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Introduction

In structure mechanics analysis, finite element methods are now well estab-
lished and well documented techniques; their advantage lies in a higher
flexibility, in particular for:

(i) The representation of arbitrary complicated boundaries;

(i) Systematic rules for the developments of stable numerical schemes ap-
proximating mathematically wellposed problems, with various types of
boundary conditions.

On the other hand, compared to finite difference methods, this flexibility is
paid by: an increased programming complexity; additional storage require-
ment.

The application of finite element methods to fluid mechanics has been
lagging behind and is relatively recent for several types of reasons: '

(i) Historical reasons: the early methods were invented by engineers for the
analysis of torsion, flexion deformation of bearns, plates, shells, etc...
(see the historics in Strang and Fix (1972) or Zienckiewicz (1977)).

(ii) Technical reasons: fluid flow problems present specific difficulties: strong
gradients,' of the velocity or temperature for instance, may occur which a
finite mesh is unable to properly represent; a remedy lies in the various
upwind finite element schemes which recently turned up, and which are
reviewed in chapter 2 (yet their effect is just as controversial as in finite
differences).

Next, waves can propagate (e.g. in ocean dynamics with shallowwaters
equations) which will be falsely distorted by a finite non regular mesh, as
Kreiss (1979) pointed out.

We are concerned in this course with the approximation of incompressible,
viscous, Newtonian fluids, i.e. governed by Navier Stokes equations.

We leave aside many problems of practical interest which have been solved
by finite element techniques:

For transonic flows with shocks, see Bristeau (1977, 1978), Glowinski and
Pironneau (1976) and the references of these papers.

! Shocks will not be considered in this course.
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Viscous non Newtonian fluids are studied by Nickell, Tanner and Caswell
(1974), Engelman (1979) (with application to blood flow past prosthetic
valves), Zienckiewicz and Godbole (1975).

Chavent (1979), Jaffre (1979b) considered flows in porous media with
applications to oil production.

Moving meshes (to deal with free surfaces or multi fluid problems) have
been seldom used: see Hughes, Liu and Zimmermann (1978, generalized ALE
technique). An alternative technique using a fixed mesh for the simulation of
two fluid flows is proposed by Dervieux and Thomasset (1979).

Further applications can be found e.g. in Zienckiewicz (1977).

The plan of the course is as follows: in the first chapter some useful finite
element methods are presented. Next in chapter 2 the upwinding techniques
in finite elements are reviewed and in chapter 3 the various formulations
available to deal with the incompressibility conditions are presented. In
chapter 4, the techniques of previous chapters are combined for the ap-
proximation of Navier Stokes equations; some numerical results are pre-
sented, although it is felt that further tests should be necessary, in order to
allow definite assessments about the performance of the various methods.
Finally chapter 5 surveys the different techniques related to automatic mesh
generation, and solution of systems of linear or non linear equations.

Unless the contrary is specified? the methods presented in this paper
extend to three dimensional problems without other difficulties, than pro-
gramming, solving very large systems of equations, and interpreting the
results (which by the way are not small difficulties). The actual challenge is
the application of finite element methods to large 3D problems will require
the development of parallel processors; Pironneau (1979) suggested some
methods for the solution of Navier Stokes equations using parallel processors
with SIMD architecture.

For the theory of finite element methods, the reader is referred, e.g. to
Ciarlet (1978), Babuska and Aziz (1972), Strang and Fix (1972), Oden and
Reddy (1976b), Girault and Raviart (1979), de Boor (1974), Miller (1978),
Raviart (1979); for mathematical problems concerning partial differential
equations, see for instance Agmon (1965), Lions (1969, 1977), Necas (1967),
Temam (1977).

Finite element methods offer a great flexibility to solve general partial
differential equations; on the other hand, the preliminary investments in
programmation are important, and cannot be efficiently developed by iso-
lated programmers. Thus in order to remedy the development of redundant
programs by various institutions and industries. I.R.ILA. created the club
MODULEF? about five years ago. The goal of this club is to offer a structure
where the members, from industry and university, can meet and share their

2e.g. the methods with the stream function are 2-dimensional.
Begis and Perronnet (1979).
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experience and packages; libraries of routines are already developed concern-
ing: mesh generation; solvers of linear systems; analysis of structural mecha-
nics problems; a few modules (at this date) concern fluid mechanics (Navier
Stokes equations). Further effort should be done for easier learning facilities
and readability of Fortran programs.

For the realization of this course I am gratefully indebted to a number of
persons: first of all to my friends at LN.R.IA. for helpful discussions and
supporting fellowship, specially to A. Dervieux, J. F. Bourgat and M. O.
Bristeau who supplied some figures; to J. Periaux from Avions-Marcel-
Dassault /Bréguet-Aviation who supplied a numerical example in an in-
dustrial configuration; to my friends of Departement d’Analyse Numérique
of Universités Paris 6 and Paris 11; to B. L. Hua from L.O.P./Muséum, for
helpful comments; to Mme Kurinckx-Longrée for the efficient and beautiful
typing of the manuscript; to my wife Annic for her patient support during
these last few months.

Thanks are also due to the Von Karman Institute for Fluid Dynamics
(Belgium) where this course was displayed (V.K.I. Lecture series, Computa-
tional Fluid Dynamics, March 26-29, 1980. Finally am gratefully indebted to
Pr. R. Temam, to whom I owe my initiation to Numerical Analysis and who
introduced me to V.K.I., and to Pr. R. Glowinski and Pr. P. A. Raviart for
their encouraging and stimulating discussions.



Notations

= physical (bounded) domain of calculation
I'=9Q=boundary of Q

[y, T}, I,... =parts of T (in the case of the flow around an obstacle, I is
the exterior boundary)

t=time variable
x={x,, x,} or {x,, x,, X3} =generic point in {
dx=dx,dx, or dx,dx, dx, =infinitesimal area
ds=infinitesimal length on I’
L*(Q)=set of square integrable functions
={v: folo(x)*dx<+ o0}
H'(Q)={vEL*(R)= Jy|grad v|* dx< + o0}
H,(2)=set of functions in H'(R) vanishing on the boundary
={veH\(Q): v =0}
H(div, Q)= {v={v,,v,}: v, EL}Q), divoE LX(Q)}
Hy(div, )= {vE€H(div,Q): divv=01in €, v-n=0 on I'}

n=n(x)=unit vector normal to the boundary at a point x, pointing
outwards of the domain.

u, 8=solutions of model problems: Poisson’s equation and advection-
diffusion equation

u=velocity field (¥ in 1 dimension)
p=pressure

0,, =stress tensor

f={/f}=body force

« =diffusivity coefficient

k,, = diffusivity tensor

v=kinematic viscosity

y=stream function

w=vorticity (or a relaxation parameter, according to the context).
A=value of p (or w) on the boundary.
v,v, g=trial functions
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97, = triangulation (or quadrangulation) with meshsize h

NS =number of vertices

NT=number of elements (triangles, quadrangles or other)

N =number of (discrete) equation

h or x=meshsize

u,, 0,,u,, p,, ¥, w, =finite element approximations to u,0,u, p,y, w.
T=an element (generally a triangle)

K=an element (generally a quadrangle)

A,. i=1,2,3=barycentric coordinates (or area coordinates) on a triangle 7
T'=the reference triangle

K = the reference quadrangle

§={¢,, £, ) =generic point in the reference element T or K.

F; or F, =transformation from TorK,to TorK.

0F; 0F

J or Jy =jacobian= E or Y

oT=boundary of T
dK=boundary of K

n,(x)=unit vector normal to 0T at a poirt s, pointing outwards of T (or n
if this is not ambiguous)

n,: as above

P, (k=0,1,2,...)=set of polynomials in 2 variables of total degree <k

Q. (k=0,1,2,...)=set of polynomials in 2 variables, of degree <k with
respect to each variable

a=upwinding parameter

¢ = penalization parameter

p=parameter of Uzawa’s algorithm

¢, = basis functions

w,, =scalar basis functions, P, non conforming element

w,,w, = vector valued, divergence free basis functions (P, non conforming
element)

a(u,v)

b(p.v)

J(v)=cost functional in a minimization process

£(-,-)=lagrangian functional

bilinear forms



1. Elliptic Equations of Order 2: Some Standard Finite
Element Methods

1.1. A 1-Dimensional Model Problem: The Basic Notions

Consider the following equation, to be satisfied on the real interval 0<x<1:

_d du B
Lu= =)o Hplx)u=/(x) (1)
with the boundary conditions:
u(0)=0  (Dirichler* boundary condition) (2)
% (1)=0  ( Neumann® boundary condition). (3)

The key of finite element methods (as any galerkin method) is to require
for the residual (Lu—f) to be orthogonal to all v lying in a proper vector
space:

(Lu—f,v)=0, VoveV,?® (4)

where the parenthesis (-, -) stand for the L2 scalar product over the domain
of integration:

(u,u):fuvdx, Q=)0,1(
Q

(this classical notation will be used throughout the course).

Equation (4) needs to be transformed, for several reasons, the first of which
is that it contains second order derivatives which are difficult to approximate’
in the framework of finite element methods. Therefore let us perform an
integration by parts in (4):

du dv _ du
(KE’E)+(#u’U)_(f’U)+deU

—K——0

, o dx (3)

Using the natural boundary condition (3), the first boundary term (at
x=1) cancels out. The second term (at x=0) cancels if v satisfies the same

0

4or “cssential” boundary condition.
“natural” boundary condition.

¥ v€ V means: “for all v lying n V.”
"such as it is
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homogeneous boundary condition as u:
v(0)=0
Thus we come to the following formulation of the original problem (1):
Find u such that:

u(0)=0

(6
alu,v)=(f,v), V v such that v(0)=0 )
with the notation:
(Y du dv
a(u.v)—j{; (de e +uuv)dx. (7)

Note the symmetric role played by u and v in this formulation. In fact we
shall take v in the same class as u, which remains to define.

Before clearing this point, we note that (6) may be formulated as an
optimization problem (of which (6) is the Euler equation):

Find u such that u(0)=0, and:

J(u)= min J(v)
vie(M=0

with

J(v)=1a(v.0)=(f.0)

Over which space shall we minimize J(v)?

The integrals involved in (6) and (7) must be finite, and the class should be
a complete Hilbert space, so that the minimum can be found in this class.
This leads to the definition:
V' =set of all v such that:

2

dx<+ o0 (8)

.

f |v|"dx<+ oo
0

dv

/(;I dx
v(0)=0

(we assume® that k(x) is bounded away from 0:

k(x)=0, k(x)=x,>0.°
Note that the Dirichlet boundary condition is included in the definition (8) of

#This excludes the case of cylindrical coordinates, where k( x)=0(1 /x) near x=0 For a study
of this case, see Crouzeix and Thomas (1973).

?Then ]/ai v,v) defines a norm on V, equivalent to the usual Sobolev norm:

VA (e[ o
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space V (v(0)=0), but not the Neumann condition. Indeed the first boundary
condition does make sense for functions satisfying (8). while the second
(Neumann) condition does not.

Finally we get the following problem:

Find u € V such that:

9
u(u,u):(f‘l‘), VoeVlV ( )
or, equivalently:
MiPJ(v):%a(v,v)~(f.v) (10)
re

Problem (9) is often called the “‘variational formulation” of differential
equation (1). However we have in view the solution of Navier Stokes
equations where no simple variational principle can be involved. Therefore
the term “weak formulation™ seems better suited for our purpose.

Finite element methods work on the weak formulation: they involve the
construction of a finite dimensional subspace of V-

v, CV
and require that (9) should be true for members of V), instead of V.

Find u,, €V, such that

3 (11)
au,,v,)=(f.0,), Vo, €V,

Let us describe the simplest of finite elements: the 1D-piecewise linear
clement.

We give on )0, 1( a subdivision:

O=x,<x,<x,<- - <xy=1.

The functions v, €V, are required to satisfy the following requisites:

v, is continuous over (0, 1);

v, 1s piecewise linear per interval;

v,(0)=0
Then it is easily seen that V, is generated by the following set of basis"
functions (“roof” functions Figure 1)

X<x, 1 ¢,(x)=0

_ XX
X, 1 =x=x, 1o(x)=——

xl‘—xl 1
+1 X
X, <x<x =
1 B! ¢l( ) X:-FI_YI
X, =X 2 9(x)=0

19 Also called “shape functions.”
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M —— ——

Fig 1 (Notc that ¢,(x,)—9,))

Thus V,, is of dimension N: we can expand u,, as:

N
u(x)= 2 U, (x)
=1

with u, = value of u,, at node x, =u,(x, )

Finally the discrete equations (11) take the form:

Find u,,..., u such that

v (12)
Dua(e,.¢)=(/¢), forallj=1,....N

1=

(that is, a system of N linear equations for N unknowns).
It is fruitful exercise, once in life, to compute the coefficients in (12) (using
the quadrature formula:

Y RTRR
f puvdx=p, ,/2f uv dx)
‘l I

RY

One easily gets: j=1,..., N:
_ Tk XX )
a,,,ﬂ“ﬁﬂh—x/z—é— (13a)
J=1...,N—1
K K X, —X X —Xx
=172 j+1/2 RN ] 7 71
= + + y——tpu,_ ,——— (13b
a,, X —X, XX, IR VZ) 3 K= 3 ( )
_TKkan XX .
a, ,+17— X, X, T 6 (13¢)
J=N
_ KN Xy TXN—1
ay.n~— Xy —Xn Ty 12 3 (13d)

(all other terms vanish).
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For a uniform mesh: x, —x, | =h and constant coefficients, equations take
a familiar form:

w2, (“:-l _2& unl)._
K e +u 6 + 3 + 6 =f

(withf,zh 'fa'ﬁp,dx) (14)

u, =1

Uy “ Uy Uy | Un
RS +"( 6 '3 ):fN

As often the finite element methods of low degree, when applied on a
uniform mesh, coincide with a standard finite difference scheme.

We note that the matrix of the linear system (12) is symmetric and
tridiagonal; therefore the system of equations can be solved by Gauss
elimination in O(N ) operations. Note also that the matrix is positive definite.

We sum up the general features of finite element methods which have been
outlined in this section and which are common to all finite element methods:

The method is based on a weak formulation;
Dirichlet'! boundary conditions are strongly imposed;

The unknowns of the problem have an immediate physical meaning:
u, =u,(x,); (these are the “degrees of freedom” of u,);

The basis functions ¢, have a small support'? (¢, is non vanishing only on
the two intervals near x,);

As a result, the matrix of the system to be solved is sparse: most of its
elements are zero (in this 1D example it was even tridiagonal).

What about non homogeneous boundary condition? Suppose first that
instead of (2) we have:

u(0)=u,
Then we can set:
d(x)=u(x)—uyp(x), wherey issuch thaty(0)=1
and the weak formulation is changed to:
a(a,v)=(f,v)+a(uy,v), Vo
In the discrete problem we can take:
a(x)=u,(x)—ugdy(x)EV,

but the equations (13)-(14) are unchanged: instead of vanishing u, takes a
prescribed value.

" Boundary conditions of order <m for an elliptic equation of order 2m.

12Contrary to spectral methods, we have a grid point approximation; the degrees of freedom
have a local signification.
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Suppose now that we have a Fourier boundary condition at x=1:
u(0)=0

au()+BI (1) =g, (a>0,8>0) (15)
From (5) it is readily seen that the corresponding weak formulation is:
1 du dv k(1)a ! k(1)
fo(xaﬁﬁ—uuv dx+ B u(l)v(l)—/(‘)fudx-i—Tq,v(]),
voveV. (16)

The finite element equations are constructed as before from the weak
formulation.

It is a common feature of finite clement methods that the most general
boundary conditions can be easily handled in a semi automatic fashion.

Remarks.

(i) The ‘energy” %a(v,v) is augmented by a boundary term:
K(])O{/ZBU(I)2

(i) Neumann (or Fourier) boundary conditions are not strongly satisfied.
For example, take k=1, p=0, f=1, and the Neumann condition at x=1

du

Then the discrete solution is:

2

X
T _
u,—x, 2 uh‘Eulq)l
1

(The values of u,, at the nodal points x, are precisely the values of the exact
solution at x,)."* However the Neumann condition is only approximately

satisfied, in the limit h—0:

dul J—
2 (1)=hy2

1.2. A 2-Dimensional Problem

We consider the 2-dimensional analogue of equation (1)

—(k,u,) ,=f inQ (17a)
u=0 onTj, (Dirichletboundary condition) (17b)
«,u,n,=0 onT,, (Neumannboundary condition) (17¢)

'3This 15 related to “superconvergence” phenomena: see Douglas (1972), Douglas and Dupont
(1972)
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x24 n(x)

To

>

X] Fig 2

The following notations are used:

{2=domain of integration (Figure 2)
I'=T, UT, =boundary of Q
n=n(x)=unit vector, normal to I' at point x, pointing outwards, with
components n,, n,
du

S 9x,

x,,(x)=diffusivity tensor, satisfying the coercivity condition (ky>0)

u

K, (X)&E,=xo(£2 +£3), forall xingQ, (08)

and all vectors (£, ¢,)

We shall also assume that the «,, are bounded.
(We use throughout the classical condition on repeated indices; for ins-
tance k, u_, is the same as:

2 Kuu.: = Klju.] +K2/u,2)

EXAMPLE. k|, =K, =1, K, =Ky =0
This is Poisson’s equation with mixed boundary conditions:
—Au=f inQ
u=0 onl,
du
—=0 onT
on 2

The first step in the application to (17) of a finite element method, is to
write the weak formulation of (17). The procedure is very much the same as
in 1 dimension: let v(x) be any “smooth enough” function satisfying the
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homogeneous Dirichlet boundary condition (17b):
v=0 onlj. (19)

Multiplying (17a) by v, integrate the result over £ and transform it by
Green’s formula.'* The result is:

fgn,,u.,v./dx:/gfvdx. (20)

(The boundary integrals vanish, with (17¢) and (19).)
We require (20) to be true over all v such that the integrals are meaningful:

V=set of v such that

a) /|v|2dx<+oo
Q

b) [ o, [2dx<+o0 (21)
Q
¢)o|,=0."

Note again the difference in the treatment of Dirichlet and Neumann
boundary conditions: the former are strongly imposed by u€V, while the
latter is known to be satisfied only by solution u.

Finally the weak formulation is:

uev
a(u,v)=(f,v), VoveEV (22)
with
U(U,U):/K”uilvijdx
i (23)
(f»v)zj;zfvdx

14This is the 2-dimensional integration by parts.

fﬂ(‘i’,,#’*#"l’.,)dxf'/;fpdzn,dl‘.

Sf T, is reduced to a point (or has zero measure) (21-c) is meaningless, and we have in fact a
pure Neumann problem; u is then defined up to an additive constant.
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Remarks.

(i) The above problem is, in general, not an optimisation problem, unless
the tensor K, is symmetric: k,, =k, then a(u,v)=a(v,u), and (22) is
equivalent to find in V' the minimum of the functional Ya(v,v)—(f, v)

(i1) The role of the coercivity condition (18) is to ensure existence and
uniqueness of a solution (thanks to the Lax Milgram theorem, see e.g. Lions
(1962), Agmon (1965)). It implies that:

fQK,,U,,U,,dXZKo'/;ZU_,U.,dX

In the symmetric case, k,, =k,, a(v,v)"/> can be used as a norm on V

equivalent to the usual Sobolev norm.

1.3. The Finite Element Equations

From (22) the principle of finite element methods is straight forward: develop
u,, '® (the discrete solution) as:

N

up(x)= 2 u,9,(x), (24)
1

p-

where the ¢, are the basis functions and u, the degrees of freedom of u,,.
Then the discrete equations are:

u,a(e,.¢,)=(1.¢,). Vqg(g=1....N). (25)

N
M=z

We note V), the vector space generated by the functions ¢, (p=1,..., N).

The above expression is strictly speaking meaningful if ¢, €V (V, €V);
however we will give later an example where this is not verified.

Thus the finite element method is entirely defined by the choice of the
interpolating space V},, that is to say, by the choice of the basis functions ¢,.

The domain £ is divided into small pieces, or “elements”: intervals in 1-D
problems; triangles or quadrangles in 2-D; tetrahedra or “bricks” in 3-D.!7
The basis functions are then defined element by element: we give below
several examples where they are polynomials of moderate degree k (k=1
or2).

"®usually “h* is of the order of the meshsize.
'7In 3-D, it seems much simpler to cover the domain with bricks than tetrahedra.
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We shall use the notation:
P, =set of polynomials of degree <k

Thus:
Py={1}
Py={1.x,.x,)

— 2 2
Pz—{l,x,,xz,x,,x,xz,xz},etc.

When quadrangles are employed, the following spaces of polynomials are
used:

Q, =set of polynomials of degree <k, with respect to each variable
0,={1}

0= {1 x;, x5, xx,}

> :{l,x,,xz,xlz,xlxz,xzz.xlzxz,x%xl}

We shall consider finite elements of Lagrange type, where the degrees of
freedom are the values of the unknown function (on the contrary, in Hermite
finite elements, the degrees of freedom also include values of derivatives).'® '

In other words, ¢, is defined by its values at some specially chosen nodal
points: for instance, a polynomial of degree 2 is entirely defined by its values
at 6 different points. The choice of the nodal points is guided by continuity
requirements: indeed we want ¢, (and u,)EV (except in the case of non
conforming elements, §1.) a sufficient condition is that:

(a) ¢, is piecewise polynomial
(b) ¢, is continuous at the inter-element faces (26)
(c) ¢,=0o0n I,

The continuity requirement is quite simple to check in the examples given in
the following sections.

As to (26-¢) it is also easily verified when & is a polygon: just cancel the
degrees of freedom corresponding to those nodes which lie on I},. Of course
this is not always the case in engineering problems: if we use straight
triangles, a “skin” remains between the exact domain and its approximation
as shown on Figure 3. Thus an error is committed, which deteriorates the
accuracy in finite elements of degree =2.

This is the reason for the introduction of “curved” or “isoparametric™
finite element methods (§1-4-2), where the boundary is better approximated.

¥ For instance we shall not consider in this course the Argyris’ triangle, with polynomials of
degree <5: see Olson (1978) for application to Navier Stokes equations.

1%In section 1.5 we shall introduce the nuxed formulation, where the derivatives u_, are taken
as independent variables, to be interpolated by another set of basis functions. In Hermite finite
clements, the functions to be interpolated is still u.
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Fig 3

In section 1-4-2 we shall consider the computation of integrals involved in
(23): numerical integration is required when , is not constant, or when
curved elements are used; in any case it is recommended for elements of
degree =2. The question is: which quadrature formula should be used so
that: 1) a minimum of integration points are involved; ii) the accuracy is
preserved.

Error estimates. We have the following general “theorem’: provided the
elements do not degenerate (in a sense to be precised), when polynomials of
degree k are used:

1,2
(/|grad(u—uh)|2dx =0(h*)
Q (27)

5

(fszwﬁ uy | *dx )l/ =0(h*th)

(Zlamal (1968), Srang and Fix (1973), Ciarlet and Raviart (1972), Ciarlet
(1975), Raviart (1975)).

This “optimal” order of convergence is obtained under several conditions:

(i) The first is related to the possible degeneracy of elements: in the above
papers, all the angles in the triangles or quadrangles are required to be
bounded away from 0 and from I1. P. Jamet (1975, 1976) and Synge (1957)
relaxed this condition and proved that the angles only need to be kept away
from IT; thus triangles may degenerate into flat triangles with no obtuse angle
(Figures 4 and 4b), quadrangles may degenerate into triangles (Figure 4c).

__A/\

(a) (b) ©)

Fig. 4 (a) admissible degeneracy of triangles; (b) nonadmissible degencracy of triangles: (c)
admissible degeneracy of quadrangles
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Remark. The price to be paid when using almost degenerate elements (Figure
4a) is an increased condition number of the matrix to be inverted. As an
illustration, we give® a numerical application due to J. F. Bourgat, which
conforts Jamet’s analysis (Figs. 4b-4c and 9¢-9e).

(ii) Next, the accuracy depends on the smoothness of the solution u: in
particular the accuracy deteriorates when u contains singularities (e.g. near
corners in {2, or in ase of discontinuous «,, or f). In such cases, the accuracy
may be restored:

Either by a refined mesh near the singularity point (Cf. Becker and Carey
(1978). Note that these authors relax the classical condition that two
neighbouring elements should intersect either at a single point, or a whole
side; see also Lomax (1977)).

Or by the use of special basis functions having the same order of singular-
ity as u (when this can be determined) at the expense of increased complexity
(especially in the numerical integration). For more details, see Strang and Fix
(1972, chapter 8).

(iii) We must use a proper quadrature formula and a proper representation
of the boundary (if necessary. curved elements): we detail these points for the
P2-triangle, §1-4-2.

(iv) The O(h*) accuracy (in the energy norm) may possibly not hold in
hyperbolic problems of fluids mechanics, as we shall see in the following
chapters.

1.4. Standard Examples of Finite Element Methods

This list of examples is not designed to be exhaustive of all possible finite
clement methods: see Zienckiewicz (1971) or Ciarlet (1975) for more exam-
ples: we only want to give illustrative examples that will appear to be useful
in fluid mechanics applications (in chapters 4 and 5).

1.4.1. Example 1: The P1-Triangle (Courant’s Triangle)
This is historically the first of finite element methods, since the pioncering paper by
R. Courant (1943).

The discrete solution u, is piecewise polynomial of degree <1: on each
triangle, it is determined by its values at the 3 vertices. The continuity
requirement on u, is checked by a straight forward argument: consider two
adjacent triangles T and T’ with interface (ab) (Figure 5). The restriction of

Rl .
*in appendix 2
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Fig. 5 Two adjacent elements

u, to (ab) is a polynomial of degree <1 in one variable; it depends on its
values at the 2 end points a and b; u, is continuous at these 2 points since
u,(a) and u,(b) are nodal values. Therefore, on (ab), u, takes the same value
on each side, computed either from T or from 7".

Each basis function ¢, is associated with a vertex node

a:¢,=1ata,
¢, =0 at all other nodes.

Of course ¢, takes non zero values only on the triangles neighbour to vertex
a, on a triangle T, whose vertices are numbered for convenience: a,, a,, as,
the basis function simply coincide with the barycentric coordinates, or “area
coordinates”:

area of triangle (xa,a,)
2(x) =M ()= area of triangle (a,a,a;)

The gradient of ¢, has a simple expression: (on triangle T=a,a,a;, see
Figure 6)
_ n,|a,a,|
grad ¢, = 2area(T)

:_zareL(r)(“fz‘”ﬁ)*m(a%—a‘z) (28)

Let us take now a global view at the whole domain: for each node p '

there is an associated basis function ¢,; the discrete equations are written
from (25):

N
glul,x gfrx,,%,qsq_]dx:;frf%dx, forall g=1,.... N (29)

2'We number N+ 1, N+2,..., the nodes on T,
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ay

Fig 6
a .
2 (nI = unit vector nonnal to a,a, )
—> .
n dq (@, a} =coordinates of vertex a, )

The matrix of this linear system of equations is of order N =number of vertex
nodes which do not lie on I, (where Dirichlet boundary conditions are
applied).

The linear system is assembled from the contributions in the mesh, which
are examined in turn.

An entry in the matrix: a(¢,, ¢,) (for any nodes p, q) is non zero only if p
and ¢ belong to a common triangle. Thus the matrix is sparse, but its
structure is in general more complicated than matrices of finite difference
methods, although it may be simplified when a regular mesh is used (see
Figure 7. with this regular mesh, and if k,,=ky =1, Kk, =k, =0, the
classical 5-point finite difference formula for the Laplacian is retrieved).

Consider now the Poisson’s equation (—Au=f): on a general mesh, it is
easy to check from (28) that: provided the angles in the mesh are all acute,
then:

a(e,.4,)>0,  a(é,.,)=<0, g#p (30)

Ya(e,.4,)=0

q

-+ —p

h——]

1 Fig 7
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Then the matrix is an M-matrix (Varga (1962)), that is, its inverse has positive
elements; thus,

f=0=u,=0 (31)

This discrete maximum principle is lost for higher order finite elements.
Cf. Ciarlet and Raviart (1973b).

1.4.2. Example 2: The P2-Triangle

The discrete solution u,, is piecewise quadratic and continuous all over . On
each triangle T=(a,a,a;) (Figure 8: the mid points are a,, s, ay). there are
6 basis functions whose expression is easily found with the help of bary-
centric coordinates:

One basis function per vertex: ¢, =A(2A, — 1)
One basis function per midside node: ¢, =4A A,

Remarks.

¢,(a,)=9,, i, j=1....,6.

The dlscrete solution is commuous across an inter triangle boundary (by
the same argument as in 1.4.1)

If the domain of integration € is a polygon, the error in the energy norm is
O(h?), after (27). If this is not true (£ has curved boundaries), errors are
committed when § is approximated by a polygon; then it can be proved (and
confirmed by experience) that the error in energy norm cannot be better than
O(h*/?) (see e.g. Raviart (1975)). This is rather frustrating: why should we
pay an increased complexity for an improvement of only OWh)? Hence
appears the interest of a better approximation by curved elements which we
now describe.

Consider Figure 9a, where a triangle T=(a,a,4d;) is close to a curved
boundary: it would be nice to be able to interpolate the solution at point a5,
situated on the boundary, instead of the true mid point ds; but how can we
define a solution satisfying the continuity requirements? The trick is to
transform T into a straight triangle T, and to define the basis functions on 7.

a

£l4
d¢

4
ag a3 Fig. 8
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a3 x=Fr (§)
X34 — 3
36 N
—_—  I\33
" £-F7' ()
’55 35 35
a4 /3\6 '
., %
xl / 82 31 34 1 El
(a) (b)

Fig. 9 (a) a curved P2-triangle; (b) the reference P2-triangle

It appears convenient to use the same T for all triangles T in the mesh; the
choice of 7 (the reference triangle) is just a matter of personal convenience for
the programmer. A common choice is shown on Figure 9b. The transforma-
tion Fy, which is to map T onto T, should satisfy:

Fr(a)=a, [=1,...,6 (32)

That is to say, the image of a node in the reference element is a node in the
triangle T, note that, for /=4,5,6, a, does not need to be the true mid point 4,
of the straight segment event if @, is not on the boundary (e.g. a4 or a, on
Figure 9a); however the distance between a, and 4, should be by an order of
magnitude smaller than the meshsize:

ifaja,=0(h), |asas|=0(h?). (33)
Now (32) states, for each cartesian component of F, 6 equations: therefore
we assume for Fr(§,, §,) is quadratic, and (32) entirely determines Fj.

It is quite convenient to define F; with the basis functions of the reference
element:

~oa v |1, ifl=m _
‘;bl(am)_[o‘ lf[#m [,m—l,...,6

Then:
6

Fr(¢)= 2 a/‘i’/(ﬁ)

=
It is an elementary exercise to obtain the ¢,; for instance: ¢, =(1—(¢, +

EN1—2(§, +¢£,)), etc. )
Now the basis functions ¢, on T=F(T') are defined through F:

o (x)=0,(¢), x=Fp(§), I=1,....6
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The integrals on T are transformed into integrals on 7
0¢, 0
08,

fTKI/¢I,r¢m.1d‘x:/_i_JTKIJ(FT(g))(pI‘r‘bm.sa—x’ axl ’g (34)
oF, . . . . .
where .IT:deta—g =jacobian of F,. (Note that J,(£) is a rational fraction).

Remarks.

(i) The same polynomial set is used to represent the geometry of the
triangle and the solution: hence comes the qualification of “isoparametric”
which is often applied to curved elements;

(i) Under such reasonable hypotheses as (32), the jacobian of F,- does not
vanish and F; is an invertible mapping from T onto T

(iii) Continuity requirements are checked by the standard argument devel-
oped in 1.4.1 for the Pl-triangle (first, by the same argument, it can be
checked that the curved elements cover the interior of @ without overlapping).
Note: a polyndmial of degree 2 in 1 variable is determined by its values at 3
different points!

(iv) Clearly the integrals involved in (33) should be computed through
numerical integration:

I
fﬂg(ﬁ)dﬁ is approximated by Y, w,g(¢")
T 1

(where the ¢ belong to T'). (35)

We see the capital interest in the choice of a common reference element:
the numerical integration formula is fixed and does not need to depend on T.
Which integration formula should be chosen? First of all the matrix and the
right hand side may be computed through different integration formulae;
then it is expected than an extra cost will have to be paid when curved
elements are used instead of the straight ones.

A balance must be kept between accuracy and computer time: a very
accurate integration formula will be costly; on the other hand, (34) must be
accurate enough not to deteriorate the O(h*) error in the energy norm. From
the analysis of Ciarlet and Raviart (1972) it results that, when P2-curved
triangles are used, the following sufficient conditions should be satisfied:

() w,>0,1=1,..., 1

(ii) There are enough integration points in (34) so that the approximation of
a(u,v) is non degenerate (it should define a coercive bilinear form on
V,): at least 3 integration points should be used;

(iii) For the computation of (34), the integration formula (35) should be exact
for polynomials of degree =<3 (=2 if the triangle is straight);

(iv) For the computation of the right hand sides [;f¢ dx, the integration
formula should be exact for polynomials of degree <4 (=<2 for a straight
triangle).
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Remark. This analysis holds if the data f and x,, are smooth; for instance «, ;
should have, on each triangle, bounded derivatives; if this is not true the true

solution u will show singularities, and the optimal order of accuracy will not
be obtained any way.

All these remarks on numerical integration stay valid, in their principle, for
the subsequent examples.

Numerical illustration (J. F. Bourgat, appendix 2).

1.4.3. Example 3: The Q1-Quadrangle

Although this is the simplest quadrangular element, the passage to a reference
element is required where the transformation has non constant jacobian.??
The basis functions on the reference element K (Figure 10b) are:

‘2’1:(]_51)(1_52)

‘i’z Zﬁl(l _gz)
&’szl‘fz
&‘4251(1_&)

50 that ¢,(d,,)=8,,,.
For a quadrangle K=a,a,a,a, (Figure 10a—K should be convex in order
to ensure that Fy is non singular) we set

4
FK(‘S): 2 (i’/(é)al
=1
Next we define the basis functions on K:
o, (x)=¢,(¢§). xEK, t€K, x=F(¢).

We do not detail the development of the method which is quite similar to the
other examples.

Order of accuracy:
s 1/2
(/[grad(u—uh)| dx| =0(h).
Q
Integration formula:

Contains at least three points;
Exact for all polyndmials in Q,.

2 Unless one 1s content with working on simple domains: the image of the square K under a
linear transformation is a parallelogram, 1t cannot be a general quadrangle of arbitrary shape.
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L OX a EZ \
. 2
a3 A
X=FK (2) 'd4 33
a, > K
a; F[(‘(X)=E

(a) (b)
Fig 10

1.4.4. Example 4: The 02-Quadrangle
Basis functions on K:
¢ =(1—¢)(1-§,)(1-2¢,)(1-2¢,)
$, =£,(1-&,)(1-2¢,)(1-2¢,)
by =£,8,(1-2¢, )(1—2&)
b= (1-8,),(1-2§,)(1-2¢,)
<2>5=4§.(l— &)(1- )(1~257)
b =4£,8,(1-28) (1~
b, =48,E,(1-¢)(1-2¢,
by =4(1—£,)&,(1-28,)(
bo=16£,£,(1—§,)(1—¢;)

9

tEK—XxER: x=F(£)= 3 a,6,(¢)

=1
o (x)=¢,(8), x=Fc(§), [=1,...9

Order of accuracy:

£,)
)
1-¢;)

1/2

(.[lgrad(u—u,,)|2dx =0(h?)
Q
Integration formula:

A polynomial of P;NQ, is determined by its values at the integration
points??;

The integration formula integrates exactly polynomials in Q5 (in Q3 if the
element is “straight”, i.e. if Fy €Q,XQ)).

2 In the terminology of Raviart (1975), the integration points form a P; N Q5 unisolvent set.
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a
6 ,
X a 42
2 3 £,
A
A a a
aq a4 3
a
'd4 A A A
d8 , odg d()
ag 4
A
; lil A A L
1 ag a, £
(a) (b)

Fig. 11 (a) a curved Q2-quadrangle; (b) the reference Q2-quadrangle

Remarks. It is quite legitimate to mix in the same mesh P, (curved) triangles
and Q, (curved) quadrangles, or P, triangles and Q, quadrangles, at the
expense of minor increase in programming complexity.

1.4.5. A Variational Crime?: The P1 Nonconforming Element

In all of the previous examples, the approximate solution was a continuous
function all over the domain, and:

MhEVhCV

Now, with the present example we allow this continuity requirement to be
relaxed: the elements are (straight) triangles, u, is piecewise polynomial of
degree <1, and only required to be continuous at the mid side nodes; in other
words we chose to determine, on each triangle, u,, by its values at the mid side
nodes.

N

()= 2 g, (). w,=u,(p)
1

p
is the basis function associated with mid side node p:
P
¢, 1s piecewise linear

$,(p)=1

$,(q)=0(g#p)

The support of ¢, is shown on Figure 12: this is made of the 2 triangles
adjacent to node p. Strictly speaking a(¢,, ¢,) is not defined: the derivatives
of ¢,,¢,.u,, contain Dirac distributions; let us ignore them and write the

24 After G. Strang
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Fig. 12 The support of ¢,

following discrete equations, analogue to (20);
N
> upzxuqbp‘,%‘jdx: > /f(qux. forallg=1,...,N
p=1 T T°T

A justification is required for this process which may appear somewhat
arbitrary: in fact, nonconforming finite element methods sometimes work
(the present one does!), sometimes they don’t! A necessary criterion for
convergence, the “patch test” is due to the intuition of B. M. Irons (1972); it
was mathematically analysed by G. Strang (Strang and Fix (1972)). The
patch test is enounced as follows:

Suppose that the data f,k, , are such that the exact solution is a
ppose ] .
polynomial u % of degree 1 ?°, then the approximate solution u,
should coincide exactly with u.

This test is very simple to check; it proved to be successful in structural
mechanics applications.

We give in the appendix a sketch of the proof of convergence (for a
simplified equation) and of the error estimate in the energy norm:

(;/Tuu—u,,)_,fdx )1/2:0(h)

Finally we note some further properties of the nonconforming P1-triangle:

(i) There are about 3 more unknowns than with the Pl conforming
triangle, for the same order of accuracy. However we shall see that this

23 Not piecewise polynomial, but polynomial on the whole domain.
200f degree m for an equation of order 2m
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Fig. 13 Perspective
view of ¢, on the 2
adjacent triangles

element defines a cheap approximation of Stokes problem (chapter 4).
For application to the approximation of shallow water equations, see
Hua and Thomasset (1979);

(it) The properties (30) and (31) still hold for the approximation of Poisson’s
equation (discrete maximum principle);

(iii) If p7q, the basis function ¢, and ¢, are L?-orthogonal:

f9¢p¢qu:0, if pg

(this fails to be true for the Pl conforming triangle, unless the “mass-
lumping” approximation is used);

(iv) The importance of such properties are enlightened by the examination
of a parabolic equation, e.g. heat conduction equation in a homoge-
neous medium (with normalized coefficient):

du

— —Au=

ot f

ulp =0

u(0)=u,

with =0, u, =0

Discretizing (in space) with the P1 nonconforming triangle and in time

with explicit schemes (like Euler), or implicit schemes (Crank Nicholson) it is
easy to check that the approximate temperature remains positive.

1.5. Mixed Formulation and Mixed Finite Element Methods for
Elliptic Equations

The word “mixed” refers to the fact that the gradient of the solution is
introduced as a supplementary independent variable: thus one has to mix
(with some caution) two types of approximations for u, and for grad u. Note
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that this approach is quite different of interpolating u through values of u and
grad u at nodal points (Hermite interpolation). The interest of such approach
is two fold: first the accuracy for grad u is increased (for instance Neumann
boundary conditions are better satisfied); this is important if the variable of
primary physical interest is grad u rather than u in itself.?” Then, commonly
used approximations of Stokes and Navier Stokes equations come into the
framework of mixed finite element methods (velocity-pressure formulation, or
stream function-vorticity), and new promising methods are being developed
within this framework. The price to be paid is generally a considerable
increase in the number of equations.

The aim of this chapter is to explain what mixed finite element methods
really are and which necessary conditions should be satisfied for convergence.
A detailed analysis of mixed anhybrid methods can be found in Thomas
(1977); see also Thomas (1976), Raviart and Thomas (1977a, 1977b), Brezzi
(1974), Brezzi and Raviart (1978), Johnson and Mercier (1978), and the
references of these papers.

1.5.1. The One Dimensional Problem

In order to get a better understanding of the method, we consider again the
one dimensional problem of chapter 1.

—%(K%):f in )0, 1(

u(0)=0 (36)
du .
E(l)—o
We can write (36) in the form:
a) —%If in )0, 1(
d .
b) p—K-d—:—ZO in )0, I( (37)
c) u(0)=0
d) p(1)=0

A weak formulation corresponding to (37) is as follows:

a) fol(j—i+f)vdx:(), VoeEL*(Q)

b) /Ol(x_'pq+u%)dx:0. VgEX,

" For instance: in irrational flows: u= potential, grad u= velocity.
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where X is the set of functions g on )0, I( such that:

f||q|2dx<+oo
0
4

Il
o | dx

dx<+ o0
g(1)=0"

(so that p € X implies the Neumann boundary condition (37d)).

Remarks.

(i) (38b) is nothing but a weak form of: p—«x(du/dx)=0, with boundary
condition u(0)=0;

(ii) no derivatives of u or v appear in (38); therefore we can take a
discontinuous approximation of u.

For brevity, we shall only describe the mixed method of lowest degree:
Piecewise constant approximation of u;
Piecewise linear approximation of q.
Thus we divide )0, I( into N intervals (the 1-D “elements”).
We set, for this subdivision of )0, 1(:
M, =Set of piecewise constant functions; a set of basis functions of M, is
given by the functions w;:
WIZI’ on )xz‘x1+l(
=0, elsewhere
(Figure 14a)

X0 Xy X X141 XN X

(b)

Fig. 14 (a) basis function of M,. (b) basis function of X,



30 1. Elliptic Equations of Order 2: Some Standard Finite Element Methods

Xy, =Set of piecewise linear, continuous functions; vanishing at x=1 a set
of basis functions of X, is given by the roof functions ¢, (figure 14b,
i=0,1,...., N—1)

(Note that X, CX, M, CL*0,1)).

Then, the discrete equations are readily obtained from (38):

4
a) /O( p"+f)vdx 0 VoeMm,

d
(39)
1
b) -[0 (x phq-l-u,,d )dx 0, V¢EX,
(this last equation defines the discrete derivative of u,) or, equivalently:
d
a) f ( L )dxzo, i=0,1,....N—1
"l
(40)

dq
b) fo'(x 'Pad, )dx 0. i=0....,N—1

Let us assume for the sake of brevity that: k =k, >0 (this does not change
the structure of the system of equations), and set:

A TR )
1H1/2 3'(0

P =pa(x,), U=, ON )x,, x, 4 (
f.+|/2:(x,+|_x,)'/;“,*lfdx

Then the discrete equations can be explicitely written:
a) PP, =—fi0 =01, N—1
b) py=0
¢) Al/zp()+%>\l/zpl_ul/220s (i=0)

d) é}‘,ﬂ/zl’,—l'*'()‘,wl/z +)‘,+1/2 )P, + §A1+I/2[}: .

+ur I/Z_uz-fl/Z:O’ (O<i<N—l)

€) %AN—-J/Z Pn—2 +(}‘N—3/2 +)‘N71/2)PN”1 +“NA3/2 TUn-—12 =0,
(i=N—1)
(41)

In matrix form we can write this as:

[ )= ()
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with
}‘I/Z %)‘1/2
%AI/Z (>‘1/2+)\3/2) %M/z 0
\ \ AN
\A \\ \
\
\ AN AN
0 \ \ \\
N\ \ N
\ N \
\ N\ \
\ N\ \
— AN N\ \
A= \ \ \\
%Al 1/2 (AI—I/Z+A1+]/2) %AH»I/Z
\\ h \\
\ \\ \
N\ \
\ N\ N
\ N % N-3/2
AN N\
N\ AN
N\ \
\ \
%}\N—B/Z ()\Nf3/2+>‘N——l/2)
(43)
—1 1
-1 1 0
B=
0 -1

(the fact that the dimensions of 4 and B are equal is particular to this
1-dimensional formulation).
Several important points should be emphasized:

(1) Some diagonal elements in the matrix of (42) are zero and the solver
needs to take this fact into account?®;
(i1) There are twice as many unknowns than for the Lagrange approximation
of u by piecewise linear elements;
(iii) If we solve (41) for p, we find:

r=pix)== [ 'f(x) dx.

that is, the exact solution is obtained at the nodes.

¥ In this very simple problem, direct solution of (41) is straightforward, solving first in p, and
substituting in (41c-¢) to obtain the u, ;| 5.
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On the other hand:
X 1
u,,(O)Zu,/zzflo(pO+§pl)ZO(h) (44)

Thus the Neumann condition is strongly satisfied and the Dirichlet condi-
tion (on u) is only weakly satisfied.

For the convergence of this method (and of higher order methods), we refer
¢.g. to Thomas (1977) where it is proved that:

5

2 1/2
1 d 2 5
(f (Ip;,“p|2+|——d (P;.“p)’ +uy —ul )dx) =0(h)
0 X

The keystone of the proof lies in the verification of the following property,
known as Brezzi-Babu3ka condition:

/l d(xl‘“ /2
Y vEM,. Sup - (f o|? dx) (45)

R

(where C is a constant, independent of /). It is important to see the meaning
of this condition: if the left hand side inequality (45) vanishes for v=u,:

j' quv 0. forallgin X,.

Hence from (39b), [/k 'p}dx=0, and p, =0: and on the other hand, (45)
implies 4, =0. Thus, the implication of (45) is this:

if the discrete derivative of u, is 0, then wu, =constant (=0 from
boundary conditions).

In other words, (45) tests*® the consistency of the approximation of deriva-
tives: the interpolations of u and p =« du /dx cannot be chosen independently
of each other. In this particular case, (45) is casily verified (for any v in M,
set q(x)=f0'v(§)d§. then ¢ € X,,. and dg/dx=v). However, it is much more
technical to check the same verification in 2- or 3-dimensional problems.

1.5.2. A Two Dimensional Problem
Consider the two dimensional boundary value problem of chapter I:
a)  —(x,u,) =f. in QCR*
b) u=0, on [ (46)

c) &, u,n =0, onT,

*?from another point of view, (45) ensures that the system of equations has a unique solution
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Obviously this problem can be split as in §2-2 by the introduction of the
cogradient p=(p,, p,):

a) p,,+f=0, in
b) p=k,u,, in Q
' (47)
¢) u=0, on I,
d) pn,=pn=0, onT,
We rewrite (47b) as:
A,p, U, (48)

e, [A, 1=k, ] g
By straightforward manipulations we get a weak formulation of (47) (48)
which we write under the general form: pe X, ueM:

a) a(p.q)+h(q.v)=0, VqeX

(49)
b)  b(p, u):—ffvdx, VYoeEM
«
with
a) a(p.)= [N, pg,dv
(50)
b) b(q.v)= vdx = [ divqu dx
) bla.o)= [q, vdx - [ dive
] . 2 12 e i .
X—lq(x)./ﬂ|q| dx<+oo,/g|d|vq] dx<+o0,q n—OonI,I»
(51)

M:Lz(ﬂ):{v: /szdx<+oo}

From (51), it is convenient to approximate u €M by discontinuous func-
tions, piecewise polynomial of some degree &; the chief difficulty lies in the
construction of the proper approximation for p& X. We shall describe here
the triangle approximation of lowest degree (k=0) and refer to Thomas
(1977) or Raviart (1979) for higher order approximations or approximations
on quadrilaterals.

Thus for a given triangulation, the approximation space for u is:

M, = {v such that: on each triangle 7, v =constant }
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Fig. 15

The construction of the approximation of p lies on the following lemma:

If q is smooth™ on each triangle, a necessary and sufficient condition
for [y|divq|?dx< + oo is the continuity of normal components of q at
interfaces of triangles:

ql7'ny+q|r-np =0 ondTNIT’
(ny; +n, =0, Figure 15).

(52)

Therefore quite naturally the degrees of freedom of q€ X, should be the
normal components of q at some points on the triangle sides. It is convenient
to use the reference triangle 7 (Figure 16) to define the basis functions on T.

First we define the basis functions on 7, so that: ¢ ())-n/ =5, :

. _ £, . _|§l\/2 - B —2+§2:4’3|
¢1(£)_ 1+§2 ¢2(£) ﬁzx/i ¢3(£) €2=<2>32

Then we define the basis functions on 7=

+1  3F.

¢Kx):zzfagng73gj¢u i=1,2,3 (53)

which verify: ¢,(m,)-nf=§, ; in order to satisfy (52) we must change the
sign in (53) (since n +n, =0 for 2 neighbor triangles). The approximation
space X), is defined to be generated by the basis functions ¢, associated to all
nodes in the mesh,*' bur for those nodes lying on TI: then the discrete

equations are, from (49):
a) a(p,.q)+b(q,u,)=0, VgEX,CX

54
b) b(p,,,v):—fﬂf-vdx, VvEM, CL*(Q). (54)

Ogl, €H\(T).
3'For any element q€ X,,, it can be checked that divq is piecewise constant.
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£24

X 4

(a) (b)

Fig 16 (a) The reference triangle T, m,: mid side nodes, i =unit normal vectors, 1=1,2,3: (b)
Tnangle T, m, =mid side nodes, n' umt normal vectors pointing outwards of 7'

These equations can readily be assembled from (50), (51), (53), (54).
We now state the following sufficient (this is valid for any system of the
form (54)) conditions for convergence:

(i) The bilinear form a(-, -) is coercive on L? 32

a(q.q)ZC'l/u|q|2dx

(55)
(i) Brezzi-Babuska’s condition:
b ) 1/2
VoEM,: Sup LZZCZ(fvzdx) (56)
g€ X, gl y Q

with
||q||§(:j;2(|q|2+(divq|2)dx

Note that the constants C,,C, should be independent of the meshsize. The
meaning of (55)-(56) is as in the 1-dimensional case:

(i) For a given u,,, (54a) determines uniquely the discrete gradient p,;
(i1) p, is a genuine gradient of u,, i.e., p,=0 together with boundary
conditions imply u, =0.
For the proof of (56), see e.g. Raviart-Thomas (1977a) or Thomas (1977).

32In a more general case, a(-, -) should be coercive over the space of ¢ such that b(q, v)=0 V
v, for the norm on X.
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Remarks.
(i) If the bilinear form a(-, -) is symmetric, i.e. if k, =« , then (54) can be
reformulated as finding the saddle point of the Lagrangian functional:

L(p,v)<(p,u)<t(q,u), forallqEX,,vEM,
with
(q.0)=1a(q.q9) +h(q.0)— (/. v)

In elasticity theory®® the corresponding statement is known as “Hellinger-
Reisner principle”

(1) From a practical point of view, the main difficulty of the method is
technique of solution of the linear system;

(i) For more details and numerical results** on application in structural
mechanics, see Brezzi et al. (1979), Pian (1971) and the references of these
papers.

3B with deplacement-stresses as dependent variables

3 For the implementation, the expression of basis functions of such finitc elements, see Jaffre
(1979a), O. H El Manouzi (1979).



2. Upwind Finite Element Schemes

One of the major difficulties encountered in the numerical simulation of fluid
flows lies in the discretisation of the advection term u-grad 8 (u=velocity,
which is assumed to be known in this chapter; §=advected quantity: con-
centration, temperature, vorticity,..., or momentum). We begin with a short
description of upwind finite difference schemes, since the ideas involved are
underlying some of the upwind finite element schemes.

2.1. Upwind Finite Differences

(Roache (1972), Richtmeyer and Morton (1967) and the bibliography therein).

It is well known to finite difference users that in advection dominated
flows, the use of centered differences to approximate the advection term, i.e.:

06 b,,,-0

X (at nox 7
0X (at nodc”ul 20x (5 )

can cause very severe non physical oscillations. To be specific, consider the
one dimensional stationary heat equation with advection:
d*0  d

—Kpﬁ‘u“?;:l (58)

with the boundary conditions:
6(0)=6(1)=0 (59)
If k<u, the solution 8 has a boundary layer of width O(k /u); (see Figure 17

where the exact solution is shown for u=1). Consider a finite difference
approximation of (58) with centered approximation of the convection term:
.20,_0,—1_0,“ n 0,+1_01—1 -1

u
5x? 26x (60)
8,=0y=0, Ox=1/N

K

Let us consider a fixed meshsize dx: as k—0, in the boundary layer, the
continuum problem will require df /dx to take arbitrary large values while 6



38 2. Upwind Fimte Element Schemes

1 ; thg 17

remains bounded; on the other hand a fixed mesh is unable to represent
arbitrary large gradients unless 6 is itself bounded.

Therefore when the ability of the mesh to resolve df /dx is reduced. the
imbalance in equation (58) is absorbed by the diffusion term, and spatial
oscillations are induced: a careful analysis of the production of such “wiggles”
is given by Roache (1972, §111-C-8, pp. 161- 165). Namely, wiggles occur
when:

%{ (= cell Reynolds number)=2.

We note that when k becomes small, equation (58) degenerates into a first
order equation for which a prescription of 2 Dirichlet boundary conditions is
inadequate: indeed the numerical solution is “polluted” far inside the domain
by the boundary condition at x=1.

Remark. If the boundary condition at x=1 is of Neumann type: df /dx=0,
there are no wiggles even with a centered approximation of the advection (for
a discussion of this point, see Gartling (1978), Griffiths (1976)).

Remedies to numerical wiggles, in finite difference context is now well
established.
Consider the upwind finite difference scheme (or one sided scheme):

Q/_Hlil f >0
201_0/—1_0/+l 6x ’ thu _
oLl =1 (61)
sz 0/‘|——0j .
P if u<0

Then the solution of (61) suffers no wiggles, regardless to the respective
values of k,u,8x. We note that the solution of (61) is practically not
influenced for small k, by the condition at the exit boundary (at x=1 for
u>0): the approximation of the advection term uses exclusively information
from upstream.



2.1 Upwind Fimte Differences 39

The discretisation of the advection is only first order accurate; a second
order scheme can be constructed in the following way (see Roscoe (1974,
1975, 1976), Barrett (1974) for recent developments): the scheme gives the
exact solution of the constant-coefficient equation; for example, the exact
solution of (58) is, for constant « and «:

(x)=u""(x—(1—exp(¥x))/(1-exp¥)) (62)
with y=u/«.
Then it is easy to build a difference scheme whose solution is exact at the
mesh points, namely:
6., —(1+exp(v))6, +exp(v)6, |

u 'dx(1—expy)

=1 (63)

with

y=y6x=ubx/k.

We can rearrange (63) as:

60.,—8 1+e 0.,—20 +6_
u 1+ 1 ) Kl xp(.Y) J+1 ] =1 =1 (64)
26x 2 1—exp(y) Sx2
so that the scheme adds a numerical viscosity:
r— e YeothY —
x—x(zcolhz l). (65)

Now, if the data k, u, are x-dependent, the scheme (63) can still be applied
at each grid point and has optimal O( 8x?) accuracy.

It will be instructive to consider another way to achieve optimal accuracy
via upwinding: instead of the upstream derivative in (61) we take a combina-
tion of upstream and downstream derivatives:

x20/—0,_,—01+1+u. a0/—0/ . 6,,—6

AR I .
Py ox +(1‘a)———6—;——— =1 (66)

where

1za=1/2, foru=0

0=a=<1/2, foru=0.
(Note that (61) is of this form with a= *1; a=1/2 corresponds to centered
differencing; |a|<1/2 would give a “down winding” scheme and is of course
unstable).

It is quite straightforward to check that scheme (66) adds a numerical
viscosity equal to:

k' =ky(a—1/2) (67)
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By comparison with (65) we see that optimal accuracy can be achieved with
the following choice of a:

LI NS
2(a 2)—coth2 2/y (68)

that is:

a= % + %coth% —1/y.

Our point here is that formula (68) is used in some upwind finite element
schemes to find the “best” upwinding parameter, as will be scen in the
following sections.

Indeed the standard finite element methods presented in chapter 1 will lead
to “centered” approximations of the advection term, and numerical wiggles
do occur when boundary layers are poorly represented (Figure 17). So that
the direction of flow must be taken into account in the discretisation of
advection: there are several ways of using this information, and therefore
several different “families” of upwind finite element methods.

We note however that upwinding is still far from being a standard
technique in finite elements: the proof of convergence is not firmly estab-
lished for most of those methods, and systematic comparisons are still to
come; this is a subject of active research.

Before reviewing these methods we turn to the one dimensional transport
equation:

which represents a wave propagation at speed c¢: if centered finite differences
(or element) are used, a perturbation at some point x,, will be propagated in
the wrong (upstream) direction as well as in the downstream direction; on the
other hand, if upwind differencing is used, the perturbation is propagated
only downstream.* In general upwind finite element schemes try to preserve
this property, by using the information from upstream to discretize the
advection.
Alternately the method of characteristics can preserve this property.

Remark. Upwinding is likely to be required when boundary layers are known
to be required; of course alternatives to upwinding are:

(1) To remove the boundary layers by a change of boundary conditions;
(i1) To refine the mesh in the appropriate zone. (Gartling (1978)). However
this is not possible in all practical problems.

* This property 1s called the transportive property by Roache.
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2.2. Modified Weighted Residual (MWR)

Christie ct al. (1976), Heinrich et al. (1977), Zienckiewicz (1977).
Consider a differential equation of the form:
Lo=
[Lo=7 y (69)
| +boundary conditions

Finite element method are particular examples of weighted residual method,
that is we require that the residual L#—f should be orthogonal to all
functions ¢ lying in the proper space:

(LO—f.¢)=0. V¢ (70)
(This is the ground for the weak formulation of (69)). Then @ is replaced by a
finite sum:

0(x)=26,¢(x)

where the ¢, are the shape functions; in the classical finite element method we
restrict (70) to be true for the shape functions:

26,(Lg.0,)(f.6)=0, V. (71)

An alternative to (71) is to take the weighting functions ¢ in a set of functions
different from the shape functions:

20 Lé.w)~(fw)=0, V. (72)

To be specific, let us consider again the one dimensional equation:

4 df
—_— + —_—
Ko udx ‘ (73)

6(1)=86(0)=
Consider finite elements of degree 1: the ¢, are the roof functions (Figure

18a). To obtain the weighting function w,, we add to ¢, a quadratic vanishing
at the nodes:

N(§)=3(1-¢)

Ol/ X_X/"l .
¢,(X)+h—N : , if x, | <x=x
7]

' (74)
w(x)=

a X, =X
¢/(x)——h/ N( AR ) if x, =x=x,,,

JER h‘/+l

(see Figure 18b; the weighting functions w, are “sucked” back in the upstream
direction).
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X -1 ) Xj+1 X
(2)

Fig. 18 (a) shape function ¢,; (b) weighting function w,

a, is a parameter, of the same sign as u, =u(x,), so that the weighting
functions are sucked in the upwind direction.
If for simplicity we assume that u, is constant we get the scheme.

1 1 1 1
(e (s Jo i)

/

l+a l—«a
+uX(~T@7|+a®+T@,])
l1+a l—a

=—5—h,+—5h,

( J :'xj —xj—l)'
If in addition the meshsize is uniform: A , =0x, the scheme can be written in a
classical difference form:

) 20,_0,~| _01+1 tu
Sx2 28x

0/+| -6,

L= (75)

KX(1+%8)<

in which we identify a numerical dissipation as in (64) or (66); the numerical
viscosity is: k'=k-ay/2, y=udx/k: local Reynolds number.
By comparison with the result of §2.1, we find that:

(1) The scheme is stable
either if |y|<2
orif |a|=1-2/|y|(“critical” value)

(ii) The exact solution is obtained at nodal point if:

a=cothy/2—2/v |: “optimal” value (76)

In practice for variable meshsize and velocity, a, can be chosen at each
point according to the law (76).
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For large v it is quite sufficient to use, instead of the value given by (76),
the critical value 1—2/y, which requires less computations, and which is
asymptotically equivalent to (76).

The 2-dimensional is straightforward for quadrangles: the 2-dimensional
weighting functions are just products of such 1-dimensional weighting func-
tions (Heinrich, Huyakorn and Zienckiewicz (1977)). The numerical results
given by these authors show that, even for a 2-dimensional problem, the
choice of optimal a (76) yields a very accurate solution (it would be useful to
know in which proportion this is preserved if a distorted mesh is used). The
same authors have also generalized the method to Q, elements (Heinrich and
Zienckiewicz (1977)).

As to the extension to triangular elements, they suggest to consider the
triangle as a degenerate quadrangle, and to revert to the above procedure for
quadrangles. An alternative and much more natural process to obtain the
weighting functions could be to modify the shape functions on each triangle
with the help of the bubble function: A,(x)A,(x)A5(x), which vanishes along
the boundary of the triangle (the A, are the area coordinates).

The procedures described in this section, although effective, lead to in-
creased computational complexity, compared to the standard Galerkin for-
mulation:

(i) The weighting functions w, are more complicated than the shape func-
tions, therefore higher order quadrature rules;

(ii) In a transient problem, the discretization of the temporal derivative 1s
changed; for instance in 1 dimension, the discretization of 06 /0r+d6 /dx
=0 yields*® with the preceding notations:

1 o\, 1 o 1 a .
hia*zﬂl+VW§+zy”ﬂ&§'z”@

I a), 1+a l—a
sl 54500 e+ 5
(6,=d@ /dt: to be discretized by any appropriate scheme such as Leap

Frog, Euler-backward, etc...). Note that the discretization of time deriva-
tives is modified by this upwinding.

0./*'1:0

2.3. Reduced Integration of the Advection Term

Hughes (1978), Hughes et al. (1979).
Parent schemes: Dervieux (1979, unpublished), Raviart (1979).

The implementation of this successful scheme which is based on numerical
quadrature techniques, is much simpler at least in the case of quadrangles; it
is not subject to the previous criticisms. However its theoretical foundations

36 At an intenor node.
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do not seem, at this moment, to be much more firmly established®’; on the
other hand its application to triangular elements seems rather unnatural.

Let us assume for the moment that we use quadrangular elements (or
bricks in 3-D.); thus any element K is the image of the reference element (see
§1-4-3, Figure 10); we let OX be the “centre” of K, that is the image through
the transformation of Fy of point (1/2,1/2) in £ plane (in 1 dimension, OX is
just the mid point of the interval).

We denote ¢, the shape functions.

Consider again the equation

—kAf+u-grad=f

In matrix form the finite element equations are:
A-X=F
with:
0
X: 0h(x):201¢1(x)
- aN ,
[/,
F=] = dx
A
| Sy
A=[a,]

In the standard finite element method we should have:
al/ = 2 alk/"
e
where a,’f is the contribution of element K to the matrix:
a,’fzj;\'(xgradq-gradqu+qu(u'gradqb,))dx. (77)
Here the definition of a,’j is modified as follows:
al = (/Kxgrad ¢, grad ¢, dx

+area( K )X ¢,(x* )u(0*)-grad¢,(x*) (78)

xX is some point within the element K: its position determines the degree of
upwinding.

37See however Atkinson and Hughes (1977).
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Let us consider in detail the one dimensional case: K is some interval
x, .x, withlengthh , ,=x —x,
o* =x, 1 p=(x, 1 +x,)/2, x =x, anta, ynh /2
U, p=ulx, ), k=X, )
For instance we use a 1-point Gauss formula for the integration of the
diffusion term; then (78) yields at an interior node the following scheme:

0/ |("‘“, I/Z/h/ 12 U, 1/2(1+0‘,—-1/z)/2)
+0,X((",r—|/2/h, 1/2+K/+1/2/h/01/2)
+[(1+a, 5y, (e 0)u, 0] /2
+0/+|(_"/»|/2/h/~|/z+“,+1/z(l_0‘,+1/z)/2):f,

Thus we obtain difference formulae very close to Zienckiewicz’ method, or
to finite difference formulae; indeed in the constant coefficient case and
uniform mesh we get the same*® scheme:

5—'.(’((_"7'4—20 0/+|) (l—ga )(

(79)

l—a
tul 5% )0,-0)=
So that the conclusions as to choice of a still holds (y=udx/k):
|y|<2: stable for all «
y>1: stable for a>1-2/y (80)
y<-—2: stablefora<—1+2/y
In all cases: a=coth y/2—2 /y gives optimal accuracy.

(Note that, in order to achieve the upstream discretization we evaluate the
shape function at x*, downstream of O* where u is evaluated). We turn to
the two dimensional generalization and consider the bilinear isoparametric
Q, element (§1-4-3 and Figures 10, 19). For any element K, we let Fy be the
bilinear transformation from the reference element K in £, £, plane, to K; to

make the conmbuuon (78) precise we only have to specify the location of the
evaluation point x*. We set:

'=Fy(1.1/2)—
2=F(1/2,1)- 0%
v, =u(0*)-e, /k(O*) (i=1,2: element Reynolds numbers).
Then we set x* = F(€,, £€,) where £, and &, are computed from the values of

Y. Y2, and the one dimensional rule (80).

¥ For the transient equation, the schemes are different one of cach other.
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a3

X2 4

(a) (b)

Fig 19 (a) K: (b) K

This procedure can be extended to higher order elements: Hughes et al.
(1979) extend the scheme to the Q, element; good results are reported by
these authors using rather regular meshes; it will be useful to know how the
accuracy behaves when more distorted grids are used.

We have defined the scheme for quadrangles, but it can also be extended to
triangles: in fact there are several ways to consider a triangle as a degenerate
quadrangle (Figure 20): the choice of a fourth point (a, in Figure 20a, a, in
Figure 20b) perfectly defines the mapping Fj. so that this upwinding proce-
dure obviously applies. However the choice of the fourth point is somewhat
arbitrary and the relation of this choice to the accuracy is not known.

A parent scheme has recently been proposed by A. Dervieux (1979,
unpublished), in the framework of triangular P1 approximation; the shape
functions coincide on each triangle with the barycentric coordinates.

We note p, g, r, the mid points of the triangle’s edges (Figure 21). Then
using the 3-point integration formula, the advection term in (77) becomes:

area( K
f}¢,(u-grad¢,)dx: ——3(—) 2 ¢, (m)u(m)-grad¢,
K m=p.q,r
(grad ¢, is constant on the element). (81)

Consider for instance the term ¢ ( p)u( p) in (81): u(p) can be decomposed
along pq and pr* as:

u( p)=u,(p)patu,(p)pr;
Then in (81), we replace ¢,( p)u(p) by:
¢j(pl)u|pq+¢j(p2)u2pr

¥ Other decompositions can be tried.
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4

a, a,
(a) (b)

Fig. 20

where the evaluation points p, and p, are shifted (in the downward direction
as in Hughes’ method) respectively along pq and pr.
For instance:

P, if u; <0
P :aq+(l—a)p, if u, =0
where « is a parameter of the scheme (a=1: full upwinding).
Note that
o,(p))=ad,(q)+(1—a)o,(p)
and:
pq-grado, =¢,(p)—¢,(p).
It is proved that, at least for a=1, the matrix A =[aq, ] has the properties:
a,>0  a, =<0, i#j
24a,=0 (82)

so that the matrix 4 ' has only non negative coefficients and the scheme has
the desirable property:

f=0=6,=0

(that is when the concentration or temperature should be positive, it is

p Fig. 21
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positive). Furthermore it can easily be seen that the effect of the scheme is to
add a numerical viscosity tensor so that the contribution a" (77) can be
replaced by:

k(o) 0% 99
fl\(a Faf(u)) 7t 7 dx

where a®(u) is a positive definite pseudo viscosity tensor.

Thus lhe scheme comes into the framework recommended by Raviart
(1979), who proposes to add just enough of numerical viscosity to make the
matrix satisfy (82).

Remark. In the transient case, the positivity of the scheme fails unless a mass
lumping approximation is made, or if the P1 non conforming triangle is used;
this point will be discussed in §2-5 about the numerical results.

2.4. Computation of Directional Derivatives at the Nodes

Tabata (1977), Bristeau et al. (1979).

In such methods an approximate value of u-grad§ is computed at each
node, by an upstream difference-like formula, first order accurate in Tabata,
second order accurate in Bristeau et al. To be specific consider the approxi-
mation by P1 triangles of the stationary equation:

—kAf+u-gradd=f inQ

0‘ I‘ :0

The finite element equations are:
all(x): 201¢1( X
1
(83)

ahoh

x(grad 6, grad ¢, )+ LY =(/.¢,)

where 9, /9, is an approximation of the directional derivative (u-grad); we
use a lumping approximation for the advection term, so that (83) becomes:
S a6
) aTh
k(grad 0, grad ¢, ) + = === (/. ¢4,)
where S, =area of triangles surrounding node j (=area of ¢,’s support); and
d,0, /8u approximation of u-grad 8 at nterior node j.

In order to define this directional derivative we consider the half line
starting from u (Figures 22 and 23). This intersects a triangle 7. M. Tabata
proposes to define 9,8, /9u as the restriction to this upstream mangle T, of
u-grad 6 (Figure 22) Bristeau et al. look for two points @ and b on the %ame
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j  Fig. 22 Tabata’s scheme. u-grad 6|, ~(0( ) —0(u))u

/|

half line from node j (sce Figure 23); then they define 0,6, /0u as the value at
node j of the derivative of a second order polynomial defined on the half line,
coinciding with 6, at j, ¢, b. The final formula is:

[ Ljal+ b,
gl o] %)
9,0 | Jb|
9% vl S )
au MU = g fap) o)
| jal
g )
Remarks.

(i) When (—u) is nearly parallel to one of the sides of the upstream triangle
T, the point b must be looked for further back upstream: (Figure 24)
(otherwise the scheme is likely to degenerate to first order accuracy, i.e. to
Tabata’s scheme). See Bristeau et al. for more details.

(11) Near the boundary it may be impossible to define a point b sufficiently
far upstream; in this case, the scheme reverts to Tabata’s scheme.

(iii) In Tabata’s scheme, the matrix has negative off diagonal elements as in
previous section (Dervieux, Raviart) and 4 ' =0; so that the scheme enjoys
the property of discrete maximum principle:

f=0=6,=0

j Fig 23 Bnsteau ct al's scheme
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Fig. 24

In the transient case, with the mass lumping approximation for the time
derivati : term, Tabata proves the L* stability of the solution.

(iv) In Bristeau et al., the band of the matrix is significantly increased
compared to Tabata’s scheme. On the other hand, as can be seen from the
numerical results the numerical diffusion introduced by Bristeau et al. is less
than in Tabata’s scheme.

2.5. Discontinuous Finite Elements and Mixed Interpolation

Lesaint (1975), Lesaint and Raviart (1974), Jaffre (1979), Raviart (1979).

The difficulties encountered in fluid flow problems by classical finite
element methods are due principally to the inability of continuous piecewise
polynomials to represent steep gradients. Therefore it seems appropriate to
approximate those steep gradients (shocks or boundary layers or “free”
layers) by discontinuities in the approximation. Thus we consider in this
section an approximation 8, to 8, which is not explicitly required to match at
the interelement boundaries. Then two questions arise:

(i) How can we define “grad”§,?
(i) How shall we define “A”6,?

The second question has already been answered, since mixed interpolations
can be used, which have been introduced in §1-5. We turn for the moment to
the first point. To be specific consider the first order one dimensional
equation

de
u7;+f(x,0)=O, 0<x<l (84)
8(0)=0

(we assume u(0)>0, u(1)>0, so that the problem is well posed). We choose
(N+1) grid points: x,=0, x|, x,,..., Xy =1, which subdivide )0, 1( into N
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elements. We look for the discrete solution, 8,, in the class M, of functions
which are:

(1) Polynomial of degree k on each element;
(i1) Possibly continuous at the grid points.

For any such function ¢, the solution of (84) satisfies:
A de . .
f I[ua+f(x,0)]¢dx—0, j=1,....N
Integrating by parts on (x,_,, x,), we get:
Y d
[ [0 wersateons]as
+u(xj)0(x/)¢(x/ --0)_u(xjfl)0(x]v | )¢(x/ 1 +O):O (85)
with the notations:
¢(x, —0)=left hand side value of ¢ at x,
¢(x, |, +0)=right hand side value of ¢ at x, ,.

The discrete equations for 8, are obtained from (85): we write instead of
6(x,) and 6(x, |) the upstream values of 6, respectively at x, and x,_,:

0 = upstream value of 6, at x,

0,(x, o). ifu(x,)>0
| 6,(x,+0), ifu(x,)<0.

Thus we get the discrete equations:

6,EM,

f [—0d—‘i(u¢)+f(x.0)¢ dx

86
+u(x,)8p(x, —0)—u(x, )" ¢(x,_,+0)=0 (86)
j=1,2,...N VéEX,

63 =0 (boundary condition).

An equivalent formulation can be written by another integration by parts:

fxll[u%%'-+f(x,0h)]¢dx

+u(x,)o(x, —0)[0,“—0,,()(]—0)] (86a)

-u(xjA,)cp(xj, : -i-O)[O.‘)/“,I —0,,(xj,, +0)] =0

As an example, take u=1 and k=0 (¢ and 8, are piecewise constant); then
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Fig. 25

0" =6,(x, —0) and (86) (or (86a)) yields:

f"'f(x~0h)dX+0/'l/2_0/+1/2:0s j=0.....N—1
(87)
0_1,,=0

with 6, ,, , =value of 6, over )x , x, (.

Note that u should be continuous all over the domain in order that (86) or
(86a) makes sense.

Now we extend the scheme (86) to the mo
equation:*!

A dimensional case, for the

u-gradd+pd=f inQ

6=0 on I'=part of the boundary where the flow u is entering @, (88)
le.u-n=0

We proceed as in the one dimensional case: we divide*> € into elements:
triangles or convex quadrangles.

Given an integer k(=0,1.2,...) we look for the approximate solution 6, in
M,:

M, =set of functions which are:

Possibly discontinuous at the interelements;

Polynomial of degree <k on each triangle;

Isoparametric Q, on each quadrangle (see Chapter 1).

For any element K in the mesh, we note 3K the boundary of K, ny the unit
vector normal to 9K, pointing outwards from K. Thus for any ¢ € X, and all

“The treatment of a three dimensional case would be similar
#!' Problem (88) is well posed if 2~ divu 15 positive and bounded away from 0
42The effect of curved boundarics has not been studied



2.5. Discontinuous Finite Elements and Mixed Interpolation

—
n

Fig. 26

K, (88) implies:

/[—div(u¢)0+y0¢—f¢] dx+f (u-ny )66 ds=0.
K oK

In order to define the upstream value of 6, along 3K, we set:

0K =part of 3K where the flow u is entering into K
={x€9K such that: u(x)-ny(x)<0)
0K, ={x€09K suchthat: u(x)-ng(x)=0}

53

(89)

(At point x EdK _, the flow comes from a neighbor triangle K’ into K ). We

set:
0,/(x ) =upstream value of 6,
{ah,,(,(x) if x€K
b,k (x) ifx€dK,

Then the discrete equations are obtained from (89):
J [ = div(ug)6, +nb,6—fo] dx

+f (u-ng)8ipdx=0, V¢EM,, VK
oK

0,/=0 ondK_NTI_

Fig 27
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With integration by parts and straightforward algebra we obtain an alternate
(equivalent) formulation to (90):

/K[u-grad0h+p0,, —f )¢ dx

+ un )8, =0, 0 xds=0
j;K_( K [h|K hlk] |K
VoEM,, VK inthe mesh.

(90a)

Error estimates:

1,2
[flﬂh—ﬂizdx] =0(r*)
Q

(thus the convergence holds only for A>0).
This result can be improved when all elements are rectangles, in which case
we have

1/2
(f|0,,—0|2dx) =0(h**)
Q

Finally we consider the diffusion-advection equation:
—div(kgradd)+u-grad6=f, in$
(91)
0=0 onTl

As in §1-5-2, we introduce p=«grad § as another variable, so that (91) may
be rewritten as

a) —divptu-gradd=f
b) p—kgradd=0 (92)
¢) 6=0 onl
We look for a discrete solution: 8, EM,, p, € X,: these approximations are
not arbitrary; when the choice of M, is fixed, X, is practically determined by

Brezzi’s condition as in §1-5-2. Then we obtain the discrete equation just in
the same manner as before:

/[K"p,,-q—#(i,,divq] dx=0, VY qeX,
Q
f[-—divp+u-grad0—f]¢dx
* (93)
+_[ (u'“K)[ah;K’_0;,1k’]¢|1<dX:0, VK, VoEM,

0K

(with 6, . =0 along boundary sides on I")

Remark. Instead of the upstream value 6/, we can take, in (90), a linear
combination of upstream and downstream values: af) +(1—a)6/; it is a
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plausible (not tested) hypothesis that in the diffusion-adves{j ,‘ri"']ﬂebhgif
accuracy can be improved by the choice of an “optimal” value OF
Hughes’ or Zienckiewicz’ schemes.

Error estimates:

1/2 1,2
(fh"l’hlde) + (flf)-(mzdx ) =0(n*)
Q Q
Remarks.
(1) If instead of (92a) we had used the equation
—divptu-p=f

we would have obtained a centered approximation of the advection term.

(i) In order that this upwinding scheme makes sense it is essential that: 6
should be discontinuous, and the normal component of u at the interelement
boundaries be continuous.

From a practical point of view, the implementation of the two dimensional
method is not easy, and the computation time important, for at least three
reasons:

(1) The number of variables is much more important than for standard finite
element methods: this is for instance O(2.5XNT) for k=0; O(9XNT)
for k=1 (for a triangular mesh, with N7T=number of triangles);

(i1) The upwinding increases the bandwidth of the matrix because connexions
are established between non adjacent nodes; for instance in the case
k=0, if we have a regular net of triangles arranged in rows, with N
triangles per row: without upwinding the bandwidth is O(N); with
upwinding: O(SN). This contrasts with the methods of Zienckiewicz.
Hughes or Tabata which do not modify the structure of the matrix.

However a formulation of this type has lead to several practical applica-
tions:

Neutron transport equation (the original work of Lesaint);

Displacement of oil by water in porous media (numerical simulation of
water flooding techniques for secondary recovery of oil). This has been
implemented by J. Jaffre, G. Cohen, F. Forges; a survey is given by G.
Chavent (1979).

2.6. The Method of Characteristics in Finite Elements

Bardos, Bercovier and Pironneau (1979), Benque, Ibler, Keraimsi and Labadie (1979).

Only recently does the method of characteristics have received some
attention in a finite element context. In spite of the difficulties involved for
an efficient implementation, methods of this type are very appealing, due to
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at least two reasons:

(i) A clear physical meaning,
(if) Good stability properties.

Such methods are concerned with time dependent hyperbolic equations; we
begin with the transport equation:

a4 _
E+u-grad0—0

6(x.1)=6,(x,r), onT =partof I' where the flow enters into . (94)

6(x,0)=80,(x)=initial condition.

Equation (94) merely states that the quantity 6 is “transported™ by the flow;
i.e. the function @ is constant along the path lines (characteristic lines); these
are the solutions of

2 (r)=u (95)

Assume that the solution has been computed at time 7; then for any point x,
the characteristic can be integrated backwards from time ¢+ 8¢ to time 7; that
is we compute the solution of (95) between times ¢ and ¢ + &7, with the final
condition:

X(t+8t)=x. (95a)

This yields a point x’=X(r), and the solution at time (r+8t), point x, is
simply given by:
O(x,t+68t)=80(x".1).

We shall assume that u is smooth and that divu=0 (incompressible flow):
otherwise several path lines can cross each other, and the method would be in
difficulty.*?

In a finite context, the solution is defined by its values at the nodes, for
instance at the vertices in the Pl conforming approximation. Now even
though x is a nodal point, the foot of the characteristic arriving in x, i.e. the
point x’, is not a node in general. Then two kinds of processes are feasible:

(i) Compute the value 8(x’, 1) by interpolation from the values at neighbor-
ing nodes (Benque et al. (1979)); thus the domain of dependence of node
x is enlarged: this is a numerical diffusion effect.

(ii) Use a piecewise constant approximation for § (Bardos et al. (1979)): only
one node is required per triangle. These authors prove error estimates in
the maximum norm (strictly speaking in the L>* norm):

Sup |6,(x,1)—68(x.1)|=0(8x+8t)
X, !

4A shock, 1.e a discontinuity in 8 would occur
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However this last method presents some difficulties for the approximation
of a physical diffusion term: then the use of mixed interpolation is required.

In any case, the practical efficiency of such methods strongly depends on
the ability of the programme to trace back the path lines, in particular upon
the integration scheme for the characteristic equations (95) (for instance
Benque et al. use a Runge-Kutta scheme).

We note however that the method is unconditionally stable: unlike the
other upwinding schemes, the numerical domain of dependence of x at time ¢
(i.e., the set of points x where a value at previous time 0(x, t) (r<<t) is used to
compute §(x, r) always contains the physical domain.

2.7. Perturbation of the Advective Term: Bredif (1980)

The “centered” equations (for the 1D problem)

4 do ) (90 )
(K258 (), v

are replaced by (assuming for the moment that K /u is constani)
d_0 @_ )_ ( A 51.? )— f
(& 2o )=(ie). v

where A=u/K, f:f/K; integration by parts has been used, and TX(8) is a
corrector operator, to be defined element per element

(T2(0).0)= 2 [T (00 dx

(T,(-) will depend on the local Peclet number X, =Ah,). We approximate 6 by
finite elements of degree &, i.e., on )x,, x,, (, § €P,; then we require TX(8)€E
P,. Furthermore it can be proved that the accuracy will not be damaged if
T*(6) coincides with 6 for polynomials of degree k— 1, i.e.: §€P, , =T 60)
=46.
Then T(6) takes the form:
d*e
TM0)=0—— g}
(0) L

where g, is some polynomial of degree k.

EXAMPLES.

(i) totally upwinded formulation: operator 7;‘*,,,,. Let §/ be (k+1) points

equally spaced in )x,, x,, (: &/ =x,+(x,,,—x,)j/k, 0=/<k
IfA>0 gMx,)=0

g,}\(x:ﬂ):(w/:l
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-
-
-

TT,(0)
1
Xj Xi+1 X, Xi+1
A>0 A<O0

where C, =(k/(x, ., —x, ) /(k—1)!
I1A<0 gMx)=(-1)'c,"

gM(x,,1)=0
The reason of this definition is that:
ifA>0,T2(6)(¢/)=6(&), j=<k—1
iA<0.TN0) (&) =0(8)). =1
For instance for k=2:

(ii) An “optimal™ operator T},

for constant coefficients. Furthermore 7%,

can be defined, giving the exact solution
- T,"‘up as A—=+ 0.

This class of methods has several advantages:

Extension to variable coefficients, 2D or 3D problems, Navier-Stokes
equations in straightforward, using quadrilateral or “brick-shaped ™ elements
(the extension to simplicial elements is not really impossible, but the rules for
the choice of a correction operator are not clear at the moment).

Convergence is proved.

The bandwidth of the resulting linear system is not increased by the
introduction of the corrector.

2.8. Some Numerical Tests and Further Comments

The tests given in this section are intended to illustrate some of the effects of
upwinding on the discretization of advection equations.

2.8.1. One Dimensional Stationary Advection Equation (56)

Finite elements of degree 1 were used (roof shaped basis functions) with a
uniform mesh (A=1/80) on the interval )0, 1(. For k=10 "', the computed
solution coincides with the exact solution as shown on Figure 17a (centered
scheme).
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When k=10 ? the solution computed with the centered scheme displays,
as expected, strong oscillations: Figure 17b.

The oscillations disappear when the upwinding scheme is used (a=1,
Zienckiewcz’ scheme (MWR) Figure 17¢; a=.84=critical value, MWR,
Figure 17d).

Remark. In this particular case (1-D, uniform mesh, constant coefficients),
Hughes’ and Zienckiewicz’ schemes are identical.

2.8.2. Two Dimensional Stationary Advection Equation

*‘KAO+§£:1
dy

0]-=0
k=10 3

N

7
X

0.1000EO01

|

++ + ++ + : EXACT SOLUTION

: COMPUTED SOLUTION

Fig. 17a k=10 ', centered scheme
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N
7

X

0.1000EO01

+ + + + ++ : EXACT SOLUTION

: COMPUTED SOLUTION

Fig 17b k=10 ?, centcred scheme
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N

N
7
X

0.1000E01

+ 4+ + + ++ : EXACT SOLUTION

: COMPUTED SOLUTION

Fig. 17¢c k=10 *, Zienckiewicz' scheme, a= |

When « is small the first order derivative is dominant, so that, except for
3—yxl:
V. if x<1
6(x, y)~{ ' .
y—1, ifx>1
Thus the exact solution exhibits strong gradients near y=3 (boundary
layer) and along x=1. A uniform coarse mesh with 360 triangles has been
used (h=1/6); for comparison a fine mesh (A=1/10,1000 triangles).
In this case the schemes of Tabata, Bristeau et al, and (modified**)
Dervieux are equivalent; the isolines* of the solution are shown on Figure

“Three directions arc used to decompose u( p) (see §2-3, Figure 21):
u(p)=ui(pIpatu,(plar+us(p)m:
the coefficients of the decomposition are chosen so as to mimmize the length [u,( p)|+ |u( p)|
+|us( p)|, u( p) being fixed.
41 am indebted to M. O. Bristeau for these figures.
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N
7
X

0.1000E01

++++++ : EXACT SOLUTION

: COMPUTED SOLUTION
Fig. 17d k=10 3, Zienckiewicz' scheme, a=.84=1 -2/y

y i
+3

1 X Fig. 17¢
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Fig. 17f k=103, P1 conforming elements, Tabata/Bristcau et al. /modified Dervieux
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2.99
:74—:\
/‘7[‘/
0 Lo
0 200 x
Fig. 17i k=10 ~3, nonconforming P1, Dervieux’ scheme, 360 triangles. Computed solution
along y=2
2.94 -

0

Fig.
x=1

e T —
=

/'/‘:::*i:*;;—:}_.{:xj/

0 2.00 x
MCOUPENO.4 y=2., «=0.8, 1008 triangles, « =103,

17j k=10 "3, nonconforming P1, Dervieux's scheme, 1008 triangles (refined mesh near
and near the boundary). Computed solution along y =2
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17f, using the coarse mesh; with the fine the isolines are shown on Figure 17g.

When the mesh is non uniform some tests (see Bristeau et al. (1979))
indicate that the schemes of Tabata and Dervieux are more diffusive than
Bristeau and Glowinski’s scheme: however these tests are performed with
velocities parallel to one constant direction; for a problem with rotating
velocity (vortex), possibly some modifications to the original scheme might be
necessary.

Dervieux’s scheme has been applied with P/ non conforming triangles: the
resulting isolines (with the coarse mesh, 360 triangles) are shown on Figure
17h: diffusive effects are more important than with the above schemes; they
are further evidenced by Figure 17i and Figure 17j, displaying the variation
of the computed solution along y =2, respectively with 360 and 1008 triangles
(the last mesh is refined near the boundaries and near x=1).

X
0.1000EO01

+ + + + + + : EXACT SOLUTION

: COMPUTED SOLUTION

Fig. 17k One dimensional transport equation—h=1/40 transport of a gaussian—solution at
time ¢=.5 (centered, Zienckiewicz or Hughes schemes)
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2.8.3. Time Dependent Advection

Let us consider the one dimensional problem:

20 90
'5; 5-—0, [>0, 0<x<l

8(0.1)=exp(—(1/2)")
6(x,60)=exp(—(x/2)’)

whose exact solution is 8(x,1)=exp(—(x—1)/2)*, i.e. a gaussian bulb is
travelling across the interval )0,1(. Let us take a uniform mesh (h=1/40).
The centered scheme yielded a reasonably accurate solution shown on Figure

0.1000E01

+ 4+ + + + + : EXACT SOLUTION

: COMPUTED SOLUTION

Fig. 171 Onc dimensional transport equation—h=1/40 centered scheme— transport of a per-
turbed gaussian— solution at time 1=.5
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- >
X
0.1000E01

+ + + + + +: EXACT SOLUTION

: COMPUTED SOLUTION

Fig. 17m Onc dimensional transport equation—h=1/40 Zienckiewicz’ scheme (a=1)—
transport of an initially perturbed gaussian— solution at time ¢=.5

17k (practically the same solution is obtained using Zienckiewicz’ and Hughes’
schemes).

Now let us perturb the initial gaussian (initially the last right most mesh
points are forced to: .4, —.6,1 (from left to right: 8(1,0)=1). For the exact
solution, the perturbation is drifted away so that after some time the solution
is that of the unperturbed problem. The computed solutions, respectively with
the centered scheme, Zienckiewicz’ scheme (a=1) Hughes’ scheme (a=1),
are shown on Figures 171, 17m, and 17n.

As expected, with the centered scheme, the effect of the perturbation is felt
upstream; that is the perturbation also propagated in the wrong direction
(Figure 171). With Zienckiewicz’s scheme the perturbation is correctly drifted
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+ +

+++4-J.‘L >
X
0.1000EO01

++ + + + + : EXACT SOLUTION

: COMPUTED SOLUTION

Fig. 17n One dimensional transport equation —4=1/40 Hughes’ scheme (a = 1)-- transport of
an initially perturbed gaussian— solution at time 1=.5

away (Figure 17m), while with Hughes’ scheme the influence of the perturba-
tion is again felt upstream (Figure 17n).

Remark. These calculations used a time step 6:=.005 and implicit time
matching scheme.

Our point“ with these elementary tests is the following: when one wants to
model fluid flows (in 2 or 3 dimensions), it is essential that transport
phenomena should be correctly represented; in particular false propagation
of perturbations (which is likely to occur with a centered scheme), may
generate instabilities.

% The point is not to draw definite conclusions as to the relative merits of differcnt schemes,
by lack of numerical experiments
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Remarks.

(1) Gresho et al. (1976) displayed calculations of the propagation of a 2
dimensional gaussian in a uniformly rotating velocity field; their results
tended to demonstrate the disastrous effects of mass lumping®’ (using P2 or
P1 triangles); unfortunately little information was given as to the time
marching scheme (they used a centered approximation of advection).

(i) Benque et al. (1979) obtained qualitatively good results with their
method of characteristics, on the same problem and using a 31X 31 mesh, the
distorsion observed after one revolution is small.

(iii) In the transient case, Tabata’s scheme is proved to be stable (for the
norm L*) provided the mass lumping approximation is done, and an implicit
time marching scheme is used.

47 Numerical integration of time derivative term, making the corresponding matrix diagonal.



3. Numerical Solution of Stokes Equations

3.1. Introduction

A good solver of Navier-Stokes equations should at least be able to solve the
Stokes equations (indeed some iterative procedures to solve Navier-Stokes
equations, solve in fact a succession of Stokes problems). Therefore we are
concerned in this section with Stokes equations, governing incompressible
flows of newtonian fluids at negligibly small Reynolds numbers; it will be
sufficient for our purpose to consider the stationary equation:

a) o, ,+£=0
b) o,JZ—p8,/+V(u,'j+uj'1)

c) u =0 (%)

d) u=0 onI:homogeneous boundary conditions*

with f=(f,, f,) (or (f}, £, f3))=body force
p=pressure

u=(u,,u;), Oru,u,,u,=velocity
v=(constant) viscosity
0, =stress tensor

Using the incompressibility condition divu=u, , =0, Stokes equation can
also be written as:

—vAu=f—grad p
divu=0
u=0 onl (97)

By the same standard arguments as in Chapter 1, we can establish the
following weak formulations of (97):

* Other types of boundary conditions will be considered later.
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Find u and p such that*:

v gradu~gradvdx—fpdivvdeff-vdx
Q Q Q

Vv, suchthatv=0 onT (98)
g-divudx=0, Vg(+<divu=0)
Q

u=0 onTl
Taking in (98) functions v satisfying divv=0, we obtain:
Find u€ V such that:

v/ gradu-gradvdx=ff‘vdx, vwevrv
Q Q

V is the class of functions™ v satisfying (99)

v=0, onT, divv=0
(98) and (99) are equivalent weak formulations of Stokes equations (97).
At this stage we want to emphasize two points:

Equation (99) is equivalent to a constrained optinuzation problem:

.v 9
Min 2/Q|gradv| dx fuf-vdx. (100)
The incompressibility condition (which is implied by “vE€ V") playes the role
of a linear constraint in this context.

From (98), (99), (100) we can view the pressure as a Lagrange multiplyer
associated to this linear constraint; indeed (98) are also the equilibrium
equations of the saddle point problem:

Min Maxf(£|gradv|2+qdivv—fv)dx (101)
VOCH > H), 4 YQ 2

These two facts are of primary importance for the construction of the

approximation: if the discrete incompressibility condition is of the form

div,u, =0, it should be satisfied by non trivial velocity so that the discrete

optimisation problem, analogue to (100), is not over constrained.

Next the discrete pressure should belong to the same class as div,u,. We
make these ideas more precise with the help of the following simple example
(which by the way does not yield a correct approximation of Stokes flows!).

Approximate u by the P/ conforming triangle (courant’s triangle, §1-4-1);
then the discrete velocity u, is continuous all over the domain, and piecewise
polynomial of degree <1. We approximate the incompressibility condition

Pue HYQ)XHYR),  peLAQ).
Sy e H Q)X HYQ)
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by: divu, =0; this is 1 constraint per triangle, so that the discrete pressure is
piecewise constant.

Now we count the degrees of freedom of the discrete velocity (keeping in
mind the boundary conditions): this is 2Xnumber of interior vertices; and
this is inferior®! to the number of linear constraints =number of triangles.

Thus, except for exceptionally regular meshes—for which some constraints
can be linearly dependent-the only admissible u, satisfying the boundary
conditions and the incompressibility constraint, is the trivial solution u, =0
(Fortin (1972)).

This elementary example shows that the choices of the approximation of u
and p are not arbitrary.

We note u, €V,, p, €X, the approximations of u and p; the discrete
analogue of (98) takes the form:

zfvgradu,,gradv,,dx— Efph(divv,,)dx
T°T T

=ff-v,,dx, W, €V, (102)
Q

3 quhdivuhdeO, Vg, EX,
T

Since the pressure is defined up to an additive constant, this can be fixed
by assuming e.g.:

fq,,dxzo, Vg, EX, (103)
Q
Now the condition to be satisfied for convergence has the form: Vg, € X, ,
> qu,,divv,, dx 12
T
sup = 2c(fﬂq,$ dx ) (104)

v, EV,
(2f|gradvh|2)
TT

where the constant c is independent of the mesh. Condition (104) is satisfied
if for any g, € X,,, we can prove the existence of v, €V, such that:

Ef(qh—divvh Iy dx=0, Vi, EX,
T'T

(;/Jgrad v, |2 dx )stC(qu} dx )1/2 (104a)

51 For instance if we take a regular N X N mesh, made of N? rectangles, ent into 2 N2 triangles,
the number of interior vertices is (N— 1); so that: number of degrees of freedom=2X(N — 1)2
<2 X N?=number of constraints.
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We shall see further below some examples where these conditions are
satisfied; for the verification of (104), (104a) and proofs of convergence
(which are not simple matters) we refer to Temam (1977), Girault and
Raviart (1979), Crouzeix and Raviart (1973), Fortin (1972). However the
implication of condition (104) can be clearly understood: we note that in
(102) the pressure gradient is discretized as:

zfp,,divvhdx;
T°T

then if the left hand side in (104) vanishes for p, it means that the
approximate gradient of p, vanishes, and (104) implies that p, also vanishes.
This with (103) means that the pressure gradient in Stokes equation is
properly approximated.

Remarks.

(i) Conditions of type (104) are encountered in the approximation of any
saddle point problem (see §1-5 of this course and Brezzi (1974));

(i1) Formulation (98) is well adapted to a discontinuous approximation of
the pressure as described in §3-2; in 3-3 a different formulation is used which
allows continuous approximation of p;

(iit) Other types of boundary conditions can be considered, for instance:

o,,n, =1, =given normal stress, on I', (part of I')
u=0 onl,=I-T,

Then the proper class where u is to be looked for is the space W of functions
v vanishing on [}, and the corresponding formulation is:

'/;zv(u,'j+uj_,)(v,'1+vj‘,)dx—f9pdivudx

=/f,v,a’x+f v ds(x), VeW
g I

3.2 Velocity—Pressure Formulations: Discontinuous
Approximations of the Pressure

The basic weak formulation is (98); the discrete pressure is discontinuous at
the interelement boundaries; the interest of such approximations (over a
continuous approximation of p as in the next section, §3-3) is two fold:

(i) Probably*? a better approximation of mass conservation;
(i1) The possibility of an easy elimination of the pressure, thus reducing the
number of equations: this is the penalty technique (§3-2-3).

2This point still nceds to be demonstrated by experiments.
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3.2.1. u,: P1 Nonconforming Triangle (§1-4-5); p,; Piecewise Constant

This is the simplest of all finite element methods for Stokes equations; its
motivation is clearly seen from the example given in the introduction: if we
relax the continuity®® requirements on u,, there will be more degrees of
freedom, allowing the satisfaction of the incompressibility constraint.

The discrete divergence of u, has the same degrees of freedom as the
discrete pressure, ie. one per triangle (as its should be since p, is the
Lagrange multiplyer associated to the constraint div, u, =0). The discrete
equations are readily obtained from (98):

> 5“fugradu,,gradv,, dx— E/phdivvhdx:ffvhdx
T T T Q

V v, (vanishing at the boundary nodes) (105)
divu, =0, on each triangle T

u, =0, at the boundary nodes.

Taking successively v, =(w,,,0) and (0,w,,) where the w,, (mé&T) are the
shape functions introduced in §1-4-5, we get the equations:

q&rl

> u,qzarea T )vgrad w, - grad w,,

71:3% T
-3 Earea(T)ph(T - fqu dx
q¢Il' T

(and a similar equation in u,,).

Error estimates: Crouzeix and Raviart (1973).

2
2

1/
=l 1=| S flaradtumu)Pa | =o(h)

— — 2 — 1 =
lp phlo—fg(p py) dx=0(h), provided fgpdx fﬂphdx

The numerical solution of the system of linear equations (105) will be
examined §3-2-5 (together with the solution of the equations obtained with
similar methods).

3 Along a triangle side, u, is continuous at the mid point only.
34 Summation on the triangles of the mesh.
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Now, our point is just to note that with this approximation, the incom-
pressibility condition can be easily taken into account in the 2-dimensional
case by the construction of a zero divergence basis (Crouzeix (1976)), so that
the number of variables is reduced (the pressure is eliminated). The construc-
tion of the basis starts from the following remark: the incompressibility
condition:

divu, =0 on each triangle T

can also be written since div u,, is constant per triangle:

fu,,-nrdszo, (106)
ar

(by the Gauss divergence theorem; n, =unit normal vector to the boundary
0T of triangle T, pointing outwards of T'). Since we use the nonconforming
P1 triangle to define u,, u,, is determined by its values at the mid side nodes;
furthermore, with the notations of Figure 28b and since u,, is linear:

f u,-n'ds=|aa’|lu,(m’)-n (107)
aa’

From (106) and (107) the tangential components u,(m’)Xn’ do not play any
role in the satisfaction of the incompressibility; we just have to adjust the
normal components u,(m’)-n’ so as to satisfy (105) on each triangle. From
these considerations we define two kinds of basis functions:

First kind: w,, associated to a mid side node:

’

w,(x)= | |2W,,,(X) 55, (Figure 28a).
aa’

Second kind: w,, associated to any vertex a

) W, (x)+ |—nTW,,,~(x); (Figure 28b).
ad

w,(x)=—

|aa’|
We now can develop u,, as:

For a given u,, it is an easy matter to write the equations to be satisfied by
the U, and U,,.

We must make a distinction between several cases on geometry and
boundary conditions:

Case 1: no obstacle in the flow, homogeneous boundary condition u=0; the
summation in (106) is extended to all interior nodes.

53Remember that w, is the scalar function equal to 1 at node m, to 0 at all other nodes

(§1-4-5).
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(a) (b)
Fig. 28

Case 2: no obstacle in the flow, non homogeneous boundary condition (e.g.:
given profile of velocity at the entrance of a channel), then the U, are
determined up to an additive constant, so that we can pick a vertex
point a, and fix U, =0.

Case 3: one or several obstacles in the flow (e.g. an airfoil); we assume: u=0
on the obstacles. Then all the U, corresponding to vertices on one
obstacle are equal. Thus we see another type of (non local) basis
functions associated to each obstacle I';:

wr= ' w
L aEF,a

(This represents a circulation around the obstacle).

Now we insert (108) into the discrete analogue of (99):
vagraduh-gradv,, dx=ffv,, dx
T°T Q

with v, =w,,w, for all interior nodes (and wy. in case 3).

Note that the number of equations (=number of degrees of freedom) is
about the same as for the approximation of Laplace’s equation by P2
triangles, i.e.: number of vertices+number of mid side nodes.

Remarks.

(i) The properties of the coefficients U, can be enlightened if we note that
U, is the value, at point a, of the approximate streamfunction associated to
u,;

(ii) For further details on the implementation see Thomasset (1976, 1980);
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(iii) The set {w,,w,,wr } was proved to be a base in Thomasset (1977); in
Appendix 3, we give a more elegant proof due to F. Hecht; this proof can be
extended to construct a divergence basis in 3 dimensions (Hecht (1980)).

3.2.2. u,: P2 Triangle® p,: PO (= Piecewise Constant)

The degrees of freedom are: for the velocity, the values at vertices and mid
side nodes (the velocity is continuous in this approximation); for the pressure,
any point in each triangle 7, e.g. the barycentre O”. Note that the discretiza-
tion of the pressure gradient term yields from (105) (since divv, is a
polynomial of degree <1):

Efp,,divv,, dx= Y area(T ) p,(0)(divv,(07)).
T T

So that the divergence of v, has the same degrees of freedom as p,; the
incompressibility condition is to satisfied in the mean on each triangle:

3 ‘ _
) /levu,, dx=0

div uh(OT)EW

Error estimates: (Fortin (1972), Crouzeix and Raviart (1973)).
lu—u,l, ,=0(h), | p—pulo=0(h)

This result is disappointing since the same order of accuracy can be obtained
with the Pl-non-conforming triangle, the implementation of which is much
simpler (however the situation is reversed in axisymmetric coordinates: the
“P2—P0” f.e.m should be preferred in this case (Lailly (1976), Legait
(1980)), the implementation being easier).

The above error estimate is the motivation for the following finite element.

3.2.3. u,: “P2+bubble” Triangle (or Modified P2); p,: Discontinuous P1

We enrich the polynomials of degree 2 with one polynomial of degree 3 in
order that the Brezzi-Babu$ka’s condition can be satisfied with pressures of
degree <1. Namely, for each triangle 7, we let A|, A,, A; be the barycentric
coordinates and:

BT(X):27}‘|(X))\2(X)}‘3(X)~

The “bubble” function 87(x) is devised to vanish along the triangle sides
and normalized to 1 at the barycentre.
Each component of u,, is required to be of the form, on a triangle 7:

u,, = (any polynomial of degree 2)+a/B7(x)

5¢1.e. the 6 node triangular lagrangian clement, sec §1-4-2.
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Since in addition u, is required to be continuous at the interelement
boundaries, the degrees of freedom for component u,, are:

The values of u,, at the vertices and mid side nodes;

On each triangle, a coefficient a’ (which differs from the value at the
barycentre because the shape functions associated to vertices or mid side
nodes do not vanish at the barycentre), of the bubble function.

The discrete pressure is piecewise polynomial of degree =I1; since no
requirements are made as to the continuity of p,, the degrees of freedom of p,
can be the values at three arbitrary points on the triangle.

Error estimates: Crouzeix and Raviart (1973)
|"‘“h|1,h:0(h2 )

lp=pilo=0(h?)
Thus the best possible accuracy (using modified P2 triangles) is obtained.

3.2.4. u,: Q2 Quadrangle®’; p,: Q1 Discontinuous
Bercovier (1978), Bercovier and Engelman (1979), Engelman (1979).

This is the quadrangle analogue of the preceding method; with respect to
the curvilinear coordinates §,, £, (the coordinates in the reference element),
the velocity is biquadratic and the pressure (discontinuous) bilinear. The
degrees of freedom are: for the velocity the values at the vertices, “midside™
nodes, and centre nodes; for the pressure, the values at 4 points within the
elements.

Error estimates:
|“_“h|1.h:O(h2)

Remark.

(i) The Brezzi’ condition fails to be true for this element (P. Le Tallec,
personal communication); therefore computed pressures may suffer oscilla-
tions (“checkerboard pattern™).*®

(i) (Raviart (1979)): equation (94) is equivalent to (95) only when the
divergence of u is exactly 0; in all the methods of this section we worked with
velocity fields for which an approximation of the divergence is 0. Therefore it
should be better in practice to use instead of (96), the following formulation

571e. the 9 node Lagrange quadrilateral clement, see §1-4-4.

8Cf. Hughes, Liu and Brooks (1979) such oscillations may be corrected by smoothing
procedures.
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directly derived from (94):
Findue (HO'(SZ))2 and p€L*(Q) such that:

14 .
fgi(u” +u, Nv, +vj‘,)dx+fgpd1vvdx
(109)
fo-vdx, ‘v’vE(Hd(Q))2
Q

/qdivudeO, VqgeL*(Q)
Q

However we shall continue, for simplicity, to use the formulation derived
from (95) such as (96), since the modifications necessary to transpose the
methods to (109), are of small importance. Formulation (109) is used e.g. by
Hughes et al. (1979); nevertheless the precise effect on the accuracy of the use
of (109) instead of (96), is not known to the author at the moment of this
writing.

3.2.5. Numerical Solution by Penalty Methods

Bercovier (1978), Fortin and Glowinski (to appear), Hughes, Levy and Taylor (1976),
Bercovier and Engelman (1975), Engelman (1979).

Although penalty®® methods may be used for general saddle point prob-
lems (Bercovier (1974)), one of their most useful applications can be found in
the treatment of the incompressibility condition, with a piecewise discontinu-
ous approximation of the pressure. The principle is to replace the constraint
divu=0, by a relation between u and p of the form: +e¢p+divu=0, where ¢
is a small parameter.

More precisely we consider the following discrete equations (M, and X are
the spaces of approximation for u and p encountered above):

a) Findu, ,€M,,p,  €X,such that

vfgradu,,‘ggradv,,a’xw/p,,‘,divv,,dx
Q )
(110)
:ff~vhdx, Vv,EM,
Q

b) 8'/;)ph,fqhdx+/;lqhdivuh,5dx:0’ vthMh

3The term of penalty is to be understood in the framework of optimal control: the cost
functional is augmented with ¢ 'f|divo|®dx, so that diverging velocity ficlds are strongly
penalized 1n the minimization process.
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(e.g., M, =set of continuous piecewise P2 vector functions vanishing on the
boundary, X, =set of discontinuous piecewise constant functions, as in
§3-2-2).
The following orders of accuracy can be proved (Bercovier (1978))
lu=uy 1.4t |p—Pulo=0(e) +O(R") (111)

where O(h') is the same order of accuracy as in the method without penalty
(¢=0), that is:

I=1 for wu,: Pl non conforming or P2
p,: PO discontinuous

=2 for wu,:“P2+bulb”, p,: Pl discontinuous
u,: Q2, p,: Q1 discontinuous

Now the practical interest of (110) appears if we can eliminate easily the
pressure p, , between (110a) and (110b), so that the number of equations will
be reduced. Since the discrete pressure is discontinuous this elimination can
be done locally, triangle per triangle.

EXAMPLE 1. u,: P2, p,: discontinuous P0
In this case, (110b) reduces to:

P AT)== 1 (divu, )(07)

(112)
for each triangle T (OT =barycentre of T ).
Reporting (112) to (110a) we find the discrete equations:
v/gradu,,.s-gradv,, dx
Q
1 . .
+;2area(T)(dwu,,‘f)(OT)(dlvv,,)(OT) (113)
T

= | f-v,dx, Vv,EM,
Q

The situation is the same when P1 non conforming elements are used for u,.

EXAMPLE 2. u,: “P2+bubble”, p,: discontinuous Pl

The integral [;p,g,dx is exactly integrated by the 3-point formula with
integration points at the mid side nodes; therefore if we choose these points
as nodal points for the pressure the dependence of p, , on divu, , in (110b) is
explicit:

Podr= > P b, (Where ¢, is the shape function associated to
meT mid side node m)
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Then:

m 1 3 .
ph,e— 3 X area(T) fT¢mdlvuh.edx’

and we can put these values into (110a); the equations obtained will be
slightly more complicated than (113).

EXAMPLE 3. u,: Q2, p,: discontinuous QI.

The situation is indeed very much the same as in the previous example. We
choose, as degrees of freedom of the pressure on each element, the values at
the form Gauss integration points, i.e. with curvilinear coordinates:

1£1/3 1=1//3
2 T 2

(8m =Fx(8,))-
Then when F, €Q, X Q, -

[Phqhdx:/.JK(Ph°Fk)(‘1h°FK)d§
K R

= E I (8,)04(8)0(8,)

m=1
The above expression further simplifies in the case of a rectangular ele-
ment: then the jacobian Jy is constant and ( p,divu,) is a polynomial of

degree at most 3; which is exactly by the 2X2 Gauss rule. Therefore (110b)
yields in this case:

l ..
p,,vf(g,’,f)=—;d1vuh'€(g,’,f), m=1,2,3,4
and the discrete equations become:

4
vfgradu,,‘;gradv,,dxw“%zj,( > divu, (gX)dive,(gX)
v K

m=1

:/fv,,dx, V., v,EM,
Q

Remarks.

(1) Selection of parameter ¢: from the error estimate (111), e should be small
enough so that the compressibility errors are small compared to the interpola-
tion errors; yet ¢ should not be so small that numerical ill conditioning
ensues. From the experiments of Engelman (1979) it appears that a value of
£=10"? h? (for the “Q1— Q1" element), /=2) yields an appropriate accuracy.

01 ¢. for an element with straight sides.
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Hughes ez al. (1979) pointed out that the choice of & should be made
dependent upon the word length of the computer.
(ii) A general saddle point problem can be put into the matrix form:

5 Sl

Then the penalty method applied to this system, will result into the following
equations:

3 Zellf)Le

B —¢C]||LP G

where C is some positive definite matrix; elimination of P yields:
(A+e 'BTC'B)U=F—¢"'B'C7'G

This is practically useful only if C is a diagonal (or block-diagonal) matrix as
in the methods of this §3-2.

(i) When the velocity has been computed, the pressure can be retrieved
through: p, .= —1/edivu, ., or some equivalent equation; this discontinu-
ous approximation of the pressure suffers from oscillations; it can be im-
proved through smoothing procedures, as described by Hughes et al. (1979).

(iv) Duality methods: as we have noticed, Stokes equations are equivalent
to a saddle point problem (99)

Min Max£ (v, q)
Voo

So that a possible algorithm for the numerical solution is as follows:
Uzawa’s Algorithm:
p° arbitrary initial guess.
For m=0:
Find u™ such that
L™, p™)= Mvin £(v,p™)

o
pm+l:pm +pa_p_(um’pm)

In the case of Stokes equations, the equation in u” reduces to 2 Poisson’s
equations. The pressure equation yields, when for instance piecewise PO
approximation is used for the pressure

m+1 —

Ph

m+1 61

pi —pdivuy

®'Note that the pure penalty algorithm coincides with the first Uzawa iteration with p® =0
and p=1/e.
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The algorithm converges for 0<<p<2v/d (d=dimension of space=2 or 3).
The convergence rate is improved by several orders of magnitude, with the
addition of a penalty term to the Lagrangian:

1 ..
L(v,q)=L(v.q)+ Z|d1vv|2
———l/(V|gradu|2+l|divv|2—2fv dx
2 Q €

—/;lpdivvdx.

The application of Uzawa’s algorithm yields at each step, an equation of the
form:

—vAu"'—1 /egraddivu™ ' + v pm =

The parameter p can be chosen in a larger interval: 0<p<2(1/e+v/d); the
choice of p can be done according to the simple rule: p=1 /¢ (which is nearly
optimal).

Ref.: Fortin and Glowinski (1980), Glowinski and Pironneau (1979), Temam
(1977), Thomasset (1976).

3.2.6. Numerical Results and Further Comments

The above theoretical results on the accuracy are supported by the experi-
ments of Segal®® (1978) for the triangular elements; of Engelman (1979) for
quadrangular (Q2—Q2) clements. The last reference shows the dramatic
improvement brought in by the use of complete Q2 elements for u, instead of
the 8-node incomplete Q2 (serendip) element used by Zienckiewicz and
Godbole (1975; who also used a penalty formulation).®

We note that all the methods of this section can be extended to three
dimensional problems; the chief difficulties arise in the 3-D extension of the
divergence free basis (F. Hecht (1980)). The “P2—P0” element is used in
axisymmetric coordinates by Legait (1980). Other numerical results will be
discussed in chapter 4.

2From which it appears that the P2+ PO element is slightly better than the “(non conform-
ing) P1+ PO,

53 A variant of Uzawa’s algorithm for Navier Stokes equations was early studied by Chorin
(1967, 1968) and recently by Felippa (1978). Other penalty formulations are considered by
Zienckiewcz (1977), Boisvert (1979).
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3.3. Velocity—Pressure Formulations: Continuous Approximation
of the Pressure and Velocity

3.3.1. Introduction

The weak formulation is readily obtained from (95):
Findu and p such that (114)

a) v/gradu-gradvdx+fgrad p-vdx
Q Q
=ff-vdx, VVEHN(Q)XH(Q)
Q

b) fqdivu dx=0, VqeH'(Q)
Q

In the approximations derived from (114) the velocity flux across any
element is small but a priori non vanishing.

We note that the structure of the matrix of finite element equations
obtained from (114) is of the form:

5 %]
B 0
and that the penalization technique is inoperant in this case: B has a non
local structure. Thus Taylor and Hood (1973) required the use of a frontal
method® to solve their linear systems. The chief interest of such a formulation
as (114), is to allow for a decomposition of the problem into a succession of
Poisson’s equations, thus leading to an efficient solver of Stokes (and conse-
quently Navier Stokes) equations. This technique is reviewed in §3-3-3.

Next section describes some examples and the error estimates obtained by
Bercovier and Pironneau (1979).

3.3.2. Examples and Error Estimates
(Bercovier and Pironneau (1979)).

The formulation (114) contains derivatives of the pressure; therefore we
require conforming elements for the approximation of p (i.e., p, is continuous
all over the domain).

EXAMPLE 1. u,: P,-triangle (6-nodes-triangle)
p,, = P,-triangle (3-nodes-triangle)

64 A special version of Gauss elimination for solving finite element equations, using out of core
storage: Irons (1970), Hood (1976).
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Error estimates®:

-y =  fJradu—up e ) “=o()

1,2
lp=pil, = (fﬂlgrad(p—ph)lde) =0(h)

EXAMPLE 2. u, = Q,-quadrangle (9-nodes-element)
Pnt Q,-quadrangle (4-nodes-element)

Error estimates: same as in example 1.

EXAMPLE 3. u,: 4 X P, triangle
Py P -triangle

The meaning of the notation “4 X P,” triangle for the velocities’ approxi-
mation is as follows: if J, is the triangulation used for the approximation of
the pressure, we let 7, ,» be the triangulation obtained by subdividing each
triangle of ¢, into 4 sub-triangles, and we require u, to be polynomial of
degree <1 on J, ,. We note that the number of degrees of freedom is the
same as in example 1 (P2-triangle for u, on the triangulation 9,, P1-triangle
for p, on the same triangulation).

=t

Error estimates: |u—u,|, =O0(h)

1/2
|p—Palo= ( /Q |p~ph|2dx) =0(h)

Thus the implementation (the numerical integrations) is simpler than in
example 1, but one order of accuracy is lost.

5The assumption is made that every triangle in the mesh has at most two vertices belonging
to the boundary.
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EXAMPLE 4. u,: 4X Q| quadrangle

Pn: Q, quadrangle
This is, with obvious notations, the quadrangle analogue of example 2.

—
u, p

Error estimates: same as in example 2.

3.3.3. Decomposition of the Stokes Problem
(Glowinski and Pironneau (1979)).

The pressure and velocity fields are approximated as in the preceding
section (i.e.: u,: P2, p, =PI, etc). The method proposed by R. Glowinski and
O. Pironneau produces a decomposition of the Stokes problem into a cascade
of Poisson’s equations and yields efficient algorithms for the numerical
solution of (2D or 3D) Stokes (and Navier Stokes, see Chapter 4) equations.

For a better understanding of the method we begin with the continuum
equations:

a) —vAu=f—gradp
b) divu=0 (115)
¢) up=0
Assume that we happen to know the values of the pressure at all points on
the boundary; we note A this boundary-defined function. Then the whole

pressure field can be obtained through the solution of a Poisson’s equation,
which is formed by applying the operator div to (115a):

—Ap=—divf
Plr=A

Then we get the velocities by the solution of another set of Poisson’s
equations:

{ —vAu=f—grad p

(116)

Of course the exact value of A, the boundary pressure is not known a
priori; and if we start from an arbitrary A, there is no reason for the velocity
field obtained through (116), (117) to be divergence free. We know that this
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velocity field admits decomposition of the form:
u=grad ¢ +curly
(y: a vector in 3D).

We can choose the potential ¢ to be zero on the boundary; then this ¢ is
obtained from u by another Poisson’s equation:

—A¢p=—divu
{4"1‘:0

From (116), (117), (118) we see that:
AA$p=A(divu)=div(Au)=» 'div( f—grad p)=0

We must look at ¢ as a function of A: if we can find A such that 9¢/9n| =0,
then ¢ satisfies a biharmonic equation with homogeneous data:

(118)

AAp=0
¢|r=0
9% _

an =0

which implies ¢=0, and therefore divu=0. Thus our conclusion is that
d¢/dn| =0 is a necessary and sufficient condition for the incompressibility
constraint to be satisfied. If we set:

_ 99
QA= Py (119)
we have to solve a linear affine equation for boundary valued functions A:
€#A=0 (120)

Let us rewrite these equations by introducing the solutions of the following
Poisson’s equations:

—Ap,=—di

olr

—vAu, =f—grad p,

{“OIFZO (122)

—A¢) = —divu,

123

{¢0|r:0 (129
Set p=p—py. A=u—u,, p=d—,: A=p|y. Then we have:

—Ap=0

o (124)

plr=A

—vAiu= —grad p

{,;lrz() (125)

écl):divﬁ (126)
¢|r=0
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(so that 5,1, ¢ are function of X).
Set:  BA=+ 22
an
The condition divu=0 is equivalent to:
0 ,-~
an (¢+¢,)=0

that is

PBX= — ?ﬁl
BA= on (127)

The above mentioned authors proved that A— X is an invertible one-to-one
(provided [;.A ds=0) operator so that (127) has a unique solution. Moreover
the bilinear form associated to %:

b(Xw)=(BA, )
is symmetric and positive definite.

We note that the right hand side in (127) can be transformed as follows, by
the Green’s formula:

Iog . _ _ _
fra—n,uds—fuv%Vudxﬂ-./;ZA(pOpdx.
(if @ is defined over @ and such that | =p)
0o, - i
[ wds= [(9 00 —ug)- v idx (128)

(from (123) and another application of the Green’s formula).

Now we come to the finite element implementation of this method; for the
simplicity of our description, we assume that we use the “P2— PI” interpola-
tion; the extension to other types of elements is straightforward. We require
some notations (for a given triangulation 7, ):

V, o= approximation space of velocities
=set of continuous, piecewise polynomial of degree <2, vector valued
functions, vanishing on T
W, = approximation space of pressures
=set of continuous, piecewise polynomial of degree <1
W,,=set of functions in W,, vanishing on I'.
We introduce the basis functions of W,: ¢, is the basis function associated

to vertex 1; thus W, is generated by the basis functions associated to interior
vertices.

¢, -y. duahty pairing between H' 3(T') and H ' *(T') (the integral over T for sufficiently
smooth A and p).
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We set 9IL,: subspace of W, generated by those basis functions associated
to vertices on the boundary. Thus W, is the direct sum of W,, and I ,:

Wy =W, @M,

(9, will be our approximation space for the boundary pressure A).
Define the discrete analogues of Poisson’s equations (121) to (123).

Pro € Wio
. 129
/;Zgrad Pho-gradwdx= —-/;zw(lef) dx, VweW,, (129)
Uy E Vg
130
Lgraduh0~gradwdx:j;2(f—grad Pro) W, vwev,, (130)
bno € Wio
(131)

fgradqb,,O-gradwdx: —fwdivuodx, VweW,,
Q Q

We now have to construct the discrete analogue of operator “3: this is an
M XM matrix (M being the number of vertices on I, i.e. the dimension of
M,). For any A, in 9N, we define the discrete analogues of (124), (125),
(126):

p~h —Xh S u/h()
(132)
fgrad pp-gradwdx=0, VweW,,
Q
u, EV,,
(133)
vfgradﬁ,,-gradwdx:—fgrad Dy-wdx, vwevl,,
Y] Q
&‘h eu/hO
. (134)
jgrad o, -gradwdx=— [wdivadx, VweW,,
Q Q

Thus ¢, =¢,(X,); we would like to find a X, such that, in some sense, the
normal derivative of (¢, +¢,,) vanishes:

9

W(&’h +¢ho):0-

Although pointwise values of normal derivatives for ¢, and ¢,, can be
computed they cannot be considered as realistic approximations to normal
derivatives of the true solution. So that a weak form of this condition should
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be used. In view of (128), we impose instead the following condition:
-[n(gmd &’h -grad p, —p,diva, ) dx
:_fﬂ(g"ad‘i’ho'gfadl‘h_!‘hdiV“ho)dxa Vo, €My (135)

This set of equations will determine A it is the discrete analogue of (127).
Now we know how to construct the matrix analogue of operator %: in order
to compute the column i, associated to boundary vertex i and basis function
¢, € )‘L,,, we put )\ =¢, in (132) and successively compute the corresponding
Py ®p. 1, the coefflclem in column / and line j is obtained by putting p, =¢,
in (135):

b,= fﬂ(gmd ‘i’h(‘i’. )-grad %, —qudivfl,,((#, )) dx

(so that, to compute the M ©7 coefficients of only one column of matrix [b, ]
we have to solve: 4 Poisson’s equations for a 2-dimensional problem; 5
Poisson’s equations for a 3-dimensional problem). Once this matrix is formed
we have to solve equations (135), that is:

M
=2 A9,

-1

2 A,b, _f(¢ divu,, —grad ¢,¢- grad¢) j=1,... M

=1

(Note that the support of ¢, is close to the boundary). The matrix [b, ] is
proved to be:

Symmetric
Positive definite.

Therefore the above system can be solved either by Cholesky decomposi-
tion or by conjugate gradient method; unfortunately this system is not sparse.

Once this relatively small system is solved, yielding the solution X,, the
complete solution is found via the further solution of 4 (5 in 3D) Poisson’s
equations, and:

®n =bp T o> u, =0, tug,,  pr=p,tpos

$7Remind that M is the number of boundary vertex nodes.
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Error estimates: (piecewise quadratic velocity, piecewise linear pressure):

Iuh_ull:O(hz)
|y —pl,=0(h)
¢4l = O(n?)

(the H, norm of ¢, measures the L2 norm of the divergence div u,,).

Remark. If we chose to impose the incompressibility through ¢, =0 instead
of (135) we find exactly the methods of §3-3-2 employed e.g. by Taylor and
Hood (1973). (Note that ¢, =0 does not imply the vanishing of divu,,
contrary to the continuous case).

The present method reduces the Stokes problem to the solution of a small
finite number of discrete Poisson’s equations, plus the solution of a discrete
boundary integral equation whose matrix is symmetric and positive definite.
This method appeared to be an efficient Stokes solver when applied to the
iterative solution of Navier Stokes equations, requiring repeated solution of
Stokes problems (see Chapter 4 of this course; let us insist now on the fact
that in such a process the matrix [b,,] needs to be computed and factorized
only once).

Finally we note that the method was originated in decomposition problems
for the biharmonic equation: see Glowinski and Pironneau (1977) (the
method is briefly reviewed in §3-5).

3.4. Vorticity— Pressure- Velocity Formulations: Discontinuous
Approximations of Pressure and Velocity

The principal purpose in such formulations is to obtain discontinuous ap-
proximations of u (with continuous u-n at the interelement faces) so as to
apply upwinding techniques “a la LeSaint™ as described in §2-5.%% Due to the
discontinuities in u, the approximation of the viscous term requires a “mixed”
formulation, i.e. the introduction of an auxilliary variable: the vorticity
w=curlu ® (Girault and Raviart (1979)) or the deviatoric stress tensor
o,=(u, ,+u, )/2 (Johnson (1978)). We begin with the first case; we note
that Stokes equations can be written as:

a) vcurlw+grad p=f{
b) w—curlu=0

¢) divu=0

d) wu|=0

(136)

$8See Chapter 4 for the application to Navier Stokes.

9w is a vector in a 3-dimensional problem; we shall consider only the 2-dimensional problem.
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It may be seen that the proper’ variational space in which the velocity
should be looked for consists of velocity fields with square integrable diver-
gence, i.e. with Raviart’s notations:

H,(div, )= {vE L*(Q) such that: divv=0, v-n| =0} (137)
with this definition the weak formulation of (136) is as follows:

Find wEH'(2), uEHy(div,2), pEL*(Q):

a) v/v-curlwdx—fpdivvdx:ff-vdx, V vEH,(div,Q)
Q Q Q

(138)
b) /wedx—/u-cunodx:o VOEH(Q)
Q Q
c) fqdivudxzo v gELX(Q)
Q
Remarks.

(i) The boundary conditions on u are not all satisfied in the same manner:
“u-n=0" is strongly imposed by the definition (137) of H(div,Q); the
tangential boundary condition “u-t=0" is implied by (138a), through the
Green'’s formula.

(i) Other boundary conditions can be introduced instead of (136¢c); for
instance: the tangential velocity and the pressure on a part of the boundary;
the tangential and normal components of the velocity along the rest of I':

u-t=a, p=m onl,
. (139)
u-t=a, u-n=b, onl, =T,

Then the definition of Hy(div,2) and the weak formulation are modified as
follows:

Hy(div, Q)= {ve L*(2) such that: divv=0, v-n| =0}

v|v-curlwdx— divvdx
J; I
:ffvdx—f ay-nds, VvEHy(div,Q)
Q T,
wadx—/u-curldeIfa0ds, VOcH'(Q)
Q Q r

fqdivudeO, vV gEL*(Q)

u-n=b, onl,

"0That with just the desired continuity requirements on u-n.
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In the rest of this section we will consider exclusively homogeneous
boundary condition (136d), for the sake of simplicity.

Let us consider now how the discrete equations will be obtained from
(138), given a triangular, or rectangular, mesh, we will approximate u, p, w by
piecewise polynomials. The corresponding finite elements are founded on the
following lemma (Thomas (1977), Girault and Raviart (1979):

For a piecewise polynomial v,, a necessary and sufficient condition
for: divv, €L*(Q) is the continuity of normal fluxes v,-n at the
interelement boundaries:

ving vk -ng =0 onKNK’ (140)

Finite elements satisfying (140) were analyzed by Thomas (1977) and
implemented by Jaffre (1979); we saw the lowest degree element in §1-5; the
degrees of freedom of this element are the values of normal velocity at mid
points of each element-side.

A higher order element described by Thomas or Jaffre uses incomplete
polynomials in P2 or Q2; the degrees of freedom for u,, are in this case: i) the
values of u,-n at two points per side (it is convenient to chose the Gauss
integration points along each side); ii) the values of the element integrals:
[xupdx, fu,,dx (that is, 8 nodes per triangle, 10 nodes per quadrangle).
Once the approximation of u is chosen, the approximation of p and w is not
arbitrary: (138) is a saddle point problem and a condition of Brezzi’s type
needs to be satisfied., in order to assure the unicity of the discrete solutions
Py w,. The following choices can be proved to be compatible with the last
mentioned approximation of u (8 node triangle, 10 node quadrangle)’":

Py discontinuous P1 or Q1
w,: continuous piecewise P2 or Q2.

Remark. Since the pressure field is discontinuous, the incompressibility
condition can be dealt with via the penalty formulation as in §3-2-5.

The above formulations are valid in two or three dimensional problems as
well.

The implementation of the method can be further simplified in the case of
mo dimensional problems via the use of a stream function; indeed, for

"'See alse EI Manouzi (1979) for the implementation ﬁ é/j\/ /
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u€ Hy(div, 2): divu=0 is equivalent to u=curly={y,, —¢ ;} with ¢ lying
in the following space ® =®(Q):

®=H}(Q), if I isconnected;
if [ =T, (: exterior boundary”*)UT, UT,...UT,,

b= {¢EH'(Q) such that:

¢' Ty =0

¢|r, =some arbitrary constant, i>0 (i.e. véXn=0onT,)}

Then an equivalent formulation to (138) is:

Find y €®, w€ H'(Q) such that:

V/gradw-gradq)dx: f-curl ¢ dx, VoED
Q Q

w0dx—fcurl¢~curl0dx:0, VieH (Q)
Q

Q
u=curl y
Standard Lagrange-type finite elements can be used to discretize (140), e.g.
piecewise P2 (continuous; i.e. the 6 node element) for w and ¢, yielding the
following error estimates:

(fﬂiu—u,,lzdx )m:()(h)

[ffoontan)

=0(h)

Similar methods, where instead of « the auxilliary variable is either
3%¢,/dx,dx, =tensor of second derivatives of the stream function (Figueroa
(1979)); or Z,,=1/2(du, /0x, +3u, /dx,)=deviatoric stress tensor (Johnson
(1978), El Manouzi (1979)). For instance the latter reference analyzes the
approximation of the following weak formulation’:

ue H(div,Q)= {VELZ(Q))Z such that divveL?*(Q)
(e,)=8€ X=H(div, Q)X H(div(%))
pEH'(Q)

2Supporting the conditions “at infinity” in the case of the flow around an airfoil (for
instance).

730Other formulations are also analyzed: the present one is adapted to the introduction of
upwinding in the approximation of Navier Stokes equations.
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2
> fe n dx-+-f
Lo oL o

aTl,j daq —
lzjulgx—j' - zu'a_x, dX—O,

1

ViEX, VqeH(Q)

= asl/ z ap .
f 07—~ X 05— |dx=0  VveEH(div,Q),v.n=0 onT.
Q4. =1 ax.l =1 ax’

u-n=0 onT.
The reasons for the interest in such formulations are twofold:

(i) The accuracy is one order of magnitude better than with an w—y, or
w—u—p, formulation;

(ii) The stress tensor has a fundamental physical meaning for which boundary
conditions may be required, e.g. along free surfaces or at exit boundaries.

However a relatively heavy price has to paid in the number of variables; for
instance the lowest order method described by El Manouzi (1979) uses
incomplete polynomials of degree 1 for u and ¢,”* conforming P1 triangles for
p; the resulting number of degrees of freedom is of order: 5XNumber of
Triangles, for an order of accuracy:

([Q|u—u,,|2dx )I/Zzo(h)
(fﬂle—e,,|2dx )]/2:0(}1)

(fulp—phlzdx )l/2=0(h)

3.5. Vorticity Stream-Function Formulation: Decompositions of
the Biharmonic Problem

In two dimensions of space, the introduction of the vorticity w=curlu and of
the stream function y transforms the Stokes problem (95) into the following
Poisson’s equations:

a) —Ay=w
b) —Aw=—curlf=+g (141)
c) ¥[r=0" 8_;[/:0

4So that the normal components of u and of each column of tensor ¢ arc continuous across
interelement boundaries;

75 This is valid for a connected boundary; otherwise y 1s an unknown constant on each obstacle
in the flow: ¢ €® with the notations of previous section §3-4
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Boundary conditions may be prescribed in some cases for w: e.g. at
upstream and outflow boundaries, assuming a fully developed flow; but such
conditions are not available at all parts of T for a general problem. This
difficulty has been thoroughly studied in finite difference context: for
instance, near a wall—where the noslip condition applies for u— the classical
remedy is to use Taylor expansions of ¢ in the normal direction, together with
the noslip condition, to obtain an approximate boundary condition in w; for
instance:

wOIZ% +0(9x)

(Thom’s formula: w, and ¥, are the values of w and ¢ at the wall which
is assumed parallel to Oy: ¢, is the value of ¥ one mesh point away from
the wall. These methods are reviewed in Roache (1972, chapter II-C,
pp. 140-160).” Although the straightforward’” finite element extension of
such techniques has been tried (Datta and Strauss (1976), Taylor and Hood
(1973). Tkegawa (1979)), caution is required in the application of such a
technique: no informations are available as to the reliabiity of such a
technique in general configurations.

We bricfly describe now three variants of one decomposition method, using
standard finite elements of Lagrange type, e.g. P2 or P1 triangles, Q2 or QI
quadrangles, etc. We use the same notations as i §3-3-3 (for a given
triangulation and given A=1,2,...).

W, =set of continuous piecewise polynomials’™ of degree <k (see chapter
1): for each element K and w € W,: w|x €EP, if K'is a triangle, 0|, €Q4 if K
1s a quadrangle.

W, =set of functions in W, vanishing on I’

M, = subspace of W, generated by basis functions associated to boundary
nodes:

W, = W, @,

w, € W, discrete vorticity
Ay €M, (unknown) value on the boundary. of the (discrete) vorticity w,,
Y, €W, discrete stream function.

7 Recently by Gupta and Manohar (1979)

"ie, wnung difference-like boundary conditions such as Thom’s formula, connecting the
values of w and of  at 2 neighbor points in the normal direction at the boundary

™1n the case of a curved boundary, 1soparametric elements should be used
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Let us write the discrete analogues of (141):

w,— A, EW,,

/gradwh.gradqbdx:/g(pdx, VoEW,, (]42)
Q Q

v, EW,yp

fgrad\,b,,'graqudx: +fwh4>dx, VoEW,, (143)
Q Y

The first boundary condition in (141c) is taken into account by ¢, € W,
(i.e. freezing to O the values of ¢, on the boundary). We need discrete
equations to represent the other condition 9y /9n=0; if ¢ and p are smooth
functions, with ¢ solution of (141) we have by the Green’s formula:

dy
0= | ——pds= rad ¢-grad p—wp ) fx
fran# fﬂ(g yrgradp—wp) f
Therefore the discrete version of 3y /dn=0 is:
fgradxph-graduthZ/whyhdx, Yu, €M, (144)
Q Q

First method (Campion-Renson and Crochet (1978), Ikenouchi and Kimura
(1974))
Putting together (142), (143) and (144) we get a coupled system in w,, y,:

w, EW, Y, EW),

. = ew,
fﬂgradw,, grad ¢ dx fgg(#dx, V¢ ho (145)

f(grad\[xh-grad¢—wh¢)dx’—"0, VoEW,
Q

(see also Axelsson and Gustafsson (1979) for iterative solution of (145)).
Second method: “dual iterative method” (Ciarlet and Glowinski (1975),
Glowinski (1973), Ciarlet and Raviart (1974), Bossavit (1971), Bourgat (1976)).
The above system of equations is equivalent to a saddle point problem,
where A, =w, | is the Lagrange multiplier associated to the constraint (144),
iLe. (“97/0on)y, =0.
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Hence the following algorithm of Uzawa type, with parameter p:

Step O: initialize A, , e.g. A, =0

Step 1: compute w, solution of (142)
Step 2: compute y, solution of (143)
Step 3: compute A, EIN,, such that:

VpEM,: Lxhp¢:LAhpw+p£2(grad11/,,'gradp—w,,y)dx

Step 4: if the algorithm has not yet converged, set A, =\,
and go to step 1.

(146)
Remarks.

(i) the choice of p is empirical for a general domain, although bounds for p
can be given in the case of domains with simple geometries; e.g.: 0<<p<<\2M
in the case of square @; 0<<p<8 when Q is a disk. From Bourgat (1976),
about 20 iterations are enough for convergence in a typical test problem;

(ii) steps 1 and 2 of (146) involve discrete Poisson’s equations, to be solved
e.g. by SOR or Cholesky factorization (the matrix is invariant during the
iterations);

(iii) step 3 should be made explicit through a proper quadrature formula
over I' (in fact any inner product in 91, can yield a convergent algorithm);

(iv) for further details on the implementation and numerical results see
Bourgat (1976). For related ideas see also Bonnet and Perronnet (1973).

Third method (Glowinski and Pironneau (1977)

This method is similar to the decomposition of Stokes problem, §3-3-3:
here (142), (143), (144) yield a boundary equation for A,; this equation is
formed through the solution of a “cascade” of discrete Poisson’s equations.

The matrix of the A, -equation is formed just in the same manner in §3-3-3
and can be inverted either by the Cholesky factorization or by a conjugate
gradient method: it results from the numerical experiments of M. Vidrascu
(1978) that the latter is about twice faster and requires less core storage (by a
factor 3).

Remarks. Other types of approximation of the biharmonic equations;

(1) for non standard finite element (“mixed” or “hybrid”) see Brezzi and
Marini (1975), Brezzi and Raviart (1976), Brezzi et al. (1979).

(ii) for the use of conforming methods (with C'-regularity such as 21 node
Argyris’ triangle), or non conforming methods, see e.g. Ciarlet (1975, 1978).

(iii) in 3 dimensions of space, the introduction of the (vector valued stream
function ¢ seems to be of little use, since anyway the condition divy=0
needs to be imposed in order to insure the unicity to ¥ (see Bernardi (1979)).



4. Navier-Stokes Equations: Accuracy Assessments and
Numerical Results

The goals of this chapter are: i) to comment the weak formulations of non
linear equations using the methods of chapter 3 (possibly combined with the
upwinding techniques of chapter 2); ii) to review some theoretical and
numerical results available in the mathematical and engineering literature,
regarding the accuracy of these methods. (The numerical procedures for the
solution of the linear and non linear related systems are briefly reviewed in
chapter 5).

When the solution of the mathematical problem is unique (i.e. at moderate
Reynolds number, see e.g. Temam (1977a), Girault and Raviart (1979)) the
methods of chapter 3 are proved to converge and the error estimates have the
same order of accuracy as in the linear case.

4.1. Remarks on the Formulation

The equations of notion to be solved are: (together with appropriate boundary
conditions):

Newton’s law:

ou,
p(—a-t_ +(u1uj),] )_olj,j :p./;

(147a)
(p="fluid density)
Mass conservation:
u, ;=0, p=constant (147b)
Newtonian constitutive law:
o,j=—p8,j+p.(u,,1+uj',) (147¢)

Using the incompressibility conditions the acceleration terms in (147a)
become:

0
p(—al:—'-i-uju,'j) (148a)
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and the stress term:
0,,=P. ey, (148b)
so that (147a) can be simplified to the classical form (v=p/p):

du,
= ~vAutuu  +(p/p) =, (149)

A lot of the finite element methods for Navier Stokes equations make use of
approximate velocity with small by non zero, divergence’; so that the discrete
equations driven either from (147)*° or from (149) should not be strictly
equivalent.*’ The equations of primary physical interest should be (147), yet a
significant amount of finite element solutions of Navier Stokes equations use
(149).

As far as the stress tensor is concerned there is a consensus of many
authors to leave o, as it is in (147c) instead of replacing it by (148b):
e.g. Hood and Taylor (1973), Hughes et al. (1979), Nickell et al. (1974).

As to the non linear term its formulation is discussed by Hutton et al.
(1980), Hughes et al. (1979): the latter mention that in their numerical
experiments with Q2 (nine nodes biquadratic) elements for u, and discontinu-
ous Q1 (four nodes bilinear) elements for p, no discernable difference was
observed when (148a) was used in place of the conservative form. The same
authors also used without damage to the accuracy, the following form of the
acceleration term:

du, 1

T+§(“;“:./+(“:“j)_,)
which results in the following weak formulation proposed by Temam (1968)
and useful for the stability of the numerical scheme:

ou, 1
/9 5 01+5(uju,‘]v,—uju,o,‘j)

14
+ —2-(u,‘j +u, v, ,+o,,)=po,  — ,v,) dx=0, Vv={v,0,}

It should be useful to know whether such conclusions on the practical
equivalence of conservative and non conservative forms, also hold for other
finite element approximations, in particular when the approximate pressure is
continuous.

"In the hmit of vanishing meshsize, divu;, —0; but on the computer you work with a finite
mesh.

“’By analogy with fimtc differences, the formulation driven from (147) might be named
“conservative ”

*1Of course the finite element methods for the solution of (149) may be adapted without
difficulty, but with variable efficiency, for the solution of (147). Note that the transportive form
(148a) 15 better suited for the introduction of upwinding
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With these restrictions in mind there is no difficulty to write, at least
formally, the weak formulations corresponding to (147) or (149): knowing the
formulation of Stokes problem, just add to —f, (the body force) the accelera-
tion term.

We note that the use of upwinding techniques of chapter 2 sets no
difficulty when (148a) or (149) is used ((149) is a transport equation for the
velocity itself); for instance with a semi implicit time discretization of (149):

m+1 __

ot

u™ is known when we have to compute u”"'; so that at each time step we
solve a stationary advection /diffusion problem, with known velocity field as
studied in chapter 2.

m

u +(u’"-V)u'"+'—VAu"’+I+V(p"”'/p):f"”l.

u

4.2. A Review of the Different Methods

Now we review the methods described in chapter 3, indicate the possibilities
of upwinding, and give the references for convergence proofs and numerical
results (the wall-driven square cavity problem is considered to be one of the
significant possible tests). Some numerical results are shown in §4-3.

4.2.1. Velocity—Pressure Formulations: Discontinuous Approximations of the
Pressure

Convergence proofs: Jamet and Raviart (1973), Temam (1977).

u,: non conformity Pl; p,: discontinuous PO (i.e. piecewise constant)
(§1-4-5, §3-2-1).

Numerical results: Thomasset (1976, 1977, 1980) (using the zero divergence
basis).

For the square cavity problem, the results compare fairly well to the
solution by accurate finite differences, for Reynolds numbers up to 100 (with
a comparatively cheap number of variables); at R=400, the method failed to
give the correct solution (see Figure 33; of course a still finer mesh would—
hopefully— yield the correct answer).

u,: P2, p,: PO (§3-2-3)

Convergence proof and numerical results in Fortin (1972): results are
shown for the square cavity problem at R<100. (To the author’s knowledge,
solution at higher Reynolds numbers was not tried with this element).

u,: 02, p,: discontinuous Q1 (§3-2-5)

Convergence proof and numerical results in Engelman (1979), Bercovier
and Engelman (1979): satisfying solutions are obtained in the square cavity
problem at R=0,100,400,1000. Also Hughes et al. (1979) tested their up-
winding procedure (§2-3) on this finite element method for Navier Stokes
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equations. The effects of upwinding were most clearly seen in the problem of
flow past a step as shown by these authors: using a coarse mesh they get non
physical wiggles which are smoothed out when the upwinding is introduced.

4.2.2. Velocity- Pressure Formulations: Continuous Approximations of the
Pressure
(Cf. §3-3)

Convergence proof in Letallec (1978) (who also gives some numerical results).

This is probably the most popular formulation among aerodynamicists,
possibly because of the feeling that an approximation with continuous
functions is more attractive than discontinuous functions: yet there is no
argument in favour of approximation by continuous functions, as far as the
accuracy is concerned. Numerical results can be found in Hood and Taylor
(1973), Nickell, Tanner and Caswell (1975); Periaux (1978), Glowinski ez al.
(1979, 1980) use a non linear conjugate gradient algorithm (see chapter 5), so
that the non linear equations are solved with a succession of Stokes problems,
where the decomposition technique of §3-3-3 can be used: numerical results
obtained by J. Periaux with this technique for an engineering problem is
given in §4-3-2; the algorithm is equally efficient for 3-D problems.

Benque ez al. (1980) used a splitting technique (see chapter 5) so that the
convective and diffusive terms are treated in successive steps: the first uses
the method of characteristics (§2-6) and the latter step (which a Stokes
equation) uses the same decomposition technique described in §3-3-3.

A comparison of several schemes was performed by Huyakorn et al. (1978),
in particular for the problem of flow through a 2-D channel with a sudden
enlargement: from this results, the “Q2+ Q1" and “P2+P1” elements
give a better accuracy than the 8-nodes “serendip” quadrangle (for u) of
Zienckiewicz (1977) (with 4-nodes Q1 approximation of p).

4.2.3. Vorticity—Pressure— Velocity Formulations: Discontinuous
Approximations of Pressure and Velocity
(CY. §3-4)

Convergence proofs: Girault and Raviart (1979).

Such approximations make use of Lesaint’s upwinding technique (§2-5) so
that the method is stable at high Reynolds numbers. Up to now these
methods have received little attention from engineers, probably because: i) of
the non standard elements®? involved when the stream function is not used;
i) the comparatively large number of variables: in this respect the use of
recent techniques for the solution of linear systems (like incomplete Cholesky
factorization, see chapter 5) can bring a renewal of interest in those methods.

82 Introduced by Raviart-Thomas, sce §3-4 and 1-5
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Let us briefly describe the discrete formulation of stationary Navier Stokes
in the 2-D case, when the vorticity and stream function can be taken as
dependent variables. To fix ideas we use P2 triangles (or Q2 quadrangles) for
the approximation of w and .

The discrete equations are (with the notations of (140), §3-4):

W,: set of piecewise quadratic ( P2 or Q2) functions in H'(Q)
®,: set of piecewise quadratic (P2 or Q2) functions in @
Find ¢, €9, w, € W, such that
V/grad w,-grad ¢ dx +b(u,. u,.curldp)= ff-curhpdx, vVoed,
Q Q@
(150)
/w;,¢>a'-\‘*fcurlxphcurwdx. VoeEW, (151)
Q 9
u, =curl Y,

b(u,.u,,curl $) is the upwind approximation of the advection term:
fo “(u,- V)" uycurl g dx; more precisely, with u;, = {u, us}:

b(v,.u,.w,) = 2(—_/0]11,./‘4',dx+f (von, ) (au, +(1—a)u, )-w,ds
T T ar

(152)
(summation over the elements, 97=boundary of element T, n, =outward
unit vector on 97").
In (151), u; and u, are respectively the upstream and downstream values of
the velocity according the sign of u,-n; (which by the way is continuous
across 07 ):

When u,-n, >0, u, =value of u, computed within the element 7, and
u, =value of u, computed within the neighbouring (downstream) element
T,

Vice versa when u,-n; <0 (see Figure 29)

a is an upwinding parameter (3 <a<1; Fortin (1976) has shown that the

Fig. 29
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numerical dissipation of the scheme is proportional to (2a—1)); this a does
not need to be constant; it might be equal to 1/2 in regions where diffusion
effects dominate advection, and nearer to 1 elsewhere (just as e.g. in Hughes’
scheme). However this possibility has not been explored.

Two dimensional numerical results in w—1 formulation (on the square wall
driven cavity, see §4-3-1) shown by Thomasset (1977), Fortin and Thomasset®?
(1979) (using P2 triangles); by Benazeth (1977), Paillard (1979) (using Q2
quadrangles). Note that quadrangles give better results than triangles on this
example.

Fortin and Thomasset solved the transient problem with a semi-explicit®
time-marching scheme; Benazeth and Paillard considered the solution of the
stationary problem through a successive approximation iterative scheme as
follows: (m: iteration counter)

vfgrad wpt 'grad¢dx+b(u,’,",u,’,"*',curlqb):ff-curlqbdx,v oED,
Q Q

f(w;"+'¢—cur1¢;'+'-curlqs)dx:o.v¢eW,, (153)
Q

mtl m+1
uy " =curly;

Note that (153) is a large system with non symmetric, m dependent, matrix
(whose bandwidth is increased by the introduction of upwinding: in Figure
29, node a and node b will be connected); this was solved by a frontal method
(Joly (1977)). Let us also notice that the non linear equations (153) are non
differentiable®® with respect to u,, so that a direct application of Newton-
Raphson method to (153) is at least questionable.

Other related methods were also tested on the square cavity problem:
Figueroa (1979) used as an auxilliary variable in place of w, the tensor of
second derivatives xp‘,j of the stream function; from comparisons with an
upwind finite difference code with 50X 50 mesh, this seems to be more
accurate than the w-y formulation; El Manouzi (1979) used g, =mu, ,tu, )
= viscous stress tensor as an auxilliary variable.

4.2.4. Vorticity— Stream-Function Formulation
(Cf. §3-5)

This is the classical w-y formulation. Unlike the preceding method, the
vorticity is related to the stream function through a Poisson’s equation

** Also shown in this reference 1s the 2-D flow past a cylinder.
#4Requiring the solution of two symmetric positive definite systems per iteration.
*But the non differentiable terms are small (sce V. Girault, thesis, 1979).
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(R=1/v)
—AYy=w
—Aw+R(Y 0~y w,)=curl f

r

dn r:0)

Numerical results for the formulation analogue to (142), (143) can be found
in Campion-Renson and Crochet (1978), in the square cavity, for R=
0,100,400; Ikegawa (1979) gives numerical results of his method for u
modified cavity problem (the fluid is driven by a thin channel flow) and
compares with physical experiments at R~ 1400.

The dual iterative method (146) was implemented for Navier Stokes
equations by M. Borrel (1977), who shows again numerical results on the
square cavity at R=400, and for the problem of flow near the trailing edge of
an airfoil (R=400); it is likely that the third method of §3-5 proposed by
Glowinski and Pironneau (1977) would be more effective, although no
numerical tests are available for the non linear case (these authors preferred
to develop the analogue u, p formulation §3-3-3, which extends to 3-D
problems).

+ boundary conditions (e. gy

4.3. Some Numerical Tests

4.3.1. The Square Wall Driven Cavity Flow

The problem definition is in Figure 30; the stationary problem is considered.
It does not really show the full possibilities of finite element methods, since a
large number of finite difference workers solved the problem since Burggraff
(1966), e.g. Bozeman and Dalton (1973), Nallasamy and Krishna-Prasad
(1977), Benjamin and Denny (1979), Dennis et al. (1979).

ul: l,llz =0
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Fig. 31 408 triangles

Yet precisely because of this large amount of references, this problem is felt
as a simple test for a new code. We note that the finite difference papers give
similar results for R=Reynolds number <1000, but that the results are
controversial at higher Reynolds, e.g. R=10000. For instance Nallasamy and
Krishna-Prasad (1977) show numerical results for R=102 to 3X 10*, where
the size and strength of secondary eddies® decrease in strength when R
increases from 10°; Benjamin and Denny (1979) attributed this effect to the
use of upwind differences and found the contrary effect (increasing secondary
eddies). See also de Vahl Davis and Mallinson (1976).

However this controversy is likely to be solved sometimes in the future so
that the square cavity problem remains a significant test. It is most regretable
that no standard form exists for the presentation of the results (for finite

8 That is smaller counter clockwise eddies in the right hand left down corners.
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xxxxxx BURGGRAFF
(centered F.D.M., 40 X 40)

THOMASSET

(Pl nonconforming
triangles; zero divergence
basis; 408 elements)

""""" BERCOVIER & ENGELMAN
(Q, +Q,; F.EM. with
penalization, 12 X 12)

—————— BORREL
(w- Y Py +Py FEM,
10 X 10)

- S . g
1 u

Fig. 32 Square wall driven cavity. R=100. Profile of honzontal velocity along vertical centre
line

difference as well as finite element papers) which makes the comparison more
difficult.
The most common outputs are:

The shape of streamlines and velocity fields, which allows only qualitative
comparisons; however comparisons of streamlines are possible with physical
experiments (see e.g. Ikegawa (1979)),

The values of maximum and minimum value of stream function (when
available) and vorticity;
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BURGGRAF (centered F.D.M., 40 X 40)

CAMPION-RENSON & CROCHET
(w— ¥ F.IEM., 8 nodes “serenchip”
clements; 8 X 8 mesh)

BERCOVIER & ENGELMAN
(Q; +Q fe.m. with

/'.-' penalization, 12 X 12)
///,5 x ——-— BORREL(w ¢,Py +P, fem,,
SN dual iteractive method, 10 X 10).
W
s xxxxxxx THOMASSET
‘\ \\ (nonconforming P triangles,
R\ ‘ zero-divergence basis;
\\\ 408 triangles)
\\ -
X \ (all of the above results used
A\ centered schemes)
x

1 -
1 u

Fig. 33 Squarc wall driven cavity. R=400. Profile of horizontal velocity along vertical centre
line

The location of the centre of main eddy;

The dimensions and strength of secondary eddies;

The variation along the centre line x, =.5, of the u; component of the
velocity: we give these profiles for Reynolds numbers: 100, 400, 1000, 10000,
and several f.e.m. and f.d. methods: see Figures 32 to 35.

Let us mention that these graphs are only indicative and that further tests
should be performed in order to draw definite conclusions as regards accu-
racy: in fact, the methods ought to be compared for (approximately) equal
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NALT ASAMY & KRISHATA-PRASAD
tupwind F.F.M., SO X S0y

with full upwindmg “u la LESAINT™.
10 X 10)

—-—— PORIIN & THOMASSIT
(same method with Q. +Q,
clements, 12X 12)

eeveeeeess BERCOVIER & ENGELMAN
(1.1 M. Q, clements for .
with penalization.
no upwinding - 12 x 12)

tr++r4+ FIGULROA
(mized ™y ¢, U FLEML
with tull upwindimg, 12 X 12)
(the latter s not drawn
when indiscernable trom
other results).

Fig 34 Square wall driven cavity R—1000. Profile of horizontal velocity along vertical centre
line

numbers of unknowns. The meshes in use are regular meshes®” made of small
squares possibly divided into 2 triangles per square (the notation 1212
means that 122 = 144 small square elements are used).

Let us mention that Benazeth (1977, §4-2-3 of this course) measured the
size of the computed secondary eddies and found that they decreased when R

87 Except for the non conforming P1 element, for which a 408-triangles mesh was used (which
however proved to be unsufficient at R =400 as indicated by Figure 33)

—————— BENAZETH tmined o Q) +Q, LA
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———— NALLASAMY & KRISHNA-PRASAD
(upwind F.D.M., 50 X 50)

—————— FIGUEROA (mixed ¢ — ¢,
with upwinding, 12 X 12)

" F.EM.,

1

—-— FORTIN & THOMASSET
(mixed ¥ - w,P, +P, F.LEM,,
with full upwinding, 12 X 12)

"""""" BENAZETH (mixed ¥ - w,
Q, +Q, FEM,,
with full upwinding, 10 X 10)

L
>

1 u

Fig. 35 Square wall driven cavity. R=10000. Profilc of horizontal velocity along vertical centre
line

Fig. 36
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4.3, Some Numerical Tests

Fig. 37
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Fig. 39

increased from R=1000, as in Nallasamy and Krishna-Prasad (full upwind
finite differences; it will be of interest to test whether this is really as spurious
effect of upwinding, as Benjamin and Denny (1979) have suggested; note that
Benazeth used a constant a— upwinding parameter— throughout the calcula-
tion, which is likely to be non optimal).

Finally we mention that the results in Letallec (1978) show relatively poor
results at R=1000 with continuous approximation of p (P2-Pl element,
§3-3); this may be due to the singularity in the pressure field in the top
corners, which is poorly represented by P1 conforming elements. A modified
square cavity problem with at least the same physical interest, could be
studied in order to obviate this numerical difficulty; namely to replace the
moving wall by a thin channel (as Bercovier and Engelman (1979) did to
compute a solution at R=2000), with given entrance and exit velocity
profiles. Unfortunately the references for this modified problem are rather
scarce.
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@h ENLARGEMENT AROUND AN AIR INTAKE
NODES . 6032
ELEMENTS . 11684
7+ CHOLCOEF. = 1244775
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4.3.2. An Engineering Problem: Unsteady 2-D Flow Around and In an
Air-Intake

I am gratefully indebted to J. Periaux from Avions-Marcel-Dassault /Bréguct-Aviation,
for giving me this numerical illustration.*®

The air intake is shown with the meshes on Figures 37, 38, 39 and 40;
Figures 37 and 38 show the whole domain while Figures 39 and 40 are
enlargements around the air intakes; Figures 37 and 39 show the triangula-
tion used for the conforming P1 approximations of the pressure: 15<5 vertex
nodes and 2921 triangles.

On Figures 38 and 40, we see finer mesh used to approximate the velocity
field (4X P1 approximation): 6032 nodes and 11684 elements.

%8 The code is due to B. Mantel, from AMD /BA.
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INCIDENCE 40.00

RE YNOLDS 750.0

YOE TTER 120
TIME STEP G.C

Fig. 41

The scheme is therefore a variant of “P2+ P1” approximation, namely the
“4X P1+ P1” element, see §3-3-2. At every time step, the non linear problem
is solved via a non linear version of the conjugate gradient method (see
chapter 5), so that the non linear problem (for one time step) is reduced to a
succession of (about 5 to 10) Stokes problems, which in turn are decomposed
into Poisson’s equations (§3-3-3).

We might think to use Cholesky factorization to solve these Poisson’s
equations, but the storage requirements for the factorized matrix would be
about 1.2X10° for this problem, which is exceedingly large; therefore Pois-
son’s equations are solved via incomplete Cholesky factorization, accelerated
with preconditioned conjugate gradient method. As to the boundary integral
equation®® (135), yielding the pressure on the boundary, it may be solved by
Cholesky decomposition (the factorization being done once and for all);

89With a full M X M matrix, M =number of boundary points (M~ 120 in the given examplc).
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Fig. 43
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P1/P] IS0 P2 LIGNES 1SO-ROTATIONNEL
CALCUL METRIQUE ENTREE D RIR MONTEE EN REYNOLDS
INCIDENCE 40.00

MACH INFINI 0.00 REYNOLDS 750.0
CYCLE ITER 120

PRS DE TEMPS 0.05

Fig. 44

however for a 3-dimensional problem, the use of conjugate gradient is still
required for the solution of the boundary equation.

This algorithm with embedded conjugate gradient loops, may seem to have
a complex structure; let us emphasize on the strong stability properties
obtained with this algorithm; moreover the user is not required to give any a
priori parameter.*

The complexity of the separated flow after 120 time steps (87=.05), with
large vortex structures moving inside and outside of the inlet, is shown on
Figures 41, 42, 43, and 44, via velocity distribution (Figure 41), pressure
distribution (Figure 42), stream lines (Figure 43) and vorticity distribution
(Figure 44); the incidence angle is 40 degrees, and the Reynolds number 750
(computed on the basis of the inlet width).

This computation required several hours on IBM 370,/168.

“'Whose estimation is delicate in other methods.



5. Computational Problems and Bookkeeping

This chapter surveys the different problems related to the implementation of
finite element methods. We refer to George (1970), Zienckiewicz (1977),
Mercier and Pironneau (1977) for more details.

5.1. Mesh Generation

Some bookkeeping is necessary to store a finite element mesh: in order to
retain the flexibility of finite element methods we can hardly assume a priori
properties as regards, for instance, the repartition of nodes (as in finite
differences). The minimum information can be stored in two arrays:

The first contains the vertex coordinates, which are numbered, say from 1
to NS

The second one contains the description of the elements and gives for each
element, the numbers of the vertices.

Another array of integers should give information on each vertex, indicat-
ing whether this is interior, or lies on the boundary; alternately we may choose
to number the interior vertices from 1 to NS0, and the boundary vertices
from NSO+1 to NS.

Several families of strategies for generating 2-dimensional triangular meshes
for general domains may be considered (cf. Koutchmy et al. (1977) and
technical notes of club Modulef):

(i) the obvious one, applicable to special geometries, i.e. generate a finite
difference mesh and divide each quadrangle into triangles; use may be made
of conformal mapping programs developed for the generation of curvilinear
finite difference grids.”" Such a method yields an optimal ordering of the
nodes (in view of reducing the bandwidth for the solution of associated linear
systems by Cholesky or Gauss factorizations). A related method is considered
by Thacker (1977) who perturbs an a priori regular mesh (with equilateral
triangles) moving points or deleting triangles, until he obtains concordance
with the given physical domain.

'Of course we may distort the mesh by different simpler (e g affine) transformations: eg
modulc Quacou in Modulef.
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(i1) Define a coarse mesh, choose a parameter n, and call a subroutine that
divides each triangle into n* new triangles (George (1970), Bourgat (1970);
module Retria in Club Modulef). This method is not well suited for the
generation of strongly graded meshes, because all the grading is present in the
coarse mesh given by the user.

(i11) Fix the boundary vertices, and call a subroutine that fills in the domain
with triangles, according to Figure 45a to 45f. Among all possible choices the
algorithm chooses to construct the triangles that are as close as possible to
equilateral triangles: this is the sketch of the method proposed by A. T.
George (1970). A simplified version is the module Triaut in Modulef;*? a
related method was developed by J. F. Bourgat (unpublished).

These kinds of methods offer a grear flexibility, specially when a graded
mesh is required, but they present several drawbacks.

First the algorithms are comparatively fragile and may be stuck in, princi-
pally under the following circumstances:

The user has given boundary vertices with a very strong grading as in
Figure 46; in this case the algorithm may begin to generate an exceedingly
large number of clements, causing a memory overflow;

The domain is squeezed in the middle as in Figure 47; then the program is
no longer able to create triangles in the middle. The remedy is: either to
refine the given boundary vertices; or to cut the domain into 2 (or more)
pieces, apply the algorithm in each parts and put the parts together as
explained in v). Note that such drawbacks are weakened when an interactive
graphic display is available.

Moreover the algorithm needs to know where the interior of your physical
domain lies; this requires that the boundary vertices make a single connected
chain. Finally, no a priori bound (sharper than 20%) can be given for the
number of generated triangles.

(iv) Cavendish (1974) proposed to distribute the vertices, in a first step,
according to variable densities defined by the user, and in a second step, to
connect the generate points to form triangles; Boisvert (1979) recently
developed ideas related to the second step.

(v) Combine several of the above techniques (or all of them) as follows:
partition the physical domain into a number of pieces; apply to each part the
appropriate algorithm; put the pieces together (for instance the module Recol
in Modulef performs this operation). This should be the most reasonable, and
most flexible approach.

(vi) An efficient mesh generating code for quadrangles is given by Jones
(1973).

(vi) In 3 dimensions of space, mesh generations into tetrahedra are
considered in Zienckiewicz (1977), Marrocco (1978, technical note of Club
Modulef), Naves (1975).

92Coded by P. Borsenberger and modified by A. Perronnet ~
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H b ¢ *

Fig 45

In general an automatically generated mesh need to be reordered so that
nodes belonging to one element are indexed by numbers as close as possible;
two reasons can be invoked for this reordering operation:

(i) Minimize the bandwidth in view of the use of in core band (or skyline)
Cholesky (or LU) solvers);
(i1) Optimize the use of graphic displays.

The most commonly used algorithm was proposed by Cuthill and Mc Kee
(1969): the user is required to give an initial sct of nodes, defining an “initial
front”, which are numbered, say from 1 to NPF; the algorithm numbers the
closest neighbours of the initial front, say from NPF+1to NPF+ NPI”: thus
a “second front” is defined; then the closest neighbours of the second front
are numbered, and so forth. The algorithm proceeds until the moving front
has swept over the whole domain. See also George (1970), Mercier and
Tremolieres (1973) and Modulef technical notes.

Of course, once the mesh is produced, supplementary arrays should (in
general) be constructed, e.g. give the numbers of degrees of freedom associ-
ated to each element.

Fig 46
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Fig 47

5.2. Solution of the Nonlinear Problems

The time marching schemes for the transient problems will not be discussed
because this would fill another book, and this topic is well documented: see
e.g. Zienckiewicz (1977), Girault and Raviart (1979), Hughes et al. (1979),
and the references of these papers (we will only emphasize on splitting
techniques in §5-2-4).

Anyway the use of an implicit or semi implicit schemes requires the
solution at each time step of a system similar to the stationary equations, of
the following type:

Bu—rAu+(u-vi)u=f—vp
divu=0 (154)
+boundary conditions;

(Of course in the transient case, f=body force +u™(8¢) with e.g., =8 "', or
B=(381)"" (in Gear’s scheme), =0 for the stationary equations).
Bu—rAu+(v-viu=f—vp
divu=0
. (155)
+ boundary conditions;
(v given =velocity field at the preceding time step)

The equations (155) yield after finite element discretization, a linear system
with non symmetric matrix, see §5-3.

Consider now the various approaches to the solution of the nonlinear
equations (154).

5.2.1. Successive Approximations (or Linearization) with Under Relaxation
me _‘VAW'" + (um I, \vé )um =f— v pm_
divw” =0
(156)
um :wwm +(1 —w )wm 1

(w: relaxation parameter, 0<<w< 1)
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This algorithm was analyzed by Crouzeix (1974) and is currently used,
particularly when an upwinding scheme is introduced. We get again the same
non symmetric system as (155).

5.2.2. Newton-Raphson Algorithm
Let us write (154) in matrix form:
A-Z+B(Z)-Z=F (157)

where B(Z) linearly depends on Z=vector of degrees of freedom. Assume
that we know an estimation Z 4 of Z; set:

res(Zyy)=A-Zyy+B(Z,y): Zyq — F=residual vector

0

We compute the new estimate Z
residual res(Z

new —Zog T0Z by requiring that the new
) should vanish, to the first order in |6Z]:

new

A-8Z+B(8Z)-Zyy +B(Z,,)-8Z=—res(Zy,) (158)

This is again a system with a non symmetric matrix; after computation of §Z,
replace Zy by Z, ., =Z.q +8Z, and iterate. When the occurs it is pretty fast,
with convergence rates comparable to conjugate gradient methods; unfor-
tunately the domain of convergence (which is very large at low Reynolds
numbers) sharpens as the non linearities i.e. Reynolds number, increase.

Furthermore if we use the LU factorization to solve (158), we see that a
new matrix is to be assembled and factorized at each time step:

Ko =A+B(-)+B(Z,).”

Alternatives to this situation (Modified Newton-Raphson methods) are
surveyed by Matthies and Strang (1979): the tangent matrix K, is held fixed,
at least for several steps; at each step, instead of K, an approximate
tangent matrix K4 at the previous step by a low rank (1 or 2) matrix, so that
K/.. can be updated from K/, through simple rules; only the factorization
of K, is required.

Matthies and Strang tested a method of this type for the analysis of
inelastic materials in structural mechanics: they found that the method has
better stability properties than the original Newton-Raphson algorithms,
without great damage to the rate of convergence.

Further references: Brodlie et al. (1973), Crisfield (1979), Reid (in Himmelblau,
1973). A detailed analysis and comparisons can be found in Bonnet and Meurant
(1979).

3 The “tangent” matrix.
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5.2.3. Conjugate Gradient Method (with Scaling) for Nonlinear Problems
Pironneau (1976), Bristeau et al. (1978, 1979), Glowinski et al. (1979, 1980).

For the sake of simplicity, let us describe the algorithm in the context of
Navier Stokes equations (the continuum problem, equations (154)); also in
simplification purpose we take homogeneous boundary conditions, so that

uel= {VE(H(}(Q))zgdivv:O}

The non linear equations (154) can be written as a least squares formulation
in the following way. To any vector valued function vE(H}(22))* we can
associate another vector valued function we(Hj(2))? and a function 11
through the following definition:

Bw—rAw=f—vI1l—(v-V)v
(159)
divw=0
so that w=w(v), II=TI(v) (note that (159) is a Stokes problem in w).
If w=yv, then the original problem is solved, with u=v=w; therefore we try
to minimize the difference v—w(v), in a norm adapted to the problem. More
precisely we set the following minimization problem:

Min J(v) (160)
velV

where the cost functional is defined by:
J(v):fn[,ﬂl|v~w(v)|2 +v|grad(v—-w(v))|3] dx
For convenience we shall note [-,-] the associated scalar product:
[u,v]:/ﬂ(ﬁu-v+vgradu‘gradv)dx (161)

(so that J(v)=[v—w(v),v—w(v)])
The problem is solved via a version of the conjugate gradient method
(Polak (1971)), in a metric defined precisely by this scalar product:

Step 0: (initialization) Choose an initial velocity field u,, (the solution at
previous time step in the transient problem or, say, the Stokes solution in the
case of the stationary problem); then compute the gradient of the functional
(solve a Stokes problem)

lgo.2)=(J'(ug).z), VzeV

g EV

set {=g,; (see the computation of the gradient further below).
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Step 1: Descent: minimize J(-) along the line defined by the direction —g,,
i.e., find A>0 such that:

J(uo'Afo)SJ(uu“MfoL Vi

(This line search can be achieved by dichotomy or Fibonacci methods; in
practice it involves 3 or 4 evaluations of the cost functional).
Then, set:

u, =u, —Ag:
test the convergence
Step 2: Construction of the new descent direction
g, € V(new gradient)
lg,.z]=(J'(u,),z), VzeV.

_ (8.8, 80]
[g0-80]
f,,:g,,+'}'§()
$o =$,.uy=u,, gotostep 1. |

At each step we have to compute the gradient of the cost functional: this is
defined through the first variation of J(v); by definition:

J(v=8v) = J(v)=(J(v).8v) +0(|8v|?)

After some manipulations (see the details in Bristeau et al. (1978, 1979)), we
find (w=w(v)):

(J'(v),8v)= [v—w,8v]+/;2[(v- v )Bv] “(v—w)dx

+ [(8v~v)v]-(v—w)dx
9]
(As we have said the computation of the gradient g, involves the solution of a
Stokes problem.)

From the numerical experiments it appears that the convergence is fast;*
for instance to compute the stationary flow in the square cavity at R =500,
with a regular 20X20 mesh (“4X P11+ P1” element), the convergence was
obtained in 50 iterations.

Nevertheless, as the Reynolds number increases for a fixed mesh the
convergence slows down: indeed if the mesh is to coarse for the representa-
tion of the flow, it is practically impossible to bring the cost functional to
zero (or to an acceptably small value), in which case u, —w(u,)#0, and the
problem is not solved (this is the case for the computations in the square

% The method 15 both faster than successive approximation and safer than Newton-Raphson’s.
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cavity at R= 10 given in Bristcau et al. (1979)). However even when this non
convergence occurs, the algorithm remains stable (since the cost functional
can only decrease): furthermore even a wrong computation gives indications
on the region where a refinement is required (for a resubmit of the job) if it
was not guessed a priori: indeed the contributions to the non convergence of
the cost functional can be localized.

Further references: Damel (1971), Concus, Golub and O’Leary (1977).

The method was originally developed for the computation of transonic flows
(cf. e.g. Bristeau (1978)).

5.2.4. A Splitting Technique for the Transient Problem

For transient Navier Stokes equations, Benque et al. (1979, 1980) propose a
splitting technique, so as to separate in the equations the convective and
diffusive terms: (11— time counter)

. a*—u” N
(advection) 5 + (" v Ju*=f
um [} _ll*
- B I’Allm L v l)"” 1
St
(Stokes) )
diva”'' 0,

+boundary conditions.

The advection equation is solved via the method of characteristics, §2-6:
the solution of Stokes equations can make use of any efficient Stokes solver,
e.g. the decomposition of Stokes problem, §3-3-3 (but other choices could be
made).

The method is unconditionally stable.

5.3. Iterative and Direct Solvers of Linear Equations

As we have seen the application of finite element methods finally amounts to
the solution of (usually) several successive systems of linear equations, with a
spare, sometimes symmetric and positive definite, matrix. Several families of
classical solvers are known:

5.3.1. Successive Over Relaxation
Varga (1962), Young (1971)

This method benefits from some popularity because it requires a minimum
programming effort, and only the non zero elements of the matrix need to be
stored. Unfortunately it suffers from severe drawbacks:
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The convergence rate is very sensitive to the choice of the acceleration
parameter, whose value cannot be estimated, but for an empirical search (in
contrast to the matrix arising from a finite difference method);

Even if the optimal value of the acceleration parameter is known, the tests
performed by D. Kershaw (1979) show that the conjugate gradient method
with scaling (incomplete Cholesky, see §5-3-3 below) was about 30 times
faster for a typical problem;

Anyway for a non linear problem such as Navier Stokes equations (with an
implicit time marching scheme). the matrix, and therefore the acceleration
parameter w depends on the iteration; so that cven if w were optimal at the
beginning, there is practically no chance that it remains so throughout the
computation.

(For cxtensions of Sor, see Axelsson (1976).)

5.3.2. Cholesky Factorizations

Consider the case where the system to be solved is of the form:
A-x=f

with 4 symmetric and positive definite. Then 4 can be factored as:
A=L-L"

where L is lower triangular and L7 =transpose of L. Then the solution is
found in two steps:

i) Loy=f
i) LT x=y

(the solution of a linear system with a lower or upper triangular matrix is
straightforward since each equation can be solved in turn, with the resulting
values substituted into the remaining unsolved equations).
A variant is the factorization:
A=L-D-LT,

with D a diagonal matrix and the diagonal elements of L set to 1: this form
avoids to call for square root extractions during the factorization process.
Now advantage should be taken of the sparsity of A: with finite element
discretizations, usually a,, =0 when |i —j|>b (= the bandwidth of the matrix).
If the nodes are correctly ordered®, then b is significantly less than the
number of equations, although b may become quite large in a 3-dimensional
problem. It can be shown that L inherits the band structure of 4 (Martin and
Wilkinson (1965, 1967)): L does not have non zero elements outside the
bandwidth, but that it suffers from fill-in inside the bandwidth; that is to say,
if a, . #0, even if the other elements vanish in row / between columns i+ 1

% Note the importance of reordering the mesh after its generation.



5.3. Iterative and Direct Solvers of Linear Equations 129

O O

O O

(a) (b)

Fig. 48(a) A band structured matrix®"; (b) A profile structured matrix”®

and i+ k-1, nevertheless a priori /,;#0 in the corresponding positions
(isj<i+k).

Storage requirements can be reduced (usually by ~30%), and also the
computation time, by the use of a profile (or skyline) storage scheme
(Jennings (1966)): consider for each column j the topmost nonzero element of
A (above the diagonal); this lies in row r(j):

a, =0 fori<r(j).

Then L and L' inherit the profile structure of A, i.c. u,, (cocfficient of
L")=0 for i<r(j) but u,; is—a priori ~ nonzero if r( j)<i<j. The fill-in of
the profile for a typical matrix is illustrated on Figure 49.

Note the dramatic improvement brought in by profile storage— over band
storage—, in the problem of 2 dimensional flow around an obstacle (or
several obstacles) using any yY-w formulation: the stream function is held
constant, with an unknown value on each obstacle; there exist for each
obstacle a basis function whose support surrounds the whole obstacle (it is
“less” local than for the ordinary basis functions); for the corresponding
column j, there is no lower bound on r(j) which might be, say equal to 1, so
that the bandwidth is pretty large. On the other hand a skyline scheme will
involve only the storage of one supplementary column per obstacle. (Similar
storage problems are met in case of periodic boundary conditions.) However
even with skyline storage schemes the storage requirements for the factorized
L is significantly larger than for the non zero elements of the original
matrix A.

In large®” engineering problems the fill in may cause memory overflow and
this prompted the development: of out-of core methods on one hand (use of

% Storage in core locations arc required for the coefficients situated in the hatched regions of
this figure.
973D problems are large if reasonable accuracy is wanted.
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secondary storage) (§5-3-3) recently of incomplete Cholesky factorizations on
the other hand (§5-3-4).

Of course when A4 is non symmetric, 4 is factorized as:

A=L-U
with L =lower triangular and U= upper triangular matrices; L and U inherit
the band or profile structure of 4 as in the symmetric case (this factorization
1s equivalent to Gauss elimination).

Further references: George (1970), Duff (1979), Tewarson (1970, 1973), Bunch and
Rose (1976), Reid (1971), Rose and Willoughby (1972), Himmelblau (1973), and
Modulef technical notes.

The stability of LU factorization (together with possible pivotal recordings preserv-
ing the sparsity) is analyzed in Tewarson (1970), Curtis and Reid (1971), Erisman and
Reid (1974).

5.3.3. Out of Core Factorizations

In a first stage, the matrix can be assembled, parutioned into blocks, with only
one block present at a time in central core memory, the rest lying on
secondary storage (tape or disk); in a second stage the blocks are read for
factorization: Cantin (1971), Wilson et al. (1974), Cheung and Khatua (1976),
Mondkar and Powell (1974), Van Ingelandt (1979), Hasbany and Engelman
(1979).

Such methods offer practically unlimited possibilities as to the size of
systems to be handled; however they make use of random access (non
sequential) read /write instructions, so that the waiting time (during which the
Job is inactive and waiting for the end of input/output operation) can
become important.

Alternatively the family of methods issued from the ideas of B. M. Irons
(1970) or Aufaure and Benjamin (1970), namely the frontal method and the
related ones, use sequential access disk or tape files.

The method lies on a careful examination of the Gauss elimination process:
you can in the same pass, begin the assembling of the matrix, start the Gauss
elimination process on lines fully assembled, and send these lines to the
auxiliary storage.

For a brief account of the method, consider the Ql-approximation of, say a
Poisson’s equation, with the mesh shown on Figure 50. Assuming Neumann
boundary conditions, the discrete equations take the form:

N
2a,x,=f  1<i=N(N=16)

=1

The coefficients of the linear system take the form:

a,= 2 af. =2/

K/, T/1
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where the summation is extended to those elements adjacent to nodes i and j
(otherwise aX is zero).

Now let us perform the assembling of equations, one element after another,
in the order indicated on the Figure. We see that already after the assembling
of the element 1, the equation corresponding to node 16 is fully summed,
since node 16 is absent of subsequent elements. Now we do not know yet the
rest of the matrix since we only know the contributions of element 1,
nevertheless the Gaussian elimination can be started; indeed this involves the
following operations on the full matrix:

. (iandj#16)
a,:=—a, 16416, ,/%6.16
(and similar operations on the right hand side).

Thus: either a, 1, =0 or a;, , =0 (node i or is not neighbour to node 16),
in which case we do not need to bother for ignoring at this stage the value of
a,,; or we can compute @, (nodes i and j are neighbour of node 16) and store
the result in a core memory location (the contributions to a,, from other
elements will be summed in time). After that we no longer need the row
number 16 and we can write it on auxiliary storage, thus some core memory
is freed (this allocation /desallocation process involves some bookkeeping).
We must keep in core memory locations for the lines 2, 11, 10, which are not
fully summed. Next we pass on the element 2: after assembling the Gauss
elimination can be performed with line 10 as pivot row; afterwards the row
number 10 can be written on auxiliary storage; we keep in core location
corresponding to rows 2, 11, 6, 8 which are not fully summed, and so forth.

The algorithm proceeds on, until all elements have been considered, and
Gaussian elimination performed on all rows: then the file is to be read
backwards in order to obtain the solution by packsubstitution.

a,:=a, td



5.3. Tterative and Direct Solvers of Linear Equations 133

Remarks.

(i) The core memory requirement is dictated by the frontwidth, i.e. by the
number of nodes that may be active at a time.

(ii) The elements need to be well ordered, so as to minimize the frontwidth:
special variants of Cuthill and Mc Kee’s algorithm are available for this task
(e.g. module Renel in Modulef).

(iii) In contrast to skyline or band methods, the fill-in is of no importance.

(iv) If enough core memory is available, we can wait and assemble a pack
of elements before performing Gauss eliminations: this will allow for more
possibilities of pivoting strategies and furthermore reduces the number of
read /write operations on the file.

(v) Hood (1976) extended Irons’ method to Lu factorization of a non
symmetric matrix, with pivoting.

Further references and related methods: Aussems (1972), Joly (1979), Cooke

(1978), Vendham et al. (1974), Mondkar and Powell (1974), Bossavit and Fremond
(1976).

In spite of its attractive properties the cost of the frontal method may be
prohibitive for very large problems for two kinds of reasons:

(i) The frontwidth may be so large that even the front matrix cannot be
stored in the core memory (this is specially dramatic when “mixed”
methods are to be used for an engineering problem);

(ii) Waiting time due to read /write operations.

5.3.4. Preconditioned Conjugate Gradient

The conjugate gradient method was proposed by Hestenes and Stiefel (1952)
for the solution of a linear system Ax=h, with 4 a symmetric, positive
definite, N X N matrix: iterates x™, m=0,1,2,..., are constructed so that the
residuals r” =Ax™ —b are mutually orthogonal. Thus ¥ =0: the solution is
theoretically obtained in N iterations; yet this result is handly useful since in
practical problems N may range from 0(102), to 0(10°) (in three dimensional
problems). The method regained some favour when it was observed that, as
an iterative method, the conjugate gradient method converges very fast
provided the condition number®® is close to one (Reid (1971), Golub, in
Glowinski and Lions (1975).

Thus the conjugate gradient method should be applied to a modified
matrix 4=B "' A4 with eigenvalues as close to 1 as possible and where matrix
B is easily invertible (intuitively, the closer C is to A4, the faster the conver-
gence).

In order to construct C one can do the incomplete Cholesky factorization:

B=LDL', A=B+R;

“¥Le. the ratio of the greatest to smallest eigenvalue of A.
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a given sparsity pattern is forced on L; that is a subset of entries (i, J)EP is
chosen.

One proceeds through the ordinary Cholesky algorithm and whenever a
coefficient /, turns up with (i, j)EP, this /, is forced to zero. The simplest
choice is to take the same sparsity pattern for L as for 4:°°

P={(i,y):a,,=0}, ie.a,=0-/,=0

Meijerink and Van Der Vorst (1977) proved that if A satisfies a,, <0 for i#},
( M-matrix) this choice yields a positive definite approximate matrix B=LDL"
(in particular «a,, >0). Unfortunately the M-matrix property is seldom satis-
fied (except when Pl-triangle approximation is used for Poisson’s equation).
When 4 is not an M-matrix simple counter examples show that the algorithm
may break down yielding a, <0 at some stage: Kershaw (1978) suggests,
when such an event occurs, to force a,, to some small positive value and
reports successful results.

Alternatively, if many systems arc required to be solved with the same
matrix A'® it is worthwhile to spend some time to construct an improved
factorization intermediate between the Meijerink-Van Der Vorst factoriza-
tion, and the complete Cholesky factorization. Thercfore Periaux (1979)
constructs the complete Cholesky factorization in a first step:

A=LL"
(possibly requiring the use of auxilliary storage); then, given a positive
constant ¢, define L =[/, ] by:

[,,=0ifa, =0 am1|4A5cTW{g,M}

otherwise 1~,j =1,

(=[1])
Thus L, is always guaranteed to be non singular.

Other rules are possible to form [:(: see e.g. Bristeau et al. (1979),
Glowinski, Mantel et al. (1979). Practically only ~5% - 25% of the storage
requirement for L (complete Cholesky factorization) can be retained to form
L. with a resulting number of conjugate gradient iterations of 15~ 20.

Now the conjugate gradient algorithm with metric defined by B runs as
follows:

/

Step 0: find an initial guess x°
Z°=B (b~ Ax")
P() — Z()

%So that the requirements in storage and CPU tme are considerably reduced, compared to
the formation of complete Cholesky factorization

'As 1t 1s the case when Stokes /Navier-Stokes equations are decomposed into a cascade of
Poisson’s equations §3-3-3, §4-3-2, §5-2-3.
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Slep 1: p (/I)TBz() )/( plﬂAp())

Step 2: x' —x"+pp"

Step 3: Z! -B (h—Ax")

Step 4: Y= (Z'"BZ") /(Z"'B7")

Step 5: p =Z'"+yp°

Step 6: p': =p': 720 =7"

Step 7: check for convergence: go to step 1 or end.

Further references. Concus and Golub (in Glowinshi and Lions, 19 °$)
Systematic companisons and analysis of such methods 18 wiven by Hooner o
Meurant (1979). Kershaw (1978) proposed an extension 1o L1 focton aien LG

non synmmetric casc.

For the application to symmetric indefinite svstems see AxCloon and ¢t
(1979)
From the mentioned papers, it appears that preconditioned con Jheate cradient ooy
fastest of in core methods.



Appendix 1. The Patch Test of the P1 Nonconforming
Triangle: Sketchy Proof of Convergence

For the sake of simplicity, we consider Poisson’s equation:

~Au=f inQ
ulp =0

with the variational formulation:
grad u-grad vdx= ffv dx. YoeH,(Q)
Q Q

Also we assume that £ is a polygon. so that it is discretized by triangles
without any error.
We set:

V, =v, such that
—uv, Is piecewise polynomial degree < 1;
—uv,, 1 continuous at the mid side nodes;
— v, =0 at the boundary nodes

a,(u,,v,)= Z/Tgrad u,-grad v, dx
7

loll, = (a,(v, o)) (discrete energy norm).
Then the discrete problem is:
Find u,, €V, such that: a,(u,,, v,,):/fv,, dx (=(f.v,))
0

We want to estimate the error [[u—u, |l ,. We follow Ciarlet (1975).
By the usual triangular inequality, for any v, €V:

““_“h”h5||“‘0h‘|h+”“h *UhHh (Al)

Now, we can write from the definition of |- |,

2
Ny, = oally = (= 04w =0, ) =y (uy uy = v,) —a, (v, 0, —v,)
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Since u, —v, €V,
a,(u,,u,—v,)=(f,u,—v,)=(—Au,u, —v,)
Thus:
lluy “UhHi:(“A“s Uy = v,) —uy(u,uy —vy ) +a,(u=v,, u, —v,)
If we set:
E(u,w,)=(—8u,u, —v,)—a,(u,u, —v,)
then,
”“h_l’h”i:E(“»“h—Uh)+“h(“_l’h~“h““h)
By the Schwartz’ inequality:
|E(u,u,—v,)|
lu, =0l

|E(u*wh)‘

u, = vyl =llu—v,ll,+

““h - Uh“hS ”“ - Uh”h + Sup
wy, €V, Hwh“h

(A2)

We note that this inequality is true for any v,,.
Combining (A2) with (Al) we get the following result (Nitsche (1974),
Lascaux and Lesaint (1975)):

A R (A3)

Uy « llh

Sup |Eh(u’ Wi )| )

wy € 1, “WhHh

The first term in the right hand side can be shown to be O(h) from classical

interpolation results; the second term measures the “non conformity™ of the
method: indeed, using Green’s formula on cach triangle. we get:
du
E,(u,w,)= Ef - —w, ds (A4)
1 T du,

(9T'=boundary of T, n” =exterior unit normal vector to 87, du/dn, =u_nl);
thus E, would vanish if V, CV.

We refer to Ciarlet (1975) for the end of the proof: [lu—u,ll, =O(h). We
just point out that (A3) can be viewed as a variational form of Irons’ patch
test: indeed, if « happens to be a polynomial of degree 1 on the whole
domain, then from (A3) and (A4), u, —u=0.

Remark. As Stummel (1979) has pointed out, Irons’ patch test is not a
sufficient condition for convergence; Lascaux and Lesaint’s proof implies
that the patch test is passed but the converse is not true (a counter example
can be found in Stummel’s paper).



Appendix 2. Numerical Illustration

(J. F. Bourgat, unpublished).
The following equation is considered:
—diva(x)gradu,=f inQ
ulr=0

§2 is a square )0, 100( X)0, 100( a(x)=1, except in a narrow band of width 2
and parabolic shape, where a(x)=1 /¢ (see the domain and triangulation on
Figures 9¢, 9d; 9e is a “zoom” show the mesh refinement in the narrow
band).

f(x)=52.5Xx

The solution process used P1 conforming approximation, and SOR solver
(about 20 iterations); for e=10~*, the variation of the computed solution is
shown of Figure 9e: as expected the solution exhibits large gradients within
the narrow central band. This solution coincides, to machine precision with
the solution of asymptotic methods. We emphasize on the fact that the
regions of strong gradient can be a priori exactly located; this is nor the case
in a lot of practical problems.

However, this example shows that triangles with pretty acute angles can
yield accurate precision. Of course this process cannot be used for exceed-
ingly small ¢ (e.g. e=10 2 when single precision (8 bytes words) is used),
unless ill conditioning of the matrix generates show convergence of SOR
and/or unacceptable round off errors: in this case only the asymptotic
method (or the upwinding techniques of Chapter 2) can yield a solution.
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Fig. 9e variation of u(x) along y=50, e=10 *



Appendix 3. The Zero Divergence Basis for
2-D P, Nonconforming Elements

(cf. pp. 96-100)
We prove thereafter that the set of functions {w,.w} defined in §3.2.1
makes a basis of:
V, ={v,: —v, is piecewise polynomial of degree <1;
— v, is continuous at every mid side node;
—divy, =0 on each triangle}

At each mid side node, we can decompose each v, €V, into its normal and
tangent (with respect to the side direction) components:

Vi =V, @V},
where the functions of ¥} (resp. V;?) are normal (resp. parallel to each side at
the mid point. The set {w, } defined page 77, is obviously a basis of V,*; we
will prove that, if 5, is any fixed vertex, {w,, s#s,} is a basis of V!, following
the technique of Hecht (1980).

First we require some notations.
Let S be the set of vertices in the mesh;

N=|S|=number of vertices.

To any couple {a, b} of vertices we associate a vector y*" =y"*eR™:

y%? =0 if the vertex s €S is different of a and b;

ab— 4]
a
arbitrary choice between a and b
vih=—1

Then we define the flux of v, €J;' going through between a. b as follows:
Consider any path from a to b, made of triangle sides and let n be the unit
normal vector pointing towards the left of the path if y*” = +1, to the right
otherwise (see figure).

Then we set:

Wabiv)=[vnds (= =4(b.aiv,))

a
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Remark. Thanks to the incompressibility of v,, ¥(a, b;v,) is independent of
the path chosen between a, b.

Lemma 1. Y(q, b;w,)=v,, VseS.
PROOF. Elementary from the definitions.

Lemma 2. Set s, be some fixed vertex in S.

Vv, eVlv,= 2 v U(sg. 55V, W,

KRk

PROOF. For any v, in V), set:

W, = 2 Y\‘(l“‘l’(‘y()““;vh )W‘
Y3

Consider any side between 2 adjacent vertices a, v; with midpoint m. Because of
the linearity of ¥ with respect to v,, and of lemma 1:

Yla, biw,)= 2 0 Y(se,5:%,) 1

(gl
Since |y,*"|=1if s=a or s=b, and y** =0 otherwise, it is readily checked that:
Y(a,biw,)=y(a.biv,)
Therefore if m is the mid point of (ab) and n the normal direction to ab:
w,(m)-n=v,(m)-n
Since v, and w,, € V), this implies the equality of w, and v, at point m:
w,(m)=v,(m)

since m was arbitrary, w, =v,.

Lemma 3. Let s, €S. The functions w,, s5 s, are linearly independent.
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PROOF. Assume a linear dependence between the w,:

> AW =0

Rk
Then for any a €S, a#s, (linearity of y):
0:4((30’”: 2 Arw\ :‘Y(ITUGYU:tAu
3FSg

hence A, =0.

From the lemmas 1, 2, 3, we have:

Theorem. V 5, €S:
{w,, s#35,} is a basis of J,.

Remark.

(1) The above proof makes clear that a divergence free function v, € V! is
entirely defined by the values of its fluxes through the paths between any
couple of vertices.

(i) Let ¥V, be the subset of functions in V,, vanishing at boundary nodes.
Then using the above technique the reader can check that {w,, s interior
vertex} U {wr } is a basis of ¥, N}, as indicated in §3.2.1.

Three Dimensional Case

F. Hecht (1980) has proved that an analogous construction can be performed
in 3 dimensions of space, in the case of a simply connected domain.'®" The
elements are now fetrahedra; the discrete velocity is required to be:

Piecewise polynomial of degree <1 per triangle;

Continuous at each face;

divu, =0 per element.

As above we decompose V, = V'@ V2

Vy (resp. V;7)={v, €V,|for each face F, v,(M)L F (resp.//F) at the
barycenter M of the face)

A basis of V2 is easily found: for any face F, let m be the barycenter of the
face; choose any two independent vectors in the plane of the face: t,,.t,,..

1% For example a toroidal domain is (at this moment) excluded.
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Then two basis functions are associated to m, such that
at point m: w,,(m)=t,, .m=1or2
at all other nodes: w,,(m’)=0
Then {w,,} is a basis of V2.
The construction of a basis of ¥} is less straightforward. In the same way

as we associated, in 2 dimensions a basis function to a vertex, we associate a
function w, to an edge as follows:

g1
Choose an arbitrary orientation for the edge e=(s', s?);
If (s's2s?) is one face with barycenter m, set:
1.2 1,3
DRORPAY R
w,(m )=2——
ls's2 As's?|
(so that w(m) is orthogonal to the face)
At all other mid face nodes (which do not share a face with the edge ¢), set:
w,(m)=0
W, is a piecewise polynomial of degree <1;
w, is continuous at the mid face nodes.

We note that if: e Cface FCT, then

LW(, | rds

From the above remarks it is readily checked that:

=1

w, eV}

Now the trouble is we have too many functions to make a basis: this can
be checked on simple examples with 1 or 2 tetrahedra. Thus we must remove
some of the functions w,; let E be the set of all the edges of the mesh, and K
the set of edges e corresponding to the functions w, to be removed. How
should be K so that {w,, eEEN\ K} is a basis of V,)? The answer is
remarkably simple, even though the proof is rather technical and uses a great
deal of graph theory; K may be constructed via the following algorithm
(N =number of edges=|E|). The edges are numbered from 1 to NE.
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Algorithm 1:
K: = @ (void set)

k: =0
DO WHILE k< NE;
k: =k+1;

IF “KU{e,} does not contain any closed path”
THEN K: =KU{e,};
END;

(another algorithm will be given further below, that will be easier to imple-
ment).

In other words, K is the greatest possible so that it does not contain any
closed path.'"> Then, if the domain is simply connected, the set {w,, e€E\ K}
is a basis of V,!. The proof follows the same sketch as in 2D.

For any face F with vertices s's%s’, let y be the closed path s's%s® and
choose an arbitrary orientation of the unit normal vector n; define the flux of
any function v, €V} through as:

1P(Y»Vh)sfr"h'nd“'3

Extend this definition of the proof to any closed path; this part is the most
technical of the proof.

Then
Y(v,w,)= =1 if the edge e is in the path vy;
=0 otherwise

For any edge e€ £\ K, KU {e} contains a closed path y, (from the
construction of K ); for v, €J) set

W, =V, — 2 E("”/( Yeo Vi )we
et K
(e.= =1 depending upon the orientation of the edge e in y,). Note that
w, EV,.

It can be proved then, that: Y(y‘,w,)=0 for any ¢e€ E \ K, and from this:
¥(v.w,)=0, where y=s's2s% is the closed path associated to the face s's%s*.
The last relation implies w;, -n=0 at the mid point of each face, that is,
together with w, € V!, w, =0.

This proves that any v, €V, can be generated by {w,, e€ E\ K}: the
proof for the independency of this set is similar to the 2D case.

Now we have a basis of ¥}, but another question arises, that of boundary
conditions; in fact what we need is a basis of:

Vio = {¥, €V}': v, =0 at boundary nodes }

192 Made of vertices joined by edges of the mesh; K is a “tree” in terms of graph theory.
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It can be proved (see again Hecht (1980)) that a basis of V), is given by
{w,, e€EX H}, so that H contains a maximum number of boundary
edges.'% The following algorithm constructs such a set H:

EB=set of boundary edges
EI=set of interior edges
M = integer array, of dimension =number of vertices
=NV

Algorithm 2!%

H: = @ (void set)
D I=1TO NV,
M(I):=1

END:;

FOR ALL e IN EB:DO;
CALL SP(e);
END;

FOR ALL ¢ IN EI DO;
CALL SP(e);
END;

PROCEDURE SP(e);
1,J:=end-vertices of edge e;
IF M(1)*M(J) THEN DO;
H: +HU{e} ; MJ: =M(J);
LOOP : DOK=1TO, NE;
IF M(K)=MJ THEN M(K): =M(1);
END LOOP,
END SP;

Remark. At any step of the algorithm a graph is defined by S (set of all
vertices) and H in its present state; then M(/) assigns a number to the
connected component of 1 in this graph;

M(K )=M(TI) for all K in the same connected component as /.

For the treatment of nonhomogeneous boundary conditions we refer to
Hecht (1980).

103The intuitive idea (following the 2D case) would remove all the boundary edges, but this
appears to be a pitfall.

1% These algorithms are displayed in a “pseudo-ALGOL” notations which we hope to be
self-explanatory.
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