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PREFACE

N the following work I have tried to write an elementary
class-book on those parts of Dynamics of a Particle and
Rigid Dynamics which ar~ usually read by Students attending
a course of lectures in Applied Mathematics for a Science or
Engineering Degree, and by Junior Students for Mathematical
Honaqurs, Within the linsits with which -it professes to deal,
I Hope it will be found to be fairly complete.

I assume that the Student has previously read some such
course as is included in my Elementary Dynamics. I also assume
that he possesses a fair working knowledge of Differential and
Integral Calculus; the Differential Equations, with which he
will meet, are solved in the Text, and in an Appendix he will
find a summary of the methods of solution of such equations.

In Rigid Dynamics I have chicfly confined myself to two-
dimensional motion, and I have omitted all reference to moving
axes.

I have included in the book a large number of Examples,
mostly collected from University and College Examination
Papers; I have verified every question, and hope that there
will not be found a large number of seripus errors.

For any corrections, or suggesfions tor improvement, I shall
be grateful.

S. L. LONEY.

RovarL HoLLoway COLLEGE,
ENeLEFIELD GREEN, SURREY,
October 23, 1909.
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CHAPTER i

FUND..MENTAL DEFINITIONS AND PRINCIPLES

1. The velocity of a point, is the rate of its displacement,
so that, if P be its position at time ¢ and @ that at time ¢+ At

the limiting value of the-quantity %?’ as Q¢ is made very

small, ds its velocity.

Sinte a displacement has both magnitude and direction,
the velocity possesses both also; the latter can therefore be
represented in wagnitude and direction by a straight line, and
Js hence called a vector quantity.

2. A point may.have two velocities in different directions
at the same instant; they may be compounded into one
~elocity by the following theorem known as the Parallelogram
of Velocities; .

If a moving point possess simultaneously velocities which are
represented in magmitude and direction by the two sides of a
parallelogram drawn from o point, they are, equivalent to a
velocity which vs represented in magnitude and direction by the
diagonal of the pardllelogram passing through the point.

Thus two component velocities AB, AC are equivalent to
the resultant velocity 4D, where AD is the diagonal of the
parallelogram of which 4B, AL are adjacent sides.

If BAC be a right angle and BAD =0, then AB=AD cos ¥,
AC= ADsin 6, and a velocity v along AD 18 equivalent to the
two component velocities v cos  along 4 B and vsin § along AC.

Teiangle of Velocities. If a point possess two velocities
completely represented (.. represented in magnitude, direction

and sense) by two straight lines AB and BC, their resultant is
L. D, 1



2 Dynamics of a Particle

completely represented by AC. For completing the parallelo-
gram ABOD, the velocities AB, BC arg equivalent to AB, AD
whose resultant is 4C.

Parallelopiped of Velocities. If a point possess three
velocities confpletely reprepented by three straight lines 04,
OB, OC their resultant is, by successive applications of the
parallelogram of velocisies, completely represented by OD, the
diagonal of the parallelopiped of which 04, OB, OC are con-
terminous edges.

Similarly 04, OB and OC are the component velocltles of OD.

If 04, OB, and OC are mutuzlly at right angles and u, v, w
are the velocities of the moving poict along these directions, the
resultant velocity is Vui+ o7 + w? along a line whose direction
cosines are propertional to u, v, w and are thus equal to

u el o w ‘

Vot w Vui+ o+ ur an Vet tw °
Similarly, if 0D be a straxght line whose direction cosines
referred to three mutually perpendlcui'a,r lines OA 0B, 0C are
I, m, n, then a velocity V along OD is equivalent to componen

velgcities [V, mV,nV along 04, OB, and OC respectively.

8 Change of Velocity. Acceleration. If at any instant
the velocity of & moving point be represented by 04, and ab
any subsequent instant by OB, and if the parallelogram 0ABC
be completed whose diagonal is OB, then OC or AB represents
the velocity which must be compounded with OA to give OB,
t.e. it is the change in the velocity of the moving point

Acceleration is the rate of change of velocity, s.e. if 04,
OB represent the velocities at times ¢ ahd ¢+ A, then the

limiting value of %—g (i.e. the limiting value of the ratio of the

change in the velocity to the change in the time), as A¢ becomes
indefinitely small, is the acceleration of the moving point. As
in the case of velocities, a moving point may possess simul-
taneously accelerations in different directions, and they may be
compounded into one by a theorem known as the Parallelograms
of Accelerations similar to the Parallelogram of Velocities.

As also in the case of velocities an acceleration may be
resolved into two component accelerations.
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- The results of Art. 2 are also true for accele,ratlons as well
as velocities. :

4 Relative Velocity When the distance between two
moving po:nts is altering, either in direction or in magnitude or
in both, each point is said to have a -elocity relative to the
other.

Suppose the velocities 0.’ two moving points 4 and B to be
represented by the two lines 4P and BQ (which are not
necessarily in the same plane), so that in the unit of time the
positions of the points would change from 4 and B to P and Q.
Draw BR equal and parallel to AP. The velocity BQ is, by
the Triangle of Velocities, equivalent to the velocities BR, RQ,
t.¢. the velocity of b is equivalent to the velocity of 4 together
with a velocity RQ.

The velocity of B relative to A is thus represented by RQ.

Now the velocity RQ is equivalent to velocities RB and BQ
‘by the Triangle of Velocities), t.e. to velocities completely
represented by BQ and PA.

Hence the velocity of B relative to A 13 obtained by com-
pounding the absolute velocity of B with a welocity equal and
opposite to that of A.

Conversely, since the velocity BQ is equivalent to the
velocities BR and £, 7.e. to the velocity of 4 together with
the velocity of B relative to A, therefore the velocity of any
point B s obtained by compounding together its velocity relative
to any other point A and the welocity of A.

The same results are true for actelerations, since they also
are vector quantities and therefore follow the parallelogram law.

6. Angular veloeity of a point whose motion is in
one Mane.

If a point P be in motion in a plane, and if O be a fixed
point and Oz a fixed line in the plane, the rate of increase of

1—8



4 Dynamics of a Particle

the angle #OP per unit of time is called the aggular velocity ef
P about O.
Hence, if at time ¢ the angle
zOP be 0, the angular velocity
about O is %—f * Q )
. . ¥
If @ be the position ef‘the point « &
P at time ¢ + At, where At is small, ‘
and v the velocity’ of the point at
time £, then Y
PQ ¢
v=Lt. . ®
At € .‘o X z

[

If

£POQ=A0, and 0P=r’ 0Q=T+A1:;
then c

r(r+ Ar)sin A0 =24 POQ L'PQ . 07,
where QY is the perpendicular on PQ.
Hence, dividing by At, and proceeding to the limit when At

is very small, we have

r’d—e—-v
ai =P

where p is the perpendicular from O upon the tangent at P to
the path of the moving point.

Hence, if » be the angular velocity, we have 70 = v, P.

The angular acceleration is the rate at which the angular
velocity increases per unit of time, and

-S04

Areal velocity. The areal velocity is, similarly, the rate at
which the area XOP increases per unit of time, where X is
the point in which the path of P meets Oz It

=Lt.?-11m—A1;—0-2=§r’.m.

. 6. Mass and Force. Matter has been defined ¢o be.
“that which can be perceived by the senses” or “that which
can be acted upon by, or can exert, force.” It is like time and
space a primary conception, and hence it is practically im-
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[ Y .

possible to givedt a precjse definition. A body.is a portion of
matter bounded by surfages.
®« A plrticle is a portion of matter which is indefinitely small
in all itsedimensions. It is the physical correlative of a
geometrical point. A body which js ingapable 8f any rotation,
or" which moves without any rotaﬁion,. may for the purposes of
Dynamics, b often treated s a particla.

The mass of a body is the quantity of matter it contains.

A force ig that which changes, or tends to change, the state
of rest, or uniform maqtion, of a bogy.

o

\

7. If to the same mass we apply forces ih succession, and
they generate the same velocity in the same time, the forces
are said to be equal

If the same force pe applied to two differ@nt masses, and if
it produce in them the same velocity in the same time, the
masses are said to be equal.

It is here assumed that it is possible to create forces of
equal intensity on diferent occasions, eg. that the force
enecessary to keep a given spiral spring stretched through the
same distance is alWays the same when other conditions are
unaltered.

Hence by applying the same force in succession we can
obtain a number of masses each equal to a standard unit of
mass.

8. Practically, different units of mass are used under
different conditions and in different countries.

The British uni$ of mass is called the Imperial Pound, and
consists of & lump of platinum deposited in the Exchequer
Office. :

The French, or Scientific, unit of mags is called a gramme,
and is the one-thousandth part Of a cgrtain quantity of platinum,
called a Kilogramme, which is deposited in ¢he Archives,

One gramme = about 15432 grains

="0022046 1b.
One Pound = 45859 grammes.

9. The units of length employed are, in general, either a
foot or a centimetre,
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A centimetre is the one-hundredth part ofee metre which *
=89-37 inches o'
= 3-2809 ft. approximately.

The unit of time is a second. 86400 secoﬁds aré equal to a
mean solar day, whicheis tye mean or average time taken by
the Earth to revolve once on its axis with regard to the Sun.

The system of unit§ in which % centimetre, gramme, and
second are respectively the units of length, mass, and time is
called the c.G.8. system of units,

10. The density of a body, wllen uniform, is the mass of a
unit volume of the body, so that. if m is the mass of a volume
V of a body whose dansity is p, ‘then mv= Vp., When the
density is variable, its value at any point of the body is equal
to the limiting value of the ratio of the jnass of a very small
portion of the body surrounding the point to the volume of
that portion, so that

p=Lt. 7 7 when V is taken to 'be > indefinitely small.

The weight of a body at any place is the force with which
the earth attracts the body. The body is assumed to be of such
finite size, compared with the Earth, that the weights of its
component parts may be assumed to be in parallel directions.

If m be the mass and v the velocity of a particle, its
Momentum is mv and its Kinetic Energy is 4mv® The former
is a vector quantity depending on the direction of the velocity.
The latter does not depend on this direction and such a quantity
is called a Scalar quantity.

11. Newton’s Laws of Motion. y

Law I. Every body continues in its state of rest, or of
uniform motion ip a straight line, except in so far as it be
compelled by 1mpressed force to change that state.

Law II, The rate of change of momentum is proportlonal
to the impressed force, and takes place in the dlrectlon in which
the force acts.

Law ITI. To every action there is an equal and opposite
-reaction.

These laws were first formally enunciated by Newton in his
Principia which was published in the year 1686.
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<12 If'P he the force which in a particle, of mass m
produces an acceleratloq J> titen Law II states that

‘P=xa~t-(mv), where A is some constant,

=amf.
- If the unit of force be so chosen éhat it shall in unit mass

produce unit’acceleration, this becomes P = mf.
If the mass be not constant we must have, instead,

-]
P=j7t (m’l))

The unit of force, for jthe Foot-Pound-Sécond system, is
called a Pougpdal, alt] that for the c.6.8.%ystem is called a Dyne.

13. *The accelergfion of a freely falling by at the Earth’s
surfacd is denoted by g, which has slightly different values at
different points. In feet-second units the value of g varies
from 8209 to 3225 and in the c.a.s. system from 97810 to
98311. For the latitude of London these values are 32:2 and
981 very approximately, and in numerical calculations these are
the values generally®assumed.

If W be the weight of a mass of one pound, the previous
article gives that

W =1.g poundals,

so that the weight of a lb. = 32'2 poundals approximately.
So the weight of a gramme = 981 dynes nearly.

A poundal and a dyne are absolute units, since their values
are the same everyywhere.
»

14.  Since, by the Second Law, the change of motion pro-
duced by a force is in the direction.in which the force acts, we
find the combined effect of a set of forces on the motion of a
particle by finding the effect of each force just as if the other
forces did not exist, and then compounding these effects. This
is the principle known as that of the Physical Independence of
Forces.

From this principle, combined with the Parallelogram of

Accelerations, we can easily deduce the Parallelogram of
Forces.
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16. Impulge of a force. Suppose thate.at time ¢ the
yalue of a force, whose direction’ is cogistant, is P. Then the

impulse of the force in time 7 is defined o be f F. dt
From Art. ¥2 it follows that the impulse

=fm dt = [m] ) .

= the momentum generated in the direction
of the force in time 7. .

Sometimes, as in the case of blows and impacts, we have to
deal with forces, which are very gYeat and act for a very short
time, and we cannot meagure the maynitude,of the forces. We
measure the effect of such forces by the momentut each pro-
duces, or by its impulse during the time of." its action. <

16. Work. The work done by a force is equal t;» the
product of the force and the distance through which the point
of application is moved in the direction of the, force, or, by
what is the same thing, the product of the element of distance
described by the point of application and the resolved part of
the force in the direction of this element. It therefore = = [Pds,
where ds is the element of the path of the point of application
of the force during the description of which the force in the
direction of ds was P.

If X, Y, Z be the components of thc force parallel to the

axes when its point of application is (z, g, 2), so that X =P %f,
etc. then
dx %
f(de + Ydy + 2dz) .—.f(P O £

-[ P’C (d” +(%) }ds - [pas
= the work done by the force P.

The theoretical units of work are a Foot-Poundal and an
Erg. The former is the work done by a poundal during a dis-
placement of one foot in the direction of its action; the latter
is that done by a Dyne during a similar displacement of one cm.

One Foot-Poundal = 421390 Ergs nearly. One Foot-Pound
is the work done in raising one pound vertically through one foot.



Funwamental Definitions and Prmczples 9

17. Power.. The rate of work, or Power, of an agent is the
work that would be dong by it in a unit of time.
*+ Th&unit of power used by Engineers is a Horse-Power. An
agent is said to be Working with one Horse-Power, or H.P., when
it would raise 33,000 pounds throu.gh ope foot per minute.

18. The Potential Energy of a hody due to a given system
of forces is the work the system can do on the body as it passes
from its present configuration to some standard configuration,
usually call&d the zero position.

For example, since the agtraction of the Earth (considered
a8 a uniform sphere of radms a and density p) is known to be

dra’p 1
T3 A
of a uni particle at a. distance y from the cemtre of the Earth,

(y>a),
¢ 4wrypa3 _4 1 1
_[ ( 3.142 dw—g'rr'ypa’ (a—y),
the surface of {he earthebeing taken as the zero position.

«at a diftance z from the cehtre, the potential energy

19. From the definitions of the following physical quantities
in terms of the units of mass, length, and time, it is clear that
their dimensions are as stated.

Dimensions in

Quantity Mass length Time
Volume Density 1 -3
Velocity 1 -1
Acceleration 1 -2
Force 1 1 -2
Momentum °* 1 1 -1
Impulse 1 1 -1
Kinetic Energy 1 2 -2
Power or Rate of Work 1 p) -3

Angular Velocity ! -1



CHAPTER II

MOTION IN Ae STI&AIGH’I‘ LINE
.
20. Let the distancg of a movmg poist P from a fixed
point O be z at any time ¢. Let its distance sumﬂa.rly at time
t+Atbew+Aw,sothat PQ=Axz. a

z

) P&

The velocity of P at time ¢ ¢
= Limit, when At =0, of — e PQ

Aa: do

= Limit, when A{ =0, of =%

dz
dt’
Let the velocity of the moving point at time ¢+ At be

Hence the velocity v =

v+ Av.
Then the acceleration of P at time ¢ .
= limit, when At =0, of Av
=‘@ .
dt -
_dw
=—a-

21. Motion in a straight line with constant acceléra-
tion f. '

Let « be the distance of the moving point at time ¢ from
a fixed point in the straight line,
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'Y d’w »

Then . dt“ P SR .
LI (] .
Hence, on integration, v= Tt =ft+ A i (2),
where A is an arbitrary constant. e ? ’
Integrating again, we have .
ot z= }ft’+At+B...... ............... 3),

where B is gn arbitrary constant.
Again, on multiplying (}’) by 2%3;, and integrating with

respect to f, we have o

)

. (A T — )

where C is an arbitrgry constant. °

These three equations contain the solution of all questions
on motion in a straight line with constant acceleration. The
arbitrary consfants 4, B, C are determined from the initial
conditions. »

Suppose: for example that the particle started at a distance
a from a fixed point O on the straight line with velocity u in
a direction away from O, and suppose that the time ¢ is
reckoned from the instant of projection.

We then have that when £ =0, then v =4 and @ =a. Hence
the equations (2), (3), and (4) give

u=4, =B, and v*=0C+2fa.

Hence we have v=u+ft,
@ —a=ut+ §fi?,
and v*=u? +2f (@ — a),

the three standard equations of Elementary Dynamics.

22. A particle moves in a $traight line OA starting from rest
at 4 and moving with an acceleration whwh is always directed
towards O and varies as the distance from O; to find the motion.

Let « be the distance OP of the particle from O at any
time ¢; and let the acceleration at this distance be 7za

The equation of motion is then

d?
ﬂf="’w T (1).
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[We have a, negative sign on the ;'ight—hand side becausé
d'z
b7
the direction OP; whilst uz is the acceleration tewards f),
t.e. in the direstion PQ]

is the acceleration in the dlrectloﬁ of mcreasmg., e in

A’ é" ) Io ¢ P « A

Multiplying by 2 — and integrating, we have

If OA be a, then%—f:O when z=a, so that 0 = Z pa+ C,
[ J .

2 4 .
and (Eit”) = p (@ — o). .
i
. EZ:—NG;N/G,’—&“ ....... e, (2)

[The negative sign is put on the rvight;hand side because
the velocity is clearly negative so long as OP is positive and P
is moving towards 0.]

Hence, on integration,

dz z
th=—fm=cos—l;+01’
.

where 0 = cos™ g + 0, e C=0,

if the time be measured from the instant when the particle
was at 4.

'. Z2=0acoSVut .eovirnirnnnnnnn.n. (3).

When the partlcle arrives at O, s zero; and then, by (2), the
velocity = — a/u. The particle thus passes through O and
immediately the acceleration alters its direction and tends to
diminish the velocity; also the velocity is destroyed on the
left-hand side of O as rapidly as it was produced on the right-
hand side ; hence the particle comes to rest at a point A’ such
that 04 and OA' are equal. It then retraces its path, passes
through O, and again is instantaneously at rest at A. The whole
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motion of the Jparticle is thus an oscillation from 4 to 4’ and
back, continually repea;%ed over and over again.
-» The time from A to O is obtained by puttmg x equal to zero

ire (3). This glves cos('\//.ct) 0, ve. t—2\/,“' o
The time from A to A’ and %a,ck again, t.e. the time of a
complete ‘ostillation, is four times thls, and therefore=—f—/% .

This regult is independent of the distance a, t.e. ts vnde-
pendent of the distance from the centre at which the ‘particle
started. It depends solely ¥n the quantity w which is equal
to the accelera.tnon at unit (hstance from the centre.

e}

23. Motion of the kind investigated in the previous article

is called Simple Harmonic Motion. ?
The time, 3—:‘; for a complete oscillation is called the

Periodic Time of the motion, and the distance, 04 or 04/,
to which the partlcle wibrates on either side of the centre of
the motion is called the Amphtude of its motion.

The Frequency is the number of complete oscillations that
1 _ Ve

i kes i d =F——
the particle makes in a second, and hence Periodic fime = om*

24. The equation of motion when the particle is on the
left-hand side of O is

2
—— = acceleration in the direction P’4

ae
Fp.PO=p(-2)=-pa
Hence the same equation that holds on the right hand of O
holds on the left hand also.
As in Art. 22 it is easily sgen that the mdst general solution
of this equation is g

@ =acos [Vut + €] s (1),

which contains two arbitrary constants a and e.
[ ] "
This gives %i: =—aypsin Wut+e) ....... cereeans (2).

(1) and (2) both repeat when ¢ is increased by %E ,since the sine
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and cosine of an angle always have the same,.w_"alue when the
angle is increastd by 2. - ‘. "
¢ Using the standard expression (1) for the displacement in,a
simple harmonic motion, the quantity e is calleg the §poéh, the
angle Vut +¢ ig called the Arggment, whilst the Phage of the
motion is the time that ‘has alapsed since the particle was at its
maximum distance in the positive, direction. Clearly « is a
maximum at time ¢, where ¥ut, +e=0. )

Hence the phase at time ¢
=t—to=t+-—'-=“/;t+‘.

Vin Ve
Motion of the kind consideredsin, this article, in which the
time of falling to a given point is the sam® whatgver be the
distance through which the particle falls, is called Tauto-
chronous. * ¢

26. In Art. 22 if the particle, instead of being at rest
initially, be projected from 4 with velocity ¥ in the positive

direction, we have -
VP=—par+C. °
2
Hence (%’) = V+u(a®—2a?)
= u (b* — &%), where b*=a®+ -I—I? ...... 1),
o %‘% =u NG - a3,

fnd h/;u=—cos‘1%+ C,, where 0=-cos“’%+ C.

. ta/u=cos™? % - cos“% g (2).
From (1), the velocity vanishes when

. w=b=;\/a’+\z-’,
l. ¢ M

a . 1 a
t =C0S71=, 1.6 §=—— COS ! mmmmmmmmmmen,
vi Ve Tl
a®+—

The particle then retraces its path, and the motion is the
same as in Art. 22 with b substituted for a.

and then, from (2),
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'26. Gompgp.nding of two simple harmonio motions of

the same period and 4 the wame straight line.
« Thé most general displacements of this kind are given by

a cos (nt -lwe) and b%os (nt + ¢), so that

z=acos(nt+e)+bcos(nt+¢)

= cosnt (acos € + b cos ¢’) — sin nt (a sin e + bsin ¢).

Let acoset beose =A4cos E )
and asine+bsine=A4sin Ej 7T ’
so that

A =Va*+ *+ 2ab cos (e — ), and tanE=a_________sme+bsme“
) . acose+bcose

Then « x="Acos(nt+ k),
so that the composwlon of the two given motions gives a similar
motion “of the samg period whose amplitufe and epoch are
knowp.

If we draw OA (=a) at an angle e to a fixed line, and
OB (=1b) at an angle ¢’ and complete the parallelogram 0ACB
then by equations (1) we see that OC represents 4 and that it
is inclined at an angle £ to the fixed line. The line repre-
senting the resultant of the two given motions is therefore the
geometrical resultant of the lines representing the two com-
ponent motions.

So with more than two such motions of the same period.

27. We cannot compound two simple harmonic motions of,
different periods.

The case when the periods are nearly but not quite equal, is
of some consideralfle importance.

In this case we have

&= acos(nt+e)+bcos(nt+ e),
where n"— n is small, =\ say.-

Then @ =a cos(nt+e€)+ b cos [nt+ €],
where &’ =At+ €.
By the last article
w=Adcos(t+E).cccoveviiniiiiinnns ),
whore Ar=q?+ b+ 2ab cos (e — &)

=‘=a’+b’+2abcos[e—-c’-(g’—n)t] ...... (2),
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asin e+ bsin e,
acose+ boose
asme+bsm[e + (' ~n) ] :
T acosetbeos[e +(n -yt

The quanti*ies 4 and £ are now not constant, but they
vary slowly with the time, since n’'—n is very small.

The greatest value of A is when ¢ — ¢ —(n’—n)¢=any even
multiple of 7 and then its value is a + b.

The least value of A is when e—¢ — (n' —n)¢t=any odd
multiple of = and then its value is a —b.

At any given time therefore tte motion may be taken £ be
a simple harmoric motion of the same approximate period as
either of the given component motions, but with its amplitude
4 and epoch X gradually changing from definite minimum to
deﬁmte maxununh values, the periodic times of these changes

and tan F =

belng ——

[The Student who is acquainted with the theory of Sound
may compare the phenomenon of Beats.]

28. Ex.1. Shew that the resultant of two simple harmonic vibrations
in the same direction and of equal periodic time, the amplitude of one
being twice that of the other and its phase a quarter of a period in advanc
is a simple harmonic vibration of a.mphtude Jﬁ times that of the first and

whose phase is in advance of the first by

of a period.

Ex. 2. A particle is oscillating in a strargbt line about a centre of
force O, towards which when at a distance r the force is m.n?%, and a is
the amplitude -of the oscillation ; when at a distance —— a.J from O, the

particle receives a blow in the direction of motion whxch generates a
velocity na. If this velocity be away from O, shew that the new amplitude
‘8 6.3

Ez.3. A particle P, of mass m, moves in a straight line Oz under
a force mp (distance} directed towards a point 4 which moves in the
straight line Oz with constant acceleration a. Shew that the motion of P

is simple harmonic, of period 3—2, about a moving centre which is always
at a dxstance 2 behind 4.

Ex. 4. An elastic string without weight, of which the unstretched
length is Z and the modulus of elasticity is the weight of n 0zs., is suspended
by one end, and a mass of m ozs. is attached to the other ; shﬁv that the

time of & vertical oscillation is 2r \/ %f
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Ez. 5. One end of an elastio strmg, whose modulus of elasticity is A
and whose unstretched length is a is fixed to a poifit on a smooth
horizontal table and the othir end is tied to a particle of mass m which
is lying 6n_the table. The particle is pulled to a distance where the
extension of the string is b and then let go; shew that the time of a

)

complete oscillation is 2 1r+—2£—l) ,\/ am, K

Ez. 6. An endless cord conslsts of two portions, of lengths 27 and 20’
respectively, knotted together, their masses per unit of length being m and

’

m'. It is placed in stable equilibrium over a small smooth peg and then
slightly displacd, Shew that the time of a complete oscillation is

/ ml+n.'l’
o - ——
(m—m')g
Er. 7. Assuming that the eirth attracts yoints inside it with a force
which varies ac the distance from its centre, shew that, if a straight
frictionless airless tunnel be made from one point of the earth’s surface to

any other point, a train --ould traverse the tunnel in slightly less than
three-quarters of an hour.

29. Motion when the motion is in a straight line and the
acceleration s pr oportionﬂl to the distance from a fized point O
in the straight line and is always away from O.

Here the equation of motion is

dz
aﬁ=ﬂ/w ........... -............(1).

Suppose the velocity of the particle to be zero ab a distance
a from O at time zero.
The integral of (1) is

(dw) 'p,w’+A where 0=pa®+ 4.

- 9’-“‘"_ VE@ = @) e (),

the positive sign being taken in the right-hand member since
the velocity is positive in this case. -
Setap= f\/wﬁ —=—===log [z + ‘\/w’ —a']+ B,

where * 0 = log [a] + B.

KR t‘\//"’ logw.
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K e+ Vat — a? = ae‘*"‘
3

oo e—ND -t = m‘;(—— = ae~'Wh,

Hence, by (z‘a,ddition o -
—§e~/“ ¢4 < e—we ........ vrerees 3).

As ¢ increases, it follows from (3) that z continually increases,
and then from (2) that the velocity continually increases also.

Hence the particle would continually mows along the
positive direction of the axis pof # and with continually increasing
velocity. . R

Equation (3) may be written in ¢he form

& =a cosh (Vut),

and then (2) gives v=a y/usinh (Vu3).

80. In the previous article suppose that the particle were
initially” projected towards the origin O with v'elocity V'; then

we should have z-i: equal to — V when z=a ; and equation (2)

would be more complicated. We may hoWever take the most
general solution of (1) in the form
x=CeVrt 4 DeVit ... “), .

where C and D are any constants.
Since, when ¢t =0, we have = qa and %f =—V, this gives

a=C+D, and =V =vVuC-vpD.
Hence C’=%(a—-—]f-)andl)=1(a-f-—z).

Ve Z2\" " Wh
.. (4) gives
17 V
==(q— —) ev&
@ 2(0; w)" ‘4 2(a+\/)e‘~/ﬁ er(5)
=acosh('\/';t)—~/-1—; sinh (Vit) voovevvennennnnne. (6)

In this case the particle will arrive at the origin O when

o=3(o-F)emailos )
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e wito Y tavpe
t.e. when N =g Vi’
Le. when t=s2-1o og Viaye

24/p "V = aJu .

:In the particular case when V=a Vp. this value of ¢ is
infinity. : .

If therefore the particle were projected at distance @ towards
the ongln w1?h the velocity a/p, it would not arrive at the
origin until after an infinite time.

Also, putting V'=a 4/ in (), we have

z= ag—et, and’ v= ‘%" =—uVpeVit,

The phrticle would: therefore always be travelling towards O
with a. continually decreasmg velocity, but would take an
infinite time to get there.

31. A particle moves in a straight line O.A with an accelera-
vion which is always directed towards O and varies inversely as
the square of its distance from O; +f initially the particle were
at rest at A, find the motion.

13
’

3 1

A’ i 6 A

To

Let OP be z, and let the acceleration of the particle when
at P be 5, in the direction PO. The equation of motion is
therefore

%’g = acceleration along OP = — i; ............ ).

Multiplying both sides by 2 %‘; and integiating, we have

where 0= ?g + C, from the initial conditions,
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‘T

Subtracting, (Z—:’); 2u (1 1\ .

dz — a— .
o 32--42” — N (2),

the negative sign being prefixed because the motion of P is
towards O, s.e. in the direction of # decreasing.

Hence \/?-E.t=—f\/ T _dw.
a a—x

To integrate the right-hand side, put z=acos*6, and we
have ‘

l\/g’i t=fc-.os—‘9~.2acosesin0d0
a sin @

=a/(1 +c0820) d0 = a (8+ } sin 20) +C,

=acos‘1M§+Vm—ﬁ+01,

where O=acos'(1)+0+0C, te C=0.

o t= '\/2%, [N/am+ @ cog™? «/g] ...... (3).

Equation (2) gives the velocity at any point £ of the path,
and (3) gives the time from the commencement of the motion.
The velocity on arriving at the origin O is found, by putting
« =0 in (2), to be infinite,
Also the corresponding time, from (8),

— g
=,/2 -1 =T %
_«/2’“[(1005 .0] 5 Van
The equation of motion (1) will not hold after the particle
has passed through O; but it is clear that then the acceleration,
being opposite to the direction of the velocity, will destroy the
velocity, and the latter will be diminished at the same rate as
it was produced on the positive side of 0. The particle will
therefore, by symmetry, come to rest at a point A’ such
that 40 and 04’ are equal. It will then return, pass again
through O and come to rest at 4.
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The total time of the oscillation = four times the time
ad
, 2

32. By the conslderatxon of Dimensions anly wé can shew that the

from 4 to 0 =27 —

%
timecc %. For the only quantjties that ¢n appear in the answer are
aand u. Let tl.uen the time be arus.

Sin ( dlsta ooy is an acceleration, whose dimensions are [L] [T'] 2,

the dimensions of  are [L]* [7']~?; henoe the dimensions of aru? are
[L]p+Sa[7]-%.
Since this is a time we have’p+3¢=0 and —2¢=1.

1 3 . . a

o g=-3 and p=3. Hence the required time N

83. As an illustration of Art. 31 let us consider the motion
of a particle let fall towards the earth (assumed at rest) from
a point outside it. It is shewn in treatises on Attractions that
the attraction on a part.cle outside the earth (assumed to be
3 homogeneous sphere), varies inversely as the square of its
distance from the centre. The acceleration of a particle outside
the earth at distance # may therefore be taken to be % .

If @ be the radius of the earth this quantity at the earth’s
surface is equal to g, and hence "-"— =g, 1.6 p=ga

For a point P outside the earth the equation of motion is
therefore
d'z go*

Fp= g (1),

da\* _ 2ga*
(dt) z T 0.,
If the particle started from rest’at a distance b from the
centre of the earth, this gives

. (G =2a(2]) @,

and hence the square of the velocity on reaching the surface of

the earth=2ga(1—%).......,. ........ Ceeerereneenes IO : )}
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Let us now assume that there is a hole going down to the
earth’s centre just sufficient to admit of the pa,ssmg of tbe
particle.

On a particle inside the earth the attracvion can be shewn
to vary directly as th> distance from the centre, so that the
acceleration at distance o from its centre is w,z, where u,a = its
value at the earth’s surface =g.

The equation of motion of the particle when msude the earth
therefore is

dz__ g
, = "™
2
and therefore (‘Zl—{:) =- % 2+ 0,

Now when « = a, the square of the velocity is given by (8),
since there was no instantaneous change of veloclty ‘at the
earth’s surface.

On reaching the centre of the earth the square of the

velocity is therefore ga (8 - %ﬁ—l) .

34 FE=x 1. A particle falls towards the earth from infinity ; shew
that its velocity on reaching the earth is the same as it would have
aoquired in falling with constant acceleration g through a distance equal
to the earth’s radius.

Ex. 2. Shew that the velocity with which a body falling from infinity
reaches the surface of the earth (assumed to be a homogeneous sphere of
radius 4000 miles) is about 7 miles per second.

In the case of the sun shew that it is about 360 miles per second, the
radius of the sun being 440,000 miles and the distance of the earth from
it 92,600,000 miles.

Ez. 3. If the earth’s attraction vary inversely as the square of the
distance from its centre, and g be its magnitude at the surface, the time
of falling from & height % above the surface to the surface is

a;—g/& ath "\/*7"'\/]

wheve a is the radius of the ea.rth and the resistance of the air is neglected.
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If & be small 'éempared with a, shew that this result is approximately

et

356. It is clear that equations (2) agd (3) of®Art. 81 cannot
be true after the pa.rtlcle has passed O; for on giving « negative
values these equations glve'lmpossnble values for » and ¢.

When the particle is at P, to the left of O, the acceleration

o L gk d .
is 0P’ e t towards the right. Now P means the accelera

tion towards the positive direstion of . Hence, when P’ is on
the left of O, the equation <.>f motion is

dz_p

g a*’
giving a different solution from (2) and (3).

The general case can be easily considered. Let the accelera-

tion be u(distance)* towards O. The equation of motion
when the partlcle is o, the right hand of O is clearly

When P’ is on the left of O, the equation is

d’e e s A .
pr i acceleration in direction 04
=p POy =p(-ap
These two equations are the same if
—p.at=p(—ax)" e if (—1)P=—

t.e. if n be an odd integer, or if it be of the form ;—&:—:— , Where
p and ¢ are integers; in these cases the same equation holds
on both sides of the origin; otherwise it does not.

36. Ez. A small bead, of massm, moves on a straight rough wire under
the action of a force equal to mpu times the distance of the bead from a fized
point 4 outside the wire at a perpendicular distance a from it. Find the
motion tf the bead start from rest at a distands ¢ from the foot, O, of the
perpendicular from A upon the wire.

Let P be the position of the bead at any time ¢, where

OP=x and AP=y,
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Let R be the normal reaction of the wire ang} p the cosﬁiclent of friction.
Resolving forces perpendicular to the wirf, we have

R=mpuysin OP4A =mua.

« . R

e__Qa” o = N
N c , P R °©
a mpy
A
Hence the friction mB=mpua.

The resolved part of the force muy long the wire
o =mpy cos OPA=mpz.
Hence the total acceleration=pu 0 — p2.
The equation of motion is thus
o A2
7 = e - pr=—p (2~ p0) ...............,..(l),
so long as P is to the right of 0.

[If P be to the left of O and moving towards the left, the equation o
motion is

Et;:acceleratmn in the direction OC

=pma+p (—2), 88 in the lasy article,

and this is the same as (1) which therefore holds on both sides of O.]
Integrating, we have

dr\2
) = - pe-mar+,
where O=—p(c-ma)+C.

o v’=(d> plle=mal=(@—mal?] ..oovvvininnnn(2)

and therefore, as in Art. 22, th=cos‘li Z lZ+C’,,

—q C=ma
1 =0.
where O=cos J #1a+ ¢, e C1=0

s = ana—1 L M2
A f\/‘,:t—-cos pma
(2) and (3) give the velucity and time for any position.

From (2) the velocity vanishes when # — yya= (¢~ pma),
i.e, when x=c¢=00C, and when z=~(c—2ay,),
t.e. at the point C’, where  0C’=c—2ap,,
and then from (3) the corresponding time

—etma 1 1 ”
—t— = —— cos~1(—1)= .,
P 0s~1(-1) N/"

..... ...........-..........(3),

-«—L cos™1 —
N c—ma
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* The motion now reverses gnd the particle comes to gest at a point €
on the right of 0 where 00"$ 00" —2pa=0C- 4pa. .
‘Fina.lfy,.when one of the positions of instantaneous rest is at a distance
which is eq#al to oy 18ss than g0 from 0, the particle remains at rest.
For at this point the force towards the centre is less shan the limiting

frigtion and therefore only just sufficient fricfion will be exerted to keep
the particle at rest. .

It will be Doted that the periodic time %is not affected by the
friction, but the amplitude of the motion is altered by it.

31. Ex. A particle, of mass gn, r8ts in equilibrium at a point N,
being attracted by two forces equal to mu» (distance)® ond mu™ (distance)
towards two fized cenfres O and O\, If the particle be slightly displaced
Sfrom N, and i n be positive, shew that it oscilates, and find the time of @

small oscillation.
* [ J

°

L]

. L,z P
o N i o’

Let 00 =a, 0.N=d and V0’ =d’, so that
L EAREE A e, (),
since there is equilibrium at ¥.
d_d a

.
oz e ssvessrennns(2).

uoop pp

Let the particle be at a distance # from & towards 0,
The equation of motion is then
2
. OPh o, PO = — (42 4 (& = 2. (3)
If 2 is positive, the right-hand side is negative ; if # is negative, it is
positive ; the acceleration is towards & in either case.
Expanding by the Binomial Theorem, (3) gives
5
%—:g= —un (AP nds =1z .. )+ ™ (D= nd V1)
= —nx[urdr—14p'ndm-1] o
+terms involving’higher powers of ¥

- - n-1 (ppy 1 by (2
na ey 07 @)
If x be so small that its squares and higher powers may be neglected,
this gives
diz (upay?

F 7 Al o SURRRRRRRRPRRPRNIN { )X

(ptp 2
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Henoe, as in Art. 22, the time of a small pscillatione
. “:
I AT Grp
2 ,\/n("_*_,‘,)“_, 2m n(ytp’a)"‘l'
If n be negajive, the right-hand member of (4)‘is positive and the
motion is not one of oscillation.

EXAMPLES ON CHAPTER IIL

-

1. A particle moves towards g centre of attraction starting from rest
at a distance @ from the centre ; if ils velocity when at any distance x

. P e
from the centre vary as , / - find the law of force.

Z A particle starts from rest at 4 and moves towards a centre of
force at O ; if the tfme to any position P varies +uversely as the distance
AP moved through, shew that the attraction towards O varies as the cube
of AP. *

3. Prove that it is impossible for a particle to move, from rest so that
its velocity varies as the distance described irom the commencement of
the motion.

If the velocity vary as (distance)”, shew that = cannot be greater

1
than 3°
4. A point moves in a straight line towards a centre of force

{awtoran)

starting from rest at a distance a from the centre of force ; shew that the

Py )
time of reaching a point distant b from the centre of force is M

. N/
and that its velocity then is%g N
5. A particle fa]ls from rest at a distance @ from a centre of force,
where the acceleration at distance # is pz~%; when it reaches the centre
4
shew that its velocity i8 infinite and that the time it has taken is -3—“3: .
n
8. A particle moves in a straight line under a force to a point in it
varying as (distance) ~#; shew that the velocity in falling from rest at
infinity to a distance & is equal to that acquired in fulling from rest at

a distance a to a distance g.
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. ’ . . M ‘
7. A particle,"whose is m, is acted upon by # force mp (s+%,)
tqwardsthe origin ; if it start from rest at a distance a, shew that it will

. 3 . . e e [
arrive at thw origingdn*time Ty

¢ 8. A particle moves in a straight line with an acceleration towards
a fixed point dn the straight lme, whxch is equal to £ e % when the
particle is at a distance 2 from the given point ; it starts from rest at
a distance @@ shew that it oscillates between this distance and the
Qmwpad

Ao . .
distance ;———, and that its periodi® time is .
- v @ans )}

2pa
L]

9. A particle moves with an acceleratien which is always towards,
and equal to p divided by the distance from, a fixed point 0. If it start
from rest-at a distance a from O, shew that it will arsive at O in time

a \/ [Assume that [ Pt dx= 5 ]

10. A partitle is attpacted by a force to a fixed pomt varying
1nversely as the nth power of the distance ; if the velocity wqmred by it
in falling from an infinite distance to & dlstance a from the centre is equal
to the velocity that would be acquired by it in falling from rest at

a distance a to a distance = e shew that n=g

11. A particle rests in equilibrium under the attraction of two centres
of force which attract directly as the distance, their attractions per unit of
mass at unit distance being p and u’; the particle is slightly diaplacedo

towards one of them ; shew that the time of a small oscillation i 1s——=

Vutp'

12. A mass of 100 lbs. hangs freely from the end of & rope. The mass
is hauled up vertically from rest by winding up the rope, the pull of which
starts at 150 1bs. weight and diminishes uniformly at the rate of 1 lb. wt.
for each foot wound up. Neglecting the weight of the rope, shew that the
mass has described 50 feet at the end of time i’%@ secs. and that its
velocity then is 20 4/2 ft. per sec.

13. A particle moves in a straight line with an acceleration equal to
p-+the nth power of the distance from a fixed point O in the straight line,
If it be projected towards O, from a point at a distance a, with the velocity
it would have acquired in falling from infinity, shew that it will reach 0

n-1 =

in time ——-.a’-

oT-T-'l
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14. In the previous question if the particle started from rest at
distance a, shew that it would reach O in {' ime

—rwr( S1+3) w 7
n— 72 or \/2"’(1 ,n) r(m+2)

according as n is > or < nmty. .
.

15. A shot, whose mass is 50 lbs,, is fired from a gun, 4 inches in
diameter and 8 feet in length. The pressure of the powder-gas is inversely
proportional to the volume behind the shot and changes from an initial
value of 10 tons’ weight per squaft ingh to 1 ton wt. per sq. inch as the
shot leaves the guwn. Shew that the muzzle velocity of the shot is
approximately 815 feet per second, hdving given log, 10=2-3026.

[

. )

16. If the Moon and Earth were at rest, shew that the least velocity
with which a partick could be projected from the Moon, in ordet to reach
the Earth, is about 13 miles per second, assuming their radii to be 1100
and 4000 miles respectively, the distance between their centres £40,000

miles, and the mass of the Moon to be 81 that of the Earth

g
17. A small bead can slide on a smooth wire 4B, being acted upon
by a force per unit of mass equal to p-+the squaxe of its distance from
a point O which is outside 4B. Shew that the time of a small oscillation

about its position of equilibrium is ?/—% b, where b is the perpendicular
distance of O from 4B.

18. A solid attracting sphere, of radius @ and mass ¥, has a fine hole
bored straight through its centre ; a particle starts from rest at a distance
b from the centre of the sphere in the direction of the hole produced, and
moves under the attraction of the sphere entering the hole and going
through the sphere ; shew that the time of a complete oscillation is

S [Vadhinr o/ oot o/ ST )

where y is the constaht of gravitation.

]
19. A cireular wire of ridius ¢ and density p attracts a particle

{ iZ::a.zhce)’ ; if the particle be placed on
the axis of the wire at a distance b from the centre, find its velocityswhen
it is at any distance .

If it be placed on the axis at a small distance from the centre, shew

that the time of a complete oscillation is a \/ %g—

according to the Newtonian law y
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20. In the pxt ing questlon if the wire repels mstead of attracting,
and the particle b® placed in the plane of the wire at.a small dlstanoe

ffam its @entre, shew that the time of an oscillation is 2a 1

' 7a

n o o
1. A particle moves in a straight line with an acceleration directed
towards, and equal to p times the distance fr8m, a point in the straight
line, and with a constant wcceleratmn J in a direction opposxte to that of
its initial motien ; shew that i3 time of oscillation is the same as it is
when f does not exist,

22. A parfl)cle P moves in a straight line OCP being attracted by
o force mp . PC always directed toyards €, whilst ' moves along 0C with
constant acceleration f. If initially C was at rest at the origin 0, and P
was at a distance ¢ from O ang !ﬂovmg w1th velocity V, prove that the
distance of P fyom O at any time ¢ is

f H - f 2

"~ = cos t+—_sn t-—-+~ .
R (P * c)) L v M 0 W 4 26

23. °Two bodies, of masses M and A, are attached to the lower end

of an elastic string whose upper end is fixed and hang at rest; M’ falls off;
shew that the distance of M from the upper end of the string at time ¢ is

a+4b+ccos (\/% t) ,

where @ is the unstretched length of the string, and b and ¢ the distances
by which it would be stretched when supporting & and M’ respectively.

24. A point is performing a simple harmonic motion. An additional
acceleration is given to the point which is very small and varies as the
cube of the distance from the origin. Shew that the increase in the
amplitude of the vibration is proportional to the cube of the original
amplitude if the velocity at the origin is the same in the two motions.

25. One end of 8, light extensible string is fastened to a fixed point
and the other end carries a heavy particle ; the string is of unstretched
length @ and its modulus of elasticity is » times the weight of the particle.
The particle is pulled down till it is at a depth b below the fixed point
and then released. Shew that it will return ta, this position at the end of

. a _ —— nb .
time 2\/@[’21 +cosec—1p+ A/p? - l:l , Where P - (n+1), provided
that p is not >»T1+4n.

If p> ~/1+4n, shew how to find the corresponding time.

28. An endless elastic string, whose modulus of elasticity is X and
natural length is 2m¢, is placed in the form of a circle on a smooth
horizontal plane and is acted upon by a force from the centre equal to
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p times the dlstance per unit mass of the string. Shpw that its radips
will vary harmonically about & mean lengtﬁg 2mhe

A — mpo
mass of the string, assuming that 2eA>mpe.

Examine the case when 2w\ =mpuc.
.

27. An elastic string Of mass m and modulus of elasticity \ regts
unstretched in the form of a dircle whose radius is a. 1t is now acted on
by a repulsive force situated in its centre whose magnitude per unit mass
of the string is

, Where m is the

S

(distance)s”
Shew that when the circle next c®mesgto rest its radius is a root of the
quadratic equatione

m,
. r’-ar=;§'.’

28. A smooth élock, of mass ¥, with its upper and lawer faces
horizontal planes, is free to move in a groove tn a parallel plage, and
a particle of mass m is attached to a fixed point in the upper face by an
elastic string whose natural length is ¢ and modulus Z. If the system
starts from rest with the particle on the upper face and the string
stretched parallel to the groove to (n+1) tirges its natural length, shew

that the block will perform oscillations of amplitude @Tl}?mﬁ@ in the

s oae e 2 allm
periodic time 2 <1r + ?z) F
29. A particle is attached to a point in a rough plane inclined at an

angle a to the horizon; originally the string was unstretched and lay
along a line of greatest slope ; shew that the particle will oscillate only if

the coefficient of friction is < %t&n a.

30. A mass of m lbs. moves initially with a velocity of u ft. per sec.
A constant power equal to H horse-power is applied 8o as to increase its
velocity ; shew that the time that elapses before the acceleration is
1 . .. . m(ni-1)ud
reduce(ll to ;th of its original value is 110054
[ ]

31. Shew that the §reatest velocity which can be given to a bullet of
21’] vV

mass M fired from a smooth-bore gun is {mlog m+1—m}, where

changes of temperature are neglected, and the pressure 1I in * front
of the bullet is supposed constant, the volume V of the powder in the
cartridge being assumed to turn at once, when fired, into gas of pressure

mII and of volume ¥,
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‘ .
.32 Twom , m; and m;, are connected by a.spring of such
s strength that wiwen m,; is keld fixed mqy performs n coqmplete vibrations

reg second Shew that if mg be held fixed, m, will make n \/ '1’, and, if

bosh be free, they w111 make 7 ,\/ ™t My v:bratlons , Per second, the

viprations in each case being in the 11ne of fhe spring.

33. A body is attached to 8ne end of an inextensible string, and the
other end moves in a vertical line with simple harmonic motion of
amplitude a and makes n complete oscillations per second. Shew that
the string w111 not remain tight during the motion unless n8< 1 'Za .

I

34. A light spring is kept compressed by the actiqn of a given force ;
the force is suddenly reversed; ‘prove that the greatest subsequent
extension of the spring is three times its initi8l contraction.

35. Two masses, M and m, connected by a light spring, fall in a
vertica line with the spfing unstretched until M strikes an inelastic table.
Shew that if the height through which ¥ falls is greater than M;-”?m A
the mass 3 will after an interval be lifted from the table, Z being°the
length by which %he spring would be extended by the weight of M.

88. Two uniform spheres, of masses m, and m, and of radii a, and a,,
are placed with their dentres at a distance a apart and are left to their
mutual attractions ; shew that they will have come together at the end of

time
“onaDR _l\/al+a2 2 P— ]
5ot | 2o/ B2 et e |,

where R is the radius, and D the mean density of the Earth.

If my=my=4 lbs,, a,=ay=1'6 inches, and a=one foot, shew that the
time is about 3 hours, assuming R=4000 miles and D=350 lbs. per cubic
foot.

[When the sphereg have their centres at a distance #, the accelera-

tion of my due to the attraction of m; is 'y% and that of mg due to m, is

my +mg

y%. Hence the acceleration of mj relative to m,; js y — - ond the

equation of relative motion is #= —y —‘0————.]

37 Assuming the mass of the Moon to be that of the Earth, that

their padii are respectively 1100 and 4000 miles, a.nd the distance between
their centres 240,000 miles, shew that, if they were instantaneously
reduced to rest and allowed to fall towards one another under their

mutual sttraction only, they would meet in about 4} days.
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38 A partlcle is pla.ced at the end of the axis of a thin attracting
cylinder of radiys @ and of infinite length ; shew that’its kinetic energy

2 2
when it has described a distance » varies as: ogzil‘iﬂl- .

4 . [}

39. ABisasnniform string of mass M and length 2a ; every elenfént
of it is repelled with a forte, =u.distance, acting from a point O in the
direction of 4B produced; shew that the acceleration of the string is the
same as that of a particle placed at its middle point, and that the tension
at any point P of the string varies as 4P, PB.

40. Shew that the curve which is such that a particl€ will slide down
each of its tangents to the hom‘ontal axis in a given time is a cycloid
whose axis is vertical.

¢

41. Two particles, of masses m and ‘n’, are connected by an elastic
string whose coefficient of elasticity is A ; they are placed on a smooth
table, the distance petween them being a, t,he natural length of the string.
The particle m is projected with velocity V alwng the direction.of the
string produced ; find the motion of each particle, and shew that in the
subsequent motion the greatest length of the string is a+ Vp, and that
thee string is next at its natural length after time mp, where

mm' a -~
Pr=— s
m+m' N

42. Two particles, each of mass m, are attached to the ends of av.
inextensible string which hangs over a smooth pulley ; to one of them, 4,
another particle of mass 2m is attached by means of an elastic string of
natural length ¢, and modulus of elasticity 2mg. If the system be
supported with the elastic string just unstretched and be then released,

shew that 4 will descend with acceleration g sin? [ \/ —2‘% . t].

43. A weightless elastic string, of natural length ¢ and modulus A,
has two equal particles of mass m at its ends and lies on a smooth
horizontal table perpendicular to an edge with one particle just hanging
over. Shew that the other particle will pass over at the end of time ¢
given by the equation

mgl L, SN g
fl+ Y §in 2mlt—§gt.



CHAPTER III

UNIPLANAR MOTION WHERF, THE ACCELERATIONS
PARALLEL TO FIX}!D AXES ARE G]VEN

38. Let the coordlnates of a particle referred to axes Oz
and Oy be # and y at time #, and let its accelgrations parallel
to the axeS at this instent be X and ¥,

The'.equations of motion are then

dx

5 R ceeeeeerenereen (1),
-» d’y.— ~
and —d_t”_y ........................... (2).

Integrating each of these equations twice, we have two
equations containing four arbitrary constants. These latter
are determined from the initial conditions, viz. the initial values
ofz, y, (‘li—% and %;%

From the two resulting equations we then eliminate ¢, and
obtain a relation between x and y which is the equation to the
path.

39. Parabolic motion under grawvity, supposed constant, the
resistance of the air being neglected.

Let the axis of y be drawn vertichlly upyard, and the axis
of # horizontal. Then the horizontal acceleration is zero, and
the vertical acceleration is — g.

Hence the equations of motion are

dt, ~0, and flty, RS 13

L. D, 3
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Integrating with respect to ¢, we have ¢~

o4, and B gt40 (@)
-~tegrating a second time,
z= Az+b and y=—g; BHCE+D ... 3\

If the particle be progected from the origin with a velocity
 at an angle a with the horizon, then when ¢=0 we have

_ dz _ dy .
w—y=0,d—t—ucosa,and g7 = usina.

Hence from (2) and (3) e have initially »cosa= 4,
usina=0,0=B,and 0=D. ° «
. (8) gives # =wu cos at, and y = usin at — § gi.
Eliminating,?, we have
g_=°*
y=otna -5 a’
which is the equation to a parabola.

40. A particle describes a path tith an acceleration which
i8 always directed towards a fiwed point and varies directly as
the distance from it; to find the path.

Let O be the centre of acceleration and A the point of
projection. Take OA as the
axis of @ and OY parallel
to the direction of the initial
velocity, V, of projection.

Let P be any point on
the path, and let MP be the
ordinate of P.

The acceleration, u.PO,
along PO is equivalent, by
the triangle of accelerations,
to accelerations along PM
and MO equal respectively to u.PM and u.MO.

Hence the equations ot motion are

ds .
az?:—,w OSSR, & ),

and v il T eerreren (2).
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The solutions, of these equations are, as in Art, 22,

z=Acos[Vut+B] .......... e 3,
ana sy=Ccos[Vut +D] ......ccoun...... (4).
[ 3 « ©
The initial conditions are that when #= 0, then
d$ o, e d °
c=04=a, EZ=0’ y=0, and Ti%= V.

Hence, frogn (8), a =4 cos B and 0=~ 4 sin B.
These give B=0 and 4 =a.

Also, from (4), similarly we*have .
0=CcosD, and "' V=- CNusin D.

. p_T -V

. ?_T and 0—_'\/#.
. (8) and (4) give B =0C08 (VUL) cevrerernereernnraens 5),

- v . - )
and y= -‘-;/—* Ccos [‘\/yt + §'] = 4/71: sin (‘\/ﬂt) ......... (6).
w’
ez 17-2 =1
m

o The locus of P is therefore an ellipse, referred to 0.X and
OY as a pair of conjugate diameters.

Also, if the ellipse meet OY in B, then OB= \%;, €.

V = s/u % semi-diameter conjugate to OA. Since any point
on the path may be tgken as the point of projection, this result
will be always true, so that at any point the velocity

= X seml-conjugate diameter.

[This may be mdependently dérived from (5) and (6). For
(Velocity at P)2=32+4 y’+ﬁry €08 we
=a?y sind (\/ut) + V3 cos? (fut) - 2aVi/usin (/ut) cos (J/5t) cos e

=p [a:—&--? - a cos? (/ut) - ?sin’ Jat- z%sin (/1t) 008 (/1et) 008 u]

]
=p.£¢!+% —ad-yS-2zy cosu:] =p (¢’+-?- OP’)
== x aquare of semi-diameter conjugate to OP.)
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From equations (5) and (6) it ig clear that the values’ of

z and y are the same at time ¢ + 3—:: a8 they are at time ¢,

. - I B
Hence the time of; describing the ellipse is ;/—E .
41, If a particle possess two‘simple harmqmc motions, in
perpendicular directions and of the same period, it is easily
seen that its path is an ellipse. .

If we measure the time(}from the time when the z-vibration
has its maximgm value, we havk

and . y=bcos(nt+e) .......... e, (2),

where a, b are constants. ¢ .

2 gives cosntcose—smntsme=—cose—sme\/l- —.

«
«

A (% —-gcos e>2=sin’e <1 .—g), -
e, g - 2{(}_3/ cos e + :Z =8IN%€...inirininenn. (3).

@

This always represents an ellipse whose principal axes do

not, in general, coincide with the axes of coordinates, but
which is always inscribed in the rectangle z = + a, y = + b.

The figure drawn is an ellipse where e is equal to about:g .

If €= 0, equation (3) glves = - 3 =0,1. 6. the stralghb line AC.
Ife=mit glves 247 5= O t.e. the straight line BD.

In the particular case , when ¢ = -2— ,%.e. when the phase of the

y—v1bmtlon at zero time is-one-quarter of the penodm time,
equation (3) becomes

a;ﬂ 2

—_ + g’ =1,

4.e. the pathis an ellipse whose principal axes are in the direction
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of the axes of x and y and equal to the amphtudes of the

compohent v1brat10ns in tiese directions.
*Jf inwddition @ =b, 1.e. if the amplitudes of the component

vibrations ase the game, the path is a circle.

B M A
e >
X Ji
(o) ) / X
L]
\ o °

"""" °

D

c
[}
42. ° If the period of the y-vibration is one-half that of the

a-vibration, the equations are
zgacosnt, and y="bcos(2nt +¢).

Hence, by ehmlnatlng t, we have as the equation to the

"path .
3=cos<s.[2—fa—l] —sine.?ﬁ\/I —‘?—z.
o a a

On rationalization, this equation becomes one of the fourth

degree.
Y

JEpt
-

f
0
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The dotted curve in the figure isgthe patH'when e =~ § ,i6,

when the phase of the y-vibration at zero time is neghtive and
equal to one-quarter of the period of the 3j-vibratiof. .

When e =27 1.e. when the phase of the y-vibration at zero
time is one-half of the y-period, t.he path becomes

#———@ b),
i.e. the parabola CED.
When e = 0, the path 15‘81mlla.rly the parabola.

‘ ot = 2—b‘(y‘-j-b).

For any other value of ¢ the path is more con;plicated

Curves, such as the precedmg, obtgined by corhpoundmg
simple harmonic motions in two directions are known as
Lissajous’ figures. For other examples with different ratios of
the periods, and for different values of the zero phases, the
student may refer to any standard book on Physics.

These curves may be drawn automatically by means of
a pendulum, or they may be constructed geometrically.

48. Ex.1. A point moves in a plane so that its projection on the axis of =
performs a harmonie vibration of period one second with an amplitude of one
foot; also its projection on the perpendicular axis of y performs & harmonic
vibration of period two seconds with an amplitude of oné foot. It being given
that the origin is the centre of the vibrations, and that the point (1, 0) is on
the path, find its equation and draw it.

Ex. 2. A point moves in a path produced by the combination of two
simple harmonic vibrations in two perpendicular directions, the periods of the
components being as 2 : 8; find the paths described (1) if the two vibrations
have zero phase at the same instants, and (2) if the vibration of greater period
be of phage one-quarter of its period when the other vibration is of zero phase.
Trace the paths, and find their equations,

*

44 Tfin Art, 40 the acceleration be always from the fixed
point and varying ‘s the distance from it, we have similarly

, @=acosh Vuf, and y=-JV;sinh Vut.

%,5 - %;= 1, so that the path is a hyperbola.
n
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45. 4 partzcle describes a catenary under a force which acts
parallel to its agis; Jfind ghe law of the force andl the velocity at

dry porat of the path.
Takingythe direatrix and axis of the catenary as the axes of

 8nd y, we have as the equation to the gatenary

@ x
y=g (ea+e‘.s) ............... e
Since there is no acceleration parallel to thé directrix,
' ® diz
‘v =m=0.
¥
%%' sconst.=u ... e (2).
\ Diﬁ'erentl’ating equation (1) twice, we have
. 1/ 2z a\dp 1,2z =@
. dt (ec e c)'?l?'ﬁ( c—e c>'.u ......... 3),
*ody 1= dx u?
and dt’= c(e +e o)m u==59

(i) dy\* _ wy ez o _z\
Also (veloclty)’.= (——) < 4 t) w4+ % ( ec—e :)
2/ & xr\2 2
= % <e3+e'z) =%ya,
50 that; the velocity = % ¥

Hence the velocity and acceleration at any point both vary
as the distance from the directrix,

46. A particlg moves in one plane with an acceleration
which s always towards and perpendicular to o fized straight
line in the plane and varies tnversely as the cube of the distance
Jfrom it; given the circumstances of pro;ectzon, Jind the path.

Take the fixed straight line as the axis of .

Then the equations of motion aré

dz
a? - 0 ®sessecssssesssats Seesnsenen (1),
ds

ana Jt"—{=—-y’-ﬁ ........................ )

(1) gives @=At+B ...coooiiiiinninnnnn 3).
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Multiplying (2) by % and integra,:ing, we have

(‘;—f) o

d 1
KR t=ﬁ\/;y_l_—y(}_2 O\/p.+0y’+D ......... (4):

Let the particle be prOJected from a point o the axis of y
distant b from the origin with component velogities % and v
parallel to the axes. Then when ¢ =0 we have

. (4
dz ¢ dy _
=0, y=», dt_u and %=

°A—B00v’ and D=— %
.. —ux bgl _-bg,vg __'“‘
.~ (3)and (4) give ‘ .
_ bsv 3 ubt yzba !

« =ut, and (t + fp ) T =y + o

Eliminating ¢, we have as the equafion to the path

z by )’ yabz _ ;'Lb‘
(u p=b2) T =0 (u— by

This is an ellipse or a hyperbola according as u = d%?2
If p=b%? then C'=0 and equation (4) becomes

[y _ ¥ p_y=b
g f.u 2~/#»+D 2Vp

Hence the path in this case is y*— b*=24/p g, i.e. a parabola.
The path is thus an ellipse, parabola, or hyperbola according

as v S :\/ -g, i.e. a,ccording as the initial velocity perpendicular

to the given line is less, equal to, or greater than the velocity

that would be acquired in falling from infinity to the given
point with the given acceleration.

b b
For the square of the latter = — f 2 -’idy = [y] = 55

Cor. If the particle describe an ellipse and meets the
-axis of # it will not then complete the rest of the ellipse since
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the velocity pargllel to the axis of « is always constant and in
the same direction; it #ill proceed to describe a portion of
abother®equal elhpse

*47. If the welocities and acceler atigns aé eny instant of
pogticles m,, my, my ... parallel to any stratght line fized in
space be v, 7, ... and f,, f; o to find the veloczty and acceleration
of their centre’ qf mass.

If z, z,, . . be the distances of the partncles at any instant
measured along this fixed line from a fixed point, we have

ﬁ_mlwl#m,w2+
'nzl domy + ...

Differentiating with respect to ¢, we"have

i 2 Tt a
Yt s ,

= dm m,f,+'m2f)
and f d—tn- —Tn1+—7n2—+——— ............ (2),
where 7 and f are the velocity and acceleration required.

Consider any two particles, m, and m,, of the system and
the mutual actions between them. These are, by Newton’s
Third Law, equal and opposite, and therefore their impulses
aesolved in any direction are equal and opposite. The changes
in the momenta of the particles are thus, by Art. 15, equal
and opposite, .e. the sum of their momenta in any direction
is thus unaltered by their mutual actions. Similarly for any
other pair of particles of the system.

Hence the sum of the momenta of the system parallel to
any line, and hence by (1) the momentum of the centre of
mass, is unaltered by the mutual actions of the system.

If P,, P,, ... be the external forces acting on the particles
m,, My ... parallel to the fixed line, we have

my i+ ma fo + ..._(P,+P,+...')+(th0 sum of the com-
. ponents of the internal actions on
the particles)

=P+ P+...,

since the internal actions are in equilibrium taken by them-
selves.
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Hence equation (2) gives
- v
(m+me+..)f=Pi+ Pyt ...,

i.e. the motion of the centre of mass tn any yiyen dirsction 13 the
same as if the whkole of the particles of the system were collected
at it, and all the external forces of the system applied as it
parallel to the given direction.

Hence also If the sum of the emternal forces acting on any
given system of particles parallel to a given dirgetion vanishes,
the motion of the centre of gravity in that direction remains
unaltered, and the total momentusa of the system in that direction
remains constarlt throughout the wmotion.

This theorem is knewn as the Pridciple of the, Conservation
of Linear Momentum.

As an examfle, if a heavy chain be falling freely the motion
of its centre of mass is the same as that of a freely falling particle.

EXAMPLES ON CHAPTER III

1. A particle describes an ellipse with an acceleration directed towards
the centre; shew that its angular velocity about a focus is inversely
proportional to its distance from that focus.

L]

2. A particle is describing an ellipse under a force to the centre; if

v, ; and v; are the velocities at the ends of the latus-rectum and major
and minor axes respectively, prove that v2sg8= 13 (2052 — ).

3. The velocities of a point parallel to the axes of 2 and y are u+awy
and v+ o'z respectively, where u, v,  and o’ are constants ; shew that its
path is a conie section.

4. A particle moves in & plane under a constant force, the direction of
which revolves with a uniform angular velocity ; find equations to give
the coordinates of ¢he particle at any time ¢.

5. A small ball is projectéd into the air ; shew that it appears to an
observer standing at ‘The point of projection to fall past a given vertical
plane with constant velocity.

6. A man starts from a point O and walks, or runs, with a constant
velocity  along a straight road, taken as the axis of #. His dog starts at
a distance @ from O, his starting point being on the axis of y which is

perpendicular to Oz, and runs with constant voloc:ty +1n a direction which
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is always towards his master. Shew that the equation to his path is

. e [
ax 1°? 1 /y\A 1 a\A7 -
2[o- B )=o) -G
. ) 2
If N=1%hew that’the path is the curve 2 (w + ‘D =.%z - alog% .

[The tangent at any point P of the path 8f the dog meets Ox at the

point where the man then is, sg that Z’% =%_Y | Also (Zfﬁ z,
L]

w—x dt A
o —yj—f=m—x=)(s—x.

. daf & ds dz . . a2z \/ dz\3
gl g gTng Y gp= ANV 1 +(g) » o]
7. A particle is fastened to one end, B, of a lightsthread and rests or
a horizontal plane ; the other end; 4, of the thread is made to move or
the plane with a given constant velocity in®a given straight line ; shew

that the path of the particle in space is a trocboid.
[Shew that 4B turng round 4 with a constant anfular velocity.]

8. * Two boats each move with a velocity » relative to the water anc
both cfoss & river of breadth a running with uniform velocity V. The;
start together, one boat crossing by the shortest path and the other in th
shortest time. Shew that She difference between the times of arrival i
either

a {__'_I:'____ 1} or & { v 1}
s - AT a- ’
v (Ve p2)h v |(p2- ya)h
according as V or » is the greater.
[The angle that v makes with V being 6, the length of the patl
v Vi+v'+2Vvcosd Th
vsin @
condition for a minimum path gives

(veos 6+ V) (Vcos 64v)=0.]

9. A particle moves in one plane with an acceleration which is alway
perpendicular to a gigen line and is equal to p-+(distance from the line)
Find its path for different velocities of projection.

If it be projected from & point distant 2z from the given line witl

isa.

. .. @
and the corresponding time is osnd"

& velocity £ parallel to the given line, shew that its path is a cycloid.
o par g

10. If a particle travel with horizofttal velogity » and rise to suc!
a height that the variation in gravity must be taken account of as far a
small quantities of the first order, shew that the path is given by th

equation _
a-y=(a—k) oosh[\/’%h——-—’—"

% ,
where 2a is the radius of the earth; the axes of # and y being horizonte
and vertical, and A, # being the coordinates of the vertex of the path,



44 Dynamics of a Partitle

1. A pamcle moves in a plane with an amelemtlop which is parallel
to the axis of y ahd varies as the distance fRom the axis ‘of #; shew that
the equation to its path is of the form y=Aa® + Ba~*%, when the o.ccalemtxo.p
is a repulsion.

If the acceleration is attractive, then the equatlon 8 of the'form

sy=A4 cos [ax+B].

12. A particle moves under the actign of a repulsive force perpen-
dicular to a fixed plane and proportional to the distancesfrom it. Find
its path, and shew that, if its initial velocity be parallel to the plane and
equal to that which it would have acquired in moving frem rest on the
plane to the point of projection, the path is a catenary. "

13. A particle, describes a 1ectangular hyperbola, the acceleration
being directed from the centre ; shew that .the angle 6 described about the
centre in time ¢ after leaving the vertex is given by the equatxon

tan 8 =tanh (Vu),

where p is acceleratlon at distance unity. J .

14, A particle moves freely in a semicircle under a force perpeftdicular
to the bounding diameter ; shew that the force varies inversely as the cube
of the ordinate to the diameter. .

L]
15. Shew that a rectangular hyperbola can be described by a particle
under a force parallel to an asymptote which varies as the cube of its dis-
tance frowm the other asymptote.

168. A particle is moving under the influence of an attractive force
m y% towards the axis of 2. | Shew that, if it be projected from the point

(0, k) with component velocities U and V parallel to the axes of 2 and g,

it will not strike the axis of # unless p> V22 and that in this case the
3

distance of the point of impact from the origin is ——— .
pd+ Ve

17. A plane has two smooth grooves at right an.gles cut in it, and two
equal particles attracting one another according to the law of the inverse
square are constrained to move one in each groove. Shew that the centre
of mass of the two gparticles moves as if attracted to a centre of force
placed at the intersectiof of the grooves and attracting as the iuverse
square of the distancee



CHAPTER IV

UNIPLANARsMOTION REFERRED TO POLAR COORDINATES
CENTRAL FORCES

48. In the present che:i)ter,we shall consider cases of
motion which are most readily solved by the use of polar
coordinates. We must firyt dbtain the velocities and accelera-
tions of a mpving point along and perfpendicular to the radius
vector drawn from a fixed pole.

49, Velocities ahd accelerations of a particle along and
perpertdicular to the radius vector to it from a fixed origin O.

Let P be the position
of the particle®at time g,
and @ its position at time
t+ At. ’

Let XOP =6, X0Q=
0+40, OP=r, 0Q=r
'+ Ar, where OX is a fixed
line.

Draw QM perpendi-
cular to OP.

Let u, v be the velocities of the moving point alohg and
perpendicular to OP. Then

Distance of particle measured along the line OP at

u=Lt time ¢ 4 At — the similar distance at time ¢
At=0 At .
OM - 0P (r+ Arycos A —r
=Lt =Lt -
At=0 At At=0 At
=L (_T_J_r_é%l__-_’” , small quantities above the first order
at=0

: being neglected,
dr .
=w ........................................................ .-.-..-(1).



46 Dynamics of a Partitle
Also

Dlstance of particle mea.sured perpendlcular fo the,
v =Lt |line OP at time ¢+ At —the similar dxstance at time £

At=0 . i At hd .
®
_1.QM—-0_ . (r+4r)sinAf
1:;20 At —A:Efo At ¢
=Lt 0‘__"::‘.51& , on neglecting small quanjities of the
ac=0
second grder,
do . %
=g in the limit ...c..euueeet L P RN ).
The velocities along and A
perpendicular to ‘or being . ?{ ° .

u and v, the velocities along
and perpendicular to 0Q
are ¥ +Au and v+ Av.

Let the perpendicular
to 0Q at Q be produced to
meet OP at L.

Then the acceleration of
the moving point along OP

its velocity along OP at time ¢+ At — its similar
3 velocity at time ¢
- Lf At

(u + Au) cos A — (v + Av) sin Af — —-u],
u-o At

(u+Au) 1—(v+Av). A0 —u
At'- « At ’

on neglectmg squares and Iigher powers of A6,
Au—0Af _du_ df

_.A]t'_;o——-z ; d : dt , in the limit, »
awr dé : ;
= E_t; -— (-a?) ................................................... (3),

by (1) and (2).
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, Also the a.oceleratxon of the movmg pomt perpendlcular
to OP in the direction 8f 6 i increasing

its veloclty perpendlcular to OP at time t+ At —its
+ 'similar velocity at time RN .
=Lt
At=0 ot ]

[(u + Au) sin A8 + (v + Av) cos A6 — v]
At—O

At

(u+ Aw). A0+ (v+ Av).1 —v

= Lt ,
At=0 At ® [

on neglecting squares and higher powers of A8,

de  dv . d
=udt+d:,m the hm1t=:§: df an H) by (1) and (2),

drdf d¥ Id[ ae

=2 GO T2 Y r’m] e o).

Cor. If r=a, a constant quantity, so that the particle is
describing a citele of aentre O and radius a, the quantity
(8)==—aé* and (4) = af, so that the accelerations of P along
the tangent PQ and the radius PO are af and af®.

50. The results of the previous article may also be obtained by resolving
4he velocities and accelerations along the axes of x and y in the directions of
the radius vector and perpendicular to it.

For since =7 cos § and y=rsiné,

o da: droo:w rsmo——
Tdt dt| -
dy gl .
and . E=asm0+roosoa
dx d?r drdg ¢ de sin d29
H‘h‘ﬂ“’" adtdt sin 0 - rooso( ) 0‘“3 @
&y_a S (R R 5
and Fr T 0+2dtdt cos @ - rsmo(d ) +'°°”dt

The oomponent velocity along OoP
—-cos 0+ % sin 0——, by (1),

Tt dt
and pe;pendiculnr to OP in the direotion of 6 increasing it
=%

%t oow—a—t gin 9=y & E—. bygtl).
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The oomponent aooeleratmn along OP

d?z dr '3 .
=77 008 0+:—:¥ sin 0=m— r(‘j—-f) , by (2),
and perpendicular to OP it

dzy e drdg a0 *
=‘dt"mo an S 0=2 G, +7 gm» b7 ()
d0
' rdt dt

61. By the use of Arts. 4 and 49 we can obtain the
accelerations of a moving point referred to rectamgular axes Oz
and Oy, which are not fixed in space, but which revolve in any

gu‘ own plane,

manner about the origin 0 i in th

A

Let OA be a line fixed in space, and, at time ¢, let § be‘ the
inclination of Oz to OA. Let P be the moving point; draw*
PM and PN perpendicular to Oz and Oy.

By Art. 49 the velocities of the point M are de ; along OM

dt

dy < along ON

and & ‘Citg along MP, and the velocities of N are -2 P

and y d_ a.long PN produced.

[For-—(AAGN) (AAOM) ‘z :'

Hence the velodity of P parallel to Oz
= the velocity of N parallel to Oz + the velomty of P
relative to N.
= vel. of N parallel to Oz + the vel. of M along OM

dé  dz
=-—y;—]—f-+}7‘; ...... | T (1).
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. So the velocity of P parallel to Oy
= vel. of M parallel td Oy + the vel. of P relative to M
= vel. of M parallel to Oy + the vel. of N along ON

d0 dy *
By e o rrerrenrreraes (2)
dz. (df
Again, the accelerations bf M are, by Art. 49, — P (ﬁ)
along OM, and @ ( %g) along MP, and the accelerations
dy (dé 1d/ ,do
of N are v i (?l?) along ON and - v i (y p t) along PN
produced.
Hence the'acceleration of P parallel to Oz - .
=acceleration of ¥ parallel to Oz + acceleration of P
. relative to N
= acceleration of IV parallel to Oz + acceleration of M
along OM .
1d/ ,dé\ 6 dx o\
=—'37dt< dt)ﬂ-a;;-—.@(a—t) ........................... (3).
Also the acceleration of P parallel to Oy
=acceleration of M parallel to Oy + acceleration of P
relative to M
= acceleration of M parallel to Oy + acceleration of NV
along ON
1d dy do\?
-2 ( dt) +od -y (%) ........................... (4).

Cor. In the particular case when the axes are revolving
with a constant angular velocity , so that (—3—:= o, these

component velocities become

% — yw along Oz,

and dt Y+ a0 along Oy;
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¢

also the comPonent accelerations are
e

. 2
flu.ltif - 20 — 2w % along Ow,

dy dz ‘
=2 — yo' + 20 —; along Oy.
dae Yo' + dt g Vy
52. Ez. 1. Shew that the path of a point P which possesses two constant
velocities u and v, the first of which is in a fized direction and the second of
which i8 perpendicular to the radius OP drawn from a fized point O, is a conie
. Q

and

. s o W
whose focus i8 O and whose eccentricity is 3"

With the first figure of Art. 49, let & be the constant velocity along OX and
v the constant velocity perpendicular tn OP.

'

Then we have 3
‘E—ucoso and r@—v-usinﬁ . ldr_ ucosd
a7 dat ~ © " rdf  v-using’

~ logr= -log (v-usin §) +vconst.,
i.e. r (v - usin §) =const.=1v,
if the path cut the axis of # at a distance {. Therefore the path is

l
r=

u .
1--s8ing
v
. . . s . U
i.e. a conio section whose eccentricity is 5"

Ez. 2. A smooth straight thin tube revolves with uniform angular velocity w
in a vertical plane about one extremity which is fized ; if at zero time the tube be
horizontal, and a particle inside it be at a distance a from the fized end, and be
moving with velocity V along the tube, shew that its distance at time ¢ is

vV g\ 9 .
a cosh (wt) + (; -3 w,) sinh (wt) + o2 S wt.

At any time ¢ let the tube have revolved round ‘its fixed end O throngh an
angle wt from the horizontal line OX in an upward direction; let P, where
OP=r, be the position of the particle then.

.By Art. 49,
B rw?=acceleration of P in the direction OP

oy

= - g s8in wt, since the tube is smooth.
The solution of this equation is
' 1 .
r=Aewt+B¢-»t+m(—ysm (dz)
- i I g
=L oosh (wt) + Msinh (wt) + g fin Wty

,wuere 4 and B, and so L and J, are arbitrary constants.
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The initial conditions are that r=a and #=¥ when =0,

[ ]
s a=T,and V=Mo+Z .
2w

Nr= Y _ 274 A
. Syr=a cosh wt+ [w 2w,] sinh (wt)+ g2 bin wt.
If R be the normal reaction of the tube, then

'% - g cos wt=the acoeleration perpendioular%o OP

=; % (r3), by Art. 49, =20

=3aw?sinh (w?) + (3¥w - g) cosh (wt) + g cos wt.

EX.AMPLES

L]

1. A vessel steams at a constant speed » along a straight line whilst -
another vessel, steaming at a constant speed V, keeps the first always
exactly abeam. Shew thct the path of either vessel relatively to the

. . . LW
other is @ conic section of eccentricity v

2. A boat, whigh is rowed with constant velocity w, starts from
a point 4 on the bank of a river which flows with a constant velocity nu;
it points always towards a point B on the other bank exactly opposite to
4 ; find the equation to tre path of the boat.

If n be unity, shew that the path is a parabola whose focus is B.

3. An insect crawls at a constant rate » along the spoke of a cartwheel,
oferadius a, the cart moving with velocity ». Find the acceleration along
and perpendicular to the spoke.

4 The velocities of a particle along and perpendicular to the radius
from a fixed origin are \r and uf; find the path and shew that the
accelerations, along and perpendicular to the radius vector, are

202
)\’1;—’—";—- and pué I:)\ + g]

6. A point starts from the origin in the direction of the inittal line
with velocity £ and moves with constant angular velogity o about the

origin and with constant negative radial accelgration —f. Shew that the
rate of growth of the radial velocity is never positise, but tends to the
limit zero, and prove that the equation of the path is w2 =f(1—e~6).

8. A point P describes a curve with constant velocity and its angular
velocity about a given fixed point O varies inversely as the distance from
O ; shew that the curve is an equiangular spiral whose pole is O, and that
the acceleration of the point is along the normal at P and varies inversely
a8 OP,

4—2
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7. A point P describes an equiangular spiral with constant angular
velocity about* the pole O ; shew that its &acceleration varies as OP and is
in a direction making with the tangent at P the same constang angle shat
OP makes.

8. A poin mnves in a given straight line on a plane with constant
velocity ¥, and the planb moves with constant angular velocity » abopt an
axis perpendicular to itselfc through a &iven point O of the plane. If the
distance of O from the given straight line be a, shew that the path of the
point in space is'given by the equation

ve
o= N/ a“+-Y cos~1 2’
¢ Lo r
referred to O as pole. ¢
[If 8 be measured from the line o wzﬁch the given line is perpendicular

at zero time, then r2=a?% V2.2 and §=wt+cos-! ;.] .

9 A straiglft smooth tube revolves with gngular velocity w in a hori-
zontal plane about one extremity which is fixed ; if at zero time a particle
inside it be at a distance a from the fixed end and moving with'velocity vV

along the tube, shew that its distance at time ¢ is a.cosh wt+1’ sinh wt.
@
3
10. A thin straight smooth tube is made to revolve upwards with
a constant angular velocity » in a vertical plams about dne extremity O ;
when it is in a horizontal position, a particle is at rest in it at a distance
a from the fixed end O; if w be very soall, shew that it will reach O in

. 6a 3
a time (y—a») nearly.

11. A particle is at rest on a smooth horizontal plane which com-
mences to turn about a straight line lying in itself with constant angular
velocity @ downwards ; if @ be the distance of the particle from the axis of
rotation at zero time, shew that the body will leave the plane at time ¢
given by the equation .

- asinh ot + iﬁ cosh wt= ‘% cos wt.
20 I

12. A particte falls from rest within a straight smooth tube which is
revolving with uniform angnlar velocity @ about a point O in its length,
being acted on by force equal to mu (distance) towards O. Shew that
the equation to its path in space is

—

T — 3 .
r=acosh[\/w—a7’—"9] or r=a cos {\/”’m:’ 0}, according sas pSaf.

If p=w? shew that the path is a circle.

13. A particle is placed at rest in a rough tube at a distance a trom
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one end, and the tube starts rqtating horizontally with a yniform angular
veloclty ® about this end. Shew that the distance of the particle at time? is

3 2 ae™ %t BN eosh (wf . sec €) +8in e smh (wt sec €)),

where tan e is-the coeffictent of friction.
. 9

14. One end 4 of a rod is made to revol¥e with uniform angular
velodity @ in the circumference of a circle of madius @, whilst the rod itself
revolves in the opposite direction®about that end with the same angular
velocity. Initially the rod coincides with a diameter afd a smooth ring
capable of sliding freely along the rod is placed at the centre of the circle.
Shew that the distance of the ring from 4 at time ¢ is

g [4 cosh (of+ cos 2wt).

[(xffo be the centre of the circle and P, where AP=r, is the position of
the ring at time ¢ when both 04 and AP have Tevolved through an angle
6, (=wt), in opposite directions, the acceleration of 4 is aw? along 40 and
the acceleration of P relative to O is #—r@? by Art. 49, i’e. 7 —rw3. Hence
the total*acceleration of P along AP is §—re?+aw? cos2ef, and this is
zero since*the ring is stnooth.]

15. PgQ is a tangent at @ to a circle of radius a; P is equal to p and
makes an angle 4 with a fired tangent to the circle; shew that the
accelerations of P along and perpendicular to @P are respectively

p—pbt+ad, and });l—t(pzéﬁaﬂf.

[The accelerations of @ along and perpendicular to QP are af and ad3;
the accelerations of P relative to @ in these same directions are

poplt and 15 ()]

16. Two particles, of masses m and m/, connected by an elastic string
of natural length @, are placed in a smooth tube of small bore which is
made to rotate about a fixed point in its length with angular velocity o.
The coefficient of elasticily of the string is 2mm’ aw?-(m+m’). Shew that,
if the particles are initially just at rest relative to the tube and the string
is just taut, their distance apart at time ¢ is 22— a cos wt.

17. An elastic string is just stretched against a rough wheel of radius
a, which is set in rotation with uniform angular velocity w. Shew that
the string will leave the wheel and expand to a maxihum radius r given

by
r3(r—a) Madw?

r+a 2\’
where M and X are the mass and modulus of elasticity of the string.

18. A uniform chain 4B is placed in a straight tube 04B which re-
volves in a horizontal plane, about the fixed point 0, with uniforin angular
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velooity @. Shgw that the motion of the middle point of the chain is‘the
same as would be the motion of a particle Slaced at this middle point, and
that the tension of the chain at any point P is jmaw?. 4P. PB wvhere o is
the mass of a unit length of the chain.

63. 4 partwle moves in a plane with an acceleration which
18 always directed to a fized point O in the plane; to obtain'the

differential equation of uts path.

Q‘\ d
4-"‘ Y
% o r \& X
L]
¢

Referred to O as origin and a fixed straight line 0X
through O as initial line, let the polar coordinates of P be (r, 6).
If P be the acceleration of the particle directed towards O, we

have, by Art. 49,
dr 2
Et?"(zg) R Q).

Also, since there is no acceleration perpendicular to OP, we
have, by the same article,

1d/,df )
;dt( dt) 0 Qot.o'n.tl"llo.oca-u(2).
(2) gives  * r’%—g =const.=h (8ay)...cocienriniinns (3).
., &8 h . 1
.. -Ji-—-—-—hu’,lfubeequalto o

Then Gi=@\u)~"w @~ " wdb & "dg’

and ‘—i-’r=i(_h‘_ll‘)= f = hu’*’du

dr _d (l>= 1 du 1du df hdu

du) dé

e dt dé dé (d@ dt ag’
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Hence equation (1) besomes

du 1
—-h’u’d—e-,— - h’u‘— —P
. d’u P e D
18e ﬁ+u=w...l .................... 4).

Again, if p be the perpéndicular from the omgm O upon
the tangent at P, we have

;:; =+ (g;) —u’+ (%)‘

Hence, differentiating w1th respect to 6, we have
2 dp 2 du | o dusdiu

~pae =2t 230 ap
. ldp [ duldu r.  dw 1
T pdr [“*dos] dr ‘(““Eé‘a) (‘7)
. Lap_,  du
" wp dr de*
Hence (4) gives p-lkd )
g1 . Fs ﬁ-} ........................ .

Equation (4) gives the path in terms of » and 6, and (5)
gives the (p, ) equation of the path.

64. In every central orbit, the sectorial area traced out by
the radius vector to the centre of force increases uniformly per
unit of time, and the linear velocity varies tnversely as the
perpendicular from the centre upon the tangent to the path.

Let Q be the position of the moving particle at time ¢ + At,
so that £ POQ =A@ and 0Q = » + Ar.

The area POQ=3}0P.0Qsin POQ
=47 (r+ Ar)sin A6
Hence the rate of description of sectorial zrea
$r(r + Ar)sin AO sin A9 Af
=L At =Le|3rr+An. G5
=4 r’do, in the limit,

= the constant $ A by equation (8) of the last article.
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The constant A is thus equal ta twice the sectorial area
described per unit of time.

Again, the sectorial area POQ = in the limit i PQ X per-
pendicular from 0 on PQ, and the rate of its fdescrlptlon

l As*
_A%to 3 A perpendlcular from O on PQ.

Now, in the limit when @ is very close to P,

As
e t:he veloclty v,

and the perpendicular from O on PQ
= the perpendiculgr from O onf the tangent at P = p.

. h

. h=v.p, te v=5.
Hence, when a particle moves under a force to a fixed
centre, its velocity at any point P of its path varies inversely
as the perpendicular from the centre upon the tangent to the

path at P.

L .
Since v = > and in any curve

3o (-,

o= e ()]

85. A particle moves in an ellipse under a force which s
always directed towards its focus; to find the law of force, and

the velocity at any point of its path.
The equation to an cllipse referred to its focus is

rél—m, .. u=%+§c050 e MY
- du_ e
. gE= 7 0.
ITence equation (4) of Art. 53 gives
P =t ["’ “ u] P ).
g l

The acceleration therefore varies inversely as the square of
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the dlstance of the movmg particle from the focus and, if it be

(W’ then (2) gives
N h=NAl=Vu x semi-latus-rectum . ......... 3).

S
Also

et o (9] () o )]

. — p2
==’;[1+200050+e’]=“[21+el°039_1 le]
@

where 2a is the major axis of the ellipse.

It follows, since (4) depends only on #he distance 7, that the
velocity at any point of the path depends only on the distance
from the focus and that it is mdependent of the dlrectlon of
the motion.

It also follows that the veloclty V of projection from any
point whose distance from the focus is 7o, must be less than

27# ,and that the a of the.corresponding ellipse is given by

[
el

Periodic ttme. Since h is equal to twice the area described
in a unit time, it follows, that if 7' be the time the particle
takes to describe the whole arc of the ellipse, then

1h x T = area of the ellipse = mwab.
3
Also h =W p x semi-latus-rectum =, / u % .

T___Z'n'ab 2w %

—_——=—a

ko Vp

56. Ezx. Find the law of force towards the pole under which the curve
=" cosnd can be described.

Here una® cosnf=1. ° -

Hence, taking the logarithmic differential, we obtain

Hence

d—:u tan ng.

do
2
: olf == du ta.n 16 + nu gec? nd =u [tan? n 4 n secd nd).

o 3—207 +u=u (n+1) secd nf=(n + 1) aZiudrtl,
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Henoce equation (4) of Art. 58 gives
. P=(n+1) h2atruds,

i.e. the curve can be desoribed under & force to the pole varying invergely as tifo
(2n+8)rd power of the distance.

" .
Particular Cages. 1. Let n=—c ; s 80 that the equatid’h to the curve is ¢

r= a 2a
. *oost? 6 1+ qos o
2
i.e. the curve is a p:u'abola referred to its foous as pole.
1
Here Pa.
r

€
II. Let n=; , 80 that the equation isr =g (1 + cos 6), which is a cardioid.
<

14
Here . Pa '—4. . ¢
III. Let n=1, so that the equation to the curve is r=a cos ¥, i.c. a circle
with & point on its circumference as pole.

Here Pac%,.
IV. Let n=2, so that the curve is 72=aqa?cos 26, i.e. a lemniscate of
Bernouilli, and P« '%,

V. Let n= -2, so that the curve is the rectangular hyperbola a%=13cos 26,
the centre being pole, and P o ~r, since in this cas¢ (n+1) is negative. The
foroe is therefore repulsive from the centre.

EXAMPLES

A particle describes the following curves under a forco P to the pole,
shew that the force is as stated :

1. Equiangular spiral ; P }3

2. Lemniscate of Bernouilli ; P« %,,.'

8. Circle, pole on its circumference; P« rlb

4 ——e" né, coshna, or smn0 Pocrls.

5. r"cosme=a","c Pccr”""

6. rm=Acosnd+Bsinnd; P°°,.zn+s°

7. r=asinnd; P« 2’:‘1“2 - '—"3;—3:1.
8 au=tanh (J ) or coth (J2> l’ot:l
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cosh§~2  coshd+2 1
o= nori * oeg-1! PO
10, dys008h20-1 —cosh2d+l =, 1

\ 8 cosh 24 +2 oF Cosh20-3° 7°
11. Find the law of force to an internal point under which a body will
describe a circle. Shew that the hodograph of Such motion is an ellipse.
‘[Use formula (5) of Art. 53. The hodognaph of the path of a moving
point P is obtained thus: From a fixed point O draw a straight line 0Q
parallel to, and proportloual to, the velocity of P ; the locus of the point
@, for the differept positions of P, is the hodograph of the path of P.]

12. A particle of unit mass describe.s an equiangular spiral, of angle
a, under a .force which is always®in a direction perpendicular to the
straight line joining the particle to fhe pole of the spiral ; shew that the

force is ur?%%"4=3 and that the fate of descripfion of sectorial area about
the pole is 3 '\/p sin a.cos a . 12,

13. «In an orbit desthibed under a force to a centre the velocity at
any point is inversely proportional to the distance of the point from the
centre of force ; shew that the path is an equiangular spiral.

14. The velocity at any ppint of a central orbit is ;Lth of what it would
be for a circular orbit at the same distance ; shew that the central force

varies as and thaf the equation to the orbit is

-1 gn"=1 cos {(n? - 1) 6}

57. Apses. An apse is a point in a central orbit at which
the radius vector drawn from the centre of force to the moving
particle has a maximum or minimum value.

By the principles of the Differential Calculus u is a maximum
or a minimum if g%-is zero, and if the first diﬁ'erential coefficient

of u that does not vanish is of an even order.
If p be the perpendicular from the centre of force upon the
tangent to the path at any point whose distance is = from the

origin, then . i
P (dZ)

When %—; is zero, l%,=u’='-13, so that the perpendicular in

the case of the apse is equal to the radius vector. Hence at an
apse the particle is moving at right angles to the radius vector.
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68. When,the central acceleration §s a szngle valued function
of the dzstance (ze when the acceleration s a functzon of th
distance only and 1s ahways the same at the same distance), every
opse-line divides the orbit into two equal and similar psrtwns apd
thus there canonly be two apse-distances.

Let A BC be a portionof the path having three consecutive
apses 4, B, and C and let O be the e ol ->
centre of force. c j

Let V' be the velocity of the |
particle at B. Then, if the vglocity, -X_
of the particle were reversed at
it would describe the path BPA R
For, as the acceleratich depends
on the distance from O only, the /
velocity, by equationis (1) and (3) O,
of Art. 53, would depend only on
the distance from O and not on the
direction of the motion. .

Again the original particle starting'from B and the reversed
particle, starting from B with equal velocigy V, must describe
similar paths. For the equations (1) and (8) of Art. 53, which
do not depend on the direction of motion, shew that the value
of » and @ at any time ¢ for the first particle (7.e. OF" and:
£ BOP') are equal to the same quantities at the same time ¢
for the second particle (z.e. OP and £ BOP).

Hence the curves BP'C and BPA are exactly the same;
either, by being rotated about the line OB, would give the
other. Hence, since 4 and C are the points where the'radius
vector is perpendicular to the tangent, we have 04 =0C.

Similarly, if D were the next apse after C, we should have
OB and OD equal, and so on.

~-.Thus there are only twe different apse-distances.

The angle between any two consecutive apsidal distances is
called the apsidal angle.

59. When the central acceleration varies as some integral
power of the distance, say uu™, it is easily seen analytically that
there are at most two apsidal distances,
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For the equation of motion is
d’u P
Ay vt

%‘. [d% +u’J =n’M uy™! +corst.

1 070‘1

-1
The partticle is at an®apse when o-l—a_O and *then this
equation gives
. —1h
e P el u+ C=0.
2 n o

Whatever be the values of,n or C this equation cannot have
more than two changes of %ign, and hence, by Descartes’ Rule,
it cannot have more than two positive roots.

60. A particle Roves with a central acceleration ——-—;

(distance)®
to find the path and to distinguish the cases.

The equation (4) of Art 53 becomes

d’“ d’u_ 1" *
'Je‘z h,u 'l:e a@-—(h—i—l)u ......... (1)
Case I. Let h*<u, so that 71,—’— 1 is positive and equal

bo n? say.
The equation (1) i 1s d 02 » =n, the general solution of which is,

ag in Art. 29,
u=Ae"+ Be ™ =1L cosh n6 + M sinh n0,
where 4, B, or L, M are arbitrary constants.

Thisis a spiral curve with an infinite number of convolutions
about the pole. In the particular case when A or B vanishes,
it is an equiangular spiral.

Case II. Let h*= u, so that the equatioR (1) becomes

du
= =0,
S u=A0+B=A(6-a),
where A and « are arbitrary constants,
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This repreeents 8 reclprocal splml in general. In the

particular case when 4 is zero, it & a circle.
/

Case ITI. Let h* > u, 5o that & a1 is, negative,'alid equl

to —n? say. * M

The equation (1) is.therefore ‘g—; = —n%, the solution of
which is ~ '
u=Acos (nf + B)= A cosn (8 — a).
where 4 and a are arbitrary constants,

The apse is given by 6 = a, u‘= 4.

61. The equations (4) or (5) of Art. 53 will give the path
when P is given and also the initial conditions of projection.

Ez. 1. 4 particle moves with a ceniral accelerqtion which varies inversely
a8 the cube of the distance ; if it be projected from an apse at a distance a from
the origin with a velocity which i3 \/2 times the velocity for a circle of ‘radius a,
shew that the equation to its path is

7COo8 — 6 =a.

J 2 .
Let the acceleration be uus,
If V; be the velocity in a circle of radius a with thg same acceleration, then

Ve .
—L —normal acceleration = -’f' .
a a

The differential equation of the path is, from equation (4) of Art. 58,
d2u ;m’ »
gt = e =

Hence, multi lying by 2% and integrating, we have
P b

1 1
‘§v?=§ ) +u£]-—uﬁ+0 ........... seesnenenn (1)
The initial conditions nge that when u_l then % = 0 and v = 'l/%i.
. 1 2u 1
Hence (1) gives 3 2=3 h2 a’ = —2—7-{- C.

=2 and C..—, .
& from equation (1) we have

du\2 w1
(a@) +u3=-§+m.
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du \/1(——'4’) ..............................(2).

A/T__ﬁ?..sm’l au+y.
au

NIf ¢ be measured from the initial radius veotor, then 0 ¢ when u--l-, and

%|°

thexefore y=-gin"1(1)= - ;
. & au=sin { J2] cos
Hence the patlyis the curve 7 cos 7§—a

If we take the negative sign on the nght band side of (2), we obtain the same
result.
r+2a
75
towards the origin, is projected from the point (a, 8) with a velocity equal to the
velocity from infinity at an angle cot™ 2 with the initial line. Shew that the
equation to the path is

Ez. 2. 4 particle, subject to 2 Jorce producing an acceleratum »

?» r=a(l1+2sind),
and find tju apsidal angle and distances.
The * velocity from infinity ” means the velocity that would be acquired by
the particle in falling with the given acceleration from infinity to the point under
consideration. Hence if this velocity be ¥ we ha.ve as in Art 22,

IW— a_ I:x+2a do= _1.1 ]_
A B F gt P> 2:04 s 3a,3+2a3

so that Vi= ?% .......................... PR ¢ ) 8

The equation of motion of the particle is

h2u2 [ut +2aub]= =7 [u"’ +2au8),

% vi=5 [ )’] [— +5 au{l +0. i (2).

If p, be the perpendicular from the origin upon the initial direction of pro-

jection, we have py=a sin a, where cot a=2, i.e. po= :73 .
Hence, initially, we have
g, (u\?_1 5
us+ d~0 _17_0§—;i ................... ...--..-..-(3).
Henoce (2) gives, initially, from (1) and (3)
5;1. B _5_ 1 1
[T Hal Il [W *tags +0’«s

o that C=0 and h’=§-a .
From» (2) we then have

881+ [344)

’
t.e. (g%) =u?[2au + Ba?u? - 1]=u8 [au + 1] [8au - 1].
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. :
On putting ug% , this equation gives

§
g;)z= (a+7) (8a-1),

L4

and hence 0=f———df——-— .
¢« ¢ J@+r) Ba-r)
. dy in-1Y
Putting r=a+y, we have @:f——————:snn 15 fy,
. NV 2a
Yy _r—a
s1n (0-'7)=§E=:-§‘;'.

If we measure § from the initial radius vector, then ¢ 0 when r=a, and
hence y=0.
Therefore the path is ¥=a (1¢-2 8in 6).

di
Clearly a—S—:o; i.¢. we have an apse, when
. 3r 5
=1, ¥ e
Hence the apsidal angle is = and the apsidal distances are equal to 8a and
a, and the apses are both on the positive diretions of the axis of y at
distances 3z and a from the origin. The path is a limagon and can be easily
traced from its equation.

EXAMPLES

. y i _ mp
1. A particle moves under a central repulsivs force {_—————( d'\stance)S} ,

and is projected from an apse at a distance a with velocity V. Shew that
the equation to the path is » cos pf=a, and that the angle 4 described in

time ¢ is . aps
12V _ptatV:
ptan [a t],wherep’— A7

. . . .
2. A particle moves with a central a.ccelera.tlon,——-————( Tistance)’’ and is
projected from an apse at a distance a with a velocity equal to » times
that which would be acquired in falling from infinity ; shew that the other

a
apsidal distance is ———.
pe Niss|

If n=1, and tke particle be projected in any direction, shew that the
path is a circle passing through the centre of force.

3. A particle, ‘t‘n‘oving with a central acceleration m, is
projected from an apse at a distance a with a velocity V'; shew that
the path is

rcosh[i'%%’—w 0]=a, or rms[‘ﬁ%’,——-" e]aa,

according as ¥V is £ the velocity from infinity.
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4. A particle moving under a constant force from a oentre is projected
in a direction perpendicular lo the radius vector with the velocity
acquired in falling to the point of projection from the centre. Shew that

its path is
K \ a\8 2 3
;) =cos?s 0,

and that the particle will ultimately move in g straight line through the
origin in the same way as if its path had always been this line. *
If the velocity bf projection be double that in the provious case, shew
that the path is

r—a

..- ~1 — — —— tan™! P

tan \/ Jat‘i \/3(»'
2a

6. A particle moves with a centra.l acceleration y,<r + —) being

projected from an apse at a dlst&nce a with “wice the velocity for a
circle at that distance ; find the other apsidal distance, and shew that the
equation to the path is

9 5 -
5= = tan™1(¢ \/3) -5 ! tan-t (\/ g t) , Where 2= 3’a _a' .

r

4
6. A particle moves with'a. central acceleration p,(r+ ?.‘3) being

projected from an apse at distance a with a velocity 24/ua ; shew that
it describes the curve 3 [2+cos /36]=3a2

7. A particle moves with a central acceleration p (7%~ odtr), Bq{ng
projected from an apse at distance ¢ with a velocity \/ %" ¢3; shew that
its path is the curve 4+ yt=ct

8. A particle moves under a central force mX [3a3ut+8au?]; it is
projected from an apse at a distance @ from the centre of force with

velocity o/10A ; shew that the second apsidal distance is half the first,
and that the equation to ¢he path is

r=qa [1 +sech %

9. A particle describes an.orbit with a central acceleration pus—us,

being projected from an apse at distance a yith a velocity equal to that
from infinity ; shew that its path is
—acosh® g2
r aco§hn, where nf+1 )\

.

Prove.also that it will he at distance » at the end of time

a? =gl .
VAot o]

L. D, b
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10. Ina gentral orbit the force is pu® (3+20%3); if the particle be

projected at a distance a with a velocity\/ 2# in a direction making

tan-! % with the radius, shew that the equatioi. to the pa(ﬁ isr=atrad.

11. A particlé moves under a force mp {3aus —2 (a3 b?) u8}, a>b, and
is projected from an apse-at a distange a+& with veloclty Vps+(a+b);
shew that its orbit is r=a+b cos 6.

12. A particle moves with a central acceleration A2?(8au?+ atus);
it is projected with velocity 9\ from an apse at a distance %’ from the
origin ; shew that the equation touts path is

L\/%:w cot
A3 au-3" " J8°

13. A particle, subject to a central force per unit of mass equal to
{2 (a®+b%) ub — 32252 u"}

is projected at the distance a with a ve1001ty % in a direction at right

angles to the initial distance ; shew that the path is the curve .
r2=q? cos? 64 b%sin?é.

N 2
14, A particle moves with a central acceleration p (u‘—%u]);

it is projected at a distance a with a velocity J ? times the velocity for

a circle at that distance and at an inclination tan—! g to the radius vector.
Shew that its path is the curve

Y Y T 3a
(1-6y%"

15. A particle is acted on by a central repulsive force which varies as
the nth power of the distance ; if the velocity at any point of the path be
equal to that which would be acquired in falling from the centre to the
point, shew that the equation to the path is of the form.

n+3
2 n+3

r “ cos 2 6 =const.

16. An elastic string, of natural length /, is tied to a particlo at one
end und is fixed af_its othef end to a point in a smooth horizontal table.
The particle can move on the table and initially is at rest with the string
straight and unstretched. A blow (which, if directed along the string
would make the particle oscillate to a maximum distance 2 from the fixed
end) is given to the particle in a direction inclined at an angle a to the
string. Prove that the maximum length of the string during the ensuing
motion is given by the greatest root of the equation

oA — 2028+ 1 sin? a =0,



Central Forces. Examples 67

17. A particle of mass m gs attached to a fixed poic by an elastic
stging of natural length @, the coefficient of elasticity being nmyg ; it is
projected ﬁq% an apse at a distance a with velocity »/2pg# ; shew that
théypther apsitlal distanee is given by the equation

nrt (r—a)—2pha (r+a)=9.
18. A parficle acted on by & repulsive *central force ur«(r3—9c?)?

is projected from an apse at a distance ¢ with velocity \'/ Sch ; shew that
it will describe a three-cusped hypocycloid and that the time to the cusp

is 4_1"02\/_2:
3 B

[Use equation (5) of Art. 53, and ye have 8p?=9¢? — 7%

) ro L B rdr  [9c2—13
Also kdt=p.ds=pdr.m, giving /zte/o 5 e

To integrate, put 72=c?+ 8¢ cos? ¢.]
»

19. Is.ind the path described about a fixed centre of force by a particle,

’
when the acceleration toward the centre is of the form ,% + %, in terms of

the velocity 7 at an apse whosp distance is @ from the centre of force.

20. Shew that the only law for a central attraction, for which the
velocity in a circle at amy distance is equal to the velocity acquired in
falling from infinity to that distance, is that of the inverse cube.

~21. A particle moves in a curve under a central attraction so that its
velocity at any point is equal to that in a circle at the same distance and
under the same attraction; shew that the law of force is that of the
inverse cube, and that the path is an equiangular spiral.

22. A particle moves under a central force mu--(distance)* (where
n>1 but not=3). If it be projected at a distance R in a direction
making an angle 8 with phe initial radius vector with a velocity equal to
that due to a fall from infinity, shew that the equation to the path is

n=3 n-3 o2
r? sginB=R ? sin (Z‘_g_ 0+B). .
If n>3 shew that the maximum distance from the centre is

2
R cosec™ 33,

and if nZ3 then the particle goes to infinity.

23. A particle moves with central acceleration pu?+4,u® and’ the
velocity of projection at distance R is V'; shew that the particle will

ultimately go off to infinity if V’>2—I’—€+ R‘%
5—2
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.

24. A pasticle is projected from an apse at a distance a with a velocity
NVetA
a&

and moves with a central attraction equal to

g (n—1) a*~37r 4 Ar—8, whefe %>3,

«
per unit of mass ; shew ‘that it will arrive at the centre of force in time

L VGG

25. In a central orbit if P=puu? (cw+cos 8)~3, shew that the path is

one of the conics
(cu+cos9)=¢ +b cos (20 +a).

26. A particle, of mass m, moves under an attractive force to the

<
pole equal to L:;fsin’I 6. “It is projected with velocity :?35 from an apse
at a distance a. Shew that the equation to the orbit is r (14cos?8)=2a,

¢
and that the time of a complete revolution is (3a)%x§’;.

27. If a particle move with a central acceleratlon 5 (1+#2sin? 6)~ LA

find the orbit and interpret the result geometmcully
[Multiplying the equation of motion, A% (4 +tu)=p (1+4*sin?g)~ % by
cos § and sin 4 in succession and integrating, we have

A3 (4 cos 6+ usin §) =p sin 0 (1 +4%sin? 6) " 24 4,
and A3 (& sin 0 ucosf)= —pcos O (1 +A sin? )~ ¥+ (1+42)+ B.
Eliminating %, we have
2u=p (1442 sin? 0)%-:—(1 +4£%)+ A sin 6 - Bcos 6.]

28. A particle moves in a field of force whose potential is ur—2cos 4
and it is projected at distance @ perpendiculan to the initial line with

velocity %Jp; shew that the orbit described is
+
4

r=asec [Jﬁ log tan

29. A particleds describing a circle of radius @ under the action of a
sonstant force A to the centre when suddenly the force is altered to
\+psinnt¢, where p is small compared with A and ¢ is reckoned from the
instant of change. Shew that at any subsequent time ¢ the distance of
the particle from the centre of force is

—sm ?A ~gin nt {.
3)\ an2 a

‘What is the character of the motion if 3\ =an?1
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[Use equations (1) and (2) of Art, 53 ; the second gives 1= \/Aas,
and the first then becomes b

Aa? .
¥-—F=~A—pusinnt.
o« 7 = ®

Put r=a+ £ where :f is small, and neglect squages ofsf.]®

62. 4 particle describes sa path which is nearly ,a circle
about a centre of Yorce (= pu™) at its centre; find the,condition that
this may be a stogble motion.

The equation of motion i8

d*u
d‘92+'u,-—}—ﬁu""2 ................. Berrararne (1).

[
If the path is a circle of radius i-, then k2= uc®® ...... (2).

Suppose the particléto be slightly displaced from the circular
path in such a way ‘that A remains unaltered (for example,
suppose it is given a small additional velocity in a direction
away from the centre of force by means of a blow, the
perpendicular velocity being unaltered).

In (1) put u=c + 2, where  is small ; then it gives

d'z (c+ z)*3

g tete= =c+(@n—2)2+ ......(3).

cn—-s
Neglecting squares and higher powers of =, s.e. assuming
that @ is always small, we have
d'z
d_e_’ el (3 -— n) @2

If n be < 8, so that 3 — n is positive, this gives
z=A4cos [V3—n 6+ Bl

If n be > 8, so that n — 8 is positive, the solution is
@ =A,eN"=30 1 BgNn-30,

so that 2 continually increases as # increases; hence  is not
always small and the orbit does not continue to be nearly
circular’

If n < 8, the approximation to the path is
u=c+Acos[V3=nl+4 B] .cceceeernnnn.. (4).
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The apsidal distances are givep by the equation ?I-‘—;—O
te. by 0 =sin [V3 — 26 + B). ; ,
The solutlons of this equation are a %eries of angles the

difference between thelr successive values being

™
V3 < n
This is vherefore the aps1dal angle of the pagh.

If n=3, this apsidal angle is infinite. In this case it
would be found that the motion is unstable, the particle
departing from the circular path altogether and describing
a spiral curve.

The maximum and minimum values of u, in the case n < 8,
are ¢+ A and ¢— A,so that the motion is included between
these values.

63. The general case may be considered in thé same
manner. Let the central acceleration be ¢ (u). ¢
The equations (1) and (2) then become

Z;, +u= ¢1(;) .................. (6),
and b = ,u¢> (0) wereveeevrrereeeaenn (6).
Also (8) is now
diz ¢ ¢(ct+a)

@t TTEE Grar
¢(0)[¢(c)+w¢'(c)+ ][1—?+...]

=¢c-22+x i (( )) , neglecting squares of @.
dz _ 3 c¢’ (c)}
7 ¢
and the motion is stable enly if
cd’ (0)
<3.
¢ (¢)

In this case the apsidal angle is

m -5 <(oc>)}
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64. If in addition to the central a;cceleratiox’l P, we have

an acceleration 7' perpendicular to P, the equations of motion
are i
) dr déy?
\ — — —_— I
= r(dt) P, eereee(1),

. 1d/ ,d8 .
and . rdt(r’%> ........................ (2).

Let Zo =h., In this case & is not a constanh

. oUz df 5 ah
Then (2) gives d L =YD @ = hu? q0 et 3)

Ldr_drdf__idu, . du
ot dodt T wde’ da’

dr d du\ df 2l du  dhdu
and R "“i?g=—;i"é<h'&‘9‘)%=—hu [h (-2—6—2-‘-&_0@]
: dtw  Tdu

= — Rt ~— — —
d6~ wdd’
oy equation (3).
Therefore (1) gives

“dw Tdu

-h”u“da’ ——@—h’u’— - P,
P Z’ du
ie du s udf @)
€. w U= W .................. 3
This may also be written in the form
P Tdu
d|w wdo d .. dh _ 2T
W T |Tae W =g
ao +u
from equation (3).
EXAMPLES

1. QOne end of an elastic string, of unstretched length a, is tied to
a point on the top of a smooth table, and a particle attached to the other
end can move freely on the table. If‘the path be nearly a circle of radius b,
b-a
4b-3a’

shew that its apsidal angle is approximately =



72 Dynamz'cs of a Particle

2. If the nearly circular orbit 'of & partlcle be PP (a3 ym=3) = hm,
shew that the apmdal angle is 7— nearly

[Using equation (5) of Art. 53 we see that P varies / -8, ;he
result then follows from Art. 62.] .
]

3 A p&rtlcle moves with a central gccelemtlon A '—5 ; shew that the

apsidal angle is =+ \/ 1 +-,;, , Where 3 is the constant areal velocity.
©®

4. TFind the apsidal angle i1 a ngarly circular orbit under the central
force ar™+brm,

"
. : p
5. Assuming that the moon is acted on by a force (@istanceyt to the

earth and that the effect of the sun’s disturbing force is to cause a force
m? x distance from the earth to the moon, shew that, the orbit being

. . . 3 m? ¢ 27
nearly circular, the apsidal angle is o { 1+ 5 nearly, where o sa

mean lunar month, and cubes of m are neglected.
¢

6. A particle is moving in an approximately circular orbit under the

action of a central force 7'_—; and a small constant tangential retardation f;

shew that, if the mean distance be a, then 0=nt+g£t‘, where p=0a%n? and

the squares of f are neglected.

1. Two particles of masses M and m are atiached to the ends of an
tnextensible string which passes through a smooth fized ring, the whole
resting on a horizontal table. The particle m being projected at right
angles to the string, shew that its path s

a.=-rcos[\/ Lo
m+M |

The tension of the string being 7', the equations of motion are
dir __(dg\' T
@ (&)

7
and P e R A veene(3).
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(2) gives 0=k ererrrereisaens B
ard then (1) and (3) "ve (l +l—{) P w
: g m 3’

o ) " ) L
A\ . (14%>r2=-72+A=h’(€2—;0’

since # is zero initially, when r=a.
This equation and (4) give

(1+”)( ) (1+%‘)iﬂ+éﬂ=’a;ﬂ"r’.

. 8 _ adr
N M‘, Ve
and O vanishes if 8 be measured from the initial radius vactor.

[ m .
a=rcos [ P4 6] is*the path.

8. Two masses M, m are connected by a string which passes through
a hole in a smooth horizontal plane, the mass m hanging vertically.

Shew that M describes on the plane a curve whose differential equation
is

a
= cos™! -t C,

_mg 1
(1+M) @Y=
Prove also that the tension of the string is

Mm
m (g +42 u3).
9. In the previous question if m=H, and the latter be projected on
the plane with velocity \/ §¢;_g from an apse at a distance @, shew that

the former will rise through a distance a.

10. Two particles, of masses M and m, are connected by a light
string ; the string passes through a small hole in the table, m hangs
vertically, and M describes a curve on the table which is very nearly
a circle whose centre is the hole; shew that the apsidal angle of the
orbit of M is m ) X,

11. A particle of mass m can move ch a smogth horizontal table.
It is attached to a string which passes through a smooth hole in the
table, goes under a small smooth pulley of mass ¥ and is attached to
& point in the under side of the table so that the parts, of the string
hang vertically. If the motion be slightly disturbed, when the mass m
is describing a circle uniformly, so that the angular momentum is un-
M+dm

changed, shew that the apsidal angle is o
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12. Two particles on a smooth horizoptal table are attached by*an
alastic string, of natural length @, and are initially at rest at a distance
apart. One particle is projected at right angles to the string. ,Shew thit
if the greatest length of the string durmg the subbequent y.otion be %a

then the veloclgy of projeption is \/ +— , where m is the harmonic mean

between the masses of the particles and X is the modulus of elasticity of
the string. *

[Let the two particles be 4 aud B of masses M and M’, of which B
is the one that is projected. When the connecting stxgng is of length »

and therefore of tension 7, suc‘h that T=7\r—£3, the acceleration of 4
P

is }—[T along AB,eand that of B is A_Q;_, along BA. To get the relative
motion we give to both B and 4 an acceleration equal and opposite to
shat of 4. The latter is then “reduced to rest” and the acceleration of 3
relative to 4 is along B4 and

T T 2)‘r—a 2\ 19-aqu

“xtwTat a Tha
The equation to the relative path of B is now
d*u A l-au

3Tl s
[ntegrate and introduce the conditions that the particle is projected trom
in apse at a distance a with velocity V. The fdct that there is another
apse at a distance 24 determines V.]



CHAPTER V

UNIPLANAR MOTION WHEN THE ACCELERATION IS

CENTRAL AND VARYING AS THE INVERSE SQUARE
OF THE DISTANCE

66.",In the present chapter we shall consider the motion when
the central acceleration follows the Newtonian Law of Attrac-
tion.

This law may be expressed as follows; between every two
particles, of masses m, and m, placed at a distance r apart, the
mutual attraction is _

Mg
/r2

units of force, where v is a constant, depending on the units of
mass and length employed, and known as the constant of
gravitation.

If the masses be measured in pounds, and the length in feet,
the value of « is 105 x 10~® approximately, and the attraction
1s expressed in poundals,

If the masses be measured in grammes, and the length in
centimetres, the value of ¢ is 666 x 10~8 approximately, and
the attraction is expressed in dynes. ,

)

66. A particle moves in a path so that its acceleration is
l ; : ' T
always directed to a fixed point and s equal to (@istancey to
shew that its path is a conic section and to distinguish between
the three cases that arise,
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When P = ‘— , the equation (5) of Art. 53 becomes

hdp p. ;
Py g a{..(l).
Integratiné' wé have, by Art. 54
P _ 2w,
. . —F—T 0 ....... IITTEEY ).

Now the (p, r) equation of an ellipse and hyperbola, re-
rred to a focus, are respectively

. .
Ay adS‘-'_—.‘f’hl ............... ®),
r r r
where 2a and 2b are the transverse and conjugate axes.
Hence, when C is negative, (2) is an ellipse; when C is

positive, it is a hyperbola. .

Also when C'=0, (2) becomes 1:7. = constant, and this is the

(p, ) equation of a parabola referred to its focus.

Hence (2) always represents a corfic section, whose focus is
at the centre of force, and which is an’

ellipse ) negative
parabola } according as C'is  zero ,
or hyperbola or positive

1.e. according as »* £ %—.’f , t.e. according as the square of the

velocity at any point P is £ %";—,, where 8 is the focus.

Again, comparing equations (2) and (8), we have, in the case
of the ellipse,

3
o h= \/ M %.= ~ pu > semi-latus-rectum, and C= —s .

Hence, in the case of the ellipse, v* = u (? - %).........(4).

So, for the hyperbola, v*=pu (3 + z)

and, for the parabola, V= Z:' .
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" It will be nofed thaf in each case the velociéy at any pomt
does not depend on the direction of the veloclty
Since -k is twice the area described in the unit of time
(Art. 54), therefore,if T be the time of descmblng.the ellipse, we
have

T=-area of the ellipse _ 'rra_b__ _ 2w a,g(5),
h 1 Vi
2N #
so that the square of the penodlc fjme varies as the cube of the

major axis,
L 4

Cor. 1. If a particle be projected at a distance B with
velocity V in any direction the path is an ellipse, parabola or
hyperbola, according as V*<=> %" .

Now the square of the velocity that would be acquired in
falling from infinity to the distance R, by Art. 31.

=2 [ (-&)e= 2] -%

Hence the path is an ellipse, parabola or hyperbola accord-
ing as the velocity at any point is < => that acquired in falling
from infinity to the point.

CoRr. 2. The velocity V, for the description of a circle of
radius R is given by

Ve S i M
7= normal acceleration = T» 90 that Vi= )R

velocity from infinity

and oo V‘ = ﬁ

67. In the previous article the branch of the hyperbola
described is the one nearest the centre of force.

If the central acceleration be from the centre and if it vary
as the inverse square of the distance, the further branch is
described. For in this case the equation of motion is
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Now the (p, ) equation of the fgrther branch of a hyper-
bola is

and this always agrees with (1) provided that g-:=g= C,, 80

~. . 2
that h ="y x semi-latus-rectum, and +* =1—};-, = p,‘(c% - g) .

68. Construction of the orbit given the point o}' projection and
the direction and magnitude®of th velocity of projection.

Let S be the centre of attraction, P the point of projection,
TPT the direction of. projection, and ¥V the velocity of pro-
Jection.

Case I. Let V‘< ol ud then, by Axf. 66, the path is an

SP’
ellipse whose major axis 2a is given by the equation
2 1 2Ru
V’—#<—R—E) , where R = SP, S(.) that 2a—m .

Draw PS8, so that PS’ and PS are on the same side of TP1",
making £ I"PS’= ¢« TPS, and take .

/= 9q —SP =94 — Re_ V1
P8 = 2a —SP = 2a R_2,u.—V2R'

Then §' is the second focus and the elliptic path is therefore
known.

Case II. Let V2= bP’

Draw the direction PS’ as in Case I; in this case this is the
direction of the axis of the parabola. Draw SU parallel to
PS8 to meet TPT” in U; draw SY perpendicular to TP1” and
YA perpendicular to SU. Then 4 is the vertex of the.required
parabola whose focus is S, and the curve can be constructed.
The semi-latus-rectun =284 =2. %I; 2%’,
the perpendicular from S on the direction of projection.
Case III. Let V2> '-g—’;, , 8o that the path is a hyperbola of

transverse axis 2a given by the equation
V=pu (% + é) , and hence 2a =

so that the path is a parabola.

where p, is

2uR
V*R -2u°
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In this case PS8’ lies on the opposite side of TPT’ from PS,
such that £ TPS= ¢ TI-"S’, and SP- SP =2a, S0 that
’ V2R3 .
S 13 =R+ 20 = ffm . i
The path can then be constructed, sincd S’ is’the second focus.

69. Keplers Laws., The astronomer Kepler, ofter many
years of patient labour, discovered three laws connecting the
motions of the various planets about the sun. They are:

1. Each planet describes an ellipse having the sun in one of
its foct. ) ‘

2. The areas described by the radii drawn from the planet

to the sun are,in the same orbit, proportional to the times of
describing them.

8. The squares of the periodic times of the various planets
are proportional to the cubes of the major axes of their orbits.

70. From the second law we conclude, by Art. 54, that
the acceleration of each planet, and therefore the force on it,
is directed towards the Sun.

From the first law it follows, by Art. 55 or Art. 66, that
the acceleration of each planet varies inversely as the square
of its distance from the Sun.

From the third law it follows, since from Art. 66 we have

2
=—.a,

that the absolute acceleration u (i.e. the acceleration at unit
distance from the Sun) is the same for all planets.

Laws similar to those of Kepler have been found to hold
for the planets and their satellites.

It follows from the foregoing considerations that we may
assume Newton's Law of Gravitation to be true throughout the
Solar System. ’ >

71. Kcpler's Laws were obtained by him, by a process of
continually trying hypotheses until he found one that was
suitable; he started with the observations made and recorded
for many years by Tycho Brahé, a Dane, who lived from
AD, 1546 to 1601.
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The ﬁrst and second laws were enunciated by Kepler
in 1609 in 'his book on the motion of “the planet Mars.
The third law was announced ten years later a book
entitled On the Harmonies of the World. The ex;f:nation of
these laws Was givep by Newton in his Principia pubhshed
in the year 1687.

«
¢

~

72. Kepler's third law, in the form given in Art. 69, is
only true on the supposition that the Sun i8 fixed, or that
the mass of the planet i neglected in comparison with that
of the Sun. _

A more accurate form is obtained in the following manner.

Let S be the mass'of the Sun, P that of any of its planets,
and o the constant of gravitation. The force of attraction
between the two is thus fy.ig—,"‘,l—J , whére r is the distance

between the Sun and planet at any instant.

The acceleration of the planet iy then a(_ ;%5') towards

the Sun, and that of the Sun is ,8( ) ! towards the planet.

2l
>

§ 5

R
-

To obtain the acceleration of the planet relative to the Sun
we must give to both an acceleration 3 along the line PS.
The acceleration of the Sun is then zero and that of the planet
is a+ B along PS. 1If, in addition, we give to each a velocity
equal and opposite to that of the Sun we have the motion of P
relative to the Sun supposed to be at rest.

The relative acceleration of the planet with respect to the
Sun then =a+8="Y (S: P)

Hence the u of Art. 66 is ¢ (S + P), and, as in thatarticle

2t 3

"we then have 1'= IEYY a
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If T be the time of reyolution and @, the semi-major axis
of the relative path of another planet P,, we have similarly

L 2 a,l* .8+P I*_a
~/fy(S+P1) B S+P1;leo al'.
2 3
Since Kepler's Law, that 'Z_:'n varies as g—{ ,_is very
1

approximately true, it follows that §+€,’ is very nearly

®
unity, and hence that P and P, are elther very nearly equal
or very small compared with & BUt it is known that the
masses of the planets are very different; hence tfiey must be
very small compared with that of the Sun.»

78. The corrected formula of the last article may be used
to give an approximat® value to the ratio of the mass of a
planet to°that of the Sun in the case where the planet has a
'small satellite, whose periodic time and mean distance from the
planet are known.

In the case of the sa,telllte the attraction of the plauet is
the force which for all practical purposes determines its path.

If P be the mass of the planet and D its mean distance
from the Sun, then, as in the previous article,

___ 2t
v v (S + P)
Similarly, if p be the mass of the satellite, d its mean
distance from the planet, and ¢ its periodic time, then

-2 g . S+PD D
V(P + ) Prp® @
The quantities T, t, D and d being known, this gives a

value for '—s—v—ﬁ.
P+p

[
[ ]
As & numerical example take the case of the Earth E and the Moon m.
S+E _ ©#® D8
Then Fim=T B
Now I'= 365} days, t=274 days, D=98,000,000 miles, and d=240,000 miles,
all the values being approximate.
. S+E ( 274 \?

93
o e (oo ( ) =825900 nearly.
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Therefore S.+E-.825900 times the sum f’f the masses of the Earth-and

Moon. Also m-ﬁ E nearly.

» 8=880000 E nearly.

This is a fajrly close approximation to the accurhte result.

If the Sun be dhsumesl to be a sphere of radius 440,000 miles and mean
density n times that of the Eanth assumed to be & sphere of radius 4000 miles,
this gives

nx (440000)9-330000 x (4000)3.

830000 _ 330 380 _ bout} 1

© P=91e8 T i3sl ryl

Henoce the mean density of the Jun

=% that Of the Earth.—_% x §.527=about 1'4 grammes per oub. em.,

g0 that the mean density’of the Sun is nearly half as much again as that of
water,

[J
- T4 Tt is not necessary to know the mean dlstance and
periodic time of the planet P in order to determine its mass, or,
rather the sum of its mass and that of its satellite.

For if £ and m be the massestof the Earth and Moon, R
the distance of the Earth from the Sun, » that of the Moon
from the Earth, if ¥ denote a year dnd y the mean lunar
month, then we have

2

“Va(S+E)
g= ol i (2),
" Ny (£ +m)

Also, as in the last article,

RY (1),

.

27
"—'——__..__::.dg ..... ®esesserensas 3
Vo (P +p) @
From (1) and (3),
. (F+p)%=(S+E)%; errereeinens (),
From (2) and (3),

P4p) o=@ +m). L ot (B)

Equation (4) gives the ratio of P 4+ p to S + E.
Equation (5) gives the ratio of P+ p to £ +m.
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EXAMPLES
1. Shew that the velocity of a particle moving in g ellipse about

©
a centre of force in the focus is compounded of %wo constant velocities, i

. L]
perpendicular to the radius and ’7:-’ perpendicular to the majoraxis.

2. A particle describes an ellipse about & centre of force at the focus ;
shew that, at any®point of its path, the angular velocity about the other
focus varies inversely as the square gf themormal at the point.

[ 4
. . . ® sk
8. A particle moves with a central acce)eml.;lon [= (@stance)t distance)’] ; itis

projected with velocity V at a distance R. Shew that its path is a
rectangular hyperbola if the angle of projection is
Qn_l—#_—-i o
2p
3_ 4
VR(V 8

4. A particle describes ag ellipse under a force m‘&m towards

the focus ; if it was projected with velocity V from a point distant » from
the centre of force, shew,that its periodic time is ’

2ﬂ[g__1_’_2 ¥
Jelr " p

5. If the velocity of the Earth at any point of its orbit, assumed to
be circular, were increased by about one-half, prove that it would describe
a parabola about the Sun as focus,

Shew also that, if a body were projected from the Earth with a velocity
exceeding 7 miles per second, it will not return to the Earth and may even
leave the Solar System. |

6. A particle is projected from the Earth’s surface with velocity v ;
shew that, if the diminution of gravity be taken into account, but the
resistance of the air neglected, the path is an ellipse of major axis

2ga? . , .
Soa—a" where @ is the Earth’s radius.
ga —vi

7. Shew that an unresisted particle falling to the Earth’s surface from

& great c}istance would acquire a velocity 4/2ga, where a is the Earth’s
radius,

Prove that the velocity acquired by a particle similarly falling into the
Sun is to the Earth’s velocity in the square root of the ratio of the
diameter of the Earth’s orbit to the radius of the Sun.

6—2
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8. If a plapet were suddenly stopped i‘n its orbit, supposed circular,
. /2

shew that it would fall into the Sun in a time which is %~ times the
period of the planet’s revolution.

¢

9. The eccgntrkity of the Earth’s orbit round the Sun is (%, shew

that the Earth’s distance frgm the Sun exceeds the length of the semi-
major axis of the orbit during about 2 das more than half the year.

10. The mean distance of Mars from the Sun being 1'524 times that
of the Earth, find the time of revolution of Mars about th.e Sun.

11. The time of revolution &f Masy about the Sun is 687 days and his
mean distance 1414 millions of miles; the distance of the Satellite Deimos
from Mars is 14,600 miles and his time of revolution 30 hrs. 18 mins.;
shew that the mass of thé Sun is a little more than three million times
that of Mars.

12. The time of revolution of Jupiter abont the Sun is 11:86 years
and his mean distance 483 millions of miles; the distance of ‘his first
satellite is 261,000 miles, and his time of revolution 1 day 18} his.; shew
that the mass of Jupiter is a little less than one-thousandth of that of the

Sun. .

13. The outer satellite of Jupiter revolves in 16% days approximately,
and its distance from the planet’s centre is 26} vadii of the latter. The
last discovered satellite revolves in 12 hours nearly; find its distance
from the planet’s centre.

Find also the approximate ratio of Jupiter’s mean density to that of
the Earth, assuming that the Moon’s distance is 60 times the Earth’s
radius and that her siderial period is 27} days nearly.

[Use equations (2) and (3) of Art. 74, and neglect m in comparison
with %, and p in comparison with P.]

14. A planet is describing an ellipse about the Sun as focus ; shew
that its velocity away from the Sun is greatest when the radius vector to
the planet is at right angles to the major axis of the path, and that it

2wae
TJ1-6
the periodic time.

then is , Where 2a is the major axis, ¢ the eccentricity, and 7

75. To ﬁnd.the time of description of a gwen arc of an
elliptic orbit starting Jrom the nearer end of the major awis.

The equation r’ = h of Art. 53 gives

ht=fo7"d0 =,[o mod00.o-00000(1)0
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If e<1, then by the gell-known result in Integral Calculus

8 do 2 _ l1—e 9
‘l+ecos¢9 Ji—*tanl{ l—rt n2] ...... 2).

’
Differentiating with respect to the cbnstant ¢, we have

—cos 8 2e /1 - (/]
- -1 — .
0(1+ecos€)2d0 (l_ea)gtan [ 1+etm§2J
1 sin @
 J - ]:-—_-zg 1“_——+ 2 COB 0 ...... (3)-

. f‘ 1 2= f[ 1 ecos §
o (1 + ecos 0) T+ecosf (1 +ecosfy

2 [ I—¢ € ian 0] e sin 6 (4).
—(l-e’)* X T+e 2| 1-¢1tecosd"
- p_ b _da-eat

T h 1),

A "/I‘l ~/,u, , we have, by (1)

[ (\/ 1- Qetan —eVl—¢ € -:lencgs 9] .(5).

ALiTER. If we change the variable 6 into a new variable ¢
given by the relation (1 +ecos ) (1 —ecos ¢) =1 — ¢, so that

cos = cos ¢ —e sin? @ = (}_—_ei)__s_l_ritt

Hefce, since

l—ecos¢’ (1—ecosg)’
and sinf.df = SI%d¢ we have df = \ilec;:(b a5,
Hence
i —
fo(1+jfose)’= ol(lii:):;d =(1—}—GT)§[¢—esin¢]
............ (6).

Now tan“; 1+:2:i i:zi;zgzg 'i::tan’g,

and Sin¢=i%sin 6.

Substituting in (6), we have result (4), and proceed as above.
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76. To find the time similarly foy a hyperbolic orbit.

)
40 1 . ~/e+1+'\/e]1ban5
ol+ecos0 Nea—1 g

4

Ifex>1 thenf
- 6
'\/e+1—~/e-1tan§

Differentiating w1th zespect to ¢, we have ‘

) Vm+~/e—ltan-q

f. —cosf | —e 2
o(1 + e cos 8 (e’ 1) fe+1—Ve—ffang
. 2

i + 1 sin 8

e—11+ecosf’

f f [ ecos 8 20
(1+ecos€)’ T+ecos@ (1+ecosdy

Ve+1+We—1tan
-1 log 2 +_° sin 6
@D ri—vesTgmd| “TTITecs?
¢ 2
2a—_1)%
Hence, since in this case E=£=M'

h Ny vu'
the equation (1) of the last article gives
— - 0
oA P YN We+1+Ve—Ttan,
b= Ttecosd B __— ol

r 4/e+1—~/e—itan§

ALiTER. Change the variable @ into a new variable ¢, such
that (1 +ecos 6) (ecosh ¢ —1) =¢*— 1, s0 that

_e—cosh¢ ag_(¢—1)sinh?¢

cmso"ecorsmj)-—l’ sin® = (ecoshp — 1)’
1 _ Ne—1d¢
an J . ecosh¢p —1°

4 d 1 4
Then fo(l+ecoso)’=(ea...1)§fo(GOOSh¢—1)d¢

( — i[esmh<j> ¢l

Now tah’¢ cosh ¢ — 1 e-ltan,e

cosh¢+1 e+1 2’



Time of describing any arc 87

and sinh¢=2tanh§/(1-mm%)=vm sin 6

T¥ecosd
. dé _ e sin 8
e o(l+ecosfp e —11+ecosf .
2 ' '\/e—l
) .(ez-l)it'anh [ e+1mg]’
which is the same as before, since tanh“w=1}lo’gi i'z

77. In the case of a parabdic ofbit to find the corresponding

time.

The equation to the parabola is r= ﬁ%?ﬂ’ where 2d is

the latus-rectum and 6 is measured from the axis. Hence the

equation (3) of Art, 5& gives

h.t=fwd9=f(1—£———Wd0.

8
o h =10—2?—6 = %fosec’g. sec’gcw

o4cos‘§
1 .0 6 1 6 1 0
=§/:(1+tan —2-)d(tan§)=§[tan§+§tans§].
@& @ di

) dt 9.1, .6 \/EJ 9.1, .6
o t=§v—,;[tan~2-+§tan3~2—]= —l—b-[tan§+§tan’§],
if @ be the apsidal distance.

78. Motion of a projectile, variations of gravity being taken
tnto consideration but the resistance of the air heing neglected.
The attraction of the Earth at a point outside it at a distance

r trom, the centre is -g, Hence the path of a projectile in
vacuo is one of the cases of Art. 66, one of the foci of the path

described being at the centre of the Earth.
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If R besthe radius of the Eagth, then £ yo = the value of

.

gravity at the surface of the Earth =g, so that u =
The path of a projectile which starts from a pomt on the

Earth’s surfice s therefore an ellipse, parabola, or hyperbola

v

accordmg as V2 s .R , e. accordipg as V= 29R.
'

b
o
o

79. The maxunum range of a particle starting from the Earth’s surface

with a given velocity may be obtained as follows : <
Let S be the centre of the Earth and P the point of projection. Let K be
e

&

the point vertically above P to which the velocity, ¥, of projection is due, so
that, by Art. 31, we have

2 —
yi= sp SK] 29R? [R R+h

where R is the radius of the Egrth and PX is k. L
It H be the second focus of the path, the semi-major axis is §(R +PH).

Henoe, by equation (4) of Art. 66, .
h 2 2 1 1
=ul 2.2 N oogr| - = 1.
' vi=u| 55 R+PH] 2R [R R+PH]
By comparing this with equation (1) we have PH=h, so that the locus of

the second focus is, for a constant velocity of projection, a circle whose centre
is P and radius h. It follows that the major axis of the path is SP+ PH or SK.

e
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The ellipse, whose foci are S and H, meets a plane LPM, passing through
the point of projection, in a poigt @, such that SQ+ QH=SK. Hence, if 8¢
meet in T the circle whose centre is § and radius SK, we have QT=QH. 8ince
there is, in%general, another point, H’, on the circle of foci equidistant with H
from Q, we huve, in genergl, two paths for a given range.

The greatest range on the plane LPM is clearly Pq where g#equals gO.

Hence Sq+qP=28g+q0+OP=8q+qt+PK=8X+PE.

Therefore g lies on an ellipse, whose foci are the centre of the Earth and the
point of projection, and which passds through K.

Hence we obtain the maximum range.

80. Suppcme that the path described by a planet P about
the Sun § is the ellipse of the figurg Draw PN perpendicular
to the major axis and produce 16 to meet the auxiliary circle in
@ Let C e the centre.

The points 4 and A’ are called-respectively the Perihelion
and Aphelion of the path of the planet.

The angle ASP-is called the True Anomaly and the angle
ACQ the Eccentric Anomaly. In the case of any of the planets
the eccentricity of the path is small, being never as large as
‘1 except in the case of Mercury when it is 2; the foci of the
path are therefore very near C, the elljpse dlﬁ‘ers little in actual
shape from the suxiliary circle, and hence the ifference between
the True and Eccentric Anomaly is a small quantity.

If 27” be the time of a complete revolution of the planet,
so that » is its mean angular velocity, then nt is defined to be
the Mean Anomaly and n is the Mean Motion. It is clear
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therefore that nt would be the Anomaly of an imaginary planet
which moved so that its angular veldeity was equal to the mean
angular velocity of P. :

Since « T2 3 Art. 66), .* N Q

“n ‘ﬂa( 3 ,..n=a§

Let 6 be the True Anomaly, ASP, and ¢ the Eccentric
Anomaly "40Q. .

If h be twice the area described in a unit of time, then

gt = Sectorial area ASP .
L3
= Curvilinear area ANP + triangle SNP
=§ x Curvilinear area ANQ + triangle SNP

= %(Sector ACQ — triangle CNQ) + SN . NP

=%(1}a'¢-1}a’sin¢cos¢)+1}(acos¢—ae).bsin¢

C

=a'-2—b(¢ — esin ¢).

nt=7i;:—b(¢—esin¢)=¢-:osin¢ RN ¢ )}
By the polar equation to a Conic Section, we have
_ l _a(l-¢)
SP-1+ecost9_l+ecos0’
and SP=g—-¢.CN=a(l-ecosg)
oo (1—ecosp)(l+ecosf)=1-¢,
. _cosp—e °
and o cosB---————1 s 2).

81. If e be small, a first approximation from (1) to the
value of ¢ is nt, and a second approximation is nt+ esin nt
~ From (2), a fifst approximation to the value of 6 is ¢, and a
second approximation is ¢ + A where

., _cosp—e
cos¢-—7xsm¢-—1————-—_ecos¢,

and cor= S i ¢ approx,

l—ecos¢
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Hence, as far as the ﬁrst power of e,
0=¢ +esing = nt+esmnt+esm(nt+ esmnt)
© =T + 2¢ sin nt.
d(l-¢
Also SP = 1 -f- e cos)ﬁ
to the same approximation,
= @ —aecos (nt + 2esin nt) = a — ae cosnt.
If an approgimation be made as far as squares of e, the
results are found to be

=a(l —ecpsf)a

. e 7
¢=nt+esmnt+-2-sm2nt,

. 5% .
0 =nt+ 2esinnt + - Sin 2L,

and | r=a,{l—acosnt+§(1—cos2nt)}.

82. From equation (2) of Art. 80, we have

tang l-cosfd (1+e)(1—cos¢) 1+em ,¢,
2 1+cosf (1—e)(I+cosp) 1l—e 2

8o that ¢ =2 tan™ [«/ ]i—:_: tan g-] ,

and
2 tan 5 2 \/ n 6
sinp= ¢ 9 Ni= e,i_s_lg__a.
2 2 + ecos
1+i;a.n2 1+1+613a.n2 .
Hence, from equation (1) of the same article, remembering

that n=2%, we have

of

2 1=e, 6 —— sind
a _ e ol _ — sin
t=7ﬁ[2tan 1{\/mtan2} GVI 6’1—————+ecosa].

This is the result of Art. 75 and gives the tjme of describing
any arc of the ellipse, starting from perihelion.

88. « When a particle is describing an elhptlc orbit, it may
happen that at some point of the path it receives an impulse so
that it describes another path; or the strength of the centre of
force may be altered so that the path is altered. To obtain the
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new Ol‘blt we shall want to know how the major axis has’ been
altered in magnitude and position, what is the new eccentrigity,
etc. ™

84 'Tengential disturbing force.”
Let APA’"e tHe path of a particle moving about a gentre
of force at S, and let H be the other focus,

P
®

. K A

H
\
s W

[ ]

When *he particle has arrived at P let its veloclty be
changed t6 v +u, the direction being unaltered ; let 2a’ be the
new major axis.

Then we have

r=pu [E—P—a] (v+up= EbP %,:l ...... ).

Hence, by subtraction, we have p

Since the direction of motion is unaltered at P, the new
focus lies on PH ; and, if H' be its position, we have
=(H'P+8P)— (HP + SP)=2d' — 2a.
If the change of velocity u be small and equal to &v, say,
then by differentiating the first of equations (1) we have

2dy = a’% dat,

[For SP is constant as far as these instantaneous changes
are concerned.] .
Hence 8a, tht increase in the semi-major axis,
2v0.8v.a°
IR 5+(2).
Again, since HH’ is now small, we have

, HH'sin H 28a . sin H
tan HSH' = Sae+ HH cos H~_ 2ae  °
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Hence &y, the angle through which the major axis moves,

_psgotasnd 2 o ®).
ae ew

Since the direction ‘of motion at P is unaltered hy the blow,

Y EY
the value of & is altered in the ratio - + 3 , 80 that 8k = %—” h.
But » h"'—'[l:a(l —e’). . °
e 2hdh = uda (1 — €2) — ua . 2ede.
oo pa. 2e8e = 208v.g7 (1-p€?) — 2 & hs,
%0 that So=22, L=) ‘“”"".......’..'. o (4).

This gives the increase in the value of the eccentricity.
Since the periodic titne 7'= 3—:: at,
8T 38a _3vady

N R (5).

86. If the disturbing force is not tangential, the velocity it
produces must be confpounded with the velocity in the orbit to
give the new velocity and tangent at the point P. The
equations (1) or (2) of the last article now give the magnitude,
20/, of the new major axis.

Also since the moment of the velocity of the point P about
the focus 8 is equal to

~u x semi-latus-rectum, v.e. to u Vo' (1—¢ 7,
we obtain the new ecgentricity.
Finally by drawing a line making with the new tangent at
P an angle equal to that made by SP, and taking on it a point
H', such that SP+ H'P is equal to the new major axis, we
obtain the new second focus and hence the new position of the
major axis of the orbit.

Effect on the orbit of an instantaneous change in the
value of the absolute acceleration p.
When the particle is at a distance = from the centre of force,
let the value of u be instantaneously changed to x4/, and let the
new values of the major axis and eccentricity be 2a’ and ¢'.
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Since the velocity is instantaneously unaltered in magnitude,
we have

an equatior®to give ¢/.
The moment of the velocity about S being unaltered, A
remains the same, 80 that ¢

* Nua(l—e)=h=AVpa (1-¢?)............(2),
giving ¢ .

The direction of the velocity at distance r being unaltered,
we obtain the new positions of She second focus and of {he new
major axis a3 in the previous article.

If the change 8u in u be very small the change 8a in a is
obtained by differentiating the first equation in (1), where v
and r are treated as constants, and we hg,ve

8a ., Op
A - Bt
So, from (2), we have, on taking logarithmic differentials,
Su_ da_ 2% _o

I a 1l-¢ .
o 2ede _Op_vag =3_#( _ﬁ),

1l 4 B B
. e 4 e 27 3
Again, since the periodic time 7'= J; ag,
SR L LT LT
T 20 2p 24 w/
EXAMPLES .
1. If the period of a planet be 365 days and the eccentricity e is GLO ,
shew that the times of describing the two halves of the orbit, bounded by
the latus rectum passing through the centre of force, are

365 1
2% e+ ——
e B [‘tlbn very nearly.
2. The perihelion distance of a comet describing a parabolic path is

}i of the radius of the Earth’s path supposed circular ; shew thatsthe time
that the comet will remain within the Earth’s orbit is

2 n+2 l\/th
"3‘;"--;-. Wofayem.
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FIf S be the Sun, @ the radius of the Earth’s path, A the perihelion of
the comet’s path, and P the ihtersection of the paths of "the earth and
2a
n 2
comet, then a=SP=ng3's—’ 80 that c058=7—b— 1, and therefore

tan g=nn-L

Now use the formula of Art. 77, remembering that g1"-¢z‘}.= one year.]

P e
3. The Earth'wpath about the Sun being assumed to be & circle, shew
that the longest time that a comet, which descrlbes a parabolic path, can

remain yxthm the Earth’s orbit is 3. of a year
4 A planet, of mass M and perxodlc time 7', when at its greatest

distance from the Sun comes into collision with a meteor of mass m,
moving in the same orbit in the opposite direction with velocity »; if

% be small, shew that the’major axis of the planet’s path is reduced by

* 4m vT i-e
T 1+c

5. When a periodic comebis at its greatest distance from the Sun its
velocity » is increased by a small quantity 8v». Shew that the comet’s

3(1-eN ¥
least distance from the Sun is increased by the quantity 45v. {‘; ((11 - 3} .

6. A small meteor, of mass m, falls into the Sun when the Earth is
at the end of the minor axis of its orbit; if &/ be the mass of t.he Sun,

shew that the major axis of the Earth’s orbit is lessened by 2a. ”, that

the periodic time is lessened by 'j[— of & year, and that the major axis of

. s b m
its orbit is turned through an angle o

7. The Earth’s present orbit being taken to be circular, find what its

path would be if the Sun’s mass were suddenly reduced to -:; of what it is
now.

8. A comet is moving in a parabola about the Sun as focus ; when at
the end of its latus-rectum its velocity suddenly becomes a.lt.ered in the
ratio #:1, where n<1; shew that the comet will describe an ellipse whose

eccentrisity is o/1 —2n2+2n% and whose major axis is l-fn” where 27
was the latus-rectum of the parabolic path.

9. A body is moving in an ellipse about a centre of force in the focus;
when it arrives at P the direction of motion is turned through a right
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angle, the speed being unaltered ; shew that the body will deséribé an
ellipse whose eccentricity varies as the distance of P from the centre.

10. Two particles, of masses m, and mg, moving in co-plansf para,bola,s
round the Sun, collide at right angles and coalesce when their common
distance from“the Sun js R. Shew that the subsequent path of the

(m+mg)? o .
“2mymg

11. A particle is describing an ellipse under the action of a force to
one Of its foci. When the particle is at one extremity of the minor axis
a blow is given to it and the subsequent orbit is & circle; find the
magnitude and direction of thg blow.

combined particles is an ellipse of major axis
s

12. A pa,rtgcle m is describing an elhpse about the focus mtb@,ngular
momentum m%, and when at the end of the minor axis receives a small
impulse mu along the radius vector to the focus Shew that the major axis

of the path is diminished by 4ab_eu that the eccentricity is increased by

—et
(l -}, and that the major axis is turned through the angle - ekt (; L) ,

where a, b are the semi-axes and e the eccentricity of the elllpse

13. A particle is describing a parabolic orbit (latus-rectum 4a) about
a centre of force (u) in the focus, and on ity arrivind at a distance » from
the focus moving towards the vertex the centre off force ceases to act for
a certain time r. When the force begins again te operate prove that the
new orbit will be an ellipse, parabola or hyperbola according as
r—a

2p

14. Shew that the maximum range of a projectile on a horizontal

1?_:-2/2, where R is the radius
of the Earth, and 4 is the greatest height to which the projectile can be
fired.

[Use the result of Art. 79.]

15. When variations of gravity and f.he spherical shape of the Earth
are taken into account, shew that the maximum range attainable by a gun

r<=>2r

plane through the point of projection is 24.

placed at the sea level is 2R sin—! (%) , and that the necessary angle of

elevation is %cos‘l (%), where R is the Earth’s radius and A s the greatest
height above the surface to which the gun can send the ball.

16. Shew that the least veloclty with which a body must be perojected
from the Equator of the Earth so as to hit the surface again at the North
Pole is about 44 miles per second, and that the corresponding direction of
projection makes an angle of 674° with the vertical at the point of
projection.



CHAPTFR ¥I

TANGENTIAL AND NORMAL ACCELERATIONS.
UNIPLANAR CONSTRAINED MOTION

87. In the present chapter will be considered questions
which chiefly involve motions where the particle is constrained
to move in definite curves. In these cases the accelerations are
often best measured along tHe tangent and normal to the curve.
We must therefore first determine the tangential and normal
accelerations in the cage of any plane curve.

88. To shew that the accelerations along the tangent and
normal to the path of a particle are %: (= v %) and 1—’;’, where
p 18 the radius of curvature of the curve at the point considered.

Let v be the velocit; at time ¢ along the tangent at any
point P, whose arcual dis-
tance from a fixed point C
on the path is s, and let
v+ Av be the velocity at
time ¢ + At along the tan-
gent at Q, where PQ = As,

Let ¢ and ¢ + A¢ be
the angles that the tan-
gents at P and @ make
with a fixed line Oz, so¥
‘that A¢ is the angle between the tangents at £ and Q.

L. D,
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Then, by definition, the acceleration along the tangent:at P
ﬁeloclty along the tangent at time ¢+ At-]

=1t — the same at tm;e t ¢
ady At

=Lt ('v+Av§cos Ad—v
'At=0 At ¢

=1t " +Av—v .

at=0 Ot
on neglecting small quantities of the second order,

_dv_dt
“u T dt de’
Also dv_dvds _ dv

dt = dsdi U ds
Again the acceleration along the nermal at P

[velocity along the normal at time ¢ 4 At]

=1Lt — the same at time ¢
at=0 At
At o At .
sinAp Ad As 1 o
Lt 0+ A0). S Fo A =0 L=

CoR. In the case of a circle we have p=a,s=af, v= af
and the accelerations are af and aé?,

89. The tangential and normal accelerations may also be directly obtained
from the accelerations parallel to the axes.

dz _de ds
For (H= a.(—i—t. .
, d_ dz ds 2 dx d%
*tar T ds? \dt s di2®
S . d%y dzy ds dy d%
° dw T ds \adt ds diZ°®
But, by Dlﬁerentml Caleplus,
o ay
1__ad =?l_2 v
p-Tdy T dz’ .
ds ds
@z dy 1 dx d? gin¢
) -E';(dt tn s > 9+— €08 ¢,
) dy _de 1 (ds\® dy d% cos¢ .
and . d—ﬁ—'d—;u;. (d_t) aca—‘i o34 dt,sm¢.
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Therefore the acceleration along the tangent

d9 d2y d?%s dv _dv ds dv
TE O == = 5 =%
& dvy o1
and the acceleration along the normal = - Eene+ o5 i 8 ¢ = -0;

90, Ez. A curve is described by a particle having a constant acceleration
in a direction inclined at a constant angle to the tangent; shew thay the curve is
an equiangular spiraly R

2
Here 1%’: f cos ggand 1—’—: fsin a, where f and a are consta.nts,

o 2fcosa.s+oonst =vizfsing.p= _fsma

dy*
& 5o =sgcot -
2 d\// =gcota+4, where 4 is a constant.

»~ log (8 cota+ 4) =2y cot a + const.

o 8= — A tana+ Be2¥cota,
which is the intrinsie equatlon of an equiangular spiral.

¢ EXAMPLES

1. Find the intrinsic equation to a curve such that, when a point
moves on it with constant tanSential acceleration, the magnitudes of the
tangential velocity and the normal acceleration are in a constant ratio.

2. A point moves along the arc of a cycloid in such a manner that
the tangent at it rotates with constant angular velocity ; shew that the
acceleration of the moving point is constant in magnitude.

3. A point moves in a curve so that its tangential and normal
accelerations are equal and the tangent rotates with constant angular
velocity ; find the path.

4. If the relation between the velocity of a particle and the arc it has
described be bt et
+
2as =10g m ’
find the tangential force acting on the particle and the time that must
elapse from the beginning of the motion till the velocity has the value V.

5. Shew that a cycloid can be a free path for a particle acted on at
each point by a constant force parallel to the corresponding radius of the
generating circle, this circle being placed at thb vertex.

6. A heavy particle lying in limiting equilibrium on a rough plane,
inclined at an angle a to the horizontal, is projected with velocity V hori-
zontally adong the plane ; shew that the limiting velocity is §V and find
the intrinsic equation to the path.

7. A circle rolls on a straight line, the velocity of its centre at any
instant being » and its acceleration f'; find the tangential and normal ac-
celerations of a point on the edge of the circle whose angular distance from
the point of contact is 6.

7—2
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91. A .particle s compelled to move on a given smooth
plane curve under the action of given forces in the plane, to find
the motion.

"Let P ke a point of the curve whoserarcual dlsta,nce from a
fixed point C i8 s, ahd let v be
the velocity at P. Let X, ¥ be
the compbnents parallel to two
rectangular axes Ow, Oy of the
forces acting on the particle
when at P; since the cwrve ig
smooth the only reaction will
be a force R along the normal i
at P. oT "

Resolving along the tangent and normal, we have

d
m% = force along 7P = X cos ¢+ Ysing

do  d
X%+Ydy ................................. (1),
.
and m%’ —Xsing+Ycosp+R
_—ng+yd”4R ................. @).

When v is known, equation (2) gives R at any point.
Equation (1) glves

émv’ - f (Xdaz+ Ydy) ovovererennn. .(3)
Suppose that Xdz + Ydy is the complete differential of

i = ond =%
some function ¢ (z, y), so that X 7o and Y= &

1 d d
Then  zmo? ._.f(d_gdw +£¢3) (@, y)+C e ().
Suppose that the particle started with a velocity V from a

point whose coordinates are «,, .. Then
ImVi= ¢ (,,9) + C.
Hence, by subtraction,
Imv® — dm V2= (@, y) = b (To, Yo)s o eee coreo(B).
This result is quite independent of the path pursued

]
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between the initial point and P, and would therefore be the
same whatever be the form of the restraining curve.

* From the definition of Work it is clear that Xdx + ¥Ydy
represents the work deme by the forces X, ¥ durjng a small
displacement ds along the curve. Hence the right-hand side of
(8).0r of (4) represents the. total work done on the particle by
the_external forces, during ifs motion from the point of pro-
jection to P, addéd to an arbitrary constant. .

Hence, whensthe components of the forces are equal to the
differentials with respect to @ a.nd y of some function ¢ (, y), it
follows from (5) that -

The change in the Kitietic Energy of the particle
=the Work done by the External Forces.

Forces of this kind are called Conservative Forces,

The quantity ¢ (2,%) is known as the Work-Function of
the system of forces. From the ordinary definition of a
Potential Function, it is clear that ¢ (z, y) is equal to the
Potential of the given systgm of forces added to some constant.

If the motion be in three dimensions we have, similarly,

that the forces are Censervative when f (ng + Ydy + Zds) is a

perfect differential, and an equation similar to (5) will also be
true. [See Art. 181.]

92. The Potential Energy of the particle, due to the given
system of forces, when it is in the position P

= the work done by the forces as the particle moves o some
standard position.

Let the latter pc.)sition be the point (#,, ). Then the
potential energy of the particle at P

-[ “* (Xde + Ydy)= [ ' (d"’ da+ 5 dy)

l ®

- [qs O TG AR IC)

Henge, from equation (4) of the last article,
(Kinetic Energy + Potential Energy) of the particle when at P

=¢(z,Y) +C+ & (21, 1) — b (@, ¥)
= C + ¢ (¢, ;) =& constant,
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Hence, when a particle moves under the action of a €on-
servative System of Forces, the sum of its Kinetic and Potential
Energies is constant throughout the motion. .

93. Incthe partlcular case when gravity is the only force
acting we have; if the axis of y be vertical, X =0 and ¥'=—myg.
Equation (8) then gives §m? == — mgy + C.
Hencé, if @ be a point of the path, this giwes
kinetic energy at P — kinetic energy at @
=myg x difference of the ordmates at P and Q
= the work done by gra.v1ty as the particle passes from Q to P.
This result is important ; from it, given the kinetic energy

at any known point of the curve, we have the kinetic energy at
any other point of the path, if the curve be smooth.

94. If the only forces acting on a phrticle be perpendicular
to its direction of motion (as in the case of a particle’ tethered
by an inextensible string, or moving on a smooth surface) its
velocity is constant ; for the work dope by the string or reaction
is zero.

95. Al forces which are one-valued Junctions of distances
from fized points are Conservative Forces.
Let a force acting on a particle at the point (z, y) be a
function 4 () of the distance » from a fixed point (a, b) so that
- r=@-a)l+(y-Ddy
Also let the force act towards the point (g, b).

dr dr

Then r@—(w—-a),andr@=;l/—b.
The component X of this force parallel to the axis of &

=—y ) x 2, |

if the force be an attraction, and the component ¥ parallel to y

——v L2,

Hence Xdx + Ydy=—+ (r) x (@=-a)dot(y—b)dy
r
rdr

=—v (@) + =¥ dn
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Hence, if F(r) be such that g; F(ry=—=+(r) su...(1),

wé have
f(de + Ydg) =[(%F(r) dr = F (r) + congt.

Such a force therefore satisfies the condition of being a
Conservative Force.
If the force be a o;ntral one and follow the law of the invefse square, so that
yn) = 4, then F (rf% ~ / v (r) dr='i' and hence
f (Xdz + Ydy) = + constant
-

96. The work done in stretching an elastic string is equal to

the extension produced multiplied by the mean of the initial and
Jinal tensions.

Let a be the unsttetched length of the string, and A its
modulus®of elasticity, so that, when its length is «, its tension

=\ f’—ﬁ;—? , by Hooke’s Law.
The work done in stretching it from a length b to a length ¢
fT d '—f )»w a'da:-— 3 [(a: a)’]o
=2—[<c—ay-<b—a>2]=<c—b>[x 28] x4
@ 4

= (¢ — b) x mean of the initial and final tensions.

Ez. 4 and B are two points in the same horizontal plane at a distance 2a apart;
AB is an elastic string whose unstretched length is 2a. To O, the middle point of
AB, is attached a particle of mass m which is allowed to fall under gravity ; find
its velocity when it has fullen a distance & and the greatest vertical distance
through which it moves.

When the particle is at P, where OP=u, let its velocity be v, so that its
kinetic energy then is }mv2.

The work done by gravity=myg . =.

The work done against the tension of the string

=2x(BP-BO0)x 1 BP- BO_E(BP a)’=2[~7 Ty a - a,
Henoe, by the Prmcxple of Energy,

fmv2=mgz - - [~/::3+a’ -aP.

The particle comes to rest when v_.O, and then « is given by the equation
mgza=\[NaTral - al,
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EXAMPLES

1. If an elastic string, whose natural length is that of a uniform rod,
be attached t8 the rod at both ends and suspended by the middle point,
shew by means of the Principle of Energy, that the rod will sink until the
strings are inclined to the horizon at an,angle @ given by the equatioh

‘

oot’%-cot-20-=2n, <

given that the modulus of elasticity of the string is #%imes the weight of
the rod. N

2, A heevy ring, of mass m, slides on a smooth vertical rod and is
attached to a light string which passes over a small pulley distant @ from
the rod and has a mass M (> m) fastened to its other end. Shew that, if
the ring be dropped from a point in the rod in the same horizontal plane

2Mma
M=
Find the velocity of m when it has fallen through any distance .

as the pulley, it will descend a distance

-1before coming to rest,

8. A shell of mass M is moving with velocity V. An internal
explosion generates an amount of energy J and breaks the shell into two
portions whose masses are in the ratio m, :mg. The fragments continue
to move in the original line of motion of the shell. Shew that their

ogs 2m2E' 27@ €.
velocities are V+ \/ il and V- gl "

4. An endless elastic string, of natural length 2ra, lies on a smooth
horizontal table in a circle of radius a. The string is suddenly set in
motion about its centre with angular velocity w. Shew that if left to
itself the string will expand and that, when its radius is r, its angular

a?
velooity is O and the square of its radial velocity from the centre is

z &(r’ a’)-ig‘”)‘ (r—a)® , where m is the mass and A the modulus of
ela.stxcxty of the strmg. ’

5. Four equa.l particles are connected by strings, which form the
sides of & square, and repel one another with a force equal to p x distance;
if one atrmg,lfe cuf, shew that, when either string makes an angle 6 mth
its onguia.l position, its angular velocity is 'i%—%?%}lw

[As in Art 47 the centre of mass of the whole system remmns at rest;
also the repulsion, by the well-known property, on each particle is the
game as if the whole of the four particles were collected at the centre and
=4y x distance from the fixed centre of mass. Equate the total kinetic
eriergy to the total work done by the repulsion.]
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6. A uniform string, of mags M and length 24, is placed.symmetnea.lly
over a smooth peg and has particles of masses m and m’ attached to its
extremitios ; shew that when the string runs off the peg its velocity is

M +2 (m ~m')
Him+m 9,
® Aheavy uniform chain, of length 2/, hangs over a small smooth fixed

pulley, the length [+ ¢ being at one side and {—c at the othey; if the end
of the shorter porfion he held, and then let go, shew that the chain will

3 N/
slip off the pulley%h time (g) log s f: 2

8. A uniform chain, of length I'and v:eight W, is placed on a line of
greatest slope of a smooth plane, whose inclination to the-fiorizontal is a,
and just reaches the bottom of the plane where there is a small smooth
pulley over which it cant run. Shew that, when a length x has run off, the

tension at the bottom of the plane is W (1 —sin a) —5— z (l z)
»

9. Oyer a small smooth pulley is placed a uniform flexible cord ; the
latter is initially at rest and lengths {—a and !+a hang down on the two
sides, The pulley is now made to move with constant upward accelera-
tion /. Shew that the string will leave the pulley after a time

A
\/ ‘7_’_—9 cosh ’(—i-
97. Oscillations of a Simple Pendulum.
A particle m 18 attached by a light string, of length 1, %0 a
fiwed point and oscillgtes under gravity through a small angle;
to find the period of its motion.
When the string makes an angle 6 with the vertical, the
equation of motion is '
="" "ng Sln 0 uuoun(l)

dt’
But s =16.

A 0—--—-2 1n0—~—0 to a first approxima-

tion.

If the pendulum swings through a small
angle a on each side of the vertical, so that
0=« and 6 =0 when ¢=0, this equation

gives
0=acos[ ‘%t],
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so that the motion is simple harmoplc and the time, T, of a

very small oscillation = 27 ,\/ as in Art. 22. . '
For a higher approximation we have, from equation (1),
* =29 (cos 0—cosa) eurrrrrerennnn... (2),

.

sincer § is zero when 6=,
[This equation follows at once from the Prirfeiple of Energy.]

. = f aé >
" , Vcos § —cos a’
where ¢ is the time of a quarter-swmg

o2/l f
\/sm —-sm”

6
Put sin 5= sm—2- sin ¢.

)\/g t—/ 2sn; cos¢d¢.

cos =.s8in 3 3 cos ¢

2’

'\/l fﬁ

=St 1o ® e (L8Y gine®
\/g' ) [1+2,sm’2+ (2.4) sin 3

+ (%:%g)' sine + ] ...... ).

Hence a secord approximation to the required period, 7,

=T, [l+.%..sin’§] T, [1+ 16]

if powers of a higher than the second are neglected.
Even if a be not very small, the second term in the bracket

of (4) is usually a sufficient approximation. For example,

%
— sin? 3 2 gin? ¢) ..... crerneee cereresinranee 3)
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suppose a = 30°, so that thg pendulum swings through an angle
of 60°; then sin? 92‘-= sin? 15° =067, and (4) gives

(T ‘/ L1+ 017 4100063 + 5.

[The student who is aequainted with Elllptlc Functions
will see that (3) gives /

sia ¢=sn!t“‘% !, (mod. sing),

.
so that sin g = sing sn (t \/%7> R (mod. sin%‘)'.
The time of a complete oscillation is also, by (8), equal to

\/ é multiplied by the. real period of the elliptic function with

modulus*sin -g J

98. The equations (1) and (2) of the previous article give
the motion in a circle in any case, when & is not necessarily
small. If @ be the angular velocity of the particle when
passing through the lowest point A4, we have

162 = 2g cos 6 + const. = la® — 2g (1 — cos f)...... (5).

This equation cannot in general be integrated without the
use of Elliptic Functions, which are beyond the scope of this
book.

If T be the tension of the string, we have
I — mg cog 0 = force along the normal PO
= ml6* = mlew® — 2mg (1 — cos 6),
T=m{lo*—g(2—8cosO)} ............ (6).
Hence T vanishes and becomes negative, and hence circular
29 lco"‘ * L]
39

Particular Case. Let the angular velocity at 4 be that due to & fall from the
highest point 4, so that

Bus=2g. 2, ie. wﬁ-i".

motion ceases, when cos 8 =

Then (5) gives =2 (1 +cos 6).
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¢ \/2.«; . do
& J1+eoso ,J2 s
] ﬂ 0
.:. t__\/_[zlogtan(z-l-‘i)]o
[}
eos-—+sm— - 1+sin— .
l 4 4_ E . 2.‘ i ]
=G ——g=n/ ey =\ [0 [ s L],
OOEZ—SIDZ OOB§ .

giving the time ¢ of describing an angle ¢ from the lowest pint.
Algo in this case

\
T'=m {4g - 29+ 89 cos 6} =mg[2+8 cos 6]
Oircular motion therefore ceases when cos 6= ~ § , and then soo =,/6 and

tan §=J6. Therefore the time during which the circular motion lasts

-\/ y’ log, (5 +/6). ¢

99, Ez. 1. Shew that a pendulum, which beats seconds when it swings
through 8° on each side of the vertical, will lgse about 12 secs. per day if the
angle be 4° and about 27 secs. per day if the angle be 5°.

Ez.2. Aheavy bead slides on a smooth fixed vertical circular wire of radius
a; if it be projected from the lowest point with velocit} just sufficient to carry it
to the highest point, shew that the radius to the bead is at time ¢ inclined to the

vertical at an angle 2 tan-1 [sinh \/ % t]. and that the bead will be an infinite
time in arriving at the highest point.

100. Motion on a smooth cycloid whose axis 18 vertical and
vertex lowest.

AI
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*Let AQD be the generating circle of the cygloid OPAC",
P, being any point on it; let PT be the tangent at P and
PQN pefpendicular to the axis meeting the generating circle
in @ The two prinaipal properties of the cycloid, are that the
tangent TP is parallel to AQ, and that the are 4P is equal to
twice the line 4 Q.

Hence, if PTw be 8, we have

0= 4QAa: ADQ’
and "'s=arcAP___.2,AQ=4asin9 ceerrens (D),

if @ be the radius of the generating dircle,
If R be the reaction of the curve along the ndrmal, and m
the particle at P the equations of motion are then

£

dt"‘ = force along PT=—mgsin@ ......... (2),

and om. ;' = force along the normal = R—~mg cos 6 ...(8).

From (1) and (2), we then have
d‘-‘s '
i T ),

-
so that the motion is simple harmonic, and hence, as in
Art, 22, the time to the lowest point

) da

= — == T -

«/‘9‘ g
4a

and is thereforo-always the same whatever be the point of- the
curve at which the garticle started from rest.
Integrating equation (4), we have

4
= 4ag (sm’ 8= sin? 0)

if the particle started from rest at the pomt where. 8 = 6,.
.. [This equation cap be ‘Wwritten down at once by the
Principle of Energy.] '~ .. -

Also p=7—400030

Pi= (%—:)2=——y—8’+:.6y=-9. 4'asin’0+0
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Therefol;e (8) gives
R =macos 6 +m sin® 6, —sin? @ m 08260+ sin?6,
- 4 cos ¢ =My os ¢ *

giving the geaction of the curve at any peint of the path.

On passingsthe lowest point the partiele ascends the other
side until it is at the height frop which it started, and “thus
it oscillatas backwards and forwards.

101. The property proved in the previous article will be
still true if, instead “of the material curve, we substitute a
string tied to the"partiae in such a way that the particle
describes a™cycloid and the string is always normal to the
curve. This Will be the case if the string unwraps and wraps
itself on the evolute of the cycloid. It can be easily shewn
that the evolute of a cycloid is two halves of an equal cycloid.

For, since p=4acosd, the points on the evolute corre-
sponding to A and C are 4’, where AD= DA’, and’ C itself.
Let the normal PG meet this evolute in P’, and let the arc
CP’ be . By the property of the evolute

o= arc P’'C = P’P, the radius of curvature at P,
= 4a cos 0 =4da sin P'GD. .

Hence, by (1) of the last article, the curve is a similar
cycloid whose vertex is at C and whose axis is vertical. This
holds for the arc CA4. The evolute for the are ("4 is the
similar semi-cycloid C'4".

Hence if a string, or flexible wire, of length equal to the
arc CA’, i.e. 4a, be attached at A’ and allowed to wind and
unwind itself upon fixed metal cheeks in the form of the
curve CA’C’, a particle P attached to its other end will
describe the cycloid CAC’, and the string will always be
normal to the curve CAC’; the times of oscillation will
therefore be always isochronous, whatever be the angle through
which the string, oscillates. In actual practice, a pendulum is
only required to swing through a small angle, so that only
small portions of the two arcs near A’ are required. This
arrangement is often adopted in the case of the penhdulum
of a small clock, the upper end of the supporting wire consisting
of a thin flat spring which coils and uncoils itself from the two
metal cheeks at 4’,
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.102. Motionona rough curve under gravity.

Whatever be the curve' described under gravity  with friction,
we havey if ¢ be the angle measured from the horizontal made
by the tangent, and if 8 increases with ¢,

and

1 ??
o 2%?”-):» = g (sin ¢ — u cos ),

. d 2 —
N e 2uv® = 2gp (sin ¢ — p cos ¢).
Multiplying by e-24¢ and integrating, we have

ve~ %4 = 29 [pe~2¢ (sin ¢ — u cos ¢) + constant.
When the curve is given, so that p is known in terms of ¢,

this gives ¢*, and hence ( a ¢) <d¢) Hence % is known, and
therefore theoretically ¢ in terms of ¢.

103. If the cyclod of Art. 100 be rough with a coefficient of
Jriction w, to find the motion, the particle sliding downwards.

In this case the friction, uR, acts in the direction TP
produced, so that the equations of motion are

mv%=%:l:_pR mysm0 ............... (1),

and m. %’=R—mgcos0 .................. (2).

d s
;‘Z‘#;—y(ﬁma sin 0),
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%’ ~ 21 = 29 (s 008 0 —sin 6) 25
= 8ag (u cos @ —sin 0).cod §
. = 4ag (u + p cos 20 — sin 26).
To integrate’ this equation, multiply by e-2%4, and we have
v'e~% = dag e~ (u +* p cos 26 — sin 20) )

-— Zage-4 4 12;";" o~ [20 5in 26 + (1 = &%) cos 26] + 4,

e = Ae®f — 2aag+o1 iy

— p) cos 20]

The constant 4 is determined from the initial conditions,
The equation cannot be integrated further.

EXAMPLES ON CHAPTER VI

1. A partiole slides down the smooth curve y=a sinh g, the axis of z

being horizontal, starting from rest at the point where the tangent is
inclined at a to the horizon ; shew that # will leave the curve when it
has fallen through a vertical distance a sec a.

2. A particle descends a smooth curve under the action of gravity,
describing equal vertical distances in equal times, and starting in a
vertical direction, Shew that the curve is & semi-cubical parabola, the
tangent at the cusp of which is vertical.

3. A particle is projected with velocity ¥V from the cusp of a smooth
inverted cycloid down the arc; shew that the time of reaching the

vertex is 2 \/-Z';tan'1 [—————'4‘;’9]

4. A particle slides down the arc of a smooth cycloid whoge axis is
vertical and vertex lowest ; prove that the time'occupied in falling down
the first half of the vertical height is equal to the time of falling down
the second half.

5. A particle is placed very close to the vertex of a smooth cycloid
whose axis is vertical and vegtex upwards, and is allowed to run down the
curve. Shew that ¢; leaves the curve when it is moving in a direction
making with the horizontal an angle of 45°,

8. A ring is strung on a smooth closed wire which is in the shape
of two equal oycloids joined cusp to cusp, in the same plane and sym-
metmcally situated with respect to the line of cusps. The plane of the
wire is vertical, the line of cusps horizontal, and the radius of the
generating circle is @ The ring starts from the highest point with
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velocity v. Prove that the times from the upper vertex to She cusp, and
from the cusp to the lower verteX are respectively

* 2 \'/— sinh -1 (\/4ag and 2 \/ gin-1 _dag
. g v v"’+8ag
[ ]

7. A particle moves in a smooth tube in the form ofa catenary, being
attracted to the directrix by a force proportional to the distance from it
Shew that the motion is simple hafmonic.

.

8. A particle, f mass m, moves in a smooth ctrcular tube, of
radius @, under the action of a force, equal to mux distance, to a point
inside the tube at a distance ¢ from its centre; if the particle be placed
very nearly at its greatest distance from tfe centre of force, shew that
it will describe the guadrant ending at its least distance in time

\/l%log (W2+1).

9. A bead is constrained to move on & smooth wire in the form of an
equiangular spiral. It is #ttracted to the pole of the spiral by a force,
=mp (distapce)-3, and starts from rest at a distance b from the pole.
Shew that, if the equation to the spiral be »=ae¢® %%, the time of arriving

3
at the pole is % \/3——# .seca. o

Find also the reaction of the curve at any instant.

10. A smooth paraBolic tube is placed, vertex downwards, in a
vertical plane; a particle slides down the tube from rest under the
influence of gravity ; prove that in any position the reaction of the

tube is 2wk—:——q, where w is the weight of the particle, p the radius of
curvature, 4o the latus rectum, and % the original vertical height of the
particle above the vertex.

11. From the lowest point of a smooth hollow cylinder whose cross-
section is an ellipse, of ma.Jor axis 2a and minor axis 2b, and whose minor
axis is vertical, a particle 1s prOJected from the lowest point in a vertical
plane perpendicular to the axis of the cylinder; shew that it will leave
the cylinder if the velocity of projection lie between

2 4b?
A2ga and \/ a+4b.

12. A small bead, of mass m, moves on a smooth circular wire, being
acted upon by a central attraction

m to a point within the circle

situated af a distance b from its centre. Shew that, in order that the
bead may move completely round the circle, its velocity at the point of

the wire nearest the centre of force must not be less than , / a; E—% .
L. D, 8
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13. A smpall bead moves on a thin elhptlc wire under a force tp the
focus equal to r"+:‘3 It is prq]ected from a point on the wire dlsta,nt
R from the focus with the veloclty which would cause it to ﬂescnbe the

ellipse freelytunder a force ;-'; Shew that the meaction of the wire is
*

Al 1 1
plLrt ar ar¥ 75’] ’
where p is the radius of curvature.

14. If a particle is made to describe a curve in the form of the
four-cusped hypocycloid x3+3/§=a* under the action of an attraction
perpendicular to the axis afMl varying as the cube root of the distance
from it, shew that the time of descent from any point to the axis of
is the same, #.e. that the curve is & Tautochrone for this law of force,

15. A small bead moves on a smooth wire in the férm of an epi-
cycloid, being acted upon by a force, varying as the distance, toward
the centre of the epicyclvid; shew that jts oscillations are always
isochronous. Shew that the same is true if the curve be a hypocycloid
and the force always from, instead of towards, the centre. .

16. A curve in a vertical plane is such that the time of describing
any arc, measured from a fixed point Ogis equal to the time of sliding
down the chord of the arc; shew that the curve is a lemniscate of
Bernouilli, whose node is at O and whose axis is inclined at 45° to the
vertical. -

17. A particle is projected along the inner surface of a rough sphere
and is acted on by no forces; shew that it will return to the point of

projection at the end of time —%.(eg“"'-—l), where @ is the radius of the
sphere, V is the velocity of projection and u is the coefficient of friction.

18. A bead slides down a rough circular wire, which is in a vertical
plane, starting from rest at the end of a horizontal diameter. When it
has described an angle 8 about the centre, skew that the square of its
angular velocity is

29
Pries 4#2) (1~ 2% sin 8 +3u (cos 6-¢ ~2uéy),
where p is the coefficient of friction and a the radius of the rod,

19. A partide falls from a position of limiting equilibrinm near the
top of a nearly smooth glass sphere. Shew that it will leave the sphere
at the point whose radius is inclined to the vertical at an angle

4 a
atp {2 -3 m}
where cos a=4, and p is the small coefficient of friction.

20. A particle is projected horizontally from the lowest point of
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a rough sphere of radius a. After describing an arc less thgn a quadrant
it returns and comes to rest at the lowest point. Shew that the initial

. Ty X, .
velocity mist be sina \/ 2ga %_%’5‘;5 , where . is the coefficient of friction
and aa is the arc through swhich the particle moves. o

21. The base of a rough cycloidal arc is horizontal and its vertex
downWards ; a bead slides along it starting from rest at the cusp and
coming to rest at the vertex. Shew that pl*"=1, .

22. A particle slides in a vertical plane down a roiigh cycloidal arc
whose axis is vertical and vertex downwards, starting from a point where
the tangent makes an angle 4 with the horjzon and coming to rest at the
vertex. Shew that pe*®=sin §—pu cosd.

23. A rough cycloid has its plane vertical and the line joining its
cusps horizonal. A heavy particle slides down the curve from rest at
a cusp and comes to rest again at the point on the other side of the
vertex where the tangent is inclined at 46° to the vertical. Shew that
the coefficient of friction sgtisfies the equation

R 3um+4log,(1+p)=2log, 2.

24. A bead moves along a rough curved wire which is such that it
changes its direction of motion with constant angular velocity. Shew
that the wire is in the form df an equiangular spiral.

26. A particle is held at the lowest point of a catenary, whose axis is
vertical, and 8 attachedb to a string whickh lies along the catenary but is
Jree to urwind from it. If the particle be released, shew that the time that
elapses before it is moving at an angle ¢ to the vertical is

— 1+~/2sin9
o log 2 ),
% 1-~/2sin%’

‘and that its velocity then is 24/gc sin%’-, where ¢ i3 the parameter of the

catenary. Find also the tension of the string in terms of ¢.

At time ¢, let the string P@ be inclined at an angle ¢ to the horizontal,
where P is the particle and @ the point where the string touches the
catenary. A being the lowest point, let

s=arc 4¢=line PQ.

The velocity of £ along @P=vel. of @ along the tangent+the vel. of

P relative to @

=(=8)+E=0 .cccoiiiiiiiiiiiinniennnnnn (I
The velocity of P perpendicular to @P similarly
* 8. errrerrniriereinianns cereeaneras (2).

The acceleration of £ along QP (by Arts. 4 and 49)
=aco. of @ along the tangent @P+the acc. of P relative to @
== (- 0= =82 cerrrierneniiinnene Cetesvarerrasreniranens «(3).
8—2
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The accelgration of P perpendicular to’@P

=ace. of @ in this direction +acc. of P relative to @

8 1d

= -S4 1 2 () i+ [0+ 209)]

—aa;+s¢, .................. et enas s veren(d).
These are the component velocities and accelerations for any curve,

whether a catenary or not. ‘

The eqation of energy nges for the catenary ,

' dm.(ctanp)P=mg (c—cCOSP)...uru...... R ()]
Resolving along the line P@, we have
metang. p2=T—-mgsing ....cccooverrnne ceeeen(B).

(6) and (B) give the results required.

26. A particle is attached to the end of a light string wrapped round
a vertical circular hoop and is initially at rest on the outside of the
hoop at its lowest point. When a length ad of the string has become
unwound, shew that the velocity » of the particle then is

A/2ag (6 sin 8+cos 8—‘1—),
2cosd 2\°

and that the tension of the string is (3 sin 0+ 7] ‘@) times the

weight of the particle.

..
27. A particle is attached to the end of a fine thread which just
winds round the circumference of a circle from the centre of which acts

a repulsive force mpu (distance) ; shew that the tlme of unwinding is J—

and that the tension of the thread at any time ¢ is 2mp,‘}at, where a is the
radius of the circle.

28. A particle is suspended by a light string from the circumference
of a cylinder, of radius a, whose axis is horizontal, the string being
tangential to the cylinder and its unwound length being @B8. The particle
is projected horizontally in a plane perpendicular to the axis of the
cylinder so as to pass under it; shew that fhe least velocity it can
have so that the string may wind itself completely up is

VigaE=sm ). -

29. From the lowest point of a smooth hollow cylinder whose cross-
section is one-half of the lemniscate 12=aZ cos 26, with axis vertical and
node downwards, % particle is projected with velocity V along the inner
surface in the plane of a cross-section ; shew that it will make a complete
revolution if 3V%>7ag.

30. If a particle can describe a certain plame curve freely under one
set of forces and can also describe it freely under a second set, then it can
describe it freely when both sets act, provided that the initial kinetic energy
in the last case 18 equal to the sum of the initial kinetic energies in the first
two cases.
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Let the arc s be measured from the point of projection, and let the
initial velocities of projection in the first two cases be U; and Uj.
* Let thegtangential and normal forves in the first case be 7} and Xy,
when an arc s has been described, and 7} and X, similarly in the second
case ; let the velocities at*this point be v, and »,. Then .

2
mvl%%‘==Tw m%‘;:NI;

2
mvg%=7'g; and m 1%—-1&’,.

8
e dmyld= / , T\ds+ ’Qm U3,
and Fmol= f ’ Tyds+3m U2
0
o dm (vl“‘+v,’)=/‘ Tyds +/’ Tods+dm U2+ dm U2 ......(1),
0 o

2 ]
and ﬂ”i'::;ﬁ = N] + Ng .............................. (2).

If the same curve be described freely when both sets of forces are
acting, and the velocity be v at arcual distance s, and U be the initial
velocity, we must have similardy

i /:(T,+ Ty ds +3mUY oo (3),

2
and m % =N Vg vieiiiiiireieiiiiiiiienenes (4).

Provided that $m U2=4m U, ym U,? equations (1) and (3) give
=02+ 0
and then (4) is the same as (2), which is true.

Hence the conditions of motion are satisfied for the last case, if the
initial kinetic energy for it is equal to the sum of the kinetic energies in
the first two cases. B

The same proof would clearly hold for more than two sets of forces.

Cor. The thcorem may be extended as follows.

If particles of masses m,, mg, m3... all describe one path under
forces Fy, Fy, Fy...; then the same path can be described by a particle
of mass A/ under all the forces acting simultaneously, pgovided its kinetic
energy at the point of projection is equal to the sum of the kinetic
energies of the particles m,, m,, mg... at the same point of projection.

[l
o

’
and 7—"_—:3 to another point; shew that it is possible for the particle to

31. A’particle moves under the influence of two forces % to one point

describe a circle, and find the circle,
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32. Shew, that a particle can be ma,de to descmbe an ellipse freely
under the action of forces Ar+ % =13 A +’72 dnect,ed towards 1ts foci. ,

33. A cixcle, of radius a, is described by a particle under a force

I3 ‘. . . . .
(——distance)‘ to a point on its clrcumfer:enoe. If, in addition, there‘ be a
constant noymal repulsive force Es’ shew that the circle will still be

described freely 'if the particle start from rest at a pomt where

Y
"‘r—a \/2—[1.—'.

34, Shew that a particle can describe a circle under two forces
B ana M2
6 rg®
directed to two centres of force, which are inverse points for the circle at
distances f and f from the centre, and that the. velocity at any point is

35. A ring, of mass m, is strung on a gmooth circular wire, of mass ¥
and radius «; if the system rests on a smooth table, and the ring be
started with velocity » in the direction of the tangent to the wire, shew

Mm 2? <

that the reaction of the wire is always Tima"
+m a

36. 0, A and B are three collinear points on a smooth table, such
that 04 =a and AB=>b. A string is laid along 4B and to B is attached
a particle. If the end 4 be made to describe a circle, whose centre is 0,
with uniform velocity v, shew that the motion of the string relative to the

revolving radius 04 is the same as that of a pendulum of length 'Z:;b ,
and further that the string will not remain taut unless a > 45.



OHAPTER VII

MOTION IN A RESISTING MEDIUM. MOTION OF
PARTICLES OF VARYING MASS

104. When a body moves in a medium like air, it ex-
periences a resistances to its motion which increases as its
velocity jncreases, and which may therefore be assumed to be
equal to some function of the velocity, such as kpf(v), where
p is the density of the medium and % is some constant
depending on the shape of the body.

Many efforts have been made to discover the law of
resistance, but with®ut much success. It appears, however, that
for projectiles moving with velocities under about 800 feet per
second the resistance approximately varies as the square of the
velocity, that for velocities between this value and about 1350
feet per second the resistance varies as the cube, or even a
higher power, of the velocity, whilst for higher velocities the
resistance seems to again follow the law of the square of the
velocity.

For other motiond it is found that other assumptions of the
law for the resistance are more suitable. Thus in the case of
the motion of an ordinary pendulum the assumption that the
resistance varies as the velocity is the best approximation.

In any case the law assumed is more or Jess empiric, and
its truth can only be tested by enqumng how far the results,
which are theoretically obtained by its use, fit with the actually
observed facts of the motion.

Whatever be the law of resistance, the forces are non-
conservative, and the Principle of Conservation of Energy
cannot be applied.
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105. In the case of a particle falling under gravity dn a
resisting medium the velomt.y will never exceed some definite
quantity. ‘

For suppose the law of resistance tq be kv®.m. Then the
downward acceleration is g —kv", and this vanishes when

1
kv =g, 7.e. when the velocity = (‘%)71 This therefore will be

the maximum velocity possible, and it is calléd the limiting or
terminal velocity.

It follows from this ghat we cannot tell the height from
which drops of rain fall by observing their velocity on reaching
the ground. For soon after they have started they will have
approximately reached their terminal velocity, and will then
continue to move with a velocity which is sensibly constant and
very little differing from the terminal velocnsy

In the case of a ship which is undér steam there is a full
speed beyond which it cannot travel. This full speed will
depend on the dimensions of the ship and the size and power of
its engines, etc. ‘

But whatever the latter may be, there will be some velocity
at which the work that must be done.in overcoming the
resistance of the water, which varies as some function of the
velocity, will be just equivalent to the maximum amount of
work that can be done by the engines of the ship, and then
further increase of the speed of the ship is impossible.

106. A particle falls under gramty (supposed constant) in a
resisting medium whose resistance varies as the square of the
velocity ; to find the motion if the particle starts from rest.

Let » be the velocity when the particle has fallen a distance
z in time ¢ from rest. The equation of motion is

dx
e =g —pod,
Let p =Z,, so that % g( }%:) ..................... (1).

From (1) it follows that if v equalled %, the acceleration
would be zero; the motion would then be unresisted and the
velocity of the particle would continue to be k For this
reason k is called the “terminal velocity.”
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dv Ca
From (1), S V= g( )
80 tNav 2'9 = kgv W log (k2 —+*) + 4.
Since v a.nd z are both zero initially, .*. 4 =%og k.
. 2gx
L kBR—-v=ke

A PR k'] ceenenrenerenenes(2).

It follows that #=o when v=Fk Flence the particle would
not actually acquire the “ terminal velocity ” until it had fallen
an infinite distance.

Again (1) can be written

dv »?
7=9(1-%):
e hat e

2k ok~
Since v and ¢ were zero [nitially, .". B=0.
29t
Hence k+?=——e".
k—v
th
o=k~ =k tanh (flfc) .............. )
e® +1
From (2) and (8), we have
g
e ¥ =1‘—-g=1—tanh“%t= 1 ’
cosh*Z
gz
so that ¥ = cosh'q—]:, and z = I—cj log cosh ‘(L;; ......... (4).

107. If the particle were prOJected upwards tnstead of
downwards, to find the motion. -
Let V be the velocity of projection.
The equation of motion now is
* dix .
7 il ——g(l+k,) ....... «..(5),

where # is measured upwards.
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dv
Hence « vd—;=—g(l+k,). .
2 2vdy !
‘Pg“ —m——-log(v’+lc’)+d
where ¢ =—log (V*+ &) + A.
2gw AR y
o ]02 lOg Wk? ...:........nn..(6).

Again (5) gives
dv v

z7-9(1+g):

. 9 dy 1 tan“% + B,

—..._

. Bt &
where 0= % tan™! -I,g +B.

9 tan— L e ?
o =tan™ £ —tar™ o (7)
Equation (6) gives the velocity when the particle ha
described any distance, and (7) glves the velocity at the enc

of any time.

108. Ex. A person falls by means of a parachutc from a height of 800 yard
in 24 minutes. Assuming the resistance to vary as the s square of the velocity, sher
that in a second and a half his velocity differs by less than one per cent. from it
value when he reaches the ground and find an approximate value for the limitin,
velocity.

When the parachute has fallen a space z in time ¢, we have, by Art. 106, if

g
»r= K2
202
v2=42 [1 - kf] s s ),
v=Fk tanh k) e (2),
2
and &= %— log cosh (‘%5) .............................. (3).
Here 1607 )
1509 _150g
9 1509
e""°172=’_'f—tzi-—"- SR 7'}
The sesond term on the right hand is very small, since k is posmve.
uoo?, 100
Hence (4) is approximately equivalent to e I =}e LN

150, 150
& 24007 3= ——k—g- ~log2= _%‘_y' nearly.
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Henoce k=16 is a first approximation.
Putt.mg k=16 (1+y), (4) gives,for a second a.pproxlms.hon,
S0-2) =e300(1 V), ~3000y)  300(1-9)

= 3 , Yery approx.
-~ ,-30014_}

R | 693 _

3 y—ga-o]og,2_-3—66-_ -0028,

‘rnerefore 8 second approx. is k=16 (1+°0028), giving the terminal velocity.
Also the velocity »;; when the particle reaches the ground, is, by (1), given by
232200
vi=k? [1 T8 |=m[1-%
=kS3, for all practical purBoses.
When v is 99 %/, of the terminal velocity, (2) gives

2{1{
o ek =199=¢" from the Tables.

t-%xfi B-Ex5 *3=1-325 approx.,

i.e. tis less than 11 secs.

KRXAMPLES

1. A particle, of mass m, is falling under the influence of gravity
through a medium whqse resistance equals p times the velocity.
If the particle be released from rest, shew that the distance fallen

s s . m? et pt
through in time ¢ is gp {e m-l+ﬁ}.

2. A particle, of mass m, is projected vertically under gravity, the

resistance of the air being mk times the velocity ; shew that the greatest
2

height attained by the particle is Kg[x-log(l +))], where V is the

terminal velocity of the particle and AV is its initial vertical velocity.

3. A heavy particle Is projected vertically upwards with velocity « in

a medium, the resistance of which is gu-2tan?a times the square of the

velocity, a being a constant. Shew that the particle will return to the
point of projection with velocity u cosa, after a time

ug—lcota(a+10g i iOS_a ).

Sina,

4. A particle falls from rest under gravity through a distance xin a
medium whose resistance varies as the square of the velocity ; if » be the
velocity ctually acquired by it, v, the velocity it would have acquired had
there been no resisting medium, and V the terminal velocity, shew that

::_9_ - logd , 1 ot 1 vo
wvooam SSV* PN
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5. A particle is projected with velocity ¥ along a smooth horizontal
plane in a medium whose resistance per tinit of mass is u times the cube
of the velocity. Shew that the disfance it has described in tigre ¢ is *

A iTea v~
. FV[J1+2;AVt 1

and that its velodity then is ————-—.
VI+2u V32
6. A heavy particle is projected vertically upwards with & velocity
in & medium the resistance of which varies as the tube of the particle’s
velocity. Determine the height to which the particle will ascend.

7. If the resistance vary as the fourth power of the veloclty, the
energy of m lbs. at a depth 'z below the hxghest point when moving in

a vertical line under gravity will be £ tan -—E— when rising, and

Etanh ﬁ%“-’

L4
when falling, where £ is the terminal energy in the medium.

8. A particle is projected in a resisting. medium whose resistance
varies as (velocity)®, and it comes to rest after describing a distance s in
time 7. Find the values of s and ¢ and shew that s is finite if n < 2, but
infinite if n= or > 2, whilst ¢ is finite if n < 1, but infinite if n= or > 1.

9. In the previous question if the resistance be & (velocity) and the

initial velocity be P, shew that v=Ve~¥ and s={; (1—e~Ht),

10. A heavy particle is projected vertically upwards in a medium
the resistance of which varies as the square of the velocity. It has a
kinetic energy K in its upward path at a given point ; when it passes the

same point on the way down, shew that its loss of energy is Kf K,,where
K' is the limit to which its energy approaches in its downward course.

11. If the resistance to the motion of a railway train vary as its mass
and the square of its velocity, and the engine wogk at constant H. p., shew

that full speed will never be attained, and that the distance traversed from
rest when half-speed is attained is 517‘ log, g-, where u is the resistance per

unit mass per unit velocity.
Find also the time of describing this distance.

12. A ship, with engines stopped, is gradually brought to rest by the
resistance of the water. At one instant the velocity is 10 ft. per sec. and
one minute later the speed has fallen to 6 ft. per sec. For speeds below
2 ft, per sec. the resistance may be taken to vary as the speed, and for
higher speeds to vary as the square of the speed. Shew that, before
coming to rest, the ship will move through 9001 +log, 5] feet, from the
point when the first velocity was observed.
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13 A particle moves from rest at a distance a fmm a fixed point 0
under the action of a force to 0°equal to p times the distande per unit of
mays ; if the resistance of the mediug in which it moves be £ times the
square of the velocity per unit of mass, shew that the square of the velocity

when it is at a distance & from 0 is "’—; % e‘”‘(”““)+ f.l e”‘(*“)].

Shew also that when it first cpmes to rest it w1ll be at a distance b

given by (1 —24b) e®=(1+42ka) 20k, o

14, A particle falls from rest at a distance a from the centre of the
Earth towards the Earth, the motion meeting with a small resistance
proportional to the square of the velocity v agd the retardation being y for
unit velocity ; shew that the kinetic energy at distance # from the centre

is mgr? {i - };-{— 2u (l - af) - 2u log, g} , the square of u being neglected, and
r being the radius of the Earth. 5

15. An attracting force, varying as the distance, acts on a particle
initially at rest at a distancy @. Shew that, if V be the velocity when the
particle is at a distance z, and V' the velocity of the same particle when
the resistance of the air is taken into account, then

V[l 1, (2a+2) (a—x)

a+x
nearly, the resistance of the air bemg given to be £ times the square of the
velocity per unit of mass, where £ is very small.

109. A particle vs projected under gravity and a resistance
equal to mk (velocity) with a velocity w at an angle a to the
horizon; to find the motion.

Let the axes of # and y.be respectively horizontal and
vertical, and the origin at the point of projection. Then the
equations of motion are

ds dm dz
==k G= kg
. ds d d
and y=-—]c«(—i—za—z—g=—k—j%/_g_

Integrating, we have
log & = — kt + const. =— kt + log (u cos a),
and log (ky + g) = — kt + const. = — kt + log (kusin a + g);
Sog=ucosag® e (1),
and ky+g=(kusina+g)e™ ....cceveennnnn(2)
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R L3 % gkt 4 const. =2 czs a»(l —-e®)y .. ... 3),
and ky +gt=— k—?igi—n,;iLq e~ + const.
. .
. _husinatyg ;_ uy o eerne(#).

k
Eliminating ¢, we have
g _ ke z ., g
y= Ic’log (1 u&ﬁ) +icosa (u sma+[c) -+ (5),
which is the equation togthe path.
The greatest height is attained when § = 0, 7.e. when

*= 9 4 o1 ( ku sin a)
e fusnaty’ t.e. at time klog 1+ ,
and then =usina_glo (1+———-kw sin a).
V=% "By

It is clear from equations (8) and (4) that when t= o0,
_ucosa

Tk
. . * ucosa .
asymptote at a horizontal distance A from the point of

and y=— o. Hence the path has a vertical

projection. Also, then, 2=0 and §= _.2:' t.e. the particle will
then have just attained the limiting velocity.

Cor. If the right-hand side of (5) be expanded in powers
of k, it becomes

g[ kr 1 k2* 1 ka2 ]
Y= .

ucosa 2ucos’a 3 uPcos®a

< (u sina + ‘2) ,
ucosa k
ga 1 gka* 1 gloa
Quicos’a 3 u'cos’a 4 u‘costa
On putting % equal to zero, we have the ordinary equation
to the trajectory”for unresisted motion.

e y=atana-—

110. A particle is moving under grawity in a medium
whose resistance = mp (velocity)*; to find the motion. «

When the particle has described a distance s, let its tangent
make an angle ¢ with the upward drawn vertical, and let v be
its velocity.
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The equations of motion are then

dy
vag=—geos¢—,wv’ .................. (1),

and %=gsin B e Q).
2
(1) gives % %‘? = —2g cos ¢ — 2ur?,

e, from (2), - ¢(psmqb)--—2cos¢-—2//.psm¢

sm¢+3cos¢-— — 2up sin ¢.

d¢
LA D) L _dempl g
v d¢>( sinfp  sin‘¢ p sin® 4>

- psm‘¢ '“fsm’¢ aé
—n 298 gl

+4...(3)
(2) then gives

_ . cosé l4cosgp] g
v’[A Femig ™ plog sin ¢ ]—sin’¢'

Equation (8) gives the intrinsic equation of the path, but
cannot be integrated further.

111. A bead moves on a smooth wire in a vertical plane
under a resistance {= % (velocity)?} ; to find the motion. *

When the bead has described an arcual distance s, let the
velocity be v at an angle ¢ to the horizon (Fig., Art. 102),
and let the reaction of the wire be R.

The equations of motion are

and 1-;-;=9608¢—R occoouoocounc.....(2).
Let the curve be s =f(¢)
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Then (1) gives
35 (3) = ®lgsing - o)
e, (v’) +2kf'(¢) . 0" = 29 sing . f/($),

a linear equatlon to give v%, '

Particular tuse. Let the ourve be a circle so that‘s=ag, if s and  be
measured from the highest point.

(1) then gives ‘% () + 2akv?=2ag sin 6.

& 0220k =200 [gin ¢ . e20K0

=7 2: e ¢20%$ 94k sin ¢ - cos ¢) + C.

o 2= 1 +24 23 (2ak sin ¢ — cos ¢) + Ce ™20k,
.

EXAMPLES

1. A particle of unit mass is préjected with velocity » at an
inclination a above the horizon in a medium whose resistance is £ times
the velocity. Shew that its direction will again make an angle a with
the horizon after a time ]lclog {1 +—2—§—?-‘ sin a}.

2. If the resistance vary as the velocity and the range on the
horizontal plane through the point of projection is a maximum, shew
that the angle a which the direction of projection makes with the vertical
MAERO099) o0 [1 4\ seca], whero A is the ratio of th

cosatn  —log al, where A is the ratio of the
velocity of projection to the terminal velocity.

is given by

3. A particle acted on by gravity is projected in a medium of which
the resistance varies as the velocity. Shew that its acceleration retains
a fixed direction and diminishes without limit to zero.

4. Shew that in the motion of a heavy particle in a medium, the
resistance of whicl, varies as the velocity, the greatest height above the
level of the point of projection is reached in less than half the total time
of the flight above that level.

5. If a particle be moving in a medium whose resistance ‘Varies as
the velocity of the particle, shew that the equation of the trajectory
can, by a proper choice of axes, be put into the form

y+ax=blogx.
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6.. If the resistance of the air to a particle’s motion bg n times its
weight, and the particle be projected homzonta.lly with velocity V, shew
that the velocity of the particle, whem it is moving at an mchnatxon ¢

n-1 _ntl
to the horizontal, is V(1-esing) 2 (14+sing) 2.

7. A heavy bead, of mass m, slides on a smooth wire in the shape

of a cycloid, whose axis is vertical and vertex upwards, in a medium

whose resistance is m and the distance of the startm&po.ﬁt from the

vertex is ¢; shew that the time of descent to the cusp is \/ Sada-0)

ge
where 2a is the length of the axis of the cycldfd.

8. A heavy bead slides down a smooth wire in the form of a cycloid,
whose axis is vertical and vertex downwards, from rest at a cusp, and
is acted on besides its weight by a tangential resistance proportional to
the square of the velocity. Determine the velocity after a fall through
the height 2.

9. If a point travel on an equiangular spiral towards the pole with
uniform angular velocity about the pole, shew that the projection of the
point on a straight line represents & resisted simple vibration.

10. A paa-ticle, moving in 4 resisting medium, is acted on by a
central foroe ; if the path be an equiangular spiral of angle a, whose
n—-3 pcosa

2 T~

11. A particle, of mass m, is projected in a medium whose resist-
ance is mk (velocity), and is acted on by a force to a fixed point
(=m.p.distance). Find the equation to the path, and, in the case
when 242=9u, shew that it is a parabola and that the particle would
ultimately come to rest at the origin, but that the time taken would be
infinite. ,

12. If a high throw is made with a diabolo spool the vertical
resistance may be negleeted, but the spin and the vertical motion
together account for a horizontal drifting force which may be taken as
proportional to the vertical velocity. Shew that if the spool is thrown
80 as to rise to the height 4 and return to the point of projection, the
spool is at its greatest distance ¢ from the vertical through that point

when it is at & height %; and shew that the equation #g the trajectory is

of the form 4A%23=27c¢23 (h~y).

13. If a body move under a central force in a medium which exerts a
resistance equal to % times the velocity per unit of mass, prove that

Z:+u= ,f, 62kt where A is twice the initial moment of momentum

about the centre of force.
L. D 9

pole is at the centre of fdrce, shew that the resistance is ——
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14 A particle moves with a central acceleration P in a medinm of
which the resistance is k. (velocity)?; shew that the equation to its path

i f;: tu=s—s };‘2 e¥*, where s is the length of the arc described, and % s

twice the inftial moment of momentum about Yhe centre of force.

15. A partlcle moves in a resisting medium with a given central
acceleration P ; the path of the pdrticle being given, shew that the

resistance s : -.s— (p’dp P) .

112.  Motion where the mass moving varies.

The equation P =mf is only true when the mass m is
constant. Newton’s second law in its more fundamental form is

Suppose that a particle gains in time 8¢ an increment &m
of mass and that this increment &m was moving with a
velocity wu.

Then in time &t the mcrement in the momentum of the
particle

=m.8 + &m (v+ 6v— u),

and the impulse of $he force in this time is P3t.

Equating these we have, on proceeding to the limit,

dv dm dm
m a +v v uw G- P,

. d dm
2.6, § Jt(mv)—P+u—dZ SN ] )
When u is zero we have the result (1).

.

113. Ez. 1. A spherical raindrop, falling freely, receives in each instant
an increase of volume equal to N times its surface at that instant; find the
velocity at the end of time t, and the distance fallen through in that time.

When the raindrop has fallen through a distance z in time f let its radius
be  and its mass' M. Then

* = [M e B (O OO (1).
dM
Now M= tpr', 80 that 4:-1",) T = g =P Hrd, by the question,

o 2_: ’ and r=a+ N,
where a is the initial radius.
. d dx
Eonoe (1) gives i@ [(a +At)8 —d‘-]== (a+At)3g.
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gf (a+ M)‘ at

) t:] —_—
M =R i
sinod the velodity was zero to start with, *
., 9z_ g at
Sl ol bt (a+)\t)9]'
(a+xt)i at 9 .9
and m[ Py e

since z and ¢ vanish toggther.

at
o $=§—xi [(a+M)' - 2a’+m-)—2]
g A 2a + N3
=g a+ht- a+)\t] —ySTa+M °
Exz. 2. A mass in the form of a solid cylinder, the area of whose cross-
section is A, moves parallel to its axis, being acted on by a constant force F,
through a uniform cloud of fine dust of volume density p which is moving in
a direction opposite to that of the ¢ylinder with constant velocity V. If all the
dust that meets the cylinder clings to it, find the velocity and distance described
in any time t, the cylinder being originally at rest, and its initial mass m.
Let M be the mass at time ¢ and v the velocity. Then
M.3v+08M(v+dv+ V)—increase in the momentum in time 5t =F3¢.
dM aM ’

DR 75 L R S5 N 11
in the limit.
Also . %’—:’ =Ap (04 V)errnnn rerveesennsenssensssssssnns(@):
(1) gives Mv+ MV =Ft+const. =Ft+mV.
Therefore (2) gives ¥ 4 Fesmy),

& M23=Ap (Ft2+2mVt) +md.
Therefore (2) gives ;
v=-V+ Fi+mV _ _ Ve Ft4+mV - ®).
M ,\/m?+2mAth+A1'
Also if the hinder end of, the cylinder has desoribed & distance z frog rest,
dz = 1 AT omAsVit AFati- 1
so that v=—;, then z= - V""Zﬁ NmEIr2mdpVt+ AFpt il
From (3) we have that the acceleration
dv _ m3(F - 4pV'%)
- (m2+ 2mAth+AFpt’)'. -
g0 that the motion is always in the direction of the force, or opposite, according
as F : ApV3.

Ez. 8, o4 uniform chain is coiled up on a horizontal plane and one end
passes over a small light pulley at a height a above the plane; fnitially a
length b, >a, hangs freely on the other side; find the motion.

When the length b has inocreased to x, let v be the velosity; then in the
time 8¢ next ensuing the momentum of the part (r+a) has increased by

-2
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m (2 +a) v, where m is the mass per unit length. Also a length mdz has
been jerked ‘into motion, and given a velocity v+dv. Hence
m (2 +a) 8v +mdz (v +3v) =change in the momentum P .
=impulse of the acting force=mg (x - a). 8¢,

Hence, d¥viding by 6¢ and proceedmg to the litait, we have
L 3
(m+a) +v’ (z-a)g.

. - 2 — -
~- o vdx.(z+a)+v =(z a)g.'
.« . x 23 — b8
o V8 (z+a)2= 2(a:9—-a9)g=2{ 3 —a? (a:—b)} 9
o= 3 (z-b) (22+ bz + b2 - 3a3)
(x+a)
This equation cannot be mtegtated further,

go that

In the particular case when b=2a, this gives v2=2§?(a:-b), 8o that the
end descends with constant acceleration %
The tension T of the chain is clearly given by.T3t=mdz . v, so that T=m?.

EXAMPLES

1. A spherical raindrop of radius ¢ cms. falls from rest through a
vertical height %, receiving throughout the motion an accumulation of
condensed vapour at the rate of ¥ grammes per square cm. per second,
no vertical force but gravity acting ; shew that when it reaches the ground

2h
its radius will be % \/ [l+\/1+2w]

2. A mass in the form of a solid cylinder, of radius ¢, acted upon by
no forces, moves parallel to its axis through a uniform cloud of fine dust,
of volume density p, which is at rest. If the particles of dust which
meet the mass adhere to it, and if M and u be the mass and velocity
at the beginning of the motion, prove that the distance x traversed in
time ¢ is given by the equation (¥ +p1rc"x)’:——M3+2p1ruc3Mt.

8. A particle of mass ¥ is at rest and begins to move under the
action of a constant force F' in a fixed direction, It encounters the
resistance of a stream of fine dust moving in the opposite direction with
velocity ¥, which deposits matter on it at a constant rate p. Shew that
its mass will be m when it has travelled a distance

' %[m—l[ {1 +log %}] where k=F-pV

4. A spherical raindrop, whose radius is ‘04 inches, begins o fall from
a height of 6400 feet, and during the fall its radius grows, by precipitation
of moisture, at the rate of 10-4 inches per second. If its motion be
unresisted, show that its radius when it reaches the ground is ‘0420 inches
and that it will have taken about 20 seconds to fall,
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6. « Snow slides off a roof clearing away a part of uniformn breadth ;
shew that, if it all slide at once, the time in which the roof will be cleared

6ra® I'
is \/ jina r%’ but that if the top move first and gnadually set the

rest in motion, the awelerauon is §g sin ¢ and the time witl be \/ geina’

where & is the inclination of: the rodf and a the length originally covered

with snow. -

e

6. A ball, of mass m, is moving under gravity j fnedium which
deposits matter on the ball at a uniform a6 p. Shew that the
equation to the trajectory, referred to hoypizontal and vertical axes
through a point on itself, may be written in the form

’ kx
Buy=ke(g+kiv)+gu(l-cv),

where %, » are the horizontal and vertical velocities at the origin and
mhk=2p.

7. A falling raindrop hgs its radius uniformly increased by access of
moisture. If it have given to it a horizontal velocity, shew that it will
then describe a hyperbola, one of whose asymptotes is vertical.

8. If a rocket, originally of mass ¥, throw off every unit of time
a mass e} with relative velocity &, and if M’ be the mass of the case etc.,

. MV
shew that it cannot rise at once unless ¢V > g, nor at all unless B—M—,->g.
If it just rises vertically &t once, shew that its greatest velocity is

M g M
VlOgF ‘—Z (1 —'7>,
and that the greatest height it reaches is

V2 AN\3 M
55 (loeir) +5 (1T -on 37)-

9. A heavy chain, of length 7, is held by its upper end so that its lower
end is at a height / above a horizontal plane; if the upper end is let go,
shew that at the instant when balf the chain is coiled up on the pla.ne

the pressure on the plane is to the weight of the chain in the' ratio
of 7:2.

10. A chain, of great length a, is suspended from the top of a tower
80 that its lower end touches the Earth ; if it be then let fall, shew that
the squa.re of its velocity, when its upper end has fallen a distance z, is

2grlog (T-l-—r——’ where r is the radius of the Earth. ~
11. A chain, of length /, is coiled at the edge of a table. One end is

fastened t® a particle, whose mass is equal to that of the whole chain,
and the other end is put over the edge. Shew that, immediately after

leaving the table, the particle is moving with velocity -21-,\/ 66—*22.
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12. A wniform string, whose length is / and whose weight is W, rests
over & small smooth pulley with its end just reaching to & horizontal
plane; if the string be slightly*displaced, shew that whee a length x
has been dgposited on the plane the pressure on it is

. W[z log 7}
and that the resultant pressure on the' pulley is W—

13. A mads ks attached to one end of a chain whose mass per unit
of length is . The Wuole is placed with the chain coiled up on a smooth
table and Jf is projected hyrizontally with velocity V. When a length #
of the chain has become straight, shew that the velocity of M is M'J_‘{V
and that its motion is the same as if there were no chain and it were
acted on by a force varying inversely as the cube of its distance from
a point in its line of motion.

Shew also that the rate at which kmetlc energy is dissipated is at
any instant proportional to the cube of the ‘velocity of the mass.

14. A weightless string passes over a smooth pulley. One end is
attached to a coil of chain lying on a horizontal table, and the other
to a length I of the same chain hangiag vertically with its lower end
just touching the table. Shew that after motion ensues the system will
first be at rest when a length z of chain has been lifted from the table,

such that ({—2)e ‘ ={. Why cannot the Principle of Energy be directly
applied to find the motion of such a system ?

15. A ship’s cable passes through a hole in the deck at a height a
above the coil in which the cable is heaped, then passes along the deck
for a distance b, and out at & hole in the side of the ship, immediately
outside of which it is attached to the anchor. If the latter be loosed find
the resulting motion, and, if the anchor be of weight equal to 2a+4b
of the cable, shew that it descends with uniform acceleration }g.

16. A mass ¥ is fastened to & chain of mass m per unit length coiled
up on a rough horizontal plane (coefficient of friction=p). The mass is
projected from the coil with velocity ¥'; shew that it will be brought to

M 3m VN
rest in a dxsta.nce — {(1+2Mpg - 1} .

17. A umform chain, of mass M and length /, is coiled up at the top
of & rough plane inclined at an angle a to the horizon and has a mass i
fastened to one end. This mass is projected down the plane with
velocity V. If the system comes to rest when the whole of the chain

is just straight, shew that V’-I%—glsec e sin (¢~a), where « is the angle

of friction,
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18, A uniform chain, of length ! and mass ml, is coﬂed on the floor,
and a mass me is attached to one end and pro;ected vertlca.lly upwards
with velocily 4/2g%. Shew that, according as the chain does or does not
completely leave the floor, the velocity of the mass on fin y reaching
the floor again is the velotity due to a fall through a helg

. 3l:zl c+ ¥ )z] or a-ce,
where a¥==c?(c+34).

"

19. A uniform chain is partly coiled on a table, .= % ond of it being

just carried over a smooth pulley at a height }a%n/ngdiabely above the

coil and attached there to a weight equal togthat of a length 24 of the

chain. Shew that until the weight strikes the table, the chain uncoils

with uniform acceleration 3g, and that, after it strikes the table, the
’ o-h

velocity at any moment is ¥/§ghe 2, where z is the length of the
chain uncoiled.

20. A string, of lengthyl, hangs over a smooth peg so as to be at rest.
One end is ignited and burns away at a uniform rate ». Shew that the
other end will at time ¢ be at a depth 2 below the peg, where z is given

da
—; = 292=0.

by the equation ({—w¢) (a_liz: +g)-v
de? dt
[At time ¢ let # be the longer, and y the shorter part of the string,
so that z+y=0-vt. Alsolet V,(=4), be the velocity of the string then.
On equating the change of momentum in the ensuing time 8¢ to the
impulse of the acting force, we have
@+y—v8t)(V+8V)~ (w+y) V=(x—y)gdt,

giving (.z--i-y)%z-,—vV=(x—y)g-=(2x—l+vt)g, ete.]

21. A chain, of mass m and length 2/, hangs 1n equilibrium over a
smooth pulley when an insect of mass M alights gently at one end and
begins crawling up with uniform velocity V relative to the chain; shew
that the velocity with whlch the chain leaves the pulley will be

‘M2 2M+m
e T gz]".

[Let V, be the velocity with which the chain starts, so that V- P, is
the velocity with which the insect starts. Then M (V- Vp)=the initial
impulsive action between the insect and chain=mV,, so that

M £
Vo= Mim £

At any subsequent time ¢ let # be the longer, and y the shorter part
of the chdin, £ the depth of the insect below the pulley, and 2 the force
exerted by the insect on the cham We then have

dz
ma;,-P+—3(w-y), ==}{g—l’, and ;E—--V
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Also z+y=29L
These equations give :

(U +m) =2 (W —m) g+ 22+ A,
.A]SO, whén r=l, F= Vg, Otc.] ¢

22. A uniform cord, of length 2, hangs over a smooth pulley and a
monkey, whose weight is that of the length £ of the cord, clings fo one
end and system remains in equilibrium. If he start suddenly, and
continue to clifuk,with uniform relative velocity ulong the cord, shew
that he will cease fumscend in space at the end of time

(""'k *oosh*‘(l+z).



CHAPTER VIII

/‘5

OSCILLATORY MOTION AND SN&LL OSCILLATIONS

114. In the previous chapters we have had several examples
of oscillatory motion. We have seen that wherever the  equation
of motion can be reduced to the form &= —n?, or § = —nf,
the motion is simple hdrmonic with a period of oscillation equal

to %:—r We shall give in this chapter a few examples of a

more difficult character.

116. Small oscillations. The general method of finding
the small oscillation’ about a position of equilibrium is to write
down the general equations of motion of the body. If there is
only one variable, z say, find the value of # which makes &,
& ... etc. zero, v.e. which gives the position of equilibrium, Let
this value be a. ~

In the equation of motion put z=a+ £, where £is small.
For a small oscillation § will be small so that we may neglect
its square. The equatlon of motion then generally reduces to
the form § =~ A£, in® which case the time of a small oscillation

For example, suppose the general equation of motion is

2 vf@ (F)=Fan
For, the position of equilibrium we have
F(z)=0, giving 2 =a,
Put o= o + £ and neglect £,
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The equation .becomes
'.i_g =F(a+§)2F(a)+ EF'(a)+..s

by Ta.ylor’s‘theprem
Since F(a)=0 this gwes & F'(a).

If F'(aﬁe\“ngatlve we have a small dscillation and the
position of ethbnu’h. given by # = a is stable.

If F'(a) be positivdy the corresponding motion is not
oscillatory and the position of equilibrium is unstable.

116. E=z. 1. 4 uniform rod, of length 2a, is supported in a horizontal
position by two strings attached to its ends whose other extremities are tied to a
Sfized point; if the unstretched length of each string bel and the modulus of
elasticity be n times the weight of the rod, shew that.in the position of equilibrium
the strings are inclined to the vertical at an angle a such that

l
aOOta-lOOSa,=2—’-.,

and that the time of a small oscillation about fne position of equilibrium ia

9 \/ a _ cota
g 142ncosda’ ¢
‘When the rod is at depth z below the fixed point, let # be the inclination of
each siring to the vertical, so that x=a cot @ and the tension

a

8ind l=1_t1n_y a-lsing
i [ ging
The equation of motion is then

=nmg

i=mg—g, Mg a-leing
mi=mg—-2. T ' #ng ooso,

o 2‘“’05092 ng a— ~18in @

i.e. ~ante’ * snss =g-2- T 5o cos ,
i.e ¥ -200to68= —gsin’ ¢ +2—a7l{-’ #in @ cos o(a-lsin 0) ..ocovnnnnni(1).

In the position€ equilibrium when §=a, we have §=0 and §=0, and

& acota~-~1lcos a.=2L”(2)

For a small oscillation put #=a+ ¢, where y is small, and
s ginf=gina+ycosa, and cosf=cosa~ysina.
In this case &8 is the square of a small quantity and is negligible; and (1) gives
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v=-2 5 (Bina+ycosa)? + (sm a+y 008 a).(cosa - ysina) *
- . [a—1(sina+ ¢ cos a)]
-—c (sm" a+2y 8in a 008 a) + -a— [sin a.008 a+y (0082 a ~ sin?a)]

(% tan a - ly cos a) by equation (2)
=—y. gtﬁnsin acos?a+tan a)

=-v.2 tan a (1 +2n cos8 a), -2
a -
SO — -
. a cota - ’
Hence the required time =2x \/ 7 132n co
Making use of the prineiple of the last article, if the right-hand side of (1)

be f(6), the equation for small oscillations is

¥=y.f()
and

S (a)= -4 sm acosa+-———(oos’a gin%a) (@ — Isin a)—2——qsmacos’a

=ete., as before,

Ez. 2, A4 heavy particle is placed at the centre of a smooth circular table; n
strings are attached to it and, after passing over small pulleys symmetrically
arranged at the circumference of the table, each is attached to a mass equal to that
of the particle on the table. If the particle be slightly displaced, shew that the time

of an oscillation is 2:-\/ s ( 1+ ’%) .

Let O be the centre of the board, 4,, 4, ..., 4, the pulleys, and let the
particle be displaced along a line 04 lying between 04, and O4,. When its
distance OP =2, let PA, =y, and £ PO4,=a,. Also, let a be the radius of the
table and I the length of & string.

Then y,=a/a+ 23— 2azcosa,=a(1 - ':2 cos a,.) , 8ince z is very small.

Let T, be the tension of the string P4,.

Then mg - T, —m (l Yy) =M 008 ay.

s Tp=m(g-Zcosa,).
ao08a,— %
Yr

=m (g‘&ioolu,)‘wf"—:f (1 + zcosa,.)

Also Ty.c08 APA,.=m (g —£cosa,).

= :—;(g—é;'oou,) [a3 cos a, - az +az o883 a,).

Now it POA4,=a, then
Z co8 a,. = C08 a + 608 (a + ?,-‘E) + ... to n terme=0,

Zoosﬂa,.=—12- [1+oos?a+1+oos(2a+ 4-"1)+...]=§o

and Zoosﬁa,.u%?)[z 008 ap -+ 008 8a,) =20,
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Therefore the equat‘ion of motion of P is
» .

-
.

o = 2T, cos APA,:”—;]-—agz. n+gawg-a’.’é%].

K3 é:( n)='_%g; .

N
#=- a (24n) n)
and the time o(a_ofmplete osoillation =2x \/ _a_(;%-i) <

It can ea,sxly be :ﬁ‘e’vém that the sum of the resolved parts of the tensions
perpendicular to OP va.mshésqf squares of z be neglected.

Ez.8. Two particles, of mbm m and m', are connected by an elastic string
of natural length a and modulus of elasticity \; m is on a smooth table and
describes a circle of radius ¢ with uniform angular velocity ; the string passes
through a hole in the table at the centre of the circle and m' hangs at rest at a

distance ¢’ below the table. Shew that, if m be slightly disturbed, the periods 2;
of small oscillations about this state of steady motiongare given by the equation
alcmm'pt — {mc + (4c + 8¢’ - 8a) m'} anp2+ 8 (¢ +¢’ — a)\2=0.

At any time during the motion let z and y be the distances of m and m’ from
the hole and T’ the tension, so that the equations of motion are

m (& - ac03)= -T=- .v_—i_-_y__a verrecvnssnsannnnsneeen (1),

= a(x’é):ﬂ ........... greseeeseiesnessanaeiias 2),

and wjj=mg - T=m'g-\ ﬁ%;‘—l cerrnrasesssnnsssienseen(B)
(2) gives 230 =const. =h,

s0 that (1) gives 3—;3 - m—a (x+y-a) ... PPN ( )8

When z=c, y=c¢’ we have equilibrium, so that ¥=ij= 0 then, and hence
from (3) and (4)
n -
mg= m1 7_\_(_5_4;5__19 verrenrersseransesenennnees(B)e
Henoe® (4) and (3) give, on putting z=c+¢ and y’=c¢'+ where £ and y are
small,

§='§ ( - ?f) -— (c+c —a+€+n)— -— [wf + ﬂ].

and fi=—-— (£+ n)-
To solve these egeftions, put

£=4 008 (pt+ ) and =B cos (pt+f).
On substituting we have

/
4[ a+l_4c+3¢: Ba]+ 0

. A —pr4 M0,
and A.am,+B[ P +am’] 0
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Pquating the two values of f;g.thus obtained, we have, on reduction,

@omm/pt = {me +m’ (4c+ 8¢’ - §a)} aAp?+8 (c+ ¢’ - a) N =0.
This equation gives two values, p;? and pg?, for p?2, both values being positive.
The solution is thus of the form b
£=4,c08{p1t+B1)+ 43008 (pst + ;) »
with & similar expression for .
Hence the oscillations are compounded of two simple harmonic motions

27, 2r
hose periods are —*and —.
whose 7o pa

EXAMPLES

1. Two equal centres of repulsive force are at a distance 2, and the
law of force is %+ “—r‘: ; find the time of the small oscillation of a particle

on the line joining the centres.
If the centres be attraative, instead of repulsive, find the corresponding
time for a small oscillation on a straight line perpendicular to it.

2. A heavy particle is attached by two equal light extensible strings
to two fixed points in the same horizontal line distant 2a apart; the length
of each string when unstretchéll was 4 and the modulus of elasticity is A.
The particle is at rest when the strings are inclined at an angle a to the
vertical, and is then glightly displaced in a vertical direction ; shew that

the time of a complete small oscillation is 2 'V/ e (;’t a a—bsina

“a~bsinda’

3. Two equal heavy particles are fastened to the ends of a weightless
rod, of length 2¢, and oscillate in a vertical plane in a smooth sphere of
radius a; shew that the time of the oscillation is the same as that of a
simple pendulum of length =

Na? ¢t

. 4 A heavy rectangular board is symmetrically suspended in a
horizontal position by four light elastic strings attached to the corners of
the board and to a fixed point vertically above its centre. Shew that the

4c’)\> -3

period of the small vertical oscillations is 2x (Q + oy where ¢ is the

¢
equilibrium-distance of the board below the fixed poigt, a is the length of
a semi-diagonal, k=4/a?+¢c? and A is the modulus.  °

5. A rod of mass m hangs in a horizontal position supported by two
equal vértical elastic strings, each of modulus A and natural length a.
Shew that, if the rod receives a small displacement parallel to itself, the

period of & horizontal oscillation is 2 ,\/ e G+ ;—'; .
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8. A light string has one end attached to a fixed point 4, and, after
passing over & smooth peg B at the same height as 4 and distant 2a
from A, carries & mass P at the pther end. A ring, of mgss ¥, cen
slide on the portion of the string between 4 and B. Shew that the time
of its small oskillation about its position of equilibrium is

* dn[aMP (M+P)+g (4P2- M3)H]E,
assuming that 2P > M. ’ ‘

7. A partieke,_of mass m, is attached to & fixe[l point on a smooth
horizontal tableﬁg‘y\\'k@b‘elastio string, of natural length ¢ and modulus
of elasticity A, and revligs uniformly on the table, the string being
stretched to a length 5% sMow. that the time of a small oscillation for

a small additional extension of the string is 2 m%%a—).

8. Two particles, of masses m; and mg, are connected by a string,
of length a;+as, passing through a smooth ring on a horizontal table,
and the particles are describing circles of radii ¢; and a; with angular
velocitigs @; and g respectively. Shew that f,a,0,2=mgaz04% and that
the small oscillation about- this state takes place in the time

my +my
i 3(myen®+ ":}20’22) ’

9. A particle, of mass m, on a smooth horizontal table is attached by a
fine string through a hole in the table to a particle of mass m’ which hangs
freely. Find the condition that the particle m *may descfibe a circle
uniformly, and shew that, if m’ be slightly disturbed in a vertical
direction, the period of the resulting oscillation is 27 @%—)g
where a is the radius of the circle.

10. On a wire in the form of a parabola, whose latus-rectum is 4a and
whose axis is vertical and vertex downwards, is a bead attached to the

focus by an elastic string of natural length g, whose modulus is equal to
the weight of the bead. Shew that the time of a small oscillation is

) 2”~/9_
T g

11. At the corners of a square whose diagonal is 2a, are the centres of
four equal attractige forces equal to any function m. f(#) of the distance &
of the attracted particle m ; the particle is placed in one of the diagonals
very near the centre ; shew that the time of a small oscillation is

w2 {3 f@)+ 1@} *

12. Three particles, of equal mass m, are connected by equal elastic
strings and repel one another with a force p times the distance. In
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equilibrium each string is double its natural length ; shew that if the
particles are symmetrically displaced (so that the three stfings always

form an eqQilateral triangle) they will bacillate in period 2 \/ 57‘; .

13, Every point of a fine uniform circular ring repels a.qparticle with
a force which varies inversely as the square of the distante; shew that the
time of a small oscillation of the particle about its position of equilibrium
at the centre of the ring varies as the radius of the ring.

14. A uniform straight rod, of length 2a, moves iff, a smooth fixed
tube under the attraction of a fixed particle, of-nass m, which is at a
distance ¢ from the tube. Shew that the tim; of-a small oscillation is

se /TE.

15. A uniform straight rod is perpendicular to the plane of a fixed
uniform circular ring and passes through its centre ; every particle of the
ring attracts every particle of the rod with a force varying inversely as the
square of the distance; find the time of a small oscillation about the
position of equilibrium, the motion being perpendicular to the plane of
the ring.

16. A particle, of mass ¥, hangs at the end of a vertical string, of
length [, from a fixed point O, amd attached to it is a second string which
passes over a small pulley, in the same horizontal plane as 0 and distant {
from O, and is attached at its other end to a mass m, which is small
compared with #. When m is allowed to drop, shew that the system

oscillates about a mean position with & period 2x [l + 7(24- J2) ] \/ [
approximately, and find the mean position.

17. A heavy particle hangs in equilibrium suspended by an elastic
string whose Modulus of elasticity is three times the weight of the particle.
It is then slightly displaced; shew that its path is a small arc of a
parabola. If the displacement be in a direction making an angle cot™14

with the horizon, shew that the arc is the portion of a parabola cut off by
the latus-rectum. .

117. A particle of mass m moves in a straight line under
a force mn® (distance) towards a ﬁwed point tn the strasght line
and under a small resistance to its motion equal to m . u (velocity);
to find the motion.

The equation of motion is
diw .
mgp="mnw—m. o,

. diz  da .
t.e EZ;+"'H_£+"%' L/ PSSO ¢ § X
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[This is clearly the equation of motion if the particle is
moving so that « is increasing.

If as in the second figure the particle is moving so tifat
« decreaseg, .e. towards the left, the ‘ﬁ'ictional resistance is

towards the right, and equals m.uv. But in this case z_w is
negative, so that the value of v is — %—‘: ; the frictiona] resistance

is thus mp ( -3 >, The equation of motion is then
-

dw " + ( _ l_Jl_-_m>
m o =— mn'c + mu at)’
which again becomes (1).
MUY e
6 ) 3 ®
M. MUV
o P

Hence (1) gives the motion for all positions of P to the
right of O, irrespective of the direction in Which P is moving.

Similarly it can be shewn to be the equation of motion for
positions of P to the left of O, whatever be the direction in
which P is moving.]

To solve (1), put # = Le?, and we have

p’-}-,up+'n’=0,
giving P=~gii«/n’-%:.
c o p=est [Lev n’-'%’it_'.Lre-'s/n'——z;it] ’
. —Es %
6. o=Ae %’ cos n’——;t+B ............ 2),

where A and b are arbitrary constants.

If 4 be small, then 6”3 isa slowly varying quantity, so
that (2) a.pproximatel}_r represents a simple harmonic motion of

2
period 27r=+;\/ n’—%, ‘whose amplitude, Ae"gt, is a slowly
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decreasing quantity. Such ‘a motiop/ is called a° damped
osciHation snd x measures the damping.

This period depends on the square of y, so that, to, the first
order of approximation, this small frictional resistance has no
effect on the period of the motion. Its effect is chiefly seen in
the decreasing amphtude of the motion, which = A (1 -3 )
when squares of pu are neglected, and therefo. depends on the
first power of w.

Such a vibration as the above is called a free vibration.
It is the vibration of a particle which moves under the action
of no external periodic force.

If 4 be not small compared with », the motion cannot be
so simply represented, but for all values of , < 2n, the equation
(2) gives the motion.

From (2) we have, on differentiating, that £ =0 when

tan [,\/;:——E;t+B] T

giving solutions of the form

= tan a (say)...(3),

\/n:_’ft.{.B:a, r+a 27+a...

-

Hence & is zero, that is the velocity vanishes, at the ends of

2
periods of time differing by = + .\/ n? -% .

The times of oscillation thus still remain constant, though
they are greater than when there is no frictional resistance. *

If the successive values of ¢ obtained from (8) are ¢,,¢,, ¢, ...
then the corresponding values of (2) are

Ae™ 2" cos o -~ Aa™5% cos a, Ae5% cos o
so that the amplitudes of the oscillations form a decreaamg G.P.

whose common ratio = ¢=3%~% = o“T"“/ w-o
If u > 2n, the form of the solution changes ; for now
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and the general solution is ‘
o=6T [Le =)ty eV E-) "}

¢ 4
O G-%Al cosh[\/(%; - n’) Jd4+ Bl] .

In this case the motion is no longer oscillatory.
If u = 25 we have by the rules of Differential Equations
& g + Lt Mg+t
- y=0
= Le~™ + Lt Me—™ (1 — ot + squares)
v=0
= 18_”‘ + M)te-'u = e—m (L] + Mlt)‘

Ez. The time of oscillation of a particle when there is no frictional
resistance is 1} secs. ; if there be a frictional resistance equal to } x m x veloocity,
find the consequent alteration in the period and the factor which gives the ratio
of successive maximum amplitudes. ¢

x4

118. The motion of the last article may be represented
graphically ; let time ¢ be represented by distances measured
along the horizontal axis and the displacement « of the particle
by the vertical ordinates. Then any displacement such as that
of the last article will be represented ag in the figure.

® The dotted curve on which all the ends of the maximim

M
ordinates lieis 2= £ Ae” *’ cosa. The times 4,4,, 4345, A,4,,...
of successive periods are equal, whilst the corresponding maxi-
mum ordinates 4,B,, 4,B;,, ... form a decreasing geometrical
progression whose ratio

[

A cosae™ 3 %4
- — —¢
£.04,

e
. ?

A4 cosae™
where 7 is the time of an oscillation,
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If we have a particle moving with a damped vibration of
this cha,racter, and we make it aut;oma.tlcally draw ifs own dis-
placement curve as in the above figure, we can from the curve
determine the forces acting on it. For measuring the shccessive
distances C,C,, C,C,, ..., ete., and takmg their mean, we have
the periodic time T which we found in the, last article to be

- _..,_L_a S‘lTj —nd — l£ .
27|".,\/n’ 5 % that A== s
Again, measuring the maximum ord,7ates A4,B,, A,B,.

A,B,, ..., finding the values of jg ﬁ B, and taking their

u
mean, A, we have the value of the quantity e"3", so that

.- g 7=log, \.
We thus have the values of n? and u, giving the restorative
force and the frictional resistance of the motion.

119. A point is moving ® a straight line with an accelera-
tion px towards a fized centre in the straight line and with an
additional acceleration & cos pt ; to find the motion.

The equation of motion is

dx

7 il + ‘L~cos pt
The solutiorr of this is ;
z= Acos'\/i B)+1L 75— " cos pt
(Vui +B)+ D’ 0% (4
=4 cos [«/‘;,«.t FBy¥ Lp, CORPE rvvunrnenn. .
If the particle starts from rest at a distance a at zero time,
we have B=0 and 4 =a — ——L——,.
. I
L - L
w=[ -u—p"] cos«/p,t+”_ ,cos pt......(2)
The motion of the point is thus compounded of two simple
2 2

and —

p
From the right-hand side of (2) it follows that, if p be
10—2

harmonic motions whose periods are ~——
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nearly e({ual to 4/u, the coefficient = Lp becomes very g'reat

in other words, the effect of the disturbing acceleratlon L cos pt
becomes very important. It follows that the ultimate effect of

a periodic diSturbing force depends not only on its magnitude
L, but also on its period, and that, if the period be nearly that
of the free motion, its effect may be very large even though its
absolute magMyde L be comparatively small.

If p=y/u, the yms in (2) become infinite. In this case

the solution no longer holds, and the secon‘d term in (1)

el —r cos['\/y,t]sL Lt cos Wap+y)t

D l)2

1

e = T —————— cos [V +9]t
r=op—(Vptqy [ 'Y]

=-1 —%— [something infinite — ¢ sin ¥ ut).

Hence, by the ordinary theory of Differential Equations, the
solution is

x= A,cos[«/-t+B]+ L tsm«/;-:.t.
If, as before, z = @ and & =0 when t=0, this gives

z=acosVul + g%‘.tsin Vi,

and hence &= (-2—7 -a 4/;4.) sin vVt + g t cos Vput.

It follows that the amplitude of the motion, and also the
velocity, become very great as ¢ gets large.

120. If, instead of a linear motion of the character of the
previous article, we have an angular motion, as in the case of
a simple pendulum, the equation of motion is

- @ _
@
and the solution is similar to that of the last article.

0+Lcospt

In this case, if L be large compared with '(l—} or if » be very "

nearly equal to ,\/ %, the free time of vibration, ¢ is no longer
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small throughout the motion and the equation of motion must
be replaced by the more accurate equatlon

(gg———sm 0+Lcospt.

121. As an example of the accumulative effect of a periodic
force whose period coincides with the free period of the system,
consider the case of, a person in a swing to whom a small
impulse is apphed when he is at the hxghest nolnt of his swing.
This impulse is of the nature of a perlodd. force whose period
is just equal to that of the swing and the effect of such an
1mpulse is to make the swmg to move through a continually
increasing angle.

If however the period of the impulse is not the same as
that of the swing, its effect is sometimes to help, and sometimes
to oppose, the motion.

If its period is very nearly, but not quite, that of the swing
its effect is for many successive applications to increase the
motion, and then for many fugther applications to decrease the
motion. In this case a great amplitude of motion is at first
produced which is then gradually destroyed, and then produced
again, and so on.

122. A particle, of mass m, 18 moving in a straight line
under a force mn® (distance) towards a fized point in the straight
line, and under a frictional resistance equal to m.u (velocity)
and a periodic force mL cos pt ; to find the motion,

The equation of motion is

2

:i:l; - Wz~ /.4.3‘:+Lcospt
. dz, dx
.8 wtrmt n*z = L cos pt.

The complementary function is

Ae™5* cos [F t-l-B] ce®ieenen(1),

assuming u < 2n, and the particular integral

- .1 (n3 - p*) cos pt + pp sin pt
~PERD T G
Lsme

ap OB O) s veerereeneene(2),
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where tane = n,/fo e

The motion is thus compounded of two osciliations; the
first is called the free vibration and the second the forced
vibration. “

Particular case. Let the period %—;—T- of the disturbing force

be equal to 34{, e free period.

Y

The solution is thén, for the forced vibration,
L .
o= -—sInnt.
U1

If, as is usually the case, u is also small, this gives a vibra-
tion whose maximum amplitude is very large. Hence we see
that a small periodic force may, if i%3 period is nearly equal to
that of the free motion of the body, produce effects out of all
proportion to its magnitude.

Hence we see why there may, be danger to bridges from the
accumulative effect of soldiers marching over them in step, why
ships roll so heavily when the waves are of the proper period,
and why a railway-carriage may oscillate considerably in a
vertical direction when it is travelling at such a rate that the
time it takes to go the length of a rail is equal to a period of
vibration of the springs on which it rests.

Many other phenomena, of a more complicated character,

‘are explainable on similar principles to those of the above
simple case.

© 123. There is a very important differcnce between the
free vibration glven by (1) and the forced vibration given
by (2).

Suppose for instance that the particle was initially at rest
at a given finite distance from the origin. The arbitrary
constants A and B are then easily determined and are found

to be finite. The factor ¢™3¢ in (1), which gradually diminishes
as time goes on, causes the expression (1) to' continually.
decrease and ultimately to vanish. Hence the free vibration
gradually dies dut.

The forced vibration (2) has no such diminishing factor but
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is a contmually repeating penodlc function. 'Hence dnally it
is the only motion of any importance.

° . )
124.  Small oscillations of a simple pendulum under gravity,
where the resistance = p Celocity)® and w 18 small,  *
The equation of motion is ’
W=—gl+ultr ............ v Q).

[If the pendulum start from rest at an inclination a to the
vertical, the same equation is found to hold until it comes to
rest on the other side of the vertical] ™"

For a first approximation, neglect the small term 2%, and
we have

0=Acos[ ‘%t+B].

For a second approximation, put this value of € in the
small terms on the right-hand side of (1), and it becomes

§+‘%0=,ul.%11’sin’ [\/‘gt+B]
A’;tg[ - cos 2\/_t+2B]
0m o [y B8]+ A o, [0 20]

...... veee(2),

A'ul cos 2B,

A,ul

where a=AcosB+——4——

and 0=—AsinB-— ég—£ sin 2B,

. B=0,and 4 = a — §aul, squares of u being neglected.
Hence (2) gives

6= (a-——a’pl cos \/y +-——+g’£—lcos '\/l

9000000000 (3),
and hence

9=—\/l a-——a'fl'l sin J wplfsm ,\/g

............... (4).

*. @ is zero when sin \/;t= 0, t.e. when ¢t = vr«/é
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The time of ‘a swing from rest to rest is therefore unaltered
by the resistance, provided the ‘square of u be neglected.

Again, when ¢t = \/5, '
2 adul  atul _4
0=-—(a—§a*,,,l)+—2—+—6—_ (a sasﬂ'l)‘
Hence the amplitude of the swing is diminished by 4aul.
Let the pendulum be passing through' the lowest point of
its path at time

;\/ ; ( + T) where T is small.

Then (8) gives
0=(a—- ga’,ul) (-sin T)+ @l a’“lcos2T
. T(a —-ga’/tl) @pl a’;}l =2

and o = T:

Hence the time of swinging to the lowest point

/\/ ¢ a,ul

and of swinging up to rest again \
) «/ o) ﬂ m_al
m \/ g <2 3 )

EXAMPLES
1, Iinvestigate the rectilinear motion given by the equation
diz ., d%
A W.'.B W"'CZ“FD—O,
and shew that it is compounded of two harmonic oscillations if the
equation 4y3+ By + C=0 has real negative roots.
2. A particle ig executing simple harmonic oscillations of amplitude
a, under an attraction E If & small disturbing force :’f—s beq introduced
(the amplitude being unchanged) shew that the penod is, to & first

approximation, decreased in the ratio 1—5‘—‘ L
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[
3.* Two heavy particles, of masses m and m', are fixed to two points,
A and B, of an elastic string O4B. The end 0 is attached to a fixed point
aQd the system hangs freely. A small vertical disturbancé being given to
it, find the times of the resultant osciltations,

4. A particle hangs at rest at the end of an olastic ‘string whose
unstretched length is @. In the position of equilibrium, the length of the

string is b, and %’ is the time of an oscillation about this position. At

time zero, when the particle is in equilibrium, the point of suspension
begins to move so that its downward displacement at time ¢ is ¢sin pr.
Shew that the length of the string at time ,t, )

cpt

_onp
b n”—p”slnnt+n’

5 sin pt,

If p=n, shew that the length of the string at time ¢ is

b—-%sin nt-—'r—;c—tcosnt.

8. A helical spring supports a weight of 20 lbs. attached to its lower
end ; the natural length of the spring is 12 inches and the load causes it .
to extend to a length of 13} inches, The upper end of the spring is then
given a vertical simple harmonic motion, the full extent of the displace-
ment being 2 inches and 100 complete vibrations occurring in one minute.
Neglecting air resistance and the inertia of the spring, investigate the
motion of the suspended mass after the motion has become steady, and
shew that the amplitude of the motion set up is about 34 inches,

8. If a pendulum oscillates in & medium the resistance of which varies
as the velocity, shew that the oscillations are isochronous.

7. The time of a complete oscillation of a pendulum making small
oscillations #n vacuo is 2 seconds; if the angular retardation due to the air
is ‘04 x (angular velocity of the pendulum) and the initial amplitude is 1°,
find the inclination of the pendulum to the vertical at any subsequent time,
and shew that the amplitude will in 10 complete oscillations be reduced to
40’ approximately. [logy e="4343.]

8. The point of suspension of a simple pendulum of length / has a
horizontal motion given by ¥=acos m¢. Find the effect on the motion of
the particle.

Consider in particular the motion when m? is equal, or nearly equal, to

%. In the latter case if the pendulum be passing through its vertical
position with angular velocity » at zero time, shew that, sa long as it is
small, the inclination to the vertical at time ¢

[ ag .\/5
=@ \/é[l'f'mt sin z—‘.
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[If 0 be the position of the point of suspension at time ¢ its accelera-
tion is ¥ Hence the accelerations of 2, the hob of the pendulum, sre /]
perpendicular to 0'P, 14? along PO, and & parallel to 00’

Hence resolving perpendicu]ar tb O'P,

l§+%cos = —gsin dm — gb,
3
ie. G —%0-{- # cos m¢, since 4 is small.
Now solve as in Art. 119.]

9. The point of support of a simple pendulum, of weight w and length /,
is attached to a nassless spring which moves backwards and forwards in a

horizontal line ; shew that the time of vibration=2x \/ fy ( 1+ %) , where
W is the weight required to stretch the spring a distance ¢,

10, Two simple pendulums, each of length a, are hung from two points
in the same horizontal plane at a distance b apart ; the bob of each is of

2
mass m and the mutual attraction is (d);T":)” where X is small compared
i

with g; shew that, if the pendulums be started so that they are
always moving in opposn:e directions, the time of oscillation of each is

2 ,\/ 7 (l 4+ g%?%a ) nearly, about a mean position inclined at §b_= ™ radians

nearly to the wértical.

1, A penduluq: is suspended in a ship so that it can swing in a plane
at right apgles to,thalength of the ship, its excursions being read off on a
scale fixed to the, shxp The free pemod of oscillation of the pendulum is
one second, and its point of suspension is 10 feet above the centre of
gravity of the ship. Shew that when the ship is rolling through a small
angle on each side of the vertical with a period of 8 secs., the apparent
angular movement of the pendulum will be approximately 20 per cent.
greater than that of the ship.

12. The point of suspension of a simple pendulum of length  moves
in a hoxizontal circle of radius @ with constant gngular velocity w ; when
the motion has become steady, shew that the inclination a to the vertical
of the thread of the pendulum is given by the equation

w?(a+1sina)—g tan a=0.

13. A pendulum consists of a light elastic string with a particle at
one end and fastgued at the other. In the position of equilibrium the
string is stretched to 4 of its natural length Z. If the particle is slightly
displaced from the position of equilibrium and is then let go, trace its
subsequent path and find the times of its component oscillation?



CHAPTER IX

MOTION IN THREE DIMENSIONS

126. To find the accelerations of a particle in terms of
polar coordinates.

Let the coordinatgs of any point P be r, 6, and ¢, where r is
the distance of P from a fixed
origin O, 0 is the angle that
OP makes with a fixed axis
Oz, and ¢ is the angle® that
the plane z0P makes with a
fixed plane z0x.

Draw PN perpendicular to
the plane 0y and let ON =p.

Then the a.ccelerations of

d’w d*
Par e dt{’ and &2 dt*’ where
, y and z are the coordinates of P.

Since the polar coordinates of N, which is always in the

plane 20y, are p and ¢, its accelerations are, as in Art."49,

. dt"—p(dt) along ON,
- 1 d

p dt( d¢) perpendicular to ON

Also the acceleration of P relative to NV i 8 = d along NP,

and

Hence the accelerations of P are

dz d\?
;i_tg —-p (E?) along LP,
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\

1d/,dp .
P & .(p’ W) perpendicular to the plane :PK,

and :—z—f parallel to Os.

Now, since zv=17cos 8 a,nd p =7sin 0,1t follows, as in Art. 50,

that accelerations g: a.nd t’ R alox;g and perpendicular to Os

in the plane sPK, are equivalent to ;l*r (‘%) along OP and

14 ( dt) perpendicular to OP in the plane zPK.

rdi .
Also the acceleration - d—¢ along LP is equivalent to
—psm&(ﬁf) along OP and —pcosd ( ‘if) perpendicular to

OP.

Hence if a, B, ¢ be the accelerations of P respectively along
OP, perpendicular to OP in the plane zPK in the direction
of @ incressing;-and perpendicular td the plane 2PK in the
direction -of ¢ increasing, we have

a=id:'-'—r(§—e p31n0(d¢)

@ "\ at
=%—r(%z).—rsin’0(%?)' cevveeeeneresnn(),
A () oo (@)
C =18 (rD) - reinocos 0(F . @,
and  g= %g- %)= rs}negt(i‘sin;e(;—f) -

126. Oylindr’ica.l coordinates.
It is sometimes convenient to refer the motion of P to the

coordinates z, p, and ¢, which are called cylindrical coordtnates,
As in the previous article the accelerations are then

%;’ -p (‘i—?)a along LP,
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1d ( dpy o+ . o
o @ (p a—t—) perpendicular to the plane..zl K,
and 3—; parallel to Oz.

127. A particle 18 attaghed to one end of a string, of length
l, the other end of which s tied to a fized point O. When the
string s tnclined at an acute angle a to the downward-drawn
vertical the particle is projected horizontally and perpendicular
to the siring with a velocity V'; to find #he resulting motion,

In the expressions (1), (2) and (3) of Art. 125 for the

accelerations we here have r=1,
The equations of motion are thus o

— 16— Lsin® 0 = —% +gcosf...(1),
18 —1cos 0 sin¥§* = — g sin 6...(2),

1 d, ...
and Tndd@ (sin? ¢) =O0......... 3).
The last equation giveg
sin? ¢ = constant = sin’a [$], N
Vsina
ax l 0000000000000 (4)-

On substituting for ¢.in (2), we have e

V*sin*a cos 8 . i
-— sm=—'%sm0 vererreneens(B).

2 ain?
“ €’+V an e -—1—~=2—gcos€+A,

b sin?d I
JWisintfa 1 2¢
where 0+ I .m-Tcosa+A.

s Vigin? 1 1 2
S OB = 5 @ [sin’ p 0] - —iq (cosa—cosf) ...(0)
cosa+ cosﬁ__ 1)’

= 27‘9 (cos a —cos 8) (211’ ' 0
where V2 = 4ign’,
Hence § is again zero when
2n* (cos a + cos 6) = sin® f,

t.e. when cos @=—n*+ V1 —2ntcosa+ nt.



158 Dynamz'cs of a Particle

The lower sxgn gives an inadmissible value for 6. T'ne enly
inclination atwhich 6 again vanishes is when §=6,, w‘here

3
cos 0, = —n? + N1 — 202 cos a + nf,

[ ]
The motion js therefore confined between values a and 6,

of 6. .
The motion of the particle is always above or below the
starting point, according as 6,Z a,

1.e. according as cos 6, = cosa,

z.e. » , V1 —2nicos a+n* £n?+ cos a,
1.€. » » 1 —2n%cos a£cos?a+ 2n? cos q,
ie. ., Lz sin’

4cosa’
T.e. » »w V?Zlgsinatana.

The tension of the string at any instant is now given by
equation (1). In the foregoing it is assumed that 7' does not
vanish during the motion. .

The square of the velocity at any instant

= (1) + (I sin O) = 13 (6* + ¢* gin? ).
Hence the Principle of Energy gives
ymi* (62 + ¢* sin® 6) = ym V?* — mgl (cos a — cos 6).
. [On substituting for ¢ from (4) we have equation (6).]
(1) then gives
(vely

— 2gl (cos a — cos )
<1

z—gcosﬁ+ —gc030+

=-12:—+g(3c050 2 cos a),

128. In the previous example @ is zero when 6 = q, %.e. the
particle revolves at a constant depth below the centre O as in
the ordinary conical pendulum, if V*=gl il(%-g .

Suppose the partlcle to have been prOJected with thls
velocity, and when it is revolving steadily let it receive a small

displacement in the plane NOP, so that the value of ¢ was not
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instantaneously altered. Putting § =a + where. 4 is small,
<he equgtion (5) of the last artlcle gives

gsin*a cos (a + ) g
¥-= lcosa sin™a+y) 1 sin (a+¥)

_gsina[l—+tana ]
L [(H‘kwta), 1+ cota)|,
neglecting squares of R

g1+3cos’a

\P(tana+4cota)=-—-z——aé—a—— ¥,

gsm o

so that the time of a small oscillation about the position of
U cosa

g1+8costa’

Again, from (4), on putting 8 = a + ¥, we have

¢= \/lcosa(l+q;cot,a)= \/lcosa[l 2¢ cot a),

so that during the oscillation there is a small change in the
value of ¢ whose period is the same as that of 4.

relative equilibrium is 27

129. 4 particle mgves on the inner surface of a smooth cone, of wvertical
angle 2a, being acted on by a force towards the vertex of the cone, and its
direction of motion always cuts the generators at a constant angle B; find the
motion and the law of force.

Let F.m be the force, where m is the mass & the particle, and R theq
reaction of the cone. Then in the aceelerations of
Art. 125 we have 6=a and therefore §=0.

Hence the equations of motion are \{ /

AN ) RN E

-rsinacoa«(é‘t)’= B (2), /P
dt
Fm

smad 249
and - dt( dt) cersenneenni(8)e

Algo, since the direction of motion always cuts
OP at an angle 8,

rsinagd
: 7

=tan 8 ..‘.. ............................. 4).

- (8) gives e %‘%:constant:A

and therefore, from (4),

dr N 4
=8 T e
g;=tinacotp IO (6).
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Substituting in (l), we have . “
' —F-—sm’acot’p W-mn’a =1

42 sm’a 1

i.0. mm_ ﬁ"p L L T N TP YT TY PP IV YRR Y TYY (7)‘
¢ dr\3 d¢ A%sin%a
Also ol= (E‘z) +risinta (33) T r3sin? g’
so that "=#-

R _A%sinacosa 8in? 8 cos L3
-— =F
m " sina

From (4), the path is given by r=rg. efinacotf.¢,

Again, (2) gives

EXAMPLES

1. A heavy particle moves in a smooth sphere; shew that, if the
velocity be that due to the level of the centre, the reaction of the surface

will vary as the depth below the centre.

2. A particle is projected horizontally along the interior surface of a
smooth hemisphere whose axis is vertical and whose vertex is downwards;
the point of projection being at an angular distance 8 from the lowest
point, shew that the initial velocity so thav the particle may just ascend
to the rim of the hemisphere is /2ag sec 8.

8. A heavy partxcle is projected horizontally albng the inner surface

of a smooth spherical shell of radius :7—2 with velocity Tag y at a

depth 239 below the centre, Shew that it will rise to a height 3 2 above

the centre, and that the pressure on the sphere just vanishes at the
highest point of the path.

4. A particle moves on a smooth sphere under no forces except the
pressure pf the surface; shew that its path is given by the equation
cot @=cot 8 cos ¢, where 4 and ¢ are its angular coordinates.

‘5. A heavy particle is projected with velocity V from the end of a
horizontal diameter of a sphere of radius a along the inner surface, the
direction of projection making an angle 8 with the equator. If the

particle never - leaves the surface, prove that 3sm’/3<2+<39 )

6. A particle constrained to move on a smooth spherical surface is
projected horizontally from a point at the level of the centre so that
its angular velocity relative to the centre is w. If w®az be very great
compared with g, shew that its depth z below the level of the centre

at time ¢ is %%sin’%—t- approximately.
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7 A thin straight hollow smooth tube is always mc,lmed at an
angle "a to the upward-drawn vertical, and revolves with uniform
vélocity o @bout a vertical axis which intersects it. A heavy particle

is projected from the stationary point of the tube with velocity -gootn;

shew that in time ¢ it has described a distance gcose [1-0""“"‘].
. w?sina
Find also the reaction of the tube.

8. A smooth holldw right circular cone is placed with its vertex
downward and axis vertical, and at a point on its interior surface at
a height % above the vertex a particle is projected horizontally along

the surface with a velocity \/ 29k Shew that the lowest point of

ni+n’
its path will be at a height :—: above the vertex of the cone.

9. A smooth circular cone, of angle 2q, has its axis vertical and its
vertex, which is pierced with a small hole, downwards. A mass M hangs
at rest by a string which passes through the vertex, and a mass m attached
to the upper end describes a horizontal circle on the inner surface of the
cone. Find the time 7' of a complete revolution, and shew that small
oscillations about the steady mdtion take place in the time
Tcoseca Y +m .

3m

10. A smooth conical surface is fixed with its axis vertical and
vertex downwards. A particle is in steady motion on its concave side
in a horizontal circle and is slightly disturbed. Shew that the time of a

small oscillation about this state of steady motion is 2= \/ —t
3gcosa

where a is the semi-vertical angle of the cone and ? is the leugtli of the
generator to the circle of steady motion.

11. Three masses m,;, M, and mg are fastened to a string which .passes
through a ring, and my describes a horizontal circle as a conical pendulum
while i3 and mg hang vertically. If mg drop off, shew that the instan-
gmms

taneous change of tension of the string is =—2
my +mg

12. A particle describes a rhumb-line on a sphere in such a way that
its longitude increases uniformly ; shew that the wesultant acceleration
varies as the cosine of the latitude and that its direction makes with the
normal an atgle equa.l to the latitude.

[A Rhumb-line is a curve on the sphere cutting all the meridians at a

¢sn8-
3 tana.]

constant angle a ; its equation is

L. D. . 11
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18. A particle moves on a smooth right circular cone under a force
which is af:é.ys in a direction perpendicular to the axis of thé cone;
if the particle describe on the cone a curve which cuts all th» generators
at a given constant angle, find the law of force and the initial velocity, and
shew that at any instant the reaction of the, cone is proportional to the

acting force. |

14 A point moves with constant velocity on a cone so that its
direction of motion makes a constant angle with a plane perpendwular
to the axis of the come. Shew that the resultant acceleration is per-
pendicular to the axis of the cone and varies inversely as the distance
of the point from the axis.

15. At the vertex of a smooth cone of vertical angle 2a, fizxed with
its axis vertical and vertex downwards, is a centre of repulsive force

p . . s . . . it
{distance)t” A weightless particle is projected horizontally with velocity

2usin®a . . . o

— from a point, distant ¢ from the axis, along the inside of the
surface.. Shew that it will describe.a, curve un the cone whose projection

on & horizontal plane is 1~ -=3 tanh? <g sin a) .

16. Investigate the motion of a conical pendulum when disturbed
from its state of steady motion by a stall vertical harmonic oscillation
of the point of support. Can the steady motion be rendered unstable by
such a disturbance % .

17. A particle moves on the inside of a smooth sphere, of radius a,
under a force perpendlcular to and acting from a given diameter, which

equals ’I. when the particle is at an angular distance 6 from that

dxameter ; 1f, when the angllar distance of the particle is y, it is projected
with velocity A/pa sec y in a direction perpendicular to the plane through
itself and the given diameter, shew that its path is a small circle of the
spherez, and find the reaction of the sphere.

18. A particle moves on the surface of a smooth sphere along a
rhumb-line, being acted on by a force parallel to the axis of the rhurab-
line. Shew that the force varies inversely as the fourth power of the
distance from the axis and directly as the distance from the medial
plane perpendicular to the axis.

19. A particle moves on the surface of a smooth sphere and is acted
on by a force in the direciiion of the perpendicular from the particle on a

. Shew that it can be projected so that
(dlstance)3 : 3
its path will cut the meridians at a constant angle.

diameter and equal to .

20. A particle moves on the interior of a smooth sphere, of radius a,
under a force producing an acceleration pw® along the perpendicular o
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drawn to a fixed diameter., It is prOJected with veloclty V along the
great dircle to which this diameter is perpendicular and is slightly
digéurbed fiwm its path ; shew that thg new path will cut.the old one
m times in a revolution, where m2=4[1_"al’;;l]'

L]

21. A particle moves on a smooth cone under the detion of a force
to the vertex varying inversely as°®the square of the distance. If the
cone be developed into a plane, shew that the path becomes a conic
section. .

L]
22. A particle, of mass m, moves on the inner surface of a cone
of revolution, whose semi-vertical angle is a, under the action of a

repulsive force from the axis; the moment of momentum of

mp
(distance)s
the particle about the axis being m A/utan a, shew that its path is an arc
of & hyperbola whose eccentricity is seca.

. . . '2=__ L1
[With the notation of Art. 129 we obtain ¢ coFasinTa' and
I3 1 1 :
- W{Eh-lr 5 BiVing 1= = o aia <c73 - ;—2), where d is a constant.

Hence (%) =r2, r”dzdz. Hence ¢=-y-sin‘lg. . g-:sin(y - ¢)=cos ¢,
if the initial plane for ¢ be proper}y chosen. This is the plane x=dsin q,
which is a plane parallel to the axis of the cone. The locus is thus a
hyperbolic section of the cone, the parallel section of which through
the vertex consists of twaestraight lines inclined at 2a. Hence, etc.]

23. If a particle move on the inner surface of a r.'ight circular cone
under the action of a force from the vertex, the law of repulsion being
acos?a

my| —5— - %2], where 2a is the vertical angle of the cone, and if it

be projected from an apse at distance ¢ with velocity \/"—_: sin a, shew

that the path will be a parabola.

[Show that the plane of the motion is parallel to a generator of the
cone.] .

24, A particle is constrained to move on a smooth conical surface
of vertical angle 2a, and describes a plane curve under the action of an
attraction to the vertex, the plane of the orbit cutting the axis of the
cone at a distance « from the vertex. Shew that the attractive force
must vary as 1 ac8a

ré 8

26. A particle moves on a rough circular cylinder under the action of
no external forces. Initially the particle has a velocity Vin & direction
making an angle a with the transverse plane of the cylinder ; shew that

2
the space described in time ¢ is c!iec alog [1 +'-"—Ka£-9 t].
[Use the equations of Art. 126.]
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130. A point is moving along any curve in three dimensions;
to find its accelerations along (1) the tangent to the curve, (2) the
principal normal, and (8) the binormal.

If (2, y, 2) be the coordinates of the point at time ¢, the

accelerations parallel to the axes of coordinates are &, ¥, and 2.

Now ‘do_ duds
dt  ds dt”
., dz_dxd’s d’a: ds
o R ds, ( ) ........ cervens(1),
dy _dy d’s
So e P (— ............... (@),
d’z _dzd’s d’z 3
and F-Gantis\a ( ) ............... (3)
The direction cosines of the tangent are (di—:, ((% and gg

Hence the acceleration along it
_dedz + & dy d’y dz d?’z
“HdnTdsdp T dsdr '

i @)+ @)+ @]+ ) a2t

d’
= R (4),
since (2%), + (%)J + (%)2 =1,

dz d?w dJ d? J dZ d*z
and therefore G ae Tdsads T ds ds =0.

. . - d'w  dy
The direction cosines of the principal normal are p & P

¢)
and p %, whe‘re p is the radius of curvature.

Hence the acceleration along it
dzdiz  dyd d’z d’z
=Pds dF TP g :3{&;?/;.,_,, ds dp
d’s [dodie  dydy  dzds
“Pap |dsds T dsdet T ds ds
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+o () () + @) +(Zlf)] |

=P(g-§ ’xs-,=%(g—':)’ .............. ceasenered(D).

The direction cosines of the binormal are proportional to
dyds_dsdy dsdw_dads o dedy dydi

On multiplying (1), (2) and (8) in succession by these and
adding, the result is zero, #.e. the acceleration in the direction
of the binormal vanishes,

The foregoing results might have been seen at once from

equations (1), (2), (8). For if (&, m, m), (I, my, ny) and
(ls, my, n;) are the direction cosines of the tangent, the principal
normal, and the binormal, these equations may be written

%ZW2’%%ﬂ'
g +m {2 (3}

' d  ds 1 /ds\?
and dﬁmw+mt@»%

These equations shew that the accelerations along the axes
are the components of

2,
an acceleration 3—8 along the tangent,

an acceleration - o (%t) along the principal normal,

and nothing in the direction of the binormal.
We therefore see that, as in the case of a particle describing

2
a plane curve, the accelerations are g—é‘ or v %—: , along the tan-

2’
gent and %2 along the principal normal, which lies in the
osculating plane of the curve.

131. A particle moves in a curve, there being no friction,

under forces such as occur tn nature. Shew that the change in
its kinetic energy as it passes from one position to the other is
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independént of the path pursued and depends only on its'initial
and final positions. ¢ -

Let X, Y, Z be the components of the forces. By the last
article, resolving along the tangent to the path, we have

‘ do 1 dy dz
d t, =X —+Y 2 +Z4
e
g dj) f (Xda + Ydj + 2d2).

Now, by Art. 90, since the forces are such as occurin nature,
v.e. are one-valued functions of distances from fixed points, the
quantity Xda + Ydy + Zdz is the differential of some function

¢ (2, y, 2), so that
‘—‘1.,‘ my? = lm (d ) ¢(w,g/,z) +0C,
where dmud = ¢ (@, Yo, 2) +C,

(%0, Yo, 2o) being the starting point and v, the initial velocity.

Hence  3mv* —imol? = ¢ (z: v, 2) — ¢ (%0, Yo, 20)-

The right-hand member of this equation depends only on
the position of the initial point and on that of the point of the
path under consideration, and is quite independent of the path
pursued.

The reaction R of the curve in the direction of the prmclpal
normal is given by the equation

“=R,
[
where p is the radius of curvature of the curve.

132. Motion on any surface. 'If the pa.rticle move on a
surface whose equation 1s (=, y, z)=0, let the direction cosines of
the normal at any point (m, ¥, 2) of its path be ({,, m,, n,), so that

Lo omoon ,' 1
Z{c % «‘z{\ (d:c) (df) + (dz)

Then if R be the normal reaction, we have !

dt’ =X + Ri,, m%—Y+Rnh,andmZ =Z+ Rn,,

where X, ¥, Z are the cowmponents of the impressed forces.
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dy dz

PR ;" 22 and a,ddmg,

L.Iultiplying these equations by %——j

we have *

%m%[(dt) +(:llg) +'(dt)] =X G+ T B8y

for the coefficient of R

dy dz

-1y @Mt
dy dz\ ds
(l‘ ds T™3s th ds) dt

g—x the cosine of the angle between u tangent line to the

surface and the normal
=0,

Hence, on integration,
tmr=[(Xdz + Ydy + Zdz),

as in the last article.
Also, on eliminating R,%he path on the surface is given by

d*z d dly dz
mapX magp=Y mgp—Z
A = m, - h ’

giving two equations from which, by eliminating ¢, we should
get a second surface cutting the first in the required path.

133.  Motion under gravity of a particle on a smooth surface
of revolution whose axis 1s vertical.

w

X/

P
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Use the coordinates z, p and ¢ of Art. 126, the ¢-axis being
the axis of revolution of the surface. The second eqaation of

248\ |
that article gives - dt( dt) 0,

1:.0. p’%—t—=00nﬂbant=h -uc.nooo-o.nnu(]).

o

Also, if & be the arc AP measured from any fixed point 4,
the velocities of P are ds along the tangent at P to the gene-

dt
% perpendicular to the plane z4 P. Hence

the Principle of Energy gives

{(dt) +p (d¢) } = const. — g2 .eeeveeneeni(2).

Equations (1) and (2) give the motion.
Equation (1) states that the moment of the momentum of
the particle about the axis of z is constant.

rating curve, and p

Pz we easily
ag’

By equating the forces parallel to Oz to m —
have the value of the reaction R.

If the equation to the generating curve be z=f(p) then.
since

£=r+p=[1+(FON (35) 6

equation (2) easily gives

2 (35 L+ L)+ 5, = constant — 22 £ ),

which gives the differential equation of the projection of the
motion on a horizontal plane,

EXAMPLES

1. A smooth helix is placed with its axis vertical and a small bead
slides down it under gravity ; shew that it makes its first revolution from
Ta

Femacosa’ where a is the angle of the helix. .

-yest in time 2

2. A particle, without weight, slides on a smooth helix of angle a
and radius @ under a force to a fired point on the axis equal to
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my (distance). Shew that the reaction of the curve cannot venish unless
the greatesf velocity of the particle is a \/ useca. '

3. A smooth paraboloid is pla.ced with its axis vertlcal and vertex
downwards, the latus-recttm of the generating parabola being 44, A
heavy particle is projected horizontally with velocity ¥ at a height 2
above the lowest point; shew thit the particle is again moving hori-
zontally when its height is ;—; . Shew also that the reaction of the
paraboloid at any poin't is inversely proportional to the corresponding
radius of curvature of the generating parabola. .

4. A particle is describing steadily a circle, of radius b, on the inner
surface of a smooth paraboloid of revolution whose axis is vertical and
vertex downwards, and is slightly disturbed by an impulse in a plane
through the axis; shew that its period of oscillation about the steady

PR ]
motion is = \/ qutli , Where 7 is the semi-latus-rectum of the paraboloid.
o

5. A particle moving on a ~paraboloid of revolution under a force
parallel to the axis crosses the meridians at a constant angle ; shew that
the force varies inversely as the fourth power of the distance from the
axis, i

6. A particle moves on a smooth paraboloid of revolution under the
action of a force direcigd to the axis which varies inversely as the cube
of the distance from the axis; shew that the equatien of the projection
of the path on the tangent plane at the vertex of the paraboloid may,
under certain conditions of projection, be written

Vi 12— 20
pe’ ! — —=k. 0
Viait tolog s e

where 4a is the latus-rectum of the generating parabola.




CHAPTER X

MISCELLANEQUS

THE HODOGRAPH. MOTION ON REVOLVING CURVES.
IMPULSIVE TENSIONS OF STRINGS

134. The Hodograph. If from afiy fixed point O we draw
a straight line 0Q which is parallel to, and proportional to,
the velocity of any moving point P, the locus of Q is called
a hodograph of.the motion of P,

A e
v -

Wy w9

——
. S Q
A
~,

«

If P’ be a consecutive point on the path and 0@ be parallel
and proportional to the velocity at P’, then the change of the
velocity in passing from P to £ is, by Art. 3, represented by

If 7 be the time of describing the arc PP, then the accele-
ration of P
e QQ . .
= L:ir(x)lt = = velocity of @ in the hodograph.

. Hence the velocity of Q in the hodograph represents, both
n magnitude and direction, the acceleration of P in its path.
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It follows that the vélocity, or coordinate, of*Q in any
directionNis proportional to the acceleration, or veloclt.y, of Pin
the same direction.

The same argument holds if the motion of P is not
coplanar, *

If at any moment « and y be the coordinates of the moving

point P, and £ and 5 those of the corresponding pomb Q of the
hodograph, we have'

E=2

where A 18 a constant.

(lb
7 and 9= xdt,

The values of %—: d ; belng then known in terms of ¢, we

eliminate ¢ between these equations and have the locus of (, 7),
i.e. the hodograph. ”

So for three-dimensional motion.

135. The hodograph of a central orbit is @ reciprocal of the
orbit with respect to the centve of force S turned through a right
angle about S.

Let SY be the pérpendicular to the tangent at any point P
of the orbit. Prod‘p::e SY to P’ so that.S Y"}S’P"-&IQ“ a constant;

the locus of P’ is therefore the rémplocal of the pa.ph with
respect to S. .

. h _h
By Art. 54, the velocity v of P = ST B SP',

Hence SP’ is pcrpendlcular to, and proportional to, the
velocity of P.

The locus of P’ tyrned through a right angle about 8 is
therefore a hodograph of the motion.

The velocity of /” in its path is therefore perpendicular to

2
and equal to % times the acceleration of P,

2
%€ it =I% X the central acceleration of P,

EXAMPLES

1. A particle describes a parabola under gravity; shew that the
hodograph of its motion is a straight line parallel to the axis of the
parabola and described with uniform velocity.
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2. A purticle describes a conic section under a force to its‘focus ;
shew that thd hodograph is a circle which passes through thys centre of
force when the path is a parabol.

3. If the path be an ellipse described wader a force to its centre,
shew that the hudograph is a similar elliPse.

4. A bead moves on the arc of a smooth vertical circle starting
from rest at the highest point. Shew that the equation to the hodograph
is r=2XAsin g

5. Shew that the hodogra.ph of a circle described under a force to
a point on the circumference is a parabola.

8. The ‘hodograph of an orbit is a parabola whose ordinate increases
uniformly. Shew that the orbit is & semi-cubical parabola.

7. A ‘particle slides down in a thin cyeloidal tube, whose axis is
vertical apd vertex the highest point; shew that the equation to the
hodograph is of the form 72=2¢g[a+bcos2d], the particle starting from
any point of the cycloid. If it start from the highest point, shew that the
hodograph is a circle. .

8. A particle describes an equiangular spiral about a centre of force
at the pole ; shew that its hodograph is also an egwangular spiral.

9. If a particle describe a lemniscate under a force to its pole, shew
that the equation to the hodograph is 73=a? sec® —— 28

10. If the hodograph be a circle described with constant angular
velocity about & point on its circumference, shew that the path is &
cycloid.

11.° Shew that the only central orbits whofe hodographs can also be
described as central orbits are those where the central acceleration varies
as the distance from the centre.

[In Art. 135 if SP meet the tangent at P’ in ¥, then S¥” is perpen-

dicular to Y'P’ and = 6%’ The hodograph is described with central
acceleration to § if the velocity of P'x S¥’ is constant, 7.6, if the central
acoeleration of Px & 5P P is constant. Hence the result.]

12. If the path be a helix whose axis is vertical, described under
gravity, shew that the hodograph is & curve described on & right circular
cone whose semi-vertical angle is the complement of the angle of the
helix.
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136 Motion on a Re‘volving Curve.” 4 gwen curve
turns"in its own plane about a given fized point O with constant
angular Yelocity o ; a small bead, P moves on the curve under
the action of given forces whose components along and perpen-
dicular to OP are X and Y ; to find the motion.

Let OA be a line fixed in, the plane of the ‘curve, and OB
a line fixed with respect to the cupve,
which at zero time coincided with O4, ~
so that, at time ¢, £/ AOB= ot.

At time ¢ let the bead be at P, ,
where OP =7, and let ¢ be the angle.” ’(
between OP and the tangent to the
curve, -

Then, by Art. 49, the equations of .4
motibn are

ﬂ—r<@+w)’=§—§sin¢, -}0

de? dt

do Y R, o A
and dt{ G+ )}“ﬁ* cosg. /
These give gz:—r(cc—lg) =rw?+ 2rw Zg X gsin b,
1d/,df Y R ‘

Let v be the velocity of the bead relative to the wire, so that
o8 ¢=‘% and vsin ¢=r%.

The equa.tions of niotion are then

2 dé X R .
Z—t,: (dt) (091‘-1-% —7n—smq5 ............ (l),
1d/.d\ Y R
and ;(—i—t('r’;ﬁ>-—m+;’-;cos¢ I (2),
where % = ;71-:— 20U . iiiiiiiiiiinennnes N ....(3).

These equations give the motion of the particle relative to
the curve,
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Now sdppose that the curve,rmstea.d of rotating, were at.
rest, and that the bead moved on' i e
under the action of the same forces X f
and Y as in the first case toget;her 54 mw’r
with an additional force mw*r along OP, 1o Y S S
and let S be the new normal reagtion } s o L
The equations of motion are now SIS

dwr d6\? X s. .
.(.ﬁ;_r(.d_t) =-w"r+———— sin ¢...(4),

Y N '
wd ()t w00 e

These equations are the same as (l) and (2) with S substi-
tuted for R’

The motion of the bead rela,tlve to the curve in the first
case is therefore given by the same equations as the absolute
motion in the second case.

The relative motion in the case of a revolving curve may
thus be obtained as follows. .

Treat the curve as fixed, and put on an additional force on
the bead, away from the centre of rotation and equal to me?.r;
then find the motion of the bead; this will be the relative
motion when the curve is rotating. The reaction of the curve,
so found, will not be the actual reaction of the moving curve.
To get the latter we must by (8) add to the reaction, found by
the foregoing process, the quantity 2mev, where v is the
velocity of the bead relative to the curve.

The above process is known as that of “reducing the moving
curve to rest.” When the moving curve has been reduced to
rest, the best accelerations to use are, in general, the tangential
and normal ones of Art. 88.

137. If the angular velocity w be not constant the work is
the same, except that in equation (2) there is one extra term

- r%—:’ on the right-hand side. In this case, in addition to the

L]
force mw®r, we must put on another force — mr %%’ at right

angles to OP, and the curve is then “reduced to rest.”



Revolving Curves 175

138. °Ex. A4 smooth circular tube tomaim a particle, of yass mpand lies on a
smooth table. The tube starts rotating with constant angular velocity w about an
azxis perpendi'gtlar to the plane of the tube which passes through the other end, O,
of the diameter through the initial position, 4, of the particle. Shew that in time
t the particle will have described an angle ¢ about the centre of the tube equal

to 4tan-! (tanh %t) Shew ‘hlso that the reaction between the tube and the

particle €8 then equal to 2maw? cos g (3 cos g - 2) .
* o

Y

P being the position of the particle at time ¢, mﬁ-¢= ¢ ACP, we may treat
the tube as at rest if we assume an &dditional force along OP equal to mw?. OP,
¢

i.e. mw3, 2acos 3 R’ being the normal reaction in this case, we have, on
taking tangential and no~mal accelerations,
e}
ag= - w?. 2a cos g sin g ........ erererrenreaeses (1),
R ¢
and a¢2=; -w2.2ac052§ eerrnererteaerreenternaas 2).
(1) gives $2=2wlcosp+4 ........ Ceerereretrerienee eeenn (8).

Now, if the tube revolves 3, then, since the particle was initially at rest,
its initial relative velocity was w . O4, i.e. w.2a, in the opposite direction,
° °

Hence ¢ =2w initially.
Therefore (3) gives ¢?=2w? (1 +cos ¢).
S 2wt= ﬂ- =2log tan (; + ;f) , the constant vanishing.
CoB
2 >
¢ .
1+tan - ‘-
& etz %, so that tan%:‘Zt ;:c»mh ("'—; .
* 1-tan 3 e
RI

Also (2) gives -ﬂ;:ﬁaw‘ cos? % .
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Now, by équation (8) of Art. 136, the’ l!eal reaction R is given by

—=— +2wp,
m m

where v is the velocity of the partisle relative to the tube in the direction in
which the tube revolves, i.e. D, g0 that v= ~age

.8 _ ¢ ¢
s R=PR -2nwad=2maw? cos g [8 cos 5—-2:] .

Ez. If the particle be initially at rest indefinitely close to O: shew that,
when it is at its greatest distance from O, the reactiowof the curve is 10mawd,

139. Let the curve of Arf 136 be revolving with uniform
angular velocity o about a
fixed axis Oy in its own
plane. o

At time ¢ let the curve
have revolved through an
angle ¢, and let y and z be
the coordinates of the bead
measured along and perpen-
dicular to the fixed axis. Let
R be the normal reaction in
the plane of the curve, and §

the reaction perpendicular to -
the plane of the curve. | )
The equations of motion
of Art. 126 then become, since y
$=o,
'd—-' = Tw? +£ Sin 0 + ;Ij .................. (1),
1d, ., S Z
—‘—i—t(wa))—’;h-l-,;l .................. (2),
dy__E ¥
and 7 i mcoso+m TN () X

where X, ¥, and Z are the components of the impressed forces
parallel to z and y, and perpendicular to the plane of the curve,
and 0 is the inclination of the normal to the axis of 3.
Equations (1) and (3), which give the motion of the bead
relative to the wire, are the same equations as we should have
if we assumed the wire to be at rest and put on an additional
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force ma* x distance perpendjcular to and away from the axis of
rotation. .

Hence, applying this additionah force, we may treat the wire
as ab rest, and use whate.ver equa.tions are most convenient.

140. As a numerical example, let the curve be a smawth circular wire

_revolving about its vertical diameter, °C being its centre and a its radius, Let

the bead start from rest at a point indefinitely close to the highest point of the
wire. Treat the circle as at rest, and put on an additional foree

*mw?. NP (=mw? . asin 0) *
along NP,
Taking tangential and normal accelerations, we then have
‘ af=0%asin 00080 +g8iN0 .......oocvvveeriirnnennen. (4),
and afi= —"f—:+g 008 0 - w?a 8in?4 ............. cereeeenes (5).
(4) gives . .oB%=w?5in?0+2g (1 - cosb),

L an

;%:g(a c08 0 - 2) - 2w3a sin? 6.

Also the reaction S perpendicular to the plane of the wire is, by (2),
given by

S .. d .
ﬁ_2xw._2wa(asln 6)=2wa cosf.é

=2w 008 0 A/g%a2 8in? 0 + 2ga (1 - cos §).

EXAMPLES

1. A particle is placed in a smooth straight tube which is suddenly

. set rotating about a point O°in its plane of motion, which is at a per-

pendicular distance a from the tube; shew that the distance described

along the tube by the particle in time ¢ is asinhwt, the particle and 0

being initially at & distance @ apart; shew also that the reaction between
tsxe tube and the particle then is maw?[2 cosh ot —1].

2. A circular tube, of radius a, revolves uniformly about a vertical

diameter with angular velocity \/‘%g , and a particle is projectel from

its lowest point with velocity just sufficient to carry it to the highest
point ; shew that the time of describing the first quadrant is

N Dy AT+ VAET)

3. A particle £ moves in a smooth circular tube, of radius a, which
turns with uniform angular velocity » about a vertical diameter ; if the
angular distance of the particle at any time ¢ from the lowest point is 6,

A -

and if it be at rest relative to the tube when 6=a, where cosg ==i ,\/ 5

)

then, at any subsequent time ¢, cot g=cot % cosh (o»t sin %) .
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4 A tbin circhlar wire is made to revolve ahout a vertical dxameter
with constant angular velocity., A smooth ring slides on the wire, being
attached to its h)ghest point by an elastic string whose na¥liral length
is equal to the radius of the wire® If the ring be slightly displaced from
the lowest point, find the motion, and shew {hat it will reach the highest
point if the modplus of elasticity is four times the weight of the ring.

5. A smooth circular wire rotatés with uniform angular velocity o
about its tangent line at & point 4. A bead, without weight, slides on
the wire from a position of rest at a pomt of the wire very near A.
Shew that the angular distance on the wire traversed in a time ¢ after
passing the poiunt opposite 4 is 2tan~wt.

6. A small bead slides on a circular are, of radius @, which revolves
with constant angular velocity  about its vertical diameter. Find its
position of stable equilibrium according as o®Z %, and shew that the

time of a small oscillation about its position of equilibrium is, for the two
2rea

2m
and .
Voldi=gt «/ﬁ-m’

7. A parabolic wire, whose axis is vertical and vertex downwards,
rotates about its axis with uniform angular velocity o. A ring is placed
at any point of it in relative rest ; shcw that it will move upwards or

cases, respectively equal to ——

downwards according as w?Z é—‘q&, and will remain at rest if w?= 2'% ,
where 4a is the latus-rectum of the parabola, =

8 A tube in the form of the cardioid r=a(1+cos6) is placed with
its axis vertical and cusp uppermost, and revolves round the axis with

angular velocity \/%" A particle is projected from the lowest point

of the tube along the tube with velocity A/3ga; shew that the partlcle
will ascend until it is on & level with the cusp.

9. A smooth plane tube, revolving with angular velocity about a
point O it its plane, contains a particle of mass m, which is acted upon

by a force mw®r towards O ; shew that the reaction of the tube is 4 +—? ,
f

where 4 and B are constants and p is the radius of curvature of the tube
at the point occupied by the particle.

10. An elastio string, whose unstretched length is a, of mass ma and
whose modulus of elasticity is A, has one end fastened to an extremity 4
of a smooth tube within which the string rests ; if the tube revolve with
uniform angular velocity in a horizontal plane about the end -4, shew

that when the string is n equilibrium its length is @ tun 6 , Where

_ ]
Oman ,J";}o
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11, l bead is at rest on an equi ngular spiral of angle a at’ 8 distance
from tHe pole. The plane of the splral is horizontal and the qplral is made
to revolve %bout a vertical line through its pole with uniform angular
velocity . Prove that the bead comes®o a position of relative rest at a
distance acosa from the pole and that the reaction of the curve is then
$mo?asina, Shew also that, when the bead is again at its original distance
from the pole, the reaction is mw?a &in a (3 +sin%a).

»

12. A particle, of mass m, is placed on a horizontal table which is
lubricated with oil so that the force on the particle due to viscous friction
is mku, where u is the velocity of the particle relative to the table. The
table is made to revolve with uniform angular velocity o about a vertical
axis. Shew that, by properly adjusting the circumstances of projection,
the equations to the path of the particle on the table will be

k k
x=e(“-§) tcos(m-ﬁ)t, y= —e(a-i)tsin(m—-ﬁ)t,
. 2.
where a’+zﬁ= J 1 +iok.
[With the notation of Art. 51, the equations of motion are

(D¥4+kD - w?) x-20Dy=0 eand (D¥+kD-w?) y+20 Dz=0.
Hence [D+4D — o+ 2iwD] (2 +13y)=0. Now solve in the usual manner.]

13. A smooth horizontal plane revolves with angular velocity » about
a vertical axis to a point of which is attached the end of a light string,
extensible according to Hooke’s Law and of natural length d just sufficient
to reach the plane. The string is stretched, and after passing through
a small ring at the point where the axis meets the plane is attached to
a particle of mass m which moves on the plane. If the mass is initially
at rest on the plane, shew that its path relative to the plane is & hypo-
cycloid generated by the rollmg of a circle of radius 3a{l —w (mdx-1)}}
on a circle of radius a, whexp @ is the initial extension and A the coefficient
of elasticity of the string.

14. A particle slides in a smooth straight tube which is made to
rotate with uniform angular velocity o about a vertical axis. If the
particle start from relative rest from the point where the shortest
distance between the axis and the tube meets the tube, shew that in
time ¢ the particle has moved through a distance

%g, cot a cosec a sinh? (} w? sin a)),

where a is the inclination of the tube to the vertical.
12—2
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141. }‘mputsive tensions of ¢hains.

A chaiw is lying in the form of a given curve omgu smouvue
horizontal plane; to one endeof 1t 1s applied a given impulsive
tension in the direction of the tangent; to find the consequent
impulsive tensign at uny other point of the curve, and the imitial
motion of the point. .

o z

Let PQ be any element 8s of the chain, s being the length
of the arc O'P measured from any fixed point O'.

Let T and T + 8T be the impulsive tenstons at P and Q.

The resolved part of the tension at P parallel to Oz is

T%l——d: , and this is clearly a function of the arc s. Let it be f(s).
The resolved part of the tension at Q

= f(s + 8s) = f(8) + 3sf'(s) + f”(s) + o

—T%+&Z(T§—‘:) T

by Taylor’s Theorem.

Hence, if m be the mass ot the chain at P per unit of
length, and u, v the initial velocities of the element PQ parallel
to the axes, we have

dx d (mde da
mds.u= [T%+8.9¢78(T£)+...] _TEE’
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i.., in the limit when 8s is indefinitely small,

mu:é—i(T%) .......... (1).
So mv-—:g—s (Tg—i() M oeeresgeeraranans ).

Again, since the string is inextensible, the velocity of P
along the direction PQ (v.e. along the tangent at P ultimately)
must be equal to thé velocity of Q in the same direction.

Hence :

wcos ¥ + vsin Y = (u + du) cos Y + (v + 8v) sin Y.
- Sucosy + &ysin Y =0,
ie. ‘f{: ZZ” + ZZ’ Z/ 0 veoeeeeeeeannn, (8).

142. Tangential end Normal Resolutions.
Somewhat easier equations are obtained if we dSsume v, and
v, as the initial tangential and normal velocities at P.
Resolving along the tangent, we have
mds . vy =(T+dT)cosdyr— T
=d1'+small quantities of the second order,

i.e., in the limit, %llg = MVgeenrvnnnnns e (1).

So, resolving along the normal,
mds.v,=(L+dT)sin 8y = Ty + ...,

i, i the limit, %’ Moo @),

where p is the radius of curvature.
The condition of inéxtensibility gives

vy = (v + 8v;) cos 8y — (v, + 8v,) sin 8,

1.6 0 =8v, — v,,&[r, -
. du, _ dy
.6 =0 s = -2, in the limit ......, e i(3).

By eliminating v, and v, from (1), (2) and (8), we have
d [1 dT] 1T

ds|{m ds m’ p?

The initial form of the chain being given, p is known as a
function of s; also m is either a constant when the chain is
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uniform or it is a known functien of s. Equation (4) thus
determines’' T’ with two arbitrary constants in the result; they
are determined from the fact'that 7' is at one end equal to the
given terminal impulsive tension, and gt the other end is zero.
Hence T is known and then (1) and (2) determine the
initial velocities of each elemen.
Ez. A uniform chain is hanging in the form of a eatenary, whose ends are

at the same horjsontal level ; to each end is applied yingentially an impulse T ;
Jind the impulse at each point of the chain and its initial velocity.

In this ocurve s=c tan y, so that p= W-c gecd ¥. .
. dT aT cos?y
.. dw c [
and i I cosh// 2sin ycosdy AT
AT G A cf dy’
Hence equation (4) gives

ar
Ta 2tan Ta/z Jfb =T,
ie. d‘lﬂcosup smwd‘l’..Toosw+sm¢d'l’
ar
S ——- 08 Y= T'sin y+4.
) s TcosyYy=AyY+B .cvvvvrrerennennnnn. veeennas(l),
where 4 and B are constants. .
Also, from equations (1) and (2),
2
mv,_cosc L4 dT—l[Acos¢+A¢sm Y+ Bsiny] .......... .(2),
—Y:'—B COBY cvurererreeseresserens 3.

Now, by symmetry, the lowest point can have no tangential motion, so that
v, must vanish when ¢=0. Therefore 4=0.
Also if Yo be the inclination of the tangent at either end, then, from (1),
B=Tycos .
cos ¢0 Tocos Wo
& I'=1 =X
07gos \0 ¢
80 that the xmpnlsxve tension at any point varies as its ordinate.

and myp= g cos?y=

To . T,
Also v,=ﬁoos¢osm ¥, and vp=%cos o €08 .
The velooity of the point considered, parallel to the directrix of the catenary,
=v,008 Y —vp8in Yy=0.

Hence all points of the catenary start moving perpendxeularly to the
dirveotrix, f.c. in a vertical direction, and the velocity at any point

T
=nfr@Fvp==2 .
NPEETT e S8 Vo



. Free motz’m of a Chain 183

1438. Motion of a chain free to move tn one planes

Withathe figure of Art. 141 let X, ¥ be the fordes acting on
an element PQ of a chain in difections parallel to the axes of
coordinates. Let u angd v be the component velocities of the
point P parallel to the axes, Let I' be the tengion at P, Its

component parallel t0 0= 7' = f(s), where s is the arc OP.
If PQ=23s, the tension at ¢ parallel to Oz
=f(8+88)=f(s)+dsf (8) + ....

Hence, if'm be the mass of the chain per unit of length, the
equation of motion of PQ is

mds. %Z = the forces parallel to Oz

=mdgX +{f(s) +8sf (8) + ...} = £(s)
=mds. X+8sd (wa)+....

ds\" ds
Dividing by &, and neglecting powers of 8s, we have
du, d (ndz
md=mX+ 2 ( T ﬁ) ............... Q.
So m®—m¥ + % (TZZ e, @).

Assuming the cha,m to be inextensible, it follows that the
velocity of P in the direction PQ must be the same as that oi
Q in the same direction.

de | d d d;
o u$+v¢%/=(u+8u)o—;-}+(v+8v)d‘—'—?,
16 0=25u. g:+802‘z,
dudz , dvdy
and hence &ds F e = (3.

These equations give #, y, ahd 7' in terms of & and ¢,
te. they give the position at time ¢ of any element whose
arcual distance is s,
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EXAMPLES
f
1. A uniform chain, in the form of a semi-circle, is plucked at one
end with an impulsive tension 7,. Shew tHat the impulsive tension at
sinh (7 — 6)
sinh 7

36
2. A chair lies in the form of the curve r»ae? from =0 to §=4,
and receives a tangential impulse 7 at the point where §=0, the other end
being free; shew tlLat the impulsive tension at any point is
[}

5B-6

2
[ — €
v S

e? -1
3. A uniform chain is in the form of that portion of the plane curve
cutting every radius vector at an angle tan~13, which lies between
1 and 256 units distance from the pole. If tangential impulsive tensions
of 2 and 1 units are simultaneously applied at the points nearest to and
farthest from the pole, shew that the impulsive tension at a point distant
81 units from the pole is #,/3 units.

[ ]
an angular distance 8 from this end¢is 7}

4, A ring of inelastic wire, of radius r, is supported in a horizontal
position and a sphere of radius R and mass m falls vertically into it with
velocity V, centre above centre. Shew that the impulsive tension in the

mV r
wire is 5— I YR

5. A smooth semi-circular tube, of radius a, contains a heavy inexten-
sible chain, of length am, which fits it exactly. The tube is fixed in a vertical
plane with its diameter horizontal and its vertex upwards, the ends being
open. A slight disturbance in a vertical plane takes place. If the length
of the chain which at any moment has slipped out of the tube be ayr
(wheré ¥ < =), prove that !

ar T og(p+siny),

and find where at any moment the tension of the chain is greatest.



DYNAMICS OF A RIGID BODY

+ CHAPTER XI

MOMENTS AWD PRODUCTS OF INERTIA. PRINCIPAL AXES

144 If r be the perpendicular distance from any given
line of any element m of the mass of a body, then the quantity
Smr? is called the moment of inertia of the body about the
given line.

In other words, the moment of inertia is thus obtained;
take each element of the body, multiply it by the square of its
perpendicular distance from the given line; and add together
all the quantities thus obtaited.

If this sum be equal to Mk?, where M is the total mass of
the body, then k is called the Radius of Gyration about the
given line. It has sometimes been called thesSwing-Radius.

If three mutually perpendicular axes Oz, Oy, Oz be taken,
and if the coordinates of any element m of the system referred
to these axes be z, y and 2z, then the quantities Zmyz, Zmze,
and Smay are called the products of inertia with respect to
the axes v and z, 2 and @, and @ and y respectively.

Since the distance of the element from the axis of # is
Ny?+ 2%, the moment of inertia about the axis of

=2m (y* + &°).

145, Simple cases of Moments of Inertia.
I Thin uniform rod of mass M and length 2a. Let A DB be the rod, and PQ

any element of it such that AP=x and PQ=5z. The mass of PQ is g—-%. M.

Hence the moment of inertia about an axis through 4 perpendioular to the
rod
=E§:f M. .’t’—M/ a2z

=£ 1[2 B= 4‘;
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Similarly, if O be the centre of the rod,, OP=y and PQ=3y, the mpment of
inertia of the rod about an axis through O perpendicular to the ro$

M y’=__j’+a sy

+a
23[]"’“

II. Rectangular lamina. Let ABCD be the lamina, such that AB=2a and
AD=2b, whose centre is 0. By drawing a large number of lines parallel to 4D
we obtain a large number of strips, each of which is ultimately a straight line,

The momerfs of inertia of each of these stripd’ a.bout an axis through’O

parallel to 4B is (by I) equal to its mass multiplied by 7 Hence the sum of
the moments of the strips, i.e. the moment of inertia of the rectangle, about

b3
the same line is M 3

8o its moment of inertia, about an axis through O parallel to the side 20, is
a?
M 3
If z and y be the coordinates of any point P%f the lamina referred to axes
through O parallel to 4B and 4D respectively, these results give

2
Zmy3=moment of inertia about Or=M 2—: , and Smat=M %— .

The moment of inertia of the lamina abbut an azis through O perpendicular

to the lamina
a2 + b2
=Zm.O0P3=Zm (22+yt)=M

© III. Rectangulartparallelopiped. Let the lengths of its sides be 2a, 2b,
and 2¢c. Consider an axis through the centre parallel to the side 2a, and
conceive the solid as made up of a very large number of thin parallel rectangular
slices all perpendicular to this axis; each of these slices has sides 2b and 2¢ and
0343
3
Hence the moment of inertia of the whole body is the whole mass multiplied by
. R o PR T ,
Iv. éircumference of a circle. Let Oz be anb axis through the centre O,
P any point of the circumference such that zOP=6, PQ an element ad9; then
the smoment of inertis-about-On - -

a“M] a? sin’ ’0——-—/:” in2 040

hence its moment of inertia about the axis is its mass multiplied by

Ma? 2Ma2 1 = al
=4 3 Iy
=4x o %gin? 640 = - .2.2-—M 5
Y. Circular disc of radius a. The area contained betwoext concentric
2mdr

ciroles of radii » and r+ 3r is 2xrdr and its mass is thus

of inertin about & diameter by the previous article = g‘;;Mflll o

. M ; its moment
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Henge the required moment of i.ne.r;ia
M M at ad
f rsdfr = I M . —4- .

Bo for the moment about & perpendxoular diameter.
The moment of inertia ab8ut an axis through the centre perpendicular to

the diso=(as in II) the sum of these=e}M. ag.

Elliptic disc of azxes 2a, 2b. Taking slices made by lines parallel to the
axls of y, the moment of mertw. about the axis of z clearly

/ [2b sin ¢d (a cos ¢) M] b3 sm2 ¢

wab

4 Mp? b
= 4 st
3 / sintgpdp=M. g
So the moment of inertia about the axis of y =M . '—1'4—’ .
VI. Hollow sphere. Let it be formed by the revolution of the cirole of IV
about the diameter. Then the moment of inertia about the diameter

2 '
=3 [a” 2"“ sin 0 a? sin%:-ﬂil;— f sin84.do
0

4ra?
Ma® 2 _ 2Ma?
=L 51T 78

VII. Solid sphere. The volume of the thin shell included between spheres
of radii r and 7+ 8 is 4xr25r, and hence its mass is

4728y . Bl
4—511[ .e. aa M,
"3

Hence, by VI, the required moment of inertia about a diameter

C [%8s2%r_, 2% 2M ab 242
= M =—=.—=M.,—.
f: ad 3 a%'} u 5

VIII. Sohd ellzpaozd about any principal azis. Let the equation to the
ellipsoid be 2+

7 + —=1. Consider any

slice included between planes at distances e
z and z+ 3z from the centré and parallel
to the plane through the axes of y and 2. ;

The area of the section through PMP’!  _.[
is =.MP.MP". A%
PM2®  OMS .
008 + m:l, ~.\~ )

2
so that MP=c 1- 2

Now

8o MP'=b, /1~ “-:,
Hence the volume of the thin slice
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. 4
Algo its a'loment ot inertia about the perpendicular to its plune
MP34 MP'?
o &

2\3 p2.4c2
=mwbedz. (1-‘2-) .Q—f}c—.g.

=it8 mass x

Hence the required moment of inertia,

243
_ b+c[ __i M-p

© o wabe b2 4-c2 16 4abc 'b2+c’
=mave- g 1pP = \3"vr 5

b34c3
5

=M x

146. Dr Routh has pointed out a simple rule for re-
membering the moments of inertia of many of the simpler
bodies, wz.

The moment of inertia about an axig of symmetry is

the sum of the squares of the perpendicular semi-axes
Mass x ,
3,4,0rd
he denominator to be 3, 4, or 5 according as the body is
ectangular, elliptical (including circular) or ellipsoidal (including
spherical).

. 147, If the moments and products of inertin about any line,
or lines, through the centre of inertia G of a body are known, to
obtain the corresponding quantities for any parallel kne or lines.

Let GX, GY, GZ be any three axes through the centre of
gravity, and 0X’, 0Y’, 0Z’ parallel axes through any point O.
.Let the coordinates of any element m of the body be #, ¥, 2
referred to the first three axes, and «, y’ and 2’ referred to the
second set. Then if £, g and h be the coordinates of G referred
to 0X',.0Y "’ and 0Z', we have

a}' z+f, Yy=y+g and Z=z+h

Hence the moment of inertia of the body with regard

te 0X' -
—2m@5+ 2% =2m[y*+ 2 + 2yg + 2zh + g*+ 1*]...(1).
Now - 3m. 2yg = 2¢. Zmy.

Also, by Statncs,z2 Y = the y-coordinate of the *centre of

inertia referred to G as origin =0. Hence 3m.2yg =0 and
similarly Zm .22k =0,
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Hepce, from (1),
the moment of inertia with regard to 0X’
=3m(y'+ 22+ M (9" + A »
= the moment of inertia with regard to @X + the moment
of inertia of a mass M placed at & about the
axis 0X".
Again, the product of inertia about the axes OX’ and OY’
= Sma’y = Zm (z +£)(y +9)
=3mzy+g.x+fy+/y]
= Zmz) + Mfy
= the product of inertia about GX and QY + the product
of inertia of a mass M placed at G about the axes
0X'’ and 0Y".
Cor. It follows from this article that of all axes drawn in
a given direction the ofte through the centre of inertia is the
one such that the moment of inertia about it is a minimum.
Ezs. The moment of inertia of the arc of a complete circle about a tangent

2
= M%H-Ma’= %Iaz.

The moment of inertia of a solid sphere about a tangent
2q2

=M. 5+ Ma’:gMa?.

148. If the moments and products of inertia of a body
about three perpendicular and concurrent awes are known, to
find the moment of inertia about any other axis through their
meeting pont.

Let OX, 07, OZ be the three given axes,and let 4, B and C
be the moments of inertia with
respect to them, and I, £ and F z
the products of inertia with respect
to the axes of y and ¢, of z and «,
and « and y respectively.

Let the moment of inertia be o
required about 0@, whose direc-
tion-cosines with respect to 0OX,

OY and OZ are !, m and n.

Take 3ny element m' of the g '
body at P whose coordinates are «, y, and 2, 8o that OK =g,
KL=yand LP=2¢,
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Draw, 'PM perpendicular to the axis 0Q.
Then - PM3=0P? - OM.
Now OP 4= 2° + 3 + 2%,
and OM=the projection on 0@ of the straight line OP
= the projection on OQ, of the broken line OKLP
=1.0K+m .KL+n.LP=Iz+my+nz.
Hence the required moment of inertig about OM
=2Zm' . PM*=3m' [+ y* + 2 — (lz + my + ne)’]
=S [w’ (m*+n®) + 9 (0 + 1)+ 22 (P + mn’)]
=2m’. ,
— 2mnyz — 2nlzx — 2mazy
since P+4+m'+ni=1,
=USm (3 + 2) + md S (2 + %) + 02 S (* + )
— 2mnEm'yz — 2nlZm'ze — 2lmZm/zy
= Al*+ Bm*+ On? — 2Dmn — 2 Enl, — 2Fim.

149. As a particular case of the preceding article consider
the case of a plane lamina. .,

Let A, B be its moments of inertia about two lines 0X and
0Y atright angles, and F its product
of inertia about the same two lines,
so that '

A =3my, B=3ma’, F=3may.
If («, y') are the coordinates of a
point P referred to new axes 0X’
and 0Y, where 2 X0X’ =0, then

@=a cosf —y'sin b,
and . y=a'sin6 +y cosé.

‘

v. @’=xcosf+ysind and y =y cosd— xsinb.
Hence the moment of inertia about 0.X’

= 3my'*=Sm (y cos  — x gin )
= cos* 0 . Zmy? + sin?® 0., Zma*— 2 sin 0 cos . Smay
=4 cos® 6 + Bsin? 6 — 2F sin € cos 6.

The product of inertia about OX’ and OY"
= Sma'y’ = Sm (x cos 8 + ysin 6) (y cos O — & sifi §)
= Zm [y*sin 0 cos  — z*sin 6 cos 6 + xy (cos’@ — sin? 6))
=(A — B)sin 6 cos 6 + F cos 26.
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In the case of a plane lantina, if 4 and B Be thd moments
of iner%ia.about any two perpendicular lines lying, in it, the
moment of inertia about a line through their intersection
perpendicular to the plane

R =2m(w"+3;')=2my2+2mw‘=A +B.

150. E=z. 1, Find the moment of inertia of an elliptic area about a line CP
inclined at 0 to the major axis, and about a tangent parallel to CP.
The moments of inertia, 4 and B, about the major and mixnor axes are, as

2 2
in Art. 145, M % and M % . Hence the moment of inertia about CP
) 3
=M? cos? 0+ M az sin24, since F=0, by symmetry.
The perpendicular CY upon a tangent parallel to CP= g%.

Hence, by Art. 147, the moment of inertia about this tangens

b3 a? . a2b?
=M — cos? — 8in? et
M 4 O0F 0+M 3 oo 00+MCP3
b2 a? . cos28  sin?
=M - cos? — gin2 2 sy
M4cos 0+M4sm 6 + Ma2b2 3 + bﬂﬂ I
= t-;—:—[(a’ sin36+b2cos20). »

Ez. 2. The moment of inertia of a uniform cube about any azis through its
centre is the same. e

For 4=B=C, and D=E=F=0, v -
Therefore, from Art, 148, I=4 (2+m?+n?)=4.

EXAMPLES

Find the moments of inertia of the following :
1. A rectangle about & diagonal and any line through the centra. .
L] -

2. A circular area about a line in its own plane whose perpendicular
distance from its centre is c.

3. The arc of a circle about (1) the diameter bisecting the arc,
(2) an axis through the centre perpendicular to its plane, (3) an axis

through its middle point perpendicular to its plane.

4. An isosceles triangle about a perpendicular from the vertex
upon the opposite side.

6. Any 71;ria.ngular arca 4BC about & perpendicular to its plane
through 4. [laemu. %(35:.,.3,9_“:).]



192 Dynamics of o Rz‘gid Body

6. Thetarea Bounded by r*=a? 06920 about its axis.

M 2
‘ [Reault e (w - 3)]

7. A right circular cylinde; about (1) its axis, (2) & straight line
through its centre of gravity perpendiculareto its axis.

8 A recta.tfgular parallelopiped about an edge.

9. A hollow sphere about a diameter, its external and internal

U - 2M ab - b8
radii being a and b. [Remlt. 5 AR
10. A truncated cone about its axis, the radii of its ends being
3Y ab- b
a and b. I:Re.mlt. TO— m.

11. Shew that the moment of inertia of & right solid cone, whose

2 2 2
height is 4 and the radius of whose base is a is i‘@.."_,f;———m about

a slant side, and (h’+ 4a?%) about a line through the centre of gravity
of the cone perpendlcular to its axis.

12. Shew that the moment of inertia of a parabolic area (of
latus-rectum 4a) cut off by an ordinate at distance % from the vertex
is §(A? about the tangent at the vertex, and $Mah about the axis.

13, Shew that the moment of inertia of a paraboloid of revolution

about its axis is %{ x the square of the radius of its Lase.

14. Find the moment of inertia of the homogeneous solid ellipsoid

bounded by :3-: i L+ c,_l about the normal at the point («, ¥/, 7).

15. Shew that the moment of inertia of a thin homogeneous ellip-
soidal shell (bounded by similar, similarly situated and concentric

2
¢ , where "I/ is the mass of the shell.

’ ellips;)ids) about an axis is X bg;'
16. Shew that the moment of inertia of a regular polygon of 7 sides

2+cols2-;‘-1r

—_— where n is

1-

the number of sides and ¢ is the length of each.

17. A solid body, of density p, is in the shape of the solid formed
‘by the revolution of the cardioid r=a(1+4-cosd) about the initial line;
shew that its moment of inertia about a straight line through the pole
perpendicular to the initial line is $§%mpas.

about any straight line through its centre is %

;{
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18. A closed central curve revolves round any line Oz uf its own
plane whichy does not intersect it ; shew that the moment df inertia of
the solid of revolution so formed a.bout Oz is equal to M (a®+ 34?), where
M is the mass of the solid generated, @ is the distance from Oz of the
centre C of the curve,and £ is*the radius of gyration of the curve about a
line through C parallel to Oz. -

Prove a similar theorem for the moment of inertia of the surface
generated by the arc of the curve.

19. The moment of igertia about its axis of a solid mibber tyre, of

mass M and circular cross-section of radius g, is ‘%’(46% 3a?), where b is
the radius of the® core. If the tyre be hollow, and of small uniform

thickness, shew that the corresponding result is '%[(2b’+3a,’).

151. Momental ellipsoid. Along a line 0Q drawn
through any point O take a distance 0@, such that the moment
of inertia of the body abeut OQ may be inversely proportional
to the square of 0Q. The result of Art. 148 then gives

Al + Bm® + Cn* — 2Dmn — 2Enl — 2Flm,
1 ¢ M.K¢
OQ” o’
where M is the mass of the body and K is some linear factor.

If (x, y, 2) are the coordinates of ¢ referred to the axes 0X,

0Y, OZ this gives
Aa® + By*+ C2* — 2Dyz — 222 — 2Fzy = MK* ...(1).

The locus of the point  is thus an ellipsoid, which is called
the momental ellipsoid of the body at the point O.

Since the position of @ is obtained by a physical definition,
which is independent of any particular axes of coordinates, we
arrive at the same ellipsdid whatever be the axes 0X, 0Y, 0Z
with which we start.

It is proved in books on Solid Geometry that for every
ellipsoid there can be found three perpendicular diameters such
that, if they be taken as axes of coordinates, the resulting
equation of the ellipsoid has no terms involving yz, 2z or ay,
and the new axes of coordinates are then called the Principal
Axes of the Ellipsoid.

Let the momental ellipsoid (1) when referred to its principal
axes have as equation

A+ By + 0= MK\ ..ouuuecnnennn(2).

L D 13
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The 'products of inertia w;th respect to these new axes
must be ‘zero; for if any one of them, say D', egisted, then
there would; as in"equationt (1), be a term — 2D’yz in (2).

Hence we have the following important proposition: For
any body whatever there exists at each point O a set of three
perpendicular awes (which are ‘the three principal diameters of
the momental ellipsoid at O) such that the products of inertia
of the body about them, taken two at a tiwe, all vanish.

These three axes are called the principal axes of the body
at the point O; also a plane through any two,of these axes is
called a principal plane of the body.

152, It is also shewn in Solid Geometry that of the three
principal axes of an ellipsoid, one is the maximum radius vector
of the ellipsoid, and another is the minimum. Since the square
of the radius vector of the momendtal ellipsoid is inversely
proportional to the corresponding moment of inertia of the
body, it follows that of the three principal axes, one has the
minimum moment of inertia and.a,nother has the maximum.

If the three principal moments of inertia at O are equal,
the elhps01d of inertia becomes a sphere, all radii of which are
equal ; in this case all moments of inertia about lines through
O are equal

Thus, in the case of a cube of side 2a, the principal moments
of inertia at its centre are equal, and hence the moment of
inertia about any line through its centre is the same and equal

2
to M. 2—;— .

If the body be a lamina, the sgction of the momental
ellipsoid at any point of the lamina, which is made by the
plane of the lamina, is called the momental ellipse at the point.

If the two principal moments in this case are the same, the
momental ellipse becomes a circle, and the moments of inertia
of the lamina about all lines through O are the same.

163. To shew that the moments and products of inertia of
a uniform triangle about any lines are the same asdhe moments
and products of inertia, about the same lines, of three particles
placed at the middie points of the sides, each equal to one-third
the mass of the triangle.
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D1v1de up the triangle .‘BC’ into narrow slips by a large
number offstraight lines parallel
to its base.

Let z, = A P, be the distance
of one of them from 4. Then,

BC = a,, where AD="h, and

the mass M of thestriangle
=3} ah.p, where p is the dengity.
'The momest of inertia about a line A K parallel to BC

_[*[zap ap 1 h2
_fo [T.dw}w’——ﬁ- =M s Q).
The moment of inertia about 4 D, by Art, 147,

[, [5eee] s) e,

where £ is the middle point of BC,

= %’ pah [% + DE“] = % [(bcos C + ccos By
+ 8 (bcos C — ¢ cos BY]
= % [62cos? C + c?cos? B—bceos Bcos C]..cuuennnnnnnn. (2).
The product of inertia about AKX, AD  °

h
=f “P do.o. PE', by Art. 147,
0

h
=% "o DE.do=8 Lhs. DE=""1}cos 00 con B]..(3).
0

If there be put three particles, each of mass ll_?:l, at .E, F,

and @, the middle poinfs of the sides, their moment of inertia
about AKX

M., . (k2 (kY h?
=3 [ +(3) +(2>] =3
Their moment of inertia about AD
= % [(g —¢cos B), + (g cos C)g + (g cos B)']
= 1%2 f(b cos 0 — ¢ cos B) + b* cos® C + ¢? cos® B]
= %[b’cos'(} + ¢*cos® B — be cos B cos C],

13—2
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Also'their product of inertia about AX, 4D

M 1,01, 1,1
- [AD.DE’+§AD.§DO—§4D.§ BD]
=@3 [DE+§—0—(18—C—’7;—039£] =l‘%z[bcosﬂ-—ccosB].

The moments and products of inertia of the thrée particles
about AK, 4D are thus the same as those of the triangle.

Hence, by Art. 149, the moments of inertia about any line
through 4 are the same; and also, by the sawae article, the
products of inertia about any two perpendicular lines through
A are the same.

Also it is easily seen that the centre of inertia of the three
particles coincides with the centre of inertia of the triangle.

Hence, by Art. 147, it follows that the moments and
products of inertia about any lines through the common centre
of gravity are the same for the two systems, and therefore also,
by the same article, the moments and products about any two
other perpendicular lines in the .plane of the triangle are the
same.

Finally, the moment of inertia about a perpendicular to the
plane of the triangle through any point P is equal to the sum of
the moments about any two perpendicular lines through P in
the plane of the triangle, and is thus the same for the two
systems.

154. Two mechanical systems, such as the triangle and
the three particles of the preceding article, which are such
that their moments of inertia about all lines are the same, are
said to be equi-momental, or kinetically equivalent.

If two systems have the same centre of inertia, the same
mass, and the same principal axes and the same principal
moments at their centre of inertia, it follows, by Arts. 147
and 148, that their moments of inertia about any straight line
are the same, and hence that the systems are equi-momental.
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EXAMPLES
1. The momental ellipsoid at the ceﬁtre of an elliptic plate is
+z l:— 75 |=const.

2. The momental elllpsmd at the centre of a solid ellipsoid is
(6% +¢?) 2%+ (c® -+ a?) y® + (a? + b?) s =const.

3. The equation of the momental ellipsoid at the corner of a cube,
of side 2a, referred to its principal axes is 22+ 11 (y2+2%) =const.

4. The momental ellipsoid at a point on the rim of a hemisphere is
22247 (y2 4 %) — XExz=const.

5. The momental ellipsoid at a point on the circular edge of a
solid cone is (3a?+2A42) 2+ (234 + 242) 2+ 26a%? — 10aksrz = const., where
% is the height and & the radius of the base.

6. Find the principal axes of o right circular cone at a point on the
circumference of the base; and shew that one of them will pass through
ity centre of gravity if the vertical angle of the cone is 2tan—13.

7. Shew that a uniform rod,eof mass m, is kinetically equivalent to
three particles, rigidly connected and situated one at each end of the rod
and one at its middle point, the masses of the particles being }m, }m
and §m.

8. ABCD is a uniform parallelogram, of mass X; at the middle

points of the four sides are placed particles each equal to -4-[ , and at

the intersection of the diagonals a particle, of mass %[ ; shew that these

five particles and the parallelogram are equi-momental systems.

9. Shew that any lamina is dynamically equivalent to three particles,
each ono-third of the mass of the lamina, placed at the corners of a
maximum triangle mscnbed in the ellipse, whose equatlon referred to

the principal axes at the centre of inertia is T)‘ + Z=2 where mA and

mB axe the principal moments of inertia about Oz and Oy and m is the
mass.

10. Shew that there is & momental ellipse at an angular point of a
triangular area which touches the opposite side at its middle point and
bisects the adjacent sides. [Use Art. 153.]

11. Shew that there is a momental ellipse at the centre of inertia
of a uniform triangle which touches the sides of the triangle at the
middle points,
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12. Sidw that a untiform tetrahedion is Einetically equivalent, to four
particles, ealk of mass ;%, at the vertices of the tetrakedron,’and a fifth

L[4
particle, of mass é—‘—[ , placed at its centre of nertia.

Let OABC be the tetrahedron and through the vertex O draw any
three rectangular axes 0OX, O¥, OZ. ' Let the coordinates of 4, B and C
referred to these axes be (z1, ¥1, 21), (3, ¥2, 22) and (=, s, 23), s0 that

the middle point of BC is (z’;%, L ;‘1/ 8 22; 23>. Take any section
P@R parallel to ABC at a perpendicular distance ¢ from O ; its area is

4, f—o—;, where A, is the area of 4BC and p is the perfondicular from O

on ABC. By Art, 163 the moment of inertia of a thin slice, of thickness
dg, about Oz

~that of ke partiles, each 3. Aop. -‘5—2 . d¢ placed at the middle
pomts of @R, RP and PQ .
=~ ~dop. S[ é 3/2+ys> +two similar terms

+ <§ . m) + two Fimila.r berms:l.
p 2 )

Hence, on integrating'with respect to & from O to p, the moment of
inertia about OX of the whole tetrahedron

= 11—5 LAdop. %’ [{(y2+y3)2 + (24 25)2} + two similar expressions]

M 94yl Yy s+ vy oy o
T B e .
Now the moment of inertia about 0. of four particles, each of mass ;% ,

at the vertices of the tetrahedron, and of ‘_1_511_1 at its centre of inertia

= % [(n? +2?) + two similar terms]+ %’[(3&%)’ + (z, t2 :L"'_‘s)z] ’

and this, on reduction, equals (1). Similarly for the moments about the
axes 0Y and 0Z.

In a similar manner the product of inertia of the tetrahedron about
0y, 02
= g-g [(&a+¥s) (25 +25) +two similar expressions]..eee.eeeeee. (2),
and that of the five particles .

4M 21+ 23+ 2
[.1/222+./313+J1h]+ (yl+%+%) at Z 3)

and this is ea.mly seen to be equal to (2).
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Also % follows at once that the“centre of inertia of the dgprahedron
coincided with the centre of inertia of the five particles,

The tws systems are therefore equal momental, for, by Arts, 147
and 148, their moments of inertia about any straight line is the same.

13. Bhew that a tetrahedron is kinetically equivalent to six particles
at the middle points of its edges, each Toth of the mass of the tetrahedron
and one at the centroid gth of the mass of the tetmhedron

166. 1o find whether a given straight line s, at any point
of its length, a principal axis of a given material system, and, if
s0, to find the other two principal azes.

Take the given straight line as the axis of z, and also any
origin O on it and any two perpen-
dicular lines OX, OY as the other two
axes.

Assume that 0Z is a principal axis
at a point C of its length and let CX’,
CY’ be the other two principal axes
where CX’ is inclined at an angle 6
to a line parallel to OX. Let OCbe h.

Let z, y, z be the coordinates of
any particle m of the material syste
referred to OX, 0Y, OZ and &', ¥/, 2 'its coordinates referred to
CcX’, Y, CZ.

Then

z2=24+h, x=2'cos@—y'sinf, and y=4asin 0+y’cos€
so that
a'=wcos@+ysinf, y'=—xsinf+ycosh, and z’—z h.

o Zmy's = Zm (— xz sin 6 + yz cos 6 + hx sin 6 — hy cos )
=Dcos0—Esinf+Mh(zsin 0 —Fcosb) ........(1),

with the notation of Art. 148,

2mz'a’ =3Zm[az cos § + yzsin 6 — ha cos 6 — hy sin 4]

=Dsin @ + E cos 0 — Mh (% cos § +7sin 6) ...(2),

and
Sma'y’ = Sm[— «?sin 0 cos 6 + zy (cos’ 60 — sin® 6) + 4* sin 6 cos 6]
=38I020(4 = B)+ Fco820 ..covvervninnininiininninns 3).
If X", CY", CZ are principal axes, the quantities g), ),

(3) must vamsh

2F
The latter gives tan 20 = B ceereeeeneeeneenns 4).
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Frorgi(1) ahd (2) we have "«
"EsinO—Dco30=Dsin0+EcosG
zsinf —ycosd , Tcosd+Yysind

E D

=Mn°

These giV'e %:-’—_'icoooooo.ooo.-nt.ooncooooco-(5),
D E
Bnd h—EI_?—/=m ooooo es00evoseserrense (6)-

(5) is the condition that must hold so that the line 0Z may
be a principal axis at some point of its length, and then, if it be
satisfied, (6) and (4) give the position of the point and the
directions of the other principal axes at it.

166. If an axis be a principal axis at a point O of its
length it_js.not,in general, a principal axis at any other point.
For:if{¥*be & principal axis at O then D, E and F are all zero;
equdtion (6) of the previous article then gives k=0, i.e. there
is nb other such point as C, except when Z=0 and 7=0.
In tKis latter case the axis of z passes through the centre of
gravity and the value of % is indeterminate, .e. the axis of 2 is
a principal axis at any point of its length.

Hence if an, axis passes through the centre of gravity of
a body, and is a principal axis at any point of its length, it is
a principal awis at all points of its length.

157. If the body be a lamina, as in the figure of Art. 149,
the principal axes at a point O are a normal OZ to its plane,
and two lines 0X’, OY” inclined at an angle 6 to 0X and OY.

In this case, since 2 is zero for every point of the lamina,
both D and E vanish. Hence equation (6) of Art. 155 gives
h=0, and 4 is given by

2F
tan 26 =4B__Z .
As a numerical illustration, take the case of the triangle

of Art. 153.
B B_M[b’cos’O+c’cos’B'J.
’ - L)

Here A=M§ 6 | —beccosBcosC

and Faj—zl"(bcosa—ccos.l?).
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The inclination 6 of one df the principal axes to ‘./IK is then
given bpthe above formula.

158. The prmclpal axes at any point P of & lamina may
be constructed as follows.

The plane of the laming being the plane®of the paper,
let G be its centre of inertia and GX, GY the principal axes
at @, the moments of inertia about which are 4 and B, 4 being
greater than B. *

On GX take points S and H, such that

GS=GH= VA B

Then, by Art. 147, the moment of inertia about SY”, parallef
to GY, =B+ M.GS8*=4
so that the moments of
inertia about SX and SY’
are both equal to 4.

Also the product of in- :
ertia about SX, SY’ * . H G @ 8 X

=3m(z—GS).y=Smay - GS.Zmy =0,
since GX and GY are the principal axes-at @, and since G is
the centre of inertia.

Hence S is a point such that SX and SY” are the principal
axes, and the moments about each are equal to 4.

Hence, by Art. 149 or 152, any line through S in the plane
of the paper is a principal axis at S, and the moment of inertia
about it is 4.

Similarly for any line through H.

Hence the moments of inertia about SP and HP are each
equal to 4. Also the normal at P to the lamina is clearly one
of the principal axes at P, so that the other two lie in the
plane of the lamina, If then we construct the momental ellipse
at P, its radii-vectores in the directions PS and PH must be
equal, since we have shewn that the moments of inertia about
P’S and PH are the same. Also in any ellipse equal radii-
vectores are equally inclined to its principal axes, so that the
latter bisect the angles between equal radii-vectores.

Hence the principal axes of the momental ellipse at P,
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t.e. the I‘m'\ncipal. axes of the lamink at P in its plane, bisect the
angles between PS and PH. ¢

If then, with S and H as foci, we describe an ellipse to pass
through any point P of the lamina, the principal axes of the
lamina are the tangent and normal to this ellipse at P, The
points S and H are hence known s the Foci of Inertia.

1569. The proposition of the preceding article may be
extended to any body, if G be the centre of inertia, GX, GY,

and GZ its principal axes at G and P be any point in the plane
of XY.

EXAMPLES

1. If 4 and B be the moments of inertia of a uniform lamina about
two perpendicular axes, OX and 07, lying in its plane, and # be the product
of inertia of the lamina about these lines, shew that the principal moments
at O are equal to 3[4+ B+ (4= B):+4F7],

2. The lengths AB and AD of the sides of a rectangle 4 BCD are 2a
and 2b ; shew that the inclination to AB of one of the principal axes at 4
is Lian-1 300 _

18 § n ) (a2 = b’) .

3. A wire is in the form of a semi-circle of radius a ; shew that at an

end of its diameter the principal axes in its plane are inclined to the
‘ I, 4 1,4

§1;(»,11 - and 5 +§t&ll -

4. Shew that at the centre of a quadrant of an ellipse the principal

- - 1, /4 ab
axes in its plane are inclined at an angle 3 tan 1 (; m) to the axes.

dismeter at angles

‘6. Find the principal axes of an elliptic area at any point of its
bounding arc.

6. At the vertex C of a triangle A BC, which is right-angled at C, the
principal axes are a perpendicular to the plane and two others inclined to

1 ab
. 1.
the sides at an angle 5 tan B

7. ABC is a triangular area and 4D is perpendicular to BC; E is

the middle point of BC and O the middle point of DE ; shew that BC is a
principal axis of the triangle at 0. [Use the property of Art. 153.]

8. ‘A uniform square lamina is bounded by the axes of # and y and

the lines £=2¢, y=2¢, and & corner is cut off by the line §+%=2.

Shew that the principal axes at the centre of the square are inclined
ab -2 (a+bd)c+3c?

to the axis of # at angles given by tan26= @-0a+6-2)
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9. A uniform lamina is boundetf by a parabolic arc, of latussrectum 4a,
and a douBe ordinate at a distance b from the vertex. If bhg (74447,

shew that two of the principal axes at the end of a latus-rectum are the
tangent and normal there.

10. Shew that the principal axes at the node of ashalf-loop of the
lemniscate r?=a?cos28 are inclined to the initial line at angles
1 1 T 1 1
~tan-l = T o+ =tan~! =
2tim 3 and 5+ 2ts,n 3
11. The principal axes at a corner O of a cube are the line joining O
to the centre of he cube and any two perpendicular lines.

12. If the vertical angle of a cone is 90° the point at which a

generator is a principal axis divides the generator in the ratio 3 : 7.
[Use Art. 159.]

13. Three rods AB, BC and CD, each of mass m and length 2a, are
such that each is perpendicular to the other two. Shew that the principal
moments of inertia at the centre of mass are ma?, Jma® and 4ma?,



CHAPTER XIr

D' ALEMBERT’S PRINCIPLE

THE GENERAL EQUATIONS OF MOTION

160. We have already found that, if =, y, 2 be the co-
ordinates of a particle m at time ¢, its motion is found by

equating m ‘th’ to the force parallel to the axis of «, and

similarly for the motion parallel fo the axes of y and z.

If m be a portion of a rigid body its motion is similarly
given, but in this case we must include under the forces
parallel to the axcs not only the external forces acting on the
particle (such as its weight), but also the forces acting on the
particle which are due to the actions of the rest of the body
on it.

The quantity m —— b

ap
the particle parallel to the axis of 2. [It is also sometimes
called the kinetic reaction of the partidle.]

Thus we may say that the a-component of the effective
force is equivalent to the a-component of the external forces
together with the a-component of the internal forces,

or again that the z-component of the reversed effective
forces together with the z-components of the external and
internal forces form a system in equilibrium.

So for the components parallel to the axes of y and 2.

Hence the reversed effective force, the external force, and
the internal force acting on any particle m of a body are in

-equilibrium,

is called the effective force acting on
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PR

So for all the other particlés on the body.

Hencs the reversed effective forces acting on each particle
of the body, the external forces, apd the internal forces of the
body are in equilibrium, Now the internal forces of the body
are in ethbnum amongst themselves ; for by Newton’s third
law there is to every action an’equal and opposité reaction.

Hence the reversed effective forces acting on each particle of
the body and the external forces of the system are in equilibrium.

This is D’Alembert’s principle. It was enunciated by him
in his Zraité de Dynamique pubhshed in the year 1743. It
will be noted Rowever that it is only a deduction from Newton’s
Third Law of Motion.

161. Let X, Y, Z be the components parallel to the axes
of the external forces acting on a particle m whose coordinates
are @, ¥, £ at the time ¢.

Then the principle of the preceding article says that forces
whose components are

’ d*z > ol’ d’z

X-mp Y=mas Z-mg
acting at the point («, y, 2), together with similar forces acting
at each other such point of the body, foriea system in equi-
librium.

Hence, from the ordinary conditions of equilibriuin (Statics,

Art. 165), we have
p (X m dw) =0,

de
Z(Y m‘fig) 0,
(s-n 2o,

z[y(z mogﬁ) (Y macll’ﬁ)]=q’
. 2[(x-nG)-e(2-nF)] -0

.and E[w(Y—-m%%—y(X—m%%)}uO.
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. Thesd give IMELZSE ecrrernngr D)
Emdsy—-EY s (2),
3m dt,—-sz ........................ @),

‘Sm(y% ‘fl;’/) S WZ=27) o @),
Sm (z‘%ﬁ dta) 3 (6X = 2Z) g, ),
and Em( ‘gg g‘flt‘f) SN S o W (6).

These are the equations of motion of any rigid body.

Equations (1), (2), and (3) state that the sums of the
components, parallel to the axes of coordinates, of the effective
forces are respectively equal to the sums of the components
parallel to the same axes of the external impressed forces.

Equations (4), (5), (6) state that the sum of the moments
about the axes of coordinates of the effective forces are re-
spectively equal to the sums of the moments about the same
axes of the extern_a!fimpressed forces.

162. Motion of the centre of inertia, and motion relative to
the centre of inertia.

Let (Z, 7, 2) be the coordinates of the centre of inertia, and
M the mass of the body.

Then Mz =Zmz throughout the motlon b,nd therefore

dt” =32m dt’ *
Hence equation (1) of the last article gives
Ti_ﬁ =3X e e 1).
So - M ’%- =3V it 2),
and EF— DY /AT »....(8).

But these are the equations of motion of a particle, of
. mass M, placed at the centre of inertia of the body, and acted
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on by forces parallel to, and ¢qual to, the external forées acting
on the dsfferent particles of the body. .

Hence the centre of inertia of a,body moves as if all the mass
of the body were collected at 1t, and as if all the external forces
were acting at it in directions parallel to those in whwh they act.
Next, let (2, o, #) be the ‘coordinates, relative to the centre
of inertia, G, of a particle of the body whose coordmates referred
to the original axes were (2,9, 2).
Then = w+w, y=y+y and z2=%+72
throughout thg motion.
L dw_dE dE dy _dy d“’ dz _diz  d7
BB E W dTd ™M e mt
d’z d - dz  d2\ ,_ . . [(d%  dv
y'az& Et: (y+ )<(th dt’>_(z+z’)(dt"+ dt’)
Hence the equation (4) of the last article gives
_diz  _dwy LA Ay
zm (3’ )t 2"‘( @ "’RF)
a2 A% d% , A%
+Em[3’ PR R dt’]
=3 [F+V)Z-(E+2)TY]...(4).
y )
Now %ﬂ% =the y-coordinate of the centre of inertia

referred to @ as origin =0,

l
and therefore Smy =0 and Em =0;

80 Sme =0 snd Sm %2 dt’ ° ~0.

Hence (4) gives
_dz _dw a2z Ay
M[?/%i dt’] +3m (v 55 < )
=3S@Z-2Y+yZ-2Y)...(5)
But equations (2) and (3) give
.
M [37%; ‘gg] =3 [9Z - 2Y].
-, (5)“giVes

Em[ ‘fl;'— d’y] =Sy 2= Y] e, ).
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But this eqﬁation is of the sathe form as equation (4).of the
last article, and is thus the same equation as we sheuld have
obtained if we had regarded the centre of inertia as a fixed

oint.
d Hence the motion of a body about is centre of inertia is the
same as 1t wolld be if the centrd of inertia were fixed and the
same forces acted on the body.

163. The two results proved in the previous article shew
us that the motion of translation of the body can,be considered
independently of the motion of rotation.

By the first result we see that the motion of the centre of
inertia is to be found by the methods of Dynamies of a Particle.

By the second result we see that the motion of rotation is
reduced to finding that of a body about a fixed point.

As a simple example, consider the case of a uniform stick
thrown into the air in such a way that at the start its centre is
moving in a given direction and at the same time it is rotating
with given angular velocity about its centre. [Neglect the
resistance of the air and suppose gravity to be constant.] By
the first result the motion of the centre of inertia is the same
as if there were anzlied at it all the external forces acting on
the body in directions parallel to that in which they act. In
this case these éxternal forces are the weights of the various
elements of the body; when applied at the centre of inertia
they. are equivalent to the total weight of the body. Hence
the centre of the stick moves as if it were a particle of mass M
acted on by a_vertical.force My, i.e. it moves just as a particle
would Under gravity if it were projected with the same velocity
as the centre of the stick. Hence the path of the centre of the
stick would be a parabola.

In a subsequent chapter it will be seen that the angular
velocity of the stick will remain unaltered. Hence the centre
of the stick will describe a parabola and -the stick revolve
uniformly about it.

As another example consider a shell which is in potion in
the air and suppose that it bursts into fragments. The internal
forces exerted by the explosion balance one another, and do not
.exert any influence on the motion of the centre of inertia of
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the shell. The centre of inertia therefore continues to deecnbe
the same ﬁhrabola in which it was ‘moving before the explosion,
[The motion is supposed to be n* vacuo and gravity to be
constant.]

164. Equation (1) of Art. 161 may be written in the form

d de
Jt.[zm TE] =2(X),
e I [Total momentum parallel to the axis of «]
L)

= Sum of the impressed forces parallel to 0X.
So for the other two axes.
Also (4) can be written

d dz dy
%[Em (yaz dt>]=2(yZ—zY),

e 7 [Total moment of momentum about the axis of «]
=Sum of the moments of the impressed forces about OX.

165. As an example of the application of D’Alembert’s principle let us
consider the following question.

4 uniform rod 04, of length 2a, free to turn about its end O, revolves with
uniform angular velocity w about the vertical 0Z throuyh\U', and is inclined at
a constant angle a to OZ ; find the value of a.

Consider an element PQ of the rod, such that OP=¢ and PQ=d{. Draw
PN perpendicular to 0Z. By Elementary
Dynamics, the acceleration of P is «®.PN b
along PN.

Hence the reversed effective force is

gg.m].uﬂ.esinaas marked. (/ [ Y] SECERTEe

3

All the reversed effective forces acting at
different points of the rod, together with the
external force, i.e. the weight mg, and the
reactions at O, form & system of forces in A
statical eqmlxbnnm \

Taking moments about O to avoid thw
reactions, we therefore have

<5 -7

mg . a sin e =moment about O of all the several effective forces

=3 [g(—i.m].w’&pinaxfeosq

2 gi: 2 2
e fnatose su;a.oosaf @.d{:mﬁsinama.éa—'.

a 0 8
L. D, 14
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Hence either a=0, or cos “"ﬂL If 8g> 4w, 1.e. if w’<4—5 the second

equation glves an impossible value for a, and the only solution in this case
89

is a=0, i.e. the rod hangs vertxoally If 8g<4w?a, then a=cos~1_—- Tota

EXAMPLES

1. A phnk, of mass ¥, is initially at rest along a line of greatest
slope of a smeoth plane inclined at an angle @ to the horizon, and a man,
of mass M’, starting from the upper end walks down the plank so that it
does not move ; shew that he gets to the other end in t’ime

_ 2Ma

(M+M")gsina’
where a is the length of the plank.

2. A rough uniform board, of mass m and length 2a, rests on’'a
smooth horizontal plane, and a man, of mass ¥, walks on it from one
end to the other. Find the distance through which the board moves
in this time.

[The contre of inertia of the system remains at rest.]

3. A rod revolving on a smoothe horizontal plane about one end,
which is fixed, breaks into two parts; what is the subseyuent motion
of the two parts?

- 4 A circular hgerd is placed on a smooth horizontal plane, and a boy
runs round the edge of it at a uniform rate; what is the motion of the
centre of the board ?

B. A rod, of length 2a, is suspended by a string, of length /, attached
to one end ; if the string and rod revolve about the vertical with uniform
angular velocity, and their inclinations to the vertical be 8 and ¢ re-

3l _(4tan6-3tanp)sin
spectlvely, shew that (tang —tan&)sind °

8. A thin circular disc, of mass M and ra.dlus a, can turn freely about
a thin axis, 04, which is perpendicular to its plane and passes through
a point O of its circumference. The axis 04 is compelled ‘to move in a
horizontal plane with angular velocity » about its end 4. Shew that the
inclination 6 to the vertical of the radius of the disc through 0 is

cos~! (ﬁi)’ unless m“<% , and then @ is zero.
7. A thin heavy disc can turn freely about an axis in its own plane,

and this axis revolves horizontally with a uniform angflar velocity w
about & fixed point on itself. Shew that the inclination 6 of the plane

of the disc to the vertical is cos—!7— ‘; 3> Where A is the distance of the
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.
centre of imertin of the disc from the’axis and & is the radius of“gyration
of the disc abut the axis,

If o? <%§ , then the plane of the disc is wertical.

8. Two uniform spheres, Sach of mass M and radiug a, are firmly
fixed to the ends of two uniform thim rods, each of mass »®and length {,
and the other ends of the rods are freely hinged to a point 0. The whole
system revolves, as in the Governor of a Steam-Engine, about a vertical
line through O with angular velocity «. Shew that, wheg the motion
is steady, the rods are inclined to the vertical at an angle 4 given by the
equation

M(l+a)+ mé
CO8 0 = %5 s |
@ (2
MA+a)y+m 3

Impulsive Forces

166. When the forces acting on a body are very great and
act for a very short time, we measure their effects by their
impulses. If the short time durmg which an impulsive force

X acts be 7, its impulse 1sf Xdt.

In the case of impulsive forces the equations (1) to (6) of
Art. 161 take a different form.
Integrating equation (1), we have

[m ] fzx di=3 [ Xa

If u and « be the velocities of the particle m before and

after the action of the impulsive forces, this gives

Imu —uw)=32X,
where X’ is the impulse of the force on m parallel to the axis
of z.

This can be written

Zmu — Zmu=2X" ... cicenrerennensa (1),
1.e. the total change in the momentum parallel to the axis of @
is equal to the total impulse of the external forces parallel to
this direction.

Hence the change in the momentum parallel to Oz of the
whole mass M, supposed collected at the centre of inertia and
moving with o, is equal to the vmpulse of the ewternal Jorces
parallel to Ow.

14—2
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So for the change in the motion parallel to the axes of y
and 2, thé equations being

Smt) —Smy=3Y"....... crerasenaeraes 2),
and Smw' — Emw =37 i ceererens 3).
Again, on integrating equation (4), we have

‘[21{)1 (;y(%v %"g)] [y f Zdt- 2 f Ydt]
e Sm[y(w —w)—2( —v)]= 2 [yZ - =2Y'].
Hence ‘
Sm[yw' — 2v'] = Sm [yw — 2v] =2 (yZ' - 2Y’) ...(4).
Hence the change in the moment of momentum about the axis
of @ 18 equal to the moment about the axis of @ of the impulses of

the extérnal forces.
So for the other' two axes, the equations being

Sm (2 — wﬁg) 3m (eu — aw) =3 (¢ X' —2Z') ...(5),
and S (av - yu) - S (a0 — yu) = 3 @F" - yX)...(6).

167. The equations of Arts. 161 and 166 are the general
equations of motion of a rigid body under finite and impulsive
forces respectively; and always give the motion. They are not
however in a form which can be easily applied to any given
problem.

Different forms are found to be desirable, and will be obtained
in the following chapters, for different classes of Problems.



CHAPTER XIII
MOTION ABOUT A FIXED AXIS

®

168. Let the fixed axis of rotation be a perpendicular
0Z at O to the plane of the
paper, .and let a fixed plane
through OZ cut the paper in 04.
Let a plane ZO@, through 0Z
and fixed in the body, make an
angle 6 with the fixed plane, so
that £ A0G = 6.

Let a plane through 0Z ahd
any point P of the body make
an angle ¢ with Z04 and cut t' < plane of the papel in 0Q, so %
that £ A0Q=¢.

As the body rotates about 0Z the angle QOG remains the
same always, so that the rate of change of 6 is the same as that

of ¢.

dd> dé d¢ _d
@@ A g =g
If » be the dlsta.nce, PM, of the particle P from the axig 0Z,
then, since P describes # circle about M as centre, its accelera-
tions are 7 (ddq:) along PM and » ii;,: perpendicular to PM.
« Hence its effective forces in these directions are
do d‘¢ dé a0
mr (Ei) and mr == 7 n.e. mr (dt) and mr—— FrE
Hence the moment of its effective forces about the axis
Oz is
a0

1.6 Myt —

4
rxmr—z, 7
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Mdnce the moment of the ‘ffective forces of the whole body

about 0Z is

d:6 a0
Smri. T .6 dt’ x Zmrt,

since —— b is the same for all partlcles of the body.

d 2

Now Zms* is the moment of inertia, Mk3, of the body about
the axis. Hence the required moment of the effective forces is
Mk2. %:—g , where 8 is the angle any’plane through the axis
which is fixed in the body makes with any-glane through the
axis which is fixed in space.

169. Kine'ti&efmrgy of the body.

. . . do . ' do
The velocity of the particle m is » at .6 1 e

1 dg\? o
is therefore 3 m( d t) Hence the total kinetic energy of the

body
- e (8] =} (s e ().

170. Moment of momentum of the body about the fized
ars.

Its energy

v.'

The velocity of the particle m is r{jlif

dicular to the line, of length r, drawn from m perpendicular to
the axis. Hence the moment about the axis of the momentum

in a direction perpen-

of m is mr X r—> Z(:, 1.6 mﬂ%l—l%‘ . Hence the moment of momentum

of the body
- do _do o g @0
2 ., dt dt 2m1 —-Mk ?Il—t.
171. To find the motion about the axis of rotation.
Art. 161 tells us that in any motion the moment of the
effective forces about the axis is equal to the moment of the
- impressed forces. Hence, if L be the moment of the impressed
forces about the axis of rotation, in the semse which would
cause 0 to increase, we have ¢

Mlo’ E——t—,= L.
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215

Thi8 gquation on being integrated twice will gwe’e a.nd _J—

in terms of the time #. The arbitrary constants whlch appear
in the integration will be known if we are given the position
of the plane ZOG, which’ is ﬁxed in the body, a,nd its angular

velocity at any time.

172. E=z.1l. A uniform rod, of mass m and length 2a, can turn freely about
one end which is fixed ; it is started with angular velocity w from the position in

which it hangs vertically ; ﬁnd the motion.

The only external force is the weight Mg whose moment L about the fixed

axis i8 Mg.asing, when the rod has revolved
through an angle 5, and this moment tends to
lessen 6. Hence the equation of motion ig

3

d3g : AN h
MK? 'd—z‘“' —Mgasln 0, - h baee”
4a® d% _ 3g .
or, gince k%= —3—- ’ d—t§ 4 sin 6.

Integrating, we have

1 /da6\? 3y 1, 8
Q(dt) coso+0,where Tk _Z—+c

(%) =uwl- 2_a(l -cmo)......(1),

giving the angular velocity at any instant. §n

4

general the equation (1) cannot be integrated further, so that ¢ cannot be found

in terms of 6.

‘ .

The angular velocity fl—f gets less and less as 6 gets bigger, and just vanishes

when =, i.e. when the rod is in its highest position, if w=

3y

This is the least value of the angular velocity of the rod, when in its
lowest position, so that the rod may just make complete revolutions, With

this particular angular velocity the equution (1) gives

(do) 8 (1 +cos 0)= =2, cos? g

Y.t 9]

Co8 5

=2log tan (4 4)

giving the time of deseribing any angle 6 in this particular case,

Energy and Work.
The equation (1) may be written in the form
1, 4a2 [do\2 1 4a2
L —
g M- (dc >

-§M. 3 = ~Mga (1 -cosb),

i.e., by Art. 169, the change in the kinetic energy of the body is equal to the

work done against the weight of the body.
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Exz. 9, A find string has two masses, M and M’, tied to {ts enaf and passes
over a roug'h pulley, of mass m, whose centre is fixed; if the :tz'nj does not

1,
slip over the.pulley. shew that M will descend with acceleration ——l{—-’? XA
r M+M4+m at
where a is'the radius and k the radine-of-gyratien of the pulley.
If the pulley be not sufficiently rough to prevent sliding, and M be the
. . M- M’ ™
descending mass, shew that its acceleration is mg, and that the pulley

. S . MM’ ga (e** - 1)
will now spin with an angular acceleration equal to ik (M + M o) .

Let T and T be the tensions of the string when the pulley has turned
through an angle 6; and let the depths of M and M/
below the centre of the pulley be # and y. Then, by
Art. 171, the equation of motion of the pulley is

M =(T=T') @ orrvrrenennnnnnd ).

Also the equations of motion of the weights are

Mi=Mg-T and My=Mg-T" ..(2).

Again z+y is constant throughout the motion,

8o that .

First, let the pulley be rough enough to prevent
any sliding of the string, o that the string and pulley
at 4 are always moving with the same velocity. Then
Z=aé always, and therefore

F=al connerinriessenninn (49

* - ’
Equations (1) to '(4f give Z¥=al =—-M—]‘-I——,E§g. giving the oonstant

M+M'+m—
a

acceleration with which M descends.
2
If the pulley be a uniform dise, k2= %— , and this acoeleration is

M-M'

MM+
- A s M-M
It it be a thin ring, k2=a?, and the leration is Trirsm?

Secondly, let the pulley be not rough enough to prevent all sliding of the
string. In this case equation (4) does not hold; instead, if u be the coetlicient
of friction, we have (Statics, Art. 266),

T=T ;¥ iriiinniieinerarssnnenssssssannens(B)s

Solving (2), (3) and (5), we have

Trewno p UMY g g MM
M4 M’ et M+ M’ e#”
§z2ga(ef"'-1) MM’ ‘
mk? . M+ M/ enr .

The result of the first case might have been easily obtained by assuming the

Principle of Work and Energy ; in the second oase it does not apply.

and then (1) gives
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L ]
EXAMPLES

1 A oord, 10 feet long, is wrapped round the axle, whose diameter
is 4 inches, of a wheel, and is pulle® with a constant force equal to
50 lbs. weight, until all tie cord is unwound. If the wheel is then
rotating 100 times per minute, shew that its moment of inertia is

9"" #t.-Ib. units.

2. A uniform wheel, of weight 100 lbs. and whose radius of gyration
about its centre is one fdot, is acted upon by a couple équal to 10 ft.-lb.
units for one minute ; find the angular velocity produced.

Find also thq constant couple which would in half-a-minute stop the
wheel if it be rotating at the rate of 15 revolutions per second. Find also
how many yevolutions the wheel would make before stopping.

+8 A whdel. consists of a disc, of 3 ft. diameter and of mass 80 lbs.,
loaded with a mass of 10 lbs. attached to it at & point distant one foot
from its centre; it is turning freely about its axis which is horizontal.
If in the course of a single revolution its least angular velocity is at the
rate of 200 revolutions per minute, shew that its maximum angular
velocity is at the rate of about 204'4 revolutions per minute.

4. Two unequal masses, i 2nd M, rest on two rough planes inclined
at angles a and, 8 to the horizon; they are connected by a fine string
pagsing over a small pulley, of mass m and radius @, which is placed at
the common vertex of the two planes; shew that the acceleration of
either mass is

3
g[M (sina—pcosa)—M' (sinB+p’cos/9)]—:—[M+M'+m 2_2],

where pu, p' are the coefficients of friction, % is the radius of gyration
of the pulley about its axis, and A is the mass which moves downwards.

5. A uniform rod 4B is freely movable on a rough inclined plane,
whose inclination to the horizon is ¢ and whose coefficient of friction is p,
about a smooth pin fixed through the end 4 ; the bar is held in the
horizontal position in the, plane and allowed to fall from this Position.
If 6 be the angle through which it falls from rest, shew that

g{r_lo pcotr.
o—-=

8. A uniform vertical circular plate, of radius a, is capable of revolving
about a smooth horizontal axis through its centre; a rough perfectly
flexible chain, whose mass is equal to that of the plate and whose length
is equal to its circumference, hangs over its rim in equilibrium; if one

end be slightly displaced, shew that the velocity of the chain when the

other end reaches the plate is ,\/
[Use the Principle of Energy and Work,]
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7. bumform chain, of length 20 feet and mass 40 lbs., fangs in
equal lengths over a solid circular pulley, of mass 10 lbs. g,nﬂ small
radius, the axis of the pulley being horizontal. Masses of 40 and 35 lbs.
are attached to the ends of thes chain and motion takes place. Shew
that the time taken by the smaller mass to reach the pulley is

ilal—g log, (9 +4 /b) secs.

8. A heavy fly-wheel, rotating about a symmetrical axris, 18 slowing
down under the friction of its bearings. During a certain minute its
angular velocity drops to 90°/, of its value at the beginning of the minute.
What will be the angular velocity at the end of the next minute on the
assumption that the frictional moment is (1) constante(2) proportional
to the angular velocity, (3) proportional to the square of the angular
velocity #

Let [ be the moment of inertia of the body about its axis, e its
angular velocity at any time ¢, and @ its initial angular velocity. Let
22 be the angular velocity at the end of the second minute.

(1) If Fbe the constant frictional moment, the equation of Art. 171 is

do
I i -F.
oo Jo=—-Ft+0=—-Ft+1Q,
L
where  I.15.0=-F.60+10, and I.s0=~F.120+Io.
80
, 100°
(2) If the frictional moment is Ao, the equation of motion is
1 3—;: Awv
o Ilogw=-)\t+const
A

-2t -3+t
o 0=0 I''=Qe 1 ,

e T=

A
-%.60 1
?1%.—:9@ I'", and 2Q= Qe 1 20

e () 81
77 \i6/) T 100°

(3) Let the frictional moment be pw? so that the equation of motion is

where «

do 2
Ia‘z——-—pm.
Lo I
ot I.-‘;=pt+0=pt+6,
10 I 1 I
where I. gg =r-60+5, and I'x_&i=“'120+5'
o _sif

o’ w—“i 100
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. with ‘the three suppositions,the angular velocity at the4nd of two
minutéggis therefore 80, 81, and 814% °/, of the initial angular velocity.

9. A fly-wheel, weighing 100 Ibs. and having a radius of gyration
of 3 ft., has a fan attached to its spindle. Itis rotating at 120 revolutions
per minute when the fan i®suddenly immersed in water. If the resistance
of the water be proportional to the square of the speedqand if the angular
velocity of the fly-wheel be halved in three minutes, shew that the initial
retarding couple is 204 ft.-poundals.

~10. A fly-wheel, whose moment of inertia is J, is acted on by a variable
couple G'cospt; find the amplitude of the fluctuations in the angular
velocity.

THE COMPOUND PENDULUM

173. If a rigid body swing, under gravity, from a fived
horizontal axis, to shew that the time of a complete small oscilla-

tion 1s 2'n'~/ % , where k 1s its radius of gyration about the fixed

axis, and h vs the distance between the fized axis and the centre
of inertia of the body.

Let the plane of the paper be the plane through the centre
of inertia G perpendicular to the fixed axis; let it meet the
axis in O and let § be the angle between the vertical 04 and the
line OG, so that 6 is the angle a plane fixed in the body makes
with a plane fixed in space.

The moment L about the horizontal axis of rotation 0Z of
the impressed forces

= the sum of the moments of the weights of the component
particles of the body
= the moment of the weight Mg acting at G
= Mgh sin 6, where OG =h,
and it acts so as to diminish 6.
Hence the equation of Art. 171 becomes

Mk,@’@ =-—Mghsin b, e %g =— ‘%’;b sin

de
If 0 be so small that its cubes and higher powers may be

neglected, this equation becomes

g gh )

77 i 0 i cererenseians (2).
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The “Maqtion ‘'is now simple harmonic and the tim'e, of a
complete osgillation is

9 —_
EEN 4
\/9_ kg
. k’ L]
By Art. 97 the time of oscillation is therefore the same as

that of a simple pendulum of length I%g This length is that of

the simple equi;)alent pendulum.
Even if the oscillation of the compound pendulum be not
small, it will oscillate in the same time as a simple pendulum

of length %

For the equation of motion of the latter is, by Art. 97,

a0 —gsind h .
dt’__.‘).'r:—%sme Cereerreeenn 3),

h

which is the same equation as (1)., Hence the motion given
by (1) and (3) will always be the same if the initial conditions
of the two motions are the same, e.g. if the two pendulums are
mstantaneously at rest when the value of ¢ is equal to the
same value a in each’case, or again if the angular velocities of
the two pendulums are the same when each is passing through
its position of stable equilibrium.

174. If from O we measure off, along 0@, » distance 00,,
equal to the length of the simple equivalent
pendulupm l;;, the point O, is called the centre | ° o
of oscillation.

We can easily shew that the centres of
suspension and oscillation, O and O,, are con-
vertible, Z.e. that if we suspend the body from
0, instead of from O, then the body will swing
in the same time as a simple pendulum of
length 0,0. 10, 10s

For we have

-Q

kB K4 0@
001——5 —0qd
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where K is the radius of gyratmn about an axzs ‘through G
pam]lefto the axis of rotation.
Hence K'=0@.00,-QG=0G. GO, ............ Q).
When the body swings about a parallel axis through 0,,
let O, be the centre of osci]lation. We then have, similarly,
R=0,6.G0; ..coouvvnnnnnnn ().
Comparing (1) and (2) we see that O, and O are the same
point. Hence wheneO, is the centre of suspemsion, O is the
centre of oscillation, so that the two points are convertible.
This property was used by Captain Kater in determining
the value of g. His pendulum has two knife-edges, about
either of which the pendulum can swing. It also has a movable
mass, or masses, which can be adjusted so that the times of
oscillation about the two knife-edges are the same. We then
know that the distance, /, between the knife-edges is the length
of the simple equivalent pendulum which would swing in the
observed time of oscillation, T, of the compound pendulum.

Hence g is obtained fromethe formula T'=2r ,\/ ‘)

For details of the experiment the Student is referred to
practical books on Physics.

176. Minimum time of oscillation of a compound pendulum.
If K be the radius of gyration of the body about a line
through the centre of inertia parallel to the axis of rotation,

then k*=K*+h
Hence the length of the simple equivalent pendulum
- K3+ R —h+ K»
TR TR

The_simple equivalent pendulum is of minimum length, and

therefore its time of oscillation least, when —i (h +1—{’)=0
el dh h »

. K .
%.e.when 1 - = 0, te when h=K,

and then the length of the simple equivalent pendulum is 2K.
If h =0 er infinity, 1.. if the axis of suspension either passes
through the centre of inertia or be at infinity, the corresponding
simple equivalent pendulum is of infinite length and the time
of oscillation infinite.
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The absve gwes only the midimum time of oscula.tlon for
axes of suspension which are drawn in a given directioh. But
we know, from Art. 152, that of all axes drawn through the
centre of inertia G' there is one such tha$ the moment of inertia
about it is a maximum, and another such that the moment of
inertia about it is a minimum. If the latter axis be found and
if the moment of inertia about it be K, then the axis about
which the time is an absolute minimum will be parallel to it
and at a distance K.

178. Ex. Find the time of oscillation of a compound pefdulum, consisting
of a rod, of mass m and length a, carrying at one end a sphere, of mass my and
diameter 2b, the other end of the rod being Jized.

Here (m+my) k2=m . 3 +m1 l:(a+b)3+2b2]

and (m+'mq)h=m.§+m1(a+b).
Hence the length of the required simple pendulum

a? 2b
o Mytm [(a, +D)2+ _g_z]

7=

5y (a+b)

m3

177. Isochronisin of Torsional Vibrations.
Suppose that a heavy uniform circular disc (or cylinder) is
suspended by a fairly long thin wire, attached
at one end to the centre C of the disc, and I
with its other end firmly fixed to a point O.
Let the disc be twisted through an
angle a about OC, so that its plane is still
horizonfal, and let it be then left to oscillate.
We shall assume that the torsion-couple
of the wire, v.e. the couple tending to twist
the disc back towards its position of equi-
librium, is proportional to the angle through
which the disc has been twisted, so that the
couple is A6 when the disc is twisted through

an angle 6. I
Let M be the mass of the disc, and % its S
radius of gyration about the axis of rota-

tion OC,
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By qA;rb. 171 the equation &f motion is

The motion is therefore snnple harmonic, and the time of
M2 -
oscillation = 27 + \/ m- 2 \/ ........................ ).

This time is mdependent of a, the amplitude of the oscilla-
tion, «

We can hence test practically the truth of the assumption
that the torsien-couple is Af. Twist the disc through any
angle a and, by taking the mean of a number of oscillations,
find the corresponding time of oscillation. Repeat the experi-
ment for different values of a, considerably ditfering from one
another, and find the corresponding times of oscillation. These
times are found in any given case to be approximately the same,
Hence, from (1), the quantity M is a constant quantity.

178. Ezperimental determination of moments of inertia.
The moment of inertia of & body about an axis of symmetry
may be determined experimentally by the use of the preceding
article.

If the disc be weighed, and its diameter determined, then
its Mk?* is known. Let it be I.

Its time of oscillation is then T, where

Let the body, whose moment of inertia I’ about an axis of
symmetry is to be found, be placed on the disc with this axis
‘of symmetry coinciding with C0, and the time of oscillation 1"
determined for the compound body as in the previous article.

Then T'=2r Q;T{ ..................... @).
(1) and (2) give
I+ T . ., -1
. ‘-I T” 3.8.I=I.-—-1—,';"',

giving I’ ifi terms of known quantities,
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EXAMPLES
Find the lengths of the simplé equivalent pendulums in the following
cases, the axis being horizontal :

1. Ciroular #ire ; axis (1) a tangett, (2) & iserpendmular to the plane
of the wire at any pomt of its arc.

2. Circular dlsc axis a tangent to it.

3. Elliptic lamma axis & latus-rectum.
4. Hemisphere ; axis a diameter of the base. [Reult. -}—g a.
5. Cube of side 2a ; axis (1) an edge, (2) a diagonal of one of its facea.

[Remzu. W5vea; @)%,
8. Triangular lamina A BC'; axis (1) the side BC, (2) a perpendicular
to the lamina through the point 4.

[Reault: M) $ein0; (@) 1. 3p43d-a)

N2+ 201 - g + 20’
243 ta,nf_c_: ) /&.]

b

‘8. Three equal particles are attached to a weightless rod at equal dis-
tances a apart. The system is suspended from, and is free to turn about,
a point of the rod distant # from the middle particle. Find the time of a
small oscillation, and shew that it is least when »='82a nearly.

7. Cone; axis a diameter of the base. [Remlt.

9. A bent lever, whose arms are of lengths a and b, the angle between
them being a, makes small oscillations in its own plane about the fulcrum ;
shew that the length of the corresponding simple pendulum is
2 ?®+b
3y mﬁ‘m.

10. A solid homogeneous cone, of height & and vertical angle 241,‘
oscillates about a horizontal axis through its vertex; shew that the

length of the simple equivalent pendulum is §(4+tan’ a).

11. A sphere, of radius 4, is suspended by a fine wire from a fixed
point at a distance ! from its centre; shew that the time of a small

3
oscillation is given by = o / 5l’g—lg2a [1+ sin? ] where a represents
the amplitude of the vibration.

12. A weightless straight rod 4 BC, of length 2a, is movable about
the end 4 which is fixed and carries two particles of the same mass,
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one fastengd to the middle point B #nd the other to the end C'of the rod.
If the rod W held in a horizontal position and be then let ga, shew that
its angular velocity when vertical is ,\/?;'%, and that %3 is the length of
the simple equivalent pendulum.

138. For a compound pendulum Zhew that there are three other axes
of support, parallel to the original axis and intersecting the line from the
centre of inecrtia perpendicular to the original a,m, for which the time
of oscillation is the same as gbout the original axis, What js the practical
application of this result ?

14. Find the law of graduation of the stem of the common metronome.

15. A simple circular pendulum is formed of a mass M suspended from
a fixed point by a weightless wire of length [; if a mass m, very small
compared with #, be knotted on to the wire at a point distant a from
the point of suspension, shew that the time of a small vibration of the

pendulum is approximately diminished by g}l{; (1 - %) of itself.

16. A given compound pendulum has attached to it a particle of
small mass; shew that the greatest alteration in the time of the
pendulum is made when it is placed at the middle point of the line
bisecting the distance joining the centres of oscillation and of suspension ;
shew also that a small error in the point of attachment will not, to a first
appromma,tlon, alter the weight of the particle to be added to make a given
difference in the time of oscillation.

17. A uniform heayy sphere, whose mass is 1 lb. and whose radius
is 3 inches, is suspended by a wire from a fixed point, and the torsion-
couple of the wire is proportional to the angle through which the sphere
is turned from the position of equilibrium. If the period of an oscillation
be 2 secs,, find the couple that will hold the sphere in equilibrium in the
position in which it is turned through four right angles from the equi-
librium-position.

©

18, A fly-wheel is hung up with its axis vertical by two long ropes
parallel to and equidistant from the axis so that it can perform torsional
vibrations, It is found that a static-couple of 60 ft.-lbs. will hold it when
it is turned through yjsth of a radian, and that if it be turned through
any small angle and let go it will make & complete oscillation in 5 secs.
Shew that when this fly-wheel is revolving at the rate of 200 revolutions
per minute the energy stored up in it will be about 31 ft.-tons.‘

179. Regactions of the axis of rotation. Let us first
consider the simple case in which both the forces and the body
are symmetrical with respect to the plane through the centre
of gravity perpendicular to the fixed axis, t.e. with respect to

LD 15
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the plane of "the paper, and 1&t gravity be the only. external
force.

By symmetry, the actjons of the axis on the body must
reduce to a single force acting at O
in the plane of the paper; let the
components of this single force be
P and @, along and perpendicular
to GO. ]

By Art. 162 the motion of the
centre of gravity @ is the same as it
would be if it were a particle of
mass M acted on by all the external
forces applied to it parallel to their
original directions.

Now @ describes a circle round O as centre, so that its
accelerations along and perpendicular to GO are

dé d» 0
H(G) wa
Hence its equations of motion are
M. h("w) =P —Mgcos@ ..o, ),
: ‘ 26 .
and M. h— i Q@ —Mgsind ....... T (2).
Also, as in Art; 171, we have
MESE = Mghsin® ....oovvvever @)

L Use v e we

Qis glven by ehmmabmg (flte between (2) and (3).
If (8) be integrated and the resultmg constant determined
from the initial conditions, we then, by (1), obtain P.

As & particular case let the body be a uniform rod, of length 2a, turning
about its end O, and let it start from the position in which it was vertically

above 0. In this case h=a, k2=a2+ -; = 4—;—’.
Hence equation (8) becomes .
f=~ i-—q 8N 0 iviriivrnenieinne wresrarasene 4).
% 0’: 3 3, 08 0+ const.= = (1 +0086) .overens veesecans(B)s

since ¢ Is zero when 6=x».
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hd .
(1) and.(sa give P=Mg.3+52cosa.
(2) and (4) give Q=1%Mysinp.

Hence the resulting reaction of the fixed axis. When @ is zero, .. when
the rod is in its lowest position, this reaction is four times the weight.
The vertical reaction for any position®of the god

- 2
=Pcos 6+ Qsin =My (1_-{;32___@30) ,

and therefore vanishes when 8 cos=1 (- }).
The horizontal reaction==P sin 6 ~ Q cos 8 =%Mg sin 6 (2+ 8 cos ¢).

180. In theegeneral case when either the external forces
acting on the body, or the body itself, is not symmetrical about
the axis of rotation we may proceed as follows.

Let the axis of rotation be taken as the axis of y, and let
the body be attached to it at two points distant b, and b, from
the origin. Let the component actions of the axis at these
points parallel to the axes be X,, ¥, 4, and X,, ¥, Z,
respectively.

4 [ ]

Let P be any point (=, y, 2) of the body, whose perp'endiculﬁ
distance PM from OY is of length » and makes an angle 6 with
a line parallel to OZ.

Then during the motion P describes a circle about M as
centre, so that r is constant throughout the motion and hence
7 i8 zero.

Now w=rsin@; z=rcosd.

.~ &=rcos 00, and Z=—rsin64.
oo B=—r8ind0°+rcosff; 2= —rcosfb®—rsin 68,
16—2
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Hende, if 6 be denoted by

f=—a0'+z20; §=0; E=-—20'—z0.

[These results may also be obtained by resolving parallel to
the axes the accelerations of P, vz re? along PM and 7o
perpendiculdr to MP.] . )

The equations of motion of Art, 161 now become, if X, ¥, Z

are the components parallel to the axes of the external force
acting at any point (z, y, 2) of the body,

2X+X1+X,=2mﬁ=2m[—ww’+zd’l

=—Mi. 0*+Mz.® ......... 1);
3YV4 V14 Y,=3mi=0 ..cooovernerninrnnnnnnnn, (2):
22+ Z+ Zy=3mi=3m(— 20— 20)

= MZ. 0~ MT.ir .........(3);

3 (yZ-2Y)+ Z.b,+ Zb, ,
= 3m (y% — z§) = Smy (— z0? — 20)
= O DINYZ = DZMTY eeveennrreirvnnirrarennens 4);
3 (2X —2Z)=3m (2% — x%) _
=3m (- 220 + 20 + 220’ + 2*0) = & . ME* ......(5),
where & is the radius of gyration about 0Y; and
2 (wY-yX) - lel - ngg
= 3m (@jj — y&) = — Zmy (- z0' + 2d)
= ' Imay — GEMYZ et (6).

On integrating (5) we have the values of w and @, and then,
by sebstitution, the right-hand members of equations (1) to (4)
and (6) are given.

(1) and (6) determine X, and Xj.

(8) and (4) determine Z, and Z,.

Y, and Y, are indeterminate but (2) gives their sum.

It is clear that the right-hand members of (4) and (6) would
be both zero if the axis of rotation were a principal axis at the
origin O; for then the quantities Zmay and Zmyz would be
zero.

In a problem of this kind the origin O should thérefore be
always taken at the point, if there be one, where the axis of
rotation is & principal axis,
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EXAMPLES

. 1. A thin uniform rod has one end atached to & smooth hinge and is
allowed to fall from a horizontal position ; shew that the horizonal strain
on the hinge is greatest when the rqd is inclined at an angle of 45° to
the vertical, and that the vertical strain is® then 1} times® the weight of
the rod.

2. A heavy homogeneous cube, of weight W, can swing about an edge
which is horizontal ; it starts from rest being displaced from its unstable
position of equilibrium; when the perpendicular from the centre of
gravity upon the edge has turned through an angle 6, shew that the
components of the action at the hinge a.long, and at right angles to, this

perpendicular are 7 (3 —~b5cosd) and T sm é.

3. A circular area can turn freely about a horizontal axis which
passes through a point O of its circumference and is perpendicular to
its plane. If motion commences when the diameter through O is
vertically above O, shew that, when the diameter has turned through
an angle 8, the components of the strain at 0 along, and perpendicular to,

this diameter are respectively g (7ecos 8 —4) and l;K sin 6.

4. A uniform semi-circular arc, of mass m and radius «, is fixed at
its ends to two points in the same vertical hne, and is rotating with
constant angular velocity o. Shew that the horizontal thrust on the

. g+oa
upper end is m. —

5. A right cone, of angle 2a, can turn freely about an axis passing
through the centre of its base and perpendicular to its axis ; if the cone
starts from rest with its axis horizontal, shew that, when the axis is
vertical, the thrust on the fixed axis is to the weight of the cone as

1+4,c08%a to 1 -3 cos?a.
6. A regular tetrahedron, of mass M, swings about one edge which is
horizontal. In the initial position the perpendicular from the centre of

mass upon this edge is horizontal. Shew that, when this line makes an
angle 4 with the vertical, the vertical component of thrust is

29 (9 0in* 0417 cos? ).

181. Mption about a fixed axis. Impulsive Forces.

By Art. 166 we have that the change in the moment of
momentum about the fixed axis is equal to the moment L of
the impulsive forces about this axis,
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But, as in’ Art. 170, the moment of momentum of ,the body
about the axis is Mk®. Q, where £ is the angular vlocity and
M2 the mament of inertia about the axis,

. . c ., .

Hence, if-» and o’ be the angular velocities about the axis
just before and just after the action 6f the impulsive forces, this
changeis ° Mk (o' — ),
and we have M2 (o —w)=L.

Ez. A uniform rod OA, of mass M and length 2a, rests on a smooth table
and is free to.turn about a smooth pivot at its end O; in contact with it at
a distance b from O is an inelastic purticle of mass m; a horizontal blow, of
impulse P, is given to the rod at a distance x from O in a direction perpendicular

to the rod; find the resulting instantaneous angular velocity of the rod and
the impulsive actions at O and on the particle.

YR \

"o : A
X W W L

If w be thé angunlar velocity required and S the impulse of the action
between the rod and particle, then, by the last article, we have

M‘% D O e .
Also the impulse S communicates a velocity bw to the mass m, so that
« m. bw—S ....................................... (2).
(1) and (2) give w=Pz / (M -+ b’)

Again, let X be the action at O on the rod. Then, since the change in the

motion of the centre of gravity of the rod is the same as if all the impulsive
forces were applied there,

~ M.aw=P-8-X.
R _p_ _ (Ma +mb) =
& X=P (Ma+mb)w-P|:1 -m——]

M 3 +mb2

Also (2) gives L Luanl
M 5 +mb?

182. Centre of percussion. When the fixed axis of
rotation is given and the body can be so struck that there is no
impulsive action on the axis, any point on the line of action
of the blow is called a centre of percussion.

As a simple case consider a thin uniform rod 0A (= 2a)
suspended freely from one end and struck by a horizontal blow
at a point O, where OC is # and P is the impulse of the blow.
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Let & be the instantaneows angular velocity’ comnunicated
to the rod, and X the 1mpulsive action Ve
upon the rod of the axis about wfnch it s Of >\

rotates. gt X
The velocity of the cehtre of gravity A PN
G immediately after the blow is aw’. /] -,
Hence the result (1) of Art. 166 gives a v
Maw’ =P+ X......... (1).
Also the moment of momentum of e
. . c
the rod about O immediately after the P
blow is Mk*e’, where £k is the radius of A \
gyration of the rod about O, s.e. k* = %’
Hence the result (4) of Art. 166 gives
Mitw =P . .ccooveeeeeeeenn. ().
Ic:
e “Ta
Hence X = Maw' -M o = Maw ST e (3).

Hence X is zero, te. trhere is no impulsive action at O,
2
when z =% , and then OC = the length of the simple equivalent

pendulum (Art. 173). In this case C, «the required point,
coincides with the centre of oscillation, 7.e. the centre of
percussion with regard to thc fixed axis coincides with the
centre of oscillation with regard to the same axis.

If «# be not equal to ]— then, by (3), X is positive or

negative according as # is greater or less than 5 e the
.

impulsive stress at O on the body is in the same, or opposite,
direction as the blow, according as the blow is applied at a
point below or above the centre of percussion.

183. For the general case of the motion of a body free to
move about an axis, and acted on by impulsive forces, we must
use the fundamental equations of Art. 166.

With the notation and figure of Art. 180, let (X, ¥, Z) be
the components of the impulsive forces at any point (, ¥, 2)
and (X, Y3, ) and (X,, Y,, Z,) the components of the corre-
sponding impulsive actions at B, and B,.
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Then,,as in Art. 180, ‘o

cu=g¢=s0; v=y=0; w=~2=—caw;
W=z20; ¥=0; and v =—20,
where o’ is the angular velocity about; OY after the blows.
The equations (1) to (6) of Art. 166 then become
S3X + X, + X, =3mea’ — Zmew = Mz . (o —@) ...(1);

2Y+Y;+Yg=0 ....................................... (2);
52+ 2+ Zy = Sm (— we’) — St (— ww)

=—ME. (0 —®).errennrennn. vrenseneni(3);

S (W2 — 2Y) + Zib, + Ziby = Sm [— ayw’] = Sm [ zyw)
=—(0' —w).Zmay ...... 4);

S (¢X - 2Z) = Sm (20 + a*0’) — Zm (Po + 2'w)

(@ = 00) M e, (5);
and 3 (2Y — yX) — X,b, — X,b, = Zm (- y20') — Em (— yzw)
== (0 —w). Zmyz...... (6).

The rest of the solution is as in Art. 180.

184. Centre of Percussion.’ Take the fixed axis as the
axis of y; let the plane of 2y pass through the instantaneous
position of the centre of inertia G'; and let the plane through
the point of application, @, of the blow perpendicular to the
fixed axis be the plane of xz, so that G is the point (Z, ¥, 0)
and @ is the point (£, 0, §).

Let the components of the Blow parallel to the axes be X,

Y and Z, and let us assume that 7~ &
there is no action on the axis z ’ \z
of rotation. . O 5
Theequationsof the previous 9 L~ ? X":
article then become o Udil \b’_,:
X=0.oouuu... 1), »
Y=0............ 2), . s
Z=- Mz —0) ..(3),) P
Y =(o'—w)Imay ...... 4),
(X - EZ = (o' — o) Mi? ...(5),

€

and EY == (o' ~ 0) Zmyz ..cvvniiniinnenn.(B).

Equations (1) and (2) shew"that the blow must have nd
components parallel to the axes of @ and y, %e it must be
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perpendicular to the plane through the fixed axis and the
instantaneous position of the ceptre of inertia.

(4) and (6) then give Zmay=0, and Smyz=0, so that
the fixed axis must be a principal axis of the body at the
origin, t.e. at the point where the plane through the line of
action of the blow perpendicular to the fixed axis cuts it.

This is the essential condition for the existence of the
centre of percussion, Hence if the fixed axis is not a prmclpal
axis at some point of it8 length, there is no centre “of percussion.
If it be a prlnclpal axis at only one point of its length, then
the blow must act in the plane through this point perpendicular
to the axis of rotation. -

Finally, (3) and (5) give £ ==

It follows, therefore, from Art. 173, that when a centre of
percussion does exist, its distance from the fixed axis is the
same as that of the centre of oscillation for the case when the
body oscillates freely about the fixed axis taken as a horizontal
axis of suspension. -

CoroLLARY. In the particular case when 7 =0 and the
centre of inertia G lies on Oz, the line of percussion passes
through the centre of oscillation. This is the case when the
plane through the centre of inertia perpendicular to the axis of
rotation cuts the latter at the point at which it is a principal
axis, and therefore, by Art. 147, the axis of rotation is parallel
to a principal axis at the centre of inertia.

The investigation of the three preceding Articles refers to
impulsive stresses, 1.e. stresses due to the blow, only; after the
rotation‘has commenced there will be on the axis the ordinary
finite stresses due to the motion.

185. A rough example of the foregoing article is found in
a cricket-bat. This is not strictly movable about a single
axis, but the hands of the batsman occupy only a small portion
of the handle of the bat, so that we have an approximation to
a single axis. If the bat hits the ball at the proper place, there
is very little jar on the batsman’s hands.

Another example is the ordinary hammer with a wooden
handle; the principal part of the masa is collected in the iron
hammer-head the centre of percussion is situated in, or close
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to, the hammer-head, so that"the blow acts at a point very
near the eentre of percussion, and the action on tHe axis of
rotation, t.e. on the hand, of the workman, is very slight
accordingly. If the handle of the hammer were made of the
same materia,l as its head, the effect would be different.

186. Bx. 4 triangle ABC is free to move about its side BC ; find the centre
of percussion.

Draw 4D perpendicular to BC, and let E be the middle point of BC and F
the middle point of DE. Then, as in Ex. 7, pagh 202, F is the point at which
BC is a principal axis.

If AD=p, then, by Art. 153, the moment of inertia aboyt BC

M 2 \
T3 [(%> + <g>2], so that k2=%.

P 2_p
Also h_g, 80 that =5

In the triangle draw FF’ perpendicular to BC to meet 4E in F’, so
that FF’:% .Ang. Hence F’ is the centre of percussion required. If we

draw EE’' perpendicular to BC and equal to 1-’, then E’ is the centre of

oscillation for & rotation about BC as a horizontal axis of suspension.
The points E’ and I coincide only when the sides 4B, 4C of the triangle
are equal.

EXAMPLES
Find the position of the centre of percussion in the following cases :
1. A uniform rod with one end fixed.

2. A uniform circular plate ; axis a horizontal tangent.

3. A sector of a circle ; axis in the plane of the sector, perpendicular
to its symmetrical radius, and passing through the centre of the circle.

-

4. A uniform circular lamina rests on a smooth horizontal plane,
shew that it will commence to turn about a point O on its circumference
if it be struck a horizontal blow whose line of action is perpendicular to
the diameter through O and at a distance from O equal to three-quarters
of the diameter of the lamina.

5. A pendulum is constructed of a solid sphere, of mass M and
radius a, which is attached to the end of a rod, of mass m and length b.
Shew that there will be no strain on the axis if the pendulum be struck
at a distance {# [4a?+ (a+b)?]+ 4mb% + [ M (a+b) +4mb] frorh the axis,

6. Find how an equilateral triangular lamina must be struck that
it may commence to rotate about a side.
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7. A’ uniform beam 4B can *turn about its end .A and is in equi-
librium ;*find the points of its length where a blow must Jbe applied to

[}
it so that the impulses at 4 may be in each case :-‘th of that of the
blow.,

8. A unmiform bar 4B, of léngth § feet and mass 20 lbs, hangs
vertically from a smooth horizontal axis at 4 ; it is struck normally at
a point 5 feet below 4 by a blow which would give a mass of 2 lbs. a
velocity of 30 feet per second ; find the impulse received by the axis and
the angle through which fhe bar rises.

9. A rod, of mass m and length 2a, which is capable of free motion
about one end 4, falls from a vertical position, and when it is horizontal
strikes a fixed inelastic obstacle at a distance b from the end 4. Shew

2a 9ga

that the impulse of the blow is m. T =2~ and that the impulse of

the reaction at 4 is m 3a [l — - | vertically upwards.

10. A rod, of mass nJ, is lying on a horizontal table and has one end
fixed ; a particle, of mass ¥, is in contact with it. The rod receives a
horizontal blow at its free end ;afind the position of the particle so that it
may start moving with the maximum velocity.

In this case shew that the kinetic energies communicated to the rod
and mass are equal.

11. A uniform inelastic beam can revolve avuuu 18 centre of gravity
in & vertical plane and is at rest inclined at an angle a to the vertical.
A particle of given mass is let fall from a given height above the centre
and hits the beam in a given point P; find the position of P so that the
resulting angular velocity may be a maximum.

12. A rod, of mass M and length 2a, is rotating in a vertical plane
with angular velocity w about its centre which is fixed. When the rod
is horizontal its ascending end is struck by a ball of mass m which is
falling with velocity », and when it is next horizontal the same end is
struck by a similar ball falling with the same velocity « ; the coefficient

of restitution being unity, find the subsequent motion of the rod and
balls.

13. A uniform beam, of mass m and length 2/, is horizontal and can
turn freely about its centre which is fixed. A particle, of mass m’ and

moving with vertical velocity u, hits the beam at one end. If the
coefficient ,of restitution for the impact be e, shew that the angular
velocity of the beam immediately after the impact is

3m/' (1+¢) ul(m+3m'),
and that the vertical velocity of the ball is then u (em — 8m)/(m +3m’).
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L]

14. Twa wheels on spindles in fixtd bearings suddenly engagq so that
their angular, velocities become inversely proportional to their %adii and
in opposite directions. One wheel, f radius @ and moment of inertia I3,
has angular velocity o initially ; *the other, of radius b and moment of
inertia I;, is initially at rest. Shew that thejr new angular velocities are

N . Il . lab
iz ™ Toimm™

15. A rectangular parallelepiped, of edges 2a, 2b, 2, and weight W,
is supported by hinges at the upper and lower gnds of a vertical edge 2a,
and is rotating with uniform angular velocity w about that edge. Find,
in so far as they are determinate, the component pressures on the hinges.

~16. A rod, of length 2a, revolves with uniform angular velocity o
about a vertical axis through a smooth joint at one extremity of the rod
80 that it describes a cone of semi-vertical angle a ; shew that

=3 _9
4acosa’
Prove also that the direction of the reaction at the hinge makes with the
vertical the angle tan~1($ tan a).

17. A door, ! feet wide and of mass m lbs., swinging to with angular
velocity » is brought to rest in a small %argle 6 by a buffer-stop which

applies & uniform force P at a distance é from the axis of the hinges,

Find the magnitude of £ and the hinge reactions normal to the door
when the bufter is placed in a horizontal plane half-way up.

If the door be 27 feet high and have two hinges disposed symmetrically
and 2b apart, find the hinge-reactions when the buffer is placed at the

top edge. °

18, A uniform rod 4B, of length ¢ and mass m, hangs from a fixed
point about which it can turn freely, and the wind blows horizontally
with steady velocity ». Assuming the wind pressure on an element dr of
the rod f be kv'?dr, where »' is the normal relative velocity, shew that
the inclination a of the rod to the vertical in the position of stable
equilibrium is given by mgsina=ckv?cos?a ; and find the time in which
the rod will fall to this inclination if it be given & slightly greater inclina-
tion and let fall against the wind.

19. A rod is supported by a stiff joint at one end which will just
hold it at an angle 4 with the vertical. If the rod be lifted through a
small angle a and be let go, shew that it will come to rest after moving
through an angle 2a—$a?tand nearly, the friction couple af the joint

bemg supposed constant.

20. The door of a railway carriage stands open at right angles to the
length of the train when the latter starts to move with an’acceleration f;
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the door‘bemg supposed to be smoothly hinged to the’ oa.rnage and to be
uniform’ gnd of breadth 24, shew that its angular velomty, when it has

turned through an angle 4, is :—%ssn é.

21." A Catherine wheel®is constructed by rolling a thin casing- of
powder several times round the* circumference of ae circular disc of
radius a. If the wheel burn for a time 7' and the powder be fired
off at & uniform rate with relative velocity ¥ along the circumference,
shew that the angle turned through by the wheel in time 7' will be

2 fcim(143),

where 20 is the Tatio of the masses of the disc and powder.

The casing is supposed so thin that the distance of all the powder from
the centre of the disc is a.

{If m be the whole mass of the powder and 2 the impulsive action at
any time 7, the equations of motion are

{2cm.‘§+m (1—-2-,) a“‘} §=P.a, and P.Btam-q—?f. 1A



CHAPTER XIV
MOTION IN TWO DIMENSIONS. FINITE FORCES

187. The position of a lamina compelled to move in the
plane of zy is clearly known when we are given the position of
some definite point of it, say its centre of inertia, and also the
position of some line fixed in the body, i.e. when we know the
angle that a line fixed in the body makes with a line fixed in
space. These quantities (say @, ¥, ) are called the coordinates
of the body, and, if we can determine them in terms of the
time ¢, we have completely determined the motion of the body.

The motion of the ‘centre of inertia is, by Art. 162, given by
the equations

%
TS ST ),
d
and % dlg S5 SR @).

If (%, ') be the coordinates of any poipt of the body relative
to the centre of inertia, then the motion about the centre of
inertia @ is, by equation (6) of Art. 162, given by

dydw —
Sm (o L -y ) =2 @Y -y X
. d , dy’ da' ,
ie. Eiim(w E%-g/{?)d(w Y=yX) .o (3).

Now w’%—y’% = the moment about G of the velocity

of m relative to G.
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Let ¢be the angle that thgdine-joining m td" G makes with
a line B fized in space; and 6 the angle that a line, ‘G4, Sized
tn the body, makes with GB. U

Then, as in Art 168, since A Gntis the same for all positions
of the body, we have ~ *  p

do _do v L
dt - dt” 4
If Gm=r, the velocity
of m relative to G is r %? .
Hence its mement about
G \){ 90
_ . dé d¢ _ ,db
=17 P X1 =7 pr r’?ﬁ.

Hence Zm (& ( d1 rial CZ ) = the sum of the moments about

@G of the velocities of all the mass- elements such as m

do de
=3m wdt dt EW—%XMIG’

where % is the radius of gyratlon of the body about an axis
through G perpendicular to the plane of the motion.
Hence equation (3) becomes

. .do o
dt[M’“ dt] @Y -yX),

v.e. ME2. %? = the moment about @ of all the external forces

acting on the system ..............cooiiuines 4).

188. The equatlons (1), (2) and (4) of the previous article
are the three dynamical equations for the motion of any body
in one plane. In general there will be geometrical equations
connecting #, ¥ and 6. These must be written down for any
particular problem.

Often, as in the example of Art. 196, the moving body is in
contact with fixed surfaces; for each such contact there will be
a normal reaction R and corresponding to each such R there
will be a geometrical relation expressing the condition that the
velocity of the point of contact of the moving body resolved
along the normal to the fixed surface is zero.
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If, as in Art. 202, we have two moving bodies Which are
always m contact there is a normal reaction R at the pomt of
contact, and a correspondmg geometrical relation expressing
that the velocity of the pdint of contact of each body resolved
along the common normal is the samé.

Similarlyc for other cases; it will be clear that for each
reaction we have a forced connection and a corresponding
geometrical equation so that the number of geometrical equa-
tions is the same as the number of reactions.

189. Friction. The same laws are assumed for friction,
as in Statics, viz. that friction is a self-adjusting force, tending
to stop the relative motion of the point at which it acts, but
that it cannot exceed a fixed multiple (u) of the corresponding
normal reaction, where u is a quantity depending on the
substances which are in contact. This value of u is assumed
to be constant in dynamical problems, but in reality its value
gets less as the relative velocity increases.

The fundamental axiom concerning friction is that it will
keep the point of contact at which it acts at relative rest if it
can, v.e. if the amount of friction required is not greater than
the ¥miting friction: Hence the friction will, if it be possible,
make a body roll.

In any practical problem therefore we assume a friction F
in a direction opposite to what would be the direction of
relative motion, and assuine that the point of contact is at
relative rest; there is a’geometrical equation expressing this
latter condition. So to each unknown friction there is a
geometrical equation.

If however the value of F requiréd to prevent sliding is
greater than uR, then sliding follows, and there is discontinuity
in our equations, We then have to write them down afresh,
substituting xR for F and omitting the corresponding geo-
metrical equation.

190. Kinetic energy of a body moving in two
dimensions. Let (& %) be the centre of inertia, G, of the
body referred to fixed axes; let («, y) be the coordinates of any
element m whose coordma.tes referred to parallel axes through
the centre of inertia are (@', ¥).
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Then s=%+a and y=7y+y.
Hence the kinetic energy of tl}e body

-3 (&) + ()] .22"@[(%”%‘3—’?)*(3’:“3)]
1
2

= (@) + (@) ]+ =[G+ ()]
+3m B9 s WA e toeneen(L),

Since 2’ is the z-coordinate of the point referred to the
centre of inertia as origin, therefore, as in Art 162,

Sma’ =0 and Em =0,
dz da’ dao Sm dx’

R R it AR
Hence the last two terms of (1) vanish, and the kinetic

s [ (@) + (@) ]+ axn (@) + ()]

= the kinetic energy of a particle of masg M placed at the
centre of inertia and moving with it

+ the kinetic energy of the body relative to the centre of

inertia.
Now the velocity of the parbicle m relative to G
=r9P_
dt dt ’

and therefore the kinetic energy of the body relative to G
—ism ("w) (d—")’ St = (do> Mie = S Mz,

2 dt “\dt dt 2
Hence the required kinetic energy
={ Mv*+% Mizés,

where v is the velocity of the centre of inertia @, 6 is the angle
that any lin fixed in the body makes with a line fixed in space,
and k is the radius of gyration of the body about a line through
@ perpendicular to the plane of motion.

L. D, 16
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191. Moment of momentum about the origin O of
a body moving in two dimensions. s

With “the notation of the last article, the moment of
momentum of the body about the origin

=2m[w%-:.‘/%f] .
_Em[(w+w)<dy dJ) (y+y')(dt d‘”)]

+
Ay’
=2m[ at ydt]+2m[ -y dt]

_dy | ,dy _daf ,dZ
] + 3Zm [a:—d—z+wd—t i dt] ............... (1).
But, as in the last article, Sma’'=0 and Zm %”t- =0.
. ] dy
o Zma v 2 ! =0,
da’ dao’
and Smy — g =7 Zm — ai =0.

So also for the corresponding y terms. Hence, from (1), the
moment of momentum about O

dy _di Jdy da
=M[ dt ydt]+zm[ di'yit"]

= moment of momentum about O of*a particle of mass M
placed at the centre of inertia G and moving with it
+ the moment of momentum of the body relative to G.
Now the velocity of the particle m relative to ¢
== ’rd—¢ =7 Q—e
dt " dt’
and ifs moment of momentum about G'*
=rX rdo r’d—o
dt dt’
Therefore the moment of momentum of the body relative to G

dé _dé
=2 r‘dt dt ? 7"=.Mk’.é.

Hence the total moment of momentum
=Mup+Mi0 ................ 2ennnnn(2),

where p is the perpendicular from O upon the direction of the
velocity v of the centre of inertia. -
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Or agdin, if the polar coordisfates of the centre of inertia @
referred t@ the fixed point O as origin be (R, ¥), this axpression
may be written

MR%‘“HMkzde erreerenerenno(3).

192. The origin O being a fixed point, the rate of change
of the moment of mqmentum about an axisethrough it
perpendicular to the plane of rotation (for brevity called the
moment of momentum about O) is, by equation (8) of Art. 187,
equal to the moment of the impressed forces about O. For the
moment of momentum we may take either of the expressions
(1), (2), or (3).

Thus taking (1) we have

d ij__da
E}[M( 9 g +Mlc“9:l -1

the moment of the forces aboqb 0.

—dy  _d% 5
Hence M [m g ap |t MEi29 = L.
Similarly, if we took moments about the point (z,, ¥,), the
equation is

277 _ %0 .
M | Gs) G- @ G | + 200

=the moment of the impressed forces about (z,, ¥,).

The use of the expressxons of this article often simplifies the
solution of a problem; but the beginner is very liable to make
mistakes, and, to begin with, at any rate, he would do well
to confine himself to the formule of Art. 187,

193. Instead of the equations (1) and (2) of Art. 187 may
be used any other equations which give the motion of a particle,

e.g. we may use the expressions for the accelerations given in
Art. 49 or in"Art. 88.

The remainder of this Chapter will consist of examples
illustrative of the foregoing principles,
16—2
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104. A uniform sphere rolls down an inclined plane, rouyﬁ enough to
prevent any sliding; to find the motion.
Let O Yo the point of contacf initially wien the sphere was at rest
f

+

At time #, when the centge of the sphere has
described a distance , let 4 be the position
of the point of the sphere which was originafly
at 0, so that G4 is a line fixed in the body.
Let < KCA, being an angle that a line fixed
in the body makes with a line fixed in space,
be 4. Let R and F be the normal reactlon

and the friction. I
Then the equations of motion of Art. 187 Be F N
diz . ¢
ll-al?;=Mgsma—~F ........................ (1),
O=Mgcosa—DR .....ccooeervrnirnrnneereannn. (2),
a2
and ME? T SF.@ i 3).
Since there is no sliding the arc K4 =line K0, so that, throughout
the motion, L=00ccciieinniiiiiiiiiiininnennes I (4)-
. dz | k®d20
(1) and (3) give BtaaE™d sin a,
.y B\ d2z .
t.e., by (4), . (l +¢72) ap=9sing
ie dz al? .
.0 TE = Fypdsina (5)

Hence the centre of the sphere moves with constant acceleration
2 -
P gsina, and therefore its velocity v=--—: 3 2 Ic2 gsina.t and

1
, =§mgsma.t.
L]

)
In a sphere k’=gg— ; hence the a.coelerationag gsina.

[If the body were a thin spherical shell, %2 would= g__aﬁ’ and the accelera-

3
tion be ggsina.
If it were a uniform solid dise, k2 would =§, and the acceleration be
$gsina.
It it were a uniform thin ring, k% would =a2 and the aoceleratlon be
%ygeina.]

From (1) we have F=AMysina—$Mgsina=4$Hgsina
and (2) gives R=Mgcosa,
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Hencé, gince ﬁ—:must be < the coefficient of friction p, thergfore %t&n a

must be < p, in order that there may b no shdmg in the case of a solid
sphere.
Equation of Energy. On imtegrating equation (5), we have
1o o
2 a?+k?
the constant vanishing since the body started from rest.
Hence the kinetic energy at time ¢, by Art. 190,

1o o1 1 lc’)
= — - 202 — _ ) —
2Mw’+2Mk0 ZMx (1+a’

® = Mg . zsin a=the work done by gravity.

gxsma,

Ez. 1. A uniform solid oylinder is placed with its axis horizontal on a
plane, whose inclination to the horizon is a. Shew that the least coefficient
of friction between it and the plane, so that it may roll and not slide, is
% tan a.

If the cylinder be hollow, and of small thickness, the least value is 1} tan a.

Ez. 2. A hollow cylinder rolls down a perfectly rough inclined plane in
one minute; shew that a solid cylinder will roll down the same distance in
52 seconds nearly, a hollow sphere in 55 seconds and a solid sphere in
50 seconds nearly.

Ez. 8. A uniform ciroular dise, 10 inches in diameter and weighing 5 lbs.,
is supported on a spindle, } inch in diameter, which rolls down an mclmed
railway with a slope of 1 vertical in 30 horizontal. Ifhd (1) the time it takes,
starting from rest, to roll 4 feet, and (2) the linear and angular velocitics at the
end of that time.

Ez. 4. A cylinder rolls down a smooth plane whose inclination to the
horizon is a, unwrapping, as it goes, a fine string fixed to the highest point of
the plane; find its acceleration and the tension of the string.

Ez.5. One end of a thread, which is wound on to a reel, is fixed, and the
reel falls in a vertical line, its axis being horizontal and the unwound part of
the thread being vertical. If*the reel be a solid cylinder of radius a and
weight W, shew that the acceleration of the centre of the reel is g and the
tension of the thread 3.

Ez. 6. Two equal cylinders, each of mass m, are bound together by an
elastio string, whose tension is T, and roll with their axes horizontal down
& rough plane of inclination a. Shew that their acceleration is

3g sma.|.-‘].--——a——-——gs““:l
where u is the ceefficient of friction between the eylinders.

Ez.7. A circular cylinder, whose centre of inertia is at a distance ¢ from
its axis, rolls on a horizontal plane. If it be just started from a position of
unstable equilibrium, shew that the normal resction of the plane when the
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centre of ‘mass is in its lowest posxtxon is 1 + c)2 5] timep* it weight,
whero k is $he radius of gyration alpout an axis tlnough the centre of mass.

(4 L

195. A uniform rod is held in a vertigal position with one end restmg
upon & perfectly rough table, and when releaced rotates about the end in
contact with the table. Finde the motion.

Let R and F be the normal reaction and the friction when the rod
is inclined at an angle 4 to the vertical ; let z and 'y 7
be the coordinates of its centre, so that. r=asin 8
and y=acos §.

The equations of Art. 187 are then
diz
ar

‘gf{=1}1[ asin@f~acosd.f?]...(2),

and M.%.P':Rasine—ﬁ'acosﬁ
= Mgasin § — Ha, by (1) auu (2),

F=M =M [a cos 66— asin 093] (1),

R-Mg=

492 5 .
s0 that M 5 0=Mgasing ...............ccvvvrnnnnn. 3).

@
[This latter equation could have been written down at once by
Art. 171, since the rod is rotating about 4 as a fixed point.]

(3) gives, on integrution, é’=g—g (1~—cos 8), since § is zero when 6=0.
Hence (1) and (2) give

F=y.% sm 6 (3cosf—-2) and R= (l —3cos d)%

It will be noted that R vanishes, but does not change its sign, when
cos §=4%. The end 4 does not therefore leave the plane.

The friction F changes its sign as 8 pa.sses through the value cos~1%;
hence its dzrectlon is then reversed.

The ratxo ' becomes infinite when cos 8= % ; hence unless the plane

be infinitely rough there must be sliding then.

In any practical case the end 4 of the rod will begin to slip for some
value of 4 less than cos~13, and it will slip backwards or forwards
according as the slipping occurs before or after the inclination of the

rod is cos~1%.

196. A uniform straight rod slides down in a vertical “plane, its ends
being in contact with two smooth plames, one horizontal and the other
vertical. If it started from rest at an angle a with the horizontal, find the
motion.
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Let R and S be the rea.otmns *if the two planes when.the rod is
inclined af d to the horizon. Let & and y be the

coordinates of the centre of gravity G.4 Then the (] R A
equations of Art. 187 give -
diz o

M_Jt-’ =R eny. ..........(l),

d

dt“’ 2I_8- P’ £ N (2), S
and M2 i—0= R.asin6—Sacosd...... (3).

olta ’ o) j

Smce‘t‘ 3 these give
ad?

PERY

‘§’@=5m9dt —cosfd.g- cosedﬁ
Now x=acos 6 and y=asin§, so that
%—5—— —acos 862 —asind. 6,
and “;—“?{--asmo 6%+ a cos 4.
Hence (4) gives é a %ﬁ“ —gcosé... RN () 8

=89 sin 4+ C, where

. 3
Hence, on integration, % (t_if) I

dt
39 .
0=~Esma+0.

(Z—f)” =2 (cin =80 6) suvvrresirnir (©).

From (1), %= —acosd.0?-asin bl

-— (sm a—sin ) cos 8 +5 39 s sin § cos 6, from (5) and (6)=
[ )

=3T'qcose(3 SN O=28I08) erverrerrrreeesseeeseeresessesesseeeens ).
From (2), I—i=y — asin 683+ a cos 66

=J[1-6sinasin 9+9sin?6]=7 [(35in 0 - sin o)+ 008k a]...(8).

From (7) it follows that R is zero when sinéf=§sinaq, and, for a
smaller value of §, R becomes negative. Hence the end A leaves the
wall when sm 0=§sm a, and its angular velocity is then, by (6), equal to

/-9..._._.‘;: s, Also at this instant the horizontal velocity of &
-i—"—'- ~asind. —g=- 3 V2agsin® a.
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The ecp,mtior?s of motion now taks a different form. They:become
. d2z ,
M—d—g=0............(‘),

. .
d '
¥ -Hy @) v A N
0 o\ *
and &.% Eg"_ —-;S’l.acos¢.'..(3').‘_:§s ’ '9
Also y=asin ¢, so that
diy L€ o -
Ja=—asing.§*+acos .. 8 g
(2') and (3') now give - T ¢
a3

e ( +cos? ¢) —singcos ¢. <0‘§§)2= - %00595 cennns(4).

On integration we have

d\'T1 24 |- _ 29 ,
. (dt) [3+°°S ¢]— 8NP+ O, ).
The constant is found from the fact that when the rod left the wall,

i.e. when sin ¢=§sin a, the value of ¢ was equal to \/ g sgx: a
Y oi gsina[4 4 Slng'u 29 28ina
Hence (') gives e i el B +0y,
. . -
so that 00‘,:2572111“[] _sn; a].

Hence we have

dp\2["1 2¢ si in? 29 . ),
<Ti?> [5 +cosz¢:|=—'q—:—n'—1[l—§%—9]—gsm¢ ...... (6").

When the rod reaches the horizontal pla.ne, z.e. when ¢=0, the

in?
angular velocity is Q, where Q? [1 +1:| %9 Zm ¢ ( 1 —S";) a) ,

. 3gsina sinZa -
i8. gr=Pg5ine [1 R R ).
The equation (1') shews that during the second part of the motion dz

dt

is constant and equal to its value §4/2agsin®a at the end of the first part
of the motion.

Energy and Work. The equation (6) may be deduced from the

principle of the Conservation of Energy. For as long as the rod is in

contact with the wall it is clear that @0=a, and GOB=4, so that G is
turning round O as centre wnh ve]oc1ty ab. Hence, by Art 190, the

kinetic energy of the rod is 3 Ma202+§ Mg,ég, 2Ma 6’

Equating this to the work done by gravity, viz. Mga (sin a - sin 8}, we
have equation (6).
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[ ] *

Ez. 1, A uniform rod is held in*! vertical position with one end resting
upon a hofizontal table and, when released, rotates about the end in oontact
with the table, Shew that, when it is §inclined at an angle of 30° to the
horizontal, the force of friction that muss be emerted to prevent slipping is
approximately ‘32 of the weight.

Ez. 2. A uniform rod is placed with one end in contact Jith a horizontal
table, and is then at an inclination a to th8 horizon and is allowed to fall.

When it becomes horizontal, sheéw that its angular velocity is ~/g—gsina,
.

whether the plane be perfe'c:.ly smooth or perfectly rough.e Shew also that
the end of the rod will not leave the plane in either case.

Ez.8. A rough,uniform rod, of length 2a, is placed on a rough table at
right angles to its edge; if its centre of gravity be initially at a distance &
beyond the edge, shew that the rod will begin to slide when it has turned

2
through an angle ta.n‘lﬁ%b-z , where u is the coefficient of friction.

Ez. 4. A uniform rod is held at an inclination « to the horizon with one
end in contact with a horizontal table whose coefficient of friction is w.
If it be then released, shew that it will commence to slide if

<3 sina cosa
LS Py

Ez. 5. The lower end of a uniform rod, inclined initially at an angle a to
the horizon, is placed on a smooth horizontal table. A horizontal force is
applied to its lower end of such a magnitude that the rod rotates in a vertical
plane with constant angular velocity w. Shew that when the rod is inclined at
an angle 6 to the horizon the magnitude of the force is

mg cot § —maw? cos 4,
where m is the mass of the rod.

Ex. 8. A hcavy rod, of length 2a, is placed in a vertical plane with its ends
in contact with a rough vertical wall and an equally rough horizontal plane,
the coefficient of friction being tane. Shew that it will begin to slip down
if its initial inclination to the vertical is greater than 2e. Prove also that the
inclination @ of the rod to thg vertical at any time is given by )

& (12 + a3 cos 2¢) — o262 sin 2e =ag sin (9 - 2¢).

Ez.7. At the ends of a uniform beam are two small rings which slide on
two equally rough rods, which are respectively horizontal and vertical ; obtain
the value of the angular velocity of the beam when it is inclined at any angle to
the vertical, the initial inclination being a.

197. A solid homogencous sphere, resting on the top of another fixed
sphere, is slightly displaced and begins to roll down it. Shew that it will
slip when the common normal makes with the vertical an angle 6 given by
the equation

. 28tn (0 —\)=Db stn A (3 cos 6~ 2),
where \ 18 the angle of friction.
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Agsumg that ‘the motion continués to be one of pure rollmg .

Let OB be the position, at time ¢, of the radius of the upper sphere
which was ongmally vertical, so that '
if D be the point of contact and 4
the highest point of the sphere, then \ A

are A.D =arc BD, . i
i, B =bP....ivereri(L).

Let R, F be the normal reaction
and friction a.ctmg on the \1pper
sphere.

Since (' describes a circle of ra)dms

~a+b about O, its accelerations are
(a+b) 6 and (G+b) 6 along and per-
pendiculsr t¢ C’G
Hence :
M(ail-b) H’-—Mgcose R...(2),
Mla+b) b= Mg sin 8- F...(3).

Also if - be i.he a.ngle that OB, a
line fixed in the moving body, makes
with a line fixed in space, viz. the vértical, then,

M= b,
But y=0+¢=2420 ana =2,
s0 that Coa 2O g . erenssssrens(4).
(3) and (4) give éa——_'_—zsm 8.
é’= b(l cos @), since the sphere started from rest when

=0,
[This equation could be directly obtained from the principle of energy]
(2) and (3) then give

F=—,‘;—{g sind and R-——g(17 €088—-10) ....ccovveus (5).

The sphere will slip when the friction becomes limiting, 7.e. when

F=Rtan), i.e. when
cos . 2sin d=sin A (17 cos 4 - 10),

i.e. 28in (6 —A)=bsinA (3cos §-2).

If the sphere were rough enough to prevent any slipping, then by (5)
R would be zero, and change its sign, 7.e. the upper sphere wdlild leave the
lower, when cos =1%.

[1f the spheres were both smooth it could be shewn that the upper
sphere would leave the lower when cos §=34.]
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198. , A hollow cylinder, of radias a, s fived with & axis horizontal;
snside it nfoves a solid cylinder, of radius b, whose velocity tn its lowest position
18 given; if the frwtzon between the o‘hndera be sufficient to prevent amy
sliding, find the motion,

Let O be the centre of the fixed cylinder, and C that of the movable
one at time ¢; let CN be the radiys
of the movable cylinder which was
vertical when it was in its lowest
position. Since there has been no
sliding the arcs B4 and BN are
equal; therefore

agp=bx LBCN.

Hence if 4 b®- the angle which
CX, a line fixed in the body, makes
with the Vertical, <e. a line fixed in
space, then -

0=¢ BCN—¢= LW

The accelerationsof C’ are (@ — b) 2 A

and (@ —b) ¢ along and perpendicular Mg
to CO. Since the motion of the centre of inertia of the cylinder is the
same a8 if all the forces were applied at it, therefore

H(GmB) 1= Bm MG COSh averrreerrrererree @),
and M(@a-b)d=F-Mgsing...... verreeereans veeene(3),

where R is the normal reaction, and ¥ is the friction at B as marked.
Also for the motion relative to the centre of inertia, we have

Mk26=moment of the forces about C'= — F'. b,
. 02 a-b-
ie M52 = b, ().

These equations are sufficient to determine the motion.
Eliminating F between (3) and (4), we have

.

¢P=- '3(a b)sm¢..... ................ eeneee(B).
Integrating this equation, we have
- —os- Y
¢ 3( )cos¢+const o 3oz b)(l cos ) ......(8),

where @ is the value of ¢ when the cylinder is in its lowest position.
This equation cannot in general be integrated further.

(2) and 18) give §=(a-—b) Q’+'§[7oos¢—4] ............... ceseee(7).

In order that the oylinder may just make complete revolutions, R must
be just zero at the highest point, where ¢ =,
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In this,case °(a—b) Q’:%‘g , and” hence the velocity of projection
=(a-d)opVig@-b).

If @ be less than this valub, 2 will be zero, and hence the inner
cylinder will lea:ve the outer, when cos ¢p= |_4 S(a=t) Qz].

3

(4) and (5) give F= @sin L Y PPPIN cveenes(8).

The friction is therefore zero when the cylinder is in its lowest position,
and for any other position # is positive, and therefore acts in the direction
marked in the figure.

Equation of Energy. The equation (6) may be d8duced at once by
assuming that the change in the kinetic energy is equal to the work done.

‘When“the centre is at € the energy (by Art. 190)

1 g, 1, 0% s 3 .
=—M(a—b)3¢2+—M. - 02=~M(a—b)2¢’.

Hence the loss in the kinetic energy as the cylinder moves from its
lowest posmon—i‘ll (a—b)2(Q?~¢?). This equated to the work done
against gravity, viz. Mg (a—b)(1—cos ¢), gives equation (6).

Small oscillations. Suppose the cylinder to make small oscillations
about the lowest position so that ¢ is always small. Equation (5) then

gives ¢p= _ﬁng:b) ¢, so that the time of a small oscillation

( 2\/3((» b

Ez.1. A disc rolls on the inside of a fixed hollow circular aylinder whose
axis is horizontal, the plane of the disc being vertical and perpendicular to the
axis of the dylinder; if, when in its lowest position, its centre is moving with a

velocity N8 g (a - b), shew that the centre of the dise will describe an angle ¢
about the centre of the cylinder in time

. 3(a-b) T, ®
\/ % logtzm(4 4)

Ez. 2. A solid homogeneous sphers is rolling on the inside of a fixed
hollow sphere, the two centres being always in the same vertical plane.
8hew that the smaller sphere will make complete revolutions if, when it is
in its lowest posmon, the pressure on it is greater than 5"7‘1 times its own
weight.

Ezx. 8. A circular plate rolls down the inner ciroumference of a rough
circle under the action of gravity, the planes of both the platg and circle
being vertical. When the line joining their centres is inoclined at an angle ¢
to.the vertical, shew that the friction between the bodies is gg__o x the weight of
the plate,
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Ez. 4. ®A cylinder, of radius a, liggewithin a rough fizel cyhndncal eavity
of radius¥e. The centre of gravity of the cylinder is at a distafice ¢ from its
axis, and the initial state is that of stable equilibrium at the ldwest point of
the cavity. Shew that the smallest an, lar velogity with which the oylinder
must be started that it may roll nght round'the cavity is given by

2 - (a+e)?
a (a+c) 9 {'1+(a )2+
where k is the radius of gyration about the centre of gravity.
Find also the normal reaction between the cylinders in any position.

199,  An imperfectly roagh sphere moves from rest down a plane inclined
at an angle a to the horizon; to determine the motion.

Let the centre ¢ have described a @jstance « in time ¢, and the sphere
have rolled through an angle 8 ; so that
6 is the angle between the normal CB
to the plane at time ¢ and the radius
C4 which was normal at zero time.
Let us assume that the friction was
not enough to produce pure rolling,
and hence that the sphere slides as well
as turns; in this case the friction will
be the maximum that the plane can
exert, viz. uft, where p is the coefficient of friction,

Since the sphere remains in contact with the plane, its centre is always
at the same distance a from the plane, so that  and i are both zero.

Hence the equations of motions are

d%x

Mdtz_Mgama—-pR .................... creanne(1),
0=R—MgcoSa ...ccoooevvvrrucereruanunas (2),
and T SN RO coreereenens(3).
d? 0 bug
Since k="~ , (2) and (3) nge =5 cosa.
R4 %?—ZLgOOSa Crvrrennnnn, ceessernennsannnd(4),
2
and 0—%’;2 COBa. 5 o (5),

the constants of integration vanishing since 4 and 6 are both zen
initially.

So (1) and (2) glve =g (sin a—pcos a).
d .
E=g(sma—pcc>3a)t ............ ceeeerrerennnas (6),

2
and DL T LT Ro—— veeee (T
the constants vanishing as before.
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The velocity uf the point B dowa the plane=the velocity“gf C+the
velocity of‘lg relative to Cz%‘f—-a é—g =g|(sina— %,‘ cos a) L

First, suppose sin a— §¢1cos a,t0 be positive, i.e. p<Ftana.

In this case the velocity of B isalways pgsitive and never vanishes; so
that the point of contact B has always a velocity of sliding, and the sphere
therefore never wolls; the motion is then entirely given by equations (4),
(6), (6) and (7).

Secondly, suppose sina—% pcosa to be zero, so that p=%tana.

In this case the velocity of B vanishes at the gtart and is always zero. The
motion is then throughout one of pure rolling and the maximum friction
pR is always being exerted.

Thirdly, suppose sin a— % p cosa to be negative, so that p>%tana.

In thig case the velocity of B appears to be negative which is impos-
sible ; for friction only acts with force sufficient at the most to reduce the
point on which it acts to rest; and then is only sufficient to keep this
point at rest. In this case then pure rolling takes place from the start,
and the maximum friction uR is not always exerted.

The equations (1), (2), (3) should then be replaced by

2
M%:Mgsina—ﬁ' .............................. ®),
O0=R— HgToSda.....ccccurreeerrnieeiencensas(®)
and MBZOF g . )
P TP
Also, since the point of contact is at rest, we have
e o (11),

. di  2ad2 .
(8) and (10) now give Bt g gp=9sina
Therefore, by (11), #=ad=4% g sin a.
cog=af=f§gsina.t ...... eerereeseentanennins (12),

and w=a0=%gsina.§... ...... crereeesraienenn, (13),

the constants of integration vanishing as before.
Equation of Energy. 'The work done by gravity when the centre has
described a distance 2=Myg . #sin a, and the kinetic energy then

-1 Mi’+%m*.é’=%ﬂ[ﬁ’+?%z 6*].
In the first case the energy, by (4) and (6),
=} Mg%?[(sin a—p 008 a)d+ §u? cos¥a] ...ovveetsnern(14),
and the work done by gravity, by (7),
=My. zsina=} My sin a(8in a =4 008 @) veuerirensed(16).
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It is easi]y seen that (14) is less thg,n (15) s0 long as p«< # tan q, t.6. 80
long as there is any sliding. In this case then there is work lost on
accoupt of the friction, and the equation of work and energy does not
hold.

]
In the third case the kinetic energy, by (12) ahd (13),
=§M:&=+§y.§aﬂ.é!=«}1{.;;a%.ézm}zu.z;g%sineaﬂ,
and the work done, by (13), . *
# 1
372

In this case, and similarly in the second case, the &kinetic energy
acquired is equal to the work done and the equation of work and energy
holds.

This is a simple example of a general principle, »iz, that where there is
no friction, 7.e. where there is pure sliding, or where there is pure rolling,
there is no loss of kinetic energy; but where there is not pure rolring, but
sliding and rolling combined, energy is lost.

=My.xsina=Mgsina.g»gsina M.gg’sin’at’.

Ez. 1. A homogencous sphere, of radius a, rotating with angular
velocity w about a horizontal diameter, 48 gently placed on a table whose
coefficient of friction is . Shew that there will be slipping at the point of
contact for a time ?_7/%;’ and that then the sphere will roll with angular
veloocity %7-1’

Ez. 2. A solid circular oylinder rotating about its axis is placed gently
with its axis horizontal on a rough plane, whose inclination to the horizon
i8 a. Initially the friction acts up the plane and the c8efficient of friction is x.
Shew that the oylinder will move upwards if u>tana, and find the time that
elapses before rolling takes place.

Ez.8. A sphere is projected with an underhand twist down a rough
inclined plane; shew that it will turn back in the course of its motion if
2aw (1 — tan a) > 5uy, where u, w are the initial linear and angular velocities -of
the sphere, u is the coefficient of friction, a the inclination of the plane and
p.>~?- tana. ’

Ez. 4. A sphere, of radius a, is projected up an inclined plane with
velocity ¥ and angular velocity Q in the sense which would cause it to roll up;
if V>al2 and the coefficient of friction >f‘} tan a, shew that the sphere will
cease to ascend at the end of a time %Z:-i-‘?, where « is the inclination of
the plane.

Ez. 5. It a sphere be projected up an inclined plane, for which u=4% tan a,
with velocity ¥ and an initial angular velocity @ (in the direction in which
it would roll up), and if V> aQ, shew that friction acts downwards at first,
and upwards &fterwards, and prove that the whole time during which the

17V + 4a0d
sphere rises is 187sina’
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Ez. 8. A hoep is projected with yelocity ¥ down a plane of nclination q,
the coefficignt of friotion being u ( >tan a) It has initially suchos backward
spin § that after a time ¢, it gtarts moving uphill and continues to do &0 for
& time tg a,fber which it once more (lescends. The motion being in a vertical
plane at right angles to the givea inclined plane, shew that

(t1+t2)gsina=aﬂ- V.

Ez. 7. A vniform sphere, of radius a, is rotating about a horizontal
diameter with angular velocity £ and is gently placed on a rough plane which
is inclined at an angle a to the horizontal, the sense of the rotation being such
as to tend to cause the sphere to move up the plane along the line of greatest
slope. Shew thit, if the coefficient of friction be tan a, the centre of the sphere

will remain at rest for a time 5;-:%; , and will then move downwards with
acceleration g sin a. ‘
If the body be a thin circular hoop instead of a sphere, shew that the

time is —2_ and the acceleration }gsin a.
gsina 2
200. A sphere, of radius a, whose centre of gravity G is at a distance
¢ from its centre C s placed on a rough plane so that CG s horizontal; shew

that it will begin to roll or slide according as w is Z Lﬁ%z, where k 13 the

radius of gyration about a horizontal axis through G. If pis equal to this
value, what happensf o

When C@ is inclined at an angle 8 to the horizontal let 4, the point ot
contact, have moved through a horizontal distance
z from its initial position O, and let 04 = .

Assume that the sphere rolls so that the
friction is F'; since the point of contact 4 is at
rest,

e B=abiiinnn. 1).
The equations of motion of Art. 187 are
F= dtz[x+ccos€] )
=M[(a-c sin 8) 6 —c cos 867]...(2),
R- Mg=M [a csin @)= M [ —ccos 86 +csin 662] ...... 3),
and Rc cos 80— F(a—csin 8) =Mk ..................... (4).

We only want the initial motion when =0, and then § is zero but §
is not zero. The equations (2), (3), (4) then give

F=Mad,
R=Mg— Mch, % for the initial values,
and Re— Fa=Mi26,
Hence we have 0= ﬁ_;%m ,
R B+a? _gao

.E-{ IEi+a’+c 3 9 and k2+a2+02
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In order’that the initial motion may be really one of rollmg, we must
have ¥ < p.R, t.e. ">k’+a’
If u be < this value, the sphere will® npt rolly since the friction is not

sufficient. e

Critical Case. If p=7— ]c2 5 it whl be necessary to cogsider whether,

when 4 is small but not absolutely zero, the value of 1%' is a little greater or

a little less than p.

The question must therefore be solved from the begmnmg, keeping in
the work first powers of 4 and neglecting 62, 63, ... etc.
(2), (3) and (4) tRen give, on eliminating # and R,

6k +aP+c? ~ 2acsin 6]~ accos gh2=gc cos 8 .....e..(B).
Hence, on integration,
62 [F2+a®+c? — 2ac sin ]=2gc in B.....c..vveeene «es(B).
If K2=k%+a®+c? these give, neglecting squares of 6,

=2 and 8K~ 2000)=go+ 2227,

‘e, K 0=[yc +2gac“0] l:l + 2ace] [1 4 4ac0

Hence, to the first power of 4, we have from (2) and (3),

F_ (a c6) - 093 ac [y 3k2-
R= Tg—cé “Pra -oa(l?‘+a,")

on substitution and simplification.
F, ac . F, .

If ks > then 7 is less than Fray ve RS less than the coefficient

of friction and the sphere rolls.
P
If i3 < , then E > the coefficient of friction and the sphere shdes.
L]

Ez. 1. A homogeneous sphere, of mass M, is placed on an imperfecily
rough table, and a particle, of mass m, is attached to the end of a horizontal
diameter. Shew that the sphere will begin to roll or slide according as u is

q Mf 4(-1'1[7-;4"12?6"»’ . If u be equal to this value, shew that

the sphere will begin to roll.

greater or less than

Ez. 2. A homogeneouns 8olid hemisphere, of mass M and radius a, rests

with its ver{ex in contact with a rough horizontal plane, and a particle, of

mass m, is plased on its base, which is smooth, at a distance ¢ from the centre.

Shew that the hemisphere will commence to roll or slide according as the
25mac

coefficient of friction Z 96 (M m) ai 0mat"

L D, ‘ 17
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Ez. 8. A sphdre, of radius a, whosa.centre of gravity @ is not ot its centre O,
is placed oh & rough table so that OG is inclined at an angle a te ‘the upward
drawn vertibal ; shew that it will commence to slide along the table it thé coeffi-
cient of friction be < Mofa) , where OG=c and k is the radius of

k24 (a+ccos a)?
gyration about a horizontal axis through G. ©
Ez. 4, If o uniform semi-circular wire be placed in a vertical plane with

one extremity on a rough horizontal plane, and the diameter through that
extremity vertical, shew that the semi-circle will begin to roll or slide according

a8 u < ','_ 5" If u has this value, prove that the wire will roll,

Ez. 5. A heavy uniform sphere, of mass M, is resting on & perfectly
rough horizontal plane, and a particle, of mass m, is gently placed on it at
an angular distance a from its highest point. Shew that the particle will at
sin a {7TM +5m (1+cos a)}
TM cos a+5m (1 +cos a)?
coefficient of friction between the sphere and the particle.

, where u is the

once slip on the sphere if u<

201. A uniform circular disc 48 projected, with its plane vertical, along
a rough horizontal plane with a velocity v of translation, and an angular
velocity w about the centre. Find the motion.

Case I. v, m) and v > aw.

In this case the initial velocity of the point of contact is »—aw in the
direction = and the friction is p Mg <.

When the centre has described a distance

z, and the disc has turned through an angle 6, T
the equations of motion are > >y
Mi=—pMg, and u2 3 6 =uMga, (0 .

;. #=v—pgt and §0=—2-w+pyt W), 0 =% P

Hence the velocity of the point of contact P
=f-af=v-ae- 3ugt.

Sli‘ding therefore continues until t=”; ‘;""gnd pure rolling then begins.

Also at this time the velocity of the cencre=2”';“"’ veversenrrenees(@)e

The equations of motion then become

= — \-
and M ¢ —F.a J where F is the friction -,

Also #=ad, since the point of contact is now at rest ; .". F=ad.
These three equations give =0, <.e. no friction is now required.
Also a¢-m =constant=the velocity at the commencement of the

) by (2).

rollmg== :
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The diao. timerpfore continues to rell with a constant ;elooiﬁy which is
less than ith initial velocity.

Case 1I. v, w) and v < ao.

Here the initial velocity of the point.of contact is < and hence the
friction is g -. The equaifons of motion are then

2e.
Mi=pMg, and M. %.6= - piMga,

giving a‘:='v+;:gt and % b= g ©—pugt,
Hence. pure rolling begins when #=a#, 7.e. wheu ¢=a; ;'v
L
L
The velocity, &, of the centre then =am;-2v’ and, as in Case I the disc

rolls on wifh constant velocity which is greater than the initial velocity of
the centre.

Case I1l. v+, "),

Initially the velocity of the point of contact is »+aw -, so that the
friction is pMg <. The equations of motion are

2.,
Mi= - pMg, and M% 6=pMga,

L4 .
ot &=v-pgt and gé=,,gt-gm,

Pure rolling begins when #=a#, i.e. when t=vg;;°? , and the velocity

W-aw

5

If 2v > aw, this velocity is -»~, and the motion during pure rolling is =
with constant velocity as before.

If however 2v < aw, the velocity of the centre when pure rolling
commences is < and the dise rolls back towards Q. In this particular

of the ‘centre then =

case the velocity of the centre vanishes when t=;§ which is less than

2;7;2, if 20 < aw; hence the disc begins to move in the direction -
before pure rolling commences.

[In this last case the motion is of the same kind as that in the well-
known experiment of a napkin-ring projected along the table with a
velocity » - and & sufficient angular velocity » in the direction ‘)]

Ez. A napkin-ring, of radius a, is propelled forward on a rough horizontal
table with a lipear velocity u and a backward spin w, whioh is>u/a. Find the
motion and shew that the ring will return to the point of projection in time
_futaw)? , where p is the coefficient of friction.
4pg (aw-u)

‘What happens if u>aw?

17—
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202 Two unequal smooth sphereYeare placed one on thg top of the other
n umtable equilibrium, the lower sphere resting on a smooth table., The
xystem is slightly disturbed; shew that the spheres will separate when tke line

Jjoining their centres makes an angle 8 with the vertical given by the equation
F:-LJ; €083 0 —3 cos 0+2=0, where M ‘z's the ‘mass of the lower, and m of the

¢ «

upper, sphere.

Let the radii of the two spheres be @ and b, and G their centre of
gravity, so that

CG.C'G_a+td

U

There being no friction at the table
the resultant horizontal force on the ‘
system consisting of the two spheres is.
zero.

Hence, by Art. 162, the horizontal , 4
velocity of the centre of gravity is constant, c
and equal to its value at the commence-
ment of the motion, .e. it is always zero.
Hence the only velocity of G is vertical,
and it therefore describes a vertical 80
straight line GO, where O was the mltla.l position of the point of contact
B, so that O is a fixed peint.

For the horizontal motion of the lower sphere, we thus have

Ssin =M — T [06‘ sin 4] = M [cos 66 —sin 862] ...(1).
For the vertical motion of the upper sphere
S cos § —mg=m %[a+(a+b) cos ]=m (a+b)[ — sin 88 — cos 642] ...(2).
Eliminating 8, we have
6 [M +msin? §]+m sin 6 cos 602 = (M—:rg)y 8in 6.........(3).
He;we, by integration, ¢
6 [ M +m sin® o]=&2—f5 (M +m)(1—C08 8) wveene.... )

since the motion started from rest at the highest point.
By (1), § vanishes, 7.6 the spheres separate, when

008 08=8I0 8. B.v..eoeerrersrereeenns(B).

(3) and (5) give =2 ot 60 at this instant and then (4) gives, on sub-

stitution, m cos® 6= (M +m) (3 cos § - 2).
There are no forces acting so as to turn either sphere about its centre,
8o that neither of them has any rotatory motion.
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Work afld Energy. Equation (4)emay be obtained thus, by assuming
the principle of work. The horizontal velociy of the lower spﬁere
m (a+b)
(CG gin §)= Vm 64,
8o that its kinetic energy is

m? (a4 b)?
M TirmE % 662,

The horizontal and vertical velocities of the upper sphere are
d e d
ﬁ[GC sin 6] and p [a+(a+Db) cos 6],

. M(a+d) o i
ie Ham O 06 and - (a+b)sin 66,
so that its kinetic energy is

gm.(a+b). é: l:( Mj-fm)? cos?d +sin? 6].

Equating the sum of these two energies to the work dome, wviz.
mg (a+b) (1 - cos 6), we obtain equatiop (4).

203. Varying mass. In obtaining the equations of Art.
161 we assumed the mass of the body to remain constant. If
the mass m of a particle is not constant, the component effective
dz

force is dt< dt) and not m —— L

The equation (1) of Art. 161 is then
d dx
p [X 7 (m ):I =0,

ve. X = 2alt( fl:) &G = @ (M d_)

Also the equation (6) of the same artlcle is
dy d/ dz
2 @Y -yX) = 2[ ( dt) ydt( Bl't)]

dy dz) _ dy d=
Edt[“’ map =9 mdt]—c—liz[m( dt ydt)]
=2 [Mlc’de] as in Art, 187,

Ez. A cylindrical mass of snow rolls down an inclined plane covered with
snow of uniform depth E, gathering up all the snow it rolls over and always
remaining cirgular; find the motion of the snow, and shew that it will move
with an acceleration $gsina, if initially, when its radius is a, it be started
2rgsina :

with velocity a —5E

, where a is the inclination of the plane,
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At time ¢ fror: the start, let # be«the distance deseribed dowﬁ the plane,
and r be the radius, so that
' x(12-a?)= the amount of snow picked up
EELg i, SRR b § B
If F be the friction up the plane, and ¢ the angle turned through by the
snow-ball, we have

‘ l-i_t [mr? &)= wr’gp sina~-F ... et 2),

and ‘% [m120 K201 =F . Purvrrreeeis e eereveinriaenias (8),
where p is the deasity of the snow-ball. ¢

Also E=10=0 .co........ eeeeeaanes —————— ),

since there is no sliding.
2
Since kﬁz% , the equations (2) and (3) give
' d g d (13 .
— (r2 —_— 2 )=
rdt(r ) + @ (2 z) 73 sin a,

i.e. 3%+ 7 ;— 2=2gsina,
E 2
or, from (1), E+g mg_;_Ex a:L.B gsin a.

On putting ©2=u and hence 2% =le—x , this equation becomes linear, and its

solution is o ‘

7 4
£2 (ra? ==gsi 2
42 (ra +E:c)3'_sgsma IOE —— (ma +E.r) +0,

ie. #=80008 oy py
(ma?+ Ea;)%
This equation cannot in general be integrated further.
If, however, £=a 21%%9—9’ . when z=0, we have C=0, and then
.o 2gsina 21rga sina 2gsina
2= .2
Té= 5 T+ 5 3] _[ ]t=0+ 5 zl
80 that the acceleration is g_s_l6n_a .
L3

MISCELLANEOUS EXAMPLES ON CHAPTER XIV.

1. A uniform stick, of length 2a, hangs freely by one end, the other
being close to the ground. An angular velocity » is then given to the
stick, and when it has turned through a right angle the fixed end is let go.
Shew that on first touching the ground it will be in an upright position if

. . ”
[3+p 1 , Where p is any odd multiple of 3
2. A circular disc rolls in one plane upon a fixed plane and its centre

doscnbes a straight line with uniform acceleration f; find the magnitude
and line of action of the impressed forces.
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3. A spindle of radius a carrieg.a wheel of radius b¢ the mass of the
combination being # and the moment of inegtia 7; the spindle*rolls down
a fixell track at inclination a to the horizon, and a string, wéund round
the wheel and leaving it at its under sitlg, passes over a light pulley and
has & mass m attached to the end which hangs vertically, the string
between the wheel and pulley ®eing parallel to the track. Shew that the
acceleration of the weight is

g(b-a){Masina+m(b-a)} + [I+Ma+m(b—a)?]

4, Three uniform sphergs, each of radius ¢ and of gass m, attract
one another according to the law of the inverse square of the distance,
Initially they are placed on a perfectly rough horizontal plane with their
centres forming a triangle whose sides are each of length 4a. Shew that

the velocity of their centres when they collide is \/ v % , where y is
the constant of gravitation. '

6. A uniform sphere, of mass m gnd radius g, rolls on a horizontal
plane. If the resistance of the air be represented by a horizontal force

acting at the centre of the sphere equal to %)f »? and a couple about it equal

to mpuv?, where v is the velocity of the sphere at any instant, and if V be
the velocity at zero time, shew thft the distance described by the centre in
time ¢ is < log[14 4 V], where A =D ATH
A 7 a

6. A uniform sphere rolls in a straight line on a rough horizontal
plane and is acted upon by a horizontal force .X at its centre in a direction,
opposite to the motion of the centre. Shew that the centre of the sphere
moves as it would if its mass were collected there and the force reduced to

$X, and that the friction is equal to #.X and is in a direction opposite to
that of X.

7. A man walks on a rough sphere so as to make it roll straight up a
plane inclined at an angle mto the horizon, always keeping himsel at an
angle B8 from the highest point of the sphere; if the masses of the sphere
and man be respectively A and m, shew that the acceleration of the sphere

5g {m sin B8 — (M +m)sin a}

is "M +5m {1+cos (a+B)] °

8. A circular cylinder, of radius @ and radius of gyration %, rolls
inside a fixed horizontal cylinder of radius . Shew that the plane through
the axes will move like a simple circular pendulum of length

(b—a)(l+£-:>.

If the fixed cylinder be insteud free to move about its axis, and have
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its centre of gravity in its axis, the corresponding pendulufa will be of
length (b-va)(14-u), where |

I
¢ g
by
1+ G
m and M are réspectively the taasses of the inner and outer cyunaers, auu
K is the radius of gyration of the outer cylinder about its axis.
[In the second case, if the outer cylinder has at time ¢ turned through
an angle v, the equations of motion are, as iy Art. 198,
m(b—a)¢i=R-mgcosp; m(b—a)¢=F-mgsing;
mhtf=-F.a ; and MK‘"(};: — Fh,
Also the geometrical equation is @ (6 +¢)=b (¢ = ¥).]

9. A uniform circular hoop has a fine string wound round it. The
hoop is placed upright on a horizontal plane, and the string, leaving the
hoop at its highest point, passes over a smooth pulley at a height above the
plane equal to the diameter of the hoop and has a particle attached to its
otherend. Find the motion of the system, supposed to be all in one vertical
plane; and shew that whether the plane be smooth or rough the hoop will
roll without slipping.

n

10. A disc rolls upfon a straight Iine on a horizontal table, the flat
surface of the disc being in contact with the table. If v be the velocity of
the centre of the disc at any instant, shew that it will be at rest after a

time g?l?, where p ig the coefficient of friction between the disc and

6dug
table.

11. A perfectly rough cylindrical grindstone, of radius a, is rotating
with uniform acceleration about its axis, which is horizontal. If a sphere
in contact with its edge can remain with its centre at rest, shew that the

angular acceleration of the grindstone must not exceed g'—g .

12.° A perfectly rough ball is at rest within a hollow cylindrical
garden roller, and the roller is then drawn along a level path with uniform
velocity V. If V2> 31 g(b-a), shew that the ball will roll completely

round the inside of the roller, @ and b being the radii of the ball and
roller.

13. A solid uniform diso, of radius a, can turn freely about a horizontal
axis through its centre, and an insect, of mass ,l;, that of the disc, starts

from its lowest point and moves along the rim with consfant velocity
relative to the rim ; shew that it will never get to the highest point of the

disc if this constant velocity is less than % N2ga i+ 2),
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14 Ing%de a rough hollow cyhnder, of radius @ and thass ¥, which is
free to turn® about its horizontal axis, is placed an insect of mas:s m; if the
insect“starts from the lowest generator and walks in a plane perpendicular
to the axis of the cylinder at a uniform’® mate v nelatwely to the cylinder,
shew that the plane containing it and the axis never makes with the

g Mk?
1 -1 1 —_—————y———
upward drawn vertical an angle < 2cos E‘Z“ Vimga (E S|’ where

M#? is the moment of inertia of the cylinder about its axis

15. A rough lamina, of mass J, can turn freely aboyt a horizontal
axis passing through its centre of gravity, the moment of inertia about
this axis being ##3. Initially the lamina was horizontal and a particle of
mass m was placed on it at a distance ¢ from the axis and then motion
was allowed to ensue. Shew that the particle will begin to shde on the
lamina when the latter has turned through an angle tan-! MZ’ gk";‘ ,

where p is the coefficient of friction.

16. A uniform beam, of mass M arM length !, stands upright on per-
fectly rough ground ; on the top of it, which is flat, rests a weight of massm,
the coefficient of friction between the beam and the weight being u. If the
beam is allowed to fall to the ground, its inclination 6 to the vertical when
the weight slips is given by (%K +'.3m> cos - E‘%ﬁin =M +2m.

17. A rough cylinder, of mass ¥, is capable of motion about its axis,
which is horizontal; a particle of mass m is placed on it vertically above
the axis and the system is slightly disturbed. Shew that the particle will
slip on the cylinder when it has moved through an angle 8 given by
p (M 46m) cos  — M sin §=4mpy, where p is the coefficient of friction.

18. A hemisphere rests with its base on & smdoth horizontal plane; a
perfectly rough sphere is placed at rest on its highest point and is slightly
displaced. Shew that in the subsequent motion the angular velocity of
the line joining the centres, when its inclination to the vertical ig 4, is
9 sin = 6 ____2119__
2| ¢(Tn—>5cos? 8)
hemisphere when 6 satisfies the equation

% .
, and shew also that the sphere will leave the

6 (3-%) c08® 6420 cos® +7 (16~ 17n) cos 470 (n - 1)=0,

where ¢ is the sum of the radii and n the ratio of the sum of the masses of
the sphere and hemisphere to that of the sphere.
[Use the Principles of Linear Momentum and Energy.]

19. A thin nouow cylinder, of radius a and mass ¥, is free to turn
about its axis, which is horizontal, and a similar cylinder, of radius b and
mass i, rolls inside it without slipping, the axes of the two cylinders being



266 Dynamics of a'Rigid Body

parallel. Shew that, when the planeof the two axes is inclined at an angle
6 to the vertical, the angulan velocity £ of the larger is given by

ad (M +m) (2M +m) 9.3 =2gm? (@ — b) (cos 6 ~ cos a),
provided both cylinders dre at rest when §=a.

20. A perfectly rough solid cylinder, 5f mass m and radius r, rests
symmetrically on another solid cylinder, of mass M and radius R, which is
free to turn about its &xis which is horizontal. If m rolls down, shew that
at any time during the contact the angle ¢ which the line joining the
ceptres makes with the vertical is given by

(R+r) = 23$1++22) gsin ¢.

Find also the value of ¢ when the cylinders separste.

21. A locomotive engine, of mass M, has two pairs of wheels, of radius
a, the moment, of inertia of each pair about its axis being M#?; and the
engine exerts a couple Z on the forward axle. If both pairs of wheels
commence to roll without sliding when the engine starts, shew that the
friction between each of the fron’ wheels and the line capable of being
L B+a?
called into action must be not less than — aokrat’

22. A rod, of mass m, is moving in the direction of its length on a
smooth horizontal plane with velocity . A second perfectly rough rod, of
the same mass and length 2a, which is in the same vertical plane as the
first rod, is gently placed with one end on the first rod; if the initial
inclination of the second rod to the vertical be 4, shew that it will just rise
into a vertical position if 3u? sin2 a=4ga (1 —sin a) (643 cos? a).

23. A rough wedge, of mass M and inclination a, is frce to move on a
smooth horizontal plane; on the inclined face is placed a uniform cylinder,
of mass m; shew that the acceleration of the centre of the cylinder down

M+ m
M +m+2msinia

24 A uniform circular ring moves on a rough curve under the action
of no forces, the curvature of the curve being gverywhere less than that of
the ring. If the ring be projected from a point 4 of the curve without
rotation and begin to roll at B, then the augle between the normals at A

and B is lo'g‘ 2

the face, and relative to it, is 2gsina.

25. A uniform rod has one end fastened by a pivot to the centre of a
wheel which rolls on a rough horizontal plane, the other extremity resting
against a smooth vertical wall at right angles to the plane containing the
rod and wheel ; shew that the inclination 6 of the rod to the vertical, when
it leaves the wall, is given by the equation

9M cos® 8+ 6m cos 8~ 4m cos a=0,
where M and m are the masses of the wheel and rod and a is the initial
inclination to the vertical when the system was at rest.
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26, que is coiled round a drwm of @ feet radids. Tijro wheels
each of radius b are fitted to the ends of the drum, and the wheels and
drum Yorm a rigid body having a common axis. The system stands on level
ground and a free end of the rope, after Passing under the drum, is inclined
at an angle of 60° to the horigon. If a force P be applied to the rope,
shew that the drum starts to roll in the opposite direction, its centre having
5‘1(‘(0;—’"14.% , whero 3 is the mass of the system and % its radius
of gyration about the axis.

acceleration

27. A thin circular cyltnder, of mass M and radius b, rests on a
perfectly rough horizontal plane and inside it is placed a perfectly rough
sphere, of mass m and radius a. If the system be disturbed in a plane
perpendicular to the generators of the cylinder, obtain the equations of
finite motion and two first integrals of them; if the motion We small,
14M (b— a)

shew that the length of the simple equivalent pendulum is oM +7m

28. A uniform sphere, of mass M, rests on a rough plank of mass m
which rests on a rough horizontal plane, and the plank is suddenly set in
motion with velocity » in the direction of its length. Shew that the
sphere will first slide, and then roll on the plank, and tha.t the whole system

will come to rest in time ————— ), where p is the coefficient of friction

Hg (M +m
at each of the points of contact.

29. A board, of mass ¥, whose upper surfage is rough and under
surface smooth, rests on a smooth horizontal plane. A sphere of mass
m is placed on the board and the board is suddenly given a velocity V in
the direction of its length., Shew that the sphere will begin to roll after a

. \4
time  joe———e——
.m
(2 M) rg

30. On a smooth table there is placed a board, of mass A/, whose upper
surface is rough and whose lower surface is smooth. Along the*upper
surface of the board is projected a uniform sphere, of mass m, so that the
vertical plane through the direction of projection passes through the
centre of inertia of the board. If the velocity of projection be u and
the initial angular velocity of the sphere be w about a horizontal axis
perpendicular to the initial direction of projection, shew that the motion

will become uniform at the end’ of time M u-au , and that the
9 TM+2m pg
m ~
velocity of the board will then be - TH+om (u - ao).

31. A perfectly rough plane turns with uniform angular velocity w
about a horizoutal axis lying in its plane ; initially when the plane was
horizontal a homogeneous sphere was in contact with it, and at rest
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relative to it at'a distance a from the axis of rotation; shew"tha.t at time
¢ the distance of the point of contact from the axis of rota,tion was

a cosh (;\/- wt>+ ;/235.2? smh[\/_ ] 15 2sm¢ot.

Find also when the sphere leaves the plant.
[For the motion of the centre of gravity use revolving axes, as in

Art. 51.]

32. In the previous question the plane turns about an axis parallel to
itself and at a«distance ¢ from it ; when the plane is horizontal and above
the axis the sphere, of radius b, is gently plaoed on the plane so that its
centre is vertically over the axis; shew that in tlme ¢t the centre of the
sphere moves through a distance

v ./“[12 ,-———— smh[\/,zwt] T 2ssmmt



CHAPTER XV
MOTION IN TWO DIMENSIONS. IMPULSIVE FORCES

204. In the case of impulsive forces the equations of
Art. 187 can be easily transformed. For if T be the time
during which the impulsive forces act we have, on inte-

ti 1),
grating (1) e o

(u %] <[ 22 a2,

where X’ is the impulse of the force acting at any point (z, y).
Let u and v be the velocities of the centre of inertia parallel
to the axes just before the impulsive forces act, and «’ and o/
the corresponding velocities just after their action.

Then this equation gives

M@ =) =SX eooooserrerssnn, ).

So M@ -v)=32Y" ....... T (2).
These equations state that the change in the momentum,
of the mass M, supposed collected at the centre of inertia, in

any direction is equal to the sum of the impulses in that
direction.

So, on integrating equation (4), we have

.9 ATy (T
[Mk dt] _zl-w fo Y dt yfont-',
i if  andvw’ be the angular velocities of the body before and

after the action of the impulsive forces, we have
M (o' - 0)=3(Y —yX').
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Hence the change produced in the moment of omentum
about the centre of ine:tia is equal to the moment abopt the
centre of inertia of the impujses of the forces.

< [}

205 Ez. 1. A uniform rod AR, of ’enyth 2a, iz lying on a& smooth
horizontal planc and is struck by a horizontal blow, of impulse P, in a direction
perpendicular to the rod at a point distant b from its .centre; to find the
motion.

Let w’ be the velocity of the centre of inertia perpendicular to the rod after
the blow, and &’ the corresponding angular velocity about the centre. Then
the equations of the last article give

2
Muw' =P, and M% o' =P.b
Hence we have w’ and «'. ’

Ez. 2. A uniform rod at rest is struck by a blow at right angles to its
length at a distance z from its centre. Find the point about which it will
begin to turn. ¥ &

A O 'y 'B{,PB

[
Let O be the gquired centre of motion, GO=y, where G is the centre of
inertia, and G4 =GB =a.
Let the impulse of the blow be P, and the resulting angular velocity
about O be w. The velocity acquired by G is yw. Hence, from Art. 204, we
have

Myw=P ..ivivririrrinirnennninsinon (1),
2
and M y’+“—] W=P(Y+2) ovvrrerieiiiniinnnnnn, (2).
. 3P.z
Bolving, w= 3.3 B nd y_~— , giving the resulting angular velocity and the

position of O. The velocity of the centre of ineitia G=yw=‘l%.
The kinetic energy acquired, by Art. 190, :

9.4 342
—M[y + ’] b= B O R
If the end 4 were fized, the resulting angular velocxty wy would be given by the
equation M a’+%’] wy=P(a+z), so that wy= i%, a-l;z , and the kinetio
energy' generated would
4a3 8P (a +z)? '
B‘ M, _""_S'TI *——T- ................ ...‘...-(4)-_

4 a®$382% .

The ratio of the energies given by (3) snd (4) =3 @rap:
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The leas$ value of this ratio is ea.sxly Yeen to be unity, when z_?

Hedoe the kinetic energy generated when thd rod is free is always greater
than that when the end 4 is fixed, except Yken x_.‘s , in which case 4 is the
centre of rotation.

Eg. 8. Two uniform rods AB, BC are freely jointed at P and laid on a
horigontal table ; AB is struck by a horizontal blow of impulse P in a direction
perpmdwmr to AB at a distance ¢ from its centre; the lengths of AB, BC
being 2a and 2b and their maaaes M and M’, find the motion immediqg:ly after
the blow, *

. u;?\w‘ | a . ﬁu.
1B Ge 0
P

>r
o
0

Let 1’; and w; be the velocity of the centre of inertia of AB and ils angular
velocity just after the blow; wy and wp similar quantities for BC. There will
be an impulsive action between the two rods at B when the blow is struck;
let its impulse be Q, in opposite directions on the two rods.

Then for the rod 4B, since it was 3& rest before the.blow, we have

Muy=P=Q .cveeerrirerrriiiirirercrnernrnnnens (1),
2
and M% c1=P.c=Q.a ..ccoovvriiriiiiiinnnnnenen(2)e
8o, for BO, we have Mug=Q ....... e veeeenne(B)y
2
and M’b—3-.w2= =Q D ceetunnnnd(4)e
Also, since the rods are connected at B, the motion of B, as deduced from
each rod, must be the same. .
S Ut awy=Ug - bwg aeeeeens ceereraenes venessnnni(B)e

These five simple equations give u;, w;, uz, @3 and Q. On solving them,
we obtain
1 M 1 M

) 3¢ _Pro_ 1 M 8¢
Q=2P’M+M'(l+ ) “I‘M[l 4M+M’(1+a)]'
8P[e 1 M P 8¢
o= a-amar (F5)] =i (145):

8 P 8c
end ©s= - 1 (T D (” )

Ez. 4. Three equal uniform rods AB, BC, CD are hinged freely at their
ends, B and C, so as to form three sides of a square and are laid on a smooth
tadle ; the end 4 is struck.by a horizontal blow P at right angles to AB. Shew*
that the initial velocity of 4 is nineteen times that of D, and that the impulsive

P
actions at B and C are mpcctmly L and 7.
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The initial motion of the point Bapust{ie perpendioulgr to 48, 8p’that the
action at B must be along BY; similarly
the aotion ‘at C must be along OB. Let
them be X; and X; as marked. Fet the
velocities and angular velocities of the rods
be u, and wj, ug, and ug and wg a8 in the ¥

figure. D
For the motion of 4B we hafe g7
muy=P+Xj..co0uuun.. 1),
2
and m% @=(P-X)a .unn(2),

where m is the mass and 24 the length of
each rod. .

For BC, we have ‘ muz=X1—I§’g ................. ererretereenninns (8).
For ¢D, we have LCTEEED: €O asvessnns (4),

2
and mt;—w3=Xg. @ eeeriiiiinieeienniiniereeataaaenans (5).

Also the motion of the point B of the rod AB is the same as thgt of the
same point B of the rod BC.

o UPmAWI= =UG eueurrneeiniinninenreaniaans (6).
8o, for the point C, ! )
U+ AWI=UG wevvrrnnnirininreisnrernensennsones(T)e

On substituting from (1) .(5) in (6) and (7), we obtam
5Xl X’—?P and XI—DXQ,

L. 5P P
giving X 1=15 and Xz_m—.
Hence we have o
_.]E- 7P - P . - _IJ_ and = .'E.
UMt YTt TR YT Iom 8= g

velocity of the point 4 _ u; +aw;
veloemy of the point D~ awg—ug

=19,

EXAMPLES

1. AB, BO are two equal similar rods f;eely hinged at B and lie in &
straight line on a smooth table. The end A is struck by a blow perpen-
dicular to 4B; shew that the resulting velocity of 4 is 3} times that of B.

2. Two uniform rods, 4B and BC, are smoothly jointed at B and
placed in a horizontal line; the rod BC is struck at G by a blow at right
angles to it; find the position of @ so that the angular velocities of 4.8 and
B(C may be equal in magnitude.

3. Two equal uniform rods, 4B and AC, are freely hinged at 4 and
rest in a straight line on a smooth table. A blow is struck at B perpen-

dicular to the rods; shew that the kinetic energy generated is % times
what it would be if the rods were rigidly fastened together at 4.
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4. Two tqual uniform rods, 48 snd BC, are freely jointed at B and
turn about’a smooth joint at 4. When the,rods are in a strdight line,
 being the angular velocity of 48 and u the velocity of the centre of mass
of BC, BC impinges on a fized inelastic obstacle gt a point D; shew that

the rods are instantaneously brojght to rest if BD=2a 32 u;2 , where 2a
is the length of either rod.

5. Two rods, 4B and BC, of lengths 2a¢ and 2b and of masses propor-
tional to their lengths, are freely jointed at B and are lying in a straight
line. blow is communicated to the end 4; shew thab the resulting
kineticenergy when the system is free is to the energy when (' is fixed as
(4a+3b) (3a+4b) : 12 (a+Db)%

6. Three equal rods, 4B, BC, CD, are freely jointed and placed in a
straight line on a smooth table. The rod 4B is struck at itsend 4 by a
blow which is perpendicular to its length ; find the resulting motion, and
shew that the velocity of the centre of 4B is 19 times that of €D, and
its angular velocity 11 times that of CD.,

7. Three equal uniform rods placed in & straight line are freely
jointed and move with a velocity v perpendicular to their lengths. If the
middle point of the middle rod be suddenly fixed, shew that the ends of

the other two rods will meet in tinte 7% 9” , Where & is the length of each
rod.

8. Two equal uniform rods, 4B and 4C, are fraely jointed at 4, and
are placed on a smooth table so as to be at right angles. The rod AC' is
struck by a blow at C in a direction perpendicular to itself ; shew that the

resulting velocities of the middle points of 48 and AC are in the ratio
2:7 ’

9. Two uniform rods, 4B, AC, are freely jointed at 4 and laid on a
smooth horizontal table so that the angle BAC is a right angle. The rod
AB is struck by a blow P at B in a direction perpendicular to 4B; shew

that the initial velocity of 4 s
4 B, AC respectively.

10. AB and 0D are two equal and similar rods connected by a string
BC; AB, BC, and CD form three sides of a square. The point 4 of the
rod AB is struck a blow in a direction perpendicular to the rod; shew
that the initial velocity of 4 is seven times that of D.

11. Three particles of equal mass are attached to the ends, 4 and C,
and the middlg point B of & light rigid rod ABC, and the system is at
rest on a smooth table. The particle Cis struck a blow at right angles to
the rod ; shew that the energy communicated to the sys when 4 is
fixed, is‘ to the energy communicated when the system is as 24 to 25,

L. D, 18

m zf— , where m and m’ are the masses of
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12. A uniform straight rod, of length 2 ft. and mass § lbs,, has at
each end & mass of 1 1b., and at its'middle point a mass of 4 Ibs. One of
the 1 1b. masses is struck £ blow at right angles to the rod and this end
starts off with a velocity of 5 ft,, per second ; shew that the other-end of
the rod begins to move in the 8pposite direction with a velocity of 25 ft.

per seo. R €

208, A uniform sphére, rotating with an angular velocity o
about an azs perpendicular to the. plane of motion of its centre,
tmpinges on a horizontal plane ; find the resulting change in its
motton. )

First, suppose the plane rough enough to prevent any
sliding. )
Let u and v be the components of its
velocity before impact as marked in the
figure; u’ and v’ the components, and o’
the angular velocity, just after the impact.

Let R be the normal impulsive reaction
and F the impulsive friction. . -

Then the equations of Art. 204 give 5 F by

¢ M@ —w)y=—F e, 1),
M@ +v)=R ..cccvvvvineeiinns eeee(2),
and o M (o'—w)=Fa.....c..cccoininannnn. (8).

Also since the point 4 is instantaneously reduced to rest,
there being no sliding,

wW—a0' =0 .coiviiiiiiiniiiiiinn (4).
Also, if e be the coefficient of restitution,
V=00 cevvevriiiinninenenane, :...(5).
Solving (1), (3), and (4), we have |
v =a0 = -5-%-2&’ .................. (6),
and F=M.%(@u-ao) ... crrreneeens (7).

Case I. u=oao.

There is no friction called into play, and « and e are unaltered.

Case II. u<aw.

Then F acts —; o’ < w, and ' > w. Hence when the point
“of contact A before impact is moving «—, the angular velocity
is decreased by the impact, the horizontal velocity is increascd,
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and the difection of motion of the sphere after m&pact makes a
smaller angle with the plane than itewould if there were no
frictioh,

Case ITI. u > aw. .

Then F acts <—; o'>w nnd,uw'<u. Hencg when the
point of contact 4 before impact is moving —», the angular
velocity is increased, the horizontal velocity is dnmmshed and
the direction of motion after impact makes a greatqr angle with
the plane than it would if there were no friction,

Case IV. Letrthe angular velocity before the impact be ).
We must now change the sign of w, and have

and F=M. %@+ ao)..cccccuunereenennnn. 9).
If u= —%9 then %' and ' are both zero, and the sphere
rebounds from the plane vertigally with no gpin.

If u <——5—, then o’ is negative and the sphere after the

impact rebounds towards the direction froms.which it came.

[Compare the motion of & tennis ball on hitting the ground
when it has been given sufficient  under-cut.”]

In each case the vertical velocity after the impact is ev and
R=M(1+e)w. .

In Cases I, IT and III, in order that the point of contact

may be instantaneously brought to rest, we must have B<H
the coefficient of friction,‘i.e. from (2), (5) and (7),
$(u—aw)<p(l+e)v.

If & (w—aw)>u(l+e)v, the friction is not sufficient to
bring the point of contact 4 to instantaneous rest, equation (4}
will not hold and for equations (1), (2), (3), we must have

M@ —u)y=—pl .virrrirnnnnnn (1),

M +0)=Rueevrrreenencrenensans(®),

and Ml (@ — w)= .6 viriiranieneenn(8)
18—2
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These with equation (5) give
. W=U—uv(l+e), v=e,

L ]
and o= +-g'—(:v(1 F€)ereiineiiiaiiins (4).

In Case AV in order that the friction may bring the point
of contact to rest we must have F < uR.
Hence from (2), (5) and (9) we must have

‘ $(u+aw)< py (1 +e).
If however $utaw)>pv(l+e) .cnieevennnn. (5),

the friction is not sufficient, and we have efluations similar to
@), (2), and (8), but with the sign of @ changed. They
will give .
W=u—pv(l+e), v'=e

and m’=§—"('v(l+e)—w.

In this gase it will, from (5), be possible for u to be less than
w (1 +e), if o be large enoygh; hence, if the ball has
sufficiently - large enough under-cut, w’ can be negative, t.e. the
ball can rebound backwards.

[Compafe again the motion of a tennis ball.]

207, Ez.} 1. A rod, of length 2a, is held in a position inclined at an
angle a to the: vertical, and is then let fall on to a smooth inelastic horizontal
plane. Shew that the end which hits the plane will leave it immediately after
the impact if the height through which the rod falls is greater than

Pga 8ec a cosec? a (1 + 8 sin2a)2,
If u and w be the vertical and angular velocity just after the impaect, ¥

the veytical velocity before the impact and R the impulse of the reaotion of
the plane, then

m(V-u)=R, milw=Rasina, snd u-awsina
=vertical velocity of the end in contact with the plane=0.

. u 8V sina

Hence w=asin¢=¢(l+3sin’u) ........................... (1).

Assuming the end to remain in contact with the plane, and that S is the
normal reaction when the rod is inclined at  to the vertical, we have

S—my=mé%(aoop0), and s.asin0=m%?60 ............ (2).
Eliminating 8, we have
J(l+8un'0)+8nn0eos00’=-—sm0 ............ ivenes(B)e
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Now & ig ?lega,tive when #=a if § is ndgative then, so that 'equuti,on (8) then
gives Asin «cos awl? > gagsin a, i.e, wI> g

acosa’
Hence, from (1), LN
Vi a’ (1+8sinda)? L (143 sm’a)’
“sinda . 9cosasina -
Hence the given answer. ‘e

Ez. 3. Four equal rods, each of mass m and length 2a, are freely jointed at
their ends 8o as to form a rhombus. The rhombus falls witha dzayonal vertical,
and 18 moving with velocity Vewhen it hits a fized horizontal’ inelastio plane.
Find the motion of the rods unmedtately after the impact, and shew that their
angular velocities areseach equal to 3 a—(% , Where a i3 the angle each

rod makes with the vertical. .

Shew also that the impact destroys a fraction i of the kinetic

1
+38sin%a
energy just before the impact.

After the impact it is clear that AB i» moving with some angular velocity

about 4, and BC with an angular velooit.

Wy D about B. )

Since C is, by symmetry, moving vertically after \K X
the impact, its horizontal velocity is gero.

~ 0=horizontal velocity of B +horizontal velocity

of C relative to B
=2aw; 008 & + 2awy cos a, ) ?
ie W= = W] .eirerrunsrsensennne (1).
The horizontal velocity of Gg similarly
=2awy 008 & + Awg 008 6= aw; COB @ =, By
and its vertical velocity A
=2%awsina - awgsina=8aw; sina § . ) \\

If X be the horizontal impulse at C as mal,ed (there being no vertical
impulse there by symmetry) we have, as in Art. 193, on taking momants about
4 for the two rods AB, BC

2
mis—a,q-m[amoosa.saoos a+Bawysina. asina +% wg] -2mVasina
=X, 4acosa,

i.e. 9w1=gsin a+?—n—ioo‘sa..............................(2)-
Similarly, taking moments about B for the rod B0, we have
m[w,oou.aoosa-saw,sina. auina+%—-’w]-m[-l’].alina:)f.?ama.,
2 V.. X
{i.6. W (ﬁ ~4gin? u.) = »Z‘sma+ mo0sa JRRUTRRTRRTOT () §

Souﬁg (2) and (3), wo have w; and X, and the results given are obtained.
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The in;pulsiv.e actions X; » and'e¥; } at B on the rod BCe+are clearly
given by [

X; + X=m. horizontal velocity communicated to Gg=m . aw; cos a,
and b6 =mx vertioal.velooit;' eommunioa.ted to Gg
_m( 8aw; sina) — m[ Vi]= m[V Baw,; sin a].

Also the xmpulsxve action X,-» at 4 on 4B is given by

Xg=m. horizontal velocity communicated to G;=m. aw; cosa.
The total actjon Yy 4 at 4 =total change in the vertical momentum

=4mV - 8maw, sin a.

On solving these equations, we have

e
=V _sina x="Vtana 3cos?a-1,
1592 ' T+38sinfa’ T2  1+8sgin%a’
X—ﬂ tana Y _mV 8cos?a - 1
=% 153snta’ 1= I+3sin’a
3mV sin a cos a imV
=3 1 8eta’ M BT gama
Also the final kinetic energy
1 4q2 1
=5 .2m. 5 w? +3 2m a2w;? cos? a + 9a2w;? sin% a + - wzﬁ:]
= Seinta xori inal kinetic e"er
= [T3smda (8 nerey-.

It will be noted that, since we are considering only the change in the
motion produced by the‘blow, the finite external forces (the weights of the
rods in this case) do not come into our equations. For these finite forces
produce no effect during the very short time that the blow lasts.

Ezx.8. A body, whose mass i3 m, is acted upon at a given point P by a blow
of impulse X. If V and V! be the velotities of P in the direction of X just before
and just after the action of X, shew that the change in the kinetic energy of
the body, i.e. the work done on it by the impulse, is L (V+ V') X.

Take the axis of x parallel to the direction of X. Let w and v be the

velocitics of the centre of inertia G parallel to Qz and Oy, and w the angular
velocity round G just before the action of X. Let w/, v/, and «’ be the same
quantities just after the blow. The equations of Art. 204 then become

mu -u)=X; m@®-0)=0, and mh(v' -w)=-y . X ....(1),

where (2, y’) are the coordinates of P relative to @,
By Art. 190, the change in the kinetic energy

=4m (W24 02+ k2w'3) - gm (ud + 03+ k20?) = §m (w2 ~ u) 4 fmk? (o' - o)
=3X (W +u) -3y . X (&' +w), by (1), =3 X [(w - y'e/) + (u - y'w)].
¢ Now V=the velocity of G parallel to Oz + the velocity Qt P rejative to G
=u~w.3Psin GPr=u-y'o,
and similarly V'=w-y'v.
Hence the change in the kinetic energy=3X(V'+ V)
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EXAMPLES ON CHAPTER XV

1 A uniform inelastic rod falls without rotafion, being inclined at any
angle to the horizon, and hitssa smooth fixed peg at a distance from its
upper end equal to one-third of its lehgth., Shew that the lgwer end begins
to descend vertically.

2. A light string is wound round the circumference of a uniform reel,
of radius a and radius of gyration % about its axis. The,free end of the
string being tied to a fixed pomt the reel is lifted up and let fall so that,
at the moment when the string becomes tight, the velocity of the centre of
the reel is % and therstring is vertical. Find the change in the motion and

12

3. A square plate, of side 2a, is falling with velocity u, a diagonal
being vertical, when an inelastic string attached to the middle point of
an upper edge becomes tight in a %ertical position. Shew that the
impulsive tension of the string is 4w, where M is the mass of the
plate.

Verify the theorem of Art. 207, Ex. 3.

show that the impulsive tension is mu

4. If a hollow lawn tennis ball of elasticiy ¢ has on striking the
ground, supposed perfectly rough, a vertical velocity % and an angular
velocity o about a horizontal axis, find its angular velocity after impact

and prove that the range of the rebound will be ‘—l%’ eu.

5. An imperfectly elastic sphere descending vertically comes in contact
with a fixed rough point, the impact taking place at a point distant a from
the lowest point, and the coefficient of elasticity beinge. Find the motion,
and shew that the ¢ sphere will start moving horizontally after the impact
if a=tan—! ’56. 7

8. A billiard ball is at rest on a horizontal table and is struck by ..
horizontal blow in a vertical plane passing through the centre of the ball ;
if the initial motion is one of pure rolling, find the hexght of the point

struck above the table.
[There is no impulsive friction.]

7. A rough 1mperfectly elastic ball is dropped vertxcal]y, and, when its
velocity is V; a man suddenly moves his racket forward in its own plane
with velooxty U, and thus subjects the ball to pure cut in a downward
direction making an angle a with the horizon. Shew that, on striking the
rough ground, the ball will not proceed beyond the point of impact,

provided (U~ ¥ eina) (1 - co8.a) > (1+) (1 +‘;-;) Vsina cosa.
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8 An inelastic sphere, of radiubva, rolls down a flight of perfectly rough
steps; shew that if the velecity of the centre on the first step gxceeds
Nga, its veloclty will be the samg on every step, the steps being such that,
in its flight, the sphere fever ithpinges on an edge.

[The sphere leaves each edge immediatoly.]

9. An eqyilateral trianglg,cfomied of uniform rods freely hinged at
their ends, is falling freely with one side horizontal and uppermost. If the
middle point of this side be suddenly stopped, shew that the impulsive
actions at the upper and lower hinges are in the ratio /13 : 1.

10. A lamina in the form of an equilateral triangle 4BC lies on a
smooth horizontal plane. Suddenly it recejves a blow at 4 in a direction
parallel to BC, which causes 4 to move with velocity V. Determine the
instantaneous velocities of Band € and describe the subsequent motion of
the lamira.

11. A rectangular lamina, whose sides are of length 2a and 25, is at
rest when one corner is caught and suddenly made to move with pre-
scribed speed V¥ in the plane of the Jamina. Shew that the greatest angular

3V .
velocity which can thus be imparted to the lamina is IVEIR

12. Four freely-jointed rods, of the same material and thickness, form
a rectangle of sides 2a and 2b and of wmass M’. When lymg in this form
on a horizontal plane an inclastic particle of mass X mogng with_yelocity
Y in a direction perpendicular to the rod of length 2a impinges on it at a
distance c from its centre. Shew that the kinetic energy lost in the

3a+3b c?
impact i 5 “[M bg (1 T a’)]
13. Four equal uniform rods, 4B, BC, CD, and DE, are freely jointed
at B, C and D and lie on a smooth table in the form of a square. The

rod 4B is struck by a blow at A at right angles to AB from the inside of
the square; shew that the initial velocity of 4 is 79 times that of Z.

14 A rectangle formed of four uniform rods freely jointed at their
ends is moving on a smooth horizontal plane with velocity V'in a direction
glong one of its dxagonals which is perpendxcular to a smooth inelastic

vertical wall on which it impinges; shew that the loss of energy due to
the impact is

1 3 cos? 3 sin?
"/ }
Mty Bmytmy T my+3my ?
where m, and mj are the masses of the rods and a is the angle the above
diagonal makes with the side of mass m,.

16. Of two inelastic circular discs with milled edges, each of mass m
and radius e, one is rotating with angular velocity w roun4 its centre 0
which is fixed on a smooth plane, and the other is moving without ®pin in
the plane with velocity » directed towards 0. Find the motlon lmmedlataly

afterwards, and shew that the energy lost by the impact is 3 L (v’+
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16. A .umform circular disc, of myss ¥ and radius a, is rot.atmg with
uniform angular velocity @ on a smooth pane and 1mpmges normally
with ahy velocity » upon a rough rod, of mass m, resting on the plane.
Find the resulting motion of the rod :ma disc, and shew that the angular
M+m

velocity of the latter is immedititely reduced to -—— H+am™ ,

17. An elliptic disc, of mass m, is dropped in & vertical plane with
velocity V on a perfectly rough horizontal plane; shew that the loss of

. . .1 k24 p? .
kinetic energy by the impaet is §(1-—e’)mV”. s where r is the

distance of the centre of the digc from the point of contact, p is the central
perpendicular on the tangent, and e is the coefficient of elasticity.

18. Two similar ladders, of mass m and length 2a, smooth)y hinged
together at the top, are placed on a smooth floor and released from rest
when their inclination to the horizontal is a. When their inclination to
the horizontal is 8 they are brought to rest by the tightening of a string
of length { which joins similarly situated rungs. Shew that the jerk in

the steing is
4m.%l'cot6 \/gga (sin a ~sin ).

19. A sphere of mass m fall® with Velocity sV on & perfectly rough
inclined plane of mass # and angle a which rests on a smooth horizontal
plane. Shew that the vertical velocity of the centre of the sphere immedi-

73[(f;m”2 5‘1’ :;‘i‘;;’a, tht bodies being all sup-

ately after the impact is
posed perfectly inelastic.

20. A sphere, of mass m, is resting on a perfectly rough horizontal
plane. A second sphere, of mass m’, falling ve.rtica\ly with velocity V
strikes the first; both spheres are inelastic and perfectly rough and the
common normal at the point of impact makes an angle y with the horizon,
Shew that the vertical velocity of the falling sphere will be instantaneously

2 Y
7m tan (4 + 2)]

Shew also that the lower sphere will not be set in motion if siny=4%,
but that the upper sphere will be set spinning in any case,

reduced to V(m+m’)—[—- ntsecdy+m' +



CHAPTER XVI

INSTANTANEOUS CENTRE. ANGULAR VELOCITIES.
° MOTION IN THREE DIMENSIONS

t

208. To fix the posltlon of a point in space we must know
its three coordirtites; this may be otherwise expressed by
saying that it has three. degrees of freedom.

If ome condition be given (eg. a relation between its
coordmaﬁes so that jt must lie on a fixed surface) it is said to
have two degrees of freedom and one of constraint.

If tyo conditions are given (e. g. two relations between its

said to have one degree of freedom and two of constraint.

A rigid body, free to move, has six degrees of freedom. For
its position is fully determined when three points of it are
given. The nine coordinates of these three points are con-
nected by three relations expressing the invariable lengths of
the three lines joining them. MHence, in all, the body has
6 degrees of freedom.

* A rigid body with one point ﬁxed has 6 -3, 7.e. three,
degrees of freedom, and therefore three of constraint.

A rigid body with two of its points fixed, <.e. free to move
about an axis, has one degree of freedom. For the six co-
ordinates of these two points are equivalent to five constraining
conditions, since the distance between the two points is constant.

« 209. A rigid body has its position determined when we
know the three coordinates of any given point G of it, and also .
the angles which any two lines, G4 and GB, fixed in the body

make with the axes of coordinates. o
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'

[If G*and GA only were given the body might revolve
rounc: GA.] ’ .

Since there are the three selationg (1) 24+ m*+n2=1,
(2) "+m"*+9%=1and (§) W+ mm’ 4 nn’ = the cosine of the
given angle AGB, between thé direction cosines (I, m, n) and
(¥, m/, w) of the two lines, it fSllows that, as before, six
quantities, viz. three coordinates and three angles must be
known to fix the position of the body.

210. Uniplanar motion.

At any instan} there is always an axis of pure rotation, s.q,
a body can be moved from one %
position into any other by a AN
rotation about some point with-
out any translation.

During any motion let three
points 4, B, C fixed in the body
move into the positions 4’, B,
and (' respectively. Bisect 1 4’, °
BB at M and N and erect per-
pendiculars to meet in O, so that
04 =04’ and OB=0B.

Then the triangles A4OB,
A’OB are equal in all respects, so that z AOB = £ A’OR’,

and .. LAOA'=2BOB. .. ),
and £0BA=¢20B4"

But £CBA=,C'BA"

.. by subtraction ¥ OBC=20BC.

Also OB=0B' and BC=BC.

Hence the triangles OBC, OB'C” are equal in all respects,
and hence 0C=00C"....cccovumniiinrennnnn. (2),.
and £COB=¢«£C'0B,

i.e. £00C" =£BOB' =L A0A4'.............. 3).

Hencg the same rotation about O, which brings 4 to 4’ and
B to B, brings any point C to its new position, we. O is the
required centre of rotation,
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The point'O always exists'unless A4’ and BB’ arc parallel,
in which ,case the motiom is one of simple translation and the.
corresponding point 0 is at, infinity.

Since the proposntlon is true for all finite displacements, it
is true for very small dlspla“ements Hence a body, in
umpla.na.r mdtion, may be noved into the successive positions it
occupies by successive instantaneous rotations about some centre
or centres.

To obtain the position of the poirt O at any instant let 4
and A’ be successive positions of ene point, and B and B’
succéssive positions of another point, of the’body.

Erecy perpendiculars to A4’ and BB'; these meet in 0.

211..“Fhe centre, or axis, of rotation may be either
permaient, as in the case of the axis of rotation of an ordinary
pendulum, or tnstantaneous, as in the case of a wheel rolling in
a straight line on the ground where the point of contact of the
wheel with the ground 1s for the moment, the centre of
rotation. . .

The instantaneous centre has two loci according to whether
we consider its position with regard to the body, or in space.
Thus in the case Jf the cart-wheel the successive points of
contact are the points on the edge of the wheel; their locus
with regard to the body is the edge itself, i.e. a circle whose
centre is that of the wheel. In space the points of contact are
the successive points on the ground touched by the wheel, 1.e. a
straight line on the ground.

"Fhese two loci are called the Body-Locus, or Body-Centrode,
and the Spa,ee Locus or Space-Centrodeé.

212 Th,e-m.ot_uon of the body is ®iven by the rolling of the
body-centrode, carrying the body with it, c
upen ‘the space-centrode. N

Let C/, 0), €, C/, ... be successive o
points of the body-centrode, and Gy, (;, Gy, S ¢
0O, ... successive points of the space-cen- . N
trod Oa

e, s

At any instant let C, and C, coincide pd
so that the body is for the instant moving  ©*
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about C, us centre. When the, body has turned through the
small angle 0 the point €, coincides ylth C,
and vecomes the new centre of rotation; a
rotation about C, through a sthall angle
brings Oy to C, and then a small rotation
about C; brings C/ to C, and 80 on.s .,

In the case of the wheel the pomts cy,
C, ... lie on the wheel and the points O],
C;... on the ground. ’

Ez.1. Rod sliding on a plane with its ends on two perpendiculur straight
lines CX and CY.

At 4 and B draw" perpendmulars to CX and CY and let them meet in O,
The motions of 4 and B are instantaneously
along 4X and BC, so that O is the instantaneous ~Y[
centre of rotation. :

Since BOA is a right angle, the locus of O
with respect to the body is a circle on AB as
diameter, and thus the body-centrode is a circle

" of radius % . 4B.

Since CO= 4B, the locus of O in space is a
circle of centre C and radius 4B. Hence the
motion is given by the rolling of®the smaller ®
circle, carrying AB with it, upon the outer circle

of double its size, the point of contact of the two circles being the instantaneous
centre.

Cg 040501 ©,

X

LR S 44

»

Ezx.2. The end A of a given rod is compelled to move on a given straight
line CY, whilst the rod itself always passes throuyh a fized point B,

Draw BC (=a) perpendicular to CY. -The instantancous motion of 4 is
along CY, so that the instantancous centre '
0 lies on the perpendicular 40.

The point B of the rod is for the moment
moving in the direction 4B, so that O lies
on the perpendicular OB to 4B.

Body-Centrode. By similar triangles
0A4B, ABC we have

4B _ a a

40~ 4B} " 4o= cos? 04B’
8o that with respect to the body the locus
of O is the curve

“
Space-Centrode. If OM be perpendioular to OB, and CM =z, MO=y, then
e=a+ywot OBM=a+ytang, and y=CAd=atan¢.
Therefore the locus of O in space is the parabola y3=a (£~ a).
The motion is therefore given by the rolling of thg curve (1), carrying the
rod with it, upon the parabola.
This motion is sometimes known as Conchoidal Motion; for every fixed
point P on the rod clearly describes a conchoid whose pole is B.
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Ez. 8. Obtain the position of the centre of instantaneous mation, and the
body- and s}mce-o'entrodes in the follofwing cases:
(i) A.rod 4B moves with its ends upon two fixed straight linesenot at
right angles. N
¢
(ii) A rod 4B moves 8o that its end 4 describes a circle, of centre O and

radius a, whilst B is compelled to move.,on a fized straight line passing through
0. [Connecting,rod motion.] Cowmpare the velocities of- 4 and B.

(ili) Two rods 4B, BD are hinged at B; 4B is hinged to a fixed point
at A and revolves round 4 ; BD always passes through a small fixed ring at C
whioh is free to zotate about C. [Oscillating oyl_inder motion.]

(iv) The middle point G of & rod 4B is forced to move on a given circle
whilst at the same time the rod passes through a small mng at a fixed point C

of the circle, the ring being free to rotate.
[Hence show that in a limagon the locus of the intersection of normals at

the ends of a focal chord is a circle.]

Ez. 4. The arms AC, CB of a wire bent at right angles slide upon two
fixed circles in a plane. Shew that the locus of the instantaneous centre in

space is a circle, and that its locus ifs the body is a circle of double the radius
of the space-centrode.

Ex. 5. A straight thin rod moves in any manner in a plane ; shew that, at
any instant, the dn‘ectxons of mgtion of all its particles are tangents to a
parabola.

Ez. 6. .AB, BC, CD are three bars connected by joints at B and C, and
with the ends 4 and D fizgd, and the bars are capable of motion in one plane.
Shew that the angular velocities of the rods 4B and CD are as BO.DC is to
\AB . CO, where O is the point of intersection of 4B and CD.

213. The position of the instantaneous centre may be
easily obtained by analysis.

Let u and v be the velocities parallel to the axes of the
centre of mass @& of the body and w the angular velocity about
G. Then the velocities of any point P, whose coordinates
referred to G are # and y and such that PG is inclined at 6 to
the axis of , are

u—PG.sin 6.0 and v+ PG.cos 6. w parallel to the axes,

.6 ‘ w—yw and v+zo.
. v
These are zero if # = — - and y=—

The coordinates of the centre of no acceleration are also easily found.
For the accelerations of any point P relative to G are PG .w? along PG and
PG . perpendicular to PG,
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Therefore the acceleration of P parallel to 0X
»  =U-PG.w?. cosf-P&.osin0=1- iz - wu,
and itg acceleration parallel to Oy )
=9-PG.w?.8in 0+ PG .gcos =5 - wly+az,
These vanish at the point
g2y 1
- 06 VPt uby gt + a2

214, The point P, whose coordinates referred to @ are
(#, ¥), being the instantaneous centre and L the moment of
the forces about it, the eQquation of Art. 192 gives

L= N [IPo + yu — «v],
where Mk? is the moment of inertia about G,

=M [k”a’: + uu;— vv] Md [/c“’coﬁ +u? + %],

Now, since P is the instantanqous centre,
w4 v*= PG, o
o L-——I'4 —d—[k”w’+PG’ 2]————[Ic,m] ...... 1),

where k, is the ra,dlus of gyration about the instantaneous
centre.
(1) If the instantancous ‘centre be fixed in the body, so
that k;® is constant, this quantity = Mk*e.
(2) If PG (=r) be not constant, the quantity (1)
= gl— g} {(B+r) =M+ e+ 2%(0 . 2rfe?
k20 + Mriw.

Now if, as in the case of a small oscillation, the quantities
and o are such that their squares and products can be neglected,
this quantity becomes Mk’®, so that in the case of a small

_oscillation the equation of moments of momentum about the
instantaneous centre reduces to
moment of momentum about the instantaneons
. L centre [
O= M~ moment of inertia about I
the squares of smiall quantities being neglected,

ie. as far as small oscillations are concerned we may treat

the instantaneous centre as if it were fixed in space,
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215. Motion in three d.tmensions

0 int O of a rigid body be'mg fized, to shew that the body
may ansferred from one pomtwn wnto any othm positton by
2 rotation akout a suwable ads.

Let the radii from O bty fwo given points @, B of a body
neet any spherlcal surfage,
)f centre O, in the points 4
and B, and when the body
198 been moved into a
second position let A and B
30 to A’ and B’ respectively.

Bisect AA’ and BB’ in
D and ¥ and let great circles
shrough D and E perpen-
licular to 44’ and BB’ meet
nC ¢

Then &
CA=CA’, CB=CB and AB= A'D.
. LACB=g A'CB.

. 2ACA’=2BOB, so that the same rotation about OC
which brings A to A’ will bring B to B'.

Now the positiop of(é)y rigid body is given when three
soints of it are given, and as the three points O, 4, B have
seen brought into their sexnd positions O, 4’, B’ by the same
‘otation about OC, it follows that any other point P will be
orought into its second position by the same rotation.

216. Next, remove the restriction that O is to be fixed, and
ake the most general motion of the body. Let O’ be the
sosition of O in the second position of the body.

“Give to the whole body the translation, without any rotation,
which brings O to 0. O’ being now kept fixed, the same
-otation about some axis O'C, which brings A and B into their
inal positions, will bring any other point of the body into its
inal position.

Hence, generally, every displacement of a rigid body is
spmpounded of, and is equivalent to, (1) some fotion of transla-
tion wherpby every particle has the same translation as any
assumed point O, and (2) some motion of rotation about some
axis passing through O,
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These jhotions are clearly independent, and can take place
in eith:,r order or simultaneously.

217. Angular velocities of a body about more thim one as.
Indefinitely small rotations.”

A body has an angular velocity ##-about an axis'when every
point of the body can %e brought from its position at time ¢ to
its position at time ¢+ &t by a rotation round the axis through
an angle w&t. . X >

When a body is said to have three angular velocities w,, a,
and o, about threc perpendlcular axes Oz, Oy, and Oz it is
meant that durmg three successive intervals of time 8¢ the body
1s turned in successmn throigh angles 8¢, .8t and w3t about
these axés.

{The angular velocity w, is taken as positive when its effect
is to turn the .body. in the ‘directidn from Oy to Oz; so w, and
w; are positive when their effects are to turn the body from Oz
to Oz, and Ox to Oy respectively. This is a convention always
adopted.]

Provided that 8 is so small that lts square may be neglected
it can be shewn that it is immaterial in what order these
rotations are performed, and hence that they can be considered
to take place simultaneously.

Let P be any point (2, y, 2) of & body; draw PM perpen-
dicular to Oz and let PM be in-
clined at an angle 6 to the plane .
20y so that

y=MP cos 6, 2= MPsin 6.
Let a rotation ,6t be made

about Oz so that P goes to P’ ° o™
whose coordinates are / y
v;

2

@, y+8y, 2+ 02
Then y + 8y = MP cos (8 + w,8t)

=MP (cosf —sin§. wl'o‘t) y — 2w,0t,
powers of &¢ above the first bemg neglect.ed
So 2+ 83 = MPsin (0 + w,&t)

=MP (sin § + cos 0. w,8t) = ¢ + y,St.
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Hence a yotation m18t abqut Oz moves the poin¢ (a:, Y, 8) to
the pomt

(z, y zmISt 24+ Yo, 0t)..ciniiinniinnn. ..
So a rotation wgt about Oy would move the point (z, y, )
to the point
¢ @+ 2888, Y, 2— T0S).evneernrannnnn. (2).

-~ Also a rotation ;8¢ about Oz would move the point (z, ¥, 2)
to the Poi.ntf L - .
(% — ywylt, Y+ 20s8t, 2)eeevvvennnnnnnn. 3).
¢

218. Now perform the three rotations, about the perpen-
dicular axes Oz, Oy, Oz, of magnitudes w,5t, ,8¢, ;8¢ respectively
in succession.

By (1) the rotation ;3¢ takes the point P (2, y, 2) to the
point Py, viz.

(=, y— 20,8, 2+ yw,8t).

By (2) the rotatlon m,St takes P, to the point P,, viz. .
[z+(z+ ‘/wISt) .0, y— zw,St 2+ yo,8t — zw,0t),
6. ' [z + 208t y — 20,8, 2+ (yo, — zw,) 8],

on neglecting squares of 8¢.
Finally the rotation w,8¢ about Oz takes P, to the point Py,

viz. [@ 4 20,8t — (4 = 20,5t) 0gdt, Y — 20,8t + (@ + z0,5t) 0,

2 + (yo, — zw,) t],
.e. Py is the point
e [24 (20— yo5) 8, y + (205 — 20,) 8, 2+ (Yo, — Tw,) 8],

on again neglecting squares of &¢.

The symmetry of the final result shews, that, if the squares
of 8t be neglected the rotations about the axes mlght have
been made in any order.

Hence when a body has three instantaneous angular velocities
the rotations may be treated as taking place in any orde'r and
‘therefore as taking place simultaneously.

If the rotations are of finite magnitude, this statement is
not correct, as will be seen in Art. 225.
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219. o4f a body possesses tuo angular 'velocztzes o, and a,,
about two given lines which are represented in magnitude by

distar’ces OA and OB measured along these two lines, then the
resultant angular velocity 18 about Geline ©C, whero OACB is a

parallelogram, and will be eepresented in magnitude by OC.
Consider any point P lying ongQC and draw,PM and PN
perpendicular to O4 and OB,
The rotations ,8¢ and «,8t
about OA and OB respectively ”'>2/ /
plane of the paper which A
=—PM. w38 + PN .5t
=A[-PM.0OA + PN .OB]ét=2\[-APOA +APOB]3t=0.

would move P through a small
distance perpengicular %o the

L[]

Hence P, and similarly any point on OO, is at rest.

Hence OC must be the resultant axis of rotation; for we
know, by Art. 215, that there is always one definite axis of
rotation for any motion.

If o be the resultant angular velocity about OO, then the
motion of any point, A say, will be the same whether we
consider it due to the motion about OC, dr about O4 and OB
together.

Hence o x perpendicular from 4 on OC = o, x perpendicular
from A4 on OB.

‘v @ X 04s8in AOC = w, x 04 sin AOB,

. @ sind0B _ sin0AC_0C _0OC
", sin£0C  sin AOC~ 4C~ 0B

Hence on the same scale that w, is represented by OB, or »,
by OA, the resultant angular velocity o about OC is represented
by OC.

Angular velocities are therefore compounded by the same
rules as forces or linear velocities, v.e. they follow the Parallelo-
gram Law.

Similarly, as in Statics and Elementary Dynamics, thé
Parallelogram of Angular Accelerations and the Parallelepiped
of Angular Velocities and Accelerations would follow.

19—2
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Hence an .angula.r veloclty, o about a line OP istequivalent
to an angular veloclty @ cosa ‘about Qz, where 0P =a, and
an anguldr velocity o sin @ about a perpendicular line. ¢

Also angular veloeities w;, o, and w; about three rectangular
axes Oz, Oy and Oz are equivalemt to an angular velocity
© (= o+ a’ + w;?) abougea line whose direction-cosines are
O 2 and 2,

o

220. A body has angular veloc#ies, o, and w,, about two
parallel axes; to find the motion.
Take the plane of the paper through any point P of the

body perpendicular to the two N,
axes, meeting them in O, and ,/' K2
g L3 /

Then the velocities of P are
rne, and 7,0, along PK, and
PK, perpendicular to O,P and A
0,P Igs;%ctwely . O Yo, N | 0

Take N on 0,0,, such that , . O.N = w, . NO,.

The velocities of P are ;. PO, and w,. PO, perpendicular tc
PO, and PO, respectively.

Hence by the ordinary rule their resultant is (o, + w,) PN
perpendicular to PN, ie. P moves as it would if it had an
angular velocity *(a, + @,) about N,

Hence two angular velocities »; and w, about two parallel
axes 0, and O, are equivalent to an angular velocity o1+ W,
about an axis which divides the dlstance 0,0, inversely in the
ratio of w; 10 w,.

221. If the angular velocities are unlike and w, > w, numeri-

cally, then N divides 0,0, externally so

that w,. O,N = w,. O,N, and the resultant P
angular velocity is @; — ;. wg
, Eazceptional case. If the angular 0, 05
velocities are unlike and numerically

equal, IV is at infinity and the resultant angular velocity is
zero,
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The resultant motion is then-a linear velocity. For, in this
case, the velocities of P are perpendicular and propqrtional to
0,P and PO,, and hence its res,ultanb»

velocity is perpendlcular and proportional * e
to 0,0,, t.e. it is . PN ')"’s
;. 0109‘ . g O, A Og
Aliter. The velocity of P parallel to '

0,0,
=@, .0,P sin PO,0, - »,. 0,P.sin P00, =0,
and its velocity perpendicylar to 0,0,

=W . 01P cos .POIO’+ ®;. OQP. cos P0901= ;. 010, * .

222. An angular velocity w about an axis i3 equivalent to
an angular velocity w about a parallel azis distant a from the
Jformer together with a linear velocity o . a.

Let the two axes meet the pldne of the paper in 0, and 0,.
and be perpendicular to it. P

The velocity of any point P in the plane
of the paper due to a rotatiog & abaut O, . ﬁ@
=w. 0,P perpendicular to O,P; Ok ¢ O
and this, by the triangle of velocities, is equivalent to velocities
®. 0,0, and w. O,P perpendicular to 0,0, 8nd O,P in the same
sense
= o . a | together with a velocity . 0,P perpendicular to O,P.
Hence the velocity of any point P, giveh by an angular
velocity @ about O, is equivalent to that given by an equal

angular velocity o about O,, together with a linear velocity
o . 0,0, perpendicular to 0,0,.

223. In practice the results of Arts. 220—222 are re-
membered most easily by taking the poith P on 0,0,;

] \ 3 1 \ 4
o;)‘wl N 02*(0’ P .

Thus (1) the v*)city of P=w,.0,P +¢g. OgP
=w1(0102'|' OQP) + @y . OQP ((Dl + wg)( gP +

T o,o,) .

=(w, + w;) . NP, where NOy= ———. 0,0,.
1+ 3
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(2) The v'elocit‘, of P = w/r O,P — w;. 0,P

. w,

e

= 0, (0.0, 490,P) — . 0P = (&, — w,) [o.P +

.0 o,]

= (0, — @) . NP where O,N = 0,.

(8) The veloclty ofP=w. O,P w.0,P I
. P

W o Oy P

.

= w . 0,0, = a constant velocity perpendicular to 0,0,.
(4) The velocity of P=w.0P=w.0,0;+ ».0;P, and
is therefore equivalent to a °

Oitw O, P

4.

linear velocity w. 0,0, perpendicular to 6,0, together with an
angular velocity » about 0.

224. To shew that the instantaneous motion of a body may
‘be reduced to a twist, .. to a linear velocity along a certain line
together with an apgular velocity about the line.

By Art. 216 the .instantaneous motion of a rigid body is
equivalent to a translational velocity of any point O together
with an angular velocity about a straight line passing through
0.

vsing O’ ysin§

Let 04 be the direction of this linear velocity v, and O¢ 1‘;!

axis of the ancular velocitv w.
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In the.plane z04 draw Oz af right angles to*0z and draw
Oy at fight angles to the plane 20z. Let 2204 =6.;

On Oy take OO0’ such that 00’ @ =1 sin é.

Then, by Art. 222, the angulat veldcity « dbout Oz is
equivalent to @ about a patallel axis 0’7 to Oz together with a
linear velocity .00, 1.e. vsin 6, through O perpendicular to
the plane 200"

Also a linear velocity v may be transferred to a parallel
linear velocity through 0% and then resolved into #wo velocities
veosf and vsin 6. We thus obtain the second figure.

In it the two linear velocities v sin § destroy one another, and
we have left the motion consisting of a linear v'elocity vcos 6
along 0’z and an angular velocity » about it.

This construction is clearly similar to that for Poinsot’s
Central Axis in Statics; and properties similar to those for
Poinsot’s Central Axis follow.

It will be noticed that, in the preceding constructions, an
angular velocity corresponds to a force in Statics, and a linear
velocity corresponds to a couple.

225, Finite Rotations. If the rotations are through finite angles it is
easily seen that the order of the rotations about the axes is important. As a
simple case suppose the body to be rotated through a right angle about each
of two perpendicular axes Oz and Oy.

The rotation through a right angle about Oz would bring any point P on Oz
to & position on the negative axis of y, and a second rotation about Oy would
not further alter its position. .

A rotation, first about the axis of y, would have brought P to a position on
the axis of z, and then a second rotation about 0z would not have had any

effect on its position. .
Thus in the case of finite rotations their order is clearly material.

228. To find the effect of two finite rotations about axes OA and OB in

succession. -
Let the rotations be through angles 22 and 28 about O4 and OB in the
directions marked. On the geometrical

sphere with O as centre draw the arcs AG o

and BC, such that ) A ,
LBAC=a and L4BC=§,

the directions 4C and BC being taken, one \ / .

in the same direction as the rotation about
04, and the segond in the opposite direction o
to the rotation about OB.

“Take C’ on the other side of 4B, sym-
metrical with C, so that £ C4C’=2a and C
£ CBCws=28.
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A rotation of #he body through an angle 2a about 04 would Frmg 00’ into
the position 0C, and a second rotaifon 28 about OB would bring 00 back
again into ¢he positxon oc'.*

Hence the effect of the two corpponent rotations would be that the position
of OC’ is unalfered, i.e. OU’ is tid resultant axis of rotation.

[t the rotations had been first about @B and secondly about OA it is
clear, similarly, that OC would have been the resultant axis of rotation.]

Magnitude oj" the resultant rotanon

The point 4 is unaltered by a rotation about 04 ; the rotation 28 about OB

takes it to the point P, where £ ABP=28 and T
the are BP=thn arc B4, and therefore . e
L BAP= £ BPA.

Hence the resultant rotation is through fan
angle AC’P (=z) about C’, and C’4=C'P.
If BC"meets 4P in N, then N is the middle

point of the arc 4P and AC’N=NC 'p=.2“? .

If the axes O4 and OB meet at an angle v,
then AB=v. Let AC’ be p. .
Then

sin y sin B=sin AN =sin pgin g (1),

Also, from the triangle' ABC’, we have,

©08 7y c08 @ =8in v cotp - sina cot B,
which gives
1« sin y
sin p= ,Jl+oot2p /sinZy + (cos a cos v + sin & cot B)3

Hence (1) gives

A - -
sin 5 =sin g A/8in? y + (cos vy cos a +sin acot B)3.

Hence the position of the resultant axis OC’, and the magnitude of the
resultant rotation, are given for any case.

c Ez. 1. If a plane figure be rotated through 90° about a fixed point 4, and
then through 90° (in the same sense) about a fixed point B, the result is
equivalent to a rotation of 180° about a certain fixed point C; find the position
of C.

Ez.2. Find the resultant rotation when a body revolves through a right
angle in succession about two axes which are inclined to one another at an

angle of 60°,

‘ Ez.3. When the rotations are each through two right angles, shew that
the resultant axis of rotation is perpendicular to the plane through the two
component axes, and that the resultant angle of rotation is equal to twice the
angle between them.



Motion in three dimensions 297

227. Velocity of any poins of a body parallel to fized
axes in terms of the instantaneous angylar velocities of the body
about the axes. .

Let P be any point («, y, 2) of the bddy. Draw PM per-
pendicular to the plane of xy,. MN
perpendicular to the axis of z, and
PT perpendicular to NP in the
plane NPM to meet NM in T.

The angular velocity w, about
Oz gives to P a velocity'along TP
equal to @, . PN which is equivalent
to a velocity — w,. PN cos PTN, ..
—@,. PN .sin PNT,4.e. — w,.z along
NT, and a velocity w,. PN sin PTN,
t.e. wy. PN cos PNM, e w,.y alo.ng
MP.

Hence the w;-rotation about Oz .
gives a component velocity —w,.2 parallel to Oy and .y
parallel to Oz. b

So the rotation about Oy by symmetry gives component
velocities ~ w,. # parallel to 0z and w,. 2z parallel to Oz.

Finally the rotation about Oz gives —w,.y parallel to O
and o, .z parallel to Oy.

Summing up, the component velocities are

[ ]
@,.2 — ;. y parallel to Quz,
ws.w“'w].z » I3 Oy,
and ©.Ysws.x ,, , Oz

If O be at rest, these are the component velocities of P
parallel to the axes.

If O be in motion and u, v, w are the components of its
velocity parallel to the fixed axes of coordinates, then the
component velocities of P in space are

U+ @;.2 — .y parallel to Oa,
vVt w.z—w .2, » Oy,

and vto.y—w,.x » Oz
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228. A rigid body 18 moving about a fized point Q; to find
(1) the mo,ments of momentum about any axes through O figed in
space, and (2) the kinetic energy of the body.

The monient of mdmentum of the body about the axis of #

R T %)

But, by the previous article, since O is fixed,
;i—‘;[= Wz & — wg.2 and g—:—=.m,.y —-wy.

]
where w,, wy and , are the angular velocities df the body about
the axes._ »

On substitution, the moment of momentum about Oz
=3m[(y* + ) 0, — Yo, — 220,]=A .0, — F. 0y, — E . ,.
Similarly the moment of ttiomentum about Oy

= Bwy - Da"_ Ffl)m,
and that about Oz
« = Cv, Ewg~ Doy,

(2) The kinetic energy

—ESm(# g4 2]
=§3m[(0y. 2 — 05 Y) + (0;. & — 0. 2)* + (0. Y — 0y . T)']
© =33mle? (P +2)+. +. = 20y0;. Y7 — ... — ] '

=4 (Ados + Bwu’ + Co? — 2Doyw, — 2E 0,0, — 2Fw,wy).

229. In the previous article the axes are fixed in space,
and therefore since the body moves with respect to them, the
moments and products of inertia 4, B, C... are in general
variable,

Other formulae, more suitable for many cases, may be
obtained as follows.

Let O«, Oy and O be three axes fized in the body, and
therefore not in general fixed in space, passing through O and
let w,, w;, @, be the angular velocities of the body about them.
" The fixed axes Oz, Oy and Oz are any whatever, but let
tkem be so chosen that at the instant under considgration the
moving axes O«/, Oy and Oz coincide with them. Then
W=, Wy=0,;, O;=w;.

The expressions for the moments of momentum of the last
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L]
article aro now Aw,— Fo,— Ea and two similar expressions,
and thg kinetic energy is -

1 (Ado? + Bog + Cog? — 2Dw,u,~ 2E@,0, — 2Fw,o,),
where 4, B, C are now the ,moments of inertia and D, E, F the
products of inertia about axes fixed in the body and moving
with it.

If these latter axes are the principal axes at O, then D, E and
F vanish and the expressions for the component, moments of
momentum are Ao, Bw, and Cw,, and that for the kinetic
energy is

'3 (Aw,‘ + Bw,* 4 Cagd).

230. General equations of motion of a body with dne point
fiwed which is acted upon by given blows.

The fixed point being the origin, let the axes be three
rectangular axes through it. ,

Let w,, wy, o, be the angular velocities of the body about
the axes just before the action of the blows, and ./, »,, »,’ the
corresponding quantities just after. ,

The moment of momentum of the body, just before, about
the axis of #, is Awy— Fo, — Ew, and just after it is

Aw; — Fo, — Eo,. ~
Hence the change in the moment of momentum about the axis
of zi8 4 (' — wz)— F (0, — w,) — E (0, — ).

But, by Art. 166, the change in the moment of momentum
about any axis is equal to the moments of the blows about that
axis.

If then L, M, N are the moments of the blows about the
axes of #, ¥ and 2, we have

A (w0 — wg) — F (0, — wy) — B (0 — 0;) =L,
and similarly

B(w, — 0y) =D (0, — 0;) — F (0, — 05) =M,
and C(w) — @) — E (w0, — wg) — D (0, — wy) = N.

These three equations determine ., o,/ and o,

The axes of reference should be chosen so that 4, B, C, D,
E and F mgy be most easily found. In general the principal
axes are the most suitable. If they be taken as the axes of
reference the equations become

A @) - w;)=L, B(w,/ —w)=M and C(; —w;)=N.
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231. If the body start freyn rest, so that w,, 0, and o, are
zero, we have .
L M N

. (09;=‘2—l, w,"-=§ and O)"=‘0'.
L )

Hence t.h.e direction cogjnes of the instantaneous axis are

L M N
(Z .5 6) ........................ Q.
The direction cosines of the axis c.>f the impulsive couple are
[ ]
L, M, N) oo ©))

In general it is therefore clear that (1) and (2) are not the
same, t.e. in general the body does not start to rotate about a
perpendicular to the plane of the impulsive couple.

(1) and (2) coincide if 4 =B=C, in which case the
momental ellipsoid at the fixed point becomes a sphere.

Again if M =N =0, .. if the axis of the impulsive couple
coincides with the axis of ¥, oneeof the principal axes at the
fixed point, then the direction cosines (1) become proportional
to (1, 0, 0), and the instantaneous axis also coincides with the
axis of «, t.e. withe the direction of the impulsive couple.
Similarly if the axis of the impulsive couple coincides with
either of the other two principal axes at the fixed point.

In the general case the instantaneous axis may be found
geometrically. For the plane of the impulsive couple is

Le+ My+ Nz=0.
Itsconjugate diameter with respect tb the momental ellipsoid
Aa*+ By + Ot =k

is easily seen to be

NI K

t.e. it is the instantaneous axis.

Hence if an impulsive couple act on a body, fized at a point
0 and initially at rest, the body begins to turn about the diameter
of the momental ellipsoid at O which s conjugate to the plane of
the vmpulsive couple.
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282. Em 1. A lamina in the form of a quadrant of a cjrcle OHOQ’, whose
centre is H, has one extremity O of its are Jized and is struck by a blow P at the
other cztremtty O perpendicular to its plane ; fin3 the resulting motiqn.

Také OH as the axis of #, the tangent at O as the axis of 9, and a
perpendicular to the plane at O as the axim of 2. »

Let @ be the centre of gravity, GL perpendwula.r to OII, so that

4a
HL._LG=§;,.
a?
Then “a A=Mz;

B (by At 14 =M %y M HI'+M.0Lt= M (g-i) at;
0=43B; D=E=0; )

F-—/r/ rdfdr(a-rcosf) rsin =M. —5—43

The equations of Art. 230 then give
Aw, - Fuy/'= Pa
Bw) —~Fuw,/=—-Pat. -~
and Cu, =%
oy La , .
These g1ve T@-m F) T2 and w, =0, and the solution can be
completed.

If ¢ be the inclination to Oz of thg instansaneous gxis, we have

w/ A4-F 10-3r
t”‘““b:i":m: T5r—42°

Ez. 2. A uniform cube has its centre fixed and ig free to turn about it; it
*is struck by a blow along one of its edges ; find the instantaneous axis.

Ez. 3. A uniform solid ellipsoid is fixed at its centre and is free to turn
about it. It is struck at a given point of its surface by a blow whose direction
is normal to the ellipsoid. Find the equation to its instantaneous axis,

Ez. 4. A disc, in the form of a portion of a parabola bounded by its latus
rectum and its axis, has its vertex A fixed, and is struck by a blow through
the end of its latus rectum perpendicular to its plane. Shew that the disc
starts revolving about a line through 4 inclined at tan~! 4% to the axis.

Ez. 5. A uniform triangular lamina 4BC is free to turn in any wgy
about 4 which is fixed. A blow is given to it at B perpendicular to its plane.
Shew that the lamina begins to turn about 4D, where D is a point on BC such
that CD=$CB.

233. General equations of motion of a body in three dimen-
stons, referred to axes whose directions are fized.
If (=, y, 2) be the coordinates of the centre of gravity of the

body we hage, by Art. 162, M Z—Z’ =sum of the components of

the impresded forces parallel to Oz, and similar equations for
the motion parallel to the other axes.
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If w,, wy, w; be the angular velocities at any instant about
axes through the centre of inertia parallel to the axes of
coordinates then, by Arts. 164 and 228, we have

d_t[Aw“ Fwy Ew,)

= moment akout a line pawllel to Oz through @ of the effective
forces = L.

So %[Bw,, - Dooy— Fo,] =M,

and 4 [Co,~ Eay— Do,)=N., .
[Xf the body be a uniform sphere, of mass M,,then D= E =F

=0,and A =B=C=M.—
20° dwy

za dwﬁ« T 2“ dwz
AL ZN A TR TS VA LR

Impulsive forces. If w, v, w, ws, @y, w, be the component
velocities of the centre of inertia G and the component angular
velocities about lineg through Geparallel to the fixed axes of
coordinates just before the action of the impulsive forces, and
v, v, W, o, o/, o, similar quantities just after them, by Arts.
166 a.nd 228 the dynamical equations are M (u' —wu)= Xl, ete.
and 4 (w0, = wz) — F (o) — wy) — B (0, — ;)

= the moment of the impulsive forces about Oz,
and two similar équations.

234. Ez. A homogeneous bellum d ball, spinning about any
axis, moves on a billiard table ° .
which .is not rough enough to .
atways prevent sliding ; to shew
that the path of the centre is at
first an arc of a parabola and
then a straight line.

Take the origin as the ini-
tial position of the point of
contact, and the axis of « in the
tnitial direction of its sliding.
If wand v be the initial velocities
of the centre parallel to the axes,
and Q,, Q, and 0, the initial

5 ; these equations then become
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gula.r velocities about the axes, then since the l,mt.la.l velocity
of the point of contact parallel to the axis of y is zero,»we have

- v+aQ,=0 [SRRTRTRURRRRRRRRR ¢ § ¥
At any time ¢ let w,, @y and @, be thé component angular

velocities, and F,, F, the component frictions as marked.
The equations of motion are

M#=—-F,

Mij=—F, | .ccooenivrnnnnn peerennas(2),
0=R—Mg '

and

2a2dwz

ey -Fy.a

2a® de

M.2x . Tl'ig Fyoq }ooeeeeeeeenes eeees(B).

20° dw, _*

-l

The resultant friction must be opposite to the instantaneous
motion of 4 and equal to uMj.

F Yy _ y. + Ay
Hence Fa: = m’ ........................ (4’),
and FR+Fp=ppMogh ..........uun...... (5).

Equations (2) and (3) give

Hence (4) gives
¥+ awz w — adwy
y+aw, &—aw,
*. log (¥ + aw,) =log (¢ — aw,) + const.
. g +aw, v+ aQy
" &—aw, u-—al)y
Hence (4) and (5) give Fy =0 and F, = uMg.
From (2) it follows that the centre moves under the action
of a constant force parallel to the axis of # and hence it

describes an arc of a parabola, whose axis lies along the negative
direction of the axis of @.

=0, by (1).
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1), (2), and (3) now glve ce

5= oo ©
ey ee®)

0

and
aw, = congt. ——-'aQ,]

ap L e .
awy =5 pgt + aﬂy[

At time ¢ the velocity of the point of contact parallel to Oz
. T
=w—awy=u—af}y—§pgt,
and parallel to Oy it = g + aw, = v+ aQ, =0, by (1).

The ‘velocity of the point of contact vanishes and pure
rolling begins when

b= %(u—-aﬂy),
gy__ v T
& u—pgt bu+20Q,’
te. the direction of motion when pure rolling commences is

and then

Tv .. L .
A : —l—__
inclined at tan 5u ¥ 220, to the original direction of motion

of the pomt of contagt.
On integrating (8), it is easily seen that pure rolling
commences at the point whose coordinates are
2 (u—qaQy,) (6u+ aQy) 2v (u — aldy)
40ug Twg
It is easily seen that the motion continues to be one of pure
rolling, and the motion of the centre is now in a straight line.

EXAMPLES

1. If a homogeneous sphere roll on a fixed rough plane under the
action of any forces, whose resultant passes through the centre of the
sphere, shew that the motion is the same as if the plane were smooth
and the forces reduced to five-sevenths of their given value.

2. A sphere is projected obliquely up a perfectly rough plane ; shew
that the equation of the path of the point of contact of the sphere and
3
15 3 gl}z; :(::273, where a is the inclination of the plane
to the horizon, and V is the initial velocity at an angle 8 to the
horizontal,

pla.ne isy=xtanB—
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3. A homogeneous sphere is projegfed, so as to roll, in any direction
along the sdtface of a rough plane irklined at a to the horuoﬂtal shew
that thy coefficient of friction must be > # tah a.

4, A perfectly rough sphere, of mass X and mdius a, is*rotating with
angular velocity @ about an axisat right angles to the direction of motion
of its centre. It impinges directly on another rough sphere of mass m
which is at rest. Shew that after separation the component velocities
of the two spheres at right angles to the original direction of motion of

M
TM+m aQ

the first sphere are respectively ,17-" a and
L]

m
M+4m
6. A homogeneous sphere spinning about its vertical axis moves on
a smooth horizontal etable and impinges directly on a perfectly rough
vertical cushion. Shew that the kinetic energy of the sphere is diminished
by the impact in the ratio 2¢2(5+7 tan?8) : 104-49¢? tan? d, whe'® e is the
coefficient of restitution of the ball and @ is the angle of reflection,

6. A sphere, of radius a, rotating with angelar velocity » about an
axis inclined at an angle 8 to the vertfcal, and moving in the vertical
plane containing that axis with velocity # in a direction making an
angle a with the horizon, strikes a perfectly rough horizontal plane.
Find the resulting motion, and shew that the vertical plane containing

the new direction of motion makds an m;gle tan® 1[@;&%&3 ] with the

original plane.

7. A ball, moving horizontally with velocity % and spinning about a
vertical axis w1th angular veloclty ®, impinges directly on an equal ball at
rest. Shew that the maximum deviation of the first ball from its initial

_1#(1 +e)

direction of motion produced by the impact is tan , Where p is

the coefficient of friction and e of restitution betw®en the ba.lls, and shew

that the least value of » which will produce this deviation is 72’3‘ (1+e).

8. Shew that the loss of Rinetic energy at the impact of two perfectly
rough inelastic uniform spheres, of masses M and M’, which are moving
— o (2u?

12 (ar - ar) B+,
where % and v are the relative velocities before impact of the points of
contact tangentially, in the plane of motion of the centres, and normally,

before impact with their centres in one plane, is



CHAPTER XVII

ON THE PRINCIPLES OF THE CONSERVATION OF
MOMENTUM AND CONSERVATION OF ENERGY

235, If @, y, and # be the coordinates of any point of a
body at time ¢ referred to fixed axes, its equations of motion
are, by Art. 164,

‘"(thmgtf=zx ........................ (1),

%Emg—f =3 i, e e(2),

AN 7 S ®),
g—tim(y%-—z%)=2 YZ ~2Y)..ccouunnnn... (4),
%Zm(zg—f—wgt—z)=2 X =Ly, ),

and %z&(m%_y%‘)sz(w_ﬂ) ............... ©).

Suppose the axis of # to be such that the sum of the
resolved parts of the external forces parallel to it is zero
4hroughout the motion, 4., such that X =0 always.

Equation (1) then gives

d dz
&g =0
te. Sm % =constant ............... ),
dz
or M Fri constant,

where 7 is the z-coordinate of the centre of gravity.
Equation (7) states that in this case the total momentum of
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the body Jneasured parallel to the axis of # remains constant
throughout the motion.

This is the Principle of the Conservation of Linear
Momentum.

Again suppose the ext&rnal-forces tv ve suvu vuav vue sum
of their moments about the axis ®f « is zero, me. such that
S (yZ-2Y)=0.

Then, by equation (4), we have

4 sm (yﬁl—z Ck’) 0,

dt di
and .o $m <y fll ;=2 %) = constant .c.ceeeeenennn.. (8).

Now y %: -z %y =the moment about the axis of # of the

velocity of the mass m, and hence equafion (8) states that the
total moment of momentum of the system about the axis of
z is constant.

Hence the Principle of the Conservation of the Moment
of Momentum (or Angular MomenYum), wz.

If the sum of the moments of the external forces, acting on a
rigid body, about a given line be zero throughout the motion, the
moment of momentum of the body about that line remains un-
altered throughout the motion.

236. The same theorems are true in the gase of impulsive
forces. For if the duration of the impulse be a small time T
we have, as in Art. 16§, on integrating equation (1),

[zm ] - [ sxas=31,,

where X, is the impulse of the forces parallel to the axis of ,
1.e. the change in the total momentum parallel to the axis of «
is equal to the sum of the impulses of the forces in that
direction.

If then the axis of & be such that the sum of the impulses
parallel to it vanish, there is no change in the total momentum
parallel to it,

1.e. the Potal momentum parallel to the axis of z before the
action of the impulsive forces=the total momentum in that
direction after their action.

20—2
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4
Again, integrating equatior (4), we have o
{Em(ydt - } jz@,z e¥)dt =3[y - 2V}

i.e. the change in the ‘angular momentum about the axis of « is
equal to the sum of the moments of ‘the impulses of the forces
about that saine direction. ©

If then the axis of « be such that the sum of the moments
of the impulsive forces about it vanishes, there is no change in
the angular momentum about it, i

t.e. the angular momentum about it just before the action
of the impulsive forces =the angular moméntum about the
same ling just after their action.

237. Ez. 1. A bead, of mass m, slides on a circular wire, of maes M and
radius a, and the wire turns freely about a vertical diameter. If w and o’ be
the angular velocities of the' wire when the bead is respectively at the ends of
M+ 2m

T

2
The moment of inertia of the wire about any diameter=M ‘-;— . Wherever

o
a horizontal and vertical diameter, shew that ;—:

the bead may be on the yire, the action cof it on |
the wire is equal and opposite to that of the wire A
on it.
Hence the only external forces acting on the
system are (1) the action f the vertical axis 44’,
which has no moment about 44’, and (2) the weights o—3 B
of the bead and wire, neither of which has any
moment with respect to the vertical axis 44’. a
Hence the momentof momentum of the system
(wire and bead) about 4A4fis constant throughout A
the motion. Also the velocity of the bead along
the wire has no moment about 44’, since its direction intersects 44 .

2
‘Whep the bead is at 4, the moment of momentum about 44’ is M % o'

« 2
also, when it is at B, this moment is M % w+ma?w. Kquating these two, we
W  M+2m
have o= .

Ez. 2. A rod, of length 2a, is moving on a smooth table with a velocity v
perpendicular to its length and impinges on a small inelastic obstacle at a
distance ¢ from its centre. When the end leaves the obstacle, shew that the
angular velocity of the rod is 32
¢ Both at the impact, and throughout the subsequent motion Whilst the rod
is in contact with the obstacle, the only action on the rod is at the obstacle
itself.  Hence there is mo change in the moment of momentum about the
obstacle, But before the impact this moment was Mcv. Also, if @ be the
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angular velgeity of the rod when its en‘ﬂs leaving the obstacle, it.s raoment of
2 2
momenfum about the obstacle is, by Art. 198, M ( % +a’) w, i%e. M. %l-—
Equating these two, we have w=i'—?2.
If o’ were the angular velocifly of the rod immediately after the impact, we

2
have, similarly, Mcv=M <% + cﬂ) W',

w.

Ez. 3. A uniform circular plate is turning in its own plane about a point 4
on its circumference with uniform angular velocity w; suddenly 4 is released and
another point B of the circumgerence is fizxed; shew that the®angular velocity

about B is §(1+2cos a), where a 18 the angle that AB subtends at the

centre.

In this case the only impulsive force acting on the plate is at B and its
moment about B vanishes.

Hence, by Art. 235, the moment of momentum about B is the same after
the fixing as before. If w’ be the required angular velocity, the moment of

2
momentum after the fixing=M (a%+ k”).w’ =M. % o’

The moment of momentum before the fixing
=the moment of momentum of & mass M moving with the centre of gravity
+ the moment of momentum about the centre of gravity (Art. 191)
=Maw . a cos a + Mk2w=Mwa? (cos a+%), .
since before the fixing the centre O was moving at.right angles to 40 with
velocity aw.

2
Hence M3a 1+2cosa

—2—co’=ll[¢..mz2 (cosa+%). w’=tg 3
It is clear that v’ is always less than w, so that the energy, '.};m (k2 +a?) 0’2,
after the impact is always less than it was before. This is a simple case of the
general principle that kinetic energy is always diminished whenever an impact,
or anything in the nature of a jerk, takes place. .
If a=120°, i.e. if the arec 4B is one-third of the,circumference, the dise is
brought to rest.

Ezx. 4. A4 uniform square lamina, of mass M and side 2a, is moving freely
about a diagonal with uniform angular velocity w when one of the corners not in

that diagonal becomes fized ; shew that the new angular velocity is ;;3 , c;nd that

the impulse of the force on the fized point is “—/72 . Maw.

Let AC be the original axis of rotation.

As in Art. 149, the moment of inertia about it is
M. %?. Let the initial direction of rotation be such A D
that B was moving upwards from the paper.

Let D be the point that becomes fixed and o’ the
resulting angular velocity about DX, a line parallel 0 Xe
to AC. Since the impulsive force at the fixing acts
at D its moment about DX vanishes. Hence the i
moment of momentum about DX is unaltered by - 8 [~
the fixinge
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After the fixing it = Mk?w' ”
. —M[—+Do=3 —M( +2a*) J=1."2y,

)
Algo before the fixing if, by Agy*191,
=moment of momentum about AC+the morpent of momentum of a particle M

at O and moving with it=M , T w.

Equating these two quantities, we have w’=97 .
Similarly, the moment of momentum about DB after the fixing =the

moment of morientum before=zero. .
Hence after the fixing the square is moving about DX with angular
velooxty 7 ‘ .

Again, before the fixing the centre of gravity O was at rest, and after the

fixing it is moving with velocity DO . o', i.e. /2a. ; , about D. The change

in its momentum is therqulre M ,J?]aw, and this, by Art. 166, is equal to the
impulse of the force required. ‘

EXAMPLES
1. If the Earth, supposed 0 be a_uniform sphere, had in a certain
period contracted shghtly so that its radius was less by th than before,

shew that the length of $he day would have shortened by Y hours.

2. A heavy circular disc is revolving in & horizontal plane about its
centre which is fixed. An insect, of mass %th that of the disc, walks
from the centre along a ra,dius and then flies away. Shew that the

final angular velocity i s — times the original angular velocity of the

disc.

3. A uniform circular board, of mass M and radius a, is placed on
a perfectly smooth horizontal plane and is free to rotate about a vertical
axis through its centre ; a man, of mass M’, walks round the edge of the
board whose upper surface is rough enough to prevent his slipping ; when
he has walked completely round the board to his starting point, shew that

the board has turned through an angle I{—gg—ﬁ, 4.

4 A circular ring, of mass M and radius @, lies on a smooth
horizontal plane, and an insect, of mass m, resting on it starts and
walks round it with uniform velocity v relative to the ring. Shew that
the centre of the ring describes a circle with angular velocity

MYiim'a'
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5 If a.’nerry-go-round be set in gnotion and left toeitself, shew that
in order that a man may (1) move wikh the greatest velocity, ¢2) be most
likely te slip, he must place himself at & dist&nce from the centre equal to

(1) kun, (2) % \/ %’, k being the radius 8 gyratien of the machine about
its axis and n the ratio of its whight to that of the man.

6. A uniform circular wire, of radius @, lies on a smooth horizontal
table and is movable about a fixed pomt O on its circumference. An
insect, of mass equal to that of the wire, starts from the other end of
the diameter through O afd crawls along the wire With a uniform
velocity v relative to the wire Shew that at the end of time ¢ the wire

has turned through®an a.ngle J3 — tan~1 [ NE tan ]
[When the diameter 04 has turned through an angle ¢ from its
initial position, let the insect be at P so that ¢ AOP=o=%’, where C

is the centre of the wire. Since the momenteX momentum about O is
constant, ¢ .

o m(l:’+a.’)gf>+m|:4a2 cos? % 4. 2a cos? g]=constant=0.]

°7. A small insect moves along a uniform bay, of mass equal to itself
and of length 2a, the ends of which are constrained to remain on the
circumference of a fixed circle, whose radius is % If the insect start
from the middle point of the bar and move a,l;ng the bar with relative
velocity V, shew that the bar in time ¢ will turn through an angle
1 gV
V3 tan~t 5.

8 A circular disc is moving with an angular velocity @ about an
axis through its centre perpendicular to its plane. An insect alights on
its edge and crawls along & curve drawn on the disc in the form of a
lemniscate with uniform refhtive angular velocity &.Q, the curve fouchjng
the edge of the disc. The mass of the insect being Yyth of that of the
disc, shew that the angle turned through by the disc when the insect gets

to the centre is :/7 tan-! 13—7- _Z.,

9. A rod 04 can turn freely in a horizontal plane about the end O
and lies at rest. An insect, whose mass is one-third that of the rod,
alights on the end 4 and commences crawling along the rod with uniform
velocity V'; at the same instant the rod is set in rotation about O in such
& way that the initial velocity of 4 is V'; when the insect reaches O prove

. that the rod has rotated through a right angle, and that the angular.
velocity of the rod is then twice the initial angular velocity.
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10. A partu:le, of mass m, igpves within a rough clrm!lar tube, of
mass ¥, lping on & smooth horizonfial plane and initially the tube is at
rest whlle'the particle has %n angular velocity round the tubee Shew

M
that by the time the relative mbtion ceases the fraction Tiem of the

initial kinetic energy has been dissipated by friction.
[The linear, momentum of 4he common centre of gravity, and the
moment of momentum about it, are both constant throughout the

motion.]

11. A rod, of length 2, is moving apout one end with uniform
a,ngular velocity upon a smooth horizontal plane Suddenly this end
is loosed and a point, distant b from this end, is ﬁxed find the motlon,

considering the cases when b < => A—g—"

12. A circular plate rotates about an axis through its centre perpen-
dicular to its plane with angular velocity w. This axis is set free and
a point in the circumferance of the plate fixed ; shew that the resulting

angular velocity is g )

13. Three equal particles are attached to the corners of an equilateral
triangular area 4 BC, whose mass is negligible, and the system is rotatipg
in its own plane about A. A i§ released and the middle point of 4B is -
suddenly fizxed. Shew that the angular velocity is unaltered.

14 A uniform square plate 4BCD, of mass ¥ and side 2a, lies on
a smooth horizontal plafie; it is struck at 4 by a particle of mass M’
moving with velocity V in the direction 4B, the particle remaining
attached to the plate. Determine the subsequent motion of the system,

. L. M3V
and shew that its angular velocity is il %

15. A lamina in the form of an ellipse is rotating in its own plane
about one of its foci with angular velocity . This focus is set free and
the other focus at the same instant is fixed ; shew that the ellipse now rotates

- be? ¢
abput it “with angular velocity o. 2+3 5Tas"

18. An elliptic area, of eccentricity e, is rotating with angular
velocity @ about one latus-rectum ; suddenly this latus-rectum is loosed

and the other fixed. Shew that the new angular velocity is
1-4e¢?
. “""—'1 +402.

17. A uniform circular disc is spinning with angular velocity » about
aediameter when a point P on its rim is suddenly fixed. Jf the radius
vector to P make an angle a with this diameter, show that the angular
velocities after the fixing about the tangent and normal at P are } wsin a
and wcosa.
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18. A &ube is rotatmg with angulgr velocity  about,a diagonal when
suddenly tfe diagonal is let go, and dhe of the edges which does not meet
this diggonal is fixed ; shew that the resulti@g angular velocity about this

edge is —“i .4/3.

19. If an octant of an elllpsoxd bounded by three principal planes be
rotatmg with uniform angular velocity & about the axi®a, and if this
axis be suddenly freed and the axis b fixed, shew that the new angular

2abw

velocity is (@t d)

‘CONSERVATION OF KENERGY

238. In many previous articles we have met with ®xamples
in which the change of kinetic energy of a particle, or system of
particles, is equal to the work done on th» particle, or system of
particles.

The formal enunciation of the principle may be given as
follows :

* If a system move under the action of finite forces, and if the
geometrical equatwns of the system do not contain the time
explicitly, the change in the kinetic energy of the system in passing
from one configuration to any other vs equad to the correspo'ndmg
work done by the forces.

By the principles of Art. 161, the forces X —m ‘Zl't’ )
Y—-m %ag’ Z—-m d—? acting at the poinb (z, g, 2) and similar

forces acting on the other particles of the system are a system
of forces in equilibrium.

Let 8z, 8y, 82 be small virtual displacements of the partisle
m at (@, y, ) consistent with the geometrical conditions of the
system at the time £

Then the principle of Virtual Work states that

2[(1{ mdt,)8w+(Y m &) by + (2-m )83] 0.
If the geometrical relations of the system do not contain

the time egplicitly, then we may replace 8z, 8y, 8z by the actudl

dz

displacements — do —= Ot, Z‘{ 8t and — = ot.



314 Dynamics of a.Rigid Body

Hence the«above equation.ilves

da do dydy  &zdz
Em [a-t;a-?'l'a?;’(zf‘"'a‘t—,.a—t

Integrating with respect to ¢, we have
1sm [(‘jl_‘%‘)’ + (‘2—?;)' + (%:)] > [@dz + vay -+ za2)

L]
ie. the chanmge in the kinetic energy of the system from
time t, to time f, is equal to the work done by the external
forces on the body from the configurafion of the body at time ¢,
to the configuration at time .

-3 (x %2 r¥%., z%).

239. When the forces are such that f (Xdz + Ydy + Zdz) is
the complete differential of some quantity V, i.e. when the
forces have a potential V, the quantity Zm f (Xdz+ Ydy + Zdz)

is independent of the path pursued from the initial to the final
position of the body,«and depends‘only on the configuration of
the body at the times ¢, and &. The forces are then said to be
conservative. .

Let the configurations of the body at times ¢, and ¢ be
called 4 and B. The equation (1) of the previous article
gives

Kinetic Erfergy at the time ¢, B
— Kinetic Energ at the time t,} "f 4 V=Vp-Va

The, potential energy of the body.in any position is the
woFk the forces do on it whilst it moves from that position to a
standard position. Let its configuration in the latter position
be called C.

Then the potential energy at the time ¢,

=]Z(de+ Ydy+Zdz)=fj8V= Vo Vi w(3).
So the potential energy at the time 2,
(4} (4
=fB(de+ Ydy +Zdz)=/BSV= Vo- V.
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Hencethe equation (2) gives.
’ o Potential Enerky at the
® . .
Kinetic Energy at the time & time 4,
— Kinetic Energy at the time t,} — Potential Ehergy at the
* time ¢,,

i.e. the sum of the kinetic and pofential energie8 at the time
= the sum of the same quantities at the time #,.
Hence when a body moves under the action of o system of
Con;ez;vatwa_l.'orces the® sum of dts Kinetic and Potential
Energies 18 constant throyghout the motion.

L ]

240. As an illustration of the necessity that the geometrical equations
must not contain the time explicitly, let the body be a particle moving on &
smooth plane which revolves uniformly round a horizontal axis thfough which
it passes, the particle starting from a position of rest relative to the plane.

Let OA be the plane at time ¢ and P t.e posjtion of the particle then;
OB and Q' the corresponding positions at,timé b /. '8
t41, Lo

Then 2‘: , Zy are the velocities at time ¢, so

tlﬁt % o Zi’ 3t are the corresponding distanees
pata.llel to the axes described in time &¢; hence
% o

dat dt
of PQ". .
Now 3z, 8y are by the Theory of Virtual Work the projections of a small
displacement which is consistent with the geometrical conditions at time t, i,e. of
a small displacement along the plane 04.

Hence 6z and oy are the pro;eotlons of some such dxsplo,cement as PQ.

Y 5t are the projections on the axes 90 — x\,

Hence in this case & ’ry = ot md at cannot be replaced by 3z and 5y.

Also in this case the geometnoal relation is y:tanAOX =tan wt, so that it

containsg the time explicitly. o

The same argument holds for the general case where the geometﬂcm
relatjon is

D2 P 5 )=0urceirnininiiiianinicnnniniennnen(1)e
For the latter at each time ¢ gives & surface on which P must lie and also the
virtual displncement PQ

But Gt, d’: 3, Et-u are the projections on the axes of PQ’, where Q' lies

on the nelghbourmg surface
(2,9, 5 t+80) = o 4.. cerversrersrnreens(B)e

Hence 35, 3y, 3s eannot be replaced by - 9 5, 3 = Yo, = o 9% 5t unless the

surfaces (1) and (2) coincide, 1.c. unless the geometrical conditions at time ¢
coinaide with those at time ¢+d¢, and then the geometrical equation ecannot
ocontair® the time explicitly.
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241. In ¢he result of Aa‘z 238 all forces may ®e omitted
which de not come into, the tquation of Virtual Work, s.e. all
forces whose Virtual Work is zero.

Thus rolling friction nfay be omitted because the point of
application of such a force of frictiofl is instantaneously at rest;
but sliding friction must wot be omitted since the point of
application is not at rest.

So the reactions of smooth fixed surfaces may be omitted,
and generally all forces whose direction is perpendicular to the
direction of motion of the point of application.

Similarly the tensions of an inextensible &tring may be left
out; for they do no work since the length of such a string is
constant; but the tension of an extensible string must be
included ; for the work domne in stretching an extensible string
from length a to leng#k b is known to be equal to (b — a) x the
mean of the initial and final tensions.

Again, if we have two rigid bodies which roll on one another
and we write down the energy equation for the two bodies
treated as one system we can omit, the reaction between them.

242. The kinetic energy of a rigid body, moving in any
manner, 18 at any nstant equal to the kinetic energy of the whole
mass, supposed collectdd at its centre of inertia and moving with
it, together with the kinetic energy of the whole mass relative to
its centre of inertia.

Let (Z, 7, 2) ba the coordinates of the centre of inertia of the
body at any time ¢ referred to axes fixed in space, and let (z, y, )
be the coordinates then of any element m of the body ; also
let («/, ¥, 2') be the coordinates of m relative to @ at the same
instantyso that s =%+ &, y=F +y atd z=2+7

“Then the total kinetic energy of the body

-35 (@) +<‘§5;) @]
[ Y (4 + 5]

_;z,,[ (@) + ()]
2 |G

)

dy dy dzdz . veneeeee(1).
m % a@ dt+2 GG @
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[
Now, snﬂlce («',y, #’) are the cqgrdinates of m melative.to the

centre of inertia @, o

, [ .
- .Ez—m- = the 2-coordinate of th%centrg of inertia @ relative

to G itselb= 0.
o Zma’ =0, for all values of £. ,

L}

da: _d ,
dz do' _ dz da’
I G @

Similarly when # is changed into y or 2.
a3 (5] + () (&)
-0 () + (G (]

= M+?, where v is the veloclty of the centre of inertia.
1 dz dy’\* = /dz'\?
And g Zm [(dt) (dt) +<ai)]
= % 3m x the square of the velocity of m relative to G

= the kinetic energy of the body relative to G.

Hence (1) gives

The total kinetic energy of the body = the kinetic energy of
the mass M, if it be supposed collected into a particle at the
centre of inertia G' and®to move with the velocity of & + the
kinetic energy of the body relative to G.

243. Kunetic energy relative to the centre of inertia tn space of

three dimensions.
Let w,, 0y, », be the angular velocities of the body about

lines through G parallel to the axes.
Then, as,in Art. 227,

'] ’

T oy — Yoy, Y- = ww, — 200, and L W — Loy,
gt = FvT Y g di =Y Y
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Thﬂrefore‘,the kinetic energy relative to the centrt; of inertia
1o Trda’\  (dyye (ddye

=2 o CY Ny (22

=g m [(dz) +<dt) +(dt)]
_1

Im o (Y + 2°) + o (& + *) +9, (2 + »*) — 2yzo,0,

« L 4

— 2280,00, — 20y 0z0,]
[Awz + Boy® + Co? — 2Dwyw, — 2Ew,0; — 2Fw,0y),

where 4, B, C are the moments of inertia about axes through
the centre of inertia G' and D, E, F are the products of inertia
about the same axes.

If these axes are the principal axes of the body at @, the
kinetic energy becomes 4 [4w,? + Bw,’ + Cw,?].

244, Ez.1. An ordinh?y window-blind, of length 1 and mass m, attached
to a horizontal roller, of mass M, and having a horizontal rod, of mass u, fxed
to its free end, is allowed to unroll under the action of gravity. Neglecting

Jriction, shew that the length of the blind unrolled in time ¢ is :—::l(cosh at-1),
.
«

I . . -
where a_,\/ e 2m+ 2 , the of the blind being negligible.
‘When the blind has unrolled a distance x, each point of it is moving with &

velocity £ ; the angular velueity of the roller is then 2 , Where a is its radius.
The total kinetic energy

=§m. 8+ §u. S+ J MR, B
=}Fma?+ ;M:ﬂ;}m&’

.'t3 2mg 1 mg
‘Tad ~ 2" la2’

The principle of Energy and Work gives .
2 la*x —l‘g-”"' 79 20

{.e 32=a? [w“ +—= zl]

& tla= de =c008h™! ——nu
7_(_:c +g)’ —@B a
m ma g

t8e constant vanishing since # and ¢ are both zero together,

o z--— [cosh at-1],
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"

Ez 2. & uniform rod, of length 2a, hangs in a horizogtal positfon being
supported by’two vertical strings, each 04 l’ength l, attached to its engds, the other
eztremi.t\ies being attached to fiwed points. The %od is given an angulgr velocity w
about a vertical axis through its centre; find its angular velocity when it has
a?u?

" N
Prove alsg that the time of a small oscillation about the position of equilibrium
bl

l
021,\/;—;.

Let AB be the initial position of the rod with the strings C4 and DB
vertical, 4'B' its position whep it has risen > °
through & vertical distance z and turned p
through an angle 9. Let the horizontal
plane through A'B’ ent C4 add BD in K
and L, and let £ A'CA=¢.

The equation of energy then gives

Amat + $mk202 = §mh2u? - mgz...(1).
Now, since the angle A’KC is a right

@
turned through any angle, and shew that it will rise through a distance

angle, | (J‘ 8
. s 2=AC-CE=1l-1lcos¢ ...(2}, L
where [ is the length of a vertical string.

Also  lsing=d’K=2asing ...o.(8).

o Z=lsin ¢¢=tan¢:‘acos g’b:

Hence equation (1) gives

2 5in?
%maﬁés _isin?d a+% =%m.
Iﬁ~4a25in2§

This equation gives the angular velocity in any positipn. The rod comes to
202
instantaneous rest when 4 =0, i.e. when m=‘%‘;— .
For a small oscillation we have, on taking moments about O, if T be the
tension of either string,

2 . -
m% 6= - 2T'sin ¢ x perpendicular from O’ on 4’K

2
= ~Tsin ¢.2a cos g—: - g‘{— «T8inf.....cvvrensansooncnnand(B).

Also 2Toos¢—mg=rrﬁ=m‘%(£ ¢’), when ¢ is small,

2
ma? d@ ma?
=5 ga )= 383 +200)........uccerneneen (6),

i.e. to the first order of small quantities, 3T ~mg=0.

3
Therefore {5) gives m 5 #= ~ ﬂl"-’g .0, d.e. b= -‘ll’-o.

Hence the required time=2» \/ 3—;-.
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)

Ez. 3.. 4 uniform rod, of length 2‘&, is placed with one end in &ntact with a
smooth horiz:mtal fable and is then alibuged to Sfall; if a be its initid? inclination
to the vem‘cgl, shew that its angglar velocity when it is inclined at an aygle 6 is

6y gesa-cosg ]
* * la " 1+3sin%0f °
.

Find also the reaction of the table. -

There is no herizontal force actthg on the rod; hence its centre of inertia G
has no horizontal velocity during the
motion since it had none initially. Hence
G describes a vertical straight line GO.
When inclined &t 6 to the vertical its
kinetio energy

1 (d 2 1. a?;
_EM{Ez(aoosO)} +§M.§03 JR
= %Maﬁéﬂ (sin2 0+ 3). *

Equating this to the work domne, viz.

Mga (cos a —cos 6), we get

‘é2= 6g cosa—cos @

- ; 1 + 3 sill‘z'o --------------------------------- (12.

3gs8inf 4 -6 cosacosf+3 cos?d
(1+3sin? 6)3 *

Also, for the vertical mation of (‘}, we have

Differentiating, we have § =

a2
e

On substitution, we havg

R-Mg=M = (acos 6)=M [ - asin 6§ - a cos 662].

4-—-6cos @ cosa+8cos2d
By — i {oamiop

EXAMPLES

1. A uniform rod, of given length and mags, is hinged at one end to
a fized point and has a string fastened to its other end which, after
passing over a light pulley in the same horizontal line with the fixed
point, is attached to a particle of given weight. The rod is initially
horizontal and is allowed to fall; find how far the weight goes up.

2. A light elastic string of natural length 2a has one end, 4, fixed
and the other, B, attached to one end of a uniform rod BC of length 2a
and mass m. This can turn freely in a vertical plane about its other
end C, which is fixed at a distance 2« vertically below 4. Initially the
rod is vertical, and, on being slightly displaced, falls until it #s horizontal,
and then rises again. Shew that the modulus of elasticity is

mg (3+2 4/2)-
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3. A un.form rod moves in a vertigal plane, its ends deing inecontact
with the interior of a fixed smooth §phere; when it is inclimed at an
a.ngle 0 to the horizon, shew that the squdbe of its angular *velocity is

30, e ,(oos 8= cos a), where a is the initfal valuesof 6, 2a i the length of

the rod, and ¢ is the distance o? its middle point from the centre of the
sphere.

4. A hemisphere, of mass M and radius a, is placed with its plane
base on a smooth table, and a heavy rod, of mass m, is constrained to
move in a vertical line withy one end P on the curved Surface of the
hemisphere ; if at any time ¢ the radius to P makes an angle 8 with the
vertical, shew that aé: [ M cos? B+ m sin? §]=2mg (cos a — cos ).

8. A uniform rod, of length 2a, is held with one end on a smooth
horizontal plane, this end being attached by a light inextensibl® string to
a point in the plane ; the string is tight and in the same vertical plane as
the rod and makes with it an acute angle a. If the rod be now allowed to
fall under the action of gravity, find itg inclinltion to the horizon when
the string ceases to be tight, and shew that its angular=velocity @ just
before it becomes horizontal is given by the equation

6aQ3=g sin a (8 +cos?a).
z
6. A uniform straight rod, of length' 2a, ha. two small rings at its

ends which can respectively slide on thin smooth horizontal and vertical
wires Oz and Oy. The rod starts at an angle a to the horizon with an

*angular velocity \/ g—%(l-sin a), and moves downwards. Shew that it
will strike the horizontal wire at the end of time

a T a )
2 J%log {tan (§ —Z> cotE}.

7. A straight uniform rod, of mass m, is placed at right angles to
a smooth plane of inclination a with one end in contact with it ; the rod
is then released. Shew that, when its inclination to the plane ig ¢, the
3(1—sing)2+1

(3 cos?p+ 1)

8. A hoop, of mass M, carrying a particle of mass m fixed to & point

of its circumference, rolls down a rough inclined plane ; find the motion.

reaction of the plane will be mg

9. Two like rods 4B and BC, each of length 2a, are freely jointed
at B; AB can turn round the end 4 and O can move freely on a vertical
straight line through 4. Initially the rods are held in a horizontal line,
O being in coincidence with 4, and they are then released. Shew tha}
when the rods are inclined at an angle 8 to the horizontal, the angular

sin 0
velooity of either is \/a *T5300878"
LD 81
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10. - A spheie, of radius b, rolls without slipping down th§ cycloid
- x=a (f+sin 8); y=a(l-cosd)
It starts from rest with its centre on the horizontal line y=2d. Shew
that the velocity V of itg centre Shen at its lowest point is given by
=329 (2a-cD).

11. A string, of length 2% is attached to two points in the same
horizontal plane at a distance 2b and carries a particle m at its middle
point ; & uniform rod, of length 2a and mass M, has at each end a ring
through which the string passes and is lot fall from a symmetrical
position in the straight line joining the erfds of the string; shew that
the rod will not reach the particle if

@+b—-2a). (M+2m) M L2 (20— bym?.

If Me=m and b=a, and the particle be given a small vertical dis-

placement* when it is in a position of equilibrium, shew that the time

of a small oscillation is —5- \/ 2 “;3“'

12, Two equal perfectly rough spheres are placed in unstable equi-
librium one on the top of the other, the lower sphere resting on a smooth
table. If the equilibrium be disturbed, shew that the spheres will
continue to touch at the same point, and that when the line joining
their centres is inclined at an asgle ¢ tq the vertical its angular velocity »
is given by the equation a%w? (5sin? @+ 7)=10ga (1 —cos 6), where a is the
radius of each sphere,

13. An inextensible uniform band, of small thickness T, is wound
round.a thin fixed axis so as to form a coil of radius b. The coil is
unrolled until a length @ hangs freely and then begins to unroll freely
under the action of gravity, starting from rest. Shew that, if the small
horizontal motion he neglected, the time which will elapse before the
hanging part is of length » is approximately

ER e L
”x/zg;[hg-—a—*m“/““‘“’]-

14. <A roll of cloth, of small thickness €,lying at rest on a perfectly
rofigh horizontal table is propelled with initial angular velocity @ so that
the cloth unrolls. Apply the Principle of Energy to shew that the radius
of the roll will diminish from a to # (so long as r is not small compared

with a) in time — \/3 (WE=r—n/c*=a?}, where 3Q%t=4(c*-a?)g.
Is the application of the prmclple correct ?

246. In many cases of motion the application of the
principles of this Chapter will give two first mtegrals of the
motion, and hence determine the motion.

Ez. A perfectly rough inelastic sphere, of radius a, is rolling with velocity v
on a horisontal plane when it meets a fized obstacle of height h, Find the
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condition that the sphere will surmount, She obstacle and, if*it does, thew that
3
{2 will continue rolling on the plane with vele ity (1-@) v.

Let 0 be the angular velocity immediatsly after the impact about the point
of contact, K, with the obstacle.
The velocity of the centre bef8re the impact was v in a horizontal direction,

and the angular velocity was % about the cedtre.

Since the moment of momentum about K is unaltered, as the only
impulsive force acts at K, we have

m (k% +32) Q=mv (a - k) +mizl
a

. v (Ta - 5h)
‘ R L 7 S 1.
Let w be the angular velocity of the sphere about X when the radius to X is
inclined at 8 to the horizontal The equation of Energy gives ’
lm. 5 (02-Q%)=~mg (h+agin0-a) wc..covuvnrenenns ).

Also, if R be the normal reaction at this instant, we ha.ve, since the ac-
cele~ation of the centre is aw? towards K,

Mmaw?=mgsin g ~R ......oovviienrrenienannann. (3).
(2) gives P=01-30 . & (42510 0=0) oo (),
and (3) gives §= 2 [10h~ 100+ 172510 0]= 0@ .....oocvcrerrneee ®).

In order that the sphere may surmount the obstacle without leaving it,
(i) w must not vanish before the sphere gets to its.highest point, .e. w? must
be positive when §=90°, and (ii) R must not be negative when it is least,

. -h
{.e. when sin 0=‘fT.

The first condition gives ﬂb%—%h , and the second gives Q%<

Hence, from (1), ’
a Ta -
LEat s 4 70gh, and v<m./g (a—h).

For both these conditions to be true it is clear that h}%.

g(a-h)
=

If these conditions are satisfied so that the sphere surmounts, without
leaving, the obstacle, its angular velocity when it hits the plane again is Q.
If its angular 'velocity immediately after hitting the plane be w;, we have,
by the Principle of the Conservation of Momentum,

2 2
m%w,:m.an.(a-hnmggio,

since just before the impact the centre was moving with velocity a@ perpen-
dicular to the radius to the obstacle.

. w1=ﬂ(1-—) (1_@ 1o

80 that the sphere will continue to roll on the plane with velocity v (1 —-,72) ,
218
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' EXAMPLES
1. A smdoth unifofm rod‘is moving on a horizontal table about one
end which is fixed ; it impinges on an laelastic particle whose distance
from the fixedtond was - th of the length of the rod ; find the ratio of the
velooity of the particle when it leaves the rod to its initial velocity.
4a

. 4a? 4a? 2,
[For the impact we have M. 5 m=M—3;m tm g

The Principles of Energy and Momentum then give

1y 2% G L gty o, 40 el 400
§M.-§—0’+§m(w +.’B’m)—2ﬂ. 3 [ +2m n“m y
. 2, . 2 2

and M. 4—32 0+nw’0=1{%— a'+m47i7—;- o]

2. A uniform rod, of rass ¥, is moving on a smooth horizontal table
about one end which is fixed ; it"drives before it a particle, of masg n¥,
which initially was at rest close to the fixed end of the rod ; when the

particle is at a distance ‘%th of the length of the rod from the fixed end,
shew that its direction ¢f motion makes with the rod an angle ¢

cot=1! o / l+3;7:.

3. A uniform rod, of length 2a, lying on a amooth horizontal plané’
passes through a small ring on the plane which allows it to rotate freely.
Initially the middle point of the rod is very near the ring, and an angular
velocity » is impressed on it ; find the motion, and shew that when the
rod leaves the ring the' velocity of its centre is 1/475(1«), and its angular
d
T

. ]

<4 A piece of a smooth paraboloid, of mass X, cut off by a plane
perpendicular to the axis rests on a smooth horizontal plane with its
vertex upwards. A particle, of mass m, is placed at the highest point
and slightly displaced ; shew that when the particle has descended a
distance 2, the square of the velocity of the paraboloid is

: 2m?gax :
‘ (M +m) {(M+m)z+Ha}'

[The horizontal momentum of the system is always zero and its kinetic

energy is equal to the work done by gravity.] .

6. A thin spherical sﬁell, of mass M and radius R, is placed upon
& smooth horizontal plane and a smooth sphere, of mass 7 and radius r,
slides down itp inner surface starting from a position in which the line of

velocity is
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centres is H®rizontal. Shew that whgn the line of ceptres mgkes an
angle ¢ with the horizontal the vel({cnty of the shell A is given by

Ve

=29 ) (M+m b ) SR
[Compare with the example of Art. 202.]

8. A fine circular tube, of radius asand mass ¥, ligs on a smogth
horizontal plane; within it are two equal particles, each of mass m,
connected by an elastic string in the tube, whose natural length is equal
to the semi-circumference. The particles are in contact and fastened
together, the string being stretched round the circumftrence. If the
particles become separated, shew that the velocity of the tube when

the string has regaied its natuml length is \/ 2(;;_:‘; y? where X is

the modulus of elasticity.

If one of the particles be fixed in the tube and the tube be movable
about the point at which it is fixed, shew that the corresponding velocity
of the centre of the tube is 71§times its value"in the first case.

7. A heavy pendulum can turn freely about a horizontal axis, and
a bullet is fired into’ it at & depth p below the axis with a velocity which
isdiorizontal and perpendicular to the axjs; the pendulum is observed to
swing through an angle 8 before Toming to rest® shew that the velocity

of the bullet was 2sin S \/ (l +mp‘> (1+7>. gp, where M and m are

the masses of the pendulum and bullet, and % ahd  are-the depth of the
centre of inertia below, and the radius of gyration about, the axis of the
pendulum,

8. To the pendulum of the previous questlon iy attached a riflein a

horizontal position at a depth p below the azis and from it is fired
a bullet of mass m; shew that the velocity of the bullet is

ME .0 ,—
2.-;".;513§.ng,

where M’ is the mass of the pendulum and gun, and # and #” are &he
depth of the centre of inertia below, and the radius of gyration about, the
is of e ———
9. A thin uniform circular wire, of radius @, can revolve freely about

a vertical diameter, and a bead slides freely along the wire, If initially

the wire was rotating with angular velocity ©, and the bead was at rest
relatively to the wire very close to its highest point, shew that when the
bead is at its greatest distance from the axis of rotation the angular

velocity of the wire is 8., and that the angular velocity of the beall

relative to the wire is ”_'_24-—'Z the mass of the wire being # times
that of the bead.
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10, Two umform rods 4B, B are jointed at B and canfrotate on a
smooth honzontal plane about thd end A which is fixed." From the
pnnclples of the Conservatior of Energy and Momentum obtain egnations
to give their a.ngular velocities i in any position.

11. One end of a hgi:t mext.ensxble string, of length g, is attached to
a fixed point O of a smooth horizontal table and the other end to one
extremity of a wniform rod of lehgth 12a. When the string and rod are
at rest in one straight line a perpendicular blow is applied to the rod
at its middle point. Apply the principles of Energy and Momentum to
shew that when,in the subsequent motion the string and rod are at right
angles they have the same angular velocity.

12. 4B, BC, and CD are three equal uniform rods lying in & straight
line on & smooth table, and they are freely jointed at‘B and . A blow is
applied at the centre of BC in a direction perpendicular to BC. If o be
the initial angular velocity of 4B or CD, and 6 the angle they make with
BC at any time, shew that the angular velocity then is ———,

¢ ~1+sin?8

13. < A unifoxmn rod, moving perpendicularly to its length on a smeoth
horizontal plane, strikes a fixed circular disc of radius b at a point
distant ¢ from the centre of the rod. Find the magnitude of the impulse ;
and shew that, if there be no sliding between the rod and the disc, the
centre of the rod will corfie into contact With the disc after a time

'\//‘2+02{ 4/173'47—2+Ic210g"'+"//“ +C'}’

2b
where ¥ is the radius of gyration of the rod about its centre, and v is the
initial velocity of the rod.

14. A uniform rod, of length 2a, is freely jointed at one end to a
small ring, whose mass is equal to that of the rod. The ring is free to
slide on & smooth horizontal wire and initially it is at rest and the rod is

vertical and below the ring and rotating with angular velocity ,\/ 39

in & vertical plane passing through the wire. When the rod is inclined
at qn aojle @ to the vertical, shew that its ‘angular velocity is

\/.39 1+4cosé
@ " 8-3cos?6’

and find the velocity of the ring then.

[The horizontal momentum of the system is constant throughout the
motion, and the change in the kinetic energy is equal to the work done
against gravity.]

15. A uniform rod 4B hangs from & smooth horizontal wire by
means of a small ring at 4 ; a blow is given to the end 4 which causes
it to start off with velocity w along the wire; shew that the angular
velocity o of the rod when it is inclined a.t an angle 8 to the horizontal is

given by the equation «?(1+3cos?6)= Té? -4 (1 siné),
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16. A @oop, of radius g, rolling 98 a horizontal ros,d with velocity »
comes into collision with a rough ipelastic kerb of height #, which is
perpendicular to the plane of the hoop. $hew that, if the®hoop is to
clear the kerb without jumping, » must, be

[}
2a —
2a ﬂ,\/— eand < _h\/g(a—-k).
.

17. An inelastic uniform sphere, of radius @, is moving without
rotation on a smooth table when it impinges on a thin rough horizontal
rod, at right angles to its direction of motion and at a height b from
the plane ; shew that it will Just roll over the rod if its velocity be

_a_ /g 7a
ryn s, 5 ,zmdbbe<l.7

18. A sphere, of radius g, rolling on a rough table comeseto a slit, of
breadth b, perpendicular to its path; if V be its velocity, shew that the
condition it should cross the slit without jumping is
14™ 10 sin%a
(7—10sin? a)¥
where b=2asina, and 17gacosa>7V2+10ga.

V2> l(,;—an (1-cos a)stn2a

»19. A sphere, of radius a, rests betgween two thin parallel perfectly
rough rods 4 and B in the sanle horizontal plane at & distance apart
equal to 2b; the sphere is turned about 4 till its centre is very nearly
vertically over 4 ; it is then allowed to fall back; shew that it will
rock between 4 and B if 1002<7a? and that, after the nth impact, it will
turn till the radius vector to the point of contact is inclined at an angle
6, to the vertical given by the equation

2. h2 — 3 . p2
cose,,="/“a b +" '\/: b ~7—£-) .

Shew also that the successive maximum heights of the centre above its
equilibrium position form a descending geometrical progression,

20. An inelastic cube glides down a plane inclined at a to the honzon
and comes with velocity V against a small fixed nail. If it tumble over
the nail and go on sliding down the plane, shew that the least value of V3

16ga[~/2 —cos a—ginal

21. A oube, of side 2a, rests with one edge on a rough plane and the
opposite edge vertically over the first; it falls over and hits the plane;
shew that it will start rota.ting about another edge and that its centre of

inertia, will rie to a hmght (15+J2)

22. A uniform cube, of side 2a, rolls round four parallel edges in
successign, along a rough horizontal plane. Initially, with a face just in
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Y
contact, @ is the, angular velocity rpund the edge which remaifs in contact
till the firgt impact. Shew that the gube will continue to roll forward after
the nth impact as long as 4™r1< a03(/2+1)+3g.

23. A rectangular parallelepfped, of mass 3m, having a square pase
ABCD rests on a horizontal plane and isc movable about CD as & hinge.
The height of the solid is 3« gnd the side of the base a. A particle m
moving with ahorizontal velocity v strikes directly the middle of that
vertical face which stands on 4B, and sticks there without penetrating.
Shew that the solid will not upset unless »*>%'ga.

A €
24 A uniform cubical block stands on a railway truck, which is
moving with velocity 7, two of its faceg being perpendicular to the
direction of motion. If the lower edge of the front face of the block be
hinged to the truck and the truck be suddenly stopped, shew that the
block will vurn over if V is greater than $4/3ga (J2— 1), where 2a is the
side of the block.

25. A string, of length b, with a particle of mass m attached to one
end, is fastened 4o a point on the edge of a circular disc, of mass #and
radius a, free to turn about its centre. The whole lies on a smooth table
with the string along a radius produced, and the particle is set in motion.
Shew that the string will never wrap rotlmd the disc if af < 4bm. °

N .

26. A uniform rod, of length 2 and mass nm, has a string attached
to it at one end, the other end of the string being attached to a particle,
of mass m; the rod and s¢ring being placed in a straight line on a smooth
table, the particle is projected with velocity ¥ perpendicular to the string;
shew that the greatest angle that the string makes with the rod is

. [F1)a
. 8sin-1 T
v

and that the angular vel;cities of the rod and string then are each P 3

where b is the length of the string.

[The linear momentum of the centre of inertia of the system and the
angular momentum about it are both constant; also the kinetic energy is
constant.]

27. A smooth circular disc is fixed on a smooth horizontal table and
a string, having masses M and m at its ends, passes round the smooth rim
leaving free straight portions in the position of tangents ; if m be projected
perpendicularly to the tangent to it with velocity ¥, and the length at
any instant of this tangent be 5, shew that

. (H+m)n¥itm V2 (M +m)a+m (- 09],
where a is the radius of the disc and b is the initial value of n.

[The total kinetic energy is constant, and also the moment of momentum
about the centre of the disc.]
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28. A Bomogeneous elliptic cylinger rests on a rough plane; shew
that the least impulsive couple that will make it roll along thesplane is

N1 NG L)

%o
where m is the mass and a, b the semi-axes.
29. Explain why a boy in a swing &an increase the erc of his swing

by crouching when at the highest point of his swing and standing erect
when at the lowest point.



CHAPTER XVIII

LAGRANGE’'S EQUATIONS IN GENERALISED COORDINATES

246. In the previous chapter we have shewn how we can
directlj write down equations which do not involve reactions.
In the present chapter we shall obtain equations which will
often give us the whole mqtion of the system. Kt

They will be obtained in terms of any coordinates that
we may find convenient to use, the word coordinates being
extended to mean any independent quantities which, when
they are given, determine the positions of the body or bodies
under consideration. The number of these coordinates must
be equal to the number of independent motions that the
system can have, i.e. they must be equal in number to that of
the degrees of freedom of the system,

247. Lagrange’'s Equations. R

Let (2, y, z) be the coordinates of any particle m of the system
referred to rectangular axes, and let them be expressed in
terms of a certain number of independent variables 6, ¢, ...
80 that, if ¢ be the time, we have

m=f(t, 6, @, S IR (1),

with similar expressions for y and 2.

-+ These equations are not to contain 6, ¢ ... or* any other
differential coefficients with regard to the time,

As usual, let dots denote differential coefficients with regard
[ ]
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to the time, and let g—z 3; *. denote partial d;ﬂ'erentlal
coeffictents.
Then, differentiating (1) we hdve
dz
dt+d9 9+d¢ I N Gerancenen (2).
On differentiating (2) partially with regard to 8, we have
o di dex
e 3).
. a6 do @)
Again, diﬂ'eren%iating (2) with regard to 6, we have
di d=z d’w 5, dw
a8~ aoa* a- O+ qgap ot
d [de
=d’—t|:a§] L R T '( 41).
If T be the kinetic energy of the system, then
T 3 S+ 5+ 5P rrrrreernnnn. (5).

Now the reversed effective forces and the impressed forces
Jorm a system of forces in equilibrium, so Yhat their equation of
virtual work vanishes; in other words the virtual work of the
effective forces = the virtual work of the impressed forces.

The first of these, for a variation of 8 only,

de dy 2
‘2’”[ Eptiget? e] %

_d da: . . d (dx .
EM[ do .+...] 80 — 3m [(Bzi—(d—9> +...] 80

_d di di ’
Em[wgé ]ae Zm[wd—0+ )

by equations (3) and (4),
d

-5 ;i—ézm A @+ P+ 80———2m 28+ 2+ ) 30

[d al _dT

dt da dB 80 by equatlon (5): YT I (6)



832 Dynamics of a, Rigid .Body

Agein, if ¥ be the Work, pr Potential function, wp have the
virtual werk of the impressed forces, for a variation of  alone,

‘ €
—3m [ 0+zd0+zfl’;]so
l'dde dde dde] 89=dV
do a6t ‘dy A6 dz dé de’
Equating (6) and (7), we have
d (d dT dV
= (dé o E—— Y
Similarly, we have the equations »
d (dT) daT_dv
dt\d¢/ d¢ dp’
d dT) ar _dv
dt \dvr

and s¢ on, thiere being one equa.tion corresponding to &ach
independent coordinate of the system.

These equations are known as Lagrange’s equations .in
Generalised Coordinates.
Cor. If K be the potential energy of the system, since
V=a constant — K, equation (8) becomes
d (dT) arT +dK
dt\dg/ ~ do " df
If we put =K =1L, so that L is equal to the difference
vetween the kmetlc and potential energies then, since ¥ does
not contain 6, $, etc., this equation can be written in the form
d [dL) _dl_
: dt [dé] i
L i8 called the Lagrangian Function or Kinetic Potential.

80 ..(7).

«

248. When a system is such that the coordinates of any
particle of it can be expressed in terms of independent
coordinates by equations which do not contain differential

coefficients with regard to the time, the system is said to be
holonomous.

"« 249, Ez. 1. A homogencous rod OA, of mass m, and lengts 2a, is freely
hinged at O to a fized point; at its other end is freely attached another
homogeneous rod AB, of mass mg and length 2b; the system moves under gravity ;
find eauations to determine the motion,
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© Let G, anft @, be the centres of mass of thé¥ods, and 0 and ¢ theig, inclina-
tions fo the vertical at time ¢. . o
The finetio energy of 04 is .

-;ml . %—"2 .68, ®e

@, is turning round 4 with %velocity b,

whilst 4 is turning round O with velooity 2a8.
Hence the square of the velocity of G4

=(2ad cos 0+ bg cos ¢)3
+(2a0 sm 0+ b sin ¢)?

== 40360 + 5333 + dabih cos (0 - ¢).
Also the kinetio energy of thesrod about G,

1 8.
=§m,.-§-¢’.

da?
R T=2m1.—;—0’

+§m,[4a2é’+ b2q§x+4aﬁéq'scos (¢-0)]+%m,.%?$'

m

_1 ™ 4“955.',1 402 '|+l 4ablg ; - 1
=5-\g+tm)" 3™g ¥ 271;;.. abb¢ cos (p-0) ...(1).

Algo the work function ¥V
_m,gacoso+mg (2acoa0+bcos¢)+0 [OURRRRRRRIIN ) ¥

Lngrange s f-equation then gives
& [(’%’ + m,) . 4a% + my. 2abd cos $— 0 a] —2myabdg sin (¢ — 6)
_d (g_ﬂ_’ ) ar _dv’

g/ " as " ae

= — (my +2m,) ga sin 9,
('-'3'-‘ +m,)4a6+2m,b [$oos =0~ ¢*sin g— 6]= =g (m, +2m,) sin 8

8o the ¢-equation is

Fr [m, {4b ¢+2abo cos (¢ - o)} ] +myg. 2abfp sin (¢ - 6)
= —mgbg sin ¢,
t.e. -é-¢+2a§ool (¢~9) +2a6%6in (¢ 0) = = BIN P ..overuene.(4)s
Multiplying (8) by ad, (4) by m,b&, adding and integrating, we have
3 ('5 + m,) dad0® + 2m,.—— ¢’+2 My, 4ablg cos (¢ - 0)
= (my +2mg) gac08 0 +megh co8 @+ 0 vecvvrreirivaarinnee(B)e
This is the equation of Epergy.
Again multiplying (8) by 4, and (4) by myb we have, on adding,
) . 453 » < .
% t(’—'? +m.) . da% ""’"%‘3‘ ¢ +2ab (6+ ) cos (¢ - o)}]
= —ag (my+21,) sin 0~ mybg sin ¢.
Thisds the equation derived by taking moments about O for the system,
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¢
Ex. Q. 4 uniform rod, of length 3a, can turn freely about oné end, which is
JSized. Initiglly it is inclined at an acu!e angle a to the downward Jraum vertical
and it is se¢ rotating about & vertical awis through its fized end with angular
velocity w. Shew that, during the motion, the rod is always inclined to the
¢ . v
vertical at an angle which‘ i = a, according as w3 89 , and that in each
[ 4a cos a
case its motion is included between the inclinations a and
¢ S
008~ [ - n+~NT=2ncos a +n3],
2 t]
where “=w .
€ 3g )
If it be slightly disturbed when revolving steadily at a constant inclination a,
. . 4a cos a
shew that the time of a small oscilla¥on is 2w T li+Ccosa)’
At any time ¢ let the rod be inclined at 6 to the vertical, and let the plane
through it and the vertical have )
turned through an angle ¢ from its b o H > XX
o . ~18 ) //
initial p?sitxon. i L 8 'gw ' Y [f“
COonsider any element So+ ™ of thg WN|-...... PO ;
rod at ¥, where OP=¢. =
If PN be drawn perpendicular to A
the vertical through the end O of the \
rod, then P is movi.v.\g perpendicuiar
to NP-with velocity ¢. NP, i.c.
£sin 04, v
and it is moving perpendicn}s.r to OP
in the plane V04 with velocity £6.
Henoce the kinetic energy of this
*element L v
dg X,
. =§.2—a.m[$"axn*0¢’+é’é’].

Therefore the whole kimetic energy T'

<

2ma?

=27 (eint 047+ 69 /2“ £dg =5 (¢*sin® 0.+ 07)
2 2 0 3 *
Also tl.me work function V' .
. =m.g.acos6+C.
Hence Lagrange’s equations give

2 . 2,
g_‘[m;a 8 -2_.”;.¢’.2sin00050=-mﬂu!inos

d[dmal s cag |

and als  sin o]_o,

[T _ _3g._.
i G-¢*sinfoosf=-7=8in g ..cocrsrrrnisecrinsnnani(l),
an.d o : ¢ 6in? 0= 0onstant=w 8in? a .vovevervenes gianiannnd(2),

"7 (1) and (@) give, on the elimination of ¢,
- 4 _

S s 0= S in g, (8).
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Steady metion. The rod goes round at & constant inglination ja to the
vertical if §°be sero when f=a, i.e. if

.3g
3 = L -
Tooaas Toeeeesmessssssrinee T (4).
When w« has not this particular value, equafibu (3) giwes on integration
;. wlsinta 8g ® . 89
3, L BN a 59 = wisinta + o2 -
0%+ onZs ~ 2a 008 0+ C = ' sin’a + % (cos @ —cosa) ... (5),

from the initial conditions.
. g 3gn - sin2a’
- Pi= a 1 sin? 9,
3g cos a—cos @ 3
=5 —ainid .[cos 0+2ncos -1+ 2ncos a).

Hence 0 is zero when 6 =a, 1.e. initially, or when

8g
+ 2a(aos 0 — cos a) )

0082 6+ 2ncos 6 — 1+ 2n cos a=0,

i.e. when 008 0= —n+a/T-2nC08a+ TP ...ceeoererranrerereens(B).
[The + sign must be taken; for the ~ sign ;would give a value of cos @
numerically greater than unity.] .

TRe motion is therefore included between the values §=3% and =9, where
cos 0, is equal to the right hand of (6).
Now 6y Z a, i.e. the rod will rise higher than or fall below its initial position,

n_ .
according as cos 6, £ cosa,
i.e. according a8 /1 - 2n cosa+n? < cosa+mn,

i.e. according as sinZa < 4ncosa,
sinfa _ awlsinla
4cosa” 3y

8g
dacosa’
i.e. according as the initial angular velocity is greater “or less than that for
steady motion at the inclination a. * .

It is clear that equation (2) might have been obtained from the principle that
the moment of momentum about the vertical OV is constant.

Also the Principle of the C.onservation of Energy gives

3 . . 2
2_”%‘1_ (¢? sin2 8 + 62) =mga (cos 6 — 608 a)+?%—“-w’sin’¢.

i.e. according as ’

i.e. according as w3

On substituting for ¢ from (2) this gives equation (5).

Small oscillations about the steady motion. .

By (4) the value of «? is 4azy°a“ for steady motion. . If «® has this value,
then (8) gives

+_B8g[sinta cos®
a—ﬁ o5 & ;53—0- s 0] nuuu-nnuuunul('n-
Heré put §%a+ ¢, where y is small, and therefore

8in @=gin a + y co8 u,

and 008 f=cos a ~ ¢ gina.
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Henog (7)817:’
G 3gsin¢[(1 Y tana) {1+ cot a)~3 - (1 + ¢ cot a)]

[

(= - 3-9:"—"( . Y4 boba+tana)

8g (148 cos?a) i
¥ " facosa
on neglecting squares of ¢,
Hence the required time

=% \/ 4acosa .
8g (1+8cos?a)

* Ez.8. Four equal rods, each of length 2a, are hingsd at their ends so as
to fotm a rhombus ABCD. The angles B and D are connected by an elastic
string and the lowest end A rests on a horizontal plane whilst the end C slides on
a smooth vertical wire passing through A ; in the position of equilibrium the

siring is stretched to twice its natural length and the angle BAD is 2a. Shew
that the time of a emall oscillation about this poeition is

2 2a(l+35m3a)cosa 3
gy (22T O R 9) 0070
3gcos 2a }

When the rods are inclined at an angle 6 to the vertical, the component
velocities of the centre of either ¢t the unper rods are

‘%[341 'cos 0] and % (asing), ie. ~8asind.0 and acosd. é.
Hence T, the total kinetic energy,
=2x %m [4—;1’éi+(-3a sin 06)% + (a cos 06)3 + ‘-;—2 é’]
=8masf? [13 +8in36],

‘Also the work function (V
[

= -mg.2.(acos 8+ Bacos 6) -2\ fasindz —c
[ (4

.dx

) =-8myaooso—§(2asin0-c)', ‘

[

where 2¢ is the unstretched length of the string and A the modulus of

elastioity.
Lagrange’s equation is therefore

d (1 . P
7i[16atmé (§+m'0)]-16ma’0’ sin 0 cos § |
=8myga sin 0-%aconv (2a8in@-o) ......Q0).

Now we are given that § and § are sero when §=a, and that c=a sin a.

s x.GOOIC
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In (1) plttmg 6=a+y, where y xu small, and negleqfing squares and
products of ¥ ard , we have

16a¢my (3 +8inda)
=8mga (sin a + Y cos a) - —= [cos%.‘- ysing)[asina +2¢a cosaf

= —8amgy (cosa—sin a fa.n a),
" 39 cos2a
Le. V="~ Sacosa (1+3sin%a)’ ¥
 00S n?
Therefore the required time= 2w \/ 2acosa(1+3sinfa)
R 3g cos 2a
Ez. 4. Small oscillations about the stable position of equilibrium for the
case of Ex. 1 when the masses gnd lengths of the rods are equal.
When m; =mg and 8=5, the equations (3) and (4) of Ex. 1 become
16 ,

30+2¢cos(¢ 9) - 2¢2%sin (¢ - 0)——-—sxn0,
and 2§oos(¢-0)+§(p+2033in(¢—0)=-;ain¢.

The stable position is given by 6=¢&=0. 'faking 0 and ¢ to be small,
and Muglecting 62 and ¢? and putting 6 and ¢ for sin 6®and sin"p, these
equations become

(16 03 ) OHIDI=0 e W,

“

and 2D1. o+( D14l )¢ [ - %

where D stands tor_ ‘% .

Eliminating ¢, we have
: (5 D41 a) (16 DI+ 39) 0-4D19=0,

3 3
.\ 27 g
4 2
ie. . (48224 3g 2)9 =0
To solve this equation put =Ly cos (pt+ap), a.nd we have
3 27 g2
p‘- 7.2 2+2—8 g—g-— 0,

- 3, 3,

giving pi=7L (1+347), and pt=gF (T-257).

. @=Ljcos (p1t+ 1)+ Lg 008 (pgt + ag),
so that the motion of 6 is given as the compounding of two simple harmonic

. . 27 27
motions of periods o and 7

Similarly, we obtain ¢=M; cos (pit + a1) + Mg cos ( pet + ag).

The constants Ly, Lg, M; and M, are not independent. For if we substitute
the values of 6 and ¢ in equations (1) and (2) we obtain two relations between
them.

Ll_ 2,/7~-1 Lg_2J7+1

These are found to be = 3 and =9

The independent constants ultimately arrived at may be determined from
the initigl conditions of the motion.

L. D. 22
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Equations (1) and (2) may be otherwise solved as follows. Muftiply (2) by
and add to (1), and we have

< ¢ o
Df[(%wx) 0+ (2+§ 7\) ¢] +2(80429)20 wrrrrnnn (8).
C s ¢
Choose \ so that E;_%).‘asi)\ﬁ‘, i.e. \as "1‘;«/28.

Putting these values in (8), we have, after some reduction,
8
D3[96- (3T +1) ]= - {1 [(T+24TI90 = (2T +1) ¢] ......(4),

and D3[99+(24/7-1) ¢]= -1%[7-2%7][9“(2 NT=1)¢] e (5).
& 90— (2 fT+1) p=4 cos (prt+a1),
and . 90+ (2.T-1) ¢.—.B‘oos (pat+r2).

This method of solution has the advantage of only bringing in the four
necessary arbitrary constants.

260. Ifin the last example we put
96'—(2¥7 +1) = X,
and ° ' 90+ (2VT-1)¢=7,
the equations (4) and (5) become
2
(%t;{ = - XX N and d_t_;—tg
where A and x are numerical quantities.
The quantities X' and Y, which are such that the corre-
sponding equations each contain only X or ¥, are called

Principal Coordinates or Normal Coordinates.
More generally let the Kinetic Energy 7, and the Work

Function V, be expressible in terms of 6, ¢, y, 8, ¢ and +- in -
the case of a small oscillation about a position of equilibrium,
80 that
T= A0+ A+ A + 2409 + 24,64 + 245 ..(1),
and V=0C+a,0+a:d + as + au® + and® + any?® + ...(2).

If 6, ¢, ¥ be expressed in terms of X, ¥, Z by linear
equations of the form

=—u¥,

0=MX+NY +7\Z,
=X 4+ u, Y + pZ,

and Vv=uvX + 1Y +r2

fnd My Mgy Ay s My M V1, V3, Vs

be 8o chosen that on substitution in (1) and (2) there are no
terms in 7' containing ¥Z, ZX, X Y, and none in ¥ containing
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YZ, ZX, X7, then X, ¥, Z sse called Principal or Normal

Coordinates. For then
T=A4,/X+ Ay Y’+A,,’ s,
and V=0 +a/X +a, Y*%Z'{'%{X’-l-am Y + 0y’ 25,
and the typical Lagrange equation i§ then
244X = a/ + 20,/ X,

1.6, an equation containing X only.

On solving this and the two similar equationsefor ¥ and Z,
we have 6 given by sum of three simple harmonic motions.

Similarly if the original®equations contained more coordinates
than three.

251. Lagrange’s equations for Blows.

Let 4, and #, denote the values of & before and after the
action of the blows. Since the vigtual thoment of the effective
impuTses Sm (& — 4,), etc. is equal to the virtull monfént of
the impressed blows, we have, for a vamatlon in 6 only,

Sm [(w; - wo) ot @ 3’°)'d_0 +@G -4 fﬁ] %

de dy dz i
=3m [X,d0+ Y‘d0+Z‘de] 80 ......... (1)

Let T, and T} be the values of I' just before and just after

the blows.
Then, from equations (3) and (5) of Art. 247,

(dT) Em[éd—{:+ dy+ dz]

a6 KT REET RAPT]
dx
“2."‘[ da"'ydz“de]
T do dy dz]
d =3 .
an (de) m[ TR TREFTI

Hence the left hand of (1) is

aT d
[G3).- ).
Also the right hand of (1)
dVide  dVidy  dVyds av,
[dw ot was T az do] 80 =3 %,
where 8V, is the virtual work of the blows.
292—2
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Hence if &V, be expressed in the form
: 8V, P86 + Q¢ + ...,
the equation (1) can be written in the form

( (%)l_(‘%’)o=P..................(2),

and similarly for the other equations.

The equation (2) may be obtained by integrating equation (8) of Art. 247
between the linfits 0 and 7, where 7 is the infinitesimal time during which
the blows last.

The integral of @ Zf) ] ) Gt [ [ ]

Since —"5 is finite, its mtegral during the small time 7 is ultimately zero.

The integral of dV ddI;l
Hence equation (2).

252. We gi»;e two examples of the preceding Article. Many of the examples
of pp. 272—274 and also Ex. 2 of p. 277 and Ex. 14 of p. 280 may well be
solved by this method.

Ex. 1, Three equal uaiform rods 4B, BC, CD are freely jointed at B and
C and the ends 4 and D are fastened to smooth fized pivots whose distance
apart is equal to the length of either vod. The frame being at rest in the form
of a square, a blow J is given perpendicularly to AB at its middle point and in

2
the plane of the square. Shew that the energy set up is 3J , where-m is the

10m
mass of each rod. Find also the blows at the joints B and C.
When 4B, or CD, has turned through an angle 6, the energy of either is

2 . ¢ .
;m. %‘ 62, and that of BC, which remains parallel to 4D, is %m(&w}’.
1 4a 1 10ma?
Y =L e=M. 3 202 = « 0%
o T'=2 gm-3 é +2 mda20?= 3 63
2 .
‘ (dT) 20ma 6, and <_) =0,
Also .. GV,—J adl.
Hence we have 20ma 0=J.a, i.e 6= 87 .
20ma
10ma,302 8J8

4 required energy= 3 = iom'
If Y and Y} be the blows at the joints B and C then, by taking moments
about 4 and D for the rods 4B and DC, we have
4a? .

. 442 »
m.—s—e =J.a-Y.2a, and m.§—6=1’|.2a.°

o y=2Y =7
oo Y—6 , and Yl_lo.
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Ex. 2. Swlve by the same method Ez. 12 of page 280.
Let m; be*the mass of the rod struck, whd mg that of an ad}aoent. roa, so that
m; mg _1 M o
a b 207‘-7-—5 4
Let u be the velocity and w the angular'velooity'oommunie's,ted to the rod
that is struck. .

Then T= % . 2my <u2+ %’oﬁ) + %m,ﬂu+¢w)’+(u-aw)ﬂ]

1 ... 1 . . a4+8b

=5 MU+ g M'a3? T s ).

Also the blow CX=MIV == Cwl.ieieiiinierieeeeianninniennenns 2),
and W= [V-u-co][dz+ed0] ..cocerrrnrnrinianns (3),

* where u=2 and w=4. &
Hence the equations of the last article give

R T YR ),
= ﬂ%'aaw_‘:f:;% =M [V == 0w] e ®).
these give u= JTGT{I%W’ and gw= m—a%—ﬂ-, ............ (6).

Also, by Ex. 3, Art. 207, the total loss of kinetic energy
=} X[V+@u+cw)]-% X[utcw]
=%X . V=1}- MV [V - (u+ cw)]=eto.

EXAMPLES

1. A bead, of mass ¥, slides on a smooth fixed wire, whose inclination
to the vertical is a, and has hinged to it a rod, of mass m and length 21,
which can move freely in the vertical plane through the wire. If the
system starts from rest witlt the rod hanging vertically, shew that

{4 +m (1+3cos?8)} 163=6 (M +m) gsin a (sin § —sina),
where 0 is the angle between the rod and the lower part of the wire.

2. A solid uniform sphere has a light rod rigidly attached to it which
passes through its centre. This rod is so jointed to a fixed vertical axis
that the angle, 6, between the rod and the axis may alter but the rod must
turn with the axis. If the vertical axis be forced to revolve constantly
with uniform angular velocity, shew that the equation of motion js
of the form §2=n? (cos 6 —cos B) (cosa—cos §). Shew also that the total
energy imparted to the sphere as & increases from 6; to 8; varies as
cos? 4; — cos? 0.
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3 A unifoxix‘rn rod, of mass 3m and length 27, has its midd.e point fixed
and a n‘)u,s. m attached at one extrdmity. The rod when in a horizontal
position is set rotating about. a vertical axis through its centre with an

anguhr velocity equal to \/ Z";f Shew that the heavy end of the rod

will fall till the inclination of the rod to the vertical is cos™ [//n3+1~n],
and will then rise again. "

4. A rod 04, whose weight may be neglected, is attached at O to a
fixed vertical rod OB, so that 04 can freely rotate round OB in a horizontal
plane. A rod X'Y, of length 2a, is attached by small smooth rings at X
and ¥ to O4 and OB respectively. Find an equation to give 8, the
inclination of the rod X ¥ to the vertical at time ¢, if the system be started
initia'ly with angular velocity @ about 0B. Shewthat the motion will

be steady v:ith the rod X¥ inclined at a to the vertical, if n‘=2‘—% seca,
and that, if the rod be slightly disturbed from its position of steady motion,

. ar acos a
the txmi of a sm?ll oscillation is 4n m .

6. If in the preceding question the rod 04 be compelled to rotate
with constant angular velocity o, shew that, if 4w®a > 3¢, the motion will

be steady when cosa= ﬁ;‘ga, and that the time of a small oscillation will

8raw
V16wa? - 9g*" .
[Reduce the system to rest by putting on the “centrifugal force” for
each element of the rod XY, and apply the principle of Energy.]

8. Three equal uniform rods 4.8, BC, CD, each of mass m and length
2a, are at rest in a straight line smoothly jointed at Band C. A blow I
is given to the middle rod at a distance ¢ from its centre O in a direction

perpendicular to it ; shew that the initial velocity of O is g—é, and that the
initial angular velocities of the rods are o

“ (5a+9¢) I B¢l (5a—9c) I

10ma?™ * Bma?’ and 10ma® °

7. 8ix equal uniform rods form a regular hexagon, loosely jointed at
the angular points, and rest on a smooth table ; a blow is given perpen-
dicularly to one of them at its middle point; find the resulting motion
and shew that the opposite rod begins to move with one-tenth of the
velocity of the rod that is struck.

° 8 A framework in the form of a regular hexagon ABCbEF consists
of uniform rods loosely jointed at the corners and rests on a smooth table;
a string tied to the middle point of 4B is jerked in the direction-of 48,
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Find the resulting initial motion and shew that tne vetocities glong 4B
and DE of *their middle points are ifh opposite directions and,in the ratio
of 59 : 4. - .

[Le‘: u; and v; be the resulting velocities of the middle point of 4B
along and perpendicular to 4B and o, it® angular velocity$ and lef ug, vg
and g give the motion of B@ similarly, and so on. From the motion of
the corners 4, B, C, etc., we obtain .

Ug— Ug

3

Ug— Uy +Ug
n=-y o s,

A3

and aw;= , etc.

Hence .
1 LAy 3 2
T Sm| ul o2+ o | = 1752 [0 +3 (ug— wg) + (g — %y +us)).

Also L 8V,=J. 8z, where u =4,

The equations written down by Art. 251 then completely determine
the motion.]

9. A perfectly rough sphere lying inside a hollow cylinder, which
reste.on a perfectly rongh plane, is sfightly displaced frpm its ppsition of
equilibrium. Shew that the time of a small oscillation is

- \/ a=b 14M
W9 10 +7m’
where @ is the radius of the cylinder,  that of*the sphere, and M, m are
the masses of the cylinder and sphere.

10, A perfectly rough sphere, of mass m and radius b, rests at the
lowest point of a fixed spherical cavity of radius a. To the highest point
of the movable sphere is attached a particle of mass m’ and the system is
disturbed. Shew that the oscillations are the same as those of a simple

,, Tm
4m'+ 5
m4+m' (2 - %)

11. A hollow cylindrical garden roller is fitted with a countespoise
which can turn on the azis of the cylinder; the system is placed on a

pendulum of length (a - b)

rough horizontal plane and oscillates under gravity; if 2—;—' be the time of a
small oscillation, shew that p is given by

PHeM+ M) B~ M 18 )= (2 M+ M) gh
where M and M’ are the masses of the roller and counterpoise, & is the

radius of gyration of M’ about the axis of the cylinder and A is the
distance of its centre of mass from the axis.

12, A thin circular ring, of radius ¢ and mass X, lies on a smooth
horizontal plane and two tight elastic strings are attached to it at opposite
ends of a diameter, the other ends of the strings being fastened to fixed



3844 Dynamics of a Rigid, Body

points i in the dlkmeter produced. Shew that for small oscxl]utlons in the

plane of tke ring the penods are the values of —p— given by —é—r—-l-o

or 7 or P— 2’ where b is the natural length, ! the equilibrium length, and
T the equxhbnum tensxon of each string. «

13. A uniform rod 4B, of length 2a, can turn freely about a point
distant ¢ from its centre, and is at rest at an angle o« to the horizon
when a particle is hung by a light string of length { from one end. If
the particle be désplaced slightly in the vertical plane of the rod, shew that
it will oscillate in the same time as a simple pendulum of length

1 a?+3ac cos? a43c*$in%a
a?+3ac

’

14. A iﬁlank, of mass M, radius of gyration & and length 25, can
swing like a see-saw across a perfectly rough cylinder of radius . At its
ends hang two particles, each of mass m, by strings of length /. Shew
that, as the system swings, the lenjths of its equivalent pendula are and
MI2 + 2mb?

(M+2m)a’

156. At the lowest ppint of & smooth circular tube, of mass M a;ld
radius a, is placed a particle of mass M’; the tube hangs in a vertical
plane from its highest point, which is fixed, and can turn freely in its own
plane about this point. If the system be slightly displaced, shew that the

5]
periods of the two independent oscillations of the system are 2 ,\/%

a

M
and 27 \/m..;‘-

168. Astring AC is tied to a fixed point at 4 and has a particle attached
at C, and another equal one at B the middle point of 4C. Thesystem
makes small oscillations under gravity ; if at zero time 4 BC is vertical and
the angular velocities of 4B, BC are » and o', shew that at time ¢ the
inclinations 4 and ¢ to the vertical of 4B, BC are given by the equations

b+J20= w+“/2wsmnt and ¢~ J20=w 1:/2 sin n't, where

4B=BC=a, n*=7(2-y2) and n?=2 Z(2+ve).

17. A uniform straight rod, of length 2a, is freely movable about its
centre and a particle of mass one-third that of the rod is attached by a

.hg'ht inextensible string, of length a, to one end of the rod; shew that one
period of principal oscillation is (J/6+1) = \/ g.
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18, A uuform rod, of length 2a, whlch has one ena a.ttwhed to a
fixed point by a light inextensible strmg, of length , is perfonmng small

oscillatidns in a vertical plane about its gosmon of ethbmum Find its
position at any tlme, and shew that the®periods, of its principal okcilla-

. 8
tions are 2= 3-9- 2 and = ,\/3:9

19. A uniform rod, of mass 5m and length 2a, turns freely about one
end which is fixed; to its other extremity is attached one end of a light
string, of length 2a, which qarries at its other end a particle of mass m;
shew that the periods of the small oscillations in a vertical plane are the

20a

same as those of sxm}‘le pendufums of lengths % and -

20. A rough plank, 2z feet long, is placed symmetrically across a
light cylinder, of radius @, which rests and is free to roll on a perfectly
rough horizontal plane. A heavy particle whose mass is n times that of
the plank is embedded in the cylinder atr its lowest point. If the
systexa is slightly displaced, shew that its periods of oscillagion are

the values of %;—f \/ % given by the equation 4p*—(n+12) p?+3 (rn~1)=0,

®21. Toa point of a solid hosnogenedus sphgre, of mass ¥, is freely
hinged one end of a homogeneous rod, of mass n¥, and the other end is
freely hinged to a fixed point. If thesystem make small oscillations under
gravity about the position of equilibrium, the ceatre of the sphere and the
rod being always in a vertical plane passing through the fixed point, shew
that the periods of the principal oscillations are the values of % given by

the equation
2ab (6 + Tn) pt— p?q {10a (3 4-n)+21b (2+4+n)% + 1592 (2 +2) =0,
where a is the length of the rod and b is the radius of the sphere.



CHAPTER XIX

¢

SMALL OSCILLATIONS. INITIAL MOTIONS.
TENDENCY TO ‘BBEAK’

263. . In the preceding chapters we have had several
examples of small oscillations, and in the last chapter we
considered the application of Lagrange’s equations to some
problems of this class. v

When the oscillation is that of a single body and the
motion is in one plane, it is often convenient to make use of the
properties of the instantaneous centre. By Art. 214 we know
that, if the motion be a small oscﬂlation, we may take moments
about the instantaneous centre I as if it were a fixed point,
and the equation of Mmotion becomes Mlc’ d

t’ = the moment of

the impressed forces about I.

Since the motion is a small oscillation the right-hand
member must be Small, and therefore § must be small. Hence
any terms in Mk* which contain 6 may be neglected since we
are leaving out all quantities of the second order, i.e. we may in
calculating Mk* take the body in its undisturbed position. In
t.he,rlght—ha.nd member we have no small quantity as multiplier;
hence in finding it we must take the disturbed position.

. The student will best understand the theory by a careful
study of an example.

254, Ez. One-half of a thin uniform hollow cylinder, cut off by a plane
through its axis, is performing small oscillations on a horisontal floor. Shew that,

if a be the radius of the cylinder, the time of a small oscillation is 21/\ / (—'—.:’—2)—“
. - [}

“or ox A / (!——,{'—%)—‘-l , according as the plane is rough enough to prevent any sliding,
or smooth.
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Let O be.%he centre of the flat ba.se‘ ot the oylinder, and @ its gentre of
inertis, so that 0G=22; let N be the s '

point of. contact with the floor in the
vertioal plane through C@G, and
6= LNCGQ. 0
If the floor be perfectly rough, N is
the instantaneous centre of rotation ; t
hence, taking moments sbout it we ]
have, if % is the radius of gyration i
about G, . N o

M2+ NG 6=~ Mg.CG.8inB....ccorerrernermeneens(D)
Now NG2=a%+CG2-2a.CG.cos b,
and M (k8 $CG2) = moment of inertia about C=Ma?,

2a sin @

Honoe (1) gives  0=-9. 7 55, caoond

g a-oCG , since @ is very small,

g0
= w-9) reeesrsnenassessesssssssancare@rerssnsarnggeres(2)

Hence the required time is 27 o / (—':62—)—‘! .

® Next, let the plane be perfectly gmooth, end draw GL perpendicular to N ;
then L is the instantaneous centre. For, since thele are no horizontal foreces
acting on the body, G moves in a vertical straight line, and hence the in-
stantaneous centre is in GL. 8o, since N moves horizontally, the centre
must be in NC; hence it is at L. Taking momenf® about L, we have
M2+ LG20=<M.0.CG8NE ..occcererernrennnn(8),
ie M[i2+CG8.sin20] 6= -M.g.CG.sin .
Hence, when 6 is very small,
_ 2a [}
= #-G. R
Sl 0% T
T aF-C@B - " a xi-4
. ;e a(w2—~4)
Hence the required time=2= prraa
If we had applied the principle enunciated at the end of the previous
artiole, then in caloulating the left-hand side of (1) we should have taken
for NG its undisturbed value, vis. 4G, i.e. a—CG, and then (1) gives
2a
-g.c6.0 "%
: — =
B+0@+a-2.C6¢ o, gs
In caloulating the left hand of (8), for LG we take its value in the
undisturbed position whioh is zero,

2a
. TIeF
(8) then gives 0= a=TTE O eto.

R ).

0= 9, eto,
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. EXAMPLES

1, A thin rod, whose ceptre of mass divides it into portions of
lengths b and ¢, resté in & vertical plane inside a smooth bowl of
radius a ; if it be slightly displaced, she' that its time of oscillation is

0 2 2
the same as that of a simple pendulum of length l%q—zic, where £ is
a?—be

the radius of gyration of the rod about its centre of mass.

2. Two rings, of masses m and m/, are donnected by a light rigid rod
and are free to slide on a smooth vertical circular wire of radius a. If the
system be slightly displaced from its posfiion of equilibrium, shew that

(m+m')a
N M3+ m A+ 2mm’ cosa ¢
where a is the angle subtended by the rod at the centre of the wire.

<
the length of the simple equivalent pendulum is

3. Two uniform rods,.of the same mass and of the same length 2a
and freely jointed at a common ‘extremity, rest upon two smooth pegs
which are in the same horizontal plane so that each rod is inclined at

the same angle a to the vertical ; shew that the time of a small oscillation,
when the joint moves in a vertical straight line through the centre of the

line joining the pegs is Zr J @ 1+30es%a

99 cosa
4 Two heavy uniform rods, 4B and AC, each of mass M and
length 2a, are hinged at 4 and placed symmetrically over a smoothc
cylinder, of radius ¢, whose axis is horizontal. If they are slightly and
symmetrically displaced from the position of equilibrium, shew that
the time of a small oscillation is 27 \/ 2 Sin“. l—i-—?ii'lg—a
39 '1+2sin%a’

a cos® a=csgin a.

where

5. A solid elliptic cylinder rests in stable equilibrium on a rough

horizontal plane. Shew that the time of a small oscillation is
< _JEain
g ad-b"

6. A homogeneous hemisphere rests on an inclined plane, rough
enough to prevent any sliding, which is inclined at a to the horizon.
If it be slightly displaced, shew that its time of oscillation is the same

20, [ 28 —40sin? a

as that of a pendulum of length == | —ee—"-8 :I i
p gth Vot cosa |, where @ is

the radius of the hemisphere. ]

7. A sphere, whose centre of gravity @ is at a distance ¢ from its
centre C is placed upon a perfectly smooth horizontal table; shew that
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the time of asmall oscillation of its centre of gravity about its geo;netncal

kg [1+4012;k sin? ] whege % is its radius 8f gyratlon

about G and a is the initial small apgle whlch CcG makes w1th the
vertical.

centre 1s 2

8. A uniform rod is mova.ble about ifs middle point, and its ends are
connected by elastic strings to a fixed point; shew that tifb period of the

rod’s oscillations about a position of equilibrium is 2—15-1-) gl;) , where m
is the mass of the rod, A the modulus of elasticity of either string, b its
length in the position of equilibrium, and ¢ the distance of the fixed point
from the middle point of the red.

9. A uniform beam rests with one end on a smooth horizontal Iﬁane,
'and the other end is supported by a string of length { which“s attached
to a fixed point; shew that the time of a small oscillation in a vertical

. 2l
lane is 2 \/——.
p ] - g

10. A uniform heavy rod 04 swings from a hinge at O, and an
elastic string is attached to a point € in the rod, the other end of the
stging being fastened to a point B vertically below 0. In the position of
equxhbrxum the string is at it8 natural length and the coefficient of
elasticity is = times the weight of the rod. If the rod be held in a
horizontal position and then set free, prove that, if o be the angular

%
where 2a =length of the rod, 0C=c, and OB=h.
Find also the time of a small oscillation and prove that it is not
affected by the elastic string. .

. - . 2 o™ ke s
velocity when it is vertical, then §a2m’= gatng| ~— —ViEtA+h-c],

11. A uniform rod 4B can turn freely in & vertical plane about the
end 4 which is fixed. B is connected by a light elastic string, of natural
length 7, to a fixed point which is vertically above 4 and at a distance %
from it. If the rod is in equilibrium when inclined at an anglg a to the
vertical, and the length of the string then is %, shew that the time of a
small oscillation about this position is the same as that of a simple
2 k¥ (k1)
pendulum of le“ngth 3 jisioia

12. A rhombus, formed of four equal rods freely jointed, is placed
over & fixed smooth sphere in a vertical plane so that only the upper
pair are in contact with the sphere. Shew that the time of & symmetrical

2a cosa .

e t
39 (142 cost )’ where 2a is the
length of each rod and a is the angle it makes with the vertical in a
position of equilibrium.

oscillation inythe vertical plane is 2« A
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13. A onrcular o.rc, of radius % is fixed in a vertical tlane and a
umform cm.ular disc, of mass ll a.nd,ra.dms O is placed inside so as to roll

on the aro. When the disc is m a posmon of equilibrium, a particle of mass

j-{ is fixed to it in the vertlcal diameter through the centrednd at a

distance & 3 from,the centre. Shew that the time of a small oscillation about

83a
§ K2
€ . [y
14. A uniform rod rests in equilibrium in contact with a rough
sphere, under the influence of the attraction of the sphere only. Shew

that 1f displaced it will a.lways oscillate, and that phe period of a small

l (a +i22
@ym)t

mass and a the radius of the sphere, and 2! the length of the rod.

the position of equilibrium is

osclll&tlon ip 27 where y is the constant of gravitation, m the

Y
15. Two centres of force [:x (dtista—gr@ are situated at two points S

and H, where SH=2b. At the middle point of SH is fixed the centre of
a uniform rod, of mass M and length 2a; shew that the time of a small

oscxllatxon about the posijion of équilibrium is 2 (62— a?)+ +/6ub. ‘

16. A shop.sign consists of a rectangle 4 BCD which can turn freely
about its side 4 B which is horizontal. The wind blows horizontally with
a steady velocity » and thé sign is at rest inclined at an angle a to the
vertical ; assuming the wind-thrust on each element of the sign to be
k times the relative normal velocity, find the value of a and shew that the
time of & small oscillation about the position of equilibrium is

a 4v cos?a
g 3vécosa—-gasinia

o , where BC'=2a.

17. A heavy ring 4, of mass nm, is free to move on & smooth
horizontal wire ; a string has one end attached to the ring and, after
passing through another small fixed ring O at a depth % below the wire
has its other end attached to a particle of mass m. Shew that the

inclination 4 of the string 04 to the vertical is given by the equation
k (n+sin? 6) é“=2goos‘ 4 (seca~—secd),
where a is the initial value of 8.
Hence shew that the time of a small oscillation about the position of
equilibrium is the same as that of a simple pendulum of length né4.

18. A straight rod 4B, of mass m, hangs vertxeally, being supported at
ite upper end 4 by an mextenslble strmg of length a. * A string attached
to B passes through a small fixed ring at & depth b below B and supports
a mass M at its extremity. Shew that the rod, if displaced to a neigh-
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bouring vertital position, will rema.ie'vertical during 1”318 subgequent
e o M+m a . sy 8
omumo? it —— =3 and that the eqvaalent pendulum u;‘of length

il
g
19. A uniform heavy rod 438 is in motion in a vertical plane with its
upper end 4 sliding without friction on a fixed straight horizontal bar.
If the inclination of the rod to the vertical is always very small, shew
that the time of a small oscillation is half that in the arc of a similar
motion in which A4 is fixed.

20. A uniform rod, of let’lgth 2l, rests in a horizontai position on a
fixed horizontal cylinder of radius @ ; it is displaced in a vertical plane
and rocks without aRy slipping; if @ be its angular velocity when
inclined at an angle @ to the horizontal, shew that

(%2 + a’B’) 62+ 2ga (cos 0+ 8ind) is constant.
T
If the oscillation be amall, shew t.hat3the time is 27 :-;%—a-.
21.” A smooth circular wire, of radius a, rotates with donstant angular
velocity o about & vertical diameter, and a uniform rod, of length 2b, can
slide with its ends on the wire. Shew that the position of equilibrium

in which the rod is horizontal and below*the cenfre of the wire is stable

Wa%qm, where ¢=4/g2_ b2, and that then the time of a small
* 3a%-2b%

*oscillation about the stable position is 2 ,\/ Wb’} .

if a2<

INITIAL MOTIONS

256. We sometimes have problems in which initial
accelerations, initial reactions, and initial radii of curvature are
required. We write down the equations of motion and the
geometrical equations in the usual manner, differentipte the
latter and simplify the results thus obtained by inserting”for
the variables their initial values, and by neglecting the initial
velocities and angular velocities.

We then have equations to give us the second differentials
of the coordinates for small values of the time ¢, and hence
obtain approximate values of the coordinates in terms of ¢.

The initial values of the radius of curvature of the path of
any point °P is often easily obtained by finding the initidl
direction of its motion. This initial direction being taken as
the axis of y, and y and « being its initial displacements
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expressed in terms of the time ¢, the value of thp radius of
curvature = Lt —2— .
z

Some easy examples are‘given in the next article.

256, Ez. 1. A uniform rod 4B, of mass m and length 2a, has attached to
it at its ends tvo strings, each of length 1, and their other ends are attached
to two fized points, O and O, in the same horizontal line; the rod rests in a
horizontal position and the strings are inclined at an angle a to the vertical.
The string O'B is now cut; find the change in the tension of the string O4 and
the instantaneous angular accelerations of the string and rod.

When the string is cut let the string turn through a small angle . whilst
the rod turns through the emall angle ¢, Gnd let T be the tension then.
Let ¢ and y be the horizontal and vertical coordina(es of the centre of the
rod at this instant, so that

x=1lgin (a—0)+acosp=1(sina—00co8a) +a......cccoeerernec(1),
y=lcos(a—-0)+asinp=Il(cosa+0@sina)+agp ...
squares of § and ¢ being neglacted.

The ?quationt;( of initial motion aie then -

lsina.§+a$=§j=g- Zcot; (a-0)=g—717:009a ceseerseesenses(8),

~lcosafd =% = —¢ M
«

and o "—Ta, 8in [90 - ¢~ —0)]-—— a cos -9=L.a 5
§.¢_;‘ .sin[ ¢—(a = (@ +¢ )—m. cosa......(6).

Solving (3), (4) and (5) ve have
mg cos a g sina " cos?a
T+3cos?a’ = 11+3cosa’ and ¢-7 I+3cosfa’

Ez,2. Two uniform rods, OA and 4B, of masses my and mg and lengths 2a
and 2b, are freely jointed at 4 and move about the end O which is fized. If the
rods start from a horizontay position, find the initial radius of curvature and the
initial path of the end B.

By writing down Lagrange’s equations for the initial state only, we have

1 4a8 . b2 . R
. o Tzé [m. .—g—o*+m-§¢’+mg(8a0+b¢)3].
and V=mg.a0+mgg (2a0+bg). . A
L4
M Bo

I'=

H
!
i

H

> / \A
Henoe Lagrange’s equsti&ns give
(’-%3 + Mg) . 4ad +2mgb@ =g (my + 2my),

end % #+2ab=g,

T
1
t
i
|
B.>
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8g

_B9 2mimg 8g _m
b 8mj+6mg

a 8mr+b"lg
Henoe, for small values of ¢, we have O
39t2 2my +mg
=2a smtomy P4 97~ 95 Gyt myerreree (s
since 6, ¢, 6 and $ are zero initially.
If z and y be the coordinates at this small time ¢ of the end B of the rod,
we have

Hence and Pp= -

2=2a cos 0+ 2b cos ¢ =2a + 2b ~ af? ~ bg?,

and y=2asin 6+ 2bsin ¢p=2a0 + 2bg. :

LBMY ppl ¥ g, 20408

2 MB, 2 (2a+2b-x) a2+ bg?

= 2ab (my 4 ms)?

(&g +mg)2 b+ mi?a

Also the initial path of B is easily seen to be the parabola
y2 _4(af+bp) _ 4ab (ny+mg)?

2a+20-%  abitbp? | amp+b(wg +mg)?”

il

& p=Lt

, on substitution from (1).

EXAMELES

1. Two strings of equal length have each an end tied to a weight C,
and their other ends tied to two points 4 and B in the same horizontal line.
Ifcone be cut, shew that the t.ensi?n of the other will be instantaneously

altered in the ratio 1 :2cos’z.

2. A uniform beam is supported in a horizontal position by two
props placed at its ends; if one prop be “removed, shew that the
reaction of the other suddenly changes to one-quarter of the weight
of the beam.

3. The ends of a heavy beam are attached by cords of equal length
to two fixed points in a horizontal line, the cordg making an angle of 30°
with the beam. If one of the'cords be cut, shew that the initial tension
of the other is two-sevenths of the weight of the beam.

4. A uniform triangular disc is supported horizontally by three equal
vertical threads attached to its corners. If one thread be cut, Shew that
the tension of each of the others is at once halved.

5. A uniform square lamina A BCD is suspended by vertical strings
attached to 4 and B so that 4B is horizontal, Shew that, if one of the
strings is cut, the tension of the other is instantaneously altered in
the ratio 6 : 4.

6. A uniform circular disc is supported in a vertical plane by two
threads attached to the ends of a horizontal diameter, each of which
makes an angle a with the horizontal. If one of the threads be out,
shew that the tension of the other is suddenly altered in the ratio

2sinta.;'l +2sinta,
L D, . 23
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¢

7. A pa.rtic‘l'e is suspended by three equal strings, of lefigth a, from
three poin{s forming an equilateral triangle, of side 25, in & horizontal
plane. If ,one string be cut, the fension of each of the others, will be
. . . 3a?-4b?
instagtaneously changeti in thg eatio (=5

8. A circular disc, of radius @ and wkight W, is supported, with its
plane horizonta], by three equalestrings tied to three symmetrical points
of its rim, their other ends being tied to a point at a height %2 above
the centre of the disc. One of the strings is cut; shew that the tension
2h Nh +ad

8hi+a? °

9. An equilateral triangle is suspended.from a point by three strings,

each ¢oqual in length to a side of the triangle, atdached to its angular

points ; if one of the strings be cut, shew that the tensions of the other
two are dintinished in the ratio of 12 : 25.

of each of the others immediately becomes Wx

10. A uniform hemispherical shell, of weight W, is held with its base
against a smooth vertical wall and its lowest point on a smooth floor.
The shell is then suddenly relcased. Shew that the initial thrugts on
the wall and floor are respectively M and 17—"’.

10 20

11. A circular half-cylinder supports two rods symmetrically placed
on its flat surface, the rals being parallé to the axis of the cylinder, and
rests with its curved surface on a perfectly smooth horizontal plane.
If one of the rods be removed, determine the initial acceleration of the
remaining rod. “

12. A straight uniform rod, of mass m, passes through a smooth fixed
ring and has a particle, of mass M, attached to one of its ends. Initially
the rod is at rest with its middle point at the ring and inclined at an
angle a to the horizontal. Shew that the initial acceleration of the particle

‘ M cot
makes with the rod an angle tan=1 ——mg .
M+ 3

13. A uniform rod, of mass M and length 2a, is movable about one
end and is held in a horizontal position ; to a point of the rod distant b
from the fixed end is attached a heavy particle, of mass m, by means of a
string. The rod is suddenly released ; shew that the tension of the string

Mmga (4a — 3b)
at once changes to “AHEL3mhE

14. A horizontal rod, of mass m and length 2a, hangs by two parallel
strings, of length 2a, attached to its ends; an angular velocity o being

_suddenly communicated to it about a vertical axis through its centre,
shew that the tension of each string is instantaneously increased by
mae?
-
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15. A mniform rod, movable about- one extremity, has attached to
the other énd a heavy particle by mbans of a string, the rog and string
being mxtw.lly in one horizontal stfaight Jine at rest; prqve that the

radius of curvature of the initial path of the partlcle ig ?gbhwhere
a and b are the lengths of thje rod and strmg

16. = rods, of lengths ay, aj, ... a,, are jointed at their ends and lie
in one straight line; a blow is given to one of them 5o Yhat their initial
angular accelerations are wj, wg, ... w,. If one end of the rods be fixed,
shew that the initial radius of curvature of the other end is

(@11 + ag09+- .. +an“’n)2
alw,‘+a2w9 +.. .+a,.m,‘

17. A rod 4BCyof lengﬁl l, is constrained to pass through g fixed
point B. 4 is a,ttached to another rod 04, of length a, which can turn
about & fixed point O situated at a dlstance ‘d from B. The system is
arranged so that 4, O, B, C are all in a straight line in the order given.
If 4 be given a small displacement, shew that the initial radius of
a(l-g—d?*

(@atd)i-la

18. A uniform smooth circular lamina, of radius ¢ and mass X,
movable about a horizontal diameter is initially horizontal, and on it is
phaced, at a distance ¢ from the axis, a particle o.f mass m ; shew that the

curvature of the locus of C is

initial radius of curvature of the path of m is equal to 12 % .

[The digtance of the particle from the axis beimg r when the inclination of
the dise is a small angle 0, the equations of motion are

For02=g8in0=g8 ..........cevevrrreererrerenns. 1),
and ‘% {MK26 +mi26]=mrg cos 6,
L]
2 . o
ie. (M 94- + mrz) 0+2mi@=mtg......occeoiriinnniinnnns ).

Now 8, 6 and ¢ are respectively of the order 0, 1, 2 in ¢, and hence, from (1),
t is of the order 2, and therefore 7 and r - ¢ of the order 8 and 4 in ¢.

.. . . 4meg
Hence, from (2), on neglecting powers of ¢, 0=m2—;z%2=.4y, sa¥.
. 6=Agt, and 6= 44 ge2,

Therefore (1) gives #=c. A%22+3dg%2=Ag?(§+ dc)t%

1 tt
° —e=Ag%|( = —
& r-c=Ag (9+Ac) TR

(reing)® .. 2.6

rcosf-c

Hevce 20=Lt -
r—=¢c-r —§
P 2429214
=Lt T o eto.]
2 (= L
4g (2+Ac) i 2 ‘A g3ts

23—2
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S
19. A umform rod, of length 2z and mass M, can freely cotate about
one end” whlch is fixed ; it is held in a horizontal position &nd on it is
placed a pg,rtxcle, of mass m, at & distance b from the fixed end and it is
then let go. Shew that the initial radius of curvature of the path of the

¢ -
partxcle is 4“ 3b (l +Ma>
Find also the initial reaction between the rod and the particle.

20. A homogeneous rod ACDB, of length 2a, is supported by two
smooth pegs, O and D, each distant 2 5 from the end of the rod, and the
peg D is suddenly destroyed shew that the mma.l radius of curvature of

the path of the end B is —2—8— , and that the rea,gtlon of the peg C is

mst&ntaneously increased in the ratio of 7 :8,

21. In the previous question, if £ be the middle point of 4 B, and the
single rod 4 B be replaced by two uniform rods 4 £, EB freely jointed at £
and each of the same density, shew that the same results are true.

e ® L]

22. A solid cylinder, of mass m, is placed on the top of another solid
cylinder, of mass M, on a horizontal plane and, being slightly displaced,
starts moving from rest. Shew that the initial radius of curvature of the

3
path of its centre is {3M+2m

e —-—} ¢ where ¢ is the distance between its
3(M+m)
centres and all the surfaces are rough enough to prevent any sliding.

TENDENCY TO BREAK

257. If we have.a rod AB, of small section, which is in
cquilibrium under the action of any given forces, and if we
consider separately the equilibrium of & portion PB, it is clear
that the‘ action of AP on PB at the section at P must balance
the‘external forces acting on PB.

Now we know, from Statics, that the action at the section
at P consists of a tension 7' along the tangent at P, a shear
S perpendicular to 7, and a couple @ called the stress-couple.
The external forces acting on PB being known we therefore
obtain T, S, and G by the ordinary processes of resolving and
taking moments,

+ « If the rod be in motion we must, by D’Alembert's Principle,
amongst the external forces include the reversed effective
forces acting on the different elements of PB,
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Now we know that in the case of a rod it is the ceuple G
which breaks it, and we shall therefore take it as tifb measure
of the %endency of the rod to break.

Hence the measure of the tehdency &o break®at P s the
moment about P of all®the forces, external and reversed
tmpressed, on one side of P.

The rod may be straight, or curved, but is supposed to be
in one plane; it is also supposed to be of very small section;
otherwise the problem i»s more complicated.

If we had a string instead of a rod the couple G would
vanish, and in thi§ case il is the tension 7' which causes it to
break.

The following two examples will shew the method to be
adopted in any particular case.

9258. Ez. 1. A uniform rod, of length 2a, s moving in a vertical plane
about 8ne end O which is fized ; find the actions across the secsion of the rod at a
point P, distant z from O.

Consider any element dy of the rod at a point @ distant y from P. Iis

0. . dy
weight is 5 M-

The reversed effective forces are
mdy . mdy e A
5 (@+y)d and —=(z+y) 64

as marked.

These three forces, together with similar
forces on all the other elements of the
body, and the external forces give a system
of forces in equilibrium.

The actions at P along and perpen-
dicular to the rod and the stress couple m‘_’y z+y)d d1

at P, together with all such forces acting N4
on the part P4, will be in eqeilibrium. \....

Hence the stress couple at P in the direotion ‘)

20~ mdy \_\
f —-mg ysm0+/ (z+y)0 Y

_myamo(%_z)z_'___o[ (a4 " (2a-~ z)‘]

But, by taking moments about the end O of the rod, we have
o= -3

Esino cseennennenns [N ...........(l)‘.

~

and therefore é'zg—"; (coB @ —coBa).............cceervunnenrnnns(2),

where agvas the initial inclination of the rod to the vertical.
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Henca the streas-couple (38
: my sin @ (a- &’),‘_ Smg sm 0 (2a- z)’ z 2a3 :r:]
mg sin 0
== 16a% @ (2~ 36'
This is easily seen to be a max:mum when ;:_ ; hence the rod will break,

if it does, at a distance from O equal to one-third of the length of the rod.

The tension at P of the rod in the direction PO=the sum of the forces
acting on P4 in the direction P4

26~
=f g—ymgcoso+/ mdy (a,’+y)a’
0

mg
=35 (2a-2)cos o+%— (2a-z)Y2a +2) v

. = ;—g (2@ - x)[4a cos 0+ 3 (2a + z) (cos 6 - cos a)] eessesenene(3),
by equation (2).
The shear at P perpendicular to OP and upwards

202
=j d—ymgsmo-f-f mdy (:c+y)0
0

-

= mg (2a x) 8in 6 + ~—0- (2a z) (2a+2)

_mgsin 6 sin 0

1620

Ez, 3. One end of a thin straight rod is held at rest, and the other is struck
against an inelastic table until the rod breaks; shew that the point of fracture

(2a - x) 12a - 3zp

is at a distance from the fized end equal to %é times the total length of the

fod.

When the rod strikes the table let it be inclined at an angle a to the horizon;
let w be the angular velocity just before the impact and B the blow. Taking
moments about the fixed end, we have

4a?

m. 5 w= =B.2aC0Ba .ccverreerneicinerniaanannnn. (1),

where m is the mass and 2a the length of the rod.
Let us obtain the stress-couple at P. :
. y

The effective impulse on an element 3.0 ™ 8 @ where PQ=y, is

'%‘f. (r+y) .w upwards. Hence the reversed

.

effective impulse at Q is in the direction marked.
Taking moments about P, the measure of the
tendency to break

M—tdy
.—=B(2a—x)cosa—[ ﬁm(z'ﬂl)w-y
Jo

=B.(2a-z)cosa —;{;ﬁ (2a - x)? (4a + )

) - (2¢-z)?(4a+2)7] _ Bcosa

=Bcosa [(2a - o) 8

z (4a® - 2Y).
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This is & maximum when z= 2a #fd when B is big eflough thé rod will

3 ’
break here. v

L ]
EXAMPLES

’ L]
1. A thin straight rod, of length 2a, can turn about one end which is fixed
and is struck by a blow of given impulse at a distance b fronP the fixed end ; it

b>4§a , shew that it will be most likely to snap at a distance from the fixed end
3b-4a
equal to 2a 55 *

Ity < é;—l » Prove that it will anap at the point of impact.

.

3. A thin circular wire is cracked at a point 4 and is placed with the
diameter 4B through A vertical; B is fixed and the wire is ntade to rotate
with angular velocity w about 4B. Find the tendency to break at any point P.

If it revolve with constant angular velocity in a horizontal plane about its
centre, shew that the tendency to break at a poiAt whose angular distance from

. . e a
the erhick is a varies as sin? 5

8. A semi-cirenlar wire, of radius a, lying on a smooth horizontal table,
rns round one extremity 4 with a constant angular velocity w. If ¢ be the
angle that any aroc 4P subtends at%he cenfre, shewsthat the tendency to break

at P is a maximum when tan ¢ = — ¢.
If 4 be suddenly let go and the other end of the diameter through A fixed,

the tendency to break due to the fixing is greates®at P where tan ‘g = ¢,

4. A cracked hoop rolls uniformly in a straight line on a perfectly roughs
horizontal plane. When the tendency to break at the point of the hoop
opposite to the crack is greatest, shew that the diamgter through the crack is

inclined to the horizon at an angle tan™ (;rz_) .

8. A wire in the form of the portion of the curve r=a (14 cos ) cut off by
the initial line rotates about the origin with angular velocity w. Shew that the
* 12,/2
2

8. Two of the angles of a heavy square lamina, a side of which is a, are
connected with two points equally distant from the centre of a rod of length 2a,
so that the square can rotate with the rod. The weight of the square is equal
to that of the rod, and the rod when supported by its ends in a horizontal
position is on the point of breaking. The rod is then held by its extremities in
a vertical position and an angular velocity w given to the square. Shew that
the rod will break if uw3> 3g.

tendency to break at the poil‘)t 0= - is measured by mw?al,




CHAPTER XX

MOTION OF A TOP

.

269. 4 top, two of whose principal moments about the centre
of nertia are equal, moves under the action of grawity about a
fiwed point O in the amis of *unequal moment; find the motion vf
the top be initially set spinning about its aars whick was mztmlly
at rest. * .

Let OGC be the axis of the top, G the centre of inertia,
0Z the vertical, ZOX the plane in which the axis OC was gf
zero time, OX and QY horizontal and at right angles.

. At time ¢ let OC be inclined at 6 o the vertical, and let
the plane ZOC have turncd through an angle - from its initial
position ZOX.

« Let 04, OB be two perpendwular lines, each perpendicular
to OC. Let 4 be the moment of inertia about U4 or OB, and
C that about OC. o Z % U :




Motion, of a top 361

At tinfe ¢ let w,, w,, and o, he the angular vplocities of the
top about 04, OB, and OC. .

To®obtain the relations between® o,, @,, w, and , Ja, ¥
consider the motions of 4 and C. °¥f OC Qe unity, ‘we have

0 = velocity of C along the arc ZC = w, sin ¢ + w,cos ¢

. RN PN L),
y.6in @ = ¥ x perpendicular from C on 0Z

= velocity of C perpendicular to the plane ZOC
: ==, c:)s¢+ m,sin¢.................... ..... (2).
Also w, = velocity of 4 along AB
= ¢ + ¥ x perpendicular from N on 0Z
=¢+ysin (90° —0) = +yrcosd ..oceennen.. 3).
By Art. 229, the kinetic energy
T=1[Aw}+ Aw} + CoS]
=3 A (G +yrsim 0) + 3 O($+cos O ... (8),
bx equations (1), (2) and (3).
Also V=Mg(hcost>hcos§d) ..coocerrerene. 5),
where & = OG and ¢ was the initial value of 6.
Hence Lagrange’s equations give -

(%[Aé]—A\[}’sin 6 cos 0+ C (¢ + ¥ cos 0) Y sin 6 = Mghsin 8

. e (6),
d . .
ALY (P+Ycosd)]=0 . erverennnn... ),
and 9 [ 44 sin 0+ Coos 8 ($ +4008.0)] =0 ....o.(8).
Equation (7) gives § + ¥ cos § = constant,
te. wa=<f>+1[»cos0=n,
the original angular velocity about the axis OC.
(8) then gives
Avrsin* @ + Cn cos @ =const. = Cn o t...eee...(9).

Also, by (4) and (5), the equation of Energy gives
. A (6 + Y 5in* 6) + On? = On? + 2Mgh (cos s — cos §)...(10),

since the top was initially set spinning about the axis 00
which was initially at rest.
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[}
Eqnations‘s((Q) and (10) give
A?sin? 05(’ =4 sin*f. 2M. gh (ces ¢ — cos ) — O"n? (cos ¢ — cos 6,
€., ig Cn*=A .4Mghp, we (have
Asin?0.62 = 2Mgfh (cos ¢ — cos 6) [sin? § — 2p (cos ¢ — cos §)]
=2Mgh (cos @ — cos ) [(cos & — p)* — (p* — 2pcost + 1)]
=2Mgh (cos 8 — cos 1) [cos 8 — p + Vp*— 2p cos i + 1]
[cos 8 —p—Vp'=2peost+1]............ (11).
Hence & vanishes when @ =1 or 0& or 6,, where
cos 0, = p—Vp*—2pcost H1,
and cos 0, = p+Np'—2pcost + 1.

[Clearly cos 6, > unity and therefore 6, is imaginaty.]
Also 6, > 7 since it is easily. seen that cos 6, < cos+, since

) © p—cosi<WNp'—2pcosi+ L.

Again, from (10), 6 is negative if 8 <4, i.e. if cos 8 > cos ¥

or again, from (11), if, § > 6, z.e. if+
cos 6 <p—p*—2pcost+ 1.

Hence the top is ncver at a less inclination than 4 or at a
greater inclination than 6,, t.e.'its motion is included between
these limits.

Now (9) givey Ay sin® @ = Cn (cos?— cos f) =a positive
quantity throughout $he motion.

Hence so long as the centre of inertia G is above the point
0, 4 is positive and the plane ZOC rotates in the same way as
the hands of a watch when looked at. from above. This is
expressed often by saying that the precessional motion is
direct. '

[If @ be below the peg, this motion is found to be retro-
grade.] . .

It is clear from equations (9) and (11) that both 6 and +

vanish when 6=1.

Also
‘d —A—‘i' _d [cosi—cosf] 1—2cosbcoss+cos’d
do | Cn ¥ | db sin’d | sin* 6 ’

which is always positive when 6 > 4.
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Fence & continually increaseg, as 6 increases, for values of
0 between ¢ and #,, and has jts maximum value,swhich is
2Mgh

On

The motion of the topemay therefore be summed up thus;
its angular velocity about its axis.of figure remains constant
throughout the motion and equal to the initial value n; the
axis drops from the vertical until it reaches a position defined
by 6=0,, and at the syme time this axis revolyes round the
vertical with a varying angular velocity which is zero when
6=+ and is a maximum ewhen 6 = 6,.

The motion of the axis due to a change in 6 only is called
its “ nutation.”

0
easily seen to be , When 6=06,.
[ ]

Ez. 1. If the top be started when its axis makes an angle of 60° with the
. o s Mgh
upward-drawn vertical, so that the initial.spin aBout its axis is % H—- ,

L]
and the angular velocity of its axis in azimuth is 2 Mgh' i.ts angular velocity

34
in the meridian plane being initially zero, shew that the inclination 6 of its axis
tosthe vertical at any time ¢ is given by the gquation

) R
o
seoO:l-{-sech{\/ﬂj—’-‘t} .

8o that the axis continually approaches to the vertical without ever reaching it.

-
Ez. 2. Bhew that the vertical pressyre of the top on the point of support is
equal to its weight when the inclination of its axis to the vertical is given by the
least root of the equation

84Mgh cos? 8 - cos 0 [Cn?+ 24 Mbgh]+ C*n*a— AMgh=0,
where @ and b are constants depending on the in.aitiaﬁ circumstances of the
motion.

260. It can easily be seen from first principles that the axis of the top
must have a precessional motion.

Let OC be a length measwred along the axis of the
top to represent the angular velocity n at time ¢, In
time dt the weight of the cone, if G be above O, would
tend to create an angular velocity which, with the
usual convention as to sense, would be represented by
a very small horizontal straight line OK perpendicular
to OC.

The resultant of the two angular velocities repre-
sented by OK and OC is represented by OD, and the
motion of the axis is thus a direct precession.

If the cenére of inertia G be under 0, OK would be
drawn in an opposite direction and the motion would
be retrograde.
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e €
261. Twq particular cases.
If, as ¢s generally the Jcase, m is very large, so that P is very

large also, then
sin®¢

¢ cos9,=p[1-‘1(1—§cosi+%)i}]— ) 55"

on neglecting squares of 1—1) S

Hence the motion is included between

6=+ and f=1+ Ef—n—f
2p "’
24 Mghsin ¢
, O
Again if ¢ = 0, then cos 6, =1, so that 6, is zero also and the

axis remains vertical throughout the motion; but, if the axis is
slightly displaced, the motion if the top is not necessarily stable.

[4

. |4 . .
.. between ¢ and 1 +

262. Steady motion of the top. In this case the axis of the
top describes a cone round the vertical with constant rate «of
rotation. Hence all through the motion

0=a, é=0, #=0 and 1ir=const.=m.
The equation (6) of Art. 259 then gives
Aw’cos a — Cnw + Mgh=0 ....cccuvunnen 1).

This equation gives two possible values of @ ; in order that

they may be real we must have
Om? > 4AMgh cos a.

We can shew that in either case the motiop is stable. For,
supposing that the disturbance is such.that 6 is given a small
vale whilst ¥ is unaltered initially, the equations (6), (7),
and (8) of Art. 259 give

Al — Avp*sin 0 cos 6+ Cnyr sin 6 = Mgh sin 6,
and Ay sin’d + Cncos 6 = const. = Awsin’ a+ Oncos a.
Eliminating y, we have

A O—WS:[Aw sin*a + Cn cos a — Cn cos 6]*

4+ On

+o0g [Awsin?a+ On cosa — Un cos ] = A Mgh sin 6.
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Putting 8 =a+ 6,, where 6, {s small, we haye, after some
reduction and using equation (1) above,
. ] 9 A%t — 24 Mgho 80s a + M?g?h?
1= =0 Aon? s

9
Now the numerator of the right hand is clearly always
positive, so that the motion is stable for both values of w given

by (1).
Also the time of a small oscillation '
=2rdw+ VA% — 24 Mgho' cosa+ MPgRE ...(2).
If the top be set in gotion in the usual manner, then = is
very great. Solvigg (1), we have

_On £ V0 — 44 Mghcosa

24 cosa
_ Cn 24 Mgh cos a
. [1 + (1 - ——5’—0%,—-—+...)]
Cn

=Toosa %,%é , very nearly.

In the first of these caseg the precession w is very large and
in the second case it is very small.
Also, when o is very small, the time given by (2)
2rAw -
= Hgh nearly,
_ 274
T 0n

This will be shewn independently in &éhe next article.

263. A top is set spinning with very great angular velocity,
and imitially its awis was at rest; to find the mean precessional
motion and the corresponding period of nutation.

From Art. 259 the equation for 6 is

Asin? 8. 62 = 2Mgh (cos s — cos 8) [sin? 6 — 2p (cos t — cos §)]
T (1).

If m, and therefore p, be great the second factor on the right-
hand side cannot be positive unless cos 1 — cos & be very small,
i.e. unless 8 be very nearly equal to 1, v.e. unless the top go
round inchined at very nearly the same angle to the vertical,
and then, from (9), - is nearly constant and the motion nearly
steady.
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Put =1 -j- x, where x is wery small, so that

: cosz—cos&=ma rox
Y Pprox-
Then (1) becomets

Adr = 2Mghz (sin 9 2pz)
= 2Mgha: [sin ¢ — (2p — cos ©) x]
= 2Mghw [sin 7 — 2pz], since p is very large.

a2 = 4M“th [% sin 7 — aﬂ] = [2qw —a7],
wh _sing_ AMghsin«< ’
ere =% =~ O
. g?_lf = ,r ..J:i_w,“ = cos™! q-
A N2 2 q
O=it+z=149q [l —cos%zf] .
Hence the period of the nutatién
=2 On 274
YA T 08
. : Cn cost—cos @
Again, V=T Temwe
from equation (9) ¢f Art 259.
z Cn
= A e Ay R a.pptoxxmately

Cng (1 _ @ t) Mgh (l _ gn_t)'

= Asine Cn A
. Mgh AMgh . COnt
o Tn tT o SR

The first term increases uniformly with the time, and the
second is periodic and smaller, containing ;Ll-z

« Hence, to a first approximation, yr increases at a mean rate
of ﬁég h

per unit of time.
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Thus, i a top be spun with yery great angu’ar velgeity n,

then, to start with, the axis makes small nutations,of period

25:: 2nd it precesses with a mean a,ngular veloclt.y approxi-

mately equal to ——;q—h . At first these oscillations are hardly

noticeable ; as n diminishes through the resistarice of the air

and friction they are more apparent, and finally we come to the
case of Art. 259.

264. A top is spinmin 3 with an angular velocity n about its
awis which is verticql ; find the condition of stability, if the,aavs
be given a slzght nutation.

' The work of Art. 262 will not apply here because in it we
assumed that sin a was not small.

We shall want the value of § when 9 is small ; equation (6)
of Arw 259 gives

Al = A*sin 6 cos 8 — Cnyr sin 6 + Mghsin 6 ...(1).
Also equation (9) gives
Ayrsin? 0= Cn(cost—cos )= Cn (1 —cos 6) ...(2),
since the top was initially vertical.
0 being small, (2) gives
‘l" = % ey ‘l:os 5= 222 + terms involving & ete.
(1) then gives

Cn? Cn?

Af= 4" .0 SA .0 + Mghf + terms involving 6° etc.

Coin?
= — [4A Mgh] 6.

Hence, if the top be given a small displacement from the
vertical, the motion is stable, if

C’n >Mgh ve. 1fn>,\/4Ag,{gh.

Also the time of a nutation

/

= 27 / 44*
N Cwi=aA Mg
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Cor. If the body; - mstead of being a top, b¢ a uniform
spheré€ of radius a spinning about a vertical axis, and supported
at its lowest point, then -

h=a,,A=M.'7—?, and 0=M?.

Therefore n must be greater than \/ :_S%q.

If a=one foot, the least number of rotations per second
in order that the motion may be stgble

n _/85.82 _ ¢bout 5.

ST 2w

. :

Ez. A circular disc, of radius a, has a thin rod pushed through its centrec
perpendiculdr to its plane, the length of the rod being equal to the radius of the
disc; shew that the system cannot spin with the rod vertical unless the angular

07

14

velooity is greater than



APPENDIX

ON THE SOLUTION OF SOME OF THE MORE COMMON
FORMS OF DIFFERENTIAL EQUATIONS

I Z—%-}-Py:nQ, y)vhere P:md @ are functions of .

[Linear equation of the first order.]
Multiply the equation by P % and it becomes

e L«,eﬂ’“ = Qo'
Hence ye/ % = [Qe/P% 4 5 constant.
Exz. Z—‘Z+y tan x=sec x.
Here ej‘Pdmgejtan%dana-l)ogcosw-" 1 .
cos

Hence the equation becomes

1 dy sin z =003 2.
ooswd.v Yotz °

. Y
KR 00s_x—t;a.na:+().

1I. ﬂy+l’ (@)2-: Q, where P and @ are fhinctions of y.
Onputtmg((h‘) =T, wehaveﬂ—gdzy ar thatﬂ.,lﬂ

dad = du’ ®° did” 2dy’
The equation then becomes
ar
—d—y— +2P. T= 29,

linear equation between 7" and y, and is thus reduced to the form L
L %= -ndy.

Multiplying by 2 ‘% and integrating, we have

(%)’ = — nly?+ const. =n3 (C?-y3).
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=Y -1Y
. = -I«/‘ ,*%SIn O+const

. y=Csin (n2{- D)—Lsin nx+ M cos nx,
where Cf D, L, afid M are grbitrary tonstants.

v. Towy,
‘We obtain, as in ITI,

dy\?
([172‘) =n3y?+a constant =22 (2 — C?).

— — -1
o NT= / ;\/ cosh {+const

’
BN y=6’cosh(nw+D)-—=Le’“+Me‘",

where C, D, L, and H are arbitrary constants,

V. d—‘ﬂ—f@n

Similarly, we have in this case
(&) -» ffm ! do=2 [)dy.
VI. Linear equation with constant coefficients, such as
T+ L rey=r (o)

[The methods which follow are the same, whatever be the order of the

equation.]
Let 5 be any solutiox of this equation, so that
(D% aD*+bD+¢) n=[F(Z) vereruse. ceevenne ceennn(1).
On putting y = Y+ 7, we then have
(D3+aD?+bD+c) Y=0.cocciviininiirnnnnnnnn, (2).
To solve(2), put ¥V=er?, and we have
PPrap?+bpte=0.ccvvnnieeiriinriiiiinnnnn ..(3),

an equation whose roots are p;, pz, and pg.

Hence Ae™”, B™", Ce™* (where A, B, and C are arbitrary constants)
are solutions of (2), and hence Ae™®+ B+ (e™* is a solution also.

This solution, since it contains three arbitrary and independent
constants, is the most geueral solution that an equation of the third
order, such as (2), can have.

Hence Y APT 4 BPE 4 O onnnverenniinnnen(4),

This part of the solution is called the CoMPLEMENTARY FuNCIION.
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If sorge of the roets of equatxon (8) are 1maginary, the equation (4)
takes andther form.

Fgrlet a+847/ =1, a—~B84/—1 ahd ps ye the roots.
Then y=Ae @8N0 pla—8n/=Bay b
= Aec*[cos Bz +1 8in Br]+ Beo2[cos Bz — i sin Ba] + 0™
=e2=[4, cos Bz + B, sin Bz]+ Ce"7,
where 4, and B, are new arbitrary constants.

In some cases two of $he quantities p;, p,, p; are equal, and then the
form (4) for the Complementary Function must be modified.

Let p;=p;+v, where y i ultimately to be zero.
Then the form (a)

= A 4 BePtN® . 0P
=A4e"" + Be"® [1+yx+ ot :I+0e”‘”

=AM 4 Blepl"[.z-}-‘y' +.. ]+0'e"»’

where 4, B, are fresh arbitrary constants.
If 4 be now, made equal to fero, thils becomes
(4y+ Byz) " 4 "7,
If three roots py, ps, ps are all equal, we dave, similarly,
(4 + Bye+ 0,a?) ¢™F
as the form of the Complementary Function.

The value of 5 given by (1) is called the PARTICULAR INTEGRAL.
The method of obtaining n depends on the form of f(x). The only

0 v and e sin Az, ‘

forms we need consider are z*, el* o8

(i) fl@)=a .
Here, by the principles of operators,
1
"= D ¥aD'tbD+c il
=[A0+A1D+A2m+... +-A..Dn+ ...]&"‘,
on expanding the operator in powers of D.
Every term is now known, and hence
n=dg*+ 4. a1+ Ay (n—-1)a* "3 4. + 4,1.2 ... 0.
LY )

(i) f(z)=6=
We easily see that D7rerz=)\rgrs,

’ cos
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€
.o 1 ez
"D raDi+bDte
=(do{- 4D} 43D +...) e*®
=(do+ LA+ AN +...) 62
1 <
-)\3+a)\?+bk+cc& ’
so that in this case 5 is obtained by substituting A for D,

(i) f (x)—sm Az.
We know that D?sin \z= — A2 sin Az, and that
D?r gin Az = (— A?)" sig Az,
and in general that
F (D% sin \e=F(— 2% sin Az,
1
Hence "D taD+bD+e
1
=(D—aD*+bD-0). 5apiy B (@ Dik o
1 .
=(D*-aD?*+bD—c).— N G- N (= e T o sin Az
1
= - a2 (X’ — b)z + (ax‘z _c)z
_(A3—b)) cosAr—(aA®~ c)sin Az
NAZ—b3+(ani—c)i~

sin Az

sin Az

.{ = A3 cod Az +ak38in Az + bA cos Az — ¢ sin Az)

¢ (iv) f(2)=et=sinda,
We easily obtain
D {e#*8in \z) =% (D 4 p) sin A,
DA (o= §in Az)mer= (D + ) sin Az,
D (e#* gin Ax)=e"* (D +p)" sin Az,
and, 86291'&11% *
F (D) (e** sin Az) merz F'(D+ p) sin Az.
Hence js":l_m +ce“ sin Az
o 1
(D+pP+a(D+pp+b(D+p)+e
the value of which is obtained as in (iii).
Jn some cases we have t6 adjust the form of the Particular Integml.
Thus, in the equation
(D-1)(D-2)(D-3)y=e,

sin\z,
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the particufar integral vbtained as above becomes mﬁﬂxte to get the
corrected form we may proceed as follows:

= 1’ o
TO-H0-9®;- 3)

1, 1 o
"D—2‘(D-—l)(D;—3)‘

1

€?%, by the result of (ii),

=D-2'1. ( 1)
=~ Bt @+y)=
=0 D—

=~ Lt™ e”.e‘r’
=0y

==t Lt L [1 +yo+ 5 7’”’

= something infinite whlch may be mcluded in the Complementary
Functlon — we?®,
Hence the complete solution is
y=Ae*+ Be** 4 0¥ — %,
As another example take the. equa.tign
(D*+4) (D-3)y=cos Z.
The Complementary Function=_4 cos 22+ B sin 22+ Ce*,
The Particular Integral as found by the rule of (iii) becomes infinite.
But we may write

1 D43
7)==~—:—*.m0082$
=——1— 1 [3 cos 2 ~ 2sin 27

13 D344

1
=- —3L D,+4[3cos(2+y)x 28in (2+y) #]
=—%§k%m,[(3 cos 2z — 2 8in 2z) cos yr

- (3.8in 2242 cos 22) sin y2]
’ 2

- 13L-t° 47 . (Bcoszx—2sin2x)(l-7—-£+...>

~(3sin 22 +2 cos 27) (-yz-— ——"’f+ >]
=somethiyg infinite included in the Complementary Function

- 55 (38in 25+ 008 82) .
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.
VII. Lineaf equations with two independent®variables, e.§.

LD y+fa(D)e=0.rieiiiini, (1),
FiO)y+F3(D)2=0...c0eevriinrinrarnnn. £..(2),
wherc 'DEa;i .
L [}

Perform the pperation 7% (D) on (1) and f; (D) on (2) and subtract; we
thus have
{/1(D). Fx (D)~ f3(D) F1 (D)} =0,
a linear equation, which is soluble as in VI.
Substitute the solution for y thus obtained in (1), and we have a linear

equation for z. s
d? d
Ex #wwd_;:o e e, (1),
d; a2
J§+d—x§+ 22 =0] wovirrereereereeaenens (2),
i.e. (D3+1) y+61)z=0,}
and Dy +(D?*+2)2=0.
& [(D*+2) (D*+1)~ D.6D]y=0,
ie. (Pr=1)(D2-2) y=o.
y=‘Ae"+Be"+C’e\/2”+De‘\/2”.
Hence (1) gives

6 % +24¢* 4 2Be*+80e Vi 4 3De ~ Vi =,

. .
and hence we have the value of z, viz.

A _ B c D
[ Zem%— N2 L T a2
z 3e’°.+3e 2\/2e +575¢ Vi 4 B,

On substituting in (2), We find that £=0.
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