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EDITOR’S PREFACE

This work, like its companion volume, Squaring the Circle,
and other Monographs by Hobson et al., consists of a reprint
in one volume of several books on mathematics that were
originally published as separate volumes.

The reason for the selection of the four books that comprise
this volume is that each is a valuable and important work'and
that each is of interest to a fairly wide circle of mathematicians
and students.

The reason for their inclusion in a single volume is-neither
learned nor recondite. The reason is purely economic: Re-
printed separately, the books would have to be priced at not
much less than the price of the whole present volume (if they
could be so reprinted at all). Anyone who buys the book for
the sake of one of the four volumes that it contains will surely
find the other three of interest and will consider them to be a
worthwhile and welcome addition to his library.
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PREFACE.

TaEe more precise definitions and more rigorous methods of
demonstration developed by modern mathematics are looked
upon by the mass of gymnasium professors as abstruse and
excessively abstract, and accordingly as of importance only
for the small circle of specialists. With a view to counteract-
ing this tendency it gave me pleasure to set forth last summer
in a brief course of lectures before a larger audience than
usual what modern science has to say regarding the possibility
of elementary geometric constructions. Some time before, I
had had occasion to present a sketch of these lectures in an
Easter vacation course at Gottingen. The audience seemed
to take great interest in them, and this impression has been
confirmed by the experience of the summer semester. I ven-
ture therefore to present a short exposition of my lectures to
the Association for the Advancement of the Teaching of Math-
ematics and the Natural Sciences, for the meeting to be held at
Gottingen. This exposition has been prepared by Oberlehrer
Tugert, of Ems, who attended the vacation course just men-
tioned. He also had at his disposal the lecture notes written
out under my supervision by several of my summer semester
students. I hope that this unpretending little book may con-
tribute to promote the useful work of the association.

F. KLEIN.
Girrinoew, Easter, 1805,






TRANSLATORS’ PREFACE.

Ar the Gottingen meeting of the German Association for
the Advancement of the Teaching of Mathematics and the
Natural Sciences, Professor Felix Klein presented a discus-
sion of the three famous geometric problems of antiquity,
—the duplication of the cube, the trisection of an angle,
and the quadrature of the circle, as viewed in the light of
modern research.

This was done with the avowed purpose of bringing the
study of mathematics in the university into closer touch with
the work of the gymnasium. That Professor Klein is likely
to succeed in this effort is shown by the favorable reception
accorded his lectures by the association, the uniform commen-
dation of the educational journals, and the fact that transla-
tions into French and Italian have already appeared.

The treatment of the subject is elemeuntary, not even a
knowledge of the differential and integral calculus being
required. Among the questions answered are such as these:
Under what circumstances is a geometric construction pos-
sible? By what means can it be effected? What are tran-
scendental numbers? How can we prove that e and = are
transcendental ?

With the belief that an English presentation of so impor-
tant a work would appeal to many unable to read the original,
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Professor Klein’s consent to a translation was sought and
readily secured.

In its preparation the authors have also made free use of
the French translation by Professor J. Griess, of Algiers,
following its modifications where it seemed advisable.

They desire further to thank Professor Ziwet for assist-
ance in improving the translation and in reading the proof-

sheets.
W. W. BEMAN.

A 1807 D. E. SMITH.
ugust, .



EDITOR’S PREFACE.

- o ———-

Within three years of its publication thirty-five years
ago Klein’s little work was translated into English, French,
Italian, and Russian!. In the United States it {illed a decided
need for many years, and not a few teachers regretted
that the work was allowed to go out of print. No other
work supplied in such compact form just the information
here found. Hence it seemed desirable to have a new
edition with at least some of the slips of the first edition
rectified, and with added notes illuminating the text.

The corrections and notes of the present edition are
little more than revised extracts from my article in The
American Mathematical Monthly?, 1914. 1 am indebted to
the Editors for courteously allowing the reproduction of
this material.

R. C. A.
February, 1930.

1 French translation by Griess, Paris, Nony, 1898; Italian by Giudice,
Turin, Rosenberg e Sallier, 1896; Russian by Parfentiev and Sintsov,
Kazan, 1898. This last translation seems to have been unknown to the
editors of Klein’s dbhandlungen (see v. 3, 1923, p. 28).

2 Remarks on Klein’s “Famous Problems of Elementary Geometry”,
v. 21, p. 247—259.
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INTRODUCTION.

Tris course of lectures is due to the desire on my part to
bring the study of mathematics in the university into closer
touch with the needs of the secondary schools. Still it is not
intended for beginners, since the matters under discussion are
treated from a higher standpoint than that of the schools.
On the other hand, it presupposes but little preliminary work,
only the elements of analysis being required, as, for example,
in the development of the exponential function into a series.

We propose to treat of geometrical constructions, and our
object will not be so much to find the solution suited to each
case a8 to determine the possibility or impossibility of a
solution.

Three problems, the object of much research in ancient
times, will prove to be of special interest. They are

1. The problem of the duplication of the cube (also called
the Delian problem).

2. The trisection of an arbitrary angle.

3. The quadrature of the circle, i.e., the construction of .

In all these problems the ancients sought in vain for a
solution with straight edge and compasses, and the celebrity
of these problems is due chiefly to the fact that their solution
seemed to demand the use of appliances of a higher order.
In fact, we propose to show that a solution by the use of
straight edge and compasses is impossible.
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The impossibility of the solution of the third problem was
demonstrated only very recently. That of the first and second
is implicitly involved in the Galois theory as presented to-day
in treatises on higher algebra. On the other hand, we find
no explicit demonstration in elementary form unless it be in
Petersen’s text-books, works which are also noteworthy in
other respects.

At the outset we must insist upon the difference between
practical and theoretical constructions. For example, if we
need a divided circle as a measuring instrument, we construct
it simply on trial. Theoretically, in earlier times, it was
possible (.e., by the use of straight edge and compasses) only
to divide the circle into a number of parts represented by
27 3, and 5, and their products. Gauss added other cases
by showing the possibility of the division into parts where
p is a prime number of the form p=2% + 1, and the impos-
sibility for all other numbers. No practical advantage is
derived from these results; the significance of Gauss’s de-
velopments is purely theoretical. The same is true of all the
discussions of the present course.

Our fundamental problem may be stated : What geometrical
constructions are, and what are not, theoretically possible? To
define sharply the meaning of the word ¢ construction,” we
must designate the instruments which we propose to use in
each case. We shall consider

1. Straight edge and compasses,

2. Compasses alone,

3. Straight edge alone,

4. Other instruments used in connection with straight edge
and compasses.

The singular thing is that elementary geometry furnishes
no answer to the question. We must fall back upon algebra
and the higher analysis. The question then arises: How
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shall we use the language of these sciences to express the
employment of straight edge and compasses? This new
method of attack is rendered necessary because elementary
geometry possesses no general method, no algorithm, as do
the last two sciences.

In analysis we have first rational operations: addition,
subtraction, multiplication, and division. These operations
can be directly effected geometrically upon two given seg-
ments by the aid of proportions, if, in the case of multiplica-
tion and division, we introduce an auxiliary unit-segment.

Further, there are 4rrational operations, subdivided into
algébraic and transcendental. The simplest algebraic opera-
tions are the extraction of square and higher roots, and the
solution of algebraic equations not solvable by radicals, such
as those of the fifth and higher degrees. As we know how to
construct V/ab, rational operations in general, and irrational
operations involving only square roots, can be constructed.
On the other hand, every individual geometrical construction
which can be reduced to the intersection of two straight
lines, a straight line and a circle, or two circles, is equivalent
to a rational operation or the extraction of a square root. In
the higher irrational operations the construction is therefore
impossible, unless we can find a way of effecting it by the aid
of square roots. In all these constructions it is obvious that
the number of operations must be limited.

We may therefore state the following fundamental theorem :
The necessary and sufficient condition that an analytic expres-
sion can be constructed with straight edge and compasses is that
it can be derived from the known quantities by a finite number
of rational operations and square roots.

Accordingly, if we wish to show that a quantity cannot be
constructed with straight edge and compasses, we must prove
that the corresponding equation is not solvable by a finite
number of square roots.
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A fortiori the solution is impossible when the problem
has no corresponding algebraic equation. An expression
which satisfies no algebraic equation is called a transcenden-
tal number. This case occurs, as we shall show, with the
number .



PART 1.

THE POSSIBILITY OF THE CONSTRUCTION OF ALGEBRAIC
EXPRESSIONS.

CHAPTER 1L

Algebraic Equations Solvable by Square Roots.

The following propositions taken from the theory of alge-
braic equations are probably known to the reader, yet to
secure greater clearness of view we shall give brief demon-
strations.

If x, the quantity to be constructed, depends only upon rational
expressions and square roots, it is a root of an trreducible equa-
tion d(x) =0, whose degree is always a power of 2.

1. To get a clear idea of the structure of the quantity x,
suppose it, e.g., of the form

\/a+\/c+ef+\/d+\/b+p+\/_
Va+ Vb Vr

where a, b, ¢, d, e, f, p, q, r are rational expressions.

2. The number of radicals one over another occurring in
any term of x is called the order of the term ; the preceding
expression contains terms of orders 0, 1, 2.

8. Let p designate the maximum order, so that no term
can have more than u radicals one dver another.
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4. In the example x=+v2+ V3 + 6, we have three
expressions of the first order, but as it may be written

x=Vz+ V3+ V2. V3,
it really depends on only two distinet expressions.

We shall suppose that this reduction has been made tn all the
terms of x, so that among the n terms of order u nome can be
expressed rationally as a function of any other terms of order p
or of lower order.

We shall make the same supposition regarding terms of
the order x—1 or of lower order, whether these occur ex-
plicitly or implicitly. This hypothesis is obviously a very
natural one and of great importance in later discussions.

5. NormAL ForM oF x.

If the expression x is & sum of terms with different denom-
inators we may reduce them to the same denominator and
thus obtain x as the quotient of two integral functions.

Suppose VQ one of the terms of x of order u ; it can occur
in x only explicitly, since u is the maximum order. Since,
further, the powers of V/Q may be expressed as functions of
VQ and Q, which is a term of lower order, we may put

(=2 +bVvQ
c+dvQ’
where a, b, ¢, d contain no more than n — 1 terms of order p,
besides terms of lower order.
Multiplying both terms of the fraction by ¢ —d VQ, VQ
disappears from the denominator, and we may write

_ (ac—bdQ) +(bc —ad) VQ _
x= PR =u+BVQ

where a and B contain no more than n — 1 terms of order u.
For a second term of order x we have, in a similar manner,

x=a, + B VQ, etec.
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The x may, therefore, be transformed so as to contain a term
of given order u only in its numerator and there only linearly.

We observe, however, that products of terms of order p
may occur, for a and 8 still depend upon n — 1 terms of order
p#-  We may, then, put

a=an+ayq ‘/6:’ B=PBu+ B ‘/-Q—u

and hence
X = ("-u + ais \/61) + (ﬂu + Brs \/Q—l) ‘/6

6. We proceed in a similar way with the different terms
of order p—1, which occur explicitly and in Q, Q,, ete., so
that each of these quantities becomes an integral linear func-
tion of the term of order u —1 under consideration. We
then pass on to terms of lower order and finally obtain x, or
rather its terms of different orders, under the form of rational
integral linear functions of the individual radical expressions
which occur explicitly. We then say that x is reduced to
the normal form.

7. Let m be the total number of independent (4) square
roots occurring in this normal form. Giving the double sign
to these square roots and combining them in all possible ways,
we obtain a system of 2™ values

Xgy Xgy o ¢ o o X’m,

which we shall call conjugate values.
We must now investigate the equation admitting these
conjugate values as roots.

8. These values are not necessarily all distinet ; thus, if

we have x=1/a+ Vb + \/a— vb,
this expression is not changed when we change the sign of

vb.
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9. If x is an arbitrary quantity and we form the poly-
nomial

F(x)=(x-—x1)(x—x,)...(x—x’m),

F(x) =0 is clearly an equation having as roots these con-
jugate values. It is of degree 2™, but may have equal
roots (8).

The coefficients of the polynomial F (x) arranged with respect
to x are rational.

For let us change the sign of one of the square roots ; this
will permute two roots, say x, and x,, since the roots of
F(x) =0 are precisely all the conjugate values. As these
roots enter F (x) only under the form of the product

(x—x) (x— %),
we merely change the order of the factors of F(x). Hence
the polynomial is not changed.
F (x) remains, then, invariable when we change the sign of
any one of the square roots ; it therefore contains only their
squares ; and hence F (x) has only rational coefficients.

10.  Wken any one of the conjugate values satisfies a given
equation with rational coefficients, f (x) =0, the same is true of
all the others.

f(x) is not necessarily equal to F (x), and may admit other
roots besides the x;'s. .

Let x; =a+ 8V/Q be one of the conjugate values ; VQ, a
term of order u; a and 8 now depend only upon other terms
of order u and terms of lower order. There must, then, be a
conjugate value _

X =a— ﬁ\/Q.
Let us now form the equation f(x)) =0. f(x;) may be put

into the normal form with respect to VQ,
f(x) =A+BVQ;
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this expression can equal zero only when A and B are simul-
taneously zero. Otherwise we should have

i.e., VQ could be expressed rationally as a function of terms
of order u and of terms of lower order contained in A and B,
which is contrary to the hypothesis of the independence of
all the square roots (4).
But we evidently have
f)=A—BVQ;

hence if f(x,) =0, so also f(x,’) =0. Whence the following
proposition :

If' x, satisfies the equation f(x) =0, the same is true of all
the conjugate values derived from x, by changing the signs of
the roots of order p.

The proof for the other conjugate values is obtained in an
analogous manner. Suppose, for example, as may be done
without affecting the generality of the reasoning, that the
expression x, depends on only two terms of order p, \/Q and
VQ. f (x,) may be reduced to the following normal form :

(@) f()=p~+qVQ+rvQ +svQ-vQ' =0.
If x, depended on more than two terms of order u, we should
only have to add to the preceding expression a greater num-

ber of terms of analogous structure.
Equation (a) is possible only when we have separately

® p=0, q=0, r=0, s=0.

Otherwise VQ and VQ' would be connected by a rational
relation, contrary to our hypothesis.

Let now R, VR',...be the terms of order u—1 on
which x, depends; they occur in p, g, r, s; then can the
quantities p, q, r, s, in which they occur, be reduced to the
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normal form with respect to VR and VR'; and _if, for the
sake of simplicity, we take only two quantities, VR and VR,
we have

© p=x+MaVR+um VR 4+ VR. VR'=0,
and three analogous equations for q, r, s.

The hypothesis, already used several times, of the inde-
pendence of the roots, furnishes the equations

@ k=0, A=0, u=0, v=0.

Hence equations (c) and consequently f (x) = 0 are satisfied
when for x, we substitute the conjugate values deduced by
changing the signs of VR and VR

Therefore the equation f(x) =0 is also satisfied by all the
conjugate values deduced from x, by changing the signs of the
roots of order p — 1.

The same reasoning is applicable to the terms of order
#—2, p—3,... and our theorem is completely proved.

11. We have 8o far considered two equations

F(x)=0 and f(x)=0.
Both have rational coefficients and contain the x/’s as roots.
F (x) is of degree 2™ and may have multiple roots ; f(x) may
have other roots besides the x’s. We now introduce a third
equation, ¢ (x) =0, defined as the equation of lowest degree,
with rational coefficients, admitting the root x, and conse-
quently all the x's (10).

12. ProrerTiEs oF THE EQUATION ¢ (x) =0.

I ¢ (x) =0 is an irreducible equation, i.e., @ (x) cannot be
resolved into two rational polynomial factors. This irreduci-
bility is due to the hypothesis that ¢ (x) = 0 is the rational
equation of lowest degree satisfied by the x/'s.

For if we had

$ () =y (x) x (%),
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then ¢ (x;) =0 would require either y (x;) =0, or x (x,) =0,
or both. But since these equations are satisfied by all the
conjugate values (10), ¢ (x) =0 would not then be the equa-
tion of lowest degree satistied by the x,’s.

II. ¢ (x) =0 has no multiple roots. Otherwise ¢ (x)could
be decomposed into rational factors by the well-known meth-
ods of Algebra, and ¢ (x) =0 would not be irreducible.

III. ¢ (x) =0 has no other roots than the x’s. Otherwise
F (x) and ¢ (x) would admit a highest common divisor, which
could be determined rationally. We could then decompose
¢ (x) into rational factors, and ¢ (x) would not be irreducible.

IV. Let M be the number of xs which have distinct values,
and let

X1y Xgy o« o Xy

be these quantities. We shall then have

¢ (x) =C(x—x) (x—xg) ... (Xx— xy).

For ¢ (x) =0 is satisfied by the quantities x, and it has no
multiple roots. The polynomial ¢ (x) is then determined save
for a constant factor whose value has no effect upon ¢ (x) =@

V. ¢ (x) =0 is the only irreducible equation with rational
cogfficients satisfied by the x’s. For if f(x) =0 were another
rational irreducible equation satisfied by x, and consequently
by the x/s, f (x) would be divisible by ¢ (x) and therefore
would not be irreducible.

By reason of the five properties of ¢ (x) =0 thus estab-
lished, we may designate this equation, in short, as the irre-
ducible equation satisfied by the x,’s.

18. Let us now compare F (x) and ¢ (x). These two poly-
nomials have the x's as their only roots, and ¢ (x) has no
multiple roots. F (x) is, then, divisible by ¢ (x) ; that is,

F (x)=F,(x) ¢ (x).
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F, (x) necessarily has rational coefficients, since it is the quo-
tient obtained by dividing F (x) by ¢ (x). If F;(x)is not a
constant it admits roots belonging to F(x); and admitting
one it admits all the x’s (10). Hence F, (x) is also divisible

by $ (x), and
Fi (x) = F3(x) ¢ (%)

If F,(x) is not a constant the same reasoning still holds, the
degree of the quotient being lowered by each operation.
Hence at the end of a limited number of divisions we reach
an equation of the form

Fo_1(x)=Cy ¢ (x),
F(x)=0C,;-[¢(x)]"

The polynomial F (x) is then a power of the polyromial of
mintmum degree ¢ (x), except for a constant factor.

and for F (x),

14. We can now determine the degree M of ¢ (x). F(x)
is of degree 2™; further, it is the vth power of ¢ (x). Hence

2m =y -M.
Therefore M is also a power of 2 and we obtain the following
theorem :

The degree of the irreducible equation satisfied by an expres-
sion composed of square roots only is always a power of 2

15. Since, on the other hand, there is only one irreducible
equation satisfied by all the x,'s (12, V.), we have the converse
theorem :

If an irreducible equation i8 not of degree 2%, it cannot be
solved by square roots.



CHAPTER 1L

The Delian Problem and the Trisection of the Angle.

1. Let us now apply the general theorem of the preceding
chapter to the Delian problem, i.e., to the problem of the
duplication of the cube. The equation of the problem is
manifestly

=2,

This is irreducible, since otherwise VZ would have a
rational value. For an equation of the third degree which is
reducible must have a rational linear factor. Further, the
degree of the equation is not of the form 2" ; hence it cannot
be solved by means of square roots, and the geometric con-
struction with straight edge and compasses is impossible.

2. Next let us consider the more general equation

x3= y

A designating a parameter which may be a complex quantity
of the form a4+ ib. This equation furnishes us the analyt-
ical expressions for the geometrical problems of the multi-
plication of the cube and the trisection of an arbitrary angle.
The question arises whether this equation is reducible, .e.,
whether one of its roots can be expressed as a rational fune-
tion of . It should be remarked that the irreducibility of
an expression always aepends upon the values of the quan-
tities supposed to be known. In the case x*=2, we were
dealing with numerical quantities, and the question was
whether /2 could have a rational numerical value. In the
equation x® = X we ask whether a root can be represented by
a rational function of A. In the first case, the so-called
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domain of rationality comprehends the totality of rational
numbers ; in the second, it is made up of the rational fumc-
tions of a parameter. If no limitation is placed upon this
b()\)
¥y’
in which ¢ (A) and ¢ (\) are polynomials, can satisfy our
equation. Under our hypothesis the equation is therefore
irreducible, and since its degree is not of the form 2%, it can-
not be solved by square roots.

parameter we see at once that no expression of the form

8. Let us now restrict the variability of \. Assume
A=r(cos ¢ +isin ¢);
whence i =/ vcos ¢+ 1sin ¢.

Our problem resolves itself into two, to
extract the cube root of a real number and
also that of a complex number of the form
cos ¢ i sin ¢, both numbers being regarded
as arbitrary. We shall treat these separately.

I. The roots of the equation x®=r are

v, eV, &V,

representing by ¢ and ¢ the complex cube roots of unity
—14+ivV3 a_—1—iV3

2 T 2 ’
Taking for the domain of rationality the totality of rational
functions of r, we know by the previous reasoning that the
equation x*=r is irreducible. Hence the problem of the
multiplication of the cube does not admit, in general, of a

construction by means of straight edge and compasses.
II. The roots of the equation

FiG. 1.

€ =

x®=cos ¢+ i sin ¢

are, by De Moivre’s formula,
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xl—cos—-{- i sin 2,
x,=cos¢+ +is8in X—/— +2"
x.=cos¢+ +|sm¢-;4".

These roots are represented geometrically by the vertices of

an equilateral triangle inscribed in the circle with radius

unity and center at the origin. The

figure shows that to the root x, cor- g__ﬂ P

responds the a.rgument 4’ Hence

the equation 3
x®=cos ¢ + i sin ¢

is the analytic expression of the

problem of the trisection of the

angle.

If this equation were reducible,
one, at least, of its roots could be represented as a rational
function of cos ¢ and sin ¢, its value remaining unchanged
on substituting ¢ -+ 2x for ¢. But if we effect this change
by a continuous variation of the angle ¢, we see that the
roots x,, x,, xg undergo a cyclic permutation. Hence no root
can be represented as a rational function of cos ¢ and sin ¢.
The equation under consideration is irreducible and therefore
cannot be solved by the aid of a finite number of square roots.
Hence the trisection of the angle cannot be effected with straight
edge and compasses.

This demonstration and the general theorem evidently hold
goud only when ¢ is an arbitrary angle ; but for certain spe-
cial values of ¢ the construction may prove to be possible,

-

T+

F1G. 2

e.g., when ¢ =%.



CHAPTER IIL

The Division of the Circle into Equal Parts.

1. The problem of dividing a given circle into n equal
parts has come down from antiquity; for a long time we
have known the possibility of solving it when n=2% 3, 5, or
the product of any two or three of these numbers. In his
Disquisitiones Arithmeticae, Gauss extended this series of
numbers by showing that the division is possible for every
prime number of the form p = 2% 4 1 but impossible for all

other prime numbers and their powers. If in p=2* 41
we make p=0 and 1, we get p=3 and 5, cases already
known to the ancients. For p=2 we get p=2% 4+ 1=17,
a case completely discussed by Gauss.

For p = 3 we get p =27 4 1 = 257, likewise a prime num-
ber. The regular polygon of 257 sides can be constructed.
Similarly for u = 4, since 2% + 1 = 65537 is a prime number.
u=5u=06u=Tu=8 u=9,u=11,u= 12, u=15,u= 18,
u=23, u =236, u =38, u="T3 give no prime numbers. The
proof that the large numbers corresponding to u=5,6,...,73
are not prime has required a large expenditure of labor and
ingenuity. It is, therefore, quite possible that =4 is the
last number for which a solution can be effected.

Upon the regular polygon of 257 sides Richelot published
an extended investigation in Crelle’s Journal, I1X, 1832,
pp. 1-26, 146-161, 209-230, 337-356. The title of the
memoir is . De resolutione algebraica aequationis x* =1, sive
de divisione circuli per bisectionem anguli septies repetitam in
partes 257 inter se aequales commentatio coronata.
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To the regular polygon of 65537 sides Professor Hermes
of Lingen devoted ten years of his life, examining with care
all the roots furnished by Gauss’s method. His MSS. are
preserved in the collection of the mathematical seminary in
Gottingen. (Compare a communication of Professor Hermes
in No. 3 of the Géttinger Nuchrichten for 1894.)

2. We may restrict the problem of the division of the
circle into n equal parts to the cases where n is a prime nun-
ber p or a power pe of such a number. For if n is a com-
posite number and if uand v are factors of n, prime to each
other, we can always find integers a and b, positive or nega-

tive, such that 1=ap+by;

- b

whence 1 =2 + E
oV oo

To divide the circle into uv = n equal parts it is sufficient to
know how to divide it into u and » equal parts respectively.

Thus, for n =15, we have
1.2 3
15-3 5
8. Aswill appear, the division into p equal parts (p being
a prime number) is possible only when p is of the form
=2"+41. We shall next show that a prime number can
be of this form only when h=2*. For this we shall make
use of Fermat’s Theorem :
If p is a prime number and a an integer not divisible by p,
these numbers satisfy the congruence

a?P~!'= 41 (mod. p).

p —1 is not necessarily the lowest exponent which, for a
given value of a, satisfies the congruence. If s is the lowest
exponent it may be shown that s is a divisor of p—1. In
particular, if s = p — 1 we say that a is a primitive root of p,
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and notice that for every prime number p there is a primitive
root. We shall make use of this notion further on.
Suppose, then, p a prime number such that

@ p=2041,
and s the least integer satisfying
@) 2°=+1 (mod. p).
From (1) 2 <p; from (2) 2¢> p.
. s> h.
(1) shows that h is the least integer satisfying the congruence
®3) 2= —1 (mod. p).

From (2) and (3), by division,
2~ = —1 (mod. p).
-~ (4) s—h<h, s<2h
From (3), by squaring,
2m =1 (mod. p).
Comparing with (2) and observing that s is the least expo
nent satisfying congruences of the form

2*=1 (mod. p),
we have
) s ¥ 2h.
.. s=2h.

We have observed that s is a divisor of p — 1 = 2" ; the same
is true of h, which is, therefore, a power of 2. Hence prime
numbers of the form 2" 41 are necessarily of the form
2 4 1.

4. This conclusion may be established otherwise. Sup-
pose that h is divisible by an odd number, so that

h=h'(2r+1);

then, by reason of the formula

xRl =(x+1) (x®—x"14 .. —x+41),
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p=2M@®+D1 L] i3 divisible by 2! + 1, and hence is not a
prime number.

6. We now reach our fundamental proposition :

p being a prime number, the division of the circle into p equal
parts by the straight edge and compasses s impossible unless p
18 of the form

p=2241=2" 41,

Let us trace in the z-plane (z = x + iy) a circle of radius 1.
To divide this circle into n equal parts, beginning at z=1, is
the same as to solve the equation

"—1=0.
This equation admits the root z=1; let us suppress this root
by dividing by z — 1, which is the same geometrically as to

disregard the initial point of the division. We thus obtain
the equation

"4+t 4 z241=0,

which may be called the cyclotomic equation. As noticed
above, we may confine our attention to the cases where n is
a prime number or a power of a prime number. We shall
first investigate the case when n=p. The essential point of
the proof is to show that the above equation is irreducible.
For since, as we have seen, irreducible equations can only be
solved by means of square roots in finite number when their
degree is a power of 2, a division into p parts is always im-
possible when p —1 is not equal to a power of 2, 7.e.. when

p#E2 4127 41
Thus we see why Gauss’s prime numbers occupy such an
exceptional position.

6. At this point we introduce a lemma known as Gauss’s
Lemma. If

F(2)=2z"+4 Az~ 14 Bz»~34 ... 4+ Lz+ M,
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where A, B, ... are integers, and F(z) can be resolved into
two rational factors f(z) and ¢ (z), so that

F (Z) =f (Z) . ¢ (z) = (zm’ + alzm‘~l + uazm’—-l “+.. ‘)
@ 4 Bz = By L),

then must the o’s and A's also be integers. In other
words :

If un integral expression can be resolved into rational fuctors
these fuctors must be integral expressions.

Let us suppose the o’s and f's to be fractional. In each
factor reduce all the coefficients to the least common denom-
inator. Let a, and b, be these common denominators.
Finally multiply both members of our equation by agb,. 1t
takes the form

agbF(z) = f,(2) 1 (2) = (aez™ + 2,2 "' .. )
(bez™ 4+ bz 14 .. ).

The a’s are integral and prime to one another, as alsc the b’s,
since a, and b, are the least common denominators.

Suppose a, and b, different from unity and let q be a prime
divisor of a,b,. Further, let a, be the first coefficient of f, (2)
and b, the first coefficient of ¢,(z) not divisible by q. Let
us develop the product f, (z) ¢, (z) aud consider the coefficient
of zm+m"—1—k Tt will ve

aby + a;_1bx 41 + at-abu+2+ oot aabx + a,abg_s+ ...

According to our hypotheses, all the terms after the first are
divisible by q, but the first is not. Hence this coefficient is not
divisible by g. Now the coefficient of z™ F="—~1~k in the first
member is divisible by asb,, ¢.c., by q. Hence if the identity
is true it is impossible for a coefficient not divisible by q to
occur in each polynomial. The coefficients of one at least of
the polynomials are then all divisible by q. Here is another
absurdity, since we have seen that all the coefficients are
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prime to one another. Hence we cannot suppose a, and b,
different from 1, and consequently the o’s and A’s are in-
tegral.

7. 1Inorder to show that the cyclotomic equation is irre-
ducible, it is sufficient to show by Gauss's Lemma that the
first member cannot be resolved into factors with integral
coefficients. To this end we shall employ the simple method
due to Eisenstein, in Crelle’s Journal, XXXIX, p. 167, which
depends upon the substitution

z=x+1.
‘We obtain

f() (X+1)p—1_xp 1+Pxp 2+m__)xp—8

+. +P—&E—_--—2x+p-

All the coefficients of the expanded member except the first
are divisible by p ; the last coefficient is always p itself, by
hypothesis a prime number. An expression of this class is
always irreducible.

For if this were not the case we should have

fx+D)=@Gx"+ax*'4+...4a,_,x+a,)
(™4 byx™ =14 . .. F by _ix+ by,
where the a’s and b’s are integers.

Since the term of zero degree in the above expression of
f(2) is p, we have a,b,;=p. p being prime, one of the fac-
tors of a,b,’ must be unity. Suppose, then,

a,=z=p, by==1.
Equating the coefficients of the terms in x, we have

BLP—Z—:Q =a,_ 1 byt agb, s
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The first member and the second term of the second being
divisible by p, a,_,b, must be so also. Since b, ==+1,
a,_, is divisible by p. Equating the coefficients of the terms
in x’ we may show that a,_, is divisible by p. Similarly
we show that all of the remaining coefficients of the factor
x*+ax®~'+...+a,_;x+a, are divisible by p. But
this cannot be true of the coefficient of x™, which is 1.
The assumed equality is impossible and hence the cyclo-
tomic equation is irreducible when p is a prime.

8. We now consider the case where n is a power of a
prime number, say n=p2. We propose to show that when
p > 2 the division of the circle into p? equal parts is impos-
sible. The general problem will then be solved, since the
division into pe equal parts evidently includes the division
into p? equal parts.

The cyclotomic equation is now

' —1

z—1
It admits as roots extraneous to the problem those which
come from the division into p equal parts, i.e., the roots of

0.

the equation 2 —1
=0.
z—1
Sappressing these roots by division we obtain
¥ —1
p4
f(z)= e 0

as the cyclotomic equation. This may be written
ZZP=D L Zpp=DH {4224 1=0.
Transforming by the substitution

z=x+1,
we have

(x+1PO-D 4 (x+1)pe=D 4 ., 4+ (x4 1)p+1=0.
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The number of terms being p, the term independent of x after
development will be equal to p, and the sum will take the
form

WO 4 p - x (x)

where x (x) is a polynomial with integral coefficients whose
constant term is 1. We have just shown that such an expres-
sion is always irreducible. Consequently the new cyclotomic
equation is also irreducible.

The degree of this equation is p(p—1). On the other
hand an irreducible equation is solvable by square roots only
when its degree is a power of 2. Hence a circle is divisible
into p? equal parts only when p =2, p being assumed to be a
prime.

The same is true, as already noted, for the division into p*
equal parts when a > 2.



CHAPTER 1IV.

The Construction of the Regular Polygon of 17 Sides.

1. We have just seen that the division of the circle into
equal parts by the straight edge and compasses is possible
only for the prime numbers studied by Gauss. It will now
be of interest to learn how the construction can actually be
effected.

The purpose of this chapter, then, will be to show in an
elementary way how to inscribe in the circle the regular poly-
gon of 17 sides.

Since we possess as yet no method of construction based
upon considerations purely geometrical, we must follow the
path indicated by our general discussions. We consider, first
of all, the roots of the cyclotomic equation

X4 x4 .+ x4+ x4+ 1=0,

and construct geometrically the expression, formed of square
roots, deduced from it.

We know that the roots can be put into the transcendental
form

2em . . 2kmw
¢,=cos-i?+|sm—ﬁ x=1,2,...16);

and if
2% . . 2x
cl—cosﬁ+| sin 17’
that €= "

Geometrically, these roots are represented in the complex
plane by the vertices, different from 1, of the regular polygon
of 17 sides inscribed in a circle of radius 1, having the origin
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as center. The selection of ¢, is arbitrary, but for the con-
struction it is essential to indicate some ¢ as the point of
departure. Having fixed upon ¢, the angle corresponding to
¢ i8 « times the angle corresponding to ¢, which completely
determines e,.

2. The fundamental idea of the solution is the following :
Forming a primitive root to the modulus 17 we may arrange
the 16 roots of the equation in a cycle in a determinate order.

As already stated, a number a is said to be a primitive root
to the modulus 17 when the congruence

a®*= -1 (mod. 17)

has for least solution s=17 —1=16. The number 3 pos-
sesses this property; for we have

3= 3 F= 5 F=14 =12
3= 9 F*=15 3= 8 M= 2
38=10 3T =11 sui= 7 = ¢ (mod. 17).
3#=13 =16 3¥= 4 3= 1

Let us then arrange the roots e, 8o that their subscripts
are the preceding remainders in order

€3y €9y €109 €13y €5y €159 €11y €16y €14y €8y €7y €4y €13, €3y €gy €1
Notice that if r is the remainder of 3« (mod. 17), we have

3*=17q+r,
whence e= ' =¢q"
If ¢' is the next remainder, we have similarly
&= o= (&%) = (¢)

Hence in this series of roots each root is the cube of the preceding.

Gauss’s method consists in decomposing this cycle into
sums containing 8, 4, 2, 1 roots respectively, corresponding
to the divisors of 16. Each of these sums is called a period.
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The periods thus obtained may be calculated successively as
roots of certain quadratic equations.

The process just outlined is only a particular case of that
employed in the general case of the division into p equal
parts. The p — 1 roots of the cyclotomic equation are cyelic-
ally arrauged by means of a primitive root of p, and the
periods may be calculated as roots of certain auxiliary equa-
tions. The degree of these last depends upon the prime fac-
tors of p—1. They are not necessarily equations of the
second degree.

The general case has, of course, been treated in detail by
Gauss in his Disquisitiones, and also by Bachmann in his
work, Die Lehre von der Kreisteilung (Leipzig, 1872).

8. In our case of the 16 roots the periods may be formed
in the following manmner: Form two periods of 8 roots by
taking in the cycle, first, the roots of even order, then those
of odd order. Designate these periods by x, and x, and
replace each root by its index. We may then write symbol-
icall

Y 3 =94+13+15+16+ 8+4+ 24 1,
x3=3+10+ 54+114+144+7+12-+6.

Operating upon x, and x, in the same way, we form 4 periods
of 4 terms :

y:=134+164+ 4+ 1,

ys= 9+15+ 84 2,

yo=104114 74 6,

yo= 3+ 5414412

Operating in the same way upon the y’s, we obtain 8 periods
of 2 terms :

21=16+1, Zg=11+ 6,
Z|=13+4, Z°=10+ 7,
z, =15+ 2, z;,= 5412,

z,= 9438, = 3+ 14. -
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It now remains to show that these periods can be calculated
successively by the aid of square roots.

4. Tt is readily seen that the sum of the remainders corre-
sponding to the roots forming a period z is always equal to 17.
These roots are then ¢ and e7_;;

21!' « s 21’
€ = CO8 rﬁ-{-u sin r 17,

¢ =€y, =cos (17 — r)%—;-i-i sin (17 —r) %’75,

= cos I _ i sin r ==
=008 ry7 17"
Hence

2%
&+ e =2 cos {7

Therefore all the periods z are real, and we readily obtain

2 2r
21—200317 zs—2c05617,
2
z,_2cos417, z,—-2cos717,
23 =2 22 2 5
s=2c0s 27, z;, =2 cos 17,
z 20088 2 co! 32
= L Za =4 €08 Jq7-

Moreover, by definition,

i =z1+ 2+ 25+ 24 X =125+ 24 + 27+ 24
Y1=2,+ 2, Yz=za+zu y:=zs+zs’ ,V4=Z1+Za-
6. 1t will be necessary to determine the relative magnitude

of the different periods. For this purpose we shall employ
the following artifice : We divide the semicircle of unit radius
into 17 equal parts and denote by S,. S,, . . . Sy, the distances
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of the consecutive points of division A,, A,, ... A,; from the
initial point of the semicircle, S,; being equal to the diam-
eter, ie., equal to 2. The angle
A,A;,O has the same measure as the
half of the arc A,O, which equals

~§f. Hence
o i KT A7 —K)n
S.—2sm34—2cos 3

That this may be identical with

2cos h %’, we must have

4h =17 —«,
x =17 — 4h.

>l
¥1G. 3.

Giving to h the values 1, 2, 3, 4, 5, 6, 7, 8, we find for « the
values 13,9, 6,1, — 3, — 7, — 11, — 15. Hence

z; =Sy z5=—§,,

7, =23, zy=— Sy,
z3=S,, 2, =—S,,

z2,=— S, z, =S,

The figure shows that S, increases with the subscript; hence
the order of increasing magnitude of the periods z is

24y Zgy Zpy 27y 23y Zyy 23y 2.

Moreover, the chord A,A, , , subtends p divisions of the semi-
circumference and is equal to S ; the triangle OA,A, , , shows

that
Seip<S.+S,

S:+p< sx+r+ sp+r"

Calculating the differences two and two of the periods y, we
easily find

and a fortior:
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YI_Y2=513+ S, —S,+ S >0,
Yl"")’a=su+ S, + S;4+S5,>0,
Y1—¥4=Si+S +S:—S; >0,
Ya—¥s=Sy — S+ S: + S >0,
Ya—Y¥4=9Sg — Sz + Ss— S <0,
Ys— ¥4a=—S;— Sy + Ss — S <0.

Hence
Ya<ys<y: <y
Finally we obtain in a similar way
Xg < Xie

2
1_7'.
ing this calculation and constructing z,, we can easily deduce
the side of the regular polygon of 17 sides. In order to find
the quadratic equation satisfied by the periods, we proceed to
determine symmetric functions of the periods.

Associating z, with the period z, and thus forming the
period y,, we have, first,

21+ z,=y,
Let us now determine z,z,, We have
2,2, = (16 + 1) (13 + 4),
where the symbolic product «p represents

8. We now propose to calculate z, = 2 cos After mak-

€ " €p = € 4
Hence it should be represented symbolically by x + p, remem-
bering to subtract 17 from « -+ p as often as possible. Thus,

2,2,=12+43+14+ 5=y,
Therefore z, and z, are the roots of the quadratic equation

(9] z’—y,z+y4=0,
whence, since z; > z,,
z =!x+‘\/21’~424 _!1“ \/!1”"424_

1 2 ’ 3= 2
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We must now determine y, and y,.  Associating y, with the
period y,, thus forming the period x,, and y, with the period
Yo thus forming the period x,, we have, first,

Y1+Yz=x1-
Yiya= (13 + 16 +4+1) 9+154+8+2).

Fxpanding symbolically, the second member becomes equal
to the sum of all the roots; that is, to — 1. 'Therefore Y1
and y, are the roots of the equation

Then,

(7,) )’1—"1)‘—1=0,
whence, since y, > y,,
___x.+\/x-,:-—}-1 o —vVx*i4+4
1=y T T, Yn——_“'—E—
Similarly,
ys+ ya=1x
and
Ysys=—1.
Hence y, and y, are the roots of the equation
(" y'—xy—1=0;

whence. since y, > y,,

X+ Vx+ 4 _x—Vx?+4
=21 0 TR =2 YR T*=

4 Ys )

It now remains to determine x, and x,. Since x, + x, is
equal to the sum of all the roots,

X+ xg=—1.
Further,

XX, = (13+16+4+1+4+94 1548+ 2)
(10+1147464+3+5+14+12).
Expanding symbolically, each root occurs 4 times, and thus

XiXg = — 4.
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Therefore x, and x, are the roots of the quadratic
©® x4 x—4=0;

whence, since x; > x,,

Solving equations &, », %, { in succession, z, is determined
by a series of square roots.

Effecting the calculations, we see that z, depends upon the
four square roots

V17, Vx4, Vx?+4, Vy?—4y,.

If we wish to reduce z, to the normal form we must see
whether any one of these square roots can be expressed
rationally in terms of the others.

Now, from the roots of (),

v/ FI:Z =Y Y
\/E"i‘ -4 = Y4 Ys.
Expanding symbolically, we verify that

(Y1 = y2) (ya— y8) = 2 (s — x3),*

*(y1—y2) (ya—ys) =(18+16+4+1—-9—15—8—2)(3+ 56+ 14
+12—-10—11—7—06)

=16+ 1+10+ 8— 6— 7— 3— 2

+ 24+ 44+ 13+11— 9-10— 6— 6

+ 7+ 9+ 14+16—14—16—11—10

+ 44+ 64+156+13—-11—12— 88— 7

—12—14— 6— 44+ 24 54164+ 16

- 1= 3—12—-10+ 8+ 90+ b6+ 4

—11—-13— 06— 38+ 1+ 2+ 10+ 14

- b6— 7—16—14+12+ 13+ 9+ 8
=2(16+1+8+2+4+134+156 +9—~10—6—T7—3—11—-5—1¢

—12)

=2(!x"‘Xg).
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that is, _

Vit +4 Vel +4=2VIT.
Hence Vx,*+ 4 can be expressed rationally in terms of the
other two square roots. This equation shows that if two of
the three differences y, — ys, ys — ¥a, X, — x4 are positive, the

same is true of the third, which agrees with the results ob-
tained directly.

Replacing now x;, y,, y, by their numerical values, we
obtain in succession

—1+\/_
~1+V17+ \/34—2~/17

__-1—«/17+\/34+2\/i?
= " ,

X =

_—14VITH /34— 217
- 8

\kss H12V17—16~/34+2 VIT—2(1—VIT)\ /34— 217
+
8

The algebraic part of the solution of our problem is now
completed. We have already remarked that there is no known
construction of the regular polygon of 17 sides based upon
purely geometric considerations. There remains, then, only
the geometric translation of the individual algebraic steps.

7. We may be allowed to introduce here a brief historical
account of geometric constructions with straight edge and
compasses.

In the geometry of the ancients the straight edge and com-
passes were always used together ; the difficulty lay merely in
bringing together the different parts of the figure so as not to
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draw any unnecessary lines. Whether the several steps in
the construction were made with straight edge or with com-
passes was a matter of indifference,

On the contrary, in 1797, the Italian Mascheroni succeeded
in effecting all these constructions with the compasses alone ;
he set forth his methods in his Geometria del compasso, and
claimed that constructions with compasses were practically
more exact than those with the straight edge. As he ex-
pressly stated, he wrote for mechanics, and therefore with a
practical end in view. Mascheroni’s original work is difficult
to read, and we are under obligations to Hutt for furnishing
a brief résumé in German, Die Mascheroni’schen Constructionen
(Halle, 1880).

Soon after, the French, especially the disciples of Carnot,
the author of the Géométrie de position, strove, on the other
hand, to effect their constructions as far as possible with
the straight edge. (See also Lambert, Freie Perspective,
1774.)

Here we may ask a question which algebra enables us to
answer immediately : In what cases can the solution of an
algebraic problem be constructed with the straight edge alone ?
The answer is not given with sufficient explicitness by the
authors mentioned. We shall say :

With the straight edge alone we can construct all algebraic
expressions whose form is rational.

With a similar view Brianchon published in 1818 a paper,
Les applications de la théorie des transversales,in which he shows
how his constructions can be effected in many cases with the
straight edge alone. He likewise insists upon the practical
value of his methods, which are especially adapted to field
work in surveying.

Poncelet was the first, in his Traité des propriétés projectives
(Vol. I, Nos. 351-357), to conceive the idea that it is sufficient
to use a single fixed circle in connection with the straight lines
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of the plane in order to construct all expressions depending
upon square roots, the center of the fixed circle being given.

This thought was developed by Steiner in 1833 in a cele-
brated paper entitled Die geometrischen Constructionen, ausge-
Jihrt mittels der geraden Linie und eines festen Kreises, uls
Lehrgegenstand fir hihere Unterrichtsanstalten und zum Selbst-
unterricht.

8. To construct the regular polygon of 17 sides we shall
follow the method indicated by von Staudt (Crelle's Journa/,
Vol. XXIV, 1842), modified later by Schroter (Crelle’s Jomur-
nal, Vol. LXXV, 1872). The construction of the regular
polygon of 17 sides is made in accordance with the methods
indicated by Poncelet and Steiner, inasmuch as besides the
straight edge but one fixed circle is used.*

First, we will show how with the straight edge and one fixed
circle we can solve every quadratic equation.

At the extremities of a diameter of the fixed unit circle
(Fig. 4) we draw two tangents, and select the lower as the
axis of X, and the diameter
perpendicular to it as the
axis of Y. Then the equa-
tion of the circle is

13 2
\ *4y(y—2)=0.
) Let

0 473 z x*—px+q=0

4
A b

be any quadratic equation

with real roots x, and x,. Required to construct the roots x,
and x, upon the axis of X.

Lay off upon the upper tangent from A to the right, a seg-

4 .
ment measured by - : upon the sxis of X from O, o segment
p

* A Mascheroni construction of the regular pelygon of 17 sides by
T. Gérard is given in M.:th. Annalen, Vol. XUVIL, 1896, pp. 301392,
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measurei byg ; connect the extremities of these segments by

the line 3 and project the intersections of this line with the
circle from A, by the lines 1 and 2, upon the axis of X. The
segments thus cut off upon the axis of X are measured bv x,
and xg.

Proof. Calling the intercepts upon the axis of X, x, and x,,
we have the equation of the line 1,

2x + x, (y —2) =0;
of the line 2.
2x 4+ x, (y —2) =0.

If we multiply the first members of these two equations we

get
x; + X2 + Xz

TRy —2) 4 T =2t =0
as the equation of the line pair formed by 1 and 2. Subtract-
ing from this the equation of the circle, we obtain

nr o+ SRy~ -y~ D=0

This is the equation of a conic passing through the four
intersections of the lines 1 and 2 with the cirele. From
this equation we can remove the factor y — 2, correspond-
ing to the tangent, and we have left

X X XyX
l;ﬂ 11( ) __0,

which is the equation of the line 3. If we now make
xi+ xg=p and x;x, =gq, we get

Ex+io—2—y=0,

and the transversal 3 cuts off from the line y =2 the seg-
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ment é, and from the line y =0 the segment g Thus the
correctness of the construction is established.

9. Inaccordance with the method just explained, we shall
now construct the roots of our four quadratic equations.
They are (see pp. 29-31)

¢) x*+ x—4 =0, with roots x, and x,; x; > xg,
(m) y*— xyy —1 =0, with roots y; and y;; y, > ys,
(") y*—x;y —1 =0, with roots y; and y,; y,>>ys,
© 2#—y,z+y,=0, with roots z, and z;; z, > z,.
These will furnish

2m

17’

whence it is easy to construct the polygon desired. We
notice further that to construct z, it is sufficient to construct
X1y X3y Y15 Ye

We then lay off the following segments: upon the upper
tangent, y =2,

z, =2 cos

4 4 4

) x_l; x—a’ ;: )
upon the axis of X,
1 1 y,
4, ——, —=, &
4 X3 X3 Y1
This may all be done in the following manner: The
straight line connecting the point 4 4 upon the axis of X

with the point — 4 upon the tangent y = 2 cuts the circle in
—4 A 'é

EN [0 z, +4
F1a. 8.
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two points, the projection of which from the point A (0, 2),
the upper vertex of the circle, gives the two roots x, x, of the
first quadratic equation as intercepts upon the axis of X.

To solve the second equation we have to lay off ;4 above
1

and — 1— below.

X1
To determine the first point we connect x, upon the axis of
X with A, the upper vertex, and from O, the lower vertex,
draw another straight line through the®intersection of this
line with the circle. This cuts off upon the upper tangent

the intercept :— This can easily be shown analytically.
1

The equation of the line from A to x, (Fig. 5),
2x + xy = 2x,,
and that of the circle,
x*+y(y—2)=0,
give as the coordinates of their intersection
A 2
' +4' x'+47
The equation of the line from O through this point becomes

y'—zx’

cutting off upon y = 2 the intercept ;41
1

We reach the same conclusion still more simply by the use
of some elementary notions of projective geometry. By our
construction we have obviously associated with every point x
of the lower range one, and only one, point of the upper, so
that to the point x = oo corresponds the point x' =0, and con-
versely. Since in such a correspondence there must exist a
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linear relation, the abscissa x' of the upper point must satisfy

the equation const.

X
Since x'==2 when x =2, as is obvious from the figure, the
constant = 4.

xl

-4 A é’l
-y
-1 0 +1 v,
2]
F1a. 6.

. 1 . .
To determine — — upon the axis of X we connect the point
1

— 4 upon the upper with the point + 1 upon the lower tan-
gent (Fig. 6). The point thus determined upon the vertical

diameter we connect with the point —3— above. This line
1

cuts off upon the axis of X the intercept -—xl. For the
1
line from —4 to 41,
by +2x =2,
intersects the verticai diameter in the point (0, ). Hence

the equation of the line from xi to this point is
1

5y — 2x;x =2,

and its intersection with the lower tangent gives —xl
1

The projection from A of the intersections of the line from

- ; to g— with the circle determines upon the axis of X the
1 1

two roots of the second quadratic equation, of which, as
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already noted, we need only the greater, y,. This corres-
ponds, as shown by the figure, to the projection of the upper
intersection of our transversal with the circle.

Similarly, we obtain the roots of the third quadratic equa-
tion. Upon the upper tangent we project from O the inter-
section of the circle with the straight line which gave upon
the axis of X the root + x,. This immediately gives the

intercept xi, by reason of the correspondence just explained.
3

~4 4, A

EX 0 ¥
0_;_..}-1
F16. 7.

If we connect this point with the point where the vertical
diameter intersects the line joining — 4 above and + 1 below,

we cut off upon the axis of X the segment —-:—, as desired.
:

If we project that intersection of this transversal with the
circle which lies in the positive quadrant from A upon the
axis of X, we have constructed the required root y, of the third
quadratic equation.
We have finally to determine the root z, of the fourth quad-
ratic equation and for this purpose to lay off yi above and 5—‘
1 1
below. We solve the first problem in the usual way, by pro-
jecting the intersection of the circle with the line connecting
A with +y, below, from O upon the upper tangent, thus

1

+ 4 above with y, below, and then the point thus determined

obtaining ;4— For the other segment we connect the point
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upon the vertical diameter produced with % This line cuts
1

off upon the axis of X exactly the segment desired, ¥4 For
the line a (Fig. 8) has the equation N

(y‘—'4)y + 2x =2y‘.

A + +4
\,
b

\

Fia. 8

o
-Y4
4

It cuts off upon the vertical diameter the segment —= 1

The equation of the line b is then
2yix + (ya—4) y =2y,
and its intersection with the axis of X has the abscissa Y

1
If we project the upper intersection of the line b with the

. . . 2
circle from A upon the axis of X, we obtain z, =2 cos I?—; .

If we desire the simple cosine itself we have only to drvaw a
diameter parallel to the axis of X, on which our last projecting
On
‘1_"‘; .
point gives immediately the first and sixteenth vertices of the
regular polygon of 17 sides.

The period z, was chosen arbitrarily ; we might construct
in the same way every other period of two terms and so find
the remaining cosines. These constructions, made on separate
figures 80 as to be followed more easily, have been combined
in a single figure (Fig. 9), which gives the complete construc-
tion of the regular polygon of 17 sides.

ray cuts off directly cos A perpendicular erected at this
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+4

W~

-4

+&

F1e. 9.

41



CHAPTER V.

General Considerations on Algebraic Constructions.

1. Wae shall now lay aside the matter of construction with
straight edge and compasses. Before quitting the subject we
may mention a new and very simple method of effecting cer-
tain constructions, paper folding. Hermann Wiener* has
shown how by paper folding we may obtain the network of
the regular polyhedra. Singularly, about the same time a
Hindu mathematician, Sundara Row, of Madras, published a
little book, Geometrical Exercises in Paper Folding (Madras,
Addison & Co., 1893), in which the same idea is consider-
ably developed. The author shows how by paper folding we
may construct by points such curves as the ellipse, cissoid, ete.

2. Let us now inquire how to solve geometrically prob-
lems whose analytic form is an equation of the third or of
higher degree, and in particular, let us see how the ancients
succeeded. The most natural method is by means of the
conics, of which the ancients made much use. For example,
they found that by means of these curves they were enabled
to solve the problems of the duplication of the cube and the
trisection of the angle. We shall in this place give only a
general sketch of the process, making use of the language
of modern mathematics for greater simplicity.

Let it be required, for instance, to solve graphically the

cubic equation x4+ ax*+ bx 4+ c =0,
or the biquadratic,
x*+ ax’ + bx*+ cx + d =0,

® Sce Dyck, Katalog der Miinchener mathematischen Ausstellung von
1893, Nachtrag, p. 62.
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Put x?==y ; our equations become

xy+ay+bx +c=0
and y'+axy + by +cx+ d=0.

The roots of the equations proposed are thus the abscissas

of the points of intersection of the two conics.

The equation
xI=y

represents a parabola with axis vertical. The second equa-
tion,

xy + ay +bx+¢c=0,

represents an hyperbola whose asymptotes are parallel to the
axes of reference (Fig. 10). One of the four points of inter-

M

SN T
| DY

Fa. 10. F1G. 11,

section is at infinity upon the axis of Y, the other three at a
finite distance, and their abscissas are the roots of the equa-
tion of the third degree.

In the second case the parabola is the same. The hyper-
bola (Fig. 11) has again one asymptote parallel to the axis of
X while the other is no longer perpendicular to this axis.
The curves now have four points of intersection at a finite
distance.
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The methods of the ancient mathematicians are given in
detail in the elaborate work of M. Cantor, Geschichte der
Mathematik (Leipzig, 1894, 2d ed.). Especially interesting is
Zeuthen, Die Kegelschnitte im Altertum (Kopenhagen, 1886,
in German edition). As a general compendinm we may men-
tion Baltzer, Anulytische Geometrie (Leipzig, 1882).

3. Beside the conics, the ancients used for the solution of

the above-mentioned problems, higher

b curves constructed for this very pur-

pose. 'We shall mention here only
the Cissoid and the Couchoid.

The cissoid of Diocles (c. 150 B.c.)

\ /Q may be constructed as follows (Fig.

. 12): To a circle draw a tangent (in the

c figure the vertical tangent on the right)

Y and the diameter perpendicular to it.
//' M’ Draw lines from O, the vertex of the

circle thus determined, to points upon
the tangent, and lay off from O upon
\‘\"/,- each the segment lying between ifs

intersection with the circle and the

tangent. The locus of points so deter-
mined is the cissoid.

To derive the equation, let r be the

Fic @ radius vector, 4 the angle it makes with

the axis of X. If we produce r to the

tangent on the right, and call the diameter of the circle 1,

the total segment equals F:;O' The portion cut off by the

circle is cos 6. The difference of the two segments is r, and
henee
sin? @

0s 6 =

r= . - -¢ =—,
cos ¢ cos 6
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By transformation of coérdinates we obtain the Cartesian

equation,
x4+ y)x—y*=0.

The curve is of the third order, has a cusp at the origin,
and is symmetric to the axis of X. The vertical tangent to
the circle with which we began our construction is an asymp-
tote. Finally the cissoid cuts the line at infinity in the cir-
cular points.

To show. how to solve the Delian problem by the use of
this curve, we write its equation in the following form :

YNV ¥
X 1—x
We now construct the straight line,

Y=
X

This cuts off upon the tangent x =1 the segment A, and
intersects the cissoid in a point for which

D SENNY }

1—x
This is the equation of a straight line passing through the
point y =0, x=1, and hence of the line joining this point
to the point of the cissoid.

This line cuts off upon the axis of Y the intercept A*.

We now see how #/2 may be constructed. Lay off upon
the axis of Y the intercept 2, join this point to the point
x=1, y=0, and through its intersection with the cissoid
draw a line from the origin to the tangent x=1. The inter-
cept on this tangent equals e

4. The conchoid of Nicomedes (c. 150 B.c.) is constructed
as follows : Let O be a fixed point, a its distance from a fixed
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line. If we pass a pencil of rays through O and lay off on
each ray from its intersection with the fixed line in both
directions a segment b, the locus of the points so determined
is the conchoid. According as b is greater or less than a,
the origin is a node or a con-
jugate point ; for b=a it is
a cusp (Fig. 13).

Taking for axes of X and Y
the perpendicular and paral-
lel through O to the fixed
line, we have

o

X |-
-

x—a
whence

*+y?) (x —a)) — bx?*=0.

The conchoid is then of the
fourth order, has a double
point at the origin, and is
composed of two branches
having for common asymptote
the line x=a. Further, the
factor (x* - y*) shows that the
curve passes through the cir-
cular points at infinity, a mat-
ter of immediate importance.

‘We may trisect any angle by means of this curve in the
following manner : Let ¢ = MOY (Fig. 13) be the angle to
be divided into three equal parts. On the side OM lay off
OM =0b, an arbitrary length. With M as a center and radius
b describe a éircle, and through M perpendicular to the axis
of X with origin O draw a vertical line representing the
asymptote of the conchoid to be constructed. Construct the

F1G. 13.
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conchoid. Connect O with A, the intersection of the circle
and the conchoid. Then is / AQY one third of £ ¢, as is
easily seen from the figure.

Our previous investigations have shown us that the prob-
lem of the trisection of the angle is a problem of the third
degree. It admits the three solutions

$ ¢+21r’ ¢t+4m

3 b 3
Every algebraic construction which solves this problem by
the aid of a curve of higher degree must obviously furnish all
the solutions. Otherwise the equation of the problem would
not be irreducible. These different solutions are shown in
the figure. The circle and the conchoid intersect in eight
points. Two of them coincide with the origin, two others
with the circular points at infinity. None of these can give
a solution of the problem. There remain, then, four points
of intersection, so that we seem to have one too many. This
is due to the fact that among the four points we necessarily
find the point B such that OMB =2 b, a point which may be
determined without the aid of the curve. There actually
remain then only three points corresponding to the three
roots furnished by the algebraic solution.

6. In all these constructions with the aid of higher alge-
braic curves, we must consider the practical execution. We
need an instrument which shall trace the curve by a con-
tinuous movement, for a construction by points is simply a
method of approximation. Several instruments of this sort
have been constructed; some were known to the ancients.
Nicomedes invented a simple device for tracing the conchoid.
It is the oldest of the kind besides the straight edge and
compasses. (Cantor, I, p. 302.) A list of instruments of
more recent construction may be found in Dyck’s Katalog,
Pp. 227-230. 340. and Nachtrag, pp. 42, 43.






PART II.

TRANSCENDENTAL NUMBERS AND THE QUADRATURE OF THE
CIRCLE.

CHAPTER 1.

Cantor’'s Demonstration of the Existence of
Transcendental Numbers.

1. Let us represent numbers as usual by points upon the
axis of abscissas. If we restrict ourselves to rational numbers
the corresponding points will fill the axis of abscissus densely
throughout (iberall dicht), i.e., in any interval no matter how
small there is an infinite number of such pomts. Neverthe-
less, as the ancients had already discovered, the continuum
of points upon the axis is not exhausted in this way ; between
the rational numbers come 1n the irrational numbers, and the
question arises whether there are not distinctions to be made
among the irrational numbers.

Let us define first what we mean by algebraic numbers.
Every root of an algebraic equation

3"+ '+ ta, wta,=0

with integral coefficients is called an algebraic number. Of
course we consider only the real roots. Rational numbers
occur as a special case in equations of the form

agw + a = 0,
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We now ask the question: Does the totality of real
algebraic numbers form a continuum, or a discrete series
such that other numbers may be inserted in the intervals ?
These new numbers, the so-called transcendental numbers,
would then be characterized by this property, that they cannot
be roots of an algebraic equation with integral coefficients.

This question was answered tirst by Liouville (Comptes
rendus, 1844, and Liouville’s Journal, Vol. XVI, 1851), and
in fact the existence of transcendental numbers was demon-
strated by him. But his demonstration, which rests upon the
theory of continued fractions, is rather complicated. The
investigation is notably simplified by using the developments
given by Georg Cantor in a memoir of fundamental impor-
tance, Ueber eine Eigenschaft des Inbegriffes reeller algebra-
ischer Zahlen (Crelle’s Journal, Vol. LXXVII, 1873). We
shall give his demonstration, making use of a more simple
notion which Cantor, under a different form, it is true, sug-
gested at the meeting of naturalists in Halle, 1891.

2. The demonstration rests upon the fact that algebraic
numbers form a countable mass, while transcendental numbers
do not. By this Cantor means that the former can be arranged
in a certain order so that each of them occupies a definite
place, is numbered, so to speak. This proposition may be
stated as follows :

The manifoldness of real algebraic numbers and the mani-
Joldness of positive integers can be brought into a one-to-one
correspondence.

We seem here to meet a contradiction. The positive inte-
gers form only a portion of the algebraic numbers; since
each number of the first can be associated with one and one
only of the second, the part would be equal to the whole.
This objection rests upon a false analogy. The proposition
that the part is always less than the whole is not true for
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infinite masses. It is evident, for example, that we may
establish a one-to-one correspondence between the aggregate
of positive integers and the aggregate of positive even num-
bers, thus:

0 1 2 3 - n-:--

0 2 4 6---2n---

In dealing with infinite masses, the words great and small are
inappropriate. As a substitute, Cantor has introduced the
word power (Mdchtigkeit), and says: Two infinite masses have
the same power when they can be brought into a one-to-one cor-
respondence with each other. The theorem which we have to
prove then takes the following form: The aggregrate of real
algebraic numbers has the same power as the aggregate of
positive integers.

We obtain the aggregate of real algebraic numbers by seek-
ing the real roots of all algebraic equations of the form

aown+alwn_l+. e +an-lm +au=0;

all the a’s are supposed prime to one another, a, positive,
and the equation irreducible. To arrange the numbers thus
obtained in a definite order, we consiGer their height N as
defined by

N=n—1+4]a|+]|a|+" -+ al

|a,| representing the absolute value of a, as usual. To a
given number N corresponds a finite number of algebraic
equations. For, N being given, the number n has certainly
an upper limit, since N is equal to n —1 increased by positive
numbers; moreover, the difference N — (n —1) is a sum of
positive numbers prime to one ancther, whose number is
obviously finite.
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N n 'l-,l Ia‘mll,lglq] EQUATION. !«N)! RooTS.
1
1]1]1]0 z=0 1| 0
2(0lofo - :
e o ——
211.21/0 - |
p 11 z+1=0 ' +1
20100 -
R e et S R e
31113]0 — 4 -9
2|1 2z +1=0 —-%
1 !
i1l I z42=0 +3
2({2l0fo0 - +2
1{1]0 -
1lof1]| | -
3'1]ojolo! -
JRN SN N S (S S
4 1!4,0 - 12| -3
31 3x+1=0 — 1.61803
2|2 - ! — 1.4142]
P18 bozx3=0 | | —o0.7071L
2{3]0lo] ! - | | —o0.61803
21100 P - - . —0.33333
'2(01 ! 222—1=0 I +0.33333
‘11210 ' - ' +0.61803
111 , 2tz —1=0 I 407011
i1 0'2 [ xr—2=0 + 1.41421
3i2/o0fo0]o0 - © +1.61803
1{1]0]0 - [ +8
1{0|1]0 - : '
1{0j0]1 -
411 0'0 00 - _J

Among these equations we must discard those that are
reducible, which presents no theoretical difficulty. Since
the number of equations corresponding to a given value of
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N is limited, there corresponds to a determinate N only a
finite mass of algebraic numbers. We shall designate this
by ¢ (N). The table contains the values of ¢ (1), $(2), $(3),
¢ (4), and the corresponding algebraic numbers .

We arrange now the algebraic numbers according to their
height, N, and the numbers corresponding to a single value of
N in increasing magnitude. We thus obtain all the algebraic
numbers, each in a determinate place. 'This is done in the
last column of the accompanying table. It is, therefore,
evident that algebraic numbers can be counted.

3. We now state the general proposition :

In any portion of the axis of abscissas, however small, there
is an infinite number of points which certainly do not belong to
a given countable mass.

Or, 1n other words :

The continuum of numerical values represented by a portion
of the uzxis of abscissas, however small, hus a greater power
than any given countuble mass.

This amounts to affirming the existence of transcendental
numbers. It is sufficient to take as the countable wass the
aggregate of algebraic numbers.

To demonstrate this theorem we prepare a table of algebraic
numbers as before and write in it all the numbers in the form
of decimal fractions. None of these will end 1 an infinite
series of 9’s.  For the equality

1=0999- -9

shows that such a number is an exact decimal. If now we
can construct a decimal fraction which is not found in our
table and does not end in an iufinite series of 9’s it will
certainly be a transcendental number. By means of a very
simple process indicated by Georg Cantor we can find not
only one but infinitely many transcendental numbers, even
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when the domain in which the number is to lie is very small
Suppose, for example, that the first five decimals of the num-
ber are given. Cantor’s process is as follows.

Take for 6th decimal a number different from 9 and from
the 6th decimal of the first alyebraic number, for 7th decimal
a number different from 9 and from the 7th decimal of the
second alyebraic number, ete. In this way we obtain a decimal
fraction which will not end in an infinite series of 9’s and is
certainly not contained in our table. The proposition is then
demonstrated.

We see by this that (if the expression is allowable) there
are far more transcendental numbers than algebraic. For
when we determine the unknown decimals, avoiding the 9’s,
we have a choice among eight different numbers; we can
thus form, so to speak, 8° transcendental numbers, even when
the domain in which they are to lie is as small as we please.



CHAPTER IL

Historical Survey of the Attempts at the Computation
and Construction of .

In the next chapter we shall prove that the number =
belongs to the class of transcendental numbers whose exis-
tence was shown in the preceding chapter. The proof was
first given by Lindemann in 1882, and thus a problem was
definitely settled which, so far as our knowledge goes, has
occupled the attention of mathematicians for nearly 4000
years, the problem of the quadrature of the circle.

For, if the number 7 is not algebraic, it certainly cannot
be constructed by means of straight edge and compasses.
The quudrature of the circle in the sense understood by the
ancients 18 then impossible. It is extremely interesting to
follow the fortunes of this problem in the various epochs of
science, as ever new attempts were made to find a solution
with straight edge and compasses, and to see how these neces-
sarily fruitless efforts worked for advancement in the mani-
fold realm of mathematics.

The following brief historical survey is based upon the
excellent work of Rudio: Archimedes, Huygens, Lambert,
Legendre, Vier Abhandlungen iiber die Kreismessuny, Leipzig,
1892. This book contains a German translation of the
investigations of the authors named. While the mode of
presentation does not touch upon the modern methods here
discussed, the book includes many interesting details which
are of practical value in elementary teaching.
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1. Among the attempts to determine the ratio of the
diameter to the circumference we may first distinguish the
empirical stage, in which the desired end was to be attained by
measurement or by direct estimation.

One of the oldest known mathemetical documents. the Rhind
Papyrus (c. 1650 B.c.), contamns the problem in the

well-known form, to transform a circle into a square of
equal area. The writer of the papyrus lays down the
following rule: Cut off } of a diameter and construct a
square upon the remainder; this has the same area as the
circle. The value of 7 thus obtained is (3#)*=3.16 - - -, not
very inaccurate. Much less accurate is the value 7 =3,
used in the Bible (1 Kings, 7. 23, 2 Chronicles, 4. 2).

2. The Greeks rose above this empirical standpoint, and
especially Archimedes, who, in his work xvxAov pérpnos, com-
puted the area of the circle by the aid of inscribed and cir-
cumscribed polygons, as is still done in the schools. His
method remained in use till the invention of the differential
calculus ; it was especially developed and rendered practical
by Huygens (d. 1654) in his work, De circuli magnitudine
tnventa.

As in the case of the duplication of the cube and the
trisection of the angle the Greeks sought also to effect the
quadrature of the circle by the help of higher curves.

Consider for example the curve y=sin—'x, which repre-
sents the sinusoid with axis vertical. Geometrically, =
appears as a particular ordinate of this curve; from the
standpoint of the theory of functions, as a particular value of
our transcendental function. Any apparatus which describes
a transcendental curve we shall call a transcendental appara-
tus. A transcendental apparatus which traces the sinusoid
gives us a geometric construction of ar.

In modern language the curve y=sin—'x is called an



THE CONSTRUCTION OF =. 57

integral curve because it can be defined by weans of the
integral of an algebraic function,

\/l—x.

The ancients called such a curve a quadratriz or rerpaywni-
{ovea. The best known is the gquadratriz of Dinostratus
(c. 350 B.c.) which, however, had al-

ready been constructed by Hippias of B
Elis (c. 420 B.c.) for the trisection of M4
an angle. Geometrically it may be 0

defined as follows. Having given a 0 IN
circle and two perpendicular radii OA
and OB, two points M and L move with

constant velocity, one upon the radius
OB, the other upon the arc AB (Fig.
14). Starting at the same time at O
and A, they arrive simultaneously at B. The point of inter-
section P of OL and the parallel to OA through M describes
the quadratrix.

From this definition it follows that y is proportional to 6.

L

Fio. 4.

Further, since for y=1, 6 =g— we have

™
6=3y;
and from 6 = tanr‘% the equation of the curve becomes

y-—t.a.nzy

[t meets the axis of X at the point whose abscissa is

y
mw
tan ’gy

x = lim

, for y=0;



b8 FAMOUS PROBLEMS.

2
hence x=2.
T

According to this formula the radius of the circle is the
mean proportional between the length of the quadrant and
the abscissa of the intersection of the quadratrix with the
axis of X. This curve can therefore be used for the rectifica-
tion and hence also for the quadrature of the circle. This
use of the quadratrix amounts, however, simply to a geo-
metric formulation of the problem of rectification so long as
we have no apparatus for describing the curve by continuous
movement.

Fig. 15 gives an idea of the form of the curve with the
branches obtained by taking values of 6 greater than = or

m

¥
N
%

/’__
—_——_—’_//4

FIG 15.

less than — 7. Evidently the quadratrix of Dinostratus is
not so convenient as the curve y=sin~'x, but it does not
appear that the latter was used by the ancients.

8. The period from 1670 to 1770, characterized by the
names of Leibnitz, Newton, and Euler, saw the rise of modern
analysis. Great discoveries followed one another in such an
almost unbroken series that, as was natural, critical rigor fell
into the background. For our purposes the development
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of the theory of series is especially important. Numerous
methods were deduced for approximating the value of w. It
will suffice to mention the so-called Leibnitz series (known,
however, before Leibnitz) :

T gy
This same period brings the discovery of the mutual depend-
ence of e and w. The number e, natural logarithms, and
hence the exponential function, are iirst found in principle in
the works of Napier (1614). This number seemed at first to
have no relation whatever to the circular functions and the
number 7 until Euler had the courage to make use of imagi-
nary exponents. In this way he arrived at the celebrated
formula

e'* = cos x + i sin x,
which, for x =, becomes

er=—1,

This formula is certainly one of the most remarkable in all
mathematics. The modern vroofs of the transcendence of
are all based on it, since the first step is always to show the
transcendence of e.

4. After 1770 critical rigor gradually began to resume its
rightful place. In this year appeared the work of Lambert:
Vorldufige Kenntnisse fir die so die Quadratur des Cirkuls
suchen. Among other matters the irrationality of = is dis-
cussed. In 1794 Legendre, in his Eléments de géométrie,
showed conclusively that 7 and =2 are irrational numbers.

5. But a whole century elapsed before the question was
investigated from the modern point of view. The starting-
point was the work of Hermite : Swr lu fonstion exponenticlle
(Comptes rendus, 1873, published separately in 1874). The
transcendence of e is here proved.
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An analogous proof for m, closely related to that of
Hermite, was given by Lindemann: Ueber die Zahl w
(Mathematische Annalen, XX, 1882. See also the Proceed-
ings of the Berlin and Paris academies).

The question was then settled for the first time, but the
investigations of Hermite and Lindemann were still very
complicated.

The first simplification was given by Weierstrass in the
Berliner Berichte of 1885. The works previously mentioned
were embodied by Bachmann in his text-book, Vorlesungen
iiber die Natur der Irrationalzallen, 1892.

But the spring of 1893 brought new and very important
simplifications. In the first rank should be named the
memoirs of Hilbert in the Gattinger Nachrichten. Still
Hilbert’s proof is not absolutely elementary : there remain
traces of Hermite’s reasoning in the use of the integral

_ofz"e—'dz =p!

But Hurwitz and Gordan soon showed that this transcen-
dental formula could be done away with (Géttinger Nach-
richten ; Comptes rendus; all three papers are reproduced
with some extensions in Mathematische Annalen, Vol. XLIII).

The demonstration has now taken a form so elementary
that it seems generally available. In substance we shall
follow Gordan’s mode of treatment.



CHAPTER IIL

The Transcendence of the Number e.

1. We take as the starting-point for our investigation the
well-known series

2 n
ex =144 T e K

which is convergent for all finite values of x. The difference
between practical and theoretical convergence should here be
insisted on. Thus, for x =1000 the calculation of e by
means of this series would obviously not be feasible. Still
the series certainly converges theoretically ; for we easily
see that after the 1000th term the factorial n! in the
denominator increases more rapidly than the power which

occurs in the numerator. This circumstance that % has for

any finite value of x the limit zero when n becomes infinite
has an important bearing upon our later demonstrations.
We now propose to establish the following proposition :
The number e is not an algebraic number, i.6., an equation
with integral coefficients of the form

F(e)=Cy+Cie+Ce’+- - - +Ce"=0

is impossible. The coefficients C, may be supposed prime to
one another.

We shall use the indirect method of demonstration, show-
ing that the assumption of the above equation leads to an
absurdity. The absurdity may be shown in the following
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way. We multiply the members of the equation F(e) =0 by
a certain integer M so that

MF(e) = MC, + MC,e + MCze*+ - - -+ MC,e* =0.

We shall show that the number M can be chosen so that

(1) Each of the products Me, Me? - - - Me™ may be sepa-
rated into an entire part M, and a fractional part ¢,, and our
equation takes the form

MF(e) = MC, 4+ M,C, + M,C.+- - -+ M,C,
+Ciei +Coea + -+ Cre, =0;
(2) The integral part
MCo+ MCi+- - -+ M,C,

is not zero. This will result from the fact that when divided
by a prime number it gives a remainder different from zero;
(3) The expression

C1¢1 +Ce+- - -+ Cuén
can be made as small a fraction as we please.

These conditions being fulfilled, the equation assumed is
manifestly impossible, since the sum of an integer different
from zero, and a proper fraction, cannot equal zero.

The salient point of the proof may be stated, though not
quite accurately, as follows:

With an exceedingly small error we may assume e, €, - - - e®
proportional to integers which certainly do not satisfy our
assumed equation.

2. We shall make use in our proof of a symbol h* and a
certain polynomial ¢ (x).

The symbol hr is simply another notation for the factorial r!
Thus, we shall write the series for e* in the form

2 n
e"=1+:;+%,+‘ . '+£;+' :
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The symbol has no deeper meaning ; it simply enables us to
write in more compact form every formula containing powers
and factorials.

Suppose, e.g., we have given a developed polynomial

f(x)=13% cx"

We represent by f(h), and write under the form 3 c,h’, the
sum '

¢ '14c-2'4¢y-314- - +c.n!

But if f(x) is not developed, then to calculate f(h) is to
develop this polynomial in powers ol h and finally replace
h* by r!. Thus, for example,

fk+hy=3ck+hy=3sc, -h=sc,r!,

the c', depending on k.
The polynowial ¢(x) which we need for our proof is the
following remarkable expression

— =X 2—x)- - '(n—x);]f’
P = (—1)!

where p is a prime number, n the degree of the algehraic
equation assumed to be satisfied by e. We shall suppose p
greater than n and |Cy|, and later we shall make it increase
without limit.

To get a geometric picture of this polynomial ¢ (x) we con-
struct the curve

y =¢(x).

At the points x=1, 2,- - - n the curve has the axis of X as
an inflexional tangent, since it meets it in an odd number of
points, while at the origin the axis of X is tangent without
inflexion. For values of x between 0 and n the curve remains
in the neighborhood of the axis of X; for greater values of x
it recedes indefinitely.
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Of the function ¢ (x) we will now establish three important
properties :

1. x being supposed given and p increasing without lLimit,
& (x) tends toward zero, as does also the sum of the absolute
values of its terms.

Put u=x(1 —x)(2—x)- * -(n—x); we may then write

u! gy
‘#(x):(p_ 1)! ;’
which for p infinite tends toward zero.

To have the sum of the absolute values of ¢ (x) it is suffi-
cient to replace — x by |x| in the undeveloped form of ¢ (x).
The second part is then demonstrated like the first.

2. h being an integer, ¢ (h) is an indeger not divisible by p
and therefore different from zero.

Develop ¢(x) in increasing powers of x, noticing that the
terms of lowest and highest degree respectively are of degree
p—1land np+p—1. We have

r=np+p-—1

c'xr—1 c''xP x"P+p-1
—_ cr ro— e e — .
PO=2 X = it ot =
Hence
r=np+p—I
¢(h) =2 c,h-
re=p—1

Leaving out of account the denominator (p—1)!, which
occurs in all the terms, the coefficients c, are integers. This
denominator disappears as soon as we replace h* by r!, since
the factorial of least degree is h*~' = (p —1)!. All the terms
of the development after the first will contain the factor p.
As to the first, it may be written
1:2:3:---npP-(p—1)!

=(n!)?

(r—1! 9
and is certainly not divisible by p since p > n.
Therefore ¢ (h) = (n!)* (mod. p),

and hence ¢ (h) #0.
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Moreover, ¢ (h) is a very large number; even its last term
alone is very large, viz.:

(rpt+p—1)!
3. h deing an integer, and k one of the numbers 1,2 - - - n,
¢ (h + k) is an integer divisible by p.

We have ¢ (h+k)y=3c . (h+ky=3c'h,

a formula in which we are to replace h* by r! only after hav-
ing arranged the development in increasing powers of h.
According to the rules of the symbolic calculus, we have

first
s+ [A—k—h)(2—k—h h) k

— p—1 —_— — —_— — ).-.(_ ...(n__ _h)}p

h+h (—1)!

One of the factors in the brackets reduces to — h; hence the
term of lowest degree in h in the development is of degree p.
We may then write

r=np+p-1

dh+K)=23ch

The coefficients still have for numerators integers and for
denominator (p — 1)!. As already explained, this denomi-
nator disappears when we replace h" by r!. But now all the
terms of the development are divisible by p; for the first
may be written

(— )% ket [(k—1)!(n—K)!]" - p!
(P—1)!

=(=k'[k—1)!-(n— k)P - p.
¢ (h + k) is then divisible by p.
8. We can now show that the equation
F(ee=C,4+Ce+Ce?'+: - -+Ce"=0
is impossible.
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For the number M, by which we multiply the members of
this equation, we select ¢ (h), so that

$ (h) F (€)= Cop () + Cis (h) e+ Cub (h) €'+ - -+ C,b (h)e®.
Let us try to decompose any term, such as C,¢ (h) e*, into an
integer and a fraction. We have

¥ ¢ (h)=¢e"Sch"
Considering the series development of e%, any term of this
sum, omitting the constant coefficient, has the form

h k“ hr-kr | hr- k!

k. ht— hr - - - -

e -hrmhrp MR R R S
Replacing hr by r!, or what amounts to the same thing, by one
of the quantities
rh™1, r(r—l)h"’ c ey r(r—-l)' -+ 3-he r(r—1)- - -2- h,

and simplifying the successive fractions,

Chr= hr+ “hetk 4 '('_2 hr-2k3 4 - - - + ! k1 + kK

kr - .-
e[yt toineTst ]
The first line has the same form as the develupment of

(h+4k); in the parenthesis of the second line we have the
series

k!
r+ 17T F t)(r?-—éj"“

whose terms are respectively less than those of the series

0+

=1kttt
The second line in the expansion of e*-h* may therefore be
represented by an expression of the form
qer ek . kr’
g« being a proper fraction.
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Effecting the same decomposition for each term of the sum
e<s ch
it takes the form

eh 2 C,hr = 2 c, kh + k)r + ek 2 qr,kcrkr‘

The first part of this sum is simply ¢ (h + k); this is a
number divisible by p (2, 3). Further (2, 1),

¢ (k)=?|crkr‘

tends toward zero when p becomes infinite: the samne is true
a fortiori of 3 q,ck’, and also, since e* is a finite quantity,
r

of e* 3, q,, ¢k, which we may represent by e,.

The term under consideration, C,e*¢ (h), has then been put
under the form of an integer C,¢(h + k) and a quantity C,e,
which, by a suitable choice of p, may be made as small as we
please.

Proceeding similarly with all the terms, we get finally

F)¢(h)=Cop(h)+Cidp(h+1)+- - -+ Cyd(h+n)
+ Cx¢1+Cz<2+ SRR Cn‘n-

It is now easy to complete the demonstration. All the
terms of the first line after the first are divisible by p; for
the first, |Cy| is less than p; ¢ (h) is not divisible by p; hence
Cop(h) is not divisible by the prime number p. Consequently
the sum of the numbers of the first line is not zero.

The numbers of the second line are finite in number ; each
of them can be made smaller than any given number by a
suitable choice of p; and therefore the same is true of their
sum,

Since an integer not zero and a fraction cannot have zero
for a sum, the assumed equation is impossible.

Thus, the transcendence of e, or Hermite’s Theorem, is
demonstrated.



CHAPTER 1V.
The Transcendence of the Number =.

1. The demonstration of the transcendence of the number
7 given by Lindemann is an extension of Hermite’s proof in
the case of e.  While Hermite shows that an integral equa-
tion of the form

Co + C1e+ C’e,+ ¢t + Cne"=0
cannot exist, Lindemann generalizes this by introducing in
place of the powers e, e? - - - sums of the form
el et - et
el + e +- - .+e‘-

where the k’s are associated algebraic numbers, i.e., roots of
an algebraic equation, with integral coefficients, of the degree
N; the I’s roots of an equation of degree N', etc. Moreover,
some or all of these roots may be imaginary.

Lindemann’s general theorem may be stated as follows :

The number e cannot satisfy an equation of the form '

(1) Co+Ci(e"+e+- - -+ e
+ C,(el‘ +ela +- - -+el"')+' =0
where the coefficients C; are integers and the exponents k,, |, - - -
are respectively associated algebraic numbers.

The theorem may also be stated :

The number e is not only not an algebraic number and there-
Jore a transcendental number simply, but it is also mot an
interscendental * number and therefore a transcendental number
of higher order.

* Leibnitz calls a function xA, where X\ is an algebraic irrational, an
interscendental function.
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Let
ax™ + a;x*1 4 - - ‘+a,=0
be the equation having for roots the exponents k ;
bx* 4 byx*-1+4- - -4 b, =0
that having for roots the exponents I, etc. These equations
are not necessarily irreducible, nor the coefficients of the first
terms equal to 1. It follows that the symmetric functions of
the roots which alone occur in our later developments need
not be integers.
In order to obtain integral numbers it will be sufficient to
consider symmetric functions of the quantities

akb akz, tot e ak.,
bly, by, - * - bl,, etc.

These numbers are roots of the equations
yn + aly'—l + a’ayl—i + o« .. + a.al—l =0,
yn‘ + blyn'—l + b,byn‘—z + PR + b“-b"_l f— 0, ete.
These quantities are integral associated algebraic numbers,
and their rational symmetric functions real integers.
We shall now follow the same course as in the demonstra-
tion of Hermite’s theorem.
We assume equation (1) to be true; we multiply both
members by an integer M; and we decompose each sum,
such as

M(ek‘-{-e"’-i- e -{—ek"),
into an integral part and a fraction, thus
M(e" e+ - -+e™)=M +a,
M+ e+ -+ e")=M+aq

Our equation then becomes
CM 4 CIMI +CM;+- - -
+Cl¢1 +Cg€g +' =0,
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We shall show that with a suitable choice of M the sum aof
the quantities in the first line represents an integer not
divisible by a certain prime pumber p, and consequently
different from zero ; that the fractional part can be made as
small as we please, and thus we come upon the same contra-
diction as before.

2. We shall again use the symbol h"=r! ana select as
the multiplier the quantity M=y (h), where y(x) is a gene-
ralization of ¢(x) used in ihe preceding chapter, formed as
follows :

Yy =" 1)1 [(ki—x) (ky— x) - (ky—x)]P-a"-a"P-a*r. - -

[(Il_' X) (l) — x) (L‘_ x)]p.bxp.bn'p.bn"p. .

(p—-

where p is a prime number greater than the absolute value of
each of the numbers

CO) a, br BRI - ¥ bu" vt
and later will be assumed to increase without limit. As to
the factors a*, b™®, - - -, they have been introduced so as to

have in the development of y(x) symmetric functions of the
quantities

ak,. aks, -+ - -, aky,

bl;, bly, - - - bly,

that is, rational integral numbers. Later on we shall have
to develop the expressions

2k, th), 2yl +h), -

The presence of these same factors will still be necessary if
we wish the coeflicients of these developments to be integers
each divided by (p — 1)

1. y(h) is an integral number, not divisible by p and con-
sequently different from zero.
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Arranging ¢ (h) in increasing powers of h, it takes the form
F=Np+X'p+ - " +p—1

y(h)y=3 ch

In this development all the coefficients have integral numer-
ators and the common denominator (p —1)!.

The coeflicient of the first term h® may be written
(ak, - akg - - -ak.)"a"'ﬂa""“ -
(bl -bl, - - - bl )"b"‘b"" SR

(p—D!

1 . -
=(_’;:_]3_'(_ 1)np+n p+ “'(a_a"")’a' PaQ¥P. . (b b¥" —l)pblpbl P .
If in this term we replace h*! by its value (p—1)! the
denominator disappears. According to the hypotheses made
regarding the prime number p, no factor of the product is
divisible by p and hence the product is not.

The second term c,h® becomes likewise an integer when
we replace h? by p! but the factor p remains, and so for all
of the following terms. Hence y (h) is an integer not divis-
ible by p.

2. For x, a given finite quantity, and p increasing without
limit, ¢ () =3 cx* tends toward zero, as does also the sum
slex. '

We may write
y()=3cx

xP? .
=<p-—— )’[a a* - - - b"b" (kl— x)(ks_x) .. (k‘ — x)
(h=x)(lz=%x)* * - (Ig—x)* * I
Since for x of given value the expression in brackets is a con-
stant, we may replace it by K. We then have
_—— K; p—___
y ()= (p—1D)! K,
a quantity which tends toward zero as p increases indefinitely.
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The same reasoning will apply when each term of y(x) is
replaced by its absolute value.

3. The expression E':[: (k, + h) is an integer divisible by p.
r=]

We have
_E’_(l‘d' h);'—_' wphN'p .
O i e
2™k, —k,—h)ks—k, —h)* + (= h)- - - (ky —k,—h)]*
- a"®b™ [ (l, —k,— h)(le—k,— h)* + *(ly —k,—h)]*

The »th factor of the expression in brackets in the second
line is — h, and hence the term of lowest degree in h is hr,
Consequently

rPEAPENPE C4p -
'l" (kl + h) = 2 C',,h'.
r=p
whence
r=Np+N p+ +p—1

E.p(k +hy= 2 C'h.

The numerators of the coefficients C'r are rational and integral,
for they are integral symmetric functions of the quantities

ak,, ak,, LIRS ak,.
blh bl:‘.y Y bl(l

and their common denominator is (p—1)!.

1f we replace hr by r! the denominator disappears from all
the coefficients, the factor p remains in every term, and hence
the sum 1s an integer divisible by p.

Similarly for

v=N
T ydAh) -
We have thus established three properties of y (x) analogous

to those demonstrated for ¢ (x) in connection with Hermite’s
theorem.
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8. We now return to our demonstration that the assumed
equation
'eH) C0+C1(et'+e"+' . .+e“n)+ C,(el‘+el’+' RPAS )+ =0
cannot be true. For this purpose we multiply both members
by y (h), thus obtaining
Coy )+ Cile ety @+ +eyml+: - =0,
and try to decompose each of the expressions in brackets into
a whole numnber and a fraction. The operation will be a little
longer than before, for k may be a complex number of the form

k=k'4+'ik". We shall need to introduce |k) =4 VK k"
One term of the above sum is

ey (hy=e*Sch =Sc, e h.

The product e* - h* may be written, as shown before
P Y 8

e SIS [ SO
°"""“+“’+“[r+1+(r+1><r+2)+ ]

The absolute value of every term of the series,

k k?

04 - S S T

+r—{-1 + (r+l)(r+2)+

is less than the absolute value of the corresponding term in
the series

k k?
eh=1+.1_+2!+. .
k k?

Hence '+1+(r+1)('+2)+---<e""
k k? o
or r+1+(r+1)(r+2)+. =q..e'"

grx being a complex guantity whose absolute value is less
than 1.
We may then write

ey (h)y=3ceh =3c, (h+ k"' + 3 c. g ker
=y (h+ k)4 3 crq, k'™t
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By giving k in succession the indices 1, 2, - - - N, and form-
ing the sum the equation becomes

My (h)+ety )+ + 4 etryh)
=ZyGAhFE et skl

Proceeding similarly witk all the other sums, our equatior
takes the form

(@) Coy (h)+ c,”§:¢(ky+ h)+ C;iz':‘.p(lv+ hy+- - -

+C, 2"2 elslckiq, + C;? el™cilvan, +---=0.
v=] r v==1

By 2, 2 we can make 3|c,k'| as small as we please by taking

p sufficiently great. Since |q,,|< 1, this will be true a fortiors
of

2 Crk'qt.k
and hence also of

V=N

2 2 crkrvqr,keIkVI'

=1 r

Since the coefficients C are finite in value and in number, the
sum which occurs in the second line of (2) can, by increasing
p, be made as small as we please.

The numbers of the first line are, after the first, all divis-
ible by p (3), but the first number, Coy(h), is not (1).
Therefore the sum of the numbers in the first line is not
divisible by p and hence is different from zero. The sum of
an integer and a fraction cannot be zero. Hence equation (2)
is impossible and consequently also equation (1).*

4. We now come to a proposition more general than the
preceding, but whose demonstration is an immediate conse-

* The proof for the more general case where Co = 0 may be reduced
to this by multiplication by a suitable factor, or may be obtained directly
by a proper modification of y (h).
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quence of the latter. For this reason we shall call it Linde-
mann’s corollary.

The number e cannot satisfy an equation of the form

B) Co+ Cie"i+Clhe'+- - - =0,
in which the coefficients are integers even when the exponents
kyy lyy =+ + are unrelated algebraic numbers.

To demonstrate this, let k,, ks, * - -, k, be the other roots of
the equation satisfied by k,; similarly for I, I, - - - I, ete.
Form all the polynomials which may be deduced from (3)
by replacing k; in succession by the associated roots ks, - - -,
I by the associated roots I, - - - Multiplying the expres-
sions thus formed we have the product

a8,

i 1.2, - -
I zc'o‘f‘C';ek“‘*‘C'gelﬁ‘f" . i Lﬂ=1’ 2, SR N'

=C,+ Cl(ek‘ +e 4.+ ek')-{- C, (ek‘“’—}-ek’“’—i- )
SR CTCRRE R D B

In each parenthesis the exponents are=formed symmetrically
from the quantities k, |, - - -, and are therefore roots of an
algebraic equation with integral coefficients. Our product
comes under Lindemann’s theorem; hence it cannot be zero.
Consequently none of its factors can be zero and the corollary
is demonstrated.

We may now deduce a still more general theorem.

The number e cannot satisfy an equation of the form

CH 4 Che*+ CPet + -+ =0

where the coefficients as well as the exponents are unrelated
algebraic numbers.

For, let us form all the polynomials which we can deduce
from the preceding when for each of the expressions C%); we
substitute one of the associated algebraic numbers

(x)
C®, C®, - - - C".
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If we multiply the polynomials thus formed together we get
the product

a=1,2,-: N

=1,2,- - - N

1§ C(ﬂ)+c(ﬂ)ex+c(y)el ... B y “y y Ny
mﬂy‘h"'g ’ ! : + : ‘y=1, 2" ° *y Ng

=Co+ Cye*+ Ce'-+- - -
_+_ Ck'kekﬂ: + Ck‘leh—l + P
+ e e e e . . . .

B

where the coefficients C are integral symmetric functions of
the quantities

cw, € - Co

cp, CP, - CYY

and hence are rational. By the previous proof such an
expression cannot vanish, and we have accordingly Linde-
mann’s corollary in its most general form :

The number e cannot satisfy an equation of the form

Cot Ciet+Ce'+- - -=0

where the exponents k,l,- - as well as the coefficients C,, C,,
- - are algebraic numbers.
This may also be stated as follows:
In an equation of the form

Co+Cie*+Coel 4 - =0

the exponents and coefficients cunnot all be alyebraic numbers.
5. From Lindemann’s corollary we may deduce a number
of interesting results. First, the transcendence of 7 is an
immediate consequence. For consider the remarkable equa-
tion
14e"=0.



TRANSCENDENCE OF THE NUMBER . 17

The coefficients of this equation are algebraic; hence the
exponent i is not. Therefore, 7 is transcendental.

6. Again consider the function y=e*~ We know that
1=-¢" This seems to be contrary to our theorems about the
transcendence of e. This is not the case, however. We
must notice that the case of the exponent 0 was implicitly
excluded. For the exponent 0 the function y(x) would lose
its essential properties and obviously our conclusions would
not hold.

Excluding then the special case (x =0, y=1), Lindemann’s
corollary shows that in the equation y = e* or x =1log,y, y and
x, i.c., the number and its natural logarithm, cannot be alge-
braic simultaneously. To an algebraic value of x corresponds
a transcendental value of y, and conversely. This is certainly
a very remarkable property.

If we construct the curve y =e* and mark all the algebraic
points of the plane, i.e., all points whose coordinates are alge-
braic numbers, the curve passes among them without meeting
a single one except the point x=0, y=1. The theorem still
holds even when x and y take arbitrary complex values. The
exponential curve is chen transcendental in a far higher sense
than ordinarily supposed.

7. A further consequence of Lindemann’s corollary is the
transcendence, in the same higher sense, of the function
y=sin"'x and similar functions.

The function y = sin—' x is defined by the equation

2ix=eY—e™".

We see, therefore, that here also x and y cannot be algebraic
simultaneously, excluding, of course, the values x =0, y =0.
We may then enunciate the proposition in geometric form :

The curve y =sin™'x, like the curvey = e*, passes through
no algebraic point of the plane, except x =10, y =0.



CHAPTER V.
The Integraph and the Geometric Construction of =.

1. Lindemann’s theorem demonstrates the transcendence
of 7, and thus is shown the impossibility of solving the old
problem of the quadrature of the circle, not only in the sense
understood by the ancients but in a far more general manner.
It is not only impossible to construct 7 with straight edge
and compasses, but there is not even a curve of higher order
defined by an integral algebraic equation for which 7 is the
ordinate corresponding to a rational value of the abscissa.
An actual construction of 7 can then be effected only by the
aid of a transcendental curve. If such a construction is
desired, we must use besides straight edge and compasses
a “ transcendental ” apparatus which shall trace the curve by
continuous motion.

2. Such an apparatus is the integraph, recently invented
and described by a Russian engineer, Abdank-Abakanowicz,
and constructed by Coradi of Zirich.

This instrument enables us to trace the integral curve

Y =F (x)=/f(x) dx
when we have given the differential curve
= f (x).

For this purpose, we move the linkwork of the integraph
so that the guiding point follows the differential curve; the
tracing point will then trace the integral curve. For a fuller
description of this ingenious instrument we refer to the

original memoir (in German, Teubner, 1889; in French,
Gauthier-Villars, 1889).
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We shall simply indicate the principles of its working.
For any point (x, y) of the differential curve construct the
auxiliary triangle having for vertices the points (x, y), (x, 0),
(x—1,0); the hypotenuse of this right-angled triangle makes
with the axis of X an angle whose tangent =y.

Hence, this hypotenuse is parallel to the tangent to the inte-
gral curve at the point (X, Y) corresponding to the point (x, y).

Y res

r’—’i—
—T r r
X (o] o
A
/-r.?
_,2.8]’!
Fia. 16,

The apparatus should be so constructed then that the trac-
ing point shall move parallel to the variable direction of this
hypotenuse, while the guiding point describes the differential
curve. This is effected by connecting the tracing point with
a sharp-edged roller whose plane is vertical and moves so as to
be always parallel to this hypotenuse. A weight presses this
roller firmly upon the paper so that its point of contact can
advance only in the plane of the roller.

The practical object of the integraph is the approximate
evaluation of definite integrals; for us its application to the
construction of m is of especial interest.

8. Take for differential curve the circle

4y =r;
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the integral curve is then
— r X |, X o—
= S IS | = — gin-1= - 2 __ 2
Y =/ Ve — x¥dx 7 sin r-’;-2\'/r x%.

This curve consists of a series of congruent branches. The
points where it meets the axis of Y have for ordinates

r
0, i"z—;

Upon the lines X = = r the intersections have for ordinates

e ai}
If we make r=1, the ordinates of these intersections will
determine the number 7 or its multiples.
it is worthy of notice that our apparatus enables us to
trace the curve not in a tedious and inaccurate manner, but
with ease and sharpness, especially if we use a tracing pen
instead of a pencil.
Thus we have an actual constructive quadrature of the
circle along, the lines laid down by the ancients, for our
curve is only a modification of the quadratrix considered

by them.

H



NOTES
PART I — CHAPTER ILI

Gaussian Polygons. Up to the time of Gauss, no one suspected
that it was possible to construct, with ruler and compasses, regular
polygons other than those the number of whose sides could be
expressed in one of the forms: 27, 27. 3, 2n. 5 2n. 15, All of these
were known to the Greeks., But Gauss proved as early as 1801!
that whenever a prime number ¥, could be expressed in the form
22" 4 1, the construction of a regular polygon with F, sides was
possible by Euclidean methods, It was then apparent that regular
polygons not included in the Euclidean series, namely 17, 257,
65537, . . . sides, could be constructed under the same imposed
conditions. And indeed Gauss’s discussion led to the result3, that
the only regular polygons which it is possible to construct with
ruler and compasses, are those the number P of whose sides can
be expressed in the form

244 (2 - 1)+ (229 4 1) (229 + 1)+ (220 4 1),

where & ... ag are distinct positive integers and each 22 4 1is
a prime. 'The number of such polygons is small in comparison with
the number of regular polygons which can not be constructed with
the means employed. As Dickson has pointed out3 the number of
P’s up to 100 is 24; up to 300 is 37 (all noted by Gauss); up to 1000
is 52; up to 1000000 only 206. Kraitchik has remarked? that there
are only 30 polygons with an odd number of sides that are known
to be constructible with ruler and compasses. These polygons have
the following number of sides: 5, 15, 17, 51, 85, 255, 257, 771, 1285,
3855, 4369,13107, 21845, 65535, 65537, 196611, 327685, 983056,
1114129, 3342387, 5570645, 16711935, 16843009, 50529027,
84215045, 252645135, 286331153, 858993459, 1431655765,

1 Disquistiones arithmeticee, Leipzig, 1801, p. 664; Werke, v. 1., 2. Ab-
druck, 1870, p.462; Fronch ed. Recherches Arithmétiques, Paris, 1807,
p. 488; Ger. ed. by Maser, Berlin, 1889, p. 447.

* This result was, in offect, stated, but not proved, by Gauss.

* L. E. Dickson, “On the number of inscriptible regular polygons',
Bull. N. Y. Math. Soc., Feb., 1894, v. 3, p. 123.

¢ Kraitchik, Recherches sur la théorie des nombres, Paris, 1921, p. 270.
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4294967295. This set of numbers, together with 1 and 3, coincides.
with the divisors of 232 —1=1-3-5-17.257.656537.

The determination of the number of regular polygons which can
be constructed for P less than a given integer is, then, bound up
in the determination of the prime numbers F,. Now for only 18
values of u has it been shown whether F, is prime or not, namely
for the values of u from 0 to 9 inclusive, and for 11, 12, 15, 18, 23,
36, 38, 73. In the first five of these cases, and in these alone, is F,
prime. These five cases were noted by Fermat in the seventeenth
century. It may well turn out that F, is not prime, for » > 4,
although Eisenstein proposed as a problem!: “There are an infinity
of prime numbers of the form 22¢ 4 17,

The results already established in this connection may be set
forth in tabular form?:

| Year
u | Prime Factors of F, —=2%41 ! Discoverer D;)st-
i covery
0-4(3, 5, 17, 257, 65537 ... ... .. Fermat | 1840
27.541=0641
5 {27' 52347 +1=6700417} ..... L. Euler 1732
Unknown but composite. . .. . . Lucas 1878
6 28.9.7.174+1=274177. . . . . ... . | Landry 1880
28.5.52562829149 + 1 4-67280421310721 | Landry and Lo Laeseur 1880
7 | Unknown but composite. . .. .. A. E Western, J.C,Morchead| 1908
8 | Unknown but composite. . . . . . . A.E.Western J.C.Morehead, 1909
9 (216.3741=2424833 . ... .. .. A. E. Western 1903
213.3.13 + 1 =319489
11 {213. T 1T 41= 974849} ..... A, Cunningham 1899
{ 214.7 4+1=114689 ........ E.A.LucasandP.Pervouchine, 1877
12 216,397 41 = 26017793
216.7.139 +1=63766529} A. E. Western 1903
15 | 221.579 4 1=1214251009 . .. .. M. Kraltchik 1925
18 [220.183+4+1=13631489 . ... ... A. E. Western 1903
23 | 2%6.541=167772161 ... .. .. P. Pervouchine 1878
86 | 2%9.5 4 1-=2748779069441 . . . . . | Seelhoft 1886
J. Cullen, A. Cunningham,!
a1 — >
38 | 241.3-+1=6597069766657 . . . . . A E.and F. J. Western 1903
73 | 275.541=188804550314785808547841( J. C. Morehead 1906

1 @G. Eisenstein, ‘‘Aufgaben’’, Crelle’s Journal, v. 27, 1844, p. 87.
% The sources for the different results, except those of Fermat, are as
follows, for the 13 different values of u:
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The labor expended in deriving these results has been enormous;
to the layman who knows nothing of congruences in the theory of
numbers, the facts found must seem almost to border on the mira-
culous. For, even when u = 10, a case not yet solved, F, contains
309 digits; but when u = 36, F, is a number of more than twenty
trillion digits. Concerning it Lucas remarked! “la bande de papier
qui le contiendrait ferait le tour de la Terre”. For u = 73, Ball
states that the digits in F, “are so numerous that, if the number
were printed in full with the type and number of pages used in this book
[ Mathematical Recreations, fifth edition, 1911, 508 pages], many more

5. L. Euler, Commentarii Academiwe Scientiarium Pelrop., v. 6 (1732—3),
1738, p. 104; laid before the Academy of St. Petersburg, 26. Sept. 1732.

In his autobiography (Springtield, Mass., 1833, p. 38) the American
calculator Zera Colburn records that while on exhibition in London, at
tho age of 8, he found ‘‘by the mere operation of his mind”’ the factors 641
and 6, 700, 417 of 4, 291, 967, 297 (== 2% + 1). Cf. F. D. Mitchell, “Mathe-
matical prodigies”, Amer. Journal of Psychology, v. 18, 1907, p. 65.

6. Lucas, Comptes Rendus de ' Académie des Sciences, Paris, v. 85, 1878,
p. 138; dmer. Jour. Math., v. 1, 1878, p. 238; Recreations mathématiques,
v. 2 (2¢ €éd., 1896), p. 234- 5. Landry, Nowv. Corresp. Math., v. 6, 1880,
p. 417.

7. Independent discoverers: Western, Proc. Lond. Math. Soe., 8. 2, v. 3,
p. xxi—xxii. Abstract of paper read, April 13, 1905 ; Morehead, Bull. Amer.
Math. Soc., v. 11, p. 543—545, abstract of paper read April 29, 1905.

8. Western and Morchead, Bull. Amer. Math. Soc., v. 16, 1909, p. 1—6:
““each doing half of the whole work”.

9, 12 (Western), 13, 16. Proc. Lond. Math. Soc., 6. 2, v. 1, 1903, p. 175;
abstract of paper read May 14, 1903.

11. A. Cunningham, LBrit. dssoc. RRept., 1899, p.653—4; the fuctors
are here given as 319489 and 974 489. The sccond number is incorrect,
4 and 8 being interchanged. The other forms of the correct factors were
given by A. Cunningham and A. E. Western in Proc. Lond. Math. Soc.,
8.2, v. 1, 1903, p. 175. It i8 here noted aleo that there are no more factors
of Fu << 10% and no other factor of ¥u < 108, (x» not less than 14).

12, 23. E. Lucas, Atti dccad. Torino, v. 13 (1877-—8), p. 271 [27 Jan.,
1878]. Mlélanges math. ast. acad. Pélersd., v. 5, part 5, 1879, p.505, 519,
or Bull. Acad. Pétersd., s. 3, v. 24, 1878, p. 559; 8. 3, v. 25, 1879, p. 63;
communication of results, for x = 12 and 23, found by J. Pervouchine,
in Nov. 1877 and Jan. 1878. He notes that the integer 22** + 1 contains
2525223 digits.

15. M. Kraitchik, Comptes RRendus de I’ Académiedes Sciences, Paris, v. 180,
v. 800, March, 1925; also Sphinz-Oedipe, v. 20, p. 21.

36. P. Seclhotf, Zeitschrift math. w. Phys., v. 31, 1886, p. 174.

73. J. C. Morchead, Bull. Amer. Math. Soc., v. 12, 1906, p. 149-—451.

! E. Lucas, Théorie des nombres, Paris, v. 1, 1891, p. 51.
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volumes would be required than are contained in all the public
libraries of the world”.

In not less than seven places!, during the years 1640-58, did
Fermat refer to ¥, =22 4-1 as representing a series of prime
numbers; but in no place did he claim that F, was always prime.

Gauss's Statement of his Polygon Results. In two passages
the implication to be drawn from what Klein has written is, that
Gauss published a proof that a regular polygon of p sides can not
be constructed by ruler and compasses if p is a prime not of the
form 2% 4 1. The passages to which I refer are (pages 2, 16):

(1) “Gauss added other cases [to Euclid’s] by showing the possi-
bility of the division into parts where p is a prime number of the
form p = 22* 4 1, and the impossibility for all other numbers”;
(2) “Gauss extended this series of numbers [Euclid’s] by showing
that the division is possible for every prime number of the form
p = 22 4 1 but impossible for all other prime numbers and their
powers”. Now the implication referred to above is not correct, as
Pierpont interestingly set forth in his paper ‘“On an undemonstrated
theorem of the Disquisitiones Arithmeticae’ 2. That is, Gauss did not
give a proof of the “impossibility‘‘ referred to in the quotations. But
after proving the “possibility”’ described above he continued as follows:

“As often as p—1 contains other prime factors besides 2, we arrive
at higher equations®, namely, to ono or more cubic equationas, if 3 enters

1 Letter dated Aug. [?] 1640 to Frenicle (Oeuvres de Fermat, v. 2, 1894,
p. 206); letter dated 18 Oct., 1640, to Frenicle (Oeuvres, v. 2, 1894, p. 208);
Varia Opera, Toulouse, 1679, p. 162 ; Brassine’s Précis, Toulouse, 1853,
p. 142—3); letter dated 25 Dec., 1640, to Mersenne (Oeuvres, v. 2, p. 212—
213); “De solutione problematum geomctriconumn per curvas simplicissimas
ot unicuique problematum generl proprie convenientes, Dissertatio tri-
partita’’ (Oeuvres de Fermat, v. 1, 1891, p. 130~--131; Krench translation,
v. 3, 1896, p. 120; Varia Opera, 1679 [reprint, 1861], p. 115); letter dated
29 August, 1654, to Pascal (Oeuvres de Pascal, v. 4, Paris, 1819, p. 384;
Oeuvres de Fermat, v. 2, 1891, p. 309—310); lotter to Sir Kenclm Digby,
sent by Digby to Wallis, 19 June, 1658 (Oeuvres de Fermat, v. 2, 1894,
p. 402, 404—5; French translation of the Latin, v. 3, 1896, p. 314, 316);
letter dated August, 1659 to Carcavi, copy sent by Carcavi to Huygens
14 August, 1659 (Corresp. de Huygens no. 651; Oeuvres de Fermat, v. 2,
p. 433—134).

3 Bull. Amer. Math. Soc., v. 2, 1895, p. 77 —83.

* In his earlier discussion of an inscribed polygon of p sides, Gauss
considers the equation z» — 1 = 0 and the resulting equation got by
dividing out the factor z — 1, where p is & prime.
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once or oftemer as a factor of p—1, to equations of 5th degree if p—1
is divisible by 5, etc. And we can prove with all rigour that these
equations cannot be avoided or made to depend upon equations of lower
degree; and although the limits of this work do not permit us to give
the demonstration bere, we still thought it necessary to signal this fact
in order that one should not seek to construct other polygons than
those given by our theory, as, for example, polygons of 7, 11, 13, 19
gides, and so employ one’s time in vain.”

Fermat's Theorem. This theorem (p. 17) was indicated by Fer-
mat in a letter, dated 18 October 1640, to B. Frenicle de Bessy
(Osuvres de Fermat, v. 2, 1894, p. 209). Euler gave two proofs
(Comment. Acad. Petrop., v. 8 for 1736, 1741, p 141, and Comment.
Nov. Acad. Petrop., v. 7 for 17568-59, 1761, p. 49). Other proofs
are due to Lagrange (Nouv. Mém. de VAcad. de Berlin, 1771) and
to Gauss (Disquisitiones Arithmelica, §49)

PART 1 — CHAPTER 1V

Geometrical Constructions of the Regular Heptadecagon. The
remark of Klein (p. 24, 32) that we posses as yct no method of
construction of the regular polygon of seventeen sides, based upon
considerations purely geometrical, is a little curious, since several
constructions of this kind have been given. One by Erchinger was
indeed reported by Gauss in 18251. The construction is as follows:

Let D, B, G, 4, 1, I, C, E be points on a line determined by con-
structions about to be given. Let AB be a line of any length. Pro-
duce it both ways to ¢ and D so that,

1

I - -

D B G A I1IF (o E

- - EE B

AC X BC = AB X BD =4 AB.

1 Quitingtsche gelehrie Anzeigen, Dec. 19, 1825, no. 203, p. 2025; Werke,
v. 2, p. 186—7. To Art. 365 of the Disquisitiones Arithmeticae Gauss added
this note in his handwriting: ‘“Circulum in 17 partes divisibilem csse geo-
metrice, deteximus 1796 Mart. 30”’. Cj. Werke v. 1, p. 476 and v. 10,
1917, p. 3—4, 120-126, 488. The discovery of the result was first announced
in the Intelligenzblatt of the Alligemeine Literatur-Zeitung, no. 66, 1 June,
1796, col. 554.
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Further determine the points, E, G, on both sides of CA produced
so that,

AE X EC = AG X CG = AB;

and find the point F on the side 4 of the line B4 produced, such
that

AF X DF = AB,
Finally divide AE in I so that
Al X EI = AB X AF,

where Al is the smaller, and EI the larger part of AE. Then con-
struct a triangle, in which each of two sides equals AB, the third
being equal to AI. About this triangle describe a circle; then Al
will be one side of the regular inscribed polygon of seventeen sides.

Gauss particularly remarks that the author gave a purely syn-
thetic proof of this construction.

Another synthetic construction and proof dated “Dublin, 17th
October, 1819 was published by Samuel James in the T'ransactsons
of the Irish Academy®. Yet another construction was given by John
Lowry in The Mathematical Repository? for 1819. But the carliest
published geometrical construction was given by Huguenin in hig
Mathematische Beitrage zur wetleren Ausbildung angehender Geomeler,
Kénigsberg, 1803, p. 283.

A score of geometrical constructions are assembled in A. Golden-
ring, Die elementargeomelrischen Konsiruklionen des regelmdssigen
Stebzehnecks, Leipzig, 1915. See also the review of this work in
Bull. Amer. Math. Soc., v. 22, 1916, p. 239—246, and my note
“Gauss and the regular polygon of seventeen sides” in Amer. Math.
Monthly, v. 27, 1920, p. 323—326.

The discovery that the regular polygon of seventeen sides could
be constructed with ruler and compasses was not only one of which
Gauss was vastly proud throughout his life, but also, according to
Sartorius von Waltershausen3, the one which decided him to dedicate
his life to the study of mathematics. Archimedes expressed the wish
that a sphere inscribed in a cylinder be inscribed on his tomb, as
Ludolf van Ceulen did in connection with the value of 7 to 35 decimal

V. 13 (1818), p. 175—187; paper recad Jan. 24, 1820.
* N. 8., V. 4, p. 160. Lowry’s proof occupies p. 160 —168.
* QGauss zum Geddchiniss, Leipzig, 1856, p. 16.
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places, and Jacques Bernoulli with reference to the logarithmic
spiral. So also, according to Weber!, Gauss requested that the
regular polygon of seventeen sides should be engraved on his tomb-
stone, While this request was not granted, as it was in each of
the other cases mentioned, it is engraved on the side of a monument
to Gauss in Braunschweig, his birthplace.

Constructions in general with Ruler and Compasses. Regarding
constructions as effected when intersections of circles with circles
or lines, or of lines with lines may be determined, it can be shown
that: Every. problem solved with ruler and compasses can be solved
with compasses alone. This was first shown by Georg Mohr in his
Euclides Danicus published at Amsterdam in 1672; this work was
reprinted in 1928 by the Danish Society of Sciences. Klein refers
(p. 33) only to Mascheroni’s proof of this result 125 years later, in
his Geometria del Compasso. Of this work there were two French
cditions Géométrie duw Compas, Pariz, 1798 and 1828. From the
first of these a German edition L. Mascherond’s Gebrauch des Zirkels,
Berlin, 1825, was prepared by J. P. Gruson. The subject is treated
in English by : A. Cayley, Messenger of Math., v. 1.4, 1885, p.179 -181;
Collected Papers, v. 12, p. 314—317; by E. W, Hobhson, in a presi-
dential address, Mathematical Gazefte, v. 7, 1913, p. 49— 54; by
H.P.Hudson, Ruler & Compasses, London, 1916, p. 131---143; and by
J. Coolidge, Treatise on the Circle and Sphere, QOxford, 1916, p. 186—188.

Klein has noted (p.33—34) that Poncelet first conceived the
result that given a circle and its center, every solution of a problem
with ruler and compasses can be carried through with ruler alone.
A little later Klein states (p. 34) “we will show how with the strasyht
edge and one [ixed circle we can solve every quadraiic equation”. This
is not possible; Klein should bhave had ‘“with its center” after “one
fixed circle”. That the center be also given is very essential when
only one circle is given. Hilbert suggested the problem: How many
given circles in a plane are neccssary in order to determinc with
ruler alone, the center of one of them? In 1912 D. Cauer? showed:
(a) If twocircles do not intersect in real points it is generally impossible
to determinc the center of either circle with ruler alone; (b) A center

1 Encyclopadie der elementarcn Algebra und Analysis bearbeitet von H.
Weber. 2. ed. Leipzig, 1906, p. 362.

' Mathematische Annalen, v. 73,1912, p. 90—94; v. 74, 1913, p. 462 —464.
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may be determined if the circles cut in real points, touch, or are
concentric. About the same time J. Grossmann discovered a result
which proved that Every problem solvable with ruler and compasses
can also be solved with ruler alone ¢f we are given, in the plane of
construction, three linearly sindependent circles. Correct proofs of
this result were given by Schur and Mierendorff.

From this it is clear that every construction with ruler and com-
passes can be effected with a ruler, and compasses with a fixed
opening. Constructions of this kind were found already in the tenth
century by Ab®’l Wefa of Bagdad!. With such means, in the six-
teenth century, certain problems of Euclid were solved by Cardano,
Ferraro, and Tartaglia. At Venice in 1553 G. B. Benedetti published
a little treatise, Resolutio omnium Euclidis problematum, aliorumque
ad hoc necessarto snwvenforum, una laniumodo circuls data apertura.
In English the topic is treated in a rare pamphlet translated from
the Dutch by Joseph Moxon?, and in an article by J. S. Mackay?3.

Every problem whose solution is possible by ruler and compasses
can be also solved with a two edged ruler alone, whether the edges
are parallel or meet in a point. For some of the literature in this
connection the following sources may be consulted: Nouvelle Corresp.
Math., v. 3, 1877, p. 204—208; v. 5, 1879, p. 439—442; v. 6, 1880,
P. 34—35; Akademie der Wissen., Vienna, St{zungsberichie, Abt.Ila,
v. 99, 1890, p. 854—858; Bolletino di Matematiche e ds Scienze fisiche
e naturals, v. 2, 1900—01, p. 129—145, 225—237.

PART I1 — CHAPTER II

Irrationality of w. Klein wrote (p. 59): “After 1770 critical rigour
gradually began to resume its rightful place. In this year appeared
the work of Lambert: Vorldufsge Kenninisse fir die, so die Quadratur

! “Woepcke’ Analyse et extrait d’un recueil de constructions géométri-
ques par AboQll Wafd', Journal Asiatique, 1855.

* Compendium Euclidis Curiosi: or, geomelrical operations. Showing how
with a single opening of the Comp and a straight ruler all the propositions
of Euclid’s first five books are performed. London, 1677. Moxon does not
tell ue who the author of the Dutch treatise was.

s “Solutions of Euclid’s problems, with a ruler and one fixed aperture
of the compasses, by the Italian geometers of the sixteenth century”’
Pyroc. Edinb. Math. Soc., v. 5, 1887, p. 2—22.
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.. .des Cérkuls suchen. Among other matters the irrationality of =
is discussed. In 1794 Legendro in his Fléments de Géomélrie showed
conclusively that 7 and 72 are irrational numbers.” The implication
of this note is that Lambert did not discuss the irrationality of
conclusively and that Legendre did. How both of these points of
view are essentially incorrect will appear in what follows. Klein
was simply reproducing the erroneous statements of Rudio!; but
after Pringsheim’s careful study in 18982, Lambert’s proof emerged
as ‘“‘ausserordentlich scharfsinnig und im wesentlichen vollkommen
einwandfrei”, while Legendre’s remained “in Bezug auf Strenge
hinter Lambert weit zuriick”.

As in the later proof of the transcendence of m, so here when
its irrationality was in question, discussion of e is fundamental.
The irrationality of e and ¢2 was shown, substantially, by Euler in
17373 and he gave the expression for ¢ as a continued fraction on
which Lambert’s proofs of the irrationality of ¢%, tan z and m rest,
Starting with Euler’s development*

e—1 1 1 1 1 1
27T 16410 F 14418+

ete.,

Lambert found

ee—1_ 1 1 1 1

ex+ 1= 2/z -+ b/z 4 10/ 4 14z 4 %

and since

1 ¥, Rudio: drchimedes, Huygens, Lambert, Legendre, vier Abhandlungen
uber die Kreismessung. Leipzig, 1892, p. 56f. This error is also reproduced
by B. Cald in Enriques's Fragen der FElementargeometrie, II. Teil, 1907,
p. 315; by D. E. Smith in Young's Monographs on Topics of Modern Mathe-
matics, 1911, p. 401. The matter was corrcctly set forth by T. Vahlen in
Konstruktionen und Approrimationen, Leipzig, 1911, p. 319f.

3 A. Pringsheim: “Uber die ersten Beweise der Irrationalitiit von e und
~"", Bayerische Akad. der Wissen., Silzungsberichte, mathoni.-phys. Cl.,
v. 28, 1899, p. 325-337.

3 “Pe fractionibus continuis’, Comment. acadi. de Petrop, v. 9, 1744,
p. 108. Presented to St. Petcrsburg Academy, March. 1737.

¢ L. Xuler: Introductio in analysin infinitorum. Tomus Primus, Lau-
sannae, 1748, p. 319. This work was finished in 1745; Cf. G. Enestrom,
Verzeichnis etc., Krste Lieferung, p. 25.



90 NOTES

ex—1 el — e—2i2
eE+ 17 gal e
1 11 1
1/2—38/z—6/z—T/z2—9/z—=""""
He then proved the theorems:

L. If z is a rational number different from zcro, e can never be
rational.
For z =1, we have as special case the irrationality of e.

2. If z is a rational number different from zero, tan z can never be
rational.

1w

x 1
=tanh2—'.tan2

5 if 2 ==

tan z =

For z = 1r/4, tan /4 = 1, and hence as a special case the irratio-
nality of .

The part of Lambert’s Vorluufige Kenninisse to which Klein refers
containg some formulac without proof, and no analytical develop-
ments, and was rather intcnded to serve as a popular survey of
the treatment of the topic. With it must be considered the scien-
tifically remarkable “Mémoire” of 1767!. Here “mit minutidser
(ienauigkeit” Lambert proves the convergence of the expression
for tan z as a continued fraction. Pringsheim dwells on the “astound-
ing” nature of these considerations at this period in the history of
mathematical thought. For of such considerations Legendre was
innocent, as well as the great (iauss in his 1812 memoir on hyper-
#eometric series, and others, till a much later period.

“Thus the Lambert memoir contains the first, and for many
years, the only example of what we now consider veally rigorous
developments of functions as converging continued fractions, in
particular, that for tan z given above.”

Measurement of a Circle. By considering inscribed and circum-
scribed polygons up to 96 sides Archimedes arrived at the result
that the ratio of the circumference of a circle to its diameter is less

than 3;3 but greater than 3;‘;. The following table exhibits the

perimeters of regular inscribed and circumscribed polygons of a
circle with a unit diameter (Chauvenet, Treatise on Elementary
Geometry, Philadelphia, 1870. p. 161).

! “Mémoire sur quelques propriétés remarquables dee quantitée trans-
cendantea circulaires et logarithmiques’”. Lu en 1767. Printed in 1768 in
Hist. de U'acad. royale des sciences el belles-leltres, Berlin, Année 1761 (1),
p. 265- 322.
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Number Perimeter of ' Perimoter of
of sides circumscribed polygon ' inscribed polygon
4 4.0000000 28284271
8 . 3.3137085 . 3.0614675
16 | 3.1825979 ! 3.1214452
32 3.1517249 ; 3.1365485
64 3.1441184 i 3.1403312
128 3.1422236 ! 3.1412773
256 | 3.1417504 | 3.1415138
512 3.1416321 | 3.1415729
1024 3.1416025 i 3.1415877
2048 3.1415951 ! 3.1415914
4096 | 3.1415933 ; 3,1415923
8192 | 3.1415028 [ 3.1415926

The remarkable approximation 355/113 for ir is correct to six
places of decimals. 1t scems to have been first given by a Chinese,
Tsu Ch’ung-ching (5th century), and later by Valentin Otho (16th
century) and Adriaen Anthonisz (17th century). Grunert gave a
geometrical construction for 1 based on the fact that 355/118 = 3 -
42 /(72 4- 82), Archiv der Mathemalik und Physik, v. 12, 1849, p. 98.

Another construction was given by Ramanujun in Journ. Indian
Math. Soc., v. 6, 1913, p. 132 (also in Collected Papers of Srinswasa
Ramanujan, Cambridge, 19:7, p. 22, 35).

Euler's Formula. The formula

¢'f = cosz 4 18ing

was first given by Euler in Miscellanea Berolinensia, v. 7, 1743,
P- 179 (paper read 6 Sept. 1742), and again in his Iniroduciio sn
Analysin, Lausanne, 1748, v. 1, p. 104. He gave also

e 12 . cos z —isin z.
The equivalent of the form
1z = log (cos z -{- i8in z

was given earlier by Roger Cotes ( Philosophical Transacisons, 1714,
v. 29, 1717, p. 32) ar: “8i quadrantis circuli quilibet arcus, radio
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CE descriptus, sinum habeat CX, sinumque complementi ad qua-
drantem XE: sumendo radium CE, pro Modulo, arcus erit rationis
inter EX 4+ XC y/—I1 & CE mensura ducta in y/ —1.” See also Cotes,
Harmonta Mensurarum, 1722, p. 28.

PART II — CHAPTER IV

In the course of the discussion on pages 61-—74 it is assumed that
there are an infinitc number of prime numbers. One of the neatest
proofs of this fact was given by Euclid (about 300 B.C.) in proposition
20, book 9 of his Elements.

On page 77, in considering the relation y = e%, Klein made a
slight slip when he wrote: “To an algebraic value of z corresponds
a transcendental value of y, and conversely.” ‘Conversely” leads
to the statement, to a transcendental value of y corresponds an
algebraic value of z. But a proof of this has nowhere been given;
indeed the result is not true, in general. To correct delete ‘“‘con-
versely” and add: “To an algebraic value of y corresponds a transcen-
dental value of z.”
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PREFACE

Tue tensor caleulus used in the mathematieal treat-
ment of relativity, and coneisely explained by Professor A. S,
Eddington in his ¢ Report on the Relativity Theory of
Gravitation’, is, like the various kinds of vector calculus,
a system of condensed notation which not only conduces to
economy in the writing of symbols, but, what is more
important, enables spatial and physieal relationships to
be grasped as a whole without having to be built up from
a number of components which really represent views
from different parts of space. Three-dimensional geometry
or physies is troublssome enough : the addition of a fourth
dimension made the need of a condensed notation imperative.

Professor Eddington has recently pointed out that the
tensor notation and methods can he applied, with happy
results, to other and more elementary classes of problems
than those for which they were originally devised; and
this book is an attempt to put his somewhat compressed
cxposition into a form in which it may appeal to a larger
circle of readers, The hook, therefore, is not intended as
an introduction to the mathematical theory of relativity—
though I hope it may be of some use for that purpose—
but rather as an exercise in the clementary application of
methods which, apart from any practical use, possess a special
beauty of their own.

The new notation is not introduced until the fifth chapter.
The properties of determinants, which secve as the starting-
point for the application of the notation, are familiar to the
mathematician ; but, as I hope the book may be read by
some who are not enmtircly at ease with determinants,
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I have commenced with four chapters on the elementary
theory of the subject. I make no apology for doing this,
instead of referring the reader to the ordinary text-book
on algebra. The text-book treatment is not always stimu-
lating ; the reasons for the various stages are not necessarily
clear to the student; and attempt at simplicity sometimes
leads to loss of rigidity in proof. In such a subject it
18 necessary to take the reader into one’s confidence ; and
this earlier part may in this respect be found helpful to
some, teachers or students, to whom the later part makes
at first a less strong appeal.

1 have added a chapter on some applications to the
theory of statistics, to which the tensor caleulus seems
specially suitable. The basis of this portion, so far as
method is concerned, is a short paper by Professor Eddington,
mentioned at the end of the chapter. This is one only of
many possible applications.

What I have called double sets will be recognized by
the advanced student as matrices; and many of the pro-
positions will be found to be familiar. But the tensor
calculus may fairly claim that, in bringing into close
relation various branches of mathematical study, previously
regarded as distinct. 1t gives them a new life.

I have to thank Professor Eddington for looking at my
manuscript and making some corrections and suggestions.

5 June 1923. W. F. S.
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INTRODUCTION

As this is a comparatively new subject to most readers,
it may be as well to explain briefly what it is about.

A vector in (say) 3 dimensions is a directed quantity.
determined as regards both direetion and magnitude by its
components, which are magnitudes measured along three
definite axes. These axes being supposed to have been fixed
heforehand, we ean take them in some definite order; and
a vector & is then determined by a set of 3 quantities,
which we may call

Y S .
Algebraically, the idea of a vecetor can be extended to some-
thing which is determined by a set of @ quantities
B N P Y |
where » may have any value.
A determinant (say)

no

T

a, by, ey
is the algebraical sum ot all the products that can be
formed in a certain way according to a certain rule of signs
from the set of gqnantities

ay b

a, by
Each ¢ element ' of this set has ite position fixed 1n the sct
by the numbers of horizontal and of vertical steps required
to reach it from the imitial element «. Thus the set is
extended in two directions, while the <et which determines
a vector is extended in one direction only. This applies to
a determinant with any number w*® of elements.
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In the same way we might have a set extended in 3 direc-
tions, the symbols being written along the edges of a cube
and along lines inside the cube or on its faces; and we
could, in theory, increase the number of ¢directions’ to
4 or more, by proper convention as to the order in which
the elements are to be taken. On the other hand, a single
quantity—what in the language of vectors is called a scalar
—may be regarded as a set not extended in any direction.

The tensor calculus, using the word * tensor’ in its broad
sense, deals with all these different kinds of sets, in relation
to sets of variables by which we can regard axes of refer-
ence as being determined. In the narrower sense in which
the word is used in reference to the theory of relativity,
only sets which satisfy certain conditions are called tensors.

In this book I have treated the tensor caleulus as arising
out of the use of determinants. Chapters I-IV deal with
the elementary theory of determinants, so far as it is
required for our purpose. (The student who is familiar
with determinants can skip these chapters.) In Chapter V
the tensor notation is introduced in successive steps, with
explanatory remarks. These latter are in small print, not
because they are less important, but in order not to break
the continuity of the chapter as a whole. In Chapter VI
these explanatory paragraphs (or parts of them) are brought
together and amplified so as to give a general idea of the
elementary properties of sets. Chapters VII and VIIT
deal with some developments of the subject in its
general aspect. Chapter IX shows the application of the
methods to certain problems in the theory of statistics and
of error; this can be omitted hy any one who wishes to
pass on to Chapter X, which deals very briefly with the
tensor in its more limited sense, as applied to the theory
of relativity.
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I. ORIGIN OF DETERMINANTS

L 1. Solution of simultancous equations.—Deter-
minants ordinarily arise out of the solution of simultaneous
equations. Suppose we have two equations

S5z+2y=19

4r4+3y=18 } )
Then, if we used only elementary methods, we could
multiply the first by 3 and the sccond by 2, which would
give

b

152 +6y = 57 }
8x+6y = 36

and thence, by subtracting, we should have
7z =21, x =3,

whence either equation would give

y = 2.
Similarly, if we had three equations
224+5y+3¢c = 4
r—3y—2c= —1¢,
—br—4y+ 2= 7

we could, by eliminating c between the first and the
sccond and between the second and the third, obtain
Tz4+y= 6§ }
—92—11y = 13§’
whence, proceeding as before, we should obtain
r=1, y= -2, :=4.
This process of successive elimination is tedious, especially
when there are more than two unknowns; and it is found
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bettes to obtain a formula for the general solution and
apply it to the numerical values of the particular case.

Since such an equation as #—3y—2z = —1 can be
written in the form (+ 1)z +(—3)y+(—2)z = (—1), we
can use positive signs throughout, it being understood that
the quantity represented by any symbol may be either
positive or negative.

I. 2. Formula for solution.—(i) For completeness we
begin with one unknown. The equation
a,x =k
gives
&
z=-,
a
(ii) For two unknowns the equations may be written
ax+by=4Fk
a,r+ /Jzy = l‘..,_ }
Multiplying the first equation by 6, and the second by /4,
and subtracting, we get
(b, —ayb)z = kb, — kb,
whence
_ kb= Akl
- tyhy—ay )

Similarly, interchanging a’s and &’s,

_ 1‘1112—@01
bia,—b,a,
_ak,—ak

a,b,—a,b,

It should be noticed that the expressions for # and for g
have the same denominator, and that the numerators are
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obtained from the denominator by replacing the «’s in the
one case, and the &’s in the other, by #’s.

(iii) Next take the case of three unknowns. Let the
equations be
$2+0,y+e2 = k)
a,x+b,y+cor =k, t.
Uy + by + ez =k I
Eliminating z from the first two equations, we obtain
(016, —a30) 2+ (bye,—0y00) gy = kyo,—Fyey.
Similarly from the second and third equations
(aye5—age)m + (bye,—bye) y = kyoy—kye,.
Then, eliminating 7 from these equations, we get
_ (kyey __sz_l) (603 —by0,) — (Ayey —Aye) (5, cz_/)z"l_)
T (aye,—ay0)) (byes—bye)— (ayc5—aye,) (bey—byey)”
As before, the numerator is got from the denominator
by replacing a’s by 4’s, and we therefore need only consider
the denominator. Multiplying out, it becomes

arbyeyey—a by G—ayhyeies+ ay b0 05— by cyeg+ aylyc o
+aybci—ayb,eic,
= ey(ay by 05— bye,—aybiey+ayhyey +agbye,—ayhy0).
Hence, replacing the «’s by 4’s for the numerator,
z= kybyey—kybyey—kybycy + kybyoy + Rybycy — Kby .
ay0y¢5—ayb3¢, =gy e+ aybyey + aglye, — ayhye

Corresponding expressions can be obtained for y and for 2.

I. 3. General problem.—(i) We might proceed in the
same way for equations in four or more unknowns. But
this would mean that each case would have to be considered
separately ; and not only should we fail to get a general
formula, but the algebraical work would soon become
practically impossible. We therefore alter our tactics.
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We write down the gencral equations involving = un-
knowns 2,7, 2,...w

Gx+0 g+ i+t =k

ay@thyy + oty = &y , (L3 A)

IR WA TPEE PR Y e bk
guess at a solution, and then verify that this solution does
actually satisfy the equations.

(i1) The values of «, 7, 2...w as found from these equa-
tions will be in the form of fractions. We will consider
first the denominators. Putting together the results ob-
tained in § 2, for the cases of w = 1, 2, 3, we find that the
suceessive denominators, which we will eall Q) L@ HE)
are

DM =aq,

1= ot ay

V&) = a0 = aybyey—dyhy ey +aghyey +aybyey |

—aybyey )
We want to obtain an expression J/™), which we should
guess to be the common denominator in the solution of
the equations (L. 3. A), and of which D), D®, 1) shall
be the particular cases for m =1, 2, 3.

(iii) The three Z’s in (I. 8. 1) have a general similarity,
which enables us to obtain a formulr for ™. It will be
seen that both in J® and in 2)® some of the terms have
sign + and some have sign —. We will see first how
the terms are constructed, and then consider the question
of sign.

1. 4. Construction of terms.—(i) For each of the three
D’s, for which the values of w are 1, 2, 3 respectively, each
term is the product of m factors, which are the coefficients
in the equations in § 2. In writing down these coefficicnts,
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it is convenient {0 keep them in the relative positions in
which they occur in the equations. Thus we get

For DM For @ For D
" ay b o o
a, //2 o, //_, ¢,

a, b, e

In each case we have a set of quantities arranged in the
form of a square. The individual quantities are called
the elements of the set; the quantities in a vertical line
constitute a column, and the quantities in a horizontal
line constitute a row. The columns are numbered from
the left, and the rows from the top. The diagonal drawn
from the top left-hand corner—i.e. the diagonal through
a,—1s called the leading diagonal.

(ii) Each term contains m factors, which are taken from
the set in such a way that one (only) shall come from ecach
column and that one (only) shall come from each row. Also
D™ contains every term which can be constructed in this
way. Take, for example, 2. Since one factor is to come
from each column, the factors are an ¢, a , and a e. The
a can be either «, or a, or a,, i.e. it can be taken in three
ways ; when one of these three a’s has been taken, one row
has been used up, and the & can only be taken in two ways;
and, when onc of the two &’'s has been taken, the ¢ can
similarly only be taken in one way. There are therefore
3.2.1 = 6 possible combinations of factors; and this is
the number of terms in D@,

(iii) Another way of stating the thing is that, if we
keep to a fixed order @ 4 ¢ of the factors in each term,
the suffixes of the factors are the numbers1or12orl 2 3,
arranged in different ways, and there is one term for cach
of the possible arrangements.
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(iv) We conclude that D(™) contains terms, each of which
is constructed by taking « factors from the set of m x m = m?

quantities
ay bl €] oo /'1

ay by S

[ R
in such a way that there shall be one factor (only) taken
from cach column and one (only) from each row; there
being one term for cach of the m (m2 —1)...1= m! ways
in which this can be done. Or, which comes to the same
thing, that the terms are made up of factors «be... f with
suffixes 1 2 3...m arranged in different ways, there being
one term for each of the ! possible different arrangements.

1. 5. Rule of signs.—(i) It will be seen that, in the J'’s
after DM, half of the terms are positive and half negative,
and that in each case the term found from the elements in
the leading diagonal—namely «, or «, 0, or «,b,c,—is posi-
tive. We should therefore expect that half of the terms
in D™ would be positive and half negative, the term
ay by ey . .. fry—which we call the leading term and usually
place first—being positive. The difficult question is that
of signs. In the case of (say) » = 5, how are we to know
whether such a term as a;/;¢,7,¢, is to have the sign +
or —°?

(ii) The sign of a term must, if the letters « b c... fare
kept in their original order, depend on the arrangement of
the suffixes,i.e. on the extent to which this has departed
from the initial arrangement 1 2 3...m. Now any arrange-
ment such as 35241 can be got from the initial arrangement
12345 by a series of interchanges of adjacent figures. We
must fix a definite order in which these interchanges are to
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be made. We therefore say that each figure is to be moved in
turn, beginning with that which ultimately comes first, then
that which ultimately comes second, and so on. Thus in this
particular case the successive stages would (repeating for each
group of interchanges the arrangement from which we start)
be 12345, 13245, 31245; 1245,1254, 1524, 5124; 124, 214;
14, 41; 1: a total of seven interchanges. Now let us look
at the signs in J® and D®)., In J(® the arrangement 21
is obtained from 12 by 1 interchange, and the sign for 21
is —. In D® the signs of the successive terms, and the
stages by which the final arrangements of suffixes are
obtained, are as follows, the numbers of interchanges being
added in heavy type:

4+ (123 ..... 0 4+ | 123,213,281 .. ... 2
— | 123,132 .. 1 + | 123,132,312 .. ... 2
— | 123,213.. 1 —~ | 123,132, 312,321 .. 8

It will be seen that both for /) and for O®) the sign is
— or + according as the number of interchanges is odd
or even. We therefore adopt this as our rule; in the case
of azb;e,d e, for instance, seven interchanges are necessary,
and the sign is therefore —.

(iii) In order to find the sign of any given term by
the above rule, it would be necessary to perform all
the interchanges. A shorter method is to look at the
term as it stands and to consider the reversals of order in
it; i.e. taking the suffixes of the term in pairs in every
possible way without altering their order, to see in how
many cases the numbers are in the reverse of their order in
the leading term, i.e. arc in descending instead of ascending
order. The term ayb;c,d e, , for instance, gives the following
pairs, those in which the order is reversed being printed
in heavier type:—35, 32, 34, 31, 52, 54, 51, 24, 21, 41.

v
) 1
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It is easily seen that each interchange, of the kind described
in (ii) above, produces one reversal of order; for, while we
are shifting one number, such as the 5 in the second group
of arrangements there shown, the relative order of the
other numbers remains unaltered. It follows that the
number of reversals of order is the same as the mumber
of interchanges of this kind; and therefore fhe sign of
a term will be — or + according as the number of reversuls
of order is odd or even.

(iv) T%e interchange of any two suffizes in a term changes
the sign of the term.

[Let the two suffixes be ¢ and V¥ ; ¢ coming before y, in the
term in question, but not necessarily being before it in numerical
order.

(1) First let ¢ and ¥ be adjacent. Then the interchange of
¢» and y increases or decreases the number of reversals of order
by 1, and therefore changes the sign of the term.

(2) Next suppose that there are = suffixes between ¢ and V.
Then we can move ¥ in front of ¢ by # + 1 interchanges with
the adjacent term, and then move ¢ into the original position
of Y by = interchanges. This is a total of 2.z + 1 interchanges,
each of which in succession makes a change of sign: the total
result is to change the sign of the term.]

(v) We have so far assumed that the factors of a term
are arranged in the original order of the lettersa bcd....
Now suppose that the order of the factors is altered in any
way. How does this affect the rule of signs?

The alteration of order can be brought about by a series
of interchanges of factors. Suppose there is an interchange
of a, and 4,. Then, by (iv), the number of reversals of
order of suffixes is altered by an odd number, but the
number of reversals of order of letters is also altered by
an odd number; and therefore, if we consider the sum
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of the numbers of reversals of order of letters and of
suffixes, this sum either is not altered or is altered by an
even number. It follows that, i the factors of a term have
been shifted about so thut the lelters alic. .. are not in their
original order, the sign of the term depends on the sum of the
numbers of reversals of order of letters and of suffizes re-
spectively, being — or + according as this sum is odd or even.
For examyple, in @ b c,a e, there are five reversals of order
of the letters and eight of the suffixes, so that the sign is —.



II. PROPERTIES OF DETERMINANTS

II. 1. Definition of determinant.—We can now com-
bine the results obtained in I. 4 and I. 5. We suppose that
we are dealing with a set of m x m = m? quantities, which
we can arrange in the form of a square, thus (the quantities
being denoted by crosses) :

X X X..X
X X X..X
Then the expression which we have to consider is the
algebraical sum of a number of terms, of which some are
taken positively and some negatively. Each term (apart
from sign) is the product of m elements of the set, taken
in such a way that one element (only) shall come from each
column and that one element (only) shall come from
each row; and there are m! terms, corresponding to the
m! ditferent ways in which this can be done. The leading
term is the term containing the elements in the leading
diagonal of the square, and has sign +. The signs of the
other terms are to be found by replacing the elements of
the set by a;, a,, . . . 4,, ete., arranged as a key sel:
a, b ¢ ... /:,
a

2 b )y

aHL 0m clll tee -/’7'1
The sign of a term is then — or + according as the sum of
the numbers of reversals of order of the letters and of the
suffixes, as compared with the leading term a, f,¢, ... [,
is odd or even.
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The algebraical sum of the terms so obtained, namely
ayboey .. fru—arbies. .. £+ cte.,iscalled the determinant
of the set, and will be denoted by D. It should however
be observed that it is the determinant of the set as so
arranged ; with different arrangements of the elements of
a set, still keeping them in a square, we may obtain
different determinants.

We can therefore define the determinant as tke alge-
braical sum of terms of the form apch, e wherepgr. ..
are the numbers 1 2 3 ... m arranged in some order, there
being a term for eack of the m! possible orders, and the sign
prefized to the term being + for the natural order 1 23..,m
and — or + for other orders according as the number of
reversals of natural order is odd or even.

The symbol for the determinant is constructed by placing
single vertical lines before and after the set ; thus

ap b o
a, by ¢,
a, by ¢y

means the determinant a,0,c,— ete., which we have called
/ON

The terminology is the same as is given in I. 4 and 1. 5
for a set. The quantities between the vertical lines are
the elements of the determinant. Those in a vertical line
are a column ; those in a horizontal line are a row. The
leading diagonal is the diagonal drawn from the top left-
hand corner; and the leading term is that containing the
elements through which the leading diagonal passes. The
leading term, as already stated, is taken positively.

If the symbol for a determinant contains 7 columns and
m rows, the determinant is said to be of the mth order.

II. 2. Elementary properties.—(i) From the mode of
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construction it follows that each element of the determinant
appears in (m.—1)! out of the ! terms; and there are no
two terms having more than m — 2 factors alike.

(i) If each element of a column or of a row is 0, the
determinant is = 0. [For each term contains one of these
elements as a factor.]

I1. 3. Properties depending on the rule of signs.—
() Z%evalue of adeterminant is not altered by making the columns
r0ws and the rows columus ; e. g., for =4,

o by oo = |a a a; e,
a, by ¢y d, | by by by b,
ag by 3 d, ' L Cp €y 0y
ay by ey dy dy d, dy d,

[Let D be the determinant, and R the new determinant obtained
by making columns rows and rows columns in the symbol for D.
Then, apart from sign, D and R obviously have the same m ! terms.
We have therefore only to consider signs. The two determinants
have the same leading term, which is positive in both. Let ¢ be
any other term of D, say azb,c,d, ... . Then ¢ also occurs in R,
but, since the terms of R must be constructed according to the
system prescribed in our definition of a determinant, the factors
of ¢tin R will be arranged in the numerical order of the suffixes,
namely dycyagb, ... . The sign of ¢ in D depends on the number
of reversals of order in the suffixes3421... and the sign of
t in R depends on the number of reversals of order in the letters
dcab... . But each of these numbers is the sum of the numbers
of reversals of order of letters and of suffixes as compared with the
original orders abed ... and 1234...; and, by L 5 (v), these
sums are either both odd or both even. It follows that the sign of

is the same in both determinants. This is true for each term
of D or R; and the two determinants are therefore equal.]

If two determinants correspond so that the columns

of one are the rows of the other, each determinant is said
to be the transposed of the other
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(ii) It follows from (i) that any statement as to columns
or rows is equally true for rows or columns. We shall
indicate this, for conciscness, by ‘column [row]’ or ‘row
[column]’.

(iii) If any two columns [rows) of a delerminant are infer-
changed, the absolute magnitude of the determinant remains
unaltered, but its sign is changed.

[Suppose, e. g., that we interchange the b’s and the ¢'s. Let ¢»
and ¥ be any two suffixes. Then, in the original determinant,
corresponding to any term which contains b, and ey, there is
another term exactly similar except that the factors are by and eps
and these two terms, by L. 5 (iv), are of opposite sign. The effect
of interchanging the b's and the ¢'s is that the two terms are inter-
changed, i. e. the sign of each is changed. This applies to every
such pair of terms.]

(iv) If any two columns [rows] of a determinant are iden-
tical, the determmant is = 0.

[We can see this in either of two ways.

(1) Consider a pair of terms such as are mentioned in (iii).
The one contains b, and ¢y ; the other is exactly similar, except
that it contains by and es; and the two terms have opposite
signs. If by, = epand by = ey, the two terms cancel. The whole
determinant is made up of such pairs.

(2) More briefly, suppose we interchange the two columns
which are identical. Then the determinant remains unaltered.
But, by (iii), its sign is changed. 'This can only be the case if
the determinant is 0.]

(v) Since columns and rows may be interchanged, a
determinant is sometimes represented by its leading diago-
nal alone, if this indicates a system for insertion of the
remaining elements. The notation is

Fyhgeg e fun | = |y by ey i fy |5
ay, by ey o fy
“3 /’_:1 3 ./:1
‘ am //7)‘- c"l"‘c/;n
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it is then immaterial, so far as the value of the determinant
is concerned, whether we enter the @’s as a column or
as a row. But it should be mentioned that the relative
arrangement of columns and rows is of importance later on,
when we come to consider properties of sets of quantities.

II. 4. Cofactors and minors.—(i) In the complete ex-
pression for 2, each term contains one @, which is either a,
or a, or a; ete. We can therefore group the terms accord-
ing to the a’s they contain. In the case of O®), for
instance,

ay by e | = aybyes—ayh e, —aybie, +ayboe, +a,b e,
a, b, ¢, —azb,0
a, b, ¢,

= ay(byey—0ye) + ay(—byes+0y6)) + ay(bye,
—b,¢)).
Suppose that the terms of 2) are grouped in this way; and
let the resulting coefficients of a, a,a,. .. a, be denoted
by 4, 4,4,...4, Then
D =uady+a,d,+a,d;+...+a,4,.
Similarly, if we group the terms according to the é’s or
¢’s ete. they contain and denote the coefficients of the &’s
or ¢’s ete. by B, B, B;... B, or C,C,C,...C, etc., we
shall have
D=0DB+0,By+0,B,+...4+0,B,,
D=c )+ c,Cot ey Cit ..+ ¢, Cp,
ete.
The A’s, B’s, ete., are called the cofactors of the correspond-
ing elements of the determinant ; thus the cofactor of 4, is
B,, where 0, B, is the sum of all the terms which contain &,.

(ii) The terms which contain the leading element a, are
obtained from the leading term a,l,c, ... f,, by altering
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the suffixes, and prefixing the proper sign to the term, in
the manner already described, with the proviso that the
factor ¢, remains unaltered. But this process will give us
the products, by @, of the terms so constructed from
a leading term b,c, ... f,,. In other words, the cofactor
of a, is the determinant

by ¢y o fs
G j‘x

//’Hl ’lm A /‘.7"
In D®), for example, it is
bye,—boey, = by e, .
e
(iii) The determinant which is obtained from 2 by
striking out the column and the row which contain any
element of the determinant is called the minor of that
element in the determinant.
We see from (ii) that

4, = cofactor of «; = minor of «,.

3 3

We might show in the same way that the cofactor of
any other element, say ¢,, is cqual to the minor of that
element, with the sign — or + prefixed according to the
position of the element in the determinant: but it is
simpler to find the cofactor by bringing the clement into
the position of @;. Let the element be in the ¢th column
and the 7th row. Then we can make it the leading
element, without altering the order of the other columns
or rows, by means of 4—1 interchanges of its column with
an adjoining column and »—1 interchanges of its row with
an adjoining row. Each of these interchanges, by II. 3 (iii),
multiplies the determinant by —1; and the total result is
to multiply by —1 or by + 1 according as ¢ +7—2 is odd
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or even. Having got the element into the position of the
leading element, we strike out the first column and the first
row ; the result, apart from the prefixed sign, is still to give
the minor of the element, since the relative positions of the
other columns and rows are unaltered. [Hence ¢ke cofuctor
of any element is equal to its minor with the sign — or + pre-
fiwed according as the number of steps from the leading clement
to this element is odd or even ; it being understood that each
step is either horizontally from one column to the next or
vertically from one row to the next. Lor example,
A, = +minor of a,,
C, = —minor of ¢,
ete.
(iv) We have found in (i) that
aydy+ayd,+a,d,+...+a,d, =D
B+, B+ b0, B, +...+0, 1, =20 l . (II.4.1)
ete.

We have now to find the value of such sums as

ayBy+ayBy+ayBy+ ... +a,, B,

Oy A, +bydy +0,d,+ ...+ 0,4,

eydy +eydy +eg Ay + ...+, 4,

ete.

Let us take the second and third of these as examples,
but replace the &’s or the ¢’s by 6’s. Then we want to
find the value of

0,4, + 0,4, + 0,45+ ... +0,,4,,.
Now we see from (II. 4. 1) that this is the value of the
determinant
by ey o S

6,
0, by ¢, i fs
0 by o s

o'm /}"l ('m e ./m
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for the cofactors of 6, 0,6, . .. 6,, in this determinant are
the same as the cofactors of a; ¢, a,...a,, in D, i.e. are
Ay Ay dy ... A,,. Let us replace  throughout this deter-
minant by any letter, other than a, occurring in D, e.g.
by c¢. Then the determinant becomes

O A SR
e, by ¢, ./

3 bx C3 - /; ‘

Cor oo Sm
But this is a determinant which has two columns identi-
cal, and its value, by § 3 (iv), is 0. Hence

/

¢ m

n

Ay Feydy ey dyg + oo 4y dy, =0,
Similarly &, d, +byd, +b,d5 + ... 44,4, =0
(111)’1 +a,B,+a,B,+...+a,B,=0
ete.

. (I1.4.2)

(v) Now let us interchange the columns with the rows,
so that the determinant becomes

a, da,...a

1 3 m
by by Ay /)m ‘
£ G Gy

Juo S Sae S
Then, by § 3 (i), the value of the new determinant is the
same as that of the old, i.e. is /. Also the minor of any
element € in the new determinant is the same as its minor
in the old determinant, but with columns and rows inter-
changed, so that its value is unaltered ; and the number of
steps from @, to € is the same in both determinants. The
cofactor of € in the new determinant is therefore equal to
its cofactor in the old determinant. Hence by applying
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(I1. 4. 1) and (IL. 4. 2) to the new determinant we get
new sets of relations, namely

a, A+ Bi+e, G+ ..+ f,F, =D
agde+ by By+¢,Co+ ...+ foF, = D (II. 4. 3)
ete.
and

aydi+ 0, B +¢,C+ ...+ fLF, = 01
tydy + by By +¢,Ci+ ...+ [, F, =0

(II. 4. 4)
ete. J

(vi) If all the elements in a column [row], except one,
are 0, the determinant is equal to the product of that one
by its cofactor.



IIL
EQUATIONS

SOLUTION OF SIMULTANEOUS

II1. 1. Statement of previous results.—We have
next to consider the solution of the simultaneous equations

(I 3. A).

Before we do this, it will be convenient to

express in determinant forwnn the results obtained in I. 2.

These results are as follows :

(1) If vyz =4, then* z=|4|<+]|a].

(2 If ax+hy =i
ax+hy=*fk, }’
then
=k b |+|q |, y=|a k
'1’2 b, t”z by a, &,
(3) If ae+by+e s =)
a, @+ byy + e,z = '2}
(/.=.7:+/1.;‘7/+t",‘: = :{'3
then
xr = 1'1 6] ¢ = D&, 7=« l‘l
k, b, ¢, \112 £,
ky b, ¢ a, &y
e=|a, b Kk |+DO,
a, by, ky
a; b, k,
where
DO = | a b o
a, b, ¢,
a, b, ¢,

a b

' +

a, b,

e J = L0,

* Here, as elsewhere, vertical lines denote a determinant, not

‘absolute value’.
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IIT. 2. General solution.—The general equations of
which we require a solution are those set out in (1. 3. A),
namely :

nx+ by + o+ fro=F
@+ oy + 4.+ fyw =k,

-

@+l yte, st .+ fuw = bm

The form of the solution is suggested by the results
given above, Multiplying the successive equations by

. (IIL. 2. A)

4,, d,,...d,,, and adding, we have

(”1’11 +02A.) +.0+ ”mdm)m
+ (O dy+hydy+ .+ b, Ay
+ (clAl +(.2A2+ b +cm‘]m)z
+...
+H( A+ Sfudoyt oo+ [ A 0= Ed 4y Ay o+ Eop A,
By (IL. 4. 1) and (IL. 4. 2) the coefficient of z is equal
to D, and those of g, z,...w are equal to 0. Also the
expression on the right-hand side is what 2 would become
if we replaced the a’s by 4’s. Hence

x = (kydy+kyey+ .o+ k,d,) =D
| -

m

=1k by R b Ll f ‘

1:2 6_2 Cy venty a, b, Cy eenta i

by b Copoee ! Uy b Con oo Sm |
Similarly

\ (IIL2.1)
y=la k& ¢ S| ay by e .o N ,/

ay ky ey Sy a, b, c, ...ty
anl k’m (.m "'./m alu bm cm "'./m

and so on.

If, for verification, we substitute these values in the
original equations, it will be found that the relations
(IL. 4. 3) and (II. 4. 4) come into play.



IV. PROPERTIES OF DETERMINANTS
(continued)

IV. 1. Sum of determinants.—If two determinants
are identical except as regards one column [row], their sum
is a similar determinant in which the elements of that
column [row] are the sums of corresponding elements in
the two determinants. [For example

ap by e |+ dy by ooy | = ag+dy b
a, by, ¢, dy by, ¢, a,+d, 0, ¢, |,
ag by o dy by e ay+d, by ¢

since it is = (@, 4, + @, Ay + a, ) + (dy )+, d, +d A
= (ay+dy) dy+ (ay+dy) dy+ (g +d ) A, ]

IV. 2. Multiplication of determinant by a single
factor.—If each element of a column [row] is multiplied
by the same factor, the determinant is multiplied by that
factor. [For example

Na, b o | =Aayd +ra,d,+ agd, =N a; by ]
)\a2 //2 c, | a, /)ﬂ, “y
Aay by o ] ay by

IV. 3. Alteration of column or row.—If the elements
of a column [row] are multiplied by a single factor and added
to the corresponding elements of another column [row], the
value of the determinant is not altered. [For example

ay+Ae; by ey | =ay byey | +A|e & ey | =]a by o]
a,+Aey, b, ¢, a, b, c, e, b, c, ay by ¢,
ag+Aey by o ay by e ey by ey ay b, e
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IV. 4. Calculation of determinant.—(i) There are two
main methods for calculation of a numerical determinant.

(«¢) When s is small, we can use the formula
D=ajdi+a,d,+ ...+ ayd

m?

repeating the process as often as may be necessary. Thus, if

D=3 =2 7
5 1 —3|,
4 6 1
then 1]=3i 1 —3 ‘ -5 ! -2 7 + 4 [ -2 7
I 6 1 b1 =3

= 3.19—5(—44)+4(—1) = 273.

(4) When m is large, we can reduce the determinant
to onc of order m—1 by means of § 3 and II. 4 (vi).
Applying this method to the above example, we could
multiply the first row by'§ and subtract from the second,
and also multiply it by ¥ and subtract from the third.
To avoid fractions, we multiply D twice by 3. Then

90D = 3 -2 7 ’ 3 7
15 3 =9 0 —44
12 18 3] |o 26 _25 B

—-‘3X‘ 13 —44 3(—325+1144) = 3.:819:
| 26 —25
D =273,

(ii) For algebraical determinants various devices have to
be used. An important determinant is

D =] em-1 (m-1 em-1,  gm-1 j‘m-l

am-2  jm-2 -2, -2 fm—‘Z

a b ¢ e ba ‘

1 1 1 .1 1 ‘
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This is =0 if a =268 or if a =¢, ete. Hence it contains
a—b, a—c,...a —e, a—f as factors. Similarly it con-
tains 6 —e¢,...0 —e, 6—f; and so on. Looking to the
leading term, it will be seen that there can be no other
factors ; i.e.

D =(a=b)a—c)...(a—)(@a=F).(b=&)ee(b= OV b=f)..c(e =f)-

[Example.—Hence prove that

bm—l cm—l ...... elt—1 n-1 . D A .

P2 (-2 -2 ;m_g = (=)~ ’“a“—) x coefficient of o in ¢ (a),
P e f' “ _ whe;'e .

Un @ P $@= (0 (@-01la=0) (4]
i1 ... i i

1V. 5. Product of determinants.—(i) The product of
a determinant of order 7 and a determinant of order z can
be expressed as a determinant of order = + # by placing
the leading diagonals in line and filling in with 0’s, For
cxample

a b e |x|d eg|=|a b ¢ 0 0
a, by ¢, ds ¢ a, b, ¢, 0 0
a, by e a, by ¢, 0 0
0 0 0 d ¢
0 0 0 dy ¢

5 N

[For the only terms of this latter determinant which are
not 0 are those for which the first three factors (collectively)
are taken from the first three columns and rows and the
next two factors (collectively) from the last two columns
and rows; and in each such case the first three factors
form a term of the first determinant and the next two
factors form a term of the second determinant. Thus all
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the terms of the product of the onc expanded determinant
by the other are accounted for, and there are no others.]

(i) We have now to show that the product of two
determinants, each of order ., can be expressed as a
determinant of order m. To obtain the general formula,
it will be sufficient to take a particular case, e. g.

_ . Al— ]

D=lay 0 |, £=]a B n
ty b, c, a By v,
a, b3 ¢, a, By vy

provided that in our reasoning we retain m as the order of
each determinant.

By means of the first sentence of (i) we can write down
DF as a determinant of order 2, i.e.

DE=|a 4 ¢ O 0 0
@y by ¢, 0 0 0
a b, ¢ 0 0 O
0 0 0 o B n
0 0 0 a B 7
0 0 0 a By

Two of the quarters of this determinant contain 0’s only ;
and it will be seen, from the method of forming those
terms of the determinant which do not contain 0 as a factor,
that we can fill in either of these quarters in any way we
like, provided we leave the other quarter alone. Also, in
order to reduce the determinant from order 2m to order' »,
we ought to get 7 1’s in the leading diagonal. We there-
fore shift the last m columns to be the first m, and then
replace the 0’s in the new leading diagonal by 1’'s. The
first process involves 7.2 interchanges : we can avoid change
of sign of the determinant, in the case where = is odd, by
changing the signs of the first 7 rows (before inserting
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the 1’s), whether = is even or odd. Then, inserting the
1's, we get
DE=)1 0 0 —¢ —bh —e
0 1 0 —u, —//2 —e,
0 1 —a, —by, —r,
a B, y 0 0 0
@ By y» 0O 0 0
l a, B, y, O 0 0

We now reduce each of the elements in the right-hand
top quarter to 0 by means of § 3; i.e. we add ¢, times
the 1st column to the ( + 1)th (in this case the 4th), thus
getting
10 0 0 —b —e,
0 1 0 —u, —b, —e,
0 0 1 —u, —b —e -

DN
!

g 4 7 (lial 0 0

a, By vy, aa, 0 0

a By v, oy 0 0
then do the same with a, times the 2nd column and
a, times the 3rd..., and then deal in the same way
with the (m+2)th and (7 +3)th... columns. We get
finally

DE=(10 0 0 0 0
01 0 0 0 0
001 0 0 0

a B N mtafytagy, b +bBi+biy ot eBitey
a B3 V2 Gt @B tagy, biap+hyBitbyys CiaataBit oy
ag By ys tagtaBytagys biag+hBi+byys cajteBit ey
By the same reasoning as that employed at the beginning
of this paragraph, we can replace each of the elements in
the left-hand bottom quarter of the above determinant

by 0. Hence, if the determinant formed by the elements



36 Product of determinants IV. 5 (ii)

in the lower right-hand quarter of the above is called P, we
have, by (i),

DE=|1 0 0|xP=P;
01 0
(O 0 1
i.e,
a b ¢ |x)a B w
a; by o ag By 72;
ag by ¢ ag Bz s

= | @qyay+ 0,8, +a3y;, byar+b,B+byyy iay+eB e . (Iv.5.1)
ayay+ @B+ agyy byag+ 0B+ sy, raz+ Byt sy,

ayaz+a,B5+dasys byag + 0,85+ b3ys crag+c,Bs+csys

The reasoning is quite general, and the product of two
determinants of any order can be written down from the

ahove.
By interchanging columns and rows In one or other

or both of the original determinants we get three other
expressions. All four expressions, of course, are equal
when expanded: we shall take the above to be the
standard form. It is to be noticed that DE or Dx F
means the product of 2 and Z, in this order; by reversing
the order of multiplication we get four other forms, but
these are only the ¢ transposed ’ of the previous four. The
eight forms are given, in the new notation (see V. 6 (vi)),
in the Appendix (p. 122). They are based on the principle
that in the standard form the element in the gth column
and rth row of the product is formed in a particular way
from the gth column of the first determinant and the 7th
row of the second.

IV. 6. The adjoint determinant.—(i) Let 2’ denote
the determinant whose elements are the cofactors of the
corresponding elements in the original determinant, i.e.



I1V.6 (ii) The adjoint determinant 37

U=|.d, B C..F . (IV. 6. A)
4, B, C,..F

A -Bm C‘/:L"'I"m

If we interchange columns and rows in 2/, and then
express the product DJ' as in (IV. 5. 1), we find that
the elements in the principal diagonal of the product are
aydy+aydy + .oty Ay 1y By + 0, By + ... + by, By, ete., each
of which, by (II. 4.1), is =2, while the other elements
area, B+ a, By + ... + &, B, 0y 4, + 0, 4, + ... + 0y, Ay, ete.,
each of which, by (II. 4. 2),is=0. Hence

DD =70 o0 0..0 =D (IV.6.1)

m

o D o0...0
0 0 0.0
and therefore
D' = Dpm-1, (IV. 8. 2)

The determinant /' was formerly called the reciprocal, but
is now more usually called the adjoint, of D. It is not
the true reciprocal of D, since the product of the two is
not 1 but 2™ (cf. V. 2).

(ii) Let the cofactors of 4,,B,,C,, ... I in 1’ be denoted
by a5, By ¥ys-.- G- Then, applying (II. 4. 3) and (IL 4. 9)
to 7', we have

dyay+ B, B+ O+ oo + G = v
dyay+ By + Coyy+ o+ 16 = 0
Agey+ BB+ Cpyy+ oo + Fr G =0
We can regard these as equations for determining a,,03;,
¥1s+++ ¢ Comparing them with
Aya,+ Bio,+ Ciey+ .+ Py =D
dgay+ Byl + Cyey+ e + Fofy = 0

Aty + Byl + Cpoy+ o + P fy =0
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which are obtained from (IL. 4. 3) and (IL 4. 4), we see that
the solution is

Dl

_]j = - zal’ /31 D b = D= 20
Hence the cofuctor of any element qf the adjoint determinant
is equul Lo the corresponding element of the original determinant,

multiplied by the ratio of the adjoint determinant to the original
determinant.



V. THE TENSOR NOTATION *

V. 1. Main properties of determinant.—(i) The
notation so far used is the ordinary one for elementary work.
For higher work we reduce the number of letters and make
a more liberal use of suffixes. We shall replace 2, 7,z ... @
by Xy, Xy Xy eee X5 @y, by, 0y e fy by gy oy gy o 5
and so on. Also, it being understood that the values
assignable to each of the letters ¢ and » are 1, 2, 3,....m,
we can use |d,,| and |, | to denote the determinants
whose elements in the ¢th column and rth row are respec-
tively t 4, and d,,, i.c.

Ithr = dy Ay Ay oendyy N
dyy Ay dyy iy
’]lm ’/zm. ’,.".m-"’]mm Ly (V. 1. A)
= d / { d
| ’qu =] Mz gy el
dy  dyy oy oty
’]ml ’]mz ']m:;""/mm /

so that the interchangeability of columns and rows gives
[ dye | = 1dyg |- (V.11)

(1) The #s in (IIL. 2. A) were supposed to be known

* The paragraphs in small print may be omitted on first reading,
but should be read before Chapter VI is taken.

+ It is more usual to have the suffixes the other way round; i.e.
to use 11, 12, 13,...1m as suffixes for the first row. But my
arrangement seems to follow more naturally from the b ...
notilmition, and I also find that it fits in better with the subsequent
work.
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quantities, so that the equations served to determine
2,7, 2 ... w. We shall have to consider the relations between
the set of quantities which we have denoted by , 7, 2, ... w
and those which we have denoted by 4, £,, 4,,.. L We
therefore, in altering z, 7, # Zyenn 0 to 11, A, X, ... X, also
alter £, £y, &y,... 4y, to 1}, 13, 1,

(iii) The main properties which we have to consider are
set out below. Definitions are marked with capital letters:
propositions with arabic numbers.

Sy i = dn Ay Ay iy (A)
dyy gy dyy iy,
(IIML ’]2))l Il3))l b ’]JIHIL '
D, =cofactor of dyin D . . . (B)

=1,2,...m:
(p ) gt Dpal s+ oot Dyl
_[) lf( = 2
={oulZt o

0if ¢ #p
=Dy} . . . . . (©
DV =D . . . . . (2
cofactor of U, in V' = D"~2d,, . . (3)

If d X\ +dy X+dy X+ .. +d,, X, = J
Ay Xy +doy Xy + dp X+ .. 4+ d,, X, = 1'

A X+ dyy Xy +d, X+ 4+ d Xm =T,
then >‘ (4)

(p=1,2,..m)
DT + D Yot Dy Xt oot Dy 1y

p1o1
X, = 7

(iv) As a preliminary, to make the statements more
concise, we may—though this is not essential—introduce
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the ordinary notation of summation. Thus (1) can he
written

p=1,2,..m5\ < _{Difq:p%.
9=1,2,...m)s§])178'77*_ oifq$p 5 (1)

and (4) can be written

m

If(s=1,2,...m) 2 ’]stp =Y,
p=1

n D )I
then (p =1, 2,...m) X, = > _7]2 S-J(

s =1

(4)

(v) The tensor notation involves five steps, which are
set out in §§ 2-4, 6, 8 below. The reader will find it
helpful to copy out the statement in (iii), modified as in
(iv), and make the successive alterations which are now to
be described.

V. 2. Reciprocal determinant.—The first step (which
will be found in modern text-books) relates to (1) and (2).
The determinant 2’ has sometimes been called the reci-
procal of D. But, as has already been pointed out in
IV. 6 (i), it is not a true reciprocal, since the product of
the two determinants is not 1 but D™. Since, however,
1’ contains m columns, we see that if we form a new
determinant by dividing each element of it by /) the pro-
duct of this new determinant and 2 will be 1. We there-
fore write (1) in the form

p=1,2,..m3\ < Dy 1if g =m.
(g =1,2,...m )$§ 75’"298 = {0 ifg#])}’ - )
and form a new determinant 2" defined by
»'=|D,/D|. . . . . . (C)
This new determinant will be equal to 2'/D™=1/D, so
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that the product of the two determinants will be 1; and
the cofactor of 7),,/D in the new delerminant will be
dps/D=dp, D". Hence the two determinants D and 0”
are so related that their product is 1 and that the cofactor
of any element of either determinant, divided by the
determinant, is equal to the corresponding element of the
other determinant. We can therefore call each determi-
nant the reciprocal of the other.

V. 3. Elements of reciprocal determinant.—The

next step is to have a single symbol for
(cofactor of 7, in D)+ D.
We have already used D), for the cofactor of @, ; and it is
inconvenient to introduce a new letter in place of € or .
We therefore denote the above expression by
ar,
We accordingly, in our statement, replace (B), (1), (C), (2),
(3), and the sccond line of (4), by
di* = (cofactor of dy in D)+0 . . . (B)

P =1, 2,... 5\ <o N 1ify=p
? )2(11',/%:% / 1§ ()
y=1

g=1,2,..m 0ifg#p
vV=lder| . . . . . . (C)
DU’ =1 . . . . . . (2
Ay = (cofactor of /1" in D")+10" . . (3)

(r=12..m)X,=2dY, . [20dlineof] (4)
s=1
The parallelism of (B) and (3), and of the two lines of (4),
should be noted.

V. 4. Set-notation.—(i) The next step is to abbreviate
(4), as altered. This contains two statements—a h ypothesis
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and a conclusion; they are similar in form, so that we
need only consider the first one, namely

n
(s=1,2..m) 2 d,X, =71,
p=1
(ii) The expression on the left-hand side of this state-
ment has a definite value for each value of s; we can
denote these values by
E, B, I,...F,
The statement then takes the form
(s=1,2,..0) 15, = ¥,.
We cannot merely omit the “(s=1, 2,...w)" from this,
without leaving it doubtful whether we are speaking of
some particular s or of cach s. We get over the difficulty
by omitting the ‘(s=1, 2,...m)° and replacing the ¢
in “F,=1Y,” by a Greck letter. The convention then is
that a statement of the form
E, =7

T aT

w*

means that 7, is equal to Y, for each of the values of s,
i.e. that

]D’l = )'1, ]912 = _YQ, ]’,’3 = Y;;,...Em = Ym
it being understood that the values 1, 2, 3,...m which
are to be given to a Greek letter have been settled before-
hand and remain the same throughout our work.

(iii) Applying this convention to the two statements
in (4), it becomes :

m mn

1f 2 Ao X, =Y, then Ny=Za™¥, . . . (%)
R s=1

It is immateria.l what Greek letter we use in either of

these statements, provided the letter is the same on both

gides. We could have used the same letter in the two
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statements, but in the particular case it is better to have
the letters different.*

We have rather spoilt the symmetry of (4), but we will
put this right in § 6.

(iv) The statement in (1) is a statement as to the value
of a certain expression for all values of » and all values
of ¢; and, so far as the left-hand side is concerned, we
could extend the above principle by using two Greek
letters. But the right-hand side presents difficulties; and
we must therefore leave this over for later consideration (§ 8).

V. 5. Principles of set-notation.—It is desirable at this stage
to consider the principles underlying the notation which we have
Jjust adopted.

(i) Take first the case of a single set of 7 quantities or elements;
i. e. an aggregate of m quantities which fall into a certain linear
arrangement. We denote these by, say,

A, A, A5...4,,.
We have settled that o statement such as
A\ = E)
is a comprehensive way of saying that
A, =E,, A, =L, A; = E;,...4,,= E,,.
Thus we use 4), etc. when we are referring to a particular member
of the set, and we use A4, etc. when we are making a statement
with regard to each member of the set in turn. We may also
want to speak of the set as a whole. It will be found that no
confusion arises from using 4, in this sense also. We can there-
fore say that
A\ =(4, 4, 4,...4y);

the brackets being used in order to show that we are considering
the set as a whole. In this sense we might regard the statement
4) = E) as meaning that the set 4, as a whole is equal to the set

* I have as far as possible used A, p, p, o in this chapter to corre-
spond to p, g, 7, s, reserving » for product-sums (§ 6). Later on it
is better to have no fixed rule, beyond that laid down in § 5 (iii).
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E) as a whole, this equality of the wholes implying equality of the
parts. We shall have to take this step later (Chapter VI): for the
present it will be sufficient to regard the statement 4, = E) as
merely an abbreviated way of saying that 4, = E|, 4, = E,, etc.

(ii) The interpretation of A, as the set as a whole recalls the
idea of a vector as the resultant of a number of components. But
the operations which we shall have to perform with single sets do
not follow exactly the same laws as those which govern operations
with vectors as ordinarily understood (see note to (vi) below), so that
the analogy must not be pushed too far.

(iii) Next take the case of a double set of m? quantities, i.e. a set
consisting of m single sets, each containing m elements. If we
denote the elements of the gth single set by F,,, Fy, ... Fom,
this single set as a whole can be called Fy,, and the complete
double set can be called F),,. We think of the elements as
arranged in a square, the columns of which are the single sets: by
regrouping (e.g. Fy, Fyn...Fy;,) we get the rows of the square.
We have already, in § 1, adopted the convention that in d,r or d,,
the ¢ represents the column and the » the row; and similarly we
shall say that in F),, or F',, etc. the first letter, according to alpha-
betical order, mea.ns the column and the second the row. Hence

I"pp: Fy, Iy Fyy oooFy, \vayE Fy Fy Fy.. Fun

ﬁ‘l? FQZ ‘1132 .. I'l)“ I I’:ﬁl F’:Z’.’ p23 e 21)I,|

: H :
Hn -l’zm 1137)14 see 7“771) Iﬂll F?)IZ Fma---ﬂnm}

the brackets being inserted, as before, in order to show that the
set of quantities is in each case to be regarded as a whole. Then
the statements

Fup=Gpups Fup=Hpy,

mean respectively that ¥, = G4, and that Fy, = H,,, for every
value of g taken with every value of r.

A double set is symmetrical if it is not altered by interchanging
columns and rows.

(iv) A particular form of double set is obtained by multiplying
together every element of one single set and every element of
another single set (of the same number of elements). If these two
sets are B, and C, (in this order), the representative element of



46 Principles of set-notation V. 5 (iv)

the resulting double set will be B, Cy, so that the double set can
be represented by B, C, or C, B,. This double set is called the
product of the two single sets. It should be noted that we must
not write it as ‘B, C,,’ or as * B, C,"; partly because this would
not define the particular arrangement of the elements of the
double set, and partly because we shall presently have to give
a special meaning to these latter expressions.

(v) In addition to double sets and single sets, we have to use
single quantities, such as a or . Any such quantity is called
a scalar. It need not be a constant: it may, as will be seen later,
be a definite function of the elements of one or more sets.

(vi) We shall for the present be dealing only with expressions
which, interpreted according to the laws of ordinary algebra, are
obtained from scalars, single sets, and double sets by addition,
subtraction, and multiplication. The rule of interpretation is the
same that we adopted in (iv) for B, C,: we replace the Greck
letters A pp...by pgr... and take the total expression to be
the set obtained by giving to each of the quantities p g »... each
of the values 1 2 3...m. For example:

(@) kA, means the single set whose elements are
Ay, kdy ... kdy;
(b) A\ £V B, means the single set whose elements are *
A,20B), A,20B,,...4,,2bB,;
(¢) Ayp—ak', G, means the double set whose element in
the gth column and the sth row is 4, —aF, G,

It is obvious that this system of interpretation is in accordance
with the laws of ordinary algebra; for instance
k(A,+B,)=kA,+kB, =kB,+k4,,
Fr(Gp~I,) = F)\G,—F\II,
and so on.
We are further restricted, in the case of expressions containing

* It will be seen from (vi) (@) and (b) and from (iv) that single
sets follow the same rule as ordinary vectors as regards multipli-
cation by a scalar, addition, and subtraction, but not as regards
multiplication together.
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more than one term, to (1) scalar expressions, (2) single sets
arising as sums (‘sum’ of course including ¢ ditference ') of expres-
sions which contain the same letter, e.g. ed, + 0By + ..., (3)
double sets arising as sums of expressions which contain the same
pair of letters, e.g. ad,, + 0B, Cy. We do not therefore have to
consider such an expression as 4, + B,, which is really a double
set, not a single set.

(vii) The suffixes which we have so far attached to a symbol have
usually, in accordance with the regular practice in algebra and
with the ordinary meaning of the word, been placed below the
line : the exception being the use of dPs to mean (cofactor of d,¢
in D) + D. This latter system of having upper suffixes as well as
lower suffixes will sometimes be found convenient. We may, for
instance, want to denote a single set by A*; and in that case
A', A%... would be members of the set. Where there is any risk
of confusion, we shall not use the ordinary indices of algebra at
all; thus the square of 4, will be 4, 4,,, not 4,2

V. 6. Product-sum notation.—(i) Our next simplifica-
tion consists in dropping the sign of summation in (1)
and (4). But, since merely to drop it and to replace, say,
> avd,, by drrd, would be misleading, we use a
s=1
special notation. The number of alphabets at our disposal
is limited: and it will be found not only that we can use
Greek letters for this purpose without risk of error, but
that there are actual advantages in doing so.

(ii) The rule we adopt is that, when an expression of the
form B,C, has to be summed for the values 1, 2,...m
of », we denote the result by replacing p by a Greek letter
in both places; and, conversely, the meaning of such an
expression as B,C, is

B.C =B C,+B,Ci+...+B,C,. (V.6.A)
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(iii) The pair of »’s in B,C, could be replaced by a pair
of any other identical Greek letters; e.g.
B,C,= B/, (v.e8.1)
The v (or p) is for this reason called a dummy. We can
think of the sum represented by B, C, as the result of link-
ing the elements of B, with the corresponding elements
of C,; we can therefore describe a Greek letter which
occurs twice as a linked suffix, and one which occurs once
only as a free suffix.

(iv) The rule in (ii) applies if either or both of the expres-
sions B, and C, has a free suffix as well as the p; e.g.
A4, B,, means Ay B, + 4, B,, + ... + 4y, By, and 4,, B,
means dy; By, + Ay, By + oo + Ay By, which is a double
set whose typical element is A, B,,.

(v) We can also have successive summations expressed
in the same way. Thus

B.C,, D F

Appuptiap
involves summations with regard to A, with regard to p,
and with regard to p. It is easy to show that these sum-
mations can be made in any order: e.g. we can take (),
and D together as if the A and p were frec, and then
bring in B, and £

(vi) As an example of the brevity effected by this
notation we may take the expression for the product of
determinants. Even for so small a value of 7 as 3, the
expression obtained in IV. 5 (ii) for the product of two
determinants is formidable. We can condense it by intro-
ducing I’s, but the result is clamsy. In the new notation
it will be found that the method of I'V. 5 (ii) gives

| @y | X | b | =] anrr |- (v.8.2)
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The process can be repcated : e.g.
| @gr [ %] Dy | %] eq, | x| | = | agrby,c, @,y |- (V. 8.3)

(vii) The result of applying the product-sum notation to
the statement in § 1 (iii) is that (1) and (4) become (» and
s in (4) being replaced by A and o respectively)

P=12..m3\ ., _(lifg=p
g=1,2,...m )(Z (Z?”_{Oifq#p}' - @

If dy,X,=7Y,, then X, =a"¥,. . . (4

V. 7. Inner products of sets.—(i) The quantity B, C, behaves
in many respects like an algebraical product. We call it the inner
product of B, and C,, to distinguish it from an ordinary or outer
product such as By C, (§5 (iv)). The inner product of B, and C, is
the sum of the elements in the leading diagonal of the outer
product of By and C,.

(ii) In°the same way 4, B,, is the inner product of 4, and
By, and 4, B, is the inner product of 4,, and By,.

(iii) The process of forming an inner product, as above, may be
called inner multiplication.

V. 8. Unit-sct notation.—(i) We have finally to con-
sider the form of (1), which is a statement that
p=1,2,...m3\ ,,5 %l if(/:p}
Wl = . .
g=1,2,...m )( “q0 0ifgs£p
So far as the left-hand side is concerned, this is a statement
as to the values of the elements of a double set

AT
7k (ZM.

As regards the right-hand side, however, the statement falls
into two ; first that &7 dye =1, and next that AWdy,=0if
p and g are different. We want to replace these by a single
statement.

(i) We do this by converting the statement into one as
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to the equality of two double sets. For this purpose we
construct a set whose typical element, in the ¢th column
and 7th row, is 1 if 4 and 7 are the same and 0 if they are
different ; a set, in other words, which has 1 for each
element: of its leading diagonal and 0 everywhere else. If
we call this set ¥

[

then our definition of |! is that
? = the function of » and ¢ which

=
. _(lifg=pm
15_§Oifg¢pf' (V.S.A)

We can therefore write (1) in the form

p=1,2...m; po .
g=1,2,...m )(Z Dyr= 135

or, in the set-notation,
A L § §

po ©
V. 9. Properties of the unit set.—(i) We have defined |,’; as
the set whose typical element is
7= l%fq:pg. (V.9.A)
1= 0ifg#p
Hence cach element of the leading diagonal of |} is 1, and the
other elements are all 0; in other words

A

n=(1 0 0 0.0y (V.9.B)
010 0...0|
001 0..0
Lé o 0 6...1)

* The usual symbol, adopted by Einstein, is 8%; J. E. Wright
(‘ Invariants of quadratic differcntial forms’) uses n,,. Neither of
these seems suthciently distinctive ; and & already has a consider-
able number of other uses. I have therefore altered the symbol to
|2 (“unit Ap’), as an experiment.
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This set (with any pair of letters) will be called the unit set. The
following are its chief properties,
(ii) The set is symmetrical, i. e.
1A= (V.9.1)
(iii) The determinant of the set is
[1Z]=1 0 0.0 | =1 (V.9.2)
01 0..0
0 0 0..1
(iv) Also, if we multiply together this determinant and any other

determinant, in either order, it will be found that we merely
reproduce the latter, i. e.

“?lx|(¢qr|=\luq,|x]|¥|=taqr|. (V.9.38)
(v) The special importance of the set, or of any column or row
of it, lies in its effect when combined with another set to form

a product-sum. It will be found that, ¢ having any one of the
values 1, 2, 3,...m,

lidu=rd,=4, |fAu=|"4u= 1, (V.9.4)
24y =|X4u=dx |}dw=]|54p=11rs. (V.8.5)
[For example, take ¢ = 3 in the first part of (V. 9. 4). Then
|24, =134, +]|34,+]|34, +]24,+ ...
=0.4,+0.4,+1. 4, +0.4,+ ...
= 4,.]

Thus the effect of inner multiplication by |} of a single or double
set which contains p (or A) is to alter the latter to A (or u).

V. 10. Determinant properties.—(i) Before we write
down the final results, there is another small change which
we shall find it convenient to make. In the statement
ar’ dye = |}, obtained in § 8 (ii), the linked suffixes are an
upper o and a lower ¢, which cancel one another; and the
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VI. SETS OF QUANTITIES

VI. 1. Introductory.—(i) It may have been noticed that
in V. 11,in deducing (V. 10. 4) from (V. 10. 1) and (V. 9. 5),
we made no direct use of determinant properties: the only
indirect use being in the relations between elements and
their cofactors, from which (V. 10. 1) was derived. But
we can dispense even with this indirect use. In the equa-
tions d,, X*=1_ the values of d,, are supposed to be
known; and we can treat the statement in (V. 10. 1),
namely

ll)“’(l#” = |,’§ ,

as a set of equations giving the values of @” in terms of
those of d,,. If, for instance, = = 20, the set 4, , contains
400 clements, and (V. 10. 1) is a condensed statement of
the 400 equations (each with 20 terms on one side) which
give the 400 values of @°. Thus for » =2 we should
have

Ap@t + dy, @22 + ddB + .. 4 dyd® = 0

A8 + dgy A% 4 dygd®® + ... + dpy, d* = 1 1

Ay @ gy @+ dog @3 + . gy 4 = 0 [

dml a2 +d mz(lﬂ + dmsdza +..t dmm(lzm = 0 j

which give the values of d%!,d%2, 423,,, d%m, i.e. of d%°.
Similarly for @17, d*’, ete.

(ii) We have, in fact, arrived at a position similar to
that reached at the end of the first chapter. We started
with the problem of solving a set of simultaneous equations,
and arrived at a probable solution, involving what we
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called determinants, To verify the solution, we had to
investigate the properties of determinants. The determi-
nant thus took the leading place, its applicability to the
solving of equations being one only of its properties.
A determinant of order = is based on a set of »” quantities,
which for convenience of reference are thought of as
arranged in a square, the determinant being expressed by
enclosing the sct of symbols of the quantities between
vertical lines: and we have reached the stage at which the
set of quantities becomes the important thing, its existence
as the basis of a determinant being one only of its
properties.

(iii) These properties we have now to consider. The
following sections of this chapter are mainly a restatement,
with obvious modifications and extensions, of results ob-
tained in the preceding chapter.

VI. 2. Single sets.—(i) We may have a single set
A4,= (4, 4, 4y...4,).

The separate quantities ., «,...d,, comprised in the set
are called its elements. The order of the set is the number
of elements comprised in it. The typical statement with
regard to such a set is of the form

zlp = E",.
This, in the first instance, we regarded merely as a short
way of saying that

hd A, = F, A2=E2"'°A111.=Em;

but we must now think of it as a statement that the two
sets «, and £, each taken as a whole, are equal, this

equality of the wholes implying the equality of correspond-
ing elements. The analogy of a vector may help us here.
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The statement that two vectors are equal implies that the
components are equal, each to each; but what we really
think of is not the separate equalities of the components
but the equality, in all respects, of the vectors.

(ii) Single sets behave like ordinary vectors as regards
addition and subtraction and multiplication by a secalar
(§ 4 (iii)), but not as regards multiplication of one single
set by another.

VI. 3. Double sets.—(i) We may have a double set of
order m—i.e. comprising w2 elements—
Ay, =( Ay Ay Ay dy \|
20 l

Ay oy A

gy ver o

tAlm Agy, "lam""lmm}

Here the quantity in the gth column and rth row is 4,,.
We adopt the convention that the first Gieek letter (in
alpbabetical order) represents the column and the sccond
the row, so that

n Ay Ay ody, Y,

11_2: A_m ---A;zvn

Aml Amz /’m:; see Amm}
the representative element of which is 4,,. The sets 4,
and Ap# are called the transposed of each other.
(i1) The determinant
| Aqr l
is called the determinant of the set* 4
| 4,4 | is the determinant of 4 ..

up and similarly

* The set is usually called the matriz of the determinant. It is
a singularly inappropriate name, as the symbol of the set is the
inner part of that of the determinant, not something which sur-
rounds it. The setis really the substance or core of the determinant.
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(iii) The brackets in which the elements of A, 4,4,
have been placed are not essential,* and have been intro-
duced partly to help the eye and partly to indicate that the

sets are being considered as a whole.

(iv) A double set is symmetrical if columns and rows can
be interchanged without altering it. Thus, if 4, is sym-
metrical, then 4,,=4,; and conversely.

VI. 4. Sets generally.—(i) We describe a single set
as being of rankt 1, and a double set as being of rank 2.

(i) Similarly a set of rank 3 of order » is made up of =
double sets of order 7; and so on. Thus we might repre-
sent a set of rank 3 by 4, . There would have to be
a convention as to the order of the symbols, so as to dis-
tinguish 4,,, from 4,,, ete. Where, however, the set is
symmetrical, so that 4, =4, =ete., this difficulty does
not arise.

vup

(i) The set of rank 0 is a single quantity or scalar.

(iv) To denote a set genmerally, without reference to its
suffixes, we use a Gothic letter such as 9 or 1B.

* An alternative method, in the case of a double set or matrix,
is to enclose the symbols between two pairs of vertical lines, so as
to distinguish the set from the determinant, which has two single
lines. It is not a satisfactory symbolism from our point of view,
as it would seem to suggest that the set is more restricted than the
determinant, whereas what we are aiming at is to free the set from
the bonds of the determinant.

1 I have been doubtful as to the appropriate word. In reference
to tensors Einstein uses Rang, Hilbert Ordnung, Eddington rank,
de Sitter order. The objection to either of the last two is that
there isalready a settled meaning for order as regards a determinant,
and (though this is not so important) for »ank as regards a matrix
(see note to § 3 (ii)). It would seem reasonable to describe a set
containing m. elements (i. e. composed of m sets each containing
mS 7! elements) as being of degree £. 1 have, however, felt bound to
keep to Eddington’s use of rank.



VI. 6 (i) Sums and products of sels 61

VI. 5. Sums and products of sets.—(i) If two or
more sets, of the same rank and the same order, have tke
same suffixes, we add (or subtract) them by adding (or sub-
tracting) corresponding elements. Thus

Ay + By, = (dy+ By, 4,+ B, A+ DBy..d,+B8,);
and similarly for sets of higher rank.

(i1)) We multiply a set, of whatever rank, by a scalar
when we multiply every element of the set by the scalar;
e.g.

kd,, = (kdy Fkdy kdy ...kd

up — :nl

kdy, kA, kAw..LAMQ

kdyy, kdy, kdg, cekdym
Thus the determinant of k/lup is not 4 times, but £™ times,
the determinant of 4,

(iii) If & and 2B are two scts, with défferent suffixes, of
ranks / and g respectively (fand g not being necessarily
different), their product 4 2B is the set of rank f+g ob-
tained by multiplying every element of one by every
element of the other. (Here, as clsewhere, we assume that
all the sets we are considering are of the same order.)
Thus the product of two single sets 4, and B, is the double
set «, B, obtained by giving to p and o sepﬂmtely each of
the valncs 1 to m. A product obtained in this way is
sometimes called an outer product, to distinguish it from
an ‘ inner’ product as defined in § 6 below.

VI. 6. Inner product.—(i) When a suffix occurs twice
in an expression such as 4,, or B,C,, or, more generally, in
any single expression or product e.g. dypp... 00 By, Coo...
(where the letters may be in any order) thls means "that tho
expression is to be summed for the values 1, 2...m of the
suffix ; e.g.
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];v(”u = Bl("l +];2C2 +... +BmCm
B, D, =B D+ B, Do+ ...+ B Dy,,r. (VI8 A)
ete. )

Where a letter occurs twice in this way, each of the two
letters is linked. Where a letter occurs once only, it is
free. The linked suffixes are called dummy, as they can be
replaced by a pair of any other suffixes not already occurring
in the expression.

(i) In the particular case where the expression to be
summed is of the form B,C,, the result is called the inner
product of 3, and C,, or’of 53, and C,, ete. It is immaterial
what suffixes we use in this latter description, since they
have to be replaced by one and the same suffix.

(iii) From a pair of double sets 4, and B, or 4,, and
B,, we can by a single product-summation form several
different double sets 4, vaf Ay, BW" 4,, B,\P, etc. There
is also the scalar quantity 4,, B, formed by two summa-
tions, which can be simultaneous or successive ; if suc-
cessive, the first is a product-summation giving us the
double set d,, B, or ., B, Strictly speaking, this
scalar quantity 4, B, is 7ke inner product of 4,, and
B,,. But it occurs less frequently than the double sets
obtained by a single summation, and it is therefore more
convenient to call one of these latter the inner product.
We shall call 4 up B”p the complete inner product of 4 up and
B, By analogy with the expression found in V. 6 (vi)
for the product of two determinants, we define the inner

product™® of two sets 4,, and B, ,—or, more generally, of

* This is what, in the case of matrices, is called the ¢ product ’.
The true product of two sets Aé,,, and B,, is a set of rank 4.

If this use of ‘ inner product’ seemed likely to lead to confusion
with the ‘complete inner product’, we could use a different
phrase, such as ‘ interproduct’. It should be noted that the inter-
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two sets 4 o and ’B)‘P_’ in each of which the letters are in
their proper alphabetical order, as the set 4, B, ; the
linked suffix in this latter expression being chosen so as to
be (alphabetically) intermediate bLetween the two free suf-
fixes. This is equivalent to saying, as regards this case,
that ke inner product of two double sels is the double sct
whose element in the qth column and xth row is the inner
product of the th column of the first set and the vth row of
the second set ; and we apply this rule to all cases. The
simplest way of applying it is to use the result for 4,, and
B,, and alter the order of the suffixes where neecssary.
Suppose, for instance, that we wantsthe inner product of
4,, and B, ; then by writing B =1, we see that the
inner product is - ]“,,pz,-l - pr' It should be noticed
that in all cases the inner product depends on the relative
position of the original sets; thus the inner product of

B,,and d,, isnot 4,, B, but B, A,.

(iv) There are four main forms of inner product constructed in
accordance with (iii) ; and four others, which are really repetitions,
can be obtained by interchanging the two sets. Denoting the
inner product of @ and 3 (in this order) by & x 13 (cf. IV. 5 (ii) as
to product of two determinants), the forms are as follows:

A, xB,,=A,,B,, (1) By,xd,,=Bu4d,,=.1,,B, (5)
pp* Ppp 1 2vp up” Lpg wv<vp Pk

Aupx By, = Ay By v (2)  Byux Ay, =Byudyy= Ay, B~ (6)

A4, =AyuBype 3)  Buyx Ay, = By Ay = Ay By ~(7)

x By,
Apux By = Ay By (4) By, x Ap = By Ap, = Ay By, (8)

(v) The transposed of an inner product such as A, By, is found
in the usual way (V. 5 (iii)) by interchanging the free suffixes p
and p. By comparison of (1) with (8), (2) with (7), etc., it will be
seen that the transposed of the inner product of tico double sets is the

mediate product-sum, for A,,B,,, is not A4, B,, but either
Axp By, or Ay, B, There are various reasons for takm(gi: the
for’x’ner,P rather than one of the two latter, as ¢ the’ inner product.
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inner product of the transposed sets, in reverse order; e.g. the trans-
posed of the inner product of 4,, and B, is the inner product of
B, and 4,,.

(vi) It will be seen by comparison with IV. 5 (ii) and the
Appendix that the rule for construction of the inner product of
two double sets is exactly the same as that for construction of the
product of two determinants; so that the determinant of the inner
product of two double sets—whether we call them (say) A4,, and
B, or A,; and Bp\—is equal to the product of the determinants
of the two sets.

VI 7. The unit set.—(i) The unit set*

H
is defined as the set whose typical term is
1= ) .
,_goi“?&q} (VL7 A)

50 that
(VI.7.1)

==
Il
-
—

Qe O O

1o = o
Qeuv = © ©
oo o0
o o o

(ii) From the definition it follows that the set is sym-
metrical, i.e.

=12, (VL. 7. 2)
and that
12| = 1. (VL. 7. 3)

(iii) The special property of this set is that, if 4, is any
set (possibly containing other suffixes o r...), then

lhd,=144d,=4, (VI. 7. 4)
so that the inner product of the unit set and any other set,

* This is by analogy with the ¢ unit matrix ’.
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is the same as the latter but with the suffix changed. In
other words, the unit set acts, for inner multiplication, as
a substitution-operator.

(iv) In particular, the inner product of two unit sets is
a unit set, i.e.

=15 (V1. 7.5)

VI. 8. Inverse double sets.—(i) We take any double
set

A#p ’

and we say that there is another set
AP*

connected with it by the condition that the inner product
of the former and the latter is a unit set, i.e. (see §§ 6 (iii)
and 7 (i)) that

4,4 = |°. (VI 8.1)

This represents m? equations, which are sufficient to deter-
mine the 72 values of 4" when those of 4,, are known.
The set 4P, as defined by the above condition, is called the
inverse of the set A o We shall keep to this notation, so
that (VI. 8. 1) will always hold, however we alter the
letters 4, u, v, p.

(ii) The above is subject to one condition. If we write
down the equations which determine the elements in, say,
the second row of 47, namely

A A¥ + 4,, 4% + 43 4% + ... + 4,, 4" = 0
Ay AP + A A2 4 Ay AP + .. + 4y, AP = 1
Ay AP + A A% + Ay AR + ... + 4y, 4™ = 0 1 ’

A AP + Ao A*2 + Ay AP + o+ Ay AP =0
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we see that in order that there may be a solution it is
necessary that we should have |, | % 0, which is the
same thing as

| g | 5 0. (VI. 8. 2)

This applies also to the other rows. It is a sufficient as
well as a necessary condition for the existence of AP,

(iii) Taking it that |4, | # 0, we have, by (V. 6. 2) and
(VI. 8. 1) and (VI. 7. 3),
4T | x | A, | =|ATA,, |=]]1]=1. (VI.8.3)
It follows that
| d17 |0, | .17 | % o. (VI. 8. 4)

(iv) The statement (VI. 8. 1) is a statement as to the
m? relations obtained by taking each value of p with each
value of u. It is therefore equally true to say, by inter-
changing u and p, that

4¥ 4, =} (VI.8.5)
The expression on the left-hand side is (§ 6 (iii)) the inner
product of 4" and 4,,; and these are the transposed of
A and 4, respectively. Hence, if 2B is the inverse
of A, the transposed of { is the inverse of the trans-
posed of 2B.

(v) The relation in (VI. 8. 1) is a relation connecting
columns of the original set and rows of the inverse set.
There is a similar relation conneecting rows and columns.
For (VI. 8. 1) gives

A4, A" = | £t = AN = |2 47
whence, as will be shown in § 9 (v), it follows that
A4, = 13, (VI.8.8)
and hence also
dp A = ). (VI.8.7)
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The expression on the left-hand side of (VL. 8. 6) is the
inner product of 4" and 4,,, which is the equivalent
of that of 4" and 4,,; so that, by the definition in (i),
the latter is the inverse of the former. Hence, if 2B is
the inverse of @, then & is the inverse of 25. The
relation (VI. 8. 7) is similar to (V1. 8. 5), and shows that
the transposed of )B is the inverse of the transposed of &.

VI. 9. Reciprocation.—(i) Suppose there are two single
sets X* and ¥, connected by the relation
Y, =4, X"

T
Then, as in V. 11, we have

Y = AM/IW,X"= II:X" = X*;

If Y, =4,,)" then A*=4"1,. (VL 9.1)
Similarly by taking A* to be each single set, in turn,
of a set of second or higher rank, with ¥, to correspond,
we find that

If YJT...=AA¢1X¢...: then ‘Xt...= A)\U Irrr'r...‘ (VI‘ 9. 2)

(ii) Thus the operation represented by 4,  is annulled
by the operation A”; and conversely. The sets 4,, and
A will be said to be reciprocal to one another: and the
process adopted in (V1. 9. 1) and (VI. 9. 2)—which we shall
have to use very frequently—will be called reciprocation.

(ili) We see from § 8 that the reciprocal of a set is
the transposed of the inverse of the set, and conversely.
If a set is symmetrical, its inverse and its reciprocal are
identical.

(iv) As an example of the application of (V1. 9. 1),

suppose that
4,,X =0
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for all values of . Then, by reciprocation,
XM= 4"0=0,
provided that |4, |+ 0. (This is practically the same
thing as saying that, if the inner products of X* by  in-
dependent single sets are all 0, then X* is 0.)
(v) Similarly, suppose that
A,,C"° = 4d,, D’
identically, i.e. for all values of A and &, and that
| 4,,]1s not = 0. Then, by reciprocation,
l0:dd AAV A Dpu _ Iv D’ = Dwr
Thus we can divide both sides of the equation by .,,.
This supplies the missing step in § 8 (v).
(vi) The two definitions, and the proposition, used in
the establishment of (V1. 9. 1) are

1if r =4

o _I

Ir= {Olfr:ﬁg} Coee e A
|AA*‘—A" .. L)
LA =% . . . . . (B)

and from these we deducc (VI. 9. 1). We could have
altered the order in various ways. For instance, we
could have defined l/): by (1); thence, by giving A its
successive values, and equating coefficients, we should have
got (A). Also we might have defined 4 by (VI 9. 1),
instead of by (B), as the coefficients of ¥ when the equa-
tions ¥, = 4,, X* are solved for X*. This would give
X = 4 4,, X*. Then, if we defined |" by (1), we should
have A""A =]} or, if we defined ]}, by (B), we should
have X* = |“ X*, which is (1).

VI. 10. Continued inner products.—(i) We can construct con-

tinued inner products without ambiguity, provided we adhere to
the rule laid down in § 6 (iii). Suppose, for instance, that we
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want the inner product of 4,,, By, and Cyp. That of 4), and
B g, according to the rule, is AxyByg. 1f we call this F)q4, then,
by (2) of § 6 (iv), the inner product of F, and Cy, is F, Cyy 5 i.e€.
the inner product of Ayq, By, and Cgy i8 Ax, By Cpye  Similarly
that of A)\‘,, BA(I: Ca-)\, and DA(I is AA;LB;W CP,,DPU.

(ii) On the other hand, the inner prgduct of A;», Bsa, Crgy Doa
is not A5, By Cpy Dy For, by (4) of § 6 (iv), that of A, and Bg,
is By, A, Calling this G, the inner product of Gy and Cy4 s,
by (8) of § 6 (iv), C,gGyp = Cyo By Ay Similarly that of Ag),
By, Crgy Do is Dy CVpBVp,Ay)\'

(iii) The transposed of the inner product of any number of double
sets is the inner product of the transposed sets, in reverse order;
e.g. the transposed of the inner product of 4yq, Bags Cons Dac 18
the inner product of Dyx, Crngy Bon, Aga- [For we have shown, in
§ 6 (v), that this is true for the inner product of two sets; and
thence it follows, by induction, for any number of sets.]

(iv) The inverse of the inner product of any number of double
sets is the inner product of the inverse sets, in reverse order; e. g.
the inverse of the inner product of Byg, Cag) Dags Eyg is the inner
product of E?¢, D°%, C?%, B’ i.e.

If Agqg == Bog Cgy Doy Esqy then 4% = B9 3y pYBEBe, (VI1.10.1)
[Denote this latter expression (right-hand side) by #7¢ and alter
B yd8init touv p. Then the inner product of 4o, and F7% ig
A F°X = B,g B° Cg, C” D, 5 D'* Ep\ B

= BogB?Cg, C" Dy; D”“]'g

= B,g B Cg, C"|2

= Ror)f

— ”aB l B

o
Hence, by reciprocation,
Fo’)\___ AMIg — AIIA’

80 that Fo% = 4°]

(v) It follows from (iv) and (iii), since 4% is the transposed of
A% that the reciprocal of the inner product of any number of
double sets is the inner product of the reciprocal sets; e. g.

If Aoy = Bag Cpy Dy3Ese, then 497 = B CPY DYV E%°,

(VI.10. 2)
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VI.11. Partial sets,—(i) When we are dealing with a set
Ay~ (4, 4, 4;...4,,)
we sometimes want to consider the separate or mutual relations
of groups of the A's. The simplest case is when the set divides
into two groups, one group consisting of k elements, which we
shall take to be the first &, and the other group consisting of the
other m —k elements. If we use suffixes aBy... in reference to
the first group, and ¢ x ¥ ... in reference to the second, reserving
Auv... for the set as a whole, we may treat the two groups as
partial single sets of orders k& and m —k respectively, and write
Aa - (Al Az---Ak)v Ap_; (Ak+1 Ak+2'"Am)~

(ii) In the same way a double set 4,, may fall into four groups
by division by two lines cutting off # columns and %k rows
respectively. We could denote these groups by

z Aoy Agpy ),
Aay Ay
¢ being regarded as coming before y. The groups 44, and 4,y
would be partial double sets of orders & and m — k respectively. The
groups Agy and 44, would each have different numbers of columns
and of rows. and therefore would not be double sets; but this
would usually not matter, as we should be specially concerned with
Agy and 4,y. The important point to notice is that, if we take
Agy, s2Y, 88 & partial set and construct the inverse set A7® or the
reciprocal set A%, the set so constructed will not in general be
the same as the set made up of the corresponding elements of the
set inverse or reciprocal to .4,,. The inverse set A7, for instance,
is given by

AdﬁA7B =] as
with summations made only from 1 to 4 instead of from 1 to m.
To avoid mistake, we may write it (47%),. Similarly the set
inverse to the partial set 4,y may be written [4¥) -1

(iii) If, however, all the elements in the portions Agy and 4.
are 0, so that the set 4,, practically consists only of the two
partial sets 4,y and Ay, this is also the case for the complete
reciprocal set A#P; all the elements in A% and 4%Y are 0, and
the elements of 4%Y and 4%¥ are just the same whether they are
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regarded as obtained from the complete set Ay, or from the partial
sets A,y and A y.

(iv) If we had two or more sets, single or double, divided in the
manner described above, we could take portions from different sets
to form new sets. If, for instance, we had divided A, into .1, and
A, and B, into B, and 13, (orders again & and m %), we could
construct a new set consisting of 4, and B,.

(v) It would, of course, Le incorrect to describe this new set as
being A, + By, or the old set us being 4o+, : for we cannot
add together two sets of difterent order. We could, however.
look at the matter in another way. Consider the two sets

{dy Apiddy, 0 0o ..0)

O 0.0 Ay, Ap,...Ady).
The sum of these, if we regard each as having the suffix \, is A, ;
and in this sense, if we denote the two sets by A, and A, and
regard a and ¢ as connoting A, we could say that

Ay = A+ .A(,,.

If we compare 4, with a vector, we see that .1, and A, correspond
to the projections of A, on a ‘plane’, i.e. a surface of the first
degree, passing through the first & axes, and on a ‘plane’ through
the last m — & axes, respectively.

The extreme form, if we made further divisions, would be that
in which A4, was split up into m component single sets, each
having m—1 0's in it. It would only be in this sense that we could
describe the set as being the sum of its m components.



VII. RELATED SETS OF VARIABLES

VIL 1. Variable sets.—(i) In the earlier chapters we
considered the manner in which determinants arose in
solving a set of equations of the form

(=1,2,c.m)di X+ g X2+ L+ d ) XM = 1,5 (1)

and in the chapter preceding this we have considered the
general aspects of the system under which we express these
equations and their solution in the form

Y, =d, X", X*=da"1,. (2)
According to the definitions we gave to the notation, X™
and ¥, are each used in different senses in the two places
where they occur in (2): X* means ‘ the elements of ™’
on its first occurrence and ‘each eclement of X’ on its
second occurrence; and similarly for I, but in the re-
verse order. We have, however, by this time practically
reached the stage of treating a set as a whole, so that
we can now regard (2) as a pair of statements, one of which
gives an expression for the set Y in terms of the set X*,
while the other expresses A in terms of ¥,. The form
of either expression determines the nature of the relation
between the two sets.

(ii) The special features of the particular case were that
the ’s were unknown quantities which we wanted to find,
that the @’s were coefficients, more or less accidental, and
that the ¥’s were known quantities arising from the applica-
tion of these coefficients to the X’s ; and, more important,
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that this was merely an isolated set of equations, for which
we had no further use when we had found the X’s.

(iii) The relations with which we have to deal in this
and subsequent chapters are of a different nature. We
have a set & and a set )5, each consisting of a number
(the same for both) of elements, which we will call the
A's and the B’s. In each set the elements need not be all
of the same kind. Each of the A’s is a variable; i.e.
it either has, or can (as in the theory of statistics or of
error) be regarded as having, a very large number of
actual or possible values. These variables, the values
of which are algebraically independent,* together consti-
tute the variable set 4. In the same way the B’s are
variables, and constitute another variable set 2B5. But
the two sets of variables are not independent of each
other: they are connected by certain relations, by means
of which the B’s are known if the 4’s are known, and con-
versely. Thus the B’s are functions of the 4’s, in the
ordinary sense of the word, and the .I's are functions of the
B’s.  In this case we say that B is a function of {, and
A % function of 3. But we must not only say it, but
think it; i.e. we must treat the functional relations of
the A’s and the A’s rather as interpreting the nature of
the functionality of d and )5 than as actually consti-
tuting this functionality.

(iv) In the particular case we have been considering,
QA and 3B were the single sets A* and 7,, and the relation
between them was linear ; 1. e. the 1’s were linear functions
of the X’s, and the X’s were therefore linear functions of

* By algebraical independence of »: quantities we mean that
each may have any of its values, whatever the values of the other

m—1 may be. This does not imply statistical independence, which
is a different thing.
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the ¥’s. In such a case we say that ¥, is a linear function
of X", and it follows that X" is a linear function of ¥,.

(v) In dealing with the theory of the subject, as distinct
from its applications, we are concerned not with the actual
values of elements of sets but with the relations between
the sets. Thus in the case of the linear relation
¥, = d,, X", where the variable single set ¥, is expressed
in terms of the variable single set X* and the fixed double
set d, , the elements of ¢, form a kind of framework

A=y A Fdy A+ dyg Aoty A]
A ?’]12 AFg A+ p+eotdy A

A=A F o n F gy n F oo F o A }

into which the values of the X’s and the 1’s can be fitted ;
and what we are really investigating are the properties and
mutual relations of such frameworks. In the present
chapter we shall consider certain simple relations between
two such frameworks, namely relations between the linear
relation of one pair of scts and the linear relation of another
pair of sets.

VIL 2. Direct proportion of single sets.—-(i) If a
quantity Z is a linear function of m X’s, which we will call
X1 X2 ... A™ it is of the form

Zo= b XV by X2 b A = 4, XM, (1)
This is the simplest form of statement of a linear relation.

Suppose, for instance, that Z is the 3rd differcnce of the
X’s, formed in the usual way, i.e.

7= ADMAXY
This is equivalent to 7= X*—3 X%+ 3 X2— X, so that

h==1, hy=3, hy= =3, I, =1, hy=hy=...=/, =0.
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The 4’s having these values, the X’s may alter, but (1) will
always give the 3rd difference.

(ii) Now suppose that there is another set 4, and that
C is the same function of the A’s that Z is of the X’s;
e. 2., as in the above example, that it is the 3rd difference.
Then the 4's are the same, so that

C=h, 4" (2)
We can write (1) in the form
Z/X* =k,
on the understanding that a suffix in a denominator ? linked

with a similar suffix on the other side and implies an inner
multiplication. Similarly we can write (2) as

c /A}‘ = k,.
Equating the two values of %,, we have
c 7

as our way of stating that C is the same linear function
of the A’s that Z is of the A’s.

(ili) Next suppose that a set ¥, * is a linear function of
the set X, so that each of the ¥’s is a linear function of
the X’s, Then we can take Z of (1) to be each of the
¥Y’s in turn : but the sets of 4’s will be different, so that the
relation will be of the form

Y = 4y X#,
If there is also a set B,, each element of which is the same

* The set might be called either Y? or ¥, ; we choose the latter
alxs %}v)ing a convenient symbol d,,, for the coefficient of X* (see V.
1)).
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linear function of the A’s that the corresponding element
of I, is of X’’s, then

Bp = (’,u.p/l#’

the two sets of ¢’s being the same. We therefore have *

B, F,

4~ = x*
as a statement of the fact that the B’s have the same linear
relations to the 4’s that the 1’s have to the A’s. This would
be the case, for instance, if the J’s were the successive
differences of the X’s, and the B's were those of the 4’s
according to the same system.

In view of the variety of ways in which we are able to
deal with sets according to algebraical laws, it is perhaps
permissible to describe this as a case of direct proportion,
and to say that B, bears the same ratio to 4* that r,
bears to X*. This ‘ratio’, here denoted by d,,, 1s really
the operator that is required to convert 4* into B, or A*
into I’P.

(iv) If the linear relation of the Z’s to the 4’s is the
same as that of the I”s to the X’s, then that of the 4’s
to the B’s is the same as that of the A’s to the Y’s
(o7, if the ratio of B, to 4" is the same as that of ¥’ p to
X¥#, then the ratio of 4* to B, is the same as that of
Xt to X); ie

. . I O
If 5{; = %ﬁ, then %,, = %: : (V1L 2.1)
[Let 8,=d,,4". Then 4*=d"** B, Similarly X* = d* 1.
‘T'herefore 4* /BP =X*/Y o]
* This expression B,/4* must not be confused with Bp/A" as

the double set whose typical element is B,/49. The limitation in
V. 5 (vi) excludes double sets of this kind from consideration.



VII. 3 (i)  Direct proportion of single sets 77

(v) The above sets of relations can be expressed by the
diagram in Fig. 1. The crosses

may be taken as representing | i | [i i
either coefficients of the X’s A: O
in the values of the ¥’s and |[A? | x* LI O
of the 4’s in the values of the |A' | X' |x x  x---- ]
B's; or—in virtue of (VIL Y Y, Y----
2. 1)—coeflicients of the ¥’s B, B, B,
in the values of the X’s and Tro 1

of the B’s in the values of
the 4's.

(vi) Ratios of the kind considered above can be com-
bined according to the laws of ordinary algebra; e.g.
B, ¢ ¢ B, _C

12

P ETE A A
The expression on the left-hand side is, of course, an inner
product. A special ratio is
g
ar =l
Example. If By/A¥ = Y,/X*, prove that B,/4*. X!/Y,=|§.

(VIL 2. 2)

m
=|*=". (VIL 2.3)

VIIL 3. Reciprocal proportion of single sets.—
(i) The other important class of cases is that in which the
linear relation (or ratio) of B, to 4* is the reciprocal of that
of ¥, to X%, i.e. in which, B, and 4* being altered to
B and 11“,

Y, =4, X B =#"%4,.
.4 : P H
This gives

A=Y ,

so that g
Vi
4, 1,

We can call this a case of reciprocal proportion.
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(ii) If the ratio of Bf to 4, is the reciprocal of that of
Y, to X*, then the ratio of ¥, to X* is the reciprocal
of that of B’ to 4,,; i.e.

B X Y
Z =2, then P, . 8.
If i-T =3 (VIL 3.1)
[Let B =44, Then 4, = £,,B". Similarly

Y, =k, X" Therefore 4,/ =Y /X"]

(iii) The sets of relations

‘ ; n! can be expressed by a diagram

A A 1R as in Fig. 2, where the crosses

I’ : xooxmee fl represent coefficients of the ¥’s

) o in the X’s and of the A’s in

X' X7 X the B’s, or of the X’s in

< & g the 1’s and of the B’s in
Fig. 2. the A’s.

(iv) The inner products of the reciprocally corresponding
sets are equal ; i.e.

B X+
If T=7" then Bf YP =d4,X" (VII 3. 2)
P
[Let B = 44 4+  Then Xt =Y b5 and therefore

Y, =k,X*. Hencoe B'Y,=A"PA kX =Kk, 4,X
=144, X = 14,3"]

(v) An interesting case is that in which the ¥"s are the successive
differences of the X's. It will be found that in this case the B's
are linear functions of successive sums, and therefore of successive
moments, of the A’s. In the ordinary system, for instance, which
is such as to give ¥, =X, ¥, =4X'=X?— X\, ¥, =AAX =

X*-2X*+ X'...,, we have X'=Y,, X*=Y,+%Y, X =
Y, +2Y, + Y,,...; and these give B'= — =4,, B'= + 33 4,,
B?= — 333 d,,..., the constants in the sums being chosen so

that $4,,,,=0,234,,,,=0,3334,,,,=0,..
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VII. 4. Cogredience and contragredience.—(i) In
§§ 2 and 3 we have not assumed the existence of any relation
between 4™ and X* or between B, and ¥,. Where a relation
does exist, the important cases are those of cogredience and con-
tragredience. We start with a set X*, and a set 4* which
is derived in a definite way from X, in other words is
a function of X*. We then take ¥, to be any linear func-
tion of X*, and B, to be derived from Y, in the same way
that 4* is derived from X*. Then B, is some function of
A*. Of the cases in whichk this is a linear function, we are
concerned with two special classes :—

(1) If B,/4* is always = ¥, /X¥, then 4" and X* ave
sald to be cogredient.
(2) If B,/4" is always = X*/¥
are said to be contragredient.
Examples of cogredience are given in IX. 6 (x), and of
contragredience in VIII 3 (iv) and IX. 4 (v).

(ii) Instead of saying that 4 *and X™ are cogredient or
contragredient, we might say that 4" in the one case varies
directly as X* and in the other case varies reciprocally as X
When we say that 4 varies directly as X*, we mean that,
if X* is maultiplied by any double set involving A, 4" is
multiplied by the same set: when we say that 4" varies
reciprocally as X", we mean that, if X* is multiplied by any
double set involving A, 4 is multiplied by the reciprocal of
this set.

(iii) If 4* and X* are {

p» then A* and X

cogredient
contragredient

}, then P* and X* are cogredient ;

}, and P* and 4*

cogredient
contragredient

cogredient
contragredient

are also %

if 4* and X* are {

contragredient
{ cogredient

}, but P* and 4" are

}, then P* and X" are contragredient.
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[Suppose, for instance, that 4* and X* are contragredient,
and P* and 4" are also contragredient. Then we have
relations of the form
B,/4* = X¥/Y,, Q,/P= A4*/B,,
whence, by (VII. 3. 1),
Q /P =Y, /X¥,
so that P* and X are cogredient.]

VII. 5. Contragredience with linear relation.—
(i) The simplest case of contragredience is that in which
the contragredient sets are connected by a linear relation.

(¢) Suppose that, with the notation of § 3, the relation
between A, and X* is

A# = aw X,
Then, if @ denotes the inner product (cross-product) in
(VIL 3. 2),
Q=A4,X =a, XX = a;, 1N + (a;,+a,) X' X?
+ @, X2X2% + (@, +a) A1 X3+ .. +a,,, A",
Thus @ is a quadratic in A", X2, X%, ... A™ i.e, in X*. Also,
since each of the four sets X#, ¥ Ay B* is alinear function
of each of the others, Q can be expressed in a good many
other ways, e. g. as a quadratic in B, or in the form £*74, ),
or a”” d,4,
(6) If the relation between 4, and A* is symmetrical,

i.e. if Qup =y, it can be shown that we shall, in addition
to (VIL 3. 1), have the farther relations

4, B ¥, X+

;= Tms o = 5.
7, =X 1,7

(11) Conversely, suppose that we are dealing with a set
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of quantities or coordinates X*=(X!X2...X™), and that
we come across an expression
Q=a,XX,

where «,, = a Then we may construct a new set

given by :

X# = aWX" ,
and we shall have

Q= X”‘X#.

Now suppose we change the system of coordinates lin-
early or rcplace the X’s by some linear functions of
them. The «’s will normally have some definite meaning ;
and this meaning, though not their actual values, will
remain unchanged when the X’s are changed. Suppose
that, when X* becomes ¥, X,,—as based on this meaning
of the a’s—becomes }*. Then we shall have

Y, I*=XtX,,
X Q

iz o

and also
)

X ete.

VII 6. Ratios of sets generally.—(i) The word ratio
has so far only been used in reference to single sets con-
nected by a linear relation; if the relation between ¥, and X*
is of the form ¥ =« wp A, we call d,, the ratio of ¥, to A,
and we call @’ the reciprocal of this ratio. We can
extend the use of the word to sets other than single sets.

(i) We have already had examples of a ratio which
involves a scalar. Thus in § 2 we had relations Z= 4, X,
C=1, 4", and we said that

c Z
AZA- = /lA = YA.

Here we can quite well call 4, the ratio of C to 4* or of Zto X*;
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i.e. it is the ratio of a scalar to a single set. Similarlyin § 5 (ii)
the statement

Yo @

XY XY
may be regarded as a statement that the ratio of @ to AV I*
is equal to that of ¥, to X”. In each case the ratio of onc
set to another is the set by which the latter has to be multi-
plied in order to obtain the former.

(iii) The more important case is that of the ratio of
a variable set of any rank to another variable set of the
same rank. If @ is a variable set of any rank, and 2B
is a set which is a function of & and is of the same rank,
and if the relation between B and { is of the form

B=p4g,
where P is a constant set whose symbol contains all the

suffixes occurring in & and 2B, then we can call p the ratio
of 2B to &, and denote this ratio by 1B/4.

(iv) In these cases we can continue to speak of the
relation of 2B to A as linear. Also, by solving the equa-
tions, we find that there is a relation of the form

A=p')B,
so that, if )B is a linear function of ¢, then { is a linecar
function of )B. Ilere, p being the ratio of 2B to &, p’ is
the ratio of § to 2B, and we can call each ratio the reci-
procal of the other.

(v) As an example, suppose that & and 2B are of rank 3,
and that p is the product of three double scts, each of which
bas inner multiplication with &. Then the relation might
be of the form

T VT 4Au
B, = ay,b,, ¢ A1,
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It is easy to show that in this case

A =d¥¥e, B,
Thus the reciprocal of the product of the three double sets
is the product of their reciprocals.

VII. 7. Related sets of higher rank.—With the
preceding explanation, there is no difficulty in extending
the ideas of equality of ratios, and of related systems of
sets, to sets of higher rank.

Suppose, for instance, that we have a set & which is
a function of three single sets, and a set )5 which is a
function of three other single sets. If the three latter sets
were functions of the three former, 2B would be a function
of 4. The cases analogous to those considered in § ¢
would be the cases in which there were linear relations
between corresponding sets. Suppose that X, ¥, 7, are
lincar functions of U, 7, W™ respectively, e.g.

X, =aq,, v, Y, = b V¥ Zp=c, W,

that & is a certain function (in the most general sense)
of UM PV I, and that 2B is the same function of
X\, X, Z,. Then 2B is some function of d. If we sup-
pose that, when the values of a,,,0,,,¢, are made to
vary, 2B is always a linear function of &, and the ratio of
1B to A is always compounded of the ratios of X, to U, of
Y, to 7*, and of Z, to W™, each taken directly or recipro-
cally, we get an extension of the cases considered in § 4.
Thus we might have

T VT AAQ
B, = a,b,,c" 4",

so that P
LB;:O' = aA b UCW = ?[‘.. 'E_(.)’ . __y;
Ay UM e g,

each of these latter expressions representing a set of rank 6.
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In this particular case we can say that 43 is cogredient
as regards U and V¥ and contragredient as regards W ; or
we can say that it varies directly as regards U™ and 7* and
reciprocally as regards W, or that it is directly proportional
to U™ and 7* and reciprocally proportional to W”.



VIII. DIFFERENTIAL RELATIONS OF SETS

VIIL 1. Derivative of a set.—We have now to con-
sider the cases in which two sets vary together continuously,
50 that there can be a derivative (differential coefficient) of
one with regard to the other, this latter being a single set.
The derivative will in all cases be a partial one, since the
elements of the single set vary independently.

(1) The simplest case is that of a scalar lincar function
Z =12 =y X D, X2 o g A
Here
2

VA

Giving p all values 1 to m, we can write this

YA Z
—_— =, = —
2r TN A

and we can regard %, as the derivative of the set Z (which
is of rank 0) with regard to the set X.

(i) Similarly, if
Y,=d,x,
then *

‘ p
SX* wp — YR

* It should, however, be noticed that in this statement the sign
¢ =’ has not the same meaning in the two places in which it 1s
used. When we say that DYP/DX“ =d,,, We mean that QY /0X9 =
gy for all values of ¢ and »: but, when we say that Yp/X“ = dyp»
we mean that ¥, = d,,, X* for all values of .
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(i) A particular case of (ii) is where ¥, =X". Hecre
bX"/b X?%is =1 or 0 according as 7 is = ¢ or 5% ¢, since the
X's vary independently. Hence (see (VII. 2. 3))

247 XP X
v xe ==l == 5

(iv) Taking also scts of higher rank, and not limiting
ourselves to linear functions, we sec that the derivative of
a set with regard to a single set X is a set of rank higher
by 1 than that of the original sct.

(VIIL1.1)

VIII 2. Derivative of sum or product. -(i) The
derivatives of sums and products of sets follow the ordinary
laws of derivatives of sums and products; e.g.

2B+C) _ B A€

At g — VIIL. 2.1
d.0 4~ AN ( )
ABC) _ 2B XC
—C+)5 . VIIL. 2.2
YRV Y ( )

(ii) Asa particular case of this last result, take the scalar

guadratic form
Q = a,, X*X”

considered in VIIL. 5. Here, taking (VIIL 1. 1) into

account, we have

2Q 29X , v
537 = G X 4N T = 0 X+ a, X = 2, X
This can be verified by expressing @ in terms of the X’s and
finding the partial derivative with regard to X? in the
usual way.
(iii) For an application of this, suppose that
a, XtX" =6, X' X"

for all values of the X’s. By taking adjoining values of
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X¥, we get the result which is expressed by differentiation,
namely 2a, X" =2}, X"
Ditferentiating again, or equating coefficients, we find that

a,, = //#,,.

VIIL 3. Derivative of function of a set.—(i) If -
is a fanction of y, and y is a fanction of , then we know
that

dzdy d-
Tydn =
and, total and partial differential cocflicients being in this
case identical,
2y Az
dpdx

(il) Now suppose that 7B, is a fanction of 4, and C is
a function of £, Then, p and r being values of A and p
respectively, we know that

AT ACTIB, | AICTIB, AT IB, ATIB,
AP T B AT T AB AP T 3B, AT T 0B, 0P

Hence, giving » and » all their values,
0P IOPIB,
= e VIIIL 3.1
o 3B, ( :
The argument applies to scts of higher rank. If] e.g.,
we arc dealing with €7, where the o... relates to
aspects independent of B, then

ACPT A0,

= _ VIII. 3.2
oA OB, du ( )
(iii) As a particular case (sce (VIIL 1. 1)),
ACP dIB*  dCP
° D _ 2 e
S =500 =5 (VIIL 8, 3)
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(iv) Suppose that the relation between B, and A" is
linear, say
B, = p, 4 =1))"‘B#.
Then, replacing € or C* by €, we have

AT _ T 4T 2€ ,,

3B, " 9o 3B, a4t
Hence

3C /T _

X/.l,__ A )
Bﬁ bl’\ =45,

Thus 4" and 3T /34" are contragredient. We can express
this by saying that 4" and the operator 3/ 4™ are contra-
gredient.

(v) The determinant of 3 B,fd4" is the Jacobian of B,
with regard to 4*; i.c.
a(Bl’ B‘.’.""]”HQ _ 1 aBr
o(dl, A%, ...d™) T |ad "
From (VIIL 3. 1), taken with (V. 10. 5), we have the
ordinary formula for the product of two Jacobians :
3B,|_[3CT _[3BAC | |dCr
41 38, 041E, dut |”

(VIIL 3. 4)

(VIIL 3.5)

VIIIL 4. Transformation of quadratic form to sum
of squares.—(i) For an example of a Jacobian, take the
case in which a quadratic form is to be expressed as the sum
of the squares of linear functions of the variables. Let the
quadratic form be

Q= a”PX"XP, (1)
where
a, =a,,.
Let . P
y = 6”,,A" (2)
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be a set of linear functions of the X’s, so that
Xt =017, (3)
Suppose that the &’s are chosen so that (1) gives
Q="Y+%Y,+..+7,Y,=77. (4)
Then, by substitution from (2),
Q=10,X" 06, X =10,05 X+XP,

us”pa

Hence, by comparison wlth (1) (see § 2 (ii1)),
=0,0 (5)

uopa
The Jacobian which we should usually want to find is
that of A* with regard to ¥, i.e.

J= A(AT.X2,.. . Xm) ‘b\’
(1 ') A Iﬂ) a 1’
By (3),
QX _ o,
o},
and therefore
J =], (6)
But (5) gives
al? = 7,
and therefore
latr | = |69°077 | = | 447 | x | 474 | = JT
Hence, combining this with (6),
=107 = {|a?" |} 3=1/{]ag,|}5 (7)

Similarly the Jacobian of ¥, with regard to A* is
a(Y ’ .Y,,, ) ) 1 1
_D(J\’ Az, \:::) N =Mqu= ‘”"qr“’z
=1/{|at"|}%. (8)
There are a good many different ways of expressing Q as
in (4), but they all give the same two Jacobians.

J'
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(ii) Hence we easily obtain the value of the multiple integral

D= J [ etaxiaxe.. . axm. )

m @
Using (J) to denote Jm J ...(m times), we have
- J —
m
D= (f) 0 Jay,ay,...dx,,

[e o]
=JJ¢ e-”mdyl...J et imtn gy,
-0 —Q0

= {lam [} (@m)im. (10)
(iii) We shall require, in the next chapter, the value of
N/D,
where
NE(Dmg.x«gfﬁe-wdxwxa..dx’n (11)

and D is as above. We find the value of N, as we have found that
of D, by expressing everything in terms of ¥'s. By (2) and (4),
and (VIII. 3.1) and § 2 (ii),
20 _ 27, 20
X" T dXrYY,
and therefore, by (3),

=2bpr ¥or;

m
N =0, (D Y,Y,eteaxiaxe.. .axm

m
=JWb,,(D Y, Y, e dY,dY,...dY,,. (12)
Let us write
m
M,:JW(D Y, Yt 0dY,dY,...dY,, (13)

8o that
N=10,,.M,. (14



VIIL 4 (i) Transformation of quadratic form 91

Then M; consists of m terms due to the m values of . Since Q is
the sum of the squares of the Y’s, the only term which counts in
the integration is that for which ¢ =¢. Also we know that

a0
Jm Y, ¥, gy, =J iVt gy,
—® -
Hence it follows that
\Mm
M, = Jort (J) ey qy,...aY,,

=b2tD;

and therefore, by (14),
N/D = by, ber

=17 (15)



IX. EXAMPLES FROM THE THEORY
OF STATISTICS *

IX. 1. Preliminary.—(i) The special feature of a statis-

tical set
A, =X, X, ... 4,,),

of the kind which we have to consider in this chapter, is
that each X has one only of a very large number of actual
or possible values, which together constitute the field from
which the X is drawn; and the fundamental facts with
which we are concerned are the relative frequencies of
occurrence of the various possible combinations formed by
taking an X from each of the  fields. Thus the X’s are
variables, and the expression for the relative frequency of
joint occurrence of a particular set (X} X,...X,,) involves
the X’s of the set, with certain constants. In a large class
of cases the constants depend on the mean values of the X’s
and the mean squares and products of their deviations
from their respective means. It is to these cases that the
new notation is specially applicable. Tt may be that some
of the X's are drawn from the same field ; we shall proceed
as if the fields were all different, but this does not affect
the validity of the reasoning.

(i) We shall only consider two kinds of cases.

(2) The first kind of case is where our statistical
information relates to a large number of individuals, and
X, X,X,... are the measures of specified attributes, such
as height, head-length, chest-expansion, intelligence, ete.,

* I have dealt with the problems of this chapter in as general
terms as possible, The explanations in small print may help to

show the statistical student the way in which the problems
actually arise.
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of any individual. Here the variability’ of any X has
reference to the different values that it takes for different
individuals. The frequency of joint occurrence of particu-
lar values of X, .\, X;... may be a complicated function of
these values and of certain constants which are to be
determined.

(4) The other kind of case is that in which the ques-
tion is one of ¢ graduation’ or ‘fitting’. Here A X, AXj...
are observed values of different quantities (e.g. rates of
mortality at successive ages), or are the results of observa-
tion of one quantity at different times or by different
observers. The ‘variability’ of any particular X lies in the
fact that the observed value contains an unknown error;
and our treatment is based on the assumption that a rela-
tion of a particular kind holds between the tiue A’s.

In cases of this latter kind it should be noticed that
the only things which we treat as variables are the errors
in the X’s. We may take, as the typical case, the observed
rates of mortality A, X, X, ... at ages #,/,/;... If we
denote the true rates by & &, §,..., then the assumption
which we make is really an assumption that £ is a certain
function, with constants to be determined, of £.  So far as
this function is concerned, £ and # might be called variables.
But, for our purpose, they are not variables. 'We are con-
cerned with the fixed values?, /,/,... and the corresponding
fixed, though unknown, values £, &, &,...; the real variables
are the differences between the observed values X, X, Xj...
and the true values & §,§;....

(iii) There are two reasons why the same mathematical methods
apply to subjects so different as relativity and statistical theory.
One is that the number of X's in a statistical set may be verylarge :
in the second kind of case mentioned in (ii) it may be us wany as
20 or 30. The need of u conden-ed notation is thercfore even
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greater than for relativity, where the number of dimensions does
not exceed 4. The other reason is that,as in the relativity theory,
we are, to a certain extent in the first kind of case, and very
largely in the second kind of case, concerned with sets constructed
from the original sets by means of linear relations.

(iv) We denote the mean product of the deviations of
X, and X, by (X,. X)), or, more briefly, by 7,,; i.c.
JSor = (X;.X,) = mean value of
(X,—mean X) (X, —mean X,).
It must be clearly understood that, though (X,.X,)
depends on ¢ and 7, it relates to the complete fields
from which X, and X, are drawn, and, for any par-
ticular values of 4 and 7, is not a variable, like X and X,,
but a constant.

(v) Although we have defined (X,.JX,) as a mean value,
our dealings with it ultimately depend on the algebraical
laws which it follows. These are, first that it satisfies the
ordinary laws of multiplication of two expressions X, and
X,, i.e. that, ¢ being a constant as regards the X’s,

(X,. X)) = (X,. X)), (X,.(X,+X,) = (X,.X,)+(X,.X,),

(X,.cX,) = ¢(X,.X,); (IX.L1)

and next that, if « is any linear function of the X’s, then
(w.v) is positive unless « = 0, i.e. that

(w.u)>0 if u £ 0. (IX.1.2)

It is clear that (x.x) =0 if = 0; for (IX. 1. 1) gives, by

putting ¢ =0,

(X,.0) =0, (IX.1.8)

whence (#.0) =0 follows by means of (IX. 1. 1) (cf. (vi)

below). These are the only properties we shall use; and

our results will therefore be true for any meaning of
(X, - X,) that satisfies these laws, provided, of course, that
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(Xg. X)) is a constant as regards all the X’s. And, con-
versely, we shall only be dealing with sets for which
(Xg-X,) has a meaning and a value for each value of ¢ with
each value of 7, and satisfies these laws. It will be assumed
that the values of (X,-X,) are known ; or, at any rate, that
our results are final when expressed in terms of these
values. Whether we are dealing with mean squares or
mean products or not, we can call (Xg-X;) the (. ) of X,
and X,.

In the first kind of case mentioned in (ii) (X, X,) would usually
be the mean square of deviation of X, from 1ts mean, i. e. would
be the square of the standard devxatlon and (X, .X,) would be
the mean product of deviations of X, and X, from theu respective
means, and would therefore, in the case of normal correlation, be
equal to the product of the standard deviations of X, and X,
multiplied by their coefficient of correlation. In the second kmd
of case (X, .X,) is the mean square of error of Xy and (X,.X,)is
the mean product of errors of X, and X,.

(vi) It follows from (IX. 1, 1) that
@ X, . X) =0a,(X,.X), (2,X,. bX)=a,,(X,.X).
(IX 1.4)
(vii) If X, is a sct of the kind considered in this section,
then so also is any other set which is a linear function
of X,. Suppose, for instance, that

YF =Y,
Then, by (IX. 1. 4),
(Y1.Y") = (PMX,.0" X)) = 610" (X, . X,),
which has a definite meaning for each value of ¢ with each
value of 7, and can be shown to satisfy the laws stated in (v).

(viii) Our results are also subject to the condition that
none of the determinants of the double sets we have to
deal with are 0; i.e. that [(X,..Y})]| # 0, whether the range
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of values of ¢ and r is the whole of the range 1 to m or
a part of it only.

IX. 2. Mean-product set.—(i) The quantities (X, . X,)
constitute a symmetrical double set
£

== ((HLX) (1.X) (X.X)..(X,.X,)
(XI:“Q (Xe:Xz) (Xz_'Xs)"'(Xz-.‘\m) . (IX.Z.A:

(‘Yl Xm) (“rz X m) (“J X m) coe (Xm . Xm)
We call this the mean-product set.

(ii) Corresponding to this therc is a reciprocal set
P =fP given by
A — A — FPA — pPA A
f p//lp '_'/ P./;;p, ___/‘P fyp __/‘P -/;m'_'l;t' (Ix'z' 1)

(i) If (X,,.X,)=0, we can for the purpose of this
chapter describe X, and X, as slatistically independent.
Strictly speaking, this is a loose description, since the
complete statistical independence of two variables A, and
X, would imply a good deal more than that the mean
product of their deviations from their respective means
should be 0. But we are only concerned, here, with mean
squares and mean products.

(iv) The simplest class of cases—from the point of view
of algebraical treatment—consists of those cases in which
the .\’s are statistically independent of one another and the
mean square of deviation of ecach Xis 1. We can express
this by duplicating the set, thus:

X, X, X,..X,

A Y XX
and saying that the (.) of corresponding elements of the
two sets is 1, and that the (.) of elements which do not
correspond is 0.

m
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For a set of this kind we have
S =&, X)) =11
so that the mean-product set is the unit set. It follows
that in this class of cases the mean-product set and its
reciprocal set are identical.

(v) The next kind of case, in point of simplicity, is that in
which the X’s are statistically independent of one another but the
mean squares of deviation are not all 1. This would be the case,
for instance, if the X's were independent observations, not all of
the same weight, of a single quantity. For practical purposes
a case of this kind can be brought under (iv) by expressing each

X in terms of its standard deviation (squareroot of mean square of
deviation) as the unit.

(vi) There is also an important class of cases in which the X''s
fall into two groups, such that each X in one group is statistically
independent of each X in the other group. If, as in VI. 11 (i), we
denote the two groups by A, and A, then the property is that

(dg . Ap)=0.

IX. 3. Conjugate sets.—(i) When a set A, is not of
the simple kind deseribed in § 2 (iv), we shall find it useful
to introduce another set A* which (1) is a linear function of
A, and (2) is such that, if we place the sets opposite onc
another, thus:

A, A, NLLX

A4 m

AT Az AL
the (.) of corresponding elements of the two sets is 1, and
that of elements which do not correspond is 0. This new
set A is said to be conjugate to X,.
(ii) The second of the above conditions can be written
@Ar.x) =14 (IX.3.1)
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or
X)) =1 (IX. 3. 2)

(t1i) Each element AP of the new set will contain
terms, with 2 coefficients which have to be determined
from the u equations given by

xr.X) =|%.
There are altogether 72 equations to determine 1*. By
regrouping these according to the values of p in (A*. X,),
we see that if X* is conjugate to X, then X, is conjugate to
X*. This is in fact evident from the symmetry of (I1X. 3. 2).

(iv) To express X* in terms of X,, or X, in terms of X,
let us first take #” to be any linear function of X,, say
W=adXx,. (1)
Then we want to find an expression for a*.

As we know the value of (X*. X ), we take the ( . ) of
W and XY*. By (IX. 1. 4) and (IX. 3. 2) we find that

(W.X") = (a"X,. 2" = a*(X,. X" = o]} = &*
whence

2

a' = (W.X*).
Substituting in (1),

W=(W.X)X,. (IX. 8. 3)
Taking W to be each element of X* in turn, we have
X=X XX, (IX. 3. 4)

We do not yet know the values of (X*.1%). But,if we had
started with 7 as a linear function of X*, we should simi-
larly have got

W=(W.X,)X, (1X. 3. 5)
whence

A= (X,.4) X~ (IX. 3.8)
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Writing this in the form

X\ =AY (1X.3.7)
we have, by reciprocation,
Xt = MY, (IX.3.8)

which gives X* in terms of A,. Further, comparing
(IX. 3. 8) with (IX. 3. 4), we see that

If (X,.X,) =/, then (X*.X¥)=F; (1X.3.9)
and, of course, the converse also holds. This result is
dependent on the assumption, made in § 1 (viii), that
| f4r | is not 0.

(v) We could have obtained (IX. 3. 4) and (IX. 3. 6) in
fewer steps by considering the set as a whole instead of
element by element. If we assume

A =dM*Y,
then we get g
A*r. X)) = (a)"‘X# A= a}\”ll’: =V,
so that
a)"‘ = (XA . 1\“)
This gives (IX. 3. 4); and (IX. 3. 6) can be obtained in
the same way.

(vi) We can write (IX. 3. 3) in the form

W/X, = (WV.X¥); (IX. 3.10)
and similarly from (IX. 3. 5)
W/xXt=W.Xx). (IX. 8.11)

(vii) If the set X, is of the special kind considered in
§ 2 (iv), i.e. is such that

(‘XA‘X#) = IZ,
X = (X X)X =3 x* = &,

'nhen
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s0 that the set is identical with its conjugate. The set is
said to be self-conjugate.

(viii) In a case of the kind mentioned in § 2 (v), where 1, = 0
if ¢ #p, but £, is not necessarily =1, it may be shown that
Jrr =1/f,,, and fr1=0if g £ p, so that X» = X,,/f,,,,.

(ix) Next consider a case of the kind mentioned in § 2 (vi),
where X, consists of two portions, the elements in each portion
being independent of those in the other portion. As before, we
take one portion to consist of the first & elements, and the other of
the remaining m —k, and we denote the two portions by X, and
X, Then the special property is that

f(up = (Xa . Xl[x) =0, (1)
whence, as in VI. 11 (iii), it follows that
j.aq; — 0 (2)

Breaking up the right-hand side of (TX. 8. 7) into two portions, we
get, according as \ belongs to the first or to the second portion,
the two separate results

Xa =f,1-1X7, Xy =f¢;/;x.'/’- (3)
Similarly, from (IX. 3. 8),
X% = /"X, X¥ =X, (4)

In finding £¢Y and y9¥ from S it is (see VI. 11 (iii)) immaterial
whether we take the set f), as & whole or the sets f;,, and £,
separately, so that (4) may equally well be written (see VI. 11 (i1))

X% = (fa7)l:X7’ XP= [f(pwlm‘kxiﬁ' ®)

1X. 4. Conjugate sets with linear relations.—
(i) Let Y, be any set which is a linear function of X, and
therefore of X*; and let X” be its conjugate set. Then,
taking # in (IX. 3. 10) to be cach element of Y, in turn,
we have

' Y,/X, = (Y,.X¥). (IX. 4.1)

Similarly
Y /X = (Y, X)), Y/X ={1*X"), Y/X= (. X).
(IX. 4. 2)
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(ii) By combining ratios, we get such results as
(B, A)=FE,/X,=F/Y,.Y /X =(E,. F)(Y,.X").

(IX. 4.3)
(i11) To find Y?, suppose that
Y= by Xy (1)
Let the conjugate set be
Y=z X*
Then P

2= (X°. X,) = (k,,3%.0
whence, by reciprocation,
e A

X,) ="k b, =k b,

av < puav puiap

Thus the conjugate set is
YP = opr X, (2)
(iv) Similarly, if
Ye =be Cyp ‘lpa-Ya:
then
Y€ = b PP X,

etc.; in other words, the conjugate of an inner product is the

recxl.)roca,ls} of the factors. [Let us write
conjugate

C€ = b1 @A XA,

inner product of the {

Then
(Cce. Ys‘) = bn]brvcnocupda)\dpo' (X'\.,Y,,)

=It)
Ce=Y*.

We might, alternatively, have deduced this from (iii) by means of
(VI. 10. 2).]

since (X*. X,;)=|3. Hence

(v) From (IX. 4. 1)
Y /X, =(¥,.X*) = A*.Y) = X/Y";
and therefore, by VII. 3 (iv),
Y, ¥ =X X" (IX.4.4)
Thus conjugate sets are contragredient (VII. 4); and the



102 Conjugate sets with linear relations 1X. 4 (v)

inner product of a set and its conjugate is the same for
all linearly related sets. If we denote this inner product
by @, then the sets X, X*, ¥,, I* are connected by four
relations of the form

X, Y,

P G
We can express @ in such forms as

Q=X X'=(X,.X) XX = (X*.X*) X, X,
the last of which, when written out in full, is
fllX].Xl + 2f12X1_X'2 +f22A’2X2+ 2f13‘X_1X3 + .. +f"“n‘ym‘Ym»
or in more general forms such as
Q= (C*.D"( D,

where C, and 0, are any linear functions of X,. It must
be remembered that the invariability of @ only applies for
the particular values X}, X,, ... X,. If there were a dif-
ferent set of A’s there would (in general) be a different Q.

X,.1) = 17%7 (IX. 4. 5)

1X. 5. The frequency-quadratic.—(i) In most of the
cases we are considering, whether of the first or of the second
kind mentioned in § 1 (ii), the frequency of joint occur-
rence of values lying within limits
X +3dA, A, +34dX,...X, +3dX,
is proportional to
e tPdX,dX,...dX,,,
where, if @;,,, . . . z,, are the deviations of X}, X, ... X,
from their respective means, P is of the form
P =allzgz, + 2020, 2, + a¥2,2, + 220 25 + .0 + 0" 2. (L
In our notation this becomes
P=d%za,; (2)
where
M = a*, (3)
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(ii) Let us write
B =d*e, = Moy +din, 4+ My,

= JaP/du,. (4)
Then it can be shown (see VIII. 4 (iii)) that

AM

1if qg=p
q WPy =
mean value of F. z, {0 if g ;&p} . (5)

Taking (B,.C, ;) to mean, for these cases, the mean product
of B, and Cyp 1t follows from (5) that E* is conjugate te
r,, i. e.

/L‘}‘ = .Z‘}‘. (6)
Hence, by (4),

A= My

and therefore, by (IX. 3. 10), or by comparison with
(IX. 3.4),
M = m'\/z# = (2. 2"). (7)

(11i) Thus the a’s in the expression for P given in (1)
are the mean squares and mean products of the elements of
the conjugate set. Similarly, if we expressed P in terms
of the conjugate set, the coefficients would be the mean
squares and mean products of the elements of the original
set; l.e

P=d*pa, = 20" = ¢\, o'a" } (®)
= a,, 2'2" + 20,212 + a,, 2% 0 + 2a, 2" 2% + ..+ ay,, 2™
where
Oy, = (JA.x“). (9)

(iv) Take, for example, the case of two quantities X, X,, whose
standard deviations and coefficient of correlation are ¢, ¢;, and »
Then it is well known that

g Ty | T,
P= ( R 2)/(l—n)
ae clc2 c,.q
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This gives, for the members of the conjugate set,

Ty 1Xy 1 Ty, & 1

#= (o) e - (D) e
It is easily verified that the mean square of z!' is equal to the
coefficient of x,z, in P, and so on.

(v) If we express the ’s linearly in terms of a new set
¥, the value of P will remain unaltered. We can put this
differently as follows. Suppose that 7, is any linear func-
tion of z,. Let 7,,=(y,.7,); and let 7** be the reciprocal
of 4,,. Then, if we write
N = /}Pyp’
we shall have

Sn=P=dz.

(vi) The (z4.,) or (z,.2,) which we have so far been
considering is the mean square of z,, or the mean product
of z; and z,, without regard to the values that each of the
other #’s may have; i.e. the mean square or mean product
taken for all possible values of these other 2’s according to
their relative frequencies. We may also want to know
what happens when some of the 2’s have definite values
ascribed to them and are not allowed to vary from these
values. In these cases we follow the principle of VI. 11 (ii).
Suppose that all the #’s after z;, are tixed. Let the #’s up
to z;, be denoted by z, or #5 ete. Then our methods apply
to the set of order £ formed by these 2’s. The principle,
therefore, is as follows. Suppose we want to study the
variation of the Z quantities #, when the m —#£ quantities
@, are fixed. We first construct the mean-product set f,,
(=a,,) for the = quantities #, and #, ; then construct the
reciprocal set f** (=a**), the clements of which are the
coefficients in the terms in P ; then take out the partial set
S corresponding to z,; and then find the set (f,)z which
is the reciprocal of #*Y. The result is the mean-product
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set of 2, when z,, is fixed. (This is a well-known theorem,
but is usually expressed in terms of determinants.)

(vii) If the partial sets z, and @, in (vi) are independent,
so that (z,.2,)=0, the elements of the mean-product set
outside the portions corresponding to (z,.,) and (z,.z,)
will all be 0, and (see § 3 (ix)) the values of ( JSay Will be
the same whether we construct them from the whole set
or from the partial set. 'This is otherwise obvious ; for, if
the 2’s of @, vary independently of those of z,, they vary
in the same way whether the latter are fixed or vary.

IX. 6. Criteria for improved values.—(i) Our next
problem, considered in this and the following section, is that
of reduction of error, in a case of the sccond kind mentioned
in § 1 (ii). We have a set of quantities

D=1, D, D,.D
which contain errors ; the mean products of error being
=Dy D). (IX.8.A)
The whole set 2, consists of two portions
D, =Dy D,...by), Dy =(Dyyy DyyyenDyy).
All the D’s are the results (direct or indirect) of ohserva-
tion ; but the true values of the 1), are negligible (within
the degree of accuracy to which we are working), and, if U
is any one of the /)’s, or any lincar function of them, we
can add to it any linear function* of D, without altering,
except to a negligible extent, the true value which it repre-
sents. If the sum of U and an indeterminate linear func-
tion of 2, is represented by U’, the problem of reduction of
error is to determine this linear function so as to make

m.)

* This is, of course, an incomplete statement. We could replace
U by any function of U and D,, which would be equal to U if the

D, were all 0. But we are only considering linear functions.
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(U’.U’) a minimum. The resulting value of U’ is called
the improved value of U, and will be denoted by IU. The
elements of D, are called the auxiliaries. We can replace
aby 8,y ..., and ¢ by x, ¥, . . ., as occasion requires.

(ii) The way in which this problem arises is as follows. We
start with a set of observed quantities X, X,,...X,,, which
correspond to a series of values of some other quantity ¢ at equal
or unequal intervals ; the X's might, e.g., be rates of mortality at
different ages. The X'’s contain errors; and our fundamental
assumption, based on general experience and on inspection of the
particular data, is that the true values are so nearly of the form
(in ordinary notation) ¢, + ¢, ¢ + ;22 +. .. +¢;_y tE7! that their
differences (divided differences if the values of ¢ are at unequal
intervals) after the (¢ —1)th are negligible. We may therefore add
to each X any linear function of these ditferences, which are what
we are calling Dy, Djyyy .. - Dy,. The problem is to determine
the coefficients in this lincar function so that the mean square of
error of the sum of the X and the linear function shall be
a minimum,

(iii) We have first to see what relations hold betwcen
the two portions of 2, and the two portions of its con-
jugate set when similarly divided. Denoting the con-
jugate set, as usual, by D, let the two portions be

P =D IR...DF), Dt= (D+r Dpk+z  Dw),
Here it is to be observed that D" is not (in general)
the set (order #£) conjugate to the set D, (order £),
since each element of it is a linear function of the
whole 2, ; and similarly for Y. Now the condition of
conjugacy is

(r.D) =14,
But, if 2¥ and D, belong to non-corresponding portions
of the two sets, ¢ cannot be equal to ». Hence we get
the relations
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(0. Dp) =15...(1), (D*.D,)= 0...(2),
(D?.D) = 0...(3), (me) = [;‘(’(4)

(iv) First let U be an element of D, or a linear func-
tion of D, say a®D,. Then its improved value must be
U-U=0; 1e.

I(«*D,) = 0. (IX.8.1)
For this makes (U’. U’)=(0.0)= 0, by (IX. 1. 3); and, by
(IX. 1. 2),(U’.U’) would be >0 if U’ were not = 0. Hence
(U’.U’) is a minimum when U’ = 0.

(v) The next most simple case is that in which U is an
element of J° or a linear function of D% say

U=a,D". (1)
Let the value of U’ Le
U=U+u,
where
u= a"’])q_. (2)

Then, by (I1X. 1. 1),
(U.U)=(U.U)+2(U.u)+(u.u).
But, by (1) and (2), and by (2) of (iii) above,
(U.2) = aa®(D*. D,) = 0.
Hence (U’. U’) is a minimum when (%. «) is a minimum ;
and this, by (IX. 1. 2), is when # = 0, so that
U="U.
Hence the improved value is the same as the original value ;
ie.
1 (“a _Z}“) =aq, e, (IX. 6. 2)

(vi) The simplicity of the results obtained in (iv) and (v)
suggests that we should in all cases regard U as expressed
in terms of 2% and D,. There is no difficulty about this,
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in theory, whatever linear function of the Z’s U may be.
If, for instance, U is given as a linear function of D,, then
we obtain our result by eliminating D, (4 values) between
this formula for U and the £ equations which give D* in
terms of 2),, i.e. in terms of D, and D,. Suppose then
that
U= 7+ ”/,
where
V=00 I=14"D,.
Then U’ is formed from U by adding some linear func-
tion of ‘D<l" so that
U=V+w’,
where 7 =6, D" as before, and #” is of the form
W =cD,.
Hence
(C.0)y=.N+2(F.wWy+(W .W'.
But
(77w =(6,0".¢"D,) = b,¢" (D*. D) = 0,
by (2) of (iii). Hence
w.uy=W.ry+#’ . n.
But this is a minimum when //7 = 0. Hence
I(bD"+6"Dy) =4,D". (IX. 6. 3)
In other words, if we express U in terms of 2% and I)‘,,,
the improved value of U is found by omitting the part
involving D,
(vii) Since, by (IX. 6. 3), /U is a linear function of 2",
and, by (2) of (iii), (2. D) = 0, it follows, by (IX. 1. 4),
that
({U.D,) =0, (IX.6.4)
In other words, the (. ) of any improved value and each
of the auxiliaries is 0.
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(viii) It also follows from (IX. 6. 3) that if two quantities
differ by a linear function of the auxiliaries they have the
same improved value.

(ix) By taking U in (vi) to be each member, in turn,
of a set N
B, = b, D*+6™D,,
we find that A ?

IB, =1i,,D".

Also

I1(#nB) = I(,{-'\bm])“+/[~"b""’_D¢) =i, U = BB, ;

(IX. 8. 5)

L ¢. the improved value of any linear function of the B’s is
the same linear function of their improved values.

(x) Altering #* in (IX. 6. 5) to 1:2, and writing €, =
), B,, we find that

Ic C
ko p, IX.6.8
B, = B, ( )

i.e. the improved values of two linearly connected sets are
related in the same way as the original sets; or, more
briefly, a set and its improved values are cogredient.

(xi) Since we know that the improved values of J,
are 0, we have really only to determine those of £ other
quantities. In view of (IX. 6. 5), we can choose these to
be any linear functions of £, that we like, with or
without linear functions of D, added; and similarly we
can replace J,, by any linear functions of D, : provided,
in both cases, that none of the mean-product determinants
are 0. The functions so chosen can be called 2, and
Dy, so that we need only consider the problem of find-
ing 1D,

(xii) The result stated in (IX. 6. 2) gives us the extension, to the
general case in which the errors of the original observations may
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have any mean squares and mean products, of the ‘method of
moments’ ordinarily applied to the case of a self-conjugate set
(§ 8 (vii)). We take X, as in (ii), to be the original observations,
and D, to be their differences of successive orders. Then we have
found that the improved value of any linear function of D? is the
same as the original value. But, by VIIL. 3 (v), D\, D?%... D* are
successive sums of the elements of X*, the set conjugate to Xj ;
and the first & moments of X are linear functions of these sums.
Hence the improved values of these moments are the same as their
original values; and this, by (ix), is the same thing as saying that
the moments of the improved values of X* are equal to the
moments of the original values. Thus the method of moments
still applies. But it should be observed that it does not apply to
the original set of observations, but to the conjugate set.

As a simple example, suppose that X, is a set of independent
observations of a single quantity, the mean square of error of X,
being ¢;c,. Then (§ 3 (viii)) the conjugate set is

€1¢y Gy Cimin

(_‘"1 ﬁ X )

As the X's will all have the same improved value, which we will
call IX, there is only one moment to be considered, namely, the
Oth moment, or sum, of the conjugate set. Hence, equating the

sums of original and of improved values,

X X X, IX IX IX
._!_ + N f + e + __A,)-”_ = + - ... o ?
€€ €€y Cntm G0 Gy CnCmn

which gives the familiar result.

IX. 7. Determination of improved values.—
(i) From the results obtained in the preceding section we
deduce three methods of finding the improved value of any
element of D, say D,.

(1) We can express D, in terms of J* and D, and then
omit the part involving 2,. The result is 7D,

(2) We can say that 1D, is some linear function of 2%
This linear function has £ coefficients to be determined;
they are determined by the condition that, if the linear
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function is expressed in terms of J,, the coefficient of
L is 1 and those of other elements of 2, are 0. The
practical application of this method depends on the cir-
cumstances of the particular class of cases.

(3) We can say that 72, is obtained from J; by adding
a linear function of D, which we have called — &7 D,
This linear function has m — £ coefficients to be determined.
We have found in (IX. 6. 4) that (ZD;. D,)=0; this gives
m—k equations, from which the coefficients in question can
be determined. Thus tke necessary and sufficient conditions
Jor 1Dy are that it differs Srom Dy by a linear function of
D, and that (1D;. D,) = 0.

These three methods are exhibited in (ii), (iv), and (v)
below, and a fourth method is given in (vii).

(ii) To apply the first method, let us write
D, =e g+ D,.
We do not need ¢, since the only part of 2, that counts
for the improved value is eaBDB ; we therefore get rid of
¢" at once, by means of something whose (. D,) is 0.
This, by (2) of § 6 (iii), is D?. Taking the (DY .) of both
sides, we have
Y. D) =ez(D7. DPy = e,

Also, by (1) of § 6 (iii),
L. D) =13-
Hence
(ZB‘yeaB = lz_

Here o, 3, y relate to the partial set (4, 4, ... 4;),
and the statement is limited to this set. Dealing only
with this set, let us denote the reciprocal of @Y by
(dgy)x5 this,as pointed out in VI 11 (ii) (cf. § 5 (vi) of the
present chapter) is not ordinarily the same thing as dg, as
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obtained from the whole set of order . We have then,
by reciprocation,

Cap = ((ZB'y)krc{ = (']ﬁa) k-
Substituting in the expression for D, and dropping the
e D, in order to get the improved value, we have

ID, = (dg,), DP. (IX.7.1)

(iii) Although, in the above, we have not needed ¢, we
ought to find its value in order to satisfy ourselves that,
as has been stated in §6 (vi), any linear function of D,,
say 9,0, +9,D,, can be expressed as a linear function of
D* and D, ; to do this, it is only necessary to prove the
proposition for D, since the formula for g, 0, + 94D, will
follow at once.

We have written

D, = enBDB+e""’J)¢,
and have found .3 To find €', we must get rid of the
first term; so we again use (2) of § 6 (iii), getting

Dy. D)) = e*(D,.D,)

or Aoy = e“"’(l(l,x.
Hence, by reciprocation,

em}x = [(ﬂ)x] m.—kllax:
where [d#X],,_; is the reciprocal of d 4y obtained from the
partial set (Dy,; Dy, ... D,). The complete expression
for D, is therefore

Dy = (ge) , D° + [y dy D, (IX.17.2)

The existence of (dg,);, and [d#X],,_;, is dependent on the

assumption that the determinant | dgr | formed for D,

and the determinant | dyr | formed for D, are both 5= 0
(see § 1 (viii)).
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(iv) To use the second method, we might have proceeded
as follows. We write

ID, = e D",
To find e, we express 1P in terms of .Z) i.e. of 1) and I)
by means of (IX. 3. 4), and we have
1D, = e, 42#1)“ o
= e,gl 7])7+ea3r7 I)¢ .
From the condition stated in (2) of (i), it follows that
ea?Y =7,
and therefore, by reciprocation,
e = (") |3 = (431
Hence we get the same result as before, namely,

ID, = (dg ). D

(v) For the third method, we write
I'Da = ])a_(‘mf)j)'/"

and we have to find ¢*", The condition stated in (3) of (i),
namely,

(ID,.D,) =
gives
Ao =Dy Dy = "D, D\) = e,

This is true for all the 2 — £ values of x. By reciprocation

¢t = ['['P\] ne=l: ’/u\ .
This agrees with (IX. 7. 1) and (IX. 7. 2). As w—4 will
usually be a good deal greater than 4, the method is rather
of theoretical than of practical interest.

(vi) The elements which we have found to be important
in the above processes are the m —# auxiliaries D, whose
improved values are all 0, and the Z elements D"‘ of the
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conjugate set which correspond to the remainder of D,.
These elements together constitute a set of order = ; and
we have in fact, in (iii), expressed D, in terms of this
set. As the set is important, it is worth while to see
what is its conjugate.
We write
=00 & D,

where the ‘&’ means that the elements of the two sets of
orders # and 2 —% are combined to form a set of order .
These two partial sets are statistically independent. It
follows, by § 3 (ix), that the set conjugate to £ is

E)\ = ((laB) kD‘3 & [,Z‘PX] mn k]),\"

(vii) But (4,5 and dg, being identical) we have already
found that
1D, = (4,4);, DP.
Hence we get a concise formula for finding 70,. Let the
set conjugate to D, & D, be D* & DU*; and let the set
conjugate to /)* & D, be F, & F?. Then F,=1ID,.

(viil) Since 10, is of the form Da—eaq’ﬂq,, and 17, is of
the form ey /7, and (07. D) = 0, it follows that
(ID,.IDhg) = (D,.1D,),
and similarly
UD,.IDy) = (1D,.Dy).

[NoTE.—This chapter is based on (1) a paper by myself in Phil.
Trans. (1920), ser. A, vol. 221, pp. 199-237, in which the old nota-
tion was used ; (2) a paper by Professor Eddington in Proceedings
of the London Mathematical Society, ser. 2, vol. 20, pp. 213-221, show-
ing how the notation and methods of the tenmsor calculus can be
applied, and making some abbreviations and improvements in the
woirk ; and (3) a note by myself, following the above, ibid., pp. 222-
224, I have altered the notation a good deal.]



X. TENSORS IN THEORY OF RELATIVITY

X. 1. Preliminary.—(i) Tensors are sets* which (1) are
functions of a set of co-ordinates (z, z, z;...) and (2) are
subject to certain conditions of transformation when the
co-ordinates are transformed.

(ii) In the theory of relativity there are four co-ordinates
(%, @, x4 x,), so that all the sets are of order 4, and any inner
multiplication with regard to a suffix u involves addition
of the products for the values 1,2, 3,4 of u. But this fixing
of the number of elements in a set does not affect the
general reasoning with regard to the sets, and we can
continue to treat them as of order .

(iii) In VII. 4 we started with a set A*, and a set 4*
which is a definite function of X*, and we supposed 4* to
be changed as the result of X* being changed by linear
substitution ; and the cases we considered were those in
which, throughout all such changes, 4* varies either directly
or reciprocally as X*. In VIIL 7 we extended the inquiry
by taking a set & to be a function of two or more single
sets, and considered cases in which, when these sets are
changed by linear substitution, & varies directly or reci-
procally as each of the sets. Kor tensors we have tc
consider cases in which the primary substitutions are not
necessarily linear. If in place of the original set of co-
ordinates 2, we take a new set z’,, which is a function
but not necessarily a linear function of x,, the ratio which

* It must be remembered that the elements of a set are not
necessarily numbers, but may be quantities; and that a set as
a whole 1s something different from its elements. What we
usually mean by a tensor is some physical phenomenon represented
by a set: but no confusion arises if we caﬁ the set itself a tensor.
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we have now to consider is not the ratio of @', to z, but
the ratio of their differentials, i.e. the partial differential
coefficient 927, /dr,. When the substitution is linear, this
is equal * to 2’ p/Zx» 80 that our treatment of the general
case is consistent with our previous treatment of the par-
ticular case.

We will begin with the single set, and then go on to sets
of higher rank.

(iv) In the case of sets of higher rank, we sometimes
have to deal not only with inner products but also with
inner sums. By the inner sum, in such an expression as
A4l we mean the result obtained by replacing p by o
and snmming the values for 0 =1, 2, 3, 4. It will Le seen
presently (§ 5 (iv)) that, as the result of the particular
notation adopted, the inner products or sums have only to
be considered when one of the two letters concerned is an

upper suffix and the other is a lower suffix.

X. 2. Single sets (vectors).—(i) Beginning with single
sets, we start with a pair which we call z, (the set of
co-ordinates) and 4%, or z, and 4*; A* or 4* being a func-
tion of #, or x,. (The a here, like the A, denotes a complete
set, not, as in Chapter IX, a partial set.) Connected with
these, or arising out of them, is a plurality of pairs «’, and 4.
But our purview is limited to the cases in which the relation
between A and A" is linear, and in which, further, this
linear relation is of one of the two following kinds :

(¢) where

sy,
AT e,

* The difficulty mentioned in the note to VIIL. 1 (ii) does not

arise, because d.')/d.ry does not occur absolutely, but (directly or

reciprocally) as one of the factors in inner multiplication with
regard to A or p.
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(6) —replacing 4" and 4™ by A, and .I,—where
A\ a,

4,5,
In the cases under (@) .£* is said to be a contravariant
vector; in the cases under (8) 4, is said to be a covariant
vector. Here ¢vector’ is used as meaning a single set
which is a tensor.

(ii) It will be seen from VIII. 1 (ii) that, if the relation
between z, and 2’, is linear, these become respectively

s,
:l(‘ ‘Ea bl
A %
A, 00

so that in these particular classes of cases .1 is coulravariant

if 4* and x, are cogredicnt, and Ay is corariant if .4, and =,
are conlragredient.

X. 3. Other sets.—(i) For sets of higher rank, we are

similarly concerned with pairs of partial derivatives

daf, duz,

3, and 2, s

’

2 and —b-i,ﬁ ’
dzg o
ete.; and a set depending on #,,2,,... is not a tensor unless,
when z,ag... become z/ya’,..., the ‘ratio’ of the new
value of the set to the old value is the product of these
partial derivatives, one from each pair. The particular
derivatives are indicated by the position of the letters
aB... or pv...: these are upper suffixes if, so far as the
particular variable is concerned, the relation is of the

* 1t seems desirable to call attention to these classes of cases, as
otherwise the tensor terminology may be found rather confusing.
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contravariant type, and lower suffixes if the relation is
of the covariant type. Thus for double sets (tensors of the
second rank) we should have such relations as

A3y om tt
= 32, 24, ¥ (contravariant tensor),
A A 3.2‘ dr

b= (covanant tensor),
Aaﬂ ba: Y
4%, 3

;1’3 D.r, 5o P # (mixed tensor) ;

and for a tensor of higher rank we might have such a rela-
tion as

A/f\m - oz, dxp oz, 3/, .
A237 o2/, 3/, 32, duy

Two tensors @ and 2B are said to be of the same character
if the ratios 4’/ and )B’/2B are of the same form.

(ii) For a scalar function of a set or sets the above

condition becomes
4 =4,

so that a scalar (in the general sense) is not a tensor unless
it remains constant for all changes in the system of co-
ordinates. Such a function as 4, + 4,+ 4, + 4,, for instance,
would not usually be a tensor. For tensor purposes, there-
fore, ‘scalar’ practically means invariant’.

X. 4. Reason for limitation.—The object of limiting
the definition of ‘tensor’ in this way is to ensure that the
result of any number of steps, all of the same kind, pro-
duced by successive transformations of co-ordinates, shall
be the same as if we had passed in one step, also of the
same kind, from the initial set of co-ordinates to the final
set. That this is in fact ensured is seen from the properties
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of the partial derivative of a set. Suppose, for example,
that

. 12 No!/
A=, (1)
A dx,

and that
AIID’ D-Z'”
T =% (
AT 2)

Then, by (VII. 2. 2) and (VIII. 3. 1),

A7 A7 AN ga_az_”’ (3)

AT T AN AT T, dm, T da,

which is of the same form as (1) and (2).

X. 5. Miscellaneous properties.—The following are
some miscellaneous properties which are useful in deter-
mining whether a set is a tensor.

(i) The sum (or difference) of two tensors of the same
rank and character and the same suffix is a tensor.

[Suppose, for instance, that 4* and B are contravariant
tensors. Then

‘\‘l'/)‘ a DN aaﬁlx a
= 2 4% B = B,
o da

)
a a

‘1//\

and therefore

D. 4
(A + B?) = # (1°+ B%).]

(i) The product of two tensors is a tensor whose character
is the combination of the characters of the two. For example,
from

dz 22/, d.4’

U= —2d, B"™= "+ _"vps
Y dig oz, ?
we see that
/N
(AI)\_B;/,W) — a‘I"rv a‘” g b‘l”r' (Aajfﬂ')‘).

o’y dag bz;,y
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(iii) An inner product of two tensors, or an inner sum
(§ 1 (iv)) of a tensor, taken with regard to suffixes of
opposite character, is a tensor.

[Take, for example,

gt 2%, dm day bw,pda
Auv = du’y ba:," 3z’ duyg aBy "

If we replace p by v we have, by (VIIL. 3. 3),

% 3z’ 5
v » N R A . A
oa’, dwy Aapy =5 dapy = dapy
and therefore
”oo_ bmn MzB 07
Ay — g 7 aBy
H 22/, dw u Y

which satisfies the requirements.]

(iv) If in this last example we had replaced w by A,
instead of p by », the expression would have contained
dz, dz,
ﬂj\ Y N

which has no general significance.

(v) The derivative of a scalar (§ 3 (ii)) is a covariant
vector. Suppose, e.g., that 4 is a scalar function of z,,
whose value remains constant (§ 3 (ii)) for all transforma-
tions. Then

oA” 34 dz, 34

Sowa 7 Syal-unt)
ar'y 'y T , dw,

so that 34/dz, is a covariant vector.

(vi) If the inner product of a set @ by each of m (=4)
{ contravariant

. } vectors is a tensor, then & is a tensor, and
covariant
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covariant

{ contravariant
suflix.

[Take the case in which the vectors are contravariant,
and suppose that & = aveeoe Lt the m vectors be
denoted by B, B*#, .. B™, or, collectively, by B the A
not indicating any tensor character. Then, by hypothesis,
B is a tensor as regards z,, and By ... 15 2 tensor as
regards z, ..., so that

} as regards z,, where u is the linked

o/

B __ a‘z’[j 723 DNTRY " A8
'BA —a.’l;'“]j, F, B ‘l,w.,, ...B ‘1/37"..

- 7
o,

From these we deduce

drg dx
A g0 . JIAp A Y
_B /1 Hrees & ])’ 5_'—‘);,# a.z"v-”AB’r""

whence, by division by B (see VI. 9 (v)),
v, =20y
HVese (\wl“ D-Z"V." Byess
Hence 4, ,,, is a tensor and is covariant as regards z,.

The case in which the vectors are covariant can be dealt
with in the same way.]



APPENDIX
PRODUCT OF DETERMINANTS

In IV. 5 we have taken as the standard form for product

of two determinants—the order being now reduced from 3
to 2, for economy of printing—
x| a3 ayay+ay,8, bya,+6,3
LPYCH aay+ 8583, byay+06,8,
In this form, the element in the ¢gth column and rth row
of the result is the ‘inner product’ of the gth column of'
the first determinant and the 7th row of the second. By
interchanges of columns and rows, and also by changing
the order of multiplication, we get seven other forms, all
constructed according to this rule. The eight forms can
be set out as follows :

ab,
ayh,

a0y | X | @ fy | =] @10, + 2,8 byay+6,8 (1)
LA a2/, @05+ 2585 byay+ 0,3,
a by | x|ajay = ’ aya,+ay0y bya, +0ya, 2)
tyly ﬁlﬁzl @31+ 2By 0y By + 6213,
@may [ X | ayBy | =| a0+ 43 aza,+0,8 3)
byby | azi3, ayay+ 0,8, aya,+0,8,
@@, X|ayay|=|a,0, +bia, tga, +bya, )
biby || BBy a By + 018, @581+ 0y,
@By | X | @by | =]|aia 400, a8, +6,8, (5)
a3, ayh, a,0,+0bya, a3, +0,8,
aa,|x|ah|= ‘ aa;+ 6,8 aj0,+6,3, (6)
BB, a,b, a,a,+0,3, a,a,+0,p,
@B | X | a4, | =|aa,+a,0, a,3,+a,3, 7)
ay; bty byay+0bya, 0B, +50,8,
aa,|x|aa|=|aa+a,3 aa,+a,3, 8)
BBy by 6, byay +6,8) bya,+06,73,
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It will be seen that the last four are the transposed of the
first four, but in the reverse order; i.e. the transposed of
(1) (2) (3) (4) are (8) (7) (6) (5).

In the double-suffix notation these become, the order
of (5)—(8) being reversed :

ldgr | X ey |=1dpere| (1) ey | x| dgl=1dpeyg| (8)
' (lqr I X l erq l= l’lq)\er)\ I (2) ] eqr ! X ’ (]rq ?= !’]r)\eq)\ ' (7)
| drq | x qur |= !d)\qe)\r [(3) | Cryq [ x| ”qr |= !’]M'e)\q | (6)
' Iqu ] X lerq I“_" | (lAqer)\ I (4) ] Cyr | X l’lqr E= |’l)\req\ l (5)
It must be borne in mind that in each of these statements
g refers to the column and r to the row; e.g. (6) means
that

X | dyyd,,

18

dyaen haerg |-
NNV

€162
€102




INDEX OF SYMBOLS

|dg-| determinant 39

drs (in Chapter V) ratio of cofactor of dys to | dy, | 42
A, single set 44, 58

Ay double set 45, 59

Ap, transposed of 4,, 45, 59

B, C, product-sum (inner product) of B, and C, 47, 62
| % unit set 50, 64

@A set generally 60

A3 product of & and BB 61

A,y B,p inner product of 4,, and B, 63

AP inverse of 4, 65

A*#P reciprocal ot 4, 67

(AY%);; inverse of partial set 44, 70

[A‘/"/’] m-I inverse of partial set A4, 70

B,/A* ratio of B, to A* 76

B /A ratio of B to A 82

d1/d.4, derivative of 33 with regard to 4, 85, 86
(Xg4 - X,) mean product of deviations of X; and X, 94
XM set conjugate to X, 97

IU improved value of U 106

A%, inner sum derived from A4f,, 116

A? contravariant vector, 4, covariant vector 117



GENERAL INDEX

Under any heading, separate entries are usually in the order of occurrence,

not in alphabetical order.

Addition of sets 61

Adjoint determinant 37; cofactor
of element of 38

Auxiliaries 106

Character of tensor 118

Cofactor 24 ; expressed as deter-
minant 25

Cofactors, determinant
structed from 36-38

Cogredience 79, 84 ; of statistical
set and improved values 109 ;
relation to contravariance 117

Cogredient sets 79, 84

Column of double set 15, 45; of
determinant 21

Complete inner product 62

Conjugate set 97 ; determination
of 98-99 ; original set as conju-
gate of 98 ; of inner product 101

Conjugate scts with linear rela-
tions 100

Continued inner product 68;
transposed of 69 ; inverse of 69 ;
reciprocal of 69

Contragredience 79, 84; with
linear relation 80 ; of variables
and their partial differential
operators 88 ; of conjugate sets
101-102 ; relation to covariance
117

Contragredient sets 79, 84

Contravariance, relation of, to
cogredience 117

Contravariant vector 117 ; tensor

con-

Covariance, relation of, to contra-
gredience 117
Covariant vector 117 ; tensor 118

Derivative of set 85; of sum or
product of sets 86; of function
of a set 87

Determinant 21 ; notation 21, 23,
39; elements 21; column 21;
row 21; leading diagonal 21 ;
leading term 21; order of 21 ;
calculation of 32-33 (Sec also
separate headings below)

Determinant, construction of:—
factors of terms 14-16; rule of
signs 16-19; sign of term
dependent on number of re-
versals of order 17-18; sign of
term changed by interchange
of suftixes 18; effect of altering
order of letters 18-19; final
definition 20-21

Determinant, main properties of,
in ordinary notation 40; in
tensor notation 52

Determinant, properties of :— 0 if
each element of column or row
is 0 22; not altered by inter-
change of columns and rows 22;
sign changed by interchanging
two columns [rows] 23; 0 if
two columns [rows| identical
23; expression in terms of
elements of column (row]and
their cofactors 24, 26, 28 ; sum
of products of elements of
column [row] by cofactors of
parallel elements is 0 27, 28;
multiplication by single factor
31; not altered by increasing
elements of column [row] by
multipley of parallel elements

.



126

Determinants, sum of 81; pro-
duct of, in ordinary notation
88-36 ; product of, in tensor
notation 48, 49 ; forms of pro-
duct of 122

Direct proportion 76, 84

Dummy suffix 48, 62

Elements of double set 15, 45, 59 ;
of determinant 21; of single
set 44, 58

Error, reduction of 105

Fitting 93

Free suffix 48, 62

Frequency-quadratic 102; mean-
ing of coefficients in 103

Functional relation between sets
73

Gothie letters 60

Graduation 93

Greek letters for sets 48 seqq. ; for
product-sums 47

Improved values 106 ; ecriteria for
105-110 ; determination of 110-
114

Independence, algebraical 73 n. ;
statistical 96

Independent observations, set
constituted by 97, 110

Inner multiplication 49

Inner product 49, 62, 63; trans-
posed of 63 ; rule for construc-
tion of 64

Inner product, complete 62

Inner product, continued : see
Continued inner product

Inner sum 116

Inverse of double set 65; con-
dition for 66-66 ; of transposed
set 67; original set as inverse
of inverse set 67

Jacobian 88
Key set 20

Leading diagonal of double set
15 ; of determinant 21

General Index

Leading term of double set 16;
of determinant 21

Linear function of single set 74

Linear relation between single
se;ts 78 ; between sets generally
8

Linked suffix 48, 62

Matrix of determinant 59 n.

Mean product of deviations, nota-
tion for 94; algebraical laws
satisfied by 94

Mean-product set 96; of self-
conjugate set, is unit set 97
(See also separate headings below)

Mean-product set, reciprocal of
96 ; is mean-product set of
conjugate set 99

Mean-product set for partial varia-
tion 104

Minor 25; relation of, to co-
factor 25-26

Mixed tensor 118

Moments, extension of method of
109-110

Multiplication of set by scalar 61 ;
by set 61

Notation : see INDEX or SYMBOLS

Order of determinant 21 ; of single
set 58 ; of double set 59 ; of set
generally 60

Outer product 49, 61

Partial differential coefficient,
reason forappearanceof 115-116

Partial double set 70 ; inverse or
reciprocal of 70

Partial single set 70

Product, inner: see Inner product

Product, outer 49, 61

Product of determinant by single
factor 81 ; of two determinants,
see Determinants; of two sets
45-46, 61

Product-sum notation 47

Proportion, direct 76, 84; reci-
procal 77, 84

Quadratic form, expressed as inner
product of two single sets 81;



General Index

derivative of 86; expressed as
sum of squares 88-89

Rank of set 60

Ratio, as operator 76; of single
sets 76; of sets generally 81,
82; reciprocal of 81, 82

Ratios, equal 75, 76, 82, 83; in-
version of 76, 78 ; cross-multi-
plication of 78

Reciprocal determinant 41-42

Reciprocal of double set 67;
original set as reciprocal ot
reciprocal set 67

Reciprocal proportion 77, 84

Reciprocation 67

Reduction of error 105

Relativity and statistical theory,
similarity of methods for 93

Reversals of order 17

Row of double set 15, 45; of
determinant 21

Scalar 46, 60; as invariant 118;
derivative of 120

Self-conjugate set 100

Set, double 15, 45, 59; deter-
minant of 59; transposed of
59 ; inverse of 65; reciprocal
of 67

Set, single 44, 58 ; as sum of com-
ponent single sets 71

Set-notation 42 ; principles of 44

Sets, functional relation between
73

Simultaneous equations:—method
ofindividualsolution11; formu-
lae for particular cases 12-13,
29 ; statement of general prob-
lem 13-14; trial formula for

127

denominator 14-19;
solution 30

Statistical independence 96

Statistical set, nature of 92-93

Substitution-operator, unit set as
64-65

Successive summations, order im-
material 48

Suftixes, upper 47

Sum of determinants 31

Symbols : see INDEX OF SyMBoLS

Symmetrical double set 43, 60;
identity of inverse and reci-
procal sets 67

general

Tensor 115; conditions for 116-
118 ; contravariant 118; co-
variant 118 ; mixed 118; reason
for limitation 118

Tensors, properties of 119-121;
sum or difference 119; product
119; inner product or inner
sum 120

Transposed of determinant 22 ; of
double set 59 ; of inner product
63 ; of inverse set 67 ; of reci-
procal set 67

Unit set 51, 64 ; properties of 49-
51, 61-65 ; symmetry of 51, 64 ;
action as substitution-operator
64-65; inner product of two
unit sets 63

Variable sets 72

Variation, direct 79, 84;
procal 79, 84

Vector,ordinary, relation tosingle
set 46 n., 59

Vector, tensor 117

reci-
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PREFACE

HIS little book is intended to be an Introduction to the two

volumes of Combinatory Analysis which were published by the
Cambridge University Press in 1915-16. It has appeared to me to be
necessary from the circumstance that some of my mathematical critics
have found that the presentation of the general problem throngh the
medium of the algebra of symmetric functions is difficult or trouble-
some reading. [ was reminded that the great Euler wrote a famous
algebra which was addressed to his man-servant, and had the object of
anticipating and removing every couceivable difficulty and obscurity.
Posterity gives the verdict that, in accomplishing this he was wonder-
fully successful.

From a general point of view it seems to me there is advantage on
the one hand in explaining a complicated if not difficult matter to an
untrained mind, and on the other in propounding a simple theory for
the benefit of those who are highly trained. In this way certain
vantage points may be reached which are not commonly attainable by
the usual plan of addressing students in a style which is in proportion
to their attainments. The advantage which has been spoken of accrues
both to the writer and to the reader. The writer for example is likely
to be led to points of view of whose existence he was previously un-
aware or aware of only sub-consciously. In attempting what is here
proposed it is inevitable that much must be written that will appear
to the reader to be self-evident and unworthy of statement. The
intention is by a succession of such statements to arrive at facts which,
by a quicker progression, would be difficult or troublesome to grasp.
It is in analogy with a succession of likenesses of a person taken at
small intervals of time such that little or no difference can be detected
between any two successive pictures but between pictures taken at
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CHAPTER 1
ELEMENTARY THEORY OF SYMMETRIC FUNCTIONS

1. A great part of Combinatory Analysis may be based upon the
algebra of Symmetric Functions, and it is therefore necessary to
have some clear definitions and simple properties of such functions
before us.

An algebraic function of a number of numerical magnitudes is said
to be Symmetrical if it be unaltered when uny two of the magnitudes
are interchanged. In algebra such magnitudes (or quantities) are
denoted by letters of the alphabet.

Restricting ourselves to those functions which are rational it is
clear, for example, that the simple sum of the quantities a, 8, v, ...,
n in number, is such a function. For the sum

a+B+y+...+v

is unaltered when any selected pair of the letters is interchanged.
For this symmetric function, of which a is the type, we adopt the short-
hand
Sa.
Again, another symmetric function is
a+ Byt 4L+
because the enunciated conditions of symmetry are just as clearly
satisfied as in the particular case ¢=1.
We may denote this function by
Sat,
the representative or typical term being alone put in evidence. This
last expression includes all the integral symmetric functions, the repre-
sentative term of which involves one only of the quantities. If we are
not restricted to integral functions the representative term may be any
rational function of . For example

8 s o 8

@ _ e B Y v
El—aa’_l—aa‘+1—aB‘+1—ay‘+'"+1—av"

but we are, in most cases, concerned with the symmetric functions which
are integral as well as rational.
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The function Sa* is the sum of the sth powers of the quantities.
It takes a leading part in the algebra of the functions.

The laws of this algebra do not depend upon the absolute magni-
tudes of the quantities a, B, y, ... v, so that usually it is not necessary
to specify these quantities. Various notations have been adopted with
the object of eliminating the actual magnitudes from consideration.
Thus 3’ is sometimes denoted by s,; meaning thereby the sum of the
ith powers of magnitudes which it is not needful to specify either in
magnitude or (very often) in number. Others realising that in the
algebra they have to deal entirely with the number ¢ have denoted the
same function by

(OX

viz. the number ¢ in round brackets. This notation is of the greater
importance because, as will become evident, it can be extended readily to
rational and integral functions in general. Not only so; it is funda-
mentally important because it supplies the connecting link between the
algebra of symmetric functions and theories which deal with numbers
only and not with algebraic quantities.

2. Proceeding to functions whose representative terms involve two
quantities, the simplest we find to be
afl +ay+ By + ... + pv,
which involves each of the 4n (n — 1) combinations, two together, of the
n quantities. It is visibly symmetrical.
This is denoted in conformity with the conventional notation by
20’31
or by (11),
the function being completely given when 2 is known.

Every function is considered to have a weight, which is equal to
the sum of the numbers that, in the last notation, appear in the
brackets.

Thus the functions (z), (11) have the weights ¢, 2 respectively.

When a number is repeated in brackets it is convenient to use
repetitional exponents. Thus

(11) is frequently written in the form (1%).

Of the weight one we have the single function

;
of the weight two, the two functions

(2), ().
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Observe that two functions present themselves because two objects
can either be taken in one lot comprising both objects, or in two lots,
one object in each lot. We express this by saying that the number 2

has two partitions. We have thus, of the weight two, a function corre-
sponding to each partition of 2.

3. In the notation of the Theory of the Partition of Numbers the
partitions of the number 2 are denoted by (2), (1%). It is for this
reason that the notation we are employing for symmetric functions is
termed ‘The Partition Notation.’ Similarly in correspondence with
the three partitions of 3, viz. (3), (21), (1%), we have the symmetric
functions

3e?, 3a’B, Zafy
of the weight 3.
Of symmetric functions whose representative terms involve two of

the » quantities we have the two types in which the repetitional
exponents are alike, or different,

Sa'f =l +alyt + Byt + e+ vt = (42),
Saifl=a'B'+ B+ ... + i) 4t = (%),
involving }n(n — 1) and 2 (n— 1) terms respectively.
It is now an easy step to the function
Saaghags ... a,h,
wherein we have replaced the quantities a, B, ¥, .- v by the suffixed

series a;, Ao, Ay, ... Gy,
In the partition notation we write the function
(il iﬁia e 1‘5)1
where of course s cannot be greater than z.

It involves a number of terms which can be computed when we
know the equalities that occur between the numbers i,, 1,, 4, ... 4,.

If we are thinking only of numbers, (4,4,7;...4,) is a partition of a
number N =i, +43+4+ ... +14,, and since a partition of IV is defined
to be any collection of positive integers whose sum is ;V we may consider
the numbers 7, %5, 2, ... %, to be in descending order of magnitude.
These numbers are called the Parts of the partition and the partition is
said to have s parts.

The series of functions denoted by (i) for different integer values of
¢ constitute a first important set. They are sometimes called one-part
functions.



4 ELBMENTARY THEORY OF SYMMETRIC FUNCTIONS

4. A second important set is constituted by those functions which
are denoted by partitions in which only unity appears as a part. It is

(1), (%, (1%, ... (1),
or Sa,, 2a,ay, 2a,a,a,, ... 20,0,05 ... Qy.
These are sometimes called unitary functions.

The set is particularly connected with the Theory of Algebraic
Equations because

(@-a)(@-B)(2-7) .- (=)
=a"—3a.2" '+ Zaf. 2" - Zafy. 2"+ ...,
the last term being + SaBy...v, according as = is even or uneven.
Hence considering the equation

2 — " + @t —ag* + ..+ (-)" @, =0,
and supposing the n roots to be

. a B,y ... v
it is clear that

=" @™ — L+ (<) A,
=2*-3a.2"' + 3af. 2" 2~ ...+ (—)afy...v,

and we at once deduce the relations

@, = 3a,

ay = Eaﬁr

as = Zafy,
ap=afy...v,

These functions are frequently called ‘ elementary’ symmetric functions
because they arise in this simple manner.

It is sometimes convenient, undoubtedly, to regard the quantities
a, B, v, ...v as being the roots of an equation, the left-hand side of
which involves the elementary functions with alternately positive and
negative signs, but the notion is not essential to the study of the
subject of symmetric functions.

5. There is a third important series of functions.

Of the weight w there are functions which in the partition notation
are denoted by partitions of the number w.

There is one function corresponding to every such partition.

Such a function, since it is denoted by a single partition, is called a
Monomial Symmetric Function.
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If we add all such functions which have the same weight we obtain,
algebraically speaking, all the products w together of the quantities
a, B, v, ... v, repetitions permissible.

Such a sum is called the Homogeneous Product-Sum of weight w of
the » quantities.

It is usually denoted by 4,,.

We have
Iy = (1) = Za,
b= (2) + (1?) = Sa? + Zap,
hy=(3) + (21) + (1%) = Za® + Za?B + Safy,
and so forth.
We have before us the three sets of functions
S1y 8y, 84y - - Syy -ee)
@y Agy A3,y e @y,
hyy by bsy o by, ...

The first and third sets contain an infinite number of members, but
the second set only involves » members where # is the number of the
quantities a, B, v, ....

6. The identity of Art. 4 which connects the functions ,, a., a, ...

with a, B, y, ... may be written, by putting 31/ for z,

l-ay+ay—... + (=) ay" =(1—ay) (1 —By) ... (1 - vy),
or in the form
1 1

l-ay+ay — .. +(-Vag*~ (1-ay) (1 By) ... (1-wy)’
If we expand the last fraction in ascending powers of y, we obtain, in

the first place,
1

+(@+B+y+...+v)y
+(@+ B+ 9+ .+ +altay+ Byt ...+ w) P
+(@+ B+ +. 4V +aB+af + .+ pv+ pt +afy +aB+... + Apy) Y
+ .

It is clear that the coefficient of 3* is the homogeneous product-sum
of weight w, so that we may write
1
l-—ay + ay— ...+ (=) ay"
an identity.

=sh+hy+hyt+... +hy” + ...,
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Thence we obtain
l-ay+ay— ..+ (-} A+ lyy + by + ... + hpy® + ..) = 1.
Since this is an identity we may multiply out the left-hand side and
equate the coefficients of the successive powers of y to zero; obtaining
h—a, =0,
hy—a by +a;=0,
hs—ay by + ayhy — a5 =0,
by — @iy + Ashyy— ... + (=)@ =0,
Fongr — @i + Gy — .. + (=P nhy =0,
kn+2—alkn+l + aﬂﬁn — ...+ (—)"a”’lg = O)

relations which enable us to express any function 4, in terms of
members of the series a,, @,, as, ... a,.

7. In the applications to combinatoryanalysis it usually happens that
we may regard » as being indefinitely great and then the relations are
simply

b —a,=0,
hy—ayfy + ay= 0,
hs— ayhy + @k, — ay =0,

continued indefinitely.
The before-written identity now becomes
A—-ay+ay—asy’ +...ad inf) (L + by + by + bsy® +...ad inf) =1,
and herein writing —y for  and transposing the factors we find
A -by+hy -ky+...ad nf) (1 +y + a9 + @y’ + ... ad inf.)= 1,
an identity which is derivable from the former by interchange of the
symbols @ and 4.

There is thus perfect symmetry between the symbols and it follows
as a matter of course that in any relation connecting the quantities
a,, a3, a,, ... with the quantities 4y, ., 4,, ... we are at liberty to inter-
change the symbols a, 4. This interesting fact can be at once verified in
the case of the relations 4, — a, =0, etc.

Solving these equations we find

hy =y,
by =a,’— ay,
hy =a® — 2a,a, + @,
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and as shewn in works upon algebra

(m +m +m
I"n =3 (_)u+|r,+ir.+,..+|r,‘ 17,-, ; "r" ‘”_"'*_)_ T . B,
where m,! denotes the factorial of =, and

T+ 2my+ 3y + ... + km=m,

the summation being taken for all sets of positive integers m, m, ...

which satisfy this equation.
By interchange of symbols we pass to the relations

o =h,
a,=h?-hy,
@y =h? - 2h, kg + Bs,

=3 (—)ntmtmt.tm (T' tmat t n)' "y hgs .

. Ry,
1rl|1r,'. *

T

8. It is shewn in works upon algebra that the relations between the

symbols s,, 8, S, ... and the symbols a,, @, as, ... are
8 =,
8= , - 2“21

3= a,’ - 3a,a, + 3a,

T+ Tt —1)1
=S (— n+1r,+n+-4-+ﬂ'k( 1 Q" A" ... k.
206 1r,'1r,’ . m! % d
@y = 8y
2la,=8-- 8,
3la;=8°— 38,8, + 283,
n!

= n+wmbwgt e . .
nla,=3(-)mmtm .1”1.2"-...1:'!.#1!7,!...1:'.!

also between the symbols s, &, %, ... and Ay, ks, 4s, ...
31:]"1:
2= (kl2 - 2”'9)1
8= h®~ 3hy By + ks,

+mwat ... +1r,,—1)'n

(
8= E( )'|+I|+ Al AL 1 ‘”1'”" 1rk

hlﬂ" k‘w, hk'k-

8,187 R,
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lll=31;
21 hy=82+3,,
81hs=392+ 38,8, + 28,

n!
Vb= i 8 ... 87,
1 hy 21’".2'!...lc"'ﬂ.‘rr,!'lr,,!...'lr),!sl & 8

These are the principal properties of symmetric functions that will be
of use.

9. If we take any assemblage of letters such as aaBy and are not
concerned with the order in which these letters are written, we have a
¢ Combination’ of the letters. If however the order in which the letters
are written be taken into account, we have a ¢Permutation’ of the
letters. In the present case we have twelve permutations, viz.

eafy  aayB  aflay aBya  ayaff  oyfa
Laay Baya Byaa yaaf yafa YBaa

10. In a similar manner if we take any collection of integers which
add up to a given integer we have as above defined (Art. 3) a partition
of the given number; here no account is taken of the order in which
the parts of the partition may be written ; but if order has to be taken
into account each way of writing the parts is called a  Composition’ of
the number, such composition appertaining to the particular partition
which is involved. Thus of the number 9, 3321 = 3°21 is a partition
which gives rise to the twelve compositions:

3321 3312 3231 3213 3132 3123

2331 2313 2133 1332 1323 1233
and it will be noticed that the compositions which appertain to the
partition 3321 of the number 9 are in correspondence with the permu-
tations of the combination aafy.

Moreover, in general the compositions which appertain to any given
partition of a number are in correspondence with the permutations of a
certain combination of letters.

11. In pursuing the main object of this book, namely the study of
the algebra of symmetric functions together with those theories of com-
bination, permutation, arrangement, order and distribution which are
summed up in the title ‘ Combinatory Analysis,’ it is important to have
some specific rules for arranging the order in which the terms of algebraic
expressions are written down.
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A monomial symmetric function, as defined in Art. 5, is the sum of
a number of different combinations of the same type. In writing out at
length these combinations of quantities a, B, ... v we may adopt what
is called the ¢dictionary’ (cv alternatively ‘alphabetical ’) order.

In any particular combination we write the o’s first, then the B’s,
and so forth; also one combination is given priority of another if,
considering the two combinations to be words, the dictionary would
give the one word before the other.

This allusion to the dictionary, with which all persons are familiar,
seems to define shortly and clearly the principle of order usually
adopted. Thus we write the monomial function of four quantities a, 3, v, 8

Sa?By
in the order o?By + a?B3 + a?y8 + afly + a3 + afy’
+aB8 + ay®d + ayd® + Blyd + By + By,
the dictionary order being in evidence both in each combination and in
the order of the combinations.

Another order is sometimes useful. We may have, in each com-
bination, the repetitional numbers always in the same order as they
appear in the representative combination but subject to this rule, the
letters in dictionary order.

The combinations thus written would then be arranged in dictionary
order. Thus we might write

Sa?By
= aBy + a?B8 + a’yd + Blay + [ad + [7yd
+ y'af + y’ad + 988 + &af + Say + By.

12. Again, frequently we have to write out at length the permu-
tations of a given combination of letters. Here again it is usual to
adopt the dictionary order, each permutation being regarded as a
dictionary word. Thus the twelve permutations of aaBy are written

aafy aayf aBay afya ayaf3 ayfBea
Baay Baya Byoa yaaf vafa vBaa.

13. When we have to write out symmetric functions, of the same
weight, expressed in partition notation, we usually adopt numerical
order, the meaning of which will be clear from the example

ke
=(6) + (51) + (42) + (411) + (33) + (321) + (3111)
+(222) + (2211) +(21111) +(111111),
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where in each term the largest number available is written first, the
next largest second, and so on; and in ordering the partitions numbers
in descending order of magnitude are in the same relation as are the
successive letters of the alphabet in dictionary order. The alternative
method is to adopt the numerical order subject to the rule that the
partitions are to be arranged in ascending order in regard to the number
of parts involved.

"This would give the expression

hs
=(6) +(51) + (42) + (33) + (411) + (821) + (222)
+(3111) + (2211) + (21111) + (111111).

When we have to write out the compositions associated with a given
partition we adopt numerical order.

Thus associated with the partition (321) of the number 6 we have
the compositions

(321), (312), (231), (213), (132), (123).



CHAPTER 1I

OPENING OF THE THEORY OF DISTRIBUTIONS

14. From the principles set forth in the concluding articles of
Chapter 1 we can realise a definite way of expressing the result of
algebraical multiplication.

Suppose that we have to form the product of a number of alge-
braical expressions each of which involves (say) three terms. The
expressions are supposed to be given in a definite order from left to
right. This order will be determined, usually, by the circumstances.

Let the factors be # in number, and, in the given definite order,
denoted by

(@i +bi+¢)(a+by+ ) (s + by +¢3) ...

(@ + bacr + Cnmy) (@ + by + €3),
where three terms are involved in each factor merely for the sake of
simplicity.

To obtain a term of the product we select a term (any term) from
each factor and place them in contact in the order in which they have
been selected ; the factors being dealt with in order from left to right.
The term of the product, thus reached, may involve one, two or three
of the symbols a, b, ¢ according to the way that the selection is carried
out. To place the terms (3" in number) thus arrived at in a definite
order we make our selections in such wise that the terms produced are
in dictionary order. Thus the first three terms will be

M AQ ... An-1 Ay,
WAyl - Uy by,

Qs Ay -.. Ay Cp,
and the last three
€162Cs .+ Cn_1 o,

€10aCy - Ca1by,

C1C2Cy .. CoyCr.

15. As an example, consider the development of (a + 8)".
Writing down the n factors

(a+B)(a+B)(a+p)...(a+B)(a+h)
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the multiplication, according to rule, gives for a few terms

a® +a™ !B + a®2Ba + a" BB + a”*Laa

+a"3BafB + a®3BPa + a*3BBB + ...,

and the complete product for # = 4 is

at + a’B + a*Ba + 38 + afa’ + afaf + af’a + aff’

+ Ba® + Ba?f + Bafa + BafB + BPaa + BRaf + BLLa + B
The combinations which appear are
oY, o', &, o, B,

and the product, as obtained by rule, involves all the permutations of
these combinations, and no other terms.

The terms of the product are visibly in dictionary order and from
the way in which the multiplication has been carried out each of the
combinations necessarily appears as many times as it possesses permu-
tations; so that when the terms are assembled so as to yield the
formula of the binomial theorem

(a+B) =at+ 4a’B + 6a?B + 4af® + B,
each numerical coefficient denotes the number of permutations of the
combination of letters to which it is attached. The same remark can be
made in regard to the general formula

(a+ﬂ)"=a"+(?) a8 + (;) a4 (7;) a4 Bn

16. We proceed to another order of ideas by connecting the theory
above sketched with a Distribution into different Boxes.

Suppose that we have four different (that is distinguishable) boxes
A,, A;, A,, A, arranged in order from left to right

A, 4, A; A,
e a B B
e B o« B
a B B a
B B o« B
B a B a
B a a a

and let us consider the selections of factor terms that were made in
forming the product combination a2

For the first selection we took the terms e, a, 8, 8 from the first,
second, third and fourth factors respectively. Place these letters in the
four boxes 4,, 4,, 4s, A, respectively. Proceed in the same way for
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each of the six selections that produce the combination 3% We
obtain the successive lines of letters shewn in the above scheme. We
observe that we have distributed the four letters a, a, 8, 8 into the four
different boxes, one letter into each box, in every possible way, and that
reading the lines of letters from left to right one such distribution
corresponds to each permutation of the combination. From the mode
of term selection, to form the product, each permutation must occur
and there can be no other distributions into the boxes except those which
correspond to the permutations.
We thus see that, if the binomial expression
(a+B)
be expanded, the coefficient of the term a™8”-™ is equal
(i) to the number of permutations of the combination a™g*-,

(ii) to the number of ways in which the letters of the combination
a™B™=™ can be distributed into # different boxes, one letter into
each box.

17. By precisely the same argument we reach the conclusion that if
the multinomial expression
(a1 +ay+a,+ ... +a,)
be expanded, the coefficient of the term
a,hay2 ay's ... als
is equal
(i) to the number of permutations of the combination a fia,f...a%,
(ii) to the number of ways in which the letters of the combination
a;hay's ... e, can be distributed into ¢ different boxes, so that
each box contains one letter.
We now remark that since @, + e, + a5 + ... +a, is & symmetric function
of the n quantities, the expression
(ay+ag+ay+ ... +a,)
is also a symmetric function. Hence every term of the expansion which
is also a term of the function
Saiaghagh ... el = (4,4,45 ... 4,)
must appear with the same coefficient.
Hence we may say that when
(ay+ag+ag+ ... +a,)
is expanded the coefficient of symmetric function
Sahags... ath
is equal
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(i) to the number of permutations of the combination a,"a,*...a%,

(ii) to the number of ways in which the letters of the combination
a1afs ... e can be distributed into ¢ different boxes, one
letter into each box.

18. We have spoken of the distribution of letters into boxes. The
letters may represent objects or things and it is often more convenient
to speak of the distribution of objects rather than of letters. The
objects are sufficiently specified by the repetitional numbers ¢, 7, ... 4,.
We can therefore properly define the objects distributed or permuted
by saying that they have a Specification

(iriy - 3,)
which is necessarily some partition of ¢, the whole number of objects.

Also the number of ways in which the distribution into boxes can take
place depends upon the identities that may exist between them. The
boxes being such that there are no identities—in fact representable by

Al; Aﬂ, A -A-n
we have only to regard the repetitional numbers, which in this case
consist of ¢ units. The Box Specification is therefore
19,
and the distribution which we have had under view may be described as
of objects specified by (7,4,%; ... ¢,) into boxes specified by (1'), where
Tyt la+ g+ o +15=14.

19. The actual number of permutations or distributions is readily
obtained. If the objects be all ditferent, or in other words of specifica-
tion (1), we may select an object for box A, in ¢ ways; from the 7 - 1
remaining objects we can select our object for box 4,in i —1 ways; con-
sequently we can use the boxes A,, 4, in ¢ (Z-1) ways; similarly we
can use the boxes A,, A;, A;in ¢ (Z — 1) (¢— 2) ways, and the whole of
the boxes in ¢(¢—1)({—2)...2.1 or in ¢! ways. Hence there are
¢! ways of distributing objects of specification (1°) into boxes of speci-
fication (1*). Now suppose 7, of the objects are identical. In any
distribution certain boxes ¢, in number will contain the same objects
and if we now replace these similar objects by different objects we find
that we can do this in ¢,! ways corresponding to ¢, permutations of the
7, different objects. Hence the former distributions are 7,! times as
numerous as the latter, and therefore we find that the latter distri-
butions can take place in

!
— Ways.
%! ¥
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Similarly if other ¢, objects be identical the number of distributions is
i}
il
and finally if the specification of the objects be
(%dyoen 2y)
the number of distributions into boxes of specification (1) is
i!
ATARNEAL
This number therefore enumerates the permutations of objects of speci-
fication (7,1, ... %,).

20. In the partition notation the multinomial theorem may be
written
i1

W3, 0 G i),
the summation being for every partition of the number /.

It will be observed that the multinomial theorem involves the
enumeration of the permutations of all combinations of letters that it is
possible to form. For this reason it is often said to be the ¢ Generating
Function’ for the enumeration of permutations. Since it also enumerates
certain distributions it may be said to be the ‘ Distribution Function’
for the distribution of objects into hoxes of specification (1*), one object
being placed in each box.

21. From this first very elementary case of distribution we can at
once derive an interesting corollary.

Suppose that we have to distribute ¢ objects into i +j different
boxes, so that the box specification is (1**) subject to the condition
that no box is to contain more than one object. It is clear that in any
distribution there must be j empty boxes, and that we may place in
each of them one of j new and identical objects.

These j new objects have the specification (j). Hence the problem
before us is transformed into that of distributing objects of specification
(CYRIE))

into boxes of specification (1**/).

The objects and boxes being now equi-numerous we have the case

already considered and can see that the number of distributions is
@+Nt _
G4 gl
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22. The reader will now observe that we can also pass from the
latter to the former distribution, and that just as we can add any
number to the specification of the objects in order to equalise the
objects and boxes; so conversely, if we are given any specification of
¢ objects and boxes of specification (1*) we can cancel any part from
the specification of the objects without altering the number of the
distributions. Thus the distributions of objects (3, ... 4,) into boxes (1%)
are equi-numerous with the distributions of objects

(Bhda . bratpny e y)
into boxes (1*). Here the number ¢, is cancelled from the object speci-
fication, and » may be any of the numbers 1, 2, ... s.
As a simple example we find that objects of the specifications
(21%), (1%, (21) have equi-numerous distributions into four different
boxes, not more than one object in each box. These are

A, 4, 43 A, A, A, 45 4,
aa B y B a a vy
a a y B B a vy a
a B a vy B v a a
a B y a vy a o« B
a y a B Yy a B a
a y B a v B a a
A, A, A3 4, A, A, Ay A,
a B B a
a B B a
a B B a
a B B a
a B B a
a B B a
A, Ay Ay A, A, 4, 45 A,
e a fB B a a
a a B a a B
a B a B «a a
a a B a B8 a
e B a B e a
a B a B a a
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23. In the case of the binomial theorem another interpretation may
be given to the coefficients.
Writing

(aray=(g)er+ (}) wpecon (L) armgne .+ (") g,

it has been shewn that the coefficient (:;) enumerates the permutations

of the combination a”-"gm,

We can shew that the same number enumerates the number of ways
of selecting 7 letters from an assemblage of n different letters. For
consider the combination «?82 and its ten permutations

aaafBB aafBaf aafBa afBaaf afafa
af3Baa Baaaf Baafa BafBaa BBaaa
When an e is in the sth place from the left of the permutation sub-
stitute for it the suffixed o, a,; thus obtaining, omitting the letters 8
entirely, the ten combinations
a a0 Uy e, 0y Q0,0 a,a;a, a,a;a,
@) gy apazay Axaza; a,aqa; a3y
which constitute the ten combinations three together that can be
formed from the letters of the combination a,asa;aga;. If we had
operated similarly with the letters 8 we would have reached the ten
combinations two together that can be formed from the same combina-
tion of five letters, viz.
agag azag azay a,ag ayay
0@y @, aay 40y a0y
and we have no difficulty in realising that the number (Z) = (" ilm)
enumerates the combinations m or n — m together that can be formed
from n different letters.

24. So far we have been concerned mainly with a distribution into
different boxes, one object only being placed in each box. The results
have been trivial, but they have supplied a connecting link between
combinatory analysis and the algebra of symmetric functions. It will
be shewn in what follows that this relationship can be greatly extended
to the mutual advantage of combinatory analysis and the symmetrical
algebra.

We proceed in the first place by removing the restriction that each
box is to contain only one object. We consider distributions in which
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the number of boxes is less than the number of objects, so that som
box or boxes must contain more than one object. We may join th
issue in two ways. We may precisely define the distribution and ther
seek its connexion with the algebra; or we may set forth some com
bination of symmetric functions, which we can see will lead to ¢
distribution of the required kind, and then seek to define the corre
sponding distribution. For the present we adopt the latter procedur:
and inquire into the development of the function
(1) = (3aBY,

which for four quantities may be written

(aB+ ay +ad + By+ B8+ v8)i.

We carry out the multiplication of the ¢ factors according to the
process explained in Art. 14. The complete product is clearly a sym-
metric function, expressible as a linear function of monomials, of the
weight 2/, of the form

Sa,tak ... et = (4,2, ... 4,).
The monomial function just written will appear with a certain co
efficient. What is the meaning of that coefficient in the theory of
distributions?

In the process of multiplication we take any combination of twc
letters from the first factor with any combination from the second, and
80 on, until finally we take any combination from the ¢th factor and,
assembling the letters thus obtained, we obtain, we suppose, a com-
bination of letters

attaghayls ... gz,

Associated with this step in the multiplication we take 7 different

boxes, that is to say of specification (1),

A, A A5 ... A,

corresponding to the ¢ factors of the product in order from left to right
and place the two-letter combinations which have been selected from
the 1st, 2nd, ... ith factors in the boxes A,, A, ... A, respectively.
We thus arrive at @ distribution of the letters in a,taj ... a,% into
¢ different boxes, subject to the sole condition that each box is to
contain two different letters; or, as we may say, letters of specification
(1%). Making a similar distribution in correspondence with every
selective step in the multiplication, which prodaces the combination
aiagh ... a%s, we reach a set of distributions which constitute the whole
number of ways of distributing a definite set of objects of specification
(4145 ... 4,) into boxes of specification (1°) in such wise that every box



OPENING OF THE THEORY OF DISTRIBUTIONS 19

contains objects of specification (1%). Since all the terms included in
Sa)"as ... oY, regarded as denoting objects, have the same specification
we say that the number of the distributions above defined is equal to
the coefficient of symmetric function
(iiy ... &)
in the development of the symmetric fanction
(13
Some examples supply simple verifications.
By ordinary multiplication we find that

af} + ay +ad + By + B8+ y3) = 3a?B* + 23a?By + 6afBy?d,
Y Y 24

or (1% = (2% + 2 (212) + 6 (19).

The distributions which give the three coefficients 1, 2, 6 are
A, A, A, A, A, A,‘
aB aof o ay a8

ay af ay B3
ad By
By ad
B3 ay
¥3 aof8

Again, by developing
(GaB) =(1%)°

we find a term 153a38%38 = 15 (2%19).
The fifteen distributions are

Al AH A! Al A! AS _Al._,A.I.* 4-_3
af ay P aB a5 By aB af yd
o B3 ay o By ad aB 3 af
ay af j3 ad of By ¥ B o
ay B8 ap ad By of .

B3 aB oy By of a3

B8 ay of By a8 aB

There is no simple expression for the general coefficient in the
development of (Zef)*; but when 7 is not too la.rge' thex:e 8 a xpethod
of arriving at the value of any desired coefficient which will be given at
a later stage.
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25. We pass on to consider the symmetric function product
(SaB) (Sa) = (1) (1)
We write out the ¢ factors followed by the j factors and proceed to
obtain one term in the development by taking one combination of two
letters from each of the first 7 factors and one letter from each of the
last j factors. Assembling the letters so obtained we reach, suppose,
a combination of 2i +j letters
) aPfialr...afs.

In correspondence with the selective process that has resulted in
this combination we take ¢ +; different boxes, so that the box speci-
fication is (1*+)

A A A, .. A B B,B,... B,

We place the two-letter combinations that were selected from the
1st, 2nd, ... Zth factors in the boxes A,, 4., ... 4, respectively; and the
single letters that were selected from the last j factors in the hoxes
B, B,, ... By respectively. If we make a similar distribution for every
case in which the selective process in the multiplication results in the
combination a”1a.2:... a,”s we will have obtained every distribution of a
definite set of objects of specification (p, p, ... p,) with boxes of specifica-
tion (1**) in such wise that in regard to ¢ of the boxes 4,, 4,, ... A;
each box contains objects of specification (1%), and in the remaining
boxes By, B,, ... B, each box contains a single object. Hence we gather
that distributions so specified are enumerated by the coefficient of the
function (p,p; ... p,) in the development of the product

@@y

In the distribution above defined the reader must notice that objects
of specifications (1%), (1) are restricted to the boxes A4,, 4s,...; B,, B,, ...
respectively. This implies that the boxes being in a definite order the
i+J combinations of objects are only allowed i!j! permutations; that
is to say that no exchange of combinations of objects of different specifica-
tions is allowed to take place. If such exchange be permitted (¢ +)!
permutations between the combinations of objects may take place. The
function that by its development enumerates the distributions must
now be multiplied by

(G+)1+i1j1= (’ “:J)
and we have the theorem :—

“If objects of specification (p,p, ... p,) be distributed into boxes of
specification (1*/) in such wise that ¢ of the boxes (unspecified) receive
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objects of specification (1?) and the remaining boxes objects of speci-
fication (1), the number of distributions is equal to the coefficient of
the function (p,p, ... p,) in the development of the function

(1, ‘:J) (1) (1)
As an example it is found that
(;) (122 (1) =... +48(321) +....

The 48 distributions are

4, A, A, A,

the 12 permutations of a8 o8 o 7y
24 ” e ay a B

12 » a By a a

26. It is quite evident that the process by which we have reached
this connecting link between distributions and the expansion of sym-
metric function products is of general application. The selective process
is in correspondence with distribution when the factors of the symmetric
function products are any monomial symmetric functions whatever.

For consider the product

(ZBoy™ag™ ... aM) (Say™ats... a, Y =(mymy ... m)* (M0, ... ny).

We write out the ¢ factors followed by the j factors and obtain one
term in the development by taking one term from each of the ¢+j
factors. The ¢ terms from the first ¢ factors are each of them combina-
tions of specification (m,m, ... m;). The j terms from the last j factors
are each of them of specification (n,7,...n,). The assemblage of i +j
terms is, suppose,

aPaps... aPs of specification (p,p, ... ps).

In correspondence with the selective process we take i +j boxes of

specification (1**)

A, A,...4; B\B,...B,.
We place the combinations that have been selected from the first ¢
factors in the boxes A respectively and the remaining combinations in
the boxes B.

If we make a similar distribution for every case in which the selec-
tive process results in the combination aia?...as we will have
obtained every distribution of a definite set of objects of specification
(p1p:--- ps) into boxes of specification (1°*/) subject to the condition
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that the combinations of specifications (m,m, ... m,), (m;n, ... n,) must
be placed in the boxes A, B respectively.

Removing this condition we find as before a theorem : —

“If objects of specification (p,p; ... p,) be distributed into boxes of
specification (1°*Y) in such wise that ¢ of the boxes (unspecified) receive
objects of specification (7,m, ... m,) and the remaining boxes objects of
specification (,7;...n,), the number of distributions is equal to the
coefficient of the function (p,p,...p,) in the development of the
function

(z -:‘7) (mymy ... m) (i ... n,).”

27. The same reasoning applies when any number of monomial
symmetric functions are multiplied together and we may enunciate
the general theorem : —

““If objects of specification (p,p; ... p,) be distributed into boxes of
specification (1¢*/+*+--) in such wise that ¢ unspecified boxes receive
objects of specification (m,m, ... m,), j other unspecified boxes objects
of specification (2,7, ... n,), £ other unspecified boxes objects of specifica-
tion (0,0, ... 0,), etc., the number of distributions is equal to the co-
efficient of the function (p,; ... p,) in the development of the function

@+j+k+ .. )!
k! ...
Verifications may be made by means of the formula
(3a*By) (SaBy) = Sa3By* + 23a*B'yS + 63a’Byde
+33a’B?y28 + 6 3a?Byde + 103 a?Bydeh,

(mymy ... mp) (myny ... ny) (0104 ... 0,)F. ..

otherwise written

(21%) (1%) =(32°) + 2 (3217) + 6 (31%) + 3 (2°1) + 6 (2°1°) + 10 (21°).

28. As it is important to be able to obtain readily the numerical
values of such coefficients, we will subject this particular development
to examination with the object of deducing general laws in the algebra
of symmetric functions.

Suppose that the symmetric functions appertain to an unlimited
number of quantities a, B, v, . . and expand each side of the identity in
powers of one of them, say a. The function (32?) or Za%8%* involves
some terms which do not contain a; terms such as 8°y*8* for example.
The aggregate of these terms is (32°) regarded as appertaining to the set
of quantities B, vy, §, ..., the original set with the omission of «. The
function involves no terms containing the first power of a, but it has
terms such as a’8°y* which contain the second power of a, the aggregate
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of which is a*(32), if (32) now appertains to the set 8,7, 5, ..... Lastly
it involves terms o® (2?), where (2*) refers to the set 8, v, 5, ....

Hence we may write

(32" =(82°) +*(32) + a* (27,
the dashed round bracket denoting that the symmetric functions refer
to the deficient set of quantities 8, v, 5, ....

Similarly

(32 1%) = (321’)' +a(321) + a? (31’)’ +a(21%),
(319 =(31*) +a (31%) +a*(1%),
(2°1) =(2°1)" +a (2°) + o (2°1),
(2°1%) = (2°1%) + 2 (2°1%) + a?(21%),
(21%) = (21°) + a (214) +a*(1°).
The right-hand side of the identity may therefore be written
(32°)' +2(321*) + 6 (319 +3 (2°1) + 6 (221%) + 10 (1%
+a{2(321) + 6 (31%)' + 3(2°) + 6 (2°1%) + 10 (21%)'}
+a?{(32) + 2 (31%) + 3(2°1)' + 6 (21°) + 10 (1}
+a{(2%) + 2 (217 + 6 (1)}
As regards the left-hand side, since
(217 = (21%) + a (21 +a2 (12,
(1) = (1) + (2%,
we find that
@17) (%) = (217 (1) + e {(21) (13) + (21%) (1*)'}
+a {(17) (1Y’ + (21) (1)} + o (17) (17).

Now equating the coefficients of like powers of a (omitting the case
e) and suppressing the dashes to the round brackets by converting the
set of quantities 8, v, 3, ... into the set a, B, v, ... through writing a, 8,7, ...
for B, v, 3, ... respectively, we obtain the derived formulae

@) 1)+ (213 (1’ =2(321)+6 (31%) + 3 (2%) + 6 (2°1%) +- 10 (21%),

() (1% +(21) (17) = (32) + 2(31%) + 3 (2°1) + 6 (21%) + 10 (1%),
(P =(29+2(21%) + 6 (1%).
Thus we can derive, from any given identity, a number of other identi-
ties of lower weights. The very simple process is that of expansion in
ascending powers of the quantity a.

We observe that the coefficient of a™ in any monomial function is
obtained by merely deleting the part m from the partition which denotes
the function; if the part m be not present the coefficient is zero. Observe
also that in the product (21%) (1%) the highest power of a that presents
itself is 3 because 2, 1 are the largest parts in the factors respectively
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and 2+1=3. It follows at once that the coefficient of a® in the product
is found by simply obliterating the first or largest part in each factor.
We thus arrive at the coefficient (1?)®. Thus from the original identity
(21%) (1%) = (32%) +2 (321%) + 6 (31¢) + other terms which involve no part,
in the partitions, as large as 3, we derive, at sight, the new identity
2= +2(21)+6(1%).
From this we discover immediately new theorems in distribution.
As an example, since
2(21) (1) =... +12 (319 + ...,
a»=...+6(19+...,
we can assert that the number of distributions of objects of specification
(31%) into boxes of specification (1%) in such wise that the boxes contain
objects of specification (21?) and (1°) is twice the number of distribu-
tions of objects of specification (1*) into boxes of specification (12) in
such wise that both boxes contain objects of specification (1?).
Examination of the distributions verifies this conclusion and the
theory we are now discussing might have been entirely based upon a
study of the distributions.

29. In order to facilitate the process of taking the coefficients of a™
in & symmetric function it is convenient to adopt a mathematical short-
band. Let the symbol

Dy,
placed before any symmetric function, stand for the phrase
‘the coefficients of a™ in.’

Then when D,, is prefixed to a monomial function expressed in the
partition notation, the result is the deletion of the part m from the
partition; if the part m be not present the result is zero; if m itself be
zero the result is to leave the function unaltered or, as we may say, to
multiply the function by unity. For example

D, (32°) = (2%); Da(32°)=(32); Ds(3)=1;

D.(32%) = D, (32") = 0; D, (32") = (32%)°.

* It should be stated that the reader who is acquainted with the differential
calculus will realise that D,, is effectively a partial differential operator of the
order m which is expressible by means of symmetrio functions in a variety of ways
and, in particular, in terms of the elementary functions (1), (1), (12), ... which
have been denoted above also by a,, a,. aj, ....

It was brought to light in 1883, Proc. Lond. Math. Suc., by James Hammond
and is freely used in * Combinatory Analysis’ and in many researches by the author
which have been published in Scientific Journals during the past thirty years. The
methods of the calculus are not necessary for this elementary exposition and the
requisite properties of the symbol will be set forth without its aid.
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30. Any symmetric function ' may be written in ascending powers
of the quantity a in the form

DyF+aD F+aD,F+...,

in accordance with the definition of D,, 7.
Hence the product of two functions F}, F, is
(DoFy+ oD\ Fy + Dy Fy + ...) (Do Fy+ oD Fiy+ 2D, Fy + ..),
or Do.F'l.DoFa
+a (D, F\D,F,+ D, F,D,F,)
+a* (DL D, Fy+ Dy F\D\F, + D, F\, D, F)
+a® (Do F,D,Fy+ D, F,D,Fy+ D,F.D,F, + D, F, D, F,)
+ s
Moreover
F\Fy=D,(F\Fy)+oD,(F\F,) + @D, (F\ F}) + ...
Whence comparing the coefficients of a, o?, o3, ...,
D, (F\Fy) = DyF,. D,Fy+ D\ F,. D, F,,
D,(F\Fy)= D F,. D,Fy+ D\ F\. D\ Fy+ D,F, . D,F,,
Dy(F\F) =D F,. Dy Fy+ D\ Fy. D,y + D,F,. D\ Fy+ Dy F, . D, F,

Dn(FF)="3% D,F,. Dy_ Fi
8 -0

where on the right-hand side there is a term in correspondence with
every composition (see Art. 10) of the number m, zero counting as a
part. There are visibly 7 + 1 terms, but usually fewer than m + 1 will
materialise because by the rules of operation many terms may vanish.

Similarly if we require the coeflicients of a™ in the product of three
functions

F\F, F,
the performance of the symbol D,, will involve a term
D,F\. D\ F;. Dy F,

because one step in the multiplication is to find the coeflicients of a*,
af, am-*-* in I, F,, F; respectively, and then to multiply the three co-
efficients together.
Hence
D, (F\F.F;) = Eo zzo D,F,. D,F,. Dy, . F.
8= =

Since s, ¢, m —s— ¢ is a composition of the number into three parts,
zero counting as a part, the symbol D,, breaks up into as many triads

)
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of symbols as the number m possesses compositions into three parts,
zero counting as a part. The reader will have little difficulty in proving
that the number of these compositions is

Da(ttarats. = Da(t-ayt=("12) = ("*2),

In general, when the symbol D, is prefixed to a product of ¢ sym-
metric functions, it breaks up into as many i-ads of symbols as the
number ¢ possesses compositions into ¢ parts, zero counting as s part.
The number of such compositions is

N m+z'-—1)_ <m+i— 1)
Da(t-a=("11 )= ("7,

81. We can now see the importance of the study of the symbol, for
evidently we can repeatedly operate with it, varying its suffix as may
be desired, until a positive integer or zero is reached, and thus solve
the problem of the multiplication of symmetric functions upon which
the present view of combinatory analysis depends. For consider the

product
1) (1),

D, (21) (1) = D, (21%). D, (1¥) = (1%) (17),
D, D, (21") (1°) = D, (1) (1%) = Dy (1%) . D, (1%) = (1) (1),
DD, D, (21%) (1) = D,(1). D, (1) + D, (1). D, (1) =2 (1),
and finally

we have

D,D,D;*(21%) (1%) = 2D, (1) = 2.
Now we may write
@1 (1% =...+0(321%) + ...,
so that operating upon both sides with Dy D, D the right-hand side
becomes C since every other term is reduced to zero by the operation.
The calculation above shews that the left-hand side becomes 2 by the
operation. Hence C'=2, and
(219) (1) = ... + 2 (321%) + ...
We can in this way calculate the result of the product of any
number of monomial functions and thus evaluate the number which
enumerates a well-defined distribution of objects into boxes.



CHAPTER I1I

DISTRIBUTION INTO DIFFERENT BOXES

32. The theory set forth in the foregoing chapters enables us to
make a great advance in combinatory analysis.

We are now able to attack the following problem.

Objects of any given specification are to be distributed into m
different boxes, i.e. of specification (1™); in how many ways can the
distribution be made?

First consider the case of two boxes, denoted by 4,, A4,, and let the
objects be w in number. It has been shewn in Art. 26 that if the speci-
fication of the objects be (p, p,...2,) and the boxes are obliged to contain
objects of specifications (m,m,...m.), (m,n,...n,), both specifications
appearing, one in each box, the enumerating symmetric function product
is 2 (mym, ... m))(nyms... 0,) OF (10, m, ... m,)* if the partitions (mym, ... m,),
(niny ... n,) be identical.

We have merely to develop the product and seek the coefficient of
the function (p,p,...p,).

We now abolish the restriction and substitute another, viz. that the
boxes are to receive, one of them w, objects and the other w, objects.
We have

wt+ wy=w H
the w objects may have any specification and the w, and w, objects
may have any specifications consistent with the condition that the
assemblage of w, and w, objects must have the same specification as
the w objects. If the specification of the w objects which are to be
distributed be unknown the w, and w, objects may have specifications
denoted by any partitions of w, and w, respectively. The w, objects
may have therefore all specifications included in the function 4.,, the
w, objects all those included in the function k.. If we form the
functions

k0,0 OF Fo?,
according as w,, w, are not or are equal, we obtain, upon multiplication,
terms of the forms

2 (mymy... M) (MyNa... 0y) OF (MyMy... )7,
and it has been shewn already that these functions enumerate, on de-
velopment, the distributions which are associated with the particular
specifications (m,m, ... my), (mn, ... n,).
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As an example let us distribute 4 objects into two different boxes
so that one box, unspecified, contains 3 objects and the other box
1 object.

We have

2hsby = 2{(3) + (21) + (1)}(1)
=2(4) +4(31) +4(2%) + 6 (21%) + 8 (1%,

leading to the conclusion that objects of specification (21%) can be
distributed in 6 ways and similarly when the objects have other speci-
fications.

The distributions for all of the cases are:

Spec.  (4) (31) (29 (213 19
4, 4 4, 4, A, A, 4, 4, A, A,
a @ B aB B afly a aBy 3
a o B o B B a afy 8 afy
afB a af? a B y aBfd y
a a’f a af? y &8 vy af3d
B oy B ayd
Bys
a fyd
No. 2 4 4 6 8

in agreement with the theory.

33. Having thus obtained the enumerating function 24, &, or 4,?
for the special numbers w,, w, we can include all cases by giving w,, w,
all possible values and adding the corresponding enumerating functions.

Thus for w=2 we have A2,
» =3 ”» 2"1"’1,
» =4 ” "a’ + 2"3"11
» =5 ” 2":@"’ 21'1”1;

and so on, while in general we seek the coefficient of 2* in the ex-
pansion of the function
(i + hya® + hya?® + ... 2.

We may state the theorem:—
“The number of distributions of objects of specification (p,p; ... p,)
into boxes of specification (1%) is equal to the coefficient of the function
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(#:1ps --- ps) in the development of the coefficient of #* in the expansion
of the function
(i + koot + Iy + ... )?

where p, +p, + ... +p, = w.”
As an example when w =4,

Dhsky + bt =3 (4) + 6(21) + T(29) + 10 (21%) + 14 (1%).

The distributions are

Spee. (4) (31) (2?) (21%) 1
xi,mfig A, A, 4; d, A, A, 4, 4,

@ a at B B B a3 afy 8
a? a? B o B a’B y of3 8 afy

w

a a3 a af? a oty B afs vy
a af3 a af? B a*y y af3d

a* af @ 8  afy a ayd B
a3 ot g a? a afy B ayd
aB of a By B e
By o a  fyd
of o af
ay af ¥8 af
ay B8
B ay
ad By
By ad
No. 3 6 7 10 14

34. Passing to the case of three boxes of specification (1%) we con-
gider a distribution in which the boxes contain w,, w, and w;, objects
in any order respectively. The possible specifications of these lots of
objects are shewn by the partitions of the functions which are terms in
oy, Puoyy koo, B0d When these specifications are assigned the corresponding
symmetric fanction products will be terms of the developed products

ko, Bholhey, 6o kot
according to the equalities that present themselves in the numbers
Wy, Wy, Ws.

To see how this is we observe that from Art. 27 the distributions
associated with specifications

(mymy ... me), (mans...0), (0,05 ... 0p)
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are enumerated by the functions
(mym, ... me)?, 3(mymy ... m)? (mamg ... my),
6 (myms ... my) (M7 ... 0y) (0104 -.. 0,),

according to the identities that subsist between the three partitions.
It is obvious that if w, = w, = w, the three partitions are all of the same
weight and 4, will give the three functions which have coefficients
1, 3, 6 respectively. If w,, w,, w;be the three weights 34,,%4,, involves
on development the functions with coefficients 3, 6. Finally if w,, w,,
w, are three different numbers, 62, k., k., produces all the functions
which have the coefficient 6.

We can now include all cases by giving w,, w,, ws all values and
adding the corresponding enumerating functions.

Thus for w =3 we have 42,
4 ”» 3h2h12,
5 8hsy? + 3kl
6 ”» }lzs + 3}'4"12 + 6k3"2}ln
and so on.
In general the enumerating % function is the coefficient of z* in the
expansion of
(e + hoa® + by® + ... )*
and if we develop this 4 function the coefficient of the symmetric
function (,2. ... ps) is equal to the number of ways of distributing objects
of specification (p,p; ... ps) into boxes of specification (1°).

35. We can now enunciate the general theorem :—

“The number of ways of distributing objects of specification
(2:p1... p») into boxes of specification (1™), no box being empty, is equal
to the coefficient of

Pt tPy (pl},,.l --~P.)
in the development of the function
bz + bya® + hs2® + ... )™

In order to be able to use this theorem in practice it is necessary
to expand products of the functions A, &, As, ... in terms of monomial
functions. This may be readily accomplished by use of the operative
symbols £2, Dy, D,, ... because observing in the first place that

Doky = Do {(3) + @1) + (1)} = (8) + (21) + (1") = &,
Dyhy=(2) + (1%) = hy,

-Dz’la = (1) = }ln

D:/‘a =1,
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it is easy to see that
Dyhy=hy

is universally true if we agree that 4, = 1.

If A, be the homogencous product-sum, of weight w, of the
quantities B, y, J, ... we may write

hy,=Doh, +aDyb,) +o*Dyh,) + a® Dyh, + .. ,

so that
bbb, =( Dby, +a Dk va Dyl + .. ) (Do) +a Dk, +0® Dyhy, +..0).

But

Py = Do(hy b)) + a Dy (b b)) + @ Dy(foy, b)) + ...

Hence equating coefficients of like powers of a and suppressing the
dashes by writing a, 8, v,... for 8, v, 8...

Dy (b b)) = Dok, Dby + Diboy,. Doy by + ... + Dby, Doy,

= hwlhw)—m + /I‘w.—l ,lw,-—mH + ...+ ,‘w‘—-mkw"

shewing the way in which the symbol D,, operates upon any product
ko hy,. Compare Art. 30.

Similarly £, operates upon a product of s functions Ay, Ay, ... Ay,

through the medium of the various compositions of m into s parts, zero
counting as a part.

36. Thus if we desire to develop the function
h + Shyh®+ 6hshohy
and require the coefficient of the function (51) the process mnay be as
follows:
Dy (b + 3hyh? + 6hshy b))
= Dhhy. Dohy. Dyby+ Dohy. Dihs. Dyby+ Dihy. Dby, Dok,
+ 8 (Dshg . Dihy. Dyby+ Dihy. Dyhy. Dby + Dihy. Dk, . Dih)
+ 6 (Dyhg. Dyhy . Dohy + Dyhy. Dihy. Dby + Dyhy. Dohy. Diky)
=8k, + 9%, + 184, = 804,
DD, (h + hyhy® + 6hshy ) = 30,
establishing that objects of specification (51) can be placed in boxes of
specification (1*), no box being empty, in 30 ways.

37. There is an alternative process which is of much interest.
Write he+ b+ ha+ ... = H,
and note that the coefficient of z?t+#s+-+Ps (p,p, ... p,) in H™ is
D, D, ... D,, (coefficient of z?1*?a+.- +2s in /™).
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Now H"=Q1+H-1)"
=(1+H)"— ('{‘) (L Hy 1+ (’;‘) 1+ [y~

and D, (1+ H)=a? (1 + H) by the law of operation.

Also D,(1+HY=D,(1+H). Dy(1+H)
+ Dy U+ ). Dy(L+H) + ...,

there being one term on the right-hand side corresponding to every
composition of p into two parts.
By Art. 30 the number of these compositions is

p+1\_(p+1
=01
- p+1
Hence w"l),,(1+}1)2=( ' )(1+11)2;
also D, (1+HY=D,(1+H).Do(1+H). Do(1+ H) + ...

+D,(1+ H). D,(1+ H). D.(1+ H)
+ ...,

there being one term on the right-hand side corresponding to each
composition of p into three parts. The number of these compositions is,

by Art. 30, P+2>.
_ i_(P+2 3
We have 2D, (1+ H)' = ( ) a+Hy,
-, m p+m—1 n
and generally a*D,(1+ H)"= ( o 1 ) 1+ H)

Making use of these results

e D Hm =Pt " 1)(1+H)"'
(m (p,+m 2) (1 + Hy™
(m)(p,+m 8 A+ H)™ 2+ ..
annD, D, H"= (" 1)(”’”" Dasmy»

_(m)(p,+m 2)(p,+m 2)(1+H)"‘ 2
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and ultimately
PPy .-PaDm Dp‘ vee l)p, H™

ey s
-

B )
LB ()

because we know that the right-hand side cannot involve 2. We may
therefore finally put « and therefore H equal to zero.
To verify the result of the preceding Article put

m=3, pmp=3, p;=1.
The formula gives

2N L5\ /1
(z)( )"5( )(1)+3(0) (o)
=63 —36 + 3= 30.
The series written down is thus established as enumerating the number

of distributions of objects of specification ( p,p. ... ps) into boxes of
specification (1™), no box being empty.

38. In the above investigation there is no restriction upon the
number of times that any one of the quantities a, 3, y, ... may appear
in the same box.

If no object is to appear more than once in the same box, a box
which contains w, objects must contain objects denoted by the letters
of one of the terms of a,, = (11). Hence instead of the functions
Iy ko, ks, ... we have presented to us the functions a,, a,, a, ...
and writing

QX+ ozt + ... = A
the enumerating function is the coefficient of zP1*P:t...+7s in
A™, -

If m =3, the function which now enumerates the distributions into
boxes of specification (1°) is
a® + 3a,a,® + 6asa,a,
=(UP+3191)y+6 (1)) ),
and if the objects be of specification (321) the number of distributions is
Ds D, Dy {(1%)° + 3 (1%) (1)% + 6 (1%) (1%) (1)}
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By the rule of operation we find
D, {177 + 3 (19 (1)*+ 6 (1°) (1%) (1}
=(1y+38(1") +6 (1% (1),
D, D, produces 3(1)+6(1),
and finally Dy D, D, {(13*+3(A)(AP + 6 (1) (1) (1)} =9

The actual distributions are

A, A, A4, A, A4, A4,
ey e a a3 aff ay
afy o of aB ay of
af afy a ay af3 aff
aff o afly
a afy af
e aoff afy

39. In the alternative method we write

l+A=1+aqz+a2°+a;2° + ...
The reader will have no difficulty in establishing the formula
m o m
D,(1+ A= (p).r" (L+ 4™,
80 that operating upon A™ in the form
(e ar=(T) e are (3) e

we readily reach the number which enumerates the distributions of
objects of specification (p,p; ... p,) into boxes of specification (1™), no
box being empty, subject to the condition that no particular object is
to appear twice in the same box. The number is

(p.) (p,) (p.) (m)( )(m ) (m 1
<@

To verify the special case m =3, p,= 3, p,=1, p; =1, we find

() () (1) -2



DISTRIBUTION INTO DIFFERENT BOXES 35

The more general condition that no object is to appear more than
k times in the same box is treated by means of new functions

kl’ kh kh vy

such that £, is derived from A, by striking out from the latter all
partitions which contain parts greater than 2. We then operate through
the medium of compositions which contain no part greater than £ and
we reach a general solution analogous to those which employed the 4
and & functions.



CHAPTER IV

DISTRIBUTION WHEN OBJECTS AND BOXES ARE EQUAL
IN NUMBER

40. We now come to an important case of distribution which is of
particular interest in view of the light that it throws upon the algebra
of symmetric functions. We consider a number of objects and an equal
number of boxes. We are given the specifications both of the objects
and of the boxes and place one object in each box. How many distri-
butions are there ?

Suppose that ¢, of the boxes are precisely similar, so that they have
the specification (¢,). Whatever may be the specification of the ¢,
objects that are placed in them it is certain that they have only one
distribution, because the boxes being identical no permutation of
the objects alters the distribution. Denote these boxes each by A4,.
The specification of the ¢, objects must be one of the partitions which
occur in A, when expressed in terms of monomial functions. As
one distribution we may take any product of a, 8, y, ... that occurs
in 4. Also if there be ¢, boxes, each denoted by A,, one distribution
into the g, boxes will be any product of «, 8, y, ... that occurs in A,,.
And similarly for the boxes gs, g4, ... .. Hence we write down the
factors of the product

kg hg, -y,

each factor being written out in full, and obtain a distribution by taking
any term of 4, for the ¢, boxes 4,, any term of 4,, for the ¢, boxes A,,
ete. ... any term of k, for the ¢, boxes 4,. If these terms when
assembled constitute a combination which has the specification

(Prps - ps)
we will have one instance of a distribution of objects of specification
(£1P: --- ps) into boxes of specification (g:¢. ... ¢.), one object being in
each box. It follows that the objects denoted by

aPra?s ... abs
can be distributed into the boxes just as often as the term a,f1a?s... o,?s
arises in the product Ay Aq, ... &, The enumeration of the distributions
is therefore given by the coefficient of the function (g, ;... p,) in the
development of %, Zq, --- kg, in & series of monomial symmetric functions.
We have the theorem :—
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“The number of ways of distributing » objects of specification
(212, - ps) into n boxes of specification (¢yq, -.. ¢;), one object into
each box, is equal to the coefficient of symmetric function (pps---p))

in the development of the product %, 4, ... kg,

As an exa.mple, if (plpﬂ Pn) = (411), (9149 q:) = (321), one
distribution is

A 4, A, Ay A, A,

a a a a B k%

corresponding to the terms a®, aB, y in £s, 4,, &, respectively. The number
of distributions is from previous work

DADf’h’h’h =8,
and the complete table of distributions is
A, 4, A, A; A, A,

e a a a B Y
e a a a vy B
a a a B v a
e« a B a a Y
e a B a vy a
a a vy a a B
a a y a B a
a B vy a a a

A table giving the development of products of the functions

by by ks, ...
will give the complete numerical solution.

41. We now write the particular distribution we presented above
in the form, writing 4, B, C, ... for 4,, 4., 4,, ...,

AAA BB C

eaaa a f3 v

and observe that if we interchange the letters by writing A for a and
a for A, B for B and B for B, C for y and y for C, we reach a
distribution

AAAA B c

aaaf B v
of objects of specification (321) into boxes of specification (411), and
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since we may transform every distribution in this way we obtain the
theorem :—

“n objects of specification (p,p,... p,) can be distributed into
n boxes of specification (¢1¢, --- ¢:), one object in each box, in just as
many ways as n objects of specification (g1¢; --- ¢¢) can be distributed
into n boxes of specification (p, p; ... p,), one object in each box.”

42. 'This quite obvious fact in the Theory of Distributions is next
seen to lead to a Theorem of Symmetry in Algebra which is not only
not obvious but was for a long time unsuspected.

If we denote by

C 'PLP2 - p,)
ql q, s qt
the number of the distributions under examination we have shewn that
0<p1p, p,) -C 192 - q,) ,
N9 e D1Ps---Ps
and this leads to the relation
Dy D, ... Dy hg by, .. hyy=Dy Dy, ... Dy by by, ... by,
or, in other words, the coefficient of symmetric function (, p; ... p,) in
the development of kg, kg, ... kg, is equal to the coefficient of symmetric
function (g1¢s ... ¢:) in the development of 4, 4,, ... A,,. This is called
a ‘Law of Symmetry,’ because in a table which expresses the 4 products

in terms of monomials for a given weight the rows will read the same
as the columns. Thus such a table for the weight four is

(4) (B1) (29) 21’) (19
hAh 1 1 1 1 1

b, 1 2 2 3 4
h? 1 2 3 4 6
hh? 1 3 4 7 12
k! 1 4 6 12 24
43. If we look again at the distribution
4 A4A4 B B C
e aa a B Y

the symmetry that arises from the interchange of letters leads to the
idea that instead of regarding the letters 4, B, C as denoting boxes we
may regard them as also denoting objects, but of a different kind from
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the objects denoted by a, 8, v; so that we may regard the distribution
as being in fact & pairing of objects of two different sets of objects,
one object being taken from each set to form a pair.

Observe that one set of objects involves no objects which appear in
the other set. If the objects of both sets had been drawn from one set
of objects, so that the objects in one set were not distinct from the
objects in the other set, the distribution theory considered here would
not be valid. For example, if we distribute the objects a, B8, y into the
boxes A, B, C we obtain the six pairings of the objects a, B, y with the
objects A, B, C,

ABC ABC ABC ABC ABC ABC

aBy ayB Bay Bya yaB  yBa
but if we pair off the identical sets a, B, v; a, B, y, we obtain only the
five pairings

aBy afy aBy aBy afy
afy ayB Bay Bye YBa
because the omitted pairing
aBy
reB
is the same as aBy
Bya

When any object in the one set also appears in the other we have
a distribution, or pairing, which requires separate consideration, and
indeed has been investigated up to a certain point™®.

44. The distribution, regarded as a pairing off of sets of objects,
which are distinct, is to be regarded as having a specification de-
pending upon similarities of object-pairs. Thus the above pairing may

be written
(Aa)* (Ba) (BB) (Cy),

which is said to have the specification (3111), which is also a partition
of 6, the number of the objects distributed.

We may say that objects of specification (411) have been distri-
buted into boxes of specification (321), one object in each box, in such
wise that the specification of the distribution has the specification
(8111).

* «Combinations derived from m identical sets of n different letters and their con-
nexion with general magic squares,” by Major P. A. MacMahon, Proc. L. M. S.
Ser. 2, Vol. 17, Part 1.
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Or, we may say that objects of specification (411) have been paired
off with other objects of specification (321) in such wise that the
specification of the object-pairs is (3111).

It is next to be noticed that the interchange of Capital and Greek
letters does not alter the specification of the distribution. For looking
at the object-pairing

(da)* (Ba) (BB) (Cy)',
it is clear that the interchange of letters canuot affect the repetitional
numbers 3, 1, 1, 1, which are the parts of the partition which denote
the specification.

45. We have before us clearly quite a new question, viz. the enumera-
tion of distributions, of given specification, of objects of specification
(m1pa --- ps) into boxes of specification (¢14s ... ¢:), one object into each
box.

In Chapter v this question is considered up to a point. It has
been solved completely in Combinatory Analysis. Suffice it to say that
the theory has an important bearing upon the Algebra of Symmetric
Functions. It establishes a refined law of symmetry connected with the
partitions (p,p5...2s), (91¢z - -- ), and the partition which denotes the
distribution due to the circumstance that the first two of these parti-
tions may be interchanged without altering the enumeration.

46. In the present theory the homogeneous product-sums 4,, 4, &, ...
have appeared because no limit was imposed upon the number of times
that similar objects may appear in similar boxes. Thus in boxes4, 4,4,
we have supposed it permissible to place objects represented by any of
the terms aaa, aafB, aBy, ... that compose 4;. The specifications of this
portion of the distribution might be (3), (21) or (1*). If we had re-
solved that not more than two similar objects were to be placed in
similar boxes we could not have placed the objects e, a, a into the
boxes 4, A, A, and instead of the function %; we would have taken
the function

(21) + (1),

and generally, in each of the functions 4,, A, A, ..., we would have
deleted all functions which in the partition notation are denoted by
partitions which involve parts greater than 2. If the conditions be that
not more than % similar objects are to be placed in similar boxes we
substitute for 4,, ,, &, ... the corresponding set of functions %, £, &s, ...
in which the deletion of partitions involving parts greater than % has



ARE EQUAL IN NUMBER 41

been carried out. We then find that the number of distributions is
equal to the coefficient of the function (p,p,...p,) in the develop-
ment of
koko - kg
and establish by interchange of Capital and Greek letters that the
distributions, subject to the same condition, of objects of specification
(14: --- ¢.) into boxes of specification (pip, -.. p,) are enumerated by
the same number.
We thus see that the coefficient of (g ps... ps) in ko ko, ... &y 18
equal to the coefficient of (g.qs .- qo) in &y &y, ... &y,
In other words we prove that
Dy Dy, Dy, bk by = Dy Dy o- Doyl by .
Moreover, since
Dpkm = km—p:
also Dyl =km-p,
the evaluation of the coefficients can be carried out.
The specification of the distribution is clearly not altered by the
interchange of Capital and Greek letters and we are led to an extended
theory of symmetry in the Algebra of Symmetric Functions.

47. The case k=1 iz interesting because the homogeneous product-
sums become the elementary functions
(1>’ (12)! (13)) v =y dgy Ay -0y
and we establish that the coefficient of the function (pyps ... p,) in the
development of
Ag,Qq, -~ a"ll
is the same as that of (¢1¢z ... ¢.) in the development of
@p, @y, - Ap,.

"This particular case of symmetric function symmetry has been known
since the time of Meyer Hirsch early in the nineteenth century and
several proofs have been given of it. That here given, based upon the
theory of distribution, is the simplest and most suggestive. Since the
specification of one of these distributions cannot involve any number
greater than unity, we see that every distribution must have the same
specification, viz. (1), where 7 is the number of objects. In the calcula-
tion the symbol D operates entirely through the medium of composi-
tions of numbers which are composed entirely of units and zeros. This
is so because

D, (1*) = Dpa, = zero if m be greater than unity.
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Th
" Diaar=D,(0(1)(1)= D). D (1). D, (1)= (1),
D, (ln) 1@)=Db, (19. D, 1).D,(1)+ D, (1*). D, 1). D, 1)
+D,(1%). D, (1). D, (1)
~2(1p+ (1),

D, (1) (1) (1) = D, (1%). Dy (1). Dy (1) + Dy (1%). D, (1). Dy (1)
+Dy(1%). Dy (1). Dy (1)
=(@r+2(1) ().

48. It has been established that the number
Dy Dy, ... Dy, by, .. by,

enumerates distributions of objects into boxes when the distributions
are subject to certain conditions.

We can now shew, by reasoning upon the method of obtaining this
result, that the same number enumerates certain arithmetical construec-
tions of quite a different nature. When D,, operates upon %4y, ... Ay,
it acts through a number of compositions of p, into ¢ parts, zero count-
ing as a part. In this way we obtain the sum of a number of products
of which the type is

'N—C) h'h—ﬂi b h’l;—cp
where ¢;¢; ... ¢, is a composition of p,.

Each of these products has unity for coefficient.

Restricting attention to the product above written the operation of
D, is performed through compositions of p,, and we obtain from the
one product we are attending to a number of products of which the
type is

P hq;—c.—d."'qrcrdn ”‘q;—crdu
where d,d, ... d is a composition of p,.

Each of these products has unity for coefficient.

Restricting the attention to this last written product the operation
of D,, yields a number of products of which

h’ll—ﬂl—dl—’x],'lu—ﬂu—d:—ﬁ e h’q‘-ﬂl—d‘—q
is the type, where e,¢; ... ¢ is a composition of p,.
Each of these products has unity for coefficient.
Finally, by this process, when we operate with D,, through one of
the compositions of p,, viz.
010;... 0y,
we reach the product

1 xhoky... oy=1.
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We will then have arrived at the enumeration of one of our distribu-
tions through the medium of the succession of compositions

CiCy. €y, Gady...d,, ers...0,...... 0,0y ... Oy,
of the numbers p,, p,, ps, ... p, respectively.

We may say that the particular distribution thus enumerated is in
correspondence with the numbered diagram

(41 Cy Cs Ce
4 | dy | dy d,
(2] [ e, e

oy l o, | o

which involves a rectangle of s rows and ¢ columns.

What is the definition of this diagram? Clearly the sums of the
numbers in the successive rows must be p,, ., ps, ... p, respectively,
and the sums of the numbers in the successive columns must be
@1, Qa5 Qs, --- ¢ respectively. The numbers must be positive integers
(zero included) and there is no restriction upon the magnitude.

To every such diagram also there corresponds one distribution.
Hence the number

Dy, D, ... Dy, byh, . Ty,
enumerates the diagrams so defined.

To take a very simple example, the number

Dﬂ’ﬁ?’h“:‘t
enumerates the diagrams
T 1 1
2000 11 ) 0 B i' ol1 o|l1]1
0|11 10 ] 1 1 ’ 1o 2]00]

where the rows add up to 2, 2 and the columns to 2, 1, 1.

49. We have an analogous enumeration also when the condition is
that not more than % similar objects are to be placed in similar boxes.

In every case the reciprocity that exists between the specifications
of the objects and of the boxes can be exhibited by rotating the dia-
grams through a right angle.
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These identities of enumeration are simple instances of a very
extensive theory in Combinatory Analysis.

50. Before closing this chapter it may be remarked that the
placing of objects of any specification in boxes which are identical, one
object in each box, is equivalent from a distribution point of view to
placing the same objects in a single box. In both cases the objects
can be permuted in any manner without changing the enumeration.
There is in fact only one distribution. Consider then a distribution such
that ¢, objects are placed in g, similar boxes A,, ¢, objects in ¢,
similer boxes A,, ... g; objects in similar boxes 4,, the sets of objects
having any specifications and one object being in each box. In con-
trast with this consider the ¢, ¢, ... g, objects placed in single boxes
B,, B, ... B, respectively. If the numbers ¢, ¢., ... ¢; be all different
we cannot in the first distribution interchange any pair of the sets of
1, 9s, --- ¢ Objects because, for example, the ¢, objects will only fit into
the ¢, similar boxes A4,. Also in the second distribution if the boxes
B,, B, ... B, be identical we cannot alter the distribution by any inter-
change of a pair of the sets of ¢, ¢, .. ¢, objects. Hence there is a
one-to-one correspondence and we may state that the number of distribu-
tions of objects of specification (p,p, ... p,) into boxes of specification
(@192 --- q0), the numbers q,, q,, ... q. being all different, one object being
placed in each box, is equal to the number of distributions of objects of
specification (p, p. ... p,) into boxes of specification (¢) such that the ¢
boxes contain ¢;, g, -.. ¢: objects respectively. For example, compare
these distributions where

(D1ps - p) = (821), (gaga--- o) = (321),
4,4,4, A, A, A,

or

A A 4
afy al a
af3B ay a
aay BB
BBy aa a
wB By e
afy aa B
aay aB B
aafl ay R
asa By B
Y

Y

b4
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51. Again, if the numbers ¢, ¢,, ... ¢, be identical and the boxes
B,, B,, ... B, have the specification (1*) we find that in the first dis-
tribution the sets of ¢,, g, --- ¢, objects can be permuted in all possible
ways so as to produce new distributions—the number of ways depending
upon the similarities that may exist between the ¢ sets of objects. Also
in the second distribution, since the boxes are all different, the sets of
objects can be permuted exactly as in the first distribution, and we
may say that the number of distributions of objects of specification
(p1p: - - ps) into boxes of specification (¢:¢s ... 1), the numbers ¢, qs, - .- g
being identical, one ohject being placed in each box, is equal to the
number of distributions of objects of specification (p,p, ... p,) into boxes
of specification (1°) such that the ¢ boxes contain in some order
@15 ¢, --- ¢: Objects respectively. As an example we may compare the
distributions of objects of specification (321) into the boxes

A A, A, A, A;A; and A, 4,4;,
where (p1p: ... ps) =(821), (12 -.- ¢;) = (222).



CHAPTER V

DISTRIBUTIONS OF GIVEN SPECIFICATION

52. In this chapter we examine the distribution theory that has
just been before us with special reference to the specifications of the
distributions. In & product-sum such as #;, for example

(3)+(21) + (1%,

the occurrence of a part 1, 2, or 3 in a partition indicates that 1, 2, or
3 similar parts have been placed in similar boxes and it was by restricting
the magnitude of these parts to be not greater than £ that we were able
to determine the theory of the distribution when the condition was that
not more than % similar objects were to be placed in similar boxes. In
order to put in evidence the specifications of the distributions we con-
sider in connexion with the product-sums 4,, &;, /s, ... the new functions

Xi=201),

X, =2,(2) + 2,2(1Y),

Xi=25(3) + ma, (21) + 2,3(1%),

Xi=2,(4) + 252, (31) + 2,2 (22) + 2322 (21%) + 2,* (1‘);

We may if we choose regard 2, &3, &, ... as being the elementary
gymmetric functions of a new set of elements
a, B9,
Indicating symmetric functions of this set by dashed brackets, viz.
(), the relations may be written
X, = (1)’(1)’
X,=(17)(2) +(2y (19 + 2(1*) (1),
X, = () (3)+ 2 (1 (21) + (21) (21) + 6 (1Y (1)
+(3)'(1%) +2(21) (1),
ete.
and we, at once, notice a symmetry in the right-hand sides of these
relations. They are unaltered by an interchange of dashed and un-
dashed brackets or in other words, by an interchange of the sets of
quantities a, B, v, ..., 8, v,.... To prove that this symmetry is uni-
versal consider the infinite series

1+ X1+ Xo+ X+,
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which is expressible as the product
(I + 0 + 220® + 23a° + ...)

x(L+ 2B +2: + 238 +...)
x (L + 2y + P+ 259 + ...)
X vee >
because the coefficient of zx2, 2, ... therein is
SarfBeyr... = (Apv...).
Since ,, Z3, @y, ... are the elementary functions of ', 8, v/, ...
(I + ;a+ 20 + z50+ ... ) = (1 + da) (1 + fa) (1 +ya)...,
so that also
1+ X+ X+ X+ ...
=1 +aa)(1+Ba)(l rya)...
x(1+adB)(L+ BB (1+ ¥YB)...
x(L+ay)(L+8y)(1+y7)...
X
a relation which establishes the symmetry for the right-hand side is
unaltered by the interchange of dashed and undashed letters.

53. We have to deal at present with the set of relations which
commepces with A7 =a,(1).

Taking any product of the functions X, say for example X, X3, we
find that we can arrange the right-hand side according to products of

quantities &, &a, ;,.... In particular, selecting the term which involves
Zyx,2,%, we have

X Xp= . +{(21%) (8) + (31) (21) } &y myz® + ...
The function
(21%)(8) +(31)(21)

is associated with two partitions of the number 7; (43) which defines
the X product and (821?) which defines the = product. The numbers
which appear in the two functions (21%)(3), (31) (21) are those which
appear in the  product and moreover each function involves partitions
of the numbers 4, 3 which appear in the X product.

'The symmetric function products (21?) (3), (31) (21) are derived from
the symmetric function (321?) by a process called ‘ Separation’ and each
is said to be a ‘Separation’ of (321?). Each factor of such a product
is said to be a ‘Separate’ of the ‘Separation.” The like terms are em-
ployed when we are thinking only of Partitions. A partition is separated
into separates just as a number is partitioned into parts.
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Separation consists in separating combinations of parts by distinct
brackets. Thus

(321%), (321) (1), (81°)(2), (82) (1Y), (21°) (3), (81)(21), (32)(1)%,
(31)(2) (1), (3)(21) (1), (8)(2) (1*),
(3) (@) (1),
are all separations alike of the function (821%) and of the partition
(3212).

We may therefore say that the two terms of (21?) (3) + (31) (21) are,
both, separations of the function (3212%).

A separation has a specification which consists of the series of
numbers which denote the sums of the numbers in separate brackets
or as we may say in the separates. Thus the eleven separations above
written have specifications

(1), (61), (52), (52), (43), (43), (51%),
(421), (8'1), (327),
(321%.

Hence the terms of (21%)(3)+ (31)(21) may be fully described as
being separations, of the partition (821%) which defines the 2 product,
which have the specification (43) which defines the X product. The
terms (21%)(3), (81) (21) each appear above with the coefficient unity
because in the associated X product no exponent exceeds unity, Had
we chosen the product X* X,” we would have obtained a term

2(8)(21).3(22 (1*) zszia®
such that (3) (21) (2)*(1?) is a separation of (32°1%) of specification (3?2°%)
and the coefficient 3 x 2 that presents itself denotes that the separation
(2)*(1%), composed of separates of the same weight, has three permuta-
tions; and similarly that the separation (3) (21), also composed of
separates of the same weight, has two permutations.

We may say that in the X product the coefficient of & separation is
equal to the number of permutations of the separates when only per-
mutations between separates of the same weight are permitted.

54. Take now the general X product
XXy Xoy=+ P20, To o, + ...
We see that

(i) P is a linear function of separations of (¢y0403...).

(ii) Each separation that appears has the specification (¢:¢.---¢:)
and every such separation presents itself.
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(iii) The numerical coefficient of a separation is equal to the
number of permutations of its separates when only permu-
tations between separates of the same weight are permitted.

We now expand P in a series of monomials so that

P=..+0(ppy...ps) + ...
and
XX Xog= oo + 0(D1iPs--- Ps) Xo, X, Xy - .

We gather that objects of specification

(2rp2---p0)
can be distributed into boxes of specification
(919s---90)

one object in each box, so that the distributions have, all, the speci-
fication
(0y0405...)

in 0 ways.

55. It has been seen in the foregoing chapter that we can inter-
change the specifications of the objects and boxes without altering the
specifications of the distributions or the number 6. Hence we have a
law of algebraic symmetry indicated by the complementary formula

Xp Xy Xpg =0t 0(q1@2--- ) Zo,ZoyZoy-- + ...

As an example we develop the term
{@1°)(3) + (31) (21)} Zsar’,
which appears in the product X, X;, and we find
X X,=...+{(52)+3(51%) + (43) + 2 (421) + 2 (3°1)
+2(32%) + 3(321%)} 2z + ...

and we interpret any particular term, say 3(51%), by stating that
objects of specification (51%) can be distributed into boxes of specifica-
tion (43), one object in each box, in such wise that the distribution has
a specification (321%) in 3 ways. These are in fact

AAAA BBB
aa fB aay

a
aaay aalf
a

afBy aaa
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the specifications of the distributions being shewn by
AAA|BB|A|B AAA|BB|A B
e aa|aal|B|y @ a a aa'ylﬂ
BBB|AA|A|A

aa.o.l:aa.|B‘

<L

56. To shew the reciprocity we calculate
X X2=... +3(43) &yay2?® + ...,

and the distributions are

AAAAdA B C
a aaf P a B
a aafB B B a
a a B BB a a

3 in number and each of specification (821%).

57. The symbol D,, can be employed with good effect because if
we operate upon
Xq-Xq:""Ytu
with Dy, D,,... D,
we obtain a linear function of 2 products which gives a complete speci-
fication account of the distributions of the objects into the boxes.
We proceed from the relation
DX,=2,X,.,
valid for all integer values of s and also when s =0 if we put 2= 1.

To take an example consider objects and boxes of the specifications
(221%), (43) respectively and recall the way in which the symbol D,,
operates upon a product through the compositions of its suffix. The
calculation is

D DX, X,
=D, D? (0, X3.Xa+ 2, X X + 22 X3 X5)
= DP{(z: + 2°) (2, X3 + 2. X, X, + 22 X, X))
+ z, (2, X, X + 2 X))

= D {(& + 22,2%) X,y + (22 + 22,2 + %) XL X1}
= D2 {(2’®; + 2232%) X, + (2232, + 2202, + %) X,

+ (2232, + 220 2," + 2,°) X2}
= D {8z, + 42y 2s® + 2,°) X, + (2222, + 202y + 2°) X*}
= D, (122, + 8a32:* + 32,%) X,
=Txlta? + 82,2, + 32/,
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and the distributions indicated are

Spec. (2°1%) (21%) an
AAAA BBB AAAA BBB AAAA BBB
aa BB yde aafBy B3de afByd apfe
a ayd BBe aafB8 B ye aBye apfBd
aay e BB aafBe Byl afBde afy
e ald e BBy ay BB aid e
vy 8 BB aac ad BB a ye
Yy ¢eBB aald aef B avy3d
8 eB B aay ayd e afBf

Byd e aalp
No. 7 8 3

58. It will be observed that, since D, X, =2, X,_,, the # product
of highest degree obtained from
D, D,...D, X, X,... X,
must be Zp, Zp, ..+ Ty
Again from the symmetry on the right-hand sides of the relations
X, ==(1),
X,=2,(2) + 2,*(1%),
Xy=23(3) + a2y (21) + 22(1%),
which was established in Art. 52, we may derive from the relation
D, X,=x, X,
the relation
D/ X =a, X,
where the symbol D, has reference to the symmetric functions of the
quantities o/, 8, v, ... and as before a@,, @, ay,... are the elementary
functions of the quantities a, 8, y,....
This is so because an interchange of the sets
a, ﬂ! Yy eer a'a ﬂ/) 7’,"-
leaves X and X_, unaltered while changing D, into D, and , into a,.
Similarly from the result
2 D2 X X, = T2 x5 + 83, 2s + 327,
we derive
D,'ﬂ_D"ﬂ X‘X, = 7“1'“,‘ + 8a)“a‘ + 3417.
These transformations are of much service in the development of the
algebra.
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59. In Art. 55 we have determined the specifications of the distri-
butions when we are given the specifications of the objects and boxes. We
can obtain all the distributions which have a given specification, the
specifications of the objects and boxes being at disposal by simply ex-
panding an X product as a linear function of # products. Thus since

X=a{(4) +2(2)} + 22® {2 (31) + 2(21%)}
+ 2 {(2%) +2(21%) + 6 (14)}
we gather that a distribution of specification (2?) can be obtained,
when the box specification is (2?), by distributing objects of specification
(4) in one way, and objects of specification (2%) in two ways; and simi-
larly the other two terms upon the right-hand side can be interpreted.
The distributions are

(2% (21%) 19
f_lA*rBrl_f A A BB 4 A BB
(4) a__a. e a (31) a ﬁ (22) a B .aA,B_
(2,)0. e B BB a B a a (212) B a vy
BB e a (212) p Y ?‘_7 a‘__B
ﬂy a a a BB y 3
a'g g 8
o @ y
gt By
B & ay
y 8 ap

60. In Art. 48 we shewed that the theory of a certain distribution
led easily to the enumeration of certain numbered diagrams which could
be accurately defined. The correspondence was obtained by an examina-
tion of the way in which the operation of the symbol D,, is effective
in obtaining the enumerating number. Looking back to Art. 57 we can
similarly examine the calculation involved in the expression

2’ Dl’ Xlxﬂ'
The symbol D, is performed through the medium of the compositions
of the number m. If
C1y Cay .o Ct
be such a composition we may have to perform the symbols
D,,, Dy, D.,,...D,
upon the several factors of the X product. Now since (Art. 57)
D X,=2xX,,
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we see that, associated with the particular portion of the operation, we
will have a product
Loy oy +er Loy
with coefficient unity, and not merely unity as is the case when we
are dealing with the functions 4,, A, %, ...
Again operating asin Art. 48 through another composition &,,d,,...d,
we obtain another z factor
Za, g, «es Zag
the coefficient being again unity.
Finally we arrive at a certain z product with the coefficient unity
and we find that corresponding to one of the distributions we have a
lettered diagram

f
zt. Z, Ce Z cy ‘zet
Za, | Tap | Zay Za,
Loy | Tex | Tey Ze
Xy | Ta | Tay Tt

and the product of these sz, # factors defines the specification of the
particular distribution which has led us to this diagram. Eliminating
the symbol z from the diagram, as it has no numerical significance, we
write it

C, Cy Cs Ct
d | da| ds d,
6 29 és { [}

|
8 32{33‘

B

If the distributions considered have, all of them, the same specifica-
tion defined by the  product resulting from the diagram, it is clear
that the diagrams must all give the product z,,%s,&, ..., Where the
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partition (0,030, ...) is the specification of the distributions. Hence
the numbers ¢,, ¢, ... dy, d, ... &, 8, ... in the numbered diagrams
must, when assembled, make up the partition (¢y0,0;...).

We may therefore state the theorem :—

‘Let there be a rectangular chess-board of ¢ columns and s rows and
let given numbers o, oy, ... 0, 7 in number, be placed in the compart-
ments in such wise that the sums of the numbers in the successive rows
are Py, P, --- p. 80nd in the successive columns ¢, ¢s, ... ¢:; then the
number of such numbered chess-boards is equal to the number of ways
of distributing objects of specification (p,p; ... p,) into boxes of specifica-
tion (¢1¢s --- ¢¢) subject to the condition that the distributions are to
have the specification (o0 ... 0;).”

61. As an example, by means of the result
DiDPX, X, =Tz’ + 82,y + 8z,
we enumerate the 7 diagrams

2 2 2 2 2‘ ol | |2
2 e ol | 2] |2 ' 2 2|
1] 1 | ] | mn
1 1| |1 T“ EnEnE
TN EEEne 1! —1_: 1

in which the compartment numbers are 2, 2, 1, 1, 1 derived from the
specification (2?1°) of the corresponding distributions; the row sums are
2,2, 1, 1, 1 derived from the specification (221%) of the objects dis-
tributed, and the column sums are 4, 8 derived from the specification
(43) of the boxes.

Also we enumerate the 8 diagrams

2 2 ;— 1|1 1{1 1|1 11 :
tr| fafo] [ufof fe ] [l | fel ] | (2] [
1 __1— 1 1 1 1 Y—ﬂ Tw
1 1 1 1 T_ _T :._ 1
1 _T 1 —IT 1 1 1 T—“
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associated with the compartment numbers 2, 1, 1, 1, 1, 1, and the 3
diagrams

D) [T [
nnmonNan
niRoaNin
nimnnnan
NOROEN

associated with the compartment numbers 1,1, 1, 1, 1, 1, 1, the row
and column sums being, as before, derived from the partitions (2°1°),
(48). (Compare Art. 49.)



CHAPTER VI

THE MOST GENERAL CASE OF DISTRIBUTION

62. So far two main divisions of the Theory of Distribution have
been under consideration, viz. the case in which there are no similari-
ties between the boxes and the case in which the number of boxes is
equal to the number of objects. In the former the objects may be of
any specification ; in the latter both the objects and the boxes may be
of any specification. The next main division that presents itself for
examination is concerned with boxes which may be any in number but
in every case indistinguishable from one another. They have the
specification (m) when they are m in number. The objects may be any
in number and of any specification. No box is supposed to be left
empty so that the objects are at least as numerous as the boxes.

Objects of the specification (p,p; ... p,) are in correspondence with
the assemblage of letters

aPiafr ... aPs or a”1 P ... 0% oOr aPBly"....

63. The partition (p,p,...p,) may, from another standpoint, be
regarded as a multipartite number or, in other words, as a succession
of numbers which enumerate letters or objects of different kinds.

If we separate any combination of letters from the assemblage

T
say ah pq ‘Yr‘ ctty
the numbers p,, ¢;, 7, ... are not necessarily or generally in descending

order of magnitude and some of them may be zeros. If we break up
the assemblage into m portions
aPBhy" .., aPsBhyTr ..., .. aPmBimyTm

without any regard to the order of writing the portions, we may speak
of a distribution of objects of specification (pgr...) into boxes of speci-
fication (m) because no permutation of the boxes, which are all similar,
alters the distribution. In correspondence we speak of partitioning the
multipartite number into m multipartite parts and we denote such
partition by the notation

(Pra71 -5 PagaTa ey oo PmTm -o2 )
The parts may be placed in any order without affecting the partition.
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Thence it arises that the problem of distribution into similar boxes
is identical with that of partitioning a multipartite number.

It will be remarked that a collection of integers in a bracket may
denote either a partition of an ordinary or unipartite number or a multi-
partite number, but that whereas the parts of the partition in the
former case may always be written in descending order, such is not the
case with the constituents of the multipartite parts of a multipartite
number.

As a simple example of the correspondence between distribution
and partition, take the assemblage a?8%.

Distribution of a?8? into Partitions of (22) into
two similar boxes two parts
A A
adg B (21, 01)
af? a (12, 10)
a? B (20, 02)
e aff (11, 11)

64. In the main divisions previously discussed we have had to
deal with the homogeneous product-sums of the elements q, 8, v, ....
In the present main division we have also to deal with homogeneous
product-sums, not of the simple elements but of certain combinations
ot them, u,, u,, o, ....

A reference to Art. 8 shews that we can arrive at the product-sums
by first obtaining the power-sums.

Thus if wF 4wkt +ut+ . =0y,
and U,, U,, U, ... denote the product-sums,
Ul =0,
21U, = 02+ 03,
3! U; =0+ 80,0, + 203,

41 U,= 0, + 60,20, + 30,* + 8oy05 + 60y,

csiveercscsataniacnen Seeiecssarectrsasscttrecnan

i3t (1) GV G)

We have to determine the particular combinations of a, 8,7, ...
that we may substitute for u,, u,, us, ..., 80 as to be of service in the
problem before us.
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If we take m=1, so that there is but a single box, we note that for
any assemblage of objects
By ...
there is only one distribution; the whole of the objects must be placed
in the only box. Hence the symmetric-function enumerating function

must be the sum of all the monomial functions of all weights. We may
take it to be

b+ hy+ ks + ... ad inf.
=()+@+1)+B)+ @D +(1) + ...,
because the coefficient of the function (pgr ...) in the series of func-
tions is unity.
When'm =2, we may place in the two boxes any two assemblages
which, added together, make the assemblage to be distributed. Regarding

a?Bey" ...
as a literal product, we have two products whose product is equal to

the given product: Now it is evident that if P,, P, be two such pro-
ducts, the distribution must be of one of the zypes

AA AA
PP, PP,

80 that the product distributed must be either P2 or P,P,, where
P,, P, separately may be any combination of letters. Hence every
possible distribution will be realised for all specifications of the objects
to be distributed by taking the product-sums of order two of all com-
binations of letters. The enumerating function must therefore be the
sum of such product-sums of all weights.
Similarly when m = 8, the distribution must be of one of the types
AAA AAA4 44 :‘1
pPPP, PPP, PPP,
so that the product to be distributed must be either P,® or P2P, or
P,P,P;. Hence the enumerating function must be the sum of product-
sums of order three of all combinations of letters.
By similar reasoning for m boxes the enumerating function must be

the sum of product-sums of order m of all combinations of letters.
These combinations are the terms of the infinite series

hy+ ks + ks + ... ad. inf,
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65. If we proceed now from these combinations we will obtain a
solution of the problem, but it is much better to include unity in the
series of terms. If unity may be placed in any box instead of one of
the above combinations it is clear that we will enumerate the distribu-
tions into m or fewer boxes, and this will be quite satisfactory because
we have only to subtract the function which enumerates the distribu-
tions into m— 1 or fewer boxes in order to obtain the fanction which
enumerates the distributions into m boxes, no box being empty. Asthe
algebra is easier we adopt this course and put

Si=1+h+hy+hs+...
S1+(M+@)+ AN+ 3)+ (1) +(1%) + ...

The sum of the Ath powers S, of all the terms appearing herein, is
obtained, as is readily realised, by multiplying every part which appears
in the partitions by #.

Hence

Sa=1+(2)+(4)+(22) +(6) +(42) + (2) + ...,
8, =1+(8)+(6)+(3%) +(9) +(63) +(3%) +...,
Se=1+ (B + (2) + (B) + (3%) + (2k, k) + (&) + ...,
and thence if U, U,, U,, ... be the product-sums,
Ul = Sln

2! Ua=Sla+Sa,

31Uz =82+ 38,8, + 28;,

41U, =8*+ 6828, + 38,* + 88,8, + 63,,

This is the expression of the enumerating function U, in which the
coefficient of the function (pgr...) is to be taken.

66. If, on development, we find that
Un=...+0(pgr..)+ ...,
our operating symbols shew us that
D,D,D,...U,=6D,D,D,... (pgr...)=6,
since no other terms on the right-hand side survive the operations. We
must therefore learn how to operate with the D symbol. It will be
remembered that the symbol D, causes every symmetric function,
whose partition does not involve the number m, to vanish, and that
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when the number m does appear it strikes out that number from the
partition once. Now the portion of 8, that involves m in partitions, is
(m) + (m1) + (m2) + (m1?) + (m3) + (m21) + (m1®) + ... ad. inf.

Hence D,8, =8,
or every operative symbol leaves S, unaltered.
Also Dy 83 =83, Dym183=0,

since §; does not involve any uneven number.

Generally Dy, S; = 8; and D,S;= 0 unless s is a multiple of .

The effect of D, upon 8* comes next for consideration. The symbol
operates through the compositions of  into %, parts, zero being included
a8 a possible part.

Thus for example, omitting the operator D, for convenience, replac-
ing D,S, by its value §,,

Ds82=D,8,.8,.8,+8,.D,8,.8+8,.8,. D8,
+D,8,.D\8,.8 + D,8,.8,. D,S, + 8,. D,S,. D,8,
+D8,.D;8,.8,+ D\S,.8,.D,8,+8,.D,S,. D,S,
+D,8,.D,8S,. D8,
=108,

and this coefficient of S,® arises because the number of compositions of
the number 3 into 3 parts is 10.

This example establishes that the effect of D, upon Sk is to
multiply S;* by a number equal to the number of compositions of m
into %, parts, zero counting as a part. Hence by Art. 30

Dast=(™* :“ - 1) Sk,

67. The effect of .D,, upon 8;* depends upon the compositions of
m into £, even parts, zero taking its place as an even part. Hence
unless m be even it causes Sg% to vanish. Considering then the symbol
Dy, we observe that the compositions of 2m into even parts are equal
in number to the whole number of compositions of m, for they are
obtainable by multiplying by 2 each part of the latter composition.

Hence Dnsi=("" B ) g
Generally there is no difficulty in establishing that
Do 8K = (m +:‘( - l) Sk

while the result is zero if the suffix of the operative symbol is not a
maultiple of ¢.
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68. Finally, consider the value of
D, Sh8kh ... Sk,

In dealing with the compositions of m into &, + &, + ... + &, parts,
zero counting as a part and retaining the factors of the operand in the
above order, there is no condition that must be fulfilled by the first
k. parts of the composition; the next &, parts must be multiples of 2;
the next #; parts must be multiples of 3; ..., and finally, the last
%, parts must be multiples of . Unless these conditions are satisfied
the result of the operation derived from the composition will be zero.
'The complete result of the operation is the multiplication of the operand
by an integer equal to the number of the compositions of m which have
the properties above set forth. This integer is equal to the coefficient
of 2™ in the development of the algebraic product

A+z+2+.. A +2+2+ . ). (L+2* +a%+ .. )H,
because in the ordered multiplication an exponent of # can only be
made up of

k, numbers each divisible by unity

kﬂ » ” ” » 2

ks ” ” ”» » 3

ki » 2 ”» ”» ?
Hence D,SHkS)k... Sk

= coefficient of 2™ in
(=-2)(1=-a) M. A-2)"Sk8kh... Sk,

69. In the light of this result consider the enumeration of the
distributions of objects of specification ( pgr...) into two or fewer
similar boxes, or, what is the same question, the enumeration of the
partitions of the multipartite number (pg» ...) into two or fewer parts.

By Art. 62 we seek the coefficient of the function (pgr...) in the
development of

Uy= 3 (82 +5).
This is equal to the first term in
D,D,D, ... %(s.* +8),

which materialises when, after the operations, we put each of the
quantities 8, S, equal to unity.
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Now by the theorem that has been established in Art. 65

1
Dm 21 82+ Sa)
is equal to the coefficient of ,#+ in

1 { S 5 _} _1 (82 +8) + 2, (82— 8,)
2 2 (Q-a2)Q-22)

O-aypt iz
Hence the coefficient of the function (p,) is, putting S;=8,=1, the
coefficient of ##1 in
1.
AQ-2)( -2
This number enumerates the partitions of the (unipartite) number p,
into two or fewer parts and solves the corresponding problem in distri-
butions.
This result is of course well known since the time of Euler.
70. Proceeding from the result

Dy 3 (82 + 8,) = coeff. of " in

1 {_ & ,é‘z_}
2l(1-2) 1-2°
we can further operate with the symbol D,, and find that
Dy, Dy, 3 (8 + 8;) = coeff. of 21z, in

1 { I R *}

2 lQ-2)(-a)p QA-2)0-2z2))’
shewing us that the coeff. of the function (p,p,) is equal to the coeff.
of 2Pz in

1 1 1

3l 0wy 0 e -a0)
_ i l+o2,
T(-a)(-2).(A-2)(1 -2

This number enumerates the partitions of the bipartite number (p, p,)
into two or fewer parts and solves the corresponding problem in distri-
butions.
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Further, if we denote by P (pg, 2), P(p, 2) the numbers of the
partitions of ( pg) and (p) into two or fewer parts we see that we may

write
P(pips, 2)=P(p,, 2) P(p,, 2) + P(pr—1,2) P(pa—1, 2),
a convenient formula. As an example
P(33,2)={P(3, 2P +{P (2, 2)p
and observing that the numbers 3, 2 have each of them 2 partitions
into 2 or fewer parts
P(33,2)=2"+2"=8.
The 8 partitions, thus enumerated, are
(33), (32, 01), (23, 10), (31,02),
(13, 20), (22, 11), (21, 12), (30, 03).

In general, since P (2p, 2)=p+1=P(2p+1, 2), we have the
formulae
P (2p,, 2P, 2) =(p1+ 1) (pa+ 1) + prpa,
P(2p, 2p,+ 1, 2)=(2p + 1) (P2 + 1),
P(2p+1,2p,+1,2)=2(p + 1) (pa +1).

71. For the multipartite number ( p, p; ... p,) we find that
D, D,, ... Dy} (S?+8;) =coeff. of zPrafs... 22 in

Hitzara-S. 0 oS e
2 l(1-2)(1-=)}...(1-2) (1-z)A-2)...(1-2)"
and thence we establish that the partitions of the multipartite number

(prpa --- o), into two or fewer parts, are enumerated by the coeff. of
zPzP ... 2P in

1 1 L
2 {(‘1‘3;)7(1 “ay (1 —"@‘2 ta-ay -z (1 —z.')}’

1 + 32, %5 + 32, T2 X584 + -+
A-z)(1-2. (Q-z)(1-2)...(1 ~2) (L - 2%’

the last numerator term being 32,2, ... 4, or 32,2, ... ,, according
as 8 is uneven or even.

From this result general formulae may be constructed as above for
the particular case s = 2.

or in
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72. Passing to the partitions into three or fewer parts we have
Uy =% (87 + 38,8, + 283),
D, U equal to the coeff. of .1 in
1 82 S, S
iy S ama )
and thence the coeff. of the function (p,) in Uj is equal to the coeff.
of 7 in

1 1 1 1
sli-ar T o
1
A-a)(Q -2 (1-27)°

the well-known result in the case of the unipartite numbers.

Similarly for the partitions of bipartite numbers we are led to the
coeff. of z,P1z" in

.l.f_____l___+3 - .1_.‘ s

6l 0-2). Q-2 “QA-2)(Q—a2?).(1—2) (1 —27)

or in

2 }
(1-28).(1-z))°
1+ 2,20 + 2,275 + 21 25° + _._zj,’a-,’ + a2
A-z)(1-2)Q-29).(1-2)Q-z)(1 -2°)

or in

73. In general for the case of the partitions of s-partite numbers
into three or fewer parts we are led to the coeff. of zP1zfs... P+ in

1 1
8 {(1‘-’2,”)’ (Azy - (a=zy
1
3 eyl (=) (1 —ad) ... (1 = &) (1=

T ey T L
(I-z®) (-2 ... (1 -22)

In a similar manner the enumerating generating function for the
partitions of the multipartite numbers (p,p; ... p,) into m or fewer
parts can be constructed and the gentral problem of distribution before
us may bé regarded as solved.

74. For the partitions of the unipartite namber p, into m or fewer
parts the generating function comes out, after simplification, in the

Eulerian form
1

A-z)(-2...(01-2™)°
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75. The final and most general case of distribution presents itself
when the objects have the specification (p,p, ... p,) and the boxes the
specification (m,m, ... m;), the whole number of the boxes being any
number not greater than the whole number of the objects.

Here the enumerating generating function is

/A
in which we seek the coeff. of the function
(P1pa--- po)-

For consider any distribution of the objects into the boxes. It
consists of objects having a certain specification distributed into boxes
of specification (m,), together with objects of other specifications distri-
buted into boxes of specifications (ms), (ms), ... (m,) respectively. The
aggregate of these specifications of combinations of objects constitutes
a composition of the multipartite numbers (2, p, ... ,) into ¢ or fewer
parts, multipartite parts consisting wholly of zeros being admissible.
Since any combination of objects may appertain to any set and the sets
are not interchangeable, we obtain the generating function by simply
multiplying together the generating functions which belong to the
separate sets of boxes.

76. The application of this theorem to the distribution of objects
of specification ( p,) is interesting. The enumerating function is

1
A-2)(1-2%...1-2™)
1

U A=) ... (1 —a™)

1
= Ao S aya = A
where the succession of numbers 7,, ng, 7, .. is related to the suc-
cession m,, mq, Ms, ... m, in the following manner.
We write down m,, m,, mg, - - m, units in succession
1 1 1 1..m, units

111 1...mg ,,
111 1...m
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the numbers m,, m,, m; ... being assumed in descending order of mag-
nitude and then add by columns producing a partition (n, 2, s, -..)
which is said to be conjugate to (m,m, ... m,).

We have therefore a remarkable theorem :—

“The number of distributions of objects of specification (p) into
boxes of specification (mym, ... m,) is given by the coeff. of #? in the
function

(I-2) ™1 -2y ™1 -2°)™...
where (n,747, -..) is the partition conjugate to (mm, ... m,).”
77. As a verification observe that if (mym, ... m,) = (m) the con-
jugate partition is (1™) and the enumerating function is
A-2)A -2 . (1—-2™),
whereas if (m,m, ... m;) = (1™) the conjugate partition is (m) and the
enumerating function is
(1 -z)™

As another example suppose (mym; ... m;) = (221); the conjugate

partition is (32) and the enumerating function is

(1-2) (1 -2,

which is 1+ 3z + 82+ 162° + 302* + ....
The distributions of the assemblages a? a® are

AA_B B C AA BB C

0.2 o o o . ll.3 . e o ]

o e 0.’ () (] o o ﬂ.s ] .

e o e o a,’ e o o o a.’

a a e o ) a." a o o [

a e a e [ a.’ . a e [

a e o o a (l.2 3 o o 3

® o a a ° o o a3 a o

e e a o a e e a e a

a e a e o

a e o o 0.g

e ¢ a o a

a a a e Ld

aa e o a

a L] a a L]

a e ae a

e e aa a

No.=8 No.=16
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78. If we restrict the symmetric functions utilised so that no part
greater than % appears the effect is to restrict the distributions to the
extent that not more than £ similar objects can appear in any one box.

We may usefully examine the case £=1.

Instead of the functions §,, S;, ... we take

A, =1+D)+A)D+ QD+ ...,
=1+(2)+(2)+(2)+...,
An=1+(m)+(m*) +(m*) + ...;
and then U,=4,,
21U,= A’ + A,,
31 Us=A+ 34,4, +24,,

M!U"‘=Em,'m,'ma. <A) (2,)""(%!])”‘

79. Far the operation of the D symbol we have
DA, =A,, DA, =A,, D, A,=0 in other cases,
and generally D, A, = A,, when s =m or zero,
D, A, =0 in every other case.
Also the symbol, operating through the compositi(;n of its suffix into

units, yields
Dearm=(7) 4 Dadr= () A
For the operand
A™A,™ ... A™
the symbol D, operates through the compositions of s into
m, + my + ... + my parts,

zero counting as a part. From the law of operation given above it can
be seen that for the operation associated with such a composition to
have an effect other than zero,

the first m, parts must be zero or unity,

next m, » » two
» Mg ” ”» three

» My ”» ” ?
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The number of such compositions is the coefficient of #* in the product
A+2)™ (1 +2)™(1+2%)™ ... (L+25)™
as is evident when the orderly multiplication is carried out (cf. Art. 14).
Thence
D, A™mA™ .. Am
=A,™A™ ... A™ x coeflicient of 2* in (1 +2)™ (1 +2%)™ ... (1 + )™ *,

80. To apply this result, consider the distributing of objects of
specification (2%1%) into two or fewer similar boxes—in other words,
the partitions of the multipartite number (241%) into two or fewer
parts subject to the restriction that no box is to contain two similar
objects—or no constituent of the multipartite parts to involve numbers
greater than unity.

We find that

DyU,= Dy (342 +3A4,)=3A4,+ } A,,
because the coefficients of 2% in (1 +2)* and in (1 +2%) are both unity.
Hence
DhU,=3A472+}A4,.

Now DU,=D,(342+34,)= A2,
because the coefficients of # in (1 +2)? and in (1 + 2%) are 2 and zero
respectively.

Hence by repeated operation

DDk U,=25"147
establishing that the coefficient of the function (2% 1%) in U, is
2471,

Ex. gr. Suppose that the objects for distribution are

caBByydeb,

80 that ky=k =3.
The distributions—four in number—are
4 A4
afBy8ed afy
afyde afyb
af3y86 afye
af3yed afByd

* The reader will observe that when the mngnitude of the parts of the partitions is
restricted to be not greater than the integer k, the corresponding function of z is

A+z+z+. +B)™ (L+ 2P+ 2+ 2B (L2 + 2B 4 ak)my

- 1- gkti\m, 1-—_::_7*“ m, 1 - g+ m;
1-z 1-z7 ) " \T12%
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Again, let the objects be of specification (8*2%1%) and let there be
three or fewer similar boxes, the distributions being subject to the same
restriction as before.

We find that
Dyt (AP +3A4,4,+24,)=3(A*+34,4,+24;),
because the coefficients of #* in

(1+2)P, l+2)(1+2%), (1+2°)
are all equal to unity.

Hence D¢ gives 2 (A + 34,4, +24,).
Now the coefficients of 2* in the three functions of z are 3, 1 and 0.
Hence D, (A2 +3A4,4,+24,)=3 (A,>+ A, A,)

and DfsDEL(AP+3A4,4,+24,)=}4 (8% 14,2 + 4,4,),
and finally
DiDBEDR (A +34,4,+24,) =} (351 47 + 4, 4,),
establishing that the coefficient of the function (3% 2% 1%) in U, is
3 (8h+h-141),
Ex. gr. If the objects to be distributed are
aae BBB vy 88 e 0,

so that k=2 k=3, kh=1
we have the fourteen distributions
A A A A A A

afyded afyde af aByde aByde  aff
afydel aBde afy afyed af33e afyd
afydeb afBye af38 afyde o386 aflye
aflydel afByd afle aByde af3de aBy6
af3yde af8e0 afy o380 aByd aBye
afyed aByde af3d af3y80 afye aflde
afyde af3y86 afe aByde afByd afel

81. In general to shew the nature of the theorems more clearly we
observe that

Dy, D, ... Dy, U, =coefficient of z,P 2 ... 2P in
HA+2)Q +a,) ... A +a,)PP4,?
SR+ DA +ad) .. (1+ ) 4,
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8o that the enumerating function is
F{(+z)(1+as) ... (1 +2,)
+iA+2) A+ ... (A +22),
and similarly, derived from
D, D,,... D, U,,
we obtain the enumerating function
FHA+2)(Q+2) ... A +2,)pP
+3{(l+2)(1+m) ... (1 +2,)
x(1+z)(A+a2?) ... (1+z2)}
+5A+2) (A +2d) ... (1+23),
and so on in the higher cases.

In conclusion it will be clear that an important part of the Theory
of Combinations and Permutations is intimately connected with the
Theory of Symmetric Functions in elementary algebra.

InCombinatory Analysis, by the author, the correspondence is carried
much further and it is shewn that either theory is a powerful instrument
of research in the other. The fact is that in theorems of Combinations
and Permutations the entities dealt with come into consideration in a
symmetrical manner and a symmetrical method of investigation is at once
suggested. Moreover it will be found in nearly every case that the
appropriate method, though it may be in appearance devoid of symmetry,
is when sufficiently examined, symmetrical. The binomial coefficients
which enter largely into combinatory theorems are themselves symmetric
functions of zero weight. Ex. gr.

w 0= ()
e -0)=()
3agy = (0 = ()

the number of the quantities a, B, v, ... being n.

There is an algebra of these numerical functions which deals with
their representation by means of partitions with zero parts and we find
an appropriate operator

D,

which operates through the compositions of zero into zero parts. These
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are identical with the partitions of zero into zero parts and are infinite
in number, viz. :—
0, 00, 000, 0000, ...... ad inf.
It has been noted that the operator
D,

where m is a positive integer > 0 is in fact a partial differential operator
of the order m. When m =0, we find that the operator is one that is
met with in the Calculus of Finite Differences.

There is throughout a corresponding theory of the enumeration of
numbered diagrams of the ‘Magic Square’ type which has been much

developed and will without doubt be the subject of further investiga-
tions.

CAMBRIDGR ; PRINTED BY J. B. PEACE, M.A., AT THR UNIVEBSITY PRERS
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PREFACE

IN March 1920, I gave at Birkbeck College, London, a course
of three public lectures on Fermat's Last Theorem. The
lectures were intended primarily for persons with a mathe-
matical training, but not necessarily for those who had made a
special study of the Theory of Numbers. A general account
was given of the various methods that have been devised for

dealing with the question, more attention being paid to principles
than to details.

This booklet consists of the lectures in practically the form
in which they were delivered. It also includes a few details
which it was found convenient to omit from the lectures. I hope
it may be of assistance in giving to the reader some idea, not
only of the difficulties involved, but also of the progress made
in dealing with this famous theorem.

[ have to acknowledge my indebtedness not onlv to the
authors mentioned herein, but also to the works of Smith, Bach-
mann, Hilbert, Kronecker, Sommer, and Dickson, on the Theory
of Numbers. Full references to the subject are given by Dickson
in his very useful paper on “Fermat’s Last Theorem” in the
Annals of Mathematies, Vol. XxviiL 1917 ; and in Vol. 11. of his
History of the Theory of Numbers, which has just been pub-
lished.

L. J. MORDELL.

November 1920.






CONTENTS

CHAP. PAGE
I 1
m . . . . . . . . 10

m . . . . . . . . 2






CHAPTER I

STATEMENT OF THE THEOREM

Of all the abstract sciences, perhaps none is so remarkable for the
ease with which theorems are arrived at inductively, and for the
difficulty and importance of the developments arising in the efforts
to prove the theorems so suggested, as the Theory of Numbers.
An admirable illustration of this fact is furnished by Fermat’s Last
Theorem, namely, that if » is a positive integer greater than two,

the equation
VY =2 (1)

cannot be satisfied by integer values for the unknowns ., y, and 2
unless one of them is zero. On the contrary, when n=2, it is well
known that the equation possesses an infinite number of solutions in
integers.

Fermat (1601—1665) was a French mathematician of the first
rank, who made a special study of the Theory of Numbers, including
that part of the subject dealing with the solution of indeterminate
equations, called Diophantine Analysis, after the Greek mathematician
Diophantus who flourished during® the third century A.n. A new
edition of the latter’s works was brought out by Bachet in 1621. Fermat
possessed a copy of this work and entered in the margin of the pages
a number of theorems he had discovered, most of which are now
included as special cases in the classical theory of the subject, but
without any proofs or indications of his methods. Besides the theorem
now known as his last theorem, he placed the remark that he had
discovered a truly wonderful proof but that the margin of the bhook
was too small to contain it. Since that time, no general proof has
been found for all values of 7, even though it has been attempted by
the greatest of mathematicians including Euler, Legendre, Guuss,
Abel, Dirichlet, Cauchy and Kummer, has been several times made the
prize question of learned societies such as the Academies at Paris and
Brussels, and though finally, in 1907, a prize of 100,000 marks was
established for the first proof.

* Diophantus of Alexundria, by Sir Thomas L. Heath, 2nd edition, p. 2.

v
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Dip FErRMAT PROVE His THEOREM?

The question immediately suggests itself.—Is it probable, that
nearly three centuries ago, Fermat really proved this theorem, which
still baffles mathematicians who have at their disposal the wonder-
ful and far reaching developments in mathematics since Fermat’s
time—especially as it seems likely that Fermat’s methods could only
be elementary considered from a modern standpoint? From what is
known of Fermat’s character, it is fairly certain that at any rate he
was under the impression that he had a proof meriting his description
of it. This statement is confirmed by the fact that when enunciating
a theorem to the effect that 2" + 1 was a prime number for all positive
integral values of 2, he added that while convinced of the truth of this
theorem, he could not prove it*. Many years afterwards Euler showed
that the theorem was false, and that 641 was a factor when » — 5.

It is of course possible that l'ermat was mistaken in thinking that
his proof was vald, for even the greatest of mathematicians have
made mistakes. The late Prof. H. J. 8. Smith, while pointing out
that Gauss was unfavourably inclined to Fermat, thought however
that there was no ground for supposing that Fermat was mistaken.

ANALYSIS OF ANOTHER STATEMENT BY FERMAT

A little light perhaps may be thrown on Fermat’s statement by
considering a similar case. He had proposed as a problem to the
English mathematicians to show that there was only ounc integer
solution of the equation

yii = ‘T‘.‘ + 2,
obviously z=+5, y=38. On this he has a note to the effect that
there was no difficulty in finding a solution in fractions, but that
he had discovered an entirely new method, wonderfully beautiful and
most subtle, which enabled him to solve such questions in integers.
This statement seems clear and straightforward and would lead one to
suppose that, given an equation of the form

P=a"+k

where £ is an integer, Fermat possessed a method which enabled him
to ascertain if the equation possessed integer solutions, and in that
case to find them.

* See however Dickson’s History of the Theory of Numbers, Vol. 1. p. 375.
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Fermat’s statement, however, cannot be as clear as it seems to be.
For I showed* several years ago that no equation of the form
P=a+k,
where £ is a positive or negative integer, could have more than a
finite number of integer solutions. It seems unlikely that this fact
was known to Fermat, so we are led to conjecture that his method
must have been equivalent to some such process as the following.
In yr=2'+2,
put y =a*+ 2,
where a and b are integers, and take
s+ —2=(a+b -2)
Equating real and imaginary parts
z = a® - 6ab?
1=0(8a®-2b%).
Since @ and & are integers

’l:il, 302—2b2=il,
or b=+1, a=*1,
giving r=+5 y=3.

It is of course by no means obvious that this process, which can
be described without the use of complex quantities, gives all the
values of z and y. In any case it seems doubtful if Fermat’s descrip-
tion of his method would be justified at the present time.

At the same time it is possible that Fermat did possess a valid
proof of his last theorem, but from the circumstances of the case, it is
extremely difficult for us to form any conception of his method. One
can easily recall a number of theorems which have proved extra-
ordinarily difficult to great mathematicians and which now seem
elementary enough. Nothing can appear simpler than the solution of
the cubic equation, but many centuries elapsed between the solution
of the quadratic and of the cubic. AnotHer instance of a different
type is supplied by the proof of the transcendental character of =,
i.e. the impossibility of solving the problem commonly called the

* A statement by Fermat, Proceedings of the London Mathematical Society
(Read Feb. 1918), (Records, etc.), Ser. 2, Vol. xvur. (1919), pp. v, vi. The same

result holds for the equation
ey*=azd+bz®+cz+d,

where a, b, ¢, d, e are any integers for which the right-hand side has no squared
factors in z.
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squaring of the circle, which can now be put in a very simple and
elementary form.

Mathematical study and research are very suggestive of moun-
taineering. Whymper made seven efforts before he climbed the Matter-
horn in the 1860’s and even then it cost the lives of four of his party.
Now, however, any tourist can be hauled up for a small cost, and
perhaps does not appreciate the difficulty of the original ascent. So in
mathematics, it may be found hard to realise the great initial difticulty
of making a little step which now seems so natural and obvious, and it
may not be surprising if such a step has been found and lost again.

A SIMPLIFICATION OF THE PROBLEM
Coming back to the equation
YT =T (1),
it is obvious that if any two of the unknowns have a common factor #,
then the third unknown is also divisible by 4. Putting
x, y, & = k&, kn, kL,
respectively, in equation (1), £ divides out, leaving
S aqt=0
where now no two of the unknowns have a common factor. There
will be no loss of generality then if it is supposed that no two of the
unknowns in the original equation (1) have a common factor. Next it
is sufficient to prove the impossibility of equation (1) when 2 is equal
to 4 or to any odd prime p. For if each of the equations
Hy=2 WryP=sP (2)
is insoluble, the same holds of equation (1) since » must be divisible by
either 4 or an odd prime. For example if » is divisible by p, say
n=pq, equation (1) can be written as
(2P + (g = (277,

which is then insoluble because of the special case (2).
THE EQUATION 22+ 9% = 2?
As regards the case z =2, it is well known that the general solution of
T T2 e, 3),
wherein no two of the unknowns have a common factor, is given by
r=a'-b, y=2ab z=a*+b,

where y is that one of the unknowns which is even, and @ and 6
are prime to each other and not both odd. This result was'known to
the Indian mathematicians.
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THE EQUATION #* + =24

The case n =4 is remarkable not only from the fact that in contra-
distinction to all the other values of n, the theorem can be rigorously
proved by absolutely elementary means, that is by methods which do
not implicitly make use of new ideas unknown during Fermat’s time,
but also from the fact that a proof by Fermat for a very closely related
theorem is extant. A proof was given by Leibnitz in a manuscript
dated December 1678, and also by Euler.

The proof of the theorem is so simple that it will be worth while
giving it completely.

It is obviously sufficient to consider the equation

at+ =2

where &, y and z are all prime to each other. Further it may be
assumed that all the quantities referred to are positive. As all
numbers are cither odd or even, «# is of the form 2m or 2m + 1, where
m is an integer. Hence 2* is of the form 4m?® or 4m* + 4m + 1, that is
of the form 4M or 4M + 1, so that a number of the form 447+2 or
4M + 3 cannot be a square. Hence # and y cannot both be odd, for
then the sum of their fourth powers would be of the form 47+ 2, and
this cannot be a square. Hence either z or y must be even, and as it
is obviously immaterial which one 1s, suppose it is . Since

(@*) + (') =2,
it follows from equation (3) that we must have
=at*— 0, y=2ab, z=a'+b
where @ and b are prime to each other, and not both odd. From
=o' - b
we see that @ cannot be even, for then & would be odd and 2* would be
of the form 4M + 3, which is impossible. We have then
& + b =ab,
where b is even, « is odd and prime to b, so that no two of @, b,  have
a common factor. Hence it follows from equation (3) that
z=p'—¢', b=2pq, a=p'+¢’,
where p and g are prime to each other and not both odd. From
Y = 2ab,
we have ¥ =4pg (9’ +¢°).
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Since p and ¢ are prime to each other, each of them is prime to
#* + ¢, and hence all three must be perfect squares. Put then

p=r, q=5, pP+¢=">
from which r+st=2
Now the values of z, y, z in terms of 7, s, ¢ are given by
x=rt-g y=2st, z=a+0=7"+6r¢"+ ¢,

s0 that z>(r+sY># or t<a
It follows then that if one solution of the equation
2+ yt=2t

is known for which none of the unknowns is zero, another solution
(7, s, t) can be found for which none of the unknowns is zero and
such that ¢ < ¥/z. This process can be continued, so that an infinite
number of positive integers ¢, ¢,, £, ... can be found such that

t<NE t< ...,

which is clearly absurd.

This proves the impossibility in the case of n =4, the method of
proof being known as the method of infinite descent.

’
THE EQUATION 2° + y° = 2°
The case n = 3, that is the equation
DY =2 (4),

had been known to the Arabian mathematicians nearly seven hundred
years before the time of Fermat, and a faulty proof of the impossibility
had been given by them. It is very probable that Fermat discovered
this special case before he discovered the general theorem, for he had
proposed as a problem “to find values of z, y, and z satisfying the
equation,” and had later declared it was impossible. Euler was the
first to prove the theorem for this special case, but his proof was
incomplete in respect of an assumption wherein lay the real difficulty
of the question, and which contained the germ of the development of
the theory of ideals which was to be applied so successfully by Kummer
many years later. Euler’s proof as given in his Algebra is substantially
as follows.

Two of the unknowns z, y, z must be odd, and as any of the
unknowns may be either positive or negative, there is no loss of
generality in supposing that 2 is even, and that 2 and y are both odd.
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Write then z+y=2p, T—-y=2q

so that L=p+q, Y=p-¢,
and the original equation becomes

2p (p* + 3¢%) = =7
Now p and ¢ are prime to each other, and cannot both be odd, for
then # and ¥ would not be prime to each other. Further p cannot be
odd and ¢ even, for then z* would be divisible by 2 and not by 8,
which is impossible. Hence p must be even and g odd, so that p® + 8¢*
is odd. Hence as p and ¢ are prime to each other.

2p and p? + 3¢
are either prime to each other, or have a common factor 3. In the first

case p and hence 2 are both prime to 3, while in the latter case they
arc both divisible by 3.

Let us consider the first case in detail. As 2p and p? + 34 are
prime to each other, each must be a perfect cube, so that we can
write

PPH3PE=r -(3).
Values of p, ¢, # can be found by taking

r=m?+ 3n?
where m and » are integers, and writing

P +q~/—--3=(m+n«/—3)“.
By equating real and imaginary parts
p=m-9mn?, q=3m®*n -3n’

and if m and » are prime to each other and not both odd, and m is

not divisible by 3, then p and ¢ are prime to each other and p is not
divisible by 3. But though this method gives suitable values of p, ¢,

satisfying
PP+ 3¢ =1

it is by no means obvious that all the values of p, ¢, 7 can be found in
this way, though as a matter of fact it is so in this particular case. If
the equnation had been
pr+1lgi=1r,

all the values of p and ¢ would not be given by putting

prgN—1i=(m+n =11y
The removal of the difficulty involves the study of the arithmetical
theory of the binary quadratic form, or of ideal numbers.
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Now since 2 is a cube, the values of m and n are such that

2m (m + 3n) (m — 3n)
is a perfect cube.

But since q=3n (m +n) (m —n)

is odd, # is odd and m is even. Hence since m is prime to 3, no two of
2m, m + 3n, m— 3n can have a common factor ; and since their product
is a perfect cube, each of them must be a cube. Put then

m+3n—=a®, m—-3n=0, 2m=7¢,

so that by addition a*+bi=¢'.
Hence 3t= 2p (' + 3¢g) = a'b'c’ (m* + 3n2),
or 2 =abe (m? + 3n*) = Jabe (@ + a*b® + b°),

so that as « and J cannot both be unity, ¢ is numerically greater
than ¢. It follows then, just as in the case when # = 4, that we should
have an infinite sequence of numerically decreasing integers, which is
impossible.

The same result follows in the second case when z is divisible by 3,
but we need not go into details.

T'uE EQUATIONS 2° +j = 2" AND &7 +_/ =z

The next cases to be proved were when 2=>5 or 7. 'The first case
was dealt with by Legendre and Dirichlet in 1825, while the case
of #=17 was proved in 1840 by Lamé and Lebesgue. The proofs
involved ideas mnot greatly dissimilar from the case when z =3 and
depended upon two facts. Firstly, that if p is a prime and z and y are
prime to each other, the two expressions
a? +yv
x+y
are either prime to each other, or have as a common factor the first
power only of p. The proof is immediate, for putting

z+yand —

I+y=x,
the two expressions become
»
s and .v"+(s —2) s
or
s and s""—ps"*.r+p'1|'2— ! P IS A 2 !mp-a*_m@_
Also s is prime to 2, whence the result, which is due to Jaquemet
(1651—1729), follows,
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T d . a? + P . .
he second fact is that vy can be written in the form

p-1

HUE--(=1) 2 pP?),

where {7 and V" are polynomials in z and y, but the proof is more
complicated than that for the first fact so it may be omitted here. In
the particular case, however, when 2=5 or 7, there is no difficulty in
finding 77 and V by elementary algebra.

Taking now the case n - 5, we have
(o ‘7_"5 + '/5)
2=(a +3/)(‘T+y )
\ U512
o wen (U0,
4
where U and V are quadratic functions of 2 and y. From the above,
the two factors on the right-hand side are either prime to each other,
or have a common factor 5 of which the first power only will divide
2 _ R |72
v 15' . We then have an equation of the form
1 =5V)= W’ or 5W.

The difticulty arising in the case » =3, and overlooked by Euler, occurs
in the discussion of these equations, but it is possible to avoid it by
similar methods. It follows also that the case » =35 is impossible.
A similar method applies to the case » = 7, but more algebra is required
than for n 5.



CHAPTER II

KUMMER’S WORK

'The difficulties arising with increasing values of » soon made it
clear that other methods were required for the general case. These, of
which we shall now give an account, were introduced by Kummer
(1810—1893). His results were the most important contribution to
this subject by any mathematician either before or after his time.
Not only were they the most general, in that he succeeded iu proving
Fermat’s Last Theorem for a large number of values of 2 included in
several classes, but they were also the most useful, and marked an
important stage in the development of mathematics. "T'he theory of
ideals, which is now part of the fundamental groundwork of the Theory
of Numbers, had its origin in Kummer’s researches on this subject and
the general law of reciprocity. His methods and results were the
starting point of numerous investigations commenced many years
after his time, and have led to some very surprising results even
within the last twelve years. His work is an excellent illustration
of the great indebtedness of mathematics and mathematicians to the
consideration of one or two isolated questions.

Writing the equation (p an odd prime)

P + yP=2P

(+y)(z+ly) (@ + ) ... (@ +Py) =28 ... (8),
where { is a complex pth root of unity, the attention of mathe-
maticians was drawn to the study of expressions of the form

a+ bl+el+... k&,
where a, b, ¢ ... are integers, and to inquire if the ordinary laws of
arithmetic applied to such expressions.

Many of the most important developments of arithmetic depend
upon the definition of a prime number and the so called factor
theorem, namely that every number can be ‘resolved into prime factors
in one way only. It follows from this fact that if positive integers
A, B, C... K, L, of which no two have a common factor, satisfy the
condition

in the form

ABC...K =D,
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then each of the numbers 4, B ... K must be a perfect pth power.
Shbuld any of the quantities A, B ... have a common factor, this
result must be slightly modified; for example 4 now will be a
perfect pth power multiplied by a constant depending on the common
factors mentioned above. Particular cases of this theorem have already
been used. The question immediately suggests itself—Can this theorem
be extended to apply to equation (6), and can we deduce that the
factors z + Ly, z + (% ... are each pth powers of expressions of the form
a+bl+eclt+

or perhaps multiples of such pth powers? If so, a proof of Fermat’s
Last Theorem would be fairly easy.

ARITHMETICAL PROPERTIES OF NUMBERS OF THE FORM « + b

Before we answer this question, let us consider what occurs in some
analogous hut simpler cases. The simplest case would be the study of
complex numbers of the form

a+ ib,
where i - ¥ =1 and & and b are rational numbers. When « and b are
integers it seems natural to call the complex number « + ¢ a complex
integer. When & = 0 the complex integer becomes an ordinary integer.
Further it is obvious that the sum, difference or product of two
complex integers is also a complex integer, so that the definition of a
complex integer is consistent.

As regards division, a complex integer « + b is said to be divisible
by a complex integer ¢+ id if a complex integer «+ /y can be found
so that

a+ib=(c+id) (z + iy).
We note that while 1 is exactly divisible by only two integers, namely
+1, it is exactly divisible by four integers in the complex theory,
namely + 1, +¢. The divisors of unity are called units.

The question now arises, ‘“ What is the definition of a prime number
in the new theory?” The odd primes

3, 5,17, 11, 13, 17, ...
can be divided into two groups such as
5, 13, 117, 29, 37, ..
of which every one leaves the remainder 1 when divided by 4 ; and
3, 7, 11, 19, ...
every one of which leaves the remainder 3 when divided by 4.
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The numbers in the first group, however, are no longer primes
in the complex theory. For it is clear that
5=(2+17)(2-19),
13 = (8 +20) (3 - 27),
17=(4+i)(4-19),
and it can be shown that every prime number of the form 4z + 1 can
be expressed in this way, that is
an+1=(a+ib)(a—1ib)=a*+b,
where @ and b are integers. This fact was indeed stated by Fermat
and first proved by Euler, but it is of an entirely different kind from
the theorems of elementary arithmetic.
The numbers in the second group cannot be factorised in this way,
for then
4n+ 8 = (a +1b) (a —ib) =a® + b
But as already remarked, the square of any integer when divided by 4
leaves a remainder 0 or 1. Hence a* + 6* when divided by 4 can only
leave a remainder 0, 1, 2 and not 3. 'This proves the statement.
The behaviour of the even prime 2 is very difterent from that
of the odd primes. For .
2=4(1—1),
so that 2 is practically* a square number in the complex theory.
We can now define the prime numbers of the complex theory.
These are the numbers
3, 7, 11, 19, ...,
that is the primes of the form 4z + 3 in the ordinary theory: the
complex quantities
2414, 3+2..a*id,
which are the factors of 5, 13, ... and of the primes of the form 42 + 1;
and lastly 1 —7.

THE FACTOR THEOREM FOR PRIMES IN THE NEW THEORY

It can be shown that in the complex theory, the primes, as just
defined, have properties practically identical with those of the ordinary
primes. For example every complex integer can be resolved into prime
factors in one way and only one way, noting of course that the factors

a+ib, —(a+ib)," +(a+ib)
are not considered as different.

* That is, except for the unit factor 7.
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Suppose for instance that @ + b is a factor of the number p which
i a prime in the ordinary theory, so that

a*+ b p.

Then z + ¢y is divisible by « + b if

z+iy _(z+iy)(a-ib)

a+db @+
is a complex integer. Hence

E=az+by and y=aqy-br

must both be divisible by p. But as

aé—by=(a*+ ) = pur,
and a and 4 are both prime to p, it is clear that ¢ and » are both
divisible by p if one of them is. Hence the condition that*

(2 + i) (23 + 49,) =0 (mod (a + ib)),
is that b (@@~ 9.32) — a (2130 + &%) =0 (mod p),
or multiplying by &
W (2,2, — $Ys)—ab (x, Y2+ 229) =0 (mod )
which since @+ 6 =0 (modp),
can be written as
(agh — by) (ay, - bay) = 0 (mod p).

Hence one of these two factors must be divisible by p, that is, the
corresponding factor &, + g, or . + iy, is divisible by p. This shows
that practically the same arithmetical laws hold for complex integers
as for ordinary ones.

THE EQUATION 2° + 3* = 2"
We can now solve the equation
PP =2" (6a),
where 2, ¥ and 2 are ordinary integers no two of which have a common
factor, by writing
(@ +1iy) (x —iy) = 2™
Now in the complex theory 2 and y are still prime to each other, so
that the common factor of the two complex quantities x+iy, x—iy
must be a divisor of 2, that is the common factor must be 1, 1 + ¢ or 2.
We can exclude 2 because then # and y would both be even.
We can also exclude 1 + 7, for if
z+iy z+y+i(y-2)
1+4 2
* The statement 4 =B (mod C) means that 4 - B is divisible by C.
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were s complex integer, # + ¥ and = — y would both be divisible by 2,
or since 2 and y are both prime to each other, this means that # and y
are both odd. But this is impossible for then z*+ * would be double
an odd number and could not be a perfect nth power if n> 1. Hence
a8 2 + iy and z —4y are prime to each other, each of them, except for a
unit factor, must be a perfect nth power, so that the solution of the
equation (6 @) is given by
x +iy=1 (a+ )", z—ty=1"(a—)",
z=a'+ b

where « and b are ordinary integers such that z, ¥ and z have no
common factor, and r is any integer.

NUMBERS OF OTHER KINDS, AND THEIR FACTORISATION

The difficulties arising then in the discussion of complex integers
of the type a+ib are comparatively simple. These complex integers
naturally suggest algebraic integers of a more general type, such as for
example, a + b~/m, where «, b and m are rational quantities. We shall
consider in particular the study of the quantities z=a + 0 ~='5, where
@ and b are rational, and shall call 2 an algebraic integer if @ and b are
integers. A more general definition is that 2 is an algebraic integer if
it is a root of an algebraic equation of which the coefficients are integers,
while the coefficient of the highest power of z is unity. The two
definitions are equivalent in our special case, though they would not be
so if ' — 5 were replaced by /5. The addition, subtraction, division
or multiplication of such integers calls for no comment.” It is when
we start to factorise such algebraic integers that a difficulty soon
arises. It seems natural to call an algebraic integer z+y ~/ =5 a prime
when it is not divisible by @ + 6~/ —5 unless a =+, b=+y. Let us
accept this definition of a prime.

Take the number 21 for example. Clearly we have

But 4 + +/ =5 cannot be resolved into a product of factors of algebraic
integers of the form @ + b ~ = 5. For if this were possible, then
a+N -D=(a+bN -5)(c+d~N-5),
say, so that 4—n=5=(a=bN-5)(c~d~~-5).
Hence by multiplication
21 = (a® + 56%) (¢* + 5d?),
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80 that «®+ 50°% being a factor of 21, must be either 1, 3, 7 or 21.
This gives a=+1,b=0; ora=+4,h=%1; ora=+ 1,b6=+2. The
solution « = +1, 6=0 does not give a factor of 4 + v =5, while the
solution @ =+ 4, / = + 1 does not give a factor, since

4+4/-5_11+8+/-5

4-J-5 21
is not a complex integer. It is also easily seen that +1+2+ 5
is not a factor.

In the same way it is found that neither 1 +2 ~=3, 3 nor 7 splits
into factors of the form @ +5+/—5. We have then 21 expressed as a
product of primes in three different ways. Moreover

(4 + / =5) (4 - = 5) is divisible by 3,

where 3 is a prime in the new theory, while 4 + v/ =3 and 4—+/ =3
are hoth prime to 3. Hence the factor theorem of arithmetic which
states that the product of two integers ab cannot be divisible by
a prime p, unless either « or b is divisible by p, no longer applies.
This breaking down of one of the fundamental laws of arithmetic for
integers of the type @+# v =5 brings us face to face with a great
difficulty, and snggests that the method of defining a prime in the
present instance, in the same manner as for integers of the form a + i,
is not satisfactory. It is however not obvious at first sight how to
suggest an alternative method. Unless this is done, we cannot deduce
from the equation zy =:* where « and y are prime to each other, that
2 and y are both perfect squares.

For example @+V=3)@-v—-5)=9,
where the factors 2 + +/ = 5 are primes, have no common factor, and
are not equal to the squares of integers of the form a + &/ — 5.

THE DIFFICULTY ARISING IN THE GENERAL EQUATION

It is now clear that given an equation of the form
@+ @+l (@ +Ly) ... (0 +& YY) =22 ......... (6),
where { is a complex pth root of unity, it cannot be asserted that
a + §y, for example, is the pth power of an expression of the form.
a+bl+ cl+ .. kO,
until an investigation has been made of the arithmetical properties of
such algebrdic integers. It may happen that the definition of a prime
in the new theory in the same way as for numbers of the form a + ib
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will be satisfactory, in which case the algebraic integers can be factor-
ised in one way only; or the same difficulty may arise as in the case of
numbers of the form a+ b~ —5. As a matter of fact, it is not true
that the algebraic numbers above can be factorised uniquely, but the
first case of failure occurs when p=23. It is not surprising then that
such mathematicians as Lamé, Cauchy and even Kummer should
have been originally under the impression that the algebraic integers
above could be factorised uniquely.

Lamé made this false assumption in giving a proof of Fermat’s
Last Theorem, as was pointed out by Liouville and Kummer. Kummer
also had previously made the same mistake in attempting a proof, as
was pointed out by Dirichlet, who expressed his belief that the algebraic
numbers involved could not in general be factorised uniquely.

The question before us, then, is the removal of the difficulty men-
tioned above, and a very simple illustration due to Hilbert may show
us how this can be done. Let us consider only the odd integers of the
form 4n + 1, that is to say 1, 5, 9, 13, 17, 21, 25, 29, 33, 37, 41, 45,
49, 53, 57, 61, 65, 69 ..., and investigate what happens when we
attempt to build up the arithmetical laws for this group of integers,
say @, b, ¢ .... A number a will now be called a prime if it cannot be
expressed in the form @ =bc unless b or ¢ equals unity. Thus 21
would be a prime number in the new theory, for although

21 = 3 X 7,
neither 3 nor 7 is included in the group of integers of the form 4n + 1.
Also 49 x 9 = 212, and neither 9 nor 49 is the square of a number of
the group, while 9 and 49 are prime to each other, since no number*
of the group divides both of them. Again 693 can be factorised as
693 =9 x 77 =21 x 33,

that is in two essentially different ways, since 9, 21, 33 and 77 must be
considered as primes in the new theory.

The difficulties arising now are of exactly the same kind as arose in
the consideration of algebraic numbers of the form a +& ~=5. But
the way out of the difficulty is obvious in the present case. Instead of
considering only the integers 1, 3, 9, 13 ..., we consider in addition
the odd numbers of the form 4n + 3, for example 3, 7, 11 .... Then
we know that in the new group of integers, 1, 3, 3, 7, 9 ..., the
ordinary laws of arithmetic hold, and now

9=3, T7=Tx11, 21=3x17, 33=3x11,
* Except unity.
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so that the two different methods of factorising 693 reduce to the one way
693 =32 x 7 x 11.

This method of removing the difficulty is very simple and general,
and suggests at once the question—Can this idea be extended to
the algebraic numbers of the form @+5~/ =5 ; or in other words can
the group of algebraic numbers of the form @+ b /=3 be enlarged by
joining a new group of numbers, so that the factor law of arithmetic
holds for this enlarged group? The answer is in the affirmative, not
only for these special algebraic numbers, but for all algebraic numbers,
The method of doing this has been presented in three different ways* by
Kummer f, Dedekind, Kronecker and Weber. The principles underlying
them are essentially the same, and are now included under what is
known as the arithmetical theory of algebraic numbers.

INTRODUCTION OF IDEAL NUMBERS

The methods may be made clearer if presented in a rather different
way from those of the investigators above, but which, though very
useful for giving a clear insight into the matter, would prove rather
difficult if made the starting point of an investigation for the general
algebraic number.

For our purpose it may be sufficient to say that instead of con-
sidering algebraic numbers of the form a + b~/ = 5 we consider the new
group of numbers defined by =, where

T=r+y v -5,
and « and y are any integers, whose greatest common factor is a perfect
square or 5 times a perfect square, and satisfying the condition that
2* + byt
should be & perfect square. The group of algebraic integers now arising
reproduces itself by multiplication and its members may be called
ideal numbers. It includes as part of itself the numbers of the form
@+ b ~'— 5, of which we have already spoken.
The ordinary primes
2, 3, 5,7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47 ...

can now be divided'into three classes, while 5 is in a class by itself.

* See Bachmann, Zahlentheorie, Vol. v. p. 521, for two other methods by
Hensel and Sochotzki.

«+ Kummer dealt only with the algebraic numbers arising from the complex roots
of unity.
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The first class consists of primes such as 29, 41, 61 ..., which can be
written in the form
20=(3+2=5)(3-2=5)
41=(6+~=5)(6-~=5),
61=(4+3J=5)(4—3J=5),
that i¢, each of them can be expressed in the form a* + 56
"The second class consists of primes such as 3, 7, 23 ..., which
cannot be expressed in the form «®+ 567 though their squares can be
expressed in this form for example
=(2+~-5) (2 ~=5),
—(2+s V- o)(2 -3/75),
and in general for any prime p of this kind
pP=c+ 5d?,
or if ideal numbers 7, . are defined by
t=c+dN=h, rE=¢ dJ-5,
then p can be factorised in the form
1) — T Ty.
The third class of primes consists of primes, say ¢, such as
2, 11, 13, 17 ...,
which are such that neither they nor their squares can be expressed® in
the form a?+ 50°. A very simple rule enables us to distinguish between
the three classes of primes, but the principleq employed depend upon
the Theory of Numbers. The prime 5 as already remarked is in a class
by itself and since 5 = - (v = 5)% 5 is practically a square number.

T'HE PROOF OF A UNIQUE FACTORISATION LAW
It can be shown that the new group of algebraic integers of the
type specified by =+ 2+ y~/ =5, and which includes the complex
numbers of the form m + 2 v/ 5 as a special case, can be factorised
uniquely by means of the quantities just.denoted by @ +6 v =5,

Ne+dw -5, ¢gand V5.

This follows from the condition of divisibility of an ideal number
by the new primes, just as in the case of complex numbers of the form

Z+ Y. For example, if the ideal nunber V. ;Ty—:/:ﬁz is divisible by
V2 + /=5 say 7, so that 7 is an ideal factor of 3, we must have
JeryJ"b=A2+ ~/—5~/m.+n\/—5,

* We assume that b+0.
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where m and n are integers. It is easily seen that
9m =2z + 5y, In=—z+2y,
and that both 7 and # are integers if
-2y =0 (mod 9).
Similarly the number z + y~/ =5 is divisible by = if
Jzr = 5y° ;}zy N =5 is divisible by .
The condition for this is that
2® -5 — 4ry=0 (mod 9),
that is (e -2y»*=0 (mod 9),
or z—2y =0 (mod 3).
We can now prove that if the product of two algebraic numbers is
divisible by 7, one of them is divisible by =. Let the numbers be
o+ v =B, @y N =5
Their product
&2, =5+ N = b (019 + 2ay1)
being divisible by =, we must have
2,2, = 5y — 2 (1Y, + 229,) =0 (mod 3),
that is (2, — 291) (22— 29,) =0 (mod 3).

This means that one of these two factors must be divisible by 3, so

that, if say,
£y =2y =0 (mod 3),
then from the above , + 3, »/ — 5 must be divisible by =.

The same result follows if we consider the product of two ideal
numbers ~z, + g, v — 5 s+ s J =5. This product is divisible by
7 if

12— 59,92 — 2 (2192 + 2391) = 0 (mod 9),
or (@ — 251) (2 —29,) =0 (mod 9),
and a simple discussion shows that if z, —2y, is divisible by 3, it is
also divisible by 9 (noting that ,* + 5, is a square). Hence as before
one of the ideal numbers must be divisible by .

It is clear now that being given an algebraic number z + y~N =5
the condition

2~2y =0 (mod 3)

is sufficient to define the ideal prime factor &2 + / =5 of the complex
number, and that the actual form of the ideal number need rot be

\
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given explicitly. Dedekind, for example, put z—2y=3m, so that
z+y~ =5 becomes 3m+y(2+ ~=5), and then considered the pro-
perties of the groups of numbers arising by taking different values for
m and v, and called the group of numbers an ideal. Kronecker how-
ever would have studied the linear expression as a function of z, y;
while Kummer would have used the congruence
2r-2y=0 (mod 3)
as defining the ideal prime .

APPLICATION OF IDEAL NUMBERS TO FERMAT’S LastT THEOREM

For algebraic numbers of the form
a+bl+cl+...
Kummer showed that the ideal numbers were of the form
':/a, + b ¢+ ,

where a,, b, ¢,, ... are integers satisfying certain conditions, while »
is a factor of a number called the number of ideal classes. Its value
depends only on p, and can be found by a very complicated method
depending on principles introduced into analysis by Dirichlet.

Continuing now the discussion of the equation

(+y)(@+&y) ... (@+E'Y)=FF (6),
consider first the case when z is prime to p. This is tantamount to
saying that no two of the factors on the left-hand side have a common
factor. Hence by introducing ideal numbers, we have, practically as in
the case of the equation 2* + 4* = 2™, a number of equations of the form
z + Ly = é&°,
Z+ i’y = fn"ﬂps
where 7, 75, ... are ideal numbers and ¢, £, ... are units, i.e. quantities
of the form
a+bl+ el ...,

which are divisors of unity.

Noting now the explicit expression for 7, namnely

r=Ja+bl+cti ..,

we have s+ ly=¢(Wa+b6l+cl .. ).
If now 7 is prime to p, and this is an extremely important condition, it

follows that
a+bl+cl ...
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is the rth power of a similar expression, so that we can write
z+ly=¢(a+ BE+ v .. )P,
where o, B, 7, ... are integers. We find other equations by changing
¢ into & &, .... It is then a comparatively simple matter to show
that equations of this kind are impossible, not only when z and y are
ordinary integers but also when they are integers of the form
A+B{+Cl+ ...

A similar conclusion can be drawn in the case when z is not prime
to p. Hence Fermat’s Last Theorem is proved in all the cases where r
or the number of classes of ideals is prime to p. The condition for
this can be stated in a remarkable form by noting the following expan-
sion in ascending powers of z, namely

T 12T 3 (e B
Fo1 =T 2 CUT g
so that B, =}, B,=3%, By=4%, ... are the well known Bernoulli’s

numbers. Then the required condition is that the numerators of none
of the first 4 (p - 8) of the Bernoulli’s numbers should be divisible
by p. The only primes less than 100 for which this condition is not
satisfied are p = 37, 59, 67, and hence it is proved® that
29+ P =2

is impossible if p is an odd prime less than 100, except when p = 37, 59, 61.

In order to establish the truth of the theorem for these exceptional
values of p, Kummer gave in 1857 some additional results for primes
satisfying certain conditionst. These conditions were satisfied by p = 317,
59, 67, so that Fermut’s Last I'heorem is proved for a/! values of p,
prime or otherwise, less than 100, omitting of course p = 2.

ANOTHER RESULT BY KUMMER

Some other important consequences were deduced by Kummer in
the special case when one of the unknowns is not divisible by p. We

* A complete account of Kummer’s theory of ideal numbers is given in
Liowville’s Journal, t. xvi, 1851. Hilbert in his well known report on ‘‘Die
Theorie der algebraischen Zahlkorper” gives the modern version. The French
translation of this report has an appendix giving other results on Fermat’s Last
Theorem. For a good introduction, see Sommer, Vorlesungen iiber Zahlentheorie.

+ It appears that Kummer has made some errors which vitiate his proof for
the cases p=37, 59, 67. See Vandiver ‘‘ On Kummer’s memoir of 1857 concerning
Fermat’s Last Theorem,” Proceedings of the National Academy of Science,
Washington, U.S.4., Vol. vi. May, 1920. The case p =37, however, was proved
impossible by Mirimanoff in 1892, so that the cases p=59, 67 are still doubtful.
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saw previously that we could deduce from equation (6) a series of
equations of the form

z+{y =&
where 7= 1, 2, ... p. Kummer showed that it was possible to select

p_é—_{ of these equations in such a way that the product of the corre-

sponding =,’s is an actual number of the form
T=a+bl+cl+ ....
By multiplying together the product of the ]—’—};—-1 equations, he
obtained a result of the form
O (z+ y)=+ 17
where the multiplication on the left refers to the selected ‘?—%—1 factors.

Replacing ¢ by ¢, we have an identity of the form
O(z+evy)=té(a+be’+ .. P+ (L +e"++ ... oP=1) £ (v),
where f(v) is a polynomial in ¢” with integral coefficients. By dif-

ferentiation he deduced* that
P20
B, B Log (2 + #9)hs= 0 (mod p),
when z=1,2, ...  (p — 3), where B, is the nth Bernoullian number as
defined before, a result which has since proved very useful.

Kummer, although not a candidate for a prize offered by the
French Academy for a proof of Fermat’s Last Theorem, was awarded
it in recognition of his researches on complex numbers. Certainly
never was an investigator on these subjects more worthy of one.

DEepucTioNs ¥RoM KUMMER’S LAST RESULT

For about fifty years after Kummer’s work, very little was accom-
plished either in extending or in developing the full consequences of
his results on Fermat’s Last Theorem. In the early part of this century,
however, mathematicians turned once more to Kummer’s results, and
in particular to the one, that if

PV S
had solutions for which z is prime to p, then

p—2n
B, ;—;;:;.. (Log (# + ¢'y) o = 0 (mod p)

forn=1,238, .. 3(p—3).
* Abhand. Ak. Wiss. Berlin, 1857.
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This result, by putting

p-2n=4,
can be written in the slightly different form
a
Bip-v di [Tog(z + ey)],_a=0 (mod p) ....... (7),
where 0=8,5,...p—4,p—2.

Take now ¢ = 3, then

Byp-y J% [Log (= + €Y)y-o =0 (mod p),
and this reduces to
Byp-azy(x—y)=0 (mod p).
Hence if By, is not divisible by p,
xy(z—y)=0 (mod p).
If then the equation has a solution for which , ¥, = are all prime to p,
z=y (mod p);
and in exactly the same way
z=2z (mod p).
This gives 32 =0 (mod p),
which is impossible if p is not equal to 3.
Hence we have proved the result that the equation
&P+ yP = 2P
cannot have integer solutions for which ., y and z are all prime to p
nnless By(,-y is divisible by p. In the same way, by taking =5, 7, 9,
it is found that in addition
Bip-vs Byp-n, Bio-o
must be divisible by p. This was proved by Mirimanoff in 1905, for
the last two of the four Bernoulli’s numbers above, and by Kummer
for the first two, but the case for Bjy,- had been practically announced
previously by Cauchy, although without proof.
Mirimanoff also showed by developing the value of

d
dot [Log (z + €"Y)Jo=os

that, if 2, g, ~ are all prime to p, then Kummer’s result (7) could be
expressed in the form*

Byp-n(t =212+ 378 .. 2 (p—1)1tP") =0 (mod p),

* Crelle’s Journal, Vol. CXXVIII.
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or say Byp_y $:(£) =0 (mod p),
where 7=8,5, ... p—2,
and ¢ is the ratio of any pair of #, », 2. Or again in the form

¢n (t) ¢p—n (t) =0 (mOd P)
where n=1,2 ...p—1L

THE CONGRUENCES 27! = 1 (mod p*), 3*-' = 1 (mod p?) ....

A number of conditions can be found by eliminating ¢ from the
above congruences. Although there seems no a priori reason for ex-
pecting simple results, Wieferich* showed in 1909 that one of these
conditions could be expressed in the surprisingly simple form

2r-1=1 (mod p°).

This extremely simple and unexpected result represented the first
real advance made in the subject since Kummer’s work. The Got-
tingen Academy of Science awarded him 100 marks from the interest
of the Wolfskell fund.

In 1913, Meissner showed that p=1093 was the only prime less
than 2000 for which this congruence was satisfied.

In other words the equation (p a prime)

at +yl =2,
where 2000 >p > 2,
cannot be satisfied by values of «,  and z, each of which is prime to p,
except perhaps when p = 1093.

Simpler proofs of Wieferich’s result were soon given by Frobenius
and Mirimanoff, the latter also showingt that under the same condi-
tions

3*71=1 (mod p?).

The two congruences above could not of course have been foreseen
from Kummer's original results, but another proof was given by Furt-
wiingler, which seems more natural and simple, depending upon ideas
which should be capable of further extension. 'The following may
perhaps give some indication of the ideas involved.

Suppose we have two odd primes, say 3 and 7, and it is required
to investigate if integers # and y can be found so that

2=17 (mod, 3), =3 (mod7).
* Crelle’s Journal, Vol. cxxxvI.
+ Crelle’s Journal, Vol. cxxxIx,
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It is easy to see that the first congruence is satisfied by 2= 2, while
the second congruence is impossible. If however 3 and 7 had been
replaced by any odd two primes p and ¢, a very simple theorem known
as the law of quadratic reciprocity enables us from the known possibility
or impossibility of one of the congruences to determine if the other
congruence is possible or not. But if one of the congruences is
impossible, we can at once conclude that the equation
2 = pyt + q2°

i8 also impossible.

"This theorem, moreover, can be extended to congruences of the form

2’ = P (mod @),
where z, P, Q are algebraic numbers of the form
a+bl+cl+...,
or even ideal numbers occurring in the theory of such algebraic
numbers. 'The theorem in this case, known as the general law of
reciprocity, was enunciated and proved by Kummer, but only a special
case, due to Eisenstein, was required in Furtwiingler’s* proof. Assuming
this result, Furtwiingler’s proof of the results
20-1=3P-1=1 (mod p?)

is very simple and natural. As already remarked, it seems that a new
application of the laws of reciprocity may be expected to lead to
interesting results.

It appears probable that the 2 and 3 above can be replaced by any
prime ¢ (except p). In 1914, Vandivert showed that 5 was another
value for ¢, while Frobenius$ showed that ¢ might also take the values
11 and 17; and also the values 7, 13, 19, if p = 5 (mod 6).

"The proofs, however, are very complicated and depend upon a special
study of the properties of Bernoulli’s numbers. The elimination is
carried out by taking the congruence

Bi(p—u) b (t) =0 (mOd P)’
multiplying throughout by an appropriate function of ¢, say f; (), and
then adding together the left-hand sides of the congruences, which
then reduce practically to the form

¢* =1 (mod p*),
for the values ¢ =2, 3, 5 ... as just noted.

* Sitzungs. Ak. Wiss. Wien (Math.), Vol. cxxr. 1912 11 a, pp. 689—592.
t Crelle’s Journal, Vol. oxuiv. 1914, p. 314.
1 Sitzungs. Ak. Wiss. Berlin, 1914, p. 663.



CHAPTER III

LIBRI'S RESULT

We shall now pass on to other methods* which have been employed.
These, although of interest, do not prove the truth of Fermat’s Last
Theorem for even one case.

A simple method of attempting to prove the 'I'heorem, which soon
suggests itself to investigators, may be explained by taking the
particular case

P+ +2=0,

which has already been considered. It follows from this equation that
one of the unknowns must be divisible by 8; for otherwise each of
them would be of the form 3n + 1, and then their cubes would be
of the form 27n+27n®+ 9n + 1, that is of the form 9m+1. But
obviously the sum of three numbers each of the form 9m + I cannot
be zero, as this sum is not divisible by 9. Hence one of the unknowns
must be divisible by 3.

Similarly it can be shown that one of the unknowns must be divisible
by 7. For it is easily shown that the cubes of all numbers not divisible
by 7 are of the form 7m + 1, so that the sum of the cubes of three
numbers cannot be divisible by 7, and hence certainly not equal to
zero, unless one of the numbers is divisible by 7.

The question at once arises—Can an infinite number of primes ¢ be
found with the same property as the primes 3 and 7 above ; that is to
say, from the fact that 2 + 4 + 2° is divisible by ¢, does it follow that
one of the unknowns must be divisible by ¢? If so, the equation will
be impossible, since one of the unknowns will be divisible by an infinite
number of primes. A similar question suggests itself for the equation

P +yP+ 2P 0.

Libri in 1832 stated without proof that an infinite number of primes
such as ¢ did not exist. This was proved by Pellet ahout 1886,
and independently in 1909 by Dickson and Hurwitz amongst others.
Dicksont also showed that

2P +yP - 2P

* Bachmann, Niedere Zahlentheorie, Vol. 11. Chapter 1x. will be found useful
in connection with the first and third chapters of this book.

1 Crelle’s Journal, Vol. cxxxv. 1909, p. 181. Cf. also the paper by Hurwitz
in Vol. cxxxvr. p. 272. A simple and elementary proof with rather larger limits for ¢
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could be made divisible by ¢ without any of the quantities z, v, 2
being divisible by ¢ if

¢=2(p-17(p-2)+6p-2.
Hence the suggested method of attack cannot succeed in proving the
truth of Fermat's Last Theorem.

SoPHIE GERMAIN’S RESULT

Another line of attack depends upon some formulae discovered
independently by a number of investigators, among whom may be
mentioned Legendre, Abel and Peter Barlow, and developed by others
such as Sophie Germain. It may be noted that Barlow was the first
Englishman to write a treatise on the Theory of Numbers, and was
also amongst the earliest writers who have given erroneous proofs of
Fermat’s Last Theorem.

Instead of 2P + Y = 2P,
consider the more symmetrical form
ZPHYP+ 2P =0 i, (8),

which can be written as

—=(z+y) .z::::yy”)

We note now* that either z is not divisible by p, in which case the
two factors on the right-hand side are prime to each other, or that z is
divisible by p, in which case the two factors have a common factor p of
which the first power only is contained in
a? + gy
z+y

It follows now from symmetry, that if 2, y and 2 are all prime to p,

then

y+z=a yp+:/p=$”, z=-at,
- y+z
2+ a?
z = = =—bn,
+u= b, prarape " Y ]
a® +yP
z+y=c’, -?'*_z ={, z=—¢,

from which
2z =b? +cP—af, 2y=c’+aP—b, 2z=aP+b'—C".
(prime or composite) was given by Schur in the Jahresber. d. Deutschen Math.-

Vereinigung, Vol. xxv. 1916.
* See p. 8.
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If however one of the unknowns, say z, is divisible by p, the third
of the above group of equations must be replaced by
a® + 9P
= pP-1 pP - = = —
z+y=p"cr, zhy 8, =z epd.
It is in the first case only, however, that important practical con-
sequences have been deduced. Suppose it is possible to find an odd
prime ¢ satisfying the two following conditions: firstly, that the
congruence
2°+y?+2° =0 (mod q)
requires that one of z, y, z must be divisible by ¢, and secondly that
no integer & can be found satisfying
¥—-p=0 (modgq);
then the equation (8) cannot be satisfied by integers z, ¥ and = each
of which is prime to p.
For since a?+yP +2°=0,
and is hence divisible by g, it follows that one of z, y, ©+ must be
divisible by ¢, say . Now since
2z=0P+c® +(—a)

is divisible by ¢, one of @, b, ¢ must be divisible by ¢. But & cannot be
divisible by ¢, for then

y=—"by
would be divisible by g, contrary to the hypothesis that # and y are
prime to each other. Similarly ¢ cannot be divisible by ¢, so that @ is
divisible by ¢. Hence

Y+ ; =a’
is divisible by ¢. As 2 is divisible by ¢ and
_ 2
z+ax’
it follows that 7 =27 (mod ¢).

Moreover from

PR Ly SR PR

y+z
and y+2=0 (modg),ie 2=-y (mod q),
it follows that
& = p2#~' (mod q),
or & =pn* (mod q).
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But 7 is prime to ¢ since y=—b», so that we can find an integer £ to

satisfy

¢= by (mod g), ,
from which P =p (mod ¢).
But by hypothesis such an integer £ does not exist. This proves then
that equation (8) cannot be satisfied by integers each of which is
prime to p. For example if p=1, i.e.

2 +y + 27 =0,
we can take g = 29. For the seventh powers of all numbers prime to
29 leave remainders + 1, + 12 when divided by 29. Hence from

2+y +2°=0 (mod 29),

it follows that one of z, y,  must be divisible by 29. Also no number

k can be found such that
7 =17 (mod 29).
Hence the equation can only have solutions for which one of z, y, z is
divisible by 7.
'The general theorem above is due to Sophie Germain, who gave
the corresponding prime ¢ for all odd primes p less than 100.

WENDT'S FORM OF THE RESULT

Sophie Germain’s general theorem was given in a slightly different
form by Wendt* in 1895. He also gave the following necessary and
sufficient conditions for the existence of a prime typified by ¢ in
the preceding chapter. Firstly ¢ must be of the form

q=2kp +1,
where 4 i8 an integer prime to 3, for otherwise the congruence
a2’ +yP +2° =0 (mod q)
would have solutions t for which z, y, z are all prime to ¢.
Secondly ¢ must not be a divisor of the determinant

e (4G 1
GG 1 Q) )

1, (21h)""(2h2f2)’ (2/t2f1

* Crelle’s Journal, Vol. cxiin. 1894, p. 335.
+ If h=3n, we could take z=1, y = g, z=g*", where g is a primitive root (mod gj.
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This second condition was found by considering the condition that
the congruence

P +yP+22=0 (mod @) .oeoeviiiiiniiennnnn, 9
should have solutions in which no one of z, y, = is divisible by g.
Putting in (9) xrIuz, y=-wvz,
we have w+1=o" (modg) ..oooovinnninniiiii. (10),

where neither # nor v is divisible by q. Hence by a very well known
theorem also due to Fermat, since

g=2hp + 1,
u*? = 1 (mnod ¢)
Dﬂp = l (mod q)} ToTTrotrommrssesesemene (10)

By eliminating #, v between the last three congruences, it can be
shown that the necessary and sufficient condition that the congruence
(9) can be satisfied by values of z, y, = each of which is prime to ¢ is
that ¢ should be a divisor of the determinant D,,.
Wendt also replaced Sophie Germain’s condition

kv £ p (modgq)
by p* $1 (modg).
From his determinant condition it would be extremely difficult to
prove that a prime ¢ can be found for a given value of p, especially as
from Libri’s theorem it is known that there cannot be more than a finite
number of values of ¢ for a given prime p. It can however be shown
that if any one of the numbers

2p+1, 4p+1, 8p+1, 16p+1, 10p+1, l4p+1
is a prime, it can be taken as a value for . Suppose for example that
g=2p +1

is a prime. Then

]t s

so that ¢ is prime to ),. 'The other condition
P'#1 (mod g),
that is (p+1)(p—-1) $#0 (mod (2p+1)),
is also satisfied. Hence if 2p + 1 is & prime, e.g. when » =3, 5, 11 ...,
the equation (8) cannot be satisfied if #, ¥ and 2 are all prime to p.
The three congruences (10) can be replaced by
w=@'+1)* =1 (mod q),



WENDT'S FORM OF THE RESULT 31

or putting uP = w,
w*=1 (mod q)}
(w+1)*=1 (mod q)f°

By a detailed study of these last two congruences for special values
of %, Dickson* showed in 1908 that the equation

2’ +yP +2°=0
had no solutions in which the unknowns were all prime to p if p < 7000.

Maillet had previously in 1897 proved the truth of this for 100 <p < 228,
while Mirimanoff in 1904 had raised the upper limit to 2561,

* Quart. Jowrn. Math. Vol. xr. 1908,

1 More details of some of the results in this booklet are given in Bachmann’s
book Das Fermatproblem published in 1919.
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