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vi PREFACE.

table. On this table are placed all the apparatus for the
experiments which are to be performed. Thus for a class
of 20 there would be 10 tables and 10 specimens of each
of the pieces of apparatus. With some of the more elabo-
rate experiments this plan is not possible. For them the
class is taken in groups of five or six, the demonstrator in
charge performs the necessary operations and makes the
observations, the class work out the results for themselves.

It is with the hope of extending some such system
as this in Colleges and Schools that I have undertaken
the publication of the present book and others of the
Series. My own experience has shewn the advantages of
such a plan, and I know that that experience is shared by
other teachers. The practical work interests the student.
The apparatus required is simple; much of it might be
made with a little assistance by the pupils themselves.
Any good-sized room will serve as the Laboratory. Gas
should be laid on to each table, and there should be a
convenient water supply accessible ; no other special pre-
paration is necessary.

The plan of the book will, I hope, be sufficiently clear;
the subject-matter of the various Sections is indicated by
the headings in Clarendon type; the Experiments to be
performed by the pupils are shewn thus:

ExPERIMENT 1. To wverify by expervment the paral-
lelogram of forces.

These are numbered consecutively. Occasionally an
account of additional experiments, to be performed with
the same apparatus, is added in small type. Besides
this the small-type articles contain some numerical ex-
amples worked out, and, in many cases, a notice of the
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principal sources of error in the experiments, with indica-
tions of the method of making the necessary corrections.
These latter portions may often with advantage be omitted
on first reading. Articles or Chapters of a more advanced
character, which may also at first be omltted are marked
with an asterisk.

I believe it to be desirable that a student should
commence the study of Mechanics with Kinematics and
Kinetics, and have therefore arranged the book on this
plan. At the same time it will, I hope, be found that the
Statics is independent of the other part of the subject,
though at the cost of some repetition. It will be possible
therefore for a teacher to take it before the Kinematics.

I have to thank many friends for help. Mr Wilber-
force and Mr Fitzpatrick have assisted in arranging and
devising many of the experiments. Mr Fitzpatrick has
also read all the proofs. My pupil, Mr G. G. Schott of
Trinity College, collected for me many of the Examples,
while Mr Green of Sidney College has most kindly
worked through all the Examples and furnished me with
the answers.

The illustrations have for the most part been drawn by
Mr Hayles from the apparatus used in the class.

R. T. GLAZEBROOK.

CAVENDISH LABORATORY,
January, 1895.

THE issue of a Second Edition has given an oppor-
tunity for the correction of various misprints. In other
respects the book is unchanged.

November, 1895.
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If we have to consider the motion due to a force 8o measured we must
remember that the weight of a gramme contains g (981) dynes, where g
denotes the acceleration of a falling body in centimetres per second per
second, while the weight of a pound contains g (32'2) poundals, g being in
this case measured in feet per second per second.

4. Resultant Force. We procced now to find the
resultant of two or wmore forces impressed on a particle.

DEFiNITION.  If two or more forces P, Q... be impressed on
a rigid body, the actual acceleration of the body s found by
compounding the accelerations commumnicated by each force sepa-
rately. If a single force B cun be found which, when impressed
alone, will communicate to the body this acceleration, this force
18 called the Resultunt of the two or more forces, and these forces
are called its components.

ProrosirioN 1. When two or more forces ave impressed on
a particle an the same direction their veswultant is the sum (the
difference if the forces act in opposite directions) of the forces.
For let 04, Fig. 1, represent the one force P and 4B the
sccond @, then 0. and 4B re-
present also the accelerations of a \
unit mass on which these forces © A B
are impressed. The resultant N
acceleration is (Dyn. § 29) repre- Vig. 1.
sented by OB, Thus the resultant force R is represented by
OB, and since

OB =04+ 4D,
R—-P+Q.

Similarly if the forces be impressed in opposite directions,
we have, Fig. 2, 08 =04 - 4B,
Thus R=P-Q. s < A
1f the lines of action of the Fie.
forces P and @ are not in the g =
same straight line we find the resultant by the parallelogram
law.

5. Parallelogram of Forces.

ProrostmioN 2. If two jforces represented in direction and
magnitude by two straight lines 04, OB be impressed on a
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particle their resultant is represented by OC the diagonal
through O of the parallelogram which has 04 and OB for
adjacent sides.

Let 04, OB, Fig. 3, represent two forces P and @ im-
pressed on a particle. Complete
the parallelogram AOBC and B c
draw the diagonal OC. Then
OC shall represent the resultant
force R.

For 04, OB represent also
the accelerations of a particle of
unit mass on which the forces
P, @ are each separately impressed ; and by the parallelogram
of accelerations OC represents the resultant acceleration of such
a particle; but the resultant acceleration measures the re-
sultant impressed force.

° A
Fig. 3.

Hence OC the diagonal of the parallelogram represents £
the resultant impressed force.

Thus forces are compounded and resolved according to the
parallelogram law and Propositions 9 to 13 of the Kinematics,
relating to displacements, apply equally to forces.

We may notice that the resultant force does not depend on the mass
of the particle. If in Fig. 3 above, the mass of the particle be m, and
the aceclerations corresponding to P, Q, and It be p, q, r; then since P
is equal to mp, Q to mq, and R to mr, the lines OA4, OB represent mp and
mq respectively. Thus OC represents mr on the same scale, hence it
represents the resultant force R.

The proof of the parallelogram of forces depends therefore
on that of the parallelogram of accelerations.

6. Experiments on the Parallelogram of Forces.

The parallelogram of forces can be verified in various ways
by direct experiment; we shall describe two such experiments.
A student who has difliculty in following the dynamical proof
may base his acceptance of the proposition on the direct results
of the experiments. A statical proof by Duchayla is often
given ; there are many reasons however why its use should be
avoided and we shall not include it.
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In many statical experiments the impressed force is
measured by the weight of a body suspended by a string from
some part of the apparatus, and it is often necessary to vary
this weight. A convenient arrangement is shewn in Fig. 4.
An iron rod about 15 em. in length

has a hook at the upper end ; to the
lower end a flat civcular disc is
rivetted and the whole is adjusted to
have some definite mass such as 11b,

or, if c.6.8. units are being employed,

1 a kilogramme. The weights tako

the form of flat circular dises of iron

or brass ; each disc has a slot cut out = Fied

as shewn in the figure, the slot g%

reaches to just beyond the centre and is wide enough to admis
the vertical rod which supports the scale-pan. Two sizes of
“weights,” say pounds and } pounds or 4 and } kilos,, will be
found convenient; when in use they rest one on the top of the
other on the scale-pan forming a pile through the centre of
which the supporting rod runs; thus a force equal to the
weight of a definite number of half-pounds is easily applied.

Fig. 5.
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In other experiments the force is most easily applied and
measured by means of a spring balance.

A useful form of pulley is illustrated in Fig. 5.
ExperIMENT 1. 7o verify by experiment the parallelogram

of forces.

(@) The apparatus required for this is illustrated in Fig. 6.

///:
NH
N

=
s
i

ey
==

4

Fig. 6.
Two pulleys 7, G are attached to a horizontal support. A

! In the figure the apparatus is shewn supported by a Willis frame-
work. Buch a framework consists of a number of bars which can be
secured together in various positions by suitable screw bolts, and is very
useful for various statical experiments. In a laboratory where a large
number of sets of apparatus for the same experiment are required, it is
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string 40B passes over these and carries two of the scale-pans
just described: these are shewn at L and 4. A second string
0D knotted at O to the first carries a third pan V.

Some convenient number of weights is put on each scale-
pan and the whole system is allowed to come into equilibrium.

Let us suppose the total weights supported at L, 3, N re-
spectively including the weight of the scale-pans to be £, @ and
12 pounds-weight, these weights measure the tensions of the
respective strings. Thus forces of I, @ and K lb.-weight act
along 04, OB and 0D respectively. Since there is equilibrium
R is clearly equal and opposite to the resultant of the other
two forces P and Q.

Now adopt some convenient length to represent the unit
of force, e.g. represent a force of 1 lb.-weight by a length of
10 centimetres.

Draw on the board lines 04, OB, 0D, parallel to the
strings and measure off along 0.1 and 07 lengths 04 and OB
to represent the forces I’ and ) ; complete the parallelogram
AODLC and join O, Measure the length of OC. It will be
found to represent in magnitude the force £ on the same scale
as 04 and OB represent 22 and . Place a straight-edge against
0C, it will be found that 'O when prolonged is in the same
straight line as 00 the line of action of £. Thus OC repre-
sents /* in magnitude but is opposite to it in direction, and
since the three forces P, @, 22 are in equilibrium, £ must be
opposite to the resultant of £ and @; hence OC represents the
resultant of P and @ represented by O4 and OB respectively,
and O('is the diagonal of the parallelogram of which 04 and OB
are adjacent sides. Thus the parallelogram of forces is verified.

By taking along 0D a length 0D to represent the force R,
and constructing a parallelogram with 0.1 and 0D as sides, we
could shew that @ is represented by the diagonal of this paral-
lelogram.

convenient to have a board fastened to the wallg, but projecting some little
distance from them, and running round the room at some suitable height.
Apparatus such as pulleys, etc. can be sccured to this and the weights
conveniently suspended from them without coming in countact with the
walls. Arrangements should be made for supporting a drawing-hoard
behind the sirings which carry the weights, in order to solve questions
easily by graphical construction.
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In the figure as drawn P, @, R are forces of 3, 4 and 5 lb.
weight. It will be noticed that in this case the angle 408 is
a right angle and that since

52— 324 42
we have R2= P+ Q2

(6) Knot three strings together at O, Fig. 7, and attach

Fig. 7.

their ends to three spring balances L, M, N. Fix the balances
to hooks on the edges of a drawing-board in such a way that
the strings may be all drawn tight and the balances stretched.
The readings of the balances will give us the forces acting
along the strings, let them be P, @, R respectively. Mark off
along OL, OM and ON lengths 04, 0B, OC to represent the
forces P, @, B; thus if the balances read in 1b. we might take a
length of 1 inch to represent 1 1b. weight, a force of Plb. weight
is then represented by a line £ inches in length. Draw lines
04, OB, OC on the paper under the string to represent these
forces ; then by constructing a parallelogram as before with 04
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and OB as sides, we can shew that OC is equal and opposite to
the diagonal of this parallelogram, the diagonal represents the
resultant of P and .

We may use this construction to verify another important
formula. Measure with a protractor the angles BOC, C0O4 and
AODFB opposite respectively to the forces P, @ and R. Took
out in a trigonometrical table the sines of these angles and then
calculate the values of the fractions

P @ d R
sin BOC?’ sin €04 ** snd 0B’

the ratio that is of each force to the sine of the angle between
the other two.

It will be found that the ratios ave all equal. We thus
have the equations

QR
sin BOC ~ sin (0.0~ sin AOB"
Thus in the case shewn in Figure 7 in which
P=3 Q=14 and RB=05,
we find BOC == 143°) CO.L = 127° and AOB = 90°,
Hence sin BOC = sin 143° =sin (180° - 143°) = sin 37°
=6 approximately.

Also sin 004 = 8; sinA0B =1,
P 3
Hence STROT T 6™
L
sin(C04 ~ 8 7
&S

K b
sindOB 1

Thus the relation is verified.

=D,

7. Further experiments on the equilibrium of
forces.

The spring balance may be employed in various other
experiments to measure force and verify the results of theory.
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Thus in Fig. 8 a welé,ht is supported by two strings each
e / 3

Fig. 8.

of which is attached to a spring balance. The balances are
fastencd to two points 4 and B, thus their readings give the
tensions in the strings; if a parallelogram be constructed with
its sides representing ; these tensions the diagonal will be vertical
and will represent the weight. Moreover we should find in this
case that cach of the tensions is greater than the weight.

In a similar manner we may support a weight as in Fig. 9
by three or more strings, each of which is attached to a spring
balance: the readings of the balances give the tensions, and if,
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starting from any point, we construct a polygon whose sides
represent the tensions in direction and magnitude, it will be
found that the line joining the starting point to the extremity
of the last line so drawn is vertical and represents the weight
supported.

8. Composition and Resolution of Forces. Since
forces like displacements are combined according to the parallel-
ogram law, the various propositions which have been given for
the composition and resolution of displacements apply to forces;
for the sake of completeness in this part of the subject we
repeat them here. We will first put the parallelogram of
forces into a slightly different form.

In order to find the resultant of two forces P, @ acting at
a point we draw Od, OB, as in Fig. 3 above, to represent the
forces and complete the parallelogram 40B(C. We have scen
that OC 1is the vesultant. Now the position of €' can be
found somewhat more simply : in the figure AC is equal and
parallel to OB, hence AC will represent the force @ in magni-
tude and direction though not in point of application, for both
forces P and @ act at O.  'We may then clearly find the point
corresponding in any given case to € thus.

From O, Fig. 10, the point of action of the forces draw 04
to represent the force 2, from A
the extremity of this line draw
AC to represent the force § in
magnitude and direction. Join
0C, then OC represents the re-
sultant of P and @ in point
of action, magnitude and direc-
tion. For by completing the
parallelogram by drawing a line
from O equal and parallel to AC and another line through €
parallel to 40, it is clear that OC is the diagonal of a parallel-
ogram whose two sides meeting at O represent the forces; hence
OC represents the resultant of P and .

c

o A
It 10.

This construction can be generalized thus.
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ProrositioNn 3. To find by a graphical construction the
resultant of @ numnber of forces vmpressed on a particle.

Let 04, 04, 04", cte. Fig. 11, represent the forces 2, 17, 7,
cte. From 4 draw A8 cqual
and parallel to 04’ to repre- ¢
sent ¢ in magnitude and di-
rection, Then OB is the re-
sultant of 2 and . From B A
draw BC equal and parallel
to 04" to represent P in
magnitude and direction:

D

then OC is the resultant of LA
forces represented by OZ
and BC, and OB represents AN -

the resultant of £ and /”;
hence OC represents the re-
sultant of 22, P and P,
Proceeding in this way we find the resultant of any number of
forces acting at a point ; for if Z is the last point found, then
the resultant is OL.

Av
Fig. 11.

Corollary. 1f I coincide with O the resultant is zero and
the forces are in equilibrium. In this case the forces are
represented in direction and magnitude by the sides of a closed
polygon taken in order and we have the result that :

If @ number of forces impressed on a particle be represented
in direction and magnitude by the sides of a closed polygon
taken in order, the forces are in equilibrium.

This proposition is called the Polygon of forces.

A special case of this is the Triangle of forces, of this
on account of its importance we give a formal proof.

ProrosiTioN 4. If three forces impressed on a particle be
represented in direction and magnitude by the sides of a triangle
taken in order, the particle is in equilibrium.

For let the sides 04, AC, CO, Fig. 12, taken in order,
represent in dircction and magnitude three forces P, @, &
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acting on a particle at 0. By completing the parallelogram
040 B we see that 0B is equal
and parallel to 4C and therefore
represents ¢ completely. Hence
the resultant of P and @ is re-
presented by OC'; this resultant
is therefore equal and opposite
to R, hence the particle is at © A
rest. Fig. 12.

It should be noticed that the sides are to be taken in the same

direction round the triangle. Thus forces represented by 04, 4C, and
OC are not in equilibrium.

The converse of the above proposition is also true.

C

ProrosirioN 5. If three forces impmressed on a particle are
e equilibrivum they can be represented in direction and magni-
tude by the sides of any triangle drawn so as to have its sides
parallel to the forces.

Let 2, ¢, £ be three forces impressed on a particle at O which
are in equilibrium.  In Fig. 13 take O to represent the force
P, from 4 draw AC to represent
¢ in direction and magnitude and
join OC. Then OC represents the
resultant of P and ¢, and since
P, @ and R are in equilibrium, £
must be equal and opposite to the g
resultant of I and @, thus CO Fie. 13 A
must represent £ ; hence the forces 18 29
P, @, R arc represented by 04, AC and €O respectively.

Again, any convenient length along OAd may be taken to
represent P, hence any trxmwle with its sides parallel to £, @
and R will represent the forces.

The converse of the polygon of forces is not true. All
triangles whose sides are parallel to the forces are similar and
have thexr corresponding sides proportional, hence any one of
them may be taken to represent the forees: this is not the case
for polygons. A number of polygons can be found whose sides
represent the forces, all these polygons are similar; but any
polygon with its sides parallel to the forces will not represent
them.

[o
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The following examples illustrate this graphic method.

Examples. (1) Find the resultant of forces of 2 to the North, 3 to
the East, 3 to the South, and 4 to the West, umpressed on a particle.

Draw avertical line 04 (Fig. 14) upwards, 2 cm. in length, to represent
the first force. Draw 4B to the right, at right
angles to 04, 3 cm. in length; BC downwards, at A B
right angles to 4B, 3 cm. in length; CD hori-
zontal to the left, 4 cm. in length; then OD is the
required resultant.

Also if OL be perpendicular on CD, it is o
clear that OL is 1 ¢m. and LD is also 1 cm. ’
Hence OD is x/2em. Thus the resultant force D L
is A/2 to the South-West. This example is the o 14
same as Example 1 on page 43, (Dynamics). 18- A4

[}

(2) Siz forces of 1,9, 2, 7, 3, and 8 Ib. weight respectively are im-
pressed on a particle in directions parallel to the sides of « reyular hevagon
taken in order. Shew that the particle is in equilibrowm,

The adjacent sides of a regular hexagon make angles of 120° with each
other. Take a line of 1 em. to represent a force of 1 1b. wt., and draw AB
1 ¢m. in length to represent the first force, BC inclined at 120° to it ) em.
in length to represent the second, CD 2 em. in length to represent the
third, and so on. If the figure be carefully drawn, the end of the sixth
line representing the force of 3 1b. wt. will be found to coincide with A.
The hexagon is a closed one, and the particle is in equilibvium. The
student should construct this figure for himself to scale.

Aliter. The forces of 1 and 7 1b. weight acting in opposite directions
are cquivalent to a force of 6 1b. wt. acting in the same direction as the 7 1b,
wt., the forces of 9 and 31b. wt. are equivalent to a force of 6 lb. wt. acting
in the direction of the 9 1b, wt., the forces of 2 and 81b. wt. are equivalent
to a force of 6 lb. acting parallel to the 8 1b.; thus we have three equal
forces of 6 1b. acting away from the particle in directions mnclined to
cach other at 120° and these form a system in equilibrium.

(8) The ends of two strings are secured to two fized points L and M,
and are knotted together at O; « 5 kilogramme weight is suspended from O;
Jind by a graphical construction the tensions in the strings.

Fix a drawing-board in a vertieal plane behind the strings, and trace
on the board their directions.  Take some length (say 5 em.) to represent
a force equal to the weight of 1 kilogramme. From O draw 04 (I1g. 17)
vertically upwards 25 cm. w length, then OA represents the suspended
weight. From A diaw 4B parallel to O to meet the string OL in B.
Let 7'y, 1), be the tensions in OL and OM ; W the weight in direction 40,
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Then the three forces T,, T, and 5 kilos weight are parallel to the
L

sides of the triangle OBd taken in
order. They are therefore represent-
ed by its threc sides. Measure the
lengths of OB and Bd in cm.

Then we have
'L'l 212_ .!E«ﬁ =1
OB~ 4B~ Qo ¥ %
Hence

A

. AB .
1'1=QB kilos wt., 7',= i;— kilos wt.
5 ]
In the figure dvawn it is clear Ui”ﬂrpk
that
Ty=6 klos wt., T'y=4 hilos wt, Ing. 15.

(4) The bob of a pendulum werghing 5 kilos is pulled aside by «
horizontal string until 1ts thread is inclined at 30° to the vertical. Fund
the impressed force in the string and the tension of the pendulum thread.

Let O (Fig. 16) be the point of suspension, .1 the pendulum when dis-
placed, OC vertical. Draw AC horizontal
meeting OC in C.  The impressed forees o
are 5 kilos weight vertical, parallel therefore
to OC, the tension 1" of the horizontal string
parallel to CA, and the tension T of the pen-
dulum thread parallel to 40. The impressed
forces therefore are proportional to the sides
of the triangle 40C. 5

Also since the angle at O is 30° we have

AC=340; 0C=3./340, c
and 56~ 5= 16"
s T=5 (4)%)' = \1—/9“ kilos weight,
1'=5 gg = 55 kilos weight.

(5) Weiyhts Wy, Wy, Wy are attached to three points 4,, 4,, 45 in a
string the ends of whicl are secured to two fized points 4, B.  The whole
hangs in a vertical plane and the form taken by the string is drawn to
scale. W, is known. Find the weights of W, and Wy and the tensions of
the parts of the string.

Take a vertical line X,X, (Fig. 17) to repregent W;. From X, draw
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X,0 parallel to 4.4;, and from X, draw X,0 parallel to 4 4,. The three

Fig. 17.

forces at A, are parallel to the sides of the triangle OX,Y,, we have
therefore

Wy Iy, _ Ty

XX, 0Xx,” 0X;°
Thus T, and T, can be found by measuring 0X; and 0X,. Draw OX,
parallel to 4,43 meeting X, X, produced in Xg; the three forces 1'y, I’y uné’
W, at A, are parallel to the sides of the triangle X,0.X;, they are therefore
represented by these sides, thus

”‘I = »?3 = -’L’?*.

0X,” 0X, X,X;°

Similarly draw 0.X, parallel to 438 and produce X, X, to meet 0X, in

X,. 'Then T, T’y and Vg are parallel to X;0, 0X, and X X;.
T, T, W,
X,0 T 0, XX,
Thus T, and ¥, can be found.

Hence if IV, be known, the values of W, and W together with the
tensions in the different parts of the string are given graphically.

Hence

In the diagram as drawn it will be found that
XN, =2XX,, XX,=3X,X,.
Hence if 1V;=1 kilo, then IV, =2 kilos, W;=3 kilos.
Also T,=42 kilos, T,=3-7 kilos, 1;=3'3 kilos,
and T,=46 kilos.
Hence the tensions and two of the weights are found.
G. S, 2
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When two or more forces impressed on a particle are given
in direction and magnitude it is possible to find expressions
for their resultant. We have in the case of two forces to deter-
mine the diagonal of a parallelogram two of whose sides are
given, while the case of more than two forces involves an ex-
tension of the same process.

Thus the propositions given on pp. 33—38 of the Dynamics
with regard to displacements apply to forces. For the sake of
completeness in this part of the book they are repcated here.

ProrosiTioN 6. 7o find an expression for the resultant of
two forces at right angles.

Let 04, OB, Fig. 18, represent two forces P, @ respectively
at right angles to each other.
Complete the rectangle 40B8C.
Let R be the resultant of P and B[ :°
@, then I is represented by OC.

Since the angle 0AC is aright
angle we have

0C*=0A4*+ AC?
=04+ 05 Yig. 18.
S RE= PRy QR
Hence B= P+ @}

ProvositioNn 7. To find an expression for the resultant of
two forces inclined to each other at any angyle.

Let 04, OB represent respectively two forees P, ¢ inclined
to each other at an angle y.

Complete the parallelogram AOBC. OC represents R the
resultant of 2> and . Draw C'D perpendicular to 04 meeting
04 produced, Fig. 19 (a), or 04, Fig. 19 (), in D. Then
AOB=1v; in Fig. 19 («) the angle y is less than a right angle ;
in Fig. 19 () it is greater.
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Now in Fig. 19 (a),

OD =04+ 4D =04+ ACcos DAC
=04+ 0Bcos AOB =P+ Qcosy,

CD=A0sinDAC = OB siny = @ sin y.

In Fig. 19 (b),

-Q

\
\
\
3
\
v
\
)

Fig. 19 (b).
OD 04 —-AD =04 — AC cos DAC

=04 - 0Bcos (180 - y)=04 + OBcosy
=P +Qcosy,

CD = ACsin DAC =0Bsin (180 —y) = ¢ siny.
Hence in cither case we have

RB*=00"=0D* + DC*

= (P + € cos y)*+ P sin’ y

=P+ @Q*+2PQcosy;
B = J{P*+ @*+ 2PQ cos v}.
There are many special cases of this last proposition which can be
solved by Geometry without reference to Trigonometry. Thus, suppose
the angle between the two forces to be 45°.
Hence, constructing Fig. 20 as above, we have

.

AD*+CD?=ACF= Q%
[ PR

sl
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Also AD=DC;

. Y
S 4D I)(,:\/—g‘z.
Q
= )=P4-%
And OD=04+4D =P+ 3
Hence R'=0C*=0D*+DC?

Q\? !
(”*v-z) oy

=P?4 Q2 + PQ \/2-
Or again, if y=60", we have, fig. 21,

4AD=}4C=}Q, CD=Q§/3'

o] ) A D
Fig. 21.

(29 42

=P+ Q*+ PQ.
These are both given by the gencral formula by putting =459
cos y=a/} and y=060", cosy=4}.
If the two forces be equal the resultant bisects the angle between
them; for, Fig. 22, if

04=A4C, B,
then LA0C= £ ACO
= £ BOC.

Join AB, cutting OC in D, then
ADB  biscets OC at right angles.
And

R=0C=20D=204cos A0C
=2Pcos . Fig. 22.
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9. The Resolution of Forces. Just as we can com-
bine or compound two or more forces and find their resultant,
so conversely we can resolve a single force into a number of
others, called its components, which are equivalent to it.

Prorosirion 8. 7o find, by a graphical construction, the
components of a force in uny two directions.

Let 0C, Fig. 23, be the given force, and L, LN the two
given directions. Through O draw OA parallel to L3 and
through ¢ draw AC parallel to LN, These two forces Od, AC

Fig. 23.

acting at O have OC for their resultant, hence 04, AC are
components of OC and they are parallel respectively to LM
and LN, that is, they are drawn in the given directions.

ProrositioNn 9. To find an expression for the components
of a jorce in two giwen directions,

Let OC, Fig. 23, represent B the given force, and let 04,
OB be the components in directions making angles a, 8, respec-
tively with OC.

Then A0C = a,
BOC = 4C0 =.
Hence 04C =180 —(a + ).

Now in the triangle OAC the sides ave proportional to the
sines of the opposite angles.
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Heonco oc 04  AC
¢ sin 0AC " sin 4C0 = sin 400"
R P

sin (a + B) “sinB sina’
Morcover from the figure a + 8 =1v.

sin
Hence P=R ~.~E,
sin y
sin a
Q=R --—.
sin y

Prorosition 10. Lo find the components of & force in two
directions at right angles.

Let OC, Fig. 24, represent the force R, 04, OB two diree-
tions at right angles in which the
components are required.

Let A0C =a.
Draw C4, CB perpendicular

on the two directions. Then 04,
O Brepresent the components P, Q.

(o]

Bhemoecn el

o P
Also g—% = cos A0C = cos a, Fig. 24,

S 04 =0C cosa.

Hence P = Rcosa.
Again gg = cos BOC =sin 40C =sina,
OB = 0C sin a.

Hence @ =Rsina.
If we put B0OC =8 we have clearly

OB = 0C cos S,

Q =Rcosf.

And in this case a + = 90°.

Thus, when a force is resolved into two others mutually at
right angles, the component in each direction is found by
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multiplying the original force by the cosine of the angle
between it and the direction of the component.
It must be remembered that this result is only true when the two

components are at right angles.

Thus, let 04, OB (Fig. 25) be two com-
ponents of OC at right angles, Draw OB’  [=---p=---smemscamacooeas 2
making an angle y with 04’ and through
C draw C4’ parallel to OB'. If now OC
be resolved into two forces in directions
04 and OB’ inclined at an angle v, the
component in the direction O4 is no longer
04 but 04",

A force represented by O4 is I cos a, where . ~
a 18 the angle between 04 and OC, that Fig. 25
represented by 04’ has not this value,

Prorosrrion 11, 7o shew that if the components of a force
be resolved in any direction, then the sum of these resolved parts
1s equal to the component of the oriyindl force resolved tn this

same direction.
Take the case of a force R represented by OC, Fig. 26
3 to) b

=
b Y SRS

which is resolved into two forces
P, @ represented by 04 and c
OB respectively. Y
Draw Oz, Oy two lines at
right angles through 0O, and
draw AL, B} and CN perpen-
dicular to Ox. 'Then if we sup-
pose all the forces resolved in
the directions Owx and Oy it is
clear that OL represents the
component of P, OM of @ and
ON of .
Draw 4K parallel to Ox to meet O in K.,
Then LN = AK. And in the triangles BOM and CA K the
sides are respectively parallel and OB is equal to 4C.
Hence the triangles are equal.  Thercfore OM = AKX - LN.
Thus 7V represents the component of @ in the direction of Ow.

But from the figure

ON=0L + LN:==0L+0M.



24 STATICS. [em 1

Hence

Component of R in the direction Ox =
Component of P + Component of Q.

This proposition can readily be extended to the case of any
number of forces.

ProrositioN 12. 70 find an expression for the resultant of
a number of jforces tmpressed on a particle in given directions
lying in one plane.

Let P,, P,... be the forces and let them make angles
a;, a,... with a fixed line O, Fig. 27, drawn through the point
of action. Let Oy be perpen-
dicular to Ox. Let & be the v
resultant force and 6 the
angle its direction makes
with Oux.

Resolve all the forces and
the resultant in the two
dirvections Ox and Oy. Then
since the resultant is equiva-
lent in its effect to the forces
the components of the result-
ant in each of these two
directions are respectively
equal to the suin of the components of the forces in these two
directions.

Fig. 27.

The component of the resultant along Oz is R cos 6, the
components of the forces are 1’ cos a;..., £, cos a,... respectively.

Hence
Rcos =Py cosay+ Pycosay+...=3{Pcosa} ...(1),

where 3 {F cos a} means the sum of a number of quantities like
Pcosa.

Again resolving parallel to Oy
Rsin@=Lsina, + Pysina,+ ... =3{Psina} ...(2).

!
1
Thus remembering that sin®6 +cos?6=1, we have by
squaring and adding
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B2 = [3{Pcosa}] + [Z{ sinal]
CS{PY 98P,y 08 (g — ),
while by dividing (2) by (1) we find
3{P sina}

tan 0 E {1) (,'U_S; ;l—i .

10. Equilibrium of Forces impressed on a par-
ticle. We have already found, Prop. 3, the conditions of
equilibrium of a set of forces impressed on a particle. If a
polygon be drawn whose sides represent the forces in direction
and magnitude it will be closed. The same result can be
expressed in symnbols by the aid of the last proposition thus.

If the particle be in cquilibrium the resultant of the forces
is zero. Thus the components of the resultant in any two
directions must also be zero. Hence the sum of the components
of the forces in any two directions at right angles must be zero.

Hencee
Prcosay+ Lycos ay+...=2 0 or I (£ cosa)=0,
and LPisina 4+ Pysina,+...=0or 3 (Psina) =0.

This result is of course applicable to the casc of three
forces, but in this case we know in addition that the forces are
represented by the sides of any triangle deawn parallel to their
directions; hence for three forces we have the following theorem
known as Lami’s Theorem.

Provostrion 13, When three forces impressed on a particle
are in equilibrium each is proportional to the sine of the angyle
between the other two.

Let the three forces be P, @, B acting in directions OL,
02, ON respectively, Fig. 28.

Let ABC be a triangle whose sides are parallel to the
forces, BC being parallel to OL, C4 to O and 443 to ON.

Then from the figure

CAB =180~ MON,
ABC =180~ NOL,
BCA=180-LOM.
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Hence sin C4 B =sin MON,
sin A BC =sin NOL,
sin BCA =sin LOJM.

Fig. 28.

But the forces P, Q, R arve proportional to the sides BC,
C4 and 4B of the triangle 4 BC respectively.

Moreover the sides of a triangle are proportional to the
sines of the opposite angles.  Thus the forces are proportional
to the sines of the angles of the triangle which are opposite to
them.

r @ R
sind sinB sinC’
r @ B
Thus - G MON = sin NOL ~ sin LOIT"

This theorem has already been verified by experiment (Exp.
1))

We may conclude then that in dealing with questions on
the equilibrium of forces impressed on a particle:

Hence

(a) The direct method of solution is to resolve the forces in
any two convenient directions at right anyles and equate to zero
each set of components.

(d) If the forces be only three in number a graphical solu-
tion based on the triungle of forces can easily be obtained.
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The following examples will illustrate these various
methods.

Examples, (1) I'ind the resultant of two forces of 3 and 4 kilos
weight respectively impressed on a particle at right angles.

Let I be the resultant; then since the forces are at right angles
R?=3%2442=25,
R =5 kilos weight,
This is the result which we verified in Experiment 1.
(2) Find the resultant of two forces of 10 and 5 kilos weight acting at
an angle of 60°,
Let R be the resultant.
Then substituting in the formula
R2=P*+ Q'+ 2PQ cos v,
we have
R}=52{1+22°+2x2x),
=5%17,
R=5 /7 kilos weight.
(8) 4 foree of 10 kulos weight is resolved into two equal forces mutually
at right angles ; find these forces.

Since the components are equal, they are equally inclined to the
resultant.

Hence the angle between each of them and the resultant is 45°,
Thus if P and @ be their values

P=10cos 45°= 10 kilos wt.,
N2

Q=108in45°= }()_ kilos wt.
A2

(4) 4 force of 15 kilos weight is resolved into two at right angles, the
value of one of these is twice that of the other; find the forces.

Let them be P and @ kilos weight.
Then P=2Q,
Py 2=152
Q@ (1+4)=15%
Q'! =15x3,
Q=34/5 kilos weight,
Hence P=64/5 kilos weight,
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(6) The resultant of two forces of 3 kilos weight and 6 kilos weight is
a force of T kilos weight ; find the angle between the two.

Let 4 be the angle, then if R be the resultant of two forces P and Q@
inclined at an angle v, we know that
R?=P2+ Q%+2PQ cos v,
T*=52+32+2x5x3cosy,
30cosy=49-25~-9=15,
cosy=4},
¥ =60°.
Thus the angle required is 60°.
(6) Forces equal to the weights of 6, 7, and 8 Ib. are impressed on a
particle in directions inclined to each other at 120°.  Fund thewr resultant.

Three equal forces at angles of 120° are in equilibrium. The given

forces are equivalent to forces respectively of 6 lb., (6+1) lb., and
(6+2) Ib.

The three forces of 6 lIb. are in equilibrium, and may therefore be
removed from consideration, and there are left forces of 1 and 2 1b, weight
at an angle of 120°. Their resultant may be found graphically, or thus

R?2=12+2°4+2x 1 x2xcos120°
=5-2=3.

Thus R=,/31b. wt.

Or again.

Let R be the resultant force and let it make an angle 6 with the
direction of the force of 8 1b. weight.

Resolve all the forces parallel and perpendicular to the direction of
the 8 1b. force.

R cos0=8cos0+7cos120+6 cos 120
=8.1+7(-4)+6(-4%)
=8-35-38=14.

IR 8in §=8sin 0+ 7 8in 120 — 6 8in 120

~8.047 N3 *—ﬁf’

e
A3
=5,
12
. Rl
. Rr=p=8.
Hence R= /3 1b. weight.
tan 0="—/—3=—1—=.
3 3
- 0=30°

Thus the resultant is a force of A/3 lb, weight inclined at 30° to the
force of 8 1b, weight,.
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(7) A body weighing 5 lb. is supported by two strings, the tension in
one string is 8 lb. weight and its direction is inclined at 80° to the horizon.
Fund the direction of the other string and the tension in it.

(i) Graphically.

Draw 4B (Fig. 29) vertically down, 5 cm. in length, to represent the
weight, draw BC 8 em. in length and at 30° to the
horizon to represent the tension in the first string, A
and join C4. Then C4 represents the direction of
the second string, and the number of c¢cm. in C4 c
measures in lb. weight the tension in that string.

=

(ii) By resolution of forces.

8
Let T be the tension of the string OC, 6 the angle
it makes with the vertical. B
Let OD be the first string and O4 the direction Fig. 29.

of the 5 1b. weight.
Resolving vertically
5=1T cos 6 + 8 cos 60°. D
Resolving horizontally
T sin 9 =8 sin (0°,
From the first equation

Tcosf=1.
From the second
Tsin@=4 /3. 5
Hence A
12=49, Fig, 30,
T'=171b. weight,
and tan §=4 /3.

(8) The resultant I of two forces P, Q impressed on a particle is equal
to P and at right angles to it. I'ind the force Q.

Let AB (Fig. 31) represent P, BC equal to 4B and at right angles to
it will represent R. Join CA. Then BC is the
resultant of forces represented in magnitude and
direction by 4B and AC acting at B.

Thus a line through B parallel and equal to 4C

will represcnt Q. p Q
But AC*=A4B*+ BC?
=248 5 A %
Therefore Q?=20r2

Hence Q=P.J2 Fig, 31.
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(9) Tuwo forces impressed on a particle are represented respectively
by NO and pOB, 4 and B bewny fized points and X and u constants.

C s a point in AB such that NAC 1s equal to uBC. Shew that the re-
sultant of the forces 1s (A +u) OC.

By the triangle of forces a force AO4 along 04 (Fig 32) is equivalent
to AOC along OC and ACA4 acting at O
parallel to Cd. Again pOB is equivalent to A
#0OC along OC and pCB at O parallel to CB.

Thus the two given forces are equivalent to
(A+n) OC along OC together with A\C4 and
#BC in opposite directions parallel to AB.
These last two are equal, they therefore © B
balance and may be removed. Hence the I, 32.
resultant is (A +u) OC.

(10)  Eaplawn the action of the wind wn propelling « ship.

Let AB (Fig. 33) represent the dircetion of the ship’s keel; CD
the direction of the sail which we
suppose to be tlat. Let the pressure
of the wind be equivalent to a foree
P acting on the sail in the direction
indicated. Resolve this force into
two components, one I' at right
angles to the sail, the other T along 3
the sail. This last component pro-
duces little or no effect, and we may
neglect it; it is only the component
perpendicular to the sail which we
need to consider. Thig force R acts
on the ship through the mast. We Fig. 33.
may resolve It into two components,
the one X parallel to the keel, the other Y at right angles to the keel.

The resistance offered by the water to motion in a direction at right
angles to the keel is so great that the component Y is almost balanced by
it; the ship is built so that the water may offer a small resistance to
motion parallel to the keel, and the ship moves in this direction under
the impressed force X. The effect of the force in tending to turn the
ship round can only be considered later.
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EXAMPLES.
TRIANGLE AND PARALLELOGRAM OF FORCES.

1. TForces represented by the weights of 101b. and 15 lb. respec-
tively act at a point in northerly and easterly dircctions. Find the
magnitnde and direction of their resultant.

9. Find the magnitude of the resultant of two forces 12P and 5P
when they act at a point and in dircctions at right angles to one another.

3. 4BC is a triangle, D, E, and F the middle points of BC, Cd4, AB
respectively. Forces acting at a point are represented in direction and
magnitude by the lines 4B, 4C, BE ; shew that their resultant will be
similarly represented by 3FD.

4, The sum of two forces is 36 1b. wt. and the resultant which is at
right angles to the smaller of the two is 24 Ib. wt, Find the magnitude of
the forces.

5. The difference of two forces is 8 1b. wt. and the resultant, which is
at rizht angles to the smaller of the two, is 12 1b. wt. }ind the magnitude
of the forces.

6. Can three forces which are in the proportion of 7, 10 and 17
keep a point at rest?

7. Torces represented in magnitude and direction by the diagonals
of a parallelogram act at one of the corners, what single force will
counteract them?

8. Shew by mcans of a diagram how to find the part of the pressure
of the wind which is available for urging on a ship when the wind blows
very nearly from the direction in which the ship is going.

9. Explain how the law of composition of forces may be deduced
from the sccond law of motion.

10. Two forces P and @ have a resultant R equal to P. Draw a
diagram representing such a system and shew by means of it that the
resultant of two forces equal and parallel to P and R respectively would
act at right angles to Q.

11. Shew how to find the resultant of two forces acting at the same
point and explain how to verify the result by experiment.

12. The wind is blowing from the north-east. Explain with a diagram
its action in propelling a ship towards the north.

13. Resolvea force of 15 1b. wt. into two forees cach making with it an
angle of 30°.

14. Shew how to place three forces which are in the ratio of 3, 4 and
5, so that they may keep a particle at rest.

15. Describe an experiment to prove the parallelogram of forces
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16. A pendulum consisting of a bob weighing 1 kilogramme at the
end of a string L métre long is diawn aside until the bob 1s 25 em. from
the vertical through the point of support, and is held in this position by
a horizontal string.

Find the forces on the bob (1) when in this position, (2) just after
the horizontal string is cut, (8) as the bob swings throngh its lowest
position,

17. Five forces each equal to P act along radii of a circle which are
at angular distances 30°, 60°, 90°, 120° and 150° from a fixed radius;
determine the resultant.

18. If a heavy body is supported by two strings one of which is
vertical, prove that the other must be vertical also.

19. Shew that a vessel may sail due cast against a south-east wind.

20. A straight line is drawn parallel to the base BC of a triangle
ABC, cutting 45 1n a point D such that 4D 18 twice BD. If P be any
pomnt on this line, prove that the resultant of foreces completely repre-
sented by 4P, BP, CI’ 1s parallel to £C.

21, Find the resultant of two forces represented by the side of an
equilateral triangle and the perpendicular on tius side from the opposite
angle.

22. If the magnitude of one of two forces acting at a point be
double that of the other, shew that the angle between its direction and
that of their resultant is not greater than thurty degrees.

23. If a uniform heavy bar 1s supported in a horizontal position by
a string slung over a peg and attached to both ends of the bar, prove
that the tension of the string will be diminished 1f its length be increased.

24. A weight hangs at the end of a string attached to a peg. If
the weight is held aside by a horizontal force so that the string makes
an angle of 30° with the vertical, shew that the tension of the string is
double the horizontal force.

25. ADBCD 18 arhombus. Shew, without assuming the Puallelogram
of I'orces that forces represented by 4B, OB, CD and 4D are in cqui-
libriam.

26. State how three equal forces must act 8o as to produce equi-
librium and hence find the resultant of two equal forces inclined at 120°
to each other.

27. A weight is suspended by means of two equal strings attached
to pomnts in the same honzontal line. Shew that if the lengths of the
strings are mcreased, their tension 18 diminished.

28. A weight hangs at the end of a string attached to a peg. If
the weight iy held aside by a horizontal force, so that the string makes
an angle 60° with the veitical, shew that the teusion of the stiing is double
the weight.
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29. Two forces P and Q act at the same point and their directions
are inclined to each other at an angle of 45°. Find an expression for
the magnitude of their resultant.

Find approximately the magnitude of the resultant if the component
forces be respectively equal to weights of 3 1b. wt. and 4 1b. wt.

30. If a heavy uniform bar is supported in a horizontal position by
a string slung over a peg and attached to both ends of the bar, prove
that the tension of the string will be diminished if its length be in-
creased.

31. A weight is suspended by means of two equal strings attached
to points in the same horizontal line. Shew that if the distance between
the points is inereased, the tension of the strings is increased.

32. Find the resultant of two forces of 56 and 10 lb. weight
respectively acting at an angle of 60°.

33. A body is acted upon by two forces, one of 500 dynes due north,
and one of 250 dynes north-east; find the resultant force.

34. A mass of 11b. is supported by strings of lengths 3 and 4 feet
respectively attached to two points in the same horizontal plane 5 feet
apart. What 18 the tension of each string?

35. Prove that when a kite is being flown, the position which the
string will take up cannot bo at right angles to the body of the kite, but
will be less steep.

36. Shew that three forces of 5, 6, and 12 lb. wt. can never be in
equilibrium,

37. A body weighing 41b. at rest on a smooth table is acted upon
by forces of 3 and 41b. weight in directions oblique to the table and
at right angles to each other. Shew by a diagram how to find the
directions of the forces.

38. Three forces keep a particle in equilibrium, one acts towards
the east, another towards the north-west, and the third towards the
south ; if the first be 5, find the other two.

39, ABCD is a parallelogram, and three forces acting at a point are
represented in magnitude and direction by AC, BD and 2D4. Shew
that the three forces are in equilibrium,

40, DC and 4B are diameters of a circle. Three forces acting at a
point are represented in magnitude and direction by 4B, DC and 2BD;
shew that they are in cquilibrium.

41, Three forces of 5, 12 and 13 1b. wt. are in equilibrium. Shew
that two of them are at right angles and find the sines of the angles
which the remaining force makes with these two.

G, 8, 3
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42, A weight of 101b. is suspended from a fixed point by a string
25 inches in length. The weight is drawn aside until its vertical distance
below a horizontal line drawn through the fixed point is 20 inches. Shew
that the smallest force which will keep the weight in this position will
just support a weight of 6 1b. hanging freely.

43, A force of 71b. wt. acts on a particle due north, one of 81b. wt.
due east, one of 61b. wt. N.N.W, Find by a careful drawing the direction
and the magnitude of the force which will balance these.

44, If two forces cach equal to 11b. wt. act at a point and their direc-
tions make with each other an angle of 60°, find to the nearest oz. the
magnitude of their resultant.

45, Shew that forces of 99 b, wt. and 51b. wt. acting at right angles
to each other have a resultant which is 17 times as great as the resultant
of 51b. wt. and 3 lb. wt. acting at right angles to each other.

46. ABC is an equilateral triangle, 4B the perpendicular on BC.
Forces cach equal to P act along BA, AD and AC respectively, in the
directions indicated by the letters. Find the magnitude of their resultunt,
and shew that 1t is inclined at an angle 75° to the line 4.

47. Three lines 4B, AC and AD in the same plane make the angles
BAC, CAD each equal to 30°, TIorces, equal to P, act along B4, AC
and 4D in the directions indicated by the letters. Find the magnitude
of their resultant, and shew that it is inclined at an angle 75° to the
line 4.

48, ADCD is a rectangle, AD=15 inches and 4B =20 inches; find
the magnitude of the resultant of two forces of 16 lb. wt. and 25 Ib. wt.
acting along 4B and 4C respectively.

49, To two points 4, B, 5 feet apart on a horizontal beam, the
ends of a string ACB are attached, 4C being 4 feet and BC 3 fect long.
From C a weight of 101b. is hung. Find the tensions in the strings
AC and BC.

50. Four weights of 2, 3, 4 and 5 1b. are hung on a string 5 feet
long at pomnts 1 foot apart. The ends of the string are attached to two
pomnts 3 feet apart in the same horizontal line, und the form assumed
by the string is diawn to scale on a sheet of paper. Shew how to find
from the figure the tensions in each part of the stiing.



CHAPTER IL
PARALLEL FORCES.

11. Rigid Bodies. So far we have dealt only with
forces impressed on a particle, or on some body which for our
purpose could be treated as a particle. We are to consider
now some of the effects of forces impressed on a body, the
volume of which cannot be treated as very small.  The bodies
with which we shall deal are called Rigid Bodies. By this
it is meant that they do not alter in shape when force is im-
pressed. No body is perfectly rigid, but many substances will
resist the application of force and will change in shape by an
amount which is practically infinitesimal, when force is applied.
Iron, glass and wood have all rigidity, and, though the shape of
a body of any of these and other similar materials may vary
slightly under the application of a force, the variation will not
concern us. Bodies which have rigidity are called Solids.
Other bodics which we consider in Hydrostatics are Fluids.
The distinction between Solids and Fluids will best be con-
sidered later™.

12. Superposition of Forces. Now, whena force is
impressed on a rigid body, it is found by experiment that any
point of the body, which ley in the line of action of the force,
may be congidered as the point of application of the force.

Thus if a body be in equilibrium under two forces £ and
applied at 4 and B, Fig. 34, the two forces

L and @ must be equal and act in oppo- p Q
site directions along the line 4. A 8
Now let a force P act on the body at Fig. 34.

1 See Hydrostatics,
3—2
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4 in direction 4B, Fig. 35. At B introduce two equal and
oppusite forces each equal to . These
forces are in equilibrium and will
therefore not disturb the effect of 2. A

Then P at 4 and P at B directed Fig. 35.
along BA balance ; they therefore pro-

duce no effect and may be removed from consideration, and we
are then left with 2 at B in the direction 48 producing the
same effect as £ at 4 impressed in that same direction.

Thus P may be impressed at any point of the body in its
line of action without altering its effect.

This is called the principle of the transmissibility of force.

In proving this principle, as well as in some of the Ex-
amples solved in Chapter I., we have made use of another prin-
ciple which is of general application. We have introduced two
equal forces in opposite directions and have assumed that this
does not affect the equilibrium. The truth of the assumption
is obvious.

Thus we may, without altering the conditions of any problem,
superpose upon, or remove from, any system of forces any second
system which i3 itself in equilibrium.

P P_Pp
B

13. Parallel Forces. When the lines of action of two
or more forces impressed at two or more points in a body
meet, we may suppose the forces to be applicd at the point of
intersection of their lines of action, and find their resultant by
the rules established in the last chapter.

In general, however, the lines of action of forces impressed
on a body do not all meet in a point; the problem is more
complicated. The simplest case of this occurs when the
forces are parallel.

DeriNitioN.  Two parallel forces are said to be Like when
they act in the same direction, they are Unlike when they act in
opposite directions.

Proposition 13A. To find the resultant of two parallel
Sorces tmpressed at two points of a rigid body.

(1) When the forces are like.



12-13] PARALLEL FORCES. 37

Let the two forces be P,  acting at the points 4, B, Fig. 36,

...............................

Fig. 36.

in directions AL and BM. Take AL and BM to represent the
forces. Join AB, and at 4 and B introduce two equal and
opposite forces S, represented respectively by 4.D and BE acting
in the directions 4D and BL. Complete the parallelograms
ADFL and BEG M.

The resultant of P and S at 4 is represented by AF and
acts along 4 F, let it be P, and replace P and 5 by their result-
ant.

The resultant of @ and § at B is expressed by B@, let it be
@, acting along BG.

Then the two forces P and @ are equivalent to P, and @,
impressed at 4 and B and represented by 4/ and B respec-
tively.

The lincs of action P, and @, when produced will meet.
Let them be produced and meet at 0. Draw OC parallel to
the original direction of the forces P and @ to meet 48 in C.
Transfer the points of application of P; and @, from 4 and B
respectively to O.

At O resolve P, into two components parallel to OC and
C4 respectively, these components must be equal to 2 and S.
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Again resolve @, at O into two components parallel to OC
and CB, these two components will be ¢ and S. Thus we
now have, acting at 0, P+ @ along OC and two equal forces S
parallel to C4 and CB. These forces are equal and opposite,
they may therefore be removed and we are left with a single
force R equal to £ + @ acting along OC parallel to the original
direction of 2 and @. Transfer the point of application of R
to C. Then the resultant of P and @ is £ acting at (' parallel
to the original divection of P and @.

‘We have now to determine the position of the point C.

By the construction, the triangles ADF and ACO are
similar.
oc FD P
cd D48’

or P.4C=8.0C.

The triangles BEG and BCO arc similar,
oc _GE _Q
CB™EB S’
or Q.BC S.0C.
Thus Q.LC=r.4AC,

AC Q
BCc” r

Hence

Thus

or

Again add unity to each side
40 . @
not 1= P 1
AC+BC P+Q I
7y L
or . AB=1R.BC.
Similarly Q.AB=R. AC.

P @ R

Thus BCTACT 4B°
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(i)  When the jorces are unlike.

Let the forces be P and @ acting in the opposite directions 4 L,
BM, Fig. 37, at the points 4 and B; let £ be the greater force.

AP
Q

Fig. 37.

Take AL and B to represent the forces. Join 4B, and at 4
and B introduce two equal and opposite forces § represented
respectively by 4D and BAE impressed in the directions 4.D
and BE.

Complete the pavallelograms ADFI, and BMGE as hefore.

Replace I and S, acting at 4, by their resultant ) along
the diagonal A F, replace ¢ “and S ab B by their resultant Ql
along BG.

Since @ is less than P the two diagonals A and G B must
meet. Let them meet at O ; draw OC parallel to the original
directions of the forces to meet BA produced in €. Remove
the points of application of £} and ¢, from 4 and L respec-
tively to O.

At O resolve P into its two components P and S parallel

to AL and A0 respectively, and resolve @, into its two com-
ponents ¢ and S parallel to BM and BE respectively.

The two components S balance and may be removed, and
we have left a force R equal to P — ¢, in the direction C'O pro-
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duced, which is equivalent to the two forces P and @ at 4
and B. Transfer the point of application of £ to €. Then
the resultant required is & equal to P — @ acting at C.

To determine the position of C' we have, as before, since the
triangles ADI and ACO are similar,

0c_rp_r

CA DA™ 8"
Thus P .AC=8.0C.
Also, since BEG and BCO are similar,

oc _GE _Q

CB EB S8
Thus Q.BC=5.0C.
Hence P.AC=Q.DC,

P _Q P-Q R
BC~CA BC-CA 4"

Thus for like forces we have

or

R=P+Q,
for unlike forces
R="r-0Q,
while in either case the position of the point C is given by
r Q R
BCT CA ™ AB°

14. Couples. We should notice that there is one case
of the last proposition (Proposition 134 ii.) in which the con-
struction fails; if £ is equal to @ the lines 4# and GB of
Fig. 37 will be parallel ; we cannot find their point of inter-
section, it is at an infinite distance away and there is no single
force which will replace the two; such a system of two equal
unlike parallel forces is called a couple.

‘We shall consider such a system later.

15. Resultant of Parallel Forces. When a number
of parallel forces are impressed on a body we can find their
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resultant by taking two and finding the magnitude and line of
action of their resultant; then combine with this resultant a
third force and so on, in this way the resultant of all the
forces can be obtained. It is clearly a force R given by

R=P + P+ Py+...=3{P},

where Py, P, ... are the individual forces all supposed to act in
the same direction ; if one or more of the forces acts in the
opposite direction its sign, in the expression for R, must be

changed.

16. Experiments on Parallel Forces. Ior experi-
ments on parallel forces a rectangular bar of wood about a
metre long with square section, each side of the square being
some 2 to 3 cm. in length, is convenient.

One face of the bar should be graduated in centimetres or
inches as in Fig. 38.

Three rings of brass wire 4, B, €' are made to fit the bar

Fig. 38.

and can slide along it. These rings have small hooks attached
as shewn in the figure. The bar is suspended in a horizontal
position by vertical strings attached to 4 and B while various
weights can be supported from C.

The ends of the strings attached to 4 and B are secured to
two spring balances D and E.

For this experiment Salter’s circular balances are the most
convenient. In a spiral balance the scale-pan drops consider-
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ably when loaded, owing to the stretching of the spring; the
drop is much less in the circular form shewn in the tigure.

The small motion of the end of the spring is magnified by
the pointer.

The spring balances arc supported in some convenient way
and the bar suspended in a horizontal position.

If the bar be uniform and the rings 4, B be equidistant
from either end respectively, it will be found that with the
central ring C unloaded each balance is cqually stretched.
This extension is due to the weight of the bar; in making
experiments the readings of the balances thus obtained should
be subtracted from those observed when the bar is loaded.

ExperIMENT 2. To determine by experiment the posilion
and magnitude of the resultant of two parallel forces.

Suspend the bar as just described from the two balances D
and & by the rings 4, B. Adjust the length of the strings so
that the bar may be horizontal and the rings 4, 5 equidistant
from its centre. Take the readings of the spring balances,
these should be the same.  Suppose them to be 25 kilo.  Sus-
pend a carrier or scale-pan of known weight from C, and place
known weights on it.  Let the total weight suspended from €
be £ kilos weight, this is supported by the tensions in the two
strings at 4 and 5. Read the spring balances and subtract
from each the rcading observed before & was suspended.  The
differences give the values of the forces £2, ¢ which acting at
4 and B respectively support .

Note the positions on the scale of the points 4, B and ¢
and thus measure the distances 4C' and 5.

Then it will be found that

kE=Pr+Q,
and also that
P.AC=Qx BC.

The resultant of P and @ is clearly a force through C equal
and opposite to £, thus the formula which gives the magnitude
and line of action of the resultant of two parallel forces is
verified.
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Repeat the experiment; shifting the position of C it will be
found that as € is moved £ and @ both change, but their sum
remains constant while they always satisfy the relation

Pr.AC=q. 0.

Moreover if the value of & be altered by changing the
suspended weights it will be found that the values of > and @
are also changed but in such a way that the equation P+ @ =R
is always true.

Again if O be a point on the bar on the side of 4
removed from B, and the distances 04, OB and OC be
measured, it will be found that

R.OC=P.04 +Q.0B.
See Scetion 21.

17. Motion about an axis. We will now consider
the equilibrium of a body which can turn round a fixed axis,
and on which forces are impressed in a plane perpendicular to
the axis.  Unless some relation exists between these forces rota-
tion will take place, we wish to determine the rvelation which
must exist if there is to be equilibrium. This condition is
easily found; the forces, which we have to consider, are the
impressed forces and the reaction at the axis; this reaction is a
force which ncecessarily passes through the axis, and it must
balance the resultant of the impressed forces. Henee for
equilibrium the resultant of the impressed forces must pass
through the axis.

Supposc now that there are only two impressed forces.
We can put the conditions into symbols thus.

Prorosrrion 14, 7o find the condition of equilibrium of a
body which can turn about @ fired axis when acted on by two
Jorces in a plane perpendicular to the axis.

Tt is clear from what has been said that the resultant of
the forces must pass through the axis.

Let the forces P, @ act in the plane of the paper and let
the axis, at right angles to that plane, cut it in C. Let a line
ABC through the axis cut the lines of action of the forces in
4 and B and transfer the points of application of the forces to 4
and B; then the resultant of two forces 2 and @ acting at 4
and B respectively passes through C.
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(i) Let the forces be parallel, Fig. 39,
Then their resultant R, which is equal to P+ @, passes
through C and we have
P.AC=¢Q.BC.
Draw DCE perpendicular to the

forces to meet their lines of action in
D and £ and let CD =p, CE=q.

The triangles ACD, BCE are simi-
lar.

Hence 23%%:%“% Fig. 39.
Therefore P.p=0Q.q.

Now p and ¢ are the perpendiculars from the axis on the
lines of action of £ and Q. Thus in this case the condition of
equilibrium is that

P x perpendicular from axis = @ x perpendicular from axis.

(ii) Let the forces I, @, T'ig. 40, be not parallel but let
their lines of action meet at O.
Their resultant 2 acts through
O hence R acts along OC. Take
OC to represent the resultant
and from C draw C/F, CG paral-
lel to BO and 4O respectively
to meet O4 and OB in F and 6.
Draw CD and C'E perpendicular
to the lines of action of P and @,
and let their lengths be p and ¢. Fig. 40.

Then OFCG is a parallelogram
and OC represents the resultant of the forces P, @ along OF
and OG respectively.

Thus OI represents P and OG represents Q.
Now the diagonal of a parallelogram bisects it.
Hence area of triangle OFC = area of triangle 0GC,
and area OFC =30F.CD,
also area 0GC =40@ . CE.
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Thus OF.CD=0G.CE.
p_0D_0G ¢

g CE 0OF P’
Therefore P.p=@Q.q.

Thus the condition of equilibrium is the same as before,
P x perpendicular from axis = @ x perpendicular from axis.

Hence

It may be shewn that, when three or more forces act, the
condition of equilibrium is the same in form; the quantities
involved are the strength of ecach force multiplied by the length
of the perpendicular from the point C on the line of action of
the force.

18. Moment of a Force. The quantity which we have
thus been led to consider has been given a name; it is called
the moment of the force about the point.

DeriNiTiON.  The Moment of a force about a given point
18 the product of the force and the perpendicular drawn from
the point on to the line of action of the force.

Thus the condition of equilibrium just found may be ex-
pressed by the statement that The moment of P round C is
equal to the moment of ¢ round C.

Again if we consider the force P only it will turn the body
in one direction round the axis, while ¢, alone, would turn it
in the opposite direction. Under the action of P the body
would rotate in a direction opposite to that of the hands of a
watch, placed face uppermost on the page, under the action of
@ it would rotate in the same direction as the hands of the
watch. This fact is generally expressed by the statement that
the moments about €' of /> and @ are opposite in sign.

The moment of P is said to be positive, that of ¢ is nega-
tive.

Thus when the bar is in equilibrium the moments of the
forces round C are equal in magnitude and opposite in sign, or
in other words, having regard to the difference in sign, we may
state that the sum of the moments about C' of all the forces is
zero.
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19. Experiments on Moments. We shall now
describe some experiments to verify this result.

ExperIMENT 3. 7o prove that, when a body which can turn
about a fixed point s in equilibrium wnder two forces, the
moments of these forces about the point are equal and opposite.

For this experiment the bar employed in Experiment 2 is
again used. It is however suspended by an axis through C,
Fig. 41, so that it can rotate in a vertical plane.

S S

T ey (s

 GF
gwﬁ
ae

This is attained either by boring a hole through the centre of tho bar
and passing a piece of steel wire through the hole, the ends of the wire
pass through two screw-eyes fixed into some convenient support, the wire
thus forms the axis; or if more convenient, a sciew-eye may be fixed 1nto
the bar instead of boring a hole through 1t. A pin run through these
cyes forms the axis. By suspending the bar very close to its centre, the
effect of its own weight in tending to turn it will be very small, and may
be omtted from consideration. [See §§ 35, 37 Centre of Gravity.)

Tig. 41.

(1)  When the forces are pardllel.

Suspend by means of the wire rings carriers from two points
4, B of the bar. Let C be the fixed point or fulerum. Place
weights on the carriers until the bar balances in a horizontal
position. Let P be the total weight, including that of the
carrier, suspended from 4, ¢ that suspended from 5.

Determine the weights F, @ for various positions of the
carriers 4, B and measure in cach case the distances AC and
BC. Form a table giving in four columns corresponding
values of P, ¢, AC and BC, then calculate the products
P.AC and . BC.
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It will be found in all cases that they are equal, moreover
A and B are on opposite sides of C, hence the moments are
opposite in sign. Thus the proposition is verified for two
parallel forces.

It can be verified for more than two such foreces by placing
several carriers on the bar and loading until equilibrium is
sccured.

In all cases it will be found that the sum of the moments
about C, each taken with its proper sign, is zero.

(1) When the forces P,  are not parallel.
The bar is supported as before and two spring balances are
suspended from a point O as shewn in Fig. 42.  The hooks of

C
A c B

Fig. 42.

the balances are connected by strings to the points 4 and B
and the lengths of the strings are adjusted until the bar is
horizontal ; the readings of the balances give the tensions P
and @) ; the perpendicular distances p and g of C from the lines
A0 and B0 are measured, and it will be found as before that

P.p=Q.q

In this experiment some small ervor may be produced by the weights of
the balances themsclves, but it will not be large if the balances are
siretched so that the tension in the strings may be considerable.

Another arrangement of this apparatus is shewn in Fig. 43.
The bar is used as before, the strings from 4 and B pass over
pulleys and carry weights. Thus the forces P,  impressed at
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A and B are measured by the weights suspended at the ends of
the string, the pulleys which should move easily merely serve

Fig. 43.

to alter the direction in which the forces are impressed. In all
these experiments it is necessary that the bar should turn
easily on its axis.

20. Principle of the Lever. We have thus verified
the law that: When forces in one plane are impressed on a
body, which can turn about an axis perpendicular to that plane,
and maintain it in equilibrium, the resultant passes through the
axis and the sum of the moments of the forces, each taken with
its proper sign, about the axis is zero. This law when applicd
to the case of two forces is often spoken of as the Principle of
the Lever.

21, Moments. The moment of a force can be repre-
sented geometrically and the representation will be found
useful.

Thus let 4B, Fig. 44, represent a force P, and let C be a
point, about which the moment of P is required. Draw CD
perpendicular to 4.5, Fig. 44 (a), or to A5 produced, Fig. 44 (b),
and join AC and BC. Then the moment of P about ¢ is equal
to P.CD.

But £ is represented by 4.5.
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Hence P . CD is represented by 4 8. CD.
And AB.CD = 2 area triangle ABC.
Thus the moment of a force is twice the arca of a

- "' O

A P ) B8 A P B
Fig. 44 (a). Fig. 41 (b).

triangle whose base is the line representing the force com-
pletely, and vertex the point round which the moment is being
taken.

It should be noticed, that in making use of this proposition, the line AB
must represent the force completely. It must therefore pass through the
point of application of the force. Suppose Od4, OB be two lines representing
forces P, @ impressed on a particle at
O; complete the parallelogram AOBC, B o)
then for some purposcs, e.g. in order to
find the resultant, wo may treat AC,
which is equal and parallel to OB as
representing ), when so doing we bear D,
in mind all the time that 1t represents
it only in magnitude and direction,
NoT in point of applivation, we cannot
calculate the moment of () about some © A
point such as D, by tinding thoe area of Fig. 45.
the triangle DCA we must find the area of DOB.

‘We procced now to some theorems about moments which
are of great importance.

ProvrosirioNn 15. To prove that the alyebraic sum of the
moments of two jorces about a point in their plune is equal to
the moment of their resultunt about that point.

(1) When the lanes of action of the forces meet.

Let the forces be P, @ impressed on a particle at O in
directions 04, OB respectively.

G. S. 4
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Let H, Fig. 46, be the point about which the moments are

Fig. 46.

required and let OC be the direction of R, the resultant of 2
and Q.

Draw HC, parallel to O4, to meet OC in C, and OB in B,
and from € draw C4A parallel to BO to meet 04 in 4.

Then AOBC is a parallelogram having OC for its diagonal.
Take OC to represent the resultant R, then OA4 and 0B must
represent £ and ¢ the components of Z in the directions 04
and OB respectively.

Thus the forces P, @ and R are represented respectively by
04, OB and OC.

Again the moment of 22 about /7 is represented by twice
the triangle /04, that of @ by twice the triangle /0B, and
that of £ by twice the triangle //0C.

Two cases will now arise.

(¢) If I/ is outside the angle 40D, Fig. 46, the moments
of both forces /> and € about /{ are the same in sign.

(b) Tf I/ is within the angle 408, Fig. 47, the moments
of the two forces have opposite signs.
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In (a)
Moment of B =2AHOC,
Now LAHOC=AHOB+ ACOB
=AHOB+ ACOA
=AHOB+ 0104,

for IIC is parallel to OA.
Thus the moment of £ = moment of P + moment of @.

Again (b)
Moment of £ =24 HOC.
Now AHOC=ACOB- AHOB
=ANC0A - 2IH0OB

= AHOA~ AHOB,
for £C is parallel to O4.

Moment of £ =moment of /> — moment of Q.

Tn either case The moment of the resultant of two forces s
the algebraic sum of the moments of the forces.

(i)  When the lines of action of the forces are parullel.

Let P, @ be the forces and £ their rcsultant. From H,
Fig. 48, the point about which
the moments are taken, draw
HACB perpendicular to the - A
lines of action of the forces R B
meeting them in 4, B and C
respectively. P
In the figure the moments of Q
P and @ about /[ have the same
sign. Fig. 48.
Moreover we know that since
R is the resultant of P and @,

R=P+0,
and P.AC=Q.BC.
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Now the moment of R about #7
=R.UC=(L+Q)IC.
=P.lIC+@Q.I1IC
=P ITA+AC)+Q ({[B - BC)
=P . HA+Q.HB+P.AC-Q.BC
=P . HA+Q.HDB

Since P.AC=0Q.BC.

Thus the moment of £ is equal to the moment of P together
with the moment of .

If the point about which the moments are taken hetween
the lines of action of the forces is /) then the two moments
have opposite signs.

Also the moment of £

=R.I1C=".11C+Q.IC

=P LA —-AC)+ Q(BC - 11D)
=P HA-Q.IDL-".AC+Q.BC
=P . HA-Q.IlD.

The proofs which have just been given can be extended to
the case of three or more forces.

Thus we obtain the result that the sum of the moments of
a system of forces in one plane about any point in that plane
is equal to the moment of their resultant about that point.

22. Resultant of a number of Parallel Forces.
We may notice (1) that this theorem enables us to find the
line of action of the resultant of a number of parallel forces in
a plane.

For let P, P, ... be the forces, £ their resultant. Tet O be
any given point in the plane and let 04,4, ... cut the lines of
action of the forces at right angles in Ay, 4,,..., and of the re-
sultant in ¢.  Then we wish to determine G

Now we have
R=P+ P+ P+ ...,
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Also taking moments about O
L£.0G=".04,+2,.04,+ ...
P04, +P,.04,+...
P+ P+ ...
Thus (i) The position of @ is found; while (ii) The theorem
includes that proved in Experiment 3, viz. that the algebraic
sum of the moments of a system of forces about a point in the
line of action of their resultant is zero. For, if O be in the
line of action of the resultant, then OG is zero and the sum
of the moments vanishes.

Hence 0G =

Examples. (1) Find the resultant of two parallel forces of 10 and 12
kilos wewght acting at two points A and B 50 centimetres apart.

Let the line of action of the resultant R cut AB 1 C,
Then It =10+4-12 =22 kilos weight.

Also taking moments about 4,
B.40=10x0+12x50
=0600.
600 -
Thus AC= 60 =27-27 cm,
22

(2) The line of action of the resultant of two forces of 10 and 15 kilos
weight 1s 20 cm. from that of the smaller force. Find the distance between
the Lines of action of the two forces.

Let A perpendicular to the lines of action of the two forces cut the
lino of action of the resultant i ¢. Then 4(¢'=20 cm. and it is required
to find 4B.

Take moments about A

(10+15)AC=15.4B,

25 100
AB__E .20.—_?{ =

333 cm.

(8) Two men carry a pole 2% feet long supporting it at each end;
Jrom the middle pornt of the pole a mass werghing 3 cwt. is suspended.
The weight of the pole 15 1 cwt., and may be supposed to act at a distance of
8 ft. from one end. Iind the weight carried by each man.

Let 4B be the pole, P and @ the upward pressures at 4 and B, C the
middle point and G the pownt 8 ft. from 4, at which the weight may be
supposed to act.

Thus P and @ will be the pressures on the men’s shoulders at 4 and
B respectively, and their resultant must just balance that of the 3 cwt.
and 1 cwt.
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Thus P+ Q=4 cwt.
Also taking moments about 4
Q.4B=1.4G+34C.

Thus Q —'-‘éz———‘ = 3
=1} cwt. wt.
Hence P=2} cwt. wt.

(4) Masses of 2, 4, 8 and 16 lb. are placed at a series of points in a
line and at distances of 4, 3, 2 and 1 feet from the edge of a table. Find
the magnitude and point of application of the resultant force.

Let the resultant force be R lb. wt. and let it act at a distance of
x feet from the edge of the table.

Then R=2+4+8+16=30 1b. wt.

Also taking moments round the edge

Rr=2x4+4x3+8x2+16x1,
_8412416+16 52
D) — 30
=11} feet.

(5) A4 series of forces ucting at a point are represented in direction and
magnitude by the sides of a polygon taken in order. Shew that the sum of
their moments about any point in the plane of the polygon is zero.

The forces are in equilibrium ; they have therefore no resultant; the
moment therefore of the resultant is zero; hence the sum of the moment
of the forces is zero.

(6) Forces actat the angles A, B, C of a closed polygon, each force being
represented completely by one side of the polygon, and all the forces
acting in the same direction round the polygon. Irove that the sum of the
moments of the forces about any pownt in the plane of the polygon is con-
stant.

Let the point O (Fig. 49) be within the polygon; the forces P, Q, R
etc. are completely represented by 48, BC e
ete.

Thus moment of P=24 04B,
moment of Q=2 A 0BC, ete. D
Hence sum of moments of forces
=2A04B+2A0BC+2A0CD+ ... F
=2 area polygon, and this is the same
for all the positions of O within the polygon.
Now let O be outside the polygon. The
moment of P is again represented by 2A 04 B
and so on; but in this case some of the mo-
ments are positive, some are negative. If the A
sum of the areas of the triangles which give Fig. 49.
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negative moments be subtracted from the sum of the areas giving positive
moments, it will be found in any case that the difference is the area of the
polygon.

Hence in this case also the sum of the moments is twice the area of the
polygon.

23. Moment about an axis. So far we have dealt
only with forces in one plane. Suppose we have any system
of parallel forces and consider a line at right angles to the
direction of all these forces. Each of these forces is said to
have a moment round this axis; this is found by drawing a
line perpendicular both to the dircction of the force and to the
axis, and finding the product of the length of this line and the
force. This common perpendicular is the shortest distance
between the direction of the force and the axis; hence the
moment of a force about an axis, perpendicular to the direction
of the force, is the product of the force and the shortest distance
between the axis and the direction of the force. We may put
this otherwise thus. Pass a plane perpendicular to the axis
through the dircction of the force, then the moment of the
force round the axis is the same as its moment round the
point in which the axis cuts this plane.

If the forces be not all at right angles to the axis each force
can be resolved into two components, one at right angles to the
axis the other in a plane through the axis. The product of the
component at right angles to the axis into the shortest distance
from the axis of its line of action is, in this case, called the
moment of the force about the axis,

ProrosiTiON 16.  T'o prove that for any system of parallel
Jorces the sum of the moments of the forces about an axis perpen-
dicular to their directions s equal to the moment of the resultant
about the same axts.

Let two parallel forces, P, @ be impressed on two particles
4, B, Fig. 50, in directions perpendicular to the plane of the
paper.  Let Ox be a line in the plane of the paper about which
moments are required, and let AL and BM be perpendicular
on Ou.

Join AL and divide it in C so that

P.AC=Q. BC.

The resultant (P + @) of £ and Q acts at C.
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Draw CN perpendicular to Oz and JICK parallel to Oz, to
meet AL and 343 (produced) in 2/ and K respectively.

Tig. 50.
Then P BC_BK
b Q0 ACT Al
Therefore P.AIl=Q.BK.

Now the moment of the resultant
=R.ON=(P+Q)CN=P.1IL+Q. KM
=P(AL—AIl)+Q(BM+ BK)
=L AL+ Q. BM-P.AH +(Q.BK
=P . AL+Q.BM
= Sum of moments of P and ¢,

In the same way the proposition can be proved for any
number of parallel forces.

The proof may also be extended in a similar way to any
system of forces; for our purposes it is suflicient to have
established it for a system of parallel forces and to have shewn
that the sum of the moments of any system of parallel forces,
about an axis perpendicular to the direction of the forces, is
equal to the moment of their resultant about the same axis.

For examples of the use of this Proposition, sce Section 38.
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EXAMPLES.
PARALLEL FORCES.

1. Four equal and like purallel forces act at the angnlar points of a
quadrilateral ABCD. 1o 1s the middle point of AB and I of CD. Prove
that the centre of the forees is the middle point of EF. Deduce that the
lines joining the middle pomnts of the opposite sides of a quadrilateral
bisect one another.

2. A uwnform rod ABCD moveable about a fulerum, and thirty feet
in length, has weights P, 3P, 5P, TP attached to the rod at 4, B, C and
D, which are at equal distances apart.  If the rod be in equilibrium, find
the distance of the fulerum from 4.

3. A umiform bar of length 2 ft. 8in. and weight 53 1b. is supported
on a smooth peg at one end and by a vertical string distant 4 inches from
the other end.  Find the tension of the string.

4, 'T'wo light rods AB, BC are rigidly conneceted at I and meet at
right angles.  Weights W and 17 are attached at 4 and . If the system
can turn about B shew that the tangent of the angle which 458 makes
with the horizon is

et W AB
W Be”

5. A straight uniform heavy rod of length 6 feet has weights of 15
and 22 1b. attached to its ends, and rests in equilibrium when placed
a