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PREFACE

MaNy devices have been invented and used from time to time for
finding Fourier transforms and correlograms. This book is intended
as a brief summary of them. Fourier theory is also developed from
a “physical” point of view, to help a student to gain a working
knowledge of it. T

Though electronic digital computers are being used more and
more, there still secems to be room for relatively inexpensive ana-
logue machines. They can be very simple if no great accuracy is
needed. Analogue machines have not the flexibility of a digital
computer and cach needs to be devised for a special purpose. Yet
they can be very speedy and serviceable when data are recorded
from the start in the form that the machine accepts.

In the matter of Fourier theory, the writer owes much to (i. B. Ma-
della who has put to use in electrical practice, concepts that many
physicists and engineers have treated as mathematical fictions.,

N.F. BARBER






CHAPTER1

FOURIER SERIES

WHEN the voice of a singer is caught by a microphone and displayed
on a cathode ray oscilloscope, the picture appearing on the screen
may resemble the curve in Fig. 1.1. It shows the fluctuating air

M ANANA

Fia. 1.1. Cyclic variations of air pressure in a musical note.

pressure in the sound. Positive and negative pressures, that is pres-
sures slightly above and slightly below the mean atmospheric pres-
sure, follow in rapid succession, perhaps only 100, perhaps as many
as 1000 cycles per second. The pressure goes through a similar cycle
of values again and again, though the pattern varies with every
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Fra. 1.2. A pure tone.

modulation of the singer’s voice. Such repetition is characteristic of
a musical sound; a fluctuating air pressure that is not repetitive is a
discordant noise.

When a pure tone from an electronic oscillator is examined in the
same way, the curve of its fluctuating air pressure resembles that in
Fig. 1.2. Again the pattern is repetitive but it has a simpler form.
Indeed the ear recognizes this simplicity of the pure tone. By con-
trast with it, a voice seems to carry ‘‘overtones’ or additional tones
that are higher in the musical scale.
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Figure 1.3 shows a number of patterns of pure tones such as
might come from different oscillators. If these musical notes were
all sounded at the same time, the various pressures would add to-
gether giving a sound with a more complicated wave form. The sum
of all the simple curves in Fig. 1.3 is in fact the curve shown as a
broken line. Tt closely resembles the pattern shown in Fig. 1.1 for a
singer’s voice. This idea works in practice; pure tones generated
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Fia. 1.3. A combination of three pure tones whose frequencies are in
simple numerical ratios.

by electronic circuits can be combined to imitate a human voice or
the sound of any particular musical instrument. Of course the
curves in Fig. 1.3 were specially chosen so that they added up to the
curve in Fig. 1, and to imitate any particular sound the pure tones
must each have the right pitch and the right strength.

A Geometrical Example of a Pure Tone

When a point such as P in Fig. 1.4 moves at uniform speed around
a circular path of radius A, its height above the centre of the circle
varies smoothly with time. A curve showing this variation can
conveniently he drawn by setting off a number of positions equally
spaced along the circular path and then plotting the heights of these
points at uniform intervals along a straight line. The curve resembles
that of the “pure tone” shown in Fig. 1.2.
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The height P¢ can be expressed in the formula
PQ = A sind

where the angle @ is shown in Fig. 1.4. Alternatively if the angle is «
at zero time and if point P takes a time 7' to make one revolution
(27 radians) the angle at a time f is (2x//7T" 4+ %) and the formula for

PQ is Asin Qat|T + ) (-h

Or one may know that the point makes j revolutions per unit time
(f is equal to 1/7T") and the formula is

Asin (2aft - %) (1.2)
P
A/l
¢; an 3, 2 ST/
Q

5 \

F1¢. 1.4. Graphical construction of a sinusoid.

Because these formulae use the “sine’” function, the curve in Fig. 1.4
is often called a sinusoidal curve. Three coefficients are enough to
describe it; the “amplitude” A4, the “phase constant’ «, and the
“frequency’ f (or else the “period” 7'). In other applications the
symbol # need not necessarily represent time. It may for instance be
a distance or an angle. Tn what follows it will be convenient to speak
of time as being the variable but the arguments of course are quite
general.

The Harmonie Series

In many electrical or mechanical systems it is easy to foretell the
effect of applying a sinusoidal voltage or force. 1t is also often true
that, when the applied signal is the sum of a number of sinusoids,
the total effect is the sum of the effects they would have if they were
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applied separately. One is therefore enabled to predict the effect of
a quite complicated signal, providing one can decide what sinusoids
compose it.

If one selects sinusoids that individually make one, two or any
exact whole number of cycles in a given interval 7, it is clear that
when added they will give a curve that may look complicated but
must be repetitive with period 7. If this were done with audible
tones the sum would be a musical note and the individual tones
could be said to harmonize. So such sinusoids are called ‘“‘harmonies”
and the set of them is a “harmonic series”. The characteristic is that
their frequencies are integral multiples of some basic frequency. A
sinusoid with zero frequency, in other words a constant term, should
be included and there is no need as yet to consider sinusoids with
negative irequencies. So a complicated signal ¢(¢) that repeats in
each interval T can be written as

git) = Ay + 2A4,sin 2xt)T + ) + 24, sin (4=t|T + 2,) +
4o + 24, 8in Qant/T + ) + - -- (1.3)

The amplitudes 4 and phase constants x remain to be decided. A
factor of 2 has been included in all terms but the first, so the ampli-
tude of the nth sinusoid is actually 24,. This will be found to make
later formulae more convenient. It is also a convenience to expand
each sinusoid into two terms, writing a, and b, for A4, sin z, and
A, cos z,

g(t) = ay + 2a, cos 2xnt|/T + 2a, cos 4nt/T + - - -
+ 2b, sin 2xt/T + 2b, sin 4xt)T 4- - - - (1.4)

‘The unknowns are now the coefficients @ and . The trick for finding
them makes use of the “orthogonal” property. This is illustrated
in Fig. 1.5, which represents two sinusoids, one making 7 and the
other making 8 complete cycles in the interval represented. At the
start they are in step, they are out of step near the middle of the
interval and get in step again near the end. The product of the two
is represented in the third curve of this figure. 1t tends to be positive
near the start, negative near the middle and positive again at the
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end of the interval. Its average value over the whole interval is zero.
The same is true for any pair of different sinucoids as the following
equations show, (points indicate “multiply’” here).
»
1 .
— [ cos 2ant/T - cos 2amt/T - dt =0, forn + m

T
0 (1.5)

T
1
i fcos 2ant/T - sin 2amt/T - dt =0, foralln, m
0

(@) _QWQVQWQUQU%[AU;
» -DAAAAS AT

(c) AA%WWM

FiG. 1.5. The *orthogonal” property; the product of any two harmomes
has a zero average.

But the square of any sinusoid is always positive; its mean is not
zero P 7
,—;, fcos2 2ant/T - dt = § = —]ffsin"‘ 2ant/T -dt  (1.6)
V] 0

There is an exception if » happens to be zero: the first integral is
unity and the second is zero.

To find @, one may therefore multiply g(¢t) by cos 2ant/T and
average the product. One can find b, by a similar process.

T
1
=1 fg(l) -cos 2xnt/T - dt
Yo forn - 0,1, 2,etc.(1.7)

" T

0

b, = -l—fg(t) -sin 2znt/T - d¢

These formulae can be verified by substituting the series (1.4) for
g(t) in the integrals. Tt may also be remarked that the limits in the
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integrations (1.5), (1.6) and (1.7) need not be 0 and 7' but could
equally well be - 37" and } T or indeed any values that differ by a
complete period 7'.

1 the « and b coefficients are calculated in this way the corres-
ponding A and x constants in Egn. (1.3) can be calculated from the
relations .

u, = A,sin«, ay = 4,
(1.8)

b, == A4, cos x, by =0

Mathematical Examples

The wave forms that an experimenter may wish to resolve into
Fourier series do not usually lend themselves to being expressed by
a mathematical formula. When they do so, however, it is often
possible to caleulate the coefficients of the Fourier series. The follow-
ing example will be of use in later chapters.

Waveforms Cosine spectra
0O —>t 01234567 -...... n
\\
\
(0) l ] 1 J\ /1&]'\ =T7L
N 24 ~CF
N
\
\
\
\
(b) \ /1\\ Paal T~
7 NI7 =7
\\l/ L
(c) , [MTITTI Iy

F16. 1.6. Rectangular waveforms and their spectra. The origin of time
has been chosen symmetrically so that only the cosine spectra need be
represented.
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A square-topped wure form. The wave form is pictured in Fig. 1.6.
The function takes a value 1 during a fraction r of the cycle, but for
the rest of the cycle it is zero. IFor analysis it is convenient to measure
time from the mid point of the “unity” period, as the figure shows.
The function is symmetrical about this point in the sense that its
value at any instant ¢ is the same as its value at the preceding
time —¢. Because sine functions are antisymmetrical, that is

sin@ =: —sin (—0)

every sine coefficient b, that might be calculated from formula (1.7)
would be zero.
For the cosine coefficients integration only proceeds from
~ 47T to } »T since ¢(t) is zero before and after.

sin wrn
= cos 2ant/T -dt 7. -—]E—:_En— (1.9)

a
This quantity is graphed as the broken linc in Fig. 1.6 (a). It is
greatest at n zero and dies away with oscillations. The zeros occur at
every whole number value of »n. The Fourier coefficients are the
the ordinates drawn where # is any whole number. The figure illus-
trates the spectrum for the case where 7 is 4, so ordinates are zero
where 2 is 3, 6, 9 ... ete.

Two special cases are of interest. They are shown in Fig. 1.6 (b)
and (c). When 7 is }, the even order harmonics are absent. When r is
very small, the harmonics all tend to be of equal amplitude; the
function itself is a succession of very brief pulses and the spectrum
has that form also, so the spectrum of a “comb’ is another “comb”.

Some Typical Devices for Caleulating Fourier Coefficients:

Max HARTENHEIM (1917)

This is a purely mechanical analyser. Hartenheim was studying
the cycle of pressure in an internal combustion engine and his
arrangements illustrate how the processes of recording can be ar-
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ranged to facilitate the process of analysis. The varying pressure was
detected electrically and made to deflect the spot of an oscilloscope.
The spot was photographed on a sheet of photographic paper rotat-
ing about a centre which was offset along the line of deflection of
the spot. The paper was arranged to rotate at the same frequency
as the explosive cycles. The record then shows a polar coordinate

NN N N N

Gear box

Fia. 1.7. Hartenheim (1917). The function is represented by the cam
which rotates once while the carriage B moves to and fro in cycles of

simple harmonic motion. A planimeter measures the area of the curve
traced out by the end point of the rod (' that rides on the cam.

plot of the cyclic pressure variation. A cardboard cam is copied
from the photograph and mounted on the turntable shown in Fig. 1.7.

This turntable is given two motions through gears driven from a
single hand wheel. One motion is a rotation and the other is a simple
harmonic translation by which it moves bodily to and fro. By a
change of gears the lateral motion can be made to execute up to ten
complete oscillations during one rotation of the table. The pointer of
a planimeter is attached to a rod moved by the cam, and the area
recorded by the planimeter is read after one complete rotation of
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the table. This area is a measure of the amplitude of the appropriate
harmonic. If ¢ is the fraction of a whole turn made by the table, the
lateral oscillation which is n times as frequent gives the pointer a
displacement in, say, the x direction equal to A sin 2xn¢. Here A
is the amplitude of the lateral motion and its magnitude is always
the same. At the same time the cam gives the pointer a deflection in
a direction y at right angles to &, proportional to the pressure ¢(f)
that has been recorded say

y=B-g)

Here the constant B depends upon the deflectional sensitivity of
the oscilloscope. The total area is proportional to the amplitude «,,
in the harmonic series, for

t=1

Area - fg/dx -——f Bg(t) - .l 2an cos 2ant - dt = A B 2ana,
0

If the process is repeated with the carriage geared to have a dis-
placement A cos 2znt, the planimeter measures an area equal to
A B 2anb, proportional, that is, to the harmonic amplitude b,
The arcas must be divided by the constant factor 274 B and by
the integer n to get the actual amplitudes «, and b,.

VasiLesco, V. (1934)

This is an electrical method. A signal in the form of a fluctuating
voltage is got from a rotary switch that picks up in succession the
outputs of potentiometers adjusted to represent the successive
ordinates of the curve that is being analysed. One cycle of this volt-
age signal is applied to a ballistic galvanometer through a varying
shunt resistance and a reversing switch that cause the current in the
galvanometer to be the product of the applied voltage and a sinus-
oidal factor. The cycle is executed in such a short time that the
throw of the galvanometer is a measure of the integrated current
and is consequently a measure of one Fourier harmonic of the signal.
Different harmonics are examined in succession by altering the gear
ratios that drive the varying resistance.



10 EXPERIMENTAL CORRELOGRAMS

G. V. Bekesy (1937)

This is an optical method, and the apparatus is sketched in Fig. 1.8.
The wave cycle which is to be analysed is represented as an illu-
minated profile upon a dark background. A real image of this display
is formed by a cylindrical lens which has its axis at right angles to
the time axis of the profile. The image is therefore quite unfocussed
along lines perpendicular to the time axis and the wave cycle is
represented by bands of varying light intensity instead of by a pro-
file. This image is arranged to be quite small, about an inch square,
and a series of sinusoidal masks marked on successive frames of
35 mm film are arranged in turn to coincide with the image. At
every point along the “time axis” the light that passes the mask is
the product of the height of the mask and the intensity of the image
formed by the cylindrical lens. The total light that passes isin effect
the integrated product of the original wave form and a sinusoid. Tt
is detected by a photocell and indicated on a recording milliammeter.

PR P

2SR Sy,

.-
2ot

Some mosks
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Fia. 1.8. Bekesy (1937). The illuminated profile A is viewed by the
cylindrical lens B and gives an image in which the intensity of illumina-
tion varies in imitation of the profile height. This image falls on a sinus-
oidal mask C'and a photoclectric cell £ catchesthe total transmitted light.
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It should be remarked that the sinusoidal masks can only be
drawn to represent quantities such as 1 + cos2ant/T and
1 + sin 2znt/T which are essentially positive. Similarly, the illu-
minated profile representing a wave form g (¢) which may take negat-
ive values, is actually drawn to represent g, + ¢(¢), where the
constant g, is large enough to make the total quantity always
positive. The product at any position on the ¢ axis is then

[90 + g(O1[1 4 cos 2ant/T] = gy + g(t) + gq cos 2ant/T +
+ g () cos 2mnt|T

When all the transmitted light is added on the photocell, the
third term in this expansion disappears, since its contributions are
alternately positive and negative. The output of the photo electric
cell is proportional to

-
1
—ZT/[g0 +gt)] [V + cos 2ant/T]dt =gy + ay + a, (1.10)
0

To allow for these terms Bekesy follows each sinusoidal mask by a
rectangular one representing unity. The integrated product is then

1
1
o /[90 1gt)]dt =g, + a, (L.11)
O

So these unity masks all produce equal deflections of the milliam-
meter and they provide an artificial zero against which the deflec-
tions indicating «, or b, are read off from the pen record.

When the silhouette wave form has been prepared and the appa-
ratus has been set up, the process of introducing the various masks
and reading off the deflections in the pen record need occupy only
a few minutes. Masks can conveniently be made to represent har-
monies up to say the twelfth order, that is showing up to 12 complete
cycles. After calibrating the apparatus against some wave pattern
such as a sinusoid or a square wave whose harmonic content may be
calculated, the deflection of the milliammeter provides a measure of
the various harmonic amplitudes.



CHAPTER 2

TRANSIENT SIGNALS

TH1 motion felt in an earthquake builds up and dies away in some
twenty or forty or a hundred irregular cycles that show little or no
similarity to one another. It will be shown that such a transient

T T T T Y meutes
|
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Fia. 2.1. If a brief burst of activity is imagined to repeat itself conti-

nually after long equal intervals of time, the harmonics are close to-

gether on the frequency scale. They are individually of small amplitude
and adjoining harmonics have very similar amplitudes,

activity can also be represented by the sum of sinusoids even
though each sinusoid must be thought of as continuing for all time.

Suppose first that the whole earthquake motion were to repeat
itself at regular intervals of time; if the duration of the earthquake
were 20 sec, suppose that it were to repeat itself every 2 min. This
cyclic behaviour is indicated in Fig. 2.1, where activity lasts for
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20 sec with a dead period of 100 sec following it, and so on. This cyclic
behaviour could of course be built up from a series of harmonic
sinusoids. Two things should be noted about this series. First, the
harmonics crowd together closely on the scale of frequency; their
frequencies must be whole number multiples of the repetition fre-
quency, namely 1/120 cycles/sec, so successive harmonics differ in
frequency only by this small amount. Secondly, successive harmo-
nics will tend to have similar amplitudes. To see this, consider two
cosine curves that make respectively 50 and 51 cycles in the repe-
tition interval; they are in step at the start of the interval and are
only one cycle out of step at the end of 120 sec. During the first
20 sec, when the earthquake is active, they will not differ very much.
Since the amplitude of a harmonic is estimated from the mean pro-
duct between the earthquake motion and the sinusoid, it is seen
that the amplitudes of successive harmonics, say the 50th and
518t cosine harmonics, will differ little.

Consequently both the cosine spectrum and the sine spectrum will
be a smoothly graded set of amplitudes closely and regularly spaced
along the scale of frequency, as Fig. 2.1 suggests. Consider now what
happens if the earthquake is supposed to repeat only every 4 min
instead of every 2 min. First, the harmonics will crowd together

et

F16. 2.2. Doubling the length of the repetition interval doubles the
number of harmonies occurring per unit interval on the frequency scale
but halves the amplitude of those near to any specific frequency.

twice as closely on the scale of frequency, the frequency step being
only 1/240 cycles/sec. Secondly, the amplitude at any given fre-
quency will be half what it was before; the product of the earth-
quake and any given sinusoid is unchanged of course, but its mean
value is halved when the repetition interval is made twice as long.
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Figure 2.2 indicates the new appearance of the cosine spectrum with
this longer repetition interval.

When the repetition interval is extended still further, the earth-
quake activity becomes more and more isolated, more like the tran-
sient disturbance it really is. At the same time the harmonics present
in any small part of the frequency scale become more and more
numerous while the amplitude of each individual harmonic grows
less. Inthe limit it isappropriate to think not of individual harmonies
but of the combined effect of all the sinusoids that fall in any small
range of frequency. If the repetition interval is 7' the harmonic
frequencies rise in steps of 1/7" and the number falling in any fre-
quency range from f to f + 6 f will be

T8/ (2.1)

They will all have very similar amplitudes. In Chapter 1, it was
shown that the th cosine harmonic has an amplitude 2a,

ir
2a, = —%f g(t) cos 2ant/1" - dt (2.2)
_érp

If the frequency is actually f the order n is f-:- 1/7" or {1 or the
nearest integer. Making this substitution the amplitude of the har-
monic of frequency f is close to

] !l,

2

_-2T~ fg(t) cos 2z ftdt (2.3)

Iy
2
Now all the harmonics in the frequency range f to f + 6 f have
very similar amplitude and frequency so, using Eqns. (2.1) and (2.3),
the sum of them approximates to a sinusoid of amplitude
b

T6f —%[g(t) cos 2nftdt

_ip
2
Of course this amplitude is proportional to the width of the part-

icular frequency range 6. It is reasonable to think in terms of an
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“amplitude density’’, written 2a(f), which is such that 2«(f)of
equals the amplitude of the sinusoid arising from a frequency range
f to f + 6f. Comparing this with the previous expression and allow-
ing the repetition interval 7' to tend to infinity, the amplitude
density for cosine components is found to be given by

a(f) - / g(t) cos 2xft dt (2.5)
Similar arguments for the amplitude density of the sine components
b(f) gives the result

b(f) = f g(t) sin 2zftdi (2.6)

By definition, of course, a cosine wave of amplitude 2a(f)8f and a
sine wave of amplitude 26(f)df arise from the frequency range f to
f + 8, so the original transient signal g(f) can be written

g(t) = 2f[(1(f) cos 2 ft - b(f) sin 2xft] df (2.7)

1t is thoerefore possible to represent a transient signal as the sum
of sinusoids by the Fourier integral representation. summarized in
KEqns. (2.5), (2.6) and (2.7).

Symmetry

There is a reciprocal relation between a function and its spec-
trum that is not obvious from the relation given above, Eqns. (2.5),
(2.6) and (2.7). One step towards showing this reciprocity is to think
of the function g(t) as being the sum of two functions g,(¢) and
g5 (t) of which the first is antisymmetrical about the zero instant of
time, and the second is symmetrical. They can be calculated merely

by
gu() == S [g(t) —g(—0]  ga(0) = 3[g@®) +-g(—0] (2.8)

1t is evident that g, (#) must contain all the sine terms in the expan-
sion of g(t), Kqn. (2.7), since sines are antisymmetrical. On the other
hand, the symmetrical part ¢,(¢) contains all the cosine terms.
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The second step is imagine the possibility of negative values for
the frequency. As the equations stand, the function g(t) extends into
both negative and positive time and the integrals in (2.5) and (2.6)
have limits 4 oco. On the other hand, the frequency f has been
thought of as being always positive. However, if one is able to accept
that for purposes of calculation, one can consider negative values
of f; it is evident that one may write

28in 2xft =~ —sin 2 (—f)¢t + sin 2z ft

The sine terms in lign. (2.7) can therefore be thought of as if they
ranged in frequency from - oo to oo, on the understanding that for
negative values of frequency the coefficient is -b(f); that is b(f) is
an antisymmetrical function of f. On the other hand

2co82xft = cos 2z (— f)t 4 cos 2xft

8o the cosine spectrum extends to negative frequencies on the under-
standing that the coefficient at negative frequency is «(f), making
a(f) a symmetrical function.

Consequently, the antisymmetrical parts of the function and
transform are related in the way

g.(t) = [ b(f)ysin 2zftdf b(f) = [ g,(t)sin 2mfedi (2.9)

These equations have precisely the same form. They show that one
might equally well think of 6(f) as being the antisymmetrical func-
tion and ¢, (t) as being its spectrum.

In a similar way, it follows that the symmetrical parts have a
similar relation

oo

ga(t) = f a(f) cos 2xnftdf a(f) = f gs(t) cos 2xftdt (2.10)
In short, g,(t) and b(f) are ‘“‘sine transforms’ of each other, while
g»(?) and a(f) are “cosine transforms’ of each other.

In Chapter 4 it will be seen that negative frequencies can have a
physical meaning when one deals with polyphase electrical signals
or with vector quantities that have a direction in a plane as well
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as a magnitude. In most experimental applications, the variables
one deals with are scalar quantities like lengths, pressures or poten-
tials. The idea of negative frequency is then merely a device to
emphasize the mathematical symmetry. In actual calculations the
symmetry of the functions means that one need only evaluate the
integrals in Eqns. (2.9) and (2.10) between 0 and co and double the
result.

Mathematieal Examples

When the function can be given by a mathematical expression,
the transform can often be deduced. Two examples are discussed in
detail below.

— —
[e) ~— 0 N -

TFra. 2.3. A single rectangular pulse and its cosine transform. As the
pulse is made more brief, the transform spreads more widely over the
scale of frequency.

A square topped pulse. If the function is unity in the range of ¢
from -} 7 to} 7 the sine transform is zero and the cosine transform
is 1z

. ___sinzfr
a(f) = [ cos 2mftdt = t“_nf-c
-1
When the pulse is narrow, the transform is wide, and conversely,
as Fig. 2.3 shows. The shape of the transform is like the envelope of
the Fourier series that represents a square-topped repetitive wave
and which was discussed in Chapter 1. Indeed it will be shown in
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Chapter 6 that there is a quite simple connection between the series
spectrum representing any repetitive wave form and the integral
spectrum representing a transient that shows one whole cycle of
the wave form.

T —»

Cosine transforms

Sine transforms

Fig. 2.4. The cffect of delaying the pulse by a time interval ¢is to mod-
ulate the transforms by factors cos 2z fe and sin 2xfe

If the pulse does not happen to occur symmetrically about the
time origin but lasts from -}t 4 £to 1 4- ¢, it can be separated
into symmetrical and antisymmetrical parts as shown in Fig. 2.4.
The symmetrical and antisymmetrical parts both have a value } in
the range - 31 + ¢ to 3 v + . Their transforms are

%1+£
a(f) =2 f Ycos 2xftdt
—%r-f-f

which after some reduction gives
sin zft

zfr

a(f) = tcos 2xnfe-
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and similarly b(f) which varies with frequency / in the manner

sin wfv

b(f) = tsin2afe- sin 77

nfr
The second factor has the shape scen in Fig. 2.3 but it is modulated
by factors cos 2z f¢ and sin 2 f ¢. As the origin is taken further from

y
the mid point of the pulse, these oscillations become more rapid.

The *‘complex” notation developed in Chapter 4 allows this result

to be arrived at more easily.

Ry
IAVAVIVRTA!

Spectrum
-\'AVA /\ - I}I‘ - “‘{_\’ A Avl\v’
YVTUYTYN U Y

-f, o f,

Fra. 2.5. A pulse of waves of frequency fy has a transform consisting
of two patterns eentred on fy and — f,.

A wave pulse. Suppose a train of waves represented by cos 2,/
starts abruptly at — 37 and ends abruptly at }z as in Fig. 2.5.
This has symmetry about the time origin and only the cosine trans-
form need be considered. It is

Je

a(f) = f cos 2mfyt - cos 2mftdt
1.
5

1
!
=1} [ [eos2n(f fo)t + cos 2a(f + fo)£] dt

1 [smn(f—fo)r _ qm“(f‘*‘fo)""
ﬂ(/ fo)f f+ f())T
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The transform is therefore the sum of two patterns like that from
a square-topped pulse, but centred on the frequencies f, and —f,.
The effect of cutting off the sinusoid has been to spread out the
spectrum around the ordinates at + f, that would represent a pure
sinusoid. The central peak of cach pattern extends as far as fre-
quencics + 1/t on either side of its mid point. A short pulse there-
fore has a wide spread in frequency. A pulse of radio waves lasting
for 0-001 see contains quite a lot of energy in frequencies more than
1000 cycles/see different from the nominal radio frequency. This
is why scientific radio equipment that emits pulses is apt to interfere
with radio telephony on a neighbouring frequency-band.

Some Typical Devices for Analysing Transient Signals
MicHELSON and STRATTON

This is & purely mechanical instrument. The transient signal g () is
measurcd at a large number of equally spaced instants, 0, -+ 7, + 27,
... T 807. The instrument is given the values of g, or g, (Eqn.2.8) at 7,
27, ... 807, multiplies them by the appropriate values of sin 2z ft or
cos 2xft and adds the products. The sum, which approximates to
a(f) or to b(f) is presented as a curve drawn by a pen on moving
paper.

The apparatus is sketched in Fig. 2.6. A crank handle is geared
to drive a long shaft on which are fixed side by side some eighty
gear wheels graduated in diameter. These each engage with gear
wheels that are free to rotate independently on a second shaft. The
gear ratios are chosen so that the speeds of rotation of the wheels in
this second set are proportional to the integral numbers 1, 2,3, ..., 80.
Arms rising from eccentric mountings on the wheels of this second
set move levers that pivot freely about a third shaft. The rocking
motion of these levers imitates the sinusoidal factors cos 2z f1 or
sin 2z f1. Cosine factors are represented if the eccentric mountings
are adjusted so that at the start of the analysis the levers all have
their maximum displacement. If their displacements are all made
zero at the start, they imitate sine factors. The motions of these
levers are picked up by a set of long light rods whose lower ends
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can be set to rest on the levers at any desired distances from the
pivot either in front of it or behind it. These distances are in fact
made proportional to the measured values of the quantity ¢, or g¢,.

Fra. 2.6. Michelson, Stratton (1898). The handle 4 drives through diff-
erent gears the set of eighty wheels B, that rotate at speeds proportional
to the integers 1...80. Fach wheel rocks its associated lever ¢ and ver-
tical simple harmonic motion is produced in a light rod D whose lower
end can be set resting at any point along the lever. The rods extend
springs attached to an axle ¥ whose rotation lifts a pen by a lever and
cord G. The pen writes on a tablet H that is driven horizontally as the
handle A is turned.

The vertical displacements of these rods, now proportional to the
product of g, or g, and a sinusoidal factor, are made to extend short
springs all attached to one side of a common axle, whose rotation
is opposed by the pull of a single large spring on the other side. If
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all the light springs have the same elastic constant it can be shown
that the rotation of the common axle is proportional to the sum of the
vertical displacements of the long rods. The axle carrics an arm that
moves a pen vertically up the face of a paper sheet which at the same
time is geared to move horizontally through a gearing to the crank
handle.

In a sine analysis the pen deflection after the slowest lever has exe-
cuted a fraction F of a cycle is

n o 80
b(F) = N ¢gy(nt) sin 2anll
O

In a cosine analrysis it is
no8
w(l') = 3 ya(nt) cos 2anF
0

Comparison with Egns. (2.9) and (2.10) shows that the frequency f
is expressed by F/r, so turning the handle of the machine eorresponds
to exploring the scale of frequency. The machine is stopped after the
slowest lever has made half a cycle and a linear seale of frequency is
drawn on the record between 0 at the start and S at the finish.

The true scale of a(f) or b(f) is obtained by knowing that at the
start of the cosine analysis the pen deflection is a true «(f) value of

n == 80}

a(0) =21 Y g5(nt)
1

In cosine analysis the machinet ignores g,(0) so an amount 7 ¢,(0)
should be added throughout by suitably shifting the zero of the a(f)
scale.

Many analysing machines act by synthesizing harmonic sinusoids in
this way. The summation error is discussed on p. 89.

MaxweLL (1940)

Analysis by synthesis can be represented in terms of electrical
voltages. Maxwell built an apparatus in which sinusoids were re-
presented by the fluctuating amplitude of a.e. voltages, there being
some advantage in using a. c. rather than d. c. in a laboratory instru-
ment. The voltages were got from small coils trrning at the desired
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frequency within air-cored solenoids, as in Fig. 2.7, supplied with
alternating current whose strength could be adjusted. A stationary
pick-up coil was included to avoid negative values appearing in the
final sum, for this would have called for a method of distinguishing
a reversal in phase of the final a.c. voltage. Maxwell’s apparatus
added only two sinusoids, but the principle was carried much further
by later workers (see Chapter 3).

Solenoid
Fra. 2.7. Maxwell (1940).
A small coil turning in & T TaT T
solenoid  earrying  a. c., ]
gives an a. c. voltage whose "
amplitude varies sinusoid- Stator | ! Rotor
ally with a maximum de- i
pending on the solenoid
current. Such modulated
a.c. signals can be added.
provided they strictly
agree in a.c. phase, toimi-
tate the sum of sinusoids.

Motor
drive.

Borw, FurrH, PrRINGLE (1945); Forrh, PRINGLE (1946)

This is an optical system, very rapid in action, which takes the
transient function in the form of a variable density or variable area
trace and displays its sine or cosine transform on the face of a
cathode ray tube.

A circular photographic plate (Fig. 2.8) shows a pattern of closely
spaced parallel fringes across which the transmission coefficient
varies sinusoidally. An image of this plate is projected upon a mask
pierced with a long fine slit. The transmitted light is caught by a
cylindrical lens with its axis at right angles to the slit and is imaged
on the trace whose transmission represents the function under
examination. By this arrangement, the illumination on the trace
varies sinusoidally along its length, the separation of the fringes
depending upon the secant of the angle between the slit and the
fringes on the original plate. The total transmitted light is evidently
a measure of one Fourier amplitude of the function represented on
the trace. In analysis, the plate rotates so that the fringes expand
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and contract and the transmitted light is caught by a photocell
whose electrical output is displayed on a cathode ray tube with its
sweep synchronized with the rotation of the first plate. The cathode
ray tube therefore displays the spectrum of the trace during each
rotation of the plate.

The cosine spectrum is displayed if the axis of rotation of the
plate passes through a point of maximum or minimum transmission,

— | [T -~ —
— J 1 9

lens len s

S

F1c. 2.8. Born, Furth, Pringle (1945). Light passes through a plate
marked with twenty parallel fringes that rotates in a journal bearing, A.
A lens forms a reduced image of this plate on a vertical slit S, and a
cylindrical lens with its axis perpendicular to the slit forms an image on
the mask M. The image is a set of horizontal fringes whose spacing va-
ries as the plate A rotates at 10 cycles/sec. The transmitted light is
collected on a photocell and its output is displayed on a cathode ray
tube which draws the sine or cosine spectrum during every rotation
of the plate.

and the sine spectrum is displayed if the axis passes through a point
midway between the positions of maximum and minimum trans-
mission. The position of the plate relative to the axis can be adjusted
to achieve these conditions. The measured transforms have been
shown to agree closely with their calculated values in a number of
examples.

The original apparatus was designed to deal with relatively simple
functions capable of being described by harmonics up to the 20th
order, and the plate carried 20 fringes.



CHAPTER 3

ANALOGUE DEVICES

THE mathematical process of finding Fourier coefficients has been
imitated experimentally in such a variety of ways that it is difficult
to be entirely systematic in describing them. There are however the
broad divisions of numerical calculation, of graphical techniques
and of mechanical, electrical and optical analogues: the account
that follows is arranged in that order. Discussion of the instruments
that involve modulation or filters or diffraction will be deferred till
later chapters.

In some cases, the analogue machines evidently put into practice
the ideas involved in graphical methods or numerical calculation.
Attention will be drawn to such similarities, since they help to make
the principle of the machine more obvious.

Computation of Fourier series

1t is appropriate first to draw attention to a trick of analysis that
is useful in computation generally. It makes use of the symmetrical
properties of the harmonics. The wave form that is being analysed
may show mo particular symmetry but it can be thought of as the
sum of two curves, of which one is symmetrical and the other is
antisymmetrical about the middle point of the interval. This is
illustrated in Fig. 3.1. The cosine components of the harmonic series,
being all symmetrical about the middle point of the interval are
all contained in the symmetrical curve. Conversely, the sine com-
ponents of the series are all contained in the antisymmetrical curve.
Both curves may now be analysed but their symmetry allows the
numerical averages to be found by calculation over only half the
length of the interval. This halves the numerical work. The process
can be carried further by separating the symmetrical curve into two
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parts which are respectively symmetrical and antisymmetrical
about the 3/4 point of the interval and which must therefore be
made up of cosine components of even order and odd order respect-
ively. The antisymmetrical curve is treated similarly. Four curves
are then to be analysed, seeking the appropriate components present

/)

VU

AN A AL
Y Y \/ U/

even cosines odd  sines
/\/\ I/\f ) JA
J% U U T

odd cosines even | sines

AN A

Fiu. 3.1. Symmetry can reduce the work of analysis. Only the hatched
portions of the four derived curves need enter the calculations.

in each, but their symmetry means that the numerical averages
need extend over only a quarter of the whole interval. The numerical
work is reduced to one gquarter.

In computation one cannot of course take the entire curve but
only selected values. Representing a curve by the height of its ordi-
nates at equally spaced intervals along the abscissa is an approx-
imation and a possible source of error.
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Discussion of these errors will be reserved for Chapter 6 or may
be read in papers by Cochran (1948) and Fellget (1958). The errors
arise when high order harmonies are present in the curve. It can be
shown that if there are no harmonies with significant amplitude of
higher order than, say, the nth, then no significant error is introd-
uced, provided that not fewer than 2n equally spaced ordinates ave
used to represent, the curve.

The following will serve to illustrate a calculation with 12 ordi-
nates, effective so long as harmonics up to only the sixth order are
present in the curve. The ordinates are taken at intervals of 30~
where 360° represents the length of the complete wave cycle.

t — 165° 1357 —105° 759 - 45° — |5"# 1539 457 75" 1050 1257 165"
I — S
|
gy 2 —1 —3 0 4 20 6 00 2 -8 1 3
Fold 2 4 0 —3 -1 2
L2
(1) Add to give symmetrical part | 8 14 2 —11 0o 3
Fold | 5 0 —-11
| n
(a) Add for even order cosines 13 14 -9
(b) Subtract for odd cosines 3 14 13 ‘
— | __
|
(2) Subtract to give antisymmetrical part + 6 2 ' -5 2
Fold I 2 =D
(¢) Subtract for even order sines : 4 7 l
(d) Add for odd order sines 5 8 --3 '

Each of the short series (a) (b) (¢) and (d) may now be taken in
turn and used to find the appropriate harmonies. For instance,
series (a) contains only the cosines of even order. To find the am-
plitude of the fourth order cosine harmonic, the series must be mul-
tiplied by cos 4t and averaged, ! having the values shown. Division
by 12, the original number of ordinates, gives -1.0 for the ampli-
tude a,. The procedures for finding other coefficients are exactly
analogous.
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t 15° 45° 75°
Series (a) 13 14 —9
cos 4t 0-50 —1-00 0.50
Products 6-5 | — 14 — 4.5 Total —12.0
2l -

The process has been described by Terman (1948) for 6 ordinates
and by Manley (1945) for 48 ordinates. Werenskiold (1942) de-
scribes a summary method in harmonic analysis using 24 ordinates.

Aids to Caleulation

The most tedious part of calculation is probably that of finding
products. As an aid to caleulation, one may have suitable products
already tabulated. Thus Bartels (1931) recommends the use of a
table. Beevers and Lipson (1936) produced a set of cardboard strips
suitable for the Fourier analysis of a curve represented by 60 ordi-
nates. The strips for cosine calculations are arranged in a box with
divisions corresponding to each 6° of ¢ between 0° and 90°. Kach
division contains strips headed by the integral numbers 1 to 99,
with negatives on the reverse side, and below are the products with
the values of cos nt where n ranges from 1 to 30. A similar box holds
strips with sine products. To analyse a curve represented by 60 ordi-
nates, one may use the symmetry rules to reduce this to 4 curves
of 15 (Ross, 1943).

The first use of strips carrying products is attributed to L. Her-
man in 1890 (see Robertson, 1948). Robertson (1948) devised a
more numerous set of cards with three-figure accuracy and describes
also a mechanical device for selecting them. Further modifications
have been described by Beevers (1952), Alexander (1953) and Tim-
brell (1958).

The process is of course quite suitable for digital machines, and
Beevers (1939) describes a circuit of uniselectors and counters that
imitates the action of the cards but is much more rapid. Other
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machines have been described by MacKwan and Beevers (1942),
and Robertson (1955).

Programmes of Fourier analysis have been devised for machines
working on punched cards or for electronic digital computers, such
as K. D.S.A.C. Some references are given below.

Punched card machines. Shaffer, Schomaker, Pauling (1946);
Cox, Gross, Jeffrey (1947); Nowacki (1948); Hodgson, Clews,

Cochran (1949); Greenhalgh, Jeffrey (1950); Kartha (1953);

Digital computers. Bennet, Kendrew (1952); Mayer, Trueblood
(1953).

Graphical Methods

It has been pointed out by Manley (1945) that when only a very
few harmonics are present in strength, their frequency, amplitude
and relative phase can often be picked out by inspection. As an

(o)

N T/\/\/\/\/\/\/\
AANAYY

Fra. 3.2. Manley (1945). Analysis by inspection.

example, the curve (a) in Fig. 3.2 repeats its behaviour after the
interval shown and an avpraging of the more rapid oscillations
suggests the broken sinusoid as being the fundamental. Added to
this is a higher frequency tone showing beats as indicated in (b).
Since the higher frequency is continuously present and shows seven
cycles for each one of the fundamental, the most prominent harmonic
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ix the seventh and its amplitude is the mean of the maximum and
minimum that appear in the beating. The amplitude of the next most
important harmonic is half the difference between the maximum
and minimum amplitudes that appear in the beating. This harmonic
must be either the 6th or 8th because it produces only one beat per
cvele with the 7th; it can be scen to be the 8th, because the high
frequency oscillation is slightly more rapid when its amplitude is
large than when it is small. Manley shows techniques of this kind
applied to many complicated wave forms.

-7 ° NS

Fia. 3.3. Ashworth, Harrison. Suceessive ordinates of the curve being

analysed are plotted at uniformly increasing angles to find the vector

total. This diagram shows six ordinates plotted at suceessive multiples
of 60° to evaluate the first order harmonies.

A more systematic method that detects harmonies of quite small
amplitude is due to Ashworth and Harrison (1906). The successive
ordinates of the curve are replotted as a series of vectors at angles
that successively increase as illustrated in Fig. 3.3. The x and y
coordinates of the end point are evidently the summed products of
the ordinates and the cosines or sines of the angles and, when the
angles are properly chosen, measure the amplitude of the cosine and
sine harmonic. A fresh plotting must be made for every different
harmonic order. Harvey’s (1930) process of analysis by weighing
imitates this principle.

Another method, used by Hermann (1909) is to replot the curve
against - cos 2zntf or sin 2z nt as abscissa instead of ¢, as in Fig. 3.4.
The area of the figure so formed can be measured by a planimeter
and is a measure of a harmonic amplitude. A new plot must be made
for each cosine and sine harmonic. The mechanical instruments of
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Mader (1909), Chubb (1914) and Hartenheim (1917) use this prin-
ciple. Straiton and Terhune (1943) avoided the replotting by de-
forming the graph sheet of the curve on a former made up of tan-
gential semi cylinders and rephotographing it from a sufficient dis-
tance. Areas were then measured on the photographs. Johnson (1941)
presented the plots on the screen of a cathode ray tube.
Multiplication can be avoided by choosing a different set of ordi-
nates for evaluating each harmonic (Fischer-Hinnen, 1909). To find
for example the third cosine harmonic amplitude of a curve graphed

09 o o )
g8 3 g8 8% ° %83
A N\
g(t) k 7 \ \7p,
oo o o9 0Q O O 0 no
g2 8 8 % a2 Ra s = 2 g%
——— —_—
- cos 2Tint sin 271 nt

Frc. 3.4. Herman (1909). The curve is replotted against sin 2znt or
— cos 2zrnt to find a, or b, from the areas so formed. The diagram
represents replots for finding the first order harmoniecs.

between 0° and 360°, ordinates are measured at the six points where
cos 3t takes values 1 and 1 as in Fig. 3.5. These are averaged
after alternate reversals of sign. It can be shown that the result is

not a,; but ay Fag +ag -+ - - - ete.

The value of @, can be deduced, however, avhen the higher har-
monics have been measured in a similar way. Lombardi (1920)
made an apparatus working on these principles to detect harmonics
in the output of an alternator.

A variant of this method has been used by Daniels (1952) as a
means of graphical analysis. To find the nth cosine harmonic, he
erects ordinates where the zeros of the harmonie fall (that is at 0°,
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180/n, 360/n, etc., for the sines or at 90/n, 170/n, ete., for the cosine.
A planimeter is then used to total the areas below the curve, alter-
nate areas between ordinates heing counted negative. One traces
over the “positive’ parts of the curve first, returning the planimeter
down an ordinate to the zero line in the ‘“negative’ intervals. The
“negative’ regions are then included on the return stroke when the
“positive’’ regions are omitted. New ordinates must of course be
erected for every different sine or cosine harmonie. Daniels proposes
the use of a succession of transparent sheets on which the proper
ordinate lines are marked. The area after division by the length of
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Fia. 3.5. Fischer, Hinnen. Ordinates m‘v measured wherever the har-

monic sinusoid takes values —1 ar 1 (the heavy lines) and are meaned

with appropriate sign. Daniels (1952) erects ordinates where the har-

monic¢ smusoid is zero (the broken lines) and totals the intervening

areas with appropriate changes of sign. A correction for higher harmo-

nics is necessary in both cases. The figure represents the construction
for finding aj.

the base line of the curve includes a fraction of the amplitudes of
higher harmonies. Thus the process aimed at the n th cosine amplitude,
a, actually gives @, — gy + 1 g, — - - - ote.
but the proper correction can be applied when the higher harmo-
nics themselves have been measured in the same way. Barber (1952)
suggested an amended process which would avoid the contribution
produced by the harmonic a,, when measuring a,, and Crease and
Tucker (1954) showed how to avoid the contribution from a;, also.
Heurta and Casals (1954) find it an aid to have sinusoids with a range
of amplitudes graphed on a single chart. Ordinates are taken off from
this plot, using the sinusoid whose amplitude is equal to the ordina- e
of the original curve. The ordinate lengths are added graphically.
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Mechanical Methods

Weighing. Harvey (1930) describes a modified chemical balance
(Fig. 3.6). A set of horizontal bars are arranged to pivot one above
the other about a vertical axis that is attached to the balance direct-
ly below the knife edges. Equal weights riding on each of the bars
can be set out to distances proportional to the ordinates of the curve
that is to be analysed. The bars are then rotated through angles
proportional to the corresponding abscissae of the curve, and the
out-of-balance is found by adding weights to the balance pan. A

e /
.

T
|
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Fra. 3.6. Harvey (1930). Analysis by weighing. The idea was extended
by Vand (1952) to an automatic machine synthesizing harmonics to the
140th order.

different setting of angles must be made for each harmonic that is
examined. The method recalls the graphical method of Ashworth
and Harrison. As described, the device has twelve bars and by use
of symmetry would be able to analyse a curve of 48 ordinates up to
the 24th order harmonie.

Vand (1952) describes a machine that synthesizes or analyscs
harmonics up to the 140th order. It is formed in a rigid rectangular
framework pivoted on knife edges about the horizontal diameter. A
small motor on the top of the frame drives gear trains arranged along
the top of the frame and down one side and these turn shafts cros-
sing the frame, fourteen vertically and ten horizontally. Where the
shafts cross, gears take the sum or the difference so as to drive 140
vertical spindles rotating at speeds in arithmetic progression. Discs
mounted on these spindles each carry a spigot to which a variety of
weights can be attached, each proportional to the amplitude of the
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corresponding sinusoid. When the motor is started, the changing
positions of the weights produce gravitational moments that cause
the frame, which is bottom heavy, to deflect very slightly. The de-
flections are recorded optically and the resultant curve is the syn-
thesis (or analysis) of the original data that the assembly of weights
represents.

Curve-tracing instruments. These provide measures of the harmo-
nic amplitudes after tracing the machine over a curve that is to be
analysed. That of Mader (1909) in effect produces a moving point
whose path is the original curve replotted against cos nt or sin nt
instead of ¢. It is therefore a realization of the graphical method
used by Hermann (1909). A planimeter is attached to the moving
point and records the area of its path, that is the amplitude of the
harmonic. Successive harmonics are found by successive tracings
after a suitable change of gears. The instrument is commercially
available, giving harmonies up to order 14. Tts accuracy is discussed
by Baer (1937) and Nystrom (1938).

The instrument of Henrici (1894) evaluates five harmonic ampli-
tudes at a single tracing and can work up to the 50th order (Miller,
1916 A).

An instrument working on the principle of Harvey (1934) and
Yule (1895) is described in the Z. Instrumentenk. 59, 288-92, 1939.
It gives harmonics up to the 6th order, or with additional gearing
up to order 13. Harvey’s 1934 paper is reprinted in Manley (1945),
pages 213-218.

Charp (1949) describes an analysing instrument using 4 ball and
disc mechanisms.

The Addition Process

Chain and pulleys. The weakness of the Michelson-Stratton ma-
chine described in Chapter 2 lies in its method of summing the sinus-
oidal motion by spring tension. Springs are apt to change their
elastic constant with time. A better way of adding displacements
was used by Kelvin (1878) in his tide predicting machine. Here a set
of pulleys works on a long chain or metal strip that is under con-
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stant tension. The principle is illustrated in Fig. 3.7. The machines
of Kranz (1927) and Vand (1949) use this method of addition, but
friction limits the number of harmonic elements.

The amplitudes of the sinusoids are usually controlled by adjust-
ing the radius of motion of an eccentric pivot, but Caimann and
Hoppe (1953) use pairs of eccentrics fixed in amplitude but adjust-
able in relative phase to give any desired amplitude on addition.

(RN RRERNE] [ R R
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Frc. 3.7. Addition by pulleys, Fra. 3.8. Shilton (1944).
after the manner of Kelvin’s tide Hydraulic addition.
predicting machine.

Oil pistons. Shilton (1944) summed displacements by applying
them to pistons whose cylinders were all connected together and filled
with oil. The piston in an additional eylinder connected to the system.
moved a pen by an amount proportional to the sum of the sinusoidal
motions.

Sand. MacLaughlan and Champaygne (1946) have described an
interesting mechanical device that is suitable for synthesis in two
dimensions (Fig. 3.9). It uses sand as the measuring material. The
flow from a long hopper is controlled by the rate of rotation of a long
horizontal roller blocking the orifice. After being scattered in a mesh
so that its rate of fall is uniform over a long rectangular area, it falls
on a cut-out mask whose opening varies sinusoidally along its length.
The apparatus is moved slowly sideways and the falling sand accu-
mulates in a grid. By fitting masks with different sinusoidal profiles
and by adjusting the rate of flow by the speed of the roller, sinusoids
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of different wave number, amplitude and orientation can be accumu-
lated in the grid. The depth of accumulated sand is then a measure
of the synthesized two-dimensional function.

Fia. 3.9. MeLaughlan, Champaygne (1946). A two-dimensional syn-
thesis of sand patterns. The diagram is somewhat simplified; provision
is made for disposing of the sand that strikes the mask as it falls.

Eleetrical

Harmonzics in power supplies. The wave shape of alternating cur-
rent in electric power supplies has been of importance to engineers
for a long time. Des Coudres in 1898 (see Dina, 1916) advocated the
Fourier system of measuring the harmonics by multiplying by a
harmonie sinusoid and averaging the product. Dina obtained this
multiplication by a wattmeter, the inertia of the instrument provid-
ing the necessary smoothing. Labouret (1921) fed the alternating
current to the field coils of a converter and drove its rotor at the
speed appropriate to the harmonic being sought; the d.c. output
from the converter indicated the amplitude of that harmonie.
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The signal and the sinusoid need not explicitly be multiplied. It
is sufficient if the two are added and the total is squared, for the
square of the sum involves the product. It is true that other terms
appear and contribute to the d.e. output, but Liable and Binder
(1930) overcame this difficulty by making the frequency of the
sinusoidal slightly different from that of the harmonie being sought.
When the sum of the signal and the sinusoid was passed to a square-
law voltmeter, its pointer showed slow beats as the phase of the
sinusoid slowly changed in relation to the phase of the harmonic.
The amplitude of the beats is then a measure of the product, and of
the harmonic amplitude when the amplitude of the sinusoid is
known. Nicholson and Perkins (1932) used a dynamometer to show
the beats and Greenwood (1932) used an cleetronic valve with a
square-law characteristic.

An alternative way of measuring a harmonie is to use tuned cir-
cuits that select it. and P. de la Goree (1914) gives practical details
of the construction of suitable inductances and capacitors. Blondel
(1915) reviews his own and Goree’s work in this matter. Roth (1918)
got improved selection by using a dynamometer built with two sta-
tionary coils tuned a little above and a little below the frequeney of
the harmonie being sought. But since there is some difficulty in relat-
ing the original harmonic amplitude to the response of a tuned cir-
cuit, Blondel (1925) and Rogers (1948) found it better to use a null
method. At the same time they avoided the difficulty of creating
harmonic frequencies in sinusoidal form, by using a calibrating signal
whose harmonic amplitudes were known ; thus Blondel used a square
wave. An adjustable fraction of the calibrating signal was subtracted
from the signal under test until a detector tuned to the frequency of
the harmonic showed no response.

A quite different idea was used by Lombardi (1920), who arranged
for momentary contacts to be made 1, 3, 5 or 7 times per wave cycle
and the voltages added in a bank of condensers. At three contacts
per cycle the condenser voltage is independent of the fundamental
but depends upon the 3rd, 6th and 9th order harmonics. Correction for
the higher harmonics can be made after these have been measured
in a similar way. Gates (1932) reduced the necessary correction by
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making each contact last for a third of the contact cycle. The basic
idea is very like the graphical method listed under the name Fischer-
Hinnen. Gates’ modification shows the likeness between this method
and the “chopping” method of Barlow and Keene, which is discussed
in Chapter 5 as a process of modulation.

The harmonics are often of small amplitude. They are enhanced
in proportion to their order, and so are more easily measured, if the
current first passes through a differentiating network (Blondel, 1926).

Electrical multiplication. Ohm’s law (Fig. 3.10) affords a conven-
ient means of forming the product of two quantities, one represented
by the magnitude of the current and

L-—voruioge the other by the magnitude of the resis-
: tance. The machine used by Vasilesco
I' Resistance (1934) employed a resistance that varied
——VWWWWWWWA— sinusoidally (or a stepwise approxim-
> Current | ation to a sinusoid) and was supplied

Fia. 3.10.

, N with a current showing a rapid and
Ohm’s law for multiplication . e e e e e
of quantities represented by a  transient fluctuation in imitation of the
current and a resistance. function that was to be analysed. This
current was derived from arotary switch
that selected in rapid sucecession from a bank of rheostats adjusted
to represent the ordinates of the function. The voltage that was
developed in the fluctuating resistance passed to a ballistic galvano-
meter which in effect integrated the voltage and gave a throw
proportional to the harmonic amplitude. The gears driving the
sinusoidal resistance could be changed to assess the harmonics of
different order.

Vasilesco’s method is comparable with Bekesy’s optical method
in the sense that only one sinusoid is introduced at one time to deter-
mine the amplitude at one point of the spectrum. A second operation
with a different sinusoid calculates a second point on the spectrum
and so on. This attack on the problem is often less useful than the
idea employed by Michelson and Stratton (Chapter 2) to get the
spectrum by synthesis. This alternative approach calls for many
sinusoids to be generated at once, a sinusoid for each different ordi-
nate that is used to represent the original function. On the other
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hand, the process corresponding to the integral sign in the Fourier
formula presents little difficulty, for it is only a matter of adding
similar quantities all generated at the same time. One is not then
driven, as is Vasilesco, to perform the whole process of modulating
the original function by a sine wave in so short a time that the inte-
grating device does not ‘‘forget’’ the early part of the process. Many
of the electrical analogue machines work by synthesis. Most of them
were directed at the study of crystal structure by X rays. The multi-
plication is commonly brought about in potentiometers where the
current is made to vary sinusoidally and the contact is set at the
start of the analysis.

Ryme and Butler (1944) used a direct current apparatus. Voltages
proportional to the values of a sinusoid at 20° intervals were made
by a cascade of resistance across a battery. These were connected
through mercury cups to a set of potentiometers whose sliding con-
tacts were adjusted to represent the ordinates of the curve being
measured. The sum of the output voltages was observed on a gal-
vanometer. The interconnection between the mercury cups carrying
the voltages to the potentiometers was made by one of a number of
plywood strips fitted with interconnected metal studs, a different
strip being put in place for every different coefficient that was being
measured. The description the authors give refers to an instrument
with 18 potentiometers. By the use of the symmetry rules this
should allow a curve to be analysed to harmonics of the 36th order.
This would, however, require seventy different plywood jigs to be
made and used successively.

Hagg and Laurent (1946) describe a potentiometer device using
alternating current, which is preferable to direct current in some
ways. A transformer with multiple tappings gives voltages propor-
tional to the successive ordinates of a sine wave. The connections
between these points and the potentiometers whose settings repre-
sent the curve that is being analysed, are made by uniselector swit-
ches. This arrangement no doubt speeds up the process of analysis.
It is arranged to provide harmonics up to the 16th order. A very
similar system is described by Braun (1958).

The instrument described by Bowen and Burnup (1951) generates
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only one sinusoidal voltage at any one time, this being got by apply-
ing simple harmonic motion to the sliding contact of a potentio-
meter. This sinusoidal voltage is applied in succession to 24 potentio-
meters whose sliding contacts are set to represent the ordinates of
the curve to be analysed. The voltages that develop on these poten-
tiometers successively pass to an integrating circuit. The analysis
proceeds rather slowly and one has to adjust the speed of the mechan-
ical drive to make it execute some whole number of oscillations
during the time taken for the uniselector to run through the rank of
potentiometers.

Frank (1957) deseribes an analyser modelled upon that of Hagg
and Laurent but arranged to include harmonics up to order 20. He
emphasizes the importance of using components that are commer-
cially available and states that the instrument has given very little
trouble.

Maxwell (1940) proposed a synthesizing apparatus in which the
different sinusoids were represented by the sinusoidal variation of
amplitude in alternating currents. He produced a model using vari-
able air cored transformers whose secondary coils rotated at the speed
of the sinusoid to be represented, though his model includes only
two such elements. The amplitude of the sinusoid is adjusted through
the amplitude of the current fed to the primary. The output volt-
ages are added and displayed. Shimiz, Elsey and McLachlan (1950)
adopted this idea in an instrument adapted for synthesis to the Sth
order. The variable inductances were “‘selsyns”, the rotors of which
were turned at different speeds by gear trains. The gearing was made
to facilitate synthesis of a two-dimensional pattern. Provision was
made for extending the apparatus to include harmonics up to the
16th order. Beauclair (1949) uses a similar principle in an apparatus
built with fifteen rows and thirteen columns of instruments like
selsyns to synthesize functions in two and three dimensions.

Mohanti and Booth (1955) synthesize sinusoids that are stored
ready for use on a magnetic drum.
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Optical Synthesis and Analysis

The light transmitted by a variable density or variable area mask
is the produet of the incident intensity and the function that the
mask represents. Addition of light {luxes can be made either photo-
graphically or by a photocell.

The apparatus of Bekesy (1937) has already been described (Chap-
ter 1). Montgomery (1939) used a similar idea but the functions he
analysed were on variable area sound track. The image of the sound
track was projected on to slides whose transmission varied sinusoid-
ally along the length of the sound track image. The total trans-
mitted light was caught in a photocell. The phase of the particular
harmonic was found by moving the slide lengthwise to find the posi-
tions of maximum and minimum transmission. A different slide was
used in determining cach different order of harmonic.

Furth and Pringle (1944) describe a synthesizing apparatus in
which sinusoids up to the 9th order are represcented as transparent
traces of varying width on sueccessive annular zones of a rotating
disc. The light passing through a radial slit in front of each trace is
controlled in intensity by the adjustment of a neutral optical wedge.
The light accumulated from all the traces is passed to a photocell
for measurement. A method is described for analysis in which the
light from any one sinusoid can be multiplied electronically by the
signal that is to be analysed (which is also reproduced photoelectric-
ally). This seems to be an unnecessary addition since the machine
can be used for analysis by adjusting the optical wedges to represent
the ordinates of the curve. The synthesis or analysis lends itself to
display on an oscilloscope screen.

Lohmann (1959) points out that two similar grids with their lines
inclined at an adjustable angle, create a system whose transmission
varies approximately sinusoidally (Moiré fringes). He suggests that
such fringes could be imaged on a cut-out mask representing the
function whose spectrum is required. The spacing of the fringes can
be adjusted by altering the angle between the two grids, and Fourier
coefficients would be determined in succession.

A rotating disc printed with black and white sectors (a strobo-
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scope) can be used to pick out frequencies in the fluctuating intensity
of light. It is usually convenient to drive the disc at a constant speed
and to have sector patterns of a variety of different angular spacings
on different annular zones of the disc. T. de Nemes (1934) points out
some advantage in having two annular zones for each frequency, the
black sectors in one zone corresponding with the white sectors in the
other; fringes are then more obvious by contrast. The stroboscopic
disc is a useful way of detecting the phase and frequency of fluctua-
tions in lighting but the amplitude of the fluctuations is less easy

—— e —— ——

Fie. 3.11. Lohmann (1959). Moiré fringes, formed by inclined grids in
front of a slightly extended source of light. The intensity variation is
sketched on the right and is not truly sinusoidal.

to assess. Railsback (1937) built an apparatus by which a number of
stroboscopic discs were driven at different speeds by a tuning fork
and amplifier. It was able to determine the pitch of musical notes
more accurately than they could be set by ear and was directed at
improved piano-tuning. The sound was of course detected by micro-
phone and arranged to produce synchronous flashes in a neon lamp.
Fischer (1950) has described the use of both rotating dises and mov-
ing rasters in detecting the frequencies in complex acoustic wave
forms.

Robertson (1950) has used the deflection of an optical beam to
add harmonic sinusoids. It is successively reflected between a set of
fixed mirrors and a set of deflecting mirrors whose simple harmonic
oscillations are produced mechanically.
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Optical synthesis in two dimensions. A great advantage of optical
processes is that they can simulate Fourier processes in two dimen-
sions. Bragg (1929) proposed the idea of adding sinusoids in two di-
mensions by exposing a photographic plate in succession to sinus-
oidal fringes having different spacings and orientations. The ampli-
tude appropriate to each fringe pattern was introduced by adjusting
the length of exposure. The density of the plate after development
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Fig. 3.12. Eller (1951). A long slit L acts as an extended source of light

to illuminate a mask of sinusoidal patterns, S. The shadow thrown on

the photographic plate P shows a sinusoidal variation of intensity. The

fringe spacing is controlled by adjusting the distance SL. The plate P
is turned to record fringes with the desired orientation.

is not of course precisely proportional to the illumination it has
received so the synthesis is not exact. Huggins (1941, 1944) developed
this method and Howell, Christiensen and McLachlan (1951) prod-
uced a set of microfilm carrying sinusoidal fringe patterns with all the
desired spacings. Eller (1951) showed, however, that by using a line
source of light and a single mask of variable area patterns one could
produce fringes with all the necessary wavelengths in quite a simple
way. The scheme is indicated in Fig. 3.12. His idea was put to use by
Bru, Rodrigues and Cubero (1952) and by Bru, Garcia and Roderi-
gues (1955). A review of optical devices is given by Howell (1959).
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Optical interference fringes have been used in Fourier synthesis
hy Hanson and Lipson (1952), Hanson (1952) and Mertz (1956).

Pepinsky (1947) has presented two-dimensional syntheses on
an oscilloscope screen by causing the spot to sweep rapidly (1000
cyeles/sece) in the X direction and more slowly (1 eyeles/sec) in the
Y direction after the manner of a television display. A sinusoidal
signal that modulates the intensity of the spot then produces a
sinusoidal fringe pattern. Different sinusoidal signals can be added
hefore applying them to the control of the intensity, and the corres-
ponding fringe patterns appear added on the sereen. The obvious
advantage of the method is that the synthesized pattern can be seen
at once, and the trial-and-error methods that are necessary in X-ray
studies to decide the proper sign of all the Fourier elements are less
time-consuming. 1t is essential that the sinusoidal frequencies
should synchronize precisely with the rates of scan. Pepinsky achieves
this by using the 1000 cycles/sec signal to produce a rotating
ficld in the stators of a number of selsyns. If the rotor turns at
exactly 1,2, ... ete. eycles/see, the frequency it gives out is 1000 - 1
or | 2ete. cyeles/see, the sign depending upon the sensc of rota-
tion. The rotors are driven mechanically by gearing that makes their
rotation some whole-number multiple of the frequency of the Y
sweep. This instrument very adequately answers the need for a rapid
preliminary synthesis in X-ray crystallography. The author empha-
sizes that it is not a replacement for aceurately calculated contour
maps of electron density in the final stages of a suceesstul structural
determination.
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CHAPTER 4

THE UNDERLYING THEORY

Tur previous chapters have spoken of methods of analysing the
varying pressure in a musical note or the varying displacement of
the ground in an earthquake. These are fluctuating quantities but
they are either directionless like air pressure or their direction is
prescribed, as when one decides to study an earthquake by record-
ing, say, the vertical displacement of the ground. Mathematicians
however have long since shown that the the-
ory underlying Fourier analysis is essentially
a theory of vectors. For example, the sine
wave itself has been defined in Chapter 1 as
the varying vertical displacement of a point
Fre. 4.1 The sum of bwo w'hich is actually moving on a circular path.

rotating veetors. Circular motion, not sinusoidal motion is re-

ally the basic idea.

This chapter will outline the fuller theory, for if we adopt the
proper point of view, it becomes possible to give quite simple answers
to some curious questions which arise in using analysing machines.

The basic idea is uniform circular motion. The number of rev-
olutions per second is the frequency of the motion. The radius of the
circular path is called the amplitude of the motion. Circular motions
may have different frequencies and different amplitudes. Two or
more circular motions can be added. Thus, in Fig. 4.1, a rod 04,
pivoted at O, may have attached to it a second rod 4 B, pivoted to
the first at 4. The displacement of B from O is then the sum of the
vector distance 04 and 4 B. If the rods both turn about their pivots
at different fixed angular speeds, the point B moves on a compli-
cated path which is the sum of two circular motions. Still more com-
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plicated motions can be found by combining a greater number of
circular motions.

Indeed it will be assumed that any complicated motion of a point
such as B can be created by adding together a sufficient number of
circular motions having the proper frequencies and amplitudes. The
problem is to discover what these frequencies and amplitudes are.
To make the question more definite, suppose that the moving point
continually repeats a complicated motion, each cycle occupying a
time 7'. Evidently, if it is to be represented as the sum of circular
motions, each of these themselves must make some whole number
of rotations in each cycle of the complicated motion. Their frequen-
cies will be integral multiples of 1/7". Here it should be noted that
circular motions exccuted with the same speed but in opposite direc-
tions around the circle are quite different motions. If angles meas-
ured in one sense are positive, angles measured in the other sense are
negative, and it is quite reasonable in this context to speak of posi-
tive and negative frequencies, however unusual this may seem. Zero
frequency is possible too. If the rod OA in Fig. 4.1 were held station-
ary, the point 4 would have zero frequency and remain at a con-
stant vector displacement from the centre 0. In short, the circular
motions can have any of the frequencies 0, - 1/7', 4 2/7 ete.

What is the average position of a point which is executing circular
motion? By this is meant a time average, or the centre of gravity of
all the positions the point assumes at, say, 100 equally spaced in-
stants throughout the interval. If the average is taken during a
complete rotation, the mean position is the centre; its displacement
from the origin is zero. Consider now the position of a point execut-
ing a complicated motion, averaged over one complete cycle. All
the inherent circular motions (with one exception) have execcuted
a whole number of rotations and make no contribution to the average
position. The one exception is that component which has zero fre-
quency. This component is a constant: the average of the whole
complicated motion is merely the component of zero frequency.
Thus the value of this component, its amplitude and direction, could
be found numerically merely by averaging the positions of the mov-
ing point throughout its history.
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This idea can be carried further. Suppose we wish to find the ampli-
tude of the component of frequency - 3/7' (the one which produces
a rotation in the anticlockwise sense three times during each cycle
of the complicated motion). The complicated motion can be thought
ol as being produced mechanically with respect to some supporting
plane that has hitherto been kept still. Suppose that at zero time
this plane itself started to rotate in the negative sense at 3/7 cycles
per unit time. The motion now looks quite different to the observer.
Indeed every circular component appears to rotate at a frequency
numerically less by the amount 3/7. In particular, the component at
frequency -+ 3/7 seems to be at rest. If the observer averages the
motion from his new point of view, the value he gets is the ampli-
tude of the component whose frequency was + 3/7'.

One might imagine this process repeated to find in succession the
amplitude of every circular component in the complicated motion.
This is the mathematical principle of Fourier analysis.

The Complex Algebra

Tn seeking to represent these quite simple ideas it is perhaps un-
fortunate that one is driven to use an algebra that involves the
“imaginary” quantity ¢ whose square is —1. However, there is no
need to try to imagine what number this symbol ¢ may be. One can
use the algebra like a machine without knowing in detail how the
machine is made.

A vector in a plane can be specified in various ways. One way is
to specify its rectangular components « and y in two directions at
right angles as pictures in Fig. 4.2. In the complex algebra this is
written as v +iy (4.1)
Whenever the algebra leads to some expression like this, the part
which does not include ¢ represents a displacement parallel to the x
axis (the “real” axis) and the part which has the factor ¢ represents
a displacement parallel to the y axis (the “imaginary” axis).

Alternatively one may specify the radial length (or the “modu-
lus”) of the vector r and the angle 0 (the “argument’’) that it makes
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with the real axis. Figure 4.2 shows this with a positive angle 0.
Evidently the quantities 7 cos 0 and r sin 0 are the displacocments
parallel to the real and imaginary axes so the ‘“‘complex’ notation

for this vector is rcos 0 + irsin 0 (4.2)

Some writers abbreviate this to r cis 0 and it is often convenient to
refer to the elements as cis functions rather than as ‘‘rotating vec-
tors”. +

There is another short notation

for the vector, namely ypr—= ;
re'’, or rexp(i0) (4.3) r‘:

where e is 2-718..., the numerical o :
X

base fornatural logarithms, butonce
again there is no need to wonder
how a real number can be raised to
the poweri. Even the actual numer-
ical value of e rarely needs to be )
known in using the algebra for the Fm'vtféorli: ‘cv(;::tpbl ;’; Sn;)tfl;’;’ tho
present purpose. recos 0 4 irsin@, rcis0, reid
When avectorhas afixed length 4

and starts at zero time at an angle « radians to the real axis and
rotates about the origin at f cycles per unit time, the angle after
time ¢ is (2nft -+ «) radians and the vector is represented as

Ae®rtte or  Aexp[i(2aft + «)] (4.4)

If now an additional rotation is impressed on this vector by causing
its reference frame or ‘‘base plane” to rotate at - f, cycles per unit
time, starting at zero time, the vector that the observer sees is got
by multiplying the above expression by the factor

g i2nht (4.5)

According to the ordinary rules of algebra this gives
Aexpli(2nft +a)] exp(—i2xnft) = Aexp{i[2n(f —f)¢ +a]} (4.6)

The result states that the vector now rotates with frequency f - f,,
a result which obviously accords with what the observer would see.
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It is also worth noting that if one expresses the vector in the rather
longer form shown in expression (4.2) the result is just the same, a
vector rotating with frequency f — f; showing that the two kinds
of notation, (4.2) and (4.3), are equivalent. The ordinary rules of
algebra apply, bearing in mind that ¢%is -- 1.

[Adcos2aft -+ z) + iAsin(2aft 4 x)][cos 2nfit  esin2xf,t]
= Aeos[2a(f - f)l 4+ «] |
Cadsin2alf f)t -+ 2] (4.7)

The Fourier Series

The complex algebra is therefore able to summarize all the phys-
ical arguments made earlier. A complicated motion that has the
complex value g(t) at any instant ¢ and that in fact repeats its behav-
iour in a periodic time 7' can be thought of as the sum of vectors
having frequencies that are positive or negative integral multiples
of 1/7. This statement is expressed as

oo
g(t) = N d,exp[i Qant/T + z,)]| (4.8)
The statement that the amplitude 4, and phase z, can be found by
averaging the motion after impressing a rotation of frequency — »/7T'
is expressed as

T
_;,.fg(,) exp (i 2ant/T)dt = A, oxp (ix,)
0

The fact that A4, and «, appear together as a complex number sug-
gests that it might be convenient always to express them by a single
symbol A, for the nth complex amplitude
17
[ .
Au= g / g (1) exp(—-3 2nt|T) dt (4.9)

0
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The Fourier Integral

In Chapter 2 it was shown how the harmonie series could be modi-
fied so as to be capable of representing a transient function by means
of a Fourier integral. Just the same arguments can be used with the
complex notation; any transient complex signal can be represented
by an integral of cis functions with complex amplitude density
G (f). Thus

oo

g(t) = [ G(f)exp (i 2xf1) df (4.10)

—co

and G is found from

G(f) = jog(l) exp ( —7 2xft) di (4.11)

Some Deduetions
The briefer statement that
g (1) hus the transjorm. G (f) (4.12)

will be used to imply the relationship shown in KEqns. (4.10) and
(4.11). 1t can be seen that the form of the two equations is inter-
changed if either f or ¢ (but not both) is written with reversed sign;
consequently statement (4.12) implies the statements

g (—1) has the transform G (—f)
G (f) has the transform g (—t) (4.13)
G (— ) has the transform g (1)

1t is also useful to consider the conjugate functions got by changing
the sign of 7. This will be indicated by an asterisk when the complex
number is not written explicitly to show its imaginary part. Thus if
g (¢) takes some value 7 €*® then g* (¢) is understood to have the value
r ¢*°, Equations remain valid if the sign of ¢ is changed everywhere.
If this is done to Eqns. (4.10) and (4.11) their forms are interchanged
so statement (4.12) implies the statement

G*(f) has the transform  g*(t) (4.14)



52 EXPERIMENTAL CORRELOGRAMS

From this, by analogy with Statements 4.13 follow

G*( f) hus the transform g*(—1)
g*(?) has the transjorm  G*( -f) (4.15)
g¥(—t) has the transform  G*(f)

The Use of Complex Notation

1t must be admitted that in physical problems more significance
usually attaches to simple harmonic motion than to circular motion.
Cis functions on the other hand
are much better behaved mathe-
matically than are sinusoids. For-
tunately it is quite easy to change
from one tothe other using therules

cos 0 =} el 4 }e'?
(4.16)

1 -

Fis. 4.3. Simple harmonic motion Lié

along the “real” axis can be regarded
as the sum of two circular motions.  Thege can all be given geometrical
The diagram illustrates the rule . . . .

co8 0 = § o0 . } eif. interpretations. Thus Fig. 4.3 illu-
strates how a simple harmonic

motion along the ‘‘real” axis can be regarded as the sum of two
opposing circular motions. It has been seen in previous chapters
how a scalar variable can be expressed as the sum or integral of

sinusoids. Suppose that the sinusoidal element at frequency f is

2a cos 2xft + 2b sin 2nft

sin f =}ge*?

This can be written as two functions of frequency f and —f,
(@ + ¢tb)exp (— 1 2xft) + (@ — b)) exp (3 2x=f1)

The complex transforms of all “‘real”” variables show this conjugate
symmetry. The real part of the complex transform is symmetrical
and is equal to a(f), the cosine transform, and represents the symme-
trical part of the original function. The imaginary part is antisym-
metrical and is —b(f), the negative of the sine transform, and repre-
sents the antisymmetrical part of the original function.
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Visualizing Complex Speetra

Variables generally, whether they are real or complex, have a
transform that is complex. Sometimes it is profitable to visualize
separately the “real” and “‘imaginary’ parts of the transform. This
is true when the original variable is real, for one can then profit by
the rules of symmetry mentioned above. An alternative way is to
picture each complex value plotted at its proper angle in a plane at
right angles to the frequency axis. But one may merely visualize the
transform simply as a plotted curve, so long as one remembers that
each ordinate represents not merely a length or an ordinary number,
but has an angle associated with it that should not be forgotten
when one comes to add or multiply two such quantities.

Mathematical Examples

The transform can often be calculated as a mathematical expres-
sion when the tunction itself is presented in this way. Campbell and
Foster (1948) give a table of over 700 mathematical functions and
their Fourier transforms. The next example illustrates the square
waveform that was discussed in terms of sines and cosines in Chap-
ters 1 and 2.

A square topped pulse. Tt will be supposed that the function takes
the value 1 between (- Lt | &) and (} 7 4 £). The mid point of

the pulse is therefore at ¢+ = ¢. The transform is

Lre
G(f) = f exp( — 7 2xft) dt
-.%14;
_ sinafr -(cos 2mfe - esin2afe)
nfv

The real and imaginary parts are the sine and cosine transforms
a(f) and --b(f) that were derived and pictured in Chapter 2, Fig. 2.4.
A decaying pulse. The formula

4 e "t
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represents a quantity that decays to 1/e of its former value in each
time interval 1/n. 1f it rises abruptly from zero at the instant ¢ = 0,
the pulse has the form shown in Fig. 4.4 (a). Its transform is

G(f) = [Ae" o2 dt —--fA 2N qy = Al + i 27f)
6 o

The real and imaginary parts give the cosine and sine transforms

a(f) - An/n* 4 4722 O(f) = 2=fA[(n? -|- 472%f?)

Functions Cosine spectra

I1i. 4.4, (a) A decaying pulse and its cosine transform. (b) An oscilla-
tory decaying pulse and its cosine transform.

The cosine transform is plotted in Fig. 4.4 (a). It peaks at zero fre-
quency and falls to half its maximum at frequencies

f=+n2x

A sinusoid of this frequency increases in phase by one radian in the
time that it takes the pulse to decay by a factor 1/e.
An oscillatory decay. The formula

Ae™ cos 2npt

represents a sinusoid of frequency p decaying in amplitude in the
manner shown in Fig. 4.4(b). If it is supposed to rise abruptly from
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zero at the instant ¢ = 0 the pulse has the transform
G(l) =fA e ™ cos 2apt - e 2 d¢t
0

— %Af[e—l(n L 2nf-12mp) + e—t(n t 02nj+12np)] dt
1]

— YA 4 iza( )+ R i 20 )]

lividently it is the sum of two patterns like the transform of a pulse,
but centring on frequencies --p. The real part is pictured in
Fig. 4.4(b).

The Law of Produects

[t often happens that one has to think about the effect of multi-
plying two variables. This is where cis functions are useful. In Bek-
esy’s analyser (Chapter 1) the function that is being analysed is
presented as a white trace of varying depth, but a wrong analysis
will be made if the trace is not uniformly illuminated. Suppose for in-
stance that the white trace represents the function

I -- cos 2 4¢/T (4.17)

in the range ¢ = 0 to t = T, and that the illumination fluctuates in
he m:

the manner 1+ | sin 2m4/T (4.18)

These two variations are plotted as curves (a) and (b) in Fig. 4.5.
The instrument examines and analyses the reflected light, approx-
imately the product of these two variables as sketched in curve (c).
How then will the spectrum of curve (c) differ from that of curve (a)?

When expressed in cis functions the quantities (4.17) and (4.18)
become respectively

Sexp(—i2n4t/T) 4+ 1 + }exp (i 27 4¢/T) (4.19)
Liexp(—i2at/T) + 1 -Liexp(s2nt/T) (4.20)

These are summarized in the “spectra’ shown beside the curves in
Fig. 4.5. For Expression (4.19) it is three ordinates of value }, 1 and
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} at frequencies  4/7', 0 and 4/T. For expression (4.20) it is ordi-
nates of value ! ¢, 1 and - - 17 at frequencies —1/7, 0 and 1/7, illus-
trating the fact that a spectrum commonly takes complex values
even when it represents a variable that is real. It is not very conven-
ient to represent complex values properly in a sketch such as Fig. 4.5,
so the ordinates are there drawn as if the values were real.

Functions Cis spectra
(a)
(b)
_I__1__..
(c)
414' | L
v T T
' [ 1 [
o 180 360 -5 (o] +5

Fra. 4.5. How an uneven illumination spoils the action of Bekesy’s
analyser; an instance of the convolution theorem.

Cis funetions form produects in a very simple way : the amplitudes
multiply and the frequencies add. So in forming the product of ex-
pressions (4.19) and (4 20) it is evident that the first term in (4.19)
changes when multiplied by (4.20) into three terms of amplitude
M %, yand ', 4 at frequencies --5/7, --4/T and - 3/T. Similar
remarks apply to the other two terms of (4.19). Curve (c¢) therefore
has the spectrum that is shown beside it. In this spectrum, every
ordinate of the spectrum of curve (a) has spread out into a pattern like
the spectrum of (b). This is a simple principle that applies quite
generally when thinking of the spectrum of products.
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One may of course read sinusoids out ot this spectrum drawn for

curve (c) by combining the cis functions of equal positive and nega-

tive frequency according to Eqn. (4.16). One finds that the sinusoids
in (c) are

1+ }sin2a¢/T - }sin2x 7t/T 4 cos 27 8t/T +
+ § sin 27 9¢/T (4.21)
In the present case one might also get expression (4.21) by multiply-

ing expressions (4.17) and (4.18) using trigonometric rules, but this
method is difficult to use in more general cases.

The Convolution Theorem

As another instance, suppose that Born’s analyser (Chapter 2)
is being used to analyse the transient function pictured in curve (a)
of Fig. 4.6. Suppose however that the plotted function is physically

Functions Cis spectra

(b)

e

O — o] — =t

Fic. 4.6. Ignoring the carly and late parts of the function has the effect
of “blurring” its spectrum. This is an example of the convolution theo-
rem. In the above example, it is seen that the broad peaks AA of the
spectrum are little affected, the rapid oscillations BB almost disappear
and the narrow peak at zero frequency is reduced. This conclusion is
physically reasonable since in cutting off the ends of the function (a)
one has retained most of the high frequency oscillations, cut off most
of the slow ones, and about halved the area under the curve. The func-
tion has been chosen symmetrically in order to avoid the need to repre-
sent complex values in the transform.
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a little too long to be included entirely in the apparatus. It may be
possible to include only the middle portion between the points
marked X X. Analysis will then proceed as if the funetion were actu-
ally zero outside these limits as pictured in curve (c). Indeed curve (c)
may bhe regarded as the product of (a) and a factor that is unity
in the range X X and is zero before and after. This factor is sketched
in curve (b). How then will the spectrum of (c) differ from that of
(a)? For purposes of notation, let the values in curves (a), (b) and (c¢)
at any point { be called g (1), k (¢) and g () k (¢) respectively.

Spectra are sketched in Fig. 4.6 on the right hand of the curves.
Becanse the functions are transient the spectra are continuous as
explained in Chapter 2. Again we deal with cis spectra that extend
to both positive and negative frequencies. The spectrum of curve (a)
will commonly take complex values but the sketch does not attempt
to represent this. Its value at any frequency f will be denoted by
G (f). The factor (b) has a spectrum that has been examined in Chap-
ter 2 and its cis equivalent is shown in Fig. 4.6. There is no need to
specify it here other than to say it has a value K (/) at frequency f.
According to the rule explained in the previous example, the spec-
trum of the product g(?) k() in curve (c) is got by allowing each
element in the spectrum G (f) to expand into a pattern like K(f). If
the element is taken to lie at some frequency f, the pattern spreads
about this point so its contribution at a neighbouring frequency f
is proportional to K(f -- f,). It is also porpértional to the size of the
original element G(f,) 6f,. Taking account of the patterns arising
from every possible f, element, one finds that the total contribution
made at frequency f is .,

, JGUIK( —fo) dfy (4.22)

Regarded as a function of the frequency f this is the expression for
the spectrum of curve (c). It is called the ‘‘convolution” of the
spectra of curves (a) and (b). The “convolution” theorem states
that if g(¢) has a spectrum or Fourier transform G(f) and k(¢) has a
Fourier transform K(f) then the product function g(¢) k(t) has a
Fourier transform that is the convolution of G(f) and K(f) accord-
ing to expression (4.22).
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This principle is quite general and very useful, and indeed is the
main reason for cis spectra being emphasized in this chapter. The
principle has some obvious implications; one can see for instance
that the spectrum of curve (c) is a blurred imitation of the spectrum
of curve (a), blurred because each element of (a) has spread into a
pattern as happens to points of light in an out-of-focus picture. In
this connection, it may be of use to take a slightly different view of
expression (4.22), regarding it as a weighted integral of the values
of G in the vicinity of the frequency f. Such an averaging process
would tend to confuse or obscure the details in the spectrum. The
weighting factor in this process is the pattern K(f  f,), that is the
spectrum K reversed on the frequency scale and shifted to centre
upon the wanted frequency f.

The Formal Statement

The convolution theorem follows easily from the statements (4.10)
and (4.11) that define a transform pair. If g(¢) and k(7) have the
transforms G (f) and K(f), then using (4.10) and its conjugate form
it is seen that

P T oo ] -= o0
g () - k@) = [ Gt [ K(g)e* ' dg

= fc”""df fG*(y))K(p +f)dp

where f has been written for (¢ p). Comparing the form of this
with Eqn. (4.10), it is seen that

g*(t) k(t) has the transform fG*('p) Kip f)dp (4.23)

For a converse statement one may begin with Kqn. (4.11) and
deduce in a similar way that

fwg*(r) k(t +t)dt has the transform  G*(f) K(f)  (4.24)

These are the general statements of the convolution theorem but per-
haps more interest attaches to the case where the function g is real.
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Then g(t) can be written for g*(¢) and because the transform G will
have conjugate symmetry, G( —f) can be written for G*(f). Then
Statement (4.23) reduces after a slight change to

g(t) - k(t) has the transform fmG(fo) K -f,)df, (4.25)

as already deduced in (4.22). Statement (4-24) has two real forms
that will be of use. They are

fg(r) k@t - t)dt  hasthe transform  G(f) K(f) (4.26)

which will be of usc in Chapter 5, and

oo

f(/ (t)g(r +t)dr  has the transform.  G*(f) G(f) (4.27)

- oo

which will be of use in Chapter 7.

Use of the Convolution Theorem

Two illustrations of the convolution process have already been
given but the following kind of argument is frequently useful in
physical problems.

Suppose that some quantity is distributed with distance or time
in some manner such as curve (a) of Fig. 4.7. This may represent the
variation of an electrical voltage with time or the distribution of
light intensity in an optical image or the distribution of vertical
magnetic intensity at the earth’s surface or the elevation of water
surface produced by sea waves. In the last three cases it would be
more realistic to present the distribution in two dimensions but for
purpose of simplicity the argument is here restricted to one dimen-
sion only.

Suppose that it represents a one-dimensional optical image. At a
little distance from the true focal plane each point of the image may
spread out into an intensity pattern like that in the curve in (b). The
out-of-focus image is the sum of such patterns and is the “convo-
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lution” of curves (a) and (b). Curve (c) shows the likely pattern of
intensity in this out-of-focus image. At a still greater distance from
the focus, each point of the true image would spread out into a still
wider pattern, say curve (d), and the convolution of curves (a) and
(d) is the new out-of-focus image. It is represented in curve (c).

/e

(c)

_ Unit
m"
(d)

Fia. 4.7

These convolutions may be calculated numerically or found by
analogue methods. One is in effect finding a weighted mean or
weighted integral of the values of curve (a) near to each point of
the abscissa. If one denotes the ordinates of curves (a), (b), etc., by
the symbols a(x), b(x), etc., then curve (c) is found from the formula

c(x) = f a(x,) b(x — x,)dx,
One might conveniently find ¢(x) by an optical analogue method like
that of Bekesy (Chapter 1) or Montgomery (Chapter 3).

Other questions may arise, however; would it be possible for
instance to calculate the very badly focused image (curve (e)) from
a knowledge of the rather better focussed image in curve (c)? Might it
even be possible to reverse this process and measure the badly
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focused image (e) and calculate from it the better image (c) or even
the true image (a)?

These questions can be answered by the convolution theorem if
one considers the cis spectra of these various curves. We know that
the spectrum of the out-of-focus image in curve (c) is merely the
product of the spectra of curves (a) and (h). Similarly the spectrum
of curve (e) is merely the product of the spectra of curves (a) and (d).
The speetra of curves (b) and (d) are sketched in Fig. 4.8. They
hoth fall to low values at high frequency, so high frequencies will be

T B(f) 1 D(f)

10 - 10 —,

05+ 4

Fra. 4.8

small or absent in the out-of-focus images. But it can also be seen
that the spectrum of curve (e) could be got from that of curve (¢) by
multiplying by the ratio of the two curves shown in Fig. 4.8. One
might actually do this, mecasuring the slightly out-of-focus image
shown in curve (c), calculating its spectrum, multiplying the spec-
trum by the ratio of the curves in Fig. 4.8 and then converting
the spectrum back into an intensity distribution which would be
curve (e).

There is, however, a shorter way. Figure 4.9 shows on the right
the ratio R(f) of the two curves in Fig. 4.8. On the left is a curve
r(x) that is calculated as having the ratio curve as its transform.

r(x) = fooR(/) exp (¢ 2mfx) df

To produce curve (e) in Fig. 4.7 one may see from the convolution
theorem that it is only necessary to form a convolution between
curve (c) in Fig. 4.7 and the curve r(x) in Fig. 4.9.
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The reverse process of calculating a better focussed image from
one that is less well focused is not so straightforward. Suppose for
instance one were attempting to reproduce curve (a) in Fig. 4.7 after

T r (x) T R(1):0()/B(N

_Unit area /
/\\ o~ o
\d

O — x Qo —

Fra¢. 4.9

having measured the distribution in curve (¢). The finer structure and
the more rapid oscillations in curve (a) are much attenuated in curve
(e). To reproduce curve (a) one would need to amplify very consi-
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m is(x) 5 K
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i 4
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Hi I
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[0} >t
area
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F16. 4.10

derably such high frequencies as are present in curve (c), and any
errors in measurement would be greatly exaggerated. Indeed its
spectrum would need to be divided by the spectrum of the spread
pattern shown in curve (b), that is multiplied by the reciprocal of
the left hand curve in Fig. 4.8.
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This reciprocal is sketched on the right of Fig. 4.10. It tends to
infinity at certain frequencies indicating that these have become
vanishingly small in curve (c). It would therefore not be practicable
to restore curve (a) exactly from a knowledge of curve (c). One may,
however, make an approximation to curve (a) at least as far as the
lower frequencies are concerned. The higher parts of curve S (f) may
be approximated by the horizontal broken line. This approximation
means that the higher frequencies will not be fully restored. This
modified S (f) curve is the spectrum of the function s(2) shown onthe
left. of Kig. 4.10. It is the sum of two parts; the delta function of
arca K corresponds to a uniform spectrum at the level of the broken
line and to this is added a curve which has as its spectrum the nega-
tive hump which adds to the uniform spectrum to give the modified
8(f) curve. The convolution of s(x) and curve (c) in Fig. 4.7 gives an
approximation to the true image shown in curve (a). In effect the
convolution takes a weighted integral of curve (c) in vicinity of each
position x and subtracts this from K times the actual value c(x).

Photographers will see that this result corresponds to the technique
of using an “unsharp mask” to exaggerate the fine details in a
photographic print.



CHAPTER 5

FREQUENCY FILTERS AND
MODULATION DEVICES

Tug fact that a tuned reed or a tuned electrical network will respond
to vibrations or signals near its own natural frequency, but remain
almost unaffected by other frequencies, is very familiar. The follow-
ing explanation can be offered. If the reed is struck once, it oscilla-

(a) /\ JaN A

I ~
Impulse — v

t

N/
%%

Ll

Fr1a. 5.1. The action of a filter. Curve (a) is the response of the filter to
an impulse. Its response to a force with the history of curve (b) is the
convolution of the two, curve (c).

(c) %Qv%&w

t

tes at its natural frequency after the manner shown in Fig. 5.1 (a).
The oscillations die away as the encrgy is used up in friction. If the
reed is subjected to a force that fluctuates irregularly as does curve
(b), this force may be thought of as a succession of impulses, each
being the product of the momentary value of the force, ¢(t) and the
brief time 6¢ during which it is maintained. Hach of these small
impulses sets up an oscillatory response like curve (a); the sum of
them all is the actual motion of the reed, pictured in curve (c). From
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what was said in Chapter 4, it is clear that this motion of the reed is
the convolution of the functions shown in curve (a) and curve (b).

fy(r) kit - 7)dr

The convolution theorem can therefore he invoked. It states that the
speetrum of the motion of the reed is just the produet of the spec-
trum ot the force, G(f), and the spectrum of the response of the reed
to a single impulse, K(f). The spectra are shown on the right hand of
the curves. They should be cis spectra, taking complex values, but
only the modulus is represented. That of the fluctuating force may
be very complicated, while that of the characteristic response of the
reed is usually quite simple. Obviously the frequencies that are most
prominent, in the motion of the reed tend to be those that appear
most prominently in its characteristic response to an impulse.

From a slightly different point of view, one can see also that at any
instant ¢ the momentary displacement of the reed is the integral
of the previous history of the force multiplied by a curve that is the
characteristic response of the reed drawn inreverse. Thisis illustrated
by the broken curve drawn on curve (b). This point of view em-
phasizes that the reed has a “memory””. The behaviour at any in-
stant is the effect of forces that were applied shortly before. A
sharply tuned reed shows little frictional decay in its response, and
such a reed in consequence has a long “memory’’: a correspondingly
long time must elapse before it can respond fully to a change in the
character of the fluctuating foree. The converse is true of a reed with
heavier damping and a broader frequency response.

The foregoing explanation will be useful later in drawing a parallel
with the way in which “optical filters” work. For most purposes,
however, it is sufficient to think of a reed (or any other resonant
system or tuned network) as having a “dynamic characteristic”’ that
is the spectrum of curve (a). The range of frequency within which it
is large is called the “pass band” of the system ; these are the frequen-
cies to which it most readily responds.
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Mechanical Resonators

Iddings (1919) detected harmonies in electrical circuits by using
the voltage developed in a search coil to energize a telephone receiv-
er. This was placed near an open-ended pipe which could be tuned
to resonate to the harmonic being sought.

For the direct analysis of sound, d’Albé (1926) used a set of
open-ended pipes whose tuning could be adjusted. He detected
resonance in the pipes by the motion of reeds mounted at the pipe
orifices. The reeds carried mirrors to record their motion on photo-
graphic paper. Hickman (1934) made an acoustic speetrometer by
causing a bank of tuned reeds to be driven electrically from a miero-
phone and amplifier.

Walter’s encephalograph (Walter, 1943) used a bank of 25 reeds
tuned at frequencies between 1 and 25 cycles/sec. They were electri-
cally driven by the amplified voltages detected on the patient’s body.
The motion of the reeds was originally detected by their making
an intermittent contact on mercury cups, but in a later model of the
instrument, the motion was detected photoelectrically.

Electrical Filters

It is reasonably easy to produce a network that is sharply reson-
ant but much more difficult to adjust its resonant frequency over
a wide range. Sacia (1924) overcame this difficulty by taking a film
record of the sound he wished to analyse and replaying it through a
light beam and a photocell, as in Fig. 5.2 the film being driven as an
endless belt between two small drums. A filter of fixed frequency
was fed from the photocell, and to explore the frequency range the
speed of rotation of the drums was adjusted in suitable steps. Dietsch
and Fricke (1932) and Milatz, Wapstra and Wieringen (1953) describe
similar devices. In both cases they describe the function as being
graphed and cut out of black paper that is wrapped into a cylinder
and spun by a motor. A light within the cylinder illuminated a
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narrow part of the profile and the light that passed was caught by
a photocell and the signal passed to a filter.

In analysing records of ocean waves, Barber, Ursell, Darbyshire
and Tucker (1946) arranged the record on a large drum mounted
freely in ball bearings. The drum was turned at about 4 cycles/sec
by hand and then its speed was allowed to decrease slowly by fric-
tion. It is apparently much easicer to “‘glide’ the speed in this way
than to control the speed accurately at set values. A sharply tuned
electromechanical filter was actuated by a photocell working on

Fia. 5.2. Sacia (1924). The film record is driven at various speeds, and
scanned by the light-beam and photocell.

light reflected from the moving trace. The use of reflected light
rather than transmitted light is a defect of the system. The arrange-
ment has been further described by Darbyshire and Tucker (1953).
In the application of this instrument, interest lay in harmonics be-
tween the 50th and 150th. As with the other filter analysers, ampli-
tudes can be estimated but phases are not so readily found.

Whitely and Aldridge (1952) used transmitted light to scan a film
record in a small Lucite drum whose speed was allowed to glide from
a maximum of 10 cycles/sec under friction. The amplitude spectrum
of the trace was given as the history of response of a sharply tuned
filter during the decay of speed of the drum.

When using gliding systems it is necessary to enquire how a reso-
nant circuit responds to a tone whose frequency is slowly changing.
This has been examined by Hok (1948) and by Barber and Ursell
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(1948). The amplitude of the resonance tends to build up smoothly
but the amplitude decays in a series of beats if the rate of change of
frequency is too great. The response got from a mechanical filter is
shown in Fig. 5.3. These ‘‘ringing” responses take various forms
depending upon the ratio of the rate of change of frequency to the
bandwidth of the filter. Curves appropriate to simple resonant fil-
ters (Q circuits or reeds) have been given by Barber and Ursell. It
appears that if the frequency is changing at a rate of d f/d¢ cycles/sec
per sec, the best diserimination that can be achieved corresponds to

{'

d — Time

Fra. 5.3. A ringing response to a gliding tone.

a band width of about (df/dl,)‘l cycles/sec. 'To achicve this, one needs
to use a filter whose band width under steady conditions is about
one third of this value. There is considerable ringing in these condi-
tions. It can be avoided at the cost of some loss of discrimination by
increasing the bandwidth of the filter, or at the cost of time by mak-
ing the frequency change more slowly. Similar rules hold for “pan-
oramic” receivers (Thomasson, 1948) where the tuning is contin-
uously swept over some wide range of radio frequencies in order to
show the frequency and intensity of any radio transmissions occur-
ing in that range (Barber, 1949).

Banks of tuned filters are very appropriate when a signal needs
to be analysed whilst it is being received. Thus, Freystedt (1935)
analysed sound with electric filters supplied in parallel from a micro-
phone and amplifier. Each filter covered a third of an octave and the
output potentials were displayed on an oscilloscope. Baldock and
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Walter (1946) used twenty-four filters that were in fact high-gain
amplifiers, with negative feedback at all but the frequency which
they were set to detect. An outstanding example of the use of a bank
of filters is an apparatus made by the Raytheon Mfg. Co. for dis-
playing the spectrum of radio atmospheries (“whistlers’). Here 400
magnetostrictive tuned circuits are fed with the radio signal and are
sampled in rapid succession by a rotating arm carrying a capaci-
tative pick-up. The activity of these circuits is recorded by a stylus
sweeping synchronously across moving recording paper.

Electrical Heterodyne Filters

It is difficult to vary the resonant frequency of a sharply tuned
filter over a wide range and yet keep control of its sensitivity and
scleetivity. On the other hand, it is casy to vary the frequency of an
oscillator. This has led to “heterodyne’ systems. The signal under
examination is added to the oscillator signal in an electronic tube
that produces sum and difference frequencies in addition to the
original ones. These sum and difference frequencies pass to a sharply
tuned filter circuit. If one suitably adjusts the frequency of the
oscillator, any frequency component present in the original signal
can be arranged to give rise to the frequency to which the filter is
sensitive. The amplitude of the response of the filter is proportional
to the amplitude of the original signal component.

The method of “‘beats’ used by Liable and Binder (1930) and re-
ferred to in Chapter 3 can be looked upon as a heterodyne process,
though in that casc the filter is one that selects frequencies near to
zero. Frequency analysers that use beats have also been reported by
Carriere (1939) and Partridge (1938). If the oscillator frequency is
changed smoothly and continuously, any fixed frequency in the
signal generates o difference tone that can be represented as
cos [wa (t - {,)* + z]. The frequency of this is «(t - ¢,) and the
rate of change of frequency is a cycles/sec per sec. The frequency
reaches zero at the instant #, and at this point the tone has a phase «.
The oscillation takes various shapes depending on the phase angle «.
Two possible forms are shown in Fig. 5.4(a). Tn order to be able
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to pick out and measure the tones produced from different frequen-
cies in the original signal, one uses a low pass filter to seleet only
the central low-frequency part of these tones. These are the “heats”.
In order to estimate their amplitude properly. it would seem necess-
ary to retain two or three oscillations unchanged. The effect of a
low pass filter on tones such as those in Fig. 5.4(a) is to produce
signals which generally look like the curves in Fig. 5.4 (b) but these
have been drawn merely by guesswork. To use the method of beats
most cfficiently, the form of the curves in Fig. 5.4(b) should be

Fra. 5.4. (a) An oscillation gliding through zero frequency.
(b) The possible effect of a low pass filter.

calculated to determine the best width for a low pass filter, but it does
not appear that such calculations have been made.

An early form of heterodyne wave analyser was described by
Kobayashi (1930). The signal that is being analysed controls the
amplitude of the output of a variable frequency oscillator. The
output is fed to a mechanically tuned vibrating strip whose tuning
is further sharpened by a resonant electrical circuit. A mirror on the
vibrating strip records the motion on photographic paper: since the
displacement of the paper is locked to the tuning dial of the oscilla-
tor, the amplitude spectrum of the signal is obtained automatically.
Schuck (1934) used a heterodyne analyser to display the spectrum
of incoming sound by the deflections of a spot of light continuously
sweeping across a translucent sercen. Hall (1935) made an audio
frequency recording analyser using a magnetostrictive filter at
20 ke/s and an oscillator tuneable between 20 and 30 ke/s. Tamm
and Pritching (1951) report a highly selective heterodyne system in
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which two electrically coupled vibrating steel bars act as a sharp
hand-pass filter capable of distinguishing two notes differing by
25 cycles/sec even when one is 40 db less than the other. Grierson
(1957) describes an apparatus designed to present the changing
spectrum of radio atmospherics, in particular ‘““whistlers’ which are
electromagnetic signals with frequencics of some few kilocycles per
second : these are audible if earphones are connccted through an
amplifier to a large loop of wire. From the point of view of upper-
atmospheric studies, it is important to observe their rate of change
of frequency. To do this, Griersch takes each short sample of the
incoming signal, stores it electronically, and replays it many times
at a greatly increased speed ; while a heterodyne filter scans over the
relevant frequency range, and the spectrum is displayed. That
sample is then replaced by the next brief portion of signal and the
process continues in rapid succession.

In contrast, Smith, McClure and Bostick (1957) deal with signal
frequencies in the range 0.01 to 1.0 cycles/sec. The signal is recorded
on a loop of magnetic tape and replayed continuously a hundred
times faster. Difference frequencies got between this signal and the
one from a tuneable oscillator go to a fixed electrical 50 cycles/sec
filter. The frequency of the oscillator is made to change in small
steps to measure the spectrum at 100 selected points.

The Modulation Process

Heterodyne analysers depend on the production of signals having
the sum-frequency or the difference-frequency between a tuneable
oscillator and the incoming signal. The process is essentially one of
multiplication by a sinusoid

cos 27f,t - cos 2mf,t = 5 cos 2a(f, - fo)t + § cos 2m(f, + fo)t

This may be brought about in a wattmeter or dynamometer, in an
electronic multigrid tube, or by causing the incoming signal to vary
the amplitude of the signal from the oscillator. Alternatively, one
may merely add the two signals and square the sum since this in-
volves the formation of the product. The sum can merely be rect-
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ified but this produces higher order products and multiple sum- and
difference-tones. Ideally the process is that of multiplication by a
sinusoid. When this condition is not fully met, one must be prepared
to introduce suitable corrections.

Barlow and Keene (1922) picked out different frequencies in an
electrical signal by chopping it in a motor-driven switch formed of
brass brushes bearing on conducting segments arranged around the
driving shaft. Four different arrangements were available using 1, 4,
16 and 64 conducting segments around the periphery. Since the
motor speed could readily be con-
trolled between 3 and 30 rev/sec the
arrangement could examine frequen-
cies between 3 and 2000 cycles/sec.
Figure 5.5 shows their interrupter
switch.

In this system the switch alterna-
tely blocks and transmits the signal,
any component having the same fre-

. Fria. 5.5. Barlow, Keene (1922).
quency as the switch tends to be vec- 4y - rotary switoh, able to oper-
tified and its amplitude is estimated  ate from 3 to 2000 cycles/sec.
by the amount of d. c. that is produced.

Indeed this system approximates to the mathematical procedure of
Fourier analysis outlined in Chapter 1. The proper procedure however
would be to multiply the signal by a sinusoid, and it may be recalled
that this was achieved in Vasilesco’s electrical machine. Here the
signal is being multiplied by a factor that is not a sinusoid, but a
“squarc-topped” factor that is alternately zero and unity. This
factor contains many sinusoids and it simultaneously rectifies other
frequencies in the signal than the one that is desired. The square
topped factor is drawn as curve (a) in Fig. 5.6 and its spectrum in
real sinusoids is shown on the right. The “fundamental” has the fre-
quency of the switch. There is however a zero frequency component
that would permit any d.ec. in the electrical signal to pass direct to
the output and be included in the measurement. Ln the application
intended by the inventors the incoming signal might be free from
d.c. but in other applications of this method it might be better to
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make the switch reverse the signal rather than merely block it. The
factor would then be alternately -+ and —. This is pictured in
curve (b).

The spectrum of curve (b) is shown beside it. Zero frequency is
absent but harmonics of order 3, 5, 7...etc. are present as before.
The factor can be represented as

cos 2nft LY cosbmft L cosl0mft ---.ete.
(Q) | 1
| T )
(b) l 1 1 1
| I
(C) I l l l I 1.1 ——t
O-—at 01 3 57 91 13

F1a. 5.6. Switching cycles and their transforms.

so the action of the machine approximates not to the simple Fourier
process indicated in Eqn. (2.10) but to the process
fg(t) [cos 2mft — 4 cos 6mft + ---]dt
=a(f) = 5a@f) + i a(5f) — -

The harmonics in the factor contribute errors proportional to their
amplitudes — }, + !, ete., and proportional to the signal compo-
nents at the frequencies of the harmonics.

A slightly more complicated switching cycle can give a factor a
little closer to a sinusoid and so give smaller errors. This is pictured
in curve (c). It has contacts, direct and reversed, lasting for § of a

cycle separated by dead intervals lasting | of a cycle. The spectrum
is shown on the right; harmonics of order 3, 9 and all multiples of 3
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are missing, but the other harmonics remain. Such a switching eycle
could be of use in avoiding errors due to components of the signal
having three times the frequency that is being examined. Although
harmonics of order 5 and 7 are still present in the factor, it might in
general be possible to attenuate such frequencies from the signal it-
self before analysis, by means of a low-pass network. Crease and
Tucker (1954) have discussed more complicated switching cycles
that are still better approximations to a sinusoid.

Barber (1947) has proposed a system of modulation in two chan-
nels. The input signal is multiplied by cos 2z ftin one channel and by
sin 2z ft in a parallel one. After a low pass filter in each channel the

[x cos 21l'ftH Low pcss-HTcos 2w ft
Signal :
F sin 2 ft Low pass x sin 27 ft

Fia. 5.7. A two-channel modulation filter.

outputs are multiplied respectively by cos 2xft and sin 2z ft and
added. The result is to extract from the original signal a band of
frequencies near to frequency f and to present them in their correct
frequency and (for the mid frequency at least) in their correct phase.
The system is blocked in Fig. 5.7

The correct explanation of this method was advanced by Madella
(1947). The two channels can be regarded as representing the “real”
and “imaginary” parts of a complex electrical signal so that the
first pair of multiplications is in effect equivalent to multiplying the
input by exp( 2 2xft). The whole complex spectrum of the signal
is shifted a distance f along the scale of frequency and the part that
now falls near zero frequency is transmitted by the low pass filters.
The next stage is a multiplication by exp (¢ 27 ft) that returns the
selected band to its true frequency.

Madella (1944 B). Two phase or three phase or multiphase electri-
cal supplies are commonly represented by a rotating vector but Ma-
della has gone further than most writers in making explicit analogy
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with the complex ulgebra in describing the behaviour of motors and
networks. Figure 5.8 is an interesting instance given also by Barber
(1948). If three-phase power is applied to the terminals 1, 2, 3 of this
network, the phases being in that order, the same three-phase volt-
age develops at the terminals 1¥, 2%, 3*. If however the connections
to 1 and 3 are interchanged so that the phase sequence of the input
becomes 3, 2, 1 in that order, a different three-phase voltage (not
necessarily reversed in phase) is developed at the output terminals.

Rotio output to input

voltage

o] + + + +
-0 -4 -2 0 2 4 oo

J,‘;R c 3 Values of fRC

Fra. 5.8. A network that will distinguish phase sequence. Zero trans-
mission occurs where the applied frequency fis 1/)3a RO,

Indeed for a certain applied frequency the output voltage falls to
zero. When plotted against frequency the output voltage varies in
the manner shown in Fig 5.8. The continuity of this curve justifies
the idea of treating a reversal of phase sequence as being a reversal
in sign of the frequency of the supply.

Madella (1944 A) has used his idea of complex processes in improv-
ing the design of a heterodyne analyser. Such instruments, of which
there are numerous commercial types, select a narrow frequency
band by means of a very sclective filter, but because it is impract-
icable to vary the resonant frequency of such a filter the incoming
signal is first changed in an adjustable way, multiplying it (“mix-
ing” it) with the sinusoidal voltage from a tuneable oscillator. The
difficulty is that this process creates two frequencies for every one
that is present in the input signal. If the selective filter is not to
accept signals from both of these sidebands at once and so confuse
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signals that were of different frequency in the input signal, it must
be given a resonant frequency that is either lower or higher than any
present in the input. This is not always convenient and Madella
introduced the idea of “mixing” in two channels with frequencies
cos 27 fot and sin 27 fy . The resulting complex (two channels) signal
is the input signal with its complex spectrum shifted a distance f,

Function Cis spectra

(~Hf——
Lo —
— W Afr—

x cos 2nft (real)

Lo a A
Y U
x sin 27w At [(imaginary) o fy

Fia. 5.9. Madella (1944 A). Tf a signal is modulated by cos 2z f, ¢ and

sin 2zf,¢in parallel channels, the two outputs can be regarded as being

respectively the real and imaginary parts of a complex signal whose

spectrum is identical with that of the original signal except that it has
been translated an amount along the frequency scale.

along the frequency scale, as indicated in Fig. 5.9. The selective
filter can then be made to pick out some intermediate frequency so
long as it is possible to distinguish between complex frequencies

- (f 4+ fo) and (f -+ f,). This is done by feeding the complex signal
to a network that behaves like that in Fig. 5.8 but is designed for
two-phase signals. A single-channel output that is free from any
contribution from the (f f,) frequency in the complex signal is
then passed to the selective filter.

Filtering Many Signals

It is sometimes desirable to select the same frequency from a num-
ber of different signals, with a view to comparing the amplitudes
and perhaps the phases of the frequency components. A heterodyne
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or modulation method then appears much preferable to the idea of
selective filters all having the same central frequency and the same
pass band. The various signals can be separately mixed with the
same sinusoidal signal got from an oscillator. The mixed signals then
pass through separate low pass filters that determine the passband.
It is relatively easy to produce low pass filters whose transmission
characteristics are closely alike. The outputs are then comparable
both in amplitude and in phase. The fact that the selected frequency
may be changed merely by altering the frequency of the oscillator
mahes the system very flexible.

In dealing with coherent signals, the amplitude transmitted from
the mixer depends on the relative phases of the input signal and the
signal used for mixing. There may therefore be some advantage in
using “complex” mixing in these cases. In dealing with “noise”
signals where the amplitude and phase in any narrow frequency
band vary randomly with time a one-channel mixing is sufficient to
measure the input power. But the comparison of two different “noise”
signals must take account of not only the power, or mean square
amplitude, and the average phase difference, but also the degree of
coherence between the two signals. These qualities are better sum-
marized by a complex correlation coetficient which is discussed in
Chapter 8 and can be determined by ‘‘complex’ mixing.

D.G.Tucker (1958) describes an electrical system that, on being
supplied with the values of .V ordinates of a curve that is to be ana-
lysed, will display its speetrum on the screen of a cathode ray tube.
Perhaps its most obvious parallel is the graphical method (Ash-
worth—-Harrison) in which ordinates are added vectorially. Tucker
achicves the vector addition by introducing the N values as the
amplitudes of .V carrier waves that all have the same frequency but
are given different a.c. phases. Summation then takes place vectori-
ally. The most novel feature of his apparatus is the way in which
the phase shifts are introduced and caused to vary systematically.
The a.c. signals, originally all in the same phase and with ampli-
tudes proportional to the NV ordinates are fed to &V successive points
along a delay line as indicated in Fig. 5.10. The output at the end
of the line is then the sum of the first signal without delay, the se-
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cond with a delay ¢, the third signal with phase delay 2 ¢, and so on
to (V - 1) ¢. The amplitudes therefore add vectorially and give the
amplitude and phase of the transform for a frequency that would
show a phase change — ¢ between successive ordinates of the curve.
To explore the spectrum, the phase delay ¢ must be made to vary
by an amount z (or 2z if one is to display the negative range of fre-
quency as well as the positive one). It may for instance vary from
0 to z, or from = to 27, ete. Tucker achieves this variation by vary-

N amplitudes of carrier wave

{ oy

etc [ ¢ 6| [ | S|
Delay line _*
A

Rectifier

<
>
<

Y Y Y V{

|
Display M"‘

Fia. 5.10. D. G. Tucker (1958). Displaying the transform of N ordinates.

ing the frequency of the carrier wave; a transmission line that delays
signals by a definite time will of course lead to a greater delay in
phase if the carrier frequency is increased. It is not essential, how-
ever, that the phase delay should vary linearly with frequency solong
as one knows what delay corresponds to what frequency. A linear
relation is convenient, however, if the spectrum is to be displayed
on the sereen of a cathode ray tube.

The method offers a number of possibilities. One may merely
rectify the output carrier signal and so find the amplitude spectrum
ignoring the phase. One may measure the mean square (the “power”’)
of the output and so find the power spectrum. One may use a ‘“phase
sensitive’’ rectifying system, measuring the amplitude of the com-
ponents in phase or in quadrature with the original carrier frequency,
to find respectively the cosine or sine transform of the function
represented by the N ordinates. If it were desirable, one might
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gcontrol both the amplitude and the a.c. phase of the N input signals
and display the amplitude and phase of the output; this would
correspond to making the complex transform of a complex signal.

Bickrwn (1960)

A very interesting method of presenting the spectrum of an incom-
ing electrical signal uses the simple-looking arrangement of Fig. 5.11

\ Out

>- 34 Delay T

—<€—1x cos 2‘Ht/T

F1a. 5.11. Bickel (1960). The output of this circuit is a cyclic wave
whose waveform is the spectrum of the signal that has been accumu-
lated by the input.

(Bickel, 1960). Ignoring first the heterodyne element, the signal is
delayed by a fixed time interval 7' and is returned to the input after
correcting for any attenuation. Once an impulse has entered this
loop it continues to cycle round it, appearing at the input point after
times 7', 2T, 3 T and so on. 1t is convenient first to consider the volt-
age that appears at the output of the loop at an instant that will
be treated as the time origin, ¢ zero. The voltage is the sum of the
input voltages that occurred at 0, —7', -27, -37 and so on. It
can be thought of as the integrated product of the input signal pic-
tured as curve (a) in Fig. 5.11 with a comb of ordinates or unit delta
functions pictured in curve (b). If this factor were a sinusoid with
frequency 1/7' or f, the momentary voltage would be a measure of
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Fourier amplitude in the signal

a(fy) = fg(t) cos 2 f,t dit

However, the comb has many frequencies and is expressible as

1 + 2cos 2mfyt 4 2 cos dajyl |-
Thus the momentary voltage is the sum of many Fourier ampli-
P a0) + 2aly) b 2a(2f) 2] |

To avoid confusing these different components, the input signal is
first put through a band pass filter, not shown in the sketch, that is
arranged to transmit frequencies in one of these ranges only, say
from above (n - 1)f, to include = f,. The output voltage is a meas-
ure of a(nf,).

The heterodyne element allows this idea to be applied to all the
other frequencies in the range sclected by the band pass filter. The
heterodyne introduces a phase advance of 2:x¢/7T into all the fre-
quencies that pass it. When a portion of signal is eycling round the
loop, it will be observed that it experiences the same phase advance
each time it passes the heterodyne, since its times of passage differ by
the delay interval 7'. Consequently, the portions of the signal that are
detected simultancously at the input of the loop at any instant ¢,
are in fact the values of the signals fed to the apparatus at times
lo, to T, 1, -2T...ete. and they have had impressed on them
phase advances of 0, 2a(,/T', +zt,/T, cte. This reduces the natural
phase increase of the signal by 274,/7 in cach interval 7'. Such a rate
of decrease of phase, if it were applied continuously, would amount
to decreasing the frequency of every component of the signal by an
amount #,/7". Actually, these particular phase advances occur only
in the portions of signal selected by the delay loop, but the overall
effect is the same as if first the frequency change had been applied to
the entire signal and then the delay loop had sclected and added its
equally spaced values. Thus, the delay line selects frequencies »f,
in the modified signal, and these are frequencies nf, - £,/7? in the
actual signal.
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As time increases, from 0 to 7', the apparatus responds to the fre-
quency componentsstartingatn f,andfallingtonf, —1/7 = (n --1) f,.
At this stage the phase shifts have all become multiples of 2z so the
process in effect begins again. The output is therefore a repetitive
wave whose form is the graph of Fourier amplitudes between nf,
and (n - 1)f, in the input signal; and this waveform can be dis-
played on a cathode ray tube as a picture of the spectrum in this
range of frequency.

It should be emphasized that this system is very superior in princ-
iple to the process of exploring the spectrum by a filter whose fre-
quency sweeps slowly over the desired frequency range. In the pre-
sent system, the full speetrum (in any range (n 1)f, to nf,) is got
from a single adequate sample and is displayed immediately the
sample is completed. With a tuneable filter, every independent point
on the spectrum is based on its own adequate sample of signal, so the
time taken to explore the spectrum is much greater.

Full details of the circuit have not been published. Since the mo-
dulator must only increase the phase and not reduce it as well, it
seems likely to be a two-channel modulator of the type discussed in
Figs. 5.7 and 5.9.

Optical Filters

Some optical devices for frequency analysis act in a manner close-
ly like that of a mechanical or electrical filter.

Foster (1946) describes the very simple apparatus shown in
Fig. 5.12. The function that is to be examined is presented as a white
or translucent illuminated profile. In front of it is set a grid of equally
spaced rods or bars, all perpendicular to the abscissa of the profile.
Beyond this again is a translucent screen. Fringes that appear on this
screen show the existence of periodicities in the illuminated profile.
In explanation of its action it can be seen that each ordinate in the
illuminated profile will cast & shadow of the grid on to the screen. The
aggregate of all these elementary patterns is the pattern seen on the
screen. This is clearly analogous to the action of a reed or tuned
circuit, though the pattern develops in distance instead of in time.
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From another point of view, any particular place on the translu-
cent screen ‘‘sees’ the profile only through the gaps in the grid. If
there happens to be a periodicity in the profile, such that all the high
parts are simultaneously obscured by the bars of the grid, the place
on the screen will be darker than the average. Places on the screen
at a little distance to the left or right will however be brighter than
the average because, as seen from those positions, the grid obscures
the successive low parts of the profile. Thus fringes appear on the
screen if there is a periodicity in the profile whose wavelength

Fie. 5.12. Foster (1946). A simple optical method of detecting periodici-
ties in the illuminated trace by fringes that appear on the translucent
screen,

exceeds the spacing of the grid by just the same factor as the dis-
tance of the profile from the screen is greater than that of the grid
from the screen. The position of the grid between the profile and the
screen is made adjustable, so that fringes can be sought. [t helps to
have the screen tilted as the diagram shows, so that a range of diffe-
rent fringe patterns can be seen at the same time.

A defect of the system is that the grid has a transmission factor
that is zero or unity, whereas it should ideally show a sinusoidal
variation. The higher harmonies of the grid pattern cause additional
fringes having only §, ! the spacing of the proper ones. These are
obvious when they occur, and can be ignored.

ImaHORI (1914), BARBER (1949). This optical analyser is illustrated
in Fig. 5.13. The signal is made to vary the intensity of a source of
light, either through a Kerr cell or through a vane moving over the
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face of a lens. The light illuminates photographic film or paper that
moves steadily past the field. In front of the film or paper is a sta-
tionary mask carrying a fan-shaped arrangement of alternate black
and transparent zones. The mask can be placed so that the shadow it
casts on the film is a hazy one, and ideally the illumination in the

Developed

e Photopaper
e

Section of illumination Spectrum

¥ra. 5.13. Tmahori (1941). Ninusoidal periodicities in the fluctvation

of the light source appear as fringes on the moving photo paper after it

has been developed. Different frequencies produce fringes at different

positions on the photo paper. Tmahori used masks of a size suitable to

record the fringes on 35 mm film and applied the system to the analysis
of speech sounds.

shadow should show a sinusoidal variation. When the film has passed
through the apparatus, it shows on development a patternindicating
the frequency spectrum of the signal presented by the fluctuating
lamp. The presence of a certain frequency is indicated by fringes
appearing on the film. It is clear that a given small patch of film will
pass the apertures of the mask in quick succession it it happens to lie
on the side of the mask where they are closely spaced, or will pass
them in slower succession where the apertures are wider. Some point
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on the paper will pass the apertures at the same frequency as that
at which the lamp happens to be fluctuating. It may “see’” the lamp
through the apertures whenever the lamp is bright, in which case it
receives more total light than the average, or else it is always in
shadow when the light is brightest, in which case its exposure is less
than the average. Alternate light and dark fringes therefore appear
in this region of the film. Tf a number of frequencies are present in
the modulation of the light, then fringes appear at a number of zones
on the film.

Taking a different point. of view. one sces that each momentary
emission of light from the lamp casts a pattern of illumination on the
film. Because the film is moving, the patterns produced by succes-
sive emissions are displaced along the paper. The final pattern which
the paper shows is the sum of all these elementary patterns. The
action of the apparatus therefore resembles the action of a tuned
circuit, or rather a bank of tuned cireuits, and the fringes correspond
to the oscillatory output of the tuned circuits. The frequency pass-
band is the spectrum of the pattern thrown on the paper by the
mask and it can be designed to have a variety of characteristics. The
intensity of the pattern thrown by the mask along one particular line
parallel to the progress of the paper may approximate to a sinusoid,
cutting off fairly sharply at the ends of the mask. This is illustrated
in curve (a) of Fig. 5.13. The spectrum of the characteristic is sket-
ched in curve (b). It includes a band near zero tfrequency, since the
illumination cannot be negative. As a result, the apparatus also
seleets zero frequency from the signal and displays it as infinitely long
fringes, that is a grey background upon which the other frequencies
are seen. The diagram indicates some side bands in the spectrum:
these appear as flanking fringes on cither side of the main ones, when
the apparatus examines a sinusoidal signal. They can be prevented
by grading the transmission of the mask towards its beginning and
end.

It is desirable of course that the shadow of the mask on the paper
should be sufficiently hazy to be sinusoidal. Fringes may appear on
the paper at places where the signal frequency matches some har-
monic of the pattern. But even if such false fringes occur in analysis,
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they can be recognised because they have a spacing only 3, 4, etc.,
of the usual spacing appropriate to the position where they lie.

A virtue of the system is that the phasing of the fringes reveals
the phase of the signal. A dual system can be made comprising two
light sources and two masks recording their spectra side by side on
the same sheet of paper or film, and one may compare the phases of
equal frequencies in the two signals. The system therefore detects
frequencies and their phases. Since amplitudes however are displayed
as the intensity of fringes, relative amplitudes are difficult to assess
with confidence.



CHAPTER 6
THE SPECTRUM OF “NOISE”

The Problem

Previous chapters have shown how one may find the spectrum (or
Fourier transform) of a signal that either continually repeats itself
or is a transient. Some studies however call for the examination of a
signal which is not repetitive and yet continues indefinitely; a con-
tinuous ‘noise”. For example, Fig. 6.1 shows a record made by an
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F1a. 6.1. A “noise’”’ function.

instrument lying on the sea bed at a depth of 20 m. It shows the
fluctuating pressure in the water resulting from the passage of ocean
waves. Much information about the storms from which the waves
come can be got from such records but it is evident that the records
have no real beginning and end and are certainly not repetitive.

Analysing a Sample

One attack is to select a portion of the signal, say the signal occur-
ring between times — 4 7' and } 7', and analyse this sample. But
although one does not know what happened before the start of the
sample or after its end, one has to invent some sort of history to
cover these periods. It is impossible to make a Fourier analysis of a
function unless its behaviour is known (or assumed) for all instants
between — co and co. There are two possible assumptions one might
make, both certainly wrong. One might suppose the sample were one
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cvele of a repetitive function and adopt the methods of Chapters 1
and 2 to represent it as a Fourier series. Alternatively, one might
suppose that the signal was actually zero at all times before and
after the interval that the sample represents, and use the methods of
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-180 (0] 180
Lo Frea
a ~ -4 -3-2-1 01 2 3 4
P N n l' v\ oa
(a) : ARV i N “-
\
i \
:I \ ! \ B
i 7 + L
' I v
V v \ Y
(b /
— - - T
© )
vt ]
H [ '
J WA W &’.-

/o /N
I'1a. 6.2, For simphieity, the sample shown as a full line has only three
oseillations and is symmetrical to avoid the need of representing com-
plex values in the transform. A suitable noise sample would normally
contain several hundred oseillations. The sample may be transformed
to a Fourier series as in (a) or to a continuous speetrum as in (e) but the
two aspeets are closely related.

Chapter 2 to represent it by a continuous spectrum. Although the
resulting spectra look difficult and are both certainly wrong, it can
be shown that they contain the same real information. The curve (a)
in Fig. 6.2 shows the sample repeating itself, and on the right is the
corresponding Fourier series spectrum, expressed this time in cis
functions, as explained in Chapter 4. Curve (c) shows the sample
extended by zero values, and its spectrum also is pictured in complex
form on the right. In both these spectra the amplitudes would
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normally have complex values, but for simplicity the diagram shows
symmetrical function whose transform is all real. Curve (¢) can be got
from curve (a) by multiplying it by the square topped factor repre-
sented in curve (b). Consequently, by the convolution theorem
Eqn. (4.25), the spectrum or transform of (e) is the convolution of the
transforms of (a) and (b). That is, each ordinate in the transtorm of
(a) expands into a pattern like the transform of (b), and these add.
It so happens that the zeros in the transform of (b) are separated
exactly by the harmonie interval 1/7'; in this convolution process,
the value got at any harmonic frequency is quite unaffected by the
other IFourier harmonics; in other words, the transform of (¢) is like
the transform of (a) with the tops of the ordinates joined into a
smooth curve. Of course the numerical values are different, because
in the series spectrum one plots amplitude and in the continuous
speetrum one plots amplitude density. The amplitude of any Kourier
harmonic in the transform of (a), when divided by the frequency
interval 1/7, gives the corresponding amplitude density in the trans-
form of (¢). This is evident from the formulae for the cosine ampli-
tudes in the two cases.

Ly
a, = 7!,— f g(t) cos 2ant/T - di (1.7)
_éw
lr
a(f) = f g(t) cos 2 ftdt (2.10)
..:1?7'

If f is equal to one of the harmonic frequencies n/7" then

"’(f) = (l"T

Representing a Curve by a Series of Ordinates

This is perhaps a convenient place to remark that some analysing
machines and all numerical methods of computing the spectrum are
unable to represent a continuous function as it really is, but must
represent it as a set of ordinates, its values at times 0, 7, 271 etc.,
where 1 is sufficiently small. At all intervening times, the analysis
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proceeds as if the function were zero. Figure 6.3 illustrates the dif-
ference between a continuous function curve (a) and its very ““spiky”
representation by ordinates, curve (c). One could get curve (c) by
multiplying curve (a) by a “comb’ of equally spaced ordinates (b)
of value unity, the intermediate values being zero. The convolution
theorem will therefore show how the transforms are related. The
transform of (c) is the convolution of the transforms of (a) and (b).
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F1a. 6.3. When a continuous function is represented by equally spaced

ordinates 1, replicas of the true spectrum arise centred on points

4 1/t 4 2/z... on the frequency scale. The original spectrum is not

confused so long as it contains no components of frequency higher
than § 7.

Now the transform of (b) is another “comb’ whose ordinates lie at
frequencies 0, + 1/7, {: 2/7, ete. The convolution is the super-
position of a number of patterns like the transform of curve (a),
their origins lying at the frequencies 0, 4+ 1/7, + 2/t etc. Analysers
that work on ordinates give a repetitive spectrum like this. The
Michelson-Stratton analyser is an example. It uses 80 ordinates and
80 gear trains with speeds in the proportions 1:2:3: etc.:80, but
there comes a time when the slowest gear has made a complete cycle
so that it and all the others have returned to their initial positions.
The entire spectrum is then drawn again.

One must of course ignore this repetition of the spectrum. In com-
putations, there is no point in exploring the spectrum to frequencies
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beyond + 1/7, since it is a mere repetition of the values in this range.
But it should be noticed that even the portion of the spectrum lying
between -+ 1/t is not necessarily correct; if the original continuous
function really has trequencies outside this range, the image spectra
that centre upon the frequencies -- 1/7 and 1/t will extend into this
range. In fact, the amplitude calculated for any frequency f is the
sum of the true amplitudes for frequencies f, f + 1/7, f 4: 2/7, ete. This
effect is called “aliasing”. To avoid it, the internal t between the
successive ordinates must be made so small that } 7 is greater than
any frequency present in the original trace. Another way of saying
this is that r must be smaller than half the period of the shortest
wave component in the signal.

Long and Short Samples

It is time to return to the original problem. Having analysed a
sample, what significance is one to attach to the resulting spectrum?
Is it better for instance to analyse a long sample or a short one?
Figure 4.6 illustrates this point. Curve (a) represents a long sample,
and on the right is its transform or spectrum. Now it a short sample
is selected from the long one, this is equivalent to multiplying the
record by a factor which is unity within some short range of time and
is zero before and after. This factor is pictured in curve (b), and the
product of (a) and (b) is the short sample shown as (c¢). Now the
transform of the square-topped function (b) is a fairly narrow slightly
oscillatory curve. The convolution theorem says that the transform
of the short sample is the convolution of the transforms of (a) and
(b). It is in other words a weighted average of one, using the other as
a weighting function. It is a blurred copy of the transform of the
long sample ; it must therefore contain less detail. A short sample will
therefore show only the broad outlines of the spectrum, while a long
sample will show more detail.

But it is still not certain that the spectral details got from a long
sample will be significant. One may take a number of long samples;
the signal never repeats itself, so the samples will all differ in detail.
Their spectra will consequently differ in detail too, although one
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would hope that they would have a resemblance in their “main
features”, whatever that phrase might mean. It should be borne in
mind that these spectra themselves can be regarded as blurred
copies of still more detailed spectra got from still longer samples.
"This all suggests that the technique of Fourier analysis is not appro-
priate to “‘noise” signals. 1t would be better to decide beforehand
w hat sort of information is significant and what is not, and to adopt
a technique of analysis that selects the one and ignores the other.

The Statistical Approach

it is possible to make up a servies by seleeting successive numbers
at random from an agreed range, say - 99 to 4 99. Less erratic series
can he got by suitable averaging. Such random series are reasonable
representation of “noise”, on the understanding that one thinks of
the suceessive values as representing equally spaced ordinates on a
continuous curve.

It is possible to discuss in theory the transform of a series like
this, or the transforms of samples from the series. If the selected
sample has a duration 7', it can be represented by a Fourier series
of ecis functions.

n oo

g(t) = X A, 0T (6.1)

Theoretical discussion shows that

1. No correlation is expected between the amplitudes A, A,
of successive terms. These amplitudes are complex numbers whose
phases or arguments appear to arise quite at random.

2. No correlation is expected between the different values of any
one harmonic amplitude in different samples. Nevertheless a con-
neetion exists. Tt is as if the values .\, from different samples were
random choices from a gaussian family of complex numbers. If the
variance or mean square modulus of this family is large, then the
modulus of A, got from any one sample is likely to be large, though
there is no certainty that it will be so. The argument of A, is quite
random.
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The Power Speetrum

In the analysis of noise, therefore, the significant quantity is a
statistic; one should aim to measure the variance of the family from
which the amplitudes A, are derived. If the sample is a long one, so
that the different Fourier components are very close together in
frequency, there is usually good reason to expect that a large num-
ber of adjacent harmonic amplitudes A,, A, | ; etc. come from fami-
lies with the same variance. One may estimate the variance by
calculating the mean square modulus of a number of neighbouring
harmonic amplitudes. In real sinusoids, the mean square amplitude
is closely connected with the energy or power of the sinusoidal
motion. The variance is therefore often referred to as the “power”,
and the way in which the variance depends upon the frequency is
usually called the power spectrum.

INSTRUMENTS FOR FINDING THE POWER SPECTRUM
Filter Analysers

Filter analysers are particularly suited to recording the power spee-
trum of an incoming signal. The filter can be adjusted to have a
suitable passband, and the fact that it does not convenicntly
measure the relative phases of the different frequencies is no draw-
back to the recording of a power spectrum. Consequently the filter
analysers described in Chapter 5 are all suitable machines for find-
ing a power spectrum, provided that one can measure or record the
power in the signal that passes the filter. For example, Darbyshire
(1955) in studying seca waves used the “wheel” analyser deseribed in
Chapter 5 to give a Fourier amplitude spectrum of the wave record,
and then calculated the power in certain frequency bands by squar-
ing the Fourier amplitudes. A very similar result could be achieved
by using a broad filter in the machine and arranging for an instru-
ment to form a running average of the power transmitted by the filter.

In studying the changing power spectrum of speech, workers at
the Bell Laboratories produced an instrument in which a portion of
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speech 2.4 sec long was recorded on a magnetic drum. This was con-
tinually replayed and fed to a fairly broad heterodyne filter whose
power output was recorded as a line of varying blackness on the
paper surface of another drum turning synchronously with the first.
As the tuning of the heterodyne filter was slowly changed, the
recording stylus moved slowly down the recording drum, so that the
final result was a plot of frequency against time, with the power dis-
played as a picture of varying blackness. This display has been
called “‘visible speech” (Potter 1945, Steinberg and French 1946,
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Fia. 6.4. “Visible speech’” The power speetra of the numerals spoken in
English (after Koenig, Dunn, Lacy 1946).

Riesz and Schott 1946, (iruenz 1951). Figure 6.4 represents one of
many examples given by Koenig Dunn and Lacy (1946). In these
studies the precise value of the power is not of first importance, so
the rather crude effect given by the varying blackness of the trace is
quite sufficient to show the character of the changing spectrum
agsociated with different syllables. Attempts have been made to
reconvert such analyses back to speech sounds (Schott, 1948;
Cooper, 1950). The patterns of “visible speech’ have proved valu-
able in helping congenitally deaf persons to develop clear speech.
For this purpose, an immediate display of the spectrum pattern is
very desirable, and a bank of filters displaying their power outputs
simultaneously on an oscilloscope screen is more suitable than the
scanning analyser.

Kdgardh (1951) and Kaule and Johne (1956) describe electrical
heterodyne instruments which analyse the sound as it is caught in a
microphone and display the spectrum on the screen of a cathode ray
tube.
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BrowN, LYTTLETON (1947) ; BROWN, COLEMAN, LYTTLETON (1949).
This apparatus is strikingly like that of Brown, Furth and Pringle
(Chapter 3) though it was being developed independently at about
the same time. Here the aim was to get high resolution in displaying
the frequencies present in speech, and since the records took the
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Fig. 6.5. Brown, Coleman, Lyttleton (1949). A speedy method of record-
ing the power spectrum of noises recorded on “sound track”.

form of sound track on 35 mm film, the fringe spacing had to be
very fine. The fringe plate shown in Fig. 6.5, was 6 inches in dia-
meter, carrying 55 lines to the inch. It was desired, too, to show
the changing character of the voice spectrum. Consequently, the
sound track was drawn slowly through the analyser and the spectrum
was displayed as the varying intensity of a cathode ray spot; this
was swept in synchronism with the rotation of the plate and the
display was itself photographed on moving film. A sound track
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carrying a single pure tone gives a recorded spectrum in which a
central line represents the mean unmodulated transmission of the
track and it is flanked by two lines representing the single frequency.
Npeech was expected to show a number of coexisting frequencics
corresponding to the various harmonies of the pitch of the vocal
cord, certain of the harmonics being augmented by the resonances
of vocal cavities. These characteristics are evident in the spectrum
of the spoken word “there”; an example given by the authors in the
1947 paper.

The Conflict between Speed Resolving Power

Inv all these instruments that make an analysis of the signal as it
is presented in real time, there is an unavoidable conflict between
getting the spectrum quickly and getting it in sufficient detail and
accuracy. Suppose the filter has a bandwidth A4 cycles/sec; this
limits the amount of detail that can be resolved in the spectrum.
Suppose that the instrument is arranged to average the power during
a time interval 7. How accurately will this estimate the true mean
that would be got from a much longer averaging time? During the
prescribed interval 77, the noise signal can be thought of as made up
of sinusoids that are harmonics of the total length and have fre-
quencies that are multiples of 1/7"; that is their frequencies lie at
intervals 1/7" on the frequency scale. Consequently the number of
harmonies which are transmitted by the filter is T A.

The theory of random noise shows that in a large number of
samples, all this duration 7', the amplitude (and phase) of the
harmonie of any specified frequency will vary randomly from one
sample to the next, but all can be regarded as samples from a family
whose variance is the power density at this frequency. If it can also
be assumed that the power density does not vary significantly over
the pass band .1, all the harmonics that pass can be regarded as
having amplitudes that are independent samples from the same
family. There are 7' 1 of them. How will their mean square modu-
lus differ from the variance of the whole family; differ, that is, from
the true value of the power spectrum?
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The question is answered by Kendall (1948). When the number of
harmonics N, is large, the error tends to have a gaussian distri-

bution and the probable error is a fraction l/N’} An accuracy of
5 per cent would call for 400 harmonics; that is, the sampling time
should not be less than

T = 400/ 4 (6.2)
The necessary sampling time differs greatly in different studies. For
radio work at several megacycles per second, a band width of 10,000
cycles/sec is probably quite narrow enough; the sampling time need
be only 0-04 sec. For work in acoustics, the band width should per-
haps not exceed 100 cycles/sec, and the necessary sampling time is
4 sec. For work on ocean waves whose frequency is of the order of
0-1 cycles/sec, a band width as narrow as 0-02 cycles/sec may be
necessary to distinguish different kinds of wave and swell; here the
sampling time rises to 20,000 sec or 6 hr.

This uncertainty in measuring power implies an uncertainty in
deciding at what frequency a noise has its greatest power. Indeed it
was pointed out in Chapter 2 that a purely sinusoidal signal has a
wide spectrum if it continues for only a short time. This ‘“‘uncer-
tainty principle” is important in the theory of communications
(Gakor, 1946).

Diffraction

Optical diffraction offers a very neat way of finding the power
spectrum of a signal, when this can be represented as the variation
in the optical transmission of a transparency. The scale should be
quite small, that is each typical fluctuation in the signal should
occupy a length of a millimetre or less.

When a collimated beam of monochromatic light (wavelength 1)
falls on the transparency, the ray emerging from a point x at the
diffraction angle 6 has a shorter path, and a phase diminished by
2n0x/A. The total amplitude of this diffracted beam is therefore
proportional to

A0, 1) = [g(z) e 20 dy
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Here g(z) is the factor by which the transparency changes the am-
plitude of light passing through it at position x: it will be a complex
number if changes in optical path occur in the transparency. The
cvclic factor represents change in phase from the extra path length
in the diffracted beam. Evidently, the amplitude A represents in
magnitude and phase the exact Fourier transform of the signal g(x).
Measurements are made at various angles 0, not of the amplitude of
the light, but of its squared modulus, the intensity, and this evident-
ly shows the power in the spectrum.

[n practice it is convenient to start with a line source of mono-
chromatic light and to use a large long focus lens to form an image.
Tlie transparency is then placed over the face of the lens, with its .«
axis perpendicular to the slit. Schouten (1938) has used a “variable
area’ trace whose varying width represents the signal (including
some additive constant, since the width cannot be negative). A
“variable density’ trace can also be used, but since transmission ‘is
reckoned on terms of intensity, the transmission should be made
proportional to the square of the width of the corresponding variable
area trace. In both cases, the additive constant, being a component
of zero frequency, produces an undiffracted beam. It is desirable to
keep this small, that is, modulate the transparency as much as
possible.

The boundaries of the lens limit the sample trace. A sharp bound-
ary should be avoided because the additive constant then appears
as a square-topped component whose spectrum of diffracted beams
spreads into that of the signal and confuses it.

Diffraction readily lends itself to the analysis of two-dimensional
patterns. Figurc 6.6 for example represents a photograph of the sea
taken vertically from an aircraft, when the sun was low. The pattern
of surface waves could readily be seen. When this transparency was
used to cover the face of the lens, the light source in this case being
a pinhole, the image of the pinhole became enlarged. The wave pat-
tern can of course be thought of as the sum of many long crested
sinusoidal wave trains having a variety of wavelengths and a
variety of directions. Its Fourier transform and its power spectrum
also, must represent these different waves, and are therefore two
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dimensional. The diffracted image in Fig. 6.6 is the power spectrum.
At a point having polar coordinates (r, 0) relative to the centre of
the image, the intensity of the image denotes the power in the trans-
parency of those sinusoids whose normal lies in the direction 0 and
whose frequeney (cycles per unit distance) is proportional to »
(actually r/AD where D) is the distance of the image from the trans-
parency).

The difficulty of the method lies in ensuring that the transparency
faithfully represents the quantity that is to be analysed. The trans-

F1a. 6.6. Barber (1949). The transparent photograph of the sea gives a
diffraction pattern that is the power spectrum of the function repre-
sented by the amplitude transmission coefficient of the transparency.

mission coefficient of a sea photograph for instance is unlikely to
depend in any predictable way upon water elevation or water slope.

To obtain rcasonable angles of diffraction, it is necessary for the
diffracting pattern to be miniaturized. This can be donc by making
a much reduced copy of the plotted funection, using plates rather
than film since celluloid is a poor optical material. Germansky (1930)
got over the difficulty by masking a surface silvered mirror with
non-reflecting pigment and using it very obliquely to reflect parallel
monochromatic light. The foreshortening effect makes the function
behave as if it were drawn on a much smaller scale.

Debye and Sears (1932) and Lucas and Biquard (1932) appear to
have hit independently upon the idea of using diffraction to detect
the wavelength of supersonic waves generated in clear liquids by a
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vibrating crystal. A collimated beam of monochromatic light passes
through the liquid in a direction parallel to the wave fronts of the
sound. Diffraction occurs because the spatial variations in the
pressure, and consequently in the density, give spatial variations
in phase to the emergent beam. The angle of diffraction is the ratio
of the optical to the supersonic wavelengths. Diffracted beams also
occur at multiple angles if the induced phase variations much exceed
a radian (Raman and Nath, 1936).

The principle is useful for measuring the wavelength and hence the
veloeity of high frequency sound. Bergmann (1934) demonstrated
the presence of harmonics in a high frequency electrical voltage that
was used to drive the crystal. Becker (1939) used diffraction to
study the power spectrum of audible sound between 100 and 6000
cycles/sec by causing it to generate capillary ripples on the surface
of mercury which then diffracted light that was reflected from the
surface.

Mevyer (1935) measured the power spectrum of sound in air by
reflecting it from parallel rods arranged as a concave grating. This
is a converse use of diffraction, corresponding to optical spectro-
scopy using finely ruled gratings. One may use a known regular
grating to find the power spectrum of the incident radiation or one
may use monochromatic radiation to examine the power spectrum
of the diffracting object.

L. Bragg (1944) described a new use of optical diffraction in help-
ing to decide crystal structure from X-ray diffraction diagrams. A
regular pattern of spots on a photographic plate was produced in
what was thought to be a reasonable guess of the crystal structure.
This was produced by a “fly’s eye”, a pinhole camera with a regular
array of multiple holes, forming images of an illuminated model of
the supposed molecule. The photographic plate, in association with
a lens and point source of light, gave a diffracted image that
agreed with the X-ray diffraction pattern if the guess at structure
was a good one. Some further descriptions of the system are
given by Bragg and Stokes (1945), Taylor, Hinde and Lipson (1951),
Bru, Cubero and Montis (1953) and Hanson, Lipson and Taylor
(1953).
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The diffraction of X-rays from crystals is a Fourier process, of
course, each diffracted beam corresponding to one particular period-
icity of the crystal. The small wavelength makes it possible to
study finer structure. For this reason electron beams and beams of
neutrons have also been used to study molecular structure (see, for
instance, Brockway, 1936; Zinn, 1947; Keating and Antal, 1955;
Richter and Steeb, 1959).

A recent paper formulating the principles of processing and filter-
ing information by optical systems, in terms of diffraction and Fou-
rier transforms, is given by Cutrona, Leith, Palermo and Porcello
(1960).



CHAPTER?7
CORRELOGRAMS

Power Speetra from Correlograms

In analysing noise, it was shown in Chapter 6 that one should aim
to measure not the amplitude of any Fourier component but its
square modulus or “power”’. That is, the signal ¢(f) has a transform
G (), but one aims to measure G*(f) - G (f). Equation (4.27) on page 60
states that this quantity is the transform of the convolution

o) = [gt)git + ) di (4.27)
This principle is very commonly put to practical use in studying
noise. The reason is that the convolution o(r) is usually a very much
simpler function than the noise. and it is usually quite a simple
matter to calculate its Fourier transform, either numerically or
with the help of some analoguc machine. Tndeed the convolution
itself is so characteristic that in many studies one scarcely needs to
transform it to a “power spectrum”.
Tt is worthwhile discussing the idea in a little more detail. If a
noise g(t) is sampled from — 7" to } 7', one can think of it as one
cycle of a repetitive signal and describe this by a Fourier series

N ==z 00

{](t) — 2" An ei2nnt,‘T (7.1)

The convolution, like the transform A, (Eqn.4.9), is then best ex-
pressed by a mean product

T
1
o) = 5 [0 g+ a (7.2)
0
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Then g will itself be repetitive and be represented by the series

0(t) = 3 A¥A, et (7.3)

— oo

Thus the convolution is made up of the same frequency components
as the original noise signal, but their amplitudes now are all positive

Functions Convolutions

(cl)/\/\/\//\
/ \J \V /{\/\

Ww

Function

(c)

Convolution

Fra. 7.1. Functions and their convolutions. The convolution of a sinus-

oid (a) is a sinusoid. Curve (b) contains three sinusoids and its convol-

ution contains the same three sinusoids but their amplitudes are now

the squares of what they were in the curve. Because the phase constants

are all zero in the convolution, the sinusoids add to give the convolu-

tion a central large positive peak. The effect is more marked when eight
sinusoids are present as in curve (c).

real quantities A} A,. 1t follows therefore that near its origin all the
components of g (7) take real positive values and tend to add together
making o (t) large and positive. At points further from its origin,
the cis functions take a variety of different phases owing to their
different frequencies, and there is much destructive interference
making o(z) small as may be seen in Fig. 7.1. Far from the origin,
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o(7) is usually small, except that near points 4 7', -+ 2T etc. the
behaviour in the vicinity of the origin is repeated.

It will be recalled that in analysing a noisc sample the aim was
not to measure the power of each individual harmonic, such as
A¥A,, but to estimate the mean power of a number of neighbouring
harmonics. This is very easily brought about: suppose one were
to take notice of the relatively large values of p(t) occurring in the

({‘;;}VI\?‘\M‘“‘VALV‘AVWM"BUQ’MVA“
(b) Symmetrical {“ - -..}

(C) Symmetrical A,
~ o] =-10 0 30 40

(d) symmetrica ,.-\\J/\/\

Fra. 7.2. Curve (a) represents a “noise’” sample and curve (b) its convol-
ution. Tf (b) is calculated on the assumption that the noise sample
repeats itself, then the convolution (b) also has the same repetition
interval. In this case, its transform is the Fourier series speetrum
suggested in (¢). A transform made only of the central portion of the
convolution is a smoothed version of the scries spectrum, that is the
continuous spectrum (d). This approximates to the power spectrum of
the noise. Blackman and Tukey (1959) suggest other ways of weighting
the central part of the convolution in order to smooth the spectrum by
other weighting curves.

vicinity of the origin, but to ignore and treat as zero both the small
values remote from the origin and all the repetitions at + 7" ete.
Figure 7.2 indicates that this would be equivalent to multiplying
o(7) by a factor that was unity for small values of ¢ but was zero for
all large ones. This modified ¢ (7) would have a transform that was
a weighted mean of the true transform of (7). At any frequency f,
it would be an average of all the amplitudes A¥ A, in the vicinity.
This is exactly what is required and it can properly be called the
“power spectrum’’. Moreover if only the relatively large values of p
occuring near its origin are to be taken account of, only these
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values of o need be calculated and only these values need be used
in calculating the transform. Thus one gets just the right information
with much less labour than would at first sight seem necessary.

Two sorts of error can arise. The values of the power spectrum may
be “‘unstable”, that is they may vary somewhat ecrratically from
sample to sample, or from frequency to frequency in any single
sample. This comes about if too few individual amplitudes A} A, are
included in the averaged power estimates. The instability can be
overcome by transforming an even smaller region of the convolu-
tion near its origin: if the multiplying factor is made narrower, then
its transform is made wider and will include a greater number of
individual amplitudes. This leads however to the second sort of
error, by which an excessive smoothing obscures real detail in the
power spectrum. Both errors can be reduced by using a more exten-
sive sample of the noise signal: if 7" is larger, the harmonies crowd
together more closely on the frequency range. As a general rule
no significant detail in the spectrum need be lost, providing that
all the significant range of the convolution is included when calcu-
lating its transform. The calculated power spectrum will be stable
to a fraction 1/N providing that the overall duration of the original
sample of noise is N? times the largest interval it is necessary to
include in the convolution. Thus five per cent accuracy would de-
mand a sample 400 times as long as the length of the convolution.

What has been hitherto called the convolution is often referred to
as the “correlogram” though it is perhaps better to use this word to
describe the ideal, stable form of convolution that would be got
from a very long sample of the noise signal. Formula (7.2) for the
convolition p (t) shows that it can be thought of as the mean product
of the functions ¢g(¢) and g(t |- 1), in fact their unnormalized corre-
lation coefficient as discussed in Chapter 8. The word “correlo-
gram” is therefore a natural one for the plot of ¢ as a function of the
interval z.

It will be appreciated that the signal g(#) may sometimes be a
distribution in space, not time, in which case ¢ represents a distance,
T is a space interval, and the average extends over a long distance.
In the case of waves on the surface of the sea the elevation of the
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water surface depends both on time ¢ and the space coordinates .
and y. It can be visualized as a distribution in these three dimensions.
The correlogram is then the assembly of correlation values deter-
mined after the manner of Eqn. (7.1) for combinations of different
intervals in all three coordinates x, ¥ and ¢. The power spectrum, in
principle at least, is a three-dimensional Fourier transform of this
three-dimensional correlogram.

Space and Time Correlograms

The eddies in a turbulent stream of air or water are a good example
of random noise. The momentary velocity at any point, or rather
its components in three dimensions at right angles, can be measured
by suitable instruments. The velocity in the downstream direction
will be a fluctuating value u added to a steady value U. Velocities »
and w at right angles to this will fluctuate about zero and have no
steady component. If two instruments that both measure « (or »
or w) are set close together, the velocities they record will be very
similar; the correlation will be high. If they are set further apart,
their outputs will show a smaller correlation because some eddies
will have too small a diameter to affect both instruments at once.
In principle, it is possible to estimate the correlation of the signals
for a variety of separations and to display the results as a plot, as
in Fig. 7.3. Plots that show merely displacements downstream or
across the stream are often used. Since the direction of separation
is important, as well as the actual distance, the complete plot would
be in two dimensions. Such a plot can be called a “space correlo-
gram”. It serves to indicate the general dimensions of the eddies in
the stream. The actual measurement of correlation can conveniently
be done by the ‘“method of signs” in Chapter 8, for the fluctuating
velocities are found to have a normal distribution. Otherwise an
electronic mixing circuit can be made to form the mean product of
the two signals.

Because the eddies each persist for a brief time and are carried
with the stream, an eddy which has affected one instrument is likely
to affect another instrument further downstream at a later time.



CORRELOGRAMS 107

This suggests that one might make measurements at points sepa-
rated by a distance ¥ downstream and compare the signals after
delaying that of the upstream instrument by some fixed time inter-
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Fre. 7.3. The diagram illustrates measurements being taken of velocity
at right angles to the mean flow of a turbulent stream. Measurements
at points separated in the same direction as that of the velocity compo-
nent being measured, give the “longitudinal” correlogram marked X.
Poiuts separated in a direction at right angles to the component being
measured give the “transverse” correlogram marked Y. Measurements
may be compared after one has been delayed by a fixed time interval z,.
Highest correlation then occurs if the points are separated by a distance
U 1, downstream, U being the stream velocity.

val 7,. In this case the plot of correlation against time interval has
the form shown in Fig. 7.3. Highest correlation occurs at a distance
Y, and the ratio Y,/7, is a good measure of the stream velocity.
The correlation values are less than before, showing that the pattern
of eddies changed somewhat while it moved downstream during the
interval z,.
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‘ross Correlograms

The last curve discussed in Fig. 7.3 is an example of a cross correlo-
gram. The velocities measured at points separated downstream are
different functions of time and are correlated according to a formula

0(®) =y [ g ke 1) e (7.4)
-ir
However, the velocity that exists can be thought of as a continuous
function of two variables, the downstream position y and the time ¢.
In this sense it is a two-dimensional distribution g(y, t) and will have
a two-dimensional correlogram
ir

oV, ) = g [0 000 + Yot dyde (1)
_% T

lividently the cross correlogram in Eqn. (7.4) is merely a section of
the two-dimensional autocorrelogram in Eqn. (7.5), got by specify-
ing a particular value of the interval 1. It is profitable to take this
view of “cross correlograms”, for the two- or three-dimensional
picture often tells the physical story more clearly. 1t is usetul for
example in deducing ionespherie winds from the pattern of fading
seen in radio signals (Yerg, 1955; Barber, 1956) or in deducing the
directional spectrum of waves from measurements made at several
points on the sea (Pierson, 1952; Barber, 1954).

Finding Correlograms

Calculation processes. According to KEqn. (7.1), it is required to
calculate the mean product of pairs of values ¢ and ¢ + 7, repeating
this for a sufficient number of different intervals 7. [t is sometimes
easier to add the functions and form the mean squarc of the sum
or difference, for this involves the mean product. By this method

20(7) = [g(t) + k(& + ) + g*(t) — R2(0) (7.6)

The second and third terms do not of course vary with z.
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A further simplification that avoids much squaring is to add or
subtract the functions and then to form an average taking no notice
of negative signs. One can deduce the correlation from the relation

+ 4g/n = (Mean | g + k|2 — (Mean|g | — (Mean | k|2 (7.7)

which is true so long as the two variables show a jointly normal
distribution and each has a zero average. Readers will see some
parallel between this idea and that of estimating the r.m.s. volt-
age of an alternating power supply merely by rectifying the voltage
and smoothing it.

Another simplification is the ‘“method of signs’’ described later in
Chapter 8. This method allows one to ignore the magnitudes of ¢
and & taking notice only of their signs. One decides, for each different
delay, the fraction of occasions on which the variables show the same
sign, both being positive or both being negative. This method, like
the previous one, requires the two variables to have a jointly normal
distribution and each to have a zero average. In order to get the
same accuracy as with methods that take account of magnitudes,
more data are necessary. This is illustrated in Fig. 8.6 of Chapter 8.

Glock (1942) advocates a “‘trend method” for the correlation of
continuous time series, that has the advantages of simplicity and
speed.

McNicol (1949) deals with the autocorrelation of a varying quan-
tity that is essentially positive and has a Rayleigh law of distribution.
Following Furth and MacDonald (1947), he finds the standard devi-
ation ¢, of the differences between successive values R of the vari-
able at regular intervals r. He shows that the correlation ¢(r) for
this time interval 7 is given by

> o?
eO=1 i &

This is analogous to the method of squares applied to a variable
having a normal gaussian distribution, Eqn. (7.6).
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Time Lags

Correlograms can be formed directly between incoming signals
that vary with time, but the introduction of a time delay is difficult.
Of course if the data can be recorded on punched tape or magnetic
tape or as traces of variable area or variable density on photographic
film, it is easy to introduce a relative delay in later analysis. Short
delays have been achieved in electrical signals by the use of suitable
transmission lines, or in acoustic signals by transmission through an
adjustable column of mercury. Stone and Dandl (1957) describe a
lag introduced by a synchronously switched bank of condensers.

The following instruments for forming correlograms have been class-
ified mainly with respect to the means used for introducing the delay.

Devices with Mechanical Delay

Seiwell (1950) used a machine built with two disc and ball ele-
ments. The functions g(¢) and k(t) were presented as curves on paper.
Two operators, one for each curve, moved a stylus following the curve
as the paper records passed through the machine. One disc is driven
synchronously with the paper records, and its ball carriage moves
with stylus following g(¢). The output rate of rotation is therefore
proportional to ¢g(¢) and it drives the second disc. The second carri-
age moves with the second stylus, so the output from this stage has
a rate of rotation proportional to the product g(¢) k(t). The total
rotation after the records have been through the machine is shown
on a dial and is a measure of the correlation. Delays ¢ can of course
be introduced by pre-setting the positions of the paper records, and
the curves need to be retraced for each different value of 7.

Stephens (1950) used an air tube, as in Fig. 7.4, to delay the signal
and form an autocorrelation. The signal was recorded and reproduced
from a loop of magnetic tape, and produced as sound from a cone
“speaker”. The sound passed down an air pipe to a non-reflecting
termination, and pick-ups at the side of the tube could be adjusted
in relative position to introduce the desired delays. The mean pro-
duct of the picked-up signals was found electrically.
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Shire and Runcorn (1951) built a machine out of standard com-
ponents for forming the autocorrelogram of a stationary time series.

Brook and Smith (1952) obtained auto- or cross-correlation by
recording signals on two channels on the same magnetic tape and by
changing the relative positions of the two pick-up heads to effect
the delay. The mean product was found electrically and recorded
automatically. The machine described by Hastings and Meade (1952)
uses magnetic tape in a similar way and finds the mean product by
an electrodynamic wattmeter.

Speaker g—- Air tube
Magnetic / D Microphones
record

Multiply
and > Record
smooth

Frc. 7.4. Stevens (1950). An acoustic delay.

Revesz (1954) also obtained a delay by magnetic tape. On replay,
the integrated product was got by a d.c. wattmeter. Goff (1955)
delayed acoustic signals on a magnetic drum as part of an electronic
correlator.

Tucker (1950, 1952) used records presented as white silhouettes
on paper, as in Fig. 7.5, and scanned these by an optical beam rotat-
ing before the records. A photocell detected the reflected light and
gave an output proportional to the sum of the functions on the re-
cords. An early model of this apparatus introduced delays by slowly
shifting one record past the other. A later modification used an opt-
ical system with two beams arranged at an angle that slowly changed
as the beams continually scanned the records.

ilectrical Delays

Lee, Cheatham and Weisner (1950) form auto- and cross-corre-
lograms by a pulse technique. An oscillator generates brief pulses at
an interval greater than any delay that is required and uses them to
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sample one incoming signal and to create a series of long pulses
whose height is proportional to the values of the signal at the in-
stants that are sampled. The original brief pulses also pass in a sec-
ond channel through a delay line and are used to sample the sec-
ond signal. In this case, the circuit generates pulses whose height is
constant but whose duration is proportional to the sampled values of
the signal. This second set of pulses is used to “gate” the first set

Photocell Filament
image

Fra. 7.5. Tucker (1950, 1952). An optical system on a turntable scans a
pair of traces whose relative position is slowly changed.

and so produce pulses whose height is proportional to values of one
signal and whose duration is proportional to values of the second
signal. These are integrated to give a measure of the correlation. The
time delay is increased in small steps and the correlogram is recorded
automatically.

Kraft (1950) refers to a digital electronic correlator which samples
the signals by pulses whose height expresses the value of the signal
on a binary code. The machine automatically computes 110 points
on the correlation curve. Bell and Rideout (1954) used a delay line
variable in discrete steps in a high speed correlator for audio signals,
getting 41 points on the autocorrelation curve in only 5 sec.

An interesting method has been used by Lampard (1954). Suppose
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that two electrical signals ¢(¢) and £(2) are developing in real time.
The aim is to find the correlogram, the mean product of values that
oceur at a range of different relative delays. It will be recalled from
the discussion of tilters in Chapter 5 that if signal g(¢) is fed into a
filter, the output at every instant 4 is the sum of numerous earlier
values of the signal ¢, in fact a weighted average of the earlier values,
the weighting factor being the impulse respouse of the filter, but
reversed on the time axis. If one forms the mean product of the
signal L(f) as it arrives and the signal ¢(f) as it appears after the
filter, in effect the signal k(#) is being multiplicd by numerous carlier
values of ¢(#). The resulting mean is a weighted average ol the
correlogram, or at least that half of it corvesponding to delays that
make g earlier than 4. One could obtain different weighted averages
of the correlogram by using different filters.

An unknown curve, in this case the corrclogram, can be discovered
if a large number of different weighted averages of it arve known,
and if the weighting functions have been chosen on a right principle.
Indeed the Fourier series is an example of this. Formula (1.7) in
Chapter 1 can be read as showing that each cocfficient «, or b, is a
weighted average of the funetion ¢(¢), the weighting functions
being “harmonic” sinusoids. If the values of a sufflicient number of
these coefficients are known, the function ¢(t) may be reconstrueted
by plotting the value of the series 1.4 against time.

Other families of curves besides sinusoids have this property.
Lampard has used curves derived from the Laguerre polynomials
and they are shown in Fig. 7.6. The analysis then develops in two
successive steps. One signal is fed simultaneously to many filters so
designed that their responses to a single pulse have the forms of the
curves in KFig. 7.6. The outputs of these filters arc all multiplied by
the second signal and the products are all averaged over a sufficient
length of time. As soon as the averages have been obtained, they
are supplied as short impulses to a second set of filters designed like
the first set. The outputs of these filters are added, and the sum is
displayed on the face of cathode ray tube. The trace is the correlo-
gram of the two signals, or at least the correlogram can readily be
got from it. The whole process can be automatic so that the correlo-
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gram is displayed at regular short intervals of time and any changes
in its form can be seen at once.

This idea has been followed up by Choudbury and Chakrabarta
(1958).

10

Fia. 7.6. The family of functions used by Lampard (1954).

A very neat optical method of producing space correlograms in
one or two dimensions is reported by Kovaznay and Arman. It requi-
res that the function that is to be analysed be represented as a
transparency whose intensity transmission is the variable. Two
transparencies can conveniently be used. One is placed in front of a
uniform extended source of light. The second is placed parallel to it,
a distance L away as in Fig. 7.7 and is followed by a lens large enough
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to cover the transparency. The image lying in the focal plane of the
lens, say a distance J from it, is then examined. Any one point of the
image at coordinates 2 F, # F is illuminated by rays which take paral-

| —_—
o l // _ —_—— e
(L:) : ﬁ = == l «F
(o) - II ///
n I — -
E' JL’///
$
X
w | L“" F
Correlogram
Transparencies image

Fra. 7.7. Kovasznay, Arman (1958). An optical method of producing
two-dimensional correlograms from two-dimensional functions repre-
sented by the intensity transmission of a transparency.

lel paths between the plates and consequently pass through pairs
of points whose coordinates have some fixed difference X, Y given

by X —=al Y =8L

Consequently the total illumination at this point is proportional to

o X, V)= [ [ge,pgle+ X,y | ¥)dady
and is one value of the space correlogram of the transparency. The
whole image at the focal plane represents the two-dimensional
space correlogram, and its intensity distribution can be measured
directly, or photographed directly if this gives a sufficiently accurate
copy.

It should be pointed out that the transparency will usually need
to represent the sum of the significant pattern and an additive con-
stant. The final image is near to the sum of their correlograms, for
though the cross correlogram between the constant and the signal is
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present also, it is probably small enough to be ignored. This is
suggested by the full and broken curves in Fig. 7.8. The broad
distribution due to the additive constant (the broken line) may be
tound by rotating one of the transparencies through an angle of 90°,
su long as its shape is square or circular, for in this relative position
the signals on the transparencies are unlikely to show any corre-
lation. The correlogram of the signal will then be the difference

o P AN

Fic. 7.8. When the analogue demands an additive constaut, the true
function and its convolution shown in (a), appear riding on the additive
constant and its convolution shown by broken linesn (b).

between the images when the transparencies are in this position and
when they are given the same orientation.

The method obviously lends itself to the use of different trans-
parencies. The image in that case will be the eross correlogram of
the two signals, as defined by

o(X,Y) = [ [g(x,y) k(e + X,y + ¥)dady
Signals that depend upon only one variable, distance or time, can
be represented by transparencies whose transmission varies with «
but not with .



CHAPTER 8

THE CORRELATION COEFFICIENT -
SCATTER DIAGRAMS

Sealar Variables

The correlation coetficient may be thought of as indicating the
degree of resemblance between the histories of two [luctuating
quantities, say ¢(¢) and k(f) which both vary with time. It is clear
that if the two quantities behave in a somewhat similar way it
should be possible, by subtracting a certain proportion of one from
the other, to produce a quantity whose fluctuations are in general
smaller than the original. That is, one may combine the two in the
fnanmer h(t) = g(t) — Ch(t) (8.1)
and by a suitable choice of €' make A () appreciably smaller in general
than g(¢). One has to decide how to assess the size of a fluctuating
quantity. It is common to adopt the mean square or “variance’ as

a measure of size. The aim then is to choose (! so as to make A2 as

small as possible and then to compare this with g% Now
W (g OTE = g 4 2 — 209 h (8.2)

By differentiating for (! it appears that the smallest value of A? is

achieved by makin g
Y # =g k[® (8.3)

Then h? is =g [1 . (ﬁ)?/gz . ké} (8.4)

Evidently the reduction in size, the ratio of 4? to ¢, depends merely
on the value of the quantity g,

o=y kg7 w2 (8.5)
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which is called the correlation coefficient. If it is unity, then A2 is
zero, which means that the two variables are alike in the sense that
they differ only by a constant factor of proportionality C. The sign
of p serves to show the sign of the proportionality factor C. If p is
negative, it indicates that g and k& have a tendency to be opposite in
sign. The coefficient can range from —1 to +1.

[t is possible of course that one may be interested not in the actual
values of g and & but in their departures from their mean values. In

this case, one would calculate the means g and & and subtract these
constants from g and £ before evaluating the correlation coefficient.
It is worth noting, that the correlation coetficient can also be

written - . 5
gk R (8.6)

2(g2- k)%
This expresses the coefficient entirely in terms of the mean squares
of the quantities ¢, £ and (g + k). In calculation or in the design of
analogue machines, it is usually easier to evaluate a mean square
than a mean product.

Scatter Diagrams

In many physical studies, particularly studies of wave motions
of natural origin, such as microseisms, occan waves or extra-terres-
trial radio noise, it is to be expected that the variable will show a
“normal” distribution. The proportion of time during which the
variable shows values in any small range g to g - dg is expected to be

L ey (8.7)
127 o,

It is the Gaussian error curve sketched in Fig. 8.1. When a variable
has this distribution, its mean is zero and its mean square is .
(These are the first and second moments of the curve.)

Two such random variables can also be expected to show a
“jointly normal” distribution. That is, the chance that one variable
lies in a small range ¢ to (g -+ dg) while at the same time the second
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variable lies in a small range £ to (& + dk) is expected to follow a
law

og ok 1 N
- S qexp| - == — 549¥a® - 20g9ko, 0, + k2ai} | (8.8
smo ol 2E P 20 Sl - 2egklo,on + ko | (3.8)

Indeed, it is in these cases that the correlation coefficient has its
simplest and most useful properties. The two variables both have
zero averages. The joint distribution can conveniently be displayed
by a two dimensional plot using g and & as rectangular coordinates

TFic. 8.1. The ‘“error curve’’ of Gauss.

as in Fig. 8.2. When a sufficiently large number of representative
pairs of (g, k) values have been plotted, one may proceed to draw
contours of equal density of points. If the distribution is normal,
these contours should all be similar ellipses following the law

9*los — 20gklo, o), + k*|o} == const. (8.9)

1f there is high correlation, the ellipses are long and narrow. If it is
low, the contours are nearly circular. It is possible to deduce the
correlation coefficient from the shape of a contour using the formula

0® =1 — (ky/ky) (8.10)

where k, is the diameter of the contour measured along the k axis
and k, is the overall width between tangents taken perpendicular to
the k axis. This is illustrated in Fig. 8.2. The correlation in this
instance is positive because the major axis of the ellipse lies in
quadrants where g and k& have the same sign. It would be negative
if the axis lay in the other pair of quadrants. The interpretation is
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most easily made if the variables have approximately equal variance
so that the major axis has an inclination of about 45°. Figure 8.3
illustrates some contour shapes for different correlations.

-

!

Fra. 8.2, A gaussian distribution in two dimensions. Contours of equal
density are concentric similar ellipses. The correlation coefficient can be
estimated as g% -- 1 — (ky/k,)2

Sugar (1954) gives examples of seatter diagrams, both for varvia-
bles following the normal distribution and for variables cach having
a “Rayleigh” distribution, like the amplitude of radio noise picked
up by a tuned aerial.

Display

If the signals are converted to electrical voltages, the scatter
diagram can be displayed on the face of cathode ray tube. Its form
can be seen by inspection if the noise has a high frequency. Other-
wise it is best to record the display by photographing it with an
exposure time that is sufficient to collect an adequate sample. The
contours of equal density are rather difficult to estimate by inspec-
tion, and there is much advantage in using a photographic emulsion
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of high contrast in order to make the form of the diagram more
obvious.

Yoodman (1956) has used the scatter diagram as a null indicator.
This avoids the difficulty of measuring a density contour in a diffuse

{m—

77
C

Fia. 8.3. The elliptic shapes corresponding to different magnitudes of
correlation, 0-1, 0:3, 0-5, 0-7 and 0-9 in the special case where the vari-
ables have equal variance.

picture. The procedure is as follows. A display on a cathode ray tube
is formed from the two noise signals, and the size of one or both
signals is adjusted till the major axis of the display is approximately
at 45° to the two axes. A measured fraction C of one signal is then
added to the other, so that a display is formed between (k¢ — C'g)
and g. The fraction (' is adjusted till by inspection the major axis
of the display lies along one or other of the axes, as illustrated in
Fig. 8.4. This shows that the correlation has fallen to zero. The
fraction C' is then an indication of the correlation coefficient of the
original signals. Thus if

— =0Ty g=g-k - Cf
then
0 =g k(7 B = c [} (811
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Criterion of Signs

If the “noise’ signals have a jointly normal distribution, and this
is often the case, it is possible to assess the correlation coefficient
merely by comparing the number of occasions » on which the signals

kt) 1
/4L\ /
// A
/
| /
\ /l
\\’//

I'ia. 8.4. Goodman (1956). A null method. The scatter diagram is dis-

played on the screen of a cathode ray tube. A fraction of one signal is

added to or subtracted from the other till the major axis of the diagram

becomes parallel with one or other coordimate axis, indicating zero
correlation (broken curve).

have the same sign with the total number of oceasions N that are
sampled. The coefficient is given by (Cramér, 1946), as

o —cosan/N (8.12)

and the relationship is plotted in Fig. 8.5. It is necessary of course
that the mean of cach signal shall be near to zero. This procedure
has the great attraction that only the signs of the signals are needed,
not their actual values, and very simple switches and counters are
sufficient to record the total number of instants that are sampled
and the number of these instants at which the sign of the signals is
the same.

The accuracy of the estimate got from a given noise sample is of
course less than if the estimate were made by taking account of the
actual values of the signals according to Kqn. (8.5). The standard
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deviation of ¢ when calculated from Eqn. (8.5) using N independent
sets of g, k values is (Fisher, 1946)

(1 - o7)/N* (8.13)
while that of ¢ calculated from Eqn. (8.12) is
. n n\1¥ g X
7 sin (n/N) h\f (\1 — jf)! N (8.14)

The ratio of these is plotted in Fig. 8.6 and at a corrclation of } it
appears that method (8.12) requires a sample about three times as
long as method (8.5) to achieve a similar accuracy.

1-0

£

n/N

__—__.*

1-0

o) 05 1-:0

Fia. 8.5. The relation between the correlation coefficient p and the
ratio #/N (sce text) in using the “method of signs™. The variables must
have a jointly normal distribution.

Complex Variables

It occasionally happens that one has to discuss variables that are
represented by complex numbers. For instance, the velocity and
direction of a wind are conveniently indicated by the modulus and
angle of a complex number. One may wish to compare the histories
of two winds, perhaps winds at different levels above the earth’s
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surface. An argument very like that used in comparing the histories
of two voltages (scalar variables) can be developed to show that the
resemblances in the histories of two winds is indicated by a coef-

ficient @
¢ = g*(1) k(t)/o,0;
The numbers here are complex. For instance, k(t) can be written
k =k ik, = Ve’

where k, and k, are the components of velocity in directions at right
angles, or alternatively where 1" and 0 are the total velocity and the

8 .

L NN _

Fia. 8.6. To get equally accurate estimates of the correlation, the ortho-
dox method of mean products may requirc N pairs of observations
while the method of signs requires a larger number N,. The diagram
plots the ratio N,;/N for different values of correlation coefficient.

direction. An asterisk indicates the complex conjugate got by chang-
ing the sign of 7. Thus
g =g —ig, = Ue™®

Again, the mean square modulus ¢ is got by averaging the product
of g and its conjugate g* and in terms of the components g, and g,
or U and ¢ it is

F =g g =g -i4s) (g T+ igs) = +gE= U?
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Consequently o2 and o do not involve the “imaginary” s but are
ordinary scalar numbers equal to the mean square velocity, regard-
less of direction.

Consequently, for purposes of numerical calculation the coef-
ficient can be written

0 = lgiky + goky Fi gk, —guk)|[ (02 TRE (8.16)

Evidently g itself is a complex number. It best lends itself to phys-
ical interpretation if one expresses its value in the alternative way
using modulus R and argument «

0 = Re™ (8.17)

Then the angle e is the average angle which the direction of the wind
k bears to the direction of the wind g. The size of the modulus R indi-
cates the similarity in the fluctuations of the two winds and may
range from 0 to 1. In comparing winds at 50 ft and at 2000 ft above
the earth’s surface, it is usual to find that R is large and positive,
indicating a very similar history, but the angular difference  is
usually appreciable, perhaps 15” over open sea, and is brought about
by the frictional drag on the air at the sea surface.

A geometrical explanation of the complex correlation coefficient
is given by Linn and Poschl (1956).

BARBER (1957)

It is possible to form a scatter diagram that displays the complex
correlation coefficient of two complex variables merely by display-
ing the sum of the two on an Argand diagram, the angle of one
being reversed in sign before adding. That is, one forms the sum

g +hk=g +k +1(-9, + k) (8.18)

so that g, + &k, and —g¢, + &, become the coordinates of the moving
point on the ‘“real” and “imaginary” axes at right angles. The
distribution tends to be elliptical as in Fig. 8.7, like the jointly nor-
mal distribution discussed before. The major axis of the distribution
lies at an angle } « to the “real” axis and if the major and minor
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diameters of any elliptic contour are measured as 4 and B the modu-
lus R of the correlation coefficient is

R = (42 — B?)[(4? + B?). (8.19)

The process requires that the two variables themselves obey cer-
tain conditions. They must be adjusted to be of equal “‘size”, that

k(t)

1

/

Fia. 8.7. Barber (1958). A scatter diagram that gives the modulus R
and argument « of the complex coefficient of two complex variables as

R = (A4 — B)/(A2 + B?) « =20

The scatter diagram is an Argand diagram displaying the sum of one
variable k(2) and the conjugate of the other, g* (). The variables must
have cqual variance and fulfil other conditions (sce text).

is to have the same mean square modulus before the addition. Each
variable alone should have a statistically normal distribution. Each
variable g and £, and also their sum (g -+ k) should separately show
a distribution having circular symmetry, so that all directionsare
equally probable. The need for this can be overcome by a modi-
fication of the method.
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Addition, methods of 34
Amplitude, harmonic 3

, density 15
Arca, graphical use of 30, 32

Ballistic galvanometer 9

¢

Calculation methods 25

Circular motion 2, 46
Cis functions 49, 52

Comb 7, 90
Complex algebra 48
Complex correlation coeff. 123

, scatter diagram for 125
Conjugate form 51
Convolution theorem 57

, application of 55, 60, 89, 90, 91,

102

and power speetrum 104
Correlation coefficient 117

, complex 123

, method of signs 122

, scatter diagram for 118
Correlation of winds 123
Correlogram 105
Josine transform 18
Cylindrical lens 10, 24

Delay by delay line 112
by filter 113
by magnetic tapc 111
Diffraction, optical 97
, of sound 100
Digital computers 29
Disc, for optical synthesis 41

Disc, stroboscopic 42
Dynamometer 37

Earthquake, as transient 12

Filters, electrical networks 67

, frequency, action of 65

, optical equivalents 82
Fourier integral 51
Fouricr scries 3

, in complex form 50
Fourier transform 51

, sine and cosine 16
Frequency 3

, negative 16, 47
Fringes, optical 41, 82, 85

Gaussian error curve 118
, two-dimensional 119
Graphical analysis 29

Harmonies 4

, in power supplies 36
Hollerith programmes 29
Hydraulic addition 35

Integral, Fourier 51

Mecchanical analysers 7, 20, 33- 36, 67,
110
Mercury, capillary ripples as grating

100
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Method of signs for corr. coeff. 122
Modulus of complex number 48
Moiré fringes 41
Multiplication, electrical 38

, electronic pulses 112

, optical 41

Noise, analysis of 87

Ohm’s law for multiplication 38

il pistons for addition 35

Optical beam for addition 42

Optical devices 10, 23, 41, 82, 95, 97,
112, 115

Optical synthesis, two-dimensional 43

Ordinates representing curve 89

Orthogonal property of sinusoids 4

Phase constant 3
Photocelectric methods 10, 24, 41, 95
Photography as method of addition
41

Piano tuning by stroboscope 42
Potentiometers for multiplication 39
Power spectrum 93

, and correlogram 102
Products of functions 55
Punched-card machines 29

Rasters 42
Reciprocal relation of transforms 16
Repetitive signal 1, 12, 47

Sample, analysis of 87
, significance of 91
, statistical crror from 92

INDEX

Sand, for two-dimensional synthesis

35

Scatter diagram
Selsyn 40
Simple harmonic motion 3, 52
Sine transform 16
Sinusoid 3
Solenoid 23
Sound track, analysis of 41, 95
Space correlogram 106
Square-topped wave 6, 17, 53
Stroboscopic disc or raster 42
Symmetry, aid to analysis 25

, of complex transform 51

, of sine cosine transform 16

118

Tide machine, method of addition
Time delay, methods of 110
Transform, complex Fourier 51
, sine and cosine 16, 52
Tuned circuits 37, 67
Turbulence, correlograms of 107

Uniselectors 28
Unsharp mask 64

Variable density trace
Variable width trace
Vectors 30, 46, 79

41, 98
10, 24, 98

Waveform, clectric power 36
Weighing, analysis by 33

X-ray crystallography 100
. synthesis machines for 43
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