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PREFACE

The movement of fluids is important to all branches of engineering and
science. Fluid mechanics is one of the areas of mutual interest to scientist
and engineer. It is the purpose of this book to present a small portion of
this field which we believe to be of special interest to chemical engineers.

In spite of the large number of excellent texts and treatises in the field,
none seemed to be available which had the desired combination of details
relating to laminar and turbulent shear-flow, boundary-layer analysis, and
a statistical treatment of turbulence. It is hoped that the present short
discussion provides a sufficient background in these subjects to give the
reader a reasonable understanding of the nature of local fluid motions which
are of primary importance in thermal and material transport. The described
conditions of flow are limited to those frequently encountered in industrial
practice. Consideration is given to situations where vanations in the molec-
ular properties of the fluid with position are encountered.

Each year sees the accumulation of additional experimental facts and
ingenious methods of analysis.  The studies have been summarized and
placed in consistent form by many authors. The efforts of Lamb, Goldstein,
and Howarth are particularly noteworthy although many excellent textbooks
by other authors have been written. The field is growing rapidly, however,
and the annual increase in experimental information concerning the mechan-
ics of fluid flow, particularly in the field of turbulence, is sufficiently great
as to necessitate the frequent preparation of textbooks and review volumes.

The behavior of laminar boundary lavers and the transition from these
boundary flows to the main body of a turbulently flowing stream have
been stressed to a much greater extent than is usual in an elementary
textbook in fluid mechanics. Schlichting’s approach to laminar boundary
flow has been used, and laminar and turbulent boundary flow for a com-
pressible fluid has been given a short treatment. The material has been
presented on the assumption that the reader is familiar with the calculus
and the elementary principles of differential equations. Tensor and vector
notations have not been used in the main body of the text. Their elimina-
tion, however, has prevented the clarity of analysis and precision of descrip-
tion that these rather elegant mathematical tools permit. For this reason
a brief description of tensors has been included in one appendix along with

v
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the corresponding derivation of the basic relationships of flow in three
dimensions.

One chapter in the early part of the text has been devoted to the basic
equations of the motion of fluids. This discussion need not be mastered
before the later discussions of turbulence and boundary layer are considered.
The basic equations of motion involving the Navier-Stokes equations in
rectangular Cartesian, cylindrical, and spherical coordinate systems are
useful in predicting the velocity distribution in many situations encountered
in chemical engineering practice. For this reason the equations have been
presented in sufficient detail to permit their significance and interpretation
to be understood without an extensive mathematical background.

The statistical theories of turbulence have been described in some detail
following the basic ideas of Howarth and Karmédn. The recently available
data on the statistical nature of turbulent shear-flow have been included
together with some discussion of eddy viscosity. The concepts have been
presented in an early part of the text because of their historical interest
and their widespread acceptance by the engineering profession.

In spite of the widespread interest in supersonic flow and shock phenom-
ena, these matters have not been included since they have been so ably
treated by Howarth, Shapiro, Courant, and others. An effort has been
made, however, to establish a background that will permit the solution of
problems in which the molecular properties of the fluid undergo change with
respect to the spatial coordinates of the system.

A number of examples have been presented. These examples have not
been chosen for their simplicity but rather as illustrations of the extent to
which the differential equations may be applied to physical situations. For
convenience in solving problems, tabulations of conversion factors and
fluid properties have been given.

Many persons have contributed to this volume. The first four chapters
were prepared in somewhat different form just after World War II, and a
number of the authors’ students contributed to the assembly of these parts
of the book. The material was rewritten in the summer of 1954 and the
chapters on turbulence and boundary layer were added. Appreciation is
expressed to Professor S. Corrsin, Dr. Donald Coles, and Professor
R. P. Dilworth for their reviews and suggestions concerning the chapters
on turbulence and boundary layer and Appendix II, respectively. Professor
W. N. Lacey made a marked contribution by his review of the manuscript,
and his suggestions materially improved the clarity of presentation. Olga
S. Opfell helped to put the manuscript into a form suitable for publication;
Virginia Berry and June Gray prepared the illustrations; Elizabeth
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McLaughlin assisted the authors in the preparation of the original copy, and
Evelyn Anderson and Patricia Moen with the final typing. B. Lawson Miller
aided in the review of proof material.

Throughout the text an effort has been made to acknowledge properly
all sources of specific information. Special appreciation is due the following
copyright owners, who have made available large numbers of figures and
tables: G. Braun, Karlsruhe, Germany; Chemical Engineering Progress;
The Clarendon Press, Oxford, England; Deutscher-Ingenieur-Verlag,
Diisseldorf; Her Majesty’s Stationery Office, London; Industrial and
Engineering Chemistry; Transactions of the American Society of Mechanical
Engineers; and United Engineering Trustees, Inc.

Professor Hunter Rouse of the Iowa Institute of Hydraulic Research
at the State University of Iowa furnished the authors with a photograph
relating to tle Reynolds classic experiment. Much information presented
by Professor Sidney Goldstein of the Hebrew Institute of Technology,
Haifa, Israel, was utilized in the chapter on turbulence. L. G. Dunn while
at the Jet Propulsion Laboratory of the California Institute of Technology
and G. B. Schubauer of the National Bureau of Standards made available
experimental records of turbulence. The conversion factors prepared by
F. D. Rossini for the National Bureau of Standards are fully quoted.
D. D. Wagman of the same bureau prepared a table of constants and
conversion factors involving units of energy which has been incorporated.
The National Advisory Committee for Aeronautics kindly permitted wide
use of its many publications as the basis for figures and discussions in the text.

To all of these and the many workers in the field of fluid mechanics
who have made available such a wealth of data the authors wish to express
their thanks.

In closing, the authors wish to express their admiration of W. N. Lacey
and their appreciation of the opportunity of having been among his students.
To have worked with him is a privilege each of us values. His friendly
cooperation and meticulous consideration have contributed much to this
volume.

PASADENA, JUNE 1956 WM. H. CORCORAN
J. B. OPFELL
B. H. SAGE
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CHAPTER I

INTRODUCTION TO MOMENTUM TRANSFER

The motion of any body of fluid involves momentum. The science of
fluid mechanics is frequently concerned with the transfer of momentum from
one part of the flowing system to another and to the surroundings. An
understanding of the physical nature of momentum and the application of
this concept to systems of variable weight are useful in the prediction of the
physical behavior of fluids in motion.

Throughout this discussion primary emphasis will be placed upon a
consideration of the conservation of momentum rather than upon a balance
of forces. The advantages of this approach become clear in the application
of fluid mechanics to the evaluation of material and energy transfers.

In describing the flow of fluids it is desirable to adopt certain conventions
and symbols in order to simplify the application of Newtonian mechanics to
such processes. In the present chapter an effort is made to familiarize the
reader with these conventions and symbols. The general nature of flow
processes and some of the simpler relationships also are described. Primary
emphasis is given to a description of the general characteristics of isothermal
fluid flow and to a presentation of the groundwork upon which a quantitative
treatment may be based. It is assumed that the reader has some familiarity
with mechanics and an understanding of the elements of thermodynamics.
It is particularly necessary that the concept of dynamic physical equilibrium
be developed along with an understanding of the physical nature of flow
processes and the concepts of steady state. Throughout this treatment it
will be assumed that local microscopic! equilibrium (7) obtains. This
assumption does not imply in any way that the conditions at a point are
invariant in respect to time but only that the properties of the fluid may be
described in terms of the thermodynamic state of the system at any
given time.

1 The term microscopic will be used to refer to conditions or behavior at a point in
a fluid, in contradistinction to the term macroscopic which applies to bulk or aggregate
conditions or behavior.
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I-I. Fundamental Variables

In the discussion of flow problems the undefined quantities (2) or concepts
in terms of which all other physical variables will be expressed are force,
length, time, and temperature. These quantities cannot themselves be
expressed in terms of a smaller number of physical variables although other
independent quantities may be substituted for some or all of them. In
physics it is usual to take mass, length, time, and temperature as undefined.
However, the widespread acceptance of force in engineering discussions makes
its use more desirable.

In discussing undefined concepts, the reservation should be made that,
from the principles of mechanics (3), a variable can be constructed involving
only mass, length, and time which can be successfully identified with the
temperature of a thermodynamic system (4).

I-2. Frames of Reference

It may be desirable to view a flowing system from a position at rest with
respect to part or all of the boundary surfaces or at rest with respect to a
part of the flow. In certain instances a frame of reference or a coordinate
system which moves in some other prescribed manner is useful. In a
centrifugal pump it may be desirable to view the flow from a position fixed
in the casing so that both the rotor and the flow are in motion relative to the
coordinate system, or it may be desirable to associate the frame of reference
with the rotor or possibly with an element in the fluid. Often such shifts
of reference introduce marked simplifications into the treatment of specific
problems.

I1-3. Definition of Element of Volume

Fluids will be considered to be continuous unless otherwise specified.
It will be assumed that the properties of the smallest portions into which
matter may be physically divided are the same as those of the substance in
bulk except for effects introduced by gradients (5) in associated fields, such
as gravity. In the first part of this treatment no regard is taken of the
statistical behavior of the molecules making up a small volume of matter.
An infinitesimal portion of a flowing system may be bounded at a given
instant by imaginary surfaces in such a manner that the values of all the
physical properties, such as specific weight, composition, and viscosity of
the fluid within the surfaces, vary by only infinitesimal amounts from an
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average value. Such a portion of the system will be identified as an element
of volume. From this definition it follows that the dimensions of an element
of volume may vary widely, depending on the conditions of the problem.

I-4. Conservation of Momentum

The momentum per unit volume of fluid is given by the following
defining expression:

M,,= = p U, (I.o1)
Equation (1.01) is limited to movement in the x-direction. Momentum is a
vector quantity and must be evaluated in both magnitude and direction.
Throughout the following discussion all flows will be limited to the x-direction
and the subscripts indiéating this fact will be omitted.
In dealing with a system of Y

variable weight which is fixed
in space, it is convenient to
consider the momentum flux to X
or from the element of volume.
The momentum flux at a section
per unit area may be expressed as

. v 2
=T _ ouw (1.02)
g g

The weight of the system of g 1.1, Element of volume in a flowing
fixed total volume may vary stream.

with time as a result of change

in specific weight of the fluid. Equation (I.02) serves as the defining
relationship for the rate of transfer of momentum across a section per
unit area. A cross section of area A4, constitutes one side of an element
of volume with length éx shown in Fig. I-1. The momentum of the fluid
in the element of volume shown in this figure may be indicated in the
following way where the velocity and specific weight are functions of position
in the yz-plane:

4,

oM = [g{) ‘lg-’f dAO] ox. (1.03)
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In the case for which the velocity and specific weight do not vary from one
part to another of this section of area 4, Eq. (1.03) simplifies to

oM — Ao% dx. (1.04)

Newton postulated that the time rate of change of momentum of a system
is equal to the forces acting on it. This fact may be expressed for a system
of volume 4, dx in the following way:

A,

a[ é gﬁdAo]
oM £

oF = Ao(—a—) ox+| ——r—— | ox. (1.05)
0

x

Equation (1.05) applies to the volume element of area A, and length dx
shown in Fig. I-1. If Eq. (1.05) is applied at a point and the defining rela-
tionship for the momentum flux given by Eq. (I.02) is combined with
Eq. (I.05), there is obtained

1 (0o u? 1 (00 u

Equation (I.08) represents the conservation of momentum by equating the
force to the differences in the flux at the up- and downstream boundaries
of the element and the change in momentum of the system per unit of time.
It should be noted that in the interests of generality the virtual changes in

force and direction have been employed, along with the partial derivatives
to describe this situation.

Equation (I.08) may be rewritten as

Gu|lou %[00 u 1/00u
oF =?(—a}-)06x -I—--g-(—a-;)o 5x+-§('—a'a‘)xax- (1.07)

The equation of continuity for the type of flow presently considered may

be written as
oo oo U
(56), =- (*a‘;) (1.08)

which is only an expression of the fact that the sum of the material entering
and leaving the element of volume shown in Fig. I-1 is equal to the change
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in weight of the material present in the volume element. A combination of
Egs. (1.07) and (1.08) yields

ouldu 1/00u u | 0o
"F=—g‘(a),""+z(‘56‘),""“g(‘a@)z"” (9

which is an expression of the conservation of momentum and the equation
of continuity. Under conditions of steady flow, where there is no change
with time, Eq. (I.09) assumes the following simple form:

ou du
6F = —g— —d_x 6x. (I.IO)

I-5. Pressure Gradient

The foregoing discussion of the conservation of momentum yields an
expression for the total change in force per unit area. If it is desired to relate
this to the pressure gradient, still neglecting all external fields including
gravity, then, for incompressible uniform flow the result is

L

1 dP
oF = [Z; J( Ty dL] dx — - bx (1.11)
0

[t (32) a2+ {2 (o (32), o)

where A, is the peripheral surface area of the volume element and L is the
_ peripheral distance around the volume element. Equation (I.11) is thus a
gérieral expression for the force balance.

Where flow between parallel plates is being considered, Eq. (I.11) becomes

> P
OF = ( ayd),éx - (ﬁ)yéx (I.12)

which may be rewritten in terms of a gradient in the following way:

8F (o, aP
i (ay.,): (a—) (¢13

In the case of flow in a circular conduit, Eq. (I.11) assumes the form

6F 1forz, oP
= 7(__ar )’+ (E), (I.14)
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A combination of Eqs. (I.07) and (I.13), limited to incompressible,
uniform flow for a Newtonian fluid, results in

oty oP\  1(dowu
[52).- (5, -4) o
which may be re-expressed for the additional condition of steady flow:
P 0Tys
(),

Under conditions of steady flow Eq. (I.16) may be integrated to give

oP oP
Tyx = (W)y Yd + C = (—87)‘ Ya + (Tyx)o- (1.17)

The second equality was obtained by setting y = 0 and evaluating the
constant. In the case of flow in a circular conduit, the analogous expression

may be written as
oP\ » C opr\ »
T"=_(—ax),§+7=_(—ax)r§ (I.18)

where t,, is zero at r = 0. It should be emphasized that the expressions as
written apply only to an element of flow symmetrical with respect to the
axis of the stream. It is apparent from Eqs. (I.16) and (I.17) that, for this
case of steady, uniform flow of an incompressible fluid, they may be extended
to represent a force balance between the shear at the walls and the pressure
gradient. This elementary treatment of the conservation of momentum
does not take into account the effect of flow normal to the axis of principal
motion nor does it consider any type of fluctuating velocity. The expressions,
except for the limitations stated, are general.

I-6. Thermodynamics of Flowing Systems

The systems usually considered by Gibbs (6) in thermodynamical treat-
ments were those at equilibrium or those whose properties differed from the
equilibrium values only by infinitesimal amounts. Thus the only states of
a system! considered (7) were those in which conditions within the system
were constant with respect to time. Where necessary, due allowance was
made for the modifying effect of gravitational, centrifugal, electrical, and
magnetic fields on the properties of the system. Thus, under isothermal

1 The state of a system may be described as its condition at a particular instant.
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conditions, a mixture of gases in a thin, flat cell, rotating at constant angular
velocity about an axis parallel to one of the long dimensions, as shown in
Fig. 1-2, would come to thermodynamic equilibrium if the effect of electric,
magnetic, and gravitational fields could be neglected, even though to an
observer stationary with respect to the cell there would be measurable
pressure changes in going from the axis toward the outer ends because of the
centrifugal field.

The concepts of thermodynamics can often be extended, however, to
cover the case of flowing systems by extending the concept of the “state
of a system’’ to that of the “state of a volume element;” that is, by describing
the conditions and assuming local microscopic equilibrium (7) of the matter in
a volume element at a particular instant. By summing over all the volume
elements in a given region, measures of extensive thermodynamic properties
as well as averages of intensive properties can be obtained.

Some care is required in order
to determine the thermodynamic
state in the volume element. The
independent variables must be
measured from a reference frame
which moves with the volume
element, or the variables measured
in other ways must be corrected in
order to give the properties in the
proper frame of reference. The
pressure measured when the instru-
ment moves with the flow is often quite different from the apparent pressure
measured by a stationary instrument. Likewise, the measured temperature
depends on whether the instrument moves with the flow or remains fixed
relative to the walls. In the latter case the impact of the flow on the
instrument will give a higher measured temperature. The terms “‘pressure”
and ‘“‘temperature” will be used only in the thermodynamic sense and will
relate directly to the state of the fluid in the volume element as measured
in a reference frame moving with the element. Classical thermodynamics
alone can give no information as to the rate at which processes occur in
any system. It is extremely useful, however, in predicting the nature of a
specified local flow process as long as local microscopic equilibrium is assumed.

Fic. I-2. Rotating flat cell.
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I-7. Stress and Deformation

Materials are distorted or deformed to a greater or lesser extent by forces
acting on them. In general, the limiting value of the ratio of the force acting
at a real or imaginary surface to the area of the surfaces as the latter is
diminished without limit is called the stress.

With some materials, known as elastic solids, the deformation is, at least
approximately, proportional to the stress over a considerable range whether
the forces are acting in compression or shear. Usually, the proportionality

constantsalsoare essentially thesame

dx oy .
~7 e b B whether the stress is being mc'rease.d
v ] ‘7’ / or decreased, except for inertia
/o /] effects. Thus, if 7, is the shearing
dy=84) /| [/ stress or force per unit area being
[ 11 /| exerted tangentially on the volume
- /_ - — —— /~ element by neighboring elements, as
b5 X shown in Fig. I-3, and dx/dy is the
X tangent of the angular deformation

Z / o« . Iy%)
from the original position, then

FiG. I-3. Shear stress on a volume element. o=k Z_;: (L19)

where £ is the constant of proportionality known as the shear modulus.
The study of the deformation of elastic solids is called “‘elasticity.” Gibbs (6)
and Goranson (4) discuss the thermodynamic relations of strained elastic
solids.

With other materials, known as Newtonian fluids or more simply as
fluids, the shear is proportional to the relative rate of deformation so that,
if the illustrated deformation is produced by the shear in the time interval df,

d [dx du
e=ng (2@‘) = (1.20)

where 7 is the constant of proportionality known as the absolute viscosity,
which is independent of the stress-time relation. It can be seen that a fluid
will not support a shearing stress at equilibrium. Gases and simple liquids
have been found experimentally to be Newtonian fluids to a close appro-
ximation.

The actual behavior of gases and liquids may often be satisfactorily

approximated by that of perfect gases and incompressible liquids, respec-
tively. For a perfect gas the relative deformation under pressure is
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1oV 1
7 (35) == (L.21)

whereas for an incompressible liquid,

1 [aV

Equations (I.21) and (I.22), for example, may be considered to give the
fractional change in volume per unit change in pressure.

%) \O ")
4 9 o “
« Y Ps‘\ o
b‘) 9 Qv »
N
< MEMORY EFFECT
47’ IN PLASTICS
S)
DEFORMATION RATE OF DEFORMATION
Fi1G. I-4. Stress-strain curves for elastic Fic. 1-5. Stress versus rate of strain
and plastic solids. for various substances.

The non-Newtonian fluids, which are exemplified by colloidal solutions,
such as gels, have apparent viscosities which vary with the magnitude of
shear stress and depend also on whether the stress is increasing or decreasing,
even after inertia effects are discounted. Plastic solids, which deform like
elastic solids under small stresses and flow like fluids under larger stresses
which have exceeded a minimum value, are in the same category. The
apparent elastic constant and apparent viscosity, however, depend on the
magnitude of the stress whether it increases or decreases with time. Plastics,
resins, pitches, clays, etc., are broadly classed as plastic solids.

There are no sharp demarcations between these various groups of
materials, which differ in degree and not in kind in their behavior. Per-
formance of various materials under shear is shown qualitatively in Figs. 1-4
and I-6. A much more complete classification and terminology of such
materials is available (8).
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I-8. Types of Fluid Flow

Two broad types of fluid flow are steady and unsteady. In the latter
case, the macroscopic conditions at a given point in the flow change with
time, whereas, in the former, the over-all or macroscopic conditions have
achieved constant values with respect to time at each point, although
conditions may change with respect to down-stream position. Under such
circumstances the flow is called nonuniform. If the conditions of flow at
a given point in the cross-section of the stream do not change with down-
stream position, the flow is considered uniform. Normally, for incompressible
fluids the changes in pressure are neglected in considering uniform flow.
Strictly speaking, it is not possible to obtain uniform flow for a compressible
fluid and it is only encountered in the frictionless flow of an incompressible
fluid if the variation in pressure is considered a pertinent parameter.

Each of these types of fluid flow may be further subdivided into laminar
and turbulent flow. In the former, elements of volume of the fluid which
are often treated as thin sheets or lamina slip past one another without
mixing so that each fluid element, although deformed, never loses its identity.
In the case of turbulent flow there are many secondary motions, in addition
to the broad motion of the fluid, which can be considered random in nature
and which effect the mixing of adjacent portions of the fluid.

In unsteady flow starting from rest, the motion is laminar, but, as the
velocity of flow increases to a sufficient extent, a transition to turbulent flow
will occur. This transition will also occur as a result of many other influences,
some of which are associated with steady flow systems.

I-9. Time Averages

The properties of a flowing system will vary from point to point in
steady, laminar flow and change microscopically with time at a given point
in steady, turbulent flow. Variations of stream conditions with respect to
time and position are encountered in all types of unsteady motion. Often
the variations in the local value of a property are small compared with the
gross changes encountered. It is useful to consider the instantaneous condi-
tions as made up of a steady average value and a fluctuating component.
In unsteady, turbulent motion, the macroscopic conditions will be changing,
but the concept of an average value will be useful if its time rate of change
is small compared to the rate of change of the fluctuating quantity. Under
such circumstances the average condition may be treated as independent
of the local fluctuations at a given time.
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If G, is the instantaneous value of an intensive property at a given
point in a flowing system, it follows from the foregoing discussion that:

Gi=G+Gy. (1.23)

Here G is the time average of the property and G; is the fluctuation value
at time 6,. Then

6, +0/2

G= % G; db. (1.24)
6,—6/3

The time interval 6 over which the averaging is done is long enough so that

G(6) ~ G(0") for any value of §' for which 6’ > 0. Stated in another way,

the time must be long enough so that the average value does not change

significantly as a result of variation in the length of interval chosen. It

follows similarly that:

6, +6/2 0
E,=% G,dB:%fG,dB:O. (1.25)
6,—06/2 0

For simplicity, when the averaging process is not emphasized, the bar
over the symbol for the value of the property will be omitted, so that

G=G (1.26)

and the word ““‘average” will be used to designate “‘time average.”

I-10. Flow Equation for an Important Special Case

Before considering the more general application of the conservation of
momentum and energy to the mechanics of fluids, it is desirable to develop
the flow characteristics in a number of special situations.

The analysis of steady, isothermal flow of an incompressible, homeo-
geneous, Newtonian fluid in a straight, horizontal, smooth conduit of uniform
cross section is a problem of practical interest. The intensive properties of
the fluid will be considered to be independent of state. If flow in such a
conduit is considered at a distance from the ends of the conduit which is
large compared to the hydraulic radius,! the flow characteristics will depend

1 The hydraulic radius is the ratio of the transverse cross-sectional area to the
transverse wetted perimeter.
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only on conditions within the conduit and will not be influenced by the end
conditions. Such a flow process is idealized in many aspects and will be
identified as a form of idealized viscous flow. Under these circumstances
there will be no net flow normal to the axis of the main stream and no
average accelerations normal to the axis of flow. For this reason there will
be no pressure change along any path perpendicular to the axis flow other
than that associated with external fields, such as gravity. In many instances
this latter effect will be neglected but in special situations it may be of
controlling importance. Since the fluid is homogeneous and incompressible
and the process is isothermal, all the intensive properties of the fluid will be
invariant. If the flow is steady and the fluid incompressible, there can be
no acceleration in the direction of motion since the conduit has a uniform
cross section.

I-11. Flow in a Circular Pipe

As shown in Fig. I-6, a straight circular conduit of radius 7o with fluid
flowing under the restrictions set forth in the preceding paragraph will be
considered. The average change in pressure with distance along the conduit,

dX
¥

/

/

m I
]

— - Jr X

o \
\

\

X X+ dx
F16. 1I-8. Flow in straight circular F16. I-7. Element of volume in
conduit. straight circular conduit.

dP|dx, is considered to be the pressure gradient. It represents the change
in pressure between the points ¥ and x 4 dx in the stream. The difference
in the total force per unit length exerted upon a disk of fluid with radius 7,
as shown in Fig. I-7, may be given by

—ar. , (1.27)

In steady, uniform flow this difference in force per unit length produces
no axial acceleration of the volume element of fluid and is balanced by
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shearing forces acting at the periphery of the element. If 7, is the average
shearing stress at the periphery, it follows that:

apP
=% ) 502
2rr T, dx (dx)n’ dx. (1.28)

For symmetric flow, 7,, must be constant at a given value of » and independent
of the polar angle . It follows from Eq. (I.28) that:

dP (Trx)O,B
4
Tps = — (E) r (I.29)
If Eq. (I.29) is applied at a radius equal ;=
to that of the conduit, it follows that:
@
< (T x)o‘ A
(o= — (“E) 0. (30 ¥
Trslo = dx] 2° -30) 0
A combination of Egs. (1.29) and (I1.30)
yields l i 5 |
rx T+ S
Ts T (L31) A POSITION IN CONDUIT
(Tn)o 7o

F1G. I-8. Shear versus radius for two
The shearing stress thus varies symmetrical flow patterns.

linearly from zero at the center of the

conduit to a maximum at the wall. Equation (I.31) is one of the more
general relationships in fluid mechanics and is the starting point of many
useful relations for describing the characteristics of a steady, uniform stream.
For two different symmetric conditions the variation in shear with radius
is shown in Fig. I-8.

The volumetric rate at which fluid crosses the face of the disk at x in
Fig. I-7, for any case in which characteristics of the flow are independent
of the polar angle, may be evaluated from

r

l"=f27zru,‘dr=m'8 U.. (I.32)

In this expression, V is the average volumetric rate of flow through the
section, %, is the average velocity in the x or axial direction at radius 7,
and U, is the average bulk velocity through the disk. The total volumetric
rate of flow through the cross section of pipe in Fig. I-6 is given by
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7o

Vo = fzmu,,dr =n72Uso=AyUs, (1.33)
0
where P, is the average volumetric rate of flow through the cross section
of the conduit, U, , is the average bulk velocity, and 4, is the total cross
sectional area of the conduit.
The rate of energy exchange as friction! per unit length of flow may
be established from the following expression for a volume element of radius 7:

j _ ap;

=" (1.34)
In the case of the conduit as a whole, Eq. (I.34) reduces to

Jo AP

= Ix Vo (1.35)

Hence from Eqs. (I.34) and (1.35) it follows that:
1 j, 4P

pdx = dr (1.36)

It is often implicitly assumed that the fluid under consideration possesses
an equation of state such that the following thermodynamic expression
applies:

E ‘
(5—?)1' =0. (1.37)

For many liquids this condition is nearly satisfied. The average rate of
energy exchange as friction per unit volume per unit length of flow is then
constant, irrespective of the type of flow, as long as the pressure gradient
is uniform over a cross section. Since the specific volume is constant, this
fact follows directly from Eq. (I.36) and the thermodynamic relationship
for the isothermal change in internal energy with pressure. Such a result
may be expressed in another way. From Egs. (I.29), (I.32), and (I1.34),

%‘ =277y, Us (1.38)

and similarly for the entire conduit,
‘{_g‘ — 25ury(zys)o Uso. (1.39)

1 For a discussion of the concept of friction see ref. 6, Chapters II and VI.



EXAMPLE 1 15
Example |

Friction in Incompressible Flow.

It is desired to evaluate the friction associated with the flow of 1 Ib. of
an incompressible liquid in a uniform, circular conduit which is 1000 ft. in
length. Experiment indicated that the difference in pressure at the two ends
of this horizontal conduit was 127 lb./in.2 when the gross flow rate was
5.7 cu. ft./sec. For the purposes of these calculations the fluid may be
considered to have a specific weight of 64 Ib./cu. ft. The friction per unit
length is given by Eq. (1.35),

' dP .

h_ Tk (E)
It should be realized that this is the friction per unit time per unit length
and is not the friction per unit weight associated with the travel through
the conduit. Integration of Eq. (1 E) results in

Py

Jy=—V, [dP =V(P, - P,). (2 E)

P,

Substituting the appropriate numerical value results in

Jo=5.7 x 127 x 144 = 1.04 X 105 ft.Ib./sec. (3 E)

The value of J, represents the friction per second in the entire conduit since
the fluid is incompressible and the conduit is uniform and horizontal. If
these conditions did not apply, Eq. (1 E) would be somewhat more compli-
cated. The friction per pound of fluid passing through the conduit is simply
obtained from

Pl
Jo 1 127 x 144 ft. Ib.

]=f/:;=;fdpz_ﬁ_—=2867b_ 4 E)
P,

Equation (4 E) yields the degradation associated with the shearing force
resulting from the viscosity of the fluid, which in the end accounts for the
degradation of the kinetic energy in either turbulent or viscous flow. In this
instance no regard need be taken of the velocity distribution as long as the
flow is uniform. Changes in velocity distribution in the direction of flow
will introduce uncertainties in this simple evaluation of friction.
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I-12. The Bernoulli Equation

Much has been written about an expression proposed by Bernoulli which
is based primarily upon the conservation of momentum. The momentum
flux across a section of unit area is given by

mu

iy 1.40
P (1.40)

For steady flow, Eq. (I.40) gives the change in momentum flux as
aM = % du. (L41)

From the superposition concept, the change in pressure may be divided into
that associated with an applied external field and that associated with the
dynamic characteristics of the system, as indicated,

dP = dP, + dP,. (1.42)

In the presence of a gravitational field, the change in pressure under static
conditions may be established from

dP, = — o dh. (1.43)

The conservation of momentum for steady, uniform flow may be written as
m
dP; = ——g—du—],,dx. (1.44)

The quantity J, represents the loss in momentum associated with dissipative
processes in the flowing system and is directly related to the shear at the wall.
A combination of Eqs. (I1.42), (I.43), and (I.44) results in

dP = — %du — Jodx — o dh. (1.45)

In many thermodynamic treatments, (7) it is convenient to consider the
dissipative processes associated with a unit weight of material. A simple
relationship exists between the sum of the dissipative processes in a unit
volume and those in a unit weight. Likewise, the friction associated with a
unit weight of material while traveling a distance dx may be considered as
infinitesimal and has been identified in the following equation as j:

Jvdx=0]dx =o0j. (I.46)
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Combining Eqs. (1.45) and (1.46) and substituting o # for the weight rate
of flow per unit of cross sectional area, there is obtained

dP=—a?udu—oj—odh (1.47)

which may be rewritten as

ViP = — i;du —j —dh. (1.48)

This may be integrated between states 4 and B to give
B

g2 2
deP=iAT“B_]+hA-—hB. (1.49)

A

If it is desired to express Eq. (I.48) in somewhat different form, the first
term may be written as

VdP=d PV — PdV. (1.50)
A combination of Egs. (I.48) and (I.50) results in

dPV=——§du—j—-dh+PdV. (L.51)

The integration of Eq. (I.51) between states 4 and B yields
B

u, 2 up?
PAVA+§?+hA=PBVB+—2?+hB— PdV+]. (1.52)

A

Equation (1.52) does not include situations where energy is mechanically
added to the flowing system between the sections 4 and B. An example
of the simplification that results if Eq. (I.51) is applied to a process at

constant elevation with an incompressible fluid and with no dissipative
processes is obtained

2g V(PA —_ PB) = M32 - qu. (1.53)

It is emphasized that strictly this simple derivation of Bernoulli’s equation
should be applied to a single stream filament since no regard has been taken
of the changes in velocity across the section. For many situations it is
possible to substitute the gross velocity for the point velocity. However,
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this substitution may introduce significant uncertainties, particularly in
laminar flow with a parabolic velocity distribution. To take such velocity
distribution into account, Eq. (I.47) may be rewritten as

A, A, 4,
1 1 . 1
dP=—(Zo—g-faudAo)du—A—oofmdAo—d(Z;JahdAo)- (L54)

This equation takes into account the variation in velocity over the cross
sectional area as well as the variation in specific weight and the change in
the center of gravity of the flowing stream at each location. The derivation
of Bernoulli’s equation as set forth in the foregoing section leaves much to
be desired in the way of precise analysis and of extension to types of flow
other than the one-dimensional steady process considered here. A derivation
taking most of these factors into account is presented in Appendix I.

I-13. Flow Between Parallel Flat Plates

Many practical situations are approximated by considering the flow of
fluids between parallel plates. These plates are considered to be of large
extent relative to their separation. A schematic view of two parallel plates
is shown in Fig. I-9. The conventions Y
adopted for the Cartesian coordinates
are indicated in this figure. For most
applications the flow is treated as two
dimensional and all the characteristics

2z
Fic. I-9. Flow between parallel F16. 1-10. Volume element in flow
plates. between two parallel plates.

are only functions of the position between plates and the downstream
distance. In the case of uniform flow, the characteristics are independent
of the down-stream distance and the flow may be considered one dimensional.
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This assumption follows the convention established earlier of neglecting
the changes in pressure as a measure of uniformity.

The balance of the forces upon a rectangular parallelepiped, which is
considered the volume element, results in a series of expressions similar to
those found for the flow in circular conduits. In this instance the volume
element is of unit width, corresponding to the dimension in the z-direction,
and of thickness dx with depth 2 y,, as shown in Fig. I-10. The shear at any
point in the flow between parallel plates may be established from

P
Y3 dx

Ty; -

(1.55)

where y is the distance from the center plane between the plates. When
Eq. (1.55) is applied to the wall, it assumes the form

dP
(Tyedo = — Yo7+ (1.56)

A combination of Egs. (I.55) and (I.56) results in

Tys Y

(Tysdo 3’_0 . (1.57)
For flow between parallel plates it may be shown that
y
V= 2fuxdy=2yUx. (1.58)

0

In Eq. (1.58), V is the average volumetric rate of flow per unit width through
the element of depth 2 y. If this equatlon is applied to the entire channel,
the result is

Ye

f’o = 2fux dy =2 Yo Ux,o- (159)

0

In this instance, V is the average total volumetric flow rate per unit,width
of plate.

Equations (I.34) and (I.35) are also applicable to flow between parallel
plates:

i__ay (L80)
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Hence for the entire stream, there is obtained

Jo_ _dP;

I " dx Vo (I.61)
which is the same as the expression (I1.35) for flow in circular conduits.
A combination of Egs. (I.60) and (I.61) yields an expression analogous to
Eq. (1.36) for the flow in a circular conduit:

Lo _ 4P (1.62)
Vodx dx

From Egs. (I.55), (1.58), and (I.60), there is obtained
A (1.63)

When Eq. (I.63) is applied to the entire stream, it assumes the form

j—ox = 2(Tyx)o Ux’ 0- (1.64)
These equations give average rates at which the fluid motion, under the shear

stresses imposed, is transferring mechanical energy into internal energy
as friction in the volume element under consideration.

I-14. Laminar Flow in a Cylindrical Pipe

From Eq. (I.20) converted to a cylindrical pipe and from Eq. (I.31),
the shear stress on the periphery of an annular element of volume, having
radii » and » 4 dr and a length dx, is given by

(Trx) du,
_ \Trz)o —

Ve = ..70__1 = = (1.85)
The volume element is shown in Fig. I-11. It is known from experiment
that the net flow is only in the axial direction and that the flow processes
consist in the orderly movement of annular filaments of a molecular scale
past one another. The integration of Eq. (1.85) yields

—C (Trz)o 2
%y =C ——-217 "o’ . (1.66)



14, LAMINAR FLOW IN A CYLINDRICAL PIPE 21

In the foregoing equation, C is the constant of integration. At the center
of the conduit, where r = 0,

Uy = Ux, m. (1.67)

Thus
C = ux,m. (1.68)

A combination of Eqgs. (I1.66) and (I.68) yields an expression for the velocity
as a function of radius,

Uy = U, — g‘—)" 2. (169)

3t N7
It is known experimentally that, except
for gases at low pressures, the velocity
h of the fluid in contact with a solid wall
is zero. Under these circumstances, when
r=r,
u, = 0. (1.70)

From the preceding expressions, including
Eq. (1.29), it follows that:
Fi1c. I-11. Annular volume element
in a cylindrical pipe. Trx)o 7o 7,2 dP

Uy = Us m (l - —) . (L.72)

Since the velocity distribution is parabolic, the volumetric flow rate may be
established from

[ 7o

\ ———z “"2

Vo=nfozUx=f2ﬂruzdr=2”“*,”’ [’ (1 - :2)dr=n’°2ux'm'
. 0

0

(1.73)

Under these circumstances the gross velocity may be related to the maximum
velocity by

Us =} ts,m (1.74)
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A combination of Egs. (I.71) and (I1.73). results in the following useful ex-
pression:
dP 87V, 84U,

S (1.75)

I-15. Steady, Uniform, Laminar Flow Between Parallel Plates

From Eqgs. (I.20) and (I.57) it follows, when y is the distance from the
centerline of the channel, that

y du,
Tyx = Tyz)g— = —N 55— * I.76
y ( y )0 Yo n dy ( )
Integration of Eq. (I.76) yields
(Tys)o ¥2
u,=C— 207, L.77
27 % L.77)
In the case of symmetric flow when
'ux == 'ux,m (1.78)
a combination of Egs. (I.77) and (I.78) results in
(Tys)o ¥®
Ur= Uy — —— - 1.79
279, (179)
At the wall when
Y =% (1.80)
the following boundary condition obtains:
Uy = 0- (I.Sl)
From Egs. (I.55), (I.79), and (I.81) there is obtained
2
U, m = ___(Tyx)o Yo = - Xg‘d—lz . (1.82)

Under these circumstances the velocity distribution is given by

Uy = u,,,,,( - y_z) . (I.83)
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and it is seen that the velocity distribution is parabolic. Equation (I.83)
indicates that the velocity distribution for the steady, uniform, laminar
flow of a fluid of constant viscosity between parallel plates is parabolic.
The volumetric rate of flow per unit width is given by

Yo Yo

o 2

Vo=2yoU,=2fu,dy=2u,,,,.f(1 —yy—2)dy=§you,,,... (1.84)

0
0 0

From this it follows that the gross velocity is related to the maximum
velocity by

_ 2 . Vo2 AP
U, = 3 Ux,m — — 37’ dx (1.85)
which may be written as
_ 4P _ 37V, 37U, (1.86)

dx 2 y,3 Yol

For flow between parallel plates the algebraic relationships among the gross
velocity, pressure gradient, and maximum velocity are different from those
for flow in a circular conduit.

I-16. Dimensionless Parameters

The use of dimensionless parameters affords a simple approach to the
problem of fluid motion. The correct relations can be obtained by simple
reasoning which, however, is lacking in rigor. In a more complete treatment
of the attack, a more fundamental approach is necessary.

Consider in the simple approach the same steady, uniform flow as was
described in Section (I-10). This fluid motion can be described in part by the
bulk velocity U, a length L perpendicular to the flow, the viscosity 7, the
density p, and the pressure difference 4 P between two cross sections along
the conduit. The force from the inertia of the flowing fluid is the product
of the fluid mass and the acceleration and will be dimensionally equivalent
to the product of volume, density, and velocity divided by time. This state-
ment may be written as

V%% - LapL—% = L2p U (1.87)
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The viscous force is dimensionally equivalent to the product of shearing
stress and length squared which may be stated as
U
. Ty L2=1n T L:=nUL. (1.88)

The forces causing dissipation of kinetic energy as friction are equal to the
product of the pressure difference and an area:

Fp=L%AP. (1.89)

For the case under consideration these quantities may determine the flow
characteristics, and on this basis any two of the three ratios formed from
them may be used to define the flow. It is convenient to employ the ratio
of the inertia forces to the viscous forces and the ratio of the friction forces
to the inertia forces for such purposes.

If these ratios describe the flow, there must be an analytical relation
connecting them which describes completely the fluid motion. This relation
is necessary since it is known experimentally that either the velocity,
pressure difference, or characteristic length is established if the other variables
are fixed. Such a relationship may be indicated by

$ u.)ertla forces ' f.nctu.)n forces —0 (1.90)
viscous forces inertia forces
which may be rewritten as
LUp gdP _ "
¢( p ) e U’) =¢ (Re, Eu) = 0. (1.91)

The quantity L U p/n is identified as the Reynolds number, and the quantity
g4 Plo U? is known as the Euler number. If desired, Eq. (1.90) may be
rewritten
4P
%W =4, (Re). (.92)

The Euler number is often expressed in terms of the pressure gradient dP/dx.
Under such circumstances the Euler number is defined as

Eu=—2_2%5. (1.93)

A large body of facts has confirmed that there is a single function ¢,
which presents, to a remarkably high degree of accuracy, the behavior of
fluids for widely varying conditions of flow (9).
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Example 2

Distribution of Oil and Water Flowing Between Horizontal Parallel Plates.

It is desired to predict the flow characteristics of a binary flowing stream
made up of an oil phase and a water phase moving in laminar motion
between parallel plates. The plates are spaced 2 in. apart and the oil and
water are each introduced at a rate of 0.1 cu. ft./sec./ft. of width of the plate.
The arrangement is shown in Fig. 1-12.

/ 2"

Fi1c. I-12. Flow of oil and water between parallel plates.

It is desired to determine the elevation of the oil-water interface, the
velocity distribution, and the pressure gradient. At the state of the flowing
system, the absolute viscosities of the oil and water are 100 and 0.897 centi-
poises, respectively.

The shear at an elevation y; per unit width is given by

6F,,1 = Tyx ox. (l E)

At a second plane that is at a distance dy; above the first, the shearing
force is

dtys
d Yd

O0Fy 3 = (zy, + dyd) ox. 2 E)

The net shearing force on the volume element is, then,

dtys

O (3 E)

The force at the upstream side of the volume element is given by

0F p,3 = P dya. (¢ E)
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At the downstream face,

apP
0Fp 4= (P + Ix dx) 0Ya. (5 E)

For steady, uniform flow, where the momentum in the volume element is
independent of time, it follows from the conservation of momentum that:

6F1,2—6F1'1=6FP"_6FP’3- (6E)
A combination of Egs. (1 E) through
OIL PHASE 2  —— X :
webi67 (6 E) then gives

" dv apP

Y. WATER PHASE | % aTyx _ -
| 7 s 0x dya I dxdys (1E)

Fic. I-13. Spacing of interface in two- or

dimensional flow of oil and water. dry. 4P S E
dyd - E * ( )

Equation (8 E) is the same as was derived earlier in Eq. (I.16). For each
phase,

du,, 1

aya )

Tyr,1 =My (9 E)

Since the flow is two dimensional, it may be described simply as in Fig. I-13.
Assuming isothermal conditions and neglecting any dispersion or solubility
of one phase in the other, Eq. (8 E) may be integrated to give

ip
Tyr=——Ya+ G (10E)

The applicable boundary conditions are:

yd = }'i,
Tyr = Tyzx, i, (ll E)
Ui, 1 = Ui, 2.

Substituting the boundary conditions in Eq. (8 E) and integrating, there
is obtained

dp
Ty = (Ti + 2 e — v =n 7 (12E)
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Integrating again, with dP/dx independent of y,

dP [y
YalTyz)i + (22“— — ¥ ya) =nu:+ Cy. (I13E)

Considering the aqueous phase, it is observed that for

¥a=0,

uy, = 0. (14E)
From Eq. (13 E) it follows that:

C,=0. (15 E)

Then Eq. (13 E) may be written in the following way for the aqueous phase:

aP (y4?
Ya(Tys)i + M (y_;_ — Y4 y') = 1) Us. (16 E)

When the equation of continuity is combined with Eq. (16 E) for the aqueous
phase, the result is

i

ﬂxi’1=7le“ded———é——g;_§‘ (17E)
0

in the oil phase, when
(18 E)

Using the appropriate boundary condition and rewriting Eq. (13 E) for the
oil phase,

dP 2 2
(Tyx)i (Ya — o) + m (% — Ya¥i+ ¥iYo— %—) =ngts.  (19E)

Likewise,

Yo

; (¥i— 0% 4P (% — %)®
”g Vg=7]3f“zdyd=(fyx)i“‘—2'—‘o—— 37—0‘3—1—' (20E)
¥s

Remembering that
Ui 1 = U, 2. (21 E)
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Egs. (16 E) and (19 E) may be combined to give

W =t 2P0 (g ), Y T (g )2 (22E
» 7)1 2,'71 dx (y) ,’]2 2,'72 dx (y yO) ( )
Rearranging,

e | g yon  YEGPL oy 4P (i y)?

ks [(w.y. | = @i =) =S (23E)

Solving Egs. (17 E), (20 E), and (23 E) simultaneously for y,;, dP/dx, and
(tys)i» there is obtained

yi = 0.0404 ft.

T,2)i = — 0.00460 Ib./ft.2

(752) / (24 E)
dP

— [ 3

- 0.256 1b./ft.

Iterative methods are a convenient approach to the solution of these three
equations.

From Egs. (16 E) and (19 E) it is possible to evaluate the velocity
distribution in each of the phases:

%y,1 = 307 ya — 6.840 y,2; 0 < ya < 0.0404 ft., (26 E)
Ugo=124+4 274y, —61.2y,2, 0.0404 < y4 < 0.1667ft. - (26 E)

The methods of solution employed may be extended readily to other
conditions. As a matter of interest it is possible to substitute the expressions
for velocity in Eqgs. (16 E) and (19 E) and check the pressure gradient and
gross rate of flow.

Example 3

Laminar Flow in an Annulus.

In many industrial applications fluid is permitted to flow in an
annular space between concentric cylinders. For this reason it is of interest
to investigate in some detail the behavior of a viscous fluid in isothermal
laminar flow through a concentric annulus, as is shown in Fig. I-14.
The flow takes place between the inner cylinder 4 and the outer cylinder B.
The concentric circular cylinders then afford a uniform annular channel
for the flow. It is obvious that, as the ratio of the difference in radii to
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the outer radius becomes smaller, the flow pattern approaches that found
between parallel plates. In many practical situations, however, such an
approximation is not satisfactory, and a more detailed analysis is required.

Figure I-15 shows an element of volume in cylindrical coordinates which
will form the basis of the analysis. For present purposes it is convenient to
consider a force balance for steady flow. This may be written in expanded
form as

dt,.
dr

2xrdr (%%) ax + 2 n(r + dr) (t,, + dr) dx —2nrt,,dx=0. (1E)

Combining terms yields

dx

dx

7 (‘-i—z) dr + rdr,, + 1, dr = (‘E) rdr 4+ d(rt,s) =0. (2E)

-
T fPur
~ J

Fi1c. 1-14. Concentric annulus. Fi1Gg. I-15. Element of volume in
cylindrical coordinates.

Equation (2 E) may be integrated from the inner radius 7; to some arbitrary
radius . The appropriate integration may be shown as

Ty

r
apP
T rdr+fd(rt,,)=0 (BE)
" rilty.;
which may be integrated to yield
dP [r2 — 1,'2
—_ E ("— 2 ) =V Tpx — '1(771)3- (4 E)

Since the flow is laminar, it follows that:

duy
m=_ﬂ;. (5 E)
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In Eq. (5 E) since isothermal conditions have been assumed, the viscosity
is assumed to be independent of the spatial coordinate. A combination of
Eqs. (4E) and (5 E) results in

dP [r? —r2 At
— -d~£ (—2—) =-—nr 27 - 'i(trz)i (6 E)

which may be expressed in the following integral form:

7,7, u, 0 7,7

; dr
= 37 dr=—njdu—r;(r,,)¢f7- (TE)

r; 0 g

The limits of the integration in Eq. (7 E) are obvious from the boundary
conditions of the problem. The two sets of limits have been included in
order to obtain two simultaneous equations which must be applicable, one
applying over the entire annulus from the inner radius 7, to the outer radius 7o
and the other, from the inner radius to some arbitrarily chosen radius 7:

dP [ry? — 7, r2dP o
~ % ( ) ) + — > —1In + 7i(Trs)i lnr—,- =0, (BE)
dP [r2 — r2 r.2dP_ r
._7;( 1 ) > I —In +r.(r,,),ln—i—-—-1)u (9E)

Equation (8 E) may be solved directly for the product 7:(7,4),- The resulting
expression assumes the form

dP | 72 —r? r,2
't(Trx)t dx {4 lm - *2*} . (10 E)

If Eq. (10 E) is substituted in Eq. (9 E), there is obtained

apP 12—7,2 dPr, L + 14dP _r_(_,_z—r,?
dx e In (7¢/7;)2

Tax 2 Sax |
If Eq. (11 E) is solved for the point velocity, it is found that

}mrl:r,u. (11 E)

2 _,2 2 __,2
1dpP {r 7, 752 —7; r} (12E)

=Z;i-5 4 -4lnro/r,n7£ '

Equation (12 E) describes the velocity in terms of the pressure gradient
and the viscosity together with a series of nonlinear terms involving the
radius. It permits the velocity to be calculated as a function of the radius
for any specified annulus.
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It is now desired to determine the point at which the velocity gradient
is zero. This may be determined by differentiating Eq. (12 E) with respect
to the radius. The result is

du, 1dP {r 7o2—r? l}

B pdx |2ty vl (13 E)

If Eq. (I3 E) is set equal to zero corresponding to the point of maximum
velocity, it is found that the radius at which the velocity is a maximum is

given by
/=1
Yumax = Vl——n 702/71‘2 . (14 E)

In many situations it is desired to determine the behavior of annular flow
in terms of the bulk transport of material through the space between the
two circular cylinders. From the definition of bulk flow it follows that:

v f2nru,dr
r
U= :4—0 = —_——n(roz — (15E)

If Eq. (156 E) is combined with Eq. (12 E), the result is

7o

2 __ 42
U=___L_~dpf(,s_n,-2—'° 7 rlni)dr. (16 E)

27(ro2 — 7.?) dx In 74/7; 7o

]

After appropriate simplification, Eq. (16 E) assumes the form

V. 1 dPr2—r? 1?47
V=4, m?{m e } 17e)
In obtaining Eq. (17 E) it is not necessary to make any approximation,
and therefore the relatively simple expression is an exact description of
the gross volumetric velocity for the flow between concentric cylinders.
Equation (17 E) reduces to an expression for the gross velocity between
parallel plates when the radii of the inner and outer cylinder approach one
another.

In order to illustrate the application of the foregoing analysis, it is assumed
that it is desired to determine the character of the flow in the annulus
between 1-in. and 2-in. admiralty condenser tubing of 18-gage metal. Under

these circumstances the inner and outer radii are found to be
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7; = 0.0416 ft. (18 E)
7o = 0.0792 ft. (19 E)

If water is flowing at a bulk velocity of 0.1 ft./sec. and has an absolute
viscosity of 0.897 centipoise, a kinematic viscosity of 105 ft.?/sec. is found.
Under these circumstances a Reynolds number of 750 is obtained, thus
indicating that the flow is laminar and that the foregoing analysis is
applicable. For convenience, Eq. (17 E) may be rewritten as

P e+ 7t 12—
_2-;—47]U/( 2 " inrgpd) (20 E)

When the numerical values of the foregoing paragraph are substituted in
Eq. (20 E), the result is

_ 4P _ 4 (0.897) (0.0000209) (0.1) 21E)
ax  [0.04162 + 0.07922 _0.07922 — 0.0416°
2 21n (0.0792/0.0416)

The conversion of centipoises to the dimensions of absolute viscosity in

pounds seconds per square foot must not be overlooked. The reader is

referred to Appendix III for a set of conversion units for viscosity.
Solving Eq. (21 E) for the pressure gradient results in

- ‘fl—f = 1.565 x 10-21b./ft.?/t. . (22E)

If the annulus had been 100 ft. in length, the total pressure drop would
be given by

A P = 0.01087 Ib./in.? (23 E)

The small pressure drop of 0.01087 1b./in.2 is an indication of the extremely

small pressure drops associated with slow viscous flow of liquid of low

viscosity. For example, if it is desired to determine the equivalent change in

pressure for crude oil flowing at a bulk velocity of 1 ft./sec., somewhat

different results are obtained. If it is assumed that the crude oil has a

viscosity of 400 centipoises, the pressure gradient from Eq. (17 E) is given by
apP

—_— e = 2
—— = 69.91b./ft.%ft. (24 E)

The corresponding difference in pressure then becomes

AP = 48.51b.[in.? (25 E)
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In this instance the flow at somewhat higher velocity and with a much
higher viscosity yields a much larger pressure gradient. This is to be expected
since the pressure gradient varies directly with the viscosity and the gross
velocity for a given configuration.

If attention is again returned to the flow of water through the same
annulus, it is possible to establish a number of additional characteristics
of the flow. For example, the distribution of shear may be simply established.
Equation (8 E) may be rewritten as

dP| ri2 —r2 72
7;(Trx)t = Z; [mv(;]’—‘) - —2'] (26 E)

All of the quantities in Eq. (26 E) have been established for the flow of water
in the annulus at a gross velocity of 0.1 ft./sec. Substitution of these values
yields

i 1,565 x 10_2[0.07922—0.04162 0.04162]
\Trx)i = — L.

41n (0.0792/0.0416) 2
= — 1.400 x 10-51b./ft. (27E)

Likewise Eq. (4 E) may be rewritten as

1{dP [r2 — r2
Tpx = — 7 [E_x— (—2— - f;(T;x);] . (28 E)

The substitution of the appropriate values for each of the quantities in
Eq. (28 E) results in

2
Trr = — 71[-- 1.565 x 10-2 (:2— — 8.65 x lO"‘) + 1.400 x 10‘5], (29a E)

Tyy = — ; [2.752 X 1078 — 0.782 x 10—27r2], (29b E)

2.752 x 10-8
r

Toex = 0.782 X 10—2 r — (290 E)

The shear is shown in the accompanying Table I-1 as a function of radius.
Figure I-16 shows the variation graphically. In this instance the shear
passes through zero at the point corresponding to maximum velocity which
was found in Eq. (14 E) to occur at a radius of 0.0595 ft. The shear has not
been indicated as changing sign in the figure although this convention has
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been carried over in the table. It is of interest to note that the shear at the
smaller radius is larger than that at the outer radius, and the locus of points
of zero shear does not occur at the center of the annular space.

INNER WALL]; OUTER WALL
r=0.0416 r=0.792 “\E
3x10°*
u g

2X%1074

\
RNy

CENTER LINE
r=0.604

1
005 006  0.07
RADIUS | FT.

LB,
TZ

SHEAR,

F1G. I-16. Variation in shear with radius.

The velocity in the annular space may be determined directly from
Eq. (11 E). Substitution of the appropriate values for the flow of water at
a gross velocity of 0.1 ft.[sec. yields the following numerical expression for
the point velocity in the annulus:

+

2
u=— 0834 x 108[—- 4.32 x 10-4 + ’Z — 17.68 x 10~41n ’i] (30 E)

The corresponding values of the velocity are tabulated in Table (IE) and
are shown in Fig. I-17. Again it is noted that the velocity distribution is
not symmetrical with respect to the walls of the annulus. It is apparent
that the maximum velocity is approximately 1} times the gross velocity.
If the flow were not considered to be isothermal, as might well be the case
where thermal exchange was involved, the foregoing analysis would not
suffice. If the viscosity is a function of the radius, as would be the case in
nonisothermal flow, it would require the solution of a nonlinear differential
equation and could most easily be solved by numerical methods. Furthermore,
if the flow were not steady, the simplifications made in the analysis of the
force balance could not be made, and again the problem would probably
require a numerical solution.
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TABLE I-1. Velocity and Shear Distribution in an Annulus!

Radius Position Shear Velocity
ft. 1b./ft. ft.[sec.
rlr; In7[r;
0.0416 1.000 \ o —3.36 x 104 0
0.0450 1.080 0.077 —2.58 x 10—4 0.0525
0.0500 1.202 0.184 —1.59 x 10-4 0.110
0.0550 1.322 | 0279 —0.70 x 10-4 0.143
0.0595 1.430 1 0.358 0.00 x 10-4 0.151
0.0650 1.562 | 0.446 0.86 x 10—4 0.138
0.0700 1.682 | 0.520 1.54 X 10~ 0.104
0.0750 1.803 . 0.589 2.19 x 104 0.0559
0.0792 1.905 | 0.645 2.73 x 10— 0
POINT VELOCITY

O ous

2]

(%]

a

=

“ 010 777 /24// 7777AN777

; GROSS VELOCITY

8

b 0.05

>

INNER WALL| OUTER WALL

005 0.06 0.07
RADIUS, FT.

Fi1G. I-17. Variation in velocity with radius.

I-17. Transition from Laminar to Turbulent Flow

It is found experimentally that the value of the Reynolds number
determines in a large measure whether the flow is laminar or turbulent. In
circular pipes the flow usually is laminar for Re < 2000 and turbulent for
Re > 3000. For parallel plates the transition occurs at somewhat higher
values (70) of the Reynolds number. Between the limits indicated, there is
a transition region, and the path followed depends on other factors than
those described above. In the transition region the functional relationship ¢,

! Radius of inner wall, 0.0416 ft.; radius of outer wall, 0.0792 ft.
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of Eq. (1.92) will not be single valued for a particular Reynolds number but
will depend on the history of the flow. By exercising special care, laminar
flow in pipes may be extended well beyond the normal limit to Reynolds
numbers as high as 97,000 (77). Any disturbance introduced into the flow
causes transition to turbulent motion which will spread throughout the
stream.

The study of the mechanism of the transition from laminar to turbulent
flow has been described only recently with even a reasonable degree of
approximation (72, 73). Near the boundary of the stream the transitions
between laminar and turbulent flow are even less well understood. At
present, these transitions are often empirically established. There appears
to be some hysteresis in transitions between laminar and turbulent flow.

I-18. Friction Coefficients

In engineering practice, the Euler number is identified with several
factors describing the loss of momentum in the stream. Confusion exists
as to the use of these factors, and care is necessary in order to ascertain just
which factor is used in a particular application. The Fanning friction factor
or coefficient f is defined as

f=ihRI =g (Lo4)

Another common coefficient, which is often designated as 4, is defined as
A=2¢, (Re) (1.95)

so that
4f=A (1.96)

One approach utilizes a friction factor as a coefficient to the Euler number
ratio and defines the Fanning friction factor by [cf. Eq. (1.20)]

(Tyz)o = /P—;E . (1.97)

A combination with Eq. (I.30) for flow in a circular pipe results in

—Z =2 =

dx 7o D, 2D, 2D,

dP _, (tra)y _ , (o _41pU* _ApU® (1.98)
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When applying Eq. (1.98), it is convenient to define the Reynolds number as

Re = D(,ﬂ . (1.99)
n
For parallel plates, it follows from Eq. (1.56) that:
dP _ (ty)g  2fpU?  1ApU2
dx  y, 22y, 2 4y, (1.100)
Under these circumstances the Reynolds number is defined as
Re = 2yo%e = I;;J——e (I.101)

It can be seen that the descriptions of the pressure gradients vary with the
cross section. In order that a single variable can be used to describe the
shape of conduit, a ratio called the hydraulic radius 7, has been widely
employed in fluid mechanics. This parameter is defined here as the ratio
of the cross sectional area of the stream to the transverse wetted perimeter.
For a circular conduit

(1.102)

so that the Reynolds number may be described in terms of the diameter or
in terms of the hydraulic radius Re,. It is defined as

Rey— 47,02 —p, UP. (1.103)
n n
For pipes, Eq. (1.98) becomes
4P _ (e _hpU_ 1hp U (1104
dx (4% 2 143 4 14} 2
For parallel plates of infinite extent,
1-2
)= _2%’ = 5, (1.105)
and Eq. (I1.100) becomes
AP _ (ty)o _hpU_1hpU® (1.106)

T dx s n 2 47, 2
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Equation (I.108) is identical with Eq. (I.104), but the Reynolds number for
the flow between parallel plates is twice the value based on the charac-
teristic plate separation, as is indicated by

Re, = 2 Re. (1.107)

Another useful relation is obtained from Egs. (I.100) or (I.106) by
considering the second and fourth members and solving for the gross velocity:

-JE)E.
U= 11;.]/ ; (1.108)

In the case of laminar flow these relations must agree with the analytic
solutions already obtained. For circular conduits, Eq. (I.75) may be
rewritten as

aP _32qU _ 329 pU® 32 p U?

" dx~ Dy DyUp D, D, Re (1.109)
However, from Eq. (1.98),
ap __ pU? ApU?
—E—2f“l—)o__§—Do . (I.110)
From the preceding expressions, it follows that:
64 16
1__1%, /=_R_e. (I.111)
For parallel plates, it follows from Eq. (I.86) that:
aP  3qU 12 uz 12 2
I/ L. I S A pU (1.112)
ax Yo 2yUp 2y 2 Re
Combination with Eq. (I.100) results in
48 12
}"“‘ﬁg' /_R.E. (I.113)

Equation (I.113) may be rewritten in terms of the Reynolds number based
upon the hydraulic radius:

96 24
Ah=——; h=§-é;.

e (L.114)
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It is seen that neither Eq. (I.113) nor Eq. (I.114) is identical with Eq. (I.111)
which applied to flow in a circular conduit.

Gross parameters designed to account for variation in the shape of the
conduit usually do not accomplish the resolution in detail although their
use may markedly reduce the differences between the predicted and actual
flow in conduits of different shapes. An empirical approach would relate
the numerical constants of Eqs. (I.111) and (I.114) to chosen shape para-
meters. The Reynolds number Re, is sometimes used in the application
of experimental information about turbulent flow in circular conduits to
situations involving flow between parallel plates.

I-19. Smooth and Rough Circular Pipes

From a compilation of existing experimental data, the relationship
expressed by Eq. (I.95) for turbulent flow in circular conduits was found by
Blasius (74) to be well represented by the empirical equation,

0.316
1_4/_(_@/—4. (I.115)
An improved relation for the same conditions, advanced by Nikuradse (75)
on the basis of more extensive and carefully made measurements, was

0.221

3 =0.0032 + =5 (1.116)

For turbulent flow in smooth circular conduits, experimental velocity
traverses show that the velocity distribution is more nearly constant in the
center of the channel than predicted by the parabolic laminar distribution
of Egs. (I.72) and (1.83). Thus in turbulent flow there are smaller velocity
gradients near the center of the conduit, and the greater part of the gradients
are localized in the vicinity of the walls.

The interior surfaces of actual conduits are never perfectly smooth. As
a beginning to a rational analysis, the random irregularities of real walls
may be replaced by idealized rough surfaces involving repetition of a unit
protuberance in a uniform frequency. If desired, a spectrum of irregularities
of continuously varying intensity may be substituted for the uniform
synthetic roughness described. Rough surfaces that are geometrically similar
possess equal ratios of spacing of the roughness element to height and
geometrically similar shapes of protuberances. Much experimental work has
been done with artificially roughened surfaces. Nikuradse made measure-
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ments with circular conduits coated with sand grains of uniform size in order
to secure constant surface conditions. He obtained data yielding the friction
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Fic. 1-18 A. Friction coefficient A versus the Reynolds number for artificially roughened
conduits (74).

coefficient 4 as a function of the Reynolds number for various relative
roughnesses ¢[r, where ¢ is the height of a particle. These data are shown
in Fig. I-18 A. The same curves are shown in Fig. I-18 B without experimental
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points in order to permit quantitative information to be obtained from the
figure.
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Fic. I-18 B. Friction coefficient A versus the Reynolds number for artificially roughened
conduits (74).

The influence of such surface roughness can be explained on the basis
of the flow pattern. There is a single-valued relationship between 4 and the
Reynolds number for smooth pipes which indicates that the extent of the
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turbulent motion does not depend on the nature of the smooth walls of the
conduit. As the relative smoothness is decreased, the protuberances enter
the laminar boundary layer flowing next to the wall and, at a sufficiently
high Reynolds number, will project into the turbulent region. Under such
circumstances the main body of the flow is not influenced greatly by the
viscous shearing stresses on the tops of the protuberances. The distortion of
the flow pattern introduces resistances overshadowing those resulting from
local changes in the velocity distribution in the laminar layer. The viscosity
and the related Reynolds number do not influence the flow characteristics
appreciably for a sufficiently high degree of roughness. The friction
coefficient 4 is, therefore, independent of the Reynolds number. With
increasing roughness, the velocity or the Reynolds number at which the
laminar layer will no longer cover the protuberances will decrease. For this
reason the transition from the relationship describing the behavior with a
smooth wall to that associated with a rough wall will occur at a lower
Reynolds number.
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Fr6. 1I-19. Friction coefficient A versus the Reynolds number for clean, commercial
pipe (76).

Moody (76) compiled available experimental data on friction factors for
clean, commercial pipes and established the friction factor as a function of
the Reynolds number for various values of the relative roughness e/r,. This
empirical information covers a wide range of commercial pipe sizes and types
as is shown in Figs. I-19 and I-20.! Figure I-19 shows the effect of the

1 These figures are based upon Ref. 16 and are presented by permission of the
copyright owner.
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Reynolds number upon the friction coefficient. There is a broad transition
region without the complicated instability shown for artificially roughened
conduits of Figs. I-18. Figure I-20 shows Moody’s appraisal of the relative
roughness of a number of commercial pipes. The absolute average roughness
is taken as a constant for each material of construction and methods of
fabrication. The relative roughness decreases directly with an increase in
pipe diameter. These two charts permit a reasonable evaluation of friction
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Fi6. 1-20. Relative roughness versus pipe diameter for clean, commercial pipe (76).

coefficients for clean, commercial pipes. The relationship of the friction factor
to the Reynolds number does not resemble Nikuradse’s data in detail.
A possible explanation of the failure of commercial pipe data to follow those
for smooth conduits, as is the case with sand coated surfaces, can be found
in the size distribution of the protuberances in commercial pipes. The sand
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coated pipe contains roughness elements of a uniform size which penetrate
the laminar boundary region at about the same Reynolds number. The
larger roughness elements of commercial pipes penetrate the boundary layer
at a sequence of values above the transition Reynolds number. For
commercial pipes there is no turbulent flow in which the laminar boundary
layer masks all the protuberances. The smaller roughness elements are
gradually uncovered at the increasing Reynolds number so that the transition
to the characteristic flow for rough conduits is more continuous for commer-
cial pipes than for smooth conduits.

Nomenclature

4, Cross sectional area, ft.? J,  Total friction associated with flow
C  Constant of integration through a specified conduit, ft. 1b.
D, Outside diameter, ft. Jy  Time rate of change of momentum
d Differential operator per unit volume, 1b./ft.?
E  Specific internal energy, internal i Friction, infinitesimal, ft. Ib./lb.

;,Bnergy 1‘;{ a unit weight system, 9 Friction per unit time per unit cross

) t u./1b. sectional area, ft.lb./sec.ft.?

e Height of roughness element, ft.

7 Friction per unit time in specified
. length of conduit, ft.lb./sec.

Force per unit area, lb.jft.3 . A L .

Force, Ib, Jo Friction per unit time in differential
length of total conduit, ft.lb./sec.

k Constant of proportionality

L Length, ft.

! Distance from planeof symmetry, ft.

Iy Distance from plane of symmetry
to the wall, ft.

Eu Euler number

p Dissipative force, Ib.
Fanning friction factor, dimen-
sionless
Ia Fanning friction factor calculated
by using mean hydraulic radius

~

9_ Pure or derived intensive property In Natural logarithm
G Average value, often time average M  Total momentum for system of
G  Extensive property variable weight, Ib.[sec.
G;  Fluctuating value of intensive M  Momentum flux per unit area
__ property ) Ib./ft.3 '
G;  Average fluctuating value of inten- M,, Momentum in the x-direction per
sive property unit volume of flow, lb.sec./ft.3
G; Instantaneous value of intensive m Weight rate of flow per unit area,
property Ib./sec.ft.3
g Acceleration due to gravity, ft./sec.? P Pressure, Ib./in.? or Ib./ft.}
h  Elevation above datum plane, ft. P; Pressure associated with dissipative
J Friction per unit weight associated effects, 1b./ft.?
with flow through a specified P;  Pressure arising from the effect of
conduit, ft.lb./lb. gravity, 1b./ft.3
J Friction assocrated with flow o Polar radius in cylindrical and

through a specified conduit, ft. Ib. spherical coordinates, ft.
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5 Hydraulic radius, ft. x Distance measured parallel to
v Radius at interface, ft. primary axis of flow, ft.
1) Radius of conduit, ft. y Distance from axis of flow, ft.
Re The Reynolds number ya  Distance deficiency, distance from
Rey The Reynolds number with wall, ft.
hydraulic radius as characteristic yi  Position of interface, ft.
length 2 ¥y, ¥o Transverse distance between
T Absolute temperature, °R. channel walls, ftj .
. z One of the Cartesian coordinates, ft.
U Average velocity over an area, or A Difference in
gross velocnty,' ft.[sec. . é Infinitesimal increment
U, Average velocity over an area in n Absolute viscosity, Ib.sec./£t.?
the x-dn'ectxot.l, i.t./sec. . . 9,0,0, Time, sec.
U,y Average velocity in the x-direction 1 Friction coefficient
over entire channel, {t./sec. Ay Friction coefficient calculated by
u Point velocity or time average using mean hydraulic radius
point velocity, ft./sec. Density, a/g, Ib.sec.3/ft.4
u;  Velocity at interface, ft./sec P Y. ol§, b.sec. Jit.
* Poi tocity i l; ) d’. . o Specific weight, 1b./ft.?
s ﬁomt velocity in the x-direction, T, Shear in the x-direction in plane
% sec. ) ) perpendicular to the r-axis, Ib./ft.3
Yx,m lfV[axxmum time average velocity, Tyy Shear in the x-direction in plane
v St./ secf ) f91b perpendicular to the y-axis, 1b./ft.®
’ Specific volume, t.3/lb. Tys Tyr Shear, Ib.[ft.3
| 4 Total volumetric rate of flow (Trs)o» (Tys)o Shear at wall, Ib./ft.2
. through a section, ft.%/sec. (tys); Shear at interface, Ib./ft.?
Vo, Volumetric rate of flow for the ¢. ¢, Function of
conduit as a whole, ft.3/sec. Y/ Polar angle
SUBSCRIPTS
A, B Refers to states 4, B, etc. y In the y-direction
P Refers to pressure 6 Held constant
r In the r-direction T Refers to shear
X Held constant 1, 2° Refers to states 1, 2, etc.
x In the x-direction
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CHAPTER 1I

SOME SIMPLE PROPERTIES OF TURBULENT FLOW

Many situations in which turbulent flow prevails are encountered in
nature. For this reason the greater part of the present discussion is directed
toward an understanding of the macroscopic aspects of turbulence. The
Reynolds experiment, shown in Fig. II-1, in which a filament of dyed fluid
is introduced into a flowing fluid is an excellent example of the transition
from laminar to turbulent flow. The filament of dyed fluid remains continuous
and possesses sharp boundaries until the velocity in the channel has been
increased to a critical value. At this point the filament is broken up by the
random motion of small elements of the flowing stream. The magnitude of
these elements and their velocities vary markedly with time at a given point.
Under most conditions a decrease in the flow rate will yield a somewhat
lower velocity at which the dyed filament again becomes continuous than
was obtained for the onset of turbulent flow upon an increase in velocity.
The magnitude of this hysteresis depends upon the particular geometry of
the flow channel and on the nature of the fluid involved.

The energy required for the maintenance of turbulence comes from the
primary flow. It is probable that these transfers of kinetic energy from the
primary flow involve large scale, irregular, periodic motion which de-
generates into random motions of decreasing magnitude. In a turbulently
flowing stream the proportion of the friction that results from turbulent
dissipation increases with the Reynolds number. Since kinetic energy is
required for the maintenance of turbulence as well as for the accomplishment
of the fluid transport, it is to be expected that the total energy transfer
necessary for the maintenance of the turbulent flow of a fluid is greater than
that required for the similar flow of a fluid in laminar motion. From such
reasoning it may be deduced that the shear at the wall of a stream for a
given gross velocity will be greater for turbulent flow than for streamline
flow. Since the viscosity of the fluid is not changed?! by the transition from

1 This statement neglects the effects of shear upon viscosity. Such effects are
probably not large except at extremely high shears. The effect of temperature gradients
and shear on viscosity can be evaluated from the Onsager reciprocity (7) relationships,
which have been well described by Denbigh (2) and de Groot (3).

47



48 1I. SIMPLE PROPERTIES OF TURBULENT FLOW

one type of flow to another, the velocity gradient at the boundary of the
stream must be greater in turbulent than in streamline flow. It has been
shown by Millikan (4) and Corrsin (§) that for both laminar and turbulent
flow under steady, uniform conditions the velocity distribution will be so

Fig. II-1. Reynolds’ apparatus showing instability of flow through a tube. (From

the frontispiece of H. Rouse, ‘“Fluid Mechanics for Hydraulic Engineers,” McGraw-

Hill, New York, 1938. Presented here by permission of the copyright owner, United
Engineering Trustees, Inc., New York.)

adjusted as to yield the minimum total dissipation of kinetic energy during
a specified flow process. The variational methods (6) used by them do not
appear to be as widely applied in fluid mechanics as the theorems of steady
state thermodynamics (2) would permit.



1. CONCEPTS OF FLOW 49

ll-1. Concepts of Flow

If an observer who is stationary with respect to the solid boundary of
the steady, turbulent flow of a viscous fluid were able to measure the
instantaneous velocity at a fixed point, it would be possible to resolve this
vectorial quantity , into three mutually perpendicular components: Uy in
,» and , ;. In steady flow the time average of any component can be
made to differ by an arbitrarily small amount from a chosen fixed value, by
averaging over a long enough time interval. For the x-component, the
mathematical expression becomes

0,4+ 0/2
1

5 | #eid0 =%+ 6., (I1.01)

6,—6/2
In Eq. (IL.01), %, is a constant and d, can be made smaller than any preas-
signed quantity by taking the time  sufficiently large, as was just discussed.
Similar equations may be written for the y- and z-components of the velocity.
Any component of the instantaneous velocity such as %,; can be ex-
pressed as the sum of the average value %, and of a superimposed fluctuation
component #, , which has a time average equal to 4,:!

“;'{ = -ax + ux'[. (11.02)

It is possible to characterize turbulent flow for nonsteady conditions in
the above manner if the rate of change in the average value of each com-
ponent with respect to time is small compared to the corresponding rate of
change in the associated local fluctuating velocity.

The average values of velocity should be taken with respect to both
space and time. In the case of homogeneous, turbulent flow the average is
independent of the volume of the field considered since such turbulence is
independent of the position in the field (7). It remains for ergodic (8) theory
to show that a description of a sufficiently large volume of homogeneous
turbulence at one instant in time is equivalent to the description of the
behavior at one point in space taken over a sufficiently long time. Some
limitations exist (7) in this generalization, but they are not of direct concern
to the physical situation as long as the variations in velocity are continuous
with respect to space and time.

! The fact that the time average of 4,118 8y can be seen by substitution of Eq. (11.02)
into Eq. (IL.01).
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Much of the statistical description of turbulence which is not considered
in this chapter is concerned with the velocity fluctuations at a particular
time. This is in contradistinction to the functioning of most instruments
used in this field which evaluate the variations in velocity with time at a
point in space.

ll-2. Temperature Fluctuations

In Fig. 11-2 is shown a variation in temperature with time in a jet of air
controlled at a nominal temperature of 100.00° F. and an average velocity
of 6 ft./sec. By means of conventional statistical analysis, it was found that
over a period of 9 sec. the least squares deviation was from a base temperature
of 100.0068° F. and the corresponding arithmetical average was 100.006° F.

w 10005
°n AVERAGE
4 V\ TEMPERATURE
E |°°0°° AVAN A £ — I
& N \ /
: 0
w
T 0.5 \Av ray
I 2 3 4 s 6 7 8

TIME, SECONDS

Fic. 1I-2. Deviation of temperature with time at a point in an air jet.

The standard deviation from the former temperature was 0.042° F. The
period of 9 sec. corresponded to a segment of the gas stream 54 ft. in length.
If the data shown in Fig. II-2 were averaged over 0.5 sec., an average tem-
perature from 99.935° F. to 100.065° F. would have been obtained.

The root-mean-square deviation from a number of base temperatures is
shown in Fig. II-3. A minimum deviation of the square root of the sum
of the squares was found for a temperature of 100.006° F. Under these
circumstances it must be realized that the standard deviation will in some
measure depend on the size of the sample of the flow from which it was
established. The data of Fig. II-2 were obtained with a 0.0005 in. platinum
resistance thermometer and do not include any of the high-frequency fluctua-
tions that exist in turbulent flow. However, the data do indicate the physical
nature of fluctuating scalar quantities in the flow of fluids.
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I1-3. Transfer of Momentum as a Result of Turbulence

Consider two different layers of fluid, 4 and B, of different thicknesses
shown in Fig. II-4. Each layer is bounded by a pair of mutually parallel
planes which may be considered to extend indefinitely. Consider the two
layers to be moving, each as a solid body, with instantaneous velocities
always parallel to the planes. Without loss of generality, except as stated
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Fic. 1I-3. Root-mean-square deviation from base temperature in an air jet.

in the preceding sentence, the coordinates may be taken as fixed on the
layer A with the xz-plane parallel to the bounding planes and the x-axis
parallel to the relative instantaneous velocity of B with respect to layer A.
At a given instant, in addition to the above-described motion, a quantity
of fluid is transferred parallel to the y-axis uniformly from each surface
element of layer A to layer B with a velocity #, ;. The mass transfer per
unit area per unit time is %, ; /g, and the time rate of exchange of momen-
tum per unit area is ,,u,;0/g. From the general statement of the
conservation of momentum, the time average of the rate of exchange of
momentum per unit area may be set equal to a component of the average?

1 In this treatment the density of the fluid p is equal to the specific weight ¢ divided
by the acceleration due to gravity g.

2 Unless otherwise stated, the ‘‘average’’ value of a quantity at a point will represent
a time average. In a more general way the average value of wu(x, ¥,z 0) may be
considered as

7=ffffu(x,y,x,O)dxdydde.

ffffdxdydzdﬂ
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shearing stress 7,,. The stress 7,, acts on a plane perpendicular to the
y-axis and in a direction parallel to the x-axis. It acts to reduce the velocity
of layer B relative to that of layer 4. In this simplified application of the
conservation of momentum no regard
is taken of the molecular viscous forces
associated with a velocity gradient.

From the foregoing discussion the
time average of the turbulent shearing
stress may be written in the following
way:

Tysy = — the Uyi0fg.  (1103)

If each instantaneous value of

Fic. II-4. Volume elements moving  Velocity is expressed in terms of the

parallel in a fluid stream. sum of an average and a fluctuating

component, as in Eq. (I1.02), it follows

from Eq. (I1.03) that when the effect of fluctuations of density on the shear
is not considered:

Tys, = — _gq [y + wy,1] (s + t0s,1). (11.04)

If macroscopic steady state flow is assumed, the average values of u, ;
and u, ; may be considered as constants and the variation in the specific
weight averaged independently from the velocity:

_ T o—— e —_— —
Tys, = — E [ty s + Wy thy g+ Usthy s+ wy j%s ], (I1.05)

Since the average values of the fluctuating components can be made
arbitrarily small, as may be seen from Eq. (I1.01), it follows that:

Tysg = — ’g‘ (ooy 1 + 1,1 802,). (I1.08)

Since it was assumed that the segments of fluid in Fig. II-4 were moving
parallel to one another, the y-component of velocity is zero. Therefore,
Eq. (I1.06) may be written as

Ty = — é’-;;,,u,, p (I1.07)




3. MOMENTUM TRANSFER DUE TO TURBULENCE 53

Only the turbulent component of the shear has been included in these
expressions. The combined effect of turbulence and molecular viscous forces
will be discussed later.

ll-4. Measurement of Velocity

For a detailed knowledge of the characteristics of a flow of a fluid, it
is necessary to make measurements of velocity as a function of time at
various points in the flowing fluid. Pitot tubes are ordinarily used to obtain
average values of velocity. A descrip-
tion and bibliography pertaining to w2

____,..c of
this instrument are available (9, 70). * W 29
R ‘ .
1 p

The general application of the
Pitot tube is restricted to average
velocities in steady flow. In transient
macroscopic flow, the inertia of the Fig. II-5. Measurement of stream
fluid in the pressure measuring system velocity with Pitot tube,
is often sufficient to introduce errors
in the measurement of velocity. As a first approximation, the velocity
relative to the axis of the tube inlet shown in Fig. II-5 may be evaluated from

ue=B(c) Y2 gk = Blc, ¢) V%—g (Pr— P). (11.08)

This equation can be derived from the Bernoulli equation. If the effect of
the change in pressure upon the specific weight is neglected, the coefficient 8
is close to unity for a wide variety of shapes at the tip C of the tube as long
as the principal axis of the tube inlet is parallel to that of the main stream.
Marked deviations may be experienced if the axis of the tube is not parallel
to the main stream. Such measurements are sometimes attempted in order
to obtain components of velocity and in this instance the coefficient 8 is
roughly approximated by cos . The details of such Pitot tubes are described
in the literature.

Information may be obtained concerning the mechanics of turbulent
flow by measuring instantaneous values of velocity in steadily flowing fluid
streams. By means of special instruments, it is possible to measure
approximately the instantaneous values of velocity in different parts of
turbulently flowing fluids. Thus, the way is open for the determination of
turbulent shear stresses as well as for the establishment of correlations
between simultaneous events at different points in the system.

Hot-wire anemometers, which in their simple application consist of small,
heated wires placed with axes transverse to the direction of the stream, are
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sometimes employed for recording the average value of the longitudinal
velocity (77) as well as the variations resulting from turbulence (72, 73).

In general, these instruments have been most useful in measurements
involving average velocities of less than 100 ft./sec., the sensitivity decreasing
at higher average velocities. The usual technique employed in the operation
of hot-wire anemometers for the determination of average speeds consists
of ascertaining the current necessary to maintain a constant average
& O— temperature and, hence, of electrical

AMMETER %

resistance of the wire at the average
-J- speed. The wire may be connected

in one arm of a Wheatstone bridge
ﬁe BATTERY —_ circuit, and the current supplied to the
‘ —— bridge may be adjusted so that the

bridge is balanced. After calibration,

_1

GALVANOMETER OR the measurement of the current supplied
OSCILLOGRAPH A
to maintain a chosen temperature of
Fic. II-6. Circuit for hot-wire the wire affords a measure of the
anemometer. average speed in the vicinity of
the wire.

It is possible to measure the turbulent fluctuations in velocity with a
hot-wire anemometer if the wire is sufficiently small and if the electrical
equipment is adapted to transient conditions. This measurement is usually
carried out by adding a vacuum tube amplifier to the detecting circuit of
the Wheatstone bridge just described (72, 74, 75) and by describing the
diameter of the hot wire. The heating current is adjusted in the usual manner
until the bridge is balanced, and the small fluctuations in potential across
the detecting circuit are amplified and observed on a cathode ray oscillograph
or averaged in a statistical manner by means of a suitable type of integrating
circuit. Such a circuit is indicated schematically in Fig. 1I-8. Even with
rather small wires from 0.0001 to 0.0005 in. in diameter, there is a lag in the
resistance temperature from the equilibrium value as a result of the heat
capacity of the small hot wire. The amplifier shown in Fig. II-6 is provided
with a compensation circuit which takes such effects into account for a first
degree of approximation. In addition, it is desirable to consider the end
effects which may be of secondary importance if the wire is long. The reader
is referred to the work of King (76) and Dryden (72, 73) for details. It may
be noted that

2R —
—_— = b u 11.09
==t [l (11.09)
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for time average conditions. The time constant (77), which describes the lag
of the resistance of the wire in following the velocity of gas, may be ex-
pressed as

M (I1.10)

_kCuR—R, _, (R—R,
“aR, *R, '\ 2R, |

Likewise, the ratio of average fluctuation to the average velocity may be
obtained from

Vup Ve

U  R.p(R|R.3)

(IL.11)

(8 ]

RELATIVE SCALE OF ce?
Fy

W

n

WM‘*M}N{&:.\W ;

80 60 40 20
POSITION &

F1c. II-7 A. The quantity ;,‘, expressed as c_e’, as a function of downstream position
behind a grid for the Reynolds number of 20,000. Grid constructed of 0.375-in.
rods on 2.25-in. spacing (77).

It is often a simple matter to establish the electronic compensation for
the hot wire directly by use of a square-wave, electromotive-force genera-
tor (77) and a sine-wave generator. The magnitude of ¢2 may be determined
from a vacuum thermocouple by suitable calibration (77) with a square-
wave generator. A typical record of a quantity proportional to et as a
function of downstream position behind a grid in a wind tunnel is shown in
Fig. I1-7 A. The grid had a square opening 2.25 in. on each side and a wire
diameter of 0.375 in. The data of Fig. II-7 A indicate an increase in t
magnitude of the fluctuations as their frequency per unit arc length he
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mean curve is decreased near the grids. It should be realized that the fre-
quency response of the pen of the recorder is not more than 1 or 2 per second.
Thus the change in fluctuations shown is extremely slow as compared with
the main body of the turbulent fluctuations. The corresponding value of

Vu—f;)U or fraction turbulence is shown in Fig. II-7 B. If it is desired to
study the variation of the kinetic energy of the spectrum of turbulence as
a function of frequency, a more complicated approach must be employed (77).
The frequency may be advantageously compared with the output of a
random noise generator of known spectral characteristics. It is beyond the
scope of this section to consider such measurements in detail.

k- M=2.250IN.
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Fig. I1I-7 B. Fraction turbulence as a function of position downstream from a grid
for the Reynolds number of 20,000. Same grid as Fig. 7 A.

It is possible to define a coefficient R, which is a direct measure of the
correlation in time of the turbulent fluctuations of the velocity in a flowing
fluid at two points in the flow which may be located in any position relative
to each other. Thus, if #, ; , and u, ; 5 represent the fluctuating velocities
at points A and B, respectively, which lie on a line parallel to the y-axis,
the x-axis being taken parallel to the mean flow, the correlation coefficient R,
between these quantities is defined as!

1 It is shown in a number of books on statistics (78, 79) that, if the simultaneous
fluctuations u, ; 4 and u, s p, for example, are plotted on rectangular graph paper,
the straight line which best fits the points in the sense that the sum of the squares of
the distances from the points to the line is a minimum is

'I/z
“st,4

Ux, 1,4 = ==
V“x,/.B

Ryuy, B
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R, = Ux, {,AUx, 1, B
l/ 34 V“f,/,s
The behavior shown in Fig. II-8 corresponds to the lateral velocity

correlation R, as used by Batchelor (7). The corresponding longitudinal
correlation (R,); would be defined as

: (IL12)

T
(Ry) = _.;;"_ﬂ ’%f: (I1.13)
uy. 1,4 Vuy, 1, B

It can be seen from Eq. (II.12) that R, = 1 when 4 and B are coincident,
since u, ; , and u, ; p are at all times equal. It has been established ex-
perimentally that, as 4 — B, R, — 1. When points 4 and B are taken
farther and farther apart, the time average of the product of the turbulent
fluctuations of the velocity approaches zero; i.e., there is no correlation
between the components. Hence
when B recedes from 4, R, —0.
The general variation of R,
with the distance apart y of 4

dR
DU L

and B is indicated in Fig. II-8. dz:g 40
It can be shown that s

oR,

—a—};— -0 as y —0.

(I1.14)
2
Also in viscous fluid with turb- ?
g

ulent energy dissipation,

2R Fic. II-8. Lateral velocity correlation R,
y £0 as -0 as a function of distance separating correlated
ov2 y : .
y points (77).
(I1.15)

It should be emphasized that the behavior shown in Fig. II-8 is only quali-
tative. In isotropic turbulence, the correlation R, is in reality a function of
only a single scalar quantity, although this is not true for nonisotropic or
nonhomogeneous turbulence.

Several electrical methods have been developed for the measurement of
correlation coefficients. Prandtl and Reichardt (20), for example, have
applied the two amplified potential fluctuations obtained from separate
bridge circuits connected to two hot wires to the vertical and horizontal



58 II. SIMPLE PROPERTIES OF TURBULENT FLOW

plates of a cathode ray oscilloscope. Pictures having a long exposure time
were obtained and analyzed for the degree of correlation between the fluctua-
tion of the two velocities measured by the hot wires. A method described by
Goldstein (27) involves the separate application of the two amplified
potentials to the two coils of an alternating-current galvanometer.

II-5. Characteristic Length

A characteristic quantity useful in the analysis of the correlation of
turbulence and having the dimensions of length may be defined from the
correlation coefficient as follows:

@

l, = f R, dy. (11.16)

0

It is found experimentally that the value of R, is zero for all values of
y above a certain value (22), which is designated by y,, so that the value
of /, becomes constant for all values of y greater than y,.

II-6. Mixing Length

It has been shown earlier that the fluctuating components of flow in
two adjacent layers parallel to the xz-plane and moving in the x-direction
give rise to a shear. The magnitude of the average value may be estab-
lished from

Tyr = — gu Lty 1. (11.17)

For purposes of practical application it would be advantageous if the
quantity %, %, , were expressed in terms which are more easily measurable
than the fluctuating velocities. With this objective in mind, Prandtl
postulated

2
Yn Uy = — 12 (‘%‘) (11.18)

where [ is a quantity having the dimension of length and is characteristic
of the turbulence existing at the point in question. The primary justification
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for the postulate arises from the utility of the expressions obtained by its use.
If Eq. (II.18) is assumed, it is possible to calculate the Prandtl mixing
length ! from quantities which are easily measured.

The substitution of Eq. (II.18) in Eq. (II.17)! results in

du,\?
—_95
Tyz, = gl (dy) (I1.19)

Equation (I.57) for the idealized flow? between parallel plane plates separated
by a distance 2 y, yields

y du,)
Tyz)g— = _.lz — Tyx,. 11.20
(oo = ¢ ( 5 (11.20)
The molecular contribution to the shear 7,, may be neglected in the central

portions of the flow channel. Equations (I1.19) and (I1.20) may be solved

for [ as follows:
(Tys) \Tyx)o &
|/ Yo d“x (I1.21)

The corresponding expression for idealized flow in a circular cylindrical
conduit follows from Eq. (1.31):

_1/Geg /7
l_]/ - T (11.22)

It is to be emphasized that Egs. (II.21) and (11.22) apply only to idealized
flow since Egs. (I1.57) and (1.31) are so limited.

II-7. Eddy Viscosity®

Equation (I1.19) may be written as

Tyx du,\ du
s = (1222 z 11.23
P ( dy) dy (123)
or
Tyxg dux
= &y —o . 11.24

1 Henceforth, except in special cases in which it is desired to emphasize the contrast
between average and instantaneous values of shear stress, etc. the bar will be omitted.

2 Idealized flow is defined here as the steady, isothermal movement in a straight,
horizontal, smooth conduit of an incompressible, homogeneous, Newtonian fluid.

3 A more extended discussion of eddy viscosity is given in Chapter VI.
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The quantity ¢, usually called the eddy viscosity,! is the turbulent analog
of the molecular kinematic viscosity ». Hereafter the term ‘‘kinematic
viscosity’ will refer to the molecular kinematic viscosity. The eddy viscosity
can be thought of as the ratio of a quantity which is a measure of the
turbulent shearing stress between two layers of fluid moving parallel to
each other and the product of the density and velocity gradient. The shearing
stress results from the exchange of momentum between the layers because
of transverse turbulent fluctuations in velocity. The kinematic viscosity »
can be thought of as the ratio of the stress that results from the exchange
of momentum associated with molecular motion and the product of the
density and velocity gradient.

11-8. Dimensionless Relations

It is of value to obtain expressions which are independent of the absolute
values of the physical quantities, which may change from one application
to another. Inspection of Eq. (II.22) shows that it may be written in the
following dimensionless form:

bduddr _1/r (11.25)

V(Trx)o g %o
ag

The quantity V(rm)o glo has the dimensions of velocity and may be
designated as a characteristic velocity associated with the shearing stress
at the wall and the density of the fluid:

Uy = l/(-’—P)—° = I/(ﬂg)ﬁ- (11.26)

The quantity u, is usually called the “friction velocity”” and when it
is substituted in Eq. (I1.25), then

ldu,dr _ r
uy V7

(11.27)

A similar expression may be written for flow between parallel plates:

ldu,|d
_iLZ ={/X (11.28)
Un Yo
! The definition of eddy viscosity used in this work follows the practice of KArmén (23)
and differs from that used by Bakhmeteff (24) in that the latter defines the eddy
viscosity as p 2 du,/dy.
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where the friction velocity assumes the form

"y = l/(_f_y:)_o — |/ (F2ho8 (IL.29)
p g

Some authors prefer to employ the distance from the wall instead of
from the axis to express position. The subscript 4 is used to describe this
deficiency distance. For circular conduits the deficiency radius is defined as

ra=1y—1. (I1.30)

In two-dimensional conduits the corresponding deficiency distance may
be established from

Equations (I1.27) and (II.28) may be written in somewhat different form
using Eqgs. (I1.30) and (II.31), respectively, so that

Ldusldr _ ] / LT (11.32)
Uy 7o

lduddy _ 1/, _ . (11.33)
Uy Yo

Two dimensionless parameters which will be found useful in the analysis
of turbulent flow are defined by the following equations:

rot = UeTs _ T | [(Trs)o8 , (I1.34)
v v o

gt == (11.35)

DEE
g

It can be seen that both r,* and ,* are dimensionless since the right side
of Eq. (II.34) is dimensionless.

The equations corresponding to (11.34) and (I1.35) for two-dimensional
flow are, respectively,

—_——,

o e Ya_ ya]/(tssdos (11.36)
v v o

Y

P . S . S (I1.37)

Ua l/("yx)o g
ag
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II-9. Flow Near Boundary

If turbulent flow in a conduit with solid walls is considered, it is evident
that the fluctuation components of the velocity normal to the solid wall can
be made arbitrarily as small as desired by choosing a point sufficiently close
to the boundary of the stream. This concept indicates that the longitudinal
shearing stress as the result of turbulence can be made smaller than any
preassigned quantity by considering a region sufficiently close to the wall.
The quantitative implications of this behavior are apparent in Eq. (I1.17).

Uy From Eq. (I.31), it follows that

A r
y Tyx = (Tye)g— (11.38)
/ L

for idealized flow. The shear stress near the
wall in any turbulent stream must be trans-
mitted through the fluid near the wall by
molecular transfer of momentum. In order
that the high shear stresses encountered in
turbulently flowing fluids can be transmitted
-_’_l 5 }_e_ > '4 by molecular transfer of momentum, high
velocity gradients are to be expected in the

F1c. II-9. Velocity distribu- fluid near the wall. This fact can be seen from
tion near wall for a Eq. (I1.65). The average longitudinal velocity
turbulently flowing fluid- i 5 conduit containing turbulently flowing
fluid would be zero at the wall, rising to a

high value a short distance out from the wall, and then increasing more
gradually as the axis of the stream is approached. A graphical representation
of such a velocity distribution is given in Fig. II-9. The thickness of
the laminar boundary layeris represented by 8. The average velocity gradient
across the boundary layer is w,,/d. Application of Eq. (1.65) yields

Wyw

>~ (I1.39)
From Eq. (I1.26) and the definition of kinematic viscosity,
Urw Uyl |
6, = (I1.40)
Rewriting Eq. (I1.40), there is obtained
8= Yuw (I1.41)
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Equation (I1.40) may be written in another way if the velocity gradient in
the boundary layer is taken as /7, where %, < u, , and 7, < é:

2
L. (I1.42)
rd 14
or
LLANLLILY (I1.43)

From Egs. (I1.34) and (IL.35) it
follows that Eq. (II.43) may be
rewritten as:

Ut =9t (IT.44)

It must be remembered that the rela-
tion in Eq. (I1.42) applies only in the
laminar boundary layer for isothermal
flow.

L MR

*SMOOTH? SURFACE *ROUGHY SURFACE

Fic. I1-10. Height of roughness based
on laminar boundary layer.

The expression for uniform flow between parallel plates which corres-
ponds to Eq. (II.44) may be written as

et = yat+. (I1.45)

It is convenient to define the condition of the surface of the inside of a
conduit for a given flow as “rough” in case the maximum height of the
protuberances ¢ in a statistical sense is greater than the thickness of the
laminar boundary layer 4 and as “smooth” in case the maximum height is
less than that thickness. This semiquantitative idea is portrayed in Fig. II-10.

NOMENCLATURE

4,b Constants in King equation for hot-
wire anemometer

Cyp Heat capacity of hot wire

< Refers to geometry of tip of Pitot
tube

d Differential operator

e Height of roughness element, ft.

‘e?  Mean-square voltage fluctuation

['4 Acceleration due to gravity, ft./sec.

h Fluid head

i Hot-wire current

K, Constant in lag time equation for
hot wire

R Constant in equation for lag time
of hot wire

Prandtl mixing length, ft.
ly  Characteristic length, ft.
Mesh opening in grid (see Fig. II-7b)
Lag time constant of hot wire
P Pressure, 1b./in.? or 1b./ft.3
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P; Inlet pressure, lb./in.? or 1b./ft.3
R

Time average resistance hot wire at
a fixed temperature

R; Resistance of hot wire at a fixed
ambient temperature

R, Resistance of hot wire at 382° F.

Ry, Lateral velocity correlation
coefficient

(Ry); Longitudinal velocity correlation
coefficient

r Polar radius in cylindrical and
spherical coordinates, ft.

74 Radial deficiency distance para-
meter, ft.

ra+ Radial friction distance for circular
conduit, dimensionless

o Radius of conduit, ft.

| - Root-mean-square temperature

U Average velocity over an area or
gross velocity, ft./sec.

u Point velocity or time average
point velocity, ft.[sec.

u,  Friction velocity, ft./sec.

u(x,y,20) Velocity at a point at a
given time, ft./sec.

u  Average velocity with respect to
time and space, ft.[sec.

%’ Root-mean-square value of velocity
fluctuation, ft.[sec.

%2 Mean square value of fluctuating
component of velocity, ft.3/sec.?

u, Point velocity in the x-direction,
ft.[sec.

#, Time average velocity at a point,
ft./sec.

u,t Velocity to friction velocity ratio for
the x-direction, dimensionless

%, s Fluctuating velocity component in
the x-direction, ft./sec.

%, 1 %y ; Time average of the products of
the fluctuating velocities in the
x- and y-directions

%, 1,4 Fluctuating velocity component in
the x-direction at point 4, ft./sec.

%, 7, p Fluctuating velocity component in
the x-direction at point B, ft.[sec.

%y ; Instantaneous velocity in the x-
direction, ft./sec.

%y Velocity in the x-direction in
laminar boundary layer, ft./sec.

%, Time average velocity in the y-
direction, ft.[sec.

uy y Instantaneous velocity fluctuation
in the y-direction, ft./sec.

%y, 1,4 Instantaneous velocity fluctuation
in the y-direction at point 4, ft./sec.

%y, 4 Average instantaneous velocity
fluctuation in the y-direction at
point A4, ft.[sec.

%y, 1, B Instantaneous velocity fluctuation
in the y-direction at point B, ft./sec.

%, ; B Average instantaneous velocity
fluctuation in the y-direction at
point B, ft.[sec.

%y ; Instantaneous velocity in the y-
direction, ft./sec.

%y ; Instantaneous velocity in the z-
direction, ft./sec.

x Position downstream from grid, ft.

y Distance from axis of flow, ft.

ya  Distance deficiency, distance from
wall, ft.

ya+t Friction distance parameter for
two-dimensional conduit, dimen-
sionless

¥  Half the distance between parallel
plates, ft.

z Distance perpendicular to the y-
and z-directions, ft.

a Temperature resistivity coefficient
of hot wire

By Dimensionless function of shape of
Pitot tube

Bic,y) Dimensionless function of shape
and angle of attack of Pitot tube

é Thickness of laminar boundary
layer, ft.

6,  Difference betweenthe time average
velocity at a point averaged over
an infinitely long period and the
average value computed over a
finite period, ft./sec.

&n  Eddy viscosity, ft.3/sec.

n Absolute viscosity, 1b.sec./ft.3
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NOMENCLATURE

Time, sec.

Kinematic viscosity, ft.3/sec.
Density, o/g, 1b.sec.?/ft.4

Specific weight, 1b./ft.3

Time average specific weight.1b./ft.3

(Trx)o Shear at wall, 1b./ft.®

Tyx

v

4.
5.

65

y-direction, lb./ft.?

Average shearing stress in the
x-direction lying in a plane perpen-
dicular to the y-direction, 1b./ft.3
(Ty 2)o Shearing stress at wall, 1b./ft.3

Y Aspect angle of Pitot tube

Tyx

Shearing stress in the x-direction —  Time average value, used over a
lying in a plane perpendicular to the symbol

SUBSCRIPTS
Molecular viscous component | € Turbulent component
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CHAPTER III

SOME MACROSCOPIC CHARACTERISTICS OF
TURBULENT FLOW

From the more general considerations of the preceding chapters, a
number of relationships may be derived which are applicable to certain
types of turbulent flow. From these expressions it is possible to predict the
velocity distribution to a reasonable approximation in terms of a limited
number of parameters. These relationships are based for the most part
upon Kdrmdn’s similarity theory, the Prandtl mixing length, and the Taylor
vorticity-transport hypothesis. It is not possible from these relatively
simple theories and hypotheses to derive relationships which apply with
accuracy to the behavior of the fluid throughout the flow channel. Certain
of the macroscopic theories of turbulence yield predictions that apply with
fair accuracy to the flow conditions near the axis of symmetry whereas
others are descriptive of the situation in the vicinity ef the wall. Even with
these limitations the generalized relationships that may be derived
are sufficiently descriptive of actuality to make them of engineering
utility.

The present chapter deals with the derivation of such generalized
relationships and presents a limited comparison with available experimental
data. The significance and utility of mixing length and other macroscopic
turbulence parameters are considered. The greater part of the

material presented here is based upon the compilation prepared by
Goldstein (7).

lli-1. The Similarity Hypothesis

The similarity hypothesis proposed by Kdrmin (2) can be completely
expressed only in mathematical terms. Goldstein (7) presents a somewhat
simplified version of the hypothesis and summarizes the results of interest.
For the case of idealized turbulent flow between parallel flat plates,
the following expressions describe the more important results of this
approach:

66
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I= — 2% d”“ (I11.01)1
d)’d
du
= 2
Ty = pd? ( dy,) (111.02)
—1dP du \ [ a2
pa ! (dw) (dya’) ' (H1.09)

In the above expressions y, is the normal distance from the nearest wall,
x is the distance in the direction of flow, and « is the time-average point
velocity in the x-direction. The results obtained from using any two of the
three equations may lead to slightly different interpretations of the flow.
For idealized turbulent flow in circular conduits, the corresponding equations

may be expressed as
du)
(%

- (IT1.04)
1 du
art v ar
> du
2
Te=pl ( dr) (I11.05)
1 dre,. du) [ A% 1 du
7 4 — P8 (m)(?ﬁ -7 d,) (I11.06)

when r is the distance from the center of the conduit and % is the average
point velocity in the x-direction.
Equation (III.01) can be deduced from dimensional arguments without
recourse to the full mathematical background if it is assumed that
(1) the value of /, the Kdirman mixing length, at any point in the turbulent
stream depends only upon the velocity distribution in the vicinity
of the point, and
(2) the derivatives of order higher than the second of velocity with
respect to position in the stream may be neglected in their effect
upon the mixing length.

1 The subscript » for the x-component of velocity is omitted in most equations in
Chapters III and IV inasmuch as only the x#-component of velocity is discussed.

* The shear 7, in this chapter is exerted by the fluid nearest the axis of symmetry
upon that nearer the wall and is positive in the direction of flow.
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A frame of reference moving with the average velocity of the point under
consideration may be employed, and the mixing length will not directly
involve the average point velocity w#. Utilizing the pi theorem (3),
Eq. (ITII.01) may be rewritten as

du  d%u
¢ (l, Dy’ d—y—d—a) =0 (II1.07)

from which is obtained the dimensionless group,

(52}
FRY
AL (I11.08)
(&)
liyd
(&)
= — g9 (I11.09)t
d%u
dys

Elaboration of the simple approach (4) given above shows that in addition
the mixing length / may depend upon the following ratios of higher deriv-
atives of the velocity:

(5 (5
\v2) &y
( d3u (d‘u
W) d—y?)

The simpler result of Eq. (II1.09) is valid only if all the quotients of the
higher derivatives are proportional to each other, a circumstance which may
be shown (4) to occur only for flow in the absence of a pressure gradient.

It should be noted that Eq. (II1.09) does not yield determinate values
when either du/dy; or d2u/dy,? is equal to zero, and is intractable for the
center of the channel unless L’Hospital’s rule can be employed to advantage.

1 This equation is the same as Eq. (II1.0l).
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I1-2. l|dealized Turbulent Flow Between Parallel Plates Based on Similarity
Hypothesis

Equation (I.57) can be rewritten for two-dimensional flow between
parallel flat plates as

Tyx = (fyx)o( - ';/—z) . (III.]O)

Upon combining Eqgs. (III.01), (I11.02), (I11.26), and (II1.10) the following
expression results:

()
i _ ky (ITL.11)

g = — ————
aya l Yo

where the friction velocity «, is defined by Eq. (I1.26). Equation (III.11)
may be integrated directly to yield

_1_=_2klﬁ|/1—l‘+cl. (I11.12)
(du) Uy Yo

dyd
In order to evaluate the constant of integration, it was assumed that at the
high Reynolds numbers the laminar boundary layer is thin and therefore
du/dy, is large near the wall. The exact value of du/dy, will depend upon

the thickness of the boundary layer, but as a first approximation, it"was
taken as infinite. Utilizing the boundary condition

M _ » (IIL13)
dy,i
at
yi="0 (II1.14)

the constant of integration of Eq. (II1.12) was found to be

Cy =2k 2. (I11.15)
U
When the quantity is incorporated in Eq. (III1.12) and the equation
rearranged, the following expression results:

u _ s 1 (IIL.16)
dyd 2kly01__ l_y‘

Yo




70 III. SOME CHARACTERISTICS OF TURBULENT FLOW

in which y, is the half-width of the channel. Using the substitution

wi=1—28 (I11.17)
Yo
the equation becomes
__ Ux [ wdw
%= ) T—w + C,. (ITI.18)

By performing the indicated integration and substituting the original variable
in the integrand, there is obtained

=1 _ Y N VR
u_kl[l/ yo-{—-ln(l |/ yo)]+cz. (I11.19)

Noting that

(IT1.20)
when
4= Y (I11.21)
it is apparent that
Co=tn (I11.22)

or

Um — U 1 Ya ( yd)]
- I/l___ 1 1...'/ — ZZ11. I11.23

This is a dimensionless expression for the velocity deficiency as a function
of position in the channel and may be used to check in part the validity of
the similarity hypothesis by comparison with experimental data. Figure I1I-1
presents such a comparison based upon the data of Dénch (5), Nikuradse (6),
and Page (7). In conformity with the procedures adopted by Goldstein (8),
a small additive constant has been incorporated in Eq. (II1.23) which results
in the following final form:

“m—“__l[l/l-&-un(l— / —&)]er (I1L24)
Uy ky Yo Yo v .

This additional constant permits an improvement in the agreement between
the predicted and experimental data at values between 0.3 and 0.7 of the
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quantity 1 — y,/y,. For optimum agreement the constants in Eq. (II1.24)
result in the following numerical values:

ky = 0.295 (I11.25)
and
b, = — 0.172. (111.26)

Reference to Fig. III-1 indicates that 4, is small in comparison to the scale

of the figure. The addition of this second constant produces only a small

vertical displacement of the predicted curve from that given in Eq. (II1.23).
!
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FiG. I1II-1. Velocity distribution between Fic. 111-2. K4irmin mixing length be-
parallel plates predicted by similarity tween parallel plates predicted by sim-
hypothesis using Eq. (II1.24) (7). ilarity hypothesis using Eq. (IIL.27) (7).

The variation of the Kdrmdn mixing length (9), discussed earlier, with
position in the channel is presented in Fig. III-2 in terms of the dimensionless
ratio J/y,. This curve is based upon the following expression using a numerical
value of the constant %, of 0.295 (70):

Lo (1_‘/1-&‘)]/ _ (I11.27)
Yo Yo, Yo

This expression was obtained either by differentiating Eq. (II1.23) twice
and combining with Eq. (II1.01) or by combining Egs. (IIL.11), (IIL.16),
and (I11.01). The K4rmén mixing length is zero when

ya=0 (I11.28)
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and
Ya = Yo (I11.29)

This last condition is a limitation to the application of these hypotheses at
the center of a flowing stream. Such behavior indicates that the eddy
viscosity is also zero at the axis of symmetry which is not substantiated by
experimental measurements.

A second dimensionless expression for velocity deficiency as a function
of position in the channel may be obtained from Egs. (II1.01) and (II.03).
Equating the forces acting on an element of volume between parallel plates,
as was done in deriving Eq. (1.56), there is obtained

aP . (tyx)o
Ir —yo—, (IT1.30)
or, dividing by the density,

The last equality follows since

Uy = I/i—‘ (Tys)o (I11.32)

by definition. Combining Eq. (II1.31) with Eq. (II1.03) results in

u,2 du \ [ d®u
wolgli) e

Combining Egs. (II1.33) and (II1.01), the following expression is obtained:

2
_%‘_5 - ;’% k,. (I1L.34)!
(E)

1 The subscript is applied to the constant k of Eq. (II1.34) to distinguish it from the
constant used in the equations derived by combination of Eqs. (II1.01) and (II1.02).
Although both constants originate in the % of Eq. (IIL.01), it has been found that
somewhat different numerical values are required in order to fit the experimental data.
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The minus sign in the above expression arises from the fact that du/dy, is
positive and d?u/dy,? is negative over the range of conditions of interest.
Equation (I11.34) may be integrated directly to give

1
e
d Yd

At the wall of the channel, where

=220 gk + Gy (I11.35)
Uy

ya=0, (I11.36)

1 _ec, (I11.37)

&7l

Under these circumstances it follows that the constant C; must be zero
inasmuch as the velocity gradient becomes very large at the wall. By
rearranging Eq. (II1.35) after taking the square root of both sides, there
results

du  u, 1

dy d k2 VE yo- l/yd ’
This expression may also be integrated directly to yield the following
equation with a second constant C,:

Y VE V5 +C.. (I11.39)
ky V v

The quantity C, may be evaluated by noting that, when

(I11.38)

Ya =Y, (I11.40)
then
%= Up. (ITI.41)

Substitution of the last two equations in (II1.39) gives

Cy= thy — Uy lg— . (IT1.42)

A combination of Egs. (III.39) and (II1.42) results in

um—w_ V2 1/5). 11143
Uy kg(l l/y-o) ( )
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The predictions of Eq. (II1.43) are compared in Fig. III-3 with the
experimental data of Dénch (5), Nikuradse (6), and Page (7). An
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Fic. III-3. Velocity distribution

between parallel plates predicted

by similarity hypothesis using
Eq. (I11.46) (7).
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Fic. III-4. Kirmin mixing length
between parallel plates predicted
by similarity hypothesis and linear
approximation of Eq. (IIL.47) (7).

additive constant was incorporated in
Eq. (IT1.43) in order to permit better
agreement with experiment at values
of 1 — y,/y, between 0.3 and 0.7.
The values of the constants required
for satisfactory agreement with ex-
periment are

ky = 0.165 (ITI.44)
and
by = — 0.736. (IT1.45)
Then
“"‘u: ¥ 0736+ 6%(1 —Vg—:)
(III.46)

Figure II1-3 indicates that even with
this relatively large value of b, the
agreement is not satisfactory for the
region near the wall. Equation (I1I1.46)
may be used in combination with
Eq. (II1.01) to give

) Ya
— =2ky—. I11.47
v~ 2y, (4D
Values of I/y, are shown in Fig. 1I1-4.
Upon the basis of Eq. (II1.47), the
mixing length is zero at the wall and
increases to a maximum value 2 %, y,

at the center of the channel.

It is of interest that Eq. (II1.43) predicts a finite value of % at the wall
whereas Eq. (II1.23) gives an infinite negative value at the boundary. Thus
both of these expressions are useful only near the center of the stream.
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llI-3. Idealized Turbulent Flow in a Circular Channel — Similarity Hypothesis

Equations for flow in smooth circular conduits corresponding to
Egs. (I11.23) and (II1.43) may be developed by utilizing Eqs. (I11.04),
(IT11.05), and (I11.08). By combining Egs. (III1.04) and (IIL.05) there is

obtained
p kg? (%)4
Tpx = (d“‘u 1 du)” (IT1.48)
art v dr
which can be rearranged, using the definition of u,, to yield
(' %i':" - %1;) k
At = 2 (I11.49)

du\? —“—t
dr

Equation (II1.49) may be integrated directly into the following form:

— = = — |7, 72 + C,. I11.50
A T AL ; (I11.50)
dr
From the boundary condition
d—’: = 0 (I11.51)
when
r=r, (I11.52)
the constant C; is evaluated as
2 kg 7yt
=—30 II1.5
Cs 3wy (ITL.53)

By combining Eq. (II1.53) with Eq. (II1.50) and rearranging, there results

1 r

2k r \33
(d“) L 37&[(70) - 1]. (I11.54)
r

dr
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By introducing the variable

LAY 7 (I11.55)
7o

the equation may be simplified somewhat and written in the following
integral form:

rlre

L A ] e [

> —— =gz |R_1 T %
s 9 Uy 2k30 V 1
3
i I11.56
I / (150
31, 100

stein (72). Figure III-6 compares the
4 results from Eq. (II1.56) with the ex-
perimental data of Stanton (73) and
50 Nikuradse (74). An additive con-
stant b3 has been included to permit
a better fit between theory and ex-

WVT/ periment at 7/r, equal to 0.3 and 0.7.

/ The integral was evaluated by Gold-

7.5

VELOCITY FUNCTION

-5 The constants required for the best
025 050 075 fit are

RELATIVE POSITION -{-
A

. ky = 0.171 (111.57)
FiG. 1I1-5. Velocity distribution in a
pipe predicted by similarity hypoth-  and
esis using Eq. (II1.56).
by = 0.420. (IT1.58)

It is to be noted that the agreement is poor near the wall. It should also
be noted that Eq. (I11.56) predicts a value of negative infinity for the velocity
at the wall.

Figure III-6 presents the Kdrmin mixing length in terms of the
dimensionless ratio /[, based upon the following equation:

l 2 4
;;_ika(I/?_ "_o) (IT1.59)

which was obtained from a combination of Eqs. (II1.49), (I1I.54), and
(IT11.04). It should be observed from Eq. (I11.59) that [ is zero at the wall
and infinite at the center of the conduit.
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A second relationship may be obtained for the velocity deficiency in
circular conduits by combining Eqs. (II1.04) and (III1.06):

du\®
21—
1drr. _ 2 (T Pk (dr)

= = . I11.60
r dr 7o d2u 1 du\? ( )
ar*  r adr
This equation may be rearranged in
the following form: ~pe
 oapt
a1 du)" s |0
dr®* v dr]  kZ 7 S 03 \\
du\® T2t 2 \
dar (I11.61) z %2
s
Inspection reveals that this equation 5 o
has 72 as an integrating factor which 2

permits the following result to be 02% 050 078
RELATIVE POSITION -

obtained:
’2 k2 7, Fic. III-6. Karméin mixing length
s T g —lzra + Cs. in a pipe predicted by similarity
du Lt hypothesis using Eq. (IIL59) (7)
dr (I11.62)

Utilizing the boundary condition

du
~ II1.6
2 = 00 ( 3)
when
r=r, (I11.64)

the constant C4 may be evaluated as

.2y 4
Co="% ‘% (I11.65)

The combination of Eqgs. (II1.62) and (III.85) results in

o2 — 19, (I11.66)
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By rearrangement of Eq. (II1.66), there is obtained
1 r\2 3u,? r\3
— (To) = _k.;z—[l — (70-) ] (I11.67)

After introduction of the auxiliary variable

o STANTON L _v. (IT1.68)
" 0- NIKURADSE ro
—_ 125 k
:'i“ Eq. (II1.87) may be rewritten as
2]
31 o0 2 2
- 22 Ry N
] (@)t " Bui =7
2 s dz
g (I11.69)
> 5. .
§ ° 8 which may be integrated to yield
g 2 z — Tl
4 um—u |3 [ vav
M == | s7—=+ b4
- ] Y ky 3 Vl — Ve

0.25 0.50 0.75
RELATIVE POSITION

(I11.70)

T
[

Fie. III-7. Velocity distribution in  where b, is a corrective constant to im-

a pipe predicted by similarity hypoth-  prove the agreement between analysis

esis using Eq. (I11.70) (7). and experiment for values of r/r, be-

tween 0.3 and 0.7. The integration in

Eq. (I11.70) has been evaluated by Goldstein (75). Figure III-7 compares

the results of Eq. (IIL.70) with experimental data of Stanton and Nikuradse.
The values of the constants for optimum agreement are

k= 0.128 (I11.71)

and
by = 0.251. (ITL.72)
The agreement between the experimental data and the predictions is

satisfactory. The velocity is, however, greater than zero at the wall, a fact
which is contrary to the physical situation.
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The Kdrmdn mixing length is presented in Fig. III-8 as a function of

the ratio /fr,. In this instance the curve is based upon the function

4

2 742
=2 (L - -—) 111.73)
374\ 1 (

which was obtained from a combination

o
9
)

of Eqs. (I1L61), (I11.68), and (II1.04).

It indicates that the mixing length ! 050 \

is zero at the wall and infinity at the
center of the conduit.

0.25 N
The similarity hypothesis is the \
only one so far proposed which yields S~

RELATIVE MIXING LENGTH -é-
—

. tos 0.25 0.50 075
an expression for the mixing length |/, RELATIVE POSITION L

which may be used to advantage in .

estimating the velocity distribution in  Fic. I11-8. Kirman mixing length in a
uniform, steady flow. Other mixing pipe predicted by similarity hypothesis

length hypotheses require further as- using Eq. (IIL.73) (7).
sumptions regarding the variation of /

with position. The assumptions of the similarity hypothesis are largely
untested and, moreover, even in the relatively simple cases to which the
approach has been applied, there are regions of flow where the assumptions
break down. Goldstein (76) cites the following ways in which these failures

are known to occur:

1. The restriction of the consideration of the turbulent mechanism at any
point to the immediate neighborhood of the point requires that /
should be small compared with any characteristic linear dimension of

the flowing system, and this situation does not always exist.

2. The assumption of similarity implies constant values of the ratios

U Dty B U R U Uy Uy, t Us,f 2 U [ Us, |

where u,, u,, and % , are the turbulent fluctuation velocity
components in the x-, y-, and z-directions, respectively. Experimental
investigations (77) show that constant ratios are not obtained when
comparing the center of the channel where little correlation exists
between the instantaneous velocity components with the region of the

wall where the viscous effects become of controlling importance.
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lli-4. The Momentum Transfer Hypothesis

It was shown in Chapter II that the Reynolds stress may be expressed as

1yx‘ = — P ux,/ uy,]. (III.74)1

In order to utilize this expression in predicting the distribution of average
velocity, it is necessary to determine how the quantity depends upon both
the average point velocity # and the boundary conditions. For this de-
pendence, Prandtl proposed the following relationship:2

du
dy

du

Ut Uy ) = lP dy

(I11.75)

With this relationship Eq. (III.74) for the Reynolds stress assumes the
following form when applied to idealized turbulent flow between flat,
parallel plates:

du

dul
e, = = pl? dy

dy |’

In the case of flow in uniform, circular conduits it assumes the form

(I11.76)

du
ar

T, = — plp? o d’ (I11.77)

" Before Egs. (II1.76) and (II1.77) may be applied to the solution of
particular flow problems, it is necessary that an assumption be made regarding
the variation of /, with position in the channel. The experimental data of
Nikuradse which were utilized in the preparation of Figs. III-1 to III-8 may
also be used to compute values for the Kirm4n mixing length as a function -
of position in the channel. Figure I11-8 presents the results of such computa-
tion. It will be observed that in the region near the wall the mixing length is
approximately a linear function of the distance from the wall. Therefore,
as a first approximation, it may be assumed that

lp = ky ya. (I11.78)

Justification for extension of such a linear variation to the entire channel

rests upon the accuracy of the predicted velocity distributions which are
obtained.

1 Equation (IIL.74) is the same as Eq. (IL.07).
 For a discussion of the justification of such a hypothesis and the reason for the
absolute value notation see ref. 78.
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111-5. ldealized Turbulent Flow Between Parallel Plates — Momentum
Transfer Hypothesis

The momentum transfer hypothesis may be used to establish the velocity
distribution in steady, uniform flow. Equation (II1.76) may be combined
with Eq. (II1.78) to eliminate the mixing length /,:

du
dyd

du
dyd

Tyx = Pk5 yd (III.79)

Likewise, Eq. (I11.79) when combined with Eq. (I1I1.10) gives for the central
portion of the stream

Ya g G | du
(Tyz)o (1 }’o) P k5 yd dyd dyd (HI.SO)
which may be rewritten as
(Tys)o ¥ = p ks® ¢ (1 - —) (d") (I11.81)
Yol \ay,
This equation may be combined with the friction velocity which is defined as
e = ]/(_'-_’2 (ITL82)
P
and rearranged to give
du__ e Vyln (I11.83)

d(ylye) ks (l _ y).
Yo,

Equation (II1.83) may be integrated with the following results:
w2 {1 (1 + V% 21/}7%] +C, (I11.84)
ke 1— V
The constant of integration of Eq. (III.84) may be evaluated by setting
U= Uy (IT1.85)
at

y=0 (111.86)



82 III. SOME CHARACTERISTICS OF TURBULENT FLOW
so that
C; = tm. (ITI.87)L

If the value of the constant C, in Eq. (IT1.87) is incorporated in Eq. (111.84)
and the resulting expression rearranged, an equation for the dimensionless
velocity deficiency is obtained:

U — U 1 1+ VW ———}
2 = i (——:_—_0 -2 : 111.88
™ ks{ T ond 2V (I11.88)
o DENCH 9 This equation shows the conditions
@ NIKURADSE
0 PAGE
— 125 du
3 —= )
4; & 0 (IT1.89)
31 o0
at the center of the conduit and
é 7.5 i
2 a—’f =— (I11.90)
> 50 y
S at the wall. The velocity at the wall is
g L, predicted as negative infinity, which
’ is far from the physical situation.
] A comparison of this equation with
025 030 015 the experimental measurements of
RELATIVE POsITION g Dénch (5), Nikuradse (6), and

Fic. III-9. Velocity distribution be- Page (7) is shown in Fig. III-9.
tween parallel plates predicted by A value of
momentum transfer hypothesis (7).

ks = 0.23 (I11.91)

was chosen to produce good agreement between the theory and experiment at
Y _on (I11.92)
Yo

The agreement between the predicted and experimental measurements is
satisfactory except near the wall.

1 It is emphasized that in this chapter y is taken as the distance normal to the direc-
tion of flow measured from the axis of the stream.
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A similar derivation may be carried out for flow through circular conduits.
The equations in this instance correspond directly to those for two-dimen-

sional flow with
Ya =174
and
y=r.
The dimensionless velocity-deficiency equation is then

Um — % _ L{In (_l_il'_/_fg)_zym},
ks

> 1 Vi

(I11.93)

(I11.94)

(I11.95)

This equation is compared with the 9 STANTON §
experimental results of Stanton and o8 g
Nikuradse in Fig. ITI-10. A value of 23 5
of 0.20 was chosen to yield the best :'f:? §
fit of the predicted and experimental 100 pd
data at a value of /
3 s
5 &
Z —on (IIL.96) 2 P
7o & o o
> 5.0 Al
[ o
The agreement is less satisfactory than 8 Jg
in the case of the analysis for parallel > 235 7>
plates, the theoretical curve diverging »Q)/‘
markedly from the experimental data

0.25 0.50

075

near the wall. RELATIVE POSITON -

It is interesting to note that Eqs.  Fic. I1I-10. Velocity distribution in
(I11.88) and (II1.95) may be applied a circular conduit predicted by mo-

to flow between both rough and smooth mentum transfer hypothesis (7).

parallel walls and in rough or smooth

circular conduits. Such applications are limited to conditions in which the
surface irregularities are at least a magnitude smaller than the wall separation
or pipe diameter (79). The experimental data presented in Fig. III-10 were
taken from experimental work with smooth conduits. If the comparison
had been made with Nikuradse’s data for artificially roughened pipes (20),
a similar degree of agreement would have been realized with a value of

(I11.97)

k‘ == 0.24.
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lll-6. Transport Characteristics

The transport of momentum as a result of turbulence necessitates fluctua-
tion of the velocity in a direction normal to that of the primary motion.
For most conditions of momentum transfer, pressure fluctuation in the
turbulent flow does not contribute to the phenomenon (27). An example
of momentum transfer with steady, uniform, one-dimensional flow is found
when momentum in the x-direction is transferred in the plane by turbulent
motion. The streamlines initially parallel to the x-axis remain parallel to
this axis throughout the motion. If the turbulent motion is two dimensional
in the yz-plane, it may be shown (27) that vorticity! is a transport property.
The latter fact may be used to develop expressions for velocity deficiency
in two-dimensional flow.

ill-7. The Vorticity Transport Hypothesis

The vorticity transport hypothesis initially proposed by G. I. Taylor
is a result of his theoretical investigations of fluid flow. The mathematical
statement of the generalized concept is involved and will not be reproduced
here. However, for the case when the average velocity is only in the x-direc-
tion and is a function of y only, the full equation of motion, neglecting visco-
sity, may be written as

- 9 [P 0 d
- ?;(;- + 4 (uw+ u,,/)2+}uf,/) =3 ( + us,1) — wy,4 (C - d_:) (I11.98)

1 Vorticity is a vector quantity which is directly related to the angular velocity of
a fluid element. It may be defined most precisely in mathematical terms (22, 23). Its
general meaning, however, may be explained (24) by imagining an infinitesimally small
sphere at any point of a fluid in motion to be suddenly solidified. If the resultant solid
is found to have rotation, then the fluid possesses vorticity. Mathematically, the com-
ponents of the vorticity in the x-, y-, and z-directions are expressed as

If each component of the vorticity is zero, the fluid motion is termed irrotational.
Other authors define the vorticity as twice this value (see Chapter V).
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where { is the turbulent vorticity. Considering average quantities in this
expression for steady flow, a marked simplification results, since the average
of u, 2 and u, 2 will not vary with x,

2wt (I11.99)

From expressions similar to Eq. (I11.99), Taylor postulated that the effect

of turbulence is to communicate momentum at a rate of pu, ,{ to a
unit volume per unit time. Utilizing a modification of the Prandtl hypothesis
as given in Eq. (II1.75), Taylor set

_ d?u | du

Uyt C = lrzd—yz d—y- (IIIIOO)
from which there is obtained

14P d2u|du

=l | .

YT T |2y (IT1.101)

This expression is identical with Eq. (II1.03) obtained by Kadrman (2) on the
basis of the similarity hypothesis.
Utilizing Eqs. (II1.30), (II1.78), and (II1.101) and the definition

uy = |/ e (I11.102)
P
it is possible to write
du | d2u — u,?
— = IT1.103
dy |dy? ke ya'y, ( )

which may be rewritten as

du | d%u — u,?
iz_}z_z = * T (I11.104)
y|ay 2 y 3
ky (1 - —) Yo
Yo
Equation (I11.104) may be integrated in the following form:
du\®_ 2wt 1 o (I11.105)
d ko 3’02(l _ l)

Yo



86 III. SOME CHARACTERISTICS OF TURBULENT FLOW

The constant may be evaluated by setting

0~ NIKURADSE au =0 (IT1.108)
~ Q DONCH dy
4100 at
i y=0. (I11.107)
75 By combining the results, there is
F :?7 obtained
. due_ 2wt (ol
: / i
g a5 yo
g MT/V (I11.108)

025 050 075 which may be integrated to give

RELATIVE POSITION t;% —

U=— V2 Uy {sin—l Vy/yo —
Fic. III-11. Velocity distribution kq
between parallel plates predicted by —

vorticity transfer theory (7). — Vryo 1— yl +C,
(IT1.109)
The constant may be calculated by setting
U= Up (ITI1.110)
at
y=0 (IT1.111)

which results upon rearrangement in the dimensionless, velocity deficiency

equation
Um — W 2. — v
= V— sin-1 ]/y/y0 — l/y/y0 124 (IT1.112)
Un ky Yo

This expression is compared with the experimental data of Dénch (5) and
Nikuradse (6) in Fig. III-11. The constant &, was given a value of 0.23 in
order to obtain satisfactory agreement between theory and experigient at
y[yo of 0.7. This equation satisfies the conditions

du
(_1—37 =0 (ITI.113)
at
y=0 (IT1.114)
and
du
— = — 00 (IT1.115)
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at
Y = Yo (ITI.116)
However, the predicted value of # is finite at the wall. The agreement is
good in the center of the channel but poor near the boundary of the stream.
For flow in circular conduits, it is necessary to utilize the vorticity-
transfer hypothesis (25) written for cylindrical coordinates:
14P d*uw  ldu)|du
e =r2 = —— =
pdx Ir (dr2 + r dr) ar
Equation (III.117) may be combined with Eqgs. (IT1.30) and (IIL.78), and
the definition of u, to obtain

: (IT1.117)

2 b e[ L)
This equation in turn may be rearranged with the following result:
2t ;= dd“ (d Pu_ L dd“ ) (IIL119)
ksz( - :_o ) (r[ro) | \&(r/ry) (rrg) d(r[ry)

The foregoing expression may be converted to an integrable form by
multiplying both sides by 2(r/ry)%:

: (I11.118)

dul(r[r®> ~ d [r du \2
2( ,)2“d(r/ro>(rod(r/ro>) (L1120
k(1 -~

0

Performing the integration, there is obtained

4u,? r r 1 _[r du \2
TR “%*2‘"(“5)‘1—_‘5 = (rodwro)) * Co
7o (ITI.121)
The constant C,, may be evaluated by noting that
du
—_—= I11.122
dr 0 ( )
at
r=0. (IT1.123)

Taking the square root of both sides results in
ys
du Ue [70)] 7 r 1
— o %) T _ 1 —— — 1 . (IIL124
d(r/ro) 2k8 (') () 1+2ln( "o)+ 1T ( )
7o
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Equation (III.124) may be integrated, and the value of % is then

— o [(n\[2_ LA DR S T4
Y | e (o R AT P
A (I11.125)
The value of the constant C;; may be obtained by setting

. (I11.126)
at
r =0. (I11.127)

After evaluating C,, and rearranging Eq. (II1.125), the velocity-deficiency
equation becomes

7/*e

— - 12
Um “=£J(1‘2) L_1+21n(1__'_)+_*1_ di_
Uy Rq r]lr 7o ( p 7o

! '
(I11.128)
9 STANTON ﬁ
& NIKURADSE This equation satisfies the conditions
i that
;lﬂ =0 (I11.129)
~ 10.0
at
& . r=20 (I11.130)
2
3 and
£ % M _ » (111131
: j e -
Y 25 at
M r=ry (I11.132)

025 030 075 The velocity at the wall is finite despite
RELATIVE POSITION -

the infinite value of the derivative. The

Fic. III-12. Velocity distribution in  integral was evaluated by Taylor (26)
a pipe predicted by vorticity transfer  and is plotted in Fig. III-12. In
theory (7). this figure k; was taken to be 0.19.
Comparison with the experimental data

of Stanton and Nikuradse shows good agreement, even in the vicinity of

the wall. However, the infinite value of the derivative du/dr is a limitation
in this analysis.
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lI-8. Simplified Velocity Deficiency Relations

Somewhat simpler expressions may be obtained for the velocity deficiency
by considering a region near the wall in which the shear may be assumed to
be constant with respect to radius. In this region of boundary flow it
follows that

Tyx = (Tyx)Q. (III.133)

If this assumption is applied to the Kdrman similarity hypothesis for two-
dimensional flow, Eq. (III.11) may be writtep as

(dzu)
dya® ky
(_.__d“ )2 = _u,,, (I11.134)

dy,i
which may be integrated to obtain

1 ky
(}u—) = -;: ¥a + Cio. (ITI.135)
dyd

From this it follows that the constant of integration C,; in 0 since at the wall

du
— == 0 I11.136
dya ( )
and
ya=0. (IT1.137)

From the foregoing it follows that Eq. (II1.135) assumes the form

du  u, 1

—— I11.138

ays kg ya ( )
Equation (III.138) may also be obtained from the Prandtl momentum-
transfer hypothesis by combining Eqs. (II1.76) and (II1.78) and from the
assumption that the shear is constant in the region of boundary flow as
indicated by Eq. (II1.133). Equation (III.138) may be integrated to give

“= %! In 4 + Cyg. (111.139)
9

Subject to experimental investigation, Prandtl assumed that Eq. (III1.139)
might apply to the entire channel as well as to the region near the wall.
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Such an assumption permitted him to evaluate the constant of integration.
Under these circumstances it follows that, when

Y4 = %, (I11.140)

then
U= Uyp. (I11.141)

Substitution of these boundary conditions in Eq. (II1.139) results in

ww—_ 1 (&) . (I11.142)

For flow in circular conduits, there is obtained the following analogous
expression, since the Prandtl hypothesis applies to both two-dimensional
flow between flat parallel plates and flow in circular conduits:

Um—u_ 1 (’_0) (I11.143)

0 NIKURADSE f/

3|3

RELATIVE VELOCITY

100 1000 10,000
REYNOLDS NUMBER 2%

Fi1c. II1-13. Experimental velocity distribution in circular conduits (7).

Comparison of equations of the form of Eqgs. (II1.142) and (I1I.143) with
experimental velocity-deficiency data indicates good agreement. Figure I11-13
is based upon Nikuradse’s measurements which were also used in the
preparation of Figs. III-5, III-7, II1-10, and III-12. Figure III-13 presents
%/u, as a function of u, 7,;/v. Since » is presumed to be constant, this figure
is equivalent to Eq. (I11.143). Similar agreement should be obtained for
Eq. (IT1.142). In both cases it is found that a value of the constant approx-
imately equal to 0.4 is required for best agreement with the experimental
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data. When this value for %, and %, is substituted in Eqgs. (II1.142) and
(ITI.143), there are obtained the following forms of a velocity-deficiency
equation:

Ym ¥ e 95In (':"2) (I11.144)
Un Ya
or '
Um — ¥ 57510 (2'2) (I11.145)
Un Ya

and the analogous expressions for flow in a circular conduit:

Un =¥ 95In (ﬁ) (I11.146)
or
Um — U o)
PR 5.75 log(rd) (I11.147)

It should be pointed out that Eq. (II1.138), in common with the Karman
equations (II1.16) and (I11.54), gives a finite value for the velocity gradient
in the center of the channel. This is in marked variance with experimental
observation.

The Prandtl mixing length /, may be calculated on the basis of the
velocity gradient in Eq. (II1.138) and the following defining relation:

lp=—d»> Y0, (I11.148)
(&)
dya

This equation, which defined the Prandtl mixing length, was derived from
Eqs. (I11.76) and (I11.10) together with the definition of #,. By substitution
of Eq. (I11.138) in Eq. (II1.148), the results

Ip = ky ya |/1 - ? (111.149)
0

The mixing length from Eq. (I11.149) is zero at the wall and the center of
the channel and passes through a maximum at

2
yd = 3 yo. (III.150)
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This fact is shown in Fig. I1I-14. Similar predictions of this mixing length
are obtained for flow in circular conduits. The information of Fig. I1I-14
may be compared with the variation of / computed on the basis of the Kdrman
similarity hypothesis in Figs. I1I-2, I1I-4, III-6, and III-8. Indirect ex-
perimental evidence (27) indicates that the zero value of the mixing length
at the center of the conduit is improbable.

z /
§ 0.3 5 0.75
X / \ E o -
-4 Q,\
2 e
Z 02 2 o.50 2 .
s x WRADSH—
. / 3 e
E 0.l Y oa2s
< F
-4 <
[} -
44 w
- 4
025 050 075 025 050 0.75
RELATIVE POSITION gf~ RELATIVE POSITION gf-
Fic. III-14. Prandtl mixing length F1g. III-15. Gebelein’s prediction of
for flow between parallel plates using mixing length between parallel plates
Eq. (II1.149). (6, 28).

It is of interest to note that several investigators, notably Gebelein (28),
have utilized the principles of statistical mechanics to investigate the
problems of fluid flow. The Prandtl mixing length eliminates some of the
inconsistencies noted in the preceding paragraphs. Although no attempt
will be made to present an analysis, the theoretical mixing lengths obtained
by Gebelein are depicted in Fig. III-15 along with a curve based upon the
values calculated from Nikuradse’s data of Fig. III-1. The agreement is
better in certain respects than that for the three hypotheses discussed in this
chapter. The absence of a zero value of the mixing length at the center of
the channel is a notable improvement in prediction obtained from this
approach.

Nomenclature

by..., b, Adjusting constant, dimen- Ry,. .., Rjo Empirical constant, dimen-
sionless sionless
Cy ..., Ciy Integration constant ! Karman mixing length, ft.

& Acceleration due to gravity, ft./sec.3 Ip  Prandtl mixing length, ft.
k Proportionality constant Ir  Taylor mixing length, ft.
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NOMENCLATURE

Thermodynamic pressure, 1b./ft.?
Radial distance, ft.

Radius of circular conduit, ft.
Velocity in the x-direction, ft./sec.
Maximum velocity, ft.[sec.
Fluctuating velocity in the x-
direction, ft.[sec.

Fluctuating velocity in the y-
direction, ft.[sec.

Fluctuating velocity in the z-direc-
tion, ft.[sec.

Friction velocity, ft./sec.
Parameter, dimensionless
Parameter, dimensionless
Distance in the direction of flow, ft.
Distance from planeof symmetry, ft.
Perpendicular distance from the
wall, ft.

Separation distance between
parallel plates, ft.

Distance in the z-direction, ft.
Turbulent vorticity, reciprocal
seconds

Time, sec.

Kinematic viscosity, ft.3/sec.

93

P Density, 1b.sec.3/ft.¢
o Specific weight, 1b./ft.3

Trx Shear stressinthe x-direction acting
on a surface perpendicular to the
r-direction, 1b./ft.?

Tys Shearstressin the »-direction acting

a surface parallel to the wall,
Ib./ft.2

(Ty x)o Shear stress exerted by the fluid
on the wall, 1b./ft.3

Tyx, The Reynolds stress in parallel

plates conduit, 1b./ft.?

The Reynolds stress in a circular

conduit, lb./ft.3

¢é() An unspecified function; different
functional relationships among the
variables are implied from time

Trz,

to time

w; Component of vorticity in the
x-direction, reciprocal seconds

wy, Component of vorticity in the

y-direction, reciprocal seconds

w; Component of vorticity in the
z-direction, reciprocal seconds

—  Time average, used over a symbol
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CHAPTER 1V

VELOCITY DISTRIBUTION AND FRICTION FACTORS
FOR TURBULENT FLOW

The present chapter deals with the application of generalized relationships
for turbulent flow, which were derived in the preceding chapters, to the
prediction of velocity profiles and their comparison with experimental
measurements. The influence of the roughness of the conduit upon the
velocity distribution is considered. Emphasis is placed upon the prediction
of the local velocity and friction in terms of quantities that are usually
known for a particular flow. A comparison is given of the results obtained
from the semimicroscopic approach of the preceding chapters with the more
macroscopic consideration of the flow process as exemplified by the Fanning
friction factor. Some generalizations of the characteristics of the flow, based
in part upon theory modified to improve the agreement with experiment,
are presented. The presentation is based on that previously made by
Bakhmeteff (7).

IV-1. Velocity Distribution at Boundary in Circular Conduits

It is desirable to present the velocity distribution in a generalized form
so that it will be used for a wide variety of conditions. The proof of the
theoretical predictions rests upon detailed comparisons of the generalized
results with existing experimental data.

The equations developed in Chapter III are primarily applicable to the
central portion of the uniformly flowing stream and do not yield satisfactory
results near the wall of the conduit. Prandtl (2) suggested that the following
equation (see Eq. I11.143) might be applied to the central position of the
conduit:

Usn

==t (r) + Cy. (IV.01)

96



96 IV. VELOCITY DISTRIBUTION AND FRICTION FACTORS

This equation was developed from the momentum transfer theory (3) (see
Chapter III) for flow near the walls of circular conduits. The application
of Prandtl’s suggestion to uniform flow in the center of the conduit was made
using Eq. (IV.01) in the form

. 2.303 _ Tat,
L

= 4y + 230 g 12 ) (1V.02)

In this equation, 4, is a constant. Using 0.40 as the value of & (2) and 5.5
for the constant 4,, Eq. (IV.02)

becomes
30
u rd u*
— = 5.6 + 5.75 1o,
w* + g » 20 —
(Iv.03) 10
!‘\LA?MNAR
which is in good agreement with . 00200 306 200 300
Nikuradse’s data (4) obtained for 3
turbulent flow in smooth circular «
conduits. It gives a generalized ¥ 10
: e
£ 20
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-
E S
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::J x
J
‘i’ 30 5.15
< x
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x 5 30
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Fi16. IV-1. Generalized velocity distribution Fic. IV-2. Generalized velocity dis-
near boundary of turbulent stream (4). tribution in linear coordinates (4).

velocity distribution in fair agreement with experiment from the edge
of the boundary flow to the center of the conduit.

To complete the analysis of the generalized velocity distribution, it is
necessary to provide an equation describing the velocity distribution from
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the wall to the edge of the laminar boundary flow.! Such a relation? may
be expressed as
ut =rgt. (IV.04)

Figure IV-1 shows the result of combining Egs. (IV.03) and (IV.04) to
provide a simple generalized velocity distribution for turbulent flow in
smooth circular conduits. Figure 1V-2 is a series of plots of u* versus r,*
in Cartesian coordinates with different scales for the distance parameters,
showing that Egs. (IV.03) and (IV.04) yield curves similar in form to the
actual velocity distribution.

Figure IV-1 indicates that the experimental data in the region of r,*
between 8 and 30 are not well described by Eqs. (IV.03) and (IV.04). This
region in the outer part of the boundary flow, which has been called the
“buffer layer,” as noted earlier, was not considered in the original analysis.
It is of value to consider the treatment of this transition region as well as
other details of the generalized velocity distribution.

The generalized equations just described for the velocity distribution in
turbulent flow also yield a discontinuity in the first derivative of the velocity
with respect to the distance from the wall at the center of the channel.
The discontinuity in this first derivative has its origin in the fact that the
expressions were derived upon the basis that the mixing length [ is zero at
the axis of symmetry. It has been suggested (see Fig. ITI-15) that the mixing
length may be a maximum at this point.

IV-2. Transition Region

Deissler (5) developed a number of expressions describing the variations
in the velocity parameter with the distance parameter for both compressible
and incompressible flow in circular conduits. In the case of an incompressible
fluid where the variation in shear near the wall was neglected, the following
expression was reported (5):

”“+
IV;_—; f exp{_ "“;”2} dn )
0
s WP I T (1V.05)
RN

1 Here, as in the remainder of the discussion, the laminar layer is taken as that
region bounded by the channel wall and the envelope defined by the intersections of
the extrapolated velocity position relations in the turbulent and laminar sublayer
regions.

2 Equation (IV.04) is the same as Eq. (II.44).
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which reduces to the following equality at small values of y,*:
ut =y;t. (IV.08)

Equation (IV.05) employs (5) the probability integral to describe the rela-
tionship in the laminar and transition regions. The constant of proportionality
7 must be established for the particular conditions of flow.

Dunn (6) reported a suggestion by Rannie for a somewhat simpler
relationship between #* and y,* for the laminar and transition regions of
uniform boundary flow:

——  tanh (0.0695 y;*).  (IV.07)

1 —
o= +
u VK tanh (y,+ | K)) = 00695 0695

1

By proper choice of the square root of K, in Eq. (IV.07), it is possible to
obtain a continuous first derivative of the velocity with respect to position
between the transition region and the main turbulent flow. However, it
is not possible for the second derivative of the velocity with respect to
position to be continuous at the edge of the boundary flow. The value of the
square root of K, shown in the second part of Eq. (IV.07) appears to describe
the behavior for uniform flow in the transition region with fair accuracy.

In the turbulent core, Deissler (5) proposed the following expression which
describes the velocity distribution and which is analogous to Eq. (IV.02):

u+ =38+ ——In (ya*). (IV.08)

0.36
If it is desired to take into account the variation in shear with position in
the turbulent core, the following somewhat more complicated expression is

suggested (5):
= l l/ _ Y - I/ _ Y | Vv
3.8 + — 036 1 A +ln(1 A ) . (IV.09)

In the case of a circular conduit y,* can be replaced by 7,*. Throughout
this portion of the discussion the quantity y,* has been used as the distance
parameter for flow either in a circular conduit or between parallel plates.
This is equivalent to neglecting the effect of curvature of the wall upon the
boundary flow. It is to be expected that such simplifications would not be
admissible when the radius of curvature is of the same order as the thickness
of the boundary flow.
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IV-3. Flow Between Parallel Plates

The velocity distribution between parallel plates has been studied in
some detail. Figure IV-3 presents the results of different investigators for
flow between parallel plates and in circular conduits. In preparing the
figure u* was assumed to be the same function of ,* and y,*. The distance
and velocity parameters used in correlating the flow between parallel

plates are
yat = 2’;‘1/& (Tyde; UFr=—m=—% . (IV.10)

14 g Uy 8ec

The measurements of Laufer (7) and Skinner (8) and Deissler (5) are shown.
The agreement is not particularly satisfactory and shows that, insofar as
these measurements are concerned, there exists a significant variation in
the relationship between 4 and y,* as determined by different investigators.

.
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Fi1c. IV-3. Comparison of velocity distribution from several investigators (70).

The velocity distribution between parallel plates was more recently
measured for the purposes of thermal transfer investigations (9). These
measurements were made at the relatively low Reynolds numbers, varying
between 7000 and 50,000. The data showed (70) a systematic variation in
the relationship of #* to y,© with the increasing Reynolds number. The
experimental results are shown in Fig. IV-4, which includes the behavior
corresponding to laminar flow with varying shear at a Reynolds number
of 2000 and the upper limiting behavior corresponding to constant shear
with #* equal to y,7. These results indicate a systematic variation in the
velocity distribution for the Reynolds numbers below 20,000. Values of the
velocity parameter are recorded in Table (IV-I) as a function of the distance
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parameter. The data for values of the distance parameter below 27 may be
used for flow in circular conduits as well as for the flow between parallel
plates.

It is"of interest to compare on one plot the several types of velocity
distribution which have been found by experiment. In Fig. IV-5 is shown
a comparison of the recent experimental data (70) with the earlier
measurements of Laufer (7), Skinner (8), Nikuradse (4), and Deissler (5).
It is believed that the measurements of Deissler most properly represent the
behavior near the center of the channel for flow between parallel plates.
The data of Schlinger (70) for the transition Reynolds number range are in
good agreement with the data of Deissler for the Reynolds numbers above
20,000.
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Fic. I1V-6. Experimental values of velocity deficiency (70).

IV-4. Behavior Near Center of Channel

It is convenient to consider the velocity distribution near the center of
the channel on the basis of the velocity deficiency, which is defined by the
following expression:
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b ]/’ii (Tyx)o

Experimental measurements (9, 70) of the velocity deficiency for the Reynolds
numbers between 7000 and 53,000 are shown in Fig. IV-6. It is apparent
that for the Reynolds numbers above 20,000 the velocity deficiency is a
single-valued function of the position in the channel. For the lower Reynolds
numbers, however, the velocity deficiency from the wall to about one-fifth
the distance to the center is influenced by the Reynolds number. In laminar
flow the velocity deficiency over the width of the channel is a function of
the Reynolds number. The velocity deficiency as a function of even values

U =

(IV.11)
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Fig. IV-7. Velocity deficiencies from different investigators (70).

of the Reynolds numbers is included in Fig. IV-7. It appears that the
measurements of Nikuradse (4) for circular conduits and of Skinner (8) for
flow between parallel plates are in fair agreement with Schlinger’s meas-
urements (70).
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IV-5. Bulk Velocities

If it is desired, the velocity distribution for turbulent flow in smooth
circular conduits may be applied to the specific problem of evaluating the
average bulk velocity U. It has been shown (7) that

U -
Z =% _p (IV.12)
Uy Uy

From experiment, D has been found to assume the following value:

3
D=z (IV.13)

Taking % as 0.4, then D becomes 3.75. From Eq. (IV.03) it follows that:

Ym — 5.5+ 5.151log (’—“—;‘—*) : (IV.14)

Uy

From a combination of Eqs. (IV.13) and (IV.14), it is apparent that

Y 55375+ 575 log (’0 "*) (IV.15)
Uy v

or

Y 1754575108 (’L’i!) : (IV.18)
Uy v

Equations (IV.01) through (IV.04) and (IV.12) through (IV.14) apply
specifically to flow in smooth circular conduits. An equation of the form of
Eq. (IV.02) is also applicable to flow between infinite parallel planes with
smooth surfaces, with 7, being replaced by the distance from the wall y,.

IV-6. Resistance to Flow

In many industrial operations it is desirable to estimate the resistance
to flow of a turbulent stream. It is the purpose of the following discussion
to evaluate the shear at the wall in terms of the general conditions of flow.
In steady, uniform flow it is a relatively simple matter to relate the shear
at the wall to the pressure gradient. The following section will deal with the
prediction of resistance coefficients or factors that have been found useful
in evaluating the pressure gradient in circular conduits for uniform flow.
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IV-7. Resistance Factor A

The resistance factor A for flow in smooth circular conduits may be
obtained by considering Egs. (IV.15) and (IV.16).

Y 4,+ B,log (’0 “*) . (IV.17)
Uy v

It has been shown in Chapter I from Egs. (1.96) and (I.97) that

L3
8

(trdo _ _;_ U=t yr_y, (1V.18)

P

In circular conduits the Reynolds number is defined by

Re =2 s v, (IV.19)
Equation (IV.17) may be written in the following form:
L _ ¢, + B,log (Re }3). (1V.20)

3
Equation (IV.20) only applies to the Reynolds numbers which are sufficiently
large so that a region of uniform, stable turbulence exists in the center of
the conduit, as shown in Fig. IV-1.
Data from Nikuradse yield the following values of the constants (77)
for a form of Eq. (IV.20):

L 08+ 2log(Re V3. (Iv.21)

V2

If, in Eq. (IV.17), the quantity -7, were to be replaced by y,, half the
distance between two infinite parallel plates, an equation of the same type
as Eq. (IV.20) would be obtained. The constants should be evaluated from

experimental data for two-dimensional flow between smooth parallel
plates (9, 72).

IV-8. Laminar Film Thickness

At the transition from the laminar to the turbulent region, the friction
distance parameter has been observed to have a constant value, analogous
to the value of 2000 for the Reynolds number often used as the transition
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point from streamline to stable, uniform, steady, turbulent flow. The
thickness of a uniform, laminar, boundary flow may be approximated by

yat = - = N = constant (Iv.22)
or
s="N. (IV.23)
Un

Since Eq. (IV.18) gives a relation between U and #,, the following expression
is obtained by combination of Eqs. (IV.18) and (IV.23):

vyN1/8

From rewriting the definition of the Reynolds number given by equation
(IV.19) to yield

Re = —"vg (IV.25)

the following result is obtained from Eq. (IV.24):

o »N 8 N1/8
D.= DU Ul/; == l/7 (IV.26)

where 4 may be written as a function of the Reynolds number as in
Eq. (IV.20). When the conduit diameter is replaced by the distance between
the parallel boundaries of a stream, Eq. (IV.26) is valid for such two-
dimensional flow.

IV-9. Velocity Distribution in Rough Conduits

In smooth conduits the Reynolds number may be used to characterize
the flow. With flow in rough conduits a second parameter, identified as the
wall roughness, is needed to describe the conditions of the flow. Before
proceeding with such an analysis, it is desirable to clarify the designation
of surface roughness. If only artificially roughened! surfaces are in-
volved (73, 74), it is possible to describe the surface by establishing the

! Nikuradse in his experimental work (4, 74) used conduits artificially roughened
with different size sand grains and thus controlled values of ry/e.
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depth of the roughness ¢,! measured normal to the surface. The walls of
circular conduits may be classified by comparison of the ratio 7y/e. Similarly,
the roughness of the surfaces of parallel plates bounding a flow may be
compared by using the relative values of y/e.

Of particular interest in the present discussion is the region of the
relatively high Reynolds numbers in which the laminar boundary flows are
relatively thin and the resistance factor 4 is independent of the Reynolds
number. In this region the friction is proportional to the square of the
average velocity and wholly “‘rough” flow exists. The velocity distribution
equations and the expressions relating A to 7g/e (or y,/e) apply only to fully
developed “rough” flow. Nikuradse (74) showed that when

e,
v

> 100 (IV.27)

a hydraulically rough surface is obtained. When

“i’-’vf: <4 (IV.28)
a hydraulically smooth surface is realized. The region between 4 and 100
is the transition between a smooth and rough surface. The following equation
describes the velocity distribution in a rough-walled conduit:

"= ’% In (g) + C,. (IV.29)

The form of the above relationship was suggested by Prandtl (75). It may
be rewritten in terms of the maximum velocity encountered at the center
of the channel, and the velocity #,, at the inner edge of the laminar boundary
flow. With these changes there is obtained

Yo _ Bm _ 57510g (1"—) (1V.30)
u* u* 7’d,w

In the above expression, a value of & = 0.4 as suggested by Prandtl (75)
was introduced. Different wall conditions exist as a result of the variation

1 The smooth or moderately rough walled conduits are identified as those where the
statistical effective height e of the surface protuberances is less than the thickness of
the laminar boundary flow. Rough walls are those where e is greater than the boundary
thickness.

? This equation is the same as Eq. (IV.01).
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in the roughness of the surface. For this reason %/, is not a constant as
it was in'smooth-walled conduits. Also the quantity 7, , may be expected
to depend on the roughness ¢ in the following manner:

Tiw = me. (IV.31)

In Eq. (IV.31), m is a function of the shape and size of the wall protuberances.
Equation (IV.30) for the general case is

Um — U

= %ol .
s 5.75 log (fd) (Iv.32)
By combining Eq. (IV.31) with Eq. (IV.32) and a similar expression written
for the edge of the boundary layer, the result is

- (—“i — 5.75log (m)) + 5.75 log (’_“) : (IV.33)
u‘ u* e

By substituting the variable 4, for the parenthetical expression in Eq. (IV.33),
a simpler appearing equation is obtained:

X A, +57510g ('-“) (IV.34)
Uy e

which is more tractable for the analysis of experimental data than Eq. (IV.33).
Equation (IV.34) is of the same form as was found for smooth conduits
except that the first term of the right-hand side 4, is no longer constant but
is a function of the surface conditions. Replacing 7, by y, in Eq. (IV.34)
yields an expression suitable for analysing two-dimensional flow between
parallel plates.

IV-10. Friction Factor

The maximum velocity of flow in a straight circular conduit may be
obtained from Eq. (IV.34):

Um — 4, +5.7510g ('_0) (IV.35)
Uy e

The following expression has been found to be a good approximation for
both smooth and rough conduits with D taken as a constant:

u,,.——U_

D. (IV.36)
L



108 IV. VELOCITY DISTRIBUTION AND FRICTION FACTORS

A combination of Eqgs. (IV.35) and (IV.36) results in

Y 4, —D+57500g (';") : (1V.37)

Un
The resistance factor 4 is related to the velocity terms by

U 8
—_—=|/=. IV.
. 7 (IV.38)

Substitution of Eq. (IV.38) in Eq. (IV.37) results in
1 A,—D 575 (ro)

e

(IV.39)

PR N

For flow between parallel plates 7, is replaced by y, in Eq. (IV.39).

IV-11. Experimental Results for Flow in Circular Conduits

Nikuradse (74) provided experimental data for comparison with the
foregoing predictions. Values of 4, were computed from Eq. (IV.39) using
experimental resistance data and a value of D of 4.07. The results of
Nikuradse’s calculations are plotted in Fig. IV-8 as a function of the
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Fi1g. IV-8. Effect of roughness of wall on resistance coefficient (74).
logarithm of the dimensionless parameter (u, e/») which is not directly

dependent upon the Reynolds number. The value of 4, was found to increase
to a maximum and then decrease slightly to a nearly constant value. The
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variation in the quantity A4, occurs outside the region of fully developed
“rough” flow in which the resistance factor is independent of the Reynolds
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F1e. IV-9. Velocity distribution as function of roughness of wall for fully developed
rough flow (74).

number. The value of 4, for rough flow was taken as 8.48. Substituting
A, and D in Egs. (IV.34)
and (IV.39) gives

70

*-2(.0650”4 /

u 7d 6.0
— = 8.48 + 5.75 log (—) . e
“ e - O NIKURADSE (4)
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( ) 40 <]
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¢
= = 1.56 4 2.03 log —") .
VA ¢ F16. IV-10. Influence of roughness of wall on
resistance factor for rough flow (74).

(IV.41)

Nikuradse (74) presented Eq. (IV.41) in the following form:

1
Vf

The straight line in Fig. IV-9 shows the velocity distribution in flow
through a rough-walled conduit as described by Eq. (IV.40). Similarly the
line in Fig. IV-10 depicts Eq. (IV.42).

—1.74 + 2log (-'f) : (1V.42)
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