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PREFACE

From several years’ experience in teaching classes in statistics and
giving advice at various times to experimentalists, I have come to the
conclusion that there is a distinct need for more than one type of text-
book. On the one hand there are many who are interested only in
knowing something of the theory and principles. In this class we find
students who are endeavoring to obtain a broad knowledge of all sub-
jects related to science and art, practicing technicians such as doctors
of medicine and technical advisers in agriculture, and adminisfrators of
research activities. It would be idle to set students of this type to
work on laborious practical examples. It would probably discourage
them at the start, and by absorbing time would reduce the possibility of
teaching them some of the very attractive philosophical phases of the
subject. In a maze of calculations the principles might be lost sight of
completely, and the student would emerge with a technique for mechan-
ical operations and no ability to solve actual problems. At the begin-
ning it is not training in actual methods that is required, but the build-
ing up of a sound knowledge of fundamental principles.

On the other hand, we have an increasing number of students who,
having had some elementary training in statistics and some experience
in research work, come to the point finally of requiring a practical
knowledge of methods of analysis and some facility in the devices of
calculation. There is no denying the fact that two or three years spent
in studying the principles and theory of statistics will not fit the student
to solve practical problems. To do s0 is to ignore the many complica-
tions that are involved and that training in facility is necessary in order
that statistical computations may be attacked with determination and
completed in a reasonable length of time. One of the objections very
often raised to the use of statistical methods is the time necessary to do
the routine work. Frequently this sort of thing can be attributed to
insufficient training in the actual methods that should be employed and
a lack of organization of the work.

The basis of this book, therefore; is the supplying of a textbook in
statistics for students who have passed the elementary stage; who have
studied a fair amount of theory and principles and now wish to equip
themselves for actual statistical work in their own field of research
activities. The experiment station agronomist, the cereal chemist, the
plant breeder, and the economic entomologist are all examples of research
workers who require a practical knowledge of statistical methods, and
undoubtedly there are many others in the same class. It has been my
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experience that to acquire this knowledge the student must work
through a comprehensive series of actual examples, and these should
not be miniature examples as they are likely to give him a wrong impres-
sion of what will actually be required of him at a later date. Most of
the various examples and exercises in this book are therefore of actual
size, but every effort has been made to keep them within such limits as
will enable the student to work through a representative set in one
academic year.

This is not to say that a course in statistical methods should ever be
given without emphasis on principles, and this applies particylarly to
the principles of experimental design. When studying practical meth-
ods, the opportunity is prime for the student to acquire a solid ground-
ing in this important phase of the subject. The discussions in the
greater part of the book, therefore, are worked out so that they have a
direct bearing on the principles of the design of experiments. The first
half, for example, while containing material that involves a repetition
of elementary work that has already been covered, is nevertheless written
so that, in reviewing, the student is brought into contact immediately
with the structure of actual experiments. Also in this portion of the
book are certain routine calculations which are designed mainly to give
the student some facility in calculation before he comes to the heavier
problems in the latter part.

There are many to whom I owe thanks in the preparation of this
book, but in the first place I must acknowledge a very great debt to
Professor R. A. Fisher, who has been mainly responsible for the develop-
ment of the methods that are set forth. Furthermore, he has been very
generous of his own time in explaining how new problems may be solved
and in clearing up doubts as to the exact application of previously estab-
lished methods. I wish also to thank the staff of the Statistical Labora-
tory at Ames, Iowa, for advice and suggestions, especially Dr. G. W.
Snedecor, who in addition has given me permission to use, wholly or in
part, any of the tables or material in his excellent new textbook, ‘‘Sta-
tistical Methods.”” Thanks are due to many who have called attention
to errors in the preprint edition, and to ways in which the explanations
and examples could be improved. This applies particularly to my stu-
dents, who have taken a special interest in suggesting improvements of
this kind. They have also taken a particular interest in checking the
calculations in order that the book should be as nearly perfect as possi-
ble in this respect. In typing the manuseript I must acknowledge the
untiring assistance of Misses E. J. Stewart and M. G. White.

C. H. GouLpEN.
Fcbruary, 1939.
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METHODS OF STATISTICAL ANALYSIS

CHAPTER 1
INTRODUCTION

1. The Logic of Statistical Methods. Applying statistical methods
to experimental work involves the use of certain logical ideas appropriate
to experimental procedure. The problems of statistics are, therefore, not
entirely mathematical problems; in fact they are very largely problems
based on the technique and requirements of the research worker. This
important point has not always been clearly understood and hence we
find, in the history of the development of statistical methods, various
attempts to solve the problems of the experimentalist by the application
of purely mathematical methods of reasoning and derivation. Thus we
find prodigious attempts being made to apply the method of inverse prob-
ability to the testing of the significance of results obtained in experi-
ments. This theory has to do with the evaluation of the probability of
the occurrence of certain specified events on the basis of what has hap-
pened in some previous event. For example, if 8 balls are drawn from
an urn containing black and white balls, and are found to consist of 3
white and 5 black balls; to derive from this result an exact statement of
the probability of obtaining a white ball in drawing another single ball
is a problem in inverse probability. Everyone will agree that, on the
basis of the ratio of white to black balls in the sample drawn, in drawing
another ball one’s expectation tends towards black, but very few will
agree that this expectation can be put in the form of an exact statement
of mathematical probability. On first thought, one might be inclined
to think that this type of problem is the same as the statistical one of
taking samples and reasoning from these samples to the populations
from which they were drawn. We shall see, however, that there is a
very essential difference between the two situations; that to regard
these two situations as the same is merely to misunderstand the true
nature of the methods of obtaining new information by experimental
methods. To illustrate these points in further detail we shall follow
through the procedure of operating a very simple experiment, in which
the statistical method will arise as a natural consequence of the efforts
of the investigator to get the most out of his experiment.
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2. A Simple Experiment in Identifying Varieties of Wheat. This
hypothetical experiment is modelled after the famous tea-tasting
experiment described by R. A. Fisher (1), but in some respects the pro-
cedure is simplified. Fisher’s hypothetical experiment will undoubtedly
remain as a classic in statistical literature, and after following through
the experiment described here the student will do well to make a similar
study of the tea-tasting experiment as it discusses certain aspects of this
type of problem that cannot be presented here.

A wheat expert claims that, if he is presented with grain samples of
two particular varieties which we shall designate as A and B, he can
distinguish between them. He does not claim the ability to identify
either one of the varieties, if they are presented to him separately, and
further there is no special mention of an ability to differentiate between
these samples at all times and under all conditions with perfect accuracy.
The claim is for a certain power of differentiation, and we must proceed
in the planning of the experiment accordingly; that is, we must plan
the experiment in such a way that any reasonable power of differentia-
tion possessed by the operator will be demonstrated. With this
knowledge we can proceed to set up the experiment.

It will be obvious with a little study that, in order to plan the experi-
ment correctly, it will be necessary to anticipate the possible results.
Suppose that we presented the operator with only one pair of samples
and he classified them correctly. Without any knowledge whatever of
wheat varieties he could, by pure guesswork, name the varieties cor-
rectly in 50 per cent of the cases. This follows from the fact that there
are only 2 ways of classifying them, and if the operator has no power of
differentiating them, these 2 ways are equally likely. Thus in about
half of the cases he would place them correctly, and in the remainder of
the cases incorrectly. Our conclusion must be that 1 pair of samples
would not be sufficient to produce a clear-cut result, regardless of the
efficiency or the inefficiency of the operator. What will be the effect of
increasing the number of pairs of samples? Obviously, the operator
would be much more unlikely to place several pairs of samples correctly
than he would just 1 pair. Can this statement be put in more definite
terms? Let us assume that 6 pairs are being used and see if we can
calculate the probability of a correct result, or, in other words, the
proportion of the cases in which the operator, without any power of
differentiation of the samples, could be expected to reach a correct
placing. If there are 6 pairs of samples, each pair may be placed either
rightly or wrongly, so that there are just 7 different kinds of results.
These are: 6 right, 5 right, 4 right, 3 right, 2 right, 1 right, and none
right. The pairs may be thought of as being presented to the operator
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one at a time, so there are 2 ways of placing the first pair (right or
wrong), 2 ways of placing the second pair, and so forth for all the pairs.
Each result for a pair may occur with either result for another pair, so
that for 2 pairs we would have 2 X 2 possible combinations of placings.
These are: both right; first pair right and second pair wrong; second
pair right and first pair wrong; and both wrong. Continuing with this
reasoning, it turns out that for 3 pairs the possible number of combina-
tions of placings is 2 X 2 X 2; and, finally, for 6 pairs the total number
is 26 = 64. If now the operator places all 6 pairs of samples correctly,
we are in a position to place an evaluation on this result. There is only
1 way of placing all pairs correctly, so that if the operator has no knowl-
edge whatever of wheat varieties he would be expected to place them
correctly in only 1 out of 64 trials. This would be a rather odd chance,
and we would therefore be inclined, in the event of a successful placing,
to attribute it to the ability of the operator in differentiating the
varieties. Another way to regard this is to consider the consequences of
adopting as a standard, in the examination of a large number of opera-
tors, that all pairs must be placed correctly. Then in 1 out of 64 cases
we could be expected to attribute to the operator a power of differentiat-
ing the varieties that he did not actually possess. This would seem to be
a fairly safe standard. In fact it would undoubtedly be argued from
the standpoint of the operators being tested that the standard was
much too high. In general practice, it is usual to adopt a ratio of 1/20
as an arbitrary level for discriminating between real and chance effects.
That is, an event is not regarded as significant unless it would only
occur by chance variation in not more than 1 out of 20 trials.

We now have to consider the interpretation that would be made if
the operator were to obtain such a result as 5 pairs right and 1 pair
wrong. In the above case there was only 1 way of placing 6 of the
pairs correctly, but the situation is different now in that any one of the
6 pairs may be the one that is incorrectly placed, making a total of 6
ways, out of the grand total of 64, in which the samples may be placed
5 right and 1 wrong. Then, in considering the experiment from the
standpoint of the possibility of its indicating a power of differentiation
on the part of the operator, we must also take into consideration the
number of ways of placing 6 pairs correctly. That is, we must enumer-
ate the number of ways in which the operator can place 5 pairs of samples
correctly, or any other result more favorable to his claim. This makes
a total of 1 + 6 = 7 out of 64 ways in which such a result or one more
favorable to the operator could occur, and if the operator has no power
of differentiation this result will be expected to occur in just that pro-
portion of the cases. In approximate figures the ratio 7/64 is equal to
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1/9; and we note that this is larger than the ratio 1/20, which, as pointed
out above, is accepted as a general level of significance. To accept
the ratio of 1/9 as indicating a power of differentiation would be to
take the risk of being wrong in 1 out of 9 similar trials, and this would
probably be too great a risk for most investigators to accept. It might,
however, be taken as a sufficient indication to justify further experi-
mentation.

It will be found convenient, in experiments of this type, to set up in
the form of a table all the possible results with the corresponding
number of ways in which each can occur. Another column of the table
may be used to show the ratio that we have taken above to indicate the
significance of each result. The figures for this experiment are given in
Table 1. Why do we not give more values in the third column?

TABLE 1

PossiBLE REsuLTs, NUMBER OF COMBINATIONS, AND RATIO OF SIGNIFICANCE,
FOR A SIMPLE EXPERIMENT IN DIFFERENTIATING SIX PAIRS OF SAMPLEsS

Possible Results No. of Combinations | Ratio of Significance
6 right 0 wrong 1 1/64
5 ¢ 1 ¢ 6 7/64
4 2 15 22/64
3 6 3 [ 20
2 “ 4 (X3 15
1 X3 5 [ 6
0 o 6 X3 l
Total ........ 64

The procedure in this simple experiment may now appear to be
quite clear and apparently straightforward in every respect. The
reader will then be surprised to learn that we have been guilty of a very
gerious omission. We have said that, if the operator has actually no
power of differentiation, the 64 ways of arranging the pairs are all
equally likely to occur. Suppose now that the samples are presented to
the operator in pairs with variety A to his left hand and variety B to
his right hand. On the off chance that there may be such a systematic
arrangement of the pairs, the operator decides to guess this order and
then adhere to it throughout the experiment. The result is that the
most probable arrangements are 6 right, or 6 wrong, and our theory as
to the probable frequency of the different possible results is completely



DEFINING SOME STATISTICAL TERMS 5

broken down. Another possibility that we have omitted to consider
so far is that the 2 samples may show differences as to weight or quality
which are actually quite independent of the variety characteristics.
Here again the operator may, by guessing, obtain a result that is either
all wrong or all right. We could go on and point out a number of factors
that would tend to upset our calculations, and in the end the reader
might despair as to the possibility of carrying through any experiment
that would lead to valid conclusions. Why not take into consideration
such factors as we have mentioned and work out the theoretical fre-
quencies of the different combinations accordingly? A little thought
will show that this is quite impossible. The vagaries of the minds of
operators, for example, in taking advantage of certain orderly arrange-
ments of the pairs, would be quite beyond the possibility of definite
enumeration. The situation is not hopeless, however, as there is
always at hand an extremely powerful method of overcoming this
difficulty. The method is to arrange all factors that may enter into
the results, completely at random. Thus, in presenting the pairs to the
operator, a random arrangement would be followed that would be
determined beforehand by throwing coins, drawing cards, or from a
book of random numbers. It could then be stated with absolute con-
fidence that, on the hypothesis that the operator has no knowledge of
differentiating the samples, all possible arrangements would be equally
likely to occur. It would be possible, for example, to use different
colors of trays as containers for the samples. In each pair 1 tray might
be red and 1 blue, and, if the varieties are assigned to the trays at
random, it will still be true that all possible arrangements are equally
likely. Of course a word of caution is needed here. Different colored
trays, or any other disturbing influence on the ability of the operator to
differentiate the samples, are not recommended, as they tend to reduce
the efficiency of the test; but at the same time if such factors are properly
randomized they do not affect the validity of the test of significance.

3. Defining Some Statistical Terms. In describing our simple
experiment, statistical terms were avoided as much as possible. Such
terms are, however, a kind of shorthand and will be found very convenient
as we proceed to the consideration of more intricate problems. The
6 pairs of samples of grain constitute in themselves g _samale in the true
statistical sense. We were not particularly interested in what the
operator did with the 6 pairs except in so far as it indicated his ability
to differentiate the varieties in general. In other words, we were trying
to obtain an estimate of what would happen if he were presented with a

very large group of such pairs. This large group containing an indefinite
number of pairs might be said to constitute the population that we are
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sampling. The general problem.of statistics, therefore, is the estimation
of values for populations by means of determinations made on samples
drawn at random from these populations. Assuming that the final
result of our experiment was 5 pairs of samples placed correctly, the best
estimate we would have for what our operator might do with a very large
sample is that he would place § of the pairs correctly. This value is the
mean number of successful placings that the operator would make in a
population of similar pairs. A value such as this, calculated from a
sample, is said to be a statistic. The populatlon value of which the
statistic is an estimate is referred to 8s a parameter. Statistics are sub-
jéct to variability in that we will get ‘different results with different
samples. The populations sampled are regarded for convenience as
being infinite; and therefore for any one variable, such as the number of
successful placings, there is only 1 value of the parameter.

In all experiments there is a hypothesis to be tested. It will have
been noted that in the description oI The simple experiment we repeatedly
used the words “if the operator has no power of differentiation.” This
points to the fact that the hypothesis we were testing was just that. In
statistical parlance our hypothesis is now, owing to the pertinent sug-
gestion of Professor Fisher (1), referred to as the null hypothesis. This
null hypothesis was the basis for the calculation of the number of ways
out of the total that certain results would be obtained, it being assumed,
owing to randomization of the experiment, that all the possible ways
were equally likely.

4. Summary of Principles. We have now worked through an actual
experiment, which, although it was extremely simple, has introduced us
to the main principles of the statistical method and has allowed us to
obtain an easy introduction to many of the common statistical terms.
It will be convenient after this discussion to return to some of the gener-
alizations of Section 1.

It will have been noted that the logic employed in tests of significance
is clearly that of the experimentalist. This is true whether or not the
experimenter has any knowledge of mathematics. Always, if he is
critical of his results, he asks himself whether or not they could have
arisen as a chance variation, and on this basis arrives at some conclusion
a8 to their significance. The statistical method, therefore, does not
introduce anything new in this sense, but merely supplies him with the
technique for planning his experiment so that it is justifiable to ask such
a question, and then furnishes him with a method of measuring the
confidence to be placed in the findings.

The results from one sample are not used to obtain a statement as
to the probability of obtaining a given result in drawing another sample,
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but they are used to obtain an estimate of the populatiort from which the
sample was drawn.

A test of significance is, essentially, the use of the data provided by
the sample to test any hypothesis that may be set up. In such tests we
do not always realize that a hypothesis is involved, but nevertheless this
is true. When we ask the question, “Is my result due to some real
effect or to a chance variation?”’ we can answer this question only by
setting up the hypothesis that there is no effect, and determining whether
or not the results agree or disagree with the hypothesis.

The mathematical derivations invoived in statistical tests arise
from attempts to state the proportion of cases, according to a given
hypothesis, in which the results obtained will occur. Thus, in the
experiment described above, the hypothesis was that the operator had
no power of differentiating the varieties; and on this basis we inquired as
to the proportion of cases in which a result of 6 right would occur. The
order in which the samples were presented having been randomized, it
was possible to state that all placings were equally likely; and hence we
were able to derive by strictly mathematical methods the proportion of
cases in which a given placing would occur.

5. The Functions of Statistical Analysis. The chief functions of
statistical analysis as applied to experimental procedure may now be
enumerated as follows:

(a) To provide a sound basis for the formulation of experimental
designs.

(b) To provide methods for making tests of significance and
trustworthy estimations of the magnitude of the effects indicated
by the results.

(¢) To provide adequate methods for the reduction of data.

The discussion of the previous sections will have given a reasonably
clear picture of the manner in which the principles of statistics are made
use of in designing experiments. Since this is the most recent develop-
ment in this field, it is natural that-it is with respect to experimental
design that the beginner is most likely to err.  Frequently an elementary
knowledge of statistics, consisting merely of an outline of the facts of
variability and the various methods of measuring this variability, is
taken as a sufficient knowledge for applying statistical methods to
experimental work. The results of this practice are often disastrous.
It is the reason why the consulting statistician is frequently presented
with a set of data collected from an experiment which has been very
badly designed. At the best, in such an experiment, there will be a loss
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of precision and information; but in addition there may be a decided
bias in the results and as a consequence the whole or at least a part of the
data may have to be discarded. It is not exaggeration, therefore, to
state that to the experimentalist a study of statistical methods is futile
unless he endeavors to apply these methods not only to the analysis of
data but also to the structure of proposed experiments.

The necessity for tests of significance has already been dealt with,
but very little emphasis in the above discussion was placed on methods of
estimation. It was pointed out, however, in the hypothetical example,
that, if the operator’s result was 5 right placings out of a possible 6, this
would have to be taken as the best estimate available of the proportion of
correct placings the operator could be expected to make if presented with
a large series of samples. Obviously the experiment was so small that
this may not be very close to the proportion that the operator would
actually accomplish, and hence in this respect the experiment was not
sufficiently extensive. The methods of statistics are concerned very
vitally, therefore, with methods of estimation; and here again we cannot
avoid noting the importance of experimental design, in that by careful
design we can very largely determine beforehand the accuracy with which
a particular estimate can be made.

The necessity for the reduction of data is perfectly obvious, but it
may not be clear as to the various methods employed in statistics for
bringing this about. It is impossible to list these here, but we can
classify them into three general groups: viz., tables, graphs, and statistics.
The tables are usually prepared first, and from these we draw graphs to
illustrate the main features of the data, and calculate statistics. The
statistics are single expressions such as the mean or average which
express the general characteristics of the samples studied.

REFERENCE
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Edinburgh, 1937.



CHAPTER I1

THE ARITHMETIC MEAN AND STANDARD DEVIATION—
FREQUENCY TABLES AND THEIR PREPARATION

1. The Arithmetic Mean. This is our first example of a stafistic. It
is called a statistic because we regard it in statistical practice as a value
calculated from a sample, and an estimate of the mean of the population
from which the sample was drawn. Values for the means of samples will
be expected to vary from sample to sample, and are therefore not essen-
tially different from individual variates in that respect. It is for this
reason that it is not consistent terminology to speak of the mean or any
other statistic calculated from a sample as a constant. The only con-
stant values in statistical theory and practice are the values representing
the infinite populations from which the samples are drawn. These, as
we shall see later, are usually referred to in modern statistical litera-
ture as paramelers.

It is often said of the arithmetic mean that it is the best single value
that can be applied to the sample as a whole. Thus we find that the
agronomist refers to the average yield of a variety, and not to the indi-
vidual yields of a series of plots. Many other instances of this kind could
be cited; in fact, it is an everyday usage and needs no further explana-
tion.

For a sample of N variates where z, represents any one variate, the
mean £ is given by:

Tt x2tz3t o+ ri+ o+ 2

I =

N
which for the sake of abbreviation is written: 2o jz,g'
C))
= ¢))

If the values for three variates are 6, 8, and 1, the mean is obviously:

6+8+1 15 _
3 3
9

5
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Using the short formula means simply that the summation of the three
quantities is understood, and, instead of writing out all the values and
connecting them with plus signs, we merely write 15/3 = 5. According

N
to strict mathematical usage, Z(z) should be written Z(z), to show that
S

N values are summated, but the simpler form may be used when the
number of summations is obvious.

! One of the most interesting properties of the mean is that the sum of
the deviations of all the individual variates from the mean is zero.
Again representing an individual variate by z:, an individual deviation
from the mean will be (x; — £). Then summing all these we get:

Zeg—D =@ -+ @—D+...+ @.— 1)

= (@1 +2z2+4+ ...+ x,) — NE
And since
NEi+z2+...4 zn)

N-=
¥ N

It is clear that
Z@x—%x) =0
Using the summation sign to shorten the algebra we would have

Zx—2Z) =2@x) —2@F) =2Z@&) — Nz

And since
NZ(z)
Ni =—
*=7N
It is again clear that
Zxz—2)=0

2. The Standard Deviation. In using the mean of a sample to
represent the sample as a whole, it must occur to us that the reliability
of this method will depend on the degree of variation among the indi-
vidual variates that make up the sample. If there is no variation the
mean would represent the whole set perfectly; but as the variation
becomes greater the single value of the mean is less and less descriptive
of the entire group, and it becomes more and more necessary in order to
describe the sample completely that we have some measure of variability.
The average deviation from the mean might suggest itself, but we have
seen that the sum of the deviations from the mean is zero, and from this
t follows that the mean deviation is also zero. For this reason the sta-
istic that has been adopted as a measure of variability is the root mean
iquare deviation, commonly known as the standard deviation. The
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formula for the standard deviation, which is usually represented by the

Greek letter sigma (o), is:
Z(x — 1)2
= a2 2
\/ ¥ (2)

The direct method of calculating the standard deviation is to find all the
deviations from the mean, square them, surnmate, divide by N, and
then extract the square root. For example, if we have the three figures
6, 8, and 1, for which the mean is 5, the standard deviation would be:

124+324+42 /gg
3 - N3

When there are more variates in the sample, and especially when the
deviations contain decimal figures, a much shorter method can be used.
The main part of the work is to find the sum of squares of the deviations,
and it can be shown very easily that:

3z — %) = Z(x2) — [—E%—)Jf 3)

Applying this to our miniature example we have:
S B — )2 = (62 + 82 4 12) — 152/3 = 26

This formula is especially useful for machine calculation and is now used
almost exclusively in statistical laboratories.

We now have to consider a point which is very important in the prac-
tical application of statistical methods, and one over which there is often
a great deal of confusion. It was pointed out above that the mean of a
sample is taken as the best possible estimate of the mean of the parent
population. This practice of estimating values for parent populations is
the main object of calculating values for samples. With a little thought
this point should be quite clear. We determine the reaction of a crop to
a given fertilizer on a sample of plots which may not be more than 6 to 10
in number. It cannot be stated, even by the wildest stretch of the
imagination, that we are primarily interested in the reaction to the
fertilizer on those 6 to 10 plots. What we are attempting to find out is
the general reaction to the fertilizer under farming practice, and hence
we must picture a very large population of plots for the mean reaction of
which we are trying to obtain an estimate. If we let this populatlon, for
purposes of clarity of thinking, be regarded as infinite, it follows that the
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mean and the standard deviatian for this population are fixed values and

hence we call them parameters. If the mean of the parent population
is denoted by m, then %, the mean of the sample, is an estimate of the
parameter m. Similarly if ¢ is the standard deviation of the parent
population, the value which we calculate from the sample must also be
the best possible estimate of ¢. Actually this estimate is not the root
mean square deviation that we have defined above. This arises from
the fact that, if m is the mean of the parent population, the}est estimate
of o is:

o Z(x — m)?

- N

but since we do not know m we use  instead, and it can be shown by a
simple algebraic derivation that the best estimate of ¢ is given by:

 Fe—2?
S =N 4)

wherein we put this expression equal to_s in that it is not o but the best
possible estimate of s. We keep to this symbolism throughout in order
to distinguish the standard deviation calculated from a sample from the
true value which is a parameter of the parent population. The divisor
(N — 1) is known as the number of degrees of freedom available for
estimating the standard deviation. We shall learn more of this term in
later chapters.

3. Standard Deviation of a Sample Mean. If we take a series of
samples and determine a mean for each one, it is obvious that the means
for these samples will vary from sample to sample, and that the degree
of variation among these means will be related to the degree of variation
among the individual variates. If one particular sample is taken, the
exact relation is given by the equation:

8

8 = _\/N (5)

where s; is the standard deviation of the mean of the sample, s is the
standard deviation for the sample as a whole, and N is the number in the
sample. The standard deviation of a mean is therefore inversely
proportional to the square root of the number in the sample.

4. The Frequency Table. This is a table which shows, for the
sample of variates studied, the frequencies with which they fall into
oertain clearly defined classes. If the sample is very small the frequency
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table may not be necessary, and even if prepared may not mean very
much; but for moderately large samples it is usually desirable to begin
the reduction of the data with a table of this kind. The frequency table
provides the values for easy graphical representation, and from it such
statistics a5 the mesnand standurd” déviation may be" calculated with
much greater easé than from the original set of individual values.

"'B. Selection of Class Values. Frequency tables may deal with
either continuous or discontinuous variables. A continuous variable is
one in which a single variate may take any value within the range of
variation. Thus the yield of a plot of wheat may take any value within
the range from the lowest-yielding plot to the highest. A discontinuous
variable can take only certain specified values. For example, in tossing
5 coins we can have 5, 4, 3, 2, 1, or 0 heads, and no other values can occur.

A frequency table for the number of heads in tossing 5 coins 100 times
might be as follows:

Class Values Frequency

5 heads 3
4 heads 16
3 heads 28
2 heads 31
1 heads 17
0 heads 5

Total = 100

The class values to be selected for such a table are obvious, and this is
usually true for discontinuous variables. In some examples, however,
it may be necessary to form the class values such that the class interval
is greater than unity. In tossing coins 20 at a time, we might use the
classes 0-2 heads, 3-5 heads, and so forth.

If the variable is continuous, the classes for which the frequencies are
to be determined must be chosen arbitrarily, the choice depending on the
accuracy required in the computation of statistics from the table, the
range of variation—which is, of course, the difference between the lowest
and the highest value of the sample—the number in the sample or total
frequency, and the facility with which these classes can be handled in
computation. In the first place, the greater the number of classes the
greater the accuracy of the calculations made from the table. But there
must be a limit to the number of classes we can handle conveniently,
and these two opposing factors must be balanced up. A good general
rule is to make the class interval not more than one-quarter of the stand-
ard deviation. Of course we do not as a rule know what the standard
deviation is before the table is made up, but it is possible to make a
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rough estimate of its value from the range of variation. Tippett (3)
has published detailed tables on the relation between the range of varia-
tion and the standard deviation, and these have been summarized in a
short table prepared by Snedecor (2). The following values are taken
from Snedecor’s table after rounding off the figures to two significant

digits. v
TABLE 2

VaLuEs oF THE RaTio, RANGE DiviDED BY THE STANDARD DEviaTION (SD),
FOR SAMPLE SizEs FroM 20 To 1000

Number in Sample | Range/SD || Number in Sample | Range/SD

20 3.7 200 5.5
30 4.1 300 5.8
50 4.5 400 5.9
75 4.8 500 6.1
100 5.0 700 6.3
150 5.3 1000 6.5

Now suppose that we have a sample of 500 variates and the range of
variation is 0.25 to 2.63. The difference is 2.38, and if we were to
divide this by the standard deviation our table tells us that we would get
a quotient of approximately 6.1. In order to make the standard devia-
tion about one-quarter of the class interval, it is clear that its magnitude
will have to be about 2.38/6.1 X 4 = 0.098. It is more convenient to
have an odd number for a class interval than an even one, since it means
that the midpoint of the interval does not require one more decimal
place than we have in the values that define the class range. In the end
we should probably decide in this case on an interval of 0.11. In making
up the classes it is usual to begin with the lower boundary of the first
class slightly below the lowest value, so that our classes and midpoints
would finally be set up somewhat as follows:

Class Value, or Midpoint

Class Range of Class Range
0.19t0 0 29 0.24
0.30t0 0.40 0.35
0.41 t0 0.51 0.46
0.52 to 0.62 0.57

ete. ete.

By following the above rules we ensure a sufficient degree of accuracy
in any statistics that are calculated from the frequency table; but, if
the frequency table is required mainly for the preparation of a graph as
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described below, this method may give classes that are too small, in that
some of the classes may contain only very small frequencies or perhaps
none at all. It is desirable in such cases to make the class interval from
one-half to one-third of the standard deviation.

In statistical literature one may come across references to Sheppard’s
corrections for grouping. These are designed to remove bias from
certain statistics that are calculated from grouped data instead of from
the individual values. Thus, in calculating £(x — #)?/N — 1, it has
been shown that the bias is positive and equal approximately to 1/12 of
the class interval. In the tests for abnormality described in Chapter
III, and in certain other specific calculations, it is necessary to make the
adjustments, but in general practice they are usually ignored and in
many tests of significance it is more correct to omit them altogether.

The student should note carefully at this point that Sheppard’s cor-
rections are for the purpose of removing a definite bias and in no sense do
they make allowance for inaccuracies introduced by using groups that
are too large.

6. Sorting out the Variates and Formation of the Frequency Table.
Sorting is greatly facilitated by writing the value of each variate on cards
of a convenient size for handling. The class ranges are first written out
on cards and arranged in order on a table. The sorting can then be done
rapidly, and after it is finished it is very easy to run through the piles
and obtain a complete check on the work. It is very important to hiave
perfect accuracy at this point. In a series of studies a misplaced card
may give a great deal of trouble at a later stage in the work. The fre-
quency table is finally made up by entering the frequencies opposite the
corresponding class values.

Table 3 is a sample of a frequency table. It represents data on the
carotene content of the whole wheat of 139 varieties. The class values
are in parts per million of carotene in the whole wheat. In this instance
a great deal of accuracy in the calculations was not desired, and it will
be noted that the class values are larger than they would be if the rules
for the formation of these values as outlined above had been followed.
Check this point, by reference to Table 2.

TABLE 3

FREQUENCY TABLE FOR PARTs PER MiILLION OF CAROTENE IN THE
WHOLE WHEAT OF 139 VARIETIES OF WHEAT

0 85 096} 1 07| 1.18] 1.20| 1.40| 1.51] 1.62{ 1.73| 1.84| 1.95| 2.06| 2.17
Class Values...|! 5| to| to| to]| to| to| to| to]| to| to] to| to| to
0.95 1.06] 1 17| 1.28| 1.39] 1.50{ 1.61{ 1.72| 1.83| 1.94| 2.05 2.16) 2.27
Frequency... . 2 6 14 21 24 37 13 10 4 3 2 2 1
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7. Graphical Representation of a Frequency Table. Graphs of two
types are in general use. The best type of graph and the one most
commonly used is the histogram. Itisa dlagra.mmatlc representation of
a frequency table in which the class values are represented on the hori-
zontal axis, and the frequencies by vertical columns erected in their
appropriate positions on the horizontal axis. The histogram is most
useful when a curve for some theoretical distribution is being fitted. The
nature of any disagreement between the theoretical distribution and the
actual frequencies can be located readily when the theoretical curve is

40

35

251

20

FREQUENCY

Ins=s

90 101 112 123 134 145 156 167 178 189 200 211 222

CAROTENE — PARTS PER MILLION

Fig. 1.—Histogram for the data of Table 3.

superimposed on the histogram. As an example the histogram for the
data of Table 3 is shown in Fig. 1.

The other type of graph is usually known as a frequency polygon. A
straight line is erected for each frequency at the midpoint of the corre-
sponding class value, and the ends of these connected in sequence by
straight lines. It does not give as accurate a picture for the sample as
the histogram, but tends in its shape towards the smooth curve of the
population from which the sample was drawn.

8. Calculation of the Mean and Standard Deviation from a Frequency
Table. After the frequency table has been formed, we add two more
columns as indicated in the small example given below:
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Class Value Frequency Frequency
or Midpoint of Frequency Multiplied by Multiplied by Square
Class Range Class Value of Class Value
(=) b I X (2) IX @)
1 2 2 2
2 4 8 16
3 7 21 63
4 6 24 96
5 1 5 25
Totals............. 20 =N 60 = 2(z) 202 = Z(z?)

On summating the last three columns we get N, Z(x), and Z(z2), which
are the values necessary for the calculation of the mean and the standard
deviation. The mean is given by:

_ Z(x)

- N
and the standard deviation by:

_ E@ - E@F/N
Sm = N—1

(6)

It will be noted that the numerator of the standard deviation is
Z(x — )2, and that to obtain it we have made use of the identity given
in formula (3).

The class values are very frequently numbers containing two to four
digits, in which case a great deal of labor can be saved by replacing them
by the series of natural numbers 1, 2, 3, 4, --- etc. By this method we
obtain a mean and a standard deviation that we shall designate by %’
and ¢, respectively. These can be converted into the true values by
means of the following identities:

E=(EF - 1)+ X, )
s = st (®)
where 7 is the class interval and X is the first true class value.

9. Coefficient of Vanablhty This is the term applied to the stand-
ard devlation when it is expressed in percentage of the mean of the
sample It is a statistic of very limited usage owing to the difficulty of
determining its reliability by statistical methods. The formula is
obviously:

7~ C (coefficient of variability) = s (1—29) 9)
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10. Exercises.

1. Substitute the natural numbers 1, 2, 3, - - - 13 for the class values of Table 3,
and calculate the mean and the standard deviation. Convert the calculated values to

actual values using formulas (7) and (8).

z’ = 5.597 i = 1.406 s’ = 2.196 s = 0.2416

2. Table 4 gives the yields in grams of 400 square-yard plots of barley. Make
up a frequency table and histogram for these yields, using a class interval of 11, and
make the first class 14 to 24.

8. The areas in arbitrary units of 500 bull sperms are given in Table 5.! Prepare
the frequency table and histogram, using 16 classes, making the first class 123 to 125.

4. For either one of Exercises 2 and 3 above, calculate the mean and the standard
deviation from the frequency table, using actual class values. Then replace the
actual class values by 1, 2, 3, 4, - -+, and recalculate the mean and the standard

deviation.
151.60 s’ = 2.880 s = 31.68

144.56 s’ = 2.576 8 =7.728

]

Ex. 2 &' =13.055 I
Ex.3 &' = 7.852 z

6. For the data in Tables 4 and 5, determine the class values that should be used
to give a high degree of accuracy in the calculations.
6. Prove the identity:

I(z — £)? = Z(z) — |Z@)IYN

TABLE 4

YieELDS IN GRAMS OF 400 SQUARE-YARD PLOoTS OF BARLEY

185 | 162 | 136 | 157 | 141 | 130 {129 | 176 | 171 | 190 | 157 | 147 | 176 | 126 | 175 | 134 | 169 | 189 | 180 | 128
169 | 205§ 129 | 117 | 144 | 125 lﬁg 170 | 153 | 186 | 164 | 123 [ 165 | 203 | 156 | 182 | 164 | 176 | 176 | 150
216 | 154 | 184 | 203 | 166 | 155 [ 215 | 190 | 164 | 204 | 194 | 148 | 162 | 146 | 174 | 185 | 171 | 181 | 198 | 147
165 | 157 | 180 | 165 | 127 [ 186 | 133 | 170 | 134 | 177 | 109 | 169 | 128 | 152 | 165 | 139 | 146 | 144 | 178 | 188
133 | 128 | 161 | 160 | 167 [ 156 [ 125 | 162 | 128 (103 | 116 | 87.|123 | 143 [ 130 | 119 | 141 | 174 | 157 | 168
195|180 | 158 | 139 | 139 | 168 | 145 | 166 [ 118 | 171 | 143.] 132 | 126 | 171 | 176 | 115 | 165 | 147 | 186 | 157
187 | 174 | 172 | 191 | 155 | 169 | 139 | 144 | 130 | 146 | 159 | 164 | 160 | 122 | 175 | 156 | 119 | 135 | 116 | 134
157 1182|209 { 136 | 153 | 160 [ 142 | 179 | 125 | 149 | 171 | 186 | 196 | 175 | 180 | 214 | 169 | 166 | 164 | 195
189 [ 108 | 118 | 149 | 178 | 171 | 151 | 192 | 127 | 148 | 158 | 174 | 191 | 134 | 188 | 248 | 164 { 206 | 185 | 192
147 | 178 | 189 | 141 [ 173 | 187 | 167 | 128 | 139 { 152 | 167 | 131 [ 203 | 231 { 214 | 177 | 161 | 194 | 141 | 161
124 1130 | 112 | 122 | 192 | 1556 | 196 | 179 | 166 | 156 [ 131 | 179 | 201 | 122 | 207 | 189 | 164 | 131 | 231 | 172
170 | 140 { 156 | 199 | 181 | 181 [ 160 | 184 | 154 | 200 | 187 | 160 | 155 | 107 | 143 | 145 | 1904476 | 162 | 123
189 (194 | 146 | .22 [ 160 (107 | 70 | 84 [112 162 {124 | 156 | 138|101 | 138 | 141143 [ 135 [ 163 | 183
99 | 118 | 150 | 151 | 83 {136 [ 171 | 191 | 155 | 164 | 98 | 136 | 115 | 168 | 130 { 111 | 136 | 129 | 122 | 120
179 | 172 [ 192 { 171 | 151 | 142 | 103 | 174 | 146 | 180 | 140 | 137 | 138 | 194 | 109 | 120 | 124 | 126 | 126 | 147
115 (148 | 105 | 154 | 140 [ 139 | 163 | 118 | 126~ 127 | 1397 174 | 167.| 175 [ 179 [ 172 | 174 | 167 | 142 [ 169
122 {163 | 144 { 147 | 123 | 160 | 137 | 161 [ 122¢] 101 | 158 | 103 | 119 | 164 { 112 [ 57| 94 | 106 | 132 | 122
164 | 142 | 155 [ 147 [ 1151143 | 68 [ 184 | 183 [ 167 | 160 { 138 | 191 | 133 | 160 | 156 | 122 [ 111 | 153 [ 148
103 | 131 | 180 | 142 | 191 | 1756 | 146 [ 18F 1 111 | 110°| 154 176 | 168 | 175 | 175 | 146 | 148 | 167 | 106 | 123
121 | 154 | 148 | 91| 93| 74 {113 | 79 {131 119 96| 80| 97| 98106 |107 | 69| 86| 94 {120

A e IV IS Y = N
<

I Data by courtesy of A. Savage, Department of Animal Pathology, U,ni@ersity
of Manitoba.
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TABLE 5§
AREAs IN ArBiTrRaARY UNITS OF 500 BULL SPERMS

140 138 140 140 140 139 138 138 138 138
133 132 140 140 138 139 139 145 145 145
147 147 147 149 149 155 160 159 159 160
139 143 142 142 141 141 145 145 144 146
140 148 147 147 149 148 148 148 149 149
153 153 153 153 155 141 149 149 149 149
149 149 149 148 147 147 148 159 161 161
158 157 157 141 141 143 143 143 143 142
141 141 141 139 138 159 161 155 137 136
144 144 145 144 144 146 145 145 144 146
138 149 149 148 148 148 162 162 153 153
144 144 144 146 145 145 145 146 141 143
134 124 124 134 132 136 137 125 123 134
146 146 139 138 138 138 140 140 146 139
139 139 152 150 150 150 152 151 149 149
149 149 149 154 154 153 155 149 149 149
161 160 159 135 154 154 154 155 154 154
142 141 141 141 141 142 142 142 142 141
136 136 135 137 136 135 135 137 137 137
146 146 146 145 140 140 140 138 138 140
155 154 153 153 153 153 153 153 153 155
143 142 142 142 147 147 150 152 152 150
134 131 130 129 131 130 129 129 134 134
140 139 139 139 127 137 134 132 133 133
148 148 147 147 147 147 147 149 148 147
149 149 149 149 149 146 146 146 145 146
137 136 136 137 137 136 134 136 135 129
139 139 152 152 152 152 151 150 152 152
136 136 137 145 144 146 146 145 145 1456
153 153 155 135 158 158 157 157 157 158
150 150 150 150 151 151 150 150 152 151
133 133 134 129 130 141 143 142 141 141
134 132 127 137 128 125 136 141 143 143
147 147 169 165 162 162 149 144 144 144
146 145 145 144 146 145 144 146 146 146
135 137 137 127 134 132 135 135 127 126
151 148 148 147 147 149 149 149 150 151
145 144 144 146 144 143 143 143 143 142
157 156 137 137 137 137 136 137 135 133
150 150 162 152 152 152 152 152 152 151
141 141 143 142 142 142 138 140 140 140
143 143 144 144 144 144 146 146 140 139
144 146 145 145 145 138 140 139 138 153
146 146 146 146 146 145 145 145 146 145
134 135 157 156 156 157 157 157 157 156
151 151 151 150 150 160 150 150 150 152
142 141 142 141 141 142 142 142 141 143
135 133 133 150 151 149 139 139 139 138
138 140 140 1563 1563 148 147 147 156 168
168 152 141 141 142 141 143 139 139 139
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CHAPTER I1II
THEORETICAL FREQUENCY DISTRIBUTIONS

1. Characteristics of Frequency Distributions of Biological Variates.
A frequency table may be used to furhish an estimate of the frequency
distribution of the population from which the sample has been taken.
For example, we could take any one of the frequency tables of Chapter
IT and draw a smooth curve through the upper ends of the columns of the
histogram. We would draw a smooth curve because the parent popula-
tion is assumed to be infinite and each point on the base line could be
represented by a frequency, or, to be more specific, the height of the
perpendicular line from any point on the base line to the curve would
represent the proportion of the total frequency of the population having
the value represented by the point. This method, however, would not
be very satisfactory, as the position of the curve would be, to a consider-
able extent, a matter of individual judgment. Also, the sample studied
might indicate, owing to errors of sampling, certain irregularities and
lack of symmetry which might be entirely absent in the population.
Furthermore, to be consistent in our logic, it follows that we are not so
much interested in drawing a curve that fits the sample as we are in
setting up a theoretical curve as a hypothesis and then determining
whether or not the data of the sample agree with the theoretical fre-
quencies. In setting up our theoretical curve, it is of course natural
that we set up one that is likely to agree fairly well with the data of the
sample, and this is only saying in other words that we should set up a
reasonable hypothesis. We could set up a whole series of theoretical
curves, the majority of which would have no resemblance whatever to
the histogram of the sample; but obviously this would be a mere waste
of time. To deduce a theoretical distribution into which our sample is
likely to fit, it is necessary to study the characteristics of the frequency
tables for biological variates as a whole and work out a logical theory for
setting up the theoretical values. If we examine the histograms of
Chapter II for three different kinds of biological variates, we find that
they have certain characteristics in common. Close to the mean, the
variates occur with much greater frequency than they do at some dis-
tance from the mean; but the reduction in the frequencies from the mean
to the extreme tails of the distribution is not uniform, with the result that

20
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if a smooth curve is drawn through the tops of the columns of the histo-
grams it is seen to resemble an isosceles triangle but with a rounded top
and very much flattened base. A curve of this type is found to resemble
very closely a definite type of mathematical curve; but to understand
more easily the reasoning behind the derivation of this curve it is neces-
sary for us to look into the characteristics of another theoretical dis-
tribution that is appropriate for discontinuous variables.

~ 2. The Binomial Distribution. In Chapter I we derived a theoretical
distribution for the experiment on identifying varieties of wheat. This
will be found in Table 1. Each theoretical frequency was derived by the
direct application of elementary theorems of probability, and if, instead
of dealing with specific numbers of pairs of samples, we had dealt with
the problem as a general one for any number of pairs of samples we
would have derived the binomial distribution. Thus the theoretical
frequencies of Table 1 can be written out at once from the terms of the
expansion of the expression (4 + 4). These are:

1 6 B 20 15 6 1

64 64 64 64 64 64 64

wherein we note that the theoretical frequencies are stated as propor-
tions of the total number and express directly the probabilities of par-
ticular combinations. In general for similar problems where there are
alternative possibilities such as right or wrong placings of pairs of
samples, heads or tails in the tossing of a coin, an ace or any other num-
ber in the throwing of a die, etc., the theoretical distribution can be
written down directly by expanding the binomial (p + ¢)*, where n is
the number of events in any 1 trial, p is the probability of the occurrence
of the event in 1 way, ¢ is the probability of the occurrence of the
event in the alternative way, and p + ¢ = 1. If p = ¢ we obtain a
symmetrical distribution, but if p is not equal to ¢ the distribution is
asymmetrical or skewed.

There are many applications of the binomial distribution in statistical
analysis, and one application of particular interest will be dealt with in
Chapter X. For the present it is sufficient to note that the form of the
distribution is somewhat similar to the actual distributions of Chapter
II, which we have concluded are fairly typical for biological variables in
general. However, the binomial distribution is not suitable as a theoret-
ical distribution for continuous variables, as in itself it is essentially
discontinuous; so that if we make any use of it for continuous variables
it must be as a stepping stone to some more general type of distribution.
The biological variables we have studied indicated from the samples for
which histograms were made that the parent populations were essen-
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tially symmetrical. The comparable situation for the binomial dis-
tribution would occur when p = ¢. Starting from this point, therefore,
let us suppose that n is infinitely large; and, in graphing the histogram
for the theoretical distribution, the columns which will also be infinite
in number are represented by vertical lines only. The result will be a
smooth curve, and by carrying through this procedure algebraically and
making certain approximations we can arrive at an equation for a
smooth curve. This is the expression for what is commonly known as
the normal frequency distribution.

3. The Normal Distribution. Most variables dealt with in biological
statistics show in their actual distributions only minor deviations from
the theoretical normal distribution defined by:

v= (7 )e'%@’ W

o\/ 2T

where ¢ is the standard deviation of the population, N is the total num-
ber of variates, e is the base of the Napierian system of logarithms, and
y is the frequency at any given point z, where z is measured from the

m
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F1a. 2.—Sketch of a normal curve, the base line measured in units equal to the
standard deviation (o).

mean of the population. “The curve expresses, therefore, the relation
between y and z, with y as the dependent variable. Figure 2 is a sketch
of a normal curve. It illustrates the measurement of z from the mean
of the population which is located at the point where the dotted line has
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‘been erected. For the value of z taken, y is the perpendicular distance
from that point to the curve.
Equation (1) may be written:

o(3) - e y

and putting z for y (¢/N) we have:

e

Z =
vV 2w

and since z/¢ varies in actual practice only from 0 to 6, the values of 2
have been tabulated for all the values of z/¢ from 0 to 6 proceeding by
intervals of 0.01. Any given value of z can then be transformed to y by
multiplying by N/e for the particular population with which we are
dealing. In other words, for a given population for which N and ¢ are
known, we can proceed with a set of tables to plot the theoretical smooth
carve.

A smooth curve plotted by the above method is an estimate of the
form of the infinite population from which the sample has been drawn;
but what we often require is the theoretical frequency distribution corre-
sponding to the actual frequency distribution of the sample. That is,
we require the theoretical normal frequencies for the arbitrarily chosen
class values of the actual distribution. For this purpose, if N is taken
as 1, equation (1) becomes:

®3)

—36)
Yy = 0"\/5

which can be integrated from # = minus infinity to z = any assigned
value. This gives the area under that portion of the curve, and we will
represent it as (1 4+ «). The integration is started at z = minus
infinity, because the normal curve never actually touches the base line
although, at + = — 6, y is an exceedingly small value. The reason for
expressing the area as (1 4+ ) or 4 + 4« will be seen from an exam-
ination of Fig. 3. For any assigned value of z the area within the
limits of =z is represented by a. Therefore, from z = minus infinity to
z = any assigned value, if the total area of the curve is 1, the area is
3+ o

The tabulated values of z and 4(1 4+ «) for values of 2/ from 0 to 6
are given in Sheppard’s ‘‘ Tables of Area and Ordinate in terms of
Abscissa.” These are commonly referred to as Sheppard’s tables of the
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probability integral. The detailed application of these tables to a prac-
tical example is described below under Section 4.
4. Methods of Calculation.

(v)

FREQUENCY

|
|
|
|
|
|
;
|

Yo(i+a)
F16. 3.—Sketch of a normal curve showing ordinates erected at z/¢ =+ 1, and
z/o =~ 1. The unshaded area = «, and the shaded area = (1 — q).

Example 1. The calculations necessary to fit & normal curve to an actual
frequency distribution and to determine the normal frequencies corresponding to
the actual frequencies are given in Table 6. The data are for the transparencies of
400 red blood cells taken from a patient suffering from primary anemia (4). The
transparency is taken as the ratio of the total light passing through the cell to the
area of the cell. For this distribution 2 = 7.06 and ¢ = 2.45.

The calculations can best be described by considering each column of the table.
The columns have been numbered at the head of the table for convenient reference.

Column (1): The class ranges are as described in Chapter II. Note that
unit class intervals have been used. This is necessary in obtaining y, but makes
no difference to the remainder of the calculations. After setting up the class
ranges, the actual frequencies may be entered as in column (10), but it is of no
consequence when these are entered as they are not used in the calculations.

Column (2): In order to understand clearly the meaning of the class limits,
refer to any histogram as in Chapter II, Fig. 1, or Exercises 2 and 3. The limits
correspond with the lines bordering the columns of the histogram. The mean of
the sample is placed according to the class range in which it falls. In this case
the mean is 7.06 and must be placed opposite the class range 6.6-7.5. The limits
are then entered by passing in both directions from the mean. The class in
which the mean falls will have two limits, but for each of the others we take only
the one farthest from the mean.



CALCULATION OF ORDINATES

METHODS OF CALCULATION

TABLE 6

25

FOR FI1TTING A NoRMAL CURVE, AND
THEORETICAL NORMAL FREQUENCIES

1) (2) (3) “) (5) (6) @ (8) 9) (10)
= Theoretical
Clasa | Class N N Actual
A d d/e z M) 14(4e) | =(14+a)] Normal .
Range | Limits f( ) 2 Froquencies Frequencies
9.56 | 3.90 | 0.0002 0.03 | 1.0000 | 400.00

8.56 | 3.49 | 0.0009 | 0.i5 ; 0 9998 | 399.92 0.08

7.56 | 3.08 | 0.0035 0.57 | 0.9990 | 399.60 0.32

6.56 | 2.68 | 0.0110 1.80 | 0.9963 | 398.52 1.08
06-1.5 1.5 5.56 | 2.27 | 0.0303 4.95 | 0.9884 | 395.36 3.16 4
1.6- 2.5 2.5 4.56 | 1.86 | 0.0707 | 11.54 | O 9686 | 387.44 7.92 11
26-35 3.5 3,56 | 145 0.1394 | 22,76 | 0.9265 | 370 60 16.84 17
3 6- 4.5 45 2 56| 1.04 |0 2323 | 37.92 | 0 8508 | 340 32 30.28 29
4.6- 5.5 5.5 1 56| 0.64 | 0.3251 | 53.08 | 0.7389 | 295.56 44.76 43
5.6- 6.5 6.5 0.56 | 0.23 | 0.3885 | 63.43 | 0.5910 | 236.40 59.16 56
6 6-7.5| 7.06] 0.00| 0.00| 0.3989 | 65.12 | 0.5000 | 200.00 64.96 58
7.6- 8.5 7.5 0.44 ] 0.18 | 0 3925 | 64.08 | 0.5714 | 228.56 60.40 63
8.6- 9.5 8.5 1.44 1 0.59 | 0 3352 | 54.72 | 0.7224 | 288.96 47.56 61
9.6-10.5 9.5 2.44 100 0.2420 | 39.51 | O 8413 | 336.52 31.16 25
10 6-11.5 | 10.5 3.44 | 1.40 | 0.1497 | 24.44 | 0 9192 | 367 68 18.24 20
11.6-12.5 | 11.5 4.44 | 1.81 1 0.0775 | 12.65 | 0 9648 | 385.92 8.80 9
12.6-13.5 | 12 5 544 | 2 22 | 0 0339 5.53 | 0.9868 | 394 72 3.56 4

13 6-14.5 | 13 5 6.44 | 2.63 | 0 0126 2 06 | 0 9957 | 398.28 1.24

7.44 | 3.04 | 0 0039 0.64 | 0 9988 | 299.52 0.36

8.44 | 3.44 | 0 0011 0 18 | 0.9997 | 399.88 0 08

9 44 | 3.85 | 0.0002 0.03 | 0.9999 | 399.96 0.04

10.44 | 4.26 | 0 0000 0 00 | 1.0000 | 400.00

Total 400 400

Column (3): The devistion of the class limit from the mean.

corresponds to z in the discussion above.

Note that this

Column (4): Figures in previous column divided by the standard deviation.
The latter is calculated using tnit class intervals, and from the formula

\/E(z — z)?
¢ = a | —

Column
Column
Column
Column
Column

at 400 at each end and go towards the center.

N

(5): Values of z from Sheppard’s ‘“ Tables.”
(6): Corresponding z values multiplied by N /o.

(7): Values of 1(1 + a) from Sheppard’s ““Tables.”
(8): Corresponding 3 (1 + «) values multiplied by N.
(9): Differences between consecutive values in column (8). Begin

At the center the two differences

are added. Note that the theoretical frequencies are not kept in line with the
values in column (8), but are lined up with the corresponding actual frequencies
in column (10).

Column (10): The actual frequencies.
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!..8. Probability Calculations from the Normal Curve. We have
observed from the previous exercises and examples that most biological
variables tend to follow the normal distribution and that methods are
available for making, for any particular sample, an estimate of the form
of the normal distribution from which the sample was drawn. Since
the normal distribution can be expressed by a mathematical equation,
the area of any section of the curve cut off by an ordinate can be deter-
mined readily by integration of the equation, and for all practical
problems this work has been performed and tabulated in Sheppard’s

()

FREQUENCY

Voli+a)= 9772

Vo(i-e)= 0228
| 72— =)= 0228

2= Lx%v -3 -2 -1 0 “ ) 3
Fia. 4—Sketch of a normal curve showing the proportions of the total area below
and above the ordinate erected at d/oc =+ 2.

“Tables.” It remains to show how these facts form the basis for tests of
significance in statistical problems.

If a variable is normally distributed and the mean and standard
deviation of the population are known, we can draw the curve and erect
an ordinate at any point. Suppose that such an ordinate is erected at a
point which is at a distance, on the positive side of the mean, exactly
equal to twice the standard deviation. Thus d/s¢ = 2, and from
Sheppard’s “Tables” we find that (1 + «) = 0.9772. Taking the total
area of the curve as 1, the area to the left of the ordinate is 0.9772, and
that to the right of the ordinate is (1 — 0.9772) = 0.0228. Assuming
a population of 1000 variates, it is obvious that 22.8 of these variates
would be greater than the mean by an amount equal to 2 or more times
the standard deviation. Hence if one variate is selected at random from
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the 1000, it is obvious that the probability that this variate will exceed
the mean to the extent of 2 or more times the standard deviation is
22.8/1000. Reference to Fig. 4 will make this point clear.

Looking at the same problem from another angle, we inquire as to
the probability, in selecting a variate at random, that this variate shall
fall outside the limits of plus or minus twice the standard deviation.
We erect two ordinates, one at d/o¢ = — 2, and one at d/c =+ 2; and
our problem is to find the area in both tails of the curve. Obviously
this will be [1 — (1 + )] X 2 = (1 — 0.9772) X 2 = 0.0456. The
probability that a single variatc selected at random will deviate by an
amount equal to or greater than +2 is 45.6/1000, or approximately
1/22.

Probability results are sometimes expressed in terms of odds. If the
probability is 1/22, the odds are 1 out of 22, or, as usually stated, 1 to 21.

For the case above, where the deviations in both directions are con-
sidered, note that the probability is given directly by [1 — (1 + )] X
2=1- a. Theoddsaregivenbye/(1 — ) : 1.

Some examples follow that should make the whole procedure per-
fectly clear.

Example 2. The mean (m) of a population is 26.4, and the standard deviation (o)
i8 2.0. Find the probability that a single variate selected at random will be 29.4 or

eater.
“ The deviation (d) = 20.4 — 26.4 = +3.0. Hence d/c = § = 1.5. Ford/o = 1.5,
#(1 + a) = 0.9332. The probability (P) = (1 — 0.9332) = 0.0668.

Example 8. For the above population, find the probability that a single variate

selected at random will deviate from the mean to the extent of 3.5 or more.

d=+35 écy-l.%
c 2
Ford/o = 1.75, 3(1 + a) = 0.9599. « = (0.4599 X 2) =.0.9198
Hence P = (1 — a) = (1 — 0.9198) = 0.0802.
Example 4. Determine the value of d/o corresponding to P = 0.05.
P=(1-a) =005
a = (1 — 0.06) = 0.95
3(1 + @) = (0.5 + 0.4750) = 0.9750
From Sheppard’s “Tables,” d/o‘= 1.96.

6. Tests of Departure from Normality.* The x2 test of Chapter
IX, Example 19, on the goodness of fit of actual to theoretical normal

* Students studying statistics for the first time are advised to pass over the
remainder of this chapter and come back to it at a later date.
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frequencies is a general test of the normality of a distribution, and, by
noting those classes that make the greatest contribution to x?, we can
come to some decision as to the type of departure from normality. The
test described here is one that involves the calculation of two statistics
that are direct measures of the type and degree of abnormality, Fisher

).

Types of Abnormality. Frequency distributions that depart signifi-
cantly from the normal may be divided roughly into three classes:

(a) Skew Distributions. The degree of skewness of a given distribu-

tion is indicated approximately by the measure

Mean — Mode

o

Skewness =

where the mode is the position on the base line, or z ordinate, of a per-
pendicular line drawn to the maximum point of the curve. This
measure is obviously zero for the normal distribution, as the curve is
symmetrical and the mean and the mode coincide. When the mode is
greater than the mean we have negative skewness, and when less than
the mean, positive skewness.

(b) Platykurtic, or flat topped. The shoulders of the curve are filled
out and the tails depleted.

(c) Leptokurtic, or peaked. At the center the curve is higher and
more pointed than the normal, and the tails are extended.

In certain distributions we may have skewness as well as kurtosis as
indicated by (b) and (c).

Test for Abnormality. The type of abnormality of a distribution can
be determined directly by calculating two statistics known as g, and g2.
These are calculated from the k statistics k1, k2, k3, and kg4, that are in
turn derived from the sums of the powers up to 4 of the deviations from
the mean.

One of the most convenient methods for the calculation of the %
statistics is to obtain first a series of values a; - - - a4, defined as follows:

o = 2@ o = 2
TN TN
2@ (@)
az—N 04———‘—N

From a; --- a4, we calculate a series of statistics known as the moments
(v1 - - vg), which in this form are uncorrected for grouping in the fre-

quency table.
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V1 = a1
V2 = a2 — a%
v3 = a3 — 3aaz + 2a3

V4 = Qg4 — 40103 + Gafaz - 30}

The k statistics are then given by:

k1 = 91
N
ke = (']\7—:—1‘> vo

N2
“=QN—nw—m%

_ N2 (N + Lvg — 3(N — 1)v3’
—(N——l)(N—Z)[ N -3 J

ks

Two of the k statistics k2 and k4 require correction for the interval of
grouping of the frequency distribution. For a unit interval the cor-
rected values are given by:

ky = ky — 1Y, and ki =k + 1k

Corrections for other intervals will, of course, not be necessary; as it is
always possible to use a unit interval for the purpose of calculating the k

statistics.
The measures of curve type gi and g2 are given as follows, with their
standard errors:

ke —
ks SEg = \/ 6N(N — 1)

0= g™ N—-2 N+ DN +3)
ok B 24N(N — 1)2
2= 2 SE"Z“/w—s) (N —2) (N +3) (N + 5)

For normal distributions both g; and g2 are zero. The former is a
measure of symmetry and has the same sign as (mean — mode). Figure 5
illustrates positive and negative skewness as indicated by positive and
negative values of g;. A positive value of g, indicates a peaked curve,
and a negative value a flat-topped curve. These two types are also
illustrated in Fig. 5 (see page 31).
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Example 6. We shall take as an example to which to apply the test for normality
the frequency distribution given in Table 7, which also contains the necessary cal-
culations. We get:

g1 =+ 0.184 SEg, = 0.227

g2 =+ 0.0188 SEgs = 0.451

The signs of g1 and g, indicate that the curve departs slightly from normality in
having a slight positive skewness and in being slightly peaked, but the values of
g1 and g2 are very much less than twice their standard errors so we conclude that
there is no evidence of a significant departure from normality.

When the number of classes is fairly large it is desirable to calculate the k statistics
using an assumed mean. We measure z in terms of the deviations from the assumed
mean and proceed exactly as in Table 7. Table 8 is an example of the calculation
of the k statistics by this method, using the same data as in Table 7.

TABLE 7

CALCULATION OF THE k STATISTICS

z Frequency fz fa? f2® fat
1 1 1 1 1 1
2 6 12 24 48 96
3 13 39 117 351 1,053
4 25 100 400 1,600 6,400
5 30 150 750 3,750 18,750
6 22 132 792 4,752 28,512
7 9 63 441 3,087 21,609
8 5 40 320 2,560 20,480
9 2 18 162 1,458 13,122
Z@)...ZxYH (N =113) 555 3007 17,607 110,023
ay...ay 4.911,504 26.6106 155.814 973.655
—24.1229 —392.094 —3061.124
236.959 3851.545
—1745.739
V1...04 49115 2.4877 0.679 18.337
ky...ky 49115 2.5098 0.697 0.103
Corrections —0.0833 0.008
ki ...kq 4.9115 2.4265 0.697 0.111

0.697
= — = (,184 SEg, = 0.227
0= Gamesyn ~ T o
0.111
['}] =+ 0.0188 SEgs = 0.451

T (2.4265)
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MO ME MO
POSITIVE SKEWNESS NEGATIVE SKEWNESS

LEPTOKURTIC PLATYKURTIC

F1c. 5.—1llustrating types of abnormality in frequency distributions.
MO = mode, and ME = mean.

TABLE 8

CALCULATION OF k STATISTICS USING AN ASSUMED MEAN

Deviations (d)

from Assumed
z f Mean fd fd? fd? fat
1 1 —4 — 4 16 - 64 256
2 6 -3 —18 54 —162 486
3 13 -2 —26 52 —-104 208
4 25 -1 —25 25 - 25 25

5 30

6 22 1 22 22 22 22
7 9 2 18 36 72 144
8 5 3 15 45 135 405
9 2 4 8 32 128 512
Zd)...2@d) (N —113) —10 282 2 2,058
ay...a4 —0.088,496 2.4956 0.017,699 18.212
—0.0078 0.662,552 0.006
—0.001,386 0.117
-0.000
v2... 0 2.4878 0.679 18.335
ky... kg etc. 2.5098 0.697 0.103
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7. Exercises.

1. Calculate the ordinates (y) and the theoretical normal frequencies for the
frequency distribution of either Chapter II, Exercise 2, or Chapter II, Exercise 3.
Totalling the theoretical frequencies will provide a check on the calculations.

2. Make two graphs far Exercise 1.

(a) Histogram of actual frequencies and smooth normal curve.
(b) Histogram of theoretical frequencies and smooth normal curve.

8. Examine equation (1) in Section 3 above, and show how the value of ¢ affects

the shape of the curve.
4. If the mean of a population is 21.65 and ¢ is 3.21, determine the probability

that a variate taken at random will be greater than 28.55 or less than 14.75.
P = 0.03.

6. If, for the population described in Exercise 4, the standard deviation of the
mean of a sample of 400 variates is o//400, find the probability that the mean of

any one sample of 400 taken at random will fall outside the limits 21.33 to 21.97.
P = 0.045.

8. Determine d/o values corresponding to the P values of 0.001, 0.01, 0.02, 0.10,

0.20, and 0.50.
7. Test the following distributions for departure from normality.

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

(@) z.. 1
f...1 57 185 217 177 126 87 54 30 20 14 11 13 5 1 2
® z..1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
Jf..2 3 4 5 7 11 17 30 50 34 21 10 7 5 2 2
€ z..1 2 3 4 5 6 7 8 9 10 11 12 13 1£ 15 16
foo.o1 7 13 19 23 26 27 28 26 24 22 17 14 9 4 1

(@) g1 = 1.360, g; = 2.143. (b) g1 = — 0.327, g5 = 0.939. (c) g1 = 0.107, g2 = —0.766.
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CHAPTER 1V
TESTS OF SIGNIFICANCE WITH SMALL SAMPLES

1. The Estimation of the Standard Deviation. In Chapter 1I, Sec-
tion 2, it was pointed out that the best estimate of the standard deviation
of a population from which a sample has been drawn is V Z(z — m)?/N,
where m is the mean of the population and N is the number in the sample.
Since we never know the value of m, we use Z instead; but the substitu-
tion of £ in the above formula will not give us the best possible estimate
of o; actually it will give us an estimate that is too small. In other
words, if we take a large number of samples and calculate a standard
deviation for each one, the average value of our standard deviations will
be low, and this will be true regardless of how many samples we take.
As a matter of fact, if we take a large enough number of samples, we can
predict with accuracy the extent of the negative bias in the average of
the standard deviations. To the beginner these facts often appear
somewhgt mysterious, particularly the fact that the bias, in our estimate,
can be removed, as pointed out in Chapter II, by using the formula
V3(z — £2/N — 1. It may seem peculiar that the bias can be
removed in so simple a manner. Now, it is easy enough to work out
this proposition algebraically, but this does not settle the question
necessarily for the beginner, as it is quite possible to work through a
derivation and foliow all the steps without really understanding the
situation. Consequently, we shall not use the algebraic method here,
but will try instead to point out why a bias should exist and why it is
reasonable that it should be removed by dividing the sum of squares of
the deviations from the sample mean by 1 less than the number in the
sample.

In the first place, we have noted already that the sum of the devi-
ations from the mean of a sample or of a population is zero (Chapter 11,
Section 1). We shall now note that the sum of the squares of the devia-
tions from the mean is a minimum. If the mean of the population is m
and we take a large number of samples of size N and in each case we
determine Z(x — m)?, it follows that the sum of all these will be the
same as if we had merely gone through the whole population without
considering any portion of the variates as a sample. Then, on dividing
this total sum of squares by the total number and extracting the square

33
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root, we would have the value of ¢ for the whole population. It obvi-
ously does not matter whether we divide the population into samples
and determine o for each one and then average, or merely take the whole
population as one sample. However, this procedure is possible only in
theory, as m is actually unknown. For each sample, therefore, suppose
that we calculate V Z(z — Z)2/N and then average. Now, since the
sum of the squares of the deviations from the mean is a minimum, the
use of ¥ will give a minimum value for the sample; but, since the values
of # vary from sample to sample, it is perfectly clear that Z(z — z)2 for
any one sample will be as large as 2(z — m)? for the same sample only
if £ happens to be equal to m. No matter how slightly % varies from m,
the sum of the squares of the deviations from the mean of the sample will
be smaller than the sum of the squares of the deviations from the popu-
lation mean, and hence the value of the standard deviation is under-
estimated by the formula which has N as a divisor. Now let us con-
sider the extent of the bias and how it may be removed. There are N
values in a sample, and in theory each of the N variates contributes
equally to the estimate of the standard deviation; but in calculating
Z(x — %)2 we use one value, %, which is determined by the sample, and
hence the effective weight of the sample is equal to N — 1 instead of N.
All the values of one sample may be large, and if we could calculate
2(x — m)? these values would contribute more to the total sum of
squares than a set of values in another sample which are closer to m.
Actually, since we take the deviations from the mean of the sample, the
first sample would not necessarily contribute any more than the second
sample. This brings out the idea that the mean used is fixed by the
sample and to the extent of reducing the effective weight of the sample
by 1. Thus we have the term introduced by R. A. Fisher, ‘“degrees of
freedom.” When a sample of N variates are used for purposes of estima-
tion, its weight is only that of the number of degrees of freedom. For
every statistic calculated from the sample and utilized in forming the
estimate, there is a loss of one degree of freedom. Thus, in the present
example of estimating the standard deviation, the statistic calculated
from the sample is Z, and there is a corresponding loss of one degree of
freedom. This principle will be found to hold throughout all statistical

procedyge.
%:minology and Symbols for Populations and Samples—
Introducing the Term Variance. As pointed out above, we speak of
population parameters which are true and undeviating values, and
statistics which are estimates, from the samples, of the population para-
meters. The statistics we have discussed so far are the mean % and the
standard deviation s; and the corresponding parameters are m and o.
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Very frequently in statistical procedure the square of the standard devia-
tion, usually referred to as the variance, is the more convenient of the
two statistics. Most tests of significance can be made by means of the
variance, in which case the extraction of the square root in order to
obtain the standard deviation is an unnecessary operation. In general,
all discussions of methods of estimation refer equally to the standard
deviation and the variance, and consequently in Example 6 below we
confine our attention to the variance.

Before proceeding with Example 6 it may be of assistance to sum-
marize the symbols and terms that have been used up to this point, and
any others that have not been used but are relative to those already dis-
cussed. This summary is as follows:

PARAMETERS StaTisTICS
Mean............. ... .. m Mean..... ............. .z
Standard deviation.... .. ¢ Standard deviation......... s
Standarddeviationof amean. o, Standard deviation or stand-
Variance..... ... ....... clor V ard error of anesn. . ..... sz
Variance of amean. ..... om or Vi Variance or mean square. ... s’orv

Variance of a mean. ........ sE or vz
Number in sample.......... Norn'
Degrees of freedom.... .... n

Special notice should be taken of the term standard error, which is coming into
general use in place of the standard deviation of a sample mean.

Example 6. The Use of Degrees of Freedom in Estimating the Variance.
In Table 9 we have a set of random numbers taken from Tippett’s tables (6), arranged
in 10 groups of 20 numbers each. The variation in these numbers may be assumed
to be made up of two portions: (1) within the groups, and (2) between the groups.
But if the numbers have been selected at random these two sources of variation will
be equally balanced. They would be unbalanced if, for example, some groups had
all small numbers and the other groups all large numbers. The random selection
of the numbers ensures that this shall not be the case. In terms of variance, the
above statement with respect to variation is simply that the variances for within
groups, between groups, and the total variance will all be equal within the limits of
random sampling. Now, if for a particular set of numbers, as in this set, the variance
for between groups is adjusted until it is almost exactly equal to the total variance,
it follows that the variance within groups must also be almost exactly equal to the
total. We can determine, therefore, the variance within each group, and if our
method is correct these should give an average value very close to that for the whole
sample.

The calculation of the variances within groups has been performed in Table 10
by two methods. There are 20 numbers in each group, so that in each group we
have 19 degrees of freedom for the estimation of the variance. In column (7) of
Table 10 the sums of squares are divided by the degrees of freedom, but in column (8)
they are divided by 20, the number in the sample. At the foot of the table the total
variance is again calculated by two methods. In the first case we divide by 199 and
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TABLE 9
A B C D E F G H 1 J
1 29 45 14 25 11 47 28 35 18 25
2 45 39 49 32 32 36 24 27 16 39
3 16 29 29 18 46 42 10 18 34 24
4 37 11 31 28 44 36 27 44 18 30
5 50 12 19 20 28 38 11 25 30 24
6 10 37 20 44 40 21 42 33 29 36
7 26 44 49 41 27 41 22 49 35 31
8 19 15 15 10 28 26 30 11 35 10
9 24 50 11 43 27 17 17 17 42 13
10 10 14 22 19 11 50 33 39 50 43
11 10 22 23 10 48 30 44 26 21 27
12 48 20 41 13 21 39 32 29 11 20
13 22 46 40 31 44 21 23 16 45 39
14 13 14 12 45 16 46 25 47 18 30
156 28 21 39 39 36 22 27 10 31 18
16 32 15 43 23 42 34 16 20 26 11
17 10 37 31 11 12 50 20 12 34 46
18 11 26 34 22 48 13 47 42 22 43
19 30 29 49 35 30 46 38 50 24 44
20 37 22 37 49 30 47 12 34 42 24
Totals.. .| 507 | 548 | 608 | 558 | 621 | 702 | 528 | 584 | 581 | 577

in the second case by 200. We have, therefore, four determinations of the variance
as shown below. Note that the last line is calculated independently and does not
come from totalling the values above except for columns (2) and (3).

By the first method we obtain for the average variance within groups a value
that is 99.949, of the total. By the second method the average variance is only
95.43%, of the total, and therefore underestimates the true value by 4.57%,. Where N
is the number of variates in a sample, it follows therefore that the correct estimate

of the variance is given by Z(z — z)%/N — 1.

3. The Distribution of the Estimates of the Standard Deviation. If
a large population is being sampled and each sample contains 100
variates, we will get a series of varying values for the standard deviation
calculated from these samples. But, if, instead of taking samples of
100 variates, we take samples of 10, it is to be expected that in the second
case we will get values for the standard deviation fluctuating more widely
than in the first case. This is the same as saying that the distribution
of the standard deviation is dependent on the number of degrees of
freedom in the sample. In this respect it is very much the same as a
mean. In order to obtain from one sample a value for the mean that
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TABLE 10

CALCULATION OF VARIANCE VALUEs OF FIGUures IN TABLE 9
BY Groups oF 20 aNp FOR WrOLE GROUP

wmf@| 3 “) G 1 ® M (8
T, | Z@? £ T.2/N Z@x—%)? | Z(x—£)%/19 | Z(z—2£)%/20

A | 507 | 16,1569 | 25.35 | 12,852.45 | 3,306 55 174.0289 1656.3275
B | 548 | 18,110 27.40 | 15,015.20 | 3,049.80 162.8842 154.7400
C | 608 | 21,602 | 30.40 [ 18,483.20 | 3,118 80 164.1474 155.9400
D | 558 | 18,620 27.90 | 15,568.20 | 3,051.80 160.6210 152.5900
E | 621 | 22,189 | 31.05 | 19,282.05 | 2,906.95 152.9974 145.3476
F | 702 |27,208] 35.10 | 24,640.20 | 2,567.80 135.1474 128.3900
G | 528 | 16,132 | 26.40 | 13,939.20 | 2,192.80 115.4105 109.6400
H | 584 {20,306 29.20 | 17,052.80 | 3,253.20 171.2210 162.6600
1 581 | 19,043 | 29.05 | 16,878.05 | 2,164.95 113.9447 108.2475
J 577 1 19,045) 28.85 | 16,646.45 | 2,398.55 126.2395 119.9275

Av.|= 147.6642 140.2810
:) T Z(x?) T?/N Z(x—2) | Z(xr—2)%/199 | Z(z—%)%/200
J 5814 | 198,414 | 169,012.98 | 29,401 02 147.7438 147 0051

Method (1) Method (2)
Using Degrees Using Number
of Freedom in Sample
Average within Groups. ... ... 147.66 140.28
Total............ e 147.74 147.00

is quite close to the mean of the parent population, we must take a large
sample. Small samples will give us unbiassed estimates, but they will
be more variable estimates.

Now in Chapter II we observed that, if a population is normally dis-
tributed and we know its standard deviation and mean, we can make a
direct calculation of the probability of drawing from that population a
sample with a mean of a given magnitude. This is, in a sense, a test of
the significance of the mean of a particular sample, since if the prob-
ability is very small we should conclude that the sample was not drawn
from the population in question, but from some other population.
However, the standard deviation of the population cannot be deter-
mined, and the only value we have is the estimate s which has been cal-
culated from the sample and varies from sample to,sample. This
brings us therefore to the general question of making tests of significance
from the data of samples of any size.
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4. Tests of Significance. The method of Chapter II for making
probability determinations arose from our knowledge that the ratio of a
mean of a sample to the stindard deviation of the population from which
the sample is drawn is normally distributed. This follows, of course
because, if the mean is normally distributed and the standard deviation
is constant for the population, the ratio of the two will also be normally
distributed. Suppose, however, that we take the ratio of the mean of a
sample to the estimate of the standard deviation s. Since s is more vari-
able for small samples than for large ones, the ratio will obviously have
a distribution that is dependent on the size of the sample, and, in order to
determine the probability of the occurrence of any particular value of
this ratio, we must know its distribution. This was worked out by
“Student”’ (4) in 1908, and for the first time practical statisticians had
placed in their hands a tool which could be applied in tests of significance
for samples of all sizes. “Student” gave first a set of tables for the
distribution of Z/s, which he designated by the letter Z. Later he
prepared a table based on the distribution of f, which is Z/s;. Fisher,
in “Statistical Methods for Research Workers,” gives a compact table of
t for degrees of freedom varying from 1 to 30, and the probability levels
P = 0.01, 0.02, 0.05, 0.10, and 0.90. These are the most convenient for
general use, and are reproduced in part in Table 94.

Example 7. Two varieties of wheat are compared in 4 pairs of plots, there being
1 plot of each variety in each pair. Referring to the two varieties as 4 and B, we
determine the difference in yield A-B for the 4 pairs of plots, and the results are as
follows in bushels per acre:

The differences are all positive and are therefore in favor of the variety 4; but we
wish to make a test 80 as to be able to state whether or not the data are in agreement
with any hypothesis that we may set up. The obvious hypothesis here is that the
varieties are not different in yielding quality, and consequently our theoretical dis~
tribution is built up on that basis. If the varieties are not different, the data will
be expected to give a value of ¢ that is not improbable. If they are different, we will
expect the data to give a value of { which will occur by random sampling in only a
small proportion of the cases. Let us proceed to the calculation of ¢.

We note first that the mean difference is 4, and that the sum of the squares of the
deviations of the individual values from the mean is 8. We then have 52 = 8/3,
the numerator being the number of degrees of freedom available for estimating the
standard deviation 5. Then s = V'8/3, and sz = V/8/3 X 4, which simplifies to
V'2/3. Finallyt =4 X Vv 3/2 = 4.87. Now if we examine Table 94 it is obgerved
that the 5% value of ¢ for 3 degrees of freedom is 3.18, and the 19, value of ¢ is 5.84.
Thus the value of ¢ given by the data would occur according to the hypothesis in
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less than 6% and somewhat more than 1%, of the cases. Our conclusion is that the
difference observed is due to a real varietal effect, and is not a chance occurrence.

It may be argued that in an example such as the above we are not actually
testing the significance of the mean difference, because we are basing it on the distri-
bution of ¢, wherein an exceptional value of ¢ may be due to extreme deviations in
either the mean difference or the standard error. This point is actually only of
academic interest, because in either case the two samples are proved to be different
regardless of which factor brings about the exceptional value of ¢. 'When we consider
the actual problem of testing the difference in yield of two varieties, it is obvious
that a real difference in the variation of the yields from plot to plot is g0 unlikely a
factor that in general we can disregard this viewpoint, and assume that the significant
value of ¢ is at least mainly due to a significant difference in the mean yields.

b. Fiducial Limits. Stress has already been laid on the principle of
estimation; and we come now to a method of setting up limiting values
according to given probability levels, such that it can be said with a
reasonable degree of certainty that the true value which is being esti-
mated lies between these limits. In the example above, the difference
between the yields of the two varieties was found to be significant; but
no attempt was made to set up two limiting values, one on each side of
the mean difference of 4 bushels, and to state that according to a given
probability level, the true mean difference was between these limits.
If we can perform such an operation it will obviously be of great prac-
tical value, because in the end we are not really concerned with being
able to say only that one variety is a higher yielder than the other.
Unless we can make a reliable estimate of this difference our experiment
18 not contributing information of value in actual practice.

It was emphasized in Chapter I that a test of significance involves
setting up a hypothesis and determining the agreement between the
hypothesis and the data of the experiment, and furthermore that any
hypothesis whatever can be set up. In the example above, the hypoth-
esis was that the mean difference in yield between the varieties was zero,
and what we actually did was to find the value of ¢ from the expression
(# — m)/s;, where m, the mean of the parent population according to
the hypothesis, was taken to be zero. We can, however, take m equal
to any value that we please, and we might choose for example to take m
equal to 2. Thent = (4 — 2) X V3/2 = 2.46, and this value is less
than the 5% point. The inference from this test is that there is no
definite evidence that the true difference is greater or less than 2. We
begin to see therefore that, though our difference is significant, we cannot
specify very closely the range within which the true value lies. Suppose
now that we can locate a lower limit such that, if we substituted it for m
in the ¢ test, the value of ¢ obtained would be exactly equal to its 5%
point, and we determine in addition a similar upper limit. The observed
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difference could then be said to differ significantly from either of the
limiting values, and we could say with a reasonable degree of certainty
that the true value lies between these limits. The procedure is simple,
as all we have to do is to set up the equation for ¢ with m as an unknown

and ¢ equal to its value at the 59, point. Thus:
318 = (4 —m) X V3§

Solving for m we get an answer of 1.40, and our limits are 0.60 to 3.40.
It is now clear that, although our experiment gave a significant result, it
did not enable us to estimate very accurately the true difference in yield
between the two varieties. These limiting values have been very aptly
termed by R. A. Fisher the fiducial limits, and in the present example we
would describe them as the fiducial limits at the 5%, point.

6. General Methods for Testing the Significance of Differences.
One of the most common problems in statistics is the testing of the sig-
nificance of a difference between two means. The reasoning behind
such tests involves picturing an infinite population of differences for
which the mean is zero. We have two samples for which the means are
different; and we wish to know in what proportion of the cases on the
average, in the procedure of taking pairs of samples, we will get a differ-
ence as large as or larger than the one observed. Tests of this kind fall
into two classes:

(a) Samples are distinct and the variates are not paired in any way.
If there are two blocks of land and we take the yields of a group of plots
from each block, and we wish to test the significance of the difference
between the means for the blocks, we have a problem that falls into
this class. The number of variates in the two samples may be either
the same or different. Let the samples be designated as 1 and 2; then:

Z; = mean of sample 1.
mean of sample 2.

%) — i = mean of difference to be tested.
n; = degrees of freedom for sample 1 which contains,
therefore, n; + 1 variates.
n2 = degrees of freedom for sample 2 which contains,
therefore, nz + 1 variates.

2

I

The calculations are carried out as follows:
Z(z1 ~ %1)* = sum of squares for sample 1.
Z(z2 — #2)? = sum of squares for sample 2.
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Z(xy — %1)?2 + Z(re — %2)?
= 1)
ni + ne
_ n + nz + 2
s’? ‘/<n1 D (e + 1) @
. (&1 — &2) @)
Sz

We enter the table of ¢ under n = n; + n2. 1f the samples contain an
equal number of variates, we have:

m+1=Mm+1 =

and s = \/E(xl — £1)? + Z(x2 — £)?
2(N — 1)

= S\/;?\; (5)

The table of ¢ is entered under n = 2(N — 1).

(4)

Example 8. Let #; = 196.42 and Z, = 198.82; then (& — &) = 2.40. The
samples are taken independently, and consequently there is no reason for assuming
that z; and zo are correlated. In sample 1 we have taken 9 variates, and in sample 2
we have 7 variates. Hence n; = 8 and ns = 6. We calculate first Z(z; — #)?
and Z(z2 — %2)%. We will assume that this is done, and we get:

2(2:1 - :f1)2 = 26.94
Z(xe — )2 = 18.73

Total = 45.67
Then:
45.67
= o[ =1,
s 12 81
and

2.40
= = 2.62
181\/

Entering the table of ¢ under » = 14 we find that a ¢ value of 2.62 corresponds almost
exactly with a P value of 0.02. Between the means of the two samples a difference
of 2.40 would occur by chance in only 2 cases out of 100.

(b) Variates are paired; that is, each value of z; is associated in some
logical way with a corresponding value of z2. Thus, if two varieties of a
field crop are being tested in pairs of plots, each pair containing one plot
of both varieties, we would have a problem of this kind. There will,



42 TESTS OF SIGNIFICANCE WITH SMALL SAMPLES

of course, be the same number of variates in the two samples so that,
if there are N pairs, there will be N — 1 degrees of freedom available
for the comparison. This follows logically from the fact that we are
now dealing with individual differences and there is one difference for
each pair of variates.

The calculations are:

s = \/[z(xl — 13)? — %TLP]/N -1 ®)
S
%= N ™)
t = T % , same as formula (3)

T

If the student should be confused to find later that s* as computed
above is not the same as when obtained by the analysis of variance, it
may be just as well to adopt the following method, which is identical
with that of the analysis of variance. The value of ¢ obtained by the
two methods is, of course, the same.

—_ 2
= »\/[ %2(2‘1 - I2)2 - —(TTIVT?—)—]/N -1 (8)

$; = 9\/% 9)

same as formula (3).

It

Example 9. In this example assume that the variates are paired, as in a feeding
experiment where a series of animals are paired up according to initial weight.
One animal in each pair is given ration 1 and the other one ration 2. There are
10 pairs of animals, and the difference between the mean gains per 100 pounds of
feed at the end of the feeding period is 1.42 pounds. We shall assume that

. Ty — Tp)?
[%Z(Tl —z)? — i—l—ﬂv—z)—] =15 08
Then
ce B
and

142 [10
t=—>|==24
130\/2 *
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Entering the ¢ table under n = 9, we find that the P value is between 0.05 and 0.02,
but closer to the former. We can take P = 0.05 as approximately correct, so that
the difference between the two means could only occur by chance in about 1 out of
20 trials.

7. Exercises.

1. The figures below are for protein tests of the same variety of wheat grown in
two districts. In district 1 the average for 5 samples is 12.74, and in district 2, the
average for 7 samples is 13.03. If these are the only figures available, test the
significance of the difference between the average proteins for the two districts.

Protein Results

District 1........... 12.6 13.4 11.9 12.8 13.0
Distriect 2. .......... 13.1 13.4 12.8 13.5 13.3 12.7 12.4
t=1.04 P = 0.3, approximately.

2. Mitchell (2) conducted a paired feeding experiment with pigs on the relative
value of limestone and bonemeal for bone development. The results are given in
Table 11 below.

TABLE 11

AsH CONTENT IN PERCENTAGE OF ScaPuLAS OF PAIrRs oF Pias
FED ON LIMESTONE AND BONEMEAL

Pair Limestone Bonemeal

1 49.2 51.5

2 53.3 54.9

3 50.6 52.2

4 52.0 53.3

b 46.8 51.6

6 50.56 54.1

7 52.1 54.2

8 53.0 53.3
Mean. ... 50.94 53 14

Determine the significance of the difference between the means in two ways: (1) by
assuming that the values are paired, and (2) by assuming that the values are not
paired. On the basis of your results, discuss the effect of pairing.
(1) Paired: t = 4.42, P = less than 0.01.
(2) Unpaired: ¢ = 2.48, P = approximately 0.02.

8. In a wheat variety test conducted over a wide area, the mean difference
between two varieties was found to be 4.5 bushels to the acre. The standard error
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of this difference s; was 1.5 bushels per acre, and was determined from 100 pairs of
plots. Set up the fiducial limits at the 5%, probability level for the mean difference
in yield between the two varieties.

Note that ¢ can be taken as 1.96, then fiducial limits are 1.56 to 7.44.
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CHAPTER V
THE DESIGN OF SIMPLE EXPERIMENTS

1. What is Experimental Design? In Chapter I some ideas relative
to experimental design werc presented, but in view of what we have
now learned of the ¢ test it should be worth while at this point to repeat
some of these ideas, and at the same time introduce any new concepts
that have arisen out of later discussions. An experiment can be said to
have a definite design if it has been carefully planned in advance, and if
due attention has been paid to possible results and their interpretation.
The latter point is probably the most frequently neglected. A great
deal of time may be spent on the various details of procedure, and full
preparations made for carrying the experiment through to completion.
This may be assumed to be sufficient to ensure a successful experiment,
but a long list of such experiments that contribute neither positive nor
negative information is good evidence that careful planning of the pro-
cedure is in itself incomplete. Only by thinking in terms of the various
types of results that an experiment can yield is it possible to obviate
some very costly mistakes. If these possibilities are thoroughly worked
out it is self-evident that a complete failure is impossible.

2. Planning to Remove Bias. One of the commonest mistakes in
experimental design is the failure to guard against biased results. Such
experiments may give good results but their great weakness is that they
are not beyond criticism; and regardless of the truth and importance of
the results obtained the investigator may never feel quite happy about
presenting them with conviction. Let us examine hypothetical plans of
experiments that are subject to a bias of some sort.

Suppose that we are to conduct an experiment on the value of feeding
milk to school children. There are two neighboring schools, and milk is
given to the children in one of the schools and not to those in the other.
At the end of the experiment the children are compared on the basis
of height, weight, etc., by means of the ¢ test. The children from the
school in which milk was given are found to be significantly heavier than
those from the other school. The error in design is so obvious here that
it is scarcely necessary to point it out. The experiment has shown that
the children of the two schools are significantly different in weight, but
this might easily have been the case if no milk had been given or even if

45
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the order of giving the milk had been reversed. In fact the experiment
is not at all what it seemed to be at first. It consists actually of just
two variates which are the two schools, and no determination of the
error of such an experiment is possible.

Now let us endeavor to improve the plan, and we will confine the
giving of milk to pairs of boys or girls, one getting the milk and the other
not. The pairs are selected at random, and in each pair the milk is
given to the younger and not to the elder child. The reader will object
that we are again introducing a bias in that the difference observed might
easily be due to age and not to the effect of milk in the diet. This is
perfectly true, so in order to overcome this defect we decide to give it to
the younger child in one case and the elder child in the second case,
alternating in this way throughout the entire group. Now the experi-
ment seems to be perfect, and in truth it is much improved, but with a
little thought it should be clear that we have succeeded in removing only
the gross defects—those that are obvious to us at the outset and which
anyone can remove with a little thought and a general knowledge of the
problem being investigated. The chief trouble with our design is not
that we have knowingly allowed some factor to bias the experiment, but
that we have not planned it in such a way that it is impossible for bias to
enter in. A definite method is available for this purpose, which has
already been referred to in Chapter I. It involves merely assigning at
random which member of each pair of children is to receive milk. This is
a simple device and one which is absolutely trustworthy in the matter
of removing bias.

Numerous examples may be cited of experiments that are designed
8o that bias may enter in. One of the most common is the field plot test
in which the varieties or treatments are arranged systematically in the
blocks or replications. It is not possible to discuss this particular prob-
lem and deal with it fully until we have made a study of the methods of
the analysis of variance, but we can consider the simple type of experi-
ment in which only two varieties or treatments are being tested and they
are arranged in pairs of plots. Here we are dealing with a series of
differences, and we set up a hypothesis as, for example, that the mean
difference is normally distributed about zero. On the basis of this
hypothesis we can determine the proportion of the trials in which a dif-
ference as great as or greater than the one observed will occur. The
validity of our test depends on its being designed so that if the hypoth-
esis is true the distribution of the results from a large number of trials
will be normal and will have a mean of zero. What would anyone after
a little thought say of an experiment designed so that, if the varieties
being tested are actually equal in yield, the result turns out according
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to a large series of tests, either definitely positive or definitely negative?
Yet this is just the kind of result that may be expected if the principle
of randomization is not used in setting up the experiment. This applies
particularly to the position of the varieties or treatments in the pairs.

3. Designs that Broaden the Scope of the Experiment. This is
another subject than cannot be treated fully at this stage, but a few of
the general principles may be pointed out. Suppose that the all-inclu-
sive subject of the experiment is the effect of milk in the diet of young
animals. Most of us would reject this as a proper subject for experi-
mental investigation at once, because we can see that it is one for which
there is no possibility of obtaining a result that will be of practical value.
In one group of animals the milk may be beneficial and in another group
it may be of no value or even harmful, so that unless the experiment is
repeated with all possible kinds of animals and the results with each
kind studied separately we cannot expect to gather any valuable infor-
mation. The decision with regard to an experiment of this type is likely
to be that we should select one kind of animal in which we are particu-
larly interested, and then confine the tests to a limited age group. In
the first case the subject of the investigation called for an experiment of
such enormous scope that the entire proposition was absurd. Now we
have limited the scope of the experiment, but we have not gone as far
as we might. Let us suppose that the investigator decides on pigs as
the kind of animal to be tested, then he decides to use pigs of one age
within the limits of one week, and finally that they shall be from the
same litter. He has now gone to the other extreme and has set up an
experiment such that, no matter how significant the results, they will
not be of any value except within a very narrow range. It cannot be
assumed that the results will apply to other age groups, to other breeds,
or perhaps even to other litters, as it may easily be that the litter selected
is peculiar in some respect with regard to the reaction of the individuals
of the litter to milk in the diet. No amount of mathematical knowledge
will help the investigator over the difficulty encountered here, of setting
up an experiment that will not have too great a scope but will at the
same time give results that can be interpreted on a fairly wide basis.
Only his own experience and general knowledge of the problem that is
to be investigated will give the clue to the correct form for the experi-
ment to take. In this instance there may be one breed of pigs that is
predominant in the area in which the investigator is interested, and con-
sequently it is quite justifiable to confine his experiment to this breed.
Again, there will be a definite range in age at which farmers will be con-
cerned with feeding milk, and only this range need be represented. It
will not be wise, however, to use only pigs from one litter; in fact it
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would seem to be desirable to have as many litters as possible represented
in order that the experimental material will be representative of pigs as
a whole in the area in which they are being raised. An obviously de-
sirable plan will be to take pairs of pigs of nearly equal weight and con-
dition from a number of litters, assign the alternative diets at random
to the members of each pair, and then feed the pigs individually so that
mq;mdual records may be kept of food eaten and gains made.

4. Replication and the Control of Error. The value of replication
in experimental design is easily understood. In the first place, replica-
tion increases the accuracy and scope of the experiment; in the second
place, it enables us to determine the magnitude of the uncontrolled varia-
tion that is usually referred to as the error; and in the third place it
allows for designs that give us an effective control over error. The in-
crease in accuracy due to replication is expressible in terms of a mathe-
matical equation. In Chapter 11, Section 3, we noted that the standard
deviation of a mean is reduced in proportion to the square root of the
number in the sample. In ordinary experiments any one treatment is
represented by a sample which is made up of one unit in each replication.
Therefore in general the accuracy of an experiment, as expressed by the
standard error of a mean of any one treatment, is increased in proportion
to the square root of the number of replications. This statement should
not be interpreted to mean that results of twice the value are obtained
by multiplying the replications by 4. This depends on what we mean
by the value of the results. In terms of work done or energy expended
on an experiment to bring about a given reduction in the standard error
this is true, but it may be that the expenditure of additional energy in
order to increase the accuracy of the experiment is unnecessary, in which
case the value of the results is not enhanced. More will be said on this
subject later; but for the present we should note that replication is the
primary tool at our disposal for increasing the accuracy of the experi-
mental results.

Another phase of the increased accuracy due to increased replication
arises from the distribution of ¢ for different-degrees of freedom. From
Table 94 we note that, for 1 degree of freedom, ¢ at the 5% point is
12.706 while for 60 degrees of freedom the corresponding value of ¢ is
2.00. In the first case a much larger difference would be necessary to
represent a significant effect than in the second case. In a paired ex-
periment the number of degrees of freedom available for estimating the
error of the experiment is equal to 1 less than the number of pairs. Sup-
pose then that we have one experiment with 3 pairs and another one
with 10 pairs. For the first experiment we would require for significance
a difference that is 4.30 times the error, and for the second experiment a
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difference that is 2.26 times the error, these being the values of ¢ at the
5% point for 2 and 9 degrees of freedom respectively. It is important
for the beginner to note carefully that this increase in accuracy due to
increased replication is entirely distinet from that discussed above which
results from dividing the standard error of the experiment by the square
root of the number of replications in order to determine the standard
error of a mean. Both factors act together and in the same direction
but they arise from different sources.

The manner in which replication increases the scope of the experi-
ment will be evident from the discussion of Section 3. In the example
discussed there it was decided purposely to make the replications some-
what different, in order that the results might be of general application.
The importance of this is sometimes overlooked, and we will find field
plot investigators looking for an exceptionally uniform patch of soil on
which to carry out an experiment and putting all the replications on this
same patch. No criticism is offered of this procedure provided that the
investigator is not under the impression that by doing so he is necessarily
improving the experiment. Within each replication it is desirable to
have as much uniformity as possible, but between the replications it
does not improve matters to have a great deal of uniformity; and from
the standpoint of increasing the scope of the experiment it may even be
harmful. To put these ideas into concrete form let us assume that two
soil treatments are being compared in paired plots. On the field that
is available for the experiment there are several types of soils, and we
shall assume for the purpose of argument that all the soil types are
present that occur in the area for which the results of the experiment are
to apply. The investigator has three choices. The pairs of plots can
be placed all on one soil type, an equal number of pairs on each type, or
at random over the field. Placing the pairs all on one soil type and
close together in the field has in its favor compactness and economy of
space; but the results obtained on the one type of soil may not apply
to the other types, and consequently to get full information on the
problem a separate test must be planned for each condition. This
may be beyond the scope of the facilities of the investigator, so he turns
his attention to the other possibilities. Placing an equal number of
pairs on each soil type has decided advantages. For example, if there
are at least four pairs in each location it is possible to regard each set
as an individual but very rough experiment, capable of yielding an
approximate measure of the particular reaction of the two treatments
on the soil type represented. The average yields of the two treatments
over the whole field will, however, be representative for the whole area
in which the results are to be put to practical use only if in that area
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there are about an equal number of acres belonging to each type. This
statement, of course, implies that the treatments will give different
results under the various substratum conditions, but experience tells us
that this is very likely to be the case. We turn now to the third method,
that of randomizing the pairs of plots over the whole field. The process
of randomization will ensure that the various soil conditions represented
in the field will have an equal chance of being used in the experiment.
As nearly as possible, therefore, we are obtaining a random sample of
the infinite population for which we are endeavoring to obtain an un-
biassed estimate of the difference between the two treatments. The
only possible criticism of this method is that some of the soil types will
not be represented, and hence certain information will be lost. The
answer is that with a given type of experiment we cannot perform two
functions at once. Without enlarging it considerably we cannot design
an experiment that will give us a general average result for the whole
ares under consideration, and at the same time give us detailed informa-
tion on the reactions of the treatments under varying conditions. In-
formation regarding the whole area is not lost, but gained, by placing
the pairs at random and perhaps missing some of the types. On the
assumption that the field is representative of the larger area being sam-
pled it gives us a more correct measure than if we assumed without
proper information that each of the types is equally represented.

This somewhat theoretical discussion does not bear precisely on the
practical problem with which the investigator is faced, because it is im-
possible to obtain a field that is really representative of a large area.
However, it serves to bring out some very important points that may
be put into practice in tests of this kind. Any investigator who gives
the problem serious thought will take note of the limitations of one test
carried out under very uniform conditions, and at the same time will
realize the importance of replication in widening the scope of field plot
experiments.

The second important function of replication is to enable us to obtain
a measure of the experimental error. This follows directly from the
principles of the ¢ test. If there is only one plot of treatment A and
one of B there can be only one difference, and the number of degrees of
freedom available for estimating the standard error is zero. In non-
statistical terms there is only one value, the difference between the two
plots, and this difference is the only measure we have of both soil varia-
tion and the effect of the treatments. We cannot compare a difference
with itself; therefore, we say that there are no degrees of freedom avail-
able for estimating the error of the difference. This defect in an experi-
ment is obviously overcome as soon as we introduce replication. Even
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if we have only two plots of 4 and two of B we have at least one degree
of freedom available for estimating the error, and by means of the ¢
test an unbiassed comparison of the treatments can be made.

The third function of replication has to do with the control of error.
Another hypothetical example will make this clear. Again we can sup-
pose that two soil treatments are being compared in paired plots. The
measure of error is determined from the variation in the differences
within the pairs. Suppose now that the plots are all distributed at
random over the field, and the pairs are made up simply by taking the
two plots of A and B that happen to fall together in another random
selection. This can have only one effect, and that is to increase the
variability of the differences, and consequently the accuracy of the test
is reduced. A question that may be asked here is whether or not the
method that increases the variability of the differences will also increase
the average difference between the two treatments. Yes, the average
difference will also be increased but it must be remembered that this is
due in actual practice to two components. A part is due to the real
difference between the treatments and a part to the variability of the soil.
The latter component will be increased in the same proportion as the
error, but the former will not, and consequently the precision of the
experiment becomes correspondingly less as the error component
increases.

The benefits to be obtained from the arrangement of treatments in
replications wherein each replication contains one of each of the treat-
ments is fairly well known to experimentalists, especially in agronomic
research. Variety trials are therefore arranged in compact blocks so
that the plots within the blocks are as nearly alike as possible. There
are, of course, many applications of the same principle in other types of
experimentation; but this subject will be discussed more fully under the
heading of the analysis of variance.
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CHAPTER VI
LINEAR REGRESSION

1. General Observations. In the previous discussions emphasis was
placed on the variations that occur in any one variable, such as the yield
of wheat plots, the weight of animals, or the height of students. Some-
times the values of one variable are classified in two or more ways, in
which case we may be interested in the joint variation of the pairs or
groups of values so formed. For example, in Chapter V a problem was
discussed in which pairs of plots of two varieties were arranged in differ-
ent ways over a field. The interest there was largely in the differences
between the members of pairs, but it was also pointed out that if the
plots were close together they would tend to yield alike, or in other
words they would vary together. The present chapter, however, deals
with examples wherein there are paired variates but of two different
kinds of variables, and in general one of the variables may be regarded
as independent and the other as dependent. In a study of the effect of
rainfall on yields of field crops, we would have a typical example of a
dependent and an independent variable, in that the interest would lie
in the degree to which rainfall, acting as an independent variable, would
have an effect on yield, the dependent variable. It would be useless,
of course, to think of this problem in any other terms, as we could not
imagine the yield of field crops having any effect on rainfall.

It is not difficult to see that, for any set of data for paired variates,
it should be possible to obtain a measure of the physical relation between
the two variables. Suppose that the data are arranged as in Fig. 6,
which shows graphically the average yields of groups of plots of Marquis
wheat for given percentages of infection with stem rust. It would not
be difficult to draw a straight line so that it would represent the general
trend of decreasing yield with increasing percentages of infection, and
we could then read off the approximate decrease in yield for a given
increase in infection. This, of course, would be a very crude method,
as the fitting of the line would be purely a matter- of eye judgment and
different individuals would place the line in slightly different places.
Then to develop from the graph a general expression for the relation
between the two variables, from which the line could be reconstructed
at any time and which could be used for predicting the effect on yield

52
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of given percentages of infection, it would be necessary to draw out the
graph very accurately and make an average of a number of measure-
ments. In order to arrive at a more precise method of fitting the line,
recourse is had to the ‘ method of least squares.” This means that
a line is fitted such that the sum of the squares of the deviations of the
points in the graph from the straight line is a minimum. It gives us
a statistic known as the regression coefficient, which expresses the in-
crease or decrease in the dependent variable for one unit of increase
in the independent variable. From the regression coefficient we can set
up a regression equation, which can be used to make predictions; and
also it defines the straight line known as the regression straight line.
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F1a. 6.—Regression graph for yields of Marquis wheat on degree of

infection with stem rust.

The essential difference between the treatment of different kinds of
variables that are thought to be related and pairs of variables that
merely vary together will now be clear. In the first case our concern is
to determine a function, in the present case a straight-line function, that
will express the average relation between the two variables. In the
latter case the function will obviously not be of very much value; we
will probably be better satisfied with some expression giving the com-
bined effect of the variables on each other or perhaps, if we cannot think
in such terms, the degree to which both variables are acted upon by
outside influences that cause them to vary together. Of this second
condition we shall learn more in the next chapter.

2. Fitting the Regression Line. Let the two variables be represented
by z and y, where z is independent and y dependent. Then, if the
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relation between z and y can be represented by a straight line, the equa-
tion of the line will be of the form:

Y=a+40br 1)

where a and b are constants and Y represents the values of y estimated
from the equation. For any one value of z, say z;, the corresponding
value of y estimated will be Y, and the error of estimation will be
(y« — Y,). The value of y; would be represented on the graph as in
Fig. 6 by one of the points, and the corresponding estimated value Y;
would be a point on the straight line. To fit the line, it is required that
the sum of the squares of the errors of estimation Z(y — Y)?2 shall be a
minimum. It is best to begin with z and y measured from their means,
80 that our regression line is actually:

Y -9 =a+bd—123 (2)

whence the error of estimation is given by Z[(Y — §) — (y — )P =
Z(y — Y)?, the same as before. Minimizing by the method of least
squares for Z(y — Y)?, we obtain the equations: !

Na+Z(z — 2)b =2y — 9
2z —2a+ 2z — 0 =2y — §)(z — &)

and solving we have:

a=0

_ 2y -9z -3

b= 2(z — z)2 , ®
In equation (3) we note the expression Z(y — %)(x — &), which is
usually referred to as the sum of products. For two variables, it is the
expression that corresponds to the sum of the squares of the deviations
from the mean for one variable. We know that the variance for a single
variable is given by:

_ Z(x — 2P
s = N -1

and now we learn that the covariance for two variables is given by:

w___E(yl—VzJ_)(a;—i) ).

! For the method-of-least-squares technique see any good textbook on elementary
calculus. If it is confusing to apply these methods to expressions containing the
summation sign, Z, write out one or two sets of values and proceed with them con-
secutively. The procedure for the entire set of values summated will then be clear.
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In (3) if the numerator and denominator are divided by N — 1 the
equation becomes:
Covariance (zy)
=— (5
Variance (x)

Going back now to (2) above:

Y —§=bx—3)
and: Y =5+ blx — %) cee e ()
or: Y = (§j — bz) + bz o )

the last being the form in which this expression is most frequently used.
It is known as the linear regression equation, and b in the equation is the
regression coefficient.

3. Properties of the Regression Coefficient. In the equation
Y = § + b(x — %), b expresses the probable relation between z and y
in terms of the values in which x and y are measured. The coefficient in
this equation is usually represented as b,., which means that it is the
regression coefficient for the regression of ¥ on z; and thus in any sample
of paired variates studied it represents a kind of average of the increase in
y for a given increase in . Thus if y is bushels per acre and z is tons of
fertilizer applied, by. is an estimate of the increase in yield to be expected
from one ton of fertilizer.

For every example where we study the regression of y on z, there is
also the theoretical possibility of studying the regression of = on y; but as
stated above the theory of linear regression is best confined to examples
where we can think clearly in terms of the effect of one variable on the
other, and consequently the investigator is concerned with only one
aspect of the regression. )

The regression coefficient is a measure of the slope of the regression
line, but only relative to the class values of the two variables and their
range of variation. Suppose that, in a study of the effect of rainfall on
yield, the rainfall varies from 0 to 9 and the yields from 20 to 30, and
the mean yield is 25 and the mean rainfall 5. In a graph such as Fig. 6
the units could be of the same length for the two variables, and if the
regression coefficient is 1 the regression line would go from one diagonal
to the other and would have a slope of 1; that is, it would lie at an angle
of 45 degrees. However, if rainfall varied from 0 to 20 the slope would
be less than 1, even for the case where yield is completely dependent on
rainfall.

4. Tests of Significance of the Regression Coefficient. The sam-
pling error of the regression coefficient is related to the error of estimation
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measured by Z(y — Y)2. Thus we have the standard error of estimate

given by:
2y — Y)?
L= A= 8
s \/ N — 3 (8)

and the standard error of the regression coefficient by:
8 = 8./VZ(x — %)? 9)
The value of Z(y — Y)? can best be calculated by equating it to
Z(y — 9?2 — b¥*Z(z — %), or Z(y — §)* — bZ(y — §)(z — %), depend-
ing on which form is the more convenient at the time. In these equali-

ties it is understood that the regression coefficient is by,.
Then to make the test of significance ¢ is given by:

b _ bV — 2P

Sy Se

= (10)
and the table of ¢ is entered under N — 2 degrees of freedom. There are
N — 2 degrees of freedom because both 7 and b, are statistics calculated
from the sample.

The test for the significance of the difference between two regression
coefficients i1s based on their respective standard errors. For the two
regression coefficients b; and b., with standard errors calculated as in (9)
above, the standard error of the difference would be:

si—2 = Vsi + s (11)

_ (b — by

S1-2

and

t (12)
The two coefficients may be calculated from different numbers of paired
values, so that there would be a total of (N, — 2) + (N2 — 2) degrees
of freedom available for the comparison of the coefficients, where N
and N2 are the numbers of pairs respectively from which b; and b, are
calculated.

A special case arises when there are two sets of values of the depend-
ent variable. If these are y; and ys2, there are two regression coefficients
by,= and b,,z; and it may be necessary to test the significance of the
difference between them. The simplest and most direct method is to
form a new variable from (y; — y2) and calculate b, —,,),, Which may
be tested in the ordinary way.

6. Methods of Calculation. It will be remembered from formula
(3) that the numerator of the regression coefficient is the sum of products
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of the deviations from the means of the two variables, and is expressed
algebraically as Z(y — §)(x — £). The denominator of the coefficient
is the already familiar sum of squares of the deviations from the mean,
for the independent variable usually indicated by z. Our problem,
then, is to learn the most convenient method of calculating the sum of
products. The method follows from the identity:

T,T,
N

2@y — P — &) = ZQay) - (13)

where Z(xy) is the sum of the products of the original‘values of z and y,
taken of course by pairs, and T'; and T, are the totals for all the original
values of z and y, respectively. The latter are somewhat more conveni-
ent symbols for the familiar Z(z) and Z(y). Given a series of paired
values, therefore, for which a regression coefficient is to be calculated,
the first step is to determine 7', and T,. Then each value of z is multi-
plied by each value of y (or vice versa), and the sum of the products
accumulated in the machine. This gives us Z(zy), and if we subtract
from this T.T,/N, the remainder is the required sum of products of the
deviations. Z(x — Z)?is, of course, calculated in the manner indicated
in Chapter II.

In many examples the labor of calculation can be reduced by coding
the data. This involves either subtracting a uniform quantity from the
values of each individual variate or dividing by a constant quantity, or in
certain cases both devices are employed at the same time. Supposing
that the actual values are as given below on the left; the values on the
right are examples of how the coding may be carried out.

UNCODED CopED
z y x y
2402 2785 240 278 Diyiding by 10 and rounding off last figure.
40 78 Subtracting 200.
198 196 8 6 Subtracting 190 from each value.
195 193 5 3
256 274 56 74 Subtracting 200. It is quite permissible to
229 198 29 -2 have negative values, but usually they compli-

cate the calculations slightly and if a machine
is available for calculation most workers avoid

them.

The regression coefficient having been calculated, the next step is to
determine the regression equation, ¥ = (§ — b%) + bz. The portion
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(g — b%) is constant and is computed once and for all. Putting the
result for this portion equal to a, we have the working equation:

Y =a+ bx (14)

from which all the Y values that are necessary can be obtained.

It must be remembered that, if the regression equation is calculated
from coded data, the resulting equation itself must be decoded before it
can be used for prediction purposes. If the data have been coded by
subtraction only, the only correction required is to the means of z and y
and this correction must be made while the equation is in the form given
in equation (7). If in the coding the x and y values are divided by a
different constant value, then a correction must be made to the regression
coefficient as well as to the means of z and y. For example, if « has been
divided by A and y by B, then the regression coefficient calculated from
the coded data must be multiplied by B/A.

Example 10. Calculation of the Regression Coefficient and Regression Equa-
tion from a Small Series of Paired Values. In a hypothetical example the values
from 10 pairs of variates are as given below:

T 9 8 7 7 6 5 3 3 1 1 T,=50
Yeurrn.. 9 9 8 6 6 5 4 3 1 1 T,=52

Values for the totals are given at the end of each line and N = 10. To find the sum
of products, and the sum of squares of z, we proceed as follows:

Zay) =OX 9N+ BXN+(TX8+ -+ (1X1)=2335.0

T.Ty/N = (50 X 52)/10 = 260.0
Difference = Z(y — §)(x — %) = 75.0
St =92 + 8+ TP AT 46 4 - 12 =324.0
T,2/N = 50%/10 = 2560.0
Difference = Z(z — %)? = 74.0

Then by, = 75.0/74 0 =1 014. & =50/10 =5.0. g = 52.0/10 = 5.2.
Alsoa = (6.2 —1.014 X 5.0) = 0 13.

Finally the regression equation is ¥ = 0.13 + 1.014zx.

In order to use this equation for predicting values of y from given values of z,
it is only necessary to insert the required value for z and determine the resulting
value of Y. For example, if we take z equal to 2 the calculated value of Y is
0.13 +1.014 X 2 = 2.158.

Example 11. Calculation of the Regression Coefficient and Regression Equa-
tion from a Large Series of Paired Values. When dealing with large numbers of
variates, we found that it was convenient to make up a frequency table in order to
summarize the data and reduce the labor of calculating the mean and the standard
deviation. Similarly, in regression studies, if a large series of paired values is avail-
able it 1s desirable to make up a table which is a combination of the frequency dis-
tributions of the two variables. From long usage such a table has become known as
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a correlation table, and we shall see in the next chapter that it is likewise of value for
calculating the correlation coefficient.

To prepare a correlation table the best plan is to copy the paired values on cards
of a size that can be handled conveniently. Thus, if we decided to make up a table
for the yields of plots in adjacent rows of Table 4, Chapter II, we would make our
cards as follows:

x 185 x 169
First card Second card
y 162 y 205

and proceed until all the paire had been entered. After deciding on the class values
in very much the same manner as described in Chapter 11, Section 5, we would dis-
tribute the cards for one of the variables and then distribute each pile for the second
variable. Table 12 is the tinal result of distributing all the cards for the yields of
adjacent plots as taken from Table 4. The classes here are somewhat larger than
they should be, in order to save space and to make the table more convenient to use
a8 an example. The cards were first distributed for z, giving the frequency distribu-
tion as shown in the last row of the table. The 4 cards falling in the first class were
then distributed in the vertical column according to the values of y, and so on for
each pile. When all the piles were distributed, the cards in each small pile were
counted, and the frequencies entered in the table  Notice also that the natural num-
bers have been inserted in the table to replace the class values. This is the device
introduced in Chapter II for reducing the labor of calculating the mean and standard
deviation from frequency tables. It may be used here in the same way, in order to
reduce the labor of calculating the regression coeflicient. It will be noted that this is a
form of coding, and consequently the regression coefficient and the regression equa-
tion will require correction if they are calculated from a table of this kind.

The next step is to prepare Table 13, in which the first four columns are entered
directly from the correlation table. For the column headed ‘ totals for y arrays
we proceed to obtain the totals for each array as follows, where the first array of y is
the distribution in the y classes of the variates that fall in the first class for z.

1st array (2X 3)+ (1 X 6) + (1 X 8) = 20
2ndarray (2X3)+ (4X4) 4+ GBXE)+AX6)+(1XT7) =60

The total for this column is obviously T, the grand total of . In the same way we
proceed to obtain the totals for the z arrays and T',, the grand total of z. There are
two columns headed Z(zy), the object being to calculate Z(zy) in two ways so as to
have a complete check on the calculations. The entries in these columns are obtained
by multiplying the totals for the y arrays by the corresponding class values of z, and
the totals for the x arrays by the corresponding class values of y. Summating at the
foot of the columns we obtain Z(xy).

Finally from the correlation table we have to calculate Z(z?), and the method is
the same a8 in Chapter II for any frequency distribution. Tabulating our calcula-
tions we have:

Z(zy) = 5448
Z(z?) = 3952
T, = 850
T, =1246
N = 200
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Then: Z(y — §)(x — £) = 5448 — (850 X 1246)/200 = 152.50
And: Z(z — £)? = 3952 — 850%/200
The regression coefficient is given by b, = 152.50/339.50 = 0.4492

= 339.50

TABLE 12
CORRELATION TABLE FOR THE YIELDS OF ADJACENT BARLEY ProTs
z
Assumed 1 2 3 4 5 6 7
Classes
; Fre-
quency
Actual | 66 89 112 135 158 181 204 y
Classes| 88 111 134 157 180 203 226
20 1
1 42 1
43
2 65 1 1
66
3 88 2 2 2 6
89
4 111 4 4 3 2 1 14
112
5 134 5 11 4 11 3 34
Yy
135
6 157 1 1 12 15 17 5 2 53
158
7 180 1 12 16 13 11 2 55
181
8 203 1 1 9 13 4 2 30
204
9 296 3 1 4
227
10 249 2 2
Frequency 2| 4 13 43 48 59 27 6 200
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TABLE 13
CALCULATION OF THE REGRESSION COEFFICIENT

Frequency Frequency Totals Totals
x for y Z(zy) for z Z(zy)

¥ z Arrays Arrays
1 1 1 4 20 20 4 4
2 1 2 13 60 120 3 6
3 6 3 43 243 729 12 36
4 14 4 4% 307 1228 48 192
5 34 5 59 387 1935 132 660
6 53 6 27 187 1122 228 1368
7 55 7 6 42 294 247 1729
8 30 R F T o 143 1144
9 4 e RN oo 21 189
10 2 B o 12 120
200 e 200 1246 5448 850 5448
N . N T, Z(zy) T, Z(ry)

In order to set up the regression equation, the means of z and y are required. These
are £ = 850/200 = 4 25, and 7 = 1246/200 = 6.23, and the regression equation is
written:

Y = (6 23 — 0 4492 X 4.25) + 0.4492z

4.3209 — 0.4492z

I

Since the regression equation has been calculated from coded values, the necessary
corrections must be applied. To correct the means we apply formula (7), Chapter 11,
obtaining:

7=(6.23 —1) X 23+ 31 =151.29

Z=(4.256 — 1) X 23 4+ 77 = 151.75

Since the class value is 23 for both variables, the regression coefficient does not
require any correction, so the new equation is:

Y = (151 29 — 0 4492 X 151.75) — 0.4492z
=83 12 — 0.4492¢

In order to plot the regression straight line, we require only two points on the graph,
preferably as far apart as possible. It is simpler to use the coded regression equation
to find any values of Y required, and also the graphing may be done in the coded
values and the actual values inserted when everything is completed. The end

points of the line are
Y, =4.3209 — 0.4492 X 1 = 4.77

Yy =4.3209 — 0.4492 X 7 = 7.46



The graph is finally as in Fig. 7.

assumed values.
totals for the y arrays by the corresponding frequencies.
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F1a. 7.—Regression graph for yields of adjacent plots showing regression
line and means of y arrays.

to actual values by means of the formula for correcting means as described in
Chapter II, and used above for finding the true values of Z and 7.
To test the significance of the regression coefficient we find

= 1.3275

o \/:(y —§F — bR —2)*  [417.42 — 0.4492° X 339.50
‘ N -2 198

=6 23.

. DVE@ — 2P 0.4492V/339.50
8¢ B 1.3275

from which it is clear that the regression coefficient is highly significant.

6. Exercises.

1. Table 14 gives the results obtained in an experiment with 25 wheat varieties
on the number of days from seeding to heading and the number of days from seeding
to maturity. Calculate the regression equation for the regression of days to mature
on days to head, and test the significance of the regression coefficient. Code the
data before beginning your calculations by subtracting 50 from the days to head
and 85 from the days to mature. Find the fiducial limits at the 5% point of the
regression coefficient, and decide as to the practicability of using days to head to
replace days to mature on the basis of the data provided by this sample.

Regression coefficient = 105.23/125.68 = 0.8373. (Coded data.)
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TABLE 14

Data oN Days To HEAD AND Davs To MATURE OF 25 WHEAT VARIETIES
Days Days Days Days

Variety to to Variety to to
Head Mature Head Mature

1 60.0 94.4 14 58.2 92.4

2 53 6 89 0 15 58.0 91 6

3 59.0 94.0 16 59.4 94 0

4 61.8 95 4 17 55.4 90 8

5 53.8 88.2 18 61.6 95.2

6 57.8 93 4 19 63 0 97.2

7 57 8 93.6 20 60 2 94.6

8 58 4 92 0 21 61.6 96 0

9 57.8 92 8 22 57.6 92 6

10 59.0 93 .4 23 60 8 95.4
11 59 2 93.8 24 61.2 94 .4
12 59 0 92.8 25 58.2 94 0

13 58.6 94.2

2. Table 15 contains data on the carotene content determined by two methods for
139 wheat varieties. By one method carotene was determined on the whole wheat,
and by the other method, on the flour. The figures for carolene in the wheat are
lower than for carotene in the flour, which is of course the reverse of the actual
condition. This was due to a different method of extraction used for the whole
wheat which gave lower but relative results.

Make out cards, one for each pair of values, and prepare a correlation table,
letting the flour carotene represent the dependent variable y. In order to reduce
the labor of calculation make the classes fairly large; for example, let the first class
for z be 0.85 to 0.95, and the first class for y be 1.33 to 1.49. Also do not forget to
replace the actual class values by the natural numbers, beginning at 1, before going
ahead with the calculations. Determine the regression equation and prepare a
graph similar to Fig. 7. byz = 438.39/665.96 = 0.6583. (Coded data.)

8. Prove: (a) Z(y — #)(x — £) = Z(zy) — T.Ty/N,
®) Z(y — ¥)? = Z(y — §)? — bl2(x — £)%
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TABLE 15
CARrOTENE CONTENT OF FLOUR AND WHOLE WHEAT FOR 139 VARIETIES

Variety | Carotene{Carotene||Variety |Carotene|Carotene||Variety |Carotene|Carotene
No. |in Flour|in Wheat|| No. |in Flour |in Wheat|| No. |[in Flour [in Wheat
1 2.39 1.18 48 1.71 1.16 96 1.97 1.33
2 3.11 2.13 49 1.93 1.14 96 1.83 1.14
3 2.156 1.41 50 1.81 1.30 97 2.00 1.51
4 1.96 1.42 51 1.89 1.32 98 1.96 1.28
5 2.02 1.50 52 1.65 1.32 99 2.00 1.33
6 1.76 1.25 53 1.93 1.28 100 2.02 1.32
7 2.10 1.65 54 2.12 1.48 101 1.78 1.17
8 2.12 1.24 55 2.25 1.50 102 1.83 1.10
9 2.28 1.48 56 1.92 1.42 103 1.93 1.22
10 1.86 1.35 57 2.25 1.66 104 2.14 1.44
11 2.60 1.58 58 2.25 1.63 105 2.15 1.54
12 2.11 1.45 59 1 65 1.18 106 2.13 1.46
13 2.30 1.74 60 1.63 1.14 107 1.97 1.40
14 1.80 1.42 61 1.70 1.22 108 1.83 1.11
15 2.00 1.45 62 1.61 1.20 109 2.10 1.40
16 2.05 1.87 63 1.83 1.33 110 1.84 1.19
17 2.09 2.00 64 1.60 1.13 111 1.98 1.39
18 2.33 1.65 65 1.37 .92 112 2.31 1.60
19 2.29 1.64 66 1.96 120 113 2 29 1.53
20 2.30 1.62 67 1.88 1.26 114 215 1.45
21 1.97 1.55 68 1.92 1.34 115 1.96 1.44
22 2.36 1.68 69 1.89 104 116 1.98 1.40
23 173 1.32 70 1.99 1.26 117 1.89 1.30
24 1 72 1.47 71 1.82 .98 118 2.08 1.33
25 1.70 1.53 72 2.12 1.31 119 2.00 1.42
26 1.63 1.50 73 2.16 1.16 120 2.06 1.44
27 1.93 1.48 74 2.14 1.04 121 1.96 1.36
28 1.50 1.25 75 1.63 .88 122 2.07 1.38
29 1.77 1.33 76 2.76 1.91 123 2.24 1.51
30 1.60 1.40 7 2.07 1.20 124 2.15 1.38
31 2.31 1.49 78 1.67 1.07 125 1.83 1.18
32 2.17 1.42 79 2.78 1.80 126 1.84 1.20
33 2.10 1.35 80 3.40 2.02 127 2.03 1.45
34 2.90 1.58 81 3.67 2.10 128 1.87 1.05
35 2.17 1.50 82 2.41 1.61 129 2.24 1.44
36 2.15 1.40 83 2.23 1.38 130 2.14 1.06
37 2.01 1.40 84 3.07 1.93 131 2.13 1.10
38 2.35 1.67 85 2.22 1.44 132 2.03 .98
39 2.34 1.62 86 2.65 1.58 133 2.25 1.31
40 2.00 1.47 87 2.12 1.39 134 2.33 1.08
41 2.18 1.56 88 1.94 1.27 135 2.01 1.14
42 2.47 1.73 89 1.95 1.41 136 1.89 1.41
43 2.25 1.62 90 1.59 1.08 137 3.00 2.20
4 1.77 1.39 91 2.00 1.30 138 2.16 1.73
45 1.68 1.34 92 1.77 1.22 139 2.29 1.61
46 2.46 1.29 93 1.98 1.26
47 1.86 1.28 94 1.97 1.30




CHAPTER VII
CORRELATION

1. Covariation. This is a term that is very expressive with respect
to the fundamental situation regarding two variables, from which the
methods of correlation arise. In the previous chapter it was pointed
out that, when two variables are so related that one may logically be
considered as being dependent on the other one, the method of regression
is completely applicable to a study of this relation; but when the two
variables cannot be considered in the light of dependence and inde-
pendence, the method of regression does not appear to be satisfactory.
Suppose that a study is to be made of the relation between the heights of
brothers and sisters. It would not be logical to consider the height of
one member of the pair as being dependent on the height of the other
one, yet we may be fairly certain that there is a relation of some sort
and we may wish to estimate what this relation is. The question that is
asked with respect to two such variables seems to be this. ““To what
extent do the heights of brother and sister vary together”? Thus we
have the term covariation, and the conventional statistic for the measure-
ment of covariation is the correlation coefficient.

2. Definition of Correlation. In Table 16 there are three sets of
figures that may be taken as measurements on two variables that we
shall designate as z and y. On examining these three sets of values it
will be noted that the relation between x and y is different in each case.
In set 2 we have high values of z associated with high values of y, and
in set 3 we have high values of x associated with low values of y. In
both cases there is an obvious relation but one is the reverse of the other.
In set 1, on the other hand, there is no apparent relation between the
two variables. These sets may be regarded as samples from infinite
parent populations of paired variates. In the population from which
set 2 is drawn, whenever a pair of variates is selected, we expect to find,
if the pair contains a high value of z, that there will be a high value of y
associated with it. In the population represented by the sample in
set 3 it is to be expected that high values of z will be found associated
with low values of y. These two opposite situations are referred to as
positive and negative correlation. Set 1 represents still another situa-
tion. High values of r do not appear to be associated with either high

65
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TABLE 16
THREE SAMPLES OF PAIRED VARIATES ILLUSTRATING THE
PHENOMENON OF CORRELATION
Seti1 z.... 7 7 1 6 5§ 3 8 9 3 1 Total =250
y.... 5 9 6 1 3 1 9 4 6 8 Total=2=52
Set2 z.... 9 8 7 7 6 &5 3 3 1 1 Total =250
y.... 9 9 8 6 6 &5 4 3 1 1 Total =252
Set3 z.... 1 1 3 3 &5 6 7 7 8 9 Total =50
y.... 9 9 8 6 6 5§ 4 3 1 1 Total = 52

or low values of y. In other words, we shall expect that in the parent
population the two variables vary independently. A graphical picture
of the results with these three samples is given in Fig. 8. For each
sample we have prepared what is usually known as a dot diagram.  The
values of y are represented as ordinates and the values of z as abscissae,
so that each pair can be represented by a dot on the diagram. The final
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F16. 8.—Dot diagrams for the sets of values given in Table 16.

result is a figure which represents in a general way, by the scatter of the
dots, the relation between the two variables. For set 1 the dots are
scattered more or less uniformly over the whole surface. For sets 2
and 3 there is a definite relation between the variables, as shown by the
tendency for the dots to arrange themselves in a straight line afong the
diagonals of the square. We are reminded here of the regression graphs
of the previous chapter. The difference is that we are not now studying
the effect of one variable on the other, but rather the degree to which
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the variables vary together owing presumably to influences that are
common to both. If such measurements represented heights of brothers
and sisters, it is apparent that this common influence might be the simi-
larity of their genes.

This rough illustration is sufficient to give a general idea of the nature
of correlation, but it is not adequate to give a complete picture of cor-
relation as it occurs in nature. The student who is specially interested
in this subject should make a thorough study of the references given at
the end of this chapter. Each writer on this subject presents the situa-
tion in a somewhat different manner, and after a study of several view-
points the student will begin to grasp the fundamental points very
clearly. We are concerned here mainly with the viewpoint that cor-
relation is a measure of the degree tc which two variables vary together,
as we believe this to be the most useful viewpoint from the standpoint
of the research worker. Since we have become acquainted with the
variance and the standard deviation as measures of variability, it is of
interest now to inquirc how the combined variation of two variables can
be measured, and how much of the variability of one variable is tied up
with the variability of some other variable. In the first place, however,
we must consider a few points that are fundamental to the methods of
measurement that will be employed.

The dot diagrams given in Fig. 8 will result from combining the fre-
quency distributions of two variables. Since they represent samples
only, they give merely an estimate of the combined frequency distribu-
tions of the two variables in the parent populations. The single or
univariate distributions are represented by a curve, but the combined or
bivariate distributions must be represented by a surface. On extending
the diagrams of Fig. 8 to much larger samples it is evident that the dots
will begin to form into swarms of some definite shape, depending on the
degree of correlation between the variables. If the correlation is high
the swarm will evidently be of the greatest density along the diagonal
of the figure; if there is no correlation the swarm is likely to be almost
.circular in shape. The theoretical bivariate frequency distribution will
obviously be represented by a volume, in contradistinction to that of
the univariate distribution which is represented by an area. These
points give us some clue as to how we may obtain a measure of corre-
lation.

3. The Measurement of Correlation. Figure 9 illustrates the shape
of the swarm in a correlation surface for three different degrees of cor-
relation. The circular swarm at (a) represents zero correlation. In (c)
the swarm falls entirely on the diagonal and must represent perfect
correlation. In (b) we have a condition between the other two extremes.
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Now each surface is divided into quadrants by lines erected at the posi-
tions of the means, and in each quadrant are plus and minus signs that
represent the signs of the products of the z and y deviations from their
means. Thus in the upper right-hand quadrant (1) the deviations of
z and y are both positive so that the product of the deviations is positive.
Therefore we have positive products in quadrants (1) and (3) and nega-~
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F1a. 9.—Correlation surfaces showing the variation in the shape of the swarm
with increasing correlation.

tive products in quadrants (2) and (4). Now if we obtain the sum of
the products it is obvious that in (a) the plus and minus products will
cancel each other and the sum will be zero. In (¢) all the products will
be positive so that their sum will be a maximum. In (b) the condition
isintermediate between (a) and (¢). The plus products are greater than
the negative products; hence we have a positive but not a perfect
correlation.

Let us consider now the sets of figures in Table 16. If we calculate
the sum of the products 2(z — &)(y — %) for each set we should find an
agreement with the theory outlined above. To carry out these calcula-
tions we shall make use of the identity:

T.T,
S -2y — 9 = Z(zy) — N 1)

where 7', is the total of the z values, T, the total of the y values, and N is
the number of pairs. Our calculations then come out as follows:

Z(zy) T.T,/N Z@= -2y -7
Setl......... 262 260 2
Set2......... 335 260 75
Set3......... 186 260 74

The result is in perfect agreement with the theory that the sum of
products is a measure of correlation.



THE MEASUREMENT OF CORRELATION 69

The sum of products is an absolute measure of correlation but will
not serve as a relative measure, since it is dependent on several factors
that have nothing to do with the correlation between the two variables
with which we are concerned. It depends on the number of pairs of
measurements or variates, on the units in which the two sets of variates
are measured, and on the variability of both of the variables. The first
objection can be overcome by dividing by the number of pairs of vari-
ates, and we now find that we have Z(r — %)(y — %)/N, which was
defined in the previous chapter as the covariance cv of z and y. The
covariance, however, is still not a relative measure of correlation, as it is
affected by the units of measurement and the variability of z and y. To
overcome this difficulty it is clear that the covariance must be divided by
some factor which measures the variability of z and y and is expressible
in terms of the units in which these variables are measured. The first
factor which suggests itself is the product of the two standard deviations,
and this actually gives the formula for the correlation coefficient, usually
designated by the symbol r. Thus we have:

roy = Z(z — )y — y/N @

030y

Another formula can be given using the variances of z and y in place of
their standard deviations. This must of course be:

p 2Dy = 9/N
i VvV VzoUy
where v, is the variance of z and v, is the variance of y. Formula (3)

shows also the algebraic relationship between the regression coefficient
b,- and the correlation coefficient. Since:

3

cv cv

Toy = and by, = —
V0, Uz

=@ 0 -+ C)

and i is obviously the regression coefficient b., where z is taken as the
vy

dependent variable instead of y. Of course in all regression problems
there are two regression coefficients, although, in the type of problem we
have referred to in the chapter on regression, one of these will be of
theoretical interest only. The correlation coefficient is finally:

Tey = Vbyz-bay 4

it follows that:
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In other words, it is merely the geometric mean of the two regression
coefhcients. ’

A brief inspection of the formula of the correlation coefficient will
show that it has & maximum value of +1 and a minimum value of —1
under conditions that we would ordinarily take to represent perfect
correlation. (1) Let y; = kr; where y; and z; represent any pair of
values of ¥ and z, and k is a constant. We have therefore a constant
positive relationship between z and y.

Then
(yi — §) = (kxi — k&) = k(z; — %)
and
(yi — P — &) = k(zi — %)?
Hence
Z(x — )y — 9 = kZ(z — 2)?
Also
2y — 9)? = k*Z(z — £)?
Therefore
oy = ko,
And finally
I —Hy —P/N _kZ(@ — /N o}
= 2 =—5=1
020y ko o;

(2) Let y; = — kz:. Here we have a constant negative relationship
between z and y. Then

(ys — 9) =— (kxs — kZ) =— k(z: — &)

and

Wi — 9) (@i — %) =— k(zi — %)
Hence

Z@ -2y —9) =— kZ(x — 2)?
Also

Z(y — 9 = B¥Z(z — z)?
Therefore
oy = ko,

Finally

3-8y — /N _ — k@ - 2N _ o
00y - ko?

These two conditions that we have postulated are those for which we
should expect a satisfactory coefficient to give us a maximum value of
41 and a minimum value of —1. Between these two extremes we
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should expect the coefficient to give us values varying between +1 and
—1, and this is what it actually does. Our proof as given above indicates
this also, but it is not a rigid proof in that particular respect.

Having satisfied ourselves that when we have perfect positive corre-
lation the coefficient will be +1, and when we have perfect negative
correlation the coefficient will be —1, it remains to decide how the
coefficient will measure correlations that fall within this range. As a
matter of fact it is easy to state this proposition, but quite difficult to
explain it in a simple and satisfactory manner. Perhaps the best inter-
pretation arises from considerations that actually are more closely
related to the theory of linear regression than that of correlation. For
example, if we take y to be the independent variable, then we can work
out the relation between the correlation coefficient and the two vari-
ances, the total for y, and the variance of the errors of estimation. As
pointed out in the previous chapter, the sum of squares of the errors of
estimation is Z(y — Y)2, where Y represents points on the regression
straight line corresponding to each value of y. The variance of the
errors of estimation is therefore given by:

— 2
m=a%j?- (5)

Now the variance of y is related to the above variance in the manner
indicated by the following equations:

= L I 6
TN ®
(1 — )2y — g)?
= 7
v N -2 @
From which it follows that the ratio of the two variances is:
v, N-1
e _ —_ 8
W - TN ®

On tne same basis, if we examine the relation between v, and the variance
due to the regression function, the latter being given by:

Sy — )2
v = b2.2(x — £)?2/1 or ,.2[ (v - 9 ] ©
we find that:

% 2N -1) (10)

Uy
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Finally, the ratio vs/v, is given approximately by:

U T2
Pl N -2 (11)

The variance v, is frequently taken as representing that portion of the
variation in y which is independent of x; hence we note that from this
standpoint equation (8) is the most important. If . is expressed in per-
centage of v,, then it is clear from (8) that this percentage is almost pro-
portional to (1 — r2). This is another way o1 expressing the commonly
known fact that differences between high correlation coefficients are
much more significant than similar differences between small correla-
tion coefficients. As a measuring stick for general use it is therefore
much more convenient 10 think in terms of 2 than in terms of ». For
example, if we have a correlation coefficient of 0.5, the ratio »,/v, = 0.75,
and the ratio does not fall to 0.5 until 7 reaches 0.75.

Considerable space might be devoted to further viewpoints on the
interpretation of the correlation coefficient, and the student who 1is
especially interested in this phase of statistics should refer to the discus-
sions in the references cited at the end of this chapter. Special notice
should be taken of the discussions by R. A. Fisher (1) of the distribution
of the correlation coefficient; by G. W. Snedecor (4) of the relation
between ‘“common elements” and the correlation coefficient; and by
A. E. Treloar (6) of many phases of the entire subject of correlation.
+..- 4. Testing the Significance of the Correlation Coefficient. R. A.
Fisher (1) has shown that for small samples the distribution of r is not
sufficiently close to normality to justify the use of a standard error or a
probable error to test its significance. A more accurate method has
been developed by Fisher, based on the distribution of &. For a correla-
tion coefficient:

t = __C_\/_ﬁ__ (12)

V1 -—r2

where n = the number of degrees of freedom available for estimating the
correlation coefficient. The degrees of freedom can always be taken
equal to N — 2, because there is a loss of one degree of freedom for each
statistic calculated from the sample in order to obtain r. These are 3
and by, (the regression coefficient). Although b,. may not actually have
been calculated, it is involved in the formula of the correlation coefficient
through the sum of products Z(z — £)(y — 7). This point will be
clear from a consideration of equation (8) which shows that the ratio
v./vy, is a function of the correlation coefficient. Now v, measures the
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discrepancies between individual values of y and the corresponding
values of Y estimated from the regression equation. It follows from
this that the correlation coefficient can measure only that portion of the
relation between « and y which is represented by the regression equation.

Since the use of ¢ provides a correct method of testing the significance
of a correlation coefficient regardless of the size of the sample, in general
practice one uses this method for samples of all sizes. For large samples
one might calculate a standard error of r, but even this procedure would
be subject to criticism if the value of the correlation coefficient was
high.

For testing the significance of the difference between two correlation
coefficients ¢ is not suitable, and Fisher (1) has developed an accurate
method which involves transforming the values of r as follows:

2’ = L{log.(1 + r) — log.(1 — r)} (13)

The values of 2’ can be shown to be normally distributed even for small
samples and with a standard deviation given by:

1 (14)

gy =
VN =3

To test the significance of the difference between two correlation coefhi-
cients r; and 7o, we proceed as follows:

${log.(1 + 1) — log.(1 — 1)}
F{log.(1 + r2) — log.(1 — o)}

21 — 25 = difference

1 1
= 4 15
7non JNV—3 N: — 3 (15)

where N, and N are the numbers in the two samples from which r; and
r2 respectively have been calculated. Finally:

I

’
21

]

’
22

‘o z’l — z/2
04 =1,
The table of ¢ is entered under N, + N2 — 6 degrees of freedom.

6. Calculation of the Correlation Coefficient. From the previous
chapter, the methods for calculating the sum of products
2(x — )(y — ), either directly from paired values or from a correla-
tion table, will have been noted. It is sufficient therefore to note that
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the formulae given in (2) and (3) may be written as follows in convenient
form for calculation.

Z(zy)/N —

oy = 16

=T VE@/N - HEGN - P (19

roy = E(xy)‘) - T,T7,/N . (17)
V (2(z?) — T?/N)(Z@?) — T2/N)

roy NZ(zy) — T.T, (18)

TVII@) - DN - T

Formula (17) is the most direct, but (16) and (18) are perhaps better
suited to machine calculation. In (18) there are no divisions in either
the numerator or the denominator; and after all the preliminary calcu-
lations of the values of Z(zy), T, Ty, Z(z2), and Z(y2) have been per-
formed, each of the three factors in the formula may be obtained without
removing any figures from the machine and recording them elsewhere.

The methods of calculating Z(zy), T., Ty, Z(z?), and Z(y?) will of
course be the same as described in Chapters II and VI. They may be
calculated either from the correlation table or directly from the paired
values. For N = 50 or less it is probably best to proceed directly, as
setting up the correlation surface is not likely to save any time. When
the numbers are fairly large it is nearly always best to have a correlation
table, as we shall learn later of a test to determine the agreement between
the actual data and the straight line fitted by the regression equation,
and to carry out this test the correlation table must be set up.

Example 12. Direct Calculation of the Correlation Coefficient from Paired
Values. For the sets of paired values given in Table 16 the calculations of Z(zy)
were performed and the results given in Section 3 of this chapter. Let us assume
that we wish to calculate the correlation coefticients using formula (17).

Set 1. Z(zy) — T-T,/N =262 — 260 = 2.0
2@ —TI/N =324—260 =74.0
20 — Ti/N =350 —270.4 = 79.6

oy = el = 4 0.026
V'74.0 X 79.6

Set 2. Z(zy) — T.Ty/N = 335 — 260 = 75.0
2@ - TN =

Same as Set 1
Z@® - Ty/N =-}

75.0

Foy = — e =} 0,997
* V14.0%79.6
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Set 3. Z(zy) — T,Ty/N = 186 — 260 = — 74.0
2@l —T:/N =
3 }Same as Set 1
Z@H - Ty/N =
Tzy = ~;—7i_£_—= = — 0.964
V740X 79.6

To calculate r.y for Set 2 using formula (18) we would write directly:

10 X 335 — 50 X 52
V(10 X 324 — 50)(10 X 350 — 522)

Try =

and performing one operation with the machine for each factor we obtain:

750
V' 740 X 796

By one more operation we find the denominator and have:

=

750
Ty = per e =+ 0.977
Example 13. Calculation of the Correlation Coefficient from a Correlation Table.
Suppose that we wish to calculate the correlation coefficient for Table 12, Chapter VI.
The first step is to prepare Table 13, which we have already used in Example 11 to
calculate the regression coefficient. From this table we have:

Z(zy) = 5448 T: = 850
Z(z? = 3952 T, = 1246
Z(y?) = 8180

And making use of formula (18) above we calculate:
200 X 5448 — 850 X 1246
V(200 X 3952 — 850%)(200 X 8180 — 1246%)
_ 30,500 _ 30,500
V87,900 X 83484 260.58 X 288.04

Ty =

= 0.4061

Example 14. Tests of Significance. Although the correlation coefficients cal-
culated in Example 12 were for only 10 pairs of values, the ¢ test will give a reliable
measure of their significance. The t values are determined as follows:

0.0261/8
Set 1. roy =+ 0.026 P LA A
i V1 — 0.026?

0.977/8
V1 -o0.977

0.964/8
V1 — 0.964?

= 0.07

Set 2. Ty =+ 0.977 t= =129.7

Set 3. ray = — 0.964 = = 102.5
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Turning to Table 94 we note that for n = 8 and P = 0.05 the value of ¢ required
is 2.306. The coefficient 0.026 is therefore quite insignificant, but the other two are
highly significant.

Example 15. The Significance of Differences between Correlation Coefficients.
In a study of the relation between the carotene content of wheat flour and the crumb
color of the bread, Goulden, et al. (2), obtained the following results with 139
varieties.

Carotene in whole wheat with erumb color, r; = — 0.4951

Carotene in flour with crumb color, re =— 0.5791

The most accurate method for this test is to make use of Fisher’s 2’ transformation.
For the 2’ test we write:

2y = % {logs (1 + 0.4951) — log, (1 — 0.4951)}
= % (log, 1.4951 — log, 0.5049)

1.4951
= o =—— ) = % log, 2. = . .
$log (0_5049> % log, 2.9612 = logyy 2.9612 X 1.1513
= 0.47147 X 1.1513 = 0.5428
25 = % (log, 1.5791 — log, 0.4209)

1.5791
= %log,m = } log. 3.7517 = 0.57423 X 1.1513 = 0.6611

23 — 2y = 0.6611 — 0.5428 = 0.1183

osy-5, = Vs + 1hs = Vg = 0.1213

Since the difference is less than its standard deviation it is not significant.
Note that in writing out the formula for 2z’ we pay no atfention to the sign of r
as it is the numerical difference between the coefficients that we are testing.

6. Exercises.

1. The figures in Table 17 are the physics and English marks ! for home economics
students in the University of Manitoba. Determine the correlation coefficient for
the relation between the marks in the two subjects. Use the direct method, and
test the significance of the coefficient. r =+ 0.705.

2. For the same 50 students the correlation coefficient for the marks in art and
clothing is 4-0.7300, and for art and physics it is +0.6491. Is this a significant
difference?

8. Determine the correlation coefficient for days to head and days to mature of
25 wheat varieties, using the data from Table 14. Find the fiducial limits at the
§% point for this coeficient. r =4 0.946.

1 By courtesy of the Registrar, University of Manitoba.
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TABLE 17

MaRrks 1N PryYsics AND EncLisa or 50 StupeEnTs IN Home EconoMics
oF THE UNIVERSITY OF MANITOBA

Student| Physics | English || Student | Physics | English (| Student | Physics | English
1 20 21 18 26 29 35 23 26
2 25 26 19 24 27 36 26 27
3 24 27 20 19 26 37 22 21
4 22 24 21 25 25 38 26 25
5 27 27 22 18 20 39 23 21
6 26 28 23 20 24 40 29 26
7 26 24 24 23 24 41 23 19
8 32 26 25 22 20 42 20 19
9 22 24 26 23 26 43 23 30
10 27 26 27 31 27 44 33 32
11 22 23 28 24 25 45 21 19
12 22 25 29 28 30 46 28 30
13 22 24 30 25 28 47 24 21
14 29 30 31 26 32 48 26 28
15 26 30 32 24 25 49 24 22
16 24 28 33 27 30 50 30 25
17 25 29 34 28 30
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CHAPTER VIII

PARTIAL AND MULTIPLE REGRESSION AND
CORRELATION

1. The Necessity for Dealing with More Than One Independent
Variable. In many regression problems the investigator is concerned
purely with the effect of one variable on another, and this holds true
regardless of other complicating factors. Suppose that a new rapid
method has been developed for determining the protein content of grain
samples and this method is to be compared with an older and thoroughly
tested method which is known to give very accurate results. The two
methods are used on a large series of samples and for the entire series
the linear regression equation is determined for the regression of protein
by the old method on protein by the new method. Regardless of how
these two variables are related, from the practical standpoint of studying
the efficiency of the new method as a substitute for the old method, it is
clear that the investigator is concerned purely with the closeness of the
relationship between the two variables. The new method may not ac-
tually measure protein content but some other factor that is so closely
associated with protein content that if we know one we know the other.
Hence, although the relation between the two variables may be indirect,
it is the total relation with which we are concerned, as we require merely
a measure of the accuracy with which we can predict one variable from
individual measurements of the other variable. In examples of a some-
what different nature it may be quite misleading to study only the total
relation between two variables. Suppose that we find a correlation of
+0.60 between the yield of wheat and temperature. Can we conclude
from this result that, if all other conditions remain constant, there will
be an increase in yield with increases in temperature? The answer is
no, because temperature may be associated with some other factor in-
fluencing yield and this second factor may be the one that is actually
causing the variations in yield. Suppose that the second factor is rain-
fall, which is probably the most important of the meteorological factors
influencing the yield. If rainfall is itself associated with temperature,
it is clear that there must also be a correlation between yield and tem-
perature. The latter correlation, however, does not provide us with
any information of a fundamental nature with respect to the actual

78
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changes in yield brought about by changes in temperature. What we
require here is a measure of the association between yield and tempera-
ture when the rainfall remains constant. To the extent that the rela-
tions between the three variables in a problem of this kind can be ex-
pressed by linear functions, the measure that we require can be obtained
by the method of partial regression or partial correlation. Thus the
partial correlation of yield and temperature will measure the degree of
covariation for these two variables with a constant rainfall. The partial
regression coeflicient for yield and temperature will give the actual in-
crease in yield for one unit of increase in temperature when the rainfall
is constant. If the correlation coefficients for the three variables are
as follows:
rye (yield and temperature) =4 0.60

ryr (vield and rainfall) =+ 0.82
e (temperature and rainfall) =+ 0.78

the partial correlation coefficient for yield and temperature with rainfall
constant may be represented by ry:.,, in which the variable placed after
the period is the one that is held constant. Applying the partial corre-
lation method as illustrated below we find 7., =+ 0.09. Therefore
the actual effect of temperature when rainfall is constant is practically
nil.

It is just as well to emphasize by means of this example that the
method of partial regression and partial correlation as we are considering
it here has to do only with the linear relation between the variables. If
the effect of temperature on yield is not the same for a constant low
rainfall as it is for a constant high rainfall, then the linear measures are
inadequate to express the actual relation.

2. Derivation of Partial Regression and Partial Correlation Methods.
The method of simple correlations is derived from the regression equa-
tion:

Yy — g = bulr — 3

where by is the regression coefficient. Similarly, when there are three
variables y, z, z, the regression equation is:

Yy— 9 =bulr — ) + ba.lz — 2)

In order to simplify the writing of these equations we use z, for the
dependent variable and z3, z3 - - - z, for the independent variables.
Also b2 represents the regression coefficient for z; on z2, and to abbrevi-
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ate further we write z, for (z1 — &) and z2 for (z2 — %2). Hence the
general regression equation for n variables is:

z1 = bias + bi1zzz + buarsa + - -+ + b1a2a (1)
The error in estimating z; from this regression equation will be:
(1 — bigwz — biaxrz — -+ — b1aZs)

and it is required to find values of the regression coefficients such that
the sum of the squares of these errors is a minimum. That is, we must
find values of the regression coefficients such that

Z(x, — b1’2x2 — bigxz — -+ — biaZn)?

is & minimum. For 4 variables this leads by mathematical treatment
to the following “Normal Equations”’

Z(z1r2) = b12Z(w2)? + b13Z(x2z3) + b1aZ(x2z4)
Z(z1z3) = bi12Z(x2x3) + b13Z(23)? + b1aZ(xazs) (2)
Z(x174) = b12Z(zozs) + b13Z(xaxs) + b1aZ(z4)?

For a set of n variables there are (n — 1) simultaneous equations for
which the sums of squares and sums of products are known, and by
solving these we arrive at the values for the regression coefficients.

Any partial correlation can then be determined as follows:

T12.3..¢n =\/b12.3...n szl.g...,, (3)
For three variables z1, 22, z3, the normal equations are as follows:

Z(r1z2) = b12Z(x2)? + b132(xax3)
Z(z1z3) = b12Z(x2x3) + bi1aZ(x3)?

from which it can be proved that
T2 — T13°T23

T12.3 = ~
V(1 = )1 = 13y)
Similarly
T13 — T12°723
riz.2 = (4)
V1 =) (1 — 13)
and
reg.y = r23 — T12°'T13

V(1 = i) (1 — 13)
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This is the most rapid method of obtaining the partials for only
three variables. For four or more variables it is best to make use of the
fact that the normal equations can be written as follows, taking as an
example the equaticns for five variables:

riz2 = P12+ Biarzs + Piraras + Pisres
r13 = Prores + P13 + Prarze + Pisras
r1a = Pr2rea + Prarse + P14+ Pisras
r15 = Piores + Brarss + Praras + Bis

The correlation coefficients are the known values, and the beta (8) values
the unknown. The latter can be used as illustrated below to compute
the partial correlation coefficients.

Tabular methods of solving these equations for the beta values have
been devised which reduce the labor to & minimum. The beta values

(®)

are defined by:
biza...n = (2) Bi2.3...n (6)
a2
and
bo1.3...0 = (2) B21.3.. .1 (7
o1

Hence, on referring to equation (3) above, we find that:

g2 g1
B12.3...nB21.3...94 = (-—) bi2.z3...n X (-”) b21.3...n
o1 (]

=Db123...nb218...n=Tr23...0n (8)
And hence:
\/4312.3 veoenB213.0on =T12.30..n 9)

In order to obtain all the beta values, it is necessary to rewrite the
normal equations in different ways and solve. For example, in order to
obtain Bz1, the equations for five variables must be written.

r21 = P21+ Poaris + P2ar1a + PBasris
reg3 = PBair1z + P2z + P2aras + PBosras
r24 = P21714 + P2aras + P24+ Pasras
res = Pa21715 + Pearss + P2aras + B2s
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Correlation coefficients are often referred to as coefficients of the
pth order, where p is the number of variables held constant. Thus the
simple coefficient 712 is of zero order, and the partial coefficient r12.345 is
of the third order.

8. Example 16. Calculation of Partial Regression and Partial Correlation
Coefficients. The simple correlation coefficients in Table 18 were obtained in a study
(2) of the effect of the physical characteristics of wheat on the yield and quality of

flour.
TABLE 18

SiMPLE CORRELATION COEFFICIENTS FOR THE
RELATIONS BETWEEN SIX VARIABLES

1 2 3 4 5

6 0.6412 ~0.3190 —0.4462 —0.3511 —0.3092

5 |—0.3123 0.2861 0.1467 0.1882

4 |—0.3947 0.0429 —0.0655

3 |—0.5612 0.3114

2 | —0.4589

where 1 = yield of straight grade flour. 4 = per cent immaturity.

2 = per cent bran frost. 5 = per cent green kernels.
3 = per cent heavy frost. 6 = weight per bushel.

In order to use the above method to determine the effects on yield of flour of any
one of the forms of damage or of weight per bushel, it is necessary to determine the
partial correlation coefficients:

712.3466, T13.2456, 7T14.2356, 715.2346, T16.2345
For which we will require
Biz-B21, Pis-Ba1, Bu-Ba, Bi15-851, Bie-Be1

We solve for these by the method illustrated in Table 19. It is a tabular method of
solving the simultaneous equations and is best understood from a study of the table.

Note that the calculations of Table 19 give 813, 813, B14, B15, and B16, and that in
order to obtain the other beta values the simple correlation coefficients must be
rearranged and the calculations repeated. The rearrangement in the order 6; 5, 4, 3,
1, 2, will give 821, B23, B4, Bzsy B26. The next logical rearrangement is 6, 5, 4, 1, 2, 3,
giving Bas, Bs1, B34, Bss, Bzs.  We continue rearranging the simple correlation coefficients
until all the beta values have been calculated. Then they are put together in a table
and we select those necessary in order to give the required partials.

The following instructions will be found useful in carrying through the tabular
method of solving the equations.

(1) Rule a sheet of paper as in Tabl: 19. :
(2) Enter all the correlation coefficients as indicated in lines 1, 3, 7, 12, and 18.
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(3) Sum the correlation coefficients to obtain values given in column S.
Note that the first sum, line 1, is rg1 + re2 + ro3 -+ ra¢ + re5 + ree, the sum in line
8 i8 rs1 + sz + 753 + 54 + rss + res, the sum in line 7 is rqp + ra2 + 143 + raa +
+ res + r4s, ete.

The S column provides a check for all the preceding work. The values 1.0662
and —1.1789 must check with the sum of the values in lines 5 and 6 respectively.
There are similar checks in the S column of lines 10 and 11, 16, and 17, and 23
and 24. All these checks are approximate, and therefore the values obtained in
the check colurn will not agree with those calculated from the body of the table
to the last decimal figure.

(4) The last value calculated in line 24 is By2 with its sign changed. It is
written below in line 1 of the reverse with the corcect sign, and also in column 2
line 1 of the reverse. The remaining values in column 1 come from linés 17, 11,
6, and 2, of the same column but with their signs reversed.

In column 2 the values are:

Bz

B2 X (17-2)
B X (11-2)
Bz X (6-2)
B12 X (2-2)

In line 2 (reverse) add from right to left and obtain 83, then the remaining
values in column 3 are:
B1s X (11-3)

Bis X (6-3)
B1s X (2-3)

In line 3 (reverse) add from right to left and obtain 814, then the remaining
values in column 4 are:
Bu X (6.4)

Bu X (24)

In line 4 (reverse) add from right to left and obtain 85, then the remaining
value in column 5 is:
B1s X (2.5)

In line 5 (reverse) add from right to left and obtain Sis.

After completing the calculations as in Table 19 the correlation coefficients are
arranged in the order 6, 5, 4, 3, 1, 2, in a new table and the calculations carried out as
before. For 6 variables there will be 6 tables to calculate, each table giving & of the
total of 30 beta values. When the latter have all been calculated they can be tabu-
lated, and all that remains is to work out the partials. It is convenient to make a
table such as Table 20 for entering the beta values and the corresponding partial
correlation coefficients.
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TABLE 20
BETA VALUES AND PARTIAL CORRELATION COEFFICIENTS
Subscript 8 Subseript ] r Subseript r
12 —0.2575 21 0.5844 12.3456 —.388
13 | ........ 31 13.2456
14 | ........ 41 14.2356
56 65 56.1234

4. Tests of Significance. The ¢ test is applicable to partial correla-
tions in the same way as to simple correlations but the degrees of free-
dom are different. If p is the number of variables held constant, for
partial correlation coefficients we have

t=—_\/l—r_———":2’\/N-—p—2 (10)

6. Multiple Correlation. In our example, if we consider not the
separate but the total effect of weight per bushel and the different forms
of damage on the yield of flour, the problem is one of multiple correlation.
Since all these variables have some effect on flour yield the more infor-
mation we have on them the more closely we can predict the flour yield
of a particular sample of wheat.

A simple correlation coefficient measures the relation between a de-
pendent and one independent variable. A multiple correlation coeffi-
cient measures the combined relation between a dependent variable and
a series of independent variables.

Equation (1):
Z1 = bi2z2 + bi13z3 + b1ax4 + -+ + b1aZa
is in reality a multiple regression equation as it may be used to predict
values of z; from the known values of x2, x3, 24 - - Zn.
6. Calculation of Multiple Correlation Coefficients. Two methods

are in use for the calculation of the multiple correlation coefficient.
These arise from the two equations (11) and (12) below:

1—Rlg...a=(1—r3)1 = k551 = rig0s)(1 — rigzaq) . ..
(1 - r%n-% s n—l) (11)
R?=Big'riz+B1z-rza+ Bra-ria + ... + Bin'Tin (12)
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Method (11) can be used only when all the partial correlation coeffi-
cients of the first, second, third, to the (n — 2) order are known, and
hence it is impossible when the partials have been obtained by solving
the normal equations. It is very useful, however, when only three
variables are being studied. For three variables we have:

1— R} = (1 — )1 — ris0)

Method (12) is directly applicable when the partial correlation coeffi-
cients have been obtained by solving the normal equations for the beta

values.
7. Testing the Significance of Multiple Correlations. It should be

noted that, in equation (11) above, any one of the factors such as
1 — 72;3.2 cannot be greater than unity, since the square of a correlation
coefficient cannot be less than zero. Hence if we compare

(1—Rlg...s) and (1 —riy)

1—Riyg...n<1—13
giving
Rg‘za"'.—1>r¥2—1

Riog...n> 12
Similarly for any other factor on the right of the equation; hence:
Rigg...a> 103150 e Tonzg e e o el

The multiple correlation coefficient is greater therefore than any of
the constituent coefficients; and its minimum value is zero and not
—1, as is the case with a simple or partial coefficient. For this reason
a special table must be used for testing the significance of multiple cor-
relations.! The calculation of ¢ values, standard errors, or probable
errors will give entirely erroneous results. Two tables that may be used
are in the references given below.

or

8. Exercises.

1. Complete the calculation of the partial correlation coefficients begun in
Example 16. The following values will assist in checking the work:
ris.sse = —0.3177
7162345 = 0.3367
r35.1240 = —0.0393
r5e.128¢ = —0.1373

1 A test is described in Chapter XIII that is based on the analysis of variance.
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2. If N is 36, determine the minimum value of a fourth order correlation coefficient
that is significant. Put r in terms of ¢ and the number of degrees of freedom.
The value obtained should be 0.3493.
8. Calculate the multiple correlation coefficient Rj.s3456 for the same data as in
Example 16, and determine its significance. R = 0.7936.
4. Write the simultaneous equations for three variables in the same form as (§)
above. Then prove:
T12 — T13°T28

S VA = ) - )
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CHAPTER IX
THE x? (CHI-SQUARE) TEST

1. Data Classified in Two Ways. On reviewing the types of prob-
lems that have been presented in the previous chapters, it will be recalled
that they have dealt with data of two kinds. In the first place we
studied an example in which an operator attempted to classify grain
samples according to variety. The samples were placed either rightly
or wrongly, and there was no intermediate condition. The power of
the operator to differentiate the samples was therefore measured in
terms of the number of samples placed correctly. With a little thought
it will be clear that a great many problems must occur in which the data
are of this type. Thus, in describing the health of a population, an
obvious criterion will be the proportion of the population that are ill, or
perhaps the percentage dying within the year. Again, a set of varieties
of a cereal crop may be differentiated by the number of seeds that are
viable, and so forth. In further examples the data were of a different
type as in the case of yields of wheat plots, weights and heights of men,
and degree of infection. We may be reminded, by these remarks, of
the classification of variables as continuous and discontinuous, wherein
the distinction between the two is fairly clear cut. Will data arising
from discontinuous variables always fall into the first class mentioned
above, and data from continuous variables into the second class? The
answer is that they will not be so easily separated in this way, as we can
easily imagine a situation in which data for a continuous variable may
be treated by the two methods. We may take as an example a com-
parison of the yields of two varieties of wheat. In the first place, if
there are a sufficient number of plots we may compare the two varieties
according to the number of plots that fall into an arbitrarily determined
low-yielding class, or an arbitrarily determined high-yielding class; or
better still we may compare the numbers of plots falling into both
classes. In the second case we may simply compare the average yields
of the two varieties on all the plots. Which method shall we use? This
question is also very easily answered, as it will be clear that the first
method applied to an example of this kind is cumbersome and unwieldy,
and will be used only when the numbers are fairly large and the method

88
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of classifying the plots according to yield is only approximate. For
example, in a comparison of two varieties as grown by farmers it may
be impossible to obtain accurate yields, but it may be possible to classify
the fields quite accurately into the groups low-yielding and high-yielding.
Then, with a fairly large number of fields to work with, a good com-
parison of the varieties may be made simply by determining the number
in each group. For discontinuous variables, on the other hand, com-
parisons will usually be found to be most conveniently made by the first
method, and this is particularly true if the character with which we are
concerned is definitely not measurable in a quantitative manner. Thus
people may be classified only as dead or alive; and although there may be
a theoretical situation existing for a short period in which this classi-
fication is uncertain, it is certainly of no practical significance in describ-
ing what has happened to two populations as a result, say, of their
having received two different treatments.

In this chapter we are concerned mainly with methods of applying
tests of significance in examples where the data are in the form of fre-
quencies as in the first class mentioned above. Snedecor (4) has very
aptly used the term enumeration data to describe data of this type.

2. Tests of Goodness of Fit. In many problems the test that is
_required is a comparison of a set of actual frequencies with a correspond-
‘ing set of theoretical frequencies. Thus in experiments in genetics an Fy

population may be classified into two groups, as in a wheat experiment
in which the F population of 131 plants is classified as 106 that are
resistant to rust and 25 that are susceptible. The predominance of
resistant plants can be explained by the well-known theory of dominance
of the genes for rust resistance coupled with the supposition that rust
reaction is determined by only one pair of genes, one parent having con-
tributed the gene for rust resistance and the other parent the gene for
susceptibility. This is plainly an hypothesis which gives a general
explanation of the results, and as such may be subject to testing in the
same manner as the familiar null hypothesis of Chapter I. The pro-
cedure of this test follows from the following considerations.

In a population for which the hypothesis is true, if a large number of
samples of 131 plants each are taken, these will be found to vary around
a mean value for the frequencies of resistant and susceptible plants
which will be directly calculable from the hypothesis. Thus in the
present example it is easily demonstrated that the mean of such a popu-
lation will be 98.25 resistant plants and 32.75 susceptible plants. In
taking samples from this population, it is to be expected that owing to
random variation some of these samples will exhibit quite wide varia-
tions from the mean of the population, but a large proportion of them
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will, of course, be fairly close to the mean of the population. If we
knew the theoretical distribution of such samples around the mean, we
could calculate for samples the same size as ours the numbers of resistant
and susceptible plants which would occur as the result of random varia-
tions in only 5%, of the trials. This would establish for us the 59, level
of significance—that is, if our actual sample fell outside of the range of
this 5% level we would say that the data did not substantiate the
hypothesis, in fact it is fairly convincing evidence that the hypothesis is
not true. If our sample fell well within the 59, level we would then
say that there was good agreement between the data and the hypothe-
sis, but the hypothesis would not necessarily be proved. Now the dis-
tribution of the samples can be calculated directly by methods similar
to those used in Chapter I, and we shall see in Chapter X that if the
sample is small it may be advantageous to proceed on this basis. How-
ever, for general application a much easier method is available. This
method involves the calculation for the data of the sample a statistic
known as x2 (chi square) which is distributed in a known manner depend-
ing on the number of degrees of freedom available for its estimation.
For the general case x2 is given by:

2 = z[u] )

¢

where a represents the actual frequencies and ¢ the corresponding theoret-
ical frequencies. Thus in the present example the actual frequencies
are 106 and 25, and the corresponding theoretical frequencies are 98.25
and 32.75. The two values of a — ¢ are therefore both equal to 7.75,
and x? = 7.752/98.25 + 7.75%/32.75 = 2.445.! The number of degrees
of freedom available for the estimation of x2 is 1. In this respect the
problem is similar to the ¢ test for the differences between paired values.
Here we have two pairs of differences as represented by the two values of
a — t, and consequently there is only one degree of freedom. Another
concept of the degrees of freedom arises from the fact that there are
only two classes, resistant and susceptible. The total number in the
sample being fixed, if the number in any one class is fixed the number in
the other class must also be fixed. There is therefore only one class

! For simple ratios a direct formula suggested by F. R. Immer for calculating
x* may be used. This formula is:
o = (@ = o)
zN

where the theoretical ratio is z : 1, ay is the actual frequency corresponding to z
and a2 is the actual frequency corresponding to 1. N is the total frequency.
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which can be arbitrarily assigned a given frequency, and this means that
there is only one degree of freedom.

The next step in the test is to examinc the tables that give the dis-
tribution of x? and find the value at the 5%, level for one degree of
freedom. We enter Table 95 and find that the value of x? at the
5% point is_3.84.  Our conclusion is that the data do not disagree
significantly with the hypothesis. Of course, we can if necessary go
further and determine approximately in what proportion of cases such
a result as ours would be obtained. The x? value of 2.445 falls between
the two values of x2 that correspond to the 10 and 209, levels of P. By
interpolation our value is found to correspond to the 139, point, and
consequently we can say that a sample showing a deviation from the
theoretical as great as or greater than the one observed would be expected
to occur in 139, of the trials. The observed deviation is therefore not
very important and does not in any sense disprove the hypothesis.

It should be noted at this point that the possible deviations from the
theoretical may occur in both directions, and that in the test of signifi-
cance both these possibilities have been taken into account. Since
there is very often a good deal of confusion on this point, it may be just
as well to emphasize here that it is absolutely necessary, in testing the
hypothesis set up, to take into account possible deviations in both
directions. Our hypothesis involves picturing a population deviating
about a mean of 98.25 resistant to 32.75 susceptible plants. Accord-
ing to the theory, deviations of 7.75 in either direction are equally likely,
and in our sample the deviation happened to be positive for the resistant
group and negative for the susceptible group. If we should determine
the proportion of the trials in which a positive deviation as great as or
greater than the one observed would occur, it is clear that this proportion
would be exactly half of the proportion determined above, or about 6397.
But this would not be a test of agreement with the hypothesis, any
more than it would be to determine the proportion of the trials, say,
in which a deviation of +7.75 to + 8.00 would occur. The proportion
would be very small, but it would in no way indicate disagreement with
the hypothesis. Another way to consider this problem is to examine
the possible consequences of accepting as a test of significance the 59,
level, taking into account positive deviations only. On a large series
of samples the investigator would expect to classify 59, of the samples
as giving a significant disagreement with the hypothesis, even when the
hypothesis is true. If positive deviations only are considered he would
classify only 239 of the samples in this way, and consequently would
not be setting up the level of significance at the 5% but at the 23%
point. In certain cases, as we shall see later in the next chapter, it is
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legitimate as a test of significance to take into consideration the devia-
tions at one end of the distribution only; but these are special cases and
not comparable to the example given above.

Example 17. In a cross of two wheat varieties, Reward and Hope, the following
results were obtained for the frequencies of resistant, semi-resistant, and susceptible

plants in the F3 generation.
Resistant 111

Semi-Resistant 232
Susceptible 1181

The theoretical frequencies according to two hypotheses are as follows:

Single Factor | Two Complementary
Difference Factors and an
Inhibitor
Resistant 381 119
Semi-resistant 762 238
Susceptible 381 1167

If we wish to test the two hypotheses by comparing the actual with the expected
frequencies in each case, the work may be set up and carried through as follows:

Single Factor Complementary and Inhibiting
Hypothesis Factor Hypothesis

Actual Theoretical (a — )%/t Actual Theoretical (a — t)2/t

111 381 191.3 111 119 0.5378

232 762 368.6 232 238 0.15613

1181 381 1679.8 1181 1167 0.1680
x*=2239.7 n =2 P = 0.0000 x*= 0.857 n=2 P =065

We have two degrees of freedom in each case, and we find for the first cese that such
a large value of x? is not given in the table. The largest value under n = 2 is 9.21,
which corresponds to a P of 0.01. We can conclude, therefore, that the probability
of obtaining deviations, due to chance variation, as great as or greater than those
observed is too remote to be considered. In the second case, x* = 0.857 and this
corresponds approximately to P = 0.65. The fit here is very good since deviations
as great as or greater than those observed may be expected in at least 509, of the
cases. The final conclusion is that the single factor hypothesis is quite inadequate
to explain the type of segregation observed, but there is good evidence to support the
second hypothesis based on a pair of complementary factors and an inhibiting factor.



TESTS OF GOODNESS OF FIT 93

Example 18. In an assumed cross between parents of the constitution BBcc and
bbCC, the F; population is classified as follows:

B B @ @ T
1260 625 610 5 2500

According to a theoretical 9 :3 :3 : 1 ratio, the theoretical frequencies would be:

BC B cb & Total
1406 469 469 166 2500

The actual results differ very widely from the expected as indicated by calculating
x2 In this case we find x? = 255.60 and referring to Table 95 and entering at
n = 3 we note that 11.34 is the highest value given. It is clear that the fit is very
poor; 8o we proceed to analyze the data for the source of the disturbance, and develop
a hypothesis more in accordance with the facts. In the first place the assumption is
made when the 9 : 3 : 3 : 1 ratio is built up that the ratio of Btobis 3 : 1, and that of
C to cis also 3: 1. A discrepancy in either one of these ratios will result in a poor fit
to the 9:3: 3 : 1 for the whole set. Consequently we set up the two actual ratios
and calculate x? for each.

B b < -
@ (;1; 1870 630
x? = (1885 — 3 X 615)%/3 X 2500 x® = (1870 — 3 X 630)/ 3 X 2500
= 0.2133 = 0.0533

Now x? values may be added together or separated into components. In this case we
can add the two x2 values, obtaining a new x? of 0.2666. Similarly we add the
degrees of freedom, obtaining n = 2. On looking up the tables we find that the P
value is between 0.95 and 0.50 but closer to the latter, hence the fit is good and the
discrepancy of the actual from the theoretical 9 : 3 : 3 : 1 ratio is not due to the segre-
gation of the individual pairs of factors, but to the behavior of the factor pairs in relat-
ion to each other. In other words, there must be a tendency for the factors to be linked
in inheritance. It is a common procedure in such cases to calculate the linkage
intensity. An approved method (1) for examples of this type gives 9% of crossing
over, and on that basis we can determine a new set, of expected frequencies. These are
set up below with the actual frequencies and another value of x* determined.

Classes Actual Theoretical | (a — )%/t
Frequencies | Frequencies
BC 1260 1255 0.0199
Be 625 620 0.0403
cB 610 620 0.1613
cb 5 5 0.0000

x? = 0.2215
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The theoretical frequencies in this table have been calculated on the basis of 9%
crossing over, a value which was determined from the sample itself. Therefore, we
lose one degree of freedom and must enter the table under n = 2. In this case we
find P = approximately 0.90. There is a very close agreement between the two sets
of frequencies, but it would not be correct to consider this a very satisfactory fit.
Such close agreement could only occur by chance on the basis of the hypothesis
being tested in 109, of the cases. However, the agreement is not sufficiently close to
prove that the original data were selected to give a good fit. If we had obtained a
P of 0.95, it would have been worth while investigating the data to determine the
reason for the very unusual agreement.

Example 19." The goodness of fit test may be useful in determining the agree-
ment between actual and theoretical normal frequency distributions. In Chapter III,
Example 1, we calculated the normal frequencies corresponding to the actual fre-
quencies for the transparencies of 400 red blood cells. In Table 21, these two dis-
tributions are repeated, and the third column gives the calculation of x>.

TABLE 21

ActuAL AND NOrRMAL FREQUENCIES FOR TRANSPARENCIES
400 Rep B C C 2
OF ED BLoop CeLLS, AND CALCULATION OF X

Actual | Theoretical @- 0%
4 4.64 0883
1 7.92 1.1978
17 16.84 0015
29 30.28 0541
43 44.76 0602
56 59.16 1688
58 64.96 7457
63 60.40 1119
61 47.56 3.7980
25 31.16 1.2178
20 18.24 1698
9 8.80 10045
4 5.28 3103
400 400.00 x* = 7.9877

In connection with a test of this kind, two important points should be noted.
(1) At the tails of the distribution the theoretical frequencies and corresponding
actual frequencies are grouped. The object is to avoid very small theoretical values
which, if present, to some extent invalidate the x? test. The general rule is to avoid
having theoretical frequencies less than 5. This point is discussed in greater detail in
the following chapter on tests of goodness of fit and independence with small samples.
(2) The theoretical frequencies are determined from the total frequency and the mean
and standard deviation of the sample, so we must deduct one degree of freedom for
each. Thus three degrees of freedom are absorbed in fitting, and since there are 13
classes we have 10 degrees of freedom for the estimation of x2
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In the present example we enter the x? table therefore under n = 10, and note
that a x? of 7.9377 corresponds approximately to a P value of 0.65. Consequently
the fit may be considered a very good one.

3. Tests of Independence and Association. From a cross of two
wheat varieties 82 strains were developed and tested for their agronomic
characters. One set of data for these strains is given in Table 22. On

TABLE 22

CLASSIFICATION OF 82 STRAINS OF WHEAT FOR
Y1ELD AND CHARACTER OF AWNS

Yield Classes—weight in grains

151-200 | 201-250 | 251-325 Total

Awned 6 7 21 34
Awnless 18 21 9 48
Total 24 28 30 82

examining the frequencies in the 3 X 2 table, we note that there seems
to be a tendency for the awned types to give higher yields than the
awnless ones. To test the significance of such a result, we have to
determine the probability of its occurrence if the two characters are
entirely independent. For this particular problem we have to find the
percentage of cases in which the above distribution, or one emphasizing
still more the difference in yield of the two classes of varieties, would be
obtained if there were no tendency whatever for awned varieties to
yield higher or lower than awnless ones. Such a test could be applied
by calculating x? if we could obtain the theoretical frequencies for each
cell representing complete independence of the two characters. A
reasonable basis for the calculation of these theoretical frequencies is to
assume that, if the distributions are independent, they will be distributed
within the table in the same proportion as they are in the totals. Thus
in the cell in Table 22 containing 6 strains, we should have, on the basis
of complete independence, x strains where z :24 ::34 :82. Hence
z = (24 X 34)/82. In the cell below, z = (24 X 48)/82. In the same
manner all the theoretical frequencies can be calculated, and then we
can proceed to the calculation of x2. This is the direct method of cal-
culating x2, but a shorter method for general use is given below under
Section 5.
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4. Degrees of Freedom in X2 Tables. In goodness of fit tests where
the theoretical frequencies are determined according to some chosen
hypothesis, the degrees of freedom can usually be equated to (N — 1)
where N is the number of cells in the table. In certain cases, however,
as in Example 19 above, additional statistics calculated from the sample
are utilized to determine the theoretical frequencies, and one degree
of freedom must be subtracted for each of such statistics.

In tests of independence or association, the subtotals of the classes
into which the variates are distributed are used to determine the theoret-
ical frequencies, and obviously these must be treated as statistics, so
far as they themselves absorb degrees of freedom. Examining Table 22,
we note that originally we have 5 degrees of freedom in the table, but 1
of these is absorbed by the awning subtotals and 2 for the yield sub-
totals. Therefore we have finally only 2 degrees of freedom left for the
estimation of x2. Another method of determining the degrees of free-
dom is to make an actual count of the number of cells that can be filled
up arbitrarily. To do this we must assume that the subtotals are
chosen first. Then, as in Table 22, any two cells such as those contain-
ing 6 and 7 may be filled up arbitrarily but all the rest are fixed. The
two cells that can be filled arbitrarily represent 2 degrees of freedom.

In m X n fold tables the degrees of freedom can be equated to
(m — 1)(n — 1) for the general case with which we are dealing. Special
cases will of course arise where this rule will not hold, but usually it is
easy in such cases to arrive at the correct number by some such method
as that described above.

6. Methods of Calculation for Independence and Association Tests.
(@) For (m X n) fold tables. The generalized x? table may.be repre-
sented as follows:

c
1 2 [ . n
1) 1 12 13 1m | Tm
2 21 22 T 2
B 3 Tps
etc.

TB m

Tex Te: Teogeovoeeoeees Ten T
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In order to determine x? we must calculate the theoretical frequency for
each cell. For cell 11 we find ¢ = (Ter-Ts1)/T, and for cell 12,
t = (Tez2-Tg1)/T, and so forth for all the cells. We then set up the
theoretical frequencies with the corresponding actual frequencies and
calculate x2 = Z[(a — #)2/t].

(b) For (2 X m) fold tables. A table of this type may be represented
as follows:

1 2 KRR n
2 O Y b, | Ts
¢ 1 C2 [ TR Cn Tc
Ts Ts Tsg-rvovvvenens Ts T

We can calculate x2 for this table in exactly the same manner as for the
(m X n) fold table above, but a short-cut method giving x? directly
without calculating the theoretical frequencies is given by Brandt and

Snedecor, as follows:
T2 b2 T?
2 = — — —
¢ =77 *(7) - 7) @

Each frequency in either of the rows is squared and divided by the cor-
responding subtotal. These are summated and the correction term
subtracted as shown in the formula. The remainder is multiplied by
the quotient of the square of the total frequency by the product of the
two subtotals on the right. This formula shows as each value of
b2/T, is calculated the contribution of each pair to the value of x2.

(¢) For (2 X 2) fold tables. Representing the (2 X 2) fold table

as follows:

b b | T
C1 c2 TC
T T, T
. (bicz — 1b2)?T
2 fi by ————— 3
x? is giveh by T, 7o T, T. 3)

We multiply diagonal frequencies and find the difference between the
two products. The difference is squared and multiplied by the grand
total, and the result is divided by the product of the subtotals.
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6. Coefficient of Contingency. It will have been noted that the
methods employed in tests of independence and association are com-
parable to the method of correlation, with this essential difference, that
in the former the categories are either descriptive or numerical. If the
categories are numerical and of equal magnitude, we can calculate a
correlation coefficient for any of the tables to which we usually apply x2
with the reservation that if the categories are very broad we will get
only an approximation to the true value of the correlation coefficient
even if corrections are made for grouping. The necessity for the use
of x2 arigses, therefore, from material which can be classified, at least
for one character, only in descriptive categories, or in numerical cate-
gories that are not of equal magnitude. For tables to which only x2
methods can be applied, some investigators feel that in addition to the
x2 test, which is essentially a test of significance, they should have some
measure of association comparable to the correlation coefficient. A
measure of this type is Pearson’s coefficient of contingency (C) given by:

_,/__zi_
C=Nyie

where N is the total number of observations (not the number of classes).

Since it is a function of x2, the significance of the coefficient of con-
tingency must be the same as for x2. It is not necessary, therefore, to
have a standard error of C in order to test its significance.

7. Exercises.

1. Test the goodness of fit of observation to theory for the following ratios:

Observed Values Theoretical Ratio
A a A a
1) 134 36 3 1
2) 240 120 3 1
@3) 76 56 1 1
(4) 240 13 15 1
The x? values you should obtain are: 1 132
2) 13.33
@) 3.03
(4) 0.53

2. In an F; family of 200 plants segregating for resistance to rust, if resistance is
dominant and susceptibility recessive, find the ratio that gives a P value of exactly
0.05 when fitted to a 3 : 1 ratio.

There are two possibilities, the ratios being 138 : 62 or 162 : 38.
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3. In a certain cross the types represented by BC, Bc, bC, and bc are expected to
occur in a 9:3 :3 :1 ratio. The actual frequencies obtained were:

BC Be bC be

102 16 35 7
Determine the goodness of fit, and if the fit is poor analyze the data further to dis-
close the source of the discrepancy.
x? = 9.86; P is less than 0.01. Hence the fit is poor.

In further analysis, test the segregation for each factor separately.

4. Test the goodness of fit of the actual to the theoretical normal frequencies for
either of the distributions from Cbapter 11, Exercise 2, or Chapter II, Exercise 3.
Watch the grouping of the classes at the tails of the distributions in order that the
theoretical frequency in any one class is not less than 5.

For Exercise 2, x> = approximately 10.
For Exercise 3, x> = approximately 2.6.

6. Table 23 gives the data obtained during an epidemic of cholera (3) on the
effectiveness of inoculation as a means of preventing the disease. Test the hypothesis
that in the inoculated group the number of persons attacked is not significantly less
than in the not inoculated group, and the number not attacked is not significantly
greater. Note carefully how this hypothesis is worded.

TABLE 23

FREQUENCIES OF ATTACKED AND NOT ATTACKED
IN INocuLATED AND Not INocuLATED GROUPS

Not attacked Attacked

Inoculated 192 4

Not inoculated 113 34

6. Calculate x? and locate the approximate P value for Table 22 given in Section
3 above. x* = 15.87.

7. The data in Table 24 were obtained in a cross between a rust-resistant and a
susceptible variety of oats. The Fs families were compared for reaction to rust in
the seedling stage, and in the field under ordinary epidemic conditions.

TABLE 24

CLASSIFICATION OF SEEDLING AND FIELD REACTIONS
oF 810 F3 FaMiLiEs oF OATS

Seedling Reaction
Resistant  Segregating Susceptible

Resistant 142 51 3
Field Reaction Segregating 13 404 2

Susceptible 2 17 176
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Test, the significance of the association in this table, and calculate the coefficient of
contingency.

x? = 1127.87. (This result will vary according to the aceuracy with which
the ¢ values are calculated. To check approximately with the value given here
calculate the ¢ values to at least two decimal figures.)
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CHAPTER X

TESTS OF GOODNESS OF FIT AND INDEPENDENCE WITH
SMALL SAMPLES

1. Inadequacy of the X2 Criterion and the Correction for Continuity.
The method of x2 is based on the smooth curve of a continuous distribu-
tion and, when the numbers are large, gives probability results that are
very close to the true values. When the numbers are small, and espe-
cially when only one degree of freedom is involved, the x2 method is
quite inaccurate. One reason for this will be clear from an examination
of Fig. 10, representing the distribution obtained by expanding the

/

L\

FREQUENCY

o t 2 3 4 5 6 71 8
RATIO g7 & 5 4 3 2 1 o

F'16. 10.—Frequency distribution of (} + 4)® and corresponding smooth curve.
Shaded areas indicate the need for a correction to x? for small samples.

binomial (4 + 4)8 Given a theoretical ratio of 1 : 1, say, for the suc-
cess or failure of an event, the binomial distribution as in Fig. 10 would
give the theoretical frequency of the successes through the total range
from 0 to 8. If we wished to determine the probability of obtaining
6 or more successes in 1 trial of 8 events, we would find the ratio of the
dotted area of the figure to that of the whole. A x2 test of the 6 : 2
ratio, however, would be based on the smooth curve shown in Fig. 10,
and the probability would be the ratio of the cross-hatched area to the

whole. The cross-hatched area is obviously less than the dotted area,
101
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by an amount equal approximately to one-half the area of the 6 : 2 ratio
column. Consequently the x? test will give a probability result that is
too low.

In order to correct for the above-mentioned discrepancy in the x?
test, Yates (8) has suggested a correction which he proposes to call the
correction for continuity. In the ordinary case x? is given by Z(a — t)2/t,
where a represents the actual and ¢ the theoretical frequencies. Yates’s
correction is applied by subtracting 1 from each value of (a — ¢), but it
must always be subtracted in the direction that reduces the numerical
value of (a — ¢). In Fig. 10 the application of the correction would
result in extending the cross-hatched area to the line bordering the col-
umns representing’the 5 : 3 and 6 : 2 ratios, and must obviously bring
about an improvement in the estimate of probability.

It should be noted in connection with tests of significance applied
to ratios that the x2 method is exactly equivalent to the use of the
standard deviation to determine the significance of a deviation from
the mean. Likewise the correction for continuity must be made when
the numbers are small. As will be evident from Fig. 10, the correction
is simply a matter of subtracting § from the deviation from the mean.
To test the significance of a 6 : 2 ratio when the theoretical is 1: 1 or
4 : 4, we would take the deviation equal to (6 — 4 — 4) = 1.5. The
standard deviation of a binomial distributionis Vpgn = V3 X X 8=
1.4142, and we can test in the usual way, using tables of the probability
integral.

The x?2 test for ratios is also inaccurate when applied to samples from
populations having a definitely skewed distribution. In the case of
ratios of successes to failures where the theoretical ratio is not 1 : 1, this
inadequacy of the x? test becomes obvious. Table 25 gives the true
probabilities calculated from the binomial distribution of obtaining from
16 to 0 successes when each trial consists of 16 events. These are worked
out for two cases: (1) when the theoretical ratiois 1 : 1, and (2) when the
theoretical ratio is 3 : 1. The corresponding 3P ! values obtained by
calculating x2 with and without Yates’s correction are given in the same
table. For the symmetrical binomial distribution it will be noted that
the 1P values for x'2 with Yates’s correction agree very well with the
correct values except at the extreme tails of the distribution where x'2
tends to overestimate the probability. For the asymmetrical distribu-
tion the agreement is not good anywhere in the range. In both cases it

1 2P is used here to indicate that the probability is calculated from the area of
only one tail of the distribution. As the problem is stated in terms of “15 or more
successes,”’ etc., it is obvious that only one tail of the distribution must be considered.
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will be observed that x? uncorrected gives a very decided underestimate
of the probability through practically the whole range.

TABLE 25

PROBABILITY OF n SUCCESSES IN A SAMPLE OF 16 EvENTs

Distribution = (3 + )6 Distribution = (3 + 1)1

Corrected | Uncorrected Corrected | Uncorrected

Successes | 3 P (Bin) | P (x*) | 3P (*) [P Bin)| P () | $P ()
16 0.000,015 | 0.000,088 | 0.000,032 | 0.010,023 | 0.021,656 | 0.010,461
15 0.000,259 | 0.000,577 | 0.000,233 | 0.063,477 | 0.074,457 | 0.041,638
14 0.002,090 | 0.002,980 | 0.001,350 | 0.197,112 | 0.193,248 | 0.124,109
13 0.010,635 | 0.012,224 | 0.006,210 | 0.404,988 | 0.386,406 | 0.281,837
12 0.038,406 | 0.040,059 | 0.022,750
11 0.105,056 | 0.105,650 | 0.066,807 | 0.369,812 | 0.386,406 | 0.281,837
10 0.227,248 | 0.226,627 | 0.158,655 | 0.189,653 | 0.193,248 | 0.124,109

9 0.401,809 | 0.401,294 | 0.308,538 | 0.079,556 | 0.074,457 | 0.041,638
0.027,129 | 0.021,656 | 0.010,461
0.401,809 | 0.401,294 | 0.308,538 | 0.007,469 | 0.004,687 | 0.001,946
0.227,248 | 0.226,627 | 0.158,655 | 0.001,644 | 0.000,748 | 0.000,266
0.105,056 | 0.105,650 | 0.066,807 | 0.000,285 | 0.000,087 | 0.000,027
0.038,406 | 0.040,059 | 0.022,750 | 0.000,038 | 0.000,008 | 0.000,002
0.010,635 | 0.012.224 | 0.006,210 | 0.000,004 | 0.000,001 { 0.000,000
0.002,090 | 0.002,980 | 0.001,350 | 0.000,000 | 0.000,000 | 0.000,000
0.000,259 | 0.000,577 | 0.000,233 | 0.000,000 { 0.000,000 | 0.000,000
0.000,015 | 0.000,088 | 0.000,032 | 0.000,000 | 0.000,000 | 0.000,000

O =N Wikt ® 3

In probability tests applied to 2 X 2 frequency tables, the same
difficulties arise with regard to the application of x? as for testing the
goodness of fit of simple ratios. Since only one degree of freedom is
involved, the number of possible combinations of the frequencies of
unlike probability is relatively small and the theoretical distribution is,
therefore, definitely discontinuous. The error is not significant when
the frequencies are large, but with small frequencies it is very decided.
The skewness factor is not so important for 2 X 2 tables as for simple
ratios, as the x2 curve adopts itself within certain limits to the shape of
the theoretical distribution. After correction for continuity the remain-
ing discrepancy may be regarded as due to the comparison between a
histogram and a smooth curve which gives an approximate fit.

The method of making the correction for continuity is to determine
the larger of the two products bic2 and bzci, and for the larger subtract-
ing 0.5 from the two factors, and for the smaller adding 0.5 to the two
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factors. After making these corrections the usual formula may be
applied.

Table 26 has been prepared to show the relation between the values
of 3P calculated for the 2 X 2 table:

12 0
6 8

using (a) a direct method for determining the exact probability, (b) x*
without correction, and (¢) x'?, or that obtained by using the correction
for continuity. The direct method was devised by R. A. Fisher (1) and
will be described below under ‘“Methods of Calculation.” The prob-
ability value for the modal frequency has been omitted since it may be
considered as belonging to either tail of the distribution.

It will be noted that at the extreme tails of the distribution x? tends
to overestimate the probability, but that in the range where significance
may be in doubt the agreement is fairly good. On the other hand, as
indicated by the 3P values for x2, unless the correction for continuity is
made there is a very decided underestimation of the probability through-
out the whole range.

For 2 X 3 frequency tables, the correction for continuity is not so
important as for 2 X 2 tables. With 2 degrees of freedom the number
of possible combinations is much greater than for 1 degree of freedom,
and the agreement between the smooth curve and the histogram must be
much better. With more than 2 degrees of freedom the correction for
continuity would hardly be necessary in any case. It must be remem-
bered, however, that the tendency, especially when the numbers are
small, is to underestimate the probability; and it may be necessary in
certain cases to check the probability by direct calculation, or if this is
impractical, by an analytical study of the larger table made by breaking
it up into parts or condensing it into a single 2 X 2 table. The direct
calculation of probabilities, even in a 2 X 3 table, is slightly complicated;
so that in most cases the best practice is to endeavor to make an applica-
tion of x2 such that we are reasonably sure of a fair approximation to the
true probability.
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TABLE 26
PROBABILITIES FOR ALL THE COMBINATIONS OF A 2 X 2 TABLE
4 P Calculated by
Combination Direct, \
Method x x

12 g 0.00192 | 0.00082 | 0.00325
111

77 0.02828 0.01087 0.03084
1(8) i 0 15585 0.07460 0.15475
93

95 0.43707 0.27756 0.49346
8 4

10 4

75

11 3 0.24577 0.13251 0.24557
66 0 06124 0 02459 0.06188
12 2 < ’

57

13 1 0 00741 0 00241 0.00835
48 0.00032 | 000012 | 0.00059
14 0 : ’

In a study of the blood groups of

some North American Indians, Grant (2) obtained the results given in the following

table:

Blood Groups

Band of Indians

0 A B | AB

Fond du lac 18 6 5 0

Chipewyan 13 0 1 0

29

14

43
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It appears that pure Indians tend towards a very high percentage of individuals
having the blood group O, but the group at Fond du lac had an obviously larger
percentage of white blood as indicated by other characteristics. The essential prob-
lem in this case is to test the significance of the distribution of the two bands into
two main groups, O and not O. We form, therefore, a 2 X 2 table, as below:

O notO

Fond du lac 18 11 29

Chipewyan 13 1 14

31 12 43

Either the x? test with the correction for continuity or the direct probability method
would be applicable to this table. In order to indicate the methods of calculation we

shall apply the test in both ways.
(a) x* corrected for continuity. If a 2 X 2 table is represented as follows*

by be Ty
C1 Cc2 Tc
T, T, T

the corrected value of x? is given by

2
<b162 -_ clbz -_ Z) T
2 2

x= T1-T2-Tp- T

where T'/2 always reduces the numerical value of (bicc — cibz). This is of course
equivalent to the method described on page 103.

Y]

Applying the corrected formula to our example, we have
2o (13X 11— 18 — 4043
31 X 12X 14X 29

Using Yules table of “P for divergence from independence in the fourfold table”
(9), we look up

= 3.0499

x2 =30 P = 0.08326
x* = 3.1 P = 0.07829

Difference = 0.00497

and by direct interpolation P = 0.08077 and % P = 0.0404.

In order to obtain P more accurately we can make use of the fact that the dis-
tribution of x? is normal for one degree of freedom, and v P = { the value for
entering tables of the probability integral. Here \/;5 = V/3.0400 = 1.7464, and in
Sheppard’s table of the probability integral we look up
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t=174 %1 + a) = 0.9590705
t=175 4 +a) = 0.9599408

Difference = 0.0008703

and interpolating directly for ¢ = 1.7464 we have }(1 + o) = 0.959,6275. Since
we want 4 P we take § P = 1 — 3(1 + a) = 0.04037.

(b) Direct probability method for a 2 X 2 table. Representing a 2 X 2 table
as above, R. A. Fisher (1) has shown that, for any particular combination of b;,
ba, ¢1, 03, the direct probability of its occurrence is given by

(Tﬂ To! To! T! ( 1 @
Tl byl bl ea! 2!

The easiest method of performing the calculations is by means of a table of
logarithms of factorials. The different combinations that can occur are as follows:

17 12 18 11 19 10 20 9
and so forth
14 0 13 1 12 2 11 3

all other combinations having the same probability and occurring with equal fre-
quency with one of the above. In this case, therefore, we require the sum of the
separate probabilities of the first two combinations. These are given by:

311X 121 X 20! X 141 1
[ 431 181X 111X 13!]
311X 121 X 29! X 14! 1 ]
[ 431 171 X 141 X 121

When a series of such terms are to be calculated, labor is saved by first calculating
the logarithm of the constant factor. The logarithms of the terms are then obtained
by subtracting the logarithms of the factorials in the numerator of each term.

In this example, log constant factor = 31.701,1593

The logs to be subtracted are 33.201,7770 and 34.171,8139, giving:

log term 1 = 2.499,3823  Term 1 = 0.031,678
log term 2 = 3.529,3464  Term 2 = 0.003,338

Total = 3P = 0.0349
The values of 3P obtained by the two methods are in fairly close agreement.!

1 The student may use this example in order to straighten out in his mind the
reason why for certain tests it is correct to base the decision on the value of 4P
instead of P. Actually the hypothesis being tested here is that Indians having an
admixture of white blood do not contain a greater percentage of individuals with the
blood group O than Indians that are relatively pure. If the hypothesis is stated
differently—for example, that the two groups of Indians are random samples drawn
from the same population with respect to the distribution of the blood group O—
then it would be necessary to use the full value of P in order to make the test. The
test based on the value of 4 P arises from the knowledge that the Fond du lac group
had an obviously larger percentage of white blood than the Chipewyans.
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Example 21. For a certain disease we will assume that it has been shown that
recovery or death is a certainty and that without treatment about half of the patients
recover. A new treatment tried out in 16 cases gives 12 recoveries and 4 deaths.
Is this a significant demonstration of the efficacy of the treatment?

This problem can be solved by the direct calculation of probabilities according
to the binomial distribution, or since the theoretical distribution is symmetrical the
x* test corrected for continuity will give a fairly close approximation. Both methods
will be used in order to demonstrate methods of calculation.

(a) x? corrected for continuity. For ratios the short formula for determining
x* a8 in Chapter IX, Section 2, is modified as follows to correct for continuity.

= 3
X N 3
where the theoretical ratio is z : 1, a; is the actual frequency corresponding to z, and
az is the actual frequency corresponding to 1. N is the total frequency or (ay + as),
z+4+1
2

always reduces the numerical value of (a; — azz). In the present example:

(12-4-12% 49
X = T == 3.0625
From Yule’s table of P we find § P = 0.0401. The odds are about 25 : 1 against the
occurrence of a 12 : 4 ratio due to chance alone.

(%) Direct probability from the binomial. Let p represent the probability of
recovery and g the probability of death. We know that p = ¢ = 4, and we require
the first five terms of the expansion of (p + ¢)" where n = 16. The expansion of
(p + q)" is given by:

and

@+ " =" + C1p"g + nCop"2¢* + - -+ + aCug” 4
n(n-l)(n—-2)---(n-r+l)__ n!
where nCr 123...r “Hm—nt

In our example we have:

1 1\ 1\* 16!/1\1® 16! /1\16 16! /1\!* 1\

(2 +2> = (2) + 15!(2) o 14!(2) e 13!(2) ot (2)
In each term we have the constant factor (3)1%. We determine the logarithm of this
factor in the ordinary way and proceed to determine the logarithms of the coefficients
by means of a table of the logarithrts of factorials. The work is as shown in Table 27,
which is self-explanatory with the possible exception of the last column. The term
values give the probabilities of obtaining in one trial the number of recoveries (or
deaths) shown in the same line. In general, however, we do not ask that question.
We inquire, for example, as to the probability of obtaining 12 or more recoveries in a
sample of 16, and hence we must add the probabilities for 12, 13, 14, 15, and 16
recoveries. These summations have been performed and are given in the last column
under the heading $P. Again, since we have summated for one tail of the distribu-
tion only, we represent the probability by 3 P.

The answer to our problem is given in the line representing 12 recoveries. The
corresponding value of 4P is 0.0384, and this compares reasonably well with
3P = 0.0401, obtained by the x* methods
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TABLE 27
CALCULATION OF PROBABILITIES FROM THE BivomiaL (3 + §)18
. Log Log Log
Recoveries .C, o Term Term ip
16 5.183,5200 | 5.183,5200 | 0.000,015 | 0.000,015
15 1.204,1200 “ 4.387,6400 | 0.000,244 0.000,259
14 2.079,1812 “ 3.262,7012 0.001,831 0.002,090
13 2.748,1880 e 3.931,7080 | 0.008,545 0.010,635
12 3.260,0714 ‘“ 2.443,5014 0.027,771 0.038,406
Example 22. In the example above, let us assume that without treatment the

ratio of recoveries to deaths is 3 : 1 instead of 1 : 1, and in the group of 16 patients
receiving treatment the actual ratio is 14 : 2. Test the significance of the treatment.

This problem differs from the first, in that the theoretical distribution is skewed,
and what has been said about the x? method being remembered, it may be taken for
granted that x2? will not give a good approximation to the true probability. We must
solve this problem, therefore, by a direct calculation of the probability from the
binomial distribution.

Since the ratio of recoveries to deathsis 3:1, p = § and ¢ = %, and we must
calculate the first three terms of the expansion of (3 + 1)'8. Using the formula given

we have:
3 1\ 3\ 16! /3\15/1 16! /3\4/1\?
(z+z> =(z) +Y§(E> (z)*r 141 (4> (4)

Noting for convenience in calculation that:

3161 1]615 31412 11614
66 -6) = 06 -6
The factor (3)!6 is constant, and when several terms are to be calculated this trans-
formation results in a saving of labor.
The calculations are given in Table 28. In the 3P column representing 14 recov-
eries we have 3P = 0.1971, or the odds are only about 5 : 1 that the treatment is

beneficial. This is an indication of a beneficial effect but it cannot in any sense be
TABLE 28
CALCULATION OF PROBABILITIES FROM THE BinomiaL (3 + 1)16
. Log Log Log 1
Recoveries .C, prg Term Term g P

16 2.000,9808 | 2.000,9808 0.010,023 0.010,023
16 1.204,1200 §.523,8595 ?.727,9795 0.053,454 0.063,477
14 2.079,1812 | 3.046,7382 | 1.125,9194 | 0.133,635 0.197,112
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considered a proof. It would be sufficient evidence to warrant further investigation,
but the practical aspect of such a problem must not be lost sight of, in that the actual
gain in recoveries is very small and further investigation might best be directed
along the line of trials with other treatments.

3. Selection of Method for Tests of Significance. Some confusion
may arise as to when to apply x? and when to apply the direct method
of calculating probabilities. Also when applying x? the question arises
whether or not the correction should be applied. In general these points
can be made clear by the consideration of some hypothetical examples.

Example 23. The following is a 2 X 4 fold table of frequencies
.| B C D

I 28 46 83 126

II 68 43 12 1

The numbers are large, and the theoretical frequencies in each cell are large.
The x2 criterion may be applied to the whole table, and no correction is required.

Example 24. If some of the numbers in a 2 X 4 fold table are small, as in the
table below, the table must be rearranged.

A B ¢ D

I 26 84 2 1

II 94 18 1 4

Obviously the classification of the I and II frequencies into C and D is meaningless,
and the rearrangement is either a matter of adding these frequencies to B or elimi-
nating them altogether. Assuming that they can be eliminated we have a 2 X 2 table

A B
I 26 84
I1 94 18

To this table it is perfectly legitimate to apply the x? test, and, although the numbers
are fairly large, the correction for continuity will improve the results slightly. Obvi-
ously it would be very laborious to make a direct calculation of the probability, so we
would not even consider the method in this case.
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Example 25. We have a 2 X 2 table in which the numbers are small:

A B
I 8 2
I 4 12

For this case the direct method is the most accurate and is not difficult.

Example 26. Given a theoretical ratio of 1 : 1 for the occurrence of A and Bina
series of events, we obtain in 100 trials 60 A’s and 40 B’s. What is the significance of
this result?

The numbers are large so that the direct calculation of the probability will be
very cumbersome. Therefore, we use x* with the correction for continuity, or we
calculate the ratio of the deviation (also corrected for continuity) to its standard
deviation and get the probability from tables of the probability integral. The cor-
rection for continuity is not important, but it is bound to give a slight improvement.

Example 27. In a test of the goodness of fit of a ratio, we have a very skew
distribution. For example, the theoretical ratio of successes to failures is 15 : 1, and
the actual results are 5 failures out of 160 events. The direct method is the only one
that will give an accurate probability result in this case, and we must calculate the
last six terms of the expansion of (15/16 -+ 1/16)!%. When the numbers are large,
the calculations are somewhat laborious, but in most cases it is sufficient to determine
whether the result is or is not significant; and it will only be necessary in working
from one end of the distribution to calculate enough terms such that their sum (3P)
is 0.05. If the observed deviation is within that range it is not significant. If the
deviations in both directions are to be considered, we work from both ends of the
distribution until the sum of the terms at each end is equal to 0.025.

Example 28. The theoretical ratio gives a skew distribution, but the numbers
are small. Calculate the probability by the direct method as in Example 27.

4. Exercises.

1. (a) Expand the binomials (3 + 3)® and (§ + 1)'2, and calculate the value of
each term.
(b) If there is an equal probability of the birth of male and female rabbits de-
termine the probability in a litter of 8 of the occurrence of 2 females and 6 males.
(c) Plot the histogram for the expansion of (3 + 1)!2. A bag contains white
and black balls in the ratio of 3 white to 1 black. Show that, if a sample of 12 balls
is taken at random, the probability of obtaining 12 white balls is different from that
of obtaining 6 or more black balls, although both cases represent an equal deviation
from the expected 9 white to 3 black.
(a) In order to check the work add all the terms and the sum should be
very close to 1.000.
() P = 0.1094. (Note that this is not a test of significance. It is merely
a question of determining the probability of the occurrence of one particular ratio.)
(c) Tllustrates the problem of making tests of significance in skew distributions.
2. Koltzoff (3) performed an experiment on the control of sex in rabbits. Sperms
were placed in a physiological solution in a tube and an electrical current passed
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through the tube. A female impregnated with sperms taken from the anode produced
6 females and 0 males, and another female impregnated with sperms from the cathode
produced 1 female and 4 males. Test the significance of this result.
Using the direct method P is 0.0152.
8. From a study of the position of the polar bodies in the ova of the ferret,
Mainland (4) gives the frequencies in the following table:

Similar  Different

10papart. ............. 5 1
More than 10u apart. . .. 1 6

Test the significance of the apparent association between similarity and position
of the polar bodies. 1P = 0.025 calculated by the direct method.

4. Neatby (6) studied the association, in a random sample of lines from a wheat
cross, of resistance to different physiologic forms of the stem rust organism. Two
tables from his results are given below. Test the significance of the association in
each case.

Form 21 Form 21
SR S SR S
Form R........ 28 41 Form R........ 46 40
27 SR........ 17 15 57 S........ 0 16

R (resistant) SE(semi-resistant) S (susceptible)
x? =0.93 x? = 13.50

6. Twenty-two animals are suffering from the same disease, and the severity of
the disease is about the same in each case. In order to test the therapeutic value of a
serum it is administered to 10 of the animals and 12 remain uninoculated as a control.
The results are as follows:

Recovered Died

Inoculated........ 7 3
Not inoculated. . . . 3 9

Determine the probability in such an experiment of obtaining this or a result more
favorable to the treatment. By the direct method 3P = 0.0456.
8. An experiment is conducted similar to that in Exercise § but no uninoculated
animals are available for a control. Previous results, however, indicate very strongly
that the proportion of recoveries to deaths without treatment is 1 to 3. Again, the
result is 7 recoveries to 3 deaths when 10 animals are treated. Test the significance
of this result, and explain why it differs from that obtained in Exercise 5.
3P = 0.0035.
In the problem of Exercise 5 the theoretical ratio is itself estimated from the
sample.
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CHAPTER XI
THE ANALYSIS OF VARIANCE

1. The Heterogeneity and Analysis of Variation. If we consider
the variation in such a character as stature in man, it is obvious that
this variation in general is not homogeneous. Two races may differ
decidedly in their average stature, and the individuals of each race will
vary around a common mean. Also, with reference to the variation
within each race, there are regional and genetic differences between cer-
tain grcups so that even within the race the variation is not strictly
homogeneous. In actual fact we can conclude with a reasonable degree
of certainty that variation cannot be strictly homogeneous unless it is
purely random, i.e., caused by a multiplicity of minor factors that cannot
be distinguished one from another. In experimental work the hetero-
geneity of variation is usually predetermined by the plan of the experi-
ment. One set of results is obtained, for example, under a given set of
conditions and another under distinctly different conditions, the object
being to compare the two groups of results. Here the heterogeneity of
the variation is the factor that is being tested, and the degree of its ex-
pression determines the significance of the findings of the experiment.
It would seem to be a necessity, therefore, in studies of variation, to be
able to differentiate the variation according to causes or groups of causes,
especially in experimental work where such differentiation is an essential
part of the analysis of the results. The analysis of variance supplies the
mechanism for this procedure and in addition sets out the results in a
form to which tests of significance can be applied.

The points mentioned above may be made more obvious by the con-
sideration of a theoretical exafnple. Suppose that, for two races of men
that we shall designate as A and B, the mean stature of race A is 66
inches and that of race B is 68 inches. Histograms are prepared for
the frequency distributions of stature for the two races, and one histo-
gram is superimposed on the other. The two distributions will undoubt-
edly overlap, but are very likely to show two distinct peaks at the means
of the two populations. The variation over all the individuals com-
prising the two races could then be fairly definitely described as hetero-
geneous. We might now endeavor to picture what the situation might
be if we were dealing with several races instead of only two. There

might be a number of peaks, perhaps as many peaks as there are races;
114
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but it is more likely that some of the groups will so nearly coincide as
to be indistinguishable. Now that we have in mind several races, how-
ever, it is probably easier to think in terms of the total variability of
all the individuals concerned being divided up into two portions. One
portion is that which occurs within all the races. To get a mental pic-
ture of this, we might suppose the frequency distributions for all the
races superimposed on one another in such a way that the means of the
different races would coincide. The resulting distribution would be a
sort of average of all the separate distributions. The second portion
of the variability would be that resulting from the differences between
the means, and if we had a sufficient number of these means we could
make up another frequency distribution for them. For each type of
distribution a standard deviation or a variance could be calculated, and
it becomes clear at once that a comparison of two such statistics would
be valuable in coming to a conclusion as to the degree of heterogeneity.
To make this point still more obvious, let us imagine a series of samples
being taken from a homogeneous population. As we have already
learned, these samples will have different means, but these differences
will result merely from random sampling. They will be large or small
according to the magnitude of the variation ir: the population from which
they are drawn. This is a very important generalization and one which
is fundamental to an understanding of the analysis of variance. If the
original population has a very small variation, the means of the samples
drawn from it will also have a small variation. If the population has
a large variation, it is to be expected that this will be reflected in the vari-
ations of the means of the samples. In fact, without going into the in-
tricacies of an algebraic proof it seems reasonable to assume that, on
the average, the variance of the means of the samples will be equal to
that in the original population, provided of course that we multiply this
variance by the number in the samples. Thus, if the variance of the
population is v, the variance of the sample means is expected to be v/n,
where n is the number of individual determinations entering into each
mean.

The next step in the development of these ideas is to consider what
the situation would be if, in taking a series of samples, we did not know
that they were being taken from a homogeneous population. The
variance of the population is unknown; hence it must be estimated
from the values in the samples. The most logical estimate is that aris-
ing from the variations within each sample, from its own mean. Sup-
pose that this estimate is v; and the estimate of the variance of the
sample means is v2/n. Multiplying the latter by n we have vz, which
we shall expect to be very close to v, if the population is homogeneous,
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but which may be very much larger than v; if the population is hetero-
geneous and this heterogeneity has corresponded with the method of
taking the samples. This suggests to us that there may be a technique
here for making a test of significance. The null hypothesis is that all
the samples have been drawn from the same population, and therefore
that v2 does not differ significantly from v;. For example, if we take
the ratio v2/v1, a test of significance could be made if, for a given example,
we could determine the proportion of the trials in which a value as large
as or larger than v2/v; would be obtained owing entirely to random sam-
pling fluctuations. We are indebted to Dr. R. A. Fisher for many of the
recent developments in statistical methods, but especially for the solu-
tion of this particular problem. If there are only two samples it will be
noted that we have already discussed a solution, in that we may apply
the ¢ test to the significance of the difference between the means. How-
ever, if there are more than two samples the ¢ test does not apply, and we
must use the technique of the analysis of variance as developed by R. A.
Fisher (3). The details of this technique are best learned by the con-
sideration of actual data.

2. Division of ‘‘Sums of Squares”! and Degrees of Freedom. As
pointed out in previous chiapters the variance is a measure of variation,
and it consists of a sum of squares of deviations from the mean divided
by the corresponding degrees of freedom. In a set of observations, if
the total sum of squares of the deviations from the mean can be divided
up according to some scheme suggested by the data, and the degrees of
freedom can be divided correspondingly, it is clear that a variance can
be calculated for each group as well as for the total. It is through the
comparison of such variance values that we obtain a true picture of the
variation in the entire set of observations.

With respect to the division of sums of squares, the best way to ob-
serve this and to follow the method is to deal with actual data. The
figures given below are yields in bushels per acre of 6 plots of wheat.
Three of these plots are of variety A and three of variety B.

A 276 324 23.4
B 19.2 18.6 16.5

The total sum of squares is made up of the sum of the deviations of the 6
plots from the general mean. A logical division of this total is to sepa-
rate it into one part due to variation within the varieties, and another

1 “Sums of squares” written thus is an abbreviation for (sums of squares of devi-
ations from the mean), but in general throughout this book the quotation marks are
omitted.
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part due to variation between the varieties. Let the general mean be %,
which in this case is 137.7/6 = 22.95. And the mean of 4 is %, = 27.8,
and the mean of B is & = 18.1. Then subtracting 22.95 from each
value, squaring and summating, we have:

6
?(x — £)? = 185.715

6
where 21: indicates that 6 deviations are summated. Now, to obtain

the sum of squares for within the varieties, we must repeat the above
operation for each variety and add the two sums of squares together.
Thus for A we subtract 27.8 from each of the A values and square and
summate. This gives:

3
?(x — Z,)% = 40.560

and for B we have

4.020

]

3
2(z — &)

2 3
Then ?‘lz(x — %;)% = 40.560 + 4.020 = 44.580, where the double

summation indicates the process of adding together the two sums of
squares, and Z; represents the mean of one group.

The next step is to calculate the sum of squares for between the
varieties. This is given by

3 X [(27.8 — 22.95)? 4 (18.1 — 22.95)%] = 141.135

Note that we obtain the deviations of the means of A and B from the
general mean and then square and summate, but we multiply the whole
sum by 3 because each value such as 27.8 represents the mean of 3 single
plots.

2
The formula for this sum of squares will be 3 ?(i.- — 32

Now if we add the sums of sgquares

Within Between Total
44.580 + 141.135 = 185.716
2 3 2 6

226~ 2)” +32(& - £)? = 2( - z)?

we note that the within and between sums are exactly equal to the total.
That the sums of squares can always be divided in this way is very
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easily proved for the general case. A set of observations classified in
one direction may be represented as follows

1 I 212 23 Z1n
2 To1 Tog Tegtcc Ton
Groups 3 T3 ZTsr T3z Z3n
k Tkl Ty Trg e Tkn

where there are k groups and = single observations in each group.
For any one observation, say z11, we can write

@11 — &) = (e11 — &) + (&1 — )
where £, is the mean of group 1. Then
(11 — 22 = (x11 — £1)2 + (&1 — B2+ 2(z11 — 1) (%1 — %)

And summating for all the values in group 1 we have
2z — 22 = 2 — &) + 0@ — D + 26 — DI — &)

The last term is zero because the sum of the deviations from the mean
must be zero and each deviation is multiplied by a constant factor.
The second last term is written n(%; — %)% because the factor (1 — #)?2
is constant and we merely summate it n times. Finally we have

%(x — 22 = ;'li(x — )2 + n(F — 2)?

Now we repeat this for each ‘group, and summating over all the k
groups we have

"?'(x — 52 = %%(x —E) + n}:D(:t. — z)2 )

whieh is exactly equivalent to the equation given above with the actual
sums of squares.

The division of degrees of freedom corresponding to the sums of
squares follows easily. In the example for two varielies we have a
total of 5 degrees of freedom, for within varieties we have 2 in each

group making a total of 4, and for between varieties we have only 1.
Thus
Total Within Between

5 = 4 4 1
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In the general case as outlined above the degrees of freedom correspond-
ing to the sums of squares of equation (1) are

Total Within  Between
mk —1D=k(n—1)+(k —1)

3. Setting up the Analysis of Variance. For the practical example
with two varieties we can now set up an analysis of variance as follows:

Source of Degrees of Mean Square
Sum of Squares Sum of Squares Freedom or Variance
Within varieties. .. ..... 44 .580 4 11.14
Between varieties. ... ... 141.135 1 141.1
Total........... 185.715 5

As would be expected from the difference between the means of A and
B, the variance for between varieties is very high as compared to that
for within varieties. Reference to Chapter IV on tests of significance
with small samples will recall that the variance for within varieties is
the variance which is converted into a standard error in order to test
the significance of the difference between the means. This variance
can be termed, therefore, the error variance and can be used as a measure
of the significance of the variance for between varieties.

4. Tests of Significance. In the typical analysis of variance we
have an error variance with which we wish to compare one or more other
variances. Strictly speaking, all these variances are estimates of the
true value, and this is, of course, the reason why to obtain them we must
divide the sums of squares by the degrees of freedom. In order to under-
stand the test of significance it is necessary to consider in the first place
the condition that would obtain on the average if the variance we are
testing is subject to exactly the same source of variability as the error
variance. Let the sum of squares for error be represented by S, and
the sum of squares for the variance to be tested by S2. The correspond-
ing degrees of freedom are n; and n2, and the estimates »f variance are:

Si S2
v = — vy = —
ny ng
and let F = va/v;.
Suppose that vo represents the variance for between the varieties
A and B sas in the actual example above. If there is no real difference

between A and B, the differences between the means that occur will be
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due to soil heterogeneity which is the sole cause contributing to the
error variance. On the average, therefore, v; = vz, or F = 1. But if
the experiment, still assuming that A is not different from B, is repeated
a number of times, F will be subject to random fluctuations and will be
distributed in some regular manner. Thus in any one experiment if
F = 2.6 we could judge the significance of this value if we could deter-
mine the exact percentage of cases in which an F of 2.6 would occur as
the result of random sampling fluctuations. The problem is therefore
one of determining the distribution of F and tabulating the resultsin such
a way that they can be used to determine probabilities. R. A. Fisher (3)
has worked out the distribution of F and in tests of significance re-
places it by z = 1 log, F. The distribution of z depends entirely on
the degrees of freedom n; and nz, from which the variances are estimated.
Its use therefore does not involve any assumptions regarding the popu-
lation and is equally applicable for large and small samples. Tables
have been prepared giving the values of z at the 5%, and the 1 9, points
for different values of n; and n;. In comparing v; and vy, if we find that
zis equal to the value given at the 5%, point, this means that the observed
F value would occur owing to random sampling fluctuations in only 5%,
of the cases.

Snedecor (11) has calculated tables of F for the 5%, and 19, points,
and this enables us to make a test of significance directly without looking
up logarithms. Table 96 is a copy of Snedecor’s table of F.

6. Multiple Classification of Variates. In the simple example we
have considered, the variates were classified according to variety only.
They may, however, be classified in several ways, and it is only rarely
that they are not classified in two or three ways. We shall consider
two-fold classifications first. The general case may be represented as
follows:

Classes
1 2 3. 'n
1 T Z12 Z13° * *Tin
2 z Zo2 Z2g* * *T2n
Groups 3 Z31 Z32 Z33° ' T3n
k Tkl Tk Zk3** *Thkn

in which the variates are in k groups and » classes. The essential dif-
ference between this arrangement and that illustrated under Section 2
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above is that the variates in any one class have something in common
in that they can be logically placed together and recognized as a definite
unit. In field experiments the groups may be varieties and the classes
blocks or replicates. In a chemical experiment the groups may repre-
sent formulae and the classes different temperature or moisture condi-
tions under which the formulae are tried. In medical or nutritional
work the groups may be different foods and the classes different quanti-
ties or times of feeding.

The equations representing sums of squares and degrees of freedom
for the twofold classification are as follows:

Within Groups Between Between
Total and Classes Groups Classes
Sums of "t 9 _ nk 2 13 2 ”n 2
Squares 2@ ~ 8 =2 —f — 2+ 2"+ n 2 —2)" + kZli(fc — %) 2

Degrees of

Freedom ™~ 1=@®@~-1kE=1) +(k-1) +@®-1)

where Z, is the mean of a group and Z. is the mean of a class. Note that
in this case the sum of squares for within groups and classes is rather
complex and in corresponding form to equation (1) should be written
with a triple summation. The form used, however, is more convenient
and expresses the idea successfully. It is customary in analyses of
experiments to refer to the within sum of squares as that due to error
as it gives rise to the variance with which the other estimates of variance
can be compared.

In order to picture a threefold classification, we can assume that in
the previous example there are m classes and n subclasses. Graphically
the arrangement will be:

1 2 3 m
1 2.-n 1 2.-.m 1 2..n 1 2...n
1
2
k

The analysis of data of this type introduces a new factor in the sums of
squares, in that we must consider the inferactions of the three classes
with one another. This is best studied, however, from actual examples,
and the same applies to still more complex types of classifications.
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6. Selecting a Valid Error. Significance is a relative and not an
absolute term. Differences are found to be significant or insignificant
in relation to the variability arising from a source which is arbitrarily
selected according to the interpretation that is to be put on the result.
To make these points clear let us assume that an experiment is being
conducted involving chemical determinations. Two kinds of material
are being tested; the method is to draw samples from each kind of
material, and in the laboratory each sample is being tested in duplicate.
obviously here we have two sources of error. The first arises from
sampling the material, and the second from differences between the
results for duplicate determinations arising purely from errors in the
laboratory technique. These two sources of error are independent and
therefore may be of the same magnitude or widely different. If 20
samples are taken from each kind of material the analysis of variance
will be of the following form:

DF Variance
Materials (A and B)............ 1 m
Between A samples . ........ 19 } 38 a } s
Between B samples.. ........ 19 b
Between duplicates........ .. 40 d
Total... . ....... ..... 79

For the purpose of this discussion it can be assumed that the variances
a and b are of the same magnitude and can be considered together, say
as variance s. Now we wish to test the significance of the difference
between the two kinds of materials, and we will suppose that d is very
small in comparison to s. It is not difficult to see that the variance m
is contributed to by the variability in the samples, or in other words
that on the average if there is no difference between the two materials
the variance m will be equal to the variance s. Since d is very small
it is clear that to use it to test m is quite erroneous, as even when there
is no difference between the materials the ratio of m to d will be quite
large. What will the situation be, however, if d is much larger than s?
With a little thought it will be plain that this would be a very unlikely
situation as s is in itself contributed to by the factors that result in the
variance d. Putting it another way, if there is no variation whatever
due to sampling, s will on the average be equal to d. The question
therefore has no point, and we must consider the only other possibility,
and that is that d and s are of about equal magnitude. The inference,
then, is that s results largely from the differences between the duplicates,
and that the sampling error is in itself insignificant. The obvious
course here is to use d in order to test m, and at the same time we take
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advantage of the greater precision due to d being represented by a larger
number of degrees of freedom than s.

Another hypothetical experiment may be considered in which the
situation is slightly different. Again two materials are being compared,
but it can be assumed that the material is sufficiently homogeneous that
the sampling error is negligible. There is a possibility of error in the
laboratory technique and also there is a possibility of personal error in
that no two operators can be expected to get exactly the same results.
In making out the plan of the experiment it is decided that six different
operators shall be used, all of whom perform exactly the same test on
the same two materials. Also each operator makes his determination
in triplicate in order that a measure may be obtained of the error in the
technique. The analysis of variance for the results will be as follows:

DF  Variance
Materials.................... 1 m
Operators.................... 5 0
Error due to operators. ....... 5 e
Error of determination. .. .... 24 d
Total......... ... ... 35

The variance e now requires some consideration in order to note its rela-
tion to the significance of the results. If we set up the mean results for
each operator in a table it will be of the following form:

Operators
1 2 3 4 5 6

A a1 as as ay as ag
Materials
B b1 bz ba b4 bi bo

where a,, for example, represents the mean of three determinations made
by operator 1 on material 4.

Now the variance e results from differences between such values as
(a1 — b1) and (a2 — b2). There being 6 of these values, there are
5 degrees of freedom available for estimating the variance. If each
operator gets the same result for the difference between A and B, the
variance ¢ will be zero; but if the operators get widely varying differ-
ences the variance e will be very high. Suppose now that the experiment
is presumed to be a sample of a large population of operators making
similar determinations on these same two materials, then the variance
m, which represents the difference between the two materials, will be
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contributed to by the factors that produce e; and hence, if there is no
difference between the materials, m will be equal to e. In sampling
such a population, therefore, and testing the significance of the results,
it will be necessary to use e as an error variance to test the significance
of m. This fact may be more obvious if we consider the disastrous
results of not using the variance e as a measure of error. The variance d
may be quite low owing to extreme care in the standardization of the
technique as applied to any one individual operator, and we shall assume
that it is much lower than e. Using d as an error we find that, although
m is very little greater than e, it is very significant if compared with d.
The results are used therefore to prove that, for example, A gives a
much larger result than B, and on this basis the two materials are util-
ized in some industry for manufacturing purposes. The manufacturers,
however, in utilizing the material may have to employ a large number of
operators; and hence the error that was neglected in the laboratory
creeps in and it turns out in actual practice that the two materials give
the same result, and the so-called carefully controlled experiment of the
laboratory is discredited. This mistake would have been avoided if the
investigator had carefully considered the exact nature of the population
that was being sampled and made his test of significance accordingly.
Of course it might happen that only one operator was used in the experi-
ment, in which case the reader will recall the discussion of Chapter V on
the scope of experiments and will realize that this would be another
example of an experiment so planned that it did not have sufficient
scope to answer the questions that it was supposed to answer.

A point that may now be raised is this. If the error resulting from
the determinations made by individual operators is not to be used to
test the significance of the difference between the materials, what benefit
is to be derived from making the determinations in triplicate and includ-
ing the variance d in the analysis? The answer to this is that if there
is an appreciable error in the determinations, the variance e will be con-
tributed to by this source of variation, and hence, if there is no variation
due to the operators, on the average e will be equal to d. The variance
d, therefore, enables us to apply a test of significance to e; and, further-
more, if d is appreciable, it reduces the precision of the experiment by
making its contribution to e. In the latter case, improvement in the
technique of the determination may result in a considerable improve-
ment in the precision of the experiment.

A variance such as e in the hypothetical example given above is
usually referred to as an inferaction variance. It gets this name because
if it represents a fairly large effect it may be taken as an indication
of an interaction between the two factors that are concerned. In con-
sidering operators and materials, for example, we may conclude if e is
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very large that the materials respond quite differently in the hands of
different operators. As a matter of fact, if we are willing to use more
than one word to describe such an effect, it might be more appropri-
ate to speak of an interaction as a differential response. Let us assume
that, in general, material B gives a higher result in the determinations
that are being made than material A. This may appear more rea-
sonable if we assume that A and B are not different in quality but
in quantity, in which case it is customary to refer to A and B as repre-
senting two different levels of one of the interacting factors. The
more appropriate symbolism then would be to represent A and B by
such symbols as X; and X., the same letter indicating that there
are no qualitative differences between the two, and the subseripts
indicating that this factor is at two different levels. Now if X3 gives a
higher value in the determinations than X, this is plainly a case of
response to quantity, and if there were several levels of X instead of only
two the result would recall the phenomena observed in the study of
regression. It is now easy to visualize what is meant by a differential
response. Some of the operators may be able to obtain the maximum
response whereas others may obtain a much smaller response. In
certain instances it may easily turn out that with some operators the
response will be positive and with other operators it will be negative.
This type of effect would be likely to result in a very large interaction
variance.

The meaning of interactions will be discussed in further detail in the
consideration of actual examples. For the present it will suffice for the
student to have a clear conception of the idea of differential responses,
and to realize that frequently an interaction variance is in reality a true
error variance and therefore must be used to test the significance of the
results of the experiment.

Example 29. Simple Classification of Variates. Table 29 given the yields of

four plots each of three varieties of wheat. We shall use the analysis of variance to
determine the significance of the differences between the varieties.

TABLE 29

YieLps oF 4 Prots Eacr oF 3 VARIETIES

Plot Yields Totals
A 29.2 36.4 22 .4 27.6 115 6
B 32.7 39.3 28.6 29.3 129.9
C 18.7 23.1 21.3 19.6 82.7

Total 328.2
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The first step is to decide on the form of the analysis and to allocate the degrees of
freedom to each component according to the scheme decided upon. In this case we
are concerned merely with comparing the variety variance with a variance for error,
and the most logical error variance is one arising from within the varieties. The
form of the analysis is therefore

Sum of Squares DF

Between varieties........ P 2
Within varieties (error) . ............cvviinenenn. 9
Total. ... ... i i 11

The second step is to calculate the sums of squares. The best plan is first to obtain
the total sum of squares. A formula has been given above, but this is not the best
formula for actual calculation. It is much better to make use of the identity

2
z

nk nk Vi
S -5 =30 - 6)]
1 1 nk

nk
where T is the total of all the values of x or I (z).
1
Therefore we merely square and summate the actual values and subtract from

this sum the square of the grand total divided by the number of variates. The

figures are
Total sum of squares = 9452.50 — 8976.27 = 476.23

The calculation of the sum of squares for between varieties is carried out with the
assistance of a similar identity
3
2
x E (T1 ) Ti

nI(& — 2)? = @
1 nk

where T, represents the total for a variety. The formula consists therefore of squar-
ing and summating the totals, dividing by the number of variates entering into each
total, and then subtracting the same term as for the total sum of squares. The

figures are
Between varieties = 9269.16 — 8976.27 = 292.89

To determine the sum of squares for within varieties we can perform a separate
calculation for each variety:

Wlthm A = 3441.12 — 115.62/4 = 100.28
B = 4290.23 — 129.9%/4 = 71.73
“ C =1721.15 — 82.7*/4 = 11.33

Total within............... 183.34

]

Actually it was not necessary to ealculate the last sum of squares as we could have
obtained it by subtracting the sum of squares for between varieties from the total.
Thus:
Total Between Within
476.23 — 292.89 = 183.34

However, when possible it furnishes a very easy check on the calculations to obtain
the error sum of squares directly and indirectly.
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The third step is to set up the analysis of variance and make the tests of sig-
nificance. This is performed in Table 30.

TABLE 30
ANALYSIS OF VARIANCE
Sum of | Degrees . z =
Squares | Freedom Variance F Llog, F
Between varieties. ... .| 292 89 2 146 4 7.19 0.9863
Error..... . ......... 183 34 9 20 37
Total............. 476 23 11

In Fisher’s tables we look up the 5% point of z for n; = 2 and n; = 9. The value
i8 0.7242, so that the variety differences here are quite significant. Using Snedecor’s
tables of F (Table 96) we find that the 5%, point for F is 4.26, and we of course reach
exactly the same conclusion.

Example 30. Twofold Classification of Variates. In aswine-feeding experiment
Dunlop (2) obtained the results given in Table 31. The three rations, 4, B, and C
differed in the substances providing the vitamins. The animals were in 4 groups of
3 each, the grouping being on the basis of litter and initial weight. For our purpose
we shall assume that the grouping is merely a matter of replication.

TABLE 31
Gains IN WEelGHT oF SWINE FED oN RaTiONS 4, B, ¢
I I 111 v Totals
A 7.0 16 0 10.5 13.5 47 0
Ration B 14 0 15.5 15.0 21.0 65.5
C 85 16.6 95 13 5 48 0
29.5 48.0 350 48.0 160 5
The form of the analysis is
Sum of Squares DF
Rations...................... 2
Groups. . . .....ooiiiiin.. 3
Error........................ 6
Total...................... 11
Calculating the sums of squares we have
Total 2316.75 — (160.5)2/12 = 2316.75 — 2146.6875 = 170.0625
Rations = (47.0% 4 65.5® + 48.0%) /4 — 2146.6875 = 54.1250
Groups = (29.5% 4+ --- + 48.0%)/3 — 2146.6875 = 87.7292
Error = remainder = 28.2083
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This gives us an analysis of variance as follows:

Sum of | Degrees | Variance F 5% Point
Squares | Freedom
Rations...| 54.1250 2 27.06 5.76 5.14
Groups....| 87.7292 3 29.24 6.22 4.76
Error..... 28.2083 ] 4.701

Total. . .| 170.0625 11

The variance for rations is just significant. The meaning of the significance of
the variance for groups depends on the manner in which the classification into groups
has been made. We have assumed here that the groups are merely replications, in
which case the error variance is a result of variations within groups not due to the
rations. It is therefore valid to consider this variance as an error variante with
which the others can be compared. The group variance, since it results from the
plan of the experiment, is an expression of error control. If the arrangement had
been other than in groups we would have had a simple classification into within and
between rations. The variance for within rations would have been much larger than
it is according to the present arrangement, and consequently the experiment would
have been less precise.

Example 81. Selecting a Valid Error. A series of § wheat varieties were grown
at 4 stations and baking tests made on the flour. A sample of each variety was taken
from each station and milled into flour. Two loaves were baked from each sample.
The error of determination was given, therefore, by the differences between the loaf
volumes of the duplicate loaves. These data were supplied by courtesy of the
Associate Committee on Grain Research of the National Research Council okCanada.

TABLE 32

DurLicATE LoAr VoLuMES FOR 6§ VARIETIES OF WHEAT GROWN AT 4 STATIONS
(Loaf volumes in cc. — 500)/10

Stations

I I 111 v Totals

1 7.6 45|15.5 14.0]16.6 14.5|19.0 18.6 | 110.0

2 12.5 13.2]120.0 18.6]15.0 14.0 ] 23.8 24.4 141.4

Varieties 3 70 100|100 80155 14.0]17.8 18.5 91.8
4 1.6 2.0[/13.0 150 85 9.0]|14.8 16.6 80.4

5 | 28.0 20.0(19.5 16.0]10.56 12.0]22.0 24.8| 161.8

Totals 106.2 149.5 129.5 200.3 585.5

On examining the form that the analysis of variance will take, we note first that
we must have a station variance represented by 3 degrees of freedom, and a variety
variance represented by 4 degrees of freedom. There must also be an interaction
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effect which may be regarded as the differential response of the varieties at the
different stations. The rule for finding the degrees of freedom for an interaction is to
multiply the degrees of freedom for the interacting factors. The interaction variance
must therefore be represented by 3 X 4 = 12 degrees of freedom. There is a total
of 40-determinations, so that there is a total of 39 degrees of freedom. The remaining
20 degrees of freedom must represent the error of duplicate determinations, and we
have a check on this because there are 20 pairs of loaves and since each pair gives us 1
degree of freedom there must be 20 in all. The final form of the analysis is:

Variance

Stations.................
Varieties . .
Interaction

To obtain the sums of squares another table as given below is required. This
table gives the values of (z — y) and (z + y), where z and y are taken to represent
the paired values.

I II 111 v

1 3.0 1.5 2.0 0.4
2 0.7 1.5 1.0 0.6
(z—y) 3 6.0 2.0 1.5 0.7
4 0.5 2.0 0.5 1.8
5 1.0 3.5 1.5 2.8
I II III v Totals
1 12.0 29.5 31.0 37.6 110.1
2 25.7 38.5 29.0 48.2 141 .4
z+y) 3 8.0 18.0 29.5 36.3 91.8
4 3.5 28.0 17.5 31.4 80.4
5 57.0 35.5 22.5 46.8 161.8
Totals 106.2 149.5 129.5 200.3 585.5

The first half of this table may be used for calculating the error sum of squares. A
general rule for the sum of squares for differences within paired values is to use the
identity

Total minus between pairs = 1Z(zx — y)?

The two expressions on the left are £(z?) — T,2/N and Z(z + y)2/2 — T:2/N. On
subtracting and simplifying we obtain 4 £(z — y)%. The calculations give

Within pairs (error) = 4 (93.33) = 46.66
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From the second half of the calculation table we determine

20566.13 _ 585.5?
2 40
= 10283.065 — 8570.256 = 1712.81

Between pairs =

Stations = %803 — 8570.256 = 481.65
Varieties = 7_3.1%:5;2 — 8570.256 = 578.07
Interaction = Remainder = 653.09

This procedure gives us a general rule for the calculation of interaction sums of
squares. In the table considered we find the total and subtract the sum of squares
for the two interacting factors. The remainder is the interaction.

The analysis of variance is as follows

S“m of DF Variance

quares

Stations. .......... 481.65 3 160 5

Varieties ......... 578.07 4 144.5

Interaction........ 653.09 12 54.42

Error............. 46.66 20 2.333
Total . .......... 1759 .47

We now have to decide whether we should use the variance from the duplicate
loaf volumes or the interaction variance to test the significance of the differences
between stations and varieties. If the purpose of the experiment is to determine
which of the varieties will give the highest loaf volume over the whole area that the
stations sample, it will be necessary to use the interaction variance because in this
light the stations are merely replications of the experiment. The error from dupli-
cate loaf volumes will give an indication merely of the accuracy of the laboratory
technique. If it is large it will reduce the significance of the differences, because it
raises the value of the interaction variance.

On comparing the variety variance with the interaction variance we get an F
value of 2.66; and since the 5%, point is 3.26, we must conclude that, considering the
whole area being sampled, the differences in loaf volume are not significant. In other
words, the variation in the order of the mean loaf volumes of the varieties, from
station to station, is so great that the differences between the means for the whole
area may easily be accounted for by this variation.

The interaction variance is very much higher than that arising from differences
between duplicate loaf volumes. This means that the laboratory error is not an
appreciable factor affecting the precision of the results in this experiment.

Since variety tests are conducted in replicated plots at each station, it follows
that if loaf volume determinations had been made on each plot another measure of
error could have been obtained. This error would have measured the variation due
to soil heterogeneity; and, if the variety variance for the whole area was significant
when compared to the pooled error due to soil heterogeneity, this would indicate that
in general at each station the differences between the means of the varieties were
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greater than could be accounted for by such sampling variation. This would not,
however, alter our conclusion based on the test using the interaction as an error.

Example 82. Threefold Classification of Variates. In testing out a machine
for molding the dough in experimental baking, Geddes, et al. (5), used 3 adjustments
of the machine, designated 4, B, and C, and tried them out on a series of 5 flours
baked according to 2 formulae. The loaf volume data are given in Table 33.

TABLE 33

Loar VoLume REesvrrs IN 4 TrsT oF A MacHINE FOR MoLpinG THE DougH
(Loaf volume in cc. — 500)/10

. Flours
Formula Lg:&},’me Totals
ng 1 2 3 4 5
A 9.4 2.6 12.3 4.6 13.5 42 .4
Simple B 96 3.1 13.0 4.3 13.8 43.8
C 9.6 2.7 12.4 1.8 13.0 39.5
Flour
subtotals | 28.6 8.4 37.7 10.7 40.3 | 125.7
A 13.7 21.6 19 4 13.5 24.5 92.7
Bromate B 12.7 22.6 20 6 10.4 24.3 90.6
C 12.6 21.8 20.9 6.8 23.2 85.3
Flour
subtotals 39.0 66.0 60.9 30.7 72.0 | 268.6
Flour
totals 67.6 74 .4 98.6 41 .4 112.3 394 3

On working out the form of the analysis we find that there is an additional com-
plication here as compared to those that have been worked out previously. The
6 rows in Table 33 represent 2 classifications, but for the present we shall consider
them as 6 classes giving us a simple twofold classification. The form of the analysis
is then:

Flours . ..... ...... .. 4 DF
Classes.... .... . ......... 5 DF
Interaction (a). . . ....... 20 DF

Total.................. 29 DF

But the 5 degrees of freedom for classes must be split up into:

Machine settings ABC. ....... 2 DF
Formulae SB....... ........ 1 DF
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Hence interaction (a) in the first analysis is an interaction of the above three factors
with the flours. Realizing this, we can then write out the form of the analysis in full:

Flours (1 ... 58) i ieeernnneeceannnns 4 DF
Machine settmgs (ABC)..o.covvun... 2 DF
Formulae (SB).......ccoveveeivneans 1 DF
Intemctlon (A BC XSB).uvweriwunnns 2 DF
.5 X ABC)......... 8 DF

¢ l . E5XS8B).......... 4 DF

o .5 X ABC X SB)... 8DF
Total....ooovivvniiiiiiannnn. 29 DF

The last interaction is known as a triple interaction. In this case it represents the
degree to which the interaction of (4BC X SB) is different for the different flours.
If the interaction (ABC X SB) is the same for each flour, the triple interaction will
be zero.

To determine the sums of squares for the components set out above it is necessary
to set up 3 calculation tables as below:

Flours
Machine
! Totals
Settings 1 2 3 4 5
A 23.1 24.2 31.7 18.1 38.0 135.1
B 22.3 25.7 33.6 14.7 38.1 134.4
C 22.2 24.5 33.3 8.6 36.2 124.8
Totals...| 67.6 74.4 098.6 41 .4 112.3 394.3
Flours
Formulae Totals
1 2 3 4 b
28.6 8.4 37.7 10.7 40.3 126.7
B 39.0 66.0 60.9 30.7 72.0 268.6
S+ B 67.6 74.4 98.6 41.4 112.3 304.3
S—~B 10.4 57.6 23.2 20.0 31.7
Machine Settings
Formulae A B C Totals
S 42.4 43.8 39.5 126.7
B 2.7 90.6 85.3 268.6
S+ B - 13851 134.4 124.8 304.3
S—-B 50.3 46.8 45.8 142.9
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The calculations are!
394.32
Total = 6618.43 — ——36— = 6618.43 — 5182.42 = 1436.01
Flours (1-:-5) = 34,152.33/6 — 5182.42 = 509.64
Settings (4BC) = 51,800.41/10 —5182.42 = 6.62
Formulae SB = (268.6 — 125.7)2/30 = 680.68

Interaction (ABCXSB) = Z(S—B)/10 — 680.68 = 6817.97/10 — 680.68 = 1.12

Interaction (1---5) X (ABC)
Total for table = 11,436.57/2 — 5182.42 = 535.86

Flours (1:::5) = 509.64

Settings (ABC) = 6.62
Remainder (1---5) X (ABC) = 19.80
Interaction (1- - -5)X (SB) = =(S — B)?/6 — 680.68 = §369.05/6 — 680.68 = 214.16
Interaction (1-::5 X ABC X SB) = remainder = 4.19

The analysis of variance when set up in detail is as follows:

Sums of | DF | Variance F 5%
Squares Point
Flours (1+-5).cveiiiennane... 509.64 4 127 .4 243.1 3.84
Formulae (SB).................. 680.68 1 680.7 ]1299.0 5.32
Interaction (15 X SB)........ 214.16 4 53.54 102.2 3.84
Settings (ABC)................. 6.62 2 3.31 6.31 4.46
Interaction (ABC X SB)........ 1.12 2 0.560 1.07] 4.46
“ (1---6 X ABC)...... 19.60 8 2.450 468 ) 3.44

“ (1--:8 X ABC X SB) 4.19 8 0.524

Total............ovnt 1436.01 | 29

It is of interest to make a detailed study of Example 32 from the
standpoint of the selection of a valid error. We note first that the
determinations were not made in duplicate so that we have no real
measure of the error in the technique; and, if such an error is the one
that should be used throughout for tests of significance, we shall have
to select one of the other variances that gives us a close approximation
of what the error of duplicate loaf volumes would be. In the second
place it must be remembered that the primary object of the experiment
is to study the differences in the loaf volumes due to the different settings
of the machine and the differential responses due to these same settings.
For this reason the analysis of variance has been separated into two

1 Note the method used to calculate interactions for a series of paired values.
This will be explained in more detail in the next example.
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portions. The three effects in the first group are of no particular in-
terest, as previous experience would have enabled the cereal chemists
to predict that just such results would be obtained. The separation
of these three effects into one group is not a result of the data obtained in
the experiment, but was preconceived, and it was decided before the
experiment was operated that this would be done.

Considering the variance due to the settings, the first question to be
asked is whether or not it should be tested against a variance representing
purely laboratory error or against the interaction of the settings with
the flours. The answer follows from the fact that we are concerned
not so much with the interaction of the settings with the flours as with
attempting to find out the best single setting of the machine for all
purposes; and therefore we do not anticipate that, in differentiating a
set of flours, all the settings that have been tried here will be used.
Actually our measure of significance in this experiment must be based
on the usual experimental error of the laboratory, because, if the machine
settings cause differences significantly greater than those resulting from
experimental error, it is obvious that before the machine is used for
general purposes the most desirable setting mmst be worked out. In
other words we ought to see to it that the machine does not introduce a
greater error into the determinations than already exists as the result of
the ordinary procedures of the laboratory.

On this basis it follows that the triple interaction is the most logical
error to use, as it is the least likely to represent a significant effect and
is not likely to be lower than the error due to differences between dupli-
cate loaf volumes. The latter statement is the same as saying that, if
there is no actual triple interaction effect, the variance will be equal to
the error that would have resulted from using duplicate determinations.

The F values with their 59, points are given in the analysis, and with
their aid the results may be summarized very quickly. The flour and
formula differences as well as the interaction between them are very
large in comparison to the experimental error and may be dismissed
with that statement. The primary interest in the experiment is in the
settings of the machine and the interaction of the settings with the other
factors. The settings are significant in relation to experimental error,
and glancing at the totals we note that this must be due to the fact that
the C setting gives a somewhat lower loaf volume than 4 or B. The
interaction of A BC with the formulae (SB) is not significant, indicating
that the differences between the settings are reasonably consistent. for
both methods of baking. The interaction of the flours with the settings
is significant, and we can conclude that the results with the flours are
to a certain extent changed by the machine settings. From an inspec-
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tion of the results this would seem to be due to flour 4, as for this flour
the B and C settings depress the loaf volume to a greater extent than
for the others.

7. Summary of Methods of Calculating Sums of Squares. After
the form of analysis has been worked out, the greatest difficulty that
confronts the student of the methods of this chapter is the calculation
of the sums of squares. Most of the methods have been dealt with in
the above examples, but it would seem to be desirable to summarize
them under one heading.

(a) Total for a set of n single variates. 21, 2, - * * Zn.

3o - 27 = 3@ - =
1 1 n

We square each value and summate, then subtract the square of the
total divided by the number of variates.

(b) For a set of k groups when each group is made up of n variates.
It there are k groups we can represent the totals for the groups as T,
T2, - -+ T;- -+ T, and the means for the groups by &1, £2, - - - % - - - Zs.

L
?(Tl) T2

n  kn

k
nzl:(:i. - E)Z =

We square each total, summate, and then divide by the number of
variates entering into each total. From this we subtract the square of
the grand total divided by the number of variates.

(¢) For a set of k groups when the number of variates is not the
same for each group. If we represent a particular series with the corre-
sponding number of variates in each group as follows:

Group totals Ty, Te, T, T4
Numbers a, b, ¢, d
We calculate:
T° T T T? T2
-1 + Z2 + Z3 + 24
a b c d (a+b+c+ad)

In this case we square each total and divide by the number entering into
it. The quotients are summated, and from this sum we subtract the
square of the grand total divided by the total number of variates.

(d) For within and between pairs. If a set of paired values are
represented as follows:
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1 2 3 4..n Totals
z x1 E™ x3 E 7ORRY T,
Yy 731 Y2 Ys Ya' - Yn T,
T

The sum of squares for between pairs is:

Z+y? T
2 2

And for within pairs it is:
1Z(z — y)?

If each z and y value represents k variates we have:
Sz +y? _ T2

Between = o 2
e 2z —y)?
Within = o

(e) For two groups only. The totals for the groups may be T, and
Tyasabovein (d). The sum of squaresis:

(Tz — Tu)2
N

where N is the total number of variates.
(f) Simple interaction in a 2 X n table. The table is as in (d), in
which each value of z and y represents k variates. The interaction

(1,2,3, --- n) X (xy) is given by:
2@ —y? (T-—T,)°
2k 2kn

(g) Simple interaction for a 2 X 2 table. The followingisa 2 X 2
table in which each value of z is a total for k variates.

A B

I r 22

II z4 23
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The interaction (4B X I1I) is given by

[(x1 + 23) — (32 +24)?
4k

(h) Simple interaction for a k X n fold table. A table of this type is
illustrated in Section § above, and equation (2) shows how the sums of
squares and degrees of freedom are broken up. The sum of squares
for within groups and classes is the same as for the interaction and can
be calculated by subtracting the two terms on the right from the total.
The procedure therefore is as follows:

Total = Z(2?) — T3/kn
For n classes = Z(T2)/k — T%/kn
For k groups = Z(T2)/n — T2%/kn

Interaction = Difference

(Z) Triple interaction. In more complex analyses it is sometimes
necessary to calculate triple interactions. We shall illustrate the method
for the simple case of 2 X 2 tables:!

X Y Z
A B A B A B
I ) 2 I 1 2 1 I1 2
11 x4 X3 I I T4 I3 II x4 X3

The interaction to be calculated is (XYZ X I 11 X AB). Assume each
value to be made up of k variates; then for each of the above tables we

have:
For X (I1II X AB) = (1 + 23 — 22 — z4)?/4k

Y(III X AB) = (z1 + 23 — 22 — z4)%/4k
Z (11l X AB) = (21 + 23 — 22 — z4)%/4k

Summating these gives us the sum of the interactions of (I II X A4B),
taking each X, Y, and Z group separately. Next we find (I IT X AB)
for X, Y, and Z combined, having set up another 2 X 2 table.

11f the three factors have only two levels the triple interaction is also represented
by only one degree of freedom and may therefore be calculated from a difference
between two correctly chosen totals. The method of building up these totals will
be clear after a study of the methods of the following chapter.
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X+Y+2Z

A B

I 1 w2

II E 73 X3

For X,Y,and Z, (111 X AB) = (x1 + z3 — r2 — 24)%/12k, which,
when subtracted from the sum obtained for the three tables above,
gives the triple interaction (XYZ X 1 1I X AB).

According to the same principle, triple interactions may be calculated
for any three factors. Note that there are three different ways in which
the calculations may be carried out, as repeated calculations of any one
of the three simple interactions will finally give the triple interaction.
Always examine the three possible methods and decide which one will
require the least amount of labor.

8. Exercises.

1. Table 34 taken from data by Crampton and Hopkins (1) gives the gains in
weight of pigs in a comparative feeding trial. The 5 lots of pigs represent 5 different
treatments, and there were 10 pigs in each lot. Make an analysis of variance for
the data, and test the significance of the treatment differences.

TABLE 34

GAINs OF Pi1as IN A CoMPARATIVE FEEDING TRIAL

Replicate Lot I Lot II Lot III Lot IV Lot V
1 165 168 164 185 201
2 156 180 166 195 189
3 159 180 189 186 173
4 167 166 138 201 193
b 170 170 153 165 164
6 146 161 190 175 160
7 130 171 160 187 200
8 151 169 172 177 142
9 164 179 142 166 184

10 158 191 15656 165 149

The error variance in this experiment works out to £48.6.

2. In a study of hog prices in Iowa, Schultz and Black (9) have given prices by
months, years, and districts. The districts are obtained by dividing the state into 4.
A portion of the data is given in Table 35. After completing the analysis of variance
for these data, devise graphical means of illustrating the interaction of months with



EXERCISES 139

years. 1t is not necessary in this exercise to make tests of significance of the results,
as it is being used here merely to show how the technique of the analysis of variance
can be used to separate out the various effects in a set of data.
Sum of squares for months X years = 83.83418.
8. In agronomic trials of varieties of cereal crops it is desirable to conduct the
trials at various points in the area under consideration and to carry them on for a
period of 2 or more years. Immer, et al. (8), have given data on barley yields at
several stations in Minnesota over a period of 2 years. Table 36 gives the yields at 3
of the stations for 2 years for 6 varieties. Analyze the results.
Note that the blocks are numbered 1, 2, and 3, but this does not mean that block
1 at University Farm has any relation to block 1 at Waseca or any other station.
Consequently the sum of squares and degrees of freedom for blocks are worked out at
each station and lumped together in the final analysis. A common error that
beginners make in sorting out the degrees of freedom for an experiment of this kind
is to regard the blocks as a factor occurring at three levels and thus they have such
expressions in their analysis as these:
Blocks X Stations
“ Years
“ X Stations X Years
ete.

These expressions obviously have no meaning as the block numbers do not represent
definite levels that are uniform at all stations. The correct procedure is therefore
to calculate the block sum of squares for each experiment and add all these sums of
squares together in order to show them in the final analysis.

The following values for the sums of squares will assist in checking the calculations.

Total.......onnoeeeiieinnnnnn, 11,604.61
Varteties. .......c..cveueueeanennannn 1,666.68
Varieties X Staltons X Years......... 230.68
TABLE 35
Hoae Prices Paip To PropuCERS IN Iowa 1928-29 To 1930-31
1928-29 1929-30 1930-31
Districts Districts Districts
A B C D A B C D A B C D
Oct. 9.48| 9.46| 9.47] 9. 8.79] 8.98] 8.90[ 9.15| 8.84] 8.83( 8.80 8.86
Nov.| 8.41] 8.13] 8.43| 8.44]| 8.32| 8.30] 8.34| 8.53| 8.04] 8.23| 8.17( 8.45
Dec.| 7.91 7.85| 7.79| 7. 8.58| 8.50( 8.44] 8. 7.39 7.31| 7.32| 7.34
Jan. | 8.14] 8.28| 8.12| 8.24| 8.79] 8.69] 8.71] 9.02|| 7.06{ 7.10; 7.11] 7.17
Feb.| 9.14/ 9.03] 9,00{ 9.10( 9.84] 9.59| 9.63| 0.82| 6.44] 6.62 6.63] 6.65
Mar.| 10.57] 10.61] 10.44| 10.49| 9.75] 9.81] 9.78/10.10|| 6.80| 6.87| 6.84] 6.88
Apr. | 10.65| 10.53( 10.56] 10.67|| 9.20| 9.22| 9.26] 9.42|| 6.78) 6.86 6.92 6.92
May | 10.36] 10.20| 10.07] 10.14{| 9.12| 9.10] 9.06{ 9.26( 6.03| 6.10, 6.06/ 6.30
June| 9.95| 9.86| 9.97| 10.03|| 9.16| 9.17| 9.14| 9.33|| 5.40| 5.39 5.57| 5.60
July | 10.64] 10.47| 10.70| 10.54] 8.24} 8.11] 8.31| 8.60|| 6.00| 5.85/ 6.16| 6.24
Aug. | 10.35| 10.34] 10.34| 10.56) 8.22| 8.52| 8.68| 8.75(| 5.91| 5.66) 6.24 6.36
Sept.| 9.37] 9.46] 9.40] 9.51|| 9.52| 9.52| 9.64] 9.73) 5.07 5.20( 5.26| 5.38
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TABLE 36

YieLps IN BUSBHELS PER ACRE OF 6 VARIETIES OF BARLEY GROWN AT 3 STATIONS
IN EacH oF 2 YEARS

Block | Man- | Gla- | Svan- | Velvet | Trebi | Peat- Station Year
No. | churia | bron sota land
1 20.2 | 44.6 | 33.9 | 36.7 | 41.2 | 38.5 .
2 256.0 39.1 39.4 41.0 31.9 29.6 | University Farm | 1931
3 26.8 | 46.56 | 32.1 | 42.0 | 36.6 | 30.2
1 19.7 | 28.6 | 20.1 | 20.3 | 19.3 | 22.3
2 31.4 | 38.3 | 30.8 | 27.5 | 22.4 | 30.8 | University Farm | 1932
3 29.6 43.5 31.4 32.6 45.5 31.1
1 47.5 55.4 44.5 56.9 63.9 41.2
2 52.2 53.4 46.0 40.6 63.8 51.5 Waseca 1931
3 46.9 | 56.8 | 61.5 | 63.2 | 63.8 | 63.0
1 40.8 44 .4 41.0 44.6 53.5 39.8
2 29.4 34.9 41.1 4] .4 44 .2 39.2 Waseca 1932
3 30.2 33.9 33.4 26.2 50.0 29.1
1 24.0 27.5 26.5 27.2 42.1 24.7
2 24.7 25.5 21.5 28.0 42.5 29.5 Morris 1931
3 33.6 33.3 29.3 23.2 46.7 35.4
1 29.6 36 6 27.1 35.9 40.0 35.7
2 34.1 34.3 35.7 33.9 46.9 41.9 Morris 1932
3 39.4 34.5 42.3 46.7 53.0 52.0

4. Find the 5%, points of F for the following values of n; and ng:

n ng
3 51
6 43
4 92

12 196
7 36

11 64

16 39

18 215

17 19

36 28

28 154

53 42
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5. Prove: (1) That %(f) - T¥n = i:;(z Y

(2) That the interaction for a 2 X 2 table is given by (z; + 23 — z3 —
z4)?/kn. See Section 7(g).
(3) That the sum of squares for the two subtotals T'; and T is given
by (Ts — Tb)2/N. See Section 7(e).
(4) That in a series of pairs the sum of squares for within pairs is
given by 3 Z(z — y)2. See Section 7(d).
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CHAPTER XII
THE FIELD PLOT TEST

GENERAL PRINCIPLES AND STANDARD DESIGNS

1. Soil Heterogeneity. The fact of soil heterogeneity as it affects
the yields of crops has been commented on by various writers. In the
agronomic test it is the chief source of error in comparing varieties, soil
and fertilizer treatments, and factors of a similar type. If soil hetero-
geneity was practically non-existent a single pair of plots would be suffi-
cient to make a comparison of two varieties, but even then it is doubtful
whether that condition would be highly desirable. By a sufficient
expenditure we might render a piece of soil completely homogeneous,
but by doing so we would partly defeat the purpose of the test which
is to determine the behavior of varieties and treatments under a limited
range of conditions. We would have selected one particular soil type
for our experiment and therefore restricted the area to which our results
would apply. The ideal agronomic test is one conducted on a piece of
land in which the range in soil type, etc., is the same as that in the dis-
trict to which the results are to be applied. Usually agronomic tests are
on soil that is much less subject to variation than the surrounding dis-
trict so that in general the results from them are considered as applicable
over too wide an area. This is not to argue that more variable soils
should be selected, for that might again defeat the purpose of the test
by rendering the results insignificant, but rather to point out the limita-
tions of the tests as ordinarily conducted and that the ideal cannot be
reached by any method of increasing the uniformity of the soil.

2. Replication. In order to obtain greater accuracy in field experi-
ments, the most effective method is to increase the number of replica-
tions. Increasing the plot size is also effective, but increasing replication
is much more so. In previous pages it has been pointed out that the
standard error of a mean is given by s/4/n, where s is the standard error
of a single determination and » is the number of determinations averaged.
It follows, therefore, that, in replicating field plots, the decrease in the
standard error of the mean of one variety or treatment is proportional
to the square root of the number of replications. This rule applies only if
the variation due to the replicates themselves is removed from the error,
but, as will be pointed out below, this follows naturally from the plan of
the test and the use of the analysis of variance.

142
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A most important consideration in the use of replications is that they
furnish an estimate of the error of the experiment, and this estimate can
be obtained in no other way. The error of the experiment arises from
the differences between plots of the same variety or treatment that are
not due to the average differences between the replicates. From this it
is clear that, if there is only one complete set of plots of all the varieties
or treatments, there is no possibility of obtaining a measure of random
soil variability that can be used as an error in tests of significance. In
terms of the theory which has been emphasized repeatedly in the previous
pages, the variance of the variety or treatment means is subject to test-
ing on the hypothesis that it has arisen purely from random variations
in the fertility of the field. Since the only way in which we can form a
reliable estimate of these random variations is to replicate the experi-
ment, it follows that without replication there is positively no method
of making a test of the significance of the variety or treatment differ-
ences.

3. Randomization. As pointed out above, the estimate of error is
taken from differences between plots that are treated alike. R. A.
Fisher states that ““ an estimate of error so derived will only be valid
for its purpose if we make sure that in the plot arrangement, pairs of
plots treated alike are not nearer together, or further apart than, or in
any other relevant way, distinguished from pairs of plots treated differ-
ently.” This point is obvious if we consider a simple replicated experi-
ment containing, say, 4 varieties, that we shall designate as A, B, C, and
D. Suppose, merely for purposes of argument, that the plots are square
and the arrangement of the plots in the field is as follows:

Replicate 1 A B C D
Replicate 2 4 B ¢ D
Replicate 3 A B ¢ D
Replicate 4 4 B ¢ D

The form of the analysis will be:
DF Variance

Replicates. ......... 3 r

Varieties. . ......... 3 v

Error.............. 9 e
Total.......... 15

and now, if there are no variety differences it can be expected that on
the average the variance v will be equal to the error ¢, and unless our
experiment is designed to make this true it is unbalanced, or in the
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usual terminology it is subject to a bias. On this basis it is possible to
picture the situation with respect to bias in this simple experiment, on
varying the location of the plots with respect to distances between plots
of the same variety and plots with different varieties. In the first place,
suppose that the replicates are only 1 foot apart so that there is for ex-
ample only a space of 1 foot between the plot of A in the first replicate
and the plot of 4 in the second replicate. Then between the plots of
different varieties there are 6-foot buffer plots of some other crop. This
situation presents a very obvious bias in that the plots of different
varieties are farther apart than plots of the same variety. The result is
that, if there are no differences between the varieties, the variance v will
on the average be larger than e. This very proposition was recognized
by agronomists at an early stage in the development of field plot tests,
and as a remedy for it suggestions were made as to the distribution of the
plots in a systematic manner over the whole field. These suggestions,
however, did not take into consideration the possibility of a bias in the
opposite direction to that of the design outlined above. That such a
bias is a distinct possibility has been shown by Tedin (10), in an exten-
sive study of data from uniformity trials. A bias in the direction that
tends to make the error too large, and the variety or treatment variance
too small, is in effect just as disastrous as the opposite type of bias, as
it means that, on the average, certain significant effects will be over-

looked.
A systematic type of distribution of the plots might be as follows:

y: | B c D

C D A B
A B c D
c D 4 B

and it will be noted that the plots of the same variety are scattered
widely over the field. This is the type of arrangement that is likely to
result in an error that is too large, but, disregarding that point, there
is another type of bias common to all systematic arrangements. This
may be referred to as an intravarietal bias, in that comparisons between
different pairs of varieties are not of equal precision. For example, in
both of the systematic arrangements that we have outlined above, the
varieties A and B occur on adjacent plots in every replication while
the varieties A and D are on the average farther apart. This is a very
undesirable feature of such experiments, for if a single error is used for
the whole experiment it means that real differences between the varieties
that are close together may be overlooked and other differences that
actually do not exist may be judged significant.
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From the above discussion it may appear to the reader that the
field plot test is extremely complicated and difficult to set up in such a
way that there is no bias. Actually, all these difficulties may be very
easily overcome by the simple process of arranging the varieties at ran-
dom in each replication. Thus, instead of either of the arrangements
that have been outlined, we would make up one as follows, in which the
positions of the varieties are determined entirely at random.

Away
U aQwa
CECRNEN
abyw

Then, regardless of the size or shape of the plots, it can be proved either
mathematically or by actual trial that, in a series of such tests, using a
different random arrangement each time, the variance v will on the aver-
age be equal to the variance e. Details of the methods used for randomi-
zation are given in Chapter XVI.

4. Error Control. In replicated experiments, the differences between
the plots of any one treatment are due in part to experimental error and
in part to the average differences between the replicates. The latter is
not relevant to the comparisons we wish to make, as each treatment is
represented by one plot in each replicate or block. The variance due
to blocks is therefore removed from the error, and, the larger the propor-
tion of the total variability that is removed, the more accurate the expertment.
This has a very important bearing on the plan of an experiment, espe-
cially in relation to the shape of the blocks and of the plots. The differ-
ences between long narrow plots, when they are placed side by side, are
usually less than those between square plots, and similarly for blocks,
and since we want the differences between plots as small as possible and
the differences between blocks as large as possible, the ideal plan is one
which combines long narrow plots with square blocks. Practical con-
siderations limit the shape of the plots, however, and consequently limit
also the shape of the blocks; but, if we keep this fundamental principle
in mind in drawing up experiments, the greatest possible efficiency will
be obtained.

The arrangements for error control by means of replication differ
according to the plan of the experiment. There are two fundamental
plans, randomized blocks, and the Latin square. Others that will be
described later may be referred to as special types in that they are to a
certain extent modifications of the fundamental types, and especially
adapted to certain purposes.
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\/g: Randomized Blocks. This plan is the simplest of all the types in
which any measure of error control is obtained. It is illustrated in the
following diagram, which represents an experiment with 8 treatments
in 4 blocks.

G A HD E D H A
1 111
F C E B
B HDF c
II v
C E A @ E D B H

In the general case let k represent the number of blocks and n the number
of treatments. Then the equation for sums of squares is:
(1) @) ® “4)

nk k n nk

?(x —Z2=n ?(ih - 22+ k ?(:i. - 2?2+ ?(dz) (1)
where %, is the mean of a block and %, is the mean of a treatment. The
last term on the right is actually ”%(x — i — %, + %)%, but is abbre-

viated for convenience. The corresponding equation for degrees of

freedom is:
o)) (@ @) (@

nk—1=(—-1)+@®—-1)+ @n-—1k-—1) (2)
In calculating the sums of squares the following formulae are the most
convenient.

(1) Total 3‘,‘(1: -2 = "Et(xz) — T?/nk T = grand total
! ! for all plots

@) Blocks n3(z — 2? = 2(T2)/n — T?/nk T, = total for
! ! one block

(3) Treatments k 3,‘(2.—— z)2 = f}(Tf)/k — T2/nk T, = total for
! ! one treat-
ment

nk
(4) Error 2(d?) = (1) —(2) - 3) Subtract
! blocks and
treatments
from total.
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The analysis of variance is set up in the usual way.
The standard error of the experiment is given by

_ @
s—\/(k—l) (= 1) ®)

and for the mean of one treatment

o = —\—}; )

6. The Latin Square. The following diagram illustrates a 5 X 5
Latin square where the letters represent the treatments.

RSN
AW
SIENEEORN
QA bty
TaQwh

Note that the plots are arranged in 5 rows and 5 columns, and that there
must be the same number of treatments as rows and colurnns. The
treatments are placed at random, subject to the restriction that a treat-
ment can occur only once in any row or column.

Let n represent the number of rows, columns, and treatments, and
the equations for the sums of squares and degrees of freedom are as
follows:

2o — 92 = 3@ — 32+ n3@ — B2 + n 3@ — 2+ 2@) ©)
where Z, and Z. represent the means of rows and columns respectively.

M@-1)=m-D+m-1D+n—-1))+m-—-2)(n—1) (6)
The calculations for sums of squares are:

(1) Total 3z — 5)? = 2(a2) — T2/n? T = grand total of
' ! all plots

(2) Rows n%(a‘:r — 2= %(T?) /n—T2/n? T, = total for one
row

(3) Columns nﬁ(a‘:, - 5)?= é(Tﬁ)/n — T2/n2 T. = total for one
! ! column
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(4) Treatmentsn %(5, —Z2= .;:‘,(T%) /n— T2/n? T, = total for one

treatment
(5) Error $(@) = (1) —(2) — 3) — (4)  Subtract, rows,
! columns, and
treatments
from the
total.
The standard error in a Latin square is given by
Z(d?)
= 7
y \/<n—2)<n—1> @
And for the mean of one treatment
8
m = = 8
8 v )

The Latin square gives error control in two directions across the field,
so that soil gradients are always taken care of. For a few treatments it
is a very efficient type of experiment, and it is very doubtful that a
better one can be devised. When the number of treatments are more
than 8 the Latin square is cumbersome and a point is soon reached
where the increase in accuracy does not warrant the added labor.
Moreover, as the number of treatments are increased the rows and col-
umns become longer in proportion to their width and a point is reached
finally where further accuracy through error control is not obtained.

Example 83. Randomized Blocks. Table 37 gives the yields of 6 wheat varieties
obtained in an experiment consisting of 4 randomized blocks. The marginal totals
are given in the table so as to facilitate calculation.

TABLE 37

YieELDS IN BUuSHELS PER ACRE BY BLOCKS
OF 6 WHEAT VARIETIES

Blocks Variety

1 2 3 4 Totals

A 27.8 27.3 28.5 38.5 122.1

B 30.6 28.8 31.0 39.5 129.9

c 27.7 22.7 34.9 36.8 122.1

Varieties D 16.2 15.0 14.1 19.6 64.9
E 16.2 17 0 17.7 15.4 66.3

F 24.9 22.6 22.7 26.3 96.4

Block Totals. 143.4 133.3 148.9 176.1 601.7
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Calculating the sums of squares we have:

Total Z(2?) — T?/nk = 16,460.05 — 15,085.12 = 1374.93
Blocks Z(Ty?)/n— T?/nk = 15,252.48 — 15,085.12 = 167.36
Varieties Z(T,%) /k — T?/nk = 16,147.87 — 15,085.12 = 1062.75
Error = 1,374.93 — 167.36 — 1062.75 = 144.82
The analysis of variance is then as follows:
Sum of i 5% Point
Squares DF Vi ce F of F
Blocks............ 167.36 3 55.79 5.78 3.29
Varieties. ......... 1082.75 5 212.50 22.0 2.90
Error............. 144.82 15 9.6565
Total......... 1374.93 23

The block and variety differences are seen to be significant, and if we wish to compare
any two varieties we make use of the standard error.

8 = V0656 = 3.122 8 = ?_\1/_2_22 = 1.561

The standard error of a difference between the means of any 2 varieties is then
1.561 X /2 = 2.21. Now suppose that we wished to compare varieties D and F
for which the means are 16.2 and 24.1 respectively. The difference is 7.9 and we have

T 221

From Table 94 we note that for 15 degrees of freedom ¢ = 2.95 at the 1%, point,
so that the difference between the 2 varieties is very significant. We take ¢ for
15 degrees of freedom corresponding to the number of degrees of freedom available
for estimating the error variance. Unless the degrees of freedom are decidedly
limited a short cut can be employed for testing significance. From Table 94 we
note that ¢ at the 5%, point is approximately 2. Therefore a significant difference
will be 2 X v/2 X 8n = 2.82 8,,. Roughly a significant difference is 3 8.

Example 34. The Latin Square. The following is a plan of a Latin square
which was used to test the efficiency of different methods of dusting with sulphur
in order to control stem rust of wheat. The key to the treatments is given with the
pan.

¢ = 3.57

Columns KEY T0O TREATMENTS
1 2 3 4 5 A = Dusted before rains.
I B DEAC B = Dusted after rains.
Rows IIII IE) g g B E D = Drifting once each week.
\" D A
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All applications were 30 pounds to the acre at each treatment. Drifting means
that the dust was allowed to settle down over the plants from above. In the ordinary
procedure the sulphur is forced down among the plants by a blast of air.

The plot yields in bushels per acre are given in Table 38. The figures in the table
correspond with the position of the plots in the above plan.

TABLE 38
ProT Y1ELDS IN BUSHELS PER ACRE
Columns Row TREATMENT
1 2 3 4 5 Totals ToraALs
A 34.2
I 4.9 6.4 3.3 9.5 11.8 35.9
I | 93| 40| 6.2| 51| 5.4/ 30.0 B 32.3
Rows III 7.6 |15.4 6.5 6.0 4.6 40.1 C 65.6
IV 6.3 7.6]13.2 8.6 4.9 39.6 D 30.8
A’ 93| 6.3{111.8]15.9| 7.6| 50.9 :
E 24.6

Column
Totals 36.4 39.7 41.0 45.1 34.3 196.5
In order to obtain the treatment totals we must select the yields according to
the position of the treatments in the plan. Thus for treatment B we have 4.9 4 7.6
+ 6.2 4+ 6.0 + 7.6 = 32.3. Finally we have all the treatment totals as given in
Table 38.
The calculations are as given below:

3
(1) Total %)(z’) — T%/n? = 1829.83 — 1544.40 = 285.34
(2) Rows %}(Tf)/n — TP/n? = 1591.16 — 1544.49 = 46.67

n
(3) Columns S(TH/n — T?/n? = 1558.51 — 1544.49 = 14.02
1

(4) Treatments f:;(TE)/n — T?/n? = 1741.10 — 1544.49 = 196.61

(8) Error =(1)—(2)—@B)—(4) = 28.04
Then the analysis of variance is:
Sum of . 5% Point
Squares DF Variance F ?,f F
Rows......ooonnnn. 46.67 4 11.67 4.99 3.26
Columns........... - 14.02 4 3.50 1.50 3.26
Treatments. ........ 196.61 4 48.62 20.8 3.26
Error.............. 28.04 12 2.34
Total............ 285.34
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7. Factorial Experiments. As the name denotes, in factorial experi-
ments, an attempt is made to study the various treatment factors. Thus
an experiment designed to study, at the same time, rate and depth of
seeding of a cereal crop would be a factorial experiment in which the 2
factors, rate and depth of seeding, are represented at 2 or more levels.
We may use, for example, 3 rates and 3 depths, giving us in all 9 treat-~
ment combinations. Usually, there are more than 2 factors, as it is
easily seen that the greater the number of factors the greater the scope.
and inductive value of the experiment. The experiment on rates and
depths, for example, might well be conducted with more than 1 variety,
asg it is conceivable that results obtained with 1 variety might not apply
to others. In factorial experimentation, therefore, the study of the
interactions is a very important consideration and, until the advent of
the development of a suitable technique, was very frequently completely
overlooked.

The introduction of factors is of course limited by space and the cost
of experimentation, and, in addition, it is easy to add so many factors
that the analysis becomes rather complex. If we have to study all the
possible combinations in an experiment with 4 factors at 3 levels each,
we must have 81 different combinations. The addition of another factor
at 3 levels would increase the number of combinations to 243, at which
point the experiment would become extremely unwieldy, and since the
blocks would be very large, error contral would not be highly efficient.

If all the factors are of equal importance, the obvious method is to
make up the total number of combinations and randomize them indis-
criminately in each block. We shall see later that with this plan con-
siderable increases in precision can be obtained by a process of splitting
up the replicates into smaller units and confounding with these smaller
blocks certain relatively unimportant degrees of freedom. In many
cases the factors are not of equal importance and very efficient use can
be made of the split plot design, in which more than one error variance
is obtained, each one appropriate for testing certain comparisons.

8. Split Plot Experiments. An experiment was conducted in 1932 on
the experimental field of the Dominion Rust Research Laboratory, which
is a good example of the split plot type. This particular study was de-
signed to determine the effect on the incidence of root rot, of variety of
wheat, kinds of dust for seed treatment, method of application of the
dust, and efficacy of soil inoculation with the root-rot organism.

The plan of the experiment with the key to the treatments is given
below and is sufficient to indicate how the experiment was worked out.
Two varieties of wheat, Marquis and Mindum, were used. These vari-
eties were planted in 4 blocks, half of each block being sown to one variety
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and half to the other. The strips were then divided into 10 plots each.
With 5 different kinds of dust and 2 methods of application, dry and wet,
there were 10 different treatments, and one of these was assigned at
random to each plot in each strip. The plots were then divided length-
wise and on one half the seed was sown with inoculated soil and on the
other half with uninoculated soil. The final result was as shown in the
plan of the experiment. It will be noted that the disposition of varieties,
dust treatments, and soil treatments is purely at random throughout
the experiment.

In order to analyze this experiment it is necessary to sort out the
degrees of freedom corresponding to the various components of the test.
In the first place, for the 160 plots there is a total of 159 degrees of free-
dom. The 160 plots are in pairs, one of each pair being inoculated (I),
and one uninoculated (U). A convenient initial classification of the
degrees of freedom (DF) is to consider the field as made up of 80 pairs
of plots, and since there is one DF within each pair, we have

Between 80 pairs 79 DF
Within “ 80 DF 9)

Total 159 DF

Then, proceeding to the splitting up of the DF of these two components,
and dealing first with the 79 DF for between pairs, we note that the units
now are plots exactly twice the size of the original plots, and the DF can
be analyzed out without any reference whatsoever to the fact that vhe
plots are divided into I and U portions. If the experiment is considered
first as a test of 10 treatments replicated 8 times, the analysis would be as
follows:

Blocks 7 DF
Treatments 9 DF (10)
Error 63 DF

But the experiment is not actually replicated 8 times, as 4 of these blocks

PLAN OF A SpriT PLoT EXPERIMENT

1 2 3 4 5 6 7 8 9 10

Marquis | 5. | 413 | 8| 7|1 |9 |1W0]2]6
MUl yr|vur|vr|ur|1u|urj{1v|uI|Iv|Iv

Mindum | 8] 2 | 8103 |41 |7 |5/09
mdum A yylur|vililv|vl|I1vu|{Iv|UI|1IU]|UI
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PLAN oF A SpriT ProT EXPERIMENT—Conttnued
1 2 3 4 5 6 7 8 9 10

Marquis |2 | 20| 4|2 |1 |5 |7]|6]3]S8
IV|(IU|IU|IU|UI|IU|IU|UI|IU|IU
11
Mindum 6 9 2 5 1 8 10 4 3 7
vi|ui|rv|Iivlvui|iu|vur|lur|1vu UIJ
Mindum | 10| 8 [ 9| 1 | 7|5 |2 |38/|4]sS8
Iv|{iv|lvur|vl|lvilur|vilivu|vUul|UI
1
Morquis | & | 8 |1 |23 |67 9 10]8
vi|livl|rv|viliv|Iu|vur|Uur|vulIllvU
Mindam | 4 | 8|95 1|38 10f2 6]|7
indum ' gyl yr|1v|vIlIvU|IU|UI|IU|IU]|UI
v
Marcuis | B |10 3 124571/ 6]|0%9
arquis \yy|vur|ivl|Iiv|vurlivu|vUl|1U|UI|UI

Key to Treatments

I = Inoculated soil.
U = Uninoculated soil.

1. Dry, Ceresan. 2. Wet, Ceresan.
3. “ Semesan. 4. “ Semesan.
5. “ DuBay. 6. “ DuBay.
7. ¢ Check. 8. “ Check.
9. ‘“ CaCos. 10. “ CaCos.

are sown to Marquis wheat and 4 to Mindum wheat. The 7 DF for
blocks contain, therefore, 1 DF for varieties and 3 DF for the interaction
of varieties with blocks, where the blocks consist now of two sets of all
the treatments, one set with Marquis wheat and one set with Mindum
wheat. The 3 DF for the interaction of varieties with blocks obviously
represent the error for determining the significance of the differences
between the varieties. The final disposition of the 7 DF as given in
(10) is therefore: -
Blocks 3 DF

Varieties 1DF (11)
Error (1) 3 DF

We take next the 9 DF as given in (10) for treatments. The key to
treatments shows that there are 4 different dusts and 1 check, so that
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we have 4 DF for treatments. Then each dust is applied dry (D) and
applied wet (W), so that we must have 1 DF for D W. The remaining
4 DF represent the interaction of dusts with D W, so that the 9 DF are
finally split up as follows:

Dusts 4 DF
DW 1 DF (12)
Interaction 4 DF

The effect of the varieties (V) on the factors given in (12) must also be
considered; therefore we must have in the 63 DF for error given in
(10):

V X Dusts 4 DF
VXDW 1 DF (13)
V X Dusts X DW 4 DF

The 9 DF represented in (13) must obviously come out of the 63 DF for
error as given in (10), so that there are actually only 54 DF representing
true error. Finally the complete disposition of the 79 DF for between
pairs of plots can be shown as follows:

Blocks 3 DF
Varieties 1 DF } Group (1)
Error (1) 3 DF
Dusts 4 DF
DWwW 1 DF
Dusts X DW 4 DF
V X Dusts 4 DF} Group (2)
VXDW 1 DF
V X Dusts X DW 4 DF
Error (2) 54 DF
Total 79 DF

Error (2) is applicable to all the factors in the second group.

TABLE 39
Pror YiELDps IN A SpLiT PLOT EXPERIMENT
1 2 3 4 5 6 7 8 9 10

64168 (687162735667 |78(69167|66|7164|64(75|70 (66|67 |65

7669166727581 172]71|70|72|7367 (727072 (8576 (70|71 |74
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Pror YieLps 1IN A Spurr Pror ExpERiMENT—Condinued
1 2 3 4 5 6 7 8 9 10

6616363 |51 |58)|64160)|57]|565|60 |53 (6173|5659 55|47 (58]64 |65

54|74)|73(72|73|64|79|68|68|72]76|69|66|78|67|63[{69(74]|73|76

83(73168(60(82|79 (73|81 |84(94|77(76(74|77|76|73[69(70]75(|88

511569 |57|57|63|60|5761|63|65|64[61{60(65|56|67|61|74(73 |56

63(72|72|83)78169|70|66|60(66|68|70(63|68|64|61|59|63|65|77

60169|60(67|67]|52|6156)61/69|68|62|60|72|57|54|58|58]64(65

Considering now the 80 DF for within pairs, the first point to note is_
that, since these 80 DF represent only differences between members of
pairs of adjacent plots, they do not contain any direct effects due to
blocks, varieties, or dust treatments. The differences between such
plots do represent, however, the effect of I and U corresponding to 1 DF.
The first split up of the 80 DF is therefore:

I1U 1 DF
Remainder 79 DF (14)

Total 80 DF

The 79 DF for the remainder must contain the DF representing the inter-
action of I U with all the other factors as given in Groups (1) and (2);
hence we can set these down in order.

ITXYV 1 DF
I U X Dusts 4 DF
ITUXDW 1 DF
IUX Dusts X DW 4 DF} (15)
IU X V X Dusts 4 DF
ITXVXDW 1 DF

Total 15 DF |

Note that we have left out (I U X Blocks) and the quadruple interaction
(IU XV X Dusts X DW). The former belongs to error, and the latter
is very unlikely to be significant, and even if it might turn out significant,
its interpretation would probably be too complex to have any practical
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bearing on the use of the treatments. The final analysis of the 80 DF
for within pairs can now be written down:

10 1 DF
ITXV 1 DF
IU X Dusts 4 DF
ITXDW 1 DF
IU X Dusts X DW 4 DF\ (Group (3)
IU X V X Dusts 4 DF
ITUXVXDW 1 DF
Error (3) 64 DF
Total 80 DF

The three groups may be placed together as one complete analysis or
dealt with separately. It will usually be found most convenient in
checking calculations to consider the three groups together in one com-
plete analysis.

After completing the sorting out of the DF the next step is to draw
up the tables from the actual data that are necessary for calculation of
the sums of squares. In the first place a table such as Table 39 is
required, giving the data for the individual plots in a plan corresponding
to the plan of the experiment. Comparing the table and the plan we
can then draw up Table 40, which is a series of small tables required for
calculating the sums of squares.

The following is an outline of the analysis of variance for the whole
experiment, with figures in the fifth column indicating the calculation
tables from which the corresponding sums of squares are obtained.

From Table 39 we calculate the total sum of squares for all the plots.
Then from the calculation Table 12, for the differences within pairs of
plots, we determine the sum of squares for the 80 DF representing within
pairs. Subtracting this from the total sum of squares gives the sum of
squares for 79 DF representing Groups (1) and (2).

We proceed next to calculate, from the tables, the sums of squares as
indicated in the outline of the analysis of variance, leaving items error
(2) and error (3) to the last. From the sum of squares representing
within pairs for 80 DF, we subtract the first seven items in Group (3).
The remainder is the sum of squares for error (3). From the sum of
squares for between pairs (79 DF) we subtract the total for group (1)
and the first six items in Group (2). The remainder is the sum of
squares for error (2).

The method of calculation of triple interactions has been described in
a previous chapter.
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Variance
Sums of DF or Mean Calculation
Squares Square Table
BlockS. .....oooveeiiieaeinnn.. 989.6 3 329.9 1
Varieties (V)..................... 3638.6 1 3638.6 1
Error (1)....oovvi it 647.6 3 215.9 1
Dusts................... ....... 087.6 4 246.9 2
Dryvs. Wet (DW).............. 117.3 1 117.3 2
Dusts X DW.................. 46.2 4 11.6 2
VXDusts..............oovvu... 146.7 4 36.7 3
VXDW.. ... 91.5 1 91.5 4
VXDusts X DW.............. 148.1 4 37.0 5
Error 2)..............o . 1059.1 54 19.6
Inoculated vs. Uninoculated (I U).. 965.3 1 965.3 6
IUX V.o 0.3 1 0.3 6
IUXDusts................... 379.8 4 95.0 7
IUXDW. ... 68.9 1 68.9 8
TUXDusts XDW............. 25.8 4 6.4 9
IUXVXDusts ............. 119.4 4 29 .8 10
IUXVXDW............... 3.9 1 3.9 11
Error (3)....ovvn i 931.1 64 14.5
C Total.........eii L 10,366.8 159
TABLE 40
SERIES OF SUBTABLES FOR CALCULATING SUMS OF SQUARES
Number Blocks
I 1I III v
1) Ma 1351 I 1178 1229
Mi 1454 1408
Ma + Mi 2805 2586 10,739
Ma — Mi —-103 —230
Ce Se Du Ch Ca
@) D 1044 l 1059 1062 I
w 1039 1045
D+ W 2083 2104 10,739
D-W b 14
Ce Se Du Ch Ca
(3) Ma 970 ' 988 967
Mi 1113 1116
Ma + Mi 2083 2104 10,739
Ma — Mi -143 —128
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Number

4)

Ma
5)

Mi
(6)
(7)
®

D
9

w

THE FIELD PLOT TEST

TABLE 40—(Continued)

Serizs oF SUBTABLES FOR CALCULATING SUMS OF SQUARES

5,751

Blocks
D w
Ma 24908
Mi 2940
Ma + Mi 5438 10,739
Ce Se Du Ch Ca

D 482 487 480 l
w 488 501
D+ W 970 088
D-W -6 —14
D 562 572 582 l
w 551 544
D+W 1113 1116
D-W 11 28

Ma Mi
I 2594
U 2394
I+U 4988 10,739

Ce Se Du Ch Ca
I 1069 1070 1054
U 1014 1034
I1+U 2083 2104 10,739
I-U 55 36

D w
1 2791
U 2647
14U 5438 10.739

Ce Se Du Ch Ca
1 531 536 533
U 513 524
I14+U 1044 1059 5,438
I1-U 18 11
I 538 535 521
U 501 510
I14+U 1039 1045 5,301
1-U 37 25

4,988
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TABLE 40—(Continued)

SeRrIBS OF SUBTABLES FOR CALCULATING SUMS OF SQUARES
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Number Blocks
Ce Se Du Ch Ca
Ma I 498 507 480
U 472 481
(10) I1+0 970 988 4,988
I1-TU 26 26
Mi I 571 563 574
U 542 553
14U 1113 1116 5,751
I-U 29 10
Ma Mi
D w D w
(11) I 1289 1502
U 1209 1438
I4+U 2498 4,088 2940 5,751
DIFFERENCES BETWEEN PAIRS oF PLOoTS
(12) 4 3 11 11 9 1 7 1 4 2
7 6 6 1 2 6 2 13 [ 3
3 12 6 3 5 8 17 4 11 9
20 1 9 11 4
ABBREVIATIONS
Dusts: Varieties Soil Treatment
Ce (Ceresan) Ma (Marquis) I (Inoculated)
Se (Semesan) Mi (Mindum) U (Uninoculated)
Du (DuBay) Method of Applying Dust
Ch (Check) D (Dry)

Ca (Caleiugp carbonate)

W (Wet)
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CONFOUNDING IN FACTORIAL EXPERIMENTS

9. Orthogonality and Confounding. F. Yates (16) has given the
following definition of orthogonality. Itis ‘“ that property of the design
which ensures that the different classes of effects shall be capable of
direct and separate estimation without any entanglement.” Thus, in
a randomized block experiment, the treatments are orthogonal with
blocks in that the effects of each are capable of direct and separate esti-
mation. This orthogonality is accomplished in the design by seeing to
it that each block contains the same kind and number of treatments.
If by any chance some of the plots in one or more of the blocks are lost,
non-orthogonality is introduced, and special methods may be required
in order to separate the treatment and block effects. These methods,
which have been worked out and described in some detail by Yates,
require additional computation, and sometimes the whole procedure may
be rather laborious. Consequently in designing an experiment we make
every effort to keep within the requirements of orthogonality. Insimple
experiments this presents no difficulty, but in more complex ones for
which a new design is being worked out it is quite easy unwittingly to
introduce an element of non-orthogonality. New designs, therefore,
require careful scrutiny before they are put into practice.

In factorial experiments involving a fairly large number of combina-
tions, non-orthogonality is sometimes introduced deliberately, and this
process is now referred to as confounding. The purnose of confounding
in general, as we shall see later in more detail, is to increase the accuracy
of the more important comparisons at the expense of the comparisons
of lesser importance. In many instances, however, although a certain
portion of the information concerning the comparisons of lesser impor-
tance is sacrificed, the precision with which all the effects are estimated
is increased to a point such that even the partially confounded compari-
sons are more accurately estimated.

The student should at this point make quite certain of the meaning
of confounding, and a few elementary illustrations may be of assistance.
Suppose that three fertilizers N, P, and K are being compared at 2 levels
of each, so that we have 8 different combinations that we shall designate
by NoPoKo, NoPoK,, NoP1Ko, N1PoKo, NoP1K1, N1PoKi, N1P,K,,
and NP, K, where the subscript numbers refer to the amounts or dosage
of each kind of fertilizer. Since NoPoKo means that no fertilizer is
applied, and NoPoK; means that only K is applied, these terms may be
abbreviated to O, K, P, N, PK, NK, NP, and NPK. In these 8 com-
binations it will be noted that we have 4 without N and 4 with N. If
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now we divide the blocks ordinarily containing 8 plots into halves such
that one half contains the treatments O, K, P, PK and the other half
N, NK, NP, NPK, then the effect of N which may be represented
algebraically by (N1 — No) is completely confounded with block effects.
The other main effects are still orthogonal with the blocks. For example,
in each block we have 2 plots containing P and 2 plots that do not
contain P. We would not consider a design of this type in actual
practice, as it defeats what is obviously one of the main purposes of
the experiment. Assuming, however, that accuracy can be gained by
reducing the size of the blocks, it may be worth while to examine all the
comparisons to see whether certain of these may be deemed sufficiently
unimportant to be sacrificed in order to increase the precision of the re-
maining comparisons.

The treatment effects may be set out as follows with the correspond-
ing degrees of freedom.

N 1 DF

P 1 DF Main effects, 3 DF

K 1 DF

NXP 1 DF

NXK 1 DF  Simple interactions, 3 DF
PXK 1 DF

NXPXK 1DF Triple interaction, 1 DF

To the best of our judgment the triple interaction N X P X K would
seem to be the least important. At least, even if significant in effect it is
the most difficult to interpret in terms of actual fertilizer practice. We
shall decide, therefore, to confound this one degree of freedom with
blocks, and it remains only to determine the distribution of the treat-
ments ih the blocks in a manner which will confound this one comparison
and leave all the others intact. Algebraically, all the treatment effects
can be represented as follows—

N = (N1 — No) (K1 + Ko) (P1 + Po)
P = (N1 + No) (K1 + Ko) (P1 — Po)
K = (N1 + No) (K1 — Ko) (P + Po)

N X P = (Ny — No) (K1 + Ko) (P — Po)
N X K = (N, — No) (K1 — Ko) (P1 + Po)
P X K= (N; + No) (K1 — Ko) (P; — Py)
NXPXK=(N1—NQ)(K1'-Ko)(Pl—'PO)
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and on expanding the last expression we have—

+NoPoK, + N1P,K; 4+ NoP1Ko + N1PoKo
—NoPoKo — N1P1Ko — NoP1K; — N1PoK;

{+K+NPK+P+N }

NXPXK={

or —0 — NP — PK — NK

This means simply that, if we let the symbols represent the actual yields
from the corresponding plots, the sum of squares for the triple inter-
action will be given by

%[(N+P+K+NPK)—(O+NP+PK+NK)]2

where k is the number of plots represented in each total such as (O + NP
+PK + NK). Now if we divide each replication into 2 blocks and in
one of these put the treatments O, NP, PK, NK, and in the other,
N, P, K, NPK, then the above sum of squares will contain not only the
triple interaction effect but also the effect of the blocks. The 1 degree of
freedom for triple interaction will have been completely confounded
with blocks. The analysis of variance for the experiment, assuming
4 replications, will be of the form

Blocks............coiiiiiiialn 7 DF
Maineffects. . ................. 3 DF
Simple interactions. ............ 3 DF
Error.........cciiiiiiiiia. 18 DF

Total...............ic..tn 31 DF

Since 7 DF have been utilized for error control instead of 3 as in an
ordinary randomized block experiment, with a moderate degree of soil
heterogeneity, it may be expected that the remaining effects will be
estimated more accurately by the confounded experiment than by the
randomized blocks.

10. Partial Confounding and Recovery of Information. The pro-
cedure illustrated above resulted in the complete sacrifice of the infor-
mation on the triple interaction, and it may be argued that, regardless
of the apparent unimportance of the information sacrificed, this is not
good experimental procedure in that the experimenter is taking too much
for granted in attempting to forecast a result on which he has no previous
information, and using this as a basis for the experimental design. The
difficulty can be overcome by a process known as partial confounding,

which amounts to confounding different degrees of freedom in different
replications and using the results from the blocks in which the particular
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effects are not confounded to recover a portion of the information de-
sired. In order to partially confound the experiment described above
and at the same time recover a portion of the information on all th'e com-
parisons, we shall require at least 4 replications. In each reph(fa.tlon
we can confound with blocks a degree of freedom from one of the inter-
actions. The method of laying out the treatments in the blocks is ob-
vious if we expand algebraically each of the expressions for the inter-
actions. Thus )

K+NPK+ P+ N
I WXPXE)=M;-NoPr-P&—Ko = ( TR TVEY 0™ vk

(
(+ 0+ NP+ K+NPK)
(
(

II (NXP) = (N1~ No)(P1—Po)(K1+Ko) = —N— P-—NK—. PK

+0+ NE+ P+NPK)
_N- K-NP~- PK

+0+4+ PK+ N+NPK)
-P— EK-NP- NK

III (NXK) =(N1—No)(P1+Po)(K1—Ko)=
IV (PXK) =(N1+No)(P1—Po)(K1—Ko)=

Then in the first replication we can confound the triple inters,ctif)n a.,nd
conserve it in all the remaining replications. In the second rep.hc.atlon
we can confound the simple interaction N X P and conserve it in all
the remaining replications. With 4 replications we can confound each
interaction in 1 replication and conserve it in all the others. o

In recovering information with respect to the interactions it will, of
course, be necessary to make the desired comparisons only in those
replications in which the particular interaction is not confm.mded.. Tl.ms
if we are computing the sum of squares for N X P we omit replication
II entirely and make up our totals from the other three. The final
analysis will be of the form:

Blocks.............ooiiiiii, 7 DF
Main effects. . ................. 3 DF
Simple interactions............. 3 DF
Triple interactions.............. 1 DF
Error...........ciiiiiii., 17 DF

Total......oovvviviinnnn.. 31 DF

The result of this procedure is to sacrifice one-quarter of the information
on each interaction, but the main effects and that portion of the informa-
tion with respect to the interactions that is recovered may be estimated
with greater accuracy.

Using a set of figures from uniformity data the procedure for designing
and analyzing a partially confounded 2 X 2 X 2 experiment is illus-
trated in Example 35.
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Example 35. Partial Confounding in a 2 X 2 X 2 Experiment.

TABLE 41

PraN or Frerp SHOwING LocATION OF TREATMENTS AND CORRESPONDING YIELDS,
FOR A ParTiarLy CoNFOUNDED 2 X 2 X 2 EXPERIMENT

Replication | Treat- { .. Treat- | «. Treat- | . Treat- | «,.
No. ment Yield ment Yield ment Yield ment Yield
NK | 159 P | 1583 0| 145 K 189
0| 179 || NPK | 202 PK | 191 P 272
I PK | 1356 N | 153 NK | 300 N 160
NP | 130 K| 182 NP | 240 || NPK | 306
603 690 876 926 | 3,096
NPK | 155 N | 191 0| 226 P | 266
NP | 129 NK | 138 K | 169 NK | 300
II K | 151 P | 188 || NPK | 240 PK 233
0| 159 PK | 210 NP | 182 N 278
594 727 807 1077 | 3,208
P | 154 K | 143 P | 186 N 209
NK 77 NP | 119 || NPK | 173 K 93
III 0 92 N | 115 0o} 170 PK 224
NPK | 128 PK | 179 NK | 213 NP 245
451 556 742 771 | 2,620
N | 113 P | 136 PK | 182 K | 293
PK | 127 NK | 197 O| 175 NK | 226
14' NPK | 185 K | 182 || NPK | 156 NP 248
0| 148 NP | 212 N | 183 Pl 269
573 727 696 1036 | 3,032
11,852

Table 41 gives the location of the treatments in the field and the corresponding
yields. The latter were taken from uniformity data as the results from an actual

experiment were not available.

Note that the replicate numbers (actually two

replicates) correspond with the numbers given opposite the expansion of the inter-
actions on page 163. Thus in replicate I the triple interaction NXPXK is con-
founded with blocks, and so forth for the other interactions in the remaining replica-
tions. Within each block the treatments are assigned to the plots at random.

In Table 42 the treatment totals are arranged in a convenient form for the
calculation of sums of squares. For example, in calculating the triple interaction
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TABLE 42

TREATMENT ToTALS REQUIRED FOR CALCULATION
OF SuMs OF SQUARES

All Minus Minus Minus L'{inus

Treatment L. Replication | Replication | Replication | Replication

Replications I 11 I v

0 1294 970 909 1032 97
N 1402 1089 - 933 1078 1106
P 1624 1199 - 1170 1284 1219
K 1392 1021 - 1082 1156 917
NP 1505 1135 1194 1141 1045
NK 1610 1151 1172 1320 1187
PK 1481 1155 1038 1078 1172
NPK 1544 1037 - 1149 1243 1203

N X P X K we must use the totals from the replicates in which this interaction is
not confounded. These are given in the third cglumn, and we find

NXPXK = (1021 41037 4 1199 + 1089 — 970 — 1135 — 1155 — 1151)2/48 = 88
Similarly the interaction P X K is calculated from the totals in the sixth column
P X K = (1219 + 917 + 1045 + 1187 — 971 — 1172 — 1106 — 1203)%/48 = 147

The main effects are of course calculated from all the replicates, so we make use of
the totals in the second column.

TABLE 43

CoMPLETE ANALYSIS FOR PARTIALLY CONFOUNDED
2 X 2 X 2 EXPERIMENT

Sums of DF Mean

Squares Square
Blocks.............. 112,462 16 7,497
N.ooooooooi oo 1,139 1 1,139
P 3,249 1 3,249
K., 638 1 638
NXP.............. 9 1 9
NXK.............. 3,781 1 3,781
PXK.............. 147 1 147
NXPXK........ 88 1 88
Error............... 61,895 41 1,510

Total............. 183,408 63
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11, Splitting up Degrees of Freedom into Orthogonal Components.
Before considering the problem of confounding in experiments of a more
complex type, the student should acquaint himself with the methods
of separating effects representing more than 1 degree of freedom into
component parts that are mutually independent and therefore may be
separately estimated from the data. Thus if we have 3 levels of nitrogen
in a fertilizer experiment, there are 2 degrees of freedom representing
the effect of nitrogen. These 2 degrees of freedom may be separated
with their appropriate sums of squares in an infinite number of ways,
but unless the separation is a purely formal one we will probably wish
to separate them in some way such that they will represent definite facts
relative to the interpretation of the experiment. In the case of the 3
levels of nitrogen Ni, N2, and N3, the 2 degrees of freedom can be

expressed by
(@) N3 — N,

() 2N; — N1 — N3

and in this form (a) represents the linear effect of N on yield, and (b) the
quadratic effect. If the yields are represented graphically, (b) will be
zero if the 3 points lie exactly on a straight line. These two expressions
merely bring out the fact that any 2 points can be fitted by a straight line
function, and any 3 points by a quadratic function. Any other division
of the degrees of freedom that we might make would probably not have
as valuable a meaning as this one, although if one felt quite certain that
N3 was a decided overdose of nitrogen one might wish to measure the
linear effect by N2 — N1, and the quadratic effect by 2N3 — N; — No.
In general, however, the expressions such as (a) and (b) are the most
useful.

If we have 4 levels of nitrogen the 3 degrees of freedom may be

divided:
(¢) 3Ny + N3 — N2 — 3N, Linear term
(d Ny¢— N3 — N2+ N, Quadratic term
(¢) Ny—3N3+3N2— N, Cubic term
The rule for writing out the expressions for the division of degrees of

freedom is to see to it that in each expression the sum of the coefficients is
zero, and for any pair of expressions the sum of the products of the
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corresponding coefficients is zero. Thus, in the set immediately above,
the sums of the coefficients are

(c) 3+41—-1—-3=0
(d) 1—-1—-14+1=0
(e) 1-34+3-1=0

Then multiplying the coefficients:

(c X d) 3—14+1—-3=0
(cXe) 3—-3-3+4+3=
(dXe) 1+3-3-1=0

We must remember, however, that if we wish to write the polynomial
expressions as has been done here there is only one set that can be
written.

The sum of squares for any one of the above expressions may be cal-
culated by means of a simple rule. For example, if we have the expres-
sions (a) and (b) the sums of squares are

(@ o (Vs — Ny ) o @N: — Ny = Ny

where the numerical portion of the divisor comes from summing the
squares of the coefficients within the bracket. The value of & comes
from the number of units entering into each subtotal. For example, in
(b), N1, N2, and N3 may represent subtotals from 8 plots, whence the
complete divisor is 48.

An actual example of the division of 3 degrees of freedom according
to the scheme outlined above is given by Yates (17). The figures are
for response to nitrogen, and the results of the analysis are reproduced
below:

DF SS
Linear term............. 1 19,5636.4
Quadratic term.......... 1 480.5
Cubic term.............. 1 3.6
Total............... 3 20,020.5

When compared with the error of the experiment, the quadratic term
turned out to be insignificant, and the cubic term was below expecta-
tion. Undoubtedly, this type of result is quite usual in agricultural
experiments, and since we can separate out not only main effects in the
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above manner but also interaction effects, it follows that if a portion of
the degrees of freedom for an interaction effect is to be sacrificed by
confounding it is desirable in general to sacrifice that portion that is least
likely to be significant. At any rate, it may be wise to ensure that at
least the interaction between linear effects may be partially recovered
from the confounded experiment.

If the interaction between nitrogen at 2 levels and potash at 2 levels
can be represented by (N2 — N1) (K2 — Kj) it follows that, if there are
3 levels of nitrogen, the interaction N X K can be broken up into two

parts:
(K2 — K1) (N3 — N1) and (K2 — Ki) (2N2 — N1 — N3)

where the second expression represents the interaction of the quadratic
effect of nitrogen with potash. This point may be more obvious if we
consider (2N — N; — N3) as representing deviations from linear
regression instead of the quadratic response, and hence the interaction
may be written as K regression X N deviation or K, X N4. Now if we
have 3 levels of potash as well as 3 levels of nitrogen the 4 degrees of
freedom for the interaction N X K may be broken up as follows:

Ne X K, (Ns — N1)(Ks — K1) 1 DF
N, X Kq4 (Ns — N1)(2Ks — K1 — Kj) 1 DF
Ny X K, (2N2 — N; — N3)(Ks — K,) 1 DF
NaX Ka (2N2 — N1 — N3)(2K2 — Ky — K3) 1 DF
NXK 4 DF

and it may be of interest to do this from the standpoint of obtaining
complete information with respect to the interaction. Yates (17) has
given a useful table for calculating the sums of squares, which is repro-
duced below in Table 44.

TABLE 44

GuipE FOR CALCULATING SUMS OF SQUARES FOR THE
TINTERACTIONS IN A 3 X 3 TABLE

erKr NrXKd Nder Nded

K; K K3 K1 K; K; K, K K3 K; K; K;
Ni| +1 -1 Ni| -1 42 -1 Ni| -1 +1 Ni| +1 -2 +1
Ne N, No| +2 -2 Ne| —2 +4 -2
Ns| —1 +1| N3| +1 =2 +1 N;| —1 +1 Ns| +1 -2 +1
Divisor 4k 12k 12k 36k

k = Number of units in each cell.
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To use the table-it is necessary to set up a table of subtotals in the same
form as the above squares. The subtotals are added or subtracted
according to the signs in the appropriate table. Thus if the subtotals
are represented by

X1 T2 xr3
Y Y Y3
21 22 23

we get the sum of squares for N; X K, by

1
2k (2y1 + x3 -+ 23 — 11 — 21 — 2Y3)?

In certain cases it may not be necessary to divide up the degrees of
freedom into orthogonal components that have any definite meaning, in
which case we refer to the division as a purely formal one. A 3 X 3
table, for example, may be represented as follows:

P, P; P;

Ni{11 12 13
Ne |21 22 23

Ng {31 32 33

and from knowledge that has been derived from a study of the properties
of the Latin square, Fisher, (2), it can be shown that the 4 degrees of
freedom representing the interaction N X P can be split up into two
orthogonal components by making up totals from the diagonals of the
above square. Thus 2 degrees of freedom of the interaction is repre-
sented by the differences between the totals (11 + 22 4 33), (21 + 32 +
13), (31 + 12 + 23), and the other 2 by the differences between the
totals (11 + 32 + 23), (21 + 12 + 33), (31 + 22 + 13). As a matter of
fact this provides a very useful method of calculating the interaction in
a 3 X 3 table as it is a direct method and the total sum of squares cal-
culated independently from the same table may be used to obtain a
perfect check on all the calculations.! The division of the 4 degrees of
freedom is, however, purely formal. In other words, we would expect
that on the average the two components would give us equal estimates
of the interaction variance.

1 Note that the second set of totals can be obtained most easily by setting up the

numbers in the first three totals in the form of another square, and taking from this
square the same diagonals ag were used in the first instance.
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12. Confounding in a 3 X 3 X 3 Experiment. We shall now con-
sider the possibilities of confounding in a 3 X 3 X 3 experiment. The
3 main factors can be represented by N, K, and P, and since each
of these occurs at 3 levels there are 27 different combinations. The 26
degrees of freedom for treatments can be subdivided at first as follows:

N 2 DF

K 2 DF} Main effects 6 DF

P 2 DF

NXK 4 DF

NXP 4 DF }Simple interactions 12 DF
KXP 4 DF

NX KX P 8 DF Triple interaction 8 DF

Now if we wish to conserve the main effects and the simple interactions
we must have at least 9 plots in each block. That is, the 3 levels of
each fertilizer must each be represented by 3 plots, and the 9 combina-
tions of each pair of fertilizers must each be represented by 1 plot. The
required combinations to fulfill these conditions are given by a 3 X 3
Latin square in which the rows may be taken to represent the 3 levels
of nitrogen, the columns the 3 levels of potash, and the Latin letters
(here replaced by numbers) the 3 levels of phosphate. R. A. Fisher,
in introducing this solution, points out that there are only 12 solutions
of this 3 X 3 square and that these 12 fall into 4 sets such that in any one
set, the other 2 may be generated by cyclic substitution of the numbers in
the square. The entire 12 solutions are reproduced below.

a b c

1 2 3 2 31 31 2

I 231 31 2 1 2 3
3 1 2 1 2 3 2 31

1 3 2 21 3 ‘3 2 1

II1 3 2 1 1 3 2 21 3
21 3 3 21 1 3 2

1 2 3 2 31 3 1 2
IIT 3 1 2 1 2 3 2 31
2 31 31 2 1 2 3

1 3 2 213 3 21

IV 2 1 3 3 21 1 3 2
3 21 1 3 2 21 3

To make the meaning of these squares perfectly clear, suppose that we
consider the treatments represented by the square I (a). These are,
N\K, Py, NiK2P;, NiK3P3, NaK 1P3, N2K3P3, etc. In any one replica-
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tion we must have all the treatments of one complete set such as I, II,
III, or 1V, and within the replication the division of the treatments into
blocks is according to the division of the sets into (a), (b), and (¢). In a
single replication we have 2 degrees of freedom for blocks, and these
must represent 2 degrees of freedom of the triple interaction that have
been confounded, as we have seen to it that the main effects and the
simple interactions have all been conserved. It follows also that it is
impossible, if the main effects and the simple interactions are conserved,
to confound more than 2 out of the 8 degrees of freedom of the triple
interaction. Such being the case, we shall still have, after confounding,
6 degrees of freedom for the triple interaction, which we may use to test
the significance of the residual portion of this effect.

The actual procedure of confounding in an experiment of this kind is
to set up the treatments and divide them into blocks according to one of
the cyclic sets. The same division of the treatments into blocks is
retained throughout the remaining replications. In analyzing the
results, if set I has been used for confounding, then sets II, III, and IV
are used to build up the treatment totals from which the sum of squares
for the triple interaction is calculated. The details of this are given in
Example 36.

13. Partial Confounding in a 3 X 3 X 3 Experiment. By the
methods described above we are able to divide the 8 degrees of freedom
for the triple interaction into 4 sets of 2 that are mutually independent
and therefore may be separately estimated from the data. But these
sets represent purely formal differences, and although we confound only
2 of them and conserve 6, we are not able to separate out particular
effects such as that represented by N, X K, X P, for particular study.
To do this we must adopt the method of partial confounding which
results from using each of the cyclic sets once, one for each replication.
We require therefore a minimum of 4 replications. Space is inadequate
here to go into detail regarding the method of separating out the particu-
lar components, but the student interested in these further aspects of
confounding will be able to obtain further information from R. A.
Fisher’'s “The Design of Experiments,” and from the monograph by
F. Yates, “Factorial Experimentation.”

Example 36. A Confounded 3 X 3 X 8 Experiment. In the preparation of this
example, data from a uniformity trial have been used. It serves therefore merely
to show the technique of setting up and analyzing a 3 X 3 X 3 experiment in which
2 degrees of freedom from the triple interaction have been confounded with blocks.

As indicated in Table 45 giving the treatment numbers and the corresponding
yields, the distribution of the treatments into the 3 blocks of each replication is

according to cyclic set I as described above. In order to abbreviate, only the sub-
script numbers of the treatments are given, it being assumed that the three ingredients
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such as NKP are in the same order in each case. Within the blocks the treatments
are, of course, randomized.

Table 46 is obtained by collecting the plot yields from Table 45. It is used for
calculating the main effects and the simple interactions. At the foot of this table are
given the treatment totals from which the sum of squares for the 6 degrees of freedom
for the triple interaction is calculated. These treatment totals may be obtained very
quickly by the combined use of the cyclic sets as given on page 170 and the 3 X 3
tables for N and K, one for each level of P. Knowing that set I has been used for
confounding, we obtain our treatment totals for calculating the triple interaction,
from the application of sets II, III, and IV, to the data given in Table 46. For
example, taking set II we note that the 1’s in group (a) correspond in Table 46 (a)
with 1604, 1523, and 1912; the 2's correspond in Table 46 (b) with 1893, 2030, and
1845; and the 3’s in Table 46 (c) with 1741, 1838, and 1917. Adding all these values,
we obtain 16,303. Then to obtain the next total the same process is repeated, using
the square indicated by II (b), and finally the third square, IT (c), gives the third
total. The sets ITI and IV are then used in a similar manner to obtain the remaining
totals. The sum of squares is calculated for each set of 3 totals anc these are added
to give the sum of squares for the 6 degrees of freedom of the triple interaction.

Mainly as an exercise, the sums of squares for the individual degrees of freedom
as represented by the regression and deviation from regression effects have all been
calculated and are shown in the analysis of variance Table 47. These calculations
are very simple if one makes use of Yates’s diagram as given on page 168. A few of
the calculations are reproduced below for further guidance:

N, (15,393 — 16,900)%/144 = 15,771.17
N, X K, (5403 + 5706 — 5376 — 4894)2/96 = 7,332.51
Ng X P, (2 X 5244 + 5057 + 5596 — 4812 — 5667 — 2 X 5207)%/288 = 16.06
Na X K4 (5403 + 5376 + 4 X 5436 + 4894 + 5706 — 2 X 5520

— 2 X 5096 — 2 X 5818 — 2 X 5074)%/864 = 13.25

METHODS FOR TESTING A LARGE NUMBER OF VARIETIES

14. General Principles. In factorial experiments, when the total
number of combinations is fairly large, we have seen that greater accu-
racy can be obtained by confounding with blocks certain of the degrees
of freedom for the higher-order interactions. In variety experiments the
numbers are frequently quite large and we again meet with the problem
of insufficient accuracy owing to the large size of the blocks. In order
to overcome this difficulty Yates has developed methods that, by a pro-
cedure analogous to confounding in factorial experiments, enables us to
divide up the replications into much smaller blocks, and these are used
as error control units. Since the small blocks contain only a fraction
of the total number of varieties, they are referred to as incomplete blocks.
Yates (20) in a preliminary examination of uniformity data concluded
that incomplete block experiments would give increases in efficiency over
randomized blocks of 20 to 509,. Goulden (6) arrived at practically
the same conclusion after a fairly extensive study.
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TABLE 45

TREATMENT NUMBERS AND CORRESPONDING PLoT YIELDS FOR 3 X 3 X 3 ExPERI-
MENT. TeE SaME Two DBGREES OF FREEDOM FROM THE TRIPLE INTERACTION
CONFOUNDED IN ALL LEPLICATES

Treat- Treat- Treat- Treat- Treat- Treat-

ment | Yield || ment | Yield || ment | Yield || ment | Yield || ment | Yield || ment | Yield
No. No. No. No. No. No.
212 159 131 153 121 145 111 189 232 153 233 210
321 179 311 202 233 191 122 272 112 226 132 225
231 135 232 153 323 300 212 160 131 122 121 290
133 130 333 182 331 240 313 305 311 281 312 262

313 155 213 191 211 226 223 266 213 334 211 369
111 129 112 138 312 159 321 300 333 208 331 150
223 151 221 188 222 240 231 233 221 276 113 267
332 159 123 210 113 182 332 278 322 355 222 338
122 154 322 143 132 186 133 209 123 247 323 323

Block
totals | 1351 1560 1869 2212 2202 2434
122 77 213 119 233 173 133 93 131 303 132 271
313 92 112 115 132 170 321 224 221 221 331 251
133 128 333 179 113 213 332 245 213 216 211 199
321 113 123 136 323 182 313 293 232 319 121 129
231 127 311 197 312 175 122 226 311 269 323 237
111 185 131 182 121 156 231 248 123 221 113 282

212 148 322 212 211 183 223 269 333 359 312 303
332 215 221 120 222 138 111 228 322 319 233 300
223 132 232 162 331 192 212 326 112 314 222 247

Block
totals | 1217 1422 1582 2152 2541 2219
231 102 131 105 121 154 223 1564 112 233 132 269
212 143 333 227 233 145 133 197 311 297 323 283
313 171 123 218 312 214 332 197 232 318 312 179
321 190 112 180 331 219 321 227 131 250 233 191
111 159 213 165 211 186 212 222 221 227 121 137

122 279 232 173 132 187 111 230 123 197 331 179
223 125 311 156 323 148 231 204 322 161 211 162
332 150 322 212 222 309 122 201 213 228 113 202
133 104 221 234 113 246 313 251 333 247 222 250

Block
totals | 1423 1670 1808 1883 2158 1852

313 124 213 276 323 276 212 228 221 260 233 388
133 136 333 269 132 225 313 2956 311 166 222 228
122 297 131 255 331 343 111 304 213 309 323 244
212 265 221 164 233 145 231 ‘212 333 246 121 324
223 209 112 264 113 258 122 320 131 309 211 421
111 180 311 277 121 194 133 325 322 252 13 344
332 259 232 283 222 280 321 464 112 335 331 336
321 215 322 259 312 304 332 376 232 247 312 249
231 262 123 243 211 285 223 410 123 269 132 360

Block
totals | 1947 2290 2310 2034 2393 2894
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TABLE 46

TREATMENT ToTALs COLLECTED FROM TABLE 45 FOR CALCULATION
OF SUMS OF SQUARES

Py

Py

(P1 + Py + Py)

(N1 + N2 + Ny)

(K1 + K2 + K3)

(N1 + No + Nj)

N,

Py
P3

N
N,
Ng

K; Kq K3
1,604 1,529 1,679 4,812
2,031 1,690 1,623 5,244
1,845 1,912 1,910 5,667
5,480 5,131 5,112 15,723
K, K, K3
1,805 1,826 1,893 5,624
1,651 2,030 1,808 5,489
1,845 1,913 1,879 5,637
5,301 5,769 5,580 16,650
K; K. K;
1,994 1,741 1,322 5,057
1,838 1,716 1,743 5,297
1,686 1,993 1,917 5,596
5,618 5,450 4,982 15,950
K; Ko K3
5,403 5,096 4,894 15,393
5,520 5,436 5,074 16,030
5,376 5,818 5,706 16,900
16,299 16,350 15,674 48,323
K] K2 Ka
5,480 5,131 5,112 15,723
5,301 5,769 5,680 16,650
5,618 5,450 4,982 15,950
16,299 16,350 15,674 48,323
Pl P2 PB
4,812 5,524 5,057 15,393
5,244 5,489 5,297 16,030
5,667 5,637 5,596 16,900
15,723 16,650 15,950 48,323
P Ps Py
5,480 5,301 5,618 16,299
5,131 5,769 5,450 16,350
5,112 5,680 4,982 15,674
15,723 16,650 15,950 48,323
11 I v
16,303 15,836 15,831
15,720 16,506 15,764 k=172
16,300 15,981 16,728
48,323 48,323 48,323

k=24
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TABLE 47

ANALYSIS OF VARIANCE FOR 3 X 3 X 3 EXPERIMENT SHOWING SUMS OF SQUARES
FOR INDIVIDUAL TREATMENT DEGREES OF FREEDOM

5%

DF SS SS DF MS F Point
Blocks........ 23 548,407 | 548,407 23 | 23,844 8.83 1.569
Neooooo 0. 1 15,771
Naooooo, 1 12 6} 15,897 2 7,948 2.94 3.05
) 1 358}
Paoooooo . 1 6,128 6,485 2 3,243 1.20 3.05
K.... ........ 1 2,713
Ka.... 1 1,223} 3,936 2 1,968 0.73 3.05
N XPr...... 1 1,040
N, X Pg...... 1 4,737
NiXP,. . . .. 1 16 5,909 4 1,477 0 55 2.43
NgX Pg...... 1 116
N, X K,... .. 1 7,332
N. XKq... .. 1 1,508
NiX K, 1 1.765 10,619 4 2,656 0.98 2.43
Ny X Kgq... .. 1 13
P XK,....... 1 294
P XKy...... 1 1,850
PaX K, .. .. 1 7,422 11,357 4 2,839 1.05 2.43
PiX Kq...... 1 1,791

2 3,131
NXPXK 2 3,452 14,631 6 2,438 0 90 2.16
2 8,048

Error......... 168 453,609 | 453,509 | 168 2,699

215 | 1,070,750

16. Incomplete Block Experiments. There are a number of different
types of incomplete block experiments, and only those are described here
that would seem to be of the greatest practical value in agronomic tests.
The type which can probably be regarded as the most elementary is
known as the two-dimensional quasi-factorial with two groups of sets. By
extending this type to three groups of sets we have a somewhat greater
degree of complexity, and this complexity continues to increase with the
number of groups of sets until we reach the point of using all possible
groups of sets, wherein the entire process of analysis suddenly becomes
very much simplified. The latter type may be referred to as a symmet-
rical incomplete block experiment. Quasi-factorial experiments of the
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three-dimensional type are also possible, and one of the simplest of these
will be described.

In discussing the general principles involved in incomplete block ex-
periments we shall consider an hypothetical experiment with only 9
varieties. With such a small number of varieties it would probably not
be worth while to use these methods, but a small example of this kind
will be quite sufficient to illustrate the general principles. First, we
take 9 numbers to represent the varieties and write them down in the
form of a square. These are two-figure numbers, the first figure rep-
resenting the row and the second the column of the square.

1 12 13
21 22 23
31 32 33

If we suppose now that this square represents, instead of 9 different
varieties, 9 combinations of 2 factors at 3 levels as in a simple 3 X 3
factorial experiment, the degrees of freedom can be divided as follows:

A (factor for which levels are indicated by first figure of two-figure numbers) 2 DF
B (factor for which levels are indicated by second figure of two-figure numbers) 2 DF
A X B (interaction) 4 DF

Furthermore, since the 4 DF for the interaction can be separated into
two orthogonal components, each represented by 2 DF, the total of
8 DF can be split up into 4 pairs. Then if the 9 combinations making
up a complete replication are divided into 3 blocks, either one of the
above pairs of degrees of freedom may be confounded with blocks. If
we should decide to confound the A factor with blocks, the degrees of
freedom for one replication will be ‘apportioned as follows:

Blocks................. 2 DF
B 2 DF
AXB................. 4 DF

and th: method of confounding would be merely to put the treatments
together in the same block that occur in the rows of the square given
above. Similarly the B factor may be confounded by putting the treat-
ments in the same block that occur in the columns of the square. Then
from our knowledge of the properties of a Latin square it is clear that
if the interaction A X B is to be confounded it is only necessary to put
the treatments together in the same block that occur in the diagonals
of the square. In one replication we can confound only 2 out of the 4
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degrees of freedom. For example, in one replication the arrangement
of the treatments in the blocks might be as follows:

Block1...... . .... 11 22 33
Block2............. 21 32 13
Block3............. 31 12 23

Blocks................. 2 DF
Ao 2 DF
B 2 DF
AXB................. 2 DF

Alternative to the above scheme 2 degrees of freedom from the inter-
action may be confounded with blocks by this arrangement:

Block 1........... 11 32 23
Block 2........... 21 12 33
Block3........... 31 22 13

Finally, it works out that in each replication a different pair of degrees
of freedom may be confounded with blocks, in which case the analysis
of variance will be of the following form:

Blocks................ 11 DF
Ao 2 DF
B 2 DF
AXB.............. 4 DF
Error............... 16 DF

By a process of partial confounding all the degrees of freedom for the
9 treatment combinations can be recovered, and at the same time error
control has been improved by the use of smaller blocks. The loss of
information due to partial confounding is seen to be exactly %, since
each pair of degrees of freedom has been confounded in 1 replication and
conserved in 3. In other words, both the main factors and the inter-
action are determined with £ of the precision that would have resulted
if there had not been any confounding. The presumption, of course,
is that the error will be sufficiently reduced by confounding to more
than make up for the loss in precision.

Returning now to the testing of 9 different varieties, it should be
obvious that, if the varieties are designated by numbers and arranged
in a square as above, we can go through the same procedure of partial
confounding as has been outlined above for a 3 X 3 factorial experiment,
and theoretically the same increase in accuracy due to confounding will
be obtained. The method of analysis will also be clear from these con-
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siderations, as we work it out in the first place as though it is a factorial
experiment and, after finding the sums of squares for the imaginary
factors and their interaction, we combine these to form the variety sum
of squares.

The fact that the variety numbers are first arranged in the form of a
square simulating a two-factor experiment is the basis of the term ‘“ two-
dimensional.” The number of groups of sets is based on the number of
groups of degrees of freedom that are confounded with blocks. In the
quasi-factorial 3 X 3 experiment, for example, the 8 DF for the 9 treat-
ments can be divided orthogonally into 4 pairs, and if we confound only
2 of these pairs, the experiment is said to consist of * two groups of sets.”
With 9 varieties we have seen that 4 pairs of degrees of freedom can
be confounded, in which case we might refer to the experiment as one
with “four groups of sets,” but as pointed out above it is usual to refer
to experiments of this type as symmetrical incomplete block experiments.

In a quasi-factorial experiment with only two groups of sets it will
be obvious that all comparisons are not made with the same precision.
Suppose, for example, that the blocks are made up out of the rows and
columns of the square, in which case the analogous factorial experiment
would be outlined as follows:

Blocks.......... 6 DF (assuming 2 replicates only)
. 2 DF
B............... 2 DF
AXB.......... 4 DF
Error........... 4 DF

In which the imaginary factors A and B are confounded in one replicate
and conserved in the other, while the interaction A X B is conserved
in both replicates. The main factors A and B are determined with
only § the precision with which the interaction is determined, and
transferring these ideas to a variety experiment it becomes clear that the
varieties that occur in the same row and in the same column are compared
more accurately than those that do not occur at all in the same block.

Another point that we should note here is that in estimating the result
for any one treatment combination of the partially confounded factorial
experiment, or of one variety in the quasi-factorial experiment, it will
be necessary to make a correction for the blocks in which they occur.
The actual totals are partially confounded with blocks. One variety
may occur mainly in low-yielding blocks and another one in high-
yielding blocks, and therefore the actual yield of the first variety must
be increased and the yield of the second variety lowered, in order to
make the two variety yields comparable. The details of this method
of correction are given below.
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16. Two-Dimensional Quasi-Factorials with Two Groups of Sets.
Assuming that only 9 varieties are to be tested, the first step is to take
9 numbers to represent the varieties, as pointed out above, and arrange
them in the form of a square. The next step is to arrange the varieties
in sets according to the rows and columns of the square. These are
given below and the first group of sets is referred to as group X and the
second group of sets as group Y. '

Group X Group Y
11 12 13 11 21 31
21 22 23 12 22 32

31 32 33 13 23 33

The varieties in the sets are those that are assigned to the incomplete
blocks, and each group makes up a complete replication. The varieties
occurring in the same block are, of course, those that are between the
same set of parallel lines in the above figure. The groups can now be
repeated as many times as we wish in order to bring up the replicates
to the required number. The varieties are randomized within each
block, but the blocks themselves may be placed in any order.!

Figure 11 illustrates diagrammatically the set up of the experiment
assuming 4 complete replications. The yields may be arranged in a
form somewhat similar to this for convenience in calculation. After
setting up the original yields they must be combined for each group and
then for both groups. The marginal totals are then obtained for each
group and for both groups combined, and we are ready to proceed with
the calculation of the sums of squares and the corrected variety means.

The calculation of the variety sum of squares follows from the analogy
to a factorial experiment.

DF
In Group Y A = Z(Y2)/np — Y% /np? p-1
In Group X B = 2(X%)/np — X2./np? p-1

Group X + Group Y(4 X B) = Z(T%)/2n — Z(T2.)/2np
— =(T?%)/2np + T2../2np? (p-1)2

1Tn certain cases the experimenter may decide, even after conducting the experi-
ment as & quasi-factorial, to use the actual yields or some other character of the
varieties, without correction. For example, he may wish to make quality or other
tests on composite samples made up from all the replicates. For this purpose it is
somewhat better to have the incomplete blocks randomized within each replication.
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Group X Group Y

11 12 13 11 12 13 11 {121} 13 11 {12 |13
21 22 23 21 22 23 2112223 21122123
31 32 33 31 32 33 31|32 33 3132|333

Xo. Y..

n zi2 2z | X1 yn yiz yis | Y1

z21 Toe T3 | Xo. ya1 Y2 Yy | Yo

r31 T2 sy | X3 ys1 ys2 yss | Ys.

X X1 X X3 | X.. Y. Yai Y. Y3 | Y.

T..

Ty Tw T | Th
Toy Toe Tos | Ta.

Tan T Tss | Ts.

T. Tiq T Tg | T..
F1a. 11. Representation of a miniature example of a two-dimensional quasi-factorial
experiment with two groups of sets.

where p is the number of varieties in one set and n is the number of
repetitions of each group.

Yates (20) gives a direct method of calculating the sum of squares for
varieties which is probably quicker than the one used above. Yates's
formula is

Varieties (8S) = Z(T%)/2n+2(Xu. — Yu.)2/20p+2(X ., — YV .,)2/2np
— (X.. = Y.)2/2np? — [Z(X2.) + Z(Y?)]/np

We next calculate the total sum of squares for all the plots and for the

blocks, and obtain the error sum of squares by subtraction. The sum-

marized analysis is of the form DF
Blocks.............. 2np — 1
Varieties............ p?—1
Error............... P-1D@np—p—1)

Total . . . . Omn? — 1
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Just as in the factorial experiments that have been confounded all
comparisons must be made within blocks. This means that to compare
2 varieties directly we cannot use the actual variety totals but must
prepare for these varieties ratings based on their behavior as compared to
other varieties in the same blocks. The least squares method gives us
as the best rating for any variety uv, the following expression which we
shall refer to as a corrected variety mean.

T 1 1
+ 2 <X~v - Yw) + - (Yu -— Xu)
np 2np

buy =

2n
If a large table of yields is to be corrected it may save time to set up the
corresponding portions of the correction in the margins of the table. If

1 1 4
weletC., = — (X.,— Y..) and Cy. = — (Y.. — X..), then C. 1 will be
2np 2np

the portion to be added to all the variety means in the first column, and
C,. will be the portion to be added to all the variety means in the first
row.

In this as in all other quasi-factorial arrangements the error variance
must be multiplied by a factor depending on the type of experiment, to
give the variance for comparing 2 varieties by their corrected means.
If s2 is the error variance, the variance of the difference between the
corrected means of 2 varieties that occur in the same set is

82 1
V(a1 — tn) = ;(2—:—)

For 2 varieties not having a set in common the variance of the difference
is
p+ 2)

32
V(tee — 1)) = P (T

The mean variance of all comparisons is

& (p+3
V"_n(p+l)

and when p is not too small we may use the latter variance for all com-
parisons without appreciable error.

Example 87. Two-Dimensional Quasi-Factorial with Two Groups of Sets.
Using uniformity data and assuming a test of 25 varieties in 4 replications this
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example has been worked through in detail in order to show the methods of calcula-
tion. Setting up first the specifications of the test:

Varieties in each set ()................. ... . = §
Varieties (0) = 2. . ... .ot = 25
Sets (8) = 2p. .. ..ot = 10
Replications of each group (n)................... = 2
Replications (r) = 2n.............cooiiil L= 4
Blocks (B) = 20p.. ..ottt = 20
Total number olp plots (N) =2np%. ............... =100

The variety numbers are first written down in the form of a square:

and the 10 sets in 2 groups of 5 taken from the rows and columns of the square. The
varieties in these sets are then randomized in the blocks as indicated in Table 49.
Here the groups are repeated twice so that (n = 2) and (r = 4), and the groups are
separated in the field. It might be wise if there is a marked difference in variability
in different parts of the field to randomize the blocks over the whole field instead of
keeping them together as complete replications, but in general this would seem to be
unnecessary and it is a decided convenience from the standpoint of making observa-
tions on the plots to have all the plots in one replication together.

After obtaining the block totals and the grand total the next step is to set up
Table 50, the construction of which should present no difficulty. Note that the
marginsal totals X, and Y, are those in which variety and block effects are con-

founded.
By the shortest method the sum of squares for varieties is calculated as follows—

Z(TEV/2n e = 1,061,637.50
T Xu — Vo) 2np. ..o - 81,162.50
Xy —Y)¥/2mp. .. = 117,817.50
—(X. = Y.)%2mpt ... .. =— b51,076.50
—{ZXEY+Z(¥Himp. o = —2,058,800.00 (Groups + Sets + Mean)
Total = Varieties (SS)......... = 50,741.50

The total sum of squares for all plots is 630,266.00 and for blocks is 467,686.00.
Having obtained these, we can set up the analysis of variance.

TABLE 48

ANALYSIS OF VARIANCE
Two DiMENSIONAL QUAsSI-FACTORIAL—Two GROUPS OF SETS

SS DF MS F 5% Point
Blocks......... ' 467,5686.00 19 24,609.8 12.3 1.78
Varieties. ... .. 50,741.50 24 2,114.2 1.06 1.72
Error.......... 111,938.50 56 1,998.9

Total........ 630,266.00 99
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In order to obtain the corrected variety yields we calculate

1
Co=——Xy—Y,)forv=12345
2np

Cu = "L (Yy. — Xy.) for u = 1,238,456
2np

These are entered in the margins of a (5 X 5) table as in Table 51 and added to the
actual means of corresponding cells in the table.

To obtain a further check on the sums of squares for varieties we can now calculate
it in another way using the formula

Varieties (SS) = Z(tyy* Tuv) — Z(ty-*Xu.) — Z(ty-Y.p)

where {;., for example, is the mean of all the {,, values in the first row of Table 51
and {.; is the mean of the first column.

To make comparisons between the corrected means we may if we wish to be exact
take into consideration whether or not the varieties being compared occur in the same
set. To compare varieties 21 and 22, for example, we calculate the variance accord-
ing to the formula

2 1 £1998.9
V(tzl—tzz)=8—(p+ )=(98 x§)=1199.3
n P 2 5

SE(tyy — tag) = V1190.3 = 34.63

161.50 — 123.75

34.63 1.09

t‘

To compare varieties 11 and 64 we would have

2 2 1998.9
Vit — tsg) = < (p + ) = ( 9 X z) = 1399.23
n P 2 5

SE(ty — ty) = V 1399.23 = 37.41

135.26 — 170.25
* o et | A
f 37.41 0.94

We would obviously not be very far wrong, even with a p value as low as 5, to use
for all comparisons the mean variance for the difference between 2 varieties. This

would be \
& (p+3 1998.9 8
Vo " (p T 1) ( 2 X 6) 1332.6

SEn = V'1332.6 = 36.50

* The ¢ used here is, of course, the statistic defined by R. A. Fisher in “Statistical
Methods for Research Workers.”
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TABLE 49
PosirioN oF VARIETIES IN THE F1ELD AND CORRESPONDING PLOT YIELDS.
Two-DIMENSIONAL QUASI-FACTORIAL EXPERIMENT
witH Two GrouPs OF SETS
Vari- Vari- Vari- Vari- Vari-
Set Block
No. || ety | Yield || ety | Yield || ety | Yield | ety | Yield || ety | Vield | poeats
" || No. No. No. No. No.

ly 31 216 21 300 51 255 41 185 11 145 1,100
2y 22 1560 12 50 52 45 32 105 42 155 605
by 55 125 356 30 15 65 25 130 45 55 405
4y 14 85 34 55 54 110 24 130 44 40 420
3y 53 45 43 45 13 60 23 15 a3 -5 160
ly 11 210 21 290 41 325 31 230 51 220 1,275
2y 12 310 32 230 22 155 52 195 42 245 1,135
5y 15 315 45 215 55 160 25 285 35 230 1,205
3y 53 185 43 220 33 175 13 275 23 185 1,040
4y 14 130 24 190 34 160 44 110 54 155 745
1x 14 140 15 165 11 265 13 150 12 180 900
4x 41 190 42 135 45 100 43 145 44 205 775
3x 33 250 31 150 35 150 34 195 32 155 900
2x 22 75 21 105 25 130 23 180 24 90 580
bx 55 40 54 165 53 65 52 60 51 40 360
5x 56 115 54 185 53 240 51 120 52 125 785
1x 11 145 13 105 14 50 15 130 12 135 565
3x 32 150 33 115 34 60 35 110 31 25 460
2x 21 5 24 65 25 70 23 60 22 20 220
4x 41 30 42 50 43 35 45 20 44 50 185

Grand Total =|| 13,720

l
TABLE 50

YieLps oF VARIETIES BY GROUPS, AND TOTAL

Group X

Values of Zyy

Yieups For BotH GRrouprs

v
k 1 2 3 4 5 Xu.
1 |410 315 255 190 205 1,465
2 | 110 95 240 155 200 800
3 | 175 305 365 255 260 1,360
4 | 220 185 180 255 120 960
5 | 160 (85 305 340 155 1,145
X., 1075 1085 1345 1195 1030 5,730

= X.
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TABLE 50—Continued
Values of gy,

v
k12345n

1 |36 360 335 215 380 1,645
2 |69 305 200 320 415 1,830
3 | 445 335 170 215 260 1,425
54 510 400 265 150 270 1,695
Y

Group Y

475 240 230 265 285 1,495
» 2375 1640 1200 1165 1610 7,000 = Y.,

Values of Tyy

v
k12345 Ty

1 | 765 675 590 405 675 3,110

Group X | 2 | 700 400 440 475 615 2,630

+ 3 | 620 640 535 470 520 2,785

Group Y g 730 585 445 4056 390 2,556
T

6356 425 535 605 440 2,640
.o 3450 2725 2545 2360 2640 |13,720 = T..

v Xyv—=Y, u Yo — Xe.
1 —1300 1 180
2 — 555 2 1030
3 o 145 3 65
4 30 4 635
5 — 580 5 350

(X.. = Y.) =-2260 (Y.. — X..) = 2260

TABLE 51

CaLcuLATION OF CORRECTED VARIETY MEANS (fy4)

N v

u\ 1 2 3 4 5 Cy.
1 135.256 150.00 163.75 111.75 148.75 9.00
2 161.50 123.75 168.75 171.76 176.25 51.60
3 93.25 135.50 144.25 122.25 104.25 3.25
4 149.25 150.25 150.25 134.60 100.25 31.76
5 111.25 96.00 158.50 170.25 98.50 17.50

Co —65.00 —27.75 7.25 1.50 —29.1%0 0

Ca = —1300/20 = -—-65.00
C.. = 180/20 = 9.00

17. Two-Dimensional Quasi-Factorials with Three Groups of Sets.
A possible criticism of the quasi-factorial method with two groups of
sets as described above is that there is too great a discrepancy between
the estimates of the error variance for comparing varieties in the same
and in different sets. This can be partly overcome by increasing the
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number of groups, and hence the type with three groups of sets is theo-
retically an improvement over the previous type. It requires, however,
more computation, and the number of replications must be a multiple
of 3. Details for setting up and analyzing such experiments may be
found in the reference of Yates (20).

18. Three-Dimensional Quasi-Factorials with Three Groups of Sets.
In the two-dimensional types the varieties were represented by two-
figure numbers corresponding to the two dimensions of a square. In
the three-dimensional types the varieties are represented by three-figure
numbers (uvw) corresponding to the three dimensions of a cube. Thus
in a cube with p numbers on a side we can represent p® varieties, and
taking these numbers in sets of p by slicing in three directions we can
make up 3p? sets. There will be three groups of p? sets, each one cor-
responding to a direction in which the cube is sliced. At this point
the student should draw up a cube, put in the numbers, and practice
writing out the sets. It will then be noted that the sets can be written
out directly for any value of p by expanding the sets given below for
p = 3.
When the number of varieties is very large, say 216 or more, there
are decided advantages in using this type of experiment, as with any
other type the blocks would still be rather large.

The details of setting up and analyzing a three-dimensional experi-
ment may be obtained from Example 38.

Example 38. Three-Dimensional Quasi-Factorial Experiment with Three Groups
of Sets. The specifications are:

Varieties (v) = pd = 27
Sets (s) =3p* = 27
Replications of each group (n) = 2
Complete replications (r) =3n = 6
Total number of blocks (b) = 3np? = 54

Total number of ‘plots (N) = 3np® = 162
After forming the (3 X 3 X 3) cube we can write out the sets as follows:

Group X (-vw) Group Y(u-w) Group Z(uv-)
Set No. Set No. Set No.
1 111 211 311 1 111 121 131 1 111 112 113
2 112 212 312 2 211 221 231 2 121 122 123
3 113 213 313 3 311 321 331 3 131 132 133
4 121 221 321 4 112 122 132 4 211 212 213
5 122 222 322 5 212 222 232 5 221 222 223
6 123 223 323 6 312 322 332 6 231 232 233
7 131 231 331 7 113 123 133 7 311 312 313
8 132 232 332 8 213 223 233 8 321 322 323
9 133 233 333 9 313 323 333 9 331 332 333
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After the distribution of the blocks over the field and the randomization of the
varieties within the blocks we have such an arrangement as is shown in Table 63,
in which the individual plot yields corresponding to the varieties are given. In this
case the blocks are distributed at random over the whole field, but it would have been
more convenient to keep them together in complete replications.

The calculations are carried out in tabular form in Table 54. The data are first
collected by groups so that the yield of any one variety in one group will be a total
of n plots. The marginal totals are obtained as indicated in three directions, and it
will be noted that X.w, Yy.w, and Zy,. represent the totals for the sets. The complete
variety totals represented by 7', are entered next and all the marginal totals of these
obtained.

For calculating the corrected variety means (fywmo) the most convenient formula is

Tuww

by = "5‘_" 4+ Cow + Cuw + Cup.
n

where
1
Cow = 6—nz;§ @T-vw — 30X — Ty + 3Y.,.)
1
Cuw = Bn-pi PTuw — 30Y4o — T- o + 3Z. .0)
1
Cup- = ap—’; (PTuv- — 39Zyy. — Tu. . + 3X4..)
Thus

1
Cun = 108 (3 X 2735 — 9 X 340 — 9875 + 3 X 3635) = 57.176

Ciy = Fl)—S (3 X 3330 — 9 X 13856 — 9645 + 3 X 3105) = —25.972

1
Cu. =E—8(3X 3305 — 9 X 1185 — 9470 + 3 X 3180) = — 6.296

Having obtained all the correction terms, we check by obtaining the total, which in
this case comes to +0.001. This is a sufficiently close check.
The corrected means are obtained by adding the corresponding correction terms
to the actual means. For example, #1y1=151.667--567.176 —25.972 — 6.296 = 176.575.
To obtain the sum of squares for varieties we first average the corrected means in
three directions to give t.w, ty.w, 8nd fyp. To illustrate this:

ta1 = % (176.575 + 190.001 + 164.723) = 177.100
f11 = ¥ (176.575 + 192.222 + 224.028) = 197.608
tn. = 4 (176.576 + 180.556 + 197.917) = 185.016
The sum of squares for varieties is then given by
Varieties (SS) = Z(fumo* Tuow) — Z(Xom*towro) — Z(Vuewo tuwe) — Z(Zuo- - tuv-)

which in this case is
5,847,432.06 — 5,754,971.44 = 92,460.62
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Then after calculating the total and block sum of squares from Table 53, we can set
up the analysis of variance.
TABLE 52
ANALYSIS OF VARIANCE

THREE-DIMENSIONAL QUASI-FACTORIAL EXPERIMENT
wITE THREE GROUPS OF SETS

SS DF MS F 5% Point
Blocks............ 1,154,025 53
Varieties. ......... 92,461 26 35566 1.23 1.62
Error............. 236,872 82 2889
Total......... 1,483,358 161

The variances and standard errors for comparing the varieties are as follows.
It will be noted that such comparisons now fall into three groups that can be de-
termined from the variety numbers.

2X 2889

V(ten—tin) = (p2+ +1) = T X 13=1391 SE =+/1391 =37.30
8 2889
Vtize~tir) = m (2p*+3p+4) = Ty X 31=1658 SE =+/1658 =40.72
. 288
V(tzee—tin) = (2p +3p+6) = —— X 33=1766 SE =+/1768 =42.02

And the mean variance of all comparisons is

2p® + 5p + 11 (2889
Vi = 3n<———~p Tl ) B X =} = 1630 SE =+/18630=40.37

19. Symmetrical Incomplete Block Experiments. It will be remem-
bered from the discussion of Section 15 that, if all the possible groups of
degrees of freedom are not confounded, certain of the comparisons are
determined with less precision than others. For this reason in using
the quasi-factorials we have two or more standard errors depending on
the ‘ dimensions ” of the experiment. This difficulty can be overcome
by confounding all the possible groups of degrees of freedom or in other
words by using all the possible groups of sets. We then have a design
that is perfectly symmetrical and not only do we have equal precision
for all comparisons but also the calculations are considerably simplified.

The chief problem in setting up the design of a symmetrical experi-
ment is in writing out the sets. For this purpose we can conveniently
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TABLE 53

PosiTioN oF VaRrieTIES IN THE FieLp ANp CorresPoNDING ProT YivLps THRER-
DiMENSIONAL QUasI-FAcToRIAL ExpERIMENT WiTH THREE GROUPS OF SETS

8et || Vari-| ... Vari- | . Vari- | . Block || Set || Vari- | .. Vari- | .. Vari- | . Block
No.|| ety Yield ety Yield oty Yield Totals || No.|| ety Yield oty Yield oty Yield Totals

2x 11212 315 || 312 | 370 |[ 112 | 360 || 1045 |{4y || 122 | 195 [| 112 | 310 || 132 | 315 || 820
Sy || 222| 265 || 232 | 355 || 212 | 345 965 || 62 233 | 215 || 231 | 330 || 232 | 270 || 815
Gy |[ 322 245 || 312 | 185 || 332 | 160 500 [|9y (1 333 | 200 || 313 95 || 323 | 140 || 625
8y (| 223 285 || 233 | 355 || 213 | 240 880 || 7x || 231 | 330 || 131 | 410 || 331 [ 235 || 975
2y [} 211] 326 || 221 | 315 || 231 | 300 940 || 6y [} 312 | 285 {| 322 | 375 || 332 | 305 || 938
5z || 122| 240 | 3227 220 || 222 | 3850 810 || 4x ] 121 | 255 || 321 | 235 || 221 | 230 | 720
2x || 212 360 || 312 | 230 || 112 | 225 815 || 6y || 232 | 275 [} 222 | 245 || 212 | 140 || 660
3y |[ 331 270 || 311 | 255 || 321 | 170 605 || 83 223 | 270 || 222 | 230 || 221 | 135 || 635
6x |[323| 175 (| 123 | 200 || 223 | 330 795 || 6 || 222 95 || 221 | 2456 || 223 | 330 {| 670
6x (1323 180 (| 123 | 275 || 223 | 200 745 |(9s || 332 | 215 {| 333 | 300 || 331 | 255 || 770
3y [} 321 155 || 331 | 180 || 311 | 160 495 || 3x || 213 | 185 || 313 | 145 || 113 | 150 [ 480
9y |[323) 120 |} 313 70 || 333 | 100 200 || ox || 333 50 || 133 45 || 233 | 105 || 200
Ty |[113] 100 || 123 | 170 || 133 65 335 |(8s || 322 | 165 || 323 | 126 || 321 30 || 310
Ox || 233| &5 || 333 | 145 || 133 40 240 [ 7x |} 131 65 || 331 | 130 || 231 55 || 280
Iz jf 111 356 || 311 45 || 211 56 185 || 2a || 122 85 || 123 55 || 121 | 110 || 250
Ty ([ 123 | 140 || 133 45 || 113 15 200 || 9= || 331 [ 130 || 332 40 || 333 45 || 218
iz || 111] 85 | 211 65 || 311 56 205 (| 3s |{ 131 45 || 132 60 (| 133 15 || 120
1s || 112| 80 || 111 | 1156 || 113 | 165 360 |(3x || 313 0| 213 70 || 113 65 || 138
ly |{ 121 180 |[ 111 | 2565 || 131 | 290 725 ||8y || 223 [ 285 || 213 | 270 || 233 | 185 (| 740
8x (| 222| 150 |f 122 55 || 322 50 255 |1y || 111 | 210 |{ 131 | 265 | 121 | 185 [ 660
8x |1 332| 130 || 132 | 215 || 232 | 155 500 (| 2y || 211 95 (| 221 05 (| 231 | 155 || 345
4x ([ 121] 210 j| 221 90 || 321 95 395 (| 4s || 213 | 160 |[ 212 | 140 || 211 | 125 [| 426
7s (| 311| 140 {| 312 | 195 || 313 | 310 645 || Is 111 | 210 (| 112 | 290 {| 113 | 325 || 828
4y |[ 132] 230 || 122 | 220 || 112 | 310 760 {(4s || 211 | 230 || 213 | 155 || 212 | 195 || 580
3s || 132 245 {| 133 | 315 (| 131 | 215 775 |[8x || 132 | 160 || 232 | 285 || 332 [ 230 || 675
6s (| 232) 185 || 233 [ 220 || 231 | 175 580 |(7s (| 311 | 275 || 313 | 185 || 312 { 130 (| 580
2s |[121] 190 |f 122 | 160 || 123 | 110 460 || 8s || 323 | 155 || 321 | 150 || 322 | 240 || 545

divide such experiments into two types: (1) where the number of vari-
eties (v) = p?; and (2) where v = p2 — p + 1. There are, of course,
other types, but the two mentioned are likely to be of the most value in
field experiments. Considering the first type, (v = p?), it is obvious
that the variety numbers can be written in the form of a square. Sup-
pose that we have 9 varieties; then the square is

11 12 13
21 22 23
31 32 33

The first two groups of sets are written as for a two-dimensional quasi-
factorial, from the rows and ¢olumns of the square. Two more groups
may then be written from the diagonals of the above square. These are

11 22 33 11 32 23
21 32 13 21 12 33
31 12 23 31 22 13
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the second one being written from the diagonals of the first. This must
be all the groups, as we know from a study of the degrees of freedom in
a Latin square, and also from the fact that, if we repeat the process on
the last square written, the original square is regenerated. The maxi-
mum number of groups that can be written is always p + 1. On exam-
ining these sets we note that each variety occurs once and once only in
the same set with any other variety. Taking variety 11 the sets in
which it occurs are

(11 12 13), (11 21 31),, (11 22 33), (11 32 23),

and in these four sets all the other varieties have occurred once.

If p is a prime number the above method of writing out the sets will
work for the type (v = p?). If pis not a prime number we must makn
use of a completely orthogonalized square, if such a square can be pre-
pared. For p = 6 the orthogonalized square is impossible, so that we
cannot write more than three groups of sets. This is the same as saying
that a Latin square is possible for any number of rows and columns,
but Graeco-Latin squares are impossible for certain numbers, Fisher (2).
A completely orthogonalized 4 X 4 square is given below, and further
squares are given in R. A. Fisher’s “Design of Experiments,” 1937.

Completely Orthogonalized 4 X 4 Square
111 234 342 423
222 143 431 314
333 412 124 241
444 321 213 132

This square may be used to show how the sets for 16 varicties can be
made up.

The first two groups of sets are obtained from the rows and columns
of the square of variety numbers in the usual way, and the orthogonalized
square is used to write out the remaining groups. Assuming that the
square of variety numbers is as follows:

11 12 13 14
21 22 23 24

31 32 33 34
41 42 43 44

and is superimposed on the orthogonalized square, we note, considering
the first of the three-digit numbers only, that 1 corresponds with the
variety numbers 11, 22, 33, 44; 2 with the numbers 21, 12, 43, 34; 3
with 31, 42, 13, 24; and 4 with 41, 32, 23, 14. These are the sets for the
third group, and we make up two more groups by using the second and
third figures of the orthogonalized square.
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To write the sets for the type v = p®> — p + 1, it is only necessary
to modify the above procedure. Suppose that v = 13; thenp = 4 and
p — 1 =3. A convenient method of designating the varieties is as

follows:
01 02 03 04

11 12 13
21 22 23
31 32 33,

and if the sets are written for the 9 numbers in the square, the sets for the
13 varieties are obtained by making one set out of 01, 02, 03, 04, and the
remaining sets by adding one of these to the sets of each group formed
by the other 9 numbers. The sets finally are as follows:

01 02 03 04
01 11 12 13 02 11 21 31 03 11 22 33 04 11 32 23
01 21 22 23 02 12 22 32 03 21 32 13 04 21 12 33

01 31 32 33 02 13 23 33 03 31 12 23 04 31 22 13

If the number of varieties is 21, the numbers would be written out as

below:
01 02 03 04 05
11 12 13 14
21 22 23 24
31 32 33 34
41 42 43 44

and we would have to use a completely orthogonalized 4 X 4 square in
order to make up the 20 sets for the 16 numbers in the square, to which
the remaining numbers would be added as described above.

Special mention should be made of the fact that, as the sets are
written out by the methods described above for the v = p? — p + 1
type, the blocks cannot be arranged so that they form complete replica-
tions. There is a method of making up the sets (Youden’s square) by
means of which all the blocks are placed side by side and all the plotsin a
gingle row from one end of the field to the other would form a complete
replication. This method is likely to be of considerable value in labora-
tory experiments, but in field plot experiments it is not likely that the
long narrow strips one plot wide would be of any value in error control.

Example 839. A Symmetrical Incomplete Block Experiment for 25 Varieties and
6 Replications. The sets have been written out by the method described above, and
those for each group have been kept together to form complete replications. This
will be obvious from Table 56, and it will be noted also that no attempt has been
made to randomize the blocks. All the randomization is of the varieties within
blocks. It is convenient to enter on the plan of the field the individual yields and



SYMMETRICAL INCOMPLETE BLOCK EXPERIMENTS 193

the block totals. The variety totals are obtained by collecting the individual yields
as in Table 56. These are denoted by Ty,. The figures in the column headed Zy»
are obtained by adding for any one variety the totals for all the blocks in which that
variety occurs. Thus from Table 55 for variety 11 we have

Z11 = 257 + 181 + 177 + 265 + 271 + 303 = 1454

The second last column is obtained as indicated, and this can be checked by adding,
a8 the total for all the (pTyy — Zuy) values is zero. The last column gives the cor-
rected variety means (f,,) which are given by the formula

- pTuv - zuv
v

tuy +m

where m is the general mean of the whole experiment and v is the number of varieties.
The sum of squares for varieties is given simply by

Z(PTuv - 2uv)z

Varieties (SS) =
e

The analysis of variance can then be set up as at the foot of Table 56. The
method is also given for calculating the variance of a difference between two cor-
rected means. The general formula is

2
Ve -21(__”“)
r\ »p

where r is the number of replications.
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LocaTioN oF THE VARIETIES IN THE FIELD AND CORRESPONDING YIELDS.
METRICAL INCOMPLETE BLOCK EXPERIMENT FOR 31 VARIETIES AND 6 REPLICATIONS

Plot No.
Variety
Yields
Block
totals

Plot No.
Variety
Yields
Block
totals

Plot No.
Variety
Yields
Black
totals

Plot No.
Variety
Yields
Block
totals

Plot No.
Variety
Yields
Block
totals

Plot No.
Variety
Yields
Block
totals

THE FIELD PLOT TEST

TABLE 55

Replicate VI

1 2 3 4 5] 6 7 8 9101112 13 14 15|16 17 18 19 20| 21 22 23 24 25
52 34 25 11 43| 12 44 35 21 53 | 31 13 54 22 45| 41 14 32 23 55 | 33 15 51 42 24
57 52 38 60 50 | 31 31 28 32 24 | 24 40 19 20 30 | 40 35 32 19 36 | 36 44 46 57 68

257 146 133 162 251
Replicate total = 949
Replicate V

1 2 3 46 6 7 8 91011 12 13 14 1516 17 18 19 20 | 21 22 23 24 25
35 23 42 54 11 | 33 52 14 21 45| 55 12 43 24 31 | 41 53 15 34 22 | 25 44 32 13 51
54 30 28 40 20 | 14 11 10 24 19 | 30 42 32 28 30 | 32 38 26 16 20 ) 19 24 8 12 26

181 78 162 132 89
Replicate total = 642
Replicate IV

1 2 3 45 6 7 8 9 10|11 12 13 14 15] 16 17 18 19 20 | 21 22 23 24 25
32 24 45 53 11134 13 21 42 55 ] 52 23 15 31 44 | 54 33 12 41 25 | 35 22 51 43 14
57 39 25 32 24 7 23 18 24 24| 30 42 16 16 23] 25 39 35 18 21 | 20 23 15 16 27

177 96 127 138 101
Replicate total = 639
Replicate III

1 2 3 4 5 6 7 8 910)11 12 13 14 15| 16 17 18 19 20 | 21 22 23 24 25
33 44 22 55 11 | 15 32 43 54 21 | 14 53 31 25 42 | 13 35 24 52 41 | 12 23 34 51 45
74 57 34 49 51 | 45 43 31 44 40| 41 36 28 8 16| 19 30 23 22 35| 25 31 19 23 27

265 203 129 129 125
Replicate total = 851
Rephicate II

1 3 5| 6 7 8 91011 12 13 14 15| 16 17 18 19 20 | 21 22 23 24 25
11 31 51 21 41 | 22 12 42 52 32 | 13 53 43 33 23 | 14 44 54 24 34 | 45 556 35 15 25
52 57 40 79 43 | 36 33 24 44 32| 22 27 11 18 32 | 37 29 24 37 32|22 19 21 29 26

2n 169 110 159 117
. Replicate total = 826
Replicate I

1 2 3 4 5] 6 7 8 9100|1112 13 14 15| 16 17 18 19 20 | 21 22 23 24 25
12 14 15 13 11 | 23 22 21 24 25| 34 35 32 31 33 | 43 44 41 45 42 | 53 61 52 56 54
74 65 54 66 44 | 48 57 37 44 55 | 33 35 37 38 30 | 46 72 57 62 89 | 76 54 55 75 84

303 241 173 326 344

Replicate total = 1387
Grand total = 5204

Sym-
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CoRRECTED MEANS (ly,).

TABLE 56

YieLps oF SINGLE PLoTs BY VARIETIES, VARIETY TOTALS, VALUES OF Zyy AND THE
SYMMETRICAL INCOMPLETE BLOCK EXPERIMENT FOR 25
VARIETIES AND 6 REPLICATIONS

typ =
Vt*;;;- VI| V| IV|{II| I | I | Tew| Zur [pTuv—Zun pva_ Zuo
11 60| 20| 24| 51| 52| 44251 | 1,454 | —199 27.33
12 31| 42| 35| 25| 33| 74| 240 | 1,043 157 41.57
13 40 12 23 19 22 66 | 182 860 50 37.79
14 35| 10, 27| 41 37| 651|215 932 143 4]1.01
15 44| 26| 16| 45| 29| 54214 | 1,133 —63 32.77
21 32| 24 18| 40| 79| 37230 | 1,035 115 39.89
22 20| 20| 23| 34| 36| 57| 190 | 1,041 —-91 31.65
23 19| 39 42 31 32 48 | 211 946 109 39 65
24 68| 28| 39| 23| 37| 44239 | 1,119 76 38.33
25 38 19 21 8 26 55 | 167 971 —136 29.85
31 24 30( 16| 28| 57| 381|193 995 -30 34.09
32 32 8| 57| 43| 32| 37| 209 973 72 38.17
33 36 14 39 74 18 30 | 211 | 1,015 40 36 89
34 52 16 7 19 | 32 33 | 159 942 — 147 29 41
35 28| 54| 20| 30| 21 35 | 188 847 93 39 01
41 40 | 32 18| 35| 43| 57225 | 1,158 -33 33.97
42 57 28 24 16 24 89 | 238 | 1,152 38 36.81
43 50 32 16 31 11 46 | 186 | 1,159 —229 26.13
44 31 24| 23| 57| 20| 721|236 1,112 68 38.01
45 30 19| 25| 27| 22| 62| 185 956 —-31 34 05
51 46 11 15 23 40 54 | 189 | 1,181 —236 25.85
52 571 26| 30| 22| 44| 551|234 | 1,104 66 37 93
53 24| 38| 32| 36| 27 76| 233 | 1,038 127 40 37
54 19 40 25 44 24 84 | 236 | 1,158 22 36.17
55 36 30 24 49 19 75| 233 | 1,146 19 36 05
Totals | 949 | 642 | 639 | 851 | 826 |1387 5294 | 26,470 0
S(pTur—Fus)? 324,354 5294
o 25 2594.83 150 35.29
Replications =(z?)
I 83,531 Z(Th) /5 = 1,088,496/5 = 217,699.20
II 32,228 cr = 186,842.91
111 34,039 —_—
v 19,029 Blocks = 30,856 29
\Y 19,568
VI 40,367
Total = 228,762.00
CT = 186,842.91
X(r — 2)?% = 41,919.09
Analysis of Variance
SS DF | MS F |59, Pt
Blocks.....| 30,856.29 | 29
Varieties...| 2,594.83 24 | 108.12| 1.22 1.63
Error......| 8,467.97 | 96| 8821
Total....| 41,919.09 | 149
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Vo = X2 (6) g0

SEmg = V35.28 = 5.94 1
Example 40. A Symmetrical Incomplete Block Experiment for 31 Varieties in
6 Replications. The sets were written out by setting up the variety numbers as
follows:
01 02 03 04 05 06
11 12- 13 14 16
21 22 23 24 25
31 32 33 34 35
41 42 43 44 45
51 52 53 54 55,

writing out the 6 groups of sets for the 5 X 5 square and adding, to each, one of the
numbers in the first row. An additional set was then made up from the numbers in
the first row, giving 31 sets in all. The blocks were arranged as indicated in Table
58, after randomizing the varieties within the blocks. The variety totals are collected
a8 in Table 59, and it is convenient for this purpose and for obtaining the values of
Zuo to make up a table similar to Table 60 giving the sets with their corresponding
numbers and block totals. Then, to collect the yields of, say, variety 23, we can
locate it in each group, note the numbers of the sets, and then proceed from the
table of individual yields to obtain the total. Similarly to obtain Zs3 we add the block
totals in the same line as 23 throughout the table.

From this point the calculations are exactly as in Example 39 for 25 varieties,
except that, since this experiment is of the v = p> — p + 1 type, the variance for
the difference between two corrected variety means is

V,,.=2—82<—2—p2-———)
r\pP—p+1

The analysis of variance is given in Table 57.

TABLE 57
ANALYSIS OF VARIANCE

INncomMpPLETE BLoCK ExPERIMENT FOR 31 VARIETIES IN 6 REPLICATIONS

SS DF MS F 5% Point
Blocks.......... 1,083,491 30 36,116 10.5 1.53
Varieties........ 103,977 30 3,466 1.01 1.53
Error........... 429,766 125 3,438

Total.....: coo| 1,617,224 185
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TABLE 58

LocATION OF THE VARIETIES IN THE FIELD, CORRESPONDING PLoT YIELDS, AND
Brock ToraLs. SYMMETRICAL INCOMPLETE BLOCK EXPERIMENT WITH 31 VARIETIES
AND 6 REPLICATIONS

Bet|| Vari- Vari-| . Vari-| .. Vari-{ ,. Vari-| . Vari-| . Block
No/| ety oty Yield ety Yield ety Yiald ety Yield ety Yield Totals

11 315 13 370 01 360 14 265 12 355 15 345 2,010
23 245 22 185 21 160 01 285 24 355 25 240 1,470
01 325 33 315 32 300 35 240 31 220 34 350 1,750
45 360 43 230 42 225 01 270 41 255 44 170 1,510
220 52 220 55 | 265 1,600
31 195 11 310 21 315 02 215 41 330 51 270 1,635
22 290 52 85 02 140 32 330 12 410 42 235 1,500
13 255 23 375 43 305 33 255 02 235 53 230 1,658
54 276 44 245 34 140 24 270 14 230 02 135 1,295
10 || 45 95 35 245 02 330 25 | 235 15 200 55 285 1,390
11 | 44 180 11 275 33 290 55 155 03 180 22 160 1,240

O 00T O W N
o
=
-
-
o
o
(2]
(3
<3
o
o
-
©
[
o
o
-

12 || 03 120 32 70 21 100 15 100 43 170 54 65 625
13 53 55 42 145 31 40 25 35 03 45 14 55 375
14| 24 140 13 45 35 15 03 85 52 65 41 55 405
15 || 45 80 23 115 34 165 03 85 51 55 12 120 620
16 || 32 215 1 300 45 255 24 185 04 145 53 150 1,250
17 13 50 34 45 b5 105 42 155 21 125 04 30 510
18 || 23 65 15 130 44 55 31 85 04 55 52 110 500
19 || 25 130 33 40 41 45 12 45 54 60 04 15 335
2014 35 -5 04 70 22 65 43 35 14 255 51 80 500
21 05 180 11 255 23 290 42 285 35 270 54 185 1,465
22 21 150 52 55 14 60 45 210 33 265 05 185 9156
23 || 85 130 24 215 12 165 31 05 05 05 43 155 845
24 15 210 41 90 53 95 22 160 05 140 34 125 820

25 || 32 140 05 195 13 310 51 195 25 130 44 285 1,255
26 11 210 34 290 43 325 25 230 52 220 06 310 1,585
27 12 230 44 155 35 195 53 245 06 315 21 215 1,355
28 13 160 31 285 54 230 22 185 45 | 220 06 175 1,258
29 14 275 b5 185 06 130 32 190 41 160 23 110 1,050
30 15 156 42 150 24 240 06 130 33 145 51 125 945
31 o1 220 05 215 06 195 03 240 02 295 04 230 1,395

34,960
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TABLE 59

YieLps ofF SINGLE PLoTs BY VARIETIES, VARIETY T0TALS, VALUES OF Z,, AND THE
CORRECTED MEANS ly,. SYMMETRICAL INCOMPLETE BLOCK EXPERIMENT WITH 31
VARIETIES AND 6 REPLICATIONS

Vari-
&ty Single Plot Yields Tur Zuv |PTuv—Zus| tus
0.

01 | 360 | 285| 325 270 | 175 | 220 | 1,635 9,635 175 193.6
02 [215) 140 | 235 | 135| 330 295 | 1,350 | 8,870| —770 163.2
03 | 180 | 120 45 85 85| 240 766 | 4,660 —130 183.8
04 | 145 30 55 15 70 | 230 545 | 4,490 |—1220 148.6
05 | 180 | 185 95| 140} 195 | 215 | 1,010 6,695 —635 167.5
06 | 310 | 315} 176 | 130 | 130} 195 1,256 | 7,585| —55 186.2

11 | 315 310 | 2756 300 255 | 210 ] 1,665| 9,185 8056 214.0
12 | 366 | 410 | 120 45| 156 | 230 | 1,315 6,665| 1225 227.5
13 | 870 | 256 45 50 ( 310{ 160 | 1,190 | 7,090 50 189.6
14 | 2656 | 230 56 | 265 50 | 275 | 1,130 | 6,145 636 208.5
16 | 345 200 | 100 | 130 | 210 | 155 | 1,140 | 6,290 550 205.7

21 | 160 | 316| 100 125 150 | 215 | 1,066 | 6,510| —120 184.1
22 | 185 | 200 | 160 65| 160 | 185 | 1,045 6,785| —515 171.4
23 | 245 | 376 ] 115 66| 200 | 110 1,200 | 6,760 440 202.2
24 | 356 | 270 | 140 | 185 | 215 | 240 | 1,405| 6,210| 2220 259.6
25 | 240 | 235 35| 130 | 130 | 230 | 1,000 6,410 —410 174.8

31 | 220 | 195 40 85 95 | 285 920 | 6,360 | —840 160.9
32 {300} 330 70| 216 | 140 | 190 | 1,245 | 7,430 40 189.3
33 | 316 | 256 | 290 40 265 | 145] 1,310 6,840( 1020 220.9
34 | 350 | 140 | 165 45| 126 | 290 | 1,115 | 6,680 110 191.9
35 | 240 | 245 15 -5 270 | 195 960 | 6,865 |—1105 162.4

41 | 255 | 330 55 45 90 | 160 935 | 5,755| —146 183.3
42 | 226 | 235 | 145 | 155 | 285 | 150 | 1,195 6,305 865 215.9
43 | 230 | 305 | 170 36| 166 325 | 1,220 | 6,720 600 207 .4
44 | 170 | 245 | 180 55| 285 155 | 1,000 7,1565| —616 168.2
45 | 360 95 80| 255 | 210 220 | 1,220 | 6,940 380 200.3

51 | 330 | 270 55 80 195 125 | 1,055 | 6,455| —1256 184.0
52 | 220 95 65| 110 551 220 765 | 6,405 |—1815 129 .4
53 | 290 | 230 55 | 150 95| 245 1,065 | 6,955| —565 169.8
54 | 220 | 275 65 60| 185 | 230 | 1,035 6,475) —265 179.4
55 | 266 | 285 | 155 | 105 ) 130 ( 185 | 1,125 | 6,535 215 194.9

8215 | 7495 | 3680 | 3655 | 5490 | 6525 | 34,960 |209,760 0
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TABLE 60

199

SETS ARRANGED IN ORDER OF NUMBERS WITH CORRESPONDING BLock ToraLs.
INncoMpPLETE RANDOMIZED BLOCK EXPERIMENT

Set Block Set Block

No. Totals No. Totals
1101 11 12 13 14 15 2010 16 | 04 11 32 53 24 456 1250
21 01 21 22 23 24 25 1470 171 04 21 42 13 34 55 510
3] 01 31 32 33 34 35 1750 18| 04 31 52 23 44 15 500

41 01 41 42 43 44 45 1510 19| 04 41 12 33 54 25 335
5| 01 51 52 53 54 55 1500 20 | 04 51 22 43 14 35 500
6] 02 11 21 31 41 51 1635 211 05 11 42 23 54 35 14656
71 02 12 22 32 42 52 1500 22 | 05 21 52 33 14 45 915

81 02 13 23 33 43 53 1656 231 05 31 12 43 24 55 845
9] 02 14 24 34 44 54 1295 24| 05 41 22 53 34 15 820
10| 02 15 25 35 45 55 1390 251 05 51 32 13 44 25 1255
11{ 03 11 22 33 44 55 1240 26| 06 11 52 43 34 25 1585
12| 03 21 32 43 54 15 625 271 06 21 12 53 44 35 1355
13 ] 03 31 42 53 14 25 375 28 1 06 31 22 13 54 45 1256
14 { 03 41 52 13 24 35 405 20| 06 41 32 23 14 556 1050
15| 03 51 12 23 34 45 620 30| 06 51 42 33 24 15 945
31| 06 01 02 03 04 05 1395

Grand Total = 34,960
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20. Choosing the Best Type of Incomplete Block Experiment for a
Given Test. After a study of the various incomplete block experiments
it will be noted that each has certain limitations. On account of general
simplicity the symmetrical incomplete blocks are to be preferred to the
quasi-factorials, and in addition all comparisons are made with equal
precision. However, for the symmetrical types we must have, when
v = p% p + 1 replications, and when v = p? — p + 1, p replications.
For a test of 121 or 133 varieties we require 12 replications, and if the
number of varieties is greater than this it is obvious that in general the
test will be more expensive than is usually warranted in such cases. At
a certain point, therefore, it would seem that the quasi-factorials should
be extremely useful. On account of its relative simplicity the two-
dimensional quasi-factorial with two groups of sets is preferable to the
three-dimensional type, but the latter will probably be the most efficient
if the number of varieties is quite large. These points can now be used
as a basis for setting up a general schedule as to the type of experiment
best suited to a given number of varieties. For this purpose Table 61
has been prepared, taking as a basis the number of varieties that can be
tested by at least one of three types.

In Table 61 the dotted lines indicate the range through which the
methods are generally recommended. The two-dimensional quasi-
factorial can be used at the point where the number of replications for
the symmetrical type becomes too large. For very large numbers the
three-dimensional quasi-factorial is probably the most efficient, but,
since it can be applied easily only to numbers that are cubes, the two-
dimensional type must be extended to include fairly high numbers.

A possible objection to incomplete block experiments in general may
be that certain numbers of varieties cannot be tested and hence the
experimenter may feel that it is still necessary to use randomized blocks.
However, it would seem to be desirable where possible to suit the num-
ber of varieties to the experiment even if it involves using ‘“dummy”’
varieties. Also, for those who wish definitely to use other numbers than
those listed here, Yates (20), has developed methods for laying out and
analyzing quasi-factorials in which the dimensions are not equal. Thus
instead of a 12 X 12 quasi-factorial for 144 varieties we might use a
12 X 11 for 132 varieties. These modifications, however, require addi-
tional computations and will be avoided if: possible.
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TABLE 61

VALUES OF p AND r REQUIRED FOR DIFFERENT NUMBERS OF VARIETIES
AND RANGES THROUGH WHICH THE THREE GENERAL TYPES OF
INcoMPLETE BLock EXPERIMENTS ARE RECOMMENDED

Symmetrical Incomplete Two-Dimensional Three-Dimensional
No. of Blocks Quasi-Factorial Quasi-Factorial
Varieties p* r P r P r
13 4 4
16 4 5 4 2n 2 3n
21 5 6
25 5 6 5 2n
o7 3 3n
31 6 6
36 6 2n
49 7 8 7 2n
57 8 8
64 8 9 8 2n 4 3n
73 9 9
81 9 10t 9 2n
91 10 10
100 10 11 10 2n
111 11 11
121 11 12 1 2n
125 5 3n
133 12 12
144 12 13 12 2n
157 13 13
169 13 14 13 2n
183 14 14
196 14 15 14 2n
211 15 5 i
216 6 3n
225 156 16 15 2n
ete. ete.

* p = number of plots in one block.
r = npumber of replications.
+ Completely orthogonalized squares greater than (9 X 9) have not yet been written, and
therefore we cannot if we wished go beyond this point at the present time.
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TABLE 62
YieLDs OF OAT VARIETIES IN AN EXPERIMENT ON THE EFFECT
oF SoiL INocuLATION WITH A RooT RoT ORGANISM
Replicates
. Soil
Variety Treatment
1 2 3 4
) | I 24.1 16.1 31.6 28.9
U 65.4 49.3 39.8 48 .4
1I I 30.6 51.7 51.7 42.5
U 51.8 74.8 76.5 56.6
111 I 39.1 47 .4 36.9 28.9
U 68.7 42.0 81.6 57.3
v I 120.1 69.5 96.2 69.7
U 112.2 88.6 102.8 85.0
\" I 118.7 24.1 45.9 10.
U 58.5 68.0 77.7 54.7
VI I 76.2 66.3 7.7 65.3
U 109.1 91.5 124.1 96.9
VII I 57.8 45.9 29.7 56.4
U 112.2 95.9 91.1 77.3
VIII 1 58.0 40.1 47 .6 38.4
U 127.3 66.3 77.0 63.4
I1X I 81.8 23.6 31.6 32.1
U 100 3 73.8 81.4 52.7
X I 85.3 78.2 99 .4 85.0
U 81.6 94.3 96.4 77.2




EXERCISES 203

21. Exercises.

1. The results of a randomized block experiment are given in Table 62. Ten
varieties of oats were tested for their reaction to root rot. The plots were arranged
in pairs of which one plot was inoculated with the root-rotting organism and one
plot uninoculated. Analyze the results. State in words the meaning of a significant
interaction between varieties and the soil inoculation.

DF M8
Replicates. . .. .................. 3 2,042.08
Varieties. . ................ ..... 9 2,654.19
Error (1).......... e 27 270.54
Treatments.......... ........... 1 12,226.51
Varieties X Treatments........... 9 401.32
Error (2)...............o0. o 30 232.30

2. In a fertilizer experiment conducted in an 8 X 8 Latin square, the yields of
wheat given in Table 63 were obtained. The fertilizer combinations are designated
N, P, K, NP, NK, NPK, O. In the table the yields are in the exact position of the
plots in the field, and above each yield figure is the fertilizer treatment which the
plot received. Work out the analysis of variance for this experiment, and, by means
of the standard error, compare:

(a) Yields for plots receiving N with those recciving no N.
(b) Yields for plots receiving K with those receiving no K.
(c) Yields for plots receiving P with those receiving no P.

The results for the sums of squares are given below to provide a check on the work,
but the sum of squares for the treatments must be split up to correspond to individual
degrees of freedom.

S8 DF
ROWS........iiiiiiiiiiiennns 102.20 7
Columns........................ 84.24 7
Treatments...................... 513.79 7
Error.......... ... .. ... ... 91.99 42

8. Complete the analysis of the split plot experiment described in Section 8,
above. Assume that the plan of this experiment is to be rearranged so that the
most accurate comparison is to be between D and W, and make the plan accordingly.

The sums of squares for the three errors as given below will provide a com-
plete check on the calculations.

Error (1) 647.6 Error (2) 1059.1 Error (3) 931.1

4. Assuming that the following sets of figzures represent the response to fertilizer
at 4 levels, for each set work out the sums of squares for the total and then for the
linear, quadratic, and cubic responses. Graph the actual yield results as given below,
and then point out the relation between the shape of these graphs and the results
obtained for the sums of squares.

ny ne ng ng
(a) 22 65 54 78
) 19 61 58 27

(c) 24 68 13 41
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The sums of squares are

(@) (b) (c)
Linear............. 1232.45 22.05 1.80
Quadratic.......... 90.25 1332.25 9.00
Cubic.............. 396.05 14.45 1155.20

5. Table 64 gives the plan of a field for a 3 X 3 X 3 confounded experiment,
with treatment numbers and plot yields. The numbers such as 123 and 321 represent
Ni1K:2P3 and N3KoP;. Cyeclic set II was used to confound 2 degrees of the triple
interaction N X K X P with blocks. Work out the complete analysis of variance
for this experiment giving the results for treatment effects by individual degrees of
freedom.

The following excerpts from the results for the sums of squares will assist in
checking the calculations.

Total for treatments. . .2,434.93
' 9.

Neovooiiiiiiianns 46
NeXKgoooovvvaoonnn 4.73
KiXProooovvvnnnn. 438.90
NXKXP.......... 149.98 (for one pair of DF)
Error................ 5,770.81

8. Table 65 gives the plan of the field with variety numbers and corresponding
plot yields for a two-dimensional quasi-factorial experiment with two groups of sets.

Make a complete analysis of the results.
The variety sum of squares is 253,538.

7. Table 66 gives the plan of the field with variety numbers and corresponding
plot yields for an incomplete block experiment with 21 varieties. Analyze the results,
and make a test of the significance of the mean difference between the varieties

01 and 04.
8. Prepare plans for the layout of:

(a) Two-dimensional quasi-factorial experiment to test 36 varieties.
(b) Symmetrical incomplete block experiment to test 31 varieties.
(c) Three-dimensional quasi-factorial experiment to test 125 varieties.
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TABLE 63

Yi1ELDs OF WHEAT IN AN 8 X 8 L.ATIN SQUARE FERTILIZER EXPERIMENT
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P N NP K NK o NPK PK
18 8 12.2 18.3 15.8 11.4 11.5 19.4 18.9
N NK PK NPK P K NP o
12.9 7.3 17.4 17.2 19.7 12.0 19.0 16.6

NK NP N P (0] NPK PK K
10.7 17.5 10.4 18.0 9.8 16.6 17.5 14.3
PK K NPK 0 N NP P NK
18.3 12.6 14.2 12.2 11.4 14 5 16.9 16.1
NP o NK N PK P K NPK
17 9 12.8 13.3 11 3 16.5 15 6 10.9 16.7
K PK (4] NP NPK N NK P
14.9 18.2 12.8 17.1 15.8 9.5 8.9 20.6
NPK P K PK NP NK (0] N
19.0 189 11.2 17.1 17.9 8.6 10 2 14 5
(0] NPK P NK K PK N NP
17.5 20.4 20.8 16.4 16.8 18.5 13.6 23.0
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TABLE 64

PraN oF FieLp anD ProT YIELDS FOR A (3 X 3 X 3) CONFOUNDED EXPERIMENT

Variety Yield Variety Yield Variety Yield
111 465 112 364 113 549
123 395 121 348 122 348
132 556 133 421 131 463
213 343 211 455 212 346
222 413 223 374 221 394
231 408 232 507 233 363
312 337 313 421 311 449
321 421 322 374 323 217
333 308 331 334 332 355
333 353 121 381 332 244
312 486 133 403 323 246
213 219 313 75 113 82
321 544 211 325 122 280
123 478 331 141 221 195
231 391 112 259 131 196
222 311 223 254 311 178
111 302 322 259 212 222
132 542 232 398 233 309
222 374 133 299 311 196
321 358 331 273 131 259
213 468 232 437 122 361
231 316 322 485 233 345
111 307 121 311 221 207
333 570 313 343 113 16
312 427 211 353 323 199
123 380 112 454 212 114
132 400 223 251 332 240
132 611 121 403 113 302
123 444 331 338 323 256
312 550 322 405 311 367
333 573 223 331 131 268
213 706 313 522 221 400
111 423 211 319 332 . 446
321 749 232 383 233 515
231 529 133 292 212 420
222 424 112 554 122 384
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TABLE 65
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PLAN oF A Fi1ELDp wiITH VARIETY NUMBERS AND CORRESPONDING PLOT Y1ELDS FOR
A Two-DiMENSIONAL QUASI-FACTORIAL EXPERIMENT WITH 49 VARIETIES

|

‘;‘;‘ Yield ‘;:;‘ Yield ‘::;" Yieldl ‘;‘t‘;‘ Yield! ‘::;‘ Yield ‘e:;‘ Yield ‘;:;‘ Yield
12 189 15 284 13 218 14 392 11 211 17 304 16 182
26 289 25 | 342 27 345 23 214 21 327 22 270 24 | 320
Repli- || 32 | 300 || 34 | 357 || 36 | 208 || 31 | 366 || 37 | 356 || 35 | 283 || 33 | 202
eate I || 45 | 132 || 44 | 250 || 46 | 202 || 43 | 384 || 42 | 270 || 41 | 107 || 47 | 214
Group X|| 56 50 52 42 51 339 54 283 53 126 57 82 55 37
65 153 66 | 310 63 306 64 303 61 182 67 121 62 197
72 | 214 || 71 | 380 77 | 345 || 74 | 363 | 75 | 274 || 76 | 330 || 73 | 242
71 | 234 || 11 | 283 || 51 | 125 | 41 | 336 || 31 {233 | 61 | 330 || 21 | 260
32 280 62 | 367 72 305 12 309 52 148 22 252 42 147
Repli- || 73 | 414 || 23 | 300 || 33 | 381 | 43 | 184 || 13 | 162 || 63 | 101 || 53 | 62
cate II 44 217 54 331 24 295 64 277 34 273 14 307 74 287
Group Y| 35 144 15 | 202 25 196 45 | 375 55 | 329 65 | 221 75 141
26 | 161 || 16 | 204 || 56 | 214 || 46 | 450 || 66 | 165 || 76 | 203 || 36 | 197
27 | 278 || 47 | 201 | 67 | 214 || 17 | 316 || 57 | 243 || 37 | 134 || 77 | 160
15 263 16 111 12 255 14 201 17 150 11 95 13 259
22 | 120 || 21 | 156 || 24 | 102 ]| 26 | 173 || 25 | 133 || 27 | 371 || 23 | 255
Repli- | 31 | 284 || 34 | 240 || 32 | 214 || 35 | 325 || 83 | 140 || 37 | 254 || 36 | 198
cate II1|| 42 | 130 || 47 | 206 || 45 | 234 || 43 | 200 || 44 | 211 || 41 | 225 || 46 | 358
Group X|| 54 165 57 93 52 267 51 242 53 158 55 102 56 | 339
65 259 66 11 64 285 62 312 67 165 61 196 63 301
73 307 74 168 71 245 75 | 301 76 | 223 72 265 77 361
71 139 61 169 31 268 41 173 51 188 11 29 21 79
72 126 52 142 42 180 12 |—16 22 -8 32 |—63 62 52
Repli- || 63 | 187 || 23 | 254 || 53 | 100 || 43 |—29 || 33 | 65| 73 | 10| 13 | 199
cate IV || 44 | 257 || 64 | 150 || 74 | 118 || 24 | 200 || 34 | 174 || 14 | 112 || 54 | 108
Group Y|| 15 254 35 289 65 | 244 56 191 25 142 75 | 395 45 | 265
36 | 249 || 76 | 201 || 16 | 140 || 26 | 248 || 56 | 235 | 46 | 235 || es | 176
67 {216 || 27 | 186 || 77 | 200 || 37 | 336 || 57 | 233 | 17 | 105 || 47 | 27
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TABLE 66

PraN oF Fierp wiTH VARIETY NUMBERS AND CORRESPONDING PLoT YIELDS FOR
A SYMMETRICAL INcoMPLETE BLOCK EXPERIMENT WITH 21 VARIETIES

Vari- Vari- Vari- Vari- Vari- Block
ety | Yield || ety | Yield | ety | Yield|| ety | Yield | ety | Yield | Totals

13 465 11 393 14 556 01 343 12 413 2170
22 408 21 337 24 421 23 308 01 353 1827
31 486 01 219 34 544 32 478 33 391 2118
01 311 44 302 43 542 42 374 41 358 1887
41 468 21 316 02 307 11 570 31 427 2088
02 380 32 400 42 611 12 444 22 550 2385
43 673 13 706 23 423 02 749 33 529 2980
44 424 02 638 24 736 14 488 34 758 3044
22 364 11 348 44 421 33 455 03 374 1962
12 507 34 421 43 374 21 334 03 381 2017
24 403 42 75 13 325 31 141 03 259 1203
32 254 23 259 03 398 14 299 41 273 1483
24 437 11 485 32 311 04 343 43 353 1929
14 454 33 251 21 403 42 338 04 405 1851
31 331 04 522 44 319 12 383 23 292 1847
22 554 04 626 41 753 34 505 13 668 3106
42 549 34 348 05 463 11 346 23 394 2100
05 363 21 449 13 217 44 355 32 244 1628
43 246 31 82 14 280 22 1956 05 196 999
41 178 || 056 222 24 309 12 196 33 259 1164
02 361 04 345 01 207 05 16 03 199 1128
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CHAPTER XIII

THE ANALYSIS OF VARIANCE APPLIED TO LINEAR
REGRESSION FORMULAE

1. Significance of the Regression Function. If, in a series of paired
values, y is the dependent and z is the independent variable, the regres-
sion of y on z is represented by the linear equation ¥ = § + b(x — %),
where b is the regression coefficient and Y, is a value of y estimated from
the equation for z = z;. Now if the equation is used to estimate each
value of y from the corresponding values of z, it can be shown that

Q-2 -9 =2 —Y)?
Iy — 9P = Z(Y — §)?

1)

Andsince Z(y — )2 = (1 — r)Z(y — )2 + r2Z(y — ¥)?, it is obvious
that, if the total sum of squares for the dependent variable is broken up
into two parts, one part Z(y — Y)?, representing deviations from the
regression function, and another part £(Y — #)?, representing that
portion of the total variability that is accounted for by the regression
function, these two parts are proportional to (1 — r2) and r2, respectively.
It should be clear that Z(y — Y)2 represents deviations from the regres-
sion function because for each value of y we are taking the square of the
deviation of that value from the corresponding Y value on the regression
line. Similarly =(Y — #)? represents the regression function itself
because for each value of ¥y we take the square of the difference between
% and the corresponding point on the regression line. As the slope of
the regression line increases, Z(¥Y — ) must increase also, and as the
y values approach more closely to the regression line the value of
Z(y — Y)? decreases correspondingly.

The direct relation between (Y — 7)? and the regression equation
may be shown by equating it to

(Y — 92 =Z{g+ blx — %) — §}2 = bZ(z — &)? @)

In the expression on the right Z(z — )2 is obviously independent of the

correlation so that any variations in Z(Y — §)? are due entirely to b.

This is an important concept as it shows that, since the value of
210
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Z(Y — 3)? for any given distribution of y is dependent on a single
statistic b, it must represent only 1 degree of freedom. Hence the
analysis of variance corresponding to equation (1) will be:

‘Sum of Squares DF Mean Square
Regression function. .. ... b E(x — £)? 1 »Z(z — £)?
Deviations from regression
funetion.............. Sy -Y)? n -2 Iy - Y2/ -2
Total............ Z(y — 9)? n -1

where 7’ is the number of pairs of values of z and y.
In calculating the sum of squares b2 Z(z — x)? it is frequently con-
venient to make use of the equality
By — )P

V¥E(x — £)? = m 3)

If b has already been obtained it is of course just as convenient to mul-
tiply 2(x — %)? by b2

If the correlation coefficient has been determined, a short method
of determining the significance of r., which is exactly comparable
to determining the significance of by, arises from the substitution of
(1 —1r2) 2y — 92 for Z(y — Y)? and r’Z(y — §)? for b?2Z(z — %)% in
the sum of squares column of the analysis of variance. Then F works out
tor?2 (n’ — 2)/1 — 72, and this is all the calculation necessary. In other
words, for a total correlation or a regression coefficient, F = ¢, and
tables either of F or of ¢ may be used to test their significance. Refer
here to Chapter VII, equation (11), and note that F = v,/v..

2. Test for Non-Linearity. When correlation data are set up in the
form of a correlation table the total sum of squares may be split up into
two portions, one part representing differences between the means of
arrays and the other representing differences between values within
arrays. The equation is

Z(y — 9)° = Zny(§p — )2 + ZZ(y — 95)? )

Between Within

where 7, is the number in an array and §, is the mean of an array. The
second summation in the term on the right means that the sums of
squares are first computed for each array and these are summated.
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The equation for the corresponding degrees of freedom is as follows:
n=1=(@—-1+ (@ —¢q )

where ¢ is the number of arrays in the table.

If we picture the sum of squares for between arrays as being due to a
set of means running diagonally across the table following in general the
regression straight line, it is obvious that the sum of squares for between
arrays includes the sum of squares b*Z(z — Z)?, worked out above for
deviations due to the regression function, and that the remainder will be
due to deviations of the means of arrays from the regression line. The
equation is

Zny(§p — 97 = Zny(§p — Y)? + V?Z(z — 2)? (6)
Between Deviations Due to linear
of means of regression

arrays from
regression line

If the means of arrays fall directly on the regression line, Zn, (g, — Y)?
will be zero, and correspondingly its value will increase as the trend
of the mean values gets farther away from the trend of the straight
regression line. Then since the sum of squares for within arrays
measures the random variability in the values of y a comparison of the
estimates of variance obtained from Zn,(H, — Y)? and ZZ(y — ¥,)°
should provide a measure of the linearity of regression, or the goodness
of fit of the regression straight line to the data in question.

The equation for the degrees of freedom corresponding to equation
(6) willbe (9 — 1) = (¢ —2) + 1.

The complete analysis of variance may be represented as follows:

Sum of Squares DF Sum of Squares)] D F
Linear
Between arrays| Zn,(jp, — 9)? | ¢ — 1< regression | b2 (z — £)? 1
Deviations,

means of arrays | Zny(jp, — Y)?| ¢—2
from regression
line
Within arrays | Z2Z(y — )% | n' — ¢

Total. .. .. Zy - 9)? n -1
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For the purpose of testing linearity, however, it suffices to set up:

Sum of Squares DF Variance
Deviations, means of arrays
from regression line. . .. .. Znpp — Y)2 | g—2 Znydy — Y)/g — 2
Within arrays............. ZZ(y — Fp)? n —gq ZZ(y — gp)¥/n' — ¢
Total................ Sy -~-Y)? n —2

There are various methods of obtaining the sums of squares for the
above analysis, but one of the most convenient and direct is first to
calculate Zn,(J, — ¥)?, making use of the identity

T2 T?
2@, - 9 = 2(32) = 7 ™
We square the total of each array and divide by the number in the
array. These are summated, and from the sum we subtract the square
of the y total divided by the number of paired values. Then we calcu-
late b®Z(z — )2 and, =(y — %)? being known, the two sums of squares
required can be obtained by subtraction. The procedure is obvious by
reference to the outline of the analysis of variance above.

Example 41. Significance of a Regression Function. In Chapter VII, Ex-
ample 13, we determined the correlation coefficient for the yields of adjacent barley
plots and in Chapter VI, Example 11, wo determined the regression line. Using the
same data and the analysis of variance to test the significance of the regression
function we should get a similar result. The sums of squares are

2@ — £)? = 3952 — 8502/200 = 339.50
bZ(r — £)? = 0.4492% X 339.50 = 68.50
Z(y — §)? = 8180 — 12462/200 = 417.42
Z(y — Y)? = 417.42 — 68.50 = 348.92

Then the analysis of variance is aa follows:

Sumof | pp | Variance| # |19 Point

Squares
Regression function....... 68.50 1 68.50 38.9 6.76
Deviations from regression| 348.92 198 1.762

Total. ...oveennnnn. 417.42 199

The F value is well beyond its §% point, indicating a high degree of significance.
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Example 42. The Test for Non-Linearity. We shall again use the data of
Chapter VI, Table 12, for this test. Since we already have Z(y — #)? (Example 41,
above) the first step is to calculate Zn,(7, — %)% In Chapter VI, Table 13, the
totals for the y arrays are given, so we proceed as follows:

Between arrays....... 20%/4 + 602/13 4 - - + 422/6 — 12462/60= 78.70
Linear regression. .. .. v¥Z(x — £)? = 0.4492% X 339.50 = 68.50
Deviations from regres- _
Sion.............. Zny(jp — Y)? = Difference = 10.20
Total....... Z(y —9)? = 417.42
Between arrays....... Zny(Fp — §)° = 7870
Within arrays........ ZZ(y — 9p)? = Difference = 338.72
Setting up the analysis of variance, we have:
Sum of DF Variance F 59, Point
Squares
Deviation means of arrays
from regression line..... 10.20 5 2.040 1.16 2.26
Within arrays............ 338.72 193 1.755

The F value does not approach its 5%, point, so we conclude that there is no evidence
of non-linear regression.

3. Significance of Multiple Correlations. In multiple correlation
where z; represents the dependent variable and z; and z3 two independ-
ent variables the regression equation is

z1 = &1 + bia(z2 — %2) + bis(zz — %3) ®

and this may of course be extended for any number of variates. The

normal equations corresponding to (8) are
Zx1(xe — &2) = b12Z(we — F2)? + b13Zz2(x3 — T3) ©)
a1 (z3 — Z3) = bieZz2(z3 — &3) + b1aZ(xs — £3)2

and from these we can derive the solution
Z(x1 — )2 = Z(z1 — }(1)2 + bieZz1 (22 — Z2) + bi1aZri(x3 — &3) (10)

This equation corresponds to (1) above where the first term on the right
represents the portion of the sum of squares for z; that is independent
of 22 and z3. The other two terms on the right represent the portion of
the sum of squares for z, that is dependent on z2 and z3. These terms
may of course be written b%,Z(z2 — &2)2 and bisZ(xs — £3)%, in which



SPECIAL APPLICATIONS 215
form they correspond to b*Z(x — %)? as above in equation (2). Equa-
tion (10) may also be written

(@1 — %1)? = (1 — RYZ(z1 — 1) + R2Z(21 — £1)2 (11)
where R is the multiple correlation coefficient. Also

(1 — R?) Z(x1 — #1)% = Z(z1 — X1)?, and R2Z(x; — £1)?
= b1eZz1(x2 — E2) + b1aZzi(zxs — Z3).

It follows from (10) and (11) that a multiple regression can be
expressed as an analysis of variance as follows:

Sum of Squares DF Variance F
Regress?on i _ R2 no—p—~1
function R2X(z; — 7))? P R2Z(zy — 71)%/p 3
1—-R P
Deviations
from
regression
function (1= RBR)YZ(z; — 2)%n' — »p — 1] (1 — RYZ(zy — T2
n—-p-1
Total Z(xy — Z))? n -1

where p is the number of independent variables. To test the significance
of a multiple correlation therefore it is only necessary to find

_ R? n —p—1
) a

and look up the 59, point of F corresponding to ni = p and
n=n —p-—1

Example 43. The Significance of a Multiple Correlation. Let Ry 9345 = 0.6457,
and it has been obtained from a series of 84 values of zy, 22, 73, 24, und z5. We have

F= 0.416928 Z_S_) - 141
0.583072/\ 4
For p=4and n’ — p — 1 =179, the 19, point of F is 3.56, so that the multiple
correlation is highly significant.

4. Special Applications. The analysis of variance can be used to
determine the significance of the additional information obtained in cal-
culating multiple correlation coefficients. This method was used by
Geddes and Goulden (2) in a practical problem in cereal chemistry.
Correlations were first determined between loaf volume of wheat flour
and the percentage of protein. In later studies the protein was sep-
arated into two portions, peptized and non-peptized, and using these two
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portions as variables the multiple correlation for their combined effect on
loaf volume was calculated. If the proportions of the two kinds of pro-
tein have an important effect on loaf volume the multiple correlation
should be significantly higher than the simple correlation for total pro-
tein and loaf volume. A method of comparing the two correlations
would determine therefore the practical significance, for purposes of
predicting flour quality, of knowing the amounts of peptized and non-
peptized protein in addition to the total protein.

If we let z; represent loaf volume, z2 the peptized protein, zz the
non-peptized protein, and z, the total protein, the corresponding simple
and multiple correlation coefficients are r1, and Ri23. The total pro-
tein is of course (z2 + x3), the sum of the two fractions.

Assuming these correlations to be determined from 20 pairs of values,
the sums of squares representing deviations from the regression function
are proportional to (1 — 73;) and (1 — R2,3), respectively, and the
corresponding degrees of freedom are 18 and 17. The effect of using
more variables to estimate z; as in the case of multiple regression is to
decrease the sum of squares due to deviations from the regression func-
tion, but for each additional variable introduced 1 degree of freedom is
lost and unless the reduction of the sum of squares is more than propor-
tional to the loss in degrees of freedom there is no gain in precision. An
analysis may therefore be set up as follows:

Sum of Squares DF Variance
Deviations from regression of
TpOD Tlvvvvveenennnnnnn 1 -1, 18
Deviations from regression of
zzandzzonzy,.......... 1 — R%, 17 1)
Additional degree of freedom | (1 — r};) — (1 — R%33) 1 @)

Applying the z test to the mean squares (1) and (2), using (1) as an
error, we can determine the significance of the gain in information due to
the addition of another variable.

In one actual experiment for a series of 20 flours from No. 2 Northern
wheat 71, = 0.511 and R1.23 = 0.732. The analysis gives:

Sum of Squares DF Variance F 19, Point

1-13,  0.738879 18
1 — R 0.464176 17 0.02730

Difference 0.274703 1 0.2747 10.06 8.40
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In this case there was a decided gain in information owing to the
separation of the protein into two components.

In the general case to which this method may be applied note that
(1 — r?) represents (n’ — 2) degrees of freedom and (1 — R?),
(n" — p — 1) degrees of freedom. The difference between the two
sums of squares will be represented therefore by (n’ — 2) —
(n" —p—1) = (p — 1) degrees of freedom.

b. Exercises.

1. For the data in Chapter VI, Table 15, determine the significance of the re-
gression function by means of the analysis of variance, where the flour carotene is

taken as the dependent variable. F = 159.5.
2. For the same data as in Exercise 1 above, test for linearity of regression.
F = 3.21.

8. Apply the test for non-linearity to the data in Table 67 for the relation between
loaf volume according to a standard baking formula and the percentage protein of
wheat flour. If there is evidence of non-linearity calculate the regression equation
and make a graph showing the regression line and the means of the arrays.

TABLE 67
CORRELATION SURFACE FOR RELATION BETWEEN PROTEIN AND LoaF VoLume

Protein in Percentage

11.0 11.56 12.0 12.5 13.0 13.5 14.0 14.5 15.0 15.5

950 1 1

900 2 5 7

850 5 2 5 6 3 1 22

800 6 |15 7 3 |12 2 45

Loaf 750 9 |12 |14 5 6 2 1 1 50
volume

in cce. 700 1 7 3 1 1 13

650 4 5 2 11

600 | 4 6 2 12

550 2 2

500 | 1 1

6§ 13 23 28 36 16 16 26 6 2 | 164
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4. For »n’ = 40, determine the multiple correlation R; 234 that is just significant.

6. Determine the significance of the gain in information through the calculation
of multiple correlations in the examples given below. For each comparison, state
your conclusion in words.

n’ = 40 rie = 0.7643 R34 = 0.8031

n' = 62 rig = 0.8744 R1,2345 = 0.9664

n =20 rie = 0.7621 Ry23 =0.7635

n = ria = 0.7316 R123456 = 0.7329
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CHAPTER X1V
NON-LINEAR REGRESSION

1. An Example of Non-Linear Regression. In Chapter XIII,
Section 5, Exercise 3, a test for non-linearity was applied to a correlation
surface for the relation between protein and loaf volume of wheat flour
in a baking experiment. The non-linearity is significant, and on plotting
the means of the arrays we find that with increasing protein there is at
first a very rapid increase in the loaf volume, but with higher protein
flours the increase in loaf volume is slower and finally there are indica-
tions that the loaf volume is actually decreasing. Here we have a
typical example of non-linearity, and it is obvious that, in such cases,
methods for the prediction of values of the dependent variable from
specific values of the independent variable cannot be based on a straight-
line equation.

2. The Correlation Ratio. In cases of non-linear regression the
correlation ratio (1) is sometimes used to represent the relation between
the two variables. The correlation ratio is defined by

Zn, (g, — §)°
"S- 9P “’

and its relation to the correlation coefficient will be obvious from the out-
line of the analysis of variance of Chapter XIII, Section 2. The corre-
lation coefficient may be defined as follows if we take into account its

numerical value only:
— 172
sz = M )]

2(y — 97
and it is clear that in the correlation ratio the numerator contains the
sum of squares (Y — %)? plus the sum of squares due to deviations of
means of arrays from the regression line. Hence »? is always greater than
r2 unless the means of the arrays fall exactly on the regression line. The
correlation ratio measures the total variability of the means of arrays,
and this may be due in part either to a linear relation between the vari-
ables or to some other type of relation. It does not, however, represent
a relation that can be expressed by a mathematical equation, either
219
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linear or curvilinear. The correlation ratio is therefore not a very satis-
factory statistic as it cannot be used to predict one variable from another.
Its use must be confined to a measurement of the significance of the
total variability of the means of the arrays and in this respect must be
interpreted in terms of the analysis of variance. Thus in Chapter
XIII, Section 2, the analysis of variance test will involve a comparison
of the variance between arrays with the variance within arrays.

The popularity of the correlation ratio was occasioned partly by
the use of Blakeman’s criterion (92 — r2) as a test for linearity (1).
R. A. Fisher (3) has shown that this test is not satisfactory and that the
analysis of variance can be used as described in Chapter XIII to provide
an accurate test. The correlation ratio as such is therefore not much
used at the present time. It may frequently be necessary to apply a
test of significance to the variance for the means of arrays in a correlation
surface, but this does not necessitate the actual calculation of the corre-
lation ratio. Elaborate methods have been developed for testing the
significance of the correlation ratio, but these are now unnecessary as
the problem has been completely solved by Fisher’s z distribution and
the analysis of variance. The test, as we have noted in the previous
chapter, is now quite simple.

3. Types of Regression Equations. The procedure in making a
critical study of the relation between two variables when this relation is
non-linear is to endeavor to find some type of mathematical equation
that will give a good fit. This is obviously not always a simple problem
as there are a number of types of equations to choose from and in each
case the method of making an accurate test of the goodness of fit must
be considered. The first step is to examine the trend of the values in the
regression graph and from its general characteristics decide as to the
type of equation to be used. After the type has been selected the
actual equation must be determined by direct methods.

The simple straight-line equation that we have dealt with previously
is

Y=g+ bu(z — %) = F — by + by
and since § — b,.% is a constant we can write this equation in the form
Y =c 4+ cazx
where co = y — by.% and ¢; = by, the regression coefficient. This is a
convenient form with which to represent the various kinds of regression

equations, which in general are of two types: (1) polynomials, and (2)
logarithmic. Typical examples are as follows:
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PoLyNoMIALS LogariTEMIC
Y=c0+4caz Y=¢+clogz
Y = ¢ + 1z + o2 logY =cy + az
Y = ¢ + c1z + c2a? + cpa® logY = ¢y + c1log z

ete. etc.

Of the polynomials the first is the simple straight-line equation, the
second is the simple parabola or quadratic, and the third is the cubic.
The simple parabola has only one maximum or minimum point, and
there are no points of inflection. The cubic has both a maximum and a
minimum point and one point of inflection. Curves of higher degree
have more maximum and minimum points and tend to twist oftener and
more rapidly. A most interesting characteristic of the polynomial
equations is one that has already been noted in Chapter XII, in dealing
with the separation of sums of squares corresponding to individual
degrees of freedom. The effects represented by the polynomials of
different degree are independent, and we refer to them as the orthogonal
polynomials. This property is of particular value in curve fitting as it
simplifies materially the problem of testing the goodness of fit at each
stage of fitting.

Logarithmic curves may be regarded as modifications of the other
types. Thus the straight-line equation ¥ = c¢o + ¢i1z may be changed
to a logarithmic equation by replacing z by log 2. The result of this
change is a crowding together of the z ordinates farthest away from zero.
A straight line with a positive slope is changed therefore to a curved line
which has a very decided slope at the origin but changes rapidly as z
increases and reaches a point finally where the slope is fairly constant
but much less than that of the original straight line. Logarithmic
curves, in addition, cannot be used to represent negative values, and in
this respect are therefore much more limited in their application than
the polynomials.

The characteristics of the different types of equations are most easily
learned by working out the Y values for some imaginary equations and
plotting the curves on graph paper.

4. A General Method of Fitting Polynomials. With the data such
as those of Table 67, Chapter XIII, before us in the form of a correla-
tion surface, we may inquire as to the possibility of expressing the rela-
tion between protein and loaf volume by some simple mathematical
equation, the end result of our inquiry being to obtain the best method
available for predicting the loaf volume that will be obtained from the
flours of a given protein content. The selection of the best type of
equation is fairly easy in this case. First we prepare a graph of the
means of the y arrays as in Fig. 12, connecting the points with a dotted
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line. The general trend of the points seems to follow fairly closely
the first half of the second degree parabola, or of the portion of a third-
degree curve up to the maximum point. There is very little resemblance
to a logarithmic curve as the first portion of it is nearly straight and with

10

9

8t

T2 3 4 5 6 7 8 5 10
Fia. 12.—Graph of means of y arrays; data of Table 67.

a greater curvature towards the end. Of course polynomials of higher
degree may give a better fit than those of the second degree or third
degree, and the problem resolves itself therefore into the selection of a
polynomial that will give the greatest degree of precision in predicting y
from particular values of z.

SELECTION OF EQUATION GIVING THE BEST FIT

The problem of selecting an equation of the degree that gives the
greatest precision for prediction purposes is of paramount importance
in curve fitting and one which may easily be overlooked in a maze of
technical details leading to the fitting of curves of a high order. Unless
we can be sure that a curve fits better than a straight line it would be
better not to use the curve. In certain cases the improvement in fit due
to one equation over another is clearly visible by inspection, but this is
certainly not generally true. For example, in comparing second and
third-degree curves, the latter often appear to fit better than the former,
but a critical test may show that the situation is definitely otherwise.
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In the methods of curve fitting described below, particular attention
is given to the problem of determining goodness of fit. We begin by
fitting a straight line or a curve of low degree and follow up with addi-
tional stages of fitting. At each stage one degree of freedom is utilized
in fitting, and the variance represented by this degree of freedom is tested
against the error of regression. As a general rule, when a curve has
been obtained that passes reasonably well through the points, and if in
making use of an additional degree of freedom there is no gain in preci-
sion, the curve of lower degree fitted previously is taken as giving the
best fit.

METHOD

The fitting of polynomials is an application of the method of least
squares. Where Y represents the values of y estimated from the regres-
sion equation for given values of z, the type regression equation is as

follows:
Y=co+ ciz + 2?4+ -+ + ca™ (3)

and consequently the error of estimation is given by
z(y_ Y) = E(y—co—c1x—021:2— _cmxm)z (4)

The best values for substitution in the equation for ¢, ¢, ¢z, - -cn are
taken as those that give a minimum value to Z(y — Y)2. Minimizing
the expression on the right in (4) we obtain a set of m 4 1 simultancous
equations, where m + 1 is the number of unknowns and m is the highest
power of z in the polynomial equation to be derived. These simultane-
ous equations are known as the normal equations, owing to the sym-
metrical nature of the coefficients. For the general case they are as
follows, where z and y are measured from their means:

‘n'Co + 2(27)01 + 2(122)62 + - 4+ E(J?m)cm 2:("/)

Z(@)eo + Z(x2er + 2@ + oo + ZamtYe. = Z(ry)
Z@)co + Z(@)ey + Z@at)ee + -+ + Zamte, = Z(@%y) (H)

Z(x™co + Z(xmter + Z(amt2)e: + -+ + (@™ = Z(z™y)

The symmetrical nature of the coefficients allows for a method of
solution commonly known as the Doolittle method wherein the total
amount of calculation involved is very considerably reduced as com-
pared with the ordinary method of solving a set of simultaneous equa-
tions. After co, ci, 2, - - - ¢ have been solved for, the setting up of the
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regression equation is merely a matter of substituting the values of these
statistics in equation (3)

TESTING THE GOODNESS OF FIT

The method of testing the significance of the variance corresponding
to each degree of freedom used in fitting is merely an extension of the
method described in Chapter XIII for testing the significance of a
straight-line regression function.

Let Ro = Z(y — )% Ry = Z(y — Y1)? and Z(Y; — §)? is the
sum of squares due to the regression function for one degree of fitting.
The analysis is of the form:

SS DF

Regression function.. . ...... Z(Yy — p)? 1
First residual............... Ry =Z(y — 1)? n —2
Total........... Ry =Z(y — 3)? n -1

If a second statistic is fitted the residual R; will be reduced by an amount
equal to the difference between the sums of squares for the two regres-
sion functions, i.e., by Z(¥Y2 — §)? — Z(Y, — §)?, which for conve-
nience we will put equal to Z(Y1 — Y3)2. The new residual may be
represented by Re, and the analysis will be:

SS DF
Difference, regression func-
tions. ................... Z(Yl - Y2)2 1
Residual......... A Ry n -3
First residual. ... . R, n -2

Obviously this process can be continued indefinitely, providing at each
stage a test of the significance of the additional statistic fitted in the
regression equation. Isserliss has shown how the sums of squares for
each regression coefficient can be obtained simultaneously with the so-
lution of the equations for the unknowns. His method involves solving
for the regression coefficients co, ¢1, :++ ¢m, by means of algebraical
formulae, and since this method appears to be somewhat laborious, the
work in the following examples is performed in tables by a technique
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similar to that used in solving the equations for partial regression and
correlation coefficients. It is shown also how the sums of squares
required for the tests of significance may be obtained directly from
these tables.

The analysis of variance test as used here should not be confused
with the test for non-linearity as described in Chapter XIII. The
regression straight line may not be a good fit, but, if it is a better fit than
the horizontal line representing the mean of y, the test we use here will
show it to be significant. At the same time, the test for non-linearity
will indicate significant deviations of the means of the y arrays from the
regression line. As a matter of fact, after fitting a straight line it is
desirable to apply the test for linearity. If there is no evidence of
non-linearity there is no object in proceeding to the fitting of a curve of
higher degree.

Example 44. For this example we shall use the data of Table 67 and fit poly-
nomials by successive stages up to the third degree.

The first step in the procedure of fitting regression lines is to obtain the values of
the coefficients for the normal equations. These are best obtained as in Table 68,
which is divided into sections, each section representing the data necessary for cal-
culating one additional constant. Thus Section 4 is necessary for fitting a straight
line; if we wish to fit a second-degree curve we proceed with Section B, and so forth.
This is continued until it is obvious that further fitting is unnecessary. In actual
practice we will probably not have to go beyond fitting to the third degree.

Note that the actual classes for both y and z are replaced by 1, 2, 3,...9. This
reduces the labor a great deal, and, when the ¥ values have finally been calculated
for drawing the curve, they may be converted to actual values by the method de-
scribed in Chapter I, Section 8, for converting means; or the whole equation may be
converted to actual values by methods similar to those described in Chapter VI,
Section 5.

The easiest method for calculating the sum of the powers of z is by continuous
multiplication. First, N,z is calculated for each array, and to obtain the figures in

V2y@? we simply multiply each of the N,z values by z. When we reach the last
column of one section it is good practice to check this column using u table of powers
of z. This checks all the previous calculations of the powers of z.

Having carried out the calculations as in Table 68, Section 4, we write the normal

equations for fitting a straight line. For the general case these are

n'ey + Z(z)er = Z(y)

()]
Z@)er + Z(eHer = Z(zy)

and substituting the actual coefficients we have

164cy + 85lc; = 1014
851co + 518lc; = 5695
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TABLE 68

NON-LINEAR REGRESSION

CaLcuLATION OF COEFFICIENTS FOR FITTING A POLYNOMIAL UP TO THE
TrIRD DEGREE

Section A
Frequency| Totals | Means Frequency
of yforz | fory for y of z for y N Noog? 2Ty = T2 /N
y Arrays Arrays | Arrays e Arrays T | ot Ngyxie va/Nay
Ny Tyz Yz Nay
1 1 13 |2.6000 || 1 5 5 5 13 | 33 8000
2 2 43 | 3.3077 || 2 13 26 52 86 | 142.2308
3 12 115 | 5 0000 {| 3 23 69 207 345 | 575.0000
4 11 137 5 9565 || 4 23 92 368 548 | 816.0435
5 13 234 | 6.6857 || 5 35 175 875 | 1170 |1564.4571
6 50 100 | 6 6667 || 6 15 90 540 | 600 | 666.6667
7 45 115 | 7.1875 || 7 16 112 784 | 805 | 826.5625
8 22 199 | 7.6538 || 8 26 208 1664 | 1592 {1523.1154
9 7 44 | 7.33331{ 9 6 54 486 | 396 | 322.6667
10 1 14 | 7.0000 |10 2 20 200 | 140 | 98.0000
164 1014 164 851 | 5181 | 5695 |6568.5427
Section B Section C
22Ty, = 28Ty, =
3 4 vz 5 6 yr

Ney Nee N2 Neyz Nayz N2,

5 5 13 5 5 13

104 208 172 416 832 344

621 1,863 1,035 5,589 16,767 3,105

1,472 5,888 2,192 23,552 94,208 8,768

4,375 21,875 5,850 109,375 546,875 29,250

3,240 19,440 3,600 116,640 699,840 21,600

5,488 38,416 5,635 268,912 1,882,384 39,445

13,312 106,496 12,736 851,968 6,815,744 101,888

4,374 39,366 3,564 354,294 3,188,646 32,076

2,000 20,000 1,400 200,000 2,000,000 14,000

34,991 253,557 36,197 1,930,751 15,245,301 | 250,489
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SumMARY OF COEFFICIENTS

Section A Sectior. B Section C
n = 164 I(z%) = 34,991 2% = 1,930,751
Z(z) = 851 Z(z%) = 253,557 (2% = 15,245,301
Z(y) = 1,014 Z(z%) = 36,197 I(dy) = 250,489
Z(z?) = 5,181
Z(zy) = 5,695
2(T%:/Nzy) = 6,568.54
Sy — )% = 428512

The solution of these equations is carried out as in Table 69, the method being
identical with that described in Chapter VIII for partial regression and correlation
coefficients. Note the ‘‘check sum’’ column, which is used for checking the calcula-
tions as you proceed, and in addition the “check line’”’ just below the ‘reverse,” that
gives a complete check on all the calculations including those in the reverse. In
Table 69 the check line is obtained as follows:

164 X 3.244,175 + 851 X 0.566,340 = 1014

It is merely a substitution of the statistics ¢y and c; in the first equation of (6).

At the foot of Table 69 we have the analysis of variance for testing the significance
of the degree of freedom due to the regression straight line. Ry = Z(y — 3)* is
obtained from Table 68, using the equality

T2
Iy -9 =20 - —;ﬁ

Z(Y1 — )% is then obtained from the solution of the normal equations by multiplying
the figure in line 5, column 1 (5,1), by the square of the figure in line 6, column
K(6,K)% The difference is the sum of squares Z(y — Y;)? = Ry, and may be taken
to represent the error of regression and is therefore appropriate for testing the sig-
nificance of the variance due to the regression line. In the example, we find that
the regression is decidedly significant but we proceed to the second stage in order to
determine whether or not greater accuracy can be obtained.

Proceeding to the fitting of a polynomial of the form Y = ¢ + c1z + c2?, we
write the normal equations

ey + Z(@)er + Z@Hez = Z(y)
Z@eo + Z@Her + 2o = Z(ay) )
2@ + Z@Ha + Z@he = Z(aty)

and the necessary data for solving the equations are obtained as in section B of Table
68. The solution of the equations is performed according to Table 70, and note that in
this table columns (0) and (1) can be copied directly from Table 69, and column K
can be copied as far as line 6. The reverse and the check line are calculated in the
usual way. For the analysis of variance R; is brought forward from Table 69, and
Z(Y) — Y3)? is calculated by multiplying (10,2) by (11,K)? where the numbers in
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TABLE 69

Sorurion oF NorMAL EqQuaTions FOR Firring A STrRAlGHT LINE

Line 0 1 K Sum

1] 164 851 1014 2029

2 | —1.0000 —5.189,024 —6.182,927 —12.37,195

3 5181 5695 11,727

4 —4415.8594 5261.6703 —10,528.530

5 765.1406 433.3297 1,198.470

6 —1.0000 —0.566,340 —1.566,340
c1=+0.566,340 § 1 +0.566,340 | +40.566,340
co=+3.244,175 ‘E 2 | +3.244,175 —2.938,752 +6.182,927

Check 532.0447 +481.9553 =1014

S (sq.) DF Variance F 5% Point of F
Ro =Z(y — ) | 428.512 163
(5,1) X (6,K)* 245.412 1 245 4 225 3.90
Ry=2Z(y — Y1)? | 183.100 162 1.130

the brackets correspond to line and column respectively. The difference between
the two sums of squares is R3, which can now be taken to represent the error of
regression. In the example we find that the variance due to the additional degree
of freedom used in calculating the second-degree curve is quite significant, so we can
conclude that a real gain in precision has been made.

If the method of procedure up to this point has been thoroughly understood it
will be found that the fitting of additional statistics can be carried forward without
difficulty. The work involved in fitting to the third degree in the present example
has been performed in Table 71. Note that the columns 0, 1, and 2, can be copied
directly from previous calculations and that column K can be copied as far as line 11.

The analysis of variance indicates that the variance due to the additional degree
of freedom used in fitting & polynomial of the third degree is insignificant. It is, in
fact, less than the variance due to error of regression. The conclusion is that the
third-degree curve, although it fits the data satisfactorily, is less useful for predicting
loaf volume from protein than the second-degree curve. In making use of another
degree of freedom to determine a new regression function, precision has actually been
lost.
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6. Fitting Logarithmic Curves. The procedure is best illustrated by
means of an example.

Example 45. The data given in Table 72, and presented graphieally in Fig. 13,
were obtained in a study by Geddes (4), of the effect of time of heating on the baking
quality of wheat flour.

100
@
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\
SBO' |l
. | e
= \
Z e} &
o \
L N
2 L Y
[-<} L \\‘
e
201 - -
ol— . " N —— . .
o [ 2 3 a 5 6 7 [}

TIME IN HOURS  (X)
Fig. 13.—Relation between time of heating and baking quality of wheat flour.

From an examination of Fig. 13 it is obvious that a straight line cannot give a good
fit to the results. It is also obvious by inspection that a polynomial cannot be
expected to give a good fit as the curve tends to flatten out and run parallel to the

TABLE 72

INFLUENCE OF THE TIME oF HEATING AT 170° F. oN THE BAKING QUALITY OF
StralGHT GRADE FLOUR

Baking Quality
Time in Hours Single Feature Estimate
93
71
63
54
43
38
29
26
22
20

g
Y
S

POH®WN OO
ocoo 3
comogg

zero axes at both ends. From z = 0 to z = 4, the curve might be fitted fairly well
by a second-degree polynomial, but as z increases from that point, the curve flattens
out and runs almost parallel to the z axis. This is typical of logarithmic curves and
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decidedly not typical of polynomials. We decide therefore that a logarithmic curve
will give the best fit.

The next step is to examine the three principal types of logarithmic curves, as
given on page 221, and make a preliminary determination of their goodness of fit to
the results by plotting the three pairs of variables, y and log y, log y and z, log y and
log z, against each other in a rough graph and noting which of the three give points
that fall most nearly in a straight line. As illustrated in Fig. 14, the set of points
falling most nearly in a straight line are those given by log y and log z, so we proceed
to fit a curve of the typelog ¥ = ¢ + ¢1 log z.

The calculations, using log y and log z as variables, are exactly the same as
in fitting a straight line. These are given in Tables 73 and 74, together with the
analysis of variance to determine the significance of the fit of the regression line.

LG Y Y
2T o, ®---—-® Y AND L0G X
\\ 0——0 106G Y AND X
19 I +——+ 106 Y AND LOG X
100 v \+ NG
18 90+ ‘\ \\
80 o™, %
17 - . N\
70 L \
e} e ¥
16 60 N, N Ny
o SN
15 + e \
40 4 e h
.,
\O . \
14307 \.0 \
I AN
204 L e
13 - N0
10 4
1 r 1 T 1 T 1 T - - T 1 T I T L T 1
X (o] ] 2 3 a 5 6 7
LOG X -6 -4 -2 [0} 2 4 6 8

F1a. 14.—Result of preliminary test to determine the logarithmic equation giving
the best fit to the data of Table 72.

Note that the goodness of fit is determined on the basis of the logarithms of y and ¥,
and not on the basis of the actual values. Thus the error of regression is given by
Z(ogy — log Y)%. This can be taken as a general rule, i. e., that when the regression
equation gives logarithmic values, the test of goodness of fit must be in terms of the
logarithms estimated. It arises from the fact that logarithms express the relative
differences between numbers and not their absolute differences. With two numbers
such as a and b, their absolute difference is a — b, but log a — log b is log a/b, and if a
and b are variables and a given percentage increase in a results in a similar percentage
increase in b, log a/b is constant and the relation between the logarithms can be ex-
pressed by a straight-line equation. To test this fact it is essential that we deal with
logarithms throughout and not with actual values.

For graphical purposes it is suitable to express the results of fitting a logarithmic
equation as in Fig. 15, where the actual values of z are plotted against the anti-
logarithms of log Y, and a smooth curve drawn through the points. The small
circles in Fig. 15 represent the original values of y and z.
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F1a. 15.—Logarithmic curve for the equation

log Y = ¢ + ¢1 log z,

fitted to the data of Table 72.

TABLE 73

233

CaLcuLATION OF COEFFICIENTS FOR THE CURVE Log Y = ¢ + ¢1 log z

T 14

Time Baking _ 1 _ ¥ Log Y Y
in Hours Quality = Logz = Logy

0.25 93 —0.6021 1.9685 1.9937 98.6
0.50 71 —0.3010 1.8513 1.8528 712
0.75 63 —0.1249 1.7993 1.7704 58 9
1.0 54 0.0000 1.7324 1.7120 515
1.6 43 0.1761 1.6355 1.6296 42.6
2.0 38 0.3010 1.5798 1.5711 37.2
3.0 29 0.4771 1.4624 1.4887 30.8
4.0 26 0.6021 1.4150 1.4302 26.9
6.0 22 0.7782 1.3424 1.3478 22 3
8.0 20 0.9031 1.3010 1.2893 19.5

Z(x1) = 2.209,600 Z(p)? = 4.169,362

Z@z1») = 2.601,671
S(y)* = 6.085,600

Z(zyy1) = 0.355,642,8

[Z(y1))2/10 = 3.703,453

Z(y — §)? = 0.465909 = R,

* y) coded by subtracting 1.
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TABLE 74

CALCULATION OF StaTisTICS AND TEST OF GOODNESS OF F1T FOR THE CURVE
lg Y = +clogz

Line 0 1 K S
1 10 2.2096 6.0856 18.2952
2 -1.0 —0.22096 | —0.60856 —1.82952
3 2.60167 0.355,643 5.16691
4 —0.48823 —1.344,674 | —4.04251
5 2.11344 | —0.989,031 1.12440
6 —1.0000 0.46797
¢ = —0.46797 1 —0.46797 | —0.46797
c = 40.71196 2 +0.71196 +0.10340 | +4-0.60856
Check Line 7.1196 —1.0340 =6.0856
S(sq.) DF Variance F 19 Point
Ry = 0.465,909 9
(5,1) X (6,K)? = 0.462,835 1 0.4628 1205 11.26
R, = 0.003,074 8 0.000384

Equation log ¥ = 1.71196 — 0.46797 log z.

6. Fisher’'s Summation Method of Fitting Polynomials. When the
y values are, or can be assumed to be, of equal weight and are given for
equal intervals! of z, the method of fitting polynomials developed by
R. A. Fisher provides a very decided short cut from the actual to the
theoretical polynomial values. The arithmetical labor is likewise easy
as it consists largely of a process of continuous summation. The pro-
cedure will be illustrated by an example.

A summary of formulae for fitting polynomials is given below, and in
Tables 79, 80, and 81 the constant factors in the formulae have been
calculated for n = 5t0 20 and r = 0 to 6, where r represents the degree
of fitting.

! Professor Fisher has now developed this method for application to the case
wherein the y values are of unequal weight. See the references at the end of this
chapter.
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SuMMmaRY OF ForMULAE FOR FiTriNg POLYNOMIALS BY THE SuMMATION METHOD

1. 8y, 82, 83, S¢, S5, Se,- - - Sy +1 (by summation)

2.a=181 a =a
n
2
b=mSz b¥=a->
-— % & '=a—3b+2
CThat ¥ c=e ¢
24
= I = — -—5d
d n(n+l).”(n+3)S4 d a — 6b + 10c
120
= S ' =qa — 10b 4+ 30c — 35d + l4e
Tt D mroor  CTeT 104 +

720 S
TSV

J' = a — 18b 4 70c — 140d + 126e — 42f,

19.3. ." 4 D) where the rule for the formation of the coeffi-

= Sr41 cients is to multiply successively by
nn+1)---(n+71) rr+1) =1 +2 (r—2)(+3)
1.2’ 2.3 ’ 3.4 !
and so on, until the series terminates.
3. Coefficients

Yi=4+1X (@ +3V+6"4+7d+9% +11f) 1 3 5 7 9 11

DW1=—milﬂV+&“+MW+“W+5W) 1 5 14 30 55
60
DYy =t ——— (¢ + 7d’ + 27€ + TIf) 1 7217
n-1)(n-2)
840 J J '
DzYlg—(n—l)(n—2)(n—3)(d+96+W) 1 9 4
15,120
= ) ’ 4 l
DY, +(n—l)(n—2)---(n—4)(e + 111) 11
2,640 ’
DY, = 332,64 ") 1

T =1 (n—2)(n—5)

Each formula is seen to be composed of two parts that are best cal-
culated separately. For the component on the right Fisher gives the
coefficients for fitting curves to the tenth degree. They are reproduced
here for fitting up to the fifth degree. The factors on the left are of
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alternate positive and negative signs and in generalized form are as
follows:

-2.3 3.4.5 —-4.56.7 .“+(r +1)(r+2)---(2r+1)
n=1"-1)@r-2"r—-1)0n-2)n—-3)"  @®—1)nm=2)-(n—4)

4. Polynomial values Y; Y3 Y3, etc., by process of summation.!

Example 46. The y values in Table 75 represent the percentages of cars of
smutty wheat graded at Winnipeg, Manitoba, for the years 1925 to 1933 (6). The
z values are therefore years and can be replaced by the numerals 1 to 9. We shall
use these data in order to show the procedure of fitting a curve of the fifth degree.
Such a curve would probably be of very little practical value for analyzing data of
this kind but it is quite suitable as a numerical example. Summing the y values
from top to bottom we write down the sum showing on the machine after each value
is added. This process is repeated in succeeding columns, the sums of the columns
being designated S), Sy, ete., and if we are fitting a curve to the fifth degree we must
go as far as Sg. At this point the summations must be very carefully checked.
This is accomplished simply by adding all the columns and noting that the last
figure in any one column must correspond with the sum of the column on the left.

The second step is to calculate values that are denoted by the letters a, b, ¢, d, e,
f, and from these obtain a’, V', ¢/, d’, ¢/, and f’. The formulae for these calculations
are given on page 235. In our example we have

a 53.1/9  =5900,000 a' = 5.900,000
b= 253.3/46 =b5628889 b 0.271,111
¢ = 790.8/165 = 4.792,727 ¢’ =— 1.401,213
d = 2020.8/495 = 4082424 d’' =— 0.358,184
e = 4577.5/1287 = 3.556,721 ¢ 0.302,174
f = 9543.6/3003 = 3.178,022  f' = 0.088,117

The third step is the calculation of ¥; the polynomial value of y corresponding
to z = 9, and five other values known as the first, second, third, fourth, and fifth
differences. From Y, and the differences represented by the symbols

DIYI, D2Y1, D3Y1, D‘Y], D5Y1

the polynomial values are built up by a process of summation as illustrated in
Table 76. For Y and the differences we get

Yy = 1.000,000 X 0.888,833 =  0.888,833
D'Yy = — 0.750,000 X 2.162,126 = — 1.621,504
D*Y; = 1.071,428 X 11.035,206 = 11.823,429
D¥Y; = — 2.500,000 X 6.238,530 = — 15.596,325
DY, = 9.000,000 X 1.271,461 = 11.443,149
D°Y) = —49.500,000 X 0.088,117 = — 4.361,792

L If necessary the actual equation may be written. Details of the calculations are
given by Snedecor in “Statistical Methods.”

]

]

I

]

n

[}
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The summation process as illustrated in Table 76 is started in the lower right-
hand corner. Beginning with D*Y; we add successively the value of D°Y;. The
other columns are then built up merely by starting with the first figure at the bottom
and adding the figures in the same row in the column to the right. The values in
the last column on the left are the calculated polynomial values of y. Note that in
the second column only five values are required but we require one more in each
column as we proceed to the left and also that if only two decimal places are required
for the polynomial values the number of decimal places are reduced by one for each
column after the second. A final check on all the work following the calculation
of 81, So, - - -Sg is to add the last column. This should give us S, the total for all the
values of y.

The summation method is particularly well adapted to fitting by successive
stages and to the application of the analysis of variance at each stage. Assuming at
the outset that fitting wiil probably be carried to the fifth degree we first calculate
S1, Sg- - -Sg as in Table 75 and the constants a’, b/, ¢/, d’, ¢/, f’. For each stage of
fitting we require only ¥ and the corresponding differences. If desirable we can
determine the significance of each degree of freedom used in fitting before we go to
the trouble of actually calculating the polynomial values and in this way save our-
selves the labor of calculations that are not going to be of any value. The formulae
for the sums of squares represented by each additional degree of freedom used in
fitting are as follows:

Degree of
Fitting (r) Sum of Squares
0 Si/n na’? (Represents fitting of the mean)
1 z(y — Yl)z 3 n(n_+2 b12
(n—1)
SV — Y2 nn+1)(n+2) ,
2 1 = 1) -1 m-2 °
(n+1)---(n+3)
(Y. — Ya)? n 2
3 =¥ T T e m-9"
4 Z(Ys — Y,)? nn+1): (4 2

m-Dn-2)(m—48°

a2 nin+1)---n+86) ,
5 Z(Ys — Ys) '”(n_1)(n—2)---(n—5)f

nn+1)---(n+471)
nmn-1nm—-2)--(n—-1)

<

SV, -Y)? @r41) (constant)?

For the exarrple that has already been fitted to the fifth degree the sums of squares
and corresponding analyses of variance are given in Table 77. After fitting to the
second degree there is no further gain in precision, consequently in actual practise
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we would proceed direct to the calculation of the polynomial values for a second-
This calculation is given at the foot of Table 77.

degree curve.

TABLE 75

CaLcuLaTION OF 8y, Sz, S3, Si, S5, AND Sg FOR FITTING A POLYNOMIAL OF THE
FirrHE DEGREE BY THE SUMMATION METHOD

z Yy
1 2.2 2.2 2.2 2.2 2.2 2.2
2 1.2 3.4 5.6 7.8 10.0 12.2
3 2.6 6.0 11.6 19.4 29.4 41 .6
4 5.5 11.5 23.1 42.5 71.9 113.5
5 16.6 28.0 51.1 93.6 165.5 279.0
6 17.0 45.0 96.1 189.7 355.2 634.2
7 6.5 51.5 147.6 337.3 692.5 1326.7
8 1.1 52.6 200.2 537.6 1230.0 2556.7
9 0.5 53.1 263.3 790.8 2020.8 4577.5

53.1 253.3 790.8 2020.8 4577.5 9543 .6

=5 =8 =53 =S = S5 = Ss

TABLE 76
CALCULATION OF POoLYNOMIAL VALUES

1 2.34
2 0.87 1.467
3 2.06 - 1.190 2.265,7
4 7.91 — 5.845 4.655,4 |— 1.998,50
5 14.40 — 6.495 0.649,9 4.005,52 |— 6.004,019
6 15.90 — 1.497 | — 4.997,9 5.647,75 |— 1.642,227
7 9.47 6.429 | — 7.926,1 2.928,18 2.719,565
8 |-0.73 10.202 | — 3.772,9 |— 4.153,18 7.081,357
9 0.880 | — 1.6216 11.823,43 | —15.596,325| 11.443,149| —4.361,792

Example 47. The whole process of fitting by successive stages may be carried
out in tabular form as in Table 78. The data are for the relation between pH and

the activity of the enzyme asparaginase (5).

Note that three columns are required

for fitting to the first degree and thereafter each additional column provides the
Lines 14 and 15 determine the degree to

data for fitting one additional constant.

which the curve should be fitted. In the example it is obvious that the fitting should
be carried to the fourth degree; consequently, the remainder of the work applies to
a fourth-degree curve only.
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TABLE 77

ANALYSES OF VARIANCE — SIGNIFICANCE OF DEGrees oF FreepoM Usep 1IN
Firring TO THE F1FTH DEGREE IN SUCCESSIVE STAGES

Degree Degrees
of g‘“::r:: of Variance F 5%, Point
Fitting q Freedom
1 Total 334.96 8
Regression 2.48 1 2.48
Error 332 48 7 47 .50
2 Regression | 173.55 1 173.6 6.55 5 99
Error 158.93 6 26.49
3 Regression 31.75 1 31.75 1.25 6 61
Error 127.18 5 25 44
4 Regression 75 54 1 75 54 5.85 7.71
Error 51 64 4 12 91
5 Regression 27 48 1 27.48 3.41 10 13
Error 24 16 3 8 053
Y= 1X (5.900,000 + 3 X 0.271,111 — 5 X 1.401,213) = —0.292,732
D'Y, = —-0.75 X (0.271,111 — 5 X 1.401,213) = 5.051,216
D?Y, = 1.071,428 X —1.401,213 = —1.501,299

LN RN - T O Uy

—1.501,30

Polynomial

Values

— 1.92

—5.458 3.54
—3.957 7.50
—2.455 9.95
—0.954 10.90
0.547 10.36
2.049 8.31
3.550 4.76
5.0512 — 0.293

Total = 53.1
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(1) Sr+1 values entered as columns are summated.

(2) Divisor for S,+1 values, taken from Table 79.

(3) Division of line 1 by line 2 gives the constants a, b, ¢, d,. . ..

(4) The constants a’, b’, ¢/, d’,. . .are calculated from a, b, ¢, d,. . .as indicated in
summary on page 235.

(5) Squares of a’, ¥, ¢/, d',. . ..

(6) Factor taken from Table 80.

(7) Line 5 multiplied by line 6 gives the sum of squares Z(Y,-1 — Y,)? repre-
sented by 1 DF. For each DF utilized in fitting this is the reduction in the sum of
squares due to error of regression.

(8) Enter Z(y)? in first column.

(9) Repeat (Y -1 — ¥,)? values.

(10) Subtracting 9 from 8 in the first column gives the remainder in line 10. Then
subtract the values in line 9 successively, putting down the remainders in line 10.

(11) The DF for error of regression are entered here. The DF for the sums of
squares in line 9 is 1 in each case so that they do not need to be entered.

(12) Line 9 repeated, reducing to 4-figure accuracy.

(13) Line 10 divided by line 11.

(14) F = vn1/vs.

(15) Enter 5%, points from Table 96

(16) Calculate as in section 3 of summary of formulae.

(17) Enter factors from Table 81.

(18) Line 16 multiplied by line 17.

CarcuLaTioN OF PorynoMiAL VALUES FOR FourTH-DEGREE CURVE

1 0.2748

2 0.1691 0.105,651

3 1.6903 —1.521,180 1.626,831

4 4.0161 —2.325,746 0.804,566 0.822,265

5 6.4768 —2.460,689 0.134,943 0.669,623

6 8.5554 —2.078,651 | —0.382,038 0.516,981

7 9.8877 —1.332,274 | —0.746,377 0.364,339

8 10.2619 —0.374,200 | —0.958,074 0.211,697

9 9.6190 0.642,920 | —1.017,129 0.059,055
10 8.0525 1.566,471 | —0.923,542 | —0.093,587
11 5.8087 2243784 | —0.677,313 | —0.246,229
12 3.2865 2.522,226 | —0.278,442 | —0.398,871
13 1.0373 2.249,155 0.273,071 | —0.551,513
14 —0.234,608 1.271,929 0.977,226 | —0.704,155 0.152,642

7. Exercises.

1. Calculate the correlation ~atio for the data of Table 67, Chapter XIII, and by
means of the analysis of variance test the significance of the variance for the mcans
of the arrays.
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TABLE 79
nnt 1t 1) FOR UsiE IN CALCULATION OF a, b, ¢, d, ¢, f---
1-2.3---(r + 1)
Degree of Fitting (r)
n 0 1 2 3 4 5 6
5 5 15 35 70 126 210 330
6 6 21 56 126 252 462 792
7 7 28 84 210 462 924 1,716
8 8 36 120 330 792 1,716 3,432
9 9 45 165 495 1,287 3,003 6,435
10 10 55 220 715 2,002 5,005 11,440
11 11 66 286 1001 3,003 8,008 19,448
12 12 78 364 1365 4,368 12,376 31,824
13 13 91 455 1820 6,188 18,564 50,388
14 14 105 560 2380 8,568 27,132 77,520
15 15 120 680 3060 11,628 38,760 116,280
16 16 136 816 3876 15,504 54,264 170,544
- 17 17 153 969 4845 20,349 74,613 245,157
18 18 171 1140 5985 26,334 100,947 346,104
19 19 190 1330 7315 33,649 134,596 480,700
20 20 210 1540 8855 42,504 177,100 657,800
TABLE 80
2r +1) [n(n FD0+2) r)] FOR CALCULATION OF SuMS OF SQUARES
m-—1)n—-2)--(n—r)
Degree of Fitting (r)
n 0 1 2 3 4 5 6
5 5 0 | 22.5000 87.5000 490.000 5670.000
6 6.0 | 25.2000 84.0000 352.800 2268.000 | 30,492.00
7 7 0 | 28.0000 84.0000 294.000 1386.000 | 10,164.00 | 156,156.00
8 8 0 | 30.8571 85.7143 264.000 1018.286 5,393.14 44,616.00
9 9.0 | 33.7500 88.3928 | 247.500 827.357 3,539.25 20,913.75
10 || 10.0 | 36.6667 91.6667 238.333 715.000 2,621.67 12,393.33
11 §) 11 0 | 396000 | 95.3333 | 233.567 643.500 | 2,097.33 8,427.47
12 || 12 0 | 42.5454 | 99.2727 | 231.636 595.636 | 1,768.00 6,268.36
13 }| 13 0 | 45.5000 | 103.4091 231.636 562.545 1,547.00 4,962.45
14 || 14.0 | 48.4615 | 107.6923 233.007 539.245 1,391.38 4,110.91
15 || 15 0 | 51.4286 | 112.0879 | 235.385 522.737 1,277.80 3,523.64
16 || 16 0 | 54.4000 [ 116.5714 | 238.523 511.121 1,192.62 3,100.80
17 || 17.0 | 57.3750 | 121.1250 | 242.250 503.135 | 1,127.39 2,785.88
18 || 18.0 | 60.3529 | 125.7353 246.441 497.912 1,076.68 2,644.88
19 || 19.0 | 63.3333 | 130.3922 | 251.005 494.838 | 1,036.80 2,356.37
20 || 20 0 { 66.3158 | 135.0877 | 255.872 493.467 1,005.21 2,206.24
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TABLE 81

+(r+1)(r+2)---2r+1)

n—=1)(n—2)(n—r) For CALCULATION oF Y3 AND ‘“DIFFERENCES”

Degree of Fitting (r)

n V] 1 2 3 4 b 6
+ - + - + - +

5 1 1.5 5.0 35.0 630.0

6 1 1.2 3.0 14.0 126.0 2772.0

7 1 1.0 2.0 7.0 42.0 462.0 12,012.0

8 1 0.8571,4286 | 1.4285,7143 4.0 18.0 132.0 1,716.0

9 1 0.75 1.0714,2857 2.5 9.0 49.5 429.0
10 1 0.6666,6667 | 0.8333,3333 | 1.6666,6667 5.0 22.0 143.0
11 1 0.60 0.6666,6667 | 1.1666,6667 3.0 11.0 57.2
12 1 0.5454,5454 | 0.5454,5454 | 0.8484,8485 | 1.9090,9091 6.0 26.0
13 1 0.50 0.4545,4545 | 0.6363,6364 | 1.2727,2727 3.5 13.0
14 1 0.4615,3846 | 0.3846,1538 | 0.4895,1049 | 0.8811,1888 | 2.1538,4615 7.0
15 1 0.4285,7143 | 0.3206,7033 | 0.3846,1538 | 0.6293,7063 | 1.3846,1538 4.0
16 1 0.40 0.2857,1428 | 0.3076,9231 | 0.4615,3846 | 0.9230,7692 2.4
17 1 0.375 0.25 0.25 0.3461,5385 | 0.6346,1538 1.5
18 1 0.3529,4118 | 0.2205,8824 | 0.2058,8235 | 0.2647,0588 | 0.4479,6380 | 0.9705,8824
19 1 0.3333,3333 | 0.1960,7843 | 0.1715,6863 | 0.2058,8235 | 0.3235,2041 | 0.6470,5882
20 1 0.3157,8947 | 0.1754,3860 | 0.1444,7884 | 0.1625,3870 | 0.2383,9009 | 0.4427,2446

2. For the following equations, calculate the values of Y for z =1 to z = 20,
and plot the curves on graph paper.

(a) Y =258+0.84¢z
() Y =2.58 +8.4log 2
(@ Log Y = 0.258 + 0.058 z
)] Log Y = 0.213 + 0.662 log =

Describe the effect of the logarithmic transformation of equation (a) into equa-
tions (b) and (c).

8. Using the data given in Table 85, determine the type of logarithmic curve that
should be fitted to the data. Having selected the type of curve proceed with the
fitting as in Tables 73 and 74. Prepare two graphs, one showing the fit of the
straight-line logarithmic equation to the logarithms of y, and another showing the
curve for the actual values of Y estimated from the regression equation. Table 82
may be used for a similar exercise.

4. Table 83 gives the values of y, Nz, and Ty, from a correlation surface for the
area and head length of 500 bull spermatozoa, Isa (7). The three columns are
similar to the first three columns of Table 68 and provide all the data necessary
for calculating polynomial regression equations. Find the regression equation that
gives the best fit to the data. Then calculate the Y values and construct a graph
similar to Fig. 15, showing the means of the arrays and the regreasion line.
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5. Using the data for z and y given below, determine the goodness of fit of curves
up to the sixth degree. Select the curve to which the data should be fitted, and
proceed accordingly to the calculation of the polynomial values. Graph your results.

z 1 2 3 4 5 6 7 8 9 10 11 12 13 14
y 126 138 141 139 123 7.2 48 28 24 21 37 53 78 83

6. In economic analysis, methods of curve fitting are very frequently utilized
in order to study secular trend in a time series. Secular trend means the smooth
long-term movement of a series of statistical values and is entirely distinct from
seasonal and cyclical fluctuations. Cyeclical fluctuations are not as periodical as the
seasonal ones but as a general rule have sufficient regularity to show definite swings
above and below the normal through periods of depression and prosperity. Curve
fitting may, on the one hand, be used to measure the secular trend of a statistical
series, and, on the other hand, using the fitted curve as a normal, we can plot the
deviations from the normal in such a way as to bring out the characteristics of
cyclical fluctuations.

Take the data given in Table 84 of the bank clearings in New York City for the
years 1860 to 1923 and combining them in 4 year groups obtain 16 points to which a
curve may be fitted. Determine the best-fitting polynomial and graph your results
on a large sheet of graph paper giving the 16 calculated values and the actual bank
clearings for individual years. Measure off the deviations of the values for individual
years from a smooth curve drawn through the 16 calculated points, and graph these
deviations on another sheet showing them as deviations from a straight horizontal
line.

TABLE 82
HeaT oF HYDRATION IN CALORIES AND WATER IMBIBED PER GRAM OF FLOUR

Ce. Heat of
Water Imbibed Hydration

0.012
0.025
0.039
0.049
0.064
0.073
0.091
0.099
0.123
0.146
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TABLE 83

DaTa FrROM CORRELATION SURFACE FOR AREA (y) AND HEAD LENGTH (7) OF
500 BuLL SPERMS

Frequency
of y for Totals for
z Arrays y Arrays
y Ny Tye
1 2 6
2 0 24
3 7 63
4 7 247
5 14 618
6 12 939
7 22 1038
8 36 897
9 70 557
10 112 311
11 133 82
12 69 29
13 2 41
14 2 29
15 1 7
Total = 500
TABLE 84

Bank CLEARINGS IN NEwW York City (1860-1923)
Figures in thousands of millions

1860 7.2 1876 21.6 1892 36.7 1908 79.3
61 5.9 77 23.3 93 31.2 09 103.6
62 6.9 78 19.9 94 24.4 10 97.3
63 14.9 79 29.2 95 29.9 11 92.4
64 24.1 80 38.6 96 28.8 12 100.7
65 26.0 81 49.4 97 33.4 13 94.6
66 28.7 82 46.9 98 42.0 14 83.0
67 28.7 83 37.4 99 60.8 15 110.6
68 28.5 84 31.0 1900 52.7 16 159.6
69 37.4 85 28.2 01 79.4 17 177.4
70 27.8 86 33.7 02 76.3 18 178.6
71 29.3 87 33.4 03 66.0 19 235.8
72 33.8 88 31.1 04 68.6 20 243.2
73 35.5 89 36.9 05 93.8 21 194 .4
74 22.9 90 37.4 06 104.7 22 217.9
75 25.1 91 33.7 07 87.2 23 214.0
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TABLE 85
MoisTure CoNTENT AND HEAT oF HYDRATION OF Firra MippLings FLoUR (6)
Heat of

Per Cent, Hydration

Moisture in Calories
)] (z)
1.7 18.3
2.9 16.0
4.2 12.6
5.6 10.9
6.6 9.1
8.1 7.6
9.0 5.9
10.8 3.7
11.6 3.2
14.0 1.5
16.3 0.5
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CHAPTER XV
THE ANALYSIS OF COVARIANCE

1. The Heterogeneity of Covariation and the Principle of Covariance
Analysis. We have noted from our study of the analysis of variance
that for a single variable the variaiion is frequently heterogeneous and
may be sorted out into components determined largely by the way in
which the data are taken. The same is true for the correlated vari-
ability or covariation of two variables, and the mechanism for sorting
out the covariance effects is known as the analysis of covariance. In
order to think in terms of actual values, we may suppose that the two
variables are yields of grain and straw from cereal plots. The total
covariance for grain and straw yields is made up in part by the covari-
ance for the means of the treatments and in part by the covariance within
the plots of the same variety. The degree of correlation may be differ-
ent for the two components and hence the total correlation is hetero-
geneous. In the same way we may consider the covariance for the
replicate means as another component. In fact the components may
be taken as exactly equivalent to those according to which the data may
be classified for an analysis of variance of either variable.

2. Division of Sums of Products and Degrees of Freedom. Just as
the analysis of variance arises from the fact that the sums of squares and
degrees of freedom may be subdivided according to the way in which the
data are classified, the analysis of covariance arises from the fact that
the sums of products of the deviations and corresponding degrees of
freedom can be subdivided in the same manner.

Representing a set of data for two variables as follows:

TnYi1 Ti2yYi2 *°* TinYin
T21Y21 T22Y22 * * * T2nY2
k groups 4 . y :"y "
Tk1Yrl Tr2Yk2 ** ° TknlYin

in which there are k groups of n pairs of variates of z and y. Then
(11 — %) = (a1 — 1) + (&1 — &)

and Yy —9 = Yu —90 + G — vy
247
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Multiplying to obtain a single product of the deviations:

(=2 Yn—=9=@u1—%)yu—9)+ @& —2) G — 7
+(xn — %) G — §) + & — Z) (yu — §1)

On summating for all the pairs in the first group the last two terms dis-
appear and we have:

n

-8By —9 =21 —8)y — 1) +n@E — ) G — 9

Then summating over the k groups:

Ye-Dw-9 =33 c-2)w—g) | tndE-D @G -9 O

where T, and g, are group means for z and y. This is the fundamental
equation for the sums of products on which the analysis of covariance is
based. If the same data are divided into n classes as well as k groups,
the equations for sums of products and degrees of freedom are:

nk nkt
e -y -9 =2 -, —Z+DWY -G —J+ 9
(nk — 1) = n-—1Dk-1)
4 n
+nZ2E - D@ —§ +kZE — DG — 7 (2
+ (k-1 + (n —1) 3
The method of calculating the sums of products is not according to
these formulae but by means of equalities similar to those used for cal-

culating sums of squares. These equalities are described below under
Example 48.

3. Coefficients of Correlation Corresponding to Sums of Products
and Squares. Considering the simple classification of the pairs of

variates into k groups of n pairs, we have the sums of products and corre-
sponding sums of squares of « and y as follows:

%(I -y —9 = %(.’t — Z)(y — Te) + ni(iz —Z)(F — )
nk nk 13
2 — 5 = 2(z — &)? + nZ(E — 5)? )

nk . nk _ k _ _
Zy —9)”* =3(y — %)? + n 2@ — 9)?
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It is now clear that each vertical set represents the factors necessary to
calculate correlation or regression coefficients. Hence we can write:

nk
Tz =Dy —7)

sy (total) =— -
\/E(x — D)23(y — §)?
b=§@—@@—m
g(x — Z)?
DF = nk — 2
nk _ o
rey (Within) = j@*mg )
\/E(x — )22y — Fo)?
bzgu—mw~m (5)

nk
E(I - 1‘:‘)2
DF =kn—-1) —1
n3(E — )@ — 9)
V3@ — 83, — 97

7z (between) =

23— E — 9
n2(E — 2)?

k—2

bay

DF J
Note that for each component the degrees of freedom for estimating the
coefficients are one less than for the corresponding estimates of the
variance.

Since it can be proved that the variances and covariances for between
and within groups are unbiassed estimates of the true values for the
population sampled, it follows that the corresponding coefficients of
correlation and regression are also unbiassed estimates of the correla-
tion and regression parameters of the population. They can be used,
therefore, to test the significance of the covariance effects represented by
the various components for which they are calculated. One practical
application of this principle will be seen at once. Total correlation
coefficients are obviously incapable of definite interpretation if they
represent heterogeneous covariance effects, and tests of significance
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applied to them cannot give a clear-cut answer. The coefficients
caleulated from each component, however, are capable of definite inter-
pretation. In the simple case of covariance within and between groups,
if the total covariance is made up largely of the covariance between the
means of the groups, the total correlation is often referred to as contain-
ing a spurious effect. By the covariance method this effect is taken
care of in the calculation of the covariance between the means and is
completely removed from the covariance within the groups. Thus the
so-called spurious effect is not only removed but completely evaluated as
a distinct component of the total.

4. Applications of the Covariance Method to the Control of Error.
One of the most important applications of the analysis of covariance is
in the control of errors that arise at random throughout the experiment
and cannot be taken care of by replication. In the case, for example, of
number of plants per plot for such crops as mangels and sugar beets,
the variations in number of plants arise at random throughout the
experiment and, so far as they affect the yields of single plots, add to the
experimental error.  Correction of the yields on the basis that yield is
directly proportional to the number of plants is a frequent practice, but
it is not difficult to demonstrate that yield is rarely if ever proportional
to the number of plants per plot, and that such an adjustment is likely
to exaggerate the yields of plots in which plants are missing. Correction
on the basis of the exact relation between yield and number of plots as
indicated by the data is, however, perfectly justifiable, and the method of
making such a correction is a natural development of the covariance
technique. Numerous applications of the same method will undoubt-
edly occur to workers in other fields.

In order to demonstrate the control of error by the covariance
method, we shall represent a covariance analysis algebraically as follows,
in which the experiment is presumed to be a randomized block field plot
test.

DF | Z(z%) | Z(xy) | Z?) byz byZ(@y) | Z@? DF

Blocks. . Y/ Ao Bo Co
Treat-

ments q Ay B C1 |b = Bi/A1| 0By Cy — By q—1
Error. .. n Az 32 Cz by = B2/A2 szz Cz - b232 n—1

T + E Jqn + q At Bt Ct bt = Bt/At stz Cl - stt 'n-’rq -1
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In the column headings, « is written for (z — %), y for (y — ), b= for the
regression coefficient of y on z,'and Z(y'?) indicates a sum of squares for
y adjusted by the regression coefficient in the same line.

The calculations are complete in each line of the table. The regres-
sion coefficient is B/A, and the adjustment in the sum of squares for y is
bB or B2/A. In the last line we are considering only treatments and
error so that A, = A1 + A2, By = B; 4+ B2and C, = Cy + Co.

The second step in the procedure is indicated as follows:

DF S (sq.) Variance
T+E n+q-l C"—'bng
E n—1 Cy — byBs Ve
T q. C1+ baB2 — biB: Vi
T qg—1 C, — By Vs
(b1 — ba) 1 biBy + b2By — b,B; Ve

The first sum of squares for treatments is obtained by differences and,
since it has not been adjusted by the treatment regression coefficient, is
still represented by ¢ degrees of freedom. The second treatment sum of
squares is written down from the first table and is represented by ¢ — 1
degrees of freedom, as it has been adjusted by the treatment coefficient.
On subtracting the second treatment sum of squares from the first, we
have a sum of squares given by b1B; + b2B2 — b.B,, and it is not diffi-
cult to prove the following equality:
A1A2

AL+ A

It follows that when by = b, this sum of squares is zero, and that a test of
significance of the corresponding variance (V) is a test of the significance
of the difference between the error and treatment regression coefficients.

The test of significance of the treatment differences after adjustment
for the regression of y on z involves a comparison of the variances V2 and
Vi. The fact that V; may contain a significant effect due to (b — bg)
does not vitiate the meaning of the test, as such an effect is obviously due
to some factor characteristic of the treatments. In the case of yield and
number of plants per plot, the variety regression coefficient (b;) might
be higher than (b2), and this will contribute to the significance of V', but
b2 represents the regression of yield on number of plants within varieties,
and may be taken as a true measure of the effect of number of plants on
yield. If the treatment regression coefficient is higher this probably
reflects an additional genetic relationship, and one that should contribute
to the significance of the differences between the varieties. A further

b1B; + bBs — bB, = biA1 + b3A> — bIA, = (by — b2)2  (6)
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test may be applied, however, to V3, and by a comparison of the signif-
icance of V3 and V4 a complete picture of the variety effects is obtained.
The value of such an analysis, if, for example, number of roots has a
significant effect on yield, is that the error variance and variety variance
will be reduced proportionately with a consequent increase in the signif-
icance of the variety differences, if such differences exist. If the anal-
ysis of the unadjusted yields shows significant differences when the
adjusted yields do not, this simply means that the original differences
were due to number of roots and not to the yielding characteristics of the
varieties as measured by average yield per root.

R. A. Fisher (4) has pointed out that an appropriate scale for measur-
ing the effectiveness of methods of reducing the error is the inverse of
the variance. This is sometimes called the ‘nvariance and is represented
by 1/V. Inmeasuring the reduction of error by means of the covariance
analysis, this scale is particularly useful. Example 48 is a good illus-
tration of this point. The original error variance is about three times as
large as the final error variance obtained by adjusting the sums of squares
for two associated variables. In other words, in the original form with-
out any adjustment about three times as many replications would be
required to give the same accuracy as the adjusted values. One should
not reason from this that the significance of the differences between the
treatments will be increased accordingly, as it must be remembered that
at the same time differences between the treatments due to the associ-
ated variables are also being removed.

The test of significance having been applied as outlined, the next step
is to make an actual correction of the variety means. Since the regres-
sion coefficient in the error line may be considered as representing the
actual effect of number of roots on yield, this regression coefficient
should be used for making corrections. The corrected means should
then be the best possible estimates of what the means would have been
if they had not been affected by variations in number of roots. The
regression equation will be of the form:

Yl = 271 - bv:(il - j) (7)

where %, is the mean of x for one variety, 71 is the mean of y for the same
variety, by, is the regression of ¥ on x in the error line, and Y is the

estimated mean of the variety.
To compare two corrected means such as ¥, and Y, we must use for

the standard error of the difference between two means

&, — iq)z}

2
32{?"' A



A TEST OF THE HETEROGENEITY 253

where s2 is the variance in the error line of the analysis of covariance
table (for example, in Table 87 it will be 7681.3/35 = 219.5), 4 is the
sum of squares for z in the same line, r is the number of replications, and
(&, — &,) is the difference between the two means used in the two
expressions for calculating Y, and Y,. Thus

Y =9, — by, — % and Y, = g — byz(Zg — %)

In comparing two means corrected for two variables z; and z2 we
calculate the standard error of a mean difference as follows

2  wu*B — 2uwP + 1?4
2] 2
N Sy — }

where 4 and B are the sums of squares in the error line for z; and z.
P is the sum of products for z; and z2 in the error line.
u = (%1, — Z14), difference between z; means.
v = (%2, — Z2,), difference between 22 means.

The method of error control by means of two or more associated
variables is described in Example 48.

6. A Test of the Heterogeneity of a Series of Regression Coefficients.
The analysis of covariance provides a unique technique for testing the
significance of the differences between two or more regression cocfflicients.
Using the same symbolism as in the previous section, the procedure is as
given below.

Group| DF | Z(z®) |Z(zy) | Z@?) byz by (zy) 2y DF
1 q A, B Cy by = By/Ay b1B) Ci—bWB1| ¢g-1
2 q Az B, Cy | b2 = By/A2 b2B; Co— By | g —1
3

q 4; | Bs Cs | bs = Bs/A3 | b3B3 C3—bBs| g~

P q 4, | By Cp | bp = Byp/Ap| bBp Cp—bpBp| ¢—1

Total | p¢ | A¢ | B; | C¢ | b =Bi/A¢ | bB: Ci—bBi | pg—1
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DF Zw? Variance
Total......... Pq — 1 C; - b¢B¢
?
Within groups..| p(g — 1) 2(C - bB) V1 error variance
?
Difference. .. .. -1 >(@®B) — b:B; V2 due to differences between
regression coefficients

The last sum of squares may be shown to be

? »C2 AjAk(b; — bi)?
Z(bB) ~ bB =2( !
®5) oo Ar+ As+ -+ + 4,

where b; and by represent all possible pairs of the regression coefficients and 4;
and A all possible pairs of the corresponding sums of squares for z.

The comparison of V; and V. by means of the z test furnishes therefore
the required test of the heterogeneity of the regression coefficient.

Example 48. For the sake of brevity this one example will be used to demonstrate
most of the important applications of the covariance technique. Data are given by
Crampton and Hopkins (1) on weights, gains, and feed consumption in a comparative
feeding trial. These data are reproduced in Table 86 for initial weight, feed eaten,
and final weight. The analysis is concerned with expressing the results for final
weight corrected for variations in initial weight, corrected for variations in feed
eaten, and corrected for initial weight and feed eaten. The last is an application of
the method of partial regression which is described in detail in the paper by Crampton
and Hopkins. In addition a test will be illustrated of the significance of the dif-
ferences between the regression coefficients for each treatment.

(1) Effect of Initial Weight on Final Weight. The analysis of covariance is set
up in the form shown in Table 87. In performing the calculations for such a table,
it is recommended that the sums of squares, sums of products, and totals be obtained
by treatments, as it is necessary to keep these separate if certain tests are to be
employed at a later stage. In obtaining the sums of products it should be noted
that a procedure may be followed exactly analogous to that for obtaining sums of
squares. With k replications of n treatments, the sums of products are given as
follows:

nk nk
Total..................... Sz - &)y —9) = Sy — T.T,/N
n n
Between means of treatments k (2, — )G — §) = Z(TetTe)/k — T:Ty/N
x 3
Between means of replicates n (%, — Z)(§r — ) = Z(Tr2sTry)/n — T:Ty/N

Residual or error..... . ... Total—(treatments)—(replicates).

Where Tz and T, are treatment subtotals for z and y
and T,; and T,, are replicate subtotals for z and y.
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TABLE 87

ANaLYsis OF CovARIANCE—FINAL WEIGHT AND INITIAL WEIGHT

x3 = initial weight 71 = final weight

wm) @ (3) (4) (5) (6) (7 ®1]
DF|Z2@d) |Z@zs) | Z(zD) | bis |pusZ(zizs)| Z('® |DF| r1s

Replicates.| 9 |454.4| 752.0| 2,487.2|1.6549| 1,244.5 | 1,242.7| 8 [0.7075
Treatments| 4 |509.2(1,172.2 5,741.7|2.3016| 2,697.9 | 3,043.8| 3 [0.6854
Error..... 36 | 368.4(1,001.810,405.5|2 7193 | 2,724 2 | 7,681.3 | 35 |0.5117

Treatments
+ Error | 40 | 877.6(2,173.8(16,147.2 | 2.4770| 5,384.5 [10,762.7 | 39

(1) DF for unadjusted sums of squares.

(6) bis = item in col. (3) divided by item in col. (2).

(6) bisZ(z1z3) = col. (5) X col. (3) or col. (3)%/col. (2).

(7) Z(y'?) = adjusted sums of squares = col. (4) — col. (6).

(8) DF for adjusted sums of squares.

(9) Correlation coefficient (unnecessary for tests of significance).

From Table 87 we can proceed to the test of significance of the treatment dif-
ferences adjusted for initial weight and of the difference between the treatment and
error regression coefficients

DF S (8q.) Variance F 5% Point
Treatments + Error...... 39 10,762.7
Error..... 35 7,681.3 219.5
Difference = Treatments 4 3,081.4 770.4 3 61 2 64
Treatments 3 3,043.8 | 1,014.7
Difference = b, — b;.. .. 1 37.6 37.6

Since the difference between the-error and treatment regression coefficients
(be — b¢) is obviously insignificant the tests of significance are not carried any
further.

To adjust the means of the treatment final weights for the initial weights we use
the equation given above which in terms of the symbols now being used will be

Zn = 20 — bie(Zs — £s)

(2) Effect of Feed Eaten on Final Weight. The procedure is exactly the same as
above 8o will be given in tabular form only.
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TABLE 88

ANALYSIS OF COVARIANCE—FEED EATEN AND FiNaL WEIGHT
22 = feed eaten z1 = final weight

DF| 2} |Z(w) | ZGd) | b |buZ(zizs) | S |DF| e

Replicates | 9| 35,150.3] 8774.1 | 2,487.2 |0.24962] 2,190.19 | 297.0 | 8]0.9384
Treatments| 4| 28,404.9(11,596.5 | 5,741.7 |0 40826( 4,734.39 |1,007.3 | 3 [0 9080
Error. . ... 36 | 90,792.3/24,508.7 |10,405.5 |0.26994] 6,615.88 |3,789.6 | 35 |0.7974

Treatments
+ Error |40 [119,197.2/36,105.2 [16,147.2 |0 30290}10,936.26 |5,210.9 | 39

DF Z@y? Variance F 59, Point
Treatments + Error......| 39 5210.9
Error...... 35 3789 6 108.3
Difference = Treatments 4 1421.3 355.3 3.28 2.64
Treatments 3 1007.3 335 8 3.10 2.87
Difference = (b — by)... 1 414.0 414 .0 3.82 4.12

There is an indication here of a difference between the regression coefficients for
treatments and error but it is hardly significant.

(3) Effect of Initial Weight and Feed Eaten on Final Weight. After obtaining the
separate sums of squares for each variable and the sums of products for the three ways
in which the variables can be paired the next step is to determine the partial regression
coefficients. For three variables the sums of squares and products give two simul-
taneous equations as illustrated in Chapter VIII. These equations contain the
partial regression coefficients as unknowns and can be most easily solved by the
normal equation method, also described in Chapter VIII. The remainder of the

calculations are as in Table 89.
TABLE 89

ANaLYsI8s OF CoVARIANCE—EFFECT OF INITIAL WEIGHT AND FEED EATEN
oN FinaL WEIGHT

2(z1) DF | 3b12Z(z122) ob1sZ (maxs)| Z(y™) | DF

Replicates .............. 2,487.2 9
Treatments. ............. 5,741.7 4 4002.8 960.0 778.9 2
Error....... ............|10,405.5( 36 5910.9 988.7 | 3505.9 [ 34

Treatments + Error. . ... 16,147.2] 40 9411.5 2264.0 | 4471.7 | 38
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TABLE 89—Continued

ANALYsIS OF CovARIANCE—EFFECT OF INITIAL WEIGHT AND FEED EATEN
oN FiNnaL WEelGHT

Z@y'* | DF | Variance F 5% Point
Treatments + Error. .. ... 4,471.7| 38
Error...... 3,505.9( 34 103.1
Difference = Treatments| 965.8 4 241 4 2 34 2 64
Treatments | 778.9 2 389 4 378 3 26
Difference............. . 186 9 2 93 4

The final result is rather unusual in that the treatment variance corrected by
its own regression coefficient is significant while the treatment variance as obtained
by differences is insignificant. This seems to be traceable to the relations between
z; and z3 where, as will be noted in Table 87, the difference between the regression
coefficients is much less than would be expected on the basis of random sampling.

The equation for correcting the mean final weights will now be

Xn = £a — sbie(Fe — £2) — 2b1a(Eiz — £3)

where 3b1e and ob13 are the partial regression coeflicients for the error covariance.

(4) Test of Heterogeneity of Covariation or the Significance of the Differences
between Regression Coefficients Calculated for Each Group. If for the above example
we have kept our raw sums of squares and products separate for each treatment
we can very quickly set up the results as in Table 90, showing the sums of squares
and products for z; and z3, the regression coefficients for each group, and finally the
adjusted sums of squares for z;.

TABLE 90

TEsT OF HETEROGENEITY OF REGRESSION BETWEEN TREATMENTS

DF | 2@} | Z(wxs) | Z(z}) bis | bisZ(zxs) | S | DF

LotI...- 9 ]168.9 | 458 5| 2,020.5| 2.7146 | 1244.6 775 9 8
LotII....| 9 {192.1]| 102 6 715 6 | 0 53410 54.8 660 8 8
Lot IIT .. 9 | 132.1 | 169.4 | 2,869.6 | 1.2824 217 2 | 2752 4 8
LotIV... 9 | 158.1 | 333.7 | 1,964 9| 2.1107 704 3 | 1260 6 8
Lot V... 9 | 191.6 | 689.6 | 5722 1 3.5992 | 2482 0 | 2740.1 8

Total....| 45 | 842.8 | 1753.8 | 12,892 7| 2 0809 | 3640 &6 | 9243 2 | 44




REFERENCES 259

TABLE 90—Conitinued

TEeST OF HETEROGENEITY OF REGRESSION BETWEEN TREATMENTS

DF W Variance F 5%, Point
Total................... 44 9243 2
Treatments.............. 40 8189 8 204.7 1.29 2.61
Difference............... 4 1053 4 263 4

For the test of significance we summate the adjusted sums of squares for each
treatment and subtracting from the total obtain a sum of squares corresponding to
4 degrees of freedom representing differences between the 5 regression coefficients.
In this example there is no evidence of significant heterogeneity of regression.

6. Exercises.

1. The data given in Table 91 are grain and straw yields given by Eden and Fisher
(2) for 8 manurial treatments and 8 replicates of each. Calculate the correlation and
regression coefficients for treatments, replicates, and residual. Test the significance
of the grain yield differences for the treatments after correction for straw yield. Test
the significance of the difference between the regression coeflicients for treatments
and residual, and apply the test for heterogeneity to the regression coefficients
calculated for each treatment.
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6. J. Wisaarr and H. G. Sanpers. Principles and Practices of Yield Trials.
Empire Cotton Growing Corporation, London, 1935.

7 J. WisHarT. Suppl. Jour. Roy. Stat. Soc., III. 79-82. 1936.



THE ANALYSIS OF COVARIANCE

260

LvL | 828 | SPL | 9L | V¥ | 992 | 929 | 632 | OSL 186 | ¥69 | 202 | 199 | G423 | 129 | €0% H
129 | 98¢ | 999 | 9.2 | 929 | 00F 19 | 29¢ | €L9 | O¥E | €99 | 992 | 804 | 8I€ | 0SS | 092 9
SIL | 9.8 | 169 | 908 | 969 | 89% | €89 | ¥€Z | OIL 19¢ | 269 | 692 | 189 192 | #19 | 002 4
€89 | €98 | 199 | 198 | €99 €68 | 999 | 26T | 919 | &2€ | 999 | ¥8C | €69 | 08 | ¥99 | 228 dq
OvL | ¥C& | T0L | €8C | 469 | 608 | 669 | 862 | ¥IL | 992 | 980 | g9c | €69 | 262 | 109 | 21z a
8vL | ¥8C | 989 | 962 | 219 | ¥6% | 269 | 008 | 889 I8¢ | 989 | 862 | €1L | 08¢ | €28 | ¢9IZ J
9¥9 | 606 | €9 [ 00C | 289 | ¢8C | SoL | 08z | 11L | 91¢ | Z¥S 10¢ | Sv. | 288 | ¥%9 | 19T q
Q%L | 96T | TS5 | 91C | S19 168 | 904 | 99C | ¥%9 | L1e | 189 192 | 9%9 12¢ | 029 | 2¥% 1 4
W) | MBng | Ure) | MBNG | UleN) | Meng |Urer) | meng |umeld) [ asng |uresn | meng |wei) | seng |wsin [ asng
sjuom
ng
8 Joo1g L ddo1g 9 3o01g g ¥oo1g ¥ ¥oo1g ¢ ¥001g g 3001g I d01g

(1261 ‘4EHSI] ANV NIAF) HOVH 40 SALVOIIIEY § ANV
SINTRLVAY], TVIMONV]N LNIUA4AI( § ONIAG G¥EH], ‘S10TJ $Q 40 HOVY HOJ SAIEIY MVELS ANV NIVY) NVE[ FH],

16 HIdV.L



CHAPTER XVI
MISCELLANEOUS APPLICATIONS

L THE ESTIMATION OF MISSING VALUES

1. Reasons for Estimating Missing Values and Principles of Esti-
mation. In most experimental work, and especially in field plot studies,
the results of one or more observations are occasionally lost or distorted
by some disturbing factor in such a way as to make the particular
observations useless. In the laboratory it may be possible to repeat a
portion of the experiment and obtain new values for those that are miss-
ing, but in field experiments repetition is impossible and one has to make
the best of the results available. In other biological experiments
it is frequently impossible to repeat under the identical conditions
of the original experiment, and methods of estimating missing or
distorted values are preferable to discarding the whole or a portion of
the data.

A method of estimating the yields of missing plots in field experiments
on a strictly statistical basis was first developed by Allan and Wishart
(1). Their methods were developed for the estimation of one missing
yield; but more recently Yates (3) has extended their methods to the
estimation of the yields of several missing plots. Since the methods
developed by Yates are of general application, we shall use them through-
out, although for single missing plots they are identical with those of
Allan and Wishart. The mathematical basis of the method of estimat-
ing missing values is the substitution of a value for the one missing that
will make the'sum of the squares of the deviations from the mean a mini-
mum. Equations are written for the sum of squares substituting z
for the missing value; and after minimizing, the equations are solved
for z.

2. Estimation of Missing Yields in Randomized Block Experiments.
The data are first arranged in a table according to treatments and
blocks. Table 92 is an example of an experiment with 6 treatments
in 4 randomized blocks, and 1 plot of treatment B of block II is miss-
ing.

261
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TABLE 92

Treatments
Blocks A B C D E F Total

I.../j185(156.7(162 141130136 91.1
Im... | 11.7 ... 12914 4]16.9|125| 684 =0Q
II1... | 15.416.6 | 15.56 [ 20 3 | 18 4 | 21.6 | 107 8
IV. .. |[165|18.6 |12.7|15.7 |16 5| 18.0 | 98.0
Total. .|| 62.1 | 50.9 | 57.3 | 64 5 ]| 64.8 | 65.7 | 3653 =T
=P

In the generalized formula for z, the yield of the missing plot:

p = number of treatments,

¢ = number of blocks,

P = total of all the plots receiving the same treatment as the
missing plot,

Q = total of all the plots in the same block as the missing plot,

T = total of all plots.

I

The formula is:
P -T
PP+ -T 0
(p—1Dg—-1)
In Table 93 we have the same data as in Table 92 except that now
three plots are missing.

TABLE 93

Treatments

Blocks A B c D E F Total

I..... 18.5156.7116.2|14.1 113.0|13 6 91.1
1I 11.7 129 D |16.9]12.5 54.0
IIT.... || 15416 6 | 155 | 20.3 | 18.4 | 21.6 107.8
Iv.....) 4 18.6 | 127 | 15.7 | 16.5 | 18.0 81.5

Total.. || 45.6 | 50.9 | 57.3 | 50.1 | 64.8 | 65.7 334.4

The procedure in such an example where more than one observation
is missing is first to substitute approximate values for all the missing
values except the one to be estimated. We then apply the missing-
plot formula as given above. The same process is in turn applied to all
the missing plots. The results given are first approximations, and the
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whole process is repeated until the estimated values become practically
constant.

The methods are illustrated below for the estimation of the missing
values in Table 93.

FIRsT APPROXIMATION

Average yield = 334.4/41 = 15.9,
The T = (334.4 + 2 X 15.9) = 366.2.

Here the average yield of the plots is used as an approximation of the
yields of two of the three missing plots.

4. P =456 Q = 815
= (6 X456 + 4 X 815 — 366.2),15 = 15.6
B. P =509 Q = (54.0 + 159) = 69.9

z = (6 X509 +4 X699 —366.2),/15 = 14.6

Note that here we have to substitute a value for D and that the mean of
all the plots is taken as the best approximation.

D. P = 50.1 Q = (54.0 + 14.6) = 68.6
= (6X50.1+4 X 68.6 — 366.2)/15 = 13.9

Here we have to substitute a value for B, and the previously estimated
value is taken as the best approximation.

SECOND APPROXIMATION
A. T =(333.4 + 14.6 + 13.9) = 362.9; P = 45.6; Q = 81.5;
z = (6 X 45.6 + 4 X 81.5 — 362.9)/15 = 15.8.

In all the approximations after the first a new value for T is worked out
for the estimate of each plot, using the estimates from the previous
approximation. To get P and @ it is best to substitute for the missing
plot values where necessary, the latest values obtained.

3. Estimation of Missing Yields in a Latin Square. The best
arrangement of the data is in a table such that the positions of the figures
correspond with the positions of the plots in the field. The treatments
should also be indicated on the table in the exact positions that they
oceur.

The formula for estimating x the yield of a missing plot is:

@—-DpE-2

2
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where P, = total of row containing the missing plot.
P, = total of column containing the missing plot.
P, = total of treatment containing the missing plot.
T = total of all plots.
p = number, of rows, columns, and treatments.

I

If more than one plot is missing, we proceed exactly as for randomized
blocks, substituting approximate values for the plots not being estimated
and making continuous applications of formula (2).

4. Correction to Analysis of Variance Due to Estimation of Missing
Values. The estimation of missing values for a set of results introduces
a complication in the analysis of variance. In the first place, one DF
must be removed from the total for each missing value; and in the sec-
ond place a correction must be applied to the sums of squares for treat-
ments or any other component in the analysis, the significance of which
is to be tested against the error. An exact mathematical solution of this
problem for all cases has been provided by Yates (3), but except for
randomized block experiments, and for Latin square experiments with
only one missing plot, it is rather complicated for general practice.

In a randomized block experiment as in Table 93, for which three of
the missing plot yields were estimated, the following scheme for the
analysis of variance shows how the correction is applied to the treatment
variance. In this scheme the “original” values refers to those for the
21 plots as given in Table 93, and the ‘“‘completed’’ values refers to those
in Table 93 with the addition of the three that were estimated.

DF Sum of Squares Calculated from
Total.. .. ... ...l 20 Original yields
Error.. .. ... e 12 Completed yields
Difference = Blocks + Treatments. .. 8
Blocks............... 5 Original yields
Difference = Treatments....... ... 3

The procedure for calculation is as follows:

(a) Obtain the sums of squares for blocks, treatments, and error
from the completed yields.

(b) Obtain total sum of squares for original yields.

(¢c) Obtain sum of squares for blocks from original yields, noting
that not all the blocks contain 6 plots.
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(d) Set up the analysis of variance as above, obtaining the sums of
squares first for blocks + treatments and then for treatments by
subtraction from the known quantities.

For Latin square experiments with only one plot missing the simplest
method of determining the correction to the treatment sum of squares is
to use the formula

1

(@ — 1p — 2

(p - DP =P, —P.— TP

which gives the correction directly The scheme of analysis using a
6 X 6 Latin square would then be as follows:

DF Sum of Squares Calculated from
Total .................... ... 34 Original values
Error... ....... .. ... ... ... 19 Completed values
Difference = Rows — Columns —
Treatments................ 15
Treatments — Correction . . . ... - 5 Calculate from complete
values and subtract
correction

6. Correction of Treatment Means and Standard Errors. The
treatment means that contain estimated values for missing plots are in
effect corrected means and further corrections are not required. The
standard errors of such means, however, require a definite correction,
and for methods of doing this accurately the reader should refer to the
paper by Yates (3). For general purposes it is probably sufficient to
make a correction for the number of plots averaged, i.e., if there are r
replications and one plot is missing the standard error of the mean of the
treatment containing the missing plot will be

\/32
Sm =
r—1

II. METHODS OF RANDOMIZATION

Randomization can be effected by tossing coins, drawing cards out of
a shuffled deck, throwing dice, etc., but these methods are too slow and
in general too inaccurate for actual practice. The problem has been
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greatly simplified by the preparation of Tippett’s ‘“Random Sampling
Numbers” (2), and these numbers are now in general use.*

If we have a series of numbers 1, 2, 3, - - - n, the problem of random-
ization is to arrange these numbers in such a way that in forming the
arrangement any one of the numbers has an equal chance with any other
number of being placed in a given position. A procedure that is fre-
quently followed in arranging field plot tests may now be described
briefly.

Suppose that the numbers representing the varieties are 1, 2, 3, 4, 5,
6, 7, 8, 9. Turning to page XI of Tippett's “Tables” (the usual prac-
tice being to open the book more or less at random), we find that begin-
ning at the upper left-hand corner we can take a series of random two-
figure numbers as follows, 40, 81, 89, 58, 87, 74, etc. Assume now that
there are 9 places to be filled up by the numbers 1 to 9, and the first one
is selected by dividing the first two-figure number by 9 and taking the
remainder. Thus for 40/9, the remainder is 4, and number 9 is placed
in the fourth place. The second number to be placed is 8 and we divide
the second two-figure number by 8; 81/8 gives a remainder of 1, and 8 is
placed in the first place. The third number is 7, and dividing it into 89
the remainder is 5, and 7 is placed in the fifth space counting only those
that are empty. This procedure is followed until all the numbers have
been placed and we get finally the following arrangement:

8 3, 5 9 4 6 7, 2 1

The same procedure can be modified for application to a Latin square,
but in that case it is only necessary, starting with a given Latin square
which may be made up systematically, to randomize the rows, columns,
and treatments.
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TABLE 94
TABLE OF t*
Probability
Degrees of
Freedom 0.50 0.10 0.05 0.02 0.01
1 1.000 6.34 12.71 31.82 63.66
2 0.816 2.92 4.30 6.96 9.92
3 .765 2.35 3 18 4.54 5.84
4 .741 2.13 2.78 3.75 4.60
5 727 2.02 2 57 3.36 4.03
6 .718 1.94 2 45 3.14 3.71
7 711 1.90 2.36 3.00 3.50
8 .706 1.86 2.31 2.90 3.36
9 .703 1.83 2 26 2.82 3 26
10 .'700 1.81 2 23 2.76 3.17
11 .697 1.80 2.20 2.72 3.11
12 .695 1.78 2.18 2.68 3.06
13 .694 1.77 2.16 2.65 3.01
14 .692 1.76 2.14 2 62 2.98
15 .691 1.75 213 2.60 2 95
16 .690 1.75 2.12 2.58 2 92
17 .689 1.74 2.11 2.567 2.90
18 .688 1.73 2.10 2 55 2.88
19 .688 1.73 2 09 2.54 2.86
20 .687 1.72 2 09 2 53 2.84
21 .686 1.72 2.08 2.52 2 83
22 .686 1.72 2 07 2.51 2 82
23 .685 1.71 2.07 2.50 2.81
24 .685 1.71 2 06 2.49 2.80
25 .684 1.71 2 06 2.48 2.79
26 .684 1.71 2 06 2.48 278
27 .684 1.70 2 05 2 47 277
28 .683 170 2.05 2.47 2.76
29 .683 1.70 2 04 2 46 2 76
30 .683 1.70 2.04 2 46 2.75
35 .682 1.69 2.03 2.44 2.72
40 .681 1.68 2.02 2 42 271
45 .680 1.68 2.02 2 41 2.69
50 .679 1.68 2.01 2.40 2.68
60 .678 1.67 2.00 2.39 2.66
70 .678 1.67 2 00 2.38 2 65
80 .677 1.66 1.99 2.38 2.64
90 .677 1.66 1.99 2.37 2 63
100 .677 1.66 1.98 2.36 2.63
125 .676 1.66 1.98 2.36 2 62
150 .676 1.66 1.98 2.35 2.61
200 .675 1.65 1.97 2.35 2.60
300 .675 1.65 1.97 2.34 2.59
400 .675 1.65 1.97 2.34 2.59
500 .674 1.65 1.96 2.33 2.59
1000 .674 1.65 1.96 2.33 2.58
® .674 1.64 1.96 2.33 2.58

* The greater portion of this table taken from R. A Fisher's 'Statistical Mcthods for Research
Workere,”” with the permission of the author and his publishers, Oliver and Boyd, London
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TABLE 95
TABLE OF x2*
Degrees Probability
of
Freedom| 99 | 095 | 0.50 | 0.30 | 0.20 | 0.10 | 0.05 | 0.01
1 0.0002] 0.004| 046 | 1.07 | 164 | 271 | 3.84| 6.64
2 002 | 0.103| 1.30 | 2.41 | 3.22 | 4.60 | 5.99| 9.21
3 0115| 035 | 2.37 | 3.66 | 4.64 | 6.25 | 782/ 11.34
4 030 | 071 | 3.36 | 4.88 | 599 | 7.78 | 9.49 | 13.28
5 055 | 1.14 | 435 | 6.06 | 7.20 | 9.24 |11.07 | 15.09
6 087 | 1.64 | 535 | 7.23 | 8.56 |10.64 | 12.59 | 16.81
7 12¢ | 217 | 6.35 | 838 | 9.80 |12.02 | 14.07 | 18.48
8 1.65 | 2.73 | 7.3¢ | 9.52 |[11.03 [13.36 | 15.51 | 20.09
9 209 | 3.32 | 834 |10.66 |12.24 | 14.68 | 16.92 | 21 67
10 256 | 3.04 | 93¢ |11.78 |13.44 |15.99 |18.31 | 23.21
1 3.05 | 4.58 |10.3¢ |12.00 | 14.63 |17.28 | 19.68 | 24.72
12 3.57 | 5.23 |11.3¢ |14.01 |15.81 |18.55 | 21.03 | 26.22
13 411 | 5.8 |12.3¢ |15.12 | 16.98 | 19.81 | 22.36 | 27 69
14 466 | 6.57 | 13.34 |16.22 |18.15 | 21.06 | 23.68 | 29 14
15 523 | 7.26 |14.3¢ |17.32 |19 31 |22.31 | 25.00 | 30.58
16 581 | 7.96 |15.3¢ |18.42 |20.46 |23.54 |26.30 |32 00
17 641 | 867 | 1634 | 1951 | 2162 |24.77 |27.50 |33 11
18 7.02 | 9.39 |17.3¢ [20.60 |22.76 | 25.99 | 28.87 | 34 80
19 7.63 [1012 | 1831 [21.69 | 23.90 |27.20 | 30.14 | 36 19
20 8.26 | 1085 | 19.3¢ |22.78 |25 04 |28.41 |31.41 37 57
21 890 |11.59 |20.3¢ |23.86 |26.17 | 29.62 | 32.67 |38 93
22 9.54 |12.34 |21.3¢ |24.904 [27.30 | 30.81 |33.92 4029
23 10.20 |13.09 |22.3¢ |26.02 |28.43 |32.01 |35.17 | 41 64
24 10.86 | 13.85 |23.3¢ |27.10 | 29 55 | 33.20 | 36.42 | 42.98
25 11.52 | 14.61 |24.3¢ |28.17 [3068 |34.38 | 37.65 | 44 31
26 12.20 |15.38 |25.3¢ | 29.25 |31.80 | 35.56 | 38.88 | 45.64
27 12.88 | 16.15 | 26.34 |30.32 |32.91 |36.74 | 40.11 | 46.96
28 13.56 | 16.93 |27.34 |31.39 |34.03 |37.92 | 41.34 | 48.28
29 14.26 |17.71 |28.3¢ |32.46 |35.14 |39.00 | 42.56 | 49.59
30 14.95 |18.49 |20.3¢4 |33.53 |36.25 |40.26 | 43.77 | 50.89

* Taken from R. A. Fisher’s *'Statistical Methods for Research Workers,'” with the permission
of the author and the publishers, Oliver and Boyd, London.



TABLE 96
5% (RoMaN TYPE) aNp 1% (BoLp-Face Tyre) PoiNTs ¥oR THE DISTRIBUTION OF F *

© ey 0 © ~ o DD e - o o e
8 ﬁo 28 3% S B8 58 {8 38 ra; a <« S| o
2 SR 0B 0N @ 0O OB NE AW AO AN a0 a0
- - N~ ohe N N ey N
§ ﬁa Sg - 05 mg oa N mg o e w& ni NE
2 SR WY WA WA MO @B AW AW AW NO am e
N OO F0O het X oW KO Ou 6K KB OB O T
2 §= Se X% 38 285 32 A+ Se ~o R WO OW qee
& © AR 0B WN O MO OB AW AW AN RO N .
¥ G0 6 Ot ONn —~6h DB DD DOw o Hd BHd D
- ] OR 0B DM WM B MO AE AW AW AW N 0
MM 0 I~ Wed b N W O SN g Y O O
0| R W bh 82 Y5 R8 IR 88 K9 ©8 S¥ 8% &8
. y R VR Ee arw Qe DI
~ 3 SR 0B WM wWe M- MWB ®B AW AW A0 a0 on
~ o0 W [ - X ] NW Ow OV Qb=
o gg <+ 32 R% « K3 ww OO ©wv qq 38 o me
w ® SR KB 0M Fe o KB BB aw NM N e
W b~ - e O W S WVw™ O MW N e
o|R8 ¥¥ 29 EF v KA 3a OH e RIS
- ® QR 0L WA e ®n e 0B QW N N Ne
o N + — WM VWO WO e OO0 Ol
«® © oa 0B WA Wa OF ©B 0B aw Ne| New e
) T~ = ] N® oM - FERTA
N LY RE Re BN xR e s ex . =
@ N 3 QG ©B WM we ©On 0O 0. Q% W N e
o
0 OB O OB I~ o Ne o neo 0 Op=
2]
oM ™ [] n O N ODke O 9] N Ow W o
3 o|Z3e 2% I2 3 S|\ Wee S w8 ~e 3Q o
= — © SR 0B W WO o MO 0B AW AW AW am ae
5 [ | = © N\ MmO X © <+ YY)
I «|5% ¥9 £8 =3 2K 38 B8 I8 S8 23 £ 33 4@
] CT ] B b 3 Tob= bt Iewl —w & SO Q0
° - ® 2@ OB W W W O 0B 0B AW AW AE a0
o v ©OM MIB OW MM OW rew OW WO NO N []
8 - §§ e B2 39 R2 82 33 =3 e Ot oW qa L=
g~ GO Ols W WO W OO KIB HB W W AW W
3 —o o -
L) o <3 O O MY HHq MNY - LW © ~o
) o go 9 ﬁ: &3 8 Sw ©® MW ~@ O e 28 o
5 — 3 SRE X V@ WY W MO OB 0B AF AW AW oW
— — ® 0B Om - o 00 B\ O O® &
g > gg 28 2 88 X2 22 3R g7 28 32 38 & [A
e RS R RN me ERosS R Q8 X En
5 G@ O ©O¥ WG W KO ©B ©®B 0¥ AW O oW
@
- b N w M- ® M= I~ WY NO O
O] |88 58 3% 38 8§ S8 £3 I8 /% 88 &% 22 £8
& B OB bk OW WO WO MO MO KB OB AW AW QW
o~ ©Ow oo VB O O N e e N
~ ga we no S8 X9 [a & - NG et q: Se 5;
o o W ©OW WO WD M MW NI MIB MW W W
- C.J hond fd
38 B8 Ia S8 3% RT &2 35 58 }& 35 87 8%
0 | e i e s .. 1 . e .. . e e e [t
a8 QB XL OB WG W O MO 0B 0B 0B OW A%
. O 1o S\ LY o 0w ™ ) — 3
v §E 28 38 88 38§ 38 &9 wg o Me qg ﬁg Sq
[ - S ™ £ Ot - 0O
« §= R A8 8 28 3% 2 »s 3% % MO AW e
2 QR OR O/ OH WA W OF 06 K8 0B 0B ©®e
=] © o [ ] W B B OO ~ O OB e
o ag an X¢ 88 < N MW OB K& ~B DN We Wi
S@ O OB BH YA TO W OO OO MO ©e 0o
- e <0 ©B © C® O 3 ©
85 83 8% I 2 =8 X8 38 & 8 o6 Xa ~
N Ne QAP ©Y OB 1A DO WA TW WO W O DO 06
— — ] — —® oW OB Ne N0 Bey ~te
2% 5% 3 ~ SR 3 3R X [B /I I8 B8 ©S
- e e eI I I I e I ] )
o) w - 0O WO w®
g - N o« - w © e [ -3 2 : 2 2

269

Calculated by G. W. Snedecor

f the author and his publishers.

mission of

"

Reproduced by per

her’s *‘Statistical Methods for Research Workers.

* This table taken from G. W. Snedecor’s “Statistical Methods.”
is|

from Table VI of R. A. Fi



270

TABLE 96—(Contin

5% (RomaN TyPE) anNp 1%, (Borp-Face TYPE) ror DISTRIBUTION oF F

MISCELLANEOUS APPLICATIONS

) It B ©W Qe V@B W B Ve OO e = DM
g™ S® Ot 5@ o1 X% »9 »@; X7 B8 B% =% 32
N NN MNeY ey et ey it et —o —ey e —N —~n
-« WO Qe ebr A Owt 10 I8 98 K8 o g o9
§ — S O o® ow 6w ® @ G0 e « r~ot - e
N Net Nt ot et el vl g il e - e —~ &
©® oOm © et W Iebe W e N O WM N
228 28 33 3R 8% 33 BF IV =6 286 28 Xq R2
N | oNes Ned cNed el ~ed el ried ried vied o4 vied ried ~—eq
TS Nw o -+ 8 LL 39 35 S8 Ko ©8
S|mA " S® Sk S8 B Hw ww 0es GO INew I~et
™ | Nes et MNet Ned —ed o8 el et el el ied ey —ee
— ® YO Ow © N® Owm @ H N® O w®
wlae — ® Ot Sk & Swe Do oW - ®» H;m ~a
Nl N N N e vied Ot v+0¢ ~C8 400 0§ 0 —~ed
e OB ME© N® HW OO ©; M@ e o oW wO @
Q[NN ~o ~e Ow O S8 SO ow 0w ® o - e
e Ne? CNEet CNES e CNCY i@ vie§ el iee ed el —o¥
W g -y 58 3L 22 S8 N® e se De oo
R R O ~@® O® O SO o cB oWl oW -« o
CNes Vel VOB CNEY CNet CICE el gl o4 r4ed el oy ~ev
—. 0 RS B8 nzE 52 3I- ST k5 ¥ I8 I¥ =8
Q|me R - - OWw O O 0O® O® B OB 51
el i e s cNed CNed (NEE et et el et ~iew —ov
DM oe W @ 0 —el NVW WO M OO VW e 0®
I |Be @ am =~ —@® O O® Ot O O® o5® oo
° e ooe3 CNes (Nes CNed cied NeE Vet Ned cied ~—ed ~ier —ee
[
& Dl MO VB O D= 1D W W M YW AW OO0 oO®
2| %8 ®&a Ne = ~O -~ - O® C® O O O 5®
I Cen i NeI eI CNes CNed CIeE CNEd NNed Net el oNew  —ew
]
Db OO e VB WO W OO DB Ow Db
3 ] Nt v Nvd O ™ —® —® OO O Se-
= Cies Ne? N3 CNes CNed Ned cied cNew cled (et
8 Qe o ee o0 o Xu 0 e O
s o= M N A N RO~ - —~ @
@ cNes N CNe3 s (Nes Nes CNed cNed oied  ciew
o MW Wb —~O MM Dk M Ot WV OO OW
] oW O M N N N NO ~O e —Oo
- e’ e? NI I CNes (Ve Cies cNes cled  New
§ el W w® O W ©O® wW B Ow 0
S| = B W MmN MM NN N Nw N A —~0
3 N N M N N NM NM NM NM N
=3
[ w 0O O®M OB e VM O N OW WNe Ot~ WO A
- 2 D 0 HWO WD HD MW MM MM Mt N NwW AN NO
° CNO? e CNen NET N CNes N Ned (N3 Ne N Nes e
§ e oo T O © mey Ow > 0O NO OB WOw et
| |90 Be w= B - o Fw ™ e O e NEU e
3 NW Ned Ned NS NE? N N (NI N M N N e
o ow W PR OB e 00 DO N OB XV OO HEW N
E| o |Rm @ D 1O Dk W WO B wW OW MO MmN Mmoe
N W Nen (N3 eI (N CNel CNes I CNes CNes e e
N OW ©eM e e W N DB B W ™ -
~ |0 KR ©O0 Ce we v O <¥® <wB Yo < - &
NW N N Nel NM Nen (Nes N N NS N N ¢
0@ N WO OO Cw MW Ok Inwt NW Ow - o t~ o
o|ve 28 XK R2 83 33 3% Bw B3R 88 3% 2 52
N N N N N N3 (N N (Ne? M NMm N e
OO COW® VY W SO W —~O W © . o e Do
0| P® B oW 0O N M~ e © e I3 3 S® Bw
N v O N N N NW N Nes Ne e e e
— O® Ot MW O r~0 > G OW 0N O W
«|=8 88 SE &8 28 33 %3 In ®& W £ £= "3
MW ME e NW NW AW W N N NW Ne W W
® o wo Om © vt OW Isbe 100 MW = B P
© v & Nt Qe O =M O®w OW Ot O & o
BB OB BB M MIB B W W W W W W W
T W » - D M O N wer o Ow Ot -
a =B S o - We e W e Wi oW SO mw ™
MW MW MW M MO W BB (B M8 B OB B B
] on W —e 0 00 o o ® L ey
- 28 38 T we MOw O 0 & N Nw N N
Cw VO gl Wl 0 W W W W e W Wi b~
0 © ~ ) ) =) - I ) « o ©
& T A & R 2 2 8 8 8 & & a «




TABLE 96— (Continued)
5% (RoMAN TYPE) AND 1%, (BoLp-FAcE TYPE) FOR DisTRIBUTION OF F

TABLES

O DO WM el OB Iwl Db W - om w0 w
g P ©O ©O ©o e wBe Vo C® Do W ¥R @R $R
Ol Ol Ol @ vl vl vl e iyl reiwd od v
DN B OW SO D W OO HW MW HO OW L@© I
% - ©O ©O o ® Do be bw be oo AR YR SR
Wl ed el e e et il eeied il e A o v e
~® M 0O O Wl —® oW O I0® 4o e
g e O ©m ©O qg Sa 23 Be wve S8 3 2 I
e NQ B 0 I~ HW 3 ~ o - 0 -
2 RN e A O & ®o © 35 33 Ga 8% 23 83
e el e 0l el 08 Ol vl vl vt vl e
S N MM N® DN N0 W MO e QW o
Q| FA e EA A DH ©0 ©O0 ©6 Do oo 28 B8 28
el 04 O @l rOd O EY O vl dwd el ety ety
OM VO I~ OW O ~ DN = OB o o
Q|RM™m ra e r~ R e O °o ©o S 38 28 za
el ed el v Ol e ey eq e e -;N. -
W ~B O ;M OV el NP> ~d D 0 LY TW ey
] M 00 DM K~ N [~ Inv e O DO ©O OO Do
B e 0" 2@ e 00 0® O © MO NB e Ow
S OOW OO 00w M wen 00 ~e1 =61 I~e1 I-wt I~vd I~ e
Ol e Ol Ol 6] 0l el el —od —ed —ed —eq —ee
M = OR O O H® Y O OO X OW N *O
J |8 o8 S oW X 0O oM OH I~ e ~e SN o
el Ed Ol —ed el —~ed ~ed ed el e —ed e ey
® ~ ©O s M v Db S 0O Wi QI N OO 0@
il gle 5@ D\ W i OW W OW 0 M M DM e
A e el el Ed et e el Hed el e —ed ed el
[}
oW e O W s D@ MW AW O® C© HNW N OO
g ofjo= o~ oS >® @ BB DB OB oW W O OW OW
ﬁ el NGl NOT el e e i C8 el e el 04 64 —ee
WM ©O O FW NO © el DB 0O HW W DO O
s :" (="} (=X} b= ™~ - o - X" 3 [=1"-3 o [y f=22"-1 (ol -} -
g aee [~ K- ] oaee (X ] o e oo —eq - ey —~ e - - —eq - 0§
®
] MM N O oW O O N N® O® IW LA IO ©m
O a|-e ~a ~o ® ® Ot O oW O® SW O P 0L
lé o e o ooy Ny o e o e e [N § aee ey ey -y - e
- ©® 0B HM NGO O® W@ DWW 0B M NO —®m OO oW
g g|7® ~e ~e ~& ~® Ow OSr OF OF OF O® Se Fe
,§ Nl o oaneq o ee a e ced o o e oaee o ocnes =K ] -
L (=2 (=X 0 G=X: -1 - - Mo [=X"-] o -9 el o 00 o ekl
£ 2 NO O O ré —h —®d —D ® ® O Ot O O;
— Nen N i N NE (NEd el MNed Ned et oied Ned oNed
°
W e N® —® e Iefe WO e 8 ~e oW 2a 29
B o | NH Ar N0 A0 ~O ~® ~® ~® —0 ~® ~o O O
2 a;m oren om o, o en o eq et a e ovee ae aee aee el
)
L S® om RO & A 0@ e o6 0@ ® oW WA +O
Bl oM A8 R aw A NGO NO O =@ B —O® —~B —@
z NI N (N CNE Nl e CIe (N Ned CNEY et tiew  cNee
B OW INM PO NIB Ow OO ©IB N WO M NID W
~|mm mm e M M P N Qe N N NO e NO
MY N N N3 N Cied Qe e 1M QI NEes (N Ne
O WM e ke O WM OB LM YD ND W OR OO
©|T® <o wa . e MM MM Mmel Ml MmN PN M@
NNET Nes N CIes (N CNed CNES CNM (N N Nes cue e
e ©® ® 2O e oo wE oW ©d we 0 oa¥w e
o) - 0= =) 2 A B 0o - w0 o - o - - - - - Al
Ned e N N N NM Ne Ne Ne N e M e
D OWw e b DM MO NW e O 0w ~w ©w
« |- ~& R3S 28 &= o S® oo o b B B B
N NW W W M M M NM Ne e N e e
0 oW Nw O® © W@ W T MO O W O
» £S 85 83 S8 &9 & WM 0 OO M O LE el
N N W N AW AW N AW N W W i W
0B D DM B OW 0O OB We MO NB —H OO 00
NP DW B DM Hem A AN NN AW NH A Qe O
MIB B M MIB MIB OB B B (D8 I3 B M MO
— @ @ 0O MW ~R Ol N It OW 0w o
— | 8 .qs D D i - = OM Ot Ot OWN Lol
e Wie Wl WEs Wie HEs B Wl Wwis Wibe Wibe e e
o
~ 0 ] Q I © ® =) -« © w
& 5 8 8 8 8 3 8 8 ¢ ¢ 3 8 %




272

TABLE 96—(Contsnued)

5% (Romax Type) aND 1%, (BorLp-Fack Typr) ror DisTrRiBUTION OF F

MISCELLANEOUS APPLICATIONS

- - r~ w oo o w o ) )

. |38 =3 28 53 33 3% %3 35 32 =2} 2% 8% =8
ot vt rivd eiwd el reied vl i it el mted vl et
©m © — ~e ne o ™~ ) ®w ©ow ™ -

§ SN S8 I8 88 58 28 R3¢ K |/& I8 =% s =2
drd eiod vy eied  emiyd omigd ey veied iy mdwd et riwd e

® ©w o = - o= co e o ~0

SI¥R IR I8 T3 3T BE I3 <% [T §8 Y 28 ==

Q| elod ot vt vl et rdod retvd il ried reiod eied v et
) ® VW ©Ow VG o coe © o o @ ©® we

2 B8 I\ X €8 S8 B 22 33 32 3% % a| an

L [ S T P e R e T e T e
Ve - ® e NO o e e DM A O o0 v

n |38 B8 2T 2B ST IR AT 8% 53 N8 IS 8| N

Rl P P S s D S s s s i S P s

- cnes W e 10 +® Ciee OB ©OW 1Dew

2 B3 B BE X3 B8 S8 IR I8 I8 YT BVE B3 3%
38 T2 22 52 88 &Y =2 2@ e 98 g —_— O

=) Ce we B0 G Db wbe Whe WO W Yo o

R [P PR S N S A S D S IS S 6 S G e I R S0 S S P i
20 ~w ne o e - o 0o A

g |om Se Do 28 3 s 58 B8 I3 B2 [T S €8
Ol Ol QN vi@8 vivd vdwd  rdvd  vded ried vl rded  eiwd e

ol © ~ ®w ™ - o ® * Qe o
gl N® K2 271 8% 55 38 32 82 23 52 I3 38 AR
s Nl lol —of el — o 0 —ed v i e e e e

0VW ©W WO MW B Ow wee W Nt OM @ I~te
f o|RR BR R& R {1 RO 88 33 I8 So D w® B®
g T el el ol el el Sei ei el el e e e e

Ve M\ —w © o ~w N NB QB W 10w
= © |%m e o 28 28 RN B2 {8 T 83 ©3 ©S 3:
g —e§ 08 08 e @8 O 4Oy @4 ~@§ Q@ 4Ol O e
§ © © 0 @ NN DWW [~ OO e NN O@® Db
51 = S 83 2 »e $@ 88 & KR B& I |3 =3 &5
] T el el el el e e e et el e e e ed
8
- 0 m®| o = DB Ne DO MM o O® WM ©O IN®
gl ol on & WG 32 B9 28 32 QS RDE o ~e K-
S| T et ~ed e ~ed o8 —0f et el o8 Ol ot —ed et
g Wes I~ W W Ot = 0 © e MW =B OO OwW
| ]oe ce ce I3 22 & oW @ 06 KM WA DeN -en
= ~el 0§ 8 @ Q8 O 0§ @ el o el e e
-
]

N > DVt B DB Qe Ok C et QP W 204

g |or 38 2 SO %B oW SHWw oW ® KW b e L
NOE CNEE 0§ 0§ 0§ O @4 @8 O C 10§ Ot o4
5@ e yw a0 b Y 58 08 w® I3 22 32 3%

Al o|c= o  OF OW SO® W B DB BB oW OW O
S et CNeE CNOE N VG808 —E8 08 o8 @8 Q8 od e
) -<= o 8‘ h: W e —n e @0 o WD -

0 | W W ~® OF OF oF O® S8 cw & a\v e e
el CNed et CNeE CNeE CNEE CNOE V0§ CNOE 08 08 ot ~ied
=) ne 0M ww Nk O ® ® 00 OB ND

A8 ~& ~A% —S® ~6 ~® 6 O OF oOF OB ow o
NS NOE CNed et Cied CueE CNOE Cied Cied Cied CNet ciod  oNed
@ ~w 10 2 as o e ~w © - N on @

© AN Q= a NS ™o« R e —e e e AR O
O CNST CNES CNES UM CNed e CNeE CNed CNed cNod CNed  cued

- Ok I ©m WO ™ =) Q5 KN 87 3 ) -

“ . me o ®;m e o & - AN AN NS & I

IO CNES CiES CNOI CNON CNe CNES CNeS CNeS C(NES CNed CNes cues
P - VW ©Ow - ™ —_ D® >

«|BR 38 838 =% 28 %% <3 - - Ie 88 23 &
e CNSS CIeT CNE3 UGS CNES CNES CIE CNeS CNeS N CNes cues
PO DO ©N Ve w o o ®© vt 0 o - -

w28 X2 88 B8 X8 R ~ © oe © 88 -
W W W N W W e N Nl CNeS N e e
@ et 0 o ™ - o ™ - -

~N ™ - - -tg - 8= (=133 ~ [ 3 83 8. 33
Ml Pl MW W MW W e W W MW ME MW e

- Wed © o - ® 00 W -
-85 83 38 &3 23 & ;: = >® = ok © -
W I W W G G 98 e e e e O ©e 0e
(=4
§F I8 8 8 8 2 8 8 8§ 8% 8 2 g
- - - N -




INDEX

Abnormality, chi-square tests for, 27,
28, 94
tests for, 28-31
types of, 28
Allen, F. E., 261-266
a, alpha, 23
Analysis, of covariance, 247-259
of variance, 114-138
applied to linear regression formu-
lae, 210-217
division of degrees of freedom in,
116-119
division of sums of squares in,
116-119
interaction effects in, 124-125
multiple classification of variates
in, 120-121
simple classification of variates in,
125
tests of significance in, 119-120
three-fold classification of variates
in, 131-133
two-fold classification of variates
in, 127-128
of variation, 114-116
Arithmetic mean, 8
calculation of, 9, 16
decoding of, 17
properties of, 10
Association tests for, 95

b, linear regression coefficient, 55
Batchelor, L. D., 209
B, beta values, 81
Bias, in field plot tests, 43, 144
intravarietal, 144
planning to remove, 45
Binominal distribution, 21
probabilities from, 108-109
Bivariate frequency distributions, 67
Blakeman, J., 220, 246
Brandt, A. E., 97

Chi square, correction for continuity,
102
from mXn-fold tables, 96-97
from 2Xn-fold tables, 97
from 2Xx2-fold tables, 97
Chi-square tables, degrees of freedom
in, 96
Chi-square tests, 88, 113
of goodness of fit, 89-94
of independence and association,
95
Classification of variates, multiple, 120-
121
simple, 125-126
three-fold, 131-133
two-fold, 127-128
cm, non-linear regression -coefficients,
220-221
Class range, 14
Class value, selection of, 13-14
Coding, 57
Coefficient, of contingency, 98
of correlation, 65-77
of partial correlation, 78-83
of partial regression, 80-81
of variability, 17
Confounding, in a
ment, 160-162
in a 3X3X3 experiment, 170-171
in incomplete block experiments, 175,
178
partial, 162-165
Control of error, by covarisnce method,
250, 253
Correction, of treatment means due to
missing values, 265
to analysis of variance due to miss-
ing values, 264-285
to chi-square for continuity, 102
Corrections, for grouping, 156
to means, in covariance analysis,
252-253

2.X2X2 experi-
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Corrections to means, in incomplete
block experiments, 193
in quasi-factorial experiments, 181,
183, 187
Correlation, definition of, 65
measurement of, 67-72
partial and multiple, 78
Correlation coefficient, 65
calculation of, 73-75
from correlation table, 756
from paired values, 74
interpretation of, 71-72
relation to regression coefficient, 69
test of significance of, 72-73
z transformation for, 73
Correlation coefficients in co-variance
analysis, 248-250
Correlation ratio, 219-220
Correlation table, 75
Covariance analysis, 247-259
corrections to means, 252-253
division of degrees of freedom, 247-
248
division of sums of products, 247-248
principles of, 247
with three variables, 254-258
Covariance method applied to the
control of error, 250-253
Covariation, 65
heterogeneity of, 247
Crampton, E. W., 138, 141, 254, 259
cv, covariance, 54-55

Degrees of freedom, 12, 34
division of, in analysis of variance,
116-119
in covariance analysis, 247-248
in chi-square tables, 96
in estimating the variance, 12
in linear regression, 56
in non-linear regression, 224
in partial correlation, 85
splitting into orthogonal components,
166-169
Departure from normality, tests for,
27, 31
Design of experiments, 45
Differences, methods for testing signifi-
cance of, 40-42
Discontinuous variables, 13

INDEX

Distribution, binominal, 21
normal, 22
of F, 120
of t, 38
of z, 120
“Student’s,” 38
Distributions, leptokurtic, 28
platykurtic, 28
Dot diagram, 66
Dunlop, G. 127, 141

Eden, T., 259
Enumeration data, 89
Error, control of, 48
Error control, by confounding, 160
by covariance technique, 250-253
in field plot tests, 145
in incomplete block experiments, 172
Error variance, 122-125
Estimating, missing values, 261-265
the variance, 35
Estimation, 6
o missing yields in randomized
block experiments, 261-263
of standard deviation, 33-34
Experiment, hypothetical, 2
Experimental design, 45-51
Ezekiel, M., 63, 246

F, distribution of, 120
table of, 269-272
Factorial experiments, 151
confounding in, 160-165
Fiducial limits, 39
Field plot tests, 142-208
Fitting, of logarithmic curves, 231-234
of normal curve, 24-25
Fitting polynomials, 221-230
by summation method, 234-243
summary of formulae, 235-236
Fitting the regression line, 53-55
Fisher, R. A, 2, 6, 8, 19, 32, 40, 44, 51,
63, 72, 77, 87, 100, 107, 113, 116,
120, 141, 143, 170, 171, 191, 209,
218, 234, 246, 252, 259
Frequency distribution, binomial, 21-22
normal, 22-24
Frequency polygon, 16
Frequency table, formation of, 15-16
graphical representation of, 16
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g1, measure of symmetry, 29
ge, measure of kurtosis, 29
Geddes, W. F., 87, 131, 141, 215 218,
231
Goodness of fit, 89-94
of polynomial equations, 224
tests with small samples, 101
Goulden, C. H., 77, 141, 172, 209
Graeco-Latin square, 191
Grant, J. C. B,, 105, 113
Graphical representation of frequency
table, 16
Greenwood, M., 100
Grouping,
Sheppard’s corrections for, 15

Hanna, W. F., 246
Heterogeneity, of covariation, 247
of soil, 142
of variation, 114-116
Heterogeneity test for regression co-
efficients, 253-254
Histogram, 16
Hypothesis, null, 6

i, class interval, 17
Immer, F. R., 90, 139, 141, 209
Incomplete block experiments,
178
choosing the best type of, 200-201
symmetrical, 188-193
Independence, and association, tests
for, 95
tests for, with small samples, 101
Interaction effects in analysis of vari-
ance, 124-125
Invariance, 252
Isa, J., 243, 246

175,

Koltzoff, N. K., 111, 113
Kurtosis, 28
k statistics, 28-29

Large number of varieties, methods for
testing, 172-201
Latin square, 147-149
estimation of missing yields in, 263-
264
Linear regression, 52

275

Logarithmic curves, method of fitting,
231-234
Logic of statistical methods, 1

Mainland, D., 112, 113
Mean, adjusted for associated vari-
ables, 252-253
arithmetic, 8
calculation of, 16-17
of a population (m), 35
of a sample (F), 35
variance of, 35
Mean difference, test of significance,
40, 42
Mean square (s2), 35
Methods of randomization, 265-266
Miscellaneous applications, 261, 266
Missing values, correction for, in analy-
sis of variance, 264-265
in treatment means, 265
estimation of, 261-265
Missing yields, estimation of, in a
Latin square, 263-264
in randomized block experiments,
261-263
Mitchell, H. H., 44
Multiple classification of variates, 120-
121
Multiple correlation coefficient, 78
calculation of, 85
test of significance for, 86
Multiple regression, 78
significance of, 214-215

n, degrees of freedom, 35
7', number in sample, 35
N, number in sample, 35
Neatby, K. W., 112-113
Non-linear regression, 219, 245
Non-linearity, test for, 211-213
Normal curve, calculation of prob-
ability from, 26
fitting of, 24-25
Normal distribution, 22
definition of, 22
Normal equations, for fitting poly-
nomials, 223
for partial and multiple regressions,
80-81
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Normal frequencies, calculation of,
24-25

Null hypothesis, 6

Numbers, random, 266

Orthogonal squares, 191-192
Orthogonality, 160

Parameter, 6, 34 ~
Partial confounding, 162-165
in 2 2X2X2 experiment, 162-165
in a 3X3X3 experiment, 171-172
Partial correlation coefficient, 78
calculation of, 82
test of significance, 85
Partial regression, 78
Partial regression coefficients, calcula-
tion of, 80-81
Pearl, Raymond, 32, 77
Pearson, Karl, 32
Polynomial equations, testing of good-
ness of fit of, 224
Polynomials, method of fitting, 221-
230
summary of formulae for fitting, 235-
236
tables for fitting, 242-243
tabular method of fitting, 240-241
Population, §
Probability, calculations from normal
curve, 26
from binomial distribution, 108-109
inverse, 1

Quasi-factorial experiments, three-di-
mensional with three groups of
sets, 186-188
two-dimensional, with three groups
of sets, 185-186
with two groups of sets, 179-185

7, correlation coefficient, 65
R, multiple correlation coefficient, 86
Random numbers, 266
Randomization, 46
methods of, 265-266
of field plot tests, 143-145
Randomized blocks, 146-148
estimation of missing yields in, 261-
263

INDEX

Ratio of variances, 132, 137
Recovery of information, 162-165
Reduction of data, 7
Regression, non-linear, 219-245
partial and multiple, 78
Regression coefficient, 53
methods of calculation, 56-58
properties of, 55
relation to correlation coefficient, 69
standard error of, 56
test of significance, 55-56
Regression coefficients, test of hetero-
geneity, 253-254
Regression equation, 53
linear, 54
multiple, 80
partiai, 80
Regression equations, types of, 220-221
Regression function, tests of signifi-
cance of, 210-211
Regression graphs, 53
Regression straight line, 53
fitting of, 53-55
Replication, 48, 51, 142, 143

s, standard deviation, estimated from
a sample, 35

8», standard deviation of regression co-
efficient, 35

8., standard error of estimate, 35

8z, standard error, 35

Sample, 5§

Sample mean, standard deviation of,
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Savage, A., 32

Sayer, W., 209

Schultz, T. W., 138-141

Scope, experimental
broaden, 47

of an experiment, 48

Selecting a valid error, 122-125

Sheppard’s corrections for grouping, 15

Sheppard’s tables of the probability
integral, 23

o, sigma, standard deviation of popula-
tion, 11, 12, 35

X, summation, 10

Significance, of abnormalities in dis-
tributions, 29

of chi square, 90

designs  that
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Soil heterogeneity, 142
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Standard error, 35
of regression coefficient, 56
Statistical analysis, functions of, 7
Statistical methods, logic of, 1
Statistical terms, definition of, 5
Statistics, 6, 34
“Student,” 38, 44
“Student’s” distribution, 38
Sum of products, as a measure of cor-
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