rolling on a straight line. If the two wires holding the
drop of oil be circles whose planes are perpendicular to the
line joining their centres, the surface of the oil drop is evidently
a surface of revolution, the line of centres being the axis of
revolution.

Let F be any point on the meridian curve and let @y be
the axis of revolution. Draw Fc the normal at F intersecting
oy in I Then it is well known that the principal radii of cur-

vature at I are FQ, the radius of curvature of the meridian curve,
and FI. Since the mean curvature of the "surface must be con-
stant in order that the drop be in equilibrium
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1 + -—1—-—- = const.

EI T

We proceed to show now that this condition is satisfied
in the case of a curve generated by the focus a of conic rolling
along a straight line. Consider an ellipse whose focii are F,F.

The point of contact Iis the instantaneous centre of rotation,
therefore, we have

Velocity of F _IF.

Ve!ocity of F, 1F,
Let G. be the image of F, in the given straight line ay, on
which the ellipse rolls. This point will have the same velocity

as I .
x 7\ y
Also by a known property of the ellipse G will lieon F I,

so that I F, =1 G.

velosity of F__ 1F o
velocity of G iG s

Hence,

Through a point F” infinitely close to F on the locus of this
point, draw a normal to this curve. Let this normal meet FIin C
then this is the centre of curvature of the curve, for FIG is also
normal to the curve.

Now FG=FI 4 IG =FI+IF,
== major axis of the ellipse = const,

Hence the locus of G is a carve parallel to that of F.
Consequently the two infinitely small triangles FCF’ and GCG’
are similar,
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* ._.___FF’ ==._Q}?
h GG’ CcG

or Velocity of F _ CF
’ Velocity of G~ CG

_IP
- 1G by (1)
Hence the four points F, I, G and C form a harmonic range,
so that

1 1 2 _
:‘['F"‘"Fb— F—G—-—const.

Hence the condition that must hold in the case of the
meridian curve of the surface of equilibrium is satisfied by the
locus of F. This curve is known as Onduloide. Similarly it
can be shown that the locus of the focus of a hyperbola rolling
on a straight line has the same property. This curve is known
as nadoide. In the case of a parabola, the lecus of the focus is
such that

1 1 _
IT"‘ FC =0.

Buch a curve is a catenary, with the straight line on which
the parabola rolls as its directrix.

Ex. 1. A drop of oil rests in a liquid of the same density
as itselt without being in contact with any solid supports, Prove
that the surface of equilibrium is a sphere.

[Hint : X=X, =0, 8o that the condition of equilibrim reduces
to §¢=0.]

Ex. 2. If the drop in the above example is made to rotate
about an axis passing through its centre with velocity w, prove
that the surface of the drop is a surface of revolution whose
meridian curve i3



( 228 )
om [—2dL_

Vya—er '

B

= a.s . ! :::w’ 1
where ¢ 4 Y +2y+ v’ a §T’T being the surface

tension and B,X arbitrary constanis.

Let o be the free surface and ¢’ a neighbouring surface
obtained by an infinitesimal deformation of . The work done
by capillary forces in a virtual displacement is, as we have seen,

— (Bt B m)to=— T 80,

where T is the surface tension.

Again, the rotation of the drop sets up- centrifrugal forces
whose work in any virtual displacement is

§Zwr(m 8r)=14 w? 81

where I is the moment of inertia of the drop akout the axis of
rotation.

Hence for equilibrium

“.é."n---rs«zo

or, 80-—2 8l =a 8L

T

On account of the deformation of ¢ to an element ab = d.§
of this surface, there corresponds an element o'y’ = d.8’ of the
surface obtained by drawing normals along the contour ab to @.
The variation of @ is

So=/fdS!— [ [38

=SSt + 2

R, T & 45,
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The variation of I is the sum of the moments of inertia of
the elemenis of volume such as ab a’d’. If » be the distance of

the centre of gravity of this element from the axis of rotation
we have

8I=// r? &n dS.
.+ The condition of equilibrium is

SIS (g g — e =0

for every &n such that
JSSEnd§ =o,
which expresses the fact that volume of the drop does not change.
This is satisﬁed if
Ru +-—R-’-—-ar == const = B
If this surface is a surface of revolution, the principal radii
of curvature are MC, the radius of curvature of the meridian

curve, and MN. Hence

R,-Mo_d" R,=MN=_*_
cosd

d$ | c0sd _g s
ds + P +f
This gives for the equation of meridian curve

d¢+603¢_ay +p

taking the axis of revolution as x—axis
dy = —sind ds

So—y sin $ d® -+ cosp dy = (a y* + By) dy

or,ycos¢=gy4+§y. + X=¢,
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X being an arbitrary constant.

c
or, cos $= -
Yy

. tan ¢ = 1/_3!_'_:'_0.1

. m=f _eds
? 4y _c’

Ex. 3. A drop of liquid under no forces except uniform
external pressuro and surface tension rotates as arigid body

about an axis. Shew that on the surface (—% — %T ) is cons-
1 2

tant, R,, R, being the principal radii of curvature of the surface.
6. 15. Closed liquid films. Soap Bubble.

If we dip a network of wires in a liquid we obtain in
certain cases a system of liquid films, which form a closed surface
enclosing a mass of air. 'We shall now show that the surfaces
of the equilibrium of these films are the same as the surfaces of
equilibrium of a drop of oil placed in a mixture of water and
alcohol of the same density.

Consider the system formed by these films and the mass of
air enclosed within. Imagine a virtual displacement of the
system from its equilibrium position

The virtual work due to the weight of the system may be
neglected, because the mass of the enclosed air and the mass of
the liquid forming the films are very small.

Let @ be the total area of the faces of the films in contact
with external air. The area of the faces in contact with internal
air is also sensibly @, as the two faces of any film being very
near each other cun be regarded as parallel. The virtual work
of the capillary forces on account of a variation 4o of this
area is
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B,, being the function relative to the action of the molecules of
the liquid on themselves. If at the same time the area of contact
of the liquid and the framework varies, we shall have to consider
the virtual work of the capillary forces resulting from this
variation. But this surface being proportional to the thickness
of the films is very small and may therefore be neglected =~ We,
therefore, have only — B, &0 as the virtual work of capillary
forces due to the displacement considered

To this we must add the virtual work of the pressures. If
p be the pressure of the air within and 1 that of the air without,
the virtual works of the pressures due to a displacement of an
elementary area dS are pdn d.S and — T8n dJ respectively.

The condition of equilibrium of the system is
— B, 0+ S S (p—11) &n dS =o.

But we have already secn that

6‘o'=—-ffL8n( Rl—l +—Rlz)d8+ fLé‘n cot ¢ ds.

-'-ffL[P-"+( Rl'{" RQ‘.) B, ]6‘n dS— B, [ 1 8n cotdads=,,

Since this is satisfiled whatever .the deformation we must
have

—p+ ":‘("R'%""‘R—l') B,,

aw
cot $==o0, or ¢=—§-'
The pressures p and 17 being uniform, (since the weight of

the air has been neglected), the first condition shows that the
mean curvature of the surface is constant. This is one of the
conditions of equilibrium of a drop of oil of the same density
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as the mixture in which it is inserted. The condition ¢= -;:

appears more restrictive than the analogous condition of ¢=
constant found for the drop. But in reality both the conditions are
identical in as much as both express the fact that the surface
of the films or of the drop must pass through the wires of the
frame work.

In particular if we form a soap bubble passing through the
contours of two parallel wires of the same radius we must
obtain for figures of equilibrium, onduloide, or a right circular
cylinder, or a nodoide, or a catenoide, This has been actually
observed by Plateau.

Ex. 1. Two soap bubbles of radii R and R’ intersect one
another in a circle through which passes a thin soap film.
If the film forms part of a sphero whose radius is, R”, prove
that

1 11
TTRETR

Ex. 2. Two circular rings with a common axis at right
angles to their planes support a closed liquid film containing air
at a greater pressure than the external air; -shew that the ends of

the film are spheres of radius a==2£,and that the surface

between the rings is a surface of revolution of which the me-
ridian curve has an intrinsic equation

or x4, b
ln Junsnsond —
Sin ¢ a+w,

~ wher# ¢ is_the inclination of the normal to the axis and =
is the distance from the line of centres of the rings.

Ex. 3. A liquid film of total surface tension T is supported
by two equal parallel circular discs of radius #, with -their
centres at a distance % apart on a line perpendicular to their
planes. The film is in the form of a cylinder. If a pin hole is
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made in one of the dises so that the air slowly escapes, shew
that a total quantity

) T A s b
P, 7r [( 1+“~—~r)hr-c’ ( 5 ~+Sinh é-c-) ]

will escape, where P, and W are atmospheric density and

pressure and ¢ is given by cosh LI 5
2 ¢

Let the initial pressure r
inside the cylinder be p, so a ‘
that T 7

p=T=— (1) \ £

the eylinder is 72 - (&) P,
P being the density of air
inside the cylinder. Since

%L=-g" therefore mass of air

is 7 r® kﬁ%’-'-

LN

The mass of the air in / i

Now if a hole be made in one of the discs, air will escape
till the pressuresinside and outside are equal and the liquid
film then assumes the form of a catenoid, that is the surface of
revolution formed by revolving a catenary about its directrix,
which in this case will coiccide with the line of centres of the
discs.

If v, be the volume enclosed in the liquid film, the
mass of the air remaining is Pgv,, density of air being now
the same as that of atmosphere.

The mass of air escaping is

LA “PAﬁ'E —Po”o



or by (1) T
mraP ok (14— ) —Pove (@)

We have now to calculate the volume v, of the surface of
volution of the catenary

y=c cosh-Z
[ »

about its directrix, which is the line of centres of the disc.

Since the point B (—%, r) lies on thecatenary,

_ h
r=rc cosh o

h .
or, cosh 5 %7-2-, wheh gives c.

Now v, =2 |7y de
J o

=97

=c2n] L h __h.
c"[ZSmh——c-{—g]
—7¢* [o{L) Sinh Pt
e [O(G)Smh 2c+2]

=pe [ Sinh—;:-; +_§";]

Hence by (2) we have the required result.
Ex. 4 A wire in the form of a circle of radius a izplaced in the
surface ofsoapy water and raised gently, so as to draw after it afilm.
Prove that neglecting its weight, the meridian section of the



( 230 )

film is a catenary. Also provethat the parameter of the meridian

caternary, when the area of the film is equal to 7 a2 is ~ where
P

% is given by

-1

cos;h—zl + 2 (2 w—-—)%=zz

6. 16. Equilibrium of a drop resting om liquid of greater
density.—
Let ABCD be the drop. Let ¢ be its free surface ABC and

o’ the surface ADC in contact with the deaser liquid on which
it rests. Let o" be the free surface of the liquid itself. Let

B, B B" 16 tho surface tensions of thess srfaces. The work
o~ g g Db the surface tensions of theso surfaces. The wor
done by capillary forces in a virtual displacement of the drop is

B B/ Bl/

D eg 2 So'_ 2 ",
5 So g °¢ 3 do
, 8
T T
5 D

Let P ba the density of the liquid and P, that of the drop.
Let V, V, be the respective volumes of these liquids and Z, Z,
the distances of their centres of gravity from the woy
plane; we have for the virtual work of the weights of the
liquids — (gP V & Z + gP, V8Z), 2— axis being supposed to
bedirected upwards.

The condition of equilibrium 1is, therefore

—g (PVOZ+P,V, 8Z)— 132_80—_%' So'— _32." 80”=o0,

The equations of constraint are § V=0 and §V’=o,

since the volumes of the liquids do not change.
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In order to transform these equations,let =, =)/ T/ e
the new positions of ¢, ¢,/ o’/
If at each point of the
original surfaces we draw
pormals to these surfaces the
lengths 87 of these normals
comprised between these

t

surfaces and those which result from their deformations will
determine the latter surfaces. Let ¢S be the area of an element

of @, we have then

___._,ffgn(ﬁll+§%)d8+f8ndscot¢

ds being an element of the curve of contact and ¢ the angle
between the line OF, joining the two positions of a point of this
curve with the tangent at F to the deformed surface. Now in
the triangle CHF, where CH is normal to o, the angle at H is
sensibly a right angle. We, therefore, have

CH == CF &n HFC

Sn=28n' sin 4.

&n' being the normal distance between ¢”and =

o So= LS S ( —Rl +R—1~.)dS+/8n’dscos ¢
1 2
Similarly we shall find

8=/ S L ,+R ~ YdS+S 8’ ds cos ¢

8" =SS 8n (L + ﬁl,-, ) dS'+ S 8’ ds cosb
1 2

For calculating §V, we remark that if the surface ¢ alone
is deformed, we have for the variation of volume

S S &n dS.
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But since the surfaee ¢’ is also deformed we have

SVy,=SLS8ndS —S S & dS
Similarly

8V =/ /S 8ndS + S S &ndS .

The volumes being constant
V,8Z,= 8V, 2Z)=SS8n2d8 — S S 8nz dY
V 8Z= 8 (VZ)= S S 3n zdS' — S S Sn zdS".

The last members of these equations express the fact that
the variation of the moment of the liquid with respect to Zo y
lane is equal to the sum of the moments of the weight of their
eloments with respect to the same plane.

The equation of equilibrium becomes
_.ffd‘ndS[gP, z+ g‘R{"’R{, )i
_ f fon ast gPa—gPrs+ 5 Rl’, +g, )]
—f fenasr(gps +5 (gL, + )

—fé‘n’dS’( g cos ¢ -+ %’ cosp’ +}§l cosd’’) =o (1)

The equations of constraint are

S SEndS— [ [8n dS =0
SSEndS + S S EndS =0 (2)

Equation (1) must be satisfied for any & satisfying equations
(2). These are satisfied by taking

S SEndS= S S EndS =S f8ndS =0 (3)
Hence (1) leads to
99134"‘- ( )
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B, 1 1 '
g(p*p1)z+—2‘(‘1§:‘; +R—"/)='a - (4)

9 Pz+ (R," R, /I )=a",
dnd B cos$ + B’ cos ¢’ + B cos ¢ =o,

al, a’’ being constants.

In order that equilibrium may be posible, equation (1) must
be satisfied whatever be the displacement provided that it is
compatible with the constraints. It must, therefore, be satisfied

even when the conditions (8) are not satisfied provided equations
(2) are.

But taking into account equatlon; (4) we find that equation
(1) reduces to

afSEndS + a ffan dS' +a'" f f 8ndS' =0
or, (a+a'~a"’) S S 8ndS=o, '
by means of the equation (2) of constraint.

In order that this equation may be satisfied even when the
integral /" /" 8n dS is not zero,

a-t a'-a'’ =o.

This is the new condition that must be combined with
equations (4.

The first three equations of (4) give the equations of the
surfaces @, o’, o’/ respectively. The fourth equation expresses
the fact that the sum of the projectious of the tensions at the
point C on ths straight line CF is zero, sincs ¢, ¢’, ¢” are the
angles this straight line makes with the tangents through F in
the normal plane at this point to the curvs of intersection  As
the direction of CF is arbitrary, this implies that the three
tensions at C are in equilibrium.
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6. 17. Pressure on a solid of revolutton ‘mmersed tn a
lfquid.

Let AaB be a solid of revolution whose axis is AB, which

we take as vertical. We propose
to calculate the pressure on the solid
when it i8 in equilibrium in a liquid
of density P. To do solet us give
to the solid a slight displacement
e such that the torm of the free
surface Ma remains unaltered, so that
this surface is simply prolonged so as
to meet the solid in its new position
A'a’B. Let us now write the sum
of the virtual works of all forces

The virtual work of the capillary forces is, as we know
already by §6.5
B

= B B— B

where 8¢ is the variation of the free. surface of the liquid
and &\ the variation of the surface of contact of the solid and the
liquid. Let # be the radius of the parallel section passing through
the curve of contact aB. We have then
8o=27"yraa’
&\ =2mraa,,

where @, is the original position of the point corresponding
toa’ in the displaced position of the solid.

Also since—% and( E-——% ) are related together by

B oos 6=(E— B
——éooae-—(E-2),

where® is the angle of capillarity, (See Equation (10) of § 6.7)
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.p, B
R 1c=—§ (27r) (aa, cos 6—ca’)

Now the term (aa, cosf —aa’) is the projection of the contour
a’aa; on iaa’. Thisis accordingly equal to the projection of the
vertical @ a’ on @a’. But @,&’=AA’=¢, Hence this expression
18 equal to & cos ¢ where ¢ is the angle between a,a’ and aa’
which is equal .{o the angle between the tangent plane at the
point a to the free surface and the vertical.

Hence T, =7Br & cos ¢.

Let us now evaluate the virtual work due to the weight.
Since the solid is in equilibrium, its weight is equal and opposite
to the pressure exercised by the liquid on it. Denoting it by X,
the virtual work of the weight due to the displacement considered
must be

Xs.

We have now to compute the virtual work due to the
weight of the surrounding liquid. This is evidently equal to
the variation of moment of the weight of the liquid with respect
to any horizontal plane e.g. the free surface of the liquid at a
great distance from the solid. Assuming that the virtual dis-
placement is such that the free surface of the liquid remains
unaltered so that it just extends to the solid in its new posmon
the variation of this moment is '

T, = — Moment of ¢eBB'+moment of ELe-+moment of ¢a’EL
=-—Moment of LHeB’+moment of EHeB+moment of aa’EL

But moment of LHeB’ moment of E'Tl'eB’+ moment of
LE HH’

where EE/ is the vertical irawn through E, the point of
intersection of the meridian curve of the solid and the horizontal
plane Now the volume LE’' HH’ differs little from that of a right
circular cylinder of height H H'=g; it is therefore an infinite-
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simal of the first order and its moment with respect to the hor-
izontal plane ELH is therefore of second order. We can
accordingly neglect its contribution.

Ty ==—(moment of E/H’¢B'—moment of EHeB) + moment
of aa’'EL.

But E'H'eB’ is merely volume EHeB displaced vertically
through €, the difference of their momentsis equal to the
product of the displacement & by the weight of any one of
these volumes,

', Tg=—2egP Vol EHeB+moment of aa’EL.

It remains now to evaluate the moment of volume aa’EL.
The surface of the triangle aa’a’’, being an infinitesimal ot
second order, the volume generated by its revolution can be
neglected in comparison with that generated by the revolution
of area aa’EL, so that we have

moment of aa’EL=moment of aa’’EL

or, moment of aa’EL=moment of aEF— moment of a”’LF,
where F is the point of intersection of the vertical aa” with
the horizontal EH. If we prolong this vertical length to FF’ so
that FF'==8 we obtain a triangle a’E’'F’ generating a volume
whose moment differs from that of the volume a”LF by in-
finitesimals of sec.nd order,

.. moment of aa’EL =moment to e EF —moment of a’’E'F’

The volumes generated by aEF and a”EF’ being equal,
the difference between their moments with respect of the same
horizontal plane is equal to the product of the weight of this
volume and a quantity & by which the centre of gravity has
moved.

.. moment of aa’EL=ggP. Vol a EF,
.. Tw=—=ggP Vol EHeB+¢&g4 PVol. (annular ¢EF)
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Since the sum of the various virtual works is zero, we have

Tc+Tw+Xe=7Bre cos ¢—gPe (Vol EHeB—Vol aEF)
~+Xe=ao.

or, X =—7Br cos $+gP (Vol EHeB—Vol aEF),
giving the vertical thrust of the liquid on the solid.

If the surface of the liquid were plane, the vertical thrust
has the value

g Vol EHeB,

We see then that if ¢ is acute, the capillary forces diminish
the vertical thrust X acting on the solid. If the angle of capil-
larity is obtuse, then sois angle ¢ in general. Moreover it is
easy to see that the term gP Vol aEF must take the positive
sign when the point & is below the horizontal plane.

Hence the capillary forces sometime enhance the vertical
pressure exerted on a solid and thus enable it to float even if its
density is greater than that of the liquid.

Ex. 1. Prove that in the case of a cylinder floating with
its axis horizontal, the vertical pressure is given by

— Bl cos $+gP (Vol EHeB~2 Vol aEF).
where ! is the height of the cylinder.

Ex. 2. Prove that conditions of equilibrium of a floating
needle are.

—B Sin (¢—2)+gP (c?¢+c2Sin ¢ cos ¢ —2 A Sing) =w
and B Sin®} (¢—1)=gP(c cos ¢ —£)?
where ¢ is the angle of capillarity, w is the weight per
unit length of the needle, ¢ its radius, 4 the height of its centre

above the natural level of water and 2¢ is the angle subtended
at the surface by the curve of contact.
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Here the angle made between the tangent a T at a to the
free surface of the liquid and the vertical through @ is clearly

(~——9-+i)where<aOP=¢

_Hence by Ex. 1the vertical pressure on the needle is

—Bl cos ( :.-——¢+z')+gp (Vol EPH—2 VolaEF)

=—DBI Sin ($—1)+gP (Vol EPH-—-2V01 aEF)
Now Vol. EPH=]{ 4c® (20)—3% A (26 Sin 9) }
=] (c*6—ch Sin 0), where6 = <EOP.
Volume aEF=:] { area aEF }
=1 { area of sector tOE—area of triangle OEN
~-area of triangle aFN }
=] { 4c® (6—¢)—4% (c Sin 8 —A tan a)
—1% (c cosp—h) (c Sin ¢—h tan ¢) }
where N is tixe intersection of Oa with EH. ﬂ
Vol EPH—2VolaEF =] { ¢* a+4c? Sin ¢ cos $—2k¢ Sin ¢ }
The vertical preesure is, therefore,
— Bl Sin (¢—2)+gPcl { ep-+c Sin ¢ cos ¢--2Iz Sia¢ } .

and this must be equal to the weight of needle viz ]
We have, then, : .

—B Sin ($—1)+gPe { cb+c Sinp cos ¢—24 Sin ¢ } =w,



( 239 )
which is the first condition to be proved.

To obtain the second condition we refer to § 6.9 from
which we obtain the equation of the free surface in the form

1 = 1-‘—._23..’
dz\*1b 2a?
1+(.)
where z is measured from the level surface and o?= 'Q%P .

If ¥ be the angle made by a tangent to the free surface
with the horizontal, we have

so that the differential equation of the surface leads to the relation

2% =2a? (1—cos ¥) *4a® sin 2 g’—

Now at the point @, g2 == (¢ cosp—4%) and ¥ =17 —¢,

", (ccosp—h)*=4 a® sin® i;¢

Ex. 3. A needle floats on water with its axis in the natural
level of the surface; if w be the specific gravity of steel with
respect to water, ¢ the angle of capillarity, and 2a the angle
subtended at the axis by the arc of a cross section in contact
with water, prove that

("Tw—a) sin 3 (@—¢ )=cos @ cos —— +’ .



CHAPTER VI
The Figures of Equilibrium of a Mass of Rotating Liquid.

7. 1. We shall study in this chapter the shapes assumed
by masses of rotating liquids which are acted upon by no other
forces save their own gravitation, confining ourselves to the
simplest case in which matter is supposed to be homogeneous
and incompressible.  Even this simple case is complicated
enough to have taxed the ingenuity of some of the greatest
mathematicians.

7.2 Histery of the Pyodlem:

Newton had seen that the law of gravitation must account
for the figure of stars as well as their movements. He showed
that the centrifugal force combined with its weight must make
earth an ellipsoid of revolution flattened at the poles. He
calculated the ellipticity of the earth assuming it to be of
homogeneous density. Maupertuis studied the equilibrium of a
plane figure turning round an axis normal to its plane, on taking
account of a central attraction and a centrifugal force. Butit
was Maclaurin who in 1742 applied to a homogeneous mass of
liquid in rotation the principle of Pascal regarding the equality
of pressure even before the principles of hydrostatics were firmly
established. He showed that the ellipsoid of revolution is a
possible figure of equilibrium. Simpson in 1743 studied the
conditions of existence of these ellipsoids of Maclaurin He also
27’£p on taking w, the angular
velocity as a parameter. This expression, where P is the density
and ¥, the constant of gravitation, must be less than ‘2247 - for
ellipsoidal equilibrium.

Clairaut, in his remarkable book Figure de la Terre (1743)
gave to these results and demonstrations ‘their definite form.

discovered an upper limit to A=



( 241 )

He further extended the calculations to the study of a heteroge-
neous mass, as the earth and }lanets actually are. He gave
formulae connecting the ellipticity and the weight with the
density and cenirifugal force in the case of a sufficiently slow
angular velocity. In 1776 Laplace remarked that a general
solution of the problem was impossible and that only particular
cases could be studied and purely empircal solutions given.

A little la%er Logendre made known his fundamental m<thod
which permitted one to search directly the figures of equilibrium
in the neighbourhood of a sphere. It is this method that is of
primary importance in Mathematical Physics and to this
is due most of the recent progressin this Problem, Poincare
and Liapounoff have generalised this method of spherical
harmonics and applied to ellipsoids by using Lame’s functions
instead of spherical harmonics.

For a long time it was believed that there were no other
figures of equilibrium except the Maclaurin ellipsoids and the
ring round a central body It wasin 1834 that Jacobi showed
that an ellipsoid with three unequal axes turning round the
least axis is also a possible form of equilibrium. Liouville gave
an analyiical proof of this. Otto Meyer gave a complete dis-
cussion of the equations obtained in this case by taking ‘w’ as the
variable.

In a celebrated paper which appeared in Acta Mathematica,
7, 1885, Poincaré discussed the problem of figures of equilibrium
in a more general manner. He pointed out that the possible
figures of equilibrium form a linear series depending on a single
parameter, such as the angular velocity, and such that to each
value of the parameter corresponds either one and (only),
one or else a finite number of figures and that these figures
vary in a continuous manner as the parameter is yaried Among
others who have specially worked at the problem be
mentioned Liopounoff, Darwin, Lord Kelvin, Jeans, Appell,
Globa—Mikhailenko.
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For a more detailed account of the latest researches on the
subject the reader is referred to Chapter I of Paul Appell's
“Traité De Mecanique Rationnelle” tome quatriéme, from which the
above historical account is taken.

7. 8. Mass without rotation.

We shall first take up the problem of determining the form
of equilibrium of a mass of liquid whose elemenfg attract accor-
ding to Newton'’s law and are at rest.

Let P (a constant) be the density of the liquid. Let S be
the free surface, supposing the equilibrium to exist. Apply the
equations of equilibrium to the liquid mass.

We have then
dp=P (Xdz+ Ydy+Zdz)
datGlay+ Tl az)

*, p=—PV+cons.

On the free surface, S, we have p==o, hence at every point
on 8 we must have

PV =cons.
That is 8, the free surface, must be an equipotential surface.

We arrive at the same result even if the pressure at the
free surface (p,) be not zero,

An evident form of equilibrium is, therefore, a sphere; since
gphere is also an equipotential surface

The sphere is a solution of the problem. But is this the only
solution? It is probable; but this cannot be rigorously demons.
trated. To prove this it would be necessary to show that if the
potential of a homogeneous mass bounded by surface Sis such
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that S itself is an equipotential surface thon S must necessarily b
a sphere.

7 4. (General Equations.

Suppose a homogeneous mass of a liquid of density P rotate
round Z—axis with angular velocity w. The conditions «
relative equilibrium are given by the equations

__poV, .
oY P 8m+w Pz

8y +w Py

_3___ av
P 5 o2

Here pis the pressure at the point (@,y,2,) and V isth
gravitational potential. Since P is a constant

dp=—P dV+uw*P(zdax+ydy),
or, p=—PV+3w?P(z? +y*).

The pressure must be zero (or constant) over the fre
surface. Thus the necessary and sufficient condition that an
configuration shall be a possible fignre of equilibrium for
homogeneous liquid of density P rotating with angular velocit:
w is that

V—hut(@t+y?)

shall be constant over its surface, V being the gravitations
potential of the mass.

7. 5. Let us now apply this result to the ellipsoidal confi
guration given by

+ +-;‘=1 (1
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The necessary and sufficient conditicn that ellipsoid (1)
shall be a figure of equilibrium for a homogeneous mass rotating
with angular velicity w is that )

Vtu'(@+v")

shall be constant over the boundary.
Now, V, =7YP abe J & +—~-—1)A
where A=(a®*+\), B=(8*+1\), C=(c"+1), A=(ABC ;.%

o o
\ dx,
Set J:W‘p abe I‘o *——A—~ JA=7TYP abcj° Ai_g_

[oe) e 0]
d\ 7
'\ an ,
Jh=mxP abcj BA J.=XP abc J N

Hence (2°J 44 Js+22 —J) — 3w® (™37

shall be constant over the surface (1).

It follows that
a® (—tw?4J,) =b2(—3w*+J5) =c*(Jc) (2
or §'a?—b%)w?=a2J,—b2J; (2
Ladw? =a2J\—c?Jo (3)

Equation (2) can also be rewritten

* : N NN -
(a®—%) { 2‘”‘:?’ abe fo &a’+x)ib’+kj} o (4)

This equation is satisfied in two ways viz (i) if a == b, or
(if) if

Ad\
ERE" f INCERVGEEY )
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7. 6. Maclaurin’s Spheroids. Taking the first case viz,
when a = b we see that an ellipsoid of revolution-is a possible
form of equilibrium provided w is given by (3"

(=]
a’w? —_ (_i_’_# ( al - c? )
2mxPa2c oA atN 24

[0 ¢]
w? _ AN
or, 525 = (a* cﬂ)cfo ey ©

As the integral on the right hand side of this equality is
necessarily positive, w is real only if a > c.

Thus only an oblate spheroid is a possible form of equili-
brium; a prolate spheroid is not a possible form of equilibrium.

In order to evaluate the integral on the right hand side of
(6. we write

[ee] (e o]
w? afd c*d . A
2nxPe f. (a?+NA LN A - (7)
[¢0]

©
d\ a?d\ )
But fo(a’a-{-X)A: o (a2-2)2y pra putting u? =¢24N

[}
_ f 2a%du
o (cﬁl’+u2) 2‘

where a2 —c? =c¢*/2

Differentiating with respect to ‘a’



o)
2a du 1 ¢ 1 c
o (a*+u2)? =a oot ;—5( a®--c? )

Hence replacing ‘a’ by ¢l we have

(e}

Y saw  _ 1 1,11 e
fo (c3134-u?)® o % (i) c?? (P +c?i?)

=3—ll—,{tan-‘ll——#—l;}

a?dX\ - a® -1 l
f (a*+4)A ¢33 { tan I= 14z }
Simlarly,

©
i 2dx 1 —
}om=l§;{ 2] — 2 tan ll}

Hence equation (7) becomes

w' 1“"’“l -1, __ ! - =1
W (tan l 1+ l2 ) la \2l 2tan l)
—1
3+12)¢t -3
F—] ( +l ) al,’"s l l e . (8)

where a%= ( 1412 )c2.

Thus if w be given, equation (8) determines the elliptizity
of the spheroid of equilibrium. Such spheroids are called
Maclaurin’s spheroids.

7.7. Discussion of equation (8).

Set
y _ w0 "l
2mxP A4
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' S. ""‘1 ls lﬁ f u
ince tan | =]— 3+ ofor ema values of [, we

= -4 :
have from (8), A is l

Hence for =0, k=0, and for [ increasing A >0. When

tends to infinity, % is of the order %and, therefore, tends to zero.

Thus A is zer0 between these two limits of ! and increases in the
beginning.

Diﬂ'erentiating h with respect to I we have

]
g[ 9+l f(l)
_ 71*+9 =1
where f ()= T¥F O+F) l—tan L
The sign of g«? is the same as that of £ (I). For small

values of {, we have

fu)=z(1--’g + g,i-l‘...)—-tan ~1

- 8
135

The derivative is at first zero, then becomes positive. At

infinity W(!) reduces to — gand the derivative becomes negative.

Let us now take the derivative of £ (I) with respect to .

oy = SI(3=D)
7O = rEre+oy
This expression is at first positive, zero for I = v3, and then
becomes negative for ever afterwards. The expression S) is,
therefore, zero for I =o, increases till { = +3 when f' (J)
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becomes zero, then begins to decrease for I > 43 and tends to

- % . Hence f(I) =o has one and only one root, I, >+3. It

will, therefore, be the samse for g—;—' .

value of { for Whlch di and J(0) are zero, It is given by

Let us designate by I, this

—l_ __ 9+ ]
A+ (9+12)

We find l,= 2'53.., and the corresponding value %, of %
i8 A, =="224...

For I < 1, we have %% >o; the function A, therefore,

increases; for I > 1, ‘Z Zo; h, therefore, decreases and is
maximum for I =1,.
Taking two axes Ok and Ol we represent the curves

h=(3-+1) tan? l—-‘-”z

and &' =1 ({)

The curve h touches Olat O, its ordinate ingreases tili
h=h,~224 for I=l,=2-53.. ; then it decreases and
approaches Ol asymptotically.
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For a given value of 2 <. 224 there correspond two values

2
of . Hence as h=_—_’ for a given w there are two possible

27xp \
. . . w
ellipsoids of revolution, SmP
If.g% < '224, there are two spheroids of Maclaurin;

if 2;1: == 924, there is only one spheroid of equilibrium;

')
if— 3P < '224, there is no ellipsoid of revolution, which can be

a figare of equilibrium.
Maclaurin’s spheroids cannot be a form of equilibrium if the
velocity of rotation becomes greater than (.448 "\(Pﬁ'

Remark (i) If the celestial bodies like the earth or planets
are Maclaurin’s spheroids, these must correpond to the lower
root of !, assuming the ellipticity to be small. For if 1>>2.53
ellipticity

g=FCol— Ll > 15y
a N1+ V144

and & is known to be much smaller than 4 in the case of
the earth and planets.

Remark (ii). Ellipticity of the earth. We have
] 2
B = () (B3, for gmA7XPA

2P 21X60° 3a?
= 47 2ma
242, 6,4.3¢
~4X3. 14)¢40,000,000

24*X6, ‘)(&)(981
=.,00227.
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For this value of %, we solve the equation

-1
h=(3+1%) tan” I—3I
la

The corresponding ellipticity & is~§:]§)—1 . This value certainly

disagrees with the geodetic measurements. The ellipticity
1
298 ~=—and by Hayford in 1909 is —=- 297

It is necessary to conclude that if the earth is an ellipsoid of
revolution and if it was fluid sometime it is not homogeneous.

* and take the lower root.

given by Helmertin 1901 is

Remark (iii) when w tends to zero, one of the values ofl
tends to zero, and the corresponding spheroid is accordingly
a sphere.

The other increases indefinitely. If [ is very large, we have,
assuming the mass M of the liquid to be finite,

M_.{ deP= _‘1’_'3_3_?__ y = 4vr c*P(1+12)
(1+1%)

M. M ——
Hence ¢®= 4P 1+l’ ——5and a® = Gp VIt

It follows that ¢ > o0 and a > infinity. We have
a figure resembling a disc of infinitely large radius and infinitely
small central thickness.

7. 8. Jacobt’s Elltpsoids.
Let us now take the second alternative of satisfying.
equation (4) of §7.5 viz.

w? J R .

——e o= AdA
2rxPabe ) T B RA ®)

From equations (2') and (3) of § 7. 5 we also have
a’t®(Ja—Jp) 1 c?{a®—b%, J=0 (10)
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y ® I _a%? i L
or, (8* —a%) J [ o] 2 =~ @

Sincebs%a, we have to discuss now the equations

[oe]
W —abe J A
27xP o (a‘+).) (b°+X)A (jz)

d’ ® aba cz —
an I°[(a’+X) SN ]—_' o (13)

To reduce these integrals let us set A=c’@ we have then

[N

2 ("0
2%—5 ==3abe ct wde
7 (@@t (B’ ) (a*+c*x) (B + ) (c 2 +e3x)
(" o
=st xdo ;
J o (1+sz) (1+tx) ¢ (a: (14)

where ¢ (2)=v(1+sz) (1+t) (14), and

cﬂ 3

-—a—;- =g, 'Z‘; =f{, (15)

And equation (13) becomes

o]
(1—s—t) @—tsa® , _ .
j - 7 @) de=o

o]
or, (l—s-t)J @ da j 2 de
@ =" ) v (16)
These equations give s, ¢ when we are given w. The
problem is to reduce these equations.




( %)

Norte: From equation (16) it is evident that (1—=s—t)>° since
both the integrals must be positive and s, ¢ are also positive.
Hence s+¢t<1. Since s, ¢ are positive,

therefore s<1,t<1
or, *<a? and c* <32
*. ¢ 1s the least axis.

For equilibrium it i8 necessary that the axis of rotation must
be the least axis.

7.9. Discussion of equations {14) and (16).

Set h = o =1(s¢)

[ee]
® dz

. (4 so) (1+t2) A

Aleo 0=¥ (s4)=(1—s—1) [ 252 o do: o OZ;? .

where A == v (1+-sa) (1-+tz) (1+4x.)
We proceed to show that ¥=0 has always a root and only
one root in s for every value of ¢, and that the expression % has

always one value and only one for every value of  or 5, with
its maximum for s=t=t¢..

There is in every case one ellipsoid of Jacobi as a figure of
equilibrium.

These two equations define a curve of space by means of
the three variables %, s,¢. A point P of the curve projects into

a point R onthes—¢ plane, The coordinates’(s, t) of the point
R will clearly satlsfy Ys,t) = o.

Henbe to tried thb above skew surve it is chly ‘recessary
to trace ¥ (s,t) = o on the s=¢ plane and then to éréct at



( 268 )

point R of this curve an ordinate RP equal to the corresponding
value of 2. The locus of points P is the required curve.

(i) V¥ (s, £) =0 has only one root in s when ¢ is given
between zéro and one.

Set s+t=p and st = ¢,
then dp=ds-4dt and dq = ¢ ds +-sdt
Denoting by A and B the integrals in ¥
Y= (1—p) 4—q B, cor e (17)

o]
2
where A fwdm ,Bzfxg‘:.

Now, A% =(14a) (14+s2) (1+tx)
=(14o) (1 +pz + ¢z7).
Differentiating ¥ with respeot to s

v __ / aA B
é? == A — tB+\1""p) -—q gs

and =— %fx’(1+m) (1+t2) d®,... .. ... (18)

o 0]
B __ g (e hn) (i) 4, )

as AS
Hence (1—p) ?_é__q ;} f iH'w' (1+tw (1—p—g
== Al.""""B1ts

[e]
where A,t%) m'(1+m£:p_m d=,
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[e0]
B, =} fﬂﬂ‘i‘ﬁ%"ﬂ‘:ﬁﬂ.ﬂlw,

,~,.’g%” = — (A+A,) — (B+B,) t= — A, —Bt,... (20}

where A —f . 12"2“:) (24 8w ~— pw — ga®) dx

and similar expression for B..
Consider now the equation

d 2*(1+a _ » (Q+a)

(4+-3+r+pr—2¢T—3q x®)

de A°  2A°
- ©
m(1+m) o z3(1+-=)
= f A (4+3z+pa— 2ga*—3qx®)da == 1.

e 0]
Then 24,=24 —C=§ [ IA’;“) (l—pt-ga)da.
As p<1,4,>o0.

From this value of A, we have

2 ]
2A,+3B,=§(3—p) f (H‘””’ dz
=% (8 —)pD
The integral denoted by D being always positive.
., 2A, + 3B, is always positive.

Now we may write

- % =A (1— 2 )+ ¢
as AO+B0t-AO (1 3 t)+ 3 (2Ao+3B0')

As we have <1, the second member of the above equatio



( 255 )

is always positive so that %}’ is always negative.

Hence V¥ is a decreasing function of s. It varies in the
same sense and, therefore, cannot be zero for more than once
when s varies between its limits, ¢ being a given constant. The
same is true with respect to ¢ when s is given.

Now let us put s =o and s=1in ¥ we have

(1 zds
wc "'(1 t) fo (1+m)8”(1+tm)3" >o,

— z da
- ‘f TR B

It follows therefore that for a given ¢<1,¥=0 has one and
only one root in s between zero and one. Thus if one of the
two ellipticities is known, so is the other.

Considering s as a function of ¢, the fanctional relation
being defined by ¥ = o, we will have

di o8 dt o
av
LA B
TdtT T gV
ds
But gw <oand aw._/_o, hence %‘; is negative. Hence s

and ¢ always vary in opposite directions. For s= o, ¢ =1, and
for t=0, 5=1 and 80 on for every value of s and t. To each pair
of values of s and ¢; of s and ¢ corresponds another pair viz



( 256 )

t, and s, since the expression ¥ involves s, ¢ symmetrically.
The ellipsoids corresponding to these two pairs of values are
identical where merely the a and & axes have been interchanged.

The two values of s and ¢ become equal at an intermediate
value, say ¢,, we have then for s == ¢t = ¢, where ¢, is given

o (e 0]
zdz 2 z'dx
(1—stp [ 228 =, TAT

Here A == (1+¢,2) ¥ 1+2.
The curve ¥ (s,f)=o0 in the sOt plane can now be traced.
We notice that
(1) st are essentially positive and lie between o and 1;

(i) W (s, t) ie symmetrical with respect to s ¢nd #, the
curve is therefore symmetrical with respect to the
bisector of angle s0t;

(i) If s=o, ¢t = 1 and vice verca;
(iv) If s increases ¢ decreases and vice versa;

(v) Since s+t /1 the curve is always below the straight
line s+¢ = 1;

(vi) Given a value s, of sbetween zero and one, there is
always one and only one value of ¢ corresponding
to it. That is, any line through P parallel to Ot
axis meets the curve once and once only. -

"The coordinates of the point C situated on the bisector of the
angle 8Ot are given by the relaiion s=¢=t,='3396, whch we
will calculate shortly. The curve ¥ (s£) = o is drawn below.
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S,
0.135
0|

[4
We have now to examine the equation A= £ ().
Teking ¢ as defined by the relation W(sf) = o,
We have

aw aw

= — weW( NP ) 4y, (SLmtp

substituting for ds, dt from dp=ds+dt and dql-'-tds + sdt.

L—dv=— 2 (v—w )+ 92 (59, —t¥))
=._7¢?_5_ls (—A,—B t+A,+B,s)

+ ,—”’.?; (— A,s—B.st+A +Bx),

Substituting for ¥, and ¥, by their values already found ;
=A,dp + B, dg

Now set = (s—t)’= p*—44q, so that 2 p dp=dr+4 dg.
ris always positive, being zero for s=¢=t,, and varies from o
to 1. We can consider % as a function of » and g, and ¢ as
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function of » defined by ¥ =o. On replacing the value of dp by
its value in terms of » we have

-2pdV¥= A, dr+ (4A.+2p B,) dg.
But 4A +2p B,=4A,+2p B, — 2C
=(3—p)B, -
where B and C are integx;als already defined.
Hence — 2 p d¥ = A, dr + (3—p) B dg=o.
Since A, and B are positive, %% is always <o.
Let us now consider the equation A= [ (st) giving A in

terms of s and ¢ or g andr. We shall prove that % varies in

the same sense as r and that it is maximum for »=o0 or
s=i= ¢,

h= gt f “(1“"‘”) do= glA+B)

= (1—p+q)A =+(1—3) (1—t) f zdz

since from (17), ¥= (1—p) A— g B=o.
Hence, dh=(~ dp+dg)A + (1—p + ¢) (A, ds + A/dt).

[e o]
But A, ds + A/ dt =—3 f “’gj'@ (dp + © dg),
from values of A’,, A’,already found vide equation (18).

dh= ("-dp-l—d‘l) f @ da

—b(1—p+ ) f -2Lke) (@ + i)
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= (—dp+dg) |25 92 (1+2) (14 po + 9a)

—2 (1—p + 9) j_ﬁigiiﬁ(dp + = d9).
. A

or,2pd "=Jﬁ‘—1-g{’)- de { (14-pa-+ga*X(—2pdp+2pdg)

o

—3 (1—p+g) = (2pdp+2p2dq) }

.__J: z(1+w)dw l (1 +pw+qw’)(2pdq—~dr—4dq)
—3 (1—p+@z(2pzdq+dr+4dq) } (21)

=—3 D(gdr—rdg)+4pBdg (22)
On taking count of the expression C=0

. —4pT=39D—(3rD+pB /3L

dh dq
e <o, mnce? <o.

This proves that % varies in the oppoeite sense with r.

Hence we have always—-

The expression for ¥ gives if we make s=¢

—d¥=(A ,+sB,)dp, for dg=sdp.
=0,

Hence for s=t, dp=dg=o0 and therefore from (21) dk==0
and from (22) dr==o,

That is, dp=dg=dh=dr=o.
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Also % varies in the. inverse sense as r and dA is zero
for r=0. Hence % increasss for s between 1 and ¢t=t, and
decreases for s between #, aud o; & is, therefore, maximum for
for s=t=t¢,.

Moreover on replacing dr by its value in terms of ds and

dh dt dh .. dt
L0 [ 9(p—s) (Z2—1)122 at
dt we have = [ 2(t—s) ( 7s 1)] = with 7z <o.
. dh
LN} ds
increases from o to ¢,, s remains less than ¢ so that % increases
when s increases.

is+ive if t>s and—ive if ¢<s. Hence when s

We now proceed to determire ¢, and ..

For s=t=t, the two fundamental equations become

[e o)
ho-‘=t°’J xdx
[amp— }
14tz vl +a

‘l‘.--(l-—?.to)J 00' zdp I ,Jfg!dm ’
* U@ 4a)? 7 (o) ()

=0.

In order to evaluate these integrals let us put ?1~ =1+4-12, and
1,

u’

transform the integrals by substituting 1-z= and

then resplacing u by @

1
h°=2(1+l')J 21+ da
J1+7a)?

dx=0.

1
w,aj o?(1—z?)(1—I1t2?)
(1+12z’1)3
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Hence, 1 _‘;319 ho—(1—1)Y,

1 . 1
=22 z’d® ) J3;1:”——!5+l’)m4-—l2x°
J°1+2‘27c? HAAD) ) =—G g

The last intergral on the right hand side is

1

21=a%) |, Also W =,

(14722%)?

a8, (leds gt
T4l o), 1+41%g° A

- Also for an ellipsoid of revolution, wo have already seen
{Maclaurin’s spheroid that

l?
Eliminating %, we have
F:ta;l l —IM—I =
341472431
Far I=0, the above expression is zero. Its derivative
16 7*(I*—1) (812+1)
. 4
(14-12) (34-14124-31)2

For [<1, the derivative is negative, and positive for I>1.
The function F, which vanishes for /=0 decreases at first and
K
2
It therefore has only one root for I >1+ This root 7 is determined

is negative, but when 7> 1, it begins to increase and tends to

by the equation F=o. Substituting for ban ™1 ite eXxpansion in
powers of  in the expression for 4, we have
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= 4
° T 3f1.15+3I4
The calculations give [,=1395, ¢,="3396, k,="1871
For an ellipsoid of 3 unequal azes to be a possibla figure of

k

equilibrium -——2—:9;'5- < .1871. This value being less®than the

ccorresponding maximum for Maclaurin’s spheroids, we also
have two Maclaurin’s ellipsoids of revolution as possible figures
of equilibrium for the same values of w.

We may now draw the skew curve defined by the surface

h=f(st , and cylinder ¥(st)=o0.

Recalling the remark made in §7.9 we see that points on
this curve are obtainded by erecting ordinates of the height
h=f (s;t) at the vartous points of the plane curve W(s, t) =0,k =o,
already diawn.

% being symmetrical with respect to st; the skew curve is
symmetrical with respect to the planme %0s. It is sufficient,
therefore, to trace the curve on the one side of this plane.
Starting from point A of the curve ¥(s,t)==0, %2=0 we find that
at this point ¢=0, s=1 and therefore A=0. Hence A is a point
ot the skew curve we are searching. When s decreases from 1
to ¢,, % increases from ¢ to .1571, its maximum value. This
point is represnted by E in the figure. To have the ellipsoids
corresponding to a given value of w, we merely search for the
two points P/, P” on 1his curve in which the horizontal plane at
height A4 intersects the skew curve. These points, P,,P” are
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clearly symmetrically situated with respect to the plane %20s.
Boths these points give rise to the same ellipsoid as already
remarked. Oply the axes a and b are interchanged.

Remark: When « tends to zero, the limiting form of equili-
brium assumed by the corresponding ellipsoid of Jacobi is very
different from that assumed by Maclaurin’s spheroid. Here for
w==0 we have /=0 and s=o or ¢{=o0, both the values giving

the same ellipsoid. If s=o, ¢=0, and a is infinite, =0 but z—’

tends to 1. Hence when w tends to zero, the larger axis extends
indefinitely, the other two axes shrink indefinitely in such a way
that their ratio tends to 1. The form of equilibrium is therefore
a needle shaped figure, ‘ sensibly round but infinitely large.”
Poincaré called it “ Une aiguille allongée™ (See Poincaré’s
Figures d' Equilibre d’ Une Masse Fluide, page 162).

7. 10. Grapkhical Representation cf the results.
We have found that when

wmo, there are 3 figures of equilibrium: The sphere, the
elliptic disc, and the elongated needle or “1? aiguille
allongée”.

T %’/ 1871......

2 Spheroids of Maclaurin,
27YP

1 KEllipsoid of Jacobi.
( 2 Spheroids of Maclaurin,
% = 1871... { 1 Ellipsoid of Jacobi, which

2myP | in the limiting case is an
L ellipsoid of revolution.

. w? . .
1871/ STYP <.2247..c.cs00000s.2  Spheroids of Maclaurin,

a .
§%p—=.22470000n senc 008 1 ” 1] ”
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> 2247-0 teee {
2””’ of equilibrium.
We have already traced the curve which represents Maclaurins’

spheroids taking / as the variable. In order to facilitate com-
patison with corresponding results pertaining to Jacobi's

There are no ellipsoidal forms

ellipsoid let us take the same variable s= 9;, Hence | = \], l—g
a ==

—]1 H—g Rdefle—
ot _ (1429) tan '\/‘1"‘;3“" Hsll=s)

We have then A= o — —
P = e (1—s) 1=
h
¢ t.
o ey e
~
ot , s
p n V ) A

svaries fromoto 1. Fors =o0,h =o,and fors =1, A =o0;
k is maximum for s = '135; for any other value of % less than
this maximum we have two values of s, viz op’, op”.

The totality of above results is very simply represented
graphically. The skew curve in Fig. 2 of § 79 is the line of
Japhi’s ellipsoids and the above curve which lies in the plane #Os
of Fig. 2 of § 79 represents the line of Maclaurin’s spheroids.
Both the curves are shown in the Fig. below. Itis evident
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that the maximum ordinate CE of the curve of Jacobi’s ellipsoids
is also an ordinate of the line of Maelaurin’s spheroids so that
E is the common point of the two curves. Moving along the
line of Maclaurin's spheroids from the point S (which corres-
ponds to a sphere) we reach point E. The elhpsmd represented
by the point Eis common to both serics viz. the series of
spheroids and the series of ellipsoids. At E the series of
Maclaurin’s spheroids “ bifurcates " into that of Jacobi’s ellipsoids.
The e lipsoid represented by E is called the “ellipsoid of bifurca-
tion” Thus the various forms of equilibrium constitute a con-
tinuous series or a *linear ” series when w is regarded as a
variable parameter, tte series of Maclaurin's spheroids bifurcating
into the series of Jacobi's «llipsoids.

For further details reference may be made to Appell's
M¢canique Rationnell tome IV, Poivcar¢’s Figures’ d Equilibre
d’une Masse Fluids, and “Astronomy and Cosmogony” by Jeans.

(1) Show that an elliptic cylind:r is a possible form of
equilibrium for an infinite mass of homogeueous gravitating
liquid, rotating as if rigid, about the axis of the cylinder

If @, b be the semi-axes of the cylinder an' w the angular
velicity, prove that

a+b \}1 "WP !
P being the density of of the liquid Deduce that elliptic
cylamder cannot be a possible form of equilibrium unless
w
e <1
[(Hint: The poteniial V! at an internal point (zy) is given
by Vi = — 2””) (bz"" =+ ay?).

Ex (2) A .solid gravitating sphere of radiusa and density
P is-surrounded by a gravitating liquid of volume'i * (bl=al)
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and density 0. Show that the form of the free surface of the
liquid is the spheroid of small ellipticity & given by
‘r‘:b (1 —'2 € P 2 '
3

where, 8 = - -— R W
’ 87 {5 (P~ o) a’>20b }
P,, being Legendre’s coefficient of the 2nd order.
(I.C 8, 1935)

To solve this problem we recall the fact that the potential
of a liquid of density & bounded by a surface r=5 (144 P,) at
an internal point is given by

—_ [4, @- 7 3 )9+ 4; ob*(Z)2 AP, ]

Hence the potantial of a solid sphere of density P and of a
homogeneous liquid of densiiy ¢ surrounding the sphere and
bounded by the surface »=5 (14+X P,)

411‘0'

_2m g 47 ad
—Vi=— (& ) O+ r* P, +-§\p"°');‘

3
For equilibrium to be possible
—4 w? (r2—22) = Vi—4w® r?(1—cos?6)
3cos?6- 1,

—3 )
=V—} w“'r’@%’)smce P,=

=Vi”‘i'i3"r‘2 (I*Pg)

must be constant. over the surface r=b (14-XPz.)

Replacing r by b (1+4P,) and neglecting powers of A
higher than unity and products of m?and N, this expression,
reduces to
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8 .
—%c b3 —4m (P—-—a}% g T

e A (Lt

As this must be a constant, the coefficient of Py, must be
zero,

. »b’c (p c)a~ = - 2:‘92
"4”"‘{ 3 5‘» 2+ 30 } 3
— 5%
o A 1 5(P—0) a*4200% )
15?53

=3
Hemeo &=\ =g {5(P—0) a’+ 205" )

Bx. (8): A homogeneous gravitating fluid just does
not fill a rigid envelope in the form of an oblate spheroid. The
fhuid is rotating in relative equilibrium round the polar axis with
kinetic energy E. If it rotates with kinetic energy E, the
envelope is a free surface of zero pressure. Prove that for all
values of E whether greater or less than E,, the tension per
unit length across the equatorial section of the envelope is

15 E-E
327 A

where A is the area of a polar section of the ellipsvid:
(I. C, 8. 193% Higher Applied Mathematics)

Ex. (4): Prove that the ellipticity & of a nearly
spherical mass of liquid rotating round its axis of symmetry is
15w?®
167P

Ex. (5): Two gravitating liquids which do not mix
and whose densities are P; o (P">0) are- enclosed in a rigid
spherical envelope. The whole rotates' in relative equilibrium

' w being the angular velacity
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with a small uniform angular velocity w about a diameter of the
sphere. Show that the possible form of common surface of

the two liquids is an oblate spheroid of ellipticity 1-6—1-1;—(55—"_'—';—%;7;

Ex. (6): A mass of homogeneous liquid of density P
subject to its own gravitation and the gravitational attraction
of any number of other external masses If the liquid rotates
round an axis with angular velocity w, prove that relative
equilibrium is impossible, whatever may be the form assumed

2
>1

. . . w
by the liquid mass, if Fnyp

(Poincar¢’s Theorem)

For equilibrium to exist it is necessary that the resultant of
the forces of attraction and centrifugal force, be directed towards
the interior of the liquid, for otherwise a part will be detached.

Lot us take the axis of rotation as #—axis and oz, oy
two other lines perpendicular to it as axes of z and ¥ respectively,
Let V be the potential of the external masses at any point
inside the liquid mass or on its surface. Let V' be the potential

of the liquid mass itself at the same point.
If, therefore, we set
U=V+4V'—w? (@*+y*),
the force per unit mass acting at a point of the liquid is

derivable fro. the potential U. At a point on the free surface
aUu

force along the outward normal is, therefore, — 3
n
Now by Green’s ' heorem

[, s f 7w,

the surface integral being taken on the free surface and
volume integral through the liquid mass



( 269 )
But A%V =0 and V2V'=47YP, by Poisson’s Theorem.

2 f [ f aevae={ f {are—20n)do

=2 (27XP — w?) v,

where v is the volume of the liquid mass.

w
o >1’f f j AUdv 5 clearly negative.

Hence f f (—g—g) dS is negative.

ff( - )dS is positive.

But (— %Z) at any point on the faca sarface is the resultant
force acting along the outward normal. It follows from the above,
that(g-%—) is positive at some points of the surface, that is the

resultant of the forces of attraction and centrifugal force at some

points of the free surface acts outward. t£quilibrium is therefore
impossible.
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