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PREFACE

THIRTY-FIVE years ago this article on the theory of relativity, written
by me at the rather young age of 21 years for the Mathematical Encyclo-
pedia, was first published as a separate monograph together with a preface
by Sommerfeld, who as the editor of this volume of the Encyclopedia was
responsible for my authorship. It was the aim of the article to give a
complete review of the whole literature on relativity theory existing at
that time (1921). Meanwhile, the production of textbooks, reports and
papers on the theory of relativity has grown into a flood, which rose anew
at the 50th Anniversary of the first papers of Einstein on relativity, in
the same year 1955 in which all physicists were mourning his death.

In this situation any idea of completeness regarding the now existing
literature in a revised new edition of the book had to be given up from the
beginning. I decided therefore, in order to preserve the character of the
book as an historical document, to reprint the old text in its original form,
but to add a number of notes at the end of the book, which refer to
certain passages of the text. These notes give to the reader selected infor-
mation about the later developments connected with relativity theory
and also my personal views upon some controversial questions.

Especially in the last of these notes on unified field theories, I do not
conceal to the reader my scepticism concerning all attempts of this kind
which have been made until now, and also about the future chances of
success of theories with such aims. These questions are closely connected
with the problem of the range validity of the classical field concept in its
application to the atomic features of Nature. The critical view, which I
uttered in the last section of the original text with respect to any solution
on these classical lines, has since been very much deepened by the epistemo-
logical analysis of quantum mechanics, or wave mechanics, which was
formulated in 1927. On the other hand Einstein maintained the hope for
a total solution on the lines of a classical field theory until the end of his
life. These differences of opinion are merging into the great open problem
of the relation of relativity theory to quantum theory, which will pre-
sumably occupy physicists for a long while to come. In particular, a clear
connection between the general theory of relativity and quantum mech-
anics is not yet in sight.

Just because I emphasize in the last of the notes a certain contrast
between the views on problems beyond the original frame of special and
general relativity held by Einstein himself on the one hand, and by most
of the physicists, including myself, on the other, I wish to conclude this
preface with some conciliatory remarks on the position of relativity
theory in the development of physics.

There is a point of view according to which relativity theory is the
end-point of ‘“‘classical physics”, which means physics in the style of
Newton-Faraday-Maxwell, governed by the “‘deterministic” form of
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v1 Preface

causality in space and time, while afterwards the new quantum-mechanical
style of the laws of Nature came into play. This point of view seems to me
only partly true, and does not sufficiently do justice to the great influence
of Einstein, the creator of the theory of relativity, on the general way of
thinking of the physicists of today. By its epistemological analysis of the
consequences of the finiteness of the velocity of light (and with it, of all
signal-velocities), the theory of special relativity was the first step away
from naive visualization. The concept of the state of motion of the
“luminiferous aether’’, as the hypothetical medium was called earlier,
had to be given up, not only because it turned out to be unobservable,
but because it became superfluous as an element of a mathematical
formalism, the group-theoretical properties of which would only be dis-
turbed by it.

By the widening of the transformation group in general relativity the
idea of distinguished inertial coordinate systems could also be eliminated
by Einstein as inconsistent with the group-theoretical properties of the
theory. Without this general critical attitude, which abandoned naive
visualizations in favour of a conceptual analysis of the correspondence
between observational data and the mathematical quantities in a theore-
tical formalism, the establishment of the modern form of quantum theory
would not have been possible. In the “complementary’ quantum theory,
the epistemological analysis of the finiteness of the quantum of action led
‘to further steps away from naive visualizations. In this case it was both
the classical field concept, and the concept of orbits of particles (electrons)
in space and time, which had to be given up in favour of rational general-
izations. Again, these concepts were rejected, not only because the orbits
are unobservable, but also because they became superfluous and would
disturb the symmetry inherent in the general transformation group under-
lying the mathematical formalism of the theory.

I consider the theory of relativity to be an example showing how a
fundamental scientific discovery, sometimes even against the resistance of
its creator, gives birth to further fruitful developments, following its own
autonomous course.

I amn grateful to the Institute for Advanced Study in Princeton for affording me the
opportunuty of writing the Supplementary Notes, pp. 207-232, during my stay there early
1 1956. And I should like to thank my colleagues at Princeton with whom I discussed
many of the problems in these notes.

I gratefully acknowledge the excellent help of the translator, Dr. Gerard Field, of the
Department of Mathematical Physics, University of Birmingham.

Zurich, 18 November 1956 W.P.
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PREFACE
by A. Sommerfeld to the German special edition in book form

In view of the apparently insatiable demand, especially in Germany, for
accounts of the Theory of Relativity, both of a popular and of a highly
specialized kind, I felt I ought to advise the publishers to arrange for a
separate edition of the excellent article by Herr W. Pauli, jr., which
appeared in the Encyklopdidie der mathematischen Wissenschaften, Vol. V.
Although Herr Pauli was still a student at the time, he was not only
familiar with the most subtle arguments in the Theory of Relativity
through his own research work, but was also fully conversant with the
literature of the subject.

In its whole lay-out, the article is made to fit into the framework of the
Mathematical Encyclopedia. Certain references to earlier articles have had
to be retained, of course, in this special edition and are hardly likely to
trouble the reader. One of these, in particular, is H. A. Lorentz’s article
on Electron Theory, which presages in its final section the Theory of the
Deformable Electron and thus itself represents a milestone in the develop-
ment of the Theory of Relativity. In keeping with the general character
of the Encyclopedia, the mathematical relationships are presented in a
completely general and abstract way; especially Part IT deals with the
mathematical tools of the theory of invariants and multi-dimensional
spaces. At the same time, in keeping with the aims of this particular
volume of the Encyclopedia, which is devoted to physics, physical applica-
tions are always kept to the fore and the possibility of confirmation by
experiment is never lost sight of. In Part I, for instance, Ritz’s well-
known counter-proposal to the Theory of Relativity is presented and is
criticized in the light of experimental evidence with a thoroughness which
is commensurate with the stature of its originator.

In its comprehensive discussion of experimental data the present
article differs from Weyl's great systematic treatment of Space-Time
Theory. The latter naturally aims only at expressing Weyl’s special point
of view, which is in part opposed to that of Einstein; Weyl’s theory and
Mie’s ideas, which it elaborates, are presented in a critical manner in the
Iast Part. On the other hand, Pauli’s article differs from Laue’s textbook
in that the proofs are not generally written out in full, but are only
indicated in their main essentials. Whereas Laue’s textbook has to
restrict itself in many ways in its choice of material, the article aims at
including all of the more valuable contributions to the theory which have
appeared up to the end of 1920. Beyond this, the author’s own opinions
are to be found in many places throughout the article.

It is to be hoped that this special edition will be welcomed as a useful
addition to the existing literature on Relativity and that it will help
physicists and mathematicians alike to gain a deeper understanding of
the subject.

Munich, 30 July 1921 A. SOMMERFELD.
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PART I. THE FOUNDATIONS OF THE SPECIAL THEORY
OF RELATIVITY

1. Historical background (Lorentz, Poincaré, Einstein)

The transformation in physical concepts which was brought about by
the theory of relativity, had been in preparation for a long time. As long
ago as 1887, in a paper still written from the point of view of the elastic-
solid theory of light, Voigt! mentioned that it was mathematically con-
venient to introduce a local time ¢’ into a moving reference system. The
origin of ¢ was taken to be a linear function of the space coordinates,
while the time scale was assumed to be unchanged. In this way the wave
equation

could be made to remain valid in the moving reference system, too. These
remarks, however, remained completely unnoticed, and a similar trans-
formation was not again suggested until 1892 and 1895, when H. A.
Lorentz? published his fundamental papers on the subject. Essentially
physical results were now obtained, in addition to the purely formal re-.
cognition that it was mathematically convenient to introduce a local time
¢’ in a moving coordinate system. It was shown that all experimentally
observed effects of first order in v/c (ratio of the translational velocity of
the medium to the velocity of light) could be explained quantitatively by
the theory when the motion of the electrons embedded in the aether was
taken into account. In particular, the theory gave an explanation for the
fact that a common velocity of medium and observer relative to the
aether has no influence on the phenomena, as far as quantities of first
order are concerned.3

However, the negative result of Michelson’s interferometer experiment?,

1 W. Voigt, ‘Uber das Dopplersche Prinzip’, Nachr. Ges. Wiss. Qdttingen (1887) 41. Voigt's
formulae are obtained by substituting x = 4/(1—82) in Egs. (1), below.

2 H. A. Lorentz, ‘La théorie électromagnétique de Maxwell et son application aux corps
mouvants’, Arch. néerl. Sci., 25 (1892) 363; Versuch einer Theorie der elektrischen und magne-
tischen Erscheinungen in bewegten Korpern (Leyden 1895).

8 Fizeau'’s result purported to show the effect of the earth’s motion on the change in the
azimuth of polarization when polarized light is obliquely incident on a glass plate. This
contradicted both the relativity principle and Lorentz’s theory and was later shown to he
wrong by D. B. Brace (Phil. Mag., 10 (1908) 591) and B. Strasser (Ann. Phys., Lpz., 24 (1907)
137). It should further be mentioned that in Lorentz’s theory it might be possible to obtain
first-order effects of the “‘aether wind" by considering gravitation. Thus, as mentioned by
Maxwell, the motion of the solar system relative to the aether would produce first-order
differences in the times of the eclipses of the Jupiter satellites; but it was found by C. V.
Burton (Phil. Mag., 19 (1910) 417; cf. also H. A. Lorentz, ‘Das Relativitétsprinzip’, 3
Haarlemer Vortrage (Leipzig 1914), p. 21) that the inherent observational errors would be as
large as the expected magnitude of the effect. Observations on the satellites would therefore
not help in deciding for or against the old aether theory.

¢ A description of this experiment is given by Lorentz in article V14 of the Encykl. math.
Wiss. (Leipzig 1904).
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2 I. Foundations of Special Relativity

concerned as it was with an effect of second order in v/c, created great
difficulties for the theory. To remove these, Lorentz® and, independently,
FitzGerald put forward the hypothesis that all bodies change their dimen-
sions when moving with a translational velocity v. This change of dimen-
sion would be governed by a factor «4/[1—(v2/c?] in the direction of
motion, with « as the corresponding factor for the transverse direction;
k itself remains undetermined. Lorentz justified this hypothesis by point-
ing out that the molecular forces might well be changed by the transla-
tional motion. He added to this the assumption that the molecules rest
in a position of equilibrium and that their interaction is purely electro-
static. It would then follow from the theory that a state of equilibrium
exists in the moving system, provided all dimensions in the direction of
motion are shortened by a factor 4/[1— (v2/c?)], with the transverse dimen-
sions unaltered. It now remained to incorporate this ““Lorentz contrac-
tion” in the theory, as well as to interpret the other experiments® which
had not succeeded in showing the influence of the earth’s motion on the
phenomena in question. There was first of all Larmor who, as early as
1900, set up the formulae now generally known as the Lorentz transfor-
mation, and who thus considered a change also in the time scale?. Lorentz’s
review article®, completed towards the end of 1903, contained several
brief allusions which later proved very fruitful. He conjectured that if the
idea of a variable electromagnetic mass was extended to all ponderable
matter, the theory could account for the fact that the translational motion
would produce only the above-mentioned contraction and no other effects,
even in the presence of molecular motion. This would also explain the
Trouton and Noble experiment. In addition, he raised the important
question whether the size of the electrons might be changed by the motion.®
However, in the introduction to his article, Lorentz still maintained the
principle that the phenomena depended not only on the relative motion of
the bodies, but also on the motion of the aether.?

We now come to the discussion of the three contributions, by Lorentz!©,
Poincaré! and Einstein!2, which contain the line of reasoning and the
developments that form the basis of the theory of relativity. Chrono-
logically, Lorentz’s paper came first. He proved, above all, that Maxwell’s
equations are invariant under the coordinate transformation!3

8 H. A. Lorentz, ‘De relative beweging van de aarde en dem aether’, Versl. gewone
Vergad. Akad. Amst., 1 (1892) 74.

¢ F. T. Trouton and H. R. Noble, Philos. T'rans., A 202 (1903) 165; Lord Rayleigh,
Phil. Mag., 4 (1902) 678.

1 J. J. Larmor, Aether and Matter (Cambridge 1900) pp. 167-177.

$ Article V14 of the Encykl. math. Wiss. (Lewpzig 1904), final §§ 64 and 65.

$ Ibid., p. 278.

® Ibid., p. 164.

10 H. A. Lorentz, ‘Electromagnetic phenomena m a system moving with any velocity
smaller than that of light’, Proc. Acad. Sci., Amst., 6 (1904) 809 (Versl. gewone Vergad.
Akad., Amst., 12 (1904) 986).

11 H. Pomcaré, ‘Sur la dynamique de I'électron’, C.R. Acad. Sci., Paris, 140 (1905) 1504 ;
‘Sur la dynamique de I’électron’, R.C. Circ. mat. Palermo, 21 (1906) 129.

11 A, Einstein, ‘Zur Elektrodynamik bewegter Korper’, Ann. Phys., Lpz., 17 (1905) 891.

13 To obtain (1) ffBm Larmor's and Lorentz’s formulae, one has to replace their z by
x—ut, since they first make the usual transition to the moving system.



1. Historical background 3
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provided the field intensities in the primed system are suitably chosen.

This, however, he proved rigorously only for Maxwell’s equations in

charge-free space. The terms which contain the charge density and

current are, in Lorentz’s treatment, not the same in the primed and the

moving systems, because he did not transform these quantities quite

correctly. He therefore regarded the two systems as not completely, but

only very approximately, equivalent. By assuming that the electrons,

too, could be deformed by the translational motion and that all masses

and forces have the same dependence on the velocity as purely electro-

magnetic masses and forces, Lorentz was able to derive the existence of a

contraction affecting all bodies (in the presence of molecular motion as

well). He could also explain why all experiments hitherto known had

failed to show any influence of the earth’s motion on optical phenomena.

A less immediate consequence of his theory is that one has to put « = 1.

This means that the transverse dimensions remain unchanged during the

motion, if indeed this explanation is at all possible. We would like to stress

that even in this paper the relativity principle was not at all apparent to,
Lorentz. Characteristically, and in contrast to Einstein, he tried to under- }
stand the contraction in a causal way.

The formal gaps left by Lorentz’s work were filled by Poincaré. He
stated the relativity principle to be generally and rigorously valid. Since
he, in common with the previously discussed authors, assumed Maxwell’s
equations to hold for the vacuum, this amounted to the requirement that
all laws of nature must be covariant with respect to the “‘Lorentz trans-
formation’14, The invariance of the transverse dimensions during the
motion is derived in a natural way from the postulate that the trans-
formations which effect the transition from a stationary to a uniformly
moving system must form a group which contains as a subgroup the
ordinary displacements of the coordinate system. Poincaré further cor-
rected Lorentz’s formulae for the transformations of charge density and
current and so derived the complete covariance of the field equations of
electron theory. We shall discuss his treatment of the gravitational
problem, and his use of the imaginary coordinate ict, at a later stage (see
§§ 50 and 7).

It was Einstein, finally, who in a way completed the basic formulation
of this new discipline. His paper of 1905 was submitted at almost the same
time as Poincaré’s article and had been written without previous know-
ledge of Lorentz’s paper of 1904. It includes not only all the essential
results contained in the other two papers, but shows an entirely novel, and
much more profound, understanding of the whole problem. This will now
be demonstrated in detail.

’

= K—,
)

(1)

14 The terms ‘Lorentz transformation’ and ‘Lorentz group ’ occuired for the first time
in this paper by Pomncaré.
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4 I. Foundations of Special Relativity

2. The postulate of relativity

The failure of the many attempts'®t to measure terrestrially any effects
of the earth’s motion on physical phenomena allows us to come to the
highly probable, if not certain, conclusion that the phenomena in a given
reference system are, in principle, independent of the translational
motion of the system as a whole. To put it more precisely: there exists a
triply infinite set!® of reference systems moving rectilinearly and uniformly
relative to one another, in which the phenomena occur in an identical
manner. We shall follow Einstein in calling them “Galilean reference
systems”—so named because the Galilean law of inertia holds in them.
It is unsatisfactory that one cannot regard all systems as completely
equivalent or at least give a logical reason for selecting a particular set of
them. This defect is overcome by the general theory of relativity (see
Part IV). For the moment we shall have to restrict ourselves to Galilean
reference systems, i.e. to the relativity of uniform translational motions.

Once the postulate of relativity is stated, the concept of the aether as a
substance is thereby removed from the physical theories. For there is no
point in discussing a state of rest or of motion relative to the aether when
these quantities cannot, in principle, be observed experimentally. Nowa-
days this is all the less surprising as attempts to derive the elastic proper-
ties of matter from electrical forces are beginning to show success. It would
therefore be quite inconsistent to try, in turn, to explain electromagnetic
phenomena in terms of the elastic properties of some hypothetical med-
ium.}? Actually, the mechanistic concept of an aether had already come to
be superfluous and something of a hindrance when the elastic-solid theory
of light was superseded by the electromagnetic theory of light. In this
latter the aether substance had always remained a foreign element.
Einstein!® has recently suggested an extension of the notion of an aether.
It should no longer be regarded as a substance but simply as the totality of
those physical quantities which are to be associated with matter-free space. In
this wider sense there does, of course, exist an aether; only one has to
bear in mind that it does not possess any mechanical properties. In other
words, the physical quantities of matter-free space have no space co-
ordinates or velocities associated with them.

It might seem that the postulate of relativity is immediately obvious,
once the concept of an aether has been abandoned. Closer reflection shows

1 In addition to the references in footnote 6, the following should be mentioned: the
repetition of Michelson’s experiment by E. W. Morley and D. C. Miller, Phil. Mag., 8 (1904)
763 and 9 (1906) 680. (See also its discussion by J. Luroth, S.B. bayer. Akad. Wiss., 7 (1909); ’
E. Kohl, Ann. Phys., Lpz., 28 (1909) 259 and 662; M. v. Laue, Ann. Phys., Lpz., 33 (1910)
156); further attempts to find double refraction due to the earth’s motion: D. B. Brace,
Phil. Mag., 7 (1904) 317, 10 (1905) 71 and Boltzmann-Festschrift (1907) 576; an experiment
by F. T. Trouton and A. O. Rankine to determine the change i the electric resistance of a
wire corresponding to its orientation with respect to the earth’s motion, Proc. Roy. Soc.,
8 (1908) 420; see also a review article by J. Laub on the experimental basis of the relativity
principle, Jb. Radioakt., 7 (1910) 405.

1 See suppl. note 2.

16 We shall not consider trivial displacements of the origin and coordinate axes.

17 This point was made by M. Born, Naturwissenschaften, 7 (1919) 136.

18 A, Einstein, ‘Ather und Relativitatstheorie’, lecture delivered at Leyden (Berlin 1920).
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however that this is not so.l Naturally we cannot subject the whole
universe to a translational motion and then investigate whether the
phenomena are thereby altered. Our statement will therefore only be of
heuristic value and physically meaningful when we regard it as valid for
any and every closed system. But when is a system a closed system?
Would it be sufficient to stipulate that all masses should be far enough
removed ?2% Experience tells us that this is sufficient for uniform motion, but
not for a more general motion. An explanation for the preferred réle
played by uniform motion is to be given at a later stage (see Part IV, § 62).
Summarizing, we can say the following : The postulate of relativity implies
that a uniform motion of the centre of mass of the universe relative to a
closed system will be without influence on the phenomena in such a system.

3. The postulate of the constancy of the velocity of light. Ritz’s

and related theories

The postulation of relativity is still not sufficient for inferring the co-
variance of all laws of nature under the Lorentz transformation. Thus,
for instance, classical mechanics is perfectly in accord with the principle
of relativity, although the Lorentz transformation cannot be applied to
its equations. As we saw above, Lorentz and Poincaré had taken Maxwell’s
equations as the basis of their considerations. On the other hand, it is
absolutely essential to insist that such a fundamental theorem as the
covariance law should be derivable from the simplest possible basic as-
sumptions. The credit for having succeeded in doing just this goes to
Einstein. He showed that only the following single axiom in electro-
dynamics need be assumed: The velocity of light s independent of the
motion of the light source. If this is a point source, then the wave fronts
are in all cases spheres with their centres at rest. For conciseness we shall
denote this by “constancy of the velocity of light”, although such a desig-
nation might give rise to misunderstandings. There is no question of a
universal constancy of the velocity of light in vacuo, if only because it
has the constant value ¢ only in Galilean systems of reference. On the
other hand its independence of the state of motion of the light source
obtains equally in the general theory of relativity. It proves to be the true
essence of the old aether point of view. (See § 5 concerning the equality of
the numerical values of the velocity of light in all Galilean systems of
reference.)

As will be shown in the next section, the constancy of the velocity of
light, in combination with the relativity principle, leads to a new concept
of time. For this reason W. Ritz? and, independently, Tolman??,

19 Cf. A. Einstein, Ann. Phys., Lpz., 38 (1912) 1059.

20 In a different context, H. Holst has pointed out that it is necessary to take distant
masses into account, even in the special theory of relativity (cf. footnote 43, p. 15).

21 W. Ritz, ‘Recherches critiques sur 1’électrodynamique générale’, Ann. Chim. Phys.,
13 (1908) 145 [Coll. Works, p. 317]; ‘Sur les théories électromagnétiques de Maxwell-Lorentz’,
Arch. Sci. Phys. Nat., 16 (1908) 209 [Coll. Works, p. 427]; ‘Du réle de 1’éther en physique’,
Rw. Sci., Bologna, 3 (1908) 260 [Coll. Works, p. 447]; see also P. Ehrenfest, ‘Zur Frage nach
der Entbehrlichkeit des Lichtéthers’, Phys. Z., 13 (1912) 317; ‘Zur Krise der Lichtather-

. hypothese’, lecture delivered in Leyden, 1912 (Berlin, 1913).

22 R. C. Tolman, Phys. Rev., 30 (1910) 291 and 31 (1910) 26.

-
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Kunz?3 and Comstock?* have raised the following question: Could one not
avoid such radical deductions and yet retain agreement with experiment, by
rejecting the constancy of the velocity of light and retaining only the first
postulate? It is clear that one would then have to abandon not only the
idea of the existence of an aether but also Maxwell’s equations for the
vacuum, so that the whole of electrodynamics would have to be construc-
ted anew. Only Ritz has succeeded in doing this in a systematic theory.
He retains the equations

1
curlE+-H =0, divH =0,
e

so that the field intensities can be derived, just as in ordinary electro-
dynamics, from a scalar and vector potential

1
E=—grad¢ —-A, H = curlA.
c

The equations

av 1 AV
¢(P”)=f——f——i— . AP,y = [UoevaVe
[reple—t-cro [replta’—rie

of ordinary electrodynamics are now, however, replaced by

¢(P’ t) = pdVr ) A(P: t) = (1/0)deVP’ -

lreple—twr) (c+7,)] reple—t-w (c+vl

This corresponds to the principle that it is only the velocity of a light wave
relative to its source, and analogously the velocity of an electromagnetic
disturbance relative to the electron, which is equal to c. We shall call all
theories which are based on this assumption ‘‘emission theories”. Since the
relativity principle is automatically satisfied by all such theories, they can
all explain Michelson’s interferometer experiment. It remains now to
investigate whether they are also compatible with the results of other
optical experiments.

It has first to be noted that the emission theories are not consistent
with the electron-theoretical explanation of reflection and refraction, for
which it is essential that the spherical waves emitted by the dipoles in
the body should interfere with the incident wave. If we now think of the
body as at rest, and the light source moving relative to it, then according
to Ritz the waves emitted by the dipoles will have a velocity (i.e. ¢) differ-
ent from that of the incident wave. Interference is therefore not possible.
A further important point is that additional, artificial, hypotheses are
needed to enable emission theories to explain Fizeau’s experiment (see
§ 6), which is so fundamental to the optics of moving media. Let us
investigate more closely what the emission theories have to say on the

23 J, Kunz, Amer. J. Sci., 30 (1910) 1313.
4 D. F. Comstock, Phys. Rev., 30 (1910) 267.
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Doppler effect. A simple argument shows that the frequency changes in
just the way it is required to by the aether theory, whereas the wave-
length remains the same as for a source at rest, because of the change in
velocity222, The question therefore arises whether, in the usual astronomi-
cal observations of the Doppler effect, it is a change in wave length or in
frequency which is established? It may be assumed in favour of the
emission theories that, for experiments carried out with prisms, it is a
change in frequency. Much more difficult to decide is the case of observa-
tions made with diffraction gratings. Tolman takes the view that it is
here a question of wavelength, which would disprove the emission theories.
Stewart?5, on the other hand, is of the opposite opinion. It is not possible
to reach a straightforward decision in this matter, since the concept of
diffraction in the emission theories is, in any case, not a very clear one.
The various emission theories diverge in their predictions regarding the
Doppler effect for a moving mirror. According to J. J. Thomson?® and
Stewart 25, the moving mirror is equivalent to the mirror image of the light
source, as far as the velocity of the reflected light ray is concerned.
According to Tolman, the mirror acts like a new light source present on
its surface. Finally, according to Ritz?'2 the velocity of the reflected ray is
equal to that of a parallel ray, emitted by the original light source. For a
source at rest and the mirror in motion one would thus, according to
Thomson and Stewart, not expect a wave-length Doppler effect, whereas
with Tolman the effect would be half that of ordinary opties, and according
to Ritz it would be equal to it. Now the Doppler effect of the wave length
of light reflected from a moving mirror has recently been determined
interferometrically in a number of experiments??, with the unquestionable
result that it agrees with the value required by classical optics. The
assumptions of Thomson and Stewart and of Tolman have thus been
proved wrong. Furthermore, Q. Majorana?® determined the Doppler effect
for a moving light source, again interferometrically, and found it to be
identical with the classical value. As pointed out by Michaud?®, in parti-
cular, Majorana’s experiment does not disprove Ritz’s theory, and this for
the following reason: Let L be a light source moving with velocity v away
from a mirror 8 which is at rest, and let 4 be a fixed point in front of the
mirror (see Fig. 1). The essence of Majorana’s experiment lies in the change
in optical path length 48 = [ of the light before and after reflection, as the
velocity of the light source increases from zero to v. Before reflection we
have the velocity equal to c—v, the frequency v;=v[1—(v/c)], so that
A = (¢c—v)/v; = A. On reflection at the mirror S, which is at rest, the

222 This was first pointed out by Tolman (Cf. footnote 22, p. 5, ibid.).

25 Q. M. Stewart, Phys. Rev., 32 (1911) 418.

26 J. J. Thomson, Phil. Mag., 19 (1910) 301.

3s Cf. footnote 21, p. 5, W. Ritz and P. Ehrenfest, 1bid.; see also R. C. Tolman, Phys.
Rev., 35 (1912) 136. Whenover the “Ritz theory” is mentioned in what follows, the term 18
taken to include the above-mentioned prescription which 1s not free from arbitrariness.

37 A. A. Michelson, Astroph. J., 37 (1913) 190; Ch. Fabry and H. Buisson, C.R. Acad.
Sci., Paris, 158 (1914) 1498; Q. Majorana, C.R. Acad. Sci., Paris, 165 (1917) 424, Phil.
Mag., 35 (1918) 163 and Phys. Rev., 11 (1918) 411.

38 Q. Majorana, Phil. Mag., 37 (1919) 190.

2 P. Michaud, C.R. Acad. Sci., Paris, 168 (1919) 507.
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A
f

Fig. 1

frequency remains unaltered, but the velocity becomes ¢+, so that, to
first order in small quantities, the wave length becomes A, = (c-+v)/v,
= A [14(2v/c)]. The required change in the total path length is therefore

20

just as in the classical theory. It can be shown quite in general that for
quantities of first order there is no difference between Ritz’s and ordinary
or relativistic optics, provided one deals with closed light paths. In other
words, terrestrial experiments can only be made to decide in favour of
one or other of the two viewpoints, if they include second-order effects.3°
Michelson’s interferometer experiment could, according to La Rosa® and
Tolman32, serve as ‘‘experimentum crucis”, provided it is not carried out
with a terrestrial light source but makes use of light coming from the sun.
In contrast to the theory of relativity, Ritz’s theory would then demand
a shift of the interference fringes on rotation of the apparatus.t
There are, however, first-order effects which could disprove Ritz, pro-

vided one deals not with closed but with open light paths. While it is not
possible to perform such measurements terrestrially, astronomical obser-
vations are certainly feasible. Comstock?2 already pointed to possible
effects with twin stars. De Sitter33 later discussed the problem quanti-
tatively and came to the following conclusions: If the velocity of light
were not assumed constant, then for circular orbits of spectroscopic twin
stars the time dependence of the Doppler effect would correspond to
that of an eccentric orbit. Since the actual orbits have very small eccen-
tricity, this leads one to conclude that the velocity of light is, to a large
degree, independent of the velocity v of the twin star. If one assumes the
expression for the light velocity to be of the form ¢+4kv, then k must be
< 0-:002. One can now consider this result in conjunction with the above-
mentioned difficulties encountered by the emission theories to explain
Fizeau’s experiment and to give an atomistic interpretation of refraction.
It can then be safely said that the postulate of the constancy of the

30 This has been remarked by Ehrenfest, cf. footnote 21, p. 5, Phys. Z., loc. cit.

3t M. La Rosa, Nuovo Cim., (6) 3 (1912) 345 and Phys. Z., 13 (1912) 1129.

* R. C. Tolman, Phys. Rev., 35 (1912) 136.

t See suppl. note 3.

s Cf. footnote 24, p. 6, ibid.

38 W. de Sitter, Proc. Acad. Sci., Amat., 15 (1913) 1297 and 16 (1913) 395; Phys. Z., 14
(1913) 429 and 1267; see also the review article by P. Guthnik, Astr. Nachr., 195 (1913)

No. 4670, and E. Freundlich’s objection [Phys. Z., 14 (1913) 835], refuted by de Sitter’s
second paper. See also W. Zurhellen, Astr. Nachr., 198 (1914) 1.
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velocity of light has been proved to be correct, whereas attempts by Ritz
and others to account for the Michelson experiment have been shown
untenable.

4. The relativity of simultaneity. Derivation of the Lorentz
transformation from the two postulates. Axiomatic nature of
the Lorentz transformation

At first sight it appears as if the two postulates were incompatible. For,
let us take a light source L which moves relative to an observer 4 with
velocity v, and consider a second observer B at rest with respect to L.
Both observers must then see as wave fronts spheres whose centres are
at rest relative to 4 and B, respectively. In other words, they see different
spheres. This contradiction disappears, however, if one admits that
space points which are reached by the light simultaneously for 4, are
not reached simultaneously for B. This brings us directly to the relativity
of simultaneity. Here, it will first of all be necessary to say what is meant
by the synchronization of two clocks at different places. The following
definition was chosen by Kinstein. A light ray is emitted from point P
at time ¢p, is reflected at ¢ at time £y, and returns to P at time ¢'p. The
clock at @ is then considered synchronized with that at P if ¢,
= (tp+t'p)/2. Einstein uses light for regulating the clocks because the
two postulates enable us to make definite statements about the mode of.
propagation of the light signals. Naturally, one could think of other ways
of comparing the clocks, such as transporting them, or using mechanical
or elastic couplings, etc. Only it must be stipulated that no such method
should lead to a contradiction with the optical regulation method.

We can now derive the transformation formulae which connect the
coordinates, z, ¥, 2, t and «’, y’, 2', t', of two reference systems K and
K’ in uniform relative motion. The z-axis is chosen to lie along the
direction of motion in such a way that K’ moves relative to K with
velocity v in the positive z-direction. All writers start with the require-
ment that the transformation formulae should be linear. This can be
justified by the statement that a uniform rectilinear motion in K must
also be uniform and rectilinear in K’. Furthermore it is to be taken for,
granted that finite coordinates in K remain finite in K’. This also implics
the validity of Euclidean geometry and the homogeneous nature of space
and time. It follows from the two postulates that the equation

22+ y2 +22 — 22 = 0 (2)
entails the corresponding equation
22+ y'2 +2'2 - 22 = 0. (2)
Since the transformation is to be a linear one, this is only possible if
24 Y2 422 — 2’2 = k(22 + Y2 + 22 — c2H2)

where « is a constant depending on ». If one also bears in mind that any
motion parallel to the z-axis must remain so after the transformation,



10 1. Foundations of Special Relativity

formulae (1) of § 1 will be seen to follow immediately. It is, however, still
necessary to show that « can be put equal to 1. Einstein’s procedure con-
sists in applying transformation (1) once more, with the velocity in the
opposite direction.

x” ( v) x'+vtl " ( v) ’ " ( )l
= x(— ——— = Kk(— N 2 = kK(—V)%,
vo-@ 7 Y
t = k(— ) t+ (’U/cz)m'

1-p2)°
Then V(1 - B?)

2 = k(@)(—v)x, y k(@r(—v)y, 2 = k(@)x(—v)z,
1" = k(v)x(— v)t.

I

Since K" is at rest relative to K, it must be identical with it. Hence
k(v)e(—v) = L

It was already pointed out in § 1 that x(v) corresponds to the change in
the transverse dimensions of a rod, and this must, for reasons of sym-
metry, be independent of the direction of the velocity. Hence «(v) =
«(—v). The above relation then gives «(v) = 1, since x must be positive.
Poincaré arrives at this conclusion in a similar way. He considers the
totality of all linear transformations which transform Eq. (2) into itself
(this totality naturally forms a group) and demands that it should con-
tain as subgroups

(2) the one-parameter group of translations parallel to the z-axis (the
group parameter here is the velocity v),
(b) the ordinary displacements of the coordinate axes.

Once again, « = 1 follows, since Kinstein’s symmetry requirement «(v)
= k(—v) is contained in (b). We have thus obtained the definite result
that

, x— vt , , b= (v[*)x
x = —, Y=y =z, = @)
V(1 - B?) V(1 - 87
Z'2 4 y'2 4+ 22 — 2’2 = a2 4 ¢ 4 22 — 242, (II)

The transformation which is the inverse of (T) can be obtained by re-
placing3t v by —wv:

’ ’ ’ ’

a’ + ot ¢+ (vjc?)x
g=— . y=y, 2=, l=——T (I

V(=87 V(-8

34 For some apphications 1t is useful to know the transformation formulae also for the gene-
ral case where the z-axis 18 not in the direction of the velocity v. They can be obtained by

splitting r nto components r, (along the direction of the velocity v of K’ relative to K)
and r (perpendicular to v). It follows from (I), first of all, that

) r, — vt , , b= (vory)fe?

“ovame T T e
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The simple structure of formulae (I) makes one wonder whether they
could not have been derived from general group-theoretical considerations,
without having to assume the invariance of (2). To what extent this is in
fact possible has been shown by Ignatowsky, and Frank and Rothe.? One
need assume no more than the following conditions:

(a) the transformétions must form a one-parameter homogeneous
linear group;

(b) the velocity of K relative to K’ is equal and opposite to that of
K’ relative to K ;

(¢) the contraction of lengths at rest in K’ and observed in K is equal
to that of lengths at rest in K and observed in K.

This already suffices to show that the transformation formulae must
be of the form
x — vt t — ovx
¥ =— = (3)
V(1 = a?) V(1 — w?)
Nothing can, naturally, be said about the sign, magnitude and physical
meaning of «. From the group-theoretical assumption it is only possible
to derive the general form of the transformation formulae, but not their
physical content. Incidentally, it is to be noted that (3) contains the trans-
formation formulae of ordinary mechanics

' =z —t, t =t (4)

which can be obtained by putting « = 0. Following P. Frank, these latter
are now generally given the name “Galilean transformations.” It is obvious
that, by putting ¢ = oo, they can equally well be derived from (1).

5. Lorentz contraction and time dilatation

The Lorentz contraction is the simplest consequence of the transforma-
tion formulae (1), and thus also of the two basic assumptions. Take a rod
lying along the z-axis, at rest in reference system K’. The position co-
ordinates of its ends, #;” and x2" are thus independent of ¢’ and

xg' - xl' = lo (5)
but sinco
(r-v)v (r-v)v, , , ,
=T r,=r-r;, =r———, r=r',+r
v v
this can also be written
, + 1 ( 1 1)( ) vt
r==r+——HoH"o—-— rvyvy— —————,
2\ V(- ) VL= (1a)
,  t—(1/e?)(r-v)
V=

These formulae can be found in a paper by G. Herglotz, Ann. Phys., Lpz., 36 (1911) 497,
Eq. 9.

3 W. v. Ignatowsky, Arch. Math. Phys., Lpz., 17 (1910) 1 and 18 (1911) 17; Phys. Z.,
11 (1910) 972 and 12 (1911) 779; P. Frank and H. Rothe, Ann. Phys., Lpz., 34 (1911)
825 and Phys. Z., 13 (1912) 750.
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is the rest length of the rod. On the other hand, we might determine the
length of the rod in system K in the following way. We find ; and 3 as
functions of ¢. Then the distance between the two points which coincide
simultaneously with the end points of the rod in system K will be called
the length [ of the rod in the moving system:

zo(t) — @1(f) = 1. (6)

Since these positions are not taken up simultaneously in system K’, it
cannot be expected that I equals /. In fact, it follows from (I) that

, () — vt ,  x(t) — vt
PTva-ey T va-gy
s0 that
l
b= VT l=1lo/(1-p2). (7

The rod is therefore contracted in the ratio 4/(1—82) : 1, as was already
assumed by Lorentz. Since the transverse dimensions of a body remain
unaltered, the same formula applies to the contraction of its volume:

V =Vov(1-$2%. (7a)

We have seen that this contraction is connected with the relativity of
simultaneity, and for this reason the argument has been put forward>3®
that it is only an “apparent’ contraction, in other words, that it is only
simulated by our space-time measurements. If a state is called real only
when it can be determined in the same way in all Galilean reference
systems, then the Lorentz contraction is indeed only apparent, since an
observer at rest in K’ will see the rod without contraction. But we do not
consider such a point of view as appropriate, and in any case the Lorentz
contraction is in principle observable. In this connection a ‘“‘thought
experiment”’ of Einstein’s% is instructive. It shows that the determination
of the simultaneity of spatially separated events, which is necessary for
the observation of the Lorentz contraction, can be carried out entirely
with the help of measuring rods, without the use of clocks. For let us
think of using two rods 4;B; and A3B; of the same rest length Iy, which
move relative to K with equal and opposite velocity ». We mark the
points A* and B* in K at which the points 4; and 4, and B, and B,,
respectively, overlap. (For reasons of symmetry the overlappings take
place simultaneously in K.) The distance A*B*, as measured by rods at
rest in K, will then have the value

L =lov(1- ).

It therefore follows that the Lorentz contraction is not a property of a
single measuring rod taken by itself, but is a reciprocal relation between

38 V, Varicak, Phys. Z., 12 (1911) 169.
37 A. Einstein, Phys. Z., 12 (1911) 509.
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two such rods moving relatively to each other, and this relation is in
principle observable.

Analogously, the time scale is changed by the motion. Let us again
consider a clock which is at rest in K’. The time ¢ which it indicates in
K’ is its proper time 7 and we can put its coordinate x’ equal to zero. It
then follows from (I a) that

r
t = —————, T = 1 - g%)¢. 8

] V(1= ) (8)
Measured in the time scale of K, therefore, a clock moving with velocity v
will lag behind one at rest in K in the ratio 4/(1 — B2): 1. While this conse-
quence of the Lorentz transformation was already implicitly contained
in Lorentz’s and Poincare’s results, it received its first clear statement
only by Einstein.

The time dilatation gives rise to an apparent paradox which was
already mentioned in Einstein’s first paper and later discussed in more
detail by Langevin®, Laue3? and Lorentz%°. Consider two synchronized
clocks Cy and C; at a point P. If one of them, say Cs, is now set in motion
at time ¢ = 0 and made to move with constant speed v along an arbitrary
curve, reaching point P’ after time £, then it will no longer be synchronous
with C, afterwards. On arrival at P’ it will show the time #4/(1 — f2)
instead of ¢. The same result will hold, in particular, when P and P’ coin-
cide, i.e. when C; returns to its initial position. We can neglect the effect
of acceleration on the clock, so long as we are dealing with a Galilean
reference system. If we take the special case where (3 is moved along the
x-axis to a point @ and then back again to P, with discontinuous velocity
changes at P and @, then the effect of the acceleration will certainly be
independent of ¢ and can easily be eliminated. The paradox now lies in
the following statement: Let us describe the process in terms of a refer-
ence system K*, always at rest with respect to Cs. Clock C; will then move
relative to K* in the same way as Cz moves relative to K. Yet, at the end
of the motion, clock Cz will have lost compared with C, i.e. C; will have
gained compared with C2. The paradox is resolved by observing that
the coordinate system K* is not a Galilean reference system and that
in such a system the effect of acceleration cannot be neglected, since the
acceleration is not produced by an external force, but, in the terminology
of Newtonian mechanics, by an inertial force. Of course, a complete
explanation of the problem can only be given within the framework of the
general theory of relativity (see Part IV, § 53 (8); for the four-dimensional
formulation of the clock paradox, see Part III, § 24). It is further to be
noted that the time regulation by means of transporting clocks, as men-
tioned in the previous section, is not possible without imposing some re-
striction. It will only furnish the correct result when the time indications
of the clocks are extrapolated to zero transport velocity.

38 P, Langevin, ‘L’évolution de 'espace et du temps’, Scientia, 10 (1911) 31.
» M. v. Laue, Phys. Z., 13 (1912) 118.

4 H. A. Lorentz, ‘Das Relativitatsprinzip’, 3 Haarlemer Vorlesungen (Leipzig 1914),
pp. 31 and 47.
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It is obvious that experiments which are intended to show the effect of
the motion of the coordinate system as a whole on phenomena within it
must, according to the theory of relativity, show a negative result. It is
nevertheless instructive to investigate how such experiments are seen
from a system K which is at rest. For this purpose we shall discuss the
Michelson interferometer experiment. Let I; be the length, measured in
K, of the interferometer arm parallel to the direction of motion, and I; that
of the arm at right angles to it. The times ¢; and ¢ taken by the light to
traverse the arms are then given by

o= A g2
1-pg2 V(1 - B?)
Now, because of the Lorentz contraction, we have
h = l+/(1 — B?), while Iz = Iy,
so that
2l
T Va-py

It would therefore seem that an observer travelling with K’ measures a
velocity of light

ct; = clg

¢ =c+/(1—-PB?, (9)

different from that measured by an observer in K. This is the point of
view put forward by Abraham®. According to Einstein, however, the time
dilatation

' =t4/(1-p?
has still to be taken into account, so that
ety = cty’ = 2lp,

and thus the velocity of light is the same in K’ as in K. According to
Abraham there is no time dilatation. Abraham’s point of view is consistent
with Michelson’s experiment, but it contradicts the postulate of relativity,
since it would in principle admit of experiments which would allow one
to measure the ‘“‘absolute’” motion of a system.42
Let us discuss the difference between Einstein’s and Lorentz’s points
of view still further. Einstein showed in particular that the distinction
between ‘local” and ‘“‘true” times disappears with a more profound
formulation of the concept of time. Lorentz’s local time is shown to be
simply the time in the moving system K’. There are as many times and
41 M. Abraham, Theorie der Elektrizitdt, Vol. 2 (2nd edn., Leipzig 1908), p. 367.
4% One might also mention here ‘“‘thought expermments’ by W. Wien [ Wurzb. phys. med.
Ges., (1908) 29 and T'aschenb. Math. Phys., 2 (1911) 287]and by G. N. Lewis and R. C. Tolman

[Phil. Mag., 18 (1909), footnote on p. 516] which serve as illustrations of the term
(v/c®)x[+/(1— B?) in the transformation formula for 2.
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spaces as there are Galilean reference systems. It is also of great value that
Einstein rendered the theory independent of any special assumptions
about the constitution of matter.

Should one, then, in view of the above remarks, completely abandon
any attempt to explain the Lorentz contraction atomistically? We think
that the answer to this question should be No. The contraction of a
measuring rod is not an elementary but a very complicated process. It
would not take place except for the covariance with respect to the Lorentz
group of the basic equations of electron theory, as well as of those laws,
as yet unknown to us, which determine the cohesion of the electron itself.
We can only postulate that this is so, knowing that then the theory will be
capable of explaining atomistically the behaviour of moving measuring
rods and clocks. However, the equivalence of two coordinate systems in
relative motion will always have to be kept in mind.

The epistemological basis of the theory of relativity has recently been
undergoing a close examination from the side of philosophy.43 In this
connection the opinion has been expressed that the theory of relativity
has thrown overboard the concept of causality. We take the view that it is
perfectly satisfactory from the standpoint of the theory of knowledge to
say that the relative motion is the cause of the contraction, since this
latter is not the property of a single measuring rod, but a relation between
two such rods. Also, it is unnecessary to refer, as Holst does, to all matter
present in the universe, in order to satisfy the causality condition.

6. Einstein’s addition theorem for velocities and its application
to aberration and the drag coefficient. The Doppler effect

It is immediately apparent that the manner in which velocities are
combined in the old kinematics would not lead to the correct result in
relativistic kinematics. For instance, it is obvious that on adding a
velocity v ( < ¢) to ¢ one should obtain ¢, and not ¢4v. The rules which
have to be used here are fully contained in the transformation formulae
(I). Let an arbitrary motion

x/ = xl(tl), yl - yl(t/), zl —_ zl(tl)
be given in K’. There is then a motion
x=uz(t), y=yl), z=z2()

in K which corresponds to it. We want to know the connection between -
the velocity components in K’,

dx’ ’ ’ ’ dy, ’ dz’ ’ ’ r 9 ’ r g
—é—t7=ux=ucosm -(E,—=uy, —&7=uz, w = 4/(u2%+ w2+ u' ),
and the corresponding quantities in K,

dx dy dz

G v weose oo =up =t w= Vit bt )

43 See in particular J. Petzold, Z. posuwvistische Philos., 2 (1914) 40; Verh. dtsch. phys.
Ges., 20 (1918) 189 and 21 (1918) 495; Z. Phys., 1 (1920) 467; M. Jakob, Verh. dtsch. phys.
Qes., 21 (1919) 159 and 501; H. Holst, Math.-fys. Medd., 2 (1919) 11; Z. Phys., 1 (1920)
32 and 3 (1920) 108.
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From (Ia) one obtains

dz’ + vdt’ ar 2)da’
de = _”‘_f_”__, dy =dy, dz=de/, dt= @ + (vfe)ie’
V(1 - B) V(1 -8
and hence, dividing by the last equation,
wz+v V[ = (@%/A)u'y
Up = ———————— Uy =

1+ (vu'g/c?) 1 + (vu/s/c?)
VI = (o)
1+ (owgfe?)

(10)

These relations are also found in Poincaré’s paper which was quoted above.
It follows straightaway that

{u’? + v2 + 2u'v cosa’ — [(w'v sino’)/c]2}

1 4 (u'v cosa')/c? ’ (1)

which can also be written
J (1 _ “_2) VI = ()L — (w2e?)]
B 1 + (u'v cosa’)/c?
V[l — (v?[c®)]u’ sino’

tana = . 12
% cosa’ + v (12)

(11a)

and

The inverse formulae are obtained by replacing v by —wv. Thus the com-
mutative law holds for the absolute values, but not for the directions, of
the velocities. For the special cases where the velocities to be added are
parallel or perpendicular to one another the rules can be deduced immedi-
ately from formulae (10).

1t is further seen from (11 a) that a combination of velocities less than ¢
will always result in a velocity less than c. Also, material bodies cannot
move with a relative velocity greater than c; this follows from the fact
that transformation (I) would in such a case produce imaginary values for
the coordinates. But one can make a further statement. Suppose it were
possible that an effect in a system K is propagated with velocity greater
than c. There would then exist a system K’ (moving relative to K with
velocity less than ¢) in which an event causing another, later, event in
K would happen after it. For we can put 4y = u, = 0, 4 > ¢, and then,
using the inverse formula to (10), we obtain

uU—v

’

%W =—<
1 — (uv/c?)

on choosing (c/#) < (v/c) < 1. This would be tantamount to upsetting the
concepts of cause and effect, and it can therefore be concluded that it is
impossible to send out signals with a velocity greater than that of light.#

@ A. Finstein, Ann. Phys., Lpz., 23 (1907) 371.
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Thus, in the theory of relativity, the velocity of light plays in many
respects the role of an infinitely great velocity. To prevent the kind of
misunderstandings which have occasionally arisen, we should like to
stress here particularly that the theorem of the non-existence of velocities
greater than c applies, by its very derivation, only to Galilean reference
systems.

Let us now consider in more detail the case in which one of the velocities
to be compounded is equal to ¢, while leaving the direction of the light ray
arbitrary; thus we have «’ = c. It then follows from (11) that u = ¢, i.e.
(velocity of light) + (velocity less than c) gives again velocity of light.
The relation (12) then leads for this case to

tang = Y~ F)sine (13)
cosa’ + B

This is the relativistic formula for the aberration of light, which was
already deduced by Einstein in his first paper. A more rigorous proof of
it will be given later. The formula agrees with the classical formula for
quantities of first order. An inherent simplification is brought about by
the theory of relativity in so far as the two cases, moving light source —
observer at rest; light source at rest—moving observer, become identical.

A second important application of Einstein’s addition theorem for
velocities consists in the explanation of the Fresnel drag coefficient. It was
first considered by Laue?® after an incomplete attempt had been made
by J. Laub®. Just as in the case of aberration, the theory of relativity
cannot furnish a new result when compared with Lorentz’st’ electron-
theoretical explanation, at least where first-order quantities are con-
cerned, which alone are observable. The relativistic derivation has how-
ever the great advantage that it is simpler than the electron-theoretical
one and, in particular, that it demonstrates the independence of the
final result from any special assumptions about the mechanism of the
refraction of light. The general approach is different, too. Formerly,
Fizeau’s experiment was actually looked upon as proving the existence
of an aether at rest. The intcrpretation then put forward® was that the
light waves were propagated relative to the moving medium not with
velocity ¢/n, but with velocity (c/n) — (v/®2). This involves an application
of non-relativistic kinematics which is not justified from the relativistic
point of view. Rather should one say that, for an observer moving with
the medium, light is propagated as usual with velocity c/n in all
directions. Just because of this, its velocity of propagation as seen by an
observer moving with velocity » relative to the medium is not (¢/n)+v but
some other velocity ¥, determinable from (10). Let us restrict ourselves
to the case where the direction of the light ray coincides with that of the

4 J. Laub, Ann. Phys., Lpz., 23 (1907) 738.

46 M. v. Laue, Ann. Phys., Lpz., 23 (1907) 989.

47 See the treatment in Encykl. math. Wiss., V14 (Leipzig 1904) §60. A simplified deriva-
tion of the drag coefficient from an electron-theoretical point of view is given by H. A.
Lorentz in Naturw. Rdsch., 21 (1906) 487.

48 See e.g. H. A. Lorentz, Encykl. math. Wiss., V13 (Leipzig 1914), §21, p. 103.
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motion of the observer relative to the medium (for the general case, which
is to be dealt with in Part III, § 36 (y), the addition theorem has to be
used with care). We thus put u’y = %’ = (¢/n), uz = u = V, and the
first of equations (10) gives

(c/n)+'v~3+v( 1),

T 1+ (fen) n T (14)

n2

when first-order terms only are retained. For dispersive media a correction
term becomes necessary on the right-hand side of the equation, as was
already pointed out by Lorentz*®. For it can be seen from the derivation
of the formula that n denotes the refractive index corresponding to the
wavelength A’ which is observed in the moving system K’. Because of the
Doppler effect (the theory of which will be discussed immediately below)
X' is related to the wavelength A (valid in system K) in the following way:

v nv
X = A(l +—,) = A(l +—).
u C

(Once again we restrict ourselves to first-order quantities.) Thus we have

c c ¢ dn nw

aX)  nQd) n2 d ¢

and by writing » instead of n(A), we finally obtain

V=-c—+v(1—————-—— (14a)
n

Zeeman5® was able to prove experimentally the existence of this additional
term.

The experimental arrangement has recently undergone various modifi-
cations, such as making the light emerge not from fixed, but from moving,
surfaces, and also perpendicularly to the direction of motion of the body
in which the drag was determined. Moving solids of glass and quartz were
used, instead of a liquid as in Fizeau’s experiment. In this case the theory
of the Fizeau experiment has to be modified, and different formulae
result.’! In addition, the translational motion was replaced by one of

© H. A. Lorentz, Versuch ewner Theorie der elektrischen und optischen Erscheinungen in
bewegten Korpern (Leyden 1895) p. 101.

80 P, Zeeman, Versl. gewone Vergad. Akad. Amst., 23 (1914) 245 and 24 (1915) 18.

81 Such experimments were carried out by G. Sagnac, C. R. Acad. Sci., Pars, 157 (1913)
708 and 1410; J. Phys. théor. appl , (5) 4 (1914) 177 [theory discussed by M. v. Laue, 8. B.
bayer. Akad. Wiss. (1911) 404 and Das Relativtatsprinzip, (3rd edn., 1919)]; F. Harress,
Dissertation (Jena, 1911), and report by O. Knopf, Ann. Phys., Lpz., 62 (1920) 389 [for
the theoretical mterpretation see P. Harzer, Astr. Nachr., 198 (1914) 378 and 199 (1914)
10; A. Einstein, Astr. Nachr., 199 (1914) 9 and 47]; finally, P. Zeeman, Versl. gewone
Vergad. Akad. Amst., 28 (1919) 1451, and P. Zeeman and A. Snethlage, Versl. gewone
Vergad. Akad. Amst., 28 (1919) 1462; Proc. Acad. Sci., Amst., 22 (1920) 462 and 512; the
theory of all these experiments 1s developed in detail by M. v. Laue, Ann. Phys., Lpz.,
62 (1920) 448,
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rotation. Particularly worth mentioning is Sagnac’s experiment, in which
all parts of the apparatus are rotated together, because it shows that the
rotation of a reference system relative to a Galilean system can be deter-
mined by means of optical experiments within the system itself. The
result of this experiment is in perfect agreement with the theory of
relativity. Already before this, Michelson5!* had proposed a similar experi-
ment to demonstrate optically the rotation of the earth, and Laue5 dis-
cussed this proposal very thoroughly from the theoretical point of view.
It is essentially the optical analogue of the Foucault pendulum.t

Of the phenomena which are basic to the optics of moving bodies, the
third and last to be discussed here will be the Doppler effect, although it
has nothing to do with the addition theorem for velocities. Consider a
very distant source of light L, at rest in system K. An observer moves
with a second system K’ in the positive z-direction with velocity » rela-
tive to K. In K, the line joining source and observer makes an angle «
with the z-axis, and the z-axis is taken to be normal to the plane deter-
mined by these two directions. Then in K the phase of the light is deter-
mined by

r cosa + ysina]
c ’

exp 2miv [t -

where v is the normal frequency of the light source. As will be discussed
in more detail in Part ITI, § 32 (8), the phase must be an invariant. There-
fore

. z' cosa’ + ¢’ sina’ . zcosa + ysina
exp 2mty’ [t' - ] = exp 2mv[t - ]
c c
It follows from (I) that
1 - Becos
, ,,__'3__21‘_, (15)
V(1 - 87
cosa — f8 . sina4/(1 — B2)
cose’ = ————, sinod’ = —————, (16)
1 —Bcosa 1—Bcosa
from which one obtains
in 1 -
fang’ = S22V — A (162)
cosa — fB
and
! 1
tan— = A/(——ﬂ) tan. (16 b)
2 1-8 2

We shall give here also the transformation formula for the solid angle
dQ of a pencil of rays. Since

dQ’ d(cosa’)

aQ d(cosa)’

81a  A. A. Michelson, Phil. Mag., 8 (1804) 716; M. v. Laue, S.B. bayer. Akad. Wiss., math.-
phys. Kl., (1911) 405.
t See suppl. note 4.

[}
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by differentiation of
1-p2
1+ Becosa’ = ———— (16c¢)
1—-Bcosa

it follows immediately that

aQ' = L—Bz—clﬂ. (17)
(1 — Bcosa)?

Formula (15) expresses the Doppler effect, (16 a) is the inverse of Eq.
(13). We have thus obtained a new, as well as a more rigorous, derivation
for the relativistic aberration formula. As was to be expected, we also find
that the expression for the Doppler effect agrees with the classical ex-
pression up to first-order terms, which alone are open to experimental
verification. As in the case of aberration, the theory of relativity intro-
duces an intrinsic simplification, since the two cases (light source at rest,
moving observer; moving source, observer at rest) which are different
in the old theory and for sound, become identical here.

It is characteristic for the theory of relativity that the Doppler effect
does not vanish even when the motion of the light source is at right
angles to the direction from which it is observed (cos « = 0). Rather we
find in this case, using (15), that

Y S (178)
V(1 - f?)

This transverse Doppler shift towards the red is perfectly in keeping
with the time dilatation postulated for every moving clock (§ 5). Soon after
Stark had observed the Doppler effect in light emitted by canal-ray
particles it was suggested by Einstein5? that the transverse Doppler effect
might possibly be verified by observations on canal rays. So far it has not
proved possible to carry out such an experiment, as it is extremely diffi-
cult to make « exactly equal to 90° and to separate the relativistic trans-
verse from the usual longitudinal Doppler effect.t

52 A, Einstein, Ann. Phys., Lpz., 33 (1907) 197.
t See suppl. note 5.



Part II. MATHEMATICAL TOOLS

7. The four-dimensional space-time world (Minkowski)

We showed in Part I that the two postulates of relativity and of the
constancy of the velocity of light can be combined into the single require-
ment that all physical laws should be invariant under the Lorentz trans-
formation. From now on we shall take to mean by the Lorentz transforma-
tion the totality of all (c0)!° linear transformations which satisfy the
identity (IT). Each such transformation can be made up of rotations of the
coordinate system (to which may possibly also be added reflections) and
the special Lorentz transformation of the type (I).5®8 Mathematically
speaking, therefore, the special theory of relativity is the theory of in-
variants of the Lorentz group.

The work of Minkowski® has been fundamental for the development
of the theory. He managed to give the theory an extraordinarily elegant
form by making consistent use of two facts:

(@) If, instead of the ordinary time ¢, the imaginary quantity u = sct
is introduced, the behaviour of the space and time coordinates is formally
completely equivalent in the Lorentz group, and thus also in the physical
laws which are invariant with respect to this group. In fact, the invariant
which is characteristic for the Lorentz transformation

22 4+ y2 + 22 — 242,
goes over into
22 + Y2 + 22 + w2, (18)

It is therefore expedient from the beginning not to separate space and
time, but to consider the four-dimensional space-time manifold. We shall
follow Minkowski by calling it, in short, “world”.

(b) Since expression (18) is invariant under the Lorentz transformations
and is also quadratic in the coordinates, it would seem natural to define
it as the square of the distance of the world point P(z, y, z, w) from the

5% As soon as one goes over from & transformation of the coordinates proper to one of
their differentials, there is no transformation which corresponds to shifts of the origin
(see next section). See § 22 about the restrictions on admissible transformations of the
Lorentz group due to reality requirements, and about time reversal.

5 H. Minkowski: (I) ‘Das Relativititsprinzip’, lecture delivered before the Math. Ges.
Gottingen, on 6 Nov. 1907, published in Jber. dtsch. Mat. Ver., 24 (1915) 372 and in Ann.
Phys., Lpz., 47 (1915) 927. (II) ‘Die Grundgleichungen fur die elektromagnetischen
Vorgénge in bewegten Korpern’, Nachr. Ges. Wiss. Qéttingen (1908) 63, and Math. Ann.,
68 (1910) 472, also separately (Lewpzig 1911). (III) ‘Raum und Zeit’, lecture delivered at
the Congress of Scientists, Cologne, 21 Sept. 1908, published in Phys. Z., 10 (1909) 104,
also reprinted in the collection Das Relativitutsprinzip (Leipzig 1913). These will be quoted
a8 Minkowski I, IT, and ITI.

As a precursor of Minkowski one should mention Poincaré (Cf. footnote 11, p. 2, R.C.
Circ. mat. Palermo, loc. cit.). He already introduced on occasion the imaginary coordinate
u = ict and combmed, and interpreted as point coordinates in R,, those quantities which
we now call vector components. Furthermore, the invariant interval plays & role in his
considerations.

21
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origin, in analogy to the corresponding square of the distance 22-y2--22
in ordinary space. With this, a world geometry (metric) is determined which
18 closely related to Euclidean geometry. The two geometries are not com-
pletely identical because of the imaginary character of one of the co-
ordinates. The latter property implies, for instance, that two world points
whose distance from each other is zero do not necessarily coincide; such
matters will be discussed in more detail in § 22. Notwithstanding these
geometrical differences, we can regard the Lorentz transformations as
orthogonal linear transformations of the world coordinates and as (imagin-
ary) rotations of the world coordinate axes, in analogy with the rotations
of a coordinate system in R3. Moreover, just as the ordinary vector and
tensor calculus can be looked upon as an invariant theory of the ortho-
gonal lincar coordinate transformations in Rg, so the invariant theory of
the Lorentz group takes the form of a four-dimensional vector and tensor
calculus®. Summarizing, therefore, we can express the second aspect
which is essential to Minkowski’s representation of the theory, in the
following way : Because the Lorentz group leaves a quadratic form of the four
world coordinates invariant, the invariant theory of this group can be repre-
sented geometrically and it then appears as a natural generalization of the
ordinary vector and tensor calculus for a four-dimensional manifold.

8. More general transformation groups

In order to be able to develop the mathematical tools which will be
necessary for the general theory of relativity, we shall now anticipate
some of its formal results.

In the general theory of relativity it is no longer possible to define, in
the simple manner of relation (18), the interval between two world points
which are a finite distance apart. But here, too, the square of the distance
ds between two infinstesimally near points can be written as a quadratic
form of the coordinate differentials. The coordinates will be denoted by
21, 22, 28, 24 (instead of z, y, 2, ), or in short by zf. The coefficients of
this form will correspondingly be denoted by g;; and, following Einstein,
we shall leave out the summation signs by stipulating that every index
occurring twice will have to be summed over from 1 to 4. We can then

write
ds? = gy datde® (g = gi)- (19)

The sums on the right-hand side are to be carried out in such a way that 4
and k each independently take the values 1 to 4. In (19) the combinations
1k for which 4 # k will therefore each occur twice, those for which 7+ = k
only once. With this convention, for instance, a differentiation of the
quadratic form

J = gyutur
with respect to u‘ gives
oJ
i 29 uk, (20)

88 The first formulations of such a tensor calculus can be found in Minkowski’s papers,
quoted above. A systematic presentation was first given by Sommerfeld: A. Sommerfeld,
Ann. Phys., Lpz., 32 (1910) 749 and 33 (1910) 649.
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which is also in accordance with Euler’s theorem

u‘iJ— = 2J.
out
For the line element (19) the g, can in general be arbitrary functions
of the coordinates. Correspondingly, the general theory of relativity deals
with the invariant theory of the group of all point transformations

z'% = x'k(x,22, a8, 24),

once the quantities g;; have been introduced explicitly.

We shall now give a summary of those transformation groups which
are the most important for physics, amplifying in part what has been
said above. In this we shall follow the “Erlanger Programm’ of F.
Klein%2, Each of the groups enumerated contains the previous ones as
subgroups, with the exception of (B’).

(A) The group of orthogonal linear transformations (Lorentz group)
which leave the square of the distance

82 = 212 + 9% + 23® + 22

invariant. The inhomogeneous transformations may or may not be
included, as desired. If however the Lorentz group is defined as the group
of linear transformations of the differentials of the coordinates, which
leave the infinitesimal quantity

ds? = dx,2 + dxe? + dug? + dag?

invariant, then it only consists of (00)® homogeneous transformations. But
for some applications it is just the shifts in origin which are of importance.
In addition one has to distinguish between the proper orthogonal trans-
formations, with functional determinant 41, and the wider group which
also contains the mixed orthogonal transformations with functional
determinant — 1. The former type of transformations can be made to go
over into the identity transformation in a continuous manner, the latter
are related to reversals.

(B) The affine group, which contains all linear transformations.

(B’) The group of affine transformations which transform the equation
of the light cone

1% + 29? + 232 + 242 =
into itself, so that
22 + 252 + 232 + 242 = p(x12 + 292 + 32 + x42)

where p is an arbitrary function of the coordinates. See §§ 28"and 65, (8)

s5s F. Klein, ‘Programm zum Eintritt in die philosophische Fakultiit,” (Erlangen 1872);
reprinted in Math. Ann., 43 (1893) 63. See also his lecture ‘Uber die geometrischen Grund-
lagen der Lorentz-Gruppe’, Jber. dtsch. Mat.Ver., 19 (1910) 281, and Phys. Z., 12 (1911) 17.
See also remarks in Klein’s Gesammelte mathematische Abhandiungen, Vol. 1 (Berlin 1921),
pp- 565-567.
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for its applicability to Maxwell’s equations and for its réle in Nordstrém’s
theory of gravitation.

(C) The projective group of linear fractional transformations. This was
mainly used by mathematicians in earlier investigations in non-Euclidean
geometry. For physics it is of minor importance (see, however, § 18).

(D) The group of all point transformations to which the differential
form (19) is adjoint. Its invariant theory is the tensor calculus of the
general theory of relativity.

(E) See Part V, % 65, for the still wider group of Weyl.

9. Tensor calculus for affine transformations3

To avoid the inconvenience of writing the same formulae in different
ways in the special and general theories of relativity, we shall use the
affine group as a basis for our considerations from the beginning and not
restrict ourselves to orthogonal transformations. Seen geometrically,
this means that we admit oblique (but not curvilinear) coordinate systems.
The g, are constants, but do not always have the normalized values g,
= 8,# as in the orthogonal systems. The quantities §,% are here defined
by

0 foris £ k

5 = {1 i=k (1)

The tensor calculus can now be set up in a variety of ways. Either the
tensor components are interpreted as projections of certain geometrical
entities, or they can be characterized, in a purely algebraic way, by their
behaviour under the coordinate transformations. Minkowski regarded
only the four-vector geometrically, while arriving at the concept of a
second-rank skew-symmetric tensor (or, as he puts it, vector of the second
kind), first introduced by him, in a purely algebraic way. Through the
influence of Sommerfeld’s papers® the geometrical method became the
prevalent one and remained so until the replacement of the Lorentz group
by more general transformation groups. Thus, no geometrical considera-
tions are contained in the paper by Ricci and Levi-Civita® which was
basic for the tensor calculus of general point transformationst, apart from

% In addition to the references quoted in § 7, see also: H. Grassmann, Ausdehnungslehre
(Berlin 1862); M. v. Laue, Das Relativitatsprinzip (1st edn. 1911, 3rd edn. 1919); H. Weyl,
Raum— Zewt—Materie, (1st edn. 1918, 2nd edn. 1919, 3rd edn. 1920) [Space—T'ime—Matter
(London, 1922)]; G. Ricci and T. Levi-Civita, ‘Méthodes de calcul différentiel absolu et
leurs application’, Math. Ann. 54 (1901) 135; A. Einstein, ‘Die formale Grundlage der all-
gemeinen Relativitatstheorie,” S.B. preuss. Akad. Wiss. (1914) 1030, and ‘Die Grundlage
der allgemeinen Relativitatstheorie’, Ann. Phys., Lpz., 49 (1916) 769, also bound separately
(Leipzig 1916). A different terminology is used by G. N. Lews, Proc. Amer. Acad. Arts
Sci., 46 (1910) 165 and by E. B. Wilson and G. N. Lewis, tbid. 48 (1912) 387, cf.
also the report by G. N. Lewis, Jb. Radioakt., 7 (1910) 321. Also H. Kafka, Ann. Phys.,
Lpz., 58 (1919) 1; H. Lang, Dissertation (Munich 1919) and Ann. Phys., Lpz., 61 (1920) 32.
See also C. Runge, Vektoranalysis (Lewpzig 1919), on reciprocal vector systems. He
restricts himself however to B, For matters dealt with in Part II see also R. Weitzenbock,
Encykl. math. Wiss., II1 E 7, 2nd part, section C. It should be observed that the tensor
caleulus for affine transformations, as presented here, differs only in its terminology from
the invariant theory of forms which is used in algebra.

+ This paper formed the starting point for Einstein’s work®s.
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an attempt to interpret the contra- and co-variant components of a
vector geometrically. Only in later papers by Hessenberg, Levi-Civita
and Weyl*” do we find the geometrical aspect stressed again to a greater
extent. It is fully brought out also in the dissertation by Lang®. The
purely algebraic representation has the advantage of simplicity and
clarity, the geometrical one that of being ‘‘anschaulich”. We shall use the
former to start off with, but shall later, in special cases, give geometrical
interpretations to the concepts and theorems we shall develop.

The quantities a;m.."* in which the indices can, independently, take
on the values 1, 2, 3, 4 are called tensor components. They are, in particu-
lar, called covariant components for the indices iklm ... and contravariant
for the indices rst ..., if the following conditions are fulfilled : For an affine
transformation

2t = oglak (22)
with its inverse
xk = afa’t, (23)
and where the coefficients a,* satisfy
otar’” = afak = 8k, (24)
the tensor components should transform ag57
@iktm, " = @, PTG AR A 0T (25)

The summation convention is to be used here for indices occurring twice
(see § 14 for a generalization of this definition for arbitrary coordinate
transformations). The number of indices which the components have, is
called the rank of the tensor. Tensors of first rank are also called vectors.
The simplest example of such a vector would be the (contravariant)
coordinates xf of a point. Also, the quantities §,;* defined by (21) form,
according to (24), the components of a tensor, covariant with respect to
index 4 and contravariant with respect to index k. This tensor §.* has more-
over the property that its components take on the same numerical values
in all coordinate systems.

By adding two tensors [of the same rank] one obtains a new tensor of
equal rank; by multiplying them, a tensor of higher rank. Thus, for
instance,

ai+ by = ¢4

aby = i, agbk = ¢k,

By contraction (summation over corresponding upper and lower indices),
one obtains a tensor of lower rank. Thus the tensor of second rank % gives

87 See references in §§ 10 and 14, footnotes 58 a (p. 27) and 65, 66, 87 (p. 37), resp.

8% 'We would consider it more correct if the labels *“‘contravariant” and *“covariant” were
interchanged, corresponding to the historically older nomenclature “cogredient” and “con-
tragredient”. Quantities which transform like the coordinates would then be called co-
variant. However, we adopt here the terminology which is now 1n general use and which
was originated by Ricci and Levi-Civita and used by Einstein and Weyl (Cf. footnote &6,
p. 24, ibid.).
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rise to the invariant ¢ = t,# (where the summation sign is left out, accord-
ing to our convention). Multiplication and contraction can also be com-
bined. One can, for instance, first form the tensor

84" = Ay bk
by multiplying a; and bf, and then obtain the invariant
s =g

by contraction. This can however be obtained directly from the vectors
a; and b® by means of the operation

8 = a;bi.

In the same way, a tensor of second rank a;; and a vector x* can be com-
bined to give the vector

Yi = ak
and the invariant
J = apatxk.

The rule which we employed here can also be inverted: If a;«! is an in-
variant for any arbitrary vector x%, then the a, are the covariant compon-
ents of a vector; if at* = a*? and a?* z,x, is an invariant for any arbitrary
vector z,, then the at* are the contravariant components of a tensor of
second rank, etc. The generalization of these results to tensors of arbitrary
rank is immediately obvious.

A tensor is called symmetrical or skew-symmetrical [(antisymmetrical)]
in the indices ¢ and k if, on interchanging ¢ and %, its components are not
altered or only change sign, respectively (for instance, a;; = a;; and
@, = —ay;, respectively). It can easily be verified that these relations
are independent of the particular coordinate system chosen. It is however
essential that the two indices should both be either upper or lower indices.

The quantities g, introduced in (19) also form a tensor, as can be seen
from the invariance® of g,,, z!z*. This tensor is of the greatest importance
both in geometry and physics and is called the fundamental (or metric)
tensor. One can obtain new tensor components from the g, as follows.
Take the determinant of the g,

g = det|gu| (26)

and divide the minor of a particular g,, by g. In this way ten quantities
gtk (g¥* = g*?) are obtained, which satisfy the relations

Gia gk = 8iF. @7
It should also be mentioned at this point that

1
det |gtk| = . (26 a)
9

58 In the region of validity of the affine group, the two points (of which the square of
the distance is determined by gg x*z¥) need not be assumed to be infinitesimally close to
each other, cf. § 10.
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We now assert that the gt* are the contravariant components of a tensor
of second rank. For proof, take the contravariant components ak of a
vector and multiply them by g,, . By contraction one then obtains

a; = g ak. (28)
The inverse of this system of equations is then
af = gttag, (28 a)

and since the components a,, are quite arbitrary, the tensor character of
the g¢* follows from the theorem quoted above.

We call the quantities @, and a* the covariant and contravariant com-
ponents of the same vector. Correspondingly, one can define the raising
and lowering of indices for tensors of higher rank, and can regard the
resulting quantities as belonging to the same tensor. Thus, for instance,

Gk = GirJusa™ = gyrd'y,  aik = girgksq,, = gira k. (28b)

The raising and lowering of indices does not affect the correctness of a
given relation between tensors, but one has always to sum over corres-
ponding upper and lower indices when contracting, for instance

J = aib‘ = a‘b;,

¢ = agb® = a* by, ct = atk by = alybE. 29y

This concludes the rules of tensor algebra. Tensor analysis, (i.e. rules
for deriving new tensors by differentiating tensors with respect to the
coordinates) for the affine group can be seen to follow directly from tensor
algebra. One has only to note that the operators 9/dx* behave formally
in all respects like the covariant components of a vector. The ordering
and geometrical interpretation of such operators can only be discussed
within the framework of the tensor calculus of general transformation
groups.

10. Geometrical meaning of the contravariant and covariant
components of a vector5s

A vector may be represented geometrically by a line of given length
(hence it could also be called a “line” tensor). Its contravariant compon-
ents are then given by the parallel projections of the line on to the co-
ordinate axes. If the initial point of the vector is taken to be at the origin,
these components are identical with the coordinates of the end point of
the vector. On going over to a new coordinate system, these coordinates
transform, according to what was said in the previous section, just as
required by the definition of the contravariant components of a vector.
Analogously to vectors in R3, the sum of two vectors can be represented
by the diagonal of the vector parallelogram.

We now have to introduce distances and angles, and for this purpose we

58 Our treatment in this section follows closely that of G. Hessenberg, Math. Ann., 78
(1917) 187.
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shall consider a Cartesian (orthogonal) system (X3, X3, X3, X4). The square
of the length of a vector # with components X is given by®%®

s = T X, (30)
and we say that two vectors are normal to each other when

Xy = ?‘ XYy (31)

is equal to zero. In general .y is called the scalar product of the vectors
%, y. The invariance property of this definition with respect to orthogonal
transformations follows from the invariance of (30) if we consider the
relation

A% + py)2 = 2242 + 20ux-y + p2y2.
Since this form in A and p is non-negative®?, it also follows that

(%+9)2 — 4292 < 0

(the equality sign only holds when & and y are parallel, i.e. when x = ay).
We can therefore define the angle between two directions by

008 (#,y) = — (32)

VT Vi)

The geometrical meaning of the scalar product is the same as in ordinary
three-dimensional space: it is equal to the product of the orthogonal pro-
jection of vector & on to the direction of y, and the length of y. This can
be seen immediately by choosing the orthogonal coordinate system in
such a way that one of the coordinate axes has the direction of y, which
is always possible.

To obtain the expressions for the length and the scalar product of
vectors in an arbitrary oblique coordinate system, we shall start by
characterizing such a system by its four base vectors e; (k=1 to 4),
whose contravariant components in this coordinate system are given by

eg=(1, 0, 0, 0)

e2=(0, 1, 0, 0
2 = ( ) (33)
es=(0, 0, 1, 0)
es=(0, 0, 0, 1)

Their lengths can, in general, be different from unity. Thus the length of a
vector is measured in units which are equal for all coordinate systems,
while the parallel projections on the axis are measured in units which may,
in general, even be different for different axes of the same coordinate
system. Each vector x can be written in the form

x = x¥e. (34)

% We assume here that in (30) all squares are positive and that the coordinates are real.
In § 22 we shall discuss different conditions which hold in the actual space-time world.
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The expressions for distance and for the scalar product are then immed-
iately given by

8% = (xley). (xker) = eq-ey xtak = gy atek (36)
%y = (xteq)-(y¥ex) = e-ep ay* = gycaty® (36)

with
Jik = ej-ex. 1(37)

We have thus obtained a geometrical meaning for the quantities g;x, too.
We now introduce the four vectors which are reciprocal to the vectors
e . They are defined by the relations

eg-e¥y = §ik, (38)

i.e. the vectors e*; are perpendicular to the spaces formed by taking three
of the vectors e;, at a time, and are also suitably normalized. If we denote
by z, the parallel projections of & on the reciprocal axes, measured in the
corresponding units, we have

X = xpe%;. (39)
To obtain the connection between the 2, and the 2%, we multiply the equa-
tion
rp ety = xkey (39a)
scalarly by e, . Using (37) and (38), we then obtain
Ty = gucak. (40)

In other words, the parallel projections of a vector x on the reciprocal azxes,
measured in the reciprocal units, are its covariant components®®. If, on the
other hand, we multiply (39 a) scalarly by e*,, we obtain

zt = e"‘;-e"",, Tk
and therefore
gk = e*;-ety, (41)

since 2! = gikx; . By either squaring the expressions (34) and (39) for &
separately, or multiplying them together, we get

82 = guatek = gtk xyay = wyat. (35a)

% Ricei and Levi-Civita, as well as Lang (Cf. footnote 56, p. 24, bid.), interpret the co-
variant vector components as orthogonal projections on the original axes. In this case,
however, a factor has to be added which destroys the simplicity and symmetry of the for-
mulae. For it follows from (39), by scalar multiplications with e,, that z, = e,'x. The
orthogonal projection of x on e, is therefore equal to

oy x4 Xy
led  lerer)  Agu

(The index ¢ is mot to be summed over.) Lastly, it should be noted that in a Cartesian
coordinate system, in which the gy have the values 5, the difference between contra-
variant and covariant components disappears and the basic vectors e; of the system
become identical with their reciprocal vectors.

(from (37)).
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In the same way, using
X =akey = xxe*;, ¥y =ykex = yre*,
we obtain for the scalar product
%y = guaty* = g*xiyp = Tyt = atys. (36a)

We still have to see how the base vectors e; behave under a coordinate
transformation. Let e’; be the base vectors of the new (primed) coordinate
system, then, for any vector x, we have

x = x'te'y = akey.
Using (22) and (23), it follows that
ey = akey (42)
and
e = oite’y. (43)
Thus the &;* are the components of the new base vectors, referred to the old
coordinate system, and the o’ are the components of the old base vectors in

the new system. Also, the transformation formulae for the fundamental
tensor g, , derived from (25), are confirmed here by (37) and (42).

11. “Surface” and ‘“volume” tensors. Four-dimensional volumes

After the line, the next-highest geometrical entity is the surface.
Analogously to the connection between vectors (“line”” tensors) and lines,
there exist tensors of second rank which we shall call “surface” tensors.
Such tensors can be obtained by considering two vectors &, y which
together span a two-dimensional parallelepiped. Its projections parallel to
the axes on to the six two-dimensional coordinate planes, measured in
units of the six parallelepipeds of the base vectors e;, are given by

£k = giyk — gkyf, (44)

They form the contravariant components of a skew-symmetric tensor of
second rank and obey the relations

g = — gw. (45)

Taking, instead, the reciprocal axes and the unit surfaces formed by the
e;*, one obtains the covariant components

ik = TiYx — Tk Ys- (44 a)
Any skew-symmetric tensor of second rank whose components satisfy
(45) is called a “‘surface” tensor. Not every such tensor can be written in
the form (44)—for the £i¥ of this special form satisfy the relation
g2 4 g3gem 4 pagm = 0. (46)
But it can be written as the sum of two tensors of the form (44). The
invariant quantity

J = £tk (47)
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represents the area of the parallelogram. More generally, if £;, and »,; are
two “surface” tensors of the special type (44), then the invariant

J = tun'* (48)

is equal to the orthogonal projection of the parallelepiped £;, on 7,
multiplied by the magnitude of 7, . The corresponding invariants for
general ‘“‘surface’’ tensors are the sums of the products of such surface
quantities®®. See § 12 on the significance of the left-hand side of (46) in the
theory of invariants for the case of the general ‘‘surface” tensor.

A “‘volume” tensor is represented by a three-dimensional space, spanned
by three vectors x, y, 2. Its components are given by the determinants

&g ot L o U
Eikl = | gk gk [k = & m L | (49)
& g g & m G

They satisfy the anti-symmetry conditions, in that they change sign
when any two of their indices are interchanged. The number of indepen-
dent components is four. In contrast to the “surface” tensor, (49) re-
presents already the most general ‘‘volume” tensor. In other words, every
tensor of rank 3 for which the components satisfy the above symmetry
conditions, can be represented in the form (49).

Four vectors &, 52, 53, x® can be said to span a four-dimensional
volume element. In a Cartesian coordinate system, its magnitude is
simply equal to the value of the determinant formed by the 4 x4 com-
ponents of the vectors #. In an oblique coordinate system, its value can
be expressed in terms of the corresponding components, using (34) and
(39),

8 = det|a®k|-det|e;| = det|a®%|- det|e*], (50)

with the help of the multiplication rules for determinants. Here, det|e,|
and det|e’;| are the determinants of the 4 x 4 components of the vectors

%2 Tn this connection we should like to mention the Plucker line coordinates. If z, ...z,
and y, ... y, are the homogeneous coordmates of two points on a straight line in three
dimensions (so that /2, /T4, s/, 8nd ¥, /Y4, Ya/Y e Ys/Y, are therr ordinary coordinates),
then the straight hine can be defined by the six quantities py = x,y,— zxy; whose ratioa
are independent of the particular choice of the two points on the line. These quantities
satisfy (46). The formal analogy with the skew-symmetric tensor of rank 2 n four-dimen-
sional space is a complete one.

If, next, £, is a special ‘“‘surface” tensor of type (44a), then, since dxt = ¢i¥x;, there
corresponds to each vector z! an infinitesimal displacement. Since dat lies 1n the plane of the
“surface” tensor £% and 18 perpendicular to x, we are dealing here with an infinitesimal
rotation in R, of the same magnitude and sense as £ If £,z 18 & ‘‘surface’ tensor of the
general kind, then the corresponding displacement 1s obtained by adding two mutually
orthogonal rotations and can be described as a screw. Mmkowski himself (Cf. footnote
54, p. 21, III) stresses this analogy between a ‘‘surface’ tensor and a screw. The corres-
ponding analogy in three-dimensional space is applied extensively by Sir Robert Ball,
A Treatise on the Theory of Serews (Cambridge 1900). See also the paper by F. Klein, Z.
Math. Phys., 47 (1902) 237 and Math. Ann. 62 (1908), 419.

It should further be noted that the independent meaning of skew-symmetric tensors of
second rank, as opposed to vectors, in multi-dimensional manifolds was already recognized
and described by H. Grassmann (Cf. footnote 56, p. 24, wbid.).
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e; and e*, , respectively, in the Cartesian coordinate system. Their magni-
tudes are obtained by squaring and further application of the multipli-
cation rules. Using (37), (41), and (26 a),

(det|e;|)2 = detle;-ex| = det|gu| = g;
1
(det]e*;])z = detle*pe""kl = thlg”" = -,

g

Thus, finally, the ¢nvariant volume is

1
S = det|x®%| - /g = det|wly] - —. (61)
V9
Since the quadruple integral
[ det de? da® dat,

or [ dx for short, transforms like the determinant det |2¥%|, the volume
of an arbitrary region is given by

z=[+yde (52)

with the help of (51). If the integral

fimda:

is an invariant, then I is called a scalar density, following Weyl’s®
terminology. Such a scalar density is formed by multiplying an ordinary
scalar quantity by 4/g.

A vector density with components w? is defined correspondingly by the
condition that the integrals (over an infinitesimally small region)

fm‘ dx

form a vector. Generalizing, tensor densities can be defined in an analogous
way. They are obtained by multiplying ordinary tensors by +/g.

When the classification of tensors was discussed in § 9, no account was
taken of the symmetry relations between tensor components. We saw,
however, that for instance the skew-symmetrical tensors of second rank
were, from a geometrical point of view, completely different from the
symmetrical ones. This difference will again be brought out in our dis-
cussion of tensor analysis (see §§ 19 and 20). It would therefore seem
advisable to follow Weyl'sé? treatment and introduce (adhering closely to
the terminology of Grassmann’s ‘“expansion theory’’) a new classification
of tensors, side by side with the old one. As in (44) and (49), let us form the
. H. Weyl, Math. Z., 2 (1918) 384; Raum-Zeit-Materie (3rd edn., Berlin 1920) p. 92 et

seq. [Space-Time-Matter (London 1922) p. 109 et seq.].
%2 H. Weyl, Raum-Zeit-Materie (1st edn., Berlin 1918), pp. 45-51.
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sequence %, £, £48L,... . Tensors of the first “grade” (“line” tensors)t and
of first, second, third, etc., rank are then produced by the linear, bilinear,
trilinear, etc., forms of the single displacement ¢,

aifl,  auft, améiErd, ...
and similarly, for tensors of the second “grade” (“surface” tensors),

bk, bimétkgim, ..

Certain normalization conditions have to be satisfied by the coefficients,
in order that they can be determined unambiguously from the forms.
Thus, for instance, the a,;, , a;; have to remain unaltered by an interchange
of any two of their indices, the b,; have to be skew-symmetric, and the
components b, of the “surface” tensor of rank 2} have to satisfy the
conditions

bixim = — brum = — bikmi = Oymax (63a)
and

birim + bamk + bma = 0. (63b)

(53 b) follows from the relations (46). For instance, the curvature tensor
(see § 16) is such a “surface’ tensor of rank 2.+ The number of independent
components of such a tensor in n-dimensional space reduces to n*(n?—1)/12,
because of (53 a) and (53 b). This classification by no means comprises all
those entities which fall under the definition of a tensor as given in § 9.
But only tensors that can be classified as above have any importance in’
physical applications.

12. Dual tensors
With every surface element

gik —_ wiyk' — xky‘ (54)

in a four-dimensional manifold can be associated another, normal to it,
which has the property that all straight lines in the one are perpendicular
to all straight lines in the other. Such a surface element is called dual to
§t, if, in addition, it is of the same magnitude. First of all, it is deter-
mined by

EMIE = gHiyRE _ ohEy

where the vectors x*?, y*! are normal to ¢ and #?, i.e.
xt' at = 0, xt':'/‘ =0, yi*x‘ =0, ?/i' y‘ = 0.

A simple calculation then shows that the components £** are directly
obtained from the components £, by an even permutation of the indices,
but with the addition of a factor 4/g or 1/4/g respectively.

1 1 1
g% — _ggzs, %24 = £ %34 = £y,

vV Vg Vg (542)
1 1
#23 _ %31 #12 £
3 \/gfm , & 77 $20, ¢ 7o €34

T See suppl. note 5 a.
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Corresponding results are obtained by interchanging £ and £*¢k,

M0 = Vg EB,  f* = g8,  f%34 = 4/g &2,
E¥og = /g4,  f¥%1 = /g&H,  Ep = g8l

These same relations are used for associating with £ a dual tensor, even
when the former is not of the special form (44). Scalar multiplication of
the “surface’ tensor £, with its dual tensor £*k according to (48) results
in an invariant of especially simple structure,

(54 b)

1
J = i E¥F = %(512 &3 + L1z + 14 €3). (46a

In a similar way a dual vector £* can be associated with a “volume”
tensor £¢1. The dual vector is then that line which is perpendicular to all
straight lines of the space element and whose length is equal to the
volume of the space element. For any even permutation i¢klm we have

gam = —l—ftla, E*m = +/g EFL, (56)
V9

13. Transition to Riemannian geometry

We now go on to discuss the theory of invariants of the group of all
point transformations. For this it will be necessary to consider first of
all the determination of length and the theorems of general Riemannian
geometry. The older geometries of Bolyai and Lobachevski, in which the
Euclidean axiom of parallelism had been abandoned, had all retained the
axiom of the free mobility of rigid point systems (axiom of congruency)
and had therefore only arrived at the special case of spaces of constant
curvature. Starting from projective geometry one would still not obtain
a more general metric. It was Riemann®® who first envisaged such a
possibility. The modification of the concept of a rigid body in the special
and general theory of relativity has meant that the axioms of congruency,
which had for so long been considered as self-evident, have to be discarded
nowadays and that it is the general Riemannian geometry which must
form the basis of our considerations of space and time.

We shall assume that a given, finite, neighbourhood of every point of
the manifold can be characterized in a unique and continuous manner by
the coordinates #1, 2, ..., z*. This neighbourhood we shall, for the present,
simply call “space”. Such an assumption need by no means be assumed
to hold for the entire manifold. The number of dimensions, n, of the
manifold shall be arbitrary. The basis for the metric is then the length s
of a given curve

xk = 2k(t) (k= 1,2,..,n)
where ¢ is an arbitrary parameter. Not until this length has been defined in

63 B. Riemann, ‘Uber die Hypothesen, welche der Geometrie zugrunde liegen’, Inaugural
Lecture (1854). Posthumously published in Nachr. Ges. Wiss. Gittingen, 13 (1868) 133
(edited by Dedekind), also in Riemann’s Collected Works, p. 2564). Recently published sepa-
rately in pamphlet form, edited by H. Weyl (Berlin 1920).
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some physical way, can we apply the results of our mathematical investi-
gations to the manifold which exists in reality. In R3, the rigid measuring
rod will have to be thought of as replaced by a measuring thread.

We now have to see what plausible assumptions we can make about
the function s(¢). Since such assumptions are only made about the deriva-
tive ds/dt, Riemannian geometry is characterized as a differential geo-
metry in contrast to Euclidean, “finite”’, geometry. Our first axiom will
be:

Axiom I. The differential coefficient ds/dt at a given point on the curve
shall only depend on the derivatives dx*[dt at this point and not on
higher derivatives or on the behaviour of the curve elsewhere.

Since the arc length s is independent of the choice of the parameter ¢,
it then follows that ds/dt has to be a homogeneous function of first degree
of the quantities dx*/dt. The distance between two points will be denoted
by the arc length of the shortest line connecting them. Such a line is said
to be perpendicular to a second line if the distance of an arbitrary point
P of line 1 from the point of intersection, S, of the two lines is less than
the distance of P from any other point ¢ on line 2. According to axiom I
the position of the point P on line 1 is quite immaterial and we are only
concerned with the differential coefficients (dx¥|dt), and (dz*/dt), at S.
One can therefore also say that the direction 1 is orthogonal to direction 2.
In general it does not follow from this that direction 2 is also orthogonal
to direction 1. But we shall limit the character of the function ds/dt by a
second axiom:

Azxiom I1. ds|dt is to be the square root of a quadratic form of the

dak|dt:
ds A/( dxt dxk)
it~ N\ @

ds? = gy datdak. (19)

This is the equation which we wrote down in § 8. Axiom II can be
looked upon as Pythagoras’ theorem for two infinitesimally near points.
It is just this limitation of its region of validity which characterizes the
transition from a “finite” to a differential geometry. According to axiom
II the orthogonality of two directions is a reciprocal relation. The corol-
lary to this is that if such a reciprocal relation always holds, then the line
element has to be of the form (19).%4 For this reason, axiom II can also be
replaced by another:

Axiom II'. When direction 1 at P is orthogonal to direction 2, then 2

i3 also orthogenal to 1.

Taking n = 2, with axiom II as basis, one gets back to the Gaussian
geometry on arbitrarily curved surfaces. Just as one can think of each
such surface as being in Euclidean R;-space, so every Riemannian space
R, can be embedded in a Euclidean space R,, 13 (here n(n--1)/2 corres-
ponds to the number of the components g,,). However, all those geo-

or more concisely

¢ D, Hilbert, ‘Grundlagen der Physik, 2. Mitt.", Nachr. Ges. Wiss. Gdttingen (1917) 53;
W. Blaschke, S.B. naturf. Ges., Lpz., math.-phys.Kl., 68 (1916) 50.

D
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metrical theorems which are of importance for the theory of relativity
can also be derived without making use of such a possibility. The angle
(1, 2) between two directions dxt and dxf at a point P can be defined in
exactly the same way as in Euclidean space, as long as the straight lines
are replaced by infinitesimally small shortest lines. Analogously to (32),

gix dat dxk
V/(9ir dact dock)/ (i St Sack)

The g,; can be obtained at every point by determining the line element in
n(n+1)/2 independent directions (i.e. in n(n+-1)/2 directions for which
the determinant of n(n--1)/2 rows of the corresponding quantities da? dx%
does not vanish).

For an arbitrary point transformation

x't = z'i(xl, ..., 2") (t=12,..,n) (57)

cos(l1,2) =

(56)

the differentials da* obey linear homogeneous transformation laws, just
as the coordinates in (22),

dz't = oxtdak (58)
. ox't 59
og” = "é'x—k— ’ ( )
with the corresponding inverse relations
dok = qkdx't (60)
. oxk 61
ag” = '5;,"— . ( )

This is the connection of the general transformation group with the affine
group. An essential point to watch, however, is that the «;' cannot be
arbitrary functions of the coordinates, but have to satisfy the integra-
bility conditions

Ooiyt ooyt 69
o = onh (62)
or the inverse conditions
du* Ok 6
'l oxt (63)

At any given point Py, however, the a;* can take on arbitrary values. As
long as we are dealing with relations between tensors at one and the same
point, and not with the differentiation or integration of a tensor field, we
can apply all the tensor operations of the affine group. This can also be
expressed in a different way. In tensor algebra, the Riemannian space at a
given point P, can be replaced by the ‘“tangential’’ space, which is ob-
tained by giving the g,, everywhere the same constant values g,,(P,)
which, in Riemannian space, they only have at P,. The form ds? is by
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definition invariant, the g,, are the covariant components of a tensor of
rank 2. Also, the rules of tensor algebra can be used for passing over to
the contravariant components gt* and for forming the volume element d 2.

14. Parallel displacement of a vector

The concept of the parallel displacement of a vector has turned out
to be more and more fundamental to the geometrical basis of the tensor
calculus in Riemannian space. It was first formulated by Levi-Civitat
in connection with the embedding of a Riemannian space R, in a Euclidean
space R, .1, (see § 13) and was later derived in a direct manner by
Weyl®. Afterwards Weyl defined it axiomatically also for manifolds for
which the line element is not even yet defined (cf. Part V).67

Let us again consider the curve

2k = k(t),

and at each of its points P the totality of all vectors which originate from
P. We then have to single out from all mappings
& = 1)

of the totality of vectors of Py(t,) on to the totality of vectors of P(t) a
special group in an invariant manner, and we have to distinguish it as one
of parallel displacements or translations. Now it is impossible simply to
postulate that two parallel vectors at two points, a finite distance apart,
should have the same components. If this happens to be the case in one
coordinate system, it will in general not be true for another. Therefore
the above property of translation will have to be described in the follow-
ing way:

(2) At each point P there exists a coordinate system such that the
change in the components of a vector vanishes for an infinitesimal trans-
lation along all curves originating from P, i.e. at P

t
o
dt

By stipulating that the infinitesimal change in the vector components
should be transformed away simultaneously for all curves starting from P,
one links the parallel displacements along different curves. It is easy to
see that, because of postulate (@), the change d¢¢/dt of the vector compon- -
ents is given by

@ _ I dxsf" 64)
a — Tar (
in an arbitrary coordinate system, where the I'‘,; only depend on the
coordinates and not on their derivatives. They satisfy the symmetry
relation
P‘rs = P‘ar- (65)

s T, Levi-Civita, ‘Nozione di parallelismo, etc.’, R.C. Circ. mat. Palermo, 42 (1917) 173.
% H. Weyl, Raum-Zeit-Materie (1st edn., Berlin 1918) pp. 97-101.

$7 H. Weyl, Math. Z., 2 (1918) 384; Raum-Zeit-Materie (3rd edn., Berlin 1920), pp. 100~
102.
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Conversely it can be shown that postulate (a) is satisfied when (64) and
(65) are true. The I''y; behave like tensor components under linear co-
ordinate transformations, but not under the general group of transforma-
tions. This can already be seen from the fact that the I’y can always be
made to vanish (in one coordinate system), whereas the components of a
tensor would vanish in all coordinate systems if they vanish in one system,
since they transform homogeneously. We may as well define here another
set of quantities, I' rs , by means of

Pt,rs = Gik Tk, Ty = gtk Pk,rs . (66)

The definition of parallel displacement is completed by the second
postulate.t

(b) Translation is a congruent transformation, i.e. it leaves the lengths
of the vectors unchanged,

i(g §igk) = -d—(-f &)y =0 (67)
e FTA '

In this way the geodesic components are linked with the fundamental
tensor. A simple consequence of postulate (b) is the fact that angles are
also conserved for a parallel displacement. Since relations (64) and (67)
have to be valid for arbitrary £¢, one obtains immediately

‘—x; = Ft rs + Fr,is; (68)

1 (agir 0915 agrs)
-\ = lirs

5 = _ =

owt | oar  dat (69)

The quantities I'iys then follow from (66). Christoffel, in whose paper®®
the quantities defined by (69) and (66) appeared in print for the first time,
used the notation [77] and {77} instead of I'yrs and I'y,. They are often
called Christoffel symbols (of the first and second kind, respectively) Weyl®®
denoted them as components of the affine connection, since the infinitesi-
mal translation is, according to (64), an affine mapping of the vectors. We
shall simply call them the geodesic components of the reference system in
question. A coordinate system in which they vanish at a point P is called
geodesic, at the point P.

Similarly, the transformation formula for the covariant components
£, can be obtained from the invariance requirement of ¢; 1, for arbitrary
7%, with the help of (64),

dé; dxs das
—_ = Fi’ —_— o F f; 0
dt ir‘dt fr r,tsm‘f (7 )

+ See suppl. note 6.

68 B. B. Christoffel, J. reine angew. Math., 70 (1869) 46. Cf. also R. Lipschitz, J. reine
angew. Math., 70 (1869) 71. The relevant derivations by Riemann were written down in
1861 in a Prize Essay (Paris), and were not published until 1876, in the first edition of
Riemann’s Collected Works, p. 370.

# H., Weyl, Raum-Zeit- Materie (3rd edn., Berlin 1920), p. 101.
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and from

L gttt = 0
dt 1Sk

follows the identity
agtk
ry + g Tkps + g*r T = 0. (71)

The following equations follow from (26) and (27) by differentiation,

dg't = — girgksdg..,  dgw = — girgrsdgrs, (72)
ogtk 0Frs oGk ogre
= — girqgks , —_ = = — 72
P g P P Gir ks (72a)
and

dg = ggt*dgy. = — g9 dg'® (73)

og 09 ogtk

— = gyt~ = — ggp——. 73

P 99 o 991k P (73a)

By contraction, one can also obtain

ars 1 34/g dlogn/yg
Iy = g8l gs = 398 — = — = 74
r = g8 lp s = 497 ot /g oab P (74)
from (69) and then, using (71),
1 9 i
_ _\Lgi_ + gré Iy = 0. (75)

Vg oxk

15. Geodesic lines
The direction of the curve x*¥ = x%(t) at any of its points P is character-
ized by the vector u?,

= —, (8 = arc length) (76)

which has the direction of the tangent to the curve at P and is of unit
length. In fact,

. dat dxk ; (17)

wut = ggg— — = 1.
¢ Gi ds ds

The geodesic line, then, is a curve which always maintains its direction?®.
That is to say, if one constructs the appropriate direction vector ¢ at an
arbitrary point P, of the geodesic line, one obtains the direction vectors
at other points by a parallel displacement of uf along the geodesic line.

70 H. Weyl, Raum-Zeit-Materie (1st edn., Berlin 1918), p. 102.
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According to (64) and (70) this can be expressed analytically by means
of the (completely equivalent) relations

duy 1 9gys
a g T Tt = o %)
an
dut
rF7 o Dipgurus; (79)
the latter can also be written
2 I dxr dat 0 (80
g T g g =0 )

These are the differential equations of the geodesic line. Since the length
of a vector is invariant for a parallel displacement, it follows from (80)
that
dat dxk " 77a)
Jik g const. (77a
Thus (80) only holds for such parameters s which, apart from a constant
factor, are equal to the arc length.

The geodesic lines can also be characterized by means of a variational
principle. For they are, at the same time, the ‘‘shortest” lines already
‘mentioned in § 13, or, put more precisely, they are the “‘extremals’7 for
which the variation of the curve length vanishes (the latter need not
necessarily be a minimum). Let 4 and B be the fixed initial and end points,
8 the arc length, A an arbitrary parameter. It will then have to be shown
that for the geodesic lines

¢ q drt dak
S e P .
s!m f o o ) (81)

Here, the g,; are given functions of the coordinates x%, and it is the func-
tions &% = 2%(A) which are varied.

Relation (81) will now be transformed in a manner well known from
mechanics™®. For this purpose we choose the parameter A in such a way
that it coincides with the arc length s on the extremal and always covers
the same range of values. In the resulting differential equations, then, A
can be replaced by s. If we now put

dat dak

L= il 82
3gux W (82)

then
2 ; SL
8! = f v Gald ]

702 Cf. A. Kneser, Encykl. math. Wiss., 11, 8, pp. 597 and 600.
" There, it is a question of going over to Hamilton’s Principle from Jacobi’s form of
the Principle of Least Action. Cf. A. Voss, Encykl. math. Wiss., IV, 1, p. 96.
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and since the squarejroot becomes equal to 1 for the extremal, we can
simply write, instead of (81),

B TOT e i&':’n e

f SLdN= 8 f Ld\ = 0.3 (83)

4 .. A
We have thus obtained a complete analogy to Hamilton’s Principle in
mechanics, if L is looked upon as the Lagrangian. Let us therefore write,
for the moment, &' instead of dxi/dA = dxi/ds. Then the differential
equations resulting from (83) will be?0c

¢ L (84)
ds ozt oxt
Since, according to (20),
oL dxk
Pk

we do obtain in fact

5\ %) " a
which agrees with (78). (In a manifold in which ds2 is an indefinite form,,
the derivation given here does not apply to those curves on which ds - = 0
throughout. Cf. § 22 for the exceptional case of such *“null lines”.)

d ( dxk) 1 agrs (Ix" dﬂ:s

16. Space curvature

The concept of the curvature of space was first put forward by Riemann
as a generalization of the Gaussian curvature of a surface to n-dimensional
manifolds (see § 17). His analytical treatment of the problem, however,
remained unknown until the publication of his Paris Prize Essay?2; it
contains his treatment in its entirety, using both the elimination method
and the variational method. Before this, however, Christoffel’® and
Lipschitz™ had obtained the same results, by formulating the condition
for a given quadratic form

Gux dxt dx¥ (9 functions of the x)
to be transformed into
Z‘] (dzt)2.

"¢ Whereas in ordinary mechanics the Lagrange equations are obtained by permitting
all possible point transformations for the space coordinates, the above shows that the oqua-
tions are of the same form, even though the time coordinate is also subjected to arbitrary
transformations; the independent variable now is of course not ¢, but s. Cf. T. Levi-Cuvita,
Enseign. math., 21 (1920) 5.

1 Cf. footnote 63, p. 34, tbid.

72 Cf. footnote 68, p. 38, 1bid.

73 Cf. footnote 68, p. 38, ibid.

" R. Lipschitz, J. reine angew. Math., 70 (1869) 71, 71 (1870) 244 and 288, and 72 (1870)
1, as well as 82 (1877) 316. The last paper of this series was published only after the publi-
cation of Riemann’s Prize Essay.
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This is itself again a special case of the problem of the equivalence of
quadratic differential forms, which Christoffel had also studied, namely
under what conditions the two forms

gixdxidx* and gy dx'tdx’®

can be transformed into each other. This general question of equivalence
has however not turned out to be of importance for physics, so far. Ricei
and Levi-Civita’, whose presentation was followed closely by Einstein,
managed to derive the curvature tensor in a purely formal, but very con-
cise, way, in contrast to Christoffel’s rather lengthy calculations. Finally,
Hessenberg?, and Levi-Civita?™ found a geometrical, intuitive, interpre-
tation of the curvature tensor by starting from the concept of the parallel
displacement of a vector.

In § 14 it was always a question of the parallel displacement of a vector
along a given curve, and never of the parallel displacement from a point
P to just any other point P’. In fact, only in Euclidean geometry is this
independent of the path chosen. If, however, a vector £ undergoes parallel
displacement along a closed curve, one obtains a vector £* which is
different from the initial vector £¢. This fact can be used for the definition
of the curvature tensor. Let the two-parameter set of curves

xk = x¥(u,v)

"be given and displace an arbitrary vector £ from the point Pyy(z, v) via
Po(u+Au, v), Py(u+Au, v+Av), Py(u, v+Av) back again to Py(u, v),
alternately along curves with constant v and constant w. The difference
£*h_ ¢h — A¢h then must obviously be of order Au Aw, since it becomes
zero as soon as one of the quantities Au or Av vanishes. The limit

Aghr

AlmoA A N
u—>
Au>0 UAY

which alone is of importance here, can be worked out immediately with
the help of (64) and is found to be
Agh oxd oxk

= Rhyg bt — — 85
Aulv isk € ou ov (85)

lim

where

0% _ 8Tk 1w, ey, — Dy T (86)
ok oxl kal "if fa L “ik-
It follows from the vector character of the left-hand side of (85) that the
right-hand side, too, is a vector (it is to be noted that A¢h is the difference
of two vectors at the same point). Hence, the quantities R*,;;, are the com-
ponents of a tensor. This is the [mixed] curvature tensor, which is called

Rhygye =

7 Cf. footnote 56, p. 24, tbid.

78 Cf. footnote 56, p. 24, Ann. Phys., Lpz., loc. cit.

71 Cf. footnote 58 a, p. 27, dbid.

8 Cf. footnote 65, p. 37, ibid. Cf. also Weyl’s treatment in Raum-Zeit-Materie (1st and
3rd edns.)
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the Riemann-Christoffel tensor, after its discoverers. The meaning of
formula (85) becomes somewhat more apparent if one writes it in terms
of differentials, rather than differential coefficients. Setting daf for
(0x?/0u) du and x* for (0x*|dv)dv, and introducing the “surface” tensor}

dotk = dx! dx¥ — da¥ Saf

(since R™;, is antisymmetric in j and k), formula (85) can then be
written?sa

Agh = JRMygp g dotr. (87)

The same procedure which leads to formula (86) can be used to obtain
the change in the covariant components for a parallel displacement along
the above closed contour. With the help of (70),

Ay = JRpynétdalk, (88)
where
T pe 3 0l pg

ox! oxk

Rypip = + g*(Cons Tpik — Tanx Lpgs)

- 1( Pgny | Pgw  Pgme Py ) (89)
2\ oxtoxk Oxhox! Oxtoxs  OxhOxk
+ 9P (CapsTpax — Tapx Tpg)-
Also, it is easy to show that

Aby = gnaAE*; (90)
hence the Ry are the covariant components associated with R",,,
Ruisk = gna B (91)

From (89) it follows that Ry satisfies the symmetry conditions

Buige = — Bpixs = — Ringr = Ryans,

(92)

Rnigx + Rugrs + Bprgg = 0.

According to § 11 the [covariant] curvature tensor can thus be looked
upon as a ‘‘surface’” tensor of rank 2.t As Hessenberg?® has shown, the
relations (92) can also be obtained directly from the definition (87) of the
curvature tensor. Since Riemann writes (hijk) in place of R, , these
quantities are sometimes called four-index symbols. In Euclidean space
they are zero, for they certainly vanish in those coordinate systems in
which the g;; are constant, and it then follows from their tensor character
that they must vanish in all coordinate systems. This vanishing is there-
fore the necessary condition for g, da’dx*¥ to be transformable into

S (dad)e.

t See suppl. note 5a.

78  For a two-dimensional manifold, this method leads to the well-known relation between
the Gaussian curvature and the excess (defect) of the sum of the angles in a geodesic triangle.
This relation was already demonstrated by Gauss.

7 Cf. footnote 58a, p. 27, tbid.
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From the second-rank “surface’ tensor R*,,, one obtains by contraction
a “line” tensor of second rankt, Ry,

Ry = B = g% Ratpr = 9%/ Rioksp. (93)
Its symmetry properties follow from
9% Buipk = 9% Bpras = 9°F Bokpi.
With the help of (86) its components are given by
ol%,  Ol%

Ry = - + I8y, Ty — T2y, T8 5. 94
ik ok pyom 1ol “kp w1 ap (94)
A further contraction then leads to the curvature invariant?

R = ¢gt* Ry, (95)

It should be noted that Herglotz8°, and Weyl in his more recent papers®,
define the curvature tensors with opposite sign from that used here and
by the other authors.

17. Riemannian coordinates and their applications

For many purposes it is useful to introduce the following coordinate
system, which is due to Riemann (Inaugural Lecture). Let an arbitrary
.coordinate system z¢ be given, and let all geodesic lines originating from
an arbitrary point P, be drawn. Their directions are characterized by the
tangential vectors at P,, having components (dz*|ds),. In a certain neigh-
bourhood of P, only one geodesic line will exist which passes through a
given point P as well as P,. If s is the geodesic arc length PP,, then the
point P is unambiguously determined by means of the quantities

yk = ((—igs—k)os. (986)

The y* are called Riemannian coordinates. Evidently the y-coordinate
system is tangential to the z-coordinate system at Py, so that at this point
the g;; (and, for that matter, the components of any arbitrary tensor)
are equal in the two systems. We distinguish them by a superscript zero,
e.g. J;,- To an arbitrary transformation of the 2-system corresponds an
affine transformation of the y-system. Let us now leave the z-system
aside and investigate the form taken by the line element in the Rieman-
nian coordinate system. First of all, at P, the I, have to vanish, accord-
ing to (80), since all geodesic lines originating from Py have linear equations,

1ty = 0. (97)
In other words, the Riemannian coordinate system is geodesic at Py. At an

1 See suppl. note 5a.

9 T4 is first mentioned by R. Lipschitz, cf. footnote 74, p. 41, ¢bid., 72.

8 . Herglotz ‘Zur Einsteinschen Gravitationstheorie’, S. B. naturf. Ges., Lpz., math.-
phys. Kl., 68 (1916) 199.

81 Cf. footnote 67, p. 37, tbid.
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arbitrary point P, no other geodesic lines originating from it have linear
equations, except for the one which also passes through P,. This is expressed
by

Tls(y)yy® = 0. (98)

where I'iy5(y) are the values of the geodesic components at the point with
coordinates y. This equation must hold for all y. If, conversely, relations
(97) and (98) are satisfied for a given coordinate system, then it is Rieman-
nian. It can be proved®!s that, as a consequence of these relations, the line
element ds2 has to be of the form

2 = dodytdyk byt — ot dyh k — ykdyd

ds? = Judy'dy* + 2 pun(y)y"dy' — y'dy*)(y! dy* — y*dy). (99)
The summation is carried out over the n(n —1)/2 possible combinations of
each of the index pairs (h¢) and (jk). Conversely, (97) and (98) can be
obtained from (99), so that this form of the line element is a necessary
and sufficient condition for the y-coordinate system to be Riemannian.
The pj,;,(y) are regular functions of the coordinates and behave under
linear transformations of the y like the components of a “surface’ tensor
of the second rankt; they can always be determined®!® in such a way that
they satisfy the symmetry conditions (53) (cf. § 11). The curvature tensor
at the origin [“pole”’] is connected with the values of the p,,;;; there in a
very simple way,

Bnijk = 3pnisk- (100)

Thus the R,;;; measure directly, in this representation, the deviation of
the geometry from Euclidean geometry. Moreover, Riemann observed
that for the case of a two-dimensional manifold (of which the line element
is given by

ds? = Y11 du? + 2y12dudv + yaadv?, say),

Ri212, the only independent component of the curvature tensor, deter-
mines the Gaussian curvature K of the surface according to the formula

R
= R (101)
Y11y22 — Y12
This is shown by direct comparison of (89) with the Gaussian formulae.
If, in particular, 4, v are the Riemannian coordinates of the surface, so
that the line element is of the form

ds? = yndu? + 2y12dudv + yaadv? + m(u, v)(udv — vdu)?,  (102)
then the Gaussian curvature at P, can also be written

3r
o [ o 2,
Yi1y22 — Y12
81a  Cf. comments by H. Weber in Riemann’s Collected Works, (2nd edn.), p. 405, and F.
Schur, Math. Ann. 27 (1886) 537.

t See suppl. note 5a.
81b H. Vermeil, Math. Ann., 79 (1918) 289.

E=- (103)
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because of (100) and (101). There is a historic reason for the choice of
sign of K, because of its relation to the Euclidean R3 in which it is em-
bedded, and it has nothing to do with the metrical properties of the surface
itself. In view of the form of the line element (99) it would seem more
natural to choose the opposite sign, so that, for example, the curvature
of a sphere would be negative.

With the help of the Riemannian coordinates the concept of a curva-
ture of R,-space can now be associated with that of the curvature of a
surface. This is, in fact, the way in which Riemann first came to think
of it. Let there be two directions which are characterized by the vectors
£ and 7t. The lengths of these vectors is immaterial. They, in turn, define

the linear pencil
&t + nlv

and the surface direction
£k = gk — £kl

Along each direction contained in the pencil we construct the geodesic line
originating from P,. The totality of these geodesic lines then form a sur-
face, of which we want to determine the curvature. The line element of
the surface is obtained by substituting

yt = Elu + nto

in (99). It will be of the form (102), where the quantities ;;, and = take on
the following values,

yi1 = gubied = &8, yia = g€k + Ebqt) = £,

2 Dk EMETE,

o — ° ik — 1 =
vez = gun'nt = MmN, W= L d,

Formulae (100) and (103) then lead immediately to an expression for the
curvature (dropping the superscript 0)

hi £k Roigr £18 £7K
(m%k) Rpggr €M E (m%'k) nigk EME
K= - . (104)
X3 T Y (gns ik — Gnk gug)Ent E9%

(RiXjk)

This result has no longer anything to do with the Riemannian coordinates.
The magnitude of £%* obviously cancels, and what we have is an invariant
Gaussian curvature associated with every surface direction. This is
called, after Riemann, the [sectional] curvature of R,-space in the given
surface direction (after giving it the opposite sign). It also becomes
evident in this connection that the quantities E,;;, are the components
of a “surface’ tensor of second rankt.

In connection with formula (104), which was derived by Riemann,

t See suppl. note b a.
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Herglotz32 showed that the contracted curvature tensor and the curva-
ture invariant could also be interpreted geometrically. His conclusions
are as follows. Let n orthogonal directions be given, which determine (%)
surface directions. If K(rs) is the [sectional] curvature with respect to
the surface spanned by the rth and sth vectors, then the curvature invar-
iant R is equal to the double sum

R = 23X K(rs) (105)

(rs

(summed over all index combinations (rs) ). This is independent of the
choice of the » directions 1, 2, ..., n and can be described as the mean curva-

ture of R, at the particular point. If, now, a further direction o is deter-
mined by the vector £¢, then

Ry £ Lk
&ié

determines the contracted curvature tensor (this sum, too, turns out to
be independent of the choice of the n directions). This is the geometrical
proof for the tensor character of R;, and for the invariance of R, both of
which had previously only been established algebraically. If, in particular,
one lets one of the orthogonal directions, say 1, coincide with direction o,
then

(Z)K (or) sin2(o,r) = (106)

Ry &i gk d g
- SR, (107)

Finally, from (105) and (107) follows the expression for the mean curva-
ture of R,_,, which is perpendicular to direction 1, and which is charac-
terized by the vector £,

R 12K G &6 2K
Z K(rs) = 4R — Ruflé® __”‘_f,.f_, (108)
o £ ¢ £i€
rxlsx£l
where
G = By — 3gu R . (109)

This tensor is of great importance in the general theory of relativity [and
is called the Einstein tensor].

In addition, let us mention a simple theorem by Vermeil®3, which is
based on expression (99) for the line element. The volume V,, of a [hyper-]
sphere cf radius r in Euclidean R,-space has the simple value

Vﬂ = Cnrn

where C,, is a numerical factor whose value is of no importance here. In
an arbitrary Riemannian manifold, ¥ becomes a complicated function

82 Cf. footnote 80, p. 44. An interpretation of the curvature invariant was already given
before Herglotz by H. A. Lorentz, Versl. gewone Vergad. Akad. Amst. 24 (1916) 1389.

83 H. Vermeil, ‘Notiz uber das mittlere Krummungsmass einer n-fach ausgedehnten
Riemannschen Mannigfaltigkeit’, Nachr. Ges. Wiss. Gittingen (1917) 334.
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of r. We can imagine it to be expanded in a power series in r and retain
only the term following C)p r#. This gives,

Va=C n‘1+R " . } (110)
= COpr — v by
" " 6 n+2
where R is the curvature invariant at the centre of the sphere. Differen-
tiating, one obtains from (110) the formula for the surface S, of the
sphere,
R r2
S” = nOnT”‘l {1 + '?3"_‘" ---}- (111)
n

These relations can be used for a new geometrical definition of the curva-
ture invariant,

R=rﬁ_’.‘})( Va _1)6(n+2) ( Sy __1)6"

Cprn r2 "h-lpo nCprr-1 2 (112)

The introduction of Riemannian coordinates reduces the problem
of invariants under general transformations to one of invariants under
linear transformations.’* It can thus be proved that R (apart from an
unimportant constant factor) is the only invariant which contains only
the g, themselves as well as their first and second derivatives and which
is linear in the latter.842 Also, all “line” tensors of rank 2 which have this
property with respect to the g, are of the form

c1 Ry + c2 Rgux + cague (113)

(e1, ¢z, c3 are constants).84s

18. The special cases of Euclidean geometry and of constant
curvature

It is easy enough to see that in Euclidean space the curvature tensor
R;; ;1 vanishes (see § 16). But it was already pointed out by Riemann in
his Inaugural Lecture that the converse of this theorem is also true: If
the curvature tensor vanishes, the space is Euclidean, i.e. one can then
always find a coordinate system in which the g,; are constants. This was
first shown by Lipschitz®8, though his proof is very long-winded. Weyl8¢
indicated a way of reasoning which is very clear and easy to visualize.
In the general case the result of a parallel displacement of a vector depends
essentially on the path along which it is carried out. This will only not be
80 when the vector components are not just functions of s, but can be
determined as functions of the coordinates in such a way that every-
where and for all directions of the curve Eq. (64) is satisfied. This means,

8  Cf. general remarks in E. Noether, ‘Invarianten beliebiger Differentialausdriicke’,
Nachr. Ges. Wiss. Gittingen (1918) 37 and also H. Vermeil (Cf. footnote 81 b, p. 45, tbid.).
842 H., Vermeil (cf. footnote 83, tbid.), and H. Weyl, Raum-Zeit-Materie (4th edn.),
appendix.

8 Cf. footnote 74, p. 41, ibid., 70.

8¢ H. Weyl, Raum-Zeit-Materie (1st edn., Berlin 1918), p. 111.
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however, that the £ have to satisfy the differential equations

o

axl = - F‘rcfr. (114)

It then follows that the conditions of integrability amount to the require-
ment that Rpijp= 0. In other words, if the curvature tensor vanishes,
then the system of equations (114) can always be solved, the direction
transfer is independent of the path taken, i.e. it is integrable. All that is
needed now is to introduce, in place of the given coordinate system K
with base vectors e,, a new coordinate system K’ with base vectors e’,,
having the following properties. The e’; at an arbitrary point P; are to be
parallel to the e’; at a second arbitrary point P,. Their components «*
in system K (see § 10) will, because of (114), satisfy the equations

ok

o0xs

= - I‘kr‘ ;&.". (l 15)

Such a choice of coordinates becomes possible because, by reason of (115),
the conditions of integrability (63) are automatically fulfilled. In fact,
oak ook

=i

is symmetrical in ¢ and I. There are now at every point n vectors (the » base
vectors e’;) whose components in K’ remain constant for all infinitesimal
translations. Since an arbitrary vector x can be linearly built up from the
e’; and since the infinitesimal translation is an affine one according to
§ 14, the translation will not change the components of # in K'. This,
however, is only possible when the geodesic components of K’ vanish
everywhere, i.e. when the g’;; are constants. This is easily verified by
direct calculation of 9g’;,/0x’t. The proof is thus completed.

A wider class of Riemannian manifolds are those whose curvature is
independent both of the surface direction and the position. From (104)
it is seen that they are characterized by the relation

Rhigk + olgnsgux — gnkgis) = 0, (116)
where o is a (positive or negative) constant. On contraction it follows that
Ry + (n—logyg =0 (117)

and
R = —n(n— 1) (118)

For future applications let us also write down the expression for the
[Einstein] tensor G, defined by (109),
(n—1)(n-—2
Gu = —-——2———-—2ag¢k. (119)
For « = 0 we get back to the case of zero curvature.
An example of a space of constant curvature is the n-dimensional
sphere, which can be thought of as embedded in a Euclidean R,;-space.
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It is better to speak here of a spherical space R,, if we are to concern
ourselves only with the intrinsic metrical relationships of the sphere. We
then have

ds? = I (dat)? + (dam 2, (120)

? (zt)2 + (xmt1)2 = a2, (121)

where the summation indices always run from 1 to n. Let us, first of all,
introduce as coordinates on the sphere the 2¢ (+ = 1, ..., n), which corre-
sponds to a parallel projection on to the equatorial plane x#*1 = 0.
Then, eliminating z7+! from (120) by means of (121),

ds? = Z (da)? + (xid”’:) (r2 == (xt)z). (122)

The equator z#t1 = 0 is a singular line of the coordinate system, and to
each set of values of the coordinates there correspond two points in the
spherical space R,. One can also project the points on the sphere from

the centre on to the plane z#*1 = —a. This corresponds to a coordinate
transformation
r r |xn+1|

xl = 7x", (r’2 = 2;. (x")z); (123)

7 e V(@ + r'2)
Dropping primes in the final result, the line element then is of the form

i =T ) 3 oty - et (124)
(a2 + 12)2 .

The coordinate system only includes one hemisphere, the equator is
removed to infinity (r = o).
In the same way one obtains from a stereographic projection,

oo T Lo_o-® ! (125)
Xt = —x*. _— = y .
r’ r’ 2a 1 + (r'2/4a?)
2 (dxt)?
ds? = — .- (126)

[1 + (r2/4a2)}?

where again the primes have been dropped in the last equation. This
coordinate system is only singular at the pole z#*! = a, where r = co.

A fourth form of the line element is obtained by introducing Rieman-
nian coordinates, and substituting

r a
= —y‘ (p =2 (y‘)z); - = —sme a1 = g cos’? (127)
{ P P a a
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into (122). The result is
a? 2
ds? = — sm2 2 (dat)? + — (l - fl——smz )(y'd“/‘)2 (128)
P P2 pe

E)(y‘ dyk — yFdy')? = p? X (dy')? — (y dy)? (129)

Because

(in the sum on the left-hand side each combination (:k) is to be counted
only once), this can also be written

ds? = z (dyh)2 — — (1 - — s,m2 ) P (yidy" - y"’d_/‘)2 (1‘780,)
p® o

The y* are thus in fact Riemannian coordinates. These expressions can
also be derived by way of polar coordinates. The pole ##*! = a corres-
ponds to the origin of the yi-system; the system becomes singular for
p = am because the same point, viz. the pole a®*! = —a, corresponds to
all values of y* which satisfy the condition p = ax. All points on the sphere
can already be obtained if one restricts p by the condition p < am.

Because of (99) and (100), it follows from (128a) that at the point
y* = 0 the space curvature is independent of the surface direction, so that
a relation of the form (116) holds at that point. Since

1 az p
— (1 - —281112—-)
p* P a

and because of formula (100), the coefficient « has the value

1
a=— (130)

1

2,
p=0 3@

Relations (116), with the same value of «, hold at all points of the spherical
space. This follows from the existence of a transformation group Gu(n+1/2,
which allows us to transform a given point and an associated n-dimen-
sional subspace into another arbitrary point and another n-dimensional
subspace. It is essential that this should be done in such a way that the
lengths of all curves remain unchanged. For, let S be the transformation
(127) of the system z!, ..., 7+ of Euclidean Ry, into the Riemannian
coordinate system in a spherical space Ry, and 7' be the in(n--1)-
parameter group of the orthogonal transformations of the former system,
then
Grnsvyz = 81TS

is the required transformation group. It shows that the line element has
the same form in all Riemannian coordinate systems, whatever the
position of their origin in spherical space R,. From this it immediately
follows that relations (116) and (130) arc generally valid in spherical space.
This can, of course, be verified by direct calculation.

The curvature is therefore always a constant when R, has the following
property. In a certain (finite) neighbourhood of every point of R, a co-
ordinate system can be determined such that the line element at this

E



52 II. Mathematical Tools

point is one of the four equivalent forms (120), (122), (124) and (128);
o need not necessarily be positive. If « is negative, then a2 has to be re-
placed by —a?2 in the relevant formulae, and

o= ——, (130a)

That, conversely, R, always has this property when (116) is valid was
pointed out by Riemann in his Inaugural Lecture and was first proved by
Lipschitz®. Vermeil®®, using a power expansion for the line element in
Riemannian coordinates, gave a simpler proof of the general theorem
that for a given curvature tensor the form of the line element in Rieman-
nian coordinates is already unambiguously determined. This, too, had
been hinted at by Riemann. In physics this corollary has not, so far,
found any applications.

For cosmological problems (cf. Part IV), however, the following
circumstance is of importance. The large-scale metrical relationships
of R, are not uniquely defined by the form of the line element, and it is
here that the projective point of view has to supplement that of differ-
ential geometry. The former enables one immediately to determine the
relationships of the whole space for spaces of constant curvature. In this
way, there exist two alternatives for spaces of constant positive curvature,
- as was first shown by Klein®. In the coordinate system represented by
(122), there correspond to each set of values of the coordinates either
two or only one space point. In the first case the space is called spherical,
in the second case elliptic, following the projective viewpoint. Both kinds
of spaces are, although unbounded, nevertheless finite in the Riemannian
sense. The total volume of the elliptic space is evidently half that of the
spherical space having the same curvature. The same is true of the ratio
of the total lengths of the (closed) geodesic lines in the two spaces. For
spaces of constant negative curvature, the number of alternatives is much
greater. Especially worth noting is the Clifford surface, which demon-
strates the possibility of having a finite manifold with zero curvature. The
whole problem of the large-scale metrical relationships of manifolds of
constant curvature was given the name of ‘“‘the problem of the Clifford-
Klein space forms” by Killing.

19. The integral theorems of Gauss and Stokes in a four-dimen-
sional Riemannian manifold
The complications of the tensor analysis of the general transformation
group, as opposed to that of the affine group, arise from the fact that
the components of two tensors which are associated with different points,
can now no longer be simply added. In order to use the differentiation

8 Cf. footnote 74, p. 41, ibid.

8 Cf. footnote 81b, p. 45, ibid.

%0 T, Klein, Math. Ann, 4 (1871) 573, 6 (1872) 112, and in particular Math. Ann. 37 (1890)
544, where the problem is solved in all its gonerality. See also Programm zum Eintritt in
die philosophische Fakultdt in Eilangen [‘Erlanger Programm’] (1872), reprinted in Math.
Ann. 43 (1893) 63.
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of tensors for deriving new tensors, one will therefore have to take recourse
to the concept of parallel displacement, developed in § 14. The rules for
this were first derived in a purely formal way by Christoffel®! and later
systematized by Ricei and Levi-Civita%. Simplifications and geometrical
interpretations were introduced in the papers by Weyl?2, Hessenberg58®
and Lang5é.

For certain operations, the geodesic components do not enter the final
result. Such operations will now be considered and refer to tensors of the
first rank (see § 11). It would thercfore seem a natural requirement not
to make use of the concept of parallel displacement in their derivation.
First of all, a vector Grad ¢ can be derived from a scalar ¢ by differentia-
tion. This follows immediately from the invariance of

9
d(]s = '—a;?dxi.

It should be observed that the 9¢/dxt are covariant components,

2
Grad;¢ = 5% (131)

To find further relations, we have to apply the integral theorems of
Gauss and Stokes to our case, but shall confine ourselves to four-dimen-
sional manifolds. The corresponding generalizations of Gauss’ and Stokes’
theorems to manifolds of arbitrary dimensions can be found, in their
most general form, in the papers by Poincaré®®* and Goursat®®. For the
case of the special theory of relativity (Euclidean geometry and orthogonal
coordinates), the formulae were also derived by Sommerfeld5®,

Let fi, Fik, Aikl (132)

be the components of a “line”, “surface’” and “volume” tensor, respec-
tively, and let
dst, dotk, dStkl, dX (133)

be the components of a line-, surface-, space-, and world-element, having

absolute magnitudes
ds, do, dS, |dZ|. (133a)

The components (133) can be expressed in terms of the coordinates in
the following way. The dst are equal to the coordinate differentials

dst = dat; (134a)

moreover, if dz?, dz* and dz?, 8z%, da* are the components of two and three

91 Cf. footnote 68, p. 38, ibid.

%2 H. Weyl, Raum-Zeit-Materie (1st edn., 1918), pp. 103-107.

932 H. Poincaré, Acta math., Stockh., 9 (1887) 321.

93b K. Goursat, J. Math. pures appl. (6) 4 (1908) 331.

85t A, Sommerfeld (Cf. footnote 55, p. 22, ibid.). His derivation of the divergence of a
“surface’’ tensor is different from ours.
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line elements in independent directions on the surface- and space-element
respectively, then

dxt Ot
da®  Sak (134 b)

dotk =

dxt  Sxt  pat
dSikl = | dxk Sk pxk | . (134c¢)
dat Sz dal

Substituting these expressions into surface- or space-integrals of the type
[ #(z) do'* or [¢(x) dS*!, respectively, this corresponds to the way of
writing multiple integrals which Klein® introduced and called the Grass-
mann notation. This is a natural notation, since it immediately allows
one to read off the behaviour of multiple integrals under coordinate
transformations and Klein® therefore preferred it to the ordinary nota-
tion. While the latter has the advantage of greater simplicity, it has, on
the other hand, the disadvantage that the behaviour of the integrand
under coordinate transformations is not shown up directly. The ordinary
notation is arrived at by assuming the independent directions d, é (d, 8, d)
for the separate components of the surface (space) element to be parallel
to the corresponding coordinates. In that case,

dott = datdxk, dSikEl = dxt dxk ol
or, more simply,
dot* = dxidak,  dS# = datdakdal (135)

It is however to be noted that these expressions behave, under trans-
formations of the coordinates, like the components of a ‘“‘surface” and
‘“volume” tensor, respectively.
We can now form two kinds of invariants from tensors (132) and (133):
(@) The orthogonal projections of f, F, Aonds, do, dS, multiplied by the
magnitude of the latter tensors

fsds = fidat (136a)
F,do = Fydoik (136 b)
AgdS = Ay dSiet, (136¢)

(b) The orthogonal projection of the vector f on the direction normal
to dS, that of F on the direction normal to do, and that of A on the direc-
tion normal of ds, in each case multiplied by the magnitude of the second
tensor. The values of these expressions are obtained with the help of the
tensors dual to ds, do, dS (see § 12, (54b) and (55) ),

—_— *, — 't klm — ] klm
fndS = ftdS* = «% )\/gf dSkim = (%I )f s (1374a)
= Fikdg*y = 3 gFikdgim = 3, ik
Fydo = Fikdo¥*; " )\/gF doim P )3 do'm  (137D)

% F, Klein, ‘Uber die Integralform der Erhaltungssiitze und die Theorie der réumlich
geschlossenen Welt’, Nachr. Qes. Wiss. Géttingen (1918) 394.
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= Akl Jc%,,, — Aiklgem — ikl ggm
Apds = Atklds*y, (t%mﬁ ds (ug:m)at dsm.  (137c)

The sums X are to be taken over even permutations, and f¢, §i¥, ik
(ukim)
are the tensor densities corresponding to f, F, A (§ 11).

The generalizations of Gauss’ and Stokes’ theorems can now be formu-
lated. Let us integrate (136 a) over a closed curve, (136b) and (137b) over
a closed surface, and (137 a) over a closed space region. (We shall leave
out the analogous theorems for (136c¢) and (137¢), since they have not,
as yet, had any applications in physics.) These integrals can be trans-
formed into integrals over the surface-, space-, and world-region, respec-
tively, which are enclosed by them.

f fods = f Curly f-do = f Curlyy f- dotk (138a)
[Fodo = j Curl, F-dS = f Curly F-dSi (138 b)
[f2d8 = [ Divf-dZ = [ ®iv f-do (139a)

[Fwdo = [ Div, F-d8 = [ = Diot F-agkm,  (130b)

(tkim)
where
ofe  ofe
Curlgp f = — — —
urly f e (140a)
Curly F = 1
urlgyg ol + P + P (140D)
and
oft 1 ovyfi
Dip f= — Divf=— ) 141
o f oxt ( s Vg oxt (141a)
PR 1 0VgFi
it F= O Divi F = — ) 141b
Div P ( iv 7o ok ( )

The important point here is that the invariance of the initial integral
also implies the invariance of the final integral. But this can only be the
case if the integrand itself is invariant everywhere, since the region of
integration can always be chosen arbitrarily small. It follows that Curl,,
and Curl,,,F are the covariant components of a “surface” and ‘“volume”
tensor, respectively, that Div f is a scalar density, and that Div? F are the
contravariant components of a vector density. These properties of the
operations Curl and Dip can be summarized by the following rules:
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(@) The operation Curl raises the ‘“grade” of a tensor (cf. § 11), the
operation Div lowers it.

(b) In operation Curl the covariant components of the tensor, in opera-
tion Div the contravariant components of the tensor density, are differ-
entiated. We can add a third rule:

(¢) The operations Curl and Dio are dual to each other. This follows
from relations (137). For example

Curlyy; F = Div™ F*, (142)

as can easily be verified.
As in ordinary vector analysis, the operations Grad, Curl, and Div can
also be combined, and one obtains

Curl Grad¢ = Div Div F = Curl Curl f = 0. (143)

By operating successively with Div and Grad on a scalar ¢, one obtains
the generalization of the Laplace operator A. Following a suggestion of
Cauchy’s, it is denoted by []. In the theory of invariants of n-dimen-
sional manifolds it had already been introduced by Beltrami®?; its first
application to the case of the special theory of relativity occurs in Poin-
caré’s work. It is to be noted that after forming the Grad one has to go
over to the contravariant components of the vector density, because of
(141a),

1 0 o¢
= DivCGrad¢d = — — ik___)' 144
O = DivGradg = — — (Vogr=2 (144)
For constant g, this becomes
024
= gtk . 144
Lé =g oxt 9xk (144a)

In this special case one can also derive a new vector from the vector f; by
means of the operation []. For, just as in ordinary vector analysis,

Divy Curl f = Grad; Div f — [1f;. (145)

This relation cannot, however, be generalized for the case where the g;,
are not constant.

Finally it should be remarked that the scheme of tensors, introduced in
§ 11 for geometrical reasons, has turned out to be well justified for our
calculations here. Tensors of first rank are distinguished analytically from
those of higher rank, because new tensors can be formed from them by
differentiation, without making use of the geodesic components of the
reference system.

20. Derivation of invariant differential operations, using geodesic
components

We now come to the second group of differential operations, for which

the concept of parallel displacement plays an important réle. For physical

%a E. Beltrami, ‘Sulla teoria generale dei parametri differenziali’, Mem. R. Accad.
Bologna (2) 8 (1869) 549.
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applications, only two of these operations are of importance, namely
those which correspond to the operations

aa‘
Qe = —
=
&
and ty = oy (Div of a tensor of second rank)
i

of the affine group. To obtain such expressions for the general trans-
formation group, we have to make the following construction. First of all,
let a vector with components a’ be given at every point of the curve
a* = z¥(t). If P is an arbitrary point on the curve, we can displace the
vector a*(P) parallel to itself along the curve and thus construct a second
set of vectors a*(P’) (P’ arbitrary). Then a* and a® coincide at P,

a(P) = ai(P).
A vector can now be defined in an invariant manner by setting
. ai(P') —al(P’)
lim et
P>p At

since the numerator is the difference of two vectors at the same point.
From (64) and (70) we have immediately,

At =

A= 2 p ™ (146a)
BT T &
and
A=, 146b
i= Ft— - ikard—t ( )

Setting the arc length s in place of #, and the tangential vector u! =
dxt/ds in place of af, one obtains in this way the “acceleration’ vector
whose components Bt agree with the left-hand side of equation (80),

d2xt dar dxs
Bt = —— + Thy— —. 147
i s ds (147
If af is not only given along & curve, but as a vector field, then dat/dt =
(0at/0xk)(dx®[dt), and it follows from (146) that a vector

4 dxk 48 y dx¥
= y =
7 ¥t

is associated with each direction da*/d¢. Thus

oat

ab = — + Thypa? (148a)
oxk
aa¢

ap = — — I'"yeay (148b)
oxk

form the components of a tensor. This tensor is the required generalization
of the tensor da,/0z* of the affine group.
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A vector field at for which the associated tensor a;x vanishes at a point
P is called stationary at that point. According to §§ 16 and 18 there exist
in Euclidean space—and only there—vector fields which are stationary at
all points of a finite region.

Since the set of quantities a;x are neither symmetrical nor skew-
symmetrical, we are not dealing here with a tensor in the geometrical
sense of § 11, but only with a tensor in the wider sense of §9. We can split
a; into a skew-symmetrical part

1 ( oo 8ak)

2\oek ot
and a symmetrical part
. 1/ da; aak) I 148
Ak = 5(&; P 1k Qr. (148¢)

With the help of stationary vector fields we can now derive the diver-
gence of a tensor of second rank, T'¥, following Weyl’s® procedure. Let
£1 be a vector field stationary at P, so that at this point

oét
Py = — Dl ér
o¢
and a_m’% = I ér.

We then form the divergence of the vector
fi= Tk = THeE,

using (141a). If we now substitute the above derivatives of the £;, we
obtain

0 ]
Div f = 5% = Din;T- & = DintT-§;, (149)
where . - )
1 9grs
T = — — T = —— — - —T", 150

Ding T P T "3 ax‘z (1508)

ok
DiiT = —— + Tre,,. (150b)

oxk

T is the tensor density corresponding to T, and it follows from the invari-
ance of (149) that (150 a) and (150 b) are the covariant and contravariant
components, respectively, of a vector density.

In Euclidean space the divergence of a tensor of rank 2 can also be
interpreted in a different way. Let ¢ and s! be two unit vectors and let
T\rsy = Tix r's® be the component of the tensor in these two directions.
If ¢ is arbitrarily given at P, then, in Euclidean space, one can associate

9% H, Weyl, Raum-Zeit-Materie (3rd edn., 1920), p. 104.
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with this direction a parallel direction 7 at P’ in a unique and invariant
manner. The vector field 7 is obviously stationary everywhere and can be
used for the £ in (149), so that

Div (T7) = Divr T.
Putting now | = (I7) in (139 a) we obtain directly

fT(in)dS = ffDiD;Idx = J.Div;EdZ', (161)
. . TgndS
DiveT = Jm =5 (151a)

a formula which was derived by Lang®. For this purpose, every non-
Euclidean space can be replaced by a Euclidean space tangential to it.
This is possible because the second derivatives of the g;; do not appear
in the final result (150) and because the first derivatives of the g;, can
always be brought to coincidence in the two spaces, by a suitable choice
of the coordinates. Therefore the result of the limiting process (151 a), i.e.
the vector character of Div; T, can be taken to be generally valid, although
the integral on the right-hand side has a meaning only in Euclidean space.

For completeness we shall also quote a general formula, which is not of
importance for physics, though. From a tensor at*t,s5; one obtains, by
differentiation, a tensor of higher rank,

aaikl---"t
.__a_:l;’___ + I‘tpp aPkl “ret.. + Pkpp aipl...r”m +

+ oo = Doppatkle g — Dpgathlogyy — ...

atklergy =

(152)

This operation, which is already found in Christoffel’s work, is called
covariant differentiation by Ricci and Levi-Civita.

Formerly it was used to derive the divergence of a tensor of second rank.
With the help of (152), the tensor T, was formed by differentiating

Tk and then contracted,
DiviT = Tikg .

1t should also be mentioned here how Ricei and Levi-Civita®®* obtained
an expression for the curvature tensor. Starting with an arbitrary vector
a;, one forms a,;, using (148 b), and then a,,, using (152). On the right-hand
side, then, there are terms which contain the a, only, and also terms which
contain their first and second derivatives. The latter cancel, though, if
one forms the difference a;;,—a,; , and one is then just left with

axy — aux = — Rryqap.
With this, the tensor character of the set of quantities Rk, is proved.
88 H. Lang, dissertation (Munich 1919).

86a Cf. footnote 56, p. 24, sbid., See also the derivation by Einstein (footnote 56, Ann.
Phys., Lpz., loc. cit.).
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This method, however, does not give us any insight into its inherent
geometrical significance.}

21. Affine tensors and free vectors
Although the general theory of relativity only deals with equations
which are covariant with respect to arbitrary transformations of the
coordinates, nevertheless certain sets of quantities are of importance in it
which behave like tensors only under linear (affine) coordinate transforma-
tions. We shall call them affine tensors. Such affine tensors, for example,
are the geodesic components. But there also exist affine tensors UF,
in particular, whose corresponding tensor densities U* = U%4/g satisfy
the equations
ou*
P 0 (1563)
tn every reference system. It is clear that the U/ cannot transform in a
linear-homogeneous manner for general coordinate transformations. But
a second set of quantities J; can be derived from the U;/* by integration,
which behaves like a vector under a transformation group which is much
more general than the affine group.
To show this, it will be of help to consider first the following case. Let a
four-vector s¥, with its associated vector density s¥, be given, whose Div
vanishes everywhere,

os¥
= (154)

Also, s* is supposed to have non-zero values only inside a ‘“world-canal”,
or at least to decrease outside it sufficiently rapidly, so that integrals
over regions outside the world-canal, and sufficiently far removed, will
vanish. Moreover, we shall only consider those coordinate systems in which
spaces of constant time z* = const. intersect the world-canal in simply-
connected regions. We now make use of the fact that, according to (139 a)
and (154), the integral [ s, dS always vanishes when it is taken over a
closed space region. We choose, first of all, as region of integration two
hyperplanes x* = const. which we can think of as connected by space
elements lying outside the world-canal. Because of (137 a), the integral

J = [ stdatda?dad (155)

has then the same value for both hyperplanes, in other words, it is inde-
pendent of 24, Next, we introduce a second coordinate system K ’. Inside the
world-canal, this has only to satisfy the condition that surfaces z'¢ =
const. intersect the world-canal in simply-connected regions. Qutside, it
has to have constant g;;. We now take as region of integration the hyper-
planes 2* = const. and z'4 = const. These can always be chosen in such

1 See suppl. note 7.
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a way that they do not intersect each other. Then,

j il da? dad = j §'4dx da'2 dar's,

i.e. the integral J is invariant under all coordinate transformations con-
sidered here.

The problem of an integral over the components of an affine tensor can
now be reduced to the above case. We multiply such an affine tensor with
a vector, p¥, whose components inside a world-canal are constants,

Uk = Ugkpt,

Under all linear transformations, U¥ behaves like a vector. In all co-
ordinate systems K’ which are produced from the original system K by
such transformations, the components p'i, too, are constant inside the
world-canal. Thus the equation

ow'x

or'k

also holds in K. It follows from (155) that the integral
J = [ MAdet da? dad

is invariant with respect to linear transformations and has the same value
for each cross section. But since

J = Jk‘ Pk»
whero Je = [ Wptdal de2de?, (156)

and where the vector p* has been quite arbitrary, the quantities Ji
exhibit a vector character under linear transformations.®?

We are now going to show, following Einstein’s® procedure, that they
retain this vector character also if we go over from K to an arbitrary
coordinate system K’ which coincides with K outside the world-canal.
For this purpose we need only construct a coordinate system which coin-
cides with K on one hyperplane 2" = ¢,, and with K’ on another hyper-
plane 2" = c,. Since it has already been proved that for two different
hyperplanes z* = const, of the same coordinate system the J; have the
same value, we have thus shown that the Jx have the same value in X and
K. Thus, the Jy, are quite independent of the choice of the coordinate system
inside the world-canal. It is interesting that, starting with the affine tensor
U* which behaves covariantly only under linear coordinate transforma-
tions, one should obtain by integration a set of quantities Jx which behave
as a vector under a much more general transformation group. The vector
J is distinguished from ordinary vectors by not being related to a given
9 This was first proved by F. Klein (Cf. footnote 94, p. 54, ibid, where free vectors are
discussed in detail). The derivation given here is due to H. Weyl, Raum-Zeit-Materie (3rd

edn., 1920), p. 234.
% A, Einstein, S.B. preuss. Akad. Wiss. (1918) 448.
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point. We shall follow Klein in calling it a free vector [non-localized vector],
in analogy to the terminology used in mechanics.

22. Reality relations

Up to now we had tacitly assumed that ds? was a definite form. This is
by no means the case in the actual space-time world, where the normal
form of ds? has three positive and one negative sign. Formally, all results
previously obtained hold also for this case, since one can reduce ds? to a
definite form by introducing an imaginary coordinate (see § 7). The geo-
metrical interpretation of the formulae, however, will have to be changed.

Let us, first of all, consider the case where the special theory of relativity
is valid, and introduce, as fourth coordinate, 2* = ct. Then, for a given
origin of the coordinate system, the world can be divided in a Lorentz-
invariant way into two parts, which are characterized by

212 + 202 + 232 — 242 < 0 (past and future) (4)

and 212 + 222 + 232 — 242 > 0 (intermediate region) (B)
They are separated by the cone
212 + 292 + 232 — 142 = 0,  (light cone) ©

on which the world lines of the light rays lic.

If one lets the starting point of a vector coincide with the origin of the
coordinate system, the vector is called space-like if its end point lies in
world region (B), time-like, if it is in (4). It is called a null vector (vector of
magnitude zero) if it lies on the cone (C). Actually, because of the changed
sign of the fourth coordinate, the Lorentz transformation cannot be
looked upon as a rotation of the coordinate system, but as a transforma-
tion of one system of conjugate diameters of the hyperboloid

X2 + o2 + 23?2 — 242 = 1

into another. (This interpretation of the Lorentz transformation, and also
the terminology employed here, occur first in Minkowski’s work.) By
means of a simple geometrical consideration, or by a straightforward
application of formula (I) for the Lorentz transformation, it can be shown
that for a suitable choice of the coordinates one can always obtain spatial
coincidence for points in region (4), time coincidence (simultaneity) for
those in (B), with the origin. This amounts to essentially the same thing as
saying that, with a suitable choice of the coordinates, the time component
of a space-like vector, or all the space components of a time-like vector
can always be made to vanish. From the results of § 6 it also follows that
only world points of the type (4) can have a causal connection with the
origin. We shall introduce Klein's and Hilbert’s terminology by calling
the geometry which was discussed here, and which is determined by
the line element

ds? = (@22 + (da?)? + (da9)2 — (daP,
a pseudo-Buclidean geometry.
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Analogous distinctions between the geometries of positive-definite and
of indefinite line elements apply in the case of general Riemannian geo-
metry. Let us construct all geodesic lines which start from a point P, and
which satisfy at P; the conditions

gzkE do <0, (4
dt dt

or g‘kix_‘_ ilﬁ,j > 0, (B
dt dt

or i i =0 (o0)]
dt dt

(¢ = curve parameter). They span certain world regions, or the surface
of the light cone (C), in a continuous manner. The associated directions
(vectors) at P, are again called time-like, space-like and null-directions
(null vectors), respectively.

This division of the space-time world carries with it a restriction on the
permissible point transformations, as was stressed by Hilbert®®, The
reason for this is that, in permissible coordinate systems, the first three
coordinate axes have always to be in space-like directions, the fourth in a
time-like direction. This condition is fulfilled, first, when the quadratic
form obtained from ds? by setting da4 equal to zero is positive-definite, for
which the conditions are

g g qu g1z 913
11 g12
gnn > 0, > 0, g21 go2 g3 | > O
ge1 g22
g31 932 ¢33

and, secondly, when
gaa < O.

These inequalities must not be violated by the permissible coordinate
transformations. Since the determinant g of the g,, is always negative
(this follows from the inequalities), we shall always have to replace 1/g
by 4/(—g) in the tensor formulae which were developed for the definite
case??a,

According to (4), the arc length of a world line can also become imagin-
ary. In fact, this is always so for the world line of a material body. For

% D. Hilbert, ‘Grundlagen der Physik’, 2. Mitt., Nachr. Ges. Wiss. Gottingen (1917) 53.

9% Minkowski (Cf. footnote 54, II, p. 21) and Klemn (Cf. footnote 55a, p. 23, Phys. Z.,
loc. cit.) impose a further restriction on the permissible point transformations. 9x’4/dz! is
to be always > 0, in other words, an interchange of past and future is to be excluded, in
order that one should be dealing with a really continuous group. But tho covariance with
respect to this more restricted group entails already in a purely formal way the covariance
with respect to time reversal, as long as the equations do not contain quite artificial
irrationalities (on this latter point, see Part V). Moreover, the covariance of all physical
laws under time reversal seems to be required also for physical reasons, according to our
present-day view. For this reason we shall not make use of the above-mentioned restric-
tion.
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such a case it is therefore practicable to introduce, in place of the arc
length, s, the proper time 7, given by

8 = icr. (157)

This gives the time which is shown by a clock moving along this world
line. For, in & coordinate system in which the clock is momentarily at rest,
dr = dt. We also introduce in place of

dat
= ——
ds
daxt
the vector ut = — | (158)
dr
for which girutuf = ugul = — 2 (169)

Among the geodesic lines the geodesic null lines, which lie on the light
cone (C), form an exception. While the variational principle (83) and the
differential equations (80) apply to them, the variational principle (81) does
not do so. For, first, the coordinates can no longer be represented as
functions of the arc length in this case, because it vanishes. Another
curve parameter, determined only to within an arbitrary factor, will
therefore have to be chosen in (80), as well. Secondly, since the term
v/ [9ix(dx?[dA) (da* [dA)] vanishes, it can no longer be taken into the denom
inator, when deriving (83) from (81). Eq. (83) can therefore no longer be
deduced from (81), and the geodesic null lines will have to be defined in a
different way. The geodesic null lines are distinguished from all other
curves lying on the light cone (C) by the existence of a curve parameter
for which the differential equations

d2xt + dar dxs
dxz AN

as well as the variational principle (83) hold. On the other hand, for those
geodesic lines which are not null lines, the derivations of § 15 remain
unchanged.

Vermeil’s result, on the connection of the volume of a sphere in Rieman-
nian space with the curvature invariant (§ 17), too, cannot be immediately
applied to the indefinite case, because here the sphere corresponds to a
hyperboloid of infinite extent.

It should also be mentioned that usually in the special theory of rela-
tivity the normal form of the line element contains, by definition, three
positive signs and one negative sign, whereas in the general theory of rela-
tivity one assumes three negative signs and one positive sign. We shall use
the former convention throughout.

23. Infinitesimal coordinate transformations and variational
theorems
If, in general, & quantity is invariant under coordinate transformations,
then, in particular, it will also be invariant under infinitesimal coordinate
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transformations. The usefulness of a study of the latter lies in the fact that
from its invariance under such transformations certain differential equa-
tions can be derived, which the quantity will have to satisfy. We now
define such an infinitesimal coordinate transformation by

't = xt + e£¥(x) (160)

where ¢ is an infinitely small quantity. The dependence of the £ on the
coordinates can be quite arbitrary. All differences between primed and
unprimed functions will have to be thought of as developed in powers of ¢,
in what is to follow. Eventually, we shall only be interested in the first-
order term, which is called the variation of the function in question. To
obtain the variation of an arbitrary tensor for the transition from the

unprimed to the primed coordinate system, we shall have to substitute the
values

o¢ &3
e =t e—; TF=—— = 5k — e 161
ot = — Wt e i e (161)
into the general transformation formula (25). These values follow from

(0x"t[0x¥)(9x%[0x'*) = 8¢ and are of course only correct up to first order
in e. Let us also write down the value of the transformation determinant,

dot] 0| 14 e gt P g 162
et|—| = —, etl—| =1—e—.
ok “oat 2t ot (162)
In this way one obtains for the variation of a vector,
ot o¢r
dat = e—g-a', Sa; = — e—é—a,, (163)
oxr oxt

and for that of a tensor of second rank,

k

Baik = € (a_§iafk + a_g_atf)’

oxr oxr

g agr

i — —_— — " q.t

daxt = € ( P i’ axka, ), (164)
5 (agr L& )
Ak = — € 'a—x;aﬂc axkair .

Corresponding formulae hold, in particular, for the variation of g,. It
should also be noted that, for an arbitrary symmetrical system of num-
bers ¢, it follows from (72) that

LS9tk = — 1k Sy, (165)
(As usual, we have put here tt¢ = giegks,z). Equally, it follows from (73)

that
3V/(—9) = #V(—9) 9% 8gu = — §v/(— 9) guxSgt*. (73b)
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In (163) and (164) we are always dealing with a variation of the type

dat = a't(z') — at(x), ... datk = q'tk(x’) — at*(x),... ete.  (166)
Essentially different from this is the variation
&*atl = a'l(x) — al(x), ... o*alk = qg'tk(x) — a'k(x), ... etc. (167)

Evidently, this is connected with (166) by means of the symbolic relation
0
&* =8 —e—¢, 168
rws 3 (168)

from which the expressions &*af, §*a,, etc., are immediately obtained.
From (164) and (167) follows the important formula

1 0t 1 Ogys
- ik §*g. dr = —_—— rs £1,
2fz g da e“‘;qak 2axilfdx]

or, using (150a),
1 0
- f ik S¥gyp des = e[ f Div, T . £1das — f —(Zi"f‘)dx]. (169)
2 oxk

Finally, let us consider the variation of the integral

J = f W(x) dw.
It is
& = | W)de' — | Wx)dw = my(x')det— dz — | W(x)dz,
Jei - [meass | ]
or, because of (162), and because W'(z’') = W' (x)+ (oW /ox*) £,
4
Sfﬂde= fB*ﬂde+efa(§5£)dx (170)

Here, *W = W'(z) —W(x). If & vanishes at the boundary of the
region of integration, the second term of the right-hand side of (170) does
not contribute to 8[MWdx, since it can be transformed into a surface
integral over the boundary, according to (139a). If now J is an invariant,
in other words W a scalar density, then the variation (170) has to vanish for
arbitrary £. One can first set up a general expression for 8B for an arbit-
rary variation of the field tensors from which 9B is built up, and then
perform this latter variation specifically by means of an infinitesimal
change in the coordinate system, using (164). In this way, one can obtain
certain identities from formula (170). In certain cases the £ can in addi-
tion be assumed to vanish at the boundary, which simplifies the calcula-
tion. This will now be illustrated by means of the following examples.
They will be worked through in full, because of their physical applications,
later on.
() Let us form the Curl of a vector ¢;

Fyo = ——-—, (171)
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and from this derive the invariant
L = }Fy Fik, (172)
If @ is the scalar density associated with L,
8 =Lv/(-9),
one can derive from the invariant integral
f Ldx

a transformation which is of importance for the ponderomotive force in
electrodynamics. We shall limit ourselves to those variations of the fields
and coordinates which vanish at the boundary of the region of integra-
tion. We consider, first of all, ¢; and g,; as independent variables. If they
are varied in the manner given above, a simple calculation, using (165),

leads to
88 = FikdFy — Stk dgyp,,
where S = S = FriFspgrs — 1Frs Frogy. (173)
VvV (—9)
An integration by parts then gives
8 f Qdx = f (25¢8; — Gtk Sgyz) do, (174)
. otk
with st = ok’ (175)
from which also follows
dst
Z o, (1754)
ox?

We now generate the variations 8¢, and 8¢;; specifically from an infini-
tesimal coordinate transformation. This can be done by replacing, in (174),
3¢, and 8g;, by 6*p, and &*g,,, since 6¢; and 8g,, vanish at the boundary,
and because of (170). From (163) and (168) we first of all obtain

*hy = — k1 gt =
std 95; 6(5 Py t§ +§7‘¢¢a lc)

and, after integrating by parts, because of (169) and (175 a),
0= f (25%3%py — Stk d* gy)dx = — 2¢ f (Fus* + Divg S)Etda.

Since the last expression has to vanish for arbitrary £, we have

Fysk = — DingS
or, written out in full,

Fucsk = —(

OGKE 1 Ogre o).

oxk 2 oat (176)
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This identity will be used in §§ 30 and 54.
(b) The variation of the invariant integral

f?)idx

corresponding to the curvature invariant R, becomes of particular interest
because of the investigations by Lorentz!°®, Hilbert'®!, Einstein'?,
Weyl1%3, and Klein'®* on the role of Hamilton’s Principle in the general
theory of relativity, the physical significance of which will be discussed
in Part IV.

Let us, first of all, split the invariant [R dz into a volume integral
which only contains first derivatives of the g;;, and a surface integral, i.e.

[Rie = - [Gdz+: [ (), 177)

surface

where
® = +v(-96G G = g¥(Irys Doy — T T'%ps). (178)

@ is evidently only invariant under linear transformations, i.e. it is an
affine scalar. Beyond this, however, the integral {G dx is, according to
(177), invariant under all transformations which apply only to the interior
of the region of integration and leave the boundary values of the coordin-
ates and of the g;; and their derivatives unchanged. These two invariance
properties of [Gdx will now be used to derive some mathematical
identities which are of importance for the theory. Since now the integrand
of the integral to be varied no longer contains second derivatives of the
Jx» this simplifies matters considerably, though it is not essential for the
method to be described below.

For an arbitrary variation of the g,,-field we obtain first of all (using
the abbreviation g% = (dg®*/0xz°) ),

d 0
- fscsdx= - f(—-—(g)—-Sg‘k+—?‘?—8g"‘,)dx

3 6 G 3 [ 96
= | (Z —~ 2 \sotkgy — | — i) d.
f ( 227 3g'k., agﬂc) gltda f %= (agfk,sg )dx

100 H, A, Lorentz, Versl. gewone Vergad. Akad. Amst., 23 (1915) 1073; 24 (1916) 1389 and
17569; 25 (1916) 468 and 1380,

101 D, Hilbert, ‘Grundlagen der Physik’, 1. Mitt., Nachr. Ges. Wiss. Gdttingen (1915) 395.
102 A, Einstein, S.B. preuss. Akad. Wiss. (1916) 1116 (Also reprinted in the collection,
Lorentz, Einstein, Minkowski, Das Relativitatsprinzip (3rd edn., Leipzig 1920)).

108 ., Weyl, Ann. Phys., Lpz., 54 (1917) 117; Raum-Zeit-Materie, (1st edn., 1918 and 3rd
edn., 1920).

10 F, Klein, ‘Zu Hilberts erster Note iiber die Grundlagen der Physik’, Nachr. Ges. Wiss.
Qéttingen (1917) 469; ‘Uber die Differentialgesetze von Impuls und Energie in der Einstein-
schen Gravitationstheorie’, ibid. (1918) 235. The simplification of Klein's (as compared
with Hilbert's) approach is due to his using also variations of the coordinates which do not
vanish at the boundary of the region of integration. Since Lagrange, this has frequently
been done in classical mechanics, too. In this way, many of the relations become more
transparent. Lorentz (Cf. footnote 100, ibid.) already uses a similar procedure, though
not so systematically.
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An explicit evaluation now shows!% that
—_— . — —— = = -— G N
o0 0%, g Gu = V(-9)Gu
where G, is the tensor defined in (109).1 We thus obtain
0 [ 9®

— [swa =f awdx-f——( 5 )dx. 179
[ o682~ [ Gusy 3 (30 (179)

Since the last integral can obviously be written as a surface integral, we
also have, from (177),

) f Rdx = f G Sgtk dz + f (...). (180)

surface

We now produce the variation of the g, specifically from a variation
3* of the coordinate system. Because of (169) and (170), we then obtain
from (179),
G
o [ 6o = 2 [ DiniG.e1do + ef (gt — 26041+ 6¢+) do
oxk \ ogrsy
(181)
Next, we specialize the infinitesimal coordinate transformation still
further in such a way that it leaves [ dx invariant.
(i) The & are to vanish at the boundary. It then follows that

. a@ik 1 ag"
Diny® = o "3 Grs = (182a)
ik
mni(ﬁ = + (B'SF‘rs =0. (182 b)
oxk

If we had only wanted to derive this identity, we could have shortened
the calculation quite considerably.] Herglotz®® pointed out that the
identity leads very simply to an interesting theorem, which had previously
been derived by Schur'®? in a different way. If, analogously to (116),

Bpyx = — olgns gix — 915 Ink)»

where « can however still be a function of the coordinates, it follows by
substitution of (119) in (182 a) immediately that, for n > 2,

oo
— =0, o = const.
ozt

This means that if the curvature of a Riemannian space R, (n > 2) is
independent of the surface direction at each of its points, it is also inde-
pendent of the position.
105 For details, see H. Weyl, Raum-Zeit-Materie (1st edn., 1918), p. 191, (3rd edn., 1920),
pp- 205, 208; also A. Palatini, R. 0. Circ. mat. Palermo 43 (1919) 203.
+ See suppl. note 8.

1 See suppl. note 7.
105a I, Schur, Math. Ann. 27 (1888), 537.
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(i) T'he &t are to be constants. We could even more generally take the £ to
be linear functions of the coordinates, but the further identities which would
result from this are not of importance. Since now the first integral in (181)
can be omitted because of (182), the second integral must also vanish
identically for constant &t But this is only possible provided the integrand
vanishes identically for this case, since the region of integration can be
assumed arbitrarily small. For constant £ we now have to put é*j" =
—grs, £, because of (164) and (168). The integrand then takes the form

t_.a_.(_ 6 qrs — 205 + ® 317‘).
oxk\ ogrey

We can finally put

1/06
k= —(——grs — G 8& 183
U, 2(89";69’% ® 8 ) (183)
so that
(U + GF)
—_—=0. 184
ok 0 (184)

An evaluation of the expression (183) for 1 ¥, using the value (178) for ®,
then gives

o, 7V (= )]
oxt T o
For the case 4/(—g) = const., this can also be written!?¢

Uik = /(—)Usk, Uk = Thplry g5 —§ GSF. (185a)

Evidently, we are dealing here with an affine tensor of the kind discussed
in § 21. On its physical significance, see Part IV, §§ 57 and 61.}

uik = 5 ar

I{I"‘ Ag=*v (=91 _@&k}, (185)

108 For details of calculation see A. Einstein, Ann. Phys., Lpz., 49 (1916) 808, Eq. (50), for
the case y/(—g) = const.; W. Pauli, jr., Phys. Z. 20 (1919) 25, for the general case.
t See suppl. note 8 a.



PART III. SPECIAL THEORY OF RELATIVITY. FURTHER
ELABORATIONS.

(a) KINEMATICS

24. Four-dimensional representation of the Lorentz transforma-
tion
The kinematic results of the theory of relativity, which we had dis-
cussed in Part I, can be presented much more clearly by making use of
the four-dimensional space-time world. Two different representations
can be employed side by side, the one imaginary,

l=wx 22=y, a28=2 xt=ct,
the other real,
L=z, 22=9y, 23=12 24=ct

The first is historically the older and was already used by Poincaré!?, the
second was used by Minkowski in his lecture ‘Space and Time’ (‘Raum
und Zeit’). The special Lorentz transformation (I), in which 22 and 3
remain unchanged, is given by the formulae

'l = zl cos + x4 singd 2l = x1 coshy — 24 sinh ¢
x4 = —2lsing + xcos¢ x4 = — xlsinh¢ + 2% cosh y (186)
(¢ = ),

in complete analogy to a rotation of the coordinate system in Rz. The
former first occur explicitly in Minkowski II (Eq. (1) )—he writes 4 in
place of ¢. Since for 2’1 = 0 we must have z = vt, ¢ and s are determined
by

tan¢g = 4p, tanh ¢ = 8,

and hence
= 1 shy = 1 187
s vaem M a0
i . B
. — , inhd = .
= a-m M Tass

In an imaginary coordinate system the special Lorentz transformation
is a rotation, in a real one it stands for the transformation of one pair
of conjugate diameters of the invariant hyperbola

(12 — (292 = 1

into another. In the former, there is no difference between the covariant
and contravariant components of a vector. In the latter, ag = — a4,

107 Cf, footnote 11, p. 2, R.C. Circ. mat. Palermo, loc. cit., p. 168.
71
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and in general, for an arbitrary tensor, the raising or lowering of an index
4 results in a change of sign.

Fig. 2

The Lorentz contraction is illustrated in the right-hand part of Fig. 2,
in which 21 =« is the abscissa and x4 = ict the ordinate. The figure is
drawn as if 2 were real.

L, and L are the world lines of a rod at rest in system K’, the distance
lo between them is equal to its rest length. In the moving system K,
the length 7 of the rod is to be looked upon as the distance between the
points of intersection P and @ of L; and Ly with a line parallel to the
x1-axis. Obviously

1= 2 (188)
cos¢

which agrees with (7), using (187).1%8 In an analogous way, Einstein’s
time dilatation is illustrated by the left-hand part of Fig. 2. Any periodic
occurrence can be used for a clock, assumed to be at rest in system K’.
The world points corresponding to a succession of periodic times lie on a
line which is parallel to the 2'4-axis. The distance between any two of them,
T, is the length of the period normally measured. (For simplicity, the unit
of time is chosen such as to make the velocity of light equal to unity.)
The length ¢ of the period, as measured in K, is then given by the pro-
jections of the lines of length = on the z4-axis. Thus

¢
-, 189
’ cos¢ (189)

which is identical with (8), because of (187).
A simple generalization of this argument leads to an illustration of the

clock paradox (cf. § 5).1°° In Fig. 3, L; and Lgare the world lines of the
clocks C; and Cz which were discussed in § 5.

108 The corresponding figure for the real coordinate system can be found in Minkowski’s
lecture ‘Raum und Zeit’.

100 Cf, footnote 4 in Minkowski's lecture ‘Raum und Zeit’, in the collection of papers,
Das Relativititsprinzip (Leipzig 1913), and M. v. Laue, Phys. Z. 13 (1912) 118.
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The time = shown by the clock Cz at the world point @ (which coincides
spatially with P when viewed in system K), is, apart from a factor 1/c,
equal to the length s of the curve L. We may generalize this for arbitrarily

Fig. 3

moving clocks, provided the acceleration is not too great, and assume
that they indicate the time =, where

7= [ v -pa= % (167a)

and where g is again the length of the corresponding world line. Evidently,
~ is the proper time (defined by (157) ) of the clock in question, i.e. it is
the time measured by an observer moving with the clock. Of two clocks
which are moved from world point A to world point B, the one which is
moving uniformly will indicate the shortest time interval (cf. Fig. 3).

25. The addition theorem for velocities
The transformation formulae for velocities for the transition to a mov-
ing coordinate system K’ can be written down in a simple and clear way
by introducing, in place of the three-dimensional vector u, the four-
dimensional vector ¢ (defined in (158) and (159) ). Its components have,
for our case, the values
u ic
(ut, 92, u3) = —————, b= —
V1 — (u?c?)] V[l = (u?/e?)]
The transformation formulae for going over to the system K’ will then
read, according to (186) and (187),

(190)

wt = Loyt
V1 — (@2/c?)]’
vy —i(v/c)ul + ud (191)
VI - (%))
w2 = 2, w3 = ud.

From these, formulae (10) to (12) of § 6 can easily be obtained; in par-
ticular, (11a) is identical with the transformation formula for 4. The
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corresponding formulae tor real coordinates are obtained by using the
prescription at the beginning of § 24.

Another interpretation of the composition law for velocities was first
given by Sommerfeld''?. It follows from the observation that the angles
¢1 and ¢ for two successive rotations are simply additive, if the addition
theorem for two velocities in the same direction is first considered. Sommer-
feld’s interpretation is then a consequence of the compound angle formula
for the tangent

tan¢; + tan s
1 — tang; tangy

tan¢ = tan(¢y + ¢2) =

because of (187). Analogous interpretations for the more general case,
where the velocities are in different directions, are possible. In particular,
one can demonstrate formula (11a), which gives the magnitude of the
resulting velocity, and the invalidity of the commutative law for the
velocity directions. This can be done by considering the spherical geometry
on a sphere!'® of radius ¢. Varicak!!! points out the analogy between
the composition of velocities in the theory of relativity and the addition
of lines of given lengths in the Bolyai-Lobachevski plane.

26. Transformation law for acceleration. Hyperbolic motion

Similarly to the case of velocity one introduces in the theory of rela-
tivity in place of the three-dimensional vector i the four-dimensional
vector B, defined by (147) and specified for the line element of special
relativity. It will have components

dut  d2xt
Bl = -— = . (147a)
dr dr2
In the special theory of relativity
dut duy
i = u‘—"i
dr dr
so that it follows from u; u* = — ¢2 by differentiation that
dut
wu Bt = uy— = 0. (192)
dr

10 A, Sommerfeld, Phys. Z. 10 (1909) 826.

111 Varidak establishes a formal connection between the Lorentz transformation, as well
as the relativistic formulae for the Doppler effect, aberration of light, and reflection at a
moving mirror, with the Bolyai-Lobachevski geometry. Cf. V. Varidak, Phys. Z. 11
(1910) 93, 287, 588; Glas srpsk. kralj. Akad. 88 (1911); a summarizing report in Jber. dtsch.
Mat.Ver. 21 (1912) 103; Rad. Jug. Akad. Znan Umj. (1914) 46; (1915) 86 and 101; (1916) 79;
(1918) 1; (1919) 100.

This connection with the Bolyai-Lobachevski geometry can be briefly described in
the following way (this had not been noticed by Vari¢ak): If one interprets dx!, dx?, dz3, dz*
as homogeneous coordinates in a three-dimensional projective space, then the invariance
of the equation (dx!)?+ (dz?)3+ (dz®)2 —(dz*)? = 0 amounts to introducing a Cayley system
of measurement, based on a real conic section. The rest follows from the well-known argu-
ments by Klein (Math. Ann. 4] 1871) 112).
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The connection of B with the vector @ of the three-dimensional space is
given by

(B, B?,B3) = 0t + u(g_l_ll__l__._,
- @ -
(u-u)y 1 (193)
Bt =¢—u- —,
c (1-p2?2

Of particular interest are the formulae for transforming the acceleration
of matter from a system K', instantaneously moving with the medium,
to a system K relative to which matter moves with a velocity u. If we
take the z-axis along the direction of motion, then in this case

(B'1,B'2,B’3) = i, Bt =0,
Bl + _334, Br= , B =&
1—p2 " 3 1_p2 1- g2

The transformation formulae for the components of B are obtained from
the relations inverse to (186),

Bl 1BB'1
= - BZ = B’Z) B3 = B'3, B4 el yr———
V(1 — B V(1 —B)

Trom these follow the relations
Uy = Wa(1 — BRB2, oy =dy(1—B2), Uy =u(l—pB7), (194)

which are to be found already in Einstein’s first paper!!2.

In relativistic kinematics one will naturally describe as ‘“‘uniformly
accelerated” a motion for which the acceleration in a system K’, moving
with the medium or particle, is always of the same magnitude b. The
system K' is a different one at each instant; for one and the same Galilean
system K, the acceleration of such a motion is not constant in time.
All this applies to rectilinear uniformly accclerated motion. We can re-
strict ourselves to a discussion of this case, since the more general case
can be reduced to it by means of a Lorentz transformation. From (194)
one easily obtains by integration

1

ct
(x — 20)2 — 2(t — to)2 = 7 = const = a?,

and if the origin of the space- and time-coordinates is so chosen that

c2
t=0, z =0, z = —,
b
then the equation of the path taken is of the form
c4
22 — 242 = i const = a?. (1954a)

112 A very simple and elementary derivation of them can be found in Sommerfeld’s
Atombau und Spektrallinien (1st edn., Braunschweig 1919) pp. 320 and 321; (2nd edn., 1920),
pp. 317 and 318.
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The velocity does not increase indefinitely, but approaches the velocity
of light asymptotically. The associated world line is a hyperbola, for
which reason uniformly accelerated motion in relativity is also called
hyperbolic motion, in contrast to the ‘“parabolic motion” of classical
mechanics. In an imaginary coordinate system the world line is a circle
of radius «a,

(@1)2 + (24)2 = a2, (195b)

The coordinates #! and z* can be expressed in terms of the imaginary
arc length s of the world line

8 8
2l = acos—, z4 = asin— (196a)
a a

or, respectively, in the real coordinate system,

CcT CcT
2! = a cosh—, 24 = asinh—. (196 b)
a a
It follows from this that the vector B is in the direction of the radius
and has the value c2/a = b. Since one can construct a radius of curvature
at each of the points of an arbitrary path in the (x, icf) plane, one can
associate with every motion of a particle at each instant an osculating
hyperbolic motion.

Hyperbolic motion was first recognized by Minkowski''® as a particu-
larly simple type of motion, and was later discussed more fully by Born''
and Sommerfeld!!5. On its significance in dynamics and electrodynamics,
cf. §§ 37 and 32 (p).

(b) ELECTRODYNAMICS

27. Conservation of charge. Four-current density
In Lorentz’s electron theory the density p and velocity u of an
electric charge satisfy the continuity equation!!*

0
% + div(pu) = 0. (4)
ot
This suggests our trying to write the equation in the form of a four-
dimensional Div,
ost

=0 @ivs=0), (197)

where the quantities s¢ are defined by
u
(,82,83) = P &t = 1p. (198)

113 Cf. footnote 54, p. 21, Minkowski III.

114 M. Born, Ann. Phys., Lpz., 30 (1909) 1.

118 Cf, footnote 65, p. 22, 1bid., 33, 670.

118 Cf, footnote 4, p. 1, H. A. Lorentz, #bid., § 2, Eq. (IT).
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It now has to be required that (4), and therefore also (197), should be
valid for every Galilean reference system. From this we can deduce
that the st are the components of a four-vector, which is called the four-
current density. In its essentials this is already found in Poincaré’s work.
From the invariance of (197) we can derive the transformation formulae
for the st. These, it is true, originally contain an undetermined factor
which might depend in some way on the velocity in the Lorentz trans-
formation. It can be shown, however, that such a factor must be equal
to unity, following the same kind of argument which was used in § 5 for
the case of the factor « in the transformation formulae for the coordinates.
Apart from the transformation formulae for the velocity, already men-
tioned several times before, the vector character of si also leads to the
transformation formula for the charge density,

Pl (efetua]

V1 = (3[c?)]

Its physical meaning can be made more apparent by choosing the co-
ordinate system K’ in such a way that the charge density is at rest in

K'. Then 4, = u = v and if we also write for this case p, instead of p’,
we obtain

(199)

e P
VIl — (u?/c?)]

Conversely, (199) follows from (199 a), if one uses the addition theorem
for velocities. Now, because of the Lorentz contraction of a material
volume element dV (see (7a) ),

dV = dVe/[1 — (u2/c?)],

po = pVI[1 = (u¥c®)], p (199a)

we have pdV = pdV, (2004)

or de = de,. (200 b)

The charge contained tn a given material volume element is an invariant.
That the total charge of a particle is not changed by setting it in motion,
is of course a direct consequence of (4) and can reasonably safely be
assumed to be in keeping with experiment, since otherwise the neutral
character of an atom would be upset by the mere motion of the electrons
it contains. Relation (200Db) states beyond this that the charge of each
material volume remains invariant.

Sommerfeld!!8, on the other hand, starts from (200 a) and arrives at the
vector character of st in the following way. The four-dimensional volume

dv-dat (24 = dct)

swept out by the space-volume element dV in time d¢ is, as such, an
invariant. Because of assumption (200 a), the same is true for the product

ipdV.
118 Cf. footnote 56, p. 22, tbid., 32.
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The set of quantities s¢, given in (198), is now obtained by taking the
(equally invariant) quotient ip/dx* and multiplying it with the vector
components dzl, ..., dat. Therefore, st is a four-vector.

In terms of the vector uf, and with the help of (190) and (199 a), st
can be written simply

1
st = ;pou‘, (201)

and the equation of continuity becomes
0(pou?) -0
oxt
See § 28 for the proof of the vector character of sf, based on Maxwell’s

equations, and Part V, § 65(3) on the interpretation of the conservation
law (197) in Weyl’s theory.

(197a)

28. Covariance of the basic equations of electron theory

As was already stressed in § 1, the non-covariance of Maxwell’s equa-
tions under the Galilean transformation was one of the main factors
which gave an impetus to the development of the theory of relativity.
In his paper of 190417, Lorentz came very near to proving the covariance
of these equations under the relativistic transformation group. The
complete proof was given, independently, by Poincaré!!® and Einstein!!®.
The four-dimensional formulation is due to Minkowski!?®, who first
stressed the concept of a ‘“‘surface’” tensor, as we would call it now.

To write down the field equations in a four-dimensionally invariant
way, one can take first the four equations which do not contain the
charge density, i.e.120

1.
curlE + -H = 0,
c

B
divH = 0. ()
Putting, in the real coordinate system,
Fy,F49,Fy3) = iE, Fa3,F31,F12) = H
(Fa1,Fag,Fg3) = 4 (Fe3,F31,F12) (202)
Fix = — Fra),
(B) can be written in the form
or oF, oF
FLTBL 7B 0 (CulF=0) (203)

oxt oxk oxt
(cf. (140 b) ).
From the invariance of (203) under the Lorentz transformation it
then follows that the Fi; are the components of a ‘“‘surface” tensor.

117 Cf. footnote 10, p. 2, tbid.

118 Cf. footnote 11, p. 2, ibid.

119 Cf, footnote 12, p. 2, tbid.

120 Cf. footnote 54, p. 21, Minkowski I.

130 Cf, footnote 4, p. 1, H. A. Lorentz, tbid., Eqgs. (IV) and (V).
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Once again, the undetermined factor remaining in the transformation
formulae is eliminated as before. If instead of Fy the dual tensor F*ik,
defined by (54a) and (54 b), is introduced,

(F*4l,Fea2 Fe13) = _H,  (F*28 F*31, F#12) = _4E,  (202a)

the system of equation (203) can also be written, because of (142) and
(141b),

F*ik
oxk

=0  (DivF* = 0). (203a)

But it is well known that, in ordinary space, E is a polar, and H an axial
vector (“surface’”’ tensor), not the reverse. We therefore consider the
“surface” tensor (202) to be the natural representation of the electro-mag-
netic field and the dual tensor (202a) to be an artificiality. Minkowski!2!
uses both conventions for writing down the field equations. The former,
which in many cases is the more transparent and convenient (in particular
in the general theory of relativity), has later tended to be forgotten
and Sommerfeld'? does not mention it. It was only in the year 1916 that
Einstein'? revived an interest in it.

From the tensor character of F,; follow the transformation formulae
for the field intensities, for going over to a moving system of reference.
Let us assume that the velocity v of the Lorentz transformation has an

arbitrary direction with respect to the z-axis of the coordinate system.
Then,

B oop @ . ETOOEaH],
S T V- (2e?)]

. . H= (A,
B Y e

The splitting of the field into an electric and a magnetic field is only of
relative importance. If e.g. in system K only an electric field is present,
then in a system K’ moving relative to K, a magnetic field, too, will
exist. This remark removes certain conceptual difficulties in understanding
the induction due to a moving magnet on the one hand, and the motion
of a conductor in which the current is induced, on the other.

Also, the electromagnetic potentials, the scalar potential ¢ and the
vector potential A of Lorentz’s theory, admit of a simple four-dimensional
interpretation. As was first noticed by Minkowski®#*, they can be combined
to form a vector in the four-dimensional world, the four-vector potential,

(b1, d2,43) = A, ¢4 = ip. (205)

131 Cf. footnote 54, p. 21, Minkowski I.
122 Cf. footnote 55, p. 22, wbud.

123 A, Einstem, ‘Eine neue formale Deutung der Maxwellschen Gleichungen’, 8.B. preuss.
Akad. Waiss. (1916) 184.

84» Cf. footnote 54, p. 21, Minkowski I.

(204)
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The expressions for the field intensities!

1.
H=curlA, E= —grad¢—-A
¢
then take the form

Fyy=———  (F= Curleg) (206)

(cf. (140 a) ).

The four-vector potential is a mathematical auxiliary function which
is often of great use, but it has no immediate physical significance in
Lorentz’s theory. Egs. (203) follow from (206), and conversely, when
(203) applies, a vector field ¢, can always be so determined that (206)
is satisfied. This relation, however, does not determine ¢; unambiguously.
For if ¢, is a solution of (206) for given F,,, then (206) is also satisfied
by ¢,+0y/oxt, where ¢ is an arbitrary scalar function of the space-time
coordinates. For an unambiguous definition of ¢;, therefore, the con-
dition!%s

. 10p
divA+-—=0
c ot

is added in the Lorentz theory, which can be written in its four-dimen-
sional form.
¢t :
Fwie 0. (Divep = 0) (207)
Up to now, a four-dimensional meaning has not been assigned to the
Hertz vector Z.
The second system of Maxwell’s equations'®®, containing the charge
density,
1. u
curlH — ;E = p:—, divE = p, ©)

can be dealt with analogously to (B). It follows immediately from (198)
and (202) that

—— =48 (DivF=35) (208)

(cf. (141b) ). If the charge density is defined by (C), this establishes at
once the vector character of s, which was previously derived in a different
way. One can express the field intensities in (208) in terms of the four-
vector potential, using (206), and thus obtain (cf. (145) )

Divy Curl¢p = Grad;Divep — s = 8
and, because of (207),

Oée = — 8. (209)

124 Cf. footnote 4, p. 1, H. A. Lorentz, ibid. Egs. (IX) and (X).
125 Cf., footnote 4, p. 1, H. A. Lorentz, ibid., § 4, Eq. (2).
1258 Cf., footnote 4, p. 1, H. A. Lorentz, ibid., § 2, Eqgs. (I), (Ia) and (IV).
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Because of the covariance of the electromagnetic field equations under
the Lorentz group it would seem natural to enquire whether there exist
wider groups for which this covariance applies. This question was ans-
wered by Cunningham and Bateman'?. The most general such group
is formed by the affine transformations which transform the equation of
the light cone

=0

into itself (§ 8, (B’)). Apart from the transformations of the Lorentz
group, it also contains the inversion with respect to a four-dimensional
sphere, or a hyperboloid in the real coordinate system, respectively.
New light is thrown on Bateman’s theorem by Weyl’s theory (cf. Part
V). P. Frank'?? gives a simple proof for the fact that the Lorentz group,
together with the group of the ordinary affine transformations, is the
only linear group with respect to which Maxwell’s equations are covariant.

29. Ponderomotive forces. Dynamics of the electron

Even in his first paper Einstein had shown that the theory of relativity
could enable us to make quite definite statements about the motion of a
point charge moving with arbitrary velocity in an electromagnetic field,
provided it was known for infinitely small velocities. What we mean by
a point charge, here, is a charge whose dimensions are so small that the
external field can be assumed homogencous throughout the region filled
by the charge. The “point charge”, thercfore, need not be an electron.
Let E be the intensity of the external electric field, e and m, the charge
and mass of such a “point charge” in a coordinate system K’, in which
the point charge is momentarily at rest. Then, in K’,

d2r’
mqy
dt'2
With the help of formulae (194) and (204) we can immediately derive
the equations of motion holding in a system K, in which the charge (and

the system K') moves with velocity u in the positive z-direction. We
obtain

= ¢E". (210)

m, d?x 1
W.EE =eEy = e[E + Z(uAH)L
m, .dzy _ _}
iRl LA e
m, d2z 1
i _"B_z_)...___dtz = e[E + ;(I.IAH)] ;

First of all, it is seen that the right-hand side is precisely the expression
for the Lorentz force'?®. The Lorentz force had, in earlier treatments, been

126 K. Cunningham, Proc. Lond. math. Soc., 8 (1910) 77; H. Bateman, Proc. Lond.
math. Soc., 8 (1910) 223.

137 P, Frank, Ann. Phys., Lpz., 35 (1911) 599.

128 Cf. H. A. Lorentz, footnote 4, p. 1, ibid., § 3, Eq. (VI).
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tntroduced as a new axiom, whereas here it is a consequence of the relativity
principle. It should be mentioned, however, that this statement contains
not a physical law but a definition of the force, as far as terms of second
and higher order in u/c are concerned. In fact, our choice of what to put
on the right-hand or left-hand sides of the equations (211) would at first
seem quite arbitrary. We could, e.g., multiply through by (1—p82%)%2 or
(1—B%)"2 and then denote the corresponding expressions on the right-
hand side as components of a force. Kinstein had, initially, considered
eE’ to be a force also in the moving system K. But relativistic mechanies
shows that the most convenient and in fact the only natural definition
is the one given above, which is due to Planck!®. According to this, the
Lorentz expression for an arbitrarily moving charge

K = e[E+;l(uAH)], (212)

is defined as force. For it is seen that only with this definition can the
force be considered as the time derivative of a momentum, which remains
constant in closed systems (cf. § 37). From (212) and (207) we obtain the
transformation formulae for the force,

Ky =K'y Ky=Kyv(1-p), K;=K'2+/(1-p%, (213)

where the assumption has been made that the medium on which the force
acts is, at the given moment, at rest in the coordinate system K'.

In the earlier literature, mq/(1 —B2%)3/2 has frequently been called the
longitudinal, mq/(1—B2)1/2 the transversal mass, because of (211); but it
is more convenient to write (211) in the form

%(mi‘) =K (214)

mo
where now m=——— (215)

V(1 - B2)

appears throughout as the mass.’*® This expression for the velocity-
dependence of the mass was derived for the first time by Lorentz!3! speci-
fically for the electron mass, on the assumption that electrons, too, suffer
a “Lorentz contraction” during their motion. Abraham’s theory of the
rigid electron had resulted in a more complicated formula for the change
in mass. 132 It constituted a definite progress that Lorentz’s law of the
variability of mass could be derived from the theory of relativity without
126 M. Planck, Verh. dtsch. phys. Ges., 4 (1906) 136.

130 This result is already contained impheitly in Planck’s work (cf. footnote 129,
ibid.) and was later stressed in particular by R. C. Tolman, Phil. Mag., 21 (1911) 296.

131 Cf. footnote 10, p. 2, Proc. Acad. Sci. Amst., loc. cit.

132 Cf, H. A. Lorentz, footnote 4, bid., § 21, Eqs. (77) and (78). Because of its historical
interest, Bucherer’s (deformable) electron of constant volume should be mentioned: A.

H. Bucherer, Mathematische Einleitung wn die Elektronentheorie (1904), p. 58. See
also M. Abraham, Theorie der Elektrizitat, Vol. 2. (3rd edn., Leipzig 1914) p. 188.
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making any specific assumptions on the electron shape or charge distri-
bution. Also, nothing need be assumed about the nature of the mass:
formula (215) is valid for every kind of ponderable mass, as was shown
here for the case of electromagnetic forces and will be generalized for
arbitrary forces in relativistic mechanies (cf. § 37). The old idea that one
could distinguish between the constant “true” mass and the “apparent”
electromagnetic mass'??, by means of deflection experiments on cathode
rays, can therefore not be maintained.

Formula (215), or rather the equations of motion (211), provide an
opportunity for testing the theory of relativity by means of experiments
on the deflection of fast cathode-rays or B-rays in the presence of electric
and magnetic fields. The older experiments of Kaufmann!® seem to bear
out Abraham’s formula, but Kaufmann over-estimated the accuracy of
his measurements. After the experiments by Bucherer®, Hupka!3¢, and
Ratnowsky? the relativistic formula seemed the more likely one, and the
more recent results by Neumann!®® (with a supplementary result by
Schafer'®®) and Guye and Lavanchy'4® are quiteun ambiguously in favour
of the latter. The theory of spectra however gives us today, with the fine
structure of the hydrogen lines, a much more accurate means for
determining the velocity dependence of the electron mass!4!. This leads
to a complete confirmation of the relativistic formula, which can thus
be considered as experimentally verified. It has not been possible up till
now to establish this variability for masses other than that of the electron
experimentally, because of the smallness of the effect, even for fast
a-particles.t

Equation (211) can be written in an invariant form if, instead of the
force on the total charge, one considers the force per unit volume (force
density),

f=p[E+%(ul\H)]. (212a)

133 See, e.g., footnote 4, p. 1, H. A. Lorentz, ibid., § 65.

13t W. Kaufmann, Nachr. Ges. Wiss. Gottingen, math.-nat. Kl. (1901) 143; (1902) 291;
(1903) 90; Ann. Phys., Lpz., 19 (1906) 487 and 20 (1906) 639.

135 A. H. Bucherer, Verh. disch. phys. Ges. 6 (1908) 688; Phys. Z. 9 (1908) 755; Ann. Phys.,
Lpz., 28 (1909) 513 and 29 (1909) 1063. See also subsequent experiments by K. Wolz,
Ann. Phys., Lpz., 30 (1909) 373; and the discussion between Bucherer and Bestelmeyer:
A. Bestelmeyer, Ann. Phys., Lpz., 30 (1909) 166; A. H. Bucherer, ibid., 30 (1909) 974;
A. Bestelmeyer, :bid., 32 (1910) 231.

13¢ E. Hupka, Ann. Phys., Lpz., 31 (1910) 169; cf. also discussion by W. Heil, ibed.,
31 (1910) 519.

137 8. Ratnowsky, Dissertation (Geneva 1911).

138 G. Neumann, Dissertation (Breslau 1914). Résumé in Ann. Phys., Lpz., 45 (1914) 529;
report on Neumann’s experiments by C. Schafer, Verh. dtsch. phys. Ges., 15 (1913) 935;
Phys. Z. 14 (1913) 1117.

13 C. Schafer, Ann. Phys., Lpz., 49 (1916) 934.

140 Ch. E. Guye and Ch. Lavanchy, Arch. Sci. phys. nat., 41 (1916) 286, 353 and 441.

141 K. Glitscher, Dissertation (Munich 1917), résumé m Ann. phys., Lpz., 52 (1917) 608.
Cf. also A. Sommerfeld, Atombau und Spektrallinien, (lst edn., Braunschweig 1919,

p- 373 et seq.; 2nd edn., 1920, p. 370). Sommerfeld points to W. Lenz as the originator of
this method.

t See suppl. note 9.

n
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This expression would suggest the formation of the product of the skew-
symmetric tensor F,; with the four-current density s*,

Jo = FysF. (216)
The resulting vector f; has components
. (E.u
(f19f2’f3) = f, f4 = 'IIP(T)- (217)

The force per unit volume (force density) produces the three space-components
of a four-vector whose time-component is the work done per unit time per
unit volume (power per unit volume), divided by c. This important fact
had, in its essentials, already been recognized by Poincaré'! and was
subsequently stated clearly by Minkowski®*. From (201) and (216) we see
that the four-vector f; is perpendicular to the velocity vector u?,

fuus = 0. (218)

We can now write down the equation of motion (214) in an invariant
form; in fact, this can be done in two ways. The first is to introduce the
four-vector K; with components

K (K-u)/c
(KI,Kz,KS) = T oon? K4 =
V(1 - B V(1 - B
That these quantities actually form a four-vector, can be seen from the
transformation formulae (213) for the force. One calls K/+/(1—8%) the
Minkowski force, in contrast to the Newtonian force K. The equations
of motion are simply

(219)

d2xt d
mo ? = Kt or mo—ﬂ=K¢. (220)

dr2 dr
The second way is to apply the equations of motion to a unit volume.
If p, is the rest-mass density m,/V,, then

d2xt duy
ol 3 o, 221
wo— f Ho—- fi (221)

It should be noted, however, that the physical meaning of these latter
equations, when referring to an electron, is not quite clear (cf. Part V,
§ 63), at least so long as one attributes to f; the meaning of (216); in
that case they are only valid when the self-field of the particle is not
included on the right-hand side.

For ¢ = 4, (220) and (221) result in the energy equation, which is a
consequence of the equations of motion. In fact, the four equations
(220) (or (221) ) are not independent, for by scalar multiplication with
u* one obtains the identity 0 = 0, using (192) and (218).

On the generalization of the definition of the force vector and of the
equations of motion, see § 37.

s4s Cf, footnote 54, p. 21, Minkowski I.
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30. Momentum and energy of the electromagnetic field. Differen-
tial and integral forms of the conservation laws

In electrodynamies it is shown that the Lorentz force density f can
be represented as the resultant of the surface forces produced by the
Maxwell stresses and the (negative) time derivative of the momentum
density of the aether.142 The stress tensor is defined by

Ta = (BiEyx — $E%8) + (HiHi — $H284),  (i,k = 1,2,3),
and the electromagnetic momentum by
1
g=—S, S = ¢(EAH).
c2
Then f=divT-g. (D)

It will now be seen that this vector equation can be combined with the
(scalar) energy equation

ow

—a;—+divS = —f.u, W = }E2 + H?) (E)
into a four-vector equation.*® Let us, first of all, form the symmetrical
tensor of rank 2,

Si¥ = H(FyFlr — F¥ F*kr) = Fo Fkr — LFy o Fre 3k, (222)
from the surface tensor F;;. It should be observed that its scalar vanishes,
8¢ = 0. (223)

Its components are
Sk = — Tik (i’k = 1,2,3)

(81, Sa, St) = (S1a, Sas, Saa) = ’;S = iog (224)

St=8u=84=-W.

The space components of S are thus essentially equal to the components
of the electromagnetic stress tensor, the space-time components equal to
the Poynting vector and the momentum density, the time component
equal to the energy density. Equations (D) and (£) can then be combined
with the help of the four-vector f (defined by (216)) to form the system
of equations

98

fi= —— (f = — Divs). (225)

oxk
(This was first noticed by Minkowski'%.) For ¢ = 1, 2, 3, they represent
momentum conservation, for ¢ = 4, energy conservation. For this reason
142 Cf. H. A. Lorentz, footnote 4, p. 1, ibid., § 7.

143 Cf, H. A. Lorentz, footnote 4, p. 1, ibid., § 6.
144 Cf. footnote 54, p. 21, Minkowski IT.
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(225) is usually called the energy—-momentum conservation law, and S
is called the energy-momentum tensor of the electromagnetic field.
It is further seen that the derivation of equations (C) and (D) from the
field equations (4) and (B) is considerably simplified by the introduction
of the four-dimensjonal notation. Formula (176) is identical with (225)
if one identifies ¢; with the four-vector potential, F;; with the tensor
of the field intensities, and s* with the four-current density. We need
therefore only consider the special case of constant g;; for the derivation
given in § 23 (@) (which simplifies it considerably), in order to obtain
(225). But the direct calculation, too, is easy enough to carry out.

The relativistic interpretation of the energy—momentum equations
contributes something new, not just in a formal respect, but also in its
physical content. If the energy equation (4th component of (225) ), holds
in every coordinate system then the momentum equations follow auto-
matically. Both are perfectly equivalent in their description of the physi-
cal processes. Corresponding to the interpretation of S in (#) as an
energy current, the quantities 7';;, are to be looked upon as components
of the momentum current. Since the momentum is itself already a vector,
they form (in ordinary space) a fensor, in contrast to the vector S. In
this way Maxwell’s electromagnetic stress tensor, which had previously
been regarded as a purely mathematical quantity!4’, is given a very real
physical meaning. This argument is due to Planck.14 (On the generalization
of this interpretation and of equations (225) for non-electromagnetic
momenta, cf. § 42.) At those points at which ponderomotive forces act on
matter, electromagnetic momentum (energy) is produced by, or changed
into, mechanical momentum (energy), according to (225). (See Part V
about attempts to regard every kind of momentum and energy as electro-
magnetic in origin.) At all other points, however, the momentum and
energy of the electromagnetic field have the same flow properties as a
fluid which is compressible in general. The special case of stationary
fields would correspond to an incompressible fluid consisting of inde-
structible matter.

The tensor S, refers to the energy-momentum density and the question
arises, how the total energy and momentum of a system behave under
a transformation to a moving coordinate system. We shall not anticipate
the discussion of the general case in § 42. But let us consider here the
case where the momentum and energy are purely electromagnetic in
nature, where in other words the force density f; and the electric charge
density vanish everywhere, so that, from (225),

28k
ork

This is so for the field of a light wave of arbitrary shape, freely travelling

=0 (DivS = 0). (225a)

145 Cf, H. A. Lorentz, footnote 4, p. 1, dbid., § 7, p. 163.

146 M. Planck, Verh. disch. phys. Ges., 6 (1908) 728; Phys. Z., 9 (1908) 828. If one accepts
this interpretation one must not be unduly perturbed by the following paradox: a momen-
tum current may exist even if the momentum density vanishes everywhere (as is, for ex-
ample, the case for a purely electrostatic field). For the energy current a corresponding
situation cannot arise.
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through space. Let us assume that it fills a finite volume so that also its
total energy and momentum are finite. In the world picture, this cor-
responds to a tube of finite cross-section. We are thus dealing here with
precisely the same situation as in § 21 and it follows from the conclusions
reached there that we can obtain the components of a four-vector from
the quantities S;* by integrating over the whole volume,

1
Jp =~ Syadv. 226
B= f f f ¥ (226)
Because of (224), these components are related to the total momentum
G and the total energy E of the system (light wave) in a very simple way,
(J1,J2,J3) = cG, Jy =1E. (227)

We can therefore say that the total energy and total momentum form, in
this case, a four-vector. Formulae (186) and (187) then immediately give us
the transformation formulae
Gz — (v/c2)E
P _z_.___(_i_)_’ G'y = Gy, GIZ = Gz,
V(1 - B?)

’

’
z

228
E — 'l)Gx ( )

R )
It should also be noted that the vector J, cannot be space-like. If it were,
a coordinate system would exist in which @ # 0, but £ = 0. But this is

impossible, since £ can only vanish when no field at all exists. We have
therefore

E

Il <o, G<— (229)
Cc

Thus, J can only be a null vector or be time-like. An example for the first
alternative would be a laterally bounded plane wave of finite length.
For it is well known that for this case G = E/c. But since this relation can
be written in the form J,;J¢ = 0, it must hold in every reference system.
If o is the angle, measured in K, between the direction of propagation of

the light ray and the velocity of K’ relative to K, we obtain from (228)
Einstein’s transformation formula for the energy of a finite plane wave!4?

_ 1—Bcosa
SV

If, on the other hand, J is time-like, there always exists a coordinate
system K in which the total momentum vanishes. If Ey is the value of
the total energy in K, it follows from (228) that for a system K, relative
to which K¢ moves with velocity v,

E= __E_°_, _ v YE (228 b)
V(1 -8 V(-p)

17 Cf. footnote 12, p. 2, ¢bid., § 8.

’

(228a)
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An example for this case is a spherical wave of finite width, or a system
of two equal and opposite plane waves. See § 42 for the generalization of
these relations for non-electromagnetic momenta and energies.

31. Theinvariantaction principle of electrodynamics

Poincaré!4® had already convinced himself of the invariance of Schwarz-
schild’s action integral'4® with respect to the Loreutz group.t Later,
Born!% formulated the action principle in a very clear way, by writing it
in four-dimensional notation.

Schwarzschild!4® first formed the Lagrangian

-;.f(Hz_EZ)dV+ fp{tp—%A'“}dV

by integration over the three-dimensional volume and obtained from this
the action function, by integrating over the time. Naturally, the integra-
tions over space and time can be combined into a quadruple integral.!48
Let L be the invariant

L = }FyFtk = H2 — E2, (230)

then the (double) action function can simply be written in the form
W=fw—%mm2 (231)

The action principle in question then states that the variation of W
vanishes under certain conditions, i.e.

W = 0. (232)
These conditions are:

(i) The integral W is to be integrated over a given world region, with
the components ¢; of the four-vector potential acting as independent
variables and having prescribed values at the boundary of the region of
integration. The four-current density s, i.e. the world lines of the electric
charges, and its absolute magnitude are not to be varied. Then, from
§ 23, Eqgs. (174) and (175),

aka
SW = 2 f ( il -st)sqb,dx, (233)
oxk

and (232) produces the second set of Maxwell’s equations (208). The first
set is already satisfied because of the existence of the four-vector potential
and has been assumed from the start.

(ii) The field ¢f is a given function of the world coordinates and is not
to be varied; on the other hand, the world lines of the matter present are
to be varied. The integral over L then does not contribute to the variation,
148 Cf, footnote 11, p. 2, R.C. Circ. mat. Palermo, loc. cit.

19 K. Schwarzschild, Nachr. Ges. Wiss. Gottingen, (1903) 125. See also footnote 4, p. 1, H.
A. Lorentz, loc. cit., §9.

1 See suppl. note 10.
156 M. Born, Ann. Phys., Lpz., 28 (1909) 571.
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and the second term in the integrand of (231) has first to be transformed.
If de is an element of charge, associated with a given element of matter,
and 7 the proper time of the corresponding world line (taken from some
arbitrarily chosen origin), then it follows from the meaning given to s
in (201) that

dx‘
fpodz= icJ.defdv-, f¢,s¢dz= ijdef¢,-a——d¢.
T

We now integrate over the world cylinder which is obtained by measuring
off the same length on each world line of the substance. The initial
and end points of the world lines are not to be varied. An integration by

parts first gives
o dak
;sw—@f f(—s s )dT
dr
- —i j de j Fyuk Stdr,
or PW = — [FustsatdZ = — [ fusataz. (234)

Born then proceeds in the following way. He adds to the above variation
also the auxiliary condition

P J' ds = 0. (235)

For a world line whose direction is always time-like, as here, we have
for fixed end points and constant g,,, from § 15,

5 J' dr = — J O et dr. (236)

In this case, therefore, (232) gives
du; f
IJ'O dT = Ji

where o is a constant Lagrange multiplier. These relations agree with -
(221) if one interprets uo as the rest-mass density. The self-field of the
particular particle is omitted here, as in § 29.

Weyl's!, on the other hand, does not impose the auxiliary condition
(235) on the variation, but adds to the action function another term,

2]ch42 - 2icfdm-c2fd¢,
so that
Wy = 2f,mc2d2+ W, SWi=0. (231a)
(221) then again follows from (234) and (236).
151 H, Weyl, Raum-Zeit-Materie (1st edn.) § 32, p. 215.
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32. Applications to special cases
(«) Integration of the equations for the potential. It is well known that
the differential equations (207) and (209) have solutions

u/c
(th = J‘ Q.- I'I'Q/c Apt f(p / )Qt—fPQ/c dV (237)
477”'pQ

when stis given asa functlon of space and time.1%? In these expressions for
the potentials, full use is not made of the space-time symmetry of the
differential equations. This is done, however, in a method discovered by
Herglotz!%® already before the advent of the theory of relativity. The
method’s starting point is the particular solution

1
(Bpq)?

of the equations (209), where P and @ are two world points and R their
four-dimensional distance. Herglotz obtained from this the usual expression
for the potential by multiplying with a suitable function s(¢) and inte-
grating round the line ¢, to oo in a positive sense in the complex ¢,-plane.
The advantage of the method lies in the fact that one can differentiate
first and carry out the contour integration afterwards, in order to cal-
culate the field intensities. This makes the calculation much clearer.
Sommerfeld'®, influenced by the theory of relativity, later modified and
amplified Herglotz’s method.

For point charges one obtains from (237) the [Liénard-] Wiechert
potentials!®®

4 ¢ 4nA ewjo (238)
ppt = ———————"— ) Pt = ——————

rp — (W-TP/C) le~r/e) rp — (W-TP[C) t-gr0)
rp is the vector joining the position of the charge at time {—(rp/c) to
the field point. According to Minkowski, % this admits of an interpretation
in terms of four-vectors. Let

£ = &i(r) (239)

be the world line of the charge as a function of its proper time, and
P be the field point, as above. Through P construct a ‘“null cone” into
the past. It intersects the world line of the charge at a point @ which will
be unique if the direction of the world line is always time-like. If 2% are
the coordinates of the field point and

Xt = ot — ¢gf, (240)

X Xi=0 (241)

152 Cf, H. A. Lorentz, footnote 4, p. 1, tbid., Eqs. (XI) and (XII). We shall not be dealing
with the alternative solution by means of advanced potentials [with ¢4-(r/c) mstoad of
t—(r/c) mn the formulae], which has been much debated since it was first put forward by
Ratz (cf. footnote 21, p. 5, ibid.).

183 @, Herglotz, Nachr. Ges. Wiss. Gottingen, (1904) 549.

184 Cf. footnote 55, p. 22, ibid., 33, §7, p. 665 et seq.

185 Cf. H. A. Lorentz, footnote 4, p. 1, ibid., § 17, Eq. (70).

156 Cf. footnote 54, p. 21, Minkowski, ITIL.

then the condition
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determines ¢, and hence also the corresponding value of = as a unique
function of the x?,

Expressions (238) for the potentials can now be combined into

. b (238a)

Pi= ———, 2382
(ur XT)

using (205) and (190). The introduction of the proper time simplifies

the calculation of the field intensities considerably. From (241) one first

obtains the derivatives of the function (242) with respect to the co-

ordinates x* of P,

0 0 X
Xi(ski - u‘——T) —0, = _F (243)
oxk ork  (X,wr)
The rest of the calculation is quite elementary and gives
e du,
nby = — oo+ (252 ) - we i +
(Xyrur)d dr
; J (244)
e
(x-S
(X,u’)2 dr

for the field intensities. If now a second charge, ¢, is placed at the field
point, with velocity vector #?, we obtain from (216) the force K exerted
by the first on the second charge. The expression for the Minkowski force,
the four-vector K, defined by (219), then follows,

4nK; = dmeFyub

= o [ (157 - (2 -

ee. { . (X duy )}(X WY +

T Xew) ) (X, ur)?

Sommerfeld derived not only the [Liénard-] Wiechert potentials (238a),

but also expressions (244) and (245), by using the above-mentioned

method of complex integration. (245) is in agreement with Schwarz-
schild’s!®” “elementary electrodynamic force’.

(B) The field of a uniformly moving point charge. Since electron theory is
in agreement with relativity, the latter cannot produce results which are
not already contained in pre-relativistic Lorentz electron theory, as
far as calculations of the electromagnetic field for given electronic motion
are concerned. Very often, however, the transformation rules for the
field intensities enable us to avoid having to use the differential equations
or the general formula (244), provided the field is known for a particular
coordinate system. If, e.g. we have to find the field of a point charge

157 K. Schwarzschild, Nachr. Ges. Wiss. Gbttingen, (1903) 132; cf. also H. A. Lorentz
(footnote 4, p. 1, ibid., § 25).

(245)

(X -k) f?.“.
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moving uniformly in a system K, we would first determine the field in a
system K’ in which the charge is at rest,

From (207) we then have immediately,

’ ’

Bty B =2_Y _L_
PTes TV Ul a-p) T By -pY)
_e (r'av)/c

'3 /(1 - B2)

If r = (2, y, 2) is the vector between the position of the charge, measured
simultaneously in K, and the field point, then!58

“= (i) 7=JTmre )

e r e (rav)/e
T ya—py

(246)

r'3 /(1 - %)

Thus, here too, the electric field is radial and the magnetic field is per-
pendicular to both the radius vector and the direction of motion. The
equipotential surfaces in the moving system are not spheres but Heaviside
ellipsoids, which were introduced into electrodynamics by Heaviside!5®
as early as 1889. Such an ellipsoid is simply the result of carrying out a
Lorentz transformation on a sphere.

The field (246) can also be obtained by taking a special case of the
general formula (244). Let us introduce the vector X', starting from the
world line of the charge (which is straight in our case) and normal to it,
and whose end point is the field point. In the rest system K’ its components
are (r’, 0). It is easily found that

1 1
X=X+ ;iu;(X,u'), X/ X't = |X'2 = ;;(Xru")z,
, 1
lX' == Z(Xfur)’

so that dnFy = —-e—-——(u{Xk' — ux X¢'). (2464)
o X'3

(y) The field for hyperbolic motion. The next-simplest case to that of

uniform motion is that of ‘“‘uniform” acceleration, i.e. of hyperbolic

motion in relativity (see §26). The field of a point charge describing a

188 This derivation is first found in Poincaré’s paper (Cf. footnote 11, p. 2, R.C. Circ. mat.
Palermo, loc. eit., § 5).
169 Cf. H. A. Lorentz, footnote 4, p. 1, tb¢d., § 11 b, q.v. for references to the earlier literature.
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hyperbolic motion was first determined by Born.!®® Sommerfeld!®! uses
contour integration for calculating it. An elementary derivation is also
given by v. Laue.1®2 Let us take the origin of the coordinate system at
the centre of the hyperbola and let the z'x%-plane coincide with the plane
of the hyperbola. Then the point

8 8
&= a,cost—l, é = asin;, £2=8=0

of the world line (196 a) of the charge, with which the field point 2, ..., 24
is associated through (241), is determined by

Ve WL (o47)
cos (P — ) = , =-,
’ 2¢p a
where R = /(zsaf), a2l =pcosp, a%=psing. (248)
The components of the four-vector potential become
e giny e cos i
1=——"— ¢2a=¢3=0, $p=———-—" (249)
4rp sin (¢ — g) 4ap sin (§ — )

In the coordinate system in which the charge is instantaneously at
rest at time ¢ —(7/c), ¢, vanishes at time ¢. In the system in which the field
point and the centre of the hyperbola are simultaneous, we obtain for
the field intensities

B — e 'EE_ _ te[a cos (Y — @) — p]
T 4mpsin?(Y—g) p  4mapPsind()— g) (350)
e a?[R2 4 a2 — 2p2]
T a (B2 +a?)2 — 4020232
B — te i oY _ tey
"7 ampsin?(y—g) @®  dmaptsind(f - ¢)
2e a2p

T (B + a2 — 4a22P

H=0

(where we have written y instead of z(2)).

Hyperbolic motion thus constitutes a special case, for which there is
no formation of a wave zone nor any corresponding radiation. (Radiation,
on the other hand, does occur when two uniform, rectilinear, motions are
connected by a “portion” of hyperbolic motion.)

For calculating the field due to hyperbolic motion, it would seem natural
to introduce a (non-Galilean) reference system which moves with the
180 Cf. footnote 114, p. 76, ibid.

181 Cf. footnote 55, p. 22, tbid., 33, p. 670.
162 M, v, Laue, Das Relativitdtsprinzip (1st edn., Braunschweig 1911), p. 108, § 18 (d).
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charge. As z-coordinate we can introduce the quantity denoted by p
above, as time coordinate the angle ¢ would be best, since it is a multiple
of the proper time of the moving charge. The line element in this co-
ordinate system becomes

ds? = (d€1)? + (d€) + (d&3)2 + (£1)2 (d€4)2
(§1=P: §2=Z2, £3=x3’ §4=‘P)°

The field equations in these coordinates can be written down im-
mediately, if the methods of Part II are used. The problem then becomes
a statical, but not one-dimensional, problem, and the calculations are
not very much simplified. It is historically of interest that Born!®® already
discussed this problem by introducing a moving system. The time para-
meter used by him is different from the one employed above, and he
obtained the differential equations by reverting to the variational prin-
ciple which he had earlier formulated in an invariant way (see § 31).

(8) Invariance of the light phase. Reflection at a moving mirror. Radiation
pressure. In § 6 we derived the relativistic formulae for the Doppler
effect and aberration from the invariance of the light phase. The proof
for the latter is obtained directly from the transformation formulae
for the field intensities. Since, in addition, the phase of a plane wave is a
linear function of the space—time coordinates, it can be written as a scalar
product formed by the position vector and a wave four-vector Z;,

— vt + (k-T) = Lt (252)

(251)

Here, k is the three-dimensional propagation vector whose direction
coincides with that of the wave normal and whose value is equal to that
of the reciprocal wave-length (wave number.) If, in particular, the wave
normal is parallel to the xy-plane, we have

v v . w
L = (— cosa, —8Sina, O, —). (252a)
c ¢ c

In vacuo, I, is a null vector. The transformation formulae (15) and (16)
of § 6 then follow at once. Because of (204) it is easy to write down, in
addition, the transformation formulae'® for the amplitude 4,

1 - Bcosa
V(1 -2’
If, furthermore, we consider the transformation of the volume ¥V of a
laterally bounded, finite, wave,

_yVa-p

1—Bcosa’

A =4 (253)

L4 (254)

we obtain for the total energy £ = } A2V of the wave the same formula
(228 a)1%4 as before. A comparison with (15) shows that energy and

163 Cf. footnote 114, p. 76, ibid.
184 Cf. footnote 12, p. 2, A. Einstein, ibid., § 8.
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amplitude transform in the same way as frequency; for the volume, on
the other hand, the reverse is true,
’ ’
ﬁl— = P—, i = i, VW = V. (254 a)
14 14 14 14
The first of these relations was stressed by Einstein'® as being of particular
importance; Wien’s law is connected with it.

Closely related to these transformation formulae for the frequency
and direction of a plane wave are the laws of reflection at a moving mirror
(assumed to be perfectly conducting and plane). These laws can evidently
be reduced to those valid for a mirror at rest, by introducing a coordinate
system K’ moving with the mirror.16> Here, too, the theory of relativity
can only produce something new in the form of the derivation, but not as
far as the result is concerned.!®® In fact, the formulae of the earlier theory
are exact, since all quantities occurring in them are measured with the
measuring rods and clocks of the same system, so that the Lorentz con-
traction and time dilatation cannot influence the result.

Let «, and o, be the angles, measured in K, which the normals of the
incident and reflected waves make with the direction of motion of the
mirror, «’; and o', the corresponding angles in K’, v, and v, the fre-
quencies of the incident and reflected waves in K, v/, = v’y = v’ the
corresponding frequencies in K’. If the mirror is moving parallel to its
own plane, then o'y = 27—0a'; and it also follows from (15) and (16)
that ay = 27 —ay, v, = v;. In other words, the law of reflection in this case
is no different from that for a mirror at rest. Moreover, it is always only the
velocity component in the direction of the normal to the mirror, which is
of importance. It can therefore be assumed that the mirror moves
normal to its own plane; let its velocity » be taken positive in the direction
of the inner normal; «; and «, as well as o', and o'y are now the angles of
incidence and reflection, respectively. Then

oy =7 — 0oy
From (15) and (186) it then follows that
v2(1 — B cosay) = v (1 — B cosay), (255)

Vy Sin Oy = V; Sin Oy, (256)

T — 0y 1+8 oy

tan = tan —. (257)
2 1-8 2
In addition,
coso; — B cosay — fB
1—Becosa;  1—pfBcosay

168 Cf. footnote 12, p. 2, bid., § 7.

168 Cf. detailed discussions of the reflection laws at a moving mirror (published before
the advent of relativity) by W. Hicks, Phil. Mag., 3 (1902) 9; M. Abraham, Boltzmann-
Festschrift (1904) p. 85; Ann. Phys., Lpz., 14 (1904) 236; Theorie der Elektrizitat, Vol. 2
(1st edn , Leipzig 1905) p. 343, § 40; also E. Kohl, Ann. Phys., Lpz., 28 (1909) 28.
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from which we obtain

cosay = — (L+ F?) cosc, — 28 (267a)
1 — 2B cosoy + B2

1 - 2B cosa, + B2

and vy =¥ ﬁl ~ B; £ (258)

A very elegant method for deriving these formulae is due to Bateman.1®”
To obtain, in K’, the phase of the reflected from that of the incident wave,
one has simply to replace ' by —az'. This amounts to going over to the
mirror image. To obtain the corresponding transformation in K, one
has first to go over to K’, by means of an imaginary rotation through an
angle +¢ (determined by (187) ), then reverse the z-axis, and finally get
back to K by a rotation —g. These operations, however, are equivalent to
a rotation through 2¢ and a subsequent reversal of the x-axis.

If we therefore put

U
tan2¢ = —,
c
then, from (187),
2¢2v
o 1B 1-f
co8s (p=1—_—;, SIN4p = ¢ 23
The transformations
_ z—-Ut c? 4 v2 + 2c2v
r= — = - x A
1 — (U?/c? c2 — 2 c? — o2
VI = (U] 260)
t — (U/c2)x c2 + o2 2v

=

VI — (U2fe?)] ¢ —o? T — o

give the connection between object (z, t) and image (z,?) in the moving
mirror. A point of the moving mirror for which z = ¢, is transformed into
itself (x = =z, = t); if the object moves with the same velocity as the
mirror (¥ = vt-}+-a) then the same is true of the image (z = vi+a), as it
should. The image of a point at rest in K moves with velocity U, which
can also be obtained from the addition theorem for velocities by com-
bining v with v. The phase of the wave reflected at the moving mirror is
obtained directly from that of the incident wave by means of the sub-
stitution (260). The relations (257), (257 a), (258) can be written, quite
analogously to (16 a), (16) and (15),

tan”'z“z =A/[-i—i:—g-§%]tan%, (257')

167 H. Bateman, Phil. Mag., 18 (1909) 890.
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cosa; — (Ule)
1 — (UJc) cosa,
1 — (U/ec) cosa,
2 = V1 [}
V1 = (U%[e?)]
by introducing everywhere = — oy instead of ay, because of the reversal
of the z-axis. Varicak!®® interprets these formulae in terms of the Bolyai-
Lobachevski geometry.
The relations (254a) allow us at once to write down the change in ampli-
tude for reflection at a moving mirror.1882
1—-2Bcosoy +
L2 _ 41 A2 - Al B oy 32 .
] N 1-p2
The difference, per unit time and unit area, between the outgoing
energy

cos (7 — o) =

(267'a)

(2568')

(261)

$A,2(c cos oy — v)
and the incident energy
$A4.2(— c cosa; + )

must be equal to the work done per unit time, pv, by the radiation
pressure p.1%%2 From this, p is obtained in agreement with the result
given by pre-relativistic theory

(coso; — B)?

T BE—— = A'2cos?a’ = p'. (262)

p=A4

The radiation pressure is an invariant. In §45 it will be shown that this
is so for every kind of pressure.

(€) The radiation field of a moving dipole. The field of the Hertz oscil-
lator is contained in (243) as a special case. If, in addition, we are only
concerned with the field in the wave zone (i.e. at large distances), X; can
be measured from the centre of the dipole and we can use for u, the velocity
vector of the dipole centre instead of that of the separate charges. Let
v, V be the velocity of the dipole and the acceleration of the oscillating
charge at time t —r[c; r the retarded and R = r—r(v/c) the simultaneous
position vectors of the dipole, referred to the field point; r; the unit -
vector r/r, R, the corresponding vector R; = R/r = r;—(v/c); 0 the
angle between v and r. Because of (241) we then obtain

k= 4me?r(1 —eB cos 0)3{(1'1"") R; — V(R;11)}
- 4mc?r(1 fB cos 0)3:‘1 A (RyaY), - (263)
€ . (var)
= 4mc?r(1 — B cos 6)3 {(rl'v) ¢ + (VArl)} =T11AE.

168 Cf. footnote 111, p. 74, tbid.
168 Cf, footnote 12, p. 2, A. Einstein, tbid., § 7.
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The theory of relativity enables us to derive these formulae (first
found by Heaviside!®® and later, more accurately, by Abraham!7%) from
Hertz’s formulae for the field of a dipole at rest. The simplest procedure
is to prove, using Poincaré’s'™* method, that E and H are normal to each
other and to r,, and that they have the same values also in the mov-
ing system. This fact can be expressed by means of the invariant
vector equations

Fy Xk = 0, F*. Xk = 0.

One then only needs to calculate the energy density from the trans-
formation formula for the tensor 8, .

M. v. Laue'”? investigated the momentum and energy radiated by
a moving dipole, from the relativistic point of view. Equations (228 b)
must hold here, since the existence of the wave field is independent of the
presence of the electric charges. Taking the time dilatation into account,
we have for the energy radiated per unit time

dE dE’
et
But in the rest system
dE’ e
. .__._v'2,
at’  6mcd

and the transformation formulae (193) for the acceleration then lead
directly to

dE  e? 052 Oy2 + 0,2 e? 1 . (v-v)2
At 6me [ (1—p2)3 + (1 - p2e ]= 6 (1 — B?)2 [ 4 c2(1—ﬁ2)]’
(264)
aG v dE
Ta @ dr

These are in agreement with Abraham’s calculations from the field
(263). The radiated energy is the sum of the contributions which would be
produced by the longitudinal and transverse components of v separately.

Looking at this process as seen from system K’, it is of interest to note
that the velocity of the dipole is not changed by the radiation (it remains
zero in K'). Because of the inertia of the energy, however, the momentum
congervation law is not violated, in spite of the momentum radiation
(264) (cf. § 41).

160 Q. Heaviside, Nature, Lond., 67 (1902) 6; cf. also H. A. Lorentz, footnote 4, p. 1,
wbid., § 14, p. 180 and the references quoted there.

170 M. Abraham, Ann. Phys., Lpz., 14 (1904) 236; Theorie der Elektrizitat, Vol. 2. (1st edn.,
1905), §§ 13-15.

1711 Cf. footnote 11, p. 2, R.C. Circ. mat. Palermo, loc. cit.

173 M. v. Laue, Verh. disch. phys. Ges., 10 (1908) 888; Ann. Phys., Lpz., 28 (1909) 436.
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(§) Radiation reaction. When v = 0 at a given moment, the magnitude
of the radiation reaction is given by!?

e2

6rc3

From this, Laue'” and Abraham!"® independently derived an expression
for the radiation reaction on a moving charge, using a Lorentz transfor-
mation. For this, it is sufficient to find a vector K; (see (219)) whose
three space components coincide with the above expression for K for
v =0, and whose time component vanishes. For this purpose, let us
write

2 (2
K,:e‘“‘

6rc | dr2 T “u‘} (265)

and determine o from the condition K; u¢ = 0. Because of (159) and (192),
we find that

1 d2u 1 duy du®
o=l e (266)
2 dr? 2 dr dr
and the resulting expression for K is then
K €2 1 ‘ o 3(vv) N [( V) + 3(v.v)2 ]}
= V+v VeV) 4 —————— |,
6me3 (1 — B?) (1% A1 - p?) (1 — B?)
(265a)

Abraham!”® also proves that the time integral over K, taken over the
duration of the radiation process, is equal to the radiated momentum,
and similarly that the time integral over (v * K) is equal to the radiated
energy. For hyperbolic motion, K vanishes, as it should, since no radiation
takes place (see above, under (y) ).

33. Minkowski’s phenomenological electrodynamics of moving
bodies

In principle, all problems concerning the electrodynamics of moving
bodies are solved by the field equations (203) and (208) of electron theory.
Because of our incomplete knowledge of the structure of matter, however,
we are entitled to ask ourselves what statements the relativity principle
allows us to make concerning (macroscopic) processes in moving bodies,
assuming processes in bodies at rest to be experimentally known. This
question was answered by Minkowski.!”® He showed that the equations for

172 Cf. H. A. Lorentz, footnote 4, p. 1, bid., § 20, p. 190, Eq. (74).

174 Cf. footnote 172, p. 98, ibid.

178 M. Abraham, Theorie der Elektrizitit, Vol. 2 (2nd edn., 1908) p- 387.

176 Cf. footnote 54, p. 21, Minkowski, IT; see also the derivation by A. Einstein and J. Laub,
Ann. Phys., Lpz., 26 (1908) 532, without the use of tensor calculus.

H
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moving bodies follow unambiguously from the relativity principle and
from Maxwell’s equations for bodies at rest,

1B

curlE + - — = 0, divB = 0, (F)
c ot
1 oD

curlH— — — = J, divD = p, (@)
c adt

D = €E, B = uH, J = oE. (H)

Just as in the four-dimensional formulation of the equations of electron
theory, we can combine first those equations which do not contain the
charge density and current, and then the remaining set. This leads to
the introduction of the two “surface” tensors

(Fa1,F42,Fy3) = 4E,  (Fos,F31,F13) = B, (267)
(Ha1, Hyp, Hyg) = 3D,  (Has, H,1, H12) = H, (268)
and of the four-vector
JLJI%J3) =J, J4=1p, (269)
with the corresponding transformation formulae
g _E, ®,_ErUR0aB),
V(- B
(267a)
B'. =B B = {B — (1/0)(VAE)}_L
o T V-pY
>, _p, D, - D EAR)
V(1 -82%) (2684)
H, =H H. = {H — (1/6)(VAD)}J.
o T V-BY)
Jy—Bp p— (1fe)(v-J)
Jy=— ¥, =J, = (269
Ve vy T

When the substance is at rest in K’, v is the velocity of the substance in
K (in contrast to the velocity u of the electrons) and B = v[c. The equa-
tions (F') and (&) remain also valid for moving bodies, and can be written
in the form

oFg oFy aFy . oF ™tk
et o o = 0 (or, respectively, i = (270)

1k
iy (271)
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These formulae are rigorously valid only for uniformly moving bodies and,
because of the additivity of the fields, also when several bodies are present
which move uniformly with different velocities and are separated by vaou-
um regions. The approximation to which (270) and (271) are correct
will generally be the better, the smaller the acceleration of the substance.

As for the physical meaning of the quantities occurring in these equa-
tions, we can say that E, D (B, H) represent the force acting in vacuum on
an electric (magnetic) unit pole at rest in K; in ponderable matter they
have no immediately obvious meaning. Furthermore, J, p can be denoted
as the current and charge density also in system K. The justification for
this in the case of a non-conductor, where J’ = 0, follows directly from
(269 a). For here p becomes equal to p’/+4/(1 —82),i.e. de = pdV is invariant,
and J = pv/c becomes equal to the convection current. Also, J* satisfies
quite generally the equation of continuity

aJt
= (272)

Hence J is generally the sum of the conduction and convection currents
and p is the charge density.

It is also of advantage to replace E(H) by the forces measured in K,
E*(H*), which act on an electric (magnetic) unit pole moving with the
substance. From (213) and (267 a), (268 a) we have

1 1
E* = E + -(vaB), H* = H--(vaD). (273)
c c

In contrast to E and H, these vectors have a direct physical meaning also
in the interior of ponderable bodies. In addition, the field equations
(270), (271) take on a simple form when E*, H* are introduced. If A is an
arbitrary vector, let us define the operation é by?

d
a J. Anda = fénda,

where the integration is to be carried out over a surface moving with the
body. Then!?’

oA -
é = T +vdivA — curl(vaA),

and the field equations can be written

curl E* = —-l-§, divB =0
‘1’ (274)
curl H* = 7‘;]2 + Je, divD = p.
J, is the conduction current,
J = p§+ Je. (275)

177 Cf, footnote 48, p. 17, H. A. Lorentz, ibid., § 4, p. 78, Egs. (12) and (13).
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Equations (274) also allow us to go over to the integral form.?® From the
transformation formulae (269 a) it follows that the splitting of the current
into a conduction and a convection current is not independent of the reference
system. Even when there is no charge density and only a conduction current
present in K', there will appear a charge density, and hence also a convection
current, in K.18 The corresponding transformation formulae are obtained
from (269 a) and (275),

3oy .
Jcl = m, J el = JcJ_, (276)
o = py/(1— B — (Ye)(v-Je) _ P+ (Ae)(v-d7%) (277)

va-py T T va-m
(See § 34 on the electron-theoretical proof of these formulae.)

Equations (F), (@) (or (274) ) constitute only a formal scheme without
physical content, as long as we do not add the connecting equations
which relate E*, H* and D, B. These are found by means of equations
(H), which have not so far been used. From (267 a), (268 a) and (273) we
obtain immediately,

1 1
D +-(vaH) = e:E +-—(VI\B)} = ¢E¥,

: '1’ (278)
B—-—(vAE) = p,{H—- —(VI\D)} = uH*.

c ¢

Solving for D and B, and eliminating E*, H*, these equations give
(1 — B?)E + (e — L{[(v A H)/c] — e(v/c)(v-E)/c}

? 1 euf? (278a)
B = p(l ~ BHH — (ep — 1){[(VAE)/c] — M(V/O)(V'H)/C},
1— euf?
and eliminating E, H by means of (273),
b _ <[E® = (vje)(v-E#)le] — (1/e)(v A H¥)
L-F ’ (278b)
g _ HH" (v/c)(v-:-l*)g;] + (UO)(v A E%)

For unmagnetizable bodies (1 = 1) these equations agree, lo first order,

178 Cf. H. A. Lorentz (see footnote 48, p. 17, ibid., § 6, and footnote 4, p. 1, ibid., § 33). The
quantities E’, H’ used there are identical with our E¥*, H*, and the equations (III"a), (IV"a),
loc. cit., agree with (274). While equations (III”’), (IV’’) are of the same form as (F), (G),
Lorentz’s connection between H and H' 1s different from that expressed by the second of
the relations (273). On the other hand, his quantity E is identical with ours (cf. Eq. (106),
loc. cit., and the first of our equations (273) ). See also Minkowski’s own comparison of his
formulae with those of Lorentz (cf. footnote 54, p. 21, Minkowski II, § 9).

178s H, A. Lorentz, ‘Alte und neue Fragen der Physik’, Phys. Z. 11 (1910), 1234; in parti-
cular, 1242. M. v. Laue, ‘Das Relativitatsprinzip’, (1st edn., Braunschweig 1911) 119.



33. Minkowski’s electrodynamics of moving bodies 103

with the relation between D, B and E’, H’ (corresponding to our E¥,
H*), given by Lorentz.17®

Just as (278) is obtained from the first two relations (H), so the differen-
tial form of Ohm’s law for moving bodies results from the last of Eqs. (H).
From (276), (276 a) and (273) we have

Joy = oy/(1 - PIEX,, I, = 7(-1—";52—)13 (279)
which can also be written
o v (v-E¥*)
Jc = va——ﬁT){E* - -c— p }. (279&)

The transformation formula (277) for the charge density can now be put
in the form

_ p'+a(v-Efe p +o(v-E¥)c

= (2774a)
V(1 - B2 V(1 -g?)
Minkowskil®? also gave Egs. (278), (279) in a covariant form
Hy vk = eFyy vk,
Fovk = pH ok } (280)
or, Fuevi + Fravi + Fyor = p(Haevr + Hi v + Hyog),
and Jz + (ka")vi = - O'Fﬂci)k. (281)

Here, v* are the components of the four-velocity of the substance. To
demonstrate the correctness of these equations, we need evidently only
prove that, for a coordinate system K’ moving with the substance, they
go over into relations (H); this can be shown quite easily.

Each of the relations (280), (281) represents a system of four equations.
The fourth equation, however, follows from the others. This can be seen
by multiplying (280), (281) scalarly by +%, in which case both sides vanish
identically.

The boundary conditions are obtained from those of a body at rest
by means of a Lorentz transformation. At the boundary surfaces of a
moving body the tangential components of E* and H* and the normal
component of B have to be continuous. It has to be assumed, though, that
v is continuous. The same conditions hold for the case of a body bounded
by vacuum, if in expressions (273) for E*, H* we set v equal to the velocity
of the body, on both sides of the equation. Also, for the surface charge
density w, D, —D,, = 4mw. These conditions also follow directly from

170 Cf. footnote 4, p. 1, ibid., § 45, p. 227, Eq. (XXXIV"). For unmagnetizable bodies, ac-
cording to Lorentz,

B=H=H+ %(wm),

cf. 4bid., Eq. (XXX’), also § 42.
180 H. Weyl, Raum-Zeit-Materie (1st edn., 1918), p. 153, Eq. (46).
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(274) if we require that the time derivatives of the field quantities for a
point moving with the substance (obtained by using the operator (d9/d)4
(v - grad)) must always remain finite.18!

Just as Minkowski’s field- and connecting-equations were derived from
the corresponding laws for bodies at rest by means of a Lorentz trans-
formation, so P. Frank!®? arrived at the equations of Hertz’s theory'®® by
means of a Galilean transformation.

34. Electron-theoretical derivations

The field equations of electron theory are covariant with respect to the
Lorentz group and for stationary bodies they result in Maxwell’s equations,
when averaging processes are carried out. Therefore, for moving bodies,
they must necessarily lead to the Minkowski field equations. Born®4
could in fact show this from Minkowski’s posthumous notes, by regarding
the motion of the electrons as a motion of the substance, subject to
variations. From the first variation the electric polarization is obtained,
from the second a further contribution to this, as well as the mag-
netization.

Another point to be clarified was, why Lorentz!% arrived at equations,
based on electron theory, which were different from those of Minkowski.
For unmagnetizable bodies, P. Frank'®® was able to show that this was
due to the fact that the Lorentz contraction and time dilatation had not
been considered. Dillenbach’®? has given the natural extension of Lorentz’s
argument to the four-dimensional case, actually for arbitrarily constituted,
moving, bodies. He defines the tensor F; as the average of the microscopic
field tensor F,;, the current vector J¢ as the average of the contribution
(1/c)po ut.ong+(1/c) po ut,,,, Of the conducting electrons and the con-
vective charges. The averaging is to be carried out over ‘“physically in-
finitely small’” world regions. From (208) we now see that it is essentially a
question of finding the average of the current vector of the polarization
electrons, pou’,,. Using an argument which is perfectly analogous to
that of Lorentz, only replacing space regions by world regions every-
where, we obtain

oMk
oxk

. (282)

Pouipol =
where, at first, M is defined by

Mt = po(atu¥)por .

181 The boundary conditions in Minkowski’s electrodynamics are discussed by A. Einstein
and J. Laub, Ann. Phys., Lpz., 28 (1909) 445, and M. v. Laue (cf. footnote 178 a. p. 102,
tbid., pp. 128 and 129).

182 P, Frank, Ann. Phys., Lpz., 27 (1908) 897.

183 B, Henschke, Dissertation (Berlin, 1912); Ann. Phys., Lpz., 40 (1913) 887, and I. Ishi-
wara, Jb. Radioakt. 9 (1912) 560; Ann. Phys., Lpz., 42 (1913) 988, derive the field equations
from a generalization of the variational principle (232).

184 Minkowski-Born, Math. Ann., 68 (1910) 526; also published separately (Leipzig 1910);
see also A. D. Fokker, Phil. Mag., 39 (1920) 404.

188 Cf. footnote 4, p. 1, tbid., Part IV.

18¢ P, Frank, Ann. Phys., Lpz., 27 (1908) 1059.

187 W. Dallenbach, Dissertation (Ziivich 1918); Ann. Phys., Lpz., 58 (1919) 523.



34. Electron-theoretical derivations 105

Since, however, the average of

d
poxtuk + pozkul = po—- (xta¥)
T

vanishes, we can put

Mik = Lpo(xiuk — xkut)por . (283)
Let us now define H* by
Hik = ik — Mk, (284)

Then (271) follows from (208), by averaging. If the velocity of the polari-
zation electrons relative to the centre of mass of the molecule is small
compared with the light velocity, then the “surface” tensor M, is
simply related to the electric polarization, defined in the usual way,

P=NXer
and the magnetization
M = IN2Xerau)

(averages over time have been taken, N = number of molecules per
unit volume, u = velocity of electrons, X is taken over all electrons of a
molecule). We have

—iP
VI = @)’

M
M2, ML M) = —
( )= Vn = e

(M, Me2, M43) =
(285)

(v = velocity of the substance).
The definition (284) of H® then becomes, because of (267), (268),

D=E+P, H=B-M (2844a)
From (285) follow the transformation formulae

P’I - Pl’ P'J_ - {P B (1/6)(VAM)}.L
V(1 = (v¥/c?)]

MI — M MI - {M + (1/0)(VAP)}J.
o T VI - (03eR)]

If in system K' an electrically unpolarized particle is magnetized, then it
will, in K, also be electrically polarized; if in K' an unmagnetized particle
18 electrically polarized, then it will, in K, also be magnetized'®. For this
reason it is not correct to distinguish between magnetization electrons and
(electrical) polarization electrons. We have therefore given them the
same name, polarization electrons, and both electric and magnetic polari-
zations are to be understood. Formulae (285a) can naturally also be
derived without the use of tensor calculus, by just using the definitions

187s Cf. footnote 178a, p. 102, H. A. Lorentz, ibid.

(2864a)




106 III. Special Theory of Relativity

of P and M. If, in particular, the substance is such that, in a system
K’ moving with it,

P’ = (e - 1E, M = (p—-1H,
then, because of the Lorentz covariance of these relations, the tensor

equations
Mok = — (e — 1)Fye ok, } (286)
Mucvr + Migvg + Myvx = (u — ){Huv + Huvy + Hyor)

follow immediately and can be reduced to (280) with the help of (284).
(286) can also be written in the form

P - 3(VAM) = (e — 1)E¥,
cl (2864)

It still remains to derive theoretically the transformation formulae
for the charge density and conduction current. If N’ (N’) and w’' (u’)
are the number of positive (negative) particles per unit volume and their
velocities, respectively, then by definition,

PI — e/+ Nl+ —- el_~ N’_,
J,c — el+ N’_,_ ul+ - 6'_N'_ ur_,
and in system K,
p= e+N+ —-e_N_,

Je=¢e, N, (u, —V)—e_N_(u_—-v)

One can now introduce intermediate coordinate systems K ° and K_°
in which the positive and negative particles, respectively, are at rest.
From the addition theorem for velocities the following relations are then
found,

1+ (veu')/e?
N = N’—(————)/—-,
V(1 -8
1 - pAu’y V(1 - B,
T u-v),=u, = T o g
1+ (v-u’)/c? 1+ (veu')/c
(where the indices -+ and — have been omitted, since the formulae are
identical for the two cases). From this, and from the invariance of the
charge (e = e'), (276) and (277) are directly obtained. In this way we

have arrived at an electron-theoretical explanation for the strange appear-
ance of charge in moving current-carrying conductors,187

(u-v), =

35. Energy-momentum tensor and ponderomotive force in
phenomenological electrodynamics. Joule heat

The principle of relativity enables us to deduce unambiguously the

expressions for the energy-momentum tensor and the ponderomotive
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force for moving bodies from those for bodies at rest. Different expressions
for the energy-momentum tensor have been suggested by different
authors, though, and the question, which of these is to be preferred,
cannot as yet be regarded as finally settled. Let us, first of all, discuss
those results of relativity which are independent of the particular choice
for the energy-momentum tensor.

We can combine the energy density W, energy current S, momentum
density g and stress tensor components T';; (3, k = 1, 2, 3) (just as for
the fields in a vacuum) into a single tensor S;;,

Sik = —Ty for 4,k=1,2,3,
1
(814, S24, 834) = icg, (841,842, Sas) = ;S, (287)

Sp=-W.

For the present, nothing is said about the symmetry properties of this
tensor. The equations

f=divT— g, (288)

ow .

give the ponderomotive force and the energy equation, similarly to
(D) and (E) in § 30. In (289), @ is the Joule heat developed per unit time
and unit volume, 4 the work done per unit time and unit volume,

A = f.v. (289a)

In a coordinate system K', in which the substance is momentarily at
rest, A vanishes. It is natural to combine (288) and (289), to form the
four-vector equation

08¢
fi=——p (290)
The components f; then have the following meaning,
) .
(fufefs) =, fa= ;(Q + 4). (291)
It is seen from this that f; is not now normal to ¢, but rather that
Q
fivh= — —— (292)
V(1 -8

Since the right-hand side of (292), as well as the left-hand side, must be
invariant, we obtain the transformation formula,
Q=@QvQ1-p). (293)

Because of the invariance of the four-dimensional volume, this holds
also for the total heat developed for a given process, in accordance with
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relativistic thermodynamics (cf. § 46), and it appears here as a consequence
of the tensor character of §;; and of the requirement that the force density
can be derived from the stress tensor and momentum density as in (288).

The fact that f;v! is different from zero leads to a peculiar dilemma.
For the equations of motion can only be of the form

po—— = fi (221)

when f; v* = 0, since the left-hand side vanishes identically when multiplied
scalarly by v*. We thus have to choose between abandoning equations
(290) for the four-force and abandoning the equations of motion (221).
Minkowski®® decided in favour of of the first alternative. This leads how-
ever to a transformation formula for the Joule heat different from (293),
and thus to a contradiction with the requirements of relativistic thermo-
dynamics. The correct formulation, due to Abraham!®®, is as follows:
It will be shown in general relativistic dynamics that an inertial mass
must be ascribed to every kind of energy (see §§ 41 and 42). If, therefore,
heat is developed, the rest-mass density does not remain constant and the
equations of motion have to be written

d
—(pove) = fi. (294)
dr
From this it follows by scalar multiplication with v%, using (292), that
dpo Q 1
= = ___(f‘ o) = + — (295)
dr ¢ /(1 - B2y
in other words, p
o _ Q (2952)
dr ¢

which is in agreement with the theorem of the inertia of energy (§ 41).

From (294) we obtain the remarkable result that the velocity of a body
need not always have to undergo a change when it is acted upon by a
force.1®® Consider, for instance, a current-carrying conductor which is at
rest in K'. Since the stationary current (observed in system K') does not
exert an overall force on it, it remains at rest. Nevertheless, according to
(294), a force acts on it in system K. An analogous case was already met
with in § 32 ().

We now come to the discussion of the various expressions for the
energy-momentum tensor 8;; that have been put forward. As for bodies
at rest, all authors agree to the extent that, for hysteresis-free media,
the energy density W and the energy current S are given by

W = }{E-D + H.B} and S = ¢(EaH). (296)

188 Cf. footnote 54, p. 21, Minkowski I.

189 M. Abraham, R.C. Circ. mat. Palermo, 28 (1909) 1; cf. also the discussion between
Abraham and Nordstrém: G. Nordstrém, Phys. Z. 10 (1909) 681; M. Abraham, Phys. Z. 10
(1909) 737; G. Nordstrém, Phys. Z. 11 (1910) 440; M. Abraham, Phys. Z. 11 (1910) 527.
Nordstrém’s objections cannot be upheld.

190 Cf. footnote 178a, p. 102, M. v. Laue, ibid., p. 134.
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But whereas Maxwell and Heaviside'®! suggest for the (three-dimensional)
stress tensor, T,

Tw = E;Di — }(E-D)8;* + H; By — 3(H-B)§;%, (3,k = 1,2,3) (297)
Hertz!®! makes use of the expression (symmetrical in ¢ and %)
T = 3(Ei Dy + Ex Dy) — $(E-D)8; +
+ }(H; By + Hy By) —3(H-B)3%,

which differs from (297) for the case of anisotropic media (crystals).
Similarly, there are two alternatives for the momentum density g.

(298)

1

Either g = —(DAB) (299)
c

which, from (296), can also be written

g="s (299a)
C

for homogeneous isbtropic media.
1 1

Or g =-(EAH) = —S. (300)
c c?

If the expressions for W, S, T, g are given for stationary bodies, then
the corresponding expressions for moving bodies are uniquely determined,
since the components of a tensor in any coordinate system can be derived
from those in another. Corresponding to the above-mentioned ambiguities
in the expressions for 7', and g, the following forms for the tensor S
have mainly been discussed up to the present.

(i) Minkowsk:’s'®® expression for S;. He makes use of (297) and
(299), for stationary bodies. As is easily shown, this leads to

St = Fyp Her — 1H, Frss;k, (301)

and the expressions (296), (297) and (299) also remain valid for moving
bodies. In addition, relation (223), which holds in vacuum, remains

unaltered,
Sit = 0. (223)

The four-force f; is obtained from 8% by means of (290). In the rest
system K’ its components have the values

(f'uf'af's) = pPE' + (J/AB),  [f'a=ilJ/-E) (302)

It should be mentioned that Dallenbach!®, too, has derived the
Minkowski energy-momentum tensor, but his argument, based on elec-
tron theory, is not very cogent. He writes the tensor in a form which is

191 For references cf. footnote 48, p. 17, H. A. Lorentz, tbid., § 23.

192 Cf, footnote 54, p. 21, Minkowski II. The same expressions for Sy, are also obtained by
G. Nordstrém (Dissertation (Helsingfors 1908) ) and, using a variational principle, by I
Ishiwara (cf. footnote 183, p. 104, Ann. Phys., Lpz., loc. cit.).

193 Cf. footnote 187, p. 104, ibid.
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also valid for arbitrary inhomogeneous and anisotropic media. Using
another method, he obtains it from an action principle, which also gives
him the field equations.1%

(i) Abraham’s'® expression for S;,. The asymmetry of Minkowski’s
expression (301) for the energy-momentum tensor leads to results which
are very peculiar, though not in contradiction with experiment. Torques,
for instance, appear, which cannot be compensated for by a change in the
electromagnetic angular momentum. For this reason, Abraham'®® con-
structed a symmetrical energy-momentum tensor, by assuming (298)
and (300) for stationary bodies. For homogeneous isotropic media, this
leads to

8¢k = J(Fiy H + Hy F¥r) — 3Fyps Hrs 88 — J(ep — 1)(v; QF + Q;0F)
= F{fHkr - iFrerSSik - (G[L b I)Q{Q)k (303)
= Hy F¥r — }Fp  Hrs8,% — (ep — 1)v; QF,

where the vector Q¢ (already to be found in Minkowski’s work as “Ruh-
strahlvektor’) is defined by

Fy = Fyv¥, Hy= Hyvk, Qf = vpFi{Hikvl + HElyt + HUvK}, (304)

In a coordinate system K’ moving with the substance, the components
of these vectors have the values

(F'1,F'9,F'3) = E', F'y=0; (H'1,H2H's)=D', Hy= 0;}

304
(Q1, Q9 Q'3) = ¢S, Q= 0. (304a)

The identity of the three expressions (303) follows from their agreement
in rest system K'. Relation (223) is also valid here. For moving bodies,
W, S, T,,, 8areno longer given by (296), (298) and (300), and Abraham!?5
has calculated the corresponding expressions explicitly, in addition to that
for the ponderomotive force. The invariant formulation used here is due to
Grammel.1?® In the expression for the ponderomotive force for stationary
bodies an extra term

ew—1 88
¢ o

is added to (302) in Abraham’s case. Because of the smallness of this
term, it is hardly likely that an experiment could be devised for deciding
in favour of one or other of the two approaches. It should also be men-
tioned that Laue'®” agrees with Abraham’s assumptions.

The following electron-theoretical considerations, also dueto Abraham?98,
seem to us to constitute a very weighty argument in favour of the sym-
metry property of the phenomenological energy-momentum tensor. The
19¢ 'W. Dallenbach, Ann. Phys., Lpz., 59 (1919) 28.

195 M. Abraham, R. C. Circ. mat. Palermo, 28 (1909) 1, and 30 (1910) 33; Theorie der Elek-
trizitat, Vol. 2 (3rd edn., Leipzig 1914), p. 298 et seq., §§ 38 and 39.
19¢ R. Grammel, Ann. Phys., Lpz., 41 (1913) 570.

197 Cf. footnote 178 a, p. 102, ¢bid., § 22, p. 135 et seq.
198 M. Abraham, Ann. Phys., Lpz., 44 (1914) 537.
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four-force is to be regarded as the average of the microscopic four-force,
i.e. from (290) the energy-momentum tensor, too, is to be regarded as
the average of its microscopic counterpart.l® On averaging, the symmetry
property of a tensor is preserved (and so is relation (223) ).+

(iii) Evnstein and Laub’s2°® expression for S;,. Einstein and Laub
arrived at a completely different result from that of Minkowski and
Abraham for the ponderomotive force on stationary bodies (and thus
also for the energy-momentum tensor). They found that the observed

force density (3
= (JcAB)

on a stationary current-carrying conductor is composed of a surface
force (1—1/u) (J.» H,,,) (H,,, = external magnetic field) and the force

f= (JeaHin)

which is to be regarded as the volume force proper, in contrast to (302),
where the volume force is (J,a B). The energy-momentum tensor
given by these authors will also have to be correspondingly modified.
Gans?! has disputed the correctness??? of Einstein and Laub’s arguments.

36. Applications of the theory

() The experiments of Rowland, Réntgen, Eichenwald and Wilson. The
relativistic interpretation of these experiments can be taken over from
electron theory?3, so long as one is dealing with unmagnetizable bodies,
and so long as terms of higher order in v/c can be neglected.2°* This latter
approximation we shall retain here for the moment, but at the same time
admit arbitrary values of the permeability u. The extension of the theory
to magnetizable bodies can be regarded as a real step forward, and is
due to Minkowski’s electrodynamics.

Rowland’s experiment demonstrates that the convection current
generates the same magnetic field as a conduction current pv/c. The
explanation for this follows directly from the field equations (G') and the
transformation formulae (269a) for the current J. Admittedly, this
experiment was previously used as an argument for the existence of the
aether. But from the relativistic point of view it must be said that, after
all, it only proves the dependence on the reference system of the splitting
of the electromagnetic field into an electrical and a magnetic part, as
required by relativity.

Rontgen’s experiment?® proves that when a dielectric is moved in an

1 Dallenbach’s objections to this argument (cf. footnote 187, p. 104, ibid.) do not seem
very sound. .

t See suppl. note 11.
200 A, Einstein and J. Laub, Ann. Phys., Lpz., 26 (1908) 541.
201 R, Gans, ‘Uber das Biot-Savartsche Gesetz’, Phys. Z., 12 (1911) 806.
202 Graminel’s statement (cf. footnote 196, p. 110, :bed.), that Einstein and Laub’s expres-
sions for the ponderomotive force contradicted the relativity principle 1s incorrect, since
these expressions only clain to be vahd for the rest system K’.
203 Cf. H. A. Lorentz (footnote 48, p., 17 ibid., § 17, and footnote 4, p. 1, ibid., § 34), where
references to earlier papers can be found.
204 Cf, A. Weber, Phys. Z., 11 (1910) 134.
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electric field, a surface current is produced at its boundary, which generates
a magnetic field. Later, Eichenwald showed that its magnitude is

lil = BIP| = B(e — 1)|E| (305a)

where P is the polarization of the dielectric. In the actual experiment,
the dielectric is made to rotate between the plates of a condenser. It will
certainly be permissible, to a very good approximation, to apply the
theory for uniformly moving bodies to this case. Let a dielectric move
parallel to the condenser plates and let B, = w be the surface density
of the (free) charge on them. Since B is source-free and equal to H in the
external region, it is sufficient to investigate the curl of B. Since, in addi-
tion, we are dealing with a stationary field, E and H are irrotational,
from (F) and (). We shall now neglect, throughout, quantities of higher
order in v/c. Making use of the fact that H and B are themselves first-
order quantities, we obtain from (278 a)

D = ¢E, (vAE)
B=upH-(u—1) il
C

The curl of B is thus determined by the curl of (ex—1) (v A E)/e, which
reduces here to the surface curl, j, of magnitude

lij = Blen — 1)|E|. (305 b)

|E| is the value of E inside the dielectric, and j has the direction of v.
For pu = 1 this reduces to the value (305 a) given by electron theory. For
magnetizable bodies the effect was not investigated.

H. A. Wilson’s experiment?? is the counterpart to Eichenwald’s. A
dielectric cylinder was made to rotate between the plates of a short-
circuited condenser in a magnetic field parallel to the condenser plates.
It was observed that the plates were charged up. Let us again replace the
rotation by a rectilinear motion, parallel to the plates but at right angles
to the magnetic field. According to (F'), we can first of all derive E from a
potential . Since the plates are short-circuited, it follows that ¢, —g, = 0,
thus also E = 0, and D gives directly the charge density w. The boundary
conditions in this case require that H should be continuous. From (278 a)
we therefore have

(ep — 1)BH

For unmagnetizable bodies, the result of electron theory follows

w = (e — 1)BH. (308b)

206 H., A. Wilson, Philos. Trans. A, 204 (1904) 121. See H. A. Lorentz, (cf. footnote 48,
p- 17, dbid., § 20; footnote 4, p. 1, ibid., § 456) on a previous experiment (with negative
result) by Blondlot, in which air was used as a dielectric, and on the viewpoint of the earlier
electron theory. On the discussion of Wilson’s experiment from a relativistic point of view,
see A. Einstein and J. Laub, (cf. footnote 176, p. 99, ibid.); M. v. Laue (cf. footnote 178 a,
p. 102, ibid., p. 129 et seq.); and H. Weyl, Raum-Zeit-Materie (1st edn., Berlin 1918), p. 165.
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H. A.and M. Wilson?® succeeded in measuring the effect also in a magnetiz-
able insulator, which they constructed artificially by embedding steel
spheres in sealing wax. The result confirms the relativistic value (306 a)
for the charge density.

The earlier Hertz theory gives, instead of (305 a) and (306 a), the values

IJI = BIEI’ w = BH,

in contradiction with experiment.
(B) Resistance and induction in moving conductors.20” From (279) we find
that for a moving conductor of finite length

RyJ = [E*-ds, (307)

where R, is the ‘rest’ resistance of the conductor and J = |J|4. For the
change in the conductivity, given by (280), will just be compensated for
by the change in the length of the wire and in its cross-section ‘4’ due to
the Lorentz contraction, when the resistance is calculated. This is the
way in which the experiment by Trouton and Rankine?® is seen from a
moving system K. The induction law for moving conductors follows from
the first of Eqgs. (274),

d
fE*-ds =aanda; (308)
on the other hand

a
fE-ds#EEando.

But (308) is certainly in agreement with experiment, since it is E*,
and not E, which determines the conduction current in (279).

(y) Propagation of light in moving media. The drag coefficient. Airy’s
experiment. It is not necessary to go back to the field equations in order
to find the laws governing the propagation of light in moving media.
They must be directly obtainable from the corresponding laws for station-
ary bodies, with the help of the Lorentz transformation. Consider first
of all a non-absorbing medium. The invariant light phase is again given
by (252), where now I; has the components

v v w
l; = (—— cosa, —sina, 0, — ) , (309)
w w c

if the z-axis is taken to be perpendicular to the velocity of the body and to
the wave normal. In system K’, moving with the body, we have in par-
ticular

’

c
w = -

. (310)
n

208 H, A. and M. Wilson, Proc. Roy. Soc. A, 89 (1913) 99.
307 Cf. footnote 132, p. 82, M. Abraham, tbid., p. 388; footnote 178 a, p. 102, M. v. Laue,
tbid., p. 126 et seq.; and H. Weyl, Raum-Zeit-Materie (1st edn., Berlin 1918), § 22.

208 Cf. footnote 15, p. 4, F. T. Trouton and A. O. Rankine, ibid.
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From this follow the transformation formulae

,1 4 (v/w') cosa’

] (311 a,)
V(1 -8
v , (1jw") cosa’ + Bfc v . v
—cosa = ¥ , —sina = —sina
w V1= ) w w
1 (1/w’) cosa’ + Bfc 1 . (1/w') sina’+/(1 — B?)
—COSx = y — 8Ny =
w 1+ (v/w') cosa’ w 1+ (v/w’) cosa’
aa/(1 — B2
tana = M(_E_). (311Db)
cosa’ + Pw'fc
1 ’
_ + Bn cosa (311¢)

© 1/[(n cosa’ + B)2 + n2sin2a’(1 - B

Relation (311 a) gives the Doppler effect, (311 b) the aberration, (311 c)
the drag coefficient. They agree with the expressions of the earlier theory
up to first-order terms. The latter would give

w = E+v(1——£) cosa’. (311d)

n n?

(See § 6 on the influence of the wave-length dependence of the refractive
index.) The law of refraction at moving boundary surfaces can also be
obtained from the stationary case, by means of a Lorentz transformation,
but it leads to complicated formulae.

We next have to discuss the experimental result of Airy2%?, according to
which the angle of aberration is not changed when the telescope is filled
with water. The earlier theory2®® had to make use of rather involved
arguments in order to explain this, because it had to describe the effect
as seen from a reference system relative to which the observer (the earth)
is moving. If, on the other hand, it is observed from the rest system,
Airy’s result is self-evident from the relativistic point of view. For if the
telescope is pointed towards the apparent position of the fixed star, then
the light waves sent out by it will have normal incidence on the telescope.
If it is now filled with water, the light waves will be propagated normal
to the boundary surface also in water. The Airy experiment, as seen from
the rest system of the observer (earth), therefore only demonstrates the
(velativistically) trivial fact that for a zero angle of incidence (normal
incidence) the angle of refraction is zero, too.

It will be observed that the relations (311 b, ¢) do nof correspond to the
addition theorem for velocities. Agreement with it is only obtained for
o =0 (cf. § 6). Laue®® traces this back to the difference in direction

208 &, B. Airy, Proc. Roy. Soc. 20 (1871) 85; 21 (1873) 121; Phil. Mag., 43 (1872) 310.

209 Cf, H. A. Lorentz, Arch. néerl. Sci., 21 (1887) 103 (Collected Papers, XIV, p. 341) where
earlier references are to be found.

310 Cf. footnote 178 a, p. 102, ibid., p. 134.
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between the light ray and the wave normal. If the ray velocity is defined,
in direction and magnitude, by

S
W= (312)

(S = Poynting vector, W = energy density),

then the transformation formulae for the components of w, are to satisfy
the addition theorem for velocities rigorously. Scheye’s®'! calculation
shows that this is in fact the case, if Minkowski’s asymmetrical energy—
momentum tensor is used. Moreover, it follows from the energy equation
for this case that the phase velocity w is equal to the component of the
ray velocity in the direction of the wave normal. If, on the other hand, we
were to start from Abraham’s tensor (304), the situation would become
more complicated and the addition theorem would not hold for the ray
velocity either.t

The generalization to absorptive (conducting) media does not offer
anything new in principle. It may be mentioned that a light wave
propagated in a moving conductor is connected with a periodically
varying churge density, according to (277 a).

(8) Signal velocity and phase velocity in dispersive media. In dispersive
media, the case arises where the phase velocity of a light wave is > c.
This appears to contradict the relativistic requirement that no disturbance
must be propagated with a velocity greater than ¢ (cf. § 6). The difficulty
was removed by an investigation by Sommerfeld?!?, in which he showed
on the basis of electron theory that the wave crest is always propagated
with the velocity of light in vacuum, ¢, so that in reality it is not possible
to send out signals with velocity greater than c. This result was extended
by Brillouin?3, who showed that, apart from the absorption region, the
main portion of the signal is propagated with the group velocity.

(c) MECHANICS AND GENERAL DYNAMICS

37. Equations of motion. Momentum and kinetic energy
Relativistic mechanics®3 starts from the assumption that in a coordin-
ate system K’ in which a particle is momentarily at rest the equations of
motion of classical mechanics
*r _x 313)
mogrr T (

211 A, Scheye, ‘Uber die Fortpflanzung des Lichtes mn emem bewegten Dielektrikum’,
Ann. Phys., Lpz., 30 (1909) 805.

t See suppl. note 11.
812 A, Sommerfeld, ‘Heinrich-Weber-Festachrift’; Phys. Z. 8 (1907) 8413 Ann. Phys., Lpz.,
44 (1914) 177.
213 I, Brillouin, Ann. Phys., Lpz., 44 (1914) 203.
213+ In what follows, the term ‘‘relativistic mechanics” is always used to designate the
mechanics of the special theory of relativity, i.e. the mechanics of the Lorentz group. It
could be argued against this use of the term that classical mechanics, too, is relativistic,
since it satisfies the postulate of relativity. But the word ‘relativistic’’ has already fre-
quently been used with the specific meaning ‘‘relative with respect to the Lorentz group”.
A case in point is the term *“‘special theory of relativity” itself.

I
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are valid. The relativity principle then permits us to deduce unambi-
guously the equations of motion in any other coordinate system K, by
subjecting (313) to a Lorentz transformation. With this, however, we have
not yet given a definition for the force in system K. In the three equations
of motion a common factor still remains undetermined, which may depend
on the velocity in an arbitrary manner. There are two essentially different
ways in which this arbitrariness can be removed.

The first approach makes use of electrodynamical concepts. If we
assume the expression for the Lorentz force to hold for arbitrarily fast
moving charges, a transformation law for the force is then also implied
(cf. § 29). That all kinds of force transform in the same way follows from
the fact that two forces which compensate each other in system K’
must also do so in every other system K. Formulae (213), (214), (215) can
at once be generalized for the case of arbitrary forces. In place of (217)
we have the four-vector force—density—power—density,

(fufefs)=1f fa=1 (f'cu) , (314)
which is normal to the four-velocity,
fouk = 0. (315)
We then have again the equations of motion
d2xt dug
po—a =floor po—=f (316)

in which po is the (invariant) rest-mass density. We can also introduce
the Minkowski force, K;, defined by (219), and the equations of motion
(220).

From the equations

d =K
:z;(mu) =
and (317)
i(mca) = K.u
dt B ’

it follows that the momentum is given by

G u ™ u (318a)
=ma = —————— a
V(1 - B
and the kinetic energy by
moc?
= mc? nst. = ————— t.
Exin = mc? + co JO— + cons

One could think of determining the constant in such a way that Ekin
is zero for a particle af rest. It is however more practicable to put the

214 Cf. footnote 129, p. 82, M. Planck, ibid.
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constant itself equal to zero. The energy of a particle at rest then becomes
myc? and, in general,

— m002

R 2)

By a power series expansion we obtain, for small g,
E = moc2(1 + 482) = Eo + mor?,

which is in agreement with classical mechanics. The convenience of choos-
ing the constant in this way becomes evident if we observe that the
quantities

E = mc? (318Db)

(le J2’ J3) = CG, J4 = 1B (319)
are the components of a four-vector. For,
Jx = mocuy. (320)

It further follows that exactly the same transformation formulae hold
for the G, E here as for the momentum and energy of a closed, force-
free, electromagnetic system (light wave), cf. Eq. (228),

Gz - (U/CZ)E
VA-p)°

’

G'z = G'y = Gy, G'z = Gz,

321
E —vG, (321)

T VA=)

with the corresponding inverse formulae. They are also valid for the mo-
mentum and energy of a system of freely moving particles.

The equations of motion, and the expressions for momentum and energy,
of relativistic mechanics go over into those of classical mechanics for small
velocities, as was to be expected from the start. But we can go further
than this: The deviations of relativistic from classical mechanics are of
second order in v/c. This then must be the reason (as was pointed out by
Laue?4?) why the older electron theory, which was based on classical mecha-
nics, could explain all first-order effects correctly.

Minkowski?!% also gave a furtherimportant interpretation of the equations
of motion (316). Let us introduce the kinetic energy—-momentum tensor
0,;,, by means of the relation

O = poUiUk. (322)

Its space components represent the tensor of the momentum current,
the mixed components (apart from a factor ic) the momentum density,
and the time component the energy density. Because of the continuity
condition

(o uk)
ork

s Cf, footnote 1784, p. 102, ¢bid., p. 88.
215 Cf. footnote 54, p. 21, Minkowski II.

0, (323)
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the equations of motion can be written in the form

00
—_ = fi. 324
Py fe (324)
It should be pointed out here, that the equations of motion (317)
result in a hyperbolic motion (discussed in § 26) for the case of a particle
moving under a constant force.

38. Relativistic mechanics on a basis independent of electro-
dynamics

The derivation in the preceding section is unsatisfactory because it
has to make use of electrodynamical concepts. An important contribution
to the subject is therefore Lewis and Tolman’s?'5* derivation, which does
not do so. There, the primary concept is not the force, but the momentum.
They postulate that with each particle a momentum vector, parallel to
its velocity, and a scalar kinetic energy can be associated in such a way
that conservation laws obtain. This means that the sum of the momenta
and energies of the separate masses of a system is to remain constant, if
neither momentum and energy nor heat are generated during interactions
between such masses. In particular, this is to hold for the case of elastic
collisions. Lewis and Tolman devised a ‘“‘thought experiment’’ to show
that the velocity dependence of momentum and kinetic energy is uniquely
determined by the Lorentz-invariance requirement of these conservation
laws.

Let the relative velocity v of two observers 4 and B be in the z-direc-
tion. They throw towards each other spheres of equal mass and
with equal velocity % in the positive and negative y-directions, respec-
tively, such that the line of centres is in the y-direction. The z-components
of the velocities of the two spheres remain unchanged. Moreover, for
symmetry reasons, 4 and B will observe the same motion of their respec-
tive spheres. The addition theorem for velocities (10) then gives the
following values for the velocity components w;, wy and w';, w'y of the
colliding spheres in K and K':

Before collision :

Sphere 4

2
Wy =0, wy=1u Wy=—v, Wy=u [{l——
’ Y z ’ v

Sphere B

2
Wyp=v, wy=-—u[{l—— we =0, wy = —u.
v v

After collision:
Sphere 4

V2
wy =0, wy= —u W= —v, Wy= —-u’J(l -—)

215a @, N. Lewis and C. Tolman, Phil. Mag., 18 (1909) 510. Objections to their method by
N. Campbell, Phil. Mag., 21 (1911) 626, apply more to the form than to the main essence of
the argument. This is seen from P. Epstein’s paper (4Ann. Phys., Lpz., 36 (1911) 729) which
shows that Lewis and Tolman’s conclusions can be reached in a perfectly rigorous way.
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Sphere B

2
Wy =V, Wy= +u’J(1——)
c2

If w = |w| is the absolute value of the velocity, the momentum can be
written

wyg =0, wy = +u'.

G = m(w)w

where, by definition, m is called the mass and can only depend on the
absolute value of the velocity. From the conservation of momentum in the
z-direction,

u=u,

and from the conservation of momentum in the y-direction,

m [02 +u2(1 - g)]uzu A/(1 - 1:;) = m(u)u. (o)

Dividing by % and going to the limit « — 0, we obtain the result we
had wanted to prove,

mo (1= %) = mo me T

where m(0) = mo. It is easy to see that with this expression for m, relation
() is satisfied also for arbitrary u. If, next, the momentum is calculated,
expression (318b) for the kinetic energy is easily obtained by a Lorentz
transformation. The force is now defined as the time derivative of the
momentum, and the transformation laws for it follow directly. We have
thus shown that it is possible to find a basis for relativistic mechanics,
without taking recourse to electrodynamics.t

It should also be mentioned that the laws for elastic collisions in
relativistic mechanics have been derived and discussed for the general
case by Juttner.216

39. Hamilton’s Principle in relativistic mechanics
It was already shown by Planck®? that the equations of motion (317)
can be derived from a variational principle. If we introduce the Lagran-

gian
u
L = —chJ(l——), (325)
c2
tl
then [ 6L+ K-8r)dt = o, (326)

23

as can easily be checked. As in the case of Hamilton’s principle in classical
mechanics, the values ), {; and the end points of the path of integration

1 See suppl. note 12.
218 F. Jittner, Z. Math. Phys., 62 (1914) 410.
217 Cf. footnote 129, p. 82, ¢bid.
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are prescribed. The equations of motion can also be written in the form
of Hamilton’s equations. If we introduce, in place of the velocity com-
ponents %, ¥, 2, the momenta

oL oL oL
Gp=— Gy=— Gp=—, (327)
o oy PP
and form the Hamiltonian
. oL oL oL mo c2
H=2z2—+4y—+3——L=—---———=1F, 328
2z Yoy T o T ey e (329)
G2+ G2+ Q.2
=”‘062A/(1+ AR z),
mo? ¢
then . oH
X = —a—G—-, ... ete.
’ (329)
4Gz K te
= Ky, ... etc.
dt e

The action integral [ L df must be Lorentz-invariant. In fact, it is
simply equal to

[Las= —moczfah (330)
where 7 is the proper time. The action principle (326) can then be written?!®

—mg c28 f dr + f K;i8xtdr= 0 (331)
or, simpler still,
8 f dr = 0, (332)
if the auxiliary condition
Kiut =0

is imposed on the variations 8af. This formulation of the variational
principle is due to Minkowski.?!?

The equations of motion (317) can also be changed into a form which
corresponds to the virial theorem in classical mechanics. If we write

d
L+Ekin+-‘—ii(mu'r) = K'r (333)

and if r remains within finite limits throughout the motion and the
velocity u does not approach the velocity of light arbitrarily closely,
then by averaging over time,

L+ Eyn = K-T. (333a)

218 The &xf are to vanish at the integration limits.
219 Cf, footnote 54, p. 21, Minkowski IT, Appendix.
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40. Generalized coordinates. Canonical form of the equations of
motion

In relativistic mechanics it is in general not possible to introduce a
potential energy which depends only on the position coordinates, because
interactions cannot be propagated with velocities greater than that of
light, according to the basic postulates of the theory. There are however
certain special cases in which it is nevertheless useful to introduce such a
potential energy, for instance when a particle moves in a force field which
is constant in time. It is just this case which plays an essential part in the
fine-structure theory of the Balmer lines. We can write

K = — grad Eypot, (334)
u2
c2
oL
H(G@...,x...) = Ek!n +Epot = é:—a? + e — L (336)
)
Xr= an—, oo (337)
dGy, oH
dat ox’ "

and thus bring the equations into a canonical form. We can also introduce
generalized coordinates g, ..., ¢;. The canonically conjugate momenta are
then given by

oL
k= T
and we have g ok
oL
Hpq) = ) e——-L (338)
o4k
dgx oH dpx oH
dt  opi dt  og

Moreover, the Hamilton—Jacobi equation holds here, just as in classical
mechanics. It follows from their very derivation that the above formulae
are only valid in a single coordinate system, distinguished by the problem
in question.

41. The inertia of energy

The simple connection between kinetic energy and mass, (318 b), leads
us to the assumption that to each energy E there corresponds?2? a mass
m = E|c?. From this it would follow that the mass of a body is increased

220 A, Einstein, Ann. Phys., Lpz., 18 (1905) 639 (also in the collection ‘Relativitatsprin-
zip’). It is here that the theorem of the equivalence of mass and energy first occurs; cf.
also Ann. Phys., Lpz., 20 (1908) 627. G. N. Lewis, Phil. Mag., 16 (1908) 705, starts, conversely,
with the postulate B = mc?® and, using the equation u  d(mu)/dt = dE/|dt, derives the
velocity dependence of the mass, m = my//(1 —8%).
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by heating it, and that a transfer of mass would take place by means of
radiation between absorbing and emitting bodies. As for the second
example, it can be verified in the following way. Let a body, at rest in K’,
emit radiation energy E _, in such a way that the overall momentum
radiated is zero, so that the body remains at rest in K’. In a coordinate
system K, moving with relative velocity v, a momentum

v E'rad A\
Grad = — ———— = —-Fra

EVI-f) @
will then be radiated, according to (228). Since the velocity v of the body
is unchanged, this is only possible if its rest mass my is decreased by an
amount
E'raa

Amg = i

By similar momentum considerations it can be shown that a mass has
also to be ascribed to the thermal energy. That this is reasonable can be
seen from the following. As mentioned before, the same transformation
formulae (321) hold for the total momentum and energy of a system of
particles as for a single particle. If the coordinate system K, is chosen
in such a way that the total momentum vanishes there, then in system

K we have again
A\’ Eo EO

—_ E=——
2 4/(1— B V(1 - B?)
The system thus behaves like a single particle with rest mass®*mg = Eo/c2.
Evidently, an ideal gas is such a system of particles. B¢ here becomes
X moc?+ U, where U is the thermal energy. Its inertia has thus been
proved.

A still more general case was discussed by Lorentz.222 Consider an arbi-
trary closed physical system, consisting of masses, springs in tension, light
rays, etc. Let the system be at rest (i.e. have zero total momentum) in
a coordinate system K. In any other coordinate system K it will then have
a velocity u, i.e. the same velocity which K has relative to K. We can now
make the extremely plausible assumption that the momentum G, of the
system in K is given by

G; =mu

Mo

= — u’
V1 - (w?c?)]
as for a single particle.?”® Then the following transformation formula

holds for G,, a
1z — MY , .
= —‘———\/(1 _ 192)’ G ly = Gly; Q@ 1z = Glz-

221 A, Einstein, Ann. Phys., Lpz., 23 (1907) 371.

222 Cf. footnote 3, p. 1, tbid.; and ‘Over de massa der energie’ Versl. gewone Vergad. Akad.
Amst., 20 (1911) 87,

223 If one assumes that the system is only acted upon by electromagmetic forces, this
assumption need not be made. Cf. A. Einstein, Jb. Radioakt., 4 (1907) 440. A bounded plane
light wave forms an exception in so far as its momentum does not vanish in any coordinate
system (cf. § 30). Since we have to put v = ¢ in the above formula for this case, we have to
assign it & zero rest mass (cf. footnote 222).

G'15
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We now let this system 1 interact with a system 2 which is only to consist
of radiation. Let AG,; and AG, be the changes in momentum, and AH,,
AE, the changes in energy, in the two systems. Then we must have

AG) + AGy = 0, AG'; + AG'; = 0, AE; + AE; = 0,
and since, because of (228),
AGs; — (v/c?)AR,
va-pg)

AG’zx =

it directly follows that

AE;
Am = ——, (339)
2
This shows that it is quite immaterial what kind of energy we are dealing
with,

We can thus consider it as proved that the relativity principle, in
conjunction with the momentum and energy conservation laws, leads to
the fundamental principle of the equivalence of mass and (any kind of)
energy. We may consider this principle (as was done by Kinstein) as
the most important of the results of the theory of special relativity.
Quantitative experimental evidence has not, so far, been produced for it.
Already in his first published paper on the subject, Einstein224 pointed to
the possibility of using radioactive processes to check the theory. But
the looked-for mass defects in the atomic weights of the radioactive
elements??5 are too small to be measured experimentally. Langevin22é first
pointed out that it might be possible to explain the deviations from
integral numbers of the atomic weights (referred to H = 1) of the ele-
ments—in so far as they are not due to isotopes—by means of the equi-
valent mass of the interaction energy between the nucleons. This sug-
gestion has been much discussed recently.2??” Perhaps the theorem of the
equivalence of mass and energy can be checked at some future date by
observations on the stability of nuclei. There exist indications of a quali-
tative agreement.?27}

42. General dynamics
The situation becomes simpler still if we go over to the energy density
and momentum density, instead of considering the total energy and

224 Cf. footnote 220, p. 121, A. Einstein, ibid., 18.
1% M. Planck, S. B. preuss. Akad. Wiss. (1907) 542; Ann. Phys., Lpz., 76 (1908) 1; A.
Einstein (cf. footnote 223, p. 122, ibid., p. 443).
126 P. Langevin, J. Phys. théor. appl. (5) 3 (1913) 553. Langevin, at the time, aimed at
deriving all deviations of atomic weights from integral values, from the equivalent mass of
the internal energy of atomic nuclei. It was stressed by R. Swinne, Phys. Z., 14 (1913) 145,
that one would have to consider possible isotopes as well, such as have been shown to be
actually present in most cases by Aston’s experiments.
227 W. D. Harkins and E. D. Wilson, Z. anorg. Chem., 95 (1916) 1 and 20; W. Lenz, S. B.
bayer. Akad. Wiss. (1918) 35; Naturwissenschaften, 8 (1920) 181; O. Stern and M. Vollmer,
Ann. Phys., Lpz., 59 (1919) 225; A. Smekal, Naturwissenschaften, 8 (1920) 206; S. B.
Akad. Wiss. Wien, Abt. ITa, 129 (1920) 455.

t See suppl. note 13.
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momentum. We saw in § 30, Eq. (225), that the electromagnetic four-
force could be derived from the divergence of a stress tensor S;*. It leads
to the obvious generalization that the same must hold for any kind of
force. With the present state of our knowledge, this can be proved. For
we know that all forces (elastic, chemical, ete.) can be reduced to electro-
magnetic forces—leaving gravitation aside here.??™* An exception is formed
by the forces which the electrons and hydrogen nuclei exert on them-
selves during their motion (cf. Part V). We shall therefore proceed in the
following way: In expression (222) for the energy—momentum tensor, let
us decompose the field tensor F,, into the separate parts due to each
charged particle. The tensor S;* is then split into two parts, of which
one consists of the products of the field-tensor components of different
particles, the other of the products of the field-tensor components of one
and the same particle. We shall only retain the former, which describes
the interaction between the particles. If we now form the divergence,
we obtain only the interaction forces. We can then write
du; aStk

po—— = — ———

dr oxk
and from (322), (324),

o0& + 84 _
oxk -

The substance can thus be characterized by means of an energy-momen-
tum tensor 7';* whose divergence vanishes,

T = Ou + Six, (340)
oT .k
~0. (341)
oxk

As in (224), the space components of T';; represent the stresses, which
can also be interpreted as the components of the momentum current,
whereas the remaining components determine the momentum density g,
the energy current S and the energy density W:

i
= Y = - i 3 = l 2
T = tcg, Ty cS, [index ¢ ,2,3] (342)

Tau=W.

The energy-momentum tensor has been represented here as the sum
of a mechanical and an electromagnetical contribution. Cf. Part V on
attempts to reduce the mechanical part, too, to an electromagnetic one.
For the following, purely phenomenological, considerations it is not the
nature of the energy-momentum tensor but solely the fact of its existence
which is of importance. On the historical side it should be mentioned that
the existence of such a tensor for the mechanical (elastic) energy was

117 We cannot, at present, say to what extent the dynamics which we are discussing
here will be modified by quantum theory.
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first asserted by Abraham??® and conclusively formulated by Laue.??® The
symmetry of the energy—momentum tensor is ensured by going back to the
mechanical and electromagnetic tensors; previously it had been intro-
duced as a separate postulate. This symmetry property leads to a very
important result. It follows from 7';4 = Ty, because of (342), that

S
g =—. (343)
c2

This is the theorem of the momentum of the energy current, first ex-
pressed by Planck2?, according to which a momentum is associated with
each energy current. This theorem can be considered as an extended
version of the principle of the equivalence of mass and energy. Whereas
the principle only refers to the tofal energy, the theorem has also some-
thing to say on the localization of momentum and energy.

Just as in § 30 we can deduce from (341) that the total energy and
momentum of a closed system form a four-vector

" (J1, I, J3) = ¢G, Jy =K. (227)

Formulae (228), too, are valid here. The inertia of any form of energy,
in particular that of potential energy, follows from them directly. Let
us again note that the additive constant of the energy has been fixed in
such a way that the energy of a stationary electron becomes equal to
moc?.  Only then does £ = mc? hold in general.

The conservation of angular momentum

L= [(rag)dv (344)

also follows from (341) in the usual way.23° For the validity of this con-
servation law it is essential that the space components of 7', should be
symmetrical. If this symmetry is demanded for each reference system, it
follows that the mixed components, too, must be symmetrical, which in
turn implies the theorem of the momentum of the energy current.23%

43. Transformation of energy and momentum of a system in the
presence of external forces

Formulae (228) are only valid when all the kinds of energy and momen-
tum entering the problem are included in £ and G. If we are dealing with
a gas under an external pressure, or with a system of stationary electric
charges, we should also take into account the elastic energy of the con-
tainer, or of the charged matter, respectively. This would be very incon-
venient. We shall therefore solve the following general problem. The types

228 M., Abraham, Phys. Z., 10 (1909) 739; M. v. Laue (cf. footnote 1784a, p. 102, ibid., and
Ann. Phys., Lpz., 35 (1911) 624; cf. W. Schottky, Dissertation (Berlin 1912).

229 M. Planck, Phys. Z., 9 (1908) 828.

230 Cf. footnote 4, p. 1, H. A. Lorentz, ibid., § 7.

230a Tn connection with the angular momentum theorem, it should be mentioned that
P. Epstein (cf. footnote 216a, p. 118, tbid.) introduces the angular momentum into the
theory as a “‘surface’ tensor N = =z, K, —a; K,, where K, is the Minkowski force.
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of energy which alone will be considered here, are to produce a force f;
such that

08k
W = —fi, (345)

where S, is the corresponding tensor. We want to obtain the transfor-
mation formulae for the total energy and total momentum. Let the
system be at rest in coordinate system K’ (i.e. the total momentum is to
be zero in it (G’ = 0) ) and let all state functions be time independent.

We now have two methods at our disposal. We can either transform
first the energy and momentum density into the moving system. This is
easily done by means of the transformation formulae for the components
of a symmetrical tensor, and we can then integrate over the volume.
Laue®! proceeds in this manner. We obtain

Go=—— 2 E i [(Smar], @ = s v
x=\/(1—32).—c—2-[ +f xx ]: y='c—2'f zy yoes
] .2 (346)
E=—r |E +— | 8dV'|.
T F [ S|
If, in particular, the stresses are a uniform scalar pressure, p,
¢ L2 W)y, Gy= =0
z = T T ) y = z =
1— 2
VA=) o (346a)

E ! (E’ + 2 p’V’)

V(1 -7 c? '
as was first discovered by Planck?3? in his basic paper on the dynamics of
moving systems.

The second method is similar to that in § 21 for the proof of the vector
character of J, . But it is essential to realize that we cannot, in this case,
simply replace the integral over the hyperplane x'¢ = const. by the
integral over the hyperplane 2! = const. In fact, the two integrals differ
by

- [faz,
where the integration is to be carried out over the world region contained

between the two hyperplanes. If the z-axis is taken in the direction of the
velocity of K relative to K', it is easy to see that

[fiaz =g [ fiz av,

31 M. v. Laue, Ann. Phys., Lpz., 35 (1911) 524; cf. also, footnote 178a, p. 102 4bid.: p. 87,
Eq. (102), and p. 1563, Eq. (XXVII).
132 Cf. footnote 225, p. 123, ibid., cf. also A. Einstein, Jb. Radioakt., 4 (1907) 411.
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and after some further calculations we obtain

l v ’ '’ ’ ’
0 = i P e
v
&= [rvwar, G-. L (34)
1

These formulae are due to Einstein233 and Laue’s formulae can be obtained
from them by integrating by parts.

44. Applications to special cases. Trouton and Noble’s experi-
ment

It is easily seen that according to the transformation formulae of relati-
vistic mechanics a moving rigid body is not in equilibrium when the
resulting moment of the forces acting on it vanishes. Let us consider, for
instance, a rod in a coordinate system K, which moves with velocity u in
the direction of the z-axis.?3¢ In a system K', moving with the rod, let there
be two equal and opposite forces acting along the direction of the rod at
its two ends. Let « be the angle, measured in K’, between the rod and
the velocity u of K’ relative to K (x'-axis). If 2’, y' are the differences of
the coordinates of the two ends of the rod in K’, and , y the corresponding
values in K, then

K'; = |K'|eosa, K’y = |K'|sinag,
and we have from (216) that

K; =K', Ky = K'yv/(1 — B?),
in contrast to
z=av/(1-p), y=y.
In K, therefore, the force is not in the direction of the rod. The couple
acting on the rod is

N,=(1-B2Ky—yKy= —p2K'y = — 2l|K'|sinacosa. (C48)

We have now to ask ourselves why, in spite of the existence of this
couple, no rotation takes place? It will, first of all, be observed that the
elastic forces which, in K’, are in equilibrium with the external forces
K, transform in exactly the same way as the latter. There exists therefore
in system K a moment of the elastic forces which cancels the external
couple N. There is a more sophisticated reason for the fact that the elastic
forces are not in the direction of the rod, in this case. These forces cannot
be represented exclusively as the divergence of a stress tensor. An extra
term has to be added, which comes from the time derivative of the
133 Cf. footnote 221, p. 122, ibid. A more general treatment can be found in A. Einstein,

Jb. Radioakt., 4 (1907) 446 and 447.
234 Cf. footnote 215a, p. 118, P. Epstein, tbid., p. 779.
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momentum density (cf. § 42). The correct, quantitative, value of the
turning couple is obtained in this way, as can be seen from the following
argument. The couple N which is due to the elastic forces is equal to the
negative time-derivative of the total elastic angular momentum L,
i.e. according to (344),

N = dL— d r av 344
- o= - [enear. (344a)

This derivation is quite analogous to that of Lorentz234* for the case of
electromagnetic forces. Since in K’ all functions of state are independent
of the time, one easily deduces?34* that

= — (uAG). (344b)

This reduces the determination of the turning couple to that of the
total elastic momentum

! Sd
=;EJ‘ V.

For our case the energy current is always parallel to the direction of the
rod and the integral over the cross-section of the rod, [ S, do = [|S] do,
is equal to the work done, K * u, according to the energy congervation
law. Thus

1
G = —(K.u)r,
c2

where r is the vector having components z, y. Substituting in (344b),
this gives

1
IN| = _z‘(K'u)l“”[ = BK'z y = P2lo|K’| sina cosa,
c

which, indeed, just cancels the turning couple (348).

An analogous argument can be applied to the case of a right-angled
lever, for which the existence of a turning couple was noticed by Lewis
and Tolman?® and explained by Laue??¢ on the basis of the theorem of the
momentum of the energy current.

If, next, the external forces which act on the rod are thought of as
produced by two small spherical charges situated at its ends, only a small
step is needed to arrive at Trouton and Noble’s experimental arrange-
ment.237 These physicists investigated whether a charged condenser would
tend to turn into a direction perpendicular to the earth’s motion. In a
coordinate system in which the condenser moves with velocity u in the
x-direction, the electromagnetic field would, in general, exert a couple
on the condenser.23 Let o' be the angle which the normal to the plates
makes with the velocity u, W’ the energy density, E’ the electrostatic
234a Cf, footnote 4, p. 1, ibid., §§ 7 and 21(a).
23> G, N. Lewis and R. C. Tolman, Phil. Mag., 18 (1909) 510.

28 M. v. Laue, Phys. Z., 12 (1911) 1008.

237 Cf. footnote 6, p. 2, ibid. ; see also footnote 4, p. 1, H. A. Lorentz, ibid., § 56 (c).
238 Cf, for this derivation, footnote 178 a, p. 102, M. v. Laue, tbid., p. 99.
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energy in a system K’ moving with the condenser. The momentum in
the moving system can be calculated with the help of (346). Since the
field in K’ only consists of a homogeneous electrostatic field between the
condenser plates and is perpendicular to them, we have

E'; = |E'|cosa’, E'y = |E|sind,
3 ’ ’
and we obtain for §’,, and §',,,

S'ze =W —E'2 = W( — 2cos?«’),

S'oy = — EB'zB'y = — 2W’ sina’ cosa'.
On substitution in (346),
s = ad —-—E"—-—-(2 — 2 cos2a’) = 2'_u_ —Lsinza'
& VI-F) VYD 59)
Gy = - 2—?2—E’ sina’ cosa’ = — Z—zE’ sin 2.

Apart from higher-order terms, therefore, the momentum is parallel
to the condenser plates. From this, and from (344 b), a couple of magnitude

IN| = Gy = B2E’ sin 2« (350)

is obtained. Nevertheless, no rotation was observed, as was to be expected
from the relativity principle, anyhow. As early as 1904, H. A. Lorentz?3°
gave the correct explanation that the elastic forces transform in pre-
cisely the same way as the electromotive forces. Laue’s?® conception
goes deeper. According to this, the momentum of the elastic energy
current produces a couple which exactly cancels the electromagnetic
couple. Laue?4! also investigated how the couple (350) is brought about in

Fig. 4

detail. For this, it is important to note that in K’, apart from the forces
|K’,| = E'[d perpendicular to the condenser plates, there act on each

239 Cf. footnote 4, p. 1, ibid., § 64; also cf. footnote 10, p. 2, Versl. gewone Vergad. Akad.
Amast., loc. cit.

st M. v. Laue, Ann. Phys., Lpz., 35 (1911) 524.

1 M. v. Laue, Ann. Phys., Lpz., 38 (1912) 370.
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plate also forces which are perpendicular to each of its edges and in the
plane of the plate. If the plates are rectangles with sides a, b, then the
additional forces acting on edges b and a, and perpendicular to them,
are |K’;| = }$E’[a and |K'g| = }E’[b, respectively. If the edges b are
perpendicular to the velocity u, then K;' need not be considered. Fig. 4
illustrates the forces K’,, K’y and K,, K, acting in the systems K’ and K,
respectively.

The turning couple is obtained directly from a transformation of the
forces into system K. The couple K, contributes one half of the turning
couple, the two couples K, the other half. Expressions (347) for the momen-
tum are also easily verified. We have

f froa AV’ = BE'(sin?o’ — cos?o’)

J.f',,x'dV' = 2F' sino’ cosa/,

from which we regain (349).

Charge distributions other than those discussed above also lead to a
turning couple, if they are in uniform motion. An example is the case of
an ellipsoid.?*? A rotation, however, can never take place, because of the
relativity principle. If the field is spherically symmetrical in the moving
system K' then the momentum in K is parallel to u, and the turning
couple becomes zero, because of (344 b). In this case

[Swav =0,  [SzdV =[8yaV = [ 8dV,
and it also follows from §',,4-8',,+8',, = W’ that each of the last
three integrals is equal to 3E’. Therefore, from (346),

u 3B E'(1 + Ju?/c?)
@ v(1-p?) va-p)

Cf. Part V on applications of these relations to the case of a single electron.

(351)

45. Hydrodynamics and theory of elasticity

The relativistic theory of elasticity took, historically, its origin from an
endeavour to make use of the rigid-body concept also in the theory of
relativity. One naturally had to look first for a definition of a rigid body
which was Lorentz-invariant. Such a definition was first given by Born.243
A body is to be considered rigid if a given volume element of it is unde-
formed in the coordinate system K, in which the volume element is momen-
tarily at rest. The analytic formulation reads as follows: Let us characterize
the flow of a deformable medium in Lagrange’s way, by specifying the
coordinates %, ..., 24 as functions of the initial coordinates £, ..., £% and
242 M, Abraham, Ann. Phys., Lpz., 10 (1903) 174; and Theorie der Elektrizitdt, Vol. 2

(1st edn., 1905) p. 170 et seq.
243 M. Born, Ann. Phys., Lpz., 30 (1909) 1.
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the proper time =—or better still, of the coordinate ¢* = icr, for symmetry
reasons—

xk = ak(£L, ..., £4). (352)
The world-line element

ds? = 3 (dak)?

of two neighbouring space—time points then becomes a quadratic form of

the differentials d£¢,
ds? = Agdéidee, (353)

If we single out those world points which are simultaneous for an
observer moving with the volume element at the given moment—they
satisfy the equation

wpdxt = u, __3. : dék = 0 3564
b
(1 (1 Bf"’ ( )

where u, = four-velocity—then d¢* can be eliminated from (353) and
the line element ds2 can be written as a quadratic form of the thrce
spatial differentials,

3
ds? =z kz_lpm dgt dgk, (355)

The deviations of the p,; from their initial values characterize the defor-
mation of the volume element. For a rigid body they arc to vanish, always,
so that

ik

04

A simple argument by Ehrenfest®* shows however that such a body
cannot be set in rotation. If this were possible, the perimeters of the
circles described by the points of the body would become smaller because
of the Lorentz contraction, whereas their radii would remain unchanged
since they are always perpendicular to the velocity. It was further proved,
independently, by Herglotz? and Noether?4 that a rigid body in the Born
sense has only three degrees of freedom, in contrast to the six degrees of
freedom of a rigid body in classical mechanics. Apart from exceptional
cases, the motion of the body is completely determined when the motion
of a single of its points is prescribed. This in itself raised strong doubts as
to the possibility of introducing the concept of a rigid body into relati-
vistic mechanics.24” The final clarification was brought about in a paper
by Laue®8, who showed by quite elementary arguments that the number of
kinematic degrees of freedom of a body cannot be limited, according to
the theory of relativity. For, since no action can be propagated with a
24 P, Ehrenfest, Phys. Z., 10 (1909) 918.

26 3, Herglotz, Ann. Phys., Lpz., 31 (1910) 393.
346 I, Noether, Ann. Phys., Lpz., 31 (1910) 919.
2@ Cf. M. Born, Phys. Z., 11 (1910) 233; M. Planck, Phys. Z., 11 (1910) 204; W. v. Igna-
towski, Ann. Phys., Lpz., 33 (1910) 607; P. Ehrenfest, Phys. Z., 11 (1910) 1127; M. Born

Nachr. Ges. Wiss. Gottingen, (1910) 161.
248 M. v. Laue, Phys. Z., 12 (1911) 85.

K

= 0. (356)
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velocity greater than that of light, an impulse which is given to the body
simultaneously at n different places, will, to start off with, produce a motion
to which at least » degrees of freedom must be ascribed.

If thus the concept of a rigid body has no place in relativistic mechanics,
it is nevertheless useful and natural to introduce the concept of a rigid
motion of a body. We shall denote those motions as rigid for which Born’s
condition (356) is satisfied. Herglotz24® afterwards developed a relativistic
theory of elasticity which was based on the idea that stresses always
occur when Born’s condition (356) is violated. He derived the equations
of motion from an action principle,

8 [ ®dty...dta = o0, (357)

where @ is a function of the deformation quantities 4,,. It is chosen in
such a way that, for the stationary case, ® depends on the p,; in exactly
the same way as the Lagrangian in ordinary theory of elasticity. The
resulting equations of motion can be fitted into Laue’s scheme (340)
and (341).

It should be mentioned as well that Laue?3® introduced also relative,
in contrast to absolute, stresses. From (341) it follows that

g Skaks G =1,2,3) (3582)
1= = R t= 1,4 a
~ oxk

Since, on the left-hand side, we have the local and not the total rate of
change of the momentum density, the space components of T do not

represent the elastic stresses. The total rate of change of the momentum
density, dg,/dt, is determined by

dgs g1 s @
PR ; axk(g‘“")’
oTx
80 that o _ ST (358b)
dt oy Oz
where T = T — grug. (4, k=1,23) (359)

It is to be noted that the relative stresses T, are not symmetrio. Their
transformation laws are given by
Tzz = T4, Tyy = Toyya Tzz = T0,
Tozy Tozz
Top=— e, L=,
) V-
Tyz = V(1 = BTz, Tez = +/(1—BA)T0, Toy = T0%.

%9 G. Herglotz, Ann. Phys., Lpz., 36 (1911) 493.

30 Cf. footnote 228, p. 102, bid.; also footnote 178a, p. 102, ibid., § 26. M. Abraham (R.
C. Circ. mat. Palermo, 28 (1909) 1) had, already before that, introduced quite analogous
relative stresses in the electrodynamics of moving bodies.

T”z = Toyz (360)
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In contrast to the corresponding relations for the absolute stresses, the
energy density W, does not appear here. If in the rest system the (three-
dimensional) stress tensor is, in particular, a scalar

TO‘ = Pﬁsik) (i,k = 1) 2) 3)
then we also have

Tue = podik.
The scalar pressure 18 an invariant:
b = po. (361)

This follows already directly from the transformation formulae for the
force and area, if one defines pressure as force per unit area?s! (cf. also
§ 32 (8) on remarks about the invariance of radiation pressure).

The equations of motion take on a comparatively simple form for
liquids, where the three-dimensional stress tensor degenerates into a
scalar. This special case was treated, in addition to Herglotz,?? by
Ignatowski?% and Lamla2%4, The results of these authors are all in agree-
ment. If ug is the rest-mass density, p the pressure, P the integral [dp/uo,
as usually in hydrodynamics, and if we restrict ourselves to adiabatic
processes, then the energy-momentum tensor is given by

P
T# = ,uo(l + —Z-)ugu" + p ok, (362)
c
From the equations
oT'¥
oak
follow, by scalar multiplication with «¢, the continuity equation
o uk
(kov®) _ (363)
ox*

and the equation of motion

P dm_ op fl_ 2_)]
[J.o(l-l-zz-)-:z:—- _[axf'+u‘d¢(c2 . (364)

For the stationary case, 700 gives the usual expression for the energy
density.

These arguments are only of value, in so far as they demonstrate the
possibility of conpstructing a relativistic hydrodynamics and a theory of
elasticity which are free from contradictions. Physically speaking they
do not bring anything new, since for substances in which the velocity of
the elastic waves is small compared with ¢, the equations of the relativistic
=1 Cf, footnote 232, p. 126, A. Einstein, ibid., § 13; A. Sommerfeld, Ann. Phys., Lpz., 32
(1910) 775. First expressed by M. Planck (cf. footnote 225, p. 123, ibid.).

2 Cf, footnote 249, p. 132, sbid.

253 W, v. Ignatowski, Phys. Z., 12 (1911) 441.
354 K. Lamla, Dissertation (Berlin 1911); Ann. Phys., Lpz., 37 (1012) 772.
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theory of elasticity do not differ in practice from those of the ordinary
theory.

Herglotz and Lamla deduced from their equations that there must be
a lower limit for the compressibility, since otherwise the elastic waves
could be propagated with a velocity greater than that of light. It seems to
us, however, that the relativity principle cannot make any statements on
the magnitude of the cohesive forces. When the static compressibility
approaches Herglotz’s and Lamla’s limit, the phenomenological equations
will probably become incorrect. A dispersion of elastic waves will then
occur, and the situation will be similar to that discussed in the case of
light waves in § 36 (5).

(d) THERMODYNAMICS AND STATISTICAL MECHANICS

46. Behaviour of the thermodynamical quantities under a Lorentz
transformation

The manner in which the thermodynamical quantities transform for
the transition to a moving coordinate system was derived by Planck?2%
in his basic paper on the dynamics of moving systems. His starting point
is a variational principle. It was shown by Einstein,25¢ however, that the
transformation formulae can also be derived directly; the variational
principle then follows from them.

Let us start by collecting again the relations for volume, pressure,
energy and momentum, where we assume that the elastic stresses only
consist of a scalar pressure:

V ="VYov(1-p? (7a)
S (Bo+ 10 0)
== o (Eo+po Vo
\/(1 8% (3462)
be (mem)
Sva—p et
From this, it further follows that
_Eo+poVo _u
E +pV = V- =2 (B + pV). (346 b)

We now have to derive the corresponding relations for the quantity of
heat, the temperature and the entropy. If dQ is the amount of heat
transferred to the system, d4 the work done by the external forces on

the system, then
dQ =dE —dA }

dA = — pdV + u-dG.

265 Cf. footnote 225, p. 123, 4bid. Cf. also the paper by F. Hasenchrl, S.B. Akad. Wiss.
Wien, 116 (1907) 1391, in which he arrives at similar results in a different way, and
independently, from Planck.

¢ Cf. footnote 232, p. 126, 4bid., A. Einstein, §§ 15 and 16.

(365)



47, The principle of least action 135

The second term is essential since, according to (346), it does not vanish
even when the velocity of the system remains constant during a change
of its state, as will be assumed from now on. We obtain

1 u?[c?
= dE,
V=t A=

_._._‘.‘f/_"f._[dEo +d(po Vo)l + V(1 — B2)podV,
V) ; o

= 1/(1 = B2)(dEo + podVo) = v/(1 — B?)dQ,
i.e. Q = Qov(1—pB2). (366)
This determination agrees with the transformation property of the
Joule heat, which we had derived previously (cf. Eq. (293) ).
If the system is given a velocity u, this can be regarded as an adiabatic
process. The entropy therefore remains unchanged, and has the same value

for a moving as for a stationary system. This means however that it is a
Lorentz-invariant,

dQ

d(po Vo) —

8 = 8. (367)
If an amount of heat d@ is transferred infinitely slowly, then
dQ = Td8S.
Using (366) and (367), we obtain
T = Tov/(1 - B2). (368)

These relations enable us to write down, for each relation between the
quantities po, Vo, Ho, Go, To in the stationary system, a corresponding
relation for a moving system. In particular, the velocity dependence of
the equation of state of a substance can be determined.

47. ‘The principle of least action
In non-relativistic thermodynamics, the equation of state can be obtained
from the action principle2?
tﬁ

[ (= F + Bun) + 84}dt = o,
b

where F is the free energy,
F=FE-T8S.

Here, the independent variables are the position coordinates of the system,
its volume, and its temperature. 34 is the work done for a variation of these
parameters. The function to be varied changes in the usual way for a
change in the independent variables. The action function

= —F + By

%7 H, v. Helmholtz, J. reine angew. Math., 100 (1886) 137 and 213 (Collected Papers, 3
(1895) 225).
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consists here of two parts, of which the one depends only on the velocity,
the other only the internal state (V, T') of the body. In relativistic mecha-
nics, too, such an action function exists. But it cannot be split in the same
way. Actually, for

L=—E+T8+uG, (369)
d [ dL d (oL d oL
—_— — =K, —_ =K, -\~ =K’
dt(aic) z dt(ag’/) v dt(az) # 270
oL oL _ (870)
v - P T

For it follows from

dE = K«dr — pdV + TdS = u.dG — pdV + TdS
that
dL = G-du + pdV + SdT.

But (370) are just the equations which follow from the action principle.
We observe, in addition, that according to (318 a, b) and (325) we have to
put

L = — Exin + u-G

for a particle. This can be regarded as a special case of (369). In the
rest system Ko, L becomes identical with the (negative) free energy,
Lo = —Eo+ Ty8So. From (346), (367) and (368) we also obtain the
transformation formula for L,

L = Loy/(1 - B2, (371)

so that the action integral [ L d¢ is an invariant, as required.

48. The application of relativity to statistical mechanics
Liouville’s theorem

dpy ...dgy = dpiO....dgn°. (372)

holds in the space of the canonical variables p,, q; (cf. § 40), since it is
a direct consequence of Hamilton’s equations. It is of course also valid
in a space of other variables, z, ... zyy, wWhich are produced from the
canonical variables with a functional determinant equal to unity,

dx1 oo dsz = d:l‘;lo ...dszo. (372&)

As the general theorems of statistical mechanics are based on no other
assumption than Liouville’s theorem, they therefore remain unchanged
in relativistic statistical mechanics.?® They are formulated as follows:

(i) Let the energy be a function of the variables x;, ..., 3y —of which
it will always be assumed that they satisfy condition (372 a)—given by
H(zy, ...,z2n) = E. (373)

268 'We are not considering here modifications of the statistical theorems which are demanded
by quantum theory.
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Then the entropy is given by
S =klogV, (374)

where V is the volume enclosed by the energy surface H = E, or by the
energy shell E < H < E-dE,

V= f dz; ...dxan, or V= f dxy...dxon.  (375)
H<E E<H<E+iE
(i) The free energy F = E—T8 is given by
= —kTlogZ
F kT log (376)

Z = fe'H/dexl...dxgy.

(iii) The equipartition law. The time averages are

oH
:vi-a—— = kT, for all ¢ from 1 to 2N,
- o (377)
oH L.
xy— = 0, fors # j.
axj
In particular, for canonical variables,
_— oH
pide = kT,  q— = kT. (377a)
9

Here we have disagreement with ordinary mechanics. For in the latter,
By, = } X pyg;, so that the first equation (377 a) simply states that the
time averages of those contributions to the kinetic energy which corres-
pond to the different degrees of freedom are each equal to $k7'. In
relativistic mechanics the connection between the equipartition law and the
average kinetic energy is lost.

(iv) The Maxwell-Bolizmann distribution law. Let the energy function
H of our system be separated into two parts

H = Hi(zy,...,225) + Ha(X1, vy X2N), (378)

which depend on different variables. The number, 2n, of variables in
H, is to be much smaller than the corresponding number, 2N, in H,.
In addition, the two groups of variables are supposed to be produced
from different canonical variables, with a functional determinant equal to
unity. Then the probability that the first group of variables should take
on certain prescribed values z, ... z,,, within the range dz, ... dz,,, regard-
less of the values of the second group of variables, is given by

W(LL, oory Zon) A2y ... Aoy = Ae—H@VET day |, dazoy. (379)

The quantity 4, which is independent of the z, is determined from the
condition

J‘ W(L1y ooy Tog) A2y ... Aoy = 1. (379a)
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The distribution law (379) is based on the assumption that the value of
H, is small compared with the (constant) value of H.

49. Special cases

(«) Black-body radiation in a moving cavity. This case is of historical
interest, since it can be treated entirely on the basis of electrodynamics,
without relativity. When this is done, one comes to the inevitable con-
clusion that a momentum, and thus also an inertial mass, must be ascribed
to the moving radiation energy. It is of interest that this result should
have been found by Hasenohrl?5? already before the theory of relativity
had been formulated. Admittedly, his deductions were open to correction
on some points. A complete solution of the problem was first given by
Mosengeil . 260 Planck2® derived many of his formulae for the dynamics of
moving systems by generalizing Mosengeil’s results.

The theory of relativity permits us to determine directly the temperature
dependence of radiation pressure, momentum, energy and entropy, and
the dependence of the spectral distribution on temperature and direction,
by reducing the case of a moving to that of a stationary cavity.

For the latter we have

1 4
Ey = aTw'Vo, po= gaTo‘l, So = EaTo3 Vo (380a)
and from (369)
1
L = —aT'@ V.
3
Finally, the intensity of radiation in the frequency range dv and solid

angle dQ, is given by

KovodigdQo = 200 40 (381a)
Y. a

ovofo ) exp (hvo/kTo) — 1 0

By means of the formulae of § 46 we then obtain

1HA oy L3P

E=F———=a —,
V(1 -p?%) (l—ﬂz)3
= -—-}aT‘l———}-——— S=8 = aTV !
SR 5O o
L = Lory/(1 = L T4V————1—-
= 0’\/( —'ﬁz)—ga (1_32)2)
4u 1 4 1 u
—aTtV —m

sEVI_p =3 U &

%9 F, Hasendhrl, S.B. Akad. Wiss. Wien, 113 (1904) 1039; Ann. Phys., Lpz., 15 (1904)
344 and 16 (1905) 589.

260 K, v. Mosengeil, Diseertation (Berlin 1906); Ann. Phys., Lpz., 22 (1907) 867; cf. also the
account by M. Abraham, Theorie der Elektrizitit, Vol. 2 (2nd edn.), p. 44.

a1 Cf. footnote 225, p. 123, M. Planck, bid.
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To obtain also the spectral distribution in the moving cavity, we make
use of the relations

1—-pBcosa 1— Bcosa
y—_, &' = dy——oo—,
V(1 - B?) V(1 -8
1-Rg
dQ’ = ———Ldﬂ,
(1 — B cosa)?
(1 — B cosa)?
1—-g
which are easily derivable from (15), (17) and (253). The last quantity

must transform like the square of the amplitude A. It further follows
that

Vv =

K',dvdQ = K,dvdQ

K, = kLR8P
(T g
oh 13d
ie. K,dvdQ = — o Q. (381Db)

¢ exp{(hv/kT)(1 — B cosa)} — 1
In addition, because of
(1 — Bcosa)t

K’,,dv' = .del/ ’
(1-p%2

we have K = ‘-ZET‘L——I——. (382)
47 (1 —Bcosa)t

This formula gives the direction dependence of the total radiation intensity

(integrated over all frequencies). It can, of course, also be obtained from

(381 b) by integration over dv. The total energy is obtained from (382)

by means of the relation

1
E=Vf—KdQ
(4]

and agrees with the first of equations (380 b).

Because of the extreme smallness of the expected effects it seems un-
likely that the inertia of the radiation energy could be demonstrated
experimentally.

(B) The ideal gas. We can naturally only expect a deviation due to
relativistic effects (variability of mass), in the behaviour of an ideal gas
from that calculated by classical mechanics, when the mean velocity
of the molecules becomes comparable with the velocity of light. A criterion
for this is the size of the quantity

2
o= % (383)
kT

For normal temperatures it is enormously large and reaches reasonable
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proportions only for temperatures of about 10*2°K. To ask for any devia-
tions from the classical behaviour of an ideal gas required by relativistic
mechanics is therefore not of practical, but only of theoretical, interest.
The answer was given by Juttner.262 The simplest way to proceed is to
calculate the free energy from Theorem (ii), § 48. Since the energy of a
particle is of the form

2
k= moc2[1 +—5 (PP + Pﬂ2+Pz2)]
me2¢
when expressed in terms of momenta, it follows that
F = —RTlogZ,

Z = ZuL mo c? LT SRPRRN
T e

X dpzdpydps.

It is assumed here that the amount of gas present is equal to 1 gramme-
molecule; L is Avogadro’s number, V the volume. The calculation then
gives the result

~ . HyV (i0)
Z = Vmg3c3+2a2(— 1) ,
H ) (384)
F = — RT {log V+ log(—— 3_2__1_0_) + const.} ,
g

where H,® is the nth-order Hankel function of the ith kind, withi =1, 2.
All other thermodynamical quantities follow from the free energy in
the usual manner, e.g.

oF oF o (F
= - — E=F-T—=T2— —-)
v’ oT oT ( T
(independent variables V, T'). From the first equation we have
RT
=— 385

The equation of state of an ideal gas remains unchanged in relativistic
mechanics. This is connected with the fact that the volume dependence
of the free energy and of the partition function is not modified by relativi-
stic mechanics; there is also an a priori reason for this. The situation is
different for the case of the temperature dependence of the energy. We
obtain

(386)

.
E=RT{1 iy (“’)a}

HyD(i0)
282 |, Jiittner, Ann. Phys., Lpz., 34 (1911) 856.
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For large ¢ we can replace the Hankel function by its asymptotic form

—0

V(o)

—iHyW (o)

By logarithmic differentiation,
tHy'D(io) 1

—_—_— =]
o0 | 20
which, substituted in (386), gives

’

E = RT(c + &) = Lmc? + 3RT, (386a)

in agreement with the earlier theory, as it should. Expression (386) for the
energy could also have been obtained from Maxwell’s distribution law.
According to Theorem (iv), § 48, this differs from the distribution law of
classical mechanics only in the manner in which the factor A depends on
the temperature.

Juttner263 has also studied the influence of the motion of an ideal gas
on its thermodynamical properties, from the point of view of relativistic
dynamics. The corresponding relations can be written down at once on the
basis of the transformation formulae of § 46. The case of an ideal gas is
seen to be even more unfavourable than that of black-body radiation
for the purpose of an experimental proof of the theorem of the equivalence
of mass and energy.

263 |, Jiittner, Ann. Phys., Lpz., 35 (1911) 145.



PART 1V. GENERAL THEORY OF RELATIVITY

50. Historical review, up to Einstein’s paper of 19162%4

Newton’s law of gravitation, which requires instantaneous action at a
distance, is incompatible with special relativity. The latter demands
that the velocity of propagation should at most be equal to the light
velocity2® and that the gravitational laws should be Lorentz-covariant.
Poincaré2%® already studied the problem of modifying Newton’s law of
gravitation in such a way that these requirements should be fulfilled.
This can be done in several ways. All his ‘“Anséitze” have this in common,
that the force between two particles depends, not on their simultaneous
positions, but on those differing by a time interval ¢ = r/c, as well as on
their velocities (and possibly also their accelerations). The deviations from
Newton’s law are always of second order in v/c, and thus remain always
very small and are not in contradiction with experiment. 266 Minkowski?¢?
and Sommerfeld26® have put these attempts of Poincaré into a form cor-
responding to the four-vector calculus; a particular case is discussed by
H. A. Lorentz.208a

The objection to all these considerations is that they take as their
starting point a fundamental law of force, instead of Poisson’s equation.
Once the finite propagation of an effect has been demonstrated, one can
only expect to arrive at simple, generally valid, laws if one describes it
in terms of continuously varying functions of position and time (a field)
and looks for the differential equations of this field. The problem thus
consists in modifying the Poisson equation,

AD = 4dmkuo,

and the equation of motion of the particle,
d’r o
ap = e

in such a way that they become Lorentz-invariant.

Before this problem was solved, however, the developments pointed
in another direction. As soon as the physical deductions from the special
theory of relativity had reached a certain stage, Einstein?¢® at once
attempted to extend the relativity principle to reference systems in non-

264 Cf, the articles by J. Zenneck (Encykl. math. Wiss., V2) and S. Oppenheim (ibid., VI2,
22, in particular Part V). We give here the historical development only in rough outline;
for some of the details, see also the article by F. Kottler (ibid., VI 2, 22).

265 If one assumes that the velocity of propagation of the gravitational effects is indepen-
dent of the state of motion of the bodies causing them, it even follows that it must be
exactly equal to the light velocity.

268 Cf, footnote 11, p. 2, R.C. Circ. mat. Palermo, loc. cit.

2662 For a more detailed discussion, see W. de Sitter, Mon. Not. R. Astr. Soc., 71 (1911)
388.

267 Cf. footnote 64, p. 21, Minkowski ITI.

268 Cf, footnote 55, p. 22, tbid., 33.

208 H, A, Lorentz, Phys. Z. 11 (1910) 1234; cf. also footnote 40, p. 13, ibid., p. 19.

269 Cf, footnote 232, p. 126, ¢bid., Chap. V.
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uniform motion. He postulated that the general physical laws should
retain their form even in systems other than Galilean (§ 2). This was made
possible by the so-called principle of equivalence. In the Newtonian theory
a system in a homogeneous gravitational field 1s completely equivalent
to a uniformly accelerated reference system, from a mechanical point of
view.269% The postulate that, in addition, all other processes should
take place in the same way in both systems, forms the content of Einstein’s
principle of equivalence. This principle is one of the bases of the general
theory of relativity, which was developed by him at a later date (cf.
§ 51). Since one can compute the sequence of events in an accelerated
system, the principle would make it possible to calculate the effect which
a homogeneous gravitational field has on arbitrary processes. It is this
feature which renders the principle of equivalence so powerful from a
heuristic point of view. In this way Einstein derived the result that the
rate of clocks at points of lower gravitational potential is slower than
that for higher gravitational potentials; and he pointed out already then
that this entails a shift towards the red of spectra emitted by the sun,
compared with those on the earth (cf. § 53 (8)). A further result was
that the velocity of light is not constant in a gravitational field, so that
light rays become curved, and that not only an inertial but also a gravi-
tational mass m = E/c? has to be ascribed to an energy E in all cases.
In a subsequent paper, Einstein?’° showed that the bending of the light
rays brings with it a displacement of the fixed stars seen at the edge of the
sun, which can be checked by experiment. At the time, he calculated the
size of this displacement to be 0-83".

This theory of the homogeneous gravitational field implied breaking
through the framework of the special theory of relativity. Because of
the dependence of the light velocity and of the rate of a clock on the
gravitational potential, the definition of simultaneity introduced in § 4
is no longer applicable, and the Lorentz transformation loses its meaning.
Seen from this point of view, the special theory of relativity can only be correct
in the absence of gravitational fields. Instead, once the gravitational
potential is introduced as a physical quantity, the physical laws will have
to be considered as relations between the other physical quantities and
the gravitational potential. Their covariance will have to be demanded
with respect to a wider transformation group, with suitable transform-
ation properties for the gravitational potential. The problem next arose
of how to set up such a theory which was to be based on the principle
of equivalence and which would also apply to non-homogeneous
gravitational fields. Einstein and Abraham?®” tried to characterize the
2692 Strictly speaking, a uniformly accelerated motion has to be replaced by a hyperbolic
motion (§ 26), which renders the transformation formulae for the coordinates more com-
plicated. See H. A. Lorentz (footnote 40, p. 13, ibid., p. 36) and P. Yuhrenfest, Proc. Acad.
Sei. Amat., 15 (1913) 1187.

370 A, Einstein, ‘Uber den Einfluss der Schwerkraft auf die Ausbreitung des Lichtes’,
Ann. Phys., Lpz., 35 (1911) 898; also contained in the collection of papers, Das
Relativitatsprinzip (3rd edn., 1920).

11 A, Einstein, Ann. Phys., Lpz., 38 (1912) 355 and 443; M. Abraham, Phys. Z., 13 (1912)

1, 4 and 793; discussion between Einstein and Abraham, Ann. Phys., Lpz., 38 (1912)
1056 and 1059; 39 (1912) 444 and 704.
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general static gravitational field by the value of the light velocity ¢ at
each space-time point; ¢ would thus play the rdle of a gravitational
potential. They also attempted to find the differential equations which ¢
had to satisfy. Apart from the fact that these theories only considered
special gravitational fields, they led to difficulties in other ways, too.

For this reason Nordstrém??? attempted to adhere consistently to
the strict validity of the principle of special relativity. In his theory, the
velocity of light is constant and a deflection of light in a gravitational
field does not take place. The theory solves in a logically quite unexcep-
tionable way the problem sketched out above, of how to bring the
Poisson equation and the equation of motion of a particle into a Lorentz-
covariant form. Also, the energy-momentum law and the theorem of the
equality of inertial and gravitational mass are satisfied. If, in spite of this,
Nordstrom’s theory is not acceptable, this is due, in the first place, to
the fact that it does not satisfy the principle of general relativity (or at
least not in a simple and natural way, cf. § 56). Secondly, it is in contra-
diction with experiment: it does not predict the bending of light rays
and gives the displacement of the perihelion of Mercury with the wrong
sign. (It is in agreement with Einstein’s theory with regard to the red
shift.) Mie2?3, too, set up a gravitational theory based on the principle of
special relativity. But since the theorem of the equality of inertial and
gravitational mass is not satisfied rigorously in this theory, there never
seemed much likelihood of its being correct.

Einstein, however, was not deflected by the difficulties of the problem
in his endeavour to put the physical laws into such a form that they would
be covariant under the widest possible group of transformations. In a
paper?™ in collaboration with Grossmann he succeeded in making a
definite advance in this direction. If the square of the line element is
transformed into an arbitrary curvilinear space-time coordinate system
it becomes a quadratic form in the coordinate differentials, with ten
coefficients g,;, (cf. § 51). The gravitational field is now determined by this
ten-component tensor of the g, , and no longer by the scalarlight velocity.
At the same time the equation of motion of a particle, the energy-
momentum law and the electromagnetic field equations for the vacuum
were all given a definite, generally covariant, form by introducing?’
the g;),. Only the differential equations for the g,; themselves were not

27t &, Nordstrém, Phys. Z., 13 (1912) 1126; Ann. Phys., Lpz., 40 (1013) 866; 42 (1913)
533; 43 (1914) 1101; Ann. Acad Sci. fenn., 57 (1914 and 1915); also M. Behacker, Phys. Z.,
14 (1913) 989; A. Einstein and A. D. Fokker, Ann. Phys., Lpz., 44 (1914) 321. A sum-
marizing report was given by M. v. Laue, Jb. Radioakt., 14 (1917) 263, and a review article
on the earlier gravitational theories by M. Abraham, Jb. Radioakt., 11 (1914) 470.

3 (&, Mie, Ann. Phys., Lpz., 40 (1913) 1, Chep. V, Gravitation; Elster-Geitel-Festschrift
(1915) p. 261,

34 A, Einstein and M. Girossmann, Z. Math. Phys., 63 (1914) 215. Summarizing report:
A. Einstein, ‘Zum gegenwiirtigen Stand des Gravitationsproblems’, Phys. Z., 14 (1913)
1249; subsequent discussion by Mie, Einstein and Nordstrém in Phys. Z., 15 (1914) 115,
169, 176 and 375.

25 Tt is of interest that, without being connected with the theory of gravitation, the
relevant formal developments as well as the electromagnetic field equations in a generally
covariant form had already previously been given by F. Kottler, 8.B. Akad. Wiss. Wien,
121 (1912) 1659,
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generally covariant yet. In & subsequent paper?™, Einstein tried to
establish these differential equations in a more rigorous manner and he
even believed to have proved that the equations which determine the g,
themselves could not be generally covariant. In the year 1915, however,
he realized that his gravitational field equations were not uniquely
determined by the invariant-theoretical conditions which he had formerly
laid down for them. To restrict the number of alternatives, he reverted to
the postulate of general covariance which he had previously “abandoned
only with a heavy heart’. Making use of Riemann’s theory of curvature,
he in fact succeeded in setting up generally covariant equations for
the g;; themselves which met all the physical requirements (cf. § 56).277
In a further paper he was able to show?” that his theory explained
the perihelion displacement of Mercury quantitatively and that it pre-
dicted the bending of light rays in the gravitational field of the sun. The
size of the deflection was double that derived previously on the basis of
the principle of equivalence for homogeneous fields. Soon after, Einstein’s
concluding paper, ‘Die Grundlagen der allgemeinen Relativitatstheorie’, 279
appeared. The principles and further developments of this theory will
now be presented.

51. General formulation of the principle of equivalence. Con-
nection between gravitation and metric

Originally, the principle of equivalence had only been postulated for
homogeneous gravitational fields. For the general case, it can be formulated
in the following way: For every infinitely small world region (i.e. a world
region which is so small that the space- and time-variation of gravity can be
neglected in it) there always exists a coordinate system K, (X, X,, X3, X,)
in which gravitation has no influence either on the motion of particles or
any other physical processes. In short, in an infinitely small world region
every gravitational field can be transformed away. We can think of the
physical realization of the local coordinate system K, in terms of a freely
floating, sufficiently small, box which is not subjected to any external
forces apart from gravity, and which is freely falling under the action of
the latter.

It is clear that this “transforming away” is only possible because the
gravitational field has the fundamental property that it imparts the same
acceleration to all bodies; or, stated differently, because the gravitational

276 A, Einstein, ‘Die formale Grundlage der allgemeinen Relativitatstheorie’, S.B. preuss.
Akad. Wiss. (1914) 1030.

277 A, Einston, S.B. preuss. Akad. Wiss. (1915) 778, 799 and 844. At the same time as
Einstein, and independently, Hilbert, formulated the generally covariant field equations
(D. Hilbert, ‘Grundlagen der Physik’, 1. Mitt., Nachr. Ges. Wiss. Gottingen, (1915)
395). His presentation, though, would not seem to be acceptable to physicists, for
two reasons. First, the existence of a variational principle is introduced as an axiom.
Secondly, of more importance, the field equations are not derived for an arbitrary system
of matter, but are specifically based on Mie’s theory of matter (discussed in more detail
in Part V). We shall be discussing the other results of Hilbert’s paper in §§ 56 and 57.

8 A, Einstein, S.B. preuss. Akad. Wiss. (1915) 831.

29 A, Einstein, Ann. Phys., Lpz., 49 (1916) 769. (Also published separately, and in the
collection of papers, Das Relativititsprinzip.)
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mass is always equal to the inertial mass. This statement nowadays rests
on a very secure experimental basis. E6tv6s®°showed that the inertial and
gravitational masses are equal to an order of accuracy of 1 in 108, while
investigating the question whether the direction of the resultant of the
earth’s attraction and the centrifugal force of the earth’s rotation depen-
ded on the material. In view of the theorem of the inertia of energy an
investigation by Southerns28! is also of interest, in which he showed that
the ratios between mass and weight for uranium oxide and lead oxide
respectively differed at most by a factor of 1 + 2105, For it follows from
the principle of equivalence, together with the theorem of the inertia of
energy, that to each form of energy a weight has to be ascribed, too. If now
the internal energy generated during the radioactive decay of uranium
possessed inertia, but no weight, then the above ratios would differ
by 1-+26,000. Eotvos®? found this result confirmed, while considerably
improving on its accuracy.

It is evidently natural to assume that the special theory of relativity
should be valid in K,. All its theorems have thus to be retained, except
that we have to put the system K, defined for an infinitely small region,
in place of the Galilean coordinate system of § 2. All systems K, which are
derived from each other by a Lorentz transformation are on the same
footing. In this sense we can therefore say that the invariance of the
physical laws under Lorentz transformations also persists in infinitely
small regions. We can now associate with two infinitely close point events
a certain measurable number, their distance ds. For this, we only need to
transform away the gravitational field and then form, in K,, the quan-
tity282

Y ds® = dX;2 + dXo? + dX3? — dX42 (387)

Here, the differentials of the coordinates, dX 4, ..., dX 4 are to be determined
directly by means of a standard measuring rod and clock. Let us now con-
sider some other coordinate system K in which the values of the co-
ordinates 1, ..., z* are assigned to the world points in a completely arbi-
trary way, apart from the conditions of uniqueness and continuity. At
each space-time point, the corresponding differentials dX; will then be
linear homogeneous expressions in the da¥, and the line element ds? will
be transformed into the quadratic form

ds? = gudat dek, (388)

where the coefficients g, are functions of the coordinates. It is moreover
obvious that for a transition to new coordinates, the g;; transform in such
a way that ds® remains invariant. The situation is thus completely

%0 R, Edtvos, Math. naturw. Ber. Ung. 8 (1890) 65; R. E6tvds, D. Pekér, and E. Fekete,
Trans. XVI. Allgemeine Konferenz der internationalen Erdmessung (1909); cf. aiso Nachr.
Ges. Wiss. Qéttingen (1909), geschafiliche Mitteilungen, p. 37; and D. Pekar, Naturwissen-
schaften, 7 (1919) 327.

281 T,, Southerns, Proc. Roy. Soc. A, 84 (1910) 325.

282 Ag opposed to other authors we write the line element with three positive signs and one
negative sign, in general relativity too, and not the reverse. This has to be borne in mind
when comparing our formulae with the usual ones.
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analogous to that obtaining in the geometry of non-Euclidean multi-
dimensional manifolds (§ 15). The system K|, in a freely falling box takes
the place of the geodesic system of § 16; the g, in it are constant, so long
as their second derivatives can be neglected, and the line element is of the
form (387) up to terms of second order. The totality of the g;,-values at
all world points will be called the G-field.

The equation of motion of a particle which is subjected to no forces
other than gravity can now be set up very easily. The world line of such
a particle is a geodesic line (§ 17), and we have from (81) and (80),

sfds=0, (81)
d2xt T dxr das 0 80
ds? ds ds (80)

where I',; is defined by (66) and (69). For in system K the particle is in
rectilinear uniform motion at a given moment, i.e. d2X%/ds? = 0, which
is at the same time the system of equations of the geodesic line in K.
Now the statement, that the world line of a particle is a geodesic line, is
invariant and therefore holds generally. (We have assumed here, however,
that the second derivatives of the g,;, with respect to the coordinates do
not appear in the equation of motion of the particle.) The validity of this
simple theorem is not surprising. It is just due to the fact that the line
element was defined in such a way that the world line of a particle
becomes a geodesic line. We thus see that the ten tensor components
g:1 tn Einstein’s theory take the place of the scalar Newtonian potential ®;
the components I'iyq, formed from their derivatives, determine the magnitude
of the gravitational force.

An exactly analogous argument can be carried out for the case of
light rays. In system K, the light rays are straight lines?®2# and in addition
satisfy the relation

dXq2 + dXo? + dX3g2 — dX42 = 0.

Thus, the world lines of the light rays are geodesic null lines, quite generally
(§ 22): ]
d2at . dar daos

- —— = 80
T i (80a)

ds? = gy dxtdx® = 0. (81a)

Kretschmann?®# and Weyl?¢ showed in addition that an observation
of the arrival of light signals is sufficient to determine the G-field in a
particular coordinate system, without having to consider the motion
of particles.

2832 Naturally, the underlying assumption is that we are in the region of validity of geo-
metrical optics. As soon as we are dealing with diffraction, this is no longer the case. Cf.
also footnote 310 a, p. 157.

283 E. Kretschmann, Ann. Phys., Lpz., 53 (1917) 575.
s8¢ H. Weyl, Raum-Zeit-Materie (1st edn., 1918) p. 182; (3rd edn., 1919) p. 194.

L
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There is, however, also a third way in which the G-field can be measured.
With the help of measuring rods (or better, measuring threads) and clocks
we could determine, for a given coordinate system, the dependence of the
magnitude ds of the line element on the coordinate differentials da*
along all the world lines originating from an arbitrary point. From this,
the G-field follows immediately. It thus characterizes mot only the gravi-
tational field but also the behaviour of measuring rods and clocks, i.e. the
metric of the four-dimensional world which contains the geometry of ordinary
three-dimensional space as a special case. This fusion of two previously
quite disconnected subjects—metric and gravitation—must be considered
as the most beautiful achievement of the general theory of relativity.
As was shown above and can be illustrated by means of simple examples,
this fusion results conclusively from the principle of equivalence and from
the validity of special relativity in the infinitely small. The motion of a
particle under the sole influence of gravity can now be interpreted in the
following way : The motion of the particle is force-free. It is not rectilinear
and uniform because the four-dimensional space-time continuum is non-
Euclidean and because in such a continuum a rectilinear uniform motion
has no meaning and has to be replaced by motion along a geodesic line.
Correspondingly the Galilean principle of inertia has to be replaced by

sfde=o.

This has the great advantage over the former in that it is genmerally
covariant. Gravitation in Einstein’s theory is just as much of an
apparent force as the Coriolis and centrifugal forces are in Newtonian
theory. (We would be equally justified in taking the view that neither
of the two forces should be called an apparent force in Einstein’s theory.)
It does not affect the argument that the gravitational force cannot, in
general, be transformed away in finite regions, whereas the other forces
can. The gravitational force can always be transformed away in infinitely
small regions, and this fact alone is decisive. That the non-Euclidean
character of the space-time world should show up so little in the behaviour
of measuring rods and clocks, but very strongly in the deviation from
rectilinear uniform motion of particles (i.e. for the case of gravity),
is due to the magnitude of the velocity of light. This will be shown in § 53.

This fusion of gravity and metric leads to a satisfactory solution not
only of the gravitational problem, but also of that of geometry. Questions
concerning the truth of geometrical theorems and concerning the geo-
metry actually applying in space, are meaningless so long as the geometry
is dealing only with abstract ideas and not with experimental objects.
If however we add to the theorems of geometry the definition that the
length of an (infinitely short) line should be a number obtained in the
usual way by means of a rigid rod or measuring thread, then geometry
becomes a branch of physics and the above-mentioned questions acquire
a certain meaning.2848 The general theory of relativity now allows us

284a A, Einstein, Uber die spezielle und die allgemeine Relativitdtstheorie, (18t edn., Braun-
schweig 1917) p. 2.
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immediately to make a general statement: Since gravitation is
determined by the matter present, the same must then be postulated for
geometry, too. The geometry of space ts mol given a priort, but is only
determined by matter. (How this comes about in detail, will be shown
in § 56.) A similar view had already been been put forward by Riemann. 285
But at the time it could at best remain a bold scheme, for the determina-
tion of the connection between geometry and gravitation only became
possible after the metrical relationship between space and time had been
recognized.

52. The postulate of the general covariance of the physical laws

It was this postulate which gave the real impetus to the general theory
of relativity and to which the theory owes its name. It has various roots.
In the first place, arbitrarily moving reference systems are kinematically
completely equivalent. This makes it natural to assume that the equiva-
lence should also apply in dynamical and physical respects. A priors this
is of course not capable of proof, and only its success can show whether
the assumption is correct.

It is however easy to understand that it will not suffice to introduce
arbitrarily moving reference systems. As Einstein?®® showed for the example
of a rotating reference system, the time intervals and spatial distances in
non-Galilean systems cannot just be determined by means of a clock and
rigid standard measuring rod; it is necessary to abandon Kuclidean geo-
metry. We have thus no choice but to admit all conceivable coordinate
systems. The coordinates will have to be thought of as associated with the
world points in a unique and continuous manner (Gaussian coordinate
system). That such a description of the world is sufficient can be scen
from the following argument due to Einstein?®7: All physical measurements
amount to a determination of space-time coincidences; nothing apart
from these coincidences is observable. If however two point events
correspond to the same coordinates in one Gaussian coordinate system,
this must also be the case in every other Gaussian coordinate system.
We therefore have to extend tho postulate of relativity: The gemeral
physical laws have to be brought into such a form that they read the same in
every Gaussian coordinate system, i.e. they must be covariant under arbitrary
coordinate transformations.8™

This covariance is made possible by incorporating the g, into the physi-
cal laws. Mathematically speaking, the general physical laws permit
arbitrary point transformations after adjunction of the invariant quadratic
form

ds® = gikdx‘dx".

285 Cf. footnote 63, p. 34, ibid., inaugural lecture.

288 Cf, footnote 279, ¢bid.

287 Cf, footnote 279, ibid. Cf. also E. Kretschmann, Ann. Phys., Lpz., 48 (1915) 907 and
943.

287s P, Lenard, Uber das Relativitatsprinzip, Ather, Qravitation, (Leipzig 1918; 2nd edn.,
1920), see also ‘Nauheimer Discussion’, Phys. Z., 21 (1920) 666. Lenard raises doubts on
the use of coordinate systems of such generality and on the reality of the gravitational
fields which would appear in them according to Einstein’s theory. The author cannot agree
with these objections.
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In fact, every law of the special theory of relativity can be made generally
covariant by a formal introduction of the g;;, following the scheme given
in Part II, as will be shown in § 54 by means of specific examples. For
this reason Kretschmann?®® took the view that the postulate of general
covariance does not make any assertions about the physical content of
the physical laws, but only about their mathematical formulation; and
Einstein28? entirely concurred with this view. The generally covariant
formulation of the physical laws acquires a physical content only through
the principle of equivalence, in consequence of which gravitation is
described solely by the g;; and these latter are not given independently
from matter, but are themselves determined by field equations. Only for this
reason can the g, be described as physical guantities.2®® On the other hand,
as was stressed by Einstein??, the postulate of general covariance can
also be given another meaning. The differential equations of the G-field
itself have to be determined in such a way that they are as clear and
simple as possible, from the point of view of the general theory of cova-
riants. This heuristic aspect of the covariance principle has stood the test
very well (§ 56).

Attempts have been made to normalize the coordinate system somehow,
in spite of the general covariance requirement. In particular, the investi-
gations of Kretschmann?®® and Mie?®! deal with this question. However,
all suggested normalizations seem to be possible, or of practical import-
ance, only in special cases. For the general case, and for questions of
principle, the general covariance requirement is indispensable.

53. Simple deductions from the principle of equivalence

(«) T'he equations of motion of a point-mass for small velocities?*2 and weak
gravitational fields. The equation of motion (80) of a point-mass can be
simplified considerably if the velocity of the point-mass is small compared
with the light velocity, so that terms of order v2/c? can be neglected. Let
us also assume that the gravitational field is weak. This means that the g,
should differ only very slightly from their normal values

g = +1 for 1=k =1,2,3, gas = — 1

so that the squares of such deviations can be neglected. Then we have

d2xi .
rFriais c2IMyy, for 1 =1,2,3; %= ct. (389)

In addition, let us assume that the field is static or quasi-static, so that
the time derivatives, too, of the g;; can be neglected. Then I'’;; can be

188 Cf, footnote 283, p. 147, ibid.

389 A, Einstein, Ann. Phys., Lpz., 55 (1918) 241.

10 H, Weyl, Raum-Zeit-Materie (1st edn., 1918), pp. 180-181; (3rd. edn., 1919), pp. 192,
193.

191 G, Mie, Ann. Phys., Lpz., 62 (1920) 46.

192 Cf. footnote 279, p. 145, A. Einstein, tbid., § 21.
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replaced by T'; 4, or by —3} 8g,,/32%, and the equations of motion (389)
reduce to the Newtonian equations

d2xt oD
= -—, (390)
dt2 oxt
where we have put
20
Q= —3Pgu+1), gu=-1- = (391)

The additive constant, at first undetermined, in the expression for ®
is fixed in such a way that ® vanishes when g,, has its normal value —1.

It is of interest to note that this particular approximation of the equa-
tions of motion contains only g,,, even though the deviations of the
other g,; from their normal values could be of the same order of magnitude
as that of g, . It is for this reason that it is possible to describe, approxi-
mately, the gravitational field in terms of a scalar potential.

(B) The red shift of spectral lines. For the same reason, we are also able
to make a general statement regarding the influence of a gravitational
field on clocks, even before the behaviour of the G-field is known, since
such an effect is determined by g,,. A similar statement regarding the
behaviour of measuring rods can only be made when the remainder of the
;1 are known.

Let us take a reference system K which rotates relative to the Galilean
system K, with angular velocity w. A clock at rest in K will then be slowed
down the more, the farther away from the axis of rotation the clock is
situated, because of the transverse Doppler effect. This can be seen
immediately by considering the process as observed in system K,. The
time dilatation is given by

TV 0F)] | VI - (Rerr]

The observer rotating with K will not interpret this shortening of the time
as a transverse Doppler effect, since after all the clock is at rest relative
to him. But in K a gravitational field (ﬁeld of the centrifugal force)
exists with potential

® = —}jur

Thus the observer in K will come to the conclusion that the clocks will
be slowed down the more, the smaller the gravitational potential at the
particular spot. In particular, the time dilatation is given, to a first
approximation, by

-V +:2q>/02)] = T(l —2)' -2

c? T 2

Einstein?®3 applied an analogous argument to the case of uniformly
accelerated systems. We thus see that the transverse Doppler effect and

293 Cf. footnote 270, p. 143, ibid.
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the time dilatation produced by gravitation appear as two different
modes of expressing the same fact, namely that a clock will always
indicate the proper time

1

T =7 dS.
ic
In general, the time ¢ = x*/c will be different from the normal proper

time 7 of a clock at rest. For the world line element of a clock at rest is

| | (@8 = gua (2?2,
i.e. according to (157),
T T 0] At o
t = = .."’_T(l—-—-), — = ——. (392)
V(=gaa) V[l + (20/c?)] c? T c?
Equation (392) has the following physical meaning: Consider two equal,
originally synchronous, clocks at rest and let one of them be placed in a
gravitational field for a certain length of time. Afterwards they will no
longer be synchronous; the clock which had been placed in the gravi-
tational field will have lost. As mentioned by Einstein2%, this is the
basis of the explanation for the clock paradox described in § 5 [g.v.].
In the coordinate system K* in which the clock C, is permanently at rest,
a gravitational field exists during the time in which its motion is retarded,
and the observer in K* can regard this field as causing the clock C, to
lose.

Relation (392) has an important consequence which can be checked by
experiment: The transport of clocks can also be effected by means of a
light ray, if one regards the vibration process of light as a clock. For if
the gravitational field is static, the time coordinate can always be deter-
mined in such a way that the g,;, do not depend on it. Then the number of
wave-lengths of a light ray contained between two points P, and P, will
also be independent of the time. The frequency of the light ray, measured
with the given time scale, will therefore be the same at £, and P,, and thus
independent of position.2? On the other hand, the frequency measured
in terms of the proper time does depend on position. If, therefore, a
spectral line produced in the sun is observed on the earth, its frequency
will, according to (392), be shifted towards the red compared with the
corresponding terrestrial frequency. The amount of this shift will be

Av O — Dg

v c?

» (393)

where @, is the value of the gravitational potential on the earth, @
that on the surface of the sun. The numerical calculation gives

Av
— = 212 x 106, (393a)

14
corresponding to a Doppler effect of 0:63 km/sec.

294 A, Einstein, Naturwissenschaften, 6 (1918) 697.
29 M. v. Laue, Phys. Z., 21 (1920) 659, has confirmed this result by a direct calculation,
based on the wave equation of light.
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A great number of attempts have been made to investigate this relation
experimentally. Jewell2?¢ already discovered the red shift of spectral
lines of the sun, but he interpreted it as a pressure effecb. When, at a
later date, Evershed?®’ established that the shift did not agree with the
experimentally determined pressure shift, it was natural that the Einstein
effect should be used for an explanation.2?® A more accurate examination
showed however that different lines appeared to be shifted by different
amounts, so that the Einstein effect alone, at any rate, was not capable
of explaining the phenomenon in all its details. Much more suited for
checking the Einstein theory are the more recent observations on the
nitrogen band A = 3883 A (the so-called cyanogen band). For this is
distinguished by the fact that it does not show any perceptible pressure
effects. A comparison of the absorption lines of this band in the solar
spectrum with the corresponding terrestrial emission lines was first
carried out by Schwarzschild2?® and later, with greater accuracy, by St.
John?°° at the Mount-Wilson Observatory and by Evershed and Royds3.
These authors all found a considerably smaller shift of the lines than
required by the theory; in fact, St. John found practically no shift at all.
It thus seemed for a time as if the theory had been disproved by experi-
ment.392 In a scries of more recent investigations, however, Grebe and
Bachem?%3 pointed out that the measured shifts have quite different
values for different lines. They then showed by measuring the line [inten-
sities] with a Koch recording microphotometer that it is the superposition
of different lines in the solar spectrum which is the cause of this pheno-
menon, which at first appears so strange. For the unperturbed lines,
shifts were now obtained which were in agreement with the theoretical value
(393 a) within the experimental errors. It is true that only comparatively
few lines are unperturbed. Recently, however, Grebe3® found that also
the average value of the shifts of 100 perturbed and unperturbed lines of
the above-mentioned nitrogen band agrec with the theory. Perot3%4, too,
investigated this band for the red shift and found a positive result. All
the same, his result can hardly be considered conclusive, since he did not
take possible superpositions of the lines into account.

Freundlich3% tried to demonstrate the gravitational shift of spectral
lines also for the case of fixed stars. But for fixed stars it is only possible

298 T, E. Jewell, Astroph. J., 3 (1896) 89.

207 J. KEvershed, Bull. Kodaikanal Obs., 36 (1914).

2% Cf. footnote 270, p. 143, A. Einstein, ib1d.; E. Freundlich, Phys. Z., 15 (1914) 369.

209 K. Schwarzschild, S.B. preuss. Akad. Wiss., (1914) 120.

300 C, E. St. John, Astroph. J., 46 (1917) 249,

301 J, Evershed and Royds, Bull. Kodatkanal Obs., 39.

302 This discrepancy between Einstein’s theory and the above-mentioned experimental
results led Wiechert to construct a theory of gravitation which contained so many un-
determined constants that it could be fitted to arbitrary empirical values for the red shuft.
the bending of light rays and the perihelion precession of Mercury: E. Wiechert, Nachr,,
Ges. Wiss. Gottingen, (1910) 101; Astr. Nachr., No. 5054, p. 211, col. 275; Ann. Phys.,
Lpz., 63 (1920) 301.

303 1. Grebe and A. Bachem, Verh. disch. phys. Ges., 21 (1919) 454; Z. Phys., 1 (1920)
51, and 2 (1920) 415.

304 1,. Grebe, Phys. Z., 21 (1920) 662 and Z. Phys., 4 (1921) 105.

s04a A, Perot, 0.R. Acad. Sci., Paris, 171 (1920) 229.

305 E. Freundlich, Phys. Z., 16 (1915) 115; 20 (1919) 561.
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to separate the gravitational from the Doppler effect if use is made of
rather uncertain hypotheses. Freundlich’s first results have moreover
been rejected by Seeliger.30¢

Summarizing, then, we can say that the experimental results con-
cerning the red shift seem now to be in favour of the theory, but that it
has not, as yet, found final confirmation.t

(y) Fermat’s principle of least time in static gravitational fields. We
assume that we are dealing with a static gravitational field, i.e. that the
coordinate system can be chosen in such a way that all the g,;, are time
independent and that the four-dimensional line element is of the form

ds? = do? — f2de2, (394)

where do? is a positive definite quadratic form of the three space-coordi-
nate differentials and f the position-dependent light velocity. We then

have
2

gu=gaa=9gau=0 gu= - & (394a)
The existence of the first three relations in all static G-fields is a separate
hypothesis which can only be justified by means of the differential
equations of the G-field itself. For the special case of spherically symmetrical
static fields, admittedly, it can be seen a priori that the components g;4
(¢ =1, 2, 3) can always be made to vanish by suitably normalizing the
time,306a
Let us investigate in particular the path of a light ray in such a field.
According to § 51 it is determined by the condition that it should be a
geodesic null line. For this special case, the condition can be written in
the form of Fermat’s principle, as was shown by Levi-Civita3%” and Weyl3%,
To demonstrate this, let us start from the variational prineiple (83) of
§ 15,

P L Y 77 S
ok L R

The coordinates are not to be varied here at the end points of the path
of integration. If now we substitute for the g,, the values obtained from

(394), we have
1/ do \2 dt \2
L=—-—)—-f2{—]).
2((1)\) f(d)\)

306 H, v. Seeliger, Astr. Nachr., 202 (1916) col. 83; cf. E. Freundlich, bid., col. 147.

t See suppl. note 14.
306a The Italian mathematicians make a distinction between the statical case, for
which g,, = 0 for ¢ = 1, 2, 3, and the more general stationary case, for which the g,z are
only time independent, but g,,# 0. Cf. in particular A. Palatini, Atti. Ist. veneto, 78 (2)
(1919) 589, where the paths of point-masses and light rays are discussed in a general way
for the stationary case; and A. De-Zuani, Nuovo Cim. (6) 18 (1919) 5.
307 T, Levi-Civita, ‘Statica Einsteiniana’, R.C. Accad. Lincei (5) 26 (1917) 458; Nuovo
Cim. (6) 16 (1918) 105.
308 T, Weyl, Ann. Phys., Lpz., 54 (1917) 117; Raum-Zeit-Materie (1st edn., 1918) pp.
195, 196; (3rd edn., 1920) pp. 209, 210.
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In particular, for a variation of ¢, the variational principle produces the
equation

d di dt
—|f2—=) =0, 2 = t.,
A (f dA) i = o
and with a suitable normalization of the parameter A we can put

2 ==
/ o= L (395)
Next, let us change the condition for the variation as follows:
(i) Only the spatial end points of the path are to remain fixed, and the
time coordinate is to be varied at the initial and end points.
(i) The path which is varied should also be a null line (but not neces-
sarily geodesic). Because of this latter condition,

L=o, L=0

at all points along the paths, of course. On the other hand, for a variation
of the time coordinate,

s(rane—pZal 4 d fzdt)sm)\
f‘ ) lt, fd)\( alr
This exliression must therefore also vanish identically, if the path is a
null line. The condition (395) for this null line to be geodesic can thus be
replaced by
It
8t

Il
t:=8jdt=0
t

or, eliminating the time by means of the relation L=0, by

s [2 _ o (396)
7 =0 :

This is just Fermat’s principle of least time. It follows that, even when the
gravitational field is static, the light ray is mot a geodesic line in three-
dimensional space. Such a geodesic line would, after all, be characterized
by

8fda'= 0.

Only in the four-dimensional world is the world line of the light ray
geodesic. A light ray will thus be curved in a gravitational field. The
amount of curvature will however also depend on the form of do and can,
in contrast to the value of the red shift, only be determined when the
field equations of the @-field are known (§ 58 (y) ).

In an analogous way, a variational principle can also be found for the
path of a particle in & static gravitational field which no longer contains
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the time coordinate.39® But it lacks the intuitive significance of the pre-
vious case.

54. Influence of the gravitational field on material phenomena’'®

It is convenient to follow Einstein in describing everything, apart from
the G-field, as matter. The problem then consists in bringing the physical
laws governing material processes into a generally covariant form. In
principle it is solved by means of the following argument. Let a coordinate
system K, be given, in which the g,; have their normal values within a
finite world region. The physical laws will then be of a form which is
assumed to be valid in special relativity. We next introduce some other,
arbitrarily moving, Gaussian coordinate system K and determine by
straightforward calculation the form of the physical laws in K. By reason
of the principle of equivalence it is clear that in this way we have simul-
tancously shown up the influence of gravitational fields on material
processes. This result can then also be carried over to the case where no
coordinate system can be found in which the gravitational field can be
transformed away inside a finite region. Such a procedure is only possible
if one makes use of the, admittedly somewhat arbitrary, hypothesis
that the second derivatives of the g,; do not occur in the relevant physical
laws.

In a mathematical respect, the situation corresponds exactly to the
transition from the tensor calculus of Euclidean to that of Riemannian
geometry (§§ 13 and 20). Using the methods given in Part IT we can there-
fore immediately write down every law of special relativity in its general
covariant form, by replacing the tensor operations occurring there by
the corresponding generalized operations of Riemannian geometry. One
must of course be careful to distinguish between the contravariant and
covariant components of a tensor and between tensors and tensor den-
gities.

These general prescriptions will now be illustrated by taking Maxwell’s
equations for the vacuum as an example. Let us again define the field
vector F; by (202). According to § 19 (140 b), the equations (203) remain
valid in this case,

oFy oFy + oFg _o. (203)
oat  oxk  Oat

The second set of Maxwell’s equations (208) will however have to be
written in a slightly different form, because of (141b). Let us introduce
the contravariant components of the tensor denmsity corresponding to
Fie,

§tk = v/(— 9)g*t g7k Fop, (397)
as well as the tensor density corresponding to the current vector,
st = +/(—g)st. (398)

30 Cf. papers quoted in footnotes 307 and 308, p. 154.
a0 Cf, footnote 274, p. 144, A. Einstein and M. Grossmann, ibid., Part I, § 6; footnote
278, p. 145, A. Einstein, ibid., Part C; footnote 279, p. 145, A. Einstein, ibid., Part D.
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Then -w = g, (208a)

from which also follows the generalization31# of the continuity equation
(197),

a—S‘ = 0. (197a)
oxt
Just as before, the ponderomotive force is, from (216),
fi = Fucsk
and the corresponding tensor density,
fi = V(= 9)fi = Fust. (2164)

The mixed components of the energy-momentum tensor density follow
from (222) and are given by

sz = Fir 8’(‘7‘ - iFrs ?’;’351". (2223)

The generalization of (225) is of importance. From the rule (150a) of
general tensor analysis we obtain

0SS
e~ & e = — R
oo , (225a)
or =L _1ers o . _ fi.

The second term on the left-hand side is characteristic for the influence
of the gravitational field. It can be seen from the calculation carried out in
§ 23 (a) that (225a) really follows from (203), (208a) and (216) in the
general case, too.

Analogously, the equations of motion for liquids can be written down
in a generally covariant form.3! G. Nordstrom3? considered Herglotz’s
general equations for elastic media. Just as (225 a) is derived from expres-
sion (225) for the ponderomotive force, so we obtain from the general
energy—momentum law (341) the energy-momentum law of matter in the
presence of gravitational fields,

— i =0. (341a)

In its physical aspect it differs very considerably from the previous form
of the energy—momentum law. Whereas in the previous case a conserva-
tion law for the total energy and total momentum could be derived by
integrating, this is no longer possible with the new formulation (341a),

s10a An application of these equations is given by M. v. Laue, Phys. Z., 21 (1920) 659.
He shows that for the world lines of light rays ¢n vacuo (within the region of validity of
geometrical optics) Eqgs. (80) and (81) of the geodesic null line do in fact follow from them.
. Cf, footnotes 276 and 279, p. 145, A. Einstein, tbid.

312 &, Nordstrém, Versl. gewone Vergad. Akad. Amst., 25 (1916) 836.
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because of the second term on the left-hand side. It simply means that
energy and momentum can be transmitted from matter to the gravita-
tional field and vice versa (for details cf. § 61). If there are no external
forces acting, we can in particular introduce the energy-momentum tensor
0;; (given by (322) ) for Ty, and the expression

dx* dxk
poV/(— g)gta‘d— —d—

in place of T k. Egs. (341a) then reduce to those of the geodesic line.t

55. The action principles for material processes in the presence
of gravitational fields

It was first shown by Hilbert®'? that the energy-momentum tensor
is related to the action function in a simple manner. This becomes
clearly evident only in general relativity. It will be illustrated by taking
as an example the mechanical-electrodynamical action principle of § 31,
which we shall write down in Weyl’s form (231 a)

Wi= [ @FuFik - 248t + 2u0c?}d 2

j WFaFtdZ — [ deif 24idat + 2poc [ /(- guutuk)dZ; | (231b)

W1 = 0.

This action principle also remains valid in a gravitational field®!3, pro-
vided the g,, are not varied. (What has to be varied, independently, are
the world lines of particles and the field potentials ¢,.)

Something new, however, is obtained when the g,, are varied. The
world lines of the substance and the potentials ¢; can now be left constant.
Then the first integral will, according to § 23 (a), contribute an amount

- [ etogudn = — [S*oguaz,
the second will contribute zero, and the third
- jp,ou‘u"ngde' = — f@"‘b‘yde’.
Altogether, then,
SW = — [ Tksgude = + [ Tudgtkda. (399)

We thus obtain the energy tensor of maiter by varying the G-field in the action
tntegral 313 This rule holds generally, and not just in this particular case.

1 See suppl. note 15.

a3 Cf. footnote 101, p. 68, ibid. Cf. also footnote 100, p. 68, H. A. Lorentz, ibid.; foot-
note 308, p. 164, H.Weyl, Ann. Phys., Lpz., loc. cit.; and H. Weyl Raum-Zeit- Matme(lst
edn., 1918) p. 215 et aeq., § 32; (3rd edn., 1920) p. 197.
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It was proved for the case of the elastic energy tensor by Nordstrom.314
See Part V, § 64, on Mie’s theory.

This connection between the energy-momentum tensor of matter and
the action function turns out to be of extreme importance for the appli-
cations of Hamilton’s Principle in the general theory of relativity (see
§ 57). If moreover we set for 8g;, the variation 8*g,, generated by varying
the coordinate system only, for which 8W vanishes identically (§ 23),
we can make the following statement on the basis of (169): In every case
in which the field laws of material processes can be derived from an action
principle, and in which at the same time the energy tensor is obtained from
the action integral by varying the G-field in the stated manner, the energy—
momentum law (341 a) ¢s a consequence of these field laws. For making this
deduction it is essential that the contributions of the variation &* of the
material quantities of state should vanish in accordance with Hamilton’s
Principle.

56. The field equations of gravitation

The intrinsic and’ most important problem which the general theory of
relativity has to solve, consists in setting up the laws of the G-field
itself. 1t must naturally be required of these laws that they should be
generally covariant. But in order to arrive at a unique determination of
these laws, some further conditions have to be formulated. The guiding
principles for this are as follows:

(i) According to the principle of equivalence the gravitational mass is
equal to the inertial mass, i.e. it is proportional to the total energy.The
same is therefore also true of the force which acts on a material system
in a gravitational field. It is therefore natural to assume that, conversely,
it is only the total energy which determines the gravitational field pro-
duced by a material system. According to special relativity, however, the
energy density is not characterized by a scalar, but only by the 44-com-
ponent of a tensorT';;,. At the same time, momentum and stresses appear
on an equal footing with energy. We therefore formulate our assumption
in the following way:

In the field equations for gravitation, mo other material quantities than
the total energy—momentum tensor should occur.

(ii) Going beyond this, Einstein started with the hypothesis, in analogy
to the Poisson equation

AD = 4wk,
that the energy tensor T, should be proportional to a differential expression
of second order, formed from the g,;, alone. Because of the general covariance
requirement, suth an expression must evidently be a tensor, and it
therefore follows from § 17, Eq. (113), that the differential equations of
the G-field must be of the form

c1 Ry + c2 Rgu + cagu = RT 4. (400)

Here, R;;, is the contracted curvature tensor defined by (94) and R the
corresponding invariant (95). For their geometrical significance, cf. § 17.
314 Cf. footnote 312, p. 157, ibid.
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The essential features of these assumptions become evident if one makes
a comparison with Nordstrom’s theory, which can also be brought into a
generally covariant form, according to Einstein and Fokker.*%* In this
theory, only the scalar 7' = T occurs in the gravitational equations, and
is proportional to the curvature invariant R. The remaining equations,
not set up explicitly so far, have to contain the statement that it must
always be possible to write the line element in the form

ds? = ® S(dt)?

for a suitable choice of the coordinates, thus implying that the light
velocity is constant. One can see that these field equations appear quite
artificial and complicated from the point of view of the absolute differen-
tial calculus, when compared with the equations of Einstein’s theory,
in which all components of 7';;, appear on the same footing.

(iii) To fix the (as yet undetermined) constants c,, ¢y, c3 in (400) we
shall have to consider the relationship between a generally relativistic
theory and causality. Once we have found any kind of solutions of the
general covariant ficld equations, we can derive from them an arbitrary
number of other solutions by means of a different choice of coordinates.
The general solution of the field equations must therefore contain four arbitrary
functions. Hence, there must exist 4 identities between the 10 field equations
(400) for the 10 unknowns g;. In general, in a relativistic theory for m
unknowns, there must exist no more than m—4 independent equations.
The contradiction with the causality principle is only apparent, since the
many possible solutions of the field equations are only formally different.
Physically they are completely equivalent. The situation described here
was first recognized by Hilbert.?5

We have thus arrived at the postulate that there must exist four iden-
tities between the ten equations (400). Now, we know that the tensor
T, satisfies the energy-momentum law (341a) of § 54. This consists of
just four equations. It is thercfore extremely plausible to make the
following assumptions about the content of the 4 stipulated identities: The
energy—momentum law (341a), p. 167, has to be satisfied identically as a
consequence of the field equations of gravitation. It is thus at the same time
a result of the gravitational field equations and of the material field
laws.+ This postulate evidently amounts to the requirement that the
divergence of the left-hand side of (400), generalized in line with the tensor

+ See suppl. note 15.

3ue Cf., footnote 272, p. 144, ibud.
s D, Hilbert, ‘Grundlagen der Physik, I’, Nachr. Ges. Wiss. Gottingen, (1915) 395.
From a historical point of view it should be mentioned that E. Mach had
already, on the basis of relativistic considerations, arrived at the result that the number of
equations expressing the physical laws should in fact be less than the number of unknowns
(Die Geschichte und die Wurzel des Satzes von der Erhaltung der Arbeit, (Prague 1877), pp.
36 and 37; Mechanik, (Leipzig 1883)).

Furthermore it deserves mentioning that Einstein had, for a time, held the erroneous
view that one could deduce from the non-uniqueness of the solution that the gravitational
equations could not be generally covariant (see footnote 276, p. 145, ¢bid.).
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calculus for Riemannian space (see Eq. (150) ), should vanish identically.
If this operation is performed, one obtains from (182), (109) and (75),

oR
(o1 + e V(= 9) -
oxt
We must therefore have ¢, = —3c,, so that, apart from the term cy9;,
only the tensor defined by (124),
Gu = R — Yy B, (124)

occurs in (400). We shall discuss the physical significance of the last term
in (400) in § 62; for the moment we want to omit it. Its effect is extremely
small for the cases we are going to discuss now, which provides a post hoc
justification for its omission. With this proviso, the gravitational equa-
tions can therefore be written in the form

Gy = — «Ti.. (401)

See § 58 («) for the reason for the negative sign on the right-hand side.
By contraction it further follows that

R = +«T (402)
and Rix = — w(Toe — Ygu T). (401a)

This is the generally covariant form of the field equations of gravitation
which were eventually found by Einstein in the year 1915, after many
false starts.31

As was also mentioned before (in § 50, footnote (277)) the same equa-
tions were also derived by Hilbert in the same year. Whereas the
variational principle forms the starting point there, it appears as a
mathematical consequence in Einstein’s paper and in our presentation,
as will be shown in the next section.

57. Derivation of the gravitational equations from a variational
principle?!?
The fact that the tensor G, satisfies the divergence equation (182)
is, according to § 23, connected with its being derived from an invariant
integral by a variation of the G-field,

§ [ Rdz = [ Gudghda, (180)

if the variation of the field quantities vanishes at the boundary. We
have also seen in § 55 that the invariant integral [ 9t dx, which produces
the differential equations of the mechanical (elastic) and electromagnetic
fields for the variation of the material field quantities, leads to the material
energy-momentum tensor for a variation of the G-field,

8 f Mdz = [ Tudgda. (399a)

36 A, Einstein, S.B. preuss. Akad. Wiss. (1915) 844. Before that, Einstein had also assumed
R‘k = KT“": @b’l:d-, (1915) 778.
317 Cf. papers quoted in § 23, footnotes 100 to 104, p. 68.
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These two relations prompt us to combine all physical laws into a single
action principle

8 [ Wz = o, (403)

W =R+ «M. (404)

Here the variations of the field quantities have to vanish at the boundary
of the region of integration. This action function has the distinctive pro-
perty that it can be split into two parts, of which the one is independent
of the material quantities of state, the other independent of the deriva-
tives of the g,;. (See Part V on more general action functions, which do
not have this property.)t

The action principle (403) also summarizes concisely, according to
§§ 55, 56, the relations between the field equations of material processes
and gravitation: From either follows the energy-momentum law (341a)
(§ 54). Eq. (184) of § 23, on the other hand, gives us the energy-momen-
tum law in a different form. If we put

1
ik = — —Uk, (405)
K

where the U* are defined by (183) and (185), we obtain, from (184)
and (401),

AT+ tF)

406
Py (406)

By virtue of their derivation, these equations are generally covariant,
although the quantities ¢, only transform like tensor components under
linear transformations. In contrast to the form (341a) of the energy-
momentum law, conservation laws for the energy and momentum can be
derived from (4086) in infegral form. Einstein®® therefore calls the quantities
t;* the energy—momentum components of the gravitational field and considers
them as equivalent in certain respects to the energy-momentum com-
ponents T'* of matter. See § 61 on the other physical consequences of
this view.

Finally, the action principle (403) is also of practical value for the
integration of the field equations in special cases. One can avoid, on
occasion, having to refer back to the general differential equations. This
permits a considerable shortening of the calculations. For details, see

§ 58 (B).

58. Comparison with experiment

(x) Newtonian theory as a first approximation.*® We have seen in § 53(«)
that for weak quasi-static gravitational fields the equations of motion

1 See suppl. note 8.
38 Cf. footnote 277, p. 145, ibid., p. 778; footnote 279, p. 145, ibid., Part C, § 15 et seq.;
footnote 102, p.68, sbid., § 3.
319 See A. Einstein (cf. footnote 278, p. 145, ibid., and footnote 279, p. 145, ibid., Part E,
§ 21).
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reduce to the Newtonian ones. To complete the proof that Newtonian
is contained in relativistic theory as a limiting case, it still remains to be
shown that the scalar potential (391) satisfies the Poisson equation

A® = dnkyo (407a)

for the above special case. For this purpose we form the 44-component
of equation (40la). For T, we can introduce the kinetic energy—
momentum tensor u,%;uy. If quantities of order u/c are neglected, all
components of 7';x can evidently be put equal to zero, with the exception
of T'y, . The latter becomes

T44 = ;l.{)c2

and from this we obtain
T =gkTy = g*4Tay = — poc2.
Equation (401a) then becomes, first of all,
Ryy = — Juuoc2. (408a)

The value of Ry, has to be obtained from (94). Since the time derivatives
and products of the I'‘;; are neglected, this becomes simply

o2y,
Ru= -2,
“ ox*
1 0g4a
and si Dyg >~ Toag ~ —— ,
since 44 @44 2 o
1 02944 Ad
Ry = + EZ o0 = }Aga = — R (408D)

@

the last equation following from (391). If we now substitute this in
(408 a), we obtain
AD = Luctpo. (407Db)

Thus Poisson’s equation is in fact valid. It constitutes a great achievement
of the principle of general relativity that it leads to Newton’s law of
gravitation purely on the basis of the quite general postulates of § 56,
without any further hypotheses. Moreover, we are now in a position to
make some statement on the meaning and numerical value of the constant
«. For it follows from a comparison of (407 a) and (407 b) that

k = —8—"—6-7 x 10-8 = 1-87 x 1027 cm g1 (409)
c2 c2

At the same time it is seen that « is positive, thus justifying the use of a
negative sign on the right-hand side of (401). The general theory of
relativity, therefore, does not provide a physical interpretation for the
sign (gravitational attraction, and not repulsion) and numerical value of
the gravitational constant, but takes these data from experiment,320

320 The reason for writing xc? in (409) in place of « (as is done by most other authors) is that
T .4 has, by definition, the dimensions of an energy density in our notation, whereas it has
those of a mass density in theirs,

M

K2 =
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(B) Rigorous solution for the gravitational field of a point-mass. For the
determination of the perihelion precession of Mercury and the bending
of light rays one must calculate not only g, for the field of a point-
mass, but also the other g,,, and g, to the next-higher order of
accuracy. As early as 1915, Einstein3?! solved this problem by a
method of successive approximations. Schwarzschild?22 was the first, and
after him independently Droste323, to derive a rigorous solution for
the G-field of a particle. The perihelion precession and bending of light
follow in practically the same way as with Einstein. Considerable mathe-
matical simplifications were achieved in a paper by Weyl324, who intro-
duced Cartesian instead of polar coordinates and reverted to the action
principle instead of the general differential equations of the G-field.

Since the field of a particle is static and spherically symmetric, the
square of the line element can be written in the form

ds? = y[(dx1)? + (da?)? + (d23)2] +
+ l(xt da! + x2da? + 23dad)2 + gaa(da?)?,
where p,l and g, are functions of r = 4/ [(x1)94—(x2)2+(x3)2] alone.

This however does not yet specify the coordinate system uniquely.
For, in a transformation

(410)

pi oMo (411)
r

[and thus ' = 4/[(x'1)2 + (x'2)2 + ('3)2] = f(r)]

which contains the arbitrary function f(r), the square of the line element
retains the form (410). This enables us to normalize the coordinates
still further. Two ways of normalizing, in particular, have often proved
convenient:

(@) y=1:
ds? = (deL)2 + (da?)? + (dod)? + Ul + a2 da? + 2B dad)? + gua(dard)?;
410
) I=0: (£10a)
ds? = y[(dat)? + (da2)? + (dad)2] + gaa(dat)e. (410b)

Let us carry out the integration of the field equations in the coordinate
system in which the square of the line element is of the form (410a).
In the space external to the mass, which alone need be considered here,
the field equations are simply

Ry = 0, (412)
from (401a). By calculation from (410a), and introducing the abbrevia-
tions

R2=1+1U  4=+(-9)=hv(-gu) (413)

321 Cf, footnote 278, p. 145, <bid.

322 K, Schwarzschild, S.B. preuss. Akad. Wiss. (1916) 189.

328 J, Droste, Versl. gewone Vergad. Akad. Amst., 25 (1916) 163.

324 H. Weyl, Ann. Phys., Lpz., 54 (1917) 117; Raum-Zeit-Materie (1st edn., 1918), p. 199
et seg.; (3rd edn., 1920), p. 217 et seq.
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the components R, of the curvature tensor can now be expressed in our
case as follows,

ik .
B = [Ruloét + (Bu] - (Ru)——,  forik =123, (14)
4 1d /g 24
Bl = 5—s o (2) 25
r2g4 2dr\ 4 rd
1 d /rgu 1
Rp]l= ———— | = —, 415
) = - () -2 L ()
R44=_¥__l_i(r2g'44).
r242dr\ 4

It is seen that [R,,] and [R,,] are, respectively, the values of R,, and of
Ry, and Ry, at the point 2! = r, %2 = 2 = 0. These values of R;; have now
to be substituted in (412). We then obtain from the first and third equa-
tions of (415) that

4 =0, 4 = const.

We next impose the condition that at infinity the g, have their normal
values. It is this condition which in fact defines the problem (cf. § 62)
in the first place. It then follows that

4=1 (416)

and from the second equation (415),
2m
gaa = — 14—, (417)
r
where m is an integration constant. By a comparison with the Newtonian
potential @, (391), it is seen that this constant m is connected with the
mass M of the point-mass generating the field, by means of the formula

kM
m = —— (418)

c2
Since m has the dimensions of a length, we call this quantity the gravi-
tational radius of the mass. It is easy to convince oneself that all the field
equations are actually satisfied by (416) and (417).
According to Weyl one can avoid having to calculate the curvature
components (415) by making use of the variational principle (403).
Because of (177), this latter may also be written in the form

8 [Gdz =0 (419)

for matter-free space. In our case we need introduce neither the time nor
the coordinates 21, x2, 3 separately, but can consider G to be a function
of r alone. After evaluation,

2lr 1 24’
- — A, —_ ( — 1) e
72 h2 r
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so that (419) is of the form

1
Sf(ﬁ—l)m dr =0 (420)
because

dx = 4mr2dr.
Varying h, we obtain 4’ = 0, 4 = const.; varying 4,

d /1 1
__(_- - l)r =0, (—- - l)r = const.,
h2

which again results in the field (416), (417), because of the definition
(413) of 4.

It follows from (413) that the square of the line element is of the form

ds? = (dz1)2 + (da2)? + (daP)2 + (421a)

2 2
——-—-—m———(wldxl + 22dx? 4 a3da3)? — (l - —{n—)(dx‘l)z.
r%(r — 2m) r

The first part of this expression, which refers to three-dimensional space,
can be visualized in the following way, according to Flamm.3?® On each
plane passing through the origin (e.g. 3 = 0) the geometry is the same as
in the Euclidean space on the fourth-order surface
z = +/[8m(r — 2m)]

which is generated by the rotation of the parabola

22 = 8m(x! — 2m), ¥ =0
about the z-axis. In fact, on this plane

2m
ds? = (dal)? + (dx?)? + ———(2ldal + 22da?)?
r2(r — 2m)
= (dx")? + (dx2)2 + (d2)2.

For r = 2m the coordinate system becomes singular.

The second normalized form (410 b) is obtained from (411) by using the
transformation

m \2 r

" (1 * —‘) v, wt=—at (=123 (422)
2r' r

Then

1 — (m/2r)

m 4
ds? = (1 + _) [(da)? + (da)? + (da3)%] ~ [‘IT(?E/?S

2
] (dxt)2. (421D)
This coordinate system extends to r = m/2.
(y) Perihelion precession of Mercury and the bending of light rays. We
now come to the calculation of the paths of point-mass and light rays in the

315 1. Flamm, Phys. Z., 17 (1916) 448.



58. Comparison with experiment 167

gravitational field (421). They are geodesic lines in the four-dimensional
world, determined by the variational principle

sjd.s=o (81)

or by the differential equations (80). From the latter we obtain by a simple
calculation
A2l d2x®  d%a3
dr2 " d2 " dr?

For the path of the point-mass, r denotes the proper time, for that of the
light ray an arbitrary parameter for which the differential equation
(395) is satisfied. We can first of all deduce that the paths of point-mass
and light ray lie in a plane; secondly, by taking 3 perpendicular to
this plane and introducing polar coordinates

= al:22: a3 (423)

2l = rcosg 22 = rsing, (424)
the law of areas

dgp
: 72— = const. = B (425)
T

is seen to be valid. On the other hand, it follows from (81) by varying the

time, as in § 53 (y), that
dat
J44 —— = const.
dr

If we square this equation and eliminate dx*/dr by using the relations

dxt dxk .
——— e————— == c
gik dr dr

for the case of a point-mass, and

dxt dxk 0
)it —— —— =
I dr

for the case of the light ray, we obtain for the first case

dr\2 do\?  2mc? do\ 2
( '“) +r2(_"’) - —2mr(—"’) = const. = 26 (426a)
dr dr r dr

and for the second

dr\2 2 do \2
(ﬁ;) +r‘3(‘%) —-2mr(£) = const. (426 b)

It is clear that (426 a) contains the energy conservation law. Both equa-
tions differ from the Newtonian equations only by their last term. If,
next, we introduce ¢ as independent variable in place of =, we obtain,
with the help of (425),

1 dr\2 17 2me 2mB?
[ (l) }__’fc___._._m — 9F, (427a)
de

r

1 dr)z 1 2m ¢ 1 (427D)
F(dqp TR e g
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These equations completely determine the required paths. The last
term on the left-hand side of (427a) produces a displacement of the
perihelion of planetary orbits in the direction of the planet’s orbital
motion which is of magnitude

6mm
7T = —
a(l — e?)

(@ = semi-major axis, e = eccentricity).

per revolution (428a)

Because of (418) and Kepler’s third law,

4723 R .
= kM = mc?, (T' = period)
this can also be written
2473 a2
e p————— (428 D)
c2T2(1 — e?)

There remains to be discussed equation (427b) for the light ray. If
the last term on the left-hand side were not present, the light ray would
be a straight line, at a distance 4 from the origin. The perturbation term
produces a curvature of the light ray, concave towards the mass centre,
which leads to a total deflection through an angle

m (429)
£ = T 2
where now 4 denotes the distance of the origin from the asymptotic
directions of the path. This method for calculating the bending of light
rays is due to Flamm328, Einstein’s3%” calculation was based on Huy-
ghen’s principle and leads to the same result, as it should, according to
§ 53 (7).

The two consequences of Einstein’s theory of gravitation developed
here both admit of a check by experiment. As for the perihelion preces-
sion, given by (428), this is only of measurable size in the case of Mercury,
where conditions are particularly favourable because of its small distance
from the sun and the large eccentricity of its orbit. The theoretical value
of the precession is

An = 42-89", edr = 882" per century.328

It has been known to astronomers since Leverrier’s32® time that a remain
der is present in the perihelion precession of Mercury, which cannot be
caused by perturbations due to the other planets. According to the
renewed calculation by Newcomb33? it is of magnitude

Adn = 41-24"' 4+ 2-09" edmr = 8:48'' +0-43".

328 Cf. footnote 325, p. 166, bid.

327 Cf. footnote 278, p. 145, ibid., and footnote 279, p. 145, tbid., § 22.

328 Cf. numerical table in Enzykl. math. Wiss., VI 2, 17 (J. Bauschinger), p. 887.
329 . J. Leverrier, Ann. Obs. Paris, 5 (1859).

330 §. Newcomb, Astr. pap., Washington, 6 (1898) 108.
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The theoretical value thus falls within Newcomb’s limits of accuracy.
To what extent Newcomb’s value itself can be regarded as reliable (or
falsified by errors in the calculation, as claimed by some astronomers)
will be discussed by F. Kottler in Article VI 2, 22 of the Enzykl. math.
Wiss. That article will have to treat in detail effects of a non-relativistic
nature acting on the perihelion of Mercury, such as spheroidal shape of
the sun, rotation of the empirical with respect to the inertial system, non-
planetary perturbing masses, in particular that of the zodiacal light
(Seeliger33%s). Compared with Seeliger’s explanation, Einstein’s has at
least the advantage that no arbitrary parameters are needed. Thus, even
if the degree of numerical agreement cannot as yet be estimated with
certainty, the agreement of Einstein’s and Newcomb’s values constitutes,
at any rate, a great success.

Recently, an earlier attempt by P. Gerber33! has been discussed which
tries to explain the perihelion advance of Mercury with the help of the
finite velocity of propagation of gravitation, but which must be considered
completely unsuccessful from a theoretical point of view. For while it
leads admittedly to the correct formula (428)—though on the basis of
false deductions—it must be stressed that, even so, only the numerical
factor was new.

The theory of relativity has received a still more definitive confirma-
tion than for the perihelion of Mercury for the case of the deflection of
light rays. For, according to (429), a light ray passing the edge of the
sun suffers a deviation of

& = 175",

This can be checked by observing fixed stars near the sun during total
eclipses of the sun. The expeditions dispatched to Brazil and the island
of Principe on the occasion of the total eclipse of the sun on 29 May,
1919 found that the effect which had been predicted by Einstein did in
fact exist.332 Quantitatively, too, the agreement is a good one. The first-
mentioned expedition found that the mean stellar deflection, extrapolated
to the surface of the sun, was 1-98"' +0-12"”, the second, 1-61’' + 0-30".
Cf. Kottler’s article in the Enzykl. math. Wiss., VI 2, 22, for the extrapo-
lation methods used for obtaining these numerical results.

The value originally calculated by Einstein (cf. § 50) on the basis of
Newtonian theory for a particle moving with the velocity of light, was
shown to be incompatible with the observations.t

8302 H. v. Seeliger, S.B. bayer. Akad. Wiss., 36 (1906) 595.
331 P. Gerber, Z. Math. Phys., 43 (1898) 93; Jber. Real-Progymnasium Stargard (1902).
Reprinted in Ann. Phys., Lpz., 52 (1917) 416; discussion: H. v. Seeliger, Ann. Phys., Lpz.,
53 (1917) 31; 54 (1917) 38; 8. Oppenheim, tbid., 53 (1917) 163; M. v. Laue, ibid., 53 (1917)
214; Naturwissenschaften, 8 (1920) 735. Cf. Also J. Zenneck, Enzykl. math. Wiss., V 2,
§ 24, and 8. Oppenheim, bid., VI 2, 22, § 31 (b).
32 F. W. Dyson, A. 8. Eddington and C. Davidson, ‘A determination of the deflection of
light by the sun’s gravitational field, from observations made at the total eclipse of 29
May, 1919.’ Phil. Trans. A, 220 (1920) 291.

1 See suppl. note 16.
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59. Other special, rigorous, solutions for the statical case

The field (421) for a point-mass becomes singular for r = 2m and r =
m|2, respectively, and it is therefore of theoretical interest to investigate
how the G-field is continued into the interior of the mags. For this, it will
be necessary to make certain assumptions about the physical properties of
the mass which generates the field, since otherwise the energy tensor T';;
is undetermined. The simplest assumption is that of an incompressible
liquid sphere. For this case, Schwarzschild®?® performed the integration
of the field equations, and the calculation was simplified by Weyl334, The
energy tensor is, according to (362), given by

, b
T = (,uo+;5) WUk + PPtk

since wo = const., P = p/ug. The boundary conditions of the theory of
elasticity demand the continuity of all the g, and the vanishing of the
pressure p on the surface of the sphere. When this is taken into account,
the field is uniquely determined. For the external region (where » > 7o,
ro = radius of the sphere) we obtain the same field as for a point-mass.
The gravitational radius m is then

m= — . (430)

For the interior of the sphere, however, we obtain the following rela-
tions, if we write the square of the line element in the normalized form
(410 a) and assign the same meaning to & as in (413),

1 1 2m . A ) 3h— hg
s =1—=—7r% - = )
gaa g

72 red
(ho = values of k on the surface).

b= 7 (431)

The square of the line element in the interior of the sphere thus becomes

(2t dal + 22da? + 23da3)?
ds? = (dx))2 + (da®)? + (da3)? + —— -
a?—r
e ho 2 (432)
- ( > ) (dx4)2:
2hho
where a=r A/ (5:97[) (433)

ro must be > 2m, in order that the line element should remain regular
outside the sphere. As a comparison with (122) shows, the geometry of
the three-dimensional space inside the liquid sphere has a positive
constant curvature (spherical or elliptic); ¢ has the meaning of a radius of
curvature. Bauer33 has worked on the calculation of the G-field of
compressible liquid spheres.

333 K. Schwarzschild, S.B. preuss. Akad. Wiss. (1916) 424.
31 H, Weyl, Raum-Zeit-Materie (1st edn., 1918), p. 208; (3rd edn., 1920), p. 225.
334a [, Bauer, S.B. Akad. Wiss. Wien, Abt. I1a, 127 (1918) 2141.
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A further problem which admits of a rigorous solution is that of the
field of an electrically charged sphere. In connection with the enquiry
into the nature of the electron, it is of interest to investigate to what
extent the electrostatic field of a charged sphere is influenced by its
gravitational field and, conversely, to what extent a gravitational field is
produced by the electrostatic energy. This problem was first solved by
Reissner33 and later by Weyl33¢, who started from an action principle.
It is seen that the electrostatic potential ¢ is exactly equal to the Coulomb
potential

e
9 =1 (434)
r

if we use ordinary c.g.s. and not Heaviside units. The G-field in the nor-
malized form (410a) is however no longer determined by (416), (417),
but by
; 1 ; 2m e?
yi| , gaa T ; + e
The last term is the gravitational field produced by the electrostatic
energy. Only at distances of the order of @ = xe?/m = e?/Mc? is this
term comparable with the Newtonian term 2m/r. For the electron,
a ~ 10713 c¢cm, which was called the ‘“electron radius” in the earlier
theories. The gravitational attraction exerted by an electron on another
electron or on a charge element of its own is however always very much
smaller than the electrostatic Coulomb repulsion—their ratio is

% ~ 10-40

e2

(435)

—=s0 that the electron can under no circumstances be held in equilibrium
by the gravitational field (435) balancing its own repulsive forces.
Levi-Civita®3? also investigated the gravitational field produced by a
homogeneous electric or magnetic field. If 23 is taken in the direction of a
magnetic field of intensity ¥, the square of the line element is of the form

(@l dal + 22 da?)?
@ — 12 -

2® 2®\12
- [clexp (———) + c2 exp(—- - )] (dx1)2,
a

where r = 4/[(2')24(2?)?], ¢,, ¢, are constants, a = c¢?| VEF. The space
is cylindrically symmetric about the direction of the field, and on each
plane perpendicular to the field direction the same geometry holds as in
Euclidean space on a sphere of radius a. The radius of curvature a is

de? = (da)? + (da?)? + (d)? +

(436)

335 H. Reissner, Ann. Phys., Lpz., 50 (1916) 106.

338 Cf. footnote 324, p. 164, Ann. Phys., Lpz., loc. cit.; and Raum-Zeit-Materie (1st edn.,
1918), p. 207; (3rd edn., 1920), p. 223.

337 T, Levi-Civita, ‘Realtd fisica di alcuni spazi normali del Bianchi’, B.C. Accad. Linces
(6) 26 (1917), p. 519.
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extremely large for fields of normal size, e.g. for F = 25,000 gauss,
a = 1:56x10% km.

Weyl338 and, in a series of papers, Levi-Civita33® have also derived
general solutions for arbitrary cylindrically symmetric charged and un-
charged mass distributions. The G-field itself is then cylindrically sym-
metric and static. Corresponding to the non-linear character of the
differential equations, g4, does not behave additively in the masses.

60. Einstein’s general approximative solution and its applications

So far, it has only been possible to derive rigorous solutions of the
gravitational field equations for the static case. It is therefore of great
importance that Einstein340 has indicated a method by which the G-field
for masses moving with arbitrary velocities can be determined approxi-
mately, provided the masses are sufficiently small. For in this case, the
g4, differ only slightly from their normal values so that the squares of
these deviations can be neglected. Also, only the linear part of the differ-
ential equations (401) of the gravitational field need be retained, so that
they can be mtegrated very easﬂy

Let us again introduce the imaginary time coordinate x* = ict so that
we can put

gix = 8 + i (437)
Because of g,,g** = 8 it follows that )
g* = 8% — yu, (437a)

apart from higher-order terms. It is to be noted here that the quantities
., POssess a tensor character only with regard to Lorentz transformations.
Corresponding to expression (94) for the contracted curvature tensor, the
field equations (401) are, to the desired approximation, of the form

02y + Z [ Py Pyia  Pyra ( 2y 0%y,5 ) R k]
wtont | Ly l(0f ocborr owioar  \(02)2 dnoxb )

(438)

= — 2«T'g,

where the abbreviation
Y = XVaa (439)
o

is used. For simplification, let us next introduce the quantities

Yk = yu — 30y (440)

338 Cf, footnote 324, p. 164, Ann. Phys., Lpz., loc. cit.; supplementary paper, ibid., 59 (1919)
185.

339 T, Levi-Civita, ‘ds® einsteiniani in campi newtoniani I-I1X’, R.C. Accad. Linces (5),
26 (1917); 27 (1918); 28 (1919). The general form of the differential equations of the G-field
for the statical case is given by Levi-Civita in his “Statica Einsteiniana’ (Cf. footnote
307, p. 154, ibid.).

340 A, Einstein, S.B. preuss. Akad. Wiss. (1916) 688.
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with the corresponding inverse equations for the unprimed quantities,

yic = v'ee — $3ky, (440a)

Y =3V = —7 (439a)
a

We then obtain from (438),

e e i s
sk S Vet | _ _gury. (a8
Z [(aaa°=)2 ok an  datoas | O Z o ax#] «Tu. (4383)

These equations can be considerably simplified still further by normalizing
the coordinate system in a suitable way. For the coordinate system itself
is only determined to within quantities of the order of the y,; , by the
condition that the g,, should differ only slightly from their normal values.
We can thus choose, in particular, the coordinates in such a way that the
following equations hold in the normalized system,

a’)"ia _
Z o = 0. (441)

Hilbert34! has given the mathematical proof that, for arbitrarily prescribed
values of the y';; in the original system, a coordinate system can always
be found such that the new coordinate values differ from the old only by
quantities of the order of the y';;, and such that condition (441) is satis-
fied. There are exactly four functions available for satisfying the four
equations (441).

Evidently the differential equations (438 a) will then simply reduce to

' = — 2«Tg, (442)

where we have written' [Jy’;; for £8%";,/(32%)2, as in the special theory

of relativity. The integration can be carried out in the well-known
manner, by means of retarded potentials,

T —) —a -’t - -y g
Yz, 2, t) = _._2'; f wls 4 2t — (r/e)] dzdijdz. (443)
r

Because of the energy conservation law (341a), p. 157, Eq. (441) is also
satisfied to the required accuracy.

It can be seen from (443) that the gravitational effects are propagated
with the velocity of light, just as electromagnetic disturbances. The
shape of the gravitational waves in empty space follows from (441),
(442), if we put T';; = 0. In particular, for a plane wave

x
Yik = Qi €Xp iv(t - ;)] (444)

341 Cf. footnote 99, p, 63, ibid.
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propagated along the 2l-axis, it follows from (441) that

ags = — i1, (445)

so that (442) is identically satisfied. Einstein2 moreover showed that,
for a suitable choice of the coordinates, also

an =ap =a;g=0, ax= —ags. (446)

(See the following section on the emission and absorption of gravitational
waves.)t
For the field of a point-mass at rest, (443) results in

4m
Yu=—-— all other }"ik = 0,
r

2m 2m
so that M= - YH=YR=YRS + -

These are just the first-order quantities of the field (421 b). In addition,
the calculation of the field of n moving particles can be carried out with-
out any trouble.343 The main result is that the deviations of their motions
from the laws of Newtonian mechanics are only of second order in v/c, as
required by experiment.

A deviation from Newtonian mechanics is also produced in the following
circumstances. The relativistic theory of gravitation is in agreement
with Newtonian theory in that the gravitational field of a sphere at rest
is the same as the field of a point-mass. This, however, is not true for a
rotating sphere. Thirring and Lense34 applied Einstein’s formulae to this
case and calculated the corresponding perturbations of the planetary
orbits and the orbit of the moon, caused by the spin of the central bodies.
All such perturbations are probably too small to be observable. De
Sitter34s gives a general discussion of the deviations from classical mecha-
nics, to be expected from Einstein’s theory, in the perturbations
of the planetary orbits and the orbit of the moon. Apart from the peri-
helion advance of Mercury, there exists no deviation which would be
experimentally observable.

The most important application of Einstein’s approximate solution
(443), however, is Thirring’s*® investigation on the relativity of the centri-
fugal force. Since, in general relativity, processes can also be referred to
a system which rotates relative to a Galilean reference system, one should
be able to regard the centrifugal force also as a gravitational effect due
to the relative rotation of the fixed-star masses. It might be thought that

32 A, Einstein, ‘Uber die Gravitationswellen’, S.B. preuss. Akad. Wiss. (1918) 154.
1 See suppl. note 17.
343 This is given by J. Droste, Proc. Acad. Sci. Amat., 19 (1916) 447, using an integration
method which differs slightly from Einstein's.
34 H, Thirring and J. Lense, Phys. Z., 19 (1918) 156.
35 W, de Sitter, Mon. Not. R. Astr. Sac., 76 (1016) 699 and 77 (1916) 155. Cf. also de Sitter’s
paper ‘Planetary motion and the motion of the moon according to Einstein’s theory’,
Proc. Acad. Sci. Amest., 19 (1916) 367.
us H, Thiiring, Phys. Z., 19 (1918) 33. Cf. also the supplementary paper, Phys. Z., 22
1921) 29.
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the possibility of such a viewpoint in general relativity was already
guaranteed by the general covariance of the field equations. It will be
discussed in detail in § 62 that this is not so, because the boundary con-
ditions at infinity play an essential réle in this case. Thirring, therefore,
did not set himself the problem to prove the full equivalence of the relative
rotation of all the fixed stars to a rotation of the reference system relative
to a Galilean system. Instead, he modified the question in such a way that
the difficulty of fixing the boundary conditions was eliminated.

Let us consider a rotating spherical shell which is present in an inertial
system of Newton’s gravitational theory, in addition to the very distant
fixed stars which are at rest (or in rectilinear uniform motion, with very
small velocities). From a relativistic point of view it is clear that centri-
fugal and Coriolis forces will appear inside the shell when the mass of the
shell becomes comparable to that of the fixed-star system. According to
the principle of continuity, we shall have to assume that such forces,
however small, are also present when the mass of the shell is small. But in
this latter case we are justified in applying formulae (443) directly,
because the g;;, will'evidently deviate from their normal values only very
slightly. The calculation now shows that a point-mass inside the shell
is indeed subjected to accelerations which are perfectly analogous to the
Coriolis- and centrifugal accelerations of classical mechanics. If w is
the angular velocity vector, r the perpendicular from the axis of rotation
to the particle, v its velocity, then these accelerations are, of course,

not exactly equal to
20 AV + w?r,

as would be the case in classical mechanics for a reference system rotating
with angular velocity w relative to the inertial system; but these two
terms would have to be multiplied by coefficients of the order of magnitude
of the ratio of the gravitational radius of the shell, m = kM/c?, to its
radius a. Since this ratio is quite minute for all masses obtainable in
practice, there is no hope of verifying experimentally this decisive and
important result; and we can understand the reason for the negative
result of Newton’s primitive experiment with the rotating pail, and of the
improved experiment by B. and T. Friedlander3?, which attempted to
demonstrate the presence of centrifugal forces inside a heavy rotating
flywheel.

61. The energy of the gravitational field

We have already seen in § 54 that, in the presence of a gravitational
field, the differential equations for the material energy tensor are not

0T

=, 341
P (341)
as in special relativity, but are of the form
o0xk 09rs
— - 33 =0, 34la
oxk L oxt ( )

347 B. and T. Friedlander, Absolute und relative Bewegung (Berlin 1898).
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so that we cannot derive from them the conservation laws

f Tidal da2dad® = const.

for a closed system. In § 57 we showed however that, in view of the gravi-

tational field equations (401), the energy-momentum law (341 a) leads
to the system of equations

(T + k)

oxk B

0, (406)

where ¢;* are the quantities defined by (405), (183) and (185). From these
equations we can obtain, once more, conservation laws for a closed
system

Ji = f(Zi“ + ti4)dxldx2dad = const. (447)

For this reason, Einstein calls the ¢;* the energy components of the gravi-
tational field and J,; the total momentum and energy of the closed system
(cf. § 57).

On closer inspection, however, great difficulties become apparent,
which oppose this point of view at first sight. In the final analysis, they
are due to the fact that the ¢;; do not form a tensor. Since these quantities
do not depend on derivatives of the g,; higher than the first, we can con-
clude immediately that they can be made to vanish at an arbitrarily
prescribed world point for a suitable choice of the coordinate system
(geodesic reference system).

But we can go still further: Schrodinger34® found that all the energy
components vanish identically for the field (421 a) of a point-mass which
represents, at the same time, the field outside a liquid sphere. This result
can also be extended to the case of the field (435) of a charged sphere. On
the other hand, Bauer®$® showed that by simply introducing polar
coordinates in the Euclidean line element of special relativity the energy
components are found to have values different from zero, in fact the total
energy becomes infinite! Also, the ¢, are certainly not symmetrical, and
the energy density —t,*is not everywhere positive. In the earlier field
theories of gravitation already, it was the sign of the energy density
of the gravitational field which had always led to difficulties,34%

In spite of these difficulties it would, on physical grounds, be hard to
abandon the requirement that an analogue to the energy- and momentum-
integrals of Newtonian theory should exist. Lorentz3° and Levi-Civita35!
made the suggestion to denote as energy components of the gravitational

348 E. Schrodinger, Phys. Z., 19 (1918) 4.

39 H. Bauer, Phys. Z., 19 (1918) 163.

39 Cf. e.g. footnote 272, p. 144, M. Abraham, ibid., p. 570.

350 Cf., footnote 100, p. 68, tbid., 25.

31 T, Levi-Civita, B.C. Accad. Lincei (6) 26 (1917) 1st part, p. 381,
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field, not the quantities ¢;;, but (1/x) Gy;. For, from (401),

1
Tiw+-Gu=0
K

0

so that P (flft"’ + -(f)t")

But Einstein332 quite rightly raised the objection that, with this
definition of the gravitational energy, the total energy of a closed system
would always be zero, and that the maintenance of this value of the energy
does not require the continued existence of the system in some form or
other. The usual kind of conclusions could not then be drawn from the
conservation laws. In a rejoinder to Schrodinger’s paper, Einstein®3 was
further able to show that the #,, certainly do not vanish everywhere
for interactions between several masses.

A final clarification was eventually brought about in Einstein’s paper
‘Der Energiesatz in der allgemeinen Relativitatstheorie’3® (‘The energy
conservation law ire the general theory of relativity’). In this he proved
that the expressions (447) for the total energy and momentum of a closed
system are, to a large extent, independent of the coordinate system,
although the localization of the energy will in general be completely
different for different coordinate systems. The proof was later completed
by Klein®* (cf. § 21). According to this, one cannot assign any physical
meaning to the values of the £,% themselves, i.e. it is impossible to carry out
a localization of energy and momentum in a gravitational field in a gener-
ally covariant and physically satisfactory way. But the integral expres-
sions (447) have a definite physical meaning. The physical significance of
equation (406) merely rests in the fact that it allows us to calculate the
change in the material energy of a closed system in a simple fashion.

It ie very simple to prove the invariance of the quantities J,, defined
by (447), for certain coordinate transformations, which will be dis-
cussed below. Let a bounded closed system be given. Outside a certain
region B of it, the line element is to be that of special relativity (Galilean
coordinate system). Let us first consider only such coordinates K which
coincide with a Galilean coordinate system outside B. Thus polar coordi-
nates, e.g., are excluded. Then the integrand of (447) will vanish outside
the world canal B and all the assumptions of § 21 are satisfied. From what
was said there, it follows that, first, the values of the energy and momen-
tum integrals are independent of the choice of coordinates inside B,
provided only the coordinates go over into a Galilean system outside
B in a continuous manner. And secondly: The quantities J; behave under
linear coordinate transformations—thus implying changes in the co-
ordinate values also outside B—like the covariant components of a vector.

(See the next section on an analogous invariance theorem for the spatially
bounded world.)

382 Cf. footnote 342, , tbid., § 6.
383 A. Einstein, Phys. Z., 19 (1918) 115.
3¢ A. Einstein, S.B. preuss. Akad. Wiss. (1918) 448; see also footnote 94, p. 54, F. Klein, ibid.
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We still have to discuss the question, whether the quantities ¢ are
uniquely determined by the equations (406), i.e. whether we could not
find quantities w/, other than the ¢ defined by (405), (183) and (185),
which would identically satisfy the system of equations (406) as a result
of the field equations (401). As was first shown by Lorentz35, and also
stressed by Klein3%, this is indeed the case, as soon as the w;* are allowed
to contain also second derivatives of the g,; . No physical arguments can
be used against such a possibility. Different values for the total energy
will naturally be obtained, depending on whether they are based on
Einstein’s t;* or Lorentz’s wk.

Einstein3% uses Eq. (406) for an important application to the case
of the emission and absorption of gravitational waves, of which the field
was discussed in § 60. If in a material system oscillations or other mo-
tions occur, it follows from the theory that the system will radiate waves:
such a radiation is determined by the third time-derivatives of its moments
of inertia,

Dy = f poxiak delda?dad  (i,k = 1,2,3). (448)

The energy current of the radiated wave along the z'-axis is given by

k Doy — D.
S [( 22 33

2
= 2 ¢
— () + D] ()
(k = usual gravitational constant)
and the total energy radiated in all directions per unit time is

dE k

i *IT);;[ 2 Dy? — } (XDu)?]. (450)
The latter is always positive, because of (449). The radiated energy is
so small that it does not give rise to any astronomical effects which
would be noticeable during the relevant time intervals. The principle
of it, however, is of importance in atomic physics. Einstein is of the opinion
that Quantum Theory will also have to bring about a modification of the
theory of gravitation.

The absorbed energy can similarly be calculated. Let a gravitational
wave of the type (444), (445) and (446) in the z'-direction be incident
on a material system, whose dimensions are small compared with the
wave-length of the incident wave. Then the energy absorbed per unit
time is given by

L [ Oye3 i 1 9(y22 — vs3) 1

28 + (D22 — l')'aa)], (451)

ot 2 at 2

where the quantities y,3, Y39, 735 refer to the wave field.t

%5 Cf. footnote 104, p, 68, ibid., (1918) 235.
36 Cf. footnote 342, p. 174, ibid.
t See suppl. note 17.
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62. Modification of the field equations. Relativity of inertia and
the space-bounded universe 37}

() The Mach principle. In § 58 we discussed the perihelion precession
of Mercury simply as such, without specifying how to determine physically
the coordinate system K, relative to which this perihelion precession
is to be measured. Such a coordinate system is distinguished from all
other systems K, rotating uniformly relative to K, , by the spherical sym-
metry of the G-field and above all by the behaviour of the g,; in the spa-
tial infinite; for the g, take on their normal values there. Certain co-
ordinate systems K, are singled out from others by the boundary con-
ditions for the spatial infinite, which have to be added to the differential
equations of the G-field, in order to determine the g;, completely from
the positions and velocities of the masses, or, more generally, from the
material energy tensor 7';,. This difficulty made itself felt particularly
strongly in connection with the problem of the relativity of centrifugal
forces (§ 60). While such singling out of certain coordinate systems by
means of the boundary conditions is not logically incompatible with the
general covariance postulate, it is nevertheless in contradiction to the
spirit of a relativistic theory and must be considered as a severe epistemo-
logical defect. Einstein35 throws it into sharp relief by means of a ‘thought
experiment’, dealing with two liquid masses rotating relative to each other
about their common axis. This defect is a feature, not only of classical
mechanics and special relativity, but also of the gravitational theory
based on Eqs. (401), which we developed above. It is only removed when
the boundary conditions can be specified in a generally covariant way.

We therefore put forward the postulate: The Q-field s to be determined
in a unique and generally covariant manner, solely by the values of the
energy tensor (T';;,). Since Mach?5® had already clearly recognized this defect
in Newtonian mechanics, and had replaced absolute acceleration by accele-
ration relative to all the other masses in the universe, Einstein3¢? called
this postulate the ‘Mach principle’. It has to be postulated, in particular,
that the inertia of matter is solely determined by the surrounding masses.
It must therefore vanish when all the other masses are removed, because
it is meaningless, from a relativistic point of view, to talk of a resistance
against absolute accelerations (relativity of inertia).]

(B) Remarks on the statistical equilibrium of the system of fixed stars.
The A-term. Quite apart from the boundary conditions at the spatial
infinite, one comes across a further difficulty if one wants to apply the
previously used field equations to the system of fixed stars as a whole.
Once this difficulty is overcome, the postulates set up in («) will then also
be fulfilled.

357 The ideas presented in this section are developed by Emstem in his paper ‘Kosmolo-
gische Betrachtungen zur allgemeinen Relativitatstheorie’ (S.B. preuss. Akad. Wiass.,
(1917) 142). (Also reprinted in the collection of papers Das Relatwitatsprinzip.)

t See suppl. note 19.
388 Cf. footnote 279, p. 145, tbid., § 2.
359 K, Mach, Mechanik, Chap. II, No. 6; ‘Die Geschichte und die Wurzel des Satzes von der
Erhaltung der Arbeit’, Appendix note 1.
380 A, Einstein, Ann. Phys., Lpz., 55 (1918) 241.

1 See suppl. note 17.
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C. Neumann3®! and Seeliger3¢? had already pointed out that Newton's
law of gravitation can only then be strictly valid when the mass density
of the universe converges to zero more rapidly than 1/r? for r — oo.
Otherwise, the force exerted by all the masses of the universe on a material
particle would be undetermined. In a subsequent paper, Seeliger3¢3
further discusses the possibility that the mass density should remain
different from zero at arbitrary distances, but that the Newtonian poten-
tial should be replaced by the potential

exp(—r4/A)
r )

=4

which decreases more rapidly with the distance. This potential had already
been investigated mathematically by C. Neumann?84 in a different context.
It amounts to replacing Poisson’s equation

A® = 4nkuo (4)
by
AD — AD = 4rky,. (B)

The difficulty which arises in Newtonian theory then disappears.

According to Einstein, weighty arguments can be brought forward
against the first possibility (strict validity of Newton’s law and suffi-
ciently rapid decrease of the mass density at infinity), by taking the view
that the whole system of fixed stars must be in statistical equilibrium.
If the potential were finite at great distances (and thus the mass density
decreasing sufficiently strongly) it could happen that entire stars would
leave the system. The system would thus become “depopulated’” and this
process would go on, according to the laws of statistical mechanics,
for as long as the total energy of the stellar system is greater than the work
required to remove a single star to infinity. Another alternative which
had already been excluded by Neumann’s and Seeliger’s investigations
was the case of an infinitely high potential value at very large distances
(i.e. the mass density reaching to infinity or not decreasing sufficiently
rapidly); according to Einstein this alternative is inadmissible because
it would be in contradiction with the fact that the observed stellar
velocities are comparatively small. If (B) is assumed valid, however, all
these difficulties are removed. For in that case a uniform distribution of
matter of density uo and with the potential (constant in space)

4nk
b=y
is dynamically possible.
The situation in relativity is quite analogous to that in Newtonian
theory. If Eqs. (401) are retained, it proves impossible, according to

st C, Neumann, Abh. sdchs. Ges. Wiss., 26 (1874) 97.

368 H. v. Seeliger, Astr. Nachr., 137 (1895) 129.

363 H, v, Seeliger, S.B. bayer. Akad. Wiss., 26 (1896) 373.

36¢ C, Neumann, Allgemeine Untersuchungen uber das Newtonsche Prinzip der Fernwirkun-
gen, (Leipzig 18986), cf. in particular p. 1.
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Einstein, to set up the boundary conditions in such a way as to counter
the “depopulation argument” and to take the smallness of the stellar
velocities into account as well. But the field equations can be modified
in a way which is quite analogous to the transition from (4) to (B).
In fact, when the field equations were set up in § 56, we had simply omitted
the term c3g,; , proportional to g;;, in (400). This omission was neither
imposed by the general covariance requirement, nor by the energy-
momentum law of matter. The term can therefore now be included in
the left-hand side of (401), where we write —A instead of c3, following
Einstein’s notation, so that

G — Mix = — «Tig. (452)
By contraction, this results in
R+4A= +«T (453)
and
s B + Mgk = — (T — 3gucT). (4562a)

It follows immediately on the basis of these modified field equations that
a universe filled with constant mass density is in equilibrium. In fact,
it is seen to be elliptic or spherical, and therefore bounded in space. In
particular, if we start with

X atxk
= &iF =0 = —1, (464
g = 3F + —— [P+ @2+ PP guu=0, gu y (464)
(i; k= 1: 2, 3)
then, from § 18 (117), (118), (119) and (130),
2 6 1
-Rik = — —(ik» R=— oy G'tlc = — Gtk (fOl‘ ")k =12, 3)
a? a? e

Ry = Rys = 0.
Also, 7] 44

Ty = poc?, the remaining Ty, = 0, T = — poc?,
so that the Eqs. (452) are satisfied if

1 4mk,
A= — = bupoc? = -2, (455)

On the other hand, the field equations (401) would result in 1/a? = po = 0,
because A = 0.

Since in this example, and presumably also for more general mass
distributions, the world is found to be bounded in space, the boundary
conditions at infinity are no longer required. T'ke field equations (452) thus
not only resolve the disagreement of the small stellar velocities with statistical
mechanics, but also remove the above-mentioned epistemological defect which
i8 a feature of the previous version of the theory. One will have to imagine
that the solution (454) of the field equations represents the average
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behaviour of the world metric. It will only be in the neighbourhood of
individual masses that the g,; will deviate markedly from the values (454).
For matter systems (such as the planetary system) whose dimensions
are small compared with this certainly extremely large radius of curvature,
the A-term can be neglected and the solutions of the field equations (401)
will remain valid. The Mach principle, too, seems to be upheld by the
field equations (452), although a general proof for this has not yet been
put forward. For, whereas the previous equations (401) have a general
solution g,;, = const.3%%} for matter-free space, this is not so for Eqs. (452),
where g,;, = 0 for this case. This amounts to saying that in perfectly empty
space, no G-field exists at all; neither the propagation of light nor the
existence of measuring rods and clocks would then be possible. Also
related to this is the fact that the postulate of the relativity of inertia
is satisfied. Admittedly, de Sitter3% has given a solution of the field
equations (452) which is different from g,, = 0 even for perfectly empty
space a four-dimensional pseudo-spherical world

b gk

gir = 8k + ————, (k= 1,2,3,4; 2% = ict) (456)
a2 — zé (a%)2
3
Tw=po=0 A=—, (457)
a?

in contrast to Einstein’s “cylindrical world”, given by (454). But Einstein36?
was of the opinion that de Sitter’s solution is not regular everywhere,
so that it does not really represent the G-field of an empty world, but
rather that of a world with a surface distribution of matter. Weyl3%
came to the same conclusion. However, this point has not yet been finally
settled.

The astronomical implications of the field equations (452) are dis-
cussed by de Sitter36? and Lense®0. (Cf. also Kottler, Enzykl. math. Wiss.,
VI 2, 22.)

(y) The energy of the finite universe. Eq. (452) can be derived from a
variational principle, just as equations (401). One need only add the
term 2A4/(—g) to the action function (404),

5[Sdx=0 (458)

$ = R+ 20/(—g) + M. (459)

365 That this is the only solution of the previous equations (401) for a space completely
free of matter, has not yet been proved for the general case. For the statical case, how-
ever, a proof of this theorem was given by R. Serini, B.C. Accad. Lincei (5) 27 (1918) 1st
part, p. 235.

t+ See suppl. note 18.
368 W, de Sitter, Proc. Acad. Sci. Amst., 19 (1917) 1217, and 20 (1917) 229.
367 A, Einstein, S.B. preuss. Akad. Wiss., (1918) 270; de Sitter’s reply in Proc. Acad. Sci.
Amet., 20 (1918) 1309.
368 T, Weyl, Phys. Z., 20 (1919) 31; cf. also footnote 354, p. 177, F. Klein, ibid., in particular.
§ 9. The geometrical aspects of the question are discussed in detail in this paper.
369 W, de Sitter, Mon. Not. R. Astr. Soc., 78 (1917) 3.
270 J, Lense, S.B. Akad. Wiss. Wien., 126 (1917) 1037.
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Moreover, the energy conservation law holds again in the form (406),
ATE + %)
oxk

if one subtracts (A/«)8;% from the previous quantities £;%,

0, (460)

tk =tk — /_\5ik. (461)
K
These ideas are alluded to in Einstein’s paper (quoted in footnote 357)
and developed in greater detail by Klein.37
The question now arises, whether the theorem of the independence of
the total value of the energy of the coordinate system (proved in § 61) also
holds for the total energy of the finite universe. This has to be considered
afresh, because the theorem had previously been proved on the assump-
tion that ths g, became equal to 1-8,% outside the closed system under
consideration. Evidently this is not now the case. Einstein372 and Klein372
concerned themselves with this question. It has to be proved that certain
surface integrals vanish. It was already shown by Einstein that this is
indeed the case for special coordinate systems, and Grommer3?3 gives a
general proof for it. It is further seen that both the total momentum and
total energy of the finite universe vanish, in as far as they originate from
the gravitational field, i.e.

f [ dat da?dad = 0. (462)

If, however, in place of the Einstein energy components the Lorentz
components (referred to in § 61) are used, which also contain second
derivatives of the g, , the total energy of the gravitational field would no
longer be equal to zero. This was shown by Klein.

31 Cf. footnote 104, p. 68, bid., (1918) 235, appendix.

373 Cf, footnote 354. p. 177, A. Einstein, ¢bid., and F. Klein, tbid.
373 J, Grommer, S.B. preuss. Akad. Wiss. (1919) 860.



PART V. THEORIES ON THE NATURE OF CHARGED
ELEMENTARY PARTICLES

63. The electron and the special theory of relativity

For a long time endeavours have been made to derive all the mechanical
properties of the electron from electromagnetic principles. In such a case
the equation of motion

e K 463

7 (463)
(where G = momentum of the electron, K = external force) is interpreted
as follows37: It is postulated, first, that all forces acting on an electron
are electromagnetic in origin, i.e. they are given by the Lorentz expression
(212a); and secondly, that the total force acting on an electron should
always vanish,

fp‘E +%(VAH)} av-o (464)

where the integration is to be carried out over the volume of the electron.
This total force can be split into two parts. One is a force due to the exter-
nal field

1
f p{Eext+ -—(VAHe"t)} v = K
Cc

which is on the right-hand side of Eq. (463). The other is the force exerted
by the electron on itself, which can be put equal to

1 G
J' p{Em‘ + —(vAHm)} av = -2,
c dt

In this expression, G is the electromagnetic momentum of the self-field
of the electron. For accelerations which are not too large (quasi-stationary
motion), it can be regarded as the momentum which corresponds to a
uniform motion of the electron with the relevant instantaneous velocity.
It depends, of course, on the charge distribution inside the electron.

The most natural assumption to make was that of a perfectly rigid
electron. The theory for this case was worked out completely by Abra-
ham .37 In 1904, however, it was shown by H. A. Lorentz3’® that the
deductions which can be made from the velocity dependence of the
electron momentum will only be in agreement with the principle of
relativity when it is assumed that a contraction of the electron takes place
in the direction of motion, in the ratio 4/(1—B2): 1. And Einstein3?’

314 Cf. footnote 4, p. 1, H. A. Lorentz, tbid., § 21.

3% M. Abraham, Ann. Phys., Lpz., 10 (1903) 105. See also footnote 4, p. 1, H. A. Lorentz,
tbid., § 21.

318 Cf. footnote 10, p. 2, Versl. gewone Vergad. Akad. Amst., loc. cit.

377 Cf. footnote 12, p. 2, tbid., § 10.
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showed afterwards that the velocity dependence of the mass, energy and
momentum follow from the principle of relativity alone, without the
need for any assumptions about the nature of the electron (of. § 29).
Conversely, therefore, no information on the nature of the electron can be
obtained from observations on the changes in mass.

It is however easy to see that the principle of relativity must necessarily
lead to the existence of an energy of a non-electromagnetic kind for the
electron, at least so long as the Maxwell-Lorentz theory is retained. This
was first pointed out by Abraham.3?® Let us first assume that the charge
distribution in a stationary electron is spherically symmetrical. We then
obtain the energy and momentum of a moving electron from (351), in as
far as they are electromagnetic in origin and given by the Maxwell-
Lorentz expressions,

$(Bo/e?) Bo1 + §u2/e)
= p o) o S0 T IV 51
RV V= f) (3s1)

If these expressions represented the total energy and momentum as well,
we should have, from (317), (318),

- () - [ o)

This is however not the case. Instead, the integral on the right-hand side
has the'value

$Eo

——————— 4~ const.

V(1 -8
If, in contrast to the energy, the momentum is assumed to be purely
electromagnetic, the total energies £ and E of the stationary and moving
electron, respectively, and its rest mass, become

Eo Eo 4 Ey

E=——  FEo= %K, =—=-—, 466
Vi-gy Tt megege G0
The rest mass mo is here defined by
mou
G=—r-—.
V(1 - g2

These relations are in agreement with the theorem of the inertia of
energy, as required (with the additive constant in E already fixed so as
to fit in with this theorem). The total energy of the stationary electron is
equal to four-thirds of its electromagnetic energy as given by Lorentz.

It would seem from the above arguments as if the rigid electron of the
“absolute’ theory were compatible with a purely electromagnetic world
picture (or rather, with the particular electromagnetic world picture
which is based on the Maxwell-Lorentz theory), in contrast to the electron

s M. Abraham, Phys. Z., 5 (1904) 576: Theorie der Elekirizitat, Vol. 2, (1st edn., Leipzig
1905), p. 205.
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as demanded by the theory of relativity. But this isnot correct, and for the
following reason: The hypothesis of a rigid electron is a concept which is
quite foreign to electrodynamics. If it had not been introduced, we would
have had to postulate that not only the fotal force acting on the electron
(Eq. (464) ) should vanish, but even the force acting at each individual
point,

p{E+—(1;(VAH)} = 0.

It is clear that a stationary charge (v = 0) is incompatible with this
postulate, for it follows that p = 0 (note that div E = p). We therefore
see that the Maxwell-Lorentz electrodynamics is quite incompatible with
the existence of charges, unless it is supplemented by extraneous theoretical
concepts. From a purely electromagnetic point of view, therefore, the
electron of the ‘“absolute” theory is really no better then the electron in
relativity. It will, in any case, be necessary to introduce forces which
hold the Coulomb repulsive forces of the electron charge on itself in
equilibrium, and such forces are not derivable from Maxwell-Lorentz
electrodynamics. Poincaré3?® already recognized the need for this and
purely formally introduced a scalar cohesive pressure p, on whose nature
he could not make any statement. Generally speaking, the problem of
the electron has to be formulated as follows: The energy-momentum ten-
sor S;;, of Maxwell-Lorentz electrodynamics has to have terms added to
it in such a way that the conservation laws

oT ;¥
—5 =0 (341)

for the total energy—-momentum tensor become compatible with the
existence of charges. These additional terms will certainly have to depend
on physical quantities which are causally determined by differential
equations. (In § 42 we had made the phenomenological “Ansatz” pywuy
for the energy tensor of an isolated electron.) How far this formulation
will have to be modified from the point of view of the general theory of
relativity, will be discussed in §§ 65 and 66.

‘We are now in a position to answer the question raised by Ehrenfest?8°,
whether a uniform translational motion in all directions, in the absence
of forces, is possible for an electron which is not spherically symmetric,
even when at rest. For in such a case the electromagnetic momentum of
the moving electron will not always be in the direction of its velocity,
so that the electromagnetic forces will exert a rotational couple on the
electron. It was stressed by Laue3®! that the situation is quite analogous
to that in Trouton and Noble’s experiment. In this experiment, the electro-
magnetic couple is compensated by a couple generated by the elastic
31 Cf. footnote 11, p. 2, R.C. Circ. mat. Palermo., loc. cit.

30 P, Ehrenfest, Ann. Phys., Lpz., 23 (1907) 204; remarks on this by A. Einstein, 4nn.

Phys., Lpz., 23 (1907) 206.
sst Cf. footnote 240, p. 129, ibid.
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energy current. In our case, the compensatory effect is similarly due to
an energy current which is represented by the above-mentioned additional
terms in the energy—momentum tensor. The introduction of such additional
terms becomes necessary not just for the case of a moving electron, but
even for that of a stationary one. Ehrenfest’s question must therefore
be answered in the affirmative.

We still have to discuss what can be said about the dimensions of the
electron, both from the above theoretical and from the experimental points
of view. Experimentally it is known with a high degree of probability that,
in the last analysis, all matter consists of hydrogen nuclei and electrons.
Naturally, all our previous statements about the electron hold equally for the
hydrogen nucleus. Experiment has only told us about the dimensions of
these particles that they are certainly not larger than 10-13 ¢m. In other
words, two such particles will behave practically like point charges
over this distance, as far as the forces which they exert on each other are
concerned. The possibility that the dimensions of the particles could be
very much smaller than 10-13 em is not excluded by the experiments
hitherto carried out. T'heoretically, definite statements can only be made
from Lorentz’s point of view, as follows: A sphere of radius a and con-
tinuous surface charge distribution has an energy

2
E = )
8ma

where e is the total charge, measured in Heaviside units. It follows from
(465) that

e e2

my = ——, a = .
6mac? 6mmg c2

(466)

If a different charge distribution were assumed, this would only modify
the numerical coefficient, but not the order of magnitude of a. The
value for a is obtained from the known rest masses of the electron and
hydrogen nucleus. For the former it is of order 10-13 cm, for the latter
about 1800 times smaller, corresponding to its greater mass. But it
must be remarked that these considerations rest on very weak theoretical
foundations. For we have seen that they are based on the following hypo-
theses:

(i) The charge distribution of a stationary electron (hydrogen nucleus)
is spherically symmetric.

(ii) The total momentum of a moving electron (hydrogen nucleus)
is given by the expression

1
G=-J'EAHdV
[4

of the Maxwell-Lorentz theory; this is therefore assumed to be valid also
for extreme concentrations of the charges and fields.

The second hypothesis, in particular, appears doubtful. From the experi-
mental data available so far, no experimental support whatever can be
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found for the dimensions calculated in this way, in particular not for the
theoretical requirement that the radius of the hydrogen nucleus should
be very much smaller than that of the electron.381a

64. Mie’s theory

The first attempt to set up a theory which could account for the
existence of electrically charged elementary particles, was made by Mie3®2,
He set himself the task to generalize the field equations and the energy-
momentum tensor in the Maxwell-Lorentz theory in such a way that
the Coulomb repulsive forces in the interior of the electrical elementary
particles are held in equilibrium by other, equally electrical, forces, whereas
the deviations from ordinary electrodynamics remain undetectable in
regions outside the particles.

Mie retains the first set of Maxwell’s equations

oF + oFy, oFy
e

0, (203)
from which the existence of a four-vector potential follows,
Fiygp = — — — (206)

(cf. § 28). Furthermore, the four-current density will certainly have to
satisfy the continuity equation
% o (197
oxk )
From this follows the existence of an antisymmetrical tensor of rank 2,
Htk = —H¥*, which satisfies the equation

$ =
§ pwral (467)
Here, H;, combines the two vectors D and H, just as F,; combines the
vectors E and B. It is thus seen that, for H* = F'ik, the equations reduce
to those of ordinary electrodynamics and that they agree formally with
those of the phenomenological electrodynamics of ponderable bodies.
Now however these field equations acquire a new physical content by
virtue of the following, decisive, assumption: The vectors H¥* and s* are
to be universal functions of F,;, and ¢,,

Hi* = yy(F, @), 8% = vx(F, ). (467a)

3818 On this point, we cannot agree with the view presented in M. Born's book, Die Rela-
tivitdtstheorie Einsteins (Berlin 1920), p. 192.

888 G, Mie, ‘Grundlagen einer Theorie der Materie’, Ann. Phys., Lpz., 37 (1912) 611; 39
(1912) 1; 40 (1913) 1. Cf. also the version by M. Born, Nachr. Ges. Wiss. Géttingen,
(1914) 23, which brings out the analogy between the derivation of the energy—
momentum law from the variational principle of Mie’s theory, and the derivation of the
energy conservation law from Hamilton’s principle, in ordinary mechanics. See also H.
Weyl, Raum.-Zeit-Materie (1st edn., 1918) § 26, p. 165; (3rd edn., 1920) § 25, p. 175.
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The first six relations differ inherently from those of phenomenological
electrodynamics, in that H* also depends on ¢; explicitly. In Mie's
theory, not only the potential difference, but also the absolute value of
the potential acquires a real meaning. The equations do not remain un-
changed if one replaces ¢ by ¢-const. We shall see later that this feature
of Mie’s theory leads to a serious difficulty. The last four equations (467 a)
are essential for the existence and for the equations of motion of the
material particles (electron and hydrogen nucleus). Mie calls, more or
less arbitrarily, ¢; and F;, “‘quantities of intensity”, s* and H* “‘quantities
of magnitude”.

By means of (467a), no less than ten universal functions are introduced
into the theory. As Mie found, however, the energy principle brings
about a great simplification, reducing the ten unknown universal functions
to a single one. For it is seen that an equation of the form

ow
—+divS =0
ot

(W = energy density, S = energy current)

can only be derived from (206) and (457), when an invariant L(F, ¢) (in
the first place, relative to the Lorentz group) exists, from which H* and
st can be obtained by differentiation,

oL 1 oL
Hb = — 8= — —— (468)
oF 2 9y
so that
6L = Ht¥§F gy — 2818¢y. (468a)

A simple calculation then shows that equations (467) follow from the
action principle

8 J' LdZ =0, (469)

provided the variation fulfils the condition that the relations (206) also
remain valid for the field which is to be varied.

One can make a number of general statements about the invariant
L, which is often called the world function. First of all, the only indepen-
dent invariants which can be formed from the antisymmetric tensor
F,;, and the vector ¢,, are the following:

(1) The square of the tensor F,, : } F,, Fi*,

(2) The square of the vector ¢, : ¢, 4.

(3) The square of the vector F,; ¢* : Fyp b, Fis gr.

(4) The square of the vector F*,, ¢* or, which amounts to the same,
the square of the tensor F;; ¢;+F ;¢ +F .1 ;.

L must therefore be a function of these four invariants.t If L becomes equal
to the first of the above invariants, the field equations of Mie's theory
t See suppl. note 20.
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degenerate into the ordinary equations of electron theory for charge-free
space. Thus, L can only be markedly different from }F,, F in the interior
of the material particles. Nothing further can be said about the world
function L. It is impossible to narrow down the number of alternatives to
such an extent that one would be led unambiguously to a quite definite
world function. Rather, there remains an infinite manifold of possibilities.

We next have to determine the energy-momentum tensor 7' as
a function of the field quantities. Hilbert383 and Weyl38 showed that the
corresponding calculations can be simplified considerably by writing the
equations in the notation of the general theory of relativity and then using
the method for varying the g,;, which was introduced in § 55. Only then
do the formal connections become clearly apparent. We prepared the
ground for this here by our notation for the above formulae and we differ
in this respect from Mie, who of course based his papers of 1912 and 1913
on the special theory of relativity. First of all, just as for the case of ordi-
nary electrodynamics dealt with in § 54, the set of equations (203), (208)
remains valid also for an arbitrary G-field. On the other hand, (197)
and (467) have to be replaced by

Ost

oStk
= =
= — (467D)
As was noticed by Weyl, the “quantities of magnitude’” appear here as
tensor densities (i.e. multiplied by 4/(—yg)), whereas the “quantities of
intensity” remain ordinary tensors. Equally, the relations (468), (468a)
and Hamilton’s principle (469) remain valid, and the latter can of course
also be written in the form

5[ gdx=o. (469a)

In order to find the energy tensor 7';;,, we need only determine the variation
of the action function which is obtained by varying the G-field. Since,
in this case, L is independent of the derivatives of the g,;, the following
relation holds if the electromagnetic field is kept constant,

88 = Ty dgtk,
so that

oL

oL
T = P tLlgw, T = _5g_ifgr ¥ — FL3;k. (470)

If, on the other hand, we substitute into the general expression
oL
8L = ——8gtk + Hik5F gy — 28t o,
agik

23 Cf. footnote 99, p. 63, ibid., I.
384 H, Weyl, Raum-Zeit-Materie (1st edn., 1918), p. 184 et seg.; (3rd edn., 1920), p. 199.
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resulting from (468a), a variation of the field quantities produced by an
infinitesimal coordinate transformation (as given by (163), (164)), 8L
must vanish identically. In other words,

g_a_g_‘ _a_Ii K — HkrF kde) = 0

ok ag‘",g' i+ 8¥dg) = 0,

which is only possible if the bracket itself vanishes identically. Finally,
we can take the value of (0L/dg,,)g" from there and substitute it in (470).
We then obtain

Tik = Hk'Ftr —sk (ﬁ‘ - iLBik. (470&)

It is seen from their derivation that the corresponding covariant com-
ponents 7';;, are symmetrical. On the basis of the results of § 55 we can
see, moreover, that the energy—-momentum law is a consequence of the
field equations. In the absence of gravitational fields it is of the form

oT
— =0, (341)
. oxk
and in the presence of gravitational fields,
CRAL 0grs
—_—— 53T = 0. 341
oxk 7 oxt (3412)

The expression (470 a) for the energy-momentum tensor is identical with
that obtained by Mie by direct calculation.

Let us now consider once more the problem of the equation of motion,
and whether it is possible for material particles to exist. In ordinary
electrodynamics the electric field strength is defined as the force acting
on a (stationary) charge. This simple meaning of the field strength no
longer applies to the interior of a material particle in Mie’s theory.
Indeed, the ponderomotive force is everywhere equal to zero. Neverthe-
less, the practical meaning of the total charge of a particle still remains.
For, let us consider a charged particle in an external field. In this case, it
follows from (341) that

d
- f Tadat da?d® = — f T¥ngdo. (k= 1,2,3)
(mg = unit normal to the surface)

The second integral is taken over a surface sufficiently far removed from
the material particle. Since ordinary electrodynamics is valid on this
surface, the surface integral has the same value as there, i.e. it represents
the Lorentz force. We have thus given an electrodynamical proof of the
equation of motion (210) of an electron, within the framework of Mie’s
theory. At the same time, it is seen that the rest mass of the particle is
determined by

Ey

o= - f Tt da da da?, (471)
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according to the theorem of the inertia of energy. For 7';* we have to
substitute the expression obtained from (470).

Mie assumes the field of the stationary electron to be static and spheri-
cally symmetric. As was explained in the previous section, the latter
assumption is admittedly not justified by our experimental knowledge
alone, but recommends itself for its simplicity. We will then have to look
for those solutions of the field equations which are regular everywhere—
for » = 0 as well as for » = c0. A world function which is to correspond
to reality will have to lead to one, and one only, solution for every kind
of electricity. It has not been possible, so far, to find a world function which
satisfies this condition. On the contrary, the trial expressions for L which
have so far been discussed, lead to the conclusion, in contradiction with
experiment, that elementary particles with arbitrary values of their total
charge can exist. This in itself is not sufficient reason for abandoning
Mie’s electrodynamics, since it has not been proved that a world function
cannot exist which is compatible with the existence of certain elementary
particles.

A much more serious difficulty, it seems to us, is caused by a fact
already noticed by Mie. Once we have found a solution for the electro-
static potential ¢ of a material particle of the required kind, ¢4-const.
will not be another solution, because the field equations of Mie’s theory
contain the absolute value of the potential. A material particle will therefore
not be able to exist in a constant external potential field. This, to us, seems to
constitute a very weighty argument against Mie’s theory. In the theories
which we are going to discuss in the following sections, this kind of
difficulty does not arise.

An attempt by Weyl should be mentioned here, in which he tries to
make the asymmetry between the two kinds of electricity understandable
from the point of view of Mie’s theory.t If the world function L is not a
rational function of +/(—¢;¢'), we can put

L = }FyFi* + w(+ +/(— ¢:¢?))  for didt < 0,4 > 0

L = }FyFik + w(— +/(~¢i¢9))  fordid? < 0,4 < 0

where w denotes any function which is not even. For the statical case
the field equations will not remain invariant for an interchange of ¢
with —¢ (positive and negative electricity). Quite generally, if L is a
many-valued function of the four above-mentioned fundamental in-
variants, it is possible to choose one of its branches as world function

for positive electricity, and another for negative electricity. We shall
come back to this possibility in § 67.

and

65. Weyl's theory]
In a series of papers?5 Weyl has developed an extremely profound
theory, which is based on a generalization of Riemannian geometry and
t See suppl. note 21.
1 See suppl. note 22.
3% H. Weyl, S.B. preuss. Akad. Wiss. (1918) 465; Math. Z. 2 (1918) 384; Ann. Phys., Lpz.,

59 (1919) 101; Raum-Zeit-Materie, (3rd edn., 1920), Chaps. II and IV, §§ 34 and 35, p. 242
et seq.; Phys. Z., 21 (1920) 649.
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which claims to interpret all physical events in terms of gravitation and
electromagnetism, and these, in turn, in terms of the world metric. The
theory’s basic structure and results obtained to date will be discussed
at this juncture, because the theory also makes certain statements on
the nature of material particles.

(o) Pure infinitesimal geometry. Gauge invariance. The transition from
Euclidean to Riemannian geometry was seen in Part II to be effected by
no longer assuming that the transference of the direction of a vector from
a point P to a point P’ is independent of the path taken. Weyl takes this
a step further by permitting a corresponding path dependence for the
transference of length. It will then only be possible to compare lengths
measured at one and the same world point, but not those at different world
points. In other words, only the relations between the g,, can be deter-
mined by measurements, but not these quantities themselves. Let us
first assume some arbitrary (continuous) absolute values for the g,;, and
define

ds? = g dat dak

to be the square of the length of a measuring rod, where dat are the co-
ordinate differences of its end points. (For brevity, we speak here, and in
what follows, of the length of a measuring rod, but the same arguments
apply of course to the period of a clock in the case of a time-like line ele-
ment.) If now the measuring rod is displaced along a definite curve
z¢ = zi(t) from the point P(t) to the point P’(t+dt), the square of the length
ds? =1, will then be changed. We shall assume axiomatically that it
will always be changed by a definite fraction of I,

R . 472)

where ¢ is a certain function of ¢ and is independent of I. We introduce as
a second axiom that dg/dt only depends on the first derivatives of the
coordinates, dz/df. Since, moreover, equation (472) has to hold for an
arbitrary choice of the parameter ¢, dp/dt must be a homogeneous function
of first degree of the dxt/dt. This function can be specified still more by mak-
ing use of the concept of a parallel displacement, which had been dis-
cussed in § 14. This concept had been defined there by two conditions:
The first stated that the components of a vector would remain unchanged
for an infinitesimal parallel displacement in a suitably chosen coordinate
system, whereas the second expressed the fact that the length of a vector
would remain unaltered during a parallel displacement. The first assump-
tion can be retained unchanged; it leads to the expression (64) for the
change in the vector components,

L (64)

ith
w Pifa = P‘". (65)
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The second assumption, however, loses its meaning here, because the
lengths of two vectors at different points can no longer be compared.
Instead, the assumption has to be replaced by the condition that the
length should change according to (472),

d d
Ez(gmf‘é") = E;(Etf‘) = - gucf‘f"(g, (473)

for a parallel displacement. Substituting (64), it first of all follows that
dp|dt must be a linear form of the dx?/dt,
dp = ¢ydxt. (474)

Only in this case, therefore, is a parallel displacement possible. Further-
more, we have from

Tirs = gue Dk, Ts = g% Tk rs (66)
0gir .
that —a;; + Qirds = Pi,rs + I1r, s+ (475)

The geodesic components of Weyl’s geometry are thus different from those
of Riemannian geometry. We shall always denote by an asterisk expres-
gions in Riemannian geometry. They reduce to those of Weyl’s geometry
for the case ¢; = 0. If therefore the quantities (69) are denoted by I'*;
then

Ty ps = % ps + 3(9ur bs + Jisbr — Grsbi)- (476)

We had fixed the absolute values of the g;; quite arbitrarily. Instead of
the set of values g,; we could equally well have used the set Ag;;, , where A
is an arbitrary function of position. All elements of length would in that
case have to be multiplied by A and, because of (472), we would have
found the set of values

instead of ¢,. Fixing the factor A, the gauge, in Weyl’s geometry is thus
on a par with the choice of coordinates in Riemannian geometry. Just
as there we had postulated the invariance of all geomelrical relations and
physical laws under arbitrary coordinate transformations, so we have now
to postulate, in addition, their invariance with respect to the substitutions

|

gk = A, b1 =t —-——, 477
Jix = Mgk éi = ¢ X ot (477)

i.e. with respect to changes in the gauge (gauge invariance).
(B) Electromagnetic field and world metric. From (472) it follows by



65. Weyl’s theory 195
integration that

P!
logl
P

»
= - f¢¢ dat,
P

(478)
P:
lp=1p exp{— fqﬂzdx‘}.
P

When the linear form ¢, dx? is a total differential, the length of a vector
becomes independent of the path along which it is transferred, and we
revert to the Riemannian case. The necessary and sufficient condition for
this is the vanishing of the expressions

Fiyp = — — —, (479)

We see from (477) that, in this case, the vector ¢, can always be made to
vanish by a suitable choice of the gauge. In the general case, however,
the quantities F; will be different from zero. They then form the co-
variant components of an antisymmetric tensor of rank 2, which more-
over remain unchanged for changes in the gauge, because of (477). In
addition, they satisfy the equations

aFm+ oFy  oFy
ox! oxk oxt

which follow from (479). We see that relations (479) and (480) are of exactly
the same form as equations (206) and (203) of electron theory. But the
analogy can be carried still further. If we take the view (contrary to the
assumptions of Mie’s theory) that electromagnetic phenomena are pri-
marily determined by the space and time changes of the field strengths
alone, and that the potentials, on the other hand, are only looked upon as
mathematical auxiliary quantities, then all potential values ¢; which
lead to the same field strengths are physically completely equivalent;
thus a gradient 9i/dx* remains undetermined in the ¢,. But as we have
seen, exactly the same applies to the metric vector ¢;. Following Weyl,
we are thus led to identify both sets of quantities ¢,, F,,: The metric
vector ¢; which determines the behaviour of lengths according to (478), is
to be identical with the electromagnetic four-vector potential (apart from a
numerical factor). Just as in Einstein’s theory the gravitational effects
are closely linked with the behaviour of measuring rods and clocks, such
that they follow from it unambiguously, so the same holds in Weyl’s
theory for electromagnetic effects. In this sense, both gravitation and
electricity appear as a consequence of the world metric in this theory.

This point of view had to modified subsequently by Weyl. For, the basic
assumptions of the theory in its original form lead to deductions which
seem to be in contradiction with experiment. This was stressed by Ein-
stein.3%® Let us think of an electrostatic field connected with a static
3t A, Einstein, S.B. preuss. Akad. Wiss. (1918) 478, including Weyl’s reply.

o

=0, (480)
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G-field. The spatial components ¢, (¢ = 1, 2, 3) then vanish, and the time
component ¢, = ¢ as well as the g;, are time independent. The gauge is
thus fixed to within a constant factor. If we apply relation (478) to the
period of a stationary clock, it follows directly that

T = T €%, (481)

where o is a factor of proportionality. The meaning of this equation is the
following : Let two identical clocks C, , Uy, going at the same rate, be placed
at first at the point P,, at an electrostatic potential ¢,. Let clock C,
then be taken to a point P, , at potential ¢, , for ¢ secs. and finally returned
to P, . The result will be that the rate of clock Cy, compared with that of
clock C,, will be increased or decreased, respectively, by a factor
©exp[ —a(ps —¢,)t] (depending on the sign of « and of g, —¢,). In particular,
this effect should be noticeable in the spectral lines of a given substance,
and spectral lines of definite frequencies could not exist at all. For, how-
ever small « is chosen, the differences would increase indefinitely in the
course of time, according to (481). Weyl’s present attitude to this problem
is the following: The ideal process of the congruent .transference of world
lengths, as determined by (472), has nothing to do with the real behaviour
of measuring rods and clocks; the metric field must not be defined by means
of information taken from these measuring instruments. In this case the
quantities g;; and ¢, are, by definition, no longer observable, in contrast
to the line element ds? of Einstein’s theory. This relinquishment seems to
have very serious consequences. While there now no longer exists a direct
contradiction with experiment, the theory appears nevertheless to have
been robbed of its inherent convincing power, from a physical point of
view.3%7 For instance, the connexion between electromagnetism and world
metric is not now essentially physical, but purely formal. For there is no
longer an immediate connection between the electromagnetic phenomena
and the behaviour of measuring rods and clocks. There is only an inter-
relation between the former and the ideal process which is mathematically
defined as congruent transference of vectors. Besides, there exists only
formal, and not physical, evidence for a connection between world metric
and electricity. This is quite in contrast to the connexion between
world metric and gravitation, for which strong empirical support can be
found in the equality of gravitational and inertial mass, and which is a
rigorous consequence of the principle of equivalence and of special rela-
tivity.

(y) The tensor calculus in Weyl’s geometry. Before writing down the field
equations, we still have to describe briefly the formal rules for the setting
up of gauge-invariant equations. It is clear that in Weyl’s theory the
concept of a tensor has to be modified in such a way that a system of
equations which expresses the vanishing of all the components of a tensor
must not only remain invariant for an arbitrary change in the coordinates,
but also for an arbitrary change in the gauge (477). In fact, it is found
convenient to denote only those quantities as tensors, which are merely

387 A, Einstein believes that, even in this version, the theory will not stand up to a com-
parison with reality (Phys. Z., 21 (1920) 651; see also footnote 18, p. 4, i¢bid.).
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multiplied by a power of A, A¢, for a transformation (477); e is called the
weight of the tensor. Thus, g,, is of weight + 1, g* of weight —1, 1/( —g)
in a four-dimensional world of weight 2, I'";; is, according to (64) or (476),
absolutely gauge-invariant, i.e. of weight 0.

All those operations which are solely based on the concept of a parallel
displacement can naturally be directly carried over into Weyl’s geometry;
only, we have to use expressions (66), (476) in place of (66), (69) for
I'*;. Thus, the geodesic lines can be defined here, too, by the condition
that their tangents should always remain parallel to themselves; they
again satisfy equations (80). Egs. (77 a) (u,u* = const.), however, have to
be replaced by

d
E;(utu‘) = — (uut)(gruk)

because of (472) and (474). If, in particular, u, 4* = 0 at a given point on
the geodesic line, this relation will always remain valid. This makes it
possible to determing geodesic null lines. The property of geodesic lines,
that they are also shortest lines, is dropped in Weyl’s geometry, because
the concept of a curve length becomes meaningless here. As in § 16 we
arrive at the curvature tensor by means of a parallel displacement of a
vector along a closed curve,
oChy; oLy,

Rhysp = —— — —— = 4 Ty, T2y — Thy, T2y, 86
"= ™ ke %45 i (86)

The components in this equation are of weight 0, and the components
of R;;; therefore of weight 1. The symmetry relations for this curvature
tensor are however different from those for the Riemannian tensor, which
are determined by (92). Weyl has discussed this in more detail and has
also calculated explicitly the expression (86) for the curvature tensor by
substituting (476). As in § 17, we obtain the contracted curvature tensor
R, , (94), whose covariant components are of weight 0, and the invariant.
R, (95), of weight —1. Finally, all operations of §§ 19 and 20 also remain
valid in Weyl’s theory, provided, first, the differentiated components
of tensors or tensor densities are of weight 0, and secondly, expressions
(66) and (476) are used for the quantities I'";,. It will be noticed that it
is quite sufficient for the proofs of most of the theorems to realize that
the concept of a parallel displacement, according to (64), is determined in
an invariant way with the help of the I'";,, without having to know the
connection between the metric quantities g, , ¢;. In the latest versions of
his theory, Weyl stressed this point very strongly, by developing his
geometry in three stages. In the first, he derived those theorems which
are valid in arbitrary manifolds; in the second, the relations which are
based on the concept of parallel displacement (called ““affine connexion’
by Weyl); and finally, the conclusions resulting from the existence of the
two fundamental metric forms: the quadratic g,, dz® dz* (gravitation)
and the linear ¢, da* (electricity). The linking of these two ranges of pheno-
mena, which had been separate in the earlier theories, finds expression in
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the formal fact that the g,;, and ¢, occur simultaneously in the geodesic
components I'";;, and thus also in most of the other gauge-invariant
equations.

Of particular importance for the physical applications are the modifi-
cations and extentions, in Weyl’s theory, of the statements on infinitesimal
coordinate transformations and invariant integrals which we made in
§ 23. First of all, the infinitesimal changes in the gauge appear on an equal
footing with the infinitesimal coordinate transformations. From (477) we
have, with A = 1+ en(x),

8gix = emgix.  (3gtk = — emg'¥),  Opy = — Egz;- (482)
Furthermore, it is evident that, in Weyl’s theory, only scalar densities
M of weight 0 lead to invariant integrals [ dx. The corresponding
scalars are then of weight —2, because of the factor 4/( —g) in a four-
dimensional world. Scalars of this kind will therefore play an important
role in what follows. Among them, there are four which are rational
combinations of the components of the curvature ténsor,38

YFuFik, Ry RMIE, Ry Rk, R (483)

The invariant R which appears in the action principle of Einstein’s
theory is however of weight —1. It was pointed out by Weyl that, because
the scalar densities belonging to (483) have the weight 0, a four-dimensional
world has a distinct advantage over a metrical manifold with a different
number of dimensions. In fact, in such a manifold no scalar densities can
be constructed which are of weight 0 and would have such a simple
structure.

(8) Field equations and action principle. Physical deductions. We now
have to look for gauge-invariant physical laws. According to Weyl,
all processes must be reducible to electromagnetic and gravitational effects.
There are thus the fourteen independent quantities of state ¢;, g;; avail-
able. But since gauge invariance has now been added to the invariance
under coordinate transformations, the general solution of the field
equations must contain five, instead of four, arbitrary functions; there
must therefore also be five identities between the fourteen field equations.
We shall see that four of the identities express the energy—momentum law,
analogously to those in Einstein’s theory, and that the fifth identity ex-
presses the conservation of charge.

We shall first try to retain Maxwell’s equations and to identify the
material energy tensor with that of Maxwell, and shall only replace the
curvature tensor of Riemannian geometry in Einstein’s equations by that
of Weyl’s theory. It will however be seen that only the former “‘prescrip-
tion” is possible, and not the latter. Let us first of all investigate the
Maxwell theory. The first set of Maxwell’s equations are automatically
satisfied, as has already been mentioned. But since the field strengths
F,, are of weight 0, the same will be true, in a four-dimensional world,

388 Tt was shown by R. Weitzenbdck, Wiener Ber., math.-nat. Kl., ITa, 129 (1920) 683 and
697, that the invariants given here are the only ones of this kind.
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of the contravariant components §# of the corresponding tensor density.
The equations
gtk

= =g

oxk

are therefore gauge-invariant: Maxwell’s equations remain invariant when
941 18 replaced by Ag,,. Bateman’s theorem, that Maxwell’s equations are
invariant under conformal transformations (§ 28), is contained in this
statement as a special case. Such transformations do indeed change the
normal values 8%, which the g;; have in special relativity, into A8;%. The
gauge invariance of Maxwell’s equations is connected with the fact that
the action integral

J = [4Fu* da

from which they are produced is itself gauge-invariant. We wish to
remark at this point that the reason for the, seemingly accidental, vanish-
ing of the scalar of the Maxwell energy tensor (§ 30, Eq. (223) ) is also to
be found in the gauge invariance of this action integral. For, a variation
of the action integral, keeping the F; constant, leads to

8 = [ Gudgtkda,

according to § 55. If we now look for the condition that J should remain
unchanged for the infinitesimal change in gauge, A = 1-4-en(z), it follows
directly from (482) that G;* = 0, as required.38°

The situation is quite different when we come to deal with Einstein’s
theory, as opposed to Maxwell’s. To start with, the law that the world
lines of point-masses and light rays are geodesics is no longer generally
valid in Weyl’s theory. A point-mass only moves along a geodesic world
line in the absence of electromagnetic fields, and for a light ray the equa-
tion of the geodesic line loses its meaning for the following reason. Even
in the absence of gravitational fields, the terms which contain the four-
vector potential ¢, will introduce into the equation of the geodesic line
oscillatory functions of the light period. Only the gauge-invariant equation

gixdxtdzt = 0
of the null cone remains valid for the world lines of the light rays. The

389 The ¢, need not be varied hore, since J contains them only in the form of the gauge-
invariant F;. This connexion admits of an interesting application to Nordstrém’s gravi-
tational theory. As was mentioned in § 56, the line element in this theory is of the form

ds? = © (daty2

It follows first of all from the gauge invariance of Maxwell’s equations that they also remain
valid in the presence of gravitational fields in Nordstrém’s theory, so that gravitational
fields have no influence on electromagnetic processes (e.g. no bending of light rays).
Conversely, because of the vanishing of Maxwell's energy scalar, the electromagnetic
energy does not generate gravitational fields in Nordstrém’s theory, since the gravitational
field equations only contain the energy scalar. It is seen from the above that this circum-
stance, too, has as its formal basis the gauge invariance of Maxwell’s equations.
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attempt to make use of the field equations of Einstein’s theory in Weyl’s
theory (by replacing the Riemannian curvature quantities by the more
general ones of Weyl) is finally wrecked by the fact that in the equation

G = — «Tu

the left-hand side would be of weight 0, the right-hand side of weight
—1; the latter is easily seen by taking Maxwell’s energy tensor as an
example. This failure is due to the fact that the action integral [ R dx
from which Einstein’s field equations are produced is not gauge-invariant,
since the integral is of weight 1 instead of 0. If, therefore, we wish to
retain the principle of gauge invariance, we have to abandon the Einstein
field equations. This last remark, however, already points the way to a
method of obtaining gauge-invariant field equations. An action principle

8 [Wdx = 0 (484)

has to be set up, in which the integral is invariant with respect to changes
in the gauge, too. If the variations vanish at the boundary, and if in
general for varying the ¢; and g,;

8 [Wdw = [ (w!sps + Wik dgu) ds, (485)

then the physical laws are expressed by
w; =0, Wk =0, (486)

By looking for conditions that the integral [ dx should be invariant
with respect to infinitesimal coordinate transformations and infinitesimal
changes in the gauge, we obtain five identities between these fourteen
equations, as had been postulated above on the grounds of causality. These
are

ow!
—a—‘— + Wyt = (487)
oW+
and — ,: —I7y ®,* + 3Fpwk = 0. (488)

We can, next, consider variations of the action integral which do not
vanish at the boundary. This will enable us to construct unambiguously
from the action invariant a vector density s and the density of an affine
tensor S,%, which satisfy the relations

ost  owf oSk oWk

— =— gand —_——= 489

oxt  Oxb an ozk ox* (489)
identically, without vanishing themselves by virtue of the physical laws.
Weyl therefore calls s¢ the four-current, and S* the energy components.
We thus see: In Weyl’'s theory the charge conservation law is formally on
exactly the same footing as the energy conservation law. Both are doubly derived
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from the physical laws, thus producing the necessary five identities between
them. The components of the total energy, which only form an affine
tensor even in Einstein’s theory (i.e. which are only covariant under
linear transformations), can now no longer be split into a part due to
gravitation and one due to matter itself; thus, an energy-momentum
tensor T'¢* of matter does not exist at all in this theory. It has to be admit-
ted that the action principle enables us to recognize these relationships
in a particularly simple and transparent manner. But it should be added
that it is not at all self-evident, from a physical point of view, that the
physical laws should be derivable from an action principle. It would, on
the contrary, seem far more natural to derive the physical laws from purely
physical requirements, as was done for Einstein’s theory in § 66.

In order to be able to make further deductions from the theory, we must
now make specific assumptions about the shape of the action function. The
number of possibilities is not as great here as in Mie’s theory. There, a
new invariant could be derived from an arbitrary function f(J,, J,, ...) of
arbitrary invariants J, Jy, ... . This is no longer the case here, because the
invariants have to be of weight —2, in order that the corresponding scalar
densities should be of weight 0. A new, admissible, action function can
therefore only be produced by a function which is at most homogeneous
of first degree in these invariants. Even so, the manifold of admissible action
functions still remains fairly considerable. The most natural assumption
is that the action invariant should be a rational function of the curvature
components. According to what was said in (p), the action function will
then have to be a linear combination of the invariants (483).39° The cal-
culation first of all leads to the validity of Mazwell’s equations

gk .
= f (208a)
and also to the expression
oR
8 = k(-——-— + R${) (490)
Ot

for the four-current (R is the curvature invariant in Weyl’s geometry, &k
a constant). For the statical case we obtain from this that

R = const. (491)

If charges are present at all, this constant cannot vanish. If, in addition,
it is assumed to be positive, it follows automatically that the curvature of
space 18 positive and that the universe is finite, so that it is unnecessary to
add a special A-term to the gravitational equations. This is a particular
merit of Weyl’s theory. As for the gravitational equations themselves,
finally, these are not identical with Einstein’s equations, even in the
absence of an electromagnetic field (¢; = 0), as might have been expected
from earlier arguments, and they are of higher order than the second.
330 H. Weyl (Cf. footnote 385, p. 192, Ann. Phys., Lpz., loc. cit.,, and Raum-Zeit-Materie,

loc. cit.) thinks it probable that in particular the assumption W = § F Ft64-cRy, RbE
corresponds to reality.
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But it can be shown that for the case of a static, spherically symmetric,
field in the space outside a ‘“‘material particle”, the gravitational field
(421) of Einstein’s theory is at the same time a solution of the gravitational
equations of Weyl’s theory. This case is, in practice, the only important
one and is decisive for the perihelion precession of Mercury and the bending
of light rays. Weyl’s theory is thus capable of explaining the perihelion
precession of Mercury and the bending of light rays just as well as Einstein’s
theory.3%

We still have to discuss what deductions can be made relating to the
problem of the structure of matter. Once more, the problem consists in
determining those static, spherically symmetric, solutions of the field
equations which are nowhere singular. It has again to be demanded of an
action function which is to correspond to reality, that it should admit only
of one solution each for the two kinds of electricity. An aspect which is
essentially new, compared with Mie’s theory, appears in the condition for
regularity, not at infinity, but on the “equator’ of the universe, because
of the finiteness of the universe. We are thus led to conjecture that a
connection exists between the size of the universe and, that of the electron,
which might seem somewhat fantastic. The forces which keep the electron
together are, in this theory, only partly electrical in nature, and are partly
gravitational forces. Even with the special assumptions for the action
function, which were discussed above in detail, the differential equations
become so complicated that it has not so far been possible to integrate
them. Apart from this, the differential equations are the same for positive
and negative electricity (cf. § 67), so that the completely asymmetric
conditions which obtain in reality are certainly not represented correctly.t
Summarizing, we can say that Weyl's theory has not succeeded in getling
any nearer to solving the problem of the structure of matter. As will be argued
in more detail in § 67, there is, on the contrary, something to be said for
the view that a solution of this problem cannot at all be found in this way.

66. Einstein’s theory

Einstein3®2 tried to approach the inquiry into the structure of material
particles from a completely different angle. The field equations (401)
and (452), respectively, were based on the assumption of a material
energy-momentum tensor T which satisfies the equation

oL %rs
L 1qrs = 0. 341
oxk L oxt (3412)
This assumption will be retained here. Since Maxwell’s energy tensor
Sk = For§ir — 3Fps Frodek (222a)

(cf. § 54) only satisfies this condition in charge-free space, some further

391 Apart from the papers by Weyl, quoted in footnote 385, p. 192, see also W. Pauli, jr.,
Verh. dtsch. phys. Qes., 21 (1919) 742, where, specifically, the action principle mentioned in
footnote 390, p. 201, is used as a basis.

t See suppl. note 21.
193 A, Einstein, S.B. preuss. Akad. Wiss. (1919) 349; also in the collection Lorentz—Einstein—
Minkowski, Das Relativitdtsprinzip, (6th edn., Berlin 1920).
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terms have to be added to S;%. Mie had assumed that these terms are of
an electrical nature, i.e. that they are functions of the electrical quantities
Fy, ¢;. Einstein, on the contrary, assumes that the material particles are
held together solely by gravitational forces, so that these additional terms
have to depend on the g,; and their derivatives. Although the Maxwell
tensor S;* cannot now be called the total energy tensor of matter and
does not satisfy equation (341 a), Einstein starts quite analogously as in
§ 56 with the hypothesis that this energy tensor GS% of Maxwell should
be proportional to a differential expression of second order which is formed
Jrom the g;,;, alone. This simple assumption is decisive for Einstein’s theory.
We conclude from this and from the general covariance requirement, as
in § 56, that the field equations must be of the form

Rix + tRgye = — «Sik.

The addition of another term proportional to g,,, will be seen to be super-
fluous here. But since equation (341a) for &;, is not valid, we are no
longer entitled to put, as previously, ¢ = —3. Instead, ¢ is determined
by another conditipn. According to (223), the scalar S, vanishes; we
must put ¢ = — %, so that the scalar of the left-hand side of the field
equations also vanishes identically. For this case, the field equations read

Ry — 39ik R = — «Sig. (492)
In addition, the equations of electron theory,
oFy 0Fy oFy
+ + =

0 203
oxl oxk oxt (203)
gk
and — = g, 208
n s (208)

are to rematn valid. A simple enumeration shows that (203) and (492)
contain just four independent equations less than there are unknowns,
as required by a general relativistic theory. It should also be mentioned
that the field equations do not appear to be derivable from an action
principle, in this case. It follows from § 54 (203) and (208), that the diver-
gence of S;; has the value

— FUG sk

of the (negative) force vector of Lorentz. Therefore the divergence of the
field equations (492) leads to the relation

Fusk — — — =0, (493)

since the divergence of R;, —1g,, R vanishes. T'his relation shows that for
these field equations the Coulomb repulsive forces are indeed held in equili-
brium by a gravitational pressure. If we put s¥ = pg u¥, it also follows that

oR dR
Zw=""o, (494)
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i.e. R remains constant on the world line of one and the same element of
matter. In charge-free space
oR

— =0,

oxt
from (493), so that
R = const. = Ry. (495)

In the interior of a material particle, R decreases continuously from the
value Ry to smaller and smaller values, up to the centre of the particle.
(493) shows that (1/4x)R represents directly the potential energy of the
gravitational forces which hold the particle together.

We now have to look for the material energy-momentum tensor 7';.
For this, the Eq. (4562), which contains the A-term, is to remain valid. From
(453), we have R = —4A for matter-free space. Comparison with (495)

shows that we have to put R
Ro= — 4, = - -f. (496)

It constitutes one of the main advantages of this new formulation that the
constant A is not characteristic of the fundamental law itself, but has the
meaning of an integration constant. Eq. (452) can now be written

Gir + 3Rogue = — «T'ig,
whereas (492) leads to
Gix + Ry = — «Suk.

Comparison then shows that

1
T = Sux + » (R — Ro)gx- (497)

This tensor therefore satisfies automatically the earlier equation (452),
because of (492), and thus also Eq. (341a). In addition it vanishes
in matter-free space. We are thus quite justified, from a physical point of
view too, to call it the energy tensor of matter. The material energy den-
gity —T,* is composed of two parts, one originating from the electro-
magnetic and one from the gravitational field, both of which are positive.
It is easy to see that the spatially finite universe with constant, stationary,
mass density (T2 = T,2 = T® = 0,T,* = —poc?) is a solution of the
new field equations. All the relations of § 62(B) remain unaltered. The
electromagnetic tensor S;* is generally calculated from (497) to be

Sk = Tk — 3T8F (498)
so that, for our case,
St = 82 = Sg8 = }poc?, Sgt = — Jupcd. (499)

The energy of a spatially finite universe is three-quarters eleciromagnetic
and one-quarter gravitational in origin. This contribution of the electro-
magnetic to the total energy is exactly the same as that derived in § 63
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on the basis of specific (not necessarily correct) assumptions about the
electron.

If we now try to determine the field of a material particle from the
differential equations (203) or (206), (208) and (492), respectively, we
find that we are one equation short for the determination of the unknowns
in the static spherically symmetrical case. According to the theory of Einstein
as developed here, every static spherically symmetrical distribution of elec-
tricity is in equilibrium. However satisfactory the foundations of this
theory may be, it, too, is not capable of providing an answer to the
problem of the structure of matter.

67. General remarks on the present state of the problem of
mattert

Each of the theories which we discussed has its particular advantages
and drawbacks. Their joint failure prompts us, however, to summarize
specifically those shortcomings and difficulties which are common to them
all.

It is the aim of dll continuum theories to derive the atomic nature of
electricity from the property that the differential equations expressing
the physical laws have only a discrete number of solutions which are
everywhere regular, static, and spherically symmetric. In particular, one
such solution should exist for each of the positive and negative kinds of
electricity. It is clear that differential equations which have this property
must be of a particularly complicated structure. It seems to us that this
complexity of the physical laws in itself already speaks against the con-
tinuum theories. For it should be required, from a physical point of view,
that the existence of atomicity, in itself so simple and basic, should
also be interpreted in a simple and elementary manner by theory and
should not, so to speak, appear as a trick in analysis.

Furthermore, we have seen that the continuum theories are forced to
introduce special forces which keep the Coulomb repulsive forces in the
interior of the electrical elementary particles in equilibrium. If we assume
that these forces are electrical in nature, we have to assign an absolute
meaning to the four-vector potential, which leads to the difficulties
discussed in § 64. The other alternative, that the electrical elementary
particles are held together by gravitational forces, is however countered
by a very weighty, empirical, argument. For one would expect, in such a
case, that a simple numerical relation would exist between the gravi-
tational mass of the electron and its charge. Actually, the relevant dimen-
sionless number e/(m+/k) (k = ordinary gravitational constant) is of the
order of 1020 (see also § 59.)!

It must also be required of the field equations that they should account
for the asymmetry (difference in mass) in the two kinds of electricity.}
It is however easy to see that this is in contradiction with their general
covariance,3® from a formal point of view. For the statical case, the field

t See suppl. note 23.

} See suppl. note 21.
393 'W. Pauli, jr., Phys. Z., 20 (1919) 457.
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equations only contain the electrostatic potential ¢ as a variable, apart
from the g, (4, k= 1,2,3 or ¢ = k = 4). As a special case of general
covariance, the differential equations must, in particular, be covariant
under time reversal x'¢ = —x*. But then ¢ goes over into —¢, whereas
the g, remain unchanged (in our case, g, = 0 for 7+ = 1, 2, 3). If there-
fore @, g;1(9;:4 = 0) is a solution of the field equations, then —g, g,.(9;4 = 0)
is also a solution, in contradiction to the asymmetry of the two kinds of
electricity. One could try to avoid such a conclusion by introducing non-
rational action functions, as was indicated at the end of § 64. But, first of
all, the field equations would then become even more complicated, and,
secondly, the selection of the unambiguous branch of the action function
is not carried out in a generally covariant manner: covariance no longer
exists, e.g. for the time reversal 2’4 = —at.

Finally, a conceptual doubt should be mentioned.?** The continuum
theories make direct use of the ordinary concept of electric field strength,
even for the fields in the interior of the electron. This field strength is
however defined as the force acting on a test particle, and since there are
no test particles smaller than an electron or a hydrogen nucleus, the field
strength at a given point in the interior of such a particle would seem to
be unobservable, by definition, and thus be fictitious and without physical
meaning.

Whatever may be one’s attitude in detail towards these arguments,
this much seems fairly certain: new elements which are foreign to
the continuum concept of the field will have to be added to the basic
structure of the theories developed so far, before one can arrive at a
satisfactory solution of the problem of matter.

384 Cf. footnote 391, p. 202, W. Pauli, jr., ibid., and the ‘Nauheimer Diskussion’, Phys
Z., 21 (1920) 650.



SUPPLEMENTARY NOTES

Note 1. (p. xiii) Selection of books concerned with the later develop-

ment of relativity theory

A. Einstein, The Meaning of Relativity (5th edn., Princeton 1956).

M. v. Laue, Die Relativititstheorie (Braunschweig):

Vol. 1, Spezielle Relativititstheorie (6th edn., 1955).
Vol. 2, Allgemeine Relativitdtstheorie (3rd edn., 1953).

H. Weyl, Raum-Zeit-Materie (5th edn., Berlin 1923). English translation
(with new preface) Space~Time—Matter (New York 1950).

A. S. Eddington, The Mathematical Theory of Relativity (2nd edn., Cam-
bridge 1924; reprint 1953). German translation with an appendix
by A. Einstein (Berlin 1925).

Richard C. Tolman, Relativity, Thermodynamics and Cosmology (Oxford
1934).

P. G. Bergmann, An Introduction to the Theory of Relativity (New York
1942).

E. Schrodinger, Space-Time Structure (Cambridge 1950).

A. Lichnerowicz, Théories rélativistes de la gravitation et de Vélectromag-
nétisme (Paris 1955).

P. Jordan, Schwerkraft und Weltall (2nd edn., Braunschweig 1955).

Cinguant’ anni di relativita, 1905-1955 (Florence 1955).

Proceedings of the Congress ‘Jubilee of Theory of Relativity,” Berne,
July 1955, Helv. phys. acta, Suppl. IV, 1956.

Volume ‘Einstein’ in the Library of living Philosophers (Evanston 1949;
2nd edn., 1951; German translation, Stuttgart 1955).

Note 2. (p. 4)

R. J. Kennedy and E. M. Thorndike, Phys. Rev., 42 (1932) 400, per-
formed an important variation of the Michelson experiment, in which the
difference in length of the two arms in the interferometer was kept large.
The negative result of this experiment excludes the possibility of a
dependence on the velocity of the earth of the time needed for the light
to traverse any closed path in a terrestrial laboratory. See also the.
theoretical discussion of this experiment by H. P. Robertson, Rev. Mod.
Phys., 21 (1949) 378.

Note 3. (p. 8)

Meanwhile, the Michelson experiment with extra-terrestrial light (sun
and stars) has actually been carried out with negative result by R. Toma-
schek, Ann. Phys., Lpz., 73 (1924) 105.

Note 4. (p. 19)

The experiments of Harress and Sagnac have been repeated by B.
Pogany, Ann. Phys., Lpz., 80 (1926) 217; Naturwissenschaften, 15 (1927)
177; Ann. Phys., Lpz., 85 (1928) 244. The proposed optical experiment to
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test the rotation of the earth has actually been carried out: A. A. Michel-
son, Astrophys. J. 61 (1925) 137 and A. A. Michelson and H. G. Gale,
Astrophys. J. 61 (1925) 1401.

Note 5. (p. 20)

The second-order Doppler effect has actually been verified experimen-
tally by comparing the arithmetical mean of the frequency shift of two
light beams of exactly opposite directions with the unshifted light fre-
quency emitted by atoms at rest. The experiment has been made by
H. E. Ives and C. R. Stilwell, J. opt. Soc. Amer., 28 (1938) 215; 31 (1941)
369, and repeated by G. Otting, Phys. Z., 40 (1939) 681. The prediction
of special relativity theory is confirmed with great accuracy. (Hence
the proposal of Abraham mentioned on p. 14 of the text is also disproved
experimentally.)

A good means of verifying experimentally the time dilatation of special
relativity is the dependence of the life time of decaying mesons on their
energy. Theoretically, the life time should be proportional to the relati-
vistically defined energy of the particles (see § 37). Qualitatively, the effect
is well checked both in cosmic rayst and with artificially produced
mesons,} but the accuracy is not very good at present, as until now the
experiments have not been made with the particular purpose of checking
the theoretical formulas for time dilatation.

Note 5a. (pp. 33 and 43-46)

The systematic nomenclature introduced here has not found its way
into the literature. It will strike the reader of today as particularly unusual
that the rank of a ‘“surface’ tensor should be different from the number
of tensor indices. The curvature tensor, for instance, is called here a
“surface tensor of rank 2”, while the number of its indices is four.

Note 6. (p. 38)

It is logically possible to abandon any derivation of the ‘“‘geodesic
components” I, from the metric of the space, defined by the tensor
gsx- The “pseudotensor field”” I}, is then axiomatically assumed to satisfy
the transformation law

L —
= 5t ax'k

am"(ax' oz . 02zt )
= T P ’

oxr oxt [ox'! , 02" )
(axc " Qur oas

(»

— + [ —
ot \ ozt dxk " dx'tox'k

which is equivalent to the general covariance of the definition (64) for
the parallel displacement of contravariant vectors.
Instead of Eq. (67) of the text, which contains explicitly the metric,

t See, for instance, B. Rossi and D. B. Hall, Phys. Rev., 59 (1941) 223.

1 R. Durbin, H. H. Loar and W. W. Havens, Phys. Rev., 88 (1952) 179 (Especially p.
183) measured the life time of w-mesons of kinetic energy of 73 MeV, so that the time-
dilatation factor was about 1:5. The measured dilatation was in agreement with this to
10 per cent.
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the invariance of any scalar product a‘b; of a contravariant vector af
and covariant vector b; under parallel displacement has to be postulated
here. With this condition,

d
Z (ath) = O,
dt(a %)

we derive from (64) the displacement law

dbg dx®
7 + I'rys 2t by (2)
for covariant vectors.

This generalization of the Riemannian geometry is called ‘‘affine
geometry”’, the parallel displacement of vectors is called “affine con-
nexion” and a space in which it is defined an ‘“‘affinely connected
space’’.

At first it would seem natural to maintain the symmetry condition (65)
for the Is, because the antisymmetric part of I'};;, would be a new inde-
pendent tensor in the proper sense, according to the transformation
law (1). Only the symmetric part of I'};;, can be locally transformed away
at a given point. In Note 23 we shall, however, discuss also non-symmetric
Is, in connexion with attempts to apply this generalized affine geometry
to physics.

_ In the following Note 7, however, we restrict ourself to symmetric I's.

Note 7. (pp. 60 and 69)

(a) Covariant differentiation in an affinely connected space.t With the help
of geodesic components I',; = I'Y;, without any metric, the covariant
differentiation of Ricci and Levi-Civita, mentioned on p. 59 of the text,
can be uniquely defined. We denote here, differing slightly from the text,
the covariant differentiation with a semicolon so that, for instance [see
(148 a) and (148Db)],

p oat It 1

akk =£-k- + 14y ar (1)
oby '

bk = P I by. (2)

One postulates for a scalar ¢
oc
oxk

and for a product, with or without contraction, the general rule

(3)

Ck =

@57k = a7kl + a b, (4)

© t For a standard work on the subject dealt with in this note, of. J. A. Schouten, Ricci-
Calculus (2nd edn., Berlin and London 1954).



210 Supplementary Notes

which says that the covariant differentiation of a product is analogous
to the ordinary differentiation of a product. With the rules (3) and (4)
one can derive each of the formulae (1) or (2) from the other one, for in

(atbs)x = a®rbs + atb,x

the terms with the I"s cancel.

Moreover, the general formula (152) of the text for the covariant
differentiation of a tensor is in agreement with the product rule (4) and
follows from this rule if the particular cases (1), (3), or (2), (3) are assumed.

It is easy to generalize the concept of parallel displacement from
vectors to all tensors. The condition that an arbitrary tensor field a
is invariant under parallel displacement along a given curve can be written

dar

" y—— = 0. 5
a.r dt (5)

If a 'is not given as a field, one has to replace

oa” dar da” .
= by =,
oxr dt dt
8o that (5) determines the dependence of @ along the given path.
We further note, that (152) is in agreement with the vanishing of the
covariant differentiation of the trivial mixed tensor which is given by the
Kronecker symbol §;*.

Applying the product rule (4) to a determinant D = det | a;; | of &
tensor a,; of the second rank (which transforms like g) one obtains

D oD % D
= 2%
Hence
ovD
(VD) = WP _ % D.
axk
From this and (3) it follows for any scalar density W = a+/D that
oun
x = — — % ¥, 6
Wk P £ U (6)
but for the divergence of a vector density one finds that the I's cancel
Ak
Ky = —
QI ;’G = axk (68‘)

(see p. 55).
(b) The curvature tensor in an affinely connected space. The considera-
tions of § 16, which lead to the equation (86) of the curvature tensor

ora ora
% b Ihy,Toy — Ty Ty (7)

RMp =
T Tk oxd




Note 7 211

also hold in the affine space, as they do not contain the metric. This
tensor still has the symmetry properties

Rhik! = - Rhl}k, Rhyj + Rhyy + th‘j = 0. (7a)

However, there is now no simple means for lowering the first index and

therefore no analogy to the property of skew-symmetry in the first two
indices of the Riemannian curvature tensor R,;; [see (92)].

This has an important consequence for the contracted curvature tensor,

defined in analogy with (93) and (94) by

oo, ol [é, o Lo 19 b

-+ Dl = Tl (7))

This tensor is no longer symmetric and therefore splits immediately into

its two irreducible parts, the symmetric and the skew-symmetric one:

Ry = Rz_}; + .Rgf,

Rix = Ry =

ark | ow
(we use here the symmetry condition (65) for the I'’s) and

1/ 01%,  oT%,
Ry = — Ry = ;( - )

Rg; = Ltk = 5 - "“‘a‘;a‘* + D T2 — Do Fﬂatl (8)

-

1( o', ol'%, ) o'z

oxk oxt

(9
The latter fulfills the identity
ORy ORy ORy
At o T i
As the scalar densities (p. 32) are important for the variational principles

(§ 23), we mention here that the simplest scalar density constructed
algebraically (without differentiations) from the curvature tensor is

31 = V/(ldet| Ry | |) (11)

Indeed, every tensor of the second rank can be used in this way to build
up an invariant volume element, as is usually done with the metric tensor.
One can also define the normalized subdeterminants R¥ by

(10)

Ry, Rtz = §,F (12)
and use them to raise the indices of R,
RE = R,\,l,vR’_‘R'L'L‘. (13)
The simplest invariant is then
I= %R@-R‘l‘ = §Ry Ry RUR™E, (14)
Combining (11) and (14) gives the scalar density
Jp = (1 + a%R@R@RL‘R'EE)\/ddet|R¢_k| 1), (15)

with an arbitrary numerical factor «. It consists of two parts added
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together with a plus sign, just what the wish for ‘“‘unification’ made various
authors so eager to avoid. (Cf. below, Note 23).+
(¢) The identities of Bianchi. The identity

agx — ape = — Rhygap (16)

mentioned on p. 59 is useful to describe the differential identities of
Bianchi, which hold both for the Riemannian and for the more general
affine space.

From (186) it follows for an arbitrary tensor S;; of the second rank that

Sweg;m — Steymi = — (BPm Sin + BPym Spr). (17)
It follows, for instance, first for the particular tensor S;; = a,;b,; but as
the relation is linear in the components of §;;, it also holds for any sum of
these particular tensors, and hence for a general tensor of the second
rank.

Putting in (17) 8;;, = a;,;, and adding the three cyclic permutations of
k,1, m one obtains, taking into account the cyclic symmetry (7a) of
'thlm .

(a’t;lc;l;m - ai;l;k;m) + (ai;l;m;k - at;m;l;k) + (at;m;k;l - at;k;m;l)=
— (Braman;k + BMmk ang + B ap;m).
On the other hand, one obtains by covariant differentiation of (16) with
respect to m, followed by the cyclic permutation of %, I, m,

(18)

(@xa.m — Aigem) + (@gmpr — Gmyx) + (Qumpy — Gikmy) = (19)

— (RPrym anx + Braanm + Bhimrang) — (Bhpzm + BPamsx + BPymis) an
The left-hand side of (18) is identical with the left-hand side of (19). The
same holds for the right-hand side of (18) and the first triplet on the
right-hand side of (19) apart from the order of the terms. Hence the

second triplet on the right-hand side of (19) must vanish for every vector
a,. This gives the famous identities of Bianchi

Rhrygym + By + Bbupg = 0. (20)
By contraction 2 = k = « one gets
Rym — Bimg + Ry = 0
or, with a change of notation in the indices
Bpix — Bugs + Bope = 0. (21)

(d) The simplification in the Riemannian space. For a Riemannian space
it is possible and also natural to link the affine connexion with the metric
by the postulate that the metric field g,,(x) ts tnvariant under parallel
displacement along any curve. This gives immediately, according to (5),

Jikr = 0 (22)
or 3
Jik
—_— Ts,;,. — I'sp = 0,
P sk L %ir — G151 kr

t A third invariant can be constructed in analogy with the one considered in Note 20.
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which is, in view of (66), identical with (68). The expression (69) for
I';,, follows from it, for symmetrical I'’s.

The condition (22) is equivalent to

g%,y = 0, (22a)

which is identical with Eq. (71) of the text. It enables one to raise and to
lower indices of covariantly differentiated tensors be means of the metric
tensor. If, as usual,

ay = girar, at = gray,

one has also

aik = Gird ik , atx = g ap. (23)

We note, that Eq. (67) of the text is also equivalent to (22). In view of
(3), the product rule (4), and Eq. (64) of the text, one has indeed,

d dar
i LER) = gupp b b
7 (i 1 €%) = guer§1€ 7

We can now easily derive again the remaining symmetry property
Riam = — Rium (24)

or gin RMam + gen Rgm = 0 (24a)

of the metric curvature tensor, which is constructed with the help of the
special Iy, given by (66) and (69), which fulfil (22),

For this purpose we have only to insert g, for 8;; in the general formula
(17). As the left-hand side vanishes in view of (22), the right-hand side
must vanish too, which is identical with (24 a).

In § 16 it was shown, that from (24) there follows the symmetry of the
contracted curvature tensor R,;, which means the vanishing of its skew-
symmetric part Ry. It is this which makes the construction of invariants
from the curvature tensor so unique for the metric space [see p. 48,
Eq. (113)].

Finally, we derive from Egs. (21) above, which followed from the
Bianchi identities, the identities (182a, b) for the tensor [see(109)]

Gu: = Ry — 39 R,
Gi¥p = Gry = 0 (25)

in the calculus of covariant differentiation.

For this purpdse one has only to multiply (21) by g**, and to contract
with respect to the indices & and k. Using (23)and g**R*,,, = R* ([see
(93)] one obtains

which can be written

Ry — Ry + R = 0

or 2(R¢ - «}8“;}3);,, =0
which is identical with (25). The importance of the simple connexion with
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the identities of Bianchi of the four identities (25) which are so funda-
mental in general relativity, was also emphasized by Einstein in his
later work.

Note 8. (pp. 69 and 162)
In the text, p. 69, it was stated: ‘“An explicit evaluation now shown

that 3 9 P
®
e a T R = 6w = V(- 9)Gir,

ox” agtk, gt
where G, is the tensor defined in (109).”
Also, reference was made there to a paper by Palatini (see footnote
(105) ).
The method of Palatini is the following: he first notices that, according
to (71), the variation 8I'7;;, of the I'field is a proper tensor, in contrast
to I'7;; itself. Using the formula (94) for R,; one obtains

ORy = (SP%);;‘ — (81" k);r . (1)

This can immediately be seen, first, in a geodesic coordinate system where
at a particular point the Is themselves (but not necessarily their deriva-
tives) vanish. Hence the equation holds generally by reason of the general
covariance of both sides.

Using the product rule for covariant differentiation one gets .

V(= 9)9"* 3Ry = [v/(— g)(g'r 8T — gt* 81" ex) 1r +
+ [(V(= 9)9%).r — (V (= 9)g%).5 8,181 .

The first term is as a covariant divergence of a vector density, i.e.
according to Note 7, Eq. (6a), a common divergence which, after
integration over the volume, gives rise to a surface integral. The latter
vanishes if the variation of the I'-field vanishes at the boundary. We
are therefore left with

[ V9wt sRudz = [ (V(~9)g™)r — (V(=glg)s8 4 BTV ez + [

surface.

2

Using @)
Rucd(v/(—9)9"%) = /(—9) (B — 3g9ix R)3g'* = Gy dg'*

we obtain therefore

8 [Rdz = [Gudgthde + [[(V(— g™ — (v/(=g)g)s 8 PTrude +

+ J.surflce : (3)

Until now we have not used the vanishing of the covariant derivative of
the metric tensor. [Note 7, Kgs. (22) and (23).] If we do so, the second
integral of the right-hand side of (3) vanishes and formula (180),p. 69
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of the text is proved. Based on this development of Palatini, there
exists a variant of the action principle (see § 57 of the text) where one
treats the 10 functions g and the 40 functions I';, as independent
variables.t

Provided the integrand It of the matter part of the action integral [see
Eq. (404) of the text] does not contain the I'”;; explicitly, the variation of
the I'";,, gives, according to (8.3),

(V(=9)g"%)r — (v/(—9)g%),s8:% = 0,

from which we can easily derive g?. = 0. These equations, just like the
equation (401) of the gravitational field, are then, as a part of the field
equations, a consequence of the variational principle.

The condition that the matter part I of the action integral should not
depend on the I'7;; is certainly fulfilled for an electromagnetic field without
electric currents [see Eq. (172)]. For the general representation of matter,
however, the limitations in the applicability of the classical field concepts
come into play and the condition in question does not seem to me trivial.
Particularly the case in which It contains spinor fields needs a closer
investigation.

In a Riemannian space it seems to me simpler and more natural to
assume the identities

Jiczr = 0 or gik, =0

from the beginning and to treat, in the variational principle, the 10 func-
tions g¢,,(x) alone as independent variables.

For the use of Palatini’s method in Einstein’s field equations, see Note
23.

Note 8a. (p. 70)f
The identity of Eq. (184) of the text, i.e.

0
— (Uik + Gk) = 0, I
— (U + G) M
becomes obvious on the basis of the relation
B
Wk + Gk = —, (I

first derived by P. Freud,|| in which B, is antisymmetric in k and [,

Bkt + Bk = 0. (III)

1 A. Einstein, S.B. preuss. Akad. Wiss. (1925), 414.
{ I am indebted to Dr. V. Bargmann for having drawn my attention to the results dealt
with 1n this note.

|| P. Freud, Ann. Math., Princeton, 40 (1939) 417. Freud denotes by

UE = Wtk -+ T2V (—9)

the expression which is denoted by —(Uk*+®.;*) in this book; hence his UK has
the opposite sign to our Bk,
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This author also derived for the affine-tensor density B,** the expression
2Bk = 1/(—g)[8:¥ (g™ Tlys — g'r Toys) +
+ 8i¥(ghr I'epg — grs Thyg) + 1)
+ (g% Tkyy — ghr Thy)].
The results of Freud can also be derived by a generalization of the result
(181) of the text for the variation of [ R dx with arbitrary functions £,
where the contribution of the surface integral in (177) has to be taken

into account.
In view of (182a) one obtains, after some transformations,

]

5 f Rdw = 2 f 5% [(uik + Gb)gt — szx,ﬂc-g?-] da, ()

where

AV(=g)g?) 1 3v(—g)g’*)
oxr 2 oxt '

The vanishing of the integrand of (2) for arbitrary functions ¢ gives just
the identities (I), (II), (III), while the expression (3) turns out to be
identical with the expression (1) of Freud.

The identity (II) is useful because it permits one to compute the volume
integrals of total energy and momentum as a flux through a surface.

Btk = g 4 3 (3)
=g 39, [

Note 9. (p. 83)

Today the relativistic dependence of energy and momentum on velocity
is taken as a matter of course in all experiments on high-energy particles,
either occurring in cosmic rays or artificially produced with help of
machines (cyclotrons, bevatrons, etc.) in which a high acceleration of
charged particles takes place. For the computation of their orbits in these
machines the relativistic formulae, the predictions of which have always
been in agreement with experience, are also essential. A particular experi-
ment, which checked the relativistic mass formula for electrons in a
range of velocities up to nearly 0-8c was performed by M. M. Rogers,
A. W. McReynolds and F. T. Rogers, Jr., Phys. Rev., 57 (1940) 379.

Note 10. (p. 88)
The text here contains a historical error: the action principle in question

had already been established by J. J. Larmor [see his book: Aether and
Maiter, (Cambridge 1900) Chap. 6].

Note 11. (pp. 111 and 115)

M. v. Laue [see his Relativitdtstheorie, Vol. 1 (6th edn., 1955) § 19] has
shown that only the unsymmetric energy-momentum tensor of Minkow-
ski is correct for a phenomenological description of moving bodies (just
as it is in crystals at rest). His argument also emphasizes the validity of
the addition theorem of velocities for the ray-velocity (see Eq. (312) of
the text), which is in agreement only with this unsymmetric tensor.
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Note 12. (p. 119)

The considerations of Lewis and Tolman are simpler in the centre-of-
gravity system of the colliding spheres.

Note 13. (p. 123)

A very striking example of the equivalence of mass and energy is the
annihilation radiation of a pair of two electrons with opposite electric
charge (positon and negaton), where the whole mass is transformed into
radiation energy. [For a quantitative measurement of the wave-length of
the emitted photon see J. Du Mond, D. A. Lind and B. B. Watson, Phys.
Rev., 75 (1949) 1226.]

The first quantitative verification of the mass—energy balance in nuclear
reactions has been made by J. D. Cockecroft and E. T. Walton, Proc.
Roy. Soc. A137 (1932) 229, in the reaction, where two «-particles are
emitted by proton bombardment of Li-nuclei with mass number 7.

Today the equivalence of mass and energy (inertia of energy) postulated
by Einstein is one of the most certain foundations of nuclear physics. It
gives rise to the programme for interpreting the mass values of the funda-
mental particles as energy eigenvalues.

Note 14. (pp. 153-154)

While, due to different perturbing effects, no progress has been made in
the meantime regarding the red shift of spectral lines in the sun, there is
good agreement between theory and experiment for the red shift in the
companion of Sirius, This is about 30 times as great as for the sun, due
to the extreme density of the star. For details see the Proceedings
of the Congress “Jubilee of Theory of Relativity”’, Berne, 1956, quoted
in Note 1.

Note 15. (pp. 158-160)

The fact that the momentum-energy law (341a), p. 157, for matter
(including electromagnetic fields) is a consequence of the field equations
(401) for gravitation alone leads one to expect that the law of motion for
material particles (which can be described phenomenologically by the
energy-momentum tensor @, Eq. (322), p. 117) must also follow from
these field equations without further assumptions.

This has indeed been proved in a series of papers by Einstein and col-
laborators, and later by Infeld and collaborators.} They considered par-
ticularly a point singularity (world line singularity in the four-dimen-
sional space-time) in an external field and showed that the vanishing

+ A. Einstein and J. Grommer, S8.B. preuss. Akad. Wiss. (1927) 6 and 235.

A. Einstein, L. Infeld and B. Hoffmann, Ann. Math., Princeton, 39 (1938) 65.

L. Infeld, Phys. Rev., 53 (1938) 836.

A, Einstein and L. Infeld, Ann. Math., Princeton, 41 (1940) 455; Canad. J. Math., 1
L.(le?:e% :g% A. Schild, Rev. Mod. Phys. 21 (1949) 408 (Limit of particle mass tending.
L. Tofuid and A, Scheidegger, Canad. J. Math., 3 (1951) 196.

L. Infeld, Acta phys. polon. 13 (1954) 187,
See also Bergmann, Introduction to the Theory of Relativity, (New York 1942) Chap. XV.
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of the covariant divergence of G;; has the consequence that the assumption
of a singularity of the metric field on a world line is only compatible with
the validity of the field equations G;;, = 0 (or R,;, = 0) outside this world
line, if the latter is a geodesic.

In order to prove this, approximation methods had to be applied.
The most convenient one is a development in powers of ¢—2, which means
in powers of the operations of time derivatives (quasi-static fields, cf.
§ 58(«)). Another one, applied by Infeld and Schild, is the passing to the
limit of a vanishing mass of the test body, which also applies in a rapidly
varying field.

The result implies the non-existence of a solution of the gravitational
field equations corresponding to two point-masses at rest. There is, how-
ever, a static solution with a singularity of the metric field on a line joining
two points of space, which describes a one-dimensional density of matter.

In a similar way it can also be shown that, as a consequence of the
gravitational equations alone, an electrically charged point-mass obeys
a law of motion including the force (216) [see Eq. (226a), p. 157 of the
text]. ‘

The representation of matter by a point singularity may be of some
formal mathematical interest and also convenient in some applications, but
I wish to point out that it is not of basic significance in the investigation
of the laws of motion in general relativity theory. The material energy
tensor T';;, can also be introduced formally, without expressing it by other
quantities, in the field equation (401) to characterize small, but finite,
space-time regions in which the left-hand side is different from zero.t
The divergence equations (341a), p. 157, which follow, can then be used to
investigate the motion of the centre of these regions, much as for moving
point singularities. In this way, N. Hu] has investigated the small damping
forces due to the emission of gravitational waves. Although they appear
only in a very high and practically unobservable approximation in’'the
development in powers of ¢c~2, they are of fundamental interest, as in this
approximation it becomes less and less possible to distinguish sharply
between the external field and the self-field of matter.

Note 16. (p. 169)

Most experts agree that the best determination of the light deflection
by the sun is still the one by Campbell and Trumpler (Lick Observatory),
which is in good agreement with the theoretical value. See the report
by Trumpler and its discussion in the Proceedings of the Congress “Jubilee
of Theory of Relativity,” Berne 1955.

Note 17. (pp. 174, 178 and 179)

It is an interesting open question whether there exist rigorous solutions
of the vacuum field equations R, = 0 which are everywhere regular and
approach the line element of special relativity at the infinity of three-

‘ t See H. Weyl, Raum—Zeit—Materie, (5th edn., 1923) § 38 and also V. Fock, Theory of

Space, Time and Gravitation (London 1958).
1 N. Hu, Proc. Roy. Irish Acad., A 51 (1947) 87.
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dimensional space. It has been proved that no static or stationary solutions
of this kind exist (see the following Note), but one should expect such time-
dependent solutions to correspond to standing gravitational waves (e.g.
spherical ones). One can easily see that no such solutions exist for plane
waves. For cylindrical waves, A. Einstein and N. Rosen, J. Franklin
Inst., 223 (1937) 43, have constructed such rigorous solutions which,
however, do not approach the pseudo-Euclidean line element at the infinity
of the space.

A decision of the more general mathematical problem of the existence
of such rigorous solutions is desirable. If they exist, it would not be pos-
sible to formulate the “Mach principle”’ (p. 179) in such a way that it is a
consequence of the relativistic field equations. This principle has to be
reconsidered anyhow in the light of the more recent development of the
cosmological problem (see Note 19).

Note 18. (p. 182, footnote 365)

After Serini had settled the non-existence of regular static solutions of
the vacuum field equations R;, = 0, the next question was to admit in
the premise non-vanishing, but time-independent g,4 (a = 1, 2, 3). A first
step in the proof of the non-existence of these more general stationary
solutions was made by A. Einstein and W. Pauli, in Ann. Math., Princeton,
(2), 44 (1943) 131. They showed that if such solutions exist, the deviations
of the metric field from the pseudo-Euclidean at large distances r must
decrease more rapidly than r—1. (The old method of Serini is reprinted
there in the Appendix.)

This restriction has been overcome by A. Lichnerowicz, C. R. Acad.
Sci., Paris, 222 (1946) 432 [see also his book, Théories relativistes de la
gravitation et de Uélectromagnétisme, (Paris 1955)] who proved in full
generality the non-existence of stationary solutions of the equations
R,, == 0 which approach the pseudo-Euclidean line element at infinity.
His method, like Serini’s, is to show the vanishing of certain integrals
with a positive-definite integrand.

Note 19. [pp. 179-183, (§ 62)] The cosmological problem

Since the first publication of this book an important new development
has occurred. New solutions of Einstein’s field equations describing a
world, homogeneous in space, with a time-dependent metric have been
found by A. Friedmann.{ They also exist without Einstein’s cosmological
term [ —Ag,; in Eq. (452)] for all three cases of positive, zero and negative
constant curvature of the three-dimensional space. These solutions have
been applied for'the first time to the actual universe by G. Lemaitre.}
He also showed that Einstein’s static solution is unstable with respect to a
time variation of the density of matter. The application of these solutions
to the actual universe became possible by Hubble’s discovery of a red
shift of the spectral lines emitted by nebulae, which is proportional to their
distance. This cannot well be interpreted other than as a Doppler shift

+ A. Friedmann, Z. Phys. 10 (1922) 377 and 21 (1924) 326.
1 G. Lemaftre, Ann. Soc. Sci. Bruz. A 47 (1927) 49.
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due to a velocity of the nebulae in the sense of an expansion of the whole
system of matter.

Einstein} was soon aware of these new possibilities and completely
rejected the cosmological term as superfluous and no longer justified. I fully
accept this new standpoint of Einstein’s.]

The “Ansatz” of Friedmann for the metric is

ds® = R2t)do® — du  with a4 = ef, (1)

where do is a three-dimensional time-independent line element corres-
ponding to a space with constant curvature, which can be normalized to
€ = 41,0 or —1 so that for ¢ # 0, 2!, 22, 2% are measured in units of
the radius of curvature R(t). The time scale is normalized by the choice
gss = —1lin (1) and the z° (@ = 1, 2, 3) are constant for matter following
the expansion of the space. For do? = y,da’dz® (a, b, = 1, 2, 3) any
of the expressions (122), (124) or (126) with 1/a? = ¢ can be chosen, as
for instance

o2

= —— N(dat)2  with 2= X(x9)2 2
T 3 (%) (@)
For the contracted curvature tensor P, which belongs to do? one has
P, = —2ey,, according to (117) and since » = 3. The equation for the
geodesics give the result| that for a material particle

|p|+R = const. ) (3)

where p = mv[l1 —(v%/c?)]~* is its momentum. If one passes to the
de Broglie wavelength A = A[/p, one can write (3) also as

R[X = const. (3a)

which then also holds for light (photons). For the time scale of the line
element, the square of which is given by (1) with g, = —1, the velocity
of light is constant, and for the frequency of light in this time scale it
follows that

v+R = const. (3b)

This was shown by M. v. Laue¥l without use of any quantum-theoretical
concepts by pointing out that, due to the conformal invariance of the
Maxwell equations, the frequency v’ corresponding to the line element
ds? = R%(t')(do?—c%t'?) must be independent of time.

If j is the mass density, » = uc? the corresponding energy density, p

1 A. Einstein, §.B. preuss. Akad. Wiss. (1931) 235. Appendix to the 2nd edn.
(1945) of The Meaning of Relativity, reprinted in all later editions.

} Cf. for the following also the books: R. C. Tolman, Relativity, Thermodynamics and

Cosmology (Oxford 1934), M. v. Laue, Relativititstheorie, Vol. 2: Allgemeine Relativitdts-
theorie (3rd edn., 19563) p. 52; P. Jordan, Schwerkraft und Weltall, (2 edn., 1955).

|| See literature, quoted in footnote}. One can consider the special case
22=2"=0, 2'=7r do=dr[l+(e4)r?] i,

For a material particle one has v = Rdo/ds.
9 M. v. Laue, 8.B. preuss. Akad. Wiss. (1931) 723.
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the pressure, so that « and p are time-dependent, but constant in space,
we have for the components of the energy tensort 7', with a, b =1, 2, 3

Tyu=u, Tiyu=0 Tap=pgar = pR2ya» (4)
Hence
T=—u+3p,
Tas — 3944 T = }(u + 3p), (6)

Tav — 3900 T = ¥(u + 3p).
The computation of the components of B, gives, if a dot denotes differen-
tiation with respect to 4 = cf,

3R :
By = 3 Ria = 0, Rgp= — yar(2¢ + B2 + RR). (8)

The field equations without the cosmological A-term in the form (401 a),
p- 161 of the text,

Ba = — «(Tue - Ygu 1),
give therefore :

B K
3= = —2lu+3p),

R
. (7
2+ 2R? + RR = 5 Ru—p), }
lso - ,
or also B4 \
= K’u,
R2
(®)
2RE+ R2 + ¢
—— = kp.
R2 /

The energy law (vanishing of the covariant divergence of T';) gives for
+ = 4 (the other three equations are identically fulfilled)

. 3R o o
u+-F(u+p)— , (9)

which also follows directly from (7) or (8). This equation can also be
written
d(uR3) + p d(R3) = 0, (9a)

which expresses the constancy of entropy in a material volume,
In the case of pure matter one obtains

p=0, uR3 = const. = {4, (9.b)
in the case of pure radiation
P = 1v, uR4 = const. (9 ¢)

t See Eq. (362), p. 133 and also pp. 183 and 170 of the text. One has to put here u,
=cand u,=0fora=1,2,3.

1 Compare footnote 320, p. 163 on our notation for «.
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The case p = 0 alone seems to be of practical interest, and will therefore
be assumed in the following. Then (9 b) inserted in the first line of (8)
gives immediately

R(I.i,’2 +€) = kA,
or

, kA
R? = T (10)

This equation can easily be integrated. For zero curvature one has, for
instance,

e =0, $R32 = \/(kA)c(t — to). (11)
The measured Hubble constant is therefore
1 R 1 4) 2 1
HeL - E L _ovid) 2 : (12)
tg R 1524 R372 3t—1
or t—to = 3ty = 3H-1. (13)

In this solution the time fo corresponds to R = 0', u = oo where the
idealizations assumed in the model are no longer justified. In the sense
that it is not possible theoretically to trace further back the extremely
dense state of matter which existed at the time ¢y before the present,
the time ¢ —¢y can be interpreted as the age of the universe.

For the other cases ¢ = 41 and € = —1 we refer to the literature
quoted in footnotes (t) and (1), p. 220. If H = 1/t is still defined by
(12), and B = 0 for ¢ = ¢, one finds for the “‘age of the universe” t —tg
the inequalities

t—to <%y for e= + 1, (13a)

t—to> 3y for e= —1. (13b)

In the latter case the time length ¢ —to is also limited for known ¢, by
the possibilities for the values of R/kA.

An empirical lower bound for ¢ —ip is given by the fact that the age of
the firm crust of the earth is known to be about 3 x 10? years. For some
time there seemed to be a discrepancy with the empirical value of the
Hubble constant, which led to a value of the age of the universe which was
too low.t+ More recently the astronomers found, however, a lower value
of the Hubble constant H, leading to

1
ty = 7= (56 + 2)x 109 years.t

There no longer seems to be any serious discrepancy between the empirical
value of the Hubble constant, the age of the earth and the equations of
general relativity without the cosmological term.||

t See A. Einstein, The Meaning of Relativity, Appendix; and P. Jordan, Schwerkraft
und Weltall, (2nd edn., 1955).

1 A. R. Sandage, Astr. J., 59 (1954) 180.

|| See report H. P. Robertson in Proceedings of the Congress, “Jubilee of Theory of
Relativity”, Berne, 1955.
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Note 20. (p. 189)
Here the invariant [see Eq. (54 a), p. 33)]

1
(FesF1a + Fs1F24 + F1aF3q) = }F g F*ik

V(-9)
has been erroneously omitted. The quantity is not invariant with respect
to reflections of the space coordinates (x', = —z, for a = 1, 2, 3), but
changes its sign under this transformation (pseudo-scalar). As the Lagran-
gians occurring in nature are invariant also under spatial reflections,
only the square of this quantity can occur. This is actually the case in the
application of the quantum theory of the positon to the polarization of the
vacuum in homogeneous external electric and magnetic fields, as was shown
by W. Heisenberg and H. Euler, Z. Phys., 98 (1936) 714. It also plays a
role in the non-linear electrodynamics of M. Born, Proc. Roy. Soc.
A143 (1934) 410 and of M. Born and L. Infeld, Proc. Roy. Soc. A144 (1934)
425, 147 (1934) 522, 150 (1935) 141.

The other invariants mentioned under (2) to (4), p. 189 have, however,
been entirely abandoned because of their lack of gauge invariance.

Note 21. (pp. 192, 202 and 205)

After the properties of negatons and positons had turned out to
exactly symmetrical, the negative antiproton was found experi-
mentally.t

All arguments in the text, which are based ‘“on the asymmetry between
the two kinds of electricity’ have therefore to be discarded.

Note 22. (pp. 192-202) Theory of Weyl

While there has never been an empirical reason to believe that lengths
and ‘times of measuring rods and clocks depend on their prehistory (see
§ 65(B)), the theoretical situation has also changed very much since the
establishment of wave mechanics. In this theory the complex wave
equation which describes electrically charged matter (the wave function
¢ may have one or several components) permits the group (% = Planck’s
constant divided by 27, ¢ = elementary electric charge)

, ke of ,
Pi=di—i——— =@ (1)
€ ox

which is in close analogy with the transformation (477) of the original
theory of Weyl, but with an imaginary exponent in i instead of the real
exponent in g,,. Moreover, the connexion of the conservation law for the

electric charge with the new group is the same as with the old one.
Both London,} and Weyl|| himself, recognized this fact immediately

t Q. Chamberlain, E. Segr®, C. Wiegand and Th. Ypsilantis, Phys. Rev., 100 (1955) 947.

} F. London, Z. Phys., 42 (1927) 375.

|| H. Weyl, QGruppentheorie und Quantenmechantk (Leipzig 1928; 2nd edn., 1931); Z.
Phys. 56 (1929) 330; Rouse Ball lecture ‘Geometry and Physics’, Naturwissenschaften,
19 (1931), pp. 49-58. Report ‘50 Jahre Relativitatstheorie', Naturwissenschaften, 38
(1951) 73.
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after the discovery of wave mechanics. Since this time, the name ‘‘gauge
group” has been the usual one for the group (1) in wave mechanics,
indicating in this way Weyl’s theory with a non-integrable length as its
historical origin.

However, there was now no longer any reason to believe in a non-
integrability of length and Weyl himself explicitly stated the failure
of his old theory. There seems to be now a general agreement that the
g4 themselves, and not only their quotients, are determined and that they
should be unchanged when a gradient is added to the electromagnetic
potentials.}

Note 23. (pp. 205-206) Other attempts of unified field theories

Before we refer in more detail to some proposals for the ‘‘unification” of
field theories, some basic remarks are necessary on the range of applica-
bility of classical continuous physics in the explanation of the duality
of properties of matter, characterized by the intuitive perception of
“waves’ and of “particles” and described by the new type of statistical
laws established in quantum mechanics (or wave meéhanics) since 1927.1
Most physicists, including the author, agree with the analysis of Bohr
and Heisenberg in their judgement of the epistemological situation
produced by these developments, and therefore hold a complete solution
of the open problems of physics through a return to the classical field
concepts to be impossible.

On the other hand Einstein, after he had revolutionized the way of
thinking in physics with general methods which are also fundamental for
quantum mechanics and its interpretation, maintained until his death
the hope that even the quantum-features of atomic phenomena could in
principle be explained on the lines of the classical physics of fields. While
the concept of physical reality in atomic physics has been generalized
by Bohr’s concept of complementarity in such a way that the whole
experimental arrangement is an essential part of the theoretically des-
cribed phenomena, Einstein wanted to keep to the ideal of classical

t Independent of the transformation of the electromagnetic potentials one can consider
the conformal transformation g’;x = Ag,x with an arbitrary function A(z) [see pp. 81 and
199 for the Maxwell equations]. As was shown by R. Bach, Math. Z.9 (1921) 110 (see also
C. Lanczos, Ann. Math., Princeton, 39 (1938) 842), it is mathematically possible to con-
struct field equations with this invariance property, by using in the action principle a
scalar density of the second degree i the components of the conform curvature tensor
[for the latter see H. Weyl, Nachr. Ges. Wiss. Goitingen, math.-naturw. Ki., (1921) 99].

At one time, Einstein [S.B. preuss. Akad. Wiss. (1921) 261] too, took gravitational
equations with conformal invariance into consideration. This point of view, however, was
soon abandoned by him and others, as it does not seem to have any physical meaning.

i It has to be emphasized that not only the particle concept of classical mechanics but
also the wave concept of classical field theory has undergcne a fundamental change in
quantum mechanics. Indeed, as was shown by Schrédinger, systems of interacting particles
can only be described by waves in a multidimensional configuration space and not by waves
in ordinary space-time. In cases where particles are generated and annihilated (change of
the total number of particles in time) sets of such configuration spaces with different
numbers of dimensions are needed. Equivalent to this is the so-called ‘‘field-quantization,”
in which the amplitudes of the wave-fields in ordinary space-time are replaced by suitably
chosen operators. See P. Jordan and O. Klein, Z. Phys., 45 (1927) 751; P. Jordan and E.
Wigner, Z. Phys., 47 (1928) 631; V. Fock, Z. Phys., 75 (1932) 622.
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celestial mechanics that the objective physical state of a system must be
entirely independent of the way in which it is observed.

Although Einstein frankly admitted that his hopes for a total solution
on these lines had not yet been fulfilled and that the possibility of such
a theory had not yet been proved by him, he considered this to be an
open question. If he speaks of a ‘“‘unified field theory”, he therefore
has in mind this ambitious programme of a theory which solves all prob-
lems regarding the elementary particles of matter with the help of classical
fields which are everywhere regular (free of singularities).

The physicists who follow the Heisenberg-Bohr interpretation of
quantum mechanics take into consideration the unification of classical
fields, like the gravitational and the electromagnetic field, only in a
restricted way, as long as the sources of the fields, such as masses and
electric charges, are not accounted for. For the description of the sources
and their properties, matter wave fields and their quantization with a
statistical interpretation are assumed.t But even this other kind of pro-
gramme seems to be still far from its realization.

The reader of the original text of § 67 will see that I was already at
that time very doubtful regarding the possibility of explaining the atomism
of matter, and particularly of electric charge, with the help of classical
concepts of continuous fields alone. In this connexion it should be remem-
bered that the atomicity of electric charge had already found its expression
in the specific numerical value of the fine structure constant, a theoretical
-understanding of which is still missing today. Particularly, I felt rather
strongly the fundamental character of the duality (or, as one says since
1927, complementarity) between the measured field and the test body
used as measuring instrument. This question has since been discussed
by N. Bohr at the eighth Solvay Conference of Physics in 1948 [see report
on this Congress (Bruxelles 1950) pp. 376-380].

‘After these more general introductory remarks we shall discuss in the
following two types of attempts at unification of fields, which formally
generalize the original relativity theory of Einstein in different directions.

(@) Theories with unsymmetrical g,;, and I'Y;;.t The theories in question
exist in two versions: the earlier one, in which symmetrical or non-
symmetrical I'Y;;, have been considered as the only primary quantities and
the later one, in which both unsymmetrical I'};, and unsymmetrical
g4 Or g'* are considered as independent variables. In the former theories
the metric tensor is assumed to be proportional to the symmetric part
Ry of the contracted curvature tensor.

‘This assumption is only justified if a cosmological term of the field
equation is existent. As this is no longer justified, one is left with the second
type of theory in which the unsymmetric I'};, and g,, are considered as

1 See footnote }, p. 224.

1 Compare A. S. Eddington, The Mathematical Theory of Relativity (Cambridge 1924);
different papers by A. Einstein in S.B. preuss. Akad. Wiss., (1923-1925); E. Schrédinger,
Space-Time-Structure (Cambridge 1950), where the author’s papers in Proc. Roy. Irish
Acad. (1943-1948) and the equation of A. Einstein and E. G. Straus, 4Ann. Math., Princeton,
(2) 47 (1946) 731, are summarized. See also A. Einstein, Ann. Math., Princeton, (2) 46 (1945)
538.
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independent variables. Consequently, only this second type of theory has
later been considered by Einstein.

All these theories are exposed to the objection that they are in dis-
agreement with the principle that only irreducible quantities should be
used in field theories. This principle is indeed satisfactory from a formal
point of view and has been verified empirically without exception in
physics until now. Therefore, I believet that cogent mathematical reasons,
(for instance invariance postulates of a wider group of transformations)
have to be given why a decomposition of the reducible quantities used in
the theory (for instance Ry, g, and I'Y;) does not occur. This has not been
done at all in the earlier literature.}

Einstein, however, was well aware of this objection, which he weighed
carefully in his later work. ||

In order to explain the point of view and results of Einstein and Kauf-
man, we notice first that the correct expression for the contracted curva-
ture tensor R;; in terms of the non-symmetrical I'};, isl

Ry = D5 — Ty — D5y Ty + Doy Ity (1)

where now the order of the lower indices in the Is is important. The
authors further point out that this expression is invariant with respect to
A-transformations, defined by

IVig = Tl + 8 A (2)

where A(x) is an arbitrary function. They now introduce the postulate
that all equations should be invariant with respect to these A-trangfor-
mations (A-invariance). Formally this postulate makes the use of symmetrical
s tmpossible.

As a second postulate Einstein and Kaufman introduce the transposition
invariance. It states that all equations stay valid if all quantities A,y are
replaced by their transpose ATy = A,,. The R, expressed by the I'l;,
are not transposition-invariant. The invariance can, however, be obtained
if new quantities, defined by

Ul = Tl — Tty 84,

3
Dl = Ul — U4, 8%, @

are introduced. The contracted curvature tensor, expressed in terms of
the U?,, is given by

Ry(U) = Usyps — Uiy Ulsy + 3US Uty (4)

1 The same view is held by H. Weyl [ Naturwissenschaften, 38 (1951) 73, and Proceedings
of the Berne Congress, 1955].

1 Already in a theory on the symmetrical I'}; as the only independent field variables it
is for instance arbitrary to use 1/( —det|R|) as density in the action integral. The split of
R,k into its symmetrical and antisymmetrical part gives many more possibilities (see Note 7).

|| A. Emstein and B. Kaufman, Ann. Math., Princeton, 62 (1955) 128; see also The
Meaning of Relativity, (5th edn., Princeton 1955), Appendix II.

[ In the following, the operation (...); always means ordinary differentiation with
respect to z*. The total sign of Ry, chosen by Einstemn and Kaufman and reproduced here,
is opposite to that used elsewhere in this book.
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and is now transposition-invariant. The A-transformation of the U, is
given by

Ulix = Ul + (8% A% — S%Ay). (5)

For the transformation law for the U, under coordinate transformations
we refer to the paper quoted in footnote ||, p. 226. One obtains the field
equations by variation of the action integral with respect to g'* and U%;; as
independent variables.

Instead of the g% one can also use the tensor density with components
g‘*, which in four-dimensional space-time are given by

gtk " gtk
— o I =
V/(—det|gi]) V/(—det|g™|)

It is in the spirit of ordinary general relativity (see p. 48) that one restricts
the scalar density £ to be used in the variation principle by the postulate
that it should contain no derivatives of g%, only the first derivatives of
the U';;, and that it should depend linearly on the latter.t This postulate
together with the pdstulates of A-invariance and transposition invariance
already mentioned, leads to an £ which is linear in the R,,, expressed in
terms of the U, If a ““cosmological’’ term independent of R, is avoided,
then a suitable definition of the field g, with g?* defined by (6), leads to
Einstein’s choice of the scalar density

gt = (6)

L= g”"Rm (7)

as integrand of the action integral which fulfils all the above postulates.

We refer to the quoted literature for the field equations following from
it and for the identities between them. The special case, in which the
antisymmetric parts of g,, and I'Y;, vanish, leads back to the usual field
equations of general relativity without matter (see Note 8).

Whether the field equations of this theory, which are based on the
formal postulates of A-invariance and of transposition invariance without
any obvious geometrical and physical meaning, can actually be connected
with physics at all, is rather doubtful.

A leading physical principle like the principle of equivalence in general
relativity, which is based on general empirical evidence, is entirely missing
in this “unified field theory”. Moreover, in ordinary gencral relativity it
is the line element, and with it the quadratic form g,, dz dx*, which has
a direct physical meaning, rather than the pseudotensor I'’;, which
governs the parallel displacement of vectors.

In the following, we shall consider other kinds of attempts to obtain
“unified field theories”, in which only irreducible quantities are used.

(b) Five-dimensional and projective theories.] Kaluza| found an interest-
ing geometrical representation of the generally covariant form of Maxwell’s

1 The discussion of the possible densities of the purely affine theories in Note 7 was made
without use of these restrictive postulates.

1 The reader will find a summary of the theories discussed here in P. G. Bergmann, 4n
Introduction to the Theory of Relativity (New York 1942), Chaps. XVII and XVIII.

|| Th. Kaluza, S.B. preuss. Akad. Wiss. (1921) 966.

Q
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electrodynamics [§§ 23(a) and b54], which was later improved and
generalized by Klein.t

One considers a five-dimensional space with a ‘“‘cylindrical” metric
given by

ds? = y,,dxrda’ (8)
(in the following, Greek indices u, v run from 1 to 6, Latin indices 4, %, ...

from 1 to 4). The condition of cylindricity can best be described in a
particular coordinate system] in which the y,, are independent of x5,

2 _ 0. 9)

Moreover, Kaluza and Klein originally assumed
yss = L. (10)

The positive sign of ys55 implies that the fifth dimension is metrically
space-like. The reason for this choice will become obvious later. Besides
the general coordinate transformations of the fout coordinates z*, as
used in general relativity, the preferred coordinate systems in question
permit the group

2’8 = o5 + f(al, ..., 24). (11)
Writing (8) in the form ,
ds? = (b + yisdat)? + gy datdak, (12)

one sees that the g;, are invariant under the transformation (11),
9’k = Gik; (13)

while
of

Y5 =y = o (14)

The comparison of (8) and (12) gives
yik = guk + Yi5 Yk (15)

If g'* is as usual the reciprocal matrix of g;; , ¢#* the reciprocal matrix of
Yuw one easily finds

detly,,| = det|gul,
¥ =1+ ykysys, Y0 = —gtys, i =gk,
The form of the transformation (14), which is analogous to the gauge

(16)

t O. Klein, Nature, Lond., 118 (1926) 516; Z. Phys. 37 (1926) 895 [already in these
papers & periodic dependence of the metrioc on the fifth co-ordinate is taken into considera-
tion]; Z. Phys. 46 (1928) 188; Ark. Mat. Astr. Fys. 34 (1946) 1; see also Klein’s report in
the Proceedings of the Berne Congress, 1955.

{ For the formulation of the theory in a general coordinate system see Bergmann, footnote
1, p. 227, bid.
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group, suggests the identification of y,; with the electromagnetic potential, ¢,
apart from a constant factor of proportionality. The antisymmetric tensor

T = fa (17)

which is invariant with respect to the ‘‘gauge transformation” (14), is
then proportional to the electromagnetic field strength. We shall come back
to the definition of the factor of proportionality later.

The geodesics of the metric (8) or (12) can also be interpreted physically
along these lines. From the independence of the y,, of x5 it follows easily
that for geodesics the two expressions

dab daxt

e + ‘yisTi—; = const. = C, (18)
dat dok

gik—d—s——ig— = const. = — 1, (18a)

are constant separafely for a suitable choice of the parameter s. The
constant in (18a) can be normalized to —1. For the equations of the
geodetics one obtains

d dx¥* 1 0 xr ok

- (gm——) LR N (19)
ds ds 2 oxt ds ds ds

This is, however, the equation for the orbit of a charged particle in
external gravitational and electromagnetic fields. The integration con-
stant C is thereby proportional to the quotient e/m of charge and mass of
the particle.

We mention here briefly another equivalent way to formulate the geo-
metrization of the gravitational and the electromagnetic field, namely
the "projective formulation. Many authors have contributed to it, among
them Veblen and Hoffmann, Schouten and van Dantzig and myself.t
Bergmannt has shown, however, that—in contrast to what I believed
myself for a while—this formulation is not more general than Kaluza’s,
and that it is easy to pass from either of these two formulations to the
other. Introducing the homogeneous coordinates X* by

Xv = f(at)e”s (20)
(with arbitrary functions f*) with the inversion
D.CHED. €
2t = g‘ (};, ""—XTS)
X1 x4 (20a)
o5 = log{X5F( - EE)} — log HO(X, ... X5),

where H® is a homogeneous function of the degree 1, one easily sees that
the “gauge” transformation (11), combined with the general transforma-
tions of the x* corresponds exactly to the group of all homogeneous

+ For literature see, besides Bergmann, footnote }, p. 227, ibid., for instance C. Ludwig-
Fortschritie der projektiven Relativitdtstheorie, (Braunschweig 1951).
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transformations of the first degree of the X”. It is the latter which is considered
in the projective formulation. Because of its one-to-one correspondence
with Kaluza’st formulation we shall not discuss the projective form any
further here.

Kaluza’s geometric form of the generally covariant laws of the electro-
magnetic field, as represented here, is tn no way a “unification” of the
electromagnetic and the gravitational field. On the contrary, every theory
which is generally covariant and gauge-invariant can also be formulated
in Kaluza’s form. In the case of the absence of electric charges (currents),
the generally covariant form of Maxwell’s equations follows by variation
of an action integral with the density [see Eq. (231b), p. 158 and Egs.
(403), (404), p. 162)

2= «/(—g)(R + gme), (21)

if F,, is the electromagnetic field strength. A more complicated depen-
dence on the field strength of the scalar density in the action integral would,
however, equally well be compatible with a cylindrically symmetric five-
dimensional metric.

Kaluza and Klein derived, however, a further interesting result. They
computed the scalar P of the curvature tensor, which corresponds to the
particular five-dimensional metric given by (8) or (12) and found

P =R+ }fa ik (22)

where R is the curvature tensor derived from the four-dimensional metric
corresponding to ds? = g, dx’ dz¥, and fy; is defined by (17). This becomes
identical with (21) if one puts

fie = V@C)Fu,  yis = V(2)i- (23)
Here, it has to be further noticed that the sign of the second term of the
right-hand side of (22) would reverse if we had chosen a time-like character
for the fifth dimension (yss = —1) instead of a space-like one. The space-
like character of the fifth dimension had to be chosen so that in (22) the
sign of the right-hand side is the same as in (21). One can also say that,
for the choice of P as the invariant in the action integral, the empirical
sign of the gravitational constant is represented by the space-like sign of
V55 .

There is, however, no justification for the particular choice of the five-
dimensional curvature scalar P as integrand of the action integral, from the
standpoint of the restricted group of the cylindrical metric. The open problem
of finding such a justification seems to point to an amplification of the trans-
formation growp. This is connected with the possibilities for generalizing
Kaluza’s formalism, which we shall now discuss briefly.

One of the generalizations of the Kaluza formalism consists in retaining
(9) but in getting rid of the condition (10), ys55 = 1. From the standpoint

+ For the metric tensor T’ v corresponding to the X one has, according to (20),
oX# )44
————— =T, Xt X",

‘)’u=r
K oxs  xd
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of the transformation group of general relativity, yss is then a new scalar
field which is still assumed to be independent of x5 Putting

yss=J,  vis =Jf,  yic = g + JIfifes ‘(24)
one obtains
ds® = y,, dxr da’ = J(dx5 + fidat)? + giedat dak, (25)

with the “gauge’’-group

d
Y Y (26)

Jordan,} reviving earlier ideas of Dirac,} tried in an interesting way to
use this new field J in order to obtain a theory in which the gravitational
constant of the usual theory is replaced by a time-dependent field. The
mathematical side of this theory has also been investigated independently
by Thiry.§ As was shown by M. Fierz, || the introduction of matter into the
theory adds further assumptions, without which the time dependence of
standard lengths derived from atomic dimensions and of the gravitational
actions between material particles are not yet defined. We shall not enter
here into a discussion of the strength of the empirical evidence for this
theory.

Another more fundamental generalization of Kaluza’s formalism
consists in abandoning the condition (9) of cylindricity. Already in his
early papers of 1926, Klein had discussed a periodic dependence of all field
dariables on z5. Normalizing the period to 2w, this assumption 1 (“All
components y,, are periodic functions of x° with the period 2m”) can also
be expressed by a Fourier decomposition

+
'yﬂv(:rs,xi) = 3 yum(af)einr’, (27)
n=—00
with ‘the usual reality condition
Y/w(_‘m = ('y,uv(m)*' (278,)

Geometrically one can then interpret 5 as an angle variable, so that all
values of 25 differing by an integral multiple of 27 correspond to the same
point of the five-dimensional space if the values of the « are the same.
From this assumption alone the existence of a closed geodesic without
discontinuity of its directions does not follow. Einstein and Bergmann®
particularly investigated the consequences of the additional assumption
I1: through each point of the five-dimensional spaces passes exactly one
geodesic curve which returns to the same point with continuous direction.

They showed that, in this case, there always exists a particular

t P. Jordan, Schwerkraft und Weltall (2nd edn., 1955). Originally he formulated his theory
in the projective form.

1 P. A. M. Dirac, Nature, Lond., 139 (1937) 323; Proc. Roy. Soc. A165 (1938) 199.

§ Y. R. Thiry, Thése, (Paris 1951); cf. also A. Lichnerowicz, Théories rélativistes de la
gravitation et de Uélectromagnétisme (Paris 1955).

|| Helv. Phys. Acta, 29 (1956) 128.

9 A.Einstein and P. G. Bergmann, Ann. Math., Princeton, 39 (1938) 683; also A. Einstein

V. Bargmann and P. G. Bergmann, Th. Kdrmdn Anniversary Volume (Pasadena 1941).
p- 212 and Bergmann, footnote }, ibid., p. 227.
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coordinate system in which
yss =1 ——=0. (28)

The transformation group stays the same as in the original formalism of
Kaluza [see (15), (16)], but the g,; can now depend periodically on 5.

The authors then established the most general invariant consistent
with the transformation group in question and fulfilling the same general
condition with respect to the order of differentiation as in ordinary
general relativity theory (namely linearity in the second derivatives of
the field without any higher derivatives). The corresponding field equations
are, in general, integro-differential equations.

While, with these assumptions, one does not get an interpretation or
justification of the particular choice of P for the scalar in the action
principle, the situation is essentially changed if one retains assumption I
alone and drops assumption II. The transformation group is then

2’5 = 25 + pb(ad, xk), x't = pi(ad, k) (29)

where the p¥ are arbitrary periodic functions of 5 with period 27. This
general group has also been considered by Klein, but its mathematical and
physical consequences need further investigation.

It is true that the only scalar constructed from the y,, by the usual
process of differentiation only (with the restrictions concerning the order
of differentiations usually assumed in general relativity) is now the curva-
ture scalar P of the five-dimensional metric. But it is still an unsolved
problem whether or not there exist other invariants in the large, which
could be expressed as integrals over suitably chosen closed curves and
could also be used in the action principle.t

Besides this mathematical problem there is the other difficult problem
of the physical interpretation of general functions periodic in z° as given
by (27). This leads into wave mechanics, and therefore also to the
problem of field quantization.} Tensors like y,,"(2%) correspond to a spin
value 2, which, by the way, has never been observed in nature and from
which alone the observed spin value } can never be obtained by compo-
sition.

From our standpoint (see the introduction to this note) it is clear there-
fore that besides the y,,,(x°, «!)-field there must be other wave-mechanical
fields such as, for instance, spinor fields describing particles of low mass.}

The question of whether Kaluza’s formalism has any future in physics
is thus leading to the more general unsolved main problem of accom-
plishing a synthesis between the general theory of relativity and quantum
mechanics.

1 Dr. P. Bergmann kindly drow my attention to the problem whether, in a five-dimen-
sional manifold with the topology of a cylinder infinitely extended in the space described
by !, ..., x* and with & metric fulfilling the assumption I, there always exists a particular
coordinate system for which

0y upf0z® =0 for p =1,..,85

I See footnote §, p. 224.
|| See footnote {, p. 228, O. Klein, tbid.
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Aberration of light, 17, 20, 74n., 114,
Action function,
in five-dimensional theory, 230, 232.
for gravitational field equations, 162, 182,
215, 227.
for Maxwell’s equations, 199.
mechanical-electrodynamical, 88-9, 158,
216.
in Mie’s theory, 189-90, 192, 223.
in relativistic mechanics, 119-20.
thermodynamical, 135-6.
in Wey!’s theory, 200-1.
Action principle, see Action function.
Aether, 4-7.
Affine
connection, 197, 209, 212.
geometry, 209.
space, 209-12.
tensors, 60-2.
transformations, 23-7, 36, 81.
tensor calculus for, 24-7.
Age of umverse, 222.
Angle measurement,
in Euclidean geometry, 28.
in Riemannian geometry, 36.
Antiproton, 223.
Antisymmetric tensors, see Tensors.

Bianchi identities, 212.
Black-body radiation, 138-9.
Bolyai-Lobachevski geometry, 74, 97.

Canonical equations, 121.

Cayley system of measurement, 74n.

Centrifugal force, see Force.

Charge
conservation, see Conservation laws.
distribution, in electron, 185-7, 192.
total, of particle, 77, 191.

Charged particles, equations of motion,
82-4, 191; see also Particles and Point-
charge.

Christoffel symbols,
ponents.

Clock
paradox, 13, 72-3, 152.
synchronization, 9.

Closed system, 5.
electromagnetic, 117.
gravitational, energy—momentum law for,

176-17.

Complementarity, 224.

Conduction current,
electron theory, 106.

Minkowski’s electrodynamics, 101-3.

Conductors, moving, 113.

Conservation laws,
angular momentum, 125.
charge, 76-8, 200-1.
energy, 85-6, 107, 162, 189, 200-1.
energy—momentum, se¢ Energy-momen-

tum law
momentum, 85-6, 162.
Contraction factor, 2, 3, 9-10.

see Geodesic com-

Contravariant components,

of tensors, 25.

of vectors, 27-8.
Convection current, 101-2, 104, 111.
Co-ordinate system,

Gaussian, 149.

geodesic, 38, 44.

Riemannian, 44-8, 50-1.
Coriolis force, see Force.
Cosmological

models, static (Einstein, de Sitter),

179-83.

non-static (Lemaftre, Friedmann), 219—
22.

term, 181, 204, 219-20.
Covariance,
of Maxwell’s equations, 78-81, 156-7.
of physical laws, 3, 5, 144, 149-50, 205.
Covariant
components, of tensors, 25.
of vectors, 29.
differentiation, 57, 59.
in affine space, 209-10.
Curl, 55-6.
Current vector, 76-7.
in electron theory, 104.
in Minkowski’s electrodynamics, 100-1.
in Weyl’s theory, 201.
Curvature,
Gaussian, 45-6.
of Riemannian space, 41-4, 46, 69.
sectional, 46.
of space (Weyl’s theory), 201.
space of constant, 49-52.
Curvature invariant, 44, 48.
in Einstein’s theory, 204,
in five-dimensional theory, 230, 232.
in space of constant curvature, 49.
weight of, 197-8. .
Curvature tensor, 42-3.
in affine space, 210-12.
Bianchi identities, 212.
contracted, 44, 165.
geometrical interpretation, 47.
in non-static universe, 221.
non-symmetrical, 211.
in space of constant curvature, 49, 220.
in terms of non-symmetrical I's, 226.
weight of, 197.
covariant, 43, 213.
in affine space, 211.
in Euclidean space, 48.
in space of constant curvature, 49.
weight of, 197.
weight of, 197.

D’Alembertian, 56.

De Broglie wave-length, 220.

Determinant of orthogonal linear transfor-
mations, 23.

Dielectric, moving, 111-13.

Differential operations, invariant, 56-60.

Dipole, moving, 97-8.

Distance between world points, 21, 22;
see also Line element.

Divergence (Div and Dtv), 55-9, 210.
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Doppler effect, 7, 8, 19-20, 74n., 114, 161,
208, 219-20.

Drag coefficient, 17, 114.

Dual tensors, 33-4

Dynamics, general relativistic, 123—-6.

Einstein tensor (Gu), 47, 49, 213.
Elastic
collisions, 118-19, 217.
forces on moving rigid body, 127-30.
Elasticity, relativistic theory of, 130-3.
Electric forces inside particle, 203, 205-6.
Electricity,
atomic nature of, 205, 225.
positive and negative, 192, 202, 205-6,
223.
Electromagnetic energy-momentum
tensor, 85—-6.
vector, 87.
Electromagnetic field
equations; see also Maxwell’s equations.
Mie, 188-91.
Minkowski, 102—4.
Ritz, 6.
of moving dipole, 97-8.
of moving point-charge, 91-2.
quantities, transformation properties, 79,
100.
tensors, 78-9.
Mie, 188-9.
moving bodies, electron theory, 104-8.
moving bodies, Minkowski, 100.
Weyl, 195.
Electromagnetic momentum, 85.
+ Electromagnetic potential,
in five-dimensional theory, 229.
four-vector, 79, 86.
hyperbolic motion, 93.
in Mie’s theory, 188-9, 192.
moving point-charge, 90-1.
retarded, 90-1.
in Weyl’s theory, 195.
Electron,
churge distribution in, 185-7, 192,
Mie’s theory of, 188-92.
moving,
total energy, 185.
total force, 184, 186.
total momentum, 185, 187.
non-spherically symmetric, 186.
rigid, 184.
stationary, total energy, 185, 187.
Electron
-pair annihilation, 217.
radius, 171, 187-8.
theory, 78-81, 104-6, 203.
Elliptic space, 62.
Emission theories, 6-8.
Energy,
equivalence of mass and, see Equivalence.
of finite universe, 182-3.
kinetic, 116.
rest, 117.
total,
of closed system, 176-7.
in Einstein’s theory, 204,
of gravitational waves, 178.
of light wave, 87.
of stationary electron, 185, 187.
in Weyl!’s theory, 201.
velocity dependence of, 116, 216.
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Energy
current, 86, 107-8, 178.
momentum of, 125.
density, 85, 107-8, 123, 204.
Energy-momentum .
components, of gravitational field, 162,
176, 178.
density, 86
law, 86, 124.
for gravitational fields, 157, 160, 162,
175-6.

in Mie’s theory, 191.

tensor,
Abraham’s 110.
density, 157.
Einstein and Laub’s, 111.
electromagnetic, 85-6.
in gravitational field equations, 159.
kinetic, 117, 217.
of matter, 1568-9.
mechanical-electromagnetic, 124.
Mie’s, 190-1.
Minkowski’s, 109.
for moving bodies, 107.
in non-static universe, 221.
in presence of external forces, 125-7.,
in relativistic hydrodynamics, 133.
symmetrical, 110, 125.

vector, 87.

Entropy, 135, 137, 221.
black-body radiation, 138.

Equations of motion,
canonical, 121.
of charged particle, 82-4, 191.
of point-charge, 81, 218.
of point-mass in weak gravitational field,

150-1.

Equipartition law, 137.

Equvalence
of eilergy and mass, 121-3, 125, 143, 146,

217.
prmeiple of, 143, 145, 150-6, 227.

Euclidean geometry, 48-9.
pseudo-, 62,

Experiments (general relativity):
bending of light rays, 169, 218.
equality of gravitational and inertial

mass, 146.
perihelion of Mercury, 168-9, 202.
red shift, 1534, 217, 219.
Experiments (special relativity):
Airy, 114.
Eichenwald, 112.
equivalence of mass and energy, 123, 217.
Fizeau, 17-18.
modifications, 18-19, 207-8.
Majorana, 7-8.
Michelson—-Morley, 1, 4n, 6, 8, 14, 207.
Rontgen, 111-12.
Rowland, 111.
Sagnac, 19, 207.
time dilatation, 208.
Trouton and Noble, 128-30.
Trouton and Rankine, 4n.
velocity dependence of mass, 83, 216.
H. A. Wilson, 112-3.

Fermat's principle, 154-5.

Field theory, classical and quantum, 224n

FitzGerald contraction, see Lorentz con-
traction.
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Five-dimensional theories, 227-32.
Fixed stars,
gravitational effect, 174-5.
statistical equilibrium, 179-82.
Force,
centrifugal, 174-5.
Coriolis, 175.
elastic, 127-30.
Minkowski (four-vector), 84, 91, 116.
Newtonian, 84.
ponderomotive, 81-4, 86.
for moving bodies, 107.
Force density, 83, 85.
Four-current density, see Current vector.
Four-index symbols, see Curvature tensor.
Four-vector potential, see Electromagnetic
potential.
Free energy, 135-7.
for ideal gas, 140.

G-field (g.x), 147-8.
determination by energy tensor, 179.
invariance under parallel displacement,
212-14.
varation of, 1n action integral, 158-9.
G-field equations, see Gravitational field
equations.
Galilean,
law of 1nertia, 4.
reference system, 4.
QGas, 1deal relativistic, 139-41.
Gauge 1nvariance,
in five-dimensional theory, 228-31.
n wave mechanics, 223-4.
in Weyl’s theory, 194, 198-200.
Gauss’s theorem, 55.
Gaussian curvature, 43n., 45-6.
Geodesic
components, 37-8.
definition independent of gk, 208-9.
unsymmetrical, 225-7.
i Weyl’s geometry, 193-4.
coordinates, 38, 44.
lines, 39-41, 147, 155, 167, 197, 220.
m five-dimensional theory, 229, 231.
null, 64, 147, 155.
Geometry, physical character, 148-9.
Grad, 53.
Grassmann notation, 54.
Gravitation and motric, 148, 196.
Gravitational constant, 163.
Gravitational field
of cylindrically symmetrical mass distri-
butions, 172.
of electrically charged sphere, 171.
homogeneous, 143.
influence on material phenomena, 156-8.
in iterior of mass, 170.
light velocity m, 143-4.
of magnetic field, 171-2.
motion of particle n, 148.
of particle, 202.
of point-mass, 164-6.
in terms of g x, 144, 147-8.
Gravitational field equations, 159-62, 179-
83, 200, 203-4, 219-22.
approximate solutions of, 150-1, 172-5,
218.
boundary conditions at infinity, 179, 181.
rigorous solutions, 170-2, 218-22,
vacuum, 182, 218, 219.
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variational principle for, 161-2, 182, 200,
215, 227.
Gravitational potential, scalar, 142, 151,
163, 180.
Gr;.vitatxonal pressure, inside particle, 203,
05.
Gravitational radius
of liquid sphere, 170.
of mass, 165.
Gravitational scalar potential, 151, 180.
Gravitational waves, 173.
emission and absorption, 178, 218.

Hamilton’s Principle 119-20.

in Mie’s theory, 190.
Hamiltonian, in relativistic mechanics, 120.
Hubble constant, 222.
Hydrodynamics, relativistic, 133—4.
Hyperbolic motion, 75-6.

in electrodynamics, 92—4.
Hypersphere, volume and surface, 47-8.

Imaginary coordinates, 21, 71.
Inertia
of energy, see Equivalence of energy and
mass. !
relativity of, 179.
Integrals
over affine tensor components, 61.
invariant, 32, 66-70, 198.
surface- and space-, 53-4.
“Intensity’’, quantities of, 189.
Invariance
under conformal transformations, 224n.
under gauge transformations, see Gauge
mvariance.
A-, 226,
under Lorentz transformations, see
Lorentz mvariance.
under transposition, 226.
Invariant
differential operations, 56-60.
mtegrals, 32, 66-70, 198.
Invariants, formed from:
Ry, 211.
clectromagnetic field tensor and potentaal,
189, 223.
tensors, 26, 54.

Kronecker delta, 24, 210.

Lagrange equations for geodosic lines, 41.
Lagrangian, see Action function.
Least action, principle of, see Action func-
tion.
Liénard-Wiechert potential, 90.
Light,
aberration of, 17, 20, 74n., 114,
frequency, 114, 220.
phase, 19, 94, 113.
propagation in moving media, 17-19,
113-15, 207-8.
rays,
addition theorem for velocities, 115,
216.
path n gravitational field, 143, 154,
167, 169, 202, 218.
signal and phase velocities, 115, 216.
reflection at moving mirror, 7-8, 74n.,
95-17.
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Light—contd.
velocity,
constancy of, 5-9, 220.
in gravitational fields, 143—4.
in moving media, 18, 114-15.
wave, total energy and momentum of, 87.
Line element, 22, 35, 63—4.
n five-dimensional theory, 228.
for gravitational field of point-mass, 164,
166.
inside hquid sphere, 170.
in Riemannian coordinate system, 45,
51.
in spherical space, 50.
“Line”’ tensor, 27, 33.
Liouwville’s theorem, 136.
Lorentz
components, 176-7, 183.
contraction, 2, 3, 11-12, 72, 82.
force, 81-2.
group, 3n., 10, 11, 21-2, 81.
mvariance
of entropy, 135.
of light phase, 19, 94, 113.
of Maxwell’s equations, 78-81.
of pressure, 133.
transformation *
tor acceleration, 74-5.
for amphtude of hght wave, 94.
for charge density, 77, 106.
for conduction current, 106.
for coordinates, 2-3, 10, 71-3.
for density of particles 1n moving
bodies, 106.
for electromagnetic energy—momentum,
87.
for electromagnetic field quantities, 79,
100.
for energy and momentum of particles,
117, 125-7, 134.
four-dimensional ropresentation, 71-3.
tor frequency of hight wave, 114,
geometrical interpretation, 22, 62, 71,

for Joule heat, 107, 134.
for temperature, 135.
for thermodynamical quantities, 134-5.
for volocities of charged particles n
moving bodies, 106.
for volume, 12, 134.
Lowering of tonsor indices, 27.

Mach principle, 179, 182, 219.
Magnetization in moving bodies, 105.
“Magnitude’, quantities of, 189.
Mass,
electromagnetic, 2.
equality of gravitational and inertial, 143,
145-6
equivalence of energy and, 121-3, 125,
143, 146, 217.
longitudinal and transverse, 82.
rest-, 82, 116.
velocity dependence of, 82-3, 119, 216.
Matter, structure of, 184-206, 224-32.
Maxwell-Boltzmann distribution law, 137.
Maxwell’s equations
covariance of, 78-81, 156-17.
in five-dimensional theory, 230.
in Weyl’s theory, 198-9, 201.
Maxwell stress tensor, 85--6.
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Mechanics, relativistic, 1156n., 116-23.
Me;g;ry, perihelion displacement of, 168-9,
Metric
and gravitation, 148, 196.
tensor, see Tensors.
time-dependent, 220.
vector, 195.
Mie’s theory, 188-92.
Minkowski
eleftrodynamics of moving bodies, 99—
04.
electromagnetic field equations, 1024,
force (four-vector), 84, 91, 116.
Mormentum,
canonically conjugate, 121.
electromagnetic, 85.
of energy current, 125.
total,
closed system, 176-17.
electron, 185, 187.
light wave, 87.
velocity dependence of, 116, 216.
Momentum
conservation, 85-6, 162.
current, 86.
density, 85, 107, 109, 123.
Moving bodies, electrodynamics of,
oloctron theory, 104-6.
Minkowski, 99-104.

Negaton, 217,
Newton’s
law of gravatation, 142, 151, 162--3.
pail expermment, 175.
Newtonian
forco, 84.
gravitational potential, 131, 163.
meochanices, 174.
Normal coordinates,
ordinates.
Null
hnes, goodesie, 64, 147, 155.
vector, 63.

see Riemannian co-

Orthogonality
m Euchdean geometry, 28.
in Riemanman geometry, 35.

Palatini’'s method, 214-5, 227.
Parallel displacemont
of covariant vectors, 43.
mnvanance of (-field under, 212-4.
of tensors 1n affine space, 210,
of vectors
in affine space, 209.
in Euclidean space, 48-9.
mm  Riemanman spaco,
193-4, 197. .
Particles, elementary, theories of, 184-208,
224-32.
Plucker line-coordinates, 31n.
Point
charge, 81, 90-2, 218.
mass,
in gravitational field, 150-1, 167.
gravitational field of, 164-6.
singularities, 217-8.
transformations, 23, 24, 36, 63.

37-9, 42-3,
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Polarization electrons, 104-6.
Ponderomotive force, see Force.
Positon, 217.
Poynting vector, 85.
Pressure
gravitational, 203, 2065.
in ideal gas, 140.
radiation, 97, 138.
scalar, 133.
Principle of Least Action, see Action func-
tion.
Projective theories, 229.
Proper time, 64.
Proton, 187-8.
Pseudo-
Euclidean geometry, 62.
tensors, see Geodesic components.

Radiation
black-body, 138-9.
field, of moving dipole, 97-8.
of moving point charge, 91-2.
pressure, 97, 138,
reaction on moving charge, 99.
Raising of tensor indices, 27.
Red shlft of spectral lines, 143, 151-4, 217,

Rela,t.thy, postulate of,
general, 143.
special, 4.
Rest-mass, 82, 116.
density, 108.
Retarded potential, 90-1.
Riemann-Christoffel tensor, see Curvature
tensor.
Riemannian
coordinates, 44-8.
in space of constant curvature, 50-1.
geometry, 34-7.
generalization of, 192-4, 208-9.
Rigid

motion of body, 132-3.
Ritz’s theory, 6-8.
Rotating sphetical shell, 1765.

Scalar density, 32.
Sectional curvature, 46,
Simultaneity, 9, 12, 143.
Singularities, point-, 217-18.
Skew-symmetric tensors, see Tensors.
Space

integrals, 53—4.

-time world, 21.
Spherical

shell, rotating, 175.

space, 50-2.
Stationary

electron, 185.

vector field, 58.
Statistical mechanics, 136-41,
Stokes’s theorem, 55.
Stress tensor

Hertz, 109.

Maxwell, 85-6, 109.

for rigid motion, 132-3.
Summation convention, 22.
.Surface

of hypersphere, 47-8.

integrals, 53—4.

tensor, 30, 31n., 208.
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Tensor,

affine, 60-2.

antisymmetric, 26, 30.

contracted, 25.

cov?ria,nt and contravariant components
of, 25.

covariant differentiation of, 59, 210.

curvature, see Curvature tensor.

decomposition of, 58.

dual, 33-4.

Einstein-, 47, 49, 213.

electromagnetm ﬁeld see Electromagnetic
field tensors

energy-momentum, see Energy—-momen-
tum tensor.

fundamental (metric), 26-7, 29-30, 37.
unsymmetrical, 225-7.

grade of, 33.

*“line”-, 27, 33.

parallel displacement of, 210.

pseudo-, see Geodesic components.

rank of, 25, 33.

skew-symmetric, 26, 30.

‘‘surface’’-, 30, 31n., 208.

symmetrical, 26.

variation of, under infinitesimal coordi-
nate transformétions, 65.

“volume”’-, 31.

weight of, 197

in Weyl’s geometry, 196-8.

Tensor

algebra, 24-7.

analysis,
for affine group, 27.
for general transformation group, 62—

60.

densmy, 32.

indices, raising and lowering of, 27.
Thermodynamuics, relativistic, 134-6.
Time

dilatation, 13, 14, 72, 151, 208.

local, 1, 14.

proper, 64.
Transformation,

affine, see Affine transformations.

Galilean, 11.

gauge, see Gauge invariance.

groups, general, 23—4, 81, 223, 229-31.

infinitesimal coordinate, 64—70, 198."

A-, 226.

linear fractional, projective group of, 24,

50-2.

Lorentz, see Lorentz transformation

orthogonal linear, 22, 23.

point-, see Point transformations.
Twin stars, Doppler effect, 8.

Unified field theories, 224-32.
Uniform

acceleration, 76—6.

motion, 4-5.
Universe,

age of, 222.

finite, 181-2, 201,

Variation under infinitesima coordinate
transformations

of geodesic components, 214.

of vectors, tensors, invariant integrals,
64-70, 215-16.
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Variational principles

in electrodynamics, 88-9, 216.

in five-dimensional theory, 230, 232.

for geodesic lines, 40-1, 64, 167.

for gravitational field equations, 161-2,
182.

for gravitational fields, 158-9, 165-7,
214-15, 227.

for light ray in gravitational field, 154-5,
167.

in Mie’s theory, 188n., 189-92.

for point-mass in gravxtatlonal field, 167.

in relativistic mechanics, 119-20.

in relativistic thermodynamics, 135-6.

in Weyl’s theory, 199-201.

Vector(s), 25.

covariant and contravariant, 27-30.

free, 61-2.

invariant differentiation of, 57.
in affine space, 209.

metric, 195.

null, 63,

parallel displacement of, see Parallel
displacement.

reciprocal, 29.

scalar product of, 28-30, 209.

space-like and time-like, 62.

wariation under infinitesimal coordinate
transformations, 65.
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Vector density, 32.
Vector field, stationary, 58.
Velocities, addition theorem of, 15-18, 73-4.
for light rays, 115, 216.
Velocity of light, see Light velocity.
Velocity-dependence
of kinetic energy, 116.
of mass, 82-3, 119, 216.
of momentum, 116.
Volume
elem?nt, invariant four-dimensional, 31,
211.
of hypersphere, 47-8.
integral, invariant, 32, 198.
tensor, 31.

Waves,
electromagnetic, 94-7.
gravitational, see Gravitational waves.
light, see Light waves.
Weight, of tensors and tensor densities, 197.
World
canal, 60.
function, see Action function.
lines, 147, 199.
metrie, 22.
points, distance between, 21.
























