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PREFACE

THE present volume is the First Part of a Course in Plane Geometry
which, it is hoped, will be found suitable for the higher mathematical
divisions of Schools, and for undergraduates attending lectures on
Geometry during their first year of residence. It therefore covers
the Schedule of Pure Geometry required for the first part of the
Cambridge Mathematical Tripos. ‘

Part 1. deals with the properties of the straight line, triangle,
quadrilateral and quadrangle, and circle.

Part 1I., which will be:published shortly, is concerned with the
application of cross-ratio, involution, nrojection, and reciprocation,
to the properties of the conic; together with an account of the
meaning, validity, and advantage of the use of imaginary elements,
viewed from their analytical source. .

The following considerations have guided the development of the
present ‘course : ; ?

(1) It is only by constant practice in rider work that the many
novel ideas in advanced geometry can be appreciated and essimi-
lated. Very numerous exercises have therefore’ been attached to
each set of standard theorems. ‘Some of these are of a simple
nature, being partly mere reproductions of the bookwork in different
forms ; while others will be found hard enough to test the capacities
of the best students.

(2) In many places, it is desirable to compare analytical and
geometrical methods, as for cxample in the treatment of inversion,
coaxal circles, and polar properties. In such case, the analysis
has been Included in the text in preference to relegating it to an
appendix, where it is apt to be overlooked.

(3) The connection-betwgen Geometry and Statics, supplied by
the theory of Vectdrs, angd the graphical ‘interpretation of complex
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number which 't yields, affcrd cogent arguments for including some
expesition of vector quantities in a regular school course. A chapter
has therefore been inserted which introduces the subject on some-
what new lines.

(4) Some familiarity may well be acquired with the Principle of
Duality long before the process is studied in detail-under recipro-
cation. Numerous examples present themselves in elementary
theorems which pave the way to a better final understanding of
the general principle. |

(5) Interest is added to the study of Geometry, if some indication
is given of its historical development. Accordingly, most chapters
have been prefaced by brief historical notes on the subject matter
they contain.

The author wishes to acknowledge his indebtedness «0 Mr. A. E.
Broomfield and Mr. G. M. Bell for the valuable assistance received
from them. ‘

The Editor of the Educationa/ Times has kindly authorised the
use of riders which have appeared in the columns of that journal:
and the Syndics of the Cambridge University Press have courteously
allowed questions to be taken from the Entrance Scholarship and
University examination papers.

The historical information is derived mainly from the writings
of Professor Cajori, Sir R. Ball, Mr. W. W. Rouse Ball, Professor
Casey, and Dr. Taylor. ‘

The author will welcome any corrections or criticisms tending to
the improvement of the book.

October, 1908.
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CHAPTER L

SIMILAR FIGURES.

WHEN constructing a map of a town, or obtaining a numerical
solution to a problem involving heights or distances by a drawing
to scale, an appeal is made to the theory of similar figures. The
picture thrown on a screen by a magic lantern is another example
of a figure similar in every respect to the slide from which it is
formed.

It is not surprising to find in the early history of geometry
some acquaintance with properties of this kind. Thales of Miletus
(640-550 B.C.) enunciated the theory of similar triangles, and
Euclid- (330-275 B.C.) included in his Elements a more systematic
treatment, which was no doubt largely derived from the work of"
the three preceding centuries.

Definition.
Polygons which are equiangular and have their corresponding
sides proportional are called similar.

THEOREM 1.

If two similar polygons are so placed that their corresponding
sides are parallel, then the lines joining corresponding vertices
arg concurrent

Let ABCD...X and ABCD ... X be the polygons

AB BC
and let E_W=.”~k"’
Produce 44’ and BB"'t> meet at 0. Join OC and let, it cut

BC at C.

D.G. A
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BA OB BC/

By similar triangles, 2= ZA=0B= Be

BC’
but k=*gbg
.o' B'CII=B’C'

. CY coincides with C’,
S C" lies on OC; and similarly 2 lies on 0D, etc.,
. A4, BB, CC',... XX’ intersect at O.

D
FiG. 1.

In the figure of this theoren., the two polygons have been so
drawn that the directions 4 > 258, 4~ B are the same. If how-
ever these directions are opposite (Fig. 2) the theorem still holds
.good, and may be proved in precisely the same way.

N

Fic. 2
Corollary. \

If P is any point on one of the sides of the polygon 43 Bf:
and if OF meets the corresponding side of 4'5B’... X’ at P, then
Qf_:k, /

. or
1. Prove this Corollary.
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THAEOREM 2,

If Pis a variable point on the side of a given’polygon 4BC... X
and if O is any other given point, and if a point 2’ i} taken on 0P

’

$uch that %§=a constant 4, then as 2 traces out the perimeter of

ABC ... X, P traces out the perimeter of a polygon whose sides are
parallel and proportional to the sides of 48C... X, and the ratio i3 4.

2. Prove Theorem 2. Notice that there are two cases according as
) g
P’ is on the same or epposite side of O as P.

Definitions.
~(a) The polygon traced out by P’ in this theorem is said to be
similar and similarly situated to the polygon traced out by 2; and
O is called their centre of similitude. Or, to use a shorter expression,
the polygons are said to be homgthetic.
V=(4) If O is a fixed point and if 2 traces out a given curve .S, and
) oF
OP
P’ traces out a curve .S” which is said to be homothetic to .S; and
P, P' are called corresponding pcints. If 7 traces out..S” in the
same direction that 2 traces out .S, they are called directly homo-
thetic; but if in opposite directions, they are called inversely
homotbhetic.

The results stated in Ex. 3-5 are of »great importance. The
proofs are however so simple that they are left to the reader.

if P’ is a point on the line O/ such that =% (a constant), then

‘/3. Prove that the curve homothetic to a straight line must be a
straight line.
‘/4. (1) If P, Q' are two points corresponding to 7, Q, prove that PQ,
P'Q are parallel.

(2) If P and P’ are corresponding points onwo homothetic curves,

prove that the tangents at £, P’ are parallel.
9 5. If two triangles are homothetic, prove that (1) the centies of their
circumscribing circles, (2) the centres of their 1nscnbeﬂ circles, are

Qrr spondmg points. .,

V/Ge. Ifa ﬁgure S is gradually transformed into a figure &’ and always
remains homothetic to it* w.r.t. the same centre of similitude, prove that
the path of any point on .S the tangent at which has a given direction, is
a straight line.

* wor.t. will be used as an abbreviation for * with respect to.”’



4 PL2ZNE GEOMETRY [cH.

1. Prove that the curve homothetic to a circle is another circle and
that their centres are correspanding points,
V/ 8. P, O are two points on the perimeter of a polygon S’, which
correspond to the points P, Q on a homothetic polygon S. O is the
centre of similitude, prove that the ratio of the areas of .S and .S’ equals
the ratio of the areas of the triangles OPQ, OP'Q'.
/ 9. Two plans of the same estate, on different scales, are placed, one
wholly on the other, so that a north and south line in one lies on a north
and south line in the other, prove that there is one point of contact
between the maps at which the same place is represented in each map.

THEOREM 3.

O is any fixed point: 2 is a variable point on a given circle: 2
>4

6’7=k (a constant), then the locus of

is a point on O such that
P’ is a circle.

FiG. 3.

Let C be the centre of the given circle.
Join OC; draw P'C’ parallel to PC to meet OC at C'.
ocC’ PC OP
By parallels OC=PC = oP =4
But OC, PC are constants.
. 0C', P C' are constants.

. C’is a fixed point and 7’ lies on a fixed circle, centre C'.
Q.E.D.

The proof of the theorem rcmains unaltered when O lies inside
the given cir‘le, or when 2’ lies on PO or OP produced. Notice
that the centres of the two circles are corresponding points.

THEOREM 4.

A, B are the centres of two circles of radii a, 4; 48 is divided
externally at O and internally at O, in the ratio of the radii
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[z’ 04 _A0,_a

OB 0,B ¢
and O,, and corresponding pomts lie on the extremmes of parallel
radii.

) )
; then the circles are homothetic w.r.t. both O

FiG. 4.

AP is any radius of the first circle ;
BPF and BP, are the radii of the second circle parallel to 4.
- 24 _a_04.

PB b OB’
. P4a PB
" 40 BO
". the triangles P40, P’ L0 are similar;

. POA=POB:
Yy OoF P’B b

. F'lies along OP and - 0P PA ==
~. the circles are homothetic w.r.t O. [Th. 3].

Then

and angle P40 = P BO by parallels ;

Also P, P’ are corresponding points and lie on the extremities of
parallel radii.

Precisely the same argument, applled to the triangles OAP
O0,BP/, proves that the circles are homothetic w.r.t. O, and that
corresponding. points 2, P’ lie on the extremities of parallel radii.

Q.E.D.

Notice that the circles are directly homothetic w.r.t. O and in-
versely homothetic w.r.t. O, ; the centres bemg correspunding points
in” each case.

The second part of Theorem 4 may be stated in another way :

If any line through O,or O, meets the circle, centre 4, at 2 and
the circle, centre 5, at P’ andl Q), the radius 4P is parallel to one
of the radii B7, B(Q.
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10, A is a fixed point on a given circle: a variable chord 42 is

produced to @ so that AP i constant, find the locus of Q.

4Q
11. Prove that the common tangents to two circles pass through one
or other of the two points w.r.t. which the circles are homothetic.

12, The angles of the triangle APQ are given; A is fixed ; 7 moves

on a given circle, prove that the locus of () is a circle.
hl

13. Two circles are homothetic w.r.t. O; a variable line through O
zuts the circles in two pairs of corresponding points 2, P’ ; Q, (' ; where
P, Q are on the same circle, Prove that OP.0Q =0Q . OF =constant.
7"14. A is a fixed point: P is a variabie point on a fixed circle centre C;
the line bisecting the angle ACP meets AP at (Q ; find the locus of Q.

15. APQ is a variable triangle ; A4 is fixed, £ moves on a fixed line
CD, AP meets a fixed line parallel to £/ at R ; if PQ=AR and if the
angle 4P(Q is constant, find the locus of Q.

It is possible to describe a figure homothetic to a given figure,
and drawn to any convenient scale, by means of an instrument,
crlled a pantograph.

FiG. 5.

In the figure, rods are represented by straight lines. Two equal
rods 04, AP are jointed together at 4, and the end-point O is
fixed. But OA can turn freely about O. Two other rods P’ BH,
P'CK are jointed together at 7, and are pinn~d to 04, AP
respectively at B, C, so that BP'=B0 and BFPCA is a
parallelograth, ‘ —

If £ is now made to describe any curve S, it can be proved that
P’ describes a homothetic curve S'.

The proof is left to the reader.

[Sh?w that (1) O, P>, P are collinear, (2) er _os

a"ﬁ = ‘D—Z = Constant.]
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In order to obtain any required sca{le, it is ouly necessary to
adjust the clamp at the position of B for which the ratio 05 04
represents the given scale. If the figure is to be enlarged, it is
clear that 2" must be made to trace out the given figure.

Certain constructions may be performed by the u~e of homothetic
figures. This is best illustrated by examples. '

v EXAMPLE L.

In a given triangle ABC, to inscribe a triangle having its sides
parallel to those of a given triangle PQR.

FiG. 6.

Draw any line parallel to Q& cutting AC, AB at M, N.

Draw MZ, NZ parallel to QF, RP to meet at L.

Join AL and produce it to weet BC at L.

Through Z' draw ZL'M', L' V' parallel to LM LN to meet AC,
AB at M, V.

Then L'M'N' is the required triangle.

V/16. Prove the construction given in Exémp]e L.

Another method may be applied to this type of probleni. It is
not so elegant, but perhaps it brings out more clearly the properties
of the centre of similitude. Funddmentally however the two methods
are identical.

In the previous construction, through A, Q, R draw lines YZ,
ZX, XY parallel to BC, CA, AB to form the triangle XYZ;
then 4X, BY, CZ are concurrent, at O say [Theorem 1]. Produce
OP, 0Q, OR to meet BC, C4, AB at L' M, N then ZZM'N'
is the required triangle.

17. Prove this alternative method of construction.
# 18. Apply this method to construct a square having one side along
a side of a given triangle, and the other two corners of the square on
the remaining sidés ofithe triangle.
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EXAMPLE II.

To inscribe a square in a given triangle.

A ABC is the given triangle.

On BC describe a square BHKC, externally
8/ L. \\c  to the triangle.
Join AH, AK and let them cut BC at A,
c X' ’ :
H K Draw H'B';, K'C’ perpendicular to BC to
cut AB, AC at B, C'.
J Then B'H’'K'”" is the required square.

- A}q’/a V 19. Prove the construction in Example II.
- i 20. Obtain another solution by describing the
H K .square on BZ internally to the triangle and using
o« Foo7 the same construction,
21. If AD is an altitude of the triangle 4BC, describe a square on
AD, regard B as the centre of similitude, and hence perform the con-
struction of Example II.

THEOREM 5.

A triangle is given in species (z.e. its angles are given), one
vertex is fixed, another lies on a given circle, then the locus of
the third vertex is a circle.

¥Fic. 8.

ABC is one position of the triangle; A is fixed, B lies on a
given circle, centre O.



On 4C take a point B, such that 48, =A4B5.
On 4B, describe a triangle AOB directly similar and
. congruent to the triangle 405.

Since 012 B, = 023, 012 0= BlﬁB =constant ; also
A0, = A0 =constant ;
. Oy is a fixed point.
But O,B,= 0B =constant;
. B, describes a circle.

1.] SIMILAR FIGURES 9

AC AC . . C .
Now AB," 4B~ constant, since triangle 48C is given in species.

". the locus of C is a circle [Th. 3]
Q.E.D.

If the circle, centre O, is rotated rigidly about 4 through the
constant angle BAC, it is clear that B, always lies on the new
position of this circle. The construction, given above, places this
however on a more logical basis.

U/22. Two given lines inteisect at an inaccessible point %, 4 is a given
point, construct the line A/

23. In a given triangle, inscribe an equilateral triangle with one side
parallel to a given line.

Vo4, OB, OC are two given radii of a given circle. Describe a square
so -that two of its vertices lie on OB, OC and the other two on the
arc BC.

k/{5 ARCD is a quadrilateral such that S4=28C and ])A=1)C;.
inscribe a square in the quadrilateral.

Vf26 ABCD is a square : construct a semicircle to touch B4, BC and
to have the ends of its base on DA, DC.

r 27. Construct a circle to touch two given lines and to pass through a
given point.

98, A4, B, C’ are the mid points of the sides BC, CA, AB of a
triangle 4BC; G, H, O are the centroid, orthocentre and circumcentre
of the triangle 45C; prove that ,

“ (1) G is the centre of similitude of the triangles 4BC, A'BC;

¥{2) O is the orthocentre of the triangle A’B’C’ and hence

GH |
GO "}
29. A triangle 4BC is giveu in species; 4 is fixed, B moves on a
fixed straight line; find the 'ocus of C.

v (3) G, H, O are collinear ; and find the value of the ratxo
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30. Two triangles ABC, A'B'C’ are directly similar (but corresponding
sides are not parallel) ; BC meets B'C’ at D ; the circles DBE, DCC’
meet again at O ; prove that, by a rotation about O, the triangle 4'B'C ;
can be made homotketic to the triangle ABC)

31. A, B are two fixed points on a circle; P is a variable point on the
circle;  is a point on P4 such that PQ=PRB; prove that the locus
of Q is a circle.

32. If S and S’ are two curves, each homothetic to a third curve 2
(w.r.t. different centres), prove that .S is homothetic to S’

33. P is a variable point on a fixed line AB; AC is another fixed
line; a circle is drawn to touch 4.2, AC and the circle on A2 as
diameter ; find the locus of the point of contact of the two circles.

34. A, B are two fixed points on a fixed circle 2, P is a variable

point of ; Q is taken on BP .0 that %-Q is constant, find the locus
of Q.



CHAPTER IL

RATIC THEOREMS.

IN the present chapter will be found a few useful theorems on
ratios and their application to areas.

Theorem g9 is due to Apollonius, who lectured at Alexandria
in the third century B.c. He is said to have been of a conceited
and jealous disposition, but little elsc of a personal nature is known
except that his nickname at the university was ¢ possibly from
the name or number of his lecture-room. His great work was a
systematic treatise on conic sections.

Theorem 10 is usually ascribed to Ptolemy (¢7ca 150 A.D.), but
it was probably discovered by .lipparchus nearly thrce centuries
earlier. From this thcorem may be deduced all the elementary
trigonometrical formulae. This is particularly interesting, because
Hipparchus may be regarded as the originator of the science of
Trigonometry, which he required for astranomical purposes.

He was the first to systematise astronomical knowledge by com-
piling a star-catalogue ; but his name is immortaliged by his discovery
of the phenomenon, known as thg precession of the equinoxes—a
motion so slow that its period is about 25,000 years. Ptolemy
stands out as a unique figure in the history of astronomy. From
the second to the sixteenth century, 7.e. till the era of Copernicus,
Galileo, Tychon Brahe, Kepler and Newton, the science of astronomy
was embodied in Ptolemy’s greats work, 7%e Almagest. His real
discoveries, that the earth was spherical and poisec; in space, and
‘his erronzous beliefs, that the earth was fixed at the centre of a
gigantic celestial sphere, rotating daily, to which the stars were
attached, and that the paths of the planets were explained by a
system of superposed circles, held equal undisputed sway for thirteen
or fourteen centuries.
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THEOREM 6.

Two triangles ABC, ABD have their vertices C and D on’
opposite sides of a common base 4B8. If CD meets 4.3 (or AB

CH ANACB
produced) at X7; then D= AADE

Fii. o Fi6. 10
CH NACH ABCH
HD™ 2AAHD™ ABHD’
CH AACH+ABCH n8ACH-A3CH
" HE=A71?D+ ABHD ™ AADH- & BDH’
CH NACB

HD™ AADB
Q.E.D.

1. Prove that Theorem 6 still holds if C and D are on the same
side of the common base A45.

THEOREM 7.

If in the triangles ABC, DEF, the angles BAC, EDF are
AABC AB.AC
ADEF DE.DF

A D
H. ; iK
B & F
e L

FiG, 11.

Draw BH, EK perpendicular to 4C, DF.

‘in either case (Fig. 9 or Fig. 10)

equal ; then
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Then the triangles ABH, DEK are similar, for

BﬁH = EISK and Bl'n\/A =E)%D, right angles.
BH AB &
" EK~DE’
AABC $BH.AC AB.AC
ADEF  JEK.DF  DE.DF'
Q.E.D
Notice that this theorem is an immediate consequence of the
trigonometrical formula AABC=3448.A4Csin BAC.

2. O is a point inside the triangle ABC; A0, BO, CO meet BC
CA, AB at P, (), R; prove that
ANBOA BP BP _C AR
M) Acoa=rpc ™ @ pg¢ Qg RB™
3. With the figure of Ex. 2, prove that
OP N BOC OP 0Q  OR
M) Zp=apac 4 @ Zp Bg+cze I
4. O is a point on the line bisecting the angle BAC of the triangle
ABAO ' BA
ABC, prove that —= RCA0=AC
5. Find a point O inside the triangle ABC such that
AAOB:ABOC:LCOA=p:q:7,
where p, g, » are given constants.

6. Points 7, Q, R.are taken on the sides BC, CA4, A58 of the
triangle ABC so that» BP: PC=CQ: QA= AR:RB=1:2; prove that
APQR=3 N ABC.

7. Pomts P, Q are taken on the sides BE, CA of the triangle ABC
so that £P=2PC, CQ 304 ; AP meets BQ at O; calculate the ratio
of the areas of the quadrilateral 2OQC and the tnangle ABC. Use

Ex. 2.
8. Points P, O, R are taken on BC, CA, AB so that %:1,

€Q_z ‘_4_[‘)=Z, the lines AP BQ, CR form the triangle ZMN;

=1I.

calculate the ratio A LMN : AABC

9. In the t:angles ABC, DEF, if the angles BAC, EDF are
ANABC _AB.AC
ADEF - DE.DF
*10. The ‘diagonals 4AC, BD of a cyclic quadrxlateral ABCD meet
AB.BC _BO
AD.DC~ 0D

11. Two circles touch intefnally at O: a straxght line ABCD cuts
the outer at 4, D and tlte dnner at B, C; prove that

AB:CD=0A4.0B:0C.0D.

supplementary, prove that

at O, prove that = — '~
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THEOREM 8.

If two straight lines PRQ, ACAB cut three concurrent straight

. - PR _AC OP 0Q
1 PA, s ; bl Suining i 23
ines O. ORC, OQZ; then X0 CE=04' 0B

FiG. 12.

PR_LOPR g AC_204C,
RQ LOKRQ CB LO0OCB’
PR x—%— A OPRX LOCB
" RQTAC AOACT AORQ
_OP. ORX_()_C. OB
T 0A4.0CT OR.0Q
= Q_{_) X Q;B_ .
047 0Q’
- PR AC_0P 00
" RQ'CB 04 OF Q-E.D.
The theorem is still true if OB lies between O4 and OC; or if
the line PRQ cuts some or all of the lines 04, OC, OB when
produced backwards through O.

12, With the notation of Theorem 8, prove that
PQ AB_OP OR
QR BC 04 oC
13. The medians A4A4’, CC’ of the triangle ABC meet at G, use
Theorem 8 to prove that C'G=4GC.

14, Pis any point on 4B, the median A4’ of the triangle ABC cuts
PH AP

1
d = e
PC at &, prove that JorambY:,
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15. P, O, R are points on the sides BC, CA, AB of a triangle sach
that %—Qq%—ﬁ AP meets QR at D, prove that DZQ) g’;
16. A straight line meets the sides BC, CA4 AB cf a triangle at
T, M, N; prove that gﬁ % . %—1.

AM AN
[Use Theorem 8 to evaluate m VB

17. Two straight lines ABCD, abcd cut four concurrent straight

. . AB  AD ab, ad
lines OAa, OBb, OCc, ODd ; prove that' mx : G =10 C4-

18. ABCD are four collinear points such that AB-—‘Q O is any

point outside A4.D. BCCD’

(1) If a straight line cuts 04, OB, OC, OD at a, &, ¢, d, prove that
ab (i‘f’
bc

(2) If the straight aéc is parallel to 0D, prove that ab=/dc.

(3) If BOD is a right aigle, prove that OB, OD are the bisectors
of the angle 4NC. [Throvgh B draw PBQ parallel to OD to meet
04, OC at P, (.]

(4) Prove the Converse of Theorem 9, see page 16.

19. 2, Q, R are fixed points on the edges BC, CA, AB of a tetra-
hedron ABCD: any plane meets the edges DA, DB, DC at A, B,
C’ and the lines DP, DQ, DR at P, (', R'; prove that the ratio
ﬁ, e -g% ‘;,’g,' is mdependent of the position of the plane.

20. Points X;X,... X, are taken on the sides 4,4, AyA43,... A4,
of a plane polygon A,4,... A,. O is any point Outside the plane:
0A4,, OA4,,...04,, 0X;, 0X,,...0¥X, meet a second plane at a,
Qgy .. Any X1y Xgy oo X3 prove that

ary axy  auxn A Xy Ay X, AuX,
X, tas e, XAy XpAs XA,

THEOREM 9.

A, B are two fixed points; 2 is a moving point sich that ——
is constant; then 2 lies on a fixed circle.
PA
Let PE—)\ prod}.lce AP to Q.
Divide A4ZB internally at H and externally at X in the ratio A

P4
PB
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Since ‘%_ %_gﬁ PH and PK are the two bisectors of

APB (mternal and extemal)
. HPK=3[APB+ BPQ]=a right angle ;
. P always lies on the circle whose diameter is 7K.
Q.E.D.

FiG. 13.

The Converse Theorem is as follows : .
If AB is divided internally at A and externally at X in the same
ratio (say A), and if 2 is any point on the circle on AKX as

diameter, then 24 =\,

PB
Draw PB’, so that HPB’=A;’H', to meet K at B
Since AH AK AH HB

HB-BK’ - AK BK
Now PH bisecis APB but HPK is a right angle being in a

semicircle ; . PK blSCCtS APB externally ;
AH AP AK
" HB T~ PBTBK ;
B _AH HB
BK AF-BK’
. _HB. _ HB  HB _HB.
" HB' +B'K HB+BK HK HK’
.. HB = HB so that B’ coincides with B;
. HP bisects A?’B ;

PA_AH_
PE-HEB™ Q.E.D.




1] RATIO THEOREMS 17

The circle in Theorem ¢ which is the locus of 2 is called the
circle of Apollonius.

A simpler proof of the converse of Theorem ¢ will be found in
the chapter on Harmonic Ranges, page 100. See also Ex. 18 (4).

/21, 4BCis a given triangle, find a point 2 such that
PA:PB:PC=1:2:4.

/' 22. ABCD are four collinear points. Find a point 2 at which 45,

BC, CD subtend equal angles.

/23, Given the base, vertical angle and the ratio of the other sides
of a triangle, construct it.

24. Given the base, one of the base angles and the ratio of the
other sides of a triangle, construct it.

25. AR is a chord of a circle perpendicular to the diameter DE
which it meets at /A ; the tangent at -4 meets DE at 7, prove that
TE TD

EH HD
y 26. A4, B are two given points; AP, B(Q are parallel chords of a
variable circle through 4, B. If %:constaut, prove that the locus

of P is a circle.

i 27. Find the locus of a point at which two given circles subtend
equal angles.

28. A, B are two fixed points, £ is a variable point, such that
%g=/\. For any particular value of A, P therefore describes a circle,
Describe the changes in the position and magnitude of this circle as
A increases from o to:I and then increases without limit.

29, With the notation of Ex. 28, if 2 is the mid point of 4B, and
if X is the centre of the circle described by 2, prove that

(1) its radius= AB;

A
PERS
2
() DX:% DB;
(3) the length of the tangent from D to the circle is independent
of the value of A.
AP

30. 4, B are two fixed points; a point P moves sc that V] is

constant ; prove that when 2 is moving directly towards 4, the angle
PBA is a right angle.

31. A, B, C are three collinear points; a straight line AP revolves
about 4; P is a poinj on it such that BP, CP are equally inclined
to AP, prove that the locus & 2 is a circle through 4.

* ba. B
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32, ABA’'R are any four points ; find a point C such that the triangles;
CAB, CA'B' are similar, equal angles being denoted by corresponding-
letters.

33. If two figures are similar find a point O such that if one figure,
is rigidly rotated about O, it can be made homothetic to the other figure.
[Use Ex. 32.]

34. The internal and external bisectors of the angles of a triangle
are drawn and form intercepts on the opposite sides. Three circles
are described having these three intercepts as diameters, prove that

they have two common points.

/ THEOREM 10. [Ptolemy’s Theorem.)
If 4BCD is a cyclic quadrilateral, then
AB.CD+BC.D4=A4C. BD.

A
B

D\_/b
FiG. 14.

Draw A A so that D:‘}H=B;I\C, and let ‘t meet BD at AH.
The triangles ADH, ABC are similar,

A A A A
for DAH=BAC and ADH=ACB;

Also the triangles 4DC, ABH are similar,
DAC=DAH+HAC=BAC+HAC=BAH

for
A A
and DCA=HBA;
DC HB
. -E,—Z—':E—Z or A.B' CD=AC-HB;
S AB.CD+AD.CB=AC.HB+ AC. DH
=AC(DH+ HB)

=4C.DB. Q.E.D.
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35. P is a point on the minor arc BC of the circumcircle of an
equilateral triangle ABC. prove that P4 =PRB+ PC.

36. Show that Pythagoras’ theorem on the relations connecting the
sides of a right-angled triangle is a special case of Ptolemy’s theorem.

37. In the triangle 4BC, AB=AC; the altitude 47 of the triangle
meets the circumcircle at P, prove that AP. BC=24B. BP.

38. C is the mid point of the minor arc A8 of a circle; P is a

variable point on the major arc, prove that P4+ PA is proportional
to PC.

39. 7 is a point on the minor arc 45 of the circumcircle of the
PA+rC_PD
PB+PD ™ PC
40. 7 is a point on the minor arc A8 of the circumcircle of the
PA+PD PE
PB+PD ™ PC

41. P is a point on the minor arc A8 of the circumcircle of the
regular hexagon ABCDEF, prove that PE+PD=PA+PB+PC+PF.

42, ABCD is an isosceles trapezium; AZB, CD being the parallel
sides, prove that AC?—ADP=A4F8.DC.

43. If the qvadrilateral ABCD is not cyclic, prove that

AD.CB+AB.CD > AC.DB.

[Draw AH and DH so tha.t angle DAH=BAC a.nd angle
ADH=ACB.]

44, P is a point on the minor arc 4B of the circumcircle of the
regular pentagon ABCDE, prove that PA+PB+PD=PC+ PE.

square ABCD, prove that

regular pentagon ABCD/, prove that



CHAPTER IIL

ON LINES AND CIRCLES CONNECTED WITH
A TRIANGLE.

IT is convenient to discuss the properties of the triangle in two
sections. In the first, we shall estaplish the existence of certain
points, lines and circles which are associated with every triangle :
cand in the second will be found relations of a more metrical
character.

Most of the theorems of this chapter were probably known to
Euclid. Theorem 25 however is asciibed to Pobert Simson
(1687-1768) who was a professor at Glasgow University. He
undertook a complete revision of Euclid’s elements, correcting and
supplementing it, and all recent editions of the text are based
on his work.

Theorem 18 was first enunciated by an Englishman, named
Benjamin Bevan, in 1804 : it seems, however, to have been obtained
independently by Brianchon.

NOTATION.

It is convenient to denote particular points connected with the
triangle 4BC by definite letters.

The following notation will be adopted in future, unless other-
wise stated :

a, b, ¢, denote the lengths nf BC, CA, AB.

s=4(a+b-0)

Ay B, C' are the mid points of BC, CA, AB.

D, E, F ‘are the feet of the perpendiculars from 4, B, C to
BC, CA, AB.

7 is the incentre,

r is the radius of the incircle.
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1y, 1, I3 are the centres of the circles escribed t¢ BC, C4, AB

7y, 7y 7y are the radii of these circles.

O is the circumcentre.

R is the radius of the circumcircle.

M is the orthocentre.

G is the centroid.

&V is the nine-point centre,

X, ¥, Z are the points of contact of the incircle with BC,
CA, AB.

X, Y, Z; are the points of contact of the excircle, centre [,
with BC, CA, AB, and similarly for X, ¥, Z, and X, Y3, Z;

THEOREM 11.

The perpendicular bisectors of the sides of a triangle are con-
current,

(o]

B A
' FiG, 1s.

Draw the perpendicular bisectors of 48, AC to meet at O.
Every point on the perpendicular bisector of 45 is equidistant

from A4 and B; . 04=08B.
Similarly, since O lies on the perpendicular pisector of 4C,

0OA=0C;

. OB=0C;

.. O lies on the perpendicular bisector of B(';
.'. the three perpendicular bisectors of the sides meet at O,

Q.E.D.
Corollary.

Since OA=0B=0C, a circle centre O, radius 04, passes
through 2 and C and .". circumscribes the triangle 4BC.

Definition.
The point O is therefore called the circumcentre of the triangle
ABC. o,

i
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. A A
1. Prove that BOA’'=BAC.

2. If ABCD is a parallelogram, prove that the circumcentres of the
triangles 4BC, ADC are equidistant from AC.

3. L is a point in the base BC of an isosceles triangle 4BC; P, Q
are the circumcentres of the triangles ABL, ACL, prove that PL is
parallel to 4Q.

4. Find a point P such that the feet of the perpendiculars from P
to the sides of the triangle A2 are the angular points of an equilateral
triangle.

5. Prove that the perpendicular bisector of £F bisects BC.

6. If A, B, C are three collinear pnints, and if X is any other point,
prove that the circumcentres of the triangles ABC, KCA, KAPB are
concyclic with X

7. The diagonals AC, BD of a quadrilateral 4BCD meet at A,
prove that the circumcentres of the triangles K AB, KBC, KCD, KDA
are the vertices of a parallelogram.

8. Equilateral triangles are described externally on the sides of a
given triangle, prove that their circumcircles meet at a point, and that
their circumcentres are the vertices of an eyuilateral triangle.

9. AB, A'B are two lines of equal length in a plane; find a point
K such that the triangles KAB, K A' B are congruent.

10. 2, Q, R are any points on the sides BC, CA, AB of a triangle,
prove that the circumcircles of the triangles AQR, BRP, CP(Q are
concurrent.

THEOREM 12.

The altitudes of a triangle are concurrent.

R Q
s\, /

FiG. 16.
Let ABC e the triangle.
Draw AD, BE, CF perpendicular to BC, CA4, AB.
Through 4, B, C draw lines parallel to BC, C4, AB to form the
triangle PQR.
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Since RBCA is a parallelogram, R4 = BC.
Since ABCQ is a parallelogram, 4Q=2BC;
S RA=AQ.
Similarly, QC= CP and PB= BR.
Also, since £Q is parallel to BC, 4D is perpendicular to RQ ;
.. AD is the perpendicular bisector of £Q.
Similarly, '/ BZE are the perpendicular bisectors of QF, PR;
. AD, BE, CF are concurrent. [Th. 11.]

. Q.E.D.
Definition.

The point A at which the altitudes concur is called the orthocentre
of the triangle; and the triangle DEF (see Fig. 16) is called the
pedal triangle of the triangle 4.5C.

11. Prove that AHE=ACB

12. Prove that the triangles 4 EF, ABC are similar.
13. Prove that the triangles AEF, BDF are similar.
14, Prove that AH . HD=BH . HE=CH.HF.

15. Prove that AF. AB=AH . AD=AE.AC,

16. Prove that FDA=EDA.
17. Prove that FDE=180"—2 BAC.

18. Prove that B[;'C +I)’2 C=180".
19. If 8 is the orthocentre of the triangle PQR, prove that P is
the orthocentre of the triangle QRS.

A
20, Given the base BC and the angle BAC of the triangle ABC,
find the locus of the orthocentre and constouct its position when 4 is
very close to B.

21. DP, DQ are the perpendiculars from D to AC, AB ; prove that

C, P, Q, B are concyclic and that B?’D:C&D.

22. Prove that the circumcentre of the triangle ABC is the orthocentre
of the triangle 4'B'C.

23. P is a point on the base BC of an isosceles triangle 4BC; K, L
are the orthocentres of the triangles 428, APC. Prove that PKL is
an isosceles triangle. ’

24, Prove that OA4, 0B, OC are perpendicular to the sides of the
pedal triangle of the triangle A5C.

Definition.
The line joining a vertex of a triangle to the mid point of the
opposite side is calitd a»median of the triangle.
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THEOREM 13.

The three medians of a triangle are concurrent : and their point of
intersection is a poin. of trisection of each median.

Se 0 -
~o -

Fic. 17.

Let BB, CC’ be two medians intersecting at G.
Join 4G and produce to X, so that 4G = GXK, and let it cut BC
at L. Join BK, CK.

Since AC'=C'B and AG=GK, .. C'(G is parallel to BK.
Since AG=GK and AB'=B'C,.. GB' is parallelto KC;

.. BGCK is a parallelogram ;

". since its diagonals bisect each other,
BL=LCand GL=LK;
.. AL is a median;

‘. the three medians concur at G. Q.E.D.
Further GL=3}GK=134G;
W GL=%4L;

and similarly GB'=%4B5 and GC'=3CC".
. Q.E.D.
Alternative Method.

A simpler proof of Theorem 13 may be obtained by using
similar triangles,
B'C' is parallel to BC (see Fig. 17);
*. the triangles BGC, B'GC(C’ are similar.

But B'C'=1BC; ’

. CG_BG BC .

" GC GB BC ¥
»« BB cuts CC’ at the point of trisection of CC' nearest to C'.
Similarly 44’ cuts CC’ at this same point.

Q.E.D.
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Definition.
The point at which the medians concur is called the centroic of
the triangle.

25. Construct a triangle given the lengths of the three medians.

26. Construct a triangle given the lengths of two sides and one
median. [Two Cases.]
PG | PG
P4’ 44"

28. Prove that a triangle can be drawn with its sides equal and
parallel to AA4', BB, CC’, and that its area=4$ the triangle A BC.

29. In a tetrahedron 4 BCD, the plane angles at-each of three corners
add up to two right angles, prove that the opposite edges are equal.
[Cut down the edges 48, 4C, AD and fold it out flat. This appeared
in the Mathematical Gazette.)

30. If GO meets AD at K, prove that KG=2GO. [Use similar
triangles GOA', GKA.] Hence prove that BE, CF pass through X,
so that A is the orthocentre. Hence prove that the orthocentre, centroid
and circumcentre are collinear: and that the distance of the orthocentre
from A equals 2 04’

38l. ALMB, APQC are the squares described externally on the sides
AB, AC of the triangle ABC; prove that one median of the triangle
LAP is an altitude of the triangle ABC.

A A
32. If X is the mid,point of EF, prove that KAC=A'AB.

27, If B'C’ meets 44’ at P, calculate the ratios

THEOREM 14.

The internal bisectors of the angles of a triangle are concurrent.

(o]

' B x
FiG. 18,

Draw the internal bisectors of the angles 45C, ACB to meet at /.
From 7 draw /X, /'Y, #Z,perpendicular to BC, CA4, AB.
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Now every point on the line bisecting the angle between B4, BC
is cquidistant from £4, 5C;
S IX=1Z.
But 7 also lies on the bisector of the angle BCA ;
W IX=TY 5
S IY=17;
". 7 lies on the bisector of the angle B4C;
.. the internal bisectors concur at /. Q.E.D.
Corollary.
Since /X=7Y=17Z, and since these lines are perpendicular to
the sides of the triangle, / is the centre of the circle inscribed in
the triangle 4BC.

Definition.

(1) The point of concurrence of the internal bisectors of a triangle
is called the incentre of the triangle : and the circle, centre 7, which
touches the sides is called the incircle of the triangle.

(2) If a circle touches BC and touches 425 produced and 4C
produced it is called an excircle of the trizngle or a circle escribed to
A C: and its centre is called an excentre of the triangle.

THEOREM 15.

(1) The vertices of the triangle formed by the external bisectors
of the angles of the triangle 4BC are the excentres of the

triangle.

FiG. 19.

(2) The line joining an excentre to the incentre passes through
a vertex of the triangle. ‘
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(3) The incentre is the orthocentre of the triangle vhose vertices
are the excentres.

(1) Let 7, 7,, 7; be the triangle formed by the external
bisectors.

A
Since B, bisects ABC externally, /; is equidistant from BC
and 4B (produced).

Since C/; bisects A4 6’3 externally, 7 is equidistant from BC and
AC (produced);
". 7, is equidistant from the three sides of the triangle 4BC;
J. 71, is the centre of the circle escribed to BC,
and similarly 7,, 7; are the centres of the circles escribed to

CA, AB. Q.E.D.
(2) Since 7, is equidistant from 4B, 4C, it follows that 47,
A
bisects BAC; J. 7 lies on A7,
and similarly 7 lies on B7, and CJ,. Q.E.D.

(3) Since AZ7, and /,A7; are the internal and external bisectors
A
of BAC, AII is perpendicular to /;A47,; similarly 577, is per-
pendicular to /357 ;

.. 7 is the orthocentre of the triangle /7,7,
Q.E.D.

THEOREM 16.

The incircle of the triangle A5C touches BC, CA, AB at
X, Y, Z, and the circle escribed to A
BC touches BC, CA4, 4B at X,
Vi, Z,, then (1) AZ=AY=s5-a;
(2) AZ,=AY,=s; (3) BX,=CX;
where BC=a, CA=6, AB=c¢, and
s=%(a+b+0).

(1) zs=a+b+c
=a+AV+ YC+AZ+ 2B
=a+AY+XC+AZ+ BX
=a+24AY+BC
=2a+24Y;

S AY =5-a.

Q.E.D. FiG. 20,
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(2) ¢AZ,=AZ+ AY,=AB+ BZ,+ AC+ CY,
=AB+BX,+AC+ X,C
=c+BC+6
=a+b+c=2s5;
S AZ =5, Q.E.D.
(3) BX,=BZ,=AZ - AB
=§-c

= CX by part (1). Q.E.D.

THEOREM 17.
If the area of the triangle 48C equals 4, then the radius » of

the incircle equals ?, and the rad'us #», of the circle escribed to

BC equals ——A——
s—a

FiG. 21,

(1) A=triangle /BC +triangle /CA +triangle A/B
=3/X.BC+3}]IY.CA+3IZ. AB
=4r.a+dr.b+%7r.c
=4r(@a+b+c); but a+b+c=2s
=7r.5;

A

. V== .E.D,
. Q
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(2) A=triangle 7,45 +triangle 7;AC - triangle 7,BC
=472, . AB+31Y,. AC- %1 X,. BC
=%r.c+dr.0-4r .0
=37 (c+b-a)=3%r(c+b+a~2a)

=37(25 - 2a)
=7(s-a);
A
rlz:;:';z‘ Q.E.D.

33. Prove that (1) YV=ZZ,=a;
(2) XX =c~b;
(3) Z1Zy=a+0.

34, A polygon, of perimeter /, circumscribes a circle of radius 7, prove
that its area equals 4774

35. From any point inside a regular polygon, perpendiculars are
drawn to the sides of the polygon, prove that the sum of their lengths
is constant.

36. Prove that the sum of the areas of the triangles 7,4 Y, [,AZ is
equal to the area of the triangle AZC,
37. If BAC=60", prove that O, &, 7, 1, B, C, lie on a circle.

38. Prove that ];\10 is half the difference of the angles ABC, ACB.

39. M/ is the foot of the perpendicular from C to A/, prove that the
angles BCM, ACM are respectively equal to hulf the difference and
sum of the angles ACB, ABC.

40, The tangents at the ends of a chord 4B of a circle meet at C;
prove that the incentre of the triangle ABC lies on the circle.

A
41. Prove that B/C =90°+";4 where 4 =angle FAC.
42. Prove that the radius of the circumcircle of the triangle

AVZ=3Al.

43. P, Q are the feet of the perpendiculars from X, ¥ to ¥Z and
ZX respectively, prove that PQ is parallel to AB.

44. Given the base and vertical angle of a triangle, find the locus
of (1) the incentre ; (2) the excentres.
45, If A€B=90°, prove that 2»=a+6~—¢; and that rg=s.

46. A,, By, C, are the excentres of the triangle 485C; A4, B, C,
are the excentres of the triangle A4;, B, (;, and so on; find the

A
value to which A,.R,,t',. tends, as 7 becomes very large.
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47. The in-ircle of the triangle ABC touches BC, CA, AB at
A, By, C;; the incircle of the triangle A 1B,C, touches B,C,, C14,, A,B,
at Ay, B,, Gy, and so on prove that B, A Cn —§+( 2)-”[BAC 3]
What limit does B, A C, tend towards, as » becomes very large?

48. In the triangle ABC, the internal and external bisectors of the
angles meet the opposite sides at P, p; O, ¢; R, » respectively.

Prove that P;ﬁ Q Rr

49, A variable line XV cuts two fixed lines 4B, CD at X, V; find
the locus of the point of intersection of the lines bisecting the angles
AXY, CYX.

50. Prove that H is the incentre of the pedal triangle of ABC.

bl. K and L are the feet of the perpendiculars from A to the'lines
bisecting internally the angles 4ABC, .1CB ; prove that KL is parallel
to BC.

52. From a given point, draw a line so as to form with two given lines
a triangle of given perimeter.

63. A7, meets BC produced at P, prove ttat BP.CP=AP*4+BA.AC.

54. K is the circumcentre of the triangle /;/,/; prove that K7/ is
perpendicular to BC.

56, Two sides of a triangle, of given perimeter, are given in position,
find the envelope of the third side.

THEOREM '18.
A'B'C’ are the mid points of the sides of a triangle 45C;

B A | &)
F1G. 22.

AD, BE, CF are the altitudes; A is the orthocentre; 7, @, R
are the mid points of HA, HB HC then the nine points
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A'B'C'y, DEF, PQR lie on a circle whose radius is squal to half
that of the circumcircle of the triangle 4AC.
Since AP=PH and AC'=C'5, .". C'P is parallel to BH.
Since BC'=C'A and BA'=A'C, .. A'C’ is parallel to 4C.
But BA is perpendicular to 4C, .. C'2is perpendlcular to 4'C';
A
o A'C'P is a right angle.
A
Similarly A'B'P is a right angle.
Further A'DP is a right angle;
". the circle on A'P as diameter passes through 5, C', D;
. D and P lie on the circle 4'B'C".
Similarly ZE, Q; £ R lie on the circle 4'B'C’;
". the nine points 4'8'C’, DEF, PQR lie on a circle.
Moreover, each side of the,triangle 4'B'C’ is half the corre-
sponding side of the triangle 4B8C; and .". the radius of the circle
A'B'C’ is half that of the radius of the circle 4BC. Q.E.D.

Definition.

The circle which passe¢ through these nine points is called the
nine-point circls of the traangle 4BC, and its centre is called tHe
nine-point centre.

THEOREM 19.

If PQ is the diameter of the circumcircle 8f the triangle 48C
perpendipular to BC, then 4P and 4Q are the two bisectors of
the angle BAC.

Fic. 2 3

Since PQ .is a diameter perpendicular to BC, it bisects the
arc BPC.
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Since , arc BP=arc PC,
A A
BAP=PAC,;
A
.. AP bisects BAC.

But QQP is a right angle, since PQ is a diameter;
J. AQ is perpendicular to AP;

A
~. AQ is the other bisector of BAC.
Q.E.D.

THEOREM 20,

If O, /7, H are the circumcentre, incentre and orthocentre of the
triangle 4BC, then A7 bisects the angle OAH.

In Fig. 23, join AH, which is perpendicular to BC, and is
A
.. parallel to OF. Also 7 lies on AZF, the bisector of BAC.

0A=O0P, radii, .. 0AP=0PA.
A A
But OFPA=PAH, alternate angles;
A A
S OAlI=14H. Q.E.D,

A

56, If P is the mid-point of 4/, prove that (1) A’;’C"=A’B'C', and
(2) FPC' equals the difference of the angles BAC, ABC.

57. Prove that the radius of the circumcircle of the pedal triangle
equals 4R, , .

58. Prove that the tangent to the nine-point circle at the
.mid-point of the base is parallel to the tangent to the incircle
from the point at which the bisector of the vertical angle meets
the base.

59, Prove that /7, is bisected by the circumcircle of the triangle
ABC,

60. Prove that the triangles A5C, ABC have the same nine-point
circle.

61, Prove that the nine-point circles of the triangles 458'C’, BC'A4/,
CA'B’ each touch the nine-point circle of the triangle 4’'B'C'.

62, If P, (), R are the mid-points of AA, HAB, HC, prove that
A'P, B'Q, C'R are equal and concurrent.

63. Prove that the centre /V of the nine-point circle is at the mid-
point of OAH,

64. Given the base BC and vertical angle of a triangle ABC, prove
that the locus of /V is a circle centre 4’..
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65. A4, B, C are three fixed points. Describe a square with ope
vertex at A4, so that the sides opposite to 4 pass through B and C.

66. A spheré of radius 6 inches rests on three horizontal wires
forming a plane triangle whose sides are 5 inches, 12 incles, 12 inches.
Find the height of the top of the sphere above the plane of the
wires.

67. A sphere is inscribed in a cube, edge @; and a plane passing
through the extremities of three edges which meet at a corner meets
the sphere in a circle, diameter &; prove that 3@d2=q2

THEOREM 21.

If 477, meets the circumcircle of the triangle 4B8C at P, then
PI=PB=PC=PI,.

A

l

FiG. 24.
A A A A A
PIC=TAC+ICA=34BAC+3BCA,
A A A A A A A
and PC/=PCB+ BCI=PAB+BCI=4BAC+3BCA;
A A
S PIC=PRCI;
». PI=PC, and similarly = PB.
A A
Now, JCI} and ZB7, are right angles. [Th. 15 (3).]
*. the points B/CI, lie on a circle.
But PlI=PB=PC;

» o Pis the centre;

. PL'=PB=PC=PI. Q.E.D.
D.G. ‘ C
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f8. By using Theorem 18 and noting that 4BC is the pedal triangle
of 7;7,/; obtain a shorter proof of Theorem 21.

69. A7, BI, CI are produced to meet the circumcircle of the triangle
ABC at P, Q, R; prove that 7 is the orthocentre of the triangle PQOR.

70. If the circle BI/C cuts AC at P, prove that AP=AR.

71. Given the incentre, circumcentre and one excentre of a triangle,
construct it.

72. Prove that the circumcircle of the triangle formed by any three
of the four common tangents to two circles passes through the mid
point of the line joining their centres.

73. P, Q, R are the circumcentres of the triangles B/C, C/A, A/B ;
find the angles of the triangle PQR in terms of the angles of the
triangle A BC, and prove that the two triangles cannot be similar unless

ABC is equilateral.

74. A fixed circle X passes through the centre of another fixed
circle Y. A variable triangle circumscribes }V and has two of its
vertices on X, prove that the locus of the third vertex is a straight

line.
75. 7,0 is produced to X so that 7;0=0K"; prove that /K =204.

THEOREM 22.

If AD, BE, CF are the altitudes of the triangle AA5C, then
(1) the triangles 4£F, ABC are similar,
(2) AD bisects the angle FDE.
A

B D %
FiG. 25.
(1) Bl’\?C =gqo’ ~BE C, .. BFEC is a cyclic quadrilateral ;
* A A
.. AFE=BCE;
A A .
and AEF=FBC;

". the triangles AF#E, ABC are equiangrlar and .". similar.
Q.E.D.,
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A A
(2) BFH=90°=BDH, .. BFHD is a cyclic quadrilateral ;
A A A
.. FDH=FBH or ABE
A
=90’ - BAC.
.. A A A
Similarly EDH=FECH or ACF
A
=90’ - BAC;
A A
S FDH=EDH;
’. AD bisects the angle FDE. Q.E.D.

76. If AP is a diameter of the circumcircle of the triangle ABC,
prove that AP bisects BC.

77. If BE, CF meet the circumcircle at Q, R, prove that A is the
mid-point of the arc QR.

78. The base BC and the vertical angle of the triangle SPC are
fixed. If BE, CF are altitudes of BPC, prove that EF is of constant
length.

79. Prove that A4 is an excentre of the triangle DEF.

80. Deduce from Ex. 70 a corresponding theorem for the pedal
triangle.

81. Prove that FD.DE=RD.DC.

82. If CO meets the circumcircle at P, prove that PRHA is a

parallelogram : hence prove that 4//=204".

83. Prove that 02 /= C-B

of Theorem 2o.

, and hence givé an independent proof

THEOREM23.

The altitude 4D meets the circumcircle of the triangle 4BC at

P; if His the orthocentre, then A D =DP.
A

FiG. 26,
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Join CP and draw the altitude CHF

Pe’D or Pe‘B =P.28 in the same segment
A
=90’ - ABC
A . A
= FCB, since BFC=qo°;
. the triangles ZDC, PDC are congruent,
for HDC=g0°= PDC,
HCD=PCD,
DC is common ;

S HD=DP.
Q.E.D.

A
84. Write out the proof of Theorem 23 when ACB is obtuse.
85. Prove AD.HD=BD.DC.

~ 86. Prove that the circumcircles of the triangles ABC, HBC are
equal.

87. Prove that the circumcircles of the triangles #BC, HCA, HAB
are equal.

88. If Q, R are the circumcentres of the triangles CHA4, AHB, prove
that BR and CQ are parallel.

89. P, Q, R are the circumcentres of the triangles ZB5C, /CA, HAB ;
prove that the triangles PQR, ABC are congruent; and that A is
the circumcentre of POR.

90. Prove that the radius of the circle 77,7, is equal to the diameter
of the circle 4BC.

91. AD, BE, CF meet the circumcircle of the triangle 4BC at
PQR; prove that A is the incentre of PQR.

92. BE, CF meet the circumcircle of the triangle ABC at Q, R;
prove that A is the centre of the circle ZQR.

93. ABCD is a éycjic qux:'drilateral. H, K are the orthocentres of
the triangles 4BC, ABD ; prove that 4, B, H, K are concyclic.

THEOREM 24.

If AD is an altitude of the triangle 4587, and if R is the radius
of the circumcircle, then 48, AC=2R . AD.
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Draw the diameter 4X of the circumcircle. Join® BX. -The
triangles ADC, ABK are similar,

A
for ADC= 90°=A.§‘K, since 4K is a diameter.

A
o
B D C
»
K3
FiG. 27.

A
ACD=A£’B in the same segment;

B ———

‘. AB.AC=AK.AD
=2R.AD. Q.E.D.

94. If a=40, 6=68, c=84, prove that R= =42'5.

95. P is a point on the circle c1rcumscr1b1ng a quadrilateral 4 BCD.
Perpendiculars PL, PM, PN, PR are let fall to 4B, BC, CD, DA,
prove that: PL. PN=PM .PR. [Use Theorem 24.] If PR, PS are
the perpendiculars to AC, BD, prove that PL. PN=PR. PS.

96. The tangents at the extremities of a chord 4.8 of a circle meet
at C. From a point P on the circle, perpendiculars PL PM, PN are
drawn to 4B, BC, CA; prove that PM .PN=PL2

97. P is any point on the circle circumscribing a hexagon ABCDEF ;
PL,, PLy, PLg, PL,, PLy, PLg are the perpendiculars from 7 to con-
PL, PLy PL;_

PL," PL,' PL,

98. Generalise Ex. 97 to obtain a théorem for any 2#-sided polygon

inscribed in a circle.

99 P is a point on the incircle of the mangle ABC: X, Y, Z are
the’ points of contact with BC, C4, AB; PL, PM, PN, Pi, Pm, Pn
are the perpendiculars from P to BC, CA4, AB, YZ, ZX, XY ; prove
that 2L EM PN_

Pl." Pm ' Pn

secutive sides, prove that
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100. Gene.alise Ex. 99 to apply to any polygon inscribed in a circle.
[Praw tangents at its vertices to form a new polygon.]

101. OP, OQ are two variable chords of a fixed circle. O is a fixed
point. If OP.OQ is constant, find the envelope of PQ.

102. P is a point on the circumcircle of an equilateral triangle 4BC,
and is situated on the minor arc AC; PL, PM, PN are the perpen-
diculars to BC, CA, AF; O is the circumcentre, prove that

4AO(PL+PM+PN)=3PB*— PA4?—- PC?

THEOREM 25. [SiMSON’s LINE.]

If P is any point on the circunicircle of the triangle 4B8C, and
if Z, M, IV are the feet of the perpendiculars from 2 to BC, CA,
AB, then L, M, NV are collinear.

FiG. 28.

Join LN, LM, PB, 2.
Since PNB 90 —PLB PLNB is a cyclic quadrllateral
Since PLC 90 -—PMC PLCM is a cyclic quadrilateral ;
. PLM =PCM since PLCM are concyclic,
=P§A, since PCAB are concyclic,
=180° —Pi]\’, since PLNB are concyclic;
;. PLM+PLN=180";
Jo MLV is a straight line. Q.E.D.

Definition.

The line MLAN is called the Simson Line or the pedal line of
2P w.r.t. the triangle 4BC.
A generalised form of Theorem 25 is given in Ex,. 114
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103. If the pedal line of P is parallel to 40, prove that P4 is
parallel to BC.

104. Find a point P having its pedal line parallel to a given line.

105. Prove that the pedal line of the point a}j which 420 cuts the
circumcircle is parallel to the tangent at 4 to the circymcircle.

106. AL is a diameter of the circumcircle of the triangle 45C, prove
that the pedal lines of A" and L intersect at right angles on the nine-
point circle.

107. The pedal line of a point P meets BClat L and AD at X ;
prove that LA is parallel to PA’

108. The perpendiculars from a point £ on the circumcircle of the
triangle ABC to BC, CA, AD cyt the circle again at X, V, Z; prove
that the triangles A5C, XVYZ are congruent.

109. Find the three points, the pedal lines of which are perpendicular
to the medians of the given trigngle.

110. A, (), R are the mid-points of the arcs HC, C4, AR of the
circumcircle of the triangle 4BC; prove that the triangle formed by
the pedal lines of P, (), & wur.t the triangle 45C is similar to the
triangle formed by Jommg the points of contact of AABC with its
incircle,

111. P2 is a puint on the circle circumscribing a quadrilateral ABC]);
if AB is parallel to CD, prove that the feet of the perpendiculars from
P to AC, AD, BC, BD are concyclic.

112. AD, BE, CF meet the circumcircle of the triangle 4ABC at
P, @, R; prove that.the pedal line of 4 w.r.t, the triangle PQR is
parallel to ZC.

113. £, Q are any two points on the circumcircle of the trianglg
AZBC; prove that the angle between the pedalelines of 2 and Q equals

}POQ
114, If in Theorem 25, PL, PM, PN are drawn so that
PNB=PLB="PIIC,
prove that L, M, NV are collinear.

115. Prove that if 2 is such a point that the feet of the perpendiculars
from P to the sides of a triangle are collinear, then # must lie on
the circumcircle of the triangle. (Co?verse of Theorem 25.)

116. Prove that the circumcircles of the four triangles formed by
four straight lines have a common point. [Use Ex. 115,]

117. L, M, N are the feet of the perpendiculars from a point 2
on the circumcircle of the triangle ABC to the sides BC, CA, AB.
Prove that the triangles PLN, PAC are similar, and find the position
of P for which ML2aLN,
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118. * With the notation of Ex. 117, prove that PL.MN, PM.NL,
PN.LM are proportional to BC, CA, AB.

119. With the notation of Ex. 117, prove that of the ratios
BC CA 4B
PLD P PN

120. Prove that the pedal line of P bisects PH.

121. Construct a triangle, given its pedal triangle.

122, With the notation of Fig. 28, if PK is the perpendicular from
P to MN, prove that PM . PN=PA.PK.

123. Find a point P inside the acute angled triangle 4BC such that
the circumcircles of the triangles APB, BPC, CPA are equal.

124. P, Q, R are any points on the sides BC, C4, AB of a triangle,
prove that the circumcentres of the triangles BPR, CQP, ARQ are
the vertices of a triangle similar to ABC.

one of them is equal to the sum of the other two.



CHAPTER IV. .

ON POINTS CONNECTED WITH A TRIANGLE.

THE theorems of this chapter were enunciated at a much later date
than the majority of those already considered. Theorems 26, 27,
29 are due to Euler (1707-1733), a Frenchman by birth, who spent
most of his life at Berlin and S. Petersburg. He may be regarded
as the first writer on-modern analysis: but in addition to his
numerous contributions to pure mathematics, there are a number of
fundamental theorems in*applied mathematics which are first found
in his memoirs.

THEOREM 26.

The circumcentre, the centroid, and the orthocentre of a triangle
are collinear.

A
or7G K
B Iy D C

F1G. 29.

Let O, G be the circumcentre and centroid.
Produce OG to meet the altitude 4D at X. |
The triangles 0GA', KG A are similar, for OA' is parallel to 4K,
since each is perpendicular to BC;
—g—fgs %—j—b 3, since G is the centroid ;
S PK=e0G.
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Now'if OG is produced to meet the altitude CF at K7, it follows
in the same way that GKX'=20G;
. GK'=GK and K’ coincides with X';
. AD and CF meet at K;
. K is the orthocentre;
.. the circumcentre, centroid, and orthocentre are collinear.
Q.E.D.

THEOREM 27.

If 0, G, H, are the circumcentre, centroid, and orthocentre
of the triangle 4AABC, and if V is the nine-point centre; then
(1) HG=2GO0; (2) AH=204"; (3) NV is the mid-point of O/ ;
(4) 0OG:GN:NH=2:1:3.

C

FiG. 30.

Since the triangles OGA', AGH are similar, [Th. 26.]
GH GA AH
0G - 4G 04"
- But GA=24'G, since G is the centroid ;
" GH=20G and AH=204". Q.E.D.

The perpendicular bisector of A4'D is parallel to OA’ and HD,
and .". bisects OA.
Similarly, the perpendicular blsector of C'F bisects OH ;
". the perpendicular bisectors of 4’2 and C'F meet at the mid-point
of OH.
But 4’D and C’'F are chords of the nine-point circle ;
*. the mid-point of OA is the centre /V of the nine-point circle.

Q.E.D.
Lastly, ON=}0H, OG=310H;
' . NG =}OH,
but NH=}0H;

“ OG:GN:NH=z2:1:3. Q.E.D.
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1. The extremities of a straight line 2Q of constantglength move on
two fixed lines 48, AC; prove that the locus of the orthocentre gf the
triangle 4PQ is a circle, centre A.

2. In the triangle ABC, prove that AH*+ BC2=4A40%
3. A0 meets BC at U; prove that the line joinimg ) to the mid-
point of AU passes through M.
A
4. If BAC=45", prove that EF bisects OH.

5. Given the nine-point circle and one angular point of a triangle,
prove that the locus of the orthocentre is a circle.

6. Given 4, N, H, construct the triangle.
7. Given O, A and the lengths of HA, GA, construct the triangle.
8. Given 4, B, N, construct the triangle.

9. Prove that the circumcircle and the nine-point circle are
homothetic w.r.t. either H qr G.

10. Prove that AA' meets the circumcircle at the end P of the
diameter through A of the circumcircle.

11. GA4’, GD meet the circumcircle at £, Q, prove that Q) is parallel
to 4’D and is equal to 3/1’1).

12, 7 is the mid-point of A4 ; GP meets the circumcircle aé (),
prove that A() is parallel to AG.

THEOREM 28.

The internal bisector of the angle £4C meets the circumcircle
of the triangle ABC at P. If M, IV are the feet of the perpen-
diculars from 2 to AB, AC,

A
C
B N
P
FiG, 31.
then AM=AN=}(4B+ AC),

MB=CN=%(4B=AC).
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Join PB, PC.
Since P, B, A, C are concyclic
Pﬁ/l +Pa4 =180°;
". one of the angles PBA, PCA is acute and the other is obtuse.
A
Suppose then (as in Fig. 31) that PB4 is acute,

then M lies between 4 and B and V lies on 4AC produced.
[Why is this a necessary part of the proof?]

The triangles AMP, ANP are congruent,
A A
for AMP=go° = ANP and MAP=NAP
and 42 is commmon;
So AM=AN and PM=PN;
also the triangles BMP, CNNP are congruent,

for BMP=go = CNP,
.and PB=PC
since these chords subtend equal angles at the circumference,
and PM=PN;
. MB=CN;

AB—AM=AN—A§;
S AB+ AC=AM+ AN=24M;

So AM=AN=%(AB+ AC). Q.E.D.

. MB=AB~AM=AB<~}(AB+AC)
=}(4B~AC);

So MB=CN=4(AB=AC). Q.E.D.

13. Given the base and vertical angle of a triangle, and (1) the
difference, or (2) the sum of the other two sides, construct it.

14. In the triangle 4BC, 32 C is fixed in magnitude and position,
AB+AC is constant, prove that the locus of A4’ is a straight line per-
pendicular to A7.

15, If A7, meets the circumcircle at Q, and if QR is drawn perpen-
dicular to 4B, prove that AR, KB are respectively equal to half the
difference and the sum of 4B, AC. .

16. R is the mid-point of the minor arc BC of the circumcircle of the
triangle ABC; the circle on AR as diameter meets 45 at S, prove that
the tangent from S to the incircle equals 3 BC.

17. With the notation of Theorem 28, prove that the tangents from
M to the incircle and- excircle escribed to BC are equal.
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THEOREM 29.

If O and 7 are the circumcentre and incentre of the triangle
ABC, and if R, » are the circumradius and inradius, then
OI?=R%-2R .7

(/
X

|

Fic. 32.

Produce A/ to meet the circumcircle at £7; produce PO to meet
the circumcircle at Q. Draw O perpendicular to 42; [it .". bisects
AP). Draw /Z perpendicular to AB.

Then . R2-0/2=0A42- 07

= OM?*+ MA? - (OM*:+ MI?)
=MA? - MI?

=(MA - MIY(MA+ M)
=AI.IP, since MA=PM,
=A7I. PB, since P/=PB.

Now the triangles 4/Z, QFAB:are similar,
for Q§P= 9o°=A21 and B@P= ZAI in the same segment ;

S Al PB=PQ.1Z=2R.7;
S RY-02=2R.7;
W OIP=R:-2R.7 Q.E.D.
Corollary.
By the same method, it may be proved that
Ol2=R2+2R .7,
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18. Prove the Corollary of Theorem 29.
[You will prove that O/~ OP*=hP.[\A=PB.1\A=2R .».]
19, A variable triangle circumscribes a fixed circle ; if its circumradius
is given, find the locus of its circumcentre.
20. Given BC, R, », construct the triangle.

21. Prove that the ratio of the squares of the tangents from /; and
7, to the circumcircle equals the ratio of the radii », and 7,.

22. The perpendicular at 7 to /O meets the incircle at X, K';
prove that the perimeter of the triangle OKXK’ equals the diameter of
the circumcircle.

23. A circle is drawn to touch O/ at 7 and to touch the circumcircle ;
prove that it is equal to the incircle.

24. If the circumcircle meets an excircle at 2 and if the tangents
at P to the two circles are at right angles, prove that the radius of
the excircle equals the diameter of the circumcircle.

25. Given the base and vertical angle of a triangle, prove that the
incircle is largest when the triangle is isosceles.

A remarkable property of the nine-point circle is due to
Feuerbach.

Feuerbach’s Theorem. The nine-point circle of a triangle touches
the incircle and each of the excircles.

The following sequence of riders indicates one method of proof.
Another method will ve found on page 149.
26. Let 47 meet BC at UU; from U draw UK to touch the incircle

at K. Let A'K meet the nine-point circle at £ Draw CJ/ perpen-
dicular to A7 and let it meet A/, AF at M, L; with the usual

notation,
(1) prove A’M=3BL=¥c~b);
(2) prove A’ X=A'M;
A A
(3) prove MDU=UMA"' [MDCA is cyclic];
(4) prove A'U. A D=A'"M*=A4'X?;
A A A
(5) prove KD A'= KIX=2U4D=ACB ~ ABC;
(6) prove that 4'/V is parallel to O4, and that the tangent to the
nine-point circle at 4’ makes with BC an angle equal to
A
0AH=ACB-ABC;
(7) prove that KXRUD is a cyclic quadrilateral, and that
AK. . AR=A4'X3;
(8) prove that R lies on the incircle;



1Iv.]  ON POINTS CONNECTED WITH A TRIANGLE 47

(9) two circles cut at R, and a line through R mects the circles
again at X, 4" ; if the tangents at A" and A’ are parallel, prove
that the circles touch at & ;

(10) prove that the nine-point circle touches the incircle. A similar

method may be used to prove that it touches zach excircle.

27. Find the position of a point X inside the triangle 4BC such
that the triangles ABX, BCX, CAX are equal in area.

28. Circles are described on AR, AC as diameters, and meet CF,
BE at P, P';Q, Q' ; prove that PQ7'() are concyclic.

29. 4 is a fixed point on the circumference of a circle; 2Q is a
variable chord]of constant length; prove that the locus of the ortho-
centre of the triangle 4PQ is a circle.

30. Prove that the line joining the feet of the perpendiculars from
H to A7 and /,/; bisects BC.

3l. M is any point on 4’0, prove that the lines drawn through
A, B, C parallel to MA', MB, MC' are concurrent,

32. Prove that if 04', OF, OC’ are placed end to end on the circum-
ference of the nine-point circle, they will just fill half of it.

OB.0C" 0C".04" 04'.08 1

33. Prove that 75 ¢t Be. pa T I CR=T

34, A7 meets BC at P and the circumcircle at 7'; A7, meets BC
at () and the circumcircle at (’; prove that

AP . AP =QA.AQ=FA.AC.
35. If ACb’ 90°, prove AZ.ZB=area of trlangle ABC

86. If 7 is the mid- -point of A A, prove that A’PD ACB ABC

37. I’xove that the sum of the squares on the six lines joining the
four points 7, 7, 1, I, equals four times the sum of the squares on
their distances from the circumcentre.

38. Given /7, 1}, I,, construct the triangle.

39. Given the base and vertical angle of a triangle, prove that the
locus of the centroid of the tnangle / 11yl3 is a circle.

40. Given A, /, G and ABC -4 CB, construct the triangle.

41. Given the base, the difference of the base angles, and the magni-
tude of the nine-point circle, construct the triangle.

42. A triangle of given shape has nne vertex fixed and the opposite
side passes through a fixed point, find the locus of the ‘orthocentre.

43. Points P, Q, R are taken on BC, CA, AB so that

= __,-_......—__

mB3+nd

CET. A, where A=area of

prove that the area of the triangle PQR=
the triangle 4BC.



48 PLANE GEOMETRY [cH.

44. Q and [ are the points of trisection of the arcs B'E, C 'F of the
nine-point circle, nearest to 5’ and C”; prove that QR is the side of an
equilateral triangle inscribed in the nine-point circle.

45. Squares AEFB, ACGH are described externally to the triangle
ABC, which is' right-angled at C'; a point A  is taken on AC (produced
if necessary) so that 4K =75C; prove that A4 is the centroid of the
tnangle HEK.

46. Points P, O, R are taken on BC, CA, AB so that
BP_2 CQ 3 AR _4
PCc '3 QA 4 RB™ 5
Calculate the ratio of the areas of the triangles PQR, ABC.

47. A tangent LM, parallel to BC, is drawn to the circle escribed to
BC; if AB touches this excircle at Z;, and if LM meets AB, AC at
P S _t. 1

, O, prove that PO=BCAZ,

48. The base of a triangle passes through a fixed point, and the
other sides are bisected at right angles by two fixed lines OP, 0Q;
prove that the locus of the vertex is a circle through O.

49. Construct a triangle ABC, given BC, D and the length of a side
of the inscribed square which has one of its sides on BC,

50. Construct a triangle given the base and vertical angle and one
median. [Two cases.]

51. ABCD is a regular tetrahedron: AE is drawn perpendicular to
the face BCD ; prove that 34E%2=2A4DB%

52. Four equilateral triangles are arranged so that their vertices
‘coincide and their bases form a square. Prove that the opposite edges
of the solid angle at the vertex are at right angles,

53, If ABCD is a tetrahedron, prove that

sin BDC sin DAC sin ABC_
sin BAC "sin DBC "sin ADC™
54, If ABCD is a tetrahedron, prove that the square of the area of

each face is proportxonal to the product of the sines of the angles of
that face and the sines of the angles at the opposite vertex.

55. The sides of the triangle 4BC are 6, 6, 8; and a point D is
taken such that DA=DB=DC=9; prove that the volume of the
tetrahedron ABCD is 48,

56. If a cube and an octahedron have a common circumscribing
sphere, prove that their surfaces are in the same ratio as their
volumes.
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It is not proposed to include in this book any fo:inal account
of the modern geometry of the triangle which has been develop®d
in great detail in recent years. The following sequence of riders
(57-76), however, include a few of the more elémentz)iry theorems,
and are so .arranged that no difficulty will be found in working
through them. Those which do not affect the logical connection
of the set, regarded as a whole, are marked with an asterisk.

Definition. ‘
If a straight lme LrQ cuts two fixed straight lines 458, AC at

£, Q so that APQ A CB then PQ is called an antiparallel to
BC wrt. AB, 4AC.

57.* With the notation of this definition, .prove that PQCEH are
concyclic.

58.* Irove that the sides of the pedal triangle are antiparallels to

the corresponding sides of the original triangle A/5C w.r.t. the remain-
ing sides of ABRC.

59, If two lines are antiparallel to AC w.r.t. AB, AC, prove that
they are parallel to each other,

60. Prove that the antiparallels to 5C w.r.t. A8, AC are parallel to
the tangent at 4 to the circumcircle of ABC,

Definition. The line 4A which bisects all the antiparallels to BC
w.rt. AB, AC is called a symmedian line of the triangle.

A triangle has therefore three symmedians, one through each vertex.

61. If the tangents at A, B, C to the circumcircle of the triangle
ABC form the triangle 4,B,C, where A4;, B,, C, are respectively
opposite to A4, B, C; prove that 44,, BB,, CC, are symmedians and
that they are concurrent.

[Through 4, draw an antiparallel QAR to BC to meet 45, AC at
Q, R ; use Ex. 60 and prove Q4,=BA;=CA,=RA,.]

Definition. The point at which the symmedians intersect is called
the symmedian point of the triangle and will be denoted by X.

62. Drove that GAB=KAC; GBC=KBA; GCA=KCB.

[Reflect the figure about 47 so that 45 and AC interchange their
positions, and note that antiparallels to £C become lines parallel to
BC so that AK becomes A4G.] ‘

63, P, P’ are two points inside the triangle ABC such that

B2P=6‘2P' ; perpendiculars PN, P'N'; PM, PM' are drawn to
AB, AC respectively, Prove that PN, P N'=PM.PM.

[Use similar triangles PAWN, P’AM’ PAN', PAM.]
D.G. ‘
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64, Conveisely if, with the same construction as in Ex. 63, PN. PN’

=PM.PM', prove that .BﬁP:CjPﬁ

65.% Prove, with the same figure as Ex, 63, that #//V is perpendicular
to AP

Deﬁnmon AP, AP are called isogonal lines w.rt. 4B, AC xf
BAP CAP’ AP, AP being between AB and AC

66. If AP, AP are isogonal lines w.rt. 45, AC; and if BP, BF'
are isogonal lines w.r.t. BC, BA; then CP, CP are isogonal lines

w.rt. CA, CB. [Use Ex, 63, 64.]
Definition. Points 2, P, situated as in Ex, 66 are called isogonal

conjugates.

67.* Prove that O and A are isogonal conjugates.

68.* If P lies on the circumcircle, prove that its isogonal conjugate
is at infinity.
© 69.* Prove that the incentre and excentres are isogonal self-con-
jugates (z.e. are isogonal to themselves).

70. Prove that G and K are isogonal conjugates.

71. Prove that the perpendiculars from X to BC, CA, AB are respec-
tively proportional to those sides. [Use Ex. 63, 70.]

72. Prove that the sum of the squares on the perpendiculars from
a point P to the sides of a triangle is least when P is at K.

[If #, ¢, 7 are the lengths of the perpendiculars, use the identity
(152+9“’+f")(a”+62+62)=(aﬁ+éy+cr)”+(ay—bﬁ)2+(ér—f9)“’+(c75-a9)’=’,
and use Ex. 71.] .

73. Prove that it is al\vays possible to find one and only one point
Q such that QAB=05C= QCA

[Prove that £ must lie on a circle touching 45 at 4 and passmg
through C, and also on a circle touching AC at C and passing
through 5.]

In the same way there exists one and only one point §’ such that
QAc= Q’C‘B Q’BA

Definition. The points Q, Q' obtamed in Ex. 73 are called the
Brocard points of the triangle 4BC.

74.* Prove that  and £’ are isogonal conjugates.

75.* If AM is a chord parailel to BC of the circle which touches
AB at A4 and passes through C, prove that B} meets the circle at Q.

76. Prove that BAC=180"~ ACB, What is the corresponding value
for BYC?



CHAPTER V.

CONCURRENCY AND COLLINEARITY.

In Coordinate Geometry it is of fundamental importance that
account should be taken of the direction in which a line is measured.
Thus lines measured along the x-axis, Dx, are taken as positive
when measured towards the right hand from the point O, and are
taken as negative when measured towards the left. This is the usual
convention ; but it would be equally correct to regard lengths
measured to the left as positive and to the right as negative.

Many geometrical theorems can be enunciated in a more generai
form, if the same connection between sign and direction is observed.

If then 4, B are any two points, we say that
AB= —-BA
or A AB+BA=o. )
This is equivalent to stating that if a point travels from A4 to B
and then from £ to A4, its final distance fro’m its starting point is
zero.

Definition.

Two segments A8, PQ of the same or parallel lines are said to
have the same sense or opposite senses [or are sometimes called like
or unlike] according as the directions 4> 5 and P~(Q are the same

or opposite.

A B P
A P__B
) A 8
FiG. 33.

1. If ABP are three points 7n any order on a straight line, then
AB=AP+PB. v~ :
This amounts to stating that if a point travels from 4 to 2 and then
from P to B, its final distance from A4 is equal to 45,
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2. If A1\ P,... P,B are points in any order on a straight line,
then (1) AB=AP;+ PP+ ... + P.B;
(2) AP+ P Py+ ... + P, B+BA=o.

3. If ABOU are points in any order on a straight line, then
AB=0B-04. ¢~

4. Draw any finite straight line 4A and mark roughly on it a

. AP
point 2 such that Vo) equals pM ;:
() +15 (2) —-%; (3) —2;(4) -1

} 5. Describe the changes in the value of the ratio %—g as P

moves on the unlimited line AB: and prove that this ratio can
never have the same value for two different finite positions of P.

It follows from Ex. 5 that if x is any real number (positive or

negative), excluding £ = — 1, there is one and only one position of £
AP
on the unlimited line 4.8 for which Vo And as the distance of

P from A4 or B increases, the ratio ‘%g approaches the value - 1;

and can be made to differ from -1 by a quantity less than any
assigned quantity, however small, by increasing sufficiently the
distance of 2 from A. '

If x= -1, there is no possible finife position for 2. To
preserve continuity, we shall therefore suppose that there is one and

only one position of 2 on the line 458 for which %f—;; -1, and we

shall call this point, the point at infinity on the line 4.8, and shall
denote it by 0. It should be understood that such a point is purely
ideal, in other words it is merely a convenient way of expressing i
geometrical form an arithmetical idea. A more complete discussion
will be found in the Second Part.

A number of relations exist which connect the lengthis of varieus
segments of a straight line. For example, if 4, B, C, D are any
four collinear points; then A4B.CD+BC.AD+CA.BD=o.
These relations are best proved by taking an origin O on the line
and expressing the length of each segment in terms of the distances
of its extremities from O.

/' Thus AB= 0B -~ 04, etc.
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6. Prove that if 48CD are four collinear points in a1y order, then
AB.CD+BC.AD+CA.BD=o. A
/~ 1. Cis the mid-point of 48 ; P is any other point on the line 45 ;
prove that (1) PC=}(PA+PB), '

(2) AP.BP+CB=CP, - kC
(3) AR*+BP2=2AC?+2CP?, /1 -
8. 4B is divided at C so that 4B.BC=AC?; prove that
AB-A4C*=A4RB. AC.
9. AB is bisected at C and produced to D ; prove that
AC.AD=CB.BD+2BC*

Is the result still true if D lies between 4 and B? 747’
(10. A4, B, C, D are four collinear points; 2, Q are the mid-points
of AB, CD; prove that PQ=3%(AD+ BC).

11. P isany point on the line 4BC; prove that

PA* . BC+PB*. CA+PC*. AB+BC.CA.AB=o.
» 12, Prove the result of Ex. 11 when 2 is any point in the plane.
[Draw PO perpendicular to ABC.]
/13. If G is a point on the line 4,4,4;4, such that
GA+GAy+ GAz+GAy=o,
and if P is any other point on the line, prove that
PA+PA+PAg+ PA,=4PG.

Generalise this theorem for 7z collinear points.

/ 14. G is a point on the line 4,4,434, such that
GA,+GAz+ GAz+ GA,==0,
if P is any other point on the line, prove that

PAL+PAL+PAL+PAL~(GAL2+GA2+GAL+GAR)=4PG

Generalise this theorem for 7 collinear points.

/ 15, Prove the result of Ex. 14 when P is any point in the plane.

Theorem 31 was first discovered by Menelaus who died at the
end of the first century a.p. It was, however, forgotten and then
discovered afresh by Ceva (1650-17 34) and by Carnci (1753-1823).
The latter made it the basis of his researches on transversals.. Ceva,
to whom Theorem 30 is due, was an Italian by birth and an
hydraulic engineer by profession. His treatise on geometry includes
a number of statical applications. It is interesting to note that he
was one of the earliest scientific writers on economics.
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THEOREM 30. [CEva’s THEOREM.]

, e '
~ Three concurrent straight lines are drawn through the vertices
A4, B, C of a triangle t0 meet the opposite sides at D, &, F

BD CE AF_

respectively ; then + 1.

DC EA’ FB

FiG. 34. Fic. 3s.

Let the three lines concur at O.
If O lies inside the triangle 4BC (Fig. 34) each of the ratios

%—D@ %. f}g is positive: and if O lies outside 4BC (Fig. 35)
one ratio is positive and the other two are negative ;

", in either case the product 'oF the three ratios is positive.
BD ABOA CE_ ABOC AF_nC04
By Theorem 6, = s=—F+-—;

BD CE AF_ABOA ABOC ACOA

o —

. BD CE AF

" DC'EA FB- T
Corollary. -
If D, E, F are points on BC, CA, AB such that
BD CE AF

DC E4 FB™TY
then 4D, BE. CF are concurrent.
~ [This may be easily proved by a ‘reductio ad absurdum’ method.]

16. Prove the Corollary of Theorem 30.
17. If in Fig. 34, BD=}DC, CE=4C4, calculate

(1) 555 (2) £40B:8BOC:ACOL; (3) 4o
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18. If points /[, E, F are taken on the sides BC, 4, AB of a
triangle so that 2B8D=UC(C, 3CE=2EA, AF=3FB, prove that 4D,
BE, CF are concurrent. If they meet at O, and if the area of the
triangle 4 BC is 660 sq.cms., calculate the areas of the triangles 80D,
DOC, COE, EOA, AOF, FOB.

19. In the triangle ABC, BC is produced to D so that BC=CD;
CA is produced to £ so that CA=AL ; if AD meets BE at O, and

BE
if OC meets AB at F, calculate 77

20. Use Ceva’s theorem to prove that

(1) the medians of a triangle are concurrent,

(2) the internal bisectors of the angles of a triangle are concurrent,
(3) the altitudes of a triangle are concurrent.

AF _AC
[Note that = TE= AR

/s 21. If the incircle of a triangle ABC touches BC, CA, AB at D,
E, F prove that AD, BE, CF are concurrent. State and prove a
similar theorem for an escribed circle.

22. In Fig. 34, prove tkat (1) ZZ 2§Z€,

0l OE OF
@ Zptaeter=!

AF AE AOQ
23. In Fig. 34, prove that %+ —=="77

24, Variable points /), £ are taken on the sides 4B, AC of the

, etc., by similar trlangles]

triangle ABC such that %+§§ is constant; if CF, BE intersect

at O, prove that the triangle ZOC is of coustant area, and find thé
locus of O.
25, In Fig. 34, prove that Ceva’s result is equivalent to
sin BAD sin CBE sin ACF
sin DAC "sin EBA 'snFCB
26. If in Fig. 34 EF is parallel to BC, prove that BD=DC.

27. If in Fig. 34 the circle DEF cuts BC, CA, AB again at D', E/,
F', prove that 40, BE', CF' are concurrent.

28, If in Fig. 34 lines are drawn through the mid-puints of BC, C4,
AR parallel to 4D, BE, CF, prove that they are concurrent,

29, ABCD is a quadrilateral; A5, €D meet at E; AC, BD meet
at F; EF quts AD at & and BC at G; prove that
EB EC_DH CG
E4d ‘ED HA ' GE
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30. If in Fig. 34 P, Q, R are the mid-points of EF, FD, DE, prove
that 4P, BQ, CR are concurrent. [Use Theorem 8.]

3l. If in Fig. 34 P, Q, R are points on EF, FD, DE such that
DP, EQ, FR are concurrent, prove that 4P, BQ, CR are concurrent.
[Use Theorem 8.] -

32. A triangle ABC is inscribed in a triangle X¥.Z and is circum.
scribed about a triangle PQR; the order of the letters round the
triangles is ARBPCQA and XCYAZBX. 1f AP, BQ, CR are con-
current, and if AX, BY, CZ are concurrent, prove that PX, QV, RZ
are concurrent. [Use Theorem 8.]

33. The sides AB, CD of the quadrilateral ABCD are parallel ; CA4,
DB meet at £; CB, AD meet at H; CB, AD meet FEG, a parallel
to 4B, at G and F respectively ; prove that AG, BF, E/ are con-
current.

34, AP, BQ, CR are three concurrent lines meeting the opposite sides
of the triangle 4BC at P, Q, R; F, G, H, A, B, C’ are the mid-
points of AP, BQ, CR, BC, CA, AB; prove that A'F, BG, C'H
are concurrent.

Definition.
Any line cutting a system of straight lines is called a transversal
of those lines.

THEOREM 31. [MENELAUS’ THEOREM.]

If a transversal meets the sides BC, CA4, AB of a triangle at
BD CE AF_

D, E, F respectlvely, then BC FEA FB-

116G, 36.

The transversal cuts either one side (Fig. 36) or threg sides
(Fig. 37) of the triangle externallmhereforé either one or three
BD CE AF
DC EA FB
product is negative in each case.

of the ratios are negative, and therefore their
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From A, B, C drop perpendiculars to the transvcrsal, and let
21y Py Py be their lengths,
Then by similar triangles
BD p: CE_py AF_p,

in Fig. 36 Voo A ;1 7’1—5_’=;>2'

Fic. 37.

[In Fig. 37 each ratio is negative];

BD CE AF_ |
" DC EA FB Q.E.D.,
Corollary.
If D, E, F are points on the sides BC, C4, AB of a tnangle
BD CE AF_
such that —— DC E4d FB- D then D, £, F are collinear.

This may be easily proved by a ‘reductio ad absurdum’
method.

35. Prove the Corollary of Theorem 31,
r

36. If in Fig.. 36 BD=3CD and CA=3CE, calculate %

87. B, ' are the mid-points of the sides AC, AB of the triangle
ABC. Q is the mid-point of B'C'; BQ meets AC at R. Calculate
AR
RC

38. If in Fig. 36 BE, CF are the internal bisectors of the angles

' A
ABC, ACB, prove that AD is the external bisector of BAC.

39. Prove that the points at which the external bisectors of the
angles of a triangle meet the opposite sides are collinear.

© 40. A is a point inside the triangle A4 BC, prove that the external
bisectors of the angles AAB, BHC, CHA meet AB, BC, €A respec-
tively at three collinear points.
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41, Points' 2, Q, R are taken on the sides BC, CA4, AB of a triangle
su.h that ——=—2 -2+ OR and CB produced meet at D, prove that

BD: CD=CP?: PB:

42. A circle centre A touches externally each of two given circles
centres B, C at D, E; DE meets BC at F. Another circle centre 4’
touches the same two circles at 2, £'; prove that D'E’ meets BC at
F, and that the two original circles are homothetic w.r.t. F.

43. G is the centroid of the triangle ABC; AG is produced to P
so that GP=AG. Parallels through P to CA, 4B, BC meet BC, CA,
ARB at L, M, N respectively; prove that L, M, NV are collinear.

44, The tangents to the circumcircle of a triangle ABC at the
vertices A, B, C meet the opposite sides at L, M, N. Prove that
LMN are collinear.

[Show that BL BAz, etc]

CL CA
BD BK
45. If in Fig. 34, EP meets BC at K, prove that DG-GK'

BD BK
DC™ CK

47. If in Fig. 34, EF meets AD at A and BC at K, prove that
EH_EK
HF tK
48. If in Fig. 34, £F meets BC at L, FD meets CA at M, DE
meets A8 at IV; prove that L, M, IV are collinear.
49. Four points a, 4, ¢, d are taken on the sides 4B, BC, CD, DA

Ada Bb Cc Dd
of a quadrilateral 48CD such that = 2B 3C D 7d
ab, cd intersect on AC. '

50. If a straight line cuts the sides 4B, BC, CD, DA of a quadri-
AP BQ CR _DS_

PBE'QC RD'Sa-th

Generalise this theorem for an z-sided polygon.

b1. Points P, P, Q, Q' are taken on the edges 4B, CD, AD, BC
of a tetrahedron 4BCD; if the lines PP and QQ intersect, prove
BP AQ DP CQ_
P4 QD PC OB~

52. Given four lines of lengths q, &, ¢, 4, construct the ratio %- 5

83. The incircle of the triangle 4BC touches BC, CA, AB at

. BX BK
X, Y, Z; YZ is produced to meet BC at X, pruve that X~ TR

46. If in Fig. 35, £F meets BC at KX, prove that —==

=1; prove that

lateral at PQRS, prove that

that =,
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54. A4', B, C' are the mid-points of BC, CA, AB ; a transversal cuts
BC, CA, AB at K, L, M; AK, BL, CM meet BC, CA, AB at
K, L'y M ; prove that K", L', M are collinear.

66. ABCD is a quadrilateral ; M/, /V, P are any points on BC, AD,
AB; PN meets BD at R; RM meets DC at S; PM meets AC at Q;
prove that &V, (, S are collinear.

656. A straight line meets the sides BC, CA, AB of a triangle
at P, Q, R; A, B, C' are the mid-points of these sides; AP, BQ,
CR meet B'C, CA, A'B at P, Q, R’'; prove that P, Q, R’ are
collinear.

57. A circle cuts each of the sides of a quadrilateral 4BCD at two
internal points so that the order of the letters round the quadrilateral
is AAA,BBB,CC.C,DD,D\A. 1f D\C,, AL, AC are concurrent,
prove the concurrency of the following sets :

(1) Dy, B\Gyy DB 5 (2) DyCyy ApBByy AC; (3) DyAyy CoBByy DB.

58. Three planes 40B, BOC, COA intersect at a point O. Prove
that the plane through the bisectors of the angles A0B, BOC cuts
the plane COA4 in a line which bisects the angle COA externally.

59. If one of the transverse common tangents of two circles is per-
pendicular to ore of the direct common tangents, prove that the eight
points of contact lie on two straight lines.

60. [Desargue’s Theorem on Perspective Triangles.]

ABC, A'BC’ are two triangles such that AA’, BB, CC’ meet at
0; prove that, if BC, B'C' meet at L; CA, C'A’ at M; AB, AP
at N, then LMN are collinear.

I:Prove %%, ii’ . %— —1 by considering- the transversals LB'C,

MC A’y NA'B applied to the triangles OBC, OCA, OAB.]

61. [Pascal's Theorem.]

ABCDEF is any hexagon mscnbed in a circle; AB, DE meet at
L; BC, EF at M; CD, FA at N; prove that LMN are collinear.
[Produce AB, CD, EF to form a triangle XV Z and prove that ZMN

is a transversal of X¥VZ by considering BC, DE, FA as transversals
of X¥Z.]
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THEOREM 32.

2, Q, R are points on the sides BC, CA, AB of a triangle, such
that the perpendiculars to the sides at these points are concurrent
then BP2+ CQ*+ AR?=PC?+ QA?+ RB*.

Fic. 38.

Let the perpendiculars at £, Q, R meet at S.

Join S4, SB, SC.

BP? - PC?=(BP2+ PS?) — (PC*+ PS?)
=BS?-SC2

Similarly, CQ? — QA4%= CS? - SA? and AR - RB2=AS? - SB?;

. by addition BP2- PC?*+ CQ?~ QA*+ AR~ RB*=0;
S BP2+ CQ P+ AR =PC? + QA*+ RB*
Q.E.D.
Corollary. ‘ -

If P, Q, R are points on the sides BC, CA4, AB of a triangle
such that BPt+ CQ*+ AR?=PC*+ QA%+ RB? then the perpen-
diculars at 2, Q, R to the sides are concurrent.

This may be easily proved by a ‘reductio ad absurdum’ method.
It is the converse theorem (in the Corollary) which is the more
useful in rider work.

62. Prove the Corollary of Theorem 32.

63. Is Theorem 32 still true if S lies outside the triangle 4BC?

64. Use Theorem 32 Corollary to show that the altitudes of a triangle
are concurrent.

65. If 7,, I,, I, are the centres of the circles escribed to BC, CA,
AB, prove that the perpendiculars from /y, 73, /3 to these sides are
concurrent.



v.] CONCURRENCY AND COLLINEAPITY 61

66. AD, BE, CF are the altitudes of the triangl: ABC, prove
that the perpendiculars from A, B, C to EF, FD, DE are con-
current,

67. L, M, IV are the feet of the perpendiculars from a point X to
the sides BC, CA, AP of a triangle, prove that the perpendiculars from
A, B, C to MN, NL, LM are concurrent.

68. Each of three circles touches the other two, prove that the
common tangents at the points of contact are concurrent.

69. If each of three circles cuts the other two,* prove that the
common chords of the circles taken in pairs are concurrent. [Use
Theorem 32.]

70. P, (), R are the feet of the perpendiculars from a point S to
the sides C, CA4, AB of a triangle; A', /', C’' are the mid-points of
these sides, prove that 4'P.BC+FBQ.CA+C'R.AB=o.

k 7. PQR and /'Q'R are two straight lines; PP, QQ'; QQ, RR';
RR', PP meet at C, A, B respectively, prove that PQ, QR , RP' cut
AB, BC, CA at three collinear points.

72. ABCD is a parallelogram; AB, 40D meet any line through
Cat A, K; BK cuts DA at O; BD cuts A0 at P; prove that
BP _HC
PD CK

73. A, B, C' are the feet of the perpendiculars from the vertices

A, B, C of a triangle to any straight line ; prove that the perpendiculars
from A', B, C' to BC, CA, AB are concurrent.



CHAPTER VL

VECTOR GEOMETRY.

THE theory of vectors has been constructed entirely during the last
century. It is usual to refer to Argand (1768-1825) as the first to
attempt to represent graphically imaginary numbers. But this
priority is questioned by some authorities. A great development
was made by Hamilton (1805-1865) by his famous discovery of the
properties of quaternions, published in 1852.

In the following pages, as an introduction to vector addition, the
analogous properties which hold for the projections of a set of lines
on an arbitrary line are first worked out. The advantage of this
method lies in the fact that the law of addition, which is taken as a
definition for vectors, is capable of simple proof [Theorem 33] in
this special case, and its consequences are therefare more easily
understood.

=7 X
o) l/ B
o) A 8’ x A
FiG. 39.

Definition.

If perpendiculars 44, BB’ are drawn from the extremities 4, B
of a given line 4.5 to a line Ox; A'B’ is called the projection of 4.8
on Ox and will be denoted by 458. The projection is said to be
with reference to Ox. If no special line Ox is mentioned, it is
implieﬂ that an arbitrary line may be selected for Ox.
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THEOREM 33.

If 4, B, C are any three points, then AB + BC=AC.
The proof is left to the reader.

. 1 If A.A,A4,... A, is any polygon, the sum of the projections of
the sides taken in order on any straight line is zero.

[ie. AAy+ Ay A+ ...+ Ay Au+ A, A =0.]

THEOREM 34.

If D is the mid-point of the base BC of a triangle 48C, then

AB+AC=24D.
A

B8 D C
Fi1G. 40.
"AB=AD+ DB [Th. 33.]
AC=AD+DC;
.. AB+AC=24D+ DB+ DC.
But DB + DC=o, for their senses are opposite and their lengths

are equal. -
Je AB+AC=2A4D. Q.E.D.

THEOREM 35.

If D is a point on the base BC of a triangle 4BC such that
AM.BD=p.DC; then A . AB+p. AC=(A+p) AD.
This may be proved in the same way as Theorem 34.

2. Prove Theorem 35.

8. If D is the mid-point of the base BC of a triangle 4BC, prove
that A8+ AC'=24D+2D5B"

4. If D is a point on the base BC of a triangle ABC, such that
A.BD=p. DC, prove that '

AM\AB+p AC=(A+p) AP +\. BD*+p. DC".
6. If ABCD is any quadrilateral, prove that
 AB.CD+BC.AD+CA4.BD=o.
8. If ABCD .is any quadrilateral, prove that
AD*. BC+BD*.CA+CD*. AB+BC.CA.AB=o.
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THEOREM 36.

If two lines AP, AQ are such that their projections on each of two
lines at right angles are equal, prove that 2 coincides with Q.

/,,

A

Y

FiG. 41.

Let Ox, Oy be the two given perpendicular lines.
Now AP=AQ+ QF.
But AP=AQ referred to Ox and Oy ;

.. QP=o referred to Ox and Oy;
’. QFis perpendicular both to Ox and to Oy, or else Q concides
with P;
.. Q must coincide with 2.
Q.E.D.

Hence it follows that if 47=AQ referred to an arbitrary line,
P must coincide with Q.

THEOREM 37.

If AB = CD referred to each of two perpendicular lines, then 4.8
is equal and parallel to CD.

[If possible draw 4B’ equal and parallel to CL and prove by
Theorem 36 that B’ coincides with 5.]

Hence it follows that if AB= CD referred to an arbitrary line,
then A8 and CD are equal and parallel.

7. Prove Theorem 37.
8. If AB is equal and parallel to CD, prove that AB=CD.

9. If AB. is parallel to CD and if AB=CD referred to a given
line ox, not parallel to 425, prove that AB=CD.
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THEOREM 38.

A’ is the mid-point of the base BC of the triangle 4BC; G is a
point on. 44’ such that A'G=4GA. O is a fixed point on an

arbitrary line Ox ; then OG=}% (04 + OB+ OC).
A

F1G. 424

Since BA'=A4'C, OB+ 0C=204. [Th. 34.]
Since 24'G=GA, 204"+ OA=(2+1) OG; [Th. 35.]
. adding 04+ OB+ 0C=30G;
* . OG=3}(0A+ 0B+ 0C). Q.E.D.

If CA is bisected at B’ and G| is taken on B'B so that B'G,
=3} G, B, in exactly the same way we may prove
0G,=3(0A+ OB + 0C);
. OG= 0G, referred to an arbitrary line ;
". G, coincides with G. [Th. 36.]
And in the same way, if 45 is bisected at C’ and G, is taken on
C'C so that C'Gy=3G,C, it follows that G, coincides with G.
Hence this method has proved that the medians of a triangle are
concurrent, and divide each other at a point of trisection.

Definition. '
(1) The point G determined by the equation
0G=3(04+ 0%+ 0C)
is called the mean centre of the three points 4, B, C. It coincides
with the centroid or centre of gravity of a triangular plate 4B8C.
(2) If 4,A,... 4, are n points, and if G is a point determined
by the equation OG =7(04,+ Od,+ ... + Od,), then G is called

the mean centre of the » points 4,, 4,... 4, It coincides with
D.G. 'E
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the centre of gravity of # equal particles placed at the 7 points.
Itcis necessary to show that the position of G does not alter if
the position of O is changed.

10. Prove that if G is defined by OG=2(04,+0As+ ... +04,),
the position of G is independent of the position of O.

[If O is any other point, and if 0’G’——(0’A1+0'A2 .. +0'4.),
show that G’ coincides with G.]

11, Prove that the centroid of the triangle 4A8C coincides with the
centroid of the triangle formed by joining the mid-points A'B'C’ of
its sides. [Express 3(04'+ OB +0C’) in terms of 0A, OB, OC.]

12. Prove that the mean centre of the quadrilateral 4BCD is at
the mid-point of the line joining the mid-points of 48 and CD. Hence,
prove that the lines joining the mid-points of opposite sides of a
quadrilateral and joining the mid-points of the diagonals are concurrent
and bisect each other,

13. If G is the mean centre.of ABC, prove that GA+GB+GC=o.

14, If 4, By, C,, D, are the centroids of the triangles BCD, CDA4,
DAB, ABC, prove that AA4,, BB, CC;, DD, are concurrent (at G say),
and that 4AG=3G4,, etc. .

15, A4,4,434,A A are the mid-points of consecutive sides of a
hexagon, prove that the triangles 4,434, A,4,4; have the same
centroid. ]

16. Points P, O, R are taken on the sides BC, CA,"4B of a triangle
so that 5 =x=-—-= =55 prove that the centroids of the triangies A5G,

PQR are coincident.

17. 4,, B, C,,‘ D,, E, are the mean centres of the quadrilaterals
BCDE, CDEA, DEAB, EABC, ABCD ; prove that the sides of the
pentagon A.B,CiD\E, are parallel to and equal to one quarter of the
corresponding sides of the pentagon ABCDE.

18. The sides 4B, AC of a triangle are divided at P, Q so that
jz C-.—Q— ; the parallelograms APRC, ABSQ are drawn; prove that
PS and QR are parallel to each other and to the median through 4

of the triangle 4BC.
19. (1) O is the centre of a circle of unit radius; A4,4,4; are any

three points on its circumference: another circle of unit radius is
described through A4, and 4s; if o, is its centre, prove that

0_“1:' 522“‘" ﬂs.
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If, further, two other circles of unit radius are descsibed through
Ag Ay ;5 A,y Asy and if their centres are a, and ag, prove that the points
o040y lie on another circle of unit radius (centre B3, say).

[Bs is given by OBy=0A,+ O0A,+ 0A4,.)

(2) If four points 4,4,4,4, lie on a circle of unit radius, and if
from every set of three points a circle is constructed as in (1), then the
centres B1B:B36; of these four circles lie on a circle of unit radius,
centre y; [y; is given by Oy;=04,+ 04+ 04+ 04,.]

(3) If five points 4,4,434,4; lie on a circle of unit radius, and if
from every four points a circle of unit radius is constructed as in (2),
then the centres vy,y»ysysy; of these circles lie on a circle of unit radius,
centre &; and so on indefinitely.

SOLID GEOMETRY

This method of projection may be readily extended to three-
dimensional geometry. Instead of taking two perpendicular lines
for reference, it is now necessary to take three mutually perpen-
dicular lines as axes. If A2 is a line in space, 45 will be taken
to denote the projection of 458 on a specified axis. Where no
axis is mentioned, it is implied that an arbitrary line can be selected
as the axis of reference.

20. If 4, B, C, D are any four points in space, prove that
AB+BC+CD=A4D.
21. Prove that AB+AC=2A4D where D is the mid-point of BC.

THEOREM 39.

(1) If AB=AC referred to an arbitrary line, then B coincides
with C.

(2) If AB=CD referred to an arbitrary line, then 4B is equal
and parallel to CD.

[The methods of proof employed in Theorems 36, 37 apply here.]

22, Prove Theorem 3y.

Definition.
If A,A;... A, are » points in space, and if G is a point determined by

‘==’1,(52,+5x—42+...+b7,.) where O is any fixed point, then G is

called the mean centye or the centroid of the system of points
AAy... An.
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28. Prove that the position of G, as just defined, is independent of
the®position of O.

24. Prove that the lines joining the mid-points of opposite edges of
a tetrahedron are concurrent and bisect each other.

[Prove that the mid-point of each line is at the mean centre of the
tetrahedron.]

25, G, is the centroid of the base BCD of the tetrahedron ABCD ;
G is a point on 4G, such that G,G=%4GA ; prove that G is the mean
centre of the tetrahedron.

26. G), G, Gs, G, are the centroids of the faces of the tetrahedron
ABCD opposite to A, B, C, D, respectively; prove that the lines
AG,, BGs, CGy DG, are concurrent.

27. With the notation of Ex. 26, prove that the tetrahedra G;G,G;G,,
ABCD have the same mean centre.

28. With the notation of Ex. 26, prove that G,G, is parallel to and
equal to one-third of AZB.

29. P, Q, R, S are the mid-points of the edges 4B, BC, CD, DA of a
tetrahedron ABCD, prove that the tetrahedra PQORS, ABCD have
the same mean centre.

30. With the notation of Ex. 26, find the ratio in which GG, divides
the line joining the mid-points of A5 and CD.

VECTORS.

We have seen that it is possible to represent positive and negative
numbers by points on the x-axis referred to a definite point O as
origin or zero-point. It is desirable to extend this method of
representation.

Certain quantities, such as forces or velocities, etc., are not fully
defined by their numerical magnitude ; it is necessary in such cases
to take account of their directions. These quantities can be repre-
sented by a straight line drawn in a definite direction, and of a
definite length.

Definition.

Any quantity which can be completely represented by a straight
line of appropriate length, drawn in an appropriate direction, is called
a vector.

It follows from this definition that equal and parallel lines
represent the same vector.
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Thus a velocity of 2o feet per second in a direction &N, 30° E, is a
vector, and may be represented by any one of a series of equal and
parallel straight lines.

In elementary arithmetic we are concerned with ghe addition of
numbers in which no question of difference of direction—except that

“of sense in a straight line—occurs. In the case of vectors, however,
" the idea of addition involves an entirely new conception. For it is
necessary to enquire what is meant by adding together two quantities
which involve, not merely magnitude, but also direction. For
example, what is meant by addsng a velocity of 10 feet per second
due North to a velocity of 8 feet per second due East?

The same kind of problem arose when the reader passed from the
conception of positive integral indices to fractional or negative
indices. The Law of Multipligation, #™ x ™= x™*", where m, » are
positive integers, no longer admits of proof, just because the symbol
x™ has no longer any meaning attaching to it. It is therefore
necessary to enlarge the original definition by stating that 2™ x x" is
to be taken as «™*" for all real values of 7 and 7, and using this
definition to interpret the meaning of x™ when = is not a positive
integer. The present problem must be approached in just the same
way.

If 4, B, C are any three points on the x-axis, so that 04, OB5,
OC represent any three real numbers (positive or negative), we
know that 4B+ BC=AC. 1If, however, 4, B, C are not collinear
so that 48 and BC represent two quantities, which involve different
directions, we are compelled to enlarge our definition of what is
meant by addition under these new circumstances. The original
definition is therefore extended as follows :

Definition.

The result of adding two vectors A8 and BC together is defined
to be the vector 4C.

This is a definition of what is meant by addition. Notice that it
does not violate the theorem that thesum of the lengths of two sides
of a triangle is greater than the length of the third ; for it does not
state that the length of 4.5 + the length of BC=the length of 4C;
but that the result of adding (combining) two quantities, whose
lengths and directions are represented by 4.8 and BC, is taken to be
a quantity whose length and direction is represented by 4C.

To avoid confusion between a vector 458 and the length 425,
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some differeice of notation is desirable. The vector 48 will
thtrefore be denoted by A25.
The Law of Addition of Vectors is therefore,
AB+BC=AC.
It is now necessary to show that vector quantities obey the
fundamental Laws of Algebra, as regards addition,
The meaning of multiplication has yet to be considered.

THEOREM 40.
AB+BC=BC+A4B.
C
P

B

A
FiG. 43.

Complete the parallelogram ABCPF.
By the law of addition A8+ BC=AC,
and AP+PC=A4C ;
S, AB+BC=AP+ PC.
But AB=2PC and Z?-:E—d since equal and parallel lines
represent the same vector ;

S AB+BC=BC+ AB. Q.E.D.
Corollary.

If AB, AP are two vectors, their sum is the vector represented
by the diagonal through A of the completed parallelogram P4BC.

THEOREM 41.
(AB+AC)+ AD=AB+(AC+4D).
The proof is left to the reader,

[Complete parallelograms BACP, DAPQ so that 4Q represents
the left hand side; then complete parallelogram DACR and show
that A0 = 4B + AX).

31. Prove Theorem 41.
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The process of subtraction can be deduced at oncg from that of
addition.

For AB+BA=AA=o0; .. AB=-BA4;

S AB-CB=AB+FBC=4C.

Starting then with this vector law of addition, it will be found
instructive for the reader to work out the theorems and examples
(omitting Ex. 2, 6) which have been given under the form of
projections of segments of straight lines on an arbitrary line. These
can be regarded afresh as vector theorems, for they depended simply
on the initial fact 4B+ BC=AC.

Thus for example, Theorem 34 may be rewritten as follows: If D
is the mid-point of the line joining two points B, C, and if O is the
origin, the vector represented by OD equals half the sum of the
vectors represented by OB, O¢.

The fundamental identity of these two methods may be seen by
noting that if two lines have equal projections referred to an arbitrary
line, then they represent the same vector quantity for they are equal
and parallel. [Th. 37.]

Theorem 35 may be restated as follows :

If D is a point on BC such that A. BD=p. DC, then

M. OB+p.OC=(A+p) OD.

Now, from elementary statics, if A. BD=pu., DC it follows that D
is the centre of gravity of masses A at B, u at C. Hence we have
the theorem: m,. O, +my. OAy=(m,+m,) OG, where G is.the
centre.of gravity of masses mz,, m, at 4, A,

This result can be readily extended to give the generalised vector
theorem :

my. Ody+my. OAy+ ... + m,. OA,= (my+ my+ ... +m,). OG,
where G is the centre of gravity of masses my, My,..myat Ay, Ayy.i 4,
In the particular case when m, =m,=...=m, we have

. OG=— (04, + 04y +...+ O4,),

where G is the centre of gravity of n equal passes at A,
A,, ... 4,; this point has been called the mean centre of the system
of points 4, 4,, ... 4,.

The reader should now work through exercises 10-19,

The extension of vector addition to three dimensional geometry
presents no new difficulty, and therefore Exercises 20-30 may be also
taken,
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VECTOR MULTIPLICATION.

When it is said that a point 2 on the axis Ox represents a positive
or negative number by reference to its distance from O, use is being
made of the following idea.

If OA represents a unit of length on Ox, and if OZF represents %
OP .
o045 by
definition equal to 4 In speaking of a /emgtZ it is necessary to
know the unit (inches, cms., etc.) in terms of which the length is

units of length [# being positive or negative], the ratio

given, But in the case of a 7a#o g—g, the value does not depend at

all on the particular unit chosen, and is in fact a pure number.
When considering the meaning of multiplication, it is necessary to
work with pure numbers. It is as impossible to multiply 1 inch by
1 inch as it is to multiply 1 chair by 1 chair (unless some new
definition is made as to the meaning of multiplication under such
circumstances).

,For simplicity, however, it is usual to suppose that the product

OP. 0Q is an abbreviation of ——; P Q, where OA represents the
04" 04
unit of length.
Given a unit of length O4 on the x-axis, and given any real
number 4, it is possible to find a point 2 on Ox such that

-—O—g—-k and for any point 2 on 04, géjls a real number.

Definition.
If P is a point outside Ox, and if OA4 is a unit of length on the

x-axis, the ratio gj; is called a complex number.

If OP=7 and 4 OP 6 (radlans) — w1ll also be denoted by
(7, 0).

It follows that every positive real number can be denoted by (7, o)
and every negative real number by (», 7), where » represents any
real positive number.

We have now to consider what is meant by multiplying togethér
two complex numbers (7y, 6,), (75 6,).

The fundamental definition of multiplication cannot apply here,
for as yet (»,, 6,) has received no interpretation.
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Now in the cale of 7¢a/ numbers the law of multiplication may be
stated in the form
(1 6)) x (rg O) = (ry79 0, +0,).
This may be easily verified.

-Eg., —ax +b=(a, m)x (b, o)
—"—"(d[’, 7r+o)==(a&, ™)
= —ab.

32. Prove that —ax —é=+ab and +ax —b= —ab are particular
cases of the law enunciated above.

In the case of complex numbers we shall therefore define multipli-
cation as the operation of this Law, viz.,
(712 01) X (73 ) = (7171 6, + 0y),
and then use this Law to discover what a complex number really is.
It is necessary first of all to prove that complex numbers, as now
defined, obey the fundamental Laws of Algebra.
It has been already shown that they obey the Laws of Addition, viz.,,
(1) oy +ay=a,+a;
(2) (a;+0ay) +ag=a;+(ay+a;);
where «, is written for (7, 6,), etc.
It remains to prove the following :
(3) oy xay=ayxay;
(4) (@) x ag)ag=a,(ay x ag) ;
(5) @(ag+ag) =00, +aya,
These may be proved very easily by .analysis.
For example, to prove (3);
‘Let a; = (7, 6,) and ay=(7,, 0,).
Then a, x ag= (7, 0,) X (rg, Oy) = (r,7,, 0, +0,)
=(rgry Oy + 0,) = (75 0)) x (7}, ) =ayx 0, ;
. * L] .
for r, », and 6, 6, are real numbers, and therefore satisfy the
laws of algebra, so that 7,7, = 7,7, and 6, +6,= 0, + 6,.
In a similar manner, (4) and (5) may be established.
/&It is interesting however to regard them from a geometrical stand-

point. For this- purpose, it is necessary, first of all, to give a
geometrical construction for a; x a,.
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Let a, = (%, 6)) = %g y Gy = (75 02)—6‘5, where OA represents a

anit of length of the x-axis.
On 0P, cpnstruct a triangle OP, R directly similar to 042,

R

Fi1G. 44.

OR O
0P~ 04

OR _ OR OF, 0P OF,
" 04” 0P2 OA OA 04

Th ! by similar tnangles ;

F=r17y;

and 40R=AOP, + PLOR=AOP, + AOP,=b,+06,;

OR _(OR
== (o AOR) ("7 Oy+ 8y = (71 0,) X (7 Op) =y X g ;
. this is the required construction. QE.F.

If in Fig. 44 a triangle OFP,R’ is drawn directly similar tp OA4P,,

. . )
then the same reasoning will show that o =X

In order therefore to prove that a, x ay;=a, x a, it is necessary to
show that OR, OR’ coincide { this is a simple geometrical rider.

33. If in Fig. 44 the triangles 40P, P,OR are directly similar, prove
that the triangles 4O0P,, P,OR are directly similar,

34, By making use of the same construction and method, prove
geometrically that (aya5)a;=q,(8za3).

It may be pointed out that, speaking geometrically, to multiply
0}’]
04

AOP, and is then stretched in the ratio %‘%’.«

by (é 52" the line OZ, is revolved about O through an angle
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35. Make use of this idea to prove the temammg Law of Algebra,
viz., a;(ay+az)=a,as+ 0,0,

36. Draw roughly figures to represent
() (0% (2,3);
@ (Lmx(27);
0 (x7)x(+3):
@ 6o (13)<(3)
o [(+3Tme[(+3)]

INTERPRETATION OF 'g*z;=(r, 0).

By the law of multiplication <1, g) X (r, g) =(1,7);
. < 1, ;) is a quantity such that it, when multiplied by itself,

becomes -1, and may therefore be called the square root of — 1,
and may be denoted by /=1 or 7.

37. Prove that ( ,%) is equal to y. 7.

o) N A

Fi1G. 45.

From P draw PN perpendicular to Ox.
0P OjV + NP ON , NP

— = e +
Then 57~ 04 04 04°
", if the lengths of OV, VP are x units and y units,
ON N
4= (%, 0)=x.
NP N
2 ()
OP

S i =X +yi.
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OP

04
So ON=rcos0, NP=rsin0;

Again, if = (7, 6), OP contains » units of length;

P
(0= =(rcos 6, o) + <r sin 6, g)

OP
04
=7rcosf+7sinf.7
= 7(cos 6 +7sin 6).

This then is the important interpretation of the new kind of
number (defined above as complex) which is rendered necessary
by the Law of Multiplication for vector quantities.

Certain purely geometrical theorems can be established by vector
methods. We will prove the theorem of Pythagoras as an example.

]

FiG._46.

Let ONP be a right angled triangle, to prove that
ON?+ NP*=QOP:, '

,  arpr. oN _ NP
Produce PN to P’ so that PN=NPF'; let —— 04-% 04"

Then the triangles ONZ, ONVF' are congruent.
0P .. oF

I_,et ':=(7’, 0), .o _0-——7_(7‘, 0)3
OP OP opr:?
od 04"~ oz
But —g—g-—x+ws %—3—% ;
%f %f—;-—(x+zy)(x 7y) = %% + % since 2= —1;

. 0P2_0N2+1VP2.
042 042 T 042’
" OP=0N%+ NP Q.E.D.
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DEMOIVRE'S THEOREM.

If 2 is any positive integer, then
(cos 6 + 7'sin 0)" = cos n8 + isin n 6.

(1, )" =(1, O) x (1, 0) x ... to » factors
= (1, 70) by the Law of multiplication,

. (cos 8 +7sin 0)" = cos 70 + ¢ sin #0.
Q.E.D.

This theorem may be extended to the case in which # is any real
number. But that would be beyond the scope of this volume.

38. From the identity (1, ) x (1, ¢p)=(1, 6+ ¢) deduce the expansions
of sin (0+¢) and cos(0+¢). .

39. From the identity (1, 6)*=(1, 36) deduce the expansions of
sin 360 and cos 36.

. 40. Expand sinzo in terms of sina, cosa, where z is a positive
integer.

41. Verify geometrically that (1, 6)+(1,— 6)=2cos .

42, Verify geometrically that (1, o)+ ( I, 3;1) +(1, 535)=o, and that in

general (1, o)+(1, -2;”) + (x, 4—n—7r>+ +(1, 3”_;——>=o, where 7 is a
positive integer.

43. Verify geometrically that (1, 0)+(1, 0)=(2 cos g, g)

44, Verify geometrically that (1) #{(1+7)=—-1+7;

(2) (1+7) (1-d)=2;
(3) (1=ip= -2
45. Prove by the multiplication Law that ( 1,%) is one of the cube
roots of (1, §); what are the other two cube roots?

46. Find the three cube roots of (1, 7); represent them graphically ;
and compare them with the roots of the equation

Bri=(x+1) (¥-x+1)=0.

47. Find the three cube roots of 7 and of -

N2
48. Write (‘4, g) in the form x+:y ; find its square roots by algebraic
methods, and compare them with (JZ,%) ; (~/ Z’Z;I)
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49. AD is a median of the triangle 4BC; interpret’ trigonometrically
the relation AD=3(AB+AC).

[ ] — —_— —

50, Prove that the vector equation BC=B4 +AC is equivalent to the
two trigonometrical formulae s

¢
a=bcos C+ccosB,m—m. .

51. If ABCD is a parallelogram, prove that CA4.BD=AB*- BC?

Express this result trigonometrically, taking the x-axis along AB.

52. If 1) is the mid-point of the base BC of the triangle ABC,
prove that AB*+AC?=24D*+2DB%

Express this result trigonometrically, taking the x-axis along BC.

53. Ptolemy’s Theorem. If ABCD is a plane quadrilateral, prove
that AC.BD=AB.CD+BC.AD. By expressing this result trigo-
nometrically, prove that, if A, B, C, D are concyclic, then

AC.BD=AB.CD+BC.AD;
but that otherwise AC.BD<AB.CD+BC.AD.

b4. A, p, v are given real numbers such that A+p+v=o0; if 4, B, C
are points such that A.O4+pu.0B+v.OC=o, prove that 4, B, C are
collinear.

56. Use Ex. 54 to establish Menelaus’ Theorem, viz. if D, E, F are’
points on the sides BC, CA, AB of a triangle such that

Z__}_Q__l -g-@—m AF—-n
DC " EA™ " FB™ 7
and if /mn=~1, then D, E, F are collinear.



CHAPTER VIL

THE MEAN CENTRE.

Tuis chapter is concerned with properties which lie on the border-
line separating Geometry and Statics. It frequently happens that
a statical method affords a simple solution of a geometrical theorem
(e.g. see Ex. 25); while on the other hand certain types of statical
questions are best treated geometrically (e.c. Ex. 34). An excellent
account of the value of statical methods in geometrical problems
is given by Mr. R. F. Davis in Milne’s Companion to Weekly
Problem Papers.

THEOREM 42,

C is a point on the straight line 48 such that A. AC=p.CB;
if D, E, F are the feet of the perpendiculars from A4, B, C to any
straight line Ox, then (A+u)CF=A.AD+p. BE.

Y B

Fic. 47.

Draw Oy perpendicular to Ox.
Apply Theorem 35 to the triangle OAZ.

o M. Od+p.OB=(A+p)OC,
where 04, OB, OC denote the projections of 04, OB, OC on Oy.
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But O4=2D4, OC=FC, OB=EB;
S A DA+ p. EB=(A+p)FC,

or A+p)CF=A. AD +p. BE.
Q.E.D.

It should be noticed that C is the centre of two parallel forces
A, p at A, B respectively: this theorem is therefore equivalent to
the statical theorem that the sum of the moments of two parallel
forces A, u about an axis is equal to the moment of their resultant
A+ p about that axis.

Definitions.

(1) (x1), (%9¥g) ... (%,7,) are the coordinates of # coplanar
points 4,4, ... A, referred to two rectangular axes Ox, Oy. If G
is a point whose coordinates are |,

I I
;(xl+x2+ e +x,,), ;(}’1 +.J!2+ "'+yn))

then G is called the mean centre of the system of points.

It is clear that this definition is identical with the definition on
‘page 65.

(2) If G'is a point whose coordinates are

MXy+MeXo+ ... +M, X, My Py + Mo+ .o+, 9,
1%1 2% 11 2)2

mtmy+ ... +m, mi+myt+ .. +m,

then G is called the centroid of the masses m,, m,, ... m, at the
points A4, ... A4, ‘

The identification of G with the statical centre of gravity of the
system of masses may be based on the work on page 71. Or
again, it may be deduced from the statical theorem relating to
moments about an axis,

Another method, which does not, however, differ materially from
the first, will be adopted here.

THEOREM 43 (1).

A,A4,4, ... A, are n coplanar points. G, is taken so as to divide
A,4, in the ratio 1:1; G, divides G4 in the ratio 1:2; G,
divides G,4, in the ratio 1:3; and so on;.G,., divides G,_q4,
in the ratio 1: #—1, Then G,_, is the mean centre of the
points 4,4,... 4,.
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Draw two rectangular axes Ox, Oy.
Let (x.7,), (¢n,) be the coordinates of A4,, G, respectively.

Fi1G. 48.

By Theorem 42 2m =9, +}’.2,
3Me=210 +Jy

..................

”77"—1 = (” - 1)7’11—2 +.ym
adding up NNy =Y +Vo+ oo+ V0

. I
X 77”_1&’—1(}’1 +y2+ e +y").

Similarly, Enor= %(x1 +x4 o +2,);

. the point G,_;, (§,-17.-,) coincides with the mean centre

of the » points as just defined.
Q.E.D.

THEOREM 43 (2).

Masses m,, m,, ...m, are placed at the » coplanar points
A4, ... 4,; G, divides 4,4, in the ratio m,:m,; G, divides
G4 in the ratio mg:(m,+my); G, divides G,4, in the ratio
m,:(m,+my+my); and so on; G,., divides G,_,4, in the ratio
m,:(my+my+...4+m,_,); then G,_, is the centroid of m,, m,, ... m,
at 4,, 4y, ... 4,

[Use Theorem 42 and the method of Theorem 43 (1).]

The proof is left to the reader.

1. Prove Theorem 43 (2).
D.G. F
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THEOREM 44.

If G is the meanicentre of 7~ collinear points A,4,... 4, then
GA+GAg+ ...+ GA,=o.

[Take the origin at G and thé y-axis along G4, and use the
definition of the mean centre.]

2." Prove Theorem 44.

3. If G is the mean centre of masses m, m, ...m, at the
n collinear points A,, A,, ... A,, prove that

m,.GA,;+m,.GA;+...+m,.GA,=0.

It is convenient to refer at this point to the following statical
theorem.

If a system of forces, acting at a point O, are represented com-
pletely by m,. O4,, m,. OA,, m,.OA,, ... m,. OA,, then they are
equivalent to a single force represented completely by

(my+mg + ... +m,). OG,
where G is the centroid of masses my, m,, ... m, at 4, Ay, ... An

This theorem is a particular case of the general vector theorem
enunciated on page 71, since a force is a special case of a vector
' quantity. The proof suggested for the vector theorem may be
applied equally easily in this case.

THEOREM 45.
If O is the mean centre of masses m,, m, mg at 4, B, C
respectively, then My 7y
pectively, then 7= 5t = 2505
m, A
” g
B P D c
Fii. 49.

"Draw OF, AD perpendicular to BC.
By definition, regarding BC as the x~axis,
op="n: AD+my.0o+mg.0  m.AD ;
m1+m2+m3 ' Ml+m2+ms
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.omy_mmytmg

' OFP AD ’

"y my+my+ g,
" YOP.BC~ QAD BC’
my My +my+my

AOBC AABC

=similarly —E'S{Czﬂ = _&%im'
Q.E.D.

In the following examples, 2Q denotes the force represented in
magnitude and position by the line PQ.

4, (1) Ay Ay... 4, are n colli:xear points ; & is their mean centre ;
if P is any other point on the line 4,4,, prove that %A,P=n. GP.
r=1

(2) Extend part (1) to apply to the centroid G of masses
my, My omy, at Ay, Ay A .
5. G is the mean centre of 7 collinear points 4,, 4y, ... 4,. H is,
the mean centre of m points B, B, ... B, on the line 4,4, ; prove

that 3 3 A,B,=mn.GH.

r=1s=1
6. G is the mean centre of n collinear points 4,, 4, ...4,: A is
the mean centre of # points B;, B, ...B, on A;A,; prove that
A\By+ AyBy+ ...+ AnBp=n.GH.
7. Determine the masses to be placed at A, B, C, in order that
their centroid may be (1) the incentre, (2) the orthocentre, (3) the
circumcentre, (4) the excentre opposite to A.

8. Determine the masses to be placed at the excentres so that
their centroid may be at the incentre of the triangle.

9. P, @, R, § are the mld-poil;ts of consecutive sides of a
quadrilateral 4BCD; X, Y are the mid-points of the diagonals
AC, BD ; prove that the centroid of equal masses placed at 4, B, C, D
/s at the mid-point of each of the lines PR, QS, X'V.

10. 4, B, C are fixed points: P is a variable poi:.lt on a fixed
line. Find the locus of the centre of four equal and parallel forces
at 4, B, C, /.

11. 4, B, (" are the mid-points of BC, CA, AB; P is any other

point, prove that the forces PA, PB, PC, AP, BP, C'P are in
equilibrium. .

12. If ABCD is a parallelogram, and if P is any other point, prove
that the forces P4, BP, PC, DP are in equilibrium.
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13. O, NV are the circumcentre, nine-point centre of t}'xe triangle ABC,
prove that the forces VA, NB, NC can be balanced by a system of
equal forces along 04, 0B, OC.

14, A, O are the orthocentre, circumcentre of the triangle ABC,
prove that the forces HA, HB, HC are balanced by the forces 2()A
208, 20C.

15. Forces P, Q, R, S act along the sides AB, BC, CD, DA of a
quadrilateral 4BCD and are in equilibrium, prove that

P.R Q.8
AB.CD™BC. D4’

16. ABCD is a tetrahedron. P is a variable point such that the
resultant of the forces P4, PB, PC, PD is of constant magnitude,
find the locus of 7.

17. P is a variable point on the side CD of the quadrilateral A5CD ;
PG is the resultant of the forces AP, 5P, PC, PD ; find the locus of G.

18. A4, B, C' are the mid-points of BC, CA, AB; prove that the
forces AA4’, BB, CC are in equilibrium.

19. Find a point # inside (1) the quadrilateral ABCD, (2) the
tetrahedron ABCD, such that the forces PA, PB, PC, PD are in
equilibrium.

20. Prove that the straight lines joining the mid-points of opposite
edges of a tetrahedron ABCD are concurrent and bisect each other.
[Consider the resultant of the forces P4, PB, PC, PD, obtained by
combining them in pairs in different ways.]

2l. ABCD is a quadrilateral : if the forces /. 4B, m.BC, n.CD,
7.DA are in equilibrium, prove that /#=ms and that

DAABD _n-m
BDABC  n=7

22. Four straight lines in a plane intersect at the six points

ABCDFAF; O is any other point ; construct geometrically the resultant

of the forces OA, OB, OC, 0D, EO, FO.

23. Forces act along the edges B4, BC, DA, DC of a tetrahedron
ABCD and are inversely proportional to those edges; prove that if
the forces give a single resultant, then 4/). BC=ARB.CD.

24, A', C’ are the mid-points of the sides BC, A5 of an equilateral
triangle 4BC; prove that the magnitude of the resultant of the
forces A4, AC’ equals the magnitude of the resultant of the forces
AC, AC. If H, K are the mid-points of C'4’, C'C, show that this
is equivalent to the theorem that 4K  is an isosceles triangle.

25. ABCD is a quadrilateral; AD meets BC at E; AB meets
DO at F; prove that the resultant of the forces AB, AD, OB, (D
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passes through the mid-points of AC, BD, EF ; hence it,follows that
the mid-points of these lines are collinear.

26. A'B'C’ are the mid-points of the sides BC, CA, AB of a triangle ;
prove that the centroid of three uniform rods BC, CA, AB is at the
incentre of the triangle 4’5'C’.

27. ABCD is a tetrahedron; P is a point on BC and Q is a point on

BP A Q

AL pe=b ob
BA, CA, BD, CD. Is this resolution unique ?

28. Three forces P, Q, R act along the edges DA, DB, DC of a
tetrahedron 4ABCD ; their resultant meets the face ARC at X, find,
in terms of the edges of the tetrahedron, the lengths of the perpendiculars
from X to BC, (A, AB.

29, A,A4,... A4, and BB,... By are two polygons of » and m sides ;
construct the resultant of the forces 4,5, where 7, s may have any value
from 1 to 7z and 1 to m respectively.

=m, resolve the force PQ into components along

30. Ifin Ex. 29 z=m, construct the resultant of the forces
A58y, A3By, ..., AuB.
31. Find a point 2 in the plane of the triangle 4BC such that the
following sets of forces are in equilibrium :
(1) a.PA4, 6.PB, ¢. PC.
(2) sin24 . P4, sin2B.PB, sin 2C. PC.
(3) secA.PA, secB.PB, secC.PC.
) a. AP, 6.PB, c. PC.
82. AD, BE, CF are the altitudes of the triangle 4BC, find a pomt

P such that the forces sin2d4.PD, sinz2B.PE, sinz2C. PF are in
equilibrium.

33. With the usual notation, if the forces A./7;, p.J/7,, v.IT; are
in equilibrium, find the ratios A : p:v.

34, Three forces P, Q, R act along the edges AB, AC, AD of a
tetrahedron, if their resultant is parallel to the face BCD, prove that

r Q9
AB+AC‘+AD
35, A,A,...A, is a plane polygon and /& is any point outside the
plane: forces Py, P,,...P, act along HA,, HAy ...HA,: if their
resultant is parallel to the plane, prove that
PPy 2,
w4t mat et Ea=
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36. ABCID) is a tetrahedron ; Gl, Gy, Gy, G, are the centroids of the
faces opposite to 4, B, C, {); P is any other point; prove that the
forces PA, 3PG,; PB, 3PG,; PC, 3PG,; PD, 3PG,; are equivalent :
hence show that 4G,, BG,, CG;, DG, are concurrent (at G, say); and
that G,G=}G, 4.

37. P is any point; with the usual notation, prove that the resultant

of the forces ’-E;.J_ET‘I—’, ;;7’_57, é'?—é' passes through the incentre of
the triangle 4 8C.

38. ABCD is a tetrahedron; /;, /,, /3, I, are the incentres of the
faces opposite to '4,B,C,D; if A 7, and BT, intersect, prove that

(1) AD.BC=AC.BD.

(2) C/; and DI, also intersect,
and if AD.BC=AC.BD=AB.CD, prove that A7y, Bl Clg, DI, are
concurrent.

39. A,A4,A434, is a tetrahedron ; B, is a point on the face opposite
to A4, such that 4,4,. A A,B,Ag=AAy. DN AgB A=A, 43. DABA,
and similar points B,B;58, are taken on the faces opposite to 1,434, ;
prove that AB,, A,B,, ABy, AB, are concurrent,

40. Tangents are drawn at the angular points of a triangle ABC to its
circumcircle so as to form a triangle PQR. If AP, B(), CR intersect
at K, prove that the forces a?. AX, #*.BK, ¢.CK are in equilibrium.

41. A4,, Ay, As, A,, A; are five points in space; G, is the centroid of
the tetrahedron 4,434,4; and similarly for G, Gg, G, G;. State what
properties connect the lines 4,G,, 4Gy, A3Gy, A,Gy, AzGy, and prove
them.

42. P, Q, R are points on BC, CA, AB such that ﬁg —g% ﬁg,
prove that the triangles AB5C, PQA have the same centroid.

43. Three forces P, Q, R act along the sides BC, CA, AB of a
triangle 4 BC ; if their resultant is along /G, prove that

P:Q:R=a(b-c):0(c—a):c(a-1b).

44, Use the system of unit forces along B4, BC, CB, CA to prove
that the internal bisectors of the angles of the triangle ABC are
concurrent. .

45. A is the orthocentre of the triangle ABC; P, Q, R are the mid-
points of AH, BH, CH ; A', B, C’' are the mid-points of BC, CA4, AB.
By placing equal masses at 4, B, C, A, prove that the lines 4'P, B'Q,
C'R are concurrent (at JV, say), and if G is the centroid of the triangle
ABC, prove that N lies on G and that 3GV=NH. Is this theorem
true if A is any point in the plane 4BC?
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THEOREM 46. [APOLLONIUS’ THEOREM:]

(1) If A’ is the mid-point of the base BC of a triangle ABC, then
AB*+ AC?=2A44"%+ 24" B2

(2) If 4’ is a point on the base BC of a triangle ABC such that
m.BA =n.AC, then

m. AB+n. AC?=(m+n)AA% +m. A B*+n. A C2.

A
B N D c
FiG. s0.
Draw A4.D perpendicular to BC.
(1) AB2=AD*+ DB?=AD*+(BA + A'D)?
=AD*+ BA*+3BA' . A D+ A D?,
and AC*=AD*+ DC*=AD*+(A4'C- A D)?

. =AD?+(BA - AD)?;
. AC?=AD?*+ BA%-2BA' . AD+AD?;
S AB2+ AC*=2AD%+2BA*+ 24’ D?
=2A4A4%4 24 B2 Q.E.D.

(2) m.AB*=m.AD?+m(BA' + A'D)?
=m.BA?+2mBA". AD+m.A A
and n. AC*=n.AD?*+n(A4'C - A'D)?
=n.4C*-20d'C. AD+n. A 4*)
Som AB +n. AC?
=m.BA%+n. AC2+24'Dim.BA -n. A'C)+(m+n)A'4%;
but m. BA'=n. AC;
" m. AB 4. ACY=(m+n) A4 +m . A B tn. 4 C*
” QE.D.

46. Calculate the lengths of the medians of a triangle whose sides
are 7 cms., 8 cms., 9 cms.

47. Determine the lengths of the sides of a triangle, if the medians
are of lengths z, y, 3. '



88 PLANE GEOMETRY [cm

48, AA'is a median of the triangle 45C and is a méan proportional
between 4B, 'AC; prove that a=4/2 (6 ~¢)

¢ .
49, Prove that three times the sum of the squares of the sides of a
triangle is equal to four times the sum of the squares of the medians.

50, If ABCD is a parallelogram, prove that
2(AB:+BCH=AC*+ B2
61, P, Q are the mid-points of the diagonals 4C, BD of the quadri-
lateral ABCD, prove that AB*+ BC*+ CD*+ DA*=AC*+ BD*+ 4P Q%

52. If a, 4, ¢, d are the lengths of the sides of a quadrilateral, and
if x, y are the lengths of the diagonals, calculate the length of the
line joining the mid-points of a pair of opposite sides.

53. If AB*+BC*+CD*+DA?*=AC?*+ BD? prove that ABCD is a
parallelogram.

54, If the sum of the squares on each pair of opposite edges of a
tetrahedron is the same, prove that tHe lines joining the mid-points of
opposite edges are equal.

56, ABCD is a rectangle: P is any point in space, prove that
PA*+ PC?*=PB*+PD

56. The diagonals AC, BD of a cyclic quadrilateral 48CD meet
at E; if BE=ED), prove that 24C2=A B2+ BC:+ CL:+ DA

57. Two straight rods are jointed together at their mid-points:
prove that the sum of the squares of the four lines joining their
extremities is constant.

88. ABC is an equilateral triangle: 4B is produced to D so that

BD=AEB; P is any point such that DP=DC; prove that
AB+ APi=2BP?,

59. In any tetrahedron, prove that the sum of the squares on any
pair of opposite edges together with twice the square on the line
joining their mid-points is the same, whatever pair of opposite edges
is taken. ‘

60. B is a fixed point, 4 is the centre of a fixed circle, prove that
the locus of the mid-points of chords which subtend a right angle at
B is a circle whose centre is the mid-point of 45.

81, B is a fixed point; A is the centre of a fixed circle; PQ is a
variable chord parallel to 453, prove that BP?+ BQ? is constant.

62. AP, BQ, CR are the tangents from three of the vertices of the
rectangle ABCD to a given circle; if 4P2+CR2=BQ? prove that D
lies on the circle,

63. ABC, PQR are two triangles having 4B, BC equal to PQ, QR

respectively ; if the angles 4BC, PQR are supplementary, prove that
AC2+ PRi=24B%+2BC2
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64. Squares aPe described externally on the sides of a triangle and
their adjacent corners are joined ; prove that the sum of the squargs
on the joining lines is equal to three times the sum of the squares on
the sides of the triangle.

65. In the triangle ARC, AR =8, AC=6, BC=9; D is a point on

BD 4
BC such that DC=% Calculate A4 /).

66. D, E are points on the sides BC, CA of the triangle ABC,

such that ﬁg gi—é, if A)=BE, prove that'88C2=3AB“+5AC2.

67. D is a point on the base BC of the triangle 4B8C such that

BD_A 4D is produced he circumci
DB is produced to meet the circumcircle at £, prove that

o AR+ N . AC*=(u+A)AD . AE.
State what thns theorem becomes when (1) A0 is a median; (2)

AD bisects BAC
68. ABC is an equilateral triangle, 45 is produced to D so that
BD=MA.BA, P is any point such that 2/=DC; prove that
MNAP+ AR2=(A+1)BP2
69. If AD bisects the angle #4C and meets BFC at D, prove that

BD ¢

AD=tc s~ (5’+‘£> } [Use DCF
70. A4, B are two fixed points. P is a variable point such that
m.AP*+n.BP% is constant, where 2, # are constants, prove that-the

locus of 7 is a circle. Does the circle ever degenerate into a straight
line?

71. (1) If G is the centroid of the triangle 48C and if 2 is any other
point, prove that PA%4+PB24+ PC?=3PG*+1BCt+5A4 A"
[Use Apollonius (1) to get PA4%+ P5* and then use Apollonius (2).]
(2) By taking P at G, prove that
PA*+ PB4+ PC*— (GA*+ GB*+ GC?*=3PG2
72. (1) A,A;A;A, are four fixed points; G, is the mid-point of
A,A,; G; is a point on GyA4; such that 2G,G,=G,A43; G is a point
on G,A4, such that 3&¢,G=GA, If P is a variable point, prove that
PA2+PAL+PAL+ PA2E=4PG*+ constant’

4 »
(2) Hence prove that X l(1’.4,2—-GA,“)=4PG2.
r=

[Use the method of Ex. 71 (2).]
(3) State the analogous theorem for » fixed points.

73. ABC is a given triangle; find a point P for which
PA2+PB2+PC? has its least value.
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74. ABC is a given triangle; P is a variable “point such that
£A*+PB*+ PC? is constant ; prove that the locus of P is a circle.

75. ABC is a given triangle; P is a variable point such that
PA*+2PBY+3PC? is constant; prove that the locus of P is a circle,
and construct its centre.

THEOREM 47.

G is the mean centre of the # points 4,4, ... 4,; if P is any
other point, then 2242 - 3 GA2=n. PGP

r=1 r=1
A
A, .
As
.A‘

P G @
FiG. s1.

Join PG: let a,, a,, ag ... be the feet of the perpendiculars from
Ay, Ay Ay ... to PG.
Then, regarding G as the origin and PG as the x-axis,

%(Ga1 + Ga,+ ... + Ga,) = x-coordinate of G=o0;

:. 3 Ga,=o. [Th. 44.]

r=1 )

PA?2 - GAz2=Pa+a, 42 - (Gal?+a 4,2)
= (PG + Gay))® - Ga,?
=PG*+2PG . Gay;

s 2 PA -3 Ghr=n. PG +2PG. 2 Ga,

r=I r=l r=1

=n. PG Q.E.D.

THEOREM 48.
If G is the centroid of masses m,, m,, ...m, at the »n points
A, A, ... A, respectively, and if P is any other point, then
S m,. PA2~ S m,. GAR=(m +my+ ... +m) PG
r=1

r=1 B
This may be proved in exactly the same way as Theorem 47.
Notice that Apollonius’ Theorem, parts (1) and (2), are special
<cases of Theorems 47, 48. '
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76. Prove Theorem 48

77. If O, G, N are the circumcentre, centroid and nine-point centge
of the triangle 4BC, prove that AN2+BN*+ CN2+9GN?=304%

78. If NV is the nine-point centre of the triangle 4BC and if A is
the orthocentre, prove that AV is the mean centre of 4, B, C, A.

79. If O is the circumcentre and // the orthocentre of the triangle
ABC, prove that AH*+ BH*+ CH?=30A4%+O0H%

80. ABCD is a quadrilateral, find a point £ for which
PA*+ PB*+ PC*+ PD?
has its least value,
81, G is the mean centre of ~ points 4,, 4,... 4, Perpendiculars
are let fall from them to two parallel lines: P,, Q. are the feet of the
perpendiculars from 4, ; X, V are the feet of the perpendiculars from G ;

prove that 24,P2-n.GX:=324,0,)-n. GV

82. ABCD is a square; P is a variable point such that
PA2+ PR+ PC2+ P12 =3A B2,
find in detail the locus of 2.

83. A4,4,A434,A4; are five collinear points in order at equal distanceg
apart ; P is any other point, prove that

PAR+PAR+PAR+PAR=4PAR+ 104,42

84, P is a point on the circumcircle of the equilateral triangle 45C,
prove that PA%*+ PB*+ PCi=2A4R5%

85. G is the mean centre of # points 4, Ay, ...As; P, Q are any
two points equidistant from G, prove that 2PA4,2=20A4,%

~ 86. G is the mean ceutre of # points 4, Ay,...4s; P, Q are any
two points, prove that 2(PA,2— QA4 =n(PG - QG?).

87. A regular pentagon 4,4,434,A; is inscribed in a circle, centre O,
prove that A1A22+ AlAsz"—"'S.AlOz-
88. A regular octagon 4,4;4;... Ay is inscribed in a circle, centre O,
prove that 4,42+ 4,432+ A AP?=6A4,0%
89. 4,4,...A4, is a regular polygon inscribed in a circle, centre O;
P is a point on the circumference, ( is any other point; prove that
(1) ZPA2=2n.PO?;
(2) 2QA42=n(PO*+Q0%;
(3) Z2A4,A42=2%. PO

90. A regular polygon is inscribed in a circle, prove that the
arithmetic mean of the squares of the distances of its corners from
“any point is equal to the arithmetic mean of the squares of the longest
and shortest distances of the point from the circle.
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91. 4,4,...A4,, B\B,...B, are two regular polygons inscribed in
two circles, centres C, D respectively ; prove that

2Z2A4,BE=n*A,C?+ B, D*+ CD?).

92. Extend Ex. 91 to the case where the regular polygons have m
and 7 sides.

93. A4,A4,...A4, is a regular polygon inscribed in a circle, centre O.
From any point 2, perpendiculars PN;, PN, ... PN, are drawn to the
radii OA4,, OA,,...0A,. Prove that the mean centre of the points
Ny Ny ..oV, is the mid-point of OP. [Draw the circle on OF as
diameter.]

94. With the figure of Ex. 93, prove that SPN?=2Z0Ny?

95. ABC is a given triangle, find the position of P for which

(1) BC.PA?+CA . PB*+ARB.PC?,

(2) A.PA*+ p. BB+ v.PC?
is a minimum.
' 96, G is the centroid of masses /, m, n at A, B,iC; GT is the
tangent from G to the circumcircle of the triangle ABC. Prove that
[.PA*+m . PR +n. PC*=(l+m+n)(PG*— GT?). [Itis supposed that
& negative mass may exist.]

97. If G is the centroid of masses m,, m,, my at A,, A, As and if
P is a point such that m,. PAy2+my. PAj2+m,. PAs=0, prove that
the locus of P is a circle cutting the circle 4,4,4; at right angles.
[Z.e. the tangents at a point of intersection are at right angles.]

98. /2 is a variable point on the nine-point circle of the triangle 45C,
prove that PA?sin A cos B~ C+PB%sin Bcos C—A+PC%sinCcos 4 -B

1s constant.



CHAPTER VIIL

HARMONIC RANGES AND PENCILS.

THE fundamental ideas contained in this chapter date back to an
early period. The word ‘harmonic’ was in use at the beginning of
the fourth century B.c. But the properties known at that time
were probably mainly of a simple metrical character. Theorem 51,
which may be regarded as one of the foundation stones of modern
descriptive geometry, was probably known to Euclid. Its extension
to a pencil formed by any four concurrent lines was incorporated by
Pappus in his great work, the Zwaywy?, published about the
beginning of the fourth century a.p. It is most remarkable that
this treatise, which approximates so closely to modern developments,
received scarcely any attention before the 17th century.

Definition.

A straight line 45 is divided internally at C and externally at D
. . . AC AD . .
in the same ratio l:z.e. TB= DB then 4B is said to be

divided harmonically at C and 2 ; and the points 4CBD are said
to form a harmonic range.

C and D are called harmonic conjugates with respect to A
and 5.

The range ACBD4is denoted by {ACBD} or {4AB; CD}.

The reason for the name harmonic will be found in®Ex. 3, which
is due to Pythagoras. ‘



94 PLANE GEOMETRY [cH.

THEOREM 49.

(1) If ¢, D divide 48 harmonically, then 4, B divide CD
harmonically. '
(2) If O is the mid-point of 4B, then OB2=CC. OD.

A 6 ¢ B b
Fic. s2.

(1) Since {4CBD} is harmonic,

AC AD
fﬁ=ﬁ or AC.BD=AD. CB;
CB_AC_ (A,
"BD AD 4D’
. CD is divided internally at B and externally at 4 in the same
.ratio. © Q.E.D.

, AC AD . AC+CB AD+ BD
(2) Since Tp=%7 " AC—CB~AD-ED
But AC+ CB=AB=2028,
AC-CB=(40+0C)-(0B-0C)=20C,
AD+BD=(40+ 0D)+(0D - 0B)=20D,
AD-BD=AB=20R8;

208 20D,
" 20C 208’

. O0B2=0C. 0D. Q.E.D.

Corollary.
If O is the mid-point of A& and if C, D are points on 45 such

that O0B%=0C. 0D, then {ACBD} is harmonic.
‘This may be proved by taking each step in (2) in the reverse
order.

1. Prove Theorem 49 (2) by putting OC=:, OB=6, Ol)=d and

e . AC_AD
substltutlng in the relation TE=BD

2. Prove the Corbllary of Theorem 49 by the method of Ex. 1.

8. If {ACBD} is harmonic, prove that AC, AB, AD are in
‘harmonical progression. [Put AC=c¢, AB=b, AD=d.]
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4. If {ACBD/} is harmonic and if O is the mid-point of 4B, prove
that () LA.DB=DC.10;
(2) AB.CPD=2A4L.CB=24C.BD.

6. Two circles intersect at B, C'; a common tangent touches them
at P, 0 ; any other circle through 5, C cuts ~Q at L, /M ; prove that
{PQ ; LM} is harmonic.

6. 0, A, B, C are four collinear points ; the lengths of 04, 05, OC
are the roots of the equation 2*—pr?+gxr+r=0; find the relation
between p, ¢, » in order that {O4BC} may be harmonic.

7. {ACBD} is harmonic; O, ¢/ are the mid-points of AB, CD;

A
the circles on 4B, C as diameters intersect at A, prove that OHO’
is a right angle.

8. Two circles intersect at B, C; a straight line PQP'(Q cuts one
circle at P, Q and the other at’”, (' and cuts BC produced at 4.
On PQ are taken two points /7, X such that AH*=AK*=AB.AC;
prove that {PQ; K} and {P'Q ; //A’} are harmonic.

9. Given two segments PQ, P'Q of a straight line, which do not
overlap, find two points H, K which divide each of the segments
harmonically. [Use Ex. 8.]

10. P, Q, R are points on BC, CA, AB such that AP, BQ, CR are
concurrent ; 7, ', R are the harmonic conjugates of P, Q, R w.r.t.
B,C; C,A; A, B: prove that 7, O, R are collinear.

11. ABC are three given collinear points ; construct a point 2 such
that {48 ; C/)} is harmonic.

12. .-If C is the mid-point of 4B, where is the point harmonically
conjugate to C wr.t. 4, B?

13. D is the mid-point of the base BC of the triangle 4BC. Any
line through 2 meets 45, AC at F;» G and meets a line through 4
parallel to BC at E; prove that { EGDF} is harmonic.

[Use similar triangles to identify the ratios £G and —E-E

GD DF
14, If {ACBD} iy harmonic, and if O is any point outside AD,

prove that
AC _A0sin A0C

(1) CB=0BsnCOB ’

@) AC AD_sinA0C sin40D
CB Bl sinCOB sinBOD’

(3) if any other straight line meets 04, OB, OC, OD
at A’'BC'D, {A'C'B D’} is harmonic.
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THEOREM 50.

{4CBD} is harmonic: O is any point outside 45. If through

B aline PBQ is drawn parallel to 04, meeting OC at £ and OD
at Q, then PB=ABQ.

O
Q
A C
B D
P
riG. 53.
. . AC A0
Since A0 is parallel to B, CB=PE
. . AD A0
Since 40 is parallel to BQ, BD-B0
AC A4 .
But @'——‘E, given,
. 40_40.
" PB BQ’
. PB=B(Q. Q.E.D.
Corollary.

If 04, OC, 0B, 0D are four lines such that a parallel to 04
through a point B in OZ is divided into equal segments (2B, BQ)
by OC, OB, OD; then every line through 7 is cut harmonically
by 04, OC, 0B, OD.

This is proved by reversing each step in the above proof.

It is important to notice that if C is the mid-point of A2,

then {4CBw } is harmonic where « denotes a point on 4B
infinitely distant from 4.

15. Prove the Corollary of Theorem j0.
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THEOREM 51.

{ACBD} is harmonic; O is any point outside 4D ; then any
transversal is cut in a harmonic range by the four lines 04, OC,
OB, 0D.

FiG. s4.

Let 4'C'B'D'-be the transversal.
Through B, B' draw £BQ, F’B'Q parallel to OA.
Since {ACBD} is harmonic, PB=BQ;
PB OB _BQ
and by parallels, PR O™ Vitok
S PBE=B(Q;
o {4'C'B D'} is harmonic, [Th. so. Corollary.]
‘ Q.E.D.
This method applies equally well, if the transversal cuts any
or all of the lines 04, OC, OB, OD when produced.

16. Draw figures showing the various positions of the range {4'C'B'L’
as the transversal moves through the directions 40 to CO, to BO, to
DO, round to AO again. )

Deflnition. If four concurrent lines 04, OC, OB, 0D are such that
they are cut harmonically by one (and therefore by every) transversal,
then the lines are said to form a harmonic pencil; each of the lines
04, OC, OB, OD is called a ray of the pencil, and the point O is
called the vertex of the pencil: OC, OD are called conjugate ray
wr.t. 04, OB. The pencil is represented by

O{ACBD} or O{4AB ; CD}.
D.G. G
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On account of the importance of this theorem, two alternative
méthods of proof are given below.

THEOREM 51 (SECOND PROOF).

’

A

/NN

Let 4'C'B'D' be the transversal.

AC AAOC_304.0Csin 40C
CB~ ACOB™30C. OFsin COB’
. AC_ 0OA4sin AOC
* CB ORBsin COB
. . AD 0Asin AOD
Similarly, BD~ 0BsinB0D’
. AC AD sin40C.sin BOD
" CB'BD_ sinCOB.sin400’
which depends only on the sines of the angles at the vertex;
AC AD . ]
- TE D is equal to the same expression.

[Note that sin 4'0OC’=sin (180" - A0C)=cin 40C];
AC AD_AC AD
CB'BD"CHB 'BD"
But ‘ég “Zg given;
. AC _AD
N CR OBD’
. {4'C'B'D'} is harmonic. Q.E.D.
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THEOREM 51 (THIRD PROOF).

Fic. s6.
Let A'C'B'D’ be the transversal.

AC AC 04 OF !
—C—,?Zﬁ=—0—;f:-—o~j, [Th. 8]
AD AD_04 OB
DB DB 0A4' OB’
AC AC_AD AD.
" (B CB DB’'DB’
. AC AD _AC AD
" C'B DB CB'DF

Now

and [Th. 8]

But Lo LY.

. AC 4D
" C'B DB’
.. {4'C’'B'D'} is harmonic. Q.E.D.

The second proaf of Theorem 51 puts in evidence the important
fact that the harmonic property of a pencil depend$ on a definite
relation between the angles at the vertex: namely, that (with the

. .\ sind0C.sin BOD
notation of Fig. 55) snCOB.snAOD _ ©

17. Use this angular relation to verify that the two bisectors of an
angle are harmonic conjugates w.r.t. the arms of the angle.

18, Use this angular relation to prove Theorem j2.
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THEOREM 52.

O{ACBD} is harmonic; if 40, BO are at right angles, then
they are the two bisectors of the angle COD.

16, 57.
Draw any line parallel to O4 meeting OB, OC, OD at F, G, AH.
Then GF=FH [Th. 50]
A A A
also OFG = OFH right angles, since 4O0F=go°.

OF'is common ;
. the triangles OFG, OFH are congruent;

A A
. GOF=FOH,
. OB bisects COD.
But 04 is perpendicular to OB ;

.. OA bisects CéD externally. Q.E.D.

Corollary.
If {ACBD} is a harmonic range: and if 2 is any point on the
AC

circle on CD as diameter, then £4 is constanteand equal to ol s

‘ PB
This is the converse of Theorem 9. [Apollonius’ Circle.]

19. Prove the Corollary of Theorem 52.

20. In the triangle ABC, Al, Al, meet BC at P, Q; prove that
BPCQ} is'’harmonic.

21. In the triangle ABC, prove that (1) D{BFAE}, (2) A{OH ; 1}
are harmonic pencils.
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22, 4, B are two given points, CD is a given straight line, prove
that in general there is one and only one position of 2 on CD such
that AI'}B is bisected by CD. What is the exceptional case?

23. The lines joining a point on a circle, centre O, to the
extremities of a chord PQ meet the diameter perpendicular to PQ at
A, B. Prove that OA4.0B=0PF

24. A circle is described touching a straight line A8 at C; if its
diameter is the harmonic mean between 4C, CB, prove that it touches
the circle on A58 as diameter.

25, OA, OC, OB are three concurrent lines, construct a line OD
such that O{ACAD} is harmonic.

26. The incircle of the triangle ABC touches BC, CA, AB at
X, ¥, Z; YZ produced meets BC at T, prove that { BXCT} is harmonic.
[Use Menelaus.]

27. ABCD is a parallelogram ; A K is drawn parallel to BD, prove
that 4{£C; B/ is harmonic. ’

28. Ay B, C’ are the mid-points of BC, CA, AB, prove that A'A,
A'C are harmonic conjugates w.r.t. A'B, 4'C".

29. AD is an altitude of the triangle 4BC; A’ is the mid-point of
BC; A'P, A'Q are drawn parallel to 458, AC to meet AD at P, &
prove that {APDQ} is harmonic.

30. With the usual notation for the triangle ABC, if DF meets BE
at K, prove that { BKHE} is harmonic; also, if £F meets BC at M,
prove that {BDCAM} is harmonic.

31. Through a fixed point X draw a straight line to meet BC, C4, AB
at PQR so that {KPQR} is harmonic.

32. The tangent at a point C of a circle meets a diameter 45 of
the circle at 7, prove that the other tangent from 7" to the circle is
divided harmonically by C4, CB, 7 and its point of contact.

33. A'B'C’ are the mid-points of BC, CA4, AB; CC’' meets AA', A'B’
at L, M; prove that C'L. MC=C'C!LM.

34. O is the circumcentre of the triangle ABC; AK, AL are two

lines between AB, AC such that B:IK =L2€ and meet the perpen-
dicular from O to Bg at K, L; prove that OK.OL=0A4%

85. ABCD is a auadrilateral; 458, CD meet at /; 4D, BC meet
at G; AC, BD meet at £; FE meets BC, AD at Q, P; GE meets
AB, CD at A, K'; FG meets AC, BD at R, S. Prove that {DKCF}
is harmonic. [Apply Menelaus and Ceva to the triangle DGC.]
Hence prove that every other set of four collinear points in the figure
forms a harmonic range.

36. If ar?+2kx+b=0, a'x2+2/'x+ 4 =0, give two pairs of points on
the x-axis which are harmonic conjugates, prove that aé'+a'bé=247%
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37. If a variable straight line is cut harmonically l;y two circles,
cenwes 4, B, conjugate points being on the same circle, prove that the
locus of the perpendiculars let fall on it from A4 is a circle whose centre
is at the mid-point of 4B.

38. ABCDPQ are six points on a circle; if P{ABCD} is har-
monic, prove that Q{ABCD} is harmonic.

Definition. If four points on a circle are such that a harmonic
pencil is formed by joining them to one other point on the circle,
then by Ex. 38 the same is true for any other point at all on the
circle. The four points are then said to form a harmonic system of
points on the circle.

If four tangents to a circle are cut harmonically by another tangent
to the circle, the four tangents are said to form a harmonic system of
tangents to the circle. It follows from Ex. 40 that four such tangents
are cut harmonically by every other tangent to the circle.

39. What does Ex. 38 become when () is very close to A?
40. (1) Two tangents TA, TB to a circle, centre C, arer met by
A
another tangent at P, Q; prove that PCQ is equal or supple-
A
mentary to 3 ACB.

(2) Hence show that if four tangents meet TA at P, P,, P, P,,
and TB at Q;, Q,, Q;, Q,, and if {P,P,P.P,} is harmonic, then {Q,Q,Q:Q,}
is harmonic.

(3) Hence prove that if four tangents to a circle cut another
tangent harmonically, then they cut every other tangent har-
monically. o
« 41, PQ, AB are two parallel chords of a circle; C is the mid-point

of AB; PC meets the circle at R; QT is the tangent at Q; prove
that Q{ARBT} is harmonic. [Use Ex. 38.]

42, AB is a diameter of a circle: 4P is any chord; the tangents
at 4, P meet at O; R is the foet of the perpendicular from P to 45 ;
prove that BO bisects PR.

[Prove that OP, OB, OR, OA cut AB harmonically.]

43. 7 is a point on the base BC produced of the triangle ABC; N
is the harmonic conjugate of 7" w.r.t. BC; TPeis a tangent from T
to the circumclircle of the triangle 4BC; PN meets AB, AC at L, M ;
and the circle at Q; prove that {PLQM} is harmonic.

44, The tangents at the extremities of a chord 4D of a circle meet
at P; PCB is any line through 2 cutting the circle at C, B and 40D

‘ BA* BP _ABD? BL BA?
at-L; prove that (1) ﬁ§=z’rp=m; (2) R=E¢.‘1—2; (3) {BLCP}

is harmonic,
This proves the important theorem that any straight line drawn from

.
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a point P outside the circle is cut harmonically by the circle and the
chord of contact of the tangents from 2.
Another method is suggested in Ex. 43,

45. Prove Ex. 44 (3).

[Let £ be the mid-point of 4D and let CD meet the circle at 5';
produce BE to meet the circle at C'. Join C'B’; notice that the
figure is symmetrical about £P and that E£{4P, CC'} is harmonjc.]

46, 1If 4, A'; B, B'; C, C'; D, D' are harmonic conjugates w.r.t.
AB.CD_A'B.C'D
AD CB=AD.CH"

47. ABC is a straight line: A7 is the tangent from A to the circle
on BC as diameter: O is its centre; NV is the foot of the perpen-
dicular from 7 to BC; prove that 40, A7, AN represent the
Arithmetic, Geometric and Harmonic means between 425, AC; and
prove that these three quantities are in geometrical progression.

the same two points /, K ; prove that

CROSS RATIO.

If a transversal meets four fixed lines, which pass through a
point O, at 4, C, B, D, it follows from either of the last two'
AC.BD
AD.BC
and is independent of the position

methods of proof of Theorem 51 that the value of the ratio =~
sin A0C .sin BOD
sin 40D .sin BOC
of the transversal. For brevity this ratio is represented by
{ACBD}. 1In the particular case when O {ACBD} is harmonic,
this ratio is by definition equal to — 1. Consequently the fact that
O {4CBD} is harmonic is sometimes denoted by O{4CBD} = - 1.

Definitions.
(1) Any set of collinear points are said to form a range.

is equal to

(2) Any set of concurrent lines are said to form a pencil:
the lines are called rays of the pencil, and the point of concurrency
is called the vertex of the pencil.

(3) If a transvefsal meets a pencil O {4CBD} at 4, G, B, D,
AC.BD or sin A0C.sin BOD .
AD.BC = sinA40D.sin BOC
of the pencil O {4CBD} or the cross ratio of the range {4CABD},

(4) If two ranges or pencils are of equal cross ratio, they are
said to be equi-cross. To remember the ratio {4CBD}, place the
four points in order on .a circle: the numerator is obtained by

the ratio is called the cross ratio
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starting at 4 and reading forwards and the denominator by starting
at 4 and reading backwards.

FiG, s8.

48. Prove that the value of the cross ratio {ACBD;} is unaltered
if when any two letters are interehanged, the other two letters
are also interchanged.

[E.g. {ACBD}={CADB}]
49, If {ACBD}=/, prove that (1) {ABCD}=1-{; (2) {ABDC}= ttl ;

(3) {ACDB}= L—_‘—I; (4) {ADBC}=1; (5) {ADcB}-_—Tf—[
[The relation in Ex. 6 in chapter V. will be of use.]
50. Prove that there are 24 cross ratios of four collinear points

and that they fall into sets of four, each of which is equal to one
of the six ratios in Ex. 49.

51. Prove that the six different cross ratios of four collinear points

. 111 I I I
may be written as /, m, n, 5, —, — where /+—=m+-=n+5=~Intu=1.
Dwm'n m n {

52. Prove that ié%,’:{ABC «} where <« represents a point on AC
infinitely distant from A.

53. A variable line meets four fixed planes which have a common
line of intersection at PQRS, prove that {PQRS} is constant.

54, {ABCD}, {AB'C'D'} are two equicross ranges on different lines
AD, AD', proye that BB, CC', D) are concurrent.

55. O{ABCD}, O'{ABCD} are two equicross pencils, if O’ lies on
0A, prove that B, C, D are collinear.

56. A pencil O{A4BCD} is cut by a transversal at 4, B, C, D ; through
B is drawn a line FBG parallel to OD to meet 04, OC at F, G, prove
FB

that {ABCD}=G——F [Use Ex. 52.]
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*THEOREM 53.
If {ACBD}={ADBC}, then the range {4ACBD} is harmonid.

AC.BD AD.BC,
AD BC~AC.BD’
ACT_AD . AC_  AD
CB* DR’ " CB T DF
Here it is necessary to take the negative sign.; for if f‘g + g—g,
the points C and D coincide.
[The proof is left to the reader, see Ex. 57.]
. AC _ AD,
" CB T DB’
. {ACBD} is harmonic.

Corollary.
If O{4ACBD} =0{ADBC,, the pencil 0{ACBD} is harmonic.

A ..
57. If ABCD are collinear, and if Cg gg, then C, D coincide.

There are three methods
(a) if ¢ AC_AD AC _AD
CB~ DB ABT 4B
(B) i *é’,g..%g, and if AC< AD, then CB < DB.
(y) Draw any other line AX and divide it at 2 so that
AC AD AP

~» prove that ~—

and show that 2C, PD are both parallel to BX.

THEOREM 54.

If {ACBD} and {4'C'B'D'} are two harmonic ranges, and if
AA', CC', BB are concurrent (at O, say), then DD’ also passes
through O. )

Join O’ and produce it to meet 4.8 at £.

Since O{A4'C'B'D'} is harmonic, {ACBE} is harmonic ;

. AC AE
" CB BE

* Theorems similar to Th. §4, Th. 55 hold for equicross ranges and pencil and
are of frequent use in rider-work. They are therefore stated below, but their
proofs are so similar to those of Th. 54, 55 that they are left as exercises for the

reader. Figures should be drawn with the pencils in several different positions,
e.g. with O, O’ on different sides of 43, or with 4.0 and 4’20’ intersecting each

other, etc., so that familiarity may be obtained in recognising the presence of
ranges related to each other in this way.
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AC _AD . . .
But ==X .
u cp= 7 Since {4 CBD} is harmonic;
AE 4D
" BE BD’
". £ coincides with D ; [see Ex. 57]
. O passes through D, Q.E.D.
A [ B D
FiG. 59.
Corollary.

If {ACBD}, {AC'B'D'} are harmonic ranges on two lines
AD, AD', then CC'y BB, DD’ are concurrent.
This is a most important theorem.

58. Prove the Corollary of Theorem 54.

THEOREM 55.

If two harmonic pencils O{4CBD}, O{ACBD} are such that
A, C, B are collinear, then D also lies on ACB.

O o

4/\

/N
Fia. 6o,

Produce ACB to meet OD, O'D at £, E,
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Since O{ACBD} is harmonic, {4CBE} is harmonic ;
AC_AE
B B
Since O'{A4CAB D} is harmonic, {ACBE'} is harmonic ;
AC_AE.
" CB BE’

o0 e =

~. £ coincides with Z’; (see Ex. 57)
. ACB meets 0D, O'D at the same point, and

.. at their point of intersection 2 ;

. A, C, B, D are collinear, Q.E.D.

Corollary.

If two harmonic pencils O{ACBD}, O'{ACBD} are such that
O’ lies on one of the rays of the first pencil, e.g.-OA4, then C, B, D
are collinear.

This is a most important theorem.

59. Prove the Corollary of Theorem 33,

THEOREM 56.

{ABCD}, {ABC'D'} are two equicross ranges on different
lines AD, AD', then BB, CC', DD are concurrent.

THEOREM 57.

{ABCD}, {A'BC'D} are two equicross ranges so placed
that 44, BB, CC’' intersect at a point O, then DD passes
through O.

THEOREM 58 (1).

O{ABCD}, O'{4ABCD} are two equicross pencils; if O lies
on 04, then B, C, L’are collinear.

THEOREM 58 (2).

O{4BCD}, O'{ABCD} are two equicross pencils so placed
that 4BC are collinear, then D also lies on 4BC.

It is supposed in the above that O4, 0’4 are corresponding rays
of the two pencils, z.e. 0{4BCD} = 0'{ABCD}.
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60. If {APQR}, {APQR} are two harmonic ranges, prove that
PR, PR, QQ are concurrent.

61. In the triangle ABC, the internal and external bisectors of Bﬁ c

A
meet 5C at L, M ; also the internal and external bisectors of BCA meet
AR at P, Q; prove that PL, AC, QM are concurrent : and that P and
QL intersect on AC.

62. If ACBD form a harmonic system of points on a circle, prove
that the points of intersection of the following pairs of straight lines
are collinear: AC, Bl); AB, CD; the tangents at 4, D ; the tangents
at B, C.

63. Through a fixed point A is drawn a variable line meeting two
fixed lines OC, O/) at P,, P,; a point () is taken on AP P, such that

I I I ) . . .
2(—‘!_:471-&;472, prove that the locus of Q is a straight line.

64. Through a fixed point A4 is dgawn a variable line meeting 7 fixed
lines at P, P, ... P,; on this line is taken a point Q) such that

1 1
oo~ 0B, T oR o,

prove that the locus of @ is a straight line.

65. With the usual notation for the triangle 42BC, if DE, EF meet
AB, BC at F', D', prove that <D, F'L’ intersect on AC. [Use
Ex. 21 (1).]

66. With the usual notation for the triangle ABC, if A0, 17, 1,1,
meet BC, DE, DF at P, Q, R, prove that PQR are collinear.

67. If the internal and external bisectors of 5’26‘ meet BC at /., M,
and if €' is the mid-point of 45, apply Theorem 54 Corollary to the
harmonic ranges {BLCAM}, {BC’Ax} to invent a property of concurrency
of certain lines, where © denotes a point on 4/ at an infinite distance
from A.

68. With the usual notation for the triangle ABC, C'D meets AC
at X, EF meets BC at P; prove that K7 is parallel to 425.

69. With the notation of Ex. 68, if C'P meets AC at (Q, prove that
DQ is parallel to 45.

70. 7is a point on the diameter, B4 produced, of a circle. 77 is
the tangent from 7 to the circle: /V is the feot of the perpendicular
from P to AB; the line joining B to the mid-point of 7P cuts PN
at (; prove that AQ is parallel to 7P.

* The following exercises involve cross ratios.

71. Prove Theorem s56.
72. Prove Theorem 57.
73. Prove Theorem 58 (1).
74. Prove Theorem 358 (2).
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75. If{APQR}={AP'QR'}, prove that PR, PR, QQ are concurrent.

76. PQR is a variable triangle ; if each side passes through a fixed,
point, the three fixed points being collinear, and if 2, Q move on fixed
lines, prove that the locus of £ is a fixed line.

[Take three positions of the triangle, and prove that the three positions
of R are collinear, using Th. 58 (1).]

77. PQR is a variable triangle; PR, QR PQ pass through three
fixed points A4, B, A; P, J move on two fixed lines CD, CE; if A,
B, C are collinear, prove that the locus of & is a straight line. [Use the
method of Ex. 76.]

78. PQRS is a quadrilateral; £Q, PS are given in position, SQ,
Q~R, RS each pass through one of three fixed collinear points, prove
that the locus of A is a straight line.

79. PQR is a variable triangle with its vertices on three fixed con-
current lines: PQ, QR pass through fixed points; prove that RP also
passes through a fixed point. [Tak& three positions of PQR and prove
that the three positions of PX are concurrent.]

80. ABCD are four fixed points ; /is a fixed straight line : any point
7 is taken on CD; AP, BP meet [ at a, 6; Ca, Db, intersect at (J;
prove that as 2 traces out C/), ¢J will trace out a straight line through
the point of intersection of A5 and /

8l. Ox, Oy are two fixed lines; 4, B are two fixed points; P is a
variable point on Ox; PA meets Oy at Q, OB meets Ox at R; AR
meets Oy at .S ; prove that PS passes through a fixed point.

82. (Desargues’ theorem on perspective triangles). Two triangles
ABC, A'B'C’ are such that 44’y B5', CC’' intersect at a point O, if
BC,BC meet at X; CA, C'A" at V; AB, A'B’ at Z, prove that XYZ
are collintear.

[Show that A{XYZ0}=A'"{XVZO}]

83. [Desargues’ theorem on the quadrangle]. Six lines are drawn
joining in pairs the points 4BCJ. Amy other straight line meets
AB, CD, AD, BC, AC, BD at P, P, Q, @, R, R, prove that

{PQRR }={P'QRR}.

[Project the ranges from A4, C on to BD.]

84, ABCD is a quadfilateral; 4B, CD meet at G; AD, BC at F;
BD, AC at E. AC is produced to meet 7G at P. -

Prove that {AECP}={CEAP}, and hence that each is harmonic.

[Project the ranges from £, G on to BD.]

85, {4B; CD} is a harmonic range; O is the centre of the circle
on AB as diameter; a variable tangent to this circle meets lines

through C, D perpendicular to CD at A, K ; prove that -g—-‘lk—{ is constant.



CHAPTER IX.

THE QUADRILATERAL AND QUADRANGLE.

THis chapter is intended to be an introduction to the Principle
of Duality, which may be most simply illustrated by the relationship
of the quadrilateral to the quadrangle. It is essentially a modern
idea, to which attention was first drawn in a definite form by
Poncelet (1788-1867). His famous treatise on projective geometry
was written while he was held a prisoner by the Russians who
captured him during the retreat from Moscow. To some extent,
however, he was anticipated by Brianchon, another French soldier,
who published in 1806 the theorem with which his name is
associated and which was obtained by a method of the same
kind. Theorem 6o was in substance included by Pappus in his
Zvvaywyil.

Definitions.

(1) If 4 and B are two points, the unlimited line joining 4
and B is called the join of 4 and A.

(2) If a and 4 are two lines, the point of intersection of a4 and &
is called the meet of @ and 4.

In the first instance it is usual to regard a curve as consisting
of a series of points each of which is so sithated as to obey some
characteristic law. For _example, a circle may be considered as
formed by a series of points each of which is at a constant
distance from a fixed point. In order to pass from the series of
points to the continuous curve, it is necessary to imagine that
a number of lines are drawn connecting consecutive points of the
series: by taking a large enough number of these points, it is
possible to make each connecting line as short as we please:
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and the limiting result of this process is said to constitute the
curve. '

But we may equally well consider a circle as generated by a
series of straight lines each of which is at a constant distance
from a fixed point. On each line is cut off a segment by the
two lines which come, one before and the other after it, in the series.
By taking a large enough number of these lines, it is possible to
make each segment as short as we please: and in the limit,
these segments are said to constitute the curve.

In the first case, the curve is defined as the locus of a series
of points: and in the second case as the envelope of a series of
lines. Thus the part played by a moving (tracing) point in the
first case corresponds to that played by a moving (tangent) line
in the second case.

In the first case the point "is regarded as the fundamental
conceptiony and the straight line arises as the join of two points:
while in the second, the straight line is regarded as the fundamental
conception, and the point arises as the meet of two straight lines.
If then we have any geometrical system built up on one of
these conceptions, it is possible to build up the corresponding
geometrical system which is based on the other.

In what follows, it is convenient to take single capital letters
to represent points and single small letters to represent lines.

Correspondence will be represented in parallel columns.

AB is the join of two points
A, B; {ABCD} denotes the range
formed by four collinear points
4, B, C, D.

H{ABCD} denotes the pencil,
whose vertex is /A and whose rays
pass through four points 4, B, C, D.

ab is the meet of the two lines
a,b; {abcd}denotesthe pencilformed
by four concurrent lines «a, 4, ¢, 4.

%{abcd} denotes the range inter-
cepted on the line % (the base of
the range) by the four lines &, , ¢, d.

Hitherto a triangle has been regarded indiscriminately as a
figure formed by theejoins of three points or the meets of three
lines: it is convenient to distinguish by different names these

two standpoints.

A figure formed by the joins of

three points is called a triangle.

A figure formed by the meets
of three lines is called a trilateral.

This correspondence is exhibited very plainly in theorems which
can be stated without reference to the measurement of lines or
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angles.
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It will be found that all such theorems occur in pairs,

go that the knowledge of one includes the knowledge of the other.
This correspondence is usually spoken of as The Principle of

Duality.

The following theorems will illustrate the application of this

principle :

the joins of ~ points, no three
of which are collinear, taken in
pairs, form %7(z—1) lines.

A, B, C; A, B, C' are the
vertices of two triangles; if the
joins of 4, A’'; B, B'; C, C' are
concurrent, then the meets of BC,
BC; CA, CA'; AB, A'B are
collinear.

The sides BC, CA, AB of a
variable triangle 4 BC pass through
three fixed collinear points P, Q, R
respectively ; if 4, 5 lie on two
fixed lines, then the locus of C is
a straight line,

[Z.e. C lies on a fixed straight
line.]

If {ABCD}, {ABC'D'} are two
harmonic ranges on different bases
x, y ; then the joins of BB ; CC';
DD’ are concurrent.

A curve which is met by any
straight line at two and only two
points is called a curve of the
second degree.

the meets of » lines, no three
of which are concurrent, taken in
pairs, form 42(»—1) points.

a, b, c; a'y &'y ¢’ are the sides
of two trilaterals ; if the meets of
a, a'; b, 0; ¢, ¢’ are collinear,
then the joins of éc, 6'c’; ca, ¢'a’;
ab, a'6’ are concurrent,

]

The vertices éc, ca, ab of a
variable trilateral aéc lie on three
fixed concurrent lines p, ¢, » re-
spectively; if a, & pass through
two fixed points, then the envelope
of ¢ is a point.

[Z.e. ¢ passes through a fixed

point.]
If {abed}, {ad'c’d’} are two
harmonic pencils with different

vertices X, V' ; them the meets-<of
00’y ¢c’; dd' are collinear.

A curve to which from any
point two and only two tangents
can be drawn is called a curve of
the second class.

Write down without proof the theorems which correspond, in

virtue of the principle of duality, to the following: and draw
figures for the original and the dual theerem exhibiting this
correspondence. [Compare Figs. 61, 62.]

1. Chapter VIII., Ex. 79.

2. Ay Ay ... A, are 2 points in a plane which move on fixed con-
current lines; if A,A4, A,Ag ... An—1A, pass through fixed points,
then every other join of a pair of the » points passes through a fixed
point.



1x.] THE QUADRILATERAL AND QUADRANGLE 113

3. From a fixed point D two variable lines DPQ, DRS are drawn to
cut two fixed lines 4B, AC at P, Q and R, S; then the locus of the meet
of PS, QR is a straight line.

4. {ABCD}, {A'B'C’'D'} are two harmonic ranges on different bases
%, y; if the joins of 4, 4’; B, B'; C, C' concur at O, then DD
passes through O.

5. If {ABCD}, {AB'C'D'} are two harmonic ranges on different
bases z, y, then the joins of BLY, B'D, CC’ are’ concurrent.

6. Two lines F DA, FCB are met by two other lines GBA, GCD ;
BD meets AC at £ ; then F{AB; EG} is a harmonic pencil.

7. One and only one curve of the second degree can be drawn to
pass through five given points,

8 A;A,A,4,A,A¢ are six points on a curve of the second class,
then the meets of A1A2, A,‘Aa; AzAs, AsAo; A3A4, AﬁAl are
collinear.

9. A Pariable curve of the second degree passes through four fixed

points 4, B, C, D; if two fixed lines 4X, BY cut the curve at P, Q;
then PQ passes through a fixed point.

10. The sides of a variable triangle pass through three non-collinear
fixed points; if two of the vertices lie on fixed lines, then the locus
of the third vertex is a curve of the second degree.

We shall now proceed to work out in detail the dual properties
of the figure generated by four straight lines (the quadrilateral)
and the figure generated by four points (the quadrangle).
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Q

FiG. 61.

A complete quadrangle is formed by
four points 4, B, C, D, called its vertices,
no three of which are collinear ;
their joins form six straight lines,
grouped in pairs, ~

AB, CD; BC,AD; CA, BD,

called its sides: the sides in each
pair being called opposite sides.

The meets of opposite sides form three points

G, F, £

called diagonal points,
and are the vertices of a triangle called
the diagonal point triangle.

If 4, B, C, D lie on a circle, the circle is called
the circumscribing circle of the quadrangle.

* Now we have
{AECP}=F{AECP}
={DEBQ}
= G{DEBQ}
. ={cE4P}.
.. by Theorem 53 '
{AECP} is a harmonic range.
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FiG. 62,

A complete quadrilateral is formed by
four lines a, 4, ¢, d, called its sides,
no three of which are concurrent ;
their meets form six points,
grouped in pairs, .
ab, cd ; be, ad ; ca, bd,
called its vertices : the vertices in each
pair being called opposite vertices.
The joins of opposite vertices form three lines
& Sk
called diagonal lines,
and are the sides of a triangle called
the diagonal line triangle.
If a, &, ¢, d envelope a circle, the circle is called
the inscribed circle of the quadrilateral.

* Now we have
{accp) =f {acep)}
= {debg}
=g {debg}
= {ceap}.
.. by Theorem 53, Corollary,
{aecp} is a harmonic pencil.
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The harmonic property of the quadrangle and quadrilateral may
be established in a simpler manner.

THEOREM 59.

ABCD is a quadrilateral : 4D, BC meet at F; AB, CD meet at
G; AC, BD meet at £E; FE meets AB at K; then {AKBG} is
harmonic.

/
D,
C
' B G
A7A K T~
FiG. 63.

From the triangle #A4 B, since FK, AC, B.D concur,
AK BC FD_ .\
XKB'CF' D4~V YR

Since DCG is a transversal of the same triangle,

AG BC FD
—é? . ﬁ’ m = -1, by Menelaus H

. AK BC FD_ _AG BC FD.
" XKB'CF DA~ ~GB'CF' DA’
AR  AG.

KB~ GB’
. {4KBG} is harmonic. Q.E.D.

THEOREM 60.

If in the figure of the complete quadrangle (Fig. 61), FE is
produced to meet DC, 4B at H, K and GZE is produced to
meet AD, CB at L, M, then every set of four collinear points
~ forms a harmonic range and every set of four concurrent lines forms
a harmonic pencil.
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The pencil #{AKBG} intercepts on the transversals 47, LG,
DQ, DG, the ranges {AECP}, {LEMG}, {(DEBQ}, {DHCGY ;
.. by Theorem 59, these four ranges are harmonic ;
". the pencil G{4£CP} is harmonic.

Q

FiG 64.

But it intercepts on the transversals #4, FK, FB the ranges
{ALDF}, {KEHF}, {BMCF} which are therefore harmonic.

Also E{BMCF} intercepts on QF the range {QGAFF} which
is therefore harmonic.

Hence each of the nine lines in the figure is cut harmonically.
Therefore each of the sets (three in number through Z, 7, G) of
four «concurrent lines form harmonic pencils, for each has a
transversal which is cut harmonically. Q.E.D.

11, State the dual theorem of Theorem 6o, draw the corresponding
figure and work through the proof.

12, If in Fig. 63 AC meets FG at P, use the method of Theorem 59
to prove that {4AECP} is harmonic.

13. Given three callinear points A, B, O, by using a ruler only,
show how to find a point D such that {ABCD} is harmonic.

14, Given three concurrent lines PA, PB, PC, by using a ruler
only, show how to construct a line PD such that P {ABCD} is
harmonic.

15. X is the given mid-point of the line joining two given points
A, B; O is a given point outside 45 ; draw through O a line parallel
to 425, using a ruler only. '
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16. Given three points 4BC on a given circle, determine a point D
on the circle such that 4ABCD may form a harmonic system of points
on the circle, using a ruler only.

17. Given a parallelogram, a point 4 and a straight line /, draw
a line through A4 parallel to /, using a ruler only.

18, The straight lines 4D, BC intersect at C; on BC any point £
is taken; AE meets BD at Q; CQ meets ED at R; BR cuts AD
at P. Prove that the position of P does not vary as £ moves on
the line BC.

19. With the notation of Theorem 6o, Fig. 64, prove that

(1) PD, GE, AQ; (2) QC, EG, PB
are concurrent.

20. With the notation of Theorem 6o, Fig. 64, prove that (1) Z, 4, P;
(2) K, M, P are collinear.

21, Determine the dual properties which correspond to the properties

. of Ex. 19, 20, and draw two figures to illustrate the complete correspon-
dence as in Fig. 61, 62. p

22. A point C is taken on the line of intersection 4B of two planes

and points X and X' are taken, one in each plane. A line CH/K

“‘meets 4X, BX at H, K; a line CH'K’ meets AX', BX' at H', K';
AK meets BH at V; AK' meets BH' at V'; prove that the points
XX'YY' lie in one plane.

*THEOREM 61.

The mid-points of the three diagonals of a complete quadrilateral
are collinear.

A

FiG, 6s.

* This method of proof was given by Mr. C, E, Hillyer in the Educational
Times.
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AC, BD, FG are the diagonals of the complete quadrilateral
ABCD.

Let 2, Q, R be the mid-points of BG, GC, CB: and prod’uce
PQ, QR, RP to meet FG, AC, BD at N, L, M.

Since 7, Q, R are the mid-points of the sides of the triangle
BGC, PQ, QR, RP are parallel to CB, BG, GC.

Since then PQNV is parallel to B, and since GP=PB, it follows
that GNV= NVF, so that .V is the mid-point of #G.

Similarly, Z, M are the mid-points of AC, BD.

Now by parallels %_ﬁé j%i; gg ZJZ g@,
RL QN PM _BA GD CF
"ZQ' NP MRTAG' DC'FB
= —J by Menelaus,

since ADF is a transversal of the triangle BCG;
. by the converse of Menelaus ZMMN is a transversal of the
triangle PQR;
". the mid-points Z, M, NV of AC, BD, FG are. collinear.
Q.E.D.

Theorem 61 admits of an interesting statical proof.

=TA B\
Fic. 66.
L, M, N are the mid-points of 4C, BD, FG.
Consider the system of forces 4D, 4B, CD, CB.
AD, AB are equivalent to 24M.
CD CB are equivalent to 2CM.
. the complete system is equwalent to 24M, 2CHM or to 4L M.
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But the system is also equivalent to

AF, FD; AG, GB; CG, GD; CF, FB,

or to AF, 4G; 7D, GD; 7B, GB; CG, CF,
or to / 2ZW; 2@; 2W; 2C—ZV~;
' ", the resultant passes through V;
. L, M, N are collinear. Q.E.D.

This method fails if the forces are in equilibrium, in which
case LM is zero so that the diagonals bisect each other; the
quadrilateral is then a parallelogram and #G is at infinity.

If a circle can be inscribed in the quadrilateral its centre must
lie on ZMMN.

For suppose the circle touches 48, BC, CD, DA at P, Q, R, S;
the force-system is then equivalent to AP, AS; PB, QB; CR, CQ;
RD SD; the resultant of each pair bisects the correspondmg chord
of contact and therefore passes through the centre of the circle ;
therefore the final resultant passes through the centre of the circle.
« The reader who is acquainted with the corresponding property
of the conic will see that this method yields an immediate proof
of the theorem that ‘“The locus of the centres of conics touching
four straight lines is a straight line.”

Statical methods should be used in Ex. 23-28.

23. Through a point F inside a rectangle ABCD lines are drawn
pagallel to the sides to meet 4B in G, BC in £, CD in K, DA in A.
Prove that B/, CF, DG are concurrent.

24, ABCD is a quadrilateral. If AB=CD, prove that the line
joining the mid-points of BC and 4D is equally inclined to the other
two sides.

25. On the sides of a quadrilateral four points are taken such that
each forms with the extremities of the opposite side a triangle whose
area is half that of the quadrilateral. Prove that these points lie on
the line joining the mid-points of the diagonals.

26. A parallelogram ABCD is divided into four parallelograms by
two lines PKQ, RK'S, meeting DC, AB at P, Q and DA, CB at R, S.
Prove that the triangle 4XC is equal to half the difference of the
parallelograms KB, DXK.

27. ABCD is a quadrilateral in which 4D and BC are parallel;
find the magnitude and direction of the resultant of the forces

43, BC, D, D4, BD, CA.
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28. Prove that the three pairs of bisectors of the opposite angles of a
complete quadrilateral intersect at three collinear points.

29. O is any point inside the triangle ABC; 40, BO, CO meet
the opposite sides at D, E, F; P, Q, R are harmonic conjugates of
D, E, Fwrt. B, C; C, A; A, B; prove that the mid-points of 42,
BQ, CR are collinear.

30. If two of the opposite angles of a complete quadrilateral are

right angles, prove that the third diagonal is perpendicular to one of
the internal diagonals,

31. ABCD is a quadrilateral, UV is the projection of BD on AC;
prove that AB*+CD*— BC P~ AD*=2AC. UV,

32. With the notation of Fig. 66, if ABCD is inscribed in a
circle, prove that FG*=FR?+GS? where FR, GS are the tangents
from F, G to the circle.

33. ABCD is a quadrilateral having A8 parallel to CD; AC, BD
meet at Fo; AD, BC meet at Q; prove that PQ bisects 45 and CD.

34. The base BC of a triangle is given, and the vertex 4 moves on
a given straight line. A given line cuts 4B, AC at A, K ; find the
locus of the meet of CH, BK.
35. Ifin Fig. 63,
(1) FC.FB+GC.GD=FG? or (2) FA.FD+GA .GB=FG?,
prove that ABCD is a cyclic quadrilateral.



CHAPTER X.

ORTHOGONAL CIRCLES.
Definitions.

(r) If two curves intersect at a point 4, and if the tangents at
A to the curves make an angle « with each other, the two curves
are said to cut each other at A at an angle a.

In particular, if o is a right angle, the curves are sgid to cut
€ach other orthogonally or at right angles; and the curves are
called orthogonal curves.

(2) If CA is a radius of a circle, centre C, and if 2, Q are two
points on CA such that CP.CQ=CA4?% then P, Q are called
inverse points with respect to the circle.

1. If two circles intersect at A and B, prove that the angles
at which they cut each other at A and B are equal.

2. If P, Q are inverse points w.r.t. a circle, and if PQ meets the
scircle at 4, B, prove that {458, PQ} is harmonic.

3. Two circles, centres A4, B, intersect orthogonally at C prove
that CA, CB are the tangents at C to the two circles.

4, Two circles, centres A4, B, radii @, 4, cut each other orthogonally ;
prove that AB?=a%+4%

5. If a, 4 are the radii of two circles, centres A4, B, and if AB%*=qa%+ 52,
prove that the circles cut orthogonally.

6. P is a point on a circle, centre C; AB is a diameter ; prove that
the circles APC, BPC intersect orthogonally.

7. Cis a common point of two circles ; A4 is a centre or one ; if AC
touches the other, prove that the circles are orthogonal.

8. PQ is a common tangent to two circles, P, Q being the fpoints
.of contact; prove that the circle on PQ as diameter is orthogonal to
each of them. .

9. {4CBD} is a harmonic range ; prove that the circles on 458, CD
as diameters are orthogonal.
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10. Two circles, centres A, B, intersect at O; prove that the
angle at which they cut each other is supplementary to the angle
ACB.

11. A circle 2 cuts a circle ¢, at P, Q and a circle C, at R, S;
P meets RS at A ; prove that it is possible to draw a circle with /& as
centre to cut S, C;, C, orthogonally, C;, C, being non-intersecting circles.

12. If a straight line cuts a circle orthogonally, prove that it passes
through the centre of the circle.

13. {ACBD} is a harmonic range; prove that any circle through
C, D cuts the circle on 4B as diameter orthogonally.

14. Two circles, centres 4, B, intersect at C, D ; if ACBD is a cyclic
quadrilateral, prove that the circles are orthogonal.

156. P, Q are two points on the major arcs CD of two circles which
. A A .
intersect at C, D; if CPD+CQD=qgo’, prove that the circles cut
orthogonally. [Use Ex. 14.] *

What is. the test if 2, Q lie on the minor arcs CD?

16. Prove the converse of Ex. 15.

17. From a point P outside a circle, centre C, tangents are drawn to
the circle ; if the chord of contact meets CP at Q, prove that 7, O ares
inverse points w.r.t. the circle.

18. a, &4, ¢ are the given lengths of the sides of the triangle ABC;
circles, centres 4, B, C, radii x, y, 3, are described so that each is
orthogonal to the other two. Caleulate x, y, 2.

19. If P, Q are inverse points w.r.t. a circle 2, prove that any circle
through P, Q is orthogonal to 2.

20., If two circles are orthogonal, prove that any diameter of one is cut
harmonically by the other circle.

THEOREM 62.

If two circles, centres 4 and B, intersect orthogonally at C,
then (1) C4, CB are tangents to the circles,
(2) CA*+ CB*=0 A B2
(1) Draw the tangents C#, CQ to the two circles.
Then Qé’i’= go° given;
", CQ is perpendicular to the tangent CP to the circle centre 4 ;
”. CQ passes through 4,

and similarly CP passes through B ;
.. AQC, BPC are tangents to the two circles.  Q.E.D.
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(2) Since by (1) ACB=go",
AB*=AC?+ CB2. Q.E.D.

Fia. 67.

Corollary.
Conversely, if two circles, centres 4, B, intersect at C, and if either

ACB 90° or AB*=AC?+CB? or if AC is a tangent to the
circle, centre B, then the. two circles intersect orthogonally.
This Corollary is most important.

21. Prove the Corollary of Theorem 62.

22. If two circles are orthogonal, prove that the rectangle contained
by their common chord and the line joining their centres is equal to
twice the rectangle contained by their radii.

23. If two orthogonal circles are equal, calculate the ratio of the area
¢ommon to both of them to the area of either.

24. The straight line joining the centres O, O’ of two orthogonal
circles, meets the first in 4, B and the second in C, D; prove that

DA .DB=DC.DO.

25. Prove that, with the usual notation for the triangle 4ABC, the
three circles whose centres are 4, B, C and the squares of whose radii
are AA . AD, BH.BE, CH.CF cut orthogonally.

26. A line QPR is drawn through the point of intersection £ of two
circles, and meets them again at Q, R ; with Q, /# as centres two circles
are described orthogonal to the given circles, prove that they intersect on
the circle on Q& as diameter.

27. Prove that the locus of the centres of circles which pass through a
given point and cut a given circle orthogonally is a straight line.

28. Prove that the circle, whose diameter is the third diagonal of
& quadrilateral inscribed in a circle, is orthogonal to that circle.
[Use Ex. 32 in Chapter IX.]
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THEOREM 63.

Two circles intersect at C, D; if the sum of the angles in the
segments of the two circles on opposite sides of CD is go° or 270°,
then the circles cut orthogonally.

Fia, 68.

A, B are the centres of the circles; £, Q are points on segments
of the circles on opposite sides of C.D.

In the case of the figure C’J/;D +C @D= 9o°.
Now CAD=2CPD and CBD=2C0D;
" CAD+ CBD=2(CPD+ COD)=180";
. ACB+ADB=180",
since the angles of a quadrilateral add up to four right angles.
But ACB=ADB,
A4 6’B =90’ ;
". the circles cut orthogonally. Q.E.D,

If 2, Q had been taken on the minor arcs CD, we should have
. A
the case CﬁD + CQD=270".

29. Give the proof ‘f Theorem 63 for the case CJ/’}‘D+ C&D=27o°.

30. Use Theorem 63 to prove Ex. 6.

3l. A is the orthocentre of the triangle 4ZBC, prove that the
circles on AA and BC as diameters are orthogonal.

32. AB is the diameter of a given circle: C is a point off the
circle; AC, BC meet the circle again at P, Q; prove that the circle
CPQ is orthogonal to the given circle,
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33, 7P, TQ are the tangents from a point 7 to a circle; R is
any point such that ZR=7P. RP, RQ meet the circle again at 4, B,
prove that AB is a diameter.

34. A point P is taken on the base BC produced of a triangle

ABC so that APB=ACB-ABC: AD is the internal bisector of the
angle BAC and meets BC at D, prove that the circle, centre A2,
radius 2’0, is orthogonal to the circumcircle of the triangle ABC.

35. With the usual notation, prove that the circle /BC is orthogonal
to the circle on /,/; as diameter.

36. The diagonals of a quadrilateral ABCL meet at O, if the
circumcircles of the triangles 408, COD are orthogonal to each of
the circles 40D, BOC, prove that the quadrilateral must be a
rectangle.

THEOREM 64.

(1) If {ACBD} is harmonic, then the circle on 4B as’ diameter
is orthogonal to any circle through C and D.

(2) If C, D are inverse points w.r.t. a circle, any circle through
C, D is orthogonal to that circle.

FiG. 69.

(1) Let O be the mid-point of 48 ; and le} the circle on A5 as
diameter cut any circle through C, D at A.
Since {ACBD} is harmonic, and since 40 =05,

. 0C.0D=05?;
= QA radii;
. OH is a tangent to the circle CHD ;
.. the circles cut orthogonally. . [Th. 62, Cor.]
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(2) If C, D are inverse points
OC. 0D = 0B? by definition
=0H?;
". as in (1) the circles cut orthogonally. Q.E.D.

Corollary 1.

If two circles cut orthogonally, then any diameter of one of
them is cut harmonically by the other.

Let £ and .S be orthogonal circles (see Fig. 69).

AB, any diameter of X, meets .5 at C, D.

O is the centre of =; 2 cuts S at A.

Since the circles are orthogonal, O/ is a tangent;

. OC.0D=0H?=0B2=0A4* radii;
. {4CBD} is harmonic. Q.E.D.

Corolla

If a circle S is orthogonal to a circle £ and cuts a diameter
of 2 at C, D; then C, D are inverse points w.r.t. 2.

For from Corollary 1, OC. 0D =05%;

. C, D are inverse points w.r.t.Z.

37. A fixed diameter 4B of a circle .S meets a given orthogonal

circle £ at C, D; P is a variable point on S, prove that = Lo is constant.

PD
38. Prove that the circumcircle of the triangle formed by the

three diagonals of a complete quadrilateral is orthogonal to
the three circles whose diameters are the three diagonals.

39. Two circles S;, S, intersect at P, (; another circle 2 cuts S,
and S, orthogonally ; prove that A Q are inverse points w.r.t. 2.

40. Show how to describe a circle to pass through two given points
and to be orthogonal to a given circle.

" 41, Two circles, centres 4, B, cut orthogonally at @, Q. A line
PQR cuts the circles agam at 2 and R; if L is the mid-point of PR,

prove that ALB—go
[Use LQ.LR=LQ.ILP.]

42. Two circles intersect orthogonally at P ; the line joining their
centres meets the first circle at 4, B; prove that P4, PB cut the
second circle at the ends of a diameter perpendicular to 45.

43, If A, B, C, D are any four points, prove that the circles 4BC,
ABD cut at the same angle as the circles 4CD, BCD.
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44. Two circles intersect at O ; POQ, P OQ are two lines terminated
by the circumferences: prove that PP, QQ' cut at the same angle as
the circles.

45. A, B are two circles which cut a third circle C at equal angles
at the points P, Q. The tangent at P to A4 meets C at R; the
tangent at Q to B meets C at .S; prove that RS is parallel to PQ.

46. If a variable circle is orthogonal to two fixed circles, prove
that the locus of its centre is a straight line.

47. From a given point O, three straight lines are drawn cutting
another straight line at 4, B, C. A circle OBD is drawn orthogonal
to the circle OAC and meets ABC again at /) ; prove that the angles
AOB, COD differ by a right angle.

48, A, K are the inverses of a point 2 w.r.t. two orthogonal circles,
centres 4 and B. If AK meets BAH at L, prove that PHLK is a
cyclic quadrilateral.

49. PQ, RS are perpendicular diameters of two orthogonal circles ;
prove that PQRS form the vertices of a triangle and its orthocentre.

50. .S} and S, are two orthogonal circles, centres O, and O,; 0,0,
meets S; at 4 ; any chord £F of S, meets a line through O, perpen-
dicular to 0,0, at A. Prove that £, F are inverse points w.r.t. the
circle, centre A, radius AA.

51. Prove that a line cut harmonically by two circles must
be a diameter of one of them.

52. PQ is a variable diameter of a fixed circle; A8 is a fixed
chord of the circle ; prove that 4P and B(Q intersect on a fixed circle.

53. {ACBD}is a harmonic range: a circle S, is described on 425 as
diameter, and .S, is a circle on CD as diameter in a plane perpendicular
to that of S;; P, Q are any two points on 5] and £, / are any two

PE _QF

points on S, prove that PEOF [Use Ex. 50.]

54, State in general terms the condition that the three circles in
Ex. 18 may be real.



CHAPTER XI

INVERSION.,

Tur method of Inversion, described in this chapter, is employed to
deduce a new theorem or set ofstheorems from a known property,
It appears to be due in the first instance to Quetelet: but it was
discovered ®*independently a few years later (1843) by two Dublin
University lecturers, Stubbs and Ingram. Since then it has been
elaborated by Cayley, Chasles and Roberts. [See Salmon’s Higher
Plane Curves.] And Lord Kelvin has applied it to the solution of
certain electrostatical problems.

Many of the properties of a coaxal system of circles can be
obtained by using the process of inversion. A discussion of this
application is given in Chapter XIII. Since the inverse curve of a
conic is in general a curve of degree 3 or 4, inversion may be used
to discover properties of higher plane curves from known properties
of the eonic. The number of useful properties however, which can
be thus obtained, is not very considerable; since it will often be
found that the new theorem is of so complicated a character, in
enunciation, as to be hardly worth possessing.

Definition.

If on the line joining a given point O to a point 2, a point 7 is
taken such that OP. OP =£%% where # is a given constant, then /7
is called the inverse point of 2 with respect to the centre or origin
of inversion O ; and % is called the radius of inversion.

The circle, centre O, radius 4, is called the circle of inversion,

It is clear that this definition agrees with the definition of inverse
points given in Chapter X.

v 1. If 7’ and Q are inverse points of P and Q w.r.t. an origin O, prove

that PQP'Q’ are concyclic.
D.G. I
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2. Draw roughly the systems of points given in Figs. 70, 71, 72, and
then construct the approximate positions of the inverse points w.r.t. O for
any convenient value of 4.

FiG. 70. FiG. 71.

FiG. 72.

Suppose now that a point 2 moves along any continuous curve,
then it is clear that the point 7', connected with 2 as in the
definition, will trace out another continuous curve which is called
the inverse curve of the locus of 2 w.r.t. an origin O and a radius of
inversion 2. Unless special mention is made of 4, it is implied that
any constant quantity may be chosen for £. « (See Ex. 8.)

3. Draw roughly the curves on the opposite page and then con-
struct the approximate positions of the inverse curves w.r.t. O for any
convenient value of £ In Figs. 73, 75, each arm of the curve is supposed
to extend to infinity.

J 4. If a figure is inverted, which points of the figure. wil remain
unaltered in position ?
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/5. A straight line is inverted w.r.t. a point on itself, what is the
inverse figure?

6. A given circle is inverted w.r.t. its centre, prove that the inverse
figure is a concentric circle : what doeig;ei verse {i:g%e become as the
given circle shrinks intg a point? “"7 ’

x° 7 3ax’y

U

Fi1G, 73.
FiG. 74. <
Fia. 7s.
: ° :
Fia. 76.
Fi1G. 77.

7. The curve .S is the inverse of the curve S w.r.t.origin 0. 04 is a
tangent to .S, prove that it touches 5",

8, If .S’ and S” are inverse curves of the curve S w.r.t. the same origin
O but different radii #, #” of inversion, prove that S and S” are
homothetic curves and that O is their centre of similitude.
It is due to this property that the particular value of £ to be chosen is
usually immaterial,
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\/;. OT is the tangent from a point O to a circle S; prove that with
ocigin O and radius of inversion 07, S will coincide with its inverse.

10. If two curves touch each other, prove that their inverse
curves w.r.t. any point O also touch each other.

11. If 7' is the inverse of P, and if PP’ meets the circle of inversion
at C, D; prove that {PP’; CD} is harmonic.

12. Regarding a straight line as the limiting form of a circle when

the centre is at infinity, if 7, P’ are inverse points w.r.t. the straight
line, prove that it bisects PP at right angles. [Use Ex. 11.]

13. P, @, R are the inverse points of P, Q, R w.r.t. a point O;
A A
prove that P’Q'R'=PQR, if O lies on PR. [Use Ex. 1.]

14. If two curves cut at P, and if their inverse curves cut at 7,
prove that the angle of intersection at # is equal to the angle of
intersection at 7. [Regard a tangent as the limiting position of a
line joining two adjacent points on the curve.]

15. Points P, Q are taken on the diameter A5 of a cirgle so that
{AB; PQ} is harmonic; prove that P, () are inverse points w.r.t. the
circle.

16, 7 is the incentre of the triangle 48C; B, C’ are the inverse
points of B, C w.r.t. a circle, centre /, radius /4 ; prove that / is the
orthocentre of the triangle 4A5'C".

/~17. OA is a diameter of a circle ; P is a variable point on the circle.
A’ and P’ are the inverse points of 4 and £ wur.t. O; prove that

A
(1) OA’P'=90°; (2) the locus of 7’ is a straight line. This proves that
the inverse of a circle w.r.t. a point on it is a straight line.

18. From a point O a perpendicular O is drawn to a given sfraight
line BC; P is a variable point on BC; B, P’ are the inverse points
A
of B, P wrt. O; prove that (1) OF'B'=90°; (2) the locus of P’ is a
circle through O. What therefore is the inverse of a straight line w.r.t.
a point outside the line?

Before giving geometrical proofs for the inverse curves of given
curves, we shall apply analytical methods for this purpose. By
this means it is also possible to include some mertion of less
familiar curves,

To prove that the inverse of a straight line which ‘does not pass
through the origin is a circle through the origin.

Let O be the origin.

Draw OA perpendicular to the given line,

Let 2 be any point on the given line.
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Take Ox along OA4. Let OA4=a.
Produce OP to 7’ so that OP. OP = k%
Let (r,, 6,) be coordinates of 7.

Then 7, cos 6, =a.

J P

FiG. 78.

If the coordinates of 7 are &, 0,
nR =%,
. AR
S Ri=—=—cos0;
roa
. . L. k2 o A2
. the equation of the locus of /' is r=-— cos 6, or 7 = .7cos 6.

. . .. A2
In Cartesians, its equation is x% + %= - %

which 4s a circle through O with its centre on O4. Q.E.D.

19. Prove that the inverse of a &rcle through the origin is a straight
line.
[Take the equation of the circle to be »=acos 0.]

€0, Prove that the inverse of a circle which does not pass through
the origin is another circle.

[The equation of anw circle can be written x*4y2+20x+2fy+c=o0,
which in polars becomes 7%+ 2#(gcos §+/sin §)+c=o0.]

21. Prove thmt the inverse of a parabola w.r.t. its focus is a cardioid.
Draw a rough figure of the cardioid.

[The equation of a parabola referred to its focus is §=I+cos 0,

and the equation of a cardioid is of the form »=a(1+cosf). Fig. 75
represents a parabola with O as focus.]
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22, Prove that the inverse of any conic w.r.t. its focus is a Limagon.
«Draw a rough figure of a Limagon.

[The equation of any conic referred to its focus is §=1+e cos §; the

equation of a Limagon is of the form r=a+6écosf. Fig. 74 represents
an ellipse with O as focus.]

23. Find the equation of the inverse of a parabola w.r.t. its vertex
and indicate roughly the shape of the curve.

[The Cartesian equation of a parabola with the vertex as origin is
»y*=px.] The inverse curve is called the Cissoid of Diocles,

24, Prove that the inverse of a rectangular hyperbola w.r.t. its centre
is a Lemniscate whose equation is of the form 72=a?cosz2d. It is
represented in Fig. 76. [The Cartesian equation of a rectangular
hyperbola with the centre as origin is 22— y*=a%]

25. Prove that the inverse of the curve whose equation is f{», §)=o0

2 ¢
has an equation of the form f(é—, 0>=o.

26. Prove that the inverse of the curve whose equation isf(x, y)=o0
Ry Yy )__
27. Prove that the degree of the inverse of a curve of degree 7
cannot be greater than 2z

has an equation of the form f(

THEOREM 65.

(1) If a straight line is inverted w.r.t. a point O on it, the
inverse is the same straight line.

Fic. 79.
(2) If however O is not on the line, the inverse is a circle

through O. W
(3) If a circle is inverted w.r.t. a point O on tHe circle, the
inverse is a straight line.
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(1) If Q is any point on the given line 04, the inverse of Q
also lies on OA4 by definition: so that every point on OA inverts
into a point on OA. QED.

(2) From O draw OA perpendicular to the given line.

Take any point 2 on the given line.

Let A, P' be the inverses of 4, P w.r.t.O.

Since OA4.04'=0P. 0P, AAPP is a cyclic quadrilateral ;

A A
S OP'A'=0A4AP=90’;
.. P’ lies on the circle on OA4' as diameter;
.. the inverse of the straight line is a circle through O, such

that its centre lies on the perpendicular from O to the line.
Q.E.D.

(3) Let OA’ be the diameter through O of the given circle.
Take any point 7’ on its cirtumference.
Let A4, P be the inverses of 4', P' w.r.t. O.

Then since 4', 4, P, P’ are concyclic, PAA OP’ A’ =9o°, since
04’ is a diameter;
. P lies on a line through A perpendicular to 04 ;
". the locus of 2 is a straight line;
. the inverse of a circle through Ow.r.t. O is a straight line.
Q.E.D.

V 28, Prove that a system of parallel lines invert into a system of
circles touching each other at a common point.

29. A parallelogram is inverted w.r.t. any point, what is the inverse
figure ?

30. A system of circles have two common points 4, B ; when inverted
w.r.t. 4, what is the inverse figure?
/ 3l. What is the inverse of the theorem: a straight lige can be
drawn to pass through any two points? [0} U »
32, Invert w.r.t. O the theorem : from any point outside a circle
two lines can be drawn to touch a given circle O4B. [Use Ex. 10.]

38. Invert w.r.t. 4 ghe theorem: ABC is a triangle, DE is drawn
parallel to the base BC and meets AB, AC at D, E; then ‘jg ‘jlé-
‘/54. Invert w.r.t. O the theorem: O is a fixed point; P is a
variable point on a fixed line; OP is produced to Q so that %g is

constant, then the locus of Q is a straight line parallel to the fixed
line.
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THEOREM 66.

If a circle is inverted w.r.t. a point O which doesfnot lie on
the circle, then the inverse is another circle.

Fic. 8o.

Let 2 be any point on the given circle %, and let O2 meet 2
again at Q. '

Let 7' be the inverse of 2.

Then OP.OP' =42, where £=radius of inversion,

also OP.0Q=1¢% where f=tangent from O to Z;
2y
' %]—Q)=f—2=constant; l/
s as Q traces out 2, /' traces out a homothetic circle 2.
[Th. 3.] Q.E.D.

It is important to notice that the centre D of ¥ is ot the
inverse of the centre C of 2. (See Ex. 36.)
« Notice also that /' describes 2’ in a sense opposite to the sense
in which 2 describes 2, if O lies outside Z. )
—What difference is there in the proof when O lies inside =? v

35. Prove Theorem 66 when O lies inside 2.

36. With the notation of Theorem 66 prove that g’ZC): 2,_. And
hence show that C, 2 cannot be inverse points. .

37. Prove that a pair of common tangents to a circle and 1ts
inverse meet at the centre of inversion.

38. If O lies outside the given circle, radius a, prove with the
2

notation of Theorem 66 that the radius of the inverse circle is %a.

39. Two circles intersect at 4, B; O is any point on 4B ; prove
that it is possible to invert each circle into itself with O as centre of
inversion,
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40. A circle .S passes through the centre of a circle 2: the external
common tangents to .S and 2 touch .5 at P, @ and meet at O. Prove
that PQ touches 2.

[Invert w.rt. O so that each ciicle inverts into the other, and
consider the original figure and the new figure taken together.]

'41. Two non-intersecting circles are inverted w.r.t. any point, what
do their four common tangents invert into?

42. Two circles intersect at O; if the system formed by the two
circles and their common tangents is inverted w.r.t. O, what is the
inverse system composed of?

43. P, (, R are three points on a circle, centre 4 ; PQ, PR are
produced to A, K so that PQ.PH=PR.PK; prove that PA is
perpendicular to AK.

44, A4, B, C are three collinear points. Two variable equal circles
PAB, PBC meet at P, prove that the locus of 2 is a straight line.

[Invert w.r.t. 5.] .

45. Prove that the inverse of a plane w.r.t. a point O outside it
is a spheYe passing through O.

46. Prove that the inverse of a sphere w.r.t. a point on it is a plane.

47. Prove that the inverse of a sphere w.r.t. a point, not lying on
it, is another sphere.

48. Prove that the inverse of a circle w.r.t. a point O not in its
plane is another circle. [Regard the circle as the section of a sphere
through O made by a plane.]

49, If C is the mid-point of 45 and if 4, C, B are mverted w.r.t.
a point O on 4R into A', C", B, prove that {OC’; A'F'} is harmonic.

50. PO, RS are two common tangents to two circles PAR, QAS,
proves that the circles PAQ, RAS touch each other.

51. If {ACBD} is a harmonic range, and if 4’, C', B, 1)’ are their
inverses w.r.t. a point O not on AZ), prove that 4’y ', B, D" form a
harmonic system of points on a circle.

52. 7 is a variable point on a circle £; APQ is the chord of
contact of the tangents from 7 to another given circle, prove that the
mid- -point of PQ is in general a circle. What is the exceptional case?

3. A, B, C are thlee collinear points. O is any other point
prove that the circumcentres of the triangles OBC, OCA4, OAB are
concyclic ‘with O.

54, In thé triangle ABC, the point A is fixed and the angle BAC
is constant; if the area ‘of the triangle ABC is also constant and if A
describes a straight line or a circle, prove that the locus of C is in
general a circle, Under what conditions is the locus, however, a
straight line?
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55. Three circles BOC, COA, AOB are such that the centres of
BOC, COA lie on OA4, OB respectively ; prove that the centre of the
circle AOB lies on OC, and that the three centres lie on the circum-
circle of the triangle ABC

THEOREM 67.

The angle at which two curves cut is equal to _the angle at which
their inverse curves cut at the corresponding point of intersection.

FiG. 81.

O is the centre of inversion.
P, P are the corresponding points of intersection of the two

curves.
Let“Q, R be points near 2 on the original curves, such that O,

Q, R are collinear, and let Q’, &’ be their inverses.
Since 0Q.0Q'=0P. 0P =0R.0OR'
PQQ’' P and PRR'P’ are cyclic quadrilaterals ;
;. 0PQ=0Q'P and OPR=0RP ;
A A A A - A
L. QPR=0OPR-0OPQ=0KRP -0QPF
—~ QPR

But in the limit when Q, & become very close to P, QF, RP

become the tangents at 7, and Q'F’, R P’ become the tangents at ~”

to the two curves, which therefore proves what was required.
Q.E.D.

Hence if_two circles cut orthogonally at 4, it follows that when
inverted w.r.t. 4, they become two perpendicular straight lines.

If they are inverted w.r.t. a point B on one circle but not on the
other, they become a circle and a straight line which is a diameter of
the circle. =

The Tollowing example will illustrate the use of inversion in
solving riders. It is convenient to use dashes to denote corre-
sponding points in the inverse figure,
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EXAMPLE 1.

Three circles cut one another orthogonally ; their common chords
are AB, CD, EF; to prove that the circles ACE, 4ADF touch at A4.

%

Cl
i /i\/ \
FiG. 82, FiG. 83.

Invert w.r.t. 4 and denote by dashes the corresponding points in
the inverse figure.

Let S,, S, S; be the three circles DECF, FBEA, DBCA.

S; and S; become straight lines §’5, 5’5 orthogonal to the circle
S’} and are therefore diameters of .S’}, so that B’ is the centre of 5',.

Hence D’'B'C’, F"B'E’ are diameters of .S',.

Now the circles 4C£, ADF become the straight limes C”

But it is obvious that C'E’, D'F" are parallel ;

. the circles 4CE, ADF touch at A4.

, D'F.

Q.E.D.

Fig. 83 represents the inverse of Fig. 82. It has been drawn
out separately to avoid confusion with the original figure. But in
reality Figs. 82, 83 are so related that lines joining corresponding
points pass through A.

. 56, OABCH are five points such that the circles O4B, OCH and
also the circles OBC, OAH are orthogonal, prove that the circles
OCA, OBH are also orthogonal.

57. {ACBD} is a harmonic range: O is any point on AD;
A, B, C, D are the inverse points of A, B, C, D wr.t. 0. By
using the fact that the circles on AB, OD as diameters are
orthogonal, prove that {A'C’B'D'} is harmonic.

68. Four circles, centres CC3C;Cy, pass through two common points
A, B. 1f A{C,G,C,C,} is harmonic, prove that any line through 4 is
cut harmonically by the circles.
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59. Prove that if a straight line is cut harmonically by two
-orthogona,l circles it must be a diameter of one of them. [Invert
Wt a point of intersection of the line with the circles.]

60. Two circles are inverted w.r.t. any point, what does the line
joining their centres invert into?

61, P, (& are inverse points of P, Q w.r.t. O, prove that

OP.PQ.PQ=0P .PQ.PQ.

62. Two lines are drawn from a fixed point to meet a fixed line
and to contain a constant angle, prove that the circumcircle of the
triangle so formed touches a fixed circle.

63. A vaiiable circle touches a fixed circle and cuts another fixed
circle orthogonally, prove that it also touches another fixed circle.

64. A4, B are fixed points on a fixed circle =, P is a variable point
on Z; O is any other fixed point. Prove that the circles O4P, OBP
cut at a constant angle.

65. Circles are described to touch two given intersecting circles,
prove that they cut orthogonally one of the two circles which pass
through the points of intersection of the given circles and bisect the
angles between them.

66. ,/nvert w.r.t. O the theorem: O is a fixed point on the fixed
circle on AB as diameter, P is a variable point, then the angle 4PRB
is a right angle,

67. Invert w.r.t. O the theorem: OPF, OQ are variable chords drawn
through a fixed. point O on a fixed circle and are equally inclined to
another fixed chord OA4, then P( is fixed in direction.

68. If four pomts A, B, C, D are inverted w.r.t. any point, prove

that ABC+A1)C is unaltered in value.

69. If the circumcircles of the triangles ABC, ABD are orthogonal,
prove that the circles C4D, CBD are also orthogonal.

70. Invert w.r.t. any point the theorem: two variable circles touch
one another and each of two fixed lines, then their point of contact
lies either on one of the fixed lines or on one of the two lines bisecting
the angle between the fixed lines.

71. Two circles S, S, intersect at 4, B; two other circles S; S,
are drawn to touch both S; and S, externally ; grove that = circle can
be drawn through 4 and B to cut .5; and .S, orthogonally.

72. Invert wrt. A the theorem: if in the quadrilattral 4BCD,

A A
BAD+BCD=180° then the points 4, B, C, D lie on a circle.

78. Prove that circles which cut one given circle orthogonally and
another given circle at a constant angle, also cut a third fixed circle
at the same constant angle.
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74, A, B are two fixed points on a circle; PQ is a variable
diameter ; AP meets BQ at R; prove that the locus of R is a circle
through 4, B orthogonal to the given circle.

76. From a given point O, straight lines OA, OB, OC are drawn
toecut another straight line at 4, B, C; a circle OB8D is drawn
orthogonal to the circle OA4C and meets AC again at [); prove that
the angles 408, COD differ by a right angle.

76. Two circles intersect orthogonally at £ ; O is any point on any
circle touching the former circles at (, X; prove that the circles
OPQ, OPR intersect at an angle of 45°.

77. Explain the fallacy in the following argument :

AB and CD are any two straight lines: O is a point, lying on
neither., A48 and CD invert w.r.t. O into two circles intersecting at
O. But O is the inverse of a point at infinity, therefore the original
lines AB and CD intersect at a point at infinity, and are therefore
parallel.

78. Invert w.r.t. any point the following theorem: it is possible to

draw an infinity of concurrent straight lines cutting a given circle
orthogonally.

THEOREM 68.

P’ and Q' are the inverse points of 2, Q w.r.t. O; p, p' are the
lengths of the perpendiculars from O to 2Q and F'Q'; then
PQ B O0FP.0Q
PQ p 0OP.OQ  #m

where £ is the radius of inversion.

4

P
r
P
Y G
F
Q~
Fi1G. 84.

Draw OF, OG perpendicular to 2Q, P'Q".
A
Since 2, Q, @, 7' are concyclic, 02Q = 0Q' P’ and 0Q.P= 0P Q;
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", the triangles OPF, OQ'G, and also the triangles OPQ, OQ' F),

ere similar;

. 0G_0Q P’Q
" OF 0P~ PQ )
o.. PQ ])
PQ p
Also % OQ _9Q. OQ ..,O*Q,_Q}T
PQ  OP 0¢Q. OP OP.OF
A? OQ OP
OQ or- A2 )
Y _or.o0¢

LB
PQ p OP.OQ A
Q.E.D.

EXAMPLE 2.
[Ptolemy’s theorem and its extension.]
In a non-cytlic quadrilateral, the sum of the rectangles contained
by two pairs of opposite sides is greater than the rectangle contained

by the diagonals.
If, however, the quadrilateral is cyclic, these two expressions are

equal.

’

A

e

o [¢]
Fic. 8s.

Let OABC be the quadrilateral ;
A’y B', C’ are the inverse points of 4, B, C.

(1) Since O4BCis non-cyclic, A" B’ C’ aré not collinear.
Now 48, .94 OB, where %= radius of inversion ; ;  [Th. 68}

WAB T &
. AB 4B
*O04.0B" &
BC B'C AC AC
and

Similady  gpoc~# ™ od.oc” &
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But 4B + BC'>AC, since A, B', C’ are not collinear.
. AB BC AC
* 04.08T0B.0Cc”04.0C’
. AB.OC+BC.0A4A>AC. 0OB.

Q.E.D.
(2) If OABC is cyclic, A'B'C’ are collinear ;
“AB+BC'=47C,
". as before 48.0C+BC.04=A4C.0B.
Q.E.D.

The reader is reminded that a vector proof of this theorem is
suggested in Ex. 53 in Chapter VI.

79. Invert w.r.t. O the following theorem :
A variable line is drawn through a fixed point O to meet two fixed
lines at @, O; on OF is taken a point R such that —; 0 OI[, _O—IQ’
then the locus of R is a straight line.

80. Invert w.r.t. O the following theorem :

If PAQ, RAS are two chords of a circle, then P4.AQ=R4.4S,
where O is any point on the circle.

8l. Two circles intersect at O, P ; their tangents at O meet the
circles again at A4, B; if the circle AOB cuts OF produced at @,
prove that OQ= 20P

82 4, B, C are three collmear points, O is a point such that

I I
AOB 60° BOC prove that —— ()b’ o4t o

83. Three straight lines 0P, 0Q, OR are of lengths x, y, z;

A A A
QOR=a, ROP=fB, POQ=y; if P, Q, R are collinear, prove that
§~l-r'—;:——‘i"+S~"}/~1§+519-~'Z=o. Hence prove by inversion that PQRO are
concyclic if xsina+ysin B+zsiny=o.

[This theorem was published in the Matkematical Gazette.)

84. O is a point on the minor arc BC of the circumcircle of the
triangle ARC; OP,. OQ, OR are the perpendiculars from O, to

BC BA AC
BC, CA, AB; prove that 0P 0R+0Q

85. State aqd prove a theorem similar to Ex. 84 which holds for
any polygon inscribed in a circle.
" 86, A line 43 of constant length moves with its extremities on two

fixed lines ox, oy; A', B are inverse points of 4, B w.r.t.' 0. Prove
that 4’8’ touches a fixed circle, centre O.
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87. O is a point outside a given circle, centre 4 ; OPQ is any line
cutting the given circle at P, Q and meeting the circle nn 04 as
diameter at R, then OR=3% (OP+0Q). By inverting w.r.t. O so that
the given circle inverts into itsclf, prove that any line through O is
cut harmonically by the given circle, by the chord of contact of the
tangents from O to the circle and by O.

88, 04,4;...A, are a system of points on a circle, prove that
— A4y + A543 + +_,VA_":]_AL.-—~_4JA;"._.
0A4,.04," 0A4,.04," " " 0A,,.04, 0A,.0A4,

89. If 4, B, C, D are any four collinear points, prove that the

AB.CD

AD.CB

90. Invert w.r.t. any point the theorem that the line joining the
centres of two intersecting circles bisects their common chord.

91. Three circles have a common point O; OA, OB, OC are the
common chords and meet the remamning circles at 0, £, F, prove
BD CE AF _

DC EA FB~"

92. Three circles O4 B, OBC, OCA pass through a common point O ;

‘a line through O meets 04 B, OBC, OCA again at F, D, F, prove that
BD CE AF_
DC FA FB~"

ratio is unaltered by inversion w.r.t. any point.

that

Peaucellier’'s Cell.

This is a system of linkages for describing mechanically a curve
inverse to a given curve. It consists of four equal rods, of length
a, jointed together so as to form the rhombus ABCD. (See

Fia. 86.

Fig. 86.) Two other rods, each of length 4 (5> a), are jointed together
at one end O, and the other extremities are jointed to the rhombus
at B, D. The point O is kept fixed. If 4 is made to describe
any curve, then a pencil placed at C will trace out the inverse
curve,
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To prove this, it is necessary to show that (1) O, 4, C are
collinear, ~nd (2) O4.OC is constant.
This is left as an exercise to the reader.

93. In Fig. 86, prove that OA4C are collinear, and that

' 0A.0C=8-at

If a rod is fastened at one end to A4 and at the other to a fixed
point A, such that HA=HO, then A4 is compelled to move on a
circle through O, and therefore C will describe a straight line.

Now none of the edges of the rods need be straight, the only
conditions being that the distances between the points connected by
rods should be invariable; hence it follows that this contrivance

could be used to construct a straight line without a straight edge of
any kind.

A model of this linkage may be easily made by using thin strips
of cardboard jointed together with paper fasteners. It will be found
that the actual path 4 can be made to describe, subtends at O an

angle of !zss than two right angles. Another form may be given
which is not so restricted in range.

94, Calculate in terms of ZA4, a, & the angle 4,0A4,, where A, 4,
are extreme positions of A4 in the linkage which includes the rod ~Z4

In Fig. 87, PQRS is a rhombus formed of four equal rods.

0Q, OS are two other equal rods, and the point O is fixed.

0Q is less than Q.

A is a fixed point and 42 is a rod of length equal to 40.

Then 2is compelled to describe a circle, centre 4, which therefore
passes throuth O. It can then be proved that A& describes a
straight line pétpendicular to O4.

It is necessary to prove (1) X, O, P are collinear.

(2) OR.OP="r?=constant,

P, R therefore describe inverse curves.
D.G. K
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It should be noted that 4% is negative, so that the radius of
inversion is imaginary.

A model can be made without much difficulty and will be found
to work well.

95. With the notation of Fig. 87, prove that &, O, P are collinear
and that RO.OP is constant.

96. In Fig. 87, PQ=a, 0Q=b, AP=c.
(1) Prove that the length of the perpendicular from O to the straight
line traced by R is ﬁv;éz .

(2) Prove that the length of line which can be traced out by A is

2(a+b)\/1 - (512—7&)2

(3) Prove that the length of line traced out by R can. for different
values of 4, ¢, never exceed 4a.

. (4) Describe what happens in the limiting case when a.:4. What
is the general effect of the radius of inversion becoming zero?
[This question will be made much easier if a model is used.]

THEOREM 69.

If a circle and two inverse points are inverted w.r.t. any point,
then the inverse system is a circle and two inverse points.

zi

Fic. 88, FiG. 89.

Let £, Q be two inverse points w.r.t. circle 2, centre 4.
Any point O is taken as centre of inversion.

Draw a circle through O, 2, Q and call it S.

Call the line 4PQ, L.
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When inverted w.r.t. O (see Fig. 89), = becomes a circle 2’ and
S becomes a straight line S’ orthogonal to T’ (and therefore a
diameter of Z'), because S passes through two inverse points of
- 2 and is therefore orthogonal to 2. [Th. 64]

Also the diameter 4PQ of Z becomes a circle through O
orthogonal to 2. .

. the inverse points 7, Q of P, Q are the intersections of a
diameter of ' with a circle orthogonal to 2, and are therefore
inverse points of 2. [Th. 64, Cor. 2.] Q.E.D.

Corollary.

If C, and C, are inverse curves w.r.t. a circle Z, and if the
system is inverted w.r.t. any point so that Cj, C,, S become
CY, Gy, S’; then C) and C, are inverse curves w.r.t. the circle S".

The method of Theorem 69 leads to an important special case.

If the point O lies on Z, it will be found that 2 inverts into
the line bisecting 2'Q’ at right angles. In other words, Q' is the
reflection of 7' in the line 2.

Hence if €| and C, are inverse curves w.r.t. a circle Z, and if
the system is inverted w.r.t. a point O on Z, C, and C, invert into
equal curves, bheing reflections of one another in the straight
line 2. [Compare Ex. 12.]

97. Two intersecting circles C, and C, are orthogonal to a circle S,
prove that the points of intersection of C; and C, are inverse point’s
w.r.t.2S.

98. 7 is the inverse of O w.r.t. a circle 2, if the system is inverted
w.r.t. O, prove that 7 is the centre of 2.

99. Two given circles intersect at O. By inverting w.r.t. O, prove
that t,he inverse of O w.r.t. any circle touching the given circles lies
an one or other of two fixed orthogonal circles.

100. A4’y B’ are inverse points of 4, B w.r.t. a given circle 2; O is
a point on Z, prove that the circles 0458, OA'B’ intersect at a second
point on 2.

101. P is #given point, S and 2 are two given circles ; P, is the inverse
of P w.r.t. S; Pyis the inverse of P, w.r.t. ; Q, is the inverse of P w.r.t.
2; Qg is the inverse of Q) w.rt. S, prove that Py and O, coincide if
and only if S and 2 are orthogonal. This may be stated as follows:
the operations of inversion w.r.t. two circles are commutative if
and only if the circles are orthogonal.
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102. Q and Q' are inverse points w.r.t. a circle C;; R, R’ are the
iiverse points of Q, Q' w.r.t. a circle C, orthogonal to C;; prove that
R, R' are inverse points w.r.t. (.

103. Three circles (), C,, C; all pass through a point 4, and cut
each other at angles of 120°. 2 is any other point; P, P, P; are
the inverses of P w.r.t. C}, C,, Cy; prove that the circles 4P, Py, AP,P;,
AP P, also cut each other at angles of 120°.

104. Generalise Ex. 103 so as to obtain a theorem for # circles.

105. A4, B, C, D are any four points: three circles are drawn each
passing through D, and such that 4, B; B, C; C, A are respectively
inverse points w.r.t. them, prove that the circles have a second common
point.

1068. G, is the inverse of the circle C; w.rt. a circle 2; O is any
point on X; of the four circles which can be drawn through O to
touch C; and C,, prove that one pair touch each other at O, and that
the other pair intersect on Z.

107. C, is the inverse of a circle ¢} w.r.t. a circle 2 ; another circle
touches C; and G, at P, Q; if both the contacts are internal or both
.2xternal, prove that P, ) are inverse points w.r.t, 2.

108. C}, G and G, C, are pairs of inverse circles w.r.t. a circle Z;
O is any point on Z, prove that the inverses of O w.r.t. C}, C'}, Gy, C'y
are concyclic,

THEOREM 170.

(1) O is the point of intersection of the exterior common
tungents of two circles C;, C,; with O as centre of inversion, it
is possible to invert either circle into the other.

Fic. go.

(2) If A is any point on the circle of inversion and if the
system is inverted w.r.t. A, the circles C,, C, invert into equal
circles.



X1] . INVERSION 149

(1) OPP', OQQ are the external common tangents of C, and C,
OP.OFP' =0Q.0Q, for OP=0Q and OP' =0Q.
Take 4£2=OP.OPF, where £ is the radius of inversion.
Then 2, Q invert into 7, Q';
. (] inverts into a circle touching OP, OQ at P, Q';
. (, inverts into C,;
. C, and C, are inverse circles w.r.t. a circle, centre O, radius 4.

Q.E.D.

(2) Denote the circle, centre O, radius 4, by Z.
H is any point on Z. )

When inverted w.r.t. A, £ becomes a straight line X';

. C), C,invert into circles C}, C, which are reflections of C}, C,

in the line £'; and are therefore equal circles. Q.E.D.

Note that Theorem 70 (1) incidentally proves the following
theorem :

Throush the point of intersection O of the common tangents
of two circles any straight line OPQQ' /" is drawn meeting the
circles at 2, Q and 7, Q/, then OP.OP =0Q.O0Q =constant.

Another proof is given in Theorem gr.

EXAMPLE 3. [FEUERBACH'S THEOREM.]

The nine-point circle of a triangle touches the incircle and each

excircle.
A

B A Cc
FiG. g1,

The usual gotation for the triangle 4BC is observed.
AII, meets BC at L; the remaining common tangent C'LB’
to the incircle and excircle is the reflection of CLB in AlI, so

A A
that 4C'L=ACB.
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Now C/, CZ, are the bisectors of the angle 4CB;

~ {4ZL1} is harmonic;

~. {DXLX.} is harmonic, by parallels.
But A4’ is the mid-point of XX,, .. AL . AD=AX*=A'X?;
". the inverse of the nine-point circle w.r.t. 4, and radius of

inversion 4'X, is a straight line through Z, since the nine-point
circle passes through 4, D.

Fic. ¢2.

Again (see Fig. 91), A'F=A'E, for A’ is centre of circle BFEC;
". the diameter through 4’ of the nine-point circle is perpen-
dicular to Z£ (a chord of the nine-point circle).

But AFE=ACB=AC'L;

S C'L is parallel to FE,

. C'L is perpendicular to the diameter through 4’ of the nine-
point circle ;

S C'L is the inverse of the nine-point circle w.r.t. 4’ and with
radius of inversion A4'X. .

But the incircle and excircle each invert irto themselves in this
case ; ,

". since C'LB' touches the incircle and excircle, by considering
the inverse figure, it follows that the nine-point circle touches the
incircle and excircle, Q.E.D.

109. Show how to find a centre of inversion such that three given
circles can be inverted into themselves.
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110. The perpendicular bisector of BC meets the sides A5, 4AC of
the triangle ABC at PQ; prove that P, Q are inverse points w.r.t. the
circumcircle of the triangle 4BC.

111, 7 is the inverse of P w.r.t. a circle ; Q7 R is any chord ; prove
that PP’ bisects the angle QPR.

112, Invert w.r.t. any point the theorem that the three altitudes of
a triangle are concurrent.

113. If the circles inverse to the given circles 4CD, BCD w.rt. a
point P are equal, prove that the circle PCD bisects the angle of
intersection of the given circles.

114. Deduce from Ex. 113 a method for inverting three circles which
cut each other into three equal circles.

115. Use Theorem 70 (2) to invert three given circles into three
equal circles,

116. The perpendicular bisectors of the sides AB, AC of a triangle
ABC meet AC, AB at Q, R. Circles are drawn with centres Q, R,
radii Q4, RA ; prove that they intersect on the diameter through 4 of
the circumcircle of the triangle ABC.

117. Four circles 4, B, C, D all touch a fifth circle; also 4 touches -
B at the point P ; B touches Cat (; C touches D at R. If the circle
PQR cuts A, B, C, D orthogonally, prove that a second circle can
be drawn to touch 4, B, C, D.

118. Invert w.r.t. O the theorem: A5 is a diameter of a circle, centre
O; Cis any other point; AC, BC meet the circle again at 7, ¢ ; then
the circle CPQ is orthogonal to the given circle.

119. OABC, OA’B'C’ are two straight lines; if B, B’ are the mid-
points of AC, A'C’, prove that the circles 044', OBB', OCC' have a
common chord.

120, A variable circle touches a fixed circle and is such that the
tangent to it from a fixed point is of constant length, prove that it
also touches another fixed circle.

121. [This requires some knowledge of cross ratios. Th. 56-58.]
Two circles interseact at 0, O'; a variable line OPQ cuts the circles

at P, Q and is divided at V so that % is constant, prove that the

locus of V-is a circle through O and O

122. G is the centroid of the triangle 4BC; D is the mid-point of
BC. The circles CDA, BDG meet at F ; the circles CDG, BDA meet
at £ ; prove that BC touches the circle DEF; that DE touches the
circle BDG ; and that DF touches the circle CDG.
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123. ABCD are any four points. Prove that in an infinite number
of ways, two circles can be drawn making an assigned angle with each
ocher and such that 4, B are inverse pomts w.r.t. one circle, and C, D
w.r.t. the other.

124. Invert w.r.t. A the theorem: PQ is a variable chord of a fixed
circle, centre O, such that OA bisects externally the angle PA4(Q, where
4 is a fixed point; then the circle P4AQ passes through another fixed
point.

125, Invert w.r.t. P the theorem: A, B, C are three collinear points ;
P is any other point, AFE, BFD, CED are drawn perpendicular to
PA, PB, PC, then PDEF are concyclic.

126. A circle touches two other circles at 4, B, and meets their
common chord at 7, Q; prove that 4P, BP, AQ, BQ meet the two
circles at the points of contact of their common tangents.

127. A point P is inverted successively w.r.t. four circles each of
which is orthogonal to the others; piove that it returns fnally to its
original position.

[Invert the system w.r.t. a point of intersection of two of the o.thogogg_l
circles and note that you obtain two concentric circles, radii » and »/ -1,
.nd two perpendicular diameters.]

128. 0A4A'y OBB are two straight lines; 4B, A'B intersect on the
bisector of the angle between them, prove that
Lo
129. BC, CA; AB are arcs of circles orthogonal to the circle 4BC.
Through A4, B, C three circles AD, BE, CF are drawn orthogonal to
the circle ABC and to BC, CA, AB respectively. Prove that the
circles AD, BE, CF intersect at two common points.

130. Two perpendicular straight lines X, AD meetat X ; AX=XD.
Points B, C are taken on 4D such that BX=XC. If O is any point
in 4D, and if four circles are drawn through O, M orthogonal to
ABM, ACM, BDM, CDJMM respectively, and cutting them at P, Q, R, S,
prove that PQRS are concyclic.

131. The extremities of a line PQ of constant length move on two
fixed lines OX, OY; PK, QK are drawn perpendicular to OP, OQ to
meet at K, prove that the locus of X is a circle.

132, From a fixed point O, 3 tangent OM is drawn to a variable
circle through two fixed points C, D; if OM touches anouther circle
through C, D at AV and if 7 is the harmonic conjugate of O w.r.t. M, N,
prove that the locus of 2 is a circle.

133. Two circles §;, S, touch each other at 0. Z,, 3, are two
other circles also touching each other at 0. .S, meets 2, at D and 3,
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at 4 ; S, meets 2, at C and 2, at B; if 4, O, C are collinear and if
the circle OBD meets AC at H, prove that {OCHA} is a harmonic
range.

134. A system of circles is drawn to cut a given circle orthogonally
at two points of intersection, and to pass through a given point zof in
the plane of the circle. Prove that they intersect in another common
point.

Hence show how a circle and a point not in its plane can be inverted
into a circle and its centre.

135. Prove that the inverse of a conic w.r.t. any point outside its
plane is the section of a cone on a sphere through the vertex of the cone.

136. Casey’s Theorem. ¢ is the length of a common tangent of two
circles, radii a, é; 7 is the length of the corresponding common tangent
of their inverses w.r.t. any point, and &/, &' the lengths of their radii;

12 r'?
prove that R

The following riders (137-167) depend on the analytical results obtained
in Ex. 21-24,. Where a theorem is to be proved, an elementary know-
ledge of geometrical conics is required.

These results may be enumerated as follows :

(1) The inverse of a parabola w.r.t. its focus S is a cardioid with
its pole at S.

(2) The inverse of a cardioid w.r.t. its pole S is a parabola with its
focus at S.

(3) The inverse of a conic w.r.t. a focus S is a Limagon with its
pole at S.

(4) The inverse of a Limagon w.r.t. its pole § is a conic having & as
one focus. ‘

(5) The inverse of a parabola w.r.t. its vertex 4 is a Cissoid with
its cusp at 4 ; and conversely.

(6) The inverse of a rectangular hyperbola w.r.t. its centre C is a
Lemniscate with its double point at C; and conversely.

137. Invert the following theorem w.r.t. O: if the tangents at the
points .7, O, R on a cardioid, whose pole is O, are parallel, then of the
quantities ¥OP, ¥OQ, VOR, the sum of two is equal to the third.

138. Invert w.rt, .5: the circumcircle of the triangle formed by three
tangents to a parabola passes through the focus S of the parabola.

139. Invert w.rt. S: PSP is a variable chord of a parabola, focus S';

1 |
then 1—9_5‘-*-3‘75’ 1s gconstant,
140. Invert w.rt. S: PSP is a variable chord of a conic, focus S;
R is a point on PP’ such that {£P, SR} is harmonic, then the locus

of R is a straight line.
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141, Invert wrt. S: LMNPQR are six points on a conic, focus S';
then the meets of LM, PQ; MN, QR; NP, RL are collinear.

142, Invert w.r.t. C: PCP is a diameter of a rectangular hyperbola,
centre C; QR is any chord, then the angles QPR, QPR are equal
or supplementary.

143. A circle is drawn through the pole O of a cardioid to touch the
curve at P and meets the axis at 7, prove that OP=0T.

144, A variable circle is drawn through the pole O of a cardioid to
touch the curve; prove that the locus of the extremity of the diameter
through O is a circle.

145. If in Ex. 144, P is the point of contact of the variable circle
with the curve, prove that its diameter varies as ~/OP.

148. Invert w.r.t. S: (1) if a parabola, focus S, meets a circle, their
common chords are equally inclined to the axis of the parabola.

(2) If a conic, focus .S, meets a circle, their common chords are equally
inclined to the major axis of the conic.

147. A circle is drawn through the pole of a cardioid to touch the
curve at a variable point P, prove that the locus of the extremity of
the diameter through 2P is another circle.

143. Invert w.r.t. S two tangents 7P, 7(Q are drawn from a point 7°
to a parabola, focus S, then

A A A
TSP=TS5Q=180"-QTP.

149. A circle is drawn through the pole O of a cardioid to cut the
curve orthogonally at P ; if it cuts the axis at G, prove that OG=O0P.

150. POQ is a variable chord of a Limagon whose pole is O; two
circles are drawn through O to touch the curve at P, Q respectively;
if they meet again at R, prove that the locus of R is a circle,

151. A variable circle is drawn through the pole O of a Limagon
to touch the curve, prove that the locus of the extremity of the diameter
through O is a circle.

152. Invert w.r.t. a focus: the locus of the intersection of perpen-
dicular tangents to a conic is a circle.

153. Obtain a theorem, similar to Ex. 149, for a Limagon.

154. Invert w.rt. a focus: PSP, QSQ are two variable focal
chords of a conic perpendicular to each other, then —---L-—, ‘l X
is constant. PerP , PS5 5P g5, KY7)

155. Invert w.r.t. a focus: a circle of constant radius passes through
the centre S of a conic and cuts it at 4, B, C, D; then

(1) SA.SB.SC.SD is constant.

I 1,1 1.
(2) §Z+§Z’+3‘-C+'S—D— is constant.
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156. Invert w.r.t. a focus: PQ is a variable chord of a conic sub-
tending a ccnstant angle at the focus, then the envelope of PQ is a .
conic with the same focus.

157, Invert w.rt. O: P is a variable point on a fixed circle; O is

A
a fixed point; a line PR is drawn so that OPR is constant, then PR
envelopes a conic, focus O.

158. Invert w.r.t. O: the tangents at the ends of a chord of a
cardioid, through the pole O, are at right angles.

159, Invert w.r.t. O: the normals at the ends of a chord through
the pole of a Limacgon intersect on a fixed circle.

160. Invert w.r.t. O: two cardioides have the same pole O, and
their axes lie in opposite directions along the same line, then they cut
orthogonally. .

161. Invert w.r.t. C: PP’ is a diameter of a rectangular hyperbola,
centre C; a circle is drawn through 2, /'’ and meets the hyperbola
at Q, Q'; then QQ' is a diameter of the circle.

162. Invert wart. C: two rectangular hyperbolas have the same
centre C'; also the axes of one are the asymptotes of the other, then
they cut orthogonally.

163. Three circles touch a cardioid and pass through its pole, prove
that their other three points of intersection are collinear.

164. If two circles touch a cardioid and pass through its pole, prove
that their common chord will bisect the angle between the two lines
joining the pole to the points of contact of the circles with the
cardioid.

165. The cusp of a cissoid is at 4, and AX is the tangent to the -
cusp: 3 circle is drawn through A4 to touch the cissoid at 2 and
meets AX at Q; a line through 7 perpendicular to 4P meets 4X
at R; prove that Q4A=AR.

166. Invert w.rt. A : the locus of the point of intersection of per-
pendicular tangents to a parabola, vertex A, is a straight line.

167. [This needs the differential Calculus.] If the curve f(», f)=o
is cransformed by the substitution »=R", @=n0, a generalised form of
inversion, prove that the angle at which two curves cut is equal to the
angle at which the invease curves cut at the corresponding point.



CHAPTER XIL

POLES AND POLARS.

WHEN considering the Principle of Duality in Chapter IX., nothing
was said as to the way in which the correspondence alluded to may
be determined. It is essential that this correspondence should be
unique. In other words, to any one point 4 in Fig. 1 there must
correspond one and only one line @ in Fig. 2, and zice-versa. In
the following pages some indication will be found of he manner
in which this relationship may be effected. It is, however, impossible
to realise the generality of the process before the analogous theorems
for the conic are enunciated.

The theorems of this chapter cover a wide period of time. The
fundamental property, proved in Theorem 73, is given by Apollonius
for the case in which the pole lies outside the circle, and he shows
further that the same property holds good for the conic. Pappus,
in the Zvvaywys), completes the theorem by proving it for any
position of the pole. The general theory is developed in detail
by Desargues, for the conic as well as for the circle, in his treatise
on conic sections, published in 1639. Owing to the analytical
discoveries of Descartes during the same period, his work received
little attention, and was lost until Chasles discovered a copy in 18435.
The harmonic properties on pages 168-9 were also in substance
contained in this treatise. Dr. Taylor has pointed out that Newton
(1647-1727) was also acquainted with the general theory, but
whether through Desargues or from independent research, it is
impossible to say.

Definition.

P is a point on the diameter 458 (or A8 produced) of a circle Z,
centre O; Q is the harmonic conjugate of P w.rt. 4, B; QR is
drawn parallel to the tangent at 4 to the circle; then Q& is called
the polar of 7 w.r.t. 2, and 2 is called the pole of QR w.r.t. 2
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THEOREM 71

If the line joining a point 2 to the centre O of a circle 2 meets
the polar of 2 wr.t. 2 at Q, R
then the polar of 2 is per-
pendicular to OPQ and

OP . O0OQ=((radius)?

The proof is very simple
and is left to the reader.

The form of the definition
given above has been so
chosen that it will also apply,
to the case of a conic.

Fi1c. 93.

1, Prove Theorem 71.

2. If P and 7’ are inverse points w.r.t. a circle =, prove that the
polar of P w.r.t. 2 passes through 7.

3. If the point P is outside the circle X, prove that the chord of
contact of the tangents from P to X is the polar of P w.r.t. 2.

4. What is the polar of a point situated on the circle Z?

5. What is the polar of a point situated in a given direction at an
infinite distance from the centre of =?

6. What is the polar of the centre of 2?

7. What is the pole of a diameter of =?

8. Ris a point on the polar QR of a point 2 w.r.t. a circle, centre O ;
PH is drawn perpendicular to OR to meet it at /A; prove that A

is the inverse point of R and that AP is the polar of X. Hence prove
that if R lies on the polar of P, then P lies on the polar of R.

9. R is any point on the polar of P w.r.t. a circle 2; prove that
the circle on PR as diameter is orthogonal to =. [Note that it passes
through®Q, Fig. 93.]

10. Any line through a point P meets the polar of 7 at R, and the
circle at A, KX, prove that {HK ; PR} is harmonic. [Use Ex. 9.]

11, PR is a diameter of a circle Z, orthogonal to another circle S;
O is the centre, of S. If OP meets 2 at Q, prove that QR is the polar
of P wrt. S.

Before giving the geometrical treatment of polar properties, it
is instructive to obtain some of the fundamental theorems by
analysis.
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I. To find the equation of the polar of a point P (¥, y) w.r.t.
the circle x?+y?=a?

A

Fic. ¢94.

The equation of OP is =2 ;
x

. any line perpendicular to OP is xx'+yy = 4.
The length of the perpendicular from O to this line is ———u—.

NaTey
But if this line is the polar of 7, the length of the perpendicular
. a? a?
B S Th.
s 0P~ iyt [Th. 71]
S k=a?;

", the polar of P (&, ¥') is xx' +yy' =a’ Q.E.D.

Il. If the polar of P passes through R, then the polar of R
passes through P. See Fig. 94.

Let the coordinates of 72, R be (v;, y,) and (xy, y,).

The equation of the circle is x%+y%=a?

The polar of P is xx,+yy, =a%

Since this passes through R, (x,, y,), X%, +y,v,=0a% ...... (1)

But the polar of R is xx +y,y=0a";

’. by (1) the point 2, (x,, ,) lies on the polar of &.

' Q E.D.
Definition.

If two points are so situated that the polar of either passes
through the other w.r.t. the same circle, then the points are called
conjugate points w.r.t. the circle.

It follows from II. that the points (x;, »,) and (x,, y,) are
conjugate points wr.t. the circle x%+32=a? if x,x,+y,y,=0a%

And the converse is also true.
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III. P and Q are conjugate points w.r.t. a circle 2; if PH, RK
are the tanTents from P, R to =, then PR*=PH?+RK?2
With the notation of II.

PRE= () — x)* + (9, = 7)°
=224+ 924+ 2.2+ 9,7 - 2(x x5+ 91 )
=x2+y2 4+ 2.2 +,% - 2a%, since P, R are conjugate points
=0P-a’+ OR?-a?
=PH?*+ RK?
IV. Salmon’s Theorem. /7, R are two points: PX, RV are
the perpendiculars from 2, R to the polars of &, 2 respectively

. OP PX
t : then =270,
w.r.t. a circle, centre O en R RV
J 3 Y x
P
.
R
FiG. os.

Let the coordinates of 2, R be (x;, 3;), (%4, ¥y).
Then as before the equation of the polar of & is ax,+yy,=a?;

c PX= a? —x,%, —NJ)s

2 _ -
Similarly, Ry=2"%M "),
7 NIRRT
| BX_Jiitsr_o e
. -?Y-\/xf e oF .E.D.
THEOREM 72.

If the polar of P passes through R, then the polar of & passes
through 2.

O is the centre of the circle.
OP meets the polar of P at Q.
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R is a point on the polar QR of A2.
Draw AS perpendicular to OR.

Fi1G. ¢6.

Since P3‘R=90°=P@R, PQRS is concyclic;
“ OR.08S=0Q.0P
= (radius)? Th. 71]
. S lies on the polar of .
Bat AS is perpendicular to OR;
J. PS is the polar of &;
". the polar of & passes through 2. Q.E.D.

The following Corollaries may be set as exercises.

Corollary 1.

If a line p contains the pole of a line », then » contains the
pole of 2.

Let 7, R be the poles of p,

It is given that & lies on p;

z.e. the polar of 2 passes through &;

". the polar of & passes through 7, or, in other words, » passes
through /7, the pole of p. Q.E.D

Corollary 2.

If P is the pole of a line p, and if &R is the pole of a line 7,
then p and 7 intersect at the pole of PA.

Let p, » meet at X.

The polar of P passes through X, therefore the polar of X
passes through 2.

Similarly, the polar of X passes through & ;

. PR is the polar of X. Q.E.D.
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Corollary 3.

(1) If any number of points are collinear, then their polars are
concurrent,

(2) If any number of lines are concurrent, then their poles
are collinear.

For if in 3 (1) 2 is a variable point on a fixed line / whose
pole is Z, then the polar of 2 passes through Z, which is a fixed
point. And if in 3 (2) p is a variable line through a fixed point Z,
whose polar is /, then the pole of p lies on /, which is a fixed line.

Corollary 3 is frequently useful, for if it is required to prove
three or more particular lines concurrent, it may be easier to prove
that their poles are collinear, which would be sufficient ; or vice versa.

Definitions.

(1) If two points are such that the polar of either w.r.t. a circle
2 passes through the other, then the points are called conjugate
points w.r.t. Z,

(2) If two lines are such that the pole of either w.r.t. a circle
2 lies on the other, then the lines are called conjugate lines
w.rt. 2,

12, If P, R are conjugate points w.r.t. a circle Z, prove that
the circle on PR as diameter is orthogonal to =,

13. A wvariable chord PQ of a fixed circle passvs through a fixed
point H, prove that the tangents at P, Q intersect on a fixed
line, viz. the polar of H.

14. ¥ is a variable point on a fixed line; 7P, 7Q are the tangents
from 7 to a fixed circle, prove that PQ passes through a fixed point.

15. The tangent at A to the circumcircle of the triangle 4 BC meets
BC at T and is produced to U so that 47=7U; prove that 4 and
U are conjugate points w.r.t. any circle through 5, C.

16. », R are conjugate points w.r.t. a circle, centre O, prove that
the pole of PR is the orthocentre of the triangle OPR.

17. P is a point inside a circle, centre O; OF meets the polar of
P at (; any line through 2 meets the circle at /Z, X and the polar
of P at R; prove that

(1) OA touches the circle ZPQ ;

A A A A
(2) OHP=HQP and OKP=KQP;
(3) {KPHR} is harmonic.
[This proves that any line through a point 2 is cut harmonically by

P, the polar of P, and the circle.]
D.G. L
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18, If 2 is a point outside a circle, and if PAHRK is any line
meeting the circle at A, K and the polar of P at R, prove that
{PR; HK} is harmonic. [Adapt the method of Ex. 17.]

19. Prove that the angle between two lines is equal to the angle
which their poles subtend at the centre of the circle.

20. AR is the diameter of a circle Cj; if the polar of 4 wuar.t. a
circle C, passes through B, prove that (| and C, are orthogonal.

21. The incircle of the triangle ABC touches BC, CA, AR at
X, ¥, Z. Prove that the diameter through X of the incircle meets
YZ on the line joining 4 to the mid-point 4’ of BC.

[Prove that 4A4’ is conjugate to the line through A4 parallel to BC
by Ex. 17 (3), and use Theorem 72, Cor. 3.]

22. Py, P, are two points on the circles Ny, S, which have a common
centre 0. N, NV, are the feet of the perpendiculars from 2, P, to
their polars w.r.t. S, S; respectively. Prove that g‘}/‘\g =(Q)£ f

23. PQ is a diameter of a circle C;; C, is a circle ortuaogonal to
C,; prove that the polar of P w.r.t. C, passes through Q.

24, 7 is the incentre of the triangle AZC. The tangent at any
point X on the incircle is met by perpendiculars through 7/ to 74, /B,
IC at P, O, R. Construct the positions of the poles of 4P, BQ, CR
w.r.t. the incircle, and hence prove that these three lines are concurrent.

25. Prove that the locus of a point whose polars w.r.t. three
given circles are concurrent is a circle orthogonal to each of the
given circles.

26, ABC is a triangle right-angled at B: BB'‘is a median. Any
circle is drawn to touch BB at B, prove that 4, C are conjugate
points w.r.t. it.

27. TP, 7Q are the tangents at the extremities of a chord PQ of
a circle; the tangent at any other point R on the circle meets PQ
at S, prove that 7R is the polar of S.

28. PA, QB are the tangents from two points P, @ to a circle,
centre C; if PQ*=PA*+ QB? prove that Q lies on the polar of A.
[Draw QN perpendicular to CP.]

29. ABC is a given triangle. O is the centre of a variable circle
through B, C; find the locus of the point of intersection of 40 with
the polar of 4 w.r.t. the circle. [Invert w.rt. B.]

30. A variable circle passes through a fixed point C, and has two
fixed points /A, K as conjugate points, prove that the locus of its
centre is a straight line perpendicular to the line joining C to the
mid-point of ZK. [Use Ex. 12.],
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38l. P, Q are two points subtending a right angle at a point C on
a circle ; if the tangent at C bisects PQ, prove that P, Q are conjugate -
points.

32. Prove that the polar of a fixed point w.r.t. a variable circle
which touches a fixed line at a fixed point passes through a fixed
point.

33. P, R are conjugate points w.r.t. a fixed circle centre O; if P6R

is constant, and if 2 moves on a straight line, prove that the locus of
R is a circle. ' .
' 84. Assuming Pascal’s theorem that, if a hexagon is inscribed in
a circle, then the meets of opposite sides are collinear, deduce
Brianchon’s theorem that, if a hexagon is circumscribed about a circle
the joins of opposite vertices are concurrent. [Use Th. 72, Cor. 2, 3.]

35, Assuming the theorem that, if a circle touches the sides BC,
CA, AB of a triangle at X, ¥, Z then AX, BY, CZ are concurrent,
deduce by using Th. 72, Cor. 3, a theorem for the circumcircle of
a triangle. [The incircle of ABC is the circumcircle of X YZ.]

36. PQR is a triangle; P, Q, R’ are the poies of QR, RP, PQ
w.r.t. a circle; prove that P, Q, R are the poles of QR/, R'P, P'Q..

Definitions.

(1) If two triangles are such that the vertices of either are the poles
of the sides of the other w.r.t. a circle, then the triangles are called
conjugate triangles w.r.t. the circle.

(2) If a triangle is conjugate to itself (/.. each vertex is the pole of
the opposite side w.r.t. a circle), the triangle is called a self-comuga.te
tna.ngl;e w.r.t. the circle.

37. P, Q are any two conjugate points, & is the pole of PQ prove
that PQR is a self-conjugate triangle.

88. If PQR is a self-conjugate triangle .w.r.t. a circle, prove that
the centre of the circle is the orthocentre of the trianglé.

39. diven a triangle, prove that there exists one, and only one
circle (real or imaginary) w.r.t. which the triangle is self-conjugate,
and that the circle is real if, and onmly if, the tnangle is obtuse
angled.

. 40, P is any, point on the base BZC of an qbtuse-angled triangle ABC;
prove that the circle on 4P as diameter is orthogonal to the circle
w.r.t. which the trlangle ABC is self-conjugate.

41, PQR, PQ' R are two conjugate triangles of a circle; assuming
the theorem that P27, QQ', RR are concurrent, deduce another theorem
by using Th. 72, Cor. 2, 3
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Definition.

The circle (see Ex. 39) for which a triangle is self-conjugate is
called the polar circle of the triangle.

With the usual notation, Ex. 39 proves that the polar circle of
the triangle 4BC has its centre at the orthocentre A, and its
radius=NHA . HD.

THEOREM 73.

If P is the pole of a line QR w.r.t. a circle 2, then any line
through 2 is cut harmonically by 2, QA&, and 2.

El
D
% R
H\0'
P
Q
o}
K
Fi1G. 97.
Let O be the centre of Z; and let OP meet the polar of P

at Q.
PR is any line through 2 cutting £ at A, X.
On PR as diameter, describe a circle 2', and let it cut 2 at C, D.
Since P@R =go’, 2’ passes through Q.
Bisect PR at O, so that O is the centre of 2.
Now OP.OQ=0C? 'since P is the pole of QR;
. 2 is orthogonal to ¥';
S OH.OK=0D*=0P%;
S {RP; HK} is harmonic. Q.E.D.
Corollary. '
If P, R are conjugate points w.rt. a circle, and if PR meets
the circle at A, K, then {PR; HK} is harmonic.
- Another proof of this fundamental theorem is given on page 187,

42. Prove the Corollary of Theorem 73.

43. Deduce from the Corollary of Theorem 73 a new theorem by
using Th, 72, Cor. 3.
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THEOREM 74.

" # and 7 are two conjugate lines w.r.t. a circle, and meet each"
other at a point 7 outside the circle, then p, » are harmonic
conjugates w.r.t. the tangents 7X, 7'Y from 7 to the circle.

Y
Fic. g8a.

Let P be the pole of p; and let X, Y be the points of contact
of TX, TY.
Then it is given that 2 lies on 7.
Now the polar of P passes through 77;
". the polar of 7" (fe. XY) passes through 2;
. Plies on XY. '
Then if PXY meets p at Q,
{PQ; XY} is a harmonic range; [Th. 73]
: .. T{PQ; XY} is a harmonic pencil;
.. #, r are harmonic conjugates w.r.t. 7X, 7'V, Q.E.D.

44, A variable chord PQ of a fixed circle passes through a fixed
point A; K is a point on PQ such that { PQ; AK} is harmonic;
find the. locus of K.

THEOREM 75.

If four points form a harmonic range, then their polars w.r.t.
any circle foym a harmonic pencil.

Let {ABCD} be the harmonic range.

Let P be the pole of 4D, O the centre of the circle, radius a.

Let OP meet AD at Q.

Draw PA', PB', PC’, PD perpendicular to 04, OB, OC, OD.
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Now the polar of 2 passes through A4;
.*. the polar of A4 passes through 2.

——— .
FiG. ¢8. .
But PA’ is perpendicular to 04 ;
: ' . P4’ is the polar of 4.

Similarly, 2B, PC’, PD' are the polars of B, C, D.

Now the rays of the pencil P{A4'B'C'D'} are respectively per-
pendicular to the rays of the pencil O{ABCD}; ‘

.. each angle 'at the vertex of the one pencil is equal or
supplementary to the corresponding angle at the vertex of the other.

But O{A4BCD} is harmonic; -

. P{A'B'C'D'} is harmonic. Q.4.D.

45. Draw a figure in which Q lies between A4, D, and point out
how this affects the proof.

46. The tangents at the extremities of a chord PQ of a circle
meet at T, prove that any other tangent to the circle is cut
harmonically by TP, TQ; PQ and its point of contact.

47. ABCD are four points on a circle; AB, CD meet at G;
AD, CB meet at /; AC, BD meet at £; EG meets AD,CB at P, Q;
prove that the polar of F passes through 2 and Q. Hence prove that
EFG is a self-conjugate triangle w.r.t. the circle.

48. With the notation of Ex. 47, prove that (1) the tangents at
C, D meet on EF; (2) the tangents at B, D meet on FG; (3) the
tangents at A4, B, C, D form a complete quadrilateral whose diagonal
lines pass through the diagonal points of the complete quadrangle
formed by the points 4, B, C, D.
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49. AB, CD are chords of a circle, intersecting at O ; the tangents
at 4, 1) meet at 7 ; the tangents at B, C meet at (), prove that 2, O, Q
are collinear.

50. A line PAB meets a circle at 4, B and the polar of P at (;
if O is the mid-point of 4B, prove that PQ.PO=PA.PB.

bl. A line PAPB meets a circle at 4, B and the polar of P at R;
O is the mid-point of 4B ; if the polar of P meets the circle at X, ¥,
prove that PX touches the circle ORX.

62. 27 is the pole of the chord 428 of a circle; O is the mid-point
of AB, any line through # meets the circle at' C, D ; prove that 4B
bisects the angle COD.

53. Through the mid-point M of a chord A% of a circle, two straight
lines MP, MQ are drawn to the circumference so that 4B bisects
internally the angle P47Q; prove that the tangents at 7, ¢ and the
chord 45 are concurrent.

54, 7P, 7Q are tangents to a circle ; 7AK is a line cutting the circle
at A, K; Pl"is a chord of the ¢ircle parallel to 7TH, prove that QV
bisects ZK. [Prove that V{fQ; HK} is harmonic.]

§5. C'ic the mid-point of a chord 4B of a circle ; £(Q is another chord

through C; if the tangents at 4, B meet at /7, prove that Pf?C= Q[/;’C. ,
56. Prove that the harmonic mean of the perpendiculars from a given
point 2 inside a circle to the tangents drawn from any roint on the
polar of P is constant.
57. T is a variable point on a fixed line; 722, 7°Q are the tmgents to’
a ﬁ\:ed c1rcle PN, QM are the perpendiculars to the fixed line, prove

that —— 1s constant.
QM

58. If a given quadrilateral is circumscribed to a given circle, and if
a variable tangent to the circle is drawn, prove that the rectangles
contamed by the perpendiculars on it from each pair of opposite vertices
are in a constant ratio. [Use Salmon’s Theorem.]

59. PQ, PR are two chords of a circle. The perpendicular bisector
of PQ meets PR at A, prove that the line joining A to the pole of QR
is parallel to PQ. ‘

60. If two chords AB, CD of a circle are conjugate lines, prove
that ABCD form a harmonic system of points on the circle.

61. .[Involves cross ratios.] Prove dhat the cross ratio of four collinear
points is equal to the .ross ratio of the pencil formed by their polars.

62. [Involves cross ratios.] Two chords APB, CPD of a circle meet
at P; AC apd B meet the minimum chdrd through P in X and Y
prove that PX<sPVY. -

[Let XV meet the circle in E, F; use A{ECBF}=D{ECBF}.]

8. [Involves cross ratios.] PQ is a chord of a circle bisecting the
chord 45 at C; the tangents at P, Q meet 4B at XA, K'; prove that
CH=CK.
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THE INSCRIBED QUADRANGLE.

The notation is the same as that on page 114.
The four points 4, B, C, D lie on a circle.

THEOREM 76.

To prove that the diagonal point
triangle £FG
is a self-conjugate triangle w.r.t. the
circle.
{AECP} is a harmonic range ;
. the polar of £ passes through P.
, . [Th. 73]
{PDERQ} is a harmonic range ;
.. the polar of £ passes through Q;
" the polar of £ 1s PQ or FG.
Again {DHCG} and {AKBG} are
harmonic ranges ;
.. the polar of G passes through /&7
ancd K ;
". the polar of G is K or EF.
Similarly, the polar of Fis GE ;
the triangle EFG is self-con-
jugate. Q.E.D.

THEOREM 78.

With the notation of Theorem 76,

To prove that the tangents at 4, 5, C, D form
a quadprilateral having for its d1agonal
line triangle, the diagonal point triangle
of the quadrangle 45CD.
BC contains the pole (F) of £G ;
. EG contains the pole of BC;
. the tangents at B, C meet on EG.
Slmxlarly, the tangents at A4, D meet on £G ;
and the tangents at C, D meet on EF;
and the tangents at 4, B méet on EF.
Agam, BD contains the pole (£) of G,
. &G contains the pole of B0 ;
. the tangents at B, D meet on FG.

Slmllarly, the tangents at 4, C meet on /G ;
EF, FG, GE are dlagonal lines of the
quadrllateral formed by the tangents at 4, B, C, D. Q.E.D.

[The reader should draw his own figure
and draw in the tangents at 4, 5, C, D.]
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TFE CIRCUMSCRIBED QUADRILATERAL.

The notation is the same as that on p. 115.
The four lines a, 4, ¢, & touch a circle.

THEOREM T77.

To prove that the diagonal line

triangle efg
is a self-conjugate triangle w.r.t. the
circle.
{aecp} is a harmonic pencil ;
the pole of ¢ lies on p.
[Th. 74]
{debq} is a harmonic pencil ;
. the pole of ¢ lies on ¢ ;
-, the pole of ¢ is p¢ or fz.
Again, {a’/zcg} and {akég} are
harmonic pencils ;
. the »ole of ¢ lies on 4 and

. the pole of ¢ is 4% or ef.
Slmllarly, the pole of fis ge;
. the triangle ¢/g is self-conjugate.
Q.E.D.

THEOREM 79.

With the notation of Theorem 77,

Tq prove that the points of contact of @, 4, ¢, @ form
a quadrangle having for its diagonal
point triangle, the diagonal line triangle
of the quadrilateral adcd.
bc lies on the polar (f) of g ;
. eg lies on the polar of éc;
. the j join of the points of contact of 4, ¢ passes through eg.
&nmllarly, the join of the points of contact of @, 4 passes through e¢ ;
and the join of the points of contact of ¢, & passes through ¢f;
and the join of the points of contact of @, & passes through ef.
Agam 4d lies on the’polar (¢) of fz;
fg lies on the polar of 44 ;
. the joig of the points of contact of o, d passes through /z.
blmrlarly, the join of the points of contact of a, ¢ passes through /g ;

.. ¢f; g, ge &re diagonal points of the
quadrangle formed by the points of contact of &, 4, ¢, d. Q.E.D.

[The reader should draw his own figure
and join up the points of contact of , 4, ¢, d.]



170 : PLANE GEOMETRY [cH.

64. PQ is a variable diameter of a fixed circle; 4 is any fixed
point. Find the locus of the orthocentre of the triangle APQ.

65. Two tangents to a fixed circle are given: two others are drawn
so as to form with the two fixed tangents a quadrilateral having a
pair of opposite sides along the fixed tangents. Prove that the locus
of the meet of the internal diagonals of the quadrilateral is a straight
line. .

66. 1f a quadrilateral circumscribes a circle, prove that each pair
of lines joining the points of contact intersect on some one of the
diagonals of the quadrilateral.

67. P is a variable noint on the circumcircle of the triangle ABC,
AP, BP, CP meet BC, CA, AB at F, G, H; prove that each side of
the triangle /G/A passes through a fixed point.

68. 7°Q) is a variable diameter of a fixed circle. 4 is any fixed
point. AP, AQ meet the circle again at &, S; prove that RS passes
through a fixed point.

69. Using a ruler only, construct the polar of a given point
w.r.t. a given circle

70. Using a ruler only, construct the pole of a given line w.rt. a
given circle.

71. ABLUD is a cyclic quadrilateral inscribed in a circle, centre O;
the Jiagonals 4C, BD meet at G; TN, 7'V’ are the perpendiculars

’ ~A. TN TG
from 7, 7", the poles of 40, BC, to GO; prove that TN T

72. If in Fig. 9o, PEQ is a chord through £ parallel to G, prove
A

that OEP is a right angle, where O is the centre of the circle.
73, PAQ is a chord of a circle; A4 is a fixed point; B is any other
fixed point. B/, B(Q meet the circle again at A, S, prove that RS
passes through a fixed point.

74. Enunciate the dual theorem corresponding to Ex. 73.

75. The tangents at two points 4, B on a circle meet at right angles
at 7. The tangent at any other point 2 on the circle cuts 4B, AT
at Q, R; prove that 7R bisects the angle P7Q.

76. With the notation of Fig 99, prove that the circle on AC as
diameter is orthogonal to the circle PEG.

N

77. Two sides of a triangle self-conjugate to a given circle cut the
circle at four points forming the vertices of a quadrangle 4BCD, prove
that the bisectors of the angles ABC, ADC meet on AC.

78. Any two chords A0OB, COD of a fixed circle meet at a given
point O; find the locus of the meet of AC, BD.

79. Enunciate the dual theorem corresponding to Ex. 78.
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80. If a circle circumscribes a quadrangle prove that its centre is
the orthocentre of the diagonal point triangle.

Enunciate the corresponding theorem for a quadrilateral circum-
scribing a circle.

81. A quadrangle is inscribed in a circle £; prove that the circles
whose diameters are the sides of the diagonal point triangle are
orthogonal to Z. :

82. Using a ruler only, construct the tangents to a given circle from
a given external point.

83. F, G are conjugate points w.r.t. a circle. A is any pomt on
the circle; FA4, GA meet the circle at /), B, G meets the circle
at C. Prove that F, C, B are collinear.

84. Enunciate the dual theorem corresponding to Ex. 83.

85. What is the common self-conjugate triangle of two non-inter-
secting circles. [Consider the quadrilateral formed by their four
common tangents.]

86. The centre A of a circle .5 lies on a circle £; CJ2 is their common
chord: any line through A meets CD at A anc 2 at K; prove that
H, K are conjugate points w.r.t. S.



CHAPTER XIIIL

COAXAL CIRCLES.

Defiaition,
THE locus of a point /2 which moves so that the tangents from /2

to two circles are of equal length is called the radical axis of the
two circles.

If A is the centre of a circle, radius a, the length of tke tangent
from 2 to the circle is equal to VAPZ a2 If P lies inside the
circle, the length is therefore imaginary. To secure continuity in
the locus c¢ 2 it is however desirable to include such positions of 2
(if there are any) in the locus, defined above as the radical axis.
The expression 4P?%-q? is called the power of 2 w.r.t. the circle.
Accordingly the definition, given above, may be restated as follows:

Definition.
The locus of a point 2 which moves so that its powers w.r.t.
two circles are equal is called the radical axis of the Iwo circles.

1. Through a point 2 two lines APK, LPM are drawn to meet
two circles, the first at /Z, X the second at L, A7 ; if HP . PK=LP . PM,
prove that P lies on their radical axis.

2. If two circles intersect at A, B, prove that the straight line
AB is the radical axis of the two circles.

3. AB, CD are chords of twe circles S, Z; if ABCD is a cyclic
quadrilateral, prove that the meet of 4%, CD lies on the radical axis
of S, 2.

4. If two circles touch at A4, prove that their radical axis is their
common tangent at A.

5. Sy, Ss, S; are three circles; if the radical axis of S; and S,
meets the radical axis of S, and S3 at A, prove that A lies on the
radical axis of S; and Si.
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d 6. P is a point on the radical axis of two circles, centres A, B,
radii a, b; PN is the perpendicular from P to AB; prove that
AN?-BN2?=a2-42. Hence prove that N is a fixed point and that
the radical axis consists of a straight line perpendicular to AB.

/7. 2 is a given circle; .S}, S,, S35, Sy, etc. are a system of circles
such that the radical axis of any pair is the same as that of any other
pair, prove that the radical axis of £ and S, passes through a fixed point.

8. H, K are the mid-points of the external common tangents to
two circles, prove that ZK is their radical axis. [Use Ex. 6.]

9. P, Q, R, S are the mid-points of the common tangents of four
non-intgrsecting circles, prove that P, Q, &, S are collinear. [Use
Ex. 6.]

10. Three circles are such that the radical axis of any pair is the
same as that of any other pair. If PQ is a real common tangent to two
of them, and if it meets the third circle at R, S, prove that {PQ ; RS} is
harmonic.

11, If a circle is orthogonal to each of two circles, prove that its
centre lies on their radical axis. ’

12. A system of circles is such that the radical axis of any pair is the
same as that of any other pair. If a circle is drawn orthogonal to two
of the circles, prove that it is orthogonal to every circle of th= system.

13. Each of a given system of circles is orthogonal to two fixed circles,
prove that the radical axis of any two circles of the system is a fixed line.

Many of the properties of coaxal circles admit of a simple
apalytjcal treatment. For this purpose the following abbreviations
will be useful:

Si=xt+2+2gx+2fiy+e,
$i(6 M= +n’+anb+fm+a,
and similarly for S,, S;, etc.
P ]
The equation of any circle S;=0 can be written in the form
(x+ &)+ (Y +A =82 +/2 - a.
This shows that its centre is (-g, —/;) and its radius

Ve R

I. The length of the tangent from (£, 3) to S, =0 is V.5, (¢, 7)-

TP is the tangent from 7 to the circle, centre 4, whose equation
is S;=o.

Now, TP?=TA42- AP2
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But 742 equals the square of the line joining (£, 7) to (=g, = /)
S TA=(E+8) + (+ A
S TP =(E+ )P+ (n+ A - (&P + A2 - q)

=£2+ 24288+ 2fm+q
= Sl (57 7);
S TP=S (& ). Q.E.D.
[)
Y
T(tm)
A
0O 9
FiG. 101,

I7. The radical axis of two circles is a straight line perpendicular
to the liue joining their centres, and passes through the points of
intersection (real or imaginary) of the two circles.

Let. S, =0 and J,=o be the two circles.

Let (£, n) be a point on their radical axis;

" W/ S (&n) =/S,(én) by definition ;
" squaring, £2+ 2+ 288+ 2+ =E2+ 02+ 208 + 2fn+ ¢ (1)

or 28(g—8)+2n(fi—Jo)+6— =03 i (2)
.. the locus of (&, ) is a straight line. Q.E.D.

Now the centres of the circles are ( - g, - S and (—gp —%);
X+&6H_J +4
&-& h-r
perpendicular to the radical axis given by

x(g,— &) +y(f.—12) +3(¢ — ¢) =0 from (2). Q.E.D..

.. the line joining the centras is , which is clearly

Further, (1) shows that any point whose coordinaces satisfy S, =o
and S, =o must satisfy the equation of the radical axis.

.. the radical axis passes through the common points of ;=0
and -S;=o. Q.E.D.
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Definition.

If a system of circles is such that the radical axis of any pair is
the same as that of any other pair, the circles are said to form a
coaxal system.

ITI. The three radical axes of three circles taken in pairs are
concurrent.
Let 5 =0, S;=0, S;=o0 be the three circles.
Let the radical axis of .S, =0 and S,=o0 meet the radical axis of
S,=o0and S;=o0at (§ 9);
WS(E m)=5(6 M)
and Sy(& n)=S3(6, ) ;
LS ) =S5 W)

. (§, m) also lies on the radical axis of S, =0 and S;=0. QE.D.
14. How is this proof affected if wwo of the radical axes are parallel?

IV. A point 2 moves so that the lengths of the tangents from 2
to two given circles are in a constant ratio A ; taen the locus of 2 is
a circle coaxal with the given circles.

Let S;=o0 and S, =o be the given circles.

Let (¢, 3) be the coordinates of 2 in any one position.

Then g:_flg_’% Z X%, or S,(& 1) - AS,(6, m)=o;

. the locus of Pis S, — A%S; =o,
which is a circle, for the coefficients of a* and y? are equal and the
coefficient of xy is zero.

Further, it is coaxal with S;=o0 and S,=o, for the coordinates
of any point which satisfy S;=0 and S,=o must also satisfy
S, -A2S,=0; so that it passes through the points of intersection
of .S, =0 and S,=o0 and is therefore coaxal with them by II.

' ' Q.E.D.

15. Brove independently, by using the method of I., that the tangents
frbm any point (§, m) on the line Sl- S,_o to the circles S;=o0, S,=o0,

- A2S,=0 are equal.

V P is a variable point on a given circle coaxal with two given
circles S;=o, S,=0; then the ratio of the lengths of the tangents
from 2 to these two circles is constant..

The proof is “left to the reader.

16. Prove V., using the fact that the equation of any circle coaxal
with S;=0, and S;=o0 is of the form §,-#4S,=0, since it must pass
through their points of intersection. ’
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VI. To find the general equation of a coaxal system of circles.
Take the line of centres as x-axis, and the radical axis as
the y-axis. [All the centres must be collinear, because the line
joining every pair is perpendicular to a definite line, viz. the
radical axis. ]
The equation of any circle whose centre is on the x-axis is
2+ yi+2gx 4o =o.
Let 22+ 3%+ 2g,x + ¢, =0 represent any other circle of the coaxal
system ;
. the radical axis is 2(g; —&,)*+¢ —¢=o0.
But the radical axis is x=0;
L= 6=0 0r =0
". every circle of the coaxal system has an equation of the
form x?2+4+3%+2¢.x+c=0, where ¢ is the same for every circle;
which is the required result.
The equation can be written (x+g,)2+3?=g2-c
Its radius is therefore zero if g2 —c=o0 or g,= +4/e
In this case, the circle reduces to a point circle

(x+o)2 4yt =o0.
These two points (or point circles), (++/z o) and (—+/; o)
belong to the coaxal system, and are called the limiting points
of the systera.

17. Prove that the limiting points are real if the radical axis does
not meet any circle of the system in real points. -

18. Prove that the limiting points are inverse points w.r.t. any cirrle
of the system. .

19. Prove that any circle through the points (+#/¢, 0); (=~ o)
is orthogonal to any circle of the form A%+ y*+2g0+4+c=o0.

20. Prove that the distance of any point P on the radical axis
from either limiting point is equal to the length of the tangent from 7
to any circle of the coaxal system.

VII. The polars of a given point P, w.r.t the circles of a
coaxal system, all pass through the same point Q; and PQ is
bisected by the radical axis.

“Let (¢ 7) be the coordinates of 7, and let x%+3%+2gx+c=0
be any circle of the system.

The polar of (§, ») is xf+yn+g,(x+§)+c=0, or

[x¢+yn+e]+g[x+E]=0.
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Now for all values of g, this line passes through the point
Q given by xé+yn+c=o,
x+£=o. Q.E.D.

- 2
T'he coordinates of Q are therefore <—§, ‘S—n—f),

2 _

". the coordinates of the mid-point of PQ are (o, 52’7£+ %n);

". the mid-point of PQ lies on x=o0, zZe. on the radical axis.
Q.E.D.

21. P is a point on the radical axis of two circles, prove by analysis
that the polars of # w.r.t. the circles intersect on their radical axis.

THEOREM 80.

The radical axis of two circlzs is a straight line perpendicular
to the line joining the centres of the circles.

n

FiG. 102.

A, 5 are tne centres of the two circles.
Let P be a point such that the tangents P/, PK are equal.
Draw PO perpendicular to 425.
PH?*=PK?;
o PA? - AH?=PB?- BK?;
o PO*+ QA - AH?*="PO*+ OB?- BK?;
. O0A4%- 0B*=AH?- BK?;
. (AO+ OB)(AO - OB) is constant;
. AB(AO- OB) is constant;
", since 40"+ OB and A0 - OB are each constant, it follows
that O is a fixed point ;
. the locus of 2 is a line through O perpendicular to A25.

Q.E.D.
D.G. M
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If the circles intersect at real points C, D; then P lies on the
common chord CD. When 2P lies between C and D, the tangents
are imaginary, but the relation PA4% - AH?=PA? - BK? still holds
good. The segment CD is therefore also regarded as part of the
radical axis. [See the second definition on page 172.]

22. Prove the following construction for the radical axis of two
circles, centres A, B.

Draw a circle cuttirg one circle at L, M and the other at X, Y;
produce LM, XY to meet at P. Draw PO perpendicular to AB;
then PO is the radical axis.

23. Prove that the radical axis of the incircle of the triangle 4BC
and the circle escribed to BC bisects SC.

24, A, B, C, D are four circles; the radical axis of 4 and B is
perpendicular to that of C and D ; the radical axis of 4 and C is
perpendicular to that of B and 2); prove that the radical axis of 4
and D is perpendicular to that of B and C.

‘25, A, B, C are the centres of three circles; if the three radical
axes f these circles, taken in pairs, are such that one is equally
inclined to the other two, prove that 4AR3C is an isosceles triangle.

THEOREM 81.

Sy S Sy are three circles; prove that the radical axes of S
and S;; S, and S;; S and S) are concurrent.

Let Zg, Z,, L, be the radical axes of .S}, Sy; S5 Sg; S5 Spe

Either Z,, Z,, Zg are all parallel, or else at least two (say £,
and Z,) intersect: call their point of intersection O.

Since O lies on Z,, the tangents from O to .S, and S; are equal.

Since O lies on Z,, the tangents from O to S; and S, are equal;

". the tangents from O to S, and S, are equal;

J. O lies on L, Q.E.D.

Note that the point O may be at infinity. What verbal changes
should be made if O lies inside a circle?

Definition.
(1) The point of intersection of the three radical axes of three
circles taken in pairs is called the radical centre of the three

circles.
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(2) A svstem of circles is said to be coaxal if the radical axis,
of any pair is the same as that of any other pair.

Hence if a system of circles pass through two fixed points
4, B, they form a coaxal system, having 4B as their radical axis.

26. Three circles are such that each touches the other two; if
A, B, C are the points of contact, prove that the tangents at 4, B, C
are concurrent.

27. A variable circle ¥ cuts two fixed circles S; and S,; prove that
the common chords of S}, £ and S, = meet ou a fixed line.

28. Three circles are such that each intersects the other two at real
points, prove that their common chords are concurrent. '

29. PP’y QQ, RR' are pairs of points on the sides BC, CA, AB of
the triangle ABC. If PP'QQ'; QQ'RR'; RR'PP’ are cyclic quadri-
laterals, prove that PP'QQ'RR’ lie on the same circle.

30. Straight lines 4P, BQ, CR are drawn from the vertices of the
triangle ABC to the opposite sides; prove that the radical centre of
the circles whose diameters are 4P, BQ, CR is the orthocentre of the
triangle 4ARC.

31. A variable circle is drawn through a fixed point to touch a
given circle. Find the locus of the point of intersection of th. tangent
at the point of contact of the two circles with the tangent at the fixed
point, ,

32. Two circles intersect at 2, Q and cut a third circle .S orthogonally,
prove that 7, Q are inverse points w.r.t. S. :

33. Brove that the orthocentre of a triangle is the radical centre of
thé three circles described on the sides of the triangle as diameters.

34. ABCD is a cyclic quadrilateral. Two circles PAB, PCD are
drawn to touch at P, prove that the locus of 2 is a circle.

35. Prove that the locus of the centre of a circle which bisects the
circumfexences of two given circles is a straight line,

36. AD is an altitude of the triangle ABC; the circles BAD, CAD
meet the bisector of the angle B4AC at P, Q; prove that the tangents
at P, Q meet on 4.0

87. A'B'C’ sare the mid-points of the sides BC, CA, AB of a
triangle ; prove that the external bisector of the angle C'4'B’ is the
radical axis of the incircle of the triangle A4ZC and the circle
escribed to BC.

38. Show how to construct a circle orthogonal to each of three
given circles.
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THEOREM 82.

If a system of circles is coaxal, then the centres of the circles
are collinear: also, if the line of centres meets the radical axis
at O, and if a, is the radius of a circle of the system whose centre
is 4,, then 0O4,2-a,? is a constant for the system.

Fr

(o) A,

FiG. 103.

(1) If 4, is the centre of any other circle of the system, 4,4, is
perpendicular to the radical axis; [Th. 8c]
.. A, lies on the perpendicular from A, to the radical axis;
. the centre of every circle of the system lies on this line.
] Q.E.D.
(2) From O draw OF, to touch the circle centre 4,, and let
OF be a tangent from O to any other circle of the system,
Then OF2+F,A2=042;
" 042-a2=0F?
= 0F? since O lies on the radical axis.
=42, where £ is a constant. Q.E.D.

i

Corollary.
If the centres of a system of circles are collinear; and if A4, is
the centre of one of the circles, radius a, and if 04,2-4a2 is
constant, where O is a fixed point on the line of centres, then the
circles form a coaxal system.
What modification must be made in this proof; if the circles
intersect at real points?

39, Prove the Corollary of Theorem 82.
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With the notation of Theorem 8z, two points Z, Z' are taken
on the lLiae of centres such that Z'O=OL=+F; then the radi
of the two circles of the system, centres Z, Z', are given by
OL* - (radius)?=42= 02 and therefore each radius is zero.

Hence there are two point-circles Z and Z' which belong to
the coaxal system.

Definition.

The two point-circles of a coaxal system are called the limiting
points of the system.

It should be noted that the positions of Z, L' are easily found
by observirg that the tangents from O to each circle of the system
are equal, and that in the case of a point-circle Z the tangent .3
the line OZ, so that L'0*=0L?=0F2=0A42 - a*=F#%

If OA4,2-a,? is negative, £ is imaginary, and consequently the
limiting points are imaginary. This occurs when the radical axis
meets one (and therefore every) circle of the coaxal system at real
points, for then O4A, is less than the radius a. ‘

In the following examples Z, L’ will be taken to represent the
limiting points of the coaxal system referred to, unless otherwise
stated.

40. The radical axis is the perpendicular bisector of the line joining
the limiting points.

41. A system of circles are drawn orthogonal to a fixed circle and

having their centres on a diameter of that circle, prove that they
form a coaxal system with real limiting points.
42, With the notation of Theorem 82, take £=1 inch and construct
pairs of circles of radii 4 inch, 1 inch, 1% inches, 2 inches, 2} inches,
3 inches, to form a coaxal system. Mark in the limiting points. Draw
a system of circles passing through the limiting points.

The figure now shows two systems of coaxal circles, one of which
has real, and the other imaginary, points of intersection.

43, If L and L' are real, prove that no real circle of the coaxal
system can have its centre between L and L'

44, Prove that the circle on LZL' as diameter is orthogonal to every
circle of the goaxal system.

45. Prove that L, L' are inverse points w.r.t. any circle of the
coaxal system.

46. Prove that any circle through L, L’ is orthogonal to any
circle of the coaxal system.
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47. Pis any point on the radical axis of a coaxal s,stem: PH is the
tangent from 2 to a circle of the system, prove that PH=PL,

48. PQ is a common tangent to two circles and L is one of their
. ., . . A )
limiting points, prove that PLQ=90".

49, Prove that if a circle is orthogonal to each of two circles, centres
A and B, it meets AR at the limiting points of the two circles.

50. If two systems of coaxal circles have one limiting point in
common, prove that the radical axis of any pair of circles, one from
each system, passes through a fixed point.

51. If two systems of coaxal circles have one common circle, prove
the property of Ex. 50.

52. Show how to construct a circle of a given coaxal system to touch
another given circle: is there more than one solution?

53. If three circles are coaxal, prove that the common tangent
of two of them is divided harmonically by the thira circle.

b4, A system of coaxal circles meet at 4, B; AC is a fixed line
drawn through 4 mee.ing one of the circles at 2, prove tha. the locus
of the foot of the perpendicular from B to the tangent at P is a straight
line passing through the foot of the perpendicular from B to AC.

55. A variable circle passes through two fixed points 4, B, and cuts a

fixed circl~ at P, Q. Prove that Z~ = Q is constant.

56. If two coaxal systems have one circle in common, prove that they
also have one comn.on orthogonal circle.

~ b7, Prove that the radical axes of a fixed circle and each of a system
of coaxal circles are concurrent.

58. Prove that the tangent from a limiting point to any circle of the
coaxal system is bisected by the radical axis.

59. A variable circle passes through two fixed points 4, B and cuts
a fixed circle at P, Q; prove that PQ passes through a fixed point.

60. AB, CL are two parallel chords of two circles S, S2; 4C and
BD meet S, at A, K; prove that the locus of the meet of CD, A.J
is a straight line.

61. S,, S: are two circles each orthogonal t~ the two circles 2, 2,2 ;
prove that the radical axis  of .S; and S, passes through the centres of
2, 2,

62. If two circles cut each of a system of circles orthogonally, prove
that the system is coaxal.

83. Describe a circle to pass through two given pomts and to bisect
the circumference of a given circle.
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64. AD, BE, CF are the altitudes of the triangle 4BC; P is any
other point, prove that the circles PAD, PBE, PCF are coaxal.

65. ABCD is a cyclic quadrilateral: S is any circle having 4, B
as limiting points; 2 is any circle having C, D as limiting points.
Prove that the radical axis of .S and ¥ passes through a fixed point.

66. A system of coaxal circles passes through the points 4, B;
another system of coaxal circles has 4, B as limiting points ; prove that
any circle of one system is orthogonal to any circle of the other.

67. A system of circles is drawn so that each bisects the circum-
ferences of two given circles, prove that the system is coaxal.

THEOREM 83.

The limiting points of a coaxal system are inverse points w.~.t.
any circle of the system. Conversely, if two points are inverse
points w.r.t. each of a system of circles, then the system is coaxal,
and has these two points as limiting points.

P

L o c LA /D

Fi1G. 104,

(1) Let OP be the radical axis of the system, and Z, L' the
limiting points,

A is the centre of any one circle of the system: the line of
centres meets that circle at C, D and the radical axis at O.

Draw OF to touch the circle.

Then Of?= 0L*= OF? since L, L are point-circles of tL.e system

=0C.0D;
~. {Z'L; CD} is harmonic: but 4 is‘the mid-point of CD;
S AC*=AL . AL ;
S L, L' are inverse points w.r.t. the circle.  Q.E.D.
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(2) Let Z, L' be inverse points w.r.t. each circlz of a system.
- Then the centres of the circles are collinear, for each must lie
on LL.

Let O be the mid-point of ZZ' and let ZZ meet one of the
circles, centre 4, radius a, at C, D.

Since Z, L' are inverse points AD%?=AC?=AL. AL ;

. {CD, LL'} is harmonic;

S CL=0C.0D=04?-a? since O is the mid-point of ZZ';

. 0A4%-a? is constant and O is a fixed point;

". the system of ci-cles is coaxal, and Z, Z' are the limiting
points.. [Th. 82z, Cor.] Q.E.D.

- Ancther method may be used to prove Theorem 83 (2). This
is embodied in Ex. 68.

68. L, L’ are inverse points w.r.t. each of a system of circles; 2 is
a point on the perpendicular bisector of ZZ'. Use Theorem 64 (2)
to prove that the tange=ts from 2 to each of the circles of tl 2 system
.are equal, and hence show that the system is coaxal and has Z, L' as
limiting points.

69. Show how to draw through a given point a circle orthogonal
.0 two given circles.

70. Draw a circle, coaxal with two given circles, to touch a given
straight line. Is there more than one solution? Consider the case
where the straight Line passes through one or both limiting points.

PA
Vi =, then

P describes a circle 2. Prove that, as A varies, the circles 2 fcrm a
coaxal system.

71. A, B are two fixed points; 2 is a point such that

72. L is a limitiug point of two circles ; the line joining their centres
meets one circle at 4, B and the other at 4', B, If %=§——é, prove
that the circles are equal.

78. A straight line ABCD meets one circle at 4,-8 and another
circle at C, D; if L is a limiting point, prove that AED+B£C =180".

74. A chord PQ of one circle touches a second circle at R; if L is
a limitiug point of the two circles, prove that LR bisects PzQ.

75. If a circle cuts each of two circles orthogonally, prove that its
centre lies on the radical axis, and that it cuts every circle coaxal with
the given circles orthogonally. What is meant by the circle cutting
the point-circles orthogonally ?
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THEOREM 84.

If a circle cuts each of two circles orthogonally, it passes through
their limiting points, and is orthogonal to every circle coaxal
with them.

FiG. 105.

Let the circle Z, centre 7, cut the circles \S;, .S, orthogonally
at H, K.

Then PH=PK radii; but PH, PK are tangents to .S;, S;

.. P lies on the radical axis of .S} and S,.

Let Z, Z' be the limiting points of S; and .S;; and regard them
as point-circles. Since 2 lies on the radical axis, and since
PL, PL' are tangents to the point-circles Z, Z/,

, oo PL=PL'=PH; .. L, L lieon 2  QED.

Let any‘ other circle S; of the system cut £ at Z

*Then PF= PH, radii.

But 2 lies on the radical axis, therefore 2#'is a tangent to Sg;

.. 2 is orthogonal to .S;. Q.E.D.

76. Prove that the three pairs of limiting points of three circles
taken ia pairs are concyclic.

77. AB is a common tangent to two non-intersecting circles, prove
that the circle on A8 as diameter passes through their limiting points.

78. The points 4, B, C, taken in pairs, are the limiting points of
three systems of coaxal circles, prove that the radical centre of any
three circles, 3elected one from each system, is a fixed point.

79. Prove tha? the four circles, whose diameters are the four common
tangents of two non-intersecting circles, are coaxal.

80. Prove that any circle through the limiting points of a coaxal
system is orthogonal to every circle of the system.
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THEOREM 85.

The polars of a given point 2 w.r.t. each circle of a cuaxal system
pass through a fixed point & ; and PR is bisected by the radica! axis.

p
Z
F
/| T
C /o &
R
FiG. 106.

P is the given point.
Let Z, L' be the limiting points of the coaxal system.
Dascribe a circle 2 through 7, Z, L'
Then £ is orthogonal to every circle of the coaxal system, for
L, L' are inverse points w.r.t. any circle of the system.
Let PR be a diameter of 2 so that & is a fixed point.
Let A be the centre of any circle .S of the system,
AP meets Z at Q; join QR.
Since .S is orthogonal to Z, 4F touches 2 ;
“AQ.AP=AF?;
. @, P are inverse points w.r.t. S.
But PéR =9n° since PR is a diameter of Z;
.. RQ is the polar of P w.r.t. S;
". the polar of 2 w.r.t. S passes through a fixed point 2.  Q.E.D.

Further, since 2 passes through Z, Z', its centre lies on the
perpendlcular bisector of ZZ', z.e. on the radical axis ;
PR meets the radical axis at the centre of 2;
. PRi is bisected by the rauical axis. Q.E.D.

It is well to point out the importance of regardiny the hmltmg
points as pomt-cxrcles of the coaxal system.

Readiness in recognising this fact is frequently of use in solving
riders. The fundamental pole and polar property might have been
-obtained in this way, as the following example will show.
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I. P is a given point; a variable line through 2 meets a given
circle 2, centre O, at A, K; Q is a point on HK such that
{HK, PQ} is harmonic; then the locus of Q is a straight line
perpendicular to O2. ’

FI1G. 107.

Bisect PQ at C.

Since {#K, PQ} is harmonic, CH.CK=CP?;

”. Cis a point on the radical axis of 2 and the point-circle 2;
.. the locus of C is a straight line perpendicular to OZ.

But Pis a fixed point and PC=CQ;

.. the locus of Q is a straight line perpendicular to O£, Q.k.D.

Another example is given to emphasise the same idea.
II. A, K are the mid-points of the tangents from a point 7" to a

circle £; 2 is any point on AKX ; prove that th. tangent 2Q from

Pto 2 is equal to PT.
3 _ H T

FiG. 108.

Consider :he)coaxal system formed by 2 and the point-circle 7.
Since the tangents from /A and also from -X are equal, it follows
that ZK is the radical axis ;
o PT=PQ, since P lies on the radical axis, Q.E.D.
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81. A wvariable circle passes through a fixed point and cuts a given
circle orthogonally; prove that it belongs to a fixed coaxal system.
'[Use the idea of 11.]

82. From a limiting point Z a tangent ZP is drawn to a circle of the
coaxal system and cuts another circle of the system at AKX ; prove that
{LP, HK} is harmonic.

83. L is the polar of a fixed point 7 w.r.t. any circle of a given coaxal
system ; by cousidering P as a point-circle, prove that the line parallel to
L and nidway between Z and P passes through a fixed point, and hence
prove Theorem 8s.

84. P(Q is a variable chord of a fixed circle S; PQ passes through
a fixed point 4; 2 and ¥’ are tue circles on 4P, AQ as diameters.
Prove that the common chord of S and £ meets the common chord
of S and 2’ on a fixed straight line.

85. OP, OF' are the tangents from O to a circle; 7' is any point
on the line RA’ bisecting OP, OF'; if the polar of 7 mzets RR’ at Q,
prove that 7 5Q is a right angle.

86. QR is the tangent at Q to a c'rcle; 2 is any other po'1t; PQ is
joined, and PR is drawn perpendicular to 2Q. If the rectangle PQRS
is completed, prove that the polar of P passes through S.

[Prove that the centre of the rectangle lies on the radical axis of
the given circle and the point-circle at 2.]

87. Fro.n two fixed points 4, B the tangents AP, AQ, BL, BM are
drawn to a variable circle; if 7, Q, L', M’ are the mid-pnints of these
four lines, prove that the locus of the meet of 77Q' and L'’ is a
straight line.

88. The polars of a variable point 7 w.r.t. two fixed circlecs meet
at Q; if PQ subtends a right angle at a fixed point A4, fird the
locus of P.

THEOREM 86.

(1) The orthocentres of the four triangles formed by four straight
lines are collinear.

(2) The mid-points of the three diagonals of a complete quadri-
lateral are collinear. ‘ '

(3) The circles on the three diagonals of a complete quadrilateral
are coaxal, and are cut orthogonally by the polar c'rcles of the
four triangles formed by the sides of the quadrilatrral.

FG is the third diagonal of the quadrilateral 48CD.

Let A, be the orthocentre of the triangle 4BF; AH,, BH,, FH,
meet the opposite sides BF, Fd, A5 at 4,, B,, F?
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Since A, is the orthocentre,
HA.HA =HB, A HB =HF. HF,=r> (say).

~ Butf44,, BB, FF, are pairs of points on the circles whose
diameters are 4C, BD, FG respectively ;

F

n

oS

I

‘. the tangents from /7] to these three circles are equal. In
exactly the same way the tangents from &,, A, /H,, the orthocentres
of the triangles 4ADG, DCF, CBG, are equal;

.. these three circles are coaxal, and ), .%,, H,, H, lie on
theirfradical axis;

b

.*. the points A, H,, H,;, H, are collinear. Q.E.D.

E 3 .
Also the centres of the circles, which are the mid-points of
AC, BD, FG are collinear, since the circles are coaxal. Q.E.D.

Finally, the circle, centre A, radius 7, is orthogonal to each of
these circles. But this is the polar circle of the triangle ABF;
< .. the four polar circles are orthogonal to the circles on
diameters 4C, BD, FG. k Q.E.D.

It should be obse-ved that the polar circles are not all real,
for the polar circle is real, only if the triangle is obtuse-angled.
And the tangents from 7, H,, H,, H, to the circles on 4C,
BD, FG are not all real, but this fact dog:s not affect the proof.
[See the second definition, page 172.]

The reader is reminded that the circumcircle of the diagonal
line triangle is also orthogonal to these three circles, [See Ex. 89.]
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89. If in Fig. 109 AC meets BD at P and FG at R, use the fact that
{APCQ} is harmonic to prove that the circumcircle of the diagonal
line triangle of the complete quadrilateral is orthogonal to the circles
on AC, BD, FG as diameters.

90. Find the locus of a point 2 which moves so that its polars w.r.t.
three given circles are concurrent.

91. If each of a system of circles is cut orthogonally by two given
cirtles, prove that the system is coaxal.

92. A variable circle touches a given line at a given point, prove
that the polar of any other fixed point passes through a fixed point.

93. A line is drawn cutting two non-intersecting circles; find two
points on this line such that each is the point of intersection of the
polars of the other w.r.t. the two circles.

94. PQ is a common tangent to two circles ;. prove that 2 and Q
are conjugate points w.r.t. any coaxal circle.

95. P is a point on the radical axis of two circles, prove that
the polars of # w.r.t. the two circles intersect on the racical axis.
[Do not use the resu/t of Theorem 85.]

96. L, L’ are the limiting points of a coaxal system. A is the centre
of any circl~ of the system: AP is a diameter of any circle through
A, L; prove that the polar of 7 w.r.t. any circle of the system passes
through a fxed point.

97. ARB is a common tangent of two circles; prove that the polar of 4
w.r.t. any coaxal circ'e passes through 5.

98. If the polars of a point w.r.t. three circles, whose centres are
collinear, are concurrent, prove that the three circles are coaxal.

99. If the polar of a given point w.r.t. a variable circle is fixed, prove
that the polar of any other given point passes through another fixed point.

100. A variable circle is drawn through two fixed points. C is a third
fixed point. Find the locus of the meet of the diameter through C with
the polar of C w.r.t. the circle. ‘

101. A variable circle has two pairs of fixed conjugate points ; prove
that it belongs to a fixed system of E:oaxal circles.

102. P is any point on a given circle &, ; the tangent at 2 to 5; meets
the polar of P w.r.t. a second circle S, at Q; prove that the circle on
PQ as diameter belongs to a fixed coaxal system.

103. In a trapezium ABCD, AR and CD are parallel ; 4D meets BC
at £. Prove that the ccmmon chord of the circles on AC and BD as
diameters passes through £ and is perpendicular to 4 5.

104, Two circles lying outside each other are met by a variable
straight line at 4, B and P, Q respectively ; prove that there are two
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possible positions of a point A such that the bisectors of the angles
AHB, PH(, are at right angles.

108. Prove that the circumcentre of the diagonal line triangle of a
cnmplete quadrilateral is collinear with the orthocentres of the triangles
formed by the sides of the quadrilateral.

106. Prove that the line joining the orthocentres of the triangles
formed by the four sides of a quadrilateral is perpendicular to the line
joining the mid-points of the diagonals of the quadrilateral.

107. A system of concentric circles, centre A4, is inverted w.r.t. any
point /3 ; prove that the inverse system is cut orthogonally by every
circle through B and the inverse point A’ of A, and hence snow that a
system of concentric circles inverts into a system of coaxal circles.

108. If a system of coaxal’circles has real points of intersedtion,
prove that it can be inverted into a systemn of concurrent straight lines.

109. If a system of coaxal circles has real limiting points, prove that
it can be inverted into concentric circles.

[Invert w.r.t. a limiting point. What does the other limiting point
invert into ?]

THEOREM 87.

PH, PK are the tangents from a point 2 to two circles, centres
4, B; PN is the perpendicular to their radical axis; prove that
PK?— PH?=24B. PN. '

>
0

<

Fi1G. 110,

Let the radichl axis meet 48 at O. Draw PM perpendicular

to AB, .
PK?:- PH?=(PB?- BK?) - (PA*- AH?)

= PB?— P4 - (BK? - AHD).
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Now since O lies on the radical axis, the tangents from O are
equal ; \. OA*- AH= OB~ BKY,
or BR2— A= 0B - 042;
<. PK?— PH?=(PM?+ MB?) - (PM?*+ MA?) - (OB - 04?)
=MB*- MA? - (0B? - 04?)
=(BM+ MA)(BM—-MA)-(BO+ 0A4)(BO - 04)
=BA(BM - MA - BO+ 0OA)
=BA(BM-BO+ 04 -MA)
=BA.20M=248. M0
=248 . PN. Q.E.D.

Nntice that if 2 is to the left of the radical axis, PK?- PH? is
negative, but in this case 2V and 425 are in opposite senses, so that
the relation holds good in every case.

Theorem 87 admits of a simple analytical proof.

In Fig. 110, take OA, ON as x-axis and y-axis.

Let (¢, 7) be the coordinates of 2.

- The equations of che two circles miay therefore be written (page 176.)
‘ x2+y2—2gx+c=0 and x*+y? - 2g,x+c=0;
L PRI -PH?= (£ 40— 286 +0) = (8477 - 266 +¢)
=2£(g, — £)-

But Od=g,; OB=g,; .. §1-&=04-0B=04--B0=84

and {=NP;
. PK*- PH?=2/NP.BA=2PN.AB. Q.E.D.

Corollary 1. .
From a point 2 on a circle, centre 4, a tangent PK is drawn
to a circle, certre B: PN is the perpendicular from 2 to the
radical axis of the two circles; then PK2=2A4R8.PN.
[Take P at A in Theorem 87.]

Corollary 2.
From a variable point 2 on a fixed circle, centre 4, tangents
PH, PK are drawn to two other circles, centres B, C; if the’

«

three eircles are coaxal, then ;j—g is constant.

The proof is left to the reader (see Ex. 110),

110, Prove Corollar); 2 of Theorem 87 by using Corollary 1..

111. Prove Corollary 1 of Theorem 87 without using the reswlt of
Theorem 87.
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THEOREM 88.

A point P moves so that the tangents PH, PK from it to two
fired circles, centres 4, B, are in a constant ratio, then the locus
of Z is a circle coaxal with the given circles.

Take any one position of 2 and draw through 2 a circle
coaxal with the given circles and let C be its centre.

[See Fig. 110.] PN is the perpendicular from 2 to the radical
axis

By Theorem 87, Corollary 1. PH?*=2CA. PN,

and PK%*=2CB.PN;
gg—=§%—:=:onstant, by hypothesis ;

C is a fixed point;

.. every position of 2 is on the same coaxal circle.
Q.E.D,

112. Prove that the locus of a point, which .noves so that the
difference of the squares of the tangents from it to two given circles
is constant, is a straight line.

Give an analytical iz addition to a geometrical proof.

113. L is a limiting point of a coaxal system. /P is any point on
a given circle of the system, prove that /°L? varies as the distance of
P from the radical axis.

114. The external common tangents of two non-intersecting circles
meet at O, and the internal common tangents at (', prove that the
circle ¢cn OO0 as diameter is coaxal with the given circles. [Use
Theorem 88, taking P successively at O, O'.]

115. Given three circles S, S, S find a point 2 such that the
tangents from 2P to .S; and S, are in a given ratio, and such that the
tangent from 2 to S; is of a given' length.

116. The squarc of the tangent from a variable point 2 to a fixed
circle is proportional to the sum of the squares of the tangents from
P to two other fixed circles; if the three circles are coaxal, prove that
the locus of 2 is a circle of the same coaxal system.

117. S;, S, Ss S, are four coaxal circles: the product of the
tangents from a variable point 2 to S} and S, is proportional to the
product of the tangents frem £ to S; and S;, prove that the locus of
P is in general one of two coaxal circles.

118. Gengralise Ex. 117 so as to obtain a.thedrem for 27 circles.
D.G. N
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119, Find the locus of a point P which moves su that the tangent
from P to a fixed circle is (1) equal to the distance of 2 [rom a fixed
point, (2) in a constant ratio to the distance of 2 from a fixed point.

120. Two circles touch each other internally at O, and a line PQRS
is drawn, meeting one circle at 2, S and the other at Q, R. :The
tangent at £ cuts the tangents at Q, R in A4, B; the tangent at .S
cuts the tangents at @, R in C, DD: prove that ABCD lie on a circle
touching the given circles at O.

121. The tangents at A, B, C to the circumcircle of the triangle
ABC cut the opposite sides at 2, Q, R; U, V, W are the mid-points
of AP, By, CR. Prove that UVIW is the radical axis of the circum-
circle and the polar circle of the triangle 4RC.

122. If each of two pairs of opposite vertices of a complete quadri-
lateral is conjugate w.r.t. a circle, prove that the third pair is also
conjugate w.r.t. the circle; and that the circle is one of a coaxal
system whose radical axis is the line of collinearity or the mid-points
of the diagonals.

123. A straight line PQ cuts two fixed «ircles so that.the chords
PP, QO are in 2 constant ratio; the tangents at £ and (Q meet
at 7. prove that the locus of 7" is a circle coaxal with the given
circles.

124, A circle 2 touches two given circles and cuts their radical axis
at 0, '; prove that the tangents at O, (' are parallel to a pair of
common tangents of the given circles.

[Use Theorem .7, taking 2 at the centre of X.]

125. From a point P, three tangents ~A4,, PB,, PC, are drawn to
three coaxal circles, centres A4, B, C; prove that

PAE BC+PBE. CA+PCE AB=o.

126. A straight line cuts one circle at 4, B and a second circle
at C; D. The tangent at 4 meets the tangents at C, D at P, @, and
the tangent at B meets the tangents at C, D at R, S. Prove that
PQRS lie on a circle coaxal with ¢he given circles.

THEOREM 89.

A system of coaxal circles can be inverted either into a system
of concurrent straight lines or into a system of con~entric circles.

Case I. If the circles intersect at two real poiats A4, B, invert
w.r.t. A; then each circle becomes a strzight line passing through
the inverse of B, and therefore the inverse figure is a system of
concurrent 3traight lines. Q.E.D.
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Case II. If ‘the circles do not intersect at real points, they
have two real limiting points L, M (page 181).

Draw any circle 2 through Z, #; and let C be any circle of
the coaxal system. Invert w.r.t. Z. ‘

Denote by dashes corresponding points and curves in the
inverse figure.

Since the centre of C lies on LM, the centre of C’ lies also
on LM

Since T passes through the limiting points, it is orthogonal to C;

<. ¥ is a straight line orthogonal to C';

.. 2 is a diameter of C'.

Fi6. 111,

? The centre of C’ therefore lies on £ and ZMM'
But M’ is the point of intersection of X' witlk ZMM’, each of
which is a diameter of C’';
*. M’ is the centre of C’;
vt évery circle of the system inverts into a circle having its
centre at the inverse of the other limiting point. Q.E.D.

The proof of Case ii. may run also as follows:

Draw any two circles 2, =, through Z, M. C is orthogonal
to 2;, Z,. Aftér inversion w.r.t. Z, the circles Z,, Z, become two
straight lines through #/". Since C’ is orthogonal to "each of
these lines, its centre is at M';

.". the centre of C’ is a fixed point. Q.E.D.
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127. Prove that a coaxal system when inverted w.r.t. any point

inverts into a coaxal system.
[Consider what the system of circles orthogonal to the given coaxal

system invert into, when the points of intersection are imaginary.]

Analysis shows that every two circles have two points of inter-
section (real or imaginary). If then we take an imaginary point
as centre of inversion, it is possible to invert a system of
coaxal circles into a system of concurrent straight lines under all
conditions. Since we may regard inversion as an analytical process
(see pages 153-4) any results which may be obtained by this method
will be true. Greater continuity is therefore obtained in the
method of proof required to establish many geometrical theorems
if this extended form of inversion is admitted.

128, When inverted by the method of Theorem 89, what will the
radical axis become?

THEOREM 90.

If a circlz .S when inverted w.r.t. a circle £ becomes a circle S,
‘hen the three circles S, Z, S’ are coaxal.

The points common to .S and 2 remain unaltered by inversion,
and therefore lie on .S'; [See Ex. 129.]

.*. the three circles have two common points.
Q.E.D.

Corollary.

A system of concentric circles may be regarded as coaxal,
having the line at infinity as their radical axis.

[Invert w.r.t. auy point, and use the fact that the inverse of a
coaxal system is a coaxal system.]

129. Prove Theorem go in the case in which S and £ do not meet
at real points without using imaginary points. [Consider what the
system of circles orthogonal to S and 2 invert into.]

130. X is a variable circle touéhing two fixed circles 4, B ; the two
circles P, Q are drawn, which are orthogona! o 4, B, and touch X ;
prove that they cut at a constant angle.

131. X is a variable circle touching two fixed circles 4, B; L is a
limiting point of 4, B ; . is the foot of the perpendicular from Z to its
polar w.r.t. X, prove that the locus of 2 is a circle coaxal with 4, 5.

132. Any circle is drawn through two fixed points. C is a third fixed
point, find the locus of the inverse of C w.r.t. the variable circle.
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183. 7 is a point on the radical axis of two circles ; the line of centres
meets the first circle at 4, B and the second at C, D. If 74, 7B meet
the first circle at P, P, and if 7C, 7D meet the second at Q, Q;
prove that 77Q(Y PP’ are concyclic.

134. S, and S, are two circles touching externally two circles Z; and
2, prove that a circle can be drawn coaxal with 2, and Z, to cut S;, Sy
orthogonally.

135. Two variable circles touch a fixed circle and cut each other
at a constant angle, if one of their points of intersection is fixeq, find the
locus of the other.

136. A variable circle touches each of two ‘fixed circle., prove that it
cuts any other fixed circle, coaxal with them, at a constant aagle.

137. L is the limiting po‘nt of two circles Sy, S, ; two circles Z; and
2, are drawn through L to touch S; and .5, respectively and to cut at
a given angle, prove that the locus of their other point of intersection
is a circle coaxal with S; and S,

138. (1) If a circle (, diameter &, is inverted into a circle (', diameter
d’ w.r.t..a point outside C; and if # is the tangent from O to (', and if

. . . . 2 ,
% is the radius of inversion, prove that [:,{:%

(2) Hence if 7 is the radius of a variable circle, whicl.' touches two
fixed circles, and if Z is one of their limiting points, and if L2 is the

2
tangent from Z to the variable circle, prove that _l:;’_ is constant.

139. Prove that if a variable circle is drawn to *ouch two fixed circles,
the ratio of the tangents drawn from the limiting points to the variable
circle is constant.

140. 2 is a point such that the inverse of two fixed circles is two equal
circles, prove that the locus of 2 is a circle coaxal with the given circles.
Hence prove that any three circles can be inverted into three equal
circles.

141. If a variable circle 2 cuts three fixed circles at the same angle,
prove by inversion that P belongs to a fixed coaxal system. [Use
Ex. 140 (2).]

142. Prove that the circumcircle, the nine-point circle and the
polar circle of a triangle are coaxal. [Use Theorem 90.]

143. The line joining the ceutres of two circles §;, S, meets S; at
A, B and~S, at C, D: any circle orthogonal to S; and §, meets 5
at P, Q and 5, at A, K ; prove that AP, BQ, CH, DK are concurrent.

144. A, B are two fived points on a fixed circle: O is any other fixed
point. Two circles are described to touch each other at O and to pass
through 4 and B respectively: if they meet the fixed circle again at
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P, Q, prove that the circle OPQ touches a fixed circle coaxal with the
given circle and the point circle at O.

145. A straight line PQRS meets one circle at P, Q and another
at R, S; if L is a limiting point, prove that the angles PLS, QLR are
equal or supplementary.

146. If three circles are such that two of them do not intersect at
real points, show how inversion may be used to describe a circle to
touch the three given circles.

147. A system of circles pass through two fixed points 4, B; 7 is any
fixed point on 4B : a variable line through 7 meets any circle of the
system at P, Q: O is any other fixed point, prove that the circle 0PQ
belongs to a fixed coaxal system.

148. Given two circles, one inside the other, prove that a point
- KA can be found such that extreme portions of any straight line
cutting both circles subtend equal angles at A.

149. P7, P'T’ are the tangents from two points 2, P’ to a circle;
f PT+ P T'=PP,prove that /> must-touch the circle. [Use I'heorem
"84.

150. rIhe tangents at A, B C to the circumcircle of the triangle ABC
cut BC, CA, AB at U, V, W; prove that the circles on AU, BV, CW as
diameters are coaxal ; and that the line joining the circumcentre to the
orthocentre of the triangle 4B is their radical axis.

151, A systein of circles have two common points 4, 72; any line
through A4 is drawn meeting the circles at P, Q, R, S...; prove that
the ratios 7°Q : QR : RS, etc., are constant.

152. By inverting Ex. 151 w.r.t. 4, prove that it is equivalent to a
fundamental cross ratio theorem.

153. State and prove the converse of Ex. 151.

154, Two circles S;, S,, centres A4, B, touch internally a third circle,
centre C, at A, Q. If S| and S, intersect at H K, and if A lies on PQ,
prove that CKX is parallel to 458,

155. a, 4, ¢ are the radii of three coaxal circles, centres A B, C; prove
that a2 . BC+ 8. CA+2. AB+BC.CA.AB=o.

166. The tangents at 4, A’ to a given ~rcle cut a given non-

intersecting circle at 7, @ and 7, (/; 44’ cuts PP at X; O is a

limiting point of the two circles ; prove that (1) ﬁg ;:3 ; and (2) OX

bisects PaP’.

157. L, L’ are the limiting points of two circles C;, C, which both
enclese L ; from any point P on the line through L’ perpendicular to
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LL', tangents PAK, PFG are drawn to the inner circle C, and meet C,
at A, K aid F, G ; prove that /G and FK intersect at L.

188. A quadrilateral is inscribed in one circle and circumscribed
to another circle ; prove that the point of intersection of the diagonals
is 2 limiting point of the two circles.

169. ARB is a common tangent to two circles ZAP, QBK ; O is any
fixed point on 48 ; any line OAPQK is drawn through O to meet one
circle at /4, P and the other at Q, K; AP meets BQ at T ; prove that
the locus of 7' is a coaxal circle.

160. The incircle of the triangle 4ZBC and the circle escribed to BC
touch BC at X, X}, and CA4 at ¥, ¥;; prove that the circlec on X.X; and
Y'Y, as diameters incersect on the bisector of the angle BAC at the feet
of the perpendiculars to it from 2 and C.

161. Prove that the centroid of three uniform thin rods forming a
triangle is the raglical centre of the three excircles of the triangle.

162. A, B are limiting points of a coaxal system ; C, D are the centres
of two circles of the system enclosing A4, B respectively. One of the
common ‘angents of these two circ'es touches the circle, centre D, at E,
and cuts the line through 5, perpendicular to 4B, at F ; prove that AE
is parallel to CF.

163. 7 is any point on a fixed circle .S). The tangent at P to S;
meets a second fixed circle at A, K ; Q is the harmonic conjugate of 7.
w.r.t. A, K'; find the locus of the mid-point of PQ.

164. O is the meet of an exterior common tangent to two circles with
their radical axis; Z, L' are their limiting points ; prove that OL, OL'

- are parallel to the internal common tangents of the two circles.
165.)PLQ is a variable chord of a fixed circle of a given coaxal
system ; L is a limiting point ; PH, QK are the perpendiculars from
£, Q to the radical axis ; prove that PZ . QK is constant.
166. A4 is a fixed point; PQ is a variable chord of a fixed circle =

A
such that PAQ=qo’. Prove that the locus of the mid-point of PQ is
a circle coaxal with 2 and the point circle 4. [Use Theorem 88.]
« 187. With the notation of Ex. 166, if the perpepdicular from 4 to PQ
meets PQ at D, prove that the locus of D is a circle. [Lachlan.]

168. From a limiting point L of two circles, tangents LP, LQ are
drawn to the circles ; if Q) meets the other circle at Z, K, prove that
LP—-LQ*=HQ. QK.

169. By inverting Ex. 166 w.r.t. 4, deduce a new theorem.

170. O is a fixed poirt; POQ, ROS are two variable perpendicular

chords of a fixed circle; the tangents at, PRQS form a quadrilateral
pgrs ; prove that g, ¢, 7, s lie on the same fixed circle. [Use Ex. 166.]
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171, Two circles are drawn in different planes. Prove that there
_is in general one point on the line of intersection of the planes, from
which the tangents to the circles are of equal length; and that if there
be more than one such point, chen the circles are sections of the
same sphere.

172. [Casey’s method for proving Poncelet’s theorem.]

A, A’ are two points on a circle X, and the tangents from them to
a circle ¥ meet at C, and cut X again at 7, B’'; O, /V are the centres
of X, V; p, m are the perpendiculars from 4 and A’ to the radical
axis of X, V'; g, «' a.e the perpendiculars from B, B’ to the radical
axis, prove that \
(1) ACH+A'C=A'2.ON(Np+~m\;

(2) AA": BB =(Wp+Nw): (NP +V7).

173. [PoNcELET’s THEOREM.] If a variable triangle is inscribed
in a fixed circle of a coaxal system, and if two of its sides touch
two other fixed circles of the system, prove that che third side
touches another fixed circle of the system. [Take two positions of
the triangle and use Ex. 172.]

174. Enunciate and prove a theorem similar to Ex. 173 for a
polygon.
175. P(, P'(Q are two chords of a circle; P/Z, QO meet at a

1 B
point O inside the circle; a circle .S is drawn coaxal with the given
circle, ana the point circle O so as to touch 2@, prove that it will

also touch ~'(.

176. LA is the tangent from a limiting point L to any circle, centre
A, of the coaxal system, prove that L/A? varies as LA.



CHAPTER XIV.

CENTRES OF SIMILITUDE.

Definition.
A, B are the centres of two circles, radii a, 4; if two points O, O’

a A0 40 .
ITO0B-BO then .0 and O are called

the external and internal centres of similitude of the two circles.

Furtler, the circle on QO as diameter is called the circle of
similitude of the two circles. The reason for this name is contained
in the property of Ex. 22.

From Theorem 4, page 5, the following results are evident :

I. The centres of similitude of two circles are points ‘w.r.t. which
the circles are homothetic.

II. The common tangents of two circles pass through one or
other of the centres of similitude.

III rhe lines joining the extremities of parallel diameters of
twc circles pass through one or other of the tentres of similitude.

IV. Any line through a centre of similitude meets the circles in
two pairs of corresponding points, which lie at the extremities of
parallel radii.

These results should however be worked through independently ;
they present little difficulty.

are taken ou A5 such that -

1. Work out independently the theorems I.-IV. given above.

Definition.
Two pairs of corresponding points of two circles are sdid to be
similar, if their joins pass through the same centre of similitude.

2. Where is the internal centre of similitude of two circles which
touch each other? And where is the external centre of similitude of

two equal circles.
L]
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3. Where are the centres of similitude of a circle anu a straight line?

4. Prove that the two centres of similitude are harmonic conjugates
w.r.t. the centres of the two circles. .
5. Prove that the centroid and orthocentre are the centres of
similitude of the nine-point circle and the circumcircle of the
triangle.
6. If 7, 7}, 7,, I, are the incentre and excentres of a triangle, prove
that 7 is a centre of similitude of the circumcircle and the circle /; 7, Z,.
7. A straight line drawn through the external centre of similitude
O of two circles, centres A4, B, meets the first circle at 7, Q, and the
second at #’,"Q’. Prove that the lines 4P, A(Q are parallel to the lines
BP'y B(Q)' and that OP.0Q'=0P". OQ, where P', Q are separated by
both or neither of the points 7, Q"
8. Prove that the six centres of similitude of three circles, centres
. A, B, C, taken in pairs, lie in sets of three points, on four straight lines.
[Apply Menelaus to‘the triangle ABC.]
9. OXY, ¢’X'Y" are two of the common tangents to two circles,
svhere' O, O’ are their centres of simili.ude. If a, & are the ra 1ii, prove
v, OX a OX . .
that A rlence prove that the circie of similitude of the
two circles i. coaxal with them. [Use Theorem 88.]
 10." Prove that the centres 4, B of two circles, radii a, &, are inverse
points w.r.t. their circle of similitude.

If P is any point on the circle of similitude, prove that ;‘;F%-

Hence ﬁrove that if two circles intersect at 7, Q, then their circle of
similitude also passes through 2, Q.

11. 2, Z,, =, are the circles of similitude of the pairs of circles
2y Ly Zyy Zy 3 Zgy Zy 3 A, B, C are the centres and a, 6, ¢ the radi.
of Z,, 2y, Zs. IfZ,, Z, intersect at P, Q, prove that

i a b ¢ . a b ¢
and hence prove that the circles 2, Z,, Z; are coaxal. [Use Ex. 10.]

THEOEEM 91.

P, Q are any two points on a circle; 2, Q are similar
correspunding points on a second circle: then PQ, FP'Q are

parallel. . i
Further, if PP, QQ' meet at O, ard if OP, OQ meet the first
circle at X, Y and the second at X', V7, then

OP.0X'=0P .0X=0Q.0Y=0Q .0Y.
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A, B are the centres of the two circles.
Since ., P and @, Q are similar pairs.of corresponding:
points, PP, QQ meet at a centrg of similitude, O.

OP 04 _0Q
(1) Now 0P 0B~ 00 by parallels; | [Th. 4]
. PQ is parallel to P'Q. Q.E.D.
P
0
Q Fic. 112,
(2) AX is parallel to BX'; ‘ [Th. 4]
_or_04_ox
" OFP 0B 0X”
. OP.0OX'=0F .0X. Q-E.D.

(3) Also 0)?’Y’=P’é’ Y, since Q' V' X' are concyclic

—-P@ V' by parallels;
. PQY'X' are concyclic;

’ aP 0X'= OQ OY =0Q'.0Y by a method similar to (22
Q.E.D.

12. Prove that 2Q meets X'Y’ on the radical axis of the two circles,
with the notation of Theorem 91,

13. Prove that the meetsof PY, QX'; QX, P'YV'; XV, P'Q'; PO, X'V’
are collinear, with the notation of Theorem 91.

«14. Prove that :X 7

16. O is the external centre of sinilitude of two circles, OTT’ is an
external common tangent: @, Q' are the extremities of two parallel
radii drawn in the same sense; prove that 07, '7” are parallgl.

16. Enuncilte and prove a theorem similar to Ex. 15 for the internal
centre of similitdde, O’ , .

17. Work through the %roof ’of Theorem 91 for an internal centre
of similitude O. Is there any differences if the circles cut at real
points ?

—ratio of radii, with notatiorr of Theorem 9gI.
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THEOREM 92.

The six centres of similitude of three circles, taken in pairs,
lie in sets of three points on four straight lines forming a
complete quadrilateral, whose diagonal line triangle is the triaugle
formed by joining the centres of the circles.

Also the three circles of similitude are coaxal.

FiGc. 113.

O, O, are the centres of similitude for the circles, centre,
A, B; 0,, Oy; 0, O, are the centres of similittde for thke
circles, centres 7Z, C; C, A.

Let a, 4, ¢ be the radii of the circles, centres 4, B, C.

A0y a BO, b CO, ¢,
08~ "3 0,C=c) 0, d~a’
A0, BO, COy a b ¢ ]
" 0B 0,C 0, A" "8 a T
. by applying Menelaus to'the triangle 4BC, it follows that
0, 0), O, are collinear.

Sinilarly, Og, O,, O;; O 0, 0,; O, O, O, are sets of
collinear points.

Hence clearly ABC is the diagcnal line triangle of the quadri-
lateral formed by the four lines

0,0,0,; 0,0,0,; 040,0,; 00,0,  QED.

Then
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Again, the circles of similitude are the circles whose diameters
are the three diagonals of this complete quadrilateral and are
therefore coaxal. [Th. 86 (3).] Q.E.D.

Corollary

If a circle .S touches two circles 2, and =, at 2 Q, then PQ
passes through a centre of similitude of =, and 2,

For P is a centre of similitude of .S and 2, and Q is a centre
of similitude of .S and Z,. |

18. Work out in detail the proof (in Fig. 113) that 0,0,0; are
collinear.

19. Prove ihdependently the Corollary of Theorem 92. ,

20. Prove that the centres of the three circles of similitude of three
circles, taken in pairs, are collinear.

21. Prove, with the notation of Theorem g2, thal the circle ABC
is orthogonal to each of the circles of similitude.

THEOREM 93.

The circle of similitude of two circles .S, and S, is coaxal vith
S, and S,

F1G. 114,

Let OT'7, tO't be two common tangents through the centres
of similitude O, O.

Let a, 6 b= the radii of .5} and S,.

OT a o't
» 07 "8 ot

If then a circle is drawn through O’ toaxal with S, and S, it .
will also pass through O. [Th. 88]

Then



206 PLANE GEOMETRY [cH.

But its centre must lie on 40’ B0 since it is coaxal with .S, S;;
‘therefore the circle through O' coaxal with 8, S, is the circle on
0’0 as diameter. Q.E.D.

If S, and S, intersect at real points, the proof suggested in
Ex. 10 may be used: and if imaginary points are admitted, from
analysis, this proof could be regarded as sufficient in every case.

22. P is any point on the circle of similitude of two circles
8, and 8,; prove thct 8, can be made homothetic to 8, by a
rotation about P.

23, Two circles touch at 4 ; two variable secents APQ, AHK are
drawn at right angles and meet one circle at 2, A and the other at
0O, K% prove that PA, QA intersect at a fixed point.

24, Two circles touch externally at .S'; a tangent to one of them at
P cuts the other gt @, R; PP’ is z« diamcter of the first circle, prove
that S2' bisects QSR.

25, Parallel chords of two circles are drawn through the points of
contact of a common tangent, prove that the line joining their other
extremities passes through a fixed point.

26. Prov: that a line through a centre of similitude cuts off from
-the wwo circles chords whose lengths are in a constant ratio.

27. If two circles intersect, prove that the tangents at a point of
intersection are equidistant from either centre of similitude.

28. Any circle turough the centres of two circles is orthogonal to
their circle of similitude.

29, Prove that two circles subtend equal angles at uny point
on their circle of similitude.

30. OPQ is the external common tangent to two circles which
intersect at 4, B, if O is a centre of similitude, prove that

OP.0Q=04%

31. The angles of a triangle 4BC are given in magnitude. The
point A4 is fixed; B moves on a fixed circle, find the locus of C.

32. O is the external centre of similitude of two circles: one of the
internal common tangents touches the circles at 2, Q; OP meets the
other circle at Z, M, prove that LQ or M(Q is a diameter of that
circle. :

33. A is the orthocentre and O the circumcentre of the triangle
ABC; A is the mid-point of BC; HA' meets the circumcircle at P ;
prove that AA'=A'P and that 4, O, P are collinear.

34, A straight line 4B D cuts two circles at 4, B and C, D
respectively, cutting off similar segments on the same side of the line ;
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prove that circles can be drawn to touch the given circles at A4, D or
at B, C.

35. A straight line OPQQ'/’ is drawn through the external centre
of similitude of two circles to meet the first at 7,  and the second
at (J, P'; prove that P’'Q. () is constant.

36. Through a given point, draw a circle to touch two given
circles.

37. Two spheres, radii @ and 4, (2> &) are glued together at a point 2.
They are placed so as to be both in contact with a horizontal table
and are made to roll, without slipping, on the table. Prove that 2

3
describes a circle ol radius 2=_—_.
a

88. Find when possible two real points 27, Q at each of which
three given circles subtend equal angles, and prove that the radical
centre of the three circles lies o PQ.

39. Two vatiable circles touch one another and =ach of them
touches two fixed circlas: find the locus of tha point of contact of the
variable ‘circles. ,

40. S}, S, are two circles touching excernally each of twe circles
3, and I, prove that a circle Z can be described coaxal with X, ¥,
and orthogonal to .5}, S, ,

41. O is a centre of similitude of two circles, 77 is a variable point ;

A, K are the poles of OF w.rt. the two circles; prove that HA
passes through a fixed point.

42. O is the external centre of similitude of two circles ; prove that
:the two .ircles can be inverted into each other w.r.t. O and that theu
radical axis inverts into the circle of similitude.

43. The incircle of the triangle A5C touches BC at X, and the
circle escribed to ABC touches BC at X'; if AX meets the incircle
at F, G prove that /X or GX is a diameter of the incircle.

44, Two circles intersect at C, 2 ; a third circle touches them at
P, P; prove that CP:CP'=DP:DP.

45, Two circles APQ, AHK cut at 4; FH, QK are their common
tangents ; prove that the circles APH, AQK touch each other.

46. Three circles Z,, 52, 25 are touched externally by a circle Z;
and internaliy by a circle Z,, prove that the radical centre of 2 3 2,
is a centre of similitude of Zl and Z,.

47 In the triangle 45C, the circle escubed to BC touches BC at

X ; if I is the incentre and if 4’ is the mid-point of BC, prove that
/4’ is pajallel to 4X.
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48. If two circles touch each of two other circles, so that four, or
two or none of the contacts are external, prove that the rad.cal axis
of either pair passes through a centre of similitude of the other pair.

49. The internal bisector of the angle BAC meets BC at D, prove
that the circle on 4D as diameter is coaxal with the incircle of tke
triangle ABC and the circle escribed to BC.

50. P is any point on the circumcircle of the triangle ARC; A is
the orthocentre ; prove that AP is bisected by the nine-point circle.

51. leen the base AC and the ratio of the sides ‘%Z, of the

triangle lABC, prove that the external centre of similitude of the
circles escribed to A8 and AC is a fixed point.

52. A, B, C are the centres of three circles, prove that the radical
axis of their three circles of similitude passes through the circumcentre
of the triangle ABC

53. O is the circumcentre of the triangle 4A7Z, prove that there are
two points P, Q such that PA:PB:PC=A:p:v and that P o, Q
cre. collinear, where A, u, v are given constant..

54, P.ove that the circle whose diameter is the third diagonal of a
cyclic quadruateral is the circle of similitude of the two circles whose
diameters are the other diagonals.

55. The incircle of the triangle ABC touches BC at X; A', X are
the mid-points .of BC, AX; 7/ is the incentre; prove that 4', /7, K
are collinear. [Use wLx. 43.]

£6. O is a point of intersection of two circles S, and S,; 04, OB
are their diameters through O, prove that their circle of simiiitude is
orthogonal to the circle OAAB.



MISCELLANEOUS EXAMPLES.

1. AB is a fixed diameter of a given ciicle, centre:O; P is a
variable point on the circumference. A7 is produced to Q so that
BP=PQ. Find the locus of the meet of AP, OQ. , ,

2. The sides of a vcxrlab]e triangle pass through three fixed points.
If the triangle is similar to a fixed triangle, prove that the locus of i‘s
centroid is a circle. . )

3. Inscribe m a glven triangle a rectangle similar to a given
rectangle.

4. A is a fixed point on a fixed circle: 42 is a variable chord. Q
is a point on 42 such that A47.A(Q is constant, find the locu, of (.

5. Construct a square ABCLH such that AC-A4DB is équal to a
given length.

6. Inscribe in a given triangle a paralleJogram similar to a given
parallelogram.

7. Construct a quadrilateral, similar to a givea quadrila‘eral, and
so that each of its sides passes through a given point. ‘

8. lh a given quadrilateral inscribe a quadrilateral, similar to
another given quadrilateral. )

9. ABC is a given triangle: O is any other point. The figure is
rotated about C, in a direction CA —CB, through, an angle ACRB;
O, A' are the new positions of O, A; O'A4A’ meets OF at A ; and a
line through B parallel to 0’4’ meets, CH at K, prove that ,
L cx-z " [Rouché]

« 10. Construct a triangle ABC similar to a given trlangle, given the
point C, and that 4, B lie on given’lines 04, OB. [Use Ex. 9.]

11, Construct a triangl.+A4BC similar to a given triangle, and such
that its vertices lie on three parallel straight lines.

12. B, B’ are two points on two lines AB/AB. Ois a point such
that, by a rotation about O, tie line 4B and the point B can be
made homothetic to the line 4B’ and the point BA’; prove that 'the
locus of O is the circle 455 ‘

D.G. o
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13. AB, AB are two given lines; B, B’ being given points. Find
BP

points P, P on AB, AFB such that 7P is equal to a given ratio
and such that PP passes through a given point C. [Rouché..]

14. Two sources of light of different intensities a\‘% situated at two
given points. Find the locus of a point which is equally illuminated
by each source.

15. If ABCD is a cyclic quadrilateral, prove that

AC _BA.AD+BC.CD
BD~AB.BC+A4AD.DC

16. D E are points on the sides AB, AC of a triangle; Q is the

BR _AB.AE
md-pmnt of DE; A(Q meets BC at R; prove that —— RC=ACAD

17. Cis a point on the diameter 4B of a circle: 2 is any point on
the circumference., A line through 7 perpendicular to 4B cut: AP,
PB at K, H and the circle at L, prove that CL:=CH .CK.

18. A4, B, C are anv three points. prove that the locus of a point
(in space) which is equally illuminated by cach of three wsources of
light of any intensities sitvated at 4, B, C is ¢ circle.

19. Three points A'5'C’ are taken on the sides BC, CA4, AB of
‘a tnaugle AB, AB'; BC,B'C'; CA,C'A4’ intersect at ¢, a, b; prove
¢cA aB 6C_CB? A4'C* B4
B aC B4~ CA* 4B BC?

20. If 4, B, C" are three points on the sides BC, CA, AB of a

AC’ BA CB smACC' sinBAA' sinCBB
CB AC BA sinCCB sndAC’ sin3BA

2l. ABC is a triangle right angled at 4; PQHK is a square with
its vertices P, Q on BC and A, X on AC, AB respectively ; prove

that PQ?=RP.QC.
22, In the triangles ABC, PQR, if
. ABC=PQOR and if ACB+PRQ=18c",
- dc_as
PR™PQ
23, With the usual notation of the triangle ABC, A/ meets the

circumcircle at ‘P ; prove that the line th.ough 4’ perpendicular to
AP bisects HP.

2. PQ is a dxameter of the c1rcumc1rcle “of the triangle ABC.
2, ¢ are the pedal lines ‘of 7, Q w.r.t, the triangle. The perpendlculars
from P, Q to 2, ¢ respectively meet at X ;.prove that R lies on the
‘circumcircle, and that the pedal line of R is parallel to PQ.

that

triangle, prove that ==

prove that
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L

95. ABC is a triangle right angled at Z; the incircle touches
AC at ¥V, prove that 24Y. YC=ARB.BC. :

26. With the usual notation of the tnangle ABC, if L, M are the feet
:.of the perpendiculars from B, C to AT prove that 4', D, L, M are
coucyclic. .

27. With the usual notation sf the triangle ABC, if the triangles
FBD, EDC are equivalent, prove that they are congruent,

28. ABCD is a cyclic quadrilateral; a, &, ¢, @ are the orthocentres
of the triangles BCD, CDA, DAB, ABC; prove that Aa, Bb, Ce, Dd
are concurrent.

29. 7 is the incentre of the triangle ABC‘, the circle B/C cuts
AB, AC aga.a at .M, V; prove that 3//V touches the incircle.

30. A variable chord PQ of the circumcircle of the triangle ABC is
parallel to BC, prove that the locus of the meet of the pedal lines of
£, @ wrt. ARC is a straight linz. ,

3l. ABC is 3 trxangle rlght angled at 4; from any pomt Pon
AC a perpendicular is.drawn to BC cuttmgr AR at Q. 'If BP cuts
QC at Rf prove that tle locus of R is a c1rcle ~; and that the
tangent at R to 2 bisests PQ.

' 32. A chord PQ of the circumcircle of the triangle 4/AC.is parallel
to BC, prove that the pedal line of 2 is perpendicular to 4Q. ;-

33. With the notation of Ex. 28, prove’that abed lie 6n a circle
equal to the circle 4BCD.

34, Two variable chords AB, CD of a circle intersect 'at O; if 4D
Jis a diameter, prove that 40.AB+D0O.DC is constant.

+ 36. AB& is an equilateral triangle inscribed in a circle, centre O.
P,is any point on the circumference, prove that the pedal line of />
bisects OP.

36. With the usual notation of the triangle 45C, prove that

AB+ BC?+CA*=2AH.AD+2BH.BE+2CH.CF.

37. AD is an altitude of the triangle ABC, right angled 1t A.
r, 7y v are the inradii of the triangles 4.0C, ADB 'ABC; prove
that 722=r24r2
* 38. Enunciate and prove a theorem, similar to Ex. 37, connecting
the radii of the excircles of the same three triangles, |,

39. Ais the area, and’ R is the’ circumradius of the triangle 45BC,
prove that the rerimeter of the pedal tnangle is equal to 31%
40. R is the circumradius and o is the’ perimetef of a triangle,
prove that the area of the triangle formed by its excentres is equal to
Ro. ‘
D.G. 02
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41, Two circles, centres 4, B, touch at C. /2 is a point outside

A
both circles. If CP bisects 4PB, prove that the rectangle contained
by the tangents from 2 to the two circles is equal to PC2

42. ABC is a given triangle; O is any other given point; on

OA, OB, OC are taken points a, 4, ¢ such that Oﬁ—-—o—&-—-&—-,{’; if

A’y B, C' are the mid-points of BC, CA, AR, prove that the point'P
. - B e .

determined by 0]’=i+2-'{,(0A+OB+OC) lies on aA’; hence or

otherwise prove that ad, 6B, ¢C' are concurrent.

43. Two equilateral triangles ABC, A’B'C’ have a common ortho-
centre. P, P’ are any points on the circles 45C, A’B'C’ respectively ;
prove that PA%+ PR?*+ PC'¢= P A+ P B*+ P'C
« 44, ABCDEF is a hexagon; find a line Z such that the sum of the
perpendiculars fraon A, B, C to / is in a constant ratio to the sum
of the perpendiculars from /), £, F to L, ard such that L passes
through another given point.

45. PQ is a variable chord of a fixed circle and subtends a rigﬁt '
angle, at a fixed point O. if the rectangle POQR is completed, find
the locus Of A,

46.<RS is a diameter of a circle; K is any point on the circum-
ference ; the tangent at A  meets the tangents at A, S in 2, Q; if
PS cuts QR at L, prove that AL is perpendicular to RS.

47. If P, (), R are points on the sides BC, CA, AB of a triangle,
such that the circles on 4P, BQ, CR as diameters have a common
point, prove that P, O, R are collinear.

48. ABCD is a quadrilateral: if AB is parallel to CD, prove that
AC*+BD*=AD*+BC*+24B.CD.

49. A straight-line meets the sides BC, CA, AB, produced of a
triangle ABC at P, Q, R; if p, ¢, » are the lengths of the tangents
from. P, Q, R to the circumcircle of 4BC, prove that

AR BP CO_

r P 9
50. P, Q are points on the sices 4B, 4AC of a triangle ABC such
AP_CQ. P . QD _AP :
that K5 oy PQ is divided at D so th-t 5p=pg Prove that the

area of the triangle 4PQ is half that of BDC.

51. A straight line meets the sid~s BC, CA4, AB of a triangle at
P, Q, R; three concurrent lines 40, BO, <O meet PR at P, Q, R';
. QP RQ PR

prove that PR 0P I—F’-Q-:' -
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3
52. P, O, R ate any points on the sides BC, CA, AB of a triangle ;
O is any point inside the triangle; A2, BQ, CR' are drawui
parallel to OP, OQ, OR to meet BC, CA, AB at P, @, R'; prove
0Q *OR
AP+BQ+G”
Is the theorem true for any position of O?

that

:83. ABC, DEF are any two triangles: if the perpendiculars from
A, B, Cto EF, FD, DE are concurrent, prove that the perpendiculars
from D, E, F to BC, CA, AB are also concurrent. ,

54, If O{A4AB; CD} is a harmonic pencil, prove that
2cot AOB =cot AOC+cot AOD.

55. If {A#; CDp is a harmonic. range, and if P is any other
2R PC PD !
ar = actan

56. If {48 ; CD} is a harmonic range, and if /Z, K are the mid-
pomts of AB’ CD, and if A is any other point 8n AD, prove that
PA.PB+PC.PD=2PH.PK. ,

57. 7 ig the incentre of the aiangle ABC, A7 meets BC at Q
and the circumcircle at ]’ prove that P/:=PA.PQ.

58. With the usual notation of the trlangle ABC,-if Al cdts BC
at (), prove that QX. QX'=QA".QD. L.

59. If O{AB; CD} is a»harmonic pencil, and if P is an§r other.

. ) sin POB sin POC  sin POD
point, prove that 2 o = sin 40C T sin 401

60. Given two lines g, ¢ which meet off the paper, and a point
A, construct, with the use of a ruler only, the join of 4 to the meet
of g oo

s 61.  Two chords 4B, CD of a circle are conjugate lines w.r.t. the
circle. P is any other point on the circumference. CD cuts PA, PR
at A, K; prove that /, A are conjugate points w,r.t. the circle.

point on 4D, prove that ===~

62. 4B is a diameter of a circle: 2 is any point on the circum-
ference. V is the foot of the perpendicular from 2 to 4B T is
the pole of 42, Prove that 7B bisects PN. )

“ 83. A4, B are two fixed points. A variable circlé is drawn through
4, B and cuts a fixed circle at £, Q; préve that the join of the
meets of 4P, BQ; AQ, BP passes through a fixed point.

64. A straight line cuts’a circl: £ at 4, B and a circle S at,C, D;
if A, B are Jcon‘]ugate points w.r.t. .S, prove, that C, D are conjugate
points w.r.t. Z.”

65. The centre 4 of 3 cu‘cle S lies on a ¢ircle Z: a line through
A cuts = at X and their radical axis at, /7; prove that X, X sare..
inverse points w.r.t. S.
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86. Two chords 4B, CD of a circle are conjugate lines w.r.t. the
tircle: any line through A4 cuts the circle at P and CoO at Q,
prove that B{CD; PQ} is harmonic.

'87. ABCD is a quadrilateral circumscribing a circle, centre O;
A4, B, C', I’ are the points of contact of AB, BC, CD, DA. If
A'D', B'C’ meet at P, prove that PO is perpendicular to 4C.

68. FG is the third diagonal of a quadrangle ARCD, inscribed in
a circle £; if X is the mid-point of FG, prove that FG is equal to
the sum of the tangents fiom A to 2.

89. O is a given po}nt outside a circle. The line bisecting the
tangents flom O to the circle cuts ahy chord AB at », prove that

POB PA 0.
70. A is a fixed point: O is the centre of a fixed circle: PQ is a
A
variable chord of the circle such that OA bisects PAQ; prove that
PQ passes through a fixed point. [Two Cases.]

71. R is the pole of a variable chord PQ of the incircle of the
triangle ABC. If R{.4B, PC} is hurmonic, prove that Q is a fixed
point. )

72. “The tangents from the vertices 4, B, C of a triangle to any -
&ircle meet the opposite sides at P, P'; Q, Q'; R, R'; if P, O, R
.are coh«near, prove that 2, @, R are also collinear.

73. Two chords 4B, CD of a circle are conjugate lmes w.r.t. the
circle, prove that 4C. BD=8C. AD=%A4B.CD.

74, With the notation of Ex. 73, if 2 is a variable point or A5,
aid if CP, DP cut the circle again at Q, R, prove that QR passes
through a fixed point. :

75. ABC is a seli-conjugate triangle w.r.t. a circle; P is any poiut
on the circle; BP meets the circle again at Q; CQ meets the circle
again at R; prové that P," 4, R are collinear.

76. With the notation of Ex. 75, prove that BR, AQ, CP are
concuicent. .

T7. L is a limiting point of two circles S, S;; 7 is a point conjugat :
to L wrt S;; the tangents TPQ, T7RS from T to S1 cut S, at
£, Qand R, §; prove that QLS =PLR.

78. 4, B are the centres of twe circles; a variable line through
B cuts the circle, centre -4, at’ P, Q: prove that the circle 4PQ
belongs to a fixed coaxal system.

79. A variable circle subtends . given .angles at two given points,
prove that the locus of its. centre is a circle 2, If the given angles
vary, prove that the circles 2 generate a coaxal system.
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80. Prove that the six radical axes of the incircle and excircles of
a triangie, taken in pairs, form a triangle and its orthocentre. ’

:81, If in Fig. 99, L, M, N are the mid-points of AC, B, FG
prove that LM . FG*+ MN. AC*+ NL.BD*+4 LM . MN . NL=o.

'82. AD, BE, CF are the altitudes of the triangle 4BC. EF, BC;
FD, CA; DE, AB intersect at P, Q, R; prove that PQOR is the
radical axis of the circumcircle and nine-point circle of the triangle 4BC.

83. A variable circle passes through two fixed points 4, B, and
cuts two fixed lines AC, BC at P, Q. If AQ, BP and AB, PQ
intersect at X, ¥, prove that X'V passes thrcugh a fixed point.

84, “If a circle is inscribed in a quadrilateral 4BCD), then its
centre lies on the line joining the mid-points of the diagonals.” What
does this theorem become, when 4D, DC form one straight line.

85. ABC, PQR are two self-conjugate triangles w.r.t. a circle X;
prove that the centre of ¥ lies cn the radical axis,of the circles AHC
PQR.

86. PQ s a variable chord of a given circle: PH," QK are the
tangentséfrom P, Q o a second given crrcle If PH*+QK? is
constant, find the lpc',&s of the mid-point of PQ.

87. Give an analytical solution of Ex. 86.

88. ABCD is a quadrilateral: AC, B/) intersect at K., Lines,
drawn through £ parallel to 4B, BC, CD, DA, meet CL, DA, AF,
BC at P, Q, R, S; prove that 7, Q, R, S dre collinear, and that AS§ is
parallel to the third diagonal of the quadrilateral. X

89: Given three circles S;, S, S; and three points A;, Ay Ay,
construct a circle £ such that the radical axes of Z, S;; ¥, S,; 2,53
pass, through A,, Ay Aj respectively.

9C. A4,, 4, Az are points on the radical axes of the circles S, Sj;
Ssy S1; Sy, Sy Prove that the meets of 4,4y, S;; Azds 15 A4y, S,
are concyclic. :

91. A point is inverted successively w.r.t. any number of circles
of a coaxal system, prove that its final position could be obtained by
a single mversmn w.r.t. a circle of the system.

92. ABCD s an isosceles trapezium, A7, co being parallel. In
this figure 4D, BC, AC, BD represent four rods jointed together
at-their extremities. -O, £, # are points on D4, I'B, CA such that

Q-Q..—Df..g. The point O is fixed. .Prove that as the 'system

of ,rods is allowed to move () O, A, P are always collinear; (2)
AB CD is constant ; (9) if P describes any curve, then 7’ describes
an inverse curve.

{This instrument was invented by Dr. Hart.]
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93. A sphere is inverted w.r.t. any point on its surface; determine
the inverses of the parallels of longitude and latitude.

94, (1) C is a fixed point on a fixed chord A8 of a circle: a
vat.able chord PQ is divided in a vonstant ratio at R: if AP, BQ, CR
concur at a point O, prove that the locus of O is a circle 2.

(2) If C moves along the chord 425, prove that the circle ¥ generates
a coaxal system.

95. a, 4, ¢, & are four points on the sides A5, BC, CD, DA of a
quadrilateral inscribed in a circle 2. %, denotes the power of a w.r.t.
S. P4 denotes the inverse of P w.r.t. a circle, centre (), and the square
of whose radivs is 4#¢. 2150 P stands for (((1’,,),),),. Prove that

(1) Aaueq coincides with A. ¢

(7) If Q is the point du,, then (A Q)avea s the same as 4Q, and
passes through 4.

[Note that (AQ)we and (AQ) necessarily make the same angle
with 2.] .

(3) Hence show how to inscribe in a circle £ a quadrilateral whose
sides pass th.ough four given points @, 4, ¢, d. [Rouché.]

96. Show how to inscribe in a circle £ a polygon, each wf whose
sides passes through a given point. .

97. Sis » variable circle of a given coaxal system. Z i§ any other
f.xed: cj \le O is a fixed point: a circle S’ is drawn through ¢
toaxal with § and X, prove that it belongs to a fixed coaxal system.

98. Three given circles have two common points 4, B ; a variable
line through. 4 cuts the circles at 2, , R, prove that the tangents
at 2, Q, » form a triangle whose circumcircle passes through a fixed
pent.

99. Two chords AB, CD of a circle are conjugate lines w.r.t. the
circle; P is any other point on the circumference. CP, DP cut AL
at H, K; prove that 7D, KC intersect on the circle.

100. S and £ ace two given circles: the tangent at a variable
point 2 on S meets the polar of 7 w.r.t. 2 at Q, prove that the circle
on PQ as diameter belongs to a fixed coaxal system.

101. Invert w.r.t. 2 the following theorem: the tangents a* the
extremities of a chord A5 of a circle meet at 7'; P i any point on
the circle: PL, PM, PN are the perpendiculars to 48, A7, BT,
then PL:=PM.PN.

102. A circle 2 cuts each of threc circles S;, S, S; orthogonally.
If 2 cuts & at 2, Q, prove that there are two circles coaxal with
S S3 which touch §), either at P or Q.

103. 4, B, C, D form a harmonic system of noints on a circle Z. The
figure is inverted w.r.t. any point ; prove that the inverses of 4, B, C, D
torm a harmonic, system of points on the inverse of Z.
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- 2
104. O is a fixed point. POQ, ROS are two variable chords of a
fixed circle. Find the locus of the second point of intersection of the
circles POR, QOS.

105. 04, 0OA’ are two fixed linés. C is a fixed point. Two l.es
through C meet 04 at P,  and 04’ at P’, Q'; prove that the
circles C/Q, CF'(? cut at the same angle as the lines 04, 04"

* 108. ABCD is a complete quadrangle inscribed in a circle; prove
that each pair of diagonal points are the extremities of a diameter of
the circle of similitude of two circles whose diameters are a pair of
opposite sides. ’

107. Given the orthocentre and circumcirde of a triangle, find the
locus of the niid-paints of the sides.

108. Two circles touch at O: °Q is a chord of one; PH QK are
PH PO
QKT QO ’

109 If PQ is a diameter of the circumcircle of the triangle ABC;
prove that, the pedal lines of 7, Q w.r.t. AABC intersect at right angles
on the pine-point Cil‘é]F. . s

110. S, S, S, are three circles. If the centres of S, S, lie on thé
radical axes of S, S, and S,, & respectively, prove that the centre of
Sy lies on the radical axis of .5, S, '

111. With the usual ngtation of the triangle AZC, calr.dlate the
values of the different cross ratios formed by the points G, H, 0, N. i

112, ABC, A'B'C are two sets of three collinear points. - AC, 4'C";
AC, BC; A’C AB ; A'B, AR ; A'C, AC"; B'C, BC intersect at
0, K, #, P, O, R. Prove that (1) {APHE}={ ABCO}= {KRCH')

> o (2) P, Q, R are collinear.

113, ¢ is the mid-point of a chord 4B of a citcle: two other chorzyu
PCQ, RCS are drawn: PS, QR cut AB at L, M prove that LC=CM.

114. {4ABCD}, {A'B'C' D’} are two equicross ranges. /2, P are any
two points on AA’; prove that the meets of PB, P'B; PC, PC;
PD, PD; are collinear.

115.. ABC is a given triangle: D is a fixed point on its circum-
circle: a variable line through O cuts A8, BC, CA at C'; A', B’ and
the circumcircle at P ; prove that {PA'B'C") is of constant cross ratio.

tangents to the other, prove that

R
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