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PREFACE

The common theme of the monographs in the present
¢collection 1s the study of nonlinear periodic notions
In dissipative systems. In the relatively simple case
of one degree of freedom the basic equation for free
osclillations 1is of the form
(1) X + p(x,x)x + q(x) =0

where dots iIndicate time derivatives. Thas disulpative
middle term may arise from friction In a mechanical
system or from resistance in an electrical circuit.

Such systems may well assume spontaneously oscillatious
very different from those occurring in the usual (linear)
harmonic oscillators. A well-known instance 1s given

by the equation of van der Pol

(2) X +p(x2 -1)%x +x=o0.

Nonlinear conservative oscillators have jeen. in-
vestigated mainly in connection with celestial mechanics,
and the information avallable for them 1s therefore
rather extensive. It 1s known, for examrle, that the
trajectories are extremals of a variational problem,
so that one may bring to bear upon the problem Morse's
technique for the discovery of closed geodesics on
manifolds. Nothing of the sort is at hand for the
dissipative type, making progress rather slow. A re-
newal of interest in this field has taken place in the
last thirty years due mainly to van der Pnl and the
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followers of Liapounoff in the USSR who have known how
to make extensive application of the classical dis-
coverles of Poincaré, Liapounoff, and G. D. Birkhoff.

In this connection see notably N. Minorsky, Introduction
to Nonlinear Mechanics (David Taylor Model Basin Report,
also 1ssued by Edwards Bros., 1947), and A. A. Andronow
and C. E. Chaikin, Theory of Oscillations (Princeton
Unlversity Press, 1949).

Three of the monographs that follow, those by
Diliterto, Rauch, and Brownell, deal with nonlinear non-
congervative oscillators. Diliberto takes up a number
of general questions connected with Poincaré's early
work on differential equations. Rauch discusses a
problem of the third order arising out of an electrical
circuit with vacuum tubes, establishes the existence
of a definite oscillation and studies a number of 1its
properties. His work has close connections with an
earlier paper by Friedrichs on a similar question.
Brownell investigates the oscillatory solutions of a
large clags of difference-differential edquations
arising for instance in control problems. ZEquations of
this nature are obtained in physical systems with
retarded responses to a disturbance. The effect is
generally parasitical and makes its study all the more
desirable.

If a physical system governed by an equation (1)
1s subjected to a variable effect depending upon the
time one must replace (1) by an equation of the type

(3) X + p(x,%)% + q(x) = e(t) ,

where e(t) 1s referred to as the forcing term. The
interesting case, from the standpoint of oscillations
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is when e(t) 1s perlodic, say of period T. One will

lcok for oscillations of the same period T (harmonic
resonance) or of perlod kT(k > 1; subharmonic resonance)
Noteworthy work has been done on these questions of

late by Cartwright and Littlewood and by Norman levinson.
Miss Cartwright's contribution is based upon a set of
lectures on forced oscillations given at Princeton in
the spring of 1949, and deals with the general equation
(3). The same toplc 1s dealt with in the paper by
Wendel, but his mode of attack 1s generally distinct
from that of Miss Cartwright. In thelr paper Langenhop
and Farnell consider a speclal forced oscillation
problem and by new methods, applicable to other problems
as well; they succeed in "localizing" perlodic solutlons
in certain regions of the phase plane. Finally Wasow,
in his paper, discusges the periodic solutions in a
system degenerating when a certain small parameter e
tends to zero, and this has connections with the

problem dealt with by Miss Certwright and by Wendel.

S. Lefschetz

Princeton Unlversity
Mey 1949
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I. ON SYSTEMS OF ORDINARY DIFFERENTIAL EQUATIONS

By Stephen P. Diliberto'

§1. Introduction.
New results concerning the following three

problems are established: I. The reductlon, by linear
transformations, of systems of first order linear
differential equations with variable coefficients to
diagonal or triangular form (theorems 1, 2, 3).
II. Geometric criteria for stability of periodic
solutions (closed trajectories) of systems of first
order nonlinear differential equations (theorems &4, 5,
6). III. Bounds on the number of periodlc solutilons
of a gystem of first order differential equations with
polynomial functions (theorems 7).

Theorems 1 and 2 are used as tools for developing
a direct treatment of the main results on the (general-
ized) characteristic exponent (Liapounoff) [M.L.],
[0.P.2].

The connecting link between the results presented
13 corollary 1.1 which shows that twc Almensional
variational equations are Iintegrable by quadratures.

1. Princeton University and the University of Call-
fornia. The author's thesis, "Reduction Theorems for
Systems of Ordinary Differential Equations", Princeton
University 1947, done under partial sponsorship of
O0.N.R., NR ol3-9L42, constitutes about half of the results

of this paper.

1



2 S. P. DILIBERTO

References to the bibliography are indicated by [ ].

We acknowledge our indebtedness to Professor
Lef'schetz for the gener~us amounts of time he has spent
discussing these problems with us, his mathematical
criticisms, and his constant encouragement.

§2. Notations.

We shall use both caps and small letters to
denote vectors, but otherwise standard notation for
matrices, vector differential equations, vector norms
and inner products.

We recall some old notationq and associated formal
properties: 1let B = (bij) then BY ard Bt sland respect-
ively for the j-th columm and i-th row of B. (Thus they
are vectors). let B=A C and let I be the identity
matrix; we then have the following properties

(p,) BJ =ACY; By = AC

(Py) by = (A;-CY)

J oanal Ao -14J. - -1 a7
(PB) I A AT =AA )Y T4 = AjAT = A A

) -1, ady o -1,
5 = (A7's A = (A aTH)

§3. Reduction to Triangcular Form.
Our first result parallels a well-known theorem

on constant matrices.

Theorem 1. Let
(1) T Ay
dt

where the matrix A = (aij) and the 8y are real and
continuous for all t. There exists an orthogonal
matrix B = (b1 .), defined for all t, with b 1j continu-
ously differentiable, such that if x = B~ y then x will
satisfy the differential equation
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= C(t)x ; C=B"'AB -B' gﬁ

]

(2) d

l

t

Q

where C is trianpular (1.e. €4; (t) = 0 if 1{j).
Furthermore if the aij are bounded so are the cij'
This sharpens a result of Perron's [0.P.1], which
stated that a reduction to a triangular array of co-
efficlents could be acconplished by means of a matrix
B for which B and B_| are bounded. For applications,
Perron. had an important side condition to the effect
that for any ¢)0 there is a B (producing the desired

reduction) cuch that
0
I f Trace ( B %% ) dt { e
(o]

For theorem 1, one clearly has |B| = IB_1I = 1 and

trace B %% =0 (this last follows by differentiating

BB™' = T and observing tha: 371 = 81).(2)

Proof of theorem 1: Using the Gram-Schmidt

orthoronalizat lon process we shall construct BY il.e.,
the colurms of B. Let yl,...,yn be any base of
solutions for (1). We shall define, by induction,

1

vectors b1,B1,...,bn,Bn i let b1= y and put
B'=b'/11b' 1. Assume b',B',...,b5"",B*"" already

defined aud set

k-1 . .
bk = yK - g;(y“ . BI)Bd , BS = v%/110K)]

(2) Perron used his result in order to study stability
questions [0.P.2]. Theorem 1 affords noticeable simpli-
fication of Perron's work and some sharpening of his
results.
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Our construction of B is now completed and it 1is
clear that B is orthogonal; furthermore observe that
the first s of the yi are linearly dependent on the
first s of the Bi, and conversely, the coefficlents
being (obviously) continuously differentiable. Thus

Z g5 B 2; £459°
J=1 J=

Using this fact and that yk is a solution of (1)

yields

o gt (apd- @@
C’ =B (AB- gf )
i i af .
_p r_day’ | _ ir f)
: <sif..[m )£ S
i r df
= zf LB = - T 5 i (B
=1 §=1 dt rs
Since B 1s orthogonal (B1 ) = Bi and so
i r
af . -1 RS
Cys = - Ef > ir g..(B; -BY)
1] r=1 s=1 dt rg*-l
r df
- -y s HiE e, 7B
=1 &= dt s

Thus cij = 0 if 1)>j because then i)>s and (Bi-Bs)=o by

construction.
To prove that if !aiJ|<M the cig are bounded it 1s

sufficient to show that -——l are bounded. Consider

for example bj1' Since bj1 = yj/liy || we have
1
dy 1
- n dy
. —d s 1
01 - dt y 2:1 s dt_ _ 2% a Is
dt 1 + 3 - js 1
[y 1 1y 1] =1 My Il
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Thus,

l I < M(n + n® )

While the proof of theorem 1 1is strictly algebraic,
the ideas leading to our proof of it are based on the
geometry involved 1n the following result.

Corollary 1.1. Let xi=u1(t) be a solution of

dx
(2) d_t_i = Xy (x,,%,) 5, (1=1,2)

Then the variational equations of this system,

(3) D SN b3 , (1=1,2)
J Xk=uk(t)

are integrable by guadratures.

'Using X to denote the vector (X, XQI, |X] 1its
length, and p (t) the radius of curvature of the given
solution, two linearly independent solutions are
(set Xy = uk(t) everywhere).

(B)g & =X 5 L= X
and
t fdiv X dt
. : v
S1=X1/-—1—2-§-ILL—cur1X§ e © ar
X1 P
t
X jtatv x dar
(u)b IXI2
t rfatv X dt
v
% XQ/ﬂ 2 iug--cum,xle ° dr
o IXI P
x, fatv xar
+ —,. €
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Since the variational equations (3) are the first
approximation of the equations (2) relative to a
rectangular coordinate system ( (1, §2) whose origin
moves along the trajectory with velocity X (the !1 axis
remalining parallel to the Xy axls) it is more natural
to use instead of the { coordinates an 7 coordinate
system with one axls moving so as to remaln tangent to
the glven trajectory and the other axis perpendicular
to the trajectory. This change of coordinates 1s
expressible directly in terms of the Xi and the ui(t)
(1.e. may be given explicitly), and when the trans-
formation has been effected the new system of differen-
tial equatlions has a triangular array of coefficients.
Such systems are integrable, and provides a general
solution of the original -equations (i.e. equations (k&) )

Excluding, temporarily, the method of arrlving at
it, our result may (in the general case of n equations)
be given the following geometric formulation: "If a
set of trajectories near a given trajectory have, at a
given time, their representative points in a hyperplane
perpendicular to that trajectory then at any later time
the corresponding representative points will, in the
first approximstion, lie in a hyperplane perpendicular
to the given trajectory."

This principle has certainly been known for at
least one hundred years. We have found several writers
in differential gcometry and also Birkhoff [G.B.],
pp.55-58 and M. Morse [M.], p.108 who know and use it.
The extent to which they have may be outlined as
follows: (1) The principle is easily verified when
the given trajectory is a straight line along which the
velocity 1s unity. (2) Topologlcally the sets of
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trajectories neighboring any two given trajectories 1is
the same and thus a mapping exists which carries any
trajectory and its neighboring trajectories into the
straight 1line, constant-velocity trajectory -- the
mapping being defined only for a finite time interval.
Our reduction by-passes the heavy machinery for such

a procedure since it deals with the equations only
after they are already linear and as a result the
reduction 1s glven explicitly and defined for all time.

Proof of corollary 1.1. let Xi’ui(t)’ 1=1,2
be a solution of
dxi
It = Xi(x1,x2) o i=1,2

Using the subscript "u", i.e. ()u, to denote that the
arguments are "evaluated at ui(t)" we may write the
variational equations

¢ X

| X

1 1 1
dt ¢ ?2
T2
&XQ 8X2
ax1 ax2 /ua

Using |1X|| as the norm of X = (X,,X,), and defining
an auxiliary variable = by

X
T-n——r’ !
2 Xu'(
X

x2«1u

- X
- 2
n = Ts‘1

a simple computation shows that n satlsfles the
differential equation
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X, _axX

dx dax
-1.d -2 2 _ 1 1 -2
, HXH g8 FIXEE, 2 TIXI (X, 385 - X, d—f_)+3———x2 jﬁ;‘
( ‘) ('1 )
1 X X
2 - -1d_ 1 2 "
o » ”x|' dt”x|' + ax1 + a'—x 2

2 u

These equations may be integrated directly, and

recalling that the curvature H = 13 of the given

solution, curl X, and div X have the expressions

dax dX
1 -3 2
== [IXI1? X, == -X, -1
p 1 dt 2 Tt
aX ] X, X,
= - — L] = e— —
curl X 3351 %, div X 3, + 3%,

we may write a palr of independent solutions as
X1,

n, = n1(o) TR, a(o)
n, = o]

INLIN C
1 X u(o) 1

t .
~ 2 -2 X1 Jdiv X
+'fl2(o)I|X|lu(o)£ XS curl Xle udt]

t
||X||u fP(div X) dt
~ ~ 0 (o} u
1, = 112(0) TT_TTJ_)_X " €

Choosing n1(o) =1, n~1(o) = 0, ;2(0) = 1, and applying
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T will give the solutions of the varilational equations
in (4).

Corollary 1.2. The variational equations of a
Hamiltonian system with two degrees of freedom are
integrable by gquadratures.

Proof of corollary 1.2: Consider the system

dqr aH dpr 3H (r=1,2)

— ) = = = e

dt — apr,

Q
@
Q

]

Then it is known [W.]p.31k thdt by means of the energy
integral H(p,,P,,4,,d,) = const., and if %‘1_ + 0, this

1
system can be reduced to a system of one less degree of

freedom:
dq2 _ 3K , dp2 3K
dq,  dp dq aq
1 2 1 2

Consequently corollary 1.1, applies to the variational
equations of this latter system. Since the initial
reduction was based on aH/ap1 + 0, the conclusion will,
in general, be valid only locally.

Corollary 1.3. Let x=x'(t,c1 5o "Ck) be for each
c=(c1,...,ck) in some domain and all t & solution,
analytic in the Cy > of the equation

dx
(5) d_t_l = Xi(X.I,.-'-',Xn), (i = 1,2,...,1’1)

where the Xi are holomorphic in thelr arguments, and the
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solution is such that the rank of the Jacobian matrix
(c fixed)

(X » Xn)
'l 3(tL; ces cZ) ‘I

is k+1. Then there exists an orthogonal transformation
U = (ui .) with uy s continuously differentiable, U given
explicitly in terms of x(t, c1,...,ck), such that the
variational equations

(6) = V¢ ; V = (Vij) 5 5=

Q2
ct|v

of the original system transform under §{ = Uy to

4 / A B
(7) Et" =Wn; W=\\ c pl C= (o)

and A k+1 square and triangular.
zoof of corollary 1.3: Construct the first k+1

columns U of U by using the Gram Schmidt process on
the vectors 9 , 3% (1=1,2,...,k). Let U' (i=kse,

..,n) be any n-k-1 differentiable normal orthogonal
vectors in the orthogonal complement of the space of
the first k+1 Ui's (such are easlly constructed from
the %5 s ax , and the generalized normals to the

9cCy
curve u(t)). Using the fact that ax , X gre
at dcy

solutions of the variational equations [S.L.],p.52,
the proof now parallels that of theorem 1.

One result implicitly contained in the corollaries
1.1 and 1.3 and their proofs is: "The solution of a
system of n linear first order differential equations

.xstem gg n-k equa tions plus & guadrature. If desired
the reduction can be accomplished by an orthogonal
transformation.
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&84, First Diagonalization Theorem.

The method of proving theorem 1 yields devices
which establish
Theorem 2: Let

(8) & - At)y

where the a4 are real and continuous for all t. There

exlsts a non-singular B=(bij) with bij continuously
differentiable and uniformly bounded, such that if
x=B”'y then

(9). %’-‘- = Cx
where C is diagonal (cij =0, i#j ). Furthermore the cij'

are bounded if the a1j are bounded.

This improves the reduction of theorem 1 at the
expense of admitting the possibility that the elements
of B! become unbounded, and raises the question as to
when B_1 of theorem 2 will have bounded elements (e.g.
IBI> % >0). If one dropped the requirement that B,
itself, be bounded the existengs of the reductions would
be trivial. Namely, since C=B(AB—g%) we would merely
have to choose B such that §%=AB and C would be diagonal
-- 1n fact, 1dentically zero.

Proof of theorem 2: Let y{,...{yn be any base
of solutions of (&) and define BJ = yJ/||yJ||. Pro-
ceeding as before

i_ a1 ani. aBd
G B '(AB dt)

-  gvd J ;
=B [AyJ-gx-] P AR B P Ny dl

=B7'BJ & 1og 11yI1
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Thus,

c - (9 1 -1 .gly= da_ J

= 0 for 1 % j

Paralleling corollary 1.2 of theorem 1 we have
using theorem 2:

Corollary 2.1: If in corollary 1.3 of theorem 1
we remove the requirement that ! be bounded then A
can be made diagonal.

Proof of corollary 2.1: Construct the first
k+1 columns of U from %%—, g%- as in theorem 2 and
the last n-k-1 as in corollary I.3. The verification
that this transformation is of the desired kind is

immediate.

§5. Natural Base.

We define the natural base !yi} (i=1,2,...,n) of
solutions of a gsystem of linear differential equations
to be a base suchtiat yr(o)=I, 1.e., the *i1-th unit
vector.

We shall make repeated use of the following
obvious lemmas.

lemma 1. Let lx}} and {ui! be the respective
natural bases for the adjoint systems

d d .

—%-= Cx ; a%-= -uC ; C = (Cij); cij =0 1>j .
Then, .

x{ =0 1>j ; ui = 0 1]

Lemma 2. Let fyl| be any base of $¥ = Ay and
{x } the natural base of the reduced system (via
theorem 1) Ef'= Cx where ciJ = 0 if 1>j. Then there
exist constants dir and dir such that
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i i
1 r -1 » r
Bx* = > d v ; B 'y= d X .
=7 T ’ E ir

§6. Lispounoff's Characteristic Exponents.

These exponents are assoclated with equations
(10) Qx A(t)y

where it is assumed that the ai.(t) are continuous and
uniformly bounded. We shall recall all definitions and
two elementary propositions. We shall, however, use
Perron's definition of characteristic exponent [0.P.2]
since proposition II (below) 1s not true for character-
istic exponents as first defined by Liapounoff -- as
Liapounoff himself shows by an example [M.L.], p.236.

The characteristic exponent N (or A(y) of y, a
solution of (10), is defined by

= 1m t
N t—ﬂb t loglly(t)Il

'Iet h1< x2< «..< Xk be all the different values
that N may assume for different y (all solutions of
(1), of course). Let e, be the number ofslinearly
independent y for which A(y) = N; 1let ;:1 e, be the
number of linearly independent solution.y for which
A(y) = ey Then €y is called the multiplicity ofA.i.
Two important results are [0.P.2]

Proposition I: If Iai-(t)gc, then for any

golution of (10) IN (y)1< nC
Proposition II: k
e, =n
1=1

Recalling that if \(y )< h(yJ), then for b+o
x(ay + byJ) = A(yJ) (This and similar statements
which are exercises in 1im will not be proved here)
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we see that there 1s always & bases y1 P .,yn for which
all the A\ (y) are equal. For the opposite situation we
define a maximal base y1 se ey yn to be one such that,
if x1,... .y "k are the characteristic exponents of (1),
then this base shall have exaetly e j solutions for which
k(Y) = Aj .
The principal results on characteristic exponents
are contalned in the followlng three theorems for
which we gilve new proofs:
Theorem A: Let 3yi} be. any base of solutions of
(10) with &i.j(t) continuous and uniformly bounded; then
n n —_— 1 tn
§1x(y )2 Tim ¢ f o ajy (T)ar

t—+ ® o 1=1

We shall first prove two lemmas.

lemma 3. If u= By where B and B™' are bounded,
then
A(u) =N (y)
Proof':

n .
A (u) =\(By)gmf.x \(jz_:‘bijyj)_(_ mi% X A(bijyj)
g_x(y‘]’) g_k(Y)

Tu will imply M(y)< A (u), proving the

Similarly y=B~
lemms.
ILemma 4. If B 1s orthogonal and bij(t) con-

tinuously differentiable, then

Trace A = Trace (B'1AB'—B'1?]—%—)
Proof: For constant matrices the trace 1s
invariant under similarities; hence for t fixed

Trace A = Trace B 'AB, and by differentiating B 'B= I
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we will find Trace (B~ g%) = 0.

Proof of theorem A: Use the given base lyi! to
effect the reduction of theorem 1 and let !xil be the
base of the reduced system.

By Lemma 2, of section 5, and Lemma 3 above

i
M) = A0Sy

Now among all the xk(k=1 sesal) xi is the only one
with an 1-th component, which 1s
t
foegs(7)ar
xji = e 01l
___ t
Thus .\(yi) > J\(xzz) = 1im %/; cii(f)dr , and so
using Lemma 4

|

n 1 n 1 t —_ 1 t n
SNyt THm 13/0.:11(r)dr211m t—é S cyy(rar

— t n
= 1im Efo iZ-ﬂ ay4(r)ar

Theorem B: Let lyi( and lzii be respeoctive bases
of

o Foeay, 0, 2 - e
where My )< ... < A(F™) amd A(z')> ... 2 A(ZP)
Then

Ayl s Azl 20, (1=1,2,...,0)
Proof of Theorem B: First of all it is sufficient
to prove it when fyil and Izif are both maximal bases

(with A(yY) ¢ ... A(F™) ani A(z')> ...>A(zP). For
let {¥'| and {Z | be any other bases ordered as to A jthen
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by definition of maximal bases A(fi)z A(yi) and A(Ei)
Sxzl) for a1l 1. Hence Nyl) + A(zl) > 0 implies
Ay + Aty S ol

We shall now prove the theorem for a maximal base
of (11) and some base of (11) let !yif be a maximal

base of (11) and \(y ) €. g X(yn) Construct B as

in Theorem 1, i.e., put y = Bx. In addition put
z =uB '. Then

dx _ du _ _
(12) at - cx , (12)A at = uC
By lemma 3 it is sufficlent to prove our statements for
(12) and (12)A. By construction the natural base of

(12) 1s also a maximal base. Letting Ix | and iu ! be
the natural bases of (12) and (12)A respectively, we

agsert that
(13) Mxby + by 2o
To prove inequality (13) observe that

&) Axh) 2 axb) ana auh) 2 auD

t b

O ¢ ST R St

e 1= e
Hence,
t

1, § 7= | = _ 1

A(xi) + AMut) D> 1im £ jL cyp + 1im - ¢ jicii
, ft . [t
Um ¢ J 44 - Li-mffo"n 20

We are not done yet since for the natural base
> x(un) or

2

iuil we do not necessarily have h(u1) D e

even that it is meximal.
However, let lﬁif be a maximal base of (12),

where N(G') > ... > X(ﬁn) Then

& = 2: £ , f,: const.
= !
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Construct a new maximal base iﬁii as follows: let
1({") be the lowest index 1 of the ul which make up
%™, Subtract off the appropriaté multiple of " from
every ﬁi of lower index .so that no ﬁi contalns ul. Iet
1(¢®"") ve the lowest index 1 of the ul occurring in
the just modified ol for all 1 { n-1, etc. The new
base 1s still maximal.

We assert that for the [G1} 1t is true that
(14) axl) o+ @b Do .
Since the ﬁi are linear combinations of the uj, each
has a lowest indexed uY occurring in it. Thus, since
uf = 0, 1 1)]

(15) (D) > aud)

Suppose that 1)j; then
AEh) 4 axh) > ad) eahad) xxd)) o .

For i=n it is always true that 1)>j; hence (14) 1s
proved for n. Suppose that 1t holds for pn, n-1,...,
n-(k-1). We shall show that it holds also for n-k.

If in the desired lnequality
X (@) > ad)

we have n-k)j we are done (use the same argument as for
i=n). If, on the other hand, n-k{j, since each of the
k previous steps has used up a different j in (15), it
follows that at least one of them, say 1, satisfles 1§p-k.
let ul' be the correspording 4. (Thus 1'>n-k).

Thus ) (887€)> aul')d a(ul) and 1¢ n-k and

ARy 4 BK) > )+ axh) 2 o,
Theorem C: In theorem BA(yi)+A(zi) = 0 if and

£ n n
only if %moe% / 3_8;4(t)dt exists and cquals iz1x(y1)
- o =1 =
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noo1
and - > Mz")
1=1
Proof of theorem C: This will follow readily
from the proofs of theorems A and B. We assert that
the additional hypothesis implies that

axh) = axh) = ) = b,

Observe that these assertions prove the theorem.

Going back to the proof of theorem A, 1t 1s
clear that we now have (by the hypothesis and the last
four lines of that proof) that

1 1y _ 5= 1 /¢ 1t
MyT) = Myy) =TIm [ cyy(7)d7 = 1im £ ["cy,y(7)dr
1 700 t/ 11 tdwté 11

—_ N (o)
> elsgLn‘ Ayl > 1im ‘—[t S a,, (r)ar
1=1 t—mot o 1=1 i1

Hence by similar arguments
i 1 1 [t
AMuT) = A(u”) = - lim Ccyq(7)dr
1 RS At

and X(y1)§ N 1mp1yk(u1)2...2h(un). That
the !ui! are a maximal base follows from this last
inequality and that yi = 0 1f 1¢j.

The "only if" part of theorem C follows from an
example [0.P.2], p.75k.

§7. A Theorem of Poincaré
As a further application of ltheorems 1 and 2

(and using our results on characteristic exponents )
we have a slight extension of an old theorem of

Poincaré [S.L.], p.113.
Corollary 2.2: The variational equations of

(16) g;; - Xy (X, .00,%), (1=1,2,...,10)

Xy of class C1, based on a solution x4 = ui(t) which 1s
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bounded and approaches no singular point, have at least
one solution whose characteristic exponent is zero.

Poincard's theorem asserted the existence of a
zero exponent for the case of ui(t) periodic.

Proof of corollary 2.2: By lemma 3, last section,
two linear systems which are related by a bounded trans-
formation with bounded inveice will have the same set of
characteristic exponents. Hence it will be sufficlent
to prove this corollary for the reduced form of the
variational equations as given by corollary 1.3. These
equations have the form

11 12 * n
_an _ -
dt_.W'n s W = o W22 »
(o] Wn2 .e Wnn

where W, = gtloglln(t)ll, (u(t) being the solution on

which the variational equations were based). Con-
sequently one solution of this equation 1is ﬂ1=||u(t)||,

?,=... =0"=0. The norm ||7]], of this solution is
simply |Ju(t)|]. The hypothesis implies that there
exlist positive constants ¢, and 5 such that

0Sp1£1|u(t)llg c, -

And so N(n ) the characteristic exponent of this solution
is zero; namely

=1
A (1) = TIm g log |lu(t)lI<E 11m ¢ log ¢; = o

and
1
.\('I)Z%_l}&glog c, =0

§8. Second Diagonalization Theorem
We shall now answer a question raised by theorem
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2: when can a reduction to diagonal form be effected
by & transformation B, for which both B and B! are
bounded ?

If A, the matrix of coefficients, 1s constant a
sufficient condition for such a reduction is that all
the characteristic roots of A be distinct. In that
case (A constant, distinct characteristic roots) the
equation has n linearly independent solutions yi(i=1,
...,n) such that

Hyti
() lm g L rogliytil = o %:/t dt dt = At

—0 Hytn

where Ri(L=1,2,...,n) are the distinct characteristic
roots of A. Not only do the mean values (17) exist --
they even exist uniformly, that 1s for each 1

/t(a—%llyin )d
(18) ), (SE5—— - A ot = 0(1)
Iy=11

(1.e. 1s bounded). When the elements of A are perlodic
with common period, the kiof (17) always exist; and if
there are n solutions for which they are different then
a reduction by means of theorem 2 can be effected so
thet B~! 1s bounded. In the case of periodic co-
efficients, also, condition (18) 1s automatically satis
fied.

Theorem 3 asserts that conditions (17) and (18)
are sufficient for the desired reduction. They are in
a reasonable sense necessary, as shall be pointed out
at the end of this section.

Theorem 3. Let
dy _
(19) at Ay

where the ay: are real, continuous, and bounded

<
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Assume:
(H1) The system has n different characteristic

exponents x ey )‘n'
(He) For a ma.xima.l base {y }

t
(20) 1im f Ht"Y T 4t exists.
=@ T o 1yt

(H3) For each yi of the maximal base and its

characteristic exponent A 1

AN al
(21) jo(C&ll—il_l—_-’H) dt = o(1).
v

Then there exists a (non-gsingular) matrix B defined for
all t B and B 4B ") having bounded elements, such that if

x=B" y then

0.

(22) —%‘- = (N)x

where (N) 1s the diagonal matrix of the elements )\1.

Proof of theorem 3. the assumption that the aij(t)
are bounded implles (see proposition 1, section 6)
that for any solution y of

(a9 &= Ay 5 A= (agyh)

A (y) 1s bounded. Let inl be a base of solutions for
which )\(y1 XN (ya) ...{M(y") (guaranteed to exist by
the hypothesis). Clearly any such basis is maximal.
Note that (21) implies ||yT||=¥ (t)e 1% yhere
o<a,j_<_\“1§o1 for some constants a; and by, for i=1,2,...,
n.

Use the given base lyil to effect the reduction of
the given system (19 -- by means of theorem 1 -- to
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triangular form
dx . - . .
(23) gE=0x; C (cij(t))’ cij(t) =0 1>j.

By lemms 2, sectlon 5, we have that if [x1} 1s the
natural base of (23) then || yi =11 xr |l. Con-
sequently the problem has been reduced to verifying
the theorem for a system with a triangular array of
coefficients and for which the natural base 1s also
meximal.
We now use theorem 2 and the natural base to

effect a further reduction to a system

dv

d

- = . = M = d i
t DV: D (dij)’ dij 51.]' oy 108 ”X ”-

dt

Qbserve that if it is true that B~' the inverse of this
last transformation, is bounded we are done, for we will
have reduced the problem to a system whose matrix of
coefficients is diagonal and for which the hypothesis
applies. This case 1s trivial.

We claim that B”' is bounded. Since b, . are
bounded we need merely show that |IB], the determinant of
B, is bounded above zero; and since B is triangular it
is sufficient to show that for any i bii2k>o. (Recall

that 1f x® 1s the natural base then.bii=xi/llxil|)-
It will be general enough to do thls for n = 2:

dx1 b
T = ax, + bx,

AX5 = 0 4+ ex

- 2

dt

where a, b, ¢, are bounded. The natural base is
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t
itaat
x' = (¢° o)
_ T -t
,adt "t Jadt Jecdt | “adt
x° = (e ?© be e dr, e )

Now H3 implies | lxil |=¢ (t)e M t, o<a Qﬁi(bi Clearly

by x1/1x"l1=1.  Also |1x®[1=¢ (t)e’\e implies
[ cdt o f\et ~
e =y (t)e wherey <b25 and we must show that
¥28> 0.

We shall do thils by contradiction. For simpli-
fication define

1
K = 1l.u.b.| R(F)¥ () finite by hypothesis;
tor | YT () 1 ’
A=A -\ , positive by hypothesis;

l.u.b.]f(t)] = L.u.b.|c(t) —A2|< M, finite by
- hypothesis

itr(t)
€ °© < b2 .

We may chen write
2

Aot eif xtsf
(24) aye 2 < 11xP11 (o2 fe® ("tf )

2®

1/2

.
~ for
If lm¢¥=1im e © = 0 then for any § there is
o

I&F
a t, such that e < § . Choose
o
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1

- a
e { min (be, L—E—)
the/}‘2+ 1
b, MA
2
B, 2 max (1, () )
Jo f(t)dt
and determine t, so that e < é . Choose
b, 1/ °
t, = t, + log (-—,g) N
te(t)
fof ( ¢
e < 8 at t = t1 and we first find an upper
o
bound for its size at t = tz' Clearly
ite t, [to
o if t, T e (tyt )M
e = e e < B e
b, M/
24N log B
e _log (=) € o _
= e € { & e = €,
< B, Bg

Hence, we may estimate the round bracket term in (24) as

Lt t
-Nt, [t t At 1At N
. 2/2e7‘tejfdt§ o 2[b2/0 o +¢/t1 oM
o

by, [ -Mbty=t;) Aty [y - e"‘(ta'tﬂ
g ~ e -€ + by
b
b, -At,t,) ., b, -Alog (&)
< -~ € + XN TN 54 + N

Thus we have, for (2&){ .
t, Aovo 2
a2e}\2£§IIx2|l§e [e + k

t
= 0)2 e €V1 + ul{Q/Az
\,t

272 a At
age L 1IxPI1 < B 6?2
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which 1s a contradiction. This completes the proof.
Our original argument for the last part of the above
proof was quite involved and the above detalls follow
a suggestion of E. W. Barankin.

This theorem 1s a first result on a problem
raised indirectly by Liapounoff [M.L.], pp.24l-2k2,
The stimulus for results in this direction 1s due to
the fact that they glve immediately strong stability
theorems -- which theorems for the case of varilable
coefficlents now hinge on the assumption that the
integral of the trace is bounded (automatically ex-
cluding the constant coefficient stable case!). This
raises the question as to when H2 and H3 of the pre-
ceeding theorem are true, and we conjecture that this
will be the case if the aij(t) satisfy analagous con-
ditions, l.e. 1f there exlst constants "1j such that

1 t
1lim =+ /[ a, :(7) d7 = u, . and

't
'/0 (aij(t) = Fij)dt = 0(1) .

Second, this corollary is directed towards a
generalization of the classical representations for
solutions of systems of linear differential equations
with either constant or periodic coefficlients which may
be stated: the s-th component, Xgs of any solution x of

the equation

g%.= AX; A = (aij) LYY constant (periodic)
may be written when all the characterlstic roots are
distinct

n
Xg = §;1¢is e ; ¢;, constant(periodic)
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This theorem 1s not true for almost periodic
coefficients, as this example due to Cameron shows:

W o-p(tly ;5 elt)= 5.5 cos 5

t
[oe(r)ar
y = 3(t) = y(o) e®°
1
Y = A(y) = 1lim L ar = o.
(y t_’n;:t/ow(f)

Hence, if the desired representation were to hold

fferar
e would have to be almost periodic; in

particular, bounded. But this 1s not the case since
t
j; ¢(7)dr takes on arbitrarily large positive values.

In theorem 3 this type of behavior 1s eliminated by HB'
It is clear that, although one would like to

exchange hypotheses H2 and H3 for conditions on aij’
theorem 4 is best possible insofar as having weaker
conditions on Ilyi]l is concerned. This follows from
Cameron's exqpple.

The role of the "uniform condition" H3 in theorem
3 was to show, at a critical point, that the matrix
of solutions of & special linear system of differential
equations had a determinant bounded away from zero.
By virtue of lemma 4, section 6, and the relation

ﬁtt raceA dx
|IX] = ce if 53— = Ax ([S.L.], p-53) it is clear

that H3 can be given a modified statement in terms of
the trace of coefficients. We consider such a "mixed"

hypothesis objectionable.
Given

%’t—t = - X + ¢(t)

than as t— «“ clearly
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Um e{ limx {TImx ¢ Timv .

The crux of the argument in the proof of theorem 3 1is
the following: to show that if
Stfdt
¢ =¢e'° ; Ifl { const.,

then 1lim ¢ = 0 implies lim x = 0 (thils elementary
exercise 1s apparently a new stabllity result).

§9.Two Stability Theorems.

The following results are suggested by corollary
1.1, 1in particular by equations &4:
Theorem 4. A periodic solution of

Q

X
(25) aT-‘l-' = Xi(x'l’xE)’ (1=1,2)

curvature, H, of the orthogonal trajectories is
negative; or equivalently if at each point (on the

—_— e e, e

(to the given trajectory) is negative.
From these results it 1s clear that a stable

periodic solution, satisfying the given conditlons,
plays among its neighboring trajectories a role
analagous to that of a "regular" maximum point of a
function of a single variable. The test in the latter
case glven by a non-zero second derivative, 1s replaced
in the former by the curvature of the orthogonal

tra jectories.
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Proof of theorem 4. Our object is to construct
simple closed curves inside and outside the given
trajectory which are very close to i1t and such that in
the annular region so constructed the boundary vectors
(of the flow) are, as a consequence of the hypothesis,
directed lmward. This would prove the theorem.

At a point p of the given periodic solution C, let
L be a segment perpendicular to C and parametrized
(linearly) by a variable u which is zero on C and
increases in the direction obtalned by rotating the
tangent to C (at p) 90° counterclockwise. Let & (u)
= 0 be the angle, meAsured counterclockwise, from a
vector of the flow (on L) to the direction of increasing
u. We wish to calculate %glu = 0. It will be con-
venient to use the abreviations:

xg(u) = x4+(-1 )iX1+1 (x,x,)u;  x4(0) = x4

Xy (u) = X, (x,(1),x,(u)) 3 X3(0) = X=X, (x,,x%,)

X(u) = (X, (u), X,(u)) i X(0) = X = (X,,X,)
XL = ("XQ,X1)

Now

(XJ_- X(u)) .
] 5 8 (0) =90

8 = 6(u) = cos [
HX_LII'HX(u)H

(gi) - (1_ a_
u =0 siné du i
V=0

- (XL. X(u) q
={= [...
IIXLII' IIX(U)H}) (du : )u-o

(g_ [ ]) (IIX(u)l|%h(foX(U))'(XL'X(u))%E"x(u))
du ‘e umo ||xL|l-IIX(u)I|2

u=0

- 1xn73(x) - [4, x))

U=0
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q L X, 2%, X,
[aﬁ'X(“>] X2+ ax Xy - ax, X+ ax, X,
u=0

and finally
de ) ||X||-2(3X2 X2 (ax1 axe)
T = - XX +
du /o &, 172\9x, ¥ ax,
X,
+ax X)

We wish to compare this with the curvature H(p)
of the trajectory through that point. If s 1s arc
length '

2
o) =* NEE 10 1 S = 1x1

2

dx ax, -4 1

— = |51 §- Il II
ds? d 2 dt

Evaluating this shows

2
a'x -4 dXx
' 2) I ( 1 =— 2 —)( 1+1
ds®/y dt dt
Choosing the proper sign shows that
m(p) = 11x1173x, %2 -x, %% )
3T dt

aX axX, _dX 29X )
-3 2 M= =X T2
= HXIl ( 19x, xexl[ax 5x2] 2 9%,

hence for the orthogonal trajectories (replace X; by
(-1 )1X1+1) the curvature Ho(p) is
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- aX aX X
Hy(p) = [1X117 (X2 522 - x.x —2+—‘-J
o 101(2 12{(.1 ax?
OX
2
+X2 Ox)

We now wish to evaluate the first approximation
to the rate of "normal approach". This is clearly

dn,
T as defined in §3.
g—"é - [—Hxn" ae LIXI1 +(a{§:— + %)J”e
- [ L SE X . ||x1|2(?-,—:—:-+ %)J X117,
= {xf —;i - X, X, (g;i + aﬁf + X5 T,

Thus summing up we have the relationships

dn
52 =0, 88 , By = 11xT (8
u=0 u=o0

From these we have that if one of the quantitites

dn, de

I Ho’ (—— 1s negatlve on a perlodic solution
u=0

(closed trajectory) then so are the remaining two. To

prove theorem 4 we then need only show that (d <o
u=0

at each point of the closed traaectory implies stability.
The geometry of the condition du <o is clear and

to complete the argument we define, for a closed, simple,

twice differentiable (Jordan) curve, a & -parallel t>

be: the locus of end points of all normals of length

on one side of the curve. For & -parallels we need

the .easily proved lemma: if C 1s a simple closed CQ(Jordan
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curve and Cy the corresponding 3 -parallel then there
exists a 3, such that if < 60 then C; 1is also simple.
Further 1f, using the natural correspondence between
the curves, Cs(t) is the point corresponding to C(t)
then at these points the two curves have parallel
tangents.

Proof of the lemma: let C:x1=xi(s) i=1,2 be a
simple analytic closed curve with s the arc length
(&H)2+(W2F)s1,0@gﬂ. Then one 8§ parallel
Cs 1s given by

x;(8) = x,(s) = 8x)(s)
x;(s) = x,(8) + dxI(s)

The corresponding tangents are
1'(s) = x,'(s)-3x,"(s)

x;'(s) = x2'(s)+ 8x1"(s)

xJ(s)
C : Cs
x5(s)

Be

Since these tangents are of non-zero length, a vanishing
cross product will mean they are parallel:

*y o * " oy 8d 2
x{xa' xa'x1 = 5(x1'x1 + x2'x2 )= 5 ds[(x;) +(xé)#a 0

Thus C and Cy are parallel for any sufficiently small d.

Suppose C§ 1s not simple for all sufficiently
small ® . Then there exists a sequence 31 and a double
sequence !ai,bil where a; and bi are on C and such that

the normals at a; and by of length 51 have a common end
point, and where 11m|5il=o. Since C 1s compact there

exists a subsequence !3'1 of !ail which converges to a

3. C_ will have no cusps 1f 5 is small enough since

S " "
(X712 4 (x31)2 =1« 8(ex,” x,-exjxy) +8 (x;)24(x,)?

4+ 0 for smallﬁ since x1,x1 (1i=1,2) are
finite. ’
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~

single 1limit point, say, a. Let !bil be the sequence
of the by} corresponding to the &,. Then lim by 1s

also a, for dist (31,31) < 2 5, which becomes
arbitrarily small.

Let s,,§; be the parameter values glving 51 and
b1 respectively. The common end point condition gives
the relations

1~
xy(8q) =83%p"(94) = x,(94) =3;%5(84)
[] F3 1~
xg(si) +81x1(si) = xa(si) + 1x.l(si)
These may be arranged
~ ~
x1(si) - x,(84) = 8, [x4(sy) - x3(84)]

xp(5y) = xp(5y) = 840x1(5) = xj(5;)]

Squaring both sides, adding, dividing by (s4- 5,02
(#0) and taking the 1limit gives
_2 n 2 " o
1= 1lim 3 i(xz) + (x,) }
And so finite curvature implies 1lim 51 4+ 0 -- a contra-
diction completing proof of the lemma.
Consider a point C(t) on C where %% <0. Then

u=o
the two vectors at the end of the two normals (one on
each side of C) have projections -- parallel to the

tangent of C -- which Tie on this segment 1if the segment
is small enough, say less than §(t). Tne same property
is true for any 8{ 3 (t). It is obvious that this 1s a

continuous point function on C(t) and since é (t)+ 0 1t
has & minimum, say 3o>0 on C(t). It follows that if C
is any 8-parallel to C with 8<3° then the flow vectors
at points of C are directed into the annulus bounded by
Cs and C_g. Hence once a trajectory gets within Go

of the orbit C its distance from the orbit decreases
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monotonically. Q.E.D.

Theorem 4 does not generalize directly. For one
thing orthogonal surfaces will not in general exist.
Secondly, when they do.there 1s an indeterminacy in the
cagse K)0, as to whether the surface normal (given by
differential equation) and the surface are on the same
side of the tangent plane; hence stabllity or
instability will be determined only by some additional

hypothesis --
Theorem 5: A given periodic solution, i.e. closed
trajectory, of
dx., _ _9dF
(26) cﬁ.i_“ Xi —a_‘xi ’ (1-1:213)

along which K>0 will be stable (unstable) if either (a)
> Xi=§: %g < 0 (Do) along the trajectory or else (b)
i

there exlsts a trajectory which for t—+wo (%) 1s
asymptotic to the given one.

If % represents the first approximation to the
normal distance of near by trajectories to the given
closed trajectory the condition K>0 and stability
(instability) is equlivalent to

g%<o<%$ > 0)

The proof of theorem 5 is omitted in as much as
no ideas, not alrzaly in the proof of theorem L, enter.
In three dimensions a different type of circumstance
can arise. Thils 1s covered by
Theorem 6: 1let P be a periodic solution of

dx

aF
at—i'=xj_ =a—fi , 1=1,2,3
along which K 0. Then thers exist two linear manifolds
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M, and M,, of solutions, through P such that in M,
trajectories are stable (asymptotic to P as t— + o )
while in M, trajectories are unstable (asymptotic to P
as t—-®).

The 1dea of the proof will be very close to that
used in discussing the saddle point in "singular point
theory" in the two dimensional case. Theorems 4, 5, 6
extend to n-dimensions and the results there complete
an analogue to critical point theory "in the small".
Results comnnecting the number of different types of
periodic solutions can be obtalned to give an analogue
of critical polnt theory in the 1arge.(h)

§10. A Problem of Hilbert.

The quadrature occurring in (4) suggests that the
class of the periodic solutions on which the sign of
div X is fixed may well have interesting properties.
This is so and in fact defining strongly stable
(unstable) periodic solutions (closed trajectories)
as ones on which div X<o (div XDo), we are able to
give the first results on the second half of Hilbert's
sixteenth problem.(5)

Theorem 7: Let
(27) 3—? = X, (X,,%,), f1=1,2)
where Xi are polynomials of degree at most n. If all
the periodic golutions of (27) are elther strongly
stable or strongly unstable the total number of
periodic solutions is less than 1 ( n-2) (n-3)+ 1.

L. The only known results in this direction are those
of N. Levinson [N.L.]p.731l, where a related result is
given for n=3. The proof of Theorem 7 and the n-
dimensional results will be published elsewhere.

5. Probleme der Topologie algebraischer Kurven und
Flaechen [H.]pp.223-22L4.
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If in addition they are nested and surround just one
gingular point this estimate can be sharpened to

[Qéli ( [] 1s the integer part of) -- and this is best
possible. This last statement 1s valid if all the
periodic solutions form at most two nests.

It appears very difficult to obtaln estimates on
general perlodic solutions. Preliminary study indicates
that the estimate [Qél] will be valid for certain
special equations (1.é. restrictions are placed on the
form of the differential equation rather than the type
of periodic solution) in particular for equations of
van der Pol type (see the remarks of [S.L.]p.193).

Proof of theorem 7. The idea of the proof will
be to establish that there are at least as many closed
finite branches of 8X1 axe

divXX=r— + 577=0
ax1 6x2

as there are perlodic solutions of the specified types.
Let lCii be the set of such solutions; then if R; 1s
the region bounded by Ci

osf ()(2){1 - X]X2 )dt= - ‘f) Xedx1-x1dx2=ﬂdiv X dx1dx2.
Cy Ty Ry
Since div X$0 on C1 and IL div X=0 there must exlst a
i

region 7; on which div X has a sign opposite to 1its
sign on the boundary. 7, is separated from C by a
closed finite branch of div X=0. ( Yi need not "a

priori" be connected so div X may have many closed
finite branches inside-Ci; we merely note that there
is at least one.) This closed branch is a closed
curve, but not necessarily a simple one.
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Calling such a branch By we claim there are as
many B1 as C1 . Namely, let Ci be some perilodic

solution and Cil, ceee Cik be those periodic

solutions inside Ci’ but with no Ci. contained in a Cm
J
where Cm is in Ci' Clearly

[/divx-ao .
k

R, -> R
1 : .
J=1 iJ

By the previous reasoning we may find a B1 in R1 ;;1 RiJ
which 1s assoclated with no other Ci' Thus we must now
determine the maximum number of closed finite disjoint
branches which div X=0 may have. This 1s —(n 2)(n-3)+1
[C.]p.56. This estimate 1s clearly a poor one since
we have avoided any mention of the relative positions
of the Ci' Thus for example i1f no C's are nested there
must be at least one branch (not necessarily finite)
separating all the stable solutions from the unstable
ones.

When all the periodic solutions are nested (C1D
02.........)Ck) we may improve the estimate. First it
follows from classical results [S.L.]p.181 that if C1

1s stable then C2 is unstable, C stable, etc. Con-

sequently it must be true that CPBTDCZ)B for
every point on C; must be separated from every point
of C1+1 and 01_1. Thus we have BlDBED..... . When an

algebraic equation of degree k has all its branches
nested the maximum number of these 1s [%k]. This
estimate 1s even true if there are exactly two nests

-- 1.e. 1f 1t 1is true that B;B3 +e... and BOB) ..... .
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For the case of nested ovals the estimate 1is
easlly seen to be the best possible from the example

n
& -y -x TT (xPey?-1?)
1=1

n
dy = -x -y [T (x®+y%-1%)
at 1=

which has as strong periodic solutlons the circles
x2+ y2 = 12 -- and no others.

Hurewicz has pointed out that theorems 4, 5 and 6
willl undoubtedly follow from classical results on
(generalized) characteristic exponents, i.e. are
weaker results; but, in distinction to the characteris-

tic exponents, they give a direct stability criterion.
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II. OSCILIATION OF A THIRD ORDER NONLINEAR AUTONOMODUS
SYSTEM

By lLawrence lee Rauch *

Preface

Much of the médern engineering interest in the
theory of nonlinear oscillations stems from a desire to
avoid urwanted oscillations in physical systems. The
clagsical interest in the mathematical theory of oscil-
lating systems as such which began with the work of Van
der Pol never carried far down into the ranks of prac-
ticing engineers. This probably resulted from the fact
that most useful oscillating systems are small and
apparently the cheapest and easlest way to investigate
the solution for any given system 1s by an analog
method, namely, by bullding the system itself and
operating it.

In recent years a new situation has confronted the
practicing engineer in the form of very expensive and
complex devices1 whose actions as a function of time
must be controlled without the aild of constant and de-
tailed human supervision. This has resulted in numerous
applications of particular nonlinear operators on

* Princeton Unilversity and the University of Michigan.
1. Aircraft, gulded missiles, and automatic chemical
process plants are examples of important classes.

35
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functions of timegwithout an appreciation of the more
genersl aspects of nonlinear operator theory.

In practical cases 1t is not always clear whether
or not a proposed nonlinear operator is unstable in the
sense that the function of time resulting from the
operator may not always be sufficiently controlled by
the impressed function of time. Inability to settle
this stabllity question by theory has resulted in very
expensive experimentation sometimes accompanied by loss
of life. Without an understanding of the theory, even
extensive experimentatlon cannot infallibly eliminate
the possibility that the output function of & nonlinear
operator may become uncontrolled as a result of certain
impressed functiens.

One lmportant example involving the above considera
tions occurs in what are callad "closed-loop control
systems" where it 1is deslired to meke the output of a
device behave in a specified manner.

o(t): resulting

D behavior
specified
behavior
h(t) A c J
controller < g(t)=f(t)-o(t)

2. Trensmission of intelligence by radio cannot be
accomplished without the use of such nonlinear operators

as amplitude modulation, frequency modulation, pulse-
position modulation, etc.
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In the diagram, the output 0(t) from the device depends
on the input h(t) to the device in a manner prescribed
by the nonlinear operator D

0(t) = D(h(t)]

It is desired to make O(t) as nearly equal to f(t)
as possible. To this end the difference g(t) 1is
operated on by C in the controller and applied to
the input of the device

h(t) = Clg(t)] ..
The total result 1s
O(t) = DIC[£(t) - O(t)],
If D has an.inverse and C 1is linear
(D™ + C)I0(E)] = CIf(t))
+ C has an inverse
o(t) = (D7 + €)' [CIF(E)]]

In many practical systems D"1 exists and C 1s linear,
but trouble occurs in attempting to take the inverse of
D™ + C. It can occur that even if f(t) = 0 the
closed-loop control system willgenerate an O(t) which
does not approach zero or for that matter which does not
even remain less in absolute value than a small constant
for t sufficiently large.

In the language of differential equations this
amounts in many cases to an n-th order nonlinear
ordinary system with a single forcing function f(t)
and solution O(t). When f(t) = 0 we have an
autonomous system whose only stable solution must be an
uniqus stable singular point near the origin if the
closed-loop control system is to be successful. Thus
a better understanding of the qualitative nature of
solutions of nonlinear autonomous systems is important

f D
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in understanding the stabllity of control systems. In-
the-large properties of solutions of second order nonlinet
systems3 are rather well understood, but much less 1s
known about higher order nonlinear systems.

Techniques are well developed to handle strictly
linear systemsh where 1imit cycles and similar phenomena
cannot exist and stability is determined entirely by the
singular points.

I wish to express my sincere appreclation to
Professor 3. Lefschetz for hls interest and encourage-
ment since first introducing me to the field of nonlinear
differential equations. Also I wish to thank Drs. A. B.
Farnell, C. E. Langenhop, and LeRoy A. MacColl who were
kind enough to read the first draft and point out
instances of obscurity in the presentation and a number
of typographical errors.

INTRODUCTION, SUMMARY

This paper deals with the in-the-large properties
of the solution of a third order system of nonlinear
ordinary differential equations. As in Van der Pol's
work the system arises from a vacuum-tube circuit. The
system is a generalization of the well-known Van der Pol
and Liénard systems to the third order in contrast to
the generalization of Levinson and Smith which remains
within the framework of the second order where questions
of stability are more easily handled.

3. See Andronow and Chalkin, Theory of Oscillations,
Princeton University Press, 1949.

4. See Bode, Network Analysis and Feedback Amplifier
Design, D. van Nostrand Company, 1945.
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In the circuit the vacuum tube 1s assumed to
introduce a general nonlinear characteristic determing
the anode current as a functicn of the grid voltage only
(exemplified by the pentode type of vacuum tube). This
is shown to be essentially different from the clrcuit
considered by Friedrichs where the vacuum tube is
assumed to determine the anode current as a function
of the weighted sum of the grid and anode voltages
(exemplifiied by the triode type of vacuum tube). In
both cases 1t 1s assumed that there 1s no grid current.

The differential system considered in this paper,
when represented as a single third-order equation, takes

the form

kK o+ (ky + kg(x))F + kg (x)%% + g(x)% + x =0

where g(x) depends on the nonlinear characteristic of
the vacuum tube and the constant circult parameters and

k1, ke’ and k3 depend on the constant circult parameters.
When k1 = k3 = 0 and k2 = 1 the equation becomes
X+ g(x)x +x=0

which 1s the equation investigated by A. Liénard [1].
It includes as a speclal case Van der Pol's equation [2]

x+p(x2—1)5c+x=0.
However it does not include the general equation for
reélaxation oscillations

X + g(x,x)X + h(x) =0

investigated by Levinson and Smith [3].
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We prove the following
Theorem: The differential equation
KX+ (ky + kyg(x))E + kjg'(x)ie + (X)X +x=0
will have a periodic solution if
k

2

k k
1.) 80) < - 5 ‘\/—% T
2k3 th k3

2.) ﬁu)gc<ﬁ

k, - k. k
3.) 1>L6—lril. sup f(x)

1 -0 {x{% x
k., - kk K2
so.p L f253 50 %5
k1 1 k1 - k2k
5 3
+ 2.4 _Jii*___
k1 - 21{3

where we define
X

_ 2
f(x) =m, [ EEl.E%Eil_ +m o+ 1] x - m1'k1-k2k§ I g(x)dx
k.'k5 k1k3 o

and m, > 0 may be chosen arbitrarily.

In the latter part of the paper we consider the case
when certain of the parameters are functions of the
varlables. A speclal case leads to the more general
second order equation

X +gx)x+h(x)=0
The paper is arranged as follows : In Part I the
vacuum tube circuit 1s presented and its mathematical
description formulated. The difference between this
circuit and the circuit of Friedrichs [4] is pointed out
in the Appendix.
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In Part II three physically significant variables
are chosen and a system of three first order equations
13 obtained in terms of these variables, thereby defining
a phase space. The difference between this differential
gystem and that of Friedrichs is also pointed out in
the Appendix. New physically dimensionless variables
are introduced for convenience and a single third order
equation 1s obtained in terms of one of these variables.

In Part III the uniqueness and type of the singu-
lar point in terms of the physical parameters 1is
established.

In Part IV a closed three dimensional region which
is topologically equivalent to a solid torus 1s defined
in the phase space. The vector field is shown to point
inward at all points of the boundary of the region with
sultable restrictions upon the physical parameters. An
additional step proves that the paths of the vector
field circulate around inside the torus. The singular
point lies outside the torus. A surface of section of
the torus 1s a simply connected two dimensional closed
region. A continuous mapping of any point back into
the region 1s defined by following the corresponding path
around the torus until it intersects the surface of
section again. An application of Brouwer's fixed point
theorem [5] establishes the existence of a fixed point
of the mapping. Therefore one of the paths is closed
after one revolution around the torus. This corresponds
to a periodic soluttion.

In Part V i1t 1s shown that with two singular
exceptions any path outside the torus eventually enters
it; that 1s, all osclllatory solutions must lie inside
the torus. It 1s pointed out that the periodic solution
of Part IV is not necessarily stable under the proved
topology. An example 1s given showing an unstable periodic
solution, a stable periodic solution whose period requires



46 L. L. RAUCH

any desired number of revolutions around the torus,
and a stable non-periodic solution.

In Part VI a method 1s established for placing
upper bounds upon the instantaneous values of the
variables when the system 1s oscillating.

In Part VII 1t is pointed out that the exlstence
proof still holds when certain of the physical parameters
are permitted to be suitable restricted functions of
the variables.

PART I. THE VACUUM TUBE CIRCUIT

The circuit under consideration 1s the well-known
RC multivibrator with two additional reactive elements.
A capacitance 02 1s placed between the anode and
cathode of the tube and an inductance L 1s placed in
gseries with the plate load resistance R as shown in
Figure 1. In practice it is well known that this
circuit will oscillate when the parameters are properly
ad justed. We shall follow the convention that the
current in the circuit is in the direction of electron
flow.

The electron currents in the four branches of the
circult are 1a, 1os iL’ and 1 with directions as
indicated by the arrows. The voltage on the anode of
the tube with respect to the cathode is e and the
voltage on the grid is eg. The box directly below the
tube T indicates that the sign of the voltage across
r 1s changed before it 1is applied to the grid as eg.
This must be done in order to create an unstable
condition which will lead to oscillatlon. In practice
this phase reversal may be provided by a second vacuum
tube arranged to operate only over the linear part
of 1its range when the circuit 1s oscillating.
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FIG. 1

The only nonlinear element in the circult is the
vacuum tube which determines the anode current i
as a continuous single-valued function of the grid

a

1t
voltage e,

(1-1) 1, = ¢(eg) .

For an actual tube the nonlinear function may appear as
in Figure 2. The operating point transconductance &n

1s defined by

(1-2) g, ='(0)>0.
We assume
(1-3) ¢ (0) =0 and eéP(eg) Z 0.

It will be observed that according to Figure 2 the
anode current 1& may be either positive or negative
in accordance with the grid voltage e_ . In actual
practice vacuum tubes can have only positive anode
current. The justification for the assumption of
positive and negative anode current is that it sim-
plifies the presentation. An actual tube may be made
to have a characteristic as in Figure 2 by connecting a
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constant voltage source in series with the grid, a
constant current source between the anode and cathode,
and a constant voltage source in series with the anode

and then calling this whole affalr the "vacuum
Tq

———e—emme—e e e e e

tube" considered in this paper. The operatlion of the
circult 1s in no way affected by this procedure.

We define
(1-ka) It = su ¢ (e @
ST e 1<>°° (e5) <
ANg A
(1-4b) I. = inf ¢ (e -
ST o ( g) >
g
(1-ke) I, = I - I

For the proof of the existence of a periodic solution
it will only be necessary to assume the exlstence of
®'0). However at other times we shall assume that
®!(e_) exlsts everywhere.
The following relations between the variables are
obtained by considering the various junctions and
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branches of the circuit.

(1-5) 1y = ¢ey)
(1-6) eg = ir
(1_7) iB, = ic+1L+i
t 1,
(1-8) e =—f 2 at
.2
(1-9) e = -Li; -Ri
t oy
(1-10) e = -/ +at -n
1
PART II.  THE DIFFERENTIAL SYSTEM

The system of equations (1-5) to (1-10) may be
reduced to a system of three flrst-order differential
equations in three of the physical variables. The
lmportant question is which three variables shall be
chosen. (Of course the natural physical variables are
not the only cholce.) Some choices will result in
phase spaces in which the geometry of the vector field
makes 1t very difficult to construct the stable region
necessary to prove the exlistence of a periodic solution.
By a combination of physical reasoning and geometrical
experimentation the variables i, e, and 1L were chosen.
Thus we want to eliminate 1a, e_, and 1c

Substituting (1-6) and (1-7) in (1-5) gives

(2-1) ¢ (rl) = ic + iL +1 .
Differentiating (1-8) and substituting for 1c from
(2-1) we have

(2-2) ¢ = g le(r1) - 1 - 4y)
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Differentiating (1-10) and substituting for & from
(2-2) gives

1 1 C2
(2-3) {1 = FE; e(ri) - 1 + ET i - 1L ] .

Solving (1-9) for iL,
(2-4) i =-f(e+RLy) .
Equations (2-2), (2-3), and (2-4) together form

our system of three first order differential equations
defining the phase space in 1, e, and iL

: 1 02
(2-5a) 1 = o [‘F(I‘i) -(1 + (3_1_)1 - 1L]

2

1
(2-5b) e = -5; e(ri) - 1 - 1;]
(2-5¢) iL = - % (e + R1;) .

These three variables have the physical dimensions
of current, voltage, and current respectively. To avoild
awkward expressions in the calculations to follow we
introduce physically dimensionless variables x, y, and z
defined by

(2-6a) 1=1Ix

(2-6b) e = RISy
(2-6¢) I;= Iz.

We also define

(2-7) ¢ (r1) = I f(x)
Note that

(2-8) -1 S £(x) S 1, £(0) = 0, and xf(x) Z 0
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and
(2-9) £1(0) = rg

Substituting (2-6) and (2-7) in (2-5) results in the
physically dimensionless system

. 1 c2
(2-10a) X = ;5; [f(x) - (1 + -E}) X - 2z ]

- gy [0 - x -z

(2-10Db) v

(2-10c) z - % [y + 2]

To express (2-10) as a single third-order differen-
tial equation we eliminate y, ¥, z, and z 1in the
usual way. The final result is

. C .
LCQI'X + [RrCE + L<1 + Te)— Lf"(X)] X - I.;f"'(x)f(2
1

(2-11) c
R(1 + == - Rf'(x) X+ kx=0 .
+ r + C1 C1

From (1-6) and (2-6a)

(2-12) eg = rst

In order to better understand the operation of the
clircuit of Figure 1 consider the following special cases
of (2-11): 1.) L=o, 2.) C, =0, 3.) L= C, =0,
L.) R=0, and 5.) R = 02 = 0. The first case is a
second order equation of the type studied by Liénard.
The second case 1s a second order equation with the
coefficlent of the highest derivative vanishing for
certain values of the dependent variable. The solution

of the equation must terminate at the time the co-
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efficient vanishes. The differéntial equation does not
in itself contain sufficient information to determine
the discontinuity. Recourse must be made to the
physical problem by application of the Mandelstam jump
conditions [6] to find a new starting point for the
golution of the differential equation after the dlscon-
tinuity. The third case is similar to the second except
that the equation is of the first order. The fourth case
is similar to the full equation (2-11) except that the
coefficient of the first derivative is constant. The
last case is gimilar to the second case except that the
coefficient of the first derivative 1s constant.

PART III. THE SINGULAR POINT

From (2-10) any singular points must be solutions
of the system

C
(3-1a) f(x) - (1 + 5g> X -2z2=0
]

I
o

(3-1b) f(x) - x -2

il
o

(3-1¢) . y + 2z

Subtracting (3-1a) from (3-1b) provides the result x = 0.
Substituting this in (3-1b) and recalling that f(0) = 0
gives z = 0. Then from (3-1c) it follows that y = 0.
Therefore the system (2-10) has just one singular point
and it 1s located at the origin of the phase space
coordinates x, y, Zz.

In order to study this singular point we
"linearize" the system (2-10) at the origin by the
substitution
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(3-2) f(x) =f'(0)x = Bl -

The second equality 1s due to (2-9). The "linearized"
gystem 1s then

. C
(3-3a) X = ;%-' [(gmr -1 - —§g> X - z}
2 1

(3-3b)  y = -1%— [(gyr - 1)x - z]
(3-3¢) z=-
The "linearized" version of (2-11) is
C .
LCyrx + [ch2+LQ+ C—f)—Lgmr]x
(3-4) e Rl s —2)- Rer] s 2x = o
3 + + + C1 Rgm +C1 = .

The cubic equation satisfied by the characteristic

roots A, A,, and Ay of the matrix of the right

member of (3-3) is

(3-5) Cz)
_Egl:_gi__ - §§mJA - [- ] }= 0.

1
+ [——- +
1C, Lr02 )

The brackets before xz, N, and 1 are respectively

€n 1 _R
(3-6a) A, =M +\, +A5 =5 T mwm "%
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c
Ré + —g)
c
- =\ - 1 1 Rey
(3-6b) Ay =X (A, + A5) +2;24 o * TIIC "o
2 2 2
:
(3-6c) Ay = A1A2X3 = T IrxCc.c ”

172

the first being the trace of the matrix of (3-3) and the
last being the determinant of the matrix of (3-3).

The solution of (3-4) 1s of course \
t

(3-7) X = ¢1e ! + ¢2e2 + ¢5e 3
if x1 * Ae # AB #* A1.

It is known from the physical problem of Figure 1
that the circuit breaks into oscillation for g >G> ¢
and does not do so for g { G. That is, the singular
point is stable for g < G and unstable for g_ > G.

We shall now prove this and also obtain the value of G
in terms of the circult parameters.

By (3-6¢) X1R2A3 is real and negative. Hence
there is always at least one real and negative root.
let it be 31 . Therefore the singular point must be
one of just four structurally stable [7] types:

stable
(3-8a) A <0, 2, 0, A, 0
(3-8b) A, < 0, A, =u + 1v,’\3 =u - iv, u<o, v)0
unstable

(3-8c) X1< 0,A, = u + iv, AB =u-1iv,ud>o,v>yo

The stable conditions may be called respectively a
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statle node and a stable node-focus. The unstable
conditions maey be called respectively a focal saddle
point and a nodal saddle point.

It 1s clear that the transition from stability to
instabllity must take place in the presence of the focal
condition by passing from condition (3-8b) to (3-8c).
Otherwise Xa and N} would have to vanish at the
transition point in passing from condition (3-8a) to (3-84).
This is impossible since k132X3 { 0 1in view of (3-6c).
The transition case u = 0, although important as dis-
tinquishing between the stable and unstable focal cases,
1s not physically interesting because it is a stable node-
center and this does not have structural stability.

We now show that the transition condition u =0
can only occur when
(3-9) AA, =A,

Substituting from (3-6),

(3-10) 2N)\,\g +N N +A1,\§ +¥ +,\ Ay +A2A3+X2A§ 0.
After factoring thils becomes

(3-11) (A, X)) + AR, +A) =0 .

The solutions are of course

(3-12a) Ny = - M

25-12b; x} = - x1

3-12¢ -
A = A}

That 1s, (3-9) implies at least one of (3-12) and any
one of (3-12) implios(3-9). We recall that N is real
and negative while M, and \, are either both real

3
and of the same sign or else complex conjugates. The
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condition (3-12c) is equivalent to u = 0 in (3-8), the
transition between stability and instability. Conditions
(3-12a) and (3-12b) fall under condition (3-8) where
the negative damping is greater than critical. Now the
negative damping increases with g, 8o that (3-12c¢)
corresponds to a smaller value of gn than (3-12a) or
(3-12b).

Expressing (3-9) in terms of the clrcult
parameters by means of (3-6) we have

gm 1+g—2 C
- °m _ "1 . R R _2) _
(3-13) C, C i [1 +r<1 +C1) Rgm]
2
+ o =0

Rewriting this as a quadratic in g,
2 12 c RC]
-ls+=(1+ 2)+ 2|8
&m [R r ( 01) T m

(3-14) C\2
+ _1_+?_2_+ ?& 1 + 9_2_ +12 1 +C—2-=0
Rr L Lr C r 1

The roots are

RC c
_ 2 1 2
(3-15) gm=12ﬁ+§L— +;(‘+51‘)

_1.__13(3_2_.)2 +C_2_
t I/\2R 2L RrC,

Clearly one root 1s real and positive and the other must
be also since the constant term of (3-14) 1s positive.
The smaller root must be the transition condition
u=0 of (3-12¢) and the larger root must be (3-12a)
or (3-12b). This can be seen by noting that (3-12¢)
must occur for some value of gn- For when gn = 0 (no
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energy input) the real parts of XQ and k3 are non-
positive and by (3-6a) when &n is sufficiently large
positive the real parts of A, and A5 are positive.
Note that )2 and A3 are continuous functions of g

Thus the condition that the singular point be
unstable 1is

RC C
- = 1 —2 L 2
(3-16) g, > G=55 + 5Tt (1 + G )

]/1_ ) lic_ef' 2
(eR 2L * ReC, ¢
and the condition that it be stable is

(3-17) g, <G .

In the limiting case when %—‘ o we have
C

- = 1 1 _2

(3-18) G=g5 +p (1 + c, ) .
For g = 0 (vacuum tube not acting)the singular

point will be a stable node or a stable node-focus
depending upon whether the circuit 1s more or less then
critically damped. As Zn becomes positive the
damping decreases until it reaches zero at the transition

node-center. Further increase in &n leads to a
focal saddle point and then finally to a nodal saddle
point.

Critical dampling occurs when the discriminant of
the cubic (3-5) vanishes.

In the remainder of our work we assume that (3-16)
holds.

For later use it 1is important to obtain informa-
tion about the principal direction of the negative real

root k1. The particular solution of (3-4)
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N\t
(3-19) x=¢e'
is a straight line through the origin of the phase space
and in the principal direction of A1. Substituting
this solution in (3-3a) and (3-3c) gilves

C |
2
[gmr '< T 5:) } r02A1’ X
(3-21) ¥ - (1 + § X1>.z

which reduces the matter of the principal directlon of

A1 to the problem of determining A,

(3-20) z

If we write (3-20) and (3%-21)

(3-22) z = @x
(3-23) y=-82
where
C
(3-24) @ = gr- <1 + 5$~>— r02 21
Lx1
(3-25) B=1+ |

then the direction cosines of the principal direction

of Kl are

(3-26) X = ‘ ,

14 @®(146%)
Y= e ’
1 + a2(1+52)

a

/i + P4

Z =
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PART IV. EXISTENCE OF A PERIODIC SOLUTION

In this chapter we shall prove the
Theorem: The system

c
(-108) %= | £ -<1 f)x]
(2-10b) = - -ié—; [£(x) - x - 2]
(2-10¢) z = - % [y + z]

representing the circuit of Figure 1 has a periodic
solution if

RC C RC,\2  C
1 2 1 2 .2 =2
1.) 8?2 3R+ 3L *F(1+C)'1/(2R 21;) * RC,r

1

where &l = f£r(o)

2.) ¢2(eg) {C( =

where ¢ (ri) = Isf(x)

R y 4.6 f(x) , 9.7, 5.0, 2.4
) LTORE, SR, X TR, T,

where we assume f'(0) > 0 exists, xf(x) > 0, and f(x)

continuous and single valued. Although nothing can be
sald about the in-the-small stability of the periodic
solution it will.be seen that there is a sort of in-the-
large stability.

The first step in proving the existence of a
periodic solution is to define a closed region in the
phase space topologically equivalent to a solid torus
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in such a manner that the path passing through any
point on the boundary surface enters the interior.
That 1is, the vector with components (x, y, z) defined
by (2-10) points into the interior at every point of the
boundary surface. Thus any path beginning inside the
torus would remain within it. The construction of the
torus takes place in three steps. First, we define two
cones with vertices at the origin which form the lateral
boundaries. Second, we define a closed surface around
the origin which forms the outer radial boundary. Third,
we define a cylinder which forms the inner radial
boundary, eliminating the singular point at the origin.
1. lLateral Boundaries

Consider two right circular cones with the line
y =2z, Xx=0 as & common axis and with the origin as a
common vertex as in Figure 3 (the x-axls points vertically
upward from the plane of the paper). The convex sides
face each other across the plane y + z = 0, the

—yrz
EW&:SINQ

//
, y+z20
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generators making an angle ¢ with this plane, The
closed region lying between the two cones will be used
in forming the torus. We were led to consider this
reglon because (2-10c) represents a sort of attraction
on any path acting toward the plane y + z = 0.

The distance of any point (x, y, z) from the
plane y + 2z = 0 1s

()_‘_1) = Yy +2z

£ =
The distance of any point from the origin is
(4-2) p %/ x° 4 y2 + z°
Therefore the equation of the cones 1s

L

(4-3) L+r2 - £ = gint =a

vz~ P

™
where [ > § > 0 gives the upper left cone and

7
- ;<€ { o glves the lower right cone. For the
present we limit ourselves to the upper left cone. The
component of the vector field

C
(2-10a) X = = | - [ =2 )x - ]
a X r02 [ (x) < + C1 >x z
(2-10b) vy o= - 1{0—2— [£(x) - x - z]
(2-10c¢) z = - % [y + z]

which is normal to the conical surface (L4-%) and pointing
toward the plane y + z =0 1s

N, = -9t
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Now by (L4-3)
(4-1) t = arcsin L+2
A
80
(b-5) Ny = — [fa(x§+y§+z;>-y'-gJ
72 - 2a°

We need to establish conditions under which NC > 0.
Substituting for the derivatives in (L-5) by use

of (2-10) we have

(4-6)7 2 - 282 N,

prC, p rC, C, prC,
V2a L2a 2a (1 _R
pRC, YT (X) *grc. XV + % | KT, i) vz
1 1 1 ~2aR 2
+ 54— 0(x) - X - 7 - z
RC2 RC2 RC2 pL
+ %— (y + z)

From (4-2) and (4-3) it follows that

5
ap tPV1 a? -)%g.
1

(4-7) z = v

ar ;;L/———
12
where the signs before the radicals must be opposite

when the relations are used simultaneously. Using there
to substitute for y and =z in (4-6) and meking une

2
32-3.2.

»

(4-8) y
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substitution x = pw, we have

W/ )
2 - 28 Nc = RC2 flrw) + V’h wf(pw)

+ ﬁ%— f(pw) 1-a2-w?

+V2 a(1-a?) (% - R—-é——
a® 1-a \ ]/
P(rc——e + RC w +P( + RC ) -a. —w
2
p('\/e'% R, 14)1 /1 a2 -u?
12 RC,

(i V)

2RCQ 2 1

where w° {1-a The only term which is independent
of w and does 'not vanish for some value of w 1s
the third line of the right member. If we want Nc>0
so that ‘the vectors point into the region 1t 1is easily
seen that this constant term must be positive. That 1s
we must have

(4-10) R 1
L 7 ®

(4-9)

2

On the other hand % can be made sufficlently large so
that N, > o for any particular a in
(un) o<a(

So it remains to determiné a lower bound for % to
insure N, > O.

If p 1is sufficiently large the terms in the first
line willplay no role in determining th3 lower boun?
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%. When ¢ 1s small these terms will serve to ralse
the lower bound and so we shall obtain an estimate for
the lower bound with p small. For any set of values
of the parameters R, r, C1, 02 there 1s a best value
of a which will permit a greatest range for L
while N, > 0. In order to be able to write down
explicit conditions we shall arbitrarily choose

a = % at this point. Then to obtain an estimate we
choose the value of w in each case which makes the
term least positive or most negative, having previously
selected the negative signs where possible. The result

is

6_ | R
vze © = L
1(z+f_:_)1’;>‘_ wup  TL1D
B, 375, 3 ﬁ_) 1
(4-12) -(1 + 24 1
g 8 8" L] RC,
(ﬁ_ 3 372) 1
g-tet '),
. 342 1
8 rC1
where 17 is defined’by n=PW . We recéll that oy
(2-7)
(I.rq )
()4_13) _ié'.p_). - __.S_n.__._
I

S

Therefore by (2-9)
(4=-14) sup £(1)
-0
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where equality holds only if the incremental trans-
conductance 1s never greater than the working-point
transconductance. lLet us assume, as represented by the
dotted 1line in Figure 2, that the supremum of all in-
cremental transconductances is s times the working-
point transconductance. Then

(4-15) *ngz” —i%ﬂ—) = 8 g.r where s ) 1

Then for N, > 0, so that the vectors point into the

region, a sufficient condition 1is

_ Ry b6 . 9.7,50, 2.4
(416) L2 R, 8 &n¥ *RC, * 1T, * xC,
When a = - % we want N, < 0. By obvicus modifi-
cations in the argument the same condition (4-16) 1is
obtalined.

2. Quter Radial Boundary
Consider the family of closed surfaces about the
origin

(4-17)  p =C,R¥* + C,(Ry + rx)® + Lz

2

where the value of p determines a particular surface of
the famlily. For any p this surface serves to limit
the reglon between the two lateral boundary cones. We
shall show that if p 1s sufficiently large then the
part of the surface used, the part lying between the
two lateral boundary cones, has the property that the
vector field of (2-10) at every point points toward the
interior. We were led to the surface (4-17) by energy
considerations in the circult of Figure 1. The parameter

P is proportional to the energy stored in the cir-
cuilt at any time t.

A n.a.s.c. that the vector at any point of the
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surface (4-17) points toward the interior 1s

(4-18) p<o.

(4-19) 2= C,RPyy + C,(Ry + rx) (Ry + rz) + Laz .
Substituting for the derivatives from (2-10), we have
(b-20)  B= - RyF(x) - =® - R .

Therefore the condition (4-18) that the vectors point
toward the interlor amounts to

(4-21) rx® + Rz > - Ryf(x)

A stronger conditlon insuring this is, since fz(x)< 1,

(4-22) rx? + Rz > R lyl.

This inequality 1is satisfied by all points lylng out-
side the two paraboloids

(4-23) rx® + Rz° = R lyl

with vertices at the origin and axes along the y-axis.

The region outside the paraboloids where p < 0
leaves the y-axis like ¥y while the region between the
two lateral boundary cones leaves the y-axis like y.
Therefore 1t 1s only necessary to choose p large
enough so that the portion of the outer radial boundary
1ying between the two lateral boundary cones 1s outside
of the paraboloids (4-23) so that ﬁ <{ 0 and the vectors
point toward the interior at all points.

We have now established a stable bounded closed
region in the phase space. Its thickness becomes zero
at the origin, but it does contaln the singular point
at the origin and it 1is necessary to remove a nelghbor-
hood of the origin before we can complete the existence
proof for a periodic solutlon.
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3. Inner Radial Boundary

Before we can use the Brouwer fixed point theorem
to establish the existence of a periodic solution in
the stable region we must remove the known fixed point
at the origin. Otherwise, as will be seen, the results
of our lebor will be merely to establish the existence of
the fixed point at the origin.

There 1s no possibility of establishing the
inner radial boundary by defining a closed surface
about the origin at all polnts of which the vector
field points outward. For since X1 o in (3-8)
there are always two paths approaching the origin.

At the origin they are tangent to the straight line
in the principal direction of 31. However it appears
that we should be able to construct a cylinder around
the straight line through the origin in the principal
direction of A, such that sufficiently near the origin
the vector fleld at each point of the cylinder points
away from the interlor. Then if the principal direction
lies outside of the solid angle between the lateral
boundary cones, the cylinder will serve to put a hole
through the stable region in such a menner that a
neighborhood of the origin is removed and the remaining
reglon 1s still stable and now topologically equivalent
to a torus.

We first prove that the principal direction of Nl
lies outside the solid angle between the lateral

boundary cones. Since by the assumption a = t %

the generator of the cones makes an angle of %-with
the line y =2z, x = 0 1t 1s only necessary to show
that the angle between the principal direction of X1

end the line y =z, x = 0 1s less than % . Now the
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direction cosines of the line y = z, x = 0 are

(4-2k) X=0, Y= -, z=-L1 |

5 22
We recall from (3-26) that the direction cosines of the
principal direction of A1 are

1 F)
’/1 + “2(1+§2)

Y = -a8 ;

7/1 + a9(1+32)
a
Z = -_ .
’/.1 v & (145°)

(3-26) X =

Therefore the cosine b of the angle between them 1is
1 a(1-8)

72 7/1 + a2(1+52)
where from (3-24) and (3-25)

c
(3-24) @ = ggr - (1 + (f)- rC ),

(k-25) b=

A .
1

o

(3-25) B = 1 +

Thus to prove b » ;— we must establish an
estimate for X1 .  To this end let us write the cubic

(3-5) in the form .
S(A) = [11321'] Xs + [RCZI' + L (1 + 0—2) - lngJxa
. 1

C

(4-26) +[r+R(1 + 0_2) -Rgmr]k +(13—-
. 1 1
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where A, 32, and AB are solutions of S( \) = 0.
Now
Rr

Ry . _Br ,1
(4-27) s-P=-F + f

3y (4-16) £ FéT so that

(4-28) s(- B <o

independently of Em* Now by (3-16) when &= G, A1 is
the only real root, In this case. S(X) < 0 means
A< X1 . Since A, 1s a continuous function of the co-
efficients of the cubic we conclude from (4-28) that

(k-29) -% <A,
et o<k < 1.

3
R 02r

Go\7
k(1-k - —2>J
2 + k( ) [ r (1 + z,

s( - 8 =Pk

(4-30) R
r 1
-k I+ 57
Now
(4-31) &yl - (1 + ) > 0

for by (3-16)
C RrC rC
- 2 r_ 2
(4-32) gyT (‘ + 01) ? 2R * V(QR 5L ) * K

1

and the right menber 1s positive if % % which is

1
assured by (k-16).

Therefore by (4-30) it is sufficlent for
(4-33) s (-5 > o



70 L. L. RAUCH

that R3C
r
(4-34) k20— >k
L
Multiplying by -——ELL—— gives the condition
kR°rC,
k) RSy 1L
(4-35) k(1)L > e,
Now by (4-16)
- R 2.7
(4-36) L > RS,

so the largest value of k 1s determined by

(4-37) K(1-k) = 917

This gives k = 0.876 so
(4-38) s(- 28168) 5 o
from which it follows that
(4-39) A, < -o0.875 %
This together with (4-29) gives
B < -oere B

Applying this to (3-24) and {(3-25), using (4-16),

glves

(4-ko0) a > L4.38

(4-41) B Co.124 .

Substituting these conditiors in (4-25) gives finally
(L-b2) b > 0.60

Thus we have proved that the principal direction of A 1
lies outside the solid angle between the two lateral

boundary cones.
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It remains to construct the cylinder and prove
that at all polnts of the surface sufficiently close
to the origin the vector field points outward. By a
linear transformation of x, y, and z 1into Q15 Qpo
and a3 the "linearlzed" system (3-3) can be brought
into the normal_form

(4-43a) q, - x1 q, -0
(4-43b) q, -u,q, - Vds =0
(4-43c) q3 +vq, - u2q3 = 0

Here the q1-axis is along the principal direction of
A and the a,- and q,-axes are determined by Az

1
and A,. When XQ and A, are real then v = 0, u,= 2},

3 3

and u, = XB. When A, and AS are complex conjugates
then u, =u, =u as in (3-8). The condition (3-16)
gives

(k-kb) u, » 0, u, >0 .

Of course the linear transformation depends on the
parameters in (3-3).
The nonlinear system (2-10) can be written

4y X = -1 -C2)x - L1 (f(x) -

.( '58.) X r02 [(rgm 1 C1)x z]+ 1,,Ce( (x) rgmx)
(k-usb) y = - ﬁéz[(rgm- 1)x - 2] -l%g(f(” - rg;x)
(b-b5c) z=- Bys+zl.

If we now apply the same linear transformation to the
nonlinear system (4-45) then we have

(4-468) Q- M q = ¢,8(x)
(4-146D) a - u,q, - vq -

2 172 3 c,3(x)
(4-kéc) Qs +VQ, - UyQy = c58(x)
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where

(4-%7) S(x) = fi(x) - rg,x .
By (2-8) and (2-9) we have

(4-18) S(0) = 8'(0) =0
This means that §§51 approaches zero with x.

Iet the equation of the cylinder be
(4-49) 0<K=a5+aj

The normal component of the vector field of (2-10),
that 1s of (4-46), will be in the outward direction if

and only if K ? 0.
.K_ . .
(h-5°) ) = Q.2q2 + q3q3
Substituting for the derivatives from (L-46)glves

(4-51) Ko uad + uad + (coq, + c5a5)8(x)

Since §£51 —>» 0 with x, near the origin K >0
and we can always take K small enough so that the part
of the cylinder inside the lateral boundary cones 1s

sufficiently near the origin.
Thus the inner radial boundary 1s established.

b, The Mapping

We have now established a stable closed region
contalining no singular points and topologically equi-
valent to a solid torus. The cross section for x = 0
appears in Figure L. The section S1 is a closed
simply connected two dimensional region. We shall show



II. A THIRD ORDER AUTONOMOUS SYSTEM 73

that the paths form a continuous mapping of S1 into
itself'. That is, all of the paths inside the torus
circulate around it without "getting lost". We have
already established in the preceding sections of this
Part that no path can leave the torus.

p*R(C,+C)y'+ L2

-1-Vi-g-2a'F 2

y: 1-2q*

- ==
<

--" R z-um,

1-2a*

FIG. &

Consider that path through any point of 81. By
C -
- A - 2 -
(2-10a) X = rCz [f(x) (1 + G )x z_

1
that path will travel in the positive x-direction for
a finite distance since z 1s negative and has a
negative upper bound in S1. For the same reason the
path canmnmot return to S1 from the positive x-direction.
However the path does in face cross x = 0 or at least
approaches arbitrarily close to x = 0. In order to
see this, multiply (2-10a) by r and (2-10b) by R
and add to obtain
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(k-52) rx +Ry =-g X
1

Integration from a point (O, Vo> zo) In S, at time

to to a point (x, y, z) at time t gives

ot

' - = - 1
(k-53) rx + R(y - ¥,) = c, oty ¥ dt
Since x and y are bounded the integral in the right
member is bounded so that if x does not become
negative it must become (although not necessarily

remain) arbitrarily small after a sufficiently long

time. Now since the path cannot return arbitrarily
close to S1 for x > 0 it must approach arbitarily
close to 82. However this means it actually reaches

S, 1in a finite length of time since by (2-10a) x
1s negative for at least a small distance from Se'

By & similar argument the path can be shown to
proceed from 52 to S1 with x g 0. We remark that
(4-53) does not prevent x from momentarily becoming
large from time to time. This would not interfere
with the mapping. The mapping of S1 into S1 thus
established 1s continuous since the right member of
(2-10) is continuous and without singular points in
the stable closed region through which the paths must
travel. The famous fixed point theorem of Brouwer
states that a continuous mapping of a closed simply
connected region into itself has at least one fixed
point. Therefore the mapping of S1 into itself has
at least one fixed point. This means there is at
least one path which is closed on itself after cir-
culating around the torus once. That 1s, our
system (2-10) possesses at least one periodic

solution.
A review of the above proof of the existence of



IT. A THIRD ORDER AUTONOMOUS SYSTEM 75

a perilodic solution shows that we require only of

f(x) that f'(0) exlist and be within proper bounds

and that f(x) Dbe continuous and bounded above and
below. Thus the right member of (2-10) may not satisfy
the Lipschitz condition for certain values of Xx. In
thls case the continuous mapping of S1 into itself
may not be one-one, but this does not affect the Brouwer
fixed point theorem and the exlistence of a periodic
solution.

5. Parameters of the Third Order Equation

It can be seen that the equation

.es / ca ’ o ( )

C2 . 1
+lr + R[1 + 6'1- - RE'"(x)[{x + C—1‘X=0

has only three !ndependent parameters by writing it in
the form

we

(4-55) k X+ [k, + kz8(X)IX + kyg' ()% + g(X)% + x = 0,

as in the Introduction , Summary, where

(k-56a) g(x)

il

1"C1 + R(C1 + CE) - RC1f'(x)

- L
(4-56Db) k3 R
LC1r
(4-56¢c) ke = RC1CQP - R

(4-564) k1 = LC1CEr

These serve to determine only three combinations of the
physlcal parameters such as

(4=-57) R =K



76 L. L. RAUCH

k.- k. k
(4-58) 1 . 123
RC, k1 k5
2
(+-59) - o K5
kK, - k2k3
while two other combinations may be defined arbitrarily
as
(4-60) C2 =m,
C
1
(4-61) R = m,

The condition (3-16) for spontaneous oscillations
(unstable singular point) becomes

2
(4-62) g(0) < - =
3
We note that
k, - k,k
1 1%3
2
(k, - k. k,)
(4-64) r _ oy 25
R 1 K k}
173
K2
(4-65) g _r .73
rC, m k- kK,
Therefore
(k1-k2k3)2
(4-66) £(x) -[m1 2 b4 1]){
k1k
3
k.- k.k X
- m1 1273 f g(x)dx
k1l(3 o

where f(x) must satisfy the conditlon that it be
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bounded above and below.

Now since f!'(0) = gyr the condition (L4-16)
insuring the existence of the lateral boundary surfaces
(and therefore of the stable region) becomes

k., - k.k k, - k. k
1 -oo{x <00 * 1
(4-67) kB ks
5.0 3 3
+ — + 2.4 —
m, k1 k2k5 k1 k2k3

The relations (4-62), (4-66), and (4-67) give
rise to the theorem stated in the Introduction ,
Summary .

PART V. OTHER IN-THE-ILARGE PROPERTIES OF SOLUTIONS

It is difficult to say anything about the
stability in-the-small of the periodic solutions or
whether there 1s a unique periodic solution. However
we can prove that after a long enough time any solution
cannot be too far from the periodic solutions whose
existence we have proved in Part IV. That 1s, every
path eventually enters the stable region of the solid
torus or else approaches the origin. If (3-16) 1is
satisfied, that is we have condition (3-8c) or (3-8&d)
there can be only two paths which approach the origin
(1f a Lipschitz condition 1s satisfied). These are the
two paths which in the "linearized" case approach the
singular point at the origin from opposite directlons
along the principal axis corresponding to the real
negative characteristic root A,.

As a matter of fact we prove considerably more.



78 L. L. RAUCH

With the exception of the singular paths approaching
the origin the path through any point must cross to the
other side of the plane y + 2z = 0. Of course this
means that the paths must oscillate back and forth
from one side of the plane to the other indefinitely
or until they approach the origin. Thus the paths
certainly enter the region between the lateral boundary
cones.

Let us pick a point to the left of the plane
y + z= 0 1n Figure 3 and assume that the path through
it does not cross the plane. Thus by (2-10c) 2 < 0.
Now either there exists P < 1 such that

(5-1) Y (P

at all times after some particular time or else
(5-2) - >

at least some of the time after any time. Let us
agsume (5-1) 1s true. Then the point must lie to the
right of the plane determined by the initial point and
the slope
(5-3) —L =r

-z
and to the left of the plane y + z = 0. These two
planes intersect in a line parallel to the x-axis with
a finite value ?f y, say y,. Now the point must move
to the right (z < 0) as long as it is to the left of
the plane y + z = 0. The path must approach some line
parallel to the x-axis and in the plane y + 2z = 0. For
if it does not do this for some smaller y it must
certainly do so for y = Ty Thus
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(5-4) zZ — 0

and z approaches some constant, say z.,. In the limit

we have, by (2-10a),

- . 1 [ Ca
(5-5) X = ;52 (x) = {1 + ET x - z1]

Since fe(x) {1 1t 1s clear that x { 0 for x large

and positive and x > 0 for x large and negative.

So the path cannot go to infinity in the x-direction.
Moreover it cannot oscillate in the x-direction since
(5-5) defines x as a single-valued function of x.
Therefore x must approach a limit and by (5-5) x
approaches a 1limit which must be zero

(5-6) X — O.

In the 1imit we have, by (2-10b),
(5-7) V=g £(x) - x - z,]
2

Therefore & approaches a limit which must be

(5-8) y— 0

since we have already noted that y approaches a limit.

As a result of (5-4), (5-6), and (5-8) the phase

velocity approaches zero. Therefore the path must be

approaching the unique singular point at the origin.
Still assuming that the path does not cross to

the right of the plane y + z = 0 let us congider

the only remaining alternative, namely, that (5-2)

holds at least some of the time after any time. It is

only necessgry to consider =z { 0 for if the path does

not move into the region where z{ 0 then the previous

argument can be applied to show that the path approaches
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the origin. Moreover it follows that 2z becomes
negative without limit and y becomes positive

without 1limit.
Substituting in (5-2) from (2-10b) and (2-10c)
provides the result
L f(x) - x - 2 > 1
2 )

(5-9) e T

and since y + z > 0 we must have

(5-10) f(x) -x-2¢<0.
Since 2z becomes arbitrarily large negative and
fe(x) < 1 this means that
- X -
(5-11) AR

where ¥ is arbitarily small positive. We recall
that by our assumption (5-11) 1s true at least some
of the time after any time.

Now during at least some of the time that (5-11)

1s true

(5-12) = I

where e, is arbitarily small positive. This can be
seen by reallizing that (5-11) requires that the path
is not on & certain side of the plane x + (1 - e1)z=o
at least some time after any time. In case (5-11) holds
all of the time it is clear that (5-12) must hold some
of the time. In case (5-11) does not hold at some
time there will be a later time when it just becomes
true as the path crosses the plane x + (1 - ¢1)z = 0.
Just at this time (5-12) must be true.

Substituting for the derivatives in (5-12) by
means of (2-10a) and (2-10c) gives
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f(x)-6+ g%)x-z

v+ 2

(5-13) 1-{5?;

21 - -¢, >0 .
C

The denominator is non-negative. However sinoe-(:—:El >0

then after a long enough time z will become so1large
and negative that as a result of (5-11) the numerator
wlll be negative. Thus a contradiction is established.
This means that if the path does not cross the plane

Yy + 2 = 0 1t must approach the origin. A similar
argument glves the same result if we start from the
right side of the plane y + z = 0.

Once the path is between the two lateral boundary
cones 1t will come in until it is inside the outer
radial boundary.

It 1s easy to see that the stable solid torus
1s not enough topology to say anything about uniqueness
of perlodic solutions or in-the-small stability.

Choose a toroildal coordinate system with variables r,
6, ¢ where r 1is the distance from the circular center
line, ® 1s the angle along the center line, and ¢
1s the angle around the center line. Let © =2 and
¢ = w where 0 ) w. If P = - rwe have a
stable perlodic solution along the center line. If
% =1 -r and ® = n® we have an unstable periodic
solution on the center line and a stable periodic
solution on the torus r =1 which requires n
revolutions before completing one period. If % is
irrational the stable solution on the torus 1s not

periodic.
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PART VI. UPPER LIMIT ON MAGNITUDE OF OSCILIATIONS

In this Part we shall point out how the value
of the parameter p 1n the equation (4-17) of the
outer radial boundary cen be determined. Then in any
particular case bounds can be established upon the
variables x, y, and 2z and therefore on the physical
variables i, e, and 1L‘

The paraboloids of (4-22) will Intersect the
lateral boundary cones in closed curves passing through
the origin. The outer radial boundary of (4-17) will
intersect the lateral boundary cones 1in closed curves
around the origin. It 1s necessary to determine p
in (4-17) just large enough so that on each lateral
boundary cone the closed curve from the intersection of
(4-17) just contains the closed curve from the inter-
section of (4-22).

Consider for the moment the upper left cone.
Construct a coordinate system on the cone by

(6-1) x=pY1 -8 sin 6

2

(6-2) y=pYl52 cos B8+ -2
2 /5
_ o2

(6-3) z =2yl 52 cos o +2

Iz

where P 1s the distance from the vertex of the cone
at the originand 6 1s the angle between the plane
x = 0 and the plane determined by the point in
question and the line y =z, x = 0. The equation
of the intersection of the parabolold 1s
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V 2 Ra
1-a ——
R — — cos 6 + %
Raa

r(1-32)sin26+§( 1-82 )cos 6-Rdl/1-a°cos 6 5

(6-b) ) =

The equation of the intersection of the outer radial
boundary is

2 2 2 2 2
o2 —(C R +C R® +L) cos e+(c R +C R°-L)a¥1-a“cos 6
o]
C.r?(1-a%)sin%6 + 2C.R 18® ing
(6-5) +1I‘ 8 )sin + 11"8. 2 sin
1-g° 1a®
+ 2C,Rr =2 sinecose+(CR+CR)—+—2—.

72

It 1is necessary to determine p just large enough so
that
(6-6) 2P

for all 6. Then the stable region will be explicitly
determined and the upper bounds on the absolute value
of the variables can be determined.

PART VII. NONLINEAR CIRCUIT PARAMETERS

When deriving the system (2-10) from the circuit
of Figure 1 1t was not necessary to differentlate
directly any term contalning the parameters C1, Ca’
R, or L. This means that the system (2-10) holds
without change in form when the parameters are functions
of the respective variasbles, namely, C1(x), Cz(y),
R(z), and L(z). We then write
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(7-18) i 1 f(x) - (1 + Cz(y)) X -z
rCEZyS C1ix5

: 1
(7-1b) y=- m [f(x) - x - 2]
(7-1¢) z= - %%ﬁ%-[y + 2] .

The proof of the existence of a periodic solution
given in Part IV will still go through provided Cl(x),
Ce(y), R(z), and L(z) are bounded above and below
by positive constants in such & manner that the in-
equalities (3-16) and (4-16) are satisfied.

In the case of the outer radial boundary it 1is
necessary to replace (4-17) by a more complicated
expression which 1s proportional to the energy stored
in the circuit at any time t 1in terms of the variable
circult parameters. The expression (4-20) will remain
unchanged in form. It is clear that the new expression
for (4-17) will still define a closed surface about the
origin for otherwise at least one of the physical
variables could be Infinite and still have only a
finite energy storage in the circuit.

One case of special interest is when only the
parameter C1 = C1(x) is a nonlinear function of the
variable. In this case we obtain the third-order

equation
(7-2) LC,rX + [RrC, + L - Lq'(x)J¥ - La"(x)%°

+ [P +R-Rq'(x)]x + c1(§) = 0.
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If we define
(7-3) g(x) =r + R - Rq'(x)

(7-4) h(x) = 557
1

then (7-2) becomes

(7-5) KX + (K, + Ky@(x))x + Ksg' (x)x% + g(x)x + h(x)=0.

As pointed out in the Introduction, Summary the

speclal case for k1 = k5 =0 and k2 =1 (L=0 and
Rr02 =1 1in (7-2))
(7-6) X +g(x)x + h(x) =0

1s the well-known generalization of Liénard's equation
to the cagse of a nonlinear spring constant.

APPENDIX: DIFFERENTIAL SYSTEM OF FRIEDRICHS

Friedrichs [4] has considered the oscillations of
the circuit shown in Figure 5. Unlike the circuit
considered in this dissertation it 1s assumed that the
anode current 1a of the vacuum tube is a function of a
welghted average of the grid and anode voltages

(1) 1, = ¢(eg + 2)

where the amplification factor ¥ is finite and positive.
In addition to this we have the following relations

from the circuit
(2) eg = - Lh ia -M iL
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(4) 8g =T %r
i
C
(5) eg=[ & dat
(6) 1o+ 1, + i, =0.

This 1s a third order system and we wish to obtain a
single third order equation in some variable which is
physically equivalent to the varilable x (which 1s

. §§La
9
M
o -

? [ i
| S
| b3
I.U C :E' Lg
|
|
l v

FIG. 5

proportional to the grid voltage e_) of equation
(2-11) in Part II. The physically equivalent varéable

in this case would have to be the argument eg + Fg

of the nonlinear function. This 1is called the effective
grid voltage. We define

(7) ve=eg+

and eliminate ey from the equations (1) through (6).
This gives, in place of (1) and (2),

(8) 1, = ¢ (V)

(9) p (v - eg) = -1, ia -M iL .
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We eliminate all varlables except v and obtain

(10) [F(LyLy - M)e! (VI + [rHILL, - M)e'(v) + LOIV

+ [%F(LELE—M2)¢"(V)]VV + [;%(IHIB-M2)¢"(V)]GQ

+ [HILy - M) e (V)19 )
2

+ (gl = M (v) + £ - (M- e ()1 + v = 0,

g g
This single third-order equation 1s quite different
from equation (2-11) of Part II.

Note that if the anode current 1& is made a
function of eg only, as iIn this dissertation, by
letting » — the eqt tion (10) of Friedrichs

becomes
o L e
[Lg CIV + [I—,E -Me'(V)IV + V=0

which 1s no longer of the third order. .That is, if the
tube in Friedrichs' circuilt is assumed to be of the
pentode type, as in this dissertation, then the system
reduces to one of the second order.
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IIT. NON-LINEAR DEIAY DIFFERENTIAL EQUATIONS

By F. H. Brownell 3rd

Introduction

This paper concerns the oscillatory behavior of
the autonomous delay differential equation

n r
1) SO ST a.k'px(k)(t-bp) QP (1), .., xPT ) (b)),

k=0 p=0
...,x(t-br) =0

where Q(y,,...) is usually a power series in the y, with
zero and first degree coefficients absent.

FPirst we give a review of the essentially linear
theory of the equation 1.1). Here the behavior at
infinity of solutions of the linear part of 1.1) 1s
characterized by the zeros of the auxiliary exponential
polynomial, and the solutions are represented by a
Laplace transform. Using the same representation for
the inhomogeneous equation, we can apply an iteration
process, 1n the case where these zeros have negative
real parts, to show that the solution of 1.1) 1itself
decays exponentially as t— ® for sufficiently small
initial conditions.

This paper constituted thc author's dissertatlon
for the Ph.D. at Princeton University, 1949, and was
prepared while he held an Atomic Energy Commission
predoctoral fellowship for 1948-1549.

89
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Next we consider 1.1) as the zeros of the
auxiliary polynomial cross to the right of the imaginary
axis under parametric variation of the ak,p' Here we
give up in characterizing the general solution of 1.1)
for the initial condition problem, and instead look
for special periodic solutions, which thus imposes
boundary conditions and allows 1.1) to be transformed
into an integral equation. Using the linear theory
criterion for the exlstence of perlodic solutions of
the linear part of 1.1), we now use the methods of
Schmidt [17]* to prove the existence of periodic
solutions of 1.1) and gilve asymptotic formulae for the
frequency and amplitude. The results are collected
in a summary at the end.

The writer here wishes to acknowledge his in-
debtedness to Prof. S. Lefschetz, who suggested the
topic, and to Prof. D. G. Bourgin for several suggestions
widening the scope of the results.

CHAPTER I

For integer n » 1 we consider the equation

1.2) E: E: 8y (k)(t-b ) = g(t) over real t » O,
k=o P=0 k,p
-Qa t
where we are glven some resl a o such that e g(t)
€ LQ[O,w ). A generalization of 1.2) studied by Pitt

(29, [30) 1s

13y 5 / x(®)(t-n)a F(h) = g(t)
k=0 o

where F (h)=i0 for h(o, F (h) is a complex funetion of

* See the bibliography at the end.
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bounded variation on every finite interval such that
otn eahld Fk(h)l { +w faqr some 3 >0, and where

Lebesque-Stielt jes integrals are meant in 1.3).
We always require some b)0 such that

1.4) Fi.(h) = 8 o for olh<b, o<k<n, and 8y o= 1

1.5) Fn(h) = 2?’° =1 forh ) o,

so / x(®)(t-n) aF (n) = x(0) (¢,
o<h

1s a second condition which is sometimes imposed.

We now wish to define a solution of 1.3) for
certain admissible initial conditions.
Definition 1:1)

let L be the greatest lower bound of all real y
such that F (h) = F (y) for all h 2 y, k = 0,1,...,n,
L = +obeing allowed. If L > 0, then a complex valued

S el s e e ——

condition for 1.3) if é(t) = 0 for v > 0 or t € -L, it

A;Yk)(t) exlsts absolutely continuous over every finite

subinterval of [-L,0] for k = 0,1,..., n-1, and if for

any real «)>-§ we have

1.6) o (t)e®tle 1,(-1,0) ana ¢ (t) € 1,(-1,0)

for k = 1,2,...,0-1, and including k = n if 1.5) fails.
If 1=0, then an admissible initial condition is

any collection of n complex constants, denoted by

L6 K) (07}, ke0,1,...,n-1.

It should be remarked that if I<+o and 1.5) holds,
then 1.6) is automatically satisfied by the preceding

condition on 9(t).
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Definition 1:2)

A _complex valued function x(t) on (-2, %) is said
to be a solution of 1.3) for an admissible initial
condition g(t), or 16%)(07)} 1f L = 0, if
a) x(t) = 4(t) for to, or x(k)(o+) = ¢(k)(0-) for

0{k {n-1 1f L = 0;

b) x(k)(t) exists absolutely continuous over every

finite subinterval of (-L, + *) for k = 0,1,..

n-1.
c) x(n)(t) exlsts satisfying 1.3) almost everywhere in
t > o.

Theorem 1.3)

If condition 1.4) is satisfied, then for any
admissible Initial condition ¢(t) there exists a
unigue solution x(t) of equation 1.3)

Moreover if condition 1.5) is satisfied, and if
g(t) is continuous, then x(n)(t) exists continuous and
gatisfies equation 1.3) in a1l t > O.

Proof
In equation 1.3) transpose all terms in the
integrals such that h)b to the right side, ylelding by
condition 1.4) with b0
n-1

1.1y x™e) . S a x(t) = g (1)
=0 ’

over the interval (m-1)b<{t{mb, m=1,2,..., etc., where
gn(t) 1s determined by induction on m from preceding
intervals and the initial condition @(t). Also we have
gn(t)€ Ly ( (m-1)b,mb) by induction; for the four
monotone components of Fk(h) generate bounded Borel
measures on (0,% ), x )(t') is Borel measurable and
ILebesque integrable over —Lgp'g(m—1)b by condition 1.6)
and induction from preceding intervals, and we can
apply the Fubinl theorem.

*
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#

Thus we have our desired induction result, since
equation 1.7) obviously satisfies a uniform Lipschitz
condition, by modifying the classical Picard uniqueness
theorem to allow gm(t) to be merely integrable instead
of continuous.

Also if 1.5) holds and g(t) 1s continuous, then
so 1s g, (t); hence x(n)(t) exlsts continuous in t)>0
by 1.7).

Q.E.D.

We remark that a rather wide variety of continuity
conditions other than those chosen could have been
imposed in the definition of an admissible initial
condltion, and corresponding continuity results obtained
for a solution x(t).

Lemma 1:4)

If condition 1.4) holds and x(t) is a solution
of equation 1.3) for an admissible initial condition,
then for k=0, 1,...,n-1 and as t and T—o ,

T (n) c,T
1.8) |x(k)(t)| - (e°1%) ana é %) (t)1at = O(e ' ).

Proo.
_at
We are given g(t)e ° € LE(O,oo) in equation 1.3),
So by Schwarz
(fe 1+1)T

1
T T 2 t |z
o] 2 M
t)ldt M[ e dt\ < €
'4|g( ) < 'é \/2(|a0| + 1)
Thus by the argument of E. M. Wright [7), theorem 3),
p.182, which can easily be generalized from equation
1.2) to equation 1.3) by using condition 1.4) with
b>0, we get the desired result 1.8).

Q. E. D.
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With d>a0 and a) -8 for the B of equation 1.3),
we now let s = @ + 1@ and

k -sh -3t
D(s) = E e dF,_(h), G(s) = (t)e dt,
(2 k=0 ° /o k {8

1.9) o(s) , 2 gli)oT) (B kB -snge
D(s) * ;éo s9*'D(s) Eﬂ s{e k )

f(s) = +/o¢(t)e—5tdt
e n e :
B(s), 25 /:V; ¢ (t)e k

Now 1f we take the lLaplace transform of equation
1.3) at w) max (a sB, ¢ ), then by integrating by parts
and using 1.8) we get. / I_lx(t)e -st dt = f(s). Also f(s)

1s anmalytic ine) max (e ;8) except for poles at the
zeros of D(s), since sK =7~ Jhas k-1-j>0, and by
condition 1.4) it follows easily that o= (inf of @ such
that a2 p-8and |D(s)l) -Isln over R(s) > @){+w. Thus
by contour shifting we have the followlng theorem, where

[ denotes 1.1i.m
—»oo -

Theorem 1:5)

If condition 1.4) is satisflal ani i€ A(t) i¢ an
admissible initial condition, then the unigir: solal i
x(t) of equal’ o1 1.3) has for allae> max LU -8, «3)
that for all real t

at
1.10)  x(t) = &= [ £ (as 10 ) &¥taq
It should be remarked that at least for L <{+w
an alternate proof of 1.5) can be given by defining

x(t) by 1.9) and 1.10) and showing conditions a), b)
and c) of definition 1:2) are satisfied, (see Bellman
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[10] for a special case). Similar results have also
been obtalned by still different methods, [6], [4].
Much early work, [1] through [5] in general, has also
been done on this subject under initial order assumptions
on x(t) like 1.8); Schmidt (3] glves a particularly
good bibliography.

In the following theorem mj is the multiplicity
of a zero s; of D(s), Ng 1s the cardinal of the set of
zZeros !sj! of D(s) such that s. = @ +¢'w.j has a; > &
for the given a > -8, and N= n-1 if condition 1.5)
holds, N = n otherwlse. Also the bj,q appearing are
complex constants depending on ¢(t) but not on a, M, (a)
is a positive real number independent of ¢(t), and

"0
£,(s) = f£(s) —/_L B(t)e Stat,
-1
fie(8) = £,(s) - >

Jj=o s

o 8007,

Theorem 1:6)

If condition 1.4) holds, if #(t) is admissible,
if 0 >a) max(e_,-8) with D(s) + 0 for s =a+ 1w , and
1f Na is finite and | D(s)' O(]——rn) for large |s|

with R(s) > «, then for t » 0 and k = 0,1,...,n"1

m:-1 8.t
x(t) = [ gv ( ZJ b tq)e J ] + Ra (t),
J'=1 g=o J)q

at

) R(“k)(t) - e . /ia+1w)kfk(a+1u)ei"'tdw, and

2
at
1R ) - & f—‘—lD‘(’ss) R PUIRY

PalPISMTS I [f PARMEI dt]}

J=0 J=0 -L

1.12)

<mya) |

In case condition 1.5) holds as well as 1.4), then
for any «) -8, N, 1s necessarily finite and | 5%5)" O(TlsTn)
for large |s!| with R(s) > «.
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Proof
First 1.11) with k=0 follows at once from 1.10)
by using ']’5%?)' = 0(-,—:3-[11)to shift contours, since x(t)

= x(t)-@(t) over t > 0 and since f(s) is analytic in
the right places as was used in theorem 1:5).

To verif‘y this analyticity it 1is merely necessary
to show /‘L / $(K)(£)e™3(EM)at g F, (h) amalytic in

R(S) = Ll> -8 . Herae/ |¢(k)(t)e 3(t+h)|dt g

ge-“h l ¢(k)“ ( exp(z‘vh) - 1) /2. Also 0 < eeah-1

2« 5o

% .
= Zh 2“h gh EI"Ih, so 1if «) - 1—:5 we have

J| 1°3

|al - «a)h
/0}/— gllal=9hq p (h)l;/V—h e B0 Ja F(h)| = W von
On the contrary if -<{a' gag - —8, —T-l < 5—% and
/Le B2 1a Rl (g )/ e ~“Dia B _(n)| =
Jo k k
M(a') { 4 - Thus for a = R(g) 2 &  -B, we lave
Mo(a') { + e and

L ~ 0 _
s [y (L |s ) e s(t+M)gr ) 1a Rl <

0 11
|/ l¢“‘)<t)|2dt' 2 M (a')

By the Cauchy intefral ard the Fubini theorem we thus
get the desired analyticity

Now/ o S(edle )ty o .

10t _)o1if t>o L lwt -
/ e de —{_.‘ ir t<0 and /f (s)e do
Ve agiw

at /f‘ (s) eiwtdw aover t > 0. Also (x+1iw) fk(a+ 1w)
2: -

€L, (-®, ) over« for k { n-1 and 0 > a) max (« ,-B),
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k
since 1.13) holds 5%§) € L, (-%,x), G(s) is bounded,
since

i)eo™ - (3o~
$43)(07) n kt /L g78h 4p - 290 )J k _
s3*'D(s) (k§j+1s /o ° k'(h)) gdt (8)

_sk4(3)(07) I
- =8 (o 'Zj sk' J-1 /L e shd Fk(h)E L,(-050%)NL, (- o),
D(s) K '=o o 2 1

and since k ¢ j+1 1f the ¢(3)(07) term in £,(s) has not
yet been subtracted out. Thus by the standard theorem
on derivatives and Fourier transforms [5], we see that
1.11) holds for k = 1, and similarly for k = 253,...,n"1,

Now to get 1.12), putting vk(s) = f‘k(s) - %.%%;

) -1 Lo
£(s) -/';  (t)e Stat - g%g} - gg 83+1 6(3) (07,
B o

for k = 0,1,...,n-1 we see that all the coeff‘icient
functions of ¢(J)(O ) In the expression for s ¢k(s)
are actua.lly InL, (-%,0) over w except for the term

1
() (07) = L ¢(k)(0™) , which can be dropped

k+1

it iet
for 1.12) since et / £ d = 0 for «)> 0 over
‘ e / a+ie

t > 0. For the rest of sk;nk(s) we have with K(t,h) =

0 1f tDh
1 1f t¢n that

}f j( (k) (4ye™8(t+h)y¢ 4 Fi(h) =
0 -

/ g}iK(t,h) ¢ (&) (t-n)aF, (n)] o™ Mtqy
O (o

by 1.13) and the Fubini theorem, and is actually in
L, (-3 o) over w . For since et < P over ot<h by
L > -8,
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L L
] [xem $)(t-n) aF, (n) e"'t'Q at <

RIS /OL[/O‘LK(t,h) K(t'h|),¢(k)(t'h1P(k)(t'h')le-eatdﬂdpk(h)'IdFk(h')l

° L L gh'
(k) 2 Bh
< [_L [#77 ()] dt] (/o e 'dFk(h”X/o A IdFk(h'H)

oy 3Schwarz and the Fubinl theorem. Thus the Plancherel
theorem and 5%5) € Ly(-%, ) for k { n-1 yields 1.12)
from 1.14) and the former L, bound on the ¢(J)(0')
coefficients.

o Q. E. D.
Now {e‘ahl dF,(h)| 1s monotone in a) -B and

bounded by /l;e'gh,an(h)‘ sc there always exists a

unique @, < +o and 2> -f such that 1 =/7e°' %hlan(h)|
b

or a, = - B; 1t is clear that a, = -B if condition

1.5) holds. It should now be remarked that any real
a) @, has No finite and |D‘(§)|= O(T;—I-n) as|s|— o

over &(s) 2@, so that theorem 1:6) may be applied if
@, < o.

Theorem 1:6) shows that 1f g(t) = 0, so that we
can take a, = -8, and if conditions 1.4) and 1.5) hold,
then the behavior of a solution x(t) of equation 1.3)
as t— o 13 completely determined by the location of
the zeros of D(s). This has been considered by Langer
and others, [11] through [16], when the F,(h) are
step functions with a finite number of jumps.
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We will need the following corollary for our
later results.

Corollary 1:7)

If conditions 1.4) and 1.5) hold and if g(t) = 0,
then 1in order that there exist a non-constant x(t) with
a continuous n'" derivative satisfying equation 1.3) for

all real t, and such that x(t + %13 = x(t) for some

Wy > 0, °
D(im wo) = 0 for some integer m # 0 1s necessary

and sufficient.
Also D(i(2m+1) wo)= 0 for integer m is likewise

for x(t+ ;’—O )= - x(t).
Proof
x(t) = ei(mub)t, or x(t) = ei(2m+1)wbt, obviously

yields the sufficiency. Conversely if xo(t) is the
given non-constant, periodic solution then xo(t) is an
admissible @(t) 1f L { +o so that 1.6) 1s satisfled,
and hence xo(t) 1s the unique solution of theorem 1:3)
for (t) = x (t) on (-L,0]. Thus 1.11) with a = -13
{ 0, 50 Re (t)—0 as t—%by 1.12), ylelds D(imw ) = 0
from xo(t + %g) = xo(t) obviously, and similarly
D(iem+1 ) O)= 0 from xo(t + ﬁ}) = - xo(t)

However if L=+ &, th&n 1.6) fails and xo(t)
1s not admissible. However, defining for integer N > 0

F h) = F. (h )y 2w ) -7 ((3-1)8E N

e, n(h) Jz__;{k( Rl ) k((a iy )
oT _

for o<h< ;g N, Fk,N(h) = 0 for h<{0, and

Fie,n(h) = F(+) for h) 2—’(’: N,
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we see by F(07) = O that /"6 Vjar, ym)ig

/ldFk(h)l < +00 and Fk y(h) has its four component
fBeasures on [O, 2:% N) to be absolutely convergent sums
of the F‘k(h + (j- 1)uo—- N) measures, and uniformly con-
vergent over all Borel subsets. Thus since

X (t + —) = X (t), we see that Xy (t) satisfies
equation 1.3) with Fk N(h) replacing Fk(h) and

L= N { +% and hence DN(ime ) = 0 as before.
°° SoN_8h
Now / | dFy (h +(j- 1)13— N)I <
J =2

ge“‘N/ R, (0) | € / 5h|dp (h)]~0 as N—o
o
o N o
O

so that it is clear that s Dy(s)— D(s)mn
uniformly over R(s) > -B and lsi}_ 1. But by condition
is bounded away from o0 for R(s))> -8

1.5), |s—|'n D(s)
and |s| large, so DN(imeo) = 0 implies that My is
bounded as N— o . Thus there must exist an integer

m' # 0 such that my = m' for infinitely many N, and
hence DN(s)-»D(s) ylelds D(im'wo) = 0 as desired.
Similarly D(i(2m'+1 )wo) = 0 follows from

x (t + 50) = -x (t)
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We now want to use theorem 1:5) to study a
slight generalization of equation 1.1), the equation

=0 2<h

1. 15){1{2 ! )y t-L)3F, (h)} + [P(x)] (t) = o,

where the nonlinear part [P(x)](t) 1s of the following

type.
Type 1)
1.16)
pee) = (2™ e),x(0), x0T ety ), x(87,)

where the b's e:: »eal constants with o<b<b <b2\ (br
and Q(y1,...) is a power series in (r+1)n complex
variables which lacks ze™o and first degree terma and
which converfes absolutely and uniformly over lyilgp
for some p) 0.

Type II)
-]
- B k1) (- )de (By,eeesh)
1.17) [P(x)1(t) m s 4N‘£{ AT W L SR
such that \ ® gD+ +hnp)
N (ot P Pe TR By py by ) [C
p1+...+pn22 o o

for some p > 0, where p,p 0 and the $'s are complex
7alued, conmletely additive, bounded set functions over
Borel suhieta of th- 1 fold product space of 0¢h(+e
which also lave nero variation on the product 0<hk(b by
[0,0¢) for the rcmaining n-1 varlables for k=1,2,...,n.
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Type III)
[P(x)]1(t) 1s given by 1.16) again, but where now

Q(y1,...) is a real valued function of (r+1)n real
variables with continuous second order partlals over
lyilg.:for some p >0, and such that Q(0,...,0) vanishes
as well as all first order partials at the origin.

It 1s clear that type II) and type III) are both
generalizations of type I, but in different directions
so that it is difficult to unite them.

A ¢(t) is said to be an admissible initial con-
dition for equation 1.15) 1f [4¥)(t)] < on -L' <t<o,
k= 0,1,...,n-1 and ¢(t) otherwise satisfies definition
1:1) with L' replacing L, and if ¢(t) is real valued
for type III). Here L' is defined to give zero variatlo
to the g's 1f any hDL' and to the F's if h)L', just
as L was for the F's alone.

A solution x(t) for 1.15) on o t{t, is defined by
1:2) with equation 1.15) replacing 1.3) in c¢), and with
the additional restriction [x(K )(t)l<p and x(t) real
for type III), so that [p(x)](t) can “be defined.

It is clear by the obvious local Lipschitz con-
dition for types I), II), and III, using b > 0 for
type II), that the argument of theorem 1:3) can be
extended to equation 1.15). Hence any solutlon for an
admissible 4(t) must be unique, and also must exist
locally over t » 0. This allows extension to all t > ©
if the x(k)(t) remain bounded by P

Now for any«) 0 put

ess sup x(k)(t)eg (t+|t|)|

Fxll, = -0{t{t+w
k&0,1,...,0n-1

1f\§(k)(t) exists for almost all real t for such k.
It is tlear by rearranging absolutely convergent sums
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or using the mean value theorem that for t>0 and o a{8

1.18)
|t exy 1)1 (3, ) 1CE ) M1 13, =%, 11 CT X, #1511, Je ™20

1f 1,1y and |1x,llq { ¢ for either type I), II),
or III).

For use 1n the following theorem for a given
admissible g(t) define X,(t) inductively by 1.9) and
1.10) from gm(t), where go(t) s 0 and gm+1(t) = -[P(xm)](t)
form » 0.

We also need the condition

1.19) D(s)# 0 for&(s) 2 0.

Theorem 1:8)
If conditions 1.4), 1.5), and 1.19) hold for

equation 1.15), then there exists some », ,0(P1g P ,such
that for any admissible #(t) with [Igll Kr, we have
xm(t) existent as defined above for m > O and x(t) =
1im x, (t) exists for real t as the unique solution of
=+ oo

1.15) over t > 0.

Moreover, o,= [DSEILO R(s))< 0 and =| 5~ | has

1.20) Um |1x-xgll, =0 and 1x")(e)i¢iixtly ™

over t > 0, k = 0,1,...,n-1,with lell\\ { +m.

This theorem follows from 1.12) and 1.18) with
@ = -\and\ respectively, since R_\t)= x,(t) for g(t)
= 0 from N_, = 0 by 1.19). The method is the usual
technique of successive approximations (lemma 2:7).
For this ylelds equation 1.10) for x(t) with g(t)
=m1__1;n°1° gm(t) =-[P(x)](t) so that x(t) is a solution
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of equation 1.3) by theorem 1:5) for this g(t), and
hence of 1.15).

This theorem is due to Bellman [10], who proves
a special case with n = 1. By a result of Wright [8]
taken together with 1.20) it follows that the solution
x(t) of equation 1.15) under our conditions can be
represented by an asymptotic series like 1.11), except
that sums of the s, occur as exponents as well as the
orlginal zeros of D(s). It seems that theorem 1:8) is
of some importance in applied mathematics, justifying
the use of condition 1.19) to prevent undesired
oscillations in the design of control circuits.

CHAPTER II

We would now like to determine the behavior at«
of solutions of 1.1) or 1.15) for the initial condition
problem in case condition 1.19) falls. Here in the
linear case by 1.11) we see that x(t) 1s a sum of
oscillations growing in amplitude exponentially in
general. Clearly the situation will be radically
altered in the non-linear case, since the non-linear
terms will predominate as the amplitude increases; 1if
the non-linear terms are properly chosen, we may hope
that the amplitude of oscillation will stabilize at a
constant value. Thus it 1s reasonable to look for
periodic solutions to 1.15), which thus imposes boundary
conditions and allows conversion to an integral equation.
These integral equations allow one to study the growth
of non-zero periodic solutions of 1.15) as the zeros
of D,(s) cross the imaginary axls as n varies, the F's
and g's now depending on the parameter » .
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The method of attack is first to extend the theory
of non-linear integral equations developed by Schmidt
(171, and others [18], [19], [20] to cover general
matrix valued kernels. Then in the next chapter we
return to apply these results to equation 1.15). This
extension 1s almost trivial, but it seems desirable to
write out the detalls for the sake of completeness.

We start with a few well known lemmas on bounded
linear operators. First if T 1s a linear operator
on a Banach space X, we define ||T|] = su HIT(x)1|

lel?ﬁl

as the operator norm of T, and say that T 1s bounded
if 1ITII< + %, [28].

Lemma 2:1)

If B and A are two bounded linear operators on
a Banach space X, if A 1s one-to-one from X onto X,
and 1if |[A-B|I< ’_11 then A~' and B™' are bounded

linear operators on X and
2.1) B =AT(I+ 3 [(A-BATIR
=1

Proof

By Banach [28], p.41, A being one-to-one and
bounded makes A”' bounded. Also ||(A-BA™'|Il <
[IA-Bl] 11A™'1] < 1 is given, so with operator norm
convergence Y = E(A-B)A-1]n exists as a bounded

n=

linear operator on X, and thus € = A-1(I¥V) can be
def'ined.
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2.2) BC = [A-(A-B)]€ = (I+V) - (A-B)A" ' (I+V) =
I+V-V =1,

2.3) CB =A™ (I4+V)[A-(A-B)] = T + A"'VA - A7 (1+V) (A-B)
=T +A'"VA-AT'VA=TI

now follow from V = (A-B)A™ (X+V) = (I+V)(A-B)A™' and
thus B! = C exists as a bounded linear operator.

Q. E. D.
2.4) (M-T) =L X+ S ;}m ™ for N[D[ITI| and
n=1

2.5) ANI-T) ' =

_ © A -
N OAI-P) T + 3 (% DT TG 1%

A - -
for | j% -1 It II(AOI-T) 11177 are obvious

special cases of 2.1), with A = %‘(XO]-T) in the latter.
(o]

If X 1s a separable Hilbert space, }¢p} a
complete orthonormal base for X, we define N(T) =

o 2451/2
(o I((B,),8.)1°] /2 g5 the base norm of T as in
q,P=1 AR
(25). We note that always |[T]] { N(T).

Lemms 2:2)
If N(T)  +®, then T 1s compact.

Proof
X being separable is isomorphic to L2[0,1], the
isomorphism taking T into an integral operator with
its kernel 1in L2([o,1] x [0,1]) for which the result

1s well known, [24].
Q. E. D.
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To introduce integral operators we consider a
non-negative measure k over a measure space S which is
a countable union of finite ¢ measure sets, and a u
measurable subset R of S. Let L§ (C_,R) denote the
set of functions x(t) from R to Cn, n dimensional
unitary space, such that each complex component function
x4(t) 1s in 1Y (R). Clearly the definition

n
Goy) = % /XJ(t)yi(t)du(t) makes 1} (C,,R) &

1
Hilbert space.

Now 1f K(t,7 ) 13 an n by n complex matrix
valued function over S x S, each component Kij(t’r)
being a pw» measurable complex functlion on S x S, we
can define the operators K and K by

2.6) [K(x)I(t) = JQK(t,f ) du(7)  and
[K* (%) 1 =‘/RK (r,t) x(7) dp(r) for t €8,

where K*(u,v) denotes the adjoint matrix of K(u,v),
provided the vector integrands in 2.6) have thelr
components in lﬁ(R) over 7 for almost all t € S.

In our application S = (-«,w), R= [0,#] or
[0,27], and # wlll be ordinary Lebesque measure.

Lemma 2:3)
If Ky 5(t,7) € LhY (sxs), and if 14(S) L

separable, then K and K* are bounded linear operators
on LA(C5R) into itself, and actually into L5(C,,S)
as well, with finite base norm

1

2.7) N(K) = N(K") = £E§ : /. /.IK1 (t,7)1%dp(7)dp (£)]%
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Proof

The first statements are obvious by the Schwarz
inequality. Since L) (R) may be considered a subspace
of LZ(S), 1t as well as ﬁg(Cn,R) is separable. Thus
letting !5} be a complete orthonormal set, by the
Bessel equality we have

n .
2
1§=1 /Ré-lKij(t")l du(7)dp(t) =

n n . >

[0 0]
- S K@ IIE =3 (KB )81 = INK)IZ .
o= d D,G=1 P

Q. E. D.

We always assume hereafter that LZ(S) is separable.

Temms 2.k4)

it 1Kij(t,‘r) and 2Kij(t,-r) are p¥ measurable
and essentially bounded in absolute value by M1< + o2
on S xS, if u(R) { +¢, and If T is a bounded linear
operator on I;(Cn;R) into itself then

5Ky 5(t,7) = [K(yz . )11(E)s T30 = T(g;,+) » and

2.8)[8~ (¢)1, = Kp (8,7)
JsT P 2°p,J

define 5K(t,r) as a ¢ measurable matrix function
satisfying on S x S

2.9) IBKij(t,T)IQ nu (R)IITII(M1)2 almost everywhere.
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Also as an operator on Lg (Cn,R) into itself we have

2.10) K = ET K

Proof
By the Fubini theorem, we know that except for
7€ 8' of u(S') = 0 we have g; , L"(C ,R) with

le;, 1< M/ ne(R) , and hence v ,e L"(Cn,R) with
Ilyj,,Hg LTl IIgJ’,II- Thus 2.8) defines ;K ;(t,7)

as a s measurable function of t € S for almost allr€e 3,
and 2.9) 1s satisfied. By using the assumption that
Ls (8) 1s separable, we get an orthogonal expansion
for g5, r of the form g5,7= - (T) ¢ from which

it is easy to see that 3 (t r) St f (T) hi p(t)
’

convergent almost everywhere on S X S is actually B#
measurable there.

Clearly from 2.8) and 2.9), 3l!:is a bounded
linear operator from Lg (Cn,R) into itself according
to 2.6). Thus using the fact that any bounded linear
operator on Hilbert space possesses a unique ad joint,
which coincides with K" of 2.6) for kernel operators,
we have by 2.8), 2.9), and the Fubini theorem that

(), y)

- R p: j_Iy Z /yi(t) (Kyp(t,8) (3 &) du(i’)du(t)) X507 )au ()

“ﬁ: / (('l(gj K (y))} xy(e)du (1)

/(sj T G (g (7)g (7))

2.11)

J"
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- [ [ Ko
155 2 1 y i(f) eKij(r’T)Xj(f Yau(T)

=(2K(x),T'(1K'(3;))) =(T (2K(x)):1x’(y))
=(1K T K(x), vy

for all x and y € 1§ (C,»R). Thus 3K = ,KT K for 2.10).

Q. E. D.

In the following theorem 7 denotes a vector
parameter, vy = ('t'1 R ...,'Yk) with 7p real or complex and

P =V 1% ey 12

Theorem 2:5)

If K(t, 7,% ) is a matrix kernel satisfying the
conditions of lemma 2:4) for ||v||{ b with u (R){ + % ,
if Ky on LS(Cn,R) is operator norm continuous with
respect to v over ||v]|l (b and ifA=1 is not in the
point spectrum of KO, then there exlsts a wu measurable
matrix kernel V(t, 7 , A, 7) with, for some finite M,

and » po,

2.12) | Vij(t,f N, v {_ME almost everywhere on S x S

for |A-11<p and ||vlI{p; also if X denotes the Banach
space L"’E; (Cn, S) of essentially bounded vector functions
over S, then as operators both on X as well as I./‘é(cn,R)

we have

2.13) V, = NI -Ky)T - L.
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Proof

Since [N(K,) }[ /( =1 ,Kig £,7, %) 1%dp (7)dp (t)

S (n M1u (R)]2 we have K.Yto be compact by lemmas 2:2)
and 2:3). Thus by the Rlesz theory [21], [28], the
spectrum ¢ (KO) of Ko 1s a pure point spectrum except
possibly for A= 0, and for any 8> 0 contains only a
finite number of points A in the plane such that
I 128, Also [IK IISN(K)) {n Mu(R), so (A I-K)
1s glven by 2.4) as an operator on Lg (Cn,R) for
)\O=nM1u (R) + 1.

Since we are glven k1 =1f v(Ko) we thus can
construct a polygonal arc L, from RO to X1, consisting
of at most two line segments, such that |A| > 1 and
NE €(K,) for allM L. Now by 2.5), (N I-K )™ is
operator norm continuous in M€ (E_,-¢K_.)), which includes

- 2 0
L,, and hence ||(AI - KO) "Il 1s bounded over the com-
pact set Lb’ say by M5 C +om. Then we can choose a
finlte set M, A,,..., AN with AN > Such that
F N - p+1]< QIK IIM5+1) and kp € L for p = 1,2,

N 1.
Now by 2.8) and 2.9) we can define the pointwise
bounded kernel V(t,r ,M , 0) on S x S so that by 2.10)

(o]
2.14) Vy .= 1K + LK (1 (‘K)n)lK 5
: Ao T N% o( + NN Mo 5

atk==ko as operators on L;(Cn,R); we see from 2.14)
that 2.13) holds by use of 2.4). Now by using this
same lemma 2:4), we extend V(t,7,N, 0), successively

from xp+1 to xp, to all X such that || % and
-1

[A-81¢ %(I|K01|M3+1) for g equal to some A, and
such that the form 2.10) takes 1is

n=1
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Vy.0=Vgo* (;7 - {;)(Kovg,o +2 KV o+ K))
’ o
Ji _ n-2 R -1
2.15) + K {(Ve,o +I) Z ( 1)nlio [BI-K,) ];}xo

=Vg,gt (Vg o+ 1) Z ™D ((p1 - )P

Again from this last form and 2.5), it is clear by
tnduction that Vy o =A(M -K))™' - I and 2.13) holds
for the stated N\ and fory= 0, the convergence require-
ment for 2.5) being satisfied by

-1

| &=l Cafag cmg g + TR g+ 1)

1
< TR TTRIR ™ 1|

For the final extension of V(t,7 , A, 4) to the
N and ¥ stated in the theorem, since ||QAT - KO)-1I
is bounded in some complex neighborhood of M = 1, we
can choose p >0 such that for some r,
1Koy = K 11 110 T =K )7 1<e <1 for A-1] £p and
1711 p where all the operators denoted here are on
L;(Cn,R). Then we finally define V(t,7,M, v) in the
obvious way so that 2.10) takes the form

rvx,o + X [(Kv -Ko)+(K..,-Ko)V,\,0+V‘\,O(K,,-Ko)]

+V (K,-K. ) V-
Vor = 4 N0 M 7 o

1 "
+ 5| Va, oKy Ky) 9
2.16) L“‘v"‘o) OJ(RI X,) ‘Z [( 5 A IK) ]
\ -[(l&,—xow,\,o,u

- w -
= Vo + 2 OL K )T I; [(x.,—xo) (A\I-K,) ‘]

n
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By comparing this last form with 2.1) after taking
A=A -Kj and B = \I - K, , we see that

Vi,y = A(AL - K )-1 - I for the stated A and ¥ , since the
2

convergence inequality is satisfled. Thus 2.13) has
been shown over L‘Q‘ (CysR), and 2.12) follows from 2.9)
at each induction stage 2.14), 2.15), and 2.16).

It remalns to verify 2.13) with the operators
being interpreted as on X into X. First 2.13) is by
vefinition always equivalent to

217 %( M - K )(I + VM.) =1 =%(I + VM)(’\I - Ky,

oTs v)‘ﬁ’— K' = V\:'VK'Y = K‘Yv)\:‘Y )

But the operator formulae 2.17) correspond in the
obvious way to kernel formulae on S x S, the indicated
integrations being over R CS as usual. These kernel
formulae obviously hold for the V(t, 7 , xo,o) definition
preceding 2.14), and can easily be verified for those in
the induction stages 2.15) and 2.16) by formally
mimicking the manipulation in 2.2) and 2.3). The kernel
formulae being proved,. 2.17) follow as operator formulae
on X as well as Lg(Cn,R), and thus so does the equi-
valent 2.13).

Q. E. D.
If in theorem 2:5)we now allowA = 1 to be in the
point spectrum of K  on I§ (C_,R), denote by ¢ and ¥

the eigenvectors of K and K at A= 1, so that actually
e (t) and ¥ (t) are defined throughout S bye = K, (e)
and y = K (¥) from 2.6); hencee¢ and ¥ are both in X.
Also define J'(t)v (r) to be the matrix kernel whose
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1] component 1is Wi(t)—igf?). It snould be noted that,
by the uniqueness of the 1nverse,Vij(t,f, 1,7) 1s real
valued on S x R If Ki.(t,r,v) is so, and that we can
and will take ¢j(t) and ¢i(t) to be real valued on S
if Kij(t,f,o) is so on S x 8.

Theorem 2:6)
If K(t,r,7) satisfies all the conditions of

theorem 2:5), except that now we allow A= 1 to be in
the point spectrum of K, over Lg (C»R), then K  and
K; have an equal, finite number m of orthonormal
eigenvectors, (¢, and v, atA= 1. Moreover, if
E(t, 7, v) 1s defined by

m
2.18)  E(t,7,v) = K(t,7, v) + 2 _¥(t) #(7)
o7 PP

over S x S and ||v]] { b, then almost everywhere here

we have

1 1
1y (6] < Mg (RIF, 15(7) {M, [np(R)]Z

2.19)
By 5(t0,m1 < M+ mM, )2 nu(R).

Alsor= 1 1is not in the point spectrum of EO over Lg(Cn,R)

Proof
Since N(K) = N(K]) < +oby 2.7), we have that K,
and Kg are compact, and thus by the Riesz theory, [21],
the subspaces of I%(C ,R) spanned by the eigenvectors
of K, and K; respectively atM = 1 are finite dimensional.
By Banach, [28), page 154 and the reflexivity of Hilbert
space, these dimension numbers are equal  Thus ip¢}
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and !gi, 1 { p {m, can be chosen as orthonormal bases.
Now 2.16) is obvious fromy = H; (¢¥) and
¢ =K (¢) with [lel| =1 = [|¥|], from the Schwarz
inequality,an? from the definition 2.18).
To prove the final statement, suppose on the
contrary we have some u € I;(Cn,R), [full = 1, such

that Eo(u) = u. Then by definition, with cp = (u,ﬁv),

m m
2.20) K (u) =E(u) -> ec.  ¥= u- c. V.
0 0 p=1 PP pz; ppD
Now if each cp= 0, then this equation shows Ko(u) = u
30 thatmu is an elgenvector of KO at A= 1, and hence
u= >_ c_.# by the definition of | p¢!. However,
thisPylelds the contradiction 1 = [ull®= 5 |2 |% = o.
p=1

On the other han% if c¢.# o for some p = j, then from
2.20) we have >_c_ ¥ =u - K (u) and thus the contra-
S PP o

m *
diction 0 # ey = (pg; ch ¥ ,j¢) = (u,j¢) -(u,Ko(jw) =0

from K; (j¢) = j ¥ . Hence such u cannot exist, and so
A =1 i3 not in the polnt spectrum of Ej.
Q. E. D.

The Fredholm theory results afforded by theorems
2:5) and 2:6) now permit us to carry through the
Schmidt theory for matrix valued kernels, and thus to
attack equation 1.15). The all important pointwise
bound 2.12) presumably should be derivable from the
argument of Carleman [22] in reaching his equation 13),
page 201, suitably modified to take care of matrix
valued kernels [23]. However, the proof via 2.1) and

lemma 2:4) seems simpler.
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To start the Schmidt theory we give a general
implicit function lemma, due to Hildebrandt and Graves

[20].

Iemma 2:7)
If L is a set and Y a Banach space, and if Te(y)

i3 a function over (€ L and y € Y into Y such that for
all ¢ € L there exists some realp,, 0 { P 1 such that

2.21) || Ty (y) - Tg(y")I1 LPlly - vyl

whenever ||yl| and |ly'[I<3, and if for this same
positive & we have. @ being the zero of Y,

e.22) ) tlp 1T ((O)II over FEL

then there exists a unique function f(§ ) over L into
Y such that |I£(% )|l <3 and

2.23) £(8) =Ty (£( $)).
Moreover, £(§ ) = 1lim T?(()) convergent in Y norm.
—_— n—
Proof

Let g (§) = © and g () = Tg(g, (%)), so that
g () = T% (0 ) We note from 2.22) that
2.28) g ()1 = [T (@)1 < (1 -#)s <8
As an induction hygothesis assume [|g ($)I1 <
- 1Y
<l igy ()1 134¥%§L~ for 1 { p { n, which is obvious
if n=1. By 2.21)
2.25) llgn+1(§)'ggkﬂl= |lTr(gn(r))—Tg(gn-1(§))H§
Crelign(8)-g (I (Pl lgy (£)11,
since 2.24) and the induction hypothesis insure that



III. DIFFERENCE-DIFFERENTIAL EQUATIONS 17

2.21) ylelds. Thus Ilgn+1(;-)|| 4
e + Ty, (2) - g (¥)l] yields

1-p2
2.26) |lgy,, ()11 < ||g1<r>||(——t—+p§‘)=

- +1
= 1lg, ()11 L=2p”
1- Py
verifying the induction hypothesis.
Now from 2.25) we see that by 2.24)

2.27) 11gp,n(8) = @u(5)I< 3 + o +oeer g™ )1 1g, (€)1

<A™ (1-g") 8
and lgn(;‘)l is a Cauchy sequence. Y being complete,
there exlists f(¢) € Y so that 1lim IIf(;‘)-gn( Ol =0
n—

at each € L. Thus by 2.26)

e 1€ Aim s“plllg1(!)ll1—:;:- ] =

= 1g,(¥)11(1-5)7" <5, and hence

2.28)  [ITe(£(5)) = gy (IR IIE(E) - gy @)1

Thus Tg(£(F)) =n1jn;°gn+1(§) = (%) as desired.

Also for uniqueness if ||h(g)I| {(§ and
T (h(t)) = h(g), then by 2.21) llf(!‘)-h(&‘)lli"llf(!’)-h(i')ll
so that £(§) = h(¢) since p( 1.

QED.

For the rest of this chapter we will assume for
simplicity that S 1s the real line (- ®, +%) and that
arbitrary translates of s measurable sets are
measurable. Letting X = Lf, (C,,8) as usual, we
define X, as the set of u € X such that the norm

I11all] '|g1gn(e§238up'“1(“” { . We assume that each

(P:(u,v)] (t) is defined according to type I, ,II, or
III as in 1.15), with convergence uniformly over
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[1711< p, for [llulll{P and with the second partials

continuous in Iy and 7 for type I1I, except that the

n component functions u, (t), ..,un(t) replace x(t),
<Dy, .. x(0 ) gy there. Them if C(t,7 , v )

satisfies the conditions for theorem 2:6), for ||v||§_p1

we define the non-linear operator B, on X, Into X by

2:29) [By()1y(6) = & 4 (6,7, M) B (7)1 (7)aKr ).

From 1.18) for all real t with®¢= 0 we have

2.30) |[1Byfu’)- BA,(U)IIKM}HIu'-uIII(Illu'll|+lllulll)

for [141¢ ®,-and [1lu' 111 5o, HIullI< 5°. In the
theorems following we assume Kij(t,7 , v ) real valued
on S x S ard yi(t) so on S if the P's are of type III.

Theorem 2:8)
If K~ satisfies the conditions of theorem 2:5) over

Ilwllg_p ,then for some positive 3 , p,, and and £ any
7€X with llly|l|<P and |[v][<4, implies the existence
of & unique u € X with |||u|||<3 < 5p satisfying in X

2.31) y=u - KJ(u) - B,Y(u) .

Proof
By theorem 2:5) we can find a positive p2< q such
that V, exists satisfying 2.21) and 2.13) for
llvll{,n2 3o that 2.31) 1s equivalent in X to

2.32) U=y + V4 (y)+ Gy (u),

where G, = By +V, | By.
Now as an X operator norm, |||V1 7|||§ny (R)M,
3
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by 2.12), so from 2.30) we have for |||ul]| and
NEUNES Y
2.33) 111G (u') - € (u)llIK

<G+ nu(R)MQ)MB(lllu'lll + il ) Huf=ulll .

Now we can choose §) 0 so that 3¢ ;—p and
(14nk(R)M, )M3(25) {%— and then p3>0 so that
§> 21 +nu(R)M2)»3 which implies for ||]yl| |<ﬂ5

2:38) by Ly + Y gL

But Ty(u) =Yy + \r’1 ,.,(y) + G.y(u) thus satisfies
the conditions of lemma 2:7), so 2.32) and hence 2.31)
has the desired solution.
Q. E. D.

Theorem 2:9)

If K? only satisfies the conditions of theorem
2:6) over II, |1 P, ,then for some positive &, ?,, and
P3 with < —P there exlsts a function f(y,z 1,...,z ,7 )
into X over complex z. (real for P's of type III) and

y € X with ||lyl!] <p3, Izp|< ps _and [17]1<#®, such that:

:1) If for such y, zp, and v the m equations 2.35)
below are satisfled, then u = f(y,z,,. ,zm,v) satisfies
2.31) in X and 7p= (u, p«p) for p=1,2,...,m

:2) If for such y and ¥ we have u € X; satisfying
2.31) in X, and if 25 = (u,p¢) have Izpl <P3, then
u-rf(y,z1,...,zm,'r ) and ¥,Z;,.0052p7 satisfy equations
2.35).

m
2.35) (\y + W ,V(Y)’r"’) -pZ=1 ZP(P’p + "1,.,(1,!!'),1."’)

+ (ll.,(f(y,z1,-..,zm,7)),I.¢) -z,
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for r= 1,2,..., m, where E7 1s defined by 2.18), wl 5
’
1s the resulting V, v of theorem 2:5) if E. replaces
s’
Ky , eand Hy =B, + w1 ’7137.

Proof
First from 2.18) we see 2.31) 1s equivalent to
m
2.36) vy - > z, p¥ =u - E, (u) - B, (u)
=1
with zp = (u,p¢), which 1n turn is equivalent to
m
2.37) Y+ W, (7)) -p-Z1 z, I+ W (o w )+l (u) = u

for sufficliently small ||v|| by theorem 2:5), since 2.19
shows Ej, satisfies the needed conditilons.

Now H, satisfles exactly similar conditions to
G, of 2.32), so for given arbltrary zp equation 2.37)
can be solved exactly like 2.32), f(y,z1,...,zm, v )
being the solution. But taking the inner product in
L; (Cn,R) of 2.37) with ¢ ylelds 2.35), so the theorem
is proved.

Q. E. D.

We note by uniqueness that £(0,0,...,0,7) = 0,

and hence that y = 0 and z, =z, = ... =2z, =0 is &

trivial solutlion of 2.35).
The following lemma considerably simplifles the

computation necessary to solve the m equations 2.35).

Lemma 2:10)
Under the conditions of theorem 2:9)

* - ¥
W (V)= e, e W () =- Y et

least over t € R,
(p#« + Wy (¥, rw) = =5, p

(By(u),,0 ) = -(Bo (0. %)

2.38)
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Proof
(X - Eo)p‘P = ¥ 'Ko(p“’)' p¢ = - pw by 2.18),
s0 by 2.13) ¥ + Wy o(¥) = (X - B (9) = - ¢ .
For the second equation to be proved we put
= (I -Ej )" (u) for any u € L“(C R),
v - K, (v) = v - E, (v) + Z: (v, ﬁﬂ P =
pl v
=u + (v, ¥) .
2.39) =1 PP
(W, ¥) = = (v,8) + (VK (v), %) =
= -(V,p¢) + (V,p¢ - K» (p¢))
L 3
= -(v,ptp) = - (u,p¢ + \V1,O( p«’))

thus results from ip¢'i orthonormality, ¢ = K; (¥ ) and
2.13). Thus - ¥ = p¢ + WT 0 (p¢ ) as elements of the

Hilbert space L2 (Cn,R), which gives the result.

Q. E. D.

We see that theorem 2:9) reduces the original
integral equation 2.31) to the m complex scalar equations
2.35), which then can be solved by standard implicit
function theorems. These scalar equations are called
the branch equations, following Schmidt and Iglisch
(171, (181, [15]. In case the B, are defined by P's
of type I or II, then it 1s obviously possible to speak
about the terms of B, (u) having a specified)formal
degree in u. Thus we may then define
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m
(Ys2y5eeeszp,?) =y + W, () -p=Z1 Zo g Wy L (P

qW(y,z1,...,zm,‘/) = q degree terms of‘y,z1,...,zm
.
inH, (2_ W),

"=n h h
2.40) pv(y,7) = coefficlent of (=)™ (z,) 2...(zm) m
in 'h|w,
Here h,, 20, h =(hy,h,,...,h;) 1s a miltiple index with
|h| = ho + h1 + oeee + hm’ o that ho is the formal

degree of y in g and k = (h,, ...,hm).

With these definitions it can be proved, by using
the technique of the majorant analogously to Schmidt
[17], that actually for P's of type I or II

2.41) f(y,z1,...,zm, 7) =

o) h h
=S IS (z,) ... (z) ™ v(y,m)
vr=1 |h|=» ! m h ’
convergent in X norm for sufficiently small ||yl I,
1Yl and lzpl .  Also the branch equations 2.35) now

become, for y = 0,

2.4k2) z = f! (z )h1 By !
: . IhEv 7 zy) T (O

y=
p= 1,--., m.

The L's here are known as the Schmidt L numbers.
We note that 1w(y,z1 yeeeZps ¥ ) can always be defined
by 2.40) regardless of B, and that in general for P's
of type III by using the Taylor expansion form of the
mean value theorem we can define ,w and thus ,L for
v { q 1if the P's have q th order continuous partials
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in a neighborhood about the origin. Actually if for
type III P's we only required first order differen-
tiability, then in place of 1.18) we would have

2.43) | [P(x)1(t) - [P(x,)1(t)] <
<%y x e ™0 3 (11x, 1 1 1%, 1 1)

where 8 (p,P')-- 0 as p and p'- 0+ with a similar
alteration of 2.39). This condition would still be
enough to get theorem 2:9), since lemma 2:7) is still
applicable, but not enough for theorem 1:8) due to
replacing e 2%t in 1.18) by e b,

This terminates the generalization of the results
of Schmidt which we needed here to attack our problem.

CHAPTER III

We now wish to construct the connection between
the results of chapter II, chiefly theorem 2:9), and
our original non-linear delay differential equation 1.15),
and then to solve the branch equations 2.35) under the

resulting speclal conditions.
First we note that for arbitrarv. Dosi&iYe ) bv

making the transformation u, 5(0) = wd™1 E{j x(%)
= x(3'1)(%) we can write 1.1%) in the vector form
du.(t) ] .
.__.J_.d.t_ = ;uj,”(t) s J < n,
3.1) du_(t) 1 R
y i L 1 /U, (twh)d F ()] -
o h

- & [PL(u,@)](t)
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conditions 1.4) and 1.5) being assumed satisfied from
now on. Here [P, (u,@)](t) 1s defined from the
[P(x)] (t) of 1. 15) by replacing x(J 1) -bp) by
uj(t wby) 1n 1.16), and x(3- 1)(t-h ) by u;(t-ahy) in
7).
Since we are looking for periodic solutions we
have x(t + %- ) = x(t), or thus the boundary conditions

3.2) u(t + 27 ) = u(t).
We also sometimes impose the stronger condition
3.3) u(t +7) = - u(t)

Following Courant and Hilbert, [31], p.30k4, we
see that Gg(t - 7) for ¢) 0 is the Green function for
the operator g—% + oy and the boundary condition 3.2),

where

o(t) = LS roro (b (e

3.4) Gg(t +27 ) = Ggqg(t) 1s the extension elsewhere.
Similarly for %%— and the boundary condition 3.3) we
have H(t -7 ) the Green function, where

3.5) H(t) = ;— for 0 { t {7, H(t + =) =-H(t) elsewhere.
Thus we easily see that 3.2) and the vector
equation 3.1) are equivalent to u € I'bo (Cn,(-oo,oo)) and
over - t { +®
27 1
uj(t)=./(; G1(t -7) iuj(“') + wujﬂ(f)l a7,

j <m,
3.6)
m(- 55,0 /G (t-wh-r)dF, (h)}
un(t) "/Z k=0 Ogh ar,
Gy (t= M (7)= G Gy (£=7) [P (w, ) 1(7)
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by using the Fubini theorem and 3.2) in order to shift
the lag - «h from the unknown vector function u into
the G, kernel. Here both 3.1) and 3.6) need
I1ulll e for [P (u,w)](t) to be defined.

Similarly if Pn(u) is odd, Pn(—u,w) = -Pn(u,w),
3.1) and the boundary condition 3.3) are equivalent to
u € Lw(Cn,(-oo,w) and on (-, 4+®)

uge) = 5/ B, () ar, §<n

3.7) H(t—f)[Pn(u,w)](r) +
un(t) = - %3 / on dar
A n-i /“
E;£ ulm(r)ogh H(t=wh-7)d F (h

Now in 3.6 or 3.7) we assume that Fk(h) = Fk(h,n )
13 a real valued function of a real parameter =»n such
that over | 7] (b and 0<h

3.8) | d Fg(h,m) - d F(h,n) | 1a'-nl d § (h)

where ¢(h) 1s monotone increasing over o<h, g (o) = o,
§ (+ ®) { +0. By taking 7' = 0, 3.8) shows the

measure dek(h,n)l to be dominated over [0,%) by the

measure bdg(h) + |dF, (h,0)] for all 7 such that
ln] < b.

Now put the two dimensional parameter (“”“’1”’ =7
for some ® > b ) 0, and let K, be the operator
defined as the linear part of the integral operator in

3.6) or 3.7). From 3.8) and dominated convergence in
2.7), we see that with R= [0,7] or [0,2x]

11 N - = 0. Hence -K N(K_-K
U, Ny - By) 1K K ] <NOS K )

shows that K, satisfies the conditions of theorems 2:8)
-or 2:9) over |]7!] { b. Thus if we also .assume that
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(P (u,@)](t) = [P (u,@,n)](t) 1s a functlien of 7 such
that for type III the second partials of Q are
continuous in vy and 7 and for I or II the power series
convergence holds uniformly over | n| { b, then 2.30)
follows and theorems 2:8) or 2:9) apply to equations
3.6) and 3.7). Since y = 0, if 2:8) applies we have
the unique solution u = 0; if 2:6) applies we merely
have to solve the m complex scalar equations 2.35) to
get the solution.

It should be noted that the Schmidt procedure
used here appears to be the only way of attacking 1.15)
for periodic solutions. At first one might think
Poincare's method of small parameters would apply,
{261, pages 35, 114, 194. However, there the solution
is analytic in the initlal conditions at a time t,
whereas we have seen the general solution of 1.15) to
depend upon & #(t) over the whole interval tO-L'<t<to.
Also we actually need the general Fredholm theory
developed in theorem 2:5). For since the Ky in 3.6)
and 3.7) turn out not to be normal, the spectral
resolution is not available. Also since the kernel
matrices do not commute, the original Fredholm formulae
for the resolvent kernel do not apply, and we seem
forced to rely on the general Riesz theory, [21].

Turning to Bhe solution of equation 2.35), we

R -
define Dy(s) = 5~ s€ /° e %MaF (h,7) as in 1.9) and
k=0 “o{ h

agssume for simplicity hereafter that

3.9) D.(19 ) =0, D (ive) # o for integer v4 g

in case of 3.6) or condition 3.2), and that
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3,10) Do(i w1) = 0, Do(i(ev + 1):-)1) # 0 for

integer v # 0, -1

in case of 3.7) or condition 3.3).

We here can allow Do(i @) = 0 for any other real
w if 3.9) or 3.10) still hold, and indeed this can
happen, usually with {% irrational, for any number

of real w by proper choice of Fk(h,o) as has been
experimentally investigated by Blumberg and Minorsky,
[32].

Under these conditions we now have the following
lemma..
Lemma 3:1)

M =1 1is in the point spectrum of KO with m = 2,

and ¥ , ¢, 1,,, » ¥ can be taken as fo/lgaows:

v s .‘1 s

AR Ca R e P Ak
J I k=0 o<h

3.11) 1‘pj(t) = ﬂ[eitc1 ‘Lj]) E&j(t) = &[eitc.‘ v/-]J

1t, ¢ 1t, ¢
1250 = Rletbe, P, Los(t) =<beTre 2.0,

n - n .
where ¢, = (73 I $j|2)1€é, = (x> |¢j'2)'1/2 for 3.6),
J=1 ' J=

7-—1

e dFk(h10),

n _ n “ _
and ¢, = ( z jz; liajlg) /2, c, = (g— S Iﬁﬂe) 1/2

Proof
The first conclusion comes from the equivalence
of the linear part of 3.6) or 3.7 with the linear part
of 1.15) and 3.2) or 3.3), and by using conditions
3.9) or 3.10) with corollary 1:7).
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Equations 3.11) then follow by an. obvious
computation of the known sinusoidal solutions of the
equivalent linear differential equations, the adjoint
one for both 3.6) and 3.7) being
5.92) ¥y (8) = =LY (6)e k /¥ (tss n)aF, _ (h,0),

1 0<h

with ¢0(t) = 0 as definition.

Q. E. D.

From lemma 3:1) we see that for our problem
2.35) becomes simply two equations in Zys 2,59, and
7 with y = 0. Actually there is a further simpli-
fication since 1.15) or 3.1) 1s autonomous. For then
if u(t) 1s a vector solution of 3.1) and the appropriate

boundary condition, so 1s ou(t) for any real 8 where
éu(t) = u(t-#). Now it is easily verified from 3.11),

since (ou,¢) = (u,_9¢ ) by using the boundary
conditions 3.2) or 3.3), that

3.13) (gusp®) = (u,,¢) cos g + (u,, ¥ ) sin 6

Thus if we restrict ourselves to real valued

solutions, as we will do from now on, (u’2¢) is real
(u, 9 (u,,¢)

so that 6 = arc tan ( (3,.9) ) ylelds z, =(9u,2¢) = 0,
’1

Thus with z = z, and after dividing by z to remove the
trivial z = 0 solution noted before, 2.35) reduces to

1 = 1L1,0(w’”) + (H,Y(f(O,Z,O,‘Y)),.'(’ )

3.14)

Nj—= N

0 = 2L1’0(w,7l) + (“-y(f(o:z:o:’y)))z‘P)

where now z,, and" are to be real, v = (w-wT’n).
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In order to get a theorem on the solution of 3.1%4),
we greatly strengthen 3.8) by agsuming for simplicity
dFk(h 1) = gk(h n)dFk(h), F (h) to be of bounded

variation on [0,0), and gk(h 1), a—- g.(h,7), and
2
E%E'SR(h’") to exist continuous in 7 at all h and to

be Borel measurable over h and bounded absolutely by
£(h) for |7]¢ b such that fof(h)ldFk(h)l ey
0

Also for Pn(u,w ,n ) We require if it 1s of type III
that the third or less order partials of Q(y;,7) in
vy must possess first partials in 7 which are simul-
tandously continuous in yy and 7 over lyllg p,lnlg b.
If Pn(u,‘°,n ) 15 of type I or II, we require in 1.17)
that

o] ¢
. > 1ag. (h,,v..,h _,9')
Ipl-2 PR 1? »n?
2: ) Dl /O{ D, »Pp ¢
'pl 2 '(1$p1,...,pn(h.l,.--,hn)n)
< |"-n| M!

for |7 and [1'| { b. Thus in elther case we always have

3.15)  [11P (@, n")=P (u,@, 7)1 a"-7] IIIUII|2M1.
Under these assumptions, and with L' defined as

the sup over [n7|<{b of that in the definition of

admissible ¢(t) for equation 1.15), we now have the

following theorem.
Theorem 3:2)

If L' is finite and if the Jacoblan J # 0, where
3.16) J = 1L2,o(”1’°)2L;,o,$w1'°)

!
0)11’1,0,"‘( w1,o)’

- w
21?,0(1’
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then there exlst some positive Py and p such that for
any real 7, |n; {m, there exist z(n) and w(n) uaigqu=

real valued solutions of 3.14) 1n|z|( and |w - o |<p5,

Furthermore, defining 2(7) and @ (7) by

3.17)
z(v) = 37 'An,
! !
A= Li,0,7(“ 0, Ly 0,0 (91707 In o, , (€100 o §1 0)

e (1) =4 4+ J B,
1) 1
B = 5Ly (150011 of¢1+0) ~yIp oley50)a0y o4(¢ »0)

we have as 7 — 0 that
w(n) -~ &(n) = o(ne) and z(n) - Z(n) = o(ng).

Proof
I) First we need to show that the first order Schmidt
L numbers possess continuous first partial derivatives
in @ and 7 about ("’1,0), so that 3.16) and 3.17) have
meaning. First from 2.k0), 1L (@ ,m= (,v(w, 0, 4%)

»0

and 1v(w,'1)-* (I-E ) 1(“’), or thus
Ve, ) - K, Lv(en) = (L g(e,1) - 1), ¥+
+ oLy o575 ¥ . But the equivalent differential

equations are known to be

1V.‘]'(t) -1 J+1(t)=(1 - 1), ‘P (t) +7 'P(t),
j<n,
3.18) 01 »
1
1Valt) + 5 2 / Vi g (t-0h)dFy (h,7) =
k=0 0§h1

= (7 1), wI'l(t) *272 w;l(t)
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with the appropriate boundary condition 3.2) or 3.3),
where we also require

3.19) 9= (4v, ,¥) and j0 = (\v,,¢).

Now we know ,v(e,i,t) = -1¢(t) - [Ww’”(1¢)](t)
to be the unique solution of 3.18) and 3.19), so
1v.(t) and hence 1v;.(t) by 3.18) are continuous,
and thus 1v'(t) € Lz(Cn,[O,EW]) . Hence term by term
differentiation of the Fourier series for 1vj(t) is
valid, and hence by taking Fourier coefficients of
3.18) and using 3.11) the uniqueness of the solutilon

shows

3.20) vj(t) = a, slnt + Bj cos t.

1 J
But substituting 3.20) in 3.18) now shows that
a., gnd 3. are rational functions of v ,

/ cos (wh)dFk(h,n), and // sin(wh)dFk(h,n) and
o<h o<h

linear in 61 and 26 with an added constant. Thus

inally substituting in 3.19) determines ¢ =L,  («,7
2

and 20 = 2 L, (w 1) as rational fupctions of ¢ ,
J

/' cos (wn)dF,(n,n), and / sin(eh)dF, (h,7).

o<h o<h

Since 1Lk(/) and 2I..k('v) are always continuous
in ¥ from theorem 2:6) and 2:5) proofs, so that there
are no zeros in the denominators of these rational
functions, this gives our result from the assumed
differentiability and L' { +®

Q. E. D- (I)
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I1) In order to solve 3:14) we first need some
Lipschitz conditions in order to apply lemma 2:7).
First consider the 1ntegral/ TG (t-7-«'h) -G (t-r-wh)|d7

for |u'-ql<{ b, |9-41<{ b, and o{h<L'. This 1is
bounded by 27 {|w'-w|L' if |«'-w|L'> 27, and if not

v
by le'-w/h(1 +27f1—:é:27) { lo'-w|L'(1 +1:§:'é7 )
since |w'-w/h 1is the length of the 7 interval over
which t -7- «'h and t -7 - wh are separated by a

multiple of 27 and r—i=pw— 1s & bound for G{(y) when

no separation occurs. A similar estimate holds for
H(t -7 - wh), so that for either 3.6) or 3.7) we have
by L' < +% and 3.8)

5.21) |11Ey(u) = Efu)l11 = 111Ky (@)Kl <
<Ml (le'=al + 12t -7 )M,

for all ||7'|] and |l¥lI{ b. Thus by 2.13) as X
operators, 2.1) shows that for |1¥'|I{ b, and NE2RES b,

we have

3.22) |[IW, it T 1.,,Illg (lo'=wl + [n'=n]) M,.
Now f‘or u € X def'ine u(t) = u(t + h) for real

h, and ]lulld = sup(]_r Illhu ulll) We see as in
2.30)
I11B,yp(w) - B, (WIT<

<o w1l (SR 118 g r-apmil 1) €

<My I1Tulll Mully le'-«|L',
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so that by L' { +oand 3.15)

5.23) 111B, (1) - By(wIli <
<M Tl 1T CTot=al Tlally +lnt=al {11ull]),

and hence by 3.22) a similar result holds for
Hy=By+ W1 ,-'YB" .

Now in the proof of theorem 2:9), we see that
£(0,2,0,¥) 1s always defined as the solution of 2.37)
or 2.36) even 1if 2.35) falls, so

f = E,,(f‘) -z 1‘+'/ + By (f)

Now || Eq(u) I1g < MITIull]l and [IB(£)I14 <
<M [P (f,7)1]] similarly to the 3.21) argument.
Thus by 1.18) we have
5.24) [If£(0,2,0,MI14 < Izl il1\"ll + MII'II‘IIKM5 Iz,

since by 2.26) in lemma 2:7), with g, (¢) = =z and
Pr = -12- in theorems 2:8) and 2:9), we have
z.25) |l1£(0,z,0, M1 2 I11,Y111 lz] = Mg lzl.

Now again from 2.37) for f, we see

f(O,Z,O‘Y) + 2z .‘¢ + W1 ’7(1\,/)1 = H-y (f(O,Z,O,‘Y))
for |z] and ||¥!] small, and thus by 3.22), 3.23),
3.24), 2.30), and 3.25) we have the bootstrap inequality

f(O,Z|,0,'Y)+Z' I!’ +w1’yl(1¢)!

~£(0,2,0,7) - zl¥ + W, [(,¥)]

- "H,Y|(f(o,z',0,'r'))-H.y(f(O,z,O,'Y))‘“.<.

B (213820 + (B, ce-By0||

| LA SC LD A YC N | I



134 F. H. BROWNELL
oy Bty e ||

o (LA We IR N NEON
<My (121 + 12121 o' =ul+ln'=0])
et 1z 11z e 2|

for 1z'l, lzl, |1v'll and ||v]| sufficiently cimll. Thus

stnce [llz! 1} 4y ()1 - 21¢ W, ()N ¢

< Millzt-z| + (lo'-w| + [at-al)(lz'] + 1z])],
by choosing |z'| + lz| %M.;' and substituting back
into 3.c6) with the triangle inequality we get

l"f(o,z',o,‘v') - £(0,2,0,7) m <

3.27)
CIlz'-zl + (1z'] + 1z])(le'-¢ +[9'=5])] Mg.

Putting this back into 3.26) we have

5 .28) £(0,2',0,4') +2' !1'I‘+W1 ,'Y'(“H!

<

'f(O,Z,O,’Y) - Z("""" W1 ,7(10)‘
{ (Iz'|+|z| ) [ lz'-z]+(1z'1+]z|)(| @' -w|+]nt-1| )] M,

for |z'l, lzl, |11, and ||¥|| sufficiently small.
Q. E. D. (II)

I11) As additional notation define B, = 2nd order

operator terms only in By. Thus B} = By~ ﬁy has like
2.30) and 3.23) by the three times differentiabllity

assumption,
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2y cors = myear 1< (flaefl [l fla-ufimg.

B () -BMUHHQIHumzﬂIquM“wI+)
\ +lilulll 13l

3.29)

for liyll , Mu'lll, and IHuIH sufficiently small. We
also derine H, =B, + W, B, H\= H, - f, and note
that pLe,o(w,v) = (H ( v(y)), ®) for V(7) =- % W, 7( ¥)
by 2.40).

Also we see that [fn(u,w,u)](t) in ﬁ7is now
always given by 1.17) with P, + ... + p, = 2 regardless
of the or}ginal type of Pn(u,w,n) in B, , and hence

l'sn(u +.V,90,7) = Pn(u,“’, n) + ﬁn(vs“’ﬂ ) + C(u,v,w,7)

with
uk(t'«hk)vk,(t-whk,) .
[C(}u VL9, 1) ](t) = 1("% '<n o/ o/ ) a3 (Byibic, 1

30) +vk(t whk)uk (t-uhk D-,.-..pn

where py =0 except for 1 = k and k', Py = 15 Pyr= 1.
Thus we see that with Fo(u,v) defined from [C(u,v »@,1) (L)
exactly as was H7, from [P (u,9,m)](t), we have

oy (usv) = il.,(u) + Bo(v) + Fo(u,v),

3.31) Fy(u,v) = Fy(v,u),
MF,(ut,v) - F (u,v)Ill < llat-ulil Hivil My, ,

HIF-yv(u;V) - F‘y(u:V)”l <
C(ar-d{imal 11vilg vl Hullg) +
+ Iy t=nl Nhall Wvi

exactly like 2.30) and 3.23).
Q. E. D.(III)
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Iy) Now to return to the original equations 3.1L4)
which we wanted to solve, we see that by using
1L1 (@ 1,0) = 1 and L1 o(w,,o) = 0 from 2.38) we
have the equivalent pair of equations, p= 1 or 2,

1Ly o, n(¥y50) = (=4 )pL1,O,"" (@1,0) +2 ply ol0g,0)+

+ pR1 (w,m) + pRE(‘-",VI,Z) +

3.32) + Ry(e,1,2) + 2 (R (4)7)
where
1
o 1(0, n) = ,O(""’n)_le,OSM1’O)_anT,O,*‘wVO)-
1
_(o.'—w1 ) pL'I ,0,0.‘(0‘1’0)’

Ry(wym,2) = 15(“;(”'(0.-" 0:7))sp? )

p
R}((-:,n,z) = ;—@V(f‘(o,z,o,v))- ﬁ,y(z 1\7(7))’}\,‘-’> , and

pRu(“"n) p 2 o(")n) p 2 o( 1-1’0) =

= (s, v(n) = g vio))pe )

Now £(0,2,0,Y) = z 1v('y) + H.y(f(o,z,o,‘Y)) from
2.37), 8o
5.33)  Ry@,n,2) = (Fy(,v,Hy£))s lﬂ,m.,m,psp)
from 3.31). Also since || l-l.‘,(u)lld {M Mulll® as for
3.24) and since [[[Hoy(u)lll {MIlulll® from 2.30) we get
from 3.33)
5.34) | Ry(w',,2) = pRy(@,m,2)] Clat-al 121 My,
by using 3.31), 3.27), 3.22) for ,v(7) = - 1“'- W1;v(1¢)’
%.24),3.25), and the equivalent of 3.23) for H, and
Hy. Similarly from 3.33)
3.35) | oRs (¢,7,2') - Ry @,7,2)| lz'-z|(lz'1+]z]) M4
by taking care of the L z factor first for the obvious
case + Izl < lz'] € 2lzl, and if this faills then
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lz] { 2|z'-z| and |z'| { 2|z'-z| which again makes the
result obvious. Likewise from 3.27) and 3.29) we have

3.36) I Ry(w,n,2') = Ry(w,72)]

M
+ (z'+121)2 | @ -ul Th

{(Iz'l+lz| Jzt-z| +
Also by the mean value theorem with known differentiability

!
3.37) pR,(w,’n p1(°’,11)=
with | w''-v] { |o'-»|. Again by 3.22) and 3.23)

3.38) |z' Ry (w3 1) -z Ry(w,m)| <
Clzt] lw=nM + lz'-z] IR, (@, 9] <

izt + 1aDlar-el s(lo-g 1s w1y 1ztal) W,

Now putting pR(w,n,z) = pR1 + pR2 + pR5 + szh
we have 3.32) .to be equilvalent to

-1 -1 -
w-w =1B 3" + L, ;(4,0)3  R(s,7,2)

-1
1Lp, (45009 ER(wVﬂ,Z)

3.39) - 1 -
z =aA I - L o (0,000 R(0,1,2) +

L @,0057 R, 7,2)
1,0,0

since we are given J # 0. Thus y = (v-4,z), Y being
euclidean two space and Ty(y) = right hand side of

3. 59) glves the proper form for lemma 2:7). Also

p o(u, ) was shown to have continuous first partials
in part I), so by 3.37) and 3.34) through 3.38) as
well, Ty(y) satisfles condition 2.21) withp = ;— for
Inl, -«| and |zl { & for some ) 0. Also at z = 0,
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pR2 = pR5 = szh = 0 so that

3.40) R(w;,m,0) = jRy(@, 1) = L (9,7) -

b

1
pF1,0#120) = MLy o p(@y,0).
But with 8> 0 fixed, by 3.40) and the known differen-
tiability of pL1 NCH n) we can find p > 0, P,{d
such tha:! |]Ty( (0)]1 < 1 8 for |n] { p, and hence
condition 2.22) 1is satisfied
Thus with 95 = & we have our desired unique
solution w(n) and z(n) to 3.14), and |w(n) '“ﬁ' +
7)) < In| M from 2.26) as usual. But by the
assumed twice differentiability in » of Fk(h,n), the
part I) proof shows pL1’0(w ,1) to have continuous
second partials in « and 7 , so that we have
R, (w,m)] (o= | s |n])% M. Thus by 3.35), 3.36),

and 3.38)
5.41) IR ,2) 1< Uzl + kgl + D2 Mg

for sufficlently small Iw-‘vl, |7 and |z|. But this
combined with |w(n) -, | + lz 7)] g I7IM, 3.35), and
3.17) thus yields w(n) - n) = o(n?) and ztn ) - z(n) =
o(ne) as desired.
Q. E. D.

Actually if our original equation was 3.7) rather
than 3.6), then Pn(u,w,n) is odd and hence pL (w,n)
= 0. Thus J = 0 and theorem 3:2) 1s of no use. In
order to take care of this situation we have the
following corollary.

We meke all the assumptions preceding theorem
3:2) and in addition assume the second order derivatives
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in Q(yy,1) or second order terms in 1.17) vanish
identically for |n| { b; also we assume Q(y;,n) is four
in place of three times differentiable in ¥y if Pn(u,w,n)
1s of type III.
Then in 3.16) and 3.17) replac- L, .(®,,0) by
P2,0, 41

pLB,o(w1’°) to define 3" ana B! and 1t 6 (1) =0 +

B*(JT)—E| and ET(n) = VA(J')_1W Under our assumptions
we then have the following.

Corollary 3:3)
If L' < 40 and if JT # 0, then there exist some

positive py and Ps such that for any real 1 satisfying
[n] <ﬁ+auﬁ_A(J1)'1u2‘o there cxists a unique real
valued solution z(n) and w(n) of 3.14) in 0 { z < P5
(or in -%< z { 0) and |[@-¢ | (%. )

Furthermore, asy—0, w(n) - 5T(n) = o(n’AE) and
(21012 - 181(n)1% = o(a/2).

Proof

Here we merely need to mimic theorem %:2), first
noting that in place of %.15) we now have 3.15)T by
replacing Il u N2 by Illulll5 and similarly for 2.%0)
3,23), 3.26) and 3.28) by adding one to the exponent
of the obvious factor.

letting B] = the third order terms in B,,and
Bt,= B, ﬁl , we get 5.29)Jr from 3.29) by replacing the
exponent 2 by 3 similarly.

Also letting C'(u,v,w,%) be the sum of the cross
terms in ?nT (u + v,w, 1) and defining E: (u,v) from
CT(u,v,w,n), we now get In place of 3.31)
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B (o) - Bl - W) = Bl = B o),
5310 1IE] (ulv) - Bl w000 ¢

<Mt = altl (v« i+ i v im,
E (u,v) - B} 00l ¢

< (lot-u (lHulH vl g + vl l|u||§§; .
+ lat=ql Al vl

Malll + fvin) w

Also 3.14) 1s now ‘equivalent to the pair, p = 1
or 2, ' 2
_an1,o,‘n(ﬁ%’o) =(f' W, )pL.| o ‘I’( -‘)0) + 2 pLB,o(W“,O)

1.
3.32)
+pR.| (“‘,"I) + pRa(w:ﬂ}Z) +

2
+ R;(a',n,z) +Z pRI(“‘,”)’

with pRz = ..1,? (Hl(f(O,Z,O,‘V)),D("),

P ;r =z (ﬁt,(f) '~ ’ﬁtf(zw")’p")’ and
oR = gl o00) - pls,0(4150) =
=(vl7-l',L V(7)) -}‘lf( v(o)), sf) - Thus putting
Z=V'T20fora20 Tv=pR
we see from J! #0 that 3. 52)T is equivalent to
w-u = 98(sf)" '+, 3,0("’1’0)(Jf)-]1Rf(“””V‘7) -

-
1 + pR2 + pR3 +(szI ,

3.39)
- 1Ls o ,,0)(5T) 1Rt (wy0 va)

« =aa@h T (aL0)ah) T R, 08 .

+ 1]_,1' o w("’1’°)(JT)-1ZRf(°’,ﬂ,'\/t? ).
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Now from the preceding inequalities a§ before
we have strong enough Lipschitz conditions on the re-
gidual terms in 3.59)+ so that for 0 { a{ & , |v-® | (8§
and [7]{# condition 2.21) holds with s, = F ;

hence any solutlon of 3.39)f 15 necessarily unique in
this neighborhood. Also 2.22) obviously holds for
small |n]|. but since we requirecd 0 we must review
lemma 2:7). In constructing the solution there we
note from 2.26) that we only need consider @ and ¢
such that

YV lo-a = 4 of {2 [T (e)lI< 1M 1like 3.k40).

But since nA(J7)71 > 0 1s given and since the residual
terms in 3_39)f are o(a5 2), it is clear that this
means for sufficlently small n the component of
T"(w-u*1,a) for=a1n.3.39)r is always non-negative for
suchw and @ . Thus the construction in lemma 2:7)
gives the desired unique solution.

Q. E. D.

We note in 3.32; that 1f we had replaced z by
JVF_'Q 0, we would similarly get a unique solution
In -ps Cz (o, Also all the residual terms in 3. 32)+
are actually o(z ) except for pRz , and it would be
also if Pn(u, ,m) had fifth instead of fourth order
differentiability and the fourth order terms vanish.
The latter holds necessarily for 3.7) where Pn(u,w,v)
must be odd. If the residual terms are 0(z ), then
we see that w(n) - Sﬁn) = 0@2) and
(%) - BHn1E = o).

Also we remark that if P(x,%) in the original
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differential equation 1.15) 1s odd, then both 3.6) and
3.7) apply. Thus by theorem 2:9) and corollary 3:3),

if 3.9) 1s satisfied, a sufficiently small solution of
1.15) and the boundary condition 3.2) also satisfies 3.3).

It should be noted that if Pn(u,u,n) is of type
I or II, then the form 2.42) of equations 2.35) has
each plh(w,") analytic in bothw and % by an argument
gimilar to part I) of the theorem 3:2) proof. In
place of 3.20) here we would get [Vm,o(7)]j(t) to be
a8 finite Fourier sum with angular frequencies 1, 2,
...,m. Also it is easy to obtaln bounds for the
absolute value sums of the right sides of 2.42) over
all complex # and z and all reale near 0, 0, . Thus
if we had been able to extend these bounds to complex
@ , by an application of the Montel theorem and the
standard implicit function theorem of complex variables
we could have eliminated the lengthy proof of
theorem 3:2).

The non vanishing of the Jacobilan is an
important restriction to the solution of our problem,
since it requires that not both the second order L
numbers, or the third order in 3:3), vanish at the
origin. For this reason the Schmidt technique 1s not
applicable to equations which become linear at % = 0,
as for example Ven der Pol's equation.

We now have the following result for the form of
the solution £(0,2,0,7) with z = z(n), v = (¥(7)-9,7),
and where xn(t) denotes the corresponding solution of
1.15) and Xq(t) its first Fourier component for the

2T
period a(m) *
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Corollary 3:4)

In theorem 3:2) and corollary 3:3) we have for
all real t and [n] <»,

5.02) lxgt) - £,(6)[Ca®M for 3:2),

" 2
|x,(t) : %y(t)|<n? M for 3:3).
Also with a = ;—- for 3.6) and a°='V_E, for 3.7),

\[ 2 “2(n-1) ‘
1+q+ .+ﬂ

8,cos(tw
1+ e(n)+. .+, w(1))R" 1) os(tw(n)).

5.l+3):?,,(t) = z(n)(

Proof
First from the integral equation 3.6) or 3.7), the
n th derivative of xﬂ(t) i3 continuous in real t, and
thus the Fourier series for xn(t) can be differentiated

term by term. Thus 3.43) follows from

u(u t)=x(31)(w(n)) 3.11), and from

computing z = (u(n), 1¢) and 0 = (u(=), 2¢), these

inner products being over [0,27] or [0, %] for 3.6) or 3.7)
. Now for 3.42) we first note from 3.20) that with

Vi(e(n),n,t) and %.(7,t) the first Fourler components

of 1V-(w(n),’!,t) and u.(n,t) we have 1'Gj(w(n);'lit) =

v:(w(n),7,t). Thus by the integral definition of

Fourier coefficients for [0,2%] we have

3.44)  [1(n) - z(2),vialn), )l =
= () - 2( ), (@)l €
¢ 2 () =z(r)v@n),m )l

But 3.28) shows [llu(n) - z(n),v(@(n),nlll g Mlz(9)1?
for 3:2), and 3. 28)* makes it (M Iz(n)l for 3.33),
and from 3:2) results |z(n)| = o(|7]) while
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L
lz(n)| = o(lnl2) from 3:3). Thus we get 3.42)
obviously from 3.4kk4).
Q. E D.

Let us denote by §n(t) the result if in 3.43)
we replace z(1) ande(n) by 2(n) and w(n) 1if 3:2) was
used, or by z +( ) and 3T(n) if 3:3) was used. We see

‘ﬂ

by 3:4) that xn(t) may be considered the first order
approximation to x,(t) over o<t< %{? as 3 — 0.

If we actually carry out the computation outlined
in part I) of the theorem 3:2) proof, we can easily

verify the following formulae.
.=1 s c Q .
= t (1w)d kC\P , V(w) = = 2 h(w) (-j_w1)3 1

P wh
glw,m)=h_, (o) + th+1 /e aF, (h,1),

3.h ; ] i
5)R(‘~’) = [ +wq’+...+(ww1)n 10+ w?+...+a$(n 1)1,
H,=1V‘—R()”’7 ,
(w,n) + Vi) w CEDﬂ(iw)
1
1L1,o(w,n) ==ﬂz[1 - -—;-7;)], oL, O = 1- H(w v)]’

where "ag 13 defined as in 3.43) and the rest as in 3.11).

(¢}
] 2 __‘l
1L1,0,2(4170) =0€[8(w1,o) [ 39D (1o -0 I ,
1 02 )
2L1)°1’7(w1,0) =“’qg(w.l,0) anD (1“’ )]"I=O J ’
n
o ' __32___ 3 D (1w)]
1L1,0w(w1,o) = g(w1,o) [ I o w=w1 R

v (0. ,0) =cﬂl‘ %2 [ 3D (1e)] ‘
271,0,» 1’ ‘_fg(m1,05 v ~“o Ww=w,



III. DIFFERENCE-DIFFERENTIAL EQUATIONS 145

By means of 2.38) and 3.46) we can now compute
J, A, and B and hence fn(t). This is carried out for
a few simple examples.

example I)

0= x"(t) + 8.1’°x'(t) + (1+I'11)a.o,ox(t) +

+ (1+9)lag x(t-b) + F(x(t-b))]

with f(y) odd, four times differentiable, and f1(o) = o.
We use 3.7) here and get for w, satisfying 3.10)

u
e 3¢ £110(0)(c,) ) {(2«14»30,11) sin(e, b))sln (wb) J
) ks

8l3 (v, )2(14-«"1" + (31,0)? - (a‘,o- 85,4 b cos (v1h))cos (o,b

A = 23)2_ . 1 _ €~ 89,0 * 8, €08 (¢1b))(a|,o-ao’1b cos (u,b))
1/ 0204(0,0 48, )20 | - &g, st (@b)(2w, + 8, b sin @ b))

4
F _ 3ELIT(0)(e,) { }
B = r b

Bz ()2 (148 +(a1’0)2) 89,0 9in ()

We can verify thai £'''(0) 0, and a, oao’1>
- 3
D - % (a0’1)£(1—%)b, and ao,1% 0 are sufficient to make

JT # 0. If we had taken r = 0, these equations
simplify so that 5r(n) =W,

£ (1) =’\/T( -8 g2tls) cos (ut).
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example II)

0= x"(t) + a1,ox'(t) + (147) f(x'(t-b))+ao,ox(t)

with £(y) satisfying the same conditions as in example I).
Again using 3.7) we get for @, satisfying 3.10)

A
3xf111(0)(e,) 2
2’4 :a,ba'f,.| - s,,1(2u1cos(u,b)+s1,osin(w1b)) ’

it - =
Bla ey (1 (=550

813 &,

(c1e,)%37 211 (0)wdua, |

t,-1 & 1
A(J") ' = 2= " B FriTey o7 2 ¢
1 V2

B=0 sothat al(w) =e,

fpe) = Va(-s il — ) cos ()

(01 )efln(o)

It should be noted in these examples that the
same final expression for Ja(,,,(t) could also be obtained
by following the method of Duffing and Hemel [27] in
a formal way. However, due to the presence of the time
delay terms it seems difficult to extend thelr method
of justification, as the existing solution of a vari-

ational problem, to our case.
Summary of Results

Our main result here that appears to be new deals

with Ll equation
n-1

1.15) 0= x(n)(t) + > x(k)(t-h)dFk(h,n) +
k=0

+ [P(x,7)] (t)
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Defining D,(s) as the auxillary exponential polynomial
for the linear part of this, we assume Do(1w1) =0

and the rest of 3.9) or 3.10) 1is satisfied for some

@, > o. The Schmidt technique of nom-linear integral
equations extended in theorem 2:9) can then be applied
to 1.15) with perlodic boundary conditions. Our )
results are then given in theorem 3:2) and corollary
3:3) and 3:4), which show the existence of and glve
asymptotic formulae as 7 — 0 for a non zero periodic
solution xn(t) of 1.15), which 1is unique up to an arbi-
trary phase constant, x"(t + 0 ) being the general form.
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IV. FORCED OSCILIATIONS IN NONLINEAR SYSTEMS

By M. L. Certwright

FORWARD

The following pages contain the substance of a
short course of informal lectures to Professor lefschetz's
seminar on differential equations and were originally
written with a view to private circulation in mimeo-
graphed form. Time did not allow me to revise as
carefully as I should have liked and the informal
character of the course is reflected in many places
where the treatment is over condensed and unsolved
problems are discussed in a somewhat casual manner.

Part 1. General Topological Background
§1.1 Introduction. The following lectures are

based on work (some of it unpublished) which I have done
in collaboration with Prof. J. E. Littlewood on ordin-
ary nonlinear differential equations of the second
order. A typical equation is van der Pol's equation
with forcing term,

(1) il-k(1-x2)x + X =Dbk X cos(\t+a),

Written under the auspices of the Office of Naval
Research, Contract No. Néori-105, NRO43-9k2.

149
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another 1is

(2) X+ kX + X + cx’ = bk A cos(Zt+a),

where dots denote differentiation with.respect to t
which I shall call the time. Both these equations
belong to the general form,said by Levinson to be
‘digsipative for large dlsplacements,' viz

(3) X + £(x)x + g(x) = p(t),

where the forcing term p(t) has period %g, the damping
£(x) > 1 for |x| > a, and the restoring force g(x)
gsatisries XX > 1 for |x| > a. These equations can be
normalized in different ways by putting x!' =X +8,, t!
= 71t +8,. Different forms are convenient for diff-
erent purposes.

Our interest in such equations wes aroused by a
memorandum issued by the Radio Section of the Depart-
ment of Scientific and Industrial Research in 1938
appealing to pure mathematicians for assistance in
determining the possible steady states (or stable
oscillations) in certain types of circult, and their
frequencies, and also how the latter varied with the
parameters of the system. There was considerable
emphasis on the frequency in some of the references
given and in subsequent correspondence, and compara-
tively 1little on the amplitude, and this has, I think,
influenced our outlook, meking us prefer to deal wilth
the x,t plane in which the time is explicit, rather than
the phase plane (x,y) where y = %X. The problem of
determining perliodic solutions 1s not easy to solve
satisfactorily by numerical methods, nor do numerical
results show how solutions vary with parameters unless
a very large number are obtalned.
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We have spent most of our time on equation (1)
which1 may seem extremely special. The reason is that
van der Pol2 suggested that, 1f k is large, (1)
corresponds to a physical system which he investigated
experimentally with van der MarkB. The experimental
results showed stable osclllations of periods (2n~1)%§
and &%i for certain values of the parameters. Actually
equation (1) does not correspond to this particular
physical system because the latter needs a very un-
gymmetrical nonlinear function for its representation,
as van der Pol explained in a letter. With the
symmetrical function 1 - x° in equation (1), it may be
observed that if we put t' =t + (2n+1)% and x' = - X,
the equation 1s unchanged, so that, if a solution is
periodic,odd multiples of g)T":with n + + waves above

2
X = 0and n + L similar waves below x = 0 seem more

probable than Zven multiples. The stable oscillations
with period (2n+1)&T are in fact like this, but not all
the unstable oscillations. It seemed that equation (1)
was the simplest type of equation likely to have two
stable periodic oscillations with periods prime to one
another, and so we attacked it on the grounds that it
is best to tackle a really difficult problem first in
its simplest form. Once done much of the work carries
over to more general equations with very little
alteration. These lectures are mainly concerned with
the general background and nearly linear oscillations,

except iIn Part 9.

»
1. M. L. Cartwright and J. E. Littlewood,
Journal of London Math. Soc. 20 (1945) 180-189.
2. B. van der Pol, Proc. Inst. Radio Eng. 22
(1934) 1051-1086.
3. B. van der Pol and J. van der Mark, Nature.
(1927) 363-36L.




152 M. L. CARTWRIGHT

§1.2. Existence and Uniqueness. It 1s known from
the general theory that if p(t), and f(x) are continuous
and g(x) satisfies a Lipschitz condition for the values
of x and t considered, there is a solution x(t,xo,yo)
of (3) for which x(0,x,,¥,) = x, and i(o,xo,yo) =y,
The usual uniqueness result requires f(x) to satisfy
a Lipschitz condition, but this 1s not necessary and
x(t,xo,yo) 1s unlquely determined by the above condi-
tions. PFor 1if not, let X(t, xo,yo) be another solution
for which X(o0, xo,yo) = Xy X(o, xo,yo) = Y5 Write

=Y, X = Y, and let

(%) p=max (Y - y), 0{t<a.
Then there exists a K such that for any @ (1

(5) If(x)I <K, |gX) - g(x)| <KIX-x], 0{t K a.

Hence
t
(6) X -xl=| [ (¥ -yt [<ut Cue
o
and from (3)
X X t
Y-y=-/" sax + [ feoax - [ (g0 - gx)at,
X "X (e]

(0} o

so that by (5)

X

t
¥ -yl < | femoax| + /T1g00 - gx)l at
X o

(KX -x) +t K(X - x)
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By (6)
1Y - 31 KO+ a)pal 2Kpal o

for 0 {t {e = min (1 "IJT) shich contradicts (4) for a
sufficiently small . By repeating the process, we can
cover any interval 0 { t { «. in which the conditions
(4) and (5) hold.

A slight modification shows that the solutions
vary continuously with (xo,yo).

1

§1.3. The Topological Transformation. Let us
consider the solutions of (3) in three dimensions
X, ¥, t; since p(t) has period %g, the equation itself
is the same at t = 0 and t = %g, and so we obtain from
the solutions of (3) a transformation T of the point
Po(xo,yo) in the plane t = 0 into the point P,(x1,y1)
in'the plane t = %g. We may also consider it as a
transformation of the x,y plane into itself and write
P, = T(Po), Pe = T(P1) and so on. It follows from the
remarks of §1.2 that T is (1,1) and continuous, and it
is also orientation preserving, that is to say if Po
describes a certain continuous closed curve C counter
clockwise, then P1 will describe the corresponding
curve C1 = T(C) counter clockwise. For the trans-
formation is the result of a continuous deformation with
t from one plane to another.

If p(t) £ 0, the equation (3) is the same for
all t, and so we may choose the period 2x/\ as we please.
If there 1s a periodic solution x = x(t),y = y(t) it can
be represented in the x,y plane by a simple closed
curve I' (or in some cases a single point). If we take
the period of I' as the period determining the trans-
formation, every point of I' is fixed. In three
dimensions all the solutions with initial values
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X50Y, onI wind up a cylinder onT as base. If p(t) 1is
not identically 0, a solution of (3) when represented in
the x,y plane may cross itself, and also since p(t)
varies with t, a set of solutions corresponding to a
closed curve I' in the x,y plane will wind up a surface
which 1s not cylindrical. For even if its sections by
t=0and t = %?rare the same, the sectlons between
will vary with t.

§1.4. Fixed Points and Periodic Solutions.
A solution of (3) with period %? obviously corresponds
to a fixed point P such that P = T(P). A solutlon with
least period ex ,m> 1, corresponds to 8 point with
period m such that P = T™(P) and P # T" (P) for

m' = 1,2, ... m-1. There are always m polnts
P, T(P) ... ™ '(P) corresponding to each solution with
least period m at times t = 0, %g, eo. (m- 1)%?

There are certain standard types of fixed point,
most of them correspond closely to standard types of
singular point for equations of order 1.

Let PO with coordinates (xo,yo) be a fixed point,
and suppose that the point (x,y) near (xo,yo) goes 1into
the point (x',y'). If the functions f, g, p, in (3)
satisfy certain additional conditlons, it is possible
to express x',y' in the form

o a(x - xo) + b(y - yo) + 0(r)

I

x!' - x

V' -y, = clx - x)) + d(y - y,) + olr),

where r° = (x - xo)2 + (y - yo)z, and ad - bc # 0.

The types of fixed point can then be determlned to
some extent by means of the roots p,,p, of the
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characteristic equationl+

a-p,»>b

c ,d -»p

However I shall confine myself here to the main topo-
logical features connected with the simplest classes of
1solated fixed point, and leave the discussion of
analytic details and all finer points.

(1) Stable points. These are points Po such that
Po = T(Po) and if P is sufficiently near PO, then
™(P) — P,asn — w. In the most usual cases if C
is a sufficiently small circle with centre Po’ T(C) CC,
and so the vector P, T(P) points into the interior of C,
and as P describes C counter clockwise it rotates through
an angle 2= counterclockwise. We therefore say that it
has index +1. This 1s true whether P moves towards PO
more or less radially as in the case of nodes, or
winding spiral fashion as in the cases of foci, in the
theory of singular points, but 1t should be remembered
that P moves by jumps T(P), T2(P), and so on, not
continuously along a curve.

I shall show later that in the general case
through each point P sufficiently near Po there is a
simple closed curve C such that T(C) C C. Any stable
oscillation with perilod 2m% corresponds to a stable
fixed point under ™0,

d Cc

Figure 1.

L, See N. levinson, Annals of Math., 45
(1944) 723-737.
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(2) Direct cols or saddle points. These are
fixed points PO which have two palrs of special in-
variant directions or continua—y1 and Yo+ The pair 7,
separate points P near Po which move away from Po in
opposite directions under T and the palr 4, separate
points P near Po which move away from Po in opposite
directions under T the inverse of T. Points on the
continua y, move towards P under T, but all others
eventually move away under T for n sufficlently large.
Similarly points on move towards Po under T 1, but
Y a%} others move away under
H T '. This type of point
‘/) \\\\\\" has index number -1, for
the vector P, T(P) rotates

2

Vo

<

L9 1A clockwise as it describes
.‘\\\\\ ( a small circle counter
Y clockwise.

Figure 2.

(3) Completely unstable points. We need only
say that these are stable under the inverse of T. They
have index number +1, as the vector PT(P) turns counter

clockwlise as P describes
a small circle counter
clockwise.

Figure 3.

(%) Inverse cols or saddle points. Behavliour
near these 1s similar to that described for saddle

points except that the figure 1s rotated through an
angle 7, each branch of'Y1 goes into the opposite onr
and similarly each branch of y , goes into the
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opposite one. The upper right hand set between Yo
and vy, goes into the bottom left and vice-versa. Since
vectors all cross over Po approximately, the directions
of the vectors are roughly similar to those in Fig. 1,

and so the Index number 1s +1. Under Te an inverse col
becomes a direct col with index number -1.

Flgure 4.

(5) Centres. These are transitional between the
spiral forms of (1) and (3) as in the theory of
singular points. They are rather special points; it is
difficult to distinguish centres from stable or com-
pletely unstable points in analytical work, and diffi-
cult to describe the behaviour near a centre correctly
and precisely. All that concerms us now is that a
centre has index +1 and may therefore be included with
stable or with completely unstable points in counting
index numbers.

(6) Multiple points. These may be formed by
points of types (1) and (2) or types (2) and (3)
coalescing, in which case the index number 1s 0, and
other multiple points of index + p, where p is an
integer greater than 1 also exist. There may also be
fixed points which are limit points of fixed points, and
other points whose index numbers cannot be so easily
determined even if 1t can be defined.
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§1.5. The Existence of One Fixed P,int. There
are various results known showlng that there exists a
constant K such that for every point P, Tn(P) lies in
the circle x° + y2 < K° for n > n,(x,,¥,). We shall
prove a result of thils type in the next part and
from this it follows as we shall see later that there 1is
a simply connected domain D bounded by a continuous
curve C containing (x_,y,) such that T(D)C D. It then
follows from the Brouwer fixed point theorem that D
contalns at least one fixed point?

§1.6. The Maximum Invariant Set S. Since
™DB) CHand T 1s (1,1) T2(D) C T(D) and so on. Hence
(D) — S a closed cornected set such that T(S) = S.
Its complement 1s a domain and it will be shown that if
the point at infinity is added to the plane, C(3S) is
simply connected. S contalns all fixed points,
periodic points, and also all other recurrent points.
A point P 1s recurrent 1if for every & > O, Tn(P) lies in
a clrcle of centre P and radius 8 for an infinity of n.
Certain types of recurrent point correspond to uniformly
almost periodic solutions6 which may in a certaln sense
be stable.

$1.7. A Finite Number of Fixed Points. If
there are only a finite number of fixed points or
periodic points in 3, we can say something about the
relation between the numbers of the different types.
For we can draw a circle round each point flxed under
™, m > 1,80 small that no two intersect, and then join
each circle to another by parallel segments of stralght
lines in such a way as to form a simple closed contour
C' containing all the points fixed under ™. Now C the
frontier of D 1s deformed into C', the vector P, T(P)

5. See R. Courant and H. Robbins, What is
Mathematics ? (Oxford 1943).
6. See §8.h.
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varies continuously and does not vanish. Hence the
index number of C' is the same as the index number of C.
But it 1is also the sum of the index numbers of the small
circles. For the angle through which the vector turns
on a line joining any two circles 1s equal and opposite
to the angle turned through as P describes the parallel
line in the reverse direction. Hence writing Sm, Dm’
Um’ Im for the numbers of stable points, direct cols,
completely unstable points and inverse cols respectively,
we have

Sm + Um + Im - Dm = index number of C.

If fixed points of any other types occur, they must of
course be included in Sm, Um or Im if their index
numbers are +1, and in Dm if their index numbers are -1,
and counted p times if the index is * p.

In the most usual case T(C) lies in the interior
of D, in which case the index number of C is +1, for the
vector behaves in a manner similar to the case of a
gtable point. Hence in the most usual standard cases
we have

Sm,+ Um + Im - Dm =1,
although many other exceptional cases actually occur in
the case of differential equations of type (3).

Part 2. Forced Oscillations in Nonlinear Systems

A general analytical theorem on boundedness
§2.1. The formulation of the thegrem. In

Part 1 we discussed certain topological results associ-
ated with the equation

(1) % + £(x)% + g(x) = p(t), p(t) of period &,
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Figure 5.
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where f, g, p satlsfy certain other conditions, and
mentioned the equation

(2) % - k(1 - x°)% + X = bk cos(At +a),

which 1s especially interesting both for k large and for
k small. Writing y = X, we stated that there is a con-
stant K such that for every Xor Yo the solution of (1)
for which x = x_, ¥ = ¥, at t = 0 satisfies x2 4 y2 {K
for t > to(xo, yo), provided of course that f, g, p
gatisfy sultable conditions. Further we stated that
from this certain topological results which 1mply the
exlistence of a periodic solution can be deduced. Some
general bounding theorem seems essential for further
progress, and for the study of equation (2) a quantita-
tive result involving k 1s needed. We therefore consider
equation (1) in the modified form

(3) X +kf(x, k) X+ g(x,k) =k p(t,k),

where p(t,k) 1s now not necessarily periodic. For this
is an unnecessary restriction in the main theorem which
follows. As before it willl be assumed that f(x,k),
p(t,k) are continuous functions of x and t respectively,
and that g(x,k) satisfies a Lipschitz condition in x for
all values considered, so that (3) has a unlque solution
x(t, Xqo yo) for which x = X0 ¥ =7, at t = 0 and this
solution varies continuously with Xyr Yoo We denote by
B a positive constant independent of Xor Yo t and k,
not necessarily the same in each place unless a suffix
1s attached, but B1, BQ, ... remain the same throughout.
Although f, g, p may depend on k, they will satisfy
bounding conditions independent of k, and therefore we
usually write f(x), g(x), p(t).
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Theorem 1. Hypotheses
(1) £(x) 2> b1 >ofor |x|] >1and f > - b2
always,

(11)  g(x) sgn x 2 by » 0 for Ix| 21, and
lg(x)] { (&) where , 1s independent of k
for Ix| {¢. t

(111)  Ip(t,l) < B, | / p(t,k)dt | t < B.
"o

Conclusion For every X , Y, the solution of (3) for
which x = x_, X =3 = ¥, &t t = 0 satisfies

I[x] <B, x| < B(k+1),

where B is independent of x , y, for t D to(xo, yo).

The result can be lmproved so that if
xg + yg £ RE, t, depends only on R, but I shall not
attempt to include this.

It should be observed that (1) f(x) does not
depend on x or t, for if it does, some additional con-
dition such as a Lipschitz condition 1s necessary for
uniqueness, (2) p(t) 1s not necessarily periodic, but
{ p dt is bounded, so that positive and negative values
of p(t) average about the same, (3) various normaliza
tions are possible by putting x' = @ X + By,
t!o=at s Bos and we have chosen |x| { 1 as the
critical strip, (4) some parts of the proof have to be
separated for k large and k small. In the conclusion
Ix] < B 1s the significant part for X when k 1s small,
and |x| < Bk when k 1s large.

§2.2. The use of the integrated equation. Our
main tool in the four following lemmas is the inte-
grated equation
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X t
(%) 5c—Y+k/X f(x)dx+4 g(x) at
t
=k (t)dt.
/Tp

Here. and in what follows x = x(t, Xoo yo) is the solution

of (3) such that x(o,xo,yog = x, and x(0, > yo) =Y,
and X = x(T, x_, yo), Y =x(T, x ).
Writing

o o’ Yo

X t
Feo = [7 fxiax,  p,(t) =/T p(t)dt,

(%) becomes

. t
(1) x—Y+kF(x)+/T g(x)dt = k p,(t).

Lemma 1. |x] 1s not greater than 1 for all large t.

Suppose x > 1 for t > T, then by hypothesis (1)
F(x) > 0 and by (ii) g > b5 > 0, and so using (4') and
(ii1) we have

¢
b, (6-1) < [ g()dt =k p,(t) - & + ¥ - k F(x)
T

{Bk -x+Y.

As t — o, the left hand 'side tends to infinity, and
so X must tend to -%; but then x — - o which gives a
contradiction. Hence x 1s not greater than 1 for

t > T, and similarly x 1s not less than -1.

§2.3. The strip Ix|] 1. Lemms 2. If
Ix] < 1 on an arc PQ,
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(5) I%q) < lxpl + B (k+1),

and more generally if Ix| < b, on an arc FQ,

(6) IXQl < Ixpl + By(b ) (k+1).
If |x| {1 and X > k + 1 on an arc PQ, the time
taken to describe PQ is less than or equal to ki1‘ For

- - t o
if not, since Xq Xp = J@ x dt,
Xq - Xp > (k+1). (t-T) > 2,

and since -1 £ Xp < Xq { 1 this gives a contradiction.
Similarly % is not less than -(k+1) on any arc lasting

a time longer than E%T { 2.

Let P1 be the last point before Q at which
[Xx] < k¥ + 1 or P itself whichever is the latest. Then
the time from P1 to Q 1s at most 2, and X has the same
sign as iQ on PQ. Suppose that iQ > 0 so that x 1is
increasing, and use (4') with T and t corresponding to
P1 and Q regpectively. This gives

t
(1) &g = dp < =k FOx) + /T gl dt + k Ip,(t)].

Since by hypothesis (i) f(x) > - b3 and x > X, F(x)
> - b5(x—X) > -2 b3- By (i1) lgl <v (1), and by (1i1)

Ip, ()] = ’/Ot - /oTpdt [ { B.

Further t-T { 2, and so combining these with (7), we
have

;‘cQ < xP1 + Bk + (t-T)y (1) < 5<P1 + B(k+1).
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Since iQ > o, kP1 > 0, this is the required result if

1
iQ { B(k+1) which includes (5).

If iQ <0, x<0on PQ, and since x is decreasing,
we obtain the corresponding result for —XQ when we
replace (7) by

P, = P, and Iif P, 1s not P, iP { k+1, and so
1

t
(1) g+ Xp <k Flx) + /T lgl dt + kip, (t)]

because

X
F(x) = - j/ f(x)ax < bB(X—x) £ 2b5.
X

The result for |x| < b, follows by precisely
similar methods.

Figure 6.
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§2. 4. Above x = 1. Lemma 3. If the arc QR lies
above x = 1 and begins and ends on x = 1, the greatest
helight h satisfies

(8) h < 5+ B,-

We Integrate from Q to H, the point at which
0, and using (L4) we have

_ t £
i - k J<hf(x)dx - Jé g(x)dt + k JQ p dt

=
[}
jog
e
[}

[}
o
I

4 kQ - k b, (h-1) + Bk,

in virtue of hypotheses (1), (i1), (iii). Hence

X
h-1 £ EB?* + B

which 1s equivalent to (8).
Lemma 4. If QR 1s an arc above x = 1 beginning and
ending on x = 1, then the time r taken to describe QR

is less than 33(12Q + k).
Integrating from Q to any point in QR

b4 t t
(9) x = Xq - k J§ f(x)dx - jg g dt + k Jg p dt

< %q - bg(t-T) + Bk.

r 2
Also 0 = Xg - xQ = ][ox dt < B(xQ + k)r- b3L§' Hence

r < BB(JEQ + k) which 1s the required result.

§2.5. The use of the energy equation. The next
lemma, which is in many respects the kernel of the proof,
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depends on the energy equation

t X
2 2 22
(10) x° - Y + 2k f(x)Xxdt + (x)dx
i ke
t
= 2k p(t)x dt.
h

This 1s obtained from (3) by multiplying by 2% and
integrating.

In lemmas 1, % and 4 we used the fact f(x) 2> 0
for x > 1, but we only used f(x) 2.b1 > 0 in lemma 3 to
obtain the special quantitative result (8). In the next
lemma f£(x) > b, > 0 is vital in order to obtaln a
decrease of energy on an arc above x = 1 with suffi-
ciently large energy, that 1s to say for sufficiently
large iQ when xg = 1.

Lemma 5. If QR is an arc above x = 1 beginning and
ending on x = 1, then for given B1 > 1 there exists

B, 2 B, such that if iQ > B, (k+1)
. 2 .2 .
xR < %q -8B,k Xq-
Suppose that qul > k. The energy equation for QR

is
t t
(11) %2 - *2 = - 2k £(x) %°dt + 2k p(t)kx dt.
R K h

t t
Let J=k [ f(x)%°dt >k b, / %2 dt, and let
T Jp

t - T =7, then using Cauchy's inequality and lemma &4,
we obtain from (11)
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(iz2) ;'cﬁ-ié(-zJa,Bk_/'idt
{-2J3+Bkr'/? (/l:‘c!e dt ) 1/
{-2J+ Brk.'/"’gé/? /2
= -2J ( 1 - % B5 (KEﬁQ)1/2) s

where B5 depends on B3. We may suppose that Bg > EBB1 .
Then the right hand side of (12) is less than
-J< - ng kq whenevor J 2 Bg k %o, and if this 1s true
the required resuvlt Tollows.

On the other hand If J < Bg k J'(Q, integrating
from Q until X = (1./2))'(Q or x = B, whichever comes first,
we have x increasing, and so

t Bg
[I‘ p(t)x dt = / p(t)dx < B.(B6-1 )
. 1
Hence by (11)
t
22 _ .2 _ _ 22 .
x .xQ 2k / f(x)Xx° dt + k /T p(t)x dt

Bg
/1 g(x)dx > -2 J - k B*B,-B

- 2 X - L] - - .2
> 2B5ka kB*B, - B 2 1/2xQ,

provided that x > Bh(k+1 ), where B, depends on B5 and
Bg;. It follows that X2 > /2 J'(a, and that means
x> 1)2 xq, so that x reaches B, first. But then
B
6 . X A~ 2
J 2k b x dx 2 k b, (B6-1);Qz_kB=xQ,
1 =

which is a contradiction if B, is chosen sufficiently
large. Hence J 2 k B2 xQ and the result holds.
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§2.6. Proof of the theorem for k > 1. By

lemma 1 we know that every solution enters the strip
x| { 1 at some time t > 0; if it remains in the strip,
we have x| { k + 1 at some point within time less than
or equal to 2 and so the result follows from lemma 2
with the |x| { 1. If the solution emerges from the
strip at Q returns to it at R, and next emerges agaln
at S, (see Fig. 2) then Iisl < qul - 2Bk, provided
that |x,! > Bh(k+1). For by lemma 2 with R = P and

S =Q, I%gl < I%gl + B (k+1) ¢ I%pl + 2 Bk, and so

%12 < (1%l + 2 B/k)®
= 1%3] + ¥ Bk Ixpl + & BY k2.
By lemma 5 |%gl® < IX3] - 8 Bk Ixgl < I%gl®, and so
I%g!2 < 1%3] - 8 Bk Ikl + & Bjk Ixgl + & BY k°
<151 - b Bk Ixgl + b B3k® < (Ixg) - 2Byk)®

for leI > B (k+1) >e B, k.

Hence the value of |X| decreases by 2 B,k each time
it emerges until Iin < B, (k+'), and so any solution
emerring from the strip at Q does so with IiQI < Bh(k+1),
provided Lhan & > t (X ,5, ). Bit if lin < By, (k+1), then
the maximum height or depth reached on the succeeding arc
outside the strlip ls less than B7 ty lemma 3 (8). Hence
Ix] <B, for t > t . R.turning to locmma 2 and putting
b, = B7, we have |%x] < Bu(k+1) + B,k = Bk which completes

o]
the proof.

§2.7. The case k < 1. If k {1, the result of

lemma 2 is inadequate because the reduction in energy
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Q
0
Figure 7.
obtained by lemma 5 on the arc QR above x = 1 13 now

comparatively small. At the same time we shall see that
the energy added on any arc PQ inside the strip is not
very large, but in order to have the change of the
energy 1n a usable form we may have to shift the strip
a little. Let

1
G = g(x)dx.
/,
It follows from (ii) that

:
el < [1 y(1)dx = 27 (1).
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- =1
If G ) 0, slnce g g—bj for x < -1, / g dx
“-b

1&
{ - b5(bk-1 ), and so therc is a b, such that

/-1gdx=-G,

I
.b5
and similarly it G < 0, _/ g dx = -~ G for some b5,and
1
(13) max (b, b5) < Bg.
In both cases by putting x =« 1x' +3, and choosling

@, and ﬁ1 so as to include the extra interval in

(-1, 1) we can make
1
(14) f gla,x' +4,)dx = 0.
-1

It follows from (13) that this normalization will
only add a constant B to the existlng B's

lemma 6. If the arc PQ lies in |x| ¢ 1 and begins and
ends on x = 1, and if

1
(15) / g(x)dx = 0,

then
W2, D .
xq < Xp + LB k leI + 4B k.

for B, sufficicntly large and Ix I B9
Suppose first that [x| ( 1 lel at som polnt P,

in PQ. Then by lemma 2 with P = P,,w¢ have
l_ L]
U'(Ql < 7 I%pl + 2B,, and so0
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25 < L8+ 2B Ixpl + 4 BY <35

provided that x > B9.

If |x] 2 2 |%p! on PQ, we may suppose without
real loss of generality that x > 0, so that x is
increasing and then the energy equation glves

X
Q t
+2 - ;2 = - - H :

xq - Xp= 2k/ £(x)%° at 2/3 £ dx =<.4pxdt

< 2k b, /J'cdx+kfpdx

< 2k b, (J'(P + 2B, + B)
< ¥k B (I%pl + 1)
for B1 sufficiently large which is the result required.

§2.8. The height. Although (8) 1s valid for k

small, it 1s inadequate, and we need

Lemma 7. If the arc QR lles above X = 1 and begins and
ends on x = 1, the greatest height h satisfies

h <1 +B3(J'(Q+k)2

By (9) x < }'cQ + Bk on QH, and by lemma 4 the
time teken is less than BB(J.(Q + k). Hence

t t
. ® s 2
h-1=~4 xdtg/r (kq + Bk)At < By(kg + k)

§2.9 Proof of the theorem for k { 1. Normalize
so that (15) holds. In virtue of (13) this only
changes 4 (1), b, and therefore only the precise B
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obtained in the conclusion. As before we reduce the
proof to the consideration of a solution which emerges
from the strip |x| { 1 at Q with iQ large and after
returning to it at R emerges again at 3. By lemma 6
with R= P, 3 = Q, we have

‘2 ‘2 (]
Xg < Xg + 1+B1 k lxRI + LBk,

for |xpl > By. If liRl 4 B, by lemma 2, lis| 4 B9 + 2B,
and so we have a solution emerging at R with [|x| { B.
If IiRI > B9, by lemma 5

. 2 .2 . .
Ixsl < Xq - 8B1 k lel + & B, k lel+-h B,k
— -2 - [} ] - 2
= %3 1+B1 k Ile + 4 B1 k < (xQ 2 B1k)
and so |%gl < |:‘<Q| - 2 Bk, provided that |:‘<Q| > B (k+1,.
Hence lin decreases at each subsequent point where the
solution emerges from the strip until IiQI < B, o
= max (B9, Bh(k+1)). But now the maximum height 1s
less than B11 by lemma 7, and the result follows from
lemma 2.

Part 3. Topological Consequences of Theorem 1
§3.1. We now return to the case of 1 (3) in
which p(t) has period 2x/\, and consider the topological
consequences of theorem 1. As we sald the solution of
1 (3)(and therefore the solution of 2 (3) with k = 1
and p(t) having period 27/\) gives rise to a (1,1)
continuous orientation-preserving transformation T .
Theorem 1 asserts that for every Xq» yolx(t,xo,yo)l and
Ii(t,xo,yo)l are less than B where B is independent of
X55¥, for t ) to(xo,yo). In particular
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Ix(2n /A,x,¥5,)1 <B
Ix(2n /N ,x,,5,)] < B

lxnl

1y,

for n > no(xo,yo), and this means in the notation of
1.3 that there is a B such that T™(P ) 1ies in x° + y°
< B for all > S and all n > no(xo,yo). We shall now
prove a fundamental result based on a more general
hypothesis suiltable for later applications, and then
deduce from the fundamental result properties of an
invariant set and the existence of a fixed point in 1t.
Theorem 2. Let T be a (1,1) continuous transformation
of the plane into itself, and let Do be a fixed domain
and D a domain containing DO bounded by a closed Jordan
curve J. Suppose that if P 1s a point of D, every T™(P)
lies in D, for all n > ny(P).

Then there is a domain A depending on D having
the following properties:

(1) A 1s bounded by a closed Jordan curve
(i1) A contains D,

(111) T(A) is contained in A .

§3.2. We need a compactness result

Lemms 8. Suppose that the hypotheses of theorem 2
hold, and let n(P) be the first n > 1 for which T (P)
lies in D . Then there 1is an N guch that n(P) { N
for all P in D.

Corresponding to each P in D there is an n(P)
such that Tn(P)(P) lies in Do’ and since Do is an open
set there is an open circle v (P) with centre P a point
of D such that TF)(y(P)) lies 1n D,. The set of
circles v (P) form an open covering of the closed set 'D,
and so by the Helne-Borel-Iebesgue theorem we can
extract a finite covering v (P, )+«(P,)+..+~(P ). Then N,
the maximum of n(Pu) for u=1,2 ... m satlsfies the
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result. For every P of D lies in some y(P,), and so
T™(P) lies in D, for some n  (P,) < N.

§3.3. We also need a lemma on connectivity
based on the use of the Jordan curve theorem and other
allied results.

Lemma 9. If D1 and D2 are the interior domains of

two closed Jordan curves J1 and JQ, and if D,. D2 is

not null, then the frontler I' of the unbounded component
U of the complement of J1 + J2 is a closed Jordan curve I
whose interior domain A contains D1 and D2, and I is
contained in J, + Js .

There are three possibilities, elther (1) D1 C D2,
or (2) D1DD2, or (3) neither (1) nor (2) is true. In
case (1)TI = Jz’ D= D2 and the result is obvious;
similarly in case (2)1l' = J,» D =D,. In the remaining
case there are polnts of D2 in D1 by hypothesis and
also points outside, but D2 does not contain D1 . Hence
there are points of J2 both 1inside J1 and outside it.
For if there were no points of J2 outside D,, the points
of De outside D1 could be joined to infinity without
meeting J2, and if there were no points of J2 in D1 R D1
would be 1ncluded in D2. It is easy to see that |' is
contained in J, + J2, and 1f it 1s a closed Jordan
curve, the Interior domain A of I' must contain D1 + D2.
It therefore remains to prove

Lemma 10. Let J, and J2 be two simple closed curves

the exterior domain of J1 . Then the frontier I' of the
unbounded component U of the complement of J1 + Jz is a
closed Jordan curve.

The following proof is due to Mr. Floyd. For
this lemma only we use small letters to denote points,
or mapplings.

We define a map f of [ into J,, and prove that
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it 1s a homeomorphism of I' onto J1. Suppose that x el
and xe¢ J,. Then define f(x) = x. Suppose next that
xel', but x does not belong to J, so that x belongs to
J2. Then there 1s a unlque sub-arc Ax of J2, containing
x as an interior point, whose interior polnts are points
of 1'but not of J1’ and whose end points a, b are points
of J,. Then J, + A, 1s a theta curve (a curve consisting
of three arcs Intersecting only in their end points).
Hence J1 + Ax divides the plane into three domains, the
two bounded domains being disjoint from U. Let RX
denote thc complementary domain of I' - Ax which 1is
bounded and has Ax on its frontier, so that Rx' U= 0.
Let Bx be the arc of J, which is on the frontier of Rx.
Then we can define f on Ax as a homeomorphism of AX on
to Bx which keeps the end points of Ax fixed, and the

definition 1s complete.

Figure 8.

We next show that to every x of J1 corresponds &
point £ '(x) of I' . If xe J, and xel' this is obvious.
If x ¢ J1, but x does not belong to I' we can construct
an arc Cx from x to infinity which meets J1 only at x.
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Let y be the first point of the arc which intersects I'.
Then the domain def'ined as before contains the part
of Cx from x to y, and hence x is the image of some
point of Ay under f.

In order to see that f is (1,1), we suppose that
if x,, xzel‘ and f(x1) = f(xe). If xel' and x does
not belong to J,, then f(x) does not belong toT'. Hence
if f(x1)e r, x, = Xy Suppose then that f(x1) does not
belong to I', then Ax1 and Ax, are disjoint, except
possibly for thelr end points. We have f(x1) a frontier
point of both Rx1 and Rx,, and not an end point of A,
or Ax,, so that Ry, and Rx2 have common polnts. But this
is 1mpossible. For if points of RX1 belong to RX2 they
can be joined to the polnt at infinity by an arc only
meeting J, in Ax,, and so not meeting either Ax, or Bx,.

Finally we observe that f 1s continuous. For the
arcs Ax are countable in number, and only a finite
number of the sets Rx can exceed a gilven positive
number ¢ in diameter.

§3.4. From lemma 9 we deduce at once

Lemma 11. Iet T be & (1,1) continuous transformation
of the plane on to itself, and D a domain bounded by a
cloged Jordan curve J. If D. T(D) %+ 0, then the
frontier Iy of the unbounded component UN of the com-
plement of J + T(J) + ... + TN(J) is a closed Jordan
curve whose Interior donadrlAN contains D + T(D) +

... + TN(D).

If N=1, putting D, =D, D, = T(D) we obtaln the
result from lemma 9. Suppose that the result holds for
N - 1, and put D, =4 y_,, Dy = TV(D). Then J, =Ty .,
and J2 = TN(J) are closed Jordan curves, and since
Ay, contains D + T(D) + ... + TN (D), the unbounded
component of the complement ofl‘N_1 + TN(J) will be the
unbounded component UN of the complement of
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J+ T(J) + ... + TN(J). Since D *T(D) # 0, we have
™= (D) ™ (D) 4 0, and since A o, contains ™V (p),
this implies .\N_1-'FN(D) 4+ 0. Hence the conditions of
lemma 9 are satisfled, and the frontier I‘N of UN is a
simple closed curve whose interior domain contains
and TN(D), and therefore D + T(D) + ... + TN(D).
§3.5. Proof of Theorem 2. First of all Do and
T(Do) have polnts in common. If not, whenever
Tn(P) € Do’ Tn'”(P) does not, which gives a contradic-
tion for any fixed P and n » no(P). Since D and T(D)
have the sct DO . T(DO) in common we can apply lemma 11
Let N be the number defined in lemma 8. Then for all
Pe D, T™(P) ¢ D for some nNg N and D, is contalned
in D, and so indy_,. For TN(P) = oN-0(P) (p(F)(p)),
where T™F)(P) e D, and n(P) > 1 so that

By

T2(P)(p ) 1 contained indy_,. Hence T"(D), and so,
T(D + T(D) + ... + TV 2(D)) + TN(D)
are contained Iniyg .. Also since TN(ﬁ) lies in

By_y» ™(J) 1tes tnay_,, and so T('y_,) lles inFy .,
and therefore ‘AN = AN-l . It is now easy to verify that
A =AN_1 gatisfles all the conclusions of theorem 2.

§3.6. The maximum invariant set. Vgrious conse-
quences follow from theorem 2.

Theorem 3. If the hypotheses of theorem 2 hold, then

(o] n, -
T &x) =58
Te=1

is a closed connected set such that T(S) = S. Further
the complement of S Is a simply connected domain Lf the
point at infinity Is Included in it.

Since A contains T(A) which contains T2(a) and so

on, and all these sets are closed and connected, S 1s
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a closed connected set, and obviously T(S) = 3. Further
if C 1s any closed Jordan curve in the complement of S,
then C lies in the exterior domain Dén) of T(r) for
some n, and since the exterlor domain of a closed
Jordan curve 1ls simply connected if the point at in-
finity is included, C can be deformed into a point in
Dén) which 1s obviously contained in the complement of
S. Hence the complement of S isa =simply connected domain

A Fixed Point Theorem. The following result now
follows easily

Theorem k4. If the hypotheses of theorem 2 hold, there
is a fixed point in S and I' has index number + 1.

By thcorem 7(1*i) the Brouwer fixed polnt theorem
can now be applied to the 2-cell A, and so A contains a
fired ~co-nt, wul by the definition of S if there 1is a
fixed point in I it must lie in S. Further since for
each point P of A& T™(P) lies in D_(which is in 1) for
n > nO(P), no point of I' is fixed. Hence for every
point P onI' the vector P, T(P) has positive length, and
so as P describes I' the vector turns continuously. By
mapping A (1,1) and continuously on the unit circle 1t
can be shown that the vector turns through a total
angle +1.

§3.7. Properties of solutions. From these
theorems we now deduce the following with the help of
the remarks made in 3.1

Theorem 5. If the hypotheses of theorem 1 hold, and
also p(t) has period 2x/\, then there is at least one
solution of 2s1 (3) (or 1.1(3)) with period 2r/A.

finite, the corresponding points satisfy 1.7 (1)/.
This follows immediately from theorems 1, 3 and 4.

§3.8. Since by theorems 2 and 3 T (a) tends to
S and T(A) 1s contained in A. for everyéd ) O every
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coluton of 1.1 (3) for which (xo,yo) lile iIn D has
(xn,yn) within s ¢distance § of 8 fcrn > NO. whers No
devends only on D. By ths well known exlstence theorem
methods if Ix | <{B,, lyy,! < B, Ix(t,xp, yn)l 'Y B,,
| x (t.x,3,)! 4 B,, where B, 1s Independent of t, X, ,¥,,
for 0 { t { 2x/A, and so all solutions tend unilormly to
S. A gimilar quentitative result for 2.1(3) in terms of
k requires some sort of uniformity ir Theorem 1.

It shculd be observed that sclutiong do not
converge uniformly to Do' For solutions starting in
D, may emerge after an arbitrarily long time.

—L—

C Xr"ﬁ P W

Figure ¢.

This may be secn by considering an Invsriaat set S
conalsting of a circle with a statle point, and a col

at opposite enfs of a dlameter, and an unstable point at
its centre. Then DO can be taksn to be a thin rectangle
containing this dlameter in 1ts interior. For all P
excent the col and unstable point which are rixed In

I% tend to the stable point which 1s fixec in Do' But a
point P near the unstable point on the radius to the col
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ends to ths cnl, and so T®(P) is on the radius near the
col for all large n. Hence for a point Q sufficiently
ne&r P T™(Q) is near T™(P), and if T™(Q) is near the col,
it will obvicusly =merge from D0 pefore reentering arnd
tending to the stable polnt.

As we observed in §2.1 the methods of theorem 1
can be improverd so as to glve uniformity with iespect

to (x,,¥,)-
§3.6. Damping and Area. Suppose now that
X, = x(27/\, ) :YO), Yy = y(2x/a, X572 }C)

have continu.ug derlvatives with respect to Xy Yor
Tris will be the case if £, g in 1.1(3) have continuous
derlvatives of the second order, and p has a contirmous
derlvative of the irst order.

Theorem ¢. I in the equatior 1.1(3) I and g heve

has & continuous derivative of the flrst order under the

transfoimation T Jefincd by the equation, then any
gufficiently small area 6}:0 3y, 8oes into an area

21/?\

( --/ f at
€

° e)éx 63
+ 00']0’

where ¢ — 0 as 8):0, 6y0 — 0.
Corollary. If f 2 b, > 0 for all x, then under T sach
—%sui‘ficgmtl small area X, 3y, goes into an area less
than e 2b1#3xo 6y, and so all finite areas tend to 0
urder 1" as n —-+%. In psrticular £ has zero area,
and caunsb contain a simple closed curve.

After time t the arca 5x0 a:,'o occaples an area
J(t) ax, dyc approximately, where
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= | 9X_ X
J(t) OXO’ (')yo
¢ Ay _
X, Ay,

Now since the derlvatives are continuous we can change

the order of differcntiation, and so

dJ | ax_ ax N 09X x
= ) 2
dt axo ayo Xy ayo
o ] 4y (. B i
ax,’ dy, x " Ay,

But x =y, and ¥ = ¥ = -f(x)y - g(x) - p(t), and p(t) is

independent of Xos Yoo Hence

o= -t s - (reoy s et0) B
o} c o

and similarly for Yor All determinants with two rows

the same vanish, and so

aJ = - £(x)J.
dat

Integrating from 0 to 27/, we have
2w/
J(2wx/A ) = exp (— j/ f(x)dt >
o)

which is the required result.
The corollary is an obvious consequence of

theorem 5.
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§3.10. Recurrent Points. The points of S may be
divided into two classes (a) wandering points (b)

recurrent points. If there is a neighborhood U(P) of a
point P such that T™(P) does not 1lie in U(P) for
n > n,, then P is a wandering point. Otherwise P 1is
recurrent. A fixed point, and a perlodic point are
recurrent points.

ILet P be a recurrent point. Consider the set
E=2 _ T(P), where n runs through all integers from
- % to +0. Then every peint of E is recurrent. In
most cases E' also consists of recurrent points. A
minimal recurrent set M 1s a closed set of recurrent
points which has no proper closed subset of recurrent
points. If P 1s fixed or periodic, M is finite. 1In all
other cagses M is infinite. It may, or may not, be
locally connected. It 1s known that sets which are not
locally connected exist, and also, I think, that locally
connected sets correspond to uniformly almost periodic
solutions, and cannot occur when S has zero area. It 1is
an Interesting unsolved problem whether any recurrent
set other than fixed or perlodic points can occur for
transformations corresponding to equations 1.1 (3)
satlsfying the conditions of theorem 6 Corollary.
Levinson has given an example of an S of zero area
contalning a recurrent set which 1s not periodic, but his
transformation does not necessarily make all small areas
reduce by a factor less than Jo < 1 as in the corollary
of theorem 6.

Part L. Positive Damping
§4.1. We now return to the discussion of the

equation (3) of §2.1 from an anlytical point of view.
It is known' that the solutions of §2.1 (3) for
7. See M. L. Cartwright and J. E. Littlewood,

Journal of the Iondon Math. Soc. 20 (1945) 180-189, also
N. Ievinson, Annals of Math. 50 (1949), 126-153.
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f and g may include stable and unstable solutions of
different periods, combined with an irregular type of
recurrent solution; and it 1s easy to construct
functions f and g for which the equations have both
periodic and almost periodic solutions. In fact if
£=o0, IxI <5 r=20xl - 1), Ixl 2L, g=x, p(t)

= % cos t, the equation will =atisfy our conditions anu
have almost periodic solutions for irrational M. The
richest variety of solutions is usually associated with
equations for which f < 0 for some x, and so, although
we cannot hope to prove any very precise result without
further hypotheses, we may expect some sharper results
if £ 2 b, > 0 for all x. Theorem 8, below, although it
says little about the solutions, strengthens this
conjecturee. Sharper results are in fact obtainable for
£ 2 b, > 0, although in order to obtain a single stable
periodic solution to which all others converge we have
to make additionsal assumptions about g as well.

§4.2. In the next theorem p need not be perilodic,
and the result 1s merely a quantitative improvement of

theorem 1.
Theorem 7. If the hypotheses of theorem 1 hold, and if
f 2> b, > 0 for all x and k > 1, then

t
%1 <B, F(x) -p, =C - & [ gat+o(),
where the constant implied in the oois a B.
Cor. If f' and p' exist and [f'| < B, |p'l < B, then
%] < B and £k = p + O . "
Proof of Theorem 7. Letr (t) =/O f(x)dt, then r > bt

8. The theorems of this section and their proofs
are taken from M. L. Cartwright and J. E. Littlewood,
Annals of Maths. 48 (1947) 472-49k.
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for t > 0. By theorem 1 |x| { B arnd so Ig(x)| < v(B) = B.
Further there exists a P for t ) t_ such that liPl 1.
For 1if not, |x| cannot remain less than B. Changing the
origin so that t = 0 at P, and multiplying by €57, we
obtain the equation in the form

X ekf) = ekr

& ( (kp - g)-

Integrating we have

t
1% %71 ¢ Ikpl + Bk / K7 (gt
(o]

But r' = f, and er > o0 fort > 0, so

/t ekr dt = /t ekr fd—f1.3—

(o] (0]

t kz

1 Kr € .
< ‘éefdtgka.

Hence |X| { 1 + B/b, = B. The rest of the theorem
follows from the integrated equation 2.2(4').

Proof of the Corollary. Put u = fx - p/k so that
X=-ku-g, and 4= -kfu+ h. where h = - fg + £1%2
- B/k = 0(1). For i=fX + £'%° - p/k. Now

kr

d (u ekf )=he ,

at

and so

_ _ t
u=u, e kr , ok j[ h X7 at,
)

where u = u, at t = 0. Hence

_ t
lul < lugl e + B o™ /7 & at
o

= 0(e™®" ) 4+ o(1/k) = o(1/k).
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Hence X = 0(1) and the result follows.

§4.3. We next add hypotheses on g and introduce
the idea of convergence. Any two solutions X1(c), Xg(t)
gre said.to converge if X1(t) - Xg(t) — 0 and
X1(t) - Xz(t) ~— 0as t — e,

Theoiem 8.  Suppose that the hypotheses of theorsm 7
hold, and that p(t) has period 2x/x. Suppose further
that g(0) =0, g' > b, > 0 for all x and Ig''(x)]

< G(g) for Ix| (¢, where G is independent of k. Then
all solutions for which

(1) IxI <& os XD g for t 2t

converge, provided that

(2) 27, G(E,) {kDbb,.

1. All solutions converge for k » L
Qgg. 2. If p(t) 1s periodic, there exists a periodic
solution X to which all solutions satisfying (1) and
(2) converge.
Proof of theorem 8. Consider any two solutions
x1(t), xe(t) of §2.1 (3), and let z = X, = Xy
= g(x,) - g(x,), AF = F(x,) - F(x,), where

l?

Fkx) = .QX f(x)dx as usual. Then substituting in the
equation and subtracting, we have
{ALE 'z } + A8 - z = 0.

(3) Pk S

dt z

Multiply by z and integrate. This gives
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t
_ 1.s2 _ g2 AF L3
(&) o 2(2 zj) + k b= ez« 2 !o
t t
_AE. b ag 1,2
-k 42 z ¢ z 4t + [ 7 ' 2 2 o

1,24 (Ag
/02 t(z)dt

187

The integrated terms are 0(1) as t —— ®, (the constant
implied 1s Bk? but this 1s irrelevant). Substituting

for Z from (3), we have

AF . d F
T'Z.Zdt:k_l{ LW(—Z -Z)

A 2

2 ¥ = Ly
z 2

() f{k—%}‘i.-ﬁ%-d— (—-—\-E)} zZ dt = o(1).

- 5-2 {g(x +2z) - g(x) - zg'(x + z)}= X g"(x +v2z)
4
- % é—(—z)2 g"(x + z - ¢'z),

where 0 (¢ < 1, 0 { g' < 1. Since |g"| gG(zo)
for Ix| {g . and Ix| { &, IxI <90, 121 {244,
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we have

L (42) (eoq, o).

Since AF/z = £(x + ¢"2) 2b1, 0< #" <1, and.

A g/z 2 b, (because g' > b,), the part of the integrand
bracketed in (5) is greater than or equal to k b1 b,
-2, G(EO) > 0 1f (2) holds. Hence (5) gilves

/ot z° dt = 0(1) as t — oo, Since z = o(1), it
follows that z — 0, and since Z = 0(1), this gives
Z — 0. Hence the solutions satisfying (1) and (2)
converge in the sense defined. It may happen that no
solutions or only one satisfy (1) and (2).
Proof of the corollaries. Corollary 1 follows
immediately from theorem 1 and theorem 2 by taking
EO, L sufficlently large, and then k = 27 G(EO)/(b1bh)-
For corollary 2 we suppose that p(t) has period
er/\ , and write x , in for the values of x(t,x,,y,)
at t = 2n=/A. x(t,xo,yo) and x(t+ 2p ,xoyo) converge
and that means

) )
- —_— - N
Xn Xn+p 0 X X +D o}

for all pas n — %. let (X,Y) be a limit point of
X, %,. Then x = x(t,X,Y) has period gf53 and all

solutions converge to 1it.

§b. k. Some of the best known cases of positive
damping are assoclated with hysteresis phenomena which
may perhaps be represented by an equation of the form

(1) -'.X' +f(X,JE)J.( +8(X,J.()=D(t),

although it is not clear precisely how the functions
f and g should be defined. In this form the proof of
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lemma 2 1n theorem 1 requires a slight modification, but
the result of that theorem remains true provided that
f(x,%x) and g(x,x) satisfles hypotheses (1) and (ii),
and the same 1s true of theorem 7. Theorem 8 however
depends on properties of F(x) = %x f'(x)dt which does
not exist and the result 1s not true’ for equation (1)
in general. Hysteresis occurs in problems of ferroreso-
nance2 and subharmonics have also been observed in such
problems when the damping depends only on x, but g" 1is
very large. The equatlion 5

=1

2
) = 3

X +kx+x(1 - €+ % € X € cos 3t,

also has three subharmonic solutions for e (e o and

k < k,(€), and many other equations of a similar type
have subharmonic solutions. The modified form of

lemma 2 of theorem 1 to cover equation (1) is as
follows: Let IiQI = liPI + U, u 1. We have to prove
u < B. We may suppose Q th-: flrat point aftzr P at
which Ile = IiPI + U. ?et Q, be the last point before

Q at which [X]| = |kP| + 7 u. Then In QQ x| lics

between IkPI + % u and lkPI + U, and so it is of con-
stant sign, say, positive. Then X at a point of Q1Q

1s algebrailcally at most

-fx+ lgl + Ipl B (I%pl + u) + B=«a, say.

1. See M. L. Cartwright and J. E. littlcwood,
Annals of Math., 48 (1947) huo-hgh.

2. See W. H. Surber, Jr., A study of' 'erroresonant
and subharmonic oscillatlons, Thesis for the degrcc of
electrical engineer (Princcton 1948).

3. See M. L. Cartwright and J. E. Llttlswood,
Annsls of Math., 48 (1947) 490 et. scq. The term
33a€1 has been omitted from some of thc calculations
of the order of k.




190 M. L. CARTWRIGHT

The time from Q, to Q 1s at least % u/a, and

j/'Q ¢ at %] + 1 u
Q1 X > ( Xpl + 5 u) ol

=

"

Xy - X
Q Q
Since - 1 xQ1 < Xq < 1, we have
(liPl + % u)u < B(liPl +u) + B,
and whatever the value of Xp, this implles u < B.

Part 5. Nearly Linear Oscillations

§5.1. In this part I propose to review the
methods for nearly linear oscillations. That is to say
cases in which certain periodic or almost periodic
solutions of 1.1(3) and 2.1(3) are nearly equal to
solutions of a linear equation over a fairly long time.
The equation 2.1(3) itself is nearly linear for
1x] <X, |yl < K if it can be written in the form

2

(1) X +kXx +w° x =p(t) +e ¢ (X,X,¢),

where k > 0, ¢ 1s small and positive and

(2) lel < B

for all t over the range of x, y and ¢ considered. The
constant B is independent of ¢ here and also in what

follows. We shall suppose, as 1s usually the case, that
p(t) is of the form

t) = (At a ),
(3) p(t) Iée1_—p1.1003 ot *ap

t
/ p(t)dt I( B
(o]

in theorem 1. Further we may obviously suppose that k

where \ > 0 because we assumed that
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and w? are either 0 or not 0(e¢). For if one of them
is 0(e), the corresponding term can be absorbed into ¢.
This still leaves the possibility that k and «° may
depend on €.

§5.2. The case w + 0. Suppose first that
w # 0(¢), In this case it 1s best to normalize by putting
wt = t' so that w = 1. Suppose that when this has been
done we obtain the equation

(%) X + kX + X =p(t) + e ¢ (X,X,¢€),
where
(5) lel < B for Ix| < B, lyl <B.

The corresponding linear equation is
(6) X + kkx + x = p(t),

which has a solution of the form

(7) x =a,e & cos pt + a.e Kt sin pt o+
1 2
\2
. o) p(1%ﬁcw u§+%)+ksh1uéuﬁ)
n 2
=1 (1 -a2) +k?

provided that k and Np -1 are not both 0.

If k ) 0 (and so by our hypotheses not 0(¢)),
and if the partial derivatives of ¢ are bounded by B's,
the conditions of theorem & hold. For in the notation
of theorem 8, we have

fzk-dBkl‘k, g' 21 -¢B, Ig"| {Be,
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so that b, > Tk, b, > T and G {¢B so that 4.3(2) holds.
Hence all solutions converge to a solution which 1is
glven approximately by (7) with a, = a, = 0.

If k = 0, 1t may be observed that by adding
0(e) to w® before standardization we can avoid the case
in which Ap=1 exactly, but gkn -1 1s small the
golution given by (7) may go outside the range in (5)
unless Py is also small. In this case the solution 1s
not nearly linear, and so we shall not consider it. In

other cases where k = 0 by putting

cos (.\nt + an)
X = o} + X, ,
n N 1
n

and dropping the suffix we obtaln an equation of the
form

(8) 3('1 + X, =eb (x,,x,,t,¢ ),
where
(9)
. . m .
(X,X,t,¢) =@ (X,X,¢) + > ¢ (x,%,¢) cos (\t +a,),
n=1 n
and

(10) | (x,y,t,e)] <B for |x| (B, |yl <B.

§5.3. The case w 2 =o. Before nroceeding

further, it is worthwhile considering the case w= 0
which we passed over. The solution of the corresponding

linear equation for w = 0 viz.

(1) X + kx = p(t)
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is of the form

= X(t,a,b)

_ «®t =2
(2) x=a+be +r§pr'lcos()\nt+ar'l)

where a and b are arbitrary constants. Putting

x = X(t,a,b) + €X,

in 5.1(1) which is now of the form
(5) Jf+ki=p(t) +f§9(x,i:€);
we have

("") 5&1 + kJ.(.I ="’(x;).(}e) + € ”1(x1 JJ‘(.I ,X,).()

The first approximation of (4) is

(5) X1 = A + Be—kt + o (a,0)t +¢,
where A and B are arbitrary constants, and e o contains
t only in the form e X%, cos (At +a,) so that ¢, is
bounded as t — % but x, is not unless ¢ (a,0) =0,
which cannot occur in equations derived from 2.1(3)
unless a takes a special value or g(x) is linear
over some range. If ¢(a,0) # 0 for a near 8, it is
clear from (5) that the solution tends to move away from
the solutlon obtained by putting a = 8y b=B= 0, and
so even if there 1is a periodic solution of 2.1(3) it
cannot be stable unless perhaps the period tends to
Infinity as ¢ — 0. For this reason we exclude thils
case, also the one with w= 0 and k = 0 from considera-
tion. 1If kD0 and ¢ (&,0)=0, the result is similar to that
in §5.2.

§5.4. In virtue of the preceding remarks, the
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main problems connected with the equatiom 2.1(3) in its
nearly linear forms can be reduced to the consideration
of the equation 5.2(8) namely

(1) X+x=c® (X))E)t,‘);

where ¢ (x,y,t,€) and its first and sccond derivatives
are bounded by numbers independent of ¢, and

¢ (X,X,t,e) = g;;(bn(x,i,e) cos ()nt +@n).

In most special cases the series for ¢ only contains a
finite number of terms.

The main problem in the modecrn physical theory of
osclillations is to determine what types of oscillatlon
are likely to occur in a system,either by varying the
parameters of the system,or by the application of some
jerk or shock. This is equivalent to determining solu-
tions, usually periodic or almost periodic solutions,
which have some kind of stabllity for small displacements.
The unstable periodic or almost periodic solutions are
of interest to the pure mathematician, partly as a means
of determining the existencc of stable solutions. These
qualitative rcsults arc usually determined py the tirst
and second terms in the approximation, or rather by
determining how the first approximation varies. The
higher approximations are of minor interest, but are
gometimes required in order to obtain the frequency of
periodic solutions accurately. 1In all cases we requlre
an approximation valid over a very long time, and so the
Poincaré method is of little value unless combined with
other devices.

In estimating the valucs of the various methods
gvallable it may be useful to consider, (1) whether a
method 1s convenient practlcally, (2) to what extent 1t
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s accurate, and how easy it 1is to justify it, (3)
whether it 1s adequate for dealing with all the cases
which arise. Under (3) we may consider methods in
relation to the following important cases of the
equation 5.2(8): (a)¢ independent of t, (no forced
oscillation); (b) A, near a certain integer or rational
fractior;xn.= nk1, and conditions such that there 1s a
periodic solution, (this may be described as the resonant
case with synchronization); (c) the non-resonant case in
which no A\ n is near any significant rational fraction
and the solution 1~ ,t periodic, but 1s a perturbation
2bout a solution of the form b cos (t +a); (d) transi-
tion phenomena between (b) and (c). The cases may be
illustrated by van der Pol's equation in the form

¥ +Xx=¢€(1 - x2)% + pe Acos (At +«)

Case (&) occurs if p = 0, case (b) occurs if A- 1 = 0(c),
providecd that p 1s sufficiently large, and also when

N\ - 3= 0(e) and pe is not small. The latter case is
called the case of subharmonic resonance, and the
integer 3 has a special significance because the only
non-linear term is of the third degree. Case (c) occurs
with \ not near 1 or 3 and then the solution is a
perturbation about the solution with p = 0, and case (d)
ocecurs on thc borders of (b) and (c). In cases (a) and
(b) we have the advantage of a clear aim viz. exact
periodicity, in case (c) of a slight deviation from the
better known case. (a).

§5.5 Problems of Approximation. There are two
problems of approximation which may be worth mentioning.
The first is that if the original equation 1.1(3) or
2.1(3) contains several small terms it is usual to
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normalize so that there 1is only one small parameter to
consider. Thils process nearly always cuts out at least
one special case which needs separate consideration.
For instance Mandelstam and Papalexi9 in their work on
subharmonic resonance standardize in a way which is
roughly equivalent to making

(X)X =€ (@ + X + v xe)x
which excludes any even function f(x) such ase¢ (1 - x2)
which occurs in van der Pol's equation, and also all
other functions with very small odd terms 1in f(x).

The other problem is that of tlie treatment of ¢
when it 1s not regular. The non linear function may
have discontinuous derivatives of some order. It will
be clear from what follows that it 1s the Fouriler co-
efficients of p(X,k,t,c) where X, X are the first
approximations which are most important. In physical
problems harmonics higher than the third are often
negligible and even the third is small, and so 1t 1s
sometimes assumed that it will be sufficient to use a
cubic polynomial as an approximation for ¢. But this is
not necessarily the case except for fixed values of the
parameters. For ¢ may be strictly linear from x = - 1 to
X = 1, say, and need substantial second and third degree
terms for its representation outside this range. For
instance f(x) in 1.1(3) may be of the form shown, where

BC is a straight line.

A d

9. L. Mandelstam and N. Papalexl, Zeitschrift fur
Physik, 73 (1932) 223-248.
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§5.6. Fourlier Series. The most obvious method
in cases (a) and (b) 1s to try substitution of a Fourier
series. If there 1s a periodic solution, it certainly
can be represented as a Fourler series, and if the
serles contains one or two dominating terms it is fairly
easy to estimate their amplitudes. There is something
to be sald for using a complex Fouriler series

X = E%t aneni“t
n=-%
which makes combination of terms arising from multipli-
catlion fairly easy, but even so it 1s easy to overlook
certain combinations.

The method gilves necessary conditions for certain
types of periodic solution and is valuable in the pre-
liminary stages. Other methods are needed for the dis-
cussion of stability, and the method fails to give any
information if the Fourier gseries converges so slowly
that many terms are of comparable magnitude; for then
very many product terms have to be considered. Even
with two terms of comparable magnitude in the Fouriler
series the estimation of the higher approximations
rapidly becomes laborious by this, and, I think, by any
other method.

§5.7. The method of Lindstedt was used by
10

Appleton and Greaves ~. It can be used to obtain a
periodic solution in case (a), but needs modification in
case (b) and for non-periodic solutions. The method
consists in arranging the approximation so that each

term of order en, n=1, 2 ..., consists of a periodic

170. E. V. Appleton and W. M. H. Greaves, Phil.
Mag. 45 (1923) 401-41L4. For justification and discussion
of stability see W. M. H. Greaves, Proc. Roy. Soc. A,
103 (1923) 516-524, and Proc. Cembridge Phil. Soc. 22

(1923), 16-23.
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function of t independent of e . In case (a) the period
is of the form 2z/Q2, where 02 =1 +e w? + ezwg + e
and so by changing the variable t, we can obtaln the
equation 5.4(1) in the form

2 2 )

X + x(1 +ew2+ew2 + ...

1

=€ @1()(,).() + 52"’ X,X) + ...

o
with a solution of period 27 exactly. Eacuating coeffi-
cients of « ™ we have a first approximation ¥ + x = 0
with solution x = a sin (t + @). By a change of origin,
we make « = 0, substitute x = a sin t + €X,, and equate
coefficients so that

Xl + X, = —w? a sint + ¢1(a sin t, a cos t).
Here the values of a and «, are chosen so that no term
in sin t or cos t occurs on the right hand side thus
eliminating secular terms.

The method can easily be justified in this case
by the use of classical theorems, and seems quite well
suited to obtaining higher approximations of periodic
solutions. It does not touch the question of stability
or general qualitative results.

In case (b) the period, if it exists, must be a
multiple of the period 2x/x» of ¢(x,y,t,e) in t. The
method has been applied to this case, but it is less
easy to justify it here. The method of Poincar€ gives
a solution in the form of series in power of ¢ provided
that the initial values of x and x are fixed, and of
course that & is analytic in all the variables. But the
initisl values of x and x which glve rise to a periodic
solution vary with ¢, and so the series obtained by
Lindstedt's method may be only an asymptotic serles.
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§5.8. The remaining methods are applicable more

generally and are sultable for quallitative results, but
in some cases they do not go beyond determining roughly
how the first approximation varies over a fairly long
time. They are based on the fact, which 1s evident,
that over any limited time a solution of 5.4(1) which is
bounded 1s of the form

(1) x = b1 gint + b2 cos t,
where b1, b2 vary slowly, which 1s equivalent to

(2) x = b sin (t +a),
or

(3) x =Db sin 6,
where b, @ vary slowly and 6 1s nearly t.

Appleton11 and van der Pol'? used (1) and assumed
on physical grounds that 51, Be are small and that
b1, b2 are negligible compared with certain terms in
b1, b2. They give no purely mathematical justificatlon.
But Mandelstam and Papalexi13 used b1, b2 ag parameters,
adding the condition

(%) 0=Db, sint + b, cos t.

1

By this means exact equations for b1 and b2 are obtained,
and if 5.4(1) is of the form 5.1(1) so that ¢ has period
27/\ , we have

11. E. V. Appleton, Phil. Mag. 47 (1924) 609-619.
12. B. van der Pol, Phil. Mag. 3 (1927) 65-80.
13, See.A. A. Andronov and C. E. Chailkin,

Theory of Oscillations,edited and translated by

3. lefschetz, (Princeton 1949), also L. Mandelstam, and

N. Papalexi, A. Andronov, S. Chalkin and A. Witt,

Tech. Phys. of U.S.S8.R. 2 (1935)(in French) 81-134.
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By = e #olbys bp) + ¥ (bys By t)

]
(5)

b2 = E{X o(b1’ be) + x1(b1, b2 t)

where %1, x, are represented by Fourler serles having
terms of the form cos (n + m\) t, sin ( n # m\) t, but
no constant term. In case (a) \ does not occur, and
putting et = t' in (5) we obtain equations with a short
period 2x. of the type considered by Fatou h.

db1 ’ £
(6) <
o X (bys by) + x,(bys Dyy )
L

Fatou showed that for every T, the solution of (6)
differs from the solution of

db,
—L =y (b1, b, )
at'

(7)

db

2 _
for t, {(t < t, + T by less than Be, and so (5) is falrly
accurately represented over a time of length T/e if we
put ¢ x, = 0. This time is long enough to establish
most of the properties required with some trouble; but
1t 1is worth while to consider the reason for Fatou's

result. Over a time 2z¢ any term in cos nt or sin nt

1L. P. Fatou, Bull. de la Soc. Math. de France
56 (1928) 98-139.
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passes through the same negative range as it does
positive, and since b, and b, have not had time to vary
much the effect cancels out over any complete period,
and the average effect over any fairly long time 1s
negligible. The method is also applicable in cases (b),
(c), (d), although Fetou's result 1is only applicable
in case (b) and sometimes by special arrangement in (c).
It is easy to see that in the interior of any one
perlod 2re the effect of ¥, and x, in (6) 1is not negli-
gible compared with ¥, X, and so the expressions obtain-
ed for x only represent the average behaviour with
accuracy of order 0(e¢) and not the variation throughout
the perliod. The method only gives limited information
in (b) and (d) as to the form of the solution.

There is much to be said for putting x=b sin (t+«)
instead of (1) because this only involves the sub-
sitution of one term, and gives a result in terms
of amplitude and phase which are physically important,
but 1t is perhaps a little more tiresome to obtain the
equation for B and «.

§5.9. Kryloff and Bogoliuboff15 lean heavily on
the methods of Poincare and Liapounov. They use the
form 5.2(3) and cbtain equations for a and @ corresponding
to 5.8(5); by a further transformation

b=b1 +€u(b1, t).l, t),9=(:)1 -é"l V(b1,e1’t),
they remove the terms eu and ¢ v/wa corresponding to

¢1 and x,, so that they obtain equations 5.8(7) for
b1,91 in place of b and 0. In this form 5.8(7) give

15. N. Kryloff and N. Bogoliuboff, Introduction
to Nonlinear Mechanics, trans. by S. Lefschetz,
Annals of Maths. Studies, No. 11, (Princeton 1943).
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give the true approximation of order e throughout any one
period. Most of the theoretical work of Kryloff and
Bogoliuboff proceeds, by means of assuming that one or
more characteristic roots of certain equations 1s not
zero,to show that stable or unstable, periodic or

almost periodic, solutions exlist. Their theory appears
to be very complete, since it only fails in exceptional
cages where the characteristic roots of certain equations
are zero, but in fact it 1is not always simple to verify
for a given equation that the exceptional case 1s
confined to isolated values of a parameter under con-
gideration. So far as we know the exceptional case may
occur for every value of a parameter in an interval.
Further some of the general theorems quoted are hard to
recognize or trace in the literature, and consequently
it is hard to form any precise estimate of the error

terms.

§5.10. The method of Cartwright and Littlewood
depends on difference equations, and uses less of the
general theory. It will be applied to a special case
in the next part. It is very generally applicable,
ana easy to justify, and consequently 1t 1s easy to see
what error 1s involved at each stage, but the formal
calculations may seem longer, and less mechanical than
some of the methods of 5.8 and 5.9.

Part 6. Nearly Linear Resonance.

§6.1. In this part I propose to discuss one
particular type of nearly linear differential equation
in detall by the method of Cartwright and Littlewood
I choose van der Pol's equation with forcing term in the

form

16. See M. L. Cartwright, Proc. Cambridge Phil.
Soc. 45 (1949) 495-501.
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(1) ¥-k(1 -x2)% +x = Pk A cos A\t + a),

where k 1s small, and A near 1 because this is a case
which shows a considerable variety of phenomena without
too heavy formal calculations. There are other inter-
esting cases of resonance, for instance subharmonic
resonance in (1) withA = 3, and resonance with nonlinear
restoring force as in an equation of the form

5 - pk N\ cos (At + «),

(2) X + kx + x + kex
where k 1s small and A near 1. Subharmonic resonance in
(1) in 1ts most interesting form appears with pk = p!'

not small, and the formal calculations become lengthy
because two trigonometrical terms of nearly equal magni-
tude have to be cubed and then reduced to linear functions.
In (2) there is no stable oscillation for p = 0, and so
less varied phenomena may be expected17.

§6.2. A fundamental lemma. The justificatlon of
all the approximations which we shall use 1s effected by

means of the following lemma which in its turn depends
directly on the method of successive approximations.

lemma. Let F(x,y,t,k) be a continuous function of t with

L R e e ==

continuous partial derivatives with respect to x and y,
and suppose that

(1) F(x,y,t,k) QM + x| + |yl

for Ix| {a, Iyl {a, Itl {3m k {k,, M being
independent of x,y,t,k. Then the solution of the
equation

17. Jee K. 0. Friedrichs and J. J. Stoker,
Quarterly Journal of Applied Mathematics, 1 (1943) 97-115
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(2) X + x = P(x,x,t,k)

for which x = o, X =0 at t = 0 gatigfies

IxI < L me®® - 1)

(3)
1% < L Mt - 1),

provided that k < kj, M(e®" - 1) < 2a, 0 { t { 3r.
Proof. Since F 1s continuous in t, and has partial
derivatives with respect to x and y, a unique solution
exists near x =.0, x = 0, and continues to exist as long
as |x| and |x| remain less than or equal to a. Writing
X=y, Y= -Xx +F, we have

(%) Ix] + Iyl <M+ 2(I1x] + lyl)

so long as x| < a, |yl a, It] £ 3.

Since x(0) = %(0) = 0, it 1s easy to show by
applying the method of successive approximation18 to the
equation u = F,(u,t,k), where |F,| { M + 2 |ul, that

IxI + Iyl < 5 mEt - 1),
So 1if M(es" - 1) £ 2a, we have (3).

§6.3. The Approximations. We have shown in

theorem 1 that all solutions of 6.1(1) are bounded by

a constant B independent of k for k { 1 as t — 2%, and
it 1s easy to show by the method of lemma 1 of part 2
that they cross the axis x = 0 an infinity of times.
Hence for the purpose of discussing any kind of periodic
or almost periodic solution or steady state solution,

18. See Kamke, Differentialgleichungen reeler
Funktionen, (Leipzig 1930) 93.
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and behaviour of solutions starting near such solutions,
it will be sufficient to consider a solution of (1)
for which x = 0, X =b > 0 when t = 0, b being indepen-
dent of k for k { 1. Let

(1) Xx=bsint + k £,

then ¢, = g, =0at t=0and

(2) é} +§, =D Acos (At + a) + b cos t(1 - b° sin® t)
+ kA, £, t,k,b) =¥, (t,p,b,a,})
+ ke, (&, & t,k,b),

where e, is a polynomial in s é1 having no constant
term. It 1s easy to see that for every a and b there
exist constants M1 = M1(p,b), N1 = N1(a,b) such that for

all t and k { 1,

N’1 (t,p,b,a)l g M1
(3)
Lo, (£,7,8,k,0)1 N (IE] + [a]),

]EI {a, I’Il ga'
It follows immediately from the lemma that
r : 6
(5 TE ] <M ST - 1), 1E 1 F M - 1),
provided that k(ko(p,b). For, choosing 3-=M1(p,b)(e6*—1 y,
N, (a,b) is fixed and then for k < ko(p,b), kN, {1 so

that 6.2(1) holds. Combining (1) and (4) we have a
first approximation
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(5) Xx=bsint + 0(k), X=Dbcos t + o(k)

Iet X = X(t,b,a) be the solution of

X + x = W-l(t,p:b:“)
=pAcosae cos A\t -p\N sinasinx t
+ b(1 - %be) cos t + % b’ cos 3t
for which X(0) = X(0) = 0, so that
(6) X(t) = )\QK_ cos « (cos t - cos \ t)

1
+ 22 Sina (sina t -\ sin t)

X2
+ 81 - L b%)t sin t + L b (cos t - cos 3t).
Let &, = X(t) + ki,(t) so that

(7) x=bsint+kX(t)+k2£2(t)

is a solution of 6.1(1). By (2) £, satisfies an
equation of the form

'2.2 + 52 =¢2(t) + k ‘pe(EEJ Ee,th)J
where ¢5 is a polynomial in Eg,ée with no constant

term.
Since X as well as £ satisfies (%), we have

o1 < My(p,b)
lop! < Np(a,b,p)(lE,l + 1E,1)

for |£,1 <&, Ig,] <a, It] < 3r, and k < k,(p,b).
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Hence by the lemma of 6.2

(8) lEEI g%MQ(p’b)(esw - 1), 'égl Q%Me(p’b)(eéw'1 )s

provided that k < ko, where koN2 <{ 1. Combining this
with (7), we may write

bsint + k X(t) + 0(k?),

b
I

(9)
bcost + k X(t) + 0(k2),

5.
]

provided that b = 0(1) for 0 { t { 3w, the constants in
the 0's beilng independent of k. This holds for allA,
provided that k < ko(A,p,b).

§6.4. The Difference Equations. From 6.3(5) it
follows that the solution crosses x = 0 again with
X=b'>0at t =27+ kr, where |7] { M independent
of k. Hence we have a solution of 6.1(1) with

(1) a'' = a+ 27(AN - 1) + k7t

instead of «, such that x = 0, X =Db' > 0at t = 0,
and we can repeat the process. The solutlions therefore
set up a (1,1) transformation of the point (b, «) on to
the point (b' a«'). This transformation is only of
interest to us for b > 0, b'* > 0, 0 { @« { 27; for the
cases in which b or b' is negative can be obtained

from these by a change of approximately rin « or «', and
since the functions involved have period 27 ineand «',
the transformations repeat themselves outside the strip
0 { @ { 2r. 1In fact we could regard (b, «) as polar
coordinates, but the curves which we use later seem a
1ittle simpler with ¢ and b as rectangular coordinates.
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Since x = 0 at t = 27 + kr, 6.3(5)(6) and (7) give

b sin (27 + kr) + k X(27+ k7) + 0(k%)

o
[l

1l

bk,+l£Q)\2\?9M_ fcos k- cos (2m(A-1) + kr)}
-1

. kp\zsin & fsin (27 (A-1) + kAr) - Asin kel + 0(k?),
NS -

so that

1 —cog 27(A-1)

)\2-1

br= - pAcos a

gin2orx (A-1) + 0(k).

NG

-pX 8ln «a

By (1) we have

a' —a _2(M-1) pA cosa(l - cos 2m(A-1))

(2)

Ak Kk rb(A° - 1)
- p—l—gi—ni"— sin 27 (A -1) + 0(k).
(A% - 1)

S0 far we have not used the fact that A 1s near 1, and
the result holds for all A, provided that k ) ko(k).
Now if A 1s near 1, (2) reduces to

r -
(3) a";k—“= 2p - Lﬁé_n‘a+ o(k) + 0(A -1),p =

=A(b,«) + 0(k) + o(x - 1)

Similarly by using 6.3 (¢) with x = b' at t = 0, we
have
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b' =b + k X(27 + k#) + 0(k?)

—b+ RAKCOSE 4y 5 (v 21) 4 4b (1 - Lb2)

e -

+ 0(k?),

so that

1 -
bi-b_Dpeos a gy, D1 - 118 + ok),
Ak 7w (A"-1)

and for \ near 1

(4) 2P o pcos « + b(1 - Lb%) 4 0(k) + 0o(X - 1)

=B(b,a) + 0(k) + 0(A - 1).

§6.5. Stable Non-periodic Solutions. From
6.4(3) and (4) we can make various deductions, almost
immediately. For instance if p 1s small, and b is
near 2, b does not change much, and if b - 2 1s large
compared with p, b tends to return to 2, while a' - «
ls approximately 2(A - 1). Hence there is a stable
oscillation which of the form

x=23sint + 0(p) + o(k) + o(A - 1)

over the interval 0 { x { 3x. It is not periodic and has
an increasing phase.

Again if A - 1 1s small, but large compared with
k, the difference «' - a varies much more rapidly than
b and so if b starts near 2, « varies through the range
0 { a2 in o(1/(A - 1)) steps approximately, but
during this time b only varies by o(k/( A- 1)) which 1is
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amall. Purther, of these steps, those for which

cos a« < 0 approximately balance those for which

cos « » 0 ( so far as the term p cos «) 1s concerned,
and so we again have a tendency to return to b = 2.

b
Qo 64 0
RN H G 4
.'l"
Ca - “h.. oo
AN el R
TR0\ oo fienr
/7 [N \
/ | N
/ | \ \
/ Lo !
/ ‘\ : \l
J)(7 \ A
\
/ \\ / \
AN LS, CEO L/
/ P“ VT \
/ ."’ u'. * . \
/. o\
I L
0 L m 3w 21
2 2

Fig. 10. The curve B = 0 with two curves A, =0,
A2 = 0 for a falrly large value of p. The limiv (l:ycles
C° and C. correspond toA, and A respectively, and
s'lmilar1§ the singular polnts u, and u, are at the
intersections of B= 0 withA, = 0 and"A, = 0

respectively.

§6.6. Periodic Solutions. The solutions of
6.1(1) of period 2w/ A are given approximately by the
intersections of the curfves:1

A (b,a) = 0,
B (b, a) 0.

19. For a discussion of the general form of the
solutions, see M. L. Cartwright, Journal of Inst. of
Elec. Eng. 95 III (1948) 88-96.
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and that is

b=p51§:

b(% b° - 1) = p cos «,

Squaring and adding, we have

b2

(4p 2 + (1% - 1)7) = p?

which determines the amplitudes of all periodic solutions
for given p,A,k. For p2 > %% there 1s only one b,

for p2 < %% there may be three roots. This may be seen
by putting b2 = z and drawing the curves

(1) z(4% + (F 2z - 1)%) =D
TABLE POINTS

SADDLE POINTS

/ UNSTABLE POINTS \
m
e —

Fig. 11. It should be observed that the horizontal
scale is very much larger than the vertical. The line
z =2 meet§ the stability ellipse at the point E
where p = - .
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in the z, p plane. The points where the tangents are
vertical are given by

hP2+%Z2'Z+1=O,
and there
2
2

Z0-b=p
which has only one root z = %-for p° = g%-corresponding
to pe = 55. The curves have a double point at p = C
if f% 22 - z + 1 = 0 which has two positive roots
z = 4 and i. The root S corregponds to a real value of
b such that p2 = %%. For p2 < %% the curve breaks up

into an oval and a curve going to infinity in both
directions.

§6.7. Stabllity. In order to dlscuss the
stability of solutions of period 2x/\, we put b = Db  + c,

| -
b —b0+c',¢!=ao+3,w'=ao+3',mwm

(1) A (bO’aO) =B (bO’ (to) =0

and suppose that c and £ are small. At first we suppose
that terms of the form o0(k) and 0(A-1) are small com-
pared with ¢ and 8. Then it follows from 6.4(3) and (%)

that

¢t = Ac + BB+ (k%) + o(k(r-1)) + ok(lel + 1817,

(2) , A\
8' = Cc + DB + 0(k%) + o(k(x-1)) + ok(lel + 181)%)

where A =1 + 7vk(1 - % bg), B = -7kp sin a, = -zpbonk,
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C = 2p7k/b,, D=1-7k(p/b,) cos a =1 + xk(1 - T bg).

It follows that approximate stability depends on the
roots 1 + ku1, 1 + k“z of the equation

(3) A-x,B =0.
C , D-x

An elementary calculation gives

-
+ L (b - 6hp 2)

The vectors of the transformation (c¢,B) —s (c',B8')
point approximately along the curves which are solutions
of

(5) d

=B(b)a)) —%=A(b)a);

D.-ID-
ct|o’
Q

and so by the classical theoryeo the periodic solutions
cannot be stable unless the real parts of both My and T
are negative. This means that for stability

(6) b2 > 2 and Z by - b2 + 1+ 47 ) o.

Further it 1s possible to establish the exlstence of
exactly periodic solutions of 6.1(1) by the use of index
numbers and fixed point theory, except in certain criti-
cal cases where the index number of the approximation 1is
0. More delicate topological arguments establish that

20. See S. lefschetz, Lectures on Differential
Equations (Annals of Math. Studies, No. 14 (1946) 125-132.
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there 1s only one periodic solution with the appropriate
stabllity properties corresponding to each root of (1).
The exlistence of periodic solution can also be establish-
ed by putting b' = b, o' =a in 6.4(3) and (4) and
using the implicit function theorem.

Part 7. Some Problems of Nearly Linear Resonance

§7.1. In the preceding part I obtained very
precise difference equations determining the behaviour
of solutions of

(1) ¥ -k(1 -x°)x +x=7pkA cos (t +a).

In this part I propose to discuss various problems in
connectlon with nearly linear resonance which are not
completely solved. The first problem is whether the
results would be changed in any marked respect 1if the
nonlinear function x2-1 were replaced by a more general
function f(x) changing sign from positive to negative
and back again as x runs from -cto +03 in particular
if the function f(x) is nearly constant from - 1 +3 to
1 - é where 8 18 small and positive. For this 1s the
type of function which 1s likely to occur in radilo
problems, but so far as I know the problem has not been

tackled.

Y -

I~

o e

Figure 12.
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The remaining problems fall into three main
classes:
(a) The problem of determining the behaviour of
the solutions of the corresponding differential equations

(2) P _i(b,e), F=Ad,.

Q.

For the transformations given by 6.4(3) and (L) consist
of small steps of length 0(k) along the solutions of (2),
the end point of the step being within 0(k2) + 0(k(A-1))
of the solution through the initial point of the step.

(b) The problem of determining how far the
transformations given by the difference equations
follows the differential equations (2) when repeated
indefinitely.

(c) The problem of determining precisely the
behaviour of the solutions of (1) corresponding to
points on a closed limit cycle of (2).

(d) The problem of presenting the rather compli-
cated results in a reasonably intelligible form.

These problems are of course interrelated.

L= 4 ()

Fig. 13. The curve b = b(«) is a solution of (2).
P is the point (b a), and P' the point (b',a').

§7.2. Problem (a). As we have already seen the
singularities of (2) and their forms are falrly easy to
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determine, and the results can be displayed by means of
the curves 6.6(1) and the inequalities 6.7(6) written
in the form

2
(1) z>2,%(z—38-)+hp2>;—.

It will be observed that there are no stable perilodic
solutions for p ) po(p), and it is not difficult to
see that in such cases if b and « are used as polar
coordinates there must be a closed limit cycle with an
unstable point inside it. By the classical theory this
1imit cycle cannot disappear by a change of parameter
unless it passes through a singularity of 7.1(2). It
is fairly ea.sye1 to see that for large fixed values of
p the 1imit cycle shrinks as ) - 1 decreases to the
singular point on p2 = 2. For p very small,it passes
through the singular point corresponding to a point on
the upper part of the ellipse

2
(2) % (z- %—) + 4p? =

iR

3

Between these two cases for reasons of continuity there
must be cases where it passes through singular points

of the saddle point type inside the ellipse (2). The
curve through the point where z = 2 meets the ellipse
determines the largest value of p for which this
phenomenon occurs, but it is not known what the smallest
value is. The cycle certainly passes through a singular
point corresponding to a point on the upper pert of the
ellipse for some p2 > %%, but the phenomenon of 1limit
cycles shrinking to a point occurs for all p2>1, as may
be seen by investigating the neighborhood of the unstable
points for which b2 1s just less than 2. There 1s no

21. See M. L. Cartwright, Jourmal of Inst. Elec.
. 95 III (1948), where references to earlier work

wIll be found.
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obvious method of determining when a limit cycle disap-
pears by passing through a saddle point, but this 1s the
only possible transition from one to the other of the
better known types.

§7.3. Critical Limit Cycles. If the closed
1limit cycle with (b, @) as polar coordinates encloses the
origin, it appears, when b and « are used as rectangular

coordinates, as a curve from e = - ©®to a = + ®, and
the phase « increases with t; other limit cycles on
which « oscillates appear as closed curves.(See Fig.10
C1 and Ce)' There is no obvious method of determining
the values of p and p for which the transition occurs,
but we may obtain some information by writing 7.1(2) in
the form (2pb - p sina)i2 = p cos « + b(1 = [ b%). It
fcllows that

(1) [,bz - bp sin a], = jgb

2(1-ﬁb%da.

If C is a closed limit cycle, the left hand side of (1)
returns to its initlal value, and so

(2) /Cb" (1 - LvP)de =o.

Hence if ais gtill increasing, b takes values above and
below 2. In the case of the critical 1imit cycle
through b = « = 0 the right hand side of (1) first
increases from 0 to a positive value for which b = 2 and
then while b > 2 decreases until b = 2 where it is
negative; 1t then increases to 0 as it descends to b = 0
with e« =7, (For it may be seen by inspection of the
curves B(b,a) = 0, A(b,a) = 0 that 1t has only one
maximum in each period). Hence the left hand side 1is 0
for some b > 2, while the curve
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A(b,a) = 0 (which is b = -EP; sin &)
must still meet B(b,e) = 0 in a single unstable point
which 1s therefore below b = 2. Hence for a critlcal

cycle 2p p £ bp.

§7.4. Stability of Limit Cycles. Since 7.3(2)

necessarily holds for a limit cycle there is at most one
1imit cycle enclosing the origin. For considering b and
a as rectangular coordinates, there is one and only one
solution through any given point (b,a). But if one
1imit cycle is above the other for gome « = @,., say, the
positions must be reversed for some other « = a,, say,
in order to preserve 7.3(2). Hence the limit cycles cros
which contradicts the uniqueness property.

For 1imit cycles not enclosing the origin this
argument falls because b takes two different values
b, > b, say for the same «, and (2) may be written in
the form

/a2 (2 - 62) (1 - F (02 4 p2))aa=o
« 1 2 ( I =

wherice b? + bg takes values both greater and less than 4
1

So that b, { 22 for some ¢ and b, > 22 for some @.

But so far as we know such a ring may split into
several and reassemble as k, A or p varies. If so, the

outer ring is approached spiral-fashlion by solutions
outside it, and the inner ring 1is approached by solutions
inside it. We can only settle problem (b) (See §7.5)
with regard to 1imit cycles which are strongly stable,
and this we only know when p is small or N - 1 large.
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§7.5 Problem (b). So far as the singular points
of 7.1(2) and periodic solutions of 7.1(1) are concermed,
we have a fairly complete solution. For at the critical
points of index 0 a slight change in parameters may
cause the singular point to eppear or disappear, and
we must therefore allow a latitude corresponding to
the error terms in which the corresponding periodic
solution may appear or dlsappear.

In 6.5 we sketched an argument showing that, if p
1s small or (A - 1)/k large, the solutidns clearly move
towards b = 2 and stay near 1t with « increasing to <,
and in thils case we may describe the limit cycle C as
strongly stable. In order to deal with limit cycles in
general we have to define strong stability more pre-
cisely by means of what may be described as quasi-
Liapounov corrdinates. The general theorems of Liapounov
show that near C the equations 7.1(2) can be written In

the form22

E=1,9= - a7, a being a real constant.

This depends on the fact that B and A are analytic. The
following method can be applied whenever B and A have
continuous partial derivatives of the first three orders.
First we may transform to coordinates § and », where §

is the arc of C measured from some fixed point, and 2

is the length along the normal. The transformation 1s
obviously (1,1) for all points sufficiently near C, and
we obtaln

22. OSee N. Kryloff and N. Bogoliuboff, Methodes
de 1la mecanique non-lineaires appliquees a l'etude des
oscillations stationaires. Monograph in Russian with
summary in French (Kiev 1934) Ukrainska akad. nauk.,
Inst. mech., Report 8.
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(1) E=P(5) +7Q(Em), = 2 (Bp(e) + 2Q(E,m)

where P1, Q1, P2, Q2 have continuous derivatives of tne
first two orders, and period L in ¢, L being the time
taken to describe C. By a change of scale of t, we may
obviously suppose that L = 2. Further since B and A
are not both 0 on C, P,(¢) + 0&and t is uniquely defined
as a continuous function of §, and putting ¢' = t, we
obtain the equation in the form

g=1, a=1n (Po(&) +12Q,(&,n))

Let 5% %% PI(£')d¢' = - a, then C is said to be
strongly stable if a > 0, and strongly unstable if

a { 0. The second case may be handled in the same way
as the first by changing the sign of t. If a > 0, we

put

El
-/O (p) + a)dt'

7' =ne
which makes

S,
#T = % - (Pé +a),

and, dropping the primes, we obtain from (1)
(2) é=1, ';=—a-7l+ 772 QE(E,’?);

where Q2 has period 2» in &. The transformation 1s
valid in a certain neighborhood D of C, sand that 1s for
Inl < 8, where 5 is sufficiently small. In D the
difference equations 6.4(3) and 6.4(L4) may, by the same
transformation as that used to obtain (2), be written
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(3) &y = &+ xk + k5 F (k) + k(a - 1)Fy(E )

ny = (1 - xka) + xkn? Q(E,n) + k? G, (&,n)

s k(- 1) Gy(E,m),

where F1, F,o Gy» 62 have period 2= in ¢, and they and
thelr derivatives are bounded for k { 1, In- 1] {1,

For simplicity we shall concentrate on the case in which
AN-1=0(k), and then we can drop FQ,GQ, and by a
change of factor = in k use the transformation (3) in
the form

(b) £ = & +k + K F (&)
(5) n = ’7(1 - ka) + kﬂe QQ(E)V) + ke G1(E’ n),

where F1, Q2’ G1, and thelr derlvatives are bounded for
Inl <&, 0 {k <1, IN-1] <1 and have period 2=.

§7.6. The following theorem, although stated in
terms of the special difference equations obtained from
7.1(2), holds generally for all difference equations
which can be reduced to the form 7.5(4) and (5) by means
of & small parameter and their corresponding differen-
tial equations.

Theorem. Suppose that C 1s a strongly stable closed
1imit cycle for the equations 7.1(2), and let T be the
transformation 7.5(%),(5). Then there 1s a nelghborhood
D of C depending only on 7.1(2) such that if r, is a
closed curve deformable Into C in D, T™(r,) tends to &
unique simple closed curve I' as n — %, provided that
k < ko. Further each point of I' lies within Bk of C and
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g-g ’ flg are bounded by B's on I'.
Proof. We shall consider ¢,y as Cartesian coordinates,
so that C is the axls 7 = 0, and the transformation has
period 2= in ¢. Suppose first that PO is the line

1 =110(£) = & and that 1t lies in the domain where
7.5(4%) and (5) hold. Then I‘1 = T(I') is a curve

n =1, (£) with period 2= on which

(1) 1, <ng (1 - k&) + Bka + K?) g = 4,

provided that § < 5,(B), k < k (3, B, a). In these cir-
cumstances F1 lies completely below ro, and therefore,
gince T is (1,1), Pe lies below l‘1 and so on. Similarly
if P' lsp = -4, P' lies above F' and below r, Hence
r, tends to an invariant closed set I' with period e,
and r.= ™(r') tends to an invariant closed set T' with
period 27 1lying below I'. It is easy to see from 7.5(5)
that |7] will be reduced by the transformation so long
as it 1s not 0(k). Hence both I' and I''" lie within

Bk of C. It remains to show thatI' and I'' are curves
with bounded derivatives, and then that they coilncide

§7.7. The derivatives of I'. Let "rﬁﬁ) denote
generally the value of 7 corresponding to £ on the
curve Pn and ¢ n the value of obtained from an arbitrary
value Eo by Tn' Then

(1) A1 _ Yngg dlEn+1
d’én+'l dg n dE

and by 7.5(4) and (5)
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dg aF afF dn
Tn+l 2 1., n
(2) T, ”‘(05 T, dfn)
dn
_ 2 2, _'n
=1+ 0(k) + 0(k%) dEn ’
) Vot e O k(i)(ngQ1) 2(n%Q,) dnn)
—T = - ka) 7 + + T
3t JE, 7T, t A, drg

+k2(g&+;’_‘i,d"_n)
tn 9" dip
dn
= (1 -ka)d—E-I-l-+0(kn)+O(k2)+E—n (0kn)+0k))
n

dny
Combining (1), (2), and (3), and supposing that dE

= 0(kd), we have

d
e (1 + 0(k%) + o(ko))

d
FEt (1 - ka) dlr; + 0(k 8) +0(k?)
n+1 n

so that

d1'n+1

() 3_, o(ks).

dng
Since ?ﬂ§-= 0, (%) holds fgr all n, and so T tends to &
curve I' with a derivative E% o(ks) for small k and 5.

The higher derivatives can be treated in the same
way. For 7.5(4) is practically a translation while
7.5(5) 1s practically a slight reduction in |n|, so that
the vector from (¢,%) to (51,111) points along the axls
1 = 0 making an angle whose tangent is nearly -(1-ka)n
with 1t. Similar results obviously hold for the
derivatives ofI'.
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Y)=0

Figure 14,

§7.8 Uniqueness.

and I'' respectively.

corresponding to {p

Suppose that #, ' are distinct
values of 7 corresponding to the same value § = ER onT
Let & p, E pr be the values of 3
corresponding to ER on T and I' ' respectively under the
inverse of T, and let 1p> nf', be the values of 1

onr and I'' and 1,1',, the value of 9
corresponding to £P' on [''.

3
P P! R
b ]
Il

Filgure 15.
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Since there 1s only one value ER corresponding to
bothsP and EP,,by 7.5(%), we have
(1) 0=tp - tp + k% (F,(Ep,mp) - F (Ep,mnp)

+ Fylipnp) = Fyepn}))

» 3F,
EP -EP' +k ((ﬂP -"1;) 91 (Epyﬂg)
aF,

+ (EP 'Ept) 'E_E' (Efn:"l’:)):
where n 5 < np <nps &p <&pr g pr <¢ p1» 50 that
(2) (£p - £p)(1 + 0(KZ)) = 0 (K (1p = 4 $)).
By 7.5(5) we have

(3) Ag =15 ~ 14 = (np ~1p,)(1 - ka)
+ k("f% QE(EP’"P) - ’7%21 QQ(EPl)VPI))

+ ke(G1(EP,’)P) - G‘I(EP" ﬂP'))

We can treat the differences of nQQQ(E,n) and G1 as we
treated the difference for F‘1 in (1) and (2). Also
since I'' has a derivative of order 0(ké§) we have

(B)  mp =mpi=mp = Mp + 15 =g,
=up - np+ (5p - kp) GEEN), £ <8 <

=AP + O(ké)(ip _EPI)'
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Hence (2), (3) and (4) give

AR = AP (1 - ka + 0o(kd) + 0(k2))

for & < 80(&,) » k< k,(8, a). Hence the maximum distance
between I' and I'' 1s reduced by the transformation which
1s incompatible with the fact that th€y are invariant,

and soI' =1TI".

§7.9 Problem (c). The theorem of 7.6 reduces
the problem of solutions\associated with a strongly
stable 1limit cycle of 7.1(2) to the discussion of solu-
tions with initial values on a simple closed curvel, or
transformations of I’ into 1tself, and therefore of the
unit circle into itself. This type of transformation
has been much discussed, and since it involves the
theory of rotation numbers we postpone it until part 8.

§7.10. Problem (d). We next consider the problem
of representing the complicated phenomena displayed by
the solutions of 7.1(2). The curves in 6.6 Fig. 11 show
the periodic solutions adequately, and for limit cycles
we may plot

1 T 2
(1) z=1lm % / b2 dt
T—o0 (o]

against p on the same figure. If the limit cycle
shrinks to a point, z obviously tends to the value of
b° at the point. If the 1limit cycle does not shrink to
a point, but vanishes because 1t passes through a
singular poinﬁ, 1t 1s easy to see that just before this
happens B and A are both small together. This means
that both b and « are small, and so the point lingers
near that part of the limit cycle. It seems certain
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that the limit in (1) tends in this case also to the
value of b° at the singular point, but no formal proof
of this has been given. Further it would seem likely
that as p tends to 0 the average of b® decreases mono-
tonically until the 1limit cycle disappears, but this has
not been proved. Agein there are various reasons for
supposing that the time taken to describe the limit
cycle increases monotonically as p decreases, and that
except when the limlt cycle shrinks to a point, the
time increases to +oo monotonically as p decreases to
the values at which synchronization takes place, but
this has not been proved.

Part 8. Rotation Numbers

§8.1. There are a number of problems connected
with the application of rotation numbers to the trans-
formations connected with the theory of forced oscilla-
tions both in the case of the simple closed curves which
we discussed in the preceding part, and also for the
general theory of the frontier of the invariant set S
of Part 3. The idea of a rotation number is due to
Poincaré®’, but the following proof is due to Denjoy%h

§8.2. Let © be the angular coordinate of a point
on the unit circle, and 6 — e1(e) a continuous (1,1)
order preserving transformation T such that 0 { 61(0)
{ 2x. Then since order 1s preserved ¥ (6) = 8,(8) - 8
has period 27, and since it 1s continuous and periodic
it 1s bounded. Hence it attains its lower and upper
bounds m, Mﬁ such that

m, £ e (e) - o £ M,, where 0 £ M, - m, &L

23. H. Poincard, Ocuvres, 1 (1928), 145.
2h. A. Denjoy, Journal de Math. (9) 11 (1932),

333-375.
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For fixed nand large N=m + 3, 0{ s {n -1, we
have

n < eun(eo) - e(;u-1)n(e)o =% (e(u—1 n (eo)>
- 9(#_1 )n(eo) S Mn’ (ﬂ' = 1J2J"‘r)5
m, < & (6,) - ek_1(eo) §M1(k =1,2,...8),
and 3o

rmn+sm1§_eN~eO§rMn+sM1.

Hence

s

r'mn+sm1 mN MN r!Vln+sM1
v S{wlw¢ N
and making N— @

(Mo W TEHN T

5 [

The extremes differ by less than 2#/n, and so making

n — % we have?’
(1) limm—%=lim%N—=21p.
Also ;ii {eoxmp < % for every n > 0,

and so we may write

m, = 27np -Rn, M,=2mp + 7y,

25. We adhere to the traditional notation in splte
of using p quite differently in parts 6 and 7. Through-
out this part ¢ 1s the rotation number.
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where 8 2 0, v, 2 0, B, + v, < 2.

n
Since o < o, (0) € 2, ogen(o)<2m, and so
0{p 1. Ifp =0, we have - B, §o§11,ands1nce
61(0) 1s continuous, 6,(8) - 6 = 0 for some 6 and so
the transformation T has a fixed point. If p > 0, it is
easy to see from (1) that there 1s no fixed point.
If p = p/q, an irreducible fraction,

m, = 27 -quefpiMq=2rp+vq,

and so e (8) - 8 = 2xp for some 6 = e , say, which means
that e, 1s fixed under TY. Further if q' is a positive
1nteger less than q, no point 1s fixed under Tq , for 1its
rotation number is the fractional part of pgq'/q which is
positilve.

§8.3. It 1s well known that if T has one point
fixed, then every point is fixed or tends to a fixed
point under ™ as n — . This is easily seen by taking
the fixed point as origin and drawing the curves
y = 61(6) and y = 6 on the same figure. The values
e1(e), ee(e)’ 65(6) on the 6 axis can be constructed by
steps from the points P1, P2, P3 on the curve e1(e)

corresponding to the points 6, 61(6), 62(6) ... respec-
tively.
o
! 5
> B
R
A
o] e 6, 62 2r 86—

Figure 16. 0, A and B are fixed points, and 0'
represents the same polnt as 0.
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Similarly if one point 1s fixed under Tq, then every
point 1s fixed under Tq, or tends to a fixed point under
™ g5 n —s 0.

§8.4, Ifp 1is irrational, there are no fixed
points under ™ for any q, and there are two distinct
types of transformation. Elther for every 652 en(eo),
n=1,2, ... takes values near every value to modulus
27, or this is not so. In the first case there is a
continuous increasing function ¢(6) such that ¢(0) = 0,
¢Mw)=o,mﬁif¢ﬁe)=¢w1)ﬂ(e)=¢w)+21fm=
all o, so that the transformation is reduced to a pure
translation

¢.I = ¢ + 2mp.

We put ¢ equal to the fractional part of np when

e = en(o). This defines #(6) for all points 6 = en(o),
and since en(o) takes values near every value, and order
is preserved, ¢1s defined at the remaining points by
continuity.

In the second case en(o) does not take values in
certain intervals, and no such function ¢ exists.
Dsnjoy26 showed that 1fgfﬁ_is of bounded variation, the
second case cannot OCCUSF

§8.5. Returning to the case of Part 7 where we
had a cloded 1limit cycle C for the differential equa-
tions 7.1(2) in b and @, we suppose that it 1s strongly
stable. Then by transforming to the coordinates (&,7)
we showed that there was a unique curve I' with continu-
ous derivatives of the first two orders which remained

26. See Denjoy, loc. cit.



IV. FORCED OSCILIATIONS IN NONLINEAR SYSTEMS 231
invariant under the transformation. The difference
equations on I' was reduced to the form

=i+ k' + k'°F (£,0),

where F1 has period 1 Int, and is bounded as k' tends
to 0, k being a multiple of the original k. Hence the
transformation has a rotation number

p=Kk' + O(k'a)

conslidered as a transformation of 6 = 2xf on the unit
circla. Orviously if s is a rational fraction al,since
q, > 1, the denominator q, 1s greater than

5o+ 0(1).

In this case there is & value of ¢ for which the trans-
formatlon (and therefore the corresponding b and «) has
least period P > Nk |, where N is a positive number
independent of k, and all solutlons of the difference
equations corresponding to points on I have period P,
or tend to solutions having this period.

Kryloff and Bogoliuboff2' claim to have proved in
simlilar cases that p is continuous and satisfies a
Lipschitz condition, and therefore passes through both
rational and irrational values. I am unable to see that
they have proved more than that p satisfies a Lipschitz
condition as k— 0. They further seem to assume that

27. N. Kryloff and N. Bogoliuboff, Méthodes de la

mecanique non-linéaires appliquées a 1'étude des
oscillations stationnaires, Monograph in Russian with

summary in French (Kiev, 1934) Ukrainska Akad. nauk.
Inst. mech. Report 8.
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for rational values the fixed points are of one of the
standard types and therefore, if any parameter 1is
changed by a sufficiently small amount, the fixed point
gti11l exists so that p 1s constant in certain intervals.
It seems difficult to reconcile this with the continuilty
of p. On the other hand if p varies continuously and is
not constant in any interval, we might, in virtue of
§8.3, expect a line of fixed points. But then the two
equations in b and « must define an analytic function
and I' 1s an analytic curve, so that another question
arises,is I' analytic?

If p is irrational, since the transformations in
b,a are anmalytic, and I' has continuous derivatives, we
may reduce the ¢ transformation on T to one satisfying
Denjoy's criterion, and hence to the form ¢' = 2xp + §,
such that b = b(t), o= a({) have period 2= in§. Hence
the solution of the original equation can be expresséd

in the form28

(1) x = x(r, Bh),

where x(u,v) has period 2« in u and v and 1s continuous.
It 1s evident that (1) 1s uniformly almost periodic.
There is an extensive theory of almost periodic func-
tions and transformations,29, and the type in (1) is a
very special type of almost periodicity. Birkhoff3°

has shown that the necessary and sufficient condition
for x to be recurrent under a transformation such as
those considered here 1is that it 1s almost perlodic in a

more general sense.

28. See Kryloff and Bogoliuboff, loc. cit.
29. See G. A. Hedlund, Amer. Journal of Math.
66 (1941) 605-620.
30. G. D. Birkhoff, Dynamical Systems
(New York 1927) 199-200.
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§8.6. The remaining cases in which the limit
cycle C 1s not strongly stable present a more general
problem. We do not know that the curve I exists, but
in some cases 1t is possible to show that an invariant
set exists which 1s the frontier of a domain, in this
case the problem 1s similar to that of the invariant
set S of Theorem 3 in 3.6.

Map the exterior domain of S on |z] > 1 by a
transformation Z. Thils 1is possible because C(S) is
simply connected, and we can make the point at infinity
correspond to itself. Then F(S) corresponds to
|z] = 1 in such a way that to each accessible point
corresponds one and only one point on |z| = 1. Further
the prime ends’' of C(S) correspond (1,1) 1in cyclic
order to points on |zl = 1, each prime end goes into a
prime end under T in such a way that 7 =2 T Z ' 1is
({,1) and continuous for |z| > 1 (but not for |z| < 1)
We can now define the rotation number of =, and if 1t
is 0 or a rational fraction p/q, we get points on
|z] = 1 fixed under T or Tq, and this means prime ends
fixed under T or T%. Prof. Littlewood and I are in
process of investigating in what circumstances a fixed
prime end implies a fixed point, and how far a fixed
point on F(S) is compatible with a positive rotation
number; but the general theory of irrational rotation
numbers for this case has hardly been investigated.
There 1s much general theory for various types of
spaces, some require an area preserving transformation,
some a semi-locally connected set. Most investigations
do not seem to use that T is (1,1) and contlnuous
outside the invariant set which 1is always the case
with transformations derived from this type of
differential equation. Is it possible to have the most
general type of frontler with an irrational p? Can the

31. C. Caratheodory, Math. Annalen 73 (1913).
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most peculiar types of non-wandering point occur for
the type of transformation associated with these
differential equatlions. The examples of Levinson,
Cartwright and Littlewood suggest that thls is so, but
the rotation numbers are not known for these examples.

Part 9. The Singular Case.
§9.1. We return now to the case in which the
nonlinear terms are not small, and in particular to

the equation

(1) X + kf(x)x + g(x) = kp(t)

with k large. This is sometimes called the singular
case>? because dividing by k and making k — o, we
obtain the degenerate equatlon

(2) £(X)X = p(t).
This has a solution of the form

X t
(3) F(X) - F(X) = [ feax= [ plt)at = B(t)
Xy o

such that x = X5 at t = 0, but 1t i1s not possible to
assign an arbitrary value of x at t = 0. On the other
hand there may be more than one value of X for which
(3) holds, t and Xo being given.

§9.2. Suppose for simplicity that, in addition

32. Compare N. Levinson, Annals of Math. where
further references are given. The following very brief
sketch makes use of material by J. G. Wendel (in this
volume ), particularly in connection with the condition
for a stable solution with period 2«/\ when f(x) and p(t)
change sign more than twice.
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to the hypotheses of theorem 1, f(x) and p(t) only
vanish for a finite number of values of x and t
respectively at which they change sign, and that
g(x)/x > b3 for all x. Then the curve

y = ./Xf(x)dx = F(X)
0
has only a finite number of maxima and minima,
y = 51, By «vv Bops 98Y, 8L X =0, @, Lol oay .
Between these values of x the function F(x) is monotonic,
and F(x) tends to +wor -oc, as x tends to +ocor -
respectively. Consider 9.1(3) in the form

(1) F(X) = P(t) + C.

Since P(t) 1is bounded, and p(t) periodic, so is P(t).
For fixed t (1) has at least one root Xs(t,C), and not
more than 2m+1. Then we may write

X1(t,C) §a1 gxg(tJC) g a2 g e gagm §X2m+1(t,C),

where Xs(t,C) may be non-existent for an even number of
ad jacent pairs of values of s. P(t) + C varles from

P, to P, as t varies from 0 to 2x/A, and so Xs(t,C) takes
values on the thick parts of the y = F(X) in Fig. 17 for
the appropriate values of t. As t varies P(t) increases
or decreases, returning to its initial values after

time 2x/N; but during this process two ad jacent roots
such as X, and X, or X3 and X, in the figure may
coalesce and disappear, so that the corresponding
solution of the degenerate equation 9.1(2) does not
exist over the whole period, while X6 and X, suddenly

appear.

7
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.
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Figure 17.

It should be observed that ifP(t) increases with
t the solutions X1, XB’ X5, ..., which lie in the
intervals where F Increases, also increase with t, but
the solutions Xe(t,C), Xh(t;C), ..., Which lie in the
intervals where F decreases, decrease with t, and of
course vice versa when P(t) decreases.
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Figure 18. The curves X = Xs(t,C) correspond to
the thick segments in Figure 17. They have period
27/Nin t F(x) decreases in the shaded regions.

§9.3. The integrated equation of 9.1(1) 1is

X - X .t
(1) + F(x) - F(x,) + } /g(x)dt=P(t).
k (o}
By theorem 1, |x| { B, |x| < Bk, and further it follows
from this that |x| { B at some point in each interval of
length B. Choose as origin a point at which |x| < B
gso that lkol {B1in (1). Then (1) can be written

)

~N|—

(2) + F(x) - P(t) - C=0f

.

for 0 { t { B, and in particuiar for 0 { t { 37/\.
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There are four important cases to be considered

(1) 1%] < B, and If(x)]) B, in a subinterval,

(11) I1x] > B;k in a subinterval.

(111) Ix - asl < &, where ag corresponds to a
maximum or minimum of F(x), and 6 1s a small positive
number.

(iv) Subintervals not covered by (1) (1ii) or (iii).

§9.4. In case (1) put
(1) X = Xs(t,C) + X,
then

F(xs +x,) - F(Xg) = x,f(Xg + ex,), 0 o<1,
and so putting Xy = XS(O,C) in 9.3(1) we have
x £(Xg + 8x;) = 0(p).

Since [f| 2 B,, we have
(2) x, = o(})
in a subinterval of type (1).

Further, dividing the original equation by k,
we have

Lirx, +xx +F=pt),

and so, if x is sufficiently large, the term f(Xs+x1)x
outweighs gx/k and p(t), and so x and X have the same

or the opposite signs according as f(Xg + x,) 1is nega-
tive or positive. Hence the solution given by (1) and
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(2) 1s very stable if f ) B, and very unstable if
£ {-B,. Infact if Xy belongs to an interval in
which £ 2 B, >0, x = Xg(t,C) + o(1/k) from the point
where |x| < B until Xg (t C) meets a8 maximum or minimum
and ceases to exist. The term - k fot g(x)dt in 9.3(1)
makes the constant C gradually decrease if Ig(xs)dt over
a perlod is positive, and increase if the integral is
negative.

§6.5. As regards case (i1) the interval can
only last a time B/k. For if not, x goes out of the
strip |x] < B.

If Ix -agl { & where @y 1s a maximum or minimum
f(x) < B, = ¢ where ¢ may be as small as we please

by making & sufficiently small, and so by 9.1(1)
= kp(t) + 0(ek) + 0(1).

Since p(t) has only a finite number of maxima and minima,
this gives X ) kB, 1f the Interval lasts a sufficiently
long time, greater than B5, say, and so |x| > kB, and

X moves outside [|x - usl { 5 within a time B for &
sufficiently small.

§6.6. We have already shown that solutions tend
to move towards X1, XB’ X5 and away from XQ, Xh’
To find the time of transition from an interval of type
(1) to an interval of type (il) or vice versa, we
suppose that f(x) 2 B, and that & and D are positive
constants and that x decreases fromék to Das t
Increases from 0 to t,. Then, if D 1s sufficiently
large, since x ) D,



240 M. L. CARTWRIGHT

X=-k f(x)x - g(x) - k p(t)
{kB, * +kB{ - B, %,

and so integrating we have
t

[ log i:Lj { - %k B, t,.
Hence
log D - log 5k - 1k B, t,
and
t, 2 lﬁgﬁf for k > L9

The intervals in which x 1s negative of f(x) { - B, may
be treated in a similar manner.

§9.7. We now assemble these results. So far as
any stable solution is concerned we may ignore
XQ, Xh, ..., and define a degenerate solution of
9.1(1) to be a solution of 9.1(2) for which X lies in an
interval where f(x) > 0, and if Xas_1(to,C) = 0, we take
the value X = x25—3 or X = Xes+1 for t - to according as
P(t) 1s increasing or decreasing.32 The solution then
moves round a circult consisting approximately of parts
of the curves x = X, . joined by arcs on which x| > Bk,

28+
in such a way that

t
4£ g(x)dt

32, The case in which P(t) has & maximum or
minimum needs further discussion.
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tends to 0 as t — ». For a solution of period 2x/x,
it follows from the original equation that

T/\
/2 B(X)dt = 0,
(o]

and therefore for the approximate solution

2w /a
/ g(X)dt = o.
(o]






V. SINGUIAR PERTURBATIONS OF A VAN DER POL EQUATION !

By James G. Wendel

Preface

The classical perturbation theory dating back
to the work of Liapounoff [9] and Poincare [12] deals
with systems of differential equations of the (vector)
form X = f(x,t; € ), where € is a small parameter and
f(x,t; ¢ ) is continuous at € = 0. More recently,
interest has focussed on the problems arising from the
assumption that one or muore of the components of f is
unbounded as e¢ tends to zero. The principal difficulty
encountered in this new class of problems 1is that
formally, the system x = f(x,t; 0) may be degenerate,
which is to say that one or more of the initial
condltions imposed on the perturbed equation must be
relinquished.

For example, in the work of Friedrichs and Wesow
[4], the system under conslderation 1s

(1) Xy = fi(x1,....,xn), i=1,2,...,n"1
€X = fn(x1,...,xn),

which becomes, when € = 0,
Xy = fi(x1,...,xn)

(2) 0 = fn(x1,...,xn)

1. A dissertation, submitted to the California Institute
of Technology in partial fulfillment of the requirements
for the degree of Doctor of Philosophy, June 1948. A
preliminary report has appeared in Bull.Amer. Msth.Soc.,
Vol. 54(1948),p.836. I wish to thank Professor F.
Bohnenblust for invaluable encouragement and guidance
throughout the course of the work.
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In the study of the relationship between solutlons of
(1) and of (2) cognlizance must be taken of the fact
that in (1) the initial values x?, xg,...,xf1 are
independent, whereas the last equation of (2) imposes
the restriction f(x?,...,xg) = 0.

The results of Friedrichs and Wesow pertain to
the approximation to solutions of (1) by solutions of
(2) in those cases where the solutions of (2) are con-
tinuous. Volk [13] discusses a similar problem in
which the right members depend explicitly on t. The
so-called relaxation oscillation problems in which the
¢ = 0 system has discontinuous solutions have been
treated by Flanders and Stoker [3], who discuss the
van der Pol equation ¢X + (x° - 1)X + €x = 0 for ¢
small, and more recently by laSalle [14] who studiles
the general case €X + (X)X + €x = 0.

Systems in which the right members depend
explicitly on the independent variable and in which
the degenerate system has discontinuous solutions
have been discussed by Minorsky [11], Cartwright and
Littlewood [1], and Levinson [5], [6]. Cartwright and
Littlewood announce results pertaining to the equation
eX + (x°-1)% + €x = bA cos (At +«) where b,« ,\ are
positive constants independent of € ; € 1s taken to
be small and positive, the latter being only an
apparent restriction as 1s seen by replacing t by -t
in the equation. They find that the value b, = % is
a critical valie for the parameter b: 1if b>bo then,
if eis small enough, there is a single periodic solution,
which has period 27/A , and which 1s stable in the
gense that as t—o any other solution tends to the
periodic one. If b(bo, then the behaviour is very
complicated even for e small: both stable and unstable
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periodic solutions of least period %? n appear, and in

addition to these "subharmonics", solutions of the type
called "discontinuous recurrent" are found. And there
is, finally, a single periodic solution of period 2= /)
which is unstable. .Levinson [6] makes a study of
similar phenomena in the case of the equation
€eX + X sgn(Ix] - 1) +ex=Dbssint, 0 (b < bo -,
The case of b ) b, is not discussed.
These equations are each of the Van der Pol
type €X + £(x)X + eg(x) = e(t), and in each case the
difficulties which arise are due to the fact that the
"damping factor" f(x) can change sign. The solutions
of the degenerate equation f(y)y = e(t) have discon-
tinuities, in general, and the situation as regards
uniqueness and stabllity of periodic solutions is far
more complex than in the case when f(x) is of fixed
sign, as has been shown by Cartwright-Littlewood[2]
and Ievinson [8].
We propose then to study the equation eX + f(x)X
+ eg(x) = e(t) and 1its degenerate form f(y)y = e(t),
where f(x) is not required to be of fixed sign. In
part I(§§1 and 2) solutions of the degenerate equation
having certain desirable properties are defined and
shown to exist uniquely; i1mportant features of these
solutions are discussed. In part II (§§3-7) we discuss
the perturbed equation; §3 sets forth elementary
boundedness properties of its solutions and establishes
the existence of a periodic solution under appropriate
conditions on the functions e, f, g. In §4% we prove
lemmas needed to establish the convergence theorem of
§5; this theorem states conditions under which a
solution of €X + f(x)x + €g(x) = e(t) tends, as e€— O,
to a solution of f(y)y = e(t); the theorem 1s pre-
sumably a consequence of a result announced by Levinson
{5] but is included here for completeness. In §6 we
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state and prove the Global Stability Theorem, on the
behavior of solutions of the perturbed equation as

t — o . It will be shown that the condition b > b,

i3 necessary and sufficient that for the equations of
Certwright-Littlewood and Levinson the hypotheses of

the Global Stability Theorem be satisfied. At the
present we are unable to prove (or disprove) that a
periodic solution of our equation must be stable or
even unique; the theorem in §6 1s our best approximation
to the results announced in [1] for the speclal equation
€X + (x2-1)i +€x =DbAcos (At + a),b > boa % .
However, in §7 we prove by means of a method due to
Levinson [7], a result In the same direction, that our
equation possesses a maxlmum invariant finlte domain of
zero area.

I. The Degenerate Ecuation
§1. Introduction.

As indicated in the preface we wish to obtain
informetion about the solutions of
(1)  €X + £(x)% + eg(x) = e(t), € > 0, ¢ smll,
from a study of the equation
(2)  £(y)¥ = e(t).

The chief case of interest is that in which f(x) can
change sign.

We suppose that e, f, and g are contlinuous, and
that f and g satisfy a Lipschitz condition; then for
any initial values Xy io, to (1) has a unique solution
x(t) such that x(t ) = X, i(to) = io. Under relatively
mild additional assumptions we can guarantee that no
solution goes to infinity in a finite time; hence every
solution is continuable for all t, t 2 to. The most
important extra condition is that /.xf(u)du shall be
unbounded above and below as x vari8s from - to +
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We write this condition in the norm&lized form

1im F(x)sgn x = +, where F(x) s/ f(u)du.
| x [0 °

On the other hand, if f(x) has zeroes the
equation (2) may possess no solutions for some initial
values, and certain of 1ts solutions may remain bounded,
yet continuable only for values of t in a restricted
interval about to‘ Nevertheless equation (2) in its
integrated form

(3) F(y) = F(x,) + E(t) - E(t,)
where E(t) =/ e(u)du has solutions y = y(t) such that
y(t ) = X, fo? all values Xy t ; these solutlons are

continuable (although perhaps not uniquely) for all t}t
because of the behaviour of F(x) at infinity.

In the simplest case, when f has isolated zeroes,
we can select from among the solutions of (3) a special
class of functions y(t) which approximate the solutions
of (1) for small positive €. We outline in the para-
graphs to follow the heuristic considerations which
motivate the definition of these "degenerate solutions".

Let (1) be transformed into an equivalent pair
of first-order equation by the substitution w = ex + F(z).
Then

(ka) ex =w - F(x)

(Wb) W = e(t) - eg(x).
The solutions of (1) may now be thought of as trajectories
(x(t),w(t)) 1in the x,w plane. The curve I' : w = F(x)
plays an important role in the study of the trajectories;
for by (ka), if (x(t), w(t)) lies above I' then
x(t) > 0, while 1f (x(t),w(t)) lles below I' then
x(t)<o0. Indeed, for small e, if w(t) - F(x(t)) 1s not
"very" small then x(t) 1s large. Equation (4b) shows
that w 1s probably bounded, as ¢ — 0.
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Sihce f(x) has isolated zeroces, F(x) 1s plece-
wise strictly monotone. Iet F+ denote the set of values
of x at which F(x) 1s increasing, Fo the isolated points
at which F(x) has extrema, F_ the remaining points. In
Figure 1, Xy X, and X5 are in Fo; the open interval
(x4, x2) is in F ; the open interval (x2, x3) belongs
to F_. Horlzontal inflectlional tangents, such as at
X),, are not excluded.

It seems plausible that the set of points (x,w)
near to I' with x-coordinates in F, should be a strongly
stable region for solutions of (1). For suppose that
at a certaln time a trajectory point is at P (Figure 1).

FIG. 1

Then, since it lies above I' , it has a large positive
horizontal velocity, and hence tends to move rapidly
towards I' ; its velocity decreases as it approaches r.
Similarly a trajectory point at Q will have a large
negative horizontal velocity and therefore should move
towards I , decreasing the magnitude of x. Of course,
either trajectory may cross I'; but once near to it
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should be nearly impossible for a trajectory to leave,
so long as x (t) remains in F,.

By a simllar argument 1t appears that the region
near I' with x in F_ will be highly unstable. Any slight
initial tendency to leave I' is quickly reinforced;
trajectory points such as those at R and S are expected
to "jump" horlzontally to the first accessible in-
creasing branchof T .

Assuming that the term eg(x) may be neglected we
integrate (4b) and obtain
(5) wo-w, = E(t) - E(to).

Then if e€x 1s small we combine (L4a) and (5) to obtain
the equation
(6) F(x) = F(xo) + E(t) - E(to) =W

where we have also assumed that tio i1s small.

The second equation of (6) should be a good
approximation to the actual motion defined by (La,b),
gince only the term. eg(x) has been neglected. The
first equation of (6) will be a reasonable approximation
if ex 1s small, which, by the stability argument above,
should be the case as long as x(t) stays in F+. Thus,
wherever (6) 1s applicable, the true solution x(t)
should 1lie near to an appropriate solution of (3).

Let us follow the approximate motion of a trajectory
beginning at P (xoo,wo) in Figure 2.2 Since P,
is well above I' the initial velocity is positive and
large. Hence there 1s an almost instantaneous hori-
zontal jump to PO: (xo, wo), which we may think of as

2, No significance attaches to the fact that I' has
been drawn for different F(x) in Figures 1 and 2, nor
to the fact that all of the action takes place in the
first quadrant.
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a preliminary adjustment of initial conditions.

FIG. 2

Suppose first that e(t) 1s such that the function
w = F(xo) + E(t) - E(to) varies between the levels
W, and w,. Then the solution trajectory moves along
I' between Po and P, we expect that x(t) is closely
approximated by that solution y(t) of the equation
F(y) = F(xo) + E(t) - E(to), which lies between X, and
X, -
Suppose instead that w increases steadily from
W, to W), . Then until w 1s near to LAY x(t) 1s near
to the solution y(t) of F(y) = F(xo) + E(t) - E(to)
lying between X, and X5 - Then as w continues to rise
the trajectory is carried to a level considerably above
I' and thus x(t) acquires a very large positive velocity.
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The trajectory point then jumps to the nextincreasing
branch ot I'sayto the vicinity of P2*: now ag w rises
to the level Wy, x(t) 1is approximated'by the solution
y(t) of F(y) = F(x,) + E(t) - E(t,) which moves from

X * to X

At PB’ w 1s still rising; there is another jump
to the right to the position PB*' The rest of the
motion is now smooth, from x3* to x). The situation
would not be different if I' had the form of the dotted
curve I‘.l with a maximum point P; at the same helght
as P3.

If now w falls steadily from W, to Wy then the
trajectory moves smoothly from Phto P5 along T', jumps
to P5* and returns smoothly to Po' The corresponding
solution y(t) of (3) moves from x) to X5 jumps to
x5*, then moves to Xy- Of course, if T' 1s changed
to P1, the number and location of jumps on the
dowrward cycle 1s altered.

The case where extrema of F(x) and E(t) coilncide
presents special difficulties and will have to be
excluded - cf. the definition of "regular solutions"
in the next sectilon. For suppose that w rises from
w, to wy, then falls to LA Then x(t) might simply
move to X5 and return to Xy* But we cannot exclude
the possibility that the trajectory moves into F_,
following I' smoothly to a point such as Q, and then
suddenly jumping to right or left. Such motions
should actually exist, on grounds of continuity. For
by slight changes of initial valee X, w?'can raise or
lower w, to positions such as W, orw, , obtaining
qualitatively different approximate solutions.

The foregoing discussion suggests that the true
solutions x(t) of (1) are approximated by "degenerate
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solutions” y(t) whose essential features are (1) y(t)
satisfiei F(y) = F(xo) + E(t) - E(to) 5 (11) y(t)
lies in F+; (111) y(t) is continuous when y(t) € F+,
y(t) jumps to the right or left from F_, according as
F(y(t)) is a maximum or a minimum. We proceed now
to the precise definition of degenerate solutions and
the derivation of thelr salient properties.

§2. Degenerate Solutions.

Iet f(x) be continuous_for all x, with isolated

zeroes, if any. Let F(x) = Of(u)du,ll%m F(x) sgn x =
X |—&

+ oo . Designate by F_ the set of x at which F 1is
increasing and by F the isolated polints at which F

has extrema. Let e(t) be continuous, E(t) —/’ e(u)du.
o

For each x in F_ we define a number x* by the
followling rules:
if x 1s In F, X=x ;
if F has a maximum at x, then X is the least
number y of F+ such that y > x and F(z) = F(x):
if F has a minimum at x, then x 1s the greatest
number y of F,_ such that y < x and F(y) = F(x). The
palrs X5 x2 and x5, x; in Figure 2 illustrate the
definition. It is easy to see by referring to the
figure that 1f X { &8 < x" then F(§) { F(x), and 1f x
282 x then F() ) F(x). Furthermore, if ¢ 1is in
F, so that t£” is defined, then x <t ¢ x" implies
F(¥) { F(x), while x > & > x* implies F(§¥) > F(x).
Let t  be arbitrary ard y(t) a function defined
for all t > t, such that
(1) F(y(t)) = F(y(t,)) + E(t) - E(ty);
(11) y(t) 1is in F; ;
(111) y(t - 0) exists and y(t - 0)= y(t) for
all t > to
(iv) y(t+0) exists and y(t+0)= y(t) for all
t D ty -
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Such a function y(t) will be called a degenerate
solution. To emphasize its dependence on initial values
to and y(to) = X, Wwe shall sometimes write y(t;xo)

or y(t; Xy to).

From the definition of the * - operation it 1is
clear that x = x" if and only if x 1s in F+. Therefore,
using (111) and (iv), y(t) is continuous when and only
when y(t) 1s In F_. We note further that the values of
t for which y(t) is in FO are isolated. These remarks
combined with the implicit function theorem immedlately
yield the exlstence-uniqueness theorem for degenerate
golutions.

We merely state the result:

Theorem 2.1. Let X, lie in F+ and tO be arbitrary.
Then there exists one and only one degenerate solution
y(t) such that y(to) = X

o'

Hence if y(t) and Y(t) are two degenerate solutions

with initial times t and T and if y(t ) = Y(t1) for
some value t, Q) max (t , T ) .then y(t) = ¥(t) for all
t > t1 Even more is true, and easily proved:

Lemma 2.2. If y(t) and Y(t) are two degenerate
solutions such that F(y(t)) = F(Y(t)) and if ¥(t,) lies
in the closed interval between y(t1) and y(t1+o) then
y(t) = ¥(t) for all t > t,.

We now prove a theorem concerning the monotonicity
of y(t) as a function of y(to).

Theorem 2.3. If y(t ) > Y(t ) and F(y(to))
Z_F(Y )) then t ) ty 1mplies y(t? > Y(t).
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Proof: If the theorem is false then by theorems
2.1 and 2.2 there is a t, > t  such that ylt,) > ¥(t,),
y(t1+o) < Y(t1+o), and Y(tl) %+ y(t1+o).

Therefore either Y(t1) < y(t,+0) < Y(t1+0) or
y(t,+0) < ¥(ty) <yt

Because of the equation F(y(t)) - F(Y(t)) =
F(y(t, )) - F(Y(t )) > O these are both impossible.
For if ¥(t,) < y( t +0) < Y(t +0) then, since y(t,+ o)e F,
we have y(t +0) = y(t +0)" Therefore Y(t,) < y(t +0)"
< ¥(t, )y Hence F(y(t,)) = F(y(t, +0)") < F(Y(t )),
contradiction On the other hand 1f y(t,+0) ( Y(t )
< y(t, ) then y(t, > < x(t,) < y(t,) and also v(t, y*
< Y(t, ) Hence F(y(t1» < F(Y(t1)), a contradiction

Combining this result with Lemma 2.2 we have

lemma 2.4. If y(to+0) Z'Y(to) and F(y(to)) -
F(Y(t,)) then t > t  implies y(t) 2 Y(t).

Suppose now that E(t) 1s periodic with least
period p . It is clear that there may exist degenerate
solutions which are not periodic. Suppose for example
that in Figure 2 w osclllates between the levels we"
and LAY then a solution starting at R will never return
to R. However this solution 1s periodic from the
moment 1t reaches the branch POP2, and thils occurs
within a period. We show that this phenomenon is

general:

Theorem 2.5. If E(t +p) = E(t) thent > t, + P
implies y(t +p ) = y(t), for all degenerate solutions
y(t).

Proof: For all t we have E(a) ) E(t) 2 E(b),
where either t ) { a {b<t, +p ort, {b<alt, +p-
We give the proof only for the first case, the second
beling analogous.

Clearly, t > a implies y (t) { y(a + 0). For
otherwise t, > & exists such that y(t,+ 0) > y(a+0)
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> y(t1): since y(a+0) € F+ then y(t1)' > y(a+03*
> y(t,) whence F(y(t,)) > F(y(a)), contradicting
E(t,) < E(a).

Similarly t > b implies y(t) > y(b + o).

let y(t +p) = Y(t). Then F(y(t)) = F(Y(t))and
Y(a) = y(a +p) { y(a + 0). Then by Lemma 2.4, t > a
implies y(t) » Y(t). Then in particular y(b) > ¥(b).
But y(b +p ) y(b+0. Therefore, y(b) > ¥(b) > y(b+0).
Then by Lemma 2.2, t > b implies y(t) = Y(t), which is
to say: y(t) = y(t +DP).

The monotonicity theorem may be stated in a
stronger form when the degenerate solutions are
periodic.

Theorem 2.6. If y(t) and Y(t) are periodic with
period p and y(t,) > Y(t ) then y(t) > Y(t) for all t
> ty-

Proof: If F(y(t,)) > F(Y(to)) then by Theorem
2.3, y(t) 2 Y(t) for all t ) ty; the periodicity and
theorem of uniqueness precludg equality.

If F(y(to)) < F(Y(to)) and the theorem is false
then t, > t exlsts such that y(t,) < Y(t,). But F(y(t,))
- F(Y(t,)) = F(y(to)) - F(Y(to)) < 0 Hence by Theorem
2.3 applied with initial time t1, we have y(t) g_Y(t)
for all t t,. But y(tO +1p) > Y(to + 1p ) for all
n, a contradiction.

Regular Degenerate Solutions

We noted in §1 that if a degenerate solution y(t)
appears in FO at a time when E(t) has an extremal value
then that degenerate solution could not be expected to
mirror the behavior of solutions of the perturbed
equation. It 1s therefore necessary to exclude degenerate
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solutions of this type.

To make the description as simple as possible
we add the requirement that e(t) have isolated zeroes,
so that E(t) is plecewise strictly monotone. (For the
present we are not assuming that E(t) is periodic.)

A degenerate solution y(t) will be called regular
on the interval (to,t0+ T) provided that all of the
numbers y(to), y(tO + T) and y(o) are in.F+, where 6
is any value of t 1in (to,to+T) at which E(t) has an
extremal value; of course there are at most a finite
number of points 6 in the interval.

The initial value X, = y(to) will be called a
regular initial condition. With to and T fixed the
equation F(y(8)) = F(xo) + E(6) - E(to) shows that the
set of regular initial conditions Xq is a non-empty
open set. We denote by I a closed interval all of
whose points are regular initial conditions.

In proving the convergence theorem of §5 we
shall need two results concerning regular degenerate
solutions, These are

Theorem 2.7. L@L_xo be In I ggg_y(ro; xo) in Fo.
Then there exists a unigue function 7(x), defined and
continuous on I, with r (xo) =7 and y(f(x);x)=y(ro; xo).
Furthermore 7(x) 1s monotone on I.

Lemma 2.8. Let u { t { v be an interval such that
every degenerate solution y(t; x), x in I, is in FO for
exactly .one value of t interior to [u, v]. Let E(t)
be increasing for u { t { v. Then nine numbers
ol x, (x;<... < X { +oexist such that x, and x,
are in F  if they are finite; the open 1ntervals(x1,x5)an
(xg, x9) e In F ; X5 and x; are In F ; F(x,) > F(xg);

and for x in I, x, < y(u; x) g_x5 and X, { y(v;x) g_xe.
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Theorem 2.7 1s important because it enables us
to lsolate the values of t at which y(t; xo) is in Fo’
uniformly with respect to Xy if the interval I over
which Xo varies 1s chosen sufficiently small. This
can be seen as follows.

Suppose that y(t; x,) is regular for to <t <« t,

+T, and is in F0 at successive times Ty Tos
Then by Theorem 2.7 there exist continuous functions
rj(x) defined on I with rj(x) = 'j’ and y(rj(x); X) =
y(rj; xo) in Fo' By applying the Theorem again we see
conversely that 1f y(v; x) 1s in Fo then 7 = fj(x) for
some j.

Since the functions rj(x) are continuous we can
select numbers u; and v, so that if I is small enough
then u; < T.(x) < Vj’ the total length of the intervals
(u,v) 1s as small as we wish, and E(t) is monotone for
u <t < Ve For t in the interval [uj, Vj] each
y(t;x) has one and only one value in Fo’ and the point
of F'0 is independent of x. For t in the closed interval
[vj_1, uj] no solution y(t; x) is in Fo‘

In order to establish these results we introduce
an auxiliary function G(w; y), defined for all real
w and for all y in F+, in terms of which we can write
a more explicit formula for the regular degenerate
solutions. G 1is a sort of inverse function to F, and

1s defined by

ces Toe

G(F(y); ¥) =Y

If w > F(y), G(w;yi = minix|xDy,w = F(x)}! ;
If w C F(y), G(w;y) = maxix|x{y,w = F(x)}
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LW,

I w=F&)

—F(y)

W,
Wi

FIG. 3

Figure 3 1llustrates the definition of G. We observe
that F(G(w; y)) = w for all y, and that G(w; y) is a
strictly increasing function of w for each y. Further-
more, if ¥, and ¥, are two numbers lylng in the same
component of F+ then for all w we have G(w; 35) = G(w; Y, ).
Finally, if w > F(y) then G(w - 0; y) = G(w; y),
Gw + 0; §) = G(w;y)’; if w { F(y) then G(w -0; y) =
Gw; ¥)"5 G(w + 0;5) = G(w; ¥).

If we write w(t) for F(xo) + BE(t) - E(to) we see
at once that the following lemma holds:

Lemma 2.9. If y(t,) is inF_ and E(t) has no
extreme values in the interval t, <t <« t, then

y(t) = G(w(t); y(t,)) forall t, t, {t <ty
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Iemma 2.9 yields an algorithm for the computation
of regular degenerate solutions. For if E(t) has
successive extrema at times 61, 62, ooy en then all
of the numbers y(6;) are in F+. Hence y(t) = G(w(t);
y(t,)) when t g <t <8,;5 y(t) = Gw(t); y(e,)) when
e, <t< 6,; and so on. In particular, 1If I is a
closed interval all of whose points X, are regular
initial conditions then as X, varies over I each of
the numbers y(ej H xo) varies over a closed interval
lying in F_.

Proof of Theorem 2.7. Since y(r; xo) € F, and
y(t; xo) 1s regular we know that E(t) does not have a
maximum or minimum at time 7 . Hence for some j,
ej < LN < ej+1, letting 6 = t,. Then by the formula
above we have

y( 75 t) = G(F(x) + E(7) - B(t,); y(8; ; x)) 1f

e {70, IRE But y(eJ ; X) and y(e HI N ) 1lie in the
9ame component of F Hence we may replace the last x
in the preceeding equation by X, and obtaih

y(r; x) = G(F(x) + E(T) - E(t,); y(ej 3 X))

Since
y(ro; xo) = G(F(xo) + E(ro) - E(to); y(ej; xo))

1t will be sufficient to show that the equation
F(x) + B(7 ) = F(xo) + E(fo)

has a continuous monotone solution? = 7(x) with'f(xo)

= 7, and e r(x) < 9 . This is certainly true in

a neighborhood V of xo, since E(f ) is not an extreme
value and F(x) is monotone and continuous onI. If

X, 1s the upper bound of V and lies interior to I then

T (x2 - 0) exists and F(xz) + E(1(x2-0))= F(xo) + E(ro).
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Then y(f(xe-O); xe) is in Fo, so that E(t) is not
extremal at t = 7(x,-0), and ej < r(x2-0) < ej+1.
Defining r(xe) = r(x2-0) we may continue the solution
beyord X,, and hence to the upper bound of I. Similarly

at the lower bound.
Before proving Lemma 2.8 we need to discuss the
continuity of y(t; x) as a function of x. We have:

Lemma 2.10. If y(t'x ) is a regular degenerate
solution and y( HIR ) 1s in F then y(t1; x) is a

cont inuous function of X at x = X,
Proof: Let e < t, < eJ+1 Then
y(t1, x) = G(F(x) + E(t,) - E(t,);
y(65; x))

by Lemma 2.9. As In the previous proof we may replace
the last x by Xy Then

y(t1;xot 0) = G(F(xoiO) + E(t,) - E(to);
¥(8; 5 x,))
+ 0.
= G(F(xo) + E(t,) - E(ty) - 0;
y(85%,))
= G(F(x ME(t,) - E(t,) ;5 y(855 x,))
= ¥(ty5 %)
since y(t1; xo) is in F whence y(t1, xo = y(t1, X ).

Proof of lemma 2.8. (See Figure L4).

Let I be the closed interval of x' { x { x''. Let
Xy = y(u; x'), x5 = ¥(u; x'"), X, = y(v; x'), Xg = y(v;x

Then by Theorem 2.3
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P

H |
Xe Xy Xg X
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X, X,

Rt E

xp, < ¥(u; x) x5 and x, { y(v; x) { xg for x in'I.
By hypothesis for each x there 1s a unique 7(x) with
u <r(x) { v and y(7 (x); x) in F . Theorem 2.7
guarantees that the point in Fo is Independent of x;
denote 1t by Xs- Then by lemma 2.9

Xz = G(F(x'') + E(u) - E(t) ; y(u; x'"))

Xg = G(F(x'') + E(7 (x'')) - E(t,); y(u; x'")).
But G(w; y) is an increasing function of w and
E(7 (x'')) > E(u) since E was assumed increasing on
[u,v]. TI:eref‘ore X5 < Xs5 similarly Xg < Xqs and
indeed x, <*x7. Let x4 be the greatest number of F,
less than Xg - F(xs) < F(x5), and therefore we may
choose x) between X, and X5 80O that F(x,) > F(xg).
Finally take X, equal to the greatest number in Fo
less than X,, or -® if there i1s none, and take x9
equal to the least number in Fo greater than Xg, OT

+ 00 . The open intervals (x1, xe) and (x5, xs)
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clearly lle in F+; the closed interval [xe, x3] lies
in F+ by the continuity of y(u; x), lemma 2.10.

Hence (x1, x5) is in F+; similarly (x6, x9) lies in F+.
Thus all the conditions in the conclusion of the lemms
are fulfilled.

II. The Perturbed Ecuation

§5. Elementary Properties of Solutions.
We consider the equation

(1) €X + £(x)%x + eg(x) = e(t),0 ¢ < 1, under the
agsumptions

(a) f(x), g(x), e(t) are continuous and f(x), g(x)
satisfy a Lipschitz condition in any bounded interval;
hence (1) has a unique solution for given initial

values X, io .
(b) le(t) < e
(c) E(t) /gge(u)du has finite oscillation, Eo‘
(d) P(x) /oxf'(u)du; , 1lim F(x).sgn x = +00.
|x |00

(e) There exlist positive constants 8,5 85, a.3 such

that the inequalities f(x) ) a, lg(x)|, F(x)sgn x > o,
g(x) sgn x &85 hold when Ixl > a,.

It will frequently be convenient to replace (1)
by the equivalent pair of first order differential

equations
(2) & x(t) =w(t) - F(x(t))

w(t) = e(t) - e g(x(t)).

The first four theorems of this section present
boundedness properties of solutions of (1). The methods
employed and results obtalned are very similar to those
of Cartwright and Littlewood [2]. Our hypothesls (e)
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is somewhat less restrictive on the function g(x); in
[2] 1t is required that g(x) Z 0(x) for large x.

Theorem 3.1. There exists a constant A such that
for any solution x(t) the inequality lex(t)] g_le;':ol + A
tolds for all t ) &,

Proof: If |ek(t)| < lek | + 2’ for allt ) t,
we are through. If not, t1 and t2 exist such that
lex(t,)] = lex | +2a)' and t, ('t { t, implies
lex(t)] D Ieiol + 2a;1 . Assuming for definiteness
%(t,) > o these relations become
-1
2
t, Ct {t, tmplies ek(t) ) ledy| + 28}

(5) ek(t)) = lek | + 2a

go that
(4) k()< Lea
AR 2"
Integrating (1) from t1 to t2 ylelds

+ F(XE) - F(X1) = E(tg) ; E(t1)

- ¢ /tf‘ g(x(t))at,

eig - ¢i1
where x; = x(ty), ii = i(ti).
Then using (c), (3) and (%) and { 1, we obtaln

0 S'e iz < lciol + 23;1 -~ F(x,) + F(x,) + E,
X2
+ %-32.[x1|g(x)ldx, since x, > X,

Hence

X -1
(] ] - 1 2 -
0 < X, < lex |+ 2&21 +Ej + 532-[x [lg(x)] - 2a, f£(x)]ldx
-1 -1

If |x| ) &, then 0 2 lg(x)| - &, £(x) vlg(x)l-2a, f£(x).
Therefore, no matter what the values of x1and Xy
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0 eq, ¢ lei | +28]' +E_ + Lo, [1] 1g(x)]
ex, lex | +2a, +E  + '2'&2[ l g(x)

-1

-2&2

f(x) | dx = leiol + A.

The proof 1is similar if i(t1) < o.

Theorem 3.2. For each solution x(t) and each t1
there 1s a t, > t, such that [x(t,)] < a,.

Proof: If x(t2) Z a, for every t2 Z t1 then by
integrating (1) we obtain

t
F(x,) - F(x,) + ¢f Zg(x)dt = E(t,) - E(t,)

t1
-e(k, - X,).
Hence t
lF(XE) +e/ 2 g(x)dt' { A', a constant depending
t1
on the initial conditions, by Theorem 3.1. But if x Z a,

then F(x) and g(x) have the same sign, by (e). Hence

t
I/. Eg(x) dtl { a constant.
t Y

1
Therefore |(t2 - t,) aBI < a constant, for every

t2 > t1. As thls 1is ruled out the theorem is proved.
Similarly if t, 2_t1 implies x(t,) §_-a1.

Theorem 3.3. For each palr of constants B and C
there exists a constant D independent of ¢ such that,
ir lx(to)l {Band |e¢ i(to)l { C thent > t, imlies

| x(t)] S D.

Proof: First consider the case B g_a1. If
Ix(t)l < a, for all t > t, we may take D = a,. If x(t)
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has values greater than a8y, x(t) must take on the value
a, at, say, t = t, and again, by Theorem 3.2, at
t = t3. At an intermediate value tE x(t) has a
maxinum value x, and i(t2)= 0. Integrating (1)
from t1 to t, we obtaln .
) - Fla,) = B(ty) - E(t,) + ex, -¢f Zg(x)at.
t1

Therefore F(x,) { F(a,) + E_ + lex | + A { F(a,)
+ Ej + C + A, sinceg(x) 33> 0 when x ) a,. Therefore
F(xe) and consequently X, 1s bounded above by a constant
depending only on B and C. Simllarly, 1f x(t) takes
values less than -a, x(t) 1s bounded helow.

Now take B > a, and let ty <t < t, imply x(t)
2 3,5 let x(t,) = Xy~ Then

F(x1) = F(xo) + E(t1) - E(to) +¢}'(.| - eJ’(o -6[1g(x)dt
2

F‘(x2

Cmax | IF(x)] | Ixl (Bl +Ej+2C+A

and again x, is bounded by a constant independent of the
initial conditions. The case x(t) = -a, is analogous.

The theorem which follows gives ultimate bounds
(@s t— ® ) for an arbitrary solution x(t) and its

Jerivative.
Theorem 3.4. There exist constants Bj and Co such

that every solution x(t) satisfies Ix(t)| {Bg,
lex(t)!] € C, for all large t.

Proof: |X(t)| must take on arbitrarily small
values since x(t) is bounded. Let t1 be such that
IX(t,) | < 1; then, applying Theorem 3.1, t 2 t, lmplies
lex(t)[<1 + A= C,. By Theorem 5.2., t, > t, exists
such that |x(t,)] { & . Now apply Theorem 3.3., with
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B = a,, C = CO, writirg BO for the associated constant
D. We have lx(t2)l < a,, lek(tz)l < C,; hence t Z t,
implies [x(t)] < B, lex(t) | < Co.

The boundedness pioperties proved in the above
theorems show that if e(t) 13 periodic of period p
then (1) has a geriodic solution of period p. This
Lollows from a remarkable theorem due tco Messera [10].

Theorem 3.5. (Massera). Let f(x,y,t) be con-
tinuous, perlodic in t of period p, and satisfying a
Lipschitz condition in x,y. If no solution of the

gystem
(5) X = f(X,Y,t)
¥ = eg(x,y,t)

tends to infinity in a finite time and if (5) has a
solution (x(t)), y(t)) which is bounded for t » to’
then (5) has a periodic solution of period p.

Theorem 3.6. If e(t) ls periodic of period p,
then (1) has a periodic solution of period p.

Proof: We apply Theorem 3.5 to the system (2).
By theorems 3.1 and 3.3 every solution 1s bounded for
t t, and hence no solution goes to infinity in a
finite time. Hence (2) and therefore (1) has a
solution of period p.

§h. Behavior ag € = 0.

In this section we collect some lemmes which we
shall need for the proof of the principal theorems. In
addition to assumptions (a) - (e) we require that e and
f have isolated zeroes; we use the notation of §2. The
function w(t) was defined by (2) of §3.

To save writing we state here a hypothesls which
is common to all of the lemmas to follow: B, C are
arbitrary positive constants; 0 { e < 1; t, is
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arbitrary ard x(t) 1s an arbitrary solution of (1) for
which |x(t )] < B, | ¢x(t,) { C. Any other constant
whose existence 1s asserted 1s understood to be
dependent on B and C, but not on the particular solution
x(t), nor on any other quantity unless explicitly stated.

Iemma 4.1. There exlsts a constant G such that
Osc (w(t) - E(t)) { «GT for ty < tgﬁo + T.

Proof: Let D te the number in the conclusion of
Theorem 3.3, and put G = max{ |g(x)]| l x| < D}.
Integrating the second equation of (2) between any two
limits in [to’ t + T] ylelds the result.

lerma 4.2. There exists a constant H such that if
t, < t, < t,and IX(t)]) ¢ % forall t, t,{tt,, then
Iw(t)-W(t)|<H¢

Proof: Iet H = 2D(eo + G). By Theorem 3.3, :

Ix(t)| < D. Then 2D ) Ix(t,) - x(t,)] > (t,-t,) ¢ 2,

so that (t, - t1) { 2D =1/22 Then
w(t,)-w(t, ) ---/L2 e(t)dt-e/t2 g(x(t))dt
¢ 1 £, t,

whence
lw(t,) - w(ty) < 2pe' /2 ¢ (e, + ¢6) { He /2,

The next lemma makes rigorous the argument given
in §1 on stabllity of the reglon F_. We obtain only
a weak bound on x(t), namely, [X(t)] < O( e'1/2), But
this 1s enough to guarantee that (x(t), w(t)) 1s close
tol' : w(t) - F(x(t)) = ) < o(e'/2). This result

will be strengthened in §5.

lemma 4.3. If there exist t, < t2 such that17ét)
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where J ) 1, then for all t » 8, <t {t,, we have
1%(6) ¢ (H+ J) e /2

Proof: It 1is sufficlient to prove that
1%(t)] < (H + J)e71/2,

Let IX(t,)l = (H' + J)e”'/2 with H'D0. Let t')t,
be a number such that [x(t')] = Je _1/2, t' <t < t,
implies [x(t)] > Je /2,

If x(t ) > 0 then x(t') > 0 and we have by Lemma
b.2 and the definition of F,, He 1/2 > wity) - w(t')

= ¢k(t,) - exX(t') + F(x(t, )) - F(X(t')) 2ex (t,)
CeR ) = @+ T - e 2ol )2, Hemco H > H'.
Similarly if x(t,) < 0.

lemma 4.4, If x(t ) EF +? if e ( T G and if
1%(t,)1 < (1 + H)e /2 then w(t) - Fy(t))] < (24)e'/2
@_:g_ail_t t, bty + T

Proof: By Lemma 4.1. |x(t) - E(t) - w(ty)

+ E(to)|_<_qG’I'. But w(t,) = ex(t )+ F(x,) and F(y(t))
= E(t) + F(xo) - E(to). Therefore, lw(t) - P(y(t))l
< $OT + lex(t)] < (2+H)e /2,

The convergence theorem of §5 rests essentially
on lemmas 4.3 and 4.4. For combining the results of
these lemmas we have |F(x(t)) - F(y(t)) | < O(e /2),
so that x(t) and y(t) are close together.

The next four lemmas will be used to establish the
global stability theorem of §6. The common hypothesis
of the first three lemmas, that t, > t, exists such
that li(t1)l {1, 1s introduced to ensure that we are
not dealing with a solution which has just come from
infinity.

Lemma 4.5. Suppose that numbers w, and W, exist
such that the equation F(x) = w has exactly one solution
if w, {w {w,. There exists ¢ such that, if «( ¢,
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irt, <t (tuaresuchthat [X(t, )] <1andw {w(t,)
< w, umalﬂtul< (1 + H)e /2 amaxm )1sinF

Proof: Choose ‘o less than 1 and small enough so
that 1f e ¢ andw, - (14H)¢ 1/2 {w w, + (14H) ¢ 1/2,
then F(x) = w has exactly one solution x =@ (w). The
solution ¢ (w) is a continuous function of w and 1s in
F, sinte F(x) sgn x—o as |x|-w.

If [3(t,)] < (14H)¢ /2 then IF(x(t))) - w(t,)l
{ (1+H) e /amw -(nmeVegmuu))gw.+umyk
Then x(t ) is a solution, perforce the unique one, of
F(x) = F(x(th)) Hence x(t ) € F

We now show that lx(th)l > (1+H)¢ -1/2 is impossible.
Suppose for definiteness that x(t,) > (1+H)e ~'/2. Then
t, exists such that t, < t, < t, and J'c(tz) =6 1/2, while
t {t <t implies tha.t x(t) e “1/2. Then by Lemma
h 2, lw(t, ) - w(t, JIC He 1/2. Hence w, - He 1/2( w(t, )
Cwy + He /2. Tnen W - (1+H)e‘/2< F(x(t,)) {w, +
(141)¢ /2. Therefore, x(t,)€ F,. By Lema b.3.. if
t, < t < t, implies x(t) € F then Ix(th)l < (rem)eV/2,
Hence, x(t) must leave F_ at, say, t = t?, t, < t < tys
with x(t ) € FO -1/2 gx(t ) < (1+H)¢ /2, applying
Lemma h.} once again. But lw(ti) - w(th)! { He 1/2 by
Lemms. 4.2. Therefore by the argument used above for x(t;)
we conclude that x(t,) € F_,a contradiction. This

3
completes the proof.

Lemma 4.6. Suppose that numbers V, and X, exist.
such that F(x) > V, whenever x 2 X,. If t, > t,
exists such that |x(t,)] < 1, and Lf &, 2 t, ;L_s_ su ch

that w(t3) < V,, then x(t3) < x, - provided e e
constant.

Proof': Choose ¢ | so small that €< ‘5 implies
Vv, < F(x,) -¢'/2 ang so that, 1f ¢ ¢, then x, { x
implies v + (140) e /2 CF(x) .
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1
Then if x(t?) 2 X, we have F(x(t5)) >V, + (1+4H)
> w(té) + (1+4H)e /25 > w(t ) +¢1/2. TherefOPe, k(ti)
{ - ¢ 1/2 by the definition of the function w(t).

Since lx(t1)| =1ande 1, there exists t, between_ -1/2
t, and t5 such that i(tz) = -1/ while x(t) - ¢
for all t, {t< t3.
Then by Lemma 4.2, w(t,) { w(t,) + He 1/2 w,
sHe /2, Hence F(x(t,)) = w(t ) + e1/2 + (14H)e' /2,

Therefore x(t,) < x,. But t, g t <ty implies x(t)<0,
and so.x(tB)‘< x(t,) < x,, completlng the proof.

In tke same way we can prove

Lemma 4.7. If V, and x, are such that F(x) < v,
whenever J(ﬁxe, Qﬁn,liliﬁq)lg1 and
t, 2 t, exists such that w(t,) > V,, vo have x(t;) > x,
for all small e .

lemma 4.8. If x(t) and x*(t) are two solutions
of (1) end If t, {t < t implie x(t) < x"(t) while

x(t ) = x (t ) then w (to) < w( +2€G(t,-t )
Proof': x (t ) < x(t 1) by the uniqueness of solutions
of (1). Therefore w ( 1 ) < w(t1),

since  F(x (t,)) = F(x(t,)) and w(t) = F(x(t)) + €x(t).

But
w(t,) - w(t,) = E(t,) - E(t,) - ef1 g(x(t))dt
to

and w(ty) - w(t,) = E(t,) - E(t)) - i "g(x” (t))at.
2

» » 't
Then w(to) -w (to) = w(t‘) -w (tx) + e4{ 1(g(x(t))
» Ot]
- gx"(t)))at > ¢ / (8(x(t))

-g(x"(t)))dt ) “2¢€ G(t ~t, )
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§5. The Convergence Theorem.

The principal results of this section are
essentlally speclal cases of a theorem announced by
levinson [5]; we are able to state a little more, in
that the convergence here 1s uniform in a specified
range of initial conditions.

Throughout the sectlon to and T are fixed,

t, (t ¢ t, + T3 I ls a closed interval in F_ such
that Xy in I ylelds regular degenerate solutions:

cf. definition in §2. We are assuming Ixol { B.

The solution of (1) with parameter ¢ and initial
values x, and io at time t_ 1s written x(t; x, X5 € );
the corresponding degenerate solution is y(t;,xo). The
convergence theorem is concerned with the truth of the
equation

m  x(t; x, X

P €)= y(t; x,).

o’

In the sequel we suppress the symbol "e —» o ", writing

gimply "1lim".
The proof of the convergence theorem rests on the
next three lemmas. Lemma 5.1 amounts to the convergence

theorem in the special case where y(t; xo) has no jumps;
lemma 5.2 discusses the convergence in the case where
y(t; xo) has a single jump and ylelds convergence at a
time slightly after the jump as a consequence of con-
vergence at a time slightly before the jump. The full
theorem then follows by induction, using alternately
lemmas 5.1 and 5.2, with lemma 5.3 to connect them.

Lemma 2.7 and the remarks which follow 1t show
that the discontinuities of y(t; x) can actually be
isolated as specified in the hypotheses of lemma 5.2
and Theorem 5.k.
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Lemma 5.1. Let t, ggg.te be fixed numbers such
that y(t; x,) 1s in F_for all x, in I, t {t { t,.
Suppose that 1lim x(t,; Xy ko; €) = y(ty; xo) uniformly
for x, in I, x| < (1+H)e /2, and that, 1f
%01 < (1+H)e T2 then [k(t,; x5, X5 €)l < (14H)e /2
Then 1im x(t;xo,io;e ) = y(t; x,) uniformly for
X, In I, Ikl < (e e V2, 6 (6 (t,, and
1%(655 %55 %55 #)1 < (1+8) ¢ ~'/2 yntfomly for all sma1l
€

O!

Proof: Let y, = min fy(t; xo), t, <t tyux, €I,
Yo = max | y(t; xo) l t, (t< ty, x, €11 .

By hypothesis y and A lie in the same com-
ponent of F+. Let y' (y'') be the left (right) hand
boundary point of the component, or -e (+e ) if the
component 1s unbounded below (above).

Let e {1, ¢ < 772672, be chos?n so that € €,
implies

() RG> R(y,) (e e 72
(2)  F(y') < Fly,) - (esm)e /2
(3) y'(x(t1;xo, xo;e)<yn

(These are vacuously satisfied if y' and y'' are
infinite.) Then t, <t ¢ t, implies x(t; Xy» xo;c)E F,.
For by Lemma 4.3 with J = 1 + H, |%(t)| < (1+2H)e /2
as long as x(t) remains in F+. If x(t) leaves F+ at t =
t' then x(t') =y' or y''. If x(t') =1y' then

0 x(t) D> -(1+2H)¢_1/2. Then w(t')) F(y(t';xo))

- (2+H)¢ '7% by Lemmm 4.4; therefore w(t') > F(y,) -
(2+H)e /2 > F(y') = F(x(t')) and so x(t') > 0, which is
a contradiction. Similarly if x(t') =y''.

Therefore t, { t < t, implies x(t)€ F, which in
turn implies |x(t)] < (1+2H)e-1/2. Then [w(t) -
F(x(t))] ¢ (1+2H)¢ /2. Hence, by Lemma .4, |F(y(t;x,))
-F(x(t))| g_5(1+H)'1/2. Therefore ase— 0 F(x(t;xo,xop ))
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tends to P(y(t; xo)) uniformly in t and Xg-

Since F(x) has a unique continuous Inverse in
the range y' { x { y'', which is a fortiorli uniformly
continuous, we conclude that x(t; x, io;e ) tends uni-
formly to y(t; xo).

The last part of the lemma follows from the fact
that 1f t' < t  t'' implies |X(t)| >e ~'/? then t'
~tt ¢ 2De '72, together with Lemma 4.3.

mma 5.2. Let t1, t3 be such that the closed
1nterva1 [t t ] contains no extremal points of E(t)

t, =t (x ) in (t,, ) such that y(t (x ); x) 1s In
’ 3 -1/2 1?

Fo- If lx(t DIC Game /2 ar o< (I+H , and 1if
lim x(t], Xy x ;€)= y(t1, xo) uniformlx for X in
I and |x < (1+H)¢ 1/2 ,then 1im x(tﬁ, Xos xo €)=
y(tB, X4 ) uano rmly for a]l X, in T and Ix | < (1+H)e
and Ix(t ) (ramye /20

Proof Assume for definiteness that E(t) is
increasing in t; ('t { t;. Then Y(ta(x,)s X,) 1s a
fixed maximum of F(x), for all x0€ I, by Theorem 2.7.

Let numbers -o< X, < x, (x (xh<x <x6<
Xq <x8<x S +00 bedeterminedas inlemmae 8:x,€ Fy
1f finite, x, {(x Y x5 CF,; x5, Xg € Fgs, Xg €F, 1f
finite; x¢ ( x < xg CF; o < ¥(ty5 %) < Xg3 F(xh)
>F(x6), x <y 5:X )<X8

let ‘o be chosen so that, 1if € ‘ then

-1/2

(1) F(x,) - (2 + ) /2> Fx))

(2) x, ( x(t,5 X, X5 ¢ )y < Xg

(3) Flxg) - (b +20) ¢ /2> Fix,) > Fixg)

() F(x, ) ~(2 + )P 3 Flxg) + (1 4 MH) @ 1/2
(5) Flxg) + (2 + Wy /2 ¢ F(x
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The proof proceeds in the following eleven steps.

(a) t, {t< t3 implies x(t; X s io; €)>x,.
For otherwise t, > t, must exist such that x(t 2) = X,,
x(t,) < 0. Thenw(t,) F(x(t )) = F(x,) while w(t,)
2Nﬂ%;gﬂ-(2+m 2>FX)-(2+H)1/g
> F(x,) by Lemma 4.k; F(x,) > w( (t,) > F(x,) 1is impossible

s H)e 2y i) -

(b) w(ty) 2 F(y (55 x4)) -(2
1/2

(2 +H) /2 > F(xg) + (1 + V) ¢

(¢) Therefore x(t), in F at t =t,, must leave
before t = t,. For by assumption, [X(t )l < (1 + H)e
Hence 1f t, <t < t5 implies x(t) € F, then Ix(t | <
(1 + 2H) e '72, by lomms 4.3 with J = 1 + H. Bui then
wity) < F(x(t Do+ (1 v 2B)e V2 (R nt v aH)e /2
contradicting (b).

(d) Let x(t) leave F at t=u Then by (a),

x(u,) = x5, 0 x(u ) < (1 + 2H) e é Then F(x(u,))
Mx) w(u)(Fx)+(1+°H)1/2 CP(x.) +

(1 + hH)e /2" CFx,) = (2 + H)e 1/2 {witys) By (o),
Also F(y(u,; Xy )) > w(u -(2 + H) 1/2 > P(x5) -
(2 + H) ¢ /2. “Since t5 > t > u, implies F(y( ))
> F(y(u, )) we have t3 > t > u, implies w(t) ) F(y(t))
- (2 + H > F(y(u, )) =(2 + H)e > F(x -
(4 + 2H)e ‘/2 > F(x,)

(e) Hence u, (t ¥« t3 implies x(t) > Xy For
otherwise u, > u, exists such that x(u ) = X35 x( ) € 0.
Then w(u,) ( F( x(u )) = F(x,) { F(x),) contradicting (d).

-1/2,

(f) There exists Uz, u5 with u, g Us < Ug < tj,
such that
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W(ug) = F(x5) + (1 + 2H) /2
W(us) = F(x5) + (1 + 4H)e 1/2

uy <t < ug implies w(u,) {w(t) (w(us). This follows
from (d) and the continuity of w(t).

(g) '}‘herefore 121117? exists u,, u, < u, < U, 1/2
such that |x(uh)l { e . For w(us) - w(uB) = 2He
and the statement follows from Lemma L4.2.

(h) t, <t< 1;3 impliss x(t) < Xg- The proof
of this 1s a repetition of the argument in (a), using
inequality (5) in place of (1).

(1) Hence x4 < x(y,) < Xg- For by (e), x(u,)
> x5. By (g), IF(x(u,)) - w(w,)| <'/?, which tmplies

F(x(u,)) > wiw,) - /2 ) w(uy)-¢"/2 = F(x,) + 2me' /2,
But X5 < x £ x¢ 1implies F(x) < F(XS)'

(3j) y, <t (_'l;3 implies xg < x(t) <€ Xg and
therefore x(t) € F_. For by (h), x(t) < Xg- If ug
exists such that x(ug) = Xz, X(ug) < 0, u, <ug < ts,
then w(ug) € F(x(ug)) = F(xg). But u, > u, and so by
(a), w(ug) > F(xy) > F(xg) which gives a contradiction.

(k) Therefore u, { t ¢ ts implies |x(t)| <
(1+4H) « "'/2 by Lemma 4.3 with J' = 1. Hence [w(ty) -
F(x(t,))] < (1 + H)e /2, tmplying IF(3(t,)) - F(x(t5))l
{ (3 + 2H) e /2 py lemma 4.4. Therefore x(t3)—- y(ta)

as ¢ — 0, uniformly for > € I.

The proof is similar if E(t) 1ls decreasing in
the closed 1interval [t1, t3].
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Lemma 5.3. Conditions as in lemma 5.2. Iet t,
be such that y(t; x)) is in F_ for t5 CtK t,, x, in I.
Then ¢ _ exlsts such that if €¢{ ¢ then |x(t )| <

° "3/2 = 07 b=
(1 + H)s

Proof: This is a corollary to Lemma 5.2. For
with u, of (g) above we have lk(uh)l < 6-1/2, uy, {t< g
implies x(t) € F+. By arguments similar to those in
(a) above we can guarantee that t3 <t <t implies
x(t) € F+ if ¢ is small enough. Then Lemma 4.3 with

J = 1 ylelds the result.

Theorem 5.4. (The Convergence Theorem). Let I;
to(t1 (t2< (tn<_to+Tb_e_such that if x  1is
in I then t,, {t { t,,,, 1implies y(t; x ) € F , the

closed interval '[t2r+1, t2r+2] contains no extrema 9{

E(t), and such that for each r there exists a unique
th = tI',(xo) such that y(tl',(xo); xo) is inF, with t,...,

. -1/2
Cth {topyps T = 0, 1,2, woun IF [Xg] < (1 + H)e 1/

then 1im x(t; X, J'co; e ) = y(t; xo) uniformly for x € I,
. hd -1/2
bop St L bopyqs 80 [X(top gyl C O+ H)e :

Proof: The theorem is evidently true for r = 0
by Lemma 5.1. We assume that 1t holds for r and show
that it must then hold for r + 1.

We are assuming that IJE(tEI,+1 )] { (1 + H)e
and 1lim X(t2r+12 = y(t2r+1; xo) unif‘?lsr}%y in Xy Then
by Lemma 5.2, lx(t2r+2)l { (1 + H)e and x(t2r+?)

tends uniformly to y(t2r+2)‘ Then by Lemma 5.1 again,
topen Ct < t2r+3 implie? x(t)= y(t) uniform}s{ én t
and x,. By Lemma 5.3, |x(t2r+3)l < (1 +H)e . This
completes the proof.

-1/2
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Theorem 5.5. Let Xy be in F+ and y(t; xo) be
regular. Let |X | < (1 + H)¢'772. If q(x) is contin-
uous then

tO+T to+T
1im f Q(x(t; Xy Xos ¢ ))dt =J' q(y(t;xo))dt.
€~ 0

to tO

Proof: x(t;e )= y(t) except at the values of t
for which y(t) € Fo, by Theorem 5.4 applied to the
case I = x . By Theorem 3.3 x(t;e ) is uniformly
bounded. Hence the result.

M. Cartwright has suggested a method by which we
can also get convergence of the velocity X to the
degenerate velocity y. We must add to the hypotheses
on e, f, g the condition that they have first deriva-
tives which are bounded on closed intervals.

Theorem 5.6. Let X, be & regular initial con-
dition and [%t,, t2] a closed interv@l in which f(y(t;xo))
> 8 > 0, with t, >t . Then lim X(t; x_, X_;e )

. _ o — . (o} o -1 /2
= §(t; x,) uniformly on [t,, t,] for 1%, < (1 + H)e .

Proof: Since y(t; xo) 1s continuous when in F
and f 1s continuous we can choose 7 so small that t1 -
2r ) t, and such that f£(y(t; xo)) 2_2/38 for t, - 27 <
t £ t, +27. By the convergence theorem we may choose
¢ 5 so small that if e {e,and t, - 27 {t {t, +2r7
then £(x(t; x5 Xg5¢)) > 1/38.

Since by Theorem 3.3 |x(t)l| S D, in any interval
of time of length » 7 the inequallty 1x(t)] < %2 must
be satisfied for some t.

Applying this remark to the intervals [t1-27 s
t, - ] and [t2 +1,t,+2r ] we conclude that

either |%(t)| < 2D/ throughout [t, -7, t, +7]
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or |x(t')| a maximum and X(t') = O must occur for some
t! interior to that interval. If X(t') = O the
differential equation yields £(x(t')) X(t') + eg(x(t")
= e (t'), and hence |x(t')| < 3/ (e, + G). Thus in
elther case we find that on the interval [t1-7, t2+f]
x(t) is bounded by a constant independent ofe ; for
simplicity we write this result [x(t)] { M.

By a similar argument, I%(t)| < %M for some t
in the closed intervals [t1 -7, t1], [t2, t2 +7].

Then on [t,, t,] we have elther 1X(t)! < %M always,
or'%X(t) = 0 for some t. Differentiation yields
X 4 P(X)K + £U(X)E2 +eg!(x)k = &(t),
so that, when X = 0,
%= { &(t) - £1(x)%? - eg'(x)%k} /f‘(x)
which is uniformly bounded by a constant independent of
€

Therefore for t, < tt, we have

F(x(t)) £(t) -~ e(t) = -eX(t) - eg(x(t)) = O(e ).
But e(t) = F(y(t)) §(t) and £(x(t)) > 1/36 . Therefore
x(t) tends to &(t) uniformly as €— 0, and the proof 1s
complete,

§6. The Global Stability Theorem.
If, in addition to the basic hypotheses,e(t) is
periodic of period p then by theovem 3.5 the differen-

tial equation

(1) ¢X + £(x) % +eg(x) = e(t)
has at least one periodic solu.ion x(t) of perlod p .
If also e(t) has maun value zero then integrating (1)
over a period shows that- the mean value of g(x(t)) is
zero. Since E(t) is also periodic there are periodic
degenerate solution, by theorem 2.5. If also g(x) 1s
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a strictly increasing function of x then by Theorem 2.6
there is at most one periodic degenerate solution y(t)
such that g(y(t)) has mean value zero. We might hope
to use such a degenerate solution to predict the
location of the periodic solutions of (1).

Let E(XO) =‘/;to+p g(y(t; x,,t,))dt, where

o)
vit; Xy to) 1s periodic. By studying the relation
between g(xo) and the curveI': w = F(x) we can make
some plausible guesses about stability of periodic
golutions of (1).

To see this we integrate the equation

w(t) = e(t) - eg(x(t))
over a period and use é(xo) as an approximation to the
mean valus of g(x(t)). We obtain

w(t +p) - w(t ) = -eglx)) .

If g(x,) 1s not zero then w(t) is not periodic. Indeed,
the change in w has opposite sign to g(xo).

As argued in §1 the trajectory (x(t), w(t)) tends
to remain near toT . Therefore we expect that x(to+p)
is different from > although, to be sure, the
difference is very small. Since we are on an increasing
branch of T the sign of the difference will be the same
as the sign of w(tO +D) - w(to).

For example 1f g(x ) ) O we expect w(t, +p) <
w(to) and x(to +p) < x(to) = X,- Using x(to +p) as a
new initial condition x, we expect that g(x,) 1s still
positive although slightly smaller than g(xo). We may
now repeat the argument, and find that over the next
perlod, to +p to to + 2p,we should again expect a
decrease in w and in x.
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Let us repeat this process n times, writing W,
and x,, for the values of w and x at to+np. Asn
becomes very large one of two things can happen:
either w, drifts into such a position that g(x,) is
almost zero, or there 1s a sudden jump in the values
of g(xn) from large and positive to large and negative.
In the first case we would expect that a stable
position had been attained; since the sign of LA
W, is opposite to that of g(xn). In the second case
there are agaln two possibilitles: a drift to equi-
librium (g(xn) very small) or a jump to a region where
g(xn) 1s again positive.

Which of these alternatives occur will evidently
depend on the geometry of T.

W r‘: W'éf-)(
b<g

0.5 B,

By
2b

B,
2

--05 A

FIG. 5.
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In Figure 5 we have drawg I' for the function

fi(x) = x° - 1, F(x) = %— - X. The extrema of F(x)
occur at x = 1, and F(1) = -F(-1) = 2/3. Let g(x)

= x and e(t) = b cost. If b ) 2/3 then clearly there
1s a degenerate solution y(t) symmetrical to the
origin and for that solution g(y(t)) = y(t) has mean
value zero. Solutinns starting above or below that one
will simply drift down or up into the equilibrium
position, and we expect that (1) will have a perilodic
solution which is at least approximately stable.

On the other hand, if b { 2/3 there is no
degenerate solution of mean value zero. A solution
oscillating initially near to I' between the levels
A, end B, will have g(x) positive and will consequently
drift dowward. After a great many periods it finds
1tself oscillating between A, and B,, with g(x) still
positive. The dowrward trend continues; the trajectory
must soon have a point considerably below I' , causing
a large negative horizontal velocity. Within a very
few periods then the solution jumps to the left, and
reestablishes oscillation between the levels A2 and Be.
But now g(x) is negative, and hence w rises. After
many perlods we are in the positipn ABBB’ there 1is a
sudden jump across the gap, and g(x) is again positive!
The trajectory drifts downwards once again to A1B1,
jumps to AjB,, rises to A5B5, jumps once more, and SO on.
The subharmonic solutions found by Cartwright and
Littlewood exhibit this type of behavior.

In Figure 6 we have a case intermediate to these
extremes; of course here we do not suppose that £ and
g have symmetry properties. The equilibrium position
1s marked A5 B5' A solution starting in AoBo drifts
slowly downward to A1B1, jumps to A2B2, drifts upward to



w

FIG. 6.

A3B3, jumps to A,B,, and finally drifts downward into
the region of equilibrium. If however, the florm of I
1s slightly changed, say to the dotted curve T1, then
a solution starting at AOBO can never reach equilibrium,
but must cycle around forever. The solution in AhBh
can however drift down to the equilibrium position
A5B5.

It should be remarked that the appearance of
small "bumps" onT does not alter these considerations
-- for example the dotted Pe.

We are, however, not able to follow this process
of drift -- and -- jump directly with rigor. We must
therefore resort to an indirect approach, which is
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successful only in the simplest case, when the equi-
librium position is accessible from above and from
below without intermediate jumps in the sign of g(x).
We retain the hypotheses of §§ 3, 4 on the differential
equation (1) and add

(2) E(t) 1s periodic with period p;
(3) g(x) is strictly monotone increasing;

(4) There exist numbers X, t such that
(a) (x,t) are regular initial conditions;
(b) F(x) = F(x) implies x = X;

(c) /%?}p a(y(t;x,8))at = 0.

A sufflcient condition for these hypotheses to be
satisfied 1s that f(x) is an even function, g(x) an
odd function, e(t) is even and of mean value zero, and
max E(t) is larger than the greatest maximum of|F(x))
We may then take X to be the solution x of the equation
F(x) = max E(t) and t the time at which E attains its
maximum. These conditions are fulfilled in the
Cartwright-Littlewood equation if and only if
b ) 2/3.

Hypothesis (4b) guarantees that y(t; x,t) is
periodic with period p. For by (1) of §2, F(y(t)) =
F(y(t + p)) = F(x) and therefore y(t) = y(t + p).

Hypotheses (3) and (4c), together with Theorem
2.6, imply that for a given t, at most one such x
exists.

There evidently exists a number A such that if
Ix0 - X| <A then F(x) = F(x,) implies x = X, and

A} o
(x4, t) 1s regular.
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Theorem 6.1. (Global Stability Theorem) Let
4 be given & { A . There exists e , such that, for
any fixed < ¢,, and for any solution x(t) with any
given initial conditions whatsoever, there exists an
Integer m such that n » m implies
Ix(t + np) - x] £ 8
|%( + np)| < (1 + H)e /2

Proof: Define x, = X - 1/4s , x, = X + 1/48;
wy = F(x - 3/48 ). w, = F(X + 3/bd); V, =F(x - 1/2%),
V2=F(5€+ 1/2 6 ).

Then w, { w { w, implies F(x) = w has but one
solution. If X, { x then v, { F(x); if X, > x then
V, > F(x). _

t+p r

Let g, = jE g(y(t; x;, £))dt, 1

1,2. Then

g, <0< g, by Theorem 2.6, and (3),(4c) above. Let
g denote the smaller of -1/2 g, and 1/2 8-

Ilet xi(t) be the solutions of the differential
equation such that xi(f) = X4, ii(f) = 0. Let ¢ be
chosen so small that, if ¢ €., then

t+p
(5) [ ax,(tnat ¢ g

t+p
[ exptnat > e
£

(6) F(x,) - v, > 2 epG
vV, - F(xa) > 2 epG
-w €« PG

vy - >
w2-V2> e PG
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(1) Wy D F(x) ~ (1 + H)e /2 1mplies x < % + 3
w, CF(x) + (1 + H)e 1/2 implies x > x -9 .,

(5) 1s possible by Theorem 5.5 applied to q(x) = g(x).
A consequence of (6) is that v, -V, > LepG.

Let ¢ ¢, be fixed, x(t) a solutlon of the
differential equation. By Theorem 3.4 we may assume
Ix(t)l £ By» | ex(t)] < Cyr 811 ¢ 2 t,; thus t, > to
exlsts such that Ix(t )< .

It 1s sufficient to prove that an integer m
exists such that for all n ) m the inequality

(8) w, {w(t + np) {w,
holds. For then applying Lemma 4.5 we conclude that

Ix(t + np)| < (1 + H) 6-1/2, whence
F(x(t + np)) - (1 + H)e1/2 < W(E +mp) €
F(x(t +np)) + (1 + H)e /2> w(t + mp) >
and so by (7), X -8 x(¥ + mp) {( X + & .

To prove (8) we observe first that for any n, 1f
w(t + np) { V, then by Lemma 4.6, x(¥ + np) < X,. let
x (t) = X, (t - np)' X (t) is a solution with t = f + np,
X (t ) = x (t ) = 0, by the periodicity of e(t)
and the uniqueness of solutions.

Then W' m )-ex(t) +Fu W H-—Fx )>V
+ 2 e¢pG ) w(t + np) + 2 ch Since x (t + np) = X, >
x(T + np) we conclude by using Lemms 4.8 that t + np
(t < t +(n + 1)p implies x(t) < x*(t). Hence g(x(t))
< g(x"(t)). Therefore

t+p t+p
f g(x(t + np)dt (]. g(x"(t + np))dt < -8.
17 t
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_ _ t+p
But w(t + (n + 1)p) - w(t + np) = -GL g(x(t+np))dt,
t
so that w(%T + (n+1)p: - W(t + np) De , and w(t +(n+1)p)
- w(t + np) {epG {V, -V,. Therefore w(® + (n+ 1)p)
< V, + w(t + mp) -V, < V,. Thus we have proved

(9) w(t + np) {V, implies eg + w(T + np) < W(t +(n+1)p)
{V,.

In analogous fashion we can prove

(10) w(t + np) > V, implies - eg + w(t + np)
>w(E + (n+1)p) V.

Finally, since Iw(t + (n + 1)p) - w(t + np)|  epG
and epg {'min (w, -V, , V, - w,) we have

(1) v, g_w(f + mp) { V, implies w, {w(E + (n+1)p)W,.

Since w, v, <V, { w, an easy induction completes

the proof of (8).
Applying Theorem 6.1 to the periodic solutions
whose existence was demonstrated in Theorem 3.6 we have

Theorem 6.2. If e 13 small enough the periodic

solutlons all satisfy [x(E) - x 1 <3
If e, £, and g are differentiable and f(x) >0

we may apply Theorem 5.6 to conclude that the periodic
solutions also satisfy

1%(E) - §(8) | <
for « {e¢( ) and that an arbitrary solution x(t)
satisfies

1%(E + np) - §(£) | <n

for all large n.
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§7. The Maximum Ipvariant Finite Domain.

We define a transformation T of the x - X plane
into itself by T'7z,, ko) = (%, k1) where

x, = x(t, + P; X, Xy toie)
X, o= X(t + D5 Xy X5 toie )
x(t) being a solution of the differential equation with
parameter ¢ and initial conditions as indicated.
Since the eyuation has a periodic solution there
are points in the plane left invariant by T. It 1s
the purpose of this sectlon to show that under the
conditions of Theorem 6.1, if ¢ 1s small enough, then
' possesses a maximum invariant finite domain D of zero
area, and that under iterations of T all points tend to D.
Following Levinson [7] we consider the affect of

T on an element of area dxodio. We have T(dxodio) =
dxldf(1 = J(xo, ko)dxodio, the Jacoblan J being given

by

ax1 8x1

. Jx_  dx
J(xo,xo) = .o -o
X, X,

We easily find by the usual method:

: Ly [to*P , .
J(xo,xo) = exp( - ¢ /t‘ f(x(t; xo,xo,to; ¢ ))dt)
0
Theorem 7.1. Let the conditions of Theorem 6.1
be satisfied. There exists an €, such that if ¢ < €,
then T has a meximum finite invariant domain of zero
toward which all points tend under iterations of T.

area,
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Proof: Take to='f, t<{t <t +p. Let Ij be
the interval [x, - x| b, where?d 1is small enough
so that the y(t;x) are regular and so that their
discontlnuities can be uniformly 1solated, as in
Theorem 2.7; write mj for the total length of the
intervals [u;, vj] (cf. remarks following Theorem 2.7).
let T; be a set of polnts t lying in closed
intervals (of the form tzr _(_ t g_ tore of Theorem 5.4)
insulated away from the discontinuities of y(t; x),
such that the measure of the excluded points 1is S emg ,
and such that T51>_T32 ir 8, < 8,.

Let 9 (x,) = JT’f‘(y(t; X,,t))dt and put €

= min ¢ (x,) for x, € I, . Then ¢5(xo) Z¢A(xo)

o
2 ¢y 0. Let f= -min f(x) for all x. o

Choose & small enough so that mg < gf*? H
choose ¢, %0 small that Theorem 6.1 holds for e g €
and the chosen value of § . Choose ¢ < ¢, so that
1r < ¢, then throughout T; x(t; x,, %X , t; ) will
1lie close to y(t; x_ , t) -- in particular, so that if
Ixgl € (1 + H)e “1/2 then

/Tsf(x(t; Xo» Xg3 tie))dt ) 1/2 fTaf(y(t;xo,t)dt
2 1/29,
Then [[5*P £(x(t))dt > 1/2%, -2fmy ) 1/44> O,
T 2
uniformly in [x, ¥l <&, I%,] < (1+H)¢ /2. Denoting
this region in the (xo,ko) plane by R we have, for any

solution in Rat t = t, J  exp (-1/4k ' ¢, ), and DC R
by Theorem 6.1. Hence

area of D ¢ fiJ [4 (exp(-l/hk'1¢A)) - (area of D),

and hence the area of D 1s zero.
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Since all solutions ultimately appear in R and
since all 1limit points of Tn(x, x) are in D the proof
1s complete.
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VI. THE EXISTENCE OF FORCED PERIODIC SOLUTIONS OF
SECOND ORDER DIFFERENTIAL EQUATIONS NEAR CERTAIN
EQUILIBRIUM POINTS OF THE UNFORCED EQUATION

By C. E. Langenhop and A. B. Farnell#

1. Introduction

In this paper we discuss first the equation
(1) X +8X +X+ %xz = %k cos w t, a)o, kDo,
in some detall to make our method clear. Simllar
results can then be easily established for a more
general equation
(2) X + £(x)x + g(x) = ke(t),
with sultably restricted e, f and g. We shall through-
out consider x as a real variable and t as time.
Ecuation (1) (with a slightly different standardiza-
tion of form) has been the subject of some lnvestigation
by D. R. Hartree, M. L. Cartwright and others, and
according to Miss Cartwright was originally proposed in
connection with & loud-speaker in which subharmonics
were observed. In an article on the differential
analyzer Hartree1 uses the equation (1) as an illus-
tration of setting up the analyzer for calculating
solutions of differential equations, but no results
are given there except for a figure or two showing the
type of curves obtalned.
*  Iowa State College and the University of Colorado,
respectively. This paper was prepared under a Navy

contract at Princeton University.
1. D. R. Hartree, Math. Gazette, vol. 22(1938), pp.342-

36k,
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292 C. E. IANGENHOP AND A. B. FARNELL
In the numerical work it was necessary to con-

sider negative values of x beyond the range in which

the differentlal equation corresponds tc the physical
problem in order to obtaln subharmonic solutions.

Aside from this practical objection, there are certain
interesting results derivable from this equation, and
in view of the fact that the method we apply to it can
be used to some extent in more general cases, it seems
to be of sufficient interest.

The general equation (2) with f(x) a constant
includes Duffing's equation and arises in connection
with pendulum problems, electrical circuits contalning
1ron core inductances and the hunting of synchronous
electrical machinerye.

2. Preliminaries

The existence of a periodic solution of (1)
(or(2)) 1s proved in the following classical way: with
equation (1) (or (2)) and the period p of the right-hand
side there 1s associated a topological mapping T of
the (x,y) plane (y = x) into 1itself obtained by replacing
t by t + p in any solution of the equation. Under the
transformation T there 1s a closed two-cell (convex
region), referred to in the sequel as A , which is
mapped into itself, and by Brouwer's fixed point
theorem T has a fixed point in A and hence (1) (or (2))
has a periodic solution of period p.

For a more detailed exposition of this part of
the argument the reader is referred in particular to
a paper by Levinson5 or a popular presentation by
Cartwrighth.

2. Friedrichs and Stoker, Quart. Applied Math., vol.1
(1943),pp.57-115.

3. levinson, Annals of Math., vol. 45 (194k4),pp.723~
7

L,

37.
Cartwright, Regearch, vol. 1 (1948),pp.601-606.
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The theorem concerninyg (2) which we prove 1is
local in character, the & regions being in general
smaller than in previous application of Brouwer!'s
theorem, and 1t applies to many new cases not pre-
viously covered by other authors. The particular case
(1) discussed here in detall 1s evidence of this fact.

J
C,

Al (e0) (8,0) B

G

FIG. 1

The closed convex region which we obtain 1is
bounded by a simple closed curve A\ formed by two
analytical arcs between points A and B as in Fig. 1
(the curve may or may not have a continuous tangent
at points A and B). If the vector [x, y] at all
points of the boundary is directed at all times toward
the Interior of such a region, then it 1is clear the
region would be mapped into itself under T. For the
regions that we obtain the vector field may be tangent
to the boundary and in this connection we prove the
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following Lemma and Theorem.
Lemma: If
i = f(X, Y t)
(3) i = g(x, ¥y, t),

where f and g are analytic and satisfy the conditions

f(o,o,to) = ¢ >0
g(oxoyto) = 0,

-and
(%) g(x,0,t)<o, okx<x,  tpt,

then there exists a t1>to, such that y(t)<o for
to<t<t1, where [x(t), y(t)] 1s the solution of (3)
which passes through (0,0) at t = ty-

The condition that f and g be analytic 1is
sufficient to lnsure the uniqueness of solutions of
(3). The function f(x,y,t) being analytic is certainly
continuous and since f(o,o,to) = ¢ >0 there 1s a cir-
cular region in the (x,y) plane with (0,0) as center
and radius p, 0{p { X , such that for points in this

region (Fig.2)

(5) x = £(x,¥y,t) > o, t <t <t Kt
Y
D(é,o)\ F X
S~
[~~~
E
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Let [x(x,,¥,,t), v(x,,¥,,t)] be the solution of
(3) whirh nasses through (xo,yo) at t = to. Pick now
", Logp“gﬁ', such that the trajectory [x(0,0,t),
yv(0,0,t)] remains in the circular rcgion during the
interval t Ct<t".  Since x(x,,y,,t), ¥(x,,¥,,t) are
coutinuous functions of Xq and Yo there 1s a neighbor-
hcod of the origin such that if (xo,yo) is in this
neighborhood, then [x(xo,go,t), y(xo,so,t)] likewise
remains in the circular region for togtgt". In parti-
cular this is true for points (6,0) when >0 is

sufficiently small.

Now if there is no t1>to such that y(0,0,t)<0
for to§p§;1, there is a te,to<t2§p" such that y(0,0,t,)
= €)0. But y(3,0,t,)<0 (8)0) since by (4) and(5) the
vector field of (3) along DF and DE in Fic. 2 points
toward the interior of the half-segment DEF and for &
sufficiently small the trajectory [x(8,0,t), y(¢,0,t)]
must remain inside the circle for tcgﬁgﬁ". Thus

IY(O:O:te) - Y(axo:tg)' >‘ > 0.

We have then a contradiction since for &
gufficlently small we must be able to make Iy(O,O,tQ)
- y(8,0,t,)| as small as we please. There is then a
t1>to such that y(0,0,t) <0 for t <t<t,. and the
Lemma 1is proved.

Theorem I: LetdA , consisting of two analytical
arcs, AC,B and AC,B as shown in Fig. 1, be the boundary
of a convex region. Suppose that the velocity vector
(X,5) = [P(x,y,t), Q(x,y,t)], where P and Q are
analytic and of period p in t, satisfies the following
conditions at points of A :
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(a) at A 1t 1s zero at discrete times and otherwise
tangent to the arc AC1B as shown;

(b) at B 1t 1s tangent at all times to the arc AC_B
as shown;

(c) at C1 it is tangent to the g;g_AC1B at discrete
times and otherwise points inward;

(d) at all other points it is directed inward at all
times.

Then the closed region bounded by A 1s mapped 1nto

itself under T.

let ¥ be the open region bounded by A . We

show first that any solution of

X = P(x,y,t)

(6) .
y = Q(X,y,t)

starting-at any point on A at t = to remains in:3 for
a short time interval after t = t_ , say togpgﬁ1.
Clearly we need only examine the behavlor of the
solutions passing through the points A, B, and C1
where the field of (6) 1s tangent to A , and then only
at the instants the tangency occurs.

let L be any of the points A, B, or C1 and suppose
that the vector (P,Q) at t=to is tangent to A at L

but not zero.
Then since the arc to which the vector 1is tangent

is analytical, a neighborhood of the arc can be mapped
conformally on the (x1,y1) plane so that L goes into
the origin, the arc into the x1-axis and the interilor
of ¥ in the neighborhood in question goes below the
x1-axis. The system (6) 1s then transformed into

b'q

1 = f(x1:Y1't)

¥, = 8(X,,5,,t)
where the system (7) satisfies the conditions of the
Ilemma. Tre conclusion of the Lemma then clearly

implies that the solution of (6) which passes through
Lat t =t  remains in ¥ for an interval togpgp1.

(1)
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We have still to consider the point A at times
when the field (6) is zero there. Suppose this to be
the case when t = t_. It is not zero then for t (t<t'
for some t' > to since by hypothesis the vector 1s
zero only at discrete times. Now pick any t"g t!
go that trajectories starting at t = to very near A
cannot pass through C1 or B during the interval
t (t(t" Now if the tr'ajector'y passing through A
at t = t 1s outside of ¥ at t = t! ', then because of
continuity, trajectories starting at points of A very
near A at t = t, must also be outside ¥ by t = t''.
This cannot happen, since by condition (d) and the
choice of t'', in order for any nearby trajectory to
get outsilde v by t = t'' it must pass through A.

By the time this trajectory reaches A the vector (P,Q)
will be tangent to A and different from zero and will
remain different from zero for the rest of the interval
t, <t t''. Thus by the previous case this nearby
traJector'y must remsin in ¥ for this interval. This
contradiction then completes the proof that a tra,]ectory
passing through any point of A at t = t 1s in ¥ for a
short time interval ¢t <t < t,.

It is clear then that under the transformation T
the region Vi mapped Into itself, for if P € ¥ s
then TP, = P,€ ¥ since trajectories starting in ¥ or
on A att = to cannot escape from 7. That ¥ is
homeomorphic to a two-cell 1s clear since it 1s convex.
Thus Brouwer's theorem applies and T has a fixed point
in ¥ corresponding to a periodic solution of (6).

In the sequel we make considerable use of systems
of the type
(8) X = ¥, § = -ay - X +7
with & > 0. The one singular point at x =¥ , y = 0 1is
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&a stable node or fo.us depending on whether a Z 2 or

a2 (i.e. the damping in the differential equation

X +ax + x =7 1s greater than critical or less than
critical). The nature of the solutions in these two

cases 1s shown in Figures 3 and L.

a>2 Y

- VI

-

FIG. 3
a<z Y

T~
) S(v,0) B

NS4

FIG. &4

A
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In the case a2 a path satisfying (8) crosses the
x-axis an Infinite number of times. The distance from
S to successlve crossings decreases geometrically so
that In Figure 4
(9) SB = \AS. I
In fact N = exp [ —:r(h-ag) T al, so that o{ A< 1 for
ayo.

In the case a)2 a path which crosses the x-axis
proceeds directly to S. The point analogous to B above
is then colncident with S so in this case also we have
(9) holding with X\ = 0. The case A= 1 (i.e. a = 0)
will be treated separately.

We note here two other properties of the paths in
Figures 3 and 4 which we use in the sequel: (1) On
those parts of the paths which lie entirely above the
x-axis or on those parts which lie entirely below the
x-axls there are no points of inflection (dgy/dxg =0
is possible only at (7 ,0)). (2) For all points of
an arc lying below the x-axls or above as AB in Fig. &
we have

(10) xp < x( xp -

This is true since X = y so that in each of the half-
planes, y>0 and y<0,x is a monotonic function of t
along a path. Again the node of Fig. 3 is no
exceptlion in this respect only here Xg = Xg = 4]

The regions 4 which we obtain later are formed
by plecing together such arcs as those in Figures 3 and
L, i,e. the analytical arcs AC,B and AC,B in Figure 1
are solutions of linear systems such as (8). The
properties (1) and(2) discussed above are sufficient to
make the reglon bounded by these arcs convex as required
in Theorem I.
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3. The existence of a region A for (1).

We replace the equation (1) by the system
(11) X =1y, y = -ay -x - %xe + % k cos wt.
To obtain a pilcture of the vector field in the (x,y)
phase plane we introduce the two parabolas
= - —x - 1.2 1 =
P (x,y) = -ay -x - 3x~ + zk =0
_ v -2 _
Py (x,y) = -ay -x - zx K
It will soon become evident that, for our method to
apply, we must assume k < 1. (This insures that
p2(x,y) = 0 crosses the x-axis.) This together with a>0,
k>0 will be assumed throughout unless otherwise

specified.
Consideration of (11) leads to the schematic

plcture of the vector field shown in Fig. 5 where the
double vectors at representative points indicate the
extreme possibilities for the field. Note that at
any point the x-component of the vector 1s Independent
of t so that intermediate positions of the field
vectors (y+ 0) are in the angle less than 180° formed
by the double vectors of Fig. 5.

= 0.

Y

G J x
(k,9) | i

/

7

—_

p.&y)=o
R&y)=0

A
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Figure 5 glves an indication of some sort of
circulation about the segment IG and in fact the region
A which we obtaln contains thils segment. To find the
region A we replace (11) by a system having a vector
field which diverges more from the origin (at least
in the vicinity of the origin) than (11) does at any
time. This is accomplished by increasing y for y>o
and decreasing § for y<0. Thus consider the system

Y= -ay =x + 2, ¥>o,

. 1, 2 1

y = -ay -x -zh" - zk, y<o.

Note that we have the following relations between the
y's of system (11) and system (12):

(13) &11 = -ay -x - 2x° + %k cos wt{-ay -x + %k, ¥>o0,

(12) X =13

2
with equality only at x = 0 and t = 2nv/w ,
(14) 3.'112 -ay X - %’he - ;_k’ lxlgh: Y<o:
with equality only at x = * h and t = (2n+1)r/w, so that
the solutions of (11) intersect the paths of (12) as
indicated by the arrows in Figure 6.

Yy
xX=-h X=+h

M.

7S]

M/ (-%h-ik,0) @ M;
N] \\ / N,

N.
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From (13) we see that above the x-axils the
arrows all point towaml the concave side of the arcs
they cross, while below, because of (14) they do this
only in the strip |x|<h, possibly at times pointing
toward the convex side at points where [x|D>h. Figure
6 depicts the case a2, but the case a)2 1s similar.

The paths of Fig. 6 can be obtained from Fig. &
by shifting the two half-planes y)o and y<0 so that S
is placed at (%k,o) for y>0 and at (-;—h2 - %k,o)
for y<0. If we can show there are solutlons of (12)
situated such as M;M,M; and N, N N, the regiond will
be established, belng indeed bounded by these arcs
and the segments M1N1 and M3N3 provided that at all
times the vectors of (11) point up along M,N, and
down along M3N5=

We can in fact show that there are solutions of
(12), one above and one below, which join as in Fig. ?
and these in general bound a smaller region than
M1M2M5N3N2N1M1. In any case the solution for y<0
which we use must lie 1in the strip Ix[|<h so that at all
points of this arc the vector field of—(ll) polints
toward the concave side (or is tangent as 1t must be
at points of the x-axis). This then requires (for
Fig. 1)

(15) -hg;A<ng+h.
If this can be satisfied, then by (13), (14) and the
property of the paths discussed in connection with (10),
the vectomwill peint as desired.
We have from (9)
(16) xg "B = A(B -xp)

@ -xx=k(xB ~a)
the solution of which is (recall that A{ 1 so that a
solution exists)
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a -BA

(17) T TR
B -al

= T

Using (15) and putting 8= %—k, a= - %hz - %’.{ we gzet the

following two 1lnequalitiles to determine h:
z,(h) = h® -2(1-3)h + (142 )k O
z,(h) = Ah®-2(1-)h + (1+M)k <0,

Now z, (0) = Zz(o) and z1(h) -z2(h) = (1—X)h2>o
since N{1. Thus the two roots of z,(h) = 0 lie
between the two roots of za(h) = 0 if they are real,
and consequently the two inequalitles are satisfied
for values of h lying between the two roots of
z1(h) = 0. That i3 to say, (15) will be satisfied

if 1
(18)  1-3- (=M% - (14k]IT  r-A

1
v [(1-0)B-(140)k]Z
which is a real interval 1f
2
(19) k € (G _=A)° < 1.

W.th k satisfying (19) and with a choice of h
satlarying (18) the solutions of (12) passing through
A and B with coordinates given by (17) are two analytical
arcs with the desired properties. They form a simple
closed curve (indicated by the dotted curve of Fig. 5)
on which, by (13) and (14), the velocity vector (x,y)
of (11) satisfies all the conditions of Theorem I.
Hence there is a periodic solution of (1) of period
2xr/w 1in the region bounded by these arcs.

In the case a = 0, we have N= 1. Ecuations (14)
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are then inconsistent unless « = B = 0. This however
implies h = 0 and the construction of a A region by
this method falls in this case.

4, Region of divergence.

An examination of Fig. 5 also reveals that some
solutions of (1) diverge from the origin of the phase
plane rather than remaln in a neighborhood of the
origin as do those in 4 . It is possible to find
quite a large region which serves to bound solutions
of (1) away from the origin and this larger region
gives rise to further interesting results for (1).

We first find a line with negative slope passing
through K with respect to which the vectors of
system (11) will be as indicated in Fig. 7.

Y N L//

pxy)=0
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We have
go that
o [ 1
¥y,/% 2 -a - p(xxp) (xx5)/y, ¥ § 0.
Along the line y = m(x-xK) we must have then
&11/f 2 -a -(x-xG\/em% m, x% Xg

To obtaln an m for the interval xKg b'e g.xG, or the

interval x < Xes WE set x = Xg as the extreme require-

ment. This leads, 1n both cases to
101
mo=-1la+ (8 + (1 +k)2 7]
as the best choice of m, i.e. the smallest possible
value of m for x g x,. and the largest possible value
of m for Xy {x<{xg- The line y = m, (x-xg) for
xg.x(}will then form part of the boundary of the
region of dlvergence. )
To the right of x = X(P(-%XQ -X + ék)/y>0 (y<0),

so that in this region

Yi,/% 2 -a.
From R1 in Fig. 7 then we continue with a line of slope
-a to R2 on the parabola p1(x,y) = 0,

Since—ay-x-%x2+%k(0 to the right of the parabola
p,(x,¥y)=0, in this region

¥i,/% 2 0.
Hence we may proceed from R2 to R5 on the parabola
p1(x,y) = - %k with a horizontal line. Above
Py (x,¥) = - %k we have §11 < - %k and here we take as

part of the boundary joining R5 to R, on the x-axis
the solution of the system

. ]
x=y, y=-5;Kk
which passes through R5.
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Various possibilities beyond the point R, are
indicated by the dotted curves in Fig. 7. For our
purposes it 1s sufficlent to take simply x = Xg for

N

y 2 o.
This then establishes the larger region such
that solutions of (11) once having crossed its
boundary necessarily remain in the reglon. Clearly
the Lemma can be used at points of the boundary at
which the vector field of (11) 1s tangent or zero in
the same manner as it was used in the proof of
Theorem I. This region we denote by € and its boundary

by T

5. Existence and location of other perlodic
solutions.

In Section 3 we have shown that there exlsts a
periodic solution of (1) in A . Remarkably enough
(as pointed out to us by Miss Certwright) it 1s possi-
ble to prove the exlstence of another periodic solution.
Indeed let ¢ be the convex region UKR1R2R3RuVU
in Fig. 7 where UV 1s any horizontal line above the
parabola p1(x,y) = 0. We prove
Theorem II. There is a periodic solution of (1)
of perlod 27/w in the annular region® -4a.
(a) The 1ndex_g§lt, the boundary of # , relative to the

vector field P P,, P, = TP, is zero. (see Fig. 8).
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FIG. 8

In fact the vector §;§1 where Po is any point
on the curve ¥ never takes a direction in the first
quadrant and hence as PO describes #, F;§1 must return
to its original position without having made a full
turn. For if PO is any point on UV, P1 will 1lie below
P, since at all points of the line UV ¥ < 0 (UV 1lies
above pi(x,y) = 0). Furthermore if Po is any point
on that part of T below UV, P1 cannot lie in the
bounded region ® so P1 must lie below or to the left
of PO. This proves our assertion.
(b) The transformation T has fixed points in ®-4.
Since A 1s mapped into itself under T its
Eg&ndary has index + 1 relative to the vector fileld

P_P,. Property (b) follows then from (a) since A
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lies wholly in ¢
(c) To a fixed point W of T in® -A there corresponds
a periodic solutionqof (1), which lies wholly in® -4,

That W corresponds to a periodic solution is
obvious. Clearly 7 cannot penetrate A for if it did
it could not again leave A, and as shown in Section 4
if it leaves ¥ , which can occur only along I , then
it must remain outside of ¢ . Since 7 1s periodic
it must therefore lie entirely in® -4A.

Property (c) completes the proof of the theorem.

Remarks. I. If T has a finlte number of fixed
points in® ,» then one of the periodic solutions is
unstable. For since the index of ® 1s zero and that
of A is + 1, one of the fixed points 1n ®-A must have
negative index.

II. All periodic solutions of (1) must lie in
® . As pointed out earlier no periodic solution can
lie partly in ® and partly out. Also no periodic
solution can encircle ® since the vector field of (11)
always points downward on the x-axis outside ¢ , and
for the same reason there can be no periodic solution
outside ® which 1lies partly above the x-axls and
partly below. Finally there can be no periodic solution
outside ® which 1lies entirely above the x-axis or
entirely below, since in the former region y < 0 and

in the latter region x =y < 0.

6. The general theorem.

The foregoing treatment of Equation (1) 1s an
interesting special case of the following
Theorem III: The differential equation

(2) X + £(x)x + g(x) = ke(t),
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where f(x) and g(x) are analytic, and e(t) is analytic,

eriodic, and le(t)l < 1, possesses, for k sufficiently
small, a periodic solution in the neighborhood of
points x = x,, X = 0 for which g(x ) = 0, g'(x,) > 0,
£(x,) + 0. The period of this solution is the same as
that of e(t).

We establish the theorem for the case f(xo)>o.
The case f(xo) { 0 follows on replacing t by -t in (2).

First we make the change of variable x = X, +& ,
and replace (2) by the system

(20) £ =1y, J=-flxg +§)7 - g(x, +£) + ke(t).

Since f(x +£) 1s continuous, there is an interval, say
&1 <C, inwhichf‘( +E)>a>0 If £(x,)? > bg'(xy)
we may take a such that a? 2 kg' (x ). In the linear
systems introduced below, this 1eads to systems which
have nodal singular points. If f(xo)2 < bg'(x,), 1t

may be necessary to choose a smaller in which case the
gystems will have focal singular points. Consider then
the system

(21) E=y, §=-ay -g'(xo)i + RE) + ke(t),

where R¢ ) =g'(x,)¢ -alx, +E ), & > 0. It is easily
seen that when IEI (T, y2 > 321 for y 2 0 [y, denotes
as before y of system (m)]. Moreover, since g(x) is
analytic, we have for |f| < C,

IR(¢)I < b&?Z.

As 1n our previous work, we replace R(§) + e(t)
by certain extreme values and we are lead to linear
systems of the type

£ =7, y=-ay-g'(x)f+1
which have a singular point atf = 7/g'(x ), y=o0. In
particular we consider the following extreme system
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obtained from (21):

Y = -ay -g'(x,)E + Eaﬁgﬁ(i) +k, ¥y >0,

(22) £ = ¥,
y
where h { C.
The discussion again follows the general lines
developed for the speclal case. We take B solution of
(22) for y > o0 which starts at point A on the ¢ -axis
and proceeds to point B on the § -axis (see Fig. 1).
Then we take the solution of (22) for y < 0 which goes
from B to A. These two arcs make up the closed curve

A . As before

-ay -g'(xo)f + ImEil.I%hR(E) -k, y <o,

-\ -\a
XA=_-|£-XJ ’ XB=13_A ’
where now _1
A= exp | -Ta(hg'(x,)-82) %1,0 < a® <ug'(x,),
= o, 8% Yg'(x,),
and
B = ( max R(§) + k)/g'(x,),
1§ 1<h
« = ( min R(§) - k)/g'(x,).
1€1<n

Imposing the requirement that Xg { h leads to the
inequality

(23) max R(§) -Amin R(¥) ¢ h(1-A)g'(x,) - k(1+)).
[ 1<h 1€ 1<h

Since max R(§) < bh2, - min R¢ ) < bh?, this inequality
l£1<h & 1<h
certalinly holds 1if
bh? (142 ) < h(1-M)g'(x,) - k(1+1).
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For k < (1-3)%g'(x,)?/4b(1+1)?, this inequality is
satisfied for an Ilnterval to the right of

-

et - 2 2 2
L Vgt - [0-M%gx,)° - wen(1e0)®) 5o
2b(1+1)

This gives the smallest value of h for which the above
described constructlon 1s possible. (Requiring that
xAZ -h leads to the same inequality.)

With a, h, and k properly chosen there are then
two solutions of (22) which form the curve A satisfying
the conditions of Theorem I - more speciflcally the
points where the velocity vector (k,¥) of (20) is
tangent to A are 1solated and of the types described
in that theorem. The region bounded by A 1s therefore
mapped into 1tself under the transformation T and there
is then a fixed point in this region corresponding to
a periodic solution of (2).

At points where f(xo) < 0 there is a fixed point
under T by this reasoning, but such a point would
likewise be fixed under T, since T 1s one-one. If thils
is the only fixed point in the region then clearly the
periodic solution to which it corresponds 1is unstable.

Reasoning similar to that used in Sections 4 and
5 on the region of divergence for the equation (1) can
be used to advantage in particular cases of the general
equation (2).

The theorem of this section might seem to restrict
k always to be very small, but of course the size of k
1s determined by the form of the functlons f(x) and
g(x). For instance the linear equatlon
X +a%x +x =kcosw t, a >o,
possesses a periodic solution (period 27 /o ) DO
matter how large k might be. Our theorem confirms
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-

rather than denies this. It chould be noted that
(see (23) ) the restriction on k in thils case becomes

0 <h(1-A) - k(1+2),

since here R(§) = 0. This can be satisfied no matter
how large k be taken since h may be taken as large as
we please ( f(0+¢( ) =a > 0 for all ¢).



VI!. ON ''HE CONSTRUCTION OF PERIODIC
SOLUTIONS OF SINGUIAR PERTURBATION PROBLEMS

By Wolfgang Wasow1

Introduction

The classical perturbation theory is concermed
with differential equations which, when solved for the
highest derivative, depend continuously on a small
parameter e .2 More recently, perturbation problems for
differential equations in which the highest derivative
1s multiplied by a positive power of the parameter have
been studied by several authors. Following the termin-
ology introduced in [1] such perturbation problems will
be called sinrular.

I. M. Volk has developed in [5], [6], [7] a con-
venlent formal scheme by means of which the existence
and construction of singular perturbations satisfying
prescribed conditions can be studied in many cases.

The method 1s particularly well adapted to the con-
struction of perlodic singular perturbations. This is
the problem discussed by Volk. But Volk's proof of
the validity of his method contalns a serious error,
which will be pointed out in the appendix. In view of
this error, Volk's results can be considered proved
only in the case that the variational equations have

1. Department of Mathematics, Swarthmore College.

2. The results presented in this paper were
obtained in the course of research conducted under the
sponsorship of the Office of Naval Research, contract
no. Néori-105, Task order 5, identification number
NRou43-gh2. 313
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constant coefficients.

The aim of the present paper is to investigate,
with the help of Volk's scheme, problems whose varia-
tional equations do not necessarlily have constant co-
efficients. This will be done by combining ideas of
Volk with methods similar to those used in [4]. That
paper 1s essentially based on the general asymptotic
theory of linear differential equations involving a
large parameter (see, e.g., Turrittin, [3]). This
theory has not yet been developed in sufficient generalilf
for systems of differential equations. For this reason
the present paper deals with a single equation of the
n-th order rather than with a system of first order
equations as in the papers by Volk and in [1]. This is,
of course, more a difference in form than in substance.

Our problem also differs in several respects from
the one discussed in [1]. It 1s more general in that
the drop in the order of the differential equation when e
18 replaced by zero may here be greater than one, and
also, because our present method ylelds a pracgtical
scheme for the construction of the perturbation. As in
[4] the result will be seen to depend essentially on
the size of the drop in the order of the differential
equation. On the other hand, we have to assume here
that the differential equation depends analytically on
the unknown function and its derlvatives, whereas in [1]
only the existence of two continuous derlvatives was

required.

Part 1. Non-autonomous oscillations
§1. Statement of the problem. The differential
equation in whose periodic solutions we are interested

is of the form
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1, m
(1.1) ‘k:T)r{I=F(X dX d X.

s §gr e dtm, t; €)
In thls differential equation t 1s a real variable,
¢ 1s a small real parameter, k a positive integer, and
npm. The right member is regular analytic in all its
arguments and real for real arguments. More precisely:
The function F(zo,z1,...zm;t;e) is regular in all
arguments in an open domain D of the (zo,z1,...,zm;t;e)—
space contalning the whole t-axis, an interval |e| e o’
where ¢O> 0, and intervals of the z,(v= 0,1,...,m) to
be specified later. We assume that the function F is
periodic in t with a period T which is independent of e
and of the z,.

In this part we study the non-autonomous case, i.e.,
F must actually depend on t. The more difficult
autonomous case 1n which F 1s assumed tp be independent
of t 1s the subject of part II.

If ¢ 1s replaced by zero in the "full differential

equation" (1.1), the "reduced differential equation"
dx ™.

(1.2) 0 = F(x, at’ dt—m, t,0)

Q

is obtalned, whose order 1s at most m.

Wherever possible we shall use capltal letters to
designate functions depending on ¢, and lower case
letters for quantities independent of e¢. Accordingly,
we have denoted the solutions of (1.2) by x and those
of (1.1) by X.

Without loss of generality we exclude the possi-
bility that the right hand side of (1.2) is ldentically
zero; for in that case cancellation of a power of e on
both sides of (1.1) would reduce the problem to a
similar one with a smaller value of k and a right
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member which does not vanish identically for e= 0,
or to a problem in which the n-th derivative of X does
no longer disappear when e 1s replaced by zero.

Our perturbation method 1is based on the assumption
that we know a perlodic solution x = u(t) with period
T of the reduced equation (1.2). This function u(t)
will be referred to as the "base solution". It 1is
assumed to possess continuous derivatives of all orders.
We mention this because perturbation problems with
discontinuous base solutions have also been studied
recently (cf. e.g., N. Levinson, [2]). We have to
require, of course, that all points
Zv=lﬂyhth e= 0, (v=0,1,...,m)
of the (zo,z1,...,zm;t;e)-space lie in D.

Our aim is to find periodic solutions U(t,e¢) of
(1.1) such that

1im U(t, e) = u(t)

€E— O

We shall show that such solutions exist, if the varia-
tional equation belonging to u(t) satisfies certain
conditions.

let the periodic function pi(t), (i=0,1,..,m) be

defined by
9 (m)
pi(t) = ——TTTF(u,u',...,u st30) , (i=01,...,m)
+ Ju

Assumption A: The function pm(t) ig different from
zero for all t.

This assumption 1s similar to inequality (&) of
[1], but it 1s less restrictive, since the latter
inequality corresponds to the special case m=n - 1.
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Assumption A 1mplies, in particular,that the order of
the reduced equation is not less than m.

We shall have to distinguish between the "full

varlational equation"

m 1
(1.3) e dﬁn=Zpi(t)g—‘i’

L div
(1',*) O=Zpi(t) 1
i=o0 dt
By vigtue of Assumption A equation (1.4), when solved
for Q—éﬁ has analytic periodic coefficients.
dt

Definition: In the non-autonomous case the base
golution u(t) is called degenerate,if one of the
characteristic exponents of the corresponding reduced
variational equation 1s zero.

Assumption B: The base solution is not degenerate.

It is clear that this condition is equivalent to
the requirement that the reduced variational equation
have no non-trivial solution of period T.

The differential equation (1.1) is, of course, not
the most general differential equation for which
singular perturbation problems can be formulated. In
particular, it could be generallzed by permitting the
presence of terms involving orders of differentiation
IEtween m and n. It seems doubti'ul, whether the results
of the present paper remain valid when these additional
terms are nonlinear. If they are linear, the differen-
tial equation can be written in the form

n-v
v =1 at
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where the k , are positive Integers, and the functions
a,&,¢) are regular analytic at ¢=0 without vanishing
there identically in t. The methods of the present
paper can be extended to differential equations of the
form (1.1a). In the interest of a more readable
presentation we shall limit our investigations to the
equation (1.1) except for the remark that our con-
clusions remaln literally unchanged, 1f the exponents k,
in (1.1a) satisfy the inequalities

kgn—m

nem=v  ° (v=1,2, ..., n-m-1)

v

If these inequalities are not satisfied, the analog of
lemma 3.1 below will be subject to modifications which
affect the result of the argument.

§2. The Formal Procedure If we define Y(t) by

(2.1) X(t) = u(t) + Y(t)

eyuation (1.1) becomes

(2.2) ¥ o prusy,uteyr . Lou(™y v - Ku(P)
We expand the right side in powers of Y}Y',...,Y(m),e

combined, and obtain
m
(2.3) &™) =5 p ()Y 4 cace)
i=0
FOHOLYY, Y™t e)

where
(5% F(u,u',.;.,u(m);t;‘D ¢=0 —u(n)(t), iff k=1
a(t) =
3 F(u,u',...,u(m);t;e)) e=0 , 1f k)
Jd e



VII. SINGUIAR PERTURBATION PROBLEMS 319
and H 1s a convergent power series in Y,Y',...,Y(m),e
combined, which contains no terms of lower than second
degree. The coefficients of this power series are
known functions of t with period T.

In order to find a periodic solution of (2.3) we
write, tentatively,

(2.4) Y=Y ety
=1

and insert this series in (2.3), differentlating
termwise without regard to convergence. Then we
rearrange the resulting power series formally with
respect to e. But in contrast to the usual procedure

we preserve the factor ek in the left member, so that

we obtain, upon formal identification of the coefficients
of like powers of ¢ on both sides of the equality,

the infinite sequence of differential equations

(2.5) ekYi,n)=épi(t)Y§,i) +H,, (r=1,2,...)
here H,, is a polynomial in the quantities Y&:),
(v=0,1,...,m) with no value of o greater than r-i
occurring, in consequence of the fact that the power
series H contains no terms of lower than the second
degree. In particular, H1=a(t).

This property of Hr permits us to determine all
Yf by solving the linear differential equations (2.5)
for successive values of r. At each stage Hr 1s a
known function of t and ¢.

This formel scheme is analogous to the one used

by Volk in [5].
It should be emphasized that (2.4) is not a

power series, since the solutions of (2.5) depend on €.
Each equation (2.5), being a linear non-homogeneous
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differential equation wilith coefficients of period T
possesses a periodic solution for all those values of e
for which zero 1s not a characteristic exponent of the
full variational equation. This periodic solution is
unique for given value of e¢. Since, by assumption
B, the reduced varliational equation does not have zero
as characteristic exponent, it seems plausible to
expect that - under appropriate conditions - each
equation (2.5) has a periodic solution tending, as
€ — 0, to a periodic solution of the corresponding
reduced equation obtained by settinge= 0 in (2.5).

In the next section 1t will be shown that this
is actually the case. In §4 the series (2.4) will then
be shown to converge and to represent a solution of (1.1)
with period T.

§3. Iemmas On Linear Differential Equations

We shall need some facts concerning the asymptotic
character of the solutions of the full varilational
equation. These facts are an immediate application of
the classical asymptotic theory of differential equations
involving a parameter (see [3] and (4]). In order to
state them in convenlent form we introduce the following

abbreviations.

Definition 3.1
a) Whenever the special nature of a function is

irrelevant, the letter E will be used as a generic

symbol for functions of t and e which are bounded,
together with their n-1 first derlvatives with respect
tot, for « { t {B, and for ¢ in some closed interval

I that includes e =0 as interior or endpoint. Whenever
necessary, « ,f and I will be specified in subsequent
applications of this symbol. Occasionally, the letter

E will designate a function of e alone, independent of t.
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b) The symbol [f(t)] will be used to denote a
function of the form

(3.1) [f(t)] = F(t) +¢%E, 5> 0

Whenever necessary, the value of § will be specified.

Lemma 3.1. The full variational equation possesses a
fundamental system V, =V (t,e), (v=1,2,...,n),with the
asymptotic representation
e “Qﬁt)[n]

(%3.2a8) vr= 1,2,...,n-m

(3.2b) (v ] y= N-M+1,...,0

v -n+m
In these expressions
1) VyseeesVpy is an arbitrary fundamental system of the
reduced variational equation,

2yo= o/ (mm)|

3) The number § of (3.1) is equal to k/(n-m) in (3.2a)
and equal to k in (3.2b).

The interval I of definition 3.1 may here be any
interval containing e= 0 as endpoint,but it should be
noted that a fundamental system represented asymptoti-
cally by (3.2) for positive e is not necessarily so
represented for negativee. The interval a{ t { 3 is
arbitrary.

5)¢;(t) = £ ¢(r)dr, where ¢, (t) are the n-m determina-

tions of
n-m K
sgn(e )P, (t)

6)p =n (t) is a function whose precise form 1is
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irrelevant for our purpose, except for the fact that 1t
is indefinitely differentiable and different from zero
for all t.

A proof of a theorem containing this lemma as a
speclal case may, e.g., be found in [3].

In order to avoild the complications that would be
introduced by the occurrence of pure imaginary exponents
in (3.2a) we introduce a third - and last - restrictive

condition.
Assumption C. At least for one of the two possible

) ce N-m
signs of e all n-m determinations of /sgn(ek)pm(t)

have non-vanishing real parts.
In the sequel the letter I will be reserved for

closed intervals of the e-axis containing the point
_ : n-m
€ =0 and such that no value of \/ sgn(ek)pm(t) has

non-vanishing part for ¢ in I.
Lemma 3.2. In the differential equation

m
(5.3) (fz(®) o > v p, (0)21) 4 Gt )

let assumption C be satisfied, and let G(t,e) be con-
tinuous for a{ t (B and for ¢ in an interval I con-
taining e=0 as an endpoint, then there exists a
particular solution Z=W of (3.3) for which in o t {8

(3.4) ) c max |G(t,e)l, (j=0,1,...,m)
’w(.])l g
(3.5) s I max [G(t,e)l, (j=m+1,...,n-1)

where ¢ 1s independent of G(t,e¢) and of e , and
max [G(t,e)| is the maximum of |G(t,e¢)] in ol t {8,

for € in I.
Proof: Let the functions V, be arranged in such a way
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that,for ¢ in I,

(3.6)  Re(®,) > Re(®,) > ... 2 Re(e, )

and let p be the largest integer such that Re(¢p) > o.
By assumption C all ¢ with » > p have negative real
parts. If we denote bylvy the solutions of the linear
algebraic system

n

(s.7)  S_viITR =8 ., (=1,2,...,n)

v=1 g nJ

then it follows from well-known theorems that
t ~ _
(3.8) W=/‘3 ii VL ()W (r)e ¥a(r , e)ar
=1

4 /ti vi(t)\7i(r>¢‘kc(r,e)dr
o  i=p+1

i a golution of ($.3). A stralghtforward calculation
shows that

a-(n-1)e-”(E‘E , ve=1,2,...,n"m
(3.9) V, =

6-(nrm) E , v=nm,...,n

If the expressions (3.9) as well as the asymptotic
formulas (3.2) are inserted in (3.8), we find

(3-10) t (&, (£)-%7))
e ac(d,(t)-H7
W =g (@) 4 ¢ 1 E(t, e)E(7,¢)G(r,e)dr

=1
-(m- tam (@;(t)-a(7))
+0 (m-1) / S_—_ ec i E(t,9E(r,e)G(r,¢) dr
a 1=p+1
tn
+ [ = . E(t,e)E(r,e)Glr,e)dr
a 1=n-m+1
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In order to estimate these integrals and their deriva-
tives, let E(t,7,¢) be a function uniformly bounded for t

and 7 in the closed interval bounded by « and 8, and
for ein I. We then note that for any integral of the

form

t oa(ey (L)t (7))
/B‘ € E(t,f,() G ('r,é)df

with 1 { p we have the estimate

o(, (t)-2: (7))
fe E(t,T,E)G(T,e )ar

-1 t O’RG(‘]’i(t)"q)i(T))
(g ¢y max [G(t,e)] /Be o Rey; (r)dr

» oRe(®; (t)-d (7)) ¢
=0 C1 max 'G(t,é)l l € .

{¢ 'oc,max [G(t,e)l

E(t,r,e)
where ¢, 1s the maximum of |z——F——— |for t and r in
1 Rewi(r)

(a,8) and € in I. Analogous estimaics hold for such
integrals extended from « to t, when p<{i{n-m. Using these
estimates the inequalities (3.4) and (3.5) are an
immediate consequence of formula (3.10) and the equalities
obtained by differentiating it repeatedly.

Lemma 3.3. If the assumptions A, B and C are satisfied
and if the function G(t,e) of lemma 3.2 has the period

T in t, then there exlsts a number e1>0, independent of
G(t,e) such that for |e|g¢1 and in I the differen-
tial equation (3.3) has a unique periodic solution

Z(t,e¢) of period T. This solution satisfies the relation

(5.11) 11m 2830, 6) = 2090(8),  (j=0,1,...,m), ein I

€—0
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where z(t) is the unique solution of period T of the
reduced differential equation

= 1
(3.12) 0= 5 py(t)a! ) 4 a(t,0)
=0

The convergence 1s uniform for all t. If a fundamental
system of the full varlational equation is known, Z(t,e¢)
can be found by quadratures and rational operations.
Proof: In the argument that follows let I be chosen so
that e =0 is an endpoint of I. If intervals I containing
e=0 as interior point are possible (we recall the remark
following assumption C), then the reasoning can be
applied to each of the two subintervals of I bounded by
e=0 separately. Let

(3.13) W= 2-z

The function W satisfies the differential equation

m

(3.14) ekw(n)‘ = Z: piw(i) + Q(t,e€)
i=o
where
(3.15) Q(t, €) = G(t,e) - G(t,0) - K2 (1) ()

Q(t,e) has the period T. Observe that

(%3.16) li% Q(t,e) = 0, for ein I

€—
uniformly for all t. Let Wp be a particular solution of
(3.14), then the general solution W will be given by

n
(3.17) W=3 C,V, +W

v =1
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where C, are arbitrary constants depending on €. This
solution W will have the period T, if and only if the
C, are determined 1n such a way that the equations

n
(3.18) 5 _c, (v, %) @m)v, Wa)) = wlrd(a) i) (@ar

y=1
(u=0,1,...,n-1)

hold for some particular - and hence for all - «.

Let us take as Wp(t,e) a solution of (3.14%) to
which lemma 3.2 can be applied. In applyling this lemma
we take B=a+T. Let A be the determinant of the left
members in the linear algebraic system (3.18) and A,
the determinant obtalned by replacing therv-th columm by
the right members. In these determinants we insert now
the asymptotic expressions (3.2) and apply the inequali-
ties (3.4) and (3.5) to Wp.

If the determinant A is expanded with respect to
the minors of the first n-m columns, it 1s seen that the
term originating from the last n-m rows has formally
higher order of magnitude than all the others. A short
calculation shows that this term 1s of the form
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(3.19)
e} @ T) ool (@) ,D (@) oot pp pla)
-1

'g t(aoT) ;' vlll"(. 7) mel 7 me+) me
. . n +T) ...op (a+ )’pol(a) SRR e L))
. w?-‘(ao'r) . wg-‘(aoT) .'g::(l) oo v:::n(“)
V1 (a+T) - V1 (a) ... Vm (a+T) - Vm (a)

V] (@+T) = V] (a) ... Vy @T) -Vp  (a) |[x]
X

(m=1) (m-1) (m-1) (m-1)

v1 (@+T) -V, (@) «.. Vp @T) =V (a)

where x is a constant different from zero. This
expression ig therefore at the same time an asymptotic
expression for A, provided the two determinants occurring
in it are not zero. This they are not; the flrst one,
because it is a Vandermonde determinant all of whose
colums are different, the second because of assumptlon
B. This shows that, for € in I and |e| §e1, the
differential equation (3.14) has a unique solution with
period T, provided €, is a gufficiently small positive
number depending only on the variational equation.

The argument for the calculation of the Avfollows
the same pattern, except that here the formally leading
term of these determinants may possibly vanish. For
the right members of (3.18) we use the estimates (3.4)

and (3.5). Using Cramer's rule we find, finally
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(3.20)
-m -crfbv(au-T)
¢ € E max [Q(t,e)l , v=1,2,...,p
C,= ¢+ "E max [Q(t,e)] , v=p+1,...,n-m
E max [Q(t,e)l y v=n-m+l,...,Nn

If these results, as well as (3.2) are inserted in (3.17)
the periodic solution W is seen to be of the form

I
+ 0

- o(®,(t)-¢ (x+T)) n-m +¢ (t)
m P g > e ' E
v=1 v=p+1

(3.21) W =4

+ max |Q(t,e)l E + Wp
W satisfies the inequalities (3.4) and (3.5) with G(t,e€)
replaced by Q(t,e). It follows that W and its first m
derivatives tend to zero, as e—0in I, uniformly in
every closed subinterval of a{ t {a+ T. For the m-th
derivative the points « and «+T might possibly be
exceptional. But since a is arbitrary and W has the
period T, this implies that W(j) tends to zero uniformly
for all t, for j=0,1,...,m. This completes the proof of
lemma 3.3.

The periodic solution z of (3.12) satisfies an
inequality of the form

lz(i)l { c, max IG(t,0)| , (i=0,1,...,m)

where c, 1s a constant independent of G(t,0). The
expressions E occurring in (3.21) are independent of
G(t,e). This shows readily that the following corollary

is true.
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Corollary: Under the assumptions and with the notations
of lemms 3.3 there exists a constant ¢, independent of
t,e¢ ,band G(t,e) such that

] Z(")(t,e)li ¢ max |G(t,e)l , (»=0,1,...,m)
for all t, and for all e in I for which |le| ¢ €, -

§4. The Convergence Proof
Lemme 3.3 applied successively to the differential
equations (2.5) for r=1,2,... shows that, if there is an
interval I of e in which condition C 1s satisfied, then
there exlsts for every e in I with Je| { ¢, a perlodl
golution Yr tending to a finite 1limit together with its
first m derivatives, as e — 0. All these solutions
satisfy the inequalities

(3.1) | ()

{ ¢ max |Hrl , (r=0,1,...,m)

for « in I and |el {e, (cf. the preceding corollary).

To complete our arguments we have to investigate
the convergence of the series (2.4) when the Y, are
these periodic functions.

We begin by constructing a power serles dominating
the power series H(Y,Y',...,Y(m); t;e) occurring in (2.%).
Letn,, (¥=0,1,...,m), € be numbers such that the
series H converges for

(4.2) (] ¢, L lel ey

v

and let A Kk be the coefficient of the term in
}

k$8) e
that series which contailns Y(v) to the power k. If h
1s some constant such that

|Hl < h
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in the domain defined by (4.2) and for all t, then it 1is
well known that

h
(k.3) A8 ekl € Tk o %,

If we replace each coefficient of the series for H by
the corresponding right member of (4.3), we obtain a new
power series, which dominates H; 1t 1s Independent of t
and converges in the domaln defined by (%.2). Also, it
contains no term of lower than second degree. Let
BY,Y',...,¥™); ¢) ve the function defined by this

series.
Now we Introduce a formal series

(4.4) f:arer
r=1

with the a, as yet undetermined, and replace every Y(”),
(»=0,1,...,m) In the series for H by this series. After
reordering with respect to powers of ¢, there results a
formal power serlies ine in which the coefficient er of
el 1s a polynomial in the a.. These formal operations
are analogous to those by means of which the functions
Hr in (2.5) were obtained from H in (2.3). From the
properties of H 1t follows, in particular, that 0.,
contains no a, with a subscript greater than r-1.

It 1s also seen that if the a, are chosen so as to
satisfy for any s > 1 the inequalities

j=0,1,...,m

(4.5) l ng)l < a,, for r=1,2,...,8-1
all t, ein I, |e] §e1

then the inequality

(4.6) IHgl <04
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follows.
In order to find values of a, satisfying (4.5)
for all s and suiltable for our purpose we chose a,
arbitrarily, but so that (4.5) is satisfied for s=2 and
determine a_, r > 1, successively from the equations

r
(4.7) a,=ch, (a,,8,, ...,a, ), (r=2,3,...)
where ¢ 1s the constant occurring in (4.1). Let us

assume for the purpose of mathematical induction that
the 1lnequalities (L4.5) are true for a given s. Then
(4.6) 1s true and, using (4.1),we have

,Yé”)lg c ma.les, {eq = ag

Hence, (4.5) is true for all r.

In order to establish the uniform convergence of
the series (2.4) and its formal derivatives up to order m
it suffices, in view of (4.5), to prove the convergence
of series (4.4) with the a, defined by (4.7).

To do this we note that, in consequence of the
definition ofOP, this series (4.4) could be constructed

- once &, i1s chosen - by inserting (4.4) for §¢ in the
equation
(4.8) e Rk, 5¢) vea - =0

and setting the coefficients of all powers of e equal to
zero. On the other hand, (4.8) 1s satisfied by e =& = o0,
and the partial derivative of the left member of (4.8)
with respect to & does not vanish at e = ¢ = 0; In

fact, it 1is equal to -1 there. From the implicit
function theorem for analytic functions it follows then
that (4.8) defines ¢ as a regular analytic function of e
in the neighborhood of ¢ =0. The seriles (4.4), con-
structed above, must therefore represent this function,
mﬁ,tmm,itcmwagm;ﬁmlel{eB,WRh¢5>0-
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The foregolng convergence proof 1s a variation of
the reasoning in Volk (5].

Next, we must prove that the series (2.4) satisfies
the differential equation (2.3). To that end we multi-
ply the r-th equation (2.5) by e’ and sum over r. In
view of the uniform convergence with respect to t of the
termwise derivatives of (2.4) up to order m, proved
above, the right hand side of the resulting equation is
for fixed € a uniformly convergent series, and the same
mist therefore be true of the left hand side, i.e. of
K ST §;1¢ r Yén). Because of the way the functlions Y,
were defined, the series on the right hand side
represents the function on the right hand side of (2.3).
So it remains only to be shown that E::i§;1 e ¥ Yﬁn)=Y(n).
This follows from the uniform convergsnce of

E::::;,erYﬁm)' by means of a falrly obvious modifica-
tion of ths standard proof justifying termwise differen-
tiatlon of a convergent series, 1if the resulting series
converges uniformly.

Before we proceed to summarize our results in the
form of a theorem we reformulate assumption C in a more
immediately verifiable manner. It 1s readily seen that

1) Condition C is satisfied for positive as well as
for negative ¢, if n-m is odd, and also if n-m 1s even
and at the same time k is even and (-1)(n_m)/2pm(t) is
negative. In that case our results concerning the
convergence of Y(t,e) are true for approach to e =0
from either side. We then call the differential
equation (1.1) parametrically regular.

2) If n-m is even and k 1s odd, condition C 1is
satisfied for positive e only, if (-1)(n_m)/2pm(t) is
positive. In this case the differential equation (1.1)
will be called parametrically halfregular from the
right. Similarly, if n-m is even, k 1s odd and
(«1)(n_m)/2pm(t) 1s negative, condition C 1s satisfied
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for negative e only. We then call the differential
equation (1.1) parametrically halfregular from the left.

3) If n-m 1s even, k is even and (-1)(n—m)/2pm(t)
is positive, condition C is never satisfied. This is
the parametrically irregular case.

Theorem 1.

differential equation (1.1) is not parametrically
irregular, there exists a closed interval I containing
the point ¢ =0, such that for every ¢ in I this differen-
tial equation possesses a periodic solution U(t,e) of
period T, for which

11m 089, ) = w3 (t), (j=0,1,...,m)

€—0

uniformly in t.
If the differential equation is parametrically

regular, e=0 is an interior point of I; 1f it is half
regular from the right or left, e =0 is the left or
right endpoint of I, respectively.

(b) If a fundamental system of the full variational
equation 1s known, & convergent series representation
for U(t,e) can be found by quadratures. This series 1is
of the form

= r
U(t,e) = u(t) + _;_ Yr(t,e)e
=1

where the functions Yr(t,e) are continuous for ¢ in I
and have the period T-in t.

Remark 1: Applying lemma 3.3 to the differential
equation (2.5) for r=1 we see that to within terms of
order higher than one Ine, U(t,e) equals the function
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u(t) + ey1(t)
where y,(t) 1s the periodic solution of

m
o=3_ pyit) 4 are)

1=0
Remark 2: Nothing has been proved here concerning the
parametric irregular case. Slmple examples (see Volk
[5), p. 573) show that the statements of our theorem
do not always extend to that case.
Remark 3: Our theorem does not imply that the deriva-
tives of U(t, ¢) of order higher than m converge to the
corresponding derivatives of u(t), ase—0 in I.

Part II. Autonomous Oscillations

§5. The Problem. The Non-Degeneracy Condition
In this part the results of Part I will be extended
to the differential equation

k X _ dX e
dtn_ (X, at * dtm’ e)

which differs from (1.1) only in that t does not occur
explicitly in the right member.

In the present problem every solution X(t,e) of
(5.1) glves rise to infinitly many solutions of the
form X(t+t1,e) where t, ls an arbitrary constant. If
one of these solutions has the period T, all of them
do. The same is true for the solutions of the re-
duced equation

(5.1) e

.2 = d_.X
(5.2) 0 = FP(x, e
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It follows that if there 1s one periodic solution
U(t,e) of (5.1) tending uniformly to a given periodic
solution u(t) of (5.2) there are infinitely many others
with this property, e.g., all functions U(t+et1,e). It
i1s therefore possible and desirable to impose an addi-
tilonal condition on the periodic solution to be found.
We find it convenlent to require that

(5.3) U(0,¢e) = u(o)

In the present problem the base period T is
defined by the period of the glven base solution u(t)
and not by the differential equation itself. It is
therefore plausible that the special case u(t)=constant
will glve rise to a perturbation problem of a somewhat
exceptional character, since the period T is undefined.
If the derivative aF(z1,...,zn;e)/az1 does not vanish
for z,=U, ze=z3=...=zno, e =0, the implicit function
theorem guarantees then the existence of a constant real
solution of (5.1) tending to u(t) as e - 0. Except for
this one remark we leave this case aside and ‘stipulate
that u(t) 1s not a constant.

Finally, since u(t+t1) is, for all t,, a periodic
solution of (5.2), and since u(t) is not a constant, no
loss of generality is involved, if we assume that

(5.4) u'(o) # o

In addition to the conditions mentioned the base
solution will have to satisfy assumptions A and B of
Part I. However, condition B differs from the analo-
gous condition in Part I, because the concept of
degeneracy must here be defined differently.

In fact, the reduced variational equation
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possesses 1n v=u'(t) a non-trivial periodic solution.
This implies that one of its characteristic exponents
1s zero.

Definition: In the autonomous case the base solution
u(t) is called degenerate, if the corresponding reduced
variational solution has zero as a multiple root.

Lemma 5.1. Let vj(t), (j=1,2,...,m), be a fundamental
system of solutions of the reduced variational equation
corresponding to the base solution u(t). Then u(t) is
degenerate, 1f and only 1f the rank of the matrix

(5.5)
u'(o) V1(T)-V1(O) v2(T)-v2(0) cee vm(T)—vm(o)
u"(o) V;(T)'V{(O) Vé(T)-Vé(O) e V&(T)-Vé(o)
(m) (m=-1) (m-1) (m-1) (m-1) (m-1) (m-1)
u (0) v1( )-v1(o) vz(T)—Vz(O) - vm( )—vm(o)

is less than m.

Proof: It is clear that the rank of the matrix (5.5)
does not depend on the cholce of the fundamental system
v.(t). Without loss of generality we may therefore
assume that

(1-1) ,
(5.6) Vj(o) =6ji P) (1,j=1,2,...,m)

where (5.1) = I is the ldentity matrix. To abbreviate
the notation we write A for the matrix with the
element v§1'1)(T) at the intersection of the j-th
column and the i1-th row. Since u'(t) 1s a solution of
the reduced variational equation, we can write
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o ()

u'(t) = 5 u (0)v.(t)
J=o y

and the periodicity of u'(t) expresses itself by the

relation

(5.7) (A-I)d = o

where-g is the column vector with components u'(o0),
u"(o),...,u(m)(o). If and only if the rank of the
matrix (5.5) is less than m, there exists a vector &,
linearly independent of aﬁ such that

(5.8) (A-I)e =\ 4

where A 1s a scalar constant. The relations (5.7) and
(5.8) taken together are equivalent to the statement
that the matrix A has one as a multiple root (see,
c.g., H. Weyl, Math. Analyse des Raumproblems, p.92).
The characteristic roots of A are the characteristic
roots of the reduced variational equation. If one is a
multiple characteristic root of that differential
equation, then zero is a multiple characteristic exponent
and vice versa.

Corollary: The values 0 and T may be replaced in (5.5)
by a and «+T, where « 1s arbitrary.

Remark: As in [1] it could be shown that u(t) 1is non-
degenerate, if and only if all solutions x(t) differ
from periodicity by terms of the first order, provided
the point t=0 is adjusted so that x(0)=u(t).

§6. The Formal Procedure. The periodic solutions
of (5.1), if they exist, will have a perlod that depends
on e. In order to operate with a constant period we
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introduce a new independent variable s by the trans-
formation

(6.1) t = 3(1+Q)

where ? is a function of € to be determined later. This
transforatmion changes the differential equation (5.1)
into

(6.2) &M o (X (407, x ™0™,

Here the dash indicates differentiation with respect to
If we define Y(s) by

(6.3) X(s) = u(s) + ¥(s)
and expand the right member of - (6.2) in powers of
Y,Y',...,Y(m),ﬂ,e, combined, we obtaln, in analogy to

(2.5)

(6.4)

m
Ky(n) o %:: pi(S)Y(i)+&(5)e+b(S)Q+H(Y,Y',...,Y(m)}S}ﬂ;
=0
where
£ (3)
(6.5) b(s) = - 3__ Jp(s)u I (g)

and the power series H contains no terms of less than
second degree. We try again to find for Y a series of
the form (2.4) and, similarly, for @ a serles of the
form

(6.6) a=2_¢"g
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Substitution into (6.4) and comparison of coefficlents
leads again to an infinite sequence of differential
equations, which here will have the form

(6.1) v =S p (0¥ 4 (sl + B,
) r = 1 r r r

H_ being & polynomtal in Y'), @, 6=0,1,...,m, a=1,2,
cesr-1).

Since 1n the autonomous case the reduced varia-
tional equation has zero as a characteristic exponent,
the non-homogenuous equations belonging to the reduced
variational equation will, in general, not have a
periodic solution. The periodic solutions - if any -
of (6.7) must therefore in general be expected to
diverge, as € — 0. But we shall show in the next
section, that the periodic solutions of (6.7) do con-
verge, ase — 0, provided e, is chosen in an appropriate
manner as a function of e.

§7. More Lemmas On Linear Differential Equations
Consider a differential equation of the form

(7.1) &Lz(n) o %%: pi(s)Z(i) + b(s)r + G(s,¢€)

=0
where e, k,pi(s) and b(s) have the same meaning as
before in this part, and G(s, ¢) has the same properties
as in §5. The letter T denotes a function of ¢ which
will be determined later. Together with (7.1) we
consider the reduced equation

1 (1)
(7.2) 0 = §i Dy (8)z + b(s)y+ G(s,0)
=0

in which v 1is a parameter independent of e.
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Lemma 7.1: If assumptions A and B are satisfied in the
autonomous case, there exists a unique value of ¥ for
which the differential equation (7.2) possesses periodic
solutions of period T. .There is exactly one such
solution z(s), for which

(7.3) z(0) = 0

If a fundamental system of the reduced variational
equation is known, the periodic solution z(s) can be
found by quadratures and rational operations.

Proof': let v.(s), (j=1,2,...,m) be a fundamental
system of the reduced variational equation with t
replaced by the letter s. But instead of characterizing
the fundamental system by the initial conditions (5.6)
we now assume that

(7.4) v,(s) =u'(s)
without committing ourselves as to the choice of the

remaining m-1 solutions v.(s).
Dénote by z1(s) some particular solution of the

differential equation
B Jn (1)
(7.5) 0= pyz,"’ + Db(s)
and by z, some particular solution of
- (1)
(7.6) 0 = % P42, + G(s,0)
=0

Then any solution of (7.2) is of the form

171
(7.7) z = %;;cjvj(s) +v2,(8) + 2,(8)
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where the Cj are arbitrary constants. A solution z(s)
will have the period T, if and only if the equations

2y - 2 0) =0, (1=0,1,...,m-1)
are satisfied, 1.e., if

m
(7.8) 3 esvitlmy - v{Po)) vty - 2P0y
=2

= z{M(0) - 2{M (1), (1=0,1,...,m=1)

For arbitrary v it will, in general, not be possible to
determine the m-1 constants Cpsee+sCp 8O a8 to satisfy
the m linear conditions (7.8). But if we consider the
equations (7.8) as a linear algebralc system for the m
variables CphsevesCps¥s 8 solution will be shown to
exist. To prove this, we note first that the rank of
the coefficient matrix of the left members in (7.8)
does not depend on the choice of the particular solu-
tion z1(s) of (7.5). Let us therefore take z1(s)=su'(s).
This is, in fact, a solution of (7.5), as can be
readily verified with the help of formula (6.5). The
matrix of the left members of (7.8) becomes then

(7.9)
ve(T) - ve(o) ............ vm(T) - vm(o) Tu'(0)
(m-1) (m-1) (m-1) (m-1) (m
v2(T) - vg(o) ........ vm(T) - vm(o) Tu (0)

In view of our choice of v,(s) in (7.4%) this matrix
differs from (5.5) only by the absence of a column of
zeros, by the factor T in the last column, and by the
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position of this columm. It follows, that the vanishing
of the determinant of the matrix (7.9) would imply that
the matrix (5.5) has rank m-1 at most, in contradiction
to lemma 5.1 and assumption B. Hence, the system (7.8)
has a unique solution. The most general solution with
period T of the differential equation (7.2) 1s then
obtalned by choosing c, arbitrarily. Because of (5.4)
there is a unique value of Cy> such that the resulting
periodic solution satisfies (7.3).

Lemma 7.2: Let z(s) be a prescribed solution of (7.2)
with period T, and assume that conditions A, B and C
are satlsfled, then there exIsts a number e, > 0 and a
unique function I of e alone, such that for |e| (e 1
and ¢ in I the differential equation (7.1) has a unique
periodic solution Z(s,e) of period T, satisfying the
initial oondition

(7.10) Z2(0,e) = z(0)
For this solution

(7.11)  1im 2890 (s,e) = 289)(8), for j=0,1,...,m,
€—0

and ¢ in I,
uniformly for all s. For the corresponding quantity T

(7.12) 1imT = v for e in I
e—0

If a fundamental system of the full variational equation
is known, Z and T can be found by quadratures and

rational operations.
Corollary: The statement of the corollary to lemma 3.3
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remains true in the autonomous case, and, in addition,
the inequality

Ir] < ¢ max |G(s,e)]
holds.
Proof': It will be sufficient to emphasize those

features of this proof which are different from the
proof of the analogous lemma 3.3. The difference

(3.13) W= 2-2

of two solutions of (7.1) and (7.2), respectively,
satisfies

(7.13)  fwl®) o :iopﬂs)‘"(“ + ()M + Q(s,¢)
where

(7.14) A=T -7.

The general solution of (7.13) has the form

n
(7.15) W=2 C,V, +AW, + W,

v =1

where W1 is a particular solution of
m

(7.16) S, (B =5 oy o) 4 ns)
=0

and W2 one of (3.14).
We observe that W1 can be chosen so that

(7.17) W, = [z,]

where z, satisfies (7.5). To see this we need only
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apply lemma 3.2 to the differential equation
Kk a® L k_(n)
e ——(W, -z, ) => p, =—=(W,-2,) -€e"z
ash v 1 =5 i dsi 1™ 1
obtained by subtracting (7.5) from (7.16).
W will be periodic with period T, if and only if
C, and A can be determined so that

n (n) (m) (1) (r)
(1.18) 30,05, (a4T) - V,(a)) + A(W, (asT) - W, () )
(n) )

= W,(a) - W,(ax+T) , (@=0,1,.44,n-1) .

To these equations we add condition (7.10), i.e.,

n
(7.19) 2_CV,(0) + AW (0) = -W,(0).

y=1

The asymptotic values of the C, and A can now be found
by the same method as in the proof of lemma 3.3. The
only non-trivial differcnce 1s that the second of the
two determinants in (3.19) has to be replaced by

0 v2(a+T) - Ve(") Vm(a+T) —vm.(a) z, (a+T) - z1(a)
0 vz',(a+’1‘) - Vé(a) VI;](C!+T) -vé(a) z.l'(a+'1‘) - z;(a)

(m-1) (m=-1) (m-1) (m-1) (m-1) (m-1)
0 v2(a+‘1‘) - ve(oz) cee Vo (x+T) -vm(a) z1(a+T) - Z1(a)
vl(o) v2(0) vm(o) z1(o)
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This determinant 1s not zero. For, v,(0) # 0, in
consequence of (7.4) and (5.4), and the cofactor of
v1(0) does not vanish, because of assumption B, the
corollary to lemma 5.1 and our remarks following
formula (7.9).

The resulting formulas for qrare again (3.20).
The proof of (7.11) is then strictly analogous to that
of (3.11) in Part I. In addition, we find

= E max [Q(s,e)]

which implies (7.12). The corollary follows as in the
proof of lemma 3.3. This completes the proof of
lemma 7.2.

§8. The Main Theorem of Part II
Lemma 7.2 shows that the Yr and&lr of the formal scheme
explained in §6 can be successively calculated so as to
obtain for the Yr bounded periodic functions in I. The
convergence proof 1is literally the same as in the non-
autonomous case. Ur is simply treated like the Y£J
in applying the method of dominating serles. There 1is
no point in repeating the arguments. It will suffice
to state the result.

Theorem 2:

(a) If conditions A and B are satisfied, and the
differential equation (5.1) 1s not parametrically
irregular, there exists a closed interval I containing
the point « =0, guch that for every e in I this differen-
tial equation possesses a periodic solution U(t,e) of

period T, =T(1+9), for which

lm e, ey = ulIe) , (§=0,1,...,m)

uniformly in t,
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limT, =T ,

€—0

U(0,e) = u(o)

The position of the interval I with respect to the

(b) If a fundamental system of the full variation-
al equation 1s known, a convergent series representa-
tion for U(t,e¢) can be found by quadratures. This
series 1s of the form

Ult,e) = u(s) + S Yo(s,6) ¥
r=1

&
3

t(1+8),

©
[

where

%) r’
g=2_a,(e) e
=1

The Yr(s,e) have m bounded derivatives with respect to
5, for ¢ in I. They have the period T in s.

Remark: By collecting terms of order one with respect
to € in the foregolng result, we find, with the help
of lemma 7.2, that, to within terms of order higher
than one in e,

(8.1)  U(t,e) = u(t) + e(twu'(t) + y,(t))
Te=T+w,T
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for € in I. Here @, is the number for which the
differential equation

m (1)
0 = %:;O_pi(t)y + w1b(t) + a(t)

has a’ solution of period T with y(0) = 0, and y,(t) is
that solution. In order to obtain a good approximation
from (8.1) in - say - the interval -T { t { T, the
parameter ¢ must be very small by comparison with 2T.

§9. Appendix: A Remark Concerning Volk's Apticle (5]
Since Volk deals with gystems of first order equations,
he is led to investigate a variational system of the

form

( azr _ k= 3

9.1) g5 =w E:; p,.(t)Z., (=1,2,...,n)
Ir=

In this section we adopt Volk's notation. u 1is the small
parameter called ¢ previously, the pvr(tﬁ are functlons
of period T, and the k, are integers, some of which we
assume to be negative. In analogy to our discussion

in §3, it has to be shown, that a non-homogeneous

system corresponding to (9.1) possesses a periodic
solution which - under appropriate conditions - remains

bounded, as u—0.
In order to do this, Volk proceeds as follows. ILet

k be the algebraically smallest of the 'integers k,,
(k 1s negative), and change the variable t into ¢,
where ¢1s defined by

¢ =ﬂVKt-

The variational system is then changed 1nto
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P n
(9.2) Ly =5 q (7,42, (v=1,2,...,n)
=
where
k -k -k
(9.3) Qo =s pyr(z?p,)

The q,, are continuous at p=0. The period of the qp

with respect to & 1s0=4XT. Following Volk [5], §2, let

0]
(9.4) 2,22 _a,pry  =l2,..m)

be the linear transformation which reduces the system
(9.2) to the canonical form

dqv

(5.5) = 11}’7 pFP O g, s (v=1,2,...,n)

dd¢

Here the 1, are the characteristic exponents of the
system (9.2). The o,_q &r€ Zero or one. In particular,
7,=0, always, so that 1, does not occur in (9.5), and
need not be defined. The 1 are functions of x, but
independent of ¢&#. The a .. are functions of 4, andyv,
with period 6 in #.

It can be proved that, if the coefficients of a
system of linear differential equations with periodic
coefficients depend continuously on a parameter p, then
the characteristic exponents as well as the matrix of
the transformation to canonical form are continuous
functions of y. From this theorem Volk concludes that
the quantities a,. & well as the elements Byr of the

inverse matrix are bounded atp =0. But this conclusion
is not valild, since that theorem presupposes that the
period of the coefficients does not depend ony. In the
present case that perlod, 6, tends, however, to
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infinlty, as u— 0.
It is easy to show by the simplest examples,
that theavr are not always bounded atw=0, even if
is limited to one sign. Take, e.g., the case n=1.
Then (9.1) reduces to

Q
N

(9.6) =.5p(t)z , (k < o)

Q
ct

and (9.2) becomes

Q
N

(9.7) 42 - pow )z .

S

The most general transformation of the form (9.4) is,
in thils case

(9-8) 7= anq
where
e
9 _ , -
(9.9) / p(o“k)d:? - % /o p(® s )ds
a=C(n)e °

C(u) 1s an arbitrary function of y, alone. When written
in canonical form (9.6) and (9.7) become then, respect-
ively,

©

dg _ 1L -k .
avs = o ‘/O p@p asd 1
and
k T
dg _ &_ .
- /O p(t)dt « 7

Assuming that C(x) is bounded, (9.9) would indeed
be a bounded function of x at p=0, if © were a
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constant with respect to p. But this 1s not the case.
In fact, returning to the variable t we find

: N T
(9.10) uk(/ p(t)dt - 1{.— [) p(t)dt>

a=C(n) e °

when p(t) 1s not a constant, « org = %, or both, are
unbounded at u=0. The boundedness ofuvr and %r 1s used
by Volk In an essential way to prove his equivalent of
our inequality (4.1), for he proves a similar
inequality for the simpler system (9.5) and then returns
toZ, by the inverse of the transformation (9.4). It

is clear that our inequality (4.1), or some equivalent,
1s needed to establish the convergence of the method.
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