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PREFACE.

TuE second volume of this Treatise deals with the more ad-

vanced portions of Hydrodynamics, including the motion of viscous
liquids to which the last four chapters have been devoted. It
commences with a chapter on Harmonic Analysis, in which a
variety of functions which frequently occur in physical investiga-
jons arc considered. The most exhaustive work on this subject
is the German Treatise on Kugelfunctionen by Heine, of which
considerable use has been made, especially in the first twenty
pages of this chapter. The remainder of the chapter which relates
to Toroidal Functions, is taken from Mr Hicks’ papers in the
Philosophical Transactions for 1881 and 1884.

The notation J_ (x) for an ordinary Bessel's Function of degree
m is well established, and the second solution of Bessel’s equation,
which is not however so frequently required, may be conveniently
denoted by ¥ (z); but there is another class of functions also of
considerable importance, which constitute the two solutions of
the equation which is obtained by changing « into «z in Bessel’s
equation. The notation for these functions does not appear to be
so well established, many English writers employing the symbols
J,, (z) and Y, («x), whilst German writers often employ the symbol
K, () in the place of Y («x). But as it appears to e that the
employment of an imaginary argument in the case of functions
which may always be treated as real quantities, creates unnecessary
complexity, I have ventured to introduce a new notation, and
have denoted these functions by the symbols I (x)-and K, ()
respectively.
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The portions of Chapter XIV. which relate to the vibrations of
a circular vortex and to linked vortices, have been taken with
slight modifications from a papc.r by Professor J. J. Thomson in
the Philosophical Transactions for 1882, and from the Treatise on
the Motion of Vortex Rings by the same author, to which the
Adams’ Prize was adjudged in 1882. The latter portion of this
chapter has been derived from Mr Hicks’ papers on vortex rings in
the Philosophical Transactions for 1884 and 1885. It is however
necessary to point out, that the period equation obtained by
Mr Hicks for determining the fluted vibrations of a circular vortex,
does not agree with that obtained by myself, and conscquently
there is an important difference in the results connected with the
stability of the vortex. I am however indebted to Mr A. E. H. Love,
for having examined and verified the analysis of §§ 326—340, and
I therefore trust that the results which are put forward arc the

correct ones.

In the Chapter on Waves, I have made considerable use of
Prof. Greenhill’s Article on Waves in the American Journal of
Mathematics, Vol. IX., which contains an cxhaustive discussion of
most of the principal problems of interest.

The Chapter on the Tides is confined exclusively to the
dynamical theories which have been proposed as an cxplanation of
tidal phenomena, and is principally derived from the investiga-
tions of the latc Astronomer Royal and Professor G. H. Darwin.
The reduction of tidal observations, together with a varicty of
questions relating to the practical portion of the subject, are very
fully treated in Professor Darwin’s Article on Tides in the
Encyclopaedia Britannica.

Although nearly forty years have elapsed since the publication
of Prof. Stokes' paper “On the Effects of the Internal Friction of
Fluids on Pendulums,” it is remarkable that very little progress
has been made with respect to the solution of problems connected
with the motion of solid bodies in a viscous liquid. The complete
solutions for a sphere and a right circular cylinder moving in a
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viscous liquid of unlimited extent under the action of given forces,
have not yet been obtained ; and no problem involving the motion
of two solids appears to have ever beecn attempted ; neither have
any gencral equations analogous to Lagrange’s equations been
discovered, by means of which the motion of onc or more solids
in a viscous liquid may be obtained, without going through the
troublesome process of calculating the components of the force
and couple exerted by the liquid on each solid. The difficultics
of the subject are undoubtedly great, but 1t is hoped that before
the termination of the present century, substantial progress will be

made.

I have in conclusion to express my obligations to Professor
Greenhill for having read the proof sheets; to Mr A. E. H. Love
for having examined the analysis of §§ 326—340, and for having
read the proof sheets of the last four chapters; and to Professor
J. J. Thomson and Professor G. H. Darwin for permission to make
free use of their investigations on Vortex Rings and Laplace’s

Theory of the Tides respectively.

Uxirep UN1versiTy CLUB,
November 1888.
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CHAPTER XIL

ON SPHEROIDAL HARMONICS AND ALLIED FUNCTIONS.

242. It is shown in treatises on Spherical Harmonics, that
every spherical harmonic of degrec n, is expressible in a series of
the form 3. _0 A P (u)sin (n¢ + a,), where cos™u and ¢ are the
co-latitude and longitude of a point on a sphere, and P (u) is
called an associated function of the first kind of degree n and
order m. This function satisfies the equation

2
;;i; (1—;L”)Zf——iﬂvl_—i,+n(n+l)\{r=0 ......... (1).

This differential equation being of the second order has two
independent integrals. The first of these is P, (u), and is finite
for all finite values of y, and is infinite when u = 0. The second
integral, which will be denoted by @) (1), is as we shall presently
show, infinite when g = + 1, but is finite for all other values of u,
and vanishes when =+ 0.

243. Laplace, to whom we are indebted for the invention of
spherical harmonic analysis, principally devoted his attention to
the attractions of spheres, and of bodies slightly differing there-
from; and it was therefore sufficient for him to consider the
properties of the first solution upon the supposition that u<1;
but in dealing with the potentials of ovary ellipsoids, the function
P, is required both when <1 and u>1; and the function Q7 is
required when 4> 1. We shall therefore consider these functions
from their most general point of view, and shall denote the
argument by u when it is < 1, and by v when it is > 1.

B. II 1



2 SPHEROIDAL HARMONICS AND ALLIED FUNCTJONS.

244. The function P may be very briefly dismissed.

It is shown in Ferrers’ Spherical Harmonics that

m m den
P" (,/,) = (1 - M,)‘ d;;,;; B < ) (2),
or P (v) = (*—1)" d(;f," v>1 ... (3),

where P, is an ordinary zonal harmonic or Legendre’s coefficient.
The value of P, can be expressed either in the form of a
terminating series of powers of u, or by means of the definite

integral
P”=_l_f’r {w+ v (u*—1) cos 6" db
™)
=]7; Tt (B =1)cos6) "B ... (4).

0
The expressions for P, in terms of the series, or in terms of
either of the definite integrals, hold good whether u < or > 1.

An expression for P in the form of a definite integral may be
found as follows. Let
_ / " sin*"0dé
ToF G =) cos

7

m

Then
dV,  n+m+1["{J(u’=1)+ ucosbj sin™6d0
du =T VE=D ) i 1eos g
_ n+m+1/(" cos 0 sin*"0d 6
T TV =D Tt M =) cos 7
Integrating by parts we obtain

dV,, (n+m+1)(n—m)
du 2m + 1

—(n+m+1)V

m+1 °

.
V...

Now V,=mxP,, therefore

d"P, (n—m+1)(n—m+2)...(n+m)
dum 1.3.5..Cm—-1) 7

whence
ne_ (Am) 1A =p)" [ sin™"6df i
n = m™ (’n""m)!]. . 3.“(2’"7,—' 1) 0 {#-}- \/(/J"‘ —_— 1) CO8 0}1«-“"-01 -..(._)).

If we transform the definite integral by putting

peosd + /(u'—1)
g+ (= 1) cos g’

cos 8 =
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we obtaln

m_ (n+m)! (1 - )" f" T 1\ e ] d 1 2m
P"”'rr(n—-m)!1.3...(2m—1) 0 1+ V(w'=1) cos ™" sin"¢dp.(6).
If w>1=w we must change the factor (1 — u’)¥ into

(v*— 1) in (5) and (6).

245. We shall now consider the function (.

Let us first suppose that e = 0 ; writing v for u, (1) becomes

‘fg"+n n+1)Q, =0 .ecereeee. (7).

If we endeavour to express (), in the form of a series of powers

of v, it will be found that
Q.= 1= (2r4+1) (2r+2)...(2r + n) 1
Byt T (2r 4+ 1) (2r+ 3. (20 + 20+ 1) V7

This series is convergent if » > 1, but when v§1 it 18

d 2
‘dy(l—'l/)

divergent.

246. A series for @, in powers of » conld casily be obtained
when v < 1, but it will not be required ; we shall therefore proceed
to find an expression for @, in the form of a definite integral.

1 v+a+ I

Lt U=on 18, 4 w— 11
where H:=14+ 2z + 2% and v> 1.
Then
dU 1
(1= o= L+ —a (1= U},
AU =
([v(l V) Iy 1—;‘ {2 —vr = 2 + (V'x + 2v2® + 20 + ) U].
Also
d 1 )
a{b (.’L‘U) = I{a {JL' + (1 4 V.77) U ’
d'l

® (xU) = 1;—; 2+ve—a"— (Vx+ 202’ + 20+ 32) U};
d wal d°
theref()re Jl; (1 it 4 )—(i; +x (—{;} (Z'U) = (),
Hence if U=38 2", S, satisfies the equation

d dS
v (1 —-l/’) av" +n(n+ S, =0;
1—2
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and since »>1, S, must be equal to 4,0, (v) where 4, is some
constant. Now if a > b,

f“‘ e 1 lo a + +/(a® — b%)
0@+ bcosh 8  «(a*—b) J b )

Putting a=v+a, b=4("—1),

j‘“ dod _ 1 10gv+z+d(l+2vx+m2)
o v+ (F=1coshd+a (1 +2vz+a*)} N —=1)

_ 1 Gv+a,+H

T2H CPv+ax-—-H

=34,0Q,2"

Expanding the definite integral and equating the cocfficients

of z", we find that
dé

-1)4.0,= f o {”,,“_*_“ Q’(}f'jj’;&sh};};ﬁ .
If the left-hand side be expanded in powers of »™*, the cocfficient
of ™ '—the first term in the expansion—is evidently equal to

" aé ! .
fo (1 + cosh 6)*" "[O(l —2)"27dz

n!
1.3..2n+1)’
comparing this with the series (8) for Q,, we see that 4, =(—1)",
whence

a6
Q” '—fo {;;7(;/.;*; 1)"60;1{—“0}—"*'1 ooooooooooooooo (9)-
247. We can now establish the following equations, viz.
(n+2)Q,,,—(2n+3)Q,,, +(n+1)Q,=0...... (10),
V' —1dQ, _
i Qg =V eviiiiiinnnn, (11),
-1d
d . Q"_. 0 T ¢ (12).
We obtain from (9)
dQ,  (+1) [*{V( — 1) + v cosh 6} d@
dv ~ N@F=1)Jo [p+@'—1)cosh ™
therefore
' —1dQ, _f { =14 vy —1) cosh 6] df 13
n+1l dv o {v+~(@*—1)cosh " +(13),

== VQ,, + Qn-n’



ZONAL FUNCTIONS, 5

which proves (11). Again from (13) we obtain

A | dQ,,___f"’ v (v* = 1) cosh 640
n+1l dv o {¥ + V(»* — 1) cosh 4}**

s sinh® 844
Y l)f o (v + #/(* — 1) cosh 6}**°

Integrating the last term by parts, the right-hand side

_ f v (v*—1) cosh 8d6
- fn+1 {v+ (¥ —1) cosh 6}’

whence
v —1 dQ
U b= 1/0“ Qn—l‘

n

which proves (12). Elimma,tmg dQ,/dv between (11) and (12) we
obtain (10).

248. By employing either of the definite integral expressions
(4) for a zonal harmonic, it can be shown that P, satisfies (10),
(11) and (12).
We obviously have
P,=1, P,=v, P,=%(3-1),
v+ 1

Q,= 1 log Q,=vQ,— 1.
249. We can now prove three more equations, viz.
P Qu~PQu,= - }_ D (14),
PO =PQ, =yt i (15),
PQ..-P. Q.= ”i-i— ................ (16),

where the accents denote differentiation with respect to ».
From (10) it follows that

P“ﬂQn - PuQnH = ——n—t’i—I (‘Pn Qn-1 - P,;-;Q,,)»

1
| Q,— Q)

_ 1

a4l
which proves (14); the other two equations can be established in
a similar manner.
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250. We shall now obtain an expression for ¢ in the form of
a definite integral. Let
_ [ * sinh*"0d#é
{V + v(uu R 1) COSh 0}»+m+1 .

Then -
dV,,_  n+m+1 {\/(v —1) + v cosh 6} sinh™ 8d@
v V- 1) {v +#(@*—=1) cosh g}’
n+m+1 sinh™ @ cosh 6846

- I\/(V2 _— 1) . {V + /\/ V — I)COSh Hln+m+1 + (I& + m + l) My

Integrating by parts, we find

av, __(ntm+ 1) (n —m) v
dv (2m+1)

Now V,=@,, hence

den ( )m (n —m+ 1) (n —m+ 2) (n 'lf m,) v
dv™ '*w ' (2”L—-l) T T o

therefore
m_(=)"(n+m)! (v — nh = sinh™ 646 (amn
"Tm—m)!1.3...2m—1)J, v+ J@* —1)cosh g}
This expression is true for all positive values of m and n such
that n 3 m.

251. We shall hereafter show that the potentials of ovary
ellipsoids can always be expressed in terms of a series of I and
Q functions; but in order to express the potentials of planetary
ellipsoids in a similar manner, we require the functions which
constitute the two solutions of the cquation

(1+ ) "'+—"'—n(n+1)\lr=o ......... (18).

These two solutions may evidently be deduced from our
previous results by putting w for v, and rejecting imaginary
factors. Beginning with the case of m = 0, the complete solution
of (18) is

AP, (w)+ BQ, (w),
where
P (")M T ] n
() = fo v+ JO'+1)cos8)"dO ......... (19),
Q () = (-1 B, (20,

o {v+J(¥'+ 1)cosh 6"
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If therefore we denote the two definite integrals by mp, (v)
and ¢, (v) respectively, the solution of the equation .

d d A
a;a+m§ég—nm+4y¢=o ............ 1),
may be written
¥ =4p, () + Bg, (v).
252. From (19) and (20) we easily obtain
q,=cot™ v, g,=1—vcot™n
Po=1 b=y
and we can show as in § 247 that,
(n + 2) q"+2 + (271 + 3) Vq"+l - (n + 1) Qn = O

n

»+1dg, }

ntldy  fwmTVe L (22).
v+ 1dg, [

- aV = an - {In—l‘

The last three cquations are also satisfied by (=)*p.; also
1

PuiiQn + (1n+1pn = ’;;ia
’ , 1
1) ‘nq" - (1 n?)n = 7:1 L .................. (23).
: , oo n+1
P o na + Y iﬂ -}A—_Ai

It we put cosh 8 =sec ¢, we obtain

Y cos” ¢pdp
=],

veos ¢ + /(v + 1)
thereforc 0o (0) =37 H,
0)= . 1 } .................. (24),
Lo = (4 1) H,
where H, = 1.3 3737_1
" 2" n!

253. It can also be shown that if 4+ be any solution of (21),
then (1 + »*)"" d™r/dv™ is a solution of (18); whence the complete
integral of (18) may be written

Ap: + Bgl,
dm, ]

where pr=(1 i O

d"l«(
"= (1 + anbin @G,
g =1+ 2
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Neumann's Transformation.

254. Having obtained these preliminary results, we shall now
show by means of a transformation due to C. Ncumann?, that a
solution of Laplace’s equation can, in certain cases, be obtained in
the form of a series f(€) F' (n) (m¢ + @), where £ and 7 are conjugate
functions 2z and =.

Laplace’s equation when transformed into cylindrical coordi-
nates z, = and ¢ becomes
FV_EV 1AV 1 &V _
dz* do* wde =’ de'
Let V="1"sin (m¢ + 2),
where V’ is a function of z and = only; substituting in (26), the

equation for determining V” is
d’V’ av 1.dV al’V

d dﬁT +;_ d&;-‘w, =O. ............ (27)
Let V' =Us"},
then (27) becomes
U d“’U 1
dst + de? T G-m)HU=0 ............ (28).
Let z +w=f(E+ ),

r=(a) + () = () + (@),
then (28) becomes
ZZ{ flg]-i-‘], J(F=m)U=0............. (29).

Now if U= W ./uv where u is a function of £ alone and v is a
function of 5, (29) may be put into the form

1i<u¢¥>+1d ( (“V) + i ‘(1 m’) W

u” u/g 'U" ,U’z
+(§&‘W+QE'Z§=> Wm0 .oeirrn (30),

the accents denoting differentiation. From the form of the above

L Theorie der Elektricitits- und Wérme-Vertheilung in cinem Ringe, Halle, 1864,
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‘equation, it follows that if (J=)?is either a function of £ or ¢ only,
or the sum of two such functions, we can express Win a series of
termns of the type X,Y,, where .Y, is a function of £and ¥, is a
function of » alone.

255. If we put

z+ 1@ = ccos(E—um),
then
z=ccos E coshn,

@ = ¢ sin § sinh g,
the equations =/, E=a represent a family of confocal ovary
cllipsoids and hyperboloids of two sheets respectively ; also
J*m7? = cosec® £ + cosech® g,
whence Neumann’s transformation is applicable.  Let
w=sin§, v=sinhy,

uw=cosE, v=-cosha.

Then W=U(c/m)t= V¢,
and (30) becomes
d LAV d o AV’ 1 1 e
G 08 g = =) = (12 e o)V =0

This equation is satisfied by the series ZX ¥, where X, and
Y’ respectively satisfy the equations

d o X, .ot .
éW(L—p)wL+(C—1;#JA%—Q
d N2 & VL
d;(l - ) dv +((/- 1—v”> ¥, =0,

and C is some constant ; hence
=SSYV
V=233X,Y, sin (m¢ +a,).

In order to determine the constant C, we observe that the
potential at an external point of the ellipsoid (z/a)’ + (w/c)* =1 is

pampu [(1= T P
P A C+AN N (@A ()]
where M is the positive root of the equation

2t . =’
a+NT N
By § 148, equations (12) and (13), and by § 248 it is casily
scen that cach of the three integrals of which V is composed, are

1.
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respectively proportional to Q,(v), Q' (v) P! (w) and @, (v) P, (n);
whence €' =n(n + 1) and the general value of V" 1s,

V' =% (4,P" (v +B, Q).

n n

Along the line joining the foci, » =1, and the @ functions are
therefore infinite; on the other hand v, and therefore the P
functions, arc infinite at infinity. But the @ functions and their
derivatives do not become infinite at infinity, and J vanishes at
infinity ; also the P functions and their derivatives are finite and
continuous along the line joining the foei; hence for space out-
side the ellipsoid

V= S34,Q0 () P () sin (m + ),

and inside
V=X3B P"(v) P (u)sin (md +a,,),

n n n

but for space bounded by two confocal ellipsoids both functions
may occur.

256. If we put
@ +1z2=c cos (E — ),
the surfaces 7=, £ = a will represent a family of confocal planc-
tary ellipsoids and hyperboloids of one sheet; and if we put
u = sin §, v = sinh 7, it can be shown in a similar manner, that the
potential at all points outside a planetary ellipsoid can be expressed
in the form of the series

V=3344q (v) P (u)sin (md + a,,),
and at an internal point

V=33B,p7 (v) P2 () sin (m +3,).

257. We shall now give some examples.

Let a fixed ovary ellipsoid be immersed in an infinite liquid,
and let the axes vary with the time, but so that the volume of the
solid remains constant. If ¢ be the velocity potential, @ and b
the polar and equatorial semi-axcs, and ¢ = (a’— ")}, the surfacc
condition is

dp _ ba® a2’
dn =P ( b E)

But dn = acp'dv,
and i/a + 2b/b = 0.
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Therefore at the surface
d . . oD
4, = 4c (Bu® = 1) = 2dch, ().
Therefore :
acQ), (v) P, (1)
2 ,
¢= Q. (v

where y = a/c is the value of v at the surface, and the accents
denote differentiation.

In the corresponding case of a planetary cllipsoid,
) J
¢=2(lcqq _(1)] p,)

q, ()

258. When a solid of revolution is moving parallel to its
axis with velocity ¥, we have shown in § 160 that if 4 =yw,
where ++ is Stokes’ current function, x is a solution of the
equation

[X_l_dQX_*_l dX x —0

d* " de* wdw @'
whence in the case of an ovary ellipsoid
‘\l’ = G‘El A”in (V) Pul (/‘L)’
and in the case of a planetary ellipsoid
Vv =wl A,,qn (v) P, ().

Now for motion parallel to the axis, the surface condition 1s

'\!f —_ é 'L?w?,

@ =o(y'— 1) (1w,
= 6P, (),

whence Vv =3Vbw Q) (v)lg’)(u),

and in the casc of a planctary ellipsoid

—1V 9, (V) P/ (w
V=4l 9, (v)

also at the surface

259. If z+= =csec(E+ ),

the surface 7 =const, is the inversc of an ovary ecllipsoid with
respect to its centre, also

J 7w~ = cosec’ £ + coscech’ 7.
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In Neumann’s transformation put
u=sin £, v=sinhy,
p=cos £ v=coshay,
and the equation to be satisfied by W, becomes
(1 #2)(2/1’ c(iiv(l 2)dOlIvV (1—1 ? l—l—v)mw 0
Also W=Uw) t=Vrct
Whence remembering that the lines v=1 lie outside the surface,

and that v = % at the centre; the value of 7 at an external point
will be
ey POIPIW)
vV - 334, Py

and at an internal point

V__c.va Q:‘(@) g’) (N (md +a).

9260. The value of the current function 4, at an external

point will be

sin (m¢ +a, ),

T o A, Pl (v) P} (p)
M R U
If therefore the solid be moving parallel to its axis with velocity

V, the boundary condition becomes
Vrw/[2¢ = EG: AL (w),
we have therefore to find the expansion of rw.
From the equations,

czfrt=py, cwjrt=(1—p’) (* = 1)}

we obtain,

rz uv re (¥ —1)(1 — u?)
. . R AT ; —
c (#J_‘_va_l)ﬁ c (/Lz-i-v”—l)a
Since z is a potential function, 7z can be cxpanded in a series
of spheroidal harmonics, and since only odd powers of » can occur,

we must have
my (f" + v’ - 1) . 2 Bzu+1 an-ﬂ (V) 2n+1 (/"“)

Therefore

4n +3 J /1 ( (1 =)
9n+l 28 - ?) .
-1# 11 +..(2s+1)H, o }P,m“ du,
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28 —1
where H, = z‘( s )
1
Let U:i =f 7 (]_ - #,2)1 I)2n+1 dﬂ«.
-1
Then
@n+1)@n+2) U,=- [ p(1=p) 7 (1 ) dw,, d,
dP,
- _ 2\t T on+
=@ 1) [ (-pyn e d
1
— st (1 _#2). d}_(%‘zrﬁdﬂ,
=(2s+1)(2s+2) U, - 25U,
Therefore

2s°
U.= (s—mn)(2s +2n + 3) Ui

_ 28 (=10 (s —r+ 1) U _
~ (s=n)(s—n=1)...(s—n—r+1)(2s+2n+3)(2s+2n+1)...( 284 2n—27+5)

1
Now U, = (—)”J pt P, dp
-1
( )n 2n+1
(2n + 3) (2n +5). (4n +3)°
Thercfore 1f s=n+r,

_2(-)"1.3...2n42r+1)(n+1)(n+2).. .(n+7)
r! (2n+8)(2n+5)...(4n+2r+3)
(=) Cn+1)H, (2r41)(2r+2)...(2n+2r+1)
- 2r+1) (2r+3)...(4n+2r+3)
Therefore 2B, Qy../(4n+3)=2(=)"Cn+ 1) H, Q0
whence
refe = (1 + 9= 1) =5 ()" @0+ 1) (40 + 8) H Qo Lover
Integrating both sides with respect to », we obtain

:‘“(“2'{'”2—1)_%:2]}- 2n+lj Qo AV,
V=1 @
- D U_2n+1
== 28 Py, (2n+1) Cn+2)
Differentiating with respect to u, and multiplying by /(1 — %),
we obtain

(1= o= 1)5_ s (pin 3
( u ot 1)5 2n + 2

2n+2r+1)H U, .,

H Q P121r+1'

2n+1
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Whence

_ _Vw = (=)" (4n +3) @, (v) . '
‘I’ T T 79, <o (2n F 2) Pl2n+1 () H P 2u+1 (v) P on+1 (W)

261. By proceeding in a similar manner, it will be found that
when the solid is the inverse of a planetary ellipsoid with respect
to its centre, the value of ¥ is’

Velm (= (4n + 3) q ants (V)

'\l’ = ‘)7‘ 0 (-7”/ + 2) P ons1 ('}’) H, p 2n+1 (V) Plz"ﬂ )

262. By making use either of the method of inversion or the
transformation,
2+ 1w = 2csec’ § (E+ 1),
the same problem can be solved when the meridian curve is an
elliptic limagon, i.c. the inverse of an ellipse with respect to its
focus®

Dessel’s Functions.

263. The properties of the Bessel’s function J,, (x) where m 1s
any positive integer, are so fully discussed in Todhunter’s Functions
of Laplace, Lamé and Bessel, and Lord Rayleigh’s Treatise on
Sound, that it will be unnecessary to consider them in the present
chapter, farther than to note that J, (2) satisfics the differential

equation
2 2
@014_1 fl.l.”+<1 -'—m>n=() ............... (31),

dw ' xdx a?
and that it can be expressed either in the form of the definite
integral

o

Tu(®) = 1), [ cos (« cos B) sin™pdp,

or by means of the scries

a? xt

Tu (@) =5n !{1_2(2m+2)+2.4(27n+2)(2m+4~)

wﬂ
2.4.6(2m+2) (2nz+4)(2m+6)+...}.

! Quarterly Journal, vol. x1x. pp. 368—370.
2 Proc. Camd, Phil, Soc. vol. vi, p. 8.
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We shall also prove the following theorem which is analogous
to Fourier’s theorem, by means of which a given function can be
expressed in the form of a definite integral involving Bessel’s
functions.

264. If p and q be any positive real quantities, and ¢ (=) s @
Sfunction which is finite and continuous for all values of = which lie
between the limits p and q, but which vs not necessarily finite at the
lumits, then the definite integral

* P
f d\ { Aug () J, ) J, (Aw)du............ (32),
0 Jq

ts equal to ¢ (=) when & lies between the limnits p and q, and 7s equal
to zero when = lies beyond these lvnats.

In order to prove the theorem, consider a thin plane conductor
bounded by two concentric circles of radii p and ¢, which is
electrified in such a manner that the density on cither side is
equal to

} ¢ (®) cos me.
The potential will be

e ”P /2’“‘ ¢ ue (u) cos me'dude’
Jols '+ @'+ 1 — 2wucos(¢p — @)t -
Let ¢ —d=n
' R =w® 4+’ — 2wu cos 1.

Then V= fr [2" ug (u) (cos me cos 12)'1,17 - fin me sin mn) dudn.
0o (2" + R*)}

The second integral vanishes; also since

[[eraoman= @+ Ry
the first is equal to
2 cos m¢ :dh f :du f :e"“ uep (u) cos mnd , (AR} dn.
Now' J,(\R) =J, \@) J, \u) + 25, J, (\@)J,, (M) cos m,
whence V =27 cos m¢ f:dx J‘:e‘*zl@ (w)J, () J,, (Z=) du.
The density = - 1 (d—lf> ,

! Todhunter, Functions of Laplace &e. § 453.
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hence this quantity must be equal to 3¢ (=) cos m¢ when p>w >'¢,
and must be zero when = lies beyond the limits » and ¢, whence

f dn prup W J, (M), Am)du= (=), p>w>q
0 q
| -0 >p} .

orw <q

265. If a charged conductor of the form which we are con-
sidering is placed in a field of force, the density will usually be
infinite at the edges, but dV/dz will always be finite cxcept at the
edges ; whence although it is necessary that ¢ (w) should be finite
and continuous between the limits p and ¢, it is not in general
necessary that it should be finite at the limits. There arc however
two special cases, viz. (i) ¢ =0, p finite; and (ii) p= », ¢ finite,
which require separate consideration.

The first case is that of a circular disc of radius p; and if
¢ (=) became infinite when = = 0, there would be a singular point,
at the origin.

The second casc is that of an infinite planc screen having a
circular aperture, and if ¢ (w) became infinite when = = oo, the
density would be infinite at an infinite distance from the aperture,
which seems to be physically impossible.

If therefore in the first case ¢ (w)= o when ¢=0; and in the
second case ¢ (@) = o when p = o, the theorem could not be safely
employed.

If ¢ (=) is finite and continuous for all values of = between
0 and o inclusive, we may put p= oo, ¢=0, and the theorem
becomes

¢ (=) =f:d7t f:?u«p () S, (M) I, (Aw) da ......(33)

for all positive values of =.

266. We must now consider a class of functions analogous to
Bessel’s functions, which are obtained by changing # into «z.
Putting z = ur, (31) becomes
da  1du
da* "« dx
This equation, as we shall proceed to show, has two independent
integrals, one of which is finite or zero when 2 =0, and is infinite

2

—<1+7£;)u=0 ............... (34).
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when z = o ; and the other is infinite when z = 0 and zero when
z=ow. We shall denote these two solutions by the symbols I (x)
and K, (z) respectively.

The function 7, is derived from J,, by changing « into « and
rejecting imaginary factors; we thus obtain

I, (x)=- (2ni 1 f cosh (z cos ¢) sin®¢pd o ...(35),

or as a series

" pr x*
I, (@) =5 { 2@2m+2) 2. 40@m+2) Cm+4y T } (36).

267. 1In (34) put u=a"v,, and we obtain

dv, 2m+1dv,

™y =0
dz* T € dx m ’

in this put 2° =y, and we obtain
d*v U, d'vm _
i dy* + (m + 1) dy ~ 3v.=0.

Differentiating with respect to y, we obtain

dv,, _
—dy = Vpprr
Hence if «, denote any solution of the equation
v 1du
(w‘f‘;dw—u-—o ..................... (37),
a solution of (34) will be
u, =™ mu ..................... 38).
=) @9

If therefore the value of K, is known, the value of K,, can be
obtained by means of (38).

268. Perhaps the simplest way of determining K is derived
from the consideration that Bessel’s functions are limiting forms
of spheroidal harmonics. Let cv be the major axis of an ovary
ellipsoid, and let

cJ@—1)=r, n (n+1) =2\,

then if ¢ and n increase indefinitely, whilst » approaches indefinitely
near to unity, but so that both » and A remain finite, the ellipsoid
ultimately becomes a circular cylinder.

B. TIL. 2
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In equation (7) change the variable from » to » and we obtain

du  1du d’u du n(n+1)u _
which ultimately becomes
d'w  ldu .,
o dr —Mu=0,
which agrees with (37) if Mr = 2.
df
Also @ =f0 {v++/(* — 1) cosh 6}"**

_ f “exp (= (n+1) log [v + ¥/(#* — 1) cosh 8]} 6.

Now (n+1)log {v+ /(+"—1)cosh 6}
=3 {1+ J1 + 42"} log {(1+ r*/c*)! + r/c . cosh 6)
= Ar cosh 6,

ultimately ; hence the limiting form of @, (v) is

Q — [me—)\rcoshofle;
whence it follows that

K, (@) = f eo0shOgh (39).

Since K, () is infinite when 2 =0, it is evidently the solution
we require.

Another form of K may be obtained by means of the integral
f"" coi Xvof?; _m v
o @+ 2a
for putting z =sinh @ in (39) we obtain
2% (1+2%) dz
[
o ~( +22)
f f cos zpdpdz
1+ ¢ +2°
/ cos zpd¢
o (L+¢7

cos ydy
N T -
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Whence by (38)

_(=)"1.8...2m—1) [* cos xgpdd
K, = g N EPTY L (41).
Also K'=2K ..cccoovvvvniinnniannnnn. (42).

269. By means of the integral
[ et yau=a+¢97%

[

we obtain

ko= [ coszedd (77 sy ded
i /o v fo fo e~¢uJ, () cos xpdpdu
_ f‘” W) QU s (43)

w2+u2

_ f aJ, (ax) da (44).

270. We shall now apply the preceding results, to determine
the current function duc to the motion parallel to its axis of the
surface formed by the revolution of a cardioid about its axis.

If E+um=2c)(z—1m)
we obtain £=(c/r)tcos } 6, n=/(c/r)}sin} 6
and the surfaces £ =a, 7= are the surfaces formed by the revolu-
tion of a cardioid about its axis. Also

J it = E~2 + 7)-2
hence Neumann’s transformation can be employed.
In § 254 put u = £,v= 7, and (30) becomes
1d /. dW\ 1d/ dW 1,1
z o (E-Z )+ (5= ) —m* (z+5)W=0,
3 ds(f &) ndn<” i)™ (E‘+,,z)
and this equation is satisfied 1if
W={4,1.(x) +B,K, (M)} J,, (AE)
where A is undetermined. Also
V= Wr (3c)}
whence V=cr"2 {41, (\)+ B, K, (M)} Ju AE) sin (m¢ +a,).

The preceding value of V is a suitable expression for determin-

ing the potential of the surface 5 = const.
2—2
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Now a cardioid is the inverse of a parabola, and a parabola is
a limiting form of an ellipse; and since the ¢ functions are suitable
for space outside an ovary ellipsoid, and the P functions for space
inside, it follows that the K functions are suitable for space out-
side a paraboloid of revolution, and the I functions for space inside.
Hence the I functions are suitable for space outside the surface
formed by the revolution of a cardioid, and the K functions for
space tnside; moreover the conditions of the problem do not enable
us to assign any value to A, and we must therefore give it all
values from o to 0, and replace the summation with respect to A
by a definite integral. Hence the potential outside the surface
formed by the revolution of a cardioid is of the form

VoS sin(m+a,) [ FO) L) T, 08 dh,
0
and 1nside

V=cr'3 sin (m¢ +a,) f F\) K, (An)dJ,, (AE) dA.

271. When the surface formed by the revolution of the
cardioid (r/c)*= sin 30 or n=1, is moving parallel to its axis with
velocity V, the value of Yr may be written

cw (7 I (M) Jd, (A
where F ()\) has to be determined from the surface condition

Vw20 = f Fin)J,(AE) d\.
Now when 5 =1,
re/ct = 28/(1 + §)*
_9 f f Mt (1+a?)™ J, (\a) J, (\F) dadn,
By 43,  K,()=[ 67,(6)(\"+6)"de.
Therefore 2K, = K',= — 2\ f 8J, (8) (\* + 62) de.
0
Also oJ,=J. + 67 ..
Therefore K, =— A f (J.+ 6,) (\* + 6%) d6.
0
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Integrating the last term by parts, and then putting 8 = \a,
we obtain

K M\=- 4)»”[ a’J, (Aa) (1+a*)*da.

Therefore 3 = } f MK, (\) J, (AE) dh,

whence F(\)=-1VeNK, (M),

Ve [ RsKl )

and V== . TV 1, (An) J, (AE) dA.

This expression, as well as the corresponding expression for
the current function due to the motion of the inverse of an
cllipsoid of revolution with respect to its centre, is of such an
exceedingly complicated character, that it does not seem probable
that progress is to be looked for in the direction of new surfaces
of the third and higher orders.

Toroidal Functions’.

272. The system of conjugate functions

z+wy=atand (E4+m) coveveniinnnnnnn. (45),

has been discussed in § 120, and it is there shown that the curves
n = const., represent the system of circles

2+ 1y —2aycothnp+a®=0............... (46).

The centres of each circle of this system lie on the axis of y,
and none of the circles cut the axis of . If therefore we put

z+mw=atand (E+u) .coviiiinnnn, (47),
(46) becomes
24+ w® — 2aw cothn + @’ =0,

which is the equation of a family of anchor rings or tores, whose
common axis is the axis of z. When 7 = oo, the tores degenerate
into the circle formed by the revolution of the points A and B.
This circle is called the critical circle.

L Hicks; Phil, Trans, 1881, p. 609: Ibid. 1884, p. 161,
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Yy

x|

Also since Jw =sinh 5, Neumanu’s transformation applies; if
therefore we put v =1, v =sinh 9, » = cosh 5 in (30) the equation
for W becomes

aW d, . AW wW _
“a"ET‘*"—i; (1/ —-1) —d; -—;;,:1 +kW—-0 ......... (48)

Now W must evidently be periodic with respect to £, and
must therefore be of the form 3y, cos(nf+a,) where n is a
positive integer, and v, is a function of % alone. Substituting in
(48) we obtain

2

d 2 an an 2 —
F =) X Py =0 (49),

whence
V = (cosh 5 + cos )} =3 Xn €08 (n€ + a,) sin (m¢ + B,,)...(50).

The two integrals of (49) are called Torovdal Functions, and
will be employed in Chapter XIV. in the discussion of circular
vortices.

Equation (49) shows that y, is an associated function of degree
n — % and order m; but it will not be necessary to enter into the
general discussion of this equation for all values of m, since in the
hydrodynamical applications which follow, the functions of orders
zero and unity are the only oncs required. We shall begin with
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the case of m=0, and show that if in the definite integral
expressions for the two kinds of zonal harmonics, n be changed
into m—4%, the resulting integrals constitute two independent
integrals of (49), one of which is finite when »=1 and infinite
when v = 0 ; and the other is infinite when »=1 and zero when

v=0w.
273. Ifin (49) we put m = 0, we obtain
d dy.
.d_ll(l —112) —C—i; + (n’—i:) X”—"—'O ............ (51),

which is the equation satisfied by zonal toroidal functions. Writing
for brevity C and S for cosh # and sinh 7, we know that the zonal
harmonic of degree n of the first kind is expressible (omitting the
factor 7*) in either of the forms

j"(0+scoso)"do or f'(0+scose)~"-ld0,
0 0

the second of which can be deduced from the first by means of
the transformation (C'+ Scos ) (C+ Scos @) =1. Similarly if
we put

P.= f "(C+8cos O} Va9 ... (52),
0

it can be shown by means of the same transformation that

P.= f "(C+ Scos@) etV gg . (53).
0

We shall now show that cither of the definite integrals (52)
or (53) is a solution of (51).
From (52) we obtain

dP 4(@2n-3) C
I)I (C+ Scos 6) (1+—S,cos(9) do.

Therefore
dP K(2n-3)

—5(2n—1)f (C + 8 cos 6) {C(C+ Scosf)-1}db

=3(2n=1)(CP, =P, ) cceceievnineenriiniiiniicinn, (54),

and from (53)
dP +1) *~C(C+Scosf)—1 9

(C + S cos 0)&(2h+8)
=—3@3n+1) (CP” n+1) .................. (55).
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Differentiating (54) with respect to v, we obtain

&)

=4@2n-1){P,+3(2n-1)08*(CP, - P )
-4 (2n-1)87*(P,-CP, )}
=(-Hr,

L (52 smemn (o

d )2
or v 1 - )d + =3 LP,=0,

which shows that the definite integrals (52) and (53) are solutions
of (51).
Eliminating dP,/dv from (54) and (53) we obtain the sequence
equation
Cn+1)P,,—4nCP,+(2n-1)P, =0 ...... (56).
Equations (54), (565) and (56) are what equations (12), (11)
and (10) become when = is changed into n — 3.

From (52) it appears that P,=w when C ie. v=oc; and
therefore P, = o when 9= also when =0, C=1, §=0 and
P, =

274. Again let

u, = 1 = e—Zn
(U +8) ’
n_ 28 _ L
/(x = O +S =1 =€
Then
4w d¢
& — T T — .é’ "
P —f (U+SCO‘>0)& 2k o (1_kl28il]2¢)%—.2kp”. (07),
and

1r jn
P = f (C+ S cos ) df = 2k f (1—k*sin® )} dp = 264 (58),

where F” and £ arc the first and sccond complete elliptic integrals
to mod. &'

Having obtained the values of P and P,, the values of the
successive functions can be calculated by means of the sequence
equation (56).
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275. We have shown that the zonal harmonic of the second
kind is expressible in the form

[“ 6
1, (C+8cosh)**’

..

o (' + S cosh g)&++1’
it can be shown, as in the case of the P functions, that the above
definite integral is a solution of (51). Also when C=o0, @, =0;
and when C=1 or =0, , =%. Hence the two functions P
and @ constitutc two independent integrals of (51). It can also
be shown that the above value of @, satisfies equations (54), (55)
and (506).

Again,

and if we put

W= fo (C + S coggb;é

dé
o (C+ S cosh 8)
In these change 6 into 26', and then put cosh 6" =sec ¢ ; then
df = sec pdo, also when 8'=0 or 0, ¢ =0 or {7 ; therefore

0 =2 f de
’ 0 (C—S+2;Scosh’€’)§’
=gf”MMm_ﬂ£mﬂ~
0 (C4+ 8 — (€~ 8)sin® ¢’
=% (59)

And
Q= 2/ | do )
o (C — 8 + 28 cosh? ¢')}
—9 F" cos® pd ¢
{C+8—(C-8)sin’ ¢}

f“»—ﬁﬁ€¢
R o (1 —k*sin® <j>)i

_2F gkt dp
JE o Jk (l—k”sin“da)&
= F=E)y cioivieeiiiiiiia (60).

And the values of the successive @ functions can be calculated
dy mcans of the scquence equation (56).
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276. At the critical circle =00, and at all points on the
axis of z, =0; and since P=o when 9=, and P=m when
n =0, the P functions are not suitable for space within a tore, but
are suitable for space without the tore. On the other hand
@,=0 when =00, and = when »=0; hence the @ functions
are suitable for space inside a tore but not for space outside.

If therefore the potential is symmetrical with respect to the
axis of the tore, its proper value for points outside the tore will be

V = (C + cos £)} s A P, (cos nE +a),
and for points inside
V'=(C +cos £)' 3, B,Q, (cosnf + o),

277. A different expression for ), may be obtained as follows.
The inverse distance of a point from the origin is

1_1 Vv C+cos &
r aV C—cos§’
Since 7" is a potential function which is infinite at the origin

and which vanishes at infinity, it is evident that +7' can be
expanded in a series such that

r'=a"(C+cos £)* B,Q, cos nf,
whence (C—cos )™ *=3B,Q, cosng,

and therefore

B g 2| connode
TJo(C—cosb)?
1 dé

BoQo =

T Jo (C =cos B)F

The quantity B, may be some function of =, but if we
substitute the above value of @, in the sequence equation (56), it
will be found that it will be satisfied provided B, = A, where 4 is
a certain constant which is independent of n. In order to find
A, we have

1(~ dé
A4Q,= =
% 7)o (C = cos 6)*
o= -—-——-—.--..2—*_._ f i" d¢
mJC+1J 0 (1 =Asin® ¢)t’
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where M*=2(C+1)"". Now k™'=C+ 8, therefore

4k 4(C+8) _ 4
Ik~ A+C+8) (C+8(C-S5+1)
3 4 _ 2 -
T C0=S+2+C+8 C+1 ™
Thercfore
s A ,
4Q, = 2 J2k f d¢ %
m(1+k)), {1 =4k (1 + k%7 sin® ¢}*

= 27! (2k)} F (k)
=7 2éQo’
therefore A ==""/2.

Similarly from the value of @, it can be shown that if n is not
zero, A = 277 4/2; therefore

© dé _ cosnf do
- 5 et
" J o (C+8 cosh §)t D o (€'~ cos 6

278. The following relations between the P and @ functions,
where the accents denote differentiation with respect to 7, are also
useful, viz.

P Lo.—PQ,...=2n/2n+1)....cc..c.e... (62),
PR -PQ.=7/Scccccoiiin (63),
PrQ..—P,.Q.=tCn+1)m............... (64).

In order to prove (62), substitute the values of P,,,, @,,, &ec.
from the sequence equations, and we obtain

(2’Il+ 1) (P”+1Qn "Pn n+1> = (2%-— 1) (PnQn-l - Pu—lQn)
= PlQo""Ple
—4(EF+FE-FF)

= 2.

The other two equations can be proved in a similar manner by
means of equations (54) and (55).
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279. When the motion of a liquid about a tore is symmetrical
with respect to the axis of the tore, and is irrotational, we have
shown that the current function Y = x'w, where x' satisfies the

equation
¢x  Tx  1dx _ X
& Tde T de w__O
whence x =(C+c) 2 (4,P.+ B,Q,) cos (nf +a,),
where ¢ =cos £, and P, and Q' are the two solutions of the
equation

d 2 du (2 2 2y —
Jl_l(l—y)dl-j-——l—:—;i+(n —Hu=0.

Differentiate (51) with respect to v, and put

1) dx dy
v=0"—1) =S I
Then
d"v 20dv_ v v
\ —_ 2 __ i
N dv =t v d St (n i) S Ov
dv v ) _
or du(l ) 2 1:—.‘+(fn-—})v—0
whence Pl= dP ddl:] Q= ?7

Let us now choose two new functions U,, V, such that

P,

1 d — 1 dQu -
U,=8Pl=8" " V,==8Q!=—S8 7" ....(65)

and therefore

o @=p P, I r=—r-D5Q,;

whence, remembermg that = = aS (C+cos )7, the general value
of Y is
W =(C+c) S, (4,U, + B,V,) cos (nf + a,)......(66).
The function U clearly belongs to space outside the tore, and

the function V to space inside; hence outside the tore the proper
value of Y is

Vv=(C+0c) 5 A U, cos mE+a)..coen... (67),
and inside ¥ =(C+c¢)” 2: BV, cos(nE+a ) ceiininn (68).
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Again,
d
Vn == S d%& = (n + %) (CQu - Qn+l)

on+1 [*Ccosnf—cos(n+1)6
2v2 J, (C = cos 6)*

dé

=(Mn+1) 2_%j {(C —cos 6)* cos nd
+ (C — cos 6)"* sin nf sin 6} d#.

Integrating the last term by parts we obtain

V,=—3{n"-1) 2‘*[ (C — cos 6)* cosnf dé...... (69).
0

280. Let p and ¢ be the velocities perpendicular to the
surfaces 7 and £, in the directions shown in the figure, then

r4
C1dy ldy
p=_ 4. sin 0+;’—d—z-cos€,
but cos 0 = Jdz/dE, sin 0 = Jdz/dE,
therefore p=Ja ! dy/dE.
NP _ldv 1dy .
Similarly 9= _ Go % 0—— 4, Sin 6,
and cos @ =Jdw/dn, #in8=—Jdz/dn,

whence q=Ja dir/dn.
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281. We can now obtain the value of the cyclic constant ; for
this quantity is the circulation round any closed curve embracing
the tore once. Let the curve be 5 =7, then putting cosfE=c

K= qds = —dr

- -

=] ©+0 d"’dg

Consider first the general term A, U, cos nE in ¥, the circulation
due to this is

=5 00} Gy =5 @+ 07 Uf cosnt

— 24 a" f {(C+ (=P, — U, (C+ c)—ﬂ} cos nE dE
=—Aa* (-2t (V,P,+UQ,)

— -1 ¢__\n o} {JQ" —_ C_Z,B:
=—m(-)yd4,a" 2k

Similarly the term involving V, produces the term
- 88,072 (0% @9 _q. dQ)

also the terms in sin n§ evidently dlsappear, whence
k=—ma WS (=)A, . (70).

282. The value of k is €77, and since 7 is very large in the
neighbourhood of the critical circle it follows that if the cross
section of the tore is small, £ will be small at all points within the
tore, and also at all points outside the tore which are not far from
its surface.

In the hydrodynamical applications of Chapter XIV., the cross
section of the tore will always be supposed to be small in
comparison with its aperture, and the values of the functions will
only be required at points within the tore or in its immediate
neighbourhood ; and it will be sufficient to employ approximate
values of the functions which do not involve powers of % higher
than the second.

Now if L =1log 4/k, and k be small,
F)y=L+3(L-1)+F 5 (L -),
EF)=1+3L -3+ &k L -3).
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Substituting in (56), (57), (58), we obtain
P,=2%* (L +31(L-1)%,
P,= 2k 1+ $(L-3) Y,
P,=4k"Y1 + 312
The function P, contains the factor kE which is very
large if % is small, but it will hereafter be found that P, (k) is

always divided by P, (b) where b is the value of k at the surface
of the tore; hence the term A,P, will always be of the form

A’ (b/k)* (n=1y where A’, is a finite constant and u, is a quantity
of the form

o+ af’ +...(B,+ Bk + B "+ ... ) L;
when k is small £*"L is always small except whenn =0, also b/k can
never be greater than unity, hence the preceding approximate

values of P,, P,... may be employed.
From (56), (59) and (60) we obtain
Q= mk* (1 + k),
Q. =3mkt (1 + 24,
Q=gmk! (L+ 5 ),

where the series in brackets are carried to the second power only.

2n—1)

283. By means of these equations combined with (65) the U
and V functions can be calculated, but since U, and V respectively

contain k&~ ¥@"+1 and %'n-km”"l) as factors, 1t will be more conve-
nicnt to introduce two new functions B, and T, such that

k"i (2n+1) Rn =0 17;-]‘:& (2n—1) Tl = Vn ......... (71),

n 4

and we shall obtain

Ry=—(3L—-1+3(L+ 1)k
R=3%{1-3(L-3}) k) } ............ (72),
R,=1-%i

T,=1+1F

T,=3(1 -—gk’)} .............................. (73),
T,=% 1 —3k)

where the series are carried as far as &% It will not be neces-
sary to employ the functions of higher orders than R, and T, or to
retain higher powers than £
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The general value of the current function may now be written

Wv=(C+c) ¥ (A, bk} R, + B, (k/b)!* VT } cos (nf + a,)
...... (74),

in which form it will hereafter be employed.

EXAMPLES.

1. Apply Neumann’s transformation to prove that the potential
at an external point of the surface, which is the inverse of an
ovary ellipsoid with respect to its focus, can be expressed by means
of a series of terms of the type cr™' P, (v) P, (u) sin (mf +a,,); and
at an internal point by a series of terms of the type

er '@y (v) Py (p)sin (1m0 +a,,) ;
where » =cosh #, p =cos £; and z + (@ = 2¢ sec’ § (£ + ).
2. Prove that
L=l 0 = 1Y (u+0)* =32, (=) @n+1) Q' (v) P', (w);

hence show that if the surface, which is the inverse of an ovary
ellipsoid with respect to its focus, be moving with velocity V'
parallel to its axis in an infinite liquid,

¥ =8Vch™ fl (=)"(2n+1) 1—,;:—8—; P, (v) P, (),

where « is the value of » at the surface.
3. [Establish the following results:

(1) f ;(0 (azx) cos badz = §m (a’ + b’)"-”,

(i) [ eoekK, (bo) do= (- )} tan” (B —a*fa; b>a
(1)

a+ (a? - b

= ] 2 _pe -il o :
%(a ) OO a__(az_bﬁ)i

a>Db,

(i) f K, (an)J, (ba) dow = (a* + B} F {b (a* + B 71},
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4. Prove that

a0

[ e sin ped, (pm) dp = sin™ 2¢/(p + g),
where pP=2"+(m+c), ’=2"+ (= - ¢):
5. By means of the definite integral

»

~a0
j du f cos z cos u’ (x* — \?) dz,
< (

)

prove that J,(A) =277 [ sin (A cosh ¢) deb.
6. Prove that if
V=27 [ vd,u [ "¢ cos Aw cos wol | (uw) do,

then V =., (A=), when z=0 and = < ¢,
and that dV/dz=0, when 2=0 and » > ¢,

7. Prove that if
V=2r" f du j "3 sin v sin uvJ, (uw) d,
then V=J, (A=), when 2 =0, and = < ¢,
and that dV/dz =0, when 2=0 and = > c.

8. Prove that

Q0

f (T, (b)) do = 277 (a3 + 45 F (2 (a2 + 40%) ),



CHAPTER XIIL
RECTILINEAR VORTICES.

284. THE general theory of vortex motion has been discussed
in Chapter 1v.; and we shall now consider the special case
in which all the vortex lines are parallel to the axis of 2. We
shall also include the case in which cylindrical masses of rota-
tionally moving liquid composed of such vortex lines are sur-
rounded by irrotationally moving liquid. If the whole liquid is
supposed to extend to infinity in the positive and negative
directions of the axis of 2, and the boundaries of the liquid
consist of cylinders whose generating lines are parallel to this
axis, the problem will evidently be one of two-dimensional motion,
and the solution will apply to any limited portion of the liquid
bounded by two fixed planes perpendicular to the axis of z.

Since the motion is in two dimensions,
w=0, du/dz=0, dvfdz=0, £=0, n=0,

dv du
and de " dy = =28 i, 1);

also 0¢/0t = 0, and therefore ¢ remains constant for each particular
element of liquid. If 4 be the current function, u = dvyr/dy,
v = — d{r/dz; whence, substituting in (1), we obtain

d* d’

This equation must be satlsﬁed at every point of the liquid
where vortex motion exists. At every point of the irrotationally
moving liquid which surrounds the vortices §=0, and therefore

d’\}r Y _
Tt d/ =0 (3).
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Equations (2) and (3) show that ¢ is the potential of in-
definitely long cylinders composed of attracting matter of density
/2w, which occupy the same positions as the vortices.

285. Let us now suppose that a single rectilinear vortex,
whose cross section is a circle of radius a, exists in an infinite
liquid. In order that the cross section may remain circular, 1t is
necessary that ¢ and +r should be functions of r alone. The con-
ditions of steady motion § 38 (37) require that ¢ should be equal to
an arbitrary function of v, which for the present we shall suppose
to be equal to a constant.

Equations (2) and (3) now become
G + - d\lr‘+2§ 0

i T g T=0 (4),
which gives the values of 4 inside the vortex, and
dz‘pﬁ 1 d\IrQ
i +r dr =0 (5),

which gives the valuc outside.
The complete integrals of (4) and (5) are
v, =4 logr+ B —3&r*
and ¥, =Clogr+ D.

Now ¥, must not be infinite when » = 0, and therefore 4 =0 ;
also at the boundary of the vortex, where r = q,

.=, d‘l’l/ dr= d‘l’a/ ar;

whence B—-4ta*=Cloga+ D
—ta*=C
and therefore C=-t’=-fo/mr=—m,

where o is the area of the cross section, and 7m 1is the strength of
the vortex. The constant D contributes nothing to the velocity,
and may therefore be omitted, whence

Yy, =3@ —-7r) —mloga.................. (6),
Yo=—mlogr...........o.n (7)
Now — dvr/dr is the velocity perpendicular to r, whence inside
the vortex
—dyrfdr=8r ...l (8),
which vanishes when r =0, and outside
—dyfdr=m/r...........coooeinn. 9)
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Hence a single vortex whose cross section s circular, of existing
wn an infintte liguid will remain at rest, and will rotate as a rigid
body. It will also produce at every pownt of the vrrotationally
moving liquid with which it vs surrounded, a velocity which is per-
pendicular to the line joining that point with the centre of ts cross
section, and which is inversely proportional to the distance of that
point from the centre.

If ¢ be the velocity potential outside the vortex

¢ =— 4 mulog (# +ey)/(# — wy)
=mtan™Y/® .oiiiiii (10),

whence ¢ is a monocyclic function whose cyclic constant is 27m ;
and therefore if ¥ be the circulation due to the vortex, its strength
is equal to {«.

286. If other vortices exist in the liquid, or if the liquid instead
of extending to infinity is bounded by fixed or moving surfaces, the
cross section, if of finite area, will experience a deformation, and
the preceding expressions for ¢ and «» will not continue to hold;
but we shall hereafter show that if the cross section is small, this
deformation may be neglected, and (6), (7) and (10) will give the
values of ¢ and +r so far as this particular vortex is concerned.
Also since every vortex of finite cross section may be divided into
elementary vortex filaments, the value of 4 at any point (z, y) for
any number of vortices will be

¥ =—2"n"ff¢log {(x — ') + (y — ¥')’} dx'dy’ ...... (11),
where the integration extends over the cross sections of all the
vortices.

It therefore follows that the component velocities due to any
number of vortices will be determined by the superposition of the
velocities due to each, and will be given by the equations

u=-—3Im(y—y)/R, v=3m (z—=z)/R’

where R*= (z — z,)* + (y —9,),and (x,, y,) are the coordinates of any
of the vortices. Now if (u,v) be the component velocities at any
point of one of the vortices the expressions 2 (mu) and 3 (mv),
where the summations extend throughout the vortices, vanish ; for
they each consist of pairs of terms of the forms mm, (z, - )/ R*
and mm, (x, —«,)/R*. Hence if m be regarded as the mass of
a distribution of matter, the centre of inertia of this mass remains
stationary throughout the motion.
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287. Let us now suppose that in the irrotationally moving
liquid which surrounds a vortex whose cross section is circular, the
circulation is different from that which is due to the vortex, and
consequently the tangential velocities at the common surface of the
vortex and the surrounding liquid are different on either sides of
this surface. This surface will therefore be a surface of discon-
tinuity which possesses the properties of a vortex sheet. We shall
also for greater generality suppose that the density of the liquid
forming the vortex is different from that surrounding it.

Let o be the density of the vortex, «” the circulation due to it;
p the density of the outside liquid, « its circulation; also let 4, 4
be the current functions inside and outside the vortex.

Then V' = — 3&* + const,,
and K =—a f " (A [dr), 40 = 2mEa.
0
Therefore ' = — k'r’/4ma’ + const.,

= — «/2m . log r + const.

Let p', p be the pressures in the vortex and the surrounding
liquid, then

4 ’2,..2 p)
Therefore P_ —-3—‘—‘ + P ,
o 87a o
2
also P = H C 5‘2 2
p p 8mr

where P is the pressure at the centre of the cross section
of the vortex, and II is the pressure at infinity. At the surface of
separation p = p’, whence

P=1I - («K’p + «"0)/87"a’
Hence if II < («%0 + k"0)/87d’,
p’ will become negative for some value of r < a, which shows that

a cylindrical hollow will exist in the vortex, which is concentric
with its outer boundary.

The case of o =0 is that of a cylindrical hollow surrounded
by liquid in a state of cylic irrotational motion. The condition for
the existence of such a hollow is that p =0 when r = a, hence

IT = #’p/87"a’.
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288. We must now investigate the stability of the preceding
cage of steady motion.

Let us suppose that a small disturbance is communicated to
the liquid ; the equation of the common surface of separation may
be taken to be of the form

F=a+acosn@+Bsinnd—r=0............ (12),

where n is any positive integer, and a, 8 are functions of the
time which in the beginning of the disturbed motion are small
quantities, whose squares and products may be neglected.

Let the current functions be
V= — /2w . log r + (A cos n6 + Bsin nf) (a/r)"...(13)
outside the vortex, and
V' = — kr*/4mwa’ + (C cos nd + D sin nb) (r/a)"... ... (14)
inside the vortex. The boundary condition is .

dF 1dFdy 1dFdy .
e drdd " dd dr =0............ (15).

Substituting the value of ¥ from (12) we obtain

u cos nf + Bsinnf — Ccll\t‘!)f " \I’(asmfnﬁ B cos nf)=0.

If U be the tangential velocity of the surrounding liquid at the
surface of separation in steady motion, we may in the small terms
put dyr/dr =— U, whence

& cos nf + Bsin nf + na™ (A4 sin n6 — B cos nb)
—nUa™ (asin nf — B cosnb) = 0.

Equating the coefficients of sin 26, cos nf to zero, we obtain

= —af/n + Ua}
B= adin+ UB

Similarly if U’ be the tangential velocity of the vortex at the
surface of separation in steady wotion, we shall obtain

C=—aB/n+ U’a}
D= ad/n+ UP

Since the disturbed motion will necessarily be irrotational it
will have a velocity potential, and by employing the method of
conjugate functions it can easily be shown that

= (A4 sin nf — B cos né) (a/r)",
¢’ = — (Csinnf — D cos nb) (r/a)".
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If 8p, 6p' be the increments of the pressure due to the
disturbed motion just outside and just inside the vortex, we must
have

§£=—¢ %( ‘I'> +3U°

= — (4 sin nd — B cos nf) + Ua™ (2 cos nf + B sin nd)
—nUa™ (A cos nf + B siu nf)

= (- A + U*8/a —nUBJa) sin nf + (B + Uta/a — nUA/a) cos nd

= {aB/n—2Ud - U*B (n—1)/a} sin nb

+ {ad/n+ 2UB — U’a(n—1)/a} cosnf......... (18),

by (16). From the general equations of motion we have

_ ldp" _ du ]

T odr % -2,

1dp’ dv

“ody " dt 15 +25“
whence —plo=¢ + ¢+ 2{\{/.
Hence

Bp/ d‘\P" 2 " 2UI 2
s () iy )

= (Csin nf — D cos n6) — U*a™ (a cos nb + B sin né)
+ Una™ (Ccosnf + D sin nf) + 2U*a™" (a cos nf + B sin nb)
—2U'a™ (Ccos n8 + D sin nf)
={C+ U*B/a— UD (n—2)/a} sinn
+{=D + U%aja— UC (n—2)/a} cos nf
={—aB/n+2U0 (n—1)a/n+ U*B (n—1)/a} sin nd
+ {— ad/n —2U (n—1) B/n+ Ua(n—1)/a} cosnf......... (19),
by (17). In (18) and (19) write a and B for aa and af3, and w and
v for U/a and U'/a; since 8p = 8p/, we obtain by equating the
coefficients of sin n#, cos nf in the expressions for 8p, &p’ given by
(18) and (19),
bf"(l +0/p)+ 28 (mw+v(n—1)o/p} —n{n— l)a{'w'+'v”a/p}=0} (20).
B(1+a/p)-2d{nw+v(n—1)c/p} —n(n—1)B{w'+v*a/p}=0
To solve these equations put a =L cosAt, 8 = Lsin \¢, also let
k=o/p, and we obtain

MI+k) =2 {nw+k(n—1)0}+n(n-1) (W +k)=0...(2]).



40 RECTILINEAR VORTICES.

In order that the steady motion should be stable, it is
necessary that both roots of this quadratic should be real.

Case I. Suppose that there is no core, but simply a cylindrical
hollow round which circulation takes place. Here =0, dp=0,
whence from (18) or (20) we obtain

A2 —2aw +n (n—1) w' =0,

the roots of which are (n+/n)w. Hence the steady motion is
stable, and the disturbance consists of two trains of waves travelling
round the ring in the same direction.

Case II. Let the vortex be of the same density as the surround-
ing liquid, and let there be no slipping at the surface of separation.
Here w=v=¢, p=o0, k=1 and (21) becomes

M-AE@n—-1D+nn-1)=0,

the roots of which are n¢ and (n — 1) & Hence the steady motion
is stable. It might at first sight appear that the disturbance
consists of two trains of waves whose periods are 2m/ng, and
27/(n — 1) ¢ respectively; but in order to solve this case it is
unnecessary to take into account the pressure condition, since the
two values of 4 at the surface of separation must differ by a
constant quantity, which together with the condition of no slipping
and the boundary condition (15) are sufficient to determine the
disturbed motion. It will thus be found that the equations of
motion become

i+ (m—17¢a, B+ (n—-17¢8=0,
and therefore the solution A =n¢ of (21) must be,rejected, and the

disturbance consists of a train of waves travelling round the
cylinder whose period® is 27/(n — 1) &.

Case III. In the general case the condition that the roots of
(21) should be real is that
fnw+k(n—1)v)*—n(n—-1)k+1) "+ k') >0,
or
2kn(n—Dwv—n{n—-1)k=1}w'—k (n=1)(n+k)v*>0...(22).
If w =1 the condition becomes
n—-kn-1)>1,

! 8ir W. Thomson, *“On the Vibrations of a Columnar Vortex,” Phil. Mag. Sep.
1880. J.J. Thomson, Motion of Vortez Rings, p. T4.
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?p{::h requires that £ < 1. The steady motion will therefore be
nstable if the density of the vortex is greater than that surrounding
liquid.
Let w/v =1+ q; then (22) becomes on dividing by =,
72 2
! ~k~+@,+g‘1—q’{(1-—1) i —1} > 0.
n n n

n n

If ¢ is not zero, it is always possible by taking n large enough,
to make the left-hand side negative ; hence the motion is unstable,
unless w=v, and o < p.

When w and v are unequal, the common surface of separation
is a surface of discontinuity which has the properties of a vortex
sheet, and the preceding investigation confirms Sir W. Thomson’s
statement that discontinuous motion is unstable.

289. Kirchhoff' has shown that it is possible for a vortex
whose cross section is an invariable ellipse, and whose vorticity at
every point is constant, to rotate in a state of steady motion in an
infinite liquid, provided a certain relation exists between the
vorticity and the angular velocity of the axes of the cross section.

The current function is evidently equal to the potential of an
elliptic cylinder of density ¢/2w. Let @ and b be the semi-axes of
the cross section, and let the value of 4 inside the vortex be

V' =D —¢ (42" + By')/(4 + B).

Let «=ccoshncos £, y=csinhnsin £, where ¢=(a’— b’)*, and

let » =B at the surface; the value of 4» becomes
¥ = D — ¢* (4 cosh® 5 cos’E + Bsinh® 9 sin’E)/(4 + B).
Also let the value of 4 outside the vortex be
¥ = A'e"™ cos 28 + Dn/B.
When # =8, we must have
¥ — Y =const,, dyr/dny = dy’/dy.
Therefore A’e=28=—}¢c* (A cosh’8 — Bsinh’B)/(4 + B)

and . A'e% =3{c* (A — B)sinh Bcosh B/(A + B).
, . {F(dd*—Bb) ' (4—B)ab
Whence .A (a - b) = - "”Z(A‘:B) = 9 (A T B)

Therefore Aa = Bb and
V' =D - {(bs" + ay’)/(a + b).
1 Vorles. iiber Math. Phy. p. 261, see also Hill, Phil. Trans. 1884, p. 363,
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Let o be the angular velocity of the axes; u, v the velocities
of the liquid parallel to them, then

& —yo =u=dy’/dy =—2aly/(a +b),
9+ aw=v =—dy'/dx=2b¢x/(a + D).
The boundary condition is

2 &F L aE_
Ve T Ay ="

where F'= (z/a)’+ (y/b)’—1=0. Whence
28] () o
therefore o = 2abf/(a + b)".
We therefore obtain
&= —awy/b, y=bwz/a,
the integrals of which are
= Lacos (wt +a), y=Lbsin(wt+a),

where L and « are the constants of integration. Whence the
path of every particle relative to the boundary, is a similar ellipse.

290. We have shown that the effect of a cylindrical vortex
column of small cross section is to produce at every point P
external to it, a velocity whose magnitude is equal to m/r and
whose direction is perpendicular to that of r, where r is the
distance of P from vortex. If therefore more than one vortex
exists in the liquid, the effect of any one of the vortices upon the
others will be to produce a motion of translation combined with a
deformation of their cross sections. The mathematical difficultics
of solving this problem when the initial distribution of the vortices
and the initial forms of their cross sections are given, are very
great; and it seems impossible in the present state of analysis to
do more than obtain an approximate solution in certain cases. We
shall now show that when there are two rectilinear vortices in a
liquid, the linear dimensions of whose cross sections are small in
comparison with the shortest distance between them, the cross
sections will remain approximately circular’; from which it is
inferred that a similar result holds good in the case of any number
of vortices.

1 J, J. Thomson, Motion of Vortex Rings, p. 74.
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Hence it follows that if any number of vortices of small cross
sections are moving in the liquid, and the vortices never get very
close to one another, we may neglect the effects produced by the
deformations of their cross sections, which may therefore be
regarded as approximately circular.

291. Let A and B be the centres of the two vortices at time £;
e the angle which the line joining their centres makes with some
line fixed in space; also let (r, 6) be the coordinates of any point
referred to the centre of A4, and Az as initial line, and let & be the
vorticity of A.

Let the equation of the cross section of 4 be
r=a+ 2 (a, cosnd + B, sinnb)............. (28),
and let the values of the current functions outside and inside 4 be
Vv =0-¢’logr+2(A,cosnd+ B, sinnb) (a/r)",
and Y, =0, — 3"+ = (C, cos né + D, sin nb) (r/a)".
Since we suppose that a, B, 4, B, C, D are all small quantities,
whose squares and products are to be neglected, it follows that the

condition that the values of Y and v, should differ by a constant
quantity at the surface of the vortex is that

A =C, B,=D,

Also since we assume that there is no slipping at the surface of
A, the values of dyr/dr and dyr /dr must be equal at the surface;
this condition gives

A, =ala,/n, B, =afB,/n,
and therefore the value of ¥ is

Yy =0—ta’logr+ al3 (a, cos nf + B, sin n) a*/nr".
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Let us now denote corresponding quantities which refer to the
other vortex B by accented letters, and we have

Y= =¢b logr +b¢' = («, cosnb + B, sin n6) b*/nr'™,
where b is the mean radius of the section of B.

If R, ® be the velocities of any point on the surface of A4,
relative to its centre, the boundary condition is

dF RdF ®dF
Gt rartras T

where the value of F is given by (23); whence

. s . 1d ’ 'b2
a, cosnf + B, sin nf — {& ——-(—\%Z\lr ) sin (6 — )}

=0,

—n (a,sinnf — B, cosnb) {—— d (\bd: ¥) + Cfg cos (6 —e)} =0, (24).

Now ﬂ = - a¢ % (a, sinnfd — B, cos nb),
d\[r , d
also 40 = - &b 40 log 7,

the portion involving the series being neglected, since it involves
terms of the order ab/c &c., which are of a higher order than the
first. Butife> 7,

log " =4 log {r* + ¢* — 2rc cos (6 —¢€)}
=logc—r/c.cos (0 —e€)—3%7r°/c*. cos 2 (0 —€) — &c.,

therefore %‘-g— =—¢'b*{a/c.sin (0 — €) + a*/c*.sin 2 (§ — €) + &c.].

Also i\—k =~ {a,

and W _ &b {¢™ cos (@ — €) + ac™ cos 2 (0 — €) + &c.],

whence (24) becomes
&, cos nd + B, sin n6 + ¢Z (a, sin nf — B, cos nf)
+ ¢'b* ac™s8in 2 (0 — €) — ng (a, sin nf — B, cos nf) = 0.
Equating the coefficients of sin 6, cos 6, we obtain
6,=0, B,=0,
and since a, B, are initially zero, they will remain so during the
whole motion ; hence the centre of inertia of either vortex column
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is undisturbed. Equating the coefficients of sin 26, cos 20 we

obtain
a, + &B, = L'ab’c™ sin 2e,
B, — ta, = — £ ab’c™* cos 2e.
Since the centre of inertia of neither vortex column 1is dis-
turbed, their common centre of inertia will remain at rest, and the

two vortices will revolve around it with angular velocity n, where
n= (&’ + £'b%)/c*; whence e = nt, and our equations become

a, + &8, = ¢'ab’c™ sin 2nt,

B, — ta, = — ¢'ab’c™® cos 2nt,
therefore a, + &a, = L'ab’c™ (2n + §) cos 2nt,
&'ab® (2n + &) cos 2nt

62 (g? —_ 4n8) ]

with a similar equation for B,. Let the initial values of a, 8, 4,,

whence a,=A cos (&t + B) +

be zero, and we obtain

a,= &‘Yi’?-b‘QAn) (cos 2nt — cos &t),
L/
B,= F(E—2m) (sin 2nt — sin §1).

Hence the cross section at any instant is an ellipse whose axes
are functions of the time, and which vibrates about the circular
form. The vibration has two periods, a long one 7/n and a short
one 27/¢.

292. We shall pass on to consider the motion of a number of
vortices of small and approximately circular cross sections.

Since we neglect deformations of the cross sections, the current
function due to each vortex will be — m log r, and the velocity due
to it at any point P will be m/r, and will be perpendicular to the
line joining P with the vortex. Hence if two vortices of equal
strengths m exist in a liquid, each vortex will describe a circle
whose centre is the middle point of the line joining them, with
velocity m/2c, where 2¢ is the distance between them ; and there-
fore each vortex will move as if there existed a stress in the nature
of a tension between them, of magnitude m?/4c"

To find the stream lines relative to the line joining the vortices,

! Greenhill, ‘“Plane Vortex Motion,” Quart. Journ. vol. xv. p, 20.
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take moving axes, in which the axis of # coincides with the above-
mentioned line ; then

V=—4m log {y* + (z— )’} {" + (z+ ¢)'}.
Also z — oy =u = dyr/dy,
7+ or=v=—dy/dz,
where w =m/2¢". Let
X =V +io @ +y),
therefore & =dy/dy,y=—dy/dz.

Multiplying by %, & respectively, subtracting and integrating,
we obtain
x = const. = 4,

whence the equation of the relative stream lines is

Jo (@ +y)-dmlog{y' +(z—o)} [" +(z+ o)’} = 4.

293. If two opposite vortices of strengths rm and — 7m are
present in the liquid, the vortices will move perpendicularly to the
line joining them with velocity m/2c, where 2c is the distance
between them.

In this case there is evidently no flux across the plane which
bisects the line joining the vortices, and which is perpendicular to
it ; we may therefore remove one of the vortices and substitute
this plane for it. Hence a vortex in a liquid which is bounded by
a fixed plane will move parallel to the plane, and the motion of
the liquid will be the same as would be caused by the original
vortex, together with another vortex of equal and opposite strength,
which is at an equal distance and on the opposite side of the
plane.

This vortex is evidently the image of the original vortex, and
we may therefore apply the theory of images in considering the
motion of vortices in a liquid bounded by planes.

294, If there is a vortex at the point (z, y) moving in a
square corner bounded by the planes Oz, Oy, the images will consist
of two negative vortices at the points (-, y),(#,—y), and a
positive vortex at the point (—a, —y); for if these vortices be
substituted for the planes, their combined effect will be to cause no
flux across them.
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y

Since the vortex 1is incapable of producing any motion of
translation upon itself, its motion will be due solely to that pro-
duced by the combined effect of its images; whence,

g omy _ oma
Sy 2@ 4y Wy +y)
g me My
. I=" 92732 @ +y) 22 +yY)’
therefore zla® + Y[y’ =0
whence x’+yt=a"
or r sin 26 = 2a.

This is the equation of a Cotes’ Spiral, which is the curve
described by the vortices : also since

Ty — Ly =—4m
the vortex describes the spiral in exactly the same way as a particle
would describe it, if repelled from the origin with a force 3m?/4r®,

295. The method of images may also be applied to determine

the current function due to a vortex in a liquid, which is bounded
externally or internally by a circular cylinder.

%
[ —
0 H |4 8

Let H be the vortex, a the radius of the cylinder, OH =¢; and
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let S be a point such that 08 = f =a’/c, then the triangles SOP
and POH are similar, therefore

SPO = OHP,
OPH = 08P,
also O8SP +SPA = OAP= OPA
= OPH + HPA,
therefore SPA = HPA.

Let us place another vortex of equal and opposite strength
at S, then the velocity along OF due to the two vortices is

sin SPO.

— L’,"P sin HPO + ;"3;3
sin HPO _sin HP O
sin SPO  simn OHP

= ()H a
= HP/SP,

hence u = 0 and there is no flux across the cylinder.

But

Hence the image of a vortex inside a cylinder, is another vortex of
equal and opposite strength situated on the line joining the vortex
with the centre of the cylinder, and at a distance a*/c from the
centre, and the vortex and its image will describe circles about the
centre with a velocity

m[SH = me/(«® — ¢*).

The velocities of the vortex and its image are equal, but their
angular velocities about the axis of the cylinder will be different;
hence the motion of the liquid inside the cylinder and the motion of
the liquid outside the cylinder are independent, and the vortex and
its image will not remain on the same radial plane in the sub-
sequent motion. Hence the motions of the liquid inside and
outside the cylinder do not correspond, as is the case with plane
boundaries, except at the instant when the vortex and its image
are on the same radial plane.

The current function of the liquid at a point (r, 6) within the
cylinder is
¥ =—mlog SP/HP

™+ ¢*— 2rccosé

=—dmlog v o fe0s 8
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296. The current function due to a vortex situated between
two parallel planes, can be obtained by finding the current function
due to the two infinite trails of images, exactly in the same manner
as the velocity potential due to a source under the same circum-
stances, was found in § 57.

Let the origin be midway between the two planes, and the axis
of « perpendicular to them, then as in § 57,

v=fle—a,y-y)-fle+a'+2a, y—y)+C
where
f(z,y)=— imlog IIww{(w + 4na)’ + y7}.
Now if we omit eonstant terms, we have shown that
flz, y) =— mlog (cosh my/2a — cos mx/2a),

therefore
cosh 7 (y — y')/2a — cos w (x — &) /20

¥ = — {m log “coshm (y = 4)[2a + cos w (x+ «')[2a

297. Let us now transform the preceding expression by put-
ting (x + y)/a=(x, + Lg/l)%/c%, (@ + ) )a= (@, +y)/ch.

The portions of the lines # =+« which lie on the positive
side of the axis of «, evidently become transformed into a parabola,
and the portion of space lying on the positive side of the axis of #,
which is bounded by these lines and the portion of the axis of z
which is intercepted between them, becomes transformed into the
space inside the parabola; whilst the portion of space bounded by
these lines which lies on the negative side of the axis of x altogether
disappears. Also the portion of the axis of # which is intercepted
between the lines 2 = + a, transforms into a double line joining the
focus of the parabola with its vertex. Now if we were to transtorm
the preceding expressions for ¥ as above mentioned, it would be
found that the velocity at points on the line joining the focus of the
parabola with its vertex would be discontinuous ; but if we place
another vortex of equal strength at the point — &', —¥’, and add
the results, the velocity in the transformed expression will be
continuous along this line. We thus obtain the current function
due to a vortex in the parabolic cylinder 2¢ = r (1 — cos 8).

In order to find the path described by the vortex, we must
subtract — 4m log {(z — #')*+ (y — ¥)*} and then put z=2",y =y';
we thus obtain

B. IT.
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w? cosh my/a— cos wz/a
Y =— jmlog 8at tm log (1 ¥ cosh my/a) (1 + cos wz/a)

= — }m log (sec® mz/2a — sech® wy/2a)
g Y

neglecting constant terms.  Transforming this expression we
obtain

€M _ goc? (3w (r/ C)i cos 6} — sech® {3 (r/ "')& sin 6},

which is the equation of the path of a vortex in a parabolic

cylinder.

9208. Professor Greenhill* has shown that the equation of the
path of a vortex in a rectangular prism, the origin being at a
corner, 1s

ctn® (Kz/a) + ctn® (K'y/b) = e~ 2/ — 1,

where 2a, 2b are the sides of the rectangular section; Kja= K'[b,
and the functions of z are to mod. k, whilst those of y are to mod. k",
He has also solved the same problem when the boundaries are two
arcs of concentric circles and two radii inclined at an angle 7/n.

Coates * has shown how Greenhill’s expression for the current
function due to a vortex situated in a rectangle may be transformed,
s0 as to give the current function due to a vortex in an elliptic
cylinder.

299. We shall now find the current function due to a vortex
outside an elliptic cylinder.

The method of images is not applicable to problems in which
the boundary is elliptic, and we shall therefore solve the problem
by means of conjugate functions.

Let £, n be conjugate functions such that z 4 ¢y = ¢ cos (€ — u);
and let (£, n') be the co-ordinates of the vortex @, then if £ 5 be
the coordinates of any point P of the liquid,

QP =(z -+ @y -y)
={e+wy— @+ lz—w— (-
= ¢* {cos (£ — un) — cos (' — un)} {cos (€ + un) —cos (§ + )]
=¢* {cosh (7' 4+ 1) — cos (€ + £)} {cosh (" —7) — cos (€' — &)}.

L Quart. Journ. vol. xv. p. 25. 2 Jbid. xv1. p. 81.
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Now
log {cosh (" +7) — cos (€ + &)}
=log% +7 +7n+1log {1 —e " nT&+} 4+ log {1 — Pkt s 2
=log}+9 +n— 22:0 n~tle=r0' ) cos n (£ + E),
therefore
log QP =log e + 7' — 3, n™* {e=n' ) cos n (£ + §)
+ e 2= cosn (E—E)} oeriiiiiinn. (25),

This series is always convergent when 7" >75.  We may
therefore put
Yv=—mlogQP+WV¥ .................. (26),

where
Y = mEo: ne =8 (A, cos nE + B sin ng) +m (log ¢ + 7" + 7 — B).
Now ¢ =0 at the surface where n=/. Substituting these
values of ¥ and log QP in (26), and putting » = B, we find
— A, =2 cos nE’ cosh nf3
— B, = 2¢=" sin nE sinh ng;
therefore
V= mEfw"[e‘”("“”” cosn (E + &) + e ?0t7 =28 cos n (£ — E)}
+m (log gc +9' +1—8)
= Im log |cosh (n+7") — cos (§+ E)}
+dm log {cosh (n + 7" — 23) — cos (£ —E)} + mlogc ...(27),

therefore
- . _cosh(n'—m) —cos (§ =& i
Y =—4mlog cosh (7 + 77— 3B) —cos (€ — &)

To find the curve described by the vortex we must put » =7/,
E=E in (27), whence
¥ = }m log ¢’ {cosh 2n — cos 2] cosh 2 (n — )
thereforc the equation of the path is
(cosh 27 — cos 2) cosh 2 (y — B) = const.

For further information respecting the images of vortices, and
also for other cases of vortex motion in and about elliptic cylinders,
the reader is referred to the authorities cited below™.

1 Coates, “Vortex motion in and about elliptic cylinders,”” Quart. Jour, vol. xv.
p. 8356 ; vol. xvi. p. 81. Hicks, ““On functional images in ellipses,” Quart. Jour.
vol. xvir. p. 327.
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On the Method of Inversion.

300. We shall now explain a method by means of which we
may derive from any hydrodynamical problem in plane vortex
motion of which we know the solution, any number of other prob-
lems with their solutions.

If P be any point on a plane curve S, and O be any fixed point
in the plane of S, and if we take another point P’ such that
OP. OP' = a® where a is any constant, the locus of I’' is another
curve, which is called the inverse of S with respect to 0.

301. Let 4 be the current function due to a rectilincar vortex
of strength 7m situated at any point outside a cylinder whose cross
section is S; then if R is the distance of any point from the
vortex, we may put

=—-mlogR+W¥Y..................... (29).

At the surface S, ¥ is a constant which may be taken to be
zero, also ¥ and its first derivatives must be finite and continuous
at all points of the liquid, and the derivatives must vanish at infinity.
Hence ¥ is the potential of the induced charge when the cylinder
is under the action of an electrified line which coincides with the
vortex, and which is charged with electricity of line density {m
per unit of length. Hence the induced charge on the cylinder 1s
equal to — 4m per unit of length.

302. Let AP be the cross section of the cylinder, A'P’ the
curve which is the inverse of AP with respect to O ; also let R be
the electrified wire, which we shall suppose outside AP, 4 the
potential of the electric field at ), and o the surface density of
AP, per unit of length.

Invert the system with respect to 0, and let the accented letters
refer to the inverse system.,
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Then
Vv =—2fclog PQds —mlog BQ............... (30).
Also if 4’ be the potential at @ due to a charge jm at R,
together with a surface density ¢’ upon A'F
v =—2[c log P'Qds —mlog B Q.
Now
rg_ov  RQ_0¢ 4 ds_ ds
PO 0P TQ TOR YU 0P T op
Hence if we take ¢ OP’ = ¢OP, so that ¢'ds’ = ads, we obtaiu
V' =—2[c (log PQ —log OP) ds — log OQ [ods
—m (log RQ +log 0@ —log OR)...... (31).

But 2[ads=—m
and — 2 [ log OPds = — potential of R at 0
=m log OR

by (30). Substituting in (31) we obtain
¥' =—2 [glog PQds —m log RQ
=

Now + is zero at all points within AP, therefore 4 is zero at
all points without 4'P’; hence 4 is the potential of the electric
ficld, when the inverse cylinder is under the action of an electrified
line situated at a point R’ within the inverse cylinder, which is the
inverse point of R,

If R is inside AP, R will be outside A'P’, and the same results
hold good mutatis mutandis.

Hence if we know the current function due to any number of
rectilinear vortices which are situated on one side of a cylinder whose
cross section is a closed or infinite curve, the method of inversion
enables us to obtain the solution for a cylinder, whose cross section
is the inverse curve with respect to any point in the planc of the cross
section.

303. We can now prove the following proposition.
Let E, 1 be conjugate functions of x, y such that
E+m=Ff{(z+we;

and let E, m, be conjugate functions of , y, such that
£+, =fla’lc(z, — )} ; also let F (E,n) be the current function
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of a liquid bounded externally or internally by the cylinder n =8,
due to a vortex at any point P of the liguwid. Then F (€, n,) wnll
be the current function of a liquid bounded internally or externally
by the tnwverse cylinder 7, = B, due to a vortex situated at a point P,
which s the tnverse of P with respect to the origin.

If the vortices are replaced by electrified lines, and the cylindrical
boundaries by conductors, we have shown that if 4, ¥, be the
current functions due to the two hydrodynamical systems, these
quantities will be the electric potentials of the two electro-static
systems ; hence Y= ..

Let (z, y) be the rectangular and (§, 7) the curvilinear coordi-
nates of any point @ ; and let (=, v,), (€, 7,) be the coordinates of
the inverse point @, Then if « is the constant of inversion,

e 20 [0 2 — 2 .2
p=dtafrl, y=aty )

therefore x4 oy =& f(x, — y,),
therefore £, + ), =f {a*/c (@, —wy,)} = f{(@+ ey)/c)
=§£+um,
whence E=E, n=n,
Hence if Y = F(E 7), then ¥, = F(§,7,)

804. In § 296 we have found an expression for the current
function due to a vortex betwcen two parallel planes, and by means
of the preceding proposition we can obtain the current function
due to a vortex in a liquid which is bounded by two ci<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>