UNIVERSAL
LIBRARY

OU_172976

Advddl
TVSHIAINN


















ELEMENTS OF

ELECTROMAGNETIC THEORY






ELEMENTS

OF

ELECTROMAGNETIC THEORY

RY

S. J. BARNETT, Pu.D.

ASSISTANT PROFESSOR OF PHysICs
IN THE
ILLELAND STANFORD, JR., UNIVERSITY

Heto Pork
THIX MACMILLAN COMPANY
LONDON: MACMILLAN & CO., Ltp.
1903
All rights reserved



Copyright, 1903
Bv THE MACMILLAN COMPANY

Set up, electrotyped and printed September, 1go3

PRESS OF
TWe NEw ERA PRinTING COMPANY,
LANCASTER, PA.



CORRIGENDA.

Page 4, line 16, for unclectrified (sixth word) read electrified

Page 33, line 10, for intensity rcad tension

Page 127, line 1, for (1d* rcad d* A

Page 128, line 7, inscrt 5. at beginnng of line.

Page 130, line 8, for & read 6

Page 203, lines 5, 6~7, 24, cancel isotropic

Page 204, line 1, for IV, — V, rcad V,,

Page 212, lines 6=y, canccel the expression in brackets.

Page 216, lines 27 and 30, cancel (39) and (40)

Page 221, line 28, for V, — V,=V ,read V,=T,

Page 244, line 4, aftcr to insert (one form of)

Page 290, line 14, for 3 read 6

Page 315, line 22, for 25 read 26

Page 420, linc 9, afzer and insert even for small values of »

Page 426, line 10, for comparable with rcad greater than a
small fraction of

Page 441, line 29, for (9) read (@)

Page 450, lines 18-19, sudstitute small bodies with equal and
opposite charges are made to vibrate symmetrically with (ap-
proximately) simple harmonic motion in a straight line about a
fixed point, a wave system
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PREFACE.

In this treatise I have tried to present in systematic and defi-
nite form a simple, rigorous, and thoroughly modern introduc-
tion to the fundamental principles of electromagnetic theory,
together with some of the simpler of their more interesting and
important non-technical applications. The work makes no pre-
tense to completeness, but is written for the serious student of
physics, who will make liberal use of more detailed treatises, of
hand-books, and of journals, as occasion demands.

I am of course indebted to many books and memoirs. My
obligations arc especially great, as the most cursory examination
of the book will show, to the works of Maxwell, Heaviside, and
Poynting. I am also much indebted to Professor A. G. Webster
for the use of a number of excellent diagrams from his trcatise
on electrical theory.

S. J. BARNETT.
STANFORD UNIVERSITY, CALIFORNIA
June, 1903.
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ELEMENTS OF
ELECTROMAGNETIC THEORY.

CHAPTER L
GENERAL ELECTROSTATIC TIEORY.

1. Electrification by Contact. Positive and Negative Charges.
Let one end of an cbonite rod and a dry woolen cloth be rubbed
or strongly pressed together and then separated ; and let a second
rod and cloth be treated in the same way : The rubbed part of
each cloth will be found, on trial, to be attracted toward the
rubbed part of each rod, while the rubbed part of cach cloth will
be repclled from the rubbed part of the other cloth, and the
rubbed part of cach rod from the rubbed part of the other rod.

These are examples of e¢/ectric phenomena. The region in
which they arc manifested is called an electric field (§ 11), and
the medium which permeates this region — air and acther in the
above case — and through which clectric influences are trans-
mitted is called a diclectric.  The parts of the ebonite and wool
rubbed together are said to be clectrified, or to possess electric
charges. The two picces of woolen cloth are said to have Zike
charges, since they were similarly treated and since what is
repelled from one is repelled from the other, and what is attracted
toward one is attracted toward the other. Similarly, the two
ebonite rods arc said to have like charges. But the wool and the
ebonite are said to have unlike or opposite charges, since what is
repelled from one is attracted toward the other.

I
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Like ebonite and wool, any two different substances, or por-
tions of the same substance in different physical conditions,
exhibit clectric properties after intimate contact and separation.
One of the bodies bechaves like ebonite rubbed with wool, the
other like the wool.

An clectric charge like that of wool after contact with ebonite
is called a positive charge, and a charge like that of the ebonite,
a negative charge. - The terms positive and negative are justified
by the opposite properties of the two kinds of clectrification, but
there is no reason except convention and resulting convenience
why the two terms should not be interchanged.

In addition to the forces between electrified bodies, forces are
found to exist, in general, between an clectrified body and an
insulator (§ 2) not electrificd (Chapters IV. and VL.).

2. Conductors and Insulators. Electrification by Conduction.
A rod of ebonite clectrified at one end exhibits clectric properties
only at that end; while a rod of metal, held by an ebonite
handle and clectrificd at one end, becomes clectrified at once
(apparently) all over its surface. Substances like the metals, by
which an electric charge is distributed with extreme rapidity, so
as to come into a state of equilibrium within (usually) a small
fraction of a sccond, are called clectric conductors. A body
charged by connection with an electrified body through a con-
ductor, like the far end of the metal rod mentioned above, is said
to be dlectrificd by conduction. Substances like ebonite, over or
through which an electric charge is transferred only with extreme
slowness, are called electric inswulators or non-conductors.

Among ordinary molecular substances pezfect insulators and
perfect conductors do not exist, no such substance completely
and for an indefinite time preventing all transfer of electrification,
and all offering more or less obstruction to such transfer. There
is every reason to believe, however, that free ®ther (a ““ vacuum )
and clean dry gases containing no (electrolytically) dissociated
molecules have the properties of a perfect insulator (Chapter IX.).
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Among substances possessing high conductivity are the metals,
graphite, and salt or acid solutions ; among those with high in-
sulating properties arc (undissociated) gases, fused quartz (cold
and in the solid state), ebonite, cold glass, silk, and wool. A
substance which is an excellent insulator in one condition, how-
ever, may in another condition have the properties of a conductor.
Thus cold glass is an excellent insulator, but as the temperature
is raised its insulating properties disappear. Also, under very
great clectric stress the insulating properties of all molecular
substances break down.

A body completely surrounded with insulators is said to be
insulated.

A conductor can be completely discharged by bringing it into
contact at any onc¢ point with the inner surface of a hollow closed
conductor (§ 4), such as the walls of the room within which the
experiments are performed, provided there are no (insulated)
electrified bodies within. When connected to the walls of the
room, or the earth, the conductor is said to be earthed. From
an insulator the electrification can be entirely removed only by
applying a conductor at every electrified point, e. g., by immers-
ing it in a conducting gas or liquid.

3. Electrification by Induction. An insulated conductor, when
brought near an electrified body, 7. ¢., into an electric field, itself
becomes electrified. Examined by the methods of § 1, the
charges of the more remote and nearcr ends of the conductor are
found to be similar and opposite, respectively, to that of the
original electrified body. A conductor electrified in this manner
is said to be electrified by znduction.

If the conductor, while still insulated, is removed from the
electric field, all signs of electrification disappear. But if, while
still in the field, it is connected with the walls, or earthed, the
electrification similar to that of the original charged body disap-
pears, while the opposite electrification of the near end remains.
If the conductor is now insulated and removed from the original
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electric field, this charge becomes more evenly distributed over
its surface (§ 42). In this manner any number of conductors
may be given charges opposite to that of a given electrified body
without, as may be proved by the method of § 5, diminishing or
increasing the latter’s clectrification.

4-8. Experiments with Hollow Closed Conductors. ZElectric
Screens. Lect . denote an insulated hollow conductor having a
closely fitting conducting lid, 3, with an insulating handle. Lct
A be connected with an clectroscope or clectrometer (Chapter
II1.), C, by mecans of which any change in the state of clectri-
fication of its exterior (or interior) surface may be detected ; and
let 4 be kept closed except when another body is being intro-
duced into its cavity, or removed therefrom, or its position in-
side (or outsidc) altered.

4. (1) Let the clectrometer be placed outside of «1. If /I is
initially unelectrified, and an insulated unelectrified conductor, D,
is now introduced into A without touching it, the inner and outer
surfaces of A will become electrified by induction (§ 3) with
charges opposite and similar, respectively, to that of 2. And
the electrification of the external surface, as indicated by the
electrometer, will be found to remain absolutely unaltered how-
soever [ is moved about within, even when it is brought into
contact with A4 ; but D, on being insulated after contact, and then
removed from A’s interior, will be found completely discharged.
This process may be rcpeated indefinitely, 2 always becoming
completely discharged on coming into contact with the inner
surface of A. If A is initially electrified in any manner, the phe-
nomena will be precisely the same, except that the external
electrification and the corresponding indication of the electrom-
eter will be different.

(2) Let the electrometer be placed within 4, either connected
with 4 metallically, or insulated therefrom. In this case it will
be found that if there are insulated charged bodies within 4, the
electrometer will give a certain deflection ; that if there are no



GENERAL ELECTROSTATIC THEORY. 5

insulated electrified bodies within A, the electrometer will give
no deflection; and that its indication in either case will remain
absolutely unaltered howsoever the electrification of the exterior
of A or of external bodies is changed, even if A4 is connected to
the walls of the room.

These experiments are due to Faraday, who constructed for the
purpose of performing (2) a closed conductor large enough to en-
able him to make the observations while himself inside the cavity.

An experiment similar in principle to those of Faraday, but
less general, performed earlier by Cavendish and repeated later
by Maxwell with all the precision of modern investigation, gave
identical results.

From the experiments just described it follows that, when
there is electrical equilibrium,

1. An clectric charge cannot exist in the substance of a con-
ductor, or on the inner surface of a hollow closed conductor
(unless there are insulated electrified bodies within). For [, on
being removed from ., of whose substance it formed a part,
electrically, while in contact, was always unclectrified.

2. An eectric ficld (§ 11) does not cxist within the hollow
of a closcd conductor (unless there are charges inside). For in
(2) the electrometer was unaffected (by induction or otherwise)
no matter what the cxternal electrification, except when there
were insulated charges within.

3. The electric charges and electric fields within and without a
hollow closed conductor are absolutely independent of one anothicr.
The conducting shell thus completely screens each of these re-
gions from all static effects in the other.

4. An clectric field does not exist within the substance of a con-
ductor. See § 15,

5. Equal Charges. Two electric charges of the same sign
are, by definition, of the same magnitude if they produce the
same effect on the electrification of the vessel A when intro-
duced in succession separately.
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Similarly, two charges of opposite signs are, by dcfinition,
equal in magnitude if they produce no effect on the clectrification
of A when introduced simultaneously.

These definitions are independent of the particular closed
conductor / used, as two charges defined as equal by means of
one such vessel are found to remain equal when tested in the
same way with any other hollow closed conductor.

6. Positive and Negative Charges are Always Developed
Simultaneously in Equal Amounts. If two bodies clectrified by
contact are introduced into the vesscl A simultaneously, the in-
dication of the electrometer remains unaltered.

If an electrified body is insulated within /I, and if an insulated
uncharged conductor is then introduced in addition, the latter
becomes electrified by induction, in conformity with § 3, but the
indication of the electrometer remains unaltered.

In these cases, therefore, positive and negative charges are
developed in equal amounts (§ 5); and in the same way it may
be shown that this is always the case, howsoever the electrifica-

tion is produced.

7. The Total Quantity of Electrification is Unaltered by Con-
duction. If the two insulated bodies of the last experiment are
brought into contact with one another while inside the vessel 4, or
if they are brought into contact with the inner surface of 4 itself,
conduction occurs, but no effect on the external electrification is
produced. From this it follows that when conduction occurs,
the total (algebraic) amount of electrification is unaltered.

Corollary. The charges tnduced on the inner and outcr sur-
Saces of A when an electrificd body is introduccd and insulated
within, as in § 4, are cach of the same magnitude as that of the
insulated body. For when D touches A, the charges of D and
the inner surface of 4 completely disappear by conduction, since
D on removal is unelectrified ; thus their algebraic sum is zero.
And the (opposite) charges on the inner and outer surfaces,
being induced, must, by § 6, be cqual in magnitude.
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8. Electric Charges of Both Kinds Measured in Terms of a
Single Arbitrary Unit, In addition to the hollow conductor A4
of §8§ 4~7, let there be provided another similar insulated vessel
B, sufficiently large to admit A4 through its opening ; and let the
conductor D be given a certain charge (suppose positive for the
sake of definiteness), which will be adopted as a provisional unit.

If now D is brought within 4 and kept insulated, the outer
surface of A4 will have unit positive charge. If A is brought in-
side B and then into contact with it, this charge will disappear, as
will also the charge induced on /’s inner surface, leaving the
outside of 7 with unit positive charge. If 4 is now removed
from 7Z's interior and then D from A, the negative charge in-
duced on A’s inncr surface will pass to the outer surface and
will disappear when /1 is discharged. This complete process
may be repeated any number of times.  I<ach time 5 will acquire
an additional unit positive charge, and thus may be given a
measurcd positive charge which is any integral multiple of the
original unit.

To give B a negative charge measured in terms of the same unit,
the outer surface of +I must be brought into contact with the
inner surface of a hollow closed conductor after the introduction
of D, when the positive charge will disappear from the outside,
leaving unit negative charge upon the inner surface.  When D
is removed, this charge will pass to thc outer surface of A, and
will be given up wholly to /7 when A is brought into contact
with A’s interior. B will now have unit negative charge, and by
removing A and repeating the process may be given any number
of units negative charge desired.

To obtain any submultiple, 1/, of the original charge, it is
only necessary to arrange symmetrically in contact the original
conductor D and # — 1 precisely similar and equal conductors,
all other bodies, except the surrounding dielectric, supposed
homogeneous and isotropic, being so remote as to have no appre-
ciable effect. Then, by the principle of symmetry, each con-
ductor will take 1/% of the original charge.
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9. The Law of Coulomb. Let two small spherical insulated
conductors which can be given any charge desired, measured in
terms of some provisional unit by the methods of §§5 and 8,
be so connected with a dynamometer, such as a gravity balance,
that the force / between them can be measured as their charges,
¢, and g¢,, the distance L between their centers, and the surround-
ing dielectric are varied. Then it is found by experiment that

(1) However the distance L and the charges ¢, and ¢, are
varied, provided all the experiments are performed in the same
diclectric, and provided that this dielectric is homogeneous and
isotropic and extends to a great distance on all sides of the elec-
trified bodies, F is in the straight linc joining the centers of the
conductors ; is directly proportional to the product of their
charges, being repulsive (considered positive) when the charges
arc like and attractive (considered negative) when the charges
are unlike, as already known from §1; and the greater Z in com-
parison with the lincar dimensions of the charged bodies, the
more nearly inversely proportional to Z°

(2) In different diclectrics, with all other conditions the same,
the force is different, and always less than in vacuo (free wther).

The general expression for 7, when the linear dimensions of
the (not necessarily spherical) charged bodics are negligible in
comparison with their distance apart, is therefore

F= /Iyxyz/[Lz (I,)

where ¢ is a constant depending on the medium in which the ex-
periments are performed, called its permuttivity or dielectric con-
stant, and <1 is a positive constant depending on the units in
which ¢,, ¢,, L, F, and ¢ are expressed.

(1) expresses Coulomb's law.

The Rational Electrostatic Unit Charge. Unit Permittivity. In
what follows, unless the contrary is stated, the centimeter will
be used as unit length, the dyne as unit force, the permittivity
of free wther, which will be denoted by ¢, as unit permittivity,
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and as unit charge the charge which each of two indefinitely
small bodies must have in order that when at a distance of 1 cm.
apart in a vacuum the force between them may be 1/47 dyne.
This unit charge is called by its originator, Oliver Heaviside, the
rational clectrostatic unit charge, and ¢, is called the clectrostatic
unit permittivity.

Methods of measuring permittivity are discussed in Chapter
VIL

The conventions just made give, by the above equation,
A = 1/4m, and the equation reduces to

F= gq,/caml’? (1)

which, in addition to being a particular case of (1’), is a particular
case of (2).

The direct experimental investigation of the law of force is
due to Coulomb, but is not capable of great precision. The law,
as stated by Coulomb, is most satisfactorily established by the
consideration that all experimental knowledge is in perfect accord
with an electrical theory based largely upon the assumption that
the laws expressed in (1) are exact.* A reason for the law of
inverse squares and a justification of the term rational unit will
be given in §§ 5, II., and 24.

The dimensions of electric charge and the other clectric quan-
tities, as well as other systems of units, will be considered in
Chapter XIV.

For rational electrostatic the abbreviation RES will hereafter
be employed.

10. If any one of the experiments described above is repeated
in different dielectrics, the results in all cases will be identical,
except that, in conformity with § o, the force between two
charged bodies will always depend on the surrounding dielec-
tric.

* The common deduction of the law of inverse squares from the results of the

Cavendish experiment cannot ve accepted as valid. See Zhe Physical Review, Sep-
tember, 1902, p. 175.
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11. Electric Field. Electric Intensity. — Any region in which
an clectrified body is acted upon by a mechanical force in virtue
of its charge, or in which an uncharged conductor is charged by
induction, is called an électric field, Such a field exists, for ex-
ample, around an electrified body (§ 1), but may also exist with-
out the presence of electrification (Chapters VI. and XIIL).

As a result of experiment, it may be stated that the force #
acting upon a small charged body, or small portion of a charged
body, at any point of an clectric field is proportional to its charge
¢ — provided that the distribution of electric charge (real and
apparent, Chapter IV.) originally accompanying the electric ficld
remains undisturbed by the introduction of ¢.  Iixpressed in the
form of an equation, this relation is

F= E([ (2)

where £ is a constant for the given point of the field called the
clectric intensity, clectric foree, or voltivity at the point.

The conditions for the rigorous proof of this relation by direct
experiment would beimpossible to realise, and the remark at the
close of §g with reference to the establishment of Coulomb’s law
applies without alteration to (2).

As (2) shows, £ is not a mere number, but a physical quan-
tity specifying the state of the field and such that its product by
an electric charge is a mechanical force. /£ is clearly a vector
quantity, its direction being that of the force on a positively
charged body, and its magnitude the number of dyncs per unit
charge. When ¢ is expressed in the RES unit charge and Fin
dynes, £ is said to be expressed in the RES wiit electric inten-
sity.

The term electric ficld is often used to denote the collective in-
tensity in a region, instead of the region itself. The direction of
the field at any point is the direction of the intensity, and the .
strength of the field is the magnitude of the intensity.

12. The Superposition of Electric Fields. — Experiment also
shows that any number of electric fields (up to a certain limit,
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when the diclectric breaks down and conduction occurs) may be
superposed upon one another, the effect of cach being indepen-
dent of all the rest.  Electric intensities, being vectors, may
thercfore be compounded like all other vectors for which the
principle of superposition holds, the resultant intensity at any
point being the geometric or vector sum of the component in-
tensitics.

An electric ficld is wniforne if its intensity is the same at every
point. Since /< is a vector, this condition necessitates a constant
dircction as well as a constant magnitude. In most cases £
varics from point to point. LExamples of uniform and other elec-
tric fields, as well as of the superposition of clectric fields, will
be given below.

13. Electric Displacement or Induction. Electrisation. The
physical nature of cvery clectric quantity is at present unknown.
Many phenomena, however, support the hypothesis that ¢ is an
clastic permittivity (7. ¢., the reciprocal of an elastic modulus)
and that % is an clastic stress. IFor the sake of constructing a
mechanical conception of the clectric field we shall provisionally
assume ¢ and £ to be a permittivity and a stress, respectively.
The so-called permittivity ¢ will then be the actual permittivity
of the wther or @ther entangled in matter for the (unknown)
kind of strain concerned.

Now, in the case of ordinary clastic substances subjected to
slight mechanical strains we have, very approximately, the rela-
tion (Hooke’s law): strain/stress = 1/modulus = permittivity, or
strain = permittivity x stress.  1f then ¢ is a permittivity of a cer-
tain type and Z a stress of the corresponding type, their product
cE must measure the corresponding strain or displacement of the
dielectric.

Whether this conception is correct or not, tke product cF is
called the clectric displaccment (also the clectric induction), and is

denoted by D. That is
D=ck (3)
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£ being a vector, and ¢ being the same for every direction of
the intensity, since isotropic substances only are to be considered
here, D is a vector with the same direction as that of £ 'When
c and £ are expressed in RES units, D is said to be expressed in
the RES unit displacement (or induction).

A substance in which there is electric displacement is also said
to be in a statc of clectyisation, or to be electrised. 1If the dis-
placement and permittivity are uniform throughout, the electrisa-
tion is said to be wuiform.

14. Mechanical Conception of the Electric Field. A definite
conception of the electric field based on the assumptions made
above will now be given. According to this conception (which
leads to results by no means wholly consistent, however) the
ather is the simplest possible kind of dielectric and is composed
of two kinds of minute, incompressible, elastic cells, called

a. No electric displacement b. Eectric displacement
directed to left
Fig. 1.
positive and negative cells, respectively, so arranged (in rows),
Fig. 1, @, that only unlike kinds are in contact, and that no slip
between adjacent cells is possible.

When the a@ther supports an electric field, the cells remain un-
changed in volume, but their shapes are distorted and their centers
of volume displaced, Fig. 1, 4, the centers of the positive cells in
the direction of the electric intensity, and the centers of the
negative cells in the opposite direction. The electric displace-
ment is measured by the relative linear displacement of the
centers of volume of the cells of a positive row with reference
to the centers of volume of the adjacent negative rows divided
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by the distance between two adjacent rows. The electric inten-
sity is the force per unit area in the direction of 2 acting upon
the posttive cells, or the force per unit area in the opposite direc-
tion to that of D acting upon the ncgative cells, in any plane
passing through the direction of /). For small displacements,
the displacement and intensity so measured will be proportional,
as required by (3) in @/ cases. The total mechanical force acting
upon the wkole substance within any clement of volume is zero.

From what precedes and from the nature of the distortion as
shown in the figure, it is clcar that there is a zewsion in the
xther parallel to the intensity, and a pressure in all directions
normal to the intensity.  That this deduction from our mechanical
conception is consistent with fact is demonstrated in §§ 40-41.

When the dielectric, instead of frec @ther, is a molecular sub-
stance permeated by ather, the same general conception is usc-
ful. Like the ather which permeates the matter, its molecules
may be thought of as composed cach of two constituents, positive
and negative atoms, or atomic groups, or corpuscles (Chapter
IX.), which suffer a displacement similar and in addition to that
of the mther cells entangled among them. However this may
be, the permittivity of all molccular substances yet investigated
is greater than that of frce @ther. Thus, in ordinary matter a
greater displacement than in free acther accompanies a given
intensity.

In perfect insulators, according to our conception, the cells
cannot slip over one another, and thus ¢/astic displacement only
can accompany electric intensity. In an imperfect insulator the
cells can slip only with extreme slowness, and more slowly the
more highly insulating the substance. In a conductor electric
stress can exist only temporarily (unless an impressed eclectro-
motive force, Chapter VIIL, is continuously acting), and is
always accompanied by rapid slip. That the substance of a con-
ductor cannot support electric displacement in a static ficld will
be shown in § 15. The mechanical conception of clectric con-
duction will receive further consideration later on (Chapter IX.).
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15. Electric Displacement and Intensity Zero within a Conduc-
tor in a Static Field. Wec may now restate (4), §4, as a corol-
lary of (3), § 4: A static field cannot exist within the substance
of a conductor. For the ficlds within and without a hollow
closed conductor are absolutely independent of one another,
however thin the conducting shell. Hence they cannot be cor-
nected by an clectric field or electrically strained medium, and
the whole substance of a conductor, cxcept an extremely thin
surface layer, is without clectrical significance (in a static ficld).
Thus the electric intensity and displacement in the outer region
terminate at the outer surface of the conductor, and the electric
intensity and displacement of the inner region (if the conductor
is hollow and encloses insulated clectrified bodies) terminate at
the inner surface.

16, Lines and Tubes of Intensity, Displacement, etc. A line
so drawn in an electric field as to have at every point along its
length the direction of the clectric intensity (electric force), elec-
trisation, or displacement (induction) is called a /Zine of intensity
(force), electrisation, or displacement (induction).

A tubular surface the elements of which consist wholly of
lines of intensity or induction (etc.) is called a zwbe of intensity
or induction (ctc.).

The strength of a tube of induction or displacement is defined
in § 23.

17. Voltage, Electromotive Force, and Difference of Potential.
The work done by the electric field in carrying an indefinitely
small body with electric charge ¢ along an element 7L (Fig. 2)
of a path Z between two points 2, and 2, of an electric field, if
dL makes an angle € with the electric intensity Z, is

dW= gFE cos 6 dL (4)
and the total work done in carrying ¢ along L from P, to 7, is

W= ngcos 0dL (5)
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the integral being taken from 2 to £, To carry ¢ from 7, to
P, along the same path would of course require the expenditure
of the same amount of work against the field by an outside agent.

In the same way the work E
done by the field in carrying the
body with charge ¢ from /7 to
P, along another path 2’ is

W' = g [ cos 8" dL’.

If the electric field is a static Py
field, IV= 1", and thcrefore

&
J.ECOS 0(1’L=f.lf/ cos 8’ JL’. Fig. 2.

For if the work done along any path L were greater than that
done along any other path Z’) a positive amount of work,
IV— 11", would be donc on the charged body by the ficld dur-
ing each completion of a circuit from 2, to 7, along Z and back
along L', and yet the energy of the field would remain unaltered.
Since this is inconsistent with the principle of the conservation
of energy, f £ cos 0 dL is the same for every path between two
given points in an electrostatic field.

The line integral of the electric intensity, f Ecos 8 dL = W]g,
along a path L from 2 to 7 is called the electromotive force
(e.m.f.) or woltage along the path L from 2 to 2. When, as in
the case just considered, this quantity is the same for every path
from P, to P, it is called also the difference of potential between
P, and P, or the fall of potential from P, to P,

Since a voltage is a quantity of work divided by a charge, it is
evidently not a vector.

When W is expressed in ergs and ¢ in the RES unit charge,
or when £ is expressed in the RES unit intensity, and L in cm.,
the voltage (= W/g = f E cos 8 dL) is said to be expressed in
the RES unit voltage. In magnitude, the voltage between two
points is equal to the work done in carrying unit charge from
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one point to the other along the given path, or any path if the
voltage is a potential difference.

18. Potential. Equipotential Surfaces.  The fall of potential
from a given point /> to any point at an infinite distance from all
clectrificd bodies is called the electric potential at P,

This term is also commonly applied to the fall of potential from
P to any point of the carth.  That the two definitions are not
identical will be shown in § 6, Chapter II.

The symbol I will be used to denote the potential at a point
P, In conformity with this notation, the fall of potential from a
point /> to a point 7, will be written I, —V,, I/, or, where there
is no danger of confusion, simply 1"

A surface which is everywhere normal to the electric intensity,
and between any two points of which there is therefore no voltage,
is called an cquipotential surface, or simply an cquzpotential. 1t is
clear that an equipotential surface is always a closed surface or
else (in certain ideal fields) an infinite plane.

19. Electric Intensity in a Static Field the Space Rate of Dimi-
nution of Potential. — For the voltage from 2 to 7, we have

Vi—V,=[Ecos 0 dL = [F, dl.

by writing £, for £ cos 6, the component of electric intensity in
the direction of ZL. That is, the potential of /, exceeds that at £,
bnyL dL from P to I’,; or the diminution of potential from 7,
to 7, is | £, dL from P to P, If the two points are taken an
infinitesimal distance 4Z apart, the diminution of potential along
dL becomes — dV, and the integral becomes simply £, L. Thus

we have
—dV = FE, dL
and therefore

E = —dl[dL 6)

That is, the component of electric intensity in any direction is the
space rate of diminution of the electric potential in that direction.
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V' obviously diminishes most rapidly along a line of intensity,
and not at all along a linc in an equipotential surface.

20. Electric Field Mapped out by a System of Equipotentials.
If a line of intensity is denoted by /V, the last equation gives

EN= EF=— a’V/a’N

From this it follows that an electric field can be completely
mapped out by a system of equipotential surfaces so drawn that
the voltage between successive surfaces is constant.  For the
direction of the intensity at any point is that of the normal to the
equipotential passing through the point; and its magnitude is,
by the above cquation, proportional to the number of successive
equipotential surfaces crossed at the point per unit length by
this normal or linc of intensity. Maxwell's method of drawing
such an cquipotential system is described in §§ 7, 11, 13, 14, I1.

21. Electric Flux. Let &S, Fig. 3, denote an clement of area
at any point of an electric field where the displacement is 7, and
let the angle between D and the normal V to &S be denoted by
8. The product of &S into
the component of 2 normal
to 4S, that is, Dcos 8 IS,
is called the clectric flux
across d.S.

To obtain the electric flux,
II, across an extended sur-
face S, over which 0 may
vary in any manner, the in-
tegral of D cos 6 4S must
be taken over the whole sur- Flg. 3.
face. Thus

Il = [Dcos 6dS ()

22. Gauss's Theorem: The electric flux outward across any
closed surface S so drawn as to enclose a total charge ¢ is equal
to ¢.
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The theorem will first be established for the case in which all
space is filled up with a single homogeneous isotropic dielectric
with permittivity ¢ (or with any number of isotropic dielectrics all
of which have the same permittivity c).

Fig. 4.

Consider first the field about a charge ¢ concentrated at P,
Fig. 4, any point within S, a closed surface of any shape. For
the magnitude of the displacement, D, at any element of area
dS, distant L from /°, we have from (1), (2), and (3)

D=cli=c(q/4mcl?) = g/4m]?

In direction, D and /7 are evidently radial from 2 (or to 7 if
¢ is negative).
For the flux across &S we have therefore

dIl = D cos 0 dS = ¢ dS cos /4wl = g dS'|4m[* = g/4m - dew

where dS’ = dS cos 8 is the projection of &S normal to Z, and
dw = dS’/[? is the elementary solid angle subtended at P by 4§
and J5’, that is, the angle of the elementary conical tube of in-
duction cutting out the area @S.

If the surface is folded, so that some of the tubes cut it more
than once, as the tube of angle dw which cuts out the areas &5,
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dS,, .-+, dS, in the figure, each of these tubes must obviously
cut it an odd number of times. And since the angle do of the
cone is the same for all the clements 45, 45, etc., the magnitude
of the flux across each will be the same, viz., g/4m-dw, but the
flux will be outward (positive) across all the clements with odd
numbers, and inward (negative) across all the elements with even
numbers. Thus all the elements except one, across which the
flux is positive or outward, cut one another out in pairs, leaving
the total flux outward through the tube equal, as for a tube of
the same angle cutting the surface but once, to ¢/47 - dw.
The outward flux across the complete surface is therefore

H=f({11=g,/47rfdw=g (8)

since the whole solid angle, f dw, subtended by any closed sur-
face at a point within it is 4.

This result is independent of the position of 2 within S; hence,
by the principle of superposition, it must hold for charges dis-
tributed in any manner within S, ¢ denoting now the total (alge-
braic) charge within.  The validity of the theorem for all isotropic
electrostatic fields will be established later (§§ 29, I. and 1, IV.).

23. The Strength of a Tube of Induction. From (8) it fol-
lows that the flux across every cross-section of a given tube of
induction is the same. For by the definition of a tube there is

Sa

St

Fig. 5.

no flux across any part of its sides; and since in the space en-
closed within the sides and two diaphragms .S, and S, Fig. s,
there is no electric charge, the flux which enters this region
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across S| must equal that which leaves across S, Thus there
is an analogy between the clectric flux and the flux of an incom-
pressible fluid.

The strength of a tube of induction is defined as the magnitude
of the flux across any diaphragm of the tube. A unit tube is a
tube whose strength is unity.

24. Electric Charge and Discontinuity of Electric Flux. With
the exception of closed tubes of induction (Chapter VL), all
tubes in a static ficld emanate from positively charged bodics and
terminate upon negatively charged bodics.  To prove this state-
ment, consider two clectrified bodies (there cannot be less than
two) alonc in the ficld, there being no charges upon other
bodies.  If one possesses the charge + ¢, the other possesses the
charge — ¢ (§6). The total clectric flux outward across any closed
surface surrounding + ¢ is ¢, and the total inward flux across
any closed surface surrounding — ¢ is ¢ ; or the total flux across
any closed surface separating the charge + ¢ from the charge
— ¢ is equal to ¢ in magnitude, and in direction is from 4+ ¢
toward —¢. That is, all the tubes emanate from the body
with charge + ¢ and terminate upon that with charge — ¢, the
total strength of all the tubes being ¢.

Exactly the same mode of reasoning may be applied to a single
tube of induction. The strength of a tubeis thus equal to the
magnitude of the positive charge at one end or to the magnitude
of the negative charge at the other. The whole electric field
indeed may be regarded as a single tube of induction passing
from one charge to the other.

Thus the electric charge resides only where the displacement
is discontinuous, and is measured by the amount of this discon-
tinuity. In fact Gauss’s thecorem simply states the identity of an
electric charge and the flux from the charge, or rather the dis-
continuity of the flux at the charge.

Rational Units. The system of units here adopted is called
rational for the reason that it makes the flux from a charge equal
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to the charge numerically, as it is dimensionally, instead of to 4m
X the charge, as in the common systems, and, as a consequence,
does away with the factor 7 except in the case of spherical or
circular distributions, where it would naturally occur.

25. Electric Field Mapped Out by Tubes of Induction. In the
elementary tube 7, Fig. 6, let the diaphragms &S, 4S,, be drawn

ds,

ds,
. D,

Fig. 6.

at right angles to the axis of the tubc. Then we have, by §23,
DS, = DS, whence

D,/D, = dS,lds, = E,JE, (9)

Thus the intensity and induction at every point along a narrow
tube are inverscly proportional to its right cross-section at the
point.  Since therefore the magnitude of the right cross-section
of a tube at a point indicates the magnitude of the induction and
intensity, and the direction of the tube the direction of these
quantities, an electric field may be completely mapped out by
drawing a system of tubes, all of the same strength, filling the
field. Maxwell's method of drawing such a system of tubes will
be explained in §§ 7, 11, 13-14, I

26. The Surface of a Conductor in a Static Field is an Equipo-
tential Surface. For, sincc in