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Preface to the Third Edition

This editicn containg a few more exampics addad hers and
there.

January, 1961 M. Ry
LS. Srapma.

Preface to ihe First Edition

This book on /Tydrostalics is intended for the use of students
preparing for the B.A, and B.Se., Examinations of the Indian Univer-
sities and is so written as to cover the courses commonly preseribed
for these Examinations of most of the Indian Universities. The
Chapter on Centre of Pressure has been dealt in a different but simple
and straight-forward way and the whole matter has been presented
in a clear and lucid style and the propositions have becn established
in a perfectly logical manner.

Great care has been taken to explain the fundamental prinei-
ples fully and rigorously. To illustrate these prineiples farge number
of examples have been worked out in as simple and straight-forward
manner as possible.  Numerous examples, mostly tauken from
University question papers, bave been added after cach important
article so as to give the students an idea of what tvpes of examples
they can expect in the examinations.  The book is complete as fur as
it goes and it is hoped that nothing of importance has been left out.
Authors will consider their labour amply rewarded if this is of some
value to those for whom it is intended.

Suggestions for improvements will be thankfully received.

Acra COLLEGE, M. Ray.
AGRA H.S. SHARMA.

November, 1953.



CONTENTS

Crarivn

]

iH.

wY
v,

VI.

“VIIL

VIIL.
IX.
X.
XL

Introductory

Density and Specitic Gravity
Theorems on Fluid-Pressure under Gravity
Pressures on Plane Surfuces
Centre of Pressure

Thrusts on Curved Surfaces
Floating Bodies

Properties of Gases

Stability of Floating Bodies
Hydrostatic Machines
Determination of Specific Gravity

Answers



CHAPTER 1
INTRODUCTORY

1. Matter or substance is broadly divided into two classes,
(3) SOLIMS, (it) FLUIDS.

A Solid is a substance which retains its size and shape without
lateral support when left to itself.

A Fluid «ubstance i3 one which requires lateral support to main-
tain its shape or in other words it is a substance which flows or is capa-
ble of flowsng.

Fluids are again subdivided into two classes, viz., Liquids and
Gases.

Liquids require lateral support to maintain their shape. Their
volume is the same whatever be the shape of the vessels containing
them. Water or oilis a liquid, and while it may be poured from one
vessel into another of a different shape, its volume does not alter
but it moulds itself to the form of the new vesscl.

Gases, on the other hand, are fluids which can easily be made
to change their total volume, t.e., which are, more or less easily, com-
pressible.

Air and steam are the examples of gases. They can be made
to expand indefinitely by increasing the volume to which they have
access.

2. The distinction between solid, liquid and gas is some-
times formally stated as follows :—

A solid has a definite size and a definite shape.
A liquid has a definite size but not a d¢finile shape.
A gas has neither a definite size nor a definite shape.

3. It has becn seen experimentally that all gases can be con-
verted into liquids by sufficient lowering of temperature and increase
of pressure. When, however, the temperature of a gas is above a cer-
tain point, no increase of pressure, however great, will cause the gas
to condense, whereas when the temperature is below this point, a
sufficient increase of pressure produces condensation. This tempera-
ture which varies for different gases is called the critical temperature.
At temperatures below the critical temperature, the gas is called a
vapour, and when above, a permanent gas.

4. Hydrostatics is the branch of Mathematics which deals with
the conditions of equilivrium of masses of fluids or of solids sn contact
with fluids at rest.
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5. Fluids are again of two types :—
(a) PERFECT, (b* VISCOUS.

(a) Perfect fluid s a substance <ucl ithat its shape can he olter-
ed by any tangewttal force hovcrer swall, il applied long encugh, of
which portions can be easiluy senvaiaied jrom the rest of the mass, and
between different portions of whick tiere i no tangential force.

As in nature there are no perfeetly smooth bodies, so no such
fluids are to be found which are wholly devoid of excrting tangential
resistance. If we set water revolving in a cup, we knew  that after
some time it will come to rest.  This is due to the frictional resis-
tances between the water and the cup and between different elements
of water. Had there been no tangential resistance the water would
go on revolving and would not come to rest.

Thus, a perfect jfluid is an idcal substarce which s incapable of
exerting any tangential force.

() A fluid is said to be viscous when its particles exert friction
on one anolher, or it offers resistunce {o the motion of a body in it.

Fluids such as honey, tar, treacle are examples of this type.
The viscosity of a fluid does not affect its cquilibrium, but it does
affect its motion.

Perfect liguids are incompressible fluids whose {otal volume,
i.e., the space they oceupy, cannot be increased or diminished by the
application of any force, however great, although any force, however
small, would change their shape.

/ Liquids are also called Inelastic Fluids.
Guses are also known as Elastic Fluids.

6. Fluid Pressure. Suppose a hole be made in the side of a
vessel containing fluid, and that this hole is covered by a plate which
exactly fits the hole.  The plate will only remain at rest when some
external force is applied to it. The fluid must, therefore, exert a force
on the plate. Suppose P be the force necessary to keep the area in
position by counterbalancing the action of the fluid, then P is the
measure of the fluid pressure or fluid thrust on the whole area of
the plate.

7. Uniform Pressure. If the jluid thrust on any portion of
a plane arca be proportsonal io the area of that portion, the pressure on
the area is saia to b uniform.

If, however, the action of the fluid be different on equal por-
tions of the arca, the pressure is said to be rarying.

8. Mean Pressure. The mean pressure on a plane area 18
the uniform pressure on it which will give the same resullant thrust as
the actual one.

Hence, if A be the area, and P be the fluid thrust on it, the

mean pressure is -

A-'
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9. Intemsity of Pressure at a point. If the pressure is
variable on a surface it is measured by the ratio of the pressure on a
small area to the arca itsclf, as that area becomes infinitesimally
small in the limit.
Thus, if §P be the fluid pressure on a small arca SA about a
given point in the fiuid, the m(an pressure per unit arvea in the
. 1
neighbourhood of that point is SA
In the limit when 8A tends to zero
m P _ Al .
SA—0 A ~ dA

then p is defined as the Intemsity of Pressure or simply Pressure
at that point.

Thercfore, the pressure at any point of an area s the limit of the
mean pressure on an indefinitely small area enclosing the point.

10. The pressure at any point of a fluid at rest is the
same for all directions.

In the fluid draw a small
tetrahedron  OABC  with three
mutually perpendicular faccs OBC,
OCA, OAB. *

Let pg, p be the mean pres-
surcs on the surviaces OBC, ABC,
so that the actual thrusts on these
faces are p,..\ OBC and p. AABC.

The forees acting on the fluid
within this tetrahedron ¢

(1) The resultant of the external forces which will be propor-
tional to the volume of the clement, if gravity be the only external
force acting on the fluid.

(2) The thrust on the face OBC which is p;. AOBC acting
along OA.

(8) The thrust on the face ABC which is p. AABC acting along
the normal to the face ABC.

(4) The thrusts on the faces AOB and AOC which are acting
along OC and OB respectively.

Since the ABOC is the projection of the AABC on the plane
BOC, we have

ABOC= A ABC cos 0
where 6 is the angle between BOC and ABC or between OA and the
normal to ABC. -

Now the portion of the fluid enclosed within this tetrahedron is
at rest because the whole mass of the fluid is at rest.  Therefore
resolvmg along OA,

OB(.,——7) AABC cos 04k volume OABC cos ¢=0 where
P is 1;]1n angle between OA and the vertical line along which the
weight of the fluid is acting.
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or 21. NOBC—p. ANOBC+k.30A. A OBC cos p=0.

or p1—p+k.30A cos ¢=0.

Now, let the elementary tetrahedron diminish indefinitely in
size so that ultimately OA=0 and the tetrahedron dwindles into the
point O. In that case, therefore, we have

P1—p=0 or py=p
i.e., the pressure at O along OA is equal to the pressure at O per-’
pendicular to ABC.

In a similar way it can be shown that the latter is equal to the
pressure along*OB or OC, and by varying the magnitude of OA, OB
and OC, it can also be shown that this holds whatever be the direc-
tion of the plane ABC.

Note. If there be any system of external forces instcad of the
weight, then instead of the vertical we shall have the direction of the
resultant external force. Proceeding as before, the same result will
be obtained.

11. Transmissibility of Liquid Pressure. If a fluid at
rest have any pressure applied to any pownt of its surface, the pressure is
transmitted equally in all directions.*

Let A, B be any tvo
points in the liguid. ¢

Case I. When the
strarght line AB lies entirely
in the fluid.

About the straight line
AB as axis isolate a cylinder
of small cross-section S with
planc ends at right angles.

Let the axis of the cylinder be inclined at an angle 0 to the
vertical and the pressure intensity of the fluid on the plane ends A
and B be p and p’ respectively.

The fluid contained within the cylinder is kept in equilibrium

by

(1) the pressures pS and p’S on the ends A and B respectively ;

(2) the pressures on the curved surface which are at every
point perpendicular to AB ;

(8) its weight W acting downwards.

Now resolving thesc forces along AB, we have

PS—p'S—W cos 0=0 e (1)

Apply an extra pressure of intensity P at the end A. In
consequence, let the extra pressure of intensity at the other end B,
be P'.
- "M»*b’rl‘h.i;—;-).rinrciple of perfect transmission of pressure of fluids appears to have
been first discovered by STEVINUS ; but it was later rediscovered by Pascal,

and, having been made generally known by his writings, is often calied Pascal’s
Princinle.
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AB The system still being in equilibrium, resolving the forces along
(p+P)S—(p'+P')S—W cos H=0 )
Subtracting (1) from (2)
P=P

Hence a pressure of intensity P applied at the end A is trans-
mitted with the same intensity P to the other end A.

Case II.  When the straight line AB is not entircly in the liquid.

Join A, B by means of straight lines AC, CD, DE, EB each of
which lies entirely within the liquid.

Then, by the proposition .
just proved, the additional R
pressure at A =the additional

pressurc at C=-the additional
pressure at D=......... =that E
at B.

Note. This may be A-—
illustrated by taking a rubber \/ /.
ball, pricking several holes in C P
it with a necdle and filling it i
with water. When the ball is squeczed, water jets of equal intensity
spurt out in all dircctions normal to the surface of the ball at these
points.

12. Hydraulic or Bramah’s Press. The transmission of
fluid pressure is the principle upon which Hydraulics or Bramah’s
Presses are constructed. ]

Tt consists of two vertical cylinders communieating with‘ one
another by a tube near their bases, and cach fitted with a water{tight
r piston, the space below the
A ‘ ! p| pistons being filled with water.

MR il a 1f a downward force p be
m applied to the piston of area

a, pressure Z: will be trans-

- —

and consequently if the second

"""" : R piston is of arca A, the result-

e —— == ing upward thrust upon it is
represented by

Ap

P= ;
a

so that P:p=A:a
or the thrust on the pistons are proportional to their areas.

Hence by adjusting the ratio of the areas we arrive at the
‘Hydrostatic Paradox’ S.e., any force however small may, by sts
transmission through a liquid, be made to support any weight however
large.

o ‘ i mitted throughout the liquid,

———————————————
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DENSITY AND SPECIFIC GRAVITY

13. Density. The d:nsily of a substunce is defined as ils mass
per unit volume.

The mass of a cubic foot of pure water at 4°C is found to weigh
about 62} Ibs. Hence the density of water is 62°5 in foot-pound
system. The mass of a cubic centimetre of water at 4°C-is 1 gm.,
hence density of water in C.G.S. system is 1.

Homogeneous. A body s caid to be homogen-ous {or of uni-
form density) if equal volumnes of it, however small, have cqual masses.

Otherwise, the body is said to be heterogeneous (or of wvariable
density).

14. Weight in terms of density. [f W be the weight of a
given substante vn poundals, p sts denvity in 1bs. per cubic foot, V its
volume in cubic ft.. and g the acceleration due to gravily measured in
foot-second units, then W=Vgp.

If M be the mass of the substance, then we have by Dynamics,

W=DMy
Also from the definition of density
M=mass of V cubic feet of the substance
=YV X mass of one cubic foot
W=Vgp
15. Specific Gravity or Relative Density. 7he specific

gravity of a substance is the ratio which its density bears to the density
of some standard substance.

Note 1. The standard substance usually taken is pure water
at a temperature of 4°C.

Note 2. The specific gravity is always a number.

Note 3. The term specific gravity is gencrally shortened to
sp. gr.

16. Weight in term of Specific Gravity. /f W be the weight
of a volume V of a substance whose specific gravity is s, and w be the
wesght of a unit volume of the standurd substance, then

W=Vsw.

Si wt. of a unit volume of the substance 7
wee 5= wt. of a unit volume of the standard substance
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. wt. of unit volume of the substance =sw
. wt. of V units volume of the substance==Vsw .
Hence W=Vsw.

~17. Specific gravity of mixtures. 7'o find the specific gravity
of a micture of given volumes of different substances whose specific
yravities are givei.
Let Vy, Vo, V,,...be the volumes of the different substances and
81, 8y, Sy ..their specific gravities, so that the weights of the different
substances are -

where » is the weight of a unit volumg of the standard substance.

Let s be the specific gravity of the mixture, then the weight of
the mixture is
(Vi+Vat-Vat ) s
but this must be equal to the sum of the weights of the different
substances, viz.,
Vi81w—+ Vs Vasqw+ ...
whence, equating and cancelling the factor w, we get  «
8’ — Y1§1+VQSZ+V353+..
Vi+Vo+Vo+4 ... :
18. To find the specific gravity of a mixture of given weights of
different substances whose specific gravities are gsven.
Let the given weights W;, W,, W;,.. have &, 8, S;,...a8 their

respective specific gravities. Let s be the sp. gr. of the mixture
and let w be the weight of a unit volume of the standard substance.
Then their respective volumes will be
W, W, W,
sy’ su’ sqe’

.. The weight of the mixturc is
W, W, W, )
(sl1v+82zl)+$31)~+"' >’s w - (@)
This must be equal to the sum of the weights of the substances
of which the mixture is made, viz.,
Wi+W,+Wi+... e (2)
Hence equating (1) and (2)
s = Wl;sz?cWa e
“_’_1+Wz+?ﬁ'zs

§; Sz S

Note. It has been assumed in this article and the preceding
that the volume of the mixture is the sum of the volumes of the
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component, parts ; the results, therefore, will not hold for cases where
there is an expansion or shrinkage in volume, as for instance when
salt is dissolved in water.

19. Solved Examples.

Ex. 1. When equal volumes of two substances are mived the sp.
gr. of the mixture is G, when equal weights of the same substances are
mixed, the sp. gr. of the mixture is 4. Find the specific gravities of the
substances. (Utkal 1946)

Let thé specific gravities of the substances be s;, s,

V81+V32v_ S1+8.

6=

V4V T 2
. W+W 2
and 4= Wow = l_i 1
Slﬂ+ 827 81 +;2
S1+8,=12 e (1)
o =1 )
and ot = (2

From (1) and (2) &;=6+424/3 and s,=6—24/3.

Ex. 2. Show that the specific gravity of a maixture of n liquids 18
greaier when equal volumes are taken than when cqual weights are taken,
assuming no change in volume as the result of mixing. (Uikal 1946)

Let s be the sp. gr. of the mixture when the mixture of equal
volumes is taken and s’ be that when the mixture of equal weights is
taken.

If s, Sp,.. 8y be the sp. gravities of the different substances,
then we have

and —],~~=vl—(‘lu + } +...+—1 \

Since the Arithmetic Mean of n unequal positive numbers is
greater than their Geometric Mean, we have

1
8>(8,8,...8,) ™ and

1 1
S>>
8

(8182...8,) 7
whence it follows that
s> 3.
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Examples 1

1. 12 Ibs. wt. of liquid of sp. gr. 1] is mixed with 20 Ibs. of a liquid of
sp. gr. *Y ; what i3 the sp. gr. of the mixture ?
2. The specific gravity of cork being °24, find what volume of water
weighs as much as a cubic yard of cork.
A vessel full of water is fitted with a tight cork. Ilow is it that a
slight blow on the cork may be sufficient to break the vessel ?
(-1gra 1954 ; U.P.S.C. 1940)
(Hint.—Apply Principle of Transmission.)
4- The specific gravities of pure gold and copper are 193 and 862.
Find the sp. gr. of standard gold which is an alloy of gold and copper in the
proportion of 11 : 1. (Patna 1940)
5. What quantity of water must be mixed with a gallon of milk to
reduce 1ts sp. gr. from 103 to 1'02 ?
6. A mixture is formed of two fluids. The density p of the mixture,
the ratio m:1 of the volumes, and the ratio n : 1 of the densities are given,
Prove that the densities of the fluids are

mn-n ) m—41
mn 41 ¢ und mn+1
7. Three equal vessels A, B and C are half full of liquids of densities
p1» p2 and pg respectively. If now I3 be filled from A and then C from B, prove
that the density of the liquid now contained 1n € is

4 (p1t+e2+203)
the liquids being supposed to mix complotely. (Nagpur 1956)

8. A mixture is formed of equal volumes of n higuids, the densities of
which are in the ratio of the numbers 1, 2, 3, . n; find the density of the
maxture. Aleo find the density of the wixture whon the volumes are in the
ratio :—first, of the numbers 1, 2, 3, » and second, of the numbers
n, n—1,...3, 2, 1.

g. When equal volumes of {wo substances are mixed, tho sp. gr, of the
mixture is 4 ; when equal weights of tho same substances are mixed, the sp. gr.
of the mixture 15 :7 Find the sp. gr. of the substances.

(Caleutta 1945, 47, 49)

10. Having given the sp. gr. p of & mixture formed of equal volunes of
two fluids, and also the sp. gr. o of a mixture formed by taking a volume of
one fluid double that of the other, prove that the sp. gr. of the fluids are

36—2p and 4¢—3Jo.

11. Two liquids of sp. gravities s, s’ and of volumes v, v’ having been
mixed, the sp. gr. of the mixture 18 found to be 6. I'rove that the volume of
the mixture is

rs-ko's’
G



CHAPTER III
THEOREMS ON FLUID-PRESSURES UNDER GRAVITY

20. Theorem. 7w pressure of a heavy fiomogeneous fluid at all
points in the sume horizonlal plane vs the same .

(¢) Let A, B be any two points within the fluid in the same
horizontal line, and let tie line A be wcholly within the fluid. About
AB as axis isolate a cylinder of
the fluid of indefinitely small
cross-section S.

Let p and p’ be the inten-
sitics of the pressures at its two
ends A and B.

The cylinder is in equili-
brium under the action of the
pressure of the surrounding fluid
upon its bounding surfaces, and its weight acting downwards. The
pressures on the curved sarface will not contribute anything to the
forces parallel to the length of the cylinder.

Hence for equilibrium rcsolving parallel to AB ; pS—p'S=0

p=p'.

(i3) If the st.line AB does ot lic entirely in the fluid. In the
case join AB by a broken horizontal line ACDEB, the several parts
AC, CD, DE, EB being straight and lying entirely in the fluid.

o The pressure at A=that at C=that at D=...=that at B.
& @1..' To find the pressure at a depth 2 below the surface.

S
Y- (a) If the liquid be homogeneous, the pressure at a depth z below
its surface is given by p=wz-+x, when = is the atmospheric pressure
and ® the weight of a unit volume of the liquid.

Take a point P within the liquid at a depth = below the surface
and draw PQ perpendicular to the surface. With PQ as axis con-
struct a thin cylinder of cross-section S. This .
cylinder of liquid is in equilibrium under the fis ¢

following forces :(— e
(1) thrust Sp on the face at P upwards, o B —

(2) thrust Sz on the face at Q downwards,

IR
LN

(3) thrust on the curved surface horizontally !
(4) the weight of the liguid inside the cylin- '
der which is Szw downwards. : oot

Hence for equilibrium resolving vertically
we have S48z —Sp=0 J

R p=nt oz,

If there be no atmospheric pressure then b
p=wz, thus the pressure ai any point varies as the
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depth of the point.
Also if p; be pressure at depth z; and p, that at depth z, then

pi=n+wz and Po=Tt+ W2,
P1—Pe=(2—32,).

Hence in homogencous liquid at rest under gqravily the difference
between the pressures at two points varies as the vertical distance beliceen
them.

(b) When the liquid is heicrogeneous.

To find the pressure at a point P at a depth z below the sur-
face, draw a perpendicular PM to the surface, and let MP be produc-
ed to Q so that PQ=352. With PQ as axis draw a
thin cylinder of cross-section 8. Since this M
cvlinder is very small, density of the liquid in-
side it may be taken to be constant and let the
weight per unit volume of it be . It is to be
noted that w is not the same at every point of
the liquid but varies from point to point. 3

If p be the intensity of pressure at the point
P, then we can take p+§p to be the intensity of
pressure at Q.

Now this elementary cylinder of liquid is in
equilibrium under the following forces :— @P
€

(1) thrust S on the face at P downwards, Q
(2) thrust (p45p)S on the face at Q up-
wards.

(3) thrust on the curved surface horizontally,
(4) the weight of the liquid which is S§z@ downwards.

Hence for equilibrium resolving vertically we have
pS+Swdz—(p+3p)S=0

8[):; WSz
o . d
or in the limit, It?' =w.

If however ® be constant, i.e., liquid be homogencous then we
bhave by integration

p=wz+C.
At the surface when 2==0, p== .. p=n+twz.
This is part (a).
@. The surface of a heary liquid at rest is horszontal.

Take two points, A and B, in the same horizontal plane in the
liquid.
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Then the pressure at A is equal to the pressure at B.
Hence from the previous theorem

w. AD+IT=W.BC+II
where IT is the atmospheric pressure.
AD=BC
Hence, since AB is horizontal, the
line DC also must be horizontal.

Since A and B are any two points
in the same horizontal line, it follows
that any line DC drawn in the surface
of the liquid must be horizontal.

Hence the surface is a horizontal
plane.

Note. The above theorem confirms the popular saying “Water
finds its own level.”

23.) Theorem. The densities at two points in a fluid at rest
under-gravity and in the same horizontal plane are equal.

Let A, B be two points in the fluid in the same horizontal line
and A’, B’ two points at a short distance vertically above A, B and
such that AA’=BB'". A

Let p denote the mean e
density of the fluid between A . 4= — R
and A’ and p’ the mean density
of the fluid between B and B’,
8o that

pressure at A—pressure at A'=gpAA’
Also  pressure at B—ypressure at B'=gp'BB’

But pressure at A=pressure at B

and pressure at A'= pressure at B’,
gPAA’'=gp'BB’

or p=p'.

(24, Theorem. To find the pressure at any given depth in the
lowersf'two given heavy homogeneous liguids which do not miz.

Let the weights per unit volume of the upper and lower liquids
be w and w’ respectively. Let the depth of the upper liquid be ,
and A be any point in the lower liquid at a depth %" below the com-
mon surface,

Isolate a vertical cylinder with its base at A, and its upper end
in the free surface of the upper liquid.
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Let S be the area of the cross-section of the cylinde
the intensity of pressure on the base.

The cylinder is in equilibrium under the

13

r, and p

pressures on its bounding surfaces and its own SII ==

weight acting downwards.

The pressures on the vertical curved sides
are horizontal and balance one another. For
vertical equilibrium

ps=whs+w'h's

or p=wh+w'h'.

@‘ Theorem. The common surface of two %/// h T
heavy~homogeneous liquids that do mot miz is a / 7

hortzontal plane. ,///’ .
~Let A, B be any two points in the lower //ﬂc/
liquid, the straight line being horizontal. D

Draw AA’C and BB'D vertically to meet the common surface

S P fuce in C and D respeetively.
| LRt S Let CA'=h, A'A=F/,

07 7 DB’=k, B'B=F'.
. //’, # /:/’/’,/, v o Vs

//

.

in A’ and B’ and the upper sur-

IS Let w and w' be the weight

/lf{// /r;,;/;;///’ 7 /// -~ per unit volume of the upper and

,//////; AT B///{/////f /////7/ the lower liquids respectively.
= - ' Since AB is horizontal,
Pressure  at A=Pressure at B.
hw+hw' =kw+k'w’
Since both CD and AB are horizontal
CA=DB
or © h+h'=k+k
or whtwh'=wk+wk,
Subtracting (1) from (2)
(W' —w)h=(w"—w)k
or h=k

Hence the common surface AB is horizontal.

(1)

26. Eﬂ'ecti\:e surface. In the formula p=wz+II when 1I is
not zero, let us imagine the atmosphere to be removed, and a stratum

of the liquid of thickness IuI; (=2’ say) to be placed above the
original liquid. Then the pressure at a point at a depth A below the

original surface is

w(h-l—z') ‘
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... wz+1II are the same as it was before the atmosphere was
removed.

The upper surface of the supposed superimposed liquid is fermed
the Effective surface or Surface of zero pressure.

Hence, the pressure at any point of a homogeneous Iliquid is pro-
portiunal to the depth below the effective surface.

27. Head of Liquid. The pressure to any point is often said
to be due to such a depth of liquid. or to such a ‘bead’ of liquid,
meaning that it is at that depth below the effective surface.

Thus we may say that a certain pressure is that due to a head
of 10 feet of water. It means that it is the same as the pressure at a
point in water 10 feet below the cftective surface.

28. Characteristics of liquids.

From the theorems given above some of the characteristics of
liquids can be summarized.

(1) The surface of a heavy liquid at rest is horizontal.

(2) The common surface of two heavy liquids that do not mix
is horizontal.

(3) If therc are two heavy liquids that do not mix, the density
of the lower liquid is greater than that of the upper.

(4) Liquid always finds its own lcvel.

Note. It must be remembered that some of the above Theo-
rems are true only for small portions of liquids. For a large sheet
of water like a big lake or sea, the free surface is o curved surface, as
the attraction on each portion of the liquid is directed towards the
centre of the Earth.

29. Solved Examples.

Ex. 1. A small uniform tube is bent inio the form of a circle
whose plane 18 vertical : equal volumes of two fluids whose densities are
e, o fill half the tube. Shew that the radsus passing through the common

surfuce makes with the vertical an angle 6 given by
p—a
lan §=——-
p+to
{Agra 1955 . Lucknow 1926 ; Bombay 1940 ; Rajputana 1949)

Let AB be the portion of the tube occupied by the liquid of
density o and the portion BMC by the
liquid of density p.

Let M be the lowest point of the
tube. Let the radmus through the com-
mon surface B make an angle § with the
vertical. r

It is given that the volume of the
liquid in AB=vol. in BC.

arc AB=arc BC

But the total arc occupied is half of

the circumference.

P
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™

LAOB=-, [ BOC=", / MOC=" _q.

o 2
P

Now the pressure at M must be the same on both the sides of
the tube. and the pressurcs are cqual o the vertical projections of the
arcs containing the lquids multiplied by the product of the densaty
and acceleration g¢.

EM.gp=DM.gp+¥D go.
a(l—sin 9)P=u (1 — cos 9)p4-a(sm 04 cos 0) o.
p—o
g tan 6= "- - .
Hence n g pto
Y Ex. 2. Three liquids, wwhose dinsitics ere in A.P., fill a semi-
circular tube whose bounding diameter is horizontal. Prove that the

depth of one of the common surfaces is double that of the other.
(M.T. 1861 ; Calcutta 1916 ; Paina 1927 : Ranyoon 1937 ; Utkal 1948)

Let P and Q be the common surfaces of the liquids.

Let the densities of liquids be p—3, p, p+§. Let the column

BQ contain the liquid of density p—§, QP contain that of p-+§ and
CP that of p.

The pressures on the two sides
of A, the lowest point, must be the
same,

gP.OM+-(p-+3)g MA
=(P—38)gON+(p+5)gNA.
Let a be the radius of the tube,
OA=a, MA=a—OM, NA==a—ON.
Hence p.OM+"P+5(a—OM)=(p—5 ON-+(p-+3){a—ON)
or Pa+38a—3.OM= —25.0N+ap+13
Hence OM=: 20N.

Ex.;3. A closed tube in the form of en cquilateral triangle con-
tains equal wolumes of three liquids which do not miz and is placed
with its lowest side horzontal.  Prove that if the densities of the liquids
are in A.P., their surfuces of separation will be at points of trisection
of the sides of the triangl-, (dgre 1957)

ABC is the equilateral triangular tube, D, E, F are the common
surfaces.
Let CD or BE or AF ==y, since the three
volumes arc equal.
Let the side of the triangle be a.
Let the portion EBD occupy the liguid
-of density P28, FCD that of p+§ and F
~that of p. The densities are in A.P,

Since B and C are in the same horizon-
tal line

¢



16 A TEXT BOOK OF HYDROSTATIOS

The pressure at B=the pressure at C.
(P+28)z sin 60°+4p(a—=x) sin 60°=px sin 60°-+(P45) (a—=z) sin 60°
Pr+428x+Pa—pPr="Pr+Pa+Sa—Pr—dx

or 38x=28a
or z=1
=..

Hence at the common surface the side is trisected.

Ex. 4. A fine tube bent in the form of ellipse is held wilh its
plane vertical and 18 filled with n liquids whose densitics are py, Py,...,Pq
taken in order round the elliplic tube. If ry, 7o,......, ry be the distances
of the points of separation from either focus, prove that )

1(Py—Po) +7o(Pe—P3)+...... +7a(Pn—Py)=0.

Let S be the focus of the elliptic tube. P,, P,,...P, are the
+ pointsof the common surfaces.

Let the depths of Py, P,...P,
from the directrix of the ellipse
be 2, 2s,...2, respectively.

SP,=r;, SPy=r1,,...,.SP,=1,.

Let p,, ps,...p, be the pres-
sures at the points of separation.

Pe—P1=9Ps(2,—21)

(t.c., vertical depth of the

liquid)
P3—Pe=gP3(23—2s)

[ %)

Prn—Pr-1=9Pn(2n—2n-1)
P1—Pa=9gP1(z1—2y)

Adding

0=g[Py(22—2)) +P3(25—25) +-...... ]

O=Po(ry—ry)+Pa(ra—ra) +...... +Py(ry—1v)
for the ratio of the distance of a poirt from the focus to that from its
directrix is constant

r1(Py—Py) +72(P2_Ps) + ... ra(Pr— Py =0.

Ex. 5. A fube in the form of a parabola held with its vertex
downwards and axis vertical, is filled with different liquids of densities
Sand §'. If the distances of the free surface of the liquids from the focus
be r and r' respectively, show that the distance of their common surface
Jfrom the focus is

B—r's’
Y -
(Vikram 1959 ; Jaspur 1951 ; Luc ra 1930
Calcutta 1948 ; Nagpur 1957 ; Allakabad 1959 ; Saugar 1959)
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Let S be the focus. A and B be the frec surfaces. O is the
point of the common surface. Let «, § be the angles that SA and
SB make with the axis of the parabola.

Let SO (=r") make an angle 0 with
SM where M is the lowest point of the
parabola.

Let the equation of the parabola be

l
—R‘=l+cos 0

Since A, O, B, are on the parabola

l
. =l+4cos § s
! g
e =14cos « z)
! =1+4cos @ g)
o= 208
The pressures on the two sides of M must be the same,
39 MN =3gMP+43'gPT
or d(a—r cos B)=3(a—r" cos 0)+8'(r" cos 6—1’ cos a)
or —38 r cos B=—3§r" cos 043" 7" cos 0—§'r" cos «
From (1), (2) and (3)
. a s [0
or —-57\—7_ —1 )_..-—Sr (r”_l )+
l L7
8 g’ (r” —1 )—r <7r’ -1 )}
or — 3l 4-Br=—58l+ 3"+ 31—8r"—§'l+8'r
3=y
§—38

Ex. 6. A circular tube centre O is filled with three fluids of
densities Py, Py, Py, (in descending order of magnitude) and placed in a
vertical plane. If 2a. 28, 27, be the angles subtended at the centres by
the flutds and P be (he point on the circumference midway between the
ends of the lightest fluid, then angle 6 which OP makes with the wvertical
18 given by

Pp—P sin « sin (8—6)

py—Py sin (a4+6) = sinB (Agra 1946)
Let epresent the three liquids of densities py, Py, Py,
respecti centre.

L/ AOB=2a«, /| BOC=28, [ AOC=2Y
OP is the bisector of the angle 27.
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[ POD=0, [ AOP=7,
/MOA=n—7+0
/BOM=2a+Y 48—,
/COD=y—6
Now the pressures at the lowest
7152 point M must be the same from both
. the sides. oD
1 5. P MQ+ryg. QD.
(> rw — p,gMP+ p,gPR+ PygRD
pila—a cos {m—(Y+0)}] o
+pyla+a cos (r—7+6)
= pi[a—a cos (2a+7 +0—m)]
+pyla cos (Y—0)+a cos (2a+7Y+0—mn)]
+py{a—a cos (Y —06)}
or Py cos (Y+6)—p, cos (Y+0)=p, cos (2a+7+6)
4P, cos (Y —0)— Py cos (2a+7+6)—py cos (Y —0)
or (p1—pa) cos (Y+0)=(p1—pa) cos (2x+7+6)+ (p2—pa)
cos (Y—0)
Since 20428 +2Y=2r, a+Bf+Y=nor Y=n—a—B,
hence eliminating 7, we get
(p1—p3) cos (m—a—B+0)=(p;—p,) cos (t+x+0—B)
+ (p2—p3) cos (t—ax—B—0)
or (py—p3) cos (x+P—0)=(p;—p,) cos (x¢+8—B)+(pa—ps)
cos (x+f+6)
pr{eos (o-+B—6)— cos(e+0—B)} +py{cos(a-+B-+0)
—cos (x+B—0)}
— pz {c08 (a+B+0)—cos(x+0—B)}

p1 8in (B—0) sin a+4p; {sin («+06) sin f—sin « sin (3—0)]}.
=p, sin (x4-0) sin B

or (p;—py) sin @ sin (B—6)=(p,—p,) sin (x40, sin B

or Pp—pg  sina  sin (B—0)
p;—pz sin (a+6) ° sin B
Examples 2

r. If a cubic foot’of water weizhs 1000 ozs., what is the pressure per
square inch at the depth of a mile below the surfaco of water ?

2. The pressure in a water-pipe at the base of a building is 34 lbs. wt.
per. 8q. inch and on the roof of it is 18 Ibs wt. per sq inch; find the height of
the roof. (1 cu. ft. of water weighs 625 1bs.)

. A water tank is 200 ft. above the level of the ground-floor of a
house ; find the pressure of the water in & pipe at a height of 30 ft. above the
ground-floor. o

4. The pressure of the atmosphere is equivalemu of 30 ft. of
water. Assuming this to be true find the depth of a wall the pressure at the
bottom of which is 3 times that a depth of 3 feet. The well is full of water.

(Banaras 1938 ; Rangoon 1947)
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57 The lower ends of two vertical tubes, whose cross-sections are 1 and
‘1 6q. inch respectively, are connected by a tube. The tube contains mercury
of sp. gr. 13 596. How much water must be poured into the larger tube to rao
the level in the smaller tube by one inch ? (Utkal 1945)

6) A glass tube of uniform bore is bent into the form of a U-tube,
whose arms are vertical ; it contatns mercury of sp. gr. 13:6; water is poured
into one arm to occupy a height of 4U8 ecms. of it. Find the rise of the level of
mercury in the other arm. (Patna 1941)

. Two liquids that do not mix together meet in a bent tube, Prove
that the heights of their surfaces above theiwr common surface will bo inversely
proportional to their densities.

8. A vessel whose bottom is horizontal contains mercury whose depth
is 30 inches and water floats on the mercury to a depth of 24 inches; tind the
pressure at a point on the bottom of the vessel, the sp. gr. of mercury being
13-6.

v 9. Two liquids A and B do not mix and have different dcnsities. When
A is poured in a vessel to a vertical height %, the pressure on the bottom is the
same as whon A stands to a height A; and B to a height hy abovet. Show that
the ratio of the density of A to that of B is

hy

e (Allahabad 1955 ; Banaras 1940)
—n

10. The pressures at two points A and B in a homogencous liquid are p
and p’. I’rove that the pressure at the point R which divides AB m the ratio
m:nis

mp’+np :
m+n

v

xx. If there be n liquids arranged in strata of equal thickness h, and the
density of the uppermost being g, that of the next 2p, and so on, that of the
lowest being np, Prove that the pressure at the lowest point of the lowest
stratum is

3n(n+1)gph. (M. 7T.)

x2z. If a triangle be immersed in a homogeneous liquid, prove that the

sum of the pressures at the vertices s equal to three times the pressure at the
centroid of the triangle.

13. If a parallelogram be immersed in any manner in a homogeneous
liquid, provo that the sum of the pressures at the extremiticg of each diagonal is
the same,

14. If aliquid be heterogeneous and of density kz at depth z, show that
the pressure is

II+3gkz2
where 1I is the atmospheric presssure. (Lucknow 1950 Supp.)

15. If p, o’ be the densitios of two fluids (p<p’) and tho lengths of the
arms of a U-tube in which they meet be m and 1 inches respectively; prove that
in order that the tube may be completely filled, the height of the column of
the lighter fluid above the horizontal planc in which they meot be

%}; —P“';__;_ _ inches. (M.T. 1859)

16. A fine circular tube in the vertical plane contains a column of liquid,
of density 3, which subtends a right angle at the centre, ang a column of
density §’ subtending angle .. If () is the angle that the radity through the
common eurface makes with the vertical, prove that '

3—3"+3% c.ﬂa_r, e
‘i—b" sin o

tan g=
(Jatpur 1953 ; Agra 1932, 48)
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17. In the lower half of a uniform circular tube, one quadrant is occu-
pied by a liquid of density 2p, and the other by two liquids of densities p and
3p. Prove that the volume of the lower of the two latter liquids is twice that
of the other. (Agra 1953 Supp. ; Lucknow 1938)

18. A circular tube of fine uniform bore is half filled with equal volumes
of four hiquids which do not mix and whose densities are as 1:4:8:7 and is
held with its plane vertical, show that the diameter joining the free surfaces
makes an angle ) with the vertical such that

tan 0=2. (Jaspur 1952)

19 Equal volumes of three fluids of different densities, which do not
mix together, completely fill a circular tube which is kept in a vertical plane.
Prove that, if the densities of the fluids are in A.P., the common surface of the
lightest and heaviest fluids is at an extremity of a horizontal diameter of the
circle.

20. A circular tube of uniform thin bore is half filled with equal volumes
of three liquids of sp. gravities 3, 4 and 6, and is kept with its plane vertical.
Prove that the diameter joining the two free surfaces makes an angle 6 to the
vertical such that

19
tan §= 5 (Jaipur 1950)

21. In auniform circular tube two liquids are placed so as to subtend
90° each at the centre. If the diameter joining the two free surfaces he in-
clined at 60° to the vertical, prove that the densities of the two liquids are as

V31 4/3—1.

22. A circular tube of umiform bore, whose plane is vertical, contains
columns of two liquids, whose respective densities are p,s, the respective
columns subtending angles 2a, 23 at the centre of the circle. If( be the angle
which the portion of the tube intercepted between the lowest point and the
common surface of the liquids subtends at the centre of the tube, prove that

psin o sin (a4 0) =o sin B sin (BF0). (M.7. 1873)
';;: The two arms of a U-tube are close together. In one arm there is
water in the other mercury, so that their common surface is at the lowest

point. One quarter of the water is taken out and is poured into the other arm
over the mercury. Prove that in the new equilibrium position the difference
of heights of the upper surfaces is one-half of what 1t was formerly.

24. A tube of the form of a complete circle fixed in a vertical planc,
containe equal lengths of four liquids which do not mix and whose sp. gravities
are as 1: 2: 4 : 3 filling the tube in this order. [P’rove that the inclinations to
the vertical of the two diameters joining the points of division are

tan—1} and tan—1 2,

25. If three liquids which do not mix and whose densitics are p;, gy, p3,
fill a circular tube in a vertical plane and if «, (3, y are the angles which the
radii to the common surfaces make with the vertical diameter measured in the
same direction, prove that

p1(cos B—cos y) +p,(c6s Y —cos «)+pj(cos a—cos B)=0.

26. A closed tube in the form of an ellipse, with its major axis vertical,
is filled with three liquids of densities py, py, p3. Pj is the point of separation
of liquids of densities py, p3 ; Py that of the iquids of densities g3, p;; and Py
that of liquids p; and p,. If the dietances of P,, Py, P3 from the same focus be
1, T3, 73 T@spectively ; prove that

i Lalps—p3) +ralpz—py) +73lp1—pa) =0.

a7.' A thin uniform cycloided tube contains equal weights of two fluids :
if it be>placed with its ggae vergical, prove that the heights of the freé surfaces
of the fluids above the mtex oI%he tube are as

(3a+d)%: (3b+a)2,

where a and b are tho lengths of the tube which the fluids oceygy. — _
’ (Agra 1957)
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28. A fine glass tube in the form of an equilateral triangle is filled with
equal volumes of three liquids which do not mix and whose densities are in
A.P. The tube is held in a vertical plane, and the s:de that contains portions
of the heavieas and Ligh#est liquids make an angle § with the vertical. Show
that the surfaces of saparation divide the sides in the ratio

cos(-g——(] ):cos( Z +()).

Three liquids, whose densities ;. pp, p3 (p;>py>p3) are in AP,
completély fill a circular tube irPa vertical plane and occupy lengths of arcs
subtendifg at the centre anglas2a, 2, 1y respectively. If the 1adius to the
point midway between thoe ends of the lightest liquud makes with the vertical
an angle 6, prove that

cot O=cot q42 cot B. (Bombay 1951)



CHAPTER 1V
PRESSURES ON PLANE SURFACES

g30. We have seen that when a surface be in contact with a
liquid, the pressurc at any clement of it is normal to the surface. If
this surface be a plane area, the pressurc at any point of it is per-
pendicular to the plane arca. Pressures at all points on one side of
this plane area, thercfore constitute a system of parallel forces whose
magnitudes are known. Hence all these parallel forces can be com-
pounded into one single force acting at some definite point of the
plane area.

This single force is called the Resultant Fluid Pressure or
Resultant Thrust.

But since the thrusts are parallel, this resultant thrust will be
the arithmetic sum of all the thrusts on the various elements of the
surface. On this account the resultant fluid-pressure on a plane
area is termed as the whole pressure.

31. Definition. 7'he whole pressure of a fluid on a surface,
18 the sum of all the normal pressures exerted by the fluid on every
element of the surface.

Note 1. If the surface considered be a curved one the whole
pressure is considered as the arithmetic sum of the thrusts at various
elements of the area, though they are not in the same direction. In
this case the whole pressure has no physical meaning whatever, and
thus its calculation serves no useful purpose.

Note 2. The students must carefully note that in the case of a
curved surface, the whole pressure is not the resultant thrust on the
curved surface. The topic how to find out the resultant thrust will
be considered later on.

Y 32. Theorem. The whole pressure of a heavy homiogrneous
liqusd on a plane area s equal lo the product of the area and the pres-
sure at its centre of gravity.

Let the surface S be divided into a great number of very small
elements «;, «,, aj...... and let z;, 2, z; be the depths of these
elements from the free surface.
Since the elements are to be taken
very small, the pressures on them
will be respectively

WoyZy, WhoZg,e.. e
taking the pressure over each area.
to be uniform.

Hence the whole pressure

=w(%2; +tg2p+...... )

But from statics we know
that if z be the depth of the
centre of gravity of the given plane
area

BRI SRR RN A STRA RN
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vaj."z“/.___“fl'*ﬁ??*i'_:
atogt......
%f/\/ g2yt ogzgt o= 2oyt )=2 8

J/Hence the whole prossure =qw=S

=TPressure at the C. G. Xarea.
Note 1. The above theorem may also be stated as {ollows :—
(1) If a plane surface be tmmersed in a liquid the whole pressure
or thrust on it is equal to w & . z ; where S is the arca of this plane
surface and z is the depth of its centre of gravity below the surface of
zero pressure and w the weight of the unit volume of the liquid.

(33) The whole pressure of a liquid on a surface is equal to the
weight of a column of liquid whose buse is equal to tlhe arca of the given
plane surface, and whose height is equal to the depth below the surface
of the liqusd of the centre of gravity of the given plane surface.

Note 2. If the pressure of the air is not to be neglected, let
II be the pressure at any point of the surface of the liquid.
The pressure on the dement
=(IT42w,)2;
=1Tot; 4wz 0y
‘. whole pressure
=II(ag+ o3+ ...) Fw(z 042205+ ...)
=TIS+uSz
=(IT4w 2)S.
If II=wh,, where %, is the height of the effective surface above
the free surface, the whole pressure is given by
w(hy+2)S, or w S z,

where z is the depth of the C.G. of the area below the effective
surface.

Therefore in this cusz also the above theorem holds provided if z
is taken as the depth of the C.G. below the ‘effective surface.’

33. Layers of different Liquids. Let the fluid consist of
layers of different liquids of densitics py, pgs---, P, beginning from the
top where pressurc is zero. Let their depths be Ay, hy,..., /i, res-
pectively and let the area be entirely in contact with the lowest liquid.

Let 2, be the depth of «;, a very small element of the area
below the lowest surface of separation.
Then the pressurc at the element a;
=gPhyoty+ Pkt ...+ 9Pa Fno10 FGPr210
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.. Whole pressure on the area
=gPihy(y+ap+...)+gPoho(; +ay+ . )+ F9Pa(z10+25%5 ...
=gP1hiS+gPohS+ ... +9Ps_1hn—1S+gP,z S

=(gPrhy+gPoh+...... +9Pnybn—ytgPaz)S

where z denotes the depth of the C.G. of the area below the lowest
surface of separation.

Note. If the atmospheric pressure II is taken into account,
the above formula becomes

(I14-gPshy+...... +9Pu-rhn—y+ GPu2)S
which can be easily proved.

34. A plane area in contace with more than one fluid.

If the plane area be in contact with more than one fluid, we
divide it into scveral parts, cach of which is in contact with one fluid
only. The pressures on cach part will be given by the formula given
in the last Article and their sum is the whole pressure required.

Thrust on a horizontal area. Now it is evident that
the thrust on the horizontal base of a vessel of the liquid which it
contains does not depend on the shape of the vessel but only on the
area of the base and the depth of the liquid.
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Thus suppose we have four vessels of different shapes but hav-
ing the same height and equal bases. They contain different amount
of liquids. But the thrust on the base of each of the vessels is the
same, for

the thrust=w. area. depth of the C.G. of the area, which are
the same for all the vessels.
36. Solved Examples.
Ex. 1. Find the whole pressure on a triangle, the depths of whose
verlices are hy, hyand hy, the liquid being homogeneous.
The depth of the C.G. of the triangle
=‘.’f(h1+h2+ha)

.. Whole pressure=} w (ky+hy+h3) S where S is the area of
the triangle.
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Ex. 2. The width of a rectangular vertical dockgate is 40 ft. and
on one side there is salt-water (sp. gr. 1 026) to a depth of 24 ft. On
the other side there i3 fresh water. Find its depth if the thrusts on the
two sides are equal. (Rangoon 1947)

The area immersed under salt-water

=40 X 24 sq. ft.

The depth of the C.G. of the immersed area
=12 ft.
Whole pressure on one side of the dock-gate
— 40X 24X 12X gx 1026
If & be the depth of the fresh water on the other side, the whole
pressure on the other side

—@doxk) "y

The thrust on the two sides being equal
1 x40 2g=40%24x12Xgx 1026
h2=24 x24 X 1026
h=24x1-0129
=24"3096 {t.
Ex. 3. A square lumina ABCD, which is immersed in waler, has
the side AB in the surface. Draw a hne BE to a pont E in CD such
that the pressures on the two portwns inlo which it divides the lamina,

may be equal. (Allahabad 1921 5 Agra 1931, 37, 51)
Let the side of the square ABCD be a and let EC=x.
The pressure on BEC
= pressure on ABED
= } pressure on ABCD A
Now pressure on BEC
=w. %.a.laz
=}a’rw
Pressure on ABCD

=w.ta.a’=} a*w
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} a’xw=1. }. a¥w iy v 3
z=1la St R
.. EC: ED=3:1. i 7 oIt
Ex. 4. A inangle is tmmers- === D E(‘_ -2 S

ed in a liquid with one vertex in the —-- " ~Z 7 IZ"T-— - --=
surface and the opposite side hori-
zontal ; neglecting the atmospheric
pressure, find the ratio in which the median through that vertex will be
divided by a horizontal line which divides the triangle info two parts in
which the total pressures are equal. (Allakabad 1922)

Let DE divide the /\ ABC into two portions such that
pressure on ADE=pressure on DECB=} pressure on ABC

Let AM and AN be the perpendicular and the median of the
side BC respectively. Let them cut DEin P and Q respectively.
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Pressure on /A ADE
=w.3AP. }AP.DE

Pressure on NABC
=w % AM. } AM.BC
w.2APJAP. DE
=Jw.3 AM } AM.BC.

or AP2DE=1AM2BC
DE AP AQ
— N , P PR )
B My - ¢ Now BC = AM = AN
AQEAM?  BCAQ _ ,is pe
AN' - AN —IAMRBC.
or AQ’=1AN3
AN
AQ= ’\3//2.

Ex. 5. 4 square of side a ts dipped vertically in two liquids of
densities P and o with the upper side in the free surface. The depth of
the upper liquid of density pis b (<a). Find the thrust on the square.

Let the square ABCD be immersed with AB in the free surface
The portion ABFE is in the
upper liquid.

Thrust on the area ABFE

b
=ab. E’ﬂp

Thrust on the arca EFCD

={grb+1go(a—b)}(a—b)a
.. Whole pressure on the square
ABCD D
ab’yp+ab(a—b)gr+igoa (a—b)?
ab gp (2a—b)+3gea (a—10)2.

Aliter.—The thrusts of the liquids on the square will remain
the same even if we consider that one liquid of density P is in con-

tact with the whole area and another liquid of density (¢ —p) in con-
tact with the lower part only of the rectangle.

The thrust due to the first liquid

=1
=1

=a? g-— Pg==1 a3 pg
The thrust due to the second liquid
=a@—b) 7% g0
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.. Total thrust on ABCD
=} a® Pg+4 a(a—b)*g (c—r)
=}a(a—b)? go+1lage {a*— (a—b)*}
=}a (a—b)? go+}ab gp (2a—0b).

Ex. 6. The lighter of the two liguids of density p vests on the
heavier of density o, to a depth b. 1f square of sidz a s immersed in a
vertical position with one side in the surface of the upper liquid, if the
thrusts on the tro portions of the square in contact with the two liquids
be ¢ ual, prove that

bp(3b—2a)=c(a—b3.
(Allahabad 1927 ; Sagar 1949 ; Jagpur 1953, 58)

From solved Ex. 5
thrust on ABFE=thrust on EFCD

3ab? gp={gpb+1go(a—b)} (a—b)u

3 ab gp{b—2(a—b)}=1} go («—b)a

or bp (3b—2a)=0 {a—D)2.
Examples 3

1. A cube of 30 cms. edge is suspended in water with its upper face
horizontal and at a depth of 75 cms. below the surface. Iind the thrust on
each face of the cube,

2. A rectangular vessel, one face of which 1s of height 2 ft. and width
1 ft.,is half filled with mercury (sp. gr. 13-5) and half with water. Iind the
thrust on this face.

3. One-third of a rectangular vessel is filled with mercury (sp. gr.
13-6) and the remainder with salt water (sp. gr. 1'04). If 3k be the depth of
the vertical side and « be breadth, find the fluid thrust on a vertical side,

. The hghter of two fluids, whose sp. gravities are as 2 : 3, rests on
the heavier, to a depth of 4 inches. A square s immersed in a vertical position
with one side in the upper-surface, deterinine the side of the square in order
that the pressures on the portions in the two fluids may be oqual. (M.7. 1855)

. 5. Arectangular vossel contains three liquuds which do not mix and
whose sp. gravities are 1'0, 12 and 1'b, the thickness of which are 4,3 and 2
inches respectively. Compare the total thrusts of the liquids on the different
parts of a side of the vessel. (Andhre 1950)

6. 1Inthe vertical side of a water tank there is a square plate whose
upper edge is horizontal and at a depth of 8 tv. below the surface of tho water,
The depth of the plate 1s one foot ; find the resultant pressure on tho plate,
taking the weight of | cu. ft. of water to be 62-5 1bs. (Calcutta 1910)

A square plate, whose edge is 8 inches, 1s immersed in water, its

upper edge being horizontal at a depth of 12 inches below tho surface of the

water. Find the thrust of the water on the surface of the plate when 1t is in-
clined at 45° to the horizon ; the mass of & cu. ft. of water be:ng 64 lbs.

(Calcutta 1947)

The rerultant fluid pressure on a vertical circle of radius a is equal to
twice thie woight of a sphere of the same liquid of radius a. The circle is now
lowered through a depth equal to 2a. Prove that the tluid pressure in the new
position is % times the original one.

Find out the total thrust on one side omular vertical dock-

gate 45 feet wide, irnmersed in sea water to depth feet, given that 1 c. ft.
of sea-water weigha 1025 ozs,
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If there is fresh water on the other side of the gate, iind its depth so
that the resultant thrusts on the two sides are equal, (Madras 1934)

10. A rectangular vessel is full of water, compare the fluid pressures on
the lower and the upper halves of a vertical side of the vessel.

1. The side of a cistern are vertical. Tts base is a horizontal regular
hexagon each side of which is 4/3 ft. long. Find the depth 1f, when it 1s full of
water, the thrust on each of its sides is the same as on its hase

(Banaras ]927 ; Agra 1936, 50)

12. A vessel containing some water rests on a horizontal table, if a per-
son dips his hand in the water without touching, how is the pressure on the
table affected ? (dgra 1959 ; Lucknow 1940)

An ellipse is placed with its major axis on the surface of water and
its play® vortical ; a circle—the auxiliary circle—is described on the major axis
as diameter. Prove that the thrust of water on the portion of the area enclosed
between the auxiliary circle and the ellipse 1s

2wala®—b2)
where ¢ and b are the major and mmor axes of the ellipse respectively.

1 An ellipse is placed with its minor axis, on the surface of water and
its plaiie vertical. A circle is described on the munor axis as diameter. Find
the total pressure of water on the portion of the area enclosed between the
ellipse and circle,

15. A square is placed in a hquid with one side in the surface. Show
how to draw horizontal line in the square dividing it into two portions, the
thrusts on which are the same, (Lucknow 1959 ; Calcuita 1938)

16. ABCD is a rectangle, AB being equal to 2BC. Tt is immersed 1n
water with its plane vertical and AB in tho surface. Show how to divide the
area into two parts by a straight line from A such that the pressure on the two
parts may be equal. (Bombay 1947)

17. ABCD isa rectangle immersed in & homogoneous liquid with AB in
the free surface and AD vertical, Show bow to draw a straight line through A,
dividing the rectangular area into two portions equally pressed. (Nagpur 1943)

18. A parallelogram is immersed in o homogeneous liquid with one side
in the surface ; show how to draw horizontal lines dividing it 1nto » portions the
thrusts on which are equal. (Jarpur 1950)

19) A triangle ABC has its plane vertical and the side AB 1s in the sur-
face of the liquid in which the triangle is immersed ; divide 1t by the straight
lines drawn from A into n triangles on each of which the pressure shall be the
same,

. 20. An isosceles trinngle is immersed vertically in a fluid with its vertex
coincident with the surface of the fluid and 1ts base horizontal ; determine how
it must be divided by a line parallel to the base so that the pressures on the
upper and lower parts may be respectively in tho ratio m:n. (dllahabad 1953)

21. A closed hollow cone is just filled with iquid, and is placed with its
vertex upwards and axis vertical ; divide its curved surface by a horizontal
plane into two parts on which the whole pressures are equal.

22. A cone, full of water, is placed on its side on a horizontal table,
show that the thrust on 1ts base is 3 sin oo times the weight of the contained
fluid, where 2x 18 the vertical angle of the cone. (Lucknow 1956 ; Patna 1940)

23. A triangle ABC is immersed 1n a liquid, its plane being vertical and
the side AB in the surface ; if O be the centre of the circumscribed circle of the
/A ABC, prove that

pressure on A\OCA sin 2B

v pressure on ,\OCB™ sm2A * (dgra 1936)
\{ 24. A triangle ABC is immersed vertically in a liquid with the vertex C

in the surface, and the sides AC, BC equally inclined to the surface ; show that
the vertical through C divides the triangle into two others, the fluid pressures
upon which aro as b34+3ab2 : a3-43a2. (Lucknow 1957)
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37- Harder Solved Examples.

. Ex. 1. A semi-circle is immersed vertically in a liquid with the
diameter in the surface ; show how to divide it into n sectors, such that
the thrust on each 13 the same. (M.T., Finance 1926 ; Utkal 1945)

Let the semi-circle AP, B of radius @ be immersed. Let AOP,
consist of r sectors of the type AOP, P,0P,...... such that the
thrust on each of them is the

same. A(’lua Us 0

Let /£ AOP,=2x. Let
P,0,, P,0,,...P,0,...bc the
vertical heights of the re-
quired sectors from the free
surface.

Th_rust on f}}_e _arggﬁéOP,
Thrust on the semi-circle
. (1)
n
Area of sector AOP,=aa?.

Depth of the C.G. of this area from the frec surface

=0G sin «

2 asina 2 asin?o
= - Lsinoe= _ .

3 o« 3 o«

ing
a sinZq .
Thrust on the area AOP,=waa?.2 gp=13a® sin%x gp.
o

.o 4n 2
Thrust on the semi-circle =1ra2. 8. IP= 3a%gp

From (1)
3a®sin?agp 1

Sadyp n
- r
or  sinfa= -
n

2r
cos 20=1—2 sina=1— n

AO,=a—a cos 2a=a——a( 1— 2 >=2m
n n
Giving r=1,2,3,...n
AOI = z'a" ) 1&02="j4i ) A03= "6a cesene
n ) n

.. The horizontal diameter is dividedin n equal parts. The
ordinates at these points will divide the arc of the semi-circle in the
points of the required sectors.



30 A TEXT BOOK OF¥ HYDROSTATICS

Ex. 2. A parallelogram is immersed in a fluid with a diagonal
vertical, one extremity of which is in the surface of the liquid. Thr.ugh
this point lines are drawn dividing the parallelogram inio three equal
parts. Compare the pressures on these three parts, and if Py be the
pressure on the middle part and Py, P, those on the other two prove that

16Py—11(P-+ Py).

Let ABCD be the parallelogram with AC vertical and A in the
surface. Let «, B, ¥ be the depths of B, C, D from the surface res-
pectively. BN, KM are the perpendi-
culars on AC. Let E and F be such
points so that pressure on the ANABC=
that on AECF=that on AAFD. Let
3S be the area of the whole parallelo-
gram.

ANAEC = ANABC— AABE
=§3—8=}S=} NABC
$AC.EM=4}.4 ACBN
or EM=4BN.
In the ACBN, CM=}CN or NM=$CN=%(B—-a)
2
Depth of E=a+NMzot+§(l3—0t)=¢%-B-
Depth of C.G. of the ANABC from the frec surface
_ at2p \_ 4o+28
(o )=

4a—;2§>

P;=Thrust on N\ABE= gPS<

Similarly P;=Thrust on NAFD=3grS(4Y +2f)
P,=Thrust on the paralleclogram—(P;+P;)

=gp38S. Bza——Pl——Ps wbence the thrusts can be compared.

Now P,+P;=2gpS(a+p+7)=359SB, for afv=p for the
parallelogram.

16P,=11(P,+P;).

Ex- 3. A vessel contains n different liquids resting in horizon-
tal layers and of densities py, Py, ...P, starting from the highest fluid. A
triangle is held with its base in the upper surface of the highest liquid
and with its vertex in the nth liquid. Prove that if /\ be the area of
the triangle and hy, hy.. hy, be the depths of the vertex below the upper
surface of the Ist, 2nd,...... nth liquids respectively, the thrust on the
triangle is

¥ Zz_? {P1(h3—hy®) +Py(hg® —Rs®) + ...+ Prks®},
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ABO is the triangle immersed in 7 liquids with AB in the upper
surface of the highest liquid. Its vertex C in the nth liquid.
CD=h;, CD’'=h,, CD"=1hj,...

B T A
AB=" V\\ ]y .
A,B’__ hz A - D 3'2 “,,,/'12‘?'-—‘
Also - AB b, I
AR 2O
hy?
Similarly A’B" = ﬁfs ..... v/
Hence areas of differcnt trian- RN
gles are
A th— Abaz_ /_V‘;E Z:\hn% v
) hlz y h]_z » hlz yestetey hx’ (

The thrust on the AABC in this position will be the same as
the sum of the thrusts on the NABC in a liquid of density Py, on
AAB'C’ in a liquid of density p;—#;, on AA'B’C’ in a liquid of
density {P;—P;—(P,—Py)} $.., (P3—P2) and so on.

Total thrust

h VAN S ) Nhy® k.
=4 ’31‘Plg+“h;§‘ : 32 . (P2—P1)g+ ,1123 . ~33'(P3—-P2)g+....
Ahﬂs hﬂ
- h hlz . ’3 (Pn_pn-l)g

N {Pahad - hgd (P — o) B3Py Pp) A - A Be(Pu— )}

1
=% h% {P1(h 3 —ha®) 4 Pa(ha®—hg®) 4. - + Puh®}.
1

Ex. 4. The inclinations of the axis of a submerged solid cylinder
to the vertical in two different positions are complementary to each other.
If P and P’ be the difference between the pressures on the two ends in
the two cases, prove that the wesght of the displaccd fluid s equal to

P+ P’Z)%.

Let AB be a circular cylinder of radius @ and length .

Let the depth of A from the freo surface be 2. 6 is the angle
that the axis makes with the vertical.

Thrust on the end A==a%grz

Thrust on the end B=mna%jp(z+h cos 0)

P=Thrust on the end B—thrust on the
end A

g.
h
g

= a%gPh cos 0.
In the second position the "angle of
inclination is 90°—0
P'=ma?ghp sin 0

(P24 P'Z)% =mna?gPh
=weight of the displaced fluid.
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Ex. 5. A hollow weightless cone of semi-verlical angle « and of
height P, is filled with liquid and freely hung from a point on the rim of
the base ; show that the thrust of the water on the base is

mh? tan® « sin o gP
V1+15sin%e
(Nagpur 1954 ; Banaras 1938)

Let ABC be the cone of height 7 and base of radius a.

a
tan a= i

The cone is suspended from the
point B. Since there are only two forces
1.e., wt. of liquid contained in the cone
and the tension in the string, the line
BG, where G is the C.G. of the cone,
must be vertical.

Let /| OBG=0
an g=0G _ A4 R
tan e_B “ a " 4a
1 1

! 1|k = 4 tan «
4 sin o
V1415 sin o
Thrust on the base
2 cos 0 gp

whence cos 0=

=Ta
4/® tan® o sin o gP
/1415 sin’a

Ex. 6. A parallelogran ABCD is immersed in homogeneous
fluid of density p. open to the atmospheric pressure 11, with the side AB
in the surface. E is a point in AB such that AE=5 AB. A straight
line joins E to a point ¥ in CD. Show that, if the thrusts on AEFD
and EBCF are equal, DI is given by

6 DF (3 11+ 2¢grb)=AB (6 11+57pb),

where b & the depth of CD. (M. T.)

Let AM (=b) be the height of the parallelogram. Let z be

the depth of C.G. of the arca AEFD
from AB. Join AF.

‘z. (AE+DF)b
b 2b
= 1 B
JAE. b. , +}DF.b.

E B

b
3

. z (AE+DF)=(AE+2DF)
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Thrust on AEVD=1(AE4DT) b. ([[+gr =)
Thrust on ABCD=AB. b([[+gp ; )
s AB (141 get)=2. 1(AEA4DF) b (I[+gr )
2 AB+2DF)2
!y

b /%
170h) =(2AB F (3
or AB(I+170) =(AB+DE) Tt o (3 e

=T(2AB+DF)-| go

) D]
E—' 5 92 =DF(I1+3 geb)

ﬁ (3AB+2DF)

b
or AB ([[+gs , —

or AB (1 % goh) =¥(I+3450)
or  AB (6]]+5gpb) =6 DT (3]]+2gpd).

Examples 4

x. Find the thrust on a vertical quadrilateral which has one side of
length a in the surface, and the opposite side of length & parallel to it at a
depth k.

If the fluid consists of a top layer of density p and thickness 3k, and the
rest of density o ; prove that the thrust on the quadrilateral is

;8 gh2{(Ta+11b)p+ (a+5b)c}.

z. A parallelogram ABCD is immersod vertically in a homogeneous
lignid with the side AB of length 2a in the surfuce. Points F and E are taken
upon AB and DC, such that BC=z and AF=y. I1f EF divides ABCD mnto two
parts of which the pressures are equal, show that

2x—y=a.
A hollow cone, whose axis is vertical and base downwards, is filled
with equal volumes of two liquids whose densities are in the ratio 3 :1; rhow

that the thrast on the base is (3 -—\3/4) times a3 much as it 13 when the vessel is
filled with the lighter liquid. (Allahabad 1957 5 Lucknow 1946, 55)

A hollow weightless hemisphere, filled with Liqu:id is suspended freely
from o point in the rim of its base ; show that the thrust on the plane base 1s
to the weight of contained hquid as 12 : 4/73. (Agra 1960)

5. A rectangular area is immersed in a heavy lquid with two sides
horizontal, and is divided by horizontal lines into strips on which the total
thrusts are equal. Prove that if a, b, ¢ are the breadths of the consecutive
strips

a(a+b)(b—c)=c(b+c)(a—1D).
(Banaras 1941 ; Delii 1946 ; Utkai 1946 ; Calcuttis 1948)

6. A cubical box with vertical sides is filled with equal volumes of n
different liquids, which do not mix, the density of the uppermost bemng p, that

of the next 2p,... .. and that of the lowest mp. Show that the thrust on the
base is (n41) times the thrust on that part of one of the sides which is n
coutact with the lowest liquid. (Jatpur 1954)

A cylindrical vessel on a horizontal circular base of radius a, is
filled with a liquid of density w to a height k. If now a sphere of radius ¢ and
density greater than w is susnended by a thread so that it is completely
immersed, prove that the ciouse of the whole pressure on the curved surface
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8 2c?
3 “__
3a we ( h+ 302).

8. A cvlindrical tumbler, half filled with a liquid of density p, is filled
up with a hquid of density ¢’ which does not mix with the former one. Shew
that the thrust on the base of the tumbler is to thie whole pressure on 1ts curved
surface as

is

2r(p+e") to hip+3¢")
where /. is the height and r the radius of the base of the cylinder.
(cAllahabad 1943 ; Agra 1953)

A cylinder s fillad with equal volumes of n different fluids which do
not mix ; the density of the highestis p, that of the nextis 2p, and so on.
that of the lowest beng »p. Shew that the whole pressure on the different
portions of the curved r»lurfe;cos of the 3 Imderqaro m the ratios

12:22:02: HETEN

10. A thin hollow cone, of neglizible weight is filled with water, and is
then suspended from a point in the rim and allowed gradually to take 1ts
position of equilibrium.  Vrove that 1f the vertical engle of the cone is cos—1 %,
the surface of water will divide the generating line through the point of suspen-
sion in the ratio 2: 1. (dgra 1930)

11. A square immersed vertically in a fluid with one side in the surface
is divided by a straight line parallel to a diagonal so that the thrusts on the two
parts are equal, If x be the depth of the point 1n which the dividing line cuts
a vertical side a of the square, then prove that

203 —6a2r+ad=0.

12. A triangle, completely immersed in a liquid with the vertex C in its
surface 1s divided nto two parts by a straight hne through A so that the
thrusts on two parts are equal. If r be the depth of the point at which the
dividing line cuts (B, and «, 3 be the depths of A and B, then prove that

2r24- 2000 ~ Blo+ {3)20.

13. A triangle is immersed n a fluid with one of its sides in the surface ;
find the position of a point within the triangle, such that, if 1t be joined to the
angular points, the triangle will be divided into three others, the luid pressures
upon which are equal.



CHAPTER V

CENTRE OF PRESSURE

38. Centre of Pressure.—I1f a plane arca be immersed in a
liquid, the pressure at any point of it is normal to the plane surface
and is proportional to the depth of the point {from the free surface.
The pressures at all the points on one side ol it form a system of
parallel forces which can be compounded into one single force acting
at some definite point of the plane of the arca. This single force is
called the Resultunt Flusd-Pressure or Fluid T'hrust the magnitude of
which, in the case of a plane arca, is the sum of all the pressures
acting at various clements of it. The definite point of the plane
of the area where the Resultant Pressure acts is called the Centre of
Pressure.

Definition. The Centre of Pressure of a plane area in
contact with a fluid is the point of the aren at which the Resultant Thrust
on one side of the area acts.

Note.—It has alrcady been shown that the intensity of pres-
sure in a heavy homogeneous liquid increases with the depth.  {f the
area to be considered is horizontal, then the pressure at every point
will be the same, and the resultant thrust will act through the
centroid of the arca. In all other cases when the pressures on all the
points of the lower part of the arca are greater than those on the
upper one, the centre of Pressurc will be below the centroid of the
area. This leads to the establishment of the Proposition.

“T'he depth of the centre of prissure of a plane area immersed in
a liquid s greater than the depth of its C.G.”

~ Henceforth Centre of Pressure will be shortened as C.P.
- 39. How to find the Centre of Pressure.

Let z, y be the coordinates of the small element dS of a plane
area immersed in a liquid and let (z, y) be the co-ordinates of the
centre of Pressure, where the line of the
intersection of the plane area and the 0 Y
free surface is taken as y-axis and a
perpendicular line in the plane of the
area as r-axis.

Let p be the intensity of pressure
on the element dS. Therefore the pres-
sure on the element is pdS and its
moment about the axis of y is apdS.
Hence the sum of the moments of the
pressures on all the elements of the
type dS of the area is [ xpdS. The
pressure on the whole area is [ pdS act-
ing at x, y since all the forces are
parallel, by taking moments about the
axis of y, we obtain

- — -
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x [ pdS= [ apdS

o — | zpdS
T [ pdS
Similarly, by taking moments about the axis of a
_ JypdS
Y= psT

go. To prove thot the position of the Contre of Pressure of a
lane area is independent of the inclination of the areq to the vertical.
p P )

Let « be the inclination of the plane arca to the vertical. Take
the line of inter-section of the planc arca with the surface of the
liquid as y-axis and a perpendicular line
OX in the plane of area as x-axis.

Let dS be a small element of the area
at a point (z, ¥) and let p be the intensity of
pressure al that element.

The depth of the element ¢S from
the free surface
= coS &

S P=gp X COS &

o JxpdS _ fgpx? cos a dS__[«2dS

Hence _ ;
ence z [pdS Jgpx cos a dS  fxdS
Similarly _ [rudS

e y T fadS

These values of . y do not involve e..  Therefore they are the
same whatever be the inelination of the plane to the vertical.

Note. Thus to find the Centre of Pressure of an arca we may
make the arca vertical il not vertical, by rotating it about the line
of intersection with the effective surface.  And if P be the Centre of
Pressure, then P will remain the Centre of Pressure in every case.

41. The CP. of a parallelogram with one side in the
free surface. .

Let the parallelogram ABCD be immersed in a liquid with DC
in the free surfuce.  1f the parallelogram is not vertical, let us rotate
it about DC so that it may be verti-
cal ; and in doing so there is no loss
of gencrality.

Join E, the middle point of T dE
DC, with ¥, the middle peint of AB. B

Take the line ET as 2-axis and
let a« be the angle that EF moies
with the horizontal
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Now take o strip parallel to the free surfaco at a distance z
from the origin E in the free surface along EF. Let dz be the
breadth of the strip along EF. Let DC=b, DA=a.

If the area be divided into an infinite number of horizontal
elementary strips like PQ, the thrusts on all such strips will be acting
at their middle points which lic on EX. Hence the C.P. will lie
on EF.

p=intensity of pressure on the strip
=gpx sin o, where p is the densivy of the hquid
dS=arca of the strip

- b sin
@

— _ [wpdS I 0

X = =
[ pdS ¢ . .
dfr sin o, bde =iy o
o

ra

J rdx
o 2

= % - == ‘/7 .
G .
j xdx
o

Hence the C.P. is in B at o distance :EF from K.

a. gbx 8in ¢ bdx sin «

Note.—For o roctangle put e= _ , the result will be the same.

Lo o

.} 42. Cemire of Pressure of a triangular area immersed
in a liguid with its vertex in the surface and base horizontal.

Let AD, the median of the triangular arca ABC immersed in
K bl
a liquid, make an angle o with the horizon.

Take one strip PQ parallel to the
base at a distance AM ( . ) from A ulong
AD. Let the intercept MN of AD, cut
off by the strip. be du.

Let BC=a and AD=7r

PQ  AM
\T y —_—
Now pi=aD
ar
- pQ= "

Also the depth of the strip from the free surface =2z sin « and
dS=Areca of the strip=PQ.MN sin «
= ‘:‘:K dx sin o.
i

p=the prcssure at any point of the strip
=z sin «gp, where p is the density of the liguid.



38 A TEXT BOOK OF HYDROSTATICS

If the area is divided into an infinite number of horizontal ele-
mentary strips like PQ, the tlhrusis on all such strips will be acting at
their middle points which lic on the median AD.

Hence the C.P. of the triangle will be on AD.

[ apds I . sin agp. a7r dx sin o
, .
T [pdS T -

T
[ x sin o gp. “ dr sin o
r

_ J x3dx 'E 14‘,
L x*dx L-S —L

==§ AD, the C.P. of ABC is in AD at a distance 3 AD
from A.
+ 43. The Centre of Pressure of a triangular area immer-

sed in a liquid with one side in the surface.

Let DA, the median of the triangle ABC immersed in a liquid,
make an anrfle o with the horizontal. As before it is evident that
the C. P. will be on DA.

Take PQ any Lorizontal strip at a dis-
tance x from D along DA. Let the intercept
MN of AD. cut ofl by the strip, be dx.

Let BC=a. DA=r

PQ AD—z r—x
BCT AD r

P Q_a( r—1) .
Also the dcpth of the strip from the
frec surface-- 2 sin «
dS=arca of the strip=PQ.MN sin «

ar--a .
= ) dx sin o
r

p=npressure at any point of the strip
=gpx sin «, where p is the density of the liquid.
| Jrara '(rfx) dx sin @ gP x sin «
C o = JzpdS _Jo r
o [ pdS j’ a(r—1)
o

dx sin o gp x sin «

”
J' (r~—:r,12d:r

j (r :r)xdx



OENTRE OF PRESSURE 39

["‘:L[ J |
[:rx ] 2

Hence the centre of pressure is the middle point of AD.

-+ 44. The centre of pressure of a vertical circular area
of radius a wholly immersed with its centre at a depth /.

Let O, the centre of the circle, be the origin. Take a point Q
on the circle whose co-ordinates are (x, ¥).

From symmetry it is clear that
the C.P. will be on the verlical line
ABOC.

Now take PQ, any horizontal
strip of thickness dz, at a distance x
from O.

Let the equation of the circle be

12_*_?/2::“2'
dS=area of the strip
=2ydx
p=intensity of pressure on the
strip PQ

=gp(h-+x), where p is the density of the liquid.
Therefore the depth of the C.P. of the circle from the centre

IS.CPdS ji ng h+x)"ydr

Ipds j g!’(h-*—x)"yda‘

.ﬁa zy(h+a)dx

j‘ y(h+x)dx
—a
Putting z=a cos 6, y=a sin  and dv=—a sin 6 d0

™
a L cos 0 sinz‘g_gh‘{—a cos 0)d%

r §in?0 (h--a cos8)d 0

ha ’ cos 0 sin%0 d9+4-a® j cos20 sin%0 d /

h J- sm2 0 do+a L sm26 cosf df
/]
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™
p ]' c0s? sin%0 db

. o (1,2
h J "0 0
Thus the depth of the C.P. from the frce surface
=R a”
4n

. Aliter. Construct a hemisphere on the circle as base, and con-
sider the equilibrium of the liquid contained in it.

S The forces acting on this liquid are
: (7) Its  wt. $na®ge, vertically
downwards through G, the C.G. of it,
where OG=2a.

(i1) The thrust on the eircle
na*fge throuch the centie of pressure P
which is clearly in AB.

(#5¢) The resultant thrust on the
curved surface, which must pass through

0.
Taking moments about O, we
obtain
grags X OG=x=a*hgp X OP
a* @
h — 4h "

Corollary. If the plane be not vertical, we shall obtain the
same expression for OP, provided 7 denotes the distance of the centre
from the effective surface measured in the plane of the circle.

If. however, / is taken to denote the vertical depth of O then
since its distance along the inclined plane of the circle will become
h cosec 0, the distance OP willqbe given by

a
Op= 4h

where 0 is the inclination of the plane.

45. Given the position of the C.P. and the pressure on
each of the two portions into wkich a plane area is divided,
to find the C.P. of the whole area.

Let Py, P; be the C.P. and py1. py be the pressures on the two
portions A and B respectively. Now p; acts at P, and p, at P, and
we are required to find where o
the total pressure (p;-+pg) on ' q“'\—-/f B \

: 1
|

sin 6

the whole area, will act. This

total pressure is clearly the P i
resultant of p, and p, and o } : |
therefore acts at P, (a point on \______\
the straight line joining P;P,) -

such that
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PIP_ P
PP, p,
This gives position of P,
46. If the C.P. and the pressures on the whole area and

on one of the parts be given, te find the CP. of the other
part.

Let P, P; be the C.P., and p, py be the pressures on the whole
arca and the part A respectively.  Then the pressure p (on the whole
area) will be r(*su]t-mt of the pressure p; 'on A and the pressure
p—p; ‘on the other part B) ; let the last act at P, Then Py PPy s
a straight line and

PP, M
PPy =y
thus giving the C.P. required.

47. Solved Example.

Ex. 1. _IBCisa irinnpdar lavena cerically immersed in a

Jid anth A in the surfico and BC horeoniel. s and Nowre tie mud-
points of AL amd AC. Proce Uit tie d-pll (J the centre of pressure of
ihe aree BINCEB o« $34, whie u s the 4 1)‘}: o I. (iaucknow 1959)

Depth of the horizental side
MN= j . MN = 1B,

5

If o be the density of the
liquid, thrust on the triangle ABC

=1BC.d “d

and it acts at a d( pth $d below Al
Again the thrust on the AAMN

1 d 2 d
. TNy ey
g )'\ I 2 d
Q‘ . =“_:B( 9 . 3 2 q
e :
W ~. 2 BCo? gp

3 d
and it acts at o depth - . - below AL
e -

Hence, the depth of the C.P. of the impwium MN(‘B
-B(‘d2 ; d B(‘(M]p q'

1'5 BCdzgp — ﬂbd2gp
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Examples 5

1. Prove that the centre of prossurs of triangle ABC immersed in a
homogeneous liquid with the side BC in the surface, coincyies with the centre
of two equal forces ea‘h { w /\ a acting at the middle point of AB and AC,
where ¢ 18 the vertical deptn of A below BC, /\ the area of the triangle and w
the specific wt. of the Liquid. (AlUahabad 1931)

2. Prove that the depth of the centre of pressuro of a trapezium im-
mersed 1n water with the side @ in the urface and the parallel side b at a depth

I below the surface 1s
(a—l»Bb) I
at2b/ 2

(Calentta 1912 ; Lucknow 1923, 34, 40, 47 ; Agra 1934 ;
Utkal 1948 ; Allahabad 1949, 51 ; Rajputana 1949)

3. A triangle is wholly iinmnorsed in aliquid with its base on the sur-
face. Shew that a horizontal straight hne drawn through the centre of pressure
of the triangle divides 1t nto two purts, the prossures on which are equal.

(Banaras 1959 ; Calcutta 1937)

4. Prove that the horizontal Ime through the centre of pressure of a
rectatgio, immersed in a Lquid with one sid» in the surface, divides the rectan-
gle in two parts, the thud pressures on which are i the 1atio 4 : 4.

(Javvur 1956 ; Andhra 1953)

P is the C.P. of thoe rectangle ABCD, the sids AB being in the sur-
face. Prove that tho hino through A and P dividos the aren into two portions
the pressures on which are cqual,

6. A quadrilateral ABCD, with side~ A3, CD parallel {and DA, BC
equal) 18 immersed i a homegenoous hquid with Als in thoe freo surface. Show
that tho centro oi pressure will bo the intersection of the «agonals, if

AB=4/3CD. (Bombay 1940)

ABC is a triangular Jamina immersed vertically in water with C in
the surface and AB horizontal. Show how to divide the area by a horizontal
line PQ mmto two portions, thru-ts on which are equal.

If i bo the length of the perpendicular from C on AB, prove that the
height above AB of the centre of prescure of the area APQB 1 the above case is
(B35 —4). (Bunaras 1933)

8. A plane lamina consists of a circular disc (radius a and centre O)
from which a circular portion (radius a/2 aud centre P) has been cut. The
lamina 1s completely mmmersed in a homogeneous flurd with its plane vertical
and P vertically below O.  If OP 18 equal to ¢/2 and tho centro of pressure of
tho lamina 1s at O, provoe that O is at a depth (11/~a) below tho surface of the
fluad. (Karnatak 1952 5 .1gra 1946)

9. A squaro lamina, of side a, has a portion of it in the form of the
inscribed circle removed from it and the remaining figure 18 immersed vertically
in water with one side of tho square in the surface. Prove that the depth of the
CP. s

o t4—157
v 4—x

48. Effect of furiher immersion.

A plane area is immersed in a homogeneous liquid, and the depths
of its centres of gravity and pressure are respectively a and b ; if the
whole area be now lowered (without any rotation), to find the new posi-
tion of the centre of pressure.
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A plane lamina is immersed in a liquid with its centre of
gravity, G,, at a depth a and centre of pressure P, at a depth b from
the free surface. If S is the area of the
lamina, the thrust on it is gpgSa acting : '

at P,.
It is then further dipped through A 4 i a
in its own plane. Therefore the depths of !
G and P, (the corresponding points of G, g,
and P, in the new position) are now a-+#h PPt S
and b-+h respectively. R L
Due to this further immersion the 1
pressure at every point increases by an ' A
amount gph and this extra pressure is A :
uniform over the whole area. Therefore H !
the resultant increased thrust due to this T T
depth is gphS acting at G. SRS w
Thus in the second position there are P i
two thrusts ° T

(¢) gpSa acting at P’

(22) gpSh acting at G.

Hence by the rules for compounding parallel forces, it follows
that the resultant of these two pressures acts at P which lies on
P, G and divides it so that

GP goSa a

PP, TgeSh T & -
If z be the depth of P from BA. we have b, taking moments
about BA,
__ 9eSa (b+h) + geSh (a+h)

geSa + geSh
» - k2+2ah+ab
or = - , .
a-th

IS
|

(83

Corollary 1. We have
depth of P — depth of P’
h2+2ah+ab
=" s T FR
b—a
= h4a’
which is always negative for b>a.
Hence, as a consequence of further immerssom, in the area itself
the centre of pressure is raised through the distance
b—a
hta
Corollary 2. The vertical distance between the centre of
pressure and the centre of gravity in the second position

h

h
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k*+2ah+ab
a+h

ab—a?

— (a+1h)

u-+h
which varies inversely as a1, i.e., us the depil of the C.G.

It follows that, the greater the depth, the more nearly does the
centre of pressure approach 1o the centre of gravity, and heice at an
snfinite depth the iwo centres coincide.

Corollary 3. If tke centre of pressure of an area be known when
the atmospheric pressure is negiecicd, s position may be found when
this pressure is tuken into account.

For if [] is the atmospheric pressure its effect is equivalent to
supposing that the given arca las becn further lowered through the

distance g0’ beeause a height 11 of that Iliquid would produce
the same 'pressure I1 as the atmosphere.

Corollary 4. The above tieorem is true of instead of (he area
being depressed tirough o distance h, a depth b of the liquid has been
superimposed on the surface of the liquid.

49. Solved Examples.

Ex. x. A4 itnangle of height I s immersed in a liguid with the
base horizontal and vertex in the surface. Jif the atinospheric pressure is
equivalent to a head of I feet of the liquid, prove that the centre of
presaure 18 raised (0 a fhieight

IH
4(2h+3H)
in the plane of the t.iangle. (Bumbay 1935)

Let the AABC be immersed with A in the free surface’ and
BC horizontal. Let G be the C.G. and P the centre of pressure when
the atmospheric pressure is
neglected. Let S be the area of
the triangle and p the density of
the liquid. Since % is the height
of the triangle, the depth of G is

A

—”;—L and that of P is 3.

When  the atmospheric
pressare is taken into account,
the following are the thrusts

acting on the triangle :—

o
(1) The whole pressure gpS X ”3h acting at P whose depth from

Ais 3h. .
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(2) The increased thrust goSH on account of the atmosphere
acting at G whose depth from A is L;h . This pressure is
uniform on the whole triangle.

Now, if P’ be the new position of the centre of pressure, its

depth from A
9987? X zh+ geSH .

oh
geS +geSH

20
3

3h:40H
T o22h+ 31y’

Hence the raised part

3k 3h24-42 1
4 @)
1 7 3!

& (2h+3H) "

Examples 6

1. A triangle is wholly immersed in a liquid with ite C.G. at a depth 2°
and C.P. at a depth 3”.  Lf the trianclo be lowered through a distanco 2", find
the depth of the C.P. in the new position,

2. An equilateral triangic, each of whose sidos is G4/3 foet long, is
immersad vertically in water with 1ts side in the surface which 1s open to the air.
If the water barometer stands av 34 feet, find tho depth of the centre of
pressure of vhe triangle.

A plane area of any shupe is completely submerged in a fluid of
uniform densmity.  Tts plaue is vertical  The depth of immersion 1s vared with-
out rotating the arean its own plane.  Show thut the product ot () the depth
of the centre of gravitv below the free surface and (v, the depth of 13 centre of
pressure below it contre of gravity is constant, the atmospheric pressure 1s to
be negiectod, (1.C.8. 1928)

4. A triangle hasits baso i the surfave of a iqu'd and 1bs vertex duwn,
wards : if the atmospheric pressura be equivalent to a heighy i of water, prove
that the centre of pressure will be lngher by o distunce

h
LAY
than it is when the atinospheric pressure 8 neglocted, where h’ is the depth of

the C.G. of the trian_le from the suriuce of the water.
(Lucknow 1932 ; Allahabad 1938)

5. A square lamina is just immersed vortically in water and is then
lowered through a depth h; if ais the length of the edge of the square, prove
that the distance of the centre of pressure from the centre of the square 18

a2
Ba4 120 (Allahabad 1935 ; Agra 1944)
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50. The depth of the C.P. of a triangle in terms of the
depths of its three vertices.

Case 1. When one angular point A is in the free surface.

Let ABC be the triangle immersed in a liquid with A in the
free surface. Let the depths of B and C be b and ¢ respectively.

Let CB be produced to meet the surface

—-'?7-—--—‘?—"'1'4\‘ ! in D. Let p be the density of the liquid.
. &'; \ ; Thrust on the triangle ACD=gp} AD
E o c. ; acting at a point whose depth is § .

\\\. Thrust on the triangle ABD=gp} AD.
Y b_Ji acting at a point whose depth is b .
c 3 i 2

. Thrust on the triangle ABC=gp§AD
(c®—b?) acting at a point whose depth is z (say).

Taking moments about the line AD

3
go3AD. : - —golAD . b

gPuKD( —t?)
c:i__b3
cZ___bZ
gy PFetbe

b+c¢ °

Case II. When the depths of the vertices from the free surface
are o, B, ¥

2
I

=3

Let the triangle of case I be now
lowered through a distance « so that the
depths of A, B and C are respectively «,
a+b, a+c.

- ]

e a
Due to this additional depth « an i i
additional thrust geaS will act at the /( \f, X
centre of gravity G, where S is the area of !
the triangle. ‘
|

1

1

Thus in this position there are two
parallel thrusts.

1) 3goS(b+c) acting at P, whose
b2+ +be
bto from A.

depth is }-
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(2) gp a8, acting at Gy, whose depth is 3(h+4c) from A.

Therefore the depth of the final C.P. below the horizonta! line
through A is

.- b2 e he
' 3 geS(b+ )+ 058«
b4 +be +-2a(l +r)
b+c+3a

The depth of P below the free surface is

(b2t be-t2a(b +-c)
T e 3a

If the depths of B and C from the free surface be B and ¥, then
b=f—a, c=Y—a and the above expression becomes
(B—o)?+(Y— P+ (B—a)(V— o) 4 2(B+ ¥ —20)

B47—20+ 3a

_ BBV BY +Yataf
= 2(a+B+7) :

Cor. 1. The above expression can be written as

=a+%

atB oad+B, B+Y BHY, YHa YHax

R B T R A ST

7 CatB, BHY | YHa o
T2t e T

which shows that the ('.P. coincides with the centre of parallel forces
acting at the middle point of the sides and proportionate to the corres-
ponding depths.

Cor. 2. The above expression can also be written as

(2048 +Y)+Bloat2B4-7) 47 (a+B+27)
(2a4+B+7Y)+(x+28+7) +(a+B+27)

which shows that the C.P. coincides with the centre of parallel forces
acting at vertices A, B, C, and proportionate to 2a+B+7, a42p17,
a-+B+27 respeetively.

51. Solved Examples.

Ex. 1. A plane triangular area is immersed in a liquid of
uniform density with its plane vertical, one side horizontal and the
opposite corner downwards. Its vertical altstude is h. and the horizontal
side 18 at a depth h below the effestive surface. Show that its centre of
pressure is at a depth & h below the surface.

(T'ravancore 1945, 1.C.S. 1928)
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Let ABC be the triangle immersed in a liquid with AB
horizontal.

According to the given con-
ditions the depths of A, B, C are
respectively (h, £, 2h) from the
free surface.

Depth of C.P.
:}/2+I.r2+4712«{~-/22+271")'»—{-2}1,’_

N - 2(h-+1 +-2h)

L -z Ex 2. A rhombus is tmmer-
" sed in a liquid with a vertex tn the
surface and the diagonal hrough the verter wcertical. DProve that the
centre of pressure divides tie dingonal in the ratiw 7 2 5.

(Lucknow, 1944 ; Nagpur 1930, 43, 55 : Agra 1927, 36, 40, 52, 56 ;
Jaipur 1955 ; Alluhabad 1920, 27, 31, 54 : Gorakhpur 1959)

Let ABOD be the rhombus immersed in the liquid with A in
the surface and AD vertical.

Since the rhombus is sym-
metrical about the diagonal AD,
the depth of the (WP, of the
rhombus ABCD will be the same
as that of the triangle ABD and
will lic on AD.

Let one side of the rhombus
be a and let AB make an angle 0
with AD.

.. Depths of A, B, D the three vertices of the .\ ABD are res-
pectively a, @ cus 0, 2a cos 9

2 2 2 a2 Ry 2
Depth of C.P. = @ cos® O-+44 cos® 0+2a% cos™ 0

2 '('a cos -2 cos 0)

=-Z§ a cos 0

Vertical distance between the C.P. and the point D,
=AD—%a cos 0
=2a cos 0—7Fa cos O
=fa cos 0
Hence at the C.P. AD is divided in the ratio
Za cos0: ga cosa

[ord

t.e., 7. 5.
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Ex. 3. A quadrilaleral i< immersed in waier with two angular
points in the surface ani the other two at «Ia;:lns a and b. Ifzand 4
are the depihs below the surface of its centres of gravity and pressure res-
pectively. show that

62y 4-ab="Sa(a4-1D).
(Allohabad 1926 ;. Nagpur 1942)

Let ABCD be the guadrilateral withs AB in the surface. Let
the depths of C and D be « and b respeetively. Join AC. Let 8, S,
be the arcas of the triangles ABC,
ADC respectively.

The depths of their (.G's are

a a+tb .
o and 3 respectiveiy.
) .

Since « is the depth of the C.G.
of the quadrilateral

. 1 ati
(S,48,)r=S,. '; +8,. +,'
3x—a S,
_ r—a_ S, o (1
01 () Sl‘f"“e ( )

The depths of the centres of pressures of the triangles ABC,
ADC respectively are

I:2+a2» ub
ia, . ad b :

and the thrust on them we
1 a J
981 g 5 39eS: (atb).
Since y it the depth of the C.P. of the quadrilateral

. a a+h  a:4btal
SirS)ar=Siy - G +8 ") e
or 6 (8;48,) zy=ac? Sl+sz)+szb (a+b)
or 6zy=a +b - b (a+b)
=a24(3 "c—a) (a4-b) from (1)

=3z(a+b)—ab.

Ex. 4. 4 parallelogram has its corners at depths hy, hy, ks, Iy
below the surface of a liquid, and ils cenire at o degth k ; show that the
depth of its centre of pressurc is

Ry¥4ho2 4 hel-t-hy 2—Lblz
124
(Agra 1941 . Allahabad 1942 ; Utkal 1945 ; Lucknow 1951)
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Let the parallelogram ABCD be immersed with its corners
A, B, C, D at depths Ay, kg, hy, I, respectively from the surface. Join
AC.

_hythyt+hsthy
Sttt lthe

We know that the C.P. is the same
as the centre of parallel forces acting at
the middle points of the sides of these
two triangles and proportional in magni-

tudes to the depths of these points.

h ha+h hy+h.
Suppose forces proportional to(hl—_; ‘2 ) , Jj;/;’}'md (_"-g_!)

act as the middle points of the sides of the triangle ABC and forces
proportional to(’—l‘;j‘) , (’i;th")and (—’f";ﬁ—‘> act at the middle
points of the A\ ACD.

hy+hs_
2

But h.

Depth of C.P.

Bt Y (B BB (g

It hat byt t 2h
2[R Ryt R R+ gyt )+ hylhy+ by 148K
= Y
OB 41 4 from (1)
Ryt Bt B8R0
L
Aliter. Let the area of each triangle be S.

Thrust on the A\ ABC=gp _’léi;zﬂ’e.

point whose depth from the surface is
Byt Rt + Fot+ Ao+ by +hiby
2(hy+ ha+hy)
hi+hs+h
QPS(‘I#‘:‘:_‘*.’“{)

and acts at a

Thrust on the A ACD= “ and acts at a point

R RS WES REN NS WD N )
whose depth from the free surface is — 2~ 4 T "¥47 74 17 7174
P 2(hyhy+hy)
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Depth of the C.P.

ha+hy+hg \ (hiP+ho® + kg +hohy+hyhy+-hih hy+hs+h
G e R S
{ hi+hg®+ b3+ hah gt hehy+hohy
o athath) }
908S.3(2h1+2hg+hy+hy) a

_ Pyt hy* by kg kg thahat (e hat bl by +hyh,

12h
Also  (hy+hy+hy+h,)>=16h% e (1)
(hy+hy)*=4R* e (2)
(hyt-hy)2=dh2 e (3)
Subtracting the sum of (2) and (3) from (1)
hohg +hyhg+hyhy+ hohy=4h? ... (4)

The depth of the C.P.
_ Ity g h @ (b ) o by by By
Zn
_ by bbb R 4024402
12h
hy®+ho® 4kt +hP+Sh?
12k

from (3) & (4)

Examples 7

1. A triangle of height 1’/ is immersed vertically in a liquid with its
base parallel to the surface and at a depth 37/, If the vertex be downwards,
find the depth of the centre of preseure of the triangle.

2. A plane triangle (beight 30 c¢m.) is immereed in a liquid, its base
horizontal and vertex uppermost. Find the difference of level between the
C.P. and C.G. of the triangle, given the vertex is 10 em. below the surface,

(Madras 1926)
3. Show that the centre of pressure of a triangular lamina, the depths
of whore angular points are a, b, c, is at a depth
1 ad+t24c2—bc—ca—ab
6 a+b+c
(I)—c)'“’-i—((_:A—a)2+(a—b)2

12 (a+b+c)
below the centre of gravity of the lamina. (Agra 1942, 60)

4. Find the centre of pressure of an isosceles triangle immersed with its
plane vertical and 1ts bage horizontal half as far below the surface as its vertox.

(Calcutta 1911)

5. Find the centre of pressure of a square lamina immersed in a fluid,

with one vertex in the surface and the diagonal vertical.

(Allahabad 1920 ; Patna 1926 ; Lucknow 1944 ; Agra 1931, 35, 50)

or

6. An equilateral triengle ABC of altitude h has one vertex fixed at a
depth 21 below the surface of a liquid. From the position in which BC is hori-
zontal above A, the triangle is turned till BC is again horizontal but below A,
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the plane of the triangle always remaining vertical. Show that the shift of the
centre of pressure relative to the triangle is /1/16. (Agra 1938)

7. A parallelogram ABCD is immersed in & liquid with A in the surface,
and BD horizontal. Prove that the ceutre of pressure P lies on AC such that
AP : AC=T7:12, (Agra 1958 ; Patna 1935)

8 A quadrilateral is immersed vertically having two sides of lengths

2a, a parallel to the surface at depih & and 25 respectively. Show that the
depth of the centre of pressureis 3 . (M.T.)

A lamina in the shape of a quadrilateral ABCD has the side CD in
the surface, and the sides AD, B(C vertical and of lenzths o anl 8 rospectively.
Prove that the depth of the centre of prassure is

ot—Qs (a+8) (x2+82)
) 'E'a‘_'.'ga or % 4B + B2
Lucknow 1956 ; Banaras 1944 ; Agr: 1947, 1951 ; Sagar 1959)

10. Show that the depth of centre of pressure of a rhombus totally
mmersed with one diagonal vertical and its centre at a depth hy i

at
"t Sai

where a is the length of the vertical diagonal.
(Agra 1959 ; Allchabad 1924, 34 ; Aligrah 1942 , Lucknow 1945, 57

52. Solved Examples with Integration.

Ex- 1. A rectangle immersed vertically in water with two sides
horizontal and at depths h and a-+-h respectively below the effective sur-
face ; prove that the distance of the C.P. from the upper side is

@ 3ht2a
3 2h+ta

Show also that the C.P. is below the C.G. of the area, and as the
depth increases, approaches but never coincides with it.

(Allahabad 1923 ; Lucknow 1943)

Let ABCD be the rectangle immersed in water with two sides

AB and CD horizontal and at
depths b and a+ A respective-

o MA=h, MD=h+a

Take OX, a vertical line
dividing the rectangle into
two equal parts as the axis of
z with its peint O in the free
surface.

Divide the rectangular
area into horizontal strips of
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thickness dr. Let PQ be one of them at a distance « from the free
surface. -

Let AB =b and p the density of the water.

p=pressure at any point of PQ=gp.
dS=area of the strip=bdx. -
Hence the depth of C.P. below the free surface

ath
fxpdS L z.gozx. bdx

=" =  fath !
IpdS j gox. bdx :
A

a+-h 9
_L Bz Ry —

[ ea kR

x dx
h

@+34 +-3ah

a+2h .
The depth of the C.P. below the upperside
a*+314-3ah

a+2h o

o  3Sht2a
3 a+2h
And the depth below the C.G.
a
=z —(h+5)
2 @*43ah+3h2 2h+a

S ¥a — 2
3 4a?—3a?
2h+ta
a?
T 6(2h4a)
The above expression is positive hence the C.P. is below the
C.G. of the area.

As b increases the above expression decreases but never actual-
ly vanishes until 4 is infinite.

=2

who

f

Il

Ex. 2. A segment of a parabola cut off by a double ordinate in a
distance h from the vertex 1is immersed with this ordinate in the surface
of a liquid ; find the resullant thrust on #. Find also the position of
the potnt where its line of action meets the lamina. (Javpur 1955 ;

Lucknow 1935 ; Allahabad 1925, 37 ; 52, 57 ; Agra 1949)
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Let the equation to the parabola be y*=4ax where a vertical
X line through O, the vertex, is z-axis

¥ and a perpendicular line OY through
O as y-axis.

M
\ Let MN be in the free surface.

.o
\ T Take a horizontal strip PQ at a
70 distance  from O and thickness dz.

Let p be the density of the
liquid.

e NS L .. p=gp. XT=gp (h—2x),
Y 0 dS=2ydx

.. The pressure on the strip
=2gp (h—2x)y.dx
Hence the whole pressure

h
=2 [ g (h—s) yda

h —

=2gp J (h—2) 2y ax dx
o

5 h

]
8
=4gova 2h° (3—3)
=8gpvakh® F=13 g o b* Vah .

Taking moment about MN, we obtainif z be the depth of
the CP.,

3
—dgova| Bhat —x

h r
"J 2gpy (h—z)dx =j 2goy(h—x)2dx

o o

r (h—z)de O \/ahgoh?
I P A T

' ] “ d ] ' 2 ;
. y(l/ 1)..1‘ l"gph \/ah
—""—} h.

Ex. 3. An ellipse 1s just immersed in witer with its major axis
vertical. Show that if the cen're of pressure coincidss with the focus,
the eccentricity of the ellipse must be }.

(Nagpur 1956 ; Allahabad 1926, 43 ; Agra 1929, 43 ;
Sagar 1949 ; Jaipur 1957)

Let the major axis and minor axis be respectivel y the axes of z
and y. Then the equation of the ellipse is
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, L2y ——=1 e (1)

By symmetry it is evident that the
Q.P. will lie on the line AOB.

Take an elementary strip PQ at a
depth 2 from O, the centre of the ellipse
and of thickness dx.

dS =area of the strip=2ydz

p=intensity of pressure at any point
of the strip

=gp (a+x)
M 2 be the depth of the C.P. from O, we have

~ 2ydxgp(a+z)x
Z =~
2ydzge(a+z)

-a

’ zy (a+x)dx

-—a

a

Y \a+'ﬂ7) dx
"a z (a-}—x),\/( 1—:° ) dx
:_ (a+x),\/( 1-7 ) dz

Now putting x=a sin 0, we get

T2
_a I (1+sin 6) cos? 0 sin 6 do

-t/

2 = [ RS

wi2
f (1+4sin 9) cos2 0 de

-t/ 2

12
ajﬂ (sm 0 cos? 6+ sin? 6 cos? 6) d0

—Tt

J‘ (cos2 0+sm 0 cos? 0) do
~rtfg

T2
aJ / sin? 0 cos® 6 db

~T2

= w2
'[ cos’ 0 db
~nla

]2
2ar sin® 0 cos? 6 dO

= /3
2] cos® 0 db
[
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r(3)r@

P 2r3) _ a.
Toor@r) 4
(2)
Now the C.P. will coincide with the focus, if
ta=ae
ie., e=1%.

Ex. 4. A quadrant of a circle 1s just immersed wvertically in a
heavy homogeneous liquid with one edge (n the surface. Find the centre
of pressure. (Agra 1945 ; Allakabad 1948 . Jaipur 1949, 59)

Let the edge OB of the quadrant be in the free surface. Let
OA be the other vertical edge.

' Let OA wnd OB be the axes of
0o____ .4——-—-;—'—————>Y and y respectively.  1f @ be the radius ;
,’ - the equation of the curve is

- yt=a® ... (1)

Talke one strip PQ parallel to OB at
a depth © and of thickuess dz.

p=o0x
dS=ydx.

’ Denoting by 2and  y the « and y co-
X ordinates of the C.P.

a
ja‘pdS j gexlydr jx?ydr

gp.rydx L.Tydx

a
f 22/ a%—2?® dx
0

ja xy/ a3 —22 dx

Putting x=a sin 0, dr=a cos 0 d0.

(r3)r(3)
I 511\2000526d0= —_,En(ﬁ)- 3ra
o r(r() 16

Since the thrust on PQ will be acting at its middle point, tak-
ing moments about the axis of  we obtain
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Y= . .
jpds j;rydx I ry/ at—atdx
at ot

4
- =3 a
8
ad®

3

a a
IéypdS 3 [a‘g/zdx 12," x(a*—a?)dx

— 1
- 2

Thus the C.P. is (Jmu, §a).

Ex. 5. A semi-ellipse bounded by its minor axis s just tmmers-
ed in a liguid, the densily of which waries as the depth; if the minor

axis be in the surfuce, find the eccentricity in order that the focus may
(Lucknow 1953 ; Allahabad 1933, 55 ;

be the centre of pressure.
Agra 1938)

Let the equation to the cllipse be

oYy

a? b2 = |
with reference to the major as the axis of . It \ .
_____ : :;Q

is clear that the C.P. lies on OX. P
Take onc strip PQ parallel to the minor \\ } /
axis at a depth x from O, the centre of the S
ellipse and of thickness du. |
\

dS=Area of the strip=2yd.. :
X

Since the density at any point of PQ=cx,

where ¢ is any constant,
p=the intensity of pressure at any point of PQ.

=gecx.x =gcx®
a

xpdS § gex® (2ydzx)
[

Depth of C.P.=", = ra
pdS I gea? (2ydx)

~a "
Bydx j 234/ a?—x%dx
o (4

a ¢
xPydx I 224/ a—a? dx
o 0

Putting x=a sin 9, d}:=a cos 6 d0

[ /2

" a?%sin3 0. a® cos? O df
Jo

Depth of C.P. =Tr2 - R
a’ sin? 0 a? cos? 6 do

Jo
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r@2)r()
o 2r@3@)
rr@d

2r (3)
_32a
T 15w ’

a

In order that C.P. may coincide with the focus
32a

“lsn
32

“15n
Ex. 6. Prove that the depth of the C.P. of a parallelogram two of
whose sides are horizontal and at depths h, k below the surface of a
liqusd whose density varies as the depth below the surface s
8 Ik R R
o LPhE4E?
(Allahabad 1911 ; Calcutta ; 1914, 48 ; Agra 1955)
Let PQ be an elementary strip of area of small breadth dz,
perallel to the horizontal side of the parallelogram, at a depth z
from the free surface.

ae

p=1ntensity of pressure at
any point of the strip
= gex.x=gca?
dS=Area of the strip

i Z}. .. The density at
A EA E any point of this strip is

: . ; =c¢x where ¢ is any cons-

: / // tant.

E P 70 (.© density varies as depth)

|

N
~

=PQ.dxr=ABdx.
.*. The depth of the C.P.

k
jxpdS L z. gext. AB dx

IpdS

k

I 23dx
h

= k —

I x%dx

h

3 (K—hY)

4 (k*—13)

. .
L gea®. AB dr
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3 KhTk+hk 4K

=4 h*+hk+k?
Examples 8

1. A rectangle is immersed vertically in & beavy homogeneous li‘quid
with two of its sides horizontal and at depths & and (3 below the surface. Show
that the depth of the centre of pressure is

2 a?teff
3 atf

(Calcutta 1918 ; Patna 1942, 47 ; Utkal 1945, 47 ; Jaipur 1959)
2. A rectangular area of height A is immersed vertically in a liguid
with one side in the surface ; show how to draw & horizoatal line across the
area 8o that the centres of pressure of the parts of the area above and below
this line of division shall be equally distant from 1t. (Nagpur 1957)
A semi-circular lamina of radius @ is immersed in a liqmd with the
diameter in the surface. Find the depth of the centre of prassure. (Sagur 1959;
Lucknow 1942, 45 ; Agra 1928, 48, 52, 54, 56 ; Allahabad 1939, 42, 59)
A umiform elliptic lamina, whose axes are 2a and 2,18 half immers-

od in water, the axis 2b being in the surface. Fnd the centro of pressure
{(Allahabad ; 1953 lucknow [912, 48)
5. Anellipse is completely immersed, with 1ts minor axis borizontal
and at a depth /4 ; find the positon of the centre of pressure. (-1Ulahabad 1943)
6. A semi-circular area of radius ¢ 13 in norsad vertically with ite
diameter horizontal at a depth . If the circumference be below the centre,

prove that the depth of the centre of pressure is

1 3 (a+40%)+32a6 (Bomtay 1948)

4 Tda4s mh

7. Prove that the depth of the centre of pressure of tho area hounded
by two concentric semi-circles with their common bounding diameter 1 the
surface is

3 at—b4
16 * as—t3
a and b being their radii. (Allahabad 1950 ; Jaipnr 1956)

8. A quadrant of a circle of radius a is im norsed vertically with 1ts
bounding radius horizontal at a depth &.

Find the contre of pressure,

9. Find the C.P of a paraboli: lamina immorsed vertically in, & hquid
with its vertex at a depth k below the water surface, aud the lamuna 19 bounded
by an ordinate at a distance 4 from the vertex which 18 below the ordinate,

10. A quadrant of a circle is just immoersed vert:callv with one edge on
the surface in a liquid whose density varios as the depth. [Find out tho centre

. of pressure,

11.  Prove that the depth of the C.P. of a parabolic lamina from its
vertex immersed vertically in a liquid with its vertex at a depth & below the
water surface, and bounded by sn ordinate at a distance i from the vertox is

3  Tk+b6h
7 bk+3h
when the vertex is above the ordinate.
Consider also the case when the density of the liquid varies as the depth.
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53. Liquids more than one.—Suppose we have a number of
layers of diffcrent fiuids which do not mix and we want to find the
depth of the C.P. of an area immersed in all the liquids.

Let the densities of the » liquids be oy, 25 --... , on in ascending
order and let A,, A,,...... A, be the parts of the whole area in contact

with these liquids respectively.

The thrust on the arca will remain the same even if we consider
that one liquid of density p, is in contact with the whole area
(A +A... .. +A,), second liquid of density p;—p, in contact with
(Ay+As+...... +A,) arca, third liquid of density pg—p;— (p2—p1) t.e.,
{ps—p.) in contact with (A,+A,;+...-+A,) arca and so on and lastly
the liquid of density (pn—pa—1) in contact with A, area.

Then taking moments of these thrusts and the resultant thrust
about some suitable line, the depth of the C.P. can be found.

The method is illustrated by means of examples in the next
article.

54. Solved Examples.

Ex. 1. Prove that the centic of pressure of @ rliombus immersed
in two liquids which do not mix, with a vertex in the upper surface and
a diagonal in the common surfuce, divides the other dicgonal in the ratio
of 17 : 11 if the density of the lower liquid is twice 1hat of the upper
liquad.

Let ABCD be the rhombus with A in the surface and BD in the
common surface.  Let p and 2p be the densities of the two liquids.
Let & be the depth of BD, therefore
2k is the depth of C. On account of the
symmetry about the diagonal AC, the
depth of the C.P. of the rhombus will be
the same as that of the NABC. Let
ABC be of area S.

Now for this triangle, thrust will
be the same as that for a liquid of
density p for the whole triangle ABC
and that for a liquid of density (2p—p)
i.e., o for the triangle BOC.

Thrust on the triangle ABC

=8.hge acting at a point whose
depth from the upper surface is gh.

Thrust on the ABOC

S h

2 73

ge acting at a point whose depth from the upper

surface is ( h+-g~>'£.c., 3 h.

9
P
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Depth of the C.P. of the whole area

7 S -
Shgp.*e h+ o " w0 h

M%+§-0w

= 170
Depth of AC=27.
Hence at the C.P. the diagonal AC iz divided in the ratio
L2h . (2h—1IA) 7 17 1 1L

Ex. 2. A reclangle is immersed in fluids of density p, 20 3p -
np ; the top of the reclangle being in the s face of the first lLiquid (mri’
the area smmersed tn each liquid being the same ; show that the depth of
the ceidre of pressure of the rectangle is

In+1 h
2n+1 " 2

where b 28 the depth of the lower side.

Rectangle ABCD is immersed in n liquids with AB in the free
surface.

Thrust in this case is the same as 1
that for a liquid of density g on the
rectangle of height h+that for a liquid
of den:ity (2p— p) on the rect. of height

h ( 1——»5 >+ that for a liquid of density
(30 —2p) on the reet. of height.

5 - 1777
ie( 1— :L )-{-— ... +that for a liquid of _ ..“.“ iny
n C
density np—(n —1) ¢ on the rect. of height
h
n’
The thrusts on these rectangles are
i 2 (n—1)% A2 (n—2)% h?
ge AB. o 299 AB nz o 08 AB 2 EURREETIN, ,

o

ABR .
e o respectively.

The distances of the centres of pressures of these rectangles from
the lowest side DC are respectively

h (n—1)h (n—ﬂ)h h

3 , 3n N mn g seesteis aen 3n "
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If % be the height of the C.P. from DC, then taking moments
about DC, we obtain

Bk (n-12 B (n—1)k K,k
s B h pgap (VB0 DR Loy g
2= e T , N 72
geAB- - + gpAB e e +gpAB at i
_h
T 3n
1 2
afuren | :
T9n m(n+1)(2n+1)
6
h(n+1)

=o2n+1)
.'. Depth of the C.P. from the free surface
h(n+1)
22n+1) °
In+1 h
= onil 2"

::h_“

Examples g

1. A rectangle is immersed in two liquids of debsity p and 2e
which do not muix; the top of the rectangle is in the surface of the first
liquid and the area immersed in each is the same. Prove that the C.P. divides
the rectangle in the ratio 7 : 3.

2. Prove that the C.P. of a rhombus immersed in two liquids which
do not mix, with a vertex in the upper surface and a diagonal 1n the common
surface, divides the other diagonul in the ratio of 8 : 3 if the demsity of the
lower Liquid is thrice that of the upper liqud.

3. A vessel contains three fluide of densities p, 2p and 3p. A triangle
of area A is supported with one side in the surface of the fluid of density o and
the opposite vertex in the fluid of densitv :p. If 3h, 2h and 4 are the depths
of the vertex below the upper surface of the three fluids, prove that, neglecting
the atmospheric prossure, the thrust on each fuce of tho triangle is

4; gp Ah.

Also prove that the depth of the C.P. of the triangle from the free sur-

face is 59h/36. (M.T)

A fluid of depth 2a and uniform density p is superposed on a liquid

of density 2p and depth greater than a A circular lamina of radius a, is

placed with its plane vertical and its centre in the surface common to the two

liguids. Prove that the depth of the C P. below the centre of lamina, neglect-
ing the atmosphoric pressure, iy

9ma .
16 3n+1)° - (M.T)

. The centre of Pressure of a plane area lies verti-
cally beneath the centre of Gravity of the superincumbent

fluid.
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Let the area ABCD be immersed not in a vertical position.
From every point of the perimeter of the area draw vertical lines to
meet the free surface in the curve A'B'C'D’.
The volume of the fluid enclosed by these
lines and the plane area is called the superin-
cumbent fluid. Consider the equilibrium of
the superincumbent fluid. The forces acting
on it are :

(1) its wt. acting vertically downwards
through its centre of gravity G ;

(2) normal fluid-thrust on ABCD act-
ing at its centre of pressure P ;

(3) pressure on the curved surface,
which is horizontal at every point.

The vertical components of these forces must themselves form
a system in equilibrium s.e., the wt. of the superincumbent liquid at
G and the vertical component of the fluid thrust on the area acting
at P must be equal and must act along the same line, so that GP
i8 vertical.

56. Application. The above method can be illustrated by
finding the C.P. of a rectangular plane area.
Let ABCD be rectangle inclined at a finite angle to the vertical
plane through AB which is in the free surface.
Draw vertical lines through all
I‘“ A the points on BC, CD, DA to meet
\ N the surface in BR, RQ, QA. Now

.

\

v the superincumbent liquid is in
1

B
R Y the shape of a triangular prism
B (BRC, AQD.)
Py If L, M, N be the middle points
C )

1 of AB, CD, RQ it is clear that the
M b C.G of the superincumbent liquid
coincides with the C.G. of the

A LMN.

Hence bisecting LM in E, and taking EG=4 EN, we have G,
the centre of gravity.

If we draw GP a vertical line to cut therectangle in P, we have
EP : EM=EG : EN=1: 3.

EP=} EM=}LM

and LP=LE+4+EP=} LM+% LM=#% LM.

Hence the centre of pressure lies on the middle line of the rectangle
at a distance down equal to two-thirds of it.

57. Harder Examples Solved.

Ex. 1 A4 system of coazal circle is immersed tn water with the
line of centres at a given depth. Prove that the centres of pressure of
those circular areas which are completely immersed, lie on a parabola.
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Taking the line of centres as x-axis and the radical line as
y-axis, the equation to any
such circle is

e @yt —2grte=0,

o
\ . . . .oy
/\\ / o \ where ¢ is variable d.e., difle-
s - y ¢+ vent for different circles.
U \J{’/ Tiw centre Cis (g, ) and
1£ 7 be sts radius then

o o
22— .(/_ —

o

Now the C.P. P is below C such that CP= :/ where & ois the
’

depth of the iine of centres,
If (2, %) be the co-ordinates of P then

2
xr=0C=g. y=CP = e

2 L.
y= 94/1( =" 4 “. Hence the locus of P is purabola.

Ex. 2. The asympiote of a lypcrbo'a lies in the suface of ‘¢
fluid ; find the depth of the cenire of presswre of the arca included bet-
ween the immersed asymplote, the curee, and two given horizonlal lines
in the place of the hyperbola.

Asymptote OA is in the free surface. Let the depths of the
given horizontal lines SR and LM be @ and & respectively. We are
required to find the C.P. of the area
SRML. Divide the area into thin @ A
horizontal strips and let PQ be one of
them at a depth x from the surface. Let
its vertical thickness be dw.

If the angle between the asym-
ptote is a. the area of this strip=PQ.dr

The pressure on the strip
=qp.PQ.dr. OP sin a.

But PQ OP sin a=c. constant. by the property of the hyper-
bola.
The pressure on the strip=gprdx and it acts at a depth =
below the surface.
Hence depth of the C.P. of the area SRML

b
gocaxdr
. j.l ° b2 - a2

="y = g -
j{lpcd.r 2b—a)
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= } (a+D), v.e., the arithmetic mean between the depths of
the given lines.

Ex. 3. Fuind the coordinates of the centre of pressure of the area
between the curve /x+Vy=+/a. and the axes, taking the axes to be
rectangular and one of them in the surface.

Take one strip PQ paralicl to OY, the axis in the surface at
a depth « from O and of thickness dx.

Let the coordinates of the point Q () _sugract Y
be (x, y) —

dS=ydx and p=gpx p

] f xpdS J 2%y dx

%= g
IpdS I zy dr
o

J
Putting z = a sin* 0, y=a cos? 6 and N
dxr = 4a sin® O cos 0 d O

/2 i
a j sin!! 0 cos® 0 dr
o

T= -y -
J sin 9 cos® 0 do
T'(6)T(3)
2T
T3
2T (7)

Taking moments about the axis of 2
a
% Iypds ;: f xy® dx
- o

y = Y B
J pdS J xy dx
)
jn/ “ ¢0s%) sin’0 d0
°/2 -, with the same substitution
J'vr sin’0 cos®0 do

o

ia

20 _

T@orE =
2T(7)

The C.P. 18 (1§Qa. 2'350)

Ex. 4. If a quadrilateral area be entirely immersed in water, and
a, B.7, 3 be depths of its four corners_and h that of its centre of gravity,

I
1O
R

a.



66 A TEXT BOOK OF HYDROSTATIOS

show that the depth of its centre of pressure is
1
HatBry+o)— o (BY+yatap+as+p3+79).

(M.T. 1881 ; Patna 1927)

Let ABCD be the quadrilateral. Join AC. Let S;, S, be the
areas of the triangles ABC, ADC respectively.

The depths of their centres of gra-

S, atstv—h

- T T H .
! B g vity are
! . Hoat-B+7) and Hats+y)  res-
o« ' 4 pectively.  Since % is the depth of the
! ‘ C.G. of the quadrilateral.
: : h(S34-8s) =3(a+L+7) S; +3(x+3+7) S,
(]
A E or 21 % 3h—(a+B+7) g:——(a—{—S-{—‘Y)—lo.
1 2
|
! == .
: O S = (atB+) M)
N The depths of the centres of pressure
D of the triangles ABC, ADC respectively,

are
1 B4y 4 aftar+BY 1 ot?'_—%—S'l—{-'}j?‘{—_gS +ay 435y
2 at-B4-Y o2 at547
and the thrusts on them are
3 Si(a+B47)gpP, 1S, (-+8-+7)gp respectively.

=, the depth of the C.P. of the quadrilateral is given by

2 h(S;+Sy) = § Sy (a2+ L2472+ P +ay +-BY)
+6Sy(a®+ V2482 4-ay +-ad 4 78) ;
O

or zh (‘il +1 )=% 'S (®+B°+ 72+ aB+ay+BY) ;
S 2
2 +a(e 72482 ar +ad+7Vs) . (2)

Putting the value of »—21 from (1) in (2)
>

2=} @HBETHD) — g (BTt a+ad+p3d).

Examples 10

1. When the depth of the liquid is increascd by an amount a, the

.depth of the centre of pressure is found to increase by w, and when instead,

the depth of the liquid 1s increased by b, that of the centre of pressure is found

to increase by =, Show that the depth of the centre of gravity of the area n
the original state of the liquid 1s

abb—a+4y—=z)

az— by :

2. Show that the ratio of the depths of the centre of pressure of an

-allipse completely immersed in a liquid with its centre at a depth h below

‘the free surface and with its minor axis horizontal in one case and vertical in

(Utkal 1947, Poona 1932)
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another case is
412+a?
4h2+4br
3. Show that if a lamina totally immersed in a liguid is & quadrant of
a circle of radius a, of which the centre 18 1 the surface, the locus of the C.P.
lies in a straight line
x+y= l%(l(n-{-‘l). (Poora 1949)

. A trapezium ABCD is immersed with the side AB in the surface of
water and the eides AD (=a), BC (=b) are vertical. Prove that the vertical
Iine through the C P. divides AB 1n the ratio

a2+42ab+3b2% : 3a2+ 2ab-+b2. (Agyra 1947)
5. A parallelogram, whose plane 18 vertical and centre at a depth h
below the surface, 18 totally immersed. Show that if « and b are the lengths of

the projections of 1ts sides on a vertical line, then the depth of 1ts centre of
pressure will be

a4 b2

It o,

(M.T.)

6. A square whose side is 2a is completely immersed in a homogeneous
liquid is a vertical plane with its centre at a depth @ Prove that the CP. is
vertically below the centre of the square and at a distance !a2/d from it, what-
ever be the inclination of the side of the square to the vertical. (M.T.)

7. From a semi-circle whose diamecter is in the surface of a hquid, cirele
is cut out, whose diameter is the vortical radius of the semi-circle. Prove that
the depth of the C.I’. of the remainder s

Yra

S(16—53m) ° (Nagpur 1955)
8. A rectangular hexagon of side ¢ is immersed 1n water with one side

in the surface. Show that the depth of its centre of pressure is to that of its

centre of gravity as 23 : 18, (U.P.S.(". 1939)
o. A flat circular plate of radius «, lies on a plane inclined at 30° to the

horizontal, and 1s rubjected to water pressure on one face. The centre of pres-

. . a . \ .
sure is at a distance 16 from the geometric centre. Show that the geometric

centro is at a depth 2a below the free surface of the water. (M.T.)

10. A cube, with edges of length 2q, iz inmersed in a iquid and has one
edge in the surface and two faces through that edge oqually inclined to the
horizontal. Find tho centres of pressure of all the faces, (M.T'. Utkal 1946)

11. APCisatriangle immersed in a liquid. The ride AB 14 in the surface
and is divided in D so that 6AD DB=ARB% lLines DE, DF drawn parallel to
AC and BC forin the parallelogram DECF. Prove that the depths of the
centre of pressure of DECF and ACB are in the ratio 11 : 9.

12. An area bounded by the curve ay2=x3, the x-axis and the ordinate
x=a, i3 immers¢d in water with the axis in the surface.  Find the co-ordinates
of the centre of pressure. (Agra 1948, 51, Jaipur 1959)

13. An area bounded by the curve ay2=x3, an abscissa of length h and
the ordinate at its extremity, is pluced in water with the ordinate in the turface.
Prove that the depth of the C.P.1s $h.

14 A circular dise of radius a is completely immersed with 1ts plane
vertical in a homogeneous fluid. If I is the depth of the centre helow the free
surface of the hiquid, prove that the distance between the centres of pressure of
the two semi-circles into which the disc is divided by its horizonal diameter is

4h2—ad

6n «. 9n3hi— 16a? ° . (M.T.)
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15. If the C.P. of a triangle ABC, completely immersed, coincide with its

circurncentre, show that the depths of the angular points are as
1—2cot Beot C: 1—2 cot C cot A: 1—2 cot A cot B.

16. Given that tho centre of pressure of a circular disc of radius r with
one point 1n the surface, 1< at a distance p from the centre, show that for a disc
of radius R wholly immersed with 1ts centre at a distance h from the surface, the
distance between the centre of the circle and the centre of pressure is

ph? ,
. M.T.
for ( )

17. A plane quadrilateral ABCD is entirely 1mmersed in water with the
side AB in the surfuce, If the depths ot C and D bhelow the surface are y and &
respectively, and that of the C.G. 1s /i, prove that the depth of the centre of
pressure 1s

Y+8 8
2 bRt

18. A triangular Inmina ABC right-angled at C, is just immersed in a
fluid with the vertex C in the surface and the side CA inchined at 3U° with the
surface. If the centre of pressurc s vertically below C, prove that the angle
Bis § tan—1(24/3). (Nagpur 1940)

19. A circular sector centre (O and radius g, symmetrical about the
radius OP, 18 completely immersed with I’ in the surface and OP vertical.
Determine the depth of 118 centre of preesure,

20 The angular points of a triangle immersed in a liquid whose density
varies as the depth, are at distances o, B, y respectively below the surface.
Show that the centre of pressure 1s at the depth

3 (0+B+y) (o +B24y2)+aby ) )
5 0‘2+51+Y2+°‘B+f5‘{+m¥ (famu 19-6)



CHAPTER VI

THRUSTS ON CURVED SURFACES

58. Thrust on a Curved Surface. So far we have confined
ourselves to plane surfaccs in contact with fluids. But m this
chapter we shall be considering the curved surfaces in contact with
fluids at rest under gravity.

Suppose a curved surface is in contact with a fluid, This surface
-an be divided into very small clements the fluid thrust on each of
which is normal to that element  In this manner these fluid thrusts
form a systein of forces which are neither in the same direction, nor
generally in the same plane. Therefore such a system can be reduced
in general 1o a single force iogether awith @ single couple, and not to
a ssngle force. But this tetality of pressure can be found in the form
of three (or two) forces acting along lines which may not necessarily
be coplanar in the following manner.

59. Resultant Vertical Thrust. Let the fluid thrust on
cach element be firstly resolved into vertical and horizontal com-
ponents. Since all the vertical components are parallel they now
form a system of parallel forces which can be compounded into a
single resultant vertical {force, say Z. This resultant is called the
Resultant Vertical Thrust of the fluid on the surface.

60. Resultant Horizontal Thrust. Next consider the hori-
zontal components.  They are not parallel to cach other since hori-
zontal lines can be drawn in infinite directions. Hence we resolve
them further along Ox and Oy, two conveniently chosen horizontal
directions at right angles to one another. The components parallel
to O will forni a system of parallel forees which can be compounded
into a single resultant (say X) acting parallel to Ox.  Similarly the
resolved components parallel to Oy can be compounded into a single
resultant (say Y) along Oy. These resultants X and Y which can be
thus determined in magnitude and direction are called the Resul-
tant Horizontal Thrusts parallel to Oz and Oy respectively.

Three resultants X, Y and Z will together give us the resultant
of the tluid thrust on the given surface. These thrusts will in general
act along non-coplanar lines.

Note 1. If in a particular case these three forces are concur-
rent, they can be compounded into a single resultant force, which
may be called Resultant Fluid Thrust on the surface.

Note 2. If only two forces X and Y interscct, these two
can be compounded and thus the horizontal fluid thrust will be
obtained. ,
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61. How to find Resultant Vettical Thrust.

Let a curved surface ABCD be immersed in a heavy homo-
geneous liquid.  Through each point of the bounding edge of the
, surface ABCD draw vertical straight lines

so as to isolate a vertical cylinder®(ABCD,
. A'B'C'D’) of the liquid, resting on the curved
i area ABCD and cutting the surface of the
+liquidin A’B’C'D’. This cylinder of liquid
may be called the ‘superincumbent liquid’.

For wvertical equilibrium the forces
acting on this cylinder are

(¢) The weight of the cylinder of the
liquid acting downwards through its centre
of gravity.

(1) The vertical component of the
reaction of the surface ABCD upon it acting
upwards.

But the reaction of the surface is equal and opposite to the
thrust of the fluid upon it. Therefore the vertical component of
the thrust of the fluid upon the surface is equal to the weight of the
superincumbent liquid.

Hence

The Resultant Vertical Thrust on any surface immersed in a
liquid 1s equal to the weight of the superincumbent liquid and acts
through the centre of gravily of this superincumbent liquid.

62. Special Cases.

(a) When the liquid presses upwards.

Suppose a vessel (surahi) as shown in the adjoining figure is
filled with a liquid and it is required to find a vertical thrust on the
portion ABCD  This thrust is pressing
upwards. As in the last article through — , .s
every point of the bounding edge of the AFTR
surface ABCD draw vertical straight
lines to meet the plane of zero pressure
in curve A'B'C'D’".

Since pressui» at each point of the
surface ABCD depends only on the depth
of the point below the surface of the
liquid, the vertical component of the
upward thrust of the tluid on ABCD is
equal to the weight of the fluid which
would fill the (‘v]mder (ABCD. A'B'C'D").
Hence in such cascs

t I
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The Resultant Vertical Thrust on the given portion of surface
18 equal to the weight of the liquid that could lie upon it upto the level of
the surface of the liquid, and acts vertically upwards through the C.Q. of
the liguid.

(b) When the liquid presses partly upwards and partly
downwards.

Suppose we are to consider the pressure on the arca ABC
where liquid presses partly upwards on the arca AB  and
presses partly downwards on the arca BC.

The resultant vertical thrust on the
area AB is upwards and is equal to the
weight of the liquid that would fill the
column ABB'A’ vertically above it.

The resultant vertical thrust on the
area BC is downwards and is equal to the
weight of the liquid that would fill the
column BCA'B’ vertically above it.

. The vertical thrust on the sur-
fuce ABC
==Difference of the above two weights
=wt. of the liquid CBA
= wt. of the contaned liquid acting downwards.

Note.—The above i8 a particular case of the next Article.
63. Liquid contained in a vessel.

If liquid be contained in a vessel, then the resultant fluid thrust
on the vessel is equal to the weight of the liquid in the vessel and acts
vertically downwards through the C.G. of this liquid.

Sonsider the equilibrium of the liquid contained in the vessel.
There are two forces acting on it, viz., its weight and the reaction of
the vessel on the liquid. Hence these two must be equal and
opposite ; but the reaction of the vessel on the lignid is equal and
opposite to the thrust of the liquid on the vessel. Therefore the
fluid-thrust on the vessel is equal to the weight of contained liquid,
whence, the theorem.

64. Solved Examples.

Ex. 1. A conical wine-glass is filled with water and placed n
an inverted position upon a table ; show that the resultant vertical
thrust of the water on the glass ts two-thirds that on the table.

(M.T. 1858, Rangodn 1947 ; Agra 1950)
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Let ABC' be the conical glass of height 2 and radius of the
‘base 7.

Thrust on the base==r*hgp

Vertical thrust on the eurved surface

=wt. of the superincumbent liquid

=wt. of the eylindrical liquid of height
A and the same base — wt. of the
liquid contained in the glass,

=gnrthgp—3wrihgP

=3nr2hgp

3 =% {hrust on the base,

Ex. 2. 1 vessel in the shape of a bollow kemasphere surmounted
by a come is held with the aris vertical and vertexr uppermost.  If it be
filled with a Liquid so as to submerge half the (.1(7'7'8 n/_' the cone in the
Liquid, and height of the cone be double the radius of its base. show (hat

5

the resultant downward thrust of the liquid on the vesecl 15 3> times the
weight of the liquid that the hemisphere can hold.

Let the radius of the hemisphere e .
Height of the cone==2r. Hence the radius of the

r
free surface can easily be found to be .

-

Weight of the liguid that the hemusphere
can hold
’ =% ©rigp where pois the density of the

liquid.

The resultant vertical downward thrust on
the vessel.

~=wt. of the hiquid contained in the vessel.

= krr{r®-4- 3% - drthae -t 5nrdgp

==3m%p

=3 F=rp

=15 the wt. of the lignid that the hemisphere can hold.

Ex. 3. A double-funnl is formed by joining two cqual  hollow
cones at their vertices and stands on a horizontal plane with the common
axis vertical | liquid is powd into the cone antil ils suiface bisects
the aris of the upper cone.  If the liquid be on the point of cxcaping
between the lowor concs and the table, prove that the waght of cither cone
18 to that of the liquid it can hold as 27 : 16. (M.T. Agra 1949)

Let cach cone be of height % and radius r. The height of the
quid is A,
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. Vertical downward thrust on the upper cone=:,'y nrihgp
where p is the density of the liquid.

Vertical upward thrust on the cone

7\
-

=wt. of the superincumbent liguid \ !

=wt. of the evlindrical liqud ABCD—wt. DR :% "

of the liquid in the cone OAB i - l

K 9 « 7 9 ! l !

= 3nrthgp — Yr®hgp=l=rhgp ' A\ a .

A F

.. Resultant vertical upward thrust on \ SN .

the vessel = (7 —24) =rhge— 35 =righe. ! / k \ '

Since the liquid ix on the point of escaping | Lo '

between the lower cone and  the table, the :/ - \',

vertical upward thrust must be cqual to the 'V,,—-{-- A
weight of the vessel. At o 3

Let W be the wt. of cither cone

c sy wrthgp==2W

or W= 27 =rhge.

The weight of the liquid that a cone can hold - jor*hgp

. W owt. of the liquid a cone can hold==33 =~hgp . Irrhgp
27 .16,

Examples 11

1. A comeal vessel filled with water, stands with it plane base on a
Lonizontal table  Prove that the thrust of the hiquid on the base of tho cono s
three tunes the weight o the contained water.  How do vou exnlaim the result ¥

(1yra 1933, 58, Culoutta 1948)

2 A\ quantity of water which just fills o cone, whose heicht 15 h and the
radis of whose base 14 7. 15 noursd into a ey hinder, the tedius of whose base s
nlso 7. Compare the thrust on the two bases, the axis of sneh vessel being
vertical.

A hemispherical bowl s Dlled with water and inverted and placed
with its plune base i contact with o horizontal table . <how that the resultant

thrust on 1t~ surface 1= one-third ot the thrust on the table
(lyra 1944, 49, Patna 1948)

A hollow cone filled with water and cloged, v held with s axis
horizontal, find the resultant vertionl pres ure on the upper bulf of its curved
surface.

Find it on the lower hall as well, (" aleutta 1915, thearh 1942)

5. A might circular evhinder is just unmersed an water with its axis
horizontal  Compare the vertical thrusts on the two parts of the curved surface
! 1
irto wlinch 1t s divaded by the horizontal plane through the axis,

6. A solid right cone, hewrt I and rad-as @ fof the base) s comy lotely
mmmersed 1 s hgud with ats axis horzontal and s depth b Compare the
vertical fluid thrust on the two hal.es into which the curved surface 15 divided
by s horizontal plane through the axis, (Uthal 1947)

A bucket in the form of a frustum of a cone, the radn of 1ts top and
bottomn being a and b (h<a) mches respectively, 16 of height i and s full of
water. Find the resultant vertical thrust onits curved surface.
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8. A hollow sphere of radius a is just filled with water ; find the resul-
tant vertical thrusts on the two portions into which the surface is divided by a
horizontal plane at depth ¢ below the centre. (Allahabad 1946)

A hollow closed vessel in the shape of a cylinder surmounted by &
cone is filled with liquid. If the axis of the cone be three times as long as that
of the cylinder, prove that the resu'tant thrust on the surface of the cone will be
the rame in the two positions in which the vessel can be placed with its axis
vertical.

10. A conical glass whose weight is %th of the weight of water which
would just fill it, 1s pla~ed vertex upwards on a smooth table and water is
gradually poured in throuzh a hole made in the top. Show that the cup will be
on the point of rising from the table when the water reaches half the height of
the cup. (~agar 1949 ; Agra 1956)

1r. A hollow cone is placed with its vertex upwards on a horizontal table
and a hiquid is poured 1n through a small hole in the vertex : if the cone begins
to rise when the weight of the Liquid poured 1n is equal to its own weight, prove
that its weight is to the weight of the hiquid required to fill the cone as

9—-34/3 : 4, (Nagpur 1956 ; Patna 1941)

12. A vessel in the shape of the greator segment of u sphere of radius a
cut off by a planc at a distance ¢ from the centre rests with its base on a table.
If the secment is filled with water, show that the resultant vertical thrust on
the curved surface will be an upward forco f c< da.

13. The shape of the interior of a vessel is a double cone, the ends being
open and the two portions connected by a minute aperture at a common vertex ;
it is pluced with one circular rim fitting close upon a horizontal plane and is
filled with water : find the resultant vertical thrust on the vessel and show that
it will be zero 1f the length of the axis of the upper portion be twice that of the
lower.

14. A double funnel, formed of two equal cones with a common axis
communicating at their common vertex, 1~ placed on a horizontal plane with the
axis vertical and s filled with water ; prove that the resultant vertical thrust
on the curved surface of the lower cone s 24 tines the wt. of the water.

65. How to find Resultant Horizontal Thrust.

Suppose ABCD is a surfacc on which the horizontal thrust is
to be found in a given horizontal direc-
tion.

Through each point of the
boundary of the given surface, draw
horizontal lines AA’, BB’, CC’, DD’ in
the given direction, and let these lines
mect a vertical plane perpendicular to
the given direction in a closed curve
A'B'C’D’. Then A'B'C'D’ will be the
projection of the surface on this plane.

Now consider the equilibrium of the mass of fluid enclosed
between the given surface ABCD, its projection A'B'C'D’ and the
cylindrical surface generated by lines drawn in the given horizontal
direction. For horizontal equilibrium of this cylinder, the only
forces are
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(¢) the horizontal component of the thrust on the surface
ABCD in this direction, and

(¢2) the fluid-thrust or the whole pressure on the plane area
A'B'C’'D’ acting through its centre of pressure.

Therefore these two fluid-thrusts must be equal in magnitude
and act along the same line on opposite directions.

Hence, the Resultant Horizontal Thrust on a given surface
in contact with @ fluid in any given direction is equal, in magnitude and
line of action, to the whole pressure on the projection of the surface
upon a vertical plane perpendicular to the given direction.

Note 1. The dircction of the resultant horizontal thrust is
from the liquid to the side of the surface under consideration.

Note 2. In the above theorem each of the lines AA” cuts the
surface in one point only. If the case be otherwise, the given sur-
face should be divided into two or more parts in each of which the
condition is satisfied. Then the above theorem may be applied to
obtain the horizontal component in the given direction on each part
separately and then all these components can be compounded into a
single one.

Note 3. If a continuous surface can be divided into two parts
only, the projections of which on the plane perpendicular to the given
direction are identical, there will be no horizontal thrust on the
surface in that direction (for the horizontal thrusts on two parts
will balance).

For an example we may consider the curved surface of a right
circular solid cone immersed in a liquid with its axis vertical. There
is no horizontal fluid thrust on this solid conc. The ouly fluid
thrust is wholly vertical.

66. Resultant Thrust. As has been stated in the beginning
of this chapter, the resultant horizontal thrust is obtained by com-
pounding, where cver possible, the horizontal components in two con-
venient directions at right angles (say X and Y).

The Resultant Vertical Thrust Z is also determined in both
magnitude and line of action.

If these three thrusts can he compounded into one single re-
sultant (as is generally the case with symmetrical bodies) the re-
sultant thrust on the curved surface can be found.

67. Solids immersed in fluids

A solid can be immersed either entirely or in part in a liquid.
Whatever be the case, let us consider the position of equilibrium of
the solid in the liquid and suppose for a moment that the solid is
removed and its place filled by the same liquid which may be called
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the displaced liquid.

This liquid occupying the space of the solid is subject to the
same resultant pressure due bo the surrounding liquid as the original
solid.

Now the liquid, which is supposed to oceupy the position of the
solid, i in equilibrium under the action of its own weight acting
vertically downwards through its centre of gravity, and the thrusts
upon its bounding surfaces due to the surrounding liquid.

Henee the resultant thrust, to which the solid is subject, is
equal 1o the weight of the liquid displaced and acts vertically up-
wards through the centre of gravity of the liquid displaced.

The results of the above explanations were formulated by the
Greek scientist Archimedes and may be included in the following
principle known as the Principle of Archimedes.

““When a solid is wholly or partially immersed in fluid at
rest, the resullant thrust of the fluid on the solid is equal and opposite
lo the weight of the fluid displaced by the solid and acts vertically wp-
wards through the centre of gravity of the fiuid displaced.”

Or in simple words, every body immersed in a liquid loses a
portion of its weight equal to the weight of the liquid displaced.

Note. It is not necessary for the truth of this theorem that
the flui:l should be homogeneous. The density of the fluid may vary
from one horizontal layer to another. In such cases the displaced
fluid must be taken to be of the same density at any point as that of
the surrounding fiuid at the same horizontal level.

68. Delflinitions.

Force of Buoyancy. 7The resullant fluid thrust on a body wholly
or partially immersed in a fluid is called the Force of Buoyancy.

In other words the force of buoyancy is equal to the wt. of the
liguid displaced and acts upwards.

Ceutre of Buoyancy. The Centre cf Gravity of the displaced
fluid is called the Centre of Buoyancy.
69. Solved Examples.

Ex. I A hollow cylinder closed by a plane base 1is filled with
liguid and held with its axis wvertical. Find the resultant horszontal
thrust on half the cylinder cut off by a vertical plane through the axss.

(A'B’CY. ABC) is half the cylinder cut off by a vertical plane
ACC'A’ through its axis 00'.

Le¢t OBB'O’ be another vertical plane perpendicular to the
plane ACC'A’".
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Choosing AC and its perpendicular OB,
as the two horizontal directions along which
components of horizontal thrust may be taken - O ->B
we note that the horizontal thrusts in the direc- a
tion AC must be zero. For, if the surfaces '
AB, B’A’ and BC, C'B’ be projected on the '
vertical plane OB, B'O’, which is a plane of )
symmetry for the semi-cylindrical surface, the !
projections will be identical ; consequently the )
horizontal thrusts for the surfaces ABB’A’ and !
BCC'B’, being equal and opposite, will cancel X
one another. Therefore the horizontal thrust

will be parallel to OB only. Ve
Horizontal thrust=whole pressure on K@ E

the projection of the semi-cylindrical surface 7

(ABC, A'B'C’) on the vertical plane ACC’A’. A

=whole pressure on the rectangle ACC’'A’

i
=2ah. - .
ah 9 ge

=ah®gp, where h is the height and a the
radius of the base of the cylinder.

Ex. 2. A4 solid right circular cone is divided into two parts by a
plane through its axis and one of these portions is just tmmersed, vertex
downwards and axis vertical in water. Find the resultant thrust on its
curved surface and show that it is inclined at an angle tan™' (3 & tan a)
to the horizontal, where o is the semi-vertical angle of the cone.

(Agra 1929, 49 ; Allahabad 1933 ; Banaras 1944, 59)

Let OAC be the vertical plane which cuts the cone into halves.
Let OABC be one of them immersed in the liquid. Let a be
radius of the base of the cone.

Let AC and BD which are perpen-
dicular to each other be the two convenient
horizontal directions along which the com-
ponents of horizontal thrust may be taken.
Here we see that the horizontal thrust
in the direction AC must be zero. For
if the surfaces OAB and OBC be projected
on the vertical plane ODB, which is a plane
of symmetry for the semi-conical surface,
the projections will be identical ; conse-
quently the horizontal thrusts for the sur-
faces OAB and OBC being equal and
opposite will balance one another.

Therefore the horizontal thrust will
be parallel to BD only. Let X and Z
denote the resultant horizontal and verti-
cal thrust respectively.
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X =whole pressure on the projection of the semi-conical
surface OABC on the vertical plane OAC

=whole pressure on the triangle OAC
=gpPa.a cot a.} a cot «
=1gpa® cot® a.

Z=wt. of the supereincumbent liquid
=wt. of the vol. OABC of liquid

=1. 3 a® cot « gp=7¢na® cot agp.

Now since resultant horizontal thrust is normal to the plane
AOC through some point on OD, its line of action will be in the plane
‘ODB.

Since the resultant vertical thrust acts downwards through the
centre of gravity of the semi-cone which is in the symmetrical
plane ODB, its line of action is also in the plane ODB asit is also
vertical.

Therefore these two thrusts are coplanar and since they are not
parallel, they must be concurrent.

Resultant Thrustz(X""—}—Z’)%
=3gPa® cot xv/4 cot? a+n?
If 0 be the inclination of this resultant thrust to the horizontal,
we have
1.3
tan 0— Z _ _s%a cot « gP _

X

k3
: -—tan o
ladcot®agp 2

6=tan‘1<: tan oc).

Ex. 3. A thin hollow vessel in the shape of a right cone with a
circular base is cut in two by a plane through the axis, and the two parts
are hinged together at the vertex and the edges greased so as to be water-
tight. The wvessel is them hung up by the hinge and filled with water
through a small aperture near the hinge. Show that the water will mot
flow out if the vertical angle of the cone exceeds 120°.

OCBD is half of the cone cut off by the plane OCD. Let a be
the radius of the base and « the semi-vertical angle of the cone.

Let X and Y be the horizontal and
vertical thrusts respectively.

.. X=whole pressure on the /2 OCD, by
symmetry there is no component along the
perpendicular to X.

X =a® cot a. 2 a cot & gp

=2 a3 cot® « gp acting at P where
OP=% a cot «.
Y =vertical thrust on the curved surface.
=21r a% cot agp acting at G where
the distance of G from the axis of the cone

. 13
18 —
T
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From Statics we know that the water will not flow out if
Moment of ¥ about the hinge > moment of X about the hinge

. a
1.e., 2w a® cot @ gp. — > % a® cot? « gP. 3a cot «
6 ge = g

or tan? a« > 3

or tan & > 4/3
or a > 60°
or 2a > 120°.

Ex. 4. Two closely fitting hemispheres made of a material of
uniform thickness are hinged together at a point on their rims, and are
suspended from the hinge. The rims are greased so that the whole forms
a water-tight vessel. 1t is being filled with a liquid through a small hole
near the hinge. Prove that the contact will not give way if the weight of
the shell exceeds three times that of the water it contains. (M.T.)

Let A be the hinge and O the centre of the hemispheres whose
radius is a. 7

The forces acting on one of the
hemispheres are
(¢) Reaction at the hinge A.
(72) Its weight W’ acting verti-
cally downwards at G where OG=}a. _
(227) The vertical fluid thrust equal
to the weight of the hemispherical
volume of the liquid, say W acting
downwards through M where OM = a.
(sv) The horizontal fluid thrust
equal to the whole pressure on the
vertical ecircle acting through P, its
centre of pressure where OP=1 a.
This thrust is=mna® gp=3W.

When we take moments about A, we notice that the force (¢)
can be neglected, that the forces (i7) and (242) tend to keep the hemi-
spheres together and that the force () tries to separate them.

Hence the contact will not give way if the sum of the moments
of (¢2) and (¢¢7) are greater or equal to that of (iv)

or W.o +W.3 a>-3w(a+ Z)

B

r W™ > 3W
\,Zr wt. of the shell 2> 3 (wt. of the liquid contained).

x. 5. A hollow right circular cone, filled with water ts held with
its axis wertical and vertex downwards. Find the resultant pressure on
the portion of its surface contained between two vertical planes through
its azis, and show that if the inclination of these planes to each other be
20 and the vertical angle of the cone 2x, the direction of the resultant
pressure makes with the vertical an angle equal to

a0, (Allahabad 1919)
0 tan «
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Let % be the height of the cone and a the radius of its base.
Let OABCO’ be the portion of the cone between the two vertical
planes OO’A and O0’C.
a
b

/. O'0A=a=tan! P

/AO0'B=} AO'C=9
Area of the sector O’ABC =6a?
Let V and H be the resultant
vertical and resultant horizontal thrusts

respectively.
V=weight of the superincumbent
liquid
=gp volume OABCO’
=gp%a>% h

H =whole pressure on the horizontal
projection of the curved surface on a
plane perpendicular to O'B i.e., on the
plane OAC
0 0 —go} 1. ha sin 0, for AC=2a sin 6

(The horizontal component of the
thrust along o line perpendicular to O'B will be zero by symmetry.)

The required angle
h2a sin 0
= tan™! 5 =tan™! gpjpe(:lz%h
_y hsin®
af
sin
b tan o

=tan

= tan“(

Examples 12

x. An unsymmetrical cask with plane horizontal ends of equal area
just filled with water. Prove that the thrust on 1te curved surface s the same
in magnitude whichever end is uppermost. (Delhi 1927y

2. A right circular cone is just immersed in a liquid with its axis
horizontal. Find the resultant horizontal thrust on the curved surface of the
lower half of the cone cut off by a horizontal plane through the axis.

A right circular cone filled with liquid®is held with its axis vertical.
Prove that the horizontal thrust on half the curved surface cut by a plane:
through the axis, when the vertex is upwards, is twice that when the vertex is:
downwards.

A right circular cone is just immersed in a liquid with its axis:
horizontal. Find the resultant horizontal thrust on the curved surface of halfl
the cone cut off by a vertical plane through the axis,

. A solid right circular cone is placed with its axis horizontal and at.

a depth A below the surface of water ; find the horizontal thrust on half of the .
cone imagined to be cut off by a vertical plane through the axis.

{ A hollow cylinder closed by a plane base is filled with liquid and "

held with its axis vertical ; find the magnitude and the line of aation of thes
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resultant thrust on half the sylinder cut off by a vertical plane through the
axis. (Utkal 1947)

A solid circular cylinder is divided in two equal parts by a plane
through the axis. Ifitis held just immersed in a liquid with the axis hori-
zontal and the plane section vertical, what will be the resultant horizontal
thrust on the curved surface ?

8. If a hollow right circular cylinder is filled with liquid and held with
its axis horizontal, find the magnitude and the hne of action of the resultant
thrust on half the curved surface cut off by a vertical plane through the axis.

(Jarpur 1957 ; Agra 1943, 55)

9. A solid hemisphere, of radius a, is placed with its centre at a depth
h below the surface of water, and has 1ts plane base in a vertical plane ; what
18 the horizontal thrust on 1ts curved surface ? Find also the resultant thrust
on it.

10. A hemisplierical bowl with its lowest point downwards and the
plane base horizontal s filled with water. The water is poured into a cylin-
drical tumbler, the radius of whoso base 1s equal to that of the hemisphere.
Prove that the horizontal thrusts on half of the curved surfaces in which they
may be divided by vertical planes through their axis, are in the ratio of 3 : 2,

xx. A hemispherical bowl is filled with water ; find the horizontal
fluid pressure on one half of the surface divided by a vertical diametral plane,

| . .
and show that it is -~ of the magnitude of the resultant fluid thrust on the

T

whole surface (Calcutta 1918 5 Lucknow 1941)

x12. A right hollow cylinder with a circular base is filled with liquid and
closed at the top. Prove that the ratio of the height of the cylinder to the
radius of the base 18 2 : 1 if the rerultant horizontal thrust on half the curved
surface cut off by a vertical plane through the axis, when the axis is horizon-
tal, 18 equal to that when the axis 1s vertical,

x3. A horizontal trough 1s semi-circular in section and s filled with
water whose weight is w ; if the trough be imagined to be divided into halves
along the middle, show that the water will tend {o push them asunder hori-

zontally with a force e

Show also that the resultant thrust of the water on either half of the
trough makos with the vertical angle 6 ro that
3

cot = h
14. A closed cylindrical vessel with hemispherical ends is filled with
water, and placed with its axis horizontal. Find the resultant thrust on each

of the ends and determine 1ts line of action. \
(Allahabad 1920 ; Patna 1940 ; Agra 1956)

15. A hollow right eircular cone filled with Liquud 1s held with its axis
vertical and vertex downwads. Prove that the magnitude of the resultant fluid
thrust in half the surface of the conc cut off by a vertical plane through the
axis is } wrh 4/(n2r244h2) and that 1t is inclined at an angle

tan— ( T:;) to the horizontal.
=l

16. A right circular cyhnder is just immersed in water with its axis
horizontal. Compare the horizontal fluid thrusts on the four parts of the
curved surface made by the horizontal and vertical planes through tho axis,

17. A spherical shell formed of two halves in contact along a vertical
plane iy filled with water ; show that the resultant pressure on either half of

the shell is V1" of the total weight of the liquid,
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18. The end of & horizontal pipe is closed by a sphere of the same radius
« a8 the internal section of the pipe. The sphere is hinged at its highest point.
If the pipe is just full of liquid of density p, prove that the moment about the
hinge of the liquid pressure on the sphere 18 gprad. (M.7.)

19. A right cone whose base is an ellipse of remi-axes a, b isdivided
into two oqual parts by a plane through it< axis and the major axis of the
base. Oue part is then removed and just immersed in a ligquid with its vertex
upwards and the axis of the come vertical, I'ind the horizontal thrust on one
half of its curved surface made by plane perpendicular to the vertical face of
the solid.

20. A solid circular cone of uniform material and height . and of verti-
cal angle 2u«, is made of uniform material and floats in water with its axis verti-
cal and vertex downwards and a length 1/ of the axis is immersed. The cono
is bisected bv a vertical plane throngh the axis and the two parts are hinged
together at the vertex. Show that the two parts will Temain in contact if
(Allahatad 1938 : 4gra 1634, 52 Supp.. 54 5 Ba» aras 1943 ;

Jaipur 1954, 56 ; Gorakhpur 1959 ; Lucknow 1944)

21. The stem of a funnel has a radius @ and its mouth has a radius b :
the height of the stem is h and that of the slanting part s /. The mouth is
placed in & horizontal plane (being greased so as to remain water-tight) and the
funnel is filled with water to the top of the stem ; prove that the upward pres-
sure on the funnel is equal to

muw(b—a'{h(a+h)+3la+2b)}

where w is the weight of unit volume of water.

'>h sin® a.

wo. Thrust on a curved surface bounded by a plane
curve.

If the solid consists partly of a curved surface and partly of
known plane areas, the resultant fluid pressure may be casily obtain-
ed as follows :(—

Let the components of the resultant thrust on the curved sur-
face be X and Y in the horizontal and vertical directions respective-
ly. '

Let the components of the thrust on the plane area be XY
in the same directions respectively.

Now, the resultant thrust on all the surfaces of the body is a
vertical force gpV, acting through the centre of gravity of the solid,
and there is no horizontal component to the resultant thrust on the

solid.

Hence Y-Y'=gpV
X—-X'=0
Y=Y'+goV

= .

7x. Solved Examples.

Ex. t. A hemispherical surface of radius a is tmmersed in
liquid of density p with its cenlre of depth h and its base inclined at an
angle 0 to the horizontal. Find the resultant thrust on the curved surface

and its direction. (M.T., 1.C.8. 1935 ; Delhi 1947 ; Rajpulana 1949)
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Let X, Y be the horizontal and vertical components of the re-
sultant thrust on the curved surface.

By Archimedes’ Principle the re-
sultant thrust on the whole surface of
the body is equal to the weight of the
liquid displaced, viz. $gpra®.

But since the surface of a hemi-
sphere is partly curved and partly plane,
this thrust is the resultant of

1 X, @)Y,

(3) The whole pressure P on the
circular plane base acting normal to it.
where P= gpra’h.

Resolving horizontally and vertical-
ly X, Y and P which together make up
the total vertical thrust 4 grma3, we get

X—P sin 6=0
Y—P cos 6==%gpna®
whence X=¢gpra®h sin 0 .. (1)
Y =% gena®+gpra®h cos 0 . (2)

Resultant thrust on the curved surface is

2y vz )3 afpey 4t 2, 4 1
(X“J;—Y ) =gpra® (h +~9—a~+—3—ah cos 6 > .
Let @ be the angle which this resultant thrust makes with the
horizontal.
Y 2a+3kcos0
ban $=x = 3L sin0
If the curved surface of the hemisphere be taken to be upper-
most the last term in the results of the resultant thrust and the angle
will have a minus sign.

Ex. 2. A solid cone is just immersed with a generating line in
the surface . if 0 be the inclination to the vertical of the resultant thrust
on the curved surface, prove that

(1—3 sin’«) tan 0=3 sin « cos «,
2 being the vertical angle of the cone. (Raj. 1960 ; Agra 1952)

Let AB, a generating line of the cone ABC, be in the free sur-
face. Let a be the radius of the base
of the cone.

Let X and Y be the horizontal
and vertical components of the resul-
tant thrust on the curved surface.

By Archimedes’ Principle the
resultant thrust on the whole surface
of the cone is equal to the weight of
the liquid displaced, viz. 4gera® cot a.
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Since the surface of the cone is partly curved and partly plane,
this thrust is the resultant of
(") X, (1) Y,
(142) The whole pressure P on the circular end acting normal te
it
where P=gpr a® cos a.
Resolving horizontally and vertically X.Y and P which to-
gether make up the total vertical thrust 4 gpma® cot o, we get
X—P cos a=0
Y +P sin a=3gpna® cot «
whence X=gpna® cos® a
Y =1gpma® cot a-—gomad cos « sin a
gince 0 is the inelination to the vertical of the resultant thrust
X cos? o
tan 0 = =
Y 4 cob o --¢os o s o
3 cos a sin o
I —3 sin® «
(1 —3 sin? o) tan 0=3 sin « cos o
Ex. 3. A hollow cone wilhout weight, closed and filled with some
lquid, us suspended from a point n the rim of s base ; {f 0 be the
angle which the direction of the rvesuliant pressure malkes with the verlical
then show that
28 cot a+cot? o
48

o betng the semii-vertical angle of the cone.

cot 0 =

Let a be the radius and A the point of suspension of the cone
OAB : then AG will be vertical, where G is the C.Gl of the enclosed
A o conical mass of water. so that

C.G.=10C~ 1 a cut a.

Let X, Y be the horizontal and

5 Ao ap  vertical components of the resultant
Jgra
) \ thrust on the curved surface.

FERE T If the diameter AB makes an
R - angle £ with AG, then

Qe 1 :
‘ tan B ‘Ag =* a:ot *=} cot @

cot « 4
,and cos § = —

A/ 164 cot*a vV 16 4-cos® o

-—-— - -

whenee sin f=

Here the resultant thrust on the vessel is equal to the wt. of
the liquid contained. wiz.. 4=a® cot agz wlere p is the density of
the liquid and it acts vertically downwards through G.
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P, the whole pressure on the circular end
—=¢Pra. a cos B
tesolving horizontally and verticaily X. Y. and P which to-
gether make up the total vertical thrust § gene® cot a,
we get
X—P cos B=0
Y —P sin f=1ra’ cot a go

whenee X =gpra® cot® B . (D
Y=1 gera® cot atgena® cos Bsin § .. (2)
. 16 yp =a®

or X !

16+ cot? a
. Agoma® cot o
Y=} gpPra® cot a+ 16+ cot® «
4 cot =z
l('{jf('()tr"’ o
X 16
16+ cot® a

. Leota +

28 cob 2+ cot? a
B 48

Ex. 4. A solid is formed by the 1ccolution of a semi-cirele of
radius a aboul 1ts bounding diameler thiough an angle o and the solid
ix immerscd with one plane face in the sw face of a liquid ; prove that
the magnitude of the resultant Uaust on the cureed swfuce of the solid
s -

2aPgp{(a—sin & cos o) +sind a}%'

Let the plane face ABC be in the surface of the liquid. Let R
be the resultant thrust on the curved surface of the solid, The
lower plane end is ADB inclined at an B
angle o with the horizontal.

The C.G. of the semi-circle ADB
. . 4
is at a distance Sa from the centre.
21

Therefore thrust X on the plane arca
ADB is equal to

4a . .
gP.lxa?. — sin o=igpa® ¢in «
2 . s9e

O

volume of this solid o
volume of the whole sphere ™ 2x

Also
o 3
or volume of the solid ABCD= ua‘)a

(v ]
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.. Wt. of the liquid displaced =%a a3 gpo which is the resultant
of X and R. Therefore
R cos 6=X cos (90—a)
=X sin a=%gpa® sin? a .. (D)
and R sin 0=%x a® gp—3% gr a® sin o cos a .. (2)
where 0 is the angle R makes with the horizontal.

R=%gp a® {(x—sin a cos «)2+4-sin* a}%-
Examples 13

1. Find the direction and magnitude of the resultant thrust on the
curved surface of & hemisphere of rachus 377, placed with its base vertical and
centre at a depth of t'' below tho free surlace of a hiquid of which one cubic inch
weirhs w grammes. (Agra 1938)

2. A hemisphero of radius a 1s immersed in a hiquid of density 6. The

plane of the buse 15 vertical and 1ts centre at a depth ay/5 below the surface,

Show that the resultant force on the curved surface is %ncgu3 and that its
direction makes with the horizontal an angle ¢, where

9

tan 0= \/~4" (Ald., 1957 ; Lucknow 1950 ; Jaipur 1952)
1]

3. A solid hemisphiere 15 immersed 1n a quid with the highest point of
its plane base in the suriace, and the baso s inelined at a given angle o to the
korizon ; show that the resultant thrust on tho curved surface will be equal to
twice the weight of the iquid displaced 1if tan o= 2.  {(Jaipur 1959 . Agra 1958)

A cylindrical vossel full of water 1s hold with 1ts axis wehned at an
angle of 46° to the vertical. IFind the magnitudes of the pressures on the ends
and show that tho resultant pressure on the curved surface 18 equal to the
difference between the pressures on the ends. (Luckrow 1948 ; Patna 1931)

5 A cyhnder closed at both ends s entirely immerscd 1 water with its
axia inchned at a given angle ) to the horizontal ;1f its height be i and the
radius of its base be a, prove that therosultant thrust on 1ts curved surface is
co8 6 times the weight of the hquid displaced inclined at an ancle §) to the
vertical.

6. A closed cylinder whose base diameter is equal to its lengzth is full
of water, and hangs freely frora a pomnt mn its upper riwn, if the weirght of the
cylinder is neglected, prove that the vertical and horizontsl compenents of the
resultant thrust on the curved surface are each hnlt the weight of the water.

(.1

7. A coue floats with its axis horizontal in a liquid of den:ity double itza
own ; find the pressure ou its base and prove that if § be the inchination to the
vertical of the resultant thrust on the curved surface, and o the semi-vertical
angle of the cone, then

4
tan 0= tan o.

™
(Saugar 1959 ; Agra 1942, 48, 53 Supp.; Lucknouw 1938,43, 50, 54)
8. A right conc of serui-vertical angle 30° has its uppermost generator
in the surface of a liquid. Show that the resultant thrust on 1ts curved surface
passes through the centre of 1ts base. (Delha H. M. 1927)
9. A sold right circular cone of vertical angle 2x is just immersed in
water 8o that one generator 1z m the surface of the hiquid ; prove that the
resultant pressure on the curved suriace of {he cone 1s to the weight of the fluid
displaced by the cone, as
AVit+semia:l,

and that it is inclined to the axis of the cone at an anzle cot—1 (2 tan «).
(+llahatad 1951, 57 ; Lucknow 1952 ; Nagpur 1957)
10. A right cone of vertical angle 2o is filled with water, it is then
closed and laid with & generating line 1n contact with a table. Prove that the
resultant vertical and horzontal thrusts upcn the curved surface are
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respectively
W(1--3 8in2 &) and 3 W sin o« cos ¢
where W is the weight of the contaned liquid.

?u. A coue whose vertical angle is 2a, has 1ts lowest generator horizontal
and is filled with liquid; prove that the resultant pressure on the curved
surface is

. Wa/ 1515 sm2 a
where W is the weight of the hquid.
(Alahabad 1956 ; Lucknow 1953 ; Jaipur 1951, 55 ; Agra 1937)
12. A solid cone 1s just itnmersod in water with a generating hine in tho
surface ;: prove that the inchnation to the vertical of the resultant thrust on the
curved surface is
3 tan «
tan—1
1—-2tan2 g
where 2¢ is the vertical angle of the cone, (Nappur 1955 ; Agra 1936, 45)
) 13. A solid cone, whose vertical angle is 2¢, 18 immersod n a liqud with
1t3 vertex in the surfaceo and axis vertical, Prove that if I’ be the whole prossure
on the curved surface and buso, and P’ the resultant pressure, then
P 243 pmg
PPT 0 osing (Bombay 1936)

_ 14. A spherical shell 1s filled with Liquid, find the maguoitude and line of
action of the resultant pressure on each of the hemspheres divided by a dha-
metral plane makins an angle § to the horizon. (“igre 1960)

15. A hollow weightless hemisphore with a plane base s fillodd with water
and hung up by means of a strig, one end of which 13 attached to a point of
the run of 1ts base. Prove thut the whole pressure on the curved surfuce and
on the baso are in the ratio of

19 : 8.
Also prove that the resultaut thrust on its curved surface makes an
engle tan—1 109 with the horizontal. {Rujpitara 1949 ;5 Uthal 1945)

16. A solid sphere of density ps placed at the bottom of u vessel which
i8 horizontul, and a hquid of density ¢ (<p) is poured in ®o as just to cover up
the splere.  The sphere is then cut along the vertical diametral plane.  Prove
that the two parts will not sennrate 1t

p<do, (Agra 1947 5 Calcutta 1948 5 Alld. 1959)

17. A portion of a sphliero cut off by two planes through 1ts centre
o T . ;
inclined at an angle 4 is just immersed in s lhiquid with one fuce in the
surfuce, Find the resultant thrust on the curved surface and show that
it makes an angle 0 with the horizontal so that

tan () = 12‘ — 1. (1.0'.8. 1937 ; Jaipur 1953)

18. A right conse of semi-vertical angle & 18 just immersed with a slant

side of length I 1 the free surfaco Show that the resultaut thrust on the
curved surface will cut this slant ~1de at a distance

31
4(1—3 sin2 o)
fromn the vertex, and find the magnitude ot this thrust, (Bombay 1940)

19. A solid octant of a sphere 1s inmersed with a plane face in the
surface, prove that the resultant pressurs on the cnrved surface is

( 1 + 18‘,‘_,)i times the weight of water dieplacel by the o3+ ant.
(Jatpur 1953 ; Sagar 1951)



CHAPTER VII
FLOGATING BODIES

v2. Conditions of equilibrium of a body freely floating
in 2 liquid.

C.nsider the equilibrium of a body floating freely wholly or
partially immersed in a liquid which is at rest under gravity.

The only forces acting on the
body are

(1) its weight acting vertically
—— downwards through G, the C.G. of the
~--- body,
g (2) the force of buoyancy which
Z ZZ. isequal to the weight of the liquid dis-
[r~-Z vplaced and acts vertically upwards
———— through H, its centre of buoyancy.

___________ The necessary and sufficient con-
’’’’’’’’’’’ ditions of equilibrium are that these
two forces should be equal and opposite and act along the same
straight line.

Hence the required conditions are :

(1) The weight of the body must be equal to the weight of the
liguid displaced by it.

(2) The centre of gravity and the centre of buoyancy must be in
the same vertical line.

73. Volume immersed. When a solid of volume V and mean
density p is floating in a liquid of densily o, the volume tmmersed is Ve

Let V' be the volume immersed.

Then the weight of the liquid displaced=g oV’.

The weight of the solid=g PV

go V' =gprV
or V = ve. .
[

Note 1. (i) Since V' cannot be greater, it follows from the
above formula that o cannot be less than p or a solid cannot float in
a liquid of less density than its own. If the density of the liquid
be less than that of the solid, the latter will sink, as for instance, a
piece of lcad dropped in water. '
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(#3) If the density of the solid be less than that of the liquid,
the body will rise partly out of the liquid until the weight of the
liquid displaced is equal to its own weight as for instance, a piece of
cork.

Note 2. In the above formula it should be quite clear what is
meant by the mean density of the solid. For instance, we know that
though the density of iron is much greater than that of water, yet a
hollow iron ball may be made to float in water. The reason is that
in finding out the mean density of the ball, we have to take into
account the hollow space inside. We know that for a given weight
W=Vpg, p will depend upon the volume and will differ from the
actual density of the iron. In this way the mean density of the iron
ball may be made less than that of water.

74. Sclved Examples.
Ex. x. A cylinder floats vertically with 8 feet of tts length above

the fiuid ; find the whole length of the cylinder, the sp. gr. of the fluid
being three times that of the cylinder.

Let the sp. gr. of the cylinder be o.  Therefore the sp. gr. of
the fluid is 3p. Let A be the whole length and S be the cross-section
of the cylinder.

Since wt. of the body=wt. of the liquid displaced,

therefore Shgp=S8S (h—8) g 3r.
or h=3h—24
or h=12.

Ex. 2. A frustum of a right circular cone, cut off by a plane
bisecting the axis perpendicularly, floals with ils smaller end sn water
and ils axis just half immersed. Prove that the sp. gr. of the cowe
18 i

Let « be the scmi-vertical angle and % be the height of com-

. .k .
plete cone. Height of the frustum is f and the height of the part

. . . h
of the frustum in contact with water is 4

: . .k
Radius of the lower end is —- tan « and

P

that of the upper one is . tan «.

Also the radius of the circular section
which the water level cuts the frustum is
3k tan o.
wt. of the cone

= “: (h? tan® a+} A® tan’s a4 h* tan®a)o,

where p is the density of the cone. N~

=3y nhitanagp
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wt. of the water displaced

}

> (ilﬂ tan%a+1% h? tan®e+32 A2 tan® «)g

—

=19 = h® tan? ag

% © b3 tan%a gp=-+>4

_ P=3%.
, E;\g A thin rod, of weight W, is loaded at one end with a

weight f snsignificant volume. If the rod floats in an inclined

.. . 1 .
position with w th of its length out of the water, prove that

L% wh3 tan? « g,

(n—1) P=W. (Patna 1948)

Let AB be the rod of length 2a. Let G be the C.G. of the rod
and H, the centre of buoyancy. Let W’ be the force of buoyancy.
Portion BO is in the water.

n "

Let 0 be the angle the
rod makes with the hori-
zontal.

The only forces acting
on the rod are P and W acting vertically downwards and W' acting
upwards.

Taking moments about H,
W. HG cos 6=P. BH cos 0

(1 )
a, 1— -
BH \ n
or W=P. HG =P, ',“.‘
n
=(n—1P.

Ex. 4. A ship sailing out of the sea into a river sinks through a
distance b feet ; on unloading a cargo of weight P, the ship rises through
c feet. Show that the weight of the skip after unloadmg is

Laoma 14
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where  and o are sp. gr. of sea water and river water respectively. The
cross-section of the ship near the level of water may be assumed to be
uniform. (Lucknow 1931, 40)

Let S be the cross-section of the ship and W be the wt. of the
ship before unloading. Let A be the height to which the ship is
already sinking in the sea.

Since the wt. of the ship is equal to the wt. of the liquid dis-

placed, -
. W==8Shgg~ . (1)
When it goes to the river from the sea it sinks b feet
W=8S(h+b)ge . (2)
When a weight P is unloaded, it rises through ¢ feet
W—-P=S(h+b—c)gpP . (3
Dividing (1) by (2)
=t _ b
l“(h+b)p whence A o—p . (4)
Subtracting (3) from (2)
P=Scgp whence Sg= CP; . (B)
From (1), (4) and (5)
We P b _ Pbo

® o—p olo—p)
bo
c(o—p)
Ex. 5. A triangular lamina ABC of density P floats in a liquid
of density o with its plane vertical, the angle B being-in the surface of
the liquid, and the angle A not immersed. Show that

p _sin A cos C_a*+b*—c*

Hence the required weight=W—P= g —1 gP.

‘e sinB  20F
a, b, ¢ being the lengths of the sides of the triangle. =
(Lucknow 1927, 33 ; Patna 1926 ; Agra 1952 ; Alld. 1954)
The portion BCD of the AABC is in contact with the liquid.
BD, being the level of the liquid, is horizontal. Let G and H be the
centres of gravity and buoyancy respectively. "
E is the mid-point of BC.
The conditions of equilibrium are
(1) The line GH must be vertical.
(2) The weight of the lamina must be
equal to the weight of displaced liquid.
Since EG=3EA, EH=4ED, GH is
parallel to AD.
But GH is vertical from (1), hence AC
also must be vertical.
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Now applying the second condition
ANABC g p=ABDC go
e _ABDC_4iBD.DC_DC

¢ AABC 4BD.AC AC
AC _ BC
But sin B sin A
sin B
or AC=BC 'sin!A

p _DCsin A_cos Csin A

Hence  =pogn B- sin B

Examples 14

1.  What fraction of a solid (sp. gr. *7) must be outside the water ia
which it floats ?

2. A man of weight 160 lbs, floats 1n water with 4 cu. inches of his body
above the surface.  What is his volune ?

A piece of iron weighing 275 grammes floats in mercury of deusity
13:6 with § of its volume immersed. Find out the volume and density of the
iron.

(¢) How much water will overflow from the edges of a cup just full of
water when a cork 2 cu.inches in volume 1s gently placed in 1t so as to float ?
The =p. gr. of the cork is 0-24,

() How much water will overflow from a tumbler full of water when a
piece of 1ce 1 cubic inch in volume is gently put in1t =0 as to tloat ? (Specific
gravity of ice may be taken to 0°9). (Jaipur 1959)

5. A spherical shell of copper (sp. gr. 8) {loats in water with half 1ts
surface immersed. 1'ind its internal radius if the outer one be 10,

6. A man whose weight is equal to 160 1lbs. and whose sp. gr.is 1'l,

can just flont 1n water with his head above the surface by the aid of a

piece of cork whichis wholly immereted. Having given that the volume of

his head is ;1-th of his whole volume and thav the sp. gr. of the cork is 0-24,
find the volume of the cork, the weight of a cu. ft. of water being 625 lbs.

(Allahabad 1931)

7. A eylmdrical lead pencil floats in water with 7th of its volume
immersed. Ifthe lead 1s a cylinder whose radius 18 one-fourth that of the
pencil and the sp. gr. of the wood is *78, find the sp. gr. of the lead.

8. A cubical box of one foot external dimension is made of a material
of thickpess one inch und floats in water smmersed to a depth of 3} inches.
Not taking air into consideration, determmue the weight of the box and the
amount of water that must be poured in to that the water inside and outside
may stand at the same level, {(Agra 1938)

9. A hollow comical vesce]l floats In water with its vertex downwards
and a certamn depth of 1tx axis nersed : when water is poured into it upto
the level originally inmersed. Tt sinks till 1ts mouth 15 on a level with the sur-
face of the water. What portion of the axis was originally immersed ?

(Agra 1936 ; M.T., Banaras 1926 ; 48)

ro. A solid homogeneous cone of sp. gr. o and heizht 4 floats in a given
liquid of sp. gr. p. Iind the position of equilibrium when

(#) the vertex is down and the hase up,
(#3) the base is down and the vertex up.
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11. A ship of mass 1000 tons, goes from fresh water to salt water. If
the area of the section of the ship at the water line be 15,000 sq. ft. and its side
vertical where they cut the water, find how much the ship will rise, taking the
sp. gr. of sea water to be 1-026.

12. A steamer in going from salt water into fresh water was observed
to sink 2 inches, but after burning 50 tons of coal to rise one inch. Supposing
the densities of salt and fresh water to be as 65 : 64, find the displacement of
the steamer in tons. (Lucknow 1934 ; Agra 1951)

13. A ship sailing from the sea into a river sinks a inches, and on dis-
charging x tons of her cargo rises b inches. If sea water be one-fortieth heavier-
than river water, prove that the weight of the ship is 41(7 Z——) X tons. Assume

the sides of the ship to be vertical at water level.
(Lucknow 1949 ; Banaras Eng. 1943 ; Banaras 1944 ; Jaipur 1959)

14- A thin oylindrical rod, weighed at one end, floats in water with half
it length immersed and inclined at any angle to the horizon. Prove that the
weight which is added is equal to the weight of the rod.

15. A solid displaces —:]‘»— , ~v[l’—- . ._.(1;, of its volume respectively when

it floats in three different fluids, find the volume it displaces when it floats in &
mixture formed ot

(¢} equal volumes of the fluids,
(¥9) equal weights of the fluids,
(Agra 1935 ; Rangoon 1938 ; Utkal 1948)
%/16 A rod of small section and of density p, has a small portion of
mets! of weight- ;; th that of ttieo rod attached to one extremity; prove that
the rod will float at any inclination in a liquid of density o if hd
(n+1)2p =n2
(Lucknow 1936, 42 ; Banaras 1948 ; Agra 1929, 35 ; Jaipur 1956)
17. Shew that a homogeneous body in the shape of right circular cone
can float in a liquid of twice its own density with its axis horizontal.
(Allahabad 1927)

18. A uniform prism, whose cross-section is an isosceles triangle of
vertical angle 2¢, floats freely in a liquid with 1ts hage just immersed, one edge
being in the surface ; show that the ratio of its density to that of the Liquid is

2 sin2q : 1. (M.T.)
A prism, whose section is a triangle ABC is made of uniform mate-

rial, nnd floats freely in water with the vartex C in the surface ; prove that its.
8p. gr. is either

sin A cos B fin B cos A

sin sin C

75. Bodies floating in more than one liquid. A4 body
floats partly immersed in one liquid and partly in another, to find the
conditions of equilibrium.

Let W be the wt. of the body and W/, W’ be the wts. of the
two displaced liquids. W' and W'’ are also the forces of buoyancy
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acting vertically upwards.

Now there are only three
forces acting on the body, aH of
them vertical.

For equilibrium
W = WI +W//

Hence the required condi-

vions are

- : (1) The wt. of the body must
be equal to the sum of the wis. of the displaced portions of the two liquids.

(2) The C.G of the body must lie on the line joining the cenires of
gravity of the two displaced liquids.

Note 1. The above theorem includes the case of a body float-
ing partly immersed in liquid and partly in air.

Note 2. The above theorem is also true if there are more
than two liquids.

76. Solved Examples.

Ex. x. 4 mass composed partly of gold (sp. gr. 1925) ond partly
of silver (sp. gr. 10°5) floats with +§th of its volume tmmerscd in mer-
cury (sp. gr. 13°6) and lhe remainder in water. Compare the weights
of gold and silver in the mass.

Let V,; and V, be the volumes of the gold and silver respec-
tively.

wt. of the mass=V,.g 19'25—}—%(] 105
wt. of the mercury displaced=1§{V;+4V,)g (13°6)
wt. of the water displaced=v%(V;+Va)g

V9 (19°25)+4- Vg (10°5)=1&(V1+V,)g (13:6)+1%(Vi+Valg
or Vi (19'25)+V2(10‘5)=21°5§(V1+Vg)

% or 103V, =37V, 55 <
13 or Vi oes S v

Vn = 103 % 9
wt. of the gold _ V,g(19°25) _ 37 x19°25__ 407
wt. of silver ~ Vog(10°5) 103x10'5 618 °
Ex. 2. A cylinder of wood (sp. gr. %) of length h, floats with its
axis vertical in waler and oil (sp. gr. 1), the length of the solid in
contact with oil being a (<ih). Find how much of the wood is above
the liquid.
Also find to whatl additional depth must oil be added <o as just to
cover the cylinder. (Jaipur 1952 ; 1.C.S. 1940)
Let = be the lengths of the cylinder above the liquids ; since a
length a is in contact with oil, the remainder A—a—x is in water. Let
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h be the height and r radius of the base of the cylinder.
Since the wt. of the solid=sum of the wts. of the liquids
displaced.
nrthg.3=nrlagt+nr? (h—a—2x) g. 1
or th=}a+h—a—x
whence a=%h—1a.
Since a is given to be less than }h. the value of x is positive.
If, however a were greater than 1A, the value of z would have been
negative, showing thereby that the hypothesis as well as the above
equations were wrong. n that case no part of the cylinder would be
above the surface of the oil, its length [ in contact with oil being
given by
3h=3h+(h—1)
whence [=3h.
Second Part. Now let y be the additional depth of oil which is
necessary just to cover up the cylinder.

The new length of the solid in contact with oil=a-+y.

Its length in water=h—a—y.

Hence nrihgi=nr*(a+y) g.3+rr2(h—a—y)g

or th=3a+y)+h—a—y

or y=31h—a.

Ex. 3. A solid sphere floals just immersed in heterogeneous liquid
composed of three liquids which do not mix and whose densifies are as
1:2: 3. If the thickness of the two upper liquids be each one-third of

the diamcter of the sphere, show that the density of the liquid in the
middle is equal lo the densily of the sphere. (AlUahabad 1924, 38)

Let the density of the sphere be ¢ and those of the liquids be
o, 2p, 3P respectively.
Let a be the radius of the sphere. The
volume of the uppermost and lowest liquids 2] {\\\‘}1}}}3\ S
’ \

displaced are equal and each N

o 2 2 o fPF
=4r 'g §3a3—<a2+ _(:’3_.{__%, } Wiy

=2rad X2 =287g3

The volume of the middle liquid dis- =2
placed is booos

=4na® —§{rad=>52%na®

Hence the wts. of the three displaced liquids are respectively

Yimadge, §3na®.209, 3ira’.30y.
By the conditions of equilibrium of floating, the wt. of the

sphere must be equal to the sums of the wts. of the liquids displaced.
$na’go = § Ixa’og+§ $nad 209+ £ nad.3pg
=3sma’gp
c=2p.
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Examples 15

1. Analloy of gold (sp. gr. 19) and silver (sp.gr. 10-5) floats with %%
of its volume in mercury (sp. gr. 13'6) and the remainder in a lquid of sp. gr.
0-8. Find the proportion ot gold and silver in the alloy. (Utlal 1946)

2. A piece of wood floats with %th of its volume in water and the
remaining in air. Find the additional volume which will be immersed when
the vessel is placed in vacuum, the sp. gr. of air being 0-0013.

If a body be floating partialiy immersed in & liquid and the air in
contact. with it be suddanly removed, will the body rise or sink ? Give reasons.

(Agra 1959)

A cvlinder floats comnpletely with its axis vertical immersed in two
liquids ; the densities of the upper and lower liquids being respectively p and
2p, and the density of the eylinder §p. ¥ind what portion of the cylinder 1s
the lower liquad.

5 A cyvhnder ofsp gr. 2p floats with its axis vertical botween two
liquids of sp. gr. p and 3p respectively, the height of the cylinder being equal to
the depth of the upper hiquid. Prove that the pressures on its ends are as 1 : 5.

(Rangoon 1938, 48 : Bombay 1947

6. A right circular cyhinder of sp gr. o floats in water with its axis

vertical, one-third being above the water. 1f p be the sp. gr. of air, prove that
3o=2+p. {(Banaras 1959)

7. A cylinder of sp. gr. o floats with its axis vertical partly in one fluid
of sp. gr. oy and partly in another of sp, gr. 6. Show that the common surface
divides the axis in the ratio of

6—Gy : 0] —0. (L ucknow 1959)

8 A solid sphere of radius a is just 1mmersed in three Lquids whose
densities are 1 : 3 : O : the two surfaces of eoparation of the liguids aro at depths
3a apd -ga from the top. Prove that the density of the sphero to that of the
topnost liquid are in the ratio of 71: 27. £o /42 2.

Two liquids which do not mix are placed in the same vessel ; the
donsity of the lower liquid is p and that of the upper 18 mp. A cylinder floats in
them with 1ts axis vertical and 1= completely submerged ; its density being mnp.
Prove that the condition that 1t may be half in tho upper and balf iu the lower

liquid is
n=34(m+1).

10. A vertical cylinder of density p. floats in two liquids, the density of
the upper liquid being py and that of the lower pe. If the length A of the
cylinder be = tunes the depth of the upper hquid, prove that the depth of
immersion of the upper face of the cylinder 18

h -

n —k Pe—¢

n Pe—f1 . .
provided the nocessary relations between the densities exist for floating.

1r A right circular cone, of density g, floats just immersed with its

vertex downwards in a vesiel containing two liquids, of densities oy and o,
respectively  Show that the plane of soparation of the two hgurds cuts off
from the axis of the cone a fraction

( P, )5
01—0y
of its length.

(Lucknow 1944, 45, 48 ; Allahabad 1925, 39, 50 ; Agra 1949, 52 Supp.)
oy

77. Tension in the string supporting a body.—A4 body is
entirely immersed in a liquid, being supported by a string, o find the
tension of the string.
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Let T denote the tension of the string, W the wt. of the body
and W' the wt. of the liquid
displaced.

In this case the vertical forces
(end they are the only) acting on the
body are :

(1) T, the tension of the string
acting upwards.

(2) W', the force of buoyancy
acting upwards.

(3) W, the wt. of the body acting
downwards.

Hence, for equilibrium, we have
T4+W'=W
or T=W-W’
1.e., Tension of the string
=wt. of the body—wt. of the displaced liquid.

_78. Weighing in a liquid. —Suppose a body is weighed while
immersed in a liquid by means of a balance. The tension of the
string supporting the body will be equal to the true weight of the
body minus the weight of the displaced lrquid.

The tension is termed as the apparent weight of the body.

True weight of a body=apparent weight+wt. of the dis-
placed liquid.

79. Weighing in air. To obtain a perfectly accurate weight
the body should be weighed in vacuo. Otherwise a slight diserepancy,
as when weighed in a liquid, will arisc from the fact that the quanti-
ties of air displaced, by the body and by the “weights’ that are used
are not the same.

However, to be more accurate, if the densities of the body and
the “weights” are given the true weight can be determined from the
apparent weight as in the next Article.  «

8o. A body, whose densily is p, is weighed in air by means of
weights, whose density is o'.  If o be the density of air, to find the true
weight corresponding to an apparent weight W,,.

Let W be the true weight of the body corresponding to its
apparent weight W, which is the sum of the weights-used.

Then. the balance being assumed to be pure, the tensions of the
two supporting strings of the scale-pans are equal, 1.e.,

wt. of the body —wt. of the air it displaces
=wt. of the ‘weights’—wt. of the air the ‘weights’ displace.

2. ag, for the volume of the body of wt.

. w
t.e., W‘——Pg—. og-—Wo— *p,g
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W and density P is :Z— and the wt. of the air it displaces is~;§— qe

and similarly the wt. of the air displaced by the ‘weights’ is

A“r_, go
P9
1_ -
W=Ww, — -
l__ -

(= )=

=1 ) (e T )

R

o 'S

Since, in gencral, ¢ is very small compared with p and ¢/,
neglecting the square and higher powers of : -, a sufficiently appro-

ximate value of the true weight is given by
_ 1— o o )
W=W, ( ot ):

81. Solved Examples.

Ex. 1. A body immersed in a liquid vs balanced by a weight P
to which it is attached by a thread passing over a fixed pulley and when
half immersed, is balanced in the same manner by a weight 2P. Prove
that the densities of the body and liquid are as 3 : 2.

Let p and o be the densitics of the body and the liquid respec-
tively. Let V be the volume of the body. If T be the tension
in the string in the first case, then

P=T=wt. of the body —wt. of the liquid displaced

=Vgr—Vgo .. (D
If T' be the tension in the second case, then
2P=T"=Vgpr—3iVgo e (2)
Dividing (1) by (2)
pP—o
=
or p—3o=2p—20
3
or "o o=p
p _ 3
or s =9

Ex. 2. A body consists of an alloy of two metals of sp. gr. 8
and 8y respectively ; its weight in vacuo is wund in water is W. Show
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that the proportion of the two metals by volume is
Sg W—(s3—1) w: (1) w—s, W.
Let V, and V, be the volumes of the two metals of the body.
w=V 18,0+ V8.9
=(Visi+Vssy)g - . (1)
W=wt. of one metal —wt. of the water displaced by 1t;

+wt. of the other metal—wt. of the water displaced
by the other metal.

=V,8;9—V19+Vas99 — Vog
=[Vi(s1—1)+Va(s;—1)Jg ' e (2
Dividing (2) by (1)
w Vl(s'l“l)‘f‘vn 8—1)-

w Vis1+ Vs,
or Vy(Ws;—ws;+w)=V,(wsy —w— Ws,)
or V, Ws,—w(s,—1) N

V, = w(s;—1)— Ws,

Ex. 3. Two solids are each weighed in succession in three
homogencous liquids of different densilies, if the weights of the one are
w,y, wy, wy and those of the other are W1, Wy and Wy prove that

wy(Wy— W)+ w,(Wy—W;) + 5 (W, — W,) =0.
(Banaras 1935 ; Jaipur 1954 ; Agra 1954).

Let v, V be the volumes of the two solids and let o4, o4 be
their respective densities. Let p), p,, P; be the densities of the three
liquids.

Since the apparent weight=wt. of the body—wt. of the liquid
displaced

VGO —vgey =1y .. (1)
TGO —VYpy =W, - (2)
VYo — Vi3 =Wy s (3)
and Vgo,—Vgp, =W, vee (4)
Vgo,—Vgr, =W, . e (B)
Vgo,—Vgr, =W, ... (6)

From (4), (5) and (6)
Wy— W3 =Vg(ps—p,)
W;3—W,=Vg(p1—ps)
W;—W,=Vg(ps—p1)
Substituting these values
wl(Wz“'Wa)+wz(W3“'W1)+“’3(W1—W2)
=wg(01—p1) Vg (ps—pe) +v9(01—p2) Vg(p1—p3) +v9(61—¢3) Vg(pa—p1)
=vVg2{(0,—P;)(P3—pa)+ (61— p2)(P1—p3) -+ (F1—p3) (P2 — Py)}

=vVg2.0 , on opening the brackets.
=0.
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Examples 16

1. A body, whose wb. is 100 lbs. and whose sp, gr. is 10, is suspended by
& string in a liquid of sp. gr. 7. What is the tension of the string ?

2. A solid (sp. gr. 21) is held suspended by string so that %{—th of its

volume is immersed in a liquid of sp. gr. 13 and the remainder in water. Prove
that the tension of the string is half the weight of the solid.

3. A mixture of gold (sp. gr. 19:25) and silver (sp. gr. 10'5) lost

~114- th of its weight when weighed in water. Prove that the ratio of the volume
of the two metals is 2 : 3.

A piece of lead and a piece of wood balance one another when
weighed in air ; which will really weigh the most and why ?

A body is found to sink in each of liquids whose sp. gr. are *7 and
1-3 and its apparent weight in the two liquids is found to be 14 and 8 grammes
respectively. Find the sp. gr. of the body and show that it will float half
immersed when placed in & liquid of sp. gr. 4-2. (Banaras 1927)

6. An iron (sp. gr. 7-2) spheroid shell is found to lose half its
weight when weighed in water, If the external radius is 12”, find out the thick-
ness of the metal.

7. A vessel containing water, the whole weighing 3 lbs. is suspended
from a sprinz balance. A mass of iron weighing 1'3 lbs, is suspended by a thin
string from a second spring balance, which is moved so that the iron is immersed
in the water, without touching the sides or bottom of the vessel. State what
variations and their amounts, you would expect to observe in the readings on
the spring balances, and explain why they occur. The sp. gr. of the iron may be
taken as 7'7. (Allahabad 1923)

8. A glass, partly filled with a liquid, is placed on one pan of a common
balance and 18 counterpoised by suitable weight-pieces placed on the other. A
solid which is suspended by means of a string is now brought and immersed in
the hquid without touching the sides of the glass, being still in suspension from
the string. Neglecting the effect of the atmosphere, explain why some more
weights are now needed on the second pan to balance the glass of water,

9. A graduated glass vessel in the form of a cylinder with vertical walls
contains water to a height of 20 em, from the bottom. A body weighing 20 gms.
is placed in it and floats, and the water level rises to 24 em, The body is then
completely submerged with some force, the water level rises to 25 cm. Find
the mean sp. gr. of the body, the force required to submerge it and volume of
water in the vessel.

10. A body of sp. gr. ¢ when weighed against a weight of sp, gr. p in
water—the whole balance being immersed—appears to have a weight W, Show
that its true weight is

= E:pl w. (Jaspur 1955 ; 1.4.8. 1948 ; Lucknow 1952)

11. If W and w be the weights of a body in vacuo and water respectively,
prove that the weight in the air of sp. gr. ¢ will be

W—o(W—w). (Jaipur 1957 ; Patna 1941 ; Lucknow 1951)
12. A given mass weighed in air on a spring balance indicates a weight
W, it is then compressed to %—nh of its former volume and appears to weigh

W’ ; prove that its weight in vacuo is
nW' —W

n—1 . (M.T.)
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13. A solid of weight W is weighed in air by a spring balance and its
weight is found to be w. Prove that

wW_.e
w p—g¢
where ¢ and p are the sp, gravities of ths air and the solid respectively.

14. If a body of mass my and density g; is balanced by a mass mg den-
sity p; when placed on the pans of a common balance, show that

my=my P1 ( P29 )
X . i Pz \ P1—C
where o is the density of the air. (Banaras 1940)
~15. Tf the sp. gr of aic he s and W W' ha tha weights of a body in air _
and water respectively, prove that its weight in vacuo is

w+1§,s (W—W’). (Lucknow 1953)

-~ 16. A body floats in a fluid of sp. gr. p with as much of its volume out of
the fluid as would be immersed in a second fluid of sp. gr. o, if it floated in that
fluid. Prove that the sp. gr. of the body is

po
pto’
17. If wy, wy, wy be the apparent weights of a given body in fluids whose
sp. gravitie :are sy, 85, and s3 respectively, then shew that
wy(s3—s3) +we(s3—x1) +wg(s1—s2) =0,
(Juipur 1957 ; Agra 1933, 50, 58 ; Utkal 1945 ; Allahabad 1948)

18. Prove that, if volumes v and V of two different substances balance
in vacuum and volumes v/, V/ balance when weighed in a liquid, the densities
of the substances and the liquid are as

v =V’ o=V’ o' v’
v TV ; ( vV )
19. A substance whose density is p, is weighed by means of weights, the

density of which is ¢’ ; if o be the density of air, find what is the true weight
corresponding to any apparent weight.

If the density of air increases from o to o', prove that the apparent weight
of the body is less than 1ts former weight by a fraction

(p"—p) (6" —0)
(p—0) (')
of the latter, o' being greater than p,
(Allahabad 1932 ; Lucknow 1951)

20. A body floating in water has volumes V;, V,, V3 above the surface

when the densities of the surrounding air are respectively py, ps, p3- Prove
that ’

P27P3 | P3—P  P1—P2
v, tv, ty, =0
(Allahabad 1951 ; Jaipur 1951 ; Lucknow 1952 ; Utkal 1947 ;
Adgra 1937, 44, 50 ; Saugar 1959)

82. To find the conditions of equilibrium of a body
floating with a string attached to a point of it.
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Let P be the point at which the string is attached to the body
and let T be its tension acting vertically upwards.

Let W be the weight of the body
acting vertically downwards through its
CG, G.

Let W’ be the force of buoyancy i.e.,
the weight of the liquid displaced acting
vertically upwards through H, its centre of
buoyancy.

Let the vertical lines through P, G,
H meect the surface of the liquid in the
points A, B and C respectively.

Since the vertical forces acting on the body are only T, W aqd
W’ and the system is in equilibrium, the points A,B and C arein
the same straight line and by Statics the sum of the moments about
A must be zero.
Hence the conditions for equilibrium are
W=T+W o (1)
and W.AB=W'.AC. .. (2)

83. Tension acting downwards. If a body be wholly
immersed in a liquid whose sp. gr. is greater than that of the body,
the force of buoyancy will be great-
er than the weight of the body. In
this case the body will ascend
unless it is prevented from doing
so by applying some downward
force. Therefore T will be acting
downwards.

Hence the corresponding con-
ditions of equilibrium (as found in
the last Art.) are

T=W -W
W.AC=W.AB.

Note 1. It should be carefully noted that in this case the line
of action of W’ will be between those of T and W.

Note 2. The ascent of a balloon depends on the principle of
the previous article. A balloon consists of a very large envelope
made of silk or some other strong and light substance. It is filled
with a gas or hydrogen. Since the weight of the displaced air is
greater than the weight of the balloon, the balloon ascends until air
around is not of sufficient density to support its weight.

The force with which the balloon ascends is called ascensional
force. It isequal to

wt. of the air displaced — wt. of the balloon.
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84. Bodies floating about a fixed point. If a body be free
to turn about a fixed point O, there will be some reaction R at that
point. Since the only forces acting are W, W’ and R and W, W’ are
both vertical, R will also be vertical. Hence the conditions of equili-
brium will be the same as obtained previously.

85. Bodies floating about two fixed points.

When two points in the body are fixed, it means that a line is
fixed in the body, and the necessary and sufficient condition of
equilibrium is that the moments of the weights of the body and the
force of buoyancy about this line must be equal and opposite.

86. Solved Examples.

Ex. 1. The mass of a balloon and the gas which it conlains is
3,500 1bs. If the balloon displaces 48,000 cu. ft. of air and the mass of a
cu. ft. air be I'25 ozs. ; find the acceleration with which the balloon
commences lo ascend.

The wt. of the air displaced by the balloon

=48000 % 125 oz, wt.
=3750 lb. wt.
Hence ascensional force
=wt. of the displaced air—wt. of balloon
=(3750—23500) 1b. wt.
=250¢ poundals.
Initial acceleration of balloon

_Torce _ 2509 __ g

/ Mass 3500 14°

Ex. 2. A uniform rod of length 2a, can turn Sfreely about one
end which is fixed at a height b (< 2a) above the surface of the liquid ;
if the densities of the rod and liquid be o and o show that the rod can
rest either in a vertical position or inclined at an angle 6 to the vertical
such that i

cos b= 7.
2a oa—p
(Jaipur 1955 ; Nagpur 1942 ; Lucknow 1932, 37, 46,47 ;
Agra 1928, 31. 43, 49 ; Allahabad 1935)

Let the rod AB of cross-section S be movable about the end A.
Portion BO is in the liquid. TLet W and W’
be the wt. of the rod and the wt. of the
displaced liquid respectively. AN=h; G
and H arc respectively the centres of
gravity of the rod and the displaced
liquid.

BO=AB—AQO=(2a—h sec )

AH=a+}h sec O

. W=2aSgp, W'=(2a—h sec ) Sgo.

The rod is in equilibrium under the

forces R (reaction), W and W', all vertical.
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Taking moments of the forces about the point A,

2aSgp A G sin 6=(2a—h sec 0) Sgo AH sin 0 .. (1)
or 2ap.AG=(2a—h sec 6) 6c.AH
or 2ap.a=(2a—h sec 0) o (a+37 sec 0)
or 2a2p =0 (2a%— 1A sec 6)
or 1h? sec? 6 =2a% 0 —P)
4a? o—
or sec?0= T GP
or cos A— h _7 .
2a o—p

The other position will be vertical when taking sin 6 common
in (1) ; sin 0=0 7.e., 0=0.

Ex. 3. A triangular lamina ABC, of which the sides AB, AC are
equal, floats tn water with BC vertical, and three quarters of ils length
immersed, being kept in equilibrium in this position by means of a
string fastened to A in the bottom of the vessel. Find the sp. gr. of the
lamina, and show that the tension of the siring is w%th of the weight of
the lamina. (Alld. 1959)

Let T be the tension, W be the wt. of the lamina and W’ be the
force of buoyancy acting vertically as shown in the figure. G is the
C.G. and H the centre of buoyancy.

Let AD be the perpendicular on
‘/_v_,_ BC since BN=% BC=} BD and MN
- and AD are parallel being horizontal,
= therefore MN=% AD.
= Area of the ABMN
z =4 MN.BN=31.4 AD.} BD
z =3 AD.BD

crprtnnty
.

et =1NABC.
Sl i .. The volume of the lamina
AMNC=7% that of the lamina ABC.

If W be the wt. of the lamina ABC and p be its density
Volume of the lamina AMNC

pprterrag !t

-7 W

8 pg

1 W 1 W
Wi=¢ - 09 T=¢ »

For equilibrium

T+W=W'= ;
%
T=( -1
(89

b
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We know that the distance of the C.G. of the AABC from A is
% AD and that of ABMN is } AD+% MN

=%AD+§.42]?=% AD

Let the distance of H i.e., C.G. of AMNC==x {from A.
-, AABC. 2 AD=% NABCz+% NABC £ AD
or 2 AD=%z+ 5 AD
or x=+% AD
Now taking moments about A
W.% AD=W'.% AD

or  W. %AD:% ‘;ﬂ . %AD
or p=%%
T=(F.33-1)W
=% W.

Examples 17

1. A piece of wood of weight 1} Ibs. and sp. gr. {, is tied by & string to
the bottom of a vessel of water so as to be totally immersed. Prove that the
tension of the rope is § 1b. wt.

2. A cylinder of wt. 15 lbs. and length 3 ft. floats in water with its axis
vertical and half immersed in water. Prove that a force of 5 lbs. wt. will be
required to depress it  ft. more.

3. A uniform rod capable of turning about one end, which is out of the
water, rests inclined to the vertical with one-third of its length in some water,

Prove that its sp. gr. is £. (Calcutta 1938 ; Lucknow 1950 Supp.)

4- A thin rod, of sp. gr. ] and of length 4 ft. floats partly immersed in
water, being supported by a string fastened to one end of the rod ; how much of
the rod is immersed ?

If the upper end of the rod be 1 ft. above the surface of water, prove
that the rod is inclined at an angle 30° to the horizontal. (Allahabad 1922)

5. A uniform rod, of length 2a, floats partly immersed in a liquid, being
supported by a string to one of its ends. If the'density of the liquid be % times
that of the rod, prove that the rod will rest with half its length out of the
liquid.

Find also the tension of the string, (Jaipur 1950 ; Agra 1932)

v 6 A uniform rod is suspended by two vertical strings attached to its
extremities and half of it is immersed in water ; if its sp. gr. be 2:5, prove that
the tensions of the strings will be as 9 : 7.

74 A solid hemisphere floats in a liquid, completely immersed with a

point e rim joined to a fixed point by means of a string, Prove that the
inclination of the base to the vertical is
tan—1 §.

Also prove that the tension of the string is
§ m(e—o)ady

where p and o are the densities of the solid and the liquid respectively.
(Agra 1955)
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8. A uniform rod is bent in the form of the three sides AB, BC, CD of
a square, A 1sattached to a hinge fixed on the surface of water and the frame
rests in & vertical plune with AB, BC and half of CD immersed in water. Prove
that the sp. gr. of the rod is %%.

A semi-circular cylinder floats in water with its axis fixed in the
surface of water, If this cylinder be movable about the fixed axis and if its
density be half of that of water, show that 1t will be in equilibrium in any
position. (Agra 1939)

10. A rod of length 2/ and sp. gr. p is hinged at one end at a height
above tho surface of liquid of sp. gr. np(x>1). The rod remains in equilibrium
in an 1nchined position, partly iimmersed in the liquid. Prove that the inclina-
tion of the rod to the verticalis

L b \/_, n
cos™1 -, —
2 n—1

and the length immersed is
2 (1-4f1-! )
n
(Nagpur 1941, 55 ; Agra 1953)

11. A uniform rod of length 2¢ and density p is movable in & vertical
plane about one end which 1s fixed in a liquid of density ¢’ ut & depth 2k below
the surface. A liquid of smaller density o is added on the top of the first
liquid ; if 1n the oblique position of equilibrium the rod is just covered by the
liquid, prove that its inclination to the vertical is

[ k(=03
ot (5=)']
(Agra 1946 ; Nagpur 1942 ; Jaipur 1959)

12. An equilateral triangular lamina suspended freely from A, rests with
the side AB vertical and the side AC bisected by the surface of a heavy fluid ;
prove that the density of the lamina 1s to that of the fluid as 15 : 16.

13. An equilateral triangular lamina ABC of sp. gr. n?(<1) is movable
about a fixed hinze at A and 1sin the equilibrium when the corner C is im-
mersed in water and A3 horizontal and above the water. If the triangle be
surned about A in its vertical plane and kept in the position with the side BC
immersed and horizontal, prove that the action of tho hinge in this position is

2 7
" (1—n) W

where W ia the wt. of the lamina.

x4. A uniform rod, loaded av one end so as to float upright, foats in a
liquid ot density py with a length » unimmeraed, in a liquid of density ppy with &
length b unimmersed. Show that the Jength that is unimmersed when the rod
floats in a liquid of density ¢ 18

api(e=py) —beale—p1)
P.f1—P2) )

15. A rod of density ¢ and length [ is freely movable about one end
fixed at a depth /i below the surface of a liquid of density p ; show that the
rod may rest in a position inclined to the vertical provided that

12
K2’

16. An equilateral triangle ABC of weight W and sp. gr, o is movable
about & hinge at A and is in equilibrium when the angle C is immersed in water

1<< -
G
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and'the side AB is horizontal and above water. Itis then turned about A in
its own vertical until the whole of the side BC is in the water and horizontal ;
prove that the pressure on the hinge 1n this position is

(l—_\{_s (Nagpur 1956; Agra 1945)

17. A semi-circular lamina has one of the ends of its diameter smoothly
hinged to a fixed point above the surface of & liquid, and floats with its plane
vertical and its diameter half-immersed. If the inclination of the diameter to
the horizon is }x, prove that the ratio of density of the hquid to that of the
lamina is

4(3n—4) : (gn—8). (M.T.)

87. Harder Solved Examples

Ex. 1. A4 solid hemisphere of radius a and weight W is floating
wn lsquid, and al a point on the base at a distance ¢ from the centre rests
a weight w ; show that the tangent of the inclination of the awxis of the
hemisphere 'to the vertical for the corresponding position of equilibrium,
assuming the base of the hemisphere entirely out of the fluid, is

8 c w
3 "a W

If w is attached to the rim, then prove that tan 6= §~ 1;;, .

(Allahabad 1956)

OM is the axis of the hemisphere makmg an angle 0 with the
vertical ; G is the C.G. sothat OG=ga. C is the point on the
base at a distance ¢ from the centre, w is
acting on C. A

The pressure at every point being
along the normal passes through the
centre. Therefore the force of buoyancy /
also passes through the centre and is 1 & o
vertical becausc w and W Dboth are -3~ b N A e
vertical, R By el

Taking moments about O e Syt
W. OG sin 6=w. ¢ cos 0 LTSI T oo

w c 8 c w

b=y - 06=3 o« W

For the second part put c=a

Ex. 2. A thin hollow cone, with a base, floats completely immers-
ed in waler wherever it 1s placed. Show that the verlical angle is

2 sin~1(%). (Agra 1928, 48 ; Allahabad 1937)
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The condition that the cone may float in equilibrium in any
position is that the C.G. of the whole surface of the cone must coin-
cide with the C.G. of solid cone i.e.,
the centre of buoyancy in this case.

Let G’ be the C.G. of the curved
surface so that AG'=3} h where b is
X the height of the cone. O is the
centre of the base.

A

G o is the semi-vertical angle.
G Now the curved surface-
=nAB.BO

=mh? sec « tan «
Ares of the base
=nB02=xh2 tan? «

To find the C.G. of the whole surface of the cone, let us take
moments about the point O. Let G be the C.G. of the whole
surface.

OG.(nh?* sec « tan a+nh? tan? «)=m A2 sec « tan a. OG’
sec o. OG’
0G " sec a+tan «
- b 1
3 "l1+sina
Since the C.G. of the surface coincides with the C.G. of the

conica ! volume of the fluid displaced which is at a distance Z’:- from

O, therefore, we have

A P sina=}
3 " I4sin« 4 0FSIME=

Hence the vertical angle is 2 sin~1(}).

Ex. 3. A thin unif orm wooden rod AB is in equilibrium in an
anclined position with one end AC tmmersed in a bowl of waler, one
point D supported on the edge of the bowl. Shew _that the sp. gr. e of
the rod s

AC . 2 AD—AC,
BC 2 AD—AB

Also prove thal the greatest fraction of the length of the rod which

can remain immersed is

1—+/(1—o0).
(M.T., Agra 1947)
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Let G and H be the centres of gravity and buoyancy respec-
tively. Let S be the cross-section of the rod.

Weight of the rod=S.AB. go
and the force of buoyancy=S8.AC.g.
Now GD=AD—-AG=AD—}AB
and HD=AD-—1} AC.

Taking moments about the
point D to cancel the reaction at
D), we have

S.AB. go (AD—$ AB) cos 6

=S.AC. g (AD—3AB) cos 0
where 0 is the angle the rod makes with the horizontal.

s AB (2 AD—AB)=AC (2 AD—-AC)
=éC 2 AD—AC
AB ° 2 AD—AB”
Second Part. Since the weight of the part BD has tendency to

lift the rod out of water, so the length immersed will be greatest
when BD is least 7.c., when B is at D.

If AC=x. AB where z is a proper fraction, the result of the first
part becomes

or g

o=x (2—x)

or l—o=(l—x)2

or x=1—4/(1—s).

Ex. 4. A wwiform isosceles triangular lamina (sp. gr. o) floats in
water with s plane wvertical, s vertical angle (which is equal to 2a)
smmersed and the base wholly above the water. Prove that in the position
of equilibrium n which the base is not horizontal 1he suin of the lenyths
of the immersed porfions of the two sides is

2a cos® o
where a is one of the equal sides.
Also prove that o < cost o. as well as cos 2 a.

(Delhi 1947)
Let MN be the level of water, therefore horizontal.

AB=AC=aq, BC is not horizontal. D and E are the mid-points
of BC and MN, / BAD=ua.
Let G and H be the centres of gravity

- and buoyancy. Therefore for the equilibrium
GH must be vertical.

In the /\ ADE, GH (| DE

.. DE is also vertical. Also E is the
mid-point of MN

.. DM=DN

From /A DMA
DM2=AM24+ AD2—2AM.AD cos a.
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Similarly from the ADNA
DN2=AD?+4+AN2—-2 AD.AN cos «
.. Equating the values of DM? and DN?
AM?2—- AN2=2AD(AM—AN) cos «
Either AM=AN in which case BC is horizontal but the
base is not so by hypothesis.
or AM+AN=2AD cos «
=2a cos®a o (D
Second Part. Since the wt. of the lamina=wt. of the water
displaced
604 AB.AC sin 2 a=¢. $ AM.AN sin 2 «

or o= Ajwéy - o (2)
a®
)2
or < QAMZ;;H\) , from the inequality
4 ab < (a+0b)?
or << cos? o from (1).

Third Part. We know that greater ¢ is, the greater will be the
portion in water, viz., the AAAMN. But by hypothesis, the base BC
must always be wholly above water. "Therefore o will be greatest
when MN passes through the lower point C. Hence

AN=AC=a
From (1) AM=2q cos® a —AN =20 cos? a—a=a cos 2«
_ AN.AM a.acos2a

from (2) o e = =cos 2 a
But this is the greatest value of ¢
Hence o << cos 2 a.

Ex. 5. The vertical angle of a solid right circular cone s 60° ;
prove that it can float in a liquid with its vertex above the surface and
one point of its base in the surface, i{f the densities of the cone and the
liquid are in the ratio of 24/2—1 : 24/2. (Allahabad 1920)

"Let the cone of radius » float with BD as the surface of floata-
tion. G is the C.G. of the complete cone so that OG=} OA.

Similarly G’ is the C.G. of the
portion of the cone above the liquid on
AO' such that O'G’'=%1A0".

Hence the C.G. of the portion
submerged i.e., the centre of buoyancy
will be on the line G’'G (produced) at H.
O and O’ are the middle points of BC
and BD respectively.

nraTa

7T

*-
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.. Inthe ABCD, OO’ will be parallel to DC. Hence G'GH
will also be parallel to DC.

For equilibrium to exist GH must be a vertical line. Hence
the line AC is also vertical.

Vol. of the complete cone=34mr?.4/3r (vertical angle is 60°)
=1 s
=3 ™"
The section of the cone by the plane of floatation is an ellipse ;
let us obtain the volume of the fluid displaced.

Let BD be the major axis of the ellipse of the surface of floata-
tion ; Q' its centre and a, b its semi-axes.

Through O’ and D draw LM and DR parallel to BC.

Then BD=2a and AO=+/3 r

Also it is proved in the books of geometry that
b2=L0".0'M (Euclid, Book III, Pr. 35)

DR BC
=97y
_r
-2 2 T2

,
b—\/‘jz.

Height of the cone above the surface is AD=r.
Volume of the cone above the surface

=nab. } AD

V3, 1

=y 1. \/27'. $r
1

=7 56

Hence the volume submerged=n»3 (-{}3— _2_\1/__6‘).

Let ¢ and p be the densities of the solid and the liquid
respectively.

For equilibrium the wt. of the body must be equal to the wt.
of the liquid displaced.

1 1 1
3 % og=qd (1 _
AVER Al (v3 24/6 )g"

o 1 2y2-—1

or P =1—- 22~ 2y2
Ex. 6. A reclangle movable about an angular point floats with
its area immersed in a liqguid. If the angular point lies outside the
liquid, and if the rectangle floats with its sides egually tnclined o the
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vertical, shew that the ratio of the density of the rectangle to that of the
liquid s

3b+a : 4b
where a and b are the sides of the rectangle.

Let ABCD be the rectangle movable about C. EF is the
horizontal line in which the surface of the liquid cuts the rectangle.
BC=b, CD=a. Let BFE=2, /| ACB=6.

Draw FM perpendicular to AD.
Since EM, MF are equally inclined to
the horizon, EM=MF=a.

Since half of the rectangle is in
the liquid, the surface EF of the liquid
must pass through G, the C.G. of the
rect.

". 3ab=rect. AMFB+ NEFRM

=g.a+3a®

z=3(b—a), and AE=%(a+0)
Let ¢ and @ be the densities of the rectangle and the liquid
respectively.
The wt. W of the rectangle=abgp and acts vertically down-
ward through G.

The wt. W’ of the liquid ABFM=az.go=1}a(b—a)go and acts
vertically upwards through the mid-point of AF.

The wt. W’ of the liquid EFM=} EM.MFgo=}a%go.

Also W'’ acting at the C.G. of the AEFI\I is equivalent to
IW'" at each of the (xnﬂular points E, ¥, M.

Taking moments about C

}W.AC cos(04-45°) = W {(b—=) cos 45°+4AC cos (0+45°) —z cos 45

—a cos 45°4(b—a—x) cos 45°}+7 {AC cos (0445°)
+ (b—=) cos 45°%

or —— (b—a)= ;7\7{’/2 (b—zx+b—a—zx—a+b—a—=zx)
Wl
+ 94/2 (2b—a—2x)

’

or W (b—a)= W'(b—a—2)+ ;,—W (20 —a—x)

2
or -%V (b—a)= ~W, (b— a)+“W—(3b a)

or 2 (b—a) eg=1a"(v—a)g +alb—a)(3b—a)og
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or pb=%ac+4(3b—a)e
: P:o =3b+a: 4b.

Examples 18
1. A hollow conical vessel floats in water with its axis vertical and
—l‘ofits axis immerged. Find to what depth must the vessel be filled with
:mter so that it may just sink till its mouth is on the level with the surface of
the water outside.

2. A sphere of radius r made of wood of sp. gr. ¢ floats in water with
—;‘57 below the surface of water. Find an expression
for the fraction of the volume of the sphere which is iinmersed and show that
h is the root of the equation 4023—3x+1=0. (1.C.S. 1925)

A thin uniform rod of weight W has a particle of weight w attached
to one end. Tt s floating, in an inchned position, mm water with this end

its lowest point at a depth

immersed. Prove that the length of the rod above water is K:LW_ times its

whole length and that the sp. gr. of the rod is

(Delhs 1959 ; Agra 1955 ; Lucknow 1950, 57)

4. A thin uniform rod AB, of length 2a and weight W, has a particle
of weight W’ attached to a point D near the end A, AD being of length b. The
rod floats, in_an inchned position, freely in water with a length AC (= 2x)
immersed, Prove that

AW
W4 W
and that the sp. gr. o of the rod is given by
as(W4+W')2==W(aW+5hW'),
K 5. A cone of given weight and volume, floats in a given fluid with
vertex downwards ; fhow that the surface of the cone in contact with the fluid
is least, when the vertical angle of the cone is

]
2 tan“l( - )

V2 (Raj. 1960)
6. ABC, an isosceles triangle right angled at A, composed of two
heavy roads AB, AC hinged together at A and a light string BC, floats with the
angle A immersed in water. Show that the tension of the string is
a—b

2a
weight of each rod. (Bombay 1940 ; Agra 1948)

7- Ahollow closed cone of semi vertical angle sin=1 1 of metal whose
specific gr. is o is made of such uniform thickness that it will float in all posi-
tions wholly submerged in liquid of sp. gr.p. Show that the thickness must

) wf - (- 1)1 |

where £ is the external height of the cone. (Nagpur 1943)

8. A sphere of density ¢ floats just immersed in three liquids, The
densities of the liquid in descending order are p, 4p, 9p and the thickness of the
two upper liquid layers are each one-third of the sphere. Prove that

276=122p,

W, where 2a is the length of a rod, 2b the length immersed and W the
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9. A cylindrical piece of cork, of height I, is floating with its axis
vertical 1n a basin of water. If the basin be placed under the receiver of an
air-pump and the air be pumped out, prove that the cork will sink through a

distanco li (1—¢) h, where o and p are respectively the sp. gravities of air

and cork.
10 A rod floats upright partially immersed in a homogeneous liquid.

Prove that a small increase of atmosphoric density will produce a small rise
of the rod proportional to the square of the length of the unimmersed portion.
(llahabad 1943)

1r. A triangular lamina ABC of ep. gr. o floats with its plane vertical

in water, A beiug out~i:le the surfiee and BC not horizontal The angle Ais a

right angle and AC=AB. If 6 be the inclination of AB to the vertical, prove

that

9 )
. - -0
sin 2f)= T

givenc>§. (Goralhpur 1959 ; Nugpur 1935)

12. Two uniform straight rods of length 2., 26 and ep. gr p, o respec-
tively, are jomned together to form onc straicht rod. If 1t goats freely in
water in an inchined position, the rod of length 2a and part of the other being
immersed, prove that

a2p(p—1) +2abc (p—1)+b2s(6—1) =-0.

13. Two equal and sunilar rods AB, BC, fixed at an angle o at B rest in &
fluid of twice the sp. gr. with the angle 3 out of the flumd, and the bisector of
the angle ABC makes an angle {) with the horizon., Prove that

cos 20+scc a=2. (Bombay 1937)

14. ABC is a richt-ancled triangular lamina and floats with 1ts plane
vertical, and the right angle immersed 10 water : provo that if its sp. gr. be to
that of the water as 2 : 5, and CB : CA=5:4, CB is cut by the surface of the
water at a distance from C equal to CA.

15 A rectangle, movable about an angular point which is flxed below the
surface of & liquid, floats with 1ts sides equally inclined to the vertical and with
half its area immersed in the liquid. Tf the lengths of the sides be a and b and
one of the sides of length b be entirely mmmersed in the hquid, show that the
ratio of the density of the body to that of the liquid is

a—b:4da

16. A uniform log whose cross-eection is a square floats horizontally

with one edge in the surface and one edge above the surface of a homogeneous

ligqmd. Show that the ratio of their sp. gr. 1s a8 3 is to 4.
(M., Rangoon 1947)

17. A prism of square section floats in water with 1ts Jong edges horn-
zontal and the centre line of one of 1ts faces hinged to an axis fixed in the
surface of the water. Show that, if the sp. gr. of the prism is 3%, the opposite
face of the prism will ba } immersed. (M.T.)

18. Shew that a right circular cone of density p ard remi-angle o can
float vertox downwards 1n a liquid of density o with one generator vertical and
the base just clear of the lignd if

3
p=o (cos 2a) 2. (1 48.,1959)

19. Two buckets containing water, the mass of each bucket with the
contained water being M, balance cach other over a smooth pulley. Two
pieces of wood masses m and 7./ and specific gravity o, o’ are then tied to the
bottoms of the buckets so as to be wholly immersed prove that the tension of
the string attached to the masses 1s

2m(M4-m' g 1 . .
2MI+1)7—§-‘111'”( e — 1 ) (J atpur 1953)

—————



CHAPTER VIII
PROPERTIES OF GASES

?< 88. Gases and Liquids. As already mentioned gases have
several properties in common with liquids, and both are commonly
termed fluids. Gases like liquids, transmit pressure and possess
elasticity of volume but not shape. It possesses no free surface as a
liquid. On the other hand, gases being much lighter than liquids,
are very compressible and have got the property of indefinite cxpan-
sion. A certain volume of a gas like that of liquid possesses mass
and s9 it has got some weight.

89. Air has weight. On weighing a flask full of air, and
then exhausting the air by means of an exhaust-pump, and weighing
again, Otto Von Guericke found that the empty flask weighed
somewhat less than when full. This experiment proved that air has
weight.

go. Air exerts pressure. That air or gases exert pressure
can be shown from several experiments.

(1) If a rubber balloon be filled with a gas or air, the envelope
expands owing to the pressure exerted by the gas or air within it on
its surface.

2) If a glass tumbler be pushed with its mouth downwards
into water, it will be seen that the level of the water inside the
tumbler is lower than that outside ; the pressure of the air inside
the glass forces the water down.

(3) If the two hollow hemispheres are fitted together very
accurately so that they are air-tight and if the air is drawn out, a
great force will berequired to separate the hemispheres. The reason
is that the air {from outside presses the hemispheres from all sides
and keep them very tightly pressed against cach other. This
experiment is called as that of Magdeburgh.

91. Specific Gravities of some principal Gases. It can
be proved experimentally that the density of a given quantity of
gas does not remain constant. It changes with the change of tem-
perature and pressure.  In the case of solids and liquids, tempera-~
ture has some slight effect on their densities, but in gases the effect is
much considerable. In order to compare the densities and sp. gravities
of gases it is, therefore, necessary that they should be reduced to the
same temperature and pressure. For this purpose the standard
temperature is usually taken to be 0°C and the standard pressure to
be the pressure due to a column of 76 cms. of mercury. The follow-
ing are the sp. gravities of some principal gases at the above standard
when water is taken as the standard substance.

115
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Air 0001293
Oxygen e .- 0001430
Hydrogen . 0000089
Nitrogen 0001256
Carbon dioxide ... 0°001977
Steam 0000802

Hydrogen is the lightest gas known. For this reason it is taken
as the standard substance for measuring the sp. gr. of gases. Thus
the values of the sp. gravities of the above gases will be

Air 14°5 Oxygen ... 16
Hydrogen . 1 Nitrogen ... 14
Carbon dioxide ... 22 Steam e 9

92. Measurement of the Atmospheric Pressure.

/ Torricelli’s Experiment.—After having reached at a definite
conclusion that there is atmospheric pressure, the scientists had
been busy in finding some methods to measure it. Evengelista
Torricelli, a pupil of Galilco, was the first who in 1643 performed a

simple experiment to determine the measure of the atmospheric
pressure.

A glass tube AD about 3 feet in length, closed at one end and
open at the other, is filled with mercury. The tube is then tempo-

A rarily closed and inverted and re-opened
with its lower end D below the surface of
B mercury contained in a basin PQ. The

mercury column then sinks down to some
extent and comes to rest at a point B.
—] The height of the point B above the mer-
— cury surface C in the basin is found to be
= nearly 29 or 30 inches.

= Now the pressure inside the tube at
— level C is the same as the pressure outside
the tube at the surface of mercury. The
pressure inside is due to a depth BC of
mercury, .e., go.BC, where p is the density
of mercury. The pressure outside the tube
at the surface of mercury is the pressure
due to the atmosphere. Hence the at-
mospheric pressure is gp. BC.

The space AB within the tube above the mercury surface contains
no air and 1s usually referred to as Torricellian Vacuum.

Note 1. Really, however, the above space AB contains some
mercury vapour and is not a perfect vacuum. But as the pressure
due to mercury vapour at the ordinary temperature is extremely
small, its presence may practically be neglected.



PROPERTIES OF GASES 117

Note 2. Other liquids than mercury might be used, but
mercury is the most convenient because of its high sp. gr. If water
were uscd, the tube would need to be at least 35 feet in length.

93. Pascal's Experiment. Pascal suggested that since the
alapospheric pressure decrcases as we go up, the height of the
mercury column would also decrease accordingly. In 1648, Perrier
went up to the top of Puy-de-Dome. a mountain in France about
1000 metres in height and tound that the mercury column actually
came down through 8 ems. Tt was also found that with different
liquids, columns stood at different heights.

94. Height of the Homogeneous Atmosphere. The
atmosphere is not homogeneous.  TIts density gradually deereases as
one proceeds up from the surface of the earth. It the atmosphere be
replaced by a column of homogeneous air of the same density as at
the carth’s surface and of height such as would give the same pressure
at the earth’s surface as the actual atmosphere does, then this height
18 called the height of the Lkomogeneous atmosphere.

‘Method to find this height :—

V' The wt. of a cubic foot of air="0013 X wt. of a cu. ft. of water
-="0013 X 62} Ibs. wt. nearly.

If  be the height of the homogencous atmosphere x X sp. gr. of
air =height of mercury barometer Xsp. gr. of mercury

Sp.. gr;‘of mercury
sp. gr. of air
13:596 _ 30

= 0013 l:lft'

=26146 ft. ncarly

=05 miles nearly.

A X ht. of the mercury barometer

95. The Barometer. 7The barometer s an instrument
which is used for mcasuring the atmospheric pressure.

v, Cistern Barometer. The Torricellian tube standing verti-
cally on a cistern of mercury constitutes the simplest type of a baro-
meter which is usually known as the Cistern barcmeter. The
height of the mercury columi measured from the mercury surface in
the cistern gives the atmospheric pressure at the time. When the
atmospheric pressure changes, the height of the mercury column in
the tube and consequently the level of mercury in the cistern also
changes.

v Fortin's Barometer. Sincc the barometric height is always
measured above the mercury-level in the cistern, to avoid the neces-
sity of measuring from different levels means are devised by which
the mercury-level in the cisiern can be brought to a definite posi-
tion : such as a flexible bottom to the cistern, whose capacity can be
increased or decrcased by turning a screw attached to its base.
Fortin’s Baromeler is one of such types.
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Siphon Barometer. This type of barometer is more con-
venient and portable than a simple cistern one. It consists of a
U-tube, one arm of which AE is long and narrow
/TA and the other arm DE short and wide. The longer
-y arm, which is closed at the top, is filled with mer-
: cury as in the Cistern Barometer, while the shor-
ter arm, which is open, serves as a cistern.
Above the mercury in the long arm there is a
vacuum AB.

When the surfaces of the mercury in the two
arms are at B and D respectively, the pressurc of the
air is measured by the wt. of a column of mercury
whose height is equal to the vertical distance bet-
ween B and D 4.e., BC (as in the case of a Cistern
Barometer).

Therefore the pressure of the atmosphere is
g0.BC. where p is the density of mercury.

Aneroid Barometer. This barometer derives
its name from the fact that no liquid is used in its
construction. Its consists of a cylindrical metal
box exhausted of air, the top of which is made of thin corrugated
metal, so elastic that it really yields to alternations in the pressure of
the atmosphere.

When the pressure increascs, the top is pressed inwards ; when
it decreases the elasticity of the lid, aided by a spring tends to move
it in the opposite direction. Then motions arc transmitted by deli-
cate multiplying levers to an index which moves on a scale. It is
graduated empirically by comparing its indications, under different
pressures, with those of a standard mercurial barometer. Tt is por-
table and so sensitive as to be able to indicate even small heights.
Arrangements for allowing for temperature and
the elasticity of the disc are also attached to the , — B
instrument. They are used with great advantage . J—
in the aeroplanes for measuring heights but
a sudden variation in height impairs the sensi- D
tiveness of the disc which should be corrected
from time to time, by comparing its readings
with those of a standard mercurial barometer.

Manometer. Manometer is sometimes
used to determine the pressure of some E
enclosed volume of a gas. Tt is just like a U-tube
with a horizontal connection AB. The lower part -
ECF is filled with mercury. The horizontal -
arm AB is connected with the vessel containing E
the gas, and the end D is open. The difference
of mercury-levels in the two arms is then mea- N/
sured. Let it be d. N

Then pressure of the gas
=pressure at the level E

i
=

K
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N
R
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=the pressure at the level F4-wt. of column, d, of the liquid
according as E is below or above F ; the pressure at F is that due to
atmosphere whose value can be found by means of a barometer.

96. Graduation of a Barometer. In graduating a baro-
meter we must keep in view the fact that if the mercury level rises
in one arm, its level in the cistern (or in the shorter arm in case of
Siphon Barometer) must fall and the height of the barometric
column is the difference of those two levels.

Cistern Barometer. Let ¢ and A be the uniform sectional
areas of the tube and the cistern respectively.

Let x be tlie rise in the level of the mercury in the tube. The
azx

level in the cistern will, therefore, fall by A

. since the area of the
C

surface of mercury in it is A—a.

Hence an apparent increase of z in the height of the barometric
column would correspond to a real increase of

nr .
x+ — 2.C.,

A—q ;%

A—a
. A .
So an apparent increase A—a® would correspond to a real in-
—a
crease of x.

Siphon Barometer. In Siphon Barometer if A be the cross-
section of the shorter arm, a rise of « in the level of the mercury in

the longer arm would cause a fall of Z z in the shorter arm.

Hence an apparent increase of z in the height of the barometric
column would correspond to a real increase of

x—i—“z—x: a—ZAx.

2 would correspond to a real

A
a+A

Sc an apparent increase of

increase of .

For this reason, in the graduation of a barometer the distances
between successive markings in the longer tube are generally kept
shorter and they are marked in the ratio

A a+A.

In a particular casec if @ and A be % and 1 sq. inch respectively,
the height between the two levels has increased by (1-+%) e, § of
an inch corresponding to an apparent rise of 1 inch in the longer arm.
So the distance given as one inch by the graduations on the longer

arm must really be kept only § inch long.
g7. Correction to the Barometer reading.

There are a number of corrections which are applied to an
observation with the mercury barometer.
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(1) Correction for capacity.

If the graduations on a baromcter be marked at their true
value, then to get the truc height we must multiply the apparent
at+A

height by —x a8 shown in the last article.

(2) Correction of temperalure.

Since the mercury and the mcasuring rod both expand with a
rise of temperature, the following account is taken of the temperature
at which obscrvations are made.

o

If b be the observed Leight of the mercury at temperature ¢
centigrade, the true height Ay is given by
ho=h—G 00016 Xk Xt.

(3) Correction for height above the sea level.

If the observation is taken over the sca-level, the height is less
than it would have been if it had been taken at the same time and
place but at the sea-level.

For an apparcnt lLeight %, this correction is

W -1)

where 2z is the altitude above sea-level, and k is the constant ratio of
pressure and density.

(4) Corrections for Capillarity.
On account of capillarity, the top of the mercury in the tube is

not flat but is convex. Therefore this is also taken into consideration
for the correct reading. ’

(4) Correction for Vapour Pressure.

The mercury in the tube gives off a certain amount of vapour
in the Zorricellian Vacuum. Its pressure depresses the mercury
column.

Note 1. In a mercury barometer the effect caused by the last
two errors given above is very small.

Note 2. For the dotailed description of these corrections
students are advised to consult standard books on Physics.

98. Expansion of Gases. Gascs like solids and liquids
change in volume due to changes in temperature, although at a
greater rate. Again in considering the changes of volume of solids or
liquids, the effect of pressure is not taken into account, but in case of
gases even a small change in pressure produces an appreciable change
in volyme, although the temperature is kept constant.

99. Relation between Pressure and Volume.

Boyle’s Law. If the temperature of a given mass of gas ts
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constant, the pressure varies inversely as its volume, i.e.,
w 1
p v
where p denotes the pressure and v the volume.

Note 1. The above formula also gives pv=k, where & is
constant. This equation is called the Isothermal Equation of
state.

Note 2. The above law is also called as Marriotte’s Law.

Note 3. Strictly speaking Boyle’s Law is not perfectly true.
For gases like air, oxygen, hydrogen, and nitrogen which are very
hard to liquefy, the law is very nearly true. But for easily liquefiable
gases, such as carbon dioxide, water-vapour etc. the volume is found
to decrease more rapidly than the pressure inercases and, therefore,
they do not behave quite in accordance with this law.

Note 4. A gas which accurately obeys Boyle’s Law is called a
Perfect Gas.

vV 100. Relation between Pressure and Density. Let m
denote the given mass of a gas, and p, v and p denote respectively
its pressure, volume and density. Let p’, v', o’ denote the correspond-
ing quantities when the pressure is changed from p to p’, temperature
being the same in the two cases.

Boyle’s law then gives
pv:p,v’ cee (l)
But since the given mass of the gas remains unaltered, we

get,
pv=m=p'v' ... (2)
Therefore from (1) and (2), by division
p_P . 3)
P P
Hence -2 is always the same for a given mass. Let its value
be denoted by k, so that

p=ko ... (4)
i.e., of the temperature vemains unaltered, the pressure of gas varies as
its density.
Note. The equation p=Fke may be taken as another mode of
stating Boyle’s Law.
1o1. Solved Examples.

Ex. 1. The diameter of the tube of a mercurial barometer is § tn.
and that of cistern is 1% ins. When the surface of the mercury rises
1 in., find the real alteration in the height of the barometer.

Area of the cross-section of the tube
=T . ’1‘%2‘ 8qQ. in.
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Area of the cross-section of the cistern
=m . 1% 8q. ins.
For an apparent increase of 1 in. in the height of the barometric
column, the real increase is
16

1

—_— l

— 144 A
e 1=t 144 g —17gr

Ex. 2. When the water barometer is standing at 33 fi. a bubble
at a depth of 10 ft. from the surface of water has a volume of 3 cub. ns.
At what depth will its volume be 2 cub. ins. ?

Let h be the required depth.

The pressure at a depth of 10 ft. from the surface of water is
due to a column of water=(33410) ft.

Applying Boyle's Law, therefore, we get
(h+33)2=(33410)3

or 2h =63
S, h=31% ft.

Ex. 3. At a depth of 10 ft. in a pond the volume of an air bubble
8 0:0001 of a cubic inch ; find approximately what it will be when it
reaches the surface, if the height of the barometer and the specific gravity
of mercury is 13°5. (Lucknow 1934)

The height of the water barometer
=1$Xx135=2%"% ft.

The pressure at a depth of 10 ft. below the surface of water is
due to a column of water

If V cu. in. be the volume of the bubble at the water surface,
then applying Boyle’s Law we get

Vv 135 0001 175
ox12x12 " 4 1"><10><1>>< 4
0001 X175
V= 4><1“’

=00013 nearly.

Ex. 4. A hollow closed conical vessel of height h. floats partially
simmersed in water wilh vertex downwards end axis vertical. A hole is
then made very near the vertex and waier allowed to come info the vessel
s0 that no air escapes from within. If the vertex was originally at a depth
b and H is the height of the water baromeler, prove that the new depth ¢
of the vertex is given by

H(cA-0%) )3
3_}h3— —_ .
L O Y
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Let W be the wt. of the cone and « the semi-vertical angle.
Therefore originally
W=wt. of the water displaced
=% n b® tan® a.g o (D)
Let x be the depth of water inside the vessel in the second
position. Therefore wt. of the water inside=4xz® tan?® o.g.
In this case

wt. of the cone-+wt. of the water inside
=wt. of the water displaced.

Hence from (1)

4nb? tan? a g-+4na® tan’a.g=3nc® tan® a.g

or 22=ct—0° e (2)

Again, the air which occupied the whole volume of the cone at
the atmospheric pressure H, now occupies & volume im(h*—2°) tan®«
under a pressure H--c—2 which is the pressure at the level of water
inside the vesscl.

By Boyle’s Law
47l tan? «. H=1rx (h*—2°) tan® a. (H4-c—2)

or P H="R"—2% (H4+c—=x)
*H
or x=0—’;3:a':3
3H 3
s f o T
v (c h3—x3>'
H(ca_bS) 3
3__ 73 e\ Y 2
Hence c¢*—b %c h3—~(c"'—b")§ from (Z).

Examples 19

1. The diameter of the tube of a mercurial barometer is 1 em. and that
of the cistern is 4'6 cms. If the surface of the mercury in the t ube rise through
2'5 cme., find the real alteration in the height of the barometer.

a. The volume of an air bubble increases ten-fold in rising from the
bottom of a lake to its surface. If the barometric height 1s 30 inches, what is
the depth of tho lake 7 (sp. gc. of mercury=13 6). (Dacca 1941)

3. A good barometer reads 75 oms. On admitting 1 c.c. of air, the
reading1s 70 cma. Find the volume of the space above the mercury at the
end. (Punjab 1931)

4 Find the height of the homog»snocous atmosphere corresponding
to a barometric height of 760 m n. of mercu-y, taking the sp. gr. of air 00013
and that of mercury 13:596. (Nagpur 1933)

The sp. gr. of mercury is 13-6 and the barometer stands at 30 ins.
A bubble of gas, the volume of which is 1 cub. in. when it is at the bottom
of a lake 170 ft. deep, riscs to the surface. What will be 1ts volums when it
reaches the surface ?

6. Bubbles of air rise from a depth of 20 ft. in water. TFind th> ratio
in which the radius of bubble is increased when it reaches the surface, given
that the beight of the morcury barometer is 30 inches and the sp. gr. of 1mer-

cury is 13-6.
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7- A balloon half filled with coal-gas just floats in the air when the
mercurv barometer stands at 30 ins. What will happen when the barometer
sinks to 28 ins. ? (Utkal 1945)

8. A conical glass, height 7, is immersed mouth downwards in water,
the height o1 the water barometer being H.  If the water inside the glass is
to rise half way within it, prove that 1t must be depressed through a distance

-l
2

(M.T. 1859 ; Calcutta 1916)

A lollow cylinder, of height h and open at the top, is inverted and
partially immerssd so that a length & of it is under water. Prove that the air
inside it occupies & leneth 2 given by the equation

524 x Hokl— )= H.h.
whero H is the height of the water barometer. (Lucknow 1954)

10. A bollow cylinder of height b, open at the top is inverted, and
partly immersed i water with its length @ in air.  ¥ind the differcnce hetween
the water levels outside and inside the cylinder. (Banaras 1942)

1x. A thin closed eylindrical vessel, of height a, contains air at atmos-
pheric pressure and fleats i water with axis vertical and length b immersed.
1f a small hole is made 1n the hottom of the vessel, shew that water leaks in
until there is a depth
ab
h+b
inside, i being the height of the water barometer.
(Allahabad 1950 ; Lucknow 1956, 57)

12. If a body floats in & liquid with volume v;, v, and 3 above the
surface when the barometric heights are /4, hy and g, prove that

hy vy (vo—v3)+hg ve (v3—v1)+h3 v3 (V1 —2,)=0.
(Lucknow 1959)

13. A heavy sphere of weight W and radius r is placed in a vertical
cylinder, filled with atimospheric air of density 6. Prove that the density of the
air in the cylinder when the sphere 1s a position of permanent rest is

—.
( + 73l ° )
where 11 1s the atmosphoric pressure. (M.T.)

14. A U-tube with equal arms of fine uniform bore is placed so that
the armos are vertical and the end of one of the arms is closed. The tube is

. . h
partially fi ‘Jed with mercury, so that there is a length |, of vacuum above

the surface of the mercury m the closed arm, the barometric height being h.
Prove thar, if it 1s inchined at an angle of 60° to the vertical, the mercury
reaches the top of the c¢losed end ; also that if the end that is open when the
tube is verueal 1s closed before inclining it, the length of vacuum becomes
Th hlv
40 roughly.

15. A closed air-tight cylinder, of height 2¢, is half-full of water and
half-full of air at atmospheric pressure, which is equal to that of a column, of
height £, of the water, Water is introduced without letting the air escape so
as 1o fill an additional height L of the cylinder, and the pressure of the base is
thereby doubled. Prove that )

k=a+h—~/ gk,

16. A thin conical surface of weight W just sinks to the surface of a
fluid, when immersed with its open end downwards ; but when immersed
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with its vertex downwards, a weight equal to mW must be placed within it to
make it sink to the same depth as before. If x be the length of the axis, A
the height of the barometric column of the fluid, show that

.

3
x=hm(1+4+m) .

102. Charles’ Law. If the pressure of a given mass of gas
be constant, the volume increases by a definite fraction « of the volume
at 0°C, for every degree cenirigrade by which the temperature is
raised.

Hence, if V, be the volume at 0°C and V be the volume at t°C,
then
V—Vo=Vy.at,
or V-—"—-—VO (1+0(t).

Note 1. The above law is sometimes called as Gay-Lussac’s
or Dalton’s Law.

Note 2. For air and most of the gases, the value of «, which
is called the coefficient of expansion, is 0°003665 or $ 13 approximately.

Note 3. Like Boyle's law, this law is also based on the results
of experiments, description of which can be found in any standard
book on Physics.

Note 4. The law does not apply to vapours.

103. Relation between Densities at different tempera-
tures.

Let p and oy be the respective densities at the temperatures
t°C and 0°C ; and let V and V, be the corresponding volumes. Since
mass remains unaltered we have

PV =0,V
p0 _ V )

or TV =(14wat), from Charles’ Law
P 0

. po=" (1+at).
104. Relation between Pressure, Density and Tempera-
re.
e Let p and g, be the pressure and density of a given mass of gas
at 0°C temperature, therefore
p=kp, ... (I

where k is a constant which depends upon the nature of the gas.

Let P be the density when the temperature of the gas is raised
to t°C, while the pressurc p remains the same.

po=p(1+at) e (2)
from the last article.

From (1) and (2), therefore, we have

p=kp (1+ad)
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105. Absolute Temperature. If we imagine that the tem-
perature of a gas is lowered till its pressure becomes equal to zero
and that in this process it neither liquefies nor suffers any alteration
in volume, we shall arrive al what is known as the absolute zero of
the temperature.

Therefore 1-+at=0
or t=— R =—273°C.
o

This temperature, —273°C, is called the absolute zero, and
the temperatures measured from this zero point are called absolute
temperature.

The absolute temperature is generally denoted by T, so that

106. Relation between Pressure, Volume, and Absolute

Temperature.
From above we have
p=ko(1+at)
1
—kpm( o +t )
=koaT

Therefore, if V be the volume of a certain quantity of gas, we
have

pg—r:ka.(V.p)=k.aXmass of the gas

=a constant, mass of the gas being constant.
or pV=R.T, where R is a constant depending on
the nature of the gas.

ie., the product of the volume of any given mass of gas and its
pressure varies as its absolute temperature.

107. Mixture of Gases :

It has been experimentally seen that

If two gases, occupying different vessels, be at the sume tempera-
ture and pressure, they will, when one vessel is allowed {o communicate
wilh the other, form & mixture whose pressure is the same as before,
provided no chemical action takes place.’

Pressure of a mixture of equal volumes.

The pressure of the mixture of two gases occupying a
given volume would be the sum of the pressures that each
gas would have when occupying alone the same volume at
the same temperature.
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Let p,, p, be the pressures of the two gases when the volume (of
each) is v. Let the pressure of the second gas be changed to p, before
mixing, so that its volume changes from v to »’. Then, by Boyle’s
Law,

P =pgv. - @

When the gases are mixed, the volume of the mixture is v4v"
and by the experimental law stated in the beginning. its pressure is
pi. Now if the volume of the mixture is changed to v, then the

required pressure p is given by
Po=p,(v+7')
=pv+Ppav from (1)
P=p,+p.
Note 1. This result is known as Dalton’s Law for the pressure
of a mixture of gases.
Note 2. It is applicable to the mixture of any number of
gases.

108. Pressure of a mixture of gases of different
volumes.

Two volumes v; and v, of different gases at different
pressures, p; and p»,, are mixed together to form a mixture,
of volume V ; to find the pressure of the mixture, the tem-
perature being constant.

Let us suppose that before mixing, the volume of each gas is
changed to V ; then their pressures are, by Boyle's Law,

p{;’l and P%;h
respectively.
Now if they are mixed ; the pressure P of the mixture when its
volume is V is, by the last Art., given by
U+ Poty
P:”-‘-—Vpi— .
Aliter. Let the pressure of the second gas be changed from p,
UaP2
n
P2

Thus there are now two gases, of volumes v»; and o each of
1

to p; ; s0 by Boyle’s Law its volume changes from v, to

pressure p;.
When the gases are mixed, the volume of the mixture is

v + v;p 2 of pressure p;.
1
Let P be the pressure when the volume of the mixture is chang-

ed. Therefore, by Boyle’s Law,
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P. V=p, X (vl.;_l’zvz, )
D
=p1v1+ P20y
P:pl?’l"'?’g?z .

or v

Note. This resuit also holds true for a mixture of more than
two gases.

109. Solved Examples.

Ex. 1. JIf the volume of a cerlain quanltity of air at a temperature
of 10°C, be 300 cu. em., what will be its volume when ils temperature s

20°C ? (Calcutta 1938)

If m be the mass of the air and « be the coefficient of expan-
sion of air, we have by Charles’ Law
p=ke(1+at)

or pv=pev (1+at)
=km (1+al)
From given conditions
p.300=Fkm (1+«.10) wo (1)
and p.V=km (1-+«.20) e (2)

where V is the required volume.
Dividing (2) by (1)

\% 1-+200

300" 1-+10x«
273420
T 273410

V=£23 %300
=3103%5 c.cs.

Ex. 2. In the morning a graduated bottle when placed mouth
downwards on the surface of water was found to have 200 c.cs. of air.
atmospheric temperature and pressurce being 10°C and 74 cm. respectively.
How many gm. of weight must he placed on the botlle so that the volume
of air inside it may be halved, temperature and atimospheric pressure
being 20°C' and 75 cm. respectively ! Density of mercury is 13°6 gm.
per c.c.

In the second case volume becomes 100 c.cs. at 20°C at total
pressure say P,, then

PV, PV,
T, T,
74200 P,x100

or (2734-10) = (2734-20)
p. T4X200 X203
or 2= 183%100

=153"2 cms. of mercury column,
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Out of this total pressure there is already atmospheric pressure
of 75 cm. of mercury column.

Therefore, the additional pressure must be

=1532—75="782 cm. mercury column,
Mass of this mercury column

=782 X136 gms.

=1063'52 gms.

Ex. 3. Masses m, m' of two gases in which the ratio of the
pressure lo the densily are respectively k and k' are mized at the same
temperature.  Prove that the ratio of the pressure to the denssty sn the
compound s

mktm'k
m-+m’ (M.T., Calcutia 1929)

Let o, o’ and p, p’ be the densities and the pressures of the
masses m, m' respectively.

We have p=kp,and p'=kp’
Let v, v" be the corresponding volumes.
m ., m
V= —- N VvV = ,
P P

If P be the pressure of the compound and V be the volume,
then
_ prip?
P="vy
m g m
B Pk.j; —tP k', o
- m4m’ " if o be the density of the

o mixture.
P _ mktm’k
o - m+m
=ratio of the pressure to the density in tha
compound.

Ex. 4. If p1 ot Do Pos fa) D3 fasls be the corresponding
values of the pressurc, densily and lemperature of the same gas, show

that
2 PaN\yy (P2 _Pr)\gy (PL_ P29
h Py P3>+2<Ps P1 /+3(91 Pn)
(J.T.)
From the formula
p=kp (1+af)
we have pr=lkp; (14 aty)
i.e., Py =k 4wkt e (D)

P1



130 A TEXT BOOK OF HYDROSTATICS

Similarly ~§2—_Io+alct2 e (2
2
and fg’—A:k—}—akta ... (3)
3
Subtracting (3) from (2)
Pr_ P _yp(t,—: e (4)
P2 P3 (=)
Similarly D3 P1—gg(t,—ty) e (5)
P P1
and Pr__ P2 g, —t,) . (6)
pr1 P

‘Multiplying (4) by t,, (5) by t,, (6) by t; and adding we get

P2 _]7'*3) (_1’3, P ) ( 1 D2 )
A +t — iy - —
ANV S 2\ es Py tha Py P2

=ok(tyly—tils+tals —tats +tst1—lgts)
=0.

Ex. 5. If volumes vy, vg,.... . ..., Uy Of gases al pressures py, P, .-
<. o.., Dn and absolute temperatures ty, ty,.. ......, tn are mived without
chemical change and V, P, T denote the volume, pressure and absolute
temperature of the mixture, then prove that

—( V1P | V2Pe YnPn .
P—( A dern, + .

Let us suppose that the volumes and absolute tcmperatures of
all different gases are changed to V and T ; then their corresponding
pressures are

V . tl > V . tz EEEEEEERERY B} V . tn
Now when the temperature remains T, let the different gases be
mixed in a vessel of volume V. In this new case the pressure P is the
sum of the pressures of all gases, so that

_1 U171 V2 P2 UnPn
P= v (-T +__t2 i -{-—tn—) .

T ope T vp, T  oupn

Examples 20

1. At what temperature will the volume of a given mass of gas be
exactly double of what it is at 17°C ? (The coefficient of expansion=g3%3).

2. At 0°C the density of gas A is to that of gas B as 28 is to 44.

Prove that the density of B at 156°C is equal to that of A at 0°C., the pressures

being the same. The coofficient of expansion is taken as 53,

A gas was found to have a volume of 100 c.c. at 18°C, and 72 cm.
pressure, and & volume of 200 c.c. at 90°C. and 45 cm. pressure. Assuming that
the gas is perfect, find out at what temperature it would have a volume of
400 c.c. at 100 cm. pressure,
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4 A mass of air at a temperature of 39°C. and a pressure of 32 ins. of
mercury occupies a volumo of 15 cub.ins. What volume will it occupy at a
temperature of 78°C, uader a pressure of 54 inches of mercury ?

5. At eea-level the barometer stands at 7560 mm. gnd the temperature is
7°C., while on the top of & mountain it stands at 400 mm. and the temperature
is 13°C. Compare the weights of a cubie meter of air at the two places.

(Calcutta 1937)

6. The radius of a sphere containing air is doubled and the temperature

raised from 0°C to 455°C. Show that the pressure of the air is reduced to one-
third of its original value, the coeff. of expansion of air per 1°C being 1.

(U.P.C.S. 1938)

7. Thesp. gr. of the gas insido a balloon is 0], the air at 76 cm. pres-

sure at 0°C. being taken as the standard substance. If the atmospheric pressure

changes from 76 cm. to 75 cm. while the temperature remains at 0°C,, prove

that the lifting power of the balloon is reduced in the ratio 337: 342, the

volume of the balloon reinaining unaltered and the weight of its envelope
neglected.

8. The same quantities of atmospheric air are contained in two hollow
spheres, their internal radii being r, 7’ and the temperatures ¢, ¢’ respeetively.
Prove that the whole pressures on the surfaces are in the ratio

" (14at): r (14t
with the usual notation of .
A volume v of a gas at temperature ¢ and pressure p is mixed with a

volume o' of another gas at temperature t’ and pressure 3/, If the volume of
the mixture is V and the temperature T, prove that the pressure is,

T 1,0
v‘(_ztw +2;A) (Patna 1935)

r0. For a gas of which at teraperaturs ¢°C. the mass of V cubic feet is
W 1bs., the height of the barometer being & inches. Prove that in the formula
p=ke (1+at), the value of k in ft, lb, sec. units is
Via 273000
3W T 27341
where o is the sp. gr. of mercury,
1r. A velume of air of any magnitude, free from the action of force, and

of variable temperature, is at rest. If the temperature at a series of points be in
A.P., prove that the densities at these points are in H.P, (M.T)

x2. Two vessels contain air having the same pressure LI but different
temperatures ¢, ¢’ : the temperature of each being increased by the same quan.
tity, find which has its pressure most increased.

If the vessels be of the same size and the air in ope be forced in to the
other, prove that the pressure of the mixture at zero teraperature is

1 1
(i )
with the usual notation of «.
13. Prove that if volumes v; and v, of atmoepheric air are forced into

vessels of volumes V, and V, and a communication is opened between them, a
mass of air of volume

(Vita~ Vary)
Vi+V,
at atmospheric pressure will pass from one vessel to the other.

14. A cylinder contains two gases which are separated from each other
by a movable piston. The gases are both at 0°C. and the volume of one gas is
double that of the other. If the temperature of the first be raised ¢°, prove that
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the piston will move through a space
_ 2lat
9+6at ’
where [ is the length of the cylinder, and « is the coeff. of expansion per 1°C.

15. A piston accurately fits a cylinder and moves freely in it ; initially
it is placed in the middle of the cylinder and the ends are closed. The cylinder
being placed vertically the distance of the pistcn from the top is 4/2 times its
original distance. The temperature in the two parts being raised to the absolute
temperature ¢; and ¢, the piston goes back to the middle of the cylinder. Show
that the original absolute temperature of the cylinder 18

ty ~ .

v 110. Theorem. JIf the atmosphere be al rest and if its tem-
perature and force of gravity be constant, then, if points be taken whose
heights above the earth are in Arithmelic Progression, the common
difference being small, the densities at these points are in Geometrical
Progression.

Let a column of air, of small horizontal section, be taken with

a vertical axis OP,P,...P,. Let P,, P,, P;...... be a series of points on
OA in A.P. so that
A OP,=P,P,=...... P,y Py
=f, where B is very small.
If n be taken indefinitely great s.e., if § is taken very
small, we may suppose the density of each layer OP;, P,P,,
P,P,...... constant throughout. Let the densities of the layers
n  OP1, PiPs, P,P;...... P,_1P, be Py, 03, p3....., Pp respectively
1P, and, therefore, their corresponding pressures are kP, ko,,
— kpg...... , ko, which may be taken as the pressures at the
] points O, Py, Py...... , P,
] The difference of the pressures on the faces at O and P,
—  supports the element OP;.  Hence
- koy— kpy=gP,8 )
—ps Similarly, for the columns P, P,, P,D5, .. ... we have
——452 koy—kos=gP,p,
:o’ kpg—koy=gp,B,
kon—1—ken=gen-,B,
96
Hence p2=p,< 1-=- )

Hence as the altitndes increase in A.P., the densilies and, therefore.
the sorresponding pressures diminish in G.P.
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111. Density of air at given altitude.
If p be the density just above P,, we have as in the last Art.

=el(1- ) = (1=

If we put n="h so that p is the density at a height ~ above the
ground, we have

k n
el
Now, if ke =2, so that n=~@"i
gh k
1 Lk 1\ k -
then 9—91<1-— ;) *91!<1—7)

Now when n—>o, k being kept constant, we get in the limit
p= pl.e"’" 3
This formula gives the density at a height in terms of that at
the surface of the earth.
Aliter. Calculus method.
Let p be the pressure at a height 2, p+3p
that at & height 24 82, and p the density at height !
z 8o that p=kp .. (1) — 23
Then considering the equilibrium of the ele-
ment 3z of the thin column, we have 9953
p=p+3p+g.p.82 S
)
P

Hence the limit

dp o
(«k———gp .. (2)

Hence differentiating (1) with respect to z
and combining the result with (2)

we get
d__9
="
do__9
P =1 "
log P=—-——%z+c
But when 2=0, p=p,
c=log P,
p g9
H log —=—--2
ence g o A
—gzlk
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Cor. If p and p, be the pressures corresponding to densities P
and P, respectively, then we have

P=p1 thz/k-

112. Determination of Heights by Barometer.

Let kh, k; be the heights of the barometer at the upper and
lower stations respectively. Let z be the difference of their altitudes.

Let p, p, be the pressures, p, p; the densities at the two
stations. ;

Then if the temperature be constant throughout

h™ p p
A z=log I
or z= ; log 1;11 .

This formula gives the height of one station above another
by means of a barometric observation at each.

113. The height of the homogeneous atmosphere is the
same at all places at the same temperature.

Let H be the height of the homogeneous atmosphere, p the
density of the air and p the pressure at that point.

Then ge Hzp
H= P L = k— = constant.
ge gp

114. Solved Examples.

Ex. 1. The readings of a faulty barometer containing same air
are 294 and 29'9 inches, the corresponding readings of a correct in-
sirument being 298 and 304 inches respectively. Prove that the length
of the tube occupied by the air is 2'9 inches, when the reading of the
barometer is 29 inches and find the corresponding correct reading.

(M.T. 1879 ; Allahabad 1919 ; Banaras 1927)

Let the total length of the tube be z.
In the reading no. 1 the length occupied by the air
' =z—29'4
The actual pressure=29'8
Hence the pressure due to the air column
=29'8—294="4"
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A barometer stands at 30 inches, the vacuum above the mercury
being perfect, and the area of the crozs-section of the tube is 02sq. inch. If
0 2 cubic inch of ordinary air be introduced into the vacuum, the mercury is
geen to fall through 3 inches. Find the length of the original vacuum,

(Lucknow 1942)

A barometer tube rises to a hoight of 33 inches above the external
mercury surface, and contains as much air as would, at atmospheric pressure,
occupy 1 inch of the tube. The true barometric height is known to be 296
inches ; find the height of the tube actually occupied by the air.

5. The readings of a true barometer and of a barometer which contains
o small quantity of air in the upper portion of the tube are respsctively 30 and
28 inches. When both barometers are placed under the receiver of an air-pump
from which the air is partially exhausted, the readings are observed to be 15
and 146 inches respectively. Prove that the length of the tube of the faulty
barometer measured from the surface of the mercury in the basin is 31'35
inches.

6. A barometer stands at 39 inches, and the space occupied by the
Torricellian vacuum is then 2 inches ; if now a bubble of air which would at
atmospheric pressure occupy half an inch of the tube be introduced into it, show
that the surface of the mercury in the tube will be lowered 3 inches. Show also
that the height of & correct barometer, when the incorrect one stands at 21
inches, is

x+ 3;_5_—5— inches.

The height of the Torricellian vacuum in a barometer is a inches,
and the instrument indicates a pressure b inches, of mercury when the true
reading is ¢ inches, Tho fauliy readings are duo to an imperfect vacuum. Prove
that the trus reading corresponding to an apparent reading of d inches is

d_L_a‘(c_fb)
‘a+b—d

(Nagpur 1955 ; Lucknow 1928, 47, 51 ; Allakabud 1941, 54)
8. The barometer falls from 30 to 29 inches as a balioon rises 900 feet

from the surface, prove that I; is approximately 26,500 ft. (.7, Delhi 1927)
¢

9. Prove that the height of the homogeneous atmosphere is equal to

, where k is given by the formula p=ke and g is tho acceleration due to

Qs

avity, being assumed to be constant.

10. Prove that p=ke(l+4at) for a gas. If the law connecting the pres-
sure and density of air were p=1Ip2 prove that, neglecting changes of tempera-
ture and gravity, the height of the atmosphere would be twice the height of t.})e
homogeneous atmosphere. (Patna 1926)

xxr. If a change from 30 inches to 27 inches in the barometric height
corresponds to a rise in the altitude of 2290 ft. Prove that the altltgde which
corresponds to the barometric height of 24 inches is 4850 ft. Given that
log 2=0-3010, log 3=04771.

<]

g

(Lucknow 1952 ; Bombay 1935 ; Allahabad 1932, 40)

12. The density of mercury is 13'6 and that of air ab 760 mm. pressure
0-001203. Prove that when the reading of the mercury barometer 18 750 mm.,
its reading at an altitude 500 metres is about 704-7 mm., the variation of the
temperature being neglected.

—0-30]. loz 3=0-4771, logs 10=2-3(26, log 70-47=1848.
log 2=0-301, log 7 e Gembay 1937)
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13. The vertical distance between two points, whose pressures are py and
p, is h. Prove that the pressure at an intermediate point which is at a vertical
distance x above the lower point of pressure p is

( P )x/h
[ —_ ’
7o\ wo
assuming the temperature to be uniform.

14. A cylindrical well of depth k and section A is maintained at constant
temperature. If py and p; are the densities of the uir at the top and bottom,
show that the total amount of air contained is

Ah(p1—po)
log p1—log go
(A4llahabad 1953, 56 ; Bombay 1936)
15. A heavy gas at constant temperature is confined in a vertical cylinder

of height h. If py be the density at the base and k be the ratio of the pressure
to the density of the gas, prove that the mean density is

koo —ghlk
gh—( 1=e )
(Lucknow 1955 ; Delht 1947)

16. The fall in temperature in the atmosphere is proportional to the in-
crease in height above the earth’s surface ; 2, b’ are the readings of mercury
barometers at two stations, the former of which is at a height z above the other.

Prove that
h \m
2= { 1- *h') g

where A\ and m are some constants.

17. A thin heavy cylinder, hollow and open at its lower end, is found
when depressed from the atmosphere successively into three liquids, to remain
at rest when its higher end is at respective depth %, k', 1’’ below the surfaces.
If s, &', &'’ be the ap. grs. of the fluids. Prove that

s(8"—s"")h4-5"(s""—s)h' + 8" (s—s")h'" =0,
neglecting the wt. of the air inside the cylinder. (M.T. 1864)
) 18. If the pressure of the air at any height varied as the mth power of
its density, show that the height of the atmosphere would be
m
m—1

where H is the height of the homogeneous atmosphere.

19. A hollow gas-tight balloon, containing helium, weighs W lbs. When

its lowest point touches the ground, it requires a force of w lbs, to prevent it
from rising. Show that it can float in equilibrium at a height

H log, ( 1+ —1‘1,;,—)
where H is constant. (Allakabad 1924)

20. The tube of a barometer rises to 34 inches above the mercury in the
trough, and the mercury column is 30 inches high. Find what changes are
produced in the height of the column by the following operations performed
successively :—

(Y) As much air is allowed to rise through the mercury as would, at
atmospheric pressure, occupy 2 inches of the tube ;
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(73) A rod of iron whose volume equals that of 5 inches of the tube is
allowed to float to the top of meroury column.

(sp. gr. of mercury 135, and that of iron to be 7°5).
(M.T., I1.C.S. 1937)
21. A balloon carrying a self-registering barometer records pressures
equivalent to i and h; inches of mercury when it sscends to heights equal to
fractions o and a; of the earth’s radius a respectively. Taking into account the
variation of gravity with height and assuming that the temperature of the air is
constant at all height, prove that

*go a—a A +2 log

~ ) =lo 140y
ko4 (I4a) ~ 8 Ty

14+«
where k=0 and 70, Po, 9o are the values of the pressure, density and gravity at

the earth’s surface. (I.4.5.1959)

22. A hollow spbere containing hydrogen requires a forco mg to prevent
it from nising when the lowost point touches the ground; tho total mass of
sphere and hydrogen is M. Show that the sphere can float in equilibrium with
its lowest point at a height h above the ground, where

Po M+4m
h= 10 -
' geo g M

eo» 7o being the density and pressure at the surface of the earth.
(Patna ]954 ; M.T., Indwan Finance 1927)



CHAPTER IX
STABILITY OF FLOATING BODIES

115. Stable, Unstable and Neutrzal Equilibrium. Suppose
a floating body be :lxéht], displaced from its position of equilibrium
and then left to move under the influence of the forces acting on it.
If the forces tend to bring the body back into its original position,
the cquilibriam is said to be stable, if they tend to send the body
still further from its original position the equilibrium is said to be
unstable ; and if the body remains at rest in the displaced position,
the equilibrium is neutral.

116. Displacements. Since the body may be stable, for one
displacement and unstable for another, we must define the stable,
unstable and ncutral equilibriums for the different types of displace-
ments.

(a) Vertical displacement. Suppose the body is to undergo
asmall vertical displacement say downwards "from the equilibrium
position without any angular motion. In this case the excess fluid
displaced will exert an additional upward pressure which will be
equal to the weight of the excess fluid displaced and naturally the
acting forces will try to restore the body to its original position, or,
in other words the body will remain in stable equilibrium and a slight
displacement will malke it swing about this original position.

Similarly, if the body be raised up, it would displace less liquid
and its weight being now greater than the fluid pressure would urge
the body downwards i.e., towards the original position. Hence the
equilibrium is stable.

(b) Horizontal displacement. Suppose the body is to under-
go a small horizontal displacement without any angular motion. In
this case, since there is no resultant horizontal force on the body, it
would have no tendency to move horizontally from any position in
which it is placed. For such displacements, therefore, the equilibrium
is neutral.

(c) Rotational or Angular displacement. Lastly remains
for consideration the case of small rotational or angular displacement
in which the mass of the displaced liquid remains unaltered while
the shape changes. This case we shall consider at length in what
follows.

117. Meta-centre. Let W be the weight of the floating
body, G its centre of gravity and H its centre of buoyancy in the
position of equilibrium : then GH is vertical in that position.

Let the body be slightly displaced so that H' is the new centre
of buoyancy since the mass of liquid displaced remains unaltered the
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force of buoyancy remains equal to W but in the displaced position
of the body it acts upward through H'. If the displacement takes

place in a plane of symmetry of the body, the vertical through H’
will intersect the line GH, which was vertical before the displacement,
in the point M. Then the point M is called the Meta-centre and
GM is called the meta-centric height of the floating body.

- —— - e wm - - w—— W e m— e - o ——  ——

The forces acting on the body in the displaced position are ()
its weight, W, acting vertically downwards through G and (it) the
force of buoyancy, W, acting vertically upwards in the line H'M.
These forces constitute a couple. This couple is generally known as
the Restoring couple.

(1) If the meta-centre M is above G. In this case, as in the
left-hand figure, the restoring couple tends to bring GH to the verti-
cal s.e., tends to bring the body back to its original position. ZThe
equilibrium is, therefore, stable. .

(2) If the meta-centre is below G. In this case, as in the
right-hand figure, the restoring couple causes the body to recede fur-
ther from its original position. The equilibrium is, therefore, unstable.

(3) If M coincides with G. In this case GH' is vertical and
8o the condition of equilibrium is satisfied. The body remains at rest
in the displaced position. The equilibrium is, therefore, unstable. WU

Hence we may conclude from above that a floating body is in
stable or unstable equilibrium according as the meta-centre is above or
below the centre of gravity of the body.

If the meta-centre coincides with the cenire of gravity the equilib-
rium is neutral,

In other words, the equilibrium is stable, unstable or
neutral according as HM>, <, or=HG.
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118, DEFINITIONS.

__ Surface of Buoyancy. If a body floating in a homogeneous
liquid be supposed to take in turn every possible position for which the
volume displaced remains constant, the locus of the centre of buoyancy i8
termed the Surface of Buoyancy.

) Plane of Floatation. If a body be floating partially immersed
wn a liquid, the section of the body made by the plane of the surface of
the liquid is called the corresponding Plane of Floatation.

Surface of Floatation. The surface enveloped by the planes of
floatation is called the Surface of Floatation.

9. Theorem. The tangent-planc at any point of surface of
buoyancy is parallel to the corresponding plane of floatation.

Let H be the centre of buoyancy corresponding to the plane of
floatation AOC. Let H' be the centre of buoyancy corresponding to
a consecutive plane of floatation A’OC'.

Since the volume ABC=the volume
A'BC’, the volume of the wedge AOA’
=that of COC". . (1)

Let g, ¢', G be the centres of gravity
of AOA’, COC’, A’BC respectively. Join
Gy, Gg'.

Now H, the C.G. of ABC must lie in

g H, and divide it so that
gH _ vol. A'BC )
HG  vol. AOA’’
Similarly, H' is in Gg’, so that
GH' _ vol. COC’ (3)
Hyg ~ vol A'BC
From (1), (2) and (3)
gH _HYg
HG H' G

Hence HIH' is parallel to g’ i.e., to AC, ultimately when the
displacement is very small.

In a similar way we can show that the line joining any point on
the surface of buoyancy near H with H is parallel to the plane AB.

Hence the tangent plane at H to the surface of buoyancy is
parallel to the corresponding plane of floatation, AB.

120. Theorem. The positions of equilibrium of a floating
solid are obtained by drawing normals from the centre of gravity of the
solid to the surface of buoyancy.

When the solid is in equilibrium the vertical through the cor-
responding centre of buoyancy passes through the centre of gravity.
But this vertical line is perpendicular to the corresponding plane of
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floatation which is horizontal, and, therefore, by the last theorem is
normal to the surface of buoyancy. Hence the normal to the sur-
face of buoyancy at every centre of buoyancy corresponding to

a position of equilibrium passes through the centre of gravity gf the
solid.

Note x. Since we know that for certain rotations the lines
through adjacent centres of buoyancy perpendicular to the ocorres-
ponding planes of floatation meet, the point of intersection being the
metacentre, a mela-centre, therefore, is a point where two consecutive
normals to the surface of buoyancy meet. It is in fact a centre of
curvature of the surface of buoyancy.

Note 2. If the displacements are confined to rotations about
axcs perpendicular to the plane of symmetry in the solids like a
eylinder, the centres of buoyancy will lie on a curve in the plane of
symmetry. This curve may be called the Curve of Buoyancy.

Note 3. From the last Theorem the locus of the meta-centre for
these displacements will be the evolute of the curve of Buoyancy.

121. Determination of the Meta-centre.
Let the plane of the paper be the plane of symmetry.

Let AOC be a plane of floatation, cutting off the volume V.
liet H be the corresponding centre of buoyancy. Let H’ be the new
centre of buoyancy when A’OC’ is the A
new plane of floatation inclined at a )
small angle § with AOC.

Since vol. ABC=vol. A'BC’,
vol. AOA’=vol. COC'.

Draw HM L AOC and HM L A’OC’,
then the limiting position of M is the
metacentre. Let ¢, ¢° be the centres of
gravity of AOA’ and COC'.

vol. A'BC'=vol. ABC+vol.

COC’—vol. AOA’, and H' is the
centre of gravity of A'BC'.

Taking the moments about the line H'M
V.HM sin 0—vol. AOA’ g9'=0

vol. AOA' gg’

HM=Hm V sin 0

0-—~o0

Analytical Expression. Let the line AOC in the plane of the
paper hec as the axis of y, the perpendicular to the plane of the
paper through O that of z. Let dady be the area of an clementary
portion of the area AOC at a point (zx, 7).

Now the height of the small column on this portion, cut off by
A'OC' is £ y tan 0.
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Volume of that element = 4-ydxdy tan 6
Hence the above formula becomes

V.AM sin 0—tan 0. [ [ y%dxdy=0, where the integration is
exteflded over the area AOB.
ov— [/ yvﬁd“’dy . as 0—0
AK?
'V' b
where AK? is the moment of snertia of the area AOC (=A) about the
line through O perpendicular to the plane of the paper ; (or in other

words K 1is the radsus of gyration of the area A of the section sn the
plane of floatation, and V is the volume immersed).

Particular Cases. If a solid which i3 in contact with a liquid
be spherical, it is clear that the centre of the sphere is the Meta-cenire
because the pressure at cach point of the spherical surface is normal
to the surface and so passes through the ceutre.

If the immersed surface be the curved surfaice of a circular
cylinder whose axis is horizoutal, the Mcta-centre will be on the axis
of the cylinder, for the thrust on each point of the surface moets the
axis.

122. Solved Examples.

Ex. 1. .1 colid body con-sis of a right cone joined to hemisphere
on the same base and floats with the spherical portion partly immersed ;
prove that the greatest of the cone consistent with stability is v/ 3 times
the radius of the base. (Nagpur 1957 ; Banaras 1943)

Let@ be the radius of the hemisphere whose centre is O and
lowest point A, and let 7 be the height of the cone.

If p be the density of the
material, the wt. of the hemisphere
is yra’go acting through L where

3a
OIJ =
g

Wt. of the cone is §mahygp

acting through g where Og= Z .

.. The height of the centre
of gravity G of the whole body

above the lowest point A is

3a I
LZnalgp (a —-8(1-) +3ina’hgp (a + ;)
AG = ot rathgp |
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ba
4

2
+ha+1h?
2a-+h
In this case the meta-centre is at the centre O of the spherical
part. Hence for stability, we must have

AG < AO
2
or §a2+ha+—};—<a (2a+h)
or h* < 3a?
or I<<+/3a

.. The greatest height of the cone is 4/3 times the radius of
the base.

Ex. 2. A solid cone, of semi-vertical angle e sp. gr. o floats in
equilibrium in the liquid of sp. gr. P, with ils axis verlical and wvertex
downwards. Determine the condition for which the equilibrium is stable
(Nagpur 1941 ; Aligarh 1942).

Let 1 be the height of the cone and A’
the length of axis immersed.

In this case A=area of the circle of
radius 2’ tan «

Al*=nh"? tan® a.}h' tan? «
=4r bt tant a

and V=1r /'? tan® a
Ak?  }m A% tant «
HM= v = ;n 1’3 tan?
=3 1’ tan? «.
Now OH=% 7'
: OM=O0OH-+HM=3 A'+2 b’ tan® «
=31 R sec? a.

Hence for stability, we must have
OM>O0G, where G is the C.G. of the cone.
or 30 seca > § h.

But since the cone floats, } ph'? tan? a=1% o7 tan? «

o w=(0)

The equilibrium is stable if

’

h

(o3
> cos? « or VP— > cos® «.
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Examples 22

1. A wooden ballis floating in water ; show that its equilibrium will
become unstablo if any weight, however small, be placed upen its highest
point. o

2. A solid cylinder floats in a liquid with its axis vertical. If the ratio
of the sp. gr. of the cylinder to that of the fluid be 5, prove that the equilibrium
is stable if the ratio of the radius of the baso to the height be greater than

1/ 20 (1—o0).
3. A uniform circular cylinder, whose radius is two-thirds of its height,
floats in water with its axis vertical. Provo that the equilibrium eannot be

>

stable if the sp. pr. of the cylinder lics boetween | and 3.
‘g. Show that a uniform circular cylinder, of sp. gr. 1, cannot be in
stable equilibrium, when floating upright 1 water, if its length exceeds three-
quarter of its diameter.
* 5. A rnight civeular eylinder of radius @ and length 4 floats with its
axis vertical in a hquid whose density 18 4 that of the eylinder.  Prove that the
height of the metacentre above the hase 1s

. a?
$h43 B

6. Show that in the case of a right circular cylinder of radius a and
height h, floating with its axis vertical m any hqud the equbbrium will be
stable whatever be the sp. gr ,1t /2 « >/, (Nagpuar 1942, 43)

*%. A solid and homogeneous body consists of a cylinder joined to a
hemnisphere on the same base and tloats with the hemispherical poruion partly
immersed in water. Prove that greatest height of tlie cylinder consistent with

stability is vlz times the radius of the baso of the cyl:nder. (Naypur 1939)

8. A right prism whose base is an equilateral triangle, flosts in water
with tho lateral edges horizontal and ono ot them below the surface. Show
that the equilibrium is stable for all displacements into which the lateral edges
remain horizontal, 1f it be given that the sp. gr. of the prism >_]n‘;_
(Banaras 1940)

A hollow buoy is made of a hemisphere and a cone joined at their
bases, the thickness of the metal being the same throughout. Show that it
can float in stable equilibrium with the cone uppermost if the semi-vertical
angle of the cone be 45° but not 1f 1t be 30°.

1o. A uniform right circular cone of semi-vertical angle 30° is floating
with its axis vertical and 1ts vertox downwards in a liqumd whose density 1s
} its own. Show that the equihibrium is stable. (Nagpur 1932)

11. Show that when & uniform hemisphere of density p and radius a
floats with 1ts plane bate immersed m homogeneous hquid ot demsity o, the
equilibrium is stable and the meta-centric height is

ja 7.(629) . (M.T.)

t2. A homogeneous circular cylinder of length h, radius @, and sp. gr.
floats 1n water., Prove that the position with the axis vertical is stable if

a2
2 (1—p).
a2 > =e)
Also prove that the position with the axis horizontal is stable if 1 >b,
where b is the breadth of the rectangular water section.

If p=3. and 8a?=3L? also show that the position of ttable equilibrium
is one in which one end of the cylinder is just immersed, and the other s just

out of the water,
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13. A thin uniform lamina whose shape is that of an isosceles triangle,
floats in water with its plane vertical and the hase horizontal and above the
surface. Show that the equilibrium is stable, if

c > cosq,
where ¢ is the sp. or. of the lamina and 2x the vertical angle,

14. A right circular cylinder floats in a liauid with its axis (of length &)
horizontal and at a height ¢ above the surface. Show that the equilibrium will
be stable 1f

h2>4 (a2—c2)
where ¢ is the radius of the bace of the cylinder.

15. A solid in the shape of two equal cones placed with their vertices
coincident and axes in the rame straight iine, {loats 1 a hquid of double its
density, the common axis being horizontal. Prove that the equilibrium is
stable if the semi-vertical angle of each cone is less than 60°,

(Indwan Finance 1927)

16. A square lamina of density p floats in water, of density o, with its
plane vertical and one angular point below the surface. If 95>32p, prove that
there are three positions of equilibrium in two of which neither diagonal is
vertical.

1x7. A hemispherical bowl rests on the top of a sphere of double its
radius, and water is slowly poured in the bowl ; prove that the equilibrium will
be stable until a weight of water, equal to half the weight of the bowl, has been
poured in.

18. A thin uniform lamina whose shape is that of an isosceles triangle
floats 1n water with its plane vertical and the base horizontal and below the
surfuce. If 2o be the vertical angle of the triangle and p its sp. gr. prove that
thoe equilibrium is stable if p<l—costq.

xg. Prove that if the ratio of the length to the diameter of a uniform
solid circular cylinder of sp. gr. } hes between J4/2 and |, the cylinder cannot
float in a stable equilibrium in water with its axis cither horizontal or vertical,

20. A thin uniform rod of weight =0 and sp, gr. s floats in a vertical
position 1n stable equilibrium, when a particle of weight W is attached to its

lower end, prove that
1
7 N s —
W u( Ve 1 )

21. If a segment of a sphere of density ¢ floats in « liquid of density, p,
prove that the position it which the plane force 1s immersed and horizontal is
a position of stable equilibrium and that the metacentric height is
P7% times the distance of the centre of gravity of the segment from the centre
of the sphere.

22. A solid paraboloid of sp. gr. o floats in a liquid of sp, gr. p with ts
axis vertical and vertex downwards, Prove that the metacentric height is
constant, and the equihbriuin will be stable if

3a>( 1 —V e )h
e
where 4a is the latus rectum of the generating parabola and & 1s tho height of
the sohid.

23. Prove that a circular cylinder of radius a and length a/n cannot
foat upright in water in stable equilibrium if 1ts sp. gr. lies between

5[1—\/‘1‘—2,.2 and } [1 + w:m] : (Nagpur 1955)

24. Two equal uniform rods, whose density is p are joined together at

an angle 2¢. If they be immersed with angle downwaids in a fluid of density o

find the position of equilibrium and prove that the curve of buoyancy is a

parabola. Also show that the rods cannot float with the line joining their ends
inclined to the horizon unless

o—p

o+p

>sin

a. (1.4.8. 1959)



CHAPTER X
HYDRGSTATIC MACHINES

123. "here is a large number of machines which depend for
their working on the properties of fluids, which have been discussed
in the previous chapters. Here we shall describe some of them.

The Siphon. Tie siphon is an instrument by means of which
a vessel, full of liquid, can be emptied without moving the vessel.

It consists of a bent tube ABCDE
usually of glass, open at both ends with one
arm ABC longer than the other CD¥. To
use the siphon, it is first fiiled with the
same kind of liquid as is contained in the
vessel, and both the ends E and A are
temporarily closed. The tube is then invert-
ed and placed with the end E under the
level of the liquid in the vessel while the
longer arm ABC projects outside with its
....... AW end A below the level of the liquid in the
! vessel. Now as soon as the ends arc open-

ed. the liquid begins to flow in a continuous
stream 8o long as the end E is below the
surface of the liquid.

P

. Principle of Action. Let CMN be a vertical line through the
highest point and let it meet the level of the surface of the liquid in
M and a horizontal line through A in N.

Let B be the point in which the horizontal plane through D
meets the longer arm. Let the atmospheric pressure be = and p the
density of the liquid.

Now just before the commencement of the motion, we have
The pressure at B=the pressure at D
=n
The pressure at A=the pressure at B+gp.MN
=n-+gp.MN.
) The pressure at A is greater than the atmospheric pressure
t.e., 7.

Hence the liquid at A will flow out and the liquid in the arm
CA will follow.

It is clear that the siphon will not work if the height of C
above D exceeds the barometric height for the liquid concerned.
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LIQUID-PUMPS

124. Principle of Pumps. The principle of all pumps is that
of suction. A partial vacuum is created and the atmospheric pressure
on the surfuce outside forces the liquid in to fill up the partial
vacaum. A fanuliar instance of this is when liquid is sucked into
the mouth through o straw.

Valves arc used in all pumps. They are placed at the openings
or in the counecting pipes. They open or close with change of pres-
sure and allow the passage of air or water in one direciion only but
prevent any fluid to pass through in the opposite direction. Valves
differ in forms according to the puipose for which they are meant.
They aro generaily made of metal, leather or oiled silk. The difference
of pressurc at the two sidos of a vaive causes it Lo open or close.

Theorstically a valve should open with the smallest excess of
pressure ou one side and permic no Jeakage the way, but practically
in all valves o definite (xceess of pressure is required, and a certain
amount of leakage cceurs.

135. The Syringe. Au ordinwry syringe is an examplo of
the pump in its simplest forni.

It consists of a hollow cylinder AB, ending
in a nozzle C. An air-tight piston D works ©
within this cylinder. With the piston at its
Jowest pocition, the nozzle is dipped under a
liquid. When the piston is drawn up, a partial
vacuum is formed within the ¢y linder below  the
piston. In consequence of this the atmospheric
pressure forces the lignid up into the eylinder
to fill the vacuum. When the piston is again
pushed down, the pressure on the liguid becomes
greater than the outsider pressure and so the
liquid is forced out.

126. The Common or Suction Pump.
It consists of eylinder AB called the barrd within
which an air-tight piston P works smoothly.
The barrel is connected at its lower side with
another longer cylinder BD which communi-
cates with the liquid to be raised. There are two wvalves, both
opening upwards, one of which V,is at an opening in the piston,
while the other C is al the junction of the two cylinders. Near the
top of the barrel there is a spoul I through which the liquid ilows
top. In the case of a hand pump, the piston is worked by means of
a handle KN which is attached to the piston-rod working as a lever
with T as fulecrum and K the end at which the force is applied.

(a) Action of the Pump. Supposc the piston to be at its
lowett position B and that the water has not risen inside the lower
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cylinder. Let the piston P be moved upwards. As it moves
a partial vacuum is created between it and B. The air in BD
being at a greater pressure forces the valve
Cupwards, and some air passes from the
lower cylinder to the upper. The pressure of
the air inside BD and PB becomes less than
the atmospheric pressure and so the liquid
rises in the lower cylinder. This rising is
continucd till the piston reaches the topmost
position. When the piston is pushed down
the air in PB, is compressed and in conse-
quence the increased pressure closes the valve
Cand opens V in the piston so that the air
cscapes through the piston valve. If some
liquid had been raised within the barrel
during the upstroke, this water finds its way
above the piston through the valve V.

During the next up stroke, the valve V
remains closed due to atmospheric pressure
and any liquid above it, while due to the
vacuum produccd between PB, the valve C
opens and the liquid is forced in the barrel. The liquid above the
piston flows out through the spout E. It may often be necessary to
work the piston a few times to drive off air from inside the pump
and hence to get the first supply of the liquid. In all this action the
height of ME must be less than that of the water barometer.

(b) Tension of the Piston rod.

The tension of the piston rod is equal lo the weight of a column  of
water, whose sectional area is equal to that of piston, and whose height
is equal to the distance between the levels of the water awithin and withoud
the pump.

Let A be the area of the piston. h the height of the water baro-
meter, and w the wt. of a unit volume of water. Let T denote the
tension of the piston rod.

The tension of the piston rod must be such that it would
balance the difference of pressures on the upper and lower surfaces of
the piston.

Case 1. Let the water level be at L, a point betwecen I3 and M.

The pressure of the air above L
=the pressure of the water at L
=the pressure at M—w.ML
=w (h—ML)
Therefore the pressure on the lower surface of the piston
=A Xw (h—ML),

and that on the upper onc
=A Xwh.
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Hence, we have
T+A><w (h—ML)=Awh
T=A Xw.ML.
Case IL  Let the water have risen (o a point F.
The pressure at a point on the upper surface of the piston
=w.PF+w.h=w(h+PF)
The pressure at a point on the lowcr one
=wh—wMP=w (h—MP)
Hence, we have
'1‘+A w (h—MP)=A.w(h+PF)
T=A w MF.
Hence the theorem is established.

(c) To find the water level raised during the nth stroke.

Let Py, P, be the water surfaces at the beginning and end of
the nth stroke.

Let MP,,_y=x,_;, MP,=x, where M is the

water-level !

Let MB=c, BE=d and let & be the height E
of the water barometer.

Let A be the cross-section of the barrel
BE, and a that of the pipe MB. 4

Case 1. Wihen P, is below B. Pn
At the beginning of the nth stroke when
the piston is at B, the volume of air in the L B
tube MP was (¢c—®,-;)a, and its pressure was
w(h—x,_4). Fn
At the cnd of the mth stroke when the )
piston was at L, this air occupicd the volume = 1Pr-1

=(C—ua,) a+dA and its pressure=w(h—ux,).
Hence from Boyie’s Law, we have, after
cancelling the common factor w S s R
{(C_-Tn) a—}—dA} (}1"‘7'71) ;, = b - =
T:{(C'“’Tn-- 1) (l} (]1’_‘ .2',,,1) . (1) - )
From this equation v, would be cbtained
if «,-; is known and hence the value of &, —a,_4
t.e., the 7ise in the water-level in the nth stroke.

Case II. When P, is above B.
At the end of the nth stroke, in this case, the volume occupied
by the air is (¢c+d—=z,)A and its pressure is (h—ux,).
Hence we shall have, as in formula (1)
(c+d—w)A. (h—a,)={(c—xy_q)a}(h—ay_y) .. (2)
which gives the value of z,, in terms of x,_,.

Cor. Giving n in succession the values 1, 2, 3...... in (1) or in
(2) and noting that x,=0 we have the heights to which the surface
of the water has risen at the end of the 1st, 2nd, 3rd,...... strokes.

Therefore from (1), {(c—x;) a-+dA} (k—xl)=cah
{(c—ap) a+dA} (h—=x, —(c xy)a(h—x,)
{(c—my) a+dA} (h—x3)=(c—x;)a(h—zx,), eto.
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127. The Lifting Pump. This pump is used to raise water
to any desired height. It is only a modification of the common
pump having a third valve V; opening
outwards at the junction of the spout
and the barrel. Thus tho water
instead of being discharged at the
spout, rises up through the pipe
connected with the spout turned up-
wards.

As the piston rises, third valve
V, opens and the water enters the
spout and passes into the pipe above.
Whien the piston descends this valve
closes and does not allow the water
of upper pipe to come back in the
barrel.  This process is repeated and
more and more water is forced up
the tube through the valve Vi In
this way water can be lifted to any
heicht, provided the different parts of
the pump are strong enough to bear
the strain caused by the weight of
water above.

128. The Forcing Pump. It is another modified form of
the common pump with a strong barrel AB. In this pump there is.

no valve on the piston, which has a

solid base fitting the cvlinder tightly.

The spout is fixed at the bottom B A

and consists of a long pipe as in the

lifting pump, having a valve V open-

ing outward at the junction of the

barrel and the pipe. When the water

has entered the barrel PB as in other

pumps, the downward stroke of the

piston drives the air or water between

itself and B through the valve YV into

the pipe GI, the valve C remaining

closed during the action. During the

upward stroke, C opens and V closed

and water riscs in BA.
Thus the process is repeated and

the water passes in the pipe GH. o
The Forcing Pump with an - -

Air-chamber. In order that the Iz

forcing pump may throw up a conti- i

nuous stream of water, a pipe from V.. "7 T 7°7 "

is introduced to a chamber LMN partially filled with air. From this-
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chamber a tube TMK, whose end T is well below the air in the
chamber, leads up to the height required.

Action. When the piston moves downwards the water is
forced into TMK. So there is flow of water
during this half-stroke and the airin the
chamber is compresscd.

When the piston moves upwards, the
valve V is closed and the compressed air of
the chamber tries to expand and. therefore,
forces some water from the chamber, to go
up in the pipe TMK. Thusin the second
half-stroke also the flow of water continues.

129. The Fire Engine. The fire-
engine is ecssentially a forcing up with air-
chambcr deseribed as above. Tt is formed
of two foree-pumps communicating with the
same air chamber.

Both the pumps draw from a common
reservoir ; when the piston in one moves
down, thet in the other moves up and vice
versa. Then the air-chamber maintains the
continuity of flow as in the forcing prmp with an air chamber.

130. Solved Examples.

Ex. 1. The length of the lower pipe of @ conumon pump above the
surface of the water is 10 feet, and the arca of the section of the wpper
pipe is 4 times that of the lower. Taking 33 fect as the Leight of the
barometer, prove that, if at the end of the first stroke the water just rise
into the upper pipe, the length of the siroke must be very nearly 3 feet 7
inches. (Allakabad 1921)

Initially the piston is at B, and encloses a
column of air 10" height in tube BC at atmospheric
pressure.

Let the piston now rise through a height « feet,
such that all the air is sucked up iu the bigger barrel
and the water rises in the lower columnu filling it up
to the top B.

Let p be the pressure duc to the air enclosed in
LoD the bigger barrel. .

p+10=33

i
|
|
i

T

. =pressure on the surface of the
|- reservoir.
o p=23.
= Initially the volume of air was 10A, where A is
e the area of the cross-section of the lower pipe, and
1= its atmospheric pressure is 33'. After the first
stroke, the volume is 2.4.A and the pressure 23’ of

water,
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The temperature is assumed to be constant throughout.
10A. 33=4A. x. 23

_ 1033

T 423

-

=3 {t. 7 in. nearly.

or

Ex. 2. Prove thal in the common pump the water will jusi rise
into the upper cz/lz'm?(’r at the end of the second stroke, if

a 3a>
K <} nb / b )——h <4a+nb— nb )—}—a(.’a—i—nb)—”

where a, b arc the lengths of the lower and upper cylinders, n is the ratio
of the sectional area of the latler to that of the former and h is the height
of the water baromeler. (M.T. 1889 ; Calcuita 1912 ; Patna 1927)

Let x4, 2, be the heights to which water is raised during the first
and the second strokes. Here x, is given to be a.

Hence applying the formula of the Art. in which the water
level raised during the nth stroke was found, we have

H(a—a)+nb](h—x))=ah ... (1)
and nb(h—a)=(a—.r,)(h—2x,) ... (2)

From (1) and {2). we get
nb(h—a)+nb(h—x,)=ah,

or h—a;= ah —(h—a) ;
nh
ek
a—n= 2(h—a).

Substituting these values in (2) we get

nb(h—a)= ah a):“ ah _ h_”)_J

or /ﬂ( 1— 1?(; >(l nb)—-k(-ia-{—nb— sat >+a 2a+n)=0.

Examples 23

1. A tall cylinder 90 cms. in length is full of mercury. What is the
greatest depth of it which can be emptied out by means of a siphon, the baro-
metric height being 756 mins. of mercury. (Punjab 1924)

2. A siphon is used to empty a cylindrical vessel filled with mercury.
The shorter limb of the siphon reaches to the bottom of the vessel which is 45
inches deep, but it is found that the mcreury ceases to run before the vessel is
empty. Explain this (Calcutta 1919 ; Dacca 1930)

A cylindrical vessel, whose hoight is that of the water barometer, 18
three-quarters full of water and is fitted with an air-tight lid. If a siphon,
whose highest point is in the surface of the lid and the end of whose longer arm
is on a level with the bottom of the vessel, be nserted through an air-tight
hole in the lid, prove that ore-third of the water may be removed by the action
of the siphon.
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4. The lengths of the arms of a siphon measured vertically are h, k
(>1). The siphon is filled with liquid of density o greater than the density p
of the liquid in the vessel. Prove that the siphon will begin to work with the
end of the longer arm immersed in the liquid in the vessel provided the depth

of that end below the surface of the liquid in the vessel exceeds (h—Fk) %—

5. The spout of a common pump is 7 ft. above the level of water in a
well. The diameter of the piston is 4 inches. What is the force on the piston
rod when the pump is workimng ¥ Wt. of 1 cu. ft. of water is 62°5 lbs.

(Alahabad 1931)

6. A lift pump is used to pump oil of sp. gr. 08 from a lower into an
upper tank. What is the maximum ot possible height of the pump above the
lower tank when the pressure of the atmosphereo i1s 76 cms. of mercury.

(Patna 1929 ; Calcutta 1928)

The length of the lower pipe of a common pump above the surface
of water is 20 ft., the cross-section of the barrel of the pump is 36 times that of
the pipe, and the length of tho stroke is | ft.  I'ind how far the water will rise
at the end of the st stroke, taking the hoight of the water-barometer to be
30 ft. (Patna 1934)

8. The lower valve of a common pump is 27 ft, above the surface of
water in a well, and the area of the cross-section of the upper cylinder is twices
that of the lower. If the length of the upper cyhinder be 38 ft., tind how much
wuter rises at the end of first und second strokes, the height of the water baro-
meter being 34 ft,

The lower valve of w common pump is a piece of brass § ozs. in
weight, resting over a hole 2 sq. inches 1n area. l'ind the greatest heicht at
which the pump can be iustalled, 1f the height of the water baron eter is 34 ft.
and the wt. of the 1 cubic foot of water 1s 1000 ozs. (Lacknow 1939)

10. In a common pump the length of the barrel is 18’/ and that of the

lower pipe 21 ft. above the surface of water ; if the section of the pipeo is —134-

of that of the harrel, find the height through which water would rise at the end
of the first stroke, taking the height of the water barometer to be 32 ft.

(Patna 1931)

11. A pump consists of a pipe 2 inches in diameter dipping into a well

12 ft. below, together with a burrel 6 inches in diameter. When the pipe is

full of air at atinospheric pressure, a closely fitting piston is raised 16 inche

from the bottom of the barrel. How far will the water then rise in the pipe ?
The height of the water barometer i1s 33 ft.

12. If the barrel of a common punp be 2 ft. long, and its lower end be
26 ft. above the surface. and 1if the area of the section of the barrel be 6 times
that of the pump, find in how many strokes the water will rcach the barrel, the
height of the water-barometer beinyz 32 ft.

13. In a common pump, if the piston does not go home up to the lower
valve ot the barrel, prove that no water can in general be lifted mnto the upper
cylinder unless the range of the piston is greater than

ab.

h
where a, b are the lengths of the lower and upper cylinders and / is the height
of the water barometer.

14. Prove that if h, 7" be the heights at which the water stands in the
lower cylinder of & common pump before and after a stroke, then

(%' —h)(k'+h—H—a)+nb(H—1")=0,

where a, b are the lengths of the lower and upper cylinders, « is the ratio of the
sectional area of the latter to that of the former, and H is the height of the
water-barometer,
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AIR-PUMPS

131. Air-Pumps. The air-pumps are used to pump the air
out of a vessel in which a vacuum is desired.

132. Smeaton’s Air-Pump. The most common form of
vacuum pump is known as Smeaton’s Pump. In this type of pump
there is a cylinder CB with valves V,, V,
at C and B opening upwards. A piston
D works in CB and is lifted at the bottom
with a valve opening upwards. Valves
are all air-tight.

From the bottom of the cylinder
CB a pipe leads into the vessel A which
is to be exhausted of air. Suppose the
piston D resting at B is raised ; & vacuum
will be created between D and B and air
from A rushes through the pipe into the
cylinder after opening the valve at B.
When the piston is at C and is pressed
down again the air in D escapes through
the valve in the piston since the valve at B is closed and from the
piston this first instalment of air escapes into the atmosphere. This
is the working of the first stroke and as these strokes are repeated
more and more air from A cscapes into the atmosphere though at a
diminishing pressure.

The process is continued till the pressure in the receiver is too
weak to raise the valves.

Sometimes another valve, opening upwardsfis introduced at C.
Its advantage is that during the downward stroke of the piston the
pressure of the air above it becomes much less than the atmospheric
pressure and hence the piston valve is more easily varied than would
otherwise be the case.

133. Hawkskee’s or Double-barrelled Air-Pump.

To make the action of the pump continuous, a double-barrelled
or Hawkskee’s Air-Pump is used. This machine consists of two
cylinders cach similar to the single
cylinder in Smeaton’s Pump and cach
furnished with a piston. The pistons
are worked by means of a toothed-
wheel in such a manner that as one
piston goes up the other goes down.

The barrels are connected to a com-

mon tube leading to the receiver A. A
Thus the air is taken out continuous-
ly and consequently the ratc of rare-
faction becomes twice as rapid as a
pump with a single barrel.
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To Calculate the Density of the Air left in the Receiver
after the nth stroke.

Let V be the volume of the receiver including that of the pipe,
and v that of the barrel between extreme positions of the piston. Let
P be the density of air ¢nitially in the receiver ; and let gy, Py, p3...0n
be the density of the air in the receiver, after 1, 2,...... n complete
strokes.

At the end of each up-stroke, a volume V of air expands to
occupy a volume (V4») and thus is reduced in density to py.

v
L
At the end of the second up-stroke, the air of density p; in

the receiver expands to a volume (V+4v) and thereby becomes
reduced in density to p,. Hence

% (Vv )’*’
Pa= vy P17 (V—H}, P

Proceeding in this way the density of air left in the recetver
after the nth stroke is given by

o= (v )

Note. Since p, can never be zero, a perfect vacuum ean
never be obtained.

(V+2lg;=Vp or p.

134. The Air-Condenser or Condensing Air-Pump. The
object of this type of pump is exactly opposite to that of the Air-
Pump, viz., to increase the pressure of the air in a given vessel or
receiver. This is the common bicycle-pump or intlator.

It consists of a cylinder AB into which works a piston P. The
cylinder is open at the top. At the end B of the cylinder is a valve
V, which opens outwards. In the piston there is
also another valve V, opening downwards. The
pump is connected to the receiver A into which the
air is to be pumped, by a tube below the valve V,,
which is fitted with a stop-cock S.

When the piston is pressed down, the air bet-
ween B and the piston is compressed; the valve V,
opens and the air is forced into the receiver A.

When the piston reaches B, its action is revers-
ed and in doing so a partial vacuum is created bet-
ween B and the piston. In consequence of this the
valve V, closes and V, opens, and the barrel is filled
with air from outside. When the piston is pushed
down again, the air is driven into the receiver. Thus
at every stroke the air full of the barrel is forced
into the receiver.
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Density of Air in the Receiver after the nth Stroke.

Let p be the density of the air at atmospheric pressure, e, the
density of the air in the receiver after the nth stroke. Let V be the
volume of the receiver with that of the connecting tube and v that
of the barrel.

After » strokes the total volume of air at atmospheric pressure
in the receiver is V-4ne.

From Boyvle’s Law
onV=(V4nre)

or on= ( 1+ -7(:; )p.

135. Solved Examples.
Ex. 1. After 4 strokes the densily of the air in the receiver of an
air pump is found (o bear to its original densily the ratio of 256 1o 625.
What is the ratio of the volume of the barrel to that of the receiver !
(Calculta 1923)
Let the volume of the recciver and that of the barrel be V and
v respectively.

256 Vo4
Then 625 :<V+fu J

\'% _4 hene P
or \7—{—-’0 = 5 wianence "v’*:n'.

Ex. 2. The mass of air in the receiver of an air-pump s m at
beginning, and it Lecomes m' after n complete strokes of the piston. If
V and v denote the volumes of the receiver and the barrel, prove that

e log m—log m'
Tlog (V4o0)—log V*
(Allahabad 1938)

Let p and p, be the densitics of the air in the receiver in the
beginning and after » strokes.

Since the volume of the receiver will remain the same,

we have
m . m'
V*—P and ~V =Pu e (1)
After the nth stroke the density p, is given by
V "

Replacing g and p,, from (1) in (2)

R

. 2ol
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o log ™ —nlox V-

r 8 T T8 vy,
or log m’—log m=mn{log V—log (V+4u)}
or e log m—log m

" log (V4v)—log V
Examples 24

1. If the cylinder of an air-pump is one-third the size of the receiver

what fractional part of the original air will be left after 5 strokes ? ’
(Patna 1926, 29)

2. The volumes of the barrel and the recsiver are 25 and 75 cu. inches
respectively.  Find the pressure of the air after 3 strokes. (Bombay 1935)
Describe briefly the action of air-pump in its simplest form, and

explain how the degreo of rarefaction producerd by a given number of strokes
can be calculated, (Punjab 1931)
If the volume of the roceiver in a Smeaton’s air-pump is 5 times that

of the barrel, find the pressure in the receiver after 3 strokes of the piston, the
barometric height being 30 inches. (Calcutta 1912)

If the pressurein a pump were reduced to % of the atmospheric
pressure in 4 strokes, to what it would be reduced in 6 strokes ?  (Punjub 1923)

1
6. Inone pump the barrel has ]?Lh of the volume of the receiver

and in another it has lth. How many strokes of the latter are required
to produce the samo degree of exhaustion as gix of the former ? (Patna 1935)

7. If the receiver of an air-pump be 6 times as largo as the barrel, find the
number of strokes required before the density of the air is less than 4th of the

original density. (Patna 1941)

8. The barrel and the receiver of a condensing pump have capacities of
75 c.cs. and 1000 c.cs. respectively. How many strokes will be roquired to raise
the pressure of the air in the receiver from one to four atmospheres.
(Caleut'a 1925)
9. Ifthe volume of B of the cylinder of a condenser only C is traversed
by the piston, prove that the pressure in the receiver cannot he made to exceed
3
Bf-C atmosphere.
10. In a condcnser the piston can only work through a length, «, the
distance of the piston in its lowest position from the lower valve being 5. Show

. - . a .
that the density of the air in the receiver cannot excoed Th- times the atmos-
)

pheric density.

1. Air is pumped from a vessel of volume V and forced into a vessel of
volume C by means of & Smeaton pump of volume B. Show that if the whole of
the air have originally a density p, and 1if the piston be originally at the end of
the cylinder nearest to the vessel A, then after the piston has made 2n—1
strokos, reaching the end C for the nth time, the density of tho air in the two

vessels will be
A \" An P
(A+B) p and [A+B+C‘ '(Ai,cs")n:r]‘c’"

x2. If h be the range of the piston in a Smeaton’s air pump, a, its dis-
tance from the top of the barrel in its highest position,  its distance from the
bottomn in its lowest position, and p the density of the atmosphere, prove that
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4

tha liniting density of the air in the receiver will be
- ab .
(ha)(h+0)™
(M.T. 1861; Calcutta 1912, 14, 15)
13. A body weighing # Ibs. in air, weighs (n41) Ibs. in the receiver of an
air-pump after n strokes of the piston. If the capacity of the recoiver be n
times that of the barrel, prove that the wt. of the bouy in vacuura wmill be

(n—i:l)”'*‘lf—n”*l .
St e (Lucknew 1939)
14. In Smeaton’s air-pump, find the position of the piston nits (r-+1)th
ascent when the highest valve begins to open ; and show that in that position
the tonsion of the piston rod : thrust of the atmosphere on the piston is us
) A A B
(A4DB)n’ (A+B)™ (A+B) ’ {M.T. 1856)
x5 Prove that if the piston of lawkskeo's air-pump cannot trave ree
the whole length of the cylindor, the density in the roceiver after n strokes  will

be S A o
L (”@‘ﬁ;.)»g B

of the density of the atmosphere, snpposing A to denote the volume of the
receiver, B that of the cylinder, and C that of the part traversed by the piston.
(Patna 1941 ; M.7T. 1883)
16. The volume of the barrol of a condeuser is V and velume v of itis
bolow the piston when the latter 1s pushed down as far as 1t will go If the
valves open when the d:fference of pressure between the two sidesis », and II
the atmospheric pressure, prove that the greatest pressure that can be jroduced
1n the air 1n the receiveris
A%
- -=p.
d=p =P (M.T. 1872)

17. A condenser, whose clearance may be neglected, and its receiver is
connected 1 an air-tight room, The air in the room and in the receiver is
itially of density p. Prove that after n strokes the density of the airiu the
receiver becomes

V4 V4 v 7‘]

° [’ ooy e "VZM) '
where « is the volume of the barrel of the condenser, v that of the receiver and
V+u+4o that of the room, (M.T.)

136. The Diving Bell. it 15 used to enable persons to go down
a great depth under water to lay the foundations of piers or do some
such work there. It consists of a large bell-
shaped or cylindrical vessel made of
metal closed at the top and open at the
bottom. To its upper extremity chains
are fastened and inside the bell there are
scats S for the divers.

The bell is Jowered into the deep
water after the divers have taken their
seats within it by means of the chain. As
it desecends it carries with it the air en-
closed within, but the volume of air
diminishes and water rises within it. To supply this diminution of
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the volume of the contained air and also to drive out polluted air,
a fresh stream of air is constantly being pumped in through a tube
A which opens above the surface of water and polluted air keeps
flowing out through another tube B.

The diving bell is so heavy that it can sink down to a very
great depth by its own weight and as soon as the divers have finished
their operations below, they indicate the intention by giving a jerk to
the chains.

137. Problems. A diving bell is lowered into waler of gsven
density. If no air be supplied from above, find

(2) the compression of the air at a given depth a,
(i1) the tension of the chain at this depth, and

(viv) the cmount of air at atimospheric pressure that must be forced
in so that at this depth the water may not rise within the bell.

(¢) Let b be the height of the bell ABCD. Let a be the depth
of the upper side AB from the free surface. Let AC’ the length of
the bell ceccupied by the airbex and leth . ___
be the lLcight of the water barometer in s
atmospheric pressure.

Now CC'=0b—x. Also, let A be the
cross-section of the bell. Let w be the wt. of
unit volume of water and

II the atmospheric pressure e

=wh () Gl

The pressure of compressed air enclosed
in ABD'C

=the pressure at the water level C'D’

=II+4+(a+x)w

=(h-t+a+xw.

The original volume ABCD of air was at atmospheric pressure
II. Hence by Boyle’s Law

2A.(h+a+2)w=0Awh
or x*+(a+h)x—bh=o0

which is a quadratic cquation in x having one positive) and one
negative root. If the positive root be x;, the required rise of water
in the bell will be b—u;.

(¢¢) 1f T be the tension of the chains and W be the wt. of
bell, we have
T=wt. of the bell—wt. of the water displaced
=W—w.Ax.

Note. To be more accurate, the wt. of the air contained in
it may be added. But it is very small in comparison with the wt.
of the diving bell.

(#43) Let V be the volume of the diving bell, and V' the volume
of atmospheric air that must be forced in to keep the water level at

CD.
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In this case the pressure of the air within the bell
=pressure of the water at the level CIY

=wlb-+a)tw
=w(a+0+70).
Since a volume (V+V’) of air at pressure n(=w/) has been
compressed to volume V at pressure wla-+b-+h), it follows from
Boyle’s Law that

(V4+V') hw=V({a+b+h) w

or V=¥ a-;b .

138. Solved Examples.

Ex. 1. A cylindrical diving bell, whose height is 6 ft.. is let down
till ils top is at a depth of 80 ft. Find the pressure of the contained air,
the height of the water baromelcr being 33} f1.

(Patna 1941 ; Agra 1926)

If @ be the depth of the top of the bell below the water, b its
height, & the height of the water barometer and x the length of the
bell occupied by the compressed air. then from the first result of the

last Article we have
224-(a4-h)r—hh=0.
Putting the values of @, b and / in the above, we get
2 (804335 —333F X 6=0

—1704+104/307
=Y

Hence the pressure inside is equivalent to .-+ 8033} ft. of
watey

or xr=

r+80+333

or = Pt atmospheres
331
_1T44/307 ]
=0 atmospheres

=345 atmospheres.

Ex. 2. A cylindrical diving bell, whose cross-section 1s of area
A, is suspended in waler with its flat top at a distance a below the sur-
face, the air inside the bell then occupying a lrngth b of the bell. A man
of volume kA and sp. gr. o who has been sitting on a platform inside
the bell, falls into the enclosed water and floais. Find the consequent
change in the level of the water inside the bell and the total amount of
water inside the bell after the fall of the man.

Find also the change in the tension of the supporting chain.
(I.C'.8.)

The volume of the air inside the bell initially
=Ab—kA=A(b- k).
Let b—z be the length of the bell occupied by the air finally.
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then the volume of the air inside the bell
=A(h—ux) —(portion of the man above water in floating)
=A(b—x)— (Alk—Acl,, since Aok is the volume of the
water displaced by the man
=A(b—x—k-+ok)
Let p and p’ be the pressures of the air initially and finally, we
have by Boyle's Law
Ab—k)p=Ab—a—k+ak)p’
Buat as the pressure inside is due to the level of water inside the
bell below the effective surface,

p=w(b+a-+1)and
p'=w(b—uar+a-+h), where h is the ht. of the water baro-

meter
Hence (b—k)(b+a+h)=(b—x—h+ok)(b—z+a+h)
22—ax(2b+a+h—k+ak)+ko(b+a+h)=0. .. (1)

which is a quadratic equation for x. Its second term is clearly nega-
tive, and its third term is positive. Hence both the roots are posi-
tive. Thus = being positive, the level of the water rises in the bell.

Let ¢ be the total height of the bell the amount of water in it
initially =A(c—b).
The amount finally
=A{c—(b—x)}—amount of water displaced by the man
=A(c—b+4x)—Ack
Thus the amount of water initially —amount finally
=Adck—Ar
== —A(x—ok) . (2)
Hence from equation (1)
(v—0ok) (x—2b—a—h+k)=ck(b—Fk).
The second factor on the left-hand side is clearly negative, and
the right-hand side is positive
a—oaolk is negative.
Here the right-hand side of (2) is positive 7.e., initially the
amount of the water inside the bell is greater than the final amount.

Tension of the chain initially
=wt. of the bell+wt. of the man—wt. of water dis-

placed
=W+ Akow— Abw
Tension of the chain finally
=W—A(b—x)w
Initial Tension —Final Tension
=Aho —Axw
= Aw(ok —z)

= positive as in (2).
Hence in the second case the tension of the chain is decreased.
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Ex. 3. In a diving bell a soda water bottle is opened, which in
the external air would liberate a volume V of gas ; show that the tension
of the rope is diminished by

~ whV
v (a+h)2H4bh
where squares of —Zh are neglectcd, w being the wt. of @ unit volume of

the water, A the cross-section, @ the depth and b the height of the Uell,
and h the height of the water baroneter in almospheric air.
(Banaras 1935, 44)
With the usual notation, we have
2t +x(a+h)—hb=0 .. (D)
When the bottle has been opened, let & become a+y. The
original volume of the gas and air inside the bell would at pressure b
occupy a length 1,_*_,}\ of the bell.

Hence, by Boyle’s Law,

\7
(e +o)aty+athy=(b+ ). e (@)
Subtracting (1) from (2), we have
y(y-+2x+atl)= Xh ’ G

Vi .
“A} are to be neglected, it follows from (3)
that the squares of y are also to be neglected.

Since squares of

Hence (3) beecomes

y(Qx+a+h)= ‘Z‘ - e (4)

If T and T’ be the original and final tensions respectively, we
have
T=W—Azw and T'=W—A(z-+y)w
T—T'=W—Azw—W-A(x+y)x
Vwh
Vwh
V(@R 4RY
Examples 25

1. A bottle whose volume is 500 c.cs. is sunk mouth downwards below
the surface of a tank contaning water. How far must it be sunk for 100 ¢ c¢s.
of water to run up into the bottle ? 'The height of the barometer at the surface
of the tank is 760 mm. and the sp. gr. of mercury is 13°6. (Patna 1928)

2. A diving-bell is lowered in a lake until one half of it is filled with
water. Prove that if d be the depth of the top of the bell below the surface,
the height of the bell is 2(h—dj where k is the height of water barometer.

=Ayw=

from (1),
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8. A cylindrical diving bell weighs 2 tons and has an internal capacity
of 200 cu. ft., while the volume of the material composing it is 20 cu. fit. The
bell is made to sink by attached weights, At what depth may the weights be
gerr;nvod and the bell just not ascend, the height of the water barometer being

3 feet ?

4. A cylindrical diving bell, whose height is 9 ft. is lowered till the
level of the water in the bell is 17 ft. helow the surface. The height of the
water barometer Leing 2t ft. ; find the dopth of the hottom of the bell. If the
area of the section of thedell be 25 sq. ft, find how much air at atmospheric
pressure must be pumped into the bell to drive out all the water,

5. Tho height of the water barometer being 33 feet 9 inches and the
gp. gr. of mercury 13 5, find at what height & common barometer will stand in
a cvlindrieal diving bell which is lowered till the water fills one-tonth of the
bell. How far will the surface of the water in the bell be buviow the external
surface of the water ?

6. A cvlindtical diving Lell is lowered in®water and it is observed that
the depth ot the top when the water fills )} of the inside is 3} tiumes the depth
when the water fills 3 of the mside ; prove that the height of the cylinderis }
of the herght of the water bar.melter,

7. A cylindrical bell 4 ft. long whose volume is 20 cu. ft. is lowered
into water unti its top is 14 {t below the surface of the water, and ai1 is forced
into it until it is 3th full. What volume would the entire quantity of air
oceupy under avmospheric prescure, tho water barometer standing at 33 1t. ?

(Calcutta 1912)

8. Ifadiving bell in the shape of an inverted cone, of height a, be
lowered till the vertex is at depth d, prove that the height x of the part of the
bell occupied by tho airis given by the equation

adpad(h4-Jd)=aush,
where A is the height of tho water barometer. . (Allakabad 1932)

g A diving bell is made of a substance whose sp. gr.is 4 and its
interior will contain a guantity of water whose weight is twice that of the bell.
If the hell he lowered in wates till the tension of the rope is half tho woeight of
the bell, prove that the density of the air within it will be eirht Limes that of
atmosphere. (M.T. 1870, Nagpr 1939, Calcutia 1924)

10. TIf &, k' be the hoights of marcury in a barometer placed within a
cylindrical diving bell of length b, at the beginning and the end of a doscent;
H the heicht of the mercury barometer at the surface and p the sp. gr. of
mercury, prove that the depth of the bell is

-1 OHY |
W —1) ( P+ ),/7) (-Hllakabad 1933)

11. A circular cono, hollow, but of groat weight is lowered into the sea
by means of a rope attacked to the vertex. If A be tho height of the cone, ¢
the dopth of the vertex below thw free surface, & the height ot the water baro-
meter and T, 1”7 the absolute temporature of the air at the surface and of the
water, prove that the depth of the water surface below the vertex of the cune
is given by

T{atpad(ktc; }=L1ST =0 (Bombay 1935)

¥2. A cylindrical diving bell of height 4 18 sunk into water till ita

lower end is at a depth 2th below the surface ; if the water fill 1th of the bell,
prove that the bell contains air whose volume at atmospheric pressure would be
4 19\,
5 (“+ 2()’)"
where V is the volume of the bell and £ is the height of the water barometer.

13. A cylindrical diving bell of height a, is lowered till its top is at a
depth h below the rurface of the water. If the bell be now half full of water
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and air be pumped in till all the water is expelled, prove that the bell must be
lowered & further distance 4H—2h, before the bell is again balf full of water, H,
being the height of the water barometer. (Nagpur 1938)

14. A hemispherical diving bell, of radius 7, is lowered in water with its
basce horizontal t1ll the water rises up to the middle point of the vertical radius
of the bell. Show that the depth of the base of the bell below the surface is

11 r
) 5 h+ "2"':
/i being the height of the water barometer. - (Nagpur 1942)

15. A diving-bell having the form of a cylinder surmounted by a hemi-
sphere, the height of the cylinder being equal to the radius of the common
base, is Jowered 1n the sea until the water occupies the whole cylinder. The
height of the water barometer is 32 ft. and the sp. gr. of the sea-water is 1 025.
Find the depth of the water level inside the bell below the surface of the sea.

16. A diving bell is in the form of a cylinder of length a surmounted by
a cone of height ». If no air ishumped in when it is iromersed, find how far it
must be lowered for all the air to be forced into the conical part. Show that
the volume of air at atmospheric density which must now be pumped in that

the bell may be filled is
a 3a
(o)

where H is the height of the water harometer, and V is the volume of the bell,
(Nagpur 1955 ; Indian Police 1926)

17. The weight in water of the material of a cylindrical diving bell is W,
and the tension of the chain 18 . A length « of the bell is occupied by air.
Show that, if a weight w of water is drawn up in a hucket into the air space,

and the bell is raised through a distance ’a—l;, the tension of the chain will

w
w—
be the same as before. (M. 7T.)

18. A diving bell, whose height is b feet, contains a mercury barometer,
whose height 18 /» inches when the bell is above the surface of the water, and '
inches when it is helow ; to what Leight is the top of the bell submerged when
its shape is

(¢) conical, and
(#7) cylindrical.

19. A cylindrical diving-bell of height 10 ft. and internal radius 3 ft. is
immersed in water ~o that the depth of the top is 100 ft. Show that if tho
temperature of the air in the bell be now lowered from 20°C to 15°C' and if 30 ft.
be the height of the water-barometer at the time, the tension of the chain is
increased by about 67 lbs. (1 cu, ft. of water weighs 624 Ibs.)

(Patna 1926 ; Banaras 1926 ; M. T.)

20. A diving bell is immersed in water so that its top is at & depth a
below the surface, the height of the air within the bell being then . and the
height of the water barometer being h. If a bucket of water, of small weight
W, be now drawn up into the bell, prove that the tension of the chain is in-

creased by );-_‘:V—Z-'_T_—’?} approximately.

2x. If a diving bell descends fromn the surface with uniform velocity V,
show that the water will ascend a height b in the bell in time

b H
v (1+15)
whare [ is the length of the bell and H the height of the water barometer,
(Nagpur 1957)

22. A diving bell is lowered into water at a uniform rate, and air is
supplied to it by & force pump, so a8 to. keep the bell full without allowing any
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air to escape. How must the quantity 7.c., mass per second, vary as the bell
descends ? (Agra 1930)

23. A cylindrical diving bell is lowered to a given depth in water by
means of a chain and is completely immersed, If it he lowered to the same
depth in a lighter liquid, will the tension of the chain Le greater or smaller ?

(Bombay 1935)

24. Ifa cylindrical diving bell, of height « aud of such internal volume
that it would contain a weight W of water, he lowered so that the depth of its
highest point je d, prove that, when the temperature is raised from °C to #,°C,
the tension of the supporting chain is diminished by

w(t—1) Wh nearly
14at 4/ (h+d)2+-dah o
! being the height of water barometer and q=515. (Patna 1927)

25. A cylindrical diving bell, of height b, is immersed in water with its
Lighest point at & depth a below the surface : 1f the barometer rises so that the
increase of the prossure on its top is P, show that the alteration in the tension
of the chain is approximately

}f[ 1 ath ]
2L Ty
where /. is the height of the water barometer.

26. If a cylindrical diving bell of height ¢ whose chamber could contain
a weight W of water, he lowered so that the depth of the highest point is d,
prove that when tho temperatiire is raised to t°C. the tension of the supporting
chain is diminished by

htW

m ’ —
T/ {(h+a)2+4ah}
h being the height of the water barometer and T the absolute temperature.
(M. T
27. A cylindrical diving bell fully immersed, 18 in equilibrium without a
chain. Show that if the exterior atmospheric pressure increases slightly, the
ratio of the distance moved through by the bell. to that moved through by the
surface of water m the bell when held fixed, is Hi+x?: x2 approximately
where H is the heicht of the water barometer, h the heicht of the bell, and r
the height of that part of it which is filled with a.r.

early

’



CHAPTER XI
DETERMINATION OF SPECIFIC GRAVITY

139. Different Instruments. In chapter II the specific
gravity of a substance was defined as the ratio of the weight of any
volume of that substance to the weight of an equal volume of some
standard substance, usually water. The weight of a body can be
measured with very great accuracy, but it is often impracticable to
measure its volume directly. Therefore in such cases some indirect
methods are adopted.

The sp. gr. of solids or liquids are usually determined with the
help of the following instruments :

(1) The Specific Gravity Bottle,

(2) The Hydrostatic Balance,

(3) Hydrometers, and

(4) The U-tube.

140. The Specific Gravity Bottle. The Specific Gravity
Bottle is a glass which can hold a definite volume of liquid ; for this
purpose it is fitted with a glass-stopper through which a perforation
runs s0 that, when the bottle is quite full of liquid and the stopper is
pushed in, the excess of the liquid passes out through this hole and
the stopper is always able to occupy the same position when pushed
home.

141. (a) To delermine the sprcific graviiy of a given liquid by
means of the Specific Gravity Bettle.

Let the bottle be weighed when empty, next, when it is filled
with water, and again when filled, with the given liquid. Let these
weights be W, W, and W, respectively.

Then the wt. of the water filling the bottle
=W2_W1’
The wt. of the liquid filling the bottle=Wy,—W,

Hence, the sp. gr. of the given liquid
wZ—wl
(b) To determine the sp. gr. of a given solid.

Let the solid be broken into small pieces se
that they can be put inside the bottle.

Lot W, =wt. of the solid
W,=wt. of the bottle when filled with water
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W;=wt. of the bottle when it contains the solid and is
filled up with water.

. Wi+W,=total wt. of the so0lid and of the bottle when filled with
water.
Also Wy=total wt. of the solid and of the bottle when filled
with water—wt. of the water displaced by the solid.
Hence, by subtraction,
W;4+W,—W;=wt. of the water displaced by the solid.

Therefore W; and W;-+W,—Wj, are the wts. of equal volumes
of the solid and water.

Hence, the sp. gr. of the solid

W,
W1+W2+W3

Note. If the body be, like sugar, soluble in water, it must be
placed in a liquid in which it is insoluble and the sp. gr. of which is
known. If the solid be lighter than water another liquid should be

taken into which the solid sinks. By determining the sp. gr. of this
new liquid (a), the sp. gr. of the solid can be eaqli\ calculated.  That
liquid should also not be used in which a given solid produces any
chemical changes.

142. The Hydrostatxc Balance. This is an ordinary balance,
one scale-pan of which is suspe ndcd by shorter chains than the other.
The first scale-pan has a hook attached to it so that a solid can be
suspended from it and immersvd in a liquid.

143. (a) To determine the sp. gr. of a solid by means of the
Hydrostatic Balance.

(¢) When the solid is keavier than the waler.

Let

1=wt. of the solid
Wy=apparent wt. of the solid in water
wt. of the water displaced=W;—W,, which has the same
volume as the solid
H th fthe solid W
, . gr. solid = &
ence the sp. gr. of the so W,—W, "

(73) When the solid is lighter than the water.

In this case the body must be attached to another body, called
a sinker, which when attached to the solid will cause both to sink in
water.

Let

W,;=wt. of the solid
W,=wt. of the sinker in water

W,=wt. of the sinker and body together when placed in
water.
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W,=wt. of the sinker in waterJ-wt. of the solid —wt. of
the water displaced by the solid.

=W,+W,;—wt. of the water displaced by the solid

wt. of the water displaced by the solid
=W;+W,—W,
Hence. the sp. gr. of the solid=¢ AT
e W;+-W,—W;

(b) To determine the sp. gr. of a liquid.
Let W, be the wt. of a solid which will sink both in the given
liquid and water without causing any chemical changes.

Let
W,=wt. of the solid in water

W,=wt. of the solid in the given liquid
.. W;—W,=wt. of the water displaced by the solid

W,—W,=wt. of the given liquid displaced by the solid

Hence, the sp. gr. of the given liquid

—Wi—W,
W,—W,

142. Jolly’s Balance. This is practically a hydrostatic
balance which consists of a long spiral carrying two scale-pans, one
above the other, and is so arranged that the lower scale-pan is in
water. The body whose sp. gr. is required is first placed in the upper
pan and the point to which the spring is extended is noted by means
of the scale. The body is removed and the ‘weights’ are placed to
produce the same extension as before. Thus the wt. of the body is
determined. The body is next placed in the lower pan and ‘weights’
are placed in the upper to produce the same extension as before. This
gives the wt. of the water displaced by the body. Now since the wt.
of the body and the wt. of the water displaced have been found, the
sp. gr. of the bedy can be determined.

145. Solved Examples.

Ex. 1. .4 Specific Gravity Bottle weighs 212 grains when 1t is
filled with water ; 50 grains of metal are put 1nto it ; the overflow of the
water is removed and bottle now weighs 254 grains. Find the sp. gr.
of the melal.

The wt. of the bottle when filled with water only

=212 grains.

Wt. of the solid=50 grains

Wt. of the bottle when it contains the solid and is filled with
water

=254 grains
wt. of the water displaced by the solid
=(52+4212—254) grains
=8
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*. specific gravity =-  whofthe solid

<+ SPECC BIAVILY =10t of the water displaced by the solid
—50_g1

=20=6].

Ex. 2. Some copper weighs 72 grammes and 1s coaled with 18
grammes of wax whose sp. gr.is *9. [f the whole weighs 62 gramanes in
water, find the sp. gr. of the copper.

Wt. of the water displaced by the copper and wax

=T72-}-18—02=28 grammes.

Wt. of the water displaced by the wax

X 18 grammes=20 grammes.

9
.. wi. of the water displaced by the copper
=28—20=8 grammes.

.. sp. gr. of the copper="5F=9.

Examples 26

1 A bady weighs 7°55 gms. in air, 5-17 gms. in water and 6 35 gms. i
another liquid. Find the density of the body and the sp. gr. of the Liquid.
(Caleutta 1932)
2. A specific gravity bottle weizhs 12 64 gms. when empty and 61 54
gms, when somo pieces of 1ron are put into1t.  On being filled up with water
only, it is found to weigh 37'6 gos, Find the sp. gr. of the iron,

A 8p. gr. hottle weighs 63 c:ns. when it is fillel with water ; some
picces of metal (sp. gr 84) are putv into it when somo wator overflows. Then
the bottle is found to weigh 100 gms. Find the weight of the water that bas
overflowed.

4- A piece of metal which weighs 15 ozs. in water is attached to a piece
of wood* which weighs 20 ozs. in vacuuwm, and the two together weigh 10 ozs. in
water. Find the sp. gr. of the wood. (Calcutta 1913)

5. Two bodies are in equilibrium when suspended in water from the

arms of a balance. The mass of one body is 28 gms. and its density is 5-6
gm.fe.c. Iftho mass of the other body 18 36 gms. what is its density ?

(Dacca 1942)

6. Tho effect of the air being neglected, the ep. gr. of a solid body is
found by a specific gravity hottle to be o ; 1f p be the sp. gr. of the air, show
that the real specific gravity of the body is

c—p(o—1).

7. A specific gravity bottle weighs 14:72 grams when empty ; 39-74
grams when filled with water, and 44:15 grams when filled with a solution of
common salt. Find the specific gravity of the eolution. (Calcutta 1934)

8. A solid, which would float in water, weighs 4 ]bs., and when the
solid is attached to a heavy piece of metal the whole weighs 6 Ibs. in water : the
weight of the metal in water being 8 Ibs,, find the sp. gr. of tho solid.

A piece of sugar weighing 40 grammes is coated with 576 grammes
of wax whose sp. gr.is 96. If the whole weighs 14 76 grammes in water, find
the sp. gr. of the sugar.

10. The apparent wt. of a sinker when weighed in water is § times the
wt. in vacuo of a portion of & certain substance; the apparent wt. of the sinker
and substance together is 4 times the same weight. Prove that the specific
gravity of the substance is }.. (M.T. 1855)
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1x. The sp. gr. of a body found by the Hyvdrostatic Balance, the

ohservation being in air and 1ts effect neglected, is o.

to00 great by

Prove that this result is

s(o—1),

v

where p is the sp. gr. of air.

xz. A specific gravity bottle of oil weighs

42'5 grammes, A lump of

metal weight 11 2 grammes is placed i the bottle and the bottle filled up with

oil, the whole now weighing 52°1 rammes

The hotils is now emptied and 20

grammes of mereurv (sp gr. 13'5) pour<d into it : on filling up with oil, the

combined weight is found to be 61 9.

the metal,

IFind the specific gravities of the oil and

13 Thesp. gr. of a solid heavier than wator is found to be p by the
Hydrostatic Balan~c when the effect of air is nueglected. Prove that if this effect
be taken into consideration, the true sp. gr. is

p(l—o)+o

whore o is the sp. gr. of the atmospheric air.

146. Hydrometers.
used to determine the sp. gr. of the liquids or of solids.

Hydrometer is an instrument whiech is
Thcere are

various forms of the hydrometer : but here we shall confine ourselves
to’only two varicties i.e.,

(#) Common Hydrometer

($2) Nicholson’s Hydrometer.

147.

Common Hydrometer.

The specific gravities of

liquids only can be determined by the Common Hydrometer. It

D
I

NG

i -- - . \>]:;._;WV~.

throughout.

consists of a straight glass stem CD ending in a
bulb A, below which there is another smaller
bulb B. The bulb B is loaded with mercury,
so that the hydrometer will float with the stem
vertical.

It is clear that the hydrometer always dis-
places liquids whose weights are cqual to that
of the instrument ; for this reason it is some-
times called the constant weight hydrometer.

148. To determine the sp. gr. of a given
liquid.

Let V be the volume of the hydrometer.
Let the portion DE of the stem remain above
the surface when the instrument floats in equili-
brium immersed in the given liquid and let DF
remain above when it floats in water. Let « be
the cross-section of the stem, which is constant

.. The volumes of the given liquid and the water displaced by

the hydrometer are

respectively.

V—-«.DE and V—«.DF

In each case the wt. of the displaced liquid is equal to the wt.

of the hydrometer.

.



DETERMINATION OF SPECIFIC GRAVITY 178

Hence, if s be the sp. gr. of the given liquid, we have
8.(V—o.DE)=V —a.DF
= V_«DE"
149. To graduate a Common Hydrometer.

Let the stem be produced, if necessary, to a point O such that
the volume of the length DO is equal to V, the total volume of the

hydrometer. n
Hence V=0a.DO. ‘:’i
The sp. gr. s of the liquid is given by the last Art. L4
,_ V—aDF |
"7 V—aDE .
_ «.DO—«.DF OF
T «.DO—a.DE OE
oz=F. {
As O would be a definite point on the prolongation of
the stem, we may take O as our origin ; and since F denotes
the point up to which the hydromecter sinksin water, OF
may be taken to be of definite length.
OE « —‘-91"'. _I()
1 g 0T~ 1 83 X 1 ete
1% og,*% % 0E,’%" * oE,” "

Hence the hydrometer may be graduated thus : —

Let F be the point at which the instrument would float in
water, let O be the point on the stem or stem produced, such that
the volume of the length OF of the stem is cqual to that of water
displaced by the instrument when floating in water, then the gradua-

tion K, E,, E,...... corresponding to sp. gravitics s;, S, 6s...... are
given by
OE;= OF , OE,= OF, OE;= OF , respectively.
N LN S3

Hence it follows from above that if the sp. gr. s vary in A.P.,
the corresponding distances OE would be tn H.P., whilst if the disiances
OF are in A. P. the corresponding sp. gravities are in H.P.

Thus there are two types of the common hydrometer : —
(1) Twaddell’s Hydrometer.—This type of hydrometer is
used in England. In it the specific gravities ascend in A.P. and the

corresponding values of OE descent in H.P., so that the marks of
graduation become closer together the lower they are on the stem.

(2) Beaume’s Hydrometer.—This type of hydrometer is used
in Europe. In it the values of OE are in A.P., so that the distances
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between the marks of graduation are the samo : the corresponding
values of s are now in H.P.

x50. Nicholson’s Hydrometer. This hydrometer is used
for determining the specific gravity of liquids as well as of solids. 1t
may also be used for weighing small bodies and
tor comparing the specific gravities of {wo liquids.
It consists of a hollow cylinder A, generally made
of brass. which supports by a thin stem a small
cup B on which weights can be placed. Another
cup (' below A is connected with it hy o wire and
loaded sufficiently so that the instrument may
float with its stem vertiral.

On the stem there s a well-defined mark D
and in using the hydrometer weight-pieces are
placed on the pan till the instrument sinks in - the
liquid so that the point D is in the surface.  Thus
the volume of the liquid displaced by the instru-
ment is always the same.  For this reason the
hydrometer is sometimes called the Constant
Volume Hydrometer.

W=wt. of the hydrometer

W,=wt. required to be put on the pan B to sink the
instrument in the given liquid up to the mark D.

W,=wt. required to sink the hydrometer in water up
to the mark D.

So W+ W; =wt. of the liquid displaced by the hydrometer.
W +W,=wt, of waler displaced by the hydrometer.
Hence W+W, and W+ W, are the wts. of equal volumes of
the given liquid and water.
Hence, the sp. gr. of the liquid
_WiW,
T WHW,
152. 7o determine the sp. gr. of a solid.
Let
W, =wt. required to be put on the pan B to sink the instru-

ment to D in water. '
W,=wt. required to sink the instrument to D, when the solid

is also placed upon the pan, .
W,=wt. required to sink the instrument to D, when the solid

is placed in the cup C underneath the water.
The wt. of the solid together with W, has. therefore, the same
cffect as the wt. of the solid in water together with W,.
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wt. of the solid in water4+Wy=wt. of the solid4W,
W,—W,=wt. of the solid—wt. of the solid in water
=wt. of the water displaced by the solid.
Also W;—W,=wt. of the solid.
Hence, the sp. gr. of the solid
_ "W,
W= Wy
153. The U-Tube Method.—By this method the sp. grs. of
two liquids which do not mix can be compared.
Let ABCD be a U-shaped tube of glass. Let , |
the two liquids be poured into the two arms, onc in ]
cach, with their common surface at B. '|
Let E be the point of the other arm in the | -
same horizontal level as B. c ==
'The pressure at B=the pressure at E N - =
98 AB+n=gs,CE += R -z
where = is the atmospheric pressure E
s CE
s, AB
t €., the specific gravitics are inversely propor-
tional to the heights of the free surfaces from their
common surface.

Note. If the liquids mix with each other.—In each
case some mercury is first poured into the U-tube.
Let BDE be the portion occupied by mercury, BE
being horizontal. Next liquids are poured in the two arms so that

the levels of the mercury are the sume as before. Measure CE and
AB. The remaining calculation is the same as before.

154. The Inverted U-tube or Hare’s Hydrometer.

This instrument is used for comparing the sp. grs. of two
liquids. It consists of an inverted U-tube connected by an open tube
K as shown in the figure.

The two vertical arms of the tube are
dipped in two vessels A and B containing two
liquids whose sp. grs. are to be compared. The
tube K is connected by an air-pump which draws
out a certain quantity of air. In doing so let 11,
the atmospheric pressure be reduced to II' and
let the liquids rise in the two arms up to I and
F

T,
phlbengag gyl

Let s,, 85 be the sp. grs. of the liquidsin
A and B.

o 1I=1I'+g¢s,.CE,
and II=II'+gs,.DF
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8;.CE=¢,.DF
or s _ DF
s,  CE -

155. Solved Examples.

Ex. x. A common hydromeler sinks lo the points A, B, C in
liquids whose densities are Py, s, pg, respeclively. If AB=a, BC=b,
and AC=a-b, prove that

b o e _atb (Bombay 1937)

P1 P3 Ps
We know that

—a.DF
s——--‘\; - ’:.DE (see Common Hydrometer)
V—a.DF
f= 'y, DA o )
_V—aDF = V—aDF 2
0=y o DB ~ T—a(PAta) - (2)
V—aDEF V—o.DF
* s . (3)

2= Y _aDC = V-a(FA—a~-b)
Crozs-multiplyivg and subtracting the result of (2) from (1)
V (p1-py) =0 DI' (P1—pp) +peax

or V=aDF4+ P4% . (4)
P17 P2
Similarly from (1) and (3)
V=oDRy (OF02 )
P17 Ps
Subtracting (5) from (4)
ap, ol
= re f17 98
or ap,opt 1o rp= (a+b)ripy
13 b u+h
or — = == -
s 1 Po

Ex. 2. One limb of @ U-tube of uniform cross-section 1 sq. cm,
is open to the almosphere and the other is closed.  T'he tube is partly
full of mercury aud ihe space chuee the mercury vn the closed limb is
occupied by air.  The mercwry siands at « higher level in the closed limd
than in the other. In what follows the femperature may be assumed
constant.

When the atmospheric pressure is equal lo that due to hy+x cms.
of mercury the difference in the level of the mercury in the two limbs is
by ems. ; and when the atmospheric pressurc is kg+y cms. of mercury the
difference in the level is hy cms.  Show that if hy s grealer than by, x is
greater than y.
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Show further that when the difference of level 3 h cms. the almos-
pheric pressure will be
ay(hy—hy)
h+ = ems,
T -k =y
of mercury. (1.C.S. 1926)

Let v; be the length of the tube occupied by air in the first
reading, v, in the sccond and v in the third.

Evidently the pressure due to the air column will be x, ¥, 2
respeetively in the three readings, where z+4 is the atmospheric
pressure in the third reading.

VT =Ty Y =02

Now as the pressure decreases, some mercury is forced down in
the tube and the same amount increases in the other tube.

- o4y — D)=

Similarly for the third reading

vt L hy—R)=v
x

and vy— vy =3lha—h
1 y i 2 1)
x x
and o — vy =3(h—=1,)
Y =
Yooy b=y
or =
r—xy Yy h—hsy
z a(hy—hy)
or . = .
r—y o &=l
. 2 B r(hy—Ry)
ot T T LSy (=) h—i
Yy a o=l (y—a){h—hy)
au(ly—n,) ay' Ty )

==

alin—r-Flg—k)Fylh—hy) — x{hy=—h)4-3(h—hy)
The atmospheric pressure

ay(hy—hy)
=h+ x(by—0)Fyih—"n,)

Ex. 3. The specific graviiy of a body found by Nickolson'
Lydrometer is o when the effect of the air is neglected ; prove that ih
real specific gravity is o--p(c—1), where P s the sp. gr. of the air.
Also if W be the apparent weight of the body as found from ihe
experiment, find tts real weight.

Let s; and s, be the real sp. grs. of the body and the ‘weights’s
respectively. Let wy be the real wt. of the body and w, the wt. of
the hydrometer.

Let W;=wt. required to put on the pan to sink the instru-

ment to the definite point in water
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W,=wt. required to sink the hydro. to that point, when
the solid is also placed upon the pan

W,=wt. required to sink the hydro. to that point when

the solid is placed in the cup underneath the water.
W, —W,

Hence W=W,;—-W,, o= 1 2.
LR i
W

wy+ Wy— - :‘0- =wt. of the water disolaced,

;7 [ 2
W, —{-'\\'?( 1— 517>+ 71'1( 1- 81 >=wt. of the water displaced ;
2 1

, P
and w,+W, ( 1— l) ~+w1( 1- S >=wt,. of the water dis-
1

placed
by subtraction,
— p7 —(V f— —_ P
a(=Demewa(1-2)
o 1=ey _ P\
and 1(,1( . ) u(wrwz)( 1—2) G

. By division
S1—p _ VVI_.\(\72 —0o
I—p — W,—W,
s=pto(l—p)=c—p(0c—1)
From (1)

wy=W - =- - $
! .. ° ba-p
S1
’
W 1-
= o(1—p) [6—¢(c—1)]

-w (1= 2) [ vt )

Examples 27

1. ‘Ihe whoalo v oiume of a common hydrometer is 6 cubic inches and
9

the stem, which is a equare, is § inch in breadth ; it floats in one liquid with 2
inches of its stem above the surface and in snother with 4 inches above the
surfacs. Prove that their sp. grs. are in the 1atio 190 : 191

2. When a com:mon hydrometer floats in water ‘19'0'Lh of its volume i3
immersed, and when it floats in milk '1950;; of its volume is immersed. Prove
that the sp. gr. of tie mnilk 18 1 03.
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The whole volume of a common hydrometer is 15 ems, and its stom
is 3 mm. in diameter. The hydcomoter floats in a liquid with 3 em. of the stem
above the surfaco, and in another Iiquid with 6 cm. above the surface. Compare
the densities of the liquid. (Mad as 1936)

A common hydrometer floats in water with half the stem immersed-
A lighter liquid which does not mix with water is poured into the containing
vessal until ono-fourth of the stem remains above the liquid. Tf the depth of the
upper liquid be —fi h of the stem, » being <4, find the sp. gr. of the liquid.

A common hydromoter has a small portion of its Lulb rubtbed off
from frequent use. In consequence. when placed in the wuter, it appears to
indicate the sp. gr. of water is 1002; find what fraction of 1ts weight has
been lost.
its rcodings for
olumes of thesa
is to the

.. 6. A common hydrometer being graduated upwards,
two differeat fluids are . 7, and " and for & ixture of equal v
readings is ; show that the volume of a unit of length of the stem
volume of the whole instrument below zero puint as

&L= 20 xeen—2x"0.
(M.7. 1872 ; Lucknow 1926)
. A Nicholsow’s hydrometer sinks to a certain miark in liquid of sp. &r.
06 ; but it takes 120 graawmes to sink it to the same mark in wator. What 18
the weight of the hydrometer ? (Caleucta 1948)
8. A Nicholson’s hydrometer weighing 150-6 gms. roquires 204 zms. to
be placed on the upper pan to sinl it up to maik, when made to float
in water, What weight must be addod to sink it up to mark when fioated
m a liquid of sp. ar, 1'2 7 .
9. A hydrometer mamks graduations«, b, ¢, in liquids whose densities
are ey, pu, pg rospectively. Prove that
b—c c—a a-b
4+ -+ =0, Py 3 k3
P1 P2 €3 (Patna 1926, 33)

ro. T{w, uy, wy are the weights required to sink a Nichol-on's hydro-
meter m liquids of sp. 2rs. s, «, %, respectively, prove that & can be detev-
mined in torms of the other quuntities without kuowing tho weight ot the
snstrument and 1ts value is

w—y W=y
89 - T
wWo — Uy wy—u'y
Cxr. A Nicholson’s hydrometor is used o determino the weight and
specific gravity of a solid, and W and s are tho results when the effect of the air
18 negleetod.  Prove that the actual woizht is
WL hfs(L—k)] (1 =k/d)
where I and J are spocific gravities of air and of the material of thie known
weights employed. (Patna 1927)
x2. It is found that a solid whose true weight is w, placed on the upper
pan, sinks & Nichelson’s bydronieter to the mark ; as also another sohid whose
true weight is W, when placed in the lower cup. If the two solids have tho
same sp, gra, show that i1ts value is
W—uo
. W—wo
where o is the sp, gr. of the air,

13. If a comimnon hydrometer Le accuralely graduated for use in a
vacuum, show that the error due to using 1t in awr of sp gr.o will be an
epparent increasc of ¢’ of sp. or , where o’ ia to 6 in the ratio of the volume of
the hydrometer unitumersed to that immersed.

14 A common hydromeier whose volume is V and the cross section of

v
whose stem is - .-, has lengths @ and b of its stem uncovered when floating in
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one or the other of two liquids. Tn a mixture of weights of the two liquids in
the proportion n: : 1, x is uncovered, and in a mixture of volumes in the propor-
tion m : 1, y is uncovered, Prove that

(x—y) (c—y)=(a-y) (b—y). (4llakabad 1927)

15. If the reading of a common hydrometer when placed in fluid at the

samo temperature as itself be x, and 1f, when it is placed in the same fluid at a

higher temperature than itself its reading be at first x, but afterwards the

reading rises to x,, the ratio of tho expansions of the fluid and of the hydro-
meter for the same change of tomperature 18 approximately

T—aq 1 rg—ay (M. T)

16. A common hydrometer is used to determine the sp. gr. of a liquid

which is at a temperature higher than that of water. When the hydrometer is

transferred from water to tho liquid the sp. gr. appears at first to I ¢ bnt

afterwards to be o;. Show that the true sp. gr. at tho temperature of the

water is
a/

o+ o (o1—0), .

where o and o’ are the co-eflicients of expansions of tho hydrometer and the

fluid respectively. (Banaras 1937)

17. A common hydrometer has a piece of its bulb chipped off, When
placed in fluds of density o and B, it indicates densitios ¢, B’ respectively.
Find the proportion of the weight which has been chipped off, and show that if
in any fluid ths apparent density is z, the true donsity is

o ref @y
B (B —x(a'B—af’) (Caleutta 1927, M.T.)
22. Supporing o common hydrometer to be immersed in a liqud less
denee than water as far as tho point to which it would sink in water prove that,
if let go, it wiil cink through a distanco
2w l—s
kT s
w being the wt. of the hydrometer, k th» section of its stora and s the sp. gr. of
the liquid. "The hydrometer is supposed to b novoer entirely immersed. (M. 7'.)

1g9. A U-tube of cross-section o with equal veriical legs contains a liquid
of density p. Tn the liquid on one side there is floating freely a solid body of
volumo ab and density o <p). The icugth of the other leg unoccupied by liquid
is c.  Another liquid of density p.(<o) i3 then poured into the leg in which the
eolid js floating till that ley is full, Show that tho length which s still un-
occupied of the other log in

_pl—a)

i
p(Zp—p)

9 R
T2 g

.

B .
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ANSWERS

Examples 1
'9658. 2. 648 cu. ft. 4. 18'41. 5. 05 gall. (nearty)

3(n+1), H2n+1), 3(n+2) (Ratio). 9. 6,2.
Examples 2
2"91§ Ibs. wt. 2. 36'864 ft.
73413 Ibs. wt. per. sq. inch. 4. 69 ft.
149556 cu. in. 6. 30cms.

1% 1bs. wt. per sq. inch.
Examples 3

67500 grams. wt. on the upper face, 94500 grams wt. on the
lower face, 81000 grams wt. on each vertical face.

515§ 1bs. wt. 3. 10796 gah?. 4 % (14410).

40 : 87 : 92. 6. 531°25 Ibs. wt. 7. 35°148 lbs. wt. nearly.
1, 297, 265625 1bs., 30°372 ft. nearly. ro. 3:1.

9 ft. 12. Increased. 14. %b(a?—b%)w.

At a depth of -}5 times its side.

Join A to a point P in DC so that DP : PC=3 : 1.
As the answer of Q. 16.

. . By 2 3
Draw lines at distance /\/ -, -, — ...times
n n n

the keight of the par™ from the top.

Distances from B of the points of division are in the ratio
/0 a9

Fonv2:04/3 i,

20. ~“Fhe plane-euts of+y/ -—of-the axis. )(

1.
13.

5-

Examples 4
& gPR3(a+2b).
The point lies in the line from the vertex bisecting the Lase and

at a depth = times the depth of the vertex.

v3
Examples 6
4%, 2. 3%,
Examples 7
5. 2. 3. 4. %" times the depth of the base,

Divides the dmcronul in the ratio 7 : 5.
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Examples 8

(—1+ \/5)7,; is the depth of the line.
Pgna. 4. —l%na.

2
a . . .
An below the centre along the major axis, a being the semu-
b

major axis.
( a 3a-+ 8b 3 _3n(a2+4l)?)—f-3gang> p

2 7 404370 da+3rb

1 _35;2-4—15712—42]«75 ‘o 32a  16a
7 Ok—3h ’ B T e 7
h;

( 63%%+ 350>+ 90kh
3

351:2+15h?+42kh'> from the vertex.

Examples 10

Vertical face at depth ,;r—l\j"; , upper slant faces 4a from centre

of face, lower faces $a from centre.

ta 16a
5 7 337
a 150—16 sin o 43 sin o cos « .
- - ‘9o o o — - — , where 2 is the angle of the
4 Ja—2 sin o S
sector.

Examples 11
T

3:1. 4. 71a2( 1+ Z ) w, ha"’( 1+ 6 )w, h and a being

height and radius of the cone respectively.

5.
7.
8.

13.

4—m: 447 6. 6b—na: 6b+xa.
Inh (a*+ab—20%)w.

1= (a—c) (ha*+5ac+2¢%) w, } nw{a®~ (3ac®+2¢%)}.

1 wrlgo(Bhy+2h ~k3[B%), where B and h; are the heights of the
lower and upper cones, and » the radius of the base cof the
lower cone.

Examples 12

4q . .
gmﬁw< a ~), @ being the radius of the base.
9%
o (1o, o O°N\E . .
a w\ir—%—r: A )a and 7 are the radius of the base and height

of the cone respectively.
ahh'w, where 1" is the height and @ the radius of the base of the
cone,
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15.
18.

14.

15
16.
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r

whry/ k2 + 3n2r?. tan 0= ’jh 7. 2rthw.

ja*hw 4/ 2*+16 through the centre at an angle tan~? I to the

horizontal.
2a

o .. 4a? .
7 a*hw, ™ a-w«/ A4 - 9" at tan™lgj" to the horizontal.
2aPw.
1VI13 ma®w at an angle tan™(3) to the horizontal passing
through the centre of the hemisphere whose radius is a.

Thrust on a lower part is 3 times than on an upper.
Lwh?y/a®+4 0% where b is the height of the conc.
Examples 13
tan ~1 (3) with the horizontal, 178°88 w grams.
7 aw/y/ 2, 7 a¥(h+a) w[v/2, @ is base-radius.
1 zadwy/ (13—12 cos 0), § na®ws/ (13412 cos 0).
gra® (n®—4n+ S)%.
4 genl® sin? o cos ay/1 +3 s,
Examples 14

[0

5. 2. 2:%%%% cu. ft. 3. 364 cu. cm. nearly, 7'5.
048 cu. in. 5. 23,
708 c. ft. 7. 23,
195 Ihs , 900 cu. ins.
3 i % . 4
V1. ro. ( p) k, [ 1-{ 1~—p—->%]h
*726...inch. 12. 6,500 tons.
3 abtbotca
a+b+c ’ 3ahe
Examples 15
1:2 2. "00013. 3. It willsink.” 4. %
Examples 16
30 Jbs. 4. Wood. 5 21 6. 123"
312 1bs,, (1'3——»}—3~> Ibs. 9. '8, wt. of 5 gms., 100 c.cs
77 ’ ’ '
Examples 17
2 ft. 5. % wt. of the rod.

Examples 18
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Ezamples 1

. 2623..... cms. 2. 306 ft. 3. .15 c.os.
4. 794843 mctres. 5. 6 cu.ins. 6. 3: 17%
7. It would float.

10. The positive root of z’4-(a4h)x—(b—a)h=0, b being the
height of water barometer,

Examples 20
1. 307°C. 3. 1330°C. 4. 10 cu. inches. 5. 420-224.
The one whose temperature is the lower.

Examples 2r

1. 00686 of the original V. 3. 7in. 4. T4in.
Examples 23

1. 756 mm. 5. 382 lbs. wt. 6. 12°92 metres.

7. 16 ft. 8. 2258 ft., 33:20 ft. necarly.

9. 33 f. 10. 4 ft. 1ix. 811t. x2 6.
Examples 24

R 2, 122 atmos. 4. 17°36 ins.

5. \(/)3 of the ini'ial pressure. 6. 4, 7. O & 40,
Examples z5

1. 2584 ems. 2. V4335 L

4. 20 ft, 1325% cu. ft. 5. 33} inches., 3 ft. ¥ inches.

6. 22:% cu ft. 15. 4683 {t. nearly.

Aond
18, (¢) (h —h)—b i,

(iv) - z (' —h)— I;Z,l , where o is sp. gr. of mercury.

:2. It remains constant.
Examples 26

1. 317 gms./cc., 05, 2. T'54. 3. 5 gms
4. 08 5. 277, 7. 1'17.
8. & 9. 16. 12, 405, 2835
Examples 27
n
3. 36 :43. 4. 1— i

5(1)1- [—-‘il ], o being the sp. gr. of the substance of the bulb.
o —
7. 180 gms. 8. 510 gms.

P e
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