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PREFACE.

HE appearance of this second and concluding volume has

been delayed by pressure of other work that could not well
be postponed. As in Vol. 1. the additions down to § 348 are
indicated by square brackets, or by letters following the number
of the section. From that point onwards the matter is new
with the exception of § 381, which appeared in the first edition
as § 348.

The additions to Chapter XiX. deal with aerial vibrations in
narrow tubes where the influence of viscosity and heat conduction
are important, and with certain phenomena of the second order
dependent upon viscosity. Chapter XxX. is devoted to capillary
vibrations, and the explanation thereby of many beautiful obser-
vations due to Savart and other physicists. The sensitiveness of
flames and smoke jets, a very interesting department of acoustics, is
considered in Chapter XXI, and an attempt is made to lay the
foundations of a theoretical treatment by the solution of problems
respecting the stability, or otherwise, of stratified fluid motion.
§ 371, 372 deal with “ bird-calls,” investigated by Sondhauss, and
with aeolian tones. In Chapter XXII a slight sketch is given of
the theory of the vibrations of elastic solids, especially as regards
the propagation of plane waves, and the disturbance due to a
harmonic force operative at one point of an infinite solid. The
important problems of the vibrations of plates, cylinders and
spheres, are perhaps best dealt with in works devoted specially to

he theory of elasticity.

The concluding chapter on the facts and theories of audition
ould not well have been omitted, but it has entailed labour out of
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proportion to the results. A large part of our knowledge upon
this subject is due to Helmholtz, but most of the workers who
have since published their researches entertain divergent views, in
some cases, it would seem, without recognizing how fundamental
their objections really are. And on several points the observations
recorded by well qualified observers are so discrepant that no satis-
factory conclusion can be drawn at the present time. The future
may possibly shew that the differences are more nominal than real.
In any case I would desire to impress upon the student of this
part of our subject the importance of studying Helmholtz’s views
at first hand. In such a book as the present an imperfect outline
of them is all that can be attempted. Only one thoroughly
famihar with the Tonempfindungen is in a position to appreciate
many of the observations and criticisms of subsequent writers.

TeRLING PrLACE, WiTHAM.
February, 1896”

EDITORIAL NOTE.

THE present re-issue has a few small corrections noted in the
author’s copy, and an addition [§335a] on the maximum dis-
turbance that can be produced by an infinitesimal resonator
exposed to plane waves. The author had written this out
for inclusion.

May, 1926.
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CHAPTER XI.

AERIAL VIBRATIONS.

236. SINCE the atmosphere is the almost universal vehicle of
sound, the investigation of the vibrations of a gaseous medium
has always been considered the peculiar problem of Physical
Acoustics; but in all, except a few specially simple questions,
chiefly relating to the propagation of sound in one dimension, the
mathematical difficulties are such that progress has been very
slow. Even when a theoretical result is obtained, it often happens
that it cannot be submitted to the test of experiment, in default
of accurate methods of measuring the intensity of vibrations. In
some parts of the subject all that we can do is to solve those
problems whose mathematical conditions are sufficiently simple to
admit of solution, and to trust to them and to general principles
not to leave us quite in the dark with respect to other questions
in which we may be interested.

In the present chapter we shall regard fluids as perfect, that is
to say, we shall assume that the mutual action between any two
portions separated by an ideal surface is normal to that surface.
Hereafter we shall say something about fluid friction; but, in
general, acoustical phenomena are not materially disturbed by
such deviation from perfect fluidity as exists in the case of air
and other gases.

The equality of pressure in all directions about a given point
is a necessary consequence of perfect fluidity, whether there be
rest or motion, as is proved by considering the equilibrium of a
small tetrahedron under the operation of the fluid pressures, the

R. 1L 1



2 EQUATIONS OF FLUID MOTION. [236.

impressed forces, and the reactions against acceleration. In the
limit, when the tetrahedron is taken indefinitely small, the fluid
pressures on its sides become paramount, and equilibrium requires
that their whole magnitudes be proportional to the areas of the
faces over which they act. The pressure at the point «, y, z will
be denoted by p.

237. If pXdV, pYdV, pZdV, denote the impressed forces
acting on the element of mass pdV, the equation of equilibrium

18

dp =p (Xdz+ Ydy+ Zde),

where dp denotes the variation of pressure corresponding to
changes di, dy, dz in the co-ordinates of the point at which the
pressure is estimated. This equation is readily established by
considering the equilibrium of a small cylinder with flat ends, the
projections of whose axis on those of co-ordinates are respectively
dz, dy, dz. To obtain the equations of motion we have, in accord-
ance with D’Alembert’s Principle, merely to replace X, &c. by
X — Du/Dt, &c., where Du/Dt, &c. denote the accelerations of the
particle of fluid considered. Thus

o2y
%’=p(y_g;’) —- Q)
£=r(2-7)

In hydrodynamical investigations it is usual to express the veloci-
ties of the fluid u, v, w in terms of z, y, z and ¢. They then
denote the velocities of the particle, whichever it may be, that at
the time ¢ is found at the point z, y, z. After a small interval of
time d¢, a new particle has reached z, y, z; du/dt.dt expresses
the excess of its velocity over that of the first particle, while
Du/Dt. dt on the other hand expresses the change in the velocity
of the original particle in the same time, or the change of velocity
at a point, which is not fixed in space, but moves with the fluid.
To this notation we shall adhere. In the change contemplated in
d/dt, the position in space (determined by the values of z, y, 2) is
retained invariable, while in D/D¢ it is a certain particle of the
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fluid on which attention is fixed. The relation between the two
kinds of differentiation with respect to time is expressed by

D 3t+ud+vz/+w% ................. (2),
and must be clearly concelved, though in a large class of impor-
tant problems with which we shall be occupied in the sequel, the
distinction practically disappears. Whenever the motion is very
small, the terms u d/dz, &c. diminish in relative importance, and
ultimately D/Dt = d/dt.

238. We have further to express the condition that there is
no creation or annihilation of matter in the interior of the fluid.
If a, B, v be the edges of a small rectangular parallelepiped
parallel to the axes of co-ordinates, the quantity of matter which
passes out of the included space in time dt in excess of that which

enters is p
(pw) , d(pv)  d(pw) .
{_Zw—_ + dy dz }a,Brydt,

and this must be equal to the actual loss sustained, or

dp
Hence
dp  d(pw)  d(pv)  d(pw)_
uwt de tdu dy Tz T O 1),
the so-called equation of continuity. When p is constant (with
respect to both time and space), the equation assumes the simple
form
du  dv  dw
dz + d—g + Ez_ e (2)
In problems connected with sound, the velocities and the varia-
tion of density are usually treated as small quantities. Putting
P =po(1+8), where s, called the condensation, is small, and neg-
lecting the products u ds/dz, &c., we find
ds du  dv  dw
t&tytd
In special cases these equations take even simpler forms. In
the case of an incompressible fluid whose motion is entirely
parallel to the plane of 2y,

_d_u+dv

Y ST (3).
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from which we infer that the expression udy —wvdx is a perfect
differential. Calling it d4yr, we have as the cquivalent of (4)

dyr __¥ 5
dy. , v= I (3),

where ¥ is a function of the co-ordinates which so far is perfectly
arbitrary. The function v is called the stream-function, since the
motion of the fluid is everywhere in the direction of the curves
4r = constant. When the motion is steady, that is, always the
same at the same point of space, the curves 4 =constant mark
out a system of pipes or channels in which the fluid may be sup-
posed to tlow. Analytically, the substitution of one function
for the two functions v and v is often a step of great consequence.

u=

Another case of importance is when there is symmetry, round
an axis, for example, that of 2. Everything is then expressible in
terms of @ and r, where » = 4/()*+ 2°), and the motion takes place
in planes passing through the axis of symmetry. If the velocities
respectively parallel and perpendicular to the axis of symmetry be
« and ¢, the equation of continuity is

d(rv)  d(rq) _
S+ T =0 (6),
which, as before, is equivalent to
=% Y
TUS g TgET gl e M,

v being the stream-function.

239. In almost all the cases with which we shall have to
deal, the hydrodynamical equations undergo a remarkable sim-
plification in virtue of a proposition first enunciated by Lagrange.
If for any part of a fluid mass udz +vdy + wdz be at one moment
a perfect differential d¢, it will remain so for all subsequent
time. In particular, if a fluid be originally at rest, and be then
set in motion by conservative forces and pressures transmitted
from the exterior, the quantities

dv_dw dw_dv du_dv
dz dy’ dz dz’ dy dz’

(which we shall denote by £, 5, {) can never depart from zero.
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We assume that p is a function of p, and we shall write for
brevity

dp
w=]" cereas ¢ eerees ..(1).
0 (1)
The equations of motion obtained from (1), (2), § 237, are
de | du du du du
dx—A_(zz_ltd.’;}_vd&—wd—z— ............ (2),

with two others of the same form relating to y and z. By

hypothesis,
dX _dY

dy T ds

’

so that by differentiating the first of the above equations with
respect to y and the second with respeet to «, and subtracting,
we “climimate & and the impressed forces, obtaining equations
which may be put into the form

D¢ du dv du d»
Dt = dz € d‘é’"(d.v' d)g

with two others of the same form giving DE/Dt, Dn/Dt.

In the case of an incompressible fluid, we may substitute for
duldx + dv/dy its equivalent — dw/dz, and thus obtain

D !
s Oy S (4),

which are the equations used by Helmholtz as the foundation
of his thcorems respecting vortices.

If the motion be continuous, the coeficients of & %, ¢ in
the above equations are all finite.  Let L denote their greatest
numerical value, and ) the sum of the numerical values of £, 9, ¢
By hypothesis, Q is initially zero; the question is whether in
the course of time it can become finite. The preceding equa-
tions shew that it cannot; for its rate of increase for a given
particle is at any time less than 3L(), all the quantities con-
cerned being positive. Now even if its rate of increase were
as great as 3LQ, © would never become finite, as appears from
the solution of the equation
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A fortiors in the actual case, Q cannot depart from zero, and
the same must be true of §, 7, &.

It is worth notice that this conclusion would not be disturbed
by the presence of frictional forces acting on each particle pro-
portional to its velocity, as may be seen by substituting X —« u,
Y—«xv, Z—-xw, for X, Y, Z in (2). But it is otherwise with
the frictional forces which actually exist in fluids, and are de-
pendent on the relative velocities of their parts,

The first satisfactory demonstration of the important pro-
position now under discussion was given by Cauchy; but that
sketched above is dde to Stokes®. It is not sufficient merely to
shew that if, and whenever, £ 7, ¢ vanish, their differential
cocfficients DE/Dt, &c. vanish also, though this is a point that is
often overlooked. When a body falls from rest under the action
of gravity, §x st; but it does not follow that s never becomes
finite. To justify that conclusion it would be necessary to prove
that s vanishes in the limit, not merely to the first order, but
to all orders of the small quantity ¢; which, of course, cannot
be done in the case of a falling body. If, however, the equation
had been §oc s, all the differential coefficients of s with respect
to ¢t would vanish with ¢, if s did so, and then it might be in-
farred legitimately that s could never vary from zero.

By a theorem due to Stokes, the moments of momentum about
the axes of co-ordinates of any infinitesimal spherical portion
of fluid are equal to & %, ¢, wmultiplied by the moment of
inertia of the nass; and thus these quantities may be regarded
as the component rotatory velocities of the fluid at the point to
which they refer.

If £ %, ¢ vanish throughout a space occupied by moving
fluid, any small spherical portion of the fluid if suddenly solidified
would retain ouly a motion of translation. A proof of this
proposition in a generalised form will be given a little later.
Lagrange’s theorem thus consists in the assertion that particles
of fluid at any time destitute of rotation can never acquire it.

! By introducing such forces and neglecting the terms dependent on inertia, we
should obtain equations applicable to the motion of electricity through uniform
conductors.

2 Cambridge Trans. Vol. vur, p. 307, 1845. B. A. Report on Hydrodynamics,
1847.
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240. A somewhat different mode of investigation has been
adopted by Thomson, which affords a highly instructive view
of the whole subject?.

By the fundamental equations

Du Dv Dw
do=Xdz+ Ydy+ Zdz - Dt Dtd‘/ Dtd

Now Xdz+ Ydy+ Zdz=dR, if the forces be conservative,

and

Dy Dy Dw
Dtdx+ dy + Dt dz

Ddz Ddy Dd:
—m(1ch+vdy+wdz)—u e~ D "V Dt

in which
Bt
Thus, if U? = u? + ¥ + w?, we have
do =dR~ D) (udo+ vdy + wds) + dT+........(D),
or gi(udw+vdy+wdz)=d(R+%U"—ﬁf) ------ (2).

Integrating this equation along any finite arc P, P;, moving
with the fluid, we have

1%[(udz+vdy+ wdz)=(R+3 U —w)—(R+ 3 U — ) (3),

in which suffixes denote the values of the bracketed function
at the points P, and P, respectively. If the arc be a complete
circuit,

g-tf(udz +vdy+wdz)=0 .....c.o.en.ne. 4);
or, in words,

The Uine-integral of the tangential component velocity round
any closed curve of « moving flurd remains constant throughout all
time.

The line-integral in question is appropriately called the circu-
lation, and the proposition may be stated :—

The circulation in any closed line moving with the fluid re-
mains constant.

1 Vortex Motion. Edinburgh T'ransactions, 1869,
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In a state of rest the circulation i§ of course zero, so that,
if a fluid be set in motion by pressures transmitted from the
outside or by conservative forces, the circulation along any closed
line must ever remain zero, which requires that udz +vdy + wdz
be a complete ditferential.

But it does not follow conversely that in irrotational motion
there can never be circulation, unless it be known that ¢ is single-
valued ; for otherwise [d¢ need not vanish round a closed circuit.
In such a case all that can be said is that there is no circu-
lation round any closed curve capable of being contracted to
a point without passing out of space occupied by irrotationally
moving fluid, or more gencrally, that the circulation is the same
i all mutually reconcilable closed curves. Two curves are said
to be reconcilable, when one can be obtained fromm the other
by continuous deformation, without passing out of the irrota-
tionally moving fluid.

Within an oval space, such as that included by an ellipsoid, all
circuits are reconcilable, and therctore if a mass of fluid of that
form move irrotationally, there can be no circulation along any
closed curve drawn within it. Such spaces are called simply-
connected. But in an annular space like that bounded by the
surface of an anchor ring, a closed curve going round the ring is
not continuously reducible to a point, and therefore there may be
circulation along it, even although the motion be irrotational
throughout the whole volume included. But the circulation is
zero for every closed curve which does not pass round the ring, and
has the same constant value for all those that do.

[In the above theorems “circulation” is defined without
reference to mass.  If the fluid be of uniform density, the momen-
tum reckoned round a closed ecircuit is proportional to circulation,
but in the case of a compressible fluid a distinction must be
drawn. The existence of a velocity-potential does not then imply
cvanescence of the integral momentum reckoned round a closed
circuit.]

241. When udz + vdy +wdz is an exact differential d¢, the
velocity in any direction is expressed by the corresponding rate
of change of ¢, which is called the velocity-potential, and

de  dv  dw
dz Tyt dz
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may be replaced by Fo e b
+

dot VT dz

If S denote any closed surface, the rate of flow outwards across the
element dS is expressed by dS.d¢p/dn, where d¢/dn is the rate of
variation of ¢ in proceeding outwards along the normal. In the
case of constant density, the total loss of fluid in time dt is thus

dé .o
f[dﬁds.dt,

the integration ranging over the whole surface of S. If the space
S be full both at the beginning and at the end of the time dt,
the loss must vanish: and thus

ﬂgfdbeo ........................... (1).

The application of this equation to the element dzdydz gives for
the equation of continuity of an incompressible fluid

d'¢ . d'¢  dp 9
e +- dy’ + =0 i ).
or, as 1t is generally written,
Vip=0 ... 3);

when it is desired to work with polar co-ordinates, the trans-
formed equation is more readily obtained directly by applying (1)
to the corresponding clement of volume, than by transforming (2)
in accordance with the analytical rules for effecting changes in the
independent variables.

Thus, if we take polar co-ordinates in the plane «y, so that

w=rcosf, y=rsind,
we find
ld¢ 1d¢p d*¢ )
\"¢_;l' )dr+7:'d92+d22 .............. 4);

or, if we take polar co-ordinates in space,
c=rsinfcosw, y=rsinfsinw, z=1cosb,

d«¢ 2d¢ 1 dé 1 dé
Vi = trdr T rsin a0 <qm o d(?) r*sin® @ (Ez"’(5)'

Simpler forms are assumed in special cases, such, for example, as
that of symmetry round z in (5).
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When the fluid is compressible, and the motion such that the
squares of small quantities may be neglected, the equation of con-
tinuity is by (3), §238,

I 2 Ut eectcestssssscssnsensons

ot Vig =0...... (6),
where any form of V3¢ may be used that may be most convenient
for the problem in hand.

242. The irrotational motion of incompressible fluid within
any simply-connected closed space S is completely determined by
the normal velocities over the surface of S. If S be a material
envelope, it is evident that an arbitrary normal velocity may be im-
pressed upon its surface, which normal velocity must be shared
by the fluid immediately in contact, provided that the whole
volume inclosed remain unaltered. If the fluid be previously at
rest, it can acquire no molecular rotation under the operation of
the fluid pressures, which shews that it must be possible to de-
termine a function ¢, such that V3¢ =0 throughout the space
inclosed by S, while over the surface d¢/dn has a prescribed value,
limited only by the condition

ﬁ‘é‘.fzdsﬂ .......................... (1).

An analytical proof of this important proposition is indicated
in Thomson and Tait’s Natural Philosophy, §317.

There is no difficulty in proving that but one solution of the
problem is possible. By Green’s theorem, if Vig=0,

d¢*  d¢?  d¢*
ﬁf(d%*d%*ﬁfi dV:f $0%as ...,
the integration on the left-hand side ranging over the volume,
and on the right over the surface of S. Now if ¢ and ¢+ A¢
be two functions, satisfying Laplace’s equation, and giving pre-
scribed surface-values of d¢/dn, their difference A¢ is a function
also satisfying Laplace’s equation, and making dA¢/dn vanish
over the surface of S. Under these circumstances the double
integral in (2) vanishes, and we infer that at every point of S
dA¢/dz, dA¢/dy, dA¢/dz must be equal to zero. In other words
A¢ must be constant, and the two motions identical. As a par-
ticular case, there can bc no motion of the irrotational kind



242.] MULTIPLY-CONNECTED SPACES. 11

within the volume S, independently of a motion of the surface.
The restriction to simply-connected spaces is rendered necessary
by the failure of Green’s theorem, which, as was first pointed
out by Helmholtz, is otherwise possible.

When the space S is multiply-connected, the irrotational
motion is still determinate, if besides the normal velocity at
every point of S there be given the values of the constant
circulations in all the possible irreconcilable circuits. For a
complete discussion of this question we must refer to Thomson’s
original memoir, and content ourselves here with the case of a
doubly-connected space, which will suffice for illustration.

Let ABCD be an endless tube within which fluid moves
irrotationally. For this motion there must exist a velocity-poten-
tial, whose differential coefficients,
expressing, as they do, the com-
ponent velocities, are necessarily
single-valued, but which need not B
itself be single-valued. The simplest
way of attacking the difficulty pre- D,
sented by the ambiguity of ¢, is to
conceive a barrier AB taken across
the ring, so as to close the passage.

The space ABCDBAEF is then

simply continuous, and Green’s theo- C

rem applies to it wvithout modifica-

tion, if allowance be made for a possible finite difference in the
value of ¢ on the two sides of the barrier. This difference, if it
exist, is necessarily the same at all points of 4B, and in the
hydrodynamical application expresses the circulation round the
ring.

Fig. 54.

In applying the equation
d¢*  d¢? d¢’ d¢
fﬁ(dxﬁ dy: " dvV = ﬁqb dS......... (2),

we have to calculate the double mt‘egra.l over the two faces of
the barrier as well as over the original surface of the ring. Now

. d .
since d¢ has the same value on the two sides,

dn
U¢ ZZS dN (over two faces of AB)= [fd¢ dS= ffd a5,
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if x« denote the constant difference of ¢. Thus, if « vanish,
or there be no circulation round the ring, we infer, just as for
a simply-connected space, that ¢ is completely determined by
the surface-values of d¢ydn. If there be circulation, ¢ is still
determined, if the amount of the circulation be given. For,
if ¢ and ¢+ A¢ be two functions satistying Laplace’s equation
and giving the same amount of circulation and the same normal
velocities at S, their difference A¢ also satisties Laplace’s equa-
tion and the condition that there shall be neither circulation
nor normal velocities over §. But, as we have just scen, under
these circumstances A¢ vamshes at every point.

Although in a doubly-connected space irrotational motion
is possible independently of surface normal velocities, yet such
a motion cannot be generated by conservative forces nor by
motions imposed (at any previous thne) on the bounding surface,
for we have proved that if the tluid be originally at rest, there
can never be circulation along any closed curve. Hence, for
multiply-connected as well as simply-connected spaces, if a fluid
be set in motion by arbitrary deformation of the boundary, the
whole mass comes to rest so soon as the motion of the boundary
ceases.

If in a fluid moving without circulation all the fluid outside
a reentrant tube-like surface of unitorm section become instan-
taneously =olid, then also at the same moment all the Huid
within the tube comes to rest. This mechanical interpretation,
however unpractical, will help the student to understand more
clearly what is meant by a fluid having no circulation, and it
leads to an extension of Stokes’ theorem with respect to mole-
cular rotation. For, if all the fluid (moving subject to a
velocity-potential) outside a spherical cavity of any radius be-
come suddenly solid, the fluid inside the cavity can retain no
motion.  Or, as we may also state 1t, any spherical portion of
an irrotationally moving [incompressible] fluid becoming suddenly
solid would possess only a motion of translation, without rotation’.

A similar proposition will apply to a eylinder disc, or cylinder
with flat ends, in the case of fluid moving irrotationally in two
dimensions only.

1 Thomson on Vorter Motion, loc. cit.
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The motion of an incompressible fluid which has been once
at rest partakes of the remarkable property (§ 79) common to that
of all systems which are set in motion with prescribed velocities,
namely, that the energy is the lecast possible. If any other
motion be proposed satisfying the equation of continuity and
the boundary conditions, its energy is necessarily greater than
that of the motion which would be generated from rest’.

243. The fact that the irrotational motion of incompressible
fluid depends upon a velocity-potential satisfying Laplace’s
equation, is the foundation of a far-reaching analogy between
the motion of such a fluid, and that of electricity or heat in
a uniform conductor, which it is often of great service to bear
in mind. The same may be said of the connection between
all the brauches of Physics which depend mathematically on
a potential, for it often happens that the analogous theorems
are far from equally obvious. For example, the analytical
theorem that, if V3¢ =0,

‘d
f] df dS=0

over a closed surface, is most readily suggested by the fluid
interpretation, but once obtained may be interpreted for electric
or magnetic forces.

Again, in the theory of the conduction of heat or electricity,
it is obvious that there can be no steady motion in the interior
of S, without transmission across sorhe part of the bounding
surface, but this, when interpreted for incompressible fluids, gives
an important and rather recondite law.

244 When a velocity-potential exists, the equation to deter-
mine the pressure may be put into a simpler form. We have from

(1), § 240,
do=dR—D dgp +4dlr ........ (D),

whence by integration

_[®P_p_D¢_ i1
‘E}'-—-J’—;—-—-R—Dt—"‘%U.

1 [The reader who wishes to pursue the study of general hydrodynamics is
referred to the treatises of Lamb and Basset.]
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Now %f=%—?+u’+v’+w’;
8o that p
dp_ p_ 9% _
fF_R 1/ - @),

which is the form ordinarily given.

-

If p be constant, ./ %—) is replaced, of course, by %

The relation between p and ¢ in the case of impulsive motion
from rest may be deduced from (2) by integration. We see that

%fp dt =—¢ ultimately.
The same conclusion may be arrived at by a direct application of

mechanical principles to the circumstances of impulsive motion.

If p = «kp, equation (2) takes the form
elogp=R—92 40 ... 3).

If the motion be such that the component velocities are always the
same at the same point of space, it is called steady, and ¢ becomes
independent of the time. The equation of pressure is then

In most acoustical applications of (2), the velocities and condensa-
tion are small, and then we may neglect the term 4U? and sub-

stitute ?’P for f d;}—’ , if &p denote the small variable part of p; thus
0

p_, _dé

'p—o =R- % ........................... (6),
which with

B+ =0 )

Gt Ve=0

are the equations by means of which the small vibrations of an
elastic fluid are to be investigated.
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If a* =dp/dp, so that 8p=a’p.s, (6) becomes

a’s=R-— (diz-’ ............................ (8),
and we get on elimination of s,
¢ _ dR
g =g Fa V3%, 9).

245. The simplest kind of wave-motion is that in which the
excursions of every particle are parallel to a fixed line, and are the
same in all planes perpendicular to that line. Let us therefore
(assuming that R =0) suppose that ¢ is a function of z (and ?)
only. Our equation (9) § 244 becomes

&'¢ _
g = C s e e 1),

the same as that already considered in the chapter on Strings.
We there found that the general solution is

¢p=fz—at)+ F(z+at) .................. 2),

representing the propagation of independent waves in the positive
and negative directions with the common velocity a.

Within such limits as allow the application of the approximate
equation (1), the velocity of sound is entirely independent of the
form of the wave, being, for example, the same for simple waves

¢=4 cos?lr (z — at),
A
whatever the wave-length may be. The condition satisfied by the

positive wave, and therefore by the initial disturbance if a posi-
tive wave alone be generated, is

d¢ de _

YT AT
or by (8) § 244

U—a8=0 .cocoveiriiiiiiiiiiiiininnn, (3).
Similarly, for a negative wave

UH+a8=0 .coovviiiniiiniininninnians 4)

Whatever the initial disturbance may be (and u and s are both
arbitrary), it can always be divided into two parts, satisfying
respectively (3) and (4), which are propagated undisturbed. In
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each component wave the direction of propagation is the same as
that of the motion of the condensed parts of the fluid.

The rate at which energy is transmitted across unit of area of
a plane’ parallel to the front of a progressive wave may be re-
garded as the mechanical measure of the intensity of the radiation
In the case of a simple wave, for which

¢=A cos 2;(m—at) ..................... (3),
the velocity § of the particle at & (equal to d¢/dz) is given by
. 27 , . 27 N
E:-——iAsmi—(x—at) .................. (6),
and the displacement £ is given by
A 2 -
=g oSy (Z—at) cooovvnniian i (7)

The pressure p=p,+8p, where by (6) § 244
Sp=— 2— poad sin —

Hence, if W denote the work transmitted across unit area of the
plane z in time ¢,

dt = (po+ &p) E $poa ( ) A* + periodic terms.

If the integration with respect to time extend over any number of
complete periods, or practically whenever its range is sufliciently
long, the periodic terms may be omitted, and we may take

or by (3) and (6), if £ now denote the maximum value of the
velocity and s the maximum value of the condensation,

W =1}p.Erat =3p,a®st ceoeunvenrnnnnn... (10).

Thus the work consumed in generating waves of harmonic type
is the same as would be required to give the maximum velocity £
to the whole mass of air through which the waves extend’.

1 The earliest statement of the principle embodied in equation (10) that I have
met with i in a paper by 8ir W. Thomson, *“On the possible density of the
luminiferous medium, and on the mechanical value of a cubic mile of sun-light.”
Phil. Mag. 1x. p. 36. 1855.
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In terms of the maximum excursion £ by (7) and (9)
3 2
W =2mp, ;t; Et=2np,at ;ET .................. 11y

where 7(=X\/a) is the periodic time. In a given medium the
mechanical measure of the intensity is proportional to the square
of the amplitude directly, and to the square of the periodic time
inversely. The reader, however, must be on his guard against
supposing that the mechanical measure of intensity of undulations
of different wave lengths is a proper measure of the loudness of
the corresponding sounds, as perceived by the ear.

In any plane progressive wave, whether the type be harmonic
or not, the whole energy is equally divided between the potential
and kinetic forms. Perhaps the simplest road to this result is
to counsider the formation of positive and negative waves from an
initial disturbance, whose energy is wholly potential®. The total
energies of the two derived progressive waves are evidently equal,
and make up together the energy of the original disturbance.
Moreover, in ecach progressive wave the condensation (or rare-
faction) is one-half of that which existed at the corresponding
point initially, so that the potentiul energy of each progressive
wave is one-quarter of that of the original disturbance. Since, as
we have just scen, the whole energy is one-half of the same
quantity, it follows that in a progressive wave of any type one-
half of the energy is potential and one-half is kinetic.

The same conclusion may also be drawn from the general
expressions for the potential and kinetic energies and the relations
between veloeity and eondensation expressed in (3) and (4).
The potential energy of the element of volume dV is the work
that would be gained during the expansion of the corrésponding
quantity of gas from its actual to its normal volume, the expansion
being opposed throughout by the normal pressure p,. At any
stage of the expansion, when the condensation i3 &, the effective
pressure 8p is by § 244 «?p, 8, which pressure has to be multiplied
by the corresponding increment of volume dV.ds’. The whole
work gained during the expansion from dV to dV (1 +5s) is
therefore «*p,dV . [ 8'ds” or $a*p,dV.s>. The general expressions
for the potential and kinetic energies are accordingly

1 Bosanquet, Plul. Mag. xuv. p. 173, 1873.
2 Phil. Mag. (5) 1. p. 260. 1876. -
R. 1L 2
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potential energy = }a’p, f f f AV e, (12),

kinetic energy = -’.fpofffu"dV ............... (13),

and these ‘are equal in the case of plane progressive waves for
which

W=+ uas.

If the plane progressive waves be of harmonic type, « and s
at any moment of time are circular functions of one of the space
co-ordinates (z), and therefore the mean value of their squares
1s one-half of the maximum value. Hence the total energy of
the waves is equal to the kinetic energy of the whole mass of
air concerned, moving with the maximum velocity to be found in
the waves, or to the potential energy of the same mass of air
when condensed to the maximum density of the waves.

[It may be worthy of notice that when terms of the second
order are retained, a purely periodic value of « does not correspond
to a purely periodic motion. The quantity of fluid which passes
unit of area at point x in time dt is pudt, or p,(1 +s)udt. If «
be periodic, fudt =0, but [sudt may be finite. Thus in a positive
progressive wave

[sudt = afs*dt,
and there is a transference of fluid in the direction of wave

propagation.]

246. The first theoretical investigation of the velocity of
sound was made by Newton, who assumed that the relation be-
tween pressure and density was that formulated in Boyle’s law. If
we assume p = «p, we see that the velocity of sound is expressed
by #/k, or »/p+4/p, in which the dimensions of p (= force + aren)
are [M][L]™ [T]* and those of p (= mass+volume) are [M] [L].
Newton expressed the result in terms of the ‘ height of the homo-
geneous atmosphere,’ defined by the equation

geh=p .oiiiii (1),
where p and p refer to the pressure and the density at the earth's
surface. The velocity of sound is thus 4/(gh), or the velocity which
would be acquired by a body falling frecly under the action of
gravity through half the height of the homogeneous atmosphere.

To obtain a numerical result we requirc to know a pair of
simultaneous values of p and p.
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(It is found by experiment® that at 0° Cent. under the pressure
due (at Paris) to 760 mm. of mercury at 0° the density of dry air
is ‘0012933 gms. per cubic centimetre. If we assume as the
density of mercury at 0° 1359532 and g= 980939, we have
in CG.S. measure

P=760 x 135953 x 980939, p =-0012933,
whence a=A(p/p)=279945;

so that the velocity of sound at 0° would be 279945 metres per
second, falling short of the result of direct observation by about a
sixth part.]

Newton'’s investigation established that the velocity of sound
should be independent of the amplitude of the vibration, and also
of the pitch, but the discrepancy between his calculated value
(published in 1687) and the experimental value was not explained
until Laplace pointed out that the use of Boyle’s law involved
the assumption that in the condensations and rarefactions ac-
companying sound the temperature remains constant, in contra-
diction to the known fact that, when air is suddenly compressed,
its temperature rises. The laws of Boyle and Charles supply only
one relation between the three quantities, pressure, volume,
and temperature, of a gas, viz.

where the temperature ¢ is measured from the zero of the gas
thermometer ; and therefore without some auxiliary assumption it
is impossible to specify the connection between p and v (or p).
Laplace considered that the condensations and rarefactions con-
cerned in the propagation of sound take place with such rapidity
that the heat and cold produced have not time to pass away, and
that therefore the relation between volume and pressure is sensibly
the same as if the air were confined in an absolutely non-con-
ducting vessel. Under these circumstances the change of pressure
corresponding to a given condensation or rarefaction is greater
than on the hypothesis of constant temperature, and the velocity
of sound is accordingly increased.

! On the Densities of the Principal Gases, Proc. Roy. Soc. vol. Lur. p. 147,
1893,
¥ Volkmann, Wied. Ann. vol. xu1. p, 221, 1881.

2—2



20 LAPLACE'S CORRECTION. [246.

In equation (2) let v denote the volume and p the pressure of
the unit of mass, and let @ be expressed in centigrade degrees
reckoned from the absolute zero. The condition of the gas (if
uniform) is detined by any two of the three quantities p, v, 8, and
the third may be expressed in terms of them. The relation
between the simultaneous variations of the three quantities is

dé dp  dv .
‘a‘ = If + ? eleiececettenacncanonnes (-3).
In order to effect the change specified by dp and dv, it is
in general necessary to communicate heat to the gas. Calling

the necessary quantity of heat dQQ, we may write

dQ dQ
Q={52)dv+{,")dpcccceiiiiiiin. .
dQ= () de+ () dp @
Suppose now («) that dp =0. Equations (3) and (4) give
dQ dQ v

6 (pconst.)= ( do) 8

where ((113 (p const.) expresses the specific heat of the gas under a

constant pressure. This being denoted by «,, we have

Ky = (gg) e ().

Again, suppose (b) that dv =0. We find in a similar manner
that, if «, denote the specific heat under a constant volume,

In order to obtain the relation between dp and dv when
there is no communication of heat, we have only to put dQ =0.

Thus
(‘(iiQ) dv + (?11?) dp =0,

or, on substituting for the ditferential coeflicients of Q their values
in terms of «,, «,,

d d
-1}1) 4+ Ky }P A I N T (7).
Since v=1/p, dv/v=—dpfp;
dp _ _Prp_p
so that 3= B AU 8),
¢ dp pro p ®)

! On the ordinary centigrade scale the absolute zero is about ~ 273°,
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if, as usual, the ratio of the specific heats be denoted by +.
Laplace’s value of the velocity of sound is therefore greater than
Newton’s in the ratio of /v : 1.

By integration of (8), we obtain for the relation between
p and p, on the supposition of no communication of heat,

11: = (5)’ ........................... ),

where p,, p, are two simultaneous values. Under the same
circumstances the relation between pressure and temperature is

by (3)

A

b= (9->v T e, (10).
The magnitude of y cannot be determined with accuracy by direct
experiment, but an approximate value may be obtained by a
method of which the following is the principle. Air is compressed
into a reservoir capable of being put into communication with
the external atmosphere by opening a wide valve. At first the
temperature of the compressed air is raised, but after a time
the superfluous heat passes away and the whole mass assumes
the temperature of the atmosphere ®. Let the pressure (measured
by a manometer) be p. The valve is now opened for as short
a time as is sufficient to permit the equilibrium of pressure to
be completely established, that is, until the internal pressure
has become equal to that of the atmosphere P. If the experiment
be properly arranged, this operation is so quick that the air in the
vessel has not sufficient time to receive heat from the sides, and
therefore expands nearly according to the law expressed in (9).
Its temperature @ at the moment the operation is complete
is therefore determined by

L (‘;’)y‘zl ........................ a1).

The enclosed air is next allowed to absorb heat until it has
regained the atmospheric temperature ®, and its pressure (p’) is
then observed. During the last change the volume is constant,
and therefore the relation between pressure and temperature
gives

! It is here assumed that ~ is constant. This equation appears to have been
given first by Poisson.
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so that by elimination of 6/0,

P_ (Bf),’f]
P \P ’

logp—logh (13).

" Tog p —log

By experiments of this nature Clement and Desormes de-

termined y = 13492 ; but the method is obviously not susceptible
of any great accuracy. The value of v required to reconcile
the calculated and observed velocities of sound is 1:408, of the
substantial correctness of which there can be little doubt.

We are not, however, dependent on the phenomena of sound
for our knowledge of the magnitude of 5. The value of «,
—the specific heat at constant pressure—has been determined
experimentally by Regnault; and although on account of in-
herent difficulties the experimental method' may fail to yield
a satisfactory result for «,, the information sought for may be
obtained indirectly by means of a relation between the two
specific heats, brought to light by the modern science of Thermo-
dynamics.

whence

If from the equations

dQ _ __+ l’dp}
L P b e, (14)
dd _ dv  dp

= vt p |
v p
we eliminate dp, there results
dQ = (k, — &) ng kol e, (15).

Let us suppose that d@ =0, or that there is no communication
of heat. It is known that the heat developed during the com-
pression of an approximately perfect gas, such as air, is almost
exactly the thermal equivalent of the work done in compressing
it. This important principle was assumed by Mayer in his
celebrated memoir on the dynamical theory of heat, though
on grounds which can hardly be considered adequate. However
that may be, the principle itself is very nearly true, as has since
been proved by the experiments of Joule and Thomson.

If we measure heat in dynamical units, Mayer's principle may
be expressed — x,df=pdv on the understanding that there is

! [See, however, Joly, Phil. Trans. vol. cLxxxir. 4, 1891.]
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no communication of heat. Comparing this with (15), we see
that

and therefore

The value of pv in gravitation measure (gramme, centimetre)
is 1033 = ‘001293, at 0° Cent. so that

_ 1033
T 001293 x 27285 "

By Regnault’s experiments the specific heat of air is 2379
of that of water; and in order to raise a gramme of water one
degree Cent., 42350 gramme-centimetres of work must be done
on it. Hence with the same units as for R,

Kp = 2379 x 42350.

Calculating from these data, we find ¢ =1410, agreeing almost
exactly with the value deduced from the velocity of sound. This
investigation is due to Rankine, who employed in it 1850 to
calculate the specific heat of air, taking Joule’s equivalent
and the observed velocity of sound as data. In this way he
anticipated the result of Regnault’s experiments, which were
not published until 1853.

247. Laplace’s theory has often been the subject of mis-
apprehension among students, and a stumblingblock to those
remarkable persons, called by De Morgan ‘ paradoxers” But there
can be no reasonable doubt that, antecedently to all calculation,
the hypothesis of no communication of heat is greatly to be
preferred to the equally special hypothesis of constant temperature.
There would be a real difficulty if the velocity of sound were
not decidedly in excess of Newton’s value, and the wonder is
rather that the cause of the excess remained so long undiscovered.

The only question which can possibly be considered open,
is whether a small part of the heat and cold developed may not
escape by conduction or radiation before producing its full effect.
Everything must depend on the rapidity of the alternations.
Below a certain limit of slowness, the heat in excess, or defect,
would have time to adjust itself, and the temperature would
remain sensibly constant. In this case the relation between
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pressure and density would be that which leads to Newton’s value
of the velocity of sound. On the other hand, above a certain
limit of quickness, the gas would behave as if confined in a
non-conducting vessel, as supposed in Laplace’s theory. Now
although the circumstances of the actual problem are better
represented by the latter than by the former supposition, there
may still (it may be said) be a sensible deviation from the law of
pressure and density involved in Laplace’s theory, entailing a
somewhat slower velocity of propagation of sound. This question
has been carefully discussed by Stokes in a paper published
m 1851! of which the following is an outline.

The mechanical equations for the small motion of air are

dp du
(—l“z‘—-'—p'gt &Coviiiaiiiiiii e (1),

with the equation of continuity

ds  du  dv  dw
et -4 5 =00(2)
(1t+d.v+dy+ dz (2)
The temperature 1s supposed to be uniform except in so far as
it is disturbed by the vibrations themselves, so that if § denote

the excess of temperature,
p=xp(l+s+ab) ......o.oooiinin.. (3).

The effect of a small sudden condensation s is to produce an
elevation of temperature, which may be denoted by Bs. Let
dQ be the quantity of heat entering the element of volume in
time dt, measured by the rise of temperature that it would
produce, if there were no condensation. Then (the distinction
between D/Dt and d/dt being neglected)

ds L 49
=BG G s (4),

(

dQ/dt being a function of 6§ and its differential coefficients with
respect to space, dependent on the special character of the
dissipation. Two extreme cases may be mentioned; the first
when the tendency to equalisation of temperature is due to
conduction, the second when the operating cause is radiation,
and the transparency of the medium such that radiant heat is

1 Phil. Mag. (4) 1. 805.
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not sensibly absorbed within a distance of several wave-lengths.
In the forner case dQ/dt = V=6, and in the latter, which is that
selected by Stokes for analytical investigation, d@/dt = (-6),
Newton’s law of radiation being assumed as a sufficient approxi-
mation to the truth. We have then

dé .
dt Bdt (1 ........................

In the case of plane waves, to which we shall confine our
attention, v and w vanish, while u, p, s, 8 are functions of « (and t)
only. Eliminating p and » between (1), (2) and (3), we find

d's _ (dﬂs (l‘ﬁ) ,

de="\dwt ¥ da2

from which and (5) we get

d d:s /d d2s
( + (1> ae =Ygt q) dae (6),

if v be written (in the same sense as before) for 1 + aB.

If the vibrations be harmonic, we may suppose that s varies
as ¢, and the equation becomes
d’s n* g+
o+ - =0 i 7).
det e q+tyn +8=0 )
Let the coefficient of s in (7) be put into the form u?e~2¥,
where
woog+n
P ¢+

4 —

and
2y = tan™? Y% _ tan— 2 = tan— ('1———!-)—’—19 ...... 9.
q q v+ g

Equation (7) is then satisfied by terms of the form
e*fwcosda-t‘lmwz’
but (u being positive, and 4 less than 3=) if we wish for the
expression of the wave travelling in the positive direction, we

must take the lower sign. Discarding the imaginary part, we
find as the appropriate solution

s= Ae+8in¥% cos (Rt — p COSY &) .eeennennnnn (10).
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The first thing to be noticed is that the sound cannot be
propagated to a distance unless sin Y be insensible.

The velocity of propagation (V) is

V=npsecy coovininiiinininn (11),
which, when sin ¥ is insensible, reduces to
V=np i, (12)

Now from (9) we see that yr cannot be insensible, unless
g/n is either very great, or very small. On the first supposition
from (11), or directly from (7), we have approximately, V'=4/x
(Newton); "and on the second, V =4/(xy), (Laplace), as ought
evidently to be the case, when the meaning of ¢ in (5) is con-
sidered. What we now learn is that, if ¢ and n were comparable,
the effect would be not merely a deviation of V from either of
the limiting values, but a rapid stifling of the sound, which we
know does not take place in nature.

Of this theoretical result we may convince ourselves, as
Stokes explains, without the use of analysis. Imagine a mass
of air to be confined within a closed cylinder, in which a piston
is worked with a reciprocating motion. If the period of the
motion be very long, the temperature of the air remains nearly
constant, the heat developed by compression having time to
escape by conduction or radiation. Under these circumstances
the pressure is a function of volume, and whatever work has
to be expended in producing a given compression is refunded
when the piston passes through the same position in the reverse
direction; no work is consumed in the long run. Next suppose
that the motion is so rapid that there is no time for the heat
and cold developed by the condensations and rarefactions to
escape. The pressure is still a function of volume, and no work
is dissipated. The only difference is that now the variations
of pressure are more considerable than before in comparison
with the variations of volume. We see how it is that both on
Newton’s and on Laplace’s hypothesis the waves travel without
dissipation, though with different velocities.

But in intermediate cases, when the motion of the piston
is neither so slow that the temperature remains constant nor-
so quick that the heat has no time to adjust itself, the result
is different. The work expended in producing a small condensa-
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tion is no longer completely refunded during the corresponding
rarefaction on account of the diminished temperature, part of
the heat developed by the compression having in the meantime
escaped. In fact the passage of heat by conduction or radiation
from a warmer to a finitely colder body always involves dissipa-
tion, a principle which occupies a fundamental position in the
science of Thermodynamics. In order therefore to maintain the
motion of the piston, ehergy must be supplied from without,
and if there be only a limited store to be drawn from, the motion
must ultimately subside.

Another point to be noticed is that, if ¢ and n were com-
parable, V would depend upon n, viz. on the pitch of the sound,
a state of things which from experiment we have no reason to
suspect. On the contrary the evidence of observation goes to
prove that there is no such connection.

From (10) we see that the falling off in the intensity, esti-
mated per wave- length is a maximum with tan+, or ¥; and
by (9) ¥ is a maximum when ¢ : n=4/y. In this case

p=nx"tyd 2y =tan"l gt —tanT ... (13),
whence, if we take v =136, 2¢y =847’

Calculating from these data, we find that for each wave-
length of advance, the amplitude of the vibration would be
diminished in the ratio ‘6172.

To take a numerical example, let
T=yfy of a second, A=wave-length =44 inches [112 cm.}.

In 20 yards [1828 cm.] the intensity would be diminished in
the ratio of about 7 millions to one.

Corresponding to this,

If the value of ¢ were actually that just written, sounds of
the pitch in question would be very rapidly stifled. We there-
fore infer that g is in fact either much greater or else much less.
But even so large a value as 2000 is utterly inadmissible, as
we may convince ourselves by considering the sngmﬁcance of
equation (3).
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Suppose that by a rigid euvelope transparent to radiant heat,
the volume of a small mass of gas were maintained constant,
then the equation to determine its thermal condition at any
time is

dé
a t19="9
whence O=Ade . i, (15),

where A denotes the initial excess of temperature, proving that
after a time 1/q the excess of temperature would fall to less than
half its original value. To suppose that this could happen in a
two thousandth of a second of time would be in contradiction to
the most superficial observation.

We are therefore justified in assuming that ¢ is very small
in comparison with n, and our equations then become ap-
proximately

=N oy =7"11¢ = npt = Ky
M K"yi s 2y v 1 ’ V=nu Kiy?,
1 2
s=de vy g2 cos—r(Vt—w) ............ (16).

The effects of a small radiation of heat are to be sought for
rather in a damping of the vibration than in an altered velocity of

propagation.

Stokes calculates that if y=1414, ¥'=1100, the ratio (N : 1)
in which the intensity is diminished in passing over a distance z,
is given by log,, .\ ='0001156 ¢z in foot-second measure. Although
we are not able to make precise measurements of the intensity of
sound, yet the fact that audible vibrations can be propagated for
many miles excludes any such value of ¢ as could appreciably
affect the velocity of transmission.

Neither is it possible to attribute to the air such a conducting
power as could materially disturb the application of Laplace’s
theory. In order to trace the effects of conduction, we have only
to replace ¢ in (3) by —¢'d*/ds®. Assuming as a particular
solution

3=Aei(nt+mz),

we find mPinky =10 + ¢'n*m? — kg'm’,



247.] VELOCITY DEPENDENT UPON TEMPERATURE. 29

whence, if ¢’ be relatively small,

_—n _y=1gqgn .
m=t <1 e z) .................. an.

Thus the solution in real gquantities is

- Y _'jfl q'nfx) < _ n:::)
8 A.bxp( v 2 (k) .cos (nt 7o) ceere(18),

leaving the velocity of propagation to this order of approximation
still equal to »/(xy).

From (18) it appears that the first effect of conduction, as
of radiation, is on the amplitude rather than on the velocity of
propagation. In truth the conducting power of gases is so feeble,
and in the case of audible sounds at any rate the time during
which conduction can take place is so short, that disturbance from
this cause is not to be looked for.

In the preceding discussions the waves are supposed to be
propagated in an open space. When the air is confined within
a tube, whose diameter is small in comparison with the wave-
length, the conditions of the problem are altered, at least in the
case of conduction. What we have to say on this head will,
however, come more conveniently in another place.

248. From the expression +/(py/p), we see that in the same
gas the velocity of sound is independent of the density, because if
the temperature be constant, p varies as p(p=~Rpf). On the
other hand the velocity of sound is proportional to the square
root of the absolute temperature, so that if @, be its value at
0’ Cent.

where the temperature is measured in the ordinary manner from
the freezing point of water.

The most conspicuous effect of the dependence of the velocity
of sound on temperature is the variability of the pitch of organ
pipes. We shall see in the following chapters that the period
of the note of a flue organ-pipe is the time occupied by a pulse
in running over a distance which is a definite multiple of the
length of the pipe, and therefore varies inversely as the velocity
of propagation. The inconvenience arising from this alteration
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of pitch is aggravated by the fact that the reed pipes are not
similarly affected ; so that a change of temperature puts an organ
out of tune with itself.

Prof. Mayer' has proposed to make the connection between
temperature and wave-length the foundation of a pyrometric
method, but I am not aware whether the experiment has ever
been carried out.

The correctness of (1) as regards air at the temperatures of 0
and 100° has been verified experimentally by Kundt. See § 260.

In ditferent gases at given temperature and pressure a is
inversely proportional to the square roots of the densities, at least
if 4 be constant’. For the non-condensable gases y does not
sensibly vary from its value for air. [Thus in the case of hydrogen
the velocity is greater than for air in the ratio

V(1°2933) : y/(:08993),
or 3792 : 1.]

The velocity of sound is not entirely independent of the
degree of dryness of the air, since at a given pressure moist air
is somewhat lighter than dry air. It is calculated that at 50" F.
[10°C.}, air saturated with moisture would propagate sound
between 2 and 3 feet per second faster than if it were perfectly
dry. [1 foot=305cm.]

The formula a* = dp/dp may be applied to calculate the velocity
of sound in liquids, or, if that be known, to infer conversely the
coefficient of compressibility. In the case of water it is found by
experiment that the compression per atmosphere is ‘0000457.
Thus, if dp=1033 x 981 in absolute C.¢.s. units,

dp =-0000457, since p=1.
Hence « = 1489 metres per second,

which does not differ much from the observed value (1435).

249. In the preceding sections the theory of plare waves
has been derived from the general c¢quations of motion. We

1 On an Acoustic Pyrometer. Phil. Jag. xLv. p. 18, 1873.

¢ According to the kinetic theory of gases, the velocity of sound is determined
solely by, and is proportional to, the mean velocity of the molecules. Preston,
Phil, Mag. (5) nL p. 441, 1877. ([See also Waterston (1846), Phil. Truns, vol.
CLXXXIIL A, Pp. 1, 1892.])
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now proceed to an independent investigation in which the motion
is expressed in terms of the actual position of the layers of air
instead of by means of the velocity-potential, whose aid is no
longer necessary inasmuch as in one dimension there can be no
question of molecular rotation.

If y, y+dy/dc.dz, define the actual positions at time ¢ of
neighbouring layers of air whose equilibrium positions are defined
by .« and 2 + dz, the density p of the included slice is given by

(4
p:ip=1: :T:Z ........................ (1),
whence by (9) § 246,
—1. (%Y
P Pp= (85) ........................ (2),

the expansions and condensations being supposed to take place
according to the adiabatic law. The mass of unit of area of
the slice is p,d.c, and the corresponding moving force is

—dp/dz . dz,

giving for the equation of motion

Between (2) and (3) p 1s to be eliminated. Thus,

(dJy*’ dy _poy d'y (4).

dx d_t’-—[_J.wa‘

.....................

Equation (4) is an exact equation defining the actual abscissa
y in terms of the equilibrium abscissa « and the time. If the
motion be assumed to be small, we may replace (dy/dz)*, which
occurs as the coefficient of the small quantity d*y/dt’, by its
approximate value unity ; and (4) then becomes

d'y _ _ Py d*y -
i = p, da:' ........................... (3),

the ordinary approximate equation.

If the expansion be isothermal, as in Newton’s theory, the
equations corresponding to (4) and (5) are obtained by merely
putting o =1.

Whatever may be the relation between p and p, depending on
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the constitution of the medium, the equation of motion is by
(1) and (3)

dy\2diy  dp dy

Cu)éﬁ‘d;dﬁ ........................ (6),
from which p, occurring in dp/dp, is to be eliminated by means of
the relation between p and dy/dx expressed in (1).

260. In the preceding investigations of acrial waves we
have supposed that the air is at rest except in so far as it is
disturbed by the vibrations of sound, but we are of course at
liberty to attribute to the whole mass of air concerned any
common motion. If we suppose that the air is moving in the
direction contrary to that of the waves and with the same actual
velocity, the wave form, if permanent, is stationary in space,
and the motion is steady. In the present section we will consider
the problem under this aspect, as it is important to obtain all
possible clearness in our views on the mechanies of wave propaga-
tion.

If w,, p,, p, denote respectively the velocity, pressure, and
density of the fluid in its undisturbed state, and if u, p, p be the
corresponding quantities at a point in the wave, we have for the
equation of continuity

PUZ Pty eneiiineiiinen eenn. PRRT (1),
and by (5) § 244 for the equation of encrgy

[p dp =hult =0 (2).

’p,

Eliminating u, we get

rdp P
- = 2 1 S T a4 ) eeccssrescscesncesnan L)

'[Po P L ( Pc) @)

determining the law of pressure under which alone it is possible
for a stationary wave to maintain itself mn fluid moving with

velocity u,. From (3)

d 2
£=W$ ........................... (4),
1,1
or p =constant — u%’ ..................... ).

Since the relation between the pressure and the density of
actual gases is not that expressed in (5), we conclude that a self-
maintaining stationary aerial wave is an impossibility, whatever
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may be the velocity u, of the general current, or in other words that
a wave cannot be propagated relatively to the undisturbed parts
of the gas without undergoing an alteration of type. Nevertheless,
when the changes of density concerned are small, (5) may be
satisfied approximately ; and we see from (4) that the velocity of
stream necessary to keep the wave stationary is given by

u, = \/(Z?;) .......................... (6),

which is the same as the velocity of the wave estimated relatively
to the fluid.

This method of regarding the subject shews, perhaps more
clearly than any other, the nature of the relation between velocity
and condensation § 245 (3), (4). In a stationary wave-form a loss
of velocity accompanies an augmented density according to the
principle of energy, and therefore the fluid composing the con-
densed parts of a wave moves forward more slowly than the
undisturbed portions.  Relatively to the fluid therefore the
motion of the condensed parts is in the same direction as that in
which the waves are propagated.

When the relation between pressure and density is other than
that expressed in (3), a stationary wave can be maintained only
by the aid of an impressed force. By (1) and (2) § 237 we have,
on the supposition that the motion is steady,

du  1ldp
X=u d_x ; aTz ........................ (7),
while the relation between u and p is given by (1). If we suppose
that p=a’p, (7) becomes

X=w-u) Tdp e (8),

shewing that an impressed force is necessary at every place where
n is variable and unequal to «.

251. The reason of the change of type which ensues when a
wave is left to itself is not difficult to understand. From the
ordinary theory we know that an infinitely small disturbance is
propagated with a certain velocity «, which velocity is relative
to the parts of the medium undisturbed by the wave. Let us
consider now the case of a wave so long that the variations of

R. 1L 3
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velocity and density are insensible for a considerable distance
along it, and at a place where the velocity (u) is finite let us
imagine a small secondary wave to be superposed. The velocity
with which the secondary wave is propagated through the
medium is ¢, but on account of the local motion of the medium
itself the whole velocity of advance is @ +u, and depends upon
the part of the long wave at which the small wave is placed.
What has been said of a secondary wave applies also to the parts
of the long wave itself, and thus we see that after a time ¢ the
place, where a certain velocity u is to be found, is in advance of
its original position by a distance equal, not to at, but to (a + u)t;
or, as we may express it, u 1s propagated with a velocity «+wu.
In symbolical notation w=f{x —(« +u)t), where f is an arbitrary
function, an equation first obtained by Poisson'.

From the argument just employed it might appear at first
sight that alteration of type was a necessary incident in the
progress of a wave, independently of any particular supposition as
to the relation between pressure and density, and yet it was
proved in § 250 that in the case of one particular law of pressure
there would be no alteration of type. We have, however, tacitly
assumed in the present section that « is constant, which is tanta-
mount to a restriction to Bovle’s law. Under any other law of
pressure 4/ (dp/dp) is a function of p, and therefore, as we shall see
presently, of w.  In the case of the law expressed in (5) § 230, the
relation between w and p for a progressive wave is such that
v (dp/dp)+u is constant, as much advance being lost by slower
propagation due to augmented density as is gained by superposi-
tion of the velocity u.

So far as the constitution of the medium itself is concerned
there is nothing to prevent our ascribing arbitrary values to both
u and p, but in a progressive wave a relation between these two
quantities must be satistied. We know already (§ 245) that this
is the case when the disturbance is small, and the following
argument will not only shew that such a relation is to be expected
in cases where the square of the motion must be retained, but
will even define the form of the relation.

Whatever may be the law of pressure, the velocity of propaga-
tion of small disturbances is by § 2435 equal to +/(dp/dp), and in

1 M¢moire sur la Théorie du Son. Journal de Uécole polytechnique, t. vir.
p. 819. 1808. .
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a positive progressive wave the relation between velocity and

condensation is
u:s =\/(Z—f:) ........................ (1).

If this relation be violated at any point, a wave will emerge,
travelling in the negative direction. Let us now picture to our-
selves the case of a positive progressive wave in which the changes
of velocity and density are very gradual but become important by
accumulation, and let us inquire what conditions must be satisfied
in order to prevent the formation of a negative wave. It is clear
that the answer to the question whether, or not, a negative wave
will be generated at any point will depend upon the state of
things in the immediate neighbourhood of the point, and not upon
the state of things at a distance from it, and will therefore be
determined by the criterion applicable to small disturbances. 1In
applying thi~ criterion we are to consider the velocities and
condensations, not absolutely, but relatively to those prevailing in
the neighbouring parts of the medium, so that the form of (1)
proper for the present purpose is

whence " =[\/(%—:) -(ipp ....................... (3.

which is the relation between u and p necessary for a positive
progressive wave. Equation (2) was obtained analytically by
Earnshaw!.

In the case of Boyle's law, 4/(dp/dp) is constant, and the rela-
tion between velocity and density, given first, I believe, by
Helmbholtz®, is

u=a logr;7-)o ........................... (4),

if p, be the density corresponding to u=0.

In this case Poisson’s integral allows us to form a definite idea
of the change of type accompanying the earlier stages of the
progress of the wave, and it finally leads us to a difficulty which
has not as yet been surmounted®. If we draw a curve to represent

! Phil. Trans. 1859, p. 146,
8 Fortschritte der Physik, wv. p. 106. 1852. )
3 Btokes, ‘* On a difficulty in the Theory of Sound.” Phil. Mag. Nov. 1843.

3—2
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the distribution of velocity, taking « for abscissa and u for
ordinate, wé may find the corresponding curve after the lapse of
time ¢ by the following construction. Through any point on the
original curve draw a straight line in the positive direction parallel
to «, and of length equal to (a + u)¢, or, as we are concerned with
the shape of the curve only, equal to u¢. The locus of the ends of
these lines is the velocity curve after a time ¢.

But this law of derivation cannot hold good indefinitely. The
crests of the velocity curve gain continually on the troughs and
must at last overtake them. After this the curve would indicate
two values of u for one value of «, ceasing to represent anything
that could actually take place. In fact we are not at liberty to
push the application of the integral beyond the point at which the
velocity becomes discontinuous, or the velocity curve has a vertical
tangent. In order to find when this happens let us take two
neighbouring points on any part of the curve which slopes down-
wards in the positive direction, and inquire after what time this
part of the curve becomes vertical. If the difference of abscissa
be da, the hinder point will overtake the forward point in the
time dr+ (—du). Thus the motion, as determined by Poisson’s
equation, becomes discontinuous after a time equal to the reci-
procal, taken positively, of the greatest negative value of du/da.

For example, let us suppose that
27
"= Ucos—x— {e —(a + u)t},

where U is the greatest initial velocity. When ¢ =0, the greatest
negative value of du/dz is —27wU/A; so that discontinuity will
commence at the time t=2/2nU.

. When discontinuity sets in, a state of things exists to which
the usual differential equations are inapplicable; and the subse-
quent progress of the motion has not been determined. It is
probable, as suggested by Stokes, that some sort of reflection would
ensue. In regard to this matter we must be careful to keep
purely mathematical questions distinet from physical ones. In
practice we have to do with spherical waves, whose divergency
may of itself -be sufficient to hold in check the tendency to
discontinuity. In actual gases too it is certain that before dis-
continuity could enter, the law of pressure would begin to change
its form, and the influence of viscosity could no longer be neglected.
But these considerations have nothing to do with the mathematical
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problem of determining what would happen to waves of finite
amplitude in a medium, free from viscosity, whose pressure is
under all circumstances exactly proportional to its density; and
this problem has not been solved.

It is worthy of remark that, although we may of course conceive
a wave of finite disturbance to exist at any moment, there is a
limit to the duration of its previous independent existence. By
drawing lines in the negative instead of in the positive direction
we may trace the history of the velocity curve; and we see that
as we push our inquiry further and further into past time the
forward slopes become easier and the backward slopes steeper.
At a time, equal to the greatest positive value of dz/du, antecedent
to that at which the curve is first contemplated, the velocity
would be discontinuous.

262. The complete integration of the exact equations (4) and
(6)§ 249 in the case of a progressive wave was first effected by
Earnshaw'.  Finding reacon for thinking that in a sound wave

the equation I

dy _ o (dy

T F(5Y) i (1
must always be satisfied, he observed that the result of differen-
tiating (1) with respect to ¢, viz.

A’y (o, (dy\): d*; .

At {F (di)} le ..................... (2),
can by means of the arbitrary function F be made to coincide
with any dynamical equation in which the ratio of d*y/dt* and

Jy/da? 1s expressed in terms of dy/dx. The form of the function
F being thus determined, the solution may be completed by the
usual process applicable to such cases-.

Writing for brevity a in place of dy/dx, we have
dy=Pdo+ ¥ dt=ade+ F(a)dt,

and the integral is to be found by eliminating a between the
equations

y=¢w+F(a)t+¢(a)} 3)
()= $+F(a)t+¢'(a) ..................... »

a being equal to p,/p, and ¢ being an arbitrary function.

! Proceedings of the Royal Society, Jan. 6, 1859. Phil. Trans. 1860, p. 133.
3 Boole's Differential Equations, Ch. xrv.
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If p=a?p, the exact equation (6 § 249) is

dy\* d? a
() = @),
by comparison of which with (2) we see that
F(a)= i‘;‘f ........................... 5),
or on integration
g F(@y=Ctaloga...cccoeevivinn.in. (6),

as might also have been inferred from (4) § 251. The constant '
vanishes, if F(a), viz. «, vanish when a=1, or p=p,; otherwise
it represents a velocity of the medium as a whole, having nothing
to do with the wave as such. For a positive progressive wave the
lower signs in the ambiguities are to be used. Thus in place of
(3), we have

y=ax—alogat+¢(a)} o
0=:az_.at +a¢/(a) .................. y
and u=—aloga=a 10g£— ..................... (8).

If we subtract the second of equations (7) from the first, we ge'
y—at+atloga=¢(a)—ad’'(a),
from which by (8) we see that y — (a + u)¢ is an arbitrary function

of a, or of u. Conversely therefore » is an arbitrary function of
y—(a+u)t, and we may write

u=fly—(@+u)t}oceeiiiniiiin. 9).

Equation (9) is Poisson’s integral, considered in the preceding
section, where the symbol z has the same meaning as here
attaches to y.

253. The problem of plane waves of finite amplitude attracted
also the attention of Riemann, whose memoir was communicated
to the Royal Society of Gottingen on the 28th of November, 18591
Riemann’s investigation is founded on the general hydrodynamical
equations investigated in §§ 237, 238, and is not restricted to any
particular law of pressure. In order, however, not unduly to

! Ueber die Fortpflanzung ebener Luftwellen von endlicher Schwingungsweite.
Gottingen, Abhandlungen, t. viir. 1860. See also an excellent abstract in the
Fortschritte der Physik, xv. p. 123. [Reference may be made also to a paper by
C. V. Burton, Phil. Mag. xxxv. p. 817, 1893.]
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extend the discussion of this part of our subject, already perhaps
treated at greater length than its acoustical importance would
warrant, we shall here confine ourselves to the case of Boyle’s law
of pressure.

Applying equations (1), (2) of § 237 and (1) of § 238 to the
circumstances of the present problem, we get

du du dlogp

PR - 7 FAETTI IS TPRPIR (1),
(llogp dlogp  du
dt “+ 1 'dx = - (lx .................. (2)
If we rﬁultiply (2) by +a, and afterwards add it to (1), we
obtain
dP dP d@ _ aQ
?l?——.(w_*-a)?{;" Ti?‘"(”_a)% ...... (3),
where P=alogp+u, RQ=alogp—t............ 4).
D
Thus dP= % {de—(u+a)dt} ... (5),
dQ = Q fde—(u—a)dt} .................. (6).

These equations are more general than Poisson’s and Earnshaw’s
in that they are not limited to the case of a single positive, or
negative, progressive wave. From (3) we learn that whatever
may be the value of P corresponding to the point « and the time
t, the same value of P corresponds to the point z 4+ (u+ a)dt at
the time t+dt; and in the same way from (G) we see that @
remains unchanged when x and ¢t acquire the increments (x —a)dt
and dt respectively. If P and @ be given at a certain instant of
time as functions of z, and the representative curves be drawn, we
may deduce the corresponding value of u by (4), and thus, as in

251, construct the curves representing the values of P and @
after the small interval of time dt, from which the new values
of w and p in their turn become known, and the process can be
repeated. .

The element of the fluid, to which the values of P and Q at
any moment belong, is itself moving with the velocity u, so that
the velocities of P and @ relatively to the element are numerically
the same, and equal to @, that of P being in the positive direction
and that of @ in the negative direction.
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We are now in a position to trace the consequences of ar
initial disturbance which is coufined to a finite portion of the
medium, e.g. between x=a and « =8, outside which the mediwr
15 at rest and at its normal density, so that the values of P and
are alog p,. Each value of P propagates itself in turn to the ele-
ments of fluid which lie in front of it, and each value of Q to those
that lie behind it.  The hinder limit of the region in which P is
variable, viz. the place where P first attains the constant valuc
a log p,, comes into contact first with the variable values of @, and
moves accordingly with a vaiiable! velocity. At a definite tinue
requiring for its determmation a solution of the differential equa-
tions, the hinder (left hand) linmit of the region through which F
varies, meets the hinder (right hand) limit of the region through
which @ varies, after which the two regions separate themselves
and include between them a portion of fluid in its equilibrinm
condition, as appears from the fact that the values of PP and @ are
both alogp,. In the positive wave @ has the constant value
a log p,, so that u =« log (p/p,), as in (4) § 251: m the negative wave
P has the same constant value, giving as the relation between u
and p, w=—a log (p/p,). Since in each progressive wave, when
isolated, a law prevails connecting the quantities v and p, we sce
that in the positive wave du vanishes with d P, and in the negative
wave du vanishes with d@Q. Thus from (3) we learn that in a
positive progressive wave du vanishes, if the increments of 2 and
t be such as to satisfy the equation du— (« +«)dt =0, from which
Poisson’s integral immediately follows.

It would lead us too far to follow out the analytical develop-
ment of Riemann’s method, for which the reader must be referred
to the original memoir; but it would be improper to pass over in
silence an error on the subject of discontinuous motion into which
Riemann and other writers have fallen. It has been held that a
state of motion 13 possible in which the fluid is divided into two
parts by a surface of discontinuity propagating itself with constant
velocity, all the fluid on one side of the surface of discontinuity
being in one uniform condition as to density and velocity, and on
the other side in a second uniform condition in the same respects.
Now, if this motion were possible, a motion of the same kind
in which the surface of discontinuity is at rest would also be

! At this point an error seems to have crept into Riemann’s work, which is
corrected 1n the abstiact of the Fortschritte dery Physih,
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possible, as we may see by supposing a velocity equal and
opposite to that with which the surface of discontinuity at first
moves, to be impressed upon the whole mass of fluid. In order to
find the relations that must subsist between the velocity and
density on the one side (u,, p,) and the velocity and density on the
other side (u,, p,), we notice in the first place that by the principle
of conservation of matter p,u,=p,u,. Again, if we consider the
momentum of a slice bounded by parallel planes and including the
surface of discontinuity, we see that the momentum leaving the
slice in the unit of time is for each unit of area (p,u,=p,u,) .,
while the momentum entering it is p,v®. The difference of mo-
mentum must be balanced by the pressures acting at the boundaries
of the slice, so that

prig(u, —u)=p,—p.=a*(p, —p),

U =a \/(ﬁ—l) , u,= &/(%\) .................. (M.

The motion thus determined is, however, not possible; it satisties
indeed the conditions of mass and momentum, but it violates the
condition of energy (§ 244) expressed by the equation
buri—du?=a logp,— logpeciieinina. ... 8)

This argument has been already given in another form iu § 250,
which would alone justify us in rejecting the assumed motion, since
it appears that no steady motion is possible except under the law of
density there determined.  From equation (8) of that section we
can find what impressed forees would be necessary to maintain the
motion defined by (7). It appears that the. force X, though con-
fined to the place of discontinuity, is made up of two parts of
opposite sigus, since by (7) u passes through the value a. The
whole moving force, viz. [Xpdu, vanishes, and this explains how
it is that the condition relating to momentum is satisfied by (7),
though the force X be ignored altogether.

whence

253 «. Among the phenomena of the second order which
admit of a ready explanation, a prominent place must be assigned
to the repulsion of resonators discovered independently by
Dvorak! and Mayer®. These observers found that an air resonator
of any kind (Ch. XVIL) when exposed to a powerful source

! Pogg. Ann. cuvir p. 42, 1876 ; Jed. dnn. nr. p. 328, 1878.
* Plul. Mug. vol. v1. p. 225, 1878.
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of sound experiences a force directed inwards from the mouth,
somewhat after the manner of a rocket. A combination of
four light resonators, mounted anemometer fashion upon a steel
point, may be caused to revolve continuously.

If there be no impressed forces, equation (2) § 244 gives

_[(__

Distinguishing the values of the quantities at two points of space
by suffixes, we may write

d 2 2
wl-wo=(ﬁ(¢o-¢x)+%Uo —QU, ............ (2).

This equation holds good at every instant. Integrating it over a
long range of time we obtain as applicable to every case of
fluid motion in which the flow between the two points does
not continually increase

[mdt — [m,dt=3fUsdt— 3fUzdt ............. (3).
The first point (with suffix 0) is now to be chosen at such a

distance that the variation of pressure and the velocity are
there insensible. Accordingly

fondt=—3[Uedbeeoeeeoeerrenn (4).

This equation is true wherever the second point be taken. If it
be in the interior of a resonator, or at a corner where three fixed
walls meet, U, =0, and therefore

J@—m)dt=0....ccccvviinnnen... (5),
or the mean value of = in the interior is the same as at a distance
outside.

By (9) § 246, if the expansions and contractions be adiabatic,
pxp; and m =pv-1fv, Thus

V4 [ M T LT ®).

If in (6) we suppose that the difference between p, and p,
is comparatively small, we may expand the function there contained
by the binomial theorem. The approximate result may be
expressed

b L P lf(p‘—_—f-"Ydt ............... 1)
Po 2y Do ’
shewing that the mean value of (p, — p,) is positive, or in other
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words that the mean pressure in the resonator is in excess of the
atmospheric pressurel. The resonator therefore tends to move as
if impelled by a force acting normally over the area of its
aperture and directed nwards.

The experiment may be made (after Dvordk) with a
Helmholtz resonator by connecting the nipple with a horizontal
and not too narrow glass tube in which moves a piston of ether.
When a fork of suitable pitch, e.g. 256 or 512, is vigorously
excited and presented to the mouth of the resonator, the movement
of the ether shews an augmentation of pressure, while the similar
presentation of the non-vibrating fork is without effect.

If to the first order of small quantities

(P=pPo)/po=Pcosnt....c.oceouniinnn. (8),

its mean value correct to the second order is P?/4+, in which for air
and the principal gases y=1-4.

If the expansions and contractions be supposed to take place
isothermally, the corresponding result is arrived at by putting
y=11n (7).

263b. In § 253 a the effect to be explained is intimately
connected with the compressibility of the fluid which occupies the
interior of the resonator. In the class of phenomena now to be
considered the compressibility of the fluid is of secondary import-
ance, and the leading features of the explanation may be given
upon the supposition that the fluid retains a constant density
throughout.

If p be constant, (4) § 253 @ may be written
f(P] "‘Po) dt = - i’PIUl?dt ................. (1),

shewing that the mean pressure at a place where there is
motion is less than in the undisturbed parts of the fluid—a
theorem due to Kelvin®, and applied by him to the explanation of
the attractions observed by Guthrie and other experimenters.
Thus a vibrating tuning-fork, presented to a delicately suspended
rectangle of paper, appears to exercise an attraction, the mean
value of U* being greater on the face exposed to the fork than
upon the back.

v Phil, Mag. vol. v1. p. 270, 1878,
2 Proc. Roy. Soc. vol. x1x. p. 271, 1887.
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In the above experiment the action depends upon the prox
imity of the source of disturbance. When the flow of fluid
whether steady or alternating, is uniform over a large region, the
effect upon an obstacle introduced therein is a question of shape
[n the case of a sphere there is manifestly no tendency to turn
and since the flow is symmetrical on the up-stream and down
stream sides, the mean pressures given by (1) balance one another
Accordingly a sphere experiences neither force nor couple. It i
otherwise when the form of the body is elongated or flattened
That a flat obstacle tends to turn its flat side to the stream® may
be inferred from the general character of Fig. 54a.
the lines of flow round it. The pressures
at the various points of the surface BC
(Fig. 54 «) depend upon the velocities of
the fluid there obtaining. The full
pressure due to the complete stoppage of
the stream is to be found at two points,
where the current divides. It is pretty evident that upon the up
stream side this lies (P) on 4B, and upon the down-stream side
upon AC at the corresponding point Q. The resultant of the
pressures thus tends to turn 4 A so as to face the stream.

When the obstacle is in the form of an ellipsoid, the mathe
matical calculation of the forces can be effected; but it mus
suttce here to refer to the particular case of a thin circular disc
whose normal makes an angle € with the direction of the un
disturbed stream. It may be proved? that the moment M of th
couple tending to diminish @ has the value given by

M=4pa*W:sin20 ...l (2),

« being the radius of the disc and W the velocity of the stream
If the stream be alternating instead of steady, we have merely t«
employ the mcan value of W, as appears from (1).

The observation that a delicately suspended disc sets itsel
across the direction of alternating currents of air originated in th
attempt to explain certain anomalies in the behaviour of :
magnetometer mirror’. In illustration, “a small disc of papar
about the size of a sixpence, was hung by a fine silk fibre acros.

! Thomson and Tait's Natural Philosophy, § 336, 1867.
2 W. Konig, Wied. Ann. t. xvLuz. p. 51, 1891.
* Proc. Roy. Soc. vol. xxxir. p. 110, 1881.
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the mouth of a resonator of pitch 128. When a sound of this
pitch is excited in the neighbourhood, there is a powerful rush of
air into and out of the resonator, and the disc sets itself promptly
across the passage. A fork of pitch 128 may be held near the
resonator, but it is better to use a second resonator at a little
distance in order to avoid any possible disturbance due to the
neighbourhood of the vibrating prongs. The experiment, though
rather less striking, was also successful with forks and resonators
of pitch 256.”

Upon this principle an instrument may be constructed for
measuring the intensities of aerial vibrations of selected pitch
A tube, measuring thrce quarters of a wave length, is open at one
end and at the other is closed air-tight by a plate of glass. At
one quarter of a wave length’s distance from the closed end
1s hung by a silk fibre a light mirror with attached magnct, such
as is used for reflecting galvanometers. In its undisturbed
condition the planc ot the mirror makes an angle of 45~ with the
axis of the tube. At the side is provided a glass window,
through which light, entering along the axis and reflected by the
mirror, 18 able to escape from the tube and to form a suitable
image upon a divided scale. The tube as a whole acts as a
resonator, and the alternating currents at the loop (§ 255) deflect
the mirror through an angle which is read in the usual manner.

In an instrument constructed by Boys® the sensitiveness
is exalted to an extraordinary degree. This is effected partly
by the use of a very light mirror with suspension of quartz fibre,
and partly by the adoption of double resonance. The large
resonator is a heavy brass tube of about 10 cm. diameter, closed
at one end, and of such length as to resound to ¢. The mirror is
hung in a short lateral tube forming a communication between
the large resonator and a small glass bulb of suitable capacity.
The external vibrations may be regarded as magnified first by the
large resonator and then again by the small one, so that the
mirror is affected by powerful alternating currents of air. The
selection of pitch is so definite that there is hardly any response
to sounds which are a semi-tone too high or too low.

Perhaps the most striking of all the effects of alternating
aerial currents is the rib-like structure assumed by cork filings in

' Phil. Mag. vol. xv. p. 186, 1882.
2 Nature, vol. xri1. p. 604, 1890.



46 EXPLANATION: OF THE [2580.

Kundt’s experiment § 260. Close observation, while the vibrations
are in progress, shews that the filings are disposed in thin laminze
transverse to the tube and extending upwards to a certain distance
from the bottom. The effect is a maximum at the loops, and
disappears in the neighbourhood of the nodes. When the vibra-
tions stop, the lamina necessarily fall, and in so doing lose much
of their sharpness, but they remain visible as transverse streaks.

The explanation of this peculiar behaviour has been given by
W. Konig!., We have seen that a single spherical obstacle
experiences no force from an alternating current. But this
condition of things is disturbed by the presence of a neighbour.
Consider for simplicity the case of two spheres at a moderate
distance apart, and so situated that the line of centres is either
parallel to the stream, Fig. 54 b, or
perpendicular to it, Fig. 54¢. It is
easy to recognise that the velocity
between the spheres will be less in
the first case and greater in the O O
second than on the averted hemi-
spheres. Since the pressure increases
as the velocity diminishes, it follows
that in the first position the spheres will repel one another,
and that in the second position they will attract one another.
The result of these forces between neighbours is plainly a
tendency to aggregate in laminx. The case may be contrasted
with that of iron filings in a magnetic field, whose direction
is parallel to that of the aerial current. There is then attraction
in the first position and repulsion in the second, and the result i~
a tendency to aggregate in filuments.

On the foundation of the analysis of Kirchhoff, Konig has
calculated the forces operative in the case Fig. 54d.
of two spheres which are not too close
together. If a,, @, be the radii of the 8
spheres, r their distance asunder, 8 the
angle between the line of centres and the
ditection of the current taken as axis of
z (Fig. 54 d), W the velocity of the current,
then the components of force upon the
sphere B in the direction of z and of z

Fig. 54 b. Fig. 54c.

')
(o] x

1 Wied. Ann. t. xr11. pp. 858, 549, 1891,
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drawn perpendicular to z in the plane containing z and the line
of centres, are given by
3mpatalV?

Z=- o cos 0 (3 -5 cos®f)............ (3),
X=—-31p—a;—:ﬁf—szin€(l—5»cos’6) ............ 4),

the third component ¥ vanishing by virtue of the symmetry. In
the case of Fig. 54b 6=0, and there is repulsion equal to
6mpaa W2/, in the case of Fig. 54¢ 6=}, and the force is an
attraction 3mwpa*a,* W%, In oblique positions the direction of the
force does not coincide with the line of centres.

If the spheres be rigidly connected, the forces upon the system
reduce to a couple (tending to increase €) of moment given by

3mpa,’a; W si

—Zsinf+ Xcosf= n26......... (3).

When the current is alternating, we are to take the mean
value of W*in (3), (4), (5).

2564. The exact experimental determination of the velocity
of sound is a matter of greater difficulty than might have been
expected. Observations in the open air are liable to errors from
the effects of wind, and from uncertainty with respect to the
exact condition of the atmosphere as to temperature and dryness.
On the other hand when sound is propagated through air con-
tained in pipes, disturbance arises from friction and from transfer
of heat; and, although no great errors from these sources are
to be feared in the case of tubes of considerable diameter, such
as some of those employed by Regnault, it is difficult to feel
sure that the ideal plane waves of theory are nearly enough
realized.

The following Table! contains a list of the principal experi-
mental determinations which have b