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PREFACE TO THE THIRD EDITION

I HAVE taken the opportunity afforded by the need for a new

edition to subject the whole work to a careful revision, and to
introduce a considerable amount of new matter. In Chapter I
I have inserted a theory of the lengths of circular arcs, and of
the areas of circular sectors, based upon arithmetic definitions
of their measures. Much of that part of #he work which deals
with Analytical Trigonometry has been re-written. Proofs of the
transcendency of the numbers ¢ and 7 have been introduced into
Chapter xv. It is hoped that the proof there given of the
impossibility of “squaring the circle” will prove of interest
to many readers to whom a detailed discussion of this very
interesting result of modern Analysis has hitherto not been
readily accessible

E. W. HOBSON.

CHRIST'S COLLEGE, CAMBRIDGE,
October, 1911.

PREFACE TO THE FOURTH EDITION
IN this edition a few errors in the text have been corrected.

E. W. HOBSON.

CHRISTS COLLEGE, CAMBRIDGE,
December, 1917,



PREFACE TO THE FIRST EDITION

IN the present treatise, I have given an account, from the

miodern point of view, of the theory of the circular functions,
and also of such applications of these functions as have been
usually included in works on Plane Trigonometry. It is hoped
that the work will assist in informing and training students of
Mathematics who are intending to proceed considerably further in
“the study of Analysis, and that, in view of the fulness with which
the more elementary parts of the subject have been treated, the
book will also be found useful by those whose range of reading is
to be more limited.

The definitions given in Chapter 111, of the circular functions,
were employed by De Morgan in his suggestive work on Double
Algebra and Trigonometry, and appear to me to be those from
which the fundamental properties of the functions may be most
easily deduced in such a way that the proofs may be quite
general, in that they apply to angles of all magnitudes. It will
be seen that this method of treatment exhibits the formulae for
the sine and cosine of the sum of two angles, in the simplest
light. merely as the expression of the fact that the projection of
the hypothenuse of a right-angled triangle on any straight line in
its plane is equal to the sum of the projections of the sides on
the same line.

The theorems given in Chapter Vil have usually been def'qvpeg
until a later stage, but as they are merely algebraical consequences
ot the addition theorems, there seemed to be no reason why they
should be postponed
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A strict proof of the expansions of the sine and cosine of an
angle in powers of the circular measure has been given in
Chapter vIII; this is a case in which, in many of the text books
in use, the passage from a finite series to an infinite one is made
without any adequate investigation of the value of the remainder
after a finite number of terms, simplicity being thus attained at
the expense of rigour. It may perhaps be thought that, at this
stage, I might have proceeded to obtain the infinite product
formulae for the sine and cosine, and thus have rounded off the
theory of the functions of a real angle; for convenience of
arrangement, however, and in order that the geometrical appli-
cations might not be too long deferred, the investigation of these
formulae has been postponed until Chapter XVIL

As an account of the theory of logarithms of numbers is given
in all works on Algebra, it seemed unnecessary to repeat it here;
I have consequently assumed that the student possesses a know-
ledge of the nature and properties of logarithms, sufficient for
practical application to the solution of triangles by means of
logarithmic tables,

In Chapter x11, I have deliberately omitted to give any
account of the so-called Modern Geometry of the triangle, as it
would have been impossible to find space for anything like a
complete account of the numerous properties which have bcen
recently discovered; moreover many of the theorems would be
more appropriate to a treatise on Geometry than to one on
Trigonometry.

The second part of the book, which may be supposed to
commence at Chapter XIII, contains an exposition of the first
principles of the theory of complex quantities; hitherto, the very
elements of this theory have not been easily accessible to the
Engiish student, except recently in Prof Chrystal's excellent
treatise on Algebra. The subject of Analytical Trigonometry
has been too frequently presented to the student in the state in

~which it was left by Euler, before the researches of Cauchy, Abel,
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Gauss, and others, had placed the use of imaginary quantities
and especially the theory of infinite series and products, where
real or complex quantities are involved, on a firm scientific basis.
In the Chapter on the exponential theorem and logarithms,
I have ventured to introduce the term “generalized logarithm”
for the doubly infinite series of values of the logarithm of a
quantity.

I owe a deep debt of gratitude to Mr W. B. Allcock, Fellow
of Emmanuel College, and to Mr J. Greaves, Fellow of Christ’s
College, for their great kindness in reading all the proofs; their
many suggestions and corrections have becn an invaluable aid to
me. 1 have also to express my thanks to Mr H. G. Dawson,
Fellow of Christ’s College, who has undertaken the laborious
task of verifying the examples. My acknowledgments are due
to Messrs A. and C. Black, who have most kindly placed at my
disposal the article “Trigonometry” which I wrote for the
Encyclopedia Britannica.

During the preparation of the work, I have consulted a large
number of memoirs and treatises, especially German and French
ones. In cases where an investigation which appeared to be
private property has been given, I have indicated the source.

I need hardly say that I shall be very grateful for any
corrections or suggestions which I may receive from teachers
or students who use the work,

E. W HOBSON.

CurisTs CoLLEGE, CAMBRIDGE,
March, 1891,
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CHAPTER L
THE MEASUREMENT OF ANGULAR MAGNITUDE.

1. THE primary object of the science of Plane Trigonometry
is to develope a method of solving plane triangles. A plane
triangle has three sides and three angles, and supposing the
magnitudes of any three of these six parts to be given, onc at
least of the three given parts being a side, it is possible, under
certain limitations, to determine the magnitudes of the remaining
three parts; this is called solving the triangle. We shall find
that in order to attain this primary object of the science, it will be
necessary to introduce certain functions of an angular magnitude ;
and Plane Trigonometry, in the extended sense, will be under-
stood to include the investigation of all the properties of these
so-called circular functions and their application in analytical and
geometrical investigations not connected with the solution of
triangles.

The generation of an angle of any magnitude.

2. The angles considered in Euclidean Geometry are all less
than two right angles, but for the purposes of Trigonometry it is
necessary to extend the conception of angular magnitude so as to
include angles of all magnitudes, positive and negative. Let OA
be a fixqd straight line, and let a straight line OP, initially coinci-
dent with OA, turn round the point O in the counter-clockwise
direction, then as it turns, it generates the angle AOP; when OP
reaches the position 0A4’, it has generated an angle equal to two
right angles, and we may suppose it to go on turning in the same

H T. 1



2 THE MEASUREMENT OF ANGULAR MAGNITUDE

direction until it is again coincident with OA4 ; it has then turned
through four right angles; we may then suppose OP to go on

AN A
\
>

turning mn the same direction, and in fact, to make any number
of complete turns round O; each time it makes a complete
revolution it describes four right angles, and if it stop in any
position OP. it will have generated an angle which may be of
any absolute magnitude, according to the position of P. We
shall make the convention that an angle so described is positive,
and that the angle described when OP turns in the opposite or
clockwise direction is negative. This convention is of course
perfectly arbitrary, we might, if we pleased, have taken the
clockwise direction for the positive one. In accordance with
our convention then, whenever OP makes a complete counter-
clockwise revolution, it has turned through four right angles
reckoned positive, and whenever it makes a complete clockwise
revolution, it has turned through four right angles taken negatively.

As an illustration of the generation of angles of any magnitude, we may
consider the angle generated by the large hand of a clock. Each hour, this
hand turns through four right angles, and preserves no record of the number
of turns it has made; this, however, is done by the small hand, which only
turns through one-twelfth of four right angles in the hour, and thus enables
us to measure the angle turned through by the large hand in any time less
than twelve hours. In order that the angles generated by the largé hend
may be positive, and that the initial position may agree with that in our
figure, we must suppose the hands to revolve in the opposite direction to that
jn:which they actually revolve in a clock, and to coincide at three o'clock
instead of at twelve o’lock.
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3. Supposing OP in the figure to be the final position of
the turning line, the angle it has described in turning from the
position OA to the position OP may be any one of an infinite
number of positive and negative angles, according to the number
and direction of the complete revolutions the turning line has
made, and any two of these angles differ by a positive or negative
multiple of four right angles. We shall call all these angles
bounded by the two lines 04, OP coterminal angles, and denote
them by (04, OP); the arithmetically smallest of the angles
(04, OP) is the Euclidean angle AOP, and all the others are
got by adding positive or negative multiples of four right angles
to the algebraical value of this.

The numerical measurement of angles.

4. Having now explained what is meant by an angle of any
positive or negative magnitude, the next step to be made, as
regards the measurement of angles, is to fix upon a system for
their numerical measurement. In order to do this, we must
decide upon a unit angle, which may be any arbitrarily chosen
angle of fixed magnitude; then all other angles will be measured
numerically by the ratios they bear to this unit angle. The
natural unit to take would be the right angle, but as the angles
of ordinary size would then be denoted by fractions less than
unity, it 15 more convenient to take a smaller angle as the unit.
The one in ordinary use is the degree, which is one ninetieth
part of a right angle. In order to avoid having to use fractions
of a degree, the degree is subdivided into sixty parts called
minutes, and the minute into sixty parts called seconds. Angles
smaller than a second are denoted as decimals of a second,
the third, which would be the sixtieth part of a second, not
being\used. An angle of d degrees is denoted by d°, an angle
of m minutes by m/, and an angle of n seconds by n”, thus

an angle d°m’'n” means an angle containing d degrees + m
m n

d
90 ¥90.60 T 90.60.60

minutes + n seconds, and is equal to

of a rigi#t angle.
his system of numerical measurement of angles is called

the sexagesimal system. For example, the angle 23° 14’564
denotes 23 + 14 + 564 of a right angle
90 " 90.60 " 90.60.60 )
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It has been proposed to use the decimal system of measurement of angles.
In this system the right angle is divided into a hundred grades, the grade
into a hundred minutes, and the minute into a hundred seconds; an angle of
g grades, m minutes and n seconds is then written g8 m' »". For example,
the angle 136 97' 4'*2 is equal to 13-97042 of a right angle. This system has
however never come into use, principally because 1t would be inconvenient 1n
turning time 1nto grades of longitude, unless the day were divided differently
than it is at present. The day might, if the system of grades were adopted,
be divided into forty hours instead of twenty-four, and the hour into one
hundred minutes, thus involving an alteration in the chronometers; one
of our present hours of time corresponds to a difference of 50/3 grades of
longitude, which being fractional is inconvenient.

It 18 an interesting fact that the division of four right angles into 360
parts was used by the Babylonians; there has been a good deal of speculation
as to the reason for their choice of this number of subdivisions.

The circular measurement of angles.

6. Although, for all purely practical purposes, the sexagesimal
system of numerical measurement of angles is universally used,
for theoretical purposes it is more convenient to take a different
unit angle. In any circle of centre O, suppose AB to be an arc

P B
Va

whose length is equal to the radius of the circle; we shall shew
that the angle AOB is of constant magnitude indepandent of
the particular circle used; this angle is called the Radia® or
unit of circular measure, and the magnitude of any other angle
is expressed by the' ratio which it bears to this unit angle, this
ratio being called the circular measure of the angle.
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6. In order to shew that the Radian is a fixed angle, we shall
assume the following two theorems :

(@) In the same circle, the lengths of different arcs are to one
another in the same ratio as the angles which those arcs subtend
at the centre of the circle.

(b) The length of the whole circumference of a circle bears
to the diameter a ratio which is the same for all circles.

The theorem (a) is contained in Euclid, Book vI. Prop. 33, and
we shall give a proof of the theorem (b) at the end of the present
Chapter. From (a) it follows that

arc AB _ LAOB
circumference of the circle ~ 4 right angles’

Since the arc 4B is equal to the radius of the circle, the first
of these ratios is, according to (b), the same in all circles, conse-
quently the angle AOB is of constant magnitude independent of
the particular circle used.

7. It will be shewn hereafter that the ratio of the circum-
ference of a circle to its diameter is an irrational number; that
1s, we are unable to give any integers m and n such that m/n is
exactly equal to the ratio. We shall, in a later Chapter, give an
account of the various methods which have been employed to
calculate approximately the value of this ratio, which is usually
denoted by 7. At present it is sufficient to say that = can only
be obtained in the form of an infinite non-recurring decimal, and
that 1ts value to the first twenty places of decimals is

314159265358979323846.

For many purposes it will be sufficient to use the approximate value

314159. The ratios ¥=3'i42857, :13%2=3'1416929... may be used as approxi-

mate values of m, since they agree with the correct value of = to two and six
places of decimals respectively.

8. We have shewn that the radian is to four right angles
in ths eatio of the radius to the circumference of a circle; the

radian 18 therefore %x a right angle; remembering then that

a right angle is 90°, and using the approximate value of =,
31415927, we obtain for the approximate value of the radian
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in degrees, 57°2957796, or reducing the decimal of a degree to
minutes and seconds, 57°17 44”81,

The value of the radian has been calculated by Glaisher to 41 places of
decimals of a second!. The value of 1/7 has been obtained to 140 places of
decimals3,

9. The circular measure of a right angle is §, and that of
two right angles is 7v; and we can now find the circular measure
of an angle given in degrees, or vice versa; if d be the number of
degrees in an angle of which the circular measure is 6, we have
6 d
7 180’
angle to two right angles; thus %d is the circular measure of

an angle of d degrees, and —17?_—9 6 is the number of degrees in air

for each of these ratios expresses the ratio of the given

angle whose circular measure is ; if an angle 1s given in degrees,
minutes, and seconds, as d° m' n”, 1ts circular measure is

(d +m/60 + n/3600) 7/180.

The circular measure of 1° 18 '01745329..., of 1’ 18 ‘0002908882..., and
that of 1” 18 ‘000004848137.......

10. The circular measure of the angle AOP, subtended at the
arc AP

centre of a circle by the arc AP, is equal to —; radius of cirele’

arc AP AAOP
rc AB & Z40B"

this ratio is equal to ~

The arc AP may be greater than the whole circumference and
may be measured either positively, or negatively, according to the
direction in which it is measured from the starting point 4, so
that the circular measure of an angle of any magnitude is the
measure of the arc which subtends the angle, divided by the
radius of the circle. The length of an arc of a circle of radius r
is 76, where @ is the circular measure of the angle the arc
subtends at the centre of the circle. The whole cnrcumfe,;ence
of the circle is therefore 27r.

} On the caloulation of the value of the theoretical unit angle to % great number
of places. Quarterly Journal, Vol. 1v.
3 Bee Grunert's Archiv, Vol. 1., 1841,
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The length of a circular arc.

11. It has been assumed above that the length of a circular
arc i8 a definite conception, and that it is capable of numerical
measurement; this matter will be now investigated. The primary
notion of length is that of a linear interval, or finite portion of a
straight line ; and the notion of the length of an arc of a curve, for
example of a circular arc, must be regarded as derivative. That
a given finite portion of a straight line has a length which can be
represented by a definite rational or irrational number, dependent
upon an assumed unit of length, will be here taken for granted.
In order to define the length of a circular arc AB, we proceed as

follows: Let a number of points of division 4,, 4,,... A,-, of the
arc A B be assigned, and consider the unclosed polygon

AAA,... A, B;

the sum of the lengths of the sides 44, + 4,4,+... + 4, B of
this polygon has a definite numerical value p,. Next let a new
polygon AA/ A, ... Ay_ B, where n’ >n, be inscribed in the are
A B, the greatest side of this polygon being less than the greatest
side of A4,4,... B; let the sum of the sides of this new unclosed
polygof be p,. Proceeding further by successive subdivision of
the arc AB, we obtain a sequence of inscribed unclosed polygons
of which the lengths are denoted by the numbers p,, py, ... py, ...
of a sequence which may be continued indefinitely. In case the
number p, has a definite limit /, independent of the mode of the
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successive sub-divisions of the arc 4B, that mode being subject
only to the condition that the greatest side of the unclosed polygon
corresponding to p, becomes indefinitely small as n is indefinitely
increased, then the arc 4B is said to have the length /. In order
to shew that a circular arc has a length, it is necessary to shew
that this himit ! exists, and this we proceed to do. It is clear
from the definition that, if ABC be an arc, then if AB, BC have
definite lengths, so also has AC'; and that the length of ABC is
the sum of the lengths of the arcs 4B, BC. It will therefore be
sufficient to shew that an arc which is less than a semicircle has a
definite length. In the first place we consider a particular
sequence of polygons such that the corners of each polygon are
also corners of all the subsequent polygons of the sequence.
Denoting by P,, P,, ... P,,... the lengths of these unclosed
polygons, it ¢an be shewn that '

P, <P, < P,,...< P,,...;

for, by elementary geometry, it is seen that A, A4,,, is less than the
sum of the sides of an unclosed polygon which joins 4,, 4,4,
Again all the numbers P,, P,,... P,,... are less than a fixed
number. For let T4, TB be the tangents at A, B the ends of
the arc, and draw 4,a,, 4,a,,... 4,_,a,, parallel to BT, and also
draw A4,8,, 4,8,, ... An_18s- parallel to AT. We have then

Ad, < Ao+ Ao < Aa,+ 18, and 4,4, <y, + 5,5, &e.;
hence A4, +A4, 4, +...+A4,,B< AT+ BT,
therefore P,< AT + BT.

In accordance with a fundamental principle in the theory of
limits, since the sequence Py, P,, ... P,, ... of numbers is such that
each one is less than the next one, and such that all of them are
less than a fixed number, the sequence has a himit /, which is such
that, if & be an arbitrarily chosen positive number, as small as we
please, from and after some value n, of n, all the numbers P,
differ from ¢ by less than e.

To shew that if p,, p,, ... pu, ... are the lengths of any se-
quence of unclosed polygons whatever joining A4, B, not®sabjgct
to the condition that the corners of each polygon are also corners
of all the subsequent ones, but subject only to the condition that
the greatest side of the mth polygon decreases as n increases, and
has zero for its limit, we compare such a sequence with the special
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sequence considered above, and which has been shewn to have a
definite number I as the limit of the lengths of the polygons
Consider a polygon A 4,4, ... 4,_, B of the sequence whose lengths
are Py, P,, ..., so far advanced that its length is greater than
l—e An integer n' can be determined, such that, if n = »’, the
polygon Aafy,...«, ... B of which the length is p, has its greatest
side less than the least side of A4, 4, ... 4,_,B and also less than
€/2r. Some of the points a, B3, vy, ... are then in each of the arcs
AA,, A, 4,,.... Leta B, ybein AA,; then

Aa+aB+ By+y4,>4A4,.

Using this and the similar inequalities 4,8 +8e + ... + x4 > 4,4,,
we have by addition, and remembering that y4,, 4,3, ... are all
less than €/2r, p,+e>AA4,+4,4,+...+ A,_,B>1—¢, there-
fore p,>1—2¢ provided n Zn'. Next consider a polygon
AA/A A ... B, of the sequence whose lengths are P, P,,...,
so far advanced that the greatest side is less than the least side
of AafBy ... «B, and also less than e/2s, where s is the nurqber of
sides in this latter polygon ; as before we see that
pu<e+dA/+A/A)+ ... <l+e
It bas now been shewn that, if n Zn’, p, lies between I+ ¢ and
[ —2¢, and therefore differs from ¢ by less than 2 Since ¢ is
arbitrarily chosen, and to each value of it there corresponds an
integer 7/, it has been shewn that p, has the same limit /, when
n is indefinitely increased, as for the special sequence of polygons
first considered.

It has now been shewn that the length of a circular arc is
measured by a definite number, a unit of length being assumed.

The circumference C of the whole circle is itself given as the
limit of the perimeters of a sequence of inscribed closed polygons,
such that the greatest of the sides becomes indefinitely small as
the sequence proceeds.

That the lengths of different arcs of the same circle are to one
another as the angles subtended by those arcs at the centre of the
circle may now be established as in Euclid, Book vI. Prop. 33.

)Tu prove that the circumferences of circles vary as their
diameters, let us consider two circles of which the diameters are
d and d. If two similar polygons be inscribed in the circles, it
follows from the properties of similar rectilineal figures that the
perimeters of these polygons are to one another in the ratio of d



10 EXAMPLES. CHAPTER I

to d. The circumferences C and C' of the circles may be taken
to be the limits of the perimeters p,, p, of two sequences of
polygons such that the polygon corresponding to p, is for each
value of n similar to the polygon corresponding to p,. Since
Pn:pn =d : d, it follows that the ratio of the limit of p, to that
of the limit of p,’ is equal to the ratio of d : d’; and therefore

C:0=d:d

The area of a sector of a circle.

12. The area of the sector OAB of a circle, with centre O,
bounded by the arc AB is defined to be the limit of the sum of
the areas of the triangles 0A4,, 04,4,,... 04,,B, when the
number of sides of the polygon 44,4,,... Bis increased indefi-
nitely and the greatest of its sides is diminished indefinitely, as
explained in § 11. It must be proved that this limit exists as a
definite number

Let ¢1, q3,... gn be the lengths of the perpendiculars from O
on the sides A4,, 4,4,,... 4,_,B; then the sum of the areas of
the triangles is $(q,. A4, +¢,. 4,4, +... +g,. A B), and this
lies between 3 ¢" p, and 4 q”p,, where ¢’ and ¢” are the greatest
and least of the numbers ¢, ¢,,... ¢4, and p, is the sum of the
sides of the polygon. The limit of p, exists as the length of the
arc AB; also the two numbers ¢, ¢" have one and the same
limit, the radius of the circle, since they differ from this radius by
less than half the greatest side of the polygon. Therefore the
area of the sector is a definite number, equal to half the product
of the radius r of the circle, and the length 78 of the arc AB;
where @ is the circular measure of the angle.AOB. Thus area
AOB=14%10. The whole circle is a sector of which the bounding
arc is the whole circumference ; hence the area of the whole circle
is o,

EXAMPLES ON CHAPTER L

1 What must be the unit of measurement, that the numerical measure
of an angle may be equal to the difference between its numerical measures as
expressed in degrees and in circular measure?

2. If the measures of the angles of a triangle referred to 1°, 100/, 10000"
as units be in the proportion of 2, 1, 3, find the angles.
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3. Find the number of degrees in an angle of a regular polygon of » sides
(1) when it is convex, (2) when its periphery surrounds the inscribed circle m
times.

4. Two of the angles of a triangle are 52° 53' 517, 418 22' 50" respectively ;
find the third angle.

5. Find, to five decimal places, the arc which subtends an angle of 1° at
the centre of a circle whose radius is 4000 miles.

6. An angle is such that the difference of the reciprocals of the number
of grades and degrees in 1t 1s equal to its circular measure divided by 2w ;
find the angle.

7. The angles of a plane quadrlateral are in A.p. and the difference of
the greatest and least is a right angle; find the number of degrees in each
angle and also the circular measure.

8. In each of two triangles the angles are 1 G.p.; the least angle of one
of them 1s three times the least angle in the other, and the sum of the
greatest angles 15 240°, find the circular measure of the angles.

9 If an arc of 10 feet on a circle of eight feet diameter subtend at the
centre an angle 143° 14’ 22", find the value of & to four decimal places.

10. Find two regular figures such that the number of degrees in an
angle of the one 18 to the number of degrees 1n an angle of the other as the
number of sides in the first 18 to the number of sides mn the second.

11. A4BC is a triangle such that, if each of its angles in succession be
taken as the unit of measurement, and the measures formed of the sums of
the other two, these measures are imn A.P. Shew that the angles of the
triangle are in HP. Also shew that only one of these angles can be greater
than % of a right angle.

12. Shew that there are eleven and only eleven pairs of regular polygons
which are such that the number of degrees 1n an angle of one of them 1s
equal to the number of grades in an angle of the other, and that there are
only four pairs 1n which these angles are expressed by integers.

13. The apparent angular diameter of the sun 1s half a degree. A planet
is seen to cross its disc mn a straight line at a distance from its centre equal
to three-fifths of 1ts radius. Prove that the angle subtended at the earth, by
the part of the planet’s path projected on the sun, is 7/450.



CHAPTER 1L

THE MEASUREMENT OF LINES. PROJECTIONS.

13. Ir it is required to measure a given length along a give.
straight line, supposed indefinitely prolonged in both directions,
starting from any assumed point, the question arises, in which
direction is the given length to be measured off. In order to avoid
ambiguity, we agree that to lengths measured along the straight
line in one direction a positive number shall be assigned, and
consequently in the other direction a negative number; it is
necessary then in such a straight line to assign the positive
direction. Suppose, 1 the figure, we agree that lines measured

A B (4

from left to right shall be considered to have a positive measure;
the length AB is then measured positively, and the length B4
negatively, or AB=— BA.

14. If C be any third point anywhere on the straight line, we
shall have AB= AC + CB, for example if, as in the figure, C' lies
beyond B, the line CB is negative, and therefore its numerical
length is subtracted from that of AC. The sum of the measures
of the lengths of any number of such straight lines generated
by a point which starts at 4 and finishes its motion®a¢ R is
accordingly equal to that of AB.

15. When, as in Art. 2, an angle 18 generated by a straight
line OP turning from an initial position 04, we shall suppose
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that, whilst turning, the positive direction in the line O P remains
unaltered, thus the angle which has been generated in any position
of OP is the angle between the two positive directions of the

D

4 B

bounding lines. It follows, that if AB, CD are the positive
directions in two straight lines, the angle between AB and DC
*iffers by two right angles from the angle between AB and CD,
for a line revolving from the position 4B must turn through an
angle, in order to coincide with DC, 180° greater or less than the
angle it must turn through in order to coincide with CD.

If we consider all the coterminal angles bounded by 4B and
CD, and by AB and DC, respectively, we shall have (4B, CD)
= (4B, DC)+180°, the angles being all measured in degrees.

16. When a straight line moves parallel to itself, we shall
suppose its positive direction to be unaltered, so that if AB, CD
are non-intersecting straight lines, the angle between them is equal
to the angle between AB and a straight line drawn through 4
parallel to CD. For ordinary geometrical purposes, the angle
between AB and CD is the smallest angle between AB and this
parallel, irrespective of sign.

Projections.

17. If from the extremities P, @ of any straight line PQ
perpendiculars PM, QN be drawn to any straight hne AB, the
portion MN, with its proper sign, is called the projection of the
straight line PQ on the straight line 4B. It should be noticed
that PQ and A B need not necessarily be in the same plane. The
projection of QP is NM, and has therefore the opposite sign to
that of PQ.
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If the points P and @ be joined by any broken line, such as
PpgrQ, the sum of the projections of Pp, pq, qr, rQ on A B is equal

r Q

4 m M 8 N n )

to the projection of PQ on AB. For the sum of the projections
is Mm + mn + ns + sN, which is, according to Art. 14, equal to
MN. We obtain thus the fundamental property of projection..
The sum of the projections on any fived straight line, of the parts
of any broken line jotning two points P and Q, depends only upon
the positions of P and @, being tndependent of the manner in which
P and Q are joined.

A particular case of this proposition is the following :

The sum of the projections on any straight line, of the sides,
taken in order, of any closed polygon, us zero. If, in the above figure,
the points P and @ coincide, the broken line joining them becomes
a closed polygon, and since the projection of PQ is zero, the sum of
the projections of the sides, taken in order, of the polygon, is also
zero, The polygon is not necessarily plane, and may have any
number of re-entrant angles.



CHAPTER IIIL

THE CIRCULAR FUNCTIONS.
Definitions of the circular functions.

18. HAVING now explained the manner in which angular and
linear magnitudes are measured, we are in a position to define the
Circular Functions or Trigonometrical Ratios. Suppose an angle
AOP of any magnitude 4, to be generated as in Art. 2, by the

B
P./_A’e B
My
M.
A\ 4
MQ M4 Ml
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revolution of OP from the initial position 04, remembering the
convention made as to the sign of angles. Let B’OB be drawn
perpendicular to 4’04 ; we suppose the positive directions in
A’0OA and B'OB to be from O to 4 and O to B respectively. We
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also remember the convention made in Art. 15, as to the positive
direction of the revolving line.

The ratio of the projection of OP on the initial line, to the length
OP, 1s called the cosine of the angle A, and vs denoted by cos A.

The ratio of the projection of OP on the straight line OB which
makes an angle + 90° with the initial line, to the length OP, is called
the sine of the angle A, and ts denoted by sin A.

The ratio of the projection of OP on OB, to its projection on OA,
18 called the tangent of the angle A, and s denoted by tan A.

The ratio of the projection of OP on OA, to its projection on OB,
18 called the cotangent of the angle A, and s denoted by cot A.

The ratio of OP, to tts projection on OA, vs called the secant of
the angle A and s denoted by sec A.

The ratio of OP, to its projection on OB, us called the cosecant of
the angle A, and is denoted by cosec A.

Thus we have

oM ON ON
COSA=O—},-, sind = OP, tanA=W,
oM opP opP
COtA=O—N, SGCA='(—)—M, COSGCA=Z)TV.

When each of the lengths in the ratios is taken with its proper
sign, the sign of OP is always positive, but those of OM, ON are
each positive or negative according to the magnitude of the angle
A. It should be observed that MP is equal to, and of the same
sign as ON, so that

. MP MP oM OP

sin A =0P" tan 4 = oI cotA—-M—p, cosec A = %P
In the figure, the angle A has four different magnitudes A0P,,
AOP,, AOP,;, AOP,, corresponding to the four positions P,, P,,
P,, P, of P,

The projection of any positive or negative length 4B, on a straight line
CD, is obtained by multiplying the length 4B taken with its proper sign
by the cosine of the angle between the positive directions of the ¢ings on
which 4B and CD lie; the projection is thus given with its proper sign.

It should be observed that since OP, in the figure, always retains the
positive sign a8 it revolves from the position 04, when it coincides with 04’
it has the opposite sign to that of 04'.
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19. The six ratios defined above are the six Circular
Functions, called also Trigonometrical Ratios or Trigonometrical
Functions. Each of them depends only upon the magnitude of the
angle 4, and not upon the absolute length of OP. This follows
from the property of similar triangles, that the ratios of the sides
are the same in all similar triangles, so that when OP is taken of
a different length, we have the same ratios as before for the same
angle. These six ratios are then functions of the angular magni-
tude 4 only; we may suppose 4 to be measured either in the
sexagesimal system or in circular measure. For convenience, we
shall in general use large letters 4, B, C,... for angles measured in
degrees, minutes and seconds, and small letters a, 3, 6, ¢, ... for
angles measured in circular measure; so that, for example, sin 4
denotes the sine of the angle of which A is the measure in degrees,
minutes and seconds, and sina is the sine of the angle of which
a is the circular measure. To these six circular functions two
others may be added, which are sometimes used, the versine written
versin 4, and the coversine written coversin 4 ; these are defined
by the equations versin 4 =1 —cos 4, coversin 4 =1 —sin 4.

The versine and coversine are used very little in theoretical
investigations, but the versine occurs very frequently in the
formulae used in navigation.

20. In the case of an acute angle, the definitions of the
circular functions may be put into the following form. Let P

7

L A4 N »P

be any point in either of the bounding lines of the given angle;
diaw PN perpendicular to the other bounding line, we have then
H. T. 9
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the right-angled triangle PAN, of which the angle PAN is the
given one 4.
Cos 4 is then defined as

side adjacent to A side opposite to A

hypothenuse '’ sind as hypothenuse ’
side opposite to A side adjacent to A
tan 4 as o adjacent to A’ cot 4 as side opposite to 4’
hypothenuse hypothenuse
A as —YPOIENUSE .
86041 88 Gide adjacent to A’ cosec 4 as side opposite to A

21, Until recently, the circular functions of an angle were defined, not as
ratios, but as lengths having reference to arcs of a circle of specified size. If
P4 be an arc of a given circle, let PV be drawn perpendicular to 04, and let

( 0

\K/u
PT be the tangent at P; the line PN was defined to be the sine of the arc
PA, ON to be 1its cosine, P7'its tangent, O7 its secant, and AN its versine,
In this system the magnitudes of the sine, cosine, tangent, &c. depended not
only upon the angle P04, but also upon the radius of the circle, which had
therefore to be specified. The advantage of the present mode of definition of
the functions as ratios, is that they are independent of the radius of any
circle, and are therefore functions of an angular magnitude only. The sine
of an arc was first used by the Arabian Mathematician Al-Battani (878—918);

the Greek Mathematicians had used the chords PP’ of the double arc, instead
of the sine PX of the arc PA.

r

N |4 r
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Relations between the circular functions.

22. Referring to the definitions of the circular functions,
we see at once that there are the following relations between
them,

(1) cosAsecd=1, (3) tanAcot4=1,
(2) sindcosecAd=1, (4) tan 4 =sin 4/cos 4
cot A =cos A/sin Af"

Expressed in words, the relations (1), (2), (3) assert the facts
that the secant, cosecant, and cotangent of an angle are the
reciprocals of the cosine, sine, and tangent of the angle re-
spectively ; and relation (4) expresses the fact that the tangent of
an angle is the ratio of its sine to its cosine, or what, in virtue
of (8), comes to the same thing, that the cotangent of an angle is
the ratio of the cosine to the sine of the angle.

23. Referring to the figure in Art. 18, the square on OP is
by the Pythagoraean theorem, equal to the sum of the squares ot
its projections OM and MP, so that since the ratios of these pro-
jeetions to OP are the cosine and sine respectively of the angle
A, we have (cos 4)*+(sin A)’=1 or, as it is usually written,
cos?A +sin?d=1. If wedivide both sides of this equation by cos4
and remember the relations (1) and (4), we have 1 + tan’4 = sec?4;
similarly if we divide both sides of the equation by sin®4, and
remember the relations (2) and (4), we have 1+ cot’ 4= cosec? 4.
Thus the three identities,

cos’d +sin* 4 =1
1+tan?’Ad =sec?4d }....ocvenenn. veeen(B),
1 + cot® A = cosect 4

are different forms of the same relation between the functions.

24. The five independent relations just obtained between
the six circular functions enable us to express any five of these
fumctions in terms of the sixth. The student should verify the
correctness of the following table, in which the meaning of z in
each column stands at the head of that column, and the value of
the expressions in each horizontal line, at the beginning.

2—2
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sind=xz|cos A=x|tand=x|cot A=x|sec A=x|cosecd=x
S x 1 Var -1 1
i = 2 — — fud
sin 4 x '\/1 X \/1+xl '\/1+5L‘2 z z
o 1 1 Vaz=1
= 2 P - —
cos 4 N1-z z JiTe T > P
2z N1=a? i — 1
= —— - K 2 __ pae———
tan 4 Vit 2 @ z \/r 1 Vo1
N1 -2 x 1 1 S
cot 4= z \/1——?0_5 z x '\/%}1":-1 ’\/‘2/"‘— 1
1 1 — V1422 z
sec.d = x/~1_—:vz_‘ > N1+% s & ‘_W«/.;ﬂt:i
-
1 1 NI+22 | x
_ z _ X 2 e
cosec A= e Nt z Vits Vai—1 z

In this table the ambiguities in the signs of the square roots
are left undetermined. As an example of the verification of this
table we will suppose sec 4 =z, to be given; we have at once from
(1) in Art. 22, cos A =1/, and from the second form of (5),

tan A = Vz? — 1, and then from (3), cot A =1/Va?—1; from the

—7 o

first form of (5), smA=\/l—5%= wx 1; then from (2),

cosec 4 = 7 f 1; we have thus verified the correctness of the
x% —

fifth column in the table.

Range of values of the circular functions.

26. The projection of one straight line upon another cannot
be of greater length than the projected line, hence the sine or the
cosine of an angle cannot be numerically greater than unity; each
of them may have any value between + 1 and — 1, both inclusive ;
and secant and cosecant which are the rectprocals of the cosine and
sine cannot therefore lie between the limits + 1, and are fherefore
numerically greater than, or equal to, unity. The tangent or the
cotangent, being the ratio of two projections, one of which has its
greatest numerical value when the other one vanishes, may have
any value between + oc. The versine may have any value between
0 and 2,
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Properties of the circular functions.

26. If the angles AOP, AOp be A and — A respectively, we
see that OP and Op have equal projections OM, upon 04, but

B
p n
L N
4 i v /o 4
2 n
v
T

that their projections ON, On, on OB, are of equal magnitude but
opposite sign, therefore

cos(—A)=cos 4, and sin(—A4)=—sin4 ...... 6);
1t follows that tan(— 4)= —tan 4, cot (~4)=—cot 4,
sec (—A)=sec A, cosec(—A)=—cosec A.

If a function of a variable has its magnitude unaltered when
the sign of the variable is changed, that function is called an even
function, but if the function has the same numerical value as
before, but with opposite sign, then that function is called an
odd function; for instance a* is an even function of z, 2® is an
odd function of @, but #®+ 2® is neither even nor odd, since its
numerical value changes when the sign of z is changed. We see
then that the cosine and the secant of an angle are even functions,
and the sine, tangent, cotangent, and cosecant are odd functions.
The versine 18 an even function, but the coversine is neither even
nor odd.

27. The values of the circular functions of an angle depend
only upon the position of the bounding line OP, with reference
to the other bounding line OA, consequently all the coterminal
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angles (04, OP) have the same circular functions, or in other
words, all the angles n.360° 4+ 4, where n is any positive or
negative integer, have their circular functions the same as those
of A. If a be the circular measure of the angle which contains
A degrees, all the angles 2n7 + @, in circular measure, have the
same circular functions. We have also, since all the angles
2nm — a have the same circular functions,

sin (2n7r — a) = sin (— &) = —sin a,
and cos (2nm — @) =cos (— a) = cos a.

The properties we have obtained are both included in the

equations
sin (2nm + a) = £ sin a}

cos (2nm + a) =cos a

28. If the angle 180° — A or 7 — a is bounded by 0Q), then 0Q
makes the same angle with 04’ as OP does with 04, and we see
that the projections of OP and OQ on OA are equal and of opposite

P n4 Q
BI

sign, and the projections of OP and 0Q, on OB, are equal and of
the same sign, therefore sin (7 — @) = sin @, and cos (7 — a) = 5 cos a./
These equations hold whatever a may be, so that we can change
into — a, and we have

sin (7 + a) =sin (—a) = —sin a

and cos (7 + a) = — cos (— &) = — cos a,
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Thus we have the system of equations

sin(mr £ a)=Fsina
.................. (7);
cos(m 4+ a)=—cosa
from these we obtain
tan(w ta)=ttana .......cooenn. (8).
Llso sin(2n+ 1w ta)=sin(r ta)=Fsina
cos(2n+17ria)=cos(7ria)=—cosa} ...... 9)
tan (2n + 1 7 + o) =tan (7 + a) = + tana

29. 1In the figure of Art. 28, the angle OP makes with OB’ is
90° + A; therefore the cosine of the angle 90°+ 4 or 37 + ais the
ratio of the projection of OP on OB’ to OP; hence since the pro-
jection on OB’ is equal with opposite sign to the projection on OB,
we have cos (37 + a) = —sina; changing 7 + « into «, we have
cos @ = — sin (& — 4 ), hence in virtue of (6) we have

cosa=sin(3m — Q).

In these equations we can, if we please, change the sign of a,
since a@ may be either positive or negative; we have then the
equations

sin (47 + a)=cos a
cos (37 +a)=7F sin a} .................. (10).
tan (37 + a)=F cot a
We have also, from (6) and (9),
sin (m + 37 + a) = (— 1)™sin (37 + a),
cos (m+ 37 + @) = (= 1)mcos (37 ¢ @),
tan (m + 7 + @) = tan (3 7 + a),
hence _
sin (m + 3w+ a)=(—1)"cosa
cos (m+ 7 + @)= F (— 1)™sin a} ......... (11).
tan (m + 7 + a) = F cot a

The angle 7 — a is called the supplement of the angle @, and
the angle §m — a is called the complement of a.

We- have shewn that the sine of an angle vs equal to the
sine of the supplementary angle, and the cosine of an angle s
equal, with opposite sign, to the cosine of its supplement ; also that
the sine of an angle vs equal to the cosine of its complement, and the
cosine of an angle 18 equal to the sine of its complement.
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The formulae (6) to (11) enable us to find the circular functions
of an angle, when we know the values of the circular functions of
that angle between zero and 4, which differs from the given angle
by a multiple of 4, or also when we know the circular functions
of the complement of this latter angle.

Periodicity of the circular functions.

30. When a function f(x) of a variable has the property
f(x)=f(x+k) for every value of «, k£ being a constant, the function
f () is called periodic; if moreover the quantity % is the least
constant for which the function has this property, then % is called
the period of the function.

It follows at once that if f(z)= f(x+ k), then f(z)=f (z + nk),
where n is any positive or negative integer; if then we know
the values of the function for all values of x lying between two
values of # which differ by k£, we know the values of the function
for all other values of «, the function having values which are a
mere repetition of its values in the interval for which they are
given.

The property (6), of sina and cos &, shews that these functions
are periodic functions of a, the period being 27, or if the angle is
measured in degrees, sin 4 and cos A are periodic functions of 4,
the period being 360°. The property (7) shews that these
functions are such that their values, for values of the angle
differing by half the complete period, are equal with opposite sign.
The property (8) shews that the tangent is periodic, the complete
period being 7, half the period of the sine and cosine. Obviously
the period of the secant or of the cosecant is 2, and that of the
cotangent is 7. It will be hereafter seen that the circular functions
derive their importance in analysis principally from their possession
of this property of periodicity.

Changes in the sign and magnitude of the circular functions.

31. We shall now trace the changes in the magnitude and
sign of the circular functions of an angle, as the angle increases
from zero to four right angles.

(1) To trace the changes in the value of the sine of an angle,
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we must observe the changes in magnitude and sign of the
projection ON, in the ﬁgure of Art. 18. When the angle 4 is zero,
ON is zero, and as A increases up to 90°, ON is positive and
increases until when 4 is 90°, ON is equal to OP, thus sin 4 is
positive and increases from O to 1. As A increases from 90° to
180°, ON is positive and diminishes until when 4 is 180° it is
again zero, therefore sin A is positive and decreases from 1 to 0.
As A increases from 180° to 270°, ON is negative and increases
numerically, until when 4 is 270°, ON = — OP, hence sin 4 is
negative and changes from 0 to — 1. As A increases from 270° to
360°, ON is negative and diminishes numerically, until when 4
is 360° it is again zero, thus sin 4 is negative and changes from
—1t00.

(2) In the case of the cosine, we must observe the changes in
magnitude and sign of the projection OM. We find that as A
increases from 0° to 90°, cos 4 is positive and diminishes from 1 to
0; as A 1ncreases from 90° to 180° cos 4 is negative and changes
from 0 to —1; as 4 increases from 180° to 270°, cos A 1s negative
and changes from — 1 to 0; and as 4 increases from 270° to 360°.
cos A is positive and increases from 0 to 1.

(3) To trace the changes in the tangent of an angle, we must
consider the ratio of ON to OM, when the angle is zero, this ratio
is zero, and is positive and increasing as the angle increases from 0°
to 90°; when the angle is 90°, the projection OM is zero, and ON
1s unity, hence tan 90° = o0, as 4 increases from 90° to 180°, the
tangent is negative and changes from — o0 to 0. As A increases
from 180° to 270°, tan A is positive, since ON and OM are both
negative, and it increases until it again becomes infinite when
4 =270°. As A increases from 270° to 360°, the tangent is
negative and changes from —oo to 0. It will be observed that
tan A changes from + o to — o in passing through the value 90°,
and from — o to + oo in passing through 270°; to explain this, it
is only necessary to remark that as a variable  changes sign by
passing through the value zero, its reciprocal 1/z changes sign in
passing through the value «.

(4) The changes in the values of the cosecant, secant, and
cotangent of 4 may be deduced from the above, if we remember
that they are the reciprocals of the sine, cosine, and tangent,
respectively. Their values for 4=0°, 90°, 180°, 270°, 860° are



26 THE CIRCULAR FUNCTIONS

given in the following table, which also includes the results
obtained above for the sine, cosine, and tangent.

0° 10°-90°| 90° | 90°-180°| 180° | 180°-270° | 270° ]270°-360° 360°
sm| O + 1 + 0 - -1 - 0
cos + 6] - -1 - 0 + 1
tan | O + |t - 0 + +o ' _ 0
cot | Foo + 0 - F oo i + ( 0 [ - Fo
sec 1 + + - -1 - L Fo + 1
cosec | Fo | + 1 + +o| - } -1 l _ Fo
I

. Graplical representation of the circular functions.

32. In order to obtamn a graphical representation of the
changes in value of the circular functions, we shall suppose that
the circular measure 2 of an angle is represented by taking a
length # measured along a fixed straight line, according to any
fixed scale, from a fixed point, and that the numerical value of the
function to be represented 1s the length of a corresponding ordinate
drawn perpendicularly to the given straight line, through the
extremity of the length «; the function 1s represented graphically
by the curve traced out by the extremity of this ordinate. This
curve is called the graph of the function.

The first of the three figures opposite gives the graphs of sin z
and of cosa. If O is the origin from which the length = is
measured along the fixed straight line OX, and 04 =7, OB =2,
00'=4m, 0'C'=1, the curve OPAP'B is such that any ordinate
represents roughly the value of sina corresponding to any value
of # between 0 and 27. If O is taken as origin, and 0'B’ = 2,
the curve ("PP'D’ represents the value of cosz for values of z
between 0 and 27 ; this follows from the relation cos # = sin (3 7 + ).
- Beyond OB, the curve OPP'B will be repeated indefinitely on both
sides of the origin 0. The second figure represents, in a %imilar
manner, the values of tan z and cot z, O being the origin for tan z,
and O’ for cot #; the ordinates through 0, 4°, B’ are asymptotes
of the curve, where the functions change sign by passing through
an infinite value. The third figure represents the values of sec
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and cosecz, O being the origin for cosec #, and O’ forsecz; the

ordinates at 0, 4, B are asymptotes of this curve.

= 0 0V -1\‘1' o o X
P/
|
7 7 /;1‘ A’ B B X
0 o A Ny B B X
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ExavpiLE. Draw graphs of the following functions

(1) &mx+cosx. (2) cos(m8inx). cos(m cosx).
(3) tanx+secx. (4) sin (m cos x)/cos (m sin x).
(8) &n?x—2cosx. (6) sin(3m+3imcosx).

Angles with one circular function the same.

33. We shall now find expressions for all the angles which
have one of their circular functions the same.

¥

B

(1) 1If in the figure, AOP is a given angle, and PP, is drawn
parallel to 04, the angles (04, OP) and (04, OP)) are the only
angles which have their sine the same as that of AOP, for they
are the only angles for which the projection of the radius on OB
is equal to ON'; these angles are 2n7 +a and 2nm + 7 — a, where a
is the circular measure of AOP, and n is any integer; they are
both included in the expression mmr 4+ (—1)™a, where m is any
positive or negative integer; this is therefore the expression for all
the angles whose sine is the same as that of a,

(2) Next draw PP, parallel to OB, then the angles ((’4,-OP)
and (04, OP,) are the only angles which have the same cosine as
a, for they are the only angles for which the projection of OP on
0A is equal to OM ; they are both included in the formula 2mm % a,
where m is any positive or negative integer.
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(3) If PO is produced to P, the angles (04,0P), (04, OP,)
are the only ones which have the same tangent as a; these angles
are respectively 2nm + a and 2nw + 7 + a, and are therefore both
included in the formula mm +a, where m is any positive or
negative integer.

(4) Since angles which have the same cosecant have also the
came sine, we see that mm 4+ (— 1)™ a includes all the angles whose
cosecant is the same as that of a; also 2mm + a includes all angles
whose secant is the same as that of a, and mm + a includes all
angles whose cotangent is the same as that of a.

In every case zero is included as one value of m or n,

Determination of the circular functions of certain angles.

34. The values of the circular functions of a few important
angles can be obtained by simple geometrical means.

(1) The angle 45° or } is an acute angle in a right-angled
isosceles triangle, the sine and cosine of this angle are therefore
obviously equal to one another; and since the sum of their squares
is unity, each of them is equal to 1/4/2; the tangent of the angle
is therefore unity.

(2) Each of the angles of an equilateral triangle is 60° or .

A

B E D [

Let ABC be such a triangle; draw 4D perpendicular to BC,

then the cosine of the angle B is ﬁ-—g, and this is equal to §; the

sine of the same angle is V1 —} = }4/38. The complement of 60°
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is 80° or 7, hence we have cos30° =443, and sin30°=4. We
have also tan 60° = 4/3, and tan 30° =1/4/3.

(38) Draw AE bisecting the angle DAB, then the angle DAE
is 15° or g We have by Euclid, Book vI. Prop. 111

DE DA
EB 4B~ V3
DE 3
therefore DB=3+v3’ s
DE o -
and thence DA OF tan 157 is equal to BerE~ 2 -3
From this we obtain o
sin 15° = “16@ V2 1 VO ’; vz,

We can, from these values, obtain the sine, cosine, and tangent of
75° or &, the complementary angle. If we proceeded in the same
way, bisecting the angle DAE, we should obtain the tangent of
7° 30" or 44, and we might continue the process so as to obtain

the tangent of all angles of the form 3—7;;, where p is a positive

integer, but we shall hereafter obtain formulae by which the
functivns of these angles may be successively calculated, thus
obviating the necessity of continuing the geometrical process.

By a similar geometrical method we might obtain the circular
functions of the angles of the form m/22.

(4) Let ABC be a triangle in which each of the base angles
is double of the vertical angle A4 ; the base angles are each 727, or

A

/
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¢, and the vertical angle is 36°, or 3. If AB is divided at D so
that AB.BD = AI? then it is shewn in Euclid, Book 1v. Prop. x.
that AD=DC=CB. Draw AE perpendicular to BC. Denoting
the ratio of AD to AB by @, we have 1 —z = 4% and solving this
quadratic, we find =4 (+ V5 —1); we must take the positive

root, hence %—g:%(\/g— 1), thus
c0872° =sin 18° = %ZB—g:}(Vg— 1);
from this we obtain sin 72° = cos 18° = } ¥10 + 2 y/5.

Also cos 36°=%§%, since DAC is an isosceles triangle,

therefore cos 36° =} (V5 + 1), hence sin 86° = } V10 — 2 /5.

Since 54° is the complement of 36°, we have therefore the
values of sin 54° and cos 54°.

In the following table the values we have obtained are collected
for reference. The functions in the first line refer to the angles
in the first column, and the functions in the last line to the‘angles
in the last column.

sine cosine tangent cotangent
Lm=15° L/.(’.IL/E _“/_GEQ 243 2443 | Hr=T5°
pmtee | V0oL \WIORRB |y s | s | e
bre30°| & WE 25 v3 }m=60°
i —36° v 10"1’1275’ «/54+1 VTETB | BB FT0VS | =t
=50 715 % 1 1 pr=15°
cosine sine — cotangent tangent

We can find at once the circular functions of any angle which
differs from any one of those in the table by a multiple of a right
angle, by employing the formulae (6) to (11).
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Exampre. Find the sine and cosine of 120°, and of —576°,
‘We have 120°=90°+30°, hence
sin 120° =co0s 30°=4./3, cos 120°= —sin 30°= - }.
Again —576°= — (3. 180° + 36°), therefore
sin (—576°)=s1n(+180° — 36°) =sin 36°,
also cos— 576°=cos (180° - 36°) = — cos 36°.

‘The inverse circular functions.

36. If yisa function f () of #, then # may also be regarded
as a function of y; this function of y 1s called the inverse function
of f(x), and is usually denoted by f(y); thus z=y(y). If
JS(«) is a periodic function, of period %, so that f(z)=f(z + mk),
where m is any positive or negative integer, the function f=(y)
will have an infinite number of values given by z + mk, where « 1s
any one value of /= (y); such a function of y is called multiple-
valued, since 1t has not a single value for each value of the
variable y. We see therefore that, corresponding to a periodic
Sunction f(x) =y, there s a multiple-valued inverse function £ (y)
which has an nfinite number of values for any one value of y, these
values differing by multiples of the period of f (x).

36. If there are two or more values of #, lying between 0 and
k, for which f(«) has equal values, the multiplicity of values of
S (y) is still further increased, since it will have each of the
values of # for which f(z) =7, and the infinite series of values
obtained by adding multiples of % to each of these. For example,
suppose that there are two values ,, «,, each lying between 0 and
k, for which f(«) = y, then the inverse function f~* (y) has the two
sets of values &, + mk, a, + nk.

37. 1In the case of the circular function sin « =y, the values
of the inverse function sin—'y are nm + (— 1)*,, where a, is any
value of x for which sin, =y; in this case the complete period
of sin x is 27, and there are two values of z, say , and = — @, lying
between 0 and 27, for which sin # =y ; thus the values of sin~y are
the two series of values n.27w+4, and n.27 + 7 — ;, both included
in nw+ (- 1) a,. *

In a similar manner, we see that the values of cos™ y are in-
cluded in 2nm + 2, where cosz = y.

The periods of the functions tana, cot« are m, only half
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those of sinz and cos®, and there is only one value of # between
0 and = for which tan  or cot # has any given value ; thustan™'y
has the values nm +,, and cot™'y the values nwr + «,, where 2, is
that value of # between 0 and 7, such that tan @, or cot w, is equal
to y.

38. The numerically smallest quantity # which has the same
sign as y, and is such that sin @ = y, is called the Principal Value
of sin~'y; a similar definition applies to the principal values of
tan™'y, cot™'y, cosec'y.

The numerically smallest positive value of & which is such
that cos ¢ =y is called the Principal Value of cos™y; a similar
definition applies to sec™y.

Thus the principal values of sin™'y, tan—'y, cot™y, cosec™'y
lie between the values + 4, and the principal values of cos™'y,
sec™ y lie between 0 and 7. In some works, the principal values
of sin~'y, cos'y, tan~'y are denoted by Sin~'y, Cos™'y, Tan"1yy
the general values are then given by
sin'y=nw+(—1)"Sin~y,cosy=2nm+ Cos™y,tan"'y=nmw+Tan"ly;
we shall however not use this notation. It must be remembered
that in many equations connecting these inverse functions it is
necessary to suppose that the functions have their principal values,
or at all events that the choice of values is restricted. For
example, in such an equation as sin™ y + cos™ y = {r, the choice of
values of the inverse functions is restricted.

It should moreover be noticed that the functions cos~'y,sin™y
have only been defined for values of y lying between + 1; beyond
those limits of y, the functions have no meaning, so far as they
have been at present defined. The student should draw, as an
exercise, graphs of the various inverse circular functions.

In Continental works, the notation arc sin z, arc cos z, arc tan z
is used for sin'z, cos'z, tan—' .

EXAMPLES ON CHAPTER IIL
1. Preve the identities
(i) tan 4 (1 —cot? 4)+cot 4 (1—tan?4)=0,
(i1) (sin 4 4 sec A)2+(cos 4 +cosec A)?=(1+sec 4 cosec 4)3.

2. The sine of an angle i s find the other circular functions.

2+ 2’
H. T 3
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3. If tan A+sind=m, tand —sin 4 =n,

prove that m2—n2=4mn,
. . s8in4d cos 4
4. Having given s s B=0 find tan 4 and tan B.
sin 4 tan 4

5. If Ein_B=“/2’ m:J& find 4 and B.

6. If cos A=tan B, cos B=tan (, cos('=tan 4,
prove that sin 4 =sin B=sin C=2sin 18°.

7. Solve the equations : .
(i) sinf+2cosf=1,
. cosa 3
(ii) tana =3’
(ii1) A3 cosec?d=4cot 4.
8. Solve the equations :
cos (2r+y)=sn (r— 2y)}
cos (r+2y)=sin (2r—y)J "

9. Find a general expression for 4, when sin?d=sin%q, and also when
sin = —cos §=1/4/2.

10. Find the general values of the limits between which 4 les, when
sin? 4 is greater than cos? 4.

11. Find the general value of 6, when 9 sect4=16.

12. If tan (7 cot 8)=cot (= tan §),
then tan 0=} {2n +1+4/dn*+ dn—15),
where 7 is any integer which does not lie between 1 and —2.
13. Give geometrical constructions for dividing a given angle into two

parts, so that (1) the sines, (2) the tangents of the two parts may be in a
given ratio.

14. Construct the angle whose tangent is 3 — /2.

16. Divide & given angle into two parts the sum of whose cosines may be
a given quantity ¢. ' What are the greatest and least values ¢ can have?

16, If Uy =COS™ §+ 810" 6,
prove that 2ug— 3uy+1=0,
Gutyo — 16ug + 10ug — 1 =0,
17. Two circles of radii a, b touch each other externally; 4 is the angle
contained by the common tangents to these circles, prove that

4(a—b)\/&_b

sind= @t by
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18. A pyramid has for base a square of side a; its vertex lies on a line
through the middle point of the base, perpendicular to it, and at a distance A
from 1t ; prove that the angle a between two lateral faces is given by

2h A/ 2a? + 442

ina=
Sin a PRy

19. Two planes intersect at right angles in a hine AB, and a third plane
cnts them in lines 4D, AC; if the angles DAB, CAB be denoted by a, B
respectively, prove that the angle BA makes with the plane CAD is
tan-1 PanatanB )

Atan%a+tan?g

20. Shew that, if OD be the diagonal of a rectangular parallelepiped, the
cosines of the angles between OD and the diagonals of the face of which
04, OB are adjacent sides are respectively

48 4 042~0B
0D Y oD 4D

21. Two crcles, the sum of whose radu 18 a, are placed in the same
plane, with their centres at a distance 2a, and an endless string, quite
stretched, partly surrounds the circles, and crosses itself between them.
Shew that the length of the string is (§=+24/3)a.

22. Prove that

cos tan—1sin cot“x:(

%“"ﬂ)%
242/

23. Illustrate graphically the change in sign and magnitude of the func-

tions 3sinr+4 cosx, e*sinz, and sin <5—§ sin x) for all values of .

Shew that the equation 2z=(2n+1) = vers z, where 7 is a positive integer,
has 2n+3 real roots and no more, roughly indicating their localities.

3—2



CHAPTER 1IV.
THE CIRCULAR FUNCTIONS OF TWO OR MORE ANGLES.

The addition and subtraction formulae for the sine and cosine.

39. WE shall now find expressions for the circular functions
of the sum and of the difference of two angles, in terms of the
circular functions of those angles.

Suppose an angle AOB of any magnitude A, positive or
negative, to be generated by a straight line revolving round O
from the initial position OA, our usual convention being made as
to the sign of the angle, and suppose further that an angle BOC of
any magnitude B is described by a line revolving from the initial
position OB; then the angle AOC is equal to A + B. In OC take
a point P, and draw PN perpendicular to OB.

According to the convention in Art. 15, the straight line ON
is positive or negative according as it is in OB, or in OB produced ;
also NP is positive when it is on the positive side of OB, revolving
counter-clockwise, and negative when on the other side. The
positive direction of the straight line on which NP lies makes
an angle A4+90° with OA. We have ON=0PcosB, and
NP=0PsinB; for ON and NP are the projections of OP on
OB and on the line which makes an angle 4 +90° with OA.

In fig. (1), each of the angles A4, B is positive and less than
90°; in fig. (2), the angle A4 lies between 90° and 180°, and the
angle B also lies between 90° and 180°; in fig. (3), the angle 4 lies
between 180° and 270° and the angle B is negative and lies
between — 90° and — 180°. 1In figs. (1) and (2), NP is of positive
length, and in fig. (3), NP is of negative length, since, in the last



THE CIRCULAR FUNCTIONS OF TWO OR MORE ANGLES

c

87

A



38 THE CIRCULAR FUNCTIONS OF TWO OR MORE ANGLES

case, PN is the direction of a line making an angle A +90° with
0A.

By the fundamental theorem in projections, given in Art. 17,
the projection of OP on OA is equal to the sum of the projections
of ON and NP on 04, or

OPcos(A+B)=0Ncos A + NP cos(4 +90°)
= OP cos A cos B+ OPsin Bcos (4 +90°),

therefore  cos(A + B)=cos 4 cos B—sin A sin B............ (1).

If, instead of projecting the sides of the triangle ONP on 0A,
we project them on a line making an angle +90° with 04, we
have

OPsin(A + By=0Nsin 4 + NPsin(4 +90°)
=0Psin 4 cos B+ OP sin (4 + 90°) sin B,
therefore sin(A4 + B)=sin 4 cos B+cosdsin B............ (2).

The formulae (1) and (2) have thus been proved for angles of
all magnitudes, both positive and negative. The student should
draw the figure, for various magnitudes of the angles 4 and B. in
order to convince himself of the generality of the proof.

If we change B into — B, in each of the formulae (1) and (2),

we have
cos (A — B) = cos A cos (— B) —sin 4 sin (— B)

and sin (4 — B)=sin 4 cos (— B) — cos 4 sin (- B),
hence cos(A—-B)=cosAcosB+sindsinB ........... (3),
and sin(4 —B)=sin4 cos B—cosAsinB ............ (4).

These formulae (3) and (4) would of course be obtained directly,
by describing the angle B in the figure in the negative direction,
so that the angle POA would be equal to 4 — B.

40. The formulae (1), (2), and (8), (4), are called the addition
and subtraction formulae respectively; either of the formulae (1)
and (2) may be at once deduced from the other; in (1) write
A +90° for A, we have then

cos (90° + A + B) = cos (90° + A) cos B —sin (90° + A) sin B
or ~gin (4 + B) = —sin 4 cos B - cos 4 sin B;
and changing the signs on both sides of this equation, we have the
formula (2); in the same way, by writing 4 + 90° for 4 in (2), we
should obtain (1). It appears then that all these four fundamental
formulae are really contained in any one of them.
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41. The proof of the addition and subtraction formulae, given by Cauchy,
18 a8 lollows:—With O as centre describe a circle, and let the radii OP, 0Q

make angles A, B, respectively, with 04 ; join P@, and draw PAf, @V per-
pendicular to 04, and QR parallel to 04, then we have
PpR=QR*+RP?
=(ON-0M Y +(PH-QN) -
=042{(cos B - cos A)*+(sin 4 — sin B)?}
=2042 (1 —cos 4 cos B—-sin 4 sin B),
Let PS be drawn perpendicular to the diameter @€, then
PQ?=Q8. QY =204 (04~ 0S9)
. =204%{1 —cos (4 — B)},
therefore cos (4 — B)=cos 4 cos B+sin 4 sin B......... cesnrsinias (3).

The other formulae may then be deduced; (1) by changing B into —B,
(2) by changing B into 90°— B, (4) by changing B into 90°+ B.

42. Besides the two proofs which we have given of the
fundamental addition and subtraction formulae, both of which are
perfectly general, various other proofs have been given, some of
which are in the first instance only applicable to angles between
a limited range of values, and require extension in the cases of
angles whose magnitudes are beyond that tange. We shall make
this extension in the case in which the formulae have been first
proved for values of 4 and B between 0° and 90°. Whatever
A and B are, it is always possible to find angles 4’ and B, lying
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between 0° and 90°, such that 4 =m.90°+ 4’, B=2.90°+ B/,

where m and n are positive or negative integers; we haye then
cos (4 + B)=cos(m +n90° + 4’ + B');

(1) if m and » are b(ith even, we have

m+n

cos(A+B)=(=1) 2 cos(d'+B)
m+n
=(—=1) % (cos A’ cos B'—sin 4’sin B),
now cos A =(—1)%cos A, sm A =(—1)%sin 4’,
with similar formulae for B,
hence cos (4 + B) =cos 4 cos B —sin 4 sin B;
(2) if m and » are both odd, we have
m=-1 m+1
cos A =(—1) % cos(90°+ A" )=(—1) 2 sin 4’,

m—1 m—1

sind=(—1) ? sin(90°+ A4) =(=1) % cos 4’
with similar formulae for B; hence as before we obtain, by sub-

stituting the values of cos A’, cos B, sin 4’, sin B, the formula
for cos (4 + B);

(3) if m 18 odd and = is even,

m+n—1
cos(A+B)=(-1) 2 cos(90°+ A"+ B)

m+n+1

=(-1) % sin(4'+B)
mtntl

=(—=1) 2 (sin A4 cos B+ cos4’sin B,
m+1 n

now cosd =(—1) 2 smmd’, cosB=(—1)2cos B,

m~1 n
sin 4 =(—=1) % cos 4’, sin B=(—1)%sin B';
hence, substituting as before, we have the formula for cos (4 + B).
The other formulae may be extended in the same manner.

43. The form in which the addition formulae were known in the
Greek Trigonometry! is Ptolemy’s theorem given in Euclid, Bk. vI.
Prop. »; this theorem is, that if ABCD be a quadrilateral in-
scribed in a circle, AB.CD+ AD.BC=AC.BD. Any chord
AB is the sine of half the angle which 4B subtends at the centre
of the circle, the diameter of the circle being taken as unity, and

1 See the Article *‘ Ptolemy ” in the Encyclopaedia Britannica, ninth Edition.
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this half angle is the angle subtended by the arc 4B at the cir-
cumference. We shall shew that the formulae for sin (a + 8) and
cos (& + ) are contained in Ptolemy’s theorem.

(1) Let BD be a diameter of the circle, and ADB =g,
BDC = 3; then ABD=4m—a, DBC=4m =8, AC =sin(a+ f),
AB=sina, CD=cosf; thus the theorem is equivalent to the

fdrmula sin (a + @) =sinacos B + cos asin 8.

(2) Let OD be a diameter of the circle,and BCD=a, ACD =g,

thus 4B =sin(a— ), and the theorem is equivalent to
sin (a — 8) + sin B cos a=cos Bsin a.

(8) Let BD be a diameter of the circle, and ADB=q,
CBD =}, then ADC =47 +a—p, thus 4C=cos(a—8), and the
theorem is equivalent to

cos(a—B)=cosacos B8+ sinasinB.

(4) Let CD Dbe a diameter of the circle, and BCD =gq,
ADC=p; then BCA=a+B—4m, AB=—cos(a+ B), and the
theorem 13 equivalent to

—cos (a+ ) + cos acos B =sin asin B.

Exampie.  Employ Ptoleny’s theorem to prove the following theorems:
smasin (B—y)+snfBsin(y—a)+sanysan(a—B)=0,
sin(a+p) sin (B+y)=sinasiny+sinBsin(a+B+y).

Formulae for the addition or subtraction of two sines or two
cosines.

44. We obtain at once from the addition and subtraction

formulae sin (4 + B) +sin (4 — B) = 2sin 4 cos B,

sin(4 + B)—sin (4 — B)=2cos 4 sin B,
cos (4 + B) +cos (4 — B)=2cos 4 cos B,
cos (4 — B) —cos (4 + B) =2sin 4 sin B,
let A+ B=0C, A—B=D; we obtain then, since 4 =%(C + D),
B =13 (C— D), the formulae
sin C +sin D= 2sin 4 (C + D)cos%(C—-D) ...... (5),
sin ('—sin D=2cos 4 (C + D)sin4 (C' - D) ...... (6),
cosC+cosD=2cos 4 (C+D)cos3(C—D) ...... (),
cos D —cos C=2sin 4 (C + D)sin §(C—D) ...... 3).
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These important formulae (5), (6), (7), (8) are the expressions
for the sum or difference of the sines or of the cosines of two
angles as products of two circular functions; they may be ex-
pressed in words as follows:

The sum of the sines of two angles is equal to twice the product
of the sine of half the sum and the cosine of half the difference of
the angles. ‘

The difference of the sines of two angles is equal to twice the
product of the cosine of half the sum and the sine of half the
difference of the angles

The sum of the cosines of two angles is equal to twice the
product of the cosine of half the sum and the cosine of half the
difference of the angles.

The difference of the cosines of two angles is equal to twice the
product of the sine of half the sum and the sine of half the reversed
difference of the angles.

46. These formulae may be proved geometrically by the
method of projections.

N

0 4

Let BOA=C, COA =D, and let OB=0C; draw ON per-
pendicular to BC, then N is the middle point of BC, also
NOA=%(C+ D), NOB=NOC=%(C~ D).
The sum of the projections of 0B, OC, on 04, is equal to the sum
of the projections of ON, NB, ON, NC, on OA, and, since the
projections of NB and NC are equal with opposite sign, this is
equal to twice the projection of ON; therefore

OB cos C + OC cos D = 20N cos } (C + D),
and since ON = OB cos §(C — D),
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we have the formula
cosC+cos D=2cos 4 (C+ D)cos} (C-D)......... .

If instead of projecting on OA we project on a straight line

perpendicular to 04, we have
OBsin C+ 0C'sin D =20Nsin § (C + D),

hence sin €+ sin D=2sin 4 (C + D) cos } (C— D).........(5).

Also the projection of OC on 0A is equal to the projection of
OB, together with twice the projection of BN, or

0Ccos D= 0B cosC+ 2BN sin § (C + D),
hence cos D —cosC=2sin% (C+ D)sing (C—D)......... 8),
and if we project on the line perpendicular to 04, we have
0Csin D=0Bsin C—2BNcos}(C+ D)
or sin C —sin D=2sin§ (C— D) cos 3 (C + D)......... (6).

A curious method of multiplying numbers, by means of tables of sines,
was in use for about a century before the invention of logarithms. This
method depended on a use of the formula

sin 4 sin B=4 {cos (4 — B)—cos (A + B)} ;

the angles 4 and B, whose sines, omitting the decimal point, are equal to the
numbers to be multiphed, can be found from a table of sines, and then
cos (4 + B), cos (4 — B) can be found from the same table ; half the difference
of these last gives the required product. This method was called mpogfacpai-
peais. An account of this method will be found 1n a paper by Glasher, in
the Phkilosophical Magazine for 1878, entitled “ On Multiplication by a Table
of single Entry.”

ExAMPLES.
(1) Prove the identity

sin A sin (B-C)sin(B+C—-A)+sinBsin (C~A)sin(C+A-B)
+anCsin(A-B)sin(A+B-C)=2sn(B-C)sin(C-A)sin(A~-B).
The second and third terms on the left-hand side may be written
4sin B{cos (B~-24)~cos (20— B)} + 4 sin ' {cos (C— 2B) - cos (24 - C)},
which is equal to
${8in2(B-A4)+sin24 -sin 2C-sin 2 (B~ C)}
+21 {8in2(C- B) +sin 2B -sin 24 -sin2 (C'- 4)},
or  }(sin2B-smn20)~4sin2(B-C)+}{sin2(B-4)-smn2(C-4)},
or sin (B~ C){}cos (B+C)—cos(B-C)+4cos(B+C-24)},
which 18 equal to sin (B~ C) {cos 4 cos (B+C—4) - cos (B~ C)};
adding the term sin 4 sin (B~ C)sin (B+C - 4),
we have 8in (B - C){cos (B+C~24)~cos (B-C)},
or 2sin (B- C)sin(C-4)sin (4 - B).
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(2) Prove that
2 cos A sin (B~ C) sin (B+C—=A)=2sin (B~ C)sin(C— A) stn (A -B).
This may be deduced frol Ex. (1), by changing 4, B, C into 90°— 4,
90° — B, 90° — C respectively, or may be proved independently as in Ex. (1).
Prove the identitios
(8) ZsinAsin(B-C)=0, ScosA an(B-C)=0.
(4) =&n(B+C)sin (B-C)=0, 3cos(B+C)sin(B-C)=0.
(5) zsnBsinCeain(B-C)=—sin(B-C)san(C—-A)sin(A-B),
2 cos B cos C cos (B-C)= —sin(B-C)sin(C—A)sn(A-B).

(6) Prove that if A+B+C=m,
sin? A=sin?B4+sin2C—2sin Bsin Ccos A,
and cos2 A=1-—c082 B—cos? C —2cos A cos BcosC.

A large number of Trigonometrical identities are analogous to similar
Algebraical identities!. For example, the following algebraical identities
correspond to examples (1) to (),
Sab-c)(b+c—a)=2(b—c)(c—a)(a—0>), to (1) and (2),
Sa(b—c)=0, to (3), S(d+c)(b—c)=0, to (4),
Sbe(b—c)=—(b—c)(c—a)(a-0b), to (5).

We shall, in Chap v, give the theory of these correspondences.

Addstion and subtraction formulae for the tangent and cotangent.

46. From the addition and subtraction formulae we may
deduce formulaec for the tangent or cotangent of the sum or
difference of two angles in terms of the tangents or cotangents
of those angles. Thus
sin (4 + B) sin A cos B + cos 4 sin B
cos (A + B)  cos A cos B ¥sin A sin B’
hence dividing the numerator and the denominator of the fraction
by cos A cos B,

tan (4 + B) =

sind sin B

cosdtcos B

_smd sin B’
cos A cos B

tan (4 + B) =

thus we have the two formulae
tan A 4+ tan B
tan(A + B) = i—mg...............(g),
tan A — tan B

tan (4 _B)=1+tanAtanB

1 A large number of these correspondences are given by M. Gelin, in Mathess,
Vol. 1r.
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In a similar manner we obtain the formulae

cot A cot B—1

cot(A +B)=m ............ (ll),
ot 4 cot B+ 1

cot (A - B) = 9—C0t}—,Bc——C()I',—E ............ (12).

The formulae (9), (10), (11), (12) are the addition and sub-
traction formulae for the tangent and cotangent.

Various formulae.

47. The following formulae may be deduced from the for-
mulae which we have obtained for two angles, and are frequently
useful in effecting transformations. The student should verify
each of them.

sin (4 + B) sin (4 — B) =sin* 4 — sin® B = cos’ B — cos? 4...(13),
cos (4 + B)cos (A4 — B) =cos* 4 — sin? B = cos? B —sin? 4...(14),

sin (A + B)cos(4 — B)=sin A cos 4 +sinBcos B ......... (15),
cos(A + B)sin (A—B)=sin 4 cos A —sin Bcos B ......... (16),
sin (A +B) tan A + tan B 19
Sn(A—B) fand —tan B e 17),
cos(A+B)_ 1l—tanAtan B 18
cos(A—B) TatandtanB e (18),
_sin(4 + B)
tan 4 itanB—m ........................... (19).

From the formulae for the addition and subtraction of two
sines or cosines we obtain at once

sin 4 +sinB  tan} (4 + B)

Ry Gty o S (20),
sin A + sin B
m = tan %‘ (A. + B) .................. (21),
sin 4 +sin B
m = cot % (A :F B) .................. (22),

cos A +cos B
cosB—cos 4 = ot 4 (4 + B)cot § (4 — B)...(23).
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ExamprEs.
(1) Prove the identity

1—c0s? A —cos? B — cos? C+2 cos A cos Bcos C
=48iny(A+B+C)siny(—A+B+C)sin4(A-B+C)sing (A+B-C).

The expression on the left-hand side may be written
—co8? A —cos (B+C)cos (B—C)+cos 4 {cos (B+C)+cos (B-"C)}.
which is equal to {cos 4 —cos (B+C)}{cos (B—C)—cos 4} ;

then, splitting each of these factors into two factors, we obtain the expression
on the right-hand side. If +4 + B+ C1s a multiple of 2, then

1—cos? 4 —cos? B—cos? C+2 cos 4 cos Bcos €
is zero; this result is sometimes useful.
(2) Prove that

1-cos? A —cos® B—cos?C —2cos A cos B cosC
=—4c084(A+B+C)cos}3(—A+B+C)cos$ (A-B+C)cos3(A+B-C).

This may be deduced from (1), or proved independently.
(83) Prove that if A+B+C=nmn,
8in 2A +8in 2B +8in 2C=(—1)""14 sin A sin B sin C.
We have
8in 24 +sin 2B+s1n 20=2sin 4 cos 4 +2sin (nr — 4) cos (B~-C)
=2sin 4 {(~1)*cos (B+C)—(—1)"cos (B -C)}
=(-1)*"148m 4 sm Bsmn C.
(4) Prove that, under the same supposition as in Ex (3),
1+4c08 2A 403 2B+c0s 2C=(—1)"4 cos A cos B cos C.
Prove the identities
(5) sin3A=4sin A sin(60°+A)sin (60°—A).
(6) cos3A =4 cos A cos (60°+ A) cos (60° — A).
(7) stn A+sin B+8sin C—sin(A+B+C)
=438in} (B+C)sink(C+A)sin (A+B)
(8) cos A +cosB+cosC+cos(A+B+C)
=4c0s4(B+C)cos $(C+A)coss (A+B)
(9) 2&n2A sin?(B+C) - &in 2A 8in 2B sin 2C
=28n (B+C)sn (C+A)sin(A+B)
(10) = cos2A cos? (B+C)—cos 2A cos 2B cos 2C
=2c08 (B+C)cos (C+A) cos (A+B).
(11) zentAsin(B+C—A)—2sin AsinBsinC
=s8in (B+C—A)sin(C+A-B)sin(A+B-C).
(12) =cos? A cos(B+C—A)—2cos A cos B cos C
=¢08 (B+C—A)cos(C+A—B)cos(A+B-C).
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(9) and (10) correspond to the algebraical identity
32a (b+c)?—8abc=2(b+c)(c+a)(a+d);
(11) and (12) to the identity
Sa?(b+ec—a)—2abe=(b+c—a)(c+a—0b)(a+b—c).

Addition formulae for three angles.

48. From the addition formulae (1) and (2) we may deduce
formulae for the circular functions of the sum of three angles in
terms of functions of those angles; we have

sin(4 + B+ C)

=sin (4 + B) cos C +cos (4 + B)sin C

= (sin 4 cos B + cos 4 sin B) cos ' +(cos 4 cos B—sin 4 sin B) sinC,
and cos(4d+B+0)

=cos (A4 + B)cos C—sin(4 + B)sin C

=(cos 4 cos B —sin 4 sin B) cos (' —(sin 4 cos B+cos A sin B) sinC,
hence we have
sin(4 + B+0)

=sin 4 cos B cos C +sin Bcos C cos A + sin Ccos 4 cos B

—sindsinBsinC ..ooovvviininiiiiiiiiiiiiniinn. (24),

cos(4+B+0)

=cos A cos B cos C— cos A sin Bsin ' — cos Bsin Csin 4

—cosCsindsinB ......cooiiiiiiiiiiiiiiiniin (25).

The formulae (24), (25) may be written in the form
sin(4+B+0)

= cos A cos Bcos C(tan 4 + tan B + tan ' — tan A tan B tan 0),
cos (4 + B+ 0)

=cos 4 cos Bcos 0 (1 — tan Btan C — tan C tan 4 — tan 4 tan B);
hence by division we have the formula
tan(4 + B+ C)

tan 4 + tan B + tan C — tan 4 tan B tan ¢

“1—tanBtanC—tanCtan A —tan A tan B"""""""""*"*"*" (26).
We might obtain in a similar manner the formula
cot(4A+B+0)

cot A cot Beot C—cot 4 ~cot B—ecotC @n.

= cot Beot C +cot Ocot 4 + cot 4 cot B — 1
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ExXAMPLES.

(1) Prove that tan(45°+A)—tan (45°—A)=2tan 2A.

(2) Prove that of A+B+C=nam,
tan A +tan B4tan C—tan Atan Btan C=0;
and if A+B+o=(2m+1)’§’,

tan B tan C+tan Ctan A +tan A tan B=1;
and state the corresponding theorems for the cotangents.

Addition formulae for any number of angles.

49. It is obvious that we might now obtain formulae for the
circular functions of the sum of four angles, then of five angles,
and so on; we shall prove by induction that the formulae for the
sine and the cosine of the sum of » angles 4,, 4,... 4, are

sin(4,+ A4, +...+4,)=8-8+8;—......... (28),
cos(A;+ A+ ...+ 4n)=8 -8+ S — ..., (29),
where S, denotes the sum of the products of the sines of » of the
angles and the cosines of the remaining n — r angles, the » angles
being chosen from the n angles in every possible way, thus
S,=cos A,cosd,...cos 4,
S, =sin4d,co8 4,...co8 A, + cos 4,sin A,cos A;...cos A, +....

The formulae (28), (29) agree with the formulae (1), (2), and
(24), (25), for the cases n =2, n=3; assuming the formulae to
hold for n angles, we shall shew that they hold for n 41 angles;
we have
sin(4,+ d;+ ...+ 4n + 4ny)

=sin(d,+...+ Ap)cos Apyy +cos (4, +... + A,)sin 4,

=co8 Apnpy (S = S5+ 8;...)+sin 4,1, (S, =S, +S;...),
now let S,' denote the sum of the products of the sines of » of the
angles 4,, 4,... An;,, and of the cosines of the remainingn +1 —7»
angles, the 7 angles being chosen from the » + 1 in every possible
way, then we have

S/ =8,c084ny, +Sysin 4y,

for in S,cos A,,, there is in each term the sine of one of the
angles 4,, 4,... A,, and in each term of S;sin 4,4, there is only
sin 44y,
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Similarly
Sy =8;c08 Anyy + S, 8in Ann
Sy’ = Sscos Anyy + Sisin Apyy
hence sin(4,+...+4,)=8"-8 +8;....

We may similarly shew that

cos(A,+...+ App)=8/ -8+ 8/ ...,
thus if the formulae (28), (29) hold for n angles, they also hold for
n+1; and they have been shewn to hold for n = 2, 8, hence they
are true generally.

These formulae may be written in the form
sin(4,+A4,+...+A4,)=cosd,cosd,...cos 4, (&, —ts +t5...),
cos (A4, +4,+...+A4,)=cos A ;cos84,... cosAn(l -ttt ..,

where t, denotes the sum of the products of tan 4,, tan 4,...tan 4,,
taken r together; hence by division we have

tl - ts + tb o
1—-t+1¢,...
which is the formula for the tangent of the sum of n angles, in
terms of the tangents of those angles.

tan (A, + As+ ...+ 4,) =

The formula (30) may also be proved independently. Assuming it to hold
for » angles, we shall prove that it holds for n+1; we have

tan (4, +d,+ ... +d,)+tand, g
l1—tan(4;+ 42+ ... +4,)tan 4, ,,
=(t1—t3+t5— ...)+tan A"+1(1 -—t2+t4+ ...)
(1 —ltty— )—=tan Ay g (G —t3+ 25— ).
Now if ¢, denote the sum of the products of the tangents of 7 of the n+1
angles, we have then

tan (A, + Ao+ ... +4,49)=

t'=ti+tan 4,
t2’=t2+tl tan An+1
t3'=t3+t2tan Ay

o =ty it — e

1=t/ +t/—...°

since the formula (30) holds for n=32, 3, it therefore holds for 74, and.
generally. :

H T 4

hence tan (4d;+ Ao+ .. + A yy)=
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Expression for a product of sines or of cosines as the sum
of sines or cosines.

60. We may obtain formulae which exhibit the product of
the sines or of the cosines of any number of angles as the sum
of sines or cosines of composite angles; we have

2sin4,sin 4,=cos (4, — 4,)—cos(4,+ 4,).
22gin 4, sin A,8in 4, = 2sin A;co8 (4, — 4,)—2sin A;cos(4,+4,)
=sin(d,—4,+ 4;)+sin(— 4, + 4, + 4;)
+8in (4, +A4,— 4;)—sin(4,+ 4, + 4;)
=3sin(—A4,+A4,+ A;)—sin(4,+ 4,+ 4,).
2%gin A, sin 4,8in 4,8in 4,
=2sin(4,— 4.+ 45)sin 4, +...—2sin (4, + 4,4+ 4;)sin 4,
=cos(4,— A, + A;—A,)—cos(A4,—A4,+ 4;+ 4)
+cos(—A,+A4,+4,—A4,)~cos(—A4,+ 4, +4,+ 4,)
+cos( A, +A4,—A4;—A)—cos( A, +4,-4;+4)
—cos( A, +A4,+A,—A)+cos( A, +A4,+4,+4)
=cos(4d,+ Ay + A+ A)—Zcos (4, + 4, + A4;,— 4)
+42cos(4d,+4,—A4;,—4).
Similarly
2cos 4,co8 A,=cos(4,— 4,)+cos(4,+ 4,).
22cos A, cos A,cos 4,
=2cos(A,— A,)cos A;+ 2 cos (4, + 4,)cos 4,
=cos(—4,+ A, + 4,)+cos(4,—4,+ 4;)
+cos(d,+4,—A;)+cos(4,+ 4,+ 4,)
=3cos(—A,+ A+ A;)+cos (4, + 4, + A,).
28cos A, cos A;cos A;cos 4,
=3cos(—A,+A;+ 4, + A)+4Zcos (4, +4,—4,-4)
+cos(A,+4,+A4,+ 4)).

The general formulae for n angles are the following :

n
(~=1)22"1sin 4,sin 4,...sin 4,
”
=0”—Cn_1+0n_2_-.- +(" 1)2%C§” --------------- (31)

when n is even,
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where C,_, is the sum of the cosines of the sum of n —7 of the
angles taken positively and the remaining » taken negatively, the
negative angles being taken in every combination; and when = is
odd .

n-

(-1)% 2*sin 4,sin4,...sin 4,
=Dp=Dyy4Dpy— ... +(=1) 2 Dyuiyeveennen. (32),

where D,_, denotes the sum of the sines of the sum of n—r of
the angles taken positively and the remaining r taken negatively ;

27 1cos 4,c08 4,...cos 4,
= Cn + Cn...] + Cn_g +...+ %C&n ............ (33)
when = is even, and

2n=1cos A,cos A,...cos 4,
= Cn + Cn—l +...+ C‘Hm_H) .................. (34')

when » is odd.

These formulae (31), (32), (33), (34) have been proved above, in
the cases n=2, 3, 4, and may now be proved generally by
induction ; assume the formula (31) to hold for », multiply it by
2sin 4,4,, and replace any term 2C,_,sin 4,4, by a sum of sines,
we then obtain for the product

n
(-1)?2"sin 4,sin 4,...sin 4,8in 4,4,

the expression n
Dyppu =D+ ... +(=1)2 D'y nya),

where IV, denotes the sum of the sines of the sum of » of the n +1
angles taken positively and the remainder taken negatively; this is
what (32) becomes when n is changed into n + 1; proceed again in
a similar manner with this result, we then shew that the product

n+2
(-1) 2 271gin A, ...sin A,y

is equal to n+2
Cnia=C it o +(=1) * §0% 10,

where C”, refers to n+ 2 angles; thus the formula (31) is proved
for the value n+ 2, if we assume (31) and (32), for the value n;
similarly we may shew that (82) holds for m+2; therefore as
these formulae have been proved for n =3, 4, they hold generally.
The formulae (33), (34), for the products of a number of cosines,
may be proved in a similar manner.

4—2
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ExaupLE. Prove that for n angles a, B, v, 8...
Ssin(atBtyt8+...)=2""1sinacos Bcosycosd...,
Scos(atBty+8+...)=2""1cosacosBcosycos$...,

where 3 implies summation extending to all possible arrangements of the signs
tndicated in the n—1 ambiguities.

Formulae for the circular functions of multiple angles.

B61. If in the addition formulae which we have obtained for
two and more angles, we suppose each angle equal to 4, we obtain
the formnulae

8in24 =2sn 4 coSA .coooviviiniiiiiiiiiiiiir (35),
cos 24 =cos? A —sin’4 =1-2sin* A = 2cos’ 4 ~1...(36),
8in 34 = 3sin 4 cos* A —sin® 4,

or 8in34=38s8nd—4sin*4d ....cooovviiiiiiiiiiniii. (87),
cos3A4A =cos’ A —3cos Asin’ 4,
or co834A=4cos* A—3cosA.....c...c.uunis e (38),
sin nd=nsin cosnid — "D =D i g oo 4 4....(39),
cosnd=cosP A—" (7;,_ ) sin? 4 cos"? 4
+7 (n=1)(n=2)(n—-3) sin® 4 cos"¢ 4 — ...(40).

4!

These last formulae (39), (40) follow from (28), (29), since S,
in Art. 49 contains as many terms as there are combinations of
n things taken r together, and becomes equal to

nm=1)...(n—r+1)
r!

The formulae (39), (40) may also be written

sin” 4 cos"~" A.

sin nd =cos® 4 {n tan A—"—z—(i—:isw tan® 4 + '1 )
)

cosnd=cos" 4 { —'1-(7;1;1) tan® A

D08 ]
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We find also, from (9), (26), and (30),

2 tan 4
tan 2A——m covessieies cresssesistatatetesertainans (41),

3tan A — tan® 4
tan 34 = m—‘ ....................... eeersetons (492),

n tan 4 —Zl-—(n—:-—g)'—(i:- tan®* 4 + ...

tan nd = — . (43).
1—7—‘1%7-2tan’11 + ...

We have thus obtained formulae for the circular functions of
the multiples of an angle in terms of those of the angle itself

It should be noticed that each of the sequences of numbers
sin 4, sin24, sn34....... .
cos 4, cos24, cos34. ..... .
is a recurring one; for we have
sin (n+1)A=2cos 4.sinnd —sin (n-1) 4,
cos(n+1)A=2cos A.cosnd —cos(n—1)4;
thus each term of either sequence is obtained by multiplying the preceding
one by 2cos 4, and then subtracting the term next but one preceding. By
this means the terms of the sequences may be successively calculated, if we
assume the formulae (35) and (36).
The scale of relation of either of the series

l+asind+2%sin24 +...... , 1+xcos A+2%cos24 +......
is consequently 1—2zcosd+a2

Euxpressions for the powers of a sine or cosine as sines or
cosines of multiple angles.

52. In order to obtain expressions for a power of the cosine
or sine of an angle, in terms of cosines or sines of multiples of
that angle, we must make all the angles equal to one another in
the formulae of Art. 50; we thus obtain the formulae

2s8in? A =1 — cos 24,

4 sin® A = 3sin A — sin 34,
8sin* A =cos 44 — 4 cos 24 + 8,
2cos? A =1+ cos 24,

4cos? A=38cos 4+ cos 34,
8cost 4 =cos 44 + 4 cos 24 + 3,
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(=1)227gin" 4 = cosnd —ncos(n—2) 4 + " (3 , ) cos(n—4) A—
+(- 1)9'%;;1—!—;"—! ......... (44)

(n even),

n-1
(-1) 2 2*1gin® A=sinnd—nsin(n— 2)A+n(1; 1) sin(n—4)A—
n2 n! .
—1)2

+(-1) %(n—l)!%(n+l)!smA ...... (45)

(n odd),
27~1cos" A =cosnd +ncos(n —2) 4 + " (n2' )cos (n—-4)4 +.
n! ,
+3 gnlgmir (406)

(n even),
2ntcos" A = z (nz cos(n—4) 4 +.

n!

+1}(n—1)‘§(n+1)ICOSA ...... 47)

(n odd).

The formulae (44), (45) may be deduced from (46), (47) by
writing 90°— A4 for A4, or conversely.

Relations between inverse jfunctions.

63. Corresponding to the addition formulae of this Chapter,
formulae involving the inverse circular functions may be found.
Thus in formulae (1) and (3), put cos 4 =a, cos B=b, then we
have

cos™ a + cos™ b =cos™! {ab T V1 —a? V1 - b7} ;
similarly from (2) and (4), we have
sina +sin~b=sin"" {a¥1 —b* + bV1 — a2},
From (9), (10), (11), and (12) we obtain

tan~! @ + tan™ b = tan™? a__i ~£,
1Fab

- 17— aott ab¥1
cot™la + cot™1 b = cot bia

Again from (26) and (80), we have

tan"‘a+tan“‘b+tan“‘c=tan-l(a+b+c—abc)

1-bc~-ca—ab)’
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tan~!q, + tan~' @, + ... + tan™! @, = tan™! (%'—::—:—:_—t—f:—:—: —) ,
where s, is the sum of the products of a,a, ... a, taken r together.

It should be observed that, in these formulae, the particular
values to be assigned to all except one of the inverse functions are
arbitrary, but the particular value of that one is determined when
thie values of the others have been assigned. Moreover if in a
formula involving, for instance, three inverse functions, two of
them have their principal values, it is not necessarily the case
that the third has its principal value. For example, in the
formula

tan™! @ + tan™' b = tan~ (@ + b)/(1 — ab),
if tan~'a, tan—'b are both positive and have their principal
values, that is, values between 0 and %, and if their sum is
greater than %+, this sum is not the principal value of

tan™ (a + b)/(1 — ab),

this principal value is an angle between 0 and — %, which has
the same tangent as the sum of tan™a and tan=!b.

Geometrical proofs of formulae.

54. Direct Geometrical proofs may be given of many of the formulae of
this Chapter; we shall give three examples of such proofs. It should be re-
membered that such proofs often hold only for a limited range of the angles.

tan A + tan B

(1) To prove the formulae tan (4 + B)= IFtan dtan B

A

.
Q
o
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Let 4B, OD be two chords of a circle at right angles, and let the angles
ADE, BDE be denoted by 4 and B; since AE. EB=CE. ED, we have

AE+ EB
~ED____AE+EB_AB
1_4Z EB~ EDFEC ™ BF’
ED'ED
tand+tanB
whenoe li—f&_ﬂ—A},&TB—t&n (A iB).

(2) To prove the formulac

8in 24 =2sin 4 cos 4, cos 24 =cos? 4 ~sin? 4.

Let 404’ be the diameter of a circle, and let P44’=4, then POA'=24;
draw PN perpendicular to A4’

Then sin24 =22 now PN. AA'=2A APA'=AP. P4,

4P. A,P—AA’ZSinACOSA—ZSinACO‘;A
OP. 44~ OP. A4 A

ON AN?-A'N® AP*-A'P?
OP ~ 2.44.0P 44"
(3) To prove the formulae

8in34=3sin 4 —4sin% 4, cos34=4cos®4—~3cosd.

Let CAB=ACB=A; let AB meet the tangent at C' to the circle round the
triangle 4BC in E; draw BD perpendicular to CE.

therefare sin 24 =

also cos 24 = =cos? 4 —sin? 4.
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The angle BED is 34, or 180°—34. Now
AE AACE AC?

BE™ABOE =~ Bov=094;

[ \D
4 B 4
therefore ‘;z,: 4cos?4-1=3-4sin4;
) . _BD_BD AB_ 5
hence 8in 34 =BE-AB' FE—g sin 4 —4s1m® 4,
_DE DC EC DC BC AC
and

0s34=3 3y =BE~ BE™ BC BE~ 4B
=cos A (4cos? 4 —1)—2cos A=4cos’ 4 —3cos 4.

The proofs 1n (1) and (3) were given by Mr Hart in the Messenger of
Mathematics, Vol. 1v.

ExaMmpLEs.
Prove geometrically the formulae
1—-cos2A

2 A o 00324
1) an A_l+cos2A'
(2) tan (456°+A)—tan (45° —A)=2tan 2A.
(3) sinAsinB=sn?}(A+B)-sin?4(A-B)
4) sinta+sin?B=sin(a+B)—23inasinBcos(atpB)

a7
(6) tan o tan min-—a°
(8) c0s® A+ cos? B+ cos2 C+2 cos A cos B cos C=1, where A+B+C=180".
(1) sinA+4sinB—gin C=4sin$A sin$Bcos}C, where A+B+C=180"
(8) cot 8=cosec 20+ cot 26,
(9) c0836°—sn18°=4.
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EXAMPLES ON CHAPTER IV.

Prove the identities in Examples 1—15:

L

ok W

10.

11.
12.

13.

14.

15.

* i O (C—4)sin (C—B)

cos? 4 +cos? (120°+ 4)+cos?(120°— 4)=3.
(cos 4 +8in A)t+(cos 4 —sin 4)*=3 —cos 44.

s1n 34 8in’ 4 4 cos 34 cos? 4 =cos? 24.

4cos’ 4 8in 34 +4 813 4 cos 34 =3sin 44.

8ind 4 +8in3(120°+ 4) —s1n3(120° — 4)= — § sin 34,
sin A +8in344+8inb54 +sin74

cos A+c0834+cosHAd +cosTA =tan44.

16 cos® 4 —cos 54 =5cos 4 (1+2cos 24).

cosec (m +n) x cosec ma cosec nx — cot (m+n) x cot ma cot nx

=cot mx + cot nw —cot (m+n)x
2 cos 4 (cos 3B—cos 3C)

=4 (cos B-cos C)(cos C'—cos 4)(cos A —cos B)(cos 4 +cos B+cos C).
Ssin 4 (sin? B+sin? 0) sin (B-C)

=81 (B-C)sin(C—A4)sin(4 -B)sin(4+B8+0).
tan(4 +60°)tan(4 — 60°) +tan Atan(4 +60°) +tan(4 —60°)tan 4 = —3.
cot (4 +60°) cot (4 — 60°) +cot A cot (4 +60°) +cot (4 —60°)cot 4 = —3.
cos34 cos6d4 cos94 coslBA

cosA  cos24 " cos34  cos64

=2{cos24 — cos 44 +cos 64 —cos 124},
sin (B+C+D—A)

2 Sn@=-B)sm(A—Cysm@d=D)" "
cos 44 + cos 4B
sinAsin(4—-B)sin(4—C)  smBsin(B-C)sin(B-A)

cos 4C

=8sin (4 + B+ )+ cosec 4 cosec B cosec C.

If A+ B+ C=m, prove the relations in Examples 16 —27 :

16.
17.
18.
19,

20.

/

21.

Stan A4 cot Beot (=2 tan 4 —23 cot 4.
S cot 4 =cot 4 cot B cot C+cosec 4 cosec B cosec C.
38in (B—C)cos® 4= —sin(B— C)sin(C—4)sin (4 - B).
= (sin B+sin C) (cos C+cos 4) (cos 4 +cos B)

=(sin B 4-8in C) (sin C+sin 4) (sin 4 4sin B).
2 sin 4 cos (4 — B) cos (4 — C)=3sin 4 sin Bsin '+ sin 24 sin 2Bsin 2C.
2 8in 2B sin 2C'=4 {sin? 4 sin? Bsin? C'+ cos? 4 cos® B cos? ¢

4 cos A cos Bcos C}.



22.

23.

24.
25.

26.

27,

28.

29.

30.
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3cos24 (tan B—tan C)
= —2sn (B-C)sin (€~ 4)sin (4 — B) sec 4 sec Brec .
= cos? 4 (sin 2B +sin 2C')=2sin 4 sin Bsin C.
Scos A sin34={2sin 24} {§+3 cos 24}.
(s1n 4 +sin B+sin ) (—sin 4 4 s1n B+sin C) (sin 4 —sin B+sin C)
(sin 4 +sin B —sin C')=4sin? 4 8in? Bsin? C.

| sn24  cotd 1 |=0.
sin?B cotB 1
sn?C  cotC 1

= cosec B cosec C'sec (B - ()
=sec (B—C)sec(C—A4)scc(4d—B)(3+8cos Acos Beos C).

Prove that, if a+B+y=4%m,
sin?a+sin?B+sin?y+2smasin Bsiny=1.
Prove that
. 1 _ 1
1+2cos(3m+6)  1+2cos (47 —0) 2cosf—1°
Prove that

sin? (8+a)+s1n?(6+B) -2 cos (a—B)sin (§+a)sm (§+B)

is independent of 8.

7ns8macosSa

31. IftanB= T—nsmia’ shew that tan (e —B8)=(1-n)tana
_ smasmé __ sinasing
32. Iftang = cosf—cosa’ PTOve that tan 6= CospEcosa’
33. If/2cosd=cosB+cos®B, /2sinAd=smnB-sndB,
prove that +sin (4 — B)=cos 2B=4}.
34. Prove that
cos36+cos3p _ . .
Scos (3= ¢)—1 =(c08 8 +cos ¢) cos (§+ ¢) — (s1n § +sin @) sin (6 + ¢b).
35. If 6 and ¢ satisfy the equation
s1m 6+ sin P =4/3 (cos ¢ — cos 6),
then will sin 36 +sin 3¢ =0.
36. Prove that tan70°=tan 20°+2 tan 40°+4 tan 10°
costa sinta costB  smif
8. If costB s 1, then cos?a + sinfa
38, If cos (4 + B)sin (C+D)=cos (4 — B)sin (C— D),
then cot 4 cot Bcot C=cot D.

39. If a+B+y=4}m, then
(cos a+sin a) (cos B+8in B) (cos y +8in y) =2 (cos a cos B cos y+sin asin Bsin y).
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40. If A+B+C=x and cosd=cosBcosC,
then will cot B cot C'=4.
41. If 4sin?asin®Bsin?y+sinta+sintB+sinty—2sin? Bsinlty

—2sin?ysin?a—2s8in%asin? =0,
shew that a+B+1y is a multiple of .

tan (a+B—y) _tany

@ I tan(a—B+-y)—ta,n;3’
prove that 8in 2a +sin 28+ sin 2y =0.

43. If sec a=sec 3secy+tanBtany,
prove that

sec@=secysecat+tanytana and secy=secasecB+tanatang.

8in?f cos p —cos?fsinp sin®¢pcos§—cos’Psin g

u It cosftana cos ¢ tan B =cos (6+¢),
sinfacos@—cos?asinf sin?g3 cos a—cos? Bsina
then cosatané - cos Btan¢ =cos (a+6).

45, If A, B, C be positive angles such that 4+ B+ C=60°, prove that
sec 4 sec B sec C+23 tan B tan C=2.

46, If
cos(8+p)cos (f+y)+1 cos(8+y)cos(8+a) cos(0+a)cos(0+/3)+l
cos (B+y) cos (y+a) cos (a+f3) ’

prove that  cosec (8- a) cosec (y — a)+ cosec (y — B8) cosec (a— 8)

+cosec (a—y) cosec (B—y)=1.
47. Having given Y

sin* @ +sin*p=14sn26sn%?¢ and sinf+sn¢p=sin}m,
prove that 2sin@=sin(}r+}m)/sing4m or cos(yw+}m)/cos .
48. If cos(A+B+C)=cos 4 cos Bcos C,
then 8sin (B + C)sin (C+ 4)sin (4 + B) +sin 24 sin 2B sin 20=0.

49. If tanéd+tang+tany= —tandtan ¢ tany=tan(6+d+y),

then either two of the angles 6, ¢, J must be equal to mn+3}m, nr—}n,
or else one of them and also the sum of the other two must be multiples
of m.

so. 1¢ 8- V)ws(e 2a) + 222 oo 9 - 99)

0s 3

sin (a~B) co8 (0 - 2y) =sin (8 —y) sin (y - a) sin (a - B),

cosy
prove that €08 fe=co8 a cos B cos v.
51. If a, B, 7, 8 be any four angles and 20 =a+B+y+3, then
©08 a co8 8 c08 y cos 3+8in a sin B 8in y sin &
=08 (0~ a) ¢o8 (o — B) cos (¢ —y) cos (o — )
+8in (o ~a) 8in (¢ —B) sin (¢ — ) sin (o - 8).
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52. Prove that
tan-lz=2 tan-1 {éosec tan~12 —tan cot =1z}

53. Prove that

ton-to+tan=ty=sin-t (JELC A,

54. Prove that
tanz ! {} (cos 2a sec 28+ cos 28 sec 2a)} = tan—1! {tan? (a + B) tan? (a—B)} +tan=11.
55. Prove that
tan=11+tan~12+4+tan-13=mr=2(tan-!1+tan-13+4tan-13})
66. If cos~lx+cos~lytcos~lz=m,
then 22+ 24224 2xyz=1.
57. If tan-ly=>5tan~lz, find y as an algebraical function of z; hence
shew that tan 18° 1s a root of the equation 524 ~10:2+ 1=0.
58. If 20=a+B+7, shew that

'tan-1 ‘2 cosa ?os B8 coss"y
cos® a4cos? B+cos?y—~1

—tan~1[tan o tan (¢ — a) tan (¢ - B) tan (¢ — y)]=tan-11.

59. Prove that

t&n_l /\/M)‘l"t&n-l /\/b(a+b+c)+tan—l c(a+b+03=ﬂ
be ca A/ Py

60. Prove that the algebraical equivalent of the equation
sin“lz +sin~ly+sin~!z+sin"lu=nm,

where n is an integer, is
{4 (s=2) (3-) (8= 2) (3= 1) = (g +2) (az-+gu) (zu+y2)}

) {48 83—z —y) (8 — 2 =2) (8 =2 — u)— (2u — 2Y) (yu - x2) (y2— 2u)} =0,
where 2s=x+y+z+u.

Solve the equations in Examples 61—75+

6l. sind+2cosd=1.

62, sin 50=16sin’ 4.

63. sin 76 —sin §=sin 34.

64. tan 20=8 cos?§ —cot 6.

65. tan (45°+4)=3 tan (45° ~ 4).

66. 2sin (6 —¢)=sin (6+¢)=1.

67. sec 46 —sec 20=2.

68, sin md +sin nf+sin (m+n) 6=0.
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69. sin 7—2—;—1 6+sin11—;—1 @=cos d.

70. tan6+sec20=1.

71. 2 (sin%d+costf)=1.

72, tan d+tan 36+ tan 56 =0.
73. cot~lz—cot—1(x+2)=15"

74. asin~lz+bcos~ly=a
acos~lzx—-bsin~ly=g8}"

75. cosec 4a—cosec 40 =cot 4a —cot 46.
76. Draw graphs of the functions (a) sin 2+ sin 2z, (b) cos 2z/cos z.
77. Find all the solutions of the equation
a (sin §—cos a)=b (8in a = cos ).
78. If m be any integer, and 4+ B+ C=m, shew that
sin 2mA +81n 2mB+8in 2mC=(—1)"*1 4 sin m4 sin m B sin mC,

co8 2mAd +cos 2mB+cos 2mC=(—1)™4 cos mA cos mB cos mC'—1.

79 Prove that oA+ 8rz+422=4ay,
where

z=sin A +8in B+sin C, y=sin Bsin C+sin Csin 4 +sin 4 8in B,

z=81n A sin Bsin C.
80. Prove that, if

l—tan_B_tgrlq 1~tan 0t.anA_2l— tan A tan B
T cos?d cos? B - cos? C ’

either tan 4, tan C, tan B are in arithmetic progression, or A+ B+( is an
integral multiple of .

8l. If cos A=cosésin¢, cos B=cos¢siny, cosC=cosysind, and
A+ B+ C=m, prove that tan 6 tan ¢ tan y=1.
82. Solve the equations
4 (cos 39+cos 46) (cos 30 +cos §)=1,
4 (co8 30+ cos 56) (cos 66 +cos 76) = —~1.



CHAPTER V.
THE CIRCULAR FUNCTIONS OF SUBMULTIPLE ANGLES.

Dimidiary Formulae.
65. Ir in the formula (36) of the last Chapter we write §a
for A, we have
cosa=cos’}a —sin’fa=2cos*}a—1=1—2sin%4a,
whence we have
1--cosa=2sin’4a, 1+cosa=2cos?}a;

taking the square roots we obtain the following formulae for
cos a and sin }a, in terms of cos «,

sinfa=+~V4(1—cosa), costa=++}(1+cosa);

dividing one of these expressions by the other, we have also

1—cosAqt
1+cosa’

tan ya=+

These three formulae contain an ambiguity of sign; now if « is
given, the three functions sin a, cos 4, tan §a have each a unique
value, and the true expressions for them can therefore contain no
ambiguity. The reason of the ambiguity in the three expressions
obtained above is that they give the values of sin 4a, cos }«, tan }a,
not when a is given, but when cos« is given; now, as we have
proved in Art. 33, all the angles 2nar + &, where n is an integer,
have the same cosine as a, hence formulae which give sin 4, cos {q,
tan 4, in terms of cos a, will give these functions for all the angles
included in the formula & (2n7 + a), and not merely the values of
sin ya, cos a, tan $a themselves.
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To find the values which. sin § (2n7 + @) may have, we must
consider the two cases of an even and of an odd value of n; if n=2m

sin } (4mm + a) = sin (+ $a) = t 8in } 4,
fn=2m+1
sin 4 (4mm + 27 £ @) =sin (w + a) = Fsin §a;

hence the values of sin4a and —sin}a are given by the formula
which expresses sin 4a in terms of cosa. Similarly cos 4 (2n7 + &)
and tan } (2nm + @) can be shewn to have the values + cos4a,
+ tan }a, and thus the formulae which express cos4a, tan4a, in
terms of cosa, will give the values of cos4a and —cos4a, and of

tan 4a and — tan }a, respectively. Thus the ambiguity of sign in
the three formulae is accounted for.

66. The ambiguity of sign in the three formulae we have
obtained may be illustrated geometrically.

——

})

If AOP = a, and AOP, = — qa, the two sets of coterminal angles
(04, OP), (04, OP,)) are the only ones which have the same co-
sine as a; if Q0q, Q'Oq’ be the bisectors of the angles AOP, AOP,,
respectively, the bisector of any of the angles (04, OP)is 0Q or Oq,
and of the angles (04, OP,) is OQ or Oq’; hence the formulae for
sin §a, cos 4 a, tan §a, when cos a is given, will give the sine, cosine,
and tangent of all the four sets of coterminal angles (04, 0Q),
(04, 0g), (04, 0Q'), (04, 0¢’). The sines of the angles in the
first and fourth sets are equal to sin 4, and in the second and third
to —sin §a; the cosines of the angles in the first and third sets are
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equal to cos 4a, and in the second and fourth to —cos }a; the
tangents of the angles in the first and second sets are equal to
tan4a, and in the third and fourth to —tan}a.

57. We shall now remove the ambiguities in the three
formulae of Art. 55. The function sin }a is positive or negative,
according as 4a lies between 2nm and (2n+ 1), or between
(2n + 1) and (2n + 2) 7, that is according as a/2 lies between
2n and 2n + 1, or between 2n + 1 and 2n + 2; hence we have the
formula

sinfa=(—1)2V§ (1 —cosa)....cccervrnnon... ),

where p is the positive or negative integer algebraically next less
than a/2mr.

The function cos 4 a is positive or negative, according as 4a lies
between 2nm—4 7 and 2n + 37, or between 2nm +3 7 and 2nw +§ 7,
that is according as % (a+ 7)/7 lies between 2n and 2n+1, or
between 2n+1 and 2n+ 2; hence

cos ya=(=1)2V% (1 +cosa).................. (2).

where ¢ is the integer algebraically next less than § (a+ )/,
We have also

1—cosa
=(—1)p-9, /"% .
tan 3a=(—1)? Toosg e (3);

the number p — ¢ is always either zero or + 1.

68. If we write 4a for 4 in the formula (35) of the last
Chapter, we have
sin a= 2sin $acos 4 a,
sinja  sina _2sin*4a

hence t?m’}al:cosu}az“20031’1}01'_ sin a

Thus we have the two formulae

sin a 1—cosa 4)
1+COSa— sina ....... eesssenn y

tan $a =

which give tan $a without ambiguity. These formulae give tan 4a

when both sina and cosa are given; now the formula 2nmw + «

contains all the angles of which both the sine and cosine are the

same a8 the sine and cosine of &, hence formulae for tan 4« in terms

of sina and cos a give the tangents of all the angles nw + }a, and
H. T. 5
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all these angles have the same tangent tanja; this accounts for
the absence of ambiguity in the formulae (4).

59. We shall now obtain formulae for sina, cos }a, and
tan a, in terms of sina; we have
1+sina=1+2sin{acos}a=(sinfa+cos}a)?,
also l-—sina=1-2sin}acos {a=(sin}a—cos a),
hence sinja+costa=++~1+sma,

sinja—cosa=++1—sina;

therefore sinja=3{+V1+smna+V1l—smad,
cosja=4{+V1+smaFVv1l-sinal.

In each of the ambiguities either sign may be taken; we have,
therefore, four values of sin 4 a, and four values of cos 44, in terms of
sina. Formulae which express sin §a and cos $a in terms of sin a
will give the sine and cosine respectively of all the angles included
in the formula % (n7w+ (—1)*a), for as we have shewn in Art. 33,
the sines of all the angles nar + (—1)" a have the value sina. To
find the sine and cosine of the angles 4 (nm +(—1)"a) we must
consider four cases.

(1) If n=4m,
3 (nr+ (= 1)"a)=2mm + }a;
the sine and cosine of these angles are sin4a and cos ja re-
spectively.
@) Ifn=4m+1,
F(mr +(=1)"a)=2mnm + 47— }a;
the sine and cosine of these angles are cos4a and sinda re-
spectively.
B) Ifn=4m+2,
t(mm 4+ (-1)a)=2mr + 7+ }a;

the sine and cosine of these angles are —sin}a and —cosja
respectively.

(4) fn=4dm+3,
f(r+(=1a)=Cm+1)m + 47 —4a;

the sine and cosine of these angles are —cos4a and —sin4a
respectively.
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Thus we obtain four values sin §a, cos }a, —sin}a, —cos §a, by
the formula which gives sin 4a, and four values cos }a, sin}a,
—cos k&, —sin $a, by the formula which gives cos }a.

The four sets of values of # and y which satisfy the equations

(+yP=1+sina
(@ — )’=1—sma}
are &=sin 3a x=costa x=-—sinja =—cos }a
y=cos:}a} y=sin§a}’ y=—cos§a} y=—sin{;a}'

60. As in the preceding case, the ambiguities in the formulae
of the last Article may be illustrated geometrically. Let POA=a,
P,0A = —a, then the angles which have the same sine as a are

— Q’

q B’

the two sets of coterminal angles (04, OP), (04, OP,); hence it
Q0q, @0q" be the bisectors of the angles AOP, AOP,, the four
sets of coterminal angles (04, 0Q), (04, Og), (04, 0Q), (04, 0¢’)
will be the angles whose sine and cosine will be given by the
formulae which express sin 4a, cos &, when sin a is given. We
see that QOB =1%a, and Q' OA=4 (7 — a), hence the sines of these
four sets of coterminal angles are sin a, —sin }a, cos &, —cos §a,
and their cosines are cos }a, —cos4a, sin4a, —sin{a; these are
the four values of sin 4@, cos a respectively which are given by
the two formulae.

61. We have
sinfa+cosja= ;\/2( 81n1}a+v2cos§a)

=4/2sin(3a+}w),
5—3
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and similarly
gin $a —cosda=/2sin (Fa—{m);

hence sin }a + cos 4a is positive or negative, according as %_ +3
lies between 2n and 2n+1, or between 2n+1 and 2n+ 2, and
sin $a — cos 4 a is positive or negative, according as % —} lies be-
tween 2n and 2n + 1, or between 22+ 1 and 2n+ 2; therefore

sin fa + cos 4a = (— 1)? /1 + sin a,

sin §a — cos ja = (—1)9v/1 —sin q,
where p is the positive or negative integer algebraically next less

than ;_;'*'%» and ¢ is the integer algebraically next less than

»2?7—1_—}; we have then the three formulae
sinja=4{(—1)?V1 +sina +(-1)?2¥/1 —sind}......(5),
cosya=4{(—1)PV1+sma—(—1)2V1—smnaj...... (6),

- 1+ si —1)?24/1 —sin «
tan ya="_ Drvltsinat(-1)1Vl-sina ).
(=1)?V1 +sina—(—1)7¥/1 —sina
62. To express sin }a, cos }a, tan {a in terms of tan a, we have
sin’}a=4%(1- cosa)
1 \
=]l = ——
1Ln( +V1+tanta/’
1
cos’fa= <1+ —-——)
o=} + V1 + tan’a
hence sin a=+\/ 1— ——=
a=4 % +«/1+tan”a)
1
cos a=+\/4~(1+———$—_—ﬁ_),
ba=1 4 + 41 +tan’a
14+tan?’a—1,

and consequently tanja== 5

tan a

each of these formulae contains ambiguities. We leave to the
student the discussion of these ambiguities, which should be
made as in the previous cases.
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It should be noticed that the values of tan }a are the roots of
the quadratic equation in tan§a,
2tanta
1—tan’$a’
obtained by replacing 4 by }a, in the formula (41) of the last
Chapter.

tana=

63. The functions sina, cosa, tan & can be expressed without
ambiguity in terms of tana; for all the angles which have the
same tangent as 4a are included in the formula nw + 4a, and
2 (nr + 3a) or 2nm + a are angles which have all their circular
functions the same as those of a. To find the expressions, we
have

2sinfacosja _ 2tanja
sing= 0T = T
cos’da+smn*sa 1+ tan®ia
cos? Yo — sin? § 1 —tan®*{a
cos o= — 2——_2-?_ n* o
cos’ja+sn?fa 1+ tan’ja’
2 tan }a
hence also  tan a=——}—.
1 — tan? }a
ExaMpLES

(1) If 2cos 6=n1—s1n 26 - N 1% 5in 20, shew that 6 must lie between

(8n+5)g and (8n+7 43,

where n i an integer

cos3 A sinkA

N1d4sinA N1-smA

the radicals denoting positive numbers, provided A lies between
(4n—-%)m and (4n+3)m,

where n 13 an integer. What are the signs in other cases ?

;\/ l—simx+1
(3) Prove that the four values of ~———— it are
l4simx—1

(2) Prove that =sec A,

cot}x, tan}(w+x), —tan}x, —cot}(wr+x).
(4) If sin4A=a, shew that the four values of tan A are given by
Larat-y paa-al,
(8) In the formula tanj A= £ V1 :(;—:?ZZA -1
sign may be replaced by (—1)™, where m s the greatest integer tn (A +90°)/180°

, prove that the ambiguity of
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The circular functions of one-third of a given angle.

64. If we replace 4, in the formulae (37), (38), (42) of the
last Chapter, by }a, we obtain the three equations

sina=3sinja—4sin®fa.................. (8),
cosa=4cos'ta—3costa........ ..ooenls 9),

_ 3 tan ja—tan’ja )
tan a = T—Stanija T (10);

we have thus, in each case, a cubic equation for determining a
circular function of }a, in terms of one of a. Hence if sina be
given, we obtain three distinct values of sina; if cosa be
given, we obtain three distinct values of cos e, and if tana be
given, we obtain three distinct values of tanla.

(1) In the case of the formula (8), we have sina given, and
thus we shall obtain for sin {a the values of the sines of one-third

of all the angles (04, OP), (04, OP,), which have the same sine

as a. Let the trisectors of the angles (04, OP) be 0Q,, 0Q,,

0Qs, so that 04 =4a, and Q,Q,Q; is an equilateral triangle, and
QOA=3m+}a, Q04A=4m+4ia;

the trisectors of the angles (04, OP,) are Ogq,, Oq,, Og,, where

¢:19:qs 18 an equilateral triangle, and ¢,0A=4}(m —a), so that
@:.0A=7m—}a, ¢04=3%m—}a

We see at once that Q,q;, Q¢s, @s¢s are parallel to O4; the
sines of the two sets of coterminal angles (04, 0Q,), (04, Og,)
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are sin }a, those of the sets (04, 0Q,), (04, Og,) are sin (37 + }a),
and those of (04, 0Q,), (04, Og;) are sin (47 + 4a); therefore the
three roots of the cubic (8), in sin }a, will be sin 4a, sin (37 — }a),
and —sin (37 + 4a).

(2) In the case of the formula (9), the angles which have the
same cosine as a are (04, OP) and (04, OP,); let the trisectors
of the first set of angles be the three lines 0Q;, 0Q,, 0Qs, where
@0A4=1}a, and Q,Q,Q; 1s an equilateral triangle; the trisectors of
the second set of angles are Og,, 0g,, Og;, where ¢;0A=—}a, and
19295 is an equilateral triangle ; we see at once that Q,q;, @.¢,, and

93

€ P
,
A

0

7

9, P

?,

@sq: are perpendicular to O4. The cosines of the two sets of
angles (04, 0Q,), (04, Oq,) are cos ta, those of the two sets
(04, 0Q,), (04, 0g,) are cos (§m+ }a), and those of the two sets
(04, 0Qy), (04, Oq,) are cos (47 +4a); therefore the three roots of
the cubic (9), in cos}a, are cos§a, —cos (3 —}a) and — cos(§ 7 +§a).

(3) In the case of the formula (10), the angles which have the
same tangent as a are (04, OP) and (04, OP,). As before 0Q,,
0Q,, 0¢;, in the figure on page 72, are the trisectors of the first
set of angles; the trisectors of the second set are Og,, Og,, Ogs,
where ¢,9,¢; is an equilateral triangle, and ¢0A =3} (7 +a); we
see that @,0¢,, @0¢;, @0q, are diameters of the circle. The
tangents of the sets (04, 0Q,), (04, Og;) are tan ja, of (04,
0@Qy), (04, Og,) are tan (37 + }a), and of (04, 0Q,), (04, Og,)
are tan (47 + }a), hence tan §a, —tan (37 —}a), tan (3 + 4«) are
the roots of the cubic (10), in tan }a.
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We may express the results of this article thus; the roots of
the cubic in 2z,
8z —4a*=sina, are sina, sin}(m—a), —sin}(w+a),

9
P
Q:
/ \Ql
4’ 4
0
Q2 ¥
q
r, :

Q;
those of the cubic

42°* — 3w =cosa, are costa, —cosi(mw—a), —cosi(m+a),
and those of the cubic
tana(l —32%) =32z —2%, are tanla, —tan}(w—a), tani(w+a).

Determination of the circular functions of certain angles.

65. The formulae of this Chapter may be applied to the
determination of the circular functions of angles which are
submultiples of angles whose circular functions are known.

(1) Wehave smim=cosimr=1/y2;
hence from the formulae (1) and (2), of Art. 57,

sin g =32 -2, cos i =342+ 2,
sinyr=3V2 V24 y2, cosr=4V2+VE+y2,

and proceeding in this way, we can calculate sin 51,—‘# and ¢os 5=
(2) Wehave sin}mw=1/2, cos}m=4/3/2;
hence from formulae (5) and (6), we have
sinym =% (V6 —+2), cosym=1(Vv6+42),
the values obtained for sin15°, cos15° in Art. 84; proceeding

in this way we calculate the sines and cosines of all the angles
m

27, 3"

21;
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(3) We have sgin}m =2 sin {5 cos gy

and sin 37 = 2 sin {7 cos

therefore sin {7 sin 37 = 4/sin 37 cos } 7 sin {57 cos {;7;
hence since sin 7 = cos #,

we have 4 cos psin fymr=1,

or sin &7 — sin fgm = §,

that is cos 3 — sindym = 4,

also (cosim +singw)y=1+1=3;

therefore cos 3 + sin fgm = § 4/5,

or sin fgmr=34(5-1), cosimr=31(/5+1),

and hence cos {7 =1v10+24/5, sinim=4~10-245;
these values agree with those given in Art. 34.

It should be noticed that, if « is any angle of which the sine
and cosine are known, then the sines and cosines of all angles of
the form ma/2", where m and n are positive integers, can be found
in a form which involves only the extraction of radicals; for we
have shewn how to find the functions of all angles of the form a/2",
and when these are known, the formulae of the last Chapter enable
us to find sin 2 and cos e

on on

66. We are now in a position to calculate the -circular
functions of all angles differing by 3° or w/60, commencing at
3°, and gomng up to 90°

We have sin 3° =sin (18° —-15°)

=sin 18° cos 15° — cos 18°sin 15°
=4 (V6 +v2) (V5 — 1) =3 (V3 — 1) V5 F /5,
similarly cos 8°=4(v8+ 1)V5 + /5 + 7 (V6 —v/2) (/5 —1).
We have also
6°=36"—30°, 9°=45°-36°, 12°=30°-18°,
51°=386"—15°, 24°=45°—21°, 27°=30"-3",
33°=45"—12°, 39°=45°-6°, 42°=45"-3";
hence we can calculate the sines and cosines of all the angles
3° 6°, ... up to 45° *It is then unnecessary to proceed farther, since
the sine or cosine of an angle greater than 45° is the cosine or sine
of its complement, which is less than 45°. The results of the
calculation are given in the following table:
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sine
Fegor | flWB+V2)WB-1)-2(V/3-1)V5+5}
6 =oym 3(W30-6./5-45-1)
P=gm | F(WI0+vV2-2/5-5)
122=7 | F(WI0+2/5-N15+43)
15°=&n | 3 (V6-w2)
18=gn | $(V5-1)
2 =55 5 {2 (VB+1) V5 - /5 - (V6 - v2) (W5 +1)}

24° =27 | L(WIH+V3-4/10-25)

27 =3k | 3 (2No+/5—-N104+43)
30°= 3w 3

33 =7 | H{(VE+VD)(VE-D+2(W3-1)V5+V5)

36°= n | }T0-35
3¢ =Rm | HKiW6+VDWi+1)-2(WB-1)V5-4/5}

42°=Jsm | L(VWBO+65-45+1)

45°= 1n V2

48° = L(V10+2 75 +4/15-4/3)

SIP=3f7 | G 2(V3+DHVE-Jb+(WE-V2)(Vo+1)}
N N
5=} | A 2WEH)VEFIE- (VBB (WE-1)

60°= 4w 3.3
63 =Jsm | kEVE+/5+410-4/2)

66°=1Fm | R(V30-65+4541)
69 =f4r | BWE+VH(WEH1)+2(VE- VBB
72°= 37 | 1410425 y
5 =m | F(WE+V2)
8" =4gr | F(W30+6J/5+N5-1)
81°=}§n L(V10+4/2+24/5-5)
84°=ygm | A(WIB+N3+4/10-2.5)
87°=387 | M 2(WB+1)VE¥Ib+(WE- V) (VE-1)]
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In this table, the sines of the angles 3°, 6°,...up to 87° are given; the
cosines will be found by taking the sines of the complementary angles. The
values of the surds in the above expressions are given to 24 decimal places
in the Messenger of Math. Vol. vi,, by Mr P. Gray. In Hutton’s tables the
values of these surds are given to 10 places of decimals, A complete table
giving the tangents, secants, and cosecants of these angles, with the denomi-
nators in a rationalized form, will be found in Gelin’s T'rigonometry.

EXAMPLES ON CHAPTER V.

Prove the relations in Examples 1--8, where 4 + B+ ('=180°:

tan$d 1-cosd+cos B+cosC

. tan4C ~ 1-cos C+cosd+cos B’

2. sin(4d-B)sin(4-C)+sm (B-C)sm(B-A4)+sin(C—4)sin(C - B)
=2c084(B=C)cos}(C—A)cos$(4-B)-2smgAsin3Bsin3C.

3. costyA+costy B+costyC+2cos A cos?yBeos?sC
+2cos Bcos?4Ccos?4 A+2cos Ccos®sAcos®s B=8cos?4 Acos?s Bcos? 3 C.

4. Ssm*A=3cosddcostBcoskC+cosdcosiBcosC.
5. = cosec 4 (1+cot Bcot ()
=cosec 4 cosec B cosec C'{4cos 4 (B—C)cos4(C—4)cos}(4~-D)-1}

8. = cosec 4 (1--cot Bcot ()
=4 sec 4 4 sec 4 B sec 4 C+cosec 4 cosec B cosec C.
7. Ssm24sm(B-C)
=16cos s AdcosyBcossCsin(B-C)sin4(C-4)sin}(4-B)

cos}Ad-sinyB+sin}C_1+tan}d
cos} B+sinyC—siny A 1+tan il

9. Prove the identity
sim}(B:Q)_{_sm&(C’ A)+sm«lg7(A -D)
sin$(B+C) " sin$(C+4)" sin(4+B)
sin§ (B-C)sin$(C—-4)sin}(4-D) _
sm4(B+C)sm$(C+A)smy(A+8)"
10. If 4+ B+C=360° and if
(d—a) (b-0) (d=1b) (c-a) _(d=0)(a=3)
@Fa)bro)’ = @reeray 9 @ro @ty
then tan4 A +tan § B+tan 4 C=+1.

cos d=75—

11. Prove that
cosec 2x cosec y — cosec 2y cosec »

tan(z+y)tan § (2 -g)= cosec 2z cosec ¥ + cosec 2y cosec &
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12. Shew that if cot $a+cot $3=2 cot 6, then
{1 -2 sec @ cos (a— ) +sec? 4} {1 — 2 sec 6 cos (8 —0) +sec? G} =tan* 6.

13. If A+ B+ C+D=360°, prove that
cos}Acos} Dsiny BsinC'—cos} Beos$Csind Asing D
=sin§(4+B)sin }(44C)cos 3 (4+ D).
14. Prove that
sin?4 (B - C)+sn? 4 (C—4)+sin? } (4 - B)
+2cos 4 (B~C)cos}(C—A4)cos}(4- B) =2
15. Prove that

sin (y—z)+sin (z—2) +sin (@ —y) i
1+ cos (y—2)+cos (2 —x)+cos (x_y)——tanﬁ(y— ) tan } (:—2) tan § (2 - ).

16. Investigate what relation must hold between a, B, y, in order that
cos a+cos B+cos y=1+4sin $a sin B sin 3y.

17. If A+ B+C+ D=360°, prove that

co8 (B+C+D)+cos (C+D+A4)+cos (D+A+DB)+cos(A+B+0C)
=-4cos}(4d+B)cos(4+C)cos (A +D).

18. If tan 40=tan’t¢, and tan p=2tana,
shew that 0+ ¢p=2a.
. o _SImssin(s—6)sm( s—¢)sm (s—)
19, If sinw= 46057 0 cos $ B cos? v , prove that

tan?$w=tan $stan 4 (s-6) tan 4 (s—¢) tan § (s~ ),
where 2s=60+¢+.

20. If A+B+C+D=180° shew that
sin 4 +sin B+4sin C—sin D=4 cos } (4 + D) cos 4 (B+ D) cos 4 (C+ D).

21. If a+B+y=2m, prove that

sin B(1+2 cos y)+siny (142 cos a)+sina (1+2 cos B)
=48 % (y=pB)sin % (a—vy)sin (8-
22. If 2s=a+b+c, prove that =5 (a=p)sin$(B-c)
cos 48 cosd(s—a)cosd(s—b)cos4(s~c)
+8in 43sin 4 (3—a) sin 4 (8—b) sin 4 (8—c)=cos $a cos b cos }c.

23. If a+pB+y=4%m, then
(1-tana)(1-tani@) (1—tandy) sma+%m;3+smy 1
(1+tan}a) (1 +tan3B) (1+tandy)  cosa+cosB+cosy’

24. Prove that if a4+B+y=m,
cos (38+vy—2a)+cos (§y+a—28)+cos (3a+B—2y)
=4co8 } (5a—23—y)cos } (58—2y—a)cos} (5y—2a-p).
25. If cos?d=cosafcos B, cos?f’=cos a’/cosp,
and tan §/tan ' =tan a/tan d’,
shew that tan Jatan }a'= +tan 4.
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26. If cosa=cosfcosp=cosf cos¢’, and sin a=2sm§¢sm§¢ 5
shew that +tan fa=tan }Btan 4B’

27. If A4+B+C=180°, and tan$dtan§B=tan §(; shew that
tan § 4 +tan § B+tan § C=cot $4 +cot § B+cot § C.
28. If tan} (y+2)+tang (2 +a)+tan (r+y)=0,
prove that sinz+siny+sinz+3sin(x+y +2)=0.
209. Prove that
cos asin ¢ (0+a)sin (B—y)+cosBsin } (§+B)sing (y—a)
+cos ysin (§+v)sin 4 (a—pB)
=2sin} (B8-y)sing (y—a)sing (a—B)sin} (a+B+y+6).
30. Solve the equations

tan $a+tan gﬁ:&}
tana+tanB=4/"

I sin (¢ +a)sin (q'>—a) s1n (¢p+B) sin (b —B)
sm( B+26) sin <a; —20)
shew that cos?4a+cos? 3B —cos? h=4.
32. If tan (4w +460)=tan®(} v+ 3¢), prove that

(1+a%sin?¢) (14+8%sin?¢p) |
1+a~2smm2¢)(1+B-2smn?¢)’

31.

=sin}(B-a);

sin 8=5sin¢(
and find a, 8.

33. If a+B+y=m, shew that
tan~!(tan4ptan$y)+tan~!(tan4ytan4a)+tan-! tanéatan%B)
—tan-1 {1+Ssm $asin4Bsin é'_y}

sin?a+sin? B +sin?yf

34. Prove that the sum of the three quantities
cos? 4y —cos? 38 cos? da—cos?}y
cos? 3 cos? y+sm?4Bsin?dy’ cos’4acos?fy+sin?tasin?iy’
) cos? $8—cos? 4a
cos? 38 cos? 4a+sin? 4B sin? da

is equal to their continued product.

35. Prove that
g(_)ig(ﬁ+y)+cos§(7+a) cos}(a+B) 3cosy(B+y)cosd(y+a)cos(a+p)
cos}(8-y) cost(y—a) cosy(a—P) cos}(B-y)cost(y—a)cosg(a—p)
__ cosacosBcosy—cos(a+B+y)
cos$(8—y)cos(y—a)cosy (a—B)"

36. Having given that
cosa+cosB+cosy sina+sinB+siny
cos(a+B+y) sm(a+B+y)
prove that each fraction is equal to
cos (B+v)+cos (y+a)+cos(at+8),
and also to {tana—tan § (8+y)}/{tan a+tan § (8+v)}




CHAPTER VL
VARIOUS THEOREMS.

67. IN this Chapter, we give various examples of trans-
formations of expressions contaiming circular functions. Some
of the theorems given are of ntrinsic interest, others are given on
account of the methods employed 1n proving them. Facility in the
manipulation of expressions mvolving circular functions can only
be obtained by much practice, but a carcful study of the processes
we employ in various cases will very materially assist the student
in acquiring the power of dealing with this kind of symbols.

Identities and transformations.

68. ExaMpLES.

(1) Prove that

sin 2a 8in (B —vy) + 811 28 stn (y — a) + 812 2y sin (a— )
={sin (B+y)+sn (y+a)+sn (a+B)} {sin (y—B) +sin (a =) +stn (B—a)}.
The factors on the right-hand side of the equation are the sum and the
difference respectively of the two quantities sinycos8+sinacosy+sinfcosa

and cosysinB3+cosasiny+cosBsima; hence the product of these factors is
equal to

(8in y cos B + 8in a cos y +81n 3 cos a)? — (cos y 8in B+ cos a sin y+ cos Bsin a)2,
Now sin?ycos?8 —cos? ysin? 8=sin?y —sin?3, hence the algebraical sum of
the square terms is zero; the product terms are equal to
2sinacosa(sin3cosy —cos Bsin y)+2sin B cos B (sinycosa—cosysina)

+28inycosy (sinacos B —cosasin
and this is equal to Y B

sin 2a sin (8 ~ y) +sin 28 sin (y — a)+sin 2y sin (a —B);
thus the identity

. 2 gin 2a 8in (8—y)=Zsin (8+7v) S sin (y-B)
is proved.
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(2) Inthelastexample, put }r+a,n+8, 27+, for a, B, y, respectively ;
we then obtain the identity

2 cos 2a 8in (B—y)=3 cos (B+7y). = sin (y—fB).
(3) Prove that
Sanfasin (B—y)=—sin (a+B+y) sin (8 —1y) sin (y—a) stn (a—B).
In this case, as in many others, we replace the quantities sin3q, sin3 g,

sin’+, on the left-hand side of the equation, by the equivalent expressions in
sines of multiple angles; the expression on the left-hand side then becomes

43 smasin (B—y)—}3sm 3asin (B-7y)
or —;2sin 3asin (8—7y) m virtue of Ex. (3), Art. 45.
We now replace the products of sines by the difference of cosines, the
expression then becomes
1 {cos (Ba—B+y)—cos (3a~B+y)+cos (3B+y—a)—cos (38 —y+a)
+cos (3y+a—pB)—cos (3y—a+B)},
and the algebraic sum of the first and last terms 1 the bracket is
2sm 2 (y—a)sin (a+B+7);

taking the second and third terms, and the fourth and fifth together, in the
same way, the expression becomes

—%}sm(a+B+y)Ssim2(y—a)

or —s1n (a+B+y) sin (B—y) sin (y —a) sin (a— )
n virtue of Ex. (3), Art. 47.

(4) Prove that

S cos3a sin (B—y)=cos (a+B+y) sin (B—1y) sin (y —a) stn (a— ).
(5) Prove that
Santaand (B—y)=3sinasmBanysnn(8—y)sn(y—a)sin(a—p);

this follows from the fact that '+ 4213 a factor of 23+3°+28 - 3ryz; put
z=sinasin(8—y), y=sinpsin(y—a), z=smysin(a—p), then x+y+z=0.

(6) Prove that

sin (a+B)sin(a—B) sin(y+8) sin(y—8) +sin (B+v) sin (B —y) stn (a+8)sin (a —8)

+8in (y+a) 00 (y — a) $tn (8+8) sin (B—8)=0.
The expression

(029 (2 =)+ (2= ) (2= 0) + (2 = 2?) (3 = )
vanishes itlentically; put x=sina, y=sinB, z=siny, w=sin},
then remembering that
s8in? a —sin? B =sin (a+B) sin (a—B)
the theorem follows,
(7) Prove that
2 (cos 3 cos y — cos a) (o8 y cos a — cos 8) (cos a cos B — cos y) + sin? a sin? B sinty
—&n? a (cos B cosy — cos a)? — sind 3 (cos y cos a — cosB)% — sin? y (cos a cos 3 — cos y)?
= (1 —cos? a—cos? B — cos? y +2 cos a cos B cos y)2.
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This follows from the known theorem that the square of the determinant
a h g| isequalto | be—f2 fg—ck fh—-bg
b f Sfg—ck ca—-g® gh—af |;
g f ¢ fh—bg gh—af ab—h?
put a=b=c=1, f=cosa, g=cosB, h=cosy, then bc—f2=sinlg, ...,
expanding the determinant, the theorem follows.

(8) Prove that
co8 2a cot § (y—a)cot § (a—B)+cos 2B cot § (a—B) cot  (B—v)
+co0s 2y cot 3 (B—vy) cot } (y—a)
=¢08 2a +c03 23 +cos 2y +2 cos (B+7)+2 cos (y+a)+2 cos (a+B).
Replace each cotangent on the left-hand side, by means of the formula

14cosé
cot 30= nd
sin (8 —v) 8in (y —a) sin (a—B); the numerator becomes

2 cos 2a sin (B8 —1v) {1 +cos (y—a)} {1 +cos (a—B)},
or 3 cos 2asin (8~1v)+2 cos 2asin (8 —1y) cos (y—a)cos(a—B)
+3 cos 2a sin (B —y) {cos (y —a)+cos (a —B)},
or {l+=cos(B—1y)}Scos2asin(B—y)—4Zcos2asin2(B—y)
+ 2 cos 2a sin (B —1y) cos (y —a) cos (a—pf).
Now 1+3cos(B—y)=4cos} (B8—y)cost(y—a)cos}(a—p)
from Ex. 4, Art. 47,
and = cos 2asin (8—y)=2 cos (B+1y) =sm (y—pB)
=4sin} (8-y) s} (y—a)sin § (a—p) 3 cos (8+y).
Also 2 cos 2a8in 2 (B8~17)=0,
and 3 cos 2a s (B—y) cos (y—a) cos (a—B)=2}2 cos 2a {8in 2 (B—y)
—s8in 2 ('y - a)—SII) 2 (a—B)}
=13cos2asin2(B—-y)—%3Scos2aSsin2(B—y),

, then reduce the whole expression to the common denominator

which equals sin (8 —y) sin (y — a) sin (a — B) = cos 2a,
hence the numerator of the whole expression 1s equal to

sin (B—1v) 8in (y —a) sin (a— ) {22 cos (8+7) +3 cos 2a} 3
therefore the expression is equal to 23 cos (8+y)+3 cos 2a.

® If
a+B+y=m, and tan} (B+y=—a)tan}(y+a-B)tan} (a4B-y)=1,
prove that 1+cos a+cos B+ cos y=0.

Squaring the given equation, we have
sin? (§ =4 a) sin® (3w — 3 B8) sin? (}n - 4y)
, =cos? (4~ ha) cos? (3 ~}8) cos? (}m— ),
or (1~sin a) (1 ~sin B) (1 —sn y)=(1+sin a) (1+sin B) (L +sin y),
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hence 8in a+sin B+ sin y+sin a sin B8in y=0,

or 4 cos dacos §Bcosdy+sinasin Bsiny=0;
hence 1+2sin §asin $8sin 4y=0,

also cos a+cos 8+cos y—1=4sin $asin§Bsinfy;
therefore cosa+cos B+cos y+1=0.

(10) Prove that if
tan§ (B+y—a)tan (y+a-B)tant (a+B-y)=1,
then &in 2a+stn 28+ 8in 2y =4 cos a cos B cos y.
We have
sin4 (B+y-a)sin 4 (y+a—B)sind (a+B-7y)

) =cos$ (8+y-a)cos}(y+a-B)cos}(atB-y)
or {cos(8~a)—cosy}sind(a+B—y)={cos(8—a)+cosy}cos}(a+B—y),
which may be written

cus(B—a)cos} (a+B—y+3m)+cosysing (a+8- y+3m)=0.
Now sin2a+sin 28+ s 2y~ 4cosacosBcosy is equal to
2sin (a+B) cos (B~ a)—2cos y {cos (8- a) +cos (a+B) - s1n 3},
or 2cos(8—a){sn(a+pB)-sin(}m~—y)}-2cosy{cos(B8+a) - cos (yur~7y)},
which 18 equal to

2sin} (a+8+y~3n){cos (8- a)cos (atB—y+in)

and this 18 equal to zero. Feosymugletf=ytim)
(11) Hawving given that

4 cos (y —2) cos (z—x) cos (x -, =1,
prove that

1+12c0s82 (y—2)cos2(z—x) cos 2 (x~y)
=4¢083 (y—2)cos 3 (z—x) cos 3 (x—y).

Let a=y-2 B=z-x, y=x-y, then a+B+y=0,
hence 1-cos?a—cos? B—cos?y+2 cos acos Bcos y=0,
therefore cos?a+cos? B+cosdy=3.

Now cos 3a cos 38 cos 8y=cos acos 8cos y (4 cos?a— 3) (4 cos? — 3) (4cos?y—3)
=4(4-27—483 cos? 8 cos? y+ 363 cos? a)
=} (31 -482 cos? B cos?y)
and *c0s 2a cos 28 cos 2y =(2 cos’a—1) (S cos? B —~1) (2 cos?y ~ 1)
=(}-1+83-42 cos®Bcos’y)
=§—43 cos?Bcosty,
hence 4 co8 3a cos 38 cos 3y — 12 cos 2a cos 28 cos 2y=1

(12) Having given

Y2 +22—2yzcosa _ z8+x3-22xcosB _ x*+y'—-2xyoosy
sinda - nn3ig - &sindy ’
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prove that one of the following sets of equations holds', 2s denoting a+B+1v;

=y _ z
cos (3—a) cos(s—B) cos(e—7y)’
X ¥y __Z
coss cos(s—vy) cos(s—pB)’
_x  _y
cos(s—y)  coss  cos(s—a)’
x y A

cos(s—B) cos(s—a) coss

Let each of the equal fractions be denoted by 4%, and put xz==Fkcosé,

y=kcos¢, z=kcosy, we have then
cos? p+cos? §— 2 cos ¢ cos Y cos a=1~—cos?q,

or (cos a—cos ¢ cos Y)2=sin? ¢ sin? 4,
whence cosa=cos(¢p+y); similarly we can shew that cosB=cos(y+¥),
cos y=cos (+¢), whence without loss of generality we can put a=¢ +4v,
B=v¥+6, y=0+¢. In order that these equations may be consistent, we
must take all the ambiguous signs to be positive, or else two of them
negative and one positive. In the former case we find §=s—-a, p=5-3,
Y=8—7y; in the other cases we find the three sets of values

0=s O=y-3 =3-3
P=s-yr, =3 ) p=a-s,,
y=8-s V=s5s-8 Y=z

thus one of the four given relations is always satisfied.

The solution of equations.

69. ExAMPLES.
(1)  Solve the equation
8sin 20 sec 46 +cos 20 = cos 64.
This equation may be written
sin 26 sec 40 +cos 26 — cos 66 =0,

or sin 20 sec 46+ 2 s 46 s1n 20=0;
hence 8in 20=0, or sec 4+ 2 sin 46=0,
that is sin84=-1.

Hence the solutions are
6=4mm, 6=} {nﬂ (-1 %} .
(2) Solve the equation®
cos® a sec X+ 8in3 a cosec x=1, for x.
‘We may write the equation
cos? a 8in £+ 8ind a cos r=sin x cos z,

1 This example is taken from Wolstenholme’s problems.
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or 8ind a cos 2 ~ ¢os a8ins a 8in x=sin 2 (cos £ — cos a),
hence 8in? a 8in (a - ) =sin  (cos # — cos a),
both sides are divisible by sin } (« — ), rejecting this factor, we have
28in%a cos 4 (a— ) =2 sin £ sin 4 (a+x)=cos } ( — a) — cos 4 (3z+a),
therefore cos } (3x+a)=cos } (¢ —a) cos 2a,
or 2 cos 4 (3w +a)=cos § (¥ +3a)+cos § (« - ba),
which may be written
cos % (3w +a)—cos § (v +3a)=cos } (£ — 5a)—cos 4 (32 +a),
therefore sin } (# — a) sin (£ +a)= —sin (z - a)s1n } (¥ +3a) ;
again rejecting the factor sin § (# —a), we have
sin (£ +a)= —2co8 } (x — a) sin $ (r + 3a)= — {8in (¥ +a) +sin 2a},
whence sin (£ +a)= —sinacosa.
The solutions are therefore

x=2nm+a, and r=nm —a+(—1)""lsin~!(sinacos a).

(8) Solve the equations

asn (Xx+y)—bsin(x—y)=2mcosx
asin(x+y)+bsin(x—y)=2ncosy} "’
We have

%{asin (x+y)+bsin (.1&—;y)}2—-%2 {asin (z+y) = b sin (x —y)}?
=4(cos?y ~cos? x)=4sin (z+y) sin (x—y).
sin (z+y)
t RV
sin (7 - )

1 1 1 1 1 1
22 (2 _ 2 I P 2(2 _ 2 \=
a’t <n2 m2> +2 {ab <n2 + 7712) 2} +b <n2 m2> 0.

sm(r+y) tanz+tany
sin(z—-y) tanr-tany’

=t¢, then ¢ 18 given by the quadratic equation

Using ¢ for either root of this equation, we have ¢=

whence t:%;: i—i—'% ; also dividing one of the given equations by the other,

mcosx _at—-b .
moosy ~al¥b’ and thence eliminating 7 by means of these two
equations and the relation sec? y —tan?y=1, we have

n? fat—Db\? t—1\2
(e 2 o (2 2 =
b (at+b> sec? » <t+1> tan?x=1,

from which we find

nemafi- S (Y - (5T
Tl mi\ar+ m?\at+b t+1 ’
which gives four values of tanx, two corresponding to each root- of the
quadratic which determines ¢. Thus x is found, and then y is given by
t—-1

tany=-t-+—i tan 2.

we have

6—2
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Eliminations.
70. EXAMPLES.
. . , cos® @ and
(1) Eliminate 6 from the equations w03 (@=30) = sin(a=38) " m
Weh _smacosse-i-cososin‘*é_ sin 6 cos 8
© have m= sin (a— 26) sin (a - 26)°
whence i’im =gin a cot 20— cos a.
Al _ cost §—sint 4 __cos2d
S0 T cosfcos (a—30)—sinfsin(a—36) cos(a—26)
1
= Ea-}-sina tan 26’
hence (217; +cos n) <% —cos a) =sin?a,
or 2m2—1=m cos a,

the result of the elimination.

(2) Shew that the result of eliminating 8 from the equations
c083(0—a) c0s3(f+a—-y) cos3a
cos(0—B) ~ cos(6+B—y)  cosB

z'a"independent of B.
8, y - 8, and zero are independent values of x which satisfy the equation

cos3 (r—a) cos3a

cos (z—B) = cosB’

We have
c08 3z cos 3a+s81n 3z 81n 3a="£ (cos z cos B+ sin z sin B),
where k=cos 3a/cos 3 ; substituting for cos 3., sin 3z their values in terms of
cosz, sinx respectively, then dividing throughout by cos®x, we have the
following cubic in tanz (=¢),

cos 3a {4-3 (1+¢%)} +sin 3a {3¢ (1 +¢2) — 4%} =k (cos B+ ¢sin B) (1 +¢2)
or 3 (ksinB+sin3a)+¢2(k cos B+ 3 cos3a)+¢ (£sin B— 3 sin 3a)
+%cos 8—co8 3a=0,
hence tan 4, and tan (y— ), are the roots of the quadratic
3 (ksin B8+ 8in 3a)+¢ (k cos 843 cos 3a)+ 4 sin B -3 8in 3a=0;
kcos 8+3 cos3a
ksin 8+sin 3a ?

ksin 8 -3 &in 3a

therefore tanf+tan (y - 6)= -

and tan 8 tan (y—0) =0 e
hence tany="_ (kcosB+3cos3a)_ _ 1o,
48in3a

or y=-3a=(2r+1)4m,
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where # is any integér, thus the result of the elimination is independent
of B.

(8) Eliminate 0 from the equations

xczse-i-z—sg‘——o:l, X 8in @ -y cos 8=(a.23z'n16+b2c0020)#.

Square each of the equations, and put tan §=¢, the equations become

22
(1—52) 2zxi’+<1—(1—2)=0,

? (a? - 22) + 2tzy + (b2 - y2) =0,
respectively, and we have to eliminate ¢ from them.
Solving for ¢2 and ¢, we have

2 .2 _ 1
@ by B _ (@ _2ay(ai-ah) _ay (B-3)
22y (1 et a ) B a2 B ab - b2
Hence )
by %) (B2—y? al-gz?2 422
{ ) } { by T e }= a3l‘:/3 b(at=af)+a (b -yh)
2 2y
o e
ab
hence ﬁ -é_ a+b

is the result of the ehmination.
(4) Eliminate 0 from the equations
X 8tn 0+ cos 6=2a sin 20, X cos§—y sin=a cos20.
Solving for » and y, we find
x=a.c08 60 (2—cos26), y=asinf (2+cos26)

or z=acos §(cos?d+3 sn24), y=asin g (3cos?f+sin? ),
therefore o+y=a(cos §+sinb), z-y=a(cosd—sinb)3,
hence (x+y)3=a§(1 +sin 26), (x—y)§=a§ (1-sin 26)

and the result is
(@+y)b+@-y)t=2al,

Relations between roots of equations.

71, ExaMpLEs,

(1) Consider the equation
acos§+b&nf=o.

Let a, B be distinot values of § which satisfy it, then
@ cos a+bsina=c,
acosB+bsin Bmoe;
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a b ¢
thereforo SinZ-sma Cosa—cos@ sn(8—a)’
hence tan § (8+a)="b/a,
and also %casg(e_a)%sing(s+a)=}1eos§(/s+a).

These relations may also be found as follows : put tan 46=t, then the
given equation may be written

a(l-t3)42bt=c(1+¢%)
or t?(c+a)—2bt +c—a=0.
The roots of this quadratic are tan }q, tan 48,

c—a
hence cxra’
. . cos(B-a) _
whence we obtain the relation fovs Y BT
b
Also tan da+tand 8= ra’

from which the other relation may be obtained.

(2) Consider the equation
ac0820+bsin 20+c cos 0 +d sin 8+e=0.
Let ¢=tan 6, then the equation may be written as a biquadratic in ¢,
t(a—c+e)+B3(~4b+2d)+¢2 (- 6a+2e)+t(4d+2d)+(a+c+e)=0;

if tan 4 6, tan4 6,, tan} 6;, tan 4 6,
be the roots of this biquadratic, we have
4b-2d 2¢ - 6a
Stan 4 6,= ore’ }:tanéeltanﬁezza—_a—e,
4b+2d a+c+te
Emn§GIMD§82Mn§03=—a_c+e, t.ané&ltanéegbant&stan§€4=a_c+é,

and from these relations symmetrical functions of the four tangents may be
calculated.
If 25=0,+0,+6;+6, we have
Stan} 4, —Stand é tan} b, tan} 6,
1-3tan} 4, tan} d,+tan} 6, tan} 6,tan} f;tan} 4,
4b - 2d+ (4b+2d) b o
Ta-cte—(2—6a)tatcte a
‘We leave it as an exercise for the student to prove the relations
a b -c -d e

Cose sins 3cos(s—0,) 3Zsin(s—0,) 2cosd(01+0,—03—6y)

@®). If
sin a cos (a+0) tan 2a=ssin B cos (B +6) tan 28=siny cos (y+6) tan 2y
=gin 3 cos (3+ 6) tan 23

tan g:=
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and no two of the angles a, B, y, 8 differ by a multiple of m, shew that
a+B+y+8+0 is a multiple of m.
Write each of the equal quantities equal to £, then a, B, y, 8 are roots of

the equation
sin z cos (2 +6) tan 2zx=£
which may be written

2 tan? x (cos §—sin ftan )=k (1 — tant z),
2smé 2cos d

hence Etuna=7—,2tanatan3= 7 , 2tanatan B tany=0,
and tanatan Btan ytan 8= -—1;

2 sin 6
therefore tan (a+B+ y+ 8) =m:—k= —tan 0,

hence a+3+y+8+6 1,s a multiple of .

«(4) If a, B, y be unequal angles each less than 2m, prove that the equations
cos (a+6) sec 2a=cos (0 +B) sec 28 =cos (6 +y) sec 2y
cannot coexist unless
cos (B+v)+cos (y+a)+cos (a+B)=0.
Writing £ for each of the equal quantities we have

€08 a o8  —sin a sin § - £ cos 2a=0,
cos 3cos § —sin Bsin 8 — £ cos 28=0,
cos y cos  — sin ysin § — & cos 2y =0,

hence eliminating cos 6, sin 6, we have

S cos2asm (8-y)=0

or = cos (B+y) s (y-B)=0, by Example (2), Art. 68,
hence S cos (B+7)=0 unless = sin(y-B)=0,
that is unless sin 4 (8—1y) sin 4 (y—a)8in 4 (a —B)=0.

This example may also be solved 1n a similar manner to Example (3)

Mazima and minvma. Inequalities,

7% EXAMPLES.

(1) The greatest value of ’
‘acos0+b sin 0 is aZy b3,

Put b/u=tan a, then b=4/a?+b2sin a, a="/a%+ b2 cos a,
thus - acosd+4bsin §=+a?+0b?cos (8 —a),
now cos (6 —a) always lies between +1, hence @ cos@+bsiné lies between
+ VT B
(2) If u=n/a® cos? O+ b sin? 0 +A/a? 8in? O+ b3 cos? B, then u lies between
a+b and /2 (al+ b3).
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Let x=a?cos? §+b3sin? =4 (al +b%) +4 (ad - b3) cos 26,
then u=~/.1:+«/a’+b“—x,
ui=at+ B4 2 V@R G @0,
hence u is greatest when z=4(a?+ b?), or the greatest value of » is /2 (a®+ b%);
also u is least when 4 (a?+ b?%) — z is greatest, that is when x is least, which will
be when cos26= —1, in which case x=0% and then u=a+b; this therefore is
the least value of u.

(3) Shew that if 8 lies between 0 and , cot } §— cot 6>2.
We have

cot}8—cot = sinfd  3-4sin?}d 1+2cosid

sm}dsmd sind ~  siné

’

hence cot 6 —cot §=cosec §+cosec 4 6;

now cosec 6, cosec}d are each never less than unity, if  lies between 0 and =,
hence cot  § —cot §>2.

(4) If the sum of n angles, each positive and less than ¥, i3 given, shew
that the sum or the product of the sines of the angles is greatest when the angles
are all equal.

A similar theorem holds for the cosines.
Let ay, a ... an be the angles and s be their sum. Then we have
sin a, +51n a,=2 81 3 (a, +a,) cos % (a, — a,),
now cos 4 (a — a,) 18 less than umty unless a,=aq,, hence
SID a,+ 81N a,<2 810 % (a, + a;)

unless a,=q,. If any two of the angles aj, a;...q, are unequal, we can
therefore increase Ssina by replacing each of those two angles by their
arithmetical mean, hence Zsina is greatest when all the angles are equal;
we have therefore 3 sina¥n sin s/n.

Again 8in a, SN a;=4% {cos (a, — a;) — €08 (a, +a,)},
and this is less than 3 {1 —cos (a,+a,)} or sin?} (a,+a,)

unless a,=a,. Hence as before, if any two angles i the product sin q,
sina;...sin a, are unequal, we can make the product greater by replacing each
of those two angles by the arithmetic mean of the two; 1t follows that
sin a;, 8in ag... 8in a, 1s greatest when a;=a,=...=a,, or the greatest value of
the product is (sin &/z)"

(8) Under the same condition as in the last example, shew that the sum of
the cosecants of the angles is least when the angles are all equal.

‘We have
CO8eC a, + COseC a,

. 1 1 '
=sin (ar+a) {008 3(ar—an)—cos § (a,+a,) | cos§ (ar —ap)+ 008 (ar +a.)}’

hence for a given value of a,+a,, cosec a,+cosec a, has its least value when
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cos 4 (ap—a,)=1, or when a,=a,. The reasoning is now similar to that in the
last example.

(8) Under the same conditions as in the last two examples, shew that the
sum of the tangents or of the cotangents of the angles is least when the angles
are all equal.

(7) Shew that if a+B+y=m, cosacosBcosyP1/8.

Porismatic systems of equations.

73. A system of equations is said to be porismatic! when the
equations are inconsistent unless the coefficients satisfy a certain
relation; when this relation is satisfied the equations have an
infinite number of solutions.

The system
acosBcosy+bsinBsiny +c+a’' (sinB+siny)+b'(cosB+cosy) +¢'sin(B+y) =0,
acosy cosa+bsin ysina+c+a'(siny+sina)+ 8 (cosy +cosa)+¢'sin(y +a)=0,
acosacosB+bsinasinB+c+a’(sina+sinB)+ b’ (cosa+cosB) +¢'sin(a +8)=0,

is & system of three porismatic equations.
Consider the equation
acos acos §+bsimnasing+c+a’ (sind+sma)+d' (cosd+cosa)+¢’sin(d+a)=0,
this is satisfied by 6=8, and by §=y. Write this as an equation in
tan $6=1, thus:
#(—acosa+ct+a'sina+b' cosa—b —¢ sina)+2¢t (bsina+a’'+¢ cosa)
+(acosa+c+a'sina+d 456 cosa+c sina)=0.
From this equation we find
tan B+ tan vy, and tan $Btaniy,
2 (bsin a+a’+¢ cos a)

hence tand(8+9=3 s cosat b +sma)’,
We should find similarly )
tau&(a+-y)=lzsmﬂ+a +c'cosB

acosB+b +c'sinB’
we can ngw deduce the value of tan4(a—p); we find for the numerator the
value
(bsinB+a'+¢ cosB) (acosa+b +¢ sin a) - (bsin a+a’+¢ cos a)
(acos B+b'+¢ sin B)
or
2 8in 4 (a —B) {(¢'* — ab) cos 4 (a— )+ (a'c’ — bb') cos ¥ (a+B)
—(aa’-b'¢)sin} (a+8)},

1 See Proc. London Math. Soc. Vol. 1v. “ On systems of Porismatic equations ™
by Wolstenholme.
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and for the denominator,
(bsina+a'+¢ cosa) (b sin B+a’+¢ cosB)+(a cosa+b' +¢'sin a)

(@ cos B+ ¥ +¢ sin'B)
or

(a?+c'2) cos acos B+ (b3+¢’?) sin asin B+ (a2 +b'%) +(a'b+b'¢) (sin a+sin B)
+ (a'c' +ab’) (cos a+cos B)+(a+b) ¢ sin (a+B);
dividing this fraction by sin} (a—g), we have this denominator equal to*
(¢3—-ab){14cos (a—B)}+(a'd - bb’) (cos a+cos B) —(aa’—b'¢) (sina+smn B),
hence
(a+b) {acos acos B+bsinasin B+c+a’ (sina+smn B)+b (cos a+cos B)

i +¢'sin (a+B)}
is equal to ¢?— a2 - b2+ ca+ch - abd.

Hence unless the condition
2—a?=b24ca+cb-ab=0

is satisfied, the system of equations cannot be satisfied except by equal values
of a, B, y. When this condition 1s satisfied, any one equation can be deduced
from the other two.

The summation of series.

T4. A large number of series involving circular functions can
be summed by the method of differences. The most important
example of the use of this method is the case of a series of sines
or cosines of numbers in Arithmetical Progression.

Let the series be

S =cosa+cos(a+B)+cos(a+28)+...+cos{a+(n—1)B},

we have cosa= 2—;;11—1-;~ {sin(a+4B)—sin(a—4 L)},

---------------------------------------------

cos {a+ (n—1) B}
=-2?il—1§3{sin(a+2—n-2——l,8)—sin (a 2”;3 )},
whence S=}cosec}f {sin (a+ 2n2— ! /3) —sin(a—% ,8)}

n—1 . nB
= cos (a + 5 B) sin - cosecg ...... (1).
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In a similar manner we find
sina +sin (a4 B) +sin (a+ 28) + ... +sin {a + (n—1) B}

o n—1 . nB B
=sin (a +—5— B) sin 5~ cosec §'"'"(2)'

The sum (2) may be deduced from (1) by changing a into a+ 4.
Th (1) change B into B8+ o, we have then for the sum of the
series

cosa—cos(a+ B)+cos(a+28)—...+(—1)"cos {a+(n—1) B},
cos(a+——~,8>cos n8 sec B, or sm(a+————/8)sm Bsec'§

according as n is odd or even, The sum of the series
sin a — sin (a + B) + sin (a + 28) ..
can be found from (2) in a similar manner.

.ExampLES.
(1) Prove that

sinna/sin a=2 {cos (n—1) a+cos (n - 3) a+cos (n—5) a+...},

and find a similar expansion for cos na/cos a

(2) Sum the series

cos? a+cos? (a+8)+.. -+-cos"x {a+(n-1)B}.
We have

cos?a=4}(1+4cos 2a), cos?(a+B)=%{l+cos2(at+pB)}...,
hence the sum required 1s
4n+44 cos {2a4(n— 1) B} sin 28 cosec B.
The sum of any positive integral powers of the terms of the series (1) and
(2) may be found by a similar method.
(8) Sum the series cosec 2a+ cosec 2%a+ ...+ cosec 2" a.
We find cosec 2a=cot a —cot 2a, cosec 22a=cot 2a — cot 2%a,
. cosec 2"a=cot 2" ~la - cot 2"gq,

hence the sum required is cot a - cot 2"a.

(4) Sum the series
3amx—8n3x 3sin3x— s{@“_x_ 3sin3r-1x—sin3ox
cos 3x 3 cos 3%x 3*~lcos3*x
We have tan 3* -1z —4 tan 3"z
- 3s8in 3"~ 1z cos 3"x —cos 3"‘1.zsin3"x= 28in3*-lzrcos3rr—sin2.3""12
3cos3r—lxcos3na 3cos3r—1zcos 3rx
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28in 3"~ 1x(cos 3" r—cosI*—1z) —8sin33"*~lrcosdr~lx

3cos3*—lzrcos 3z = T 3cos3-lzcosdnw
235in3"’1x—sin3"x
== 3cos 3*z ’
whence w:% lt&nsx_.tanx ,
cos 3z 2\3
3sin3r—-sin32r 3/1 1
sl gl (e 2 =
hence ;7008 3ig 2<32 tan 3%z - tan 3.7:),
3sin3"~lx-sind*r 3/1 1 AW
3" Toos 30 —§<§,—ltan3"x—3——n_itan3” x),

therefore the sum of the series is

g(—]lntan 3rr - tanx).

76. The sum of a series of either of the forms
u, ¢o8 & + Uz cos (a + B) + uy cos (a + 283) + ... + uy cos {a+ (n—1) B},
u, 8in a + u,sin (@ + B) + ugsin (a + 28) + ... + uusin {a + (n—1) B},

can be found, if u, is a rational integral function of 7, of any
positive integral degree s.

Let S=wu,cosa+u,cos(a+B)+...+uscos{a+(n—1)43},
then
2cos B. 8=y, {cos (a—B)+ cos (a+ B)} + u, {cos a+ cos (a+ 2B)}

+ ... + 4, {cos (a+ 7 — 2B) + cos (a +78)}
+ ... + u, {cos (@ + n — 23) + cos (a + nB)},

whence

2 (1 —cos B) S=(2u, — uy) cos a+ (2u, — u, —us) cos (a+ B) + ...

+ (2Uy — Upoy = Upy,y) COS (A + r—18)
+ .o + (Qup—y —Up—g — up) cos (a+ n_—-—§,8)
+ (2n — Un—y) €08 (& + 1 — 18) — u, cos (a — B) — uy cos{a + n3).

Now 2u, —4,_; — U4, 18 a rational integral function of r, of degree
8+1, whence excluding the first and the three last terms, we have
a series of the same kind, but of which the coefficients are of lower
degree than in the given series. We again multiply by 1 —cos 3,
and proceed in this way s times; the series will then be reduced
to the form (1).
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EXAMPLES.
(1) Sum the series
cosa+2cos(a+B)+3cos(a+2B)+...4+ncos{a+(n—1)8}.
We have in this case 2u,—u,_;—U%,,;=0, 2u; —u;=0, whence
2(1-cosB)S=(n+1)cos{a+(n—1)B}—cos(a—pB)—ncos (a+nB),
or ,S=1}(n+l)cos{a+(n—-l)ﬁ}/(l—cosﬁ)

—%cos(a—B)/(1 —cos B) — 47 cos (a+nB)/(1 —cos B).
(2) Sum the series

cos a+23cos (a+B)+32cos (a+ZB)+... +ncos {a+(n-1)8}.
This series will be reduced to the last one by multiplication by 2 (1 —cos g).

76. The series
cosa+xcos(a+ [B)+a*cos(a+28)+... + 2" 1cos {a+ (n—1) B},
sin a+ «sin (a+ B) + a?sin (a+ 28) + ... + 2" *sin {a+(n—1) B},
are recurring series of which the scale of relation is 1— 2z cos 8 + a3,
for we have

cos(a+7B)+cos(a+7—28)=2cos Beos(a+r—18),
and sin(a +rB) + sin (a4 7 — 28) = 2 cos B sin (a + r — 18).
The series can therefore be summed by the ordinary rule for

summing recurring series. If S denote the sum of the first series
we find

S (1 -2z cos B+ 2?)
= cos a— & cos (a — B) — &" cos (a + nf) + &™* cos {a + (n — 1) B}.
If #<1, we find, by making » indefinitely great, the limiting
sum of the infinite series
cos a+ x cos (a+ B) + a? cos (a + 28) + ...

cos a— z cos (a — B)
1—-2zcos B+ a* °
1—-2zcospB

to be Putting a=0, we find

m=1+wcosﬁ+w’cos2ﬂ+ ...... ad inf,,
whence also
1= 9pcos B+ 207cos 28 + ... ad inf.......(3).
1—-2xcos B+ a?

77. In some cases the sum of a series may be found by means
of a figure. We will take as an example the series (1) and (2) of
Art. 74. Let OA,, A, 4, A;4,, ... An 4, be equal chords of a
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circle, and let 8 be the angle between 04, produced and 4,4,;
draw a straight line OX so that 4,0X=gq, then the inclinations
of OA,, 4,4,,... Ay A,,t0 0X,are a,a+ B, a+28,...a+(rn—-1) B,
and that of 04, is a+4(n—1)8; also if D be the diameter of
the circle, we have

OA,=Dsin 4B, 0A,=Dsin{nB.
Now the sum of the projections of 04,, 4,4,, ... A, 4%, on
0X, is
OA,cosa+ A, A,cos(a+B)+...4+ A, A, cos {a+(n—1)B},
or Dsin{B[cosa+cos(a+B)+...+cos{a+(n—1)3}],
and this must equal the projection of OA, which is
04, cos {a+3(n—1) 8],
or D sin §npB cos {a+  (n —1) B}, therefore
cosa+cos(a+B)+ ... +cos{a+(n—1)p}
=cos {a+ % (n —1) B} sin n3 cosec 1 8.
If we project on a straight line perpendicular to OX we
obtain the sum of the series of sines.

ExAMPLES.

(1) OA s a diameter of a circle, O, P, Q... are points on the circumference
such that each angle PAO, QAP, RAQ... i a; AP, AQ, AR... meet the tangent
at O inp, q,r.... Find by means of this figure the sum of the series

secmasdec(m+ 1) a+tsec (m+1)asec(m+2) a+... to n terms.
(2) Prove geometrically, that if a, B, y... k be any number of angles,

sec a sec (a+B) sin B+sec (a+f3) sec (a+B+7) siny
+38ec (a4 B+7y) sec (a+B+y+98)8in §+...
=secasec (a+B+y+...+«)8n (B+y+...+«).

EXAMPLES ON CHAPTER VI
1. Eliminate 6 from the equations
cosdd+acos =b, sm3d+asinf=c.

2. Eliminate 6 from the equations
(a+8)tan (0—¢)=(a—b) tan (§+¢), a cos 2¢+b cos 20=o.
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3. Prove that

(asin ¢+ bcos @) (a sin Y+ 5 cos ) sin (¢ — )
+(a 8in y + b cos ¥) (a sin 6+ b cos 8) sin (Y~ 6)
+(a 8in 8+ b cos ) (a sin ¢p+b cos @) sin (§ — )
+(a? 4+ b?) sin (¢ — ) sin (Y —8) sin (§ — ) =0;

and interpret the equation geometrically.
4. Reduce to its simplest form, and solve the equation
cos? g — cos? a=2 cos? § (cos § — cos a) — 2 8in% 4 (sin 6 —sin a).

5. Prove that the sum of three acute angles 4, B, C, which satisfy the
relation cos® A +cos? B+cos? C=1, is less than 180°

6 If A+ B+ C=90°, shew that the least value of tan?4 +tan? B+tan? ¢
is unity.

7. TFind 6, ¢ from the equations
sin @+ sin ¢p+s1n a=cos #+ cos ¢ + cos a}
0+¢p=2a
8. If A+ B+ C=180° shew that 8sin44sin4Bsin3C P 1.
9. IfEHm O+ysinp+zsmmy  4sindsin psiny+sin (§+¢+y)
) xzcosf+ycosp+zcosy 4cosbcospcosy—cos(@+p+y)’

28 {(p+¢—0)+ysind(Y+6-p)+zsin i (0+p—v,)
prove that zcost (p+y —8)+ycosd(Y+0—p)+zcos}(0+p—)
4sin3(p+y—0)siny (y+0—¢)simE(0+¢-y)+sin(0+P+)

Tcosy(p+y—0O)cost (Y+O-p)cost(@+p—y)-cost (B+p+y)’
S sin 3asin (8-7)
10. Prove that = ssm2(y-fA)

and generally, if # be any odd number,

=sin(a+B+y),

E_Ei_n nasin (B-y) _ )
2-——————«81!12(7_3) =3 {sm (pa+9B+ry)},

where p, ¢, » are any odd numbers whose sum is ».

11. Having given

a? cos acos B+a (sin a+sinB)+1=0,

a? cos acos y+a (sin a+sin y)+1=0,

prove that a?cosBcos y+a (sinB+siny)+1=0;
B, ¥ being less than .

12. If 6;, 63 are the two values of § which satisfy the equation

cos § cos @ |, sin §sin ¢ =0,
cosia sinfa

shew that 6, and 6; being substituted for 4, ¢ in this equation will satisfy it.

1+
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13. If
acosacosB+bsinasin8=¢, acosBcosy+bsinBsiny=e,
acosycosd+bsinysind=c, acosdcose+bsindsine=q,

and acosecosa+bsinesina=c,

1,1, 1 1, 1\/1 1\/1 1
prove that ;1_3+l§+c_3=(5+€>(5+&><&+5>’
the angles being all unequal and between 0 and 2.

14, If
sin (0 +a)=sin(¢p+a)=smnB, and asin(d+¢)+bsin(d—¢)=c,
prove that either
asin(2a+28)= -c, or asin2a*bsin2B=c

15. If the equation
sin?*+20/sin* q +cos? *+26/cosa=1

hold when n=1, shew that it will hold when = is any positive integer.

16. Eliminate 4 from the equations
4 (cosacos 6+ cos ¢) (cos asin 8 +sin ¢)
=4 (o8 a cos §+cos ¥) (cos asin §+sin ) = (cos ¢ — cos ) (sin ¢ — s ),
and prove that cos (¢—)=1, or cos 2a.
tany sin(v— a) and tany _ sin (r - 2q)
tanf sina tan 23 sin2a °

tany sina cos .z
823 sin2a cosZa—cos2B’

17. If

shew that

18. Prove that the system of equations

8in (2a—pB—y) _sm (28-y—a)_smn(Zy-a-R)
cos (2a+B+y) cos(28+y+a) cos(Zy+a+pB)’
if a, B, y be unequal and each less than =, is equivalent to the single equation

cos 2 (B+y)+cos 2 (y+a)+cos 2 (a+8)=0.

19. If =2 co8 (B—7)+cos (§+a)+cos (§ —a)
.=2 cos (y —a)+cos (0 +B)+cos (§—B)
=—2co8 (a—B)—cos (§+7v) —cos (§ - ),
prove that w=sin?¢, if the difference between any two of the angles q, 8, y
neither vanishes nor equals a multiple of s,

20. If A+ B+C=180" and if
2 gin (2n+1) 4 sin (B- () =0,
n being an integer, then shew that
Zsin(n-1)4sin(n41) (B-C)=0.
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21. If cot}(a+B)(cosy—cosd)+cotd(a+ty)(cosd~cosB)
- +cot & (a+8) (cos B—cosy) =0,
and no two of the angles are equal, or differ by a multiple of 2, prove that
cot 4 (B+a) (cos y — cos 8) + cot & (B+) (cos 8- cos a)
+cot } (8+8) (cosa—cosy)=0.
I sin(a+6) , sin(8+6) cos(a+6) , cos (ﬁi+6)_2
sin(at+¢) sm(B+@) cos(a+¢) cos(B+¢)
shew that either a and 8 differ by an odd multiple of }, or 4 and ¢ differ by
an even multiple of .
23. If acos (Pp+y)+bcos(p—Y)+c=0,
a cos (Y+6) +bcos(y—0) +c=0,
acos (6 +¢)+b cos (8 — ¢p)+c=0,
and if 4, ¢, ¥ are all unequal, shew that a? — 5?4 2b¢=0.

22,

cos(a+B+6) _ cos(y+a+d)
sin (a+B)cos’y sin(y+a)cos? 3’
and B, y are unequal, prove that each member will equal
cos (B+y+6)
sin (B+y) cos?a’

sin (8+7y)sn (y+a) sin (a+B)
cos (8+7) cos (y+a) cos (a+B) +s1n?(a+8+y)

24, If

and cot 8=

26. If A, B, C be positive angles whose sum is 180°, prove that
cos A +cos B+cos C>1 and 3$3/2.
26. Solve the equation
64 sin” §+ 810 76=0.
27. If 2s=x+y+2, prove that

tan (s—x)+tan (s—y)+tan (s —2)-tans
_ 4 sin #8in ysin z
1—cos?x—cos?y—cos?z—2cos v cosy cosz’

tan~!(s—x)+tan~!(¢—y)+tan~1(s~2)—tan~1s

=tan~! 16zyz
(22 + 32+ 22+ 4)2 - 4 (y2 2+ a4 a%y8)
28. If gosf sind_cosd  sing_,
cosa Sina cosa Ssina
cos §cos @ = sindsing
prove that cosia snfa T 1=0.
29. If 2sinacos (6 +¢) =2 cos (§ — ) +cos?a,
and 2sin acos (6 +y)=2 cos (Y- 0) +cos? a,
then 2 8in a o8 (¢ + ) =2 cos (¢ — ) + cos? a.

H. T T
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30. If cos (y—2)+cos (z—x)+cos (r—y)= —3/2,
shew that
cos® (x4 ) +cos® (y + 6) +cos? (2 4+ 6) — 3 cos (x+6) cos (y + 8) cos (2 4+ 8) =0,
for all values of 4.

31. If snra_sin(r+1)a_sin (r+2)a
. ; +1)e_sin (r+8)e
prove that cosra _cos(r+l)a_ cos(r+2)a

omi-l(l+n) mn-10) an(+n)—2mt
32. Prove that the equations
1 Y2, 0
<$+5) s a=7 + g-i-COa a,
1\ .
(g/+—) sin a=2 + 24 cost a,
Y z oz
<z+ 1) sin a=‘f -+ g+c032 a,
2 y
are not independent, and that they are equivalent to

1 1 1 .
T+y+z=-+-+-=—sina
z Yy z
33. Prove that
2008 (B— ) cos (8 +B)cos (§+7)+2 cus (y — a) cos (§+y) cos (8 +a)
+2cos(a—)cos(f+a)cos(6+8)—cos2(6+a)—cos2(§+8)—cos2(8+v) -1
!

18 independent of 8, and exhibit 1ts value as the product of cosines.

34. Prove that if a, 8, 9, 8 be four solutions of the equation
tan (64 4~)=3tan 36,
no two of which have equal tangents, then
tana+tan 8+tany +tand=0,
tan 2a+tan 28+ tan 2y +tan 26 =4/3.

36. If 6tan (r+x)=3tan (r+y)=2tan (r+:z),
shew that 3sn? (r—y)+5sn?(y—z) - 281n?(z = 2)=0.

36. Solve the equations
sin“lz—smm~ly=%x~
cos~lz-cos~ly=1x)"

37. Prove that the nth convergent to the continued fraction

1 1 1 is (tan a+sec a)®— (tan a —seca'®
2tana+2tana+2tana+...... (tana+seca)**!—(tana—seca) 1’

38. Eliminate 6 from the equations

3a cos §+a cos 30=4x) '
3asin §—asin 30=4y
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tan (0-—a)=tan ('¢-a)=tan (\Jl—a),

39. If
.4 q r
prove that
p(g=r)cot (P —¥)+q (r—p)?cot (Y~ ) +7 (p—g)? cot (§ — ¢)=0.
1
40. Develop 1+acosf+bsiné

in a sexies of the form
Ao+ Aycos (6—a)+A,co82 (8 ~a)+....

41. Solve the equation
tan 36 —tan 20 —tan §=0.

42. If
cosd r+cos®y=cos 3a, sin*z+sindy=sin3a, and x+y=28,
. prove that 88in’ 3 (a+ ) =27 sin 28 s1n2 44 cos (3a+ ).
43. If @ cos ¢ cos Y +b sin ¢ sin Y =c¢,
a cosyrcos 6 +bsimyrsin 8 =g,
a cos 6 cos p+bsin  sin p=c,
prove that be+ca+ab=0, unless a=b=c.

44. Solve the equation
cos~l(x+3¥)+cos~luwtcos~(x—3)=3m.
45. Eliminate ¢ from the equations
aly sin ¢+ b3z cos @ +ab (a? sin? ¢ +b) cos? p2=0,
ax sec ¢ — by cosec p=a?— b2

46. Solve the equation
cos 5045 cos 3 +10 cos =43.

47. Eliminate 6 from the equations
a cos 8 cos 260=2 (a cos § —x),
a sin 0 sin 20=2 (a sin - y).
48. Prove that the number of solutions in positive integers (including
zero), of the equation 3xz+y=n (n integral), 18

¢ In+1
49. Solve the equation
6 cos 36 — 3 8in 39 — 10 cos 20 + 5 sin 20 422 cos 6 — 5 sin =10,

50. Find the greatest value of
_cosec?d — tan? §
cot!f+tan2d—1"
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51. Prove that
secta secla sec’la secla
T - 1 =4 - e

to r quotients is equal to
81n 7a

2sin (r+1)acosa’
52. Eliminate 6, ¢ from the equations
asin (§ —a)+bsin (§+a)=2sin (p+B)+y sin (¢ - B),
acos (8- a)—b cos (0+a)=x cos (¢p+8) —y cos (¢ — ),

6+p=y.
53. Prove that

S cos a (cos 38— cos 3y)
. =4(cos B —cos y) (cos y— cos a) (cos a— cos B) (cos a+co8 34 cos ).

b54. If acosa+bcosB+ccosy=0,
asm a+bsin B+csin y=0,
a sec a+ b sec B+c¢ sec y=0,

prove that, in general, t+a+b+c=0.

. 556, Eliminate 6 from the equations
" sin3 (37w +6)+3sin (37 +6)=2q,
sin 3 (} 7 — 0)+3sin (} - 6)=2b.
56. If 6;, 6, 65 be values of 4 satisfying the equation tan (6 +a)=4 tan 26,
and such that no two of them differ by a multiple of =, prove that
01+02 + 63+0
18 & multiple of .
57. Prove that

cos 44 .
zsmA SH(d-DB) sin(A—C)=8 8in (A + B+ C)+ cosec 4 cosec B cosec C.

58. Prove that
2 {8iud (0 —a) cos 2 (a— ¢) sin (B~ y) +sin®(d ~ B) cos 2 (8- ¢) sin (y — a)
+sin3 (6 — y) cos 2 (y* ¢) sin (a - 8)}
={sin 2a+sin 28+ sin 2y — 3 8in 26} sin (8 — y) sin (y—a) sin (a - B),
where ¢=3 (a+B+y—30)

59, If A+B+C+D=180°, prove that
(S-sin 4)(S - sin B) (§-sin C) (S —sin D)
=} (sin 4sin B+ sin Csin D) (sin Bsin C'+sin 4 sin D) (sin C'sin 4 +sin Bsin D),
where 28 =sin 4 +sin B+sin O+sin D. ’
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60. Prove that the sum of the products of » terms of the series
08 a+cos (a+8) +cos (a+28)+......

taken two and two together is
} cosec? $Bsec }Bsin 3 nB[sin4nBcosiB+sind(n~1)Bcos{2a+(n—1)8}] - in.

cosfd+sind  4(cos §—sin f)(cos 20— sin 26)
2+cos20+sin20 4 (cos 26 —sin 26)%— (cos 6 —sin §)%’
shew that there will be three values of 4, such that

tan 4, +tan 8;+tan 83=9.

61. If

62. 1If tan 26— tan =tan 2¢p — tan p=tan 2y —tan v,

shew that +¢+y is an odd multiple of 4, provided tan 6, tan ¢, tan
are all unequal.

63. If 2 cos a+y sin a+2+cos 2a=0,
2cosB+ysin B+z+cos28=0,
xcos y+ysin y+2z4cos 2y=0,
prove that & cos [ +:'y s ¢ +2z+cos 2¢
=88} (a+B+y+¢)sin} (p—a)sing (p—p)sin(p-17).
64. Eliminate 6, ¢ from the equations

' tan §+tan p=aq,

sec @ +sec p=>b,

cosec § +cosec p=c,

and shew that, if b and ¢ are of the same sign, bc > 2a.

65. Prove that the result of eliminating 6 from the equations

cos (§—3a) _ cos (6-38) cos(6-3y)
cosSa  cos*B cosly

is  sin(8-y)sin(y—a)sin (a—B){cos(a+B+7y)—4cosacosBcosy);=0.

66. If (1-—a+22% ! be expanded in powers of x, shew that the coefficient
of a# is sin § (n+1) w/sin § m.
67. Prove that 3 cos4asin (8+y)sin(8—17)
= —8sin (8 - y)sin (y —a) sin (a— B) sin (8+ ) sin (y +a) sin (a +B).
68. Prove that ’
scos2(B+y—a)sin(B—y)cosa=8sn (B —y)sin(y— a)sin(a—B)cosacosBcosy.
69. If asin 8+ b cos §=a cosec 6 +bsec 6,
shew that each expression is equal to
(at-bY) (at +ohyk,
70. Find the greatest value of
sin (8- y) +sin (y — a) +sin (¢ - 8)
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71.  Solve the equation
co8 (7 — a) co8 (z — b) cos (z — ¢) msin @ sin b sin ¢sin 2+ cos a cos b cos ¢ cos 2
72. Solve the equation
cos2x+cos 2 (r—a)+cos 2 (x—b)+cos2(x—c)=4cosacosdcose
73. Solve the equation
N 8in3 3a - sind 2a=sin? a (sin 3a+sin 2a).
74. Eliminate 8 from the equations
a cos 20+ b sin 20=c,
o' cos 39+ b’ sin 30 =0.
75. If A+ B+ C=180° shew that
sin? } Bsin?3 C+sin? 3 Csin? 1 4 +sin? 1 A sin33
is not less than vz (sin? 4 +sin? B +sin? C).
76. Elimnate 6 from the equations
42=5a cos § — a cos 54
4y =>5a sin § — a sin 50
77. If cos2asin(3-1y)sec (B+y)
=cos 28 sin (y — a) sec (y +a)=cos 2y sin (a— B) sec (a+p),
. !
prove that cos 2a+ cos 23 +cos 2y =0,

and sin 2 (8+v)+sin 2 (y+a) +sin 2 (a+8)=0.
78. Prove that

=M
mz cos (ma+B)=cos (3 Ma+pB) sin 4 (M+1)a cosec 4 a,
m=0

m=M n=N p=P
and S 2 3 e cos (ma+nB+py+...... )
m=0 n=0 p=0

=cos}(Ma+ NB+ Py+...)sing (M +1)asin} (N +1)3...cosec acosec 3....
Sum to n terms the following series 1n Exs. 79—93.
79. sin?a+sin? 2a+s8in?3a+...... +8in? na,
80. sin?asin 2a+81n?2asin 3a+......+8in? nasin (n+1) a.
81. cosec a cosec (a+f)
+cosec (a+ ) cosec (a+28) -+ ...... +cosec {a+(n — 1) B} cosec (a+2(3).
82. sinxsin 22 sin 3z

+sin 22 81n 32 8in 4z +...... +8in 22 810 (z+ 1) 2 sin (0 +2) 2.

83. sin3a+%sin33a+3—l—zsin33’a+......+ sin3 3"~ laq,

1
3n~-1
84. tandtan 3+ tan 28 tan46+...... +tan nd tan (n+2) 6.
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85. tan dsec 20+tan 26 sec 220+ ......+ tan 76 sec 274,

86. tanc+otanZ + >tan” Tt

3 3t3 tan

z
on~1 gn-1°

1 x z
2 = Z 22
87. tanzsec .r+8tanzsec 3

1 K
+82 tan - 3 ? sec? ”+......+§,‘—_1 tan W—%secz—zﬁi_l.

88, 1l4ccosfcosp+ccos26cos2q+...... +c*~lcos(n—1)4cos(n—1)¢.

89 cos 26 + 2cos40 4cos 88 2n—~1cog 2" 0
" sin?20 T sin?4d T smige T e ¢

siné sin 26 smné
SO 8+ cos 126 t oos20tc0s 20t T connd+connio”
9L co‘t 2a + cot 3a I + cot (n+1)a

1—cos?2asec’a 1-cos?3asecta 1-cos?(n+1)a.secta’

92. l.3sm%+3.5sm37”+ ...... +(2n-—1)(2n-{-l)sln@,—l——l—)—E

93. 3.4sma+4.5sin2a+...... +(n+2) (n+3)sn na.
94. If 4,, 6, be two solutions of the equation
sin (8 +a)+sin (§+8) +sin (a+8)=0,

where 6,, 6,, a, and 3 are each less than 2,

shew that 81D (8, + 62) +sin (84 6;)+sin (8+62)=0.
95. Prove that
o=
{;cot'12~/4_+1+§ta J4f
N3
and 4 tan~ N—/%f—l—{;t 2~i/2_+1—31§1r.

96. If a, B, y, 8 are four unequal values of 4, each less than 2w, which
satisfy the equation
cos 2 (A= 8)+cos (u—06)+cosv=0,
prove that at+B+y+8-4N=2nm,
and that sin} (B+y+8—a-2pu)+sind (y+8+a—B8-2u)
+sin§ (3+a+B—y—2p)+sin § (a+B+y-38-2u)=0.



CHAPTER VIL
EXPANSION OF FUNCTIONS OF MULTIPLE ANGLES.

Series in descending powers of the sine or cosine.

78. Ir in the formula (40), of Art. 51, we write for sin™ 4 its
value (1 —cos* 4), and arrarge the series in powers of cos 4, we
shall obtain an expression for cosnd in powers of cos A4 only.
Writing 6 for 4, we have
' n(n—-1)

21
n(n—1)...(n—2r+1)

cosnf =cos® 0 — cos" 2@ (1 —cos*0)+...

+(=1) @1 cos™# g (1 —cos*8) +
The coefficient of (— 1) cos®? 4 1n this series 1s
n(n-1)...(n—=2r+1) nn-1)...(n—2r-1)
@)1 * @r+2)! (r+1)
+n(n -1)..(n=2r=3)(r+ 1)(1‘+2)
(2r +4)! 2! o

this is equal to the coefficient of 4 in the product of (1 + z)* and

(1-1/a?)~¢*9, & being supposed to be greater than umty, the

coefficient is’ therefore equal to the coefficient of 2™ in the

expansion of (1+ )" (1—1/z)~"+), This latter coefficient is

equal to

(mn—r=1)...(n—2r+1)
rl

{r+(n-—2r)(r+1)
RELICUS PPN
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and this is equal to
n=r=1)...(n=2r+1)
.ooor!

rA+1y+m-2r)(1+ 1y,

nn—r—1)... (n-2r+1)2n__m_l
r! ’
The coefficient of cos®@ is seen to be 3 {(1+1)*+(1-1)"},
or 271; the coefficient of —cos”26 is the term independent of
@ in the expansion of (1+ «)"2(1—1/x)7 and this is easily seen
to be (1+1)*2+(n—2)(14+1)" or n.2"73,
Hence we have

or to

cos n@ =2 cos™ 0 — % 278 cos™ 2 0 + 7}£;—T—3l 2n-8cos™* 4...(1),
of which the general term is
(- 1)77}(12——7'— 1...(n—2r+1) Qn—2r-1 gogn—2 ),

r!
In a similar manner we obtain from the formula (39) of
Art. 51 the series

sin n@/sin = 2" cos™* § — n-2

213 cog™ 3 @

+ (EL%@——” 278 cos™ g —...... (2),

of which the general term is

Y -2
-1y n—r l?r.‘.. (n —2r) gn—tr—1 gogn—ir—1 @,

79. If in the formulae (1) and (2) we change 6 into 37 — 6,
we obtain the formulae

(— 1)?cos nf = 2" sin™ 6 — 7 2~* sin™ 0

+ 7_1_(%_{_32 on—s Sin;"" 0—...... (3);

n—2
1

2n—3 gin"—8 f

(- 1)_“:—l sin nf/cos 6= 2" sin*71 0 —,

Jﬁi%’l:‘i) 9n=s 5in"=3 0 — ......(4),
where n is even, and

(‘- l)i (n-1) sin ne = 9n-1 gip® 9 — 7{_‘ on—s gipn—1 9

+ ’_‘_%‘_"_‘_3) on—=8 ginnh— @ — .....;(5),
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(= 1)¥*D ¢cos nb/cos 6 = 271 sin™~1 4 — ”_1_2 9n—3 ginn-* @

+ (____3)2_('7@_1)' M= gn"s 4 — ...... (6),

where n is odd.

Series in ascending powers of the sine or cosine.

80. In order to find expansions of cosnf, sinnf in ascending
powers of cos @ or sinf, we may write each of the six series we
have obtained in the reverse order. It will, however, be better
to obtain the required series directly.

First suppose n even, we have then

n(n l)

cos nf = (1 — sin? 6)}" — (1 —sin?6)¥" " sin? @

71(n-—-1)(n—2)(n
41
expanding each power of 1 —sin?6 by the Binomial Theorem, we
have

n/m
MR
12 2= G 22 ) nr=Dm_
cosnfd=1 l2+ 2 sin? 0 + 2 + 3 <2 1)

n(n-l)("é"- 2)(n— 3)} 8int@—...... &e.,

the coefficient of (- 1)*sin¥* @ being
%n(%n—-l) (én s+1) n(n 1)({;n 1)...(3n—s5+1)

(s—1)!
n(n 1)(n 2)(n 3)(%71—2) (%n—s+1),+
Gooyr e R

which may be written in the form

D o o vl ) ()

+o (5 (B 1) (B o) ()

+8(82-;-1) (282—1) (232—1_1) (232 1 8+3) (71_-2:1) (7_@_-2—_1_1)
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Now, ta;king Vandermonde’s theorem?
-1
(P + Q)o =g+ SPsa1 i + 8—_(82 ] )pg_ng + .0
where p, denotes p(p—1)...(p—28+1); since this holds for all
values of p and g, let p= 282— 1 y 9= 2 ; 1 , then applying the
theorem to the series in the brackets, we see that the coefficient
of (—1)sin*4 is
1n(n—2)...(n—2s8+2) 5
S 185, @D arts—Dln+s—2)..(Gn)

n?(n?— 2% (n*—4?)...(n?*— 2s — 2‘}2)‘

or

@)’
We have therefore, when = is even,
2 2(n3 . 93
cosnfd=1 -%!sin29+7i'%#sin‘0
S —2%) .. (=25 —27) i
+(-1) (@9)1 sin®0 +...... M);

this series is the series (3), written in the reverse order.
81. We have also

sin 7 = cos 8 {n (1 — sin? ) ~Lsin @
n(n—=1)(n—2)
B 3!

supposing n even, we expand each term of the series in powers of
sin®@; we find the coefficient of (— 1)**! cos @sin®~1 @ to be

R R (e Al e My

H= =)L),

A + ....................................... }

which is equal to
1 n(m=2)...(n—2s+2)
@-1)! 1.8.5...(2s-1)
n(n? —2%) (n? = 4%) ... (n — 25 — 2)
(2s—1)! '

1 See Smith's Algebra, page 288.

(1 -sin’t?)*n_2 sin? 6 + } ;

(n+s—1)...(4n+1)

or to
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We have therefore when n is even
n(n? — 2%)
8!
n(m—2)...(n2 =35 =2p) .
(2s—1)!

sin nf/cos § = 7—{ sin 6 — sin® 6 + ..

+(=1y" sin®-16 + ...(8).

82. When n is odd, we have
cosn0=c050{(l—sin?ﬁ)*("_l) n(n 1)(l sm’e)i(n Dgin24+.. }

and sin nf =n (1 —sin? 0)’}("“ Vsing
n(n—=1)(n-2)
- 31
expanding in powers of sin @, as in the last article, we find in a
similar manner

A —sin? )" P ginr o4 ...

;lzsinzg_‘_(]il_?gn;g?
(n*—1?) (n?—3?) ... (n*— 28 —
2s)!
n(n ; )SI 36+n(n’—1’5)'(n2 3?)
n(m—=1%... (n*— 2s -3}
(2s—1)!

sint @ — ......

cos nfjcos =1 — v

29 ~11) i 4 ..(9),

+(=1)

sin® g —......

sinnf = i Sin 6-

sin®=1 + ...(10).

-1y

83. If in the formulae (7), (8), (9), (10) we change 6 into

3m — 6, we obtain the following formulae

n (n2 _— 22)

(- 1)5" cosnf=1- g cos? @ + o oot 0

L Gt 2;,("2 ) cost 0.+ (1),
(= D¥*! sin nfsin 6 = 71—3005 60— n(—n;T——%) cos?® 8

+2 (n? - 2;)!(”‘ -4 cos®f—...(12),
when 7 is even, and
D Vginngjsing =1 -""L o9

2!
L= 18 (=37

T cos* @ —...(13),
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(=1H" " cos n = Teos 62 o g
+ n (nﬂ -— 12) ('n2 - 32) COS’ 9 — ..-(14)’

5!

when » is odd. These formulae are all the same as those of
Arts. 78 and 79.

The circular functions of sub-multiple angles.

84. If in the formulae (1) to (6), or in the equivalent formulae
(7) to (14), we write 8/n for 6, we obtain equations which give

6 .0 . . .
cos — or sin when cos 6 and sin @ are given. We will consider
n 7

the various cases.

(1) Suppose cos 8 given, then the equation obtained from (1)

will give us n values of cosg. If cos § is given, we should

expect to find the cosines of all the angles 2kwni 8’ since 2k + 6

represents all the angles which have the same cosine as 8, where k is
any integer. Now whatever value k has, we can put + k=s+k'n,
where s always has one of the values 0,1,2...n—1,and ¥ is a
positive or negative integer. We have then

cos 2k7rni 9 = oS (6 + 2sm + 27rlc’) = cos 0+ 2sm

thus we should expect to obtain the n values

0+2m  O+dr f+2(n—1)m
, CO8 P cos ——-;L_w_.,

0
cos — ,'cos ,
n

and these will be the roots of the equation we obtain from (1).
These roots are in general all different, since neither the sum nor
the difference of two of the angles is a multiple of 2.

(2) Suppose cos @ is given, then the equations obtained from

(8) or (6) will give the values of sin g Before we use (6), we must

square both sides and write 1 — sin’g for cos? g ; thus we obtain an

\
equation of degree 2z, for sing, when n is odd, and the equation
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(3) gives us an equation of degree n when n is even. | We expect
2%kmr+ 6

to obtain all the values of sin when cos ¢ is given; as in
the last case, we can shew that all these values are included in the

9 , where s has the values 0,1,2...n—1, When

. . 28+
expression sin

n is odd, all these values are different, and therefore we obtain %n

values which are the 2n roots of the equation obtained from (6).

(n—28)Tr—60 . 2sm+6
=sin —

When n is even, we have sin , hence

in this case there are only n values, these being given by the
equation obtained from (3).

(8) When sin € is given, we use the equation obtained from

(2) to find cosg. this gives 2n values of cosg for we must

square both sides and replace sm“‘ by 1- cos2 . before using the

( 16

equation. We shew as before that the expression cos I )T

has 2n values, so that we expect to find cosg given in terms of

sin 6, by an equation of degree 2n.
(4) Ifsin @ is given, sin g will be given by (4) or (5), accord-
ing as n i1s even or odd. When 7 is even, the equation from (4)

gives 2n values of sing ; these will be the 2n values of

sinszr—i(;—l)‘—g. When n is odd, the equation formed from (5)

gives n values of sing; these will be the n different values of

sin87r+ (-1)y6
n

Symmetrical functions of the roots of equations.

88. The formula (1) may be regarded as an equation of the nth
degree in cos , when cosné is given. Now each of the n angles

4rr 2(n - 1)

6,6 + 0 +7'- ...... 6+ is such that the cosine of n
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times the angle is equal to cos n6, hence since cos 6, cos <8+—27:I) R

cos (0 + %) vere.. CO8 {9 + 2—@—%}2}} are all different, they are the

n roots of the equation (1) in cos f; we can now use the ordinary
theorems for calculating symmetrical functions of the roots of
equations to calculate symmetrical functions of the n cosines

cos (9+%r7r>, r having the values 0,1,2...n-1. We may of

course, when it is convenient, use the forms (11) and (14) which
are equivalent to (1). Again the equation (2) may be used to
calculate symmetrical functions of the cosines of the n — 1 angles
for which sin n6/sin 6 has a given value.

The equation (3) may be used in the same way to calculate
symmetrical functions of the 2m sines

sin @, sin (647, sin (6427 ...sin 6+
m m
where n=2m.
In the same way the theorem (5) may be used to calculate
symmetrical functions of the 2m + 1 sines

. . 2 . 4 . dmmr
sin 6, sin (0 + 2—m—-ﬁ) , sin (0 + m) ...... sin (0 + Qm_+i> ,

2mmr — 1r>

where n = 2m + 1.
The equation

tan nf {1—7}—(%;-1-)- tan20+n(n— 1)(17 2)(n=3) tan‘@ ...... }
=ntan8—7ﬂt1—3)y(i:g)tan‘0+ ......

may be regarded as an equation in tan 6, of which the roots are
tan 6, taﬂ<9+7-r), tan(0+-2f) ...... mn{0+(—-———"‘1)”\l,
. n n n )

and may therefore be used for calculating symmetrical functions
of these expressions.
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EXAMPLES.

(1) Prove that the sum of the products of the cosecants of
2 2(n-1)w
6,042 ... 0420,
taken two at a time, 18 — }n3 cosec? Inh, n being an even tnteger.

Using the equation (7), the required sum is the sum of the products 8f the
sines of the angles taken n —2 at a time divided by the product of all of them ;
this is equal to the coefficient of sin?6, divided by the term not involving

sin 6, or — E(TTZ’EST@ which is equal to —%:‘cosec’%no.
(2) Prove that
c08* } m 4 cost § m +cost 3w +cost 4 =19/16
and sect }m +sect o + sect § w +sect § =1120.

If 8in 96/sin 6 be expressed in terms of cos 4, and be then equated to zero,
the values of cos 8 obtained by solving the equation of the eighth degree so
obtained will be

cos §m, COSEm ...... cos §m.
We notice that
cos §m=—cos}dm, cosfmr=—cosZm..... o
thus +cos}m *cosgm, +cosgm Fcosgw

are the roots of the equation. We may either use the series (2), or proceed
thus :—if sin 94 =0 we have

. sin 66 cos 40+ cos 50 sin 46 =0
or (sin 36 cos 20+ cos 30sin 20) (2 cos?24-1)

+ (cos 38 cos 20 —sin 30 8in 26) 2 sin 26 cos 20=0 ;
substitute the values for sin 36, cos 26 ... and reject the factor sin 6, then let
z=cos? §, we obtain the following biquadratic in

{(423-1) (22— 1) +2 (422 —32)} {2 2z — 1)2 = 1} + {4 (22 — 1) (42? - 32)
-8(4x—-1)(1-2)x}(2r-1)=0
or (1642 — 122 41) (822~ 8z + 1) + (643 — 8022+ 20z) (2z - 1)=0
or, arranging according to powers of z,
25624 — 44823+ 24022 — 402 +1=0.
The sum of the roots of this equation is 448/256, and the sum of the products

of the roots taken two together is 240/256, hence the sum of the squares of the
448°-2.240.256 19

roots is —@ser ~ 16’ dlso the sum of the squares of the réciprocals
of the roots is 402~2. 240, or 1120.

(3) Prove that 8in a+sin 2a + sinda=3 V7,
where a=4 .

We find  (sina+sin2a+sin 4a)?=sin? a4 5in? 2a + 8in? 4a.
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Now the roots of the equation sin 76/sin #=0 in sin 4 aro
+s8ina, =+8in2q, *sinda;
put z=sin?6, then the equation in « is found to be
6428 — 11223+ 562 — 7=0,

hence sin?a+sin?2a+s1n24a=112/64=7/4;
therefore 8in a +sin 2a+8in da=31 +/7.

L

(4) Evaluate sin —117 .

Writing a=2#/17, we find by the formula for the sum of the cosines of
angles 1n arithmetical progression
(cos a+cos 9a+ cosl3a+cos 15a) + (cos 3a+cos Sa+cos 7Ta+cos 11a)= — L.

Also (cos a+cos9a + cos 13a + cos 156a) (cos 3a + cos 5a + cos 7a + cos 11a) 18 found,
on multiplying out and replacing each product by half the sum of two cosines,
to be equal to —1. The two quantities 1n brackets are therefore the roots of
the quadratic 22+ 3z —1=0, of which the roots are } (- 1+.4/17). Tt is easily
seen that cos a+ cos 9a+ cos 13a+ cos 15a 18 positive, and

co8 3a+cos S5a+cos 7a+cos 11a

is negative, we have therefore
cos a+cos 9a+cos 13a+cos 15a=4 (/17 - 1),
08 3a +cos 5a+cos Ta+cos 1la= — } (v 17+1).

We can now shew that (cosa+cos 13a)(cos9a+cos 15a)=~—4%, hence
cos a+cos 13a, cos 9a+ cos 15a are the roots of the quadratic

2t -} (W17 -1)z - }=0,
hence cosa+cos 18a=3 (—1+J17+V34 -2 /17);
simularly we find cos3a4-cos ba=3 (—1—./174+4/34+2 J17).

Now cos acos 13a=1} (cos 12a + cos 14a) =} (cos 3a+cos5a) ; and since we have
thus found the sum and the product of cosa, cos13a, we can find each of
them. Noticing that cos a>cos 13a, we have

cos =1l (V17 - 1+V34- 2517 +2V17 +3 /17 - ¥/170+ 38 /17).
We have then
sin 7/17=4/] (1 - cos a)

=3V34_2yT7-2V31-2 417 - 4V 174317 - y/1704 38 J17.

(6) Shew? that, if £(x, y) be a homogencous function of x, y of n—1
dimensions,
f (sin x, cos x)
8in (X = ay) 81 (X — ag) ... 817 (X — ay,)
- ";“ f (stn gy, c08 a,)
ra1 810 (X—a,) 87 (a, — ay) 8tn (a, — aa) ... 810 (ap = ay)

! This theorem was given by Hermite in a memoir *‘Sur I'Intégration des
Fonctions circulaires” in the Proc. Lond. Math, Soc. for 1872.

H. T. 8
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The expression on the left-hand side of the equation may be written
f@1) 1

t- a;) (¢~ ag) ... (t —ay) * COS Z COB a; COS ag...COS ay,
1

, where t=tanz, a,=tana,.

Now since £(¢, 1) is of degree n—1, lower than n, we have by the ordinary
method of resolving into partial fractions
f6 D) e F 1)
(t—a)(t—as)...(t-ay)  r=1(t—ar)(ar—a) (@ —ap) ... (ar—ay,)
=2f(sin a,, COS a,). COS & COS a, COS a ... COS ay,
sin (2 —a,)sIn (a, —ay) ... SIn (a,—a,)

thus the result follows.

Factorization.

86. Since cosnf can be expressed as a rational integral function
of the nth degree in cos §, we can express cosnf as the product
of n factors linear in cos #; the values of cos @ for which cos né
vanishes are
3T 2n-1)m

cos ————2—;

cos = eees
2n 2n ’

T
2n

these cosines are all different; therefore

cosnf=A (cos 6 — cos E) (cos 6 — cos §I> ..... .
2n 2n
(cos 0 — cos @E:l)—'?) ,
2n

where 4 is a numerical factor. Since the highest power of cos
in the expression for cosnf is 2" cos™f, we see that 4 =271,
therefore

cosnf = 27! (cos @ — cos 1) <cos 6 — cos I) ......
2n, n

Now cos 12;7;; = —cos Qﬁ—;—n’”—)'—” , therefore this expressioh may be
written
cos nfd = 271 (cos’ 6 — cos? I—) (cos’ 6 — cos? ?£> creeee
2n 2n

( cos? @ — cos? @%?lr) cos 6,

when n is odd, and
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cosnf = 2" (cos’ 0 — cos? 21:—1) (cos’ 6 — cos? g%)
(cosi e — cos’ @_-_I)_Z) ,
2n

when n is even; these expressions may also be written
cus nf/cos @ = 21 <sih? I sin? 0> (sin2 S _ sin? 0) ......
2n 2n

(asin2 (%5221 — gin? 0) ,

when n i1s odd, and

cos nf = 21 (ssin2 T _sin? 6) (sin2 B _ sin? 0) ......
2n 2n

(sin‘l (ﬁ—'—]._)_')‘_f' - Sin2 0) ,
2n
when »n 1s even.

In each of these equations put 6 =0, we then obtain the
theorems

b 3m (n=2)m_
2 sin 5— 2, sin 9t sin o = 1,
when n 1s odd, and (15)

23Dy ™ gin L sin (n_—l)_vr____ 1,
on 2n

when 7 1s even.

The positive sign is taken in extracting the square root, since
the angles are all acute.

If we divide the expressions for cosnf/cos® or cosné by the
corresponding one of the products in (15) squared, we obtain the
expressions

cosné sin® @ sin? 6 sin? @
- 1—Sin2 = 1—m’§1r ...... 1-——57 |- 16)
2n 2n i 2n
when 7 is odd, and
. ing ins o
cosnf = l--sﬂ 1- sm30 ...... 1--—ﬂ— «(17),
sin? gin? o sm’(n 1)
' 2n 2n o2n

when n is even.
8-2
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We may write the theorems (16) and (17) thus:—

r=i(n-1) -
cosnfjcos 6= 11 oS0\ (16),
r=1 Sina(ZT— l)'ﬂ'
2n
where 7 1s odd, and ,
r=in Y

cosnf= T [1-—S00 N . an,

re1 (=D

s —————

2n

where n 1s even.

87. As in the last article, since sinnd/sin'é is an algebraical
function of degree »—1 in cos §, we may find a corresponding
expression for it in factors linear in cos ; in this case

CON Gl Vs

T
cos —, CoS
n n

are the values of cos @ for which sinnf/sin @ 18 equal to zero.

These values may be thus grouped + cos:{, + cos%:—r ...... ; hence
as before
sin né/sin § = 271 cos 4 (cos’ 0 — cos? :_:) <cosa 0 — cos? 2777)
(coy 8 — cos® (n__-ﬁ") ,
2n

when = is even, and
sin nf/sin 6 = 2"~ (cos“ 6 — cos® 71) (cos2 6 — cos? glr)
n n
(n—1) 7r\)

(cos‘ 0 — cos? ———4—
2n

when n is odd.
We can write these equations in the forms

sin nf/sin 6 = 2" cos 6 (sm’:—: ~ gin? 9) <sin’ 27:5 —sin? 8)
(sin’ %?—W — 8in? 6) ,
when 7 is even, and
sin nd/sin 6 = 271 (sin’;%r - sin? 8) (sin’ g’:-r — sin? 0)
(sin’ (ﬂ:ﬂl)_" — sins o) ,
when 7 is odd. 4
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We shall shew in the next Chapter that sinn6/sin 6 has the
limit » when 6 is indefinitely diminished; hence

n—1
Yn=2? sin %r sin %:—r ........... crenees (18),

(n -2-:)71- or sin (n=1)m

the last factor being sin 5

, according as n

is even or odd. Hence

r=}(n-2) ‘g
sinnf/nsinf=cosd II 1-22 AV (19),
r=1 sin? —
n
when n is even, and
r=4(n-1) T2
sinnfnsinf= 1 [1-320\ .. (20),
=t sin?

when n is odd.

88. The expression cosnf — cos n¢ may be regarded as an
algebraical function of cos @ of degree n, and can therefore be
factorised ; the values of cos@ for which the expression vanishes

are cos ¢, cos (¢ + inr) , COS <¢ + il;?) ...... , hence
r=n-1_
cos nf —cosngp =27t 11 {cos 0 —cos (4) + 2%1-)}...(21).
r=0

89. YWe shall now factorise the expression 2 — 22" cos nf + 1,
We have
a®—2cosnf + "= (2" + &) (z — 2 cos 0 + x77)
+2cos @ (a1 —2cos(n—1)0 +a~"*1)
— (@ —=2cos(n—2) 0 + 27",
If we denote a™ — 2 cosné + &~ by u,, we may write this identity

Un= (2" + &™) u, + Uy, c08 0 — uy,,;

this equation shews that u, is divisible by u,, proVided Up—, and
Un—y are divisible by u,.

Now U= (x—2cos 0 +a2) (2 +2cos 0+ z7),

hence u, is divisible by u,, and therefore u,, and so on,

1 This method was given by Ferrers in Vol. v. of the Messenger of Mathematics.
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Hence u, is divisible by u,, and therefore 4*— 2zcos 6 +1 is a

factor of z* — 22" cosnf + 1 ; since € can be changed into 6 + 2%75

without altering cos nf we see that, when » is any integer,
a? — 2z cos (0 +2%r> +1

.
is a factor of the given expression; if welet r=0,1,2...n—1 we
obtain n different factors of the given expression, and these are all
the factors, hence

r 2rm
am—2z"cosnfd+1= 11 {x’— 2z cos <0+T) + 1}...(22);
r=0
this may also be written
=n-1
™ — 22"y cos nf + y™ = {x’—%y cos (9 + ?;—W) +3/?}. ..(23).

r=0

90. In the equation (22) put € =0, we have then

r=n—-1 .
(an—1y= II (ﬁ—zxcosg’i’+ 1),
r=0 n
. 2 2(n— .
and since cos —:’I=cos —(ll- nf_)l', the factors on the right-hand

side of this equation are equal in pairs, except that when = 1s even
there is the single factor 2? + 2z + 1, and whether » is even or odd,
there is the single factor 22 — 2z + 1, hence

r=%(n-2)
?-1=(2-1) 1 (a,“—2xcos—2-;—7r+ 1) ..... (24),
r=1
when n is even, and
r=}(n-1) 2rmr
ar—1=(z-1) 11 (x’—?xcos -—~—n—+ 1) ..... (25),
r=1

when = is odd.
Again, putting § =m/n in the formula (22), we have

=n-1
(:c"-{-l)ﬂ:r 1 {#—2wcos(—gﬁ_ﬁp—w—-+ 1};

r=0

now

)

cos(2r+1)7r=cos2(n—r)—lw
n n
hence the factors are equal in pairs, except that when n is odd we
have the single factor 2°+ 2z +1; hence
rein-1
ol= 11 {aa- 2wcos@?:—1)1 + 1} ...... (26),

. r=0
when n is even, and
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=} (n-3)
Prl=(+1) 1 {x“-—2wcos(—————2r-;l)7 + 1}...(27),
r=l
when » is odd.

91. In the equation (22) put # =1, we have then
ren-l 2rm
1 —cosnf =201 11 {1-cos(9+ _n’)};

P r=0

changing @ into 26 this becomes

8in? nf = 2—2gin? @ sin? <9 + :—:) sin? (0 + ?nlr) ...sin? ((9 + n__—n_lzr) ,

or sinnf =+ 2"!gin @ sin (0+:—:> sin (0+ gg) ...sin (9+n—;ll-rr),

where the ambiguous sign is as yet undetermined. It has been
shewn, in Art. 51, that the form of the expansion of sinnf in
terms of sin 8 and cos 6 1s definite ; the sign of the product on the
right-hand side is therefore always the same; put then =1/2n,
the sign to be taken 1s clearly positive as each factor is positive.
We have therefore

n—1lmw

sin nf@=2"1s51n fsin <9+7—r) sin (9+ 2—7T> ...sin <9+n
n n n

)...(28).
In (28) change 6 into @ + m/2n, we thus obtain -

e T\ . 3 2n— 1w
cosnf =2 ‘sm(€+%>sm<9+%>...SIn<G+T)...(29).

The theorem (18) can be deduced from (28) by putting §=0, and taking
the square root. In a similar manner, the theorem (15) may be deduced
from (29).

ExAMPLES,

(1) Prove that if n be an odd wnteger, sin né +cosné s divisible by
sin 8+ cos 8, or else by sin— cos é.

Let Up=8in n8 + cos nd,

then Up+ Uy 4 =2C0820. up_g=2(co8% 0 —81n20) u,_q.

Hence, if %, 4 is divisible by cos 6 +sin 6 or by cos § —sin 8, %, is divisible
by the same quantity. Now wu;=sin§+cosé, hence ug, ug, u%3... are all
divisible by sin 8 +cous@; also w_;=cos §—sin g, hence ug, uz, ;... are all
divisible by cos 6 - sin 6.

(2) Factorise tann - tan na.

sinn (6 - a)
We have tan n6 —tan na= cosmBooana’
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In the formula (28) write a— @ for 8, we then have

=n-1
sinn(a—a)=(—1)"“2""‘rl"} sin(O—a—’I)
- r=0 n

=0

r=n-1 ”m
=(-1)"=128-1cos" 4 l'I cos<a+ ){tane—tan (a+7n—>}

—" 1 rm 1
= n-1 " - -—
(=1)*~tcos*dsmn <a+2> {tan 0 —tan <a+ - >l .

Again, we have from (16) and (17)

=4(n-1) an? \ =4n in2
cosnf= cosﬂ lll" 1——-—11-1—6—— orrn 1——ﬂl—d;—-
sir )

r=1 sin? @r—1)m r=1 12 (2'
2n
2
according as n 1s odd or even. Now 1— sin 0=cos2 4 ( ELI} > hence the
sin?g tan?g

expression for cos 24 may be written

r=4(n-1) 2 r=in 2
cos*fd I 1——-—“’121— or cos"d I 1__'3&%_ .
r=1 tan? (27‘2-'; ) r=1 tan? (2r-1)=

2n
‘We have therefore

r=n-~1
smn<a+z> I {tanﬁ—tan <a+r—">}
2/ r=o n

cos na o (1 tan‘ 6
r=1 tan? (,2__7._:}.)_1r >
27

\

tannd—tan na=(-1)""!

)

the product in the denominator being taken up to r=}n or §(n — 1), according
as n is even or odd.

EXAMPLES ON CHAPTER VIL

1. Prove that, if n be an odd positive integer, and a= = /n,
tanng=(—-13 "D tan G tan (¢ +a)...... tan (¢4 n—1a),
and ntan ng=tan ¢ +tan(p+a)+...... +tan (¢p+n—la).

2. Prove that

gin 54 —cos 56 —tan(d-}n) 1—2sin28—-4sin220
8in50+co8 50 T/ 1+2sin20-48in?29°

3. Prove that
ncotna-cota+cot(a+ )+. ceee +cot<a+n 1"),
n being an integer.
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4. If p=n/13, shew that
08 ¢ +cos 3¢ +cos 9 =} (14+/13),
and o8 5 +cos 7+ cos 11¢p=} (1 - ~/13).
5. Prove that

” 2w 3 4 b 6 w 1\?
CO8 =— COS —— COS — CO8 — CO8 — COS —— CO8 .

BB P BB 1T 1-\2
2m 4 87 1
6. Prove that cos - +cos 7+cos T="3
Form the cubic of which the roots are
cos 2Zm cos dm cos 8
7 7’ 7°

7. Prove that the roots of the equation
23=3~/322=32+v3=0
are tan 20°, tan 80°, tan 140°.
8. Prove that
sin? a +sin® 3a +sin* 7a+sin® 9a +sint 11a +8in* 13a +sin* 17a + sint 19a =3},
where a=m/20.

9. Prove that
2»-1gin ¢ sin <¢+gn’f> sin <¢+47E") veeees 8iD <¢+

nmw ™
=cos§—c0sn(¢.+§>.

2n—11r)
n

10. Prove that

T 2m 3
tan a+tan <§7c_ a) +tan <2—”+a) + tan (;2—7—1— ) + ceeoee

to 2n terms 18 equal to 2x cosec 2na.

11. Prove that

P2 4 n—4m n-2r . nmw n
8ln — 81N — ...... 81N ——— 8SIn sSin — =

2n - 2n 2n 2n 2n
where n 18 an even positive integer,

12. Prove that

inz ™ 3 2m 2 (n-1)w
n sinfo-  sind o sin
o2n-1" T . 9r T . (n—=1)x"’
3 2 _ g\ )T
. sinf oo sin? gy sin? *o—
where n is any positive integer.
13. Prove that
sin n¢ sin nd
s1n ¢ sin 6
a1 2 4r
=2 cos (¢ — ) —cos ¢+0+;— cos (¢p — 4) —cos ¢+0+7 ceeaeny

the number of factors on the right-hand side being n —1.
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14. gve that m sin # — n sin mé is divisible by sin®4, if m and » are
odd in

15. Shew that if m is a positive integer, sec?™ 4 +cosec?™ 4 can be
expressed in a series of powers of cosec 24.

16. Prove that n=sx.n 2a §m 4a...... §m (2n-2)a ,
sinasin3a...... sin(2n-1)a
where a=n/2n.
17. Prove that
sinfa

) sin®z _s
sm(zr—a)sin(z-b)sin(z—¢) ~ sin(zx—a)sin(a—b)sin(a—c)’
sinz cos(r—a)sina

@ sin (z—a)sin (z— b)sin (x—c)=2 sm (z—a)sm(a-b)sm (a—c)’

18. Prove that the product of
1+cosa, 1l+4cos (a+47—zr) ...... 1+cos(a+ﬂ7—zl—">
is 2%-n {(—l)i"—-cos sna}? or 2'-"(1+cos na),
according as 7 18 even or odd.

19. Prove that

-1 3m\ ! . b\t
2 a o pdd
n -(versm 2n> + (versm2n) + (versmm) +oeee o
n terms being taken on the right-hand side.

20. Prove that
(tan 74°+tan 374"+ tan 673°) (tan 223°+ tan 524°+ tan 823°)=17+48 /3

21. Shew that, if = is odd,
2
tan m¢ =tan ¢ cot (¢+§"ﬁ) tan (¢+ ﬁl’i) ......

22. If 28a=1, shew that
/14=28ginasin2a...... sin 13a,

and
23. Prove that tan . tan27 ... tan 2217 1,
2n 2n o2n
n being any positive integer.
24. Prove that
/2 —
cosec 2 + cosec \x+—;{)+ ...... +cosec<x+2nn1">

=n{cosec ne + cosec (nr+ )+ ...... +cosee (nx+n—1n)},
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25. Prove that, according as » is even or odd,
2 (1+4cos nd) or (1+cosnd)/(1+cos d)
is the square of a rational integral function of 2 cos 4. Shew that
"14cos 90=(1+cos §) (16 cos* § — 8 cos? - 12 cos? f+4 cos 4+ 1)2.

26. Prove that 27~1cos"d — cos 7d is divisible by 1+ 2c0s26, when = is of
the for.a 6m -1, and by (142 cos 26)?% when = is of the form 6m+1, m being
a positive integer.

Prove that

210¢os™ §— cos 116=11 cos 6 (142 cos 26) {(1 +2 cos 26)°+(1 +2 cos 26) +1}.

27. Prove that, if » be an odd positive integer, and
tan (3= +4¢)=tan" (}= +16),

o rm

2 2 /7
 r=hine) 1 + 8in? 4 cot; .
then sin¢=nsinfd II

= rm
™1 |1+sn26tan2 =
n

28. Shew that any function of the form f(sin @, cosé)/¢ (siné, cosd),
where f and ¢ denote rational integral functions of degree 7, containing cos* 4,
can be expressed 1n the form ATIsin4 (6 - a)/II s1n 4 (6 - a'), where 4 and the
quantities g, ' are independent of 6, and there are 2z factors in the numerator
and 2n 1n the denominator.

acos 20 +bcosf+csimb+d

If the function a' cos20+b' cosf+c sinb+d

be expressed in this form,
prove that 3a and 3a’ are even multiples of .
29. Prove that
tan:;—flr+4 sin ?{:Jﬁ.
30. Prove that

2'sin” 6+8in 70 _ 9 m . s



CHAPTER VIIL

RELATIONS BETWEEN THE CIRCULAR FUNCTIONS AND
THE CIRCULAR MEASURE OF AN ANGLE.

92. WE shall now investigate theorems which assign certain
limits between which the sine, cosine and tangent of an angle
whose circular measure @ is less than 47 must lie. The first
theorem which we shall prove is that +f 6 be the circular measure
of an angle less than }, then sin 6 < 0 < tan 6, unless 6 = 0.

B
}

4 /T
)
,,

Let AOB=AOB =0, and let TB, TB’ be the tangents at
B and B’, and let SAS’ be the tangent at 4. In Art. 11, it
was shewn that the length of the arc 4 B does not exceed, AS+SB;
and thus the arc BAB’ does not exceed BS+ B’S’+88’, and
therefore arc BAB'< BT + TB’; or arc BA< BT. Also

arc BA > BA > BC.
Consequently we have
BC/OB < arc BA/OB < BT/0B.

Now 6@ =arc BA/OB, sin §=BC/OB, and tan6=BT/0B,;
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therefore sin 6 < § < tand. If 6 had been greater than 4, T might
have been on the other side of O, and the inequalities which we
have employed would not necessarily hold.

Since sinf < <tan 6, we have 1 <6/sinf < secd; now sup-
pose 6 to be indefinitely diminished, then the limit when 6 =0 of
sec @ is 1; hence also the limit of 6/sin §, when 8 is indefinitely
dimirished, is unity. Since

§‘P — = (@ cosec 6)7, ta; 0 =gec 8. (0 cosec §)1,
we have the theorems that the limits of —— n 0 and tage’ when

0 1is indefinitely diminished, are each umty.

The theorem may also be proved thus:—The triangle OAB, the sector
0A4B, and the triangle OBT are in ascending order of magnitude; and
A04B=40A4.BC=3404%sin §, also sector 04B=4042. 6, and

AOBT=40B. BT=30B2.tan 6,
therefore sin § <fd<tané.

93. The reason, to which we referred in Art. 5, why the
circular measure is more convenient in Analytical Trigonometry
than any other measure of an angle, is that in this measure the
sine and tangent of an angle are each ultimately equal to the
angle itself, as the angle is diminished indefinitely ; whereas if we
use any other measure, as for instance seconds, this is not the case.
We have in the case of seconds

ginn” _sin 6 « T
n’ 0 180 x 60 x 60°
tann” tan@ T

7 -8 F180x60x60°

where 0 is the circular measure of n seconds, hence the limits of

inn” tann
SI::,T& - when n 18 indefinitely diminished are each equal to

™ . .

180 % 60 % 60 ° If then we used seconds instead of circular
™

measure, we should constantly have the number 180 X 60 < 60

occurring, instead of unity, in the large class of formulae which

involve the limits of —— sin 0 and —— tan 6 for 8 =0.

6 6
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e .. a a o . . .
The limits of m sin ™ tan - 8re each a, when m is indefinitely increased,

for msin—=a (Em—a ,mtan— =q (tane , where §== , and when m is in-
m é m 6 m

definitely increased, § becomes indefinitely small. The limiting values of
sinpf tanpé
singd’ tangf’

when @ is indefimtely diminished, are each equal to p/q.

94. Since, if 6 < §, tan 46 > }6, we have sin 0 > }6 cos }6,

hence 2sin $ 6 cos $6 > @ cos? 16,

or sin 8 > 6 (1 — sin® 4 6).

Now sin®* 36 < (36),

hence sinf>0(1—1%6%, or sinf>6-1}6s

Also cos @ =1 —2sin*4 6, and this is greater than 1 — 2 (36)3;
or cos @ >1—160% Also, since sin48>30— % (36), we have
cosB<1—2 (30— 456% <1— 3674+ 64— 2?%2,
hence cos @ <1 —1460:+ 0% We may stale the results we have
obtained thus:—

If 6 be the circular measure of an angle less than {m, then sin @
lies between 6 and 6 — } 0%, and cos 0 lies between

1—%02 and 1-%62"'1'16'0‘.
96. We shall now shew that if 8 <},
sinf@>60-346% cosb<1—160%+ 464

This makes the limits for sin & and cos @ closer than in the
theorems of the last article.

We have 3 sin 46 — sin 6 = 4 sin’® 16,
.6 .8 .0
3sm3—2—sm§=4ssm3§ﬂ,
3 smg;‘—sins—f—_l— 4sin“2%.
Multiply these equations by 1, 3, 3*...... 3" respectively, and

then add them, we have

.8 . . .0 .. 0 . .0
3”sm§;,—sm0=4(sm’§+3sm’3—,+...+3"'lsm’3—’,-,).
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sng 6 6 6
hence 6. 7 —sm€<4<3;+§;+...+§;1m)
3n
4 1 1 1
< 3}0‘(1 +§2+§;+ +3'2;;__2>.
' 8in
Now let n be increased indefinitely, then the limit of 3
3
. . 1 1 . 1 9
1s unity, and of the series 1+ + 3¢ +...18 —I =% therefore
1—=
32
0—sinf@ <30 or sinf>6-16"
Also cos@=1-2sin*40;

therefore cos @ <1—2 (60— 0% <1—40%+ 464

Hence sin @ lies between 6 and 6 — 6%, and cos 6 lies between
1-46% and 1—360%+ ;0% the angle 0 being less than .

We have also tan §=s1n 6/cos 6, hence
tan 6>(6-306") (1-46°)"1>(6-36°) (1+16°+46Y),
or tan6>>60+363+36°— 4 67, thercfore tan 6>6+463

Euler’s product.

96. We have  sin@=2smn 46 cos 06,

. 0 . 6
sin z = 2 sin = cos

2 91 7 Q1
' i 0—2 i g 08 —
sin 5; = 2 sin 5; cos 5,

..............................

.8 9 i (4
smé—ﬁ-—-— sm@cos%,

é .
hence sin 8 = 2" cos 0 cos g C0S 57 81N o«

5 COS 55 e



128 THE CIRCULAR MEASURE

Now when 2 is indefinitely increased, the limit of 2» sing—. is 6,

hence the limit, when n is indefinitely increased, of the product

4 0 6 cos—o— 7'.&.sine
€08 5 COS 5; COS 75 ... gns 18—

In this product put =3}, we then obtain Vieta’s expression for =, viz
.

2 _J2 V2rJ2yerviry2
x 2° 2 2

ExampLEs.
, sin 6 . .
(1) Prove that as 8 increases from 0 to 4, e continually diminishes,
and 59%2 continually increases
sing _sin(§+4)
We shall shew that 5 > R that 1s

. . . tan @ sink
(0+k)sin 8>46 (sin d cos h+cos fsin &), or o >mo§hk) e
tan 8 smh s A sink
Now we know that —— >1>T , and 5 > mg,

6
is positive, hence the inequality 1s established ; thus Sﬁ;—q diminishes from

since 1 —cosh

1 to 2/m, as 6 increases from O to 4n.
We shall next shew that
tan(0+h) 800 ' gsin (64 %) cos 8> (-+4)sin 6 cos (+1);
0+h 6 > ;
this is equivalent to

ginh_ siné
—5 > 08 (0+h);

now we may suppose A<6, hence by the first theorem

68 h>h sin 6 cos (6+4), or

sink_siné sind _smné
%> and therefore —g > o8 (0+4).

Thus as 4 increases from 0 to 4, t_a;_o increases from 1 to . The theorems
may be seen to be true by referring to the graphs of sin 4, c8sé given 1n
Art. 32; it will be seen that in the first case the ratio of the ordinate to
the abscissa diminishes, and in the second case increases, as 8 increases from
0to 4.

(2) Prove that the equation tan x=X\x has an wnfinite number of real roots,
and find the approximate values of the large roots.

In Art. 32 we have drawn the graph of the function tanz; draw in the
same figure the graph of Az, this is a straight line through the point 0. The
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straight line will obviously intersect each branch of the graph of tan z, and
the values of & corresponding to these points of intersection are the solutions
of the equation. There is therefore a root of the equation between

x=(2k—1)g and (2k+1)%,

where £ is any integer. If kX be large, then (2k+ l)g is obviously an approxi-
mate solution ; to find a nearer approximation let x=(24+1) 7—; +y, where y is

small, then —coty =Ay+(2k+1) %’I ; putting cos ¥ =1, s1n y =y,and neglecting
% we have

TR -2 - T___2
-1_(2/“,_1)-.24‘%ory__(2k+l))\ﬂ,therefore T—(2k+1)2 DA

18 the approximate solution. To find a still nearer approximation, neglect 23,

putting y= — (2—/‘?23)\— 1n the terms which mvolve 32 we have

bp=1= Dy @y oy @i

4
hence y(2k+1)~2—=—1+({;—7\) TS ey

8
ory=-— (2k+ N +(3-N) TN ; the approximate value of x is there-

8

2
fore .Z=(Zm+ 1) 5~ EQ—L‘;‘— 13 X;+(é_)‘) (m);ﬁ—;a

3) I ovetkat5=cot6+%tan +jtan +§tan +... ad inf.

It can easily be shewn that

4 cot g —cot =3 tan

[STES

hence also cot g —-3%cot g=;} tan

- D

1 6 1 8 1 4
o 0% oo~ ga=1 SOV gy = gua tan o,

hence by addition we have

6 1 6 1 6 1 8
§tan2+2ltan2z+...+ g baN 5on = o 55 cob o5~ cot 4.

Now when = is indefinitely increased, the limiting value of 1 cot 2‘:‘ isg,
hence the limiting sum of the series is %—cot 6.
If we put 6=4m, we obtain the theorem

-=itan gHitang +115ta.n gt
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The limits of certain expressions.

97. When n is indefinitely increased, the limits of each of

. 6
9 sm:'—l
the expressions cos —, =5 is unity; hence the limiting values
n
. r
o (" a : . . .
of (cos 73.) o\ = | are also unity provided r vs any number which
n
18 independent of n; but if r is a function f(n) of n, which becomes
ANAL
o . gyo [ S5
infinite when n does so, the expressions (cos ﬁ) S ' are
n

undetermined forms of the class 1°, and the values of their limits
depend upon the form of f(n).

. e e S
To determine the limiting values of (cos ﬁ) , we have,

denoting the expression by u,
log, u = } f(n) log, (1 — sin? g) .

It will be assumed as a known theorem that the limit, when

log. (1 —x) .
— & sl

becomes indefinitely small, of 18 Then, since

log. (1 — sin? g)

sin? -
n

log.u =% f(n) sin’;b.

the limit of log,w is equal to that of 4 f(n) sinzg, with its sign

changed, provided this latter limit exists. We can finde the limit
of log.u, and therefore of u, in the following cases:—

1) If f(n)=n; then f(n) sin’%:nsing.sing, and the

limit of nsing is 0, and that of sing is zero; therefore the

limit of log,u is zero, or that of u is 1.
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(2) If f(n)=n*; then f(n) sinﬁs = (n sin gy, of which the
limit is 8. Hence the limit of log, u is — 6%, or that of u is e3¢’
(8) f(n)=n?, where p >2, then f(n)sin? g =nP?, (n sin g)’,

and this increases indefinitely as n does so. Therefore the limit
of log;u is — oo, hence the limit of u is zero.

O\ .6
sin sin
98. To find the.limiting value of —- |5 since - is less
n n
Sin_ 0 Sin— "
than 1 and greater than 5 OF cos the limit of en lies
ta:n’;; -
n

n
between 17 or 1, and (cos g) ; thus from case (1) in the last

Article, the limit of the expression is unity. We see also that
. w AN
o sin ;I/ sin :,;
the limiting values of —?—— and of e (p>2) lie
n ”_l
between 1 and ¢ %%, and between 1 and 0, respectively.

Series for the sine and cosine of an angle in powers of its
curcular measure.

99. In the formulae (39), (40) of Chapter 1v. write @ for A4,
and let 2 = nf, we have then

n(n—1)(n—2)

sinx =ncos" @ sin 6 — —3T cos™ % @sin* @ + ...
nn—-1)...(n—=2r .
+(=1) ( (22_*_1()! )cos"""“‘ﬁsxn”*“0+...,
cosz = cos™ f — = O;T 1) cos™ 2@ sin? 0 + ...
n(n—1)...(n—-2s+1)

cos" % @ sin* 0 + ...,

+(-1y @)1

0—2



132 THE CIRCULAR MEASURE

We may write these series in the forms
. arg(Sin6\ z(z-=06)(z— 20) - sin 6
sin # = z cos 0( 7] ) . 80( >+

31
Lx(x—0)... (x— 2r0) gt /sin G\#+1
+(=1) e osm—=1 6 (S ) T
n x(w——(?) -2 sin 0
€08 & = COS 6—. 37 0< 9 )+
2(x—9).. (:r—23—16) o sin 6\%
+(—1) (28)‘ 0( > +

The number of terms in each of these series depends upon the
value of n, and increases indefinitely as » is indefinitely increased.
In order to obtain the limits of the expressions when n is in-
definitely increased, it is necessary to replace each of these series
by a series in which the number of terms is fixed, and does not
increase indefinitely with n.

The ratio of one term of the series for sin to the immediately
preceding term is

_(#=2r+16)(z— 2r + 20) /tan 6\?
(2r+2) (2r + 3) ( 6 >

this number is negative, and is numerically less than

{ z* N E‘)“ + 2 1 (tan 9>2
@r+2)@2r+3) ( nr+1 0 /-
If « have any fixed value, <ta; ) diminishes as n is increased ;

values n;, r; of n and r may be so chosen that the above expression
has values which are less than unity for n Zn,, »Zr,. For the
fixed value of z, and for all values of n which are Zn,, the series
for sinx is such that, from and after a fixed term, the position of
which is independent of n, each term is numerically less than the
one that precedes it. Since the sum of a series of terms with
alternate signs, when each term is numerically less than the
preceding one, is less than the first term, we have

sinz =z cos™! 0 (su; 0) w 0s"30 <sm 0) + ...

37
1y 2(@=0)...(x—2r0) =t sin 0\ +
+(=1)e @r )] co 2710<0> .

where 6= z/n, provided n Z n,; 7 is independent of », and e is a
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number between 0 and 1. The integer » may have any value not
less than »,.
In a similar manner, we can prove that

cos & =cos™ 8 — M sn—2 9 (Sll; 0)

21
4 (z—0)(z—20)(x— 30) - sin @
Ny %)
‘e ,x(x—0).. (x—2s—10) - sin 6\*

provided n Z n,; s i8 independent of n,and ¢ is a number between
0 and 1.

Now let n be indefinitely increased; the limits of the ex-
pressions for sin , cos # must represent these functions. Since
the number of terms in each of the series is fixed, being inde-
pendent of n, we have only to add the limits of the several terms
in order to obtain the limit of the sum. The limit of (51—3—0)1‘,

where % is independent of =, is unity. Also the limit of cos®—*@
18 that of cos™ 6, divided by that of cos*6; and it has been shewn
in Art. 97 that Lcos®d=1; that Lcos*@ =1 follows from
Lcos@=1; hence Lcos®*¢=1The numbers ¢ ¢ depend
upon n, but they are for each value of n between 0 and 1, and
therefore their hmits €, & cannot exceed unity. We thus have

. a? . 2741
sin o= 0=+ 5 - -+<‘1>€‘<‘2~—-4—1>‘!:
a:’ at
8 =/
cosz=1-— 41 o+ (=1)e (2)!,

where &, € are positive numbers which cannot exceed unity.

These results hold, for each value of «, for all values of » and s
which are greater than or equal to fixed integers r, and s,. It
follows that for each value of @, sin is represented by the con-
vergent series

m.B mb $2m+1
I - R RITE S ol § (PP S
S TR S RV are y TR

and cos « is represented by the convergent series

x  at
gty =t DT (2m)v

For the sum of a fixed number of terms of the first series differs

1- +aene
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1
from sin # by not more than (__x”""_l)', which for each value of = is

arbitrarily small if » be chosen sufficiently large. That this is the
3 ¢ 37+ ¢
r@r+1) O @r+i)

case is seen by observing that the ratio
291

(2r—1)!

by taking r great enough. Similar reasoning applies to the

expression for cos z.

may be made arbitrarily small, for any fixed valug of «,

ExAMPLES,

(1) Ezpand cos*x tn powers of x

We have cos®x=} (cos 3z+3 cosx); expanding cos 3z, cosx in powers of
32"+3 2n
@) ”
It will be seen that any integral power of cos x or sin z, or the product of two
such powers, may be expanded in powers of « by putting the expression mnto
the sum of cosines or sines of multiples of z

x, we find for the general term in the expansion of cos®z, (—1)*

(2) Expand tan x in powers of x as far as the term in x7.

a3 ab x7}{ 22 ot x“‘t‘l

—§+ﬁb_m _§+§Z_72_()J , leaving out

We have tan x={x

terms of higher order than 27. Expanding the second factor, we have

x3 254 x?  at af A A At
tan o= !“ *120 5610} [”(5 Tat 7—20> * <§ - QZ> * <2) ];
multxplymg out and collecting the coefficients of the terms up to 27, we tind
tan z=x+3254 K ad+ .

sin (tan x) — tan (81n X)
x7

, when x=0.

(8) Find the lLimit of

The numerator of the expression is equal to
tan z -} tand 2 4 g tand 2 — gy tan” 2 - sin 2 - § sind 2 - % sind# — AL sin 2,
using the expansion obtained in the last example. This is equak to

<x+w+ﬁxwm’)—w<1+x2+}m+1—§%<l+§xz>—%,

(b ) S (S )-be-i

rejecting ail terms of higher order than #7; this expression reduces to — 4527,
The limit of the given expression is therefore —1/30.
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A relation between trigonometrical and algebraical identities.

100. From any trigonometrical identity in which the angles
are homogeneous functions of the letters, a series of algebraical
identities may be deduced, by expanding the circular functions
in powers of the circular measure of the angles, and equating
the terms of each order. Thus for example, in the formula
sin asin b=} {cos (a —b) — cos(a +b)}, expand each of the sines
and cosines and equate the terms of the second order, we have
then ab=14{(a+b)—(a—0b)y}. In Articles 44 and 47 of
Chapter 1v., we have given a number of examples of analogous
trigonometrical and algebraical identities; in each case the
algebraical 1dentity is obtained, as we have above explained,
from the trigonometrical one. For example, in example (11),
Art. 47, which may be written

Ssintasin(b+c—a)—2smasinbsinc
=sin(b+c—a)sin(c+a—b)sin(a+b-c),

if we equate the terms of the third order, when the sines are
expanded, we obtain the analogous algebraical identity

2a*(b+c—a)-2abc=(b+c—~a)(c+a-b)(a+b—c).

EXAMPLES ON CHAPTER VIIIL

1. Prove geometrically that
tan §=2tan 36, where d<i.

2. Trace the changes in the value of tan 34 cot?d, as 6 increases from
0 to 4~

Shew that 174124/2 is & mimimum and 17-124/2 & maximum value of
the expression.

3. Prove that tan 3¢ cot § cannot lie between 3 and 1/3,

3sin 4

4. Prove that 6> 3108

w058’ where <4,

5. Prove that 3 tan 56>5 tan 36, 1f 4 lies between 0 and /10,

6. Shew that the limiting value of , when =0, is §.

20 02
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7. Prove that sin (cos §)<cos (sin §) for all values of 6.
8. Prove that the limiting value of the infinite product
é 8 4 4
—tan2 2 —tan? 2 29 v
<1 tan 2) (1 tan 22) (1 —tan g3) e 18 R
9. If Sl—“ﬁi%—d)) =1+n, and n be very small, prove that
sin ¢ =(1 — 4 n) sin 46, approximately.
. o s10 (6 cos 6) _
10. Find the limiting value of cos (Bsn 8)° when §=}%m.
11. Find the limiting value, when =0, of tan 26 ;32_@_1ﬁ
12. Prove that the limiting value of
cot 8 tan! (3mw+46)
—_—— . when 4= S 09
<~/2—2sm€) " "%ﬂ’]
13. Prove that
sin z\? z x x r z z
=1-sn2% —cos? ¥ ain? ¥ — cos? % cos? ¥ sin2 ¥ —
( = ) 1-sin g —cos’ssin?y —cost cosPTsinf g - L
14, If in the equation tanfd= ! !
cot aj+cotaz  cotaz+cotay
ay, az, a3, a4 be all nearly equal ; shew that 8 1s very nearly equal to
(a1 +ay+az+ay).
15. Sum the series
é 0
cos 5 +2coszcos€+2 cosgcosg2 §,+ ... to n terms.
16. Prove that the sum to infinity of the series
t&nzsecx-{-t.an sec S +tan - sec §2+ ...... 18 tanz
17. Shew that
6-s8infcos §=2sin 851n26+ 2281n g sm20+ 238in Zsng-f- ......
18. Prove that tanéd= 2 20 20
coté— cot‘—l— cotg—
19. If 6<m, shew that
.0 .8 9 é
2 [sm §+sm 27,-0- ...... 4+ sin on [cos + oS — 5 R +cos 2.';]
é

. . 0 .
<|sinfsing......sin ———

2
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20. If @ and b be positive quantities, and if a;=4(a+Dd), by=(a, b)3,
b2 — a2)}
a,=3 (a,+by), by=(azb,)}, and so on, shew that aa=bw=(-—a‘)z'
cos~1-
b
Shew that the value of = may be calculated by means of this formula

21. Find the limiting value of the infinite product

i (sin 8 cos 3 8)} (sin $8 cos }0)% (sin 30 cos 3 O)F ...
22. If tan =46, the value of 8 between O and 4= will bo
™ 1 11 403
5_(‘2—7}-*.247?3-‘_480#5-’- ...... ).
sin 0
sin 8 o |1 2n
23. Prove that 420088 =3 P
2 cos o 1

24  Prove that

20032"6+1

Seosf41 =(2co88-1)(2cos26-1)...... (2cos2r-16-1j.

25. Sum to n terms the series
- log tan 28+ ; log tan 2'~'0+ 5 log tan 236+ ..

érsin™é

26. Having given that the limiting value, when =0, of Foamd

neither zero nor mfinite, find ».

27. Find the limit, when =0, of

1 —cos 22 4 cos 4x — cos 62'+ cos 82 — cos 102 — cos 142+ cos 16
3 —4 cos 2x+cos 4x

28. Prove that the sum of the infinite series whose rth term is

r

1
(SR vy & Y \/28“’(*"“)

29 If e be very small, and ¢=0—2esin §+ §e?sin 260, shew that
0= +2¢ s1n ¢ + fe? sin 2¢, nearly.
30. If%=2z+4sin(z+4a), expand z in powers of the small quantity #,
as far as the term in £4%,
31. TFrom the trigonometrical identity
sin (d-b) sin (@ - ¢) +sin (b~ ¢) sin (@ — d) +sin (¢ — d) sin (a - 3) =0,

deduce the algebraical identity

(@=0)(a-c){(@-b}+(a=c)}+(b~c)(a-d){(b-c)l+(a—d)}
+(e-d)(a-b){(c-dy+(a-d)%=0.
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3sin 2¢

J— 5 .
2 (2+cos 2¢) by {5 ¢* nearly, ¢ being a

32, Prove that ¢ differs from
small angle. (Snellius’ formula.)

33. Find the circular measure, to five places of decimals, of the smallest
angle which satisfies the equation sin (x+}7)=10sm .

34. Solve the equation (sin §)a c0sé=b, approximately, where a is positive
and not large, and 6 is known to be nearly equal to a, which is itself not very
small.

35. Shew that there is only one positive value of 6 such that =2sin 4,
and find 1ts value to two places of decumals by means of a table of logarithms.

36. In the relation asin~!z=>bsin~1y, where a and b are integers prime
to each other, prove that there are 26 values of y for each value of , unless
a and b are both odd numbers when there are b values.

37. Assuming that if a be the acute angle whose sine is %/1:—3, sin 7a must

be \/3 8 prove that cos a —cos 7 T exceeds =——— by less than ‘0000005.

7. 210



CHAPTER IX.

TRIGONOMETRICAL TABLES.

101. 1IN order that the formulae of Trigonometry may be of
practical use in the solution of triangles and in other numerical
calculations, it is necessary that we should possess numerical
tables giving the circular functions of angles, so that from these
tables we can find to a sufficient degree of accuracy the functions
corresponding to a given angle, and conversely the angle corre-
sponding to a given function. Such tables are of two kinds,
(1) tables of natural® sines, cosines, tangents, &c., in which the
numerical values of the sines, cosines, tangents, &c., of angles are
given to a certain number of places of decimals, and (2) tables of
logarithmic sines, cosines, tangents, &c., in which the logarithms
to the base 10, of these functions, are given to a certain number
of places of decimals. The latter kind of tables are those which
are now used for most practical purposes; in nearly all such
tables the logarithms are all increased by 10, so that the use of
negative logarithms is avoided; the logarithms so increased are
called tabular logarithms and written thus, L sin 30°; so that
L sin 30° = 10 + log sin 30°

Calculation of tables of natural circular functions.

102. We shall first shew how to calculate tables of the
natural ¢ircular functions, which will give the values of these
functions accurately to a certain specified number of places of
decimals, for all angles from 0° to 90°, at certain intervals such
a8 1’ or 10”. We shall first calculate the sine and cosine of 1’
and of 10”.

1 Logarithms were formerly called ‘*artificial”’ numbers, thus ordinary numbers
were called ‘‘natural”’ numbers.
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(1) To find sinl’, cos 1’

m™ . ’
Let 0= 180 % 60 denote the circular measure of 1’, then
3141592653589793. ..
6= 10800 =-000290888208665

to 15 places of decimals, hence
36° =1 (-0003)* =000000000004
to 12 places of decimals.

Now from the theorem in Art. 95, sin 1’ lies between 8 and
0 — 36, and these numbers only differ in the twelfth decimal
place, therefore to eleven places of decimals

00029088820 is the correct value of sinl’,

We find also 1 —$62=-999999957692025029
to 18 decimal places,
and o704 = 34 (100029...)* = 00000000000000029
to 17 decimal places.

Now cos 1’ lies between 1 — 316 and 1 —36*+ ;46¢; and since
these two numbers differ only in the 16th decimal place, we have
cos 1" =999999957692025 correct to 15 decimal places.

(2) To find sin 10”, cos 10”.

If 0=

T . 7
64300 the circular measure of 10",
we find 6 ='000048481368110, to 15 decimal places,

36 =-000000000000021, to 15 decimal places,

hence the two numbers 6 and 6 — }6* agree to 12 decimal places,
therefore sin 10" = 000048481368, to 12 decimal places.

Also ;6% is zero to 17 decimal places, thus cos 10" =1 — 467,
or cos 10”7 =-9999999988248, to 13 decimal places.

103. The formulae
sinnd=2cos Asin (n—1) A —sin(n—2) 4, «
cosnd=2cos Acos(n—1) 4 —cos(n—2) 4,
enable us to calculate the sines and cosines of multiples of 1', or of

10”. Let 4 =10", 2cos 10" =2 —k where k=-0000000023504,
then the formulae may be written

sinnd —sin(n—1)A ={sin (n —1)4 — sin (n — 2) 4} — ksin(n—1) 4,
cosnd —cos(n—1)A4A =cos(n—1)A4 —cos(n—2) A}—kcos(n—1)4;
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if in these formulae we put n=2, we can calculate sin 20”
and cos 20”. We can now by letting n=3, 4, 5, ... calculate
the differences sin nd —sin(n — 1) 4, cosnd —cos(n —1)4,
when the preceding differences sin(n—1)A4 —sin(n —2) 4,
cos(n—1)A —cos(n—2) A, and also sin(n—1) 4, cos(n—-1)4,
have been found; hence these differences can be found by a
cont:nued use of the formulae; we can then find sinnd, cosnd,
and thus we can form a table of sines and cosines of angles at
intervals of 10 We have k =-000000002354, thus in calculating
ksin(n—=1) 4, kcos(n—1) A we need only use the first few figures
of the value of sin(n—1) 4, cos(n—1) 4.

104. When sinnd, cosnd are thus calculated by successive applications
of the formulae, the errors arising from the use of approximate values of
sin 4, cos 4 will accumulate during the process ; it is therefore necessary to
consider how many places of decimals must be used during the process, in
order that with assumed values of sin 4, cos 4, correct to a certain number
of places of decimals, we may obtain values of sin nd, cos nd4 which will be
correct to a prescribed number of places of decimals.

Suppose m the number of places of decimals to which sin 4, cos 4 have
been calculated, and suppose that 1s the number of places of decimals that 1s
retained 1n the calculation of the sines and cosines of successive multiples ;
let u, be the value of sinn4 or cosnd, obtained by this process, and u,+z,
the corresponding correct value, we have then

un+x1|=(2_’k) (un-—l"'xn—l)_(un-—2+xn—2)y

also w,=(2— &) u,_; —u,_p, where & 1s the approximate value of # to » places
of decimals ; let (£ —4') u,,_,=y,, we have then

Un=(2—= k) Un—1~Up_3+ Yn,
hence Za=2—=k)Zp_1—Lpn_2—Yn
or Ly =20p0_1—Tp_g—2,, Where z,=y,+kr,_1;
this may be written (Lp = Zn-1)=(Tp_1—=Lp-2) = Zn,

whence (Tn1—Tn_2)=(Fn_2— Tp_3) = 2n_1,

Zy— =2 — 23 ;
therefore Zy— Ty =21— (2323t ... +2,) ;

the number £z, _, is very small compared with 2z, _,, hence ¥, + 4z, _, differs
msensibly from y,, hence each of the numbers z, z5 ...z, 1s less than 1/107,
therefore their arithmetic mean 4, is less than 1/107, thus

Tp =Ty =21 —<n_ 1) 0,‘,
Zp_y—Tn_g=8 —(n—2)0,_1,

xz—xl=xl-02,
or Zy=n2y— (03+203+...+n-18,);
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now 8y, 6;...6, are each numerically less than 1/107, hence
—(63+265+...)
is less than 42 (n - 1)/107, or
n  nn-=1)
T<iom * 2. 107 ’

.. n n?
a fortiori Za< {5m + GO e (a).

If in this formula m =12, »=10800,
108 | 5832

oot g4
< 0000000108 + 00..... 5832,

where there are - 8 zeros in the last decimal, hence 1f =15, z,< 00000007,
or u, 18 correct to seven places of decimals ; now 10800 x 10”=30°, hence the
sine or cosine of 30° will be found correct to seven places of decimals if when
calculating the sines or cosines of the multiples of 10” up to 30° we retain
15 places of decimals throughout the calculation. The formula (a) may be
applied 1n all such cases to determine the number r, so that #,, may be zero
to a certain number of decimal placesl.

T

ExAMPLE,

Prove that 1n order to calculate the sines and cosines of multiples of 10”
up to 45°, correct to 8 places of decimals, the values of sin 10”7, cos 10” being
known to 12 decimal places, it is necessary to retain 17 decimal places 1n the
calculation.

105. When a table of sines and cosines of angles at intervals
of 10”7, or of 1’, is required, it is only necessary to calculate the
values for angles up to 30°, we can then obtain the values of the
sines and cosines of angles from 30° to 60°, by means of the formulae

sin (30° + A4) + sin (30° — A) = cos 4,

€08 (30°—A4)—cos(30°+ A)=sin 4,
by giving A all values up to 30°. When the sines and cosines of
the angles up to 45° have been obtained, those of angles between
45° and 90° are obtained from the fact that the sine of arangle is
equal to the cosine of its complement, so that it is unnecessary to
proceed in the calculation further than 45°.

The method of calculating Tables of circular functions, which we have
explained, is substantially that of Rheticus (1514—1576) ; his tables of sines,
tangents, and secants were published in 1596, after his death. The earliest

3 This article has been taken substantially from Serret’s Trigonometry.
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table is the Table of chords in Ptolemy’s Almagest, for angles at intervals
of half & degree. Historical information on the subject of Tables will be
found in Hutton’s History of Mathematical Tables ; see also De Morgan’s
Article on Tables in the English Encyclopaed:a.

The verification of numerical values.

1U6. Tt is necessary to have methods of verifying the correct-
ness of the values of the sines and cosines of angles calculated by
the preceding method ; this may be done by the following means:

(1) We have formed in Art. 66 a table of the surd values of
the sines and cosines of the angles 3° 6°, 9° ... differing by 3°; we
can therefore calculate the sines and cosines of these angles to
any required number of places of decimals, then the values of the
functions obtained by the method of calculation above explained
may be compared with the values thus obtained. If necessary,
the values of the sines and cosines of angles differing by 1°30
may be obtained by means of the dimidiary formulae, and we
have thus a still closer check upon the calculations.

(2) There are certain well-known formulae called formulae
of verification, these are
cos (36°+ A)+cos (36°— A) =cos A +sin (18° + A4) +sin (18° — 4),
sin A =8 (36°+ A4) —sin (36— A) +sm (72°— 4) —sin (72°+ 4)
(Euler’s formulae),
cos A =sin(54°+ 4) +sin (54° — 4) —sin (18° + 4) —sin (18°— 4)
(Legendre’s formula).

The verification consists in the substitution of the values obtained
of the functions in these identities.

Tables of tangents and secants.

107. To form a table of tangents, we find the tangents of
angles up fo 45° from the tables of sines and cosines by means of
the formula tan 4 = sin 4 /cos 4; the tangents of angles from 45°
to 90° may then be obtained by means of Cagnoli’s formula

tan (45° + 4) = 2 tan 24 + tan (45° — A).
A table of cosecants can be formed by means of the formula

cosec A =tan$ 4 +cot 4, and a table of secants by means of the
formula sec 4 = tan 4 + tan (45° - § 4).
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Calculation by series.

108. A more modern method of calculating the sines and
cosines of angles is to use the series in Art. 99; if we put
m

™w
x=—.- we have
n" 2

in(Mooe) = (M. T\ L(m 7y Lm
S“‘f<7zg°)'<%'§>"3“z<n'2>+5x<n'2>

Moo _ ‘m T 1 zzlr‘_
cos(;90>— 2‘kn 2>+Zﬁ(n'2>

We thus obtain the formulae

s (mjn 90) = 157079 63267 94896 61923 13 m/n
—064506 40975 06246 26365 53 m/nd
+007969 26262 46167 04512 05 m/ud
—000468 17541 35318 68810 07 mifu
+000016 04411 84787 35982 19 m8/n
~000000 35988 43235 21208 53 mil/ull
+000000 00569 21729 21967 93 mi3jul
~0:00000 00006 68803 51098 11 mis/utd
+000000 00000 06066 93573 11 mi7/u
—000000 00000 00043 77065 47 mi%/nt®
+0:00000 00000 00000 25714 23 m/u
~000000 00000 00000 00125 39 m¥/n®
+0:00000 00000 00000 00000 52 m/nts

08 (m/n 90°)=1'00000 00000 00000 00000 00
-1:23370 05501 36169 82735 43 m/n?
+025366 95079 01048 01363 66 mi/nt
~002086 34807 63352 96087 31 m®/nd
+000091 92602 74839 42658 02 m¥ns
—0:00002 52020 42373 06060 55 mio/n
+000000 04710 87477 88181 72 mi¥jnt?
—0:00000 00063 86603 08379 19 mM/ni
+000000 00000 65659 63114 98 mio/ns
-0:00000 00000 00529 44002 O1 mis/ni®

| +0:00000 00000 00003 43773 92 m¥/n®
~0:00000 00000 00000 01835 99 m/n?
+000000 00000 00000 00008 21 m/n

. =000000 00000 00000 00000 03 m?/n
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Since we need only calculate the sines and cosines of angles up
to 45°, the fraction m/n is always taken less than %, so that very
few terms of the series suffice for the calculation to a small number
of decimal places. These series are taken from Euler's Analysis
of the Infinite, where they are given to six more decimal places.

Logarithmic tables.

109. When tables of natural sines and cosines have been
constructed, tables of logarithmic sines and cosines may be made
by means of tables of ordinary logarithms which will give the
logarithm of the calculated numerical value of the sine or cosine
of any angle; adding 10 to the logarithm so found, we have the
corresponding tabular logarithm. The logarithmic tangents may be
found by means of the relation L tand4 =10+ Lsin 4 — Lcos 4,
and thus a table of logarithmic tangents may be constructed. We
shall in a later Chapter give a direct method by which tables of
logarithmic sines, cosines, and tangents may be constructed.

Description and use of trigonometrical tables.

110. Trigonometrical tables, either natural or logarithmic,
are constructed as follows:—

(1) They give directly the functions for angles between 0°
and 90° only. the values of the functions for angles of magnitudes
beyond these limits may be at once deduced.

(2) The tables give the values of the functions of angles from
0° to 45°, and from 45° to 90°, by means of a double reading of
the same figures; the names of the functions, sine, cosine, tangent,
and also the degrees (< 45°), are printed at the top of the page,
and the coyresponding minutes and seconds are printed in the
left-hand column, the angles increasing as we go down the page;
again the names cosine, sine, cotangent, &c., and the degrees
(>45°), are printed at the bottom of the page, in the same
columns in which sine, cosine, tangent, respectively are printed
at the top; in the right-hand column are printed the minutes
and seconds for the angles which are complementary to the
former ones, these latter angles of course increasing as we go

H. T 10
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up the page. We give as a specimen a portion of a page of
Callet’s seven-figure logarithmic tables for angles at intervals'

of 10",

For example, in the third line of the column headed cosine,
we find that 99786012 is the tabular logarithmic cosine of the
angle 17° 50’ 20”, and reading the minutes and seconds in the
right-hand column we see that the same number is the loga-
rithmic sine of the complementary angle 72° 9" 40”. It should
be observed that the logarithmic sines and tangents increase
with the angle, whereas the logarithmic cosines and cotangents
diminish with the angle.

111. In order to find the functions corresponding to an angle
whose magnitude lies between two of the angles for, which the
functions are tabulated, we use the principle which we shall
presently investigate that, ewcept for angles which are either
very small or very mearly equal to a right angle, small changes
i the natural or in the logarithmic function of an angle are
proportional to the change in the angle itself.

For example, if the difference between two consecutive tabu-
lated values corresponding to a difference of 10" in the angle is ¢,

17 deg.
F' " sine dif. cosine |dif.|| tangent | dif. | cotangent | 7 | ’
|
50 | 0 | 94860749 9 9786148 9:5074602 04925398 | 0 | 10 [
655 68 722 |
10 | 9-4861404 654 99786080 68 9:5075324 792 0-4924676 | 50 |
20 | 9-4862058 654 9-9786012 68 9-5076046 799 0 4923954 | 40 !
80 | 9-4862712 9 9785944 9 5076768 0-4923232 9| 30
654 67 722
40 | 9-4863366 854 99785877 68 95077490 799 04922510 | 20
50 | 9-4864020 654 9 9785809 68 9°5078212 791 04921788 | 10
51| 0 | 94864674 9 9785741 9-5078933 04921067 | 0 | 9
654 68 722
10 | 9 4865328 654 9-9785673 68 95079655 791 0 4920345 | 50
20 | 9 4865982 653 9 9785605 67 9-5080376 752 04919624 | 40
30 | 94866635 99785538 95081098 0-4918902 | 30
654 68 721
40 | 9-4867289 653 9-9785470 68 9-5081819 791 04918181 | 20
j 50 | 9-4867942 653 9-9785402 68 95082540 721 0 4917460 | 10
|1 52| 0 | 94868595 9 9785334 9°5083261 04916739 | 0
” cosine | dif, sine dif. || cotangent | dif. | tangent | ” | ’
72 deg.
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the difference between the values of the function for the smaller

tabular angle and an angle greater than this angle by y” is La;

10
the increase of the function for an increase 10” of the angle is &,

and that for an increase 3” (< 10”) is that fraction of a which
y"” 18 of 10”. In the specimen of Callet’s tables which we have
given, the differences between consecutive logarithms are given
without the decimal points in the columns headed dif.

For example, suppose we wish to find Lsin17° 51’ 13", we find from the
table
Lsinl17° 51’ 10"=9-4865328,

Lsin17° 51’ 20" =9 4865982,
dof. =654 ;
we have ;% x 654=196-2, hence we must add 0000196 to the first logarithm
and we obtamn Lsin17° 51' 13”=9 4865522
Again suppose we require the angle whose tabular logarithmic tangent
18 95082032, We find from the table that the given logarithm lies between

the two
Ltan17° 51’ 40" =9 5081819,

Ltan 17° 51’ 50” =9 5082540,
dif.=721;
the difference between the given logarithmic tangent and the first obtained
from the table 1s 213, hence the angle to be added to 17° 51’ 40” is

#38x10"=2"9 approximately, hence the required angle 13 17° 51’ 43"
approximately.

The principle of proportional parts.

112. We shall now investigate how far, and with what excep-
tions, the principle of proportional increase, which we have assumed
in the last Article, is true.

Suppose « to denote any angle, and f () to denote a natural
or logarithmic function of z, we shall shew in the various cases

that if A be) any small angle measured in circular measure, added
to z,

S(@+h)—f(x)=hf'(z) + I*R,
where f’(z) is another function of «, and R is a function which
remains finite when 2=0. From this we see that, provided & be
sufficiently small, f(z+h)—f(z) is for a given value of z pro-
portional to A, and it will appear that in general A*R will be so
10—2
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small that it will not affect the values of the functions to the
number of decimal places to which they are tabulated; hence

w 1s constant to the requisite number of decimal

places for a given value of 2. However, two exceptional cases will
arise.

(1) If x be such that f’(z) is very small, then the diff.rence
S (@ + h)— f(«) may vanish, to the order in the tables; the difference
f(x+ k)~ f(x) is then said to be insensible, and in that case two
or more consecutive tabulated values of f(z) may be the same.

(2) If x is such that R is large compared with f’(x), the
term A*R may not be small compared with Af’(z); in this case
the difference f(z+h)—f(x)1is not proportional to %, and is said
to be irregular.

In either of these cases (1) and (2) the method of proportions
fails, but we shall shew how by special devices the difficulties are
obviated.

The student who 18 acquamted with Taylor's theorem will see that the
formula given above 1s really the special case of Taylor’s theorem

Flath) =7 (@) +hf (@) +302F" (24 8h),
where 8 is between 0 and 1, thus R=1s"(x+6k), and the error made in
assuming f(x+4)—f(2)=Af" (x) hes between the greatest and least values
which 4A2f"” (z) assumes between the hmits :=x and z=z+4.

113. First let f(z) =sina,
then sin (z 4 h) =sinz cos h + cos #sin k,
or sin(z+h)—sinz=cosz(h—}h*+...)—sinz(Fh2—Jhi+...)

= hcos « — $h*sin z + higher powers of & ;

in this case f’(x) = cos x, and the approximate value of R is — § sinz;
thus sin(¢+h)—sinz=lcosz—3hsinw............(1)
is the approximate difference equation.

Similarly it may be shewn that, approximately,

cos(z +h) —cosw=—hsinz — }htcosz . e (2)
. sin b
Again tan(z + h) — tanz = cos & cos (5 + 1)
h

cos’z—hsinzcosz’

or, approximately,
tan (x + k) — tan @ = hsec*x + A*sec*ztana ...... (3).
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Also L sin (z + h)— L sin z =log S_nlgl_';_'i)
=log (1 —4A*+hcot z),
or Lsin (2 4+ h)— L sinz =hcot z — }h* cosec*z ...... (4).
Similarly Lcos(z+ h)— L cos z=—htanz — yh?sec’z...... (5),
Ltan (@)~ Ltana= — whcos - ’:::;ZZ ...(6).

In each case we have found only the approximate value of R,
that is to say, we have left out the terms involving cubes and
higher powers of h. It appears from these six equations that
if & is small enough, the differences are, for values of # which
aré neither small nor nearly equal to a right angle, proportional
to k. The following exceptional cases arise.

(1) The difference sin (z +h) —sinz is insensible when «
is nearly a right angle, for m that case hcosz 1s very small; it
is then also irregular, for $A*sma may become comparable with
h cos z.

(2) The difference cos(z + h)— cosz 18 msensible when z is
small; it is then also irregular.

(3) The difference tan(z + h)—tana is wrregular when =
is nearly a right angle, for A*sec’xtanz may then become
comparable with h sec®a.

(4) The difference Lsin(2z+h)~ Lsina 18 irregular when
@ 1s small, and both insensible and irregular when z is nearly
a right angle.

(5) The difference Lcos(x+ h)— Lcosx is sensible and
irregular when « 1s small, and irregular when 2 1s nearly a
right angle.

(6) The difference L tan(z+ h)— Ltanz is irregular when
x is either small or nearly a right angle.

It should be noticed that a difference which is insensible is
also irregular, but that the converse does not hold.

In order to investigate the degree of approximation to which the principle
of proportional parts 18 in any case true, 1t 18 the simplest way to consider the
true value of & ; in the case of sin (#+2)—sina the true value of the second
term is — 4A%s8in (v +6k), where 6 is between O and 1; if the table is for

2
intervals of 10", the greatest value of §A% is § <6~O~x~égwm6) or §(°00005)%;
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this gives no error in the first eight places of decimals; in the case of
tan (z+4A)—tanx the error is (‘00005)2sec?(x+ 6k)tan (x+6k); hence when
tan 2+ tand £=40, the error will begin to appear in the seventh place of
decimals. In the case of Lsinx there 1s no error in the seventh place of
decimals if £>5°

114, When the differences for a function are insensible to the
number of decimal places of the tables, the tables will give the
function when the angle is known, but we cannot employ the
tables to find any intermediate angle by means of this function;
thus we cannot determine x from the value of L cosz, for small
angles, or from the value of Lsin, for angles nearly equal to
a right angle. When the differences for a function are irregular
without being insensible, the approximate method of proportional
parts is not sufficient for the determination of the angle by means
of the function, nor the function by means of the angle; thus the
approximation is inadmissible for L sinx, when z is small, for
L cosz. when z is nearly a right angle, and for Ltanz in either
case.

In these cases of irregularity without insensibility, the following
means may be used to effect the purpose of finding the angle
corresponding to a given value of the function, or of the function
corresponding to a given angle. '

(1) We may use tables of Lsinz, Ltanz for the first few
degrees calculated for angles at intervals of one second, and for
L cosz, Ltana for the few degrees near 90°, calculated for each
second ; Callet gives such a table in his trigonometrical tables; we
can then use the principle of proportional parts for all angles which
are not extremely near zero or a right angle.

(2) Delambre’s method.

This method consists of splitting L sin« or L tan # into the
sum of two terims, the differences for one of which are insensible
for values of # near those at which the irregularityetakes place,
and the differences for the other one are regular; the difference
for the first of these terms is irregular, but this is of no con-
sequenke, owing to its being also insensible. Thus if # be the
circular\;\neasure of n’ a small angle,

Lsinn' = (logEZ—w + La) + log n,
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Ltann"= <log t{——:icﬁ La) + logn,

wherte « is the circular measure of 17,

k

Now log (n + h) — logn = log (1 + ﬁ)
h R .
=n T om T

hence the differences for log n are regular, if A be small compared
with n.  Also the differences for log Si%zf, log Ei:—x are insensible,

for

log

sin(a:+h)_lo sinw_lo sin(.ar:+h)_10 z+h
z+h 8% = sin & 82
I

h? ..k
=hcotm-——2—cosec 2——+55
R /1

—l< t —1)+~<—-cosec’w)
=h(cot w—— 5\

tan x

—h( 1 _]_>+If<_4'0052a:+l>_
" \smazcosz x/ 2\ sin*2z 2%/’
each of these differences 1s insensible since the coefficient of A is
small when « is small.

tan
x
constructed for the first few degrees of the quadrant, we may use
these tables in conjunction with the tables of natural logarithms
of numbers to find n accurately when L sinn” or L tann” is given,
and conversely.

z
+ La are

If tables of the values of loggg ¥+ La, log

If Lsinn” or Ltann” is given, find the approzimate value

of n; then from the table we get the value of logf;—lg—x-+La or

log E‘—J‘% -;- La, either of which changes very slowly; then logn is

given by the value _
— sin &
Lsinn" - <logT + La),

or L tan n” ~ (log t{;—rﬁ + La) )
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and we find n accurately from the table of natural logarithms. If

n i given, the table gives the value of log gx:‘_x + La, and sinn” is
then found by the formula.
(3) Maskelyne's method.

The principle of this method is the same as that of Delambre’s.
If # is a small angle, we have

sin @ a and 3 . )
— = 1- 5= <1 - §> = cos® «, approximately ;
 hence log sinx = log z + § log cos ;

when « is a small angle the differences of log cosz are insensible ;
hence it is sufficient to use an approximate value of cosz If
log sin  is given we find an approximate value of z, and use that
for finding log cos«; « 1s then obtained from the above equation.
If « is given we can find log # accurately from the table of natural
logarithms, and also an approximate value of log cosz: the formula
then gives logsinz. We can shew, in a similar manner, that
log tan « is given by the formula log tan z = log = — § log cos «.

ExAMPLE.

Shew that the following formula 1s more nearly true than Maskelyne'’s :—

log sin §=log § — 'z log cos  + ¢4 log cos 4 4.

Adaptation of formulae to logarithmic calculation.

115. In order to reduce an expression to a form in which the
numerical values can be calculated from tables of logarithms, we
must make such substitutions as will reduce the given expression
to the product of simple expressions; this may be frequently
done by means of one or more subsidiary angles, as the following
examples will shew,

(1) Wa*+b* = a?secd ¢, where tan ¢ = b%/a?; hence
log Va® +b* = 2 log a + % (L sec ¢ — 10),
where Ltan =10+ 3 (logb—loga);

thus ¥a®+?* can be calculated by means of logarithmic tables,
¢ having first been found from the tables.
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(2) acosa+bsina=acos(a—¢)secd, where tan ¢ = b/a;
hence /
log (acosa+bsina)=1loga+ Lcos(a—¢)— Lcos ¢,
where ¢ is found from

Ltan ¢ =10+ logh - log a.

116. To calculate numerically the roots of a quadratic
equation supposing the roots to be real.

Let aa® + bz + ¢ =0 be the equation, and first suppose @ and ¢
to be both positive. We have tan?d —2cosec20tanf+1=0;

now let @=ywc/a, the equation becomes y?+ by/Nac+1=0;
hence if sin 20 =2 Vac/b, the quadratic 1n y will be the same as
that in — tan 6, the roots of which are —tan §, —cot @; thus the

roots of the given quadratic are —+/c/a tan @, — ~c/a cot #, where

sin 26 = 2 Vac/b, and hence the roots may be calculated by means
of logarithmic tables.
If @ and ¢ are of opposite signs, we may take the quadratic

to be as?+br—c=0; in this case put z=y~c/a and it reduces
to 924 by/Nac—1=0; comparing this with the equation
tan?@ + 2cot 20tan § —1=0

we see that if tan 26 = 2+ac/b, the roots of the quadratic in
are Vcjatan @ and — c/a cot 6.

117. To calculate the roots of the cubic #®+qz+r=0
supposing them all to be real. We shall suppose ¢ to be negative.
Consider the equation

sin®@ — §sinf + sin36=0;
let =1y v — 4¢/3, then the equation in & becomes
¥ =ty +r (=34t =0;
this will be the same as the cubic in sin 6, if
s1n 36 = dr (- 3/4q)¥ = (= 2T19/4g))};
hence the values of « are
V=4¢/3sinf, V—4q/3sin(0+3m), ~—dg/3sin(d+ §m),

the condition that sin 36 $ 1 is the condition that the roots of the
cubic are all real.
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We shall shew in a later Chapter how to calculate the roots of
a cubic when two of them are imaginary.

The processes by which we have solved the quadratic and
cubic equations shew that the two algcbraical problems are really
equivalent to the geometrical problems of bisecting and trisecting
an angle respectively. It follows that a quadratic equation can
be solved graphically by means of the ruler and compasses only,
whereas the cubic can not in general be solved graphically by
these means, since they are inadequate for solving generally the
geometrical problem of trisecting an angle.



CHAPTER X

RELATIONS BETWEEN THE SIDES AND ANGLES
OF A TRIANGLE.

118. IF ABC be any triangle, we shall denote the magnitudes
of the angles BAC, ABC, ACB by A, B, (' respectively, and the
lengths of the sides BC, CA, AB by a, b, ¢ respectively. We
shall, in this Chapter, investigate various important formulae
connecting the sides a, b, ¢ of a triangle with the circular functions
of the angles. These formulae will atford the basis of the methods
by which we shall solve a triangle in the various cases in which
three parts of the triangle are given.

119. From the fundamental theorem in projections we see
that the sum of the projections of BA, AC, on BC, is equal to BC,
and that the sum of their projections on a perpendicular to BC is
zero. Expressing these facts we have, since the positive direction
of AC makes an angle — C with the positive direction of BC,

A

/

B L ) B c L

BAcosB+ ACcosC=a,
or ccos B+ bcosC=a,
and BAsin B—-ACsinC=0, or ¢sinB—-bsinC=0,
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which may be written b/sin B = ¢/sin C. These relations and the
corresponding ones obtained by projecting on and perpendicular to
each of the other sides, in turn, may be written

a=bcos C+ccos B

b=ccosA+acosC }.... ..cceninnnnnn. (1),
c=acos B+bcosd ‘
afsind=0bfsinB=c/sinC......ccccuu...... )

The equations (2) express the fact that, i any triangle, the
sides are proportional to the sines of the opposite angles.

120. The relations (2) may also be proved thus:—Draw the
circle circumscribing the triangle ABC, and let R be the length
of its radius, then the side BC is equal to twice the radius multi-
plied by the sine of half the angle BC subtends at the centre
of the circle, that is

BC=2Rsin4 or 2Rsin(180°- 4),
hence a = 2R sin 4; similarly
b=2Rsin B, and ¢=2RsinC,
hence afsin A = b/sin B =¢/sinC = 2R.

These relations (2) may also be deduced from (1), writing the first two
equations (1) in the form

a—bcos C—ccos B=0,
—acos C'+b—ccos 4 =0,
we can determine the ratios of a, b, ¢; we obtain .
e b e
cosCcos A+cosB  cos BcosC+cosd~ 1—cos?(’
a _ b ¢
snAsinC smmBsinC smn?C

To deduce (1) from (2) we have

hence , or afsin A=b/sin B=c/sin C,

a=§l—:1lz sin (B+C) =§Ba~;’ (sin Bcos C+cos Bsin C);

|
b . c Y
hence =sopn BcosC+m,cosBsm C=bcos C+ccos B,
which 18 the first of the relations (1).
If we elimmate a, b, ¢ from the three equations in (1), we obtain the
relation cos? 4 4-cos? B+cos? C'+2 cos 4 cos Bcos O=1, which_holds between
the cosines of the angles of a triangle.
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121. If we multiply the equations in (1) by —a, b, ¢ respec-
tively, and then add, we have
B+ ct—=a?=2bccos 4,
which gives an expression for the cosine of an angle, in terms of
the sides; we may write this relation and the two similar ones for
cos B, cos C thus
a?=0*+ c*— 2bc cos 4
VP=c*+a*~2cacos B} .ooveeeenrnninnes (3).
= a*+ b*— 2ab cos C

122. We may obtain these relations (3) directly by means of
Euclid, Bk. 11. Props. 12 and 13. If AL be perpendicular to BC,
we have, when (' is an acute angle,

AB*= AC*+ B(* -2BC.(CL,
and when C is obtuse
ADB*=AC*+ BC*+2BC.CL;
in the first case CL = AC cos C, and 1n the second case
CL=ACcos(180°—C)=—ACcosC;
therefore in either case
¢t=a®+ 0* — 2ab cos C.

To deduce the relations (2) from (3) we have
b+ c?—a?
cos A =- “obs
therefore
4022 = (D242 —a?)?  (2be+ D2+~ a?) (2bc+ a? - 12— ()
abi T abrer

or SmZA=(a+b+c)(b+c—z?)§z:—a—b)(a +b-c)

s A=

in?
thus sin? 4

2

18 equal to the symmetrical quantity
(a4+b+c)b+e—a)(c+a=Db)(atb-c)
datbic? !
sim?4d  sm?B sm2(C
a? =

hence

e
from which (2) follows.

To deduce (1) from (3), divide the first two equations of (3) by ¢, and then
add them ; we get

2.4 12 242
g—:2=2c+%b—-2(bcoszi+acosl}), or c=bcosd+acos B



158 RELATIONS BETWEEN THE SIDES AND ANGLES OF A TRIANGLE

123. We have
sin*4 4 =4(1—cosd), cos?4A=3(1+cosd);

hence ,
2 2 __ 2 2 . 12
sin* 34 =4 (1~ ’i—““—;ba—‘-‘—’) costgd =4 (14255,
or

sintg4 = @+0

—c)(a—b+c) COSQ%A=(a+b+C)(b+C_u).

4bc ? . ddbc
Now let 2s=a+b+c¢, then 2(s—a)=b+ ¢ —a, and we have
. _(s=b(s—0) . _‘?_(f:_a_z_
sin?3 4 = b costdd =
therefore
. _ (s—b)(s—c)}% _ s(s—a)}f
sm%A—{——bz*— , cos%A-—{ e }
. _[s=d)(s—on? :
tan 34 = {8—(3__@_} .................. ®);

these formulac are more convenient than (8) as a means of
determining functions of the angles when the sides are given,
because they are more easily capable of being adapted to
logarithmic calculation.

sinB_sinC

124. Since ——, we have
b c
sinB+sinC _b+c or 2sm%(Bi-C’)cos%(B$Ci)_bic
sind ~ a ’ 2sin3(B+C)cosy(B+C) a °’

b+c cos}(B-C) b—c¢ sin}(B-C)

hence a cosd(B+C) and — “sin (B4-C)’
_(b+c)sin}d _(b—c)coss 4
or a_cos§(B~(/’)’ a_siné(B—é"f ......... (5),

we obtain by division the formula
b-c ’
tan%(B—C):mcotQ‘A ............... (5)

To prove these formulae geometrically, with centre A and radius 4B
describe a circle cutting AC in D and E; draw DF parallel to BE, then
Ck=b+tc, DC=c—~b, DEB=}4, DBF=C+4A4-90"=4C-}4B. We have

CD _sin DBF b-c sin}(B-0)
0B smcDB * o = cospd
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al bte_OE_EB_ BDcotdd - cotdd .

iso ¢c~b_ 0D~ DF~ BDtan}(C-B)" tan} (C=B)’
b-ec

hence tan % (B - C)=b+—c cot 3 4.

The area of a trangle.

125. The area of a triangle is half that of a parallelogram on
the same base and with the same altitude; if the side a is the
base, the altitude is bsin € or ¢sin B, we have thus the expressions

, 4absinC and 4acsinB
for the area of the triangle; the area of a triangle is therefore
half the product of any two sides multiplied by the sine of the
wncluded angle.
Using the expression for sin 4. found in Art. 122,

2—});«/(a+b+c)(b+c—a)(c+a—b)(a+b—c),
we have for the area of a triangle the expression
IV@+b+c)y(b+c—a)(cta—b)(a+b-oc),

or N3(s=a)(s—=0) (S =€) -evvererrrennnnns (6);

this formula was obtained by Hero of Alexandria! (about 125 B.C.).
The formula (6) may also be written

V20 + 2c%a* + 2a%0* — a* — b* — ¢\

1 See Ball's History of Mathematics, p. 82, where the original geometrical proof
of the formula is given.
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Variations in the sides and angles of a triangle.

126. We shall now investigate the relations which hold
between small positive or negative increments in the values of
the sides and angles of a triangle. Suppose three of the parts of
a triangle to have been measured, of which one at least is a .ide,
the other three parts will be determined by means of the formulae
of this Chapter; the relations between the increments of the parts
will enable us to find the effect in producing errors in the values
of the latter three parts of small inaccuracies in the measurement
of the former parts. We shall suppose that the increments are so
small that their squares and products may be neglected.

Suppose 4, B, C, a, b, ¢ to be the values of the angles and
sides of a triangle, as ascertained by the measurement of one side
and two angles, two sides and one angle, or the three sides, the
other three values being connected with the three measured ones
by means of the formulae given above. If the three parts have
been measured inaccurately, there will be consequent inaccuracies
in the values of the other three parts as found by the formulae;
let A +384, B+06B, C+43C, a+da, b+ b, c+ 8¢ be the accurate
values of the angles and sides; we shall obtain relations between
the six errors 64, 6B, 6C, éa, &b, 6c. It will be convenient to
suppose the increments of the angles to be measured in circular
measure; they can however of course be at once reduced to
seconds.

We have csinB—bsinC =0,
(c+ &¢c)sin (B + 8B) — (b + 8b)sin (C' +8C)=0;
since, when the squares of 8B, 8C' are neglected,
sin (B+ 8B)=sinB+8Bcos B, sin(C+3C)=snC+8CcosC,
we have, (¢ + 8¢) (sin B+ 8B cos B) — (b + 8b) (sin €'+ 8C cos 0)=0,
hence if we neglect the products 8¢, 8B, b, 8C, we have *
ccos B.6B+sinB.8 —bcosC.8C —sin C. 8 = 0.
This, with the two corresponding equations, may be written
sin (.8 —sin B.dc=ccos B.8B—bcos (. 8C
sind.8 —sinC.8a=acosC.8C ~ccosd .84 }....(7).
sinB.8a—sind.8b=bcosd.84—acosB.B
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Also SA+3B+80C=0..ccueereerirrnnrnnen... 8),
in virtue of the relations
A+B+C=m, A+84+B+8B+C+8C=m.

The equations (7) are not independent, as may be seen by
writing them in the form

‘.351.’_%0=cot3.33-cow.so,
d_da_ 0. 80—cotA. B4,
C a
§g—§§=cotA.8A—cotB.SB,
a b

which shews that any one of the equations may be deduced from
the other two.

The system consisting of two of the equations (7) and the
equation (8) is sufficient to determine any three of the six errors
when the other three are given, except that one at least of the
three given errors must belong to a side.

By eliminating 8B, 8C, between (7) and (8), we obtain an
equation giving 3a in terms of 8b, 8¢, and 84 ; this may however be
found directly from the formula a®=b*+ ¢*— 2bc cos 4 ; we obtain

ada=(b—ccosA)8b+ (c—bcosA) dc+bcsin A84, .
which, with the two corresponding formulae, becomes, in virtue
of (1),

M ada=acos C.8b +acosB.8c+ bcsind .84

b8 =bcosA.8c+bcosC.8a+casinB.8B) ...... (9).
cdc=ccos B.8a+ccos A.8b+ absin C'.8C

Relations between the sides and angles of polygons.

127. Let a,, a,, as...a, denote the lengths of the sides, taken
in order, of any plane closed polygon, and let a,, a,...a, denote the
angles, measured positively all in the same direction, which these
sides make with any fixed straight line in the plane of the
polygon; then from the fundamental theorem in projections in
Art. 17, we have, projecting on the fixed straight line and
perpendicular to it, the two relations

@, CO8 a; + A3 COS Ay + ...t +apcosa,=0,
a;,8ina, + a;8in ag+ ...... +apsina,=0
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Now let the line on which the projection is made be the side an;
if we denote by B, the external angle between a, and a,, by 8, the
external angle between a, and a,, &c., then

=08, t=F+ B =P+ B+ B, &c., a,=2m,

we have then .
a,co8 B, +agcos (B, + By)+ ascos (B + Lo+ By) + ... +a,=0) «
@, sin B, + a,sin (B, + Bo) + assin (B, + By + Bs) + ... (10),

+auSin(Bi+Bo+ ... +Br)=0
the two fundamental relations between the sides and angles of a
polygon. If there are only three sides, these relations reduce to
(1) and (2) respectively, remembering that 8, =7 — 4,, B, =7 — A4,.

128 In the first equation in (10), take a, over to the other
side of the equation, then square both sides of each equation and
add; in the result the coefficient of 2a,a, is

cos (Bi+ B+ ... + Br)cos(Br+ B+ ... + Bs)

+sin (B + B+ ... + B)sin (B + Lo+ ... + By),
or Cos (BT+1 + ,Br+2 +...+ :88) 5
this is the cosine of the angle 6,; between the positive directions
of the sides a, and a,; we thus obtain the formula
an?=a+al+...+ an_* + 2a,a,c08 0, + ...+ 2a,a,c08 0,,+...(11),
which is analogous to the formulae (3), to which it reduces when
n=3. In the formula (11), » and s are each less than n and are
unequal.

The area of a polygon.

129. The area of a polygon is given by the expression
3 (00,80 O+ ... + 0,080 0,54+ ...) ... (12),

or }3a,a,sin ,,, the summation being taken for all different values
of » and s; if we suppose s is always the greater of the two
quantities » and s, the angle 6, is, as in the last Article, the
sum of the external angles B, + Bria+ ... +8,. To prove this
formula, we shall first shew that in the case of a triangle it
reduces to the expression 4a,a,sin 4,, and shall then shew that
if it holds for a polygon of n —1 sides, it also holds for one of
n sides.
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We have in the case of the triangle A4,4,4,;, in which
A 4,=ay,
bp=m—A,, Oy=7—A4,, Oy=2r—A,— A,,
hence in this case $2a,a, sin 6,, is equal to
L (a,a,8in A, + a,a,8in Ay —a,a58in 4,) or fa,a,sin 4,,
thus vhe formula holds when n = 3.
Now suppose the formula true for a polygon of sides

8o that the area of the polygon is
$30,0, 810 6,5 + 3@ 0y 20,810 0, 4,
where r and s are each less than n — 1. Now replace the side a5,
by two sides as—,, @,, thus making a polygon of n sides; we have
to add fan—ansin 6,_, ,; the area of the polygon of n sides is
then
350,0e510 0,5+ 50 1 2, SID O py,r + 3 Ap @ SIN G,y e
Now we have, by projecting the side a’,—, on a,,
@y SNy = any 8100, 4+ ansinb, ,,
hence the above expression becomes
$3a,a,810 0,5+ 420, (2, 8in 6, 5y +@, 8100, )+ Ay @nSING, 0,
or $3a,a, 80 O,,,
where r and s have all different values from 1 up to », such that
r<s.

The formula (12) has been shewn to be true when n =3, and
is therefore true for n = 4, &c., and therefore holds generally.

It should be observed that in the formula (12) the coefficient
of @, vanishes, in virtue ot the second equation in (10); the
formula thercfore becomes %Za,a,sin 6, ;, where r and s hawe all
values from 2 up to n, s being always greater than 7.

112
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EXAMPLES ON CHAPTER X,

Prove the following relations in Examples 1—11, for a triangle 4 BC.
1. asin(B-C)+bsin(C—-A4)+csin (4 - B)=0.

2.. adcos 44 b3cos B+c3cos C=abe (144 cos 4 cos BeosO).

3. a’cosC+c’cosA=9—2-%l{bz+(c—a)’}.

4. acos Acos24+bcos Bcos2B+ccosCcos2C

+4cos Acos Bcos C(acos A +bcos B+ccos C)=0.

atcos 2 (B—-C)=blcos2B+c3cos 20+ 2bccos(B-C).
ad3cos(B—-C)+b3cos (C— A)+c3cos (4 — B)=3abe.
c3=a3c038 3B+ 3a2bcos (2B — A)+3ab?cos (B—24)+b3cos 34.

®» N o o=

(cot3 4 —tan} B—tan}C)d + (cot 1 B—tan 1 C—tan 4 4)}
+(cot 3C—tan} A —tan 3 B)d=(cot 3 4 +cot 3 B+cot 30)3.
9. b24c?—2bccos (4 +60°)=c3+a?—2ca cos (B+60°)
=a?+4b%-2abcos (C+60°);
interpret this result geometrically.
10. cos}Bsin(3 B+C):cos4Csin(3C+B)::a+c:a+b.
11. (a+b)sin B=2bsin (B+4C)cos4C.

12. Prove that, if the sides of a triangle be in a.p., the cotangents of its
semi-angles are in A.P.

13. If the squares of the sides of a triangle are in A.p., shew that the
tangents of its angles are in H.P.

14. If 1-cosd, 1-cos B, 1—cosC are in H.P., shew that sin 4, sin 5,
sin C dre in H.P.
15. If b—am=me, prove that A=cos~1(mcos}C)—3C,

14+mcos B

and ot §(B-d)m——ep
16. Prove that, in a triangle, cos A +cos B+cos C>1 and $3.

17. Prove that, in a triangle, tan?} Btan?} C'+tan?4Ctan?$d +tan’4 4
tan?} B<1, and that if one angle approaches indefinitely near to two right
angles, the least value of the expression is }.

18 Prove that a triangle is equilateral if cot 4 +cot B+ cot C'=4/3.
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19. Ifin a triangle,

cosec 4 cosec B cosec O+ 4 cot A cot Bcot C
=sec} dsec4Beec}C+4tang Atan$ Btan}C,
prove that one angle is 60°.

20. If in a triangle, cos 4 = cos B cos C, prove that cot Bcot C=4}.

21. If 4 be an angle determined from cos 0=a—;—b, prove that

(a+b)sing csind
4-B)y=—"7"—— d A =,
cos 4 ( ) W and cos4(4+B) Tvab

22. If O is & point inside an equilateral triangle, prove that
BO*+C0%- 40?
280.C0

23. If c=b+4a, and BC is divided in O so that BO: OC:: 1 : 3, prove
that £ 4C0=2, 40C.

24. If CD, CF make equal angles a with the base of a triangle 4BC,
shew that area ABC : area CED :: ¢ : 2bsin 4 cota.

26. If AB be divided in C, D, so that 4C=CD=DB, and if P be any
other point, prove that sin 4 PDsin BPC=4sin 4 PCsin BPD.

cos (BOC'- 60°)=

26. If the sides of a parallelogram be a, b, and the angle between them
be o, prove that the product of the diagonals is {(a2+ %)% — 4a2b3 cos? m}g'.

27. If D is the middle point of the side BC of a triangle, and £ BAD=4,
L CAD=¢, shew that cot  — cot p=cot B-cot C.

28. A straight line divides the angle C of a triangle into segments a, 3,
and the side ¢ into segments #, y, and is inclined to this side at an angle 4 ;
prove that xcota-ycot B=ycot 4 —xcot B=(x+y)cotd.

29. If the sides of a triangle are in A.P, and if the greatest angle exceeds
the least by 90°, prove that the sides are as \/7+1 : /7 : /71
30. Prove geometrically, that in any triangle
@ cos §=bcos (C - 8)+ccos (B+6), 8 being any angle.
If a, b, ¢ denote the sides 4B, BC, CD of any plane quadrilateral, shew that

asin 4 -bsin(4 - B)+csin(4d-B-C)

acosA—bcos(A—B)+CCOB<A_B_0)==t&n 24.

31 If a..triangle ABC be such that it is possible to draw a straight line
4D meeting BC in D, so that £ BAD is one-third of £ BAC, and also BD is
one-third of BC, prove that a?b?= (b2 c?) (b*+8¢%).

32. BC is a side of a square; on the perpendicular bisector of BC, two
points P, @ are taken, equidistant from the centre of the square; BP, C'Q are
joined and cut in 4 ; prove that in the triangle 4BC,

tan 4 (tan B~ tan C)3+8=0.
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33 If Y2422 —2yzco8 a=a?
22422 -2z c08 B=b2) and a+B+y=2m,
a8+ y3—2rycosy=c?
prove that
(yzsin a+2x sin B+ay sin y)=} (26%c3 +2c%a® +2020% — at — bt —ct).
34. If 4, B, C are angles of a triangle, and z, y, z are real quantities
satisfying the equation

ysinC-zsinB _ zsind-xsinC
g—ycosC—zcos B y—zcosA—zcos(’
z Y z

then will nd =B sne
35. Prove that the area of the greatest rectangle that can be inscribed 1n
a sector of a circle of radius R is R2tan4a, where 2a is the angle of the

sector.

36. Shew how to construct the right-angled triangle of mimimum area
which has its vertices on three given parallel straight lines; and if e, b are the

distances of the middle line from the other two, shew that the hypothenuse
makes with the parallel lines an angle cot ! g;_’_:.

37. If the angles of a triangle computed from shightly erroneous
measurements of the lengths of the sides be 4, B, C, prove that if q, 8, y be
the approximate errors of lengths, the consequent errors of the cotangents of
the angles are proportional to

cosec 4 (Bcos C+ycos B—a), cosec B(ycos A +acos(-B),
cosec C'(acos B+Bcos 4 ~y).

38. Prove that, if in measuring the three sides of a triangle, small errors
z, y be made in two of them «, b, the error in the angle C is

-(fcotB+‘7lcotA),
a b

and find the errors in the other angles.

89. The area of a triangle is determined by measuring the lengths of the
sides, and the limit of error possible either in excess or defect in measuring
any length is 2 times the length, where 15 a small quantity. Prove_that in
the case of a triangle of sides 110, 81, 59, the limit of error pdssible in its
area is about 3 1433 times the area.

40. Prove that the cosines ¢, ¢,, c3, ¢; of the four angles of a quadri-
lateral satisfy the relation

(et +es*+agt + o) - 2 (e + e +eey? + e e+ odey + o eg?)
+4 (cles ot +eg?ederd + B eylog + o et eg?)
+4ei050304(2 =012~ gt = gt — ¢?) =0,



CHAPTER XI.

THE SOLUTION OF TRTANGLES.

130. WE shall now proceed to apply the formulae obtained
in the preceding Chapter to the solution of triangles, that is,
when the magnitudes of three of the six parts.are given, to find
the magnitude of the remaining three parts; one at least of the
three given parts must be a side. We shall generally select such
formulae as can be used for numerical computation by means of
logarithms, as these formulae only are of use in practice.

The solution of triangles 1s made to depend upon a knowledge
of the numerical values of circular functions of the angles, hence
since such circular functions are the ratios of the sides of right-
angled triangles, it is seen that the solution of all triangles is
really performed by dividing up the triangles into right-angled
ones.

The solution of right-angled triangles.

131. Suppose the angle C' of a triangle to be 90°, then this
is one of the given parts, and we can solve the triangle in the
various cases in which there are two other parts given, one at
least being a side.

(1) Suppose the two sides a, b to be given; then the angle
A can be determined from the formula tan A = a/b, and B is then
found as the complement of 4 ; also ¢=a cosec A4, which deter-
mines ¢, when A has been found; the logarithmic formulae for
solving the triangle are then

L tan A =10 + log a — log b,
B=90°-4,
log ¢ =loga — Lsin 4 + 10.
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(2) Suppose the hypothenuse ¢ and one side a to be given;
then the angle A4 is determined by means of the formula
sin A =a/c, B is found as the complement of A4, and b is found
from the formula b =ccos 4, or from b*=¢*—a?

The logarithmic formulae are

Lsin A=10+log a —logc,

B=90°- 4,
and logb=1logc+ Lcos4~—10
or log b=14%log (¢ + a) + % log (¢ — a).

(8) Suppose the hypothenuse ¢ and one angle A are given,
then B is found at once as the complement of 4; a is found
from a=csin 4, and b as in the last case.

The formulae. are

loga =1logc+ LsinA -10,

B=90°-A4,
logb=1logc+ Lcos A—10
or log b =14 log (¢ +a)+ % log (c - a).

(4) Suppose one side a and one angle A4 to be given, then B
18 90° < A4, ¢ is acosec 4, and b is found as in the last two cases;
the formulae are

log ¢ =loga — Lsin 4 + 10,

B=90°— A4,
logb=1logc+ Lcos 4 -10
or log b =4 log (¢ + a) + 4 log (¢ — a).

132. In certain cases, the formulae of the last Article are
inconvenient, for example in case (2) if the angle 4 is nearly 90°,
1t cannot be conveniently determined from the equation sin 4 =o/c,
since the differences for consecutive sines are in this case in-
sensible, we therefore use another formula; from the theorem (4)
of Chap. X. we obtain btan{4B=c—a, bcot§4B=c ?— a, hence

c—a . c—a .
tan’&B=m, thus we have tan(45°—14)= (m) , and this
formula, being free from the objection, may be used to determine 4.

Again, in cases (3) and (4), the formula b=ccos 4 is in-
convenient if A is very small; we may then use the formula
b=c—csindtan} 4.
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133. Various approximate formulae may be found for the solution of
right-angled triangles. Let us denote by a, 8 the circular measures of the
angles 4, B respectively.

(1) An approximate form of the formula a=ccos B is

a=c(1-3B%+4B%),
which is obtained by taking the first thrae terms of the expansion of cos B in
powgrs of the circular measure of B; this formula may then be used for
approximate calculation of @, when ¢ and B are given, provided 8 is not
too large.
(2) Since sin A=ajc, we have a—}a*+1lga®=a/c, approximately; to
obtain a in terms of a/c, we have as a first approximation a=a/c, and as a

3
second approximation a.—.g' +é (g) ; the third approximation is
a 1f{a 1/a\33 1 /a\ .
““Z+é{5+é(5)} - m(z)
a  1/a\® 3 [a\b
or =E+é<2) +4T)<E>’
which may be used to calculate a.
—a\}
(8) From the equation tan}B= %#:) we can obtain the approximate
c—a\} 1/c—a\, 1/c—a\?
formula %B: (m> {1 - 5 <c+_a> + 5 <C+_a> } .
38in 2¢

(4) Using Snellius’ formula ¢ = 3 for the circular measure of

(2+cos 2¢)’
an angle (see Ex. 32, p. 138), in which the approximate error is ¢S5 put

2¢ =8, we then obtain the formula ﬁ=—£b— , and the error is approximately

2c+a
t3oB°; thus B is given in degrees by the approximate equation

3 e
B= 'me 57°:2957.

The solution of oblique-angled triangles.

134. To solve a triangle when the three sides are given;
any one of the formulae

sin 4= {Q——bg)—gi:(—;-)}&, cos} A= {‘E_(f:_“_)}i ,

be

_((s=b)(s—c) §
e G
with the corresponding formulae for the other angles, may be

used; these formulae are adapted for logarithmic calculation.
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EXAMPLE,

The sides of a triangle are proportional to 4,7, 9; find the angles, having
given
log 2 =+301030,
Ltan 12° 36'=9-349329, duff. for 1'="000893,
Ltan24° 5'=9650281, diff. for 1'="'000339.
We find $=10, s—a=6, s—b=3, s—c=1, and hence tan}A=4/1/20,
tan} B=4/2/10, thus Ztan}4=10—}(1+ 301030)=9 349485
and Ltan} B=10+1%(301030—-1)=9 650515.

To find 4, we have 9 349485—9 349329 ='000156, and 15§.60"=15"8
approximately, hence 3 4=12°36"15"8, or 4A=25°12'31"6.

To find B, we have 9650515 — 9650281 =-000234 and %3%.60"=41"4
approximately, hence 1 B=24°5'41"4, or L=48°11'22"8; also

C=180"~4 — B=106°36'5" 6 ;

thus we have found the approximate values of the angles.

135. To solve a triangle when two sides and the included
angle are given.

Suppose b, ¢, and 4 are the given parts, then B and C may
be determined from the formula

tan} (B-C)= —cot 4,

‘together with B+C=180°—4; the logarithmic formula is
Ltan} (B-C)=log(b—c)—log(b+c)+Lcot} 4.
Having found B and C, the side @ may be found from any one
of the three formulae
loga=logc+ Lsin A —LsinC,
‘loga+ Lcos}(B—C)=log(b+c)+ Lsin}4,
loga + L sin %(B—C):log(b-—c)+Lcos§A

We may also determine @ thus:—Since &= b+ ¢t = 2be cos A
we have

a*=(b+c)—4bccos*§ A,
hence a=(b+c)cos$, where ¢ is given by

2Vbccos 3 A

sin ¢ = b+e '’
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thus we may first find ¢ by the logarithmic formulae
Lsinp=1log2+}logb+4logec+ LcosyA—log(b+c),
and then determine a by the formula
log a=1log (b +¢)+ L cos ¢ — 10.

ExXAMPLE.

If a=123, c=321, B=29° 16/, find A, C, b, kaving given
log 99=19956352, Lsin29°16'= 96891978,
log 123=2-0899051, L sin15°42'= 9:4323285, diff. for 1"="7487,
log 2220=33463530, L cot 14° 38'=105831901,
log 2221=3'3465486, Ltan59°39'=102324552, duf. for 1"=4827.
We have Ltani (C—4)=Lcot 14° 38’ +log 99 — log 222
=10 5831901 + 1 9956352 — 2:3463530
=102324723.

Now 102324723 — 10°2324552 ="0000171, and 4118’(21—?
hence 4 (C'— 4)=59°39 3", also  (C+4)="75°22, therefore 4 =15>42'56""5,
C=135°1"3"5.

Agan log b=9'6891978 + 2:0899051 — L sin 15° 42’ 56" 5,
and 565 x 74 87=4230"155, hence Lsin 15° 42’ 56"'56=9-4327515,
therefore logb=2 3463514, so that =222 —;}%5=221-992.

=35 approximately,

136. To solve a triangle when two sides and the angle opposite
one of them are given.

This is usually known as the ambiguous case.
Suppose a, ¢, and 4 are the given parts, then sin C is deter-

mined from the equation sin C =%sinA; when sin C is thus found,

there are in general, if c¢sin 4 $ a, two values of C' less than 180°,
the one acute and the other obtuse, whose sine has the value
determined; we must consider three different cases:—

(1) if ¢sin 4 > a, we have sin C > 1, which is impossible, and
indicates that there is no triangle with the given parts;

(2) if csin A=aq, then sin C'=1, and the only value of C is 90°.
If A < 90°, there is one triangle with the given parts, and that one
a right-angled triangle. If 4 >90°, the value C'=90° is inad-
missible, and there exists no triangle with the given parts.
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(8) if csin 4 < a, then sin C< 1, and there are two values ot C,
one acute, the other obtuse

(a) if ¢c< a, we must have < 4, hence C must be acute,
thus there is only one triangle with the given parts;

(B) if ¢>a, the angle C is not restricted to being acute, and
both values are admissible, provided 4 < 90°; but if 4 >90°
neither value is admissible since > 4. There are two triangles
or none with the given parts according as 4 < 90° or 4 >90°;

(y) if ¢c=a, then C'=A4 or 180° — 4 ; for the latter value of C
two sides of the triangle are coincident, the first then gives the
only value of C for which there is a triangle of finite area, but
this is only admissible when 4 < 90°.

We may state the above results thus:

csin 4 > a, no solution

¢sind =a, 4 < 90° one solution
¢sin A =a, A >90° no solution
¢sin A <a, ¢ < a, one solution

c=a, 4 <90° one solution
c=a, A>90° no solution
c>a, A<90° two solutions
(c >a, A >90° no solution

When C is nearly 90° 1t cannot be conveniently determined by means of
its sine; in that case we may use one of the formulae
csin 4

y: |
tanC=+ , tan(45°+3C =i~/{1+csm .
N(a+csmn A)(a—csin A) ( 0) a—csin 4

137. It is instructive to investigate geometrically the different
cases considered in the last Article.

From B draw BD perpendicular to the side b, then
BD=csin A; with centre B and radius a, describe a circle;
then if a is less than csin 4, this circle will not cut the side 4C
and no triangle with the given parts can be drawh, but if
a>csin 4, the circle will cut AC in two points, C, and C,. In
the case a<c and 4 < 90°, both C, and C, are, as in F' ig. (1), on
the same side of 4, and the two triangles 4 BC, and ABC, have
each the given parts, the angles AC, B, 4C, B being supplementary.
When a < ¢, and 4 >90°, 4 will be beyond C,, and no triangle
with the given parts exists. If a>c, then C, and C, are on
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B
1 a D ¢ _c
B
C 2 A N C, 1
B
(/
;| D

opposite sides of A, and only the triangle ADC, has the given
parts. The triangle ABC,, in this latter case, has the angle at
A not equal to 4, but to 180°— 4, and therefore does not satisfy
the given conditions.

If a =csin 4, the circle touches AC at D, and the right-angled
triangle ADB is the one triangle with the given parts, provided
A <90°

We remark that since, in Fig. (1),

4D=ccos 4, and C,D=C,D=Va*-c*sin*4,
the two values of b are
ccos A +VNar—c'sin*A and ccosd—Va'—c'sin’ 4,
these values being both positive when there are two solutions;
we may also obtain these values of b as the roots of the quadratic

equation in b,
a'=0+c*—20ccos 4.
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188. To solve a triangle when one side and two angles are given.

Suppose a the given side, and 4, C' the given angles, then B

is determined from the equation B=180°—~ 4 — (C, and the sides
b, ¢ will be determined by means of the formulae
logb=loga+ Lsin B— Lsin 4,
log ¢ =loga+ Lsin C— Lsin 4.

EXAMPLE.

If a=10, A=51°30'40", B=76", find b, having given
log 12396 =4 0932816, L 3in 76°=99869041,
log 12397=4'0933166, L sinb51°30'=9-8935444,

L sin 51° 31'=9 8936448

We have log b=99869041+1 — L sin 51° 30’ 40"
and L sin 51° 30 40" =9'8935444 + 4§ x ‘0001004
=9-8986113,
hence log 5=10932928, therefore b=12'396+ 313 x ‘001,
or b=12-3963 approximately.

139. The expression ccos 4 +Na*—cism?d for b may be adapted to

logarjthmic calculation ; let sm¢=~smA then b—ﬂ: <(ﬂ-i), thus ¢

hanng been determined from the equation L s ¢ =Lsin 4 +loge—loga, we
can determine b from logd=loga+ Lsin(¢p+ 4)— Lsin 4.

Denoting by a, B, y the circular measures of the angles 4, B, C, respectively,
and by ', 8, ¥’ the complements of a, 8, y, we obtain the following approxi-
mate formulae for the solution of triangles.

(1) Suppose 4, C, a are given, € not being large; then from the formula

c-g—sl—Ag , we get the approximate formula

c=acosec d {y -3y’ +1i57’}
Also if A and € are both not large, we have
_a(y=3¥*++lay -
a=}a+dga®—...
hence ¢ is given approximately by

[

o=a{1+}(@-y)
which may be used for calculating c.

(2) Suppose, a8 in the last case, that 4, 0 a are given ; also suppose C is

nearly 00°, then c—‘i-c~—g~ , therefore o= (1 -4y%+7¢y*) may be used

to determine ¢ approximately,
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If both 4 and C are nearly 90°, we have

_acosy a(l-4v%+..)
‘=aosa? T T a4
therefore c=a{l—3(y2-d?%)}

gives ¢ approximately.

140. We shall give a few examples of the solution of triangles,
when instead of sides and angles there are other data.
(1) Suppose the three perpendiculars from the angles on the opposite

sides given ; denote them by py, p,, p3, we have then ap,=bp;=cp;=2 area
of triangle. Now since

costd=, /a(s—a)

we have cosid= \/ PeP3t+PapL+pipe) (— pap3+pspr +P1Pz)
4p1“ a3
which determines 4 ; also p,=csin 4, hence ¢ 18 determined when 4 18 known.

(2) Suppose the perimeter and the angles of the triangle given. We have
s=R(sin A+sm B+sin (),
hence R is determined, and the sides are then

. . . 2ssin A
2Rsin A, 2RsinB, 2Rsin(, or =snATen Bremn e’
with similar values for b and c; this value of a reduces to ———ss—lm—,,
cos}BcosC

which is adapted to logarithmic calculation.

(3) Suppose the base, height, and difference of the angles at the base
given. Let a be the base, p the height and B — C'=2a the given difference:
then since B+(C'=180"—A4, we have B=90°+a—44, ('=90°-a—1%4, also

a=p(cot B+cot C)=p {tan (34 —a)+tan (34 +a)},

2sin 4
cos A +cos2a’

a? (cos A +cos 2a)?=4p? (1 — cos? 4)
or cos? A (a?+ 4p?) +2a? cos 2a . cos A =4p? — a? cos? 2a,
the solution of which is

therefore ;—:: hence cosA is given by the quadratic

a?cos 2a + 2p (4p?+a?sin? 2a)i .
a?+4p? a?+44p? ’

these are two values of cos 4 corresponding to two solutions of the problem.
Solve the triangle with the followwng data:
4) C,c,a+b.
(5) B, a, b+c.
(6) The area and the angles.
(7) C,c+a,c+b.
(8) The angles and the heught.

cos d=—




176 THE SOLUTION OF TRIANGLES

The solution of polygons.

141. The relations between the sides and angles of polygons,
and the methods of solving a polygon when a certain number of
sides and angles are given, have been considered by Carnot?,
L’Huilier?, Lexell®, and others. The two fundamental equations
in this so-called Polygonometry have been given in Art. 127.

In order that a polygon of n sides may be determinate, 2n—3
of its 2n parts must be given, and of these at least n— 2 must
be sides. To prove this, suppose the polygon divided, by means of
a diagonal, into a triangle and a polygon of n —1 sides;; if the sides
and angles of the latter polygon were determined, we should only
require to know two parts of the triangle in order to determine
the figure completely, since one side of the triangle is already
determined as a side of the polygon, hence to determine a polygon
of n sides we require to know two more parts than for a polygon
of n—1 sides; since therefore for a triangle three parts must be
given, one of which is a side, for a polygon of n sides we must
have 8 4+ 2 (n— 3), that is 2n— 3 parts given. If of these 2n—3
parts, only n — 3 were sides, we should have n angles given ; but if
n—1 angles are given, the nth is also given, so that only 2n—4
independent parts would be given, thus at least n — 2 of the given
parts must be sides.

In some cases, a polygon can be conveniently solved by dividing
it by means of diagonals into triangles, taking the diagonals for
parts to be determined; this method is however not always con-
venient, as may be seen, for example, by considering the case of a
quadrilateral when two opposite sides and three angles are given.

142. To solve a polygon of n sides, when n—1 sides and n— 2
angles are given.

(1) Suppose the angles to be found are adjacent to the side
to be found. We shall, as in Art. 127, use the external angles
Bi, Bs... Ba between the sides, instead of the internal angles;

1 Carnot, Geometrie der Stellung.
2 L'Huilier, Polygonométrie. Geneva, 1789,
3 Lexell, Nov. Comm. Petrop., Vols. x1x. XX,
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suppose a,, the side to be found, then from the second equation (10)
of Art. 127, we have

sin B, {a, + @, c08 B, + @5 08 (B + Bo) +..v+ Any €08 (B, +... + L)}
=—cos B, {@;8in B; + azsin (B + By) +-.. + an sin (B +... + Ba)},

hence
Qa, sin Bg +a, sin (Bg + Bs) FooiFan, sin (,89+ ees +ﬁn—-1)
tan?, =— -

@,+@,c08 B,+ 1508 (B + B3) ...+ Bnyc0S (By+... +5n)’

this determines B, in terms of the given angles B,, B;... 81— and
the given sides d,, @y ... @n—; it should be noticed that this.
equation is found by projecting the sides on a perpendicular to
the unknown side; the remaining angle @3, is then determined
from the relation B+ B, + ... + Bn=2m.

Having found B, and B,, we can determine a, from the
equation obtained by projecting the sides on a,,

Un=—{a;c08 By +a,cos (B + By) + ...},

or by means of the equation (11) of Art 128, which gives a,? in
terms of the squares and products of the other sides and of the
cosines of the angles between the sides.

(2) Suppose the angles to be found are adjacent to one
another but not to the side which is to be found. We shall take
an as the side to be found, and 3,, 8,,, the angles to be found,

then Br + ﬁr+1 =27 - (Bl + 62 +...+ Br-—l +'Br+2 +.o0+ :811):

thus B, 4 B, is known; also from the second equation (10)

a,sin(B,+ B+ ... + By) ==, 8in By — a,sin (B, + B;) — ...
=@y sin (B, + B+ .. +Bim) =ty sin(By+ .. + B 4) — ...
=@y SIn (B + ... + By),

hence 8, + B.+ ... + B, can be determined, and therefore B,.
The side a, is then determined as in the last case.

(3) Ire the case in which the two unknown angles are not
adjacent to one another, let H, K be the angular points at which
the angles are unknown; join HK, then the polygon is divided
into two polygons, in one of which all the sides except one are
known, and all the angles except the two which are adjacent
to the unknown side. We can solve this polygon as in (1),
determining HK and the angles H and XK.

H. T. 12
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In the other polygon we now have all the sides except one
given, and all the angles except two adjacent ones; this polygon
can therefore be solved as in (2); we have then all the sides of
the given polygon determined, and the angles at H and K are
determined by adding the two parts into which they were divided
by HK, and which have been separately found.

143. 7o solve a polygon of n sides, when n — 2 sides and n—1
angles are given.
We determine the remaining angle at once from the condition

Bl+62+"-+/3n=277- )
To determine an unknown side a,, use the equation
asin B+ a,sin(By+B)+ ... + SN (B +Bo+ .. + Busy) =0,
obtained by projecting perpendicularly to the other unknown side
a,. We can then determine a, in a similar manner, or use 'the
other fundamental equation.

144. To solve a polygon of n sides, when the n sides and n—3
angles are given.

Let P, @, R be the angular points at which the angles are not
given; join PQ, QR, RP, then the polygon is divided into four
parts, one of which is a triangle. In each of the parts except
PQR, all the sides except one are given, and all the angles except
those adjacent to those sides; we can therefore determine PQ, QR,
RP, and the angles at P, Q, R. We can then find the angles of
the triangle PQR, of which the sides have been determined. We
obtain now by addition the angles at P, @, R, of the given

polygon.
Heights and distances.

145. We shall now give some examples of the application
of the solution of triangles to the determination ot heights and
distances. For fuller information on this subject, as tor the de-
scription of instruments for measuring angles, we must refer to
treatises on surveying. The angle which the distance from any
point of observation to an object makes with the horizon is
called the elevation or the depression of that object, according
as the object is above or below the horizontal plane through
the point of observation.
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146. To find the height of an inaccessible point above a hori-
zontal plane.

Let P be the inaccessible point and C its projection on the
horizontal plane, let PC = h, and suppose any line 4 B = a, measured

P

P

4 B C B

on §he horizontal plane, if possible so that ABC is a straight line;
let the elevations of P at 4 and B be measured, denote them by
a and B; then a=A4C— BC=h(cota —cot B), therefore

_asmasinB
~ sm(B—a)
which determines 4. If it is impracticable to measure the base

line directly towards C, let it be measured in any other direction;
let the elevations a of P be measured at A4, and also the angles

PAB=vy, and PBA=8, then PA=AB—2% _ 214 h=A4Psina,

sin(y+9)’
sin asin &

WS-), thus A is determined.

therefore h=a

147. 7o find the distance between two inaccessible points.

Let P and @ be the two objects, and let any base line-AB=aqa
be measured, the points 4, B being so chosen that P and @ are

2 \ @

199
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both visible from each of them. At A4 measure the three angles
PAQ=a, QAB=8, PAB =+, it should be observed that the
angles PAQ, QAB are in general not in the same plane. At B
measure the angles PBA = §, and QBA =e.

From the two triangles ABP, 4 BQ, we have

sin 8
=0 -,
sin (y + &)
and AQ=a s—iﬁi(l,g—i—e) . Thus AP, AQ are determined by the
formulae
log AP =log a + Lsin § — L sin (y + §),
log AQ =log a + L sin e — L sin (B + ¢).

In the triangle PAQ, we now know AP, 4@, and the angle
PAQ=a, we find then the angles 4PQ, AQP by means of the
formulae .
Ltan$(APQ—-AQP)=Lcot4a+log(AQ—AP)—log(4Q+4P),

APQ+ AQP=180°—a.
We then find PQ by means of the formula
log PQ=1log AP + Lsina— Lsin AQP.

148. Pothenot's Problem. To determine a point in the plane
of a triangle at which the sides of the triangle subtend given
angles.

o

1)

Let a, B be the angles subtended by the sides AC, OB of a
tfiangle ABC at the point P, and let #, y denote the angles
PAC, PBC respectively; the position of P is found when the
angles 2 and y are determined, for the distances PA and PB
can be found by solving the triangles PAC, PBC.
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We have z+y=2r—-a—RB-0C.
bsinz _asiny

Also — = — = PC.
sin a sin B

Assume ¢ to be an auxiliary angle such that

a sin a
tan ¢ = rm A’
therefore o2 = tan ¢, hence ALY _ tan (¢ —45°),
sy SInZ +siny
or tan § (z — y) =tan } (z + y) tan (¢ - 45°)

=tan (45°—¢)tan (a + B8+ C);
thus # —y can be found, and since «+y is known, we can find
« and ¥.

149. EXAMPLES.

(1) It is observed thut the elevation of the top of a mountain at each of the
three angular pownts A, B, C, of a plane horizontal triangle ABC, is a; show that
the height ©s ha tan acosec A.  Shew also, that if there be a small error n” in the

: \ L latana cosC  smm”
elevation at C, the true height is very nearly 3 oA ( +m . ;iﬁz) .

Let O be the projection of the top of the mountain on the plane 4 BC, we

have then, 1f 413 the height of the mountain, A=04 tan a=0Btan a=0Ctana,

4

thus O is the centre of the circle round ABC, hence 04 =}a cosec 4, or
h=}atanacosec 4. When the measurement of the elevation at ' is a+2”,
let O’ be the projection of the top of the mountain, then since the elevations
at A and B are equal, 00’ 18 perpeudicular to 4B; let A+ now be the
height of the mountain. We find geometrically,

0'4=04+00 cosC, 0'C=0C-00’cos (4~ B),



182 THE SOLUTION OF TRIANGLES

when 00’ is so small that its square may be neglected, hence

h4+2=0'4 tan a=0'Ctan (a+2")
=(04+ 00’ cos C)tan a={0C— 00’ cos (4 — B)} tan (a+n"),

hence x=00'.cosC' tana= —00'cos (A - B)tana+O0Cseca.sinn",
since tan (a+7")=tana+sec’a.sinn”, approximately; eliminating 00’, we
bave zcos (A4 — B)tana=cos Ctana (0Csec?a.sinn” —z),

hence 2z sin 4 sin B=0C'sec?a cos C'sin»”,
latana( cos C sin n”)

therefore the true height A+ is S ond SnASnl’ sina

(2) The sides of a triangle are observed to be a=>5, b=4, c=6, but it s
known that there is a small error in the measurement of c; examine which angle
can be determined with the greatest accuracy.

Let 6+ be the true value of the side ¢; let 4 +84, B+38B, C+08C be the
angles of the triangle, the parts 84, 8B, 8C depending on x; we suppose  so
small that its square may be neglected.

We have

_16+(6+2)2-25 274122 ., 1 2 ,

approximately, hence sin 4.04 = — g% .
25+(6+2)2-16 _ 3 <

Also cos (B+8D)= e — =

2.5 (6+42)

1 +i%) , hence sin B.88= -z,

‘ _25416-(6+2)? 1/ 12 _
and cos(0+80)—w—~ =3 <1 T) , hence sin €. 8C=yh .
Also su;A _ sn;B _ sné ,
so that 24.04=40.88=-15.4C.

Thus 33 is numerically smaller than 64 and 6C, hence the angle B can be
determined with the greatest accuracy,

EXAMPLES ON CHAPTER XL

1. The sides of a triangle are 8, 7, 5; find the least angle, haviug given
log 112 =20492180,
Lcos19°6'=9 9754083, diff. for 60”="0000437.

2. If in a triangle =85, b=16, C=60°, find the other angles, baving

given
log 3="4771213, L tan 46° 20'=10 0202203,

log 7=18450980, L tan 46°21’'=10-0204731.
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3. The sides of a triangle are 3, 5, 7 feet ; find the angles, having given
log 13'5=1-1303338, log 14=11461280,
Lcos10°53' =99921175, L cos 10° 54’ =9-9920932,

4, If B=45° C=10° a=200 ft., find b, having given
log2= 3010300, log172 64=22371414,

- Lsin 55°=99133645, log 172 65=22371666.

6. If in a triangle =225 ft, c=175 ft., A=>54°, find B and C, having
given
log 2="301030, L cot 27°=10 292834,

Ltan13°47'=9389724, L tan13°48' =9 390270.
6. If the ratio of the lengths of two sides of a triangle 189 . 7 and the
included angle 15 47° 25', find the other angles, having given
log 2=-3010300, L tan66°17'30"=10 3573942,
Ltan 15° 53' =9:4541479, diff. for 1'=4797.
7. An angle of a triangle 18 60° the area 1s 10,/3 and the perimeter 1s
20; find the remaming angles and the sides, having given
log 2= 3010300, L sin49°6 =9 8784376,
log 7="8450980, L sin49°7'=98785470.
8. In a triangle ABC, 1t 18 given that a=10 ft., b=9 ft.,, C=tan~1(%);
find ¢. If errors not greater than 1 1n. each are made in measuring « and b,

and an error not greater than 1° in measuring C, shew that the error
the calculated value of ¢ will be less than 27 1n.

9. In the ambiguous case, a, b, B being given, where a > b, if ¢, ¢/ be the
values of the third side, shew that c2— 2c¢’ cos 2B +c¢'2=4b% cos® B.

10. In the ambiguous case in which @, b, 4 are given, 1f one angle of one
triangle be twice the corresponding angle of the other triangle, shew that

an3=2bsin 4, or 4b3sin?Ad=a?(a+3b).

11. The base of a triangle is equal to its altitude, and the two other
sides are of known length; determine the remaining parts of the triangle
by formulae adapted to logarithmic calculation. Shew that the ratio of the
given sides must lie between 4 (4/5—1) and 4 (v/5+1).

12. A t;iangular piece of ground is 90 yards in its langest side, and
100 yards in the sum of the other two sides, and one of its angles is 46°.
Determine the other angles, having given

L tan 23°=96278519,
Ltan13°15'=9-3719333, L tan 13°16'=9-3724992.

13. An angle of a triangle is 36°, the opposite side is 4, and the altitude
A/6—1; solve the triangle.
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'14. Shew that it is impossible to construct a triangle out of the
perpendiculars from the angles of a triangle on the sides if any side is
<} (3~ #/5) x perimeter ; and it is certainly possible to construct such a
triangle if each side is > perimeter. '

15. If a triangle be solved from the parts C'=75°, b=2, ¢=4/6, shew that
an error of 10” in the value of C would cause an error of about 3”'44 in the
calculated value of B.

16. Having given the mean side of a triangle whose sides are 1n A.p., and
the angle opposite 1t, investigate formulae for solving the triangle, and find
the greatest possible value of the given angle. Solve the triangle when the
mean side is 542 feet, and the opposite angle is 59° 59’ 59".

17. Solve a triangle, having given the length of the bisector of a side,
and the angles into which this divides the vertical angle.

18. Solve a triangle, having given one side, the angle opposite it, and the
perpendicular from that angle on the side.

19. A triangle 18 solved from the given parts a, b, 4. If the values of
a, b are affected by small errors z, y respectively, find the consequent error in
the value of the perpendicular from A4 on the opposite side, and prove that
this error is zero if asin?Bcos C=y (s1n? B -sm?C).

20. A lighthouse 13 seen N. 20°. E. from a vessel sailing S.25°. E and
a mile further on 1t appears due N. Determine its distance at the last
observation correctly to a yard, having given

L sin 20°=9 534052 log 2="3010300,
log 206 =2 313867, log 207 =2 315900.

21. A cliff with a tower on its edge 13 observed from a boat at sea, the
elevation of the top of the tower is 30°; after rowing towards the shore a
distance of 500 yards in the plane of the first observation, the elevations of
the top and bottom of the tower are 60° and 45° respectively; find the
heights of the cliff and tower.

92. A is the foot of a vertical pole, B and C are due east of 4, and D 1s
due south of C. The elevation of the pole at B is double that at C, and the
angle subtended by 4B at D 1s tan~1}, also BC=20 ft.,, CD=30ft.; find the
height of the pole.

23. From a certain station the angular elevation of a mountain peak in
the north-east is observed to be a. A hill in the east-south-east whose height
above the station is known to be 4, is then ascended, and the mountain peak
is now seen in the north at an elevation 8. Prove that the height of its
summit above the first station is 4sin acos g cosec (a—8).

24, A train travelling on one of two straight intersecting railways sub-
tends at a certain station on the other line an angle a, when the front of
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the first carriage, and an angle a’ when the end of the last, reaches the
junction, Prove that the two lines are inclined to each other at an angle ¢
determined by 2cot§=cota~cotd.

25. A cyhndrical tower stands on a horizontal plain; an eye in the plain
views the visible arc of the rim of the upper end of the tower. 1f q, d/, a”
the angular elevations of either end of such arc above the plain, when the eye
is at-listances ¢, ¢, ¢ respectively, prove that

(¢2—=c"2) cot?a+(¢"2—c?) cot? a’ + (c? - ¢'?) cot?a” = 0.

26. A balloon was observed in the N.E. at an elevation a; ten minutes
afterwards 1t was found to be due N. at an elevation 8. The rate at which
the balloon was descending was afterwards ascertained to be six miles an
hour; shew that its horizontal motion, supposed uniform, was at the rate of

6 miles an hour, the wind at the time being in the East.
\/2 tana—tan B

27. I observe the angular elevation of the summits of two spires which
appear in a straight line to be a, and the angular depressions of their re-
flexions 1n still water to be 8 and y. If the height of my eye above the level
of the water be ¢, then the horizontal distance between the spires is

2ccos?asin (8—y)
sin(B-a)sin(y—a)’

28. The angular elevation of a tower at a place 4 due south of 1t is 30°,
and at a place B, due west of 4 and at a distance a from it, the elevation is

8°; shew that the height of the tower 18 ————
N2 J5+2

29. A tower 51 feet high has a mark at a height of 25 feet from the
ground; find at what distance the two parts subtend equal angles to an eye
at the height of 5 feet from the ground.

30. A person on a level plain, on which stands a tower surmounted by a
spire, observes that when he 1s a feet distant from the foot of the tower its
top is 1n a line with that of a mountain. From a point b feet further from
the tower he finds that the spire subtends at his eye the same angle as before,
and has its top 1n a line with that of the mountam; shew that if the height
of the tower, above the horizontal plane through the observer's eye be c feet,

the height of the mountain above that plane will be bc ; feet.

31. A man, 5 fect high, standing at the base of a pyramid whose base is
square, sees the sun disappear over one of the cdges, half-way along it. Shew
that if @ and & are the distances of the man from the two nearest corners,
and @ is the altitude of the sun, the height of the pyramid is

10 +tan 6 4/§ (607 — 2ab+ ) feet.
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32. From the top of a hill the depression of a point on the plain below is
30°% and from a spot three-quarters of the way down, the depression of the
same point is 15°; find within 1’ the inclination of the hill.

33. ABCD is the rectangular floor of a room whese length 42 is a feet.
Find its height, which at C subtends at 4 an angle a, and at B an angle 3.
If a=48 ft., a=18°, 8=30° prove that the height 1s 18 ft. 10 n. nearly.

34, A tower is situated on a horizontal plane at a distance a from the
base of a hill whose inchination 18 a. A person on the hill, looking over the
tower, can just see a pond, the distance of which from the tower is . Shew
that, if the distance of the observer from the foot of the hill be ¢, the height
of the tower is — be Sma__
a+b+ccosa

35. A person standing between two towers observes that they subtend
angles each equal to q, and on walking « feet along a straight path inclined at
an angle y to the hne jomng the towers, he finds that they subtend angles
each equal to 8; prove the following equations for determining the heights of
the towers, Ak’ (cot?B—cot?a)=a?, (&' —h)(cot? B~ cot?a)=2acotacosy.

36. From a hill-top the angles of depression (a, 8) of two piers of a bridge
are observed, and the distance a between the piers subtends an angle 6 at the
point of observation; prove that the height of the hll 18

Yacot psecyd Vsimasing,
where cosp=2cos 40 . A/smasin @ (sina+smpB)-L
37. A man on a hill observes that three towers on a horizontal plane

subtend equal angles at his eye, and that the angles of depression of their
bases are a, o/, a”’; prove that, ¢, ¢, ¢’ being the heights of the towers,

sin (@’ —a”) | sin(a”—a)  sin(a—a’) 0
csina ¢ sind ¢’sma’

38. A gun s fired from a fort, and the intervals between seeing the flash
and hearing the report at two stations B, C are ¢, ¢ respectively; D is a point
in the same straight line with BC, at a known distance @ from 4 ; prove that
if BD=b, and CD=c, the velocity of [b=0)@~ben ¥

=b, =c, y of souhd 18 (W} . Examme
the case when a?=bc.

39. From a point on a hill-side of constant inclination, she angle of
elevation of the top of an obelisk on its summit 18 observed to be a, and a feet
nearer to the top of the hill to be 8; shew that, if 2 be the height of the
obelisk, the inclination of the hill to the horizon will be

_, {a sinasinB
cos 1{;.&1(6_“)}.

40. On the top of a spherical dome stands a cross; at a certain point the
elevation of the cross is observed to be a, and that of the dome to be 8; at a
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distance @ nearer the dome the cross is seen just above the dome, when its

elevation is observed to be y; prove that the height of the centre of the dome
asiny sinacosy—cosasing

sin(y—a)’ cosy—cosf

above the ground is

41. At noon on a certain day the sun’s altitude is a. A man observes a
circular opening in a cloud which is vertically above a place at a distance &
due s~uth of hun; he finds that the opening subtends an angle 26 at his eye,
and that the bright spot on the ground subtends an angle 2¢. Shew that if
« is the height of the cloud

22 (cot? a tan® ¢ — tan? §) — 2ax cot a tan? ¢ +a? (tan? ¢p — tan? ) =0.

42. From a pomnt on the sloping face of a hill two straight paths are
drawn, onc 1n a vertical plane due South, the other 1 a vertical plane at right
angles to the former, due East; these paths make with one another an angle
a, and their lengths measured to the horizontal road at the foot of the hill are
respectively @ and 6. Shew that the hill is inchined to the horizontal at an
angle sin~! <“2_+ b?—2ab C«_OS.“)%

N absinatan a

43. The breadth of a straight river 1s calculated by measuring a base of
length @ along one side of the river and observing the angles made with this
base by lines joining its extremities to a mark on the opposite bank. If the
instrument by which the angles are measured gives each a value which is
(1+42) times the true value, » being very small, shew that the error in the
Bsin?a—asin?B

—‘—852‘@‘)——; a, B being the

computed breadth 1s nearly equal to na.

circular measures of the above angles.

44, An observer from the deck of a ship, 20 feet above the sea, can just
see the top of a distant ighthouse, and on ascending to the mast-head, where
he is 80 feet above deck, he sees the door which he knows to be one-fourth
of the height of the lighthouse above the level of the sea; find his distance
from the lighthouse, and 1ts height, assuming the earth to be a sphere of
4000 miles radius.

45, Three vertical posts are placed at intervals of one mile along a
straight canal, each rising to the same height above the surface of the water.
The visual line joining the tops of the two extreme posts cuts the middle
post at a point eight inches below the top; find to the nearest mile the
radius of the earth.

46. Borings are made at three points 4, B, C in a horizontal plane, and
the depths at which gault is found are a, b, ¢ respectively; also AB=4,
B(C=k, ABC=a. If the upper swrface of the gault be a plane, shew that its
inclination ¢ to the horizon is given by

tan? p= {(a =B _ 2 (a= b}iéc =5 cos u+(c ;,b)g} cosec? a,

hﬂ
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47. The angular elevation of a column as viewed from a station due north
of it being a, and as viewed from a station due east of the former station and
at a distance ¢ from it being 8, prove that the height of the tower is

¢sinasin B
{sin (a—B) s (a+ B

48. A lighthouse stands 9 miles due N. of a port from which a yacht sails
in & direction E.N.E., until the lighthouse is N.W. of her, when sh¢ tacks
and sails towards the lighthouse until the port is S.W. of her, when she tacks
again and sails into port. Shew that the length of the cruise is 16 miles
nearly. '

49. A circular pond of radius @ 1s surrounded by a gravel walk of uniform
width &, and the whole 18 enclosed by a fence of height d. A person of
height % stands just inside the fence. Shew that the portion of the fence

whose highest points can be seen by reflection from the water is %th, where

12 _1{h+d «/b2+2ab}
— = — C0S — — s
o orkhd a+d

d

provided h<d(1+2a/b), and > T¥oab"

>

50 The width of a croquet-hoop, the thickness of its wires, and the
diameter of a ball are given; the ball being 1n a given position, shew how to
find the conditions that 1t may just be possible for it to go through the hoop
(1) straight, (2) by hitting one wire, (3) by hitting both wires; assuming that
the angle of incidence is equal to the angle of reflection.

B61. Three mountain peaks, 4, B, C, appear to an observer to be 1n a
straight line, when he stands at each of two places P and @, in the same
horizontal line; the angle subtended by 4B and BC at each place is a, and
the angles 4QP, CPQ are ¢ and 4 respectively.

Prove that the heights of the mountains are as

cot 2a+cot y : 3 (cota+cot ) (cot a+cot ¢)tana : cot 2a+cot ¢p,
and that if QB cut AC i D, AC=CD sin 2a (cot Y +cot 2a).

62. A man standing at a distance ¢ from a straight line of railway sees a
train standing upon the line, having its nearer end at a distance a from the
point in the railway nearest him. He observes the angle a, which the train
subtends, and thence calculates its length, If in observing the angle a he
makes a small error 4, prove that the error in the calculated*length of the

cl

train has to its true length a ratio .
sina(ccosa—asina)

53. The height 4 of a mountain, whose summit is 4, is to be determined
from the observed values of a horizontal base line BC (a), the angles 4 BC,
ACB, and the angle (z) which 4B makes with the vertical. Shew that

p=00082 gin C
T sin(B+0)




EXAMPLES. CHAPTER XI 189

1f % be known approximately, shew that the best direction of BC in order
that an error in measuring ' may have least effect on the accuracy of the
@ Ccos z— /z) '

o - -
above value of %, is given by B=2tan (a cos s ¥ A

54. Three vertical flag-stafts stand on a horizontal plane. At each of the
points 4, B and C in the horizontal plane, the tops of two of them are seen in
the same straight line, and these straight lines make angles a, 8, y with the
horizon. The plane containing the tops makes an angle  with the horizon.
Prove that their lengths are BC/(/cot? 8— cot? 8 + A/cot?y — cot? §), and two
similar expressions. Explain how, the signs of the roots must be taken.

55. A tower 4B stands on a horizontal plane and supports a spire BC.
An observer at a place £ on a mountain, whose side may be treated as an
inclined plane, observes that ADB, BC each subtend an angle a at his eye;
he then moves to a place F, measuring the distance £/ (=2a), and observes
that A B, BC again subtend angles a at his eye; he then measures the angles
AFE (=8) and CFE (=y). Shew that if » and y are the heights of 4B, BC
respectively,

cos B cos ycosta }%
ooy (B+y)cortd (B-y))

Also if G 1s the middle point of EF, and H is the point on the line of
greatest slope through G, at which 4B, BC subtend an angle 8, and GH is
measured (=b), prove that the inclination 6 of the mountain to the horizon 1s
given by

[ (50

rcosB=ycosy=a {1 -

sinf+- 5,— cosf = =5

e a*+b? zy (+y)sin 2§
} 2b T at+yt-2uycos 28°



CHAPTER XIIL
PROPERTIES OF TRIANGLES AND QUADRILATERALS.

150. In this Chapter we shall for the most part assume
without proof the theorems in Euclidean Geometry which are
necessary for our purpose, referring to works on pure Geometry
for the investigation of those theorems.

The circumscribed circle of a triangle.

151. We have already, in Art. 120, obtained the formula
R =4acosec 4, for the radius of the circle circumseribing a
triangle, or as it is now frequently called, the curcum-circle.
This formula may also be obtained as follows:

A
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‘Let O be the circum-centre; draw OD perpendicular to the
side BC of the triangle ABC, then D is the middle point of BC,
and the angle BOD = A.

Since BD = OB sin BOD we have

ta=Rsin 4, or R=1}acosec d............... (1).
If S denote the area of the triangle ABC, we have

8= 3bcsin A, thus we have the expression R = abc/4S...(2).

Also 0D = 0Bcos A = Rcos A.

The inscribed and escribed circles of a triangle

162. We know that four circles can be drawn touching the
three sides of a triangle; the inseribed circle, or in-circle, touches
each side internally, let I be its centre, the escribed circles each
touch one side of the triangle and the other two sides produced,

let I, I,, I, be the centres of these circles; we know that T4, IB,
IC bisect the angles 4, B, C, respectively, and that 74 bisects,
the angle A, and I, B, I,C bisect the angles B, C, externally; it
follows theYefore that AI,, BI,, CI, are the perpendiculars from
I, I,, I, on the opposite sides of the triangle I,I,1;, and that I
is the orthocentre of the triangle I,1,1;.

The circum-circle of the triangle 4 BC'is the nine-point circle
of the triangle I 1,1, and therefore passes through the middle
points of the sides I,1;, I,1,, I,1,, and also through the middle
points of I1,, I1,, II,.
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163. Let H, K, L be the points of contact of the in-circle
of the iriangle A LBC, with the sides BC, CA4, AB, respectively.

A4

Then OIBC+AICA+OIAB=S.

Now AIBC=3%IH.BC=13}ra, AICA=%rb, AIAB=1}rec,

wheré 7 denotes the radius of the in-circle, hence
4r(a+b+c)=S, whence we have the formula r=S/s...(3),

for the radius of the in-circle.

Also a=BH + HC=r(cot 4 B+ cot 40),

hence r=asin4BsiniCsectd.....cccvnnnnen. (4),

another expression for 7, which might of course be deduced from (3).
Combining the formulae (1) and (4) we have the symmetrical

expression r=4Rsin}Asin3Bsin3Cerovvrrrvennne. (5).
Again, since AK +BC=4(BC+ CA + AB),
we have AK=AL=s-a,

and similarly BH=BL=s-b, CH=CK=s-c,

hence since r=A4AK tan} A = BHtan } B=CK tan } C,

we obtain the expressions
r=(8—a)tan} A =(s—b)tanyB=(s-c)tan }C...... (6),

which may also be deduced from (8) or (4).
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164. Expressions corresponding to those of the last Article
may be found for the radii », 7,, 75 of the escribed circles.

Let H,, K,, L, be the points of contact of the circle whose
centre is I,, with the sides of the triangle ABC. Then

ALAB+ALAC—-AILBC=S8, therefore 3r,(b+c—a)=2_,
thus we have the formulae

S S S
7'1=m, Tz:sj)’ T3 = cevesesssces (7),

for the radii of the escribed circles.

Also a=BH,+ H,C=r (tan } B + tan 40),

therefore rm=acos34BcostCsectd....covvvnvnnnnn. (8),

A

whence we obtain the formula
r=4Rsin4Adcos{BcosiC ............... 9),

with corresponding expressions for 7, and 7.
Again, since

BH,=BL,, and CH,=CK,, and AK,=AL,,
we find BH,=8—¢, CH,=s5-b, AK,=AL,=s,
thus we obtain the formulae
rn=s8tan4A4 =(s—c)cot  B=(s—b) cot §C......(10).
Ho. T. 13
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ExXAMPLES.

(1) Prove that T +r3+ry-r=4R,
Tar3+Tgry + T To= 821,
- l4ry 4y l=r-t,

(2) Prove the following formulae for the sides and angles of a trirmgle,
in terms of the radii of the escribed circles:

ry (rg+ry) . r
(a) a= """ (ﬁ) sindA= ——”——l————————
Vgt st +rry %_ V(r 41y (1 +13)”
A/Tyrg+ 13ty + 1.1,

) el A= ) (nty)
R=1<r3+1‘3)(1'3+1‘1)(1'1+1'2)_

(3) Prove that i hrinninn

(4) Prove that 16R?rryryry=a?b?c?
2R+r—
(5) Prove that cos A=——§I§{l‘.

(6) If the escribed circle which touches a is equal to the circum-circle,
prove that cos A= cos B+cos C.

(7)  Prove that ry(ry+rs)cosec A=r,(r3+1,) cosec B=r; (r;+r,) cosec C.

(8) If a, a1, a3, ag are the distances of the centres of the inscribed and
escribed circles from A, and p s the perpendicular from A on BC, prove that
(a) aajazag =4R?p?,
(b) a®+a®+ast+as? =16R2
(¢) a“24a724a;"24a3"2=4p~2
(9) Shew that the area of the triangle formed by joining the centres of the
escribed circles 1s %11—0 , or 8R%cos} A cos$Bcos}C.

(10) Shew that the radius of the circle round any of the four triangles
formed by joining the centres of the inscribed and escribed circles is double of R.

(11)  Prove that the areas 1,115, T,I;I, I IiI, I,1,I are tnversely as
r, Iy, Ig, Tg.
LIz2  LI? IL,I.2 R
(12) Prove that  (a) 7273—-‘-;;1; + Ty _8;,
(b) r3.1II;.1I,.1I;=TA2, IB?. IC2
(13) If d,, dy, d3 be the distances of 1 from the angular points of a

. 10203 T
triangle, shew tlzaf abe =

(14) Ifa', V, ¢ are the sides of the triangle formed by joining the points of

2392 Ppi_b2 (2ot
contact Hy, By, Hy of the escribed circles, shew that % aa =b bb =9 cc .
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(15) Prove that the sides of the triangle formed by joining the centres of the
circles BOC, COA, AOB ars as sin2A.: sin 2B : 81 2C.

(18) Prove that the circum-circles of the two triangles in the ambiguous
case, when a, b, B are given, are equal in magnitude; shew also that the
distance between their centres is (b2 cosec® B —a?)k.

(17Y  In the ambiguous case of the solution of a triangle, prove that the
distance of the pownts of contact of the inscribed circles with the greater of the
two given sides 18 equal to half the difference of the values of the thurd side.

(18)  If p1, poy ps be the radii of the circles described about 1BC, ICA, IAB,
prove that 4R3—R (pi®+ pa? + p3?) — p1p2ps=0.

(19) Prove that the radii of the escribed circles of a triangle are the roots
of the cubic x3—x2?(4R+r)+xs2-rs?=0.

The medians.

166. The lines AD, BE, CF, joining the angular points of a
triangle to the middle points of the opposite sides, are called the

4

v

B D L ¢

medians. The length of AD is given by the well-known geo-
metrical theorem AB?+ AC*=2(A4D*+ BD?), thus the squares
of their lengths are given by
m?=3b*+§c*—}a?, m,“=§c*+<}a’—}b’,
1 =4a+ 40—}, (11).
Let M, denote the angle 4DC, then
cot M=DL/AL=%(BL—-CL)/AL,

where AL is perpendicular to BC, therefore M, is given by

cot My =4 (cot B—cot 0)...vvvvnnrnnnen..(12).

13—2
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The point @, where the medians intersect one another, is called
the centroid of the triangle. It is well known that @ divides each
of the medians in the ratio 2 : 1.

EXAMPLES.

(1) Prove that cot AGF +cot BGD +cot CGE=cot A +cot B+cotC. ©

(2) If a, B, y are the centres of the circles BGC, CGA, AGB, and A, &' are
the areas of the triangles ABC, afy, prove that 48AA"=(a?+b2+¢?)2%

(3) If Ry, Ry, Rj be the radii of the circles BGC, CGA, AGB, prove that

a?(b?—c?)  b¥(cP—a?)  c}(ai—b?)

Ryt Ry T Rg O

(4) If the angles BAD, CBE, ACF are a, B, v, and the angles CAD, ABE,
BCF are d', 8, ¥, prove that

cot a + cot B+ cot y=cot a’+ cot B + cot y'.

The bisectors of the angles.

156. Let a and a, be the points in which the internal and
external bisectors of the angle A meet the opposite side BC. Let
/> g, b be the lengths of the internal bisectors da, BB, Cy, and
S, g, I the lengths of the external bisectors Aa,, BB,, Cy,. To
find the positions of a and &, we have Ba/Ca= BA/CA = Ba,/Ca,,
whence

ac ab ac ab
Ba—m, Oa—-m, Bal—a‘jb, Oal——g‘;-z).
|
Y
8
B a C a,

To find the lengths f, 77, we have
AABa+AACa=8S=AAa,B—-AAaC,
hence F(+c)sin§d=f"(c—b)cos ;4 =28,
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therefore fand f’ are given by

2b ,  2bc . '
f=ﬁcosq}A, f=Tosintd (13).

ExAMPLES.

(") If a, B, y are the angles that Aa, BB, Cy make with the sides a, b, c,
shew that asin2a+bsin 2B+csin2y=0.

(2) If fi, gy, hy are the lengths of the bisectors of the angles, produced to
meet the éircum-circle, shew that

f-lcos3A+g 1cos3B+h-1cos3C=a-1+b-1+c-}
and ficos 3 A+gycos3B+h;cos3C=a+b+ec.
(3) Prove that af cuts Cy in the ratio 2¢ : a+b.

The pedal triangle.

157. The triangle LMN formed by joining the feet of the
perpendiculars AL, BM, CN, from A, B, C, on the opposite sides,
is called the pedal triangle of A, B, C. Let P be the orthocentre

A
N<
/ NAA
/b
B

L c

of the tridngle ABC, then since PMA, PNA are right angles,
a circle whose diameter is PA circumscribes PMAN, hence MN
is equal to PA multiplied by the sine of the angle in the
segment MN, or MN =PAsin A; now if O is the centre of the
circum-circle, and OD is perpendicular to BC, it is well known
that AP =20D, and we have shewn in Art. 151 that this is
equal to 2Rcos A: hence MN=2Rsin A cos A=acos A. Also
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the angles PLM, PLN are each the complement of A4, or
MLN =m—24; the sides and angles of the pedal triangle are
therefore respectively
acos A, bcosB, ccosC
T—24, w-2B, 7-2C
It should be remarked that ABC is the pedal triangle of I,J,I;.
The pedal triangle of LMN is called the second pedal triangle of
ABC, and so on.
We have assumed that the triangle is acute-angled; if the angle 4 is

obtuse, it can be easily shewn that the angles of the pedal tmangle are
24 —m, 2B, 2C, and that the sides are —a cos 4, bcos B, ¢ cos C.

ExaMPLES.

(1) Prove that the radius of the circle inscribed in the triangle LMN s
2R cos A cos B cos C.

(2) If a, B, vy are the diameters of the circles MPN, NPL, LPM, shew that

@'_y ‘ya aB_
bc+ca ab =L
(3) Prove that if ¥', vy, vy, rg are the radii of the inscribed and escribed
Y O _IIiTry
“Re
(4) If AL, BM, CN meet the circum-circle in L', M, N', shew that
ALl BM’' CON’

ALTBY ton Tt

circles of the pedal triangle, then

The distances between special points.

158. Let P be the orthocentre, O the centre of the circum-
circle, I of the in-circle, I, of one of the escribed circles, G the
centroid, and U the centre of the nine-point circle of the triangle
ABC. According to Euler’s well-known theorem, the three pomts
0, @, P lie on a straight line, and PG =20G; the pomt U is also
on OP, at its middle point. Each of the angles TAO,IAP is equal
‘to $(B~C); also AO=R, AP=2R cos A4,

AI=rcosec} A=4Rsin}Bsin4C, Al =4Rcos}Bcos}C.

We can now find expressions for the distances of the points
0,1, P, I,, U from one another.
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(1) To find OI=8. We have

$#=A0'+AI*~2A40. AT cos 04I,
hence

8=R?(1+16sin?§Bsin’4C' —8sin}Bsin 4 cos § B~ C)
or &= R?*(1—8sin}A sin4Bsin 4 0),

A

we thus obtain Euler’s formula
S = RE— 2R eereeeeeeeeennn, (15).
(2) To find OI,=38,. We have
82=R*(1 + 16 cos? } Bcos*$C — 8 cos 3 Bcos § Ccos § B— C)
or 8?=R?(1 +8sin4 A4 cos{ Bcos} (),
which gi\?e)s S2=R3+2Rr ccccvveiiviiniiiininnnns (16).
(8) To find OP.
From the triangle OAP we have
OP*= 04+ AP?*—~20A . APcos 0OAP
or OP3=R*(1 + 4cos* A — 4 cos 4 cos B-C),
whioh gives OP*=R*(1-8cos A cosBcosC).ovrnnnnnnn @an.
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(4) To find IP. We have
IP*=4R%cos* A + 16 R?sin’$ Bsin’§C
—16R%cos Asin 4 Bsin4Ccos} (B-0),
hence IP*=4R?{cos* 4 + (1 —cos B)(1 —cos C) —cos 4 sin Bsin
—cos 4 (1 —cos B) (1 —cos C)},
or IP?=4R2{(1 —cos A) (1 —cos B)(1 —cos () ‘
—cos 4 cos Beos C}...... (18),
or IP*=2r*—4R*cos 4 cos Bcos C.

(5) To find IU. We have
IU2=31P*+310*~}0P;
hence IU*=7*+4R*~Rr—}R*=(} R—7);

hence JU=3}R—r; in a similar manner 1t can be shewn that
LU=}R+nr; now $R is the radius of the nine-point circle,
hence the expressions we have obtained for 7U, I,U shew that
the tnscribed and escribed circles touch the nine-point circle. We
have then a trigonometrical proof of Feuerbach’s theorem, of
which a considerable number of geometrical proofs have becn
given.

ExAMPLES.

(1) If ty, to, t3 are the lengths of the tangents from the centres of the
escribed circles to the circum-circle, prove that

(2) Prove that the area of the triangle 10P <8
—2R%sin 3 (B-C)sin 4 (C~A)sin 4 (A -B).
(3) Prove that GI2=1iR? {3 sin? } B sin? 3C — {4, S sin? A}

and GI2+4Rr=14 (bc+ca+ab) -} (a2 +b2+c?).
- _Za?(a?-b?% (a—c?)
(4) Prove that OP2—~——@S—)2———

(5) If a, B, y be the distances of the centre of the nine-point circle from the
angular points, and g its distance from the orthocentre, shew that
a®+ B2+ 4% +g2=3R2
(6) Prove that the nine-point curcle does not cut the circum-circle unless the
triangle 18 obtuse, and in that case they cut at an angle
co8~1(1+2 cos A cos B cos C).
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(7)  Shew that, if the distance between the orthocentre and the centre of the
circum-circle is ya, the triangle s right-angled, or else tan B tan C=9.
(8) If Q i3 the centre of the nine-point circle, shew that
(QI: - QIy) (QI; — QI)=b?—c2
(9) If OIP is an equilateral triangle, shew that cos A +cos B4cosC=3.

(10) If the centre of the in-circle be equidistant from the centre of the
curcum-circle and the orthocentre, prove that one angle of the triangle is 60°.

Lizpressions for the area of a triangle.

159. A very large number of expressions for the area of a
triangle, 1n terms of various lines and angles connected with the
triangle, have been given. Large collections of such formulae
will be found in Mathesis, Vol. 111, and in the Annals of
Mathematics, Vol. 1. No. 6.

We give here a few of these expressions, leaving the verification of thewu
as an excrcise for the student.

(1) Wrmrers, Q) NEBpipaps,  (3) 4 Wo(o—my) (o —my) (o —ms)

where 2o =my +mq+ms.
@ 82 ®) feos}(B—-C)+ycosy(C—A)+hcos$(4-DB)
Scots.1’ © 2(f tcosdd+gTlcosyB+hTcosdC)
(6) r2cotddcotdBeotdC, (7) 7%2cot+d+2Rrsin 4,

48~ (r+1)
r+rg

(8) rarstandd, © ™52, (10) 7’17'2\/

Various properties of triangles.

160. If @ be any point in the plane of the triangle ABC, we
have the identical relation AQBC+ AQCA +AQAB=AABC,
the areas of the triangles with vertex @ being taken with the
proper signs; for example, AQBC is negative when @ and 4 are
on opposite sides of BC. By taking @ in various positions, we
obtain various well-known relations between the angles of a
triangle.

(1) Let @ be at O, the above relation becomes

sin 24 +sin 2B + sin 2C' = 4'sin 4 sin Bsin C,

since the angles BOC, COA, AOB are 24, 2B, 2C respectively.
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(2) Let Q be at I, we obtain the relation
sin}Asin§(B+0)+sin{Bsin}(C+4)+sin}Csin§ (4 + B)
=2cos } 4 cos §Bcos }C.
(8) Let Q be at U, we get
sin A cos (B — C) +sin Bcos (C'— 4) +sin Ccos (4 — B)
=4sin A sin Bsin C.

161. The identical relation which holds between the six
distances of any four points 4, B, C, @, in a plane, may be
expressed in various forms.

(1) Using the equation AQBC+AQCA + AQAB=AABC,
and expressing each of the four triangles in terms of its sides, we
have the required relation in a form involving four radicals.

(2) To obtain the same relation in a rationalised form, denote
the angles BQC, CQA4, AQB by a, B, v respectively; then since
a+ B+ =2m, we have

1 —cos?a—cos* B —cos’y+2cosacos Bcosy=0.

Now substituting for cos a its value (QB*+ QC*— BC?)/2QB.QC
with the corresponding expressions for cos 3, cosfy, we have the
required relation.

162. Taking any general relation between the sides and
angles of a triangle, another relation may be deduced, by re-
placing the sides and angles by the corresponding sides and
angles of the pedal triangle. The sides and angles of this
triangle are given in (14), and we may therefore replace «, b, c,
in the given relation, by acos 4, bcos B, ccosC, and the angles
A, B, C by m—24, m—2B, mw—2C.

As an example of this transformation, we obtain from the
known relation a?=b*+ ¢* — 2bc cos 4, the new relation

a*cos? 4 = b%cos? B+ c?cos? C + 2bc cos B cos C cos 4.

This method of transformation may be extended, by taking
the nth pedal triangle, of which the sides are

(=1)»'acos A cos24 cos4A ...cos 21 4,
(—1)**bcos Bcos2Bcos4B...cos 2" B,
(= 1)*1¢ccos Ccos 2C... cos 2" C,
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and the angles are

3} (2*+1)7r-2"4, }(2"+1)m-2"B, }(2*+1)w-2"C,
when = is odd, and
—3@—1)m+ 204, —$(2"—1)7+2"B, —}(2"—1)7w+2°C,
when n is even.

Thus, in any relation between the sides and angles of a triangle,
we are entitled to write (—1)*1acos 4 cos24 ... cos 2" 14 for q,
and 3(2"+1)7—2"4 or 2"4 —}(2"—1) 7 for A, according as n
is odd or even, with corresponding expressions for the other sides
and angles.

163. In any general relation between the sines and cosines of the angles
of a triangle, we may substitute p4 +¢B+rC, g4 +rB+pC, rA+pB+qC for
A, B, C respectively, where p, ¢, » are any numbers such that p+q¢+r is of
one of the forms 6n -1, 6n+2, where n is a positive integer, provided that
when p+¢+7 18 of the form 6n—1, the signs of all the sines are changed, and
when p+¢+7 18 of the form 6z +2, the signs of all the cosines are changed.

This theorem follows from the facts that in the first case the sum of the
angles 2nm —(pd +qB+rC), 2nmw — (94 +7rB+pC), 2nw — (rA+pB+4¢C) is =,
and 1n the latter case the sum of the three angles

n+1)m - (pd+9B+rC), (2n+1)nm—(qd+rB+p0),

2rn+1)mr=(rd+pD+4qC), is m.
Properties of quadrilaterals.

164. Let ABCD be a convex quadrilateral; denote the sides
AB, BC, CD, DA by a, b, c, d respectively, and the diagonals AC,

)

B




204 ° PROPERTIES OF TRIANGLES AND QUADRILATERALS

BD by x, y respectively; also let 4 + C'=21, and let ¢ be the

angle between the diagonals.
We shall find an expression for the area S of the quadrilateral

in terms of a, b, ¢, d, and 0. We have
y=a+d*—2ad cos 4 =0+ c*— 2bccos C,
therefore adcos A —bccos C= 1 (a®+d* - 1* —¢*),
also adsin A 4+ besin C =28,
square and add the corresponding sides of these equations, we get
a?d? + b*c® — 2abed cos 2a = 4S* + 1 (a? + d? — b* — ¢*);,
hence 168?= 4 (ad + bc)*— (a® + d* — b* — ¢*)* — 16abcd cos? a,
or 1682={(a+d)—(b-c)}} {(b+c)—(a—d)} —16abed cos’a;
hence S?=(s—a)(s—b)(s—c)(s—d)—abcd cos*a...... (19),
where 2s=a+b+c+d '

In the case of a quadrilateral inscribable in a circle we have
2a =, thus

S*=(—-a)(s=b)(s—c)(s—=d) .ceeuv...... (20).

The expression (19) shews that the quadrilateral of which the sides are
given has 1ts area greatest when a=4m, that is, when the quadrilateral can
be inscribed 1n a circle.

The theorem (20) was discovered by Braimegupta, a Hindoo Mathema-
tician of the sixth century.

166. Expressions for the area of a quadrilateral can be found,
which involve the lengths of the diagonals and the angle between
them.

The area of the quadrilateral is the sum of the areas of the
four triangles into which the diagonals divide it; the area of each
of these triangles is half the product of the two segments of the
diagonals which are sides of it, multiplied by sin ¢; hence by

addition we have .
S=3zysing ...ocoevvriiieniiinnis (21)
Also

204 OBcos¢p=04*+0B*—a?, 200.0Dcos¢p=0C*+ 0D*~¢,
204 .0Dcosp=d*— 0A*— 0D?, 20B.0C cus p=b*— 0B*— 0(?,
hence 2zycos p=b+d*—a’—c* ........eeueen, (22),
therefore S=10+d—a*=c)tan e ..couvenen.n.. (23),
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and eliminating ¢, we obtain Bretschneider’s formula
S=1}{daty— P +di—ar—cP ... (24),
which expresses the area in terms of the diagonals and the sides.

If a circle can be inscribed in the quadrilateral, we have a+c=b+d,
hence the formulae (23), (24) become S=14 (ac—bd)tan ¢, and

S=3 {a2y? — (ac—bd)}.

166. An expression may be found for the product of the
diagonals of a quadrilateral, in terms of the sides and the cosine
of the sum of two opposite angles.

Through B and C draw straight lines meeting in E, so that
the angles CBE, BCE may be equal to the angles ABD, ADB,
respectively. The triangles ECB, ABD are similar, hence

AD BD_AB
CE (OB BE’

\ 4

c

thus AD'.CB=BD.CE. Also since the angles CBD, ABE are
equal, and AB: BE:: BD: BC, the triangles ABE and CBD are
similar, therefore AB.CD = BD. AE.

Since AC*=AE3+ EC*—2AE.ECcos(4+0),
multiplying by BD? we have
2yt = a’c® + b*d? — 2abed cos 2a ............ (25).
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If 2a = o, we have Ptolemy’s theorem zy = ac + bd, for a quadri-
lateral inscribed in a circle.

If 2a =4, we have #?y®=a’c® + b*d?, for a quadrilateral in
which the sum of two opposite angles is a right angle.

167. In the case of a quadrilateral inscribed in a circle, the
lengths of the diagonals 2, ¥, and of the third diagonal, formed by
joining the point of intersections of the sides @ and ¢ to that of
b and d, may be found in terms of the sides.

F

Let FG be the third diagonal, and denote the lengths of
AC, BD, FG by =, y, z respectively. We have
a?=a*+ b* — 2ab cos B

and a?=¢*+ d? — 2cd cos D,
1, 1\ o+ c+d?
hence a? (a—b+a>—-7 “ed
hence 2= (ac +bd) (ad + be)/(ab+ cd) ............ (26),

and similarly it may be shewn that
y? = (ac + bd) (ab + cd)/(ad + bc).
We have also
FA=AD sin D dz

sin (4 +D)=ycosD+a:cosA’
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and similarly FB= JoosD+mcosd’
hene FA FB_FB-FA
ence de by by—dz by—dz’

a’bdzy

herlce FA.FB= Gy = dop’

it may be shewn 1n a similar manner that
blaczy

GC.GB= (ay — ca”

Now the square on FG is equal to the sum of the squares of the
tangents from F and G to the circle (see McDowell's Geometry,
p- 92), hence we have
z2=wy{ a*bd + b*ac }
(by —dzy " (ay —cx))”

Now from the values found above, for 2* and 3?2, we have

z y  by—da ay — cx
ad+bc ab+cd a(B—db) b(a* =)’

therefore substituting in the expressmn for 2%, we obtain

ac

(bz dq)z ((l2 _ C‘)’} ...... (27)

22 = (ad + bc) (ab + cd) {

ExaMpLEs.
(1) If the quadrilateral is inscribed in a circle, shew that the radius of the

circle is 1 ((ab+cd)(ac+bd) (ad + bc)}i
£ {6y 6-5 60 )

(2) Shew that the distance between the centre of a circle, of radius r, and
the intersection of the diagonals of an inscribed guadrilaterel is
r 3 _ q2)2 2_ o221l
(@bFod) @AF50) [(ac+bd) {ac (b®—d?)2+bd (a2 —c?)2}]2.
(8) Shew that the diagonals of a quadrilateral inscribed in a circle meet at
al+4c?) ~ (b9+d’) -1 [(s=b)(s=d) 3
2ot bd) or 2tan {—-—————(s_a) (s-—c)} , and that the
abed (ac+bd)
(ab+cd) (ad +bec)”
(4) If S 13 the area of & quadrilateral inscribed in a circle, shew that the
straight lines joining the middle points of the opposite sides meet at an angle
tan-1 { 48 . (ad +be) (ab +ud)} )
(b2~ d?) (a2~ c?) ac+bd

an angle cos~ 1 (a4

product of the segments of a diagonal is
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(6) If E, F, G are the intersections of pairs of the diagonals of a quadri-
lateral inscribed in a circle, shew that the area of the triangle EFG 1 to that of
the quadrilateral in the ratio a?b?c?d?: (ab? ~ c2d?) (a?d? ~ bic?).

(6) Prove that the arew of a quadrilateral in which a circle can be
inseribed 73 A/abed sin 3 (A+C); shew also that a/ad siny A =+'be sin $C.

(7) With four gwen strawght lines, three distinct quadrlaterals can be
constructed, each of which is inscribable in a circle; their areas are equal 5 the
siw diagonals which wntersect wathin the curcle are equal in pairs; and if a, B, y
be the lengths of these lines, S the common area, and R the radius of the curcle,
shew that R=aBy[4S.

(8) The difference of the areas of the triangles whose bases are the sides
b, d of a quadrilateral, and whose vertices coincide with the intersection of the
diagonals, is }A/4aZc? — (x24y2—b2—d2)2

(9) If a quadrilateral be such that all rectangles described about it are
similar, shew that a®+c?=Db?+d2

(10) 4 quadrdateral is such that one circle can be described about 1, and
2 4/abcd
a+b+c+d’
(11) If the dwagonals of a quadrilateral intersect in O, shew that
area AOB. area ABCD=area ABC. area ABD.

another inscribed wn 1t; shew that the radius of the latter 18

Properties of regular polygons.

168. Let O be the centre of the circles circumscribed about
and inscribed in a regular polygon of n sides. Let R, r be the
radil of the former and the latter circles, and let a be the length
of a side of the polygon.
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If AB be a side of the polygon, and D its point of contact
with the inscribed circle, the angle AOB is 2m/n, and the angle
AOD is w/n; we have

a=2Rsin = =2rtan = .....ceeerrernn. (28),
n n

thus the radii of the circles are determined, when the side a is
given. The area of the triangle OAB is

1 . 27 1 T
= R?sin —, or - ar, or r’tan —
2 n’ 27 n’

hence the area of the polygon is

.2
1 nR?sin =" or wrttan & ..e........ ....(29).
2 n n

It should be observed that the problem of inseribing or circum-
scribing a regular polygon of n sides in, or about a circle, is
reduced to the determination of the circular functions of the
angle 7/n.

169. ExaMmpLES.

(1)  Circles are described on the sides a, b, c of a triangle as diameters, prove
that the diameter D of a ciicle which touches the three externally is suck that

D D D _\/ s
m'”x/;:%‘l* s A Py

If D, E, F are the middle points of the sides of the given triangle, and O
is the centre of circle whose diameter is D, we have
OD=%(D-a), OE=3(D-b), OF=%(D=c):

also 3@, b, 4 ¢ are the sides of the trnangle DEF, thus expressing the areas of
the triangles mn the relation A VEF+ A OFD+ AODE= A DEF, n terms of

the sides, we obtain the required relation.

(2) From a point P, perpendiculars PL, PM, PN are drawn to the sides
of a trangle ABC; shew that the area of the triangle LMN 13

4+ (R*—d?%) sin A 8in Bsin C,
where d 18 the distance of P from the centre of the circum-cu cle.

Produce OP to meet the circum-circle in /%, and let P’L’, P'M’, P'N’ be
drawn perpendicular to the sides, their feet lie on a straight line called the
pedal line of P’ with respect to the triangle. The perpendicular from a pomnt
on the side of a triaugle is reckoned as positive or negative according as the

point is on the same side or the opposite side of that side as the opposite
angle of the triangle.

H T, 14
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Wo have —2=9D _ 0P ﬁ, hence PL=(R-d) cosA+%P’L’,

PL-0D OP'"R
with similar expressions for PM, PN; now

2ALMN=PM. PNsin A+PN. PLsin B+PL. PMsinC

3
=(R ~-d)*=sin 4 cos B cos C’+%—-, SP'M.PNsnd

+%(R—d)2P’L’sinA;

Ml
A

N’

also $SP'H'. P'N'sin 4 is tho area of the triangle L'}’ N’, which is zero, and

’ ’ _l ’ l_—l_ ’ _}_
SP'L smA—2R2a. PL-REAPBO-KAABC’,
and 38in 4 cos Bcos C=s1n 4 sin Bsin C; \

hence 24 LMN=(R-d)*sin 4 sin Bsin C+2d (R —d)sin A sin Bsin ¢
=(R?-d?sin 48in Bsin C. :

(3) If A, B, C be any three fixed points, and P any point ona circle whose
centre 18 O, shew that AP?. ABOC+BP?. A COA+CP2. A AOB s constant
for all positions of P on the circle.

Denote the angles BOC, C0A4, AOB by a, B, vy, then a+8+y=2m, and let
the angle P04 be §. We have AP2=0P?+0A?-204 . OP cosd, and similar
expressions for BP3, CP?, hence the expression above is equal to

OP3 A ABC+32042. A BOC~20P3 04 .4 BOC.cos b ;
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the first two terms in this expression are independent of the position of P on
the circle, and the coefficient of 20P in the last term is

$04.0B. 0C {cos §sin a+cos (§ +y)sin B+cos (83—~ 0)sin y}
or $04.0B. 0Ccos 8 (sin a+sin B cos y+cos Bsiny)

which is zero ; thus the theorem is proved.
Particular cases of this theorem are the following :

() PA?sin 24+ PB?sin 2B+ PC?sin 2C is constant if P lies on the
circum-circle

(8) PA%sin A4+ PB?sin B+ PC?sin C is constant if P lies on the
in-circle.

(¢) PA?sin 4 cos(B-C)+ PB?sin Bcos(C—A4) + PC?sin C'cos (4 - B)
is constant 1f P lies on the nine-point circle.

(4) Shew that the length of the side of the least equilateral triangle that
can be drawn with its angular points on the sides of a given triangle ABC s
24 \/2
Valybitc+44/38

where A 18 the area of ABC.

Let DEF be such an equilateral triangle, and let the circle round DEF
cut BC and AC in H and G respectively; the angles F'GA, FHD are each 60°
thus FG, FH are in fixed directions; also the angle HFG is 120° - C.

We have, if 4 F be denoted by x,

FG@=xsin A/sin60°, FH=(c- z)sin B/sin 60°,
hence

HG@?=cosec? 60° {#?sin? 4 + (¢ — 2)? 8in? B — 2z (¢ — x) sin 4 sin B cos (120° - C)}.

Now the radius of the circle is HG/2sin (120° — ('), hence the circle is least
when H@G is least. The least value of a quadratic expression Az?+2uz +»,

14—2
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in which X is positive, is v — for Az?42uz+v may be written in the form

3 3
A (z-}-%) +v—‘% . We find therefore for the least value of HG sin 60°,

(csin? B+csin 4 sin Beos 120°— C) |3
)

2 gind B —
{c sin B sin?4 +s8in? B+2s1n 4 sin Bcos (120°-C

which is equal to
¢sin 4 sin Bsin (120° - C)
{sin® 4 +sin? B+2sin 4 s1n Bcos (120° - C)}3 ’
A/2 ¢?sin A sin Bsin (120° - 0)
s C’\/a2+b3+c’+4\/3A

Now the side ,of the equilateral triangle is HG sin 60°/sin (120° - ('), thus
24 /2

Nat+bi+ct+an/3a
(6) Describe three circles mutually wn contact, eack of which touches two
sides of a given triangle.

or

the least value of the side 1s

4

M
B
Let pj, pa, ps be the radii of the circles, then MN=2 +/p;p;,
hence a=BM+CN+MN=p;cot} B+ pscot$ C+2 Vpzps,
with similar equations for b and c.
Let 2?=pycot 3 A, yP=pgcot$B, z2=pzcot}C,
Vitan}Btan}C'= - cosq, v/tan} Ctang 4 = — cosB, V/tan 4 tan} B= —cosy;

we find sin®a=1-tan}Btan}C=a/s, and similarly sin?8=2b/s, sxn37=c/:,
hence we have the equations .

Y3 +A-2yzc08a z’+.1,2 222 cos B w’+g/7 2aycosy _
sina sin3g sinty
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these have been considered in Art. 68, Ex. (12); adopting the first solution
there found, we have

z=Ascos(c—a), y=ascos(c—B), 2=A¢cos(s—1y),
where 20=a+B+y,
hence
pre=stan} A cos? (o —a), py=stan}Bcos?(c—B), py=stan}Ccos?(o—7y)
are the required radii of the circles. The other solutions give the radi of

three sets of circles which are such that two 1n each set touch two sides
of the triangle produced ; of one such set, the radii are

stan} 4 cos?s, standBcos?(s—y), stan$Ccos?(s—p).

There are altogether eight sets of circles which satisfy the conditions of
the problem.

This solution is founded on that of Lechmutz given in the Nouwelles
Annales, Vol v. A geometrical solution of this problem, which is known as
“ Malfattr’s Problem,” will be found 1n Casey’s Sequel to Euclid. A history of
the problem will be found 1n the Bulletin de I’ Académie Royale de Belgique
for 1874, by M. Simons,

EXAMPLES ON CHAPTER XII

1. If 4 be the angle between the diagonals of a parallelogram whose sides

2absin a

a, b are inclined at an angle a to each other, shew that tan § =———.
) > ald— bs

2 If a, B, y be the distances, from the angular points of a triangle, to
the points of contact of the imscribed circle with the sides, shew that

()
a+B+y/ "’

3. The area of a regular inscribed polygon 1s to that of the circumsecribed
polygon, of the same number of sides, as 3: 4; find the number of sides.

4. From each angle of a parallelogram a line is drawn making the same
angle, towargs the same parts, with an adjacent side, taken always in the
same order; shew that these lines will form another parallelogram similar to
the original one, if a?~b2=2abcos B, where a, b are the sides, and B is an
angle of the parallelogram.

5. The straight lines which bisect the angles 4, C of a triangle meet the
circumference of the circum-circle in the points g, y; shew that the straight
line ay is divided by OB, B4 into three parts which are in the ratio

sin?$4:2smn4AdsingBsn§C:sn?$C.
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6. If I be the centre of the in-circle of a triangle, Ja, 1, Ic perpendiculars
on the sides, p;, ps, ps the radii of circles inscribed in the quadrilaterals
Able, Bela, Calb, prove that

P P, Py _atbie
r—p1 r—p2 7T—p3 2r

7. Prove that the line joining the centres of the circum-circle and the
sin B~sin ¢ )

CRp. . -1(  —— -
in-circle of a triangle makes with BC an angle cot <cos BiosC-1)

8. If, in a tnangle, the feet of the perpendiculars from two angles, on the
opposite sides, be equally distant from the middle points of those sides, shew
that the other angle is 60°, or 120° or else the triangle 1s isosceles.

9. If ABC be a triangle having a right-angle at C, and AE, BD drawn
perpendicularly to 4B meet BC, AC produced in E, D respectively, prove
that tan CED=tan® BAC, and A ECD=A ACB.

10. If a point be taken within an equilateral triangle, such that its
distances from the angular points are proportional to the sides a, b, ¢ of
another triangle, shew that the angles between these distances will be

in+4, $n+DB, in+C.

11. The points of contact of each of the four circles touching the three
sides of a triangle are jomned; prove that, if the area of the triangle thus
formed from the inscribed circle be subtracted from the sum of the areas of
those formed from the escribed circles, the remainder will be double of the
area of the original triangle.

12. If ABCD is a parallelogram and P is any point within 1t, prove that
A APC.cot APC—-A BPD, cot BPD is independent of the position of 2.

13. Three circles touching each other externally are all touched by a
fourth circle including them all. If @, b, ¢ be the radii of the three internal
circles, and gq, 8, y the distances of their centres from that of the external
circle respectively, prove that

By , va a_ﬁf) 5’ Y
(bc+ +25 4+ +Et

14. P, @, R are points in the sides BC, C4, 4B of a triung‘le, such that

BP CQ AR .
2o Qg 22 Nhow that A%+ BQh+CR? is least, when P, @, & bisect the
gides.

15. On the sides a, b, ¢ of a triangle are described segments of circles
external to the triangle, containing angles a, B, y respectively, " where
a+B+y=m, and a triangle is formed by joining the centres of these circles;
shew that the augles of this triangle are a, g, .
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16. Through the middle points of the sides of a triangle, straight lines
are drawn perpendicular to the bisectors of the opposite angles, and form
another triangle; prove that its area is a quarter of the rectangle contained

by the perimeter of the former triangle and the radius of the circle described
about it.

17. P is a pomt in the plane of a triangle ABC, and L, M, N are the feet
of the perpendiculars from P on the sides; prove that if N+ NL+ LM be
constant and equal to {, the least value of

PA24+ PB24+PC? is [%(sin2 4 +sin? B+sin2 ().

18. Lines B'C’, C'4’, A’B’ are drawn parallel to the sides BC, C4, AB
of a triangle, at distances 7y, 72, 73 respectively; find the area of the triangle
A'B'C".

If exght triangles be so formed, the mean of their perimeters is equal to the
perimeter of the triangle 4 BC, but the mean of their areas exceeds 1ts area by

(ar 24022+ c2ry?) /44

19. On the sides of a scalene triangle 45C, as bases, simlar isosceles
triangles are described, either all externally or all internally, and their vertices
are jomed so as to form a new triangle 4’8’C"; prove that 1f 4’B'C’ be equi-
lateral, the angles at the base of the 1sosceles triangles are each 30°; and that
if the triangle A’B’'C" be similar to 4 BC, the angles are each

4A
tan~! a?+bi+ ¢k’

where A is the area of 48C.

20. A straight line cuts three concentric circles in 4, B, C, and passes at
a distance p from their centre; shew that the area of the triangle formed by

the tangents at 4, B, C13 BC.04. AB_

2p
21. If N 1s the centre of the mine-point circle of a trangle 4BC, and
D, E, F are the middle points of the sides, prove that
BCcos NDC+CAcos NEA+ ABcos NFB=0.
22. On the side BA of a triangle is measured BD equal to AC; BC and

AD are bisected 1n £ and F; E and F are joined ; shew that the radius of
the circle round BEF 18 } BC cosec § 4.

23. If o', B', C’ be any points on the sides of the triangle 4 BC, prove
that AB'.BC'.CA'+B'C.C'A. AB=4R.A A'B'C".

24. If 2, y, 2 denote the distances of the centre of the in-circle of a
triangle from the angular points, shew that
atat + byttt (a+ b+ o) atyi =2 (B2 yPat + clatatad + adbPatyR),

25. D, E, F are the ponts where the bisectors of the angles of the
triangle 4ABC meet the opposite sides; if z, y, z are the perpendiculars
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drawn from 4, B, C, respectively, to the opposite sides of DEF, p;, ps, p3
those drawn from 4, B, C, respectively, to the opposite sides of 4BC, prove

that
&_'_102 +P3 =1148sin3dsin} Bsin}C.

26. Shew that the distances of the orthocentre of a triangle from the
angular points are the roots of the equation

28— 2 (R4+7) 224 (2 — AR+ ) 2 — 2R {8 — (r+ 2R)%} =0,

27. If each side of a triangle bears to the perimeter a ratio less than
2.5, a triangle can be formed, having its sides equal to the radi1 of the
escribed circles.

28. A BC 1s a triangle mscribed 1n a circle, and from D, the middle pont
of BC, a line is drawn at right angles to BC, meeting the circumference in £
and F', AE, AF are joined. If triangles be described in the same way by
bisecting 4 B, AC, shew that the areas of the three triangles thus formed are

as sin (B—C):sm (C—4).swn (4 - B).
29. Three circles, whose radii are a, b, ¢, touch each other externally,
prove that the radii of the two circles which can be drawn to touch the three

are abe
(be+ca+ab)+2nabec(a+bte)

30. ABC is a triangle; on 1ts sides equilateral triangles 4'BC, B'CA,
C'A B are described without the triangle; prove that (1) 44’, BB’, CC" mcet
in a point O, (2) 04’=0B+ 0C,

3) AA'B'C'=§A0ABC+Y ‘/3 (BC?+CA? + ABY),

31. A', B’ are the middle points of the sides a, b of a triangle; D, £ are
the feet of the perpendiculars from 4, B on the opposite sides; A'D, B'E are
bisected in P, @ ; prove that PQ=} /a4 b2 — 2ab cos 3C.

32. The perpendiculars from the angular points of an acute-angled
triangle meet in P, and P4, PB, PC are taken for sides of a new triangle.
Find the condition that this is possible, and if it is, and a, B, y are the angles
of the new triangle, prove that

cosa ., cosf cos cos y
cosd " cosB " cosC

1+ — =4 sec A sec BsecC,

33. Two points 4, B are taken within a circle of radius », whose centre
is C. Prove that the diameters of the circles which can be drawn through
4 and B to touch the given circle are the roots of the equation

28 (r2c? - a?b?8in? C') — 227c? (r — ab cos C') + 2 (4 — 22 ab cos O +a2b?) =0,
where the symbols refer to the parts of the triangle 48C.
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34. If a triangle be cut out in paper, and doubled over so that the crease
passes through the centre of the circumscribed circle and one of the angles 4,
shew that the area of the doubled portion is

3628102 C'cos C cosec (2C — B) sec (C'— B), where C>B.

35. From the feet of the perpendiculars from the angular points 4, B, ¢'
of a triangle, on the opposite sides, perpendiculars are drawn to the adjacent
s1dé}; shew that the feet of these six perpendiculars lie on a circle whose

radius 18 R (cos? 4 cos? B cos? C'+sin? 4 sin? Bsin? 0)5.

36. Prove that if P be a pont from which tangents to the three escribed
circles of the triangle 4BC are equal, the distance of P from the side BC

will be
4 (b+c)secsAsmiBsiniC.

37. If &, 9, z be the sides of the squares nscribed in the triangle 4BC,

1 1.1 1 1 1 1

on the sides BC, C4, AB, shew that —+-+-==-4+;+-+=.

r Yy 2 a b ¢ r
38 AA', BB', CC' are the perpendiculars from 4, B, C on the opposite
sides of the triangle 4 BC; 0y, 0,, O, are the orthocentres of the triangles
AB'C'y BC'A’, CA'B’. Prove (1) that the trangles 0,0,0;, A’'B'C’ are
equal, and (2) that 2 R 2=R, Ry R,, where R,, R;, R. are the radi1 of the
circles 0y 4’0y, 0,80y, 0,C’0,, and 7, 18 the radius of the circle inscribed in

A'B’C", and R, of the circle about 4'B'C".

39. If x, y, z are the distances of the centres of the escribed circles of a
triangle, from the centre of the in-circle, and d 1s the diameter of the circum-

circle, shew that
zyz+d (2% +y?+ 2%) = 4d3,

40. The lines joining the centre of the mn-circle of a triangle, to the
angular points, meet that circle in 4,, B, C;; prove that the area of the
triangle 4, 8,0, is }+2(cos § 4 +cos$ B+cos ).

41. If each side of a triangle be increased by the same small quantity z,
shew that the area is increased by Rx (cos 4 + cos B+ cos C), nearly.

42. AA’, BB', CC’ are diameters of a circle, D, £, F are the feet of the
perpendiculats from A4’, B’, C' on BC, C4, ADB respectively; prove that 4D,
BE, CF meet in a point, and that the areas ABC, DEF are in the ratio

1:2cos 4 cos Beos C.
43. If ID, IE, IF are drawn from the in-centre I of a triangle, perpen-

dicular to the sides, tind the radii of the circles inscribed in JEAF, IFBD,
IDCE ; if they are denoted by p), ps, ps respectively, shew .that

r—2p1) (r—2pg) (r — 2p3) =73 - 4p1 p3py.
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44. Shew that the radii of the circle which touches externally each of
three given circles, of radii a, b, ¢ which touch each other externally, is
given by

NRbc(bte+ Ry+NRea(c+a+R)+NVRab(a+b+R)=+abc(a+b+c)

45. Perpendiculars 44,, BB,, CC, to the plane of a triangle ABC are
erected at its angular points, and their respective lengths are a, b, ¢ ; s.hew
that if A and A, be the areas of ABC and 4, B, (), then

At -al=}{d (z-y) (@ =2)+ b (y —2) (y—2)+ ¢ (2~ 2) (2 -y}
=Hal(@-y) (-9 +b y-2) F-2)+a’(z-2) (2 -y)}-

46. Three circles are described, each touching two sides of a triangle, and
also the inscribed circle. Shew that the area of the triangle having their
centres for angular points bears to the area of the given triangle the ratio

4sinyAsiny Bsin3( (sin4 A +sm$ B+singC)
:costdcosd Beos$C(cost A +cossB+cosC).

47. If the lines bisecting the angles of a triangle meet the opposite sides
in D, E, F, prove that the area of the triangle DEF 1

2r3cos A cos} Beos$C/cos 3 (B—()cos}(C—A4)cosd(4-B),
and that
(a+b)(a+cBEF 4+ (b+c)t(b+a)? KD+ (c+a)(c+b)2 DE2=16A2R (11R +27),
where A is the area of A BC.

48. O is the centre of the circum-circle of a triangle, K is the ortho-
centre, and OK meets the circle in P and ', and the pedal lines of P and P’
in @ and @ ; prove that 0Q. 0@ =2R2cos 4 cos B cos C.

49. N is the centre of the mmne-point circle of a triangle; D, E are the
middle points of CB and C4 ; prove that the area of the quadrilateral YOCE
i8 4p®(sin 24 +8in 2B+ 2810 2C), where p 18 the radius of the nine-point circle.

50. A triangle is formed by joining the centres of the escribed circles, a
third from this, and so on; shew that the sides of the nth triangle are

m—A 3In+ A 272w (~1)""24
cosec — '23— ----- ( 2-'—‘—:1 ) ,

A
@ cosec 5 Cosec —;

and similar expressions.

51. If &V is the centre of the nine-point circle of Ab(], and 4N meets BC
in /), shew that
DN : DA ::cos(B-C):4sin BsinC,
and that the area of BNC is 4 R%sin 4 cos (B-C).

52. Shew that the radius of the circle which touches the three circles
DCE, EAF, FBD, where D, E, F are the feet of the perpendiculars from
A, B, C on the opposite sides, is

2R sin A4 sin Bsin Ccos 4 cos B cos € (sin 4 +8in B+sin O)
gin3 4 gin? Bsin? C—2sin3 4 cos® 4 +2cos 4 cos Bcos CEsin Bsin C*
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53. If from any point O, perpendiculars 0D, OF, OF are drawn to the
sides BC, C4, AB of a triangle, prove that cot ADC+cot BEA + cot CFB=0.

64. If b, ¢, B are given, and there are two triangles with these given
parts, shew that their inscribed circles touch, if

¢? (cos? B+2 ¢os B —3)+2bc (1—cos B)+b2=0.
' .

5. If ¢, ¢y, t3 be the lengths of the tangents drawn from the centres of
the escribed circles of a triangle to the nine-point circle, shew that
2 2 - 2__ 4.2 2_ 42
f1_+ £ ti—r+7R and 0ty +t-2—t—3 +t—3--—tl~=2r+11R.
Ty 73 ri—ry | 1p=Ty  r3—r
56. Prove that the sum of the squares of the distances of the centre of,
the nine-point circle of a triangle, from the angular points, 18

122 (32 42 cos 4 cos B cos C).

57. Four similar triangles are described about a given circle, and their
areas are A, Ay, Ag, &3, shew that

3
(a) an angle of the triangles 13 2 cot=?2 (AA1> ’
[AVYA¥

& at=abiabiad,
() the radiwus of the circle is (A4, A2A3)§.
68. Through the angles 4, B, C of a triaugle, straight lines are drawn
making angles 8, ¢, ¥ with the opposite sides of the triangle, 1n the same

sense. Prove that the diameter of the circle circumscribing the triangle
formed by these lines 1s

R.oM (24+¢ —y)cosf+sm(2B+y—8)cosp+sin(20+6 - ¢)cosw
sin(Ad+¢—y)sin(B+y-6)sin(C+6-¢)
59. The sides of a triangle subtend angles a, 8, y at a pont O; prove that
(1) cos}a+cos}B+cospy=4cos}(B+y)cos} (y+a)cos}(at+p),

@) 04= besin(a—4)
~ bcsinasm (a— 4)+casin Bsin (8- B)+absinysin (-y—O').

60. If d,, d,, d; be the distances of any point in the plane of an equi-
lateral triangle whose side is @, from the angular points, prove that

didd +dg?d\?+dy dy? +a? (dy1+dp+ dit) = at + di 4 det + st
Hence shew that the sum of two equilateral triangles, each of which has

its vertices at three given distances from a fixed point, is equal to the sum of
the equilateral triangles described on the distances.

61. If P be any point within a triangle ABC, and 0,, O3, O3 are the
circum-centres of the triangles BPC, CI4, APB respectively, then if p be
the circum-radius of 0,0;0;, shew that

4p sin 4 sin ¢ sin Y =2 sin §+y sin ¢ +2z8in ¥,

where x, y, 5 are the lengths PA, PB, PC, and 6, ¢, { are the angles BPC,
CPA, APB.
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62. If a, b, ¢ be the radii of three circles touching cach other externally,
and r, 7y be the radii of the two circles that can be drawn to touch these
1 1 2 2 2
three, shew that ,Tl+7j;—a+z+g.
63. If the bisectors of the angles B, C, of a triangle, meet the opposite
sides in £, F, prove that EX makes with BC an angle
(b—c)smn 4

-1
tan (a+0b) cos C+(a+c)cos B°

64. If I be the centre of the circle inscribed 1n 4 BC, I; that of the circle
inscribed i 7BC, I, that of the circle mnscribed 1 7, BC, and so on; shew
that as » indefinitely increases, I,7,_, divides BC in the ratio of the
measures of the angles ¢ and B.

65. Points D, E, F are taken on the sides BC, 04, 4B of a triangle, and
through D, E, F are drawn straight lines B'C’, C'4’, A’'B, equally mchned to
BC, C4, AB respectively, so as to form a triangle 4'5’C” similar to 4 BC.

Prove that the radius of the circumscribed circle of 4'B'C’ 18

(EF cos a+ FD cos B+ DE cos y)/4 s 4 sin B s C,

where a, B, y are the inclinations of 44', BB', CC' to BC, C4, AB re-
spectively.

66. If P be a point on the circum-circle whose pedal line passes through
the centroid, and if the line joining P to the orthocentre cuts the pedal line
at right angles, prove that

PA24+ PB2+ PC?=4R? (1 -2 cos 4 cos B cos C).

67. D is a pomnt in the side BC of a triangle; 1if the circles inscribed 1n
the triangles 48D, ACD touch AD 1n the same point, prove that D is the
point of contact of the in-circle of ABC with BC; but if the radii of the
circles be equal, then

CD BD cosec D+cosec C: cosec D +cosec B.

68. From a point within a circle of radius 7, three radii vectores of
lengths 7y, 3, 73 are drawn to the circle, and the angle contained by any
pair 18 27/3; shew that

3 (rarstrardry o) = (1t rars +74?) (rs? 4+ 3y +11%) (12 1y a4 gt),
and that the distance of the point from which the radii are drayn, from the
centre of the circle, is d, where
(r? = d?) (ryry+rary +7y79) =y a7y (14 7ra+73).

69. Circles are inscribed in the triangles Dy B\ Fy, D, E,Fy, Dy E;Fy,
where D,, E,, F, are the points of contact of the circle escribed to the side
BC; shew that if p;, ps, p; be the radii of these circles

1 11

—:—:—=1—'ta A:1-tan}B.1- A
p1 P2 ps ni ni tan §
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70. 1In a triangle ABC, 4', B’, (" are the centres of the circles described
each touching two sides and the inscribed circle; shew that the area of the
triangle A'B'C’ is

tan } (r— 4) tan } (r—B) tan } (v - C)
{cosec } (w — 4) cosec } (m — B) cosec } (w - C')+ 4} 72

71. The three tangents to the in-circle of a triangle which are parallel to
the sides are drawn ; shew that the radii of the circles inscribed in the three
triangles so cut off from the corners are given by the equation

8203 —rsta? — 312 (a2 4+ B2+ ¢ — 2be — 2ca — 2uab) £ — 15 =0.

72. The perpendiculars from the angular points of a triangle on the
straight line joining the orthocentre and the centre of the in-circle are p, ¢, 7;

prove that psin A gsmB  rsmn(

sec B—sec C sec C—secA sec A—sec 3’

a convention being made as to the signs of p, ¢, .

73. A pomt 1s taken within an equilateral trangle, and its distances
from the angular points are a, 8, y. The internal bisectors of the angles
between (B3, v), (y, a), (a, B) meet the corresponding sides of the triangle 1n
P, @, R respectively ; shew that the area of PQR 18 to that of the equilateral
triangle 1n the ratio

2aBy : (B+y) (y+a) (a+8).

74. If I, m, n are the distances of any point in the plane of a triangle
ABC, from 1ts angular points, and & the distance from the circum-centre,
prove that

sin24 +m?sin 28+ n?sin 20=4 (11*+d?) sin A sin Bsin C.

75. If G'1s the centroid of a triangle, shew that
cot GAB +cot GBC+cot GCA =3 cot w=cot 4 BG +cot BCG +cot CAG,
and cot AGB+cot BGC+cot CGA +cot w=0,
where cot @=cot 4+cot B+cot C.
Also if A be the symmedian point, that 13 a pomnt 1n the triangle, such
that the angles KAC, GAB are equal, and two similar relations, then
cot AKB+cot BKC+cot CKA+3cot w+ 3 tan 0=0.

76. Each of three circles, within the area of a tiiangle, touches the other
two, touching also two sides of the triangle; if a be the distance between the
points of contact of one of the sides, and B3, y be like distances on the other
two sides, prove that the area of the triangle of which the centres of the
circles are angular points 18 t(327’+7’a2+a2[32)’}.

77. If a, b, ¢, d be the perpendiculars from the angles of a quadrilateral
upon the diagonals d,, d,, shew that the sine of the angle between the
fla+e) <.b+d)}*

diagonals is equal to U dd,
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78. If ABCD be a quadrilateral, prove, in any manner, that the line
joining the intersection of the bisectors of the angles A and C with the
intersection of the angles B and D makes with 4D an angle equal to

sin 4 —sin D +sin (4 + B)
{1 +cos 4 +cos D+cos (4 +B)} '

tan—!

79. ABCDE 1s a plane pentagon; having given that the areas of the
triangles EAB, ABC, BCD, CDE, DEA are equal to a, b, ¢, d, e respectivgly,
shew that the area 4 of the polygon may be found from the equation

A*—(a+b+ct+d+e) A+(ab+be+ed+de+ea)=0.

80. Shew that i1f a quadnlateral whose sides, taken 1n order, are a, b, ¢, d
be such that a circle can be inscribed 1n it, the circle is the greatest when the
quadrilateral can be inscribed in a circle, and that then the square on the

abcd

radius of the inscribed circle is @rord)’

81. A polygon of 2n sides, n of which are equal to a, and n to b, is
mscribed 1n a circle; shew that the radius of the circle 18

3
1 (a2+ 2ab cos & + bz) cosec —.
2 n n
82, A quadrilateral whose sides are q, b, ¢, d can be mnscribed in a circle;

1ts external angles are bisected ; prove that the diagonals of the quadnlateral
formed by these bisecting lines are at right angles, and that the area of this

quadrilateral is ! #(ab+cd) (ad+be)
2(a+c) (b+d) N (s—a)(s-b) (s—c) (s—d)
where 2=a+b+c+d.

83. A quadrilateral 4BCD 1s 1nscribed in a circle, and £F 1s its third
diagonal, which is opposite to the vertex 4 ; prove that 1f the perpendiculars
from 4 on BC, CD meet the circles described on AD, AB respectively as
diameters, in P, then P@Qsin D= EF (sin? 4 —sin? D).

84. The power of two circles with regard to one another, is defined to be
the excess of the square of the distance between their centres. over the sum
of the squares of the radii. Prove that for a triangle 4 BC, the power of the
inscribed circle, and that escribed circle which is opposite 4, is 3 {a2+(b—c)?},
and hence verify that if the escribed circle touches an escribed circle, the
triangle must be isosceles. ¢

86. The sides, taken in order, of a pentagon circumscribed to a circle
are a, b, ¢, d, e; prove that its area is a root of the equation

ar-228 {}3a? (b+e-c—d) - }Zad+3Zacd}
+(8—~a—e)(s-b-d)(s—c—e)(8-d-a)(s—c-b) 8=0,
where 2s is the sum of the sides.
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86. If a,b,¢d be' the distances of any point on the circumference of a
circle of radius r, from four consecutive angular points of an inscribed regular
polygon, find the relation between a, b, ¢, and d, and prove that

i (ab - ed) (be— an) (ca — bd)
(a+b c-d)b+c—a=d)(c+a=b-d) («+b+c+d)’

87. The perimeter and area of a convex pentagon A BCDE, inscribed in a
circls, are 2¢ and S, and the sum of the angles at £ and B, at 4 and C,
are denoted by a, 8, ...... ; shew that

8 (sin 2a+...... +51n 26)+ 23 (sin a+...... +sin €)2=0,

88. ABCD 18 a convex quadrilateral of which the sides touch one circle,
while the vertices lie on another; tangents are drawn to the circumseribed
circle at 4, B, C, D so as to form another convex quadrilateral; prove tha’
the area of the latter is

(so — 2abed) abcd)’
(a' bed) (o —cda) (o — dab) (o -~ abe)’

where # 18 the radius of the circle 430D, 2s=a+b+c¢-+d, and

20 =bed -+ cda + dab +abe,



CHAPTER XIIL

COMPLEX NUMBERS.

170. 1IN works on Algebra, numbers of the form a + 1y, called
complex numbers, are considered, and the application to them of
the ordinary laws of algebraical operations 1s justified. We shall,
in this Chapter, consider the mode in which such complex numbers
may be geometrically represented, and in which the results of
additions and multiplications of such numbers may be exhibited.
It will appear that circular functions present themselves naturally
in this connection, and indeed that such functions must be intro-
duced in order to give conciseness to the results of the multiplication
and division of complex numbers.

The geometrical representation of a complex number.

171. A positive or negative real number z is represented
geometrically by laying off on a fixed infinite straight line 4’04,
a length OM =|=|, to scale, measured from any specified point O
in one direction or the other, according as « is positive or negative ;
we may then consider that the number z is represented either by
the position of the point M, or by the straight line OM. In order
to represent a purely imaginary number ¢y, take a fixed straight
line B'OB, in any fixed plane containing 4’04, perpepdicular to
the latter line, then measure from O a length ON=|y|, in the
direction OB or OB’, according as y is positive or negative, then
we shall consider that the imaginary number 4y is represented by
the point N, or also by the straight line ON. A circle of radius
unity cuts A’A and B'B in the points which represent the
numbers #+ 1, +4 respectively. In order to represent the
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complex number z + 4y, complete the rectangle OMPN, then we
shall consider that the point P, or also the straight line OP, re-
presents z +1y. We thus suppose that the result of the addition
of the two numbers « and vy is represented geometrically by the
diagonal of the parallelogram of which the two straight lines OM,

B

P'z ‘VZ

-1

BI

ON, which represent # and 7y respectively, are sides. In the
figure, P, represents a number @, +4y, i which both a, and g,
are positive, P, a number z, + 1y, 1n which z, is negative and Y. is
positive, and P; a number @; + 1y, 1n which «; is positive and Ys 18
negative. A'OA is called the real axis, and B'OB the imaginary
axis.

172. Let r denote the absolute length of OP, and 6 the angle
which OP makes with OA4. measured counter-clockwise from 0A,
then

w=rcosf, y=rsinf, and z=ax+1y=r(cosd+isinb),
where T=‘\/x’+y’, 3=tan"g.

The essentially positive number 7 =4#a*+4? is called the modulus,
and the angle 6 is called the argument of the complex number

H. T, 15
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x+1y. A straight line OP measured in any direction from O in
the plane is thus capable in virtue of its two qualities of absolute
length, and of direction, of completely representing a complex
number. The number x + 1y may also be represented by any
straight line in the plane, drawn parallel to OP, and of equal
length, since such a straight line represents both the modulus
and the argument of x4 4y,

«

173. Suppose a point P to describe a circle with centre O,
and any radius 7, commencing from A4’ and moving in the counter-
clockwise direction, then the modulus of the complex number
represented by P remains constant and equal to 7, whilst the
argument increases algebraically continually from — 2. We may
suppose the point P to make any number of complete revolutions
in the circle, then at every passage through any fixed position P,
the number x + ¢y has the same value, or an addition of a multiple
of 27 to the argument leaves # + 1y unaltered. In other words, a

variable @ +1y =7 (cos 0 + ¢ sin 6),

considered as a function of its modulus 7 and its argument 6, 1s
periodic with respect to the argument.

For any number # + ¢y, that value of @ which lies between
the values —a_and.x .may be called the principal value of the
argument ; and we shall in general, in speaking of the argument
of such a number, mean the principal value.

It should be observed that the principal value of the argument

6 is not necessarily the principal value of tan™? Z—’Z , as defined in

Art. 38; for a given number z + 2y, both cos @ and sin § have
given values, therefore 6 has only one value between — 7 and =

In this sense, the argument of a positive real number is 0, that of a
positive imaginary number 18 4, and of a negative imaginary number — 4.
The principal value of the argument of a negative real number 13, as defined
above, ambiguous, being either = or —r; we shall however consider 1t to be .
The conjugate numbers z +1y, « -7 have the same modulus, but their argu-
ments are § and —4. The modulus of x+4y is frequently denoted by
mod. (z+1y), or also by |z+dy]|.

174. 1t is of fundamental importance to observe that whilst a
réal variable & can, whilst increasing continuously from z, to =,
only pass through one set of values, this is not the case with a
complex variable z + ¢y. There are an infinite number of ways in
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which such a variable may change continuously from =, + ¢y, to
%3+ 15, even supposing that both # and y continually increase, for
the continuous increase of « from , to =, is entirely independent
of the increase of y from ¥, to y,. This is essentially involved in
the fact that two distinct unities are implied in a complex number,
and is represented geometrically by the fact that two points P, and
P, in the diagram may be joined in an infinite number of ways,
the representative point moving along any arbitrary curve joining
P, and P,. If a real variable is to increase from , to z,, always
remaining real, the representative point is restricted to remain
in the « axis; if the variable is not restricted to have its inter-
mediate values real, the representative point may describe any
arbitrary curve drawn joining the two points on the « axis,

We may express this point by saying that a purely real or a
purely imaginary number is essentially one-dimensional, whereas
a complex number is two-dimensional, and requires a two-dimen-
sional space for its geometrical representation.

The method of representing complex numbers geometrically was given
by drgand 1n a tract published in 1806, but an earlier attempt at their
representation had been made by Kuhn in 1750. The theory founded on
this method of representation was developed by Cauchy, Gauss, Riemann,
and others, and forms the foundation of the modern theory of f}mctlons.

The addition of complex numbers.

175. Suppose two complex numbers a, + 7y, z, + 1y, are re-
presented by the points P, @ ; complete the parallelogram OPRQ,
then the projection of OR on either axis is the sum of the pro-
jections of OP, PR, or of OP, OQ, on that axis; hence the point
R represents the sum (@, +,) + % (y, + y,) of the two given complex
numbers. We see therefore that the sum of two complex numbers
is obtained geometrically by adding the straight lines, which
represent those numbers, according to the parallelogram law. We
have supposed that equal and parallel straight lines of the same
length, and in the same direction, represent the same number,
thus PR drawn from P parallel and equal to OQ represents
,+1y,. We may therefore express the rule of addition thus:
draw from O the straight line OP to represent =, +ty,, and then
from P draw PR to represent ,+ ty,, join OR, then OR, or the
point R, represents the sum (z, + ;) + 1 (¥, + ¥).

15—2
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176. The mode of extension of the rule for addition, to any
set of numbers, is now obvious.

Draw OP; in the second figure on page 228 to represent z, + 7y,
then from P, draw P, P, to represent , + 1y,, from P, draw P, P,
to represent @, +1y,, and so on; then join OP,; the sum of the
n numbers @+ tY;, ¥, +1Y,, ... Tn+Y, I8 represented by the
straight line OP,, or by the point P,.

Since the length OP, cannot be greater than the sum of the lengths

OP,, P,P,,.. P,_,P,, it follows that the modulus of the sum of a set of
complex numbers 1s less than, or equal to, the sum of their moduli.

177. In order to subtract «,+ iy, from =, +1y,, a line PR,
must be drawn from P to represent — (z, +1y,), this will be equal
to PR, and in the opposite direction ; then the difference is repre-
sented by OR,, or by the point R,.

The multiplication of complex numbers.

178. The product of the fwo numbers
T+ Y, Tty 18 (2= YY) + 4 (2 Y+ 2ad),
and if we replace the expressions by
r,(cos 6, + ¢ sin 8,), 7, (cos 8+ ¢sin by),
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their product may be written 7, {cos (6, + 6,;)+ ¢sin (6, + 6,)};
this expression shews that the modulus of a product is equal to the
product of the moduli, and the argument of the product is equal to
the sum of the arguments of the two numbers.

It should however be observed that if 6,, 8, arc the principal values of the
arguments of x;+1y,;, 4,+1y,, then 6,46, is not necessarily the prin¢ipal
value of the argument of the product.

We can now obtain a geometrical construction for the product
of two numbers; let 4, P, Q represent the three numbers +1,
@ + 1Yy, &+ 1Y, ; join AP, on OQ describe a triangle QOR similar

to AOP, and so that the angle QOR is equal to +6,, then
ROA =6,+6,, and also OR: 0Q:: OP:04 ; hence the length ot
OR is equal to the product of the lengths of OP and 0Q; it
follows that the point R represénts the product (2, + 1) (@, +17,).

If we now introduce a third factor a; + 1y, = 7, (cos 6; + ¢ sin 6;)
we have

(@1 +131) (25 + 137,) (5 + 1)
= 7\7y75 {08 (6, + 6,) + i sin (6, + 6,)} {cos &, + ¢ sin 6}
=110 {co8 (6, + 0, + 6;) + ¢ sin (6, + 6, + 6,)},
and we obtain, in a similar manner, the product of four or more
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complex numbers. In the case of » such numbers, we obtain the
formula
(@ +19) (@ +79) «.. (@0 + Yn)

=77y 10 {co8 (6,46, + ...+ 60,) +3sin (6, + 6, + ... + 60,)} ...(1).
Or the modulus of the product of any set of complex numbers is
the produgt of therr modult, and the argument of their product s
the sum of their arguments. The product may be obtained geo-
metrically by a repeated application of the construction we have
given for the product of two numbers.

Division of one complex number by another.
179. The quotient (2, +1y,) (2, +1,) is equal to
1 } . .
Y (@@, + 919 — U (@ ys — 2,3)} or :."‘1 {cos (0, — 6,) + vsin (6, — 6,)};
2

thus the modulus of the quotient is the quotient of the modul,
and the argument of the quotient is the difference of the argu-
ments of the two numbers.

To construct the quotient geometrically, join the point @

£

2
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(2, + 1y,) to the point 4 (+1), and draw a triangle ORP similar to
the triangle 0 AQ, the angle ROP being measured equal to — 6,;
then the angle ROA is 6, — 6,, and OR=0P/0Q, therefore the
point R represents the quotient.

The powers of complexz numbers.

180. If in equation (1), we put all the factors on the left-
hand side of the equation equal to # +1y, we obtain the formula
(z + ) =1r"(cosnf + 7 sin nf) ;
thus the modulus of the nth power of a complex number is the
nth power of the modulus, and the argument is n times that of the
given number. The number n here denotes any positive integer.
To construct such a power geometrically, let P, (z+ vy) be
joined to A(+1); on OP, draw the triangle OP, P, similar to
OAP,, on OP, draw OP,P; similar to the same triangle,
and so on; then the lengths of OP,, OPF,,... OP, are r,7* ... r,
respectively, and the angles P,0OA4, P,0A4, ... P,0A are 6,29, ... n6,
respectively, therefore the points P,, P,,... I, represent the
numbers (z + 1), (z+ 1Y), ... (x+1y)™
In the particular case » =1, we have
(cos 8 + 7 sin )" = cos nf + ¢ sin n0,

and if @, represents cos 6 +14sin @, then the points @, Q,,...Q,,
which represent the different powers of cos @+ 7 sin 6, are all on
the circle of radius unity, and so that the arc between any two
consecutive points of the series subtends an angle 6 at the
centre O.

181. 1In accordance with the theory of indices, supposing n to
1

be a positive integer, the expression ( + iy)* denotes a number
of which the nth power is x+1¢y. Now since the nth power
of the modulus of a number is the modulus of its mth power,
and since the modulus of any number is real and positive, the

1
modulus of (z +1y)® is {/r, where {/r is the real positive nth root

1
of r. Suppose that /7 (cos ¢ -+7sin ¢) isa value of (z +1y)", then
we have
r(cos ¢ + 1 8in ¢)* =7 (cos § + ¢ sin ),
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or cosne + ¢ sin ngp=cos § + isin §; therefore cosng = cos §, and
sin n¢ =sin 6§, or ng = 6 + 2sm, where s is any positive or negative
integer including zero; hence a value of

1
(2 + )"
0+2sm . . 0+287r}
s n—

+ 281

is wr {co

since the nth power of this expression is equal to #+1y. The
1

above reasoning shews that every value of (2 + 1y)® must be of this

form.
If we give s the values 0, 1, 2, ... n — 1, the expression

0425w .. 0427w
+ 2810 ———

CcoS

has a different value for each of these values of s, for in order that
1t may have equal values for two values s,, s, of s, we must have

O+2sw . 0+ 2s,m
— 1 =sin

6+ 2s,m 0 + 2s,m .
€os ———— = cos , and sin T et
whence €—+:s‘7—r =2km= Q+—:§Z , or s—s,=nk,

where k is some positive or negative integer; this cannot be the
case if s, and s, are both less than n, and unequal, therefore the
values are all different
If we give s other values not lying between 0 and n—1, we
1

shall obtain no more values of (cos 8 +1sin ), for if s, be such a
value of s, it is always possible to find a number s, lying between
0 and n —1, such that s,—s, is a multiple of n, and therefore
the value of the expression for s =s, is the same as for s=s,.

1
We see then that all the values of (x+ 1y)* are given by the
series of n numbers

n 6 .. 6 " 0+2r .. 0+27
Jr (cosq-to-i-zsm;b), \/r(cos - +18in m >,......
{‘/r{cose+2(n_1)w+isin0+2(z—l)ﬂ ,

where {/r is real and positive.

182. If 6 be the principal value of the argument of z + vy, that
is, that value of the argument which lies between — 7 and =, we
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1
may regard /7 (cos g + 7sin g) as the principal value of (x + iy)®.

We may consider

e .. 80 O0+2r .. 6427 0+ 4o 0+47r
cos - +isin_, cos — == +isin =, COS ——— +71
n n n n n

as the principal values of the nth roots of
cos @+7sin @, cos(6+2m)+1sin(6+2m), cos(f+ 4«7'r)+z sin (0+4«n‘)

respectively. The different values of (z +iy)" are then the
principal values of the corresponding expression in r and 6 when

n different values of the argument 6 are taken, the principal value
1

of (z+1y)* being considered as that expression in which 8 has
its principal value.

The two values of ai, where @ is a positive real quantity, are
Ja(cos0+s1n0) and 4/a (cos w+281n m), that is Ja and —./a, where Ja is
the positive square root of a@. The values of (—a)’k, in which case =,
are Ja (cos yw+isindw), Ja(cosFw+isindw), or 7Ja, —iJa. The
principal value of ad s Ja, and of (—oL)’k 18 7 /a.

183. The nth roots of unity are obtained from the expressions
in Art. 181 by putting » =1, = 0; they are therefore

2w .. 27 47 . . 4w
1, cos—+1sin—, cos— +¢sin —,
n n n n
________ g2 =D L n2-m
n n
If we denote by o the root cos 2;+zsm %- the whole of the

roots are given by the series 1, 0, @? ... 0"
Since

08 0+2rm + 17sin 8+2rm = (cos g + 7 sin g) (cos 2r1 +78in 27'") ,
n n n n n

it follows that, if v/z + 1y denote the principal value of (x+ zy)
then all the values are given by the series

’ Vzt+iy, oVae+iy, o*Va+iy,...... 0" W + 1.
ExaMPLES.

(1) Find all the values of (1)} and of (—1)*.
(2) Find' the values of (1+4/=1)1,
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184. We shall now shew how to represent geometrically the
nth roots of a complex number; the method will give an
intuitive proof of the existence of n different values of the nth
root. Without any loss of generality we may take the modulus
to be unity, so that we have to represent the values of

1
(cos @ + 4 sin )"
Let a point P describe the circle of radius unity starting
from A, at which 6 =0, then in any position of P for which the
angle POA described by OP is 6, the point P represents the
expression cos ¢ +4sinf. Let another point p start from A4 at
the same time as P, and let its angular velocity be always equal
to 1/n of that of P, so that the angle pOA is always equal

Py

Py

2,

-

to 6/n, then p represents cosg+ising. When P reaches any

position P} for the first time, let p be at p,, then the angle
P,0A4 is n times the angle p,0A4, therefore P, represents the nth
power of the number represented by p,, or conversely p, repre-
sents an nth root of cos @, +¢sin §,. Now let P move round the
circle until it again reaches P,, so that it has described the angle
0, + 2m, then p will be at p,, where p,04 is equal to (6, + 2m)/n;
if P proceeds to make another complete revolution, when it again
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reaches the position P,, p will be at p,, where p,04 = (8, + 4m)/n,

and so on. The points p,, p,, ... p, are the angular points of a

regular \Polygon of n sides inscribed in the circle. 'When P makes

more than n complete revolutions round O, the point p will again

reach the positions p,, p;,.... Each of the points p,, p,, ... p» repre-
1

sents a value of (cos@,+ ¢sin6,)", since the mth power of ‘che
expressions represented by any one of these points is the expression
represented by the point P. The point p, represents the value

for the smallest argument 6,. We have thus obtained the
1
n values of (cos 6, + 7 sin 6,), and we see that these values are the

different values of cos G‘Ln?'slr +4sin % +n2slr, whens=0,1,2,...

n—1.

185. To obtain graphically the nth roots of any number
« + 1y, we must be able (1) to divide an angle into n equal parts,
and (2) to inscribe a regular polygon of n sides in a circle, and (3)
in order to construct the modulus, we must be able to construct a
straight line whose length is the nth root of the length of a given
line. In order to obtain all the nth roots of unity, it is only
necessary to solve the second of these geometrical  problems, since
in this case the angle to be divided into n parts is zero. The
problem of inscribing a regular polygon of n sides in a given circle
is therefore equivalent to that of obtaining the numerical values
of the roots of the equation 2» —1=0. This geometrical problem
can be solved by a method involviny the construction only of
straight lines and circles in the following cases:

(1) When n is a power of 2; for example n = 4, 8, 16, 32.
(2) When n is a prime number of the form 2™+ 1; for

example, when n =3,5,17,257. This was proved by Gauss in his
Disquisitiones arithmeticae. '

(8) When n is the product of different prime numbers of
the form 2™+ 1, and of any power of 2; for example, when n =15,
85, 255.

The proof of Gauss' theorem would lead us too far into the
theory of numbers; we have however considered the special case
n=17 in Art. 85, Ex. (4), where sin#/17 is found in-a form
involving radicals.
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De Moivre’s theorem.

186. For all real values of m, cos mé +isin m@ s a value of
(cos 8 + 1 sin )™

This theorem, known as De Moivre's theorem, has been proved
in Arts. 180 and 181, in the two cases m = n,and m =1/n, where
n is a positive integer. Tocomplete the proof, we have to consider
the cases when m = p/q, a positive fraction, when m is a positive
irrational number, and lastly when m is any negative real number.

P . 1
It is clear that (cos 8 + 1 sin 6)2 = (cos pf + ¢ sin pd)9, and one value
of this is cosp—e +vsin 7—); Therefore the theorem holds when m
q
is a positive rational number.

»
It should be remarked that all the values of (cos 6 + ¢ sin )¢
are given by the expression

cos? (0 + 2s7) 43 Sinp(e + 2s7r)’
q q

where s=0,1,2,...q—1,-when p/q is a rational fraction in its

lowest terms.

When m is not a rational number, it can always be defined in
an indefinite number of ways as the limit of a convergent sequence
of rational numbers my, m,, ... m,,.... Such a convergent sequence
is characterized by the property that, if e be an arbitrarily chosen
rational number, as small as we please, s can always be so deter-
mined that m, differs arithmetically from each of the subsequent
numbers Mgy, Meys, ... by less than e. If » is any positive real
number, the principal value of 7™ is defined as the limit of the
convergent sequence ™, ™, .., r™s, ... when each of the numbers
is real and positive, 7™ having its principal value. It is known!
that this sequence is convergent, and that it has a limit which is
independent of the particular sequence of rational numbers em-
ployed to*define the irrational number m.

If 2 denotes the complex number 7 (cos 8 + ¢sin 6), a value of
2", when m is an irrational number, is defined as the limit of the
sequence of numbers 7™ (cos @ + ¢ sin )™, r™ (cos 8 + ¢sin )™, ...

1 For a proof of this, see the author’s Theory of functions of a real yariable,

p. 44. In Chapter 1 of that work, a full discussion of the theory of irrational
numbers is given.
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7™ (cos @ + ¢sin @)™, ..., where r™ has its principal valuk,
and corresponding values for all values of s are assigned to
(cos @+ v sin §)™. In accordance with this definition, one value
of z™ is the limit of the sequence 7™ (cosm, @+ 1sinm,6),
7™ (cos m, O + 7 8in m,0), ... 7™ (cos mp + ¢ sin m,0), .... Since
r™  converges to 7™, and dosm,f+vsinm,f converges to
cosmf + vsin mf, on account of the fact that cosmé, sin mé ware
continuous functions of m, we see that one value of z™ is
™ (cos mf + tsinmf); and one value of (cos @+ 2sin @)™ is
cosmf + tsinmf. Thus De Moivre’s theorem is established for
a positive irrational index. ’
The general values of (cos 8 + ¢ sin 8)™ are
cos m (8 + 2sm) + vsin m (0 + 2sm),

where s denotes any positive or negative integer. Since m (s, —s,)
can never be an integer when m 1is irrational, we see that
(cos @ +7sin §)™ has an indefinitely great set of values.

It can be shewn that the definition of 2z in accordance with
which its values are those of +™ {cos m (8 + 2s7) + ¢ sinm (6 + 2sm)}
is such that the laws of indices applicable to real indices still hold
for irrational indices.

In case m has a negative rational or irrational value — k. we
have (cos 6 + i sin §)™ =1/(cos @ + ¢ sin 6)*; and one value of this
is always 1/(cos k@ + 7 sin k6), or cos k8 — ¢ sin k6, which is equal
to cosmf+1sinmf. Thus De Moivre’s theorem holds for any
negative index.

187. The theorem
(cos 6, + i sin 6,) (cos 6, + i sin 6,) ... (cos 8, + sin 6,)
=cos(6y+ 6,4+ ...+ 6,) +1sin (6, + 0, + ...+ 6,),

used in the proof of De Moivre’s theorem, affords a proof of the
theorems (28), (29), (30) of Art. 49. We may write the left-hand
side of this identity in the form .

cos 6,cos80,...cos0, (1 +7tanb)(1+<tand,)... (1 +¢tan b,);

hence equating the real and imaginary parts on both sides of the
identity, we have

cos{6, + 0, +... +6,)=cos80,c086, ... cos 0, (1 =t,+ t,—...),
sin (B, + 0,+ ... +0,)=cos0,¢c08 0,...cos O, (t, ~t; + t; —...),
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where ¢, denotes the sum of the products of the n tangents taken s
at a time.

The theorems (89), (40), (43), of Art. 51, are obtained at once
from the theorem cos nf + 4 sinnf = (cos € + 7 sin #)", by expanding
the right-hand side of the equation by the Binomial theorem, and
equating the real and imaginary parts on both sides of the
equation.

When n is a positive integer, we have (cos 8+ ¢sin 8)*=cos nf+1ismn nb,
and therefore also (cos § —7sin @)*=cosnf—isinnd; thence we obtain the
formulae

cos nf=4% (cos 47 8m O)*+4 (cos 6 — 7 sin G)»,
¢sin nd=43 (cos §+7sin 6)" — % (cos § —¢'sin 9)™,
The first of these equations is really an expression of the fact mentioned in
Art. 51, that 1+xcosf+a%cos20+4...+amcosnd+... is a recurring series of
which 1- 22 cos 8+ 22 is the scale of relation. Denoting cos 78 by u,, we have
Up =208 8. up_,+u,_3=0; to solve this equation assume, as usual in such
cases, u,=Ak" then we obtain for % the quadratic £%—24 cos §+1=0, of
which the roots are £=cos §+¢sin 4, hence
U, =4 (cos 8+ s H)»+ B (cos § — < sin H)»
18 the complete solution of the equation for u,. Putting =1, and n=2, we
find 4=B=4%, aud thus obtain the expression given above for cos #. The
expression for sin 76 may be found in a similar manner.

Factorization.

188. We are now in a position to resolve a®—(a+1b) into

n factors linear with respect to #. The expression vanishes if z is
1

equal to any one of the values of (@ + )" ; if ¢, s, ... g» denote

the n values of this expression, we shall have

2 —(a+b)=(@=q)(z—-¢q)...(x—q,),
for since a” — (@ + ¢b) vanishes when «—¢, =0, z — g, must be a
factor without remainder; thus we obtain n different factors and

there can obviously be no more. Put a=rcos6,b=rsin 6, then
the express:on for 2» — (a + 1b) in factors becomes

c=ﬁ'l {a;—p (cosw+isinw)}‘
8=0 n n

where p=r=(a*+b)i"

From this result several of the factorizations already obtained in
Chap. vii may be deduced.
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(1) Let a=1, b=0, we then obtain
=n-1 L2
w"—1=‘ﬁ (m—cosgfv—r—zsmﬂ),
$=0 n n
g_sz+2(n—s)7r=

2,
n n

and since
this gives us, if n is odd,

§=}(n-1) . 2 .. 28
a—=1=(z-1) II (x—cosz—sw—zsm2—sw) (w—cos ~§’”+zs1n W)
s=1 n n n n

=}(n-1)
= w—l)s II w’—2wcos2s—w+ 1
( n

8=1

8=} (n-2) Qs
and ar—1l=@&-1)(x+1) 11 (w’—?xcos—71~+1>,
s=1
if n is even.

(2) Let a=-1,b=0, then we obtain the formulae
s=%(n-3

)
+l=(+1) Il <x"‘—2xcos(—2—ﬁ;z—llz+ 1), (n odd),
8=0

8=} (n-2)
a"+1= 1I (a”—-?wcos

8=0

@S—;—l—)z + 1), (n even).

(3) a™—2z"cosf+1
= (a™ — cos  — < sin 6) (2™ — cos 8 + 2 sin 6)

s=n-1 0+2sm .. O+2s7 0+2sr .. O0+2sm
= II (a:-—cos —ism— ) (a;—cos +181n )
=0
=n-1
= 11 (w’ — 2z cos 0 +2sm + 1),
8=0 n
or writing z/y for #, and multiplying both sides by y*", we have
=n—-1 .
™ — 2a™y™ cos 0 + y* =TI <w2 — 2xy cos 0+ 25m + y9> .
8=0
(4) From the last result we have
=n-1
a4+ ™" = 2 cos 9=s i (:c + 271 = 2 cos 0 +n28'7r).
8=0

Put x=cos¢+ising, then &'=cos¢p—ising,
and a"=cosng +isinng, & "=cosnd—1sinnd
therefore, changing 6 into n6,

=n—1
cosng — cos nf = on1 " T {COS ¢ — cos (0 + '2%7"7)} .

8=0 |
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Properties of the circle.

189. Certain well-known properties of the circle may be ob-
tained by means of the factorization formulae of the last Article.
Let A, A,A4,... A, be aregular polygon of n sides inscribed in a circle
of radius a, and let P be any point in the plane of the circle, its
diseance from O, the centre of the circle, being denoted by ¢. Let
the angle POA, be denoted by &, then the angles POA4,, POA,, ..
are 8 + 2m/n, 0 + 4m/n, ... respectively. Then

PA2. PA2 PA2...PA? =’ II l{aﬁ— 2ac cos (0 + g{;) + c"} ,

8=0
hence we have the theorem

PA2.PA2. . PA2... PA;>=¢* — 2a"c" cos nf + ¢™,
which is known as De Moivre’s property of the circle.
"In the case when P is on the circumference, the theorem
becomes PA,.PA, P4,... PA,=2a"sin } né.
In the case when P is on the radius O4,, we have =0, and
the theorem becomes
PA,.PA,... PA,=a"~ c¢*
Again if P lies on the bisector of the angle 4,04,, we have
0 =m/n, and the theorem becomes '
PA,.PA,...PA,=a"+c"
The last two cases are known as Cotes’ properties of the circle.

190. EXAMPLES,

(1) Eapress xm~Y/(1+x") in partial fractions, m being an integer less
than n.

If a be a root of the equation 2+ 1=0, the partial fraction corresponding
am—1 1 1 gn—n

to the factor x—a is s Kl or - a taking the two fractions cor-
2r+1 . 2r+1
o +181n

responding to the conjugate values of g, cos m, together,

we obtain the fraction
L]

2r+1
n

1
2xcos?r—:—— (n—m) m—2 cos (n—m+1)m

1
n 2r+1

22— 22 cos m+1

cos (2r+1) mT—lr-w cos (2r+1);§' -

S0

or 2r+1 ’

22 <22 cos r+1
n




242 .COMPLEX NUMBERS

(=1,
n(z+1)’

if » is odd, we have the additional fraction hence when n is odd

B m—1 m
a1 (=1p-m 2 r=}(n—3) €8 (2r+1)—;b—— w—xcos(2r+1)—r—b -

1+2° n(w+l) 2 2

2r41

22~ 2z cos m+1

and when 7 is even
cos(2r+1)n—lnll1r—xcos(2r+l)7£1r ‘

il m+1
n

am=1  9r=in-1

1+xn=7_2 r=0

22— 22 cos

(2) Express xm~1/(x™—1) m partial fractions, m beiny less than n
(8) Prove that
X —a .08 (0+:‘2_21_r>

2n non om n-1 Oy M
X% — 2x"a™ cos nd +a ni orm
+ r=0 x2—2xacos(0+T)+a2

X" —a"cosnd 1 r=n-1
=

n (4% ~1—anan~1cos nd)
M — 2" cos né + a
factors, and the fraction corresponding to each factor can then be determined

as in Ex. (1).
(4) Prove that

18 resolved into

The denominator of the fraction

(a) ngpng 1 vyt 1
&nf ‘cosnf—cosng (=g c0sf—cos(¢p+2rmn)’
®) n? sin nd sin ng 1 _ '=§—1 sin (¢ + 2rm/n)
sind ‘(cosnf—cosng)? =y {cos 6—cos(¢p+2rm/n)}?’

The expression on the left-hand side 1 (a) is an algebraical function of
cos 6, and can therefore be resolved into partial fractions, as in Ex. (1); the
equation (b) is obtained by differentiating both sides of (@) with respect to ¢,
or what amounts to the same thing, by changing ¢ into ¢ +4 and equating
the coefficients of %, on both sides of the equation.

(6) Shew that if

€08 0+cos p+cos =0, and sinl+sn+siny=0,
then €08 30 + cos 3¢+ cos 3y —3 cos (0 +p+y)=0,
and sin 30 +sin 3¢ +8in 3y — 3 &in (0+ P +y)=0.

This is an example of the general method of ‘deducing trigonometrical
theorems from algebraical ones, by substituting complex values for the
letters. If a+b+¢=0, we have a3+b3+c3—3abc=0; let a=Cos §++sin 4,
b=cos ¢ +7sin ¢, c=cos y+¢siny, then we have given that if -

(cos §+cos p+cos ¥)+7 (sin 6 +sin ¢+ sin ) =0,
(cos 30 +cos 3¢ +cos 3y) +¢ (sin 30 +sin 3¢+ s1n 3y)
~3{c08 (0+p+y)+isn (6+¢+y)}=0;
equating to zero the real and imaginary parts separately in each equation,
the theorem follows. ,
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EXAMPLES ON CHAPTER XIIL

1+sin¢+2cosgp

1. Prove that (m

32. Evaluate
{cos 8 — cos ¢ +7 (sin 6 —sin )™+ {cos 6 — cos ¢ — ¢ (s1n § — sin P)}".

>n=cos (3nm —neg) +isin (nmw —ng).

3. Prove that

”,__ -
gﬂg}u)_” =4 ( 2?4 tan? %) (.'c? + tan? 2;") ...... <x2 +tan? %’) ,

where 7=4(n—1) or 42—1, and 4 is 1 or », according as # is odd or even,

4. Prove that
4sin$ (B—vy)sim$ (y—a)sin}(a-B) S sin (pa+gB+ry)
=sm{(n+1)a-$(B+y)sind(B-y)+ ...,
where 3 denotes the sum taken for all positive integral values of p, ¢, r
(including zero), such that p+g+r=n.

5. If p is a positive integer and a, B, y ... are the roots of the equation
«#P=1, and 7 is any numerical quantity greater than unity, shew that the

only real value of a%+ﬁ"17+7'17+ . . is tan ;%/tanpin .
6. If Q42 =py+p1 & +pat4. ..oy
prove that Po—P2tPa—ece.. =24" cos 3 um,
Pr=pP3s+pPs—.ounn =23 in $nm.

7. If @, 4, ... 2, be the corresponding roots selected from the conjugate
pairs of roots of the equation %" — 22" cos nf+1=0, and if

f(a) -—=:§T &y COS <a+ 77’;) s
prove that
Fa) (@) sever f (@) = (B0)P~1 [ 7 {% (ay+as+ ... +a,,)}:|".

8. 1If a, B, y, 8 ¢ be any five angles such that the sum of their cosines
and also the,sum of their sines 1s zero, shew that

= cos 4da=4% (2 cos 2a)? — } (2 sin 2a)?,
3 sin 4a=73 sin 2a. = cos 2a.
9. If ¢, ¢, ... ¢, be the sum of the products of the n quantities tan z,
tan 2z, tan 22z, ...... tan 2"~1g, taken 1, 2, 3, ... n together, prove that
1—t3+t,—tg+ ... = 2*sin 2 cos (2" — 1) # cosec 27z,
ty—t3+t;— ... =2"sin o sin (2" - 1) 2 cosec 2"z,

16—3
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10. If cos(B—-y)+cos(y—a)+c )—-——-, shew that
) cos na+cos 8+ cos ny
is equal to zero unless n isa multiple of 3, and if » is & multiple of 3, it is
equal to 3cos yn (a+B+7v).
11. Prove that the values of # which satisfy the equation

1—np_ =1 5, n(n= 1)(" 2)&3+"_+(_1)§”(”+1)x"=0

21
are r=tan (—4-7‘—1-1—?’1)—" , where r is any integer.
12. Prove that
2 ( 1y~ y sinfracos®~3ra _ @en+l)z
- Z2+tanra (1+x)2u+1_(1_x)2n+l7
where =T .
2n+1

13. If ,P, denotes the sum of the products taken s together of the
quantities
tan?n/(2n+1), tan?2x/(2n41), ...... tan?nm/(2n+1),
the quantity tan?rr/(2n+ 1) being omitted, and if
A,=(=1)y"1sin?rr/(2n+1).cos? 3 rx/(2n+1),
prove that 24,..,P,=0, the summation extending to all values of r from 1 to
n, and 8 having any value from 1 to z.

14. A regular polygon of n sides is inscribed 1n a circle, and from any
point on the circumference chords are drawn to the angular points; if these
chords are denoted by ¢;, ¢, ... ¢, (beginning with the chord drawn to the
nearest angular point and taking the rest in order), prove that the quantity
c1cgtcacst .t Cu10nt 0y 18 independent of the position of the point from
which the chords are drawn..

15. If A,4;... Ags41 are the angular points of a regular polygon in-
scribed in a circle, and O is any point on the circumference between A, and
Agy .1, prove that the sum of the lengths 04,, 04;, ... 04,,,, 18 equal to
the sum of 04,, 04y, ... 04,,.

16. If py, pg, ... p, are the distances of a point 2 1n the plane of a regular
polygon from the vertices, prove that
n 1 n ,.2n — (12”

1 p2 r—a’ 1= 2rhan cos nf+a’

where a is the radius of the circle round the polygon, r is the dlstauce of P
from O, and @ the angle OP makes with the radius to any vertex of the
polygon.

17. Straight lines whose lengths are successively proportional to 1,2,3...#,
form a rectilineal figure whose exterior angles are each equal to 2x/n; if a
polygon be formed by joining the extremities of the first and last lines, shew
that its area is

n(n+1)(2n+1)

r 16 ™ g
o1 cotn+—i cotﬁcosec,;‘.
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18. The regular polygon 4;494;... 4, has 2m sides; shew that the
product of the perpendiculars from the centre of the circumseribed circle on
Ay 4y, A 4, ... 414, i8 Ga)y»- 1N m.

19. Shew that if 4;4,... A3,, B B;... By, be two concentric and similarly
situated regular polygons of 2z sides, then

PA,.PA;....PAg,_y _PB,.PB;.... PBy,_,
PA,. P4,.... PA,, _ PB, PB,...PBy °

where P is anywhere oh the concentric circle whose radius is a mean propor-
tional between the radii of the circles circumscribing the polygons.

20. A point O 1s taken within a circle of radius e, at a distance b from
the centre, and points Py, Py, ... P, are taken on the circumference so that
Py Py, PyPs, ... P, P, subtend equal angles at O; prove that

OP,+0Py+. .+ 0P, =(a?-b3) (0P, 1+ OPy~14...+ 0P, ),

21. Prove that if  is a positive integer

_ . 4_9 O0+m n(n=1), . ,0 2(6+m)
cos7t€-1+2nbm2005—2 + 21 2sm2008- 5
n(n-1)(n—-2) ., . .0 3(6+m)
+————-——-——3! 23sin Qcos——2——+....

22, Shew that the number m of distinct regular polygons of » sides which
can be inscribed 1n a given circle of radius » is equal to half the number of
integers less than » and prime to it

Shew also that the product of their sides 1s equal to 1 /n/A/n—2m, or
™, according as m 18, or 18 not, the power of a prime number.



CHAPTER XIV.
THE THEORY OF INFINITE SERIES.

191, WE shall, in this Chapter, give some propositions con-
cerning the convergence of infinite series in which the terms are
real or complex numbers, or variables. Anything like a complete
account of the theory of such series would be beyond the limits of
this work ; we shall therefore confine ourselves to what is absolutely
necessary for the purpose of discussing the nature and properties of
trigonometrical series.

The convergence of real series.

'192. Let ay, ay, a5, ... @n, -.. be a sequence of real numbers

formed according to any prescribed law, and let
Sp=a,+a,+ a3+ ... +a,.

If S, has a definite finite limit S, when = is indefinitely increased,

the infinite series a; + a; + a; + ... is said to be convergent, and S

is said to be its limiting sum, or simply its sum. . .

- We shall, in this Chapter, use the notation LS, to denote the
limit of S, when n is indefinitely increased, whenever that limit
exists,

The condition that LS,=S is that, corresponding to each
arbitrarily chosen positive number ¢, as small as we please, a
value n, of n can be determined such that the arithmetical value
of 8 — 8, is less than ¢, for every value of n which is = ng.

When the series @, 4+ a;+ a5+ ... + a, + ... converges to S, the
geries dnyy+ Gpyy+ ... 18 convergent, and its limiting sum is §— 8,,,
which may be denoted by R,. The number R, is called the
remainder of the convergent series a, + a,+ ... + an + ..., after
n terms, and the remainders R,, R,, ... R,, ... form a sequence
of numbers such that LR, =0. It should be observed that it is
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only on the assumption of the convergence of the series that the
remainders R,, have any meaning.

The number @ny, + @nys+ ... + @y may be denoted by R, m;
and the numbers R, ;, R, R, ... are called the partial re-
mainders of the series after n terms. It will be observed that
these partial remainders R, , exist as definite numbers for all
values of n and m, whether the given series is convergent or not.

The limiting sum of a convergent series a, + a; + ... ay + ... i8

frequently denoted by Sa.
1

193. A series a,+a,+as+ ... +an + ... may be such that the
numbers S, have no definite limit as n is increased indefinitely.
The following cases may arise:

(1) It tay happen that, corresponding to each arbitrarily
chosen positive number %, as great as we please, a value n; of n
can be determined such that all the numbers S, , Sn 415 -en S"ﬁ'm’
are of the same sign, and are all numerically greater than k. In
this case S, increases indefinitely with n, either in the positive or
in the negative direction ; the series is then said to be divergent.
The fact of the divergence is then sometimes denoted by LS, =,

or LS, =~ . as the case may be.

(2) 1If as in the last case, S, increases arithmetically in-
definitely with =, but however great m; may be chosen there are
both positive and negative numbers among S,,k, Snkﬂ, S"k+’"’ .
the series may be said to oscillate between indefinite limits of
indeterminancy. It is however, in this case, usually spoken of as
divergent, and its behaviour may be denoted by LS, =+ .

(3) It may happen that, although S, has no definite limit as
n is indefinitely increased, it is possible to select a sequence of
increasing values of n, say ny, ny, ... np, ... so that S, converges to
a definite limit provided = is restricted to have only the values in
this sequence.

In this case the series is said to be an oscillating series; but
oscillating series are sometimes spoken of as divergent. An
oscillating series in which S, is ior every value of » numerically
less than some fixed positive' number is said to oscillate between
finite limits of indeterminancy.

It is easily seen that if the terms of a series have all the same
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sign, the series is divergent in accordance with case (1), unless it
is convergent.

The series 1+2+3+...4+n+..., 1/14+1/24...4+1/n+...

are both divergent, since in each case S, increases indefinitely with », and is
of fixed sign.

The series 1 -2+3—-4+5—... oscillates between indefinite limits of in-
determinancy. For S,= —}n, when 7 is even, and S,=4%(n+1), when % is
odd; thus S, increases in numerical value indefinitely as n increases, and
LS,=+w.

The sertes 1+1-24+14+1-2+1+1-2+. . oscillates between finite limits
of indeterminancy. S, has the value 1, 2, or 0 according as » is of the form
3r+1, 3r+2, or 3r.

The series sina+sin2a+...+smnra+..., where a has any fixed value
which is neither zero nor a multiple of m, oscillates between finite limits
of indeterminancy. In this case

S,=sin ( +21) 2 sin %a cosec g = % {cos g —cos (n+ —;—) a} cosec g
It is thus seen that .S, does not converge to a definite himit, since cos (n+4)a
has no definite limit when 13 indefimtely increased ; but .S, is numerically

less than, or equal to, -; <1 +cos %) cosec %, for every value of »

1 193™.  The necessary and sufficient condition for the convergence
of the series a, + a,+ ... + a, + ... @5 that, corresponding to each
arbitrarily chosen positive number u, as small as we please, a value
n, of n can be determined, such that all the partial remainders
after n, terms are arithmetically less than 5

To shew that the condition is necessary, let us assume that
the series is convergent, so that S exists. A value n, of n can
then be determined, such that

S—Sn,,: S"‘Sn,,ﬂ; S—Sn,ff-m .o S“Sn.,,+my e
are all arithmetically less than 4. This is an expression of the
fact that LS, =28, when arbitrary values of 7 are taken into
account.

Now

Unytr F+ Cngpat oo+ Ay = (8- Sn,,) -(8- Sn,,+m)§
and it then follows that, since S —S,,ﬂ, S —-S,,n+m are both
numerically less than %7, Unytr + Cpya t oo+ Unym is numerically

less than #; and this holds for all the values 1, 2, 3, ... of m.
Next, to shew that the condition is sufficient, we have recourse
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to a principle known as the General Principle of Convergence?, in
accordance with which a sequence of numbers §,, S,, ... Sy, ... has
a definite limit, provided that, corresponding to each arbitrarily
chosen positive number 7, a value n, of n can be determined such
that all the numbers
Snyi1 = Bnyy Sngra—=8nyy oo Spppm =S,y oo

are arithmetically less than 7. To see the sufficiency of the
condition we have then only to observe that Snn,,,,,— S”n is equal
to the partial remainder anm, OF @1+ An ot oo+ Anpime

If we take m=1, the condition includes that a,,, may be
made arbitrarily small by taking a large enough value of n; it
follows that a necessary condition of convergence of the series is
that La,=0. This condition is however not by itself sufficient.

The rapidity of the convergence of a convergent series may be
measured by the least value of n corresponding to a given value
of ¢ which is such that all the partial remainders R, ., are
arithmetically less than e; that is by the number of terms which
it is necessary to take in order that the partial remainders may be
all numerically less than some assigned number.

In the case of the geometrical series 14-2+22... which converges to the
value 1/(1 - ), when « is numerically less than unity, we see that
™ (1 —am)

1-2
and supposing x to be positive, this will be less than e for all values of m,

App1t e+ Uem= ’

n
if lii‘ <e; 1n this case a suitable value of 7 is the integer next greater than

log e+1log (1-x)
log 2 '
of convergence of the series dimimishes as # increases; when # approaches
unity » increases indefinitely ; thus the convergence of the series becomes
'indefinitely slow. When #=1, the series is, of course, divergent.

The value of » increases as # increases, thus the rapidity

194, Let us next consider the case of a convergent series
0, +ay+ ... +a,+ .. 4n which there are an indefinite number of
positive terms and also an indefinite number of negative terms.
Denoting by |a,| the numerical value of ay,, so that |a,|is equal
to an or to —a,, according as a, is positive or negative, let us
consider the series

| +|aa] +]as]|+ .o +]an] + ...
In case this last series is convergent the original convergent

1 See the author's work On the theory of functions of a real variable, p. 86,
where this fundamental principle is discussed.
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series is said to be absolutely convergent, whereas, if the series
2 | @, ] is divergent, the series Za, is said to be semi-convergent, or
conditionally convergent, or accidentally convergent.

The series 1-2-2-24+3-24.,, is absolutely convergent, since the series
1-242-24.3-24 | i8 convergent; but the series 1-1-2-14+3-1—__ is only
conditionally convergent, as the series 1-142-14+3~14 ., is divergent.

A series a@;—ag3+a3—..., in which the terms are of alternate signs, is
always convergent (either absolutely or conditionally) if each term is
numerically greater than the next following, provided also La,=0. For

(=D Boyn=(n 1= Ans2) + (@nss—Busr)Feoee=0n 1= (Tns2—nrs) = ..oy
hence (=1)*R,, ,, is positive and less than or equal to @,,; It follows that
n may be chosen so great that | &, ,,| <e, for all values of 7, however small ¢
may be chosen; and thus the series is convergent.

195. In a conditionally convergent series the order of the
terms cannot in general be deranged without altering the sum.
Let S, be the sum of the first p positive terms, and 8’; the sum of
the first ¢ negative terms with their signs changed, then if the
series be re-arranged so that the sequence of the positive terms
is unaltered, and also that of the negative terms, but so that of
the first p + g terms, p are positive and ¢ are negative, the sum of
the series so re-arranged is the limit of S, —S8’;, when p and g are
indefinitely increased. Now the two series S, S’; each consists of
positive terms, hence the limits of S, and of S’; are each either
finite and definite or else infinite; by hypothesis they are not
both finite and definite, as the given series is not absolutely con-
vergent, hence one at least of the limits S,, S’y is infinite; if both
are infinite the value of L (S,—S8’;) will depend on the two
sequences of values of p and g. If one only of the limits S,, §’,
is infinite, L (S, —8’y) is infinite and the original series was not
convergent. If in the original order @, —a,+ a;... of the series
the signs are alternately positive and negative, p and ¢ become
indefinitely great in a ratio of equality, but if, for example, we
write the series a,+ a3~ a3+ a5+ a;, — as+..., p and ¢ become
indefinitely great in the ratio 2:1, and the limits of S,,— 8%,
and S;— 8’ when ¢ is indefinitely increased, are in general not
equal.

As an example, consider the semi-convergent series 1—}+3-3}+...;
denote its sum by S, then

1
S4u=1_%+%—i'+...—z7;

n 1 1 1 1
‘f 4n—3+4n-1—4n~2_:171)°
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Let S’ denote the sum of the series 1+3—~3+}+4—%+... in which the
order of terms in the series S has been altered, we have

, 2 1 1 1
S'm=2 (47:—3+4n—1 ‘é“n)’
hence g = Sin =2 o1
TP TI\dn—2 4n
n 1 1
=43 (grmy— ) = b5
when 7 becomes indefinitely great, we have therefore §’=3%8. This example

was given by Dirichlet, who first pointed out that the sum of a semi-con-
vergent series depends on the order of the terms,

196. Riemann has shewn that the terms in a semi-convergent
series may be so re-arranged that the limiting sum of the new
séries may have any given value a.

Suppose a is positive ; take first p positive terms, p being such
that S,_, < a and S, > a; then take ¢ negative terms, ¢ being so
chosen that S, — 8’ > a, and S, — 8y < a; next take p’ positive
terms such that S, — S’g< a, and S,y — 8’y >, then ¢’ negative
terms such that Syiy— gy <@, and Spypy —S8'g4g— >, and so
on. Proceeding in this way, we obtain a series such that its sum
differs from a by less than its last term, hence when we make the
number of terms indefinitely great its sum will converge to a.

It can also be shewn that the terms may be so re-arranged
that the new series diverges, or that it oscillates.

The convergence of complex series.

197. Suppose 2, 2, 2, ... 24, ... to be a sequence of complex
numbers; thus z, denotes x,+ ty,, where =, and 7, are real
numbers. Let
Sh=za1+23+ ..+ 2y, =0 +&+ ..+, Sp=+Yat ...+ Yn;
thus S, = s, + 2¢,..

If S, has a definite limit S, itself a complex or real number,
when n is iandefinitely increased, the infinite series

’ Zi+ 23+ oot 2+l
is said to be convergent, and S is called its limiting sum, or
simply its sum.

The condition that S = LS, is that |S — 8, | converges to zero
as n is indefinitely increased ; thus if

8 = Sp = pn (cog O, + 1 sin 6y),
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we must have Lp,=0. If S=s41s, when s and & are real, we
have 8 — 8, = pyn €08 0, & — &'n=pu8in G,; it then follows that, if
Lp,=0, we also have L(s—s,)=0, L(s'=57%)=0, or s, §»
converge to s and s’ respectively.” It thus appears that in order
that the series z; + 2, + 2, +... may be convergent, it is necessary
that the two series @, + @ + @5+ ..., Y1+ ¥+ ¥s + ... should both
be convergent. Conversely if these latter series are convergent,
the series of complex numbers is also convergent, for
[(s42) = (sn+150) | S |s=8u|+]|8 = 5nl;

if now Ls,=s, Ls,, =5, we can choose a value n, of n so large
that |s—s,|<%e, |8 —8'n| < de provided nZzn,. It follows that
[(s+1i8)—(sn+15)| ¢ if nZn,; and since e is arbitrary we
therefore have L (s, +15's) =s+1s', and thus the series of complex
numbers is convergent. In case the limiting value of either
of the sums 3z, 2y is not finite, or in case either of these series
oscillates, the series 2z is not convergent.

Suppose z, =1y (cos 0, +1sin b,), then we shall shew that the
series 3z is convergent provided the series 2r, in which each term
7, 18 the modulus of the corresponding term z,, is convergent.
The given series 27, (cos 8, + isin 8,) is convergent provided each
of the series 37, cos 8, 3r,sin 8, is convergent; now each of the
numbers 79,008 Oy, 7,810 G, lies between the numbers +7,; also
the number S,.m — S, is for either of the series 2r cos 6, Srsin @
numerically less than the corresponding partial remainder for
the series 2r. If then the latter series is convergent, so is each of
the former ones; hence the series 2z, 1s convergent.

The converse 18 not necessarily true ; thus the series

S (cos 0, +17sinb,)

may be convergent, whilst Zr,, is divergent.

If the series %r, formed by the sum of the moduli is convergent,
then the series 27, (cos 0, +sin 8,) is said to be absolutely con-
vergent. «

For example, the series of which the general term is 2~2(cos 78 +1sin n4)
is absolutely convergent, since the series Sn~2 converges, whereas the con-
vergent series of which the general term 1s n~!(cos #8481 ), (27 >6>0),
is not absolutely convergent, since the sertes 2n~1 18 divergent,
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Continuous functions.

198. Suppose f(2) to be a function of the complex variable
2= +1y, which has a single finite value for every value of z which
lies within any given limits; this function will then have a single
value for every point in the diagram, which lies within a certain
area; this area may be any finite portion of the plane of repre-
sentation of z, or the whole of that plane.

Such a function is said to be continuous at the point z=z,
of a positive number n can always be found such that the modulus of
f(z) — £(z,) 1s less than an assigned positive number e, taken as small
as we please, for all values of z which are such that the modulus of
2 —2, 18 less than n.  For each value of ¢ a value of n must exist.

A function which satisfies this condition at every point within
any given area, is said to be continuous in that area. The boundary
of the area may, or may not, be included.

Unmiform convergence.

199. Let f,(2) be a function of z or  + 1y, which is continuous
in any area; then if the series

L@+ i)+ o+ o) +

is convergent, we may denote its limiting sum by F(2). Suppose

Si@) + fo(2) + o+ fa(2),
where n is any fixed number, is equal to S,(z), then the limiting
sum of f,41(2) + fn42(2) + ... 1s called the remainder after n terms,
and may be denoted by R,(z); we have therefore
F(z2)=8,(2) + R,(2).

Now suppose that, corresponding to any given positive number e,
however small, a value of n, tndependent of 2, can be found, such
that for all values of z represented by points lying in any given
area, the modulus of R,,(2) is less than ¢, where m is equal to or
greater than n, the series is said to converge uniformly for all values
of z represented by points in that area. The integer » will depend
in value upon e.

If as z approaches indefinitely near any fixed value 2, in the
area, in order that the moduli of all the remainders R,,(z) may be
less than ¢, it is necessary to suppose m to increase indefinitely,
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then in the heighbourhood of the point 2, the series does not con-
verge uniformly and is said to converge infinitely slowly. A
point 2, for which e can be so chosen that this happens is said
to be a point in the neighbourhood of which the convergence
is non-uniform, or sometimes simply a point of non-uniform con-
vergence in case the series converges at that point itself. For any
space including such a point it is impossible to assign any fixed
value of n, such that for all values of 2z within that space, the
moduli of R,, are less than the sufficiently small positive number
¢; and thus the series does not converge uniformly throughout
that space. When 2z is equal to z, the series may be either
convergent or divergent.

We may state the matter as follows:

Suppose that as z approaches some fixed value 2, a positive
number e can be assigned such that the number of terms n of the
series fi(2) + fa(¢) + ... which must be taken, in order that mod.
R,.(2) <e¢, where m is equal to or greater than n, depends on the
modulus of z— 2z in such a way that n continually increases as
mod. (z— 2z,) diminishes, and becomes indefinitely great when mod.
(2—2,) becomes indefinitely small, the series is said to converge
non-uniformly in the neighbourhood of z,.

In the neighbourhood of such a point, the rate of convergence
of the series varies infinitely rapidly, and when mod. (z—2,) is
diminished indefinitely, the series converges indefinitely slowly.

It should be observed that a convergent numeiical series
cannot converge infinitely slowly; thus when z is equal to z, the
convergence of the series f,(z,)+ f2(2) + ..., if it is convergent, is
not indefinitely slow; it is only when z is a variable such that
mod. (z - z,) is indefinitely diminished, that the series

Si@@) +fo(2)+ ...

converges infinitely slowly. It is consequently more exact to speak
of the non-uniform convergence of a series in the neighbourhood of
a point, than at the point itself. The number of terms that must
be taken in order that the modulus of the remainder R,(2) may be
less than the sufficiently small number ¢, increases as z approaches
the value z,).becomes indefinitely great when mod. (z — 2,) becomes
continually smaller,’ and then, if the series is convergent at the
point 2, suddenly changes to a finite value; this number 7 is
therefore itself discontinuous in the neighbourhood of such a point.
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If in any area A we have, at every point of the area,

A2 2 ar, |/o(2)| S gy enn | fu(2) | S O,y ..oy

where a,, @,, ... ¢y, ... are fixed positive numbers such that the
series @, + s+ ... + @y + ... 1S convergent, then the series
SFi(2) + fo(2) + ...

is uaiformly convergent in the area A. This theorem affords a
test of uniform convergence which is of great value in application
to particular cases; it is known as Weierstrass’s test. To prove it,
we observe that, if € be an arbitrarily chosen positive number, 7.
may be so chosen that @4y + Gnss + ... + Gnym 18, for every value of
m, less than ¢, where n Zne. The modulus of

lfﬂ+l(z) +fn+2(z) +.. +fn+m<z) {

is, for every value of 2, not greater than @n41 + Gnia+ ... + Gnym,
and is therefore less than e. Since this holds for every value of m,
we see that the complex series is convergent, and that for every
value of z, | R,(2)|>e¢, provided m Zne. Therefore the series
converges uniformly in A.

By some writers, a series is defined to be uniformly convergent in a
given area, when a number » can be found such that for all values of ¢, the
modulus of the remainder 2, 1s less than e. The definition given i the text
is more stringent than the one here mentioned ; it is possible to construct

ser1es which converge umformly according to the latter but not according to
the former definition.

200. If the functions fi(2), fi(2),... are continuous for all
values of z represented by points lying in a given area 4, then
the function F(2) which represents the sum of a convergent series
2f(2), is a continuous function for all values of z represented by
points lying in the area A, provided the series 2f(z) converges
uniformly in the whole area A.

For we have F(z) =8, + R,, n being such that for all values
of 5 to be considered, the modulus of R, is less than ¢; let 2
receive an increment 8z, and let 8F(z), 8S,, OR, be the corre-
sponding increments of F(2), S, and R,. Then,since by supposition
the moduli of R, and R, + 3R, are both less than ¢, the modulus
of OR, is less than 2e¢. Also since S, is a continuous function
of z, if the modulus of 8z be small enough, the modulus of S, is
less than ¢; hence, provided mod. 8z is less than a certain value,
the modulus of &S, 48R, or of 8F(z) is less than 3e, since the
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modulus of &S, + 8R, is not greater than the sum of the moduli of
88, and 8R,. Now 3¢ can be made as small as we please, there-
fore mod. 8F(z) can be made as small as we please by making
mod. 8z small enough ; that is to say the function F(z) is continuous.

It will be observed that for this proof, the less stringent definmition of
uniform convergence, given 1n the note to Art. 199, is sufficient.

201. For a value 2, of 2, for which the series converges non-
uniformly in the neighbourhood, the sum of the series is not
necessarily continuous; in this case the reasoning of the last
Article fails. The limiting value of the function f,(2), when z=2,

18 fa(2,), but it does not follow that s {fa(2) = fa(2)} converges to
1

zero as z converges to z,. We may denote the sum s {(f(2)—f(21)}
1

by F(n,z—2), a function of n, and of z—2; now the limiting
value of F(n,z— z,) when z is first made equal to 2, and then n is
afterwards made infinite, is zero; but if »n is first made infinite,
and afterwards z — z, is made zero, the limiting value of F(n,z — z)
is not necessarily zero.
As an example of this phenomenon, Stokes considers the real series
1452 z(x+2)nP+x(4—-2)n+l-2
2(1+x) T a@m+){n-1)z+1}(nx+1)
when 2 =0, this series becomes
R
1.2 77 " a(n+1)
Now the general term 18
1 + 2x
n(n+1)  {(n-1)z+1} (nzx+1)’
or {1 + 2 _ 1 + 2
n (n=1)z+1 n+l nx+1)?

therefore the sum of the series is 3, whatever value different from zero » may

+.e

have; the sum of the series — . is however unity, and thus the

1 1
1.2 2 '3
sum of the series is discontinuous in the neighbourhood of the value of #=0.

The remainder after n terms is 1 + o 2 sl putting this equal to ¢, we

n+1
find

ne={z+2—¢(@+1)+A{e (z+1) - (z+2)}2 - dex (e - 3)}/2ez,
which increases indefinitely as « becomes indefinitely small; thus the series

converges infinitely slowly when # is infinitely small ; this is the reason of the
discontinuity in the sum of the series.
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The discovery of the distinction between 'uniform and non-uniform con-
vergence of series has usually been attributed to Seidel, who published his
“ Notoe iiber eine Eigenschaft der Reihen welche discontinuirliche Functionen
darstellen” in the ZTransactions of the Bavarian Academy for 1848; the
theory had,-however, been previously published by Stokes, in a paper “On
the Critical Values of the sums of Periodic Series!,” read on Dec. 6, 1847,
before the Cambridge Philosophical Society. Although the theory is in some
respects stated more fully by Secidel than by Stokes, the latter must be
considered to have the priority in the discovery of the true cause of dis-
continuity in the functions represented by infinite series?. The distinction
between uniform and non-uniform convergence has played a very important
part in the modern developmé&nts of the subject.

The matter is summed up by Seidel 1n the following theorem :—Having
given a convergent series, of which the single terms are continuous functions
of & variable z, and which represents a discontinuous function of z: one must
be able, 1n the immediate neighbourhood of a point where the function is
Jiscontinuous, to assign valucs of z for which the series converges with any
arbitrary degree of slowness.

The geometrical series

202. Consider the geometrical scries 1+ 24 22+ .., + 2™ 7.
where z=2+1y=7r(cos @ +¢sind). We have for the sum of this
series the value

1-2% 1—7"(cosnf+isinnb)

1-2 1—-7(cos@+2z8méb) ’
put 1—7rcos@=pcos¢, rsinf=psing,
then p=+~1—-2rcosf+r,

the sum then becomes
%(cos ¢ +1ising)— % {cos (n8 + @) +1sin (nf + 4))} ;

and when = is made indefinitely great, the modulus of the second
term in this sum becomes indefinitely small, 1f » < 1; but if » > 1,
it becomes infinite. Thus the infinite series
l4z4224+ 42014,

converges if the modulus of 2 is less than unity, and its sum is
then .
—7rcosf+1.rsind

1—2rcos 6+
If the modulus of 2z 1s greater than unity, the series is divergent ;

1 See Stokes’ Collected Works, Vol. 1.

2 On the history of this discovery see Reiff’s Geschichte der unendlichen
Reihen.

HT 17

%(cosqb+isin¢)=1
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and if mod. z is unity it i3 also not convergent, since the sums of
the two series T cosnf, L sin nf, which have been found in Art. 74,
do not approach a definite value when = is indefinitely great.

We have, by equating the real and imaginary parts of the
series and the sum,

1—7rcosf

g = 2 n -
1-2cosO+1 1+7rcos@+7r*cos20+...4+r%cosnf +...,

rsin 8

T=Sreos 3= " SN0+ sin 20+ ... +77sinnb +..;

these series hold for all values of » lying between + 1, excluding
r=1 and r=—1, for which the series are not convergent. To see
that this is the case, we need only write — z for z in the original
series.

The geometrical series is uniformly convergent for all values of
z of which the modulus is =1 —7, where 7 is any fixed positive
number, arbitrarily small. For the remainder after the first n

— "
terms is —%, and the modulus of this less than (-1—")—, the

1
series will then be such that for all values of z of which the
modulus is £1—9, |R,(2)| <, if

(1—n) logn +loge
n

<e¢ or 1fn>—log(1 =0
Hence, since it is possible to choose n so that for all values of z of
which the moduli are =1—9, the remainders after n terms are
less than e, and since this clearly holds for all greater values of n,
the series converges uniformly for all such values.

It has thus been shewn that the geometrical series is uniformly
convergent in the area bounded by any circle concentric with and

interior to the circle of radius unity with the centre at the origin.

Series of ascending integral powers.

203. We shall now consider the general power-serfes
G+ az+ a2+ ... +a, 2"+ ...,

where ay, a;, a,, ... are complex numbers independent of the com-
plex variable z. Let r denote the modulus of z, and a, &, @, ...
the moduli of a,, a,, a5, .... The series of moduli is

QG+ ar+arit...tart 4.
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when this series is convergent the series in powers of z is absolutely
convergent. If the series of moduli converges for any value of »
it is convergent for all smaller values of r; and if it is divergent
for any value of » it is also divergent for all greater values of r.
As regards this series a, + o, 7 + a,7% + ..., three cases may arise.

(1) The series may converge for some values of = different
from zero,and diverge for other values; there then exists a positive
number p such that the series converges when r < p, and diverges
when 7 > p. When 7 = p the series may either converge or diverge,
as the case may be.

(2) The series may converge for all values of r; it is con-
venient to express this by p=c0.

(3) The series may diverge for all values of r except r=0;
this may be expressed by p = 0.

In order to determine the number p in any given case, we consider
1

the values of a,* It may happen that, as n is indefinitely in-
1

creased, a,* converges to a definite limit 4 ; in that case, if € be an
1

arbitrarily chosen positive number, as small as we please, a,® lies
between 4 + e and A — e for all values of n with the exception of
a finite number of such values. More generally, it may happen
that a positive num;her A exists, such that, for all values of a

except a finite set, a,” < A + ¢ and such that for an infinite number
1

of values of n, a,” lies between A + € and A —e. Ineither case, the
number p is equal to 1/4. To see this it will be sufficient to
prove that the series converges if » < 1/4, and that it diverges if
r>1/A. For all values of n except a finite set a,™ < (A4 +¢€)*r®,
where ¢ may be arbitrarily chosen; if » has a value < 1/4, we can
choose € so that (4 + ¢)r<1. All the terms of the series, except
a finite set of them, are then less than the corresponding terms of
the geometric series of which the common ratio (4 +¢€)r is less
than unity’; consequently the series is convergent. Ifr>1/A, we
can choose e so that (4 —¢)r>1, and thus a7 >(4 —e)*r">1,
for an infinite number of values of n; the series is consequently
divergent.
1

If o, converges to the limit zero, as » is indefinitely increased,
the series converges for every value of ». For, in that case,

172



260 THE THEORY OF INFINITE SERIES

an™™ < " where e may be so chosen that er < 1; and this holds
for every value of n except a finite set of such values. Each term
of the series, with the exception of a finite number, is then less
than the corresponding term of a convergent geometric series;
consequelntly the series is convergent. In this case p=c0.

If a,” has indefinitely great values, that is, if no number excists
1

which is greater than all the numbers a,”, the series diverges for
all values of r except »=0. In this case p=0. For, if » have
any given value except zero, there are an infinite number of terms
of the series each of which is greater than unity, and thus the
series is divergent.

204. In the last Article 1t has been shewn that a number p
exists, which may however be zero, or may have the improper
value o, which is such that the series a, + o;r + a,73+ ... is con-
vergent for each value of » which is < p, and is divergent for each
value of r that is > p.

About the point 2 =0 as centre, describe a circle of radius p;
this circle is called the circle of convergence of the series

QG+ @,z +a,2°+ .,

and its radius is called the radius of convergence of the series.

The radius of convergence may be finite, or zero, or infinite.

It will be shewn that the series a, + @,z 4+ a,2* + ... is absolutely
convergent for any point z 1n the interior of the circle of con-
vergence, and that it is divergent for any point 2z exterior to that
circle. No quite general statement can be made as regards the
convergence of the series for a point on the circumference of the
circle of convergence. ‘

That the series is absolutely convergent if mod. z <p follows
from the fact that the series of moduli is then convergent. That
the series is divergent if mod. z has a value r > p is seen from the
fact that the necessary condition of convergence L |a,2*| =0 is not
satisfied. For |an2*|=(r/p)*a,p™; and for an infinite number of
values of n, a,p" > (1 — pe)”; hence if € be so chosen that

r(;—l)—e)>1,

we see that | a,2"| > 1, for an infinite number of values of x.
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205. It will next be shewn that the series a,+ ;2 + a,2* + ..
converges uniformly in any circle of which the radius is less than
the radius of convergence, and of which z =0 1is the centre. Suppose
p —k to be the radius of this circle, and let p, be a fixed number
between p and p—k; let p—k=p,~h. The modulus of the
limiting sum of @z2" + @,4,2"* + ... does not exceed the limiting
sum of the series

anr" + an+l7m+1 +... ,

or oy py" (7'/P\)" + tnyy P1”+1 (T/Px)"“ +....

Now the numbers a,p,®, t,10,"", ... are all less than some fixed
number X, since the series is convergent when r = p,; thus the
sum of the series 1s less than K {(r/p,)*+ (r/p,)**' + ...}, or than
K (r[p))"(1 = 7/p,)™*; and this is less than K (1—h/p,)*p,/h. If €
be an arbitrarily chosen positive number, a value n, of n can be
determined such that K (1 —h/p,)"p,/h<¢, for n Zn,. Hence the
modulus of the remainder R,(2) of the series a,+ a;z+ a,2* + ...
is less than ¢, for n Zn,, and for all values of z such that
mod. z £ p — k; therefore the convergence of the series is uniform
in the circle of radius p —&. Thisis true however small the number
k (> 0) may be taken to be, but it would be incorrect to assert
that the convergence is necessarily uniform in the circle of
convergence.

Denoting by F(z) the sum of the series ay+ a,2 + a,2*+ ... for
values of z of which the moduli are less than the radius of con-
vergence, 1t follows from Art. 200 that F(z) is a continuous
function of z, for all points lying in the interior of the circle of
convergence. If the radius of convergence is infinite, F(2) is
continuous for all finite points in the plane.

The series 1+z+22+23+...,
22
2

have the raéius of convergence unmity; their sum-functions are continuous
functions of z in the interior of the circle of radwus unity.

142 28
+I+ +§+...

The series 1+ 2+l 42y
e serl 1!+2! et gt

has the radius of convergence infinite ; the sum-function is continuous for all
finite values of z

The series 1+11421284 .. +alen .,
has the radius of convergence zero.
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206. The convergence of the series on the circle of conver-
gence itself has not yet been considered; we may without loss of
generality take the radius of convergence to be unity.

It can be shewn that the series @, + @,z + @,2* + ..., when the
coefficients are real, converges for points on the circle of conver-
gence, with the exception of the point z=1, if the coefficients are
all positive, and with the exception of the point z = — 1, when the
coefficients are alternately positive and negative, provided in
both cases the coefficients a,, a,, @,, ... are in descending order of
absolute magnitude, and provided the limit of a,, when = is
indefinitely increased, is zero.

Let Sp=ay+ ;2 + a2°+ ... + ap_ 2"
and suppose the coefficients all positive, then
Sa(l=2)=ay— an2"— 2 {(@e— @) + (s — @) 2+ (a,— a5) 2 + ...
+ (s — an) 2"

now the series
(@ —a) + (a, — ay) + (a, — a;) + ...

18 convergent (see Art. 194, note), therefore the two serics
(ap— @) + (a, — a,) cos 0 + (a, — az) cos 20 + ...,
(a,— a;,) + (@, — a,)sin 0 + (a,— a;) sin 20 + ...

are also convergent, since the cosines and sines all lie between
+ 1, thus the series

(a—a)+(a;— @) z+ (@, — as) 22 + ...

i8 convergent when mod. z=1; since |a,_,2"| has the limit
zero when = is infinite, we see that LS, (1 —2) is finite when
mod. z=1; hence unless z=1, LS, is finite.

If the coefficients in the series are of alternate signs, change
z into — z, then this case is reduced to the last.

Whether the series is convergent when z=1, or in the case of
coefficients of alternate signs, when z=-1, has not been determined,
and depends upon the particular series. The series may be only
. semi-convergent on the circle of convergence.

If the coefficients of the series are complex, we can divide the
series into two, in one of which the coefficients are real and in
the other imaginary; the two series can theh be considered
separately.
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. z 22 28
The series l+7+5+g+.

is convergent when mod. z=1, except when z=1. Thus the two series

3 71‘ cosnf, = % sinnd are both convergent, except that the first is divergent

when 6 is zero or an even multiple of .

’207. Suppose F («) is the continuous function of z which is
represented as the sum of the series a,+ ¢,& + a,2* + ..., with real
coefficients, which converges for real values of z, less than unity.
Let us assume that the series diverges when x> 1, but that the
series @, + a; + @, + ..., corresponding to =1, is convergent.

It will then be shewn that the sum of the series a, +a, + a,+ ...
is the himit of F'(«) when « increases from values less than unity
to unity as its limit. Thus the continuous function F(z) defined
for z=1 by F(1)= LIF (z) continues to represent the sum of

2=

the series when x=1. This theorem was given by Abel®.

Let sp=ao+a,+a,+ . .+ an; Sy=a,. In virtue ofa theorem

which will be proved 1n Art. 209, since the two series

A+ &+ a2t + ... + a2+ ...,

l+z+22+...+2™+...

are both absolutely convergent when « < 1, their product, formed
by multiplication,

So+ S+ 2%+ ... +8, 2"+ ...
is convergent, and 1ts limiting sum is F' (z)/(1 — «), the product of
the limiting sums of the two series. Denoting Ls, by s, the number
n can be chosen such that s,, $nt1, $a4, ... alllie between s+ € and
s — ¢, where e is an arbitrarily chosen positive number.

The limiting sum of s,a™ 4 8,4, + ..., for such a value of n,
lics between (s+e€)a™/(l —z) and (s—e€) a*/(1 —z). Therefore
F (z) lies between

+e)ar+ (1—2) (S + 82+ ooo + Sy 2™Y)
and s (8—)a"+ (A —z)(s+ 8124 .o + Sy ™).

It follows that | F' () — s | is less than

e+|s|(Q=a)+A=2)(|s|+ || +... +]|sam]|)

The number n having been fixed, corresponding to €, we can
choose a value of «, say ,, such that | F () —s| is numerically less
than 2¢, for 1 > 2 Z «,, since 1 — and 1 — z® may be taken as small

" See Crelle’s Journal, Vol. L.
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as we please by properly choosing #. Since 2¢ is an arbitrarily
small number, it follows that s is the limit of F (z) for = 1.

If @y, a., g, ... are complex numbers, we may divide the series
into two parts, one real and the other imaginary, and the theorem
applies to each part separately ; hence it holds for the whole series’

Next let F(z) be the continuous function which represents,
when mod. z< 1, the sum of the series a, + ¢,z + @,2*+ .. , where
z is the complex number r(cos @ +7sinf). The series may be
divided into the two parts

a,+a,rcosf+a,r*cos260 + . .

t(a,rsin 0 + a,r*sin 260 + ...),

and the theorem holds for each of these two series. Therefore if
the series a,+ ¢,z + a,2* + ... 1sconvergent when z = cos § +1sin 6,
its sum is the limit for » =1, of F(2), the value of 6 being kept
constant. The function represented by the series is then con-
tinuous at the point on the circle of convergence with the values
on the radius of the circle of convergence through the point.

In order that the necessity for the investigation in this Article may be
seen, we remark that a similar theorem would not hold for the series obtained
by altering the order of the terms in the series ap+a;z+azz®+... For
example, consider the two real series

x—-3a3+3a3 -1+, and 24348 -La?+iat+Ea7 -t
a8 long as 2 < 1, the series are absolutely convergent, and they have the same
sum ; when however =1, the sums of the series are not equal, as has been
shewn in Art. 195. The sum of the first series 1s continuous up to the value
x=1, of z, but that of the second is not so.

208. There cannot be two distinct series of powers of z,

QG+ az+ a2+ ...,

bo+bz+b,22+
which both converge to the same value F(z) for all points in a
circle of radius £ (>0). For since they converge to the same
value for z=0, we must have a,=b,; and thus the series
@z + 2%+ ..., bz+b,2"+ ... converge to the same value when
mod. z £ k. This is impossible unless the two series

G+ az4+a,22+.., bi+bz+b224...

are both convergent and have the same limiting sums for
<mod.z2S k. The radii of convergence of these two series are
each Z £, and their sum-functions are both continuous within their
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circles of convergence. Since their sum-functions are identical for
each value of z except z=0, in the circle of radius %, it follows
from the continuity of those functions that they are identical when
2=0; therefore a,=b,. By proceeding in this manner, it can be
shewn that all the corresponding coefficients in the two series are
equal, and thus that the series are identical.

Convergence of the product of two series.

209 Let S, S’ denote the limiting sums of two absolutely

convergent series
At ast ... +an+
bi+b+by+ ... +but ...
then it can be shewn that the series
by + (ayba + asby) + oo+ (A bn + Qb + oo+ anb) + ..

obtained by multiplying together the given series is convergent,
and that its limiting sum is SS".

Denote by s, the sum of n terms of the product series, and let
a, B be the -moduli of @ and b respectwely Since the series S, S’
are absolutely convergent, the series of moduli are convergent ;
denote their sums by =, 2, and let

on=tB+ (B + @) + ... + (B + %Bn+ ... + anfBy).

We have 8,8, —8, =0, + asbyy + ... +anba;
hence mod. (SpSy’ —8n) = yBn+&Bpa+ ... +anBs

=3,.3,) —on.

Now o, < 2234 < o, because o,, contains more terms than the
product 2,2, whereas oy contains fewer; hence the limit of o,
when n is indefinitely increased, is finite, and therefore since the
limits of o, o3, must be the same, each is equal to 2%’; thus the
limit of mod. (SxS»n"-— 8a) is zero, or s=S8S".

More generally it can be shewn that it is sufficient for the
validity of the theorem that the convergence of one only of the
series @, +4ag + ..., by + b, + ... should be absolute, that of the other
being cond1t10nal. In case the two series are both only conditionally
convergent, the product series a,b, + (a;b; + a3b,) + ... is not neces-
sarily convergent, but it can be shewn that in case it be convergent,
its sum is the product of the sums of the two given series®.

1 For proofs of these results, see the author’s Theory of functions of a real
variable, pp. 500, 501.
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The convergence of double series.

210. Let us consider a double sequence of positive real
numbers a,,

a1, A2, %13 oo0 Aygy -o-
a‘l,ly az,z; aﬂ,&y e “2,8; .
Qyy Oy gy eovennnns Ay, 85

tesecseserensennnse Teeesese oo

Let us assume that the numbers in each row when added
together have a definite limiting sum; and let s, s, ... s,, ...
denote the values of this limiting sum for the first, second, ... rth
rows. Let it be further assumed that the series s, + 8,4 ... + 8, + ...
is convergent, and has S for its limiting sum. It will be shewn
that the series & ;+ays+ ...+ @, ;+ ... obtained by adding the
numbers in any one column is convergent, and that 1f its limiting
sum be denoted by =z,, the series =, + 3,43 +... is convergent,
and has S for its limiting sum.

That a, s+ ay s+ ... + % ¢+ ... 18 convergent follows from the
fact that each term is less than the corresponding term of the
convergent series s, + 8,4 ... +s, 4+ .... An integer p may be so
chosen that the » numbers

n=p n=p n=p
3 - b A1y Zg— An,gy oo Zp— E A, r
n=1 n=1 n=1

are all less than e/r. Therefore x+ 3+ ..+ 3, is less than
€+8+8+...+8, or than e+ S; and since this holds for every
value of r, the series s, +3,+ ... is convergent and its limiting
sum is = §, since € is arbitrarily small. Also the integer ¢ may
be so chosen that the » numbers

n=q n=q n=q
8— 2 Qi,n, Sa— b Oyn, « - S — 2 %
n=1 n=1 n=1

are all less than e/r.

Therefore the limiting sum of the series 3, + 3, + ey 18 greater
than s, + 8,+ ... + s, — ¢; and as this holds for each value of », the
limiting sum is Z S—e Since ¢ is arbitrarily small, the limiting
sum of the series z, + 3,4+ ... is ZS; and it has been shewn to be
= §; consequently it is equal to S.

When the positive numbers a,, are such that each of the
series a,,+ a,,+ ... converges to a number &, and so that the
series 8, + 8 +... is convergent, the numbers a,, are said to be
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terms of a convergent double series of positive numbers and S is
said to be its sum. In accordance with the theorem proved, the
limiting sum of the series is the same whether the summation be
taken first with respect to s and then with respect to 7, or in the
converse order. Thus

% § o, 5= § % o, ,=S.

r=1g¢=1 a=1lr=1

If the numbers «, , are no longer restricted to be of one sign,
then if the numbers | a, ,| are the terms of a convergent double
series, the numbers a, , are said to be the terms of an absolutely
convergent double series.

If the double series, of which the terms are a,,,, is absolutely

convergent, then
@ @ @ @
32 =23 I a,

r=1s=1 g=1r=1

il

For let a, 5= 3,5 — 7r,s, Where v, ;=0 when a, , is positive, and
B,s =0 when a,, is negative. The series may be regarded as the
difference of two series of which the terms are the positive
numbers 8, ; and vy, 5. Since the series of which 8, 5+ v:,, is the
general term is convergent, the two series of which B, ,, v,,, are
the general terms are both convergent, and their sums may be
taken in either order; it follows that the sum of the series of
which a,, is the general term may be taken in either order
without affecting the result of summation.

The theorem 2 3 =23 2 a,,

is also valid when the numbers a, , are complex, in case the series
of moduli | &, ,| is absolutely convergent. For if a, ;=1, ,+ 15,,,
the series of which ,,, §,, are the general terms are both
absolutely convergent, whence the result follows.

The general theorem may also be stated as follows:

If @, 4+, +as +... be a convergent series of real or complex
numbers, and if each term a, be expressed as the limiting sum of
an absolutely convergent series

A+ e+ s+,

then the given series may be replaced by the series

@®

-3
2 Ayt 2 apst ...,
p=1 p=1
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without altering its limiting sum, provided the series
Si+S+S+...
is convergent, where S, denotes the limiting sum of
[y | 4] aral+]ars| + ...
An important case of this theorem, of which we shall afterwards
make use, is the following :
If a,+a,2+a,2*+... be a convergent series of which the

limiting sum is F (y, z), and if @y, @y, @,, ... are the limiting sums
of the absolutely convergent series

b0,0+ bo,l,'l/ +b0,2?/2+ bo,sy‘! + ..
bl,o+b1,13/+b1_2y’+b,,3ys+
b2,0+b2,l:’/+ba,z?/2+bg,3y3+

then, if the series A,+ A,|z|+ A4,|2z|*+ ... is convergent, where
A, denotes the sum of the series [b,,|+|br1y|+]|0r 29|+ ...,
the series

(boo + D102 + by 02+ .. ) + (boy + 01,12 + 0,22+ ...) Y
+ by e+ by 2+ +.. )Y+,
which is obtained by substituting for a,, a;, a,, ... in the given
series, and arranging the terms as a series in powers of 7, is
convergent, and its limiting sum is #'(y, z) the same as that of the
original series.

The Binomial theorem.

211. A very important case of series in ascending integral
powers of a variable is the series
m(m—1) m((m—1)(m— 2)

ar o 31

In the particular case in which m is a positive integer, the
geries is finite, and its sum is (1 +2)™, the ordinary proof of this
being applicable to a complex value of z.

We shall suppose z to be a complex number, but shall confine
ourselves to the case in which m is real. In this case an/a,4, is

1+mz+

equal to the limiting value of which is unity; the radius

of convergence of the series is therefore unity. The series con-
verges absolutely at any point z interior to the circle of radius
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unity, and uniformly in any circle of radius less than unity.
Denoting the limiting sum of the series by f(m), and applying
the theorem of Art. 209, we find for poin{s within the circle of
convergence F(my) X f(my) = f(m, +my),
and thence f(m,) f(my) ... f(mg)=f(my+ my+ ...+ my).

First suppose m to be a positive fraction p/g in its lowest
terms, then putting m, =m,=...=my= p/q, we have

Lf (p/DY =F(p),
therefore f(p/q) is a gth root of f(p), that is of (1 +2z)®. Let
1+7rcos@=rcos¢, rsin@=rsin¢, then
' (1 + 2)? = 7P (cos pe + ¢ sin pe),
and the values of the gth roots, of this are

r
79 {cos pé 4;128’” +1 sinpd) -; 23”}

where s has the values 0,1, 2,... ¢ —1. We have
r=++~1+2rcos 8+,

1 - _rSImv.
and we may suppose ¢ to be that value of tan 1% rcosd which
is acute (positive or negative); such a value exists, for cos ¢ is

positive for all points within the circle of convergence. We see

then that £ (p/q) is a value of /r/? {cos po 4{‘12871' +isin pd ;2871’},

and s must always have the same value, since we know that
f(p/q) is a continuous function for all points within the circle of
convergence.

To find the value of s, put ¢ =0, then f(p/q) is real, and must
therefore be equal to a real value of

sr)

s .. 2
4 4 —_— —_—
vy {cos p -+ 2 s1n 7 }',
and therefore s =0, or s=1}g¢ in case ¢ is even; if r 1s sufficiently
small, f (Z) is certainly positive; hence s cannot be equal to ¢

and must therefore be zero.
We have thus proved that the sum of the series, when m 18 a
positive rational number p/q, is the principal value of (1 +z)”9,
that is
' (1 + 2rcos 8 + r*)PP2 <cos I%;—S +¢sin P?*ﬁ)’
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where the expression (1 + 27 cos 6 -+ 7°)?¢ has its real positive value,
. . _, rsiné
and ¢ is the numerically smallest value of tan T¥reosd where

z=r(cos 0 +1sin ).

Next let m be a positive irrational number; we consider it to
be defined as the limit of a sequence m,, my, ... m,, ... of positive
rational numbers. It will then be shewn that f(m) is the limit of
the sequence f(m,), f(m,), ... f(m,), ..., or f(m)=Lf(m,). We
have, for any point z in the interior of the circle of convergence,
m, (m, — 1)

2!
m, (my =1) ... (my —n + 2)
+ P
(n—1)!
where | R,(z)| is less than the limiting sum of the convergent
series .

NHN+1)...(N+n-1),

f(m)=1+m,z+ 24

21 4 Rn (Z),

NI +1).. (N+n)'

n ln+1
n! oI+ n+1)! * o
where N is a positive number greater than all the numbers
My, My, ... My, .... For all sufficiently great values of n, we have

|Ra(2)|< e for all the numbers m,, where e is an arbitrarily
chosen positive number. It is clear that the limit of the sum of
the finite series

m,(m,—1) | my (my— 1) .. (m, —n + 2)

—— 2 . 1l—
21 +o+ (n— 1)! ¢
as m, converges to m, is

m (m—1)
21

1+m,z+

m(m—171).. (m—n+2)zn_h
(n=1)1 ;

and this is therefore the limit of f(m,)— R, (2). In accordance

with the definition of an irrational power given in Art. 186, the

limit of the principal value of (1+42z) is (1+2z)™ Since

|R,(2)|< € for all the numbers m,, m,, ... m,, ...,lLfR,,(z)},

which must have a definite value, is = e.

It follows that

1+mz+ 224 ...+

m(m=1)...(m=—n+2)
g7 et (n=1)1
differs from the principal value of (1 +2)™ by a number of which
the modulus is not greater than e, for all sufficiently large values

ﬂ-l

1+mz+
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of n; therefore the convergence of the Binomial series to the
principal value of (1+ 2)™ has been established for the case of a
positive irrational number.

ADDENDUM.

Insert on page 271, above the third line from the foot of the
page :—

To shew that when m > —1, the absolute magnitude of a,
diminishes indefinitely as n 1ncreases indefinitely, write s for the
positive number m + 1, and denote the product of a certan fixed
number of factors in the expression for | a,| by k; we have then,
if r is the integer next greater than s,

ekl ) (-3
<k [(1 + ;) (1+;:S~1) ...(1+%>}—1

Y [P
r r+1 n
1 1
rrl e
that of the next 2» terms is also > 4, and so on; therefore, for a
sufficiently large value of n, the sum of the series exceeds a pre-

The sum of the first » terms of %+

.18 >3,

scribed multiple of 4; and thus the sum of the series increases

indefinitely as n does so. It follows that | a,| diminishes in-
definitely as n is mncreased indefinitely. When m = — 1, the terms
of the binomial series are alternately 1 and —1, and thus the
series does not converge.

rrom the proposition 1n Art. ZUb, 1t I0IIOWS TNat tne series

L+mz + @—(12”'—_—1) 2"+ ... converges when mod. z=1, provided

m>—1,and 2z -1,
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When z=—1, all the terms of the series are, after a certain
term, of the same sign ; applying the known test

Ln(1 + apfas4) > 1,
the series will be convergent if
In{l1—(n-m-1)/n}>1, or if m >0. \

According to the theorem in Art. 207, whenever the series
m(m — 1)

21
converges on the circle of convergence, its sum is the value of

(1 + 27 cos 8 + r?)™ (cos me + ¢sin m¢p)

at the point. We may state the complete result as follows:

14+mz+ 24 ...

The series
l4mz+ ™ m (m— 1)Z,+ +m(m 1)...(m-n+ 1)
2! n §
converges when mod. z=1,1f m is positive, for all values of z; also
if m s between 0 and — 1, for all values of z except z=—1, in

which case the argqument of z is w. The series diverges when
m=-—1, and when m< =1. For all values of z for which the
series converges, its sum 18 (2+ 2 cos 6)3™ (cos $mé + i sin $mé),
where 6 has a value between + .

The Binomial Theorem has been considered generally, for complex values
of m, by Abel, in a memoir published in Crelle’s Journal, Vol. 1.

The circular functions of multiple angles.

213. An important application of the Binomial Theorem in
its generalized form, is the expansion of (cos @ + ¢ sin 6)™, of which,
by De Moivre's Theorem, the principal value is cos mé + ¢ sin m#,
if 6 lies between +m. Writing (cos @+ 4sin @) in the form
cos™ @ (1 +vtan €)™, we have

cosm0+zsinm9=cos"‘0[{ m(:;' )t n’0+...}

+i{mtan0—m—(m—_;—)!m—'-2) tan® 8 + H

provided the series is convergent; this condition will be satisfied
if 8 lies between the limits + }m, whatever be the value of m,
and also when 6=t }m, provided m>—1.
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(1) Suppose m positive, then we have

m(m —1)
21
+m(m—1) (72!—2)(m_3)tan‘0— } ...... ),
m(m—1)(m—2)
3!
for all values of m, provided 6 lies between * }m, and they hold
for =+ }m. These results are an extension of those obtained
in Art. 51, for the case of m a positive integer, in which case

there is no convergence condition.

cos mf = cos™@ {1 - tan®@

sin'mé = cos™8 {m tan 6 — tan®d + } ...... (2),

(2) Suppose m negative, then changing m into — m we have

cos mdfl cos™f =1 — 7—n—(—"—21$—1) tan2@
4 mimtl) (’Z,““ DM +3) anih—... .3),
sin m8 cos™ § = m tan § — "M 1) (m +2) tan®0+... ... 4),

3!
which hold for all positive values of m, provided 6 lies between

+ 3. These results hold for 8= & %, only if m lies between 1
and 0.

214. The formulae (1) and (2) of the last Article have, in the
case when m is a positive integer, been applied in Chapter viI to
obtain expressions for cos me, sin m¢, in series of ascending powers
of sin ¢. We proceed now to find similar expressions, when m
is not a positive integer.

We have proved that, when m is an even positive integer,

3 3 (2 92
cosmp=1-— 2&! sin’ ¢ + 72—(—12-!—-2—28i11‘¢

_mi(m? = 2) (m?— 4%)

Sin®P + vv ceenn(B),

6!
and that, when m is an odd positive integer,
. . m(m?—1%) .
smmgb=msmqb—————31 sin® ¢

+ m (m? — ].5’)1 (m2— 8Y) sin® =i ennns (6).
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These series were obtained from the expressions for cos mé,
sin mg, in powers of cos ¢ and sin ¢, by substituting for powers
of cos ¢, powers of 1 —sin®¢p, expanding each of these by the
Binomial Theorem for a positive integral index, and arranging
the result in powers of sin¢. The same series will be obtained
when m is any positive integer, not limited as to evenness or
oddness, provided cos ¢ is positive, which will be the case if ¢
lies between +4m; the powers of 1—sin*¢ will no longer
necessarily be integral, but the Binomial Theorem is still applicable
since all the series will be convergent. Since all the series of
powers of sin® ¢ are absolutely convergent, and since the original
expression for cos m¢, sin m¢ each contains only a finite number
of terms, by Art. 210, we may arrange the result of the expansions
in a scries of powers of sin?¢. Thus we see that if m is any
positive integer, each of the series (5), (6) holds, provided ¢ les
between + 4r; the first series does not consist of a finite number
of terms unless m be even, and the second not unless m be odd.

Let f(m) denote the himiting sum of the series
1+7n(zsm¢)+2'(zsm¢)”¢+1n——(7—n 1)( sin @) +

where the series on the right-hand side is obtained by adding the
series (5) to the series (6) multiplied by 2. When m is a positive
integer, we have f(m)=cosm¢+isinme, if ¢ lies between
+3m. Now when m, and m, are positive integers, we have
£ (my) X f(m,) = (cos myp + 7 sin m, ¢) (cos m,p + % sin myp)

= cos (my + m,) ¢ + vsin (my + my) ¢

=f(m, +m,).
The product of the two series f(m,), f(m,) will be of the same

form, whatever m,, m, may be; thus, employing the theorem of
Art. 209, we conclude that the equation

S (ma) x f(mq) =f (m + my)

holds for all values of m, and m,, since the series are absolutely
convergent. We have consequently

S f(my)... f(mg)=f (mi+my+ ... +my);

let m,=m,... =my=p/q, where p and ¢ are positive integers, we

get then
{f @Ol =/(D)
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1
hence £ (p/q) is a value of {f(p)}¢, and is therefore of the form

Osp¢-;2s7r+ i sin p¢+237r

where s is some integer. Now when ¢ =0, we have f(p/q) =1,
hence since the sum f(p/q) varies continuously as ¢ increases
from —4m to + 3w, we must. have s=0, if ¢ lies between these
himits; hence in that case

f(plg)= cos]i(2 + ¢ sin qd’

Next let m be a positive 1rrat10nal number defined as the
limit of a sequence of irrational numbers m,, m,, ... m,,.... We
have then

S (mg) =1+ m, (i sin ¢) + (z sin ¢)* + ...

my (Mm@ —12) ... (m?—2r — 3]2) . .
+ @ _(1) - )(z sin ¢)¥ 1
+ mg? (mg? —2%) ... (m? —2r —
2r)!
where | R| is less than the modulus of the limiting sum of the
convergent series
N(N?+1“ (N’+27-—1{) ot
L@ 2. (N 2] .
@r 2! sing |7+ +

N denoting a positive number which is greater than all the
numbers m;, m,, .... For each fixed value of ¢, » may be so
chosen that |R|<e, where e is an arbitrarily chosen positive
number, for all the values m,, m,, ... of m,.

The limit of f(m,) or cosm, ¢ +2sinm, ¢, as s is indefinitely
increased, is cos m¢ +¢sinme. It then follows that

2r —2| )(zsxn¢)”+R

1 4+ (3 sin ¢) + (% sin ¢)* +

1-19)... —-2r—3(%,. .
+m’ m 1()27. —("1‘), 2 I )(1 sin ¢)?
m? (m3 — 29) ... (m?— 2r — 2]9) (i sin $)*

@2r)!
differs from cos me¢ + i sin m¢ by a number of which the modulus
18—2
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does not exceed e. Since e is arbitrary, it has thus been shewn
that for each value of ¢ between + 4o, the infinite series con-
verges to cosm¢ + ¢ sin mo. l

Lastly let m be a negative rational or irrational number —m,.

Since f(m) x f(m)=f(0)=1, we have
f(m)=1/(cos m;¢ + 1 sin m,¢p) = cos m¢ + % sin me.
We have shewn thus that the two series

cosm¢=1—-z27~l—,sin’¢+zn—(n%—;iz)sin‘¢— ...... 5),
1_
sin m¢ = m sin ¢-—1n~(ﬂ3—1——1—ﬁ sin® ¢
2 __ ]2 2_32) |
+ 7 (m 5)!(m 3 sinp— .. ...l (6),
hold for all values of ¢ lying between + 4, whatever real number

m may be.

The series (5), (6) converge absolutely when ¢ = + 4. For,
denoting by a, the absolute value of the general term of the first
geries, we have

_a, (2r+1)(2r+2) 3 1) m2\71
ar+1 (2"')2— m <1 + + <1 B 4—7‘> ’

2r = 22
therefore Lr ( - l) 3 s
(1298} 2

and thus in accordance with a known test, the series is con-
vergent. The series (6) may mn a similar manner be shewn to
converge. In accordance with Abel's theorem in Art. 207, the
series (5) and (6) converge to the values cos § mw, +sin § mar, when

=4
A similar proof will shew that the two series
cos mpjcosp=1— 22 ' L sine ¢
I 12(!"‘" N o)
sin me/cos ¢ =msin ¢ — "Lngl——?) sin’® ¢
+m(m’-—-?5’)1(m2 i) Sin®p —.0v 1uivenn.i(8),

hold for all real values of m, provided ¢ lies between + 4.
The series (7), (8) are not valid when ¢ = + 3.
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The series (7) terminates only when m is an odd integer, and
(8) only when m is an even integer.

216. If we take the series for cos m¢+1sin me¢, from (5) and (6),
and put z=1sin ¢, we have, since (cos ¢ +¢sin ¢)" = WV1¥2+2)m,

the expansion
m(m? — 12) m?(m?—2?)

~/1+z’+z)’"—l+mz+2—!zz+ 37 2+ 4 2+ ...
-'_m(m2 —1%) ... (m*— 28—3[2)
(2s — l) !
+ m?(m? — 2?) .. - 25— 2| 2)
(93)1
In a similar manner we have from (7) and (8)
- —_ m?— 12 m (m? — 2?)
W1+ 22421+ 22=1+mz+ 57 2+ 37 2+ ...
+m(m”—22) . (m?— 25 — 217 JE-
(25— 1)!
(m?—12) (m?— 3?) ... (m*— 25 — 1]2) s
+ (25)] o+

It can be shewn that these expansions hold for all real values
of m, provided the modulus of z is less than unity. By some
writers, these expansions are investigated directly, and then the
series (5), (6), (7), (8) are deduced. It is however not easy to
investigate these series by elementary methods, except when the
modulus of z/J/T+ 2* is less than unity; we should, with that
restriction, obtain the series for cosme, sin me, only when ¢ lies
between + }mr, which is the same restriction that applies to the
series (1) and (2). However, by employing the principle of con-
tinuity, it is seen that the above expansions are valid in the
region |z|< 1 of convergence of the series.

216. if in the series (5) and (6), we change ¢ into 7 — ¢, we
obtain the following series which hold for values of ¢ betweén 0
and T,

cosm(-g—-qb)=1 —cos’¢+—(—7fT_ﬁcos‘¢—...(9),
sinm(g— )=mcos¢-—-'ﬁ(—1—’§{i)cos’¢+... «.(10).

We can now find series which express cos m¢, sin m¢, when ¢
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has any valuel. If ¢=rmr+,, where ¢, lies between % 3, and
7 is an integer, we have

COS M = COS M7 COS Mep, — Sin Mmrar Sin Mmeby ;
also sin ¢ = (— 1) sin ¢, thus we have, if ¢ lies between (r + &) 7,

m? .
cos m¢ = cos mrw (1 - g—’sm2 b+ .

—sin(m —1)rw {m sinqb—%'_ la)sin”qS + } ...(11).

Similarly
. . m? .
sin m¢ = sin mrm (1 —g s b+...

+cos(m—1)rw {m sin¢—w—%—(n—;;:1—2)sin3¢ + } . (12).

From (9) and (10), we obtain 1n a similar manner
cosmp=cosm(2r+1) %r {1 5 cos2 b+ }

+cos(m—1)(2r+ 1) mcos4>—m<m31 19 cos’ b + .. }(13),

mcos ¢ — (m; 1)cos,3¢+ }(14-),

where ¢ lies between 77 and (r+ 1) 7.

2|
sinmep=sinm (2r+1) {1 gicos P+ .. }
+sin(m—-1)2r+1) 5 {

217. Series of some interest may be derived from (5) and (6),
(7) and (8), by giving m particular values®. Let ¢ =34, we have
then, writing « for m, in (5) and (6),

cosjra=1- 2 + ‘iﬁ”‘;—?‘)_ ...... (15),
sin jmo= o - 221 2@ DE-H_.. e,

Again letting m = 2z, ¢ = }, in (5) and (8), we have
cosfro=1~5 +% o) 2B, .. an,
o= o SESD 2D ) )

1 The formulae (11), (12), (13), (14) were given by D. F. Gregory in the
Cambridge Mathematical Journal, Vol. 1v.

2 The series 1n this Article were obtained by Shellbach, gee Crelle’s Journal,
Vol. xLvmr, ; they have also been discussed by Glaisher in the Messenger of Mathe-
matics, Vols. 11. and vir. Series equivalent to (15) and (16) are given by M. David
in the Bulletin de la Soc. Math. de France, Vol. x1.
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Various series may be found for powers of m, by expanding cos}nz,
sindmz,... in powers of z, and equating the coefficients of the powers of z
to those picked out from the above series; for example from (16) we have,
by equating the coefficients of 23,

A 11 11.3/, 1\ 1 1.3.5/. 1
Z§=§‘§+5'ﬂ<l+3ﬁ>+7 2.4, 6<1+32+ >+ o

Expansion of the circular measure of an angle in powers
of ts sine.

218. If in the expapsions (5) and (6), for cos me, sin me, in
powers of sing, we arrange the series as series of ascending
powers of m, as we are, by Art. 210, entitled to do, since the

series

m? . m? (m* + 2%)
1+—2—!sm2¢+-————~

st + ...

m (m? + 1%)
5 1

are convergent, we may equate the coefficients of the various

powers of m, to the corresponding coefficients in the expansions

of cosme, sinme, in powers of ¢; we thus obtain from (6)

lsmd> 1.3sin®¢
p=sinpts gty 5 t
1.3

msin ¢ + sin®¢ + ..

5...(2r — 1)s1n2’+1¢
5.4.6.2 oyl T o9

and from (5)

4 16
pe =81n2¢+gs,1n ¢, 2.4sn°¢

2 3.5 3 T
2‘4 - (2r — 2) sin"¢
bo.@r=1) 7
these hold for values of ¢ between + 4, or when ¢ ==+ 4m. We
may also write them

la® 1.3a°
-1
sin~lz = :ar:+‘23+2 G5 T e (19),
2 2t 2.4
-1 2 —
(sin™1 &) .z"+3 2+3.5d+‘” ......... (20),

where sin~, in either equation, is the positive or negative acute
angle whose sine is equal to a.

The series (19) was discovered by Newton; the method of
proof is that of Cauchy.
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219. By changing « into z +h in the series (20), and equating
the coefficients of & on both sides of the equation, which process
is equivalent to a differentiation with respect to z, and may be
justified by employing the theorems of Arts. 210 and 208, we
obtain the series

sin~'z 2

2.
’\/—1—;2=$+3$3+3 gaﬁ"' eessscass (21),
or puttmg sin ¢ for z, .
¢/sin pcosp=1 +gq 2 sin®*¢ tys 2.4 sm‘ o3 (22),

or writing 2¢ =6,
G/sin0=l+;(1 cos0)+ (l—cosﬁ) +oae
which may be written

Ocosec0=1+ 3 ! vers 0 + 1.2 vers? 6 + . «(23).

3 3.5
Again, in (22), put tan ¢ =y, and we obtain the series
-y 2 2.4 o
tan y_l_'_yﬂ{l 31+y 3 5(1+y2)2+ ...... (24‘)

Ezxpression of powers of sines and costnes in sines and cosines
of multiple angles.

220. We shall now shew how expressions of the form
cos™@sin”@ may be conveniently expressed in cosines or sines
of multiples of 6. We shall in the first instance confine our-
selves to the case of positive integral values of m and n. Let
z=cosf+1sin 0, then z277=cos @ —1sind, hence 2cosf=z+ 27,
2i8in 0 =2z — 27, and

(2 cos @)™ (2¢ sin O)* = (2 + 27)™ (2 — 27)*;
if we expand the expression in z, in powers of z and 2z, we can
arrange the result in a series of terms of one of the two forms
k(zr+27), k(2" —27"), where k is a multiplier depending on m, n,
and 7; now 2"=cosrf+¢sinrf, and 27" =cos rd —¢sin rd, by
De Moivre’s Theorem, hence

k(2" +277) =2k cos 8, 2k (2" — 27") = 2k sin 16,

thus we have the required expression for cos™§ sin"é in a series of
cosines or sines of multiples of 6.
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ExAMPLE.

Ezpress 8in86 cos8d in series of multiples of 6.

We have (2:8in8)8(2co80)0=(2—-2"1)8 (242" 1)0=(2-2-2)5(242"1)
which is equal to (210 —528+1022 —10z2+52=6—2~10) (2 +271),
or 2M429—57—=554+102+102—-102"1 =10z =34+ 528+ 52T~ z-9 -z~ 11,
whah is equal to 22 (sin 118 +sin 96 58in 76 — 5sin 50 + 108in 3¢+ 108in ),

therefore sin®4 cos®d is equal to o 210 (8in 118 4sin 90 — 5 8in 76 — 5 8in 56
- +10 s1n 30+ 10sin 6).
This process may also be arranged thus, writing ¢ for cos g, s for sin 6,
(200 =1+6+15+20+15+ 6+ 1,

(208) (2)°=145+ 9+ 65— 5= 9— 5— 1,

(28)%(2c)’=14+4+ 4— 4-10-- 44 4+ 4+1,

(2i8)°(2¢¥=14+3+4+ 0- 8- 6+ 6+ 8— 0-3-1,

(260 (2c)=14+2— 3— 8+ 24124 2— 8-3+2+1,

(208)* (2c)f=1+1— 5— 5+10410=10-10+5+5-1-1;
here the powers of z are omitted on the right-hand side, and a figure in any
line 1s obtained by subtracting from the figure just above it the one that

precedes the latter.
This very convenient mode of carrying out the numerical calculation is

given by De Morgan 1n his Double Algebra and Trigonometry.

221. We can obtain formulae for (2cos @)™ and (2 sin )",
when m is a positive integer, in cosines or sines of multiples of 6,
by the method we have employed in the last Article. We have

(2cos @)™ =(z+ 27 )" =2"+mz"* + ﬂ(j’é;}_) Pl N Y

hence
m (m —
2m-1¢ogm@ = cos m@ + m cos (m —2)6 + 2 !- cos (m—-4)0+...,

where the last term is
1 m m! .
2@ Gt T Gme D Gmt D
according as m 18 even or odd.
From

(2¢sin 0)’"—-(z —zT)M=pM— M4 m(";! ) — vt (=1D)mm,

2

we obtain similarly
2m=1(— l)fsinm0‘= cos m@ —mcos(m —2) 6

+m-(’—';—l—1—)cos(m—4)o—...

13

m!

-1 2 (Fm)! (3m)!

o

when m is even,
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m-1
or 2m1(—1)  sin™@ = sin mf — m sin (m — 2) 6
m(m—1) . a1 m!
e —4)0—...+(—1) 2
oy n(m=¥) O g
when m is odd.
These formulae have alrcady been obtained in Chapter viL,

+

222. We shall next consider the expansions of cos™6, sin™é
in cosines and sines of multiples of 6, when m is any real number
greater than —1. We have from Art. 212,

2™ (+ cos §p)™ cosm (3¢ — k)

=1+mcos+ (n; ) +m(m—?3)!(m—2)00s3¢+m’
2™ (4 cos )™ sinm (¢ — k)
=m sin¢+m———v(m—1) sin 2¢+m(m— 1) Gn = 2)3 n3¢+...

2! 3!
where ¢ lies between (2k —1) 7 and (2k+ 1) 7w. Multiplying the
first series by cos a, and the second by sin a, and adding, we get
2™ (£ cos §¢)" cos (a— Em¢p + mhr) = cos a +m cos (a — )

1 - -
m (7;’, ) cos (a— 2¢) + ™™ é)!(m 2) os (a—3¢)+..,

where ¢ lies between (2k — 1) 7 and (2k + 1) 7. Let ¢ = 26, then
corresponding to the two cases of & even (= 2s),and & odd (= 25+ 1),
we have

2™ cos™ @ cos (a — m + 2msm)

+

=cosa+ mcos(a—-20)+m(m

cos (a—46)+...

where 6 lies between 2s7 — 37 and 2sm + }7; and
2" (— cos )™ cos (a — m +m 2s + 1)

= cos a + m cos (a — 20)+ni(—)cos(a =46)+ ..

where 6 lies between 2sm + 47 and 2smr + §or.
In these results, put a=m#, then we have
2™ cos™ 6 cos 2msm

=cosm€+mcos(m—2)0+w

cos (m—4)0+... (25),
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where 0 lies between 2sm — 47 and 2s7 + 7 ; also
2™ (— cos )™ cos (2s + 1) mmr
=cos mf +mcos (m—2) 0 + 7%——9
where @ lies between 2sm + 7 and 2s7 + §.
Again, put a =mf + 4, then we have

2% cos™ 6 sin 2msr

cos(m —4) 0+ ... (26),

m(’;‘-—-sm(m 40+ ...(27),

where 0 lies between 2sm — 47 and 2sm + 47 ; also
2m (-- cos @)™ sin (2s + 1) mmr
=sin mf + msin (m — 2) 6 + — —2~—f sin(m —4)0 + ... (28),

=sinmf+ msin (m—2)0 +

where 6 lies between 2sm + 47 and 2s7 + ¢
Next change 6 into § — }, and then put a =m0, we then have
2msin™ @ cos m (2s + %) 7
m(m—1)
21
where 0 lies between 2s7 and (2s 4+ 1) 7; also
2m (—sm )yt cosm (2s + 3) w

=cos mf — m cos (m — 2) 0 + cos (m —4) 6 — ... (29),

m(m—1)
21

where 6 lies between (2s + 1) 7 and (2s + 2) .
Lastly, put a=m6 + }m, and change 8 into § — 4, we have then
2msin™ @ sinm (2s + §) 7

=cosm9—mcos(m—2)€+ cos (m —4) 6 — ... (30),

m(m—1)
2!
where 6 lies between 2s7 and (2s + 1) 7; also

(— 2sin f)y"sinm (2s + 3) =

=sinmf —msin (m — 2) 0 +

=sinmf —msin(m—2)60 + sin (m — 4) 0 — ... (31),

m (m —
21
where 6 lies between (2s + 1) 7 and (2s + 2) .
These series are convergent for all values of 0, if m is positive.
If m lies between 0 and — 1, the extreme values of 6, 2sm + 4 or
287, (28 + 1) m must be excluded, as the series cease to be conver-
gent for those values of 6.

D sin (m —4) 0 — ... (32),

The eight formulae of this Article were given by Abel, in his memoir

on the Binomial Theorem, and appear to have been overlooked by subsequent
writers,



CHAPTER XV.
THE EXPONENTIAL FUNCTION. LOGARITHMS.

The exponential series.

223. LET us consider the infinite series

1+z+ +,+ + +

3!

the limiting sum of which we shall denote by E(2), where z is a
complex number # +y. If r is the modulus of 2, the series
1 7
gt

is convergent for all values of », since the ratio of the (n+1)th
term to the nth is r/n, which diminishes continually as n increases ;
consequently the original series is absolutely convergent for all
values of 2. This series is called the exponential series, and is
uniformly convergent in any circle with centre at z=0.

224. If we multiply together the two exponential series corre-
sponding to z, and z,, the term of the mth degree in 2, and z, is

zlm z]‘m—] 22 Z]m-‘l 222 Z2m

+(m—1)tfr+ +

m—2)i21 Tl
which is equal to — (z,+ z,)™, by the Binomial Theorem for a

positive integral 1ndex. We have therefore for the product of the
two series, the series

1+(a+2z)+ @ ;,22)
which converges to £ (z,+2,). Now by the theorem in Art. 209,
since the exponential series are both absolutely convergent, the
product of their sums is equal to the sum of the product series as

above formed, therefore
E@)XE@)=E(Z1+2) cverierieenennnn (1).

(zl + 2,)™

et !
m!
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From this fundamental equation we deduce at once
E(@)xE(@z)...x E(z)=E(z+2,+... +2,)
and thence (E@PIP=E®2) ccovvernvernnnnnnnn, 2),

where n is any positive integer?.

225. If in the equation (2), we put z=1, we have
E )= {EQ)}",
where £'(1) denotes the limiting sum of the series
14144+,
It will later on be shewn that the number £ (1) is an irrational
number 2-718281828459...; it is usually denoted by e. We have
therefore when n is a positive integer, & (n) = e

Again in (2), let z=p/q, where p and ¢ are prime to one
another, and let n=g¢, we have then {£(p/q)]?= E(p), hence
E(pfg) must be a gth root of E(p) or e?; since £ (p/q) is real
and positive, it follows that E (p/q) is the real positive value
of {/e?, which we call the principal value of e¥4.

The exponential series is a particular case of the power series con-
sidered in Arts. 203—208. Its radius of convergence is infinite,
and consequently the series converges uniformly in any fized circle
with its centre at the point z=0. Moreover, in accordance with
the theorem proved in Art. 200, the function E(2) is continuous
at any point z. If z be any given irrational positive real number, it
can be defined as the limit of a sequence #,, @,, ... &, ... of positive
rational numbers. In accordance with the definition in Art. 186,
the principal value of e* is the limit of ¢*» when the integer m
is indefinitely increased; it is known that this limit exists and
has a value independent of the particular sequence of rational
numbers employed to define the given irrational number . Since
- E(2) is a continuous function, it follows that £(z) is the limit of
E () when m is indefinitely increased. Hence since en = £ (z,,),
for every value of m, it follows that ¢?= E'(z), when ¢* has its
principal value.

Next if « be any negative real number, since

E@)E(—2)=E(0)=1,
we have E (2) = 1/e~% = ¢%, where €7, ¢~® have their principal values.

+ ceen

' This investigation is due to Cauchy, see his Analyse Algébrique.
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We have thus proved that for any real number x, the sum of
the limiting sum of the serves 1 + x o TR . 18 the principal value
of e% where e 1s defined by E(1)=e. This is the exponential

theorem for a real exponent.

226. We shall now shew that whatever complex number z is,
the number E(2), the limiting sum of the exponential series in
powers of z, is equal to the limiting value of (1 + z/m)™, where m
has positive integral values, when m is indefinitely increased. We
have
1+ z/m)ym

_1+m z +m(m 1)z_"‘l+m+m(m—l)...(m—s+1)_z_‘;+m
21 md s! mé

1 1 2 s—1) 2*
=1+z+(1 —)é—,+ +<1‘E)(1“Tn>"'<1‘ —) 2.

Now if a, b, ¢, ... be any positive real numbers, less than unity,
we have

Q=-a)(1-b)>1—(a+0)
l-a)(I=-0)(I=-c)>A—-a—-b)y(1-0¢)
>1—(a+b+c)

..............................

Hence .
A-a)(1-=0)(1=c). , <1, and >1—(a+b+c+...),
say =1-6(a+b+c+...),
where 0 is some number between 0 and 1. Hence we have

(1-%)(1~%>...<1—7%)=1—0 (Jﬁ L )

_1_g S(s+1)
=1-0.. 2m

“where 6, is some number between 0 and 1.
We have now

QA+zimm=1+2+

where R denotes

2 2 2 28 Zm—1
_2m{1+99’1+6”'ﬁ+”' +6’+’a+"°+0W1(ﬂa—2)!}’

The sum of the series in the bracket has a modulus less than the

lz| , 2]
T tar

’

2,++++ +R,

limiting sum of the convergent series 1 + +...; and when
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m is indefinitely increased, 2?/2m converges to zero. Therefore the
limiting value of (1 + z/m)™, when m 1s indefinitely increased, s the
JSunction E(z). The number e is the limiting value of (1 + 1/m)™.

227. The theorem proved in the last Article gives us the
means of finding the value of E(z), where z =2 +1y, a complex
nugpber. We have

o+ 1y
E(z+w)= L(l+ /> H
put 1+ a/m = pcos ¢, y/m = psin ¢, then
(1 +2 +%y> = p™ (oS ¢ + ¢ 8in p)™ = p™ (cos m¢p + 7 sin me),
by De Moivre’s theorem. Also
2 2
pP= \/1 + g‘f + : +2y ’
m

. L oY
and ¢ is the principal value of tan pearigen

p™ is that of

The limiting value of

() P+ Zx'fmy}w

im
K .
or of E(z) {1 + - " +x/\/m)’} 5

now suppose that r is a fixed positive number less than 4/m + 2/y/m,*
“then the limit of

v in
{4 i )

is between unity and that of

m
Ui
mr

or between 1 and ¥ now r may be made as large as we please,
subject only to the condition r < 4/m + &/¥/'m, hence the limit of

e

is unity, and therefore that of p™ is E(x), which is the principal

. 4y . my
value of ¢#. The limiting value of m tan Ty s that of eyt

which is y; hence we have L (1 +2 ;‘y) =¢%(cosy +18iny),
where ¢® has its principal value; thus
' E(x +1y) =% (cos y +isiny).
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Ezpansions of the circular functions.

228. If in the last result we put #=0, we have
E(ty)=cosy +1isiny,

. . . y2 ,Us
hence cosy+zsmy=1+@y_2_‘ 5

or, equating the real and imaginary parts on both sides of the
equation, we have

“+..

28

cosy=1- ‘72/— 1‘%— + (- 1)"('38)!4' ------------ 3),
28+1

smy y— 3 1 "/ o+ (__ 1)3(2:9%?5_! Foee renns (4),

the series for cosy and siny expanded in powers of the circular
measure ¥ ; these series have already been obtained in Art. 99.
We may also write these results in the form

cosy =% {E (1y) + E (- 1)}
siny = o (£ (i9) - B (- iw}}

The exponential values of the circular functions.

229. If 2 is a real number, the expression e? as defined in
Algebra, is multiple-valued except when 2 is a positive integer.
If z is a fraction p/q in its lowest terms, ¢#? has g values, the gth
roots of €7 ; of these values, that one which is real and positive is
called the principal value of €%, and is equal to £ (z). When zis
an irrational real number, the principal value of ¢ is defined, as in
Art. 186, as the limit of the sequence formed b7 the principal values
of en, €4, ... €, ..., where z,, 2,, ... 2,,... 18 a sequence of rational
numbers of which z is the limit. We shall in general understand
¢® to have its principal value & (2).

When z 18 not a real number, no definition of e* has s yet been
given, and 1t 18 so far a meaningless symbol.

It is convenient however to give by definition a meaning to
the symbol e or e**%. At present we give only a partial defi-
nition of the meaning we shall attach to ¢?; we define only what
may be called its principal value, and shall shortly proceed to a
more general definition.
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The principal value of the function e* we define to be the function
E (2), or', what amounts to the same thing, the limit of (1 + z/m)™,
when m ts indefinttely increased through positive integral values.

It should be observed that this definition of the principal value
of ¢#+% is such that the function satisfies the ordinary indicial law
ent W X @t = gt T 1Yty
this follows from the theorem (1) of Art. 224. We shall in
general, when we use the symbol ¢? understand it to have its

principal value E (z) as just defined.

230. With this understanding as to the meaning of the symbol
e, we have, by Art. 227,
e*t = e (cos y + vsin y),
and putting =0, €¥=cosy+1isiny.
The theorem (5) may now be written
cos y =% (eW+e7W)

sin y = ;_z (ev —e™)

These are called the exponential values of the cosine and sine.
The student should bear in mind that these theorems (6) are
nothing more than a symbolical mode of writing the equations.
(3) and (4) which have also been written as in (5).

The only advantage of the symbol e¥ over the symbol E (iy) is that the
former one reminds us more readily of the law of combination given 1n
Art. 224. The theorem (1) 13 of the same form as that for the multiplication
of real exponentials ; we therefore find 1t convenient to introduce exponentials
with imaginary indices, for which the law of combination shall be that
expressed by (1).

230, The function e? being defined as above, for any complex
value of z, as the limiting sum of the exponential series
J 142422+ 231+ ...,
za

we see that e?=1 +z+2'

28 .
+ e +s—l + R,, where | R, is not greater
e 2o
21, el
G+DI T s+ )1
! The latter form of the definition is that introduced by Schldmilch, see
Zeitschrift filr Math, Vol vi.

H. T. 19

than the sum of the infinite series +.... It
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R, ﬂ*_{ lzl lzl
follows thatlzhll | 18 less than G+ 14|z [+ AN

(I 1! e'”. Incase |z} <1, we see that

8+1
R < e ops

or than

Z)“’l 1
or R|< e .
Bl< e 179
We have thus shewn that e=1+z+ - + .+ ‘(1 +uy),

o
where |us| < ’+'1 e'?'; and thus | u,| converges to zero as | z| does
so. In particular, by taking s=1, we have the theorem

¢=1+2(14wu), where |u;|<4|z|e'?, and thus |u,| converges
to zero as |z| does so. We may express this result in the form

L 221y
lzj=0 #

+h_
From the last result we have L ?’—% =¢?, and thus the function ¢ is
h=0

such that it 18 equal to 1ts own difterential coefficient.
The function e* may be introduced into Analysis by defining 1t as that

function » which satisfies the conditions % =u for every value of z, and

#=1when z=0. If1t be assumed that there exists a series ag+a;z+a,22+...
which 18 convergent for every value of z, and such that the derivative series
a;+2a2+3a322+... has the same property, both series converge uniformly
in a circle of any finite radius. Denoting by u the sum of the first series,

It

that of the second series 18, n accordance with a known theorem, d

then du =u, we can equate the coefficients of corresponding terms; thus
dz

ay=ag, 203=0y,.. nan—-an 1, and thence we find a,=aqy/n!. It follows

that u=aqa, {1 +z+2'+ + }, and 1t is easily seen that this series

actually satisfies the ussumed uondltions of uniform convergence. It follows

that the sum of this series satisfies the condition % =u. If u=1 when

2=0, we must have ay=1. In this manner we are led to the series

14zt + A

n!

with the investigation of which we have commenced in the text of this
Chapter.
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Periodicity of the exponential and circular functions.

231. We have shewn that & (2) =¢® (cos y + ¢ sin y) ; now cos y,
siny are unaltered if 2k7 be added to y, £ being any positive or
negative integer, consequently K (z) = E (z + 2ikm); or E(2) is a
perwdic function, of period 2im. Since ¢? = e*+%i7 the exponential
¢* is periodic, with the imaginary period 2im; also e = e @+#m,
or ¢ as before defined, is a periodic function of z, with a real
period 27,

We have thus seen that each of the two functions €%, €% is
singly periodec, the first having an imaginary period 2¢m, and the
latter a real period 27. The student who 1s acquainted with the
elements of Elliptic Functions will know that it is possible to
construct functions which have both a real and an imaginary
period; such functions are called doubly periodic.

232. The circular functions cos y, siny were first introduced
by means of a geometrical definition, and we have regarded them, in
the earlier part of this work, as functions of an angular magnitude
measured in circular measure. We can however drop the idea of
the angular magnitude, and regard them as functions of a variable ;
a value of the variable of course measures the magnitude in
circular measure of an angle by means of which they were defined.
The main 1mportance of these functions in Analysis is derived
from their property of single periodicity; it has been shewn by
Fourier and others that all functions having a real period can,
under certain limitations, be represented by means of a series of
these circular functions. It would however be beyond the scope
of the present work to enter into this most important branch of
Analysis.

Analytical definition of the circular functions.

233. It is possible to give purely analytical definitions of the
circular functions, and to deduce from these definitions their
fundamental analytical properties, so that the ealculus of circular
functions can be placed upon a basis independent of all geometrical

considerations; these definitions will include the circular functions
of a complex number.

19—2
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We can define the cosine and sihe of z by means of the

equations
cosz =4 {E (iz) + E(—12)}

sin 2= _1_ (B (i)~ B (—in)| R )
2

A

In other words, we define cosz as the limiting sum of the

2
m..

where E (z) denotes the limiting sum of the series 1 + 2+ =

. 2 . - .
series 1 — o~ + ., and sin z as the limiting sum of the series

2 2
3] + Ei
definition of the cosine and sine functions, and it includes the case
of a complex argument, which was not included in the earlier
geometrical definitions.

For real values of z, the functions cos z, sin z are in accordance
with the earlier geometrical definitions, because the series which
they represent agree with those obtained, in Art. 99, from the
geometrical definitions.

z— We may regard this then as the generalized

8
By employing the theorem ¢?=1+ 2 +2 + .+ i— + R,, where

|2
s+1)!
iz and -1z, letting s=2m +1 and adding the expressions so
obtained, that

Z‘

22
cosz=1- it vt (=™

2 1

| By | < e!?l, proved in Art. 230%, we see by changing z into

(2 )’+R“‘/’
|z
(2m +2)'
|z

where |Ey| < -5 e'?l, and cosz=1— % 22+ R/, where

where | R, | < e'?l, In particular,we havecosz=1+ 2/,

‘ZI elzl
2

2(1—|z))

Jzf

41(1-[e])

|R1]<

In case | z| < 1, we have also | R/ | < , and

| B[ <

Similarly we see that
2t

z“
FitEim D Gt

sinz=2—

’
Sm »
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where |S,| < (%f—l??’—)—! 'zl and in particular sin z =2z + R/, where
3 5
|Ry| < %z—!‘—e"', and sin z=z—%z3 + R/, where |8,"| < Lff—!e[". If
lz]<1 wehavealso|8’|<—if—ia———~ [8/]< L1
’ BT CE ED B A C BT}

1

234. From the definitions given in Art. 233, we can now
deduce the fundamental properties of the two functions. We

have
cos z +vsinz = E (:2), and cos z —1sinz = F (- 12),

hence cos’z +sin’z= E(1z) E(—1z) = E(0)=1.
" Also
o8 (2, + 2,) =} {E (i2, + i2,) + E (— 12, — 12,)}

=3} {E(i2) E (izy)+ E (- iz)) E (- iz3)}

=}{E (in) + E (- i)} {E(@in) + E (- i2,)} + } (E (i)

— E(=12)} (E (iz,) — E (- 12,)}

or €08 (2, + 2,) = COS 2, COS 2, — SIN 2, SIN 2,.
Similarly sin (2, + 2,) = Sin 2, COS 2, + COS 2, SIN 2,.

Thus the addition theorems follow from our definition.

235. Let us now consider the equation & (z)=1. In the first
place this equation has no real root except z=0; for it is clear
from the definition of £ (2) by means of the exponential series
that the equation has no positive real root; and it can have no
negative real root — since the positive number z would then
also be a root, as is seen from the relation £ (—z) £ (z) = 1.

Also the equation £ (2) =1 can have no complex root a+ 3,
where | a|>0. For, if a + 78 were a root, so also would be a—18,
and therefore £ (2a)=FE (a+t8) L (a—18)=1, which is im-
possible, since 2a cannot be a root.

It thus appears that, in case the equatlon E (2) =1 has roots
other than z=0, they must be purely imaginary. In order to
shew that the equation has such a root it will be sufficient to shew
that the equation E(:8)— E (—i8)=0, or sin 8=0, has a real
root other than zero; for, if 8 be such a root, we have

E@iB)={EGR)P=1,
and thus 2i8 would be a root of £ (2)=1.
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It will be shewn that, if (8) denote the continuous function
sin 8
B

represented as the limiting sum of the series

g B_B
1_ﬁ+5~l—7_!+”"

then f(B) is positive for all values of 8 such that 0 = 8=3, and
that it is negative when 8 =4. From this it may be concluded
that f(B) is zero for one value of B between 3 and 4, or for an
odd number of such values; and in any case that the numerically
smallest positive root of f(8) = 0 is between 3 and 4, in case the
equation has more roots than one.

If B is positive and < 4/20, each term in the series for f(B),
with the exception of the first, is numerically greater than the
next following term. We have therefore f(8)>1— 'g' + Igr 73:,
for values of B between 0 and some number greater than 3.

'8 'gl i i by ¢(B), we find that ¢ (3)=17/560,

which is posmve and gb(O) 1; also the derived function

¢ (B)=-28 (31' 25'8:+37—'6?) is negative when B is between

2 2 <
0 and 3, since 31‘ 2/5: %’%4>3l!—%é!>2—‘1—; 25? >0. Hence
¢ (B) steadily diminishes from 1 to 17/560 as @ increases from
0 to 3; and it follows that f(B) cannot vanish for values of 8
between 0 and 3 We have also

4‘ 48 48 8 7 256

A TR T T TR ERN AT

and therefore, f (4«) being negative, there exists at least one root
of £(B) between 3 and 4.

Denoting the numerically smallest root of f(8)=0 by , we
see that 274 is a root of £ (z)= 1, and that there is no root of this
equation with smaller modulus, except z=0.

From the present point of view the number 7 is defined as the
number such that & (277) =1, and such that no number, different
from zero, with smaller modulus exists as a root of E(2)=1. If
k be any integer, positive or negative, £ (2kni) = {E (2mi)}k =
and hence 2km¢ is also a root of the equation £ (2)=1. Also there
can exist no root 2pni, where p lies between % and & +1; for
that case ye should have

V E (2pmi — 2kmi) = E (2pwi) B (— 2kwi)=1;

Denoting 1 —
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and 2 (p — k) mi, which has a smaller modulus than 27, would be
a root of £ (z)=1, contrary to the supposition that 27t denotes
the root with smallest modulus.

It has thus been shewn that all the roots of the equation
E (2)=1 are of the form 2k, where & is a positive or negative
integer, and 7 is a definite number which has been shewn above
to iie between 3 and 4.

The number o being thus introduced into the analytical
theory, we have, for any value of z,

E(z+2m)=E(2) E(2m)=E (2);
and therefore the function E (2) is a periodic function, with the
imaginary period 2ri.

It follows from the definitions of cos z and sin z that they are
also periodic, their period being 27 ; hence cos 27 =cos0=1 and
sin 2 =sin0 =0. We have of course not verified the identity of
7 as here defined with the ratio of the circumference of a circle to
its diameter. This may however be done by considering the case
of a real angle for which the period of the cosine or sine is 2,
according to either definition of the number .

236. We have also, £ (v7) X K (vw)= L (2im) = 1, hence E(i7)
must equal —1, since it cannot equal +1, as ¢m is not a root of

E(2)=1;also E(—vw)=—1, hence we have cosm=—1, sinw =0,
Again EGim)yx E(3im)=E (vmr)=-1,

and E@Gim)x E(—4im)=1,

hence E@wr)y=4+1¢ and E(-4im)=F7,

therefore cosm=0, and sinw=+1; to remove the ambiguity,
we remark that if z is real, sin z is essentially positive between the
values z=0 and 2 =, as has been shewn in Art. 235; therefore
singr =+1. Having now obtained the values of the cosine and
sie of 0, 4, 7, 2w, we can, by means of the addition theorems,
prove all the ordinary properties of the cosine and sine functions.

The functions tanz, cotz, secz, cosecz will now be defined
by means of the equations tan z=sin z/cos z, cot z= cos z/sin z,
secz=1/cosz, cosecz=1/sinz, and we can then investigate the
properties of these functions in the usual way.

All the properties of the circular functions investigated in Chapters 1v,
v, and viI, are deduced from the addition formulae and the property of

periodicity ; it follows that all the properties which are there proved for real
arguments hold also for complex arguments,
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237. A very important case is that in which the number z is
entirely imaginary, and equal to iy ; we have then

=} (&9 +€Y), sindy =1 (e — ev), taniy = et
cos 1y =4 (¢ , y=5 , Y ey
. v oy ev—eY
the expressions % (e¥+e7¥), 4 (e¥ — e7¥), Ao ore called the

f,
hyperbolic cosine, sine and tangent of y, and are written cosh y,
sinh g, tanh y respectively; thus we have

cosh y =cos1y, sinh y=—14sin<y, tanhy=—7tandy.

We shall consider these functions in a special Chapter.

Natural logarithms.

238. If u=ZX(z) which is a single-valued function of the
complex variable z, we may define z=E~'(u) to be the logarithm
of u to the base e; this system of logarithms is called the natural
system of logarithms. Since E'(2) is periodic with respect to z,
the inverse function £7'(z) will be multiple-valued to an infinite
extent; if log u 1s one value of z, the general value Logu will
be given by Logu=log u+ 2ikm, since E(z)=E(z+ 2ikm), where
k is any positive or negative integer. In particular, the logarithms
of a real positive number « will be log # + 21k, where logx
denotes its ordinary real logarithm.

239. Let w,= E(z,), w,= E(2,), then since
E(2) x E(2y) = E(2, + 2,)

the logarithms of the product u,u, are the logarithms of E (z, + z,),
that i8 z, + 2, + 2¢km, or we have

Log u, + Log u, = Log (uyu,) + 2tk

We may suppose the expression 2ikm included in Log (u,u,), hence
we may write this equation

Log u, + Log u, = Log (u,)
in which the particular value of one of the logarithms is deter-
mined when those of the other two are given.
Now let w=p(cos ¢ +isin ¢) where p is real, then by the

result just proved, we have Log u = Log p + Log (cos ¢ + % sin ¢), and
since E(i¢p)=cos ¢ +2sin¢, i¢ is a value of Log (cos ¢ + ¢ sin ¢),
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and log p + 2ukm is the general value of Log p, we have therefore
Log u =log p + % (¢ + 2kw) for the general value of Logwu, where
by log p we mean the real value of Log p.

If ¢ s restricted to be between the values — w and m, we shall
call log p+i¢ the principal value of Logu and shall denote it by
log u; we have then the general value Logu given by

Log u=log u + 2ikr,

where logu s vts principal value, and k is any positive or negative
nteger.

We may write this result

The principal value of the logarithm of a real negative number
— « has not been sufficiently defined, since the argument of such
a quantity may be either = or —r; we shall however suppose, for
convenience, that for its principal value the argument is r, so
that its principal value is log @ + ¢, and the general value of
its logarithm is log @ + (2k + 1) ¢,

The general value of the logarithm of a real positive number
z is given by Log # =logx + Log 1 = log # + 2ikw, the principal
value being log .

The principal value of Log ¢ is i, hence Log ¢ = (2k + ) i7;
the principal value of Log (- 7) is — 4 73, hence Log(—12)=(2k— %) v

It 18 also possible to consider the logarithm of « as a single-valued function
of the modulus p and the argument ¢, the latter being supposed to go through
all values from —  to + o, not being restricted as above to lying between =
and —m; the logarithm of « is then the single-valued function of p and ¢,
log p+1¢, and every time ¢ mcreases by 2n, the logarithm increases by 2¢w,
and the numerical value of the number % becomes the same as before. The
student who is acquainted with the theory of Riemann’s surfaces will appre-

ciate the full force of this mode of considering a multiple-valued function as
converted into a single-valued one.

The general exponential function.

240. If a be any number, real or complex, the symbol a® may
be defined to mean E(z Log a), where Log a has any of its infinite
number of values; when Log a has its principal value loga, we
shall call E(zloga) the principal value of a*
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3
Since E(zLoga)=1+ZLiga+(zL§g"a) + .,

we have the general exponential theorem

2 2
az=1+2_1:;£9+ﬂ11_§§ﬂ+...,

and the principal value of a? is given by
zloga | 2*(loga)

1 + X +....

In the case in which @ and z are both real, we have the

ordinary form of the exponential theorem
zloga  2*(log a)?

1 e T
which gives the principal value of a?.

a?=1+

a*=1+

241. In the particular case @ = e, we have
Loge=loge+ 2ikmr =1 + 24,
and the general meaning of the symbol ¢ is E(zLoge) or
E (2+ 2ikmz2) ; the principal value of e* is E(z), and this is in
accordance with the definition of the principal value of ¢* given in
Art. 229. The general value of ¢* is therefore

E (2)(cos 2kmz + @ sin 2lemrz).
We shall still continue to use the symbol ¢ for its principal value.

242. The general value of a?, as above defined, 18 equivalent
to E{z(logr+10 + 2ikm)}, where a=r(cosf+ismmb)=a+18, 6
being between — 7 and 7 ; writing z =2 + ¢y, we thus have for the
general value of (a4 ¢3)** the expression
E{zlogr— 6y - 2kmy +1i(ylog r + 20 + 27mkx)}
which is equal to
2187 =0y =2y (cos (y log 7 + 0 + 2wkx) + ¢ sin (y log r + 20 + 27kx)}.
The principal value of (a +28)**% is therefore
€*1987=8{cos (y log r + @0) + ¢ sin (y log r + x6)},
where r=va?+ B2 0=tan™'B/a.
The value of tan~'f8/a, to be taken, is not necessarily its
principal value as defined in Art. 38.

If =1, we have for the principal value of (cos 6+ s 6)***, the function
£ {16 (x+1y)} which may be written cos (7 +1y) §+sin (x+1y)6; this is the
extension of De Moivre's theorem to the case of a complex index.
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243. In order that the equation a* x a»=a#*% may hold,
we must suppose that the values of a#, a%, a®t# are those
corresponding to the same value of Loga; in that case we have

a4 x a» = E{z (log a + 2ikm)} x E {z,(log a + 2ikm)}
=E{(z + 2,) (log a + 2ik)}

. —_ az.+z,)

but this will not hold if we take different values of % in the two
functions a#, a® In particular, the equation a® x a%=as*% is
true of the principal values of the functions.

244. The expression (a*)* is not necessarily a value of a®%,
but every value of u® 1s a value of (a®)%, for
ar = E(2,2, Log a) = E{z2,(log a + 2ik)}
and (a®)% = E {2, Log a®} = E {2,(2, Log a + 2.'r)}
= E {212, (log a + 2km) + 20. k'mz,),
hence the values of a®# are only those of (¢*)* in the case ¥’ =0.
If in every case we take the principal values, then the equation
a#% = (@)% holds.

If we use the symbols a?, ¢ as equivalent to their principal
values E(zloga), E£(z), as 15 usually done in practice, then we
may, as we have just shewn, perform operations in expressions in
which these symbols occur, according to the ordinary rules for
indices, as in common Algebra.

ExAMPLE.

If A, B, C, D, ... be the angular points of a regular polygon of n sides,
inscribed v a circle of radius a and centre O, prove that the sum of the angles

that AP, BP, CP, ... make with OP s mn—lanac’;zl%, where OP=r, and
the angle AOP=4.

P i . (9.(_ g‘ﬁ")
We have m—gre™= 11 {r—ae /Y,
=0

hence taking logarithms,
lf)g (r—a" cos n6 —1a™ sin nd)
g=n-1 2w\ .. 287
= szo log {r—acos <8+T) — 1 sin (€+—”—>} s
and equating the coefficient of ¢ on both sides of the equation,

; 281
tan-1 a” sin 26 a=n_1t » asm<0+_n__)
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corresponding values of the inverse functions being taken ; the expression on
the right-hand side is the sum of the angles OP makes with 4P, BP, ...,
a® sin nd :

hence this sum is tan=1 ————— |
amcos nf —rn

Logarithms to any base.

246. If the principal value of a?is equal to u, then zis called a
logarithm of u to the base’a, and may be written Log, u. Now the
principal value of a? is E(zlog, a), where log,a is the principal
logarithm of a to the base e, and if E(zlog,a)=u, we have
zlog, a = Log, u = log, u + 2vkm, therefore

Log, u = Log, u/log, a = (log, w + 2tkm)/log. a.

The principal value of Log,u we regard as log,u/log,a, and can
denote it by log, u; hence the general value 1s

Log, u = log, u + 2tkm/log. a,
a multiple-valued function in which the different values differ by
multiples of 2im/log,a. In the particular case a=e, the above

definition accords with that in Art. 238, giving log, u + 21k for
the general value of Log,u.

Generalized logarithms.

246. We may give the following definition of a logarithm,
which is more general than that given in the last Article.

If any value of a*is equal to u, then 2 is a logarithm of  to the
base @, and may be written [Log, u] to distinguish it from Log, u
as used in the last Article. The most general value of a? is
E (2 Log,a), and 1if this is equal to u, we have

z Log,a = Log,u, or z(log, a+ 2ik'm) = log, u + 2ikm,
where k& and %’ are integers. Hence the general value of [Log, u] is
Log, u/Log.a or (log,u + 2ikm)/(log, a + 2tk"m), which is multiple-
valued to an infinite extent, in two ways. The logarithms Log, u
are therefore included as the particular set of values of [Log, u]

obtained by putting £’ =0. We may call [Log, »] the generalized
logarithm of u to the base a.

247. If a=e, we have [Log,u] = (log, u + 2ikm)/(1 + 2ik'w)

which is the expression for the generalized logarithm of u to the
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base e. In the more restricted logarithm Log, u, we have defined
z to be a value of Log,u when the principal value of ¢ is equal
to u, but in the generalized logarithm [Log,u], we consider z to
be a value of [Log, u] when any value of ¢ is equal to u.

The generalized value of [Log, 1] is 2ukw/(1 + 2ik'w), and of
[Log. (- 1)] is (2k + 1) 9m/(1 + 2uk'mr).

The expression (log, u+2:kw)/(1+ 2:&'w) may be considered from another

log u+2ukm
point of view. The principal value of {£ (14 2ik'r)} 1+2k™ is, by the theorem
(2), E (logu+2vkr) which is equal to u, hence (logu+2ikn)/(1+2iFn) may
be regarded as the logarithm according to the defimtion in Art. 238, of u to

the base E(1+2k'r) which is the principal value not of e but of ¢! *%#7, g0
that we have in fact [Logu] equal to the values of Log g g,y % for

different values of #. Thus we may regard the generalized logarithms to the

base ¢, as ordinary logarithms to the base not e but ¢! *#¥7 which though
numerically equal to ¢, has different arguments according to the value of .

248. The question was at one time frequently discussed, whether a
negative real number can have a real logarithm ; thus for example whether
4 can be regarded as the logarithm of —~/e, the fact being borne in mind
that ¥ has the values +4/e. The answer to this question depends on the
definition we take of a logarithm , if we take the ordinary definition mn Art.
238, that z is a logarithm of » when the principal value of e* is equal to u,
then a negative real number can never have a real logarithm; but if we
define a logarithm as in Art. 246, that z is a logarithm of u, when any value
of e* is equal to %, then a negative real number may have a real logarithm.
If 7 be a positive real number, we have
[Log—r]:lOg r+(2/c+1)zrr {logr+2F (2k+1) n%} +7{(2k+1)m = 2k'm logr}

14+ 2&"m 1+ 4k"%n?
and this 1s real if log»=(2k+1)/2k". If therefore » be such that log» is of the
form (2k+1)/24', where & and % are integers, a value of [Log (—r)] is real; if
log7 18 not of this form, we can always find a number r; differing as little as
we please from 7, such that [Log(—7;)] has a real value; for a fraction p/q
in its lowest terms can always be found which differs by as httle as we please

from logr; let log 7’ =p/q, 1f ¢ be even then [Log (—7’)] has a real value, and
2sp+1 1 1
#=ry, but if ¢ be odd, we have »=¢ 29¢ x ¢ 2sg, and ¢ 25 can be made as
near unity as we please by taking s large enough, or log ' can be made to differ
by as little as we please from 2—358;'—1 therefore a number 2ep 8+
can be found, which differs as little as we please from logr, such that a
value of [Log(—7)] is real. We conclude then that although there is not
for every value of 7, & value of [Log (—7)] which is real, we can always find a
number 7 such that » —7r is as small as we please, and such that a value of

[Log(—7y)] is real.

=logr



302 THE EXPONENTIAL FUNCTION. LOGARITHMS

\

The logarithmic series.

249. The principal value of (1 + z)™ is £ {m log, (1 + z)}, but,
by Art. 211, the principal value of (1 + 2)™ is the limiting sum of
the series

(m—1)

1+mz+m z,+...+m(m—1)...(m—s+1)

21 s!
provided this series is convergent, which is the case if the modulus
of z is less than unity, and also if it is equal to unity, provided
m>0; 1t also converges on the circle of convergence, except at
the point z=—1, when 0 >m >—1. Now it has been shewn in
Art. 210, that we are entitled to arrange this series in powers of
n, without altering its sum, provided the series

[m|((m|+1)
2!

P

L+ |m||z]|+ (e + ...

Ll Qm]+ 1), (I m] 45~

5 Vet

is convergent; and this is the case if | z| < 1.
Since £ {m log, (1 + z)} stands for the sum of the series

m?{log, (1 + 2)}*
—T— +.iey

we are, by Art. 208, entitled to equate the coefficients of powers
of m in the two scries, hence

loge(l+Z)=z—1}z2+§23—...+(— 1)"‘%2‘+ ...... 9).

1+ mlog, (1 +2)+

This series, which gives the principal value of Log, (1 + 2), is called
the logarithmic series; it has been proved to hold when mod.
z<1; also according to Art. 207, the series has still log, (1 +2)
for its sum, when mod. z=1, provided the series is convergent,
which is the case unless the argument of z is .

249". Assuming that | z| < 1, the series (9) shews that
log.(14+2)=2—-42*+ 12— ... +(— 1)”“%2“ + Ry,

where |R,| cannot exceed the sum of the convergent series

Iz la+1 Iz Is+2 d th lz |e+1

— —_— N —_ 2

531 T st s and thus | R, | < 8+1(1+|zl+|z[ +...) or
lzp+ 1 '

Bl < ST T2
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We have thus shewn that when |2] < 1,

loge(L+2)=2—3%2"+... +(:¥r'(1 + ),

s 1zl .
where | v, | < s+ii-]7) and thus | v, | converges to zero as | z |
does so
In particular, taking s=1, we have log, (1 + 2) =2 (1 + v,), where

[ |< % 1l~z|lzl; and thus [v,| converges to zero as |z| does so.

. . L (1 -
This result may be written in the form L log. (1+2)—z :z) ‘=
|zl=0

If m be any positive real number greater than |z|, we have

0.

z m
(1 + —) = gMlosel+am) = gz 1+w) - where | w,| converges to zero as
m

| 2/m | does so. Hence if m have assigned to it the values in any
sequence of positive real numbers which increase indefinitely, we

see that the limit of <1 +q%> 18 ¢.. This theorem has been

proved in Art. 226 only in the particular case in which the
numbers m are restricted to be positive integers. This restriction
has here been removed.

260. Wniting z = r(cos 6 + ¢sin ), we have
log, (1 4+ 2) =log. (1 + 7 cos & + usin 6),
and this is equal to
3 log, (1 +2rcos @ + r*) + ¢ tan™ {rsin 6/(1 + r cos 6)},

where the mnverse tangent has 1ts principal value; we have then
the two series

3 log.(1 + 27 cos 0 + ) =7 cos @ — $7* cos 26 + 4r° cos 30 —...(10),
tan~! {rsin 6/(1+r cos )} =rsin 6—§r?sin 26 +§r*sin36—...(11),

where r< 1, or where r=1 and 0 # + .
If we put r=1, we have

log. (2 cos 40) =cos @ — % cos 260 + § cos 30 — ... ... (12),
460 =sin 0 —4sin 26 + §sin36 —... ... (13),
where 6 lies between + 7, and cannot equal + 7.

If in (11) we change 6 into 26, we have the theorem
log cos 6= —log 2+cos 26 — § cos 40 + § cos 64 — ...
which holds if 4 lies between + 4.
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Changing 6 into 47 — 8, we have
log sin = —log 2 — cos 26 — § cos 40 — § cos 66 — ...
which holds if  lies between 0 and .

The series (13) furnishes an example of discontinuity, owing to the series
becoming indefintely slowly convergent as 6 approaches the value = ; when
6=, the sum of the series is zero, but when 6 is less than = by as small
an amount as we please, the sum of the series is 4.

Gregory’s series.

261. We have log, (cos 8+ ¢sin 0) =6, where 6 lies between
+ 7, hence log, cos 6 + log, (1 + ¢ tan 6) =<6, or
log, cos @ +%(tan § — } tan® @ + } tan®6...)

+ (3 tan?@ — } tan‘d + ...) =16,
provided tan 6 lies between + 1, which is the case if 8 lies between
+ }m, and may equal + }7; hence we have, since cos @ is positive,

log,cos @ = — % tan? @ + } tan‘ § — ...
and O=tan 0 — ftan®G+ tan*6—... ......... (14)
The latter series is called Gregory’s series, and holds if @ lies
between + 7, both limits being included.
Change € into 37 — 6, then we have
$m — 6 =cot @ —}cot’ +}cot®d —...
which holds when @ lies between 17 and $m. The general expres-
sions for any angle 6 are
0=nm+tan 6 — } tan® 6 + ...
or O=(n+3)m—cot+4cot?d —...,
where in the first series » is an integer such that 6 —nm lies
between + 37, and in the second such that 6 — nw lies between

}m and .
Gregory’s theorem may be also written in the form
tanl o= -t +fa— ...,
where & lies between + 1, and tan—z has its principal value.

The series for 8sin~12 in powers of z, obtained in Art. 218, may be deduced
from Gregory’s series. Let G—Sin'lx, then we have

sm~ly=—">"

......

(l—xzﬁ J’(1 S AT wzfi
+(-1y

Zzr+1
2r+1 1- x2)§(2"+1)+
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if 2 is less than unity, the series obtained by expanding
1 z¥r+1
2r+1 (1—-z)Cr+D ‘
in powers of x is absolutely convergent, and the series

|
1 —.'1;2)‘§+i +1

|z}
(1-2?) 4

|2

e

is convergent if |#|<—=; we are therefore entitled to arrange the series in

‘\/*
powers of 2. We find for the coefficient of (—1)"2% +1, the expression
1 {1_2r+1+(2r+1)(2r—1)_ 2r+1)(2r-1)... }
2r41 2 2.4 T 2.4.6...2r ’
the expression 1n the brackets is the sum of the first »+1 coefficients in the
expansion of (1—g)4(@+1) in powers of , and this 18 equal to the coefficient
of g in (1-7)~1(1—g)3 @ +D or (1-y)3@r-1), which is equal to

(- 1)r(2r 1)(267'__1237).__'

Hence the coeflicient of #**1 in the expansion of sin~!1x is

1 1.3.5..(2r=1),
o+l 2.4.6..2r '

therefore

23 1.34% 1.3.5...(2r=1) a¥r+1 .

3" 3+2—'~4—5+ ...... + 9 4.6..9 27'+*1+ ...... H
this proof only shews that this series holds for values of z between +1/J2,
but by employing the fact that the sum of the series 1s continuous within its

circle of convergence, 1t can be shewn to hold if x is between +1.

sin~ly= x+

The quadrature of the circle.

261, The famous\problem known as that of “squaring the
circle,” that is, of constructing a square whose area is equal to
that of a given circle, is equivalent to that of constructing a
straight line of length equal to that of the circumference of a
given circle. The construction to be employed in solving the
problem is a Euclidean one, involving only the construction of
circles and straight lines, in accordance with a Euclidean system
of postulgtes.

The problem may be stated as that of the construction ot a
straight line whose length is represented by the number o, a given
finite straight line being taken to have the length represented by
unity. The fact, proved by Lambert, that the number 7 is irra-
tional, that is not representable in the form p/q, where p and ¢ are
integers, is not of itself sufficient to establish the impossibility of

H. T. 20
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constructing the line of length 7, because a certain class of straight
lines of irrational length is capable of Euclidean construction.
A step of fundamental importance in this connection was taken
when Liouville! established the existence of transcendental
numbers, as distinct from algebraical numbers. An algebraical
number is one which is a root of an algebraical equation of any
degree n, with coefficients which are rational numbers; withoat
loss of generality these coefficients may be restricted to be all
integers, positive or negative. A transcendental number is one
which cannot be a root of any algebraical equation with rational
(or integral) coefficients. Liouville himself gave examples of
transcendental numbers, but the first case in which a number, well
known in Analysis, was shewn to be transcendental, was that of
the number e, the transcendency of which was established by
Hermite. Following Hermite, Lindemann? gave a proof that 7 is
a transcendental number. He proved the more general theorem
that, if ¢* =y, the two numbers 2 and y cannot both be algebraical,
except in the case 2 =0, y=1. Simplified proofs that e and =
are transcendental numbers were afterwards given® by Hilbert,
Hurwitz, and Gordan. A modified form of Gordan’s proof will be
here given.

The proof that = is a transcendental number is equivalent to
the establishment of the impossibility of squaring the circle by
means of any geometrical construction in which straight lines and
circles are alone employed ; or more generally when any algebraical
curves may be employed. For any such construction amounts to
the exhibition of 7 as a root of some algebraical equation obtained
by combination of the cartesian equations of straight lines and
circles or other algebraical curves. The fascination which the
problem of “ squaring the circle ” has exercised for centuries upon
many minds is such that Lindemann’s proof of the impossibility of
the problem under the assumed conditions is a result of great im-
portance in relation to a problem of historic interest.

261®, To shew that the number e is transcendental, let us
assume, if possible, that e satisfies the condition

A+ de+ 482+ ...+ A,e"=0,
1 Liouville’s Journal, Vol, xvi. 1851.

2 Mathematische Annalen, Vol. xx. 1882.
8 Ibid. Vol. xri1. 1893.
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where A,, 4,, ... A, are positive or negative integers, and 4, is a
positive integer. In order to shew that this assumption leads to
a contradiction, it will be shewn that a number K can be deter-
mined such that

KA =I,+f,, KAe=I1,+f,, KA, =1, +f,,... KA, e" =1, + fa,
where Iy, I,,I,,... I, denote positive or negative integers, and
Ji, fu, -+« fa denote numbers numerically less than unity, and such
that fi+ f;+ ... + fu is numerically less than unity, and where
I,+ I+ ...+ I,isnot zero. Onmultiplying the original equation
by K, we have the sum of an integer and a number numerically
less than unity equal to zero, which is impossible. To determine
the number K, let us consider the expression

¢ @)= 51 (1= 2) @=0) (B-a)...(a— ),

where p is a prime number greater than n and greater than 4,.
We may denote ¢ (z), when expanded out in powers of @, by
Cp1 P71 4 Cpt? + ..o + Cppip ZPFP7L Denoting by

¢ (@), ¢ (), ... p¥(2), ... PP ()

the successive derived functions of ¢ (z), we see that

$2(0), ¢#*1(0), ... ¢"P*271(0)
are all multiples of p; but ¢*="(0) is not a multiple of p, since
(n!y is prime to p. Also, if m denote one of the integers,
1,2,3,...n, we see that ¢ (m), ¢'(m), ... $?7*(m) all vanish, and
@? (m), P (m), ... ¢"» P71 (1m) are all integers divisible by p.

r=nap+p-1
Let K, denote s rlc,
r=p-1
or ¢ (p—1) (O) + ¢P (()) + e+ ¢np+p—1 (O) ;

thus K, is not a multiple of p, since ¢#~1(0) is not divisible by p.
It will be shewn that the value of K, for a sufficiently large value
of the prime number p, is the required number K.

Since 4, is prime to p, K, 4, is not a multiple of p.

]
We have
r=np+p-1
K Aper=4,, 3 rlc.em
r=p-1
r=np+p-1
=4, 2 c,.{m'-f—rm"‘:’+r(r-—l)m"’+...+r!
r=p-1

mr-H mr+2
I +(r+1)(r+2)+"'}'
20—2
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f+l m r+3

Now the limiting sum of | +(r+ 1)(r+2) ... is less than

that of mr {1 +m+ o + }, or than m”e™ ; therefore the limiting

21
sum may be denoted by m”8,e™, where 0 < , <1. We have then
K, Apem=A4p (¢ (m)+ ¢ (m) + ... + ¢"+27) (m)}
r=np+p-1 “
+ A, e™ %.p ¢, 0,m";
r=p-1
the first term on the right-hand side is a positive or negative
integer divisible by p, and the second term is numerically less

r=nptp-1
than |4,,]e™ 2 |c.|m", or than
r—p—l
| dm €™ 1),{(1+m)(2+m) (n+ m))?,

which cannot exceed

[Anlem g (4 ) @ )t )

By choosing p great enough, the number
mr+1)(n+2)...(n+n)P/(p—-1)!
may be made as small as we please. Let K be the value of K,
when p is so large that
Gy (M @)k ) { Aot | A6 o] A 7
18 less than unity.

We have then K (4,+ 4,e+ A.€* + ...+ A,e") equal to the
sum of an integer which is not” divisible by p, an integer which is
divisible by p, and a number numerically less than 1; and this is
impossible. Since ¢ cannot be a root of an equation

A+ A+ ...+ Ape” =0,
with integral coefficients, it is a transcendental number.

261 @, If 7 were a root of an algebraical equation with integral
coefficients, 7 would also be a root of such an equation, Let us
assume that v is a root of the equation

C@—a)(z—a)...(x—0a,)=0,
with integral coefficients; thus v is one of the numbers a;, a,,... 4

Since ¢"=—1, we have (1+e4)(1+e4)...(1+¢%)=0; on

multiplying out the factors, this is of the form
A+4ePrdefr4 ... +efrn=0,
where 4 is a positive integer.
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It will be observed that all the symmetrical functions of
Ca,, Ca,, ... Ca, are integers, therefore all those of CB,, CB,,...CR,
are integers. We take

B (&)= =gy O (@ = B) = B2 (5= B,

where p is a prime number greater than all the numbers, 4,n,C,

O™ B:Ba-e- Bal-

Denoting ¢ (@) by ¢,y P2+ Cp@P + ... + Cppypy T"PHP7L, We se€
that ¢ (0), $#+1(0),... $"2+»72(0) are all integral multiples of p,
and that ¢#=1(0) is not a multiple of p Also, if m = n, ¢(Bm),

¢ (Bm), ... $P71(Bn) are all zero, and }, ¢r (/3,") ¢p+x (Bmw),
mgﬁ ¢PtmP—1(B,) are integers divisible by P
m=1

Let
r=np+p-1
K,= = rlc,=¢® (0)+ ¢® (0)+... + ¢m+r-1(0);
r=p-1

thus Kp4 is not a multiple of p.

r=np+p-1

r+
.A.ISO erﬂm= 2 cT{Bm +7-B T—l4 4! +B 1
r=p-1 +'1

B+

_ Pm = ’ np+p—1
eyt B ¥ B+ T )
Feltml S 0,0/ Bul,
r=p-1
where the numbers | 8, | all lie between 0 and 1.
r=nptp-1 ]' i
3 cr0; | B | l is numerically less than
r=p=-1 N
r=np+p-1
= o] Bml”
p-1

The number

r=
or than

(pB D1 Cre+2= (B + | B ) (B +] Bal).r (B +] Ba DI,

where B is the greatest of the numbers | 8,|, | B;], ... | Bal.
We now choose p so great that

{elﬁll +elBel 4., + elﬂnl} (pﬁ_:l)rcnpw_l{(l@’*‘lﬁl!)(ﬁ‘*‘|Ba')---}p

is less than unity.

Taking the value of K, for such a prime p as the value of K, we see
that K (A + eP146P1 + ... + ePn)is expressible as the sum of a multiple
of p, an integer not divisible by p, and a number numerically less
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than unity; it is therefore impossible that it can vanish. It has thus
been shewn that o cannot be a root of an algebraical equation
with integral coefficients, and it is therefore a transcendental
number.

The approzmimate quadrature of the circle.

252. The problem of the quadrature of the circle, which is
equivalent to the determination of 7, can be solved to any required
degree of approximation, by taking a sufficient number of terms
in any one of a large number of series which have been given for
7. The simplest series which we can obtain is got by putting
0 =1, in Gregory’s series ; we have then

tr=1—-%+4—-4+...
which however converges much too slowly to be of any practical
use for the calculation of 7.

2563. If we use theidentity }7=tan'}+tan='4, and substitute
for tan™ §, tan~* § their values from Gregory’s series, we have

T=E- AP +EGr-
ORI

This is called Euler’s serics.
Another series may be obtained from the same identity by
substituting for tan™ 4 and tan=} their values from the series

G, & 2 2 2;4< a? )”
tan™z 1+w’{1+ 31+#73.5 iva) T
which we have obtained in Art. 219. We have then
1 4( . 22 .2.4/2Y
P TR TR (m> +}
3 2 1 2,471\

o1+ 3104575 (10) * -

254. Other series obtained in a similar manner have been
used by various calculators. Clausen? obtained his series from the
identity }m =2 tan™ § + tan~ }, using Gregory’s series; Machin’s
series is obtained from

{m=4tan} —tan! 5}5;

1 See a paper “On the calculation of #” by Edgar Frisby in the lfmenger
of Math, Vol, 11,
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Dase used the identity
jm=tan"'} 4+ tan~1} + tan~'}.

A more convenient form of Machin’s series was used by Rutherford,
who used the identity $7 =4 tan™ § — tan™ s + tan™' 5. Hutton!

gave the series
21,241,
3’073 510: T

2 2 2.4/ 2 \?
+ 56 {1+§.106+§—.5<m) +...},

thisis obtained from the expansion of # tan=« in powers of

T= 24{1+

2
14
by putting =4} and # =4, and using Clausen’s identity.

Euler has given the series

_ 28 272 2.4/ 2\?
=10 {1+3( 100) * 575 (100) +}

, 80336 1,2(_144 ) 2 4/ 144 \2
100000 |- T 3\100000 +T5<I‘o‘06@’o> +oee

which can be deduced from the identity
7= 20 tan™' } 4+ 8 tan™ .
The value of 7 has been calculated by W. Shanks to 707

decimal places?
The continued fraction —- . 1 3 5 —;}n— was given in 1658 A.D. by
1+ 2+ 2+ 2+.. ° )
Lord Brouncker, the first president of the Royal Society. It 1s obtained by
transforming Gregory’s series 1-3+1—4+... according to the usual rule.
1 1.22.33.4
I+ 1+ 1+ 1+ .

An interesting account of the history of the subject of the quadrature of
the circle will be found 1n the article “ Squaring of the Circle” in the Encyclo-
pedia Britannica, 9th edition. See also an article by Glaisher 1n the Messenger
of Mathematics, Vol. 111. “On the quadrature of the circle A.p. 1580—1630.”

Stern? has given the continued fraction 7 =14-—

Trigonometirical identities.

266. It canbe shewnas in Art. 190, Ex. (5), that any identical
algebraical relation f(a,b,c...)=0, between any number of
quantities @, b, c..., will lead to two corresponding trigonometrical

1 Phal. Trans. 1776.
% Bee Proc. Royal Soc. Vols. xxI1. xx11.
8 Crelle’s Journal, Vol, x. See also a note by Sylvester, Phil. Mag. 1869.
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identities. These will be obtained by giving a, b, ¢... the complex
values
cosa+z8ina, cos3+1sinf3, cosy+zsinqy...

amd reducing the given identity to the form

¢ (@B y..)+iy (aB,y..)=0,
whence we obtain the trigopnometrical identities

¢ (a, B)'Y“-):O: \,(r(a, B)'Y"')= 0}
which will involve the sines and cosines of a, B3, +....

The work of reduction will usually be shortened by using the

symbolical forms e, ¢*8... instead of cosa+ ¢sina, cos B+ sin 3....

ExXAMPLE.
. ., (x=b)(x=-c)  (x-c)(x=a)  (x—a)(x=b)
From the identity @=by@a=c) T (b=e)(b=a)* (c=a) (c=b)" 1,
deduce the identity

sin (6 8)sin (6~ )
sin(a—B)sin(a—1y)

sin (6-y)sin(6-a) . _
an (B—y)an(B—a) #in2(6-5)
sin (0 —a) stn (6 — B)
sun (y—a) sin(y—B)
Let 2=¢*%, a=e¥?, b=¢"F, ¢c=¢®7, then we have

sin2(0—a)+

sm2(0-y)=0.

@=b)@=9) _ (=) (0= (TP e R (Yo T g,
(a—b) (a_c) (e2za_e2zﬂ) (GZIG_eZZy) (eta—ﬂ_e-za*ﬁ)(et;—?_e—z;;)
sin(6—B)sin(6-y)
sin (a - B) s (a—7y)
transforming each fraction in this manner and equating the coefficient of ¢ to
zero, we obtain the 1dentity to be proved.

or {cos2(8—a)+78in2(0—a)};

The summation of series.

256. When the sum of a finite or an infinite series
Ay + 4z + . + ...
is known, we may deduce the sums S, and S; of the series
@y Co8 @ + e,z cos (o + 6) + a,2? cos (a + 260) + ...,
a,8in a + a2 sin (a + 0) + a2 sin (a + 26) + ....
For suppose  f(2) = ay+ a2 + a2+ ...,
then e f (we®) = 8, + 8,,
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and also ets f (ze~ %) =8, —18,,
therefore S, = 3} {¢* f (xe®) + ¢ f (e #)},
and S, = 515 (¢! f (ze'®) — e f (ze~)},

the values of S;, 8, thus obtained, can now be reduced to a real
form.

ExAMPLES,
(1) Sum the series
cos a+x cos(a+B)+x2cos(a+28)+...+x* 1cos{a+(n-1)8}.
We have 11;~—1+x+x2+ Al

Change  into z¢*® and multiply by ¢** ; we have then

np . —
& 1-are =4yt (0FB) 42t (at28) o 4 m-1gt(atn—18)

" 1-aef
and similarly we have
e"“}ﬂ=e—ia+xe—i(a+ﬁ) +xze-l(a+2ﬂ) N T (a+n—-1
1-ze~"

therefore the sum of the given series 18

TR e |

2 1-ae® 1—ze~*8
or 16 (1 —gne) (1 —ze~P)4¢7 1 (1 —ame™"F) (1 - xecs)

2 (1 - ze®) (1 - 26~ B)

which is equal to

€08 a —  cos (a—B) — 2™ cos (a+n8) +2**1 cos (a+n -1 IB)
1 -2z cos B+x?

(2) Sum the infinite series

x? s (a+28) x" 3tn (a+np)
B e TS et A <N SN
2! n!

sina+xsn(a+p)+
‘We have e‘=1+x+%+...+:l;+...,
put z¢* for z, and multiply by €'®, we have then
weB+a_ gia . po(a+h) +_ex(a+2ﬂ +et et(a+nﬂ) ¥..
and similarly
groPia_ g=1a g po—i(ath) 4 ;—2' e~te+28) 4 4 :—: e~tlatnB) L .

hence the sum of the given series is
1 {ez.mm_eu-a-“}
2
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or %ewoosﬂ{et(xsinﬁ+a)_a-u(msinﬂ+a)}’

which is equal to
€* 98P gin (a+x sin B).

257. We shall now give some examples of the application
of the exponential expressions for the circular functions to *he
expansion of expressions in series.

(1) To expand (1—2xcos 6 + %)~ in a series of powers of z,
where « is less than unity; we have

(1 — 2z cos 0 + a?) ' = (1 — ze"?)! (1 — ze~*),

which expressed in partial fractions is equal to

1 ew e—zo
27 sin 6 <1 —we® 1-— we““’) !

expanding each fraction in powers of z, we have

(69 + @6 + %60+ ... + a1 g™ 4 ..
_ 1
2isin 6
which is equal to
cosec § (sin § + zsin 20 + #?sin 30 + ... + 2" 1sinnd +...).

2¢ 8in 6

(e +awe™ 4 | famremoy ),

It may be shewn, in a similar manner, that

1—-2a2

T Socosd g = 1+ 200080+ 2270520 + ... + 2" cos nb + ...

(2) To expand log, (1 + 2z cos 6 + 2*) in powers of «, where
is less than unity; we have

log, (1 + 2z cos 8 + 2*) = log, (1 + 2e®) + log, (1 + ze~%);
hence expanding each logarithm on the right-hand side, we obtain
the formula (9) of Art. 250.

(3) To expand e*sin (bz+c¢) in powers of z, we may write
the expression

.l_ {ew . elatityz _ o—tc e(a—tb)z}‘
1

If we expand e@+2, ga—hz in powers of , we find the coefficient
of a" to be

§l— nl {e*(a+b)*—e(a— 'Lb)”}
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let b/a = tan a, then the expression becomes

11
Sl (a*+ ba)}n {gictna) — gri—otna))
or ﬂ (a2 + b)) sin (¢ + na) ;

this is the coefficient of #™ in the required expansion.

(4) Having given sin z=n sin (z + a), to expand « in powers
of n, whenn< 1.

We have e — g—% = {ei(x-k-a) — e—t(a:—h)}
or e ] = pe—te {e’n(x+a) - ]_}’
. 1—mne
200 — —
therefore =g

taking logarithms and expanding the right-hand side, we have
2 (z + k7r) n (6’“ - e—“) + (921-1 —ene) 4,

hence w+lcqr=nsina+%n’sm2a+§nf‘sm3a+...,

where % is an integer.
If B be the angle of a triangle and be less than 4, we can
expand the circular measure of B in powers of b/a; since

sin B = g sin (B + C),
we have, since in this case k=0,

B—-—smC+§—sm2C+§b—sm3C+

EXAMPLES ON CHAPTER XV.

A4 B in
1=2zcos p+2?

2, and that the general term in the

1. Prove that the general term in the expansion of —:

Asin(n+1)p+Bsinng
sin ¢
A+ Bz .
(1-2zcos¢p+22%)? 8
(n+3)sin(n+1) p— (n+1)sm(n+3)¢>Azﬂ+(n+2)smn¢ nsm(n+2)¢B“
483 ¢ 4sin’¢

powers of z is

expansion® of

(Euler.)
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nsina
l1—-ncosa
n being less than unity.

2. Iftanz= , prove that x=nsin a+37¥sin2a+32*3in3a+...,

3. If cot y=cot z+cosec a cosec z, shew that
y=sinzsina+4sin 2zsin?a+3sin 3rsinda+t...,

4. Iftan}d= G-f%)* tan § ¢, shew that

3 3
6=¢+21 sin¢+—2—;\— sin 2¢+2—3)\— sin3¢p+...,

a  [(a\3 a8 a\"
where )\=§ +(§> +2('2-> +5<§> +oeee

5. If tan §=x+tana, prove that
8=a+xcos?a~$u?cos?asin 2a— 3§23 cos®acos Ba+}atcost asinda+t...

6. If (1+m)tand=(1-m)tan¢, when 8 and ¢ are positive acute angles,

shew that
0=¢ —msin 2¢p +im?sin 4¢p — Fmi s 6 +....

7. If tana=cos 2w tan A, shew that
A —a=tan?wsin 2a 44 tant w sin 4a+3}tanbw sin Ba+....
8. If sinz=ncos(z+a), expand z in ascending powers of .

9. Shew that the coefficient of 27 in the expansion of (1 —2x cos §+22)~»
18 2 {a, cos PO+ a1 ay_y €08 (p —2) 0 +aza,_scos (p—4) +...},
where a,, is the coefficient of 2™ in the expansion of (1 —x)-»

10. Prove that n2=18 5 !
0. rove that n“= 8n=20 m’l‘.

11. Prove that in any triangle
log e=log a—é cos C— 4 cos 20 - b cos 3C-
a 202 3a? e
supposing b to be less than a.

12. If the roots of the equation as?+ bz +c¢=0 be imaginary, shew that

the coefficient of 2™ in the development of (az?+bx+-¢)~! in powers of z is
a3 sin (n+1)8
A" t1gin g
where 4 is given by bsec 8 +2 v/ ac = 0.
(14+n)tcos?d+(1 +n)tsin?d

-

18. Ify T (1+n)cos?d+(1 —~n)2sn?d
of even multiples of 4.

, expand log,p in a series of cosines

14. Expand log, cos (§+} ) in a series of sines and cosines of multiples
of 6.,
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15. Prove that
Uw 17 T3 (=m*ige
e TR TR Tr R {39 T "}’L""

16. Prove that

1,101,111 ewie)
I=s+g-prm-mteg =38 -
47. Find all the values of (/- 1)V~}

317

18. Prove that (@+a./—~1 tan ¢)!8 (35€¢$) = V-1 js 5 rea] number, and
find its value.

19. If acosd+bsind=c, where ¢ > +/a?+ b7 shew that

_ L c+AE—at= b2 @
6=(4n+ 1)§+zlog, ————mz—— tan~1 .
20. From the expression for am+1 in factors, deduce that when = is even
tan-1_10 né

1+cosnd
8in 26 -2 cosg— sing

. 3r .
sin 26 — 2 cos — sin 4
=tan~1 i

+tan—1

+ ...
1+COS23—2COS£COSH 1+cos 26— 2cos3 sind

21. From the identity ;}; - ,;}}b" = (—x—_%‘ )_TZ:T) deduce

cos (0 +a)sin (§ — ) —cos (6 +8) sin (6 — a)=sin (a — B) cos 26,
8in (6 +a) sin (6 — B) —sin (4 4 B) 8in (6 ~ a)=sin (a — B) sin 26.
22. Prove that
tan~la tan~'8 tanly « 3| 243 ., 1 1 1 1
st t 5 gt rlem i litnnte )
where a, B, y are the three cube roots of unity.

23. Express the logarithms of ¢+d to the base a+bi, 1 the form 4 + Bi.
24. If tan™ (3w +3y)=tan" (} m +4 @), shew that
m tan- lsm\[r n tan _1sm¢
25. In any triangle, shew that
a" cos nB+b" cos nd =c"—naber=2 cos (4 — B)
‘ + 2073 apen-t 08 304~ B) - o,
n being a positive integer. .
26. If
then

log, log, log, (a+18)=p+1g,
6”084 oog (6P sin g) =4 log, (a* + B%),

» . .
and ¢® "M 4gin (¢? sin g)=t&n“§.
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27. Shew that the coefficient of 2 in the expansion of e®*cosz in

n v
. . ‘1
ascending powers of z is TS 7
28. Prove that
1 3 n 3
= (- A1
(TFecos by secd 2\ + .., +(—1)" 2 secd 2x tan A (142 cos 2X) cos né + ...,
where 2 is the least positive value of sin~—le,
29, Prove that the series
1 1 .
17375..@m+1) "3.5.7...@n+d) ad inf.
. A,m+B,
can be expressed in the form R e where 4,,, B,, C, are whole
m
2 !
numbers, and Ap,=1.3.5...02m~1), Cp= (2,:")1,

Bna=2m—=1)B,_1—2(m-1)!
30. Prove that
8in™ 8 cos ngp =sin® ¢ cos nf +n 8in®~1 ¢ cos (n — 1) f sin (6 — )

+ 02D 02 05 (n—2) 85in? (- ¢) +.. +5ia" (0- §),

r being a positive integer
31. Prove the identity

cos 2a
2 sin}(a—B)sing(a—y)sing(a-95) =8sin}(a+f+y+d).
1 1 1 b g
32. Prove that 1+3—5—7+...=2~Jz—.
33. Reduce tan—1!(cos §+7sin 8) to the form a + b7, and hence shew that
1 1
cos 0—:§cos36+500350— _+Z

the upper or lower sign being taken, according as cos 6 18 positive or negative.

34. Prove that one value of Log,(1+ cos26+¢sin 26) 18 log, (2 cos 6) 436,
when 4 lies between — 47 and 47. Deduce Gregory’s series.
Prove that one value of sin~1!(cos §+<sin ) 1s
cos~!4/s1n 6 +¢log, (V511 6 4 4/1+ 810 6),
when 4 lies between 0 and 4.

35. Find the sum of the series ; A, e+ D2gin (2n+ 1) y in which
0

2 1 1

A"=2n+1 Tam—1_2u+3°

36. In any triangle, shew that if a <e¢

cg_snﬁ_ 1 !l+n cosB+n(n-;-1) a?

B cos 2B

s
n————sn+;)'(n+2) % cos 3B +.. }
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37. Prove that
(tan="w)2=2a2—-3 (1+3A+3 (1 +3+}) 8- ...

(=1r7t ( L 1\
+ 2 1+§+...+2—n_l)x +...
where x lies between +1.

38. If u=log, tan <§+éx)=x+a3x-’+a5x5+...,
pro;'e that r=u—azud+asud— ...

. . , a—bi
39. Rationalize tan {w log, a_+—b—i} .
40. Prove that
cos cos 2z cosny _2*~I(l+cosz)® 1
m=-D!n+1)! " @=-2)I(r+2)! " (2n)! (2n)! 2(n!1)?’

41. If n is a positive integer, and

—9)!
S=14ncos?+...+ (nt+r—2)

m cos™ ™16 cos (T—1)0+...,

prove that .
288 §={1+( -1} (- )" cos nd+{1 - (= 1%} (= 1)} * =V gin ng.
42, Prove that the expansion of tan tan tan ... tan z, (n tangents) 18
z3 a5 8n v
x+2n 3—,+4n (5n—1) 5 + 3 (17502 — 84n +11) ;7—!1- vees
43, If tan(}a—¢)=tan3}a, then shew that

1 . 1 .
¢=—14‘3sma——2‘.—§zsm2a+gll ;Sin3a-...

3
44, Shew that, if tand <1,

tan?d -4 tantd+4 tan® 0 — ... =sin? 4+ 4 sin* 6+ L sinS G +....
45. Prove that, » being a positive integer,

n(n—l)(n—-2)+n(n~1)(n—2)(n—-3)(n—4) (n~5)+

1+ 3! 61

=:1_; {2n+(—1)~. 2 cos 2"7"} .
46. Shew that the equations
228in 2a +y2sin 2B + 22 sin 2y — 2yz8in (B+y) — 2zr sin(y +a) — 22y sin (a+8) =0,
2%c08 2a +y?cos 23+ 2 cos 2y — 2yz cos (B+y) — 2z cos (y +a) — 2xy cos (a+8) =0
are satisfied by any of the following values:
w:y:z::8in?$(B—7y):8in? 4 (y—a):sin?§(a—B)
::sin? 3 (B—7y) : cost} (y—a) : cos?d (a—B)
ticos?d (B—y):8in (y—a):cos?d(a—B)
11cos?§ (B ~-v):cos?y(y—a):sin? }(a—B)



320 EXAMPLES. CHAPTER XV

47, If 8,, 63, 63, 6, are distinct values of  which satisfy the equation
a cos 20+ b sin 20+4-c cos §+d sin +e=0,

shew that

e b _ = __-d d

coss sing 3Scos(s—60) =sin(s—8) 3scos}(6,+6,—0,—8,)’
where 28=01+€g+63+04.

48, Prove that

n(n—l)

(—l)i”t&n"6=1 —nsecdcosf+ sec? @ cos 20— ... (n even),

(-3 Dianng= nsecésma-—% l)se02051n20+ . (n 0dd).

49. Ifsin-lz=a,x+a32%+..., shew that the sum of the series
w32+ aga®+ a2+ ... is 3 {cos 1 (W T+ 2%+ 2t —2?) +sin~1a}.

50, If a, B, y... are the n roots of the equation 2™ +p;2™~1+...+p,=0,
prove that

_, asind _; Bsmnd
tan acosé)—x+tan Bcosd—z "
=tan-! p18ind.a" 14 pp8n20. 2"~ 24 ... +p, sin né

2"+ p;cos . 2" 1+ py o820, a2+ ... +p,co8 b

51, If (1—c)tand=(1+c)tan ¢, then each of the series

¢8in 20 —4c? s 46 +4c3sin 66 —...,

csm 2¢p+4c?sindp+3c s bp+...

is equal to § — ¢, where 8 and ¢ vanish together, and ¢ < 1.
52. Prove that
cosym+4cosgm+4cosdmr+.. ad inf.=0.

53. Shew that the series

1 1.3 1.3.5
cosa:+m cos 3x+m cos 5x+m—_cos Tz4..

assumes the following values,
(1) sin~!(cos $x—sin4x), when = >2>0,
(2) —sin~1(cos $x+sin 4z), when 27 >2>mr,
54 If c=cos?@—}% cos?d cos 39+ 2 cos® 4 cos 56 —...,
shew that tan 2c=2 cot? 4,
55. Shew that
6*%®P 5in (asin B) +¢*°**# sin (asin 28) +...6*°°* * =D gin (asin (n —1) g} =0,
if B=2m/n.

56, Prove that
. siné.sin § - }sin 20 8in% 4+ 3 sin 34 8ind §— ... =cot =1 (1 +cot 4+ cot? §).



57.

58.
005“(1—x)=«/§3:{1+1 1 (’—”>+...+——l— 1.3.5..2n-1) '23.'2"'(2”"1) (f)"+

59.

EXAMPLES. CHAPTER XV

Prove that
log (cosec #)=2 (cos? v~ § sin? 2z + 4 cos? 3x— } sin2 4z +......%.

Prove that

3°2\2 n+1’ L6920 \2

Shew that the sum of the series

1 1.3
2 2.4.

cos }6
N2 cos30’

1.3 5 .
1- c056+2—4cos20— 6cos36)+...... is

where 4 lies between + 7.

Sum to infinity the series in Examples 60 —71,

60.

61.

62.
63.

64.

65.

66

67.

68.

69.

0.
71

cos§—3 cos30+1LcosHl—......

cos 20 cos4d

I—T""—Z—I‘__ ------

cosec 4 cosec? d

cose+~ﬂ—~c0520+ 91 co8S 30+ .eu.en

cos600320+00520cos36+§1_‘cos36cos49+§1“cos4900556+...
. 1 0 1 . 50 R
bme—ﬁsm3 +5781n = veenns

cos§  cos20 cos36

1.2.3%7973.4%345

cos (a+2/8)+cos(a+43)+cos (¢:+6B)+
3! 5! 7!
cos 8 cos p— % cos 28 cos 2¢p+ 3 cos 30 cos 3p —. ...

tan2a sin3x  tan3asin 4z
31 X

2 cos @ g3cosé

1+ %% cos (sin 0)+32! €08 (2 81n 6) + —5

sin§.8in 6 -4 sin2d.sn 20+ 3 sin34.sin36—......

cosa+

tan a s 22+

cos (3 sin ) +......

m sin?a - gm?sin® 2a+ fm3sm?3a—......, where m < 1.

321
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CHAPTER XVIL
THE HYPERBOLIC FUNCTIONS.

258. THE hyperbolic cosine, sine, tangent, &c., have alread,
been defined in Chap. XV, by means of the equations

+ coshu=13%(e*+¢*), sinhu=4%(e*—e¢ %), tanh u=sinh u/coshu,
cothw=1/tanhu, sechu=1/coshu, cosechu=1/sinhz,

where the exponentials ¢¥, ¢* have their principal values. The
hyperbolic functions are expressed in terms of circular functions
of 1u, by the equations

coshu=costu, sinhu=-—7sintu, tanhu=-—1%tanu,

cothu=1cotiu, sechu=seciu, cosech u =7 cosec 1u.

Relations between the hyperbolic functions.

269. We have, at once from the definitions, the following
relations between the hyperbolic functions

cosh*u—smh?u=1......................0s (1),
sech’u +tanh?u=1......................0. 2),
coth?u —cosech?u=1.......................(8).

These correspond to the relations
cos?d +sin’d =1, sec?@—tan’@=1, cosec’d —cot?’f=1,

between the circular functions, and are at once deduced from them
by putting 6=1u. By means of the relations (1), (2), (8), com-
bined with the definitions, any one hyperbolic function can be



THE HYPERBOLIC FUNCTIONS 323

expresseq in terms of any other one. The results are given in the
following table.

sinhu=x|cosh u=2|tanhu =2z|cothu=2z|sechu=x| cosechu=x
. o x 1 V1-22 1
e A R e Y=l B F
L Voo 1 T 1 N1+a?
coshu= 14+ z Viezt | WaP=1 z z
x N22=1 1 S— 1
tanhu=| ——— —_— - — 22 —_—
N 1422 z v x Ji-e N1+ z?
241 r 1 1
cothu= Vit — = = | &/ 2
z NS z v N1=2? 142
1 1 S V2| x
sechu=| ———- = x| —— ——
N1+ zt z Vi-z z i V1+a?
1 1 N1=2? o x
cosech u= = — = . ——
x Naio1 x Vat=1 A1=22 z
The addition formulae.
260. We have
cosh (u + v) = cos 2 (v + v) = cos 2w cos 4v F sin vu sin 1v;
hence cosh (u + v) = cosh u cosh v + sinh u sinh v.......:.(4).
Similarly we have
sinh (u + v) = sinh w cosh v + cosh u sinh v......... (3).

These are the addition formulae for-the hyperbolic cosine and
sine; they may, of course, be verified by substituting the expo-
nential values of the functions. From (4) and (5) we deduce
tanh % + tanh » 6)
T tanh @ tanho \
coth w cothv + 1
coth v + coth u

tanh (u £ v) = i

coth(u + v) =
261. Since
sinh (u + v) + sinh (u — v) = 2 sinh u cosh v,
-ginh (u + v) — sinh (v — v) = 2 cosh u sinh v,
cosh (u + v) + cosh (u — v) = 2 cosh u cosh v,
cosh (u + v) — cosh (4 — v) = 2 sinh u sinh v,

21—-2
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we have, by changing u, v into  (u +v), 4 (u — v) respectively,
sinh w + sinh v = 2 sinh } (u + v) cosh } (u — )
sinh % — sinh v = 2 cosh 4 (u + v) sinh § (v — v)[
cosh u + cosh v = 2 cosh 4 (v + v) cosh § (u — v)
cosh u — cosh v = 2 sinh § (v + v) sinh 4 (u —v)
which are the formulae for the addition or subtraction of two
hyperbolic sines or cosines.

Formulae for multiples and submultiples.

262. From the formulae (4), (5), (6), and (8), the relations
between the hyperbolic functions of multiples or submultiples
may be deduced, as in the case of the analogous formulae for
circular functions. We find

sinh 2u = 2 sinh u cosh u,
cosh 2u = cosh®u + sinh®* w = 2 cosh?’u — 1 =1 + 2 sinh? y,

2 tanh u

tanh 2u = {4 tanhi ’

sinh 8u = 3 sinh u + 4 sinh® 4, cosh 8u = 4 cosh® u — 3 cosh u,

3 tanh u + tanh3 »
tanh 3u = — LT 3tenbiu

/ h . -
coshfu= ic;-u, sinh 3u = \/coshzu ! s
/cosh v — 1 sinh u
tanhju= coshu+1 1+coshu’
Series for hyperbolic functions.

263. We have
¢¥ = cosh u + sinh u, ™ = cosh u — sinh u;

thus the series for cosh u, sinh %, in powers of u, are

cosh u = 1+ ,+ +

2!

smhu—u+3'+ 6
As in Art. 283, we see that coshu=1+ R, sinhu=wu+ S, where
|B|<3lufe, |S|<diuper.
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Also the prmcxpal value of (cosh u + sinh u)™ is always
cosh mu + sinh mu,

whatever m may be; this corresponds to De Moivre’s theorem for
circular functions. We may express the theorem thus

cosh mu = § {(cosh » + sinh u)™ + (cosh u — sinh u)™},
sinh mu = } {(cosh u + sinh %)™ — (cosh u — sinh w)™}.

264. We obtain from the last expressions, by expansion,

m(m—1)(m—2)

sinhmu=meosh™ usinhu+ cosh™?y sinh3u+.. .

3!
cosh mu = cosh™ u + —,"—Z(—r’;r—l) cosh™? y sinh?
4+ (m—=1)(m—2)(m —3)

cosh™*u sinh*u +....
41

As in the case of circular functions, we can deduce from these
series the expansions of sinh mu, cosh mu in powers of sinhu; it
is however unnecessary to repeat the work of collecting the various
coefficients, as we may obtain the result at once by substituting su
for @ in the formula of Art. 214, Chapter Xxvi. We thus obtain
( m*—17)

— _—“sinh®*u

m (m?—1%) (m? — 3?)
51

sinh mu=msinhu + —————=

+
m3 (m2 — 22)
4!

which series hold for all values of m, provided they are convergent,
which is the case if sinhu = 1. If we put sinhu=1, we find

u=log (1 +~2).

sinh®u + ..

2
coshmu=1+7-;—'sinh“u+ sinh*u + ...,

2656. From the series for sinh mu we deduce, as in the case of
the circular functions, a series for u in powers of sinh .’ Equating

the firsy powers of m, we obtain
. 11, 1.31...  1.851_ .,
u.-s1nhu—§ 3smh u+2 7 5s1 nh’u ~54% 7smh u+..

This series is convergent if sinhu = 1, or if < log (1 + v/2).
In particular, we have

log(1+#2)=1-

e
wlco
|

1.3.

2.4.

ol
-3 =

+ 5. + e

t\')!l—‘
03]!-'
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Periodicity of the hyperbolic functions.

266. The functions cosh u, sinhu have an imaginary period

27rt, since % =e%+2m,  We have therefore
cosh w = cosh (u + 2i¢wk), sinh u = sinh (u + 2iwk),

where k is any integer. Since e#tm=—e¥ e+ =—¢"% wWe
have cosh (u + 97) = — cosh u, sinh (u + 27w) = —sinh u; therefore
tanh (u + t7) = tanh , or the period of tanh u is 4, only half that
of coshu, sinhu. We find the following values of sinhu, coshu,
tanh u corresponding to the arguments 0, § 7, m¢, §7re.

0 ymi i 2 l
sinh _~6v‘ z 0 ] )
cosh 1 0 -1 0
tanh 0 ®© X1 0 ‘ w X1
coth ) 0 ® 0
sech i a @ ﬁ:>1 7 @ “

cosech co -1 © l 7

Just as the circular functions are the simplest single periodic
functions 'with a real period, so the hyperbolic functions are the
simplest singly periodic functions with an imaginary period.

Area of a sector of a rectangular hyperbola.

267. Let @ be a point on a rectangular hyperbola of semi-
transverse-axis @ and centre O, and let QN be the ordinate of Q.
We have then, from the property of the rectangular hyperbola,
ON*—QN?*=aqa?; if then we let ON = acoshu, we shall have
NQ =asinhu, where we assume u to be positive or negative
according s the ordinate N is measured positively or negatively.
We proceed to consider the area 0.4Q bounded by 04, 0Q and
the arc AQ of the curve. As in the case of a circular sector, con-
sidered in Art. 12, we inscribe in the arc 4Q an unclosed recti-
linear polygon AP,P,P,...P,... P, ,Q, and we define the measure
of the area 0OAQ bounded by 04, 0Q, and the arc AQ, as the
limit of the measure of the area of the closed polygon

OAP,...P,_,QO0,
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provided this limit exists, when the number of sides of the in-
scribed polygon is increased indefinitely in such a manner that the
limit of the greatest side converges to zero, provided also this limit
has a unique value for all sequences of polygons subject to the
prescribed condition. Let u, be the value of u corresponding to
the point P,, and let 6, denote the circular measure of the angle
P,04 ; let w and 6 correspond to the point Q.

Q/
- |
0 A N
We have tan 6, = tanh u,; hence we find
sin 0, = —sﬂﬁl— , and cosf,= cosh u .
(cosh 2u,)? (cosh 2u,)}

From these values, and the corresponding expressions for sin 6, ..,

cos 0,,,, we find that
sinh (1,4, — u,)

(cosh 2u, cosh 2u,+,){’ '
Now  OP,=a(cosh?u,+ sinh? u,)i’ = acosh? 2u,,

and OP,,,=a cosh? 2y sy ;

sin (0,4, — 6,) =

hence .
AOP,P,,,=}0P,.0P,,,sin(6,,,—6,)= 4a?sinh (u,1, — u,).

The measure of the area of the rectilineal polygon bounded by
04, 0Q and the sides of AP, P,...P,_,Q is therefore

r=n-1 .
3a? rEo sinh (uy4y — uy),
=

where =0, u, =u,



328 THE HYPERBOLIC FUNCTIONS
This measure is equal to
r=n—1 Yorr -1
ta? 20 {1 = w) + & (Upyr —ur ) e ™17,
r=

in virtue of a theorem proved in Art. 263, where all the numbers
a, are less than 1/6.
The length of the side P, P,,, is
a {(cosh ., — cosh u,)* + (sinh u,, — sinh ,)*} %,

which reduces to

2a cosh? (tp + Upyy) Sinh & (Upqy — Uy)
Also 4,4, — u, < sinh (u,4;, — u,); therefore the ratio

(u,.+, - ur)/PrPrﬂ

is < a'cosh 4 (up4, — u,)/cosh% (r + Up4r) < @7 cosh Fu.
Since now (4,4, —u,)/P, P4, 18 less than a fixed number inde-
pendent of » and of the particular polygon, we see that in any
sequence of polygons the greatest of the numbers u,,, —u, in one

of the polygons converges to zero as the greatest of the sides
P,P,,, does so. In the polygon we may therefore suppose

Uppy — Up < Np,

for all values of », where 7, converges to zero as the number of
sides is indefinitely increased.
We now see that the measure of the area of the rectilineal

-1
polygon differs from %a’nE (r4r — Uy), O $a%u, by a number less than
r=0

n-1
’11‘2 azﬂnaen" 3 (41— ;) or 112“2771&19””“;
r=0

and this converges to zero when 7, does so. It has now been
proved that }a’u is the unique limit of the measure of the areas of
the rectilineal polygons in any sequence subject to the prescribed
condition. Therefore the area of the sector 0AQ bounded by
04, 0Q and the arc AQ of the rectangular hyperbola is §a*u.

The area of any sector of which the extremities are represented
by u, u’ is clearly measured by }a?(u ~ ).

It should be observed that, to represent pomts on the other branch of
the rectangular hyperbola, » must be changed into ¢ — u, since

cosh (ir — u)= —cosh u,

and sinh (iw ~»)=sinh »
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268. If we describe a circle! of radius 04 =a, and let P be
any point on the circle, MP its ordinate, then denoting the angle
POA by 6, we have area OAP =4a%d, Let PN be the tangent
at P, we have then

OM=acos8, MP=asin, NP=atanf, MA =a versé.

A 0 MP N z

QI

From N draw NQ perpendicular to 04 and equal to NP, then
ON?— N@*=a?; therefore the locus of @ is a rectangular hyper-
bola of semi-axis a. Now denote the area of the sector 0AQ
by %a%, then as we have proved in the last Article, we have
ON =acoshu, NQ=asinhu. Thus we see that, just as the
ordinate and abscissa of a point P on the circle are denoted by
asin 0, a os 0, respectively, where $a% is the area of the circular
sector OAP, so the ordinate and abscissa of the point @ on the
rectangular hyperbola are denoted by a sinh u, a cosh u, re-
spectively, where $a® is the area of the sector 0AQ Thus the
hyperbolic sine and cosine have a property in reference to the

1 The figure in this Article is taken from a tract by Greenhill entitled ¢ A
Chapter on the Integral Caloulus.”
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rectangular hyperbola, exactly analogous to that of the sine and
~cosine with reference to the circle. For this reason the former

functions are called hyperbolic functions, just as the latter are
called circular functions.

269. We have, from the figure of the last Article, when we
consider the point Q on the rectangular hyperbola, corresponding
to the point P on the circle,

atan@=NQ =asinhu, and asec@=0N =acoshu;

therefore the arguments 6, u, for corresponding points, satisfy the
relations tan 6 =sinh u, sec @ = coshu. Since

sinh
tanh yu = 1+ coshu’
we have tanh fu = tan 0 sinf__ tan 36,

T+secf 1-+cos6
or 6 and u satisfy the relation tanh 4u = tan 0.
Since AOQHM < sector 04Q < AOAQ, we have

tanh » < u <sinh .

It follows that the limuts of ‘a”:‘“, S“’J‘ *  when u is indefinitely

diminished, are each unity, since coshO=1.

270. We have
e* = cosh « + sinh u =sec 8 4+ tan 6;
therefore  u =log, (sec 8 + tan 6) =log, tan'($7 + £6).

Various names have been given to the argument 6; it is called by
Cayley the Gudermannian function of , and denoted by gdw, so
that 6 = gd u, u=gd~ 6 = log tan ({7 + 6); this name was given
in honour of Gudermann, who however called the function! the
longitude of u. By Lambert, 8 was called the transcendent angle,
and by Hotiel? the hyperbolic amplitude of w (written amhwu). A
table of the values of log tan (4 + §6) for values of  from 0° to
90° at intervals of 30’, and to 12 places of decimals, is to be found
in Legendre’s Théorie des Fonctions Elliptiques, Vol. 11. Table 1v.
The table which we give at the end of the Chapter, for intervals of
one degree, was extracted® from Legendre’s table by Prof. Cayley.
3 Bee Crelle’s Journal for 1833.

2 Bee * Théorie des Fonotions complexes.”
3 Bee the Quarterly Journal, Vol. xx. p. 220.
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The table enables us to find the numerical values of the hyperbolic
functions of u, by means of the relations

sinhu=tan§, coshu=sec6,

using a table of natural tangents or secants of angles.

Those who desire further information on the subject of the hyperbolic
functions and their applications, may refer to Laisant’s “Essai sur les Fonc-
tions Hyperboliques” in the Mémoires de la Socidté des Sciences de Bordeaux,
Vol. x., also the treatises “ Die hyperbolischen Functionen” by E. Heis, and

“Die Lehre von den gewohnlichen und verallgemginerten Hyperbol-funk-
tionen” by Gunther.

Expressions for the circular functions of complex arguments.

271. The circular functions with a complex argument may, by
the use of the notation of the hyperbolic functions, be conveniently
expressed in the form a+ 48, where a and 3 are real quantities.

Thus sin (z + 1y) = 8in @ cos 1y + cos £ SIN 1y ;
hence sin (@ + ty) =sinxcosh y +¢coszsinhy ......... ).
Similarly we find
cos(z+1ty)=coszcoshy —esinzsinhy ...... (10).

sin (z + 1) cos (z —1y)
cos (z + 1y) cos (z — 1)
sin 2z + sin 21y

€08 2z + cos 21y

Also tan (2 +ty) =

hence
sin 2z + ¢ sinh 2y

tan (z+14y)= cos 2z + cosh 2y

The inverse circular functions of complex arguments.

272. We shall first consider the function sin™(z+1y). Let
sin™ (z +ty) = a + 18, then
@ + 1y = sin (a + ¢B) = sin @ cosh 8 + ¢ cos asinh 8,
or #=sinacoshB, y=cosasinh B; we have therefore, for the
determination of B, the equation z%cosh?B + y¥/sinh*8=1, or
a* (cosh? 8 — 1) + y* cosh? 8 = cosh? B (cosh? 8 — 1),
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If we solve this quadratic for cosh? 8, we find
cosh*B=3 (2 +y*+1) + §V(2* + * + 1)) — 4a?;
therefore coshB=+4Va'+ 9 +22+ 1 + Vo' +y*— 2z +1,

and since cosh B is positive, we must have, if # is positive,
cosh B=§V{@+ 1y +y* + §¥(a— 17+~
The corresponding value of sina is
afcosh B or IN(z+ 1)+ F 4V(z = 1) + *;
now cosh 8 >1 > sin @, hence we have
coshB=3V(z+ 1)+ + %N/(a;— 1+ =1,
sina=§V(@+ 1) +y — V@ -1y +y=v.
These are the values of cosh 3, sina, whether z is positive or
negative.

The quadratic coshB=wu gives B8=+log{u+ '\/1‘/:’:3} ; we
have therefore

sin™! (z + 1y) = b + (= 1)¥sin~? v + ¢ log {u + Vur =1},

where k is an integer, and sin~'v is the principal value of a, which
satisfies the condition sina=wv. To determine the ambiguous
sign, put «=0, then sin~'4y =k +7log (V1 + 4 + y); hence

iy = % cos krrsin [i log (V1 + 3 + )]
S P S AL UE R EFYCEEA
hence the ambiguous sign must be that of (— 1), or

sin™ (¢ +1y) = kr + (= 1) sin~ v + (— 1)¥ 7 log {u + ¥u2 —1}...(12),
where u=3V(@+ 1} + y* + V(@ =13+ 37,
and v=3V(@+ 1)+ = V(@ = 1)+ o2

If we consider sin~'v+1ilog {u+"u?—1} as the principal
value of sin~(«+ 7y), and denote it by sin~(x+y), the general
value is km + (— 1)¥sin~? (z +1y), which is the same expression
as for real arguments.

A special case is that of > 1, y=0; in thiscase u =, v=1,
and the principal value of sin—'z is §w+ilog {x+~Va*—1}. We
know @ priori that sin= 2 can have no real value when > 1.

=+ (- 1
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273. Next let cos™(z + iy) = a+ 13, we have then, as in the
last case, # = cos a cosh B, y =~ sin asinh B, and we find, as before,
coshB=4V(@+ 1) +y +3V(@ - 1)+ =1,

cosa=3V@+ 1P+ — V@@ -1y +y'=0;
hence  cos™ (% + ty) = 2kmr + costv + ¢log {u+ Vur ~1}.

To determine the sign of the last term, we put # =0, then
dy=cos [+ 4 +ilog (y+Vy*+1)] = Fsin {+1log (y + Vi + 1)}
=(F)(£);
hence we see that the second ambiguous sign must be the opposite
of the first, or
cos™ (z + iy) = 2k + {cos v — ¢ log (u + Vui —1)}...(13).

If cos~'v—ilog(u+u?—1) denotes the principal value of
cos™ (z +1y), then the general value is 247 £ cos™ (# + 1y).

274. Let tan™ (z +1y) = a 4¢3, then

@iy = sin 2a +7sinh 23
Y= "cos 2a+ cosh 283°
sin 2a sinh 283

hence #= o5 2a+cosh 28’ Y T cos2a+ cosh 2B’
we have
sin®2a + sinh?23 _ cosh?28 — cos?2a _ cosh 28 — cos 2a

@ty'= (cos 2a + cosh 23)* ~ (cos 2a + cosh 2B)*  cosh 28+ cos 2a’
orl —w’—y2=(ﬁh——m%s—2—a, and 1 +w’+y2=wsf;;;’—%,
therefore tan2a= 1= %ft?j?’ and tanh 283 = ]T;—_sa%_?

Since z:: ; Z:Z =17 i':/_}_ 7 we have ¢¥ = 2:—-:{%1%:’

hence the values of tan™ (x + 1y) are given by

]

tan~}(@+1y) =kw+ 4 tan™? __4—_(1/-!—_1)_1 .(14).

T =y P18 iy =1y

The inverse hyperbolic functions.

276. If sinh a =z, then « is called the inverse hyperbolic sine
of 2z, and is denoted by sinh™z A similar definition applies to
cosh™z and tanh—z
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If z=s8inha=—1sin%a, we have 1z =sina, or a= % sin? (v2).

.. . . 1
Similarly if z=cosha=cosia, we have a= z cosz; we find
\

also if z=tanha, a= % tan~? (i2z). We have therefore the inverse

hyperbolic functions expressed as inverse circular functions by <he
equations

sinh=!z = — ¢8in™ (42),

cosh™ z = — 7 cos™1(2),

tanh™'z = — ¢ tan— (¢2).

276. By means of the expressions we have found for the
inverse circular functions of a complex argument, we may find tLe
values of the inverse hyperbolic functions. We shall however find
the expressions for them independently.

(1) If z=sinha, we have e*—e™* = 2z; solving this as a
quadratic for e*, we find e*=2+ V1 + 2},
hence a= 2ikm +log, (z+ v/1+22) or 2ikw + log, (z —V1+2?),
both values of a are included in the expression

tkm + (= 1)Flog (z+ V1 + 22).

Thus the general value of sinh=y is ikm +(— 1)¥log,(z + /1 + 27),
and its principal value is log, (41 +22); this principal value is
the one which is usually denoted by sinh—?z. .

(2) If z=cosha, we have ¢*+ ¢~* = 22; hence we find

e*=2+VN22— 1, thus a=2iknr + log, (2 + ¥z - 1),

hence 2z/c7r+log,(z+~/z’ 1) is the general value of cosh—z;
the principal value, which is the one generally understood to be
denoted by cosh™z, is log, (z + Vz*—1).

2a

(8) If z=tanha, we have z‘.,‘ Fi=% o 6 = i—é—z, hence
+

a=ikm +4}10g6( ) this is the general value of tanh—!z, the

principal value being }log, (1 tz)

(4) We find for the principal values of coth—!z, sech—lg,
cosech™ 2, the expressions
}log. (z+ 1) log, 1 +«/zl —z°’ log,I +«/zl +2

respectively.
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The solution. of cubic equations.

277. We have shewn, in Art. 117, that when the roots of
the cubic 2*+ gz +7=0 are all real, and ¢ is negative, they
are ¥—%gsind, ¥—4gsin (0 +37), ¥—4qsin (0 +4m), where

L 27ra\$ .
sin 30 = (-—- Zq_") . We shall now shew how to solve the cubic

in the case when two of the roots are imaginary. In this case, the
condition 2772 4 4¢® > 0 is satisfied. |
(1) Suppose ¢ positive; consider the cubic
4 sinh® » + 3 sinh % = sinh 3u,
let # = a sinh %, then « satisfies the equation
2 +4a*. 2 —ta*sinh3u=0;
this will coincide with the cubic 2*+gz+r=0, if ¢=
27 rﬂ)&
64 ¢°
Now the roots of the cubic 4 sinh®x + 3sinh u =sinh 3u are

sinh u, sinh (u + 47?) and sinh (u + i), hence the roots of the
cubic 2 + gz + =0 are

V4q sinh u, V§q sinh (u + §7i), ¥§¢sinh (u + ),
or V4qsinhu, ¥3q(—sinhu + ¢ /3 cosh u),

r=—1a’sinh 3u, or sinh 3u=-—4(

%
where sinh 3u=-—§(27 ;;j‘)" We find the number 3u from a

table of hyperbolic sines, when the numerical values of ¢ and r
are given, and then sinh u, cosh « from the same tables; thus the
numerical values of the roots will be found.

(2) When g is negative; consider the equation
4 cosh® u — 3 cosh u = cosh 3u,

we find, as in the last case, that if ¢=— $a2 7 = — } a® cosh 3u, the
cubic which acoshu satisfies is 2*+ gz +7 = 0 thus the roots
required are

v =4q coshu, ¥—§q cosh (u + §mi), ¥ = 4q cosh (u + $ ),
or ¥ = #q cosh u, ¥=}q (~ cosh u + y/3sinh u),

2\ %
where cosh 3u =—} (— 27 ;;a) . Hence, as in the last case, we can
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employ tables of hyperbolic functions to find the numerical values
of the roots of the cubic, when the values of ¢ and r are%iven.

278. Table of values of u for given values of 6.

6 u=log,tan (} v +46) 4 u=log,tan(}1r+$6)
0|0 ‘0 46° 8028515 ‘9062755
1° | 0174533 ‘0174542 47° ‘8203047 ‘9316316
2° | -0349066 ‘0349137 48° ‘8377580 ‘9574669
3° | ‘0523599 *0523838 49° 8552113 ‘9838079
4° | 0698132 ‘0698699 50° 8726646 10106832
5° | 0872665 ‘0873774 51° ‘8901179 10381235
¢ | 1047198 *1049117 52° 9075712 10661617
7° | "1221730 *1224781 53° 9250245 10948335
8° | '1396263 1400822 54° ‘9424778 1-1241772
9° | *15670796 1577296 55° 9509311 1:1542346

10° | 1745329 -1754258 56° 9773844 1-1850507
11° | -1919862 *1931766 57° 9948377 12166748
12° | -2094395 2109867 58° | 10122910 1-2491606
13° | 2268928 2288650 59° | 10297443 12825668
14° | 2443461 2468145 60° | 10471976 1 3169579
15° | ‘2617994 2648422 61° | 10646508 1:3524048
16° | 27925627 2829545 62° | 10821041 1-:38839860
17° | 2967060 -3011577 63° | 10995574 14267882
18° | 3141593 3194583 64° | 11170107 14659083
19° | 3316126 *3378629 65° | 11344640 1 5064542
20° | 3490659 3563785 66° | 11519173 15485472
21° | -3665191 3750121 67° | 1:1693706 1 5923237
22° | 3839724 3937710 68° | 11868239 16379387
23° | 4014257 4126626 69° | 12042772 1 6855685
24° | ‘4188790 4316947 70° | 12217305 17354152
25° | 4363323 4508753 71° | 12391838 17877120
26° | *4537856 4702127 72° | 12566371 1:8427300
27° | 4712389 4897154 73° | 12740904 1 9007867
28° | *4886922 5093923 74° | 1-2915436 19622572
29° | 5061455 5292527 75° | 13089969 20275894
30° | -56235988 5493061 76° | 1:3264502 20973240
31° | ‘5410521 5695627 77° | 13439035 21721218
32° | 5585054 5900329 78° | 13613568 2:2528027
33° | 5769587 ‘6107275 79° | 1-3788101 2:3404007
34° | 5934119 ‘6316581 80° | 13962634 2:4362460
35° | 6108652 ‘6528366 81° | 14137167 2 5420904
36° | ‘6283185 ‘6742755 82° | 14311700 2:6603061
37° | 6457718 ‘6959880 83° | 14486233 27942190
38° | ‘6632251 7179880 84° | 14660766 2 9487002
39° | ‘6806784 7402901 85° | 1-4835209 31313013
40° | ‘6981317 7629095 86° | 1-6009832 3'3546735
41° | 71556850 ‘7858630 87° | 16184364 3 6425334
42° | *7330383 ‘8091672 88° | 16358897 40481254
43° | ‘7504916 *8328406 89° | 15533430 47413488
44° | 7679449 8569026 90° | 15707963 @

45° | 7863982 ‘8813736
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EXAMPLES ON CHAPTER XVL

1. Prove that
8 sinh nx sinh? x=2 sinh (» +2)  — 4 sinh n2 + 2 sinh (n - 2) 2.

2. If cos(a+9B8)=cos¢+:8in ¢, shew that sin p= +sin?a= +sinh2p.
© 8. If cos(f+7ip)cos(a+2B)=1, prove that tanh? ¢ cosh? B=sin’a,

and tanh? 8 cosh? ¢ =s1n?4.
4. If tany=tan a tanh B, tan z=cota tanh &,
shew that tan (y +2)=sinh 28 cosec 2a.

5. Reduce ¢ (%) to the form 4 +:B.

6. If log, sin (6 +ip)=a+18,
shew that 2 cos 20 =2 cosh 2¢ — 4%,
and cos (8 — B) =e** cos (6+R).

7. If tan(z+iy)=sn(u+w), shew that coth v sinh 2y =cot u sin 2.
8. Express {cos(8+i¢p)+zsin (8- ip)}* T in the form A +1B.

9. Prove that
tan~1 (tan 26 +tanh 2¢> +tan-1 <t:m 8 —tanh ¢ —tan=1(cot 8 coth ¢).

tan 26 — tanh 2¢ tan d +tanh ¢
10. If u=cosa—3} cos3a+1cosba—...... )
v=sma-}sin3a+}smda- ...,
prove that w=]m, when 0<a<4nr and cosh2v=seca.

11. Prove that the sum of the infinite series
cos 460 + cos 89 cos 126
4! 8! 12!

is 4 {cos (cos 6) cosh (sin 8) + cos (sin §) cosh (cos 6)}.

1+

12. Prove that
nze (—-1)"sin (2m+1) né
n=o (2n)! s1n né
where a 1s the unit of circular measure.

=2"3" {cos (cos pf) cosh (sin p)} +cos a,
p=1

13. From Euler’s theorem
o .

sin

— = cos $xcos}rcosiz.....,

deduce that

1 1 1 1 1 1 1

1
(1) = + - + ~
logex x-1 2 1+af 4142 8144t
1 1 1 1 1 1 1
(2) ;2=cosech’x+i7asech‘§.t+asech"zx+§sech’§x+ ......



CHAPTER XVIL
INFINITE PRODUCTS.

The convergence of infinite products.

279. LET 2,2, ... 2,,... be a sequence of real or complex
numbers formed according to any prescribed law, and consider tle
product P, =2,2,... 2, of the first n of these numbers.

If P, converges to a definite limit P, different from zero, as n
is indefinitely increased, P is said to be the limit, or limiting
value, of the infinite product 2,2,2 ... 2,..., and that infinite
product is said to be convergent.

It is convenient to exclude the case of those products for which
P, converges to zero from the class of convergent infinite
products. '

If P, =|P,|(cos 6, +1sin ,), where | P, | denotes the modulus
of P,, it is necessary and sufficient for the convergence of the
infinite product that both | P, | and @, should converge to definite
values as n is indefinitely increased. In case |P,| increases
indefinitely, as n is indefinitely increased, the infinite product is
said to be divergent. In other cases in which the product is not
convergent it is said to oscillate, but oscillating products are
frequently spoken of as divergent.

The necessary and sufficient condition that the infinite product
2,2, ... 2, ... should converge to a definite value (other than zero)
18 that, corresponding to each arbitrarily chosen positive number e,
an integer n can be so chosen that | 2,412n49 .. Zn4r — 1| <, for all
values 1,2,3, .. of . To shew that this condition is recessary,
let us assume that P, converges to P, a number different from
zero. All except a finite set of the numbers | P,|,| P,|,... | Py]...
are greater than | P|—1, where 7 is an arbitrarily chosen positive
number such that | P|—#5 >(; also none of these vanishes, there-
fore there exists a positive number & which is less than all the
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numbers | P, |,| P,|,...| Pn|.... Since P, converges to a definite
limit, » Yaay be so chosen, corresponding to e, that | Ppyyr — Pa | < ke,
forr=1,23,....

Hence we have | 2y412n49+e. Znir — 1| <lkef| 2,2, ... 2, < ¢, and
therefore the condition stated is necessary.

To shew that the condition is sufficient, let us assume it to
htld. For an assigned value of e m can be so fixed that
Zni1Zntaoos Zngr = 1+ pn,r, Where |pn,|<e for r=1,2,3,.... We
have then P,.,= P, (1 + pn,,), and therefore | Py, | < | Pn|(1+e¢),
for all positive integral values of r; it follows that all the numbers
| P|,| Ps|,...| Pn|... are less than a fixed positive number A.
From |zy412n4s-.. Zngr—1]<e, we have | P,y — P,|<N\e for
#=1,23,..., and since Ae may be chosen as small as we please
by choosing e small enough, we see that P, must converge to a
definite limit.

A convenient method of considering the convergence of the
infinite product 2,2, ... 2, ..., is to consider the series

log, 2, + log, 2,4+ ... + log, zn + ....

If this series is convergent the infinite product converges to a
value other than zcro, and conversely. If the infimite product
converges to zero, the series diverges to — «, and for this reason,
as before, we exclude this case.

To prove that the convergence of the infinite series and of the
infinite product are equivalent, we observe that the necessary and
sufficient condition for the convergence of the series is that n can
be so determined, for each e, that |log.(zus12ntg-.- Znss)| OF
|loge(1+pn,»)|<e for r=1,2,3,....

If this condition is satisfied, we have, on employing the
theorem |e?—1|<|2z|(1+4]|z]|e'?!) established in Art. 230,
| pn,r|< e(l+4eet). If now n be an arbitrarily chosen positive
number, ¢ can be so chosen that e(1+ 4ee*) <7, and thus n can
be so chosen that |pn,| OF |Znt1Zn4s e Znpr— 1] is <7, for
r=1,2,8,...; therefore the infinite product is convergent. Con-
versely et us assume that n can be so chosen that | ps,,| < ¢, for
r=1,23,.... It has been shewn in Art. 249® that if |z|<1,

2]

| log, (1 +z)|<|z](1+1}1——_———M),

therefore [10gs (1 +pn,r) | < e (1 +47 e_e);
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or 10g, (2n412n4s +++ Znir) < 9, provided e (1 +3 —1—5-;) <, and if 9

is prescribed, € can be so determined as to satisfy this condition.
Therefore the condition of convergence of the series is satisfied.

280. Suppose u;, Uy, ... U, ... to be & sequence of real positive
numbers each of which is less than 1; it will be shewn that the
infinite products

Q+w) A +u) .. (L +2u)... or i:'i(1+u)

and A=) =1) eec (L =2p)... or TI(1—u)

both converge, or not, according as the series u; + u; + ... + U + ...
is convergent or divergent.

Since

(1+u'1)(1 Fu) . (L+us) >4+ u +uy 4o +uy,
it is clear that the product IT(1+w) diverges if the series
U+ U+ ... does so. Also
1
Q=) (1 —ug) ... (1—1uy,)

hence if 3u diverges the product (1 —1,) (1 —u,)... (1 —u,) con-
verges to zero, and is therefore considered as non-convergent.

Next, if Zu converges, let ¢ be an arbitrarily chosen positive
number less than 1, then n can be so chosen that

SO+ u)A+w)... (1 +u,),

Ungr T Unpe+ oo + Unyr <6,
1
forr=1,2,3,.... We have, as in Art. 226,

(1 = Ungs) (1 = Unys) oo (1 = tnyy)
S1—Uppr+ UnpgF oo + Unpy) >1 —¢,

and therefore |(1 — %p4) (1 —%Unys) ooo (1 = Upyr) — 1| <e, and thus
the condition obtained in Art. 279 for the convergence of the’
infinite product Il (1 — ) is satisfied.
Also
+ unga) (1 + Unga) oo (14 wnyr) 1
1
< .
A= tar) A =t A=) S T=¢

and thus [(1 4 %n 1) (1 + %nts) oo (1 + Unyr) = 1| < 1—6——_e. If 5 be
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arbitrarily assigned, we can determine ¢ so that ¢/(1 —¢) <7, and
thus n can be so determined that
|(1 + Un41) (1 + Unga) oo (L +Upyr) =1 | <

forr=1,2,8,.... Hence the product II (1+ w) is convergent.
It is clear that the condition that wu,, u,,...u,,... should all be
léss than 1 can be replaced by the wider condition that all except
afinite set of these numbers are less than 1, For we can remove
a finite set of factors in II (1 + ) or in II (1 — ) without affecting
its convergence.

281. Next let us consider the infinite product
R A4+u)A+u)... (1 +un)...,
where u;,u,, ... Uy, ... are complex numbers. We shall shew that
if the series of moduli of u,, u,, ... Un, ..., t.6. the serles,

[ta |+ ||+ oo [ua |+ ..o,y

is convergent, then the infinite product is also convergent. In
this case the infinite product is said to be absolutely convergent.

We see that

|+ %) (L 4+ upg) oo (U Upyy) — 1]

S+ ua)A+[vnpa|) oo (Lt tnsr[) = 1,
since the modulus of the sum of any set of numbers cannot exceed
the sum of their moduli. Now if the series 2 |u | is convergent,
the infinite product II(1+|%|) is convergent, in accordance with
what has been shewn in Art. 280; it follows that, corresponding
to any assigned e, n can be so determined that

A+ un DA+ | Unpa ) oo L+ | ttngr ) —1<g,
forr=1,2,8,.... It follows that
[+ %) (L + wngr) oo (L4 Ungr) =1 < g,

for all positive integral values of », and therefore the product
I1(1 4+ u) is convergent. It may happen that II(1+ ) is con-
vergenf whilst the series 3|« | is divergent ; in this case II (1 +u)
is said to converge non-absolutely, or to be semi-convergent.

It follows from the above theorem that the infinite product

A1+ a2) (1 4+ a32)...(1 + a,2)...

is convergent if |an|+|as|+ ... |an]|+ ...
is a convergent series.
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Let b, by, by, ... by, ... be a sequence of real numbers al}\ of the

same sign, and let L b, =0, but suppose the series
n=w

bi+by+ .o +bnt ...

to be divergent. It will be shewn that the infinite product
I1(1+41b,) is not convergent. To prove this we see that
1+d,=1+ b,.’)i’ei’%, when tan ¢, =| b, |,and the upper or lowér
sign in +i¢, is taken according as b, is positive or negative.
If » be an arbitrarily chosen positive number less than unity, we
have ¢, > (1 —n) tan ¢,, for all sufficiently large values of n; and
therefore 3¢, cannot converge. It follows that II (1 +4b,) cannot
converge, although I‘I(1+b,3)% will converge in case the series
2bs? is convergent. It is clearly sufficient for the validity of the
theorem that all the numbers b,, with the exception of a finite
set, should be of the same sign.

If z be a complex number z + vy, and the numbers a,, @, ... @y, ...
be all positive and such that Za, is divergent, the product
I1 (1 + ay2) is certainly divergent if the real part of z is positive.
For the product of the moduli of the terms 1+ a,z is greater than
II (1 + auz), and this is divergent when « is positive.

The product (1 + i%) (1 + ;—p) o (1 + W%) ...y When z is a real number, does

not converge in case p < 1, but converges if p>1. For 3 7%, 18 divergent when

p =1, and is convergent if p > 1.

The product (l +iz> <1 +§
part of s is positive, and 1t does not converge 1f the real part of z is zero.
When the real part of z is negative the product converges to zero, and 18
therefore considered as non-convergent. For log, (l +2> = ;—i - ZZM , (T4n5),
where | n,, | is less than a fixed number for all sufficiently large values of « ; the

) (l +£> ... i8 certainly divergent if the real

2

real part of = log, (l +£—) consequently diverges to — o when the real part of z
is negative, whence the result follows. This depends on the facts that 2’1; 18

divergent and 2 ,%, convergent.
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Expressions for the sine and cosine as infinite products

282. We shall now find expressions for sin#, cos as infinite
products involving the circular measure @; we first suppose = to
be real and positive.

. We have
. .o . x4+
smw=2s1n§sm 3
=23sin‘§sinx+7rsinw+27rsinw+37r
4 4 4 4

and continuing this process, we obtain

z+m . x+27 . z+(n—-1=w
~———...sm—————\,

sin & = 2771 gin — sin sin "

where n is any positive integral power of 2; hence

. .z zf..m . LT
sin & = 21 sin — cos — (smf’ — — 81n? —)
n n n

n
.. 2 S\ . .n—=2m I
sin? — —sin*— ... (s1n? — --—- —sn?—);
n n 2n n
. . x
since L sin x cosec = = n, we have
=0 n
LT 2 . .n=2mr
n=2"1gin? —sin*—...8n* —_ —;
n n 2n
hence, by division we find
sin 2 sin? P sin? — sin® p
~ - = 1- 1- 1- —
N . m . am . p—
7 81N — cos — sin? — sin? — sin? n—cm
n n n, n 2n

This is the particular case of the theorem (19), of Art. 87,
when n is a power of 2. We might, of course, assume the general
theorem.

et 3 (n—2)=r, then if m be any number less than r, we have

o Qaz . qw Y @
¢ o sin? = sin? — sin? =
. L] .
sinz=nsin-cos-| 1— 1- ] 1= R,
n L . g2 . mm
sin® — sin® — sin? —
n n n
sm’ﬁ sin?® —
n
where R=|1- = |- 1~ .
sinﬂm sin? —
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Now, n being taken greater than 2z/m, m may be sp chosen
that # < (m + 1), then R is positive and less than unity ; also, as
in Art. 226, R is greater than

m+ 1
n

.. ror
1- sm’q—z {cosec’ + ...+ cosec? 71—} .

Now we have shewn in Art. 96, Ex. (1), that if 6 < §r,
sinf _sinimw
then T > _—ﬁ-—')}—

. NI Ao
hence, if P<j3 cosec’z-)— < @;; also sin? - < et

a? 1 1 1
hence R>1~Z{(m+1)2+(m+2)ﬂ+"'+f9}’

1 z 1 1 + +741
> ‘E{m(m+1)+(m+l)(m+2) T (r=Dr)’

22/1 1 a8
>1‘z<n7“;)>1‘m

Since R is between 1 and 1~ ba?

, we may put R=1——

4 am’

where 6 is between 0 and 1; we have then

sin® — sin® —

. .. T x n n
sinzg=nsin-cos—| 1- 1 -

n n LT , 27

sin? — sm? —

n n

sin2f
n (1 Ox

mr

1- . im)’
sin?

where m is any number less than 4n, such that < (m+1) m
Now let n become indefimtely great, m remaining fixed, we
have then, since each sine in the product may be replaced by the

o : @ Lt
corresponding circular measure, and since cos - has the limit unity,

A VA _ e X
sina=o(1- ) (1= 55) (1= 50) (L= 3m)

where 6, is the limiting value of 6, when n is indefinitely in-
creased, and is thus such that 056, s 1.
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345
Now by increasing m sufficiently, we may make the factor
1-92
4m

as nearly equal to unity as we please, hence we have the
expression

. «? a? a3
sma:=w(1— ;2) (1 - 2—,;,) (1— 32—71_-2)
for sin« as an infinite product?.

The restriction that « should be
positive may clearly be removed.

283. From the formula (17), in Art. 86, if n is even,

sin? & sin? £ sin? =
cosz=| 1— = 1- — .| 1- —_— ],
sin? _- sin? 8 sin? »— Lm
2n 2n,
L)
we may shew that

-

cosx = (1 - i:c—z) (1 - _‘}’L’) (1 - :%~> (1 - gac—ﬂ),

? 3tr? 2m — 177 2m
where m is any finite number such that 2z <(2m+ 1), and 6 is
between 0 and 1; hence we obtain for cos z as an infinite product,
the formula

4a? 42 4a?
cosa= (1-35) (1- 57) (1= o)

284. On account of the importance of the formulae (1) and
(2), we shall give another proof, taken from Serret’s Trigonometry.
Taking the formulae

sin? z
. x xr=(n-2) n
8In @ = nsin — cos - ,
= . T
r=1 sin? —
..
2 X
,.i__]*” 1 Sin
.. @2r=Dx )
r=1 sip? Br - 1T

2n

! The investigation of this Article is due to Séhldmilch, see his Compendium
der hoheren dnalysis, Vol. 1.
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which hold for even values of n, we transform them by means of

sinfa tan’a) .
the formula 1 — sni g = % (1 ~ tamg)’ into the forms

x
22
ar=t(n-2) tan®

. x
sinz=ncos"=.tan- II 1- ,
n [ — rT

x r=in
cosz=cos"—. Il { 1— -

® oral tan:

Now it has been shewn in Art. 96, Ex. (1), that as € increases

sin 6 tan @
6

from 0 to 7, —— diminishes, and
sin? a al tan? o
(1 ~sin’B> < (1 ~ Bz) < (1 ~taﬁé/§’)’

7] increases, hence
where the absolute value of each expression is to be taken.

Suppose n so large that + z/n < 4, then +sin S <+ 2 <+ tang,

and + cosg <1, the signs being so taken that each expression has

1ts arithmetical value; the two expressions for sin z shew that

. r=4(n-2)
t+sinz<+a I (1— —f—e),

r=1 ol s
. r=}(n-2) 3
and isma:>icos"§.w 11 <1— il ),
n r=1 i
and the two expressions for cos # shew that
r=§n 4x2
t+cosz<+ II (1— —-~ ——~——)
teosa<t I (1- 9m),
r=4n ]
and _-l_-cosw>icos"'? a <1-—$);
r=1 2r — 172

& . .
now we know that cos"ﬁ =1 —¢,, where ¢, is a number which con-

verges to zero as n is indefinitely increased ; we have therefore

sinw=a:(1 - ;;)(l __w_’_) (1-6,),

niqr?

cos & = (1 - i—"—:) (1— 5—;4%:) ...(1-— ?4‘3;,—;)(1-5»').
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where .-, 6,’ are numbers which converge to zero when = is in-
definitely increased ; we thus obtain the expressions (1) and (2).

If we had used the formulae

]
. . gr=fn-n st
sma:=nsmﬁ ju 1- ,

r=1 . rm

x'l‘:&(n—l) sinx
CO8 2 =COS — Il 1 — e——
n =1 227‘—--11r ’
sin
2n

which hold for an odd value of »,
and the formulae

x
tan3 -
. z pr=ti-1) n
sinz=cos"-,.tan - II 1- ,
R tan?™™
n
z
tan?—
pr=bn-1) n
cosr=cos"- II 1 — —
" r=1 g 2r=1mw
tan? —- —
2n

obtained from them, similar reasoning would have led to the same results.

2856. We shall next consider the case of a complex variable
z=g+1y; we find, as in Art. 282,

. .2 . .2 . .2
;2 sin? — sin? — sin? -
. . n
sinz=nsin-cos-{ 1 — 1~ R i R,
n ., T . 2w ., I
sin? — sin? — sin® -
n n
. .2 . .2
sin? — sin? —
n n
where R=|1- = | 1- ,
. rT
sin? mEw sin? —

-where n is an even integer,and r=4(n—2); we have to determine

limits for the value of R. Let p denote the modulus of sin 1—‘:,
]

then as in Art. 281, since the modulus of the sum of any numbers

is less than the sum of their moduli, we see that the modulus
of (R—1) 18 less than

'] 2
1+ £ 14 —=L—<\-1,
,‘m+177' N rmw
smt —————
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Now we know that e4”'>1+ Ap? if A is any positive-number,
hence the modulus of R—1 is less than

p? ( cosec? mtlx
e n

+ ...+ cosec? T—")
n
1\

and this is less than
o {—1—~- PR 3}
(m+1)2 " (n+2)3° 7" a2
6 1,

30l 3%' 1‘1‘*5571%71@*' ‘%
or than e " -1

therefore the modulus of (R — 1) 1s less than

pin

e (21

e m 7'>—l,orthane m™_1;

o3

thus the modulus of (R — 1) lies between zeroand e ™ —1. Now
p*=sin? Z cosh? L + cos? = sinh*Y = sin? € 4 sinh?¥ ,
n n n n n 1

hence the limiting‘value of p®n? i3 a*+ 7, therefore the limit of

the modulus of (R —1), when » is increased indefinitely, lies between
294y a2+y?

zero and ¢ #» —1; now e ** may be made as near unity as we
please, by taking m large enough, thus | R—1| may be made as
small as we please, by taking m large enough. When = is in-
definitely increased, each of the sines in the expression for sin z
becomes ultimately equal to its argument, therefore

. 22 22 A
Sinz2=2 (1 - 7}—2) (1 - '2'2———'".2) (1 bt g‘?;i)-...

The formula

4.2° 42° 43
cosz=(1- ) (1 - 37?)(1 - 57)

may be proved in a similar manner.

286. We remark about the formulae (1) and (2), that they
satisfy the condition of absolute convergency given in Art. 281,

2
since the two series > § 7%, and 4_13’% !

——— are convergent.
™1 ™5 (2r—1y g
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Each quadratic factor in either product may be resolved into
two facturs linear in z, thus

sinz=a(1+2) (1-%) (1+-2‘”;> (1'- 2%),
cos @ = (1+ 2“’) (1 - ?i”) (1+ —23> (1- ?f)
5 T 3 3

which may be written in the forms

. +o z
sinz=x II <1+——) creenerreeeinenens 3),
rm

—®

cosw= 11 (1+ 2w ) ................. (4).
- 27‘—-17T

In these latter forms, the products are semi-convergent, since
the products

(10 2) 802 800 20), T0-525)

9 — 17 1 2r—1mw

®
are divergent, the series 2 LS

1
rT2r-1
convergent product has the property analogous to that of semi-
convergent series, that a derangement of the order of the factors
affects the value of the product; we are entitled to consider the
formulae (3) and (4), as correct, only when it is understood that
an equal number &f positive and of negative values of r are to be
taken; thus (3) and (4) must be regarded as an abbreviation
of the forms

7 n
sinz=aL,-, 1 <1+ _w_), cosw=L,_, I <1+_k_. 2o )
-n rw - % —1m

being divergent. A semi-

287. It has bcen shewn by Weierstrass?, that the divergent

product
z z z
2(147) (14 55) (14 52)-

may be, made convergent, by multiplying each factor by an
exponential factor; thus the product

{(1 + ) } {(l + g’—r)e'ﬁiﬂ} {(l + :{;)e'é}...
i absolutely convergent.

1 Bee the Abhandlungen of the Berlin Academy, for 1876,
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We have, as has been shewn in Art. 2300,

zﬁ
O o g (L),

where | u, | converges to zero as n is indefinitely increased ; there-
fore, if € be an arbitrarily chosen positive number, | u,|< ¢, for all
values of n which exceed some fixed value dependent on . We
have now '

2\ -= z _z
(1+ﬁ7—r)e -_(1+mr> {1 nw 2n27r‘(1+u“)}

=1- 21 2(1 u,,)+

The series of which the general term is

z? 2z
2{1 - Up — n—’;_(1+u,,)}

202

o 3(1 +Un).

. . . 1 1
18 absolutely convergent, since the series 3 et 2 are convergent,
n

and |uy | <€ |1+ u,|<1+e¢ for all sufficiently large values of n.
Therefore, in accordance with the theorem proved in Art. 281, the
infinite product of which the general term is

. »

b= 2n2'rr‘(

2°
1- un) + -2"—7177;3 (1 + un),

Z
or (1 + 7—2%) e ™, is absolutely convergent.
If £ (z) denote the limit of the absolutely convergent product
® z
I1 (1 + )e »r and f(— z) that of II <1 - i—) e"", we have
1

f@f(-2)=202,

The above result may be employed to evaluate the limiting
value of the expression

p@=(1-2) (1-%)...(1 -2) (1+7f;> <1+§%)
(‘1+7—:—1-T)

when m and n are made indefinitely great, but so that their ratio
has a definite finite limit.
If s, denotes the series 1=+ 2-1+ 8~1 4 ... + 1%, we see that

4
~(8n—8m)

sinz=zL$(z).e" H
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now it is well known that the limit, when n is infinite, of s, — log, n
is a finive number 05772156..., called Euler's constant, hence
the limiting value of s, — 8, when m and n are infinite, is that of

n

log. - We have therefore,

L 4) (z) k,/,, sin Z
where k= Lm/n, and the value of L¢ (z) is _s_1;_z only when m and

n become infinite in a ratio of equality.

288. The formulae (2) or (4), for cos #, may be deduced from
(1) or (3), by means of the formula cos = sin 2x/2 sin .

We have
sin 2x el 2x ki z
=20 I (1 + ,_) 2 Tl <1+ ——),
2sinz —w® ror w 77T

the factors in the numerator, for which r is even, cancel with
those in the denominator, hence if we consider the product in the

2n
numerator to be the limit of II (1-&-3;), and that in the

-2n

n
denominator to be the limit of II (1 + %), when » is infinite,

-n

2z
we sec that cos x = II (1 + %t 1m ) which agrees with (2) or (4).

The condition of convergence of the products shews that taking 2n
instead of n, in one of the products, does not affect the limiting
value of that product when = is indefinitely increased.

289. We may deduce the product formula for sinz from that
of cos «, or vice versa, by means of the formulae sin z=cos (3 m — z),
cosz =sin (3 —«). From the formula (4) we have

sinx = ﬁ (1 + 7r—2m> = ﬁ <_2‘r_7r_:2m)

- 2r—1m 2r —1m
I?i = ﬁ (1 - ﬁ) ’
—o 2r - o T,
where the factor « corresponds to r=0; takmg the limit of
sin @ for ¢=0, we see that we must have I 2r =1,
& _Q2 - 1

hence sing ==z ﬁ (1 - -w—) .
rr
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290. The product formulae for sinz and cosz may be easily
made to exhibit the property of periodicity which those Junctions
possess.

then
fatm=@+m( gy (1+f;_7}’)...

(l+x+7r> (1_w+'n'>m(1_w+7r>
nm o nm

—x(1+7—f> (1+ %)(H%W) (1-2)..

_z+(r+ D7
nT —x

— S (@);

now when 7 is indefinitely increased, we have Lf (z + 7)=— Lf (),
which is the equation sin (z + 7) = —sin «; the formula (4) may
be made, in a similar manner, to exhibit the property

cos (z + m) =—cos a.
The function sinx vamshes when =0, +=, +2#..., and these values
correspond to the factors z, 11;, liﬁ ... in the formula (3); also 1t has

been proved in Art. 235, that sin 2 does not vamish for any imaginary value

of x, thus 1f it be assumed that sinz can be expressed in the form of an

a)(x—b) (x—c)...
be..

m, —=m, 2w, —2m.... The value of A is then determined by putting #=0, and

infinite product 4 (= , the values of @, b, c. . must be 0,

‘ using the theorem L7=l, we obtain the formula (1) or (8). This is of

13
course worthless as a proof of the formula, since we have no right to assume
without proof that sin z is capable of expression in the required form.

291. 1Tt is important to notice the forms which the formulae
(1) and (2) take in the case of an imaginary argument ¢y; we
obtain in that case, the expressions for sinhy, cosh y as infinite

products

sinhy=y(l + :Zi) (1+ 2‘2’ A) <1+ 3,?2,) ......... (5),

coshy = <1+ 4"/)( 4’y )(1+ Eﬁ-’) ......... (6).
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The formulae (1), (2), (5), (6) were first obtained by Euler, by means of
the 1dendity

nw
1 |1—22co8 — +22
- m

=m
dm—_1=m(:2-1) II
n=1

2—2cos om
m
putting z=1 +7—J;7 it becomes
22
2+ —
m 2\ —m n=m-1 2
<1+§t> -<1*%> = :cn H! 1+ x - vl
n= )
1 +ﬁ (1 +7;) <2m sin 2m)

if m be now made to increase indefinitely, this becomes

be—e=a T (1+55,)
n=1 n2n?

which is the formula (5). This evaluation of the limit requires an exact
investigation, as in Art. 285

The formula (1) was deduced by changing z into <z The formulae (2), (6)
were obtained in a similar manner, from the expression for 22 + 1 1n factors.

ExaMPLES.
292. (1) Investigate Wallis expression for m.

In the expression for sinz n factors, put x=3%n, we have then the
approximate formula

- 1 1 1
l=§ <l-é§> (1_@> oooooo (1—‘2_712),
where 7 is large ; this may be written

Vim (2n+1)=

which is Wallis’ formula.

2.4.6. 2n
1.3 5...(2n—1)’
(2) Factorise coshy — cos a, cos X —cos a.
We have  coshy—cosa=2s1n4(a+1y)sin(a—1y)

=ba+yn i 1R i

4nia?
2
puttmg y=0, 1- cosa—§a2H (1 —m> 5
hence
coshy —€osa
l—=cosa
K _ 7y _ X iy
( +a )H <1+2ll7r+a> (1 2n7r-—a) (1 2nn'+u) <1+2n1r—a)’
therefore
hy—cosa=2sintha. y) { y? ¥
coshy—cosa=2sin’}a (1+;~ 1+<2n oy 1+(2n1r—a)’ .

H T 23
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Writing uz for y, we have
cos £ —cos a=2sint4a. <l—§) i':l {l - (—27‘—:-:_—0)2} {1 —m%é} .
(3) Prove that
’tan‘l ;1_—2+tan":11;§+tan“§%ﬂ_2+tan“ 1_61—‘+ .

=}mr—tan-! (tanh J2)

We have sin(z+z’y)=(x+z’y)ﬁ{l—(xnt"z)}; taking logarithms, this
1

becomes

1 22—yt . 2zy
og (sinx cosh y+7¢cosw sinh y) = log(x-f-zy)-f-zlog 1-Z poyyn Sl Do )
™

equating the 1maginary parts on both sides of the equation, we have
- _ 1Y 2 _ 2zy .
tan l(t&nhycotx)—tan 15“?@11 1ma,

let r=y=1/J/2,

we have then

s -1L= —tan~-1! 2 1
?tau oo }m—tan tanhh/2 col‘;\/2 .

Representation of the exponential function by an infinite product.

292™, A representation of the exponential function ¢? in the
case in which | z| < 1, has been given by Mathews!.
Let us assume that z is the limiting sum of a convergent series

3 kplog,(1+2"). We find then that £, =1, and
n=1

- 1)
by + 3¢ ;? k=0,

for n>1, where & is any proper integral factor of n, and & =n/§,
each such value of & giving one term. From this 1t follows that

nky =3 (— 1)¥ 8ks = Z (— 1) 8ks;
and the values of all the numbers %, are to be determined from
the set of equations of which this is the type. It can be shewn by
induction that
(1) If n=2m then k,=1/2.
(2) If n is the product p,p,...p. of u different odd primes,
then k,=(—1)}/n.

1 Proceedings of the Cambridge Philosophical Society, Vol. xtv. p. 228.
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3) Ifn=2mpp,...p,, then &k, =(—1)}2m/n,
(4-)( If » has the square of an odd number as factor, then
kn = 0.
That, with the values of &, so determined, the series
2 kylog. (14 2)

converges when | z| < 1 is easily seen. The exponential function &
is consequently represented, for all values of z such that |z|<1,
by the infinite product

IT (1 + 27 = (1 + 2) (1 + 22 (1 + 22) 5 (1 + 242 ... ;
1

or, since 1 =(1—2)"2(1 +2)**(1 +2°)*..., we have by division

_ 1+z>‘/? 1+2p>(“” lp
ez—(sz H(m . 'Zl<1,

where p is the product of u unequal odd primes, and all values of p
of this form are to be taken.

Series for the tangent, cotangent, secant, and cosecant.

® 2
293. Since sinz=2z11 (1 - 2i*2>, we have, when z is not a
1 n°mw
multiple of m,
. <) 22
log, sin z = log, z + ? log, (1 - n“_n-’) .

Let ~ be a positive real number, changing z into z+ A, and
subtracting the two expressions, we have

sin (z + 7)
sin z

hy = h h
= log, (1 + ;) +,.§1 {loge (1 Rl nvr) + loge (1 + T mr)} .
Now, employing the theorem given in Art. 249®, we have
N _h R
1082 (1+ Z)=;—%2—2(1 + v,),
he
—n)?
h ) _ k- 3 h?
z+nm/ z+nmw *(z+nm)p

log.

h h
log (1 4+ ) = S~ s (L4 ),

Z—=nm

(1 + wn),

log, (1 +
23—2
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where ||, |v.],|wn| all converge to zero when & is mdeﬁmtely
diminished. Moreover, 2 having any fixed value whicht is not
zero or a positive or negative integral multiple of r, for all
sufficiently small values of A the numbers |v,|,|®|,|.]... and
|w,|,|w;|... are all less than an arbitrarily chosen positive
number ¢, since the moduli of |2|,|2—nw|,|z+nmw| are greater
than some fixed number independent of n.
We have now
1 lo sin (z + k)

h 2% singz

___[__;’ (1+”°)]+2[22—-n3'n'2 3h (1+‘vn -3 (I'HU"Z]’

2z — nr)* 2+ nar)
C

where the series on the right side converges when z 1s not a
multiple of 7.

Let us assume that 2 is such that (r— 1) < |z | < r7, where r
is a positive integer ; then if z?/r*7m?*=7 < 1, we have | z|*/n?7® = 9,
for all values of » which are Z». We have now
1 1 1 1 1

_ ) =
=zt it |l -2 ntwt| T nimil—q’

provided n Z r; it follows, since the series of which n~? is the

general term is convergent, that the series of which - L

22 g2
1s the general term is absolutely convergent.

Since the two series of which the general terms are

2z 2z ~3h 1+, 3 1 +w,
22 ~ntw? 22— nim? (z = nm)? (z +nm)?

are both convergent, it follows that the series of which the general
term 18

1+,
(z—nm)

1+w,
z+nm)?

)

,+1}h(

is also convergent. If % be sufficiently small, the modulus of this
general term is less than

1n(Q1 -I-e){:z_1 + 1 };

nar | |z +nw|?

now |z —nw | Z nw —| 2| Z nw — (r + 1) 7, hence

1 1
|z—n7r}’<(n—r—1)27r”
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where n>r + 1, and it then follows that the series of which the

general term is |z_—1n7|” is convergent. Similarly the series of

which the general term is | 1s convergent.

z+nm|?
We now see that the modulus of the sum of the series of
1+v,
G=nr) +4h (Z-l-*nﬁ)_"' does not
exceed anumber 44 (1 +¢) 4 (2), where 4 (z) is a positive number
dependent only on 2z, this modulus diminishes indefinitely as A is
indefinitely diminished. It now follows that

which the general term is %A

1+ b —0—25— converges to L L w
2 gpo122—nim? n=o M sin z
Since §1_n_(i~z_-i—_@ =cosh+sinhcotz=1+hcotz(1+¢),

where | §| converges to zero with &, we have

—l o sin (2 + Ii) 1Oge {I+hcotz(1+ )}

h sin z
=00W(1 +5A+L),
where | ¢’ | converges to zero with % ; hence

I 1 log, sin (z + h)

=cot 2.
neoh 9% sz

It has now been shewn that when z is any real or complex
number which 1s not an integral multiple of o, cot z 1s the sum
of the convergent series

1 1 1 1 1
P i e e S ™,
or 1+ 22 3 —— L (8).
z w12t — N7

In the form (7) the series is semi-convergent, and in the
form (8) it is absolutely convcrgent; except for z=0, + m, + 2w, ...,
for which values the series is divergent.

In order that the student may appreciate the necessity for the investigation
in the text, we remark that if £(z) be the sum of an infimite convergent series
U (2) + Uz (2) +..o + 2y (2) + ..., We are not entitled to assume that

Lf(z+h)-—f(z)=w I Uy (2+h) = u, (2)

2
h=0 h 1 h=0 h
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Suppose R, (2) is the remainder of the series after m terms, then
J@)=u(2)+ug(2) + oo+ 1l (2) + Ry (2),

Ffleth)y=u (z+h)+ug(z+A)+ ...+ (z+h)+ Ry (24+7) 5
hen

ce
)/ f(z‘l"klz —f(z)=g L ur(z'*""Z"ur(z)

Ry (2+h)= Ry (2)
h=0 1 k=0 h ’

+ L
h=0
now since the given series is convergent, R, (2), /,, (2+%) become indefinitely
small when 7 18 indefinitely increased ; it does not however necessarily follow
R, (z+h)-R,, (2) .
that L Yy S does the same, and 1t 18 only when it does that
h=0
we are entitled to employ the derived series to represent the derived function

of f(z). If for example R,, (2) were of the form ;%sm mz, we should find

PLACTE ORI

which does not converge to zero when m 1s indefimtely icreased, but oscillates
between the values + 4.

294. From the expression

422\ / 4.z° 422
cosz= (1 - ;5> (1 - 32W2> (1—557;,)

we obtain, by a method similay to that of the last Article, the
infinite series

1 1 1
—.tanz_z_:l-;{w+z—%7r+z+%7r+z—%7r+'"
1 1
+z+1}(2m—1)7r+z—1}(2m—1)7r+ """ ©)
® 1
or tan z = Sz%m ............ (10),

the series (9) is semi-convergent, but (10) is absolutely convergent
for all values of 2z except + 4w, +37....

295. We may find a series for cosecz by means of either of
the formulae cosec z = cot 4z — cot z, cosec z=4cot 3z + 4 tan 3 z;
using the first of these formulae, we find on substituting the
series for the cotangents
cosecz=[-2—+ 2 + 2 + 2 + 2 + ]

z2 z242m z—-27 z+4m z—4m

I LR S SRS SR T 1 1 ,
PRI Ty SR e wi S
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hence cosec z

1 11 1,1 v 1 gy

T z+m i-m z+27r 2—2m z+3m 2-3w ’
2 (=1)y2s

or cosec z = - + ?F—(zZ iy e (12).

» In the formula (11), change z into z + 4 7 ; we have then

1 1 1 1
sece= (z +im z-— 1}11-) - (z+%7r_z—%'n-)+m(l3)’
s @r—1)m :
or secz = 4% @)y d veeeenn(14) 5
this series when 7 is large, has its general term approaching the
-y
-1

value therefore the series is only semi-convergent.

The cotangent and tangent serics may also be obtained as follows :

Using the expressions for sin (z+4) and sinz as infimte products, we find
by division

Sin(s4R) _ (B (7P R 2k (iR -2ha\
“simz +z_ T g2 22 2 —g? e

1f we assume that the product on the right-hand side can be expanded in powers
of A, by multiplication, and put the left-hand side in the form cos 2+sin A cot z,
then expand in powers of %, and equate the coefficients of % on both sides of
the equation, we find

1 2z 2z
cotz=;+ 2-;- o .,,.z'*' .................. (8).

The justification for our assumption that the infinite product may be arranged
1 a series of ascending powers of A, the coefficients of which are the 1nfinite
series obtained by ordinary multiplication, would require an investigation of
the conditions that such a process gives a correct result ; to do this would
however require certain general theorems for which we have no space. The
tangent series may be obtained in a similar manner from the infimte product
cos(z+h) _ [(m?—422—4h2—8h2\ [32n?— 422 —4h* - 8he
cos ¢ _( ' -422 ) < 3iqi—qz? >'

If the cotangent of z is cxpressed in the form

22 / 2
Tom-1 |2 2 miw

ana vnis expression be transformed into partial fractions, the denominators of

2
which are the factors in 2IT <l - —§—§>, we should obtain the series (8); a
mim

similar remark applies to tanz, secz, cosecz. The series have been obtained!
by Glaisher, directly, by carrying out this transformation,

1 See Quarterly Journal, Vol. xvir,
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Expansion of the tangent, cotangent, secant and cosecant
in powers of the argument.

296. We have shewn in Art. 293 that

1 z 2z
cobz=- =32
z Tt — 2

+Rm,

where | R, | is a number which may be made as small as we
please by taking m large enough. Now if the modulus of z is
less than 7, we have

1 1 2 2 2%
— ol )
it — 2 7"~’7r’< Foam T e T st )

hence if we suppose that the modulus of z is less than m, we may
expand each of the fractions 1/(r’m>— 2%) in this manner, and we
have, arranging the result in powers of z, as we are entitled to do
since each of the series is absolutely convergent,

1 22/1 1 1 223 1
cotz=———~(f—+—.+...+—) ( +5;F. - 4>
m

z 122 m? 24
22201 7 1 1 1
- 77_2" ( + ‘2‘2;‘1 + + m2"> ves + Rm;

let S,, denote the sum of the convergent series

1 1 1
1’71+§’$+ +’I7L2n+”.’
1 1
then Sm= P 22,n+ + - + €m, Where e, 18 a number which

may be made as small as we please, by making m large enough,
we have then

22 22°71

;r-“S‘—'... T o T e

1
cotz==— =8, - .
2 w rh

2z 27 2221
+Rm+;2e,+—7;e4+ cF T Gt

We see that €, > ¢, > ¢;..., hence the modulus of

22 228
*€2+ +-.o
7r?

€
is less than e, multiplied by the sum of 2—5—' + 2—';_:%‘2-!- . which

is a convergent series, since mod. z < m, therefore the modulus of
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-1
b 2—21¢ €;n may be made as small as we please, by making m large

enough. We have therefore the infinite series for cot 2,
1 2z 22° 22"
COtZ=;—’;§Sz—'7?SA“'7‘TES€— ......... (15),

which holds for all values of z such that mod.z<, and in
particular for all real values of z between + .
From the theorem
2
-8 % LR/
tan z = R CTp Yy + R,

we may obtain, in a similar manner, the series for tan z in ascend-
ing powers of z. This series may however be deduced from (15),

by means of the identity tan z=cot z — 2 cot 2z; we find

tanz=2(22—; DZS.Z+ 2(2‘—41)23 2(26—-1) 28 S, +...(16),
T T i

S+

which holds if the modulus of z 1s less than §, and 1n particular
for real values of z between + .

Substituting for cot 42, cot z their values from (15), in the
formula cosec z = cot 3z — cot z, we have

LA ,'l_is+ (17,

cosecz—1+(2—1) -8, +.-» o

DI
which holds if mod z < .

297. To obtain a formula for sec z, 1n powers of z, we use the
formula

secz==47r( 1 3 5

T T O e e
(— l)m—x (21”_'__ 1)> ”.
@m =1y o = 42) T B
supposing the modulus of 2z to be less than }u; we have on
expanding each fraction

s‘ecz=2{l—l-+1—...+( l)m_l} 2 2{1 L +1~—-
{1 3 5 2m—1 13 375
(__ l)m—l 22n+2 - 1 1
+(2m"_‘1)3}+- t omn? {m—gz—m

(— )m—x "
+(2m 1)m+1} + ...+ Ry
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Now let 3., denote the sum to infinity of the infinite series
1 1 1

Tl T gent1 T gEmal v

and let the remainder after the first m terms be €4, then we
have

22 24 +2
secz=;_2,+ ,,,_.32228'*' 2D + .

2n+1

4

2? 2
+Rm"+;e,+7—;§z’es+...;

let € be the greatest of the numbers e, ¢, ..., then the modulus
2 4
of 2-7-1_ €+ %z’e, + ... is less than € times the sum of
22

24 26
;+7‘;§|Z}2+;5(Zl‘+...,

which last series is convergent when the modulus of z is less
than 1.

We have thus shewn that the remainder of the series we have
obtained for secz is a number of which the modulus diminishes
indefinitely as m increases, hence we have for secz the infinite
series

N R
SeCZ-':;r—El-i-;JZ 3+7’;3Z4~5+ ............ (18),

which holds if mod. z < 4.

298. It is a well-known theorem in Algebra, that the function
z/(e?—1), where ¢ has its principal value, can be expanded in a
geries of the form

1 B, , B - o Ba

1——z+—2—'z —5et (=1 @n)

where B,, B,, ... B,, ... are certain numbers called Bernouslls’s

numbers, and that this expansion holds for all values of z for
which the series is convergent.

If we multiply by ¢#—1 we have

_ 22 zm 1 B, B,
z—{z+2—!+...+m+...} {1 2z+§—,z“ 4’,z‘+
B,
HEDT Gt }
| 2| being taken so small that both the series on the right-hand

2y,
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side are absolutely convergent, we may multiply them together,
and arrange the product in a series of powers of z; the resulting
series will be absolutely convergent, hence equating the coefficients
of the powers of z above the first, on the right-hand side, to zero,
we have a series of equations

B, 11 . 1_, B 1B 11 1_,
21 221t 31T Ttz TaietE T
the general type of which is
Bn 1 Bn—l + .+ (_ l)n Bl (—l)n—ll (_1)"

@n)1 7 312n—2)! Cn=1)121" @)t 27 2+ 1)1

By means of these equations, the numbers B,, B,, B,,... may
be calculated ; we find

B,=1}, By=45, By=15, Bi=+%, B:=4%, Bs=+F5, B,=1, &e.

299. The coefficients in the expansions of cot 7z tan z,
cosecz, in powers of 2z, may be expressed i terms of Bernouilli’s
numbers.

We have cotz=¢ i e_u <1 + ——i—\
e’ -1)°
henee, if mod. z 1s small enough,
1 2B, 2B, 2By ppy _
cotz—-;———2—,—z— a0 2P (21;)'2 ... (19).

Also cosec z=cot $z — cot z; hence we have the series
2(2-1)B,  2(®-1)B
o1 ct T4

2(2m1—~1) B,
T
Again, since tan z = cot z — 2 cot 22, we have the series
2:(2:—1)B, 2¢(2¢—1)B
ar Ct
2m (2 —1) B,
(2n)!
It has been shewn that the series (19) and (20) are convergent

if mod. z < 7, and that (21) is convergent if mod. z < .
The series in (19), (20), (21) must be identical with those in

cosecz—;+ L R

24 (20).

tanz =

2714 L. (21).
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(15), (16), (17), respectively; hence equating the coefficients in
(19) to those in (15), we have

2 2 2 2 2 m .
Sz=2_!Bn ;}SA=4“!BE:°“WTnS2n=’(2_—WBn’
hence using the values of B, B,, ... in Art. 298, we have

7r2 7T‘ 8 ,n-B 221!—]."-211:

T
5 S=g0r S=ome S gas0r S =gy B

thus S,, may be calculated by means of the formulae which give
B,.

The series (19) and (21) give a ready means of calculating the tangent or
cotangent of an angle, the first few terms of the sertes are

71.2

S; =

cotx 1_‘2_};3_2_'1‘:"_
3 45 945 ’
23 225 1747
tallx—$+—3*+'i3‘+§-i-5—+...-

The calculation of tan 7—; 90°, cot %l 90° may be carried out as follows:

tan (m/n 90°) = cot (m/n 90°)=
2mn/(n? — m?) x 6366197723675 n/m x 636619772367581
+m/n x 2975567820597 —4mn/(4n? —m?) x *3183098861837
+m3[n? x -0186886502773 —m[n x ‘2052888894145
+m3/nb x ‘0018424752034 —m3/n3 % 0065510747882
+ m7[n? x “0001975800714 —mb/nb x *0003450292554
4+ m®/n? x 0000216977245 —m¥[nT x 0000202791060
+mi/nltx 0000024011370 —m®[n® x 0000012366527
+m3[n13 x -0000002664 132 —mi[p1 x *0000000764959
+m18/n16 x 0000000295864 —m13/n13 x -0000000047597
+mV/n!7 x 0000000032867 — m15/n16 x 0000000002969
+m19/a1? x 0000000003651 —m17[n17 x ‘0000000000185
+m2[n? x 0000000000405 —m2®n'® x -0000000000011

+ m[n? x <0000000000045
+m%[n® x 0000000000005
2 . .

"2_8_22;2, %— "_2—_:‘, which occur in the
formulae (10) and (8), are first calculated separately, the series being then
more rapidly convergent. '

These series are taken from Euler's Analysis of the Infinite; they are
however given by him to twenty places of decimals.

In these expressions, the terms
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Series for the logarithmic sine and cosine.

300. We have shewn in Art. 285 that

. 2* 2’ 2?
sinz=z (1 —-;2) <1 - 22—77_2) (’1 - m%r")a — On),

427 422 42? ,
cosz-< w)(l——g;ﬁ)”'(l—mn 1\2 )(1-em),

where 6, 0, are numbers whose moduli may be made as small
as we please by taking m large enough; taking logarithms, we
have

1‘—1112211”).;
og sin z =1log z + 0g< —;2)+ og( — o)+ e

+log(1 poer 2>+log(1 —0n),

42? 42°
log cos 2 = log (1 - —75) +log (1 - 372—7}2> +..

+ log (1 -

s = 1o 2) +log (1-6y,);

expanding the logarithms, we have, assuming that |z| <o in the
first case and < = in the second case, so that the logarithms may

2
be expanded in absolutely convergent series of powers of z,

. lOgSiZ-—n—z=~'”=w (111;+2;l;ﬂ+ 'ml’"> W2n+log(l 0.n),

log cos z = E ( +§12~;,+ ém—+1|2_n)2n 22,, +10g(1—9m)
Now

[ O |

ot gmtgm

hence Fl7‘+31" 5}”+...—g;%1 m)
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we have therefore

n m
log——=—E%Sm+2ni;.€m+10g(1—9m):

logcosz-—E z"‘S,,.+2 w_,,."?zn'*‘log(l 0.)),

where €y, 7. are the remainders after m terms in the two series

1 1 1 1
mtagmtes mtgmt

’z"m
n.n.'m’

and that of

The modulus of Zim—em is less than 'S

2 y2m ] |"‘"

3= o 28 is less than 9 2 , Where ¢, %" are the greatest

values of e, 7o, respectxvely, hence

sin z
IOg ="2n an Sin,
log cos 2z = 21 g
nﬂ' ne
. 2m—172 .. . .
Since S;, = —(_271)—' B,, we have the following infinite series for
sin z '
log-;— , log cos z,
sin z B, 2* B, 2 ey Bn 2™
logT—-—2 131 -2 T 2 w @i (22),
where mod. z< ,
R 2 =98 4
logcosz2=—-2(2*— 1) 1 2, 28(24 — 1) 2 4! oo
— Om=1( N
gam-1(Qm )n (20’ eee +0(23),

where mod. z < }.
The first few terms of the series (22), (23) are

10g§il€=_:"_’_£_._i_m
z 6 180 2835 ’
22 2t 20
logcosz-.—-§——l—2—ﬁ— s
hence also
P ) 62z6

logtanz=logz + & g3+30+ogst
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The series (22), (23) may be employed to calculate tables of logarithmic
sines 2 "d cosines; 1t is best to calculate separately the first logarithms,

1-—3
-
form than in (22), (23).
We have

. mw m m? B, =% 1\ m¥
logsm '2—n=10g1l'+10g 2—n+10g <1 - m) -3 {(g W - 5_17;) ;2‘2';},

mm m2 2 —1 B, w% 1\ m¥
log cos %—log<l - 7-7,5) -3 {(——2— > @i ;) 7L‘5}

Multiplymng the logarithms on the right-hand side of these equations by the

3 2
log (l - z_z> , log< g) , a8 we thus obtain the series in a more convergent
™ -

modulus 4342944819, we get the ordinary logarithms of sin %%", cos % 90° to

the base 10; the formulae thus tound are

L (sinmfn 90°) = L (cos m[n 90°)=
log me+log (2n — m) +log (2n +m) log (n - m)+log (n+m)—2logn
—3log 7+9 594059885702190 + 10-000000000000000

—m?[n?x 070022826605901
—mintx 001117266441661
—mS/n8 x "000039229146453
— m8/n8 x *000001729270798

—m?/n? X "101494859341892
- mi[ntx 003187294065451
—m8/n8 x 1000209485800017
—m8/n® x 000016848348597

also  log gl—?:f =log (l -

— m19/nl0 x <000000084362986
—m12nt2 x ©000000004348715
- mt/n!t x 000000000231931
— m18/n16 x -000000000012659
— m18/n18 x -000000000000702
—~m2[n20 x *000000000000039

—m10/n10 x -000001480193988
— m12[n1? x -000000136502272
—m*/nl x 000000012981715
~ m18/n16 x 000000001261471
— m18/n18 x -000000000124567
— m2/n x ‘000000000012456
- m?[n? x -000000000001258
—m#[n? x -000000000000128
- m?$/n% x 000000000000013

These series were given by Euler, the decimals beihg given to twenty places.

ExaMPLES.

301.> (1) Find the values of $n=2% 3n-%, 3 (2n-1)-2, 3 (2n—1)-4,
1 1 1 1

We have

2
logﬂ%-x=zlog<l—7-;;—a)= -5

z¥ | oA
GBS

221 2 _1
T nd 2xtT at

)~ AE)
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hence, equating the coefficients of 22 2 in the two expressions for logg,
we have Sn-2=}x?% Sn-4=gynt. Again
4a2 422 1 8zt 1
1 = - T e - s -
ogcosz=23 log {1 @n= 1)2",} 2 2(2n— ™ A @iy
2t ot 22 2t 1 [a%\2
and logcosx—log(l-—§+ﬂ—...>=—(E—-274->—§ <2~> ’

therefore equating the coefficients of 22 and 24, we find
S(2n-1)"2=%n2 = (2n—1)"%=ghmt.

1 1 1
e Y arpm t ot
In the theorem (10), put 2:=wm; we thus find for the sum of the series,
4%: tanh 472, The sum might have been obtained directly from the expression

(2) Sum the infinte series

for cosh wz in factors, by taking logarithms and differentiating

(3) Shew that the sum of the squares of the reciprocals of all numbers which
are not divisible by the square of any prume is 15/=2

Let a, B, v, .. denote the prime numbers 2, 3, 5,.., then the requned
sum is equal to the infinite product

(43 (+2) (042
1-a12>_1(1—£?>°1(1-;—2>—1 ......
1-5, - <1—éi)_l<1-:}4)-1 ......

1 1 1 1 1 1
<1+‘2+”4+- ) <1+gz+j+--.) <1+—2+ »r4+...>.
or to al “1 - ‘i Z ?; ,
(1+;+;s+---) <1+54+ga+~-) <1+‘;3+_F+u->......
1 1 1
. 1+2—2+§2+4—2+...
and this is equal to _—T
1+§;+34+@+...
37 which is equal to 15/m2
orto;lo—’—r;w ich is equal to 15/72%

(4) An infinate strarght line is dwided by an infinite number of points 1nto
portions each of length a. Prove that if a pownt be taken such that y us its
distance from the straight line, and x the projection on the straight line of uts
distance from one of the points of division, the sum of the squares of the
reciprocals of the distances of this pownt from all the points of division s

sinkgﬂ
™ a
8 2 ‘
Y cosh —:y - cos Zmx
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The_series to be summed is 2 W_—(%‘_——),, which is equivalent to

—L 3 ( .l - .1 ) The sum of the series is therefore
2y "o \X—y+na z+w+na
s {cot" @) _ oot T (:c+zy)} ’
2tya a a
sin miy
or s = -
Ziya” T (xa+ 1) sin ™ (xa— )’

which reduces to the given result.

EXAMPLES ON CHAPTER XVIIL

1. Prove that
2
cos (4 m sin §)=} = cos® 6 <1 +cos G) (1 o8 5) .......

2. Prove that

.......

1+sinz=3} (7 +22)? {1 (11':2-3220)2} {1 (,,87!;2‘:)2}

1
3. Prove that _Em fwm——n , where 7, j have all unequal
integral values, and # is not an integer.
4. Prove that
w? m2 1 n? 1
(Z“) <4“+§) (4 t35) e
w1\ (w1 1 Te-1
<Z + 4) ( +—6) T 56) ......

5. Prove that

4z 4z
1422t 2 % (1+42%) (1+§5) <1+ 521)"""
+ + L ETTITR =
i 2T 92,2 2 2 A :
+ +a? " 4o REXD) (1+%> (1+§—.,> ----- .
6. Prove that
1.3.86.10 m
. §4+54+ +94+ 6.—4(1_5).

7. If
= z\? = 2 x\?
2= {-(5) ] re-T-(m53
express A (x+4a) in terms of u (), and p (2+3%a) in terms of X (z), and thence
find the Limit when m is nfimte of 13- 52 (%m 1) N2m+1,
mm!

H. T 24
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8. If P, denotes the products of Tla’ 2%, :%, ... taken # at a time, shew

rin rin-2 a4 2
=(2n)! + 2n—2)! P+ @n=d)1 Y 2% +§—iP _1.|.’Pm

that 2P,

8. Prove that
113 123

2T E T gt g3 g T

ENE ]

10. Sum the series
g tgrmtpgate.

11. Shew that the sum of the products of the fourth powers of the

. . v s . 384n8
reciprocals of every pair of positive integers is z5—c-.

12. Prove that

2 2 2 1 1 1 -
<1+l+12+1+2:+1+3‘+ ...... ><4+12+4+32+4+5‘+ ...... >—--8—

13. Prove that the sum of the series
1 2 1 2 1 2
(1.2.‘3) + (2.3.4) +<3T<i‘.'5> Foveee
is }m?- 33,

14, Shew that

(m?2-1) (22m?=1)...... (r?m?-1)

o (M= (= L) 222 = (m=1)% ... {rEm2 = (m = 1)%}

1sm-1.

3 5

. 1
15. Shew that the sum of the series Dy 3‘-!-—‘7;—2*-57-?51—-

}msech §ma.

. 18

16. Prove that
tan~lz—tan-t}ar+tan-1iz—...... =tan—!tanh 7.
17. Prove that
log12—-21log 1r=S2+§S4+{;Se+......+;1-LSS,‘+ .......

where S, is the sum of the reciprocals of the rth powers of all numbers which
are not prime.

18. The side BC of a square 4 BC'D is produced indefinitely, and along 1t

are measured CCy, C1C;, C;Cs, ...... each equal to BC; 1f 4y, Oy, ...... be the
angles BAC,, BAC,, BAGC, ...... , shew that sin 6, sin6;81n6; ...... ad inf.
== 4/2 cosech 7. .

19. If 2, 3, 5, ... are all the prime numbers, shew that

(1 —21,) (1 —‘%2) (1 - ;a) cvers =63
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2? 3? 5% s
and 22—+—i. m.m—l......—ﬂ'/]ﬂ,
24 34 bt
2—4;—1'. m. B?ﬁ ...... =1'l"/105- (Euler.)
=0 A= COS MZ COS nY .
tn T T T
20. Express the doubly infinite series mz_l ”El( 1)m+n i (A4 %)

the form of a singly infinite series of cosines of multiples of y.

21. Prove that
{("" t+a)+p*

nint

} (sinh2 8 A/2+cos? B 4/2 — 2 cos 2a cos 8 4/2 cosh B 4/2
+cos?2a)/4 (at+BY)
where 7 has all integral values, positive and negative, excluding zero.

22. Prove that
1 1 1

i2.3a%56 78t 0.1 ot -=tlog2-am
5t T BT T T B BT
23. If¢(ix)=(1 +’g) (1 +"‘bl’> (1+%) ...... — A +4B, shew that
tan“1§+t&n"‘g+tan“lg+......=t&n‘1§,

and hence shew that

tan 7% —tanh 7%

2 "] 2
tan"%+tan‘1;—2+tan“%+. ...=tan"! -—-‘/—2—-—“/-2-
tan J +tath2

24. Prove that
» 1 72 sinh 7z A/2 +sinwz /2 1

s —- .,
Lt 43 coshnza/2 —cosmza/2 224

2
25.  Prove that n_z_w o + a =cosec? 6.

26. Prove that
ed+z +et-x
et

_ 4 (b-c)x+4x? 4 (b—-c)z+4a? 4(b-c)x+42?
= (et R U St

and

e“x—ec-w 1+ 2r 1 4(b—c)x+4r? 4(b- Qgr_gf}
P b= c>{ +'71;72+(b-c)2}{ 16ni4(b—c)

(Fuler.)
24—2
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27. If .
1 1 1 1 1 1 !
P'n—m-n+m Zn—m  3ntm  n—m Engm b
1 1 1 1
0= (n—m)? + (n4m)? t Br=my (Bn—m)? + (3n+m)2+ """ !
_ ! 1 .1 1
T(n-m)  (ntm) " (3n-m)3 (3n+m)3+
1 1 1 1
_@_—M'+m+ (37;,::/n74+(_§n+—m5“+' ceeey
prove that
_kr (2B42)n? (6k246k) "3 (24K + 3215 + 8)
P 9w B oaew ST sa68.a
mw
where k=tan G (Euler.)
28. Prove that the sum of the series 1— 513 + ,;5 - ilT3+ ..... , in which all
odd numbers not divisible by 3 are taken, is #3/18 /3 Euler.)
(

29. Prove that the sum of the squares of the reciprocals of all numbers
which are not divisible by 3 is 472/27. (Euler.)

30. Prove that

sinhy+sinhe _ g) 20y — y? 2y +72 ( 20y -y
" sinhe (1+ 1- ‘+c-> (1+4ﬂ.2+c'z) 1—9”2_*_02-) .....
and
coshy—coshe 1__ Lo 2=\ (1., 2U+*) () _ 2y =4
“1—coshec dn?yc? an ;_’_cg) Tenitc) "
(Euler.)

31. Prove that when n is odd

cott 22 oot 7 bt eott E DT 1) (- 2)

cot‘ +cot4——+ ..... .+cot4£—n-—1)— =g (n—1)(n-2)(n2+3n—-13).
P h he infini 2 2 2 .
82. Prove that the infinite product (1+4a?2") (1 +3.7'> (l +%>u ..... is
equal ta

l'l (cosh max +cos = 8z), or cosh 4wz l'I (cosh wax+ cos n8x),

1
9k(n=1)
according as n is even or odd, a,, 8, denoting sin o 5 CO8 s respectively,

2n 2n
where 7 is an odd number, (Qlarsher.)

giﬂ
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o ™ i
3> Prove that the infinite product z™(1+2%) (l+ % 145 ) ..
is equal to
n-1

" II (cosh 2max — cos 2wBz), or
23 g 1

1 n-2
—————sinh 72 II (cosh 2rax — cos 27 Bx),
2%("‘1),,-" g 1( g mhw)
according as n is even or odd, a, 8 having the same meaning as in the last
Juestion. (Glaisher.)
34 Prove that

1 1 1

1w ggin T g T gmy gt

__r_"jlasinhZrar+Bsin2rls 1

T a1 7 cosh2rar—cos2mBr  2a’
a, B having the same meaning as in the last question. (Glavsher.)

35 Shew that

ar+by r=® {ax+by+r(a3+b”) ax+by—r(a2+b2)}
224y ' 2y (@+ra)+(y+rb)? T (2 =ra)i+(y—rb)?

is equal to

. ar+by ay — bx az+
m 8ln (21r s > / {cosh <2n (—J‘;—;&é) —cos <2-n' m—lg )} .



CHAPTER XVIIL
CONTINUED FRACTIONS.

Proof of the wrrationality of .

302. LET f(c) denote the sum of the convergent series

L o o
“TetT 3 o(rD) 1.28.0c+)(cr2) "
then fe+1)=f(c)= e +1)f(c+ 2);

S _q__ = [fle+2)
Se+1) c(c+1) flc+1)’
therefore f(c+ 1)/f(c) can be expressed as a continued fraction of
the second class

1 atfo(o+ 1) (e + 1) (e+2) e +2)(c+3)

hence

1- 1- 1- 1-
Let ¢ =14, and write ¥ for «, the series f(c) becomes
-2 =
1.2 °1.2.83.4

2
or cosz, and f(¢c+ 1) becomes % ;

hence —_— = .
an expression for tan « as a continued fraction of the second class.

303. Lambert’s proof? of the irrationality of 7 depends on the
continued fraction found in the last Article, Put #=3}m, and if

possible let }7r =m/n, where m and n are integers; we have then
1= m m* m? m? .
Tn-8n—-bn—Tn-""

1 Published in the memoirs of the Academy of Berlin in 1761.
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now after a certain term, the denominators of the fractions m/n,
m3(8n, m?/bn, ... exceed the numetators by a number greater
than unity, hence, by a well-known theorem?, the continued frac-
tion on the right-hand side of the equation has an irrational limit,
and cannot therefore be equal to unity. Hence }7 cannot be equal
to a fraction m/n in which m and » are integers, and therefore 7 is
irrational. This result is of course included in the much wider
theorem of Art. 251®, that o is a transcendental number.

Transformation of the quotient of two hypergeometric series.

304. The fraction F(a,B+1,9+1, 2)/F(a, B, v, x), where
F(a, B, v, z) denotes the hypergeometrical series

a.B a(a+1).8(B+1)
14 2P
PPt T2 (v + D)
can be transformed into the continued fraction

1 kaz kx kyx

1-1-1-1=-""

...,

where

=20 =R . _B+DG+1-a) , (a+D(y+1-8)
Tiyy+D)” T v+ +2) T (v +2)(v+3)
poB+D+2-a) o (atn—1)(y+n—1-8)

‘ (Y+3)(y+4) ° T (y+2n=2)(y+2n-1)°
L _ (B0 (y+n=0)

T (y+20—=1) (y+2n)°
As an example of the use of this transformation, taking the
series

¢=sin¢pcos¢ {1 + gsin’¢+%sin‘¢ + },
and putting a=1, 8=0, y=4%, z=sin’¢ in the above formula of
transformation, we find
1.2 . 1.2, 3.4 .
—_ 2 PR 2 —_— 2
PELLEISY T3S ey s ey ysin'é
N 1- 1- 1- 1~
The second convergent gives Snellius’ formula for ¢,
_singcosd , 3sin2¢
$= 1—-3%sin’¢p 2(2 +cos2¢)’

! See Chrystal’s dlgebra, Vol. 11. p. 484.
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Euler's Trangformation.

305. Other series may be transformed by means of Euler’s
theorem!

R U R
l—wyttg— U+ ug— ug+ 10— "’

Uy +Ug+Ug+ U+ ...

which may also be written in the form

1 1 1 1 1 a? a,?
—t—t—-—Ft—t..=— = = ..
a ag Gy Ay ytota+ata ¥

As an example of this method, we obtain from the theorem
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the theorem
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EXAMPLES ON CHAPTER XVIIL

Investigate the theorems in Examples (1) to (13).

tanhzr 1 2% 2?

1.

ntanz (n?—1)tan’z (n®—4)tan’z (n? - 9)tan’s
1- 3- 5- 7-
when x<4m, n being unrestricted.

2. tannzr=

ntanz (n?-4)tan?z (n2-16)tanlzy
l-tan?z~ 3-3tan?z- 5-5tan?w—

3. tannzr=

ceones

ntanz (n?-1)tanlz (n?-9)tante

4, =

tan na 1- 3-tan?zx- 5-3tandxr-— """
g T2 48

5. tan~ly ir 3 8g

6 tan-tg=—2 423 1622

1-224 3-3234 5-ba3+ """

1 See Chrystal's 4lgebra, Vol. 11. p. 487.
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13.
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MISCELLANEOUS EXAMPLES.

1 Prove that if m 18 a positive integer

cos mx — CO8 ma

=coseca{281m acos(m=—1)z+2sin2acos(m—2)x+......
cosz—cosa { acos( )zt acos )z

+2sin (m —1)a cos £+ sin ma}. ‘ (Hermite.)

2. Prove that if m and n are positive integers

s1n mx —-a
P 2%2( 1)k smmacot——2—

£
where a= ;:I ,and that the expressions are also equal to

1
—$(=1)si -
on 3 (- 1)ksin ma cot (2 —a),

or o 2 ( — 1)¥sin ma cosec (x - a),

according as m+n is even or odd. (Hermate.)

3. Prove that
cot (x— a) cot (. —R) ...... cot (2~ N\)=cosynmw+34 cot (£ ~a),
where A=cot (a—B)cot (a—7).....cot (a=A). (Hermite.)

4. If 4, B, C'be the angles of a triangle, and z, g, z are real quantities
determined by the equations

cosh z (sin Bsin C)* =cost 4,
cosh y (sin C'sin A)ik =cos4B, coshz(smndsmn B)é =cos$C,
then any three points so situated that the distances between each pair are

proportional to 2, y, z, respectively, lie on a straight line.

1

1 1
6. If x>4, shew that tan m> Fora and < o

1 p=m k=n~1
3 s Qp/cn
N pm1 k=0

6. Prove that - is equal to the greatest integer in m/n.
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7. Prove that

4p? 45 452

-1 =1 ~l—
R e R e e S T I TTIE Y

is equal to tan-1 Bes and hence shew that the sum of the infinite

__ nb?
a?+nab+
series cot =1 (12+§) +cot =1 (22+ )+ cot =1 (324 F)+...... is cot =1 §.

8 If tan 4 sec B+tan Bsec A=tan C,
prove that
tan 4 sec 4 +tan Bsec B+tan C'sec '+ 2 tan 4 tan B tan (=0
Trace a connection between this result and the known theorem that
sin A cos A +sin B cos B+sin C'cos C'— 2 sin 4 sin Bsin C=0,
where 4, B, C are the angles of a triangle.

9. If m and » be any numbers, prove that

. n(n+1) z?
sm & {1 T (m4n) (mtn+1) 2!

n(n+1) (n+2) (n+3) ot }
+(m+n)(m+n+l)(m+n+2)(m+n+3) i
1 «
=(m+ncos:z:)'”H_n_T
1 23’

—{m(m+1)(m+2)+n(n+1)(n+2) cos} mER Al nTnTe) 3?+

10. Prove that

1 cos a, cos (a+p), cos(a+B+7y), cosla+B+y+38)
cos a, 1 cos 3, cos (B+7y), cos (B+y+98)
cos (a + ), cos 3, 1 €08y, cos (y+38)
cos(a+B+y), cos(B+7), coS v, 1 cosd
cos(a+B+y+90), cos(8+y+38), cos(y+9), cos §, 1 .
=0,

11. Prove that the determinant
1, cosd, sind, cos(34+.X)
1, cosB, sinB, cos(3B+.X)
1, cosC, sinC, cos (30+.X)
1, cosD, sinD, cos(3D+X) !
is equabto £sin (4 +8+ X) multiplied by the product of the sines of half the
dafferences between 4, B, C, D, and also by a numerical factor, § denoting
3 (A4+B+C+D)
12. Prove that, if '
cos(4x —y - z)8in (y — 2) + cos(4y —z— x)sin (2 — £) + cos (42 — x — ) sin (- ) =0,
and no two of the three #, y, z are equal, or differ by a multiple of m, then
cos 2 +cos 2y +cos 22=0,
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L4
13. Prove that, if y and 8 be two values of § between 0 and s which
satisfy the equation

sin 24 cos? (a+ B) +8in 2a cos? (B + ) +sin 28 cos? (a+6) =0,
then a and B satisfy the equation
sin 2¢ cos? (y +8) +sin 2y cos? (8 + @) +sin 28 cos? (y 4 ¢p) =0.

14. If tana, tanp, tany are the three values of tan g— obtained wk-n
tan 6 is given, prove that
(1) cosacosBcosysin (a+B+y)+sin asin 8sin y cos (a+LB+y)=0.
(2) sin(8+y)sin(y+a)sin (a+B)=sin 2a s1n 28 sin 2y.
15. Shew that

3 sin (B —1y)cos *— 7+ cos atB; sin gf—t:m

2 2
. 2a+38+3
2 sin (B - y)cos % cos a—_;:-éc 08 —£+—§~+—1

__sm2(a+B+y)+3sin(2a+B+7y)

" cos2(at+B+y)+2cos(2a+B+y)’
where the summation 2 refers to the sum formed by a cyclical interchange o
the angles q, 8, y.

16. Prove that, if

0 é
9cosd 2cos 2cos§—2

u=1+" (Rl proaniia prapn R

the error made in taking the nth convergent to  1nstead of  is
2 (u?—-1)
cos™ éu
(-2~

u=-NE=ulcot -

17.  Prove that the series
1 1 1

21 3=3 o5

hag for its sum z {sec = 1}.
4 2n

18. Shew that the equation tanz=az, where « 18 real, cannot have
imaginary roots unless a<1, and that then 1t has one pair of imaginary
roota.

19. Shew that the antiparallels through 4, B, C to any three lines 40,
B0, CO with respect to the angles 4, B, C of the triangle 4BC mect in s
point @, and that the six feet of the perpendiculars from O and O on the
sides lie on a circle.

If GL, GM, GN be perpendiculars to the sides BC, C4, 4B from the
centroid @, and P any pomnt on the circumference of the circle LMN,
shew that

(40?4574 ¢%) AP2+(a®+40% + ) BP?+ (at+ b2 +4¢?) OP?
is constant.
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20, If z be real, and 1>2>0, and if tan~!z mean the least positive
angle .hose tangent is z, shew that

© (2r+1)2 . L TN
- o S S et S Y -1 -
A (—-1)rtan @ r1y—a tan=1{sinh 3 sec ——r.

r

21. 7If Pbe any point on a circle passing through the centres of the three
circlesescribed to the triangle A BC, prove the relation

2
‘%(Hcosxi —cos B-cos C)+ BC—S (1—co8 4 +cos B—cos C)

+ —C;—I:(I —co3 A —cos B+cos C)=1+cos A +cos B+cos C.

22. If w,=Acosnd+ Bsinnb, where 4 and B are independent of =,
prove geometrically the equation
Uy 41— 2U, COS 0+ u, _1=0.
Prove that

28sin” +sn 70 o m o m
2———~6c0m—tan0tan <0+g> tan (0—6 .

23. If 04, 0p; Gy, Gy; Ny, Ny; Py, P, be respectively the two positions
of the circumcentre, centroid, nine-points centre, and orthocentre of a triangle
in the ambiguous case, prove that

20,0,=3GG, cosec A=4N,Ny=P,P,sec 4
a, b, A being the given parts.

24. Lines 4B'C", BC'A’, CA’B’ are drawn through the angular points
4, B, C of a triangle, making equal angles  with 4B, BC, CA respectively;
and lines 4C”B", CB"4", BA"C” making equal angles § with AC, CB, BA
respectively. Shew that the triangles A’'B'C’, A”"B”"C” are equal in all
respects, the area of each being A sin?@(cot § —cot A —cot B—cot €)% Shew
also that if 7', 74" be the tangents to the circumcircles of these triangles

from the point 4, with a similar notation for the tangents from B and C,
then will
GTA'=CTC”. bTB’=aT_4”, CTO’=bTB“.

25. Sum the series

n=p 1 1
ﬂ=2..q [(— z—a-—n + 7»]’

where the value »=0 is omitted, and p, ¢ are positive integers to be increased

without limit.
-]

26. Shew that, if a=2m/17, the quantities
cos a+cos 32a+cos 3t a+cos 3%a, and cos 3a+cos 3% a+cos 38a+cos I a

are the roots of the equation 224+42z=1, and explain how the process thus
indicated can be continued to obtain the value of cosa.

A4, B,C, D, E, F, G, H, K are nine consecutive vertices of a regular polygon
of seventeen sides 1uscribed in a circle whose centre is O; aq, 8, v, 3 are the
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projections upon 04 of the middle points of the chords BE, CK, DF, GH
respectively ; shew that the common chord of the two circles on a8 a.’x y3 as
diameters passes through 0, and is of length $04.

27. If a, B, y, 8 be the distances of the nine-points centre fr R those of

the inscribed and escribed circles of a triangle A BC, shew that W
S SRS SR 35
B+y+8-1la ' y+8+a-118 " 8+a+B-1ly a+B+y-118
and that a? 432492+ 82=R%(13 -8 cos 4 cos B cos (),

where R is the radius of the circumecircle.
28. Prove that tan 31%+4 sin 21—1;=J11.

29 Prove that if Ibe the centre of the inseribed circle of a triangle 4 BC,
and L, M, N the centres of the escribed circles, the circles inscribed in tue
triangles JMN, INL, ILM touch the circle ABC, and the tangents of the
angles of the triangle formed by the three points of contact are respectively
equal to

2cosyA+cosy B+cos3 C—siny B—sinyC—-2
l-cos4B—cos4C+sing B+singC

and two similar expressions.

30. Shew that if 2 be not an integer, the series
_2rdmn
(z+m)¢(x+n)?’
in which m and 7 receive in every possible way unequal values, zero or
integers lying between J and — 7, vanishes when 7 increases indefinitely.

31 Shew that sin™ @ cos™ § can be expanded 1n the form

Ao (k) 0 Ay (mon—2)6+ Ay ) (mo+m—4) 6.+ &e.

when m and » are positive integers.
Shew also that
(p+2)dpio+(m-n) Ay +(m+n—p) 4,=0,

except in the case of the last terms of the series, when both m and » are even.

32. The circumference of a circle whose centre is O is divided ,inté"n
equal parts at the points Py, Ps, P,...... P,, and @ is any nternal point.
Prove that

tan PQ0 +tan P,Q0 +......+ tan P,Q0=ntan P'Q'0,
where P’ is a point on the circle such that QOP'=n. QOP;, and @’ is a point
on QU such that (if the ordinates @R, 'R’ cut the circle in R, R’)

QOR'=n. QOR.
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33. Prove that, if my, mo, ee... m, are the integers less than and prime
to m5 ™ nd 1f py, Pay eeees are the different prime factors of m,
. sin mG.Hsinﬂ .IIsin —"—29——
. Isin e_l_mrﬂ' - P P2 P1P2P3Ps
1 m . mb . ml
2#1Isin — . I 8in ——— ......
n P1p2ps

I3

34. Prove that the sum of the products

271-) 4
sin s -— |jsinr + =
pasing (a + 3 (a 3 )

for all positive integral values of p, ¢, 7 which are such that p+q+r=3, when
s = 3, is zero unless s 18 & multiple of 3, and 18 — § sin sa, when s 1s a multiple
of 3. -

35. Prove that

r 2?2 a2t b
= o a8
tan0_2{1 4+8 64%+ ...... },
—‘E _g 2 il_ ~4_..},Bz 6
sm0—2{1 8‘” +128)“ 1024x Foennn ,

. > 11 (1
9 =Tl e 431
2sin 46 ‘{1 3 VL+ZO g% },

where z=tan 26.
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