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I. LOCALIZATION OF BEST APPROXIMATION

By S. Bochner

Introduction. In the theory of convergence and summability whether
for ordinary Fourier series or other expansions emphasis is placed on the
phenomenon of localization whenever such occurs, and in the present paper
a certaln aspect of this phenomenon will be studied for the problem of best
approximation as well.

If for a Fourier series

(1) £(x) ~ L, ey, ™

we consider the sequence of ordinary partial sums lsn(x)l or of some
generalized partial sums, then for two functions f(x), g(x) having the

same values 1n the neighborhood of a point Xq the corresponding sequcnces
{sn(xo)l, Itn(xo)l will converge or diverge simultaneously. This is a non-
specific version of the locallzation theorem. A more specific version
states that the two sequences are then equi-convergent; or, what 1s the
same, that if we consider only one function, and if it is zero in a neigh-
borhood of Xqs then its partial sums are also convergent at the point and
also towards the value 0. Thus, in the specific version the localization
theorem 1s not only a comparison theorem as such but actually a convergence
criterion in its own right, although on the face of it, a somewhat rudimen-
tary one. In our context, this speé¢ific version of the localization theorem
will be envisaged, but with the slight although important generalization
of allowing the function to assume in the neighborhood of the point x5,

some arbitrary constant value, zero or not. We will also consider functions
having several such intervals of constancy simultaneously, with the constant
value of the function differing from interval to interval, ana ouf construc-
tion will be such as to give the optimal approximation in all these inter-
vals simultaneously, so that in the end a theorem of rather more "global"
than "local® implications will result, first appearances notwithstanding.

We will not encumber our analysis with letting the function be plecewiss
analytic in certain intervals, instead of only piecewlise constant, but sich.
an extension could probably be obtained.

3



4 3. BOCHNER

We will algorithmically associate with each periodic function (1) a
sequence of exponential polynomials e’n(x) which epproximate to it in the
manner of Fejér polynomials in all cases, and which at a point of constancy
approximate to 1t with the very smell error o(e ™ ®(®)) uniformly in the
gize of the neighborhood of constancy; and we will point out that a similar
result also holds for approximation of non-periodic functions by ordinary
polynomials. In the latter case such polynomials can be constructed from
different approaches. But we will demonstrate that no matter how construc-
ted the maximal coefficient of the n-th polynomial will tend to + oo with
n; whereas in the periodic case the coefficients of our trigonometric sums
will be bounded for all n, for every function.

It has been first recognized by Dunham Jeckson' that the measure of

approximation to a continuous periodic function (1) by its Fe jér sums

n
(2) gax) = T (1 - AR g etV
that is
2
1 1 (sin E}E)
(3) on(x) = 55 " £(x+t)dt,
2w n(sin é')

is not as good as one might wish for. If we introduce the module of con-
tinuity

(W) w (t) = max Ix, x| St I£(x,) = £(x,)I ,

then for large n the difference f(x) - G";L(x) is not majorigzed by w(;—;)
itself, as one would expect, but only by the larger quantity \w(:-l-)llog w(f_l-)
and this is roughly speaking due to the fact that the denominator (sin t)?2
1% the Fejér kernel 1s of the order t2 for small t, which is better than the
order t in the Dirichlet kernel itself, but yet not good enough to give
optimal approximation for a continuous function in general. Jackson remedied

1. See his inaugural dissertation "Usber die Genauigkeit der Annahe
stetiger Funktionen durch ganze rationale Funktionen gegsbenen Grades
trigonometrische Summen gegebener Ordnung", Gdttingen 1911. In subsequent
::gers and in particular in his Colloquium Lectures "The Theory of Approxi-

lon", New York, 1930, Jackson has elaborated an approach which is a compos-
ite of his original one and of the version due to de la Vallée Poussin, but

't'lem. Ehink that the version of de la Vallée Poussin has not been superseded by
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this situation by introducing the better kermel

(5) _{stn ne )y

n:"(sin t)

and in this way he could also attack the problem of best approximation for
functions having continuous derivatives of any prescribed order.

However the analysis of Jackson in his first paper was strangely cum-
bersome and involved in that he laboriously obtained an approximation by
ordinary polynomials first and from this derived a trigonometric approxima-
tion afterwards which in retrospection appears to be the very reverse of
what, with his important method at least, is syllogistically correct. The
correction was very soon introduced by de la Vallée Poussin® who developed
the 1dea of Jackson into a neat methodical procedure on which the present °
paper will also be based.

He first of all rewrote the integral (3) into the altermate version

2
1 1 (sin n %)
(6) G"n(x) - o7 —f— (x4t )dt

2
-»  n(h)
whose technical advantage it 1s that it now subsumes under the general schem

oo o
n S K(n(x-t)) £(t)dt = 5 K(t) f£(x + %)t
-o0

- b

in which the Fourier analytical dependence on n is a very simple one. In
the version (6) the periodicity of the function will no longer enter explic-
itly, and it will only reappear in this manner that the-approximating func-
tions will then be periodic as well. Otherwise it will also give a result
for almost periodic functions or for non-periodic functions having Fourier
transforms; and it will be immediately adaptable to the multi-variable case,
in which such formulas extending over the entire space are of considerable
1rup01:-tame.3

2. See his book, "legons sur l'approximation des fonctions d'une variabl
reelle (Collection Borel)", Paris 1919. ‘

3. We are referring to their occurrence in our "Spherical Summability of!
Multiple Fourier Series”. Transactions of the Amer. Math. Soc. 40 (1936) -
pP. 175-207.
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Starting with (4), d¢ la Vallée Poussin then introducecd for any integer
r the expressions

Lod Dy
1 (sin 7T
f(x+t)dt,

ol(x) = ST I oo
n( ) M(r) nfrl (%)2r

which are again exponential sums, but of the increased order rn, and, by
forming certaln llnenr combinations of such, he obtalned exponential poly-
nomials which for a functlon having r continuous derivatlives will approxi-
mate with a preclision of order n T, Now, In our casc, due to the constancy
of the functions in intervals, the second step of formlng linear combinations
will not be needed, but on the other hand, since a constant functlon has de-
rivatives of all orders, a passage to the 1limit, r —» o0, Wwill be called
for. We will let both r and n tend to Infinity similtancously, with u
golng faster than r and In a tempo that will be prescribed by the demand of
an optimal result. This type of dlagonalization out of a succession of
summablility processes may be new, although a certain disposition towards

this manner of reasoning may be read into the work of I. J. Schoenberg.h

I. o Theorems. We will now state two theorcms.

THEOREM 1. Take a sequence of posltive numbers g(n) which are
converging to 0 as n > oo , no matter how slowly. This given,
we will algorithmlically assign to any perlodic function

f(x) ~v Zm amelmx

of class L a sequence of exponential polynomials )sn(x)! =
lsn(f;x)l,the subscript n always denoting a bound for Qhe
exponents, such that the following two properties are satis-
fled simultaneously.

(1) The sequence has all the features of a Fejér sequence:
it approximates to f(x) in L1—norm,

on
(7) S [f(x) - s (x)| dx =» O, n-» oo,
(e}

4., BSee his "Contributions to the Problem of Approximation of Equidistant
Data by Analytic Functions", Quarterly of Applied Mathematics, 4 (1946),
PpP. 45-97 and 112-1k1,



I. LOCALIZATION OF BEST APPROXIMATION 7

and also in Lp-norm or C-norm if f(X) belongs to such a class,
and sn(x) —> f(x) at points of countinulity or simple disconti-
nuity, and for a bounded function f(x) wc have

(&) infx f(x) £ sn(x) £ supy f'(x).
(il) If In an interval
(9) _ a<x <t
the function happeng to be a constant,
(10) ff'(x) = ¢,
then we have
(11) a (x) - c= o™ £y
uniformly in every closed, subinterval

(12) a+8§ {(x<£ b-8§

This 13 our approximation theorem proper. The ordor term in (11) can-
not be lmproved upon, as will be Inf'erred from the following counter theorem.

THEOREM 2. If for a sequence of exponentlal polynomials !(Tn(x)i

we have

(13) o () £ 1

or more generally

2T
(14) A S ler (x)1 dx £,
2T J,

and if for three constants o > O, €, > o, c, > 0 we have’

5. The symbol C1,02,CB, oo Will be_bositive numbers which do not depend
on n or parameters occurring, but may depend on the function f(x) given.
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n e

€o
(15) le(x)l £ Cie
for x in
—adx{a |,
then the sequence sh(x) converges to 0 uniformly in all of
-mxg§ ™
II. PROOF of theorem 1. It will be appropriate to replace the dls-

crete subscript n by a continuous parameter R, 0 { R { oo . Thus sR(x)
will be an exponential sum 2 a, el™ 15 which im| { R. Similarly we will
be dealing with a positive quantity e€(R), which -> 0 as R —» oo, and
(11) will be replaced by

(17) sp(x) - ¢ = o(e”R €(R),

However we will introduce another parameter, r, and this will be an integer,

re=1,2,3, ... , S0 that even when assumed or constructed to be a function
of R,
(18) r = r(R) ,

it will still be understood that
(19) r(R) ls an integer.
We now take the Fejér kernel

2
sin % N
F(t) = t , ~e{x{ o ,
2
or any continuous function F(t) having the following properties:
(20) F(t) = F(-t), F(t) 2 0

(21) F(t) { ™2 | 1{tg oo
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(22) F(t) » e™8t, 0{tg o
for some positive a = 02, and, what 1is decisive,

(23) SF(t)ei‘“ dt = 0 for ol 1.
- 00

For any integer r we introduce the number

P
(24) M(r) = S F(t)' at ,

- o0

so that (22) will imply

1
(25) M(r) S et at > Cyr .
(]

Finally we introduce the function

_ F()”
(206) F.(t) M(T)
and its Fourier transform
0 la t
(27) e (a) = SFP(t)e a .
cx- -1

The constant (24) was Introduced so as to make

(28) S F (t)dt = 1,

but the decisive property 1s

(29) eT(a)=0 for |al|2r,

and this one, by the rule of convolution,6 is a consequence of (18); the

6. See S. Bochner and K. Chandrasekharan, "Fourier Transforms”, Amnnals of
Mathematics Studies, No. (9), Princeton, 1949, p. 5 and p. 58.
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rule being that 1f

Q&) = SF(t)ei‘tdt

Yid) = Sc;(t)ei""t at
-0

then

Y ) = SF(t) a(t)el*  at

has the value

ST Sm‘Y(F) Y(t-¢)ragd.

Now, with any periodic function (1) we assoclate the approximating
functions

o0
(30) sp(x) = S rix+t) BF, (B t)a

~oo
for 0 ({ R{o and r=1,2,3, ... , and it 1s easlily seen that
(31) sﬁ(x) = ern ?IXﬁg) a. el™X

so that (30) 1s an exponential polynomial of degree { R, no matter what r
1s. We now Introduce a variable integer (18) and denote the resulting
family \

(32) is{‘“’(x)i

simply by {sg(x)}l, and we are claiming the following

LEMMA 1. In order that, for R-»> oo, the family (32) have the
property specified in part (1) of theorem 1, it 1s sufficient that

(33) r(R) =» oo
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and
(34) r(R).R™' = o
simultaneously, as R — oo.

PROOF. Due to normalization (28) the lemma will hold if r = r(R) is
such that for every flxed § > 0, the number

s T F
(35) upe’s {toe ¥'r

which 1s a function of R, will tend to 0 as R=> oo. Now, due to (34), for
any given § > 0o, for R 2 R,, we have R 'ré§ 2 1, and hence for t 2 2§
we have

(36) R Bo e, BEHP M (o, rE 8T

by (21) and (25). Now, (33) and (34) Lmply
(37) R=1r V(1)
where Y(r’) > 00 88 r 500 , and hence, for sufficiently large R, we have

2r

(38) log R(g 8§)° ¢ = log R - 2r log (¥ (r) §)

and for fixed § and p sufficiently large this is
{ log R - r log Y (r) £ log r + log (r) - r log ~(r).

But the last expression - -o as r-»>o° ; which proves the lemma.

LEMVA 2. Part (11) of theorem 1 will be fulfilled 1f we define
¢ (R) by

(39) lo o R) = 2 max {E(R), 1—;%7%}

and then put

(40) r(R) = _B_ + W(R), ognR) <1,
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so as to make r(R) an Integer.

PROOF. As for the definition of ?(R) we note that in the half-1i
1 £ A < oo the function

log &

(41)
S

is monotonely decreasing to 0 as ¥ — oo . Therefore, for large R, the
is a (unique) ?(R) satisfying (39) and

(42) P(R) = o0 as R oo,
Also, since

1o R 2 21o R
9 (R) R

and
1/2 R
___37__ 2 _875

the monotoneity of (&1) implles P(R) £ R‘/e. Hence, for r(R) as defir
by (40) we first of all have (33), and on(t,he other hand we have

(43) Q(R) = gy ~ 9(R)

Now. if £(x) = ¢ in an interval Xy T 2§ x¢ X, + 28 , then (30)
(28) imply '
I sp(xy) - ¢ | Se;' fx, +t) + f(x, - t) - 2¢ | %Fr(r t) at

and, by (43) and (21) this 1is

o R -
£0 R T, ~(Q(s+2mn))er



I. LOCALIZATION OF BEST APPROXIMATION
gc, R 82,
Now, for fixed &§ > 0 and large R, (43) implies
log %%R)s ~ log %%R)
¢ ?
and hence we have for large R,

-1og [R(B §)™7) = 2r 10g (B §) - 108 R = —*;%—% log (¢ (r) 8) - log R

R 1o R _ 3 R 1lo R) _ 1/2
23____.5531%()_1 log R 2 2 —E——g-‘-—l?(R 2R'/* 1og R
R1 R 1 R log R
2%'—‘)&%‘—1”‘[%’2 ‘1’08121

2R €(R),

the last step due to (39). Altogether we obtain
(42) | spix,) - ¢ | {Cqe™® SR

Now, if f(x) = c in (4), then Ce may be chosen uniformly for Xq in (12),
and this completes the proof of lemma 2.

But the quantity (40) also vallidates lemma 1, and thus the proof of
theorem 1 1s completed.

III. PROOF of Theorem 2. We write explicitly

2n -
(45) & (x) = Zv 8, o1(» -n)x
=0

and (14) implies

(46) | a
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If we now introduce the complex variable

(47) z = eteix
and the ordlnary polynomial
2n
P = v
Fen(‘) - Zv=o 8nv 2 0

then for |zl = 1, that 1s t = 0, we have
= = ¢
(48) |6"n(x) | | F?n(z) | =1 F?n(Z)Z |

for any real constant ¢ . Now, for {ixed n, we put ¢ = -2n, thus Introducing
the functlon

< v-2n _y,—2n
(49) G(z)= ). a .z = F,, ()2
and we then conslder the average
1 teix)

ow
(50) N,(L) = 55 S log | Gn(e | dx .
0

We claim that It 1s a convex function In oo { t { © , so that we have

t, -t t-t,
(51) N (t) £ £, T, No(E)) + L, N (t,)
for
(52) R EEN

In fact it 1s easily seen that (50) 1s a continuous function of t and that
it suffiices to prove (51) under the assumption that log 1G(z)| # 0 for
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(53) log lzl = t, or 1log Izl =t,

Now, under the latter assumptlion we may put Gh(z) = P(z) Q(z), where
P(z) # 0 1n (52) and [Q(z)! £ 1 1in (52) and [Q(z)] = 1 for (53). It ther
follows that (51) holds for the average of log |Q(z)], and it also holds
for log |P(z)| since the latter function 1s regular and harmonic in (52),
and for such a function the average in an annulus is a constant; which
proves (51).

In particular for 0 { t < T we have

(54) N(t) < (1 - &) N (o) + E N (T)

and for fixed t > 0 we will let T-» oo . Our function Gn(:’.) is analytic
at Infinity and it easlily follows that for large T the value Nn(T) 18 bou
by some finite upper bound. Therefore, (54) ‘mplies the relation

(55) N (t) N (0)

which willl be decisive.
The assumptiong of theorem 0 imply

d €
(56) N (0) { -n S 4+ Cq
so that
- S €
N(t) £ - n 55 + Cgs

and on recalllng (49) and (50) we hence obtaln

2w
a2 t ix - & €a
o SO log IFy (ete™™)| dx { - n {4F 2t} + Cq ,

for t > 0. We now choose one fixed t = t > 0, so that

¥ =28 -2t Do,
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and we obtain

t_+1x

2w
1 o]
5 So log IF, (e )Woax & -ny +Cg .

If we now apply the Polsson-Jensen lnequality to the function log lFeﬁ(z)I

in the circle |z| { e © we hence obtain
ty
ix e -1
log 'Fen(e )£ —E;~——— {-ny + C9l ,
e + 1

and hence by (48) we have

e 13
le ((x)I £ Cye

for some ¥ > 0. Which proves theorem 2.

IV. Rémarks.

1. Instead of a periodic function (1) we may take an almost peri-
odic function of Bohr's type with an arbitrary Fourier expansion

(57) £(x) ~ Luy 8y el %,

and then again consider the approximating functions (30). Each of the latter
is again an almost periodic function,7 and 1ts expansion 1is

(58) E:hqr@%L)ak elax

so that for the exponents 3 actually occurring in (58) we have | A | { R.
We may also take as f(x) a function of the Stepanoff class’ S_ which is
the narrowest generalization of the -class from the periodic to the almost
periodic case.. For such a function we have, among others,

7. See S. Bochner, "Properties of Fourier Series of Almost Periodic Func-
tions", Proc. Lond. Math. Soc. 26 (1927), p. 437.
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S+ 2w
(59) ( S Ie(e)l Poan)'/P ¢ ¢,
)

and the approximating functions (30) are again Bohr almost periodic. Now
it can be easlly verified that for these functions the assertions and proof
of theorem 1 are as bef‘ore.e

2. BSimilarly we may consider in - oo { x { o a (non-periodic)
function f(x) for which a Fourler integral exists, say a function of class
L1(-a°, oo ). If we introduce the Fourier transform

TN )= =L Sw f(x)e 1 ¥ ax
2T

'~ 00

and defines sg(x) by (30), then we have
R
r r ra 1a x
sp(x) = S—R o7 () T (a)e de

and an analogue to theorem 1 can be obtained. It also remalns in forcc for
a function having a generalized Fourier integral

Lol k
ac T ()
m)NS otxa & k&
dol
— 0

for any integer k according to our general definition.9

3. We may also consider functions in several variables, whether
periodic, or almost periodic, or non-periodic. In Euclidean Ek we consider
the function

(60) Gty eensty) = T (k) 2 7 el ™ game)

8. Perhaps in this connection we may recall, from the paper quoted in 7,
the general "principle" there stated to the effect that any theorem known for
periodic Fourier expansion has some kind of generalization to almost periodic
expansions in which the arithmetical equi-distancing of the exponents 1s no
longer stipulated; and that, whenever a theorem on periodic function is being
based on an integral of type (3), the corresponding generalization will re-
sult from re-writing it into an integral of the type (6) first, and then
obtaining the conclusion.

. Bochner, "Vorlesungen ueber Fourlersche Integrale”, Lelpzig 1932,
Chelsea 1948.
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where Jy (x) is the classical Bessel functlon and where we put
jtf = (t':') 4 oees + t§)1/2

The Fourier transform

(e 1t1+“'*‘1ktk)
(61) (ot e, ) = G(ty,...stp) @ at, ...dt,

has, except for a constant factor, the value (1 - |a 129K/2 pop ot < 1

and the value 0 for J& | 2 1. Now, the law of convolution also holds for
functions in several valables and thus for the function G(t)2 the Fourier
transform vanishes for |al > 2. The function F(t) = G(E‘-)Q has then the

following properties:

(62) F(v) 2 0

(63) F(t) 2 exp(-a [t]), for |t] {1
-1 k-1

(64) F(t) { (C5 t) , for {t] 21

and the presence of the constant C,, in (6k), instead of 2 in (21) has the
effect of replacing in the estimates the length 28§ by C128 , Whenever

012 > 2; and this would increase the constants occurring in our estimates
whenever, for purpose of practical application, the explicit knowledge of
such constants would be of interest. But otherwise the previous reasoning
goes over in almost literal analogy. For any integers r = 1,2, ... we form
the constants

M(r) = S 5, F(t)F at, ... dt,

and then the functions

F()Y
Fo(t) = G-

and their transform
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iI(d,t, + «o0 + At )
r 171 k“k
@A ,eeud ) = SEkFr(t) e dt, ... dt,
and by the law of convolution we have again
?r(d.)-o for Jal| >r.
Now, 1if for any periodic function
i(m,x, + ... + mXx,)
17 k7 k
f(x1,...,xk)m2am1_”mke
we set up the functlons
sh(x) = S exat) B, Beyar, ...oat
E,
then they have the value
5:‘ QP(EE) N 6i(m1x1 + e 4 mkxk)
m R m, .. .m

and thus contain only such terms for which
&
m? 4 ..o m)V/E R

By judiciously choosing integers r = r(R) we again obtain a sequence of
exponential polynomials sR(x) having the following properties as R —» oo,
It approximates to f(x) in an over-all fashion after the manner of Fejer
polynomials, and if in an open set D the function has a constant value,
f(x) = ¢, then in every compact subset D° of D we agaln have the approxi-
mation (12); the cholce of the polynomlials depending only on €(R) and
nothing else.

4. We are returning to the one-dimensional case for a remark of
a different trend. If f(x) = c¢ in (4) we may want to choose r = r(R) so
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as to make the difference sR(x) - ¢ as small as possible in a variable in-
terior

a+28(R){xg{Db-28§(R),

with &(R) - 0, so &3 to sweep out the entire interior of (9) simultaneously
with securing a good approximation. In this set-up we have to minimize the
order of magnitude of

(65) R( gy 8(R)7ZTR)

Now, if this 1s to tend to 0 as R - oo, we miust have
R R
TR

and hence

R, 6(R)—> ==,

or ( §(R))”' = 0(R). Thus, &(R) must not tend to 0 too rapidly. Suppose
now we demand &(R) = R~ , 0 o {1, and we put tentatively r(R) = R?,
0 < @ < 1. Then the logarithm of (65) 1is

log R - 2(1 - & - €)R® 10g R,

and thus we see, that by a suitable choice of r(R) we may arrange to obtein

(66) sg(x) - ¢ = o(exp(-R'"* "¢ 1og R))
in
(67) a+R* {x{b-R",0<a 1.

This remark also applies to the multi-dimensional case. If we take any open
set of constancy then the estimate (66) ‘applies to the variable subset whose
distance from the boundary of the open set is R .
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5. In this connection it should be noted that the last estimate
and all previous estimates are valid for several intcrvals of constancy
(or, in the multi-dimensional case, for several open sets of constancy)
simultaneously. Thus, assuming, for instance, that our function is a step
function throughout, that is pilecewise constant in several intervals which
together cover the interval of periodicity, then our construction gives a
sequence of polynomials for which (8) holds, and for which at every point
without exception there 1s convergence without Gibbs' phenomenon anywhere,
and for which we have the estimate (17) in every fixed closed interior of
an interval of constancy, or, if we prefer, the somewhat weaker estimate
(66) in the sweeping-out interlors (67).

Also, everything also holds for almost periodic functions in -o0 { x {ee
instead of only periodic ones, and for these we wish to emphasize the fact
that the constants appearing then in our estimates may be chosen uniformly
in the entire infinite 1line (- oo, oo), and not only in every finite portion
of 1it.

6. For computational purposes our exponential polynomials have
an important structural "stability" which 1s also of some theoretical interest.
If a function G(t) in - 00 t { @ 18 non-negative and

o0

S G(t)dt =1

e

then for its Fourler transform y(o-) we have |y (a-)| { 1. If now for our
previous choice of r = r(R) we denote the quantity ?r(%m) by }‘R m for

s’
|rm| { R, then for any function f(x) with the expansion (1) we have

1
sp(x) = Zlml {R ?‘R,m By e

where
| Mgl €1

o that sR(x') arises from f(x) by insertion of uniformly bounded "multipli-
ers”"; and any upper bound for the Fouriler coefficlents of f(x) will also
be an upper bound for the Fourier coefficients of its approximations. This
1s in sharp contrast to what is liable to happen for approximation by ordi-
nary polynomials as we are going to explain next.
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7. Llet f(x) be given in -1 { x { 1. On putting x = cos @ we
sbtain a function g(?) = f(cos @), and intervals of constancy for f(x)
appear as such for g( ¢ ). If now we denote our prevlious approximating
axponential polynomials of g( @) by c}ﬁ ¢ ), then the latter are linear com-
oinations of cos ve¢, v= 0,1,...,n. On putting

2cos v = Z-“(ﬂ )2y e (2‘\" -p )(2 cos ?)Ev_"

s

0}# @) goes over Into an ordinary polynomial sn(x) of degree n in x, and

the approximating properties which the sequcnce !sn(x)} inherits from the
seguence la‘n( ¢ )} sound very much alike to those stated in theorem 1. How-
sver the coefficlents of the sequence Isn(x)l are obviously no longer bounded
in toto, and we are golng to demonstrate that thls is not an accident of the
sonstruction but must be inevitably so, except again in the trivial case in
vhich the function f(x) 1s a constant.

THEOREM 3. If the order functions ¢(n), o&(n) tend to + oo
with n, and &(n) grows more slowly than $(n), that is

-5 — o n e

1f a sequence of analytic functions sn(x) of the complex
variable x are anaolytlic in the unit circle |x| g 1 and
::n(:c) = O(Ce'(n)) uniformly on the boundary |x| = 1; and
L0 uniformly on a closud segment

168) A {xg @

of the open interval =1 { x { 1 we have sn(x) = 0(e ?(n)),
then the sequence sn(x) converges to 0 everywhere in |x| < 1Y
uniformly in every compact subset.

PROOF. We consider the doubly-~connected domain bounded by |x| = 1
ind (68) and we map it by a function x = x(w) into an annulus

t
e Iwl 1,

vith the unlt circumference mapping into itself. To the functions fn(w) =
sn(x(w)) we apply the Poisson-Jensen inequality, and for t,{ t < 0 we obtain
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t

telT )=0 {exp (&(n) - ¢ gl ,
o

f‘n(e

and our conclusions follow from the assumptions on the order functions.
If therefore a sequence of approximating polynomials

sn(x)==a.no +8,X + ... + 8 X

is o(e-ne(n)) on (68), then the sum

la_ | + Jla_.| + ... + Ja__|

no ni mn

ne(n) _injess £(x) is constant

may not grow to Infinity more slowly than e
throughout -, which is a very much faster growth than boundedness of the

coefficients a, might bring about. On the other hand 1f the coefflcients
happen to be bounded, and f(x) is not a constant everywhere then we cannot

T(n)

have sn(x) = o(n~ ) on (68) for any function T (n) growing to + oo, no

matter how slowly.



II. DIRICHLET PROBLEM FOR DOMAINS BOUNDED BY SPHERES

By S. Bochner

Introduction. The so-called Dirichlet Principle is a means towards
solving boundary value problems and 1s not really detachable from such, but
it 1s also possible to give some precursory version of it in which the con-
nection with boundary values has not yet been establlshed. One such version

is as follows.
If 'n an arbltrary domain S of the Euclidean Ek a glven function
F(xyy «.0) xk) of differentlabllity class ¢' has a finite Dirichlet norm

(1) HF Il = (Ss[(%% "’+...+(%§k)"']dvx)’/2

and if we consider the "distance"
(2) I F -HI|I

for all harmonic functions H having likewise finite Dirichlet norm, then
thls distance attains 1its absolute minimum, and the minimizing function H°
1s unlque (up to a constant, of course). Also, for any other harmonic func-
tion H of finite norm we have

(3) (F -H% H) =0
where
- F 2 SF 26
(%) (F,G) SS %;1 —a-% f e B axk)dvx ,

and this property also characterizes H°; and finally we have the inequality

(5) IR EIDYIE: I

24
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For the sake of completeness we will give a succinct proof of this
proposition in section 6 where we will also discuss the possibility of ex-
tending this proposition and theorem 1 from functions of class C1 to classes
D1 consisting of "plecewlse ¢ ifferentiable" functions as well; and we will
briefly discuss the "Principle" for Banach norms other than (1).

The eonnection with boundary values is as follows. If the boundary B
of the domain S 1s "sufficiently smooth", then for any continuous boundary
function f( § ) on B there exists a harmonic function H1(x) assuming those
values on its boundary. Now, H‘(x) need not have finite Dirichlet norm,
not even if S is the interior of a sphere, and on the other hand a function
of finite norm need not have continuous boundary values, not even 1if 1t 1is
harmonic. But 1f there does exist a function F(x) of finite norm having
the continuous boundary values f(% ), then the function,HI(x) just introduced
must be the same as the minimizing function H° previously introduced, so that
the solution H' of the boundary problem may then be obtained either by mini-~
mizing (1) or by solving (3), each time without reference to boundary values,
or finally by minimizing ||F|| for functions having the same boundary values.

The purpose of thc¢ present paper 1s to make this connection a more in-
timate one by attempting to e¢liminate the requirement that a continuous
boundary function shall be prescribed. It seems to us that mere finiteness
of the norm (1), or perhaps of some other similar norm, in a domain with a
smooth boundary, automatically generates a certain type of boundary function
which although not continuous is sufficliently tangible to allow the exlistence
of a harmonic function with the same boundary function and to make this har-
monic function unique. In the present paper we will not treat this problem
in general but only for the Dirichlet norm 1n the very speclal case of a
domaln whose boundary consists of a finite number of spheres; and we wish
to state that we place as much emphasis on theorem 2, or rather on its proof,
as on theorem 1 1itself.

The reader will note that for k = 2 conformal mapping will subsume a
rather general class of domains under our seemingly very particular type.

But for k 2 3 no such device 1s avallable, and an extension to non-spherical
domains would require a more searching kind of analysis.

Finally in section 7 we will also extend Douglas' solution of the prob-
lem of Plateau to bouridary functions of our general description.

1. _The Theorem.

THEOREM 1. Assumptions. ILet S be a bounded domain in Euclidean

Ek which is the interior of a sphere B, or, more generally, 1s
bounded by a finite number of (k-1)-dimensional spheres BO,B1,...,Bp,
and let F(x,,...,xk) in S be a function of differentiability class
c', for which the Dirichlet norm (1) is finite.



26 S. BOCHNER

Conclusions. (1) There exists a boundary function of
integrabllity class L? on every Bq, gso that 1f, for 1instance,

Bq is the sphere

(6) xf e xﬁ =1
and 1f 1ln polar coordinates

(7) T; 8,5 v 5 O,
our function F 1s an expression

(8) f(r; 6,, .., 8._,) ,

then there exlist almost everywhere on (6) a function

(9) (15 0,5 voes B,)
8o that
. - . 2 -
(10) 11_mr_91 SEB If(r;e,,...,0,_,) £(1; e1,...,ek_1)l dvg o]
q
holds.

(11) There exists In S a harmonic function Ho(xl,...,xk)
of finite norm ||H|| having the same boundary functions as F(x).
(111) We have |IF|| 2 IIHOII, equality holding only for

A}

(11) F=H .

(iv) For every other harmonic function H of finite norm
we have relation (3) and H° is the minimum of ||F - H|| for
all H of finite norm.

We note that the boundary functions (9) are functions of class 1?
relative to Euclidean (k-1)-dimension measure on Eucllidean spheres, and
that they coristitute a proper subclass of such functions of class 1@ and
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not the entire class. We also note that the mere existence of such boundary
functions could be obtalned quite easily and that our more elaborate analy-
sls is needed for showing that every element of the subclass 1is the boundary
of a harmonic function as well.

Also, part (1ii) of the theorem need not be proven independently since,
once parts (1) and (11) have been established, it .is a consequence of (iv).
But we have stated 1t separately because for the ordinary sphere it will
follow qulte rapidly without the passage over part (iv). Finally we note
that for a sphere our theorem wlill be an independent (though rather simple)
proposition, but thet "or a multl-surfaced domain S it will be only supple-
mentary to, and not a substitute for the ordinary version, In that the fol-
lowing proposition will be taken as known.

IEMMA 1. In our domalin 3 there exist harmonic functions assuming
any prescribed continuous values on the boundary.

2. _Dirichlct Integral in Polar Coordinates. The polar coordinates
(7) are certain transformatlions

(12) xj =r . zuj(61, e ek_1). i=1, ..., k
0)$ + . u)i = 1
where 8,, ..., 8, ., are Euler angles on (6), say, and for k = 2 we have the

ordinary transformation

(13) X, = r cos o, x, = r sin 6.

We now take for S the interior of (&) that is
(14) r <.

For k = 2, 1f we transform F(x1, ey Xk) into (&), we may set up the ex-
pansion

(15) f(r;e) = (Q‘T)_1/2 £,(r) + 2:‘n=1[t‘n(r) %ﬁ%7§g + gn(r) gifT%g ]

in

(16) or<1 ,
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and each fn(r), gn(r) is continuous in (16). We can then justify the ex-
pansions

[f‘(r) cos né gin ne

E R =

O L ~vem T2 i+ T,

(18) L ~Y ., [-nf(r) %wi—?ﬁﬂ + ng () 90—91—‘}8 ],
and If we substitute them into
(19) SS[(%—JF(—‘1 )2 + (%Q)Q]d.x‘dx? = lime_’o’a_)1 SdeS [(af 2 ( ) Ir ¢
we obtaln

1 -
(20) 1IFI1% = S [f'(P) +Zn—1 f"2+gn )Ir dr + Soz-m,ne(fi@fl)r !

For general k we first of all have

(21) e = § (§ 10857 + 177 Dy(r,1avg)r " ar
=0

where

(22) Do(®,¥) = &* $T- 3L

A}

and g‘ﬁ is the metric tensor on (6) as induced by its imbedding in E ; and

1/2
(23) dvg = g'/2 de, ... ae,.

Next we introduce a complete system of spherical harmonics’

1. See for instance N. Nielsen, Theorig, des Fonctions Metaspheriques
Paris 1911, in connection with E. Heine, "Handbuch der Kugelfunktionen," Band
I, 2nd ed., Berlin 1878, pp. 460-461.
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(24) P (8, vy 8 ;)

for
(25) ne 0,1,2,... ; =1, ..., 1,

and we assume that the system

(26) [P o

is orthonormal on (6), that 1is

(27) % P . P d v me) = (ne)
v =
o M S '8 io 1f (m,9) # (n,&).

If we Introduce the lanlacean

_ 1 =) 1/2 a5 O Q@
(28) Ae? = g‘ ’9 ae¢ (g / g aep) 2
then
(29) AePn’G, = -n(nek-2)P,

and thls lmplies
(30) D, (P P _ ) dv, = n(n+k-2) §% 8%
5] m,r >’ "n,e e + m g’

In analogy to (15) we now set up the expansion

(31)  £(r5 8y, ees By) ~ Lo (r) Py (8),enms8 )

ngy fn;r
and i1t can be shown that it and its formal derivatives

Qf
dr

(32) ’UZ n,@' fnl’o, (I‘) Pn,e‘ (61,‘."'0]{'1)

29
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P
Df . n,e
(33) ae‘NZn,a' Ihe (T) 3%

are boundedly convergent in (0 {)é < r { a({ ') and that they may be
employed for an evaluation of the right side of (21). WIith the aid of (27)
and (30) we then obtaln

1
(34) JIFII® = EM, Sotfr'l (r)2 X7V 4 n(n+k-2) Che (r)2 %73y ar

which i3 a generaliratlon of (20).

3. A One-dimensional Minimum Problem.

THEOREM 2. For n 2> 0 and k 2> 2, Integers or not, if f(r)

in (16) 1s absolutely continuous 1n the neighborhood of every
point and if the norm

1
(35) M = S (£ (r)? K71 4 n(nek-2) £(r)? X737 ar
0

is finite, then
(& ) the limit

(36) £(1) = m, _, (r)

exists,

( (3 ) we have
(37) n [£(r)1% { M°

Ino<rg1, and
( W) for £(1) = 1 we have

(38) M > n

with equality in (38) holding only for
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(39) f(r) =™
PROOF. We make the transformation r = et and denote f(r) by @q(t)
so that
(40) SO [ @'(£)2 + n(nvk-2) @(t)?] e (K720t ¢
From
] 1
(41) ( S T (t)l at)” g S Q)2 at { K2 M ¢ oo
o] o]

it follows that ?(t) 13 absolutely continuous in 0 { t { 1 so that the limit
(42) Qo) = Um , o @(t)

exlsts, which proves (d ).
In proving ((3) and (y) we will first consider only the case k = 2

in which case
o 1 [a} [») 2
(b3) M = ( (t)" + n® @(t)"] at
N 9

and we will also assume n > 0, since for n = 2 everythlng can be verified
trivially. If we put (-t) = §(t), 0 <t < oo, then Q(-t) = - @t),
and Q(t) and Q(t) both belong to L (-0, o ). By the theory of Fourler
Transforms® there exists an even function '}(<1) such that

o0
(14) q;(t)f\a(a'ﬂ')"/Q S eltat F() aa

- o0

- -]
Qt)m (em)V/2 S el ga oo ad

- 00

2. Sce S. Bochner and K. Chandrasekharan, 'Fourier Transforms," Princeton
1oko, Chapter 1IV.

-
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and, by Parseval's relation, (40) is then equlvalent with

Qo
(45) S }(d) (A2 4 n°) da = M?
(o]

Therefore we have

Qo 2
L6 a )l ad 2(a 2y n2yd da V.
( ) (SOI}( ) ) S So}(d)( +n%) o o&Z4n® S 2n
and thus
2 2 e 2 M2
(47) P’ 2 (fiparnaarg B,

which proves part ((3 ), for k = 2. 1In order to prove (K) we have to
minimize

(u48) So}(a)i’ (24 n?) aa

under the condition

1/2
(49) ¢(0) = (= S M) ad =1
Since
oo -
(50) §, araa ¢ Sol}(a)l ast
relations (49) and (46) ilmply
(51) ’ 1M,

which 1s (38), and equality in (51) can occur if and only if it occurs in
(46) and (50); thus, if and only if
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()2 (&2 4+ n?) = const. (a2 4 n?)7!
that 1s
=1

Y o) = const. (a2 + n?)

and by (44) this is equivalent with @(t) = const. e-nt, that 1is with (39).
For k > 2 we put

(52) P(t) = Y(t) exp(E52 ¢t)
which implies

(53) M2 = S”[(n + £22)2 ()2 + (k-2) Y(t) Y(E) + Ye)?) at.
(o]

Since for n > 0 the integrand is a positive definite quadratic form in
'\‘r,qr', the finiteness of (53) implies the finiteness of the integrals

o0 oo ,
2 2
(5%) S (t)“dt, S (t)° at
oY o ¥
and hence also the existence of

o0
(55) Soir(t) ¥'(t) dt.
Also® the finiteness of the integrals (54) implies the relation
1imy 5 oo \\’(t) =0,

and therefore (55) has the value

o0
(56) ! SD Ay (£)2) = - & (0)? .

2. See 8. Bochner and K. Chandrasekharan, "Fourier Transf’orms," Princeton
1949, Chapter IV.
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Thus (22) lmplies

(57) M s K52 (o) % [(n + 52)2 ()% + Y1 (£)°) at ;

and I1f wc compare thils with (4%), then by what we have already proven for
k = 2, we first of all see that for \y(o) = ‘P(o) = 1 we have

M2+k—? 2n+k;2

2

that is (51), with equality occurring only for

2yt ,

\y(t) = exp [-(n + k

that 1is (p(t)'= e-nt, or (39). Furthermore, by (@) for k = 2 we obtain

(n + 552) ()2 ¢ w4 K22 r(o0)?

and hence
k-2 2 2 k-2 2
(n + —2_) supy ‘\\f(t) g M® 4+ 5= supg *’(t)
or
n supy 1.‘1‘(1:)2 £ M2 ,
and thus

k-2
nf(r)QgM21"2 < M,

which completes the proof of the theorem.

4. Interior of a Sphere. If S i1s the domain

(58) x$+...+xfc<1
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and ||Fl| is finite then we may apply theorem 2 to proving Theorem 1 in the
following way. Part (A& ) implies the existence of the 1limits

(59) f (1) =1lUm, _, F (r)

n,e n,e

for all combinations (25), n = 0 Included. Next, (f?) implies the estimate

1 >
(60) Z_ (D& n fhe (M) IR

g =1

uniformly in 0 { r { 1. In particular, (59) and (60) imply

ln
(61) EMEM o (112 ¢ oo ;

and ther:fore, by the Ries:-Fischer theorem, there exists on (6) an Le-
function, which we will denote by f(1; PRERPL ), such that

(62) £(15 8,508, )V Loy o £ o (1) By g (0),
Also, (59) and (60) imply

2
(63) Lim, ) 2ap o g (0) - £ o (112 = o,

and therefore we have relation (10), which proves part (1) of Theorem 1.
We also note, that our boundary function (62) i1s null if and only if

(64) fn,e, (1) =0, n= 0,1,2, «.. ;

= 1,00, 1,
and that (64) implies not only

(65) Self(r;e)le dvy = ):.n,e, Ifhe ()21 =20, ra,
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by (10), but also

(66) Znﬂ nf (r)2 = o, r->1,

on the basis of (60).

We will next insert a remark, which will be of no particular consequence,
about the nature of the subspace Lg of L? consisting of boundary functions.
For f'xcd k, if we put h = n(n+k 2) then in the series (60) and (66) we
may replace the factor n by h 1/2 without any substantial changes of con-
clusions. Now, by (29), the numbers X are the eigen-values of the posi-
tive seml-definite operator - [&e on (10), and the numbers A 1/2 thus per—
tain to 1its uniquely determined positive semi-definlte square root (- A )
Thus Ig is the precise domain of existence of the latter operator, and since
the factors )\ 1/2 may also be inserted in (63) and (66) we not only have
convergence 1n norm of f(r;e) towards f(1;8), but also of (- D ) 1/2 f(r;e)
towards (- [; )1/2 f(1;e), which then 1s the precise scope of convergence

Now, with the numbers (59) we set up the series

(67) Ve g (1) By (6)

n,s

Since the system (26) is orthonormal and since the multiplicities ln are
known not to grow faster than a power of x, it follows from (61) that the
expansion (67) is absolutely uniformly convergent in every internal sphere

0 ( r{ ry < 1 and thus 1s the <xpansion of a well defined harmonic function
H® (x) in (58) Also

(68) 112 = D, nf o ()7,

-4

N
and its boundary function is (62), which proves part (11) of Theorem 1.
Part (1iii) follows very directly from (y ) 1f we compere the expressions
(34) and (68), and we are still left with proving the more comprehensive

part (iv).
Since F - H° has a boundary function zero, it suffices to prove that in
general we have

(69) (F,H) = o
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for any function F with boundary function 0, and any harmonic function

(70) HX) ~ g e T hy g (1) By g ()

for which

(11) Zn’a nhye (12 oo

Now

(72) (F,H) = 1im_ S ( 5‘-?(71" —3%1,« o) dvy

2 2, 2
X7 oot xk<r

and, due to A H = 0, the integral on the right is

(73)

’

oh(r,e)
Se f(r,oe) T dve

and this has the value

(74) zn,s‘ nfn,er (r) 7! h) & (1) .

However

(75) (Lo Infy o (M) o (N2 K Dy nfy o (12 Ly grhy o (1)7

and (69) follows now from (66) and (71).

5. Other Domains. If Bo is the outer spherical boundary of 8, and if
we normalize it to be the surface (6), then there is adjacent to it a shell

(76) rOSr<1

which 1s part of S. By a suitable smoothing p::'Oo:zess15 we may construct in
(58) a function F(x) which equals F in a sub-shell

3. See S. Bochner, "Remarks on the theorem of Green,' Duke Journal 1 »
D 33%o338. s » 3 (1937)
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(77) r, {r<1, r, < 7,

and has finite norm in (58), and in this way we obtain for F a function (9)
with property (10) relal.lve to Bo'
In order to deal with inner boundary spheres we will require a partial

analogue to Theorem 2.

LEMMA 2. For n 2 0, k > 2, if

o0
(18) M2 = S (er(r)? vK73 4 n(nek-2) £(r)2 v¥71] ar
1

is bounded then the 1limit (36) exists and for n > 0 we have

(79) (n+ 52) 1712 ¢ WP .

PROOF. On putting r = e®, f(r) = @(t) we obtain

(k-2)t dt

’

(80) M = S [ @' (t)2' + n(nwk-2) @(t)%] e
0

1
1
and ( S l@ ' (t)] dt)? 1(t)2 at ¢ M?
o9 < 5@ <

implies first of all (36). Next, for k = 2, (80) 1s the same expression
as (40) and thus (79) holds. However, for k > 3, 1f we put

Yit) = @t) exp(2 ),
we obtain

had ‘ '
M? = S [(n+552)2 Y(t)2 - (k-2) ¥ ¥+ § 2] at
0

and for n > 0 we ‘conclude
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@ -
S ((n + 5297 (£)? + yi(6)%) at = M - K22 y(0)? ¢ o
0

and hence (79).
Suppose now we have normalized an inner sphere B1 to be the surface

(10). Then there exists a layer

(81) 1 {r< r,

which i1s a part of S. But then there exists a function F which 1s defined
in the total exterlor

(82) 1<r< oo,
coincides with F in a sublayer
(83) 1 {r< T, r, < r,

and vanishes outside a certain large sphere, so ag to make the integral

%

oF 2 oF 2 2
(84) 8”1[(371) RS RO

[J]

finite. It now we Introduce for % the expansion (31), then the latter
coincides with F In (83), and since (84) mplies

(r)2 X3, £ (121 dr=M ¢ oo

2

n,s [n(n+k-2) T

n,s

we agaln conclude from Lemma 2 the exlstence of a boundary function (9)

for which (10) holds, and again the validity of (60) and of similar relations.
Having secured the boundary functions Fq(S ), we associate with them

harmonic functions Hq(x) in the following way. With F_ ('§) we assoclate the

harmonic functions Ho(x) which is defined, schematlically, by the series (67)

and thus exists inside the entire sphere bounded by Bo' But with B‘ (and

then B,,...,B,) we associate schematically the series



4o S. BOCHNER

-n-k+2 &
(es) Te TR L ) By (0)

end this defines a harmonic functlon H1 in the entire exterior of B,. If
now we form the sum Ho + H o+ oo , then 1t 1s defined and has a finite
Dirichlet norm in S; and the difference F - (HO +H o+ . Hp) has bound-
ary functions which are analytic each. If with these boundary functions we
construct the harmonic function Hp+1 according to Lemma 1, then it again has
a bounded norm, and the function

Ho(x)=H0+'H1+...+}{p+1

satisfies part (11) of Theorem 1.

We still have to prove part (iv) and we will again verify (69) under
the previous assumptions. We approximate to our domain S by an approximating
domain 3' which 1s bounded by spheres Bo’ B ey BI" such that each Bq is
concentric with Bq, and we will prove that

oF 9H 9F 9H
(86) SS' ( 3% + e + o%, axk) av,

tends to 0 as S' —» 3. Now, the integral (86) is the sum over q of the
boundary integrals

(87) SB 3 oae,

and we claim that each of these converges to 0 as Bé-# Bq. Consider for
instance the outer boundary Bo ~ the others can be dealt withyin a similar
way - and assume again that it is the surface (6). In the adjacent layer (76)
we can write H = H' + H° where H® exists for r 2 Ty and H' exists and is of
finite norm in (58), and it suffices to show that the two integrals

) 2
Sf(r,e) e TR Sf(r,e)——g—g-— aw ,

geparately tend to 0 as r 1. For the first integral this has already
been proven in Section 4, and for the second integral the proof 1is even
simpler. The sguare of its absolute value is
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2
2
< Sf(r,e)2 dw g - S|—%§—| dw, ,

but the second factor remains bounded as r -1 and the first tends to 0
by relation (65), and thus the proof of our theorem is completed.

6. General Reémarks on Dirichlet Principle. If in an arbltrary domain
S of the Euclidean Ek we consider the family of harmonic functions h(x1,...,xk),
then it follows from the Poisson integral formula, as applied to a circular
neighborhood of any point, that a bound of |h(x)| in a compact subset S' of
S also majorizes each partial derivative M

14
al".‘ + eee +rkf

r b
ax1 Teas xk k

in any compact subset S" of the interior of S'; so that, in particular, any
sequence of harmonic functions which are equally bounded in every S' con-
tains a subsequence which is uniformly convergent, with every partial deriv-
ative, In every S'. But more is true. The Poisson formula gives in partic-
ular the volume average

h(x) = Y‘(E) S h(x+y) dvy

u(xo)r)

from which we infer by Hdlder-Minkowski that
(88) Ihx)IP ¢ — Ih(x+y)IP av
m(u) u y

Therefore, uniform bounds for the volume integrals
§,. met vy,

and the more so for the integrals

1/p
1%
(Ss'lp(yn dvy) ,
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glve uniform bounds for h(x) 1itself and for its partial derivatives, and
imply the sequential compactness previously described. Also, if a sequence
of harmonic functions is convergent in Lb-norm over S', 1t also converges
uniformly in S", so that the Lp~11m1t is also & uniform 1limit, and hence

again a harmonic functlon,
We now take k real (non-harmonic) functions f1(x), ey fk(x) which

belong to L2 over S, and are determined only up to sets of Lebesque measure
0, and we assocliate with the vector

(90) £f=(f, o0y )

’

the Dirichlet-Hilbert norm

1/2
(91) el = (Ss(f‘12+ +f‘k2)dv)

which makes the space of such vectors into a Hilbert space with the inner
product

(92) (f,g) = SS'(I‘1g1 + ...+ fig) dv .

Thig Hilbert space will be denoted by N.
We ncw consider the additive subspace 10 consisting of such elements

H=(h, ..., h)

of /A as are gradient fields of harmonic functions

hja—g—fc‘—;, o=, een, k0
j

and we claim that 1° is complete in itself and thus & closed subspace of
I\ . In fact, if a sequence of gradlient flelds

(n)
2H
hj(n) - _ST.

is convergent in the norm (91), then every component is so convergent, and
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hence the components are convergent uniformly. If therefore the additive
constant in H(n)(x) is so normalized as to make all Hn(xo) = 0 at a joint
point xo, then these “unctions are likewise uniformly continuous, the limit
being again harmonic, and the 1limiting vector field being its gradient fleld.
Now, in any Hllbert space A , if f is an arbitrary fixed element of 1it,
and h 1s a variable element of a closed subspace 1° then ||f - hl], for h
in L°, attains 1ts minimum, and the minimizing element h° is unique, &nd it
is characterized by the fact taat we have (f - h°, h) = 0 for all h in L°.
All of which adds up to being an "abstract" version of Dirichlet's Principle
without any reference to boundary values.
We note that the results just stated apply to any element f of /\ and
not only to a continuous gradient field

9F .
(93) f‘j= ax‘j s J=

1, voes K,

say. But now take a sequence of such gradlent filelds

(n)
(n) _ @F* 7
(94) fj“ - “ox;

in /A and make the following two-part assumption; the sequence of elements
,ﬁ,(n)] converge in J/\ towards some element {f.}] in norm, and the functions
F(n)(x) themselves also converge towards some cgntinuous function F(x),
uniformly in every S', say. It can then be shown that this function is then
indevendent of the speclial sequence of gradient flelds (94) thus converging
towards f, and that it is what we have called a "weak solution"h of the
system (93); the meaning of this last statement being that for any functions
@ :(x) with continuous derivatives in all of 3, but vanishing outside some
nelghbordood in S each, we have the DuBols Reymond relations

AN
SS(Fa—x-J}— +f; @) dv = o.

It can further be shown that our theorem 1 fully applies to a function F(x)
of this description, and this probably covers every type of "plecewise 4dif-
ferentiable" functions to which our theorem would be extensible by inter-
preting the concept of a derivative in the literal manner.

4, S. Bochner,"Linear partial differential equations with constant coef-
ficients,"Annals of Math. 47 (1946), pp. 202-212, Compare also Bochner and
W. T. Martin, Several complex variables, Princeton 1948, p. 158 ff.
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Returning to the Principle itself, we now define a Banach space .f\p
by using the norm

1/p
(95) e, = ( Ssuqlp +eee s U0 IP) av)

instead of (91), for p 2 1. The subspace Lg of gradient fields of harmonic
functions 1s agaln a closed subspace, and we clalm that

Ap = infy 570 1€ - bl

ig again |If - h®!| for some h®. In fact 1f we plck a minimizing sequence

h{™) such that
e - a8 5\,
then a subsequence k conv.orges towards a gradlent ficld h® for which we have

1/p
(SS"(m -nQIP + oo w dr - B2IP) dv) Y

for each compact S" in S, and hence by a limiting process for S in lieu of
S". We thus obtain |If - h°[| { A, , and therefore finally

0 -
He =011 = Ap .
If there are two minimizing functions h1, h2 then this implies
A

1 2 . -2
e - B2y = B2y e R
2 2 2

y

but for p > 1 the unit sphere in f;p is strictly con.vex,5 and the last
relation impliles h' = h2, so that we agaln have unlqueness. But for p =1
we can imply n' = n? only on such subsets So, on which neither f, - ht = o

nor fj - h§ = 0. If now the components fj are all analytic functions in the

5. Compare J. A. Clarkson, “Uniformly convex spaces," Trans. Amer. Math.
Soc. 40 (1936), pp. 396-41k,
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real variables x,, ..., X, then we again have n' = n? thr*oughout:.6
Finally we note that these I\D-statements also hold for the modified
norm

2 2 2 1
( SS(q baeoa £, yP/2 gyyt/P

which 1s structurally closer to (91) than (95) 1is.

7. Remarks on the Problem of Plateau. For k = 2 1t was shown by
Douglas7 that the Dirichlet integral (20) has apart from a factor the value

2m 2 2
(95) S S (e(e) = £(@))%  jeqq
0 0 sin® —9-%—5L

Jicre £(8) 1s our boundary function of F(x). This expression is valid for
non-continuous functions as well, and the proof of Douglas 1s then also valid.
His solution of the problem of Plateau consisted in showing that if a system
of continuous functions f1, ceny fn with finite values (95) constitute a
curve without mult.ple polnts, then the value of

n 2
o oW 2., . (£,(A(8)) -~ £,(A(P)))
S i=1 i i dedQ
0 0 sin® Q—é}SL—
for all one-one continuous transformations o' = N(e) of the circle into

itself attains its lowest possible value for at least one such transformation
A’(e) likewise continuous.

Any such transformation carries measurable functions into measurable
functions, and we wish to point out that Douglas' argument retalns its valld-
ity for non-continuous functions Fi(e) under the following additional assump-
tions. The functions fi(e) are bounded, and what 1s decisive, corresponding
to any € ) 0 there exists a & ) 0 such that for |6 - @[ > € we have

(f(8) - £,(@)7 2 §(€),

and this 1s a rather precise way of demanding that the "curve" have no mul-
tiple points, without invoking continuity.

6. Compare for this Bochner and W. T. Martin, l.c., p. 118,

7. J. Douglas, “Solution of the problem of Plateau," Trans. Amer. Math. Soc.
33 (1931), pp. 263-321.



III. THE FRECHET VARIATION AND PRINGSHEIM CONVERGENCE

OF DOUBLE FOURIER SERIES

By Marston Morse and William Transue'

1. Introduction. Tests for the Pringsheim convergence of the double
Fourler serles of an integrable even-even function f with values f(u,v)
and period 2T 1in each variable have been given by Hardy (1), W. H. Young,
Tonelll, Gergen (1) and others. The serles 1s tested for convergence to

s at the origin and one sets ¢(u,v) = f(u,v) - s. Practically all of the
tests previously given use directly or indirectly the Vitall variation
either of a function or of an indefinite integral. To recognize this fact
one must recall that if g 1s integrable over an interval Q the V-variation
[V=Vitall] V(Q,g) of the indefinite integral g of g over Q is

(1.1) V(Q,E) = SQ § recs, el asat.

For example the generalized Dini condition ([see Gergen (1)] may be stated
in the form

(1.2) V [I, ¢/uv] < o

where I is the interval (0, W] X (0,T]. .

That this almost universal use of the Vitall varistion in the formula-
tion of tests 1s not altogether natural and 1is unnecessarily restrictive
appeared to the authors as a consequence of theilr study of bllinear func-
tionals over the space of Cartesian products C X C. Here C 1s the space
so deslgnated by Banach. For the Dirichlet integral used in representing
the partial sums Smn of the Fourier series appeared as a billinear functionsal
in which one substituted elements fn and fm in the space C(0,T] with

1. The contribution of Dr. Transue to this paper is in partial fulfill-
ment of a contract between the Office of Naval Research and the Institute
for Advanced Study.

L6



III. THE FRECHET VARIATION L7

interval (0, ], where

r(u) sin(n + ;—)u £ (v) sin(m + 32—)v
u) = ——— v = ———— .
n sin % m sin %

For most purposes the most natural technlical instrument for studying bi-
linear functionals H on C X C is the F-variation [F=Fréchet] applied to
the distribution function assoclated with H.

The applicatlon of this general concept to the study of Fouriler series
became possible only because in other connections (namely the variational
theory of general quadratic functionals) a technique had been developed.
With thils start each of the tests considered by Gergen (1) (with the excep-
tion of that originating with Tonelli) was given a form in which the implicit
use of the V-variation was explicitly replaced by a use of the F-variation.
Tests designated by Gergen (1) by symbols

(1.3) (J) (Vy) (Dy) (¥) (Yp) (L) (L) (Lp) (Lg)

were so modified and denoted by the same symbol with the parenthesis removed.
For convenience we term the tests (X) in (1.3) classical and our new tests

X, MI-tests. To give an example our Dini test Dy, replacing (DY) as glven
by (1.2), 1s merely

(1.4) P(I, §/uw) < oo f{I = (o, T] X (0, ]}

where P(I,g) is the F-variation of the function g over the interval I, and
g is any indefinite integral of g over I. Our new tests are explicitly
defined in §2 together with the classical tests (1.3).

We show first that each of the MI-tests 1s sufficlent for the Pringsheim
convergence of the Fourler series at the origin to s. The greatest interest
in this new departure 1s of course a comparison of the classes Kx and K(x)
of functlons ¢ respectlvely satisfylng an MI-test X and the corresponding
classical test (X). It should be recalled that the test (LR) 13 due to
Gergen who has shown that the class K(LB includes each other classical
class K(x). However no proof has apparently been given by Gergen or others
that the other classes of Lebesgue type

LI () ()

(1.5) » K » K
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(Lg)
are proper (i.e. smaeller) subclasses of K LR . With this background our
first comparison theorem is somewhat surprising.

(Lp)
THEOREM 1. 1. The Gergen class K LR includes none of the
MI'-classes
L L V.
(1.6) K F KLP,K’,K2 K Y, &3

) 2

The class K(YP) includes none of the MIP-classes. Each MI'-class
Kx includes the corresponding classical class K(x) as a proper
subclass. Thus the MI'-class K R includes each classical class
as a proper subclass.

In proving the non-inclusion relations 1t was necessary to depart
from the classical examples, due largely to Hardy, and from the¢ product
functions with values 'YH(“)‘Vé(V)’ and use (apparently for the first time)
truly two dimensional examples. A minor but interesting gap2 in the 1-
dimensional theory dating from Pollard’ 1927 has been filled by the authors
on showing that for 1-dimensional tests 1n the notatlon of Gergen (2) p. 255,
(YP)=>(L2). See MT' (10).

The relation between the MI'-tests themselves remain substantially the
same as those between the classical tests as established by Gergen (1).

In Figure 1 part of these relations are represented. Two tests X and Y are
termed incomparable if neither of the classes Kx or KY includes the other.
In Flgure 1 the class KY 1s represented by a semi-circular region bounded
by the semi-circle bearing the symbol Y. The 1lntersection of two semi-
circular regions indicates the incomparability of the corresponding tests.
Inclusion of a region in another indicates incluslon of the corresponding
classes.

In Figure 2 a full vector leading from X to Y indicates that X=Y
in the sense that a functlon ¢ satlsfylng conditions X also satisfiles
conditions Y. The dotted vectors indicate an lmplication whose truth or
falsity remains unestablished. Apart from the dotted vectors the diagram
is complete in that any additional full vector drawn between two vertices,

2. In the notation of Gergen (2)
(Yp) = (Y') + (C,) .

Pollard shows §(9) that (Yp) -#(L§) (Gergen's notation). Our result
(Yp)=>(Lp) implies this theorem of Pollard since \L,)=»(Lp). See diagram
Gergen (2) p..255 and footnote.

3. Referring to the theorem that (Yp) implies convergence of the Fourier
series Pollard writes: "There appears to be no simple way of deducing it
from the commonly accepted form of Lesbesgue's criterion." In establishing
the relation (YP =§(L2) we have however given such a deduction.
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but not logically implied by Figure 2 or indicated as doubtful, would have
a false implication. For example, Figure 2 indicates that conditions Yf
are not implled by counditions Dy, Vy, L1, LP’ LR

In terms of @ and with x 2 0 y 2 0 set

A x .y
?(x,y) = So So @(s,t) ds at .

Let I,  denote the interval (0,x] x (0,y]. Conditions C° and cO (weak
versions of clessical conditions) are as follows.

C%:  PlILy, §1 = o(xy) (x>0, y>0)

cO: PILey, $1 = O(xy) (x>o0,y>0) .

The equivalences
L1 ELQELP+C°§LR+C°; LP:LR+CO

parallel equivalences found by Gergen in the V-theory.

We have not generalized the Tonelll Test [Gergen's extenslon is denoted
by (JR)] since (JR) does_not use the V-varlation.

However our class K includes the Tonelli class a8 & proper subclass
since

Ip _ () _ (9

K o K

and since the first inclusion (due to us) 1s proper. The second inclusion
1s due to Gergen (1).

In preparing for this paper new aspects of integration theory were
discovered. In particular we find that our FL-integrals aré a subclass of
Harnack-Lebesgue integrals with special properties not shared by HL-inte-
grals in general. See MI' (11).

2. The tests defined.

Limit notation. This notation follows ILandau and Gergen (1). Given
functions h and +y with values h(x,y) and +«(x,y) defined for all suffi-
ciently small positive values x and y write
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(2.1) h(x,y) = ol¥(x,y)}

1f corresponding to each € > 0 there exists a §( e€) > 0 such that
(2.2) In(x,y)l < el ¥(x,y)l [0<x< 8(e))l [0<y< &e)l]
Similarly write

(2.3) h(x,y) = 0fvy(x,y)!

if (2.2) holds for some e > 0 and all sufficiently small positive x and
y. let k be any positive number exceeding some constant and hk and Y
be any two functions of the type of h and . We write

(2.4) hk(x:Y) = al\yk(x:Y)‘

if corresponding to each & > 0 there exists a ke > 0 and thena 8(k, €) > 0
such that

(2.5) |hk(x,¥)| g e"\rk(x,y”
for
(2.6) 0¢x< 8k, e), 0<y< 8k, e) (k2k, ).

Finally write

(2.7) h(x,5) = Ol (x,¥)}
\
1f corresponding to some e ) 0 there exlsts a k, and &§(k) such that (2.5)
holds for some constant e€ for 0 { x { §8(k), 0 {y < &(k), and k D> k.
If for fixed (x,y), hk(x,y) decreases monotonically as k increases the pre-
ceding condition can be stated in terms of a 80 independent of k.
Conditions (2.1), (2.3), (2.4) and (2.7) respectively imply that

h(x,y) = A(x,y)o(1), h(x,y) = ¥(x,y)0(1)

h(x,5) = V¥ (x,7)0(1) h(x,7) = ¥ (x,7)0(1).
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The relations

h(x,y) = o(1), h(x,y) = 0(1), h(x,y) = o(1), h(x,3) = 0(1)

respectively imply that

h(kx,ky) = o(1) h(kx,ky) = 0(1)

hk(kx,kY) = 6(1) hk(kx:ky) = 6(1)

The relation h(x,y) = o(1) implies the relations

A(lh(kx,ky) = o(1)
(2.8) Ak)h(x, ky) = o(1)

AMk)h(kx, y) = o(1)

for arbitrary a(k), etc.

Intervals. An open interval in the 2-space R, of points (u,v) of the
form of a Cartesian product (a,a') X (b,b') of two open intervals will be
denotec'l b)" (g‘:g) . The corresponding closed interval will be denoted
by [: :g ] More generally we shall admit 2-intervals of the form Q = U XYV,
where U 1s any one of the intervals

(a,a') [a,a'] (a,a'] [a,a')
and V any one of the corresponding intervals in which b and b' replace a

and a'.

The Fréchet variation. let g map a gensral interval Q into R1, the
axis of reals. If Q 1s closed the F-variation P(Q,g) of g over Q is well
definied. See Fréchet or MT (1). If Q 1s not closed one defines P(Q,g)
by the condition

P(Q,g) = sgp P(J,g8)

taking the sup, over all closed intervals J ¢ Q. If Q= [:"g'] or (:"E'
’ ?
we shall write respectively
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al,b! a',b!

P(Q,g) = P [a ,t>] (g) P(Q,g) = P (a, b ) (g)
[a',b'] (a.',b’

V(Q,g) = V a, b (8) V(Q,g) = V a, b (g) .

The class f‘(Q). let K be a straight 1line segment parallel to an edg
of Q and in Q. The segment K need be neither closed nor open. If g is
defined over Q, the function g|K defined by g over K maps K into R1 and
the total variation T(K,g) of glK over K is well defined and possibly in-
finite. If K and K' are two sections of Q parallel to the same edge of ¢

(2-9) T(K;g) S T(K'!g) + P(Q:g) .

See Fréchet or equation (3.0) MI (5). We say that g is in F(Q) or satist
? over Q if P(Q,g) < oo and if for at least one scctlon K of Q parallel

an arbitrary edge of Q, T(K,g)  oo. If g is in ﬁ(Q) g 1is bounded and
measurable over Q. Sce MI (6) §2.

The class \7(Q). This class 1s defined as was ﬁ(Q) replacing the cor
dition P(Q,g) € oo by the condition V(P,g) { oo in its definition.

The class FL(Q). The function g will be sald to be weakly in L over
Q if g 1s In L over every closed subinterval of Q. If Q is closed g is 1
L(Q) 1if weakly In L over Q. If g 1s glven as weakly 1in L over Q we shall

set

_ u’ v
(2.10) g(u,v) = S S g(s,t) ds dt [(p,a) € Q]
P q

terming (p,q) the vertex of g. If
(2.11) P(Q,g) < o

we shall say that g 1s in FL(Q). As seen in §6 of MP(11) the value of

P(Q,g) is independent of the choice of the vertex (p,q) € Q. If g is in
FL(Q), g admits a continuous extensionh over Q called an FL-integral of g
over Q. See §6 MI (11). In general a function g e FL(Q) 1s not in L(Q).

See Th. 7.1 MP (7). If g is in L over ([7’T we set
b

L. The continuous extension of an FL-integral g over Q will again be
denoted by g.
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u v Wy W
(2.12) S 5 g(s,t) ds dt = g(u,v) { (u,v) e‘_o, o] }
(o] 0 .

We are concerned with the convergence of the Fourier series of f at
the origin to a constant s and set

(2.13) f(u,v) - 8 = q>(u,v)

In defining the various tests use will be made of the following conditions.

(Cy) P(x,y) = o(1)
(c,) P(x,y) = olxy)
X,
(2.14) c° P [o ] (@) = olxy)
X,y ~
c0 P [o o) (&) = olxy)
A [X ] ~
c P Lo (§) £ Axy (o<xg M) (0Cygm

where A 1s a constant. In Gergen CO, CO and CA are replaced by the con-
ditions

1 x}y
(2.15) (c°) v [0.0 (§) = olxy)
" 'x"
(2.15) (c©) v 1023] (¢ = owxy)
X,Y
(2.15) " (c?) v [0-0] (§) & Axy

The conditions (2.15) are easily seen to be more restrictive than the cor-
responding conditions C°, Co, ch. The left numbers of (2.15) are ordinarily
written in the form

X oy
(2.16) So So | g(s,t)| ds at .
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We write these conditions in the form (2.15) to make the relation between
the conditions using V and those using P clear.

Our tests are usually defined by two or more conditions on . If A
and B are two such conditions A + B shall denote the set of conditions A

and B. We shall refer to formal differences

(2.17)' FAY x 8lu,v) = g(u+x,v) - g(u,v) (x > 0)
(2.17)" l)y,g(u,v) = g(u,v+y) - g(u,v) (y > 0)
(2.17)"' ZSXJ g(u,v) = g(u+x,v+y) - g(u+x,v) - g(u,v+y) + g(u,v) .

The functions defined by these values will be respectively denoted (with
Gergen) by

(2.18) A e Ale Ay &

In aeddition to coordinates (u,v), coordinates (s,t) willl be used. The
functions

(2.19) A g A g VA"

are then defined as in (2.17) replacing x and y by s and t. The objectio
to this somewhat imperfect notation seem outweighed by its convenience.
also make an esnomalous use of g/u, g/v, g/uv, g uv etc. as designating
functions with values

1

g(u{rv) , g(u‘;V) , BW,V) oy g(u,v)  ete.

A}

respectively. The following conditions are components of our tests.5

Y' P Jc():%] {uv q} A xy (0 {x g™ (0 <y W)

> vy
5. The interval [0+: o+] is the Cartesian product (0,x] X (0,yl].
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L}; o ky_y]{ A q>} = o(x); [W_x ]{ b (P} = o(y)

MI'-Conditions. We understarnd that the conditlons

o

s ]

2l av)

o

= =
N o= n
lav] ¢}

1 ! ] n ! " 1 [1]
(Y) (L)) (L) (Ly) (L) (Lp) (Lp) (Lg) (Lg)

are as defined by Gergen (1). These conditions differ from our conditions
without parenthesis as defined above only in the use of V in place of P.

We refer to these tests as classical tests and to our new tests as MI'-tests.
Set T = [v > T . The MI'-tests and corresponding classical tests on

O+, O+
@ =f -3 are as follows.

MI-tests Classical tests
A A
Ig* F(I) + (Cy) (Jg):  V(I) + (C)
Vy: @ /uv satisfies Jy (Vy): @/uv satisfies (Jy)
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MI-tests Classical tests
Dy: PRI, §/w) < e (Dy):  V(I, 9/w)< oo
Y = Y 4 (C) (¥) = (¥') + (C,)
Yp= Y o+ (C)) (Yp) = (¥') + (C,)
L, = L +L +c¢° (L) = (L) + (L) + (C°)
L,= L,+L, (L) = (Ly) + (L)
Lp= Lp+Lp+ (C,) (Lp) = (Lp) + (Lp) + (C))
Lp= Ly +Lg+ (C)) (Lg) = (Lp) + (Lg) + (C)

The above conditions (CO) and (C1) involve nelither the V- or the F-
variation. The notatlon (Co) (C1) is old, the notation

c® c® A (c©) (% (M)

new.
Each of the above' tests involves the proposed 1limit s, since @(u,v) -
f(u,v) - s. In connection with VY set

~

o(u,v) = TLLV) f(u,v) eI}

uv

Where F(I) and V(I) are satisfied by ¢ we shall see that the limits
£(0+,0+) and 6(0+,0+) of f and 6 from the open first quadrents exist. In
these cases the conditon (Co) on ¢ implies that s = £(0+,0+) and 8 =
8(0+,0+) respectively. With this understood Gergen {and his predecessors
in the case of (JH), (VY) and (DY)I have shown that the "classical" tests
on ¢ 1mply the convergence of smn to s at the origin. We shall establis
the corresponding theorem for the MI'-tests. We first show that LR is suf-
ficient for the convergence of Sy to s, and then show that each other MI-
test X lmplies LR'
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3. The conditions LR proved sufficient. The axes in the (u,v)- plane
are 1}nes of singularity of the integrends appearing in the conditions IR
and LR Because of this it 1s useful to partition the square I = E% g
by straight 1lines u = ax, v = by, u= W- ax, v = W - by, where ax and by
are small and positive, and to consider geparately the nine different sub-
rectangles into which I is divided by these lines. The lines u = T - ax
v = T - by separating off the upper and right edges of Q correspond to the
special 1imits in the conditions, L,i‘ and Ly, which in turn are necessitated
by the use of the differences L)xf kaf and £>xyf in these conditions.
Lemmas 3.2 to 3.7 are concerned with these nine subrectangles of I and show

that the contribution of each such subrectangle to thc Dirichlet integral

(3.1) D‘P (x,y) = SI S ®(u,v) K(u,v; x,y) du dv

is o(1). Here

s].nj-.r—V csc

Yy

K(u,v; x,y) = KY(u,v) = sin 3%9 csc

oIS
o)<

As 1s well known the problem of proving that Smn converges to s may be
solved by provling that, with respect to pcsitive infinitesimals x and y

(3.2) DnP (x,y) = o(1)

We shall find it convenient to abbreviate the notation for an integral
by writing

(3.3) S:' X:' g(u,v) du dv = S[ b] (g) .

One of the lemmas essentlal to showing that the conditions Ly are
sufficient for the convergence of Sin to s 1s Lemma 3.3. The proof of the
uniform condition (3.13)" in this lemma may be made to depend upon an appli-
cation of the Helne-Borel covering theorem to 8 function J of an interval
[b,b'], a variable x and a parameter k with values J b (x) Such a function
willl appear, for example, In one of the forms

(3.4) l NERSITS ‘ P ] e
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X, b! - -x, b! ———
P lo,b ] (P) P kx, b J(D,g) .

We suppose Je gfx) defined for [b, b'] a subinterval of [0,7], for
1 {k< o0, and o { kx { § for some §. As a matter of convenilence we

define Jk g(x) as Jk g.(x) and assume that

(3.5) 0 £ Jp(x) £ I px)+ I 2x)

for b,b' and ¢ in [0, W) and that for fixed b, b', x, J, D (x) decreases
monotonically as k increases.

Lemma 3.1 will be applied to functions of type (3.4) and may be applied
to the corresponding functions found in Gergen (1) with V replacing P. In
Lemma 3.1 we refer to a function f with numerical values f(x) > 0, defined
for x small and positive.

LEMMA 3.1. For principal variables x > 0, y > 0 and for
f(x) > 0 suppose that

(3.6) I 2'x) = Bf(x)) [(b' -b) =y] (0<b<b' <M

when either b or b' 1s fixed and y = b' - b variable, and that
(3.7) Je 3(x) = Oly £(x)] [y > ol .

There then exist positive constants Xy ko, A such that
(3+8) g Yx) § Ay £(x)

foro(x(xo. 0<y¢« 1r,l-c>k°

Glven c &[0, W] there exist positive constants kc, 50, Ac and a
subinterval I(c) of [0, T ] open relative to (0, W], containing ¢, and such
1 ]
that for k > kc, 0{x< 80, snd F N @ in I(c) with [ < P

Cixy < A, £(x) .

(3.9) I o
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This follows from (3.6) when c > 0, and from (3.7) when ¢ = 0, taking account
of (3.5).

By virtue of the Helne-Borel principle there exists a finlte set of
values 0 = c, < ¢, < c, < oo K ¢, = T such that Union I(ci) = [0, 7] while
each I(ci) intersects 1ts predecessor for 1 =1, ... , n. Given an arbitrary
¥y € [0, ) there exists a chain of points Yo < ¥, < ... <K ¥, such that 0 = y,
and y = Yp while both vy and Yy are in I(ci_1) fori1 =1, ... , r. Set

(3.10) ko = max kci, 8, = min 501, A, =Aco + Ac1 + o+ Acn

Then for k > k,, 0 < x < §,
I1

r
. J ¥ J ALf
(3.11) T §. ey, () € Aoflx)

by virtue of (3.10). Combining (3.11) appropriately with (3.7) relation
(3.8) follows.
PROOF of Theorem 3.1. We begin with a lemma proved by Gergen (1) p. 39.

LEMMA 3.2. If (C1) holds and @ 1s in L(I) then for a > 0 b > 0.

ax , by x
(3.12)" S[o ] (@K®Y) = o(1)
T , T
(3.12)" S W -ax, TW-by (QKx’y) = o(1)
Integration by parts suffilces to prove (3.12)'. Formula (3.12)" 1s a

consequence of the boundedness of Kx’y(u,v) for arguments u,v bounded from
zero, and of the integrability of .
Lemma 3.3 parallels Lemma 2.2 of p. 40 of Gergen (1) but differs in 1ts

statement and proof'.

LEMMA 3.3. If (C,) and Lj hold then

, b
(3.13)" lS[’éb] (cp)l = o(x) [0<b< b I

for fixed b or b' and variable y = b' - b. Moreover

(3.13)" ISE&%] (cp)\ $ Axy (0<xg W) (0<yg§ M
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for some constant A.

We rewrite (9.6) of MI (11) in the form

oo 1SEET @l ¢ s 25 ] (2,6} ‘S[a ig°+§:] (g)\ [b'-b = y]

Interchanging the role of x and y, [a,a'] and [b,b']. In (3.14%) we now set
a=0,a'=x, b,=ky, g = Q. Relation (3.14) then becomes

cas 1SE8) (o) ¢ ¢ B2RT) (SO L 1B ST ) (@)
(3.16) ¢ e 5% o, - \S[o S S

where the Introduction of the internal factor % is compensated for by the
external factor W 1n accordance with Th. 6.2 MT (11) The terms on the
right of (3.15) are o(x) and o(x y) by virtue of IR and (C ) respectively.
Since the left member of (3.16) 1s independent of k 1t becomes o(x) and -
(3.13)' follows.

To obtaln (3.13)" Lemma 3.1 will be used, setting J g'(x) equal to the
left member of (3.13)'. With f(x) = x, (3.6) 1s satlsfied by virtue of
(3.13)', and (3.7) 1s satisfied on account of (C1). According to (3.8) then

(3.17) ‘SE&:% (q:)] < Axy

for sultable A and 0 < x < Xys O <y < w.
One can similarly establish (3.13)' with the roles of x and y inter-
changed, and i1t will follow that (3.17) holds for suitable A and 0 { y < Yoo
0<x < . It is clear that (3.13)" then holds as stated.
Modifylng Gergen's notation slightly set

A}

(3.18)" ggy(v) = 2 csc (!%X) - c8sc (ﬁ%gy) - csc (%)
(3.18)" i?tx’y(“’v) = gin (1Txu csc (%) sin (E§X) wI(v)
(3.18)" WY (u,v) = wX(u) sin TTxu wY(v) sin I%QL)

We shall refer to the relation
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(3.19) V3 1wV (v)l <A yP v ¥l < A ¥P

readlly established for 0 ( y { v { - y. See Gergen p. 42. By a straight-
forward integration by parts Gergen shows [(1) pp. 41, 4k, L5] that when-
ever (3.13)" holds

(3.20) S[%xj‘%—'-by__\ (@x**Y) = o(1) [a >0, b> o)
(3.21) S[gx;g_Qy] (@Q*Y) =3a01)

W -2x ,1T
(3.22) S[kx —bﬂ (@0%Y) = o(1) (O Y (u,v) = QY% (v,u)]

TWe-2x, W-2
(3.23) S[k-x s Ky y] wie Y \},x,y = o(1)

where ‘Wx’y(u,v) = q:(u+x, v+y). The symmetry of the conditions (3.13)"
imply that relations™ similar to (3.20) to (3.2%) hold with x and y inter-
changed when (3.13)" holds.

ILemma 3.4 parallels Gergen's Lemma 5, Gergen (1), p. 42. 1Its proof
however depends in an essential way upon the new lemmas on Fréchet variation

of MI (11).

LEMMA 3.5. If (C,) and Ly hold then

ax , T
(3.24) ;- Yo O](qu’y) = o(1) (a > 0).
ax , W -2y
Let Q = o , ky and let Qy and Q?y be the y- and 2y- translations
of Q namely

Qy= [a.x (k+1)y 3 {:ax (k+2)y

It follows from (3.20) and lemma 3.2 [Cf. Gergen] that J differs.by o(1)
from the integral of (pr’y over Q, Qy and Q?y, so that

(3.25) 47 = Y@, @x%¥1 4 2 §ro, @71+ Stey, ex0Y1 4 501 .

6. The relations obtained from (3.20) to (3.23) by interchanging x and y

will be called conjugate to (3.20) and (3.23). If (X) designates a given
relation (X)” will be used to designate the conjugate relation.
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Changes of the variable v of integratlion by virtue of which sz and Q_y have
the image Q will lcad to the relation

ax , -2 - -
(3.26) hJ=H"fy-3[o , ky yj (@OXY) + 6(1) = BV 4 5(1)

by (3.25) and (3.21) where

oY - Xa" s1n (¥) au '21[ [Q\(,u )] gAY“p(::V)] sin(I¥) ¢
o stin (%) stn (351) sin (%)

Let F**Y(u,v) be the integrand of HX’Y. According to (9.5) MI (11)

ax , T -2y —
(3.27) tH*Y| ¢ P [o , ky ](FM)

We shall use Th. 6.2 MI' (11) to simplify the right member of (3.27).
With the variables u, v, x, y limited as in the intcgrsl HX’Y

8in CTTE) (Tr = ) e

n

]
(3.27) sm(g) £ sin( ) X (x >0, ujo)
in (T
(3.27)" :—;—(\(myr—) < ;];%f) < 5 (y >0, v>o0)
2

It follows from Th. 6.2 MI (11) that

oy g I {P g [P Bey®) 4 er [gx:g_Qy}(&qu)]

Hence HX*Y = G(x)/x = 6(1) by virtue of condition L;. Hence J = 6(1) = o(1)
since the left member of (3.24) 1s independent of k.
Iemma 3.5 replaces lLemma 6 of Gergen (1) p. u3.

LEMMA 3.5. If Ly and Ly hold then

T -x, b7] i
(5.28) 3 b] {Gqu’lg = 5(1) (0 {b< b

for fixed b or b' and variable b'- b = y. Moreover positive
constants Xq» ko, A exist such that
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(3.29) [.“-x 3 ‘% § Ay

foro(x(xo, ko<k,0<yg1‘r.

In (9.12) of MI (11) set W= :—lecp and bo = Ky, a = kx, a' = T -x.
With b'- b = y and b' or b fixed

-x b]{ A q)-} SP Tr-x,gr-ﬂ {quyﬂ + P W-x,‘ign)y{ xq}

which 1s at most o(1) by L;‘ and Lf'; This establishes (3.28).

We apply Lemma 3.1 to obtain (3.29). One sets Jk géx) equal to the
left member of (3.28). It follows from (3. 28) that (3.6) 1s satisfied with
f(x) = 1, while Lg then implies (3.7). Relation (3.29) follows from (3.8).

lemma 3.6 corresponds to lemma 7 p. 44 of Gergen (1).

ILEMMA 3.6. If LR holds then

w,w
(3.30) S[o ,v-bﬂ (@x*Y) = o(1) (b > 0).
As 1in the proof of Lemma 3.4 one finds that
™, w-2x, W
(3.31) S[o :W-by] (@K©Y) = uy¥- j[kx x,Tl‘—by] (PATY)s5(1) = HYe 51

using (3.22), where

v stn(M)  emeex [A, @y) 28, ¢u,vi)
Vo 2X Tu
HJ1( Sv—by sin (g') v Skx [sin (‘-‘l—:‘)—x) sin (u+x) Js n ( X )du

Relations similar to (3.27)' and (3.27)" hold here with u and x replacing
v and y. It then follows from (9.5) and Th. 6.2 of MI (11) that with
@ = sin .l;l)l

(3.32) 1H?Y| %E[&_ngg-b;] {E_Z:x-q’\ e -b;_\ { A Q}]

Since TW-by may be considered bounded from zero the right member of (3.32)
1s 6(1) by virtue of (3.28). Hence (3.30) holds with a right member o(1).
But the left member of (3.30) is independent of k so that (3.30) holds as
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stated.

A translation principle. We shall state a principal already implicitly
used and to be used systematically in the followlng lemmas and theorems. ILet
Ty denote the translation of' the points on the v-axis which replaces the point
v by v+y. If V is an Interval of the v-axls T_V shall denote the translated
interval. If Q = UXV 1s a ?2-dimensional interval TyQ shall denote the in-
terval UXT.V. If k is deflned over Q with values k(u,v), and k(u, v+y) is
also defined over Q, we denote the function with values k(u, v+y) by Tyk'
The 1nverse translatlon T; 1s similarly used, replacing y by -y. With
this understood the translation principle states that

=1

and follows directly from the definition of the F-variation. In applying
this principle we shall use the fact that 'Ty(E) and TF;T(, differ by functions
of u and v alone and so have the same F-varlation over a common interval.

The translation principle will be used in proving lemma 3.7. Cf. Lemma
9, Gergen (1) p. 45.

(]
LEMVA 3.7. If Lg and Ly hold, and if F*’Y has the values

(3.34) FoY(u,v) = Eiéllaxcp(u, v+y) {(u,v)EE(L,,Br-ﬂ}
then
(3.35) J, =P E'X;E'Qﬂ =9 -0

By the translation principle

w-x , W-y

(%.326) Jy = P lkx , (k+ )y] {—I‘x_’&} [where £5°Y(u,v)= ‘\*—-y—%:y—leQ(u,v)] .

In accordance with (6.20) of MI (11), J, £ J' + J" where

w-x,mw- 1
(3.37) 5= oY (w-2y)| P [kx s (kZ1 )y] {G qu)}
" _\T-y “T‘x, \'4 1
d = S(k 0 Iwg(v-y)l P \kx , (k+1 )y} {u qu)} dv .
+1)y

Since wy(Tr-ey) = 0(y2) by (3.19), and since (3.29) holds, we infer that
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JV = 5(y2). In the case of J" use is made of the relation Vulcag(v)l (A y2
given by (3.19). As a conseguence

lwy(V -y)l <A{_(v y)

and using (3.29)

o= 5{},9 oy —vdv_
(k+V)y (v-y)
Y 2 w v+y)dv =
= 0 y A . -(—lg— = 0(1)
Yy v

Thus (3%.35) holds as stated.
We shall refer to the 1elation obtained from (3.35) by an application
of the translation principle.

m-ox, T 2&] —_— _
(3.38) JQ = P [kx Ky iFXy} = 0(1) [where ny(u,v)== "%—ﬁ;)-A Q(u+x,v+y)]

Summary of preceding lemmas. Lemmas 3.2, 3.4, 3.6 and relation (3.20)
concern integrals with the integrand of the Dirichlet int??ralqu(x,y),

taken over rectangles adjacent to an edge or a vertex of 0,0) = I. Accord-

ing to these lemmas for a > 0, b > 0

(3.39) S%xigy](tpx"’y) = o(1)
(3.40) SG"-M;?T_W} (@K*Y) = o(1)
(3.41) S[%XTJ] (@k™Y) = o(1)
(3.42) 2 To) (x09) = o)
(3.43) S[%x:;rr-by (@K“Y) = o(1) .

Corresponding to the last three relations there are three other relations
obtained by interchanging the roles of x and y in the limits. 1In all there
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are four corner rectangles and four rectangles adjacent to the four edges of
I. We shall use these relations in proving the principal theorem of this
section.

THEOREM >.1. When @= f - 5 satisfies Lp over I, then tre
Dirichlet integral Dq (x,¥y) = o(1).

We begin with the formulas used in Gergen's proof of his Th. 1. It
follows from the eight relations in the above summary that

w -2x w-x
(3.44) 16 Dq,(x,y) = {S + 2 S + } Q{: Y(u) du + o(1)
kx (k+1)x (k+2 )x

where

, T -2
(3.45) Qkxy(u)— {S Ve 2 & & } @ (u,v) K'Y (u,v) av .
ky K+1 )y (k+2)y

On making changes of varilables of Integration carrylng the respective rec-

tangles of integration into |, ~2X+7"2Y 1 e have
kx Sky

w-2x w2y o -
(3.46) 16 DP(x,y) = S sin(vu/x)dus ‘V *Y(u,v)sin@rv/y)dv + o(1)
kX Ky

where

(3.7) V(0 v) = 8TY(uv) + 8PV (uv) + 83V () 4 s ()

with

Axy Pu+x, v+y) - Dy Pu, vay)
in (u;&) sin (v_+?2x) sin (%) sin (\52—2‘1)

S’f’y(u,v) =

Avq>(u+x,v) . Ay, (U, v)
sin (‘-“-*521) sin (‘21) gin (‘21) sin (%)

O, Pusx,v+y) Dy Plu,vey)
sX»¥ ) - - { X - X
S (232%) sin (3) )
Dy Gusx, v+y) D, Plusx, v)
sx’y , _-(,x q, - Y }
57 (V) (w sin (v__xge ) sin (‘-2’;)
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st ¥(u,v) = wf(u) WI(v) @lusx, vsy).

The contribution of S’{’y to Dg (x,y) has the form

T -2x w-2y
(3.48) D’i(’y = X sin(wu/x)du S S’i(’y(u,v) sin(vrv/y) dv .
kx ky

According to (9.5) MI (11), and with the aid of Th. 6.2 MI' (11)

W-2x ,Ww-2y
ID{*Y1 g Pth ky ] (s7°%)

since |sin wu/x| {1, |sin wv/yl { 1.
After an x and y translation of the two variables of integration, the

contribution of the first term in S5’Y to DX’V reduces to
1 1

(3.49) AR e x’, (o )y] {uv xyq’}

In obtaining this result Th. 6.2 of MI' (11) has been used to justify replacing
sin (l—l-ié—g—)—(-) by u in the denominator of Sf‘y(u,v), noting that for (u,v) in

the interval of (3.49)

1 1
S Qi S—
sin (u____;ex ) sin (‘23)

The replacing of sin (w) by v 13 similarly justified. It follows from
LR that the contribution of (3.49) to DX’y is o(1). The other terms in S X,y
make similar contributions to Deg (x,y). The contribution of the first term
in Sx,y to Dx,y can be simplified by replacing sin —(u+2x) by u+x using
Th. 6 2 MI (11) So reduced thils term equals O(J ) = o(1) where J is given
by (3.38). The remaining term in S, X,y similarly reduces to O(J ) = 0f1)
where J, 1s glven by (3.35). The contribution of 35,y to Dx,y 1s likewise
o(1). Finally Dp*Y = 6(1) by (3.23).

Thus D}’Y = o(1) for 1 =1, ..., k. Hence Dg(x,y) = o(1) and the proof
of the theorem is complete.

e

k. Proof that Y' —)I..P LP' We are assuming f €L over "g T). The
condition Y' requires that the function with values
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Tr,mj
(4.1) e(u,v) = uv cp(u,v) [(u,v) € [0, 0]

satlsfy the condition
X,y E" 1 'Tl’]
(4.2) Plo, o] (8) { Axy (x,y) € \o+, o+l],

We note the following.

LEMMA 4.1. _"'I‘he function 6 is continuous at each point.
(u,v)eg,’o at which u= 0, or v = 0.

The mixed difference
(4.3) le(x,y) - 8(x,0) - e(0,y) + 6(0,0)| = I|e(x,y)l

since 6(u,v) vanishes on the axes. But by definitlon of thc F-variation,
and by (4.2)

X,y
(bob) le(x,y)l { P [0, o) (8) { Axy

from which the lemma follows.
'
We begin the proof that YP-?LP with a formal lemma.
~ a', b'
LEMMA L4.,2. If g satisfies F over Q = (a : b) and if
a<{a'-x {a', b {b'-y {b', then

a'—x,b'-y] —_—
(k.5) J=Pla ,b (Byy &) £ 36 Xy P(Q, ) .

We shall make use of a speclal evaluation of an F-variation of an in-
tegral. Iet Cl[c,c'] represent the Banach space of functions continuous over
[c,c!'], and let elements in C[c,c'] whose norm is at most .1 be termed subunit.
According to lLemma 6.1 of MI' (11)

(4.6) S A A )
. J = sup S S Ala) u(v) (g(u,v)) dudv = sup H
A M Ja b a X)( A pm
taking the sup over all subunit neC[a,a'] and subunit ueC[b,b']. It is

convenient to use the spaces Cla,a'] and C[b,b'] rather than the spaces
Cla,a'-x], C[b,b'-y]. Cf. proof of Lemma 4.3, It 1s clear that
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bl-

a'-x
H= X A(u) du Sb v Mv) [glusx,v+y)-g(u+x,v)-g(u,v+y)+g(u,v)] dv.
a

On making the appropriate changes in the variables of integration H takes the
form

a'-Xx b! b!'-y
[3 A(u-x) -S A(u)] [S pv-y) - S p(v) | g(u,v) dudv =
a+Xx a b+y b
a'-x a+X
(4.7) S Alu-x) + S [ A(u-x)- A(w)] - S ANu)
a'-x a+Xx a

b' b'-y b+y
& MV=y) + S [ u(v-y)- p(v)] - S mv) | g(u,v) dudv .
b+y b

b'-y

This expands into the gum of nlne integrals of the form
af (b

(4.8) I, = S& Sb hi(u) ki(v) g(u,v) dudv (1 =1, ..., 9)
1 i

where the interval Q1 in I1 1s a subinterval of Q. For example one may start
with

al b!
L = S 3 Alu-x) u(v-y) g(u,v) dudv .

a'-x Jb'-y

We shall condition the respective Integrals Ii by means of an inequality
introduced by the authors as a replacement for the second law of the mean
for double integrals. As a matter of notation when h is in L over [c,c'] we

have set
c! et
max |S h(u) dul = M; (h) fo elc,ctl},
d o
We now extend the definitions of h1 and k over the intervals [a,a'] and
[b,b'] respectively, by setting hi(u) =0 f‘or u ela,a'] - [ai,a'] and k; (v) =0
for ve[‘ ,b'] - [bi’bil With this definition we note that NFi(h ) = M (h )

and Mb (ki) = Mb (k ). Lemma 5.2 MT' (11) applies to Q if g(a+, t) = 0 for
t e(b, b') and g(s,b+) = 0 for se(a,a'). But in proving (4.5) no generality
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1s lost if one assumes that g has this property; for the function with values
(4.9) g'(u,v) = g(u,v) - gla+,v) - g(u,b+) +g(a+,b+) [(u,v) €Q]

has this property and substituted for g in (4.5) alters neither side of
(4.5). Assuming accordingly that g satisfies the hypotheses of Lemma 5.2
MT (11), applied to Q,

i i
(4.10) I, £ Mai(hi) Mbi(ki) P(Q, &)

(4.11) ¥ xy P(Q, 8)

ag we shall see. To obtain (4.11) from (4.10) we have merely to verify the
relations (1 = 1, ..., 9)

al b
(h.12)! Mai(hi) $ 2x ; (h.12)" Mbi(ki) {2y .

The relations (L4.12) are obvious whenever ai -&a; =xor bi - bi =1y,
since ™ and u are subunit elements in their Banach spaces. All other el-
ements in (4.12)' have limits a; = a+x, ai = a' - x and so are the max for
& &la+x, a'-x] of

a'-x a'-2x al-x
|, e - aw)) e - ‘3 aw aw - Y A dul
d d -x LY

§ ex

o a'-x
= \ S Alu) du - S A(u) du
d-X a'-2x

A similar proof satisfies (4.12)", and (4.5) follows from (4.11).

COROLIARY 4.0. If g 1s in L over Q = (:" g') and a < a'-x < a',
b < b'-y <b' then (4.5) holds.

In case P(Q, g) = oo the corollary is trivial. Suppose then that
P(Q, g)  o0. 1If g satisfies # over Q the corollary follows from Lemms 4.2,.
If g does not satisfy F over Q then for a & a', b<( @ < b', the func-
tion g" with values

g"(u, v) = g(u,v)-g(et,v)-glu, ) +g(s, @)
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will satisfy F over Q. Substituted for g in (4.5), g" will yield the same
values of the members of (4.5) as does g. But (4.5) holds for g" by Lemma
k.2, and hence holds for g.

In showing that YP-ﬁLi; a second formal lemma will be used.

LEMMA b.3. If g 1s inLover Q= ("2 2') and b ¢ b=y < b
2
then for a { u < at,

2!, b'-¥) f— -
(4.13) 3, = p(a 8] 15,7} @6y sup Tp.” (g(u, )]

If the right member of (4.13) 1s infinite (4.13) holds trivially. In
case the right member of (4.13) 1s finite the proof of (4.13), similar to
the proof of lemma 4.2, is as follows:

Making use of the functions A and [X8 of the proof of lemma 4.3

a’ bf—
(b.13) J, = SAL}I,); Sa Sb ANu) H(V)Ayg(u,v)dudv= SAL:I& H,

introducing H,. One sees that with ue(a,a']

b! b'-y
IH,| £ (a'-a) sup\ [S mv-y) - Sb p(v)] glu,v) dv\

u b+y

= (a'-a) sup
u

Bb' gy s 8 Y iugvey)- mo- U >] (u,v) d
v-y) + vy )- p(v)]- v u,v) dv
b'-y“ v §b+y pyy B Sb K g

Without loss of generality we can assume that g(u, b+) = 0 for ue(a,a'); if
g does not have this property the function

g'(u,v) = g(u,v) - g(u,b+)

does, and substituted for g in (4.13) alters neither member of (L.13). Assum-
ing then that g(u,b+) = 0 for ue&(a,a'), the second law of the mean and (L4.12)"
give (as in the proof of 4.11)

IH,!  (a'-a) 6y sup Tgi' g(u, *) (Cf. (5.2) MI (11)]
u

and (4.13) follows from (L4.13)'.
The principal theorem of this section follows.
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THEOREM 4.1. The condition Y'-?LI', + LI':.

To show that Y'-Q L;, use 1is made of Cor. 4.0 in the form

(bo1k) J =P W—x v-ﬂ{bxy (uv} £ 36 xy P kx,lcy) uv]

recalling that e(u,v) = uv @(u,v). By hypothesis

(4.15) P[g', o () < A uv {(u v)e[0+ o}}

and it follows from Cor. 4.3, MI (11) that for fixed positive k with
0< kx < Ww-x, o < ky < -y,

(4.16) P[nggy] {1—15:2—}“ _ﬁg O(J:_y)

We infer from (4.14) and (4.16) that for fixed k

A
J = —=—— 0(1)
k2

from which it follows that J = o(1).
1 "
To show that Y => LP , use 1s made of (4.13) in the form

(k.17)  J, =P o,ky—y][y vl < 6xysup Tky[q>( . )] (0 < u<x)

where 0 { ky { T -y. We see that for fixed k and u

™ 2( -Z I e( .2
Tky[uv]r'Tky[EVQ . fu)o,ky)o].
We shall use Cor. 4.1 of MI (11) setting f(v) = 9—“&-’—"—2 , (u > 0). Observe
that
v 1 mV 1 [“’V
To[f]’GTo[e(“’°)]$ﬁP 0,0)(e)§ Av (u > o)

so that Cor. 4.1 ilmplies that
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Fo ()= my [B) -y (%)

Combining this result with (4.17) one has J, = ﬁ‘- 0(x), and we conclude that
J, = o(x). .
In a simllar manner one shows that the condition in LP conjugats to

J, = o(x) is satisfied. This completes the proof of the theorem.

1

COROLIARY 4.1. Y, =1L

P P*

] 1
This is clear since YP =Y + (C]) and LP = L? + L? + (C1).

5. Proof that L + L -aC and L + L, aco These relations are
instrumental in showing that Lp = + LR The conditions LP + LP are as

Follows
Pl ey ) {m)} - 5(1)

P n ey B - e

o A {37@} - 5(y)

We are accordingly concerned with relations between -4 ﬁ T] and the
F-variation P [0 ’ y'l (q:) used ln def]ning C0 and c°.

The proof of the relation LP LP%C will be clear if one distinguishes
between the formal laws in which the order relations do not appear, and the
rclations thereby obtalned on imposing the order conditions. We begin with
a formal relation [Cf. Gergen (1) Lemma 1, p. 47] involving the variation
(5.1)"" where the interval [0, y] 1s replaced by [b, b']. A similar law
holds with [0, x] in (5.1)" replaced by [a, a']. The principal formal re-

[

(5.1)! £(x,y, k)

(5.1)" t(x, y,k)

(5.1)m! V)(x, ¥y, k)

lation appears in Lemma 5.2.

IEMMA 5.1. With 0 { b<{b' { W, b' ~b=y, 0< kx { T-x,
0<ky {b, k21

(5.2) Jy = P [k_';-x: g'] {Ax (%)} $ Wh(x, ¥y, k) + W.Il.(lt.a_&l%.lul

Since v { W iIn (5.2)

J £ ‘“’P[Tr_x b'] {A ( } [by Th. 6.2 MP (11)]
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.3 ¢ welo k) By @) . owele™ 5] (o @)

applying (9.12) of MI' (11) with a = kx, a' = W - x, b, = ky. We can remove
1/v as an internal factor in the last term of (5.3) on noting that v 2 ky
therein, adding an external factor of 1/ky in accordance with Th. 6.2 MI (11)
In the first term in (5.3) one can replace b by W-y 2 b. Relatlon (5.2)
then follows from (5.3).

The basic lemma will now be proved.

LEMMA 5.2. With 0 { (k+1)x { T, o< (k+1)y { ™, k 2 1,
0<{s g x, 0t y, and @ in L over [Tga'g]

(5.4) ‘-°’°]((P) - P['ﬂ'—x, ) (P)-

(k+1)

Slkx, t, k]
Ss‘;p 4(s, ¥, k) + aup M%;TIL_@. + aup Ekxbt( k

Relation (5.4) 1s two dimensional. It depends upon two relations es-
sentially one-dimensional in character.’

(5.5)!' P a ) ][Q] £ (k+1) y{sgp P a ktt][At, (cp)‘] a [a , q-y] (¢

(5.5)" P[%x: E] [P < (ke1)3x {sgp P ks—s,b'][A (“’ﬂ [ -x b] (§.

where [a,a'] and [b,b'] are arbitrary subintervals of [0, W], 0 < (k+1)x £
pLw, 0 (kt1)y{al W, and 0 <8 x, 0<t{y. It is clear that
these two relations differ only in the interchange of the variables x with
¥y, u with v. We shall establish (5.5)'. '

PROOF of (5.5)'. One notes the presence of an internal factor 1/v in
At (%), with no such factor on the left of (5.5)'. To compensate for the
introduction of such a factor in the F-variation of an integral in which v
ranges over a closed interval K it 1s ordinarily sufficient to precede the
F-variation by a factor equal to max v over K. [Cf. Th. 6.2, MI (11)].
However, in the case of (5.5)' sup 1/v = oe over the interval K = (0, ky].

'Ul-'

7. The 1limits p and q are used in (5.5)" rather than (7T, Tr) [which (p, Q)
can equall] because of a further use of (5.5) in §11.
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We are accordingly led to follow Gergen's procedure of breaking up (0, ky]
into the union of a countable number of intervals with end points

(5.6) ky = ky, > ky, > ky, «.. = 0.
Because of the continulty of @ it is immaterlal whether the interval [o0,ky]

or (0, ky] i1s used in (5.5)'. Using the latter interval and summing for
n=20, 1, 2, ...

(5.7) P a o+][q>]§ Z P[a kynH] icplﬁkzs’ P[ ’kyﬁj

in accordance with Th. 10.2 of MI' (11), compensating for the introduction

of the internal factor 1/v by the external factor kyn, [Cf. Th. 6.2, MT (11)].
For the purposes of the proof of (5.5)' the most convenient sequence of points
(5.6) 1s the geometric sequence

n
(5.8) Yy =7 (E%T) n=0, 1, «.. ]

For later use, we note that (k+1)y = kyn and that

n+1

(5.9) leyn = (k + 1)y [n=o0, 1, ... ]

We shall apply (9.13) of MI' (11) to the final variation in (5.7) writing

el ) {Fe) -2 8 {F o)

in (9.13) where z = l{(yn - yn+1) = Y- If one defines b, b' in (9.13) by
setting b = q - y .4 b!' = q, one verifies that b' - b =2z. Thus (9.13) can
be applied. We find that

o o ge i 2 BRI {Ba, B o B 8, ) (TR

(5.11) £ k(k+1)y {sxt:pP g', ktt] {A (q))} +—P :", g-y] (Pl

with 0 { t S ¥, using (5.9) to sum Ve In the last term of (5.10) we have
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first replaced q - Ynet by g - y, then removed the internal factor 1/v, com-
pensating for this by prefixing the factor 1 As a consequence of the as-

qQ-y*

sumed conditlons k 2 1, (k+1)y £ q,

k_ < k = Kl

qQ-y q- a_ qQ ’

k+1
so that (5.11) implies (5.5)'.
PROOF of 5.4. With [a,a'] = [0O,kx] and g = T, (5.5)' becomes

(5.12) P 0,0][¢]g(k+1)y{sup§(kx t,k) +P -][q>l}=J5.

The final variation in (5.12) may be limited as follows. From (5.5)" with
p= T

kx, _ m-g
(5.13) P{o ,‘ﬂ'-y] [C?] £ (k+1 )2x {sup PL{S y] [A u)] + P 1T—x W-A [Q]}
s

m m
(5.1%) £ T(k+1 )2x {sup €(s, y,k) + sup nls. (ks1)y. k) + P Tr-x:‘n‘—y [?q')]}
s s

ky

using (5.2). With the aid of (5.1L4), 5/(k+1) y 1s at most sup E(kx, t, k)
from (5.12), plus the right member of (5.14).
Relation (5.4) follows.

THEOREM 5.1. Lp + Lp =»C0 and L, + L, => C°.

This theorem is a corollary of Lemma 5.2. For the terms on the right
- 1 "
of (5.4) are o(1) when LP + LP hold, while

T, T _ _
(5.15) PlT-x, Tl'-y] (@) =o(1) )

since @ 1s in L. Hence the first term in (5.4) 1s o(1). It follows from
the definition of o(1) that when € ) 0 1is given, there exists a ke and
then § = &(k €) such that the filrst member of (5.4) is at most e for

€ €’
k =k and 0 < x ¢ ‘Se’°<y< se' Thus with u = k.x, v = k.y

M
A-TT (ke+ 1)

2
ke

€

(5.16) P[g,’g](@g Auv
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for o <u< 8§, 0 v §,where §, = 8¢ k¢ + This establishes the
theorem.
The conditions L, can be written 4(x,y, 1) = o(1), €(x,y,1) = o(x),
MNx,y, 1) =o(y). Upon setting k = 1 1in (5.4), one sees that L, ~3 C°,
The following theorem 1s closely related to Th. 5.1.

THEOREM 5.2. (1) Lp + Ly =% ch; (11) Ly + Ly « 0= ch.

Use will be made of Lemma 3.1 in proving this theorem, setting f(x) = x
in Iemma 3.1 and dropping the k from Iy setting

(5.17) (X)=P ] (CP) (b'-b = y)
where [b,b'] is an arbitrary subinterval of [0, TW]. Observc that J g(x) =

0(x y), by virtue of Th. 5.1 in case (1), and by hypothesis In case (ii).
Thus condition (3.7) of Lemma 3.1 is satiafied in both cases. Note that

x,bf]  _ x,b'] [T_';,'J
Plo,b [‘P]S"P o, b v [Th.- 6.2. MT (11)]
To show that condition (3.6) of Lemma 3.1 is satisfied in case (1) we use

(9.12), MT (11), setting a = 0, a' = x, b, = ky, w = @®/v therein. Whence
for 0 { ky b

[58) (Fe) o[58 (B, ).« (3 & 9] [le]

x,(k+1)y _ _
B,y k) + & P[ }(qngom

since (5.1)" and C° hold. [Cf. Th. 5.1]. Thus condition (3.6) of Lemma 3.1
is satisfied 1in case (1). To establlish conditlion (3.6) 1in case (11) we
again use (9.12), MI (11), setting a = 0, a' = x, bo = Ky and w = . Then
for 0 ( ky b

[x b'](qJ)gP[o ky](Aycp)+P[x’(k+1)y] ()

2 R T o R R A T

g‘ITP[x vy][‘%‘P] [’ {1y ]('c'p?) [Th. 6.2, MD (11)]

£ 0O(x)
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1
from Lﬁ and Co. Thus condition (3.6) 1s satisfied in case (i1i). We con-

clude that in either case there exist constants Xys A such that

(5.18) P[’é,’ g](zﬁ)gAxy

for 0 { x {x,, 0y £ w. One can similarly establish (5.18) for o ( y < Voo
0 { x { T for suitable Yo and A. It is then clear that (5.18) holds for
suitable A, with o { x { T, 0 <y { .

OQur formulas imply another uniform relatlon of use later.

1 "
LEMMA 5.3. If LP + LP holds then for suitable x
0 < Xq <, o< K

o? ko with

(5.19) N(x,y,k) <Ay

for 0 { x £ Xo» ko <k, 0<yg .

We agaln make use of Lemma 3.1 setting
T-x,b7 (A (D
]
Jkg(x)==P[kx ,’b]{ax(%“ , 0{b{b{TT
and f(x) =1 1in Lemma 3.1. By L; y
Je p(x) = oy)
so that (3.7) is satisfied. Condltion (3.6) is satisfied in the form
1 -
I Dlx) = 5(1) (b'-b =y) (0< b b {T)
in accordance with Iemma 5.1. Since
Je Tx) = mx, ¥, k)
relation (5.19) follows from (3.8) of Lemma 3.1.

6. The equivalence LP = LR + CO. One notes that the characterlstic
difference between the conditions LP and LR is that IR differences f while
Lp differences f/uv, f/u, and f£/v. The proof of the principal theorem may
be divided as in §5 into a formal part making no references to the order
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hypotheses of LP or LR and a concluding part in which these hypotheses enter.

The mixed differences. We begin with an identity which expresses
£§xy<P in terms of dlfferences of the L? type, followed by an identity
which expresses [}xy[cp/uv] In terms of differences of the 1R type. See
Gergen (1) p. 51.

A (@)
(6.1) xy P "ye (@) + (145) (L) A, (Q‘)

uv

+ fﬂ AL AE) - o) o D 21

Q1 _ Xy @ ) YO, @
(6.2) A B o= v R v st
11£5y>¢ + bey‘p
T u(usx) (vey) (usx) (v+y)

Fork 21, o <kx {ug W-x, 0 {ky {v< -y, we have (1+x/u) £ 2,
(1+4y/v) £ 2 so that (6.1) yields the relat.on [Cf. Th. 6.2, MT (11)]

(6.3) (Q{w Axyq% < xy P(,[ CP]) + 2y P(Q,K A (9—)]>

Tr-x 1T-y]
b

Q=

cosloll 8, (@) e (B @)

It follows from (6.2) that

o oo B oo () b R
v ox P[Q,(T‘QTE;@} P{, (\_}:_'z:(p)—l

In deriving this relation we have replaced the factors 1/(u+x), 1/(v+y) in
terms on the right of (6.2) by 1/u and 1/v respectively in accordance with
Th. 6.2 MI' (11).

The first differences. We are necessarlly concerned with the relations
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[T
between the F-varlations E(x, ¥, k) and \-](x , ¥, k) appearing in LP and
the variations

(6.5) P 3R E T
(6.6) ﬁ(x,y,k>=p[g_x,’%]{%llx‘°\

1]
appearing Iin L}; The following lemma 1imits the differences ‘t\ - [3_. A
similar lemma holds for g - ol

LEMMA 6.1. Fork 21, o< kx { W-x, 0y T

m Y u P

IMx,y,k)-B(x,y,k)| ‘ l - S . ' —. du
6. Pl(k+1)x,0 Q@)+ PY(k+1)x,0 P 3
(e hx S v (9 (k+1)x[( +1)x ( )u

We begin with the formula

o) O[N] 1A gy - - BREE © )

introducing \\rx. Upon transposing one of the terms on the left of (6.8)
to the right and taking the F-varliation of the resulting terms over ';’)—(x, %
E

one Infers that
-‘T—x: Yy — w 7y __CP
(6.9) Im(x,y,k)* B(x,y,k)l £ P[kx , 0] ¥,) = xP[(kH )x,o] (U(u-X))= I

where the last term 1s obtained from \Vx on making an x-translation of the
interval for u. Since u 2 (k+1)x 2 2x in the last term in (6.9), we have
u/(u-x) { 2, so that one can replace the internal factor of 1/(u-x) in (6.9)
by 1/u 11 one compensates with an external factor of 2. See Th. 6.2 MI' (11).
One then mekes use of (6.20)"8 of MI' (11) setting f(u) = 1‘/u2 therein. Since
£(W) = 1/7w° this gives

Q,

LYy - S" u 5] =, du
P R(k+1)x, 0] (@) + b PlL(ks1)x,0] () =5
[+ X ] P + bx (ka1 ) [ +1)X ] P 3

J
6 S .

1

and (6.7) follows.

8. Equation ( )" designates ( ) with the role of the two arguments
(s, t) interchanged.
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The next lemma concerns the second terms on the right of (6.3) and
(6.4). The relevance of this lemma to the proof that LP o= LR + C0 is im-
medlate. A similar lemma holds for the third terms on the right of (6.4)

and (6.3)
LEWA 6.2. If Lg + Ly holds
x, T
(6.10) yP[kx {ﬁ’\? X¢}=o(1) .

If Ly + Lp holds
-x, T
(6.11) y P[kx , ky { X ( )} = o(1).

‘I'he formulas back of this lemma are valid regardless of whether LR+LR
or LP+LP hold or not. They are as follows. Suppose that k 2 1, 0 < kx Lmr-x,
0<ky £ . From (6.20) of MP (11) with I'(v) = 1/v® and hence £(W) = 1/W"

P[W_x o q’} $ = '\T—x i { Q} +2S Pik W-X»Xy {ml%
(6.12) < X ;;2 k) , o S:y B(x, v, k) %% .

With the same generality

(6.13) P[W—XTgr “)) < 311,;12_,_19_ +2§:y1\(x,v,k) % .

Ir I'I'R+I'};' holds it follows from (3.29) that @(x, y, k) { Ay for suit-
able positive k_, x_ and k >'ko, (')' {x < Xgs O {y £ T. Relation (6.10)
follows from (6.12). When LP + LP hold (6.11) similarly follows from (6.13)
and Lemma 5.3.

THEOREM 6.1. Lp = Lg + cO.

PROOF that LP-»LR + CO One has trivially that'LPiv'(C ), and from
Th. 5.1, LP'#C . The basis of the proof that I"P + LP#LR 1s (6 3) and
consists in verifying that each term on the right of (6.3) 1s o(1) provided
LP + LP holds. This is true of the fourth term, which is 4 §(x,y,k) = 5(1 ).
It 1s true of the second term by (6.11) and of the third term by (6. 11)
As for the flrst term in (6.3) recall that L; + LP =é70A by Th. 5.2. It
follows from Cor. 6.2 of MI' (11) that for the interval Q of (6.13) and fixed k
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(e () -5 o)

- I
so that the first term in (6.3) is 5(1). Thus Lp + Lp =¥ 1g.
That Ly + Lp =»Lp 1is proved as followa.l Since LP Lp =7 ¢ vy
Th. 5.2 it follows from (6.7) that when LP LP holds

it

fT](X’y, k)-ﬁ(X:Y:k)l E(Y)

o(x) similarly follows

and hence p(x y, k) = o(y). That & (x, ¥, k)
from (6. ()

PROOF that LR + C = LP The proof of this 1s almost the same as
that of the inverse implication, using (6.4) in place of (6.3) and using
Lemmas 6.1 and 6.2 in the same way. When LR holds the last term in (6.4)
is 0(1), and the second and third term o(1) by (6.10) and (6. 10) Since
LR +C 0= ch by Th. 5.2, Cor. 6.2 of MI' (11) suffices to show that the
first term on the right of (6 ¥) 13 o(1) as above. The proof that LR+COﬁ7LP
is by way of (6.7) and (6. 7) , using CA

7. Equivalences involving tests of lebesgue type. The sets of candl-
tions of lebesgue type are L1 , L., LR’ LP Some relations have already
been obtalned. There remains a fundamental lemma.

o . o
LEMMA 7.1. (1) Lp+ CO=%L.; (11) Lp + CO=>1L,.

We shall prove (1) in a manner that readily extends to a proof of (1ii).
"
PROCF of (1). The conditions L,. Corresponding to the decomposition
of [y, W-yl into intervals [y, kyl] and [ky, w-y], with 0 { ky { W-y

(7.1) P 0 y—y]{ ‘SP[X ky{v ‘+P[0 ky—y}1bq’\
(7.1)1 < P Lo, 5 )y]( -yq’) + P y] (1 ®) ., ¢ (5 ky—y“1 b (P‘

using the translation principle to get the first term on the right of (7.1)&

x, (k+1)

y —_ X, ky —
[ yP 0, 2y ] (<P)+§7P[0,y] (@) + A(x,y, k)

removing the internal factors 1/(v-y), and 1/v. By C° and Lg this 1s [Cf.
(2.8))
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(7.1)" £ xo(1) + xo(1) + of(x) = o(x)

and this becomes o(x) for the left member of (7.1). The relation (7.1 )’
runs similarly.
1
The condition L1. For 0 { kx { W-x, 0 { ky  W-y

W-x, W-y x , M-y m-x, ky W-x, T~y
(7.2) Plx ; ]{uv xyﬂ £ P[x ,’y ]+ PLx ]+P kx :ky]

The third term on the right of (7.2) is o(1) by Lé. The first term H1
on the right of (7.2) is similar to the second. One has

e (k+1)x,1T y]{ -xv ytp] . P J‘EX’:;"'Y]‘ A(P]
cr 8T R L kL [T (55,9

removlng the internal factors 1/(u-x) and 1/u. By virtue of (7.1)" this
becomes o(1). [Cf. (2.8)].

PROOF of (ii). The proof of (ii) is similar to that of (i), using L
in place of Ly, £(x,y, k) In place of d(x, y, k), and c° as 1in the prooi
of (1).

The theorem summarizing the relatlons between the conditions of lLe-
besgue type follows.

THEOREM 7.1. L1EL25LP+CO'='LR+C°;LPELR+CO.

Among relatlions already established or trivial are the following

L, =¥ Ly + C°; L, =¥ Lp + Lp (trivial]
L, + L, =7C° (by Th. 5.1]
Lp = Ly + C° (by Th. 6.1]
1.R+c°-a,»L1; Lp + CO= 1L, [by Lemma 7.17 .
Hence
(7.3) L2=#LP+C°=%LR+C°=eyL1

(7.%) L1=%LR+C°=%LP+COQL2

L
uv Axy(P}
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Thus L1 = L2 and one infers the equivalence of the conditions between I..1
amd I..2 in (7.4). This establishes Th. 7.1.

8. Proof that VY -» L,. Set

a ™,
(8.1) g(u,v) = ﬂ%“,u {(u,v)eo-r,’ O+) = 1 .

By definition of VY’ g satisfies JH. Recall that a function w 1s sald to
be in FL(I) if co is in L over every closed subinterval of I and if for
some (p,q) in I the integral

u \'4
(8.2) O (u,v) = S Sq (s,t) ds dt {(u,v)ex}
P

1s in §(I). When < 1s in FL(I), & can be continuously extended over I.
[Cf. Lemma 2.1 MT (11)]. So extended &O 1s in F(T) and is termed an FL-
integral. The condition that CO be an FL-integral is independent of the
choice of the vertex (p,q) in I. In thls section we shall find it conven-
ient to take (p,q) = (W, W) as a vertex for & We shall establish the
following lemma.

LEMMA 8.1. If @ satlisfies Vy, and g is defined by (8.1),
guv(u,v) exlsts on a subset E of I such that mE = mI. A func-
tion < such that w(u,v) = guv(u,v) over E, and w(u,v) = 0
over I-E 1s 1in FL(I).

In a brief note Fubinl has established the following. There exists
subsets E1 and E2 of (0, W] with mE1 = mE2 = T and a subset E of I with
mI = mE such that the following 1s true. As a consequence of the fact that

@ is in L(I) and that

8 ~ u v

. N ,t) ds 4

(8.3)  (u,v) So f, ae.t) as at

(e v = | e a [(ueE,) (velo, T)]
~ u

(8.4)" B, (u,v) = SO Q(s,v) ds [(uelo, T]) (veE,)]

A
(8w P (uv) = P (u,v) = Plu,v) [(u,v) €E].
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From these results of Fubini and the definition (8.1) of g we see that
guv(u,v) = gvu(u,v) exists for (u,v)€E. Defining ¢’ as in the lemma, the
explicit form for 8,y 8&s derived from (8.1) shows that <o is in L over each
closed subinterval of I.

We suppose g extended contimmously over I, as 1s possible. So extended
and with v fixed in (0, W], g(°,v) with values g(u,v) 1s absolutely contin-
uous for uelo, W); for g(+,v) is clearly absolutely continuous for ue€le, 7]
for each e > 0, and in addition is of bounded J-variation for ue{o,T],
since g satisfies F over I. A theorem of lebesgue on absolutely continuous
functions of one variable accordingly implies that

u w,v‘l}
(8.5)! glu,v) = S gy(s,v)ds + g(W,v) (u,v)€\0, o+l .
1
Similarly
v R1g .."T)-S
(8.5)" g(u,v) = X gv(u,t)dt + g(u, M) (u,v)elo+, 0 .
T

From the formulas (8.4) and (8.1) one infers that gu(u,-) 1s absolutely
continuous for u fixed in E, and vele, W], for each e > 0. Hence

\'
(8.6)  gywv) =\ gy (utiat ¢ gy(u,m), (ueE,), (ve(o, W)
™
u v u
(8.7)  glu,v) = S ds S gy (,t)dt + S g (s, T)ds + g(W,v)
mw w T

for (u,v)€I. On using (8.5)' and (8.2) this gives
(8.8) g(u,v) = @(u,v) + g(u, ) + g(W,v) - g(W, W) [(u,v)eI].

The form of (8.8) indicates that @ 1is in ﬁ(I) with g. This completes the
proof of the Lemma.

LEMMA 8.2. For ¢, g and w as in Lemma 8.1 and for a subset
€ of Iwithm€ = mI

(8.9) @(u,v) = uv w(y,v) +u W (u,v) +v 3D (u,v) + glu,v)
2 u v
+u h(u) + v k(v) [(u,v)e € )

where h and k are integrable over [0, Tr]
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Set € = EN(E, XE,]. From (8.1), for (u,v)e€
(8.10) P(u,v) = uv guv(u,v) + ugu(u,v) + vV gv(u,v) + glu,v) .

Making use of (8.6) and (8.6)*, (8.10) implies that (8.9) holds for (u,v)e€
with

h(u) = g, (u, W), k(v) = g,(TW,v),

and the lemma follows.
LEMMA 8.3. If h is in L{o,T], uh satisfies L1 = L;_,.

The condition L; is c.x'bviously gsatisfied since Ay[u.h(u)] = 0. Sim-
{larly the condition in L, 1nvolving Ay Is satisfied. We seek then to
show that

[TT X,y — - 1
(8.11) Plx , 0 (fx) = o(y), where t,(u) = GAx[Uh( u)l.

With (W, T) as a vertex of the FL-integral

_ v u u
F (u) = S at Sf‘x(s) ds = (v- ) S £,(s) as .
w ™ s

Thus fx(u) is the product of a function of v by a function of u, and has
an F-variation which is the product of the J-variations of its factors. Thus

w-x, y} _ y wox ¢4 4 x )
= - £ (s)dg = £ (s)l As .
P[x , o] Ftw) = Tty ™ T, Sw «(8) v\ N
To establish (8.11) it is sufficient to show that
v -x _
(8.12) S It‘x(s)l ds = o(1).
x

The condition (8.12) 1s preclsely the 1-dimensional condition of Lebesgue
on uh, analogous to L1 and is satisfied since uh satisfies the 1-dimensional
Dini condition. [Cf. Hardy (2)]. Finally the condition c° in L1 is sat-
isfied in the form

X, —~
P[O,%—J (uh) =y Sx |sh(s)] ds = o(xy ).
0
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This establishes the lemma.

Conditions ¢L,. Under the conditions L, on @ we have supposed that
¢ is in L over I ['g:_ g'; . If @ 1is in L merely over each closed sub-
Interval of I, L is still well deflined and will be denoted by OL2, while

conditions oL; of‘ the form

P J(§+’-}:'r_y {Ay ( )} a(x) P[‘T_x’ y+] ‘A (u ‘ = o(y)

1 "
are well defined. We shall find the condlitlons oly = by + 0L2 useful in

"
the proof of Th. 8.1. When conditions L, are satisficd the 0+ In these
conditions can be replaced by 0 in accordance with Lemma 2.1 of MT (11).

THEOREM 8.1. VY%L,L).

To prove this theorem use will be made of the representation (8.9) of
®. We shall show that the functions defined by the respective terms on the
right of (€.9) satisfy oL,. This 1s true of uh by Lemma 8.3, and similarly
true of vk. It 1is true of g since g satlsfles JH by definitlon of VY and
since J %L as we shall show in §9

PROOF‘ gﬁt uvw satlsfles g
since

L,. The conditlon OL 1s satisfled by uvw

['ﬂ’-x v—y] "
A w) o(1) [by (8.5) M (11)].

The flrat condition in OL; is satisfied by uvw, since uw 1is In FL(I) with
W and

o055 D uw) £ x p[6:57] (Byw) = o(x)

on removing the internnl factor u, compensating with the extermal factor x
[Th. 6.2, M (11)] and then using (8.5)' M (11). The remaining condition
in OL;' 1s similarly satisfied by uv .

PROOF that uac satisfies OL;. Thils condition takes the form

(8.13) J = P[‘T—x '\\’-y] {AXYIV} = 0(1) [where \Y ‘17

To establish (8.13) let b' be a constant with 0 { b* { T and take y so that
0 { 3y < b' { . Split the interval [y, W-y] into the intervals [y, b'-y]
and [b'-y,W-y] and note that

€I

l.

2

c
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SORERPPNIN | 7% e ) B iy R e

let J, be decomposed gti111l further setting \y(m-x,v) = ex(u,v). Then

(8.15) I, gp{v-x b'-y]{A \ N R A {Ay‘\’}

'lT b'—y fusing translation
{2FP ]{Ay W} principle]
T, b'] _
(8.16) § 4 log 2P Lx, 0 (@) [by (&.21) MP (11)]

let e > 0 be prescribed. It follows from (8.16) and Cor. 3.5 MT (11)
that J2 (e if b' > 0 be sufficiently small, say b' = 3@ The derivation
of (8.21) MP (11) upon which (8.16) depends, was subject to the condition
0< 3y <{b'. We now admit y only if 0 <y < 3.

We turn to J, in (8.14). We shall see that ¥ is in FL(Q) for Q =
(0, W] X[ @,T]. In fact, with (T, ) the vertex of ),

— u v,
'\‘f(u,V) = S 8 E
w

and 1t follows from (5.23) of MT (11) that

— v
29 (5,t) dsdt = S L O(u,t)at [cr. (8.2)]
m

P(Q, V) ¢ IT@. P(I, D) ¢ oo { Ko»f, o+ ] )
Thus \V is in FL(Q). For b' = 33 and 0 {y<@,onehas b'-y > 3, so that
W-x, w-y
g, < plo ,@]{Axy‘y}. v

It follows from (€.5)" of MI (11) that J, {(eif x> 0and y ) O are suf-
ficlently small. For such x, and y, "J1 + J, { 2e. Thus (8.13) holds

PROOF that u 9 & satisfles L,. The first condition in L 1s satis-
fied since 2u

o+, v y] {A (2 3% } {xp [o+, y-y] {Ay(é aa(': l [by Th. 6.2 MD(11)]

(x,vr) —
§ 2x log 2 P\o, 0/ (W) [by Th. 8.3 MT(11)]
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£ 2x of1) [by Cor. 3.1 MI(11)]

The second condition in oL; i1s satisfled since
W —_— - N
X, ¥ 2L -X
P‘_x ; 0] {Ax "‘au} < y P[x ,’ 0] (Axw)— ¥y o(1)

by (8.6) ML (11) and (8.5)'™ Mr (11).

2 20
Thus u 577 satlsfles oL,. The proof that v 37 satisfies L, 1s

simllar. Each term 1n the sum (8.9) representing ¢ thus satlsfles OL2 if
@ satisfies VY and the proof of the theorem 1s complete since ¢ then sat-
isfies L2.

9. Concluding implications. If A and B are MI'-conditlions we say that
an implication A=%B 1s reduced relative to MI-conditions if the relations

(9.1) A=%C =3B
for an MI'-condition C implies that A = C or else C = B. The following

theorem summarizes the implications other than those between conditions of
Lebesgue type.

THEOREM 6.1. The following implications

(8) Jy=Y ==Y, =>1;
(b) Iy =>Y=rL,
(c) JH%VYQ L,
(d) Dy =yV,=Y L,

are reduced relative to MI'-conditions provided9 YP#% L. 1If
YPﬁPLV (a) and (b) are to be replaced by the implications

() JIy=W Y=Y =¥ L =1,

which are reduced relative to MI'-conditions.

9. We shall see in §10 that L. # Y. It is possible that YPﬁL as far
as we_know. For the correspondi l—gimensional tests we have’ showh that
YP=§L1. [Cf. MT (10)].
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(a) PROOF that Jy—»Y. We assume that ¢ satlsfles Jy and seek to
prove that @ satisfiles Y = Y + (CO). By definition, Y' 1is the conditlion

[x,y w , W
(9.2) P lo, o] (uv @) { Axy (x,y)elo+, 0+4] =1

Under JH’ @ is In F over I. Without loss of generality we can suppose Q@
modified on the conordinate axes so that

¢(O"‘)O+) = ¢(0,0),’ Q(U,Oﬁ-) = (P(U;°)3 Q(O"’:V) = @(O,V)

for (0 ug W) and (0 v ). These limits exist since @ is in F(I).
With @ so modified the quadriant 1imit @(0+,0+) = @(0,0+) = @(0+,0).
The modification of @ (1f any) affects the satisfaction neither of Jy nor
of Y. When ¢ has these boundary values P(I, @) = P(I, ®). [See Lemma 5.1
MT (5)]. Under the conditon (CO) contained in JH’ @(0+,0+) = O.

To continue set

@, (u) = @(u,0) @,(v) = @(o,v)
P5(u,v) = Qu,v) - @ (u) - @,(v)
Observe that

(9.3) @5(0,v) = @5(u,0) = o. (o{ugmy(ovm,

Since P(I, @) = P(I, @) < oo and (9.3) holds it follows from Th. k.1 of
MI (11), on setting h(u) = u and k(v) = v therein, that

X, ¥
(9'”’) P [OJ 0‘) (uvcps) S A1 xY [(x;y) eI]

for a suitable constant A,. Since T‘g( q:>2) is finite and ¢p2(o) = 0 it fol-
lows from Lemma 4.1, MP (11) on setting k(v) = v therein, that

TIve,) A,y (0 < x )

for a sultable constant AQ. Hence

o
(9.5) P \o, © (“Vq)e) S Aex y
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Similarly

X, y]
(9.6) P Lo, of (waq,) £ Axy ((x,y) €I]

Since @(u,v) = @, (u) + @ (u) + q)3(u,v) (9.4), (9.5) and (9.6) imply
(9.2).

This completes the proof that JH=? Y.

(a) PROOF that Y = YP-% LP. That Y%YP is trivial, while YP%LP
by Cor. 4.1.

(b) PROOF that Y = L1 . We have

Y=Y &+ (CO)=\7L;, + LE',' (Th. 4.1) + C°(trivial) =» L, (Th. 7.1)

(c) PROOF that JH=§VT According to (7.27) of MI (11)

(9.7) P[I,B‘;’c}] £ PII, Q] { [0+ m}}

Since P[I, ¢ ] < o2 under J, the left ncmber of (9.7) is finite.
Since @ satisfles (CO) under J, @(u,v) = o(1) and $(u,v) = o(uv). It
follows that ff)(u,v)/uv = 0(1) and so satisfies (CO). Thus $/11v satisfies
J; 80 that J,; = V..

H H Y A [

PROOF that DYr%\ly. Set g(u,v) = @(u,v)/uv over I 0+, 0+ .
Assuming that ¢ satlisfies DY we seck to prove that @ satisfles Vy, that 1is
that g satisfles JH. By virtue of Th. 7.1 M (11)

(9.8) P(Lﬁ;@) ghP<, -;1;‘?)) < oo

since the right member of (9.8) is finite under DY We continue by proving
the following.

(a) For each be(0, W] g(0+,b) = 0.

By definition of Dy, @7—5\7 is in ﬁ(I). The relations

({¢})=P(,{v( ))g'ﬂ'P({ )( oo

imply that (ﬁ- @) is in F‘(I). Set Q = [0+, ] Since @/u is in L over
every closed subinterval of Q, and since P (Q, I% @ )=P (I, Iz ¢I) { oo
[Cf. Lemma 5.1 MT (5)], @/u is in FL(Q) by definition of FL(Q). Using the
"vertex" (W,0) in Q set Y (u,v) = (&Q). The FL-integral ¥ 1s defined over
Q by continuous extension of its values on Q. For (u,v)€Q
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u v
(9.9) *(u,v) = &vésﬁ So @(s,t) dt.

For 0 { b { T ¥(*,b) is absolutely continuous over [e, T] for each e > o,
and of bounded J-variation over [0, W] since ¥y 1is in fi\‘(f). Hence Y¥(°,b) is
absolutely continuous over [0, W]. From the definition of g and ¥ and with

o{ug W

(9.10) g(u,b) = L Xu f(s) ds [where f(8) = L Sb P(s,t) dat]
' ’ Y Jdo b Jo a
b
(9.11) ¥(u,b) = Su k(s) ds [where k(s) = S Q—éi'i:-)-dt].
0
ALs

Note that k(s)/b = f(s)/s for s €(0, W]. Since ¥(°,b) 1s absolutely con-
tinuous over [0,T], k and hence f/s 1s Integrable over [0, TW]. Hence

u
1lim Sj%ﬂ'ds—o.
u-—>0 0

Then since

u u
gl = 1§ roast ¢ Ll a

we conclude that g(0+,b) = 0 for b €(0,W]. Thls establlishes (a).

Similarly g(a,0+) = O for a €(0, W]. We have seen in (9.8) that P(I,g) <
oo. It follows from the proof of Lemma 5.1 MI' (5) that g admits an extension
ge over (I) which vanishes when u = 0 or v = 0. Since g 1s continuous over
I the existence of the quadrant limit of g from the right of the points of
T at which u = 0 or v = 0 implies that ge is continuous at these points.
Hence ge(o,o) = 0. The vanishing of ge on the axes togetl?er with the relation

P(T,e%) = P(1,g)

of Lemma 5.1 M (5) implies that g% is in M(T). Hence g is in f‘(I) and
g(0+,0+) = 0. Thus g satisfies JH'

This completes the proof of the theorem except for the statement that
the implications are reduced; this will follow with the aid of the results of
section 10.

10. The denial of implications. Examples of product type. We compare
2-dimensional tests with 2-dimensional tests and never with 1-dimensional
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tests. If A represents a test let KA denote the class of functions which
satisfy A. If A and B are two tests and KA‘D KB and KA¢KB we say that B
is below A and A above B. Thus L1 is above JH. If A 1s neither above nor
below B we say that A and B are incomparable. Thus JH and DY are incom-
parable as we shall see.

As in the introduction we shall refer to the 2-dimensional tests listed
by Gergen as of classical type and the corresponding new tests introduced in
this paper as of MI'-type. We shall be concerned with comparisons between
corresponding tests of classical and MI'-types and comparisons between two
tests of MI-types.

The denial of implications, for example, L1qE?J R L1=f?'(L1), may be
inferred from examples of functions @ of two types: those of product type
[L.e. @(u,v) = h(u) k(v)], and those not of product type. The importance
of examples of product type arises from the fact that when h 1s defined
over an interval U and k over an interval V, and hk has the values h(u) k(v)
then

(10.1) V(UXV, hk) = P(UXV, hk) = T(U,h) T(V,k)

Those implications between two tests of classical type or MI'-type which we
are able to deny by means of product functions either involve two tests below
those of lebesgue type, for example JH =P Dy, or involve a test of Lebesgue
type and one r\10t of Lebesgue type, for example L1 =#=>YP. The only denial of
implicatlons between tests of Lebesgue type, for example Ly =+#'(LR) are (as
far as we know) by way of functions nnt of product type as described in §§11,1
In order to take full advantage of functlions of product type we must
clarify the terminology of 1-dimensional tests. A bar superimposed above
the generic symbol for a test will Indicate that it 1s 1-dimensional. Thus
(JH) is the classical Hardy-Jordan 2-dimensional test, JH the new test of
of MI'-type, and J the 1-dimensional test.
The 1-dimensional tests are concerned with an even-function feL[o, W],
a constant s, and the function V¥, with values Y(u) = f(u) - s. Set

~ u
Jou) = Sos\((t)dt (0gug ™)

/N
The condition W(u) = o(1) and V¥(x) = o(x) will be denoted by C, and T,
respectively. The condition

X
Solwt)l at = o(x) (x> 0)

will be denoted by C°. With this understood the 1-dimensional tests to which
we shall refer are defined below, listing the conditions on ﬂ(opposite the

awmhAl PAn +ha +toat
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J T:)';( ¥) < oo and C
\ \,):r/u satisfies J

D : V/u elL[o, ]

¥ T’é(u V) { Ax and 60
¥, : Thud) { Ax and T,

mw
L, ) PO b o) an
X

THEOREM 10.1. Figure 3 gives a valld representation of relations
of inclusion and incomparablility between 1-dimensional tests.

The correctness of Figure 3 1s a consequence of the following implica-
tlons

(10.2) JI=3Y¥=>T; T =V=%1L; D=7
and of the following denial of implications,
(10.3) I#D; ¥+ T DT ‘

proofs of all of which may be inferred from Hardy (2), taken with the triv-
1al) implication Y=Y, the relation ¥, =% Y shown by an example in the last
paragraph of Hardy and Littlewood, and finally the new theorem, established

in MI' (10)
THEOREM 10.2 ?P=® i1.

A necegsary and sufficient condition that two tests represented in Fig-
ure 3 should be incomparable is that thelr semi-circles should intersect.
The relations of incomparablility indicated in Figure 3 are easily derived
from the above relations. For example, J and D are incomparable. Otherwise
D=> 5=§Y=%TP contrary to (10.3). Similarly ¥ and D are incomparable as
well as V and Y.

We shall prove the following theorem.

THEOREM 10.3. Figure 1 gives a valid representatlon of relations
between MI'-tests.

As proof recall that the implications (10.2) have their counterparts
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(10.4%) JH=%Y=§L1; JH==BIVY=% L1; Dy—va
established In the earllier sectlons. Moreover we shall see that
(10.5) JH#%DY; Y#%VY; Dy=7> Yp -

PROOF that J,;=#¥ Dy. Let ~ with values +¥(u) satisfy J but not D,
as 1s possible since J+» D. Iet ¢ then have the values @(u,v) = Y(u) (v
One sees that ¢ batisfies JH but not I)Y

PROOF that Y#%Vy. Let \ with values \\.r(u) satisfy Y but not V, as
1s possible since Y#»V. Let @(u,v) = \}f(u) V(v.). One sees that ¢ sat-
isfies Y. Observe that

~ N ~
(10.5) ®u,v) _ W) V) (u>o0, v)> o).

uv

~ — T ~
By hypothesis +/u falls (Case I) to satisfy Co’ or elgse (Case II) T0+(\P'/u)=
oo . In Case I

B, ual . i““‘”] # o(1) (u> 0)

so that 45/ uv fails to satisfy (Co). In Case II

P[O+O] (q>/uv)= o]

as a consequence of (10.6). In elther case @ faills to satlsfy Vy.

PROOF that DY#Q Y and DY## Yp. It is sufficlent to show that DY#% Yp
sincc YE%YP trivially. Hardy gives a function ﬂr which satisfies D but

or which
THuy) # 0ox) (x > o)
If @(u,v) = Y(u) Y(v)

XY
P[O, 0] (w @) = T3 (ud) TY (v¥)

so that

o) () - s ww] # owx®).
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Hence ¢ cannot satisfy YP'
The correctncss of Figure 1 for MI'-tests follows from (10.4), (10.5)

and the trivial implication YQYP.

Figure 2. The ilmplications of the full vectors in Figure 2 are correct
by virtue of Th. 9.1 and Th. 7.1. In §1 it is affirmed that no implication
between the tests not indicated as doubtful or logically implied by Figure
2 Is valid. This is a consequence of Figure 1, of the relation DY%YP
just established, and of the relation

(10.7) Yo7 Y

established as follows. In the last paragraph Hardy and Littlewood glve a
functlon ¢ with values ¢(u) which satisfles YP but falls to satisfy 50,
since q@(u)—>» 0 as u—>0. One sees that a function with values q’(u) @(v)
will satisfy YP but fall to satisfy Co' Hence (10.7) holds. The validity
of Figure 2 can now be checked ltem by 1tem.

proof 1t follows that 1f X 1s a test such that DY==-‘IX, then X#(LR). In
particular from our earlier implications and the relation Dy #=(Lg) 1t will
follow that

(11.1) DY==)VY=#L1=§L2-£7LP=%LR,

11. Proof that the MI'-test DY#% the Gergen test (LR). From this

and that none of these MI'-tests 1mply (LR).
To show that DY#%(LR) we shall need two formal relations. Use will

be made of the functilons

(11.2) (X, ¥y, k) =V 0 ky_y]( AY(P)

1.3) A, v, 0 =V lx ) (58,9 \

to establlish the followling lemma.

IEMMA 11.1. For 0 { (k+1)x < T, 0 < (k+1)y € W and
0<{adx, 0 t<y.

kx , k+1)x, (k+1
V[O ,lgy] (uw @) V[(k;c x, (k;r )y]
(k+1 )6 x2 y2 (k+1 )2 Xy

(11.4) ¢ sup DX, to k] g @ls, (e)y; k)
t 53 s (k+1) ¥
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The proof of this formal lemma 1s simllar to that of Lemma 5.2. We
begin with relations (5.5) altered trivially by the introduction of the
factor 1/v and 1/u in the "integrands" of the last term of (5.5)' and (5.5)"
respectively, and further altered by replacing P by V. Thus

.
coma—

(11.5)! Va O ]((p)g(kﬂ)y{sgpvg':ggt {At(v)} +V‘-3',Q-A )

(11.5)" V‘_O ] (q>) S (k+1) X isup V[kss,br_] {A %)} +V{ -X, b ( q’)

The proof of (11.5) is formally the same as that of (5.5) replacing P by V
throughout. Th. 6.2 MI' (11) to which reference 1s made in the proof of (5.5)

1s immediately obvious when P 1s replaced by V by virtue of the representa-
tion of a Vitall variation V(Q,é) in the form

(11'6) V(Q:é) = SQ S 'g(s’t)| ds dt.

The reference to Th. 10.2 of MI (11) in the proof of (5.5) 1s replaced here
by the known fact that the integral (11.6) defines a completely additive set
function. The reference to (9.13) of MI' (11) may here be replaced by a
reference to (9.13)a of MI (11). Relations (11.5) follow in this way.

Replace @ by uv¢ 1in (11.5)' setting g = (k+1)y, a = 0, &' = kx. 1In
(11.5)" replace @ by u¢ setting p = (k+1)x, b = ky, b' = (k+1)y. Thus
withodt gy, 0{s{x

(11.7)" v[ } luvqf ¢ oup v[u,(k” )y- t]lAt(u pet +V[¥(§x:(g1 )y] )
(k+1)

kx, (k+1 wl K l{ N N
(11.7)" V[ , 0l sup V[( +1)x-3, ( +1)y B Q[+V[( +1)x, (k;l )y (B
$ 3

(k+1)

In the first of these relations replace Dt(u @) by %AtqD , compensating
by a factor (kx) (k+1)y preceding the V. In the second of these relations
replace Astp by :—;As(p compensating by a factor (k+1!)x preceding V. Com-
bining the resulting two relations



98 M. MORSE AND W. TRANSUE

kx,ky
kx, (k+1 -t
(11.8) V[O 0} (V@) < (kx) (k+1)y supV o ,( MRt { O (P}
(k+1)

K+1 K+1 A a k41 )X, (k+1
+ (k+1 )3 x° sup VY 3 S,( ;r 2 {EAs(p} + (k+1 )2x V{(k;c. )X,(k;r )y](q';)

On recalling that (k+1)y < T and (k+1)x < T by hypothesis, relation (11.4)
follows from (11.8) on dlviding (11.8) by (k+1 )" x2 y.

IEMMA 11.2. If @ satisfies (LR) there exlst positive constants

a1,bT,d,Kandk)?suchth.atf‘01f"0<5‘<a1,O(b(b1
a, b] [a+k s b+8] _
(11.9) V\o, o} (uve) _ dav ) (-EP.)SK

a? v° ab
Relation (3.29) holds with P replaced by V, as does 1ts proof on r=2-

placing P by V, Ly by (LR) thrcughout. The same relation is found in Lemma
6 p. 43 of Gergen (1). From this relation and its conjugate we have

(11.10)  B(s, (k+1)y, k) A, (k+1)y [0 < s < sy kg <k, 0 (k+1)y <]

Alkx, t, k) A, kx [0 <t <ty kg <k, 0 kx <)

for sultably chosen constants 84, to, ko. Iet x and y in (11.4%) be subjected
to the additlional conditions 0 < x < 89, O <y« to. Then the g and t ad-
mitted in (11.4) satisfy the condltions of (11.10) 3o that both (11.4) and
(11.10) hold for k > k, and 1mply the relation

V[uky) v @l V[(E;1 )x’, e )y] (P) g Ay + Ay e

(k+1)8 x2y2 (k+1)2

If one fixes k > k and sets a = kx, b = ky, (11.9) holds for 0 { a <k s
0< bk t and for obvious choices of d and K, supposiug (k+1 )s <,

(k+1)t, < 1T.
THEOREM 11.1. Dy==¥(Lg).

It follows from lLemma 7.1 of MI' (7) that there exists a function ¢
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in L over ‘3;:1] = I and such that P [I, (F9)] < o0, and for suitably

chosen arbitrarily small constants ¢ > 0

(11.11) VB:S-} v @l > ¢ V‘_gc,’ gc](?p)=o .

Such a ¢ satisfies Dy by definitlon of Dy. Such a @ cannot satisfy (LR).
For if it did (11.9) would hold for this ¢ and for each a = b =c { min
[a1,b1]. In (11.9) k > 2, and for such a k

c c
2Cc , 2¢C — C+i,C+
[C)C (_C k,c k]

so that for any ¢ <{ min (a1,b1) and admissible In (11.11), relations (11.9)
and (11.11) ilmply that K 2 1/c. Since the c's admitted In (11.11) include
values arbitrarily small, this contradiction implies that ¢ cannot satisfy

(Lg).

12. Summary of relationg between classical and MI'-tests. We continue
with a proof of the following theorem supplementing the theorem DY#% (LR)
in a maximum way.

THEOREM 12.1. Jyu7 (Yp).

In MI' (7), Lemma 7.2 implles the exlstence of a function g in F over
I= [1('; ﬁg] with g continuous over I and vanishing on the boundary of I,
) .

and with
[x,x
(12.1) V{io, 0J(uvg )= oo

for every x € (0, ). Such a function g satisfiles JH but not (YP) thereby
establishing the theorem.

If Jy=»X then X5 (Yp) by Th. 12.1. But we have seen in Th. 7.1 and
Th. 9.1 that JH==bX where X 1s any MI'-test excepting DY Excepting DY for
‘the moment X=F£% (YP). But as seen 1n i310 with the aid of product functions
DY##YP, and since (Yp)=»Yp, we infer.that Df#—'—‘? (Yp).

Thus the relation

(12.2) X=F7 (Yp)

We summarize ‘finally all the positive implications which have been
obtained. Relations of implication between MI'-tests are
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(a) Ty == Y = Y = L= L
()  Jy==Y=~w L= L;~> L,
(¢) Jy=yVy= L =% L= L,

(d) DY=PVY—?L1==? LE@ LP-%LR

obtained by combining Th. 7.1 and Th. 9.1. Relations of equlvalence among
MI'-tests are
() L, =L,=Lp+C%=1Ly+C°

(f) Lp=Lg+CO (Th. 7.1) .

Implications which we have denied by producing counter-examples are

(g) JH+DY
(h) Y=y [from (10.5)]
(1) Dy=F¥ Yp

Other denials of implications which may be inferred from the above are 1n-
dicated in Figures 1 and 2. There remalns the comparison Theorem 1.1 which
we now establish.

PROOF of Theorem 1.1. The first statement of Th. 1.1 1s a consequence
of the relation DY#%(LR) [Th. 11.1] taken with (d). The second statement
of the theorem is implied by (12.2). That each MI'-class k¥ includes the
corresponding classical class K(x) follows from the definition of the tests
X and (X), recalling that

V(Q, ) 2 P(Q, g) X

whenever g is defined over Q. That K(x) is a proper subclass of Kx 1s seen
as follows.

Case I. X % Jyg» ¥, or Yp. In this case X=> (LR) since DY-f# (LR)
(Th. 11.1) and DY’#X by (d). Moreover (X) == (Lp) according to Gergen.
Hence X==% (X).

Case II. X = Jy, Y, or Y. In this case x=+§(YP) according to (12.2)
while (X)==¥(Yp) according to Gergen (1). We infer that X=£¥ (X).
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Fig. 1 MT-Tests

Fig. 2 MI'-Tests

Fig. 3 One Dimensional Tests
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IV. NORMS OF DISTRIBUTION FUNCTIONS ASSOCIATED WITH BILINEAR FUNCTIONALS

By Marston Morse and Willlam Transue’

0. Introduction. We are concerned with the theory of functionals
bilinear on the Cartesian product A XB of two pseudo-normed vector spaces
AXB. The spaces A and B are linear in the sense of Banach, and are pro-
vided with pseudo-norms.2

The setting of the problem. Let E' be the interwval [0,7] of an s-axls
and E" the interval [0,1] of a t-axlis. We shall be concerned with spaces
A and B of functionals x and y respectively with values x(s) and y(t) map-
ping E' and E" into R the axis of real numbers. Ilet f be a functional
mapping AXB into R with values f(x,y) such that’ £f(+,y) [f(x,°)] for fixed
vyeB [x eA] 1s additive and homogeneous and

(0.0) 12,301 & Ixlg Iylg M

[y

for some constant M. One terms f billinear over AXB. In MI 2 five axloms
are used to define admissible spaces A and B, and it has been shown that any
functional f bilinear over an admissible AXB 1s representable by an L-S-
integral (Lebesgue-Stielt jes )1'

1 1 ) 1
(0.1) f(x,y) = So x(s) dg So y(t) d;k(s,t) = So y(s) dg So x(t) dik(t,s),

\

1. The contribution of Dr. Transue to this paper is in partial fulfillment
of a contract between the Office of Naval Research and the Institute for
Advanced Study.

2. A pseudo-norm for an element x€A 1s a number |xl 2 0 such that for x

and x5 €A, Ix +X |A £ lx1 'A + lleA while for each constant c, !

'cx’A = |ci lx'A

It 1s not required that x be the null element in A when lxlA = 0.

3. The functional defined by f(x,y) for fixed y or x 1s denoted by f(-.,y)
or f(x,.) respectively.

C)?C First introduced as a Riemarn-Stielt jes integral by Fréchet for products

104
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where k (termed a d-function) 1is canonical in a sense to be defined in §2
and has a finite A-B-variation h(A,B;k). This variation depends in its
definition on both A and B as will be seen in §1. As the authors have shown
h(A,B;k) can be characterized as the minimum of constants M for which (0.0)
holds for all (x,y) € AXB. (Cf. Theorem 12.1, MI 2.)

A study of the way 1n which h(A,B;k) depends upon A and B 1s essentlal
for an understanding of blllnear functionals f over AXB. As an 1llustration
we may refer to the problem of tests for the Pringshcim convergence of double
Fourier series recently found by the authors to be intimately connected with
the theory of functionals blllinear over C XC. Here C is the Banach 'space
of functionals contlnuous over the interval [0,1]. The test (LR) of Gergen,
p. 35, has been shown by Gergen to be not morc restrictive than those earlier
tests for double scriles which generallze the classical test of Jordan, dc la
Vallée Poussin, Young, Lebesguc, Pollard, ctc.. By the introduction of the
Fréchet varlation in place of the Vitali variation in the definition of these
tests we arrive at new tests, not only equally sufficient for the Pringsheim
convergence of the Fourler series of ¢, but also in each case definitely
less restrictive in thelr conditions on ¢. let KLR denote the class of
functlions ¢ which satlsfy our modification of Gergen's test. We show that
our K includes as a proper (actually smaller) subclass the class of func-
tions defined by any of the earlier tests (LR)’ (LP), (YP), etc. as defined
by Gergen. It is by way of the functions defined in this paper that the
inclusion is shown to be proper. The difficulty in such a proof may be
sensed when 1t is recalled that this 1s the flrst proof (known to us) of a
relation of proper inclusion between tests of Lebesgue type (Lebesgue, Pol-
lard, Gergen, etc.) in the 2-dimensional case.

Admissible spaces A and B. The space of measurable functlons x mapping
R, Into R, with x(s) = 0 for s {0and s > 1, and with a pseudo-norm glven
by the L-integral

: 5
Do Ix(9)1P as] (p2 1]

will be denoted by .. The space C (Cf. Banach) 1s atv the same time pseudo-
normed in the sense of Banach. For the remainder of thils paper admissible
spaces A and B are to be chosen from the spaces C and Llp (p 2 1).

One object of the present paper 1s to show by counter example that the
condition

(0.2) h(A,B;k) < ©o

on a functional k which is canonical relative to the square E'XE" (See §1),
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does not In general imply that the Vitall variation V(k) is finite, and to
compare (0.2) with the conditlon

h(A',B';k) < oo

for other admlssible products A' XB'.
The variation V(k) 1s that classically used in the definition of an

L-3-integral. We shall show that (0.2) holds in very geheral cases in which
V(k) = oo. More definitely we shall prove the tf'ollowing:

(a). Whenp > 1, @ > 1,.there exlsts a d-function.qu relative to
Iﬁ)XIJ for which (0.2) holds while V(qu) = 00.

?b). Statement (a) implles that there exists a d-functlon k relative

to any one of the products

(0.3) C XC, C X1y, L, XC, p> 1]

such that (0.2) holds for this product whlle V(k) = oo.

A result of the character of (a) for the product CXC is duec to Clark-
son and Adams (abbreviated CA) who have shown that there exists a functionnl
ko with » Cin'tc Frfchet varlation but with V(ko) = o0,

The product CXC ls extreme in the sense that the cxXlstence of a d-"unc-
tlon k relative to C XC with h(C,C;k) finite and V(k) In’.nite proves nothing
concerning the exlstence of such functlions for the other products in (0.3).
In contrast the existence of d-functions k relative to pr Lq with h(Lb’Ih;k)
finite and V(k) infinite implies the exlstence of similar d-functions k for
each product AXB in (0.3) and for each product Lp1 X lql for which P, > P,
q, > Q. Results of this character for lb )(Lq are thus more effective than
corresponding results for C XC. .

A study of the product ¢ xc has bcun made by Littlewond with results
analogous to the above for C XC. Paul Lévy has recently spown the existence
of a function k which is continuous and for which V(k) = oo, while the
integrals (0.1) are bilinear over L,XL,. This possibility'is also implied
by our theorems. None of the earlier theorems seem to imply our results
other than in these speclal cases.

We conclude the paper by a comparison of the Fréchet variation and
Vitall variatlion. This comparison is relevant to order hypotheses of the
character made in the theory of double Fourler series. Given x > 0 and
y> o, let P ["’Y] (k) and V [’ég] (k) be respectively the Fréchet variation

0,0
and Vitall variatfon of k over the rectangle with vertices (0.0) and (x,y).
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Let p be an arbitrary positive number. We consider the conditions on k
relative to the product xy,

(0.4) P [’g;g ] (k)

(0.5) v [’g;g]m

0 [(xy)*], [y > 0]

0 [(xy)*1,

where x and y are infinitesimals. We state the following theorem.

Among functionals k which are canonical relative to E'X E"
the get of functions which satisfy (0.5) ls a proper subclass
of the set of functions which satist"y (0.4). Moreover k can be
30 chosen that it is continuous over E'XE", 1ls an indefinite
integral of the f'orm

u v
k(u,v) = S S (p(s,t) ds dt, [u> o0, v > 0]
1 1
and satisfies (0.4) with
X Y
X, _ _
vo|9g) ) o= SO Solcp(s,t)lds dt = oo

for every x > 0, y > O.

1. The spaccs Ad of d-functions. Thls paper 1s concerned with counterv
examples and with the general principles which make 1t possible to construct
and interpret guch examples. These examples are functionals In spaces Ad
now to be defilned.

A function g mapping R1 Into R1 will be termed left canonical relative
to the interval E = [0,1] if g has a bounded total variation T(g), 1f g(s) = 0°
for s { 0, 1f g(s) = g(1) for s 2 1, and if g 1s left continuous for s { 1.

A partition Tr of E 13 defined by a set of points

0 = s, < s, < ... < sr“ =1,

An g-function w (s = "step") mapping R, into R, 1is said to be assoclated
with w if w(s) = 0 for s {0and s )1, and if N(s) has a constant value
Np (r=1, ..., » ) on the rth of the intervals
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(101) [so) 81 ); [31) 52), ey [se_e, SQ-1)' [SQ-'I’ Se] [e= I".“.]

The pseudo-norm I11|A of an s-functlon meA = Lb is well defined. If A =C
we shall get

Inly = max Im(s)l,

although of course T is not in C unless n 1s continuous. An s-function
T such that |wl, = 1 will be called a unit s-function.

The spaces Ay of d-functions.’ leg g be left canonical relative to E
and let Ir(g) be the Hellinger integral of g of index r > 1, taken over R,
with respect to s. (Cf. Hildebrandt, §4.) "As F. Riesz, §5, has shown, a
necessary and sufficlent condition that Ir(g) be finite is that g be abso-
lutely continuous, that & be in Lr' and that

(1.2) I.(8) = SR lg(s)17 ds (r> ).
1
Set
1
(1.3) H.(g) = [I.4e)1%, [1{r< o)
s") - g!
(1.4) H,(g) = s'szps" L — s

taking the sup over all s' and s" in R1 with s' { s". When p > 1, let

+ = o= 1 [with p' = 00 1f p = 1].

N

DEFINITION. When A = Lp with p 2 1, Ad is by definition the vector
space of functionals g which are left canonical relative to E and for which
Hp,(g) { o, The norm of an element g in Ad shall be

(1.5) lelp, = Hpile) [1 {p' £ o],

5. In a strict sense the d-functions to be defined in §1 should be callec
left d-functions.
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This 1s a true norm in the sense of Banach. If lglAd = 0, g(s) = 0.
DEFINITION. When A = C, Ad is by definition the vector space of func-

tionals which are left canonical relative to E and for which T(g) { oo,
with a norm

(1.6) IglAd = T(g).

It follows from the above theorem of F. Riesz that for A = LLp (p > 1)
and g eAd,

1
1 -—
(1.7) lely, = [Solé(s)lp' ds]p' = L@ Ly o+ fi=1]

This has the following usgseful consequence. If g is in Ad with A = L\p
and p > 1, and if one sets

EI
(1.8)" x(s) = clg(s)IP sign g(s),
and chooses ¢ > 0 so that |x| = 1 when |gl # 0, then
Lo A
1 .
(1.8)" S x(s) g(s) ds = IglA .
o d

One establishes (1.8)" readily with the aid of (1.7), making use of the
relations

g

' 1
II)Z + 1 = p', 1 - 5

The spaces A admissible in this paper are admlssible in the sense of
MT 2, as shown in MI' 3, §§3, 4, 5. Lemma 1.1 1s then a consequence of
Theorem 5.2, MI 2.

ILEMMA 1.1. If g is an element in an admlissible space Ad, then
with the summation convention of tensor algebra,

(1.9)! mmd- sup hh=AﬁL (r=1, ..., 1g]
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where
(1.9)" D = gls,) - els,,),

and where the sup ls over all unit s-functions in A assoclated
with partitlons W of E.

From this lemma the following lemms can be derived.

IEMMA 1.2. Il g 13 an element in an admlssible space Ay and
is 1llnear on the closure of each of the intervals of a fixed
partitlon T of [0,1], then (1.9)' 13 valid with M restricted
to unit s-functlons assoclated with the glven partition .

We shall need this lemma only for the case in which A = Ip (p21)
and will accordingly 1imit the proof to this case. We can suppose that
IglAd # 0 and hence g # 0.

The case p > 1. In thls case the lemma follows at once from (1.8)",
choosing m as that unit s-function assoclated with T which is glven by the
right member of (1.8)' almost everywhere. For this choice of L (1.8)" glves

(1.10) Ny D = |glAd fp=1, ..., rJ.

The case p = 1. In this case let J be a subinterval of the partition
T on which |g(s)| 1s a maximum, and choose T as the characteristic func-
tion of J divided by the length of J. For this choice of .

!
W B8 = sup s" - 8 = IglAd ’

and the lemma follows. \
The spaces Ad here admitted may be formally ordered by the inclusion
relations

(1.11) Cq ° Lg 2 Lgg (p>a211.

Here is an abbreviation for ( )d' We shall say that an inclusion re-
lation is proper if the equality is excluded. The inclusion relations (1.11)
are proper as affirmed in the followlng lemma.
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LEMMA 1.3. In any admissible space Ad there 13 an element g such
that g 1s in no space Aé which follows Ad in (1.11).

The case A =C. A g G.Cd which 1s not continuous 1s not in Lpd' Such
a g clearly exists so that the lemma is true for A = C.
The case A = Lp. For fixed p > 1, any g € Lpd 1s of the form

S
(1.12) g(s) = So y(u) du,

where y is in Lp., with y(u) = 0 foru<d o0oandu > 1. Forp>q > 1 one

has q' > p' > 1. For fixed p > 1 one can readily construct a y € lb' with

y € Lq' and y(u) = 0 foru< oand u > 1. For such a y, g as given by

(1.12) is in Lpd’ but not inLqd by Riesz's theorem. [Cf. (1.2)]. Further,

such a g cannot be in Lj. For in that case |yl would be bounded almost

everywhere and g would be in cvery space qu, contrary to the choice of g.
For spaces A admlssible in the sense of thils paper (or admlssible in the

sense of MI 2, §3),

(1.13) lg, + g,l { lg,l + lg,l (r>11,
1 2'Ay = 1A, W

The following lemma extends (1.13).

ILEMMA 1.4. For each integer n > 0, let g, map R1 into R, and
suppose that

(1.14) g,(s) + gy(s) + ...
converges to g(s) for each s. Then
(1.15) gl £ gyl + lg,l e r>1].
Ad 2 1 Ad 2 Ad

Relation (1.15) 1s trivial if the serles in (1.15) diverges or if
IgnlA = oo for some n. Suppose then that the series on the right of (1.15)
convegges to a finite sum. Set

Sn(s) = 31(3) + g2(s) + oee. o+ gn(s).

By virtue of the lower semi-continuity of IgIAd (Cf. Theorem 5.3, MI 2),
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(1.16) gl 1lim inf S | .
Ad S n — oo n Ad
But
(1.17) S| lg. | + lg,l N
n.Ad S 1 Ad 2 Ad n Ad

in accordance with (1.13). Relation (1.15) follows from (1.16) and (1.17).
A fundamental lemma concerns a transformation

(1.18) u = as + b, [odb<Ca +b<1]

which maps E = [0,1] into a subintcrval [b,a+b] of E.

LEMMA 1.5. Let g map R1 into R1 and be left canonical relatlve
to E. Under the transformation (1.18) set g(s) = g(u). Then
g 1s left canonical relative to E and

1

(1.19) Iéled = alP lgled.

To establish (1.19) recall that

1

Igl]_bd - [Ip,(g)]p' , [:3+ C=1]

ol

when p > 1, by definition of Igle . By definition of the Hellinger integral
d

1.20 I = Su - N
p' g p ' : Ip‘-1

> \ [r summed ]

taking the sup over all partitions 7% of.[0,1]. By virtue of (1.18), Au =
a A s so that

1

(1.21) Ip.(é) = a'P' Ipu(s)-

On taking the p'th root of both members of (1.21) and using the relation
(1-p')/p' = -1/p, (1.19) follows whenp > 1. Whenp = 1,
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- Dg e
Ig|Ld slsgps" lAs' [As =8 s')

and (1.19) follows from the relation Au = a A s.

2. The variation h(A,B;k). Let R2 be the Cartesian space of coordi-
nates (s,t). Let E' and E" be respectively the unit interval [0,1] on the
s and t axes of R,. A function k mapping R, into R, wlll be sald to be left
canonical relative to E'X E" if k(-,t), [k(s,+)] 1s left canonical in the
sense of §2 relative to E' [E"] for each fixed t & R, [s €R,1].

A partition Tr of E' x E" is defined by a partition wr' of E' of the
form (1.1), and a second independent partition w" of E",

(2.1) 0 t, < t, <...< t = 1.

Let n and 4 be s-functions assocliated respectively with ' and w". Let

k be canonical relative to E' X E". Set

Zsrn(k) = k(s,,t ) - k(sp,t, 1) = k(s,_y,t) + k(s ,t, 1)
foreach r =1, ..., rp, n=1, ..., ng. Employing the summation convention
of tensor algebra, as always, set
(2.2) sup M, H, O (k) = h(A,Bjk),

2.4

taking the sup over all partitlons v of E' X E" and associated s-functions
n, % for which

iy = 1, 1415 = 1.

We term h(A,B;k) the A-B-variation of k, sdmitting that this variation may
be infinite. A function k which 1is canonical relative to E' X E" and for
which h(A,B;k) { oo will be termed a d-function relative to A X B.

A function x € A for which leA = 1 is termed unit in A, and 1if lxlA 1,
is termed subunit in A. In defining h(A,B;k) 1t 1s immaterial whether the
sup in (2.2) is taken over unit elements in A and B respectively or over
subunit elements.

As stated in §2, the spaces A and B are to be chosen from the spaces
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C and Lp (p gz 1). It follows from mr 3, §§ 3, 4, 5, that these spaces
satisry Comdltions I -V of MI' 2. To give another general property let

flunct Lony
)
D (k) = k(sp,t) = k(s ,), [p =1, ..., 1]
(2)
D) = k(b)) - kLt ), (n=1, ..., n]

mappling R1 into R1 be introduced, corresponding respectively to partitions
7' and " of E' and E". According to Theorem 7.1 of MI 2,

(2.3) nh(A,B;k) M Am(k)l
2. sB; = Ju 3 y ’
(2.4) h(A ) I AQ)( )
2.4 Bk = sup k

|g 'B = 1 gn n Ad’

where M and 4 are s-functions associated rospectively with Tr' and w".
The following lemma 1s an extension of Lemma 1.2.

ILEMMA 2.1. TIet Tr' and W" be f'ixed partitions of E' and E"
respcctively. Let k be left canonical relatlve to E' X E" with
k(*,t) linear on the closure of each interval of Tr' for each
fixed t & R‘, and k(s,*) linear on the closure of each interval
ot " for each fixed s e R1 . Then for p 21, 92 1,

(2.5) h(Ly,Lgsk) = Tsiu% *lr‘gn A (k)

taking the sup over all subunit s-functions T and 4 in
and Lq respectlvely, restricting n and g to s-functions asso-
clated with the glven partitions 7r' and " respectively.

Let 7w be an arbltrary partition of E' X E" and (?l, Z) an assoclated
palir of s-functions subunit in and Lq respectively. With a sup taken

over all such ('ﬁ,?), h(Lp,L ;k) equals

= () = (4}
" l: s%p (B, 02 (], &) (k)] )].
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But for fixed ii, Ap L}r [k(*,t)] 1s lineavr in t over the closure of each
interval of Tv". It follows from Lemma 1.2 that for fixed ?i,

- @ _ o @ _
s%p (£, 8, [\, &, ()] = s:s;p (A, [\ Ay )] .

restricting as in the lemma. Hence h(IL.,L_ ;k) equals
P’ Tq
_ Q)] (2)
snép sup (|, By (4,0, (k) ] )],
n

restricting .g as in thc lemma and taking §i ag above. It follows by another
application of’ ILemma 1.2 that the 71 can be replaced by the s-functions 7
of the lemma so that (2.5) holds as gtated.

The followlng theorem is a consequence of lLemma 7.1 and Theorem 7.1 of
MI' 2. One must, howevcr, note that when A and B arc the spaces Lb or C, one
can take MA(s) = MB(s) =1 in Lemma 7.1 of MT 2.

THEOREM 2.1. If k 1s left canonlical relatlve to E' X E",
then for fixed s € E' and t € E",

(2.6)" Ik(-,t)lAd £ h(A,B;k),
(2.6)" Ik(s,-)le { h(A,B;k).

Relations (2.t) Imply in particular that

(2.7)" Tlk(+,t)] < h(C,Bsk),
(2.7)" Tlk(s,*)] £ h(A,Csk),
(2.8) Hyolk(+,t)1 £ h(Ly,Bsk), (1 <p' g 00]
(2.8)" Hyilk(s,)] £ h(A,Lysk),

for arbitrary admissible A and B. For the definition of Hp, see (1.3) and
(1.4).

The implications of these relations will be 11llustrated in the case of
(2.8). If h(Lb,B;k) is finite, then (2.8)' implies that k(-,t) is absolutely
continuous for each fixed t and 1s the integral of a function in Lp,
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[Cf. (1.2)). If h(L,B;k) is finlte, then (2.8)' lmplies that k(-,t) satis-
fies a Lipschitz condition

I k(s",t) - k(s',t) | £ h(L,B;k) ls" - s8'],

in accordance with the definition of Heg. Relations (2.7) 1n the case in
which A = B = C were established by Fréchet.

We conclu’c this section with two technical lemmas which follow from
Lemmas 1.4 and 1.9 respectively. Lemmas 2.2 and 2.3 will be used in §6.

LEMMA 2.2. For each integer n > 0, let kn be a functlon mapping
R, into R1, left canonical relative to E' X E" and such that the
series

k,(s,t) + kz(s,t) +  ee = k(s,t)

converges for each (s,t) in R2 and deflnes a function k which 1is
left canonical relative to E' X E". Then for admissible A and B,

(2.9) h(A,B;k) £ h(A,B;k1) + h(A,B;k,) + ... .

Let _g be an arbitrary s-function assoclated with a partition of E".
Then for a fixed s-function §,

(2) (2) (2)
(2.10) 14, A, (k)'Ad < g, 0, (k’)lAd + I‘gnAn(kQ)'Ad*’"‘

in accordance with Lemma 1.4. Relation (2.9) results on taking the sup of
the respective members of (2.10) over all unit s-functions .g in B, using
(2.4).

\

LEMMA 2.3. Iet k be a d-function relative to Ib X Iﬁ for
P>1,aq» 1. If under a transformation

u = as + b,

(2.11) 0<b< a+b <1
v = at + Db,

k(u,v) = k(s,t), then k 1s a d-function relative to E' X E"
for which
1.1

————

(2.12) n(Ly,Lg;k) = a P 9 ne,L k).
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We begin by making the transformation

(2.13) u = as + b, t = t,

under which k(s,t) = W(u,t). We shall apply (1.19), recalling that

(2)
(2.1%)! h(ly,Lysk) = szp 14,8, (k)led s
. ()
(2.14) h(L,Ly; K) = ?plgnAn(KH%d,

and teking the sup over all unit g-functions ‘g 1n.Lq agsociated with par-
titions of E". Set

(2)
AN (k) = g,

n n
&)
4.0 M = g

and observe that g(s) = é(u) under (2.13). It then follows from (2.14) and
(1.19) applied to g and g that

21
(2.15) h(L,Ly €) = & p h(Ly,Lysk).

If the transformation (2.3) 1s followed by the transformation u = u,
v = at + b, so that k(u,v) = K(u,t) = k(s,t), one finds that

1
) = q .
(2.16) h(Lp,Lq,k) a h(Lb’lh’ K),
and (2.12) follows from (2.15) and (2.16).

3. Preliminary comparisons. We begin with a general Comparison Theorem.

THEOREM 3.0. If k 1s a d-function relative to any admissible
product A*' X B', and if A X B 1s a second admissible product
such that

(3.1) A c AY, B «< B!,
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then

(3.2) h(A,B;k) £ h(A',B';k).

The condition A < A! [B < B'] 1mplies the relation
Ml 2 IMlaes (14l 2 14151

for cv.ry ¢ -lunctlion mn [g ] agsociated with a partition of E' [E"] respec-
tively. (For example Iq IC 2 |1] 'L gince C € L.) Hence

(3.3) 3;12 N 4 n D pnlk),

taken over the unit s-functions m and g in A and B respectively, equals
a sup of the form (3.3) taken over a subclass of subunit m and % in A!
and B! respectively. Thus (3.2) holds.

Product d-functions k = qa\r. General counterexamples of a simple
type can be given in terms of d-functions k of the form

(3.4) k(s,t) = @(3) Y(t).

On the other hand we shall see that such product d-functions do not include
d-functions with finite Fréchet variation and infinite Vitall variation. We
are thereby compelled in §§h, 5, 6 to construct d-functions of a more
complicated type.

If the function k given by (3.4) does not vanish identically, a necessary

and sufficient condition that Q\y be left canonical relative to E' X E" 1s
that ¢ and \y be left canonical relative to E' and E" respectively. This
is an immediate consequence of the definitions involved. If q)\k # 0, and
if qn}' is left canonical relative to E' X E", then N

(3.5) h(A,B; ¢ ¥) = lcplAd l\led,

as one verifles immediately. [Cf. (1.9)'].

Recall that the condition |glp = 0 on a g which is left canonical
relative to E' 1s equivalent to the condition g(s) = 0 for every s. It
follows from (3.5) that a necessary and sufficient condition that a product
?¥ be a d-function relative to A X B is that ¢ be in Ay and  be in By,
provided @V s 0, that is, provided neither "P'Ad nor lquBd = 0.
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Theorem 3.1 follows from Lemma 1.3 on making use of the product d-
function o V.

THEOREM 3.1. There exlsts a d-function <p\}' relative to any
admissible product A X B, such that ¢ ¥ 1s not a d-function
relative to any admissible product A' X B' for which

A < A, B < B',

and f‘o‘r which at least one of these inclusions is proper.

In accordance with lemma 1.3, there exists a ¢ in Ad which is not in
any Aj which follows Ay 1in (1.11). Similarly there exists a ¥ in By which
is not in any Bé which follows Bd In (1.11). By hypothesis, if A' = A
[B' = B], then B # B' [A # A']. If A' +# A, Aé follows Ad in (1.11), and if
B' # B, By follows By In (1.11). If ¢V were a d-function relative to
A' X B', @ would be in Aé and ¥ 1in Bé according to the conclusion just
prior to the theorem, and contrary to the choilce of ¢ and '\lf

The Vitall variation. ILet k be left canonical relative to E' X E".

The Vitali variation of k is then

Vk) = A ()], [P = 1,eee,r, D=1,...,
( s;}rp rn( ) r r n n“_]

r,n T

taking the sup over all partitions —w of E' X E".

THEOREM 3.2. For any k which is left canonical relative to E' X E",
(3.6) h(C,C;k) £ V(k).

There exist functions k which are left canonical relative to
E' X E" for which 0 { h(C,C;k) { oo, while V(k) = oo,

Relation (3.6) 1is an immediate consequence of the definitions involved.
For any one of the d-functions qu defined in §6,

V(qu) = 09, 0 < h(C:C;qu) < oo,

For admissible products A X B other than C X C no relation analogous
to (3.6) holds in general. The following theorem throws light on this
situation.
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THEOREM 3.3. If ¢ and V¥ are left canonical relative to
{0,171, and if @V f. 0, then for admissible spaces A and B,

(3.7 V(@¥) = T(@T¥) 19l IYlg = hAB; *V¥).

If A X B is not the product C W C, there exists a product
lef't canonical relative to E' ‘A E" such that

(3.8) Viev) < oo, h(A,B; @) = oo,

The first equality in (3.7) 1s trivial. The end equality in (3.7) is
implied by (3.5). The middle relation 1s a consequence of (3.2), since

T(®)(Y) = h(C,C; ¢ V) and
C < A, ¢ < B.

If A X B 13 not the product C X C, then elther A, or else B, say A,
properly includes C. It follows from Lemmsa 1.3 that Cd properly includes
Aj- let @ then be in Cy but not in Ay, and let V¥ be in By with ¥ # o.
Then T( @) and T(\}) are finite so that V(@ )  ©°. Moreover | @l, =
since ¢ is left canonlcal relative to E but not in Ay; and l*{rlB >0 d
since Y % 0. Hence a

BAB; W) = IQly I¥lg = oo

Thus (3.8) holds.
The relation between V(k) and h(A,B;k) will be completed for our im-
mediate purposes on proving the following theorem in §6.

THEOREM 3.4. Relative to any product A X B chose‘n arbitrarily
from the products,

C XC, C XL, L, » C, L, X Ly, (P> 1, a> 1]

there exists a d-function K for which V(K) = oo.

.Since h(A,B;K)  ©° for any d-function K satlsfying the theorem, K
cannot be of the form ¢+ without violating the relation

VigpY) £ hAB; @¥)
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in (3.7). When A X B = be Lq with p > 1, @ > 1, K 1s astonishingly regular
even although V(K) = oo. In fact K(-,t) and K(s,*) are absolutely contin-
uous for fixed t and s respectively, with KS(-,t) in I..p, and Kt(s,.) in Lq,
in accordance with (2.8). Moreover it follows from the representation

F(zgi, Zge) = K(s,t) [F = FS,]

of K given in Corollary 12.1 of MI 2, that K is continuous over R2 by virtue
of the continuity of F over Lp X Lq (F is an L-S-integral of the form (0.1)
with k = K). We shall make no use of this fact.

To establish Theorem 3.4 1t 1s necessary to make a deep preliminary
study of finite bilinear functionals associated with finite matrices of
elements + 1. This 1s the object of the next section.

4. The matrices a and ¢. In this section we shall derive certain
properties of a matrix (Cf. CA, §u)

a = lla, n=1, ..., mr=1, ..., W]
of constants 8=t 1, and then speclallize a as ¢. We refer to the set
of elements 815 +e-s 8, 88 the rth column of a., and the set of elements
8yps +ees B, 88 the nth row of 8. This notation is adapted to the use of

these matrices in defining d-functlons.
Iet R, and Rm respectively denote the spaces of vectors

A = (d-ls cee d'u): p = (P-I) O ’Pm)'

The vector o may be regarded as defining a vector

X = (41, eee 5 Wy, 0, 0, ool )

in any one of the Banach spaces 1p (p2 1) or c, with 1ts norm |x|1 or
Ix|,. With x so given we set p

(4.0) Iy = delp g = It

p ’

Norms for vectors {3 in Rm are similarly defined. With this understood, set.
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(b.1) qu(a.) = & Bh 8pps [r=1,...,wW; n=1,...,m)

sup
lot =1pl = 1

taking th. sup over all vectors o.€R,, and €R  for which Icl.lp = Iqu = 1.
the following lemma gives analogues of (2.3) and (2.4). As previously,

I% + ;3, = 1, (13 + 21—' =
LEMMA 4.1. For d4d€R.,, and PeRm,
(b.2)" Fpg@)I? = sw 2o ip, a7, P> 1, a2
Blg=1
(k.2)" Fi(a) = |Stl1p= , lmax 1, a ], (a 211
flq
Q' . Q'
(4.3)! (Fpq(@)1% = sup z{:‘ &, a 1%, (p21,a>1]
P
(k.3)" F(2) = sup (max o, a1, p21].
pl Id.lp=1 n rorm 2

PROOF. We start with the relation

su ok [3 a = sup { sup s b(p)],
Al = = 1 rin - rn - = r r
o =T fl g 1Plg= 1 l&l =1
\
where b( (3) is a vector in R, with components
br(P) = Pnarn’ [r=1, ..., W].
According to the algebra of vectors in R,,
sup o, br(P) - Ib((S)Ip,. p>11]

& =
ol =1
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'¢?:1£1 o, b (p) = m%x o, ( B, [p=11].

Equations (4.2) follow. The proof of (4.3) is similar.
For any (3 ianand forp > 1, @ > 1, set

(h.4) 2 1Bnaml® = @ylp):

The value of [qu( a,)]P' 1s the maximum of P, subject to the condition
| £ |q = 1, Such a maximum clearly exlists. We shall establish the followlng
lemma.

LEMMA 4.2, For any vector (3 in Rm which maximizes q>p sub ject
to the condition | plq =1,

1
(4.5) [F o (a)1P" ¢ md' Py, apy!® ™ p>1, a>1l.
jole] < Zr' fnem b ?
Write

(4.6) s Ipnarnlp' _ Zr:' B, amlp'-1 B, apy!

r

Subject to the condition !qu =1,

1 1
(4.7) 1By opy! £ [@ Iarnlq']q - md',
so that when 'P'q” 1,
ll 1
' -1
(4.8) Zrl IPnem!® < o Z0 1pyenP T

Lemms, 4.2 follows from (4.8) and (4.2)'.
For the purposes of the following lemma set

(4.9) qu(a') = Fp'q'(a‘) p>1,qg>1].
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LEMMA 4.3, For2)>p>1and q )1,

p' ('11'1 - p'-1
(L.10) [Fplql(‘)] S m [F(pl-1 )q.(a)]

This 1s an ilmmedlate consequence of (4.5) and (4.2)', applying (4.2)' to
show that

_ p'- p'=1
Y -

This application of (4.2)' is permissible 1f the conjugate of p'-1 exceeds
1, and this is the case if p' > 2, that is, if 2 > p.

LEMMA L.k, qu(a.) varies continuously with (p,q) for fixed
(2)and p 21, @2 1.

Given 0 < r {p, 0< ¥ <q, it 1s well known (Cf. HLP,6 2.9.1 and
2.10.3) that

1 1
L-1
(b.12)" Ity § Tl ¢ W Plal,
1o
" . A Y q
(k.12) Iflg < Ifl, £ m P lq:

From the definition of F ,(@) 1t is clear that for o in R, and {3

in %’

(k.13)! ln By el £ Tl IR, Fuy (2), [pmv not summed]

(k.13)" ltnPn 8m! S lotlg 1Rl Fpe(2), \[p,q not summed }
We have

(Bork)e Fuv(a) = Iv~l,-?;?,-1 ldpnBn8m!l £ Fpql@),

6. Hardy, Littlewood, Polya.
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using (4.13)" and (%.12). Similarl.y,

(4.14)"  F__(3) =

11 1.1
v | § &*Pn” %5, @),

su K-8 fne
al = - rin “rm
(Ll lp?q 1

using (4.13)' and (4.12). Thus

1.1 1.1
Kp Vg
(%.15) Fuv(a) £ qu(a) { w Pm qF‘}“,(a).

Given e > 0 and fixed pm,V , the extreme members of (4.15) have an absolute
difference less than e if |p- pl and |q - V| are sufficiently small. The
continuity of qu( 4) at the point (M, V) 1s a consequence.

With Clarkson and Adams, p. 840, we now take m &3 an odd integer > 1
and w = 2™ '. The elements ¢, (r=1, ..., W) of the first row of a
shall be 1, and the set of the remalning elements of the respective «w columns
of a shall be taken as the «w different permutations of m-1 elements, each
of which i3 +1 or -1. Denote the resulting matrix || crn” bj ¢. From this
point on we depart from Clarkson and Adams.

Set

(m)
Frql€) = Fpq (P21, a21].

(m
We shall evaluate qu) for an infiinlte sequence of pairs (pn,qn) tending to
(1,1) as n >00 with P, > 1, a, > 1. This evaluation will lead to a proof
of Theorem 5.1. A sequence of lemmas 1s needed.

(m) 2

LEMMA 4.5. [F,, ]

= w, (w= 207,

This 1s a consequence of the formula [Cf. (4.L)],
2
(4.16) (B) = 2= 1B, c.l = W(R? + ... +8%),
PP - Gn °m (’:‘1 *Pm)

which we shall now verify. Observe that in the quadratic form P, the

2 2
coefficient of @, 1s g Cyp = w. That the coefficient 2c,.c.. of @@,
vanishes when n % s may be seen as follows. Suppose first that neither n nor

s = 1. The pair (crs’ cm) is one of the following pairs,

(1» 1), (1, = )» (=1, 1), (‘1; =1),
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and occurs in the rth columm of ¢. By Virtue of the construction of ¢,
for fixed s and n there are as many columms in which this pair is (1,1) as
colums in which this pair is (1, -1). Similarly, there are as many columns
in which the pair (crs, crn) is (-1, -1) as (-1, 1). Hence the sum 2¢,.Crm =
Owhenn# sandn) 1, s >»1. Whens =1 and n ) 1, there are as many colur
in which (c r1? © ) = (1, 1) as columns in which it equals (1, -1), so that
the sum Cr1Cpn = 0 again. m 2

The lemma follows, since [F ] 1s the maximum of Qg( p) subject to
the condition | pl =1,

(m 2
LEMMA 4.6. For 1 {( q{ 2, [F2q ] =

According to (L.2)' and (4.16), for 1 { q £ 2,

(m) 2 2 2
(417)  [Fpy 1 = sup 25 1@ cpl = w sup [IpI1,] £ w.
Iplq= 1 'P'q= 1
The cquality prevails since sup [| plgle =1 for1 {qg 2, | plq = 1. The

equality holds in particular on taking all of the components of p,as o
except @1 = 1.

LEMMA 4.7. For 1 {q< 2and p'=2, 3, 4 ... ,

L.
(m) pl p__-g

ql
(4.18) (Fg ]l £ wnm

Relation (4.18) holds when p = p' = 2 in accordance with Lemma 4.6.
Proceeding inductively, we shall assume that (4.18) holds when p' > 2 is
replaced by p' -1 and p replaced by the conjugate of p'-1. By Lemma 4.3,

1
p' L _ p'-1
pQ'(c)] ' S mQ' [F(p|-1)q|(C)] )

and by our inductive hypothesis this becomes

-|_ E._i p!..z
[ 1 T
£ n? wm @ = wnmd ,

establishing (4.18).
The exact evaluations in the next lemma are suggested by the formula

[(derived from (4.18)],
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(m) lv l|- ‘%—n
Fpg & WP’ md P, p>1,a>1]

(m)
on letting p »1 or q @1 and maeking use of the continuity of F‘pq with

respect to p and q, as affirmed in Iemma k4.L.

(m
LEMMA 4.8, F”) = 1, while for p > 1, @ > 1,
1 1
(m) At (m) =t
- , P - a
(4.19) Fp‘ = W, F‘1q mi .

The following direct proof is given. For p 2 1, (4.3)" gives

(m)

L,2 = [+ 8 =
(k.20) Fo s ( max |ot, cp.1] max ( 'd_:'aug : It cponlls
p p
80 that for p > 1,
1
(m) ' =) o]
= D p'yp' ol
Fo m;x [legyl + oeee 4 e ynltl W=,

For p = 1, agaln using (4.3)",

(4.21) F(m) [ le .l 1] 1
. = max [ max |c = 1.
1M1 n r m

(m) (m)
The evaluation of F‘1q is similar to that of F‘p1 , interchanging the roles

of & and 3.
A result (4.24) of Clarkson and Adams, p. 840, 13 easlly verified. With

reference to the Banach space c, set

m) | m_b
(4.22) F = su Id.r,(bncm [P=1, ..., ;n=1, ..., ml.

|d.|c=|(3 - 1

Note that for & in R, and e in Rm,

L L
&l § WP lalg, 1ply & n 1@l
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and that accordingly,

11

(m) P q (HI)
(h.23) Mo Ppeyl § fl  IPlg P & wPud fal, Iplg Ry
It follows from (4.22) and (4.23) that
1 1
(m) D g . (m
P Q
F { W m Foq -
In particular,
L1 1
{ WVuPF, = wr,
using Lemma 4.5. Thus
g™ 5
(k.24) wn = 001/m%).
5. An integral d-function k(m) In terms of the matrix ¢ of elements
H)(r== 1, e, @3 n=1, ..., I; W= 2" 1), we shall define a d-function
k]z relative r'?lo each product Lp X L (p>1, @> 1), and evaluate h(Lp ,L ,kun))
in terms of F__. As previously m is anodd integer.

Iet a partition RL of E' X E" be defined by a division of E' into w
equal subintervals, and E" into m equal subintervals. Let an be that sub-
rectangle of E' X E" of dimension 1/w by 1/m which is the Cartesian product
of the rth subinterval of E' by the nth subinterval of E". Let e( m) map R
into R1 with e m (u,v) = 0 over the complement of E' X E" and e( (u,v) = ¢
for (u,v) in R, Set

rm

] t
(5.1) k(m)(s,t) = S du X e(m(u,v)dv.
0 0

\

(m)
One sees thit Kk is left canonical ( §2). We shall prove the following
1émma.

(m)
IEMMA 5.1. The function k is a d-function relative to I..p K Lq
(p>1,q)> 1) with

(5.2) h(Ly, Ly ™) @ wP g
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In accordance with Lemma 2.1,

(5.3) h(Lp L ,k - ;uz nr‘gn Am(k(m))’

taking the sup over unit step-functions m and g in I..p and Lq respectively,
and restricting m and 4 to step-functions associate‘yg with the partition
'ﬂ'm of E!' X E". It follows from the definition of k that

c
(5.4) o, k™) - I

To obtain the relatlon (5.2) -one considers m and 4; as defining vectors
(Mys ++es M, ) and ({1, vee, {m) in R, and R respectively, with norms
lnlp and lg Iq in R, and Rm [Cf. (4.0)]. Recalling that the subintervals
of E' and E" under Tr, have the lengths 1/w and 1/m respectively, it 1s seen
that

L L
w?P lqle = 1My qu;ILq = 141y

so it follows from (5.3) that forp > 1, @ D> 1,

., (m) - - (m)
h(LP’LQ’k ) = %“:i Ny 4n Arn(k )
IR ¥
- 5. 7. (= Yp Sapg _oPmd m
%ﬁ% N 4n )¢ B Py wn Fpq ’

L
taking the sup over vectors T in R,, with ||| = wP, and vectors in
ng the_ ¢ n w MN'p

Ry with | £1, = uT ., Relation (5.2) follows.
This lemma taken with Lemma 4.7 gives a basic evaluation.

THEOREM 5.1. For 1 < q { 2 and for p' = 2, 3, ...,

,-1].

-1,

'U!—‘
ol bl
o} bl

(m) - p'q" 3
(5.5) h(l,, Lk ) £ m (5 +
Relation ¢5.5) follows from (5.,2) and the formula (4.18) for F;"q“. On
taking the p'th root of the right member of (4.18) the resulting exponents
of w and m on the right of (s5.5) arc respectively
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1 Q' - 2 1 -2
;' L pla’ ~ q' T Tp'g'’
so that (5.5) holds.
COROLIARY 5.1. Foranyp > 1 and q > 1,
(5.6) 1mit h(L,L k™) 0 [m an odd integer]
5' m¢w Lb) q’ o 8 L4

In this proof we shall refer to the pairs (p,q) admitted in Theorem 5.1
as gpecial. From (5.5) 1t follows that (5.6) holds for each special pair
(p,q). But given an arbltrary pair (p,q) withp > 1, g > 1, there 13 a
speclal pair (s, v) such that p > » and q » v . For such a pair ch L,
and ch Lv’ so that

(m) (m)
h(Lp,Lq;k ) £ h(L,,,L\,,‘k )

in accordance with Comparison Theorem 3.0. Hence (5.6) holds for each pair

(p,q) for which p > 1, q > 1.
The Vitali variation V(k ). According to a theorem of lebesgue, p. 383,

1 y]
(5.7) vie'™) - S S 6™ (s,t)] ds at = S S ds dt = 1.
R'l o] [o]

COROLIARY 5.2. 'I‘he(gt)mction k‘m) is a d-function relative to
C X C such that V(k ) =1 and
-1
(5.8) nec,c;k™) ¢ m 2.

A}

By virtue of Comparison Theorem 3.0 and Theorem 5.1,

L
nee,c;k™) ¢ nir,,1k™) ¢ m 2

with p = q = 2 in Theorem 5.1. This gives (5.8).

6. d-Functions qu with V(K ) = oo. Foreachp > 1 and q > 1 we
shall define a d-function qu relative to Lp X Lq for which V(qu) = oo,
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maeking use of the elementary d-functions k(m) of §5. For these d-functions
the Fréchet variation is finite by definition of a d-function.

let Qn (n=1, 2, ... ) be a sequence of disjoint squares each in the
interval (0,11 X (0,1] of the (s,t)-plane with diagonals on which s = t and
with the maximum distance of the vertices of Qn from (0,0) tending to 0O as
n-»>o00., Forn=1, 2, ... let Qn be the image of [0,1] X [0,1] under the
transformation

(6.1) [0 < b, < a,+b, < 1]

Let m, > 1 be an odd integer. Define gonn)by setting

(6.2) k(mn\(s,t) (M)

= g (u,v), n=1, 2, ...
sub ject to (6.1). Set

m m
(6.3) qu(u,v) = g( 1)(u,v) + g( 2)(u,v) + e

for every point (u,v) in R2. The integers o, shall increase with n, and are
to be chosen so as to satisfy various conditions depending upon the applica-
tion. A first irreducible condition 1is that

(6.4) P(m1) + P(m2) + oeee { oo,

where

(6.5) P(m) = h(Lp,Lq;g(mn) ).
(™)

Observe that g is continuous and left canonlcal relative to E' W E",
and that it follows from lemma 2.3 that

1.1

(6.6) P(mn) = annﬁ_a h(lp,lq;k(mn)).

L)

Since the coefficlent 8, Pa 4g independent of the choice of o, it follows
from Corollary 5.1 that P(mn) is less than a prescribed constant (such as
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1/n2) if m, exceeds a sufficiently large integer Np. Hence the series (6.%4)
converges for suitable choice of the integers m . We suppose the integers

so chosen.
Since C C I.p and C Lq it follows from the Comparison Theorem 3.0 that

("n) ("),

(6.7) h(C,C;g 4 h(Lp,Lq;g = P(m,).

Since g(mn) 1s left canonlical relative to E' X E",

g("1n) (™n)

(6.8) (s,t) £ h(C,C;g ) £ P(m).

We conclude that the series on the right of (6.3) converges uniformly, ab-
solutely, and boundedly to a bounded continuous f‘unctioﬁrs(pq. Hence

is left canonical relative to E' X E" since its terms g are left canonical.

LEMMA 6.1. With the integers m chosen so that m increases with
n and (6.4) 1s satisfied, the Vitall variation V(](pq) = o0,

With f mapping R2 into R, let V(Q,f) and P(Q,f) respectively denote the
Vitali and Fréchet variations of f over the 2-interval Q. It follows from
the definition of k [Cf. (5.7)] that when Q = E' X E", V(Q, k(m’) =1,
Since the Vitall variation is invarianbt under the mapping (6.1),

vig,e'™) = vge'™) - 1.

It 1s clear that
V(Q,,K,) = V(o.n,s(nm) -1
(M)
Vpg) 2 20 VIQuKpy) = Z0 V(Qe ) = oo,

thus establishing the lemma.
We come to a fundamental theorem.

THEOREM 6.1. Given p > 1 and q > 1, the function qu defined
by (6.3) with the integers m, increasing with n and m, chosen
so that (6.4) holds, is such that V(qu) = 00, and

(6.9) 0 < h(l,L;Ky,) < oo
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That V( ) = oo has been established in the preceding lemma. It re-
mains to verify (6.9). It follows from Lemma 2.2 and (6.5) respectively,
that

h(L, LK) € P(m) + Plmy) + ...

Finally, it 1s impossible that

(6.10) h(Lp,Lq,'qu) = 0.

For (2.7) and (2.8) imply that (6.10) holds only 1if qu(s,t) = 0, and this
is clearly impossible when V(qu) = oo. (Cf. Theorem 12.1, MI' 2).

This completes the proof of the theorem.

The preceding theorem and the Comparison Theorem 3.0 give the following:

THEOREM 6.2. There exists a d-function relative to any product
space A X B of the form

(6.11) C XC, C XLy, L, X C, L, XLy, (p>1, a1l
for which V(k) = oo, and

0 < h(A,B;k) < oo,

The d-function k 1s non-degenerate in the sense that the func-
tional L-S-integral f defined by (0.1) is not the null functional
over A X B.

As established in Theorem 12.1, MI 2, a d-function k relative to A B
defines a null functional over A X B of the form (0.1) 1f and only if
h(A,B;k) = 0.

To state Theorem 6.3 new notation is required. Iet s and t be positive
numbers. Iet k be a d-function relative to A X B. let hs,t(A,B;k) be the
A-B-variation of k over the rectangle g:g determined by the vertices
(0,0) and (s,t), with hs,t(A,B;k) defined as was h(A,B;k), on replacing par-

titions of E' and E" by partitions of (0,s] and [ott] respectively. Let
]

v [: ’ET(I{) be the Vitall variation of k over [: ’gj . We shall examine
» 2

(6.12) hs,t(A,B;k)

for small s ard t and for specially chosen k.
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THEOREM 6.3. If A X B 1s any one of the products (6.11), and
1f u 1s any positive number, there exists a d-function k relative
to A X B such that

(6.13) hy ((A,Bjk) £ N(st)* [N a constant]
with V g’g] (k) = co for each positive s and t.
3
We refer to the d-function qu of Theogemc6.1 and to the squares C,)_n
- n,%n B
used in defining qu. Suppose that Qn b by As previously we sup
pose that

o<bn+1<cn+1<bn<cn<1 [n=1,2, ... 1.

We can and will choose these squares so that

(6.14) D ¢ M, n=1, 2, ... )

where M 1s a constant independent of n. 3uppose that the odd integers m,
used in defining qu increase with n and are such that

(6.15) P(m,) < cr‘?l’*- cf‘l":'1

This is possible since P(m) > 0 as m T oo.

By virtue of the Comparison Theorem 3.0, it will be sufficient to prove
Theorem 6.3 for the case in which A = ITJ’ B = Lq, and to show that qu can
serve as the function k of the theorem. Since p and q are fixed, we write

hs’t(Lp,Lq;g) = hs,t(g) \

(4]

for brevity. The square gn’on] does not intersect Q, @, ++., Q-
’

It follows that

h (g(mr)) = 0 (r=1, ..., n-1].

(™)

Hence if one sets g
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(6.16) hcn’cn(qu)=h°n’°n(R“) $ P(my) + Plm,,) + ... & e,

using Lemma 2.2 and (6.15).
Without loss of generality we can suppose that s 2 t. If bn £t<hb -1

the rectangle g’g intersects none of the squares Qn-! s savey Q1’ so that
i
2
hs,t(qu) < hcn,cn(qu) < ey [by (6.16)]

(:rH_1 n+1

2p
c [»)
= I: = :] e M £ MPH(st)* [when s > t].

When t > s, a similar result is obtainable. This establishes (6.13).
The proof that V [g’g] (qu) = oo for any positive s and t is similar
to the proof of Iemma 6.1. Theorem 6.3 1s thereby established.

7. The product C X C. The results obtained for a general product can
be simplified and extended in the case of the product C X C. Earlier notation
and concepts require extensions.

Let Q be an arbitrary 2-dimensional interval over which a function k 1s
defined. If Q is closed, the Fréchet varlation P(Q,k) of k over Q is well
defined (Cf. MI' 1). If Q 1s not closed, we introduce the definition

(7.1) P(Q:k) = Slj\’p P(J)k):

taking the sup over all closed subintervals J of Q. When Q = @"gq, we
)
shall write

(7.2) pi) = ¢ [290" 0.
In this section we shall set
(7.3) LL = (0,11 Xlo,11, Sy o= (0,1] X (0,11,

Functions weakly in L(Q). If @ 1is defined over an interval Q and 1s
in L over every closed subinterval of Q, ¢ will be sald to be weakly in L
over Q. If Q is closed, a function weakly in I(Q) is in L over Q. If @ 1is
weakly in L(.D..o), we shall set
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- u \'g
(7.%) P (u,v) = S1 51 P(s,t) ds at [(u,v) € ,].

The scope of our counter examples will be considerably increased 1if the
elementary function k(m of §5 is replaced by a function f(m) defined over
L as follows. In terms of the function 6™ of (5.1) set

u \'4
(7.5) W (u,v) = S 81 o™ (5 t) as dat.
1

One recognizes at once that

(7.6)" POOL,K) w P k™) ¢ m 2,  [by Corollary 5.2]

(7.6)" VL KTy = v k™) - g, by (5.7)1.

We now define £'® over () as follows:

(7.1)1 f‘m)E‘-—g—’J ‘Lgi] - kB, fo<ug1;0<vg1]
(7.1 f‘m"%l,‘zi] - Pz fo<ug1;0gvg]
(7.1 r(m’[‘é‘-, "QL’J - -‘S(E)—L}‘—'ﬂ-'ﬂ—, [ogug1;0<vg]
(7.7)V f‘(m’[g-, %:, - !&9‘1({;11_.1;\’)., fogugi1;0vg)

and set f(m(u,v) = 0 for (u,v) not in.fL . One sees that
u v

(7.8) £@(4v) = S S‘ £™(s,t) ds at,
1

where .g(m)(s,t) = 0 for (s,t) not in ., and

(7.9) 4 e, v o W (y,y), [o<ug1;0<vgl
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with similar relations derived from (7.7)11, (7.7):[II and (7.7)IV- The
equalities (7.7) imply the relations

1,1

(1.10) P [;_ 1_](:“““) = pP [},; 2,](&‘”’),
1, 1

(1.10)" v [1_ L](f(m)) -5V D; Z)] (™),
2’ 2 ’

with similar relatlons corresponding to (7.7)II, (7.7)HI, (7.7)IV. It
follows that

L
(7.11)! P [2): 2)] (f‘(m)) { P B: 2)] (\d'"’)g m 2,

(7.11)" v [1’ 2,] (£M)y =y Z): 2,] K™y o g,

n

£

2

We note the following:
The function £'™ vanishes on the boundary and exterior of )L in R,.
let I be an arbitrary closed square, and let

u = as + b,
(7.12)

v = at + ’
be a 1-1 mapping of L onto I. Under (7.12) set
(7.13)" £ (s,8) = P (I;u,v).

As a consequence of (7.13)',

(7.43)" w1, Py - o, PI, P™) ¢ n2,

We refer to the sequence of non-intersecting squares,

c_,C
Q = [bn,n R n=1, 2, .v. ]

nbn

tending to the origin as n -» 00, and state the following theorem summarlzing
and completing results of §6.
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THEOREM 7.1. Withd >0 (n=1, 2, ... ) and m_ an oad
Integer increasing with n, suppose

A d, dp
(7.14) = W + W + ... £ oo,

Then the series
m,) m
(7.15)! d1P(1(Q1;u,v) + GEP( 2)(Qe;u,v) + .. = P(u,v)

defines a continuous function I" over R2 such that P(u,v) =0
for (u,v) not in union Qn’ and

(7.15)" P (uv) = an(mn)(Qn;u,V), [(uw,v) € Q)]

(7.16) VAL T) = 4, + 4, +... = V(O ,, T,

(7.17) PORT) £ A, [by Lemma 2.2]
u \%

(7.18) T(u,v) = S S ®(s,t) ds at,  [ud 0, v 0, usv » 0]
1 1

wherc ¢ 1is weakly in L(,n..o), and in LW ) if and only if

d, +d, + ... { oo,

All statements of the theorem have been amply covered previously with the
possible exception of the statement concerning (7.18). However, the defini-
tion of P(m) shows that

N Y N
T (Q5u,v) 81 & @, (s,t) ds aty

where @, may be taken bounded and measurable over Qn with Qn(s,t) = 0 for
(s,t) not in Qn’ and where

larea Q] @, (s,t)] = 1 ((s,t) € Q).

One satisfles (7.18) with

(7.19) Pls,t) = d, P, (s,t) + dPyls,t) + ... ,
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and observes that for any closed interval I which does not intersect

it U Qo U oe s

(7.20) W(I,P) = SI S l@(s,t)l dsdt ¢ d, + d; + ...+ d

n)
where the equality holds if in addition

Q U o U ... Ugg <1

Hence (7.16) holds, and @ is in L(Q.) if and only if d, +d, + ... { oo.
Thg Eollowing theogi? is prz%;? as was Theorem 6.3 replacing hs,t(lp,Lq;g)
by P [o’o] (g), and g by ' 7', again using Lemma 2.2.

THEOREM 7.2. There exist indefinite integrals T? of Theorem
7.1 such that V [3’8 (I’) = oo for every s > 0, t > 0 while
b

(7.21) Plas | (P < west

for prescribed N > 0 and M > o.

The Fréchet and Vitali variations are topological invariants with respect
to homeomorphisms X and Y of E' and E" in the following sense. Set

k(s',t') = g(3s,t) [with s' = X(8); t' = Y(t)].

It then follows from the definition of the Vitall and Fréchet variatlons that

(7.22)  V g;g] (g) = v[s;;{;] (k), P[?,;E] (g) = P[s(',;g'] (k).

Making use of this invariance we can now state the following corollary of
Theorem T.2.

COROLIARY 7.1. Iet A and u be arbltrary continuous functions

with XN(s) > 0, u(s) > o for s > 0, There exist indefinite integrals
I® of Theorem 7.1 such that V [g:g] (I?) = oo for every s > o,

t > 0 while

(7.23) A S S IFERNCIFTON
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In proving the next lemma two inequalities will be used. If Q = [a.;:g'
is a closed subinterval of ,ﬂ.o, ir f1 and fe’ with values f'1(s) and fe(t),
are continuous over [a,a'] and [b,b'] respectively, and if '(T) 1s an indefi-
nite integral of the form (7.4) then

a' b!
VQ,FT, ) = Sa ds Sb If,(s) £,(t) @(s,t)| ds at

(7.24) < Ne el VIR, §),

where | f‘1 Il 1s the maximum of f1(s) over [a,a'] and || £, Il the maximum of
f‘z(t) over [b,b']. We shall use (7.24) and a similar relation

(7.25) PQET, @) £ I 1l eyl PR, ),

established in §6, MD k4.
A lemma instrumental in showing that our generalization of Gergen's test
i1s less restrictive than any of the classical 2-dimensional tests 1is as follo

IEMMA 7.1. There exists a function @ in L({L) such that
P(.(Lo, @/uv) ( oo, and arbitrarily small constants ¢ > 0

such that with [g '°] the interval (0,c] X (0,c¢]
+,0+

(7.26) V[°$:g+] (W ) > ¢, v[2g:<2:c:l(¢) = 0.

We shall establish this lemma with the aid of Theorem 7.1, using the
function ¢ in Theorem 7.1. To that end set

g, 1

(7.27) Q = 2" 2 = | ®n’®% |, (=1, ]
1, 1 a, &8, \
—— )
2n+1 2n+1 > >
introducing a., and setting der = l‘aer and der-1 =0 (r=1, 2, ... ) in
Theorem 7.1. Choose m,, so large that

1
(7.27)" Tﬁ’% $ 1 (8
r

We shall show that the resulting function ¢ of Theorem 7.1 as defined by
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(7.19) satisfies the lemma.
From (7.2%) forr=1, 2, ... ,

— 2or | = (8p) 3
W0 ®® 2 () v ® - B 0, - e,

8 a o0

er’~er — 64
(7.28) v [°+,°+] (we) 2 zr' (a2p)5 - & (aar)3.
By virtue of (7.25) and (7.27)' respectively,

3
" (aer) 8.,
(aar)e L 2r

PO 7)< (52 ) M@ §) <

oo o0 r
1
(7.29) PO §TW) & 25 8y = 2o (F) -

Wi
.

Since the serles d, + d, + ... converges, @ 1s in L over KL by Theorem
7.1. According to (7.28) the first relation in (7.26) is satisfied on taking

c = a (r=1, 2, ... ). Moreover,

2r

28, ,28 -
v [Qr 21'] (‘T’) - V(er_1,q;) - d2r-1 = 0.

8ops 8o
This establishes the lemma.
In proving the next lemma we shall need a relation established under

Lemma 4.2 of MI 4. Iet g be defined over the interval Q = [:"g], and let
’
k, with values k(t), be defined over [b,b'] with total Jordan variation

I2'(k). Then with g(s,b) = g(a,t) = o

(7.30) P(Q,kg) ¢ [sgp le(e)l + Tg'(lc)] P(Q,8) [b{tb'].
In particular if 0 { b { b',

PQ, & [,’; + (5 - ‘5.)] P8 § & Pe).

Applying (7.30) with the roles of s and t interchanged, and supposing that
0<{b<{b', 0{aa', one infers that
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(7.31) PQ &) 3 PQ g).

The following lemma will permlt us to show that there are functions ¢
which satisfy our 2-dimensional Jordan test but do not satisfy the Young-
Pollard test (Y) as defined by Gergen.

LEMMA 7.2. There exlsts a lunctlon g continuous over 0,
vanishing on the boundary of £X with P({L ,g) < oo, and such
that for every x € (0,11, V [’é”é] (uvg) = o0,

’

For u » 0, v » 0, g(u,v) will be taken of the form g(u,v) = I*(u,v)/uv,
where I* 1is given by Theorem 7.1 with dn= 1, bn= 1/n, forne=1, 2, ...,
and the integers m.  so chosen that

o
————1 = n = . ) e .

To satisfy (7.32) one can in particular set m, = ne.
It follows from Theorem 7.1 that

oo - v[5E](m [x € (0,11].

Moreover,

P(ﬂo,g) (4 En:, P(Qn,]"/uv) [from (7.15)']

- En: P(%,F(mn\/w) < ? kn? P(Qn,l"(m“)) [by (7.31)]

\
2

< v 20 \‘-?;- < oo [from (7.32)].
n

Since P(ﬂo,g) { oo, it follows from Theorem 5.1, MI' 1, that the quadrant
1imit g(0+,0+) exists. Noting that I®(u,v), and hence g(u,v), vanishes for
every point u > 0, v > 0, not on some square Qn’ we conclude that g admits a
continuous extension over {L such that g van'ches on the boundary of (. .
It follows from Theorem 6.4, MI 5 (citcd in the preceding paper) that

P(ﬂo, g) = P(Sh, g).
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fhis establishes the lemma.

LEMMA 7.3. There exists a g in L(L %) such that gf/uv is not
in L({. ), while

(7.33) P(fh,,g/uv) < oo.

In Theorem 7.1, let dn= 1 and e, = 1/n (n=1, 2, ... ). In terms
>f the resulting function @ of (7.18), set g(u,v) = uv ¢(u,v). Then

[7.34) P(OL,8Tav) = P(QL, @) < PUOLT) < oo,
5y (7.17), while by (7.16),

v(nho}g;uv) = V(ﬂo) 6) = m'

foreover,
V(Q,8) = V(Q, W) < i V(Q,P) = c,
1sing (7.24) to remove the factors uv. Hence

V(ﬂo,é) = c12 + cg + ... { oo,

thereby :stablishing the lemma.
According to the lemma,

(7.35) &n S l_g_(_ﬁ_‘,’_v_)_| dudv = oo
(o]

vhile P(no,g7uv) { oo. This situation 1s typical of comparisons between
Jitali and Fréchet variations. It has no strict 1-dimensional counterpart.
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V. NOTE ON THE BOUNDARY VALUES OF FUNCTIONS OF SEVERAL COMPLEX VARTABLES

By A. P. Calderdn'and A. Zygmund

1. Statement of results. In what follows we shall mostly consider
functions f‘(z1, ooy zk) of k complex variables Zyy eens 2y defined and
regular in the unit polycylinder

I EN RGN PRSP

We shall discus: the problem of' the existence of boundary values of such
functions f. Instead, however, of the whole boundary of the polycylinder
I‘k, we shall consider only part of it, namely the so called "distinguished
boundary," defined by the equations

ie 1ek
(Dk) z, = e s eees Zp =@ (0o £ 815 ey O £2m)

The distinguished boundary Dk is a k-dimensional variety.

We shall s g?that the, function f(z,, ceny zk) has a non-tangentisl limit
s at a point (e ) seey € ) of Dk’ if £ tends to s as each of the vgg%ableﬁ
z, tends, non-tangentially, from within the unit circle lzjl {1, toe .
By 1limit, we shall always mean a finite 1limit only. It 1s well known that,
if f(z1, coey zk) is ?8$nded inigEk, then f has a non-tangential 1imit at
almost every point (e yeesy € ). (See [8]), where the result 1s stated
explicitly for the radial approach only; the proof, however, is perfectly
general). In other words, the set of the points (61, ceey ek) situated in

the k dimensional interval

(Q) 0ge L2, ..., 0 2T,

and for which the non-tangential 1limit of f does not exist, is of lLebesgue
k~-dimensional measure zero.

The same conclusion holds, if the boundedness of f in 1"k 1s replaced
by the condition that f belongs to a Hardy class, that is 1f, for some
posltive &, the Integral

1. Pellow of the Rockefeller Foundation.
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2m 2w ie
o\

1 i s
AR lf(r,e » vees DO ) de1...dek

remains bounded for r, 1y weny T <{ 1. 8till more generally, the assump-
tion of the boundedness of the integral (1) can be replaced by the condition

2m AL . R k-1

(2) So v So log * If] (log * 1log I£1) de,...dg, = 0(1).
ie‘ iek +

Here f stands for f(r1 e y eees T € ) and, as usual, log” u = Max (log u,0

for u non-negative. For the proof, see [10].

For k = 1 the iterated logarithm in (2) drops out and the result reduces
to the very familiar Nevanlinna - Ostrowski theorem. The meaning of the con-
dition (2) becomes easier to understand, if one takes into account another
well known fact, this time from the theory of integratlon, which asserts
that 1f g(x1, ey xk) is a measurable function of k real variables XypoeesXps
such that |g|(log * lgl)k_1 is Lebesgue integrable, then the integral of g
is strongly differentiable at almost every point (x?, ey x;),(See [4]). In
other words, for almost every point (x?, ey xg), if Q denotes a k-dimen-
sional interval with sides parallel to the axes and comprising that point,
the 1llmit of

1
—_ g dx,...dx
Y SQ k

exlsts as the diameter of Q tends to 0. Here and hereafter, by |E| we denote
the measure of any measurable set E. If in (2) we formally replace log * el
by g, the condition (2) can be written

2m 2 k-1
S cee S g.(log * g) d°1"’d°k = 0(1),
0 (o]

\

and so takes the form guaranteeing strong differentiability of Integrals.
As a matter of fact, the latter property and the theorem asserting the
exlstence of the non-tangential limit of the function f(z1, ceey zk) sat-
isfying condition (2), have a common basic source, namely the Hardy - Little-
wood Meximum Theorem (see [ 31, or [ 7], p. 241 sqq.).

It 1s well known that for the strong differentiibility of the integral
of g(x1, ey xk) the condition of the integrability of [gl(log + lgl)k.1
is the best possible and cannot be relaxed, (see (6], [4]). It is an open
problem whether or not for the existence of the non-tangential 1limit of
f(z1, ceny zk) the condition (2) 1s the best possible, but 1t appears likely
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that also this condition cannot be relaxed. In particular, one would not
expect that the condition

2w 2w + 191 1ek
(3) S S log © If(r, e ', ..., r, e ) de,...de, = o(1),
0 0

which is a straight extension of the Nevanlinna - Ostrowskl condltlon to the
case k > 1, guarant?gs the exiggence of the non-tangential 1limit of f at al-
most every point (e 1, cee, € k).

St111 the condltion (3) 1s known to imply the existence almost every-
where of some sort of boundary values. For it can be shown (see [10]) that,
if (3) holds then, for almost every 8,, the non-tengential 1imit

]
(4) £ (zp vee, z) = Unm

18 f(z1, Zys ene zk)
2 1

1—)8

exists uniformly in every polycylinder.

lzo) L1 - 8, «ony Iz 1 {1 - 8 (0< & <)

e
Hence f | (22, ceey zk) is, for almdst every 61, a regular function of

Zpy eees Zy in the polycylinder lz2| <1y eee, lzkl < 1. But more than that
1s true, namely, for almost every 8, the integral

2w om + 91 192 16k
Xo .ee So log It e PRSP S )| dee"'dek

is bounded as a function of Poy eeey Ty (r2 <1y eeey ry < 1). Hence,re-'
peating the previous argument, we see that, for almost every 0,5 the non-
tangential 1limit

9,8,
f (23’ esey zk) = 1im 10 f

2
Ze'ﬁ e

°,
(zg, ceey zk)

(a) exists; (b) 1s a regular functlon of zj, cres 2y in the polycylinder
lz3| <1y veny Izkl < 1; (c) satisfies the condition

8211' 2m 0.0 10 16
tere 3 e -
o So log © If (rge 2, ..o, v e )| de,...de, = 0(1)
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-all for almost every 02. Thus corditions (a), (b), (c) are satisfied for
almost every point (e,,ee) (almost every, 1n the two-dimensionsal sense).
Proceeding in this way we see that, under the condition (3), the iterated
1imit

L21% B L 1o, f‘e1...e»k_1 (z)

zZ,—>e

exists at almost every point (61, ceey ek). It can easily be shown (see
[10]) that, 1f the cogd%tigg (2) is satisfled, then at almost every point
(e,...8,) the 1imit £ ' ~* ' 15 independent of the order in which the var-
lables Zys ey Zy tend to thelr respective 1limits (in particular, this is
valid if f belongs to any Hardy class). Whether the assertion remeins valid
for f satisfying condition (3), seems to be an open problem.

The mein purpose of this note is to show that, u?ggr conditigg (3), the
function f(z1, ceey zk) has, at almost every point (e 1, ..., e K) a so
called restricted non-tangential 1limit. By this we mean thaieg(zt, ooy zk)
has a 1limit as each z., = rj e~ J tends non-tangentially to e J, in such a
way that all the ratios

(5) J (Jyh=1, ..., k)

remain bounded.
The notion of restricted convergence has proved useful and important in

the theory of multiple Fourier series. For it 1s well known that 1if
g(e1, ceey ek) is of perlod 2T 1n each variable ej, and is Lebesgue inte-
grable, and 1f

4 00

ei(n.' 61 +o .+nkek)
A}

then the Abel means

i(n,0,+...40,.06, ) In, | In, |
(6) :E: cn e L %k r, LR " i
1...nk
(r1 {1y veny T < 1) of the Fourier serigg of g havios restricted non-
tangential limit at almost every point (e !, ..., e K). If we omit the
condition of the boundedness of the ratios (4), the Abel means (5) may di-

verge everywhere. See [L4], [5], and the literature there given.
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Of course, restricted Abel summability of a Fourler series reminds one
of the classical result of Iebesgue asserting that the integral of any L-
integrable function g(x‘, e, xk) 1s almost everywhere restrictedly (some
sa.y, regularly) differentiable, that i1s that at almcst every point (x cesy
xk) the limit

quT SQ 8(Xy5 vovy X)) d xp0.. d X

exists as the dlameter of Q tends to zero, where Q is any k-dimensional
Interval contalning the point and such that the ratio of any two dimensions
of Q remains below a fixed limit.

Thus our main theorem 1s as follows.

THEOREM 1. If f(z1, ceey zk) is regular in I‘ and satisfies

1e ie
condition (3), then at almost every point (e ', ..., e K) the
function f has a restricted non-tangential limit.

It will be a comparatively simple matter to show that under condition
(3) the function f 1is almost everywhere restriggedly non—iaggentially bound -
ed. In other words, for almosg every point (e 1, ..., e k) 1§Re function
f remains bounded as z; = rj e tends non-tangentially to e J, provided
the ratios (4) remain bounded. The proof that f has actually a limit almost
everywhere 1s already deeper.

THEOREM 2. Let F(z1, ceey Zk) be a regular function defined in
the polycylinder I"k. Suppose that there 1s a set E situated on

the distinguished boundary D, of T', and having the following
160 K 1g0

property. For every point (e ', ..., e K) in § the funigion
F remalns bounded as (z1, ceey Zk) approaches (e ?,..., e )
restrictedly and non-tangentially. Then F has a restricted non-
tangential 1imit at almost every point of E.

Theorem 2 1s of independent interest, but we shall primarily use it ir
the proof of Theorem 1. It 1s obvious that the latter theorem is an immediate
corollary of Theorem 2 and of the just quoted restricted non-tangential bound-
edness of functions f satisfying the assumptions of Theorem 1.

In the next section we glve proofs of Theorems 1 and 2. The remaining
gection of the paper 1s devoted to some additional remarks.

2. Proofs of Theorems 1 and 2. We begin by discussing a class of func-
tions wider than that of regular functions. ILet us consider any function
F(z1, veey zk) defined in the polycylinder I\{. We shall say that F is
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multiply harmonic in I‘k, more precisely - k- harmonic there, if 1t 1is con-
tinuous in l"k, with respect to all variables simultaneously, and if it is
harmonic in each of the variables zj separately. In other words, 1if

zj=xj+iyj,

then F, y y = 0 for all j. The function F mey be complex-valued.

If £(2y, +ees 2 ) 13 regular in [’/ , then f as well as its real and imagl-
nary parts, are k-harmonic. If F 1s k-harmonic, then it is also a harmonic
function of the 2k variables Xys Yyo voes Xps Voo the converse being ob-
viously false. We shall also consider k-harmonic functions in domains other
than rk} in particular we shall consider them in the topologlical products
Vk of the upper half-planes yj >0(j=1, «¢., k). Thus Vk 1s the set of
the poilnts (21, ceey Zk) such that the imaginary parts of all the Zj are
positive. If z, = h.lw.) 1s a linear (fractional) mapping of the unit
circle Izji < 1 onto the upper half-plane I w, > 0, and 1if F(Zy ove, Zk)

is k-harmonic in I‘k, then F (h, (w, ) PR hk(wk)) is k-harmonic in V,, and

conversely.
Let us consider any trigonometric series

() hillng . ei(n1 61+...+nkek)
Nyyeee,y="00 ey

ie.,

in k real variables e,, ..., 8 . Let us write z, = rye J, and let us

J
assume that the Abel means

i(n, 0, +... e ) In,| In, |
(2)  F(zy, ovey Z) = chI"'n’ke ™ ik ry ...rknk

of the series (1) exist for r, <1y, vue, Ty < 1. By this we mean that the
series (2) converges absolutely (and so uniformly in 6., ..., ek) for every
system of such values of Pys eees Ty Then the function F(z1, ey zk) is
k-harmonic in I"k. Conversely, any function F‘(z1 s eeey zk) which 1s k-har-
monic in I“k admits of a representation (2), where the serles, on the right
1s absolutely convergent for r, 1y ey v, { 1. For let us fix positive
number Py ooy T less than 1 and let us consider the periodic function
F(r1 e 1, cees Ty © ). The Fourier series of this function is

Z ¢ 1(n1°1""‘+nk°k)

(3) By...n (ry, «oor ) e )
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and the Fourler coefficients are given by the formulas

1 1ek
(%) cn1_”nk(r1,...,rk)-(21r) SS F(r, o R )

-i(n9+...+ )
e nkk de "'dek

Since for every harmonic function H(z) of a single variable z, |z| { 1, and
for every integer m, the integral

am
S H(r e1®) piml g-imeé 4o
o]

is independent of r, r < 1, a simple 1nduct1?n ?with rTspect to k) applied
to (4) shows that C, n,...0 (r1, ooy rk) is independent
of Tis eees T Hence

(5) C (r1, cees rk) = C r, R < ,

1.-.1’1k n1...nk

where cn1.._ are constants. From (5) and (4) one sees that, if we fix
positive numbers R1, ey Rk less than 1, then

le |  Const

N.eee : n
1 R1... R K

i(n, e +...+nk6k) In, | lnkl
223 cn1...nk ¢ B r 1 *

converges absolutely in Ik:and represents the function.F(z1, ey zk) there.

If (1) is a Fourier series, the function F of (2) is k-harmonic in Iﬂk'
The same holds, if the series (1) 1s a Fourier-Stielt jes series,.that is 1if
the coefficients ¢ are glven by the formulas

n1 .o .nk
¢ - 1 2“:.. 2w -1(n1u1+...+nkuk)
(6) cnl...nk m SO SO € d P.(E))

)
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where p(E) is a totally additive, not necessarily positive (Or even real-
valued) mass distribution defined for all the Borel sets E of the interval

(Qk) ogu1 am, ..., ogukge'n'.

Since we 1ldentify the opposite faces of the interval Qk’ it would be the
same thing to assume that the masses W(E) are all confined to the interval

0 u 2mW, ..., 0Ly <2T.

Iet P(r,u) denote the Poisson kernel, that is

4 00 2
I — 00 1 = 2r cos u + r

If we substitute (6) into (2), we get

161 1ek Y
(1) F(rye ', ..., mpe °)= ™ a P(r,,8, - u,)... P(r ,ek-uk) d’.((E

and the right side here 1s usually called the (multiple) Polsson-Stielt jes
integral of the mass distribution I"(E)‘

LEMMA 1. A necessary and sufficient condition that a function
F(z1, ceey zk), which is k-harmonic in Fk’ be a Polsson- Stilelt jes
integral 1s that

161 16k
(e) |IF(r, e ', «.., . e )| de ,...de, { M oo,
Qk 1 k 1 k

with M independent of the values of Py eees Dy

The result is very familiar for k = 1 (see e.g. [7], p. 86), and the
oroof for k > 1 follows essentlally the same line. Since, however, in the
latter case we cannot give any reference, a brief sketch of the proof may
e desirable. The necessity of the condition is immediate since (7) implies

1e, 18, X
IF(r, e, .oy, )T qu P(r,,8,-u,)...P(r,,8,-u )| d n(E)|
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and so if we integrate this inequality with respect to 0,5 ooy ek over Qk,
interchanging the order of Integration on the right, and use the fact that
! o P(r,e) de = 1, we get (8) with M = SQ(IG H!l. Conversely, let us
suppose that a k-harmonic function F(z1, ceny zk) satisfles 1in rk conditlion
(8). Let ¢ (E) be th: mass distribution ovei with density

1@, Tr++ Tk 1e % y

F (r1 e s sees T € l(). Thus

161 10lc
(9) }er“rk (E) = EF‘(:r'1 e s eres T € )del"‘dek

ard, by (8),

ie

ie
1 k
(10) S Id“r1...rk (E)| = S IF (r'1 e sy wee, T € ) de1...dek$M.

We know that F 1s representable in the form (2), with

In, | Iny, ) -k ie ~-i(n,6,+..)
c r 1...I'knk = (27) SQ‘(F‘(r1 e ‘, ces) € 1 d61...dek

-k -1(n, 6, +...4n,9
= (2T S © e mkk)d“m-..n: (%)

The masses pr1 . (E) are uniformly bounded, and so we can select from
them a subsequence converging to a mess distribution. More precisely, we
can find k sequences !r1 ml !, ey Irk mi (m=1, 2, 3, ...) each
tending to 1, and a mass distribution |A(E) such that for every k-dimensional
interval I CQ’K we have

I) = 11
H( ) m—;naopnhm“'nk,m (n

provided the absolute mass of p on the boundary of I is 0 (see [2 ]). Since
the exponential function 1s continuous, substituting for Pyy veey T in (11)
the values r, m rk m’ and making m tend to + o0, we obtain from (11)
the formula (6) Hence F satisfies the relation (7).

The case of a non-negative mass distribution gy 1s of importance.

LEMMA 2., A necessary and sufficlent condition for a k-harmonic
function F(z,,' .++» z) in T, to be the Poisson - Stieltjes in-

tegral of a non-negative mass distribution is that }

-’
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F (2, .., 2) 20 1in I‘k.

If ¢ is non-negative, the formula (7) shows that F(zl, ey zk) 2 0.
Conversely, if the latter condition 1s satisfied, then the termwise integra-
tion of (2) over Qk shows that

k
S mld%.“cmk= Sq{?d%.ncmk=(2ﬂ) Cs...0 °

Hence F is given by the formula (7), and as the proof of Lemma 1 shows, the

(E), and so also WM(E), 1s non-negative.
k

fgnction "‘r, .p

LEMMA 3., If F (z1, ey zk) is a Polsson - Stielt jes integral
in ]?k’ then F gas a rest{écted non-tangential limit at almost
every point (e 1, R k).

For the proof, see [9]. The 1limit in question 1s, almost everywhere,
the derivative (density) of the mass distribution g, but this 1s not neces-

sary for our purposes.

IEMMA 4, Let f(zI, ceny zk) be a regular function in the unit
polycylinder

(Ty) lzy 1 <1y veey Izl <1y
and suppose that

ie ie

aw am + 1 k
(12) S . log If(r1 e ) eees T € ) de1...dek = 0(1)
o] [o]

forr, <1, ..., 7, < 1. Then there is in 'rk a k-harmonic func-
tion F(z1, crey Zk) majorizing log * |f| there. Hence, in par-
ticular, F 1s non-negative.

For let us consider the Polsson integral
iu 1u
-k + 1 k
(13) FR1"'Rk (245 «uey zk) = T S log lf(R,e ,...,Rke )

ja] P(Ej, uj-ej) dul...duk- .
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The right side here is k-harmonic in the polycylinder |z1| {Ryy vne lzkl 4
Rk‘ Moreover, it 1s continuous in the closure of the polycylinder and
coincides with log *If| on its boundary. The function log *Ifl 1s a sub-
harmonic function of each variable z i Hence the integral

Ty

-1 2w + iu.i
(14) v S log TIf (r1 e ', +..)P (-, v - 01) du,
0 R1

1s a non-decreasing function of R,, provided r, < R, {1, for evory fixed
ge. of values represcented by dots. (This integral is the least harmonlc

ma jorant ol the subharmonic function log +lf‘(z1, ...)| in the circle lz1| £
R1, and it i1s a very familiar - and elementary - fact that this majorant
increases with R1). If we multiply (14) by

and integrate over (0, 2T ) with respect to all variables Uss
still get a non-decreasing function of R1. It follows that FR .o R,
(21, ey Zk) is for a fixed point (21, ey Zk) in I"k a non-decreasing
function of each of the variables R ceas Rk’ provided |7 | € Ry vevy

ces Wy, We

'Zk' < R.. Hence at every point ln I‘ the functions Fp R, (z vee, zk),
which are defined for subscripts sufficiently close to 1, tend to a def'inite
1limit F(7 ceey Zk) as R ~> 1, .., Rk—A>1 This 1imit is finite since, if

81l the z. are numerically less than R, and if all the R exceed a number
R' such that R { R' { 1, then (13) shows that

1 k
1 R' + R R
lFR1..- R, (zys vves I E 5 R - R SQk log * If| du,...du,

and so the left sidé 1s uniformly bounded. A similar argument, under the
same assumptions concerning the z. and the R., shows that the partial deri-
vatives of FR . (z1, ey zk) with respect to the rj and the 6, are
also uniformly bounded, and so the functions F Ry... Rk (z1, eny zkg are
uniformly continuous. Hence the convergence of FR yos B (z1, vedy zk) to
F (z1, cees Zy ) 1s uniform in every polycylinder lz l {RCY, ooey lzk| 4
R < 1, which shows that F (z,, ..., z,) 1s k-harmonic in I‘k

Finally, since log * |f(z1, ...)I is subharmonic in z,,
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ie,
gt If(ry e ', 2y cens )l

-1 2w + 1u1 r
{ W &) log ¥ If (Ry e ', 2y w0y zk)l P (;, u, - 01) du,
1

ie
for r, <1§‘ { 1. For a fixed r, e ! the left gside here is subharmonic in
2, = Ir,6 2. Hence
ie. ie
log * If(r, e L r, e 2 e z )|
10 iu )

o
-1 + 1
£ So log f‘(r1e ,R2e s eeuy zk)P(;’ue'ee)due
2

for r, 4 R, { 1. This, in conjunction with the previous inequality gives

. 161 162
log I£ (r1 e » Ty € s Zxs o eees Zk)l
- 2WeeW 1u, 1u, I T2
£ So SO log f(R1e » Rye ’ z3,...,zk) P(;?— »u, -6, )P(; ,ug—ee)du1du2
' 1 2

ie
valld for r, < R,, r, < R,. Proceeding in this way we find that log+lf(r1e ',

cees T € ek)I doesinot exceed th eright glde of (13), that 1s does not ex-
ceed FR . .Re (r, e 1, ..., r e k), for r, <Ry, «.., v, < R.. Making
here R avey Rk tend to 1, we find that F (z1, ceey zk) ma;]orizes log” If‘(z
cees 2y )| in Tk. This completes the proof of Lemma k.

Since F (z ceey Zk) 1s non-negative, it 1s a Polsson - Stielt jes
integral (Lemmiee) , and so has a restricted non-tangential 1limit at almost
every point (¢ 1,..., e k) (Lenma 3). It follows that log * |f|, and so
alio £, is reitrictedly and non-tangentially bounded at almost every point

s eeey ). Theorem 1 will therefore be automatically established
1f‘ we prove Theorem 2.

Basic for the proof of Theorem 2 1s the following theorem about k-har-
monic functions in which, instead functions defined in a polycylinder, it 1is
slightly easlier to consider functions defined in the topological product of
upper half-planes.

LEMMA 5. let G (w,, ooy wk) be a function of the complex vari-
ables Wy o= ou, o+ 1v1, cees W m w4 1vk, k-harmonic in the domain
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Vi D0, ..., Vi >0 .

Let us conslder a set E of points (u1, ceuy uk) situated in
the distinguished boundary

Vi =0, «.o, Vp =0

and suppose that the function G remains bounded, not necessarily
uniformly, as (w1, ey Wk) approaches non-tangentlially any poirit
(u?, cees ug)eE. Then G has a non-tangential limit at almost
every point of E.

For the proof, see [1].

In proving Theorem 2 we shall first consider the case k = 2 which is
‘alrly typical. It will be enough to add later a few explanatory remarks
Jbout the case k > 2.

By mapping conformally the interiors of the unit circles onto the upper
alf-planes we may assume that our function f(z1,z2) 1s regular in the domain

15) ¥y, 20, y, >0 (zy, =z +1y,, 2, = x, + 1y,)

nd that it is restrictedly non-tangentially bounded at every point of a
et E situated in the distingulshed boundary

To make the situation geometrically simple, let us consider the plane

of the points (x,, x2) and thc plane Y of the points (y1, ye). Every com-
lex palr (z1 s zz) will be treated as a pair consisting of a point (x1 ,x2)
n X and of a point (y,, yg) in Y, and we may write the palr (z1, z2) in
he form (x1, X555 Yy ,ye). The set E 1s situated in D2 and so its points
an be written (x1, X535 0, 0). It will be simpler if we merely treat E as

set of points in the plane D,. Then the situatlon is geometrically as
ollows. Iet € be a positive number less than 1, an’ 1etAE denote the
ngle in the Y plane between the rays

-1
y2 = EY1 i yg = E y~|

he assumption that f(z1, ze) 1s restrictedly non-tangentially bounded at
point (x?, xg) from E implies that f(z1, 22) remains bounded as
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(a) (y,» 7¥,) tends to the origin (0, 0) through A ;
(16)
(0) Ix; =x71 <Ay, Ix, -x1 {AY,

where A len.tas an arbitrary but fixed positive constant. Condition (b)
here is that of non-tangential approach. Condition (a) is that of the restrict
edness of the approach and 1s equivalent to the condition that the ratio
y2/y1 1s contalned between two positive constants. If we omlt condition (a)
and merely require that Y, ¥, approach the origin through the positive quad-
rent in the Y plane (since Y, >0, Y, > 0), we obtaln the ordinary (unre-
stricted) non-tangential approach.

We shall now introduce two new complex variables W=, o+ 1v1 and
W, = u, + 1v2. Let U and V denote respectively the planes (u1, u2) and
(v1 ,va). We shall establlish a one-one correspondence between the planes
X and U, and an analogous correspondence between the planes Y and V, by means

of the formulas

x1 = u1 + £u2 y1 = v1 + £v2

(16) (a) (b)
x2 = Eu1 + U, Vo = Ev1 + Vv,

These four formulas can be reduced to the following two
(17) Z, =W, 4+ €w2 , zy = Ew, +w,

We note that transformation (16 b) establishes one-one correspondence be-
tween the positive quadrant in the V plane and the angle AE in the Y plane,
and that in this transformation the positive v, axls and the positive v, axis
correspond to the sides of the angle AE . As to the correspondence between
the planes X and U it 1s enough at this stage to observe that it 1s one-one.
Transformation (16 a) maps the set E in the X plane into a set E' in the U
plane. The measures of the sets E need not be the same, but they differ by
a multiplicative constant different from O.

From what has just been said, follows that if we set

(18) f (z1lz2)=f (W.' + 8W2, €W1 +W2)’g (W1,W2),

the function g is regular in the domain

(19) v, > o, vy >0.



V. SEVERAL COMPLEX VARIABLES 159

Let (x7, xg) and (u, ug) be two corresponding points in the planes
X and U respectively. let &8 be a number greater than § but less than 1.
Thus the angle As is interior to the angle Ag . We shall need two things:
1° If the point (w, , w,) approaches non-tangentially the point (u7,u3),
then the corresponding point (z1, 22) approaches (x?, xg) non-tangentially,
and in such a way that

(20) € <v,/9.§ €.

2° If the point (z1, z2) approaches (x?, xg) non-tangentially and in

such a way that
(21) 8§ <y, /v 8 8§

then the corresponding point (w1 ,w2) approaches (u?, ug) non-tangentially.
Owing to the homogeneous character of the mappings (16), we may assume
without loss of generality that (u?, ug) = (0, 0) and (x?, xg) = (0, 0).
That under the assumptions of 10, we have condition (20) satisfied has
already been pointed out, and is the main idea underlylng the whole proof.
If (w1, w2) approaches (0, 0) non-tangentlally, we have

lu,! A v, , lu,l LA v, ,
where A 1s a positive constant. Using this and the formulas (16 a) we get
1l = Tu, + €euyl £ lul + glu,l LA (v, + EV,) = Ay,.

Thus |x1l A ¥y, &nd similarly |x2| A ¥,- This completes the proof of 19,
In order to prove 20, let us solve the equatlons (16). We get

X, - Ex, . - &Yy
1 - g2

and similar formulas for u,,v,. Remembering that 8 ¥, /9, £ 8-1 we can

write
¥, )
Ya Y, - 2 S - ¢
. 82 2 Yo - 2

(22) vy =

On the other hand, assuming that lxll A ¥qs Ixel A ¥,» We have
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Ix; 1+ Elx,l (v, + €3;)

oI g . g2 $ AT
I

(5- + £‘> 8-1 . €

A ST ST

-1
From this and from (22) we get that |u,| { B v,, where B = A ~§1;-;—%-
Similarly, [u,| { Bv,. This completes the proof of 2°.

It 1s now easy to finish the proof of Theorem 2. Suppose that the
function f(z, , z2) regular in the domain (15) is restrictedly non-tangentially
bounded at every point of a set E situated in the X plane. The function
g(w1, w, ) defined by (18) is regular in the domain (19) and is non-tangentially
(unrestrictedly) bounded at every point of the set E' obtained from E by the
mapping (16 a). By Lemma 5, the function g has a non-tangential 1limit almost
everywhere in E. By proposition 2°, at almost every point of E the function
f(z1, 22) has a 1limit, provided z, tends to x? non-tangentially, z, tends to
xg non-tangentially, and provided condition (21) is satisfled. Taking a
sequence of values of § converging to 0 we lmmediately obtain that the func-
tion f(z1, za) has a restrictpd non-tangentialelimit at almost every point
of E. This completes the proof of Theorem 2 in the case k = 2.

Passing to the case k ) 2, we may from the start consider a function
f(z1, deey zk) regular in the domain

Y, > 0, veu, Yy > o, (z. =X+ 1y )

and restrictedly and non-tangentially bounded at every point of a set E
situated on the distinguished boundary

(b)) Yy =0, ceo, J =0
N

of the domain. Iet 0 { € < 1. We consider the transformation

Z, = w

1

1+ £w2 + ew3 + cee + £wk

(23) z% - tw, + w2 + £W3 + ees + twk

R I A R R R N N A I I I IR S I N )

Z, - ew1 + £w2 + £w3 + eee + Wy

On setting wJ - uJ + 1 vj we obtaln the two transformations
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X, = u +€u2+...+'£uk

1 1

xk- (':u1 + €u2+...+ uk

and
Yy = Vv, ¢+ £v2+... + £vk

(25) ee s e s e st e e s s et es st

Yy = £v1 + £v2 + eee + Vie

either of which will be denoted by T. As easily seen, T 1s non-singular and
so 1t establishes a one-one correspondence between the points (x1, ceny xk)
of the space X and the points (u1, ey uk) of the space U. Let us denote
by V' the "positive" octant of the space V, i. e. the set of. the points
(v1 y eaey Vk) with all coordinates non-negative. Then T maps V' into an
"angle" A¢ , which 1s a conical domain with vertex at the origin 0 and
situated, except for that vertex, totally in the interior of the first
octant Y'. The map of Ag by T 1s another "angle", which we shall denote
by BE , and which, except for the origin, is totally in the interior of AE .
For that Bt‘. (ol AE is obvious. That the boundary points (+ 0) of Bf. , which
are images of boundary points of Ae , cannot be on the boundary of AE. , 18
also clear since the boundary polnts of BE. are images, through T2 , of the
boundary points of the positive octant, and so cannot be T images of points
from A‘_ . The "angle" BE. plays here the same role as the angle A $
(0 € €< 8§ < 1) in the proof when k was 2.

10 If the point (w s wk) approaches non-tangentially a point
(uZ, ey ug) (= Dk then (z ey Zk) approaches the corresponding point
(x1, ooy xk) restrictedly and non-tangentially

2° 1r (z1, ceey zk) approaches (x1, ey xk) non-tangentially and in
such a way that (y1, ceay yk)eBE, then (w cees W ) approaches (u1, cvey uk
non-tangentially.

We may assume that both (u?, ceey ulc{)) and (x?, ey xg) coincide with
the origin.

Ad 1°. If we assume that |u,l { Av,, for all j, the formulas (2k4)
and (25) give lle A ¥j In adéitlion, the formulas (25) give the follow-
ing inequalities valid for all points (y1, s Yk)eAg

.‘yhg (1+n5)vaxvj (h=1, ..., k),

ENt;-va

which show that the ratio of any two y's 1is contalined between g/ (1 + ng)
and (1 +ng)/ € . This proves 1°
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Ad 2°. By assumption, Ix;1 { A y; for all j. Solving the equations
(24) with respect to Ups ooy Oy, WE obtain u, as a linear function of X4
cees Xy Hence Iuhl £ B Max lle (h =1, ..., k), where B is a positive

J
constant. This and the preceeding inequality gilve

Iuhl S ABMx y, (h=1, ..., k)
j J
and so, by (25)
(26) lu,! {AB (1 +ng) Max Vi o
J
Finally, since (y1, ceey yk) € BE , it follows that (Vl’ ey Vk)e}\ﬁ , and
so the ratio of any two v's is { (1 + €n) 8-1. Applied to (26) this gilves
luhl AB(1 +n €)% g Vh (h =1, 2, ..., k),

which completes the proof of 2°.

In the functlon f(z1, ey Zk) let us now express the z's 1In terms of
the w's. The resulting function g(w1, oee wk) is defined and regular for
v, >0, .., Vi > 0. The restricted non-tangential boundedness of f at the
points of a set E situated in the X plane implies (unrestricted) non-tan-
gentlal boundedness of g at the points of a set E" -image of E- in the U
plane. By lemma 5, g has a non-tangentlal 1limit almost everywhere in E',
and so f has a non-tangential 1limit almost everywhere in E, provided
(y1, ey yk) tends to the origin through B¢ . As g approaches 0, the
transformation T approaches identity, and the sets Ag and BE tend to
exhaust the interlor of the positive octant. Tsking therefore a sequence
of values of g tending to 0, we easlily see that f has a restricted non-
tangential limit at almost every poinpt of E.

3. Additional remarks. (1) The proof of Theorem 2 1s mainly based on
Lemma 5, which 1s valid for k-harmonic functions, and on the’ transformation
(23). It follows that Theorem 2 1is true for functions whilch are real parts
of functions rcpular for ¥, >0, co., Y > 0. Whether Theorem 2 1s valid
for functions which are k-harmonic, 1s an open problem. A slight modifica-
tion of the argument, shows that Theorem 2 remalns valld for functions which
are real parts of functions analytic, but not necessarily regular, for
¥4 D0, vuny % > o.

(11) Certain considerations lead to a notion which may be, roughly,
described as mixed non-tangential convergence, and which is intermediate

between restricted and unrestricted non-tangential convergence. Suppose
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we have a function f(z,, ..., zk) defined in I‘, and let m be an integer
not less than 2 and not exceedin$ k. It Taé happen that {s 12 e zk)-+ s,
as (2z,, ..., z) approaches (e 1, ..., -rje J) non-tangen-
tallly but in such a way that the ratios

(27) (1 - rj) /(=) (1 £J, h{m

remain contained between any two positive numbers, while the remaining radit
r, (m+1{pgk, 1If m (k) tend to 1 independently of Que e.notherie This
is mixed non-tangential convergence of f at the point (e s seey € ). In
this situation we have k - m + 1 degrees of freedom, since one of the radiil
r cees Ty is arbitrary.

Without 1introducing specific and precise terminology, we state the
following result.

1?2

THEOREM 3. A functio¥ef (zy, - ié z,) regular in I' has at
almost every point (e ?, ey ) a 1limit of the kind just
described, 1if

2w 2w k-m
(28) S cee S log* 1£] (log* 1log* [f]) de,...de, = o(1) (2 {mg k)
[o] 0

1e, 18,

where f = f (r1 e y eees T € ).

We shall only sketch the proof of the theorem. Condition (28) implies
conditlon (12) of the preceding section, and so, by Lemma 4, the function
1og * If| has a k-harmonic majorant in Ik. As the proof of Lemma 4 shows,
this harmonic ma jorant H, which 1s non-negative, satlsfies the condition

1
0 H (1og H) d61...dek = 0(1), H=H (r, e ) sees I @ ).

Se'lr omw ie iek
It follows (see [9], Theorem 5), that H (z1, ey Zk) has almost everywhere
a mixed non-tangential 1limit of the kind described above, 1. e. we assume
that the ratios (27) remain bounded by two positive numbers. Hencs f 1is
bounded under similar circumstances. Theorem 3 will therefore follow if we
establish the following extenslon of Theorem 2.

THEOREM 4. Suppose f (z1, ceny zk) is regular for ¥, >0, .0,y
Ve > 0 and suppose that every point of a set E situated in the
space X of all points (x aves xk) has the following property.
The function f remains bounded as (z;, «.., zk) approaches any
point (x cesy xk) €E non-tangentially and in such a way that
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the ratios yj/yh (1 { J, h { m) remaln contalned between any
pair of positive numbers. Then at almost every point of E, and
under similar circumstances, f has a 1limit.

The proof 1s analogous to that of Theorem 2 except that, when making
transformation of the type (23), we apply it only to the variables Zys eens
2z and leave Zher? o 2y untouched. We omit the detalls.

(111) The basic transformation (23) strengthening restricted non-tan-
gential convergence to the unrestricted one, enables us to extend to the
former some properties of the latter. Without trying to achieve the great-
est generality, let us consider the following situation.

THEOREM 5. Suppose that f (z,, ..., zk) is regular for y, > o,
cees Vi > 0, and suppose that as (z »oeees 2y ) tends restrictedly
non-tangentially to any point (x ceey xk) of a set E situated
on the distinguished boundary Yy =0, ..u, Ve = o, the values of
£ omit the interior of a certain circle C = C (x cees xk) of
positive radius. Then f has a restricted non—tangential 1imit

at almost every point of E. It 1s even enough to assume that

the values from the interior of C (x?, e xﬁ) are omitted only
in an arbitrarily small restricted and non-tangential neighbor-
hood of (x?, ooy xg).

For the function g(w ceey wk) - f(z + ez +eoot ezk, ey ez1 +

+ 2 ) omits the interior of a circle C' - C'(u cees uk) for (w,; .., W,
approaching every point of a set E" which is the image of E in the (u ceey
uk) space, and this 1is known to.imply the exlistence of a non—tangential 1imi
of g at almost every point of E (for k = 1, this is the very well known
result of Plessner; for k > 1, see [1]), which, in turn, implies the exist-
ence of the restricted non-tangential 1limit of f at almost every point of E.
A special case of the result 1s worth mentioning separately, namely: If the
real part of a function f(z1, ceey zk) regular for ¥, >0, ..., Vi > 0, has
8 restricted non-tangential limit at every point of a set E situated on the
distinguished boundary ¥y =0, ..., ¥ = 0, the function f Ras a restricted
non-tangential limit at almost every point of E.

It may be added that non-tangential approach in Theorem 5 may be*re-
placed by a slightly less stringent condition, namely that each of the point
approaches its limit x% through a certain fixed angle situated together
with its sides in the plane y; > 0, and having xg as 1ts vertex. The angles

may depend on the points x$. ‘The condition of the restrictedness of the
approach is maintained. It is not difficult, however, to see that the as-
sumption of Theorem 5 is then verified at almost every point of E. A result
analogous to Theorem 5 holds for mixed hon-tangential approach.
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VI. ON THE THEOREM OF HAUSDORFF-YOUNG AND ITS EXTENSIONS

By A. P. Calderén' and A. Zygmund

1. Introduction. Iet r be any positive number. Given any Iinterval
(a, b) and a measurable function f(t) defined in it, we shall write

/r

b 1
el = 1§ 1217 a ¢l
a

Similarly, glven any sequence c = lcnt of complex numbers, we shall use the
notation

1/r
e, = (= lc, 17 /
n

For any r 2 1, let r' be the number given by the formula
r‘*=r [/ (r-1), i.e. 1/ r + 1/ r" = 1,

By p we shall systematically dencte a number satisfying the condition

1 < p < 2.
Thus p' ) 2.

The origin of the toplcs discussed in this paper is the following
theorem of Hausdorff-Young (see e. g. [10], Ch. IX).

THEOREM A. (1) Let f£(t) € IP (0, 1), and let

1 -
(1) o, = S £(t) e 2Nt ¢ (h=0, +1, 32, ...)
[0}

be the Fouriler coefficients of f with respect to the system

1. Fellow of the Rockefeller Foundation.
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!ez1r1nt‘. Then

(2) Hellye S NEN, .

(1i1) Given any two-way infinite seque:;xce !cn} of numbers
such that |l cll . < oo, there is an f e IP (0, 1) satisfying

(1) and such that
(3) ] fllp. £ e Ilp .

Hardy and ILittlewood, [1], completed the result by proving the follow-

ing theorem.

THEOREM B. Under the assumptions of (1), we have equality in
(2) 1f and only if £(t) = A e2 V1™ yhere A 1s a constant and

n an integer. Similarly, under the assumptions of (11), we have
equality in (3) if and only 1f the sequence lcnl has at most one
element distinct from zero.

Theorem A is a speclal case of the following result due to F. Rles:z

([2); [10] Ch. IX) and pertaining to any system {cpnf of functions ortho-
normal in an interval (a, b) and satisfying there an lnequality

e (L)l £ M for all n.

THEOREM C. (i) If f elP (a, b), then the Fourier coefficients

b
(%) c, = S £, dt
of f with respect to the system i(pnl satlsfy the Inequallty

2
_.‘I
(5) llcllp. £ WP Ilf'llp

(11) Given any sequence of numbers lcni with || ¢ llp 1inite,
]
there is a function felP (a, b) satisfying (4) for all n

and such that
2

g -1

(6) el g MP eny .

The cases of equality in (5) and (6) were investigated by Verblunsky,



168 A. P. CALDERON AND A. ZYGMUND

{9]. To these results we revert in Section 3 below.

In the literature, there exist several proofs of Theorem C. From a
certain point of view, the most interesting of them seems to be that of
M. Riesz, [3]. PFirst, because it clearly shows the origin of the theorem,
and second because the idea of the proof can be applied in many other cases.
The basis of the proof is a certain convexity property of the maximum of the
bilinear form = & X, y,. This property was later generslized by Thorin
[7], [8] (see also [6]) who also showed the usefulness of the generalization.

The main purpose of this paper is to give a simple proof of the theorem
of F. Riesz, and of a number of allied results, by using systematically the
same tool, namely the Phragmén-Lindeldf mex!mum principle for analytic func-
tions defined in a strip. That various maximum principles can be used to
prove the convexity theorems of M. Riesz and Thorin, and so to contribute to
the proof of F. Rlesz' theorem, was & known fact (see [6], or [7]). Here,
however, we use the Phragmén—Lindele principle directly, and as the only
tool of the proof, avoiding the convexity theorems of M. Riesz and Thorin,
and so simplifying the proof. The simplification 1s particularly noticeable
in the results discussed in Sections 4 and 5 below. Earlier proofs of those
results are quite laborious (see e. g. [10], Ch. IX), partly owing to the
necessity of a meticulous discussion of extreme cases.

This is the plan of the present paper. Section 1 will be concluded
with a few remarks concerning' the Phragmén-Lindeldf principle. Section 2
contains a proof of Theorem C. Section 3 treats the cases of equallity in
the F. Rlesz theorem. Section % contalns a discussion of interpolation of
linear operations, a topic first introduced by M. Rlesz, [3]. These results
contain the F. Riesz theorem as a special case, but owing to the importance
and the elementary character of the latter it seemed desirable to glve it a
separate treatment. Sectlion 5 1s devoted to interpolation in the classes H.
For detalls we refeer the reader to corresponding sections.

The Phragmén-Lindele principle which we need here may be stated as
follows.

I. BSuppose that a function f(z), z = x + 1y, 1s continuous and
bounded in a strip '

(8) a { x g ,3

and regular in the interior of 8. If [f| { M on the border lines
X = o and x = 3, then [f(z)] { M also in the interior of 8. If
lf(zo)l = M at a point z, in the interior of 8, then f 1s constant
in 8.

For the sake of completeness we briefly repeat the proof here. Suppose
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first that
(7) If (x + 1y)I—>0

uniformly in X, ot g b S B, B8 Y% oo I* Z, =X, + iyo is interior to
S, the inequality |f( zo)l £ M 1s a consequence of the Principle of Meximum
applied to the rectangle o x B Iyl £ v » containing 2, and with ¥
so large that If (x + im)| {Mfor a{ x { @. In the general case, we
consider the function

2 2 2
£ (2) = £(z) oF /M= £(z) (X "V )/n g2ixy/n

which satisfies condition (7) and does not exceed M e‘z/n, JMith ¥ = Max
(Iet1, 1 B1), on the boundary of S. Hence lfn(zo)l M e‘ /'n’ and on making
n> oo we get If(z )l { M.

Ir If(zo)l = M, then f(z) = Const., since otherwise in the neighbor-
hood of z_  we would have points z such that [f(z)| > M, which is impossible.
It 1s often convenient to use the Phragmén-Lindeldf principle in a
slightly stronger form, which is, however, an immediate consequence of (I).

II. Suppose that f(z), continudus and bounded in the strip S and
regular in the interior of S, satisfies the conditions

If(at + 1y)] M, , 1£( @+ iy £ M, for all y.

Then, 1f L(t) 1s a linear function taking the values 1 and 0 for
t=¢o and t = (3 respectively, we have

L(xo) 1 -L(xo)
(8) It (x, + 1y, )l £ M, M,
If the sign of equality occurs here, then f(z) = C M1L(Z) M21_ L(z),
C being a constant of modulus 1.

For it is easy tb see that the function f,(z) = f(z)/M,L(z) M21 - L(z)
satisfies the assumptions of (I), with M= 1.
Proposition II 1s often called the Three-Line Theorem.

2. Proof of the theorem of F. Riesz. We begin with case (1) of Theorem
C. Let us call gimple a function defined in (a, b) and taking only a finite
number of values there. If (a,b) is infinite, we shall also assume that
the function venishes outside a sufficiently large interval. We may make
the following three simplifying assumptions:
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(a) The system @} 1s finite;
(b) The function f is simple;
(e) f IIp = 1.

Ad (a). If (5) is established for a finite system @,, @,, ..., ®y,
then meking N tend to + oo we get the general result. Ad (b). The set of
simple functions is dense in IP (a, b). If £*(t), with Fourier coefficients
c; 1s simple and if | -t ”p { €, then, as (4) shows, Icn-c:II does not
exceed

[ 1 b ! [ . 1
ne-s" l, T@ullpr € mp'- 2)/p (Sa1¢n|2 dxj/pef_M(P 2)/p

Thus, if l(pnl is finlte, the validity of (5) for simple functions implies
its validity in the general case. Ad (c). Both sides of (5) are homogeneous
of degree 1.

We now observe that

(9) ey, = 2 ay

where [dn( is a certain sequence satisfying ||d |l = 1. (As a matter of
ta - | .

fact, we may set d_ = lcnlp ' sign ep/ll e llg, '), We write

1/p
a =D /P €_, withp 20, leg I =1,

n)
so that

(10) ZDn -1

We also write

£(t) = F/P(t) m(t), with F(t) 20, In(t)l =1,

so that

b
(11) SQF(t)dt = 1

The coefficlents c_. can now be written

n

°n = S:F‘/P () W(t) Fy(t) at .
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Hence, on account of (9),
| > p /P b /p 3 () a
Melly, = D, €, FIIP() m(t) @pu(e) at.
We replace here 1/p by z and consider the function
Z V4 b b4 =
(12) iz = DR En ) FU(E) ME) Py(t) at .

Each integral on the right is a linear combination, with constant coeffi-
clents, of the exponentials of the form XZ, where A 1s positive. Hence
E(z) 1s also a linear combination of such exponentials, and so 1s bounded
in every vertical strip of finite width of the z-plane. Let us consider the

upper bound of l@l on the lines x = 1 and x = ]2— In the first case,

1&g Z o, S:qu>n| at {M 3 D, Sdet-M,

a

by (10) and (11). For z = ]2,- + 1y, an application of Schwarz's inequality

to the right side of (12) glves

1

l. bl_._ iy 2 b l‘
1B1 (2 12 S P e aer arl 12 g1 1 Fani® o,
a a

by Bessel's inequality, since the Iintegrals of the second member are Fourler
coefficients of the function F‘Q/Q) + iy(.t:) \'\(t).

The linear function which for t = lg-and t = 1 takes respectively the
values 1 and 0 1s 2 (1 - t). If therefore we apply the Phragmén-Lindeldf
principle in the form II, we get

e ”p' - $0/m 1200=1/p) y(2/p)- 1 _ y(2/p)- 1

which completes the proof of part (1) of Theorem C.

It 1s well known (see e. g. [10], Ch. IX), that parts (1) and (11) of
Theorem C are easy consequences of each other. For example, in order to
deduce (11i) from (1) we argue as follows. We fix an integer N > 0, and set
fN = c, q>1 + ... 4 Cp QN’ where !cnl is the glven sequence. Since Pn be-

] ] l_a b 2 1-2
longs to IP'(a, b) ( §RI @ 1P'at ¢ WP Sor@2lat = MP'72), so does fy.

Therefore, for a certain g, with |l g IIp = 1, we have, denoting by dn the
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Fourler coefficlents of g,

Heglpe = X: Fygat= X da 1 X le, 1P e [ = 14, IP'y /p'
On account of part (1), this gives
(14) ey Il € w ! (2?: o 1Py /7
It follows that
Ity By lpr & o o 1P /® K > o)

N+1

which shows that the left side here tends to 0 as N-» oo. Hence there 1s a
function f & I.P'(a, b) such that || £ - fy |l =» 0. Making N tend to + oo, we
therefore deduce from (14) the inequality (6).

It only remains to show that the ¢, are the Fouriler coefficlents of f
with respect to the @,. Since p {2, the finiteness of Il c |l implies that
of llell,. The Parseval formula || fak - Iy ll2 Ic 12 implies that
fN converges to f also in the metric 12 (that the limit. function of fN must
be the same in both metrics IP and LZ follows from the fact that almost every-
where f(x) = 1lim fN (x), 1if Nj tends to + oo sufficiently rapidly). Hence,
for n fixed and for°N ) n,

b _ b _ b
c, = SaquJndt- Safcpndt+ Sa(fN-f) P, at

and since the numerical value of the last term does not exceed || fN - £ 5 °
Il(pn = || I‘N -f ll the result follows on making N

REMARK A direct proof of (14), fx;‘om which (11) f‘ollowa, is similar to
the proof of (1). Let us assume that 2 lc Ip = 1, We note that

b _
(15) ey g = Stglp Xa Iy(t) g(t) at, (g-simple, lgll, = 1)
fix one such g, and write

g(t) = ¢'/P(t) y(t), &, = Ch/P €,
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where G(t) and Cn areNnon—negativeband I’q(t)l- 1, Iﬁn! = 1, Thus the
integral in (15) s 33 ci/Pe ) o'/ Y @ dt, and correspondingly we
introduce the function

N b —
Y(z) = z cZ €, Sa G*(t) M(t) Py(t) at,

which is a linear combination of exponentials 2z, N> 0. We again verify

that on the lines x = % and x = 1 the modulus of || does not exceed 1 and

M respectively. Hence i¥11/p) £ M(Q/p)-1, and taking the Sup for all g's
p)-1

we got Il £y Il < M(B/P)"

3. The cases of equality in Theorem C. If we want to lnvestigate the
cases of equality in (5) and (6), we cannot make in the foregoing proofs
the simplifying assumptions (a) and (b) of Section 2. Apart from that, the
proof may follow the same line, provided at each step we see when inequality
can be replaced by equality. This we shall do now. The following result,
due to Verblunsky, [9], generalizes Theorem B. We must assume, however,
here that the system lQrJ is complete.

THEOREM D. (1) A necessary cond1tion for equality in (5) is that

) )= 3o (n, <n, <o.. <
(16 f(t) = c @ n n ces )
oty Ty 15 T N

For such functions we have equality in (5) if and only if

(A) leg I =ley | = o= lc I

1 2 ny

(B) {f(t)! is constant in a set E of measure 1/N M2, and
f = 0 outside E.

(i1) A necessary condition for the equality in (6) is that
only a finite number of the c's, say cn1 y C 5y esey C are
distinct from zero and satisfyy condition A. n%he function f 1is
then of the form (16), and a necessary and sufficient condition
for the equality in (6) 1s that f satisfy condition B.

let us begin with (1). We assume that |l fllp = 1. We know that | cllp,

1s finite. If we set d, = lcnlp"1sign En/" qllg:'1, we have (9). As in the
proof of part (1) of Theorem C, we consider the numbers Dn’ Erland the
functions F(t), 'q(t). The relations (10) and (11) are satisfied. We
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consider the function @(z) defined in (12). An application of Holder's
inequality to the integrals in (12), together with (11), shows that the
integrals of the moduli of the integrands are finite for z in the strip (S)
%—S x { 1. Moreover, as easily seen, these integrals are regular functilons
of z in the interior of 8. Thus the terms of the series (12) are contin-
uous in 8 and regular in the interior of S. An application of Holder's
inequality to the series in (12), combined with (10) and part (1) of Theorem
C, shows that the series (12) converges absolutely and uniformly in S, and
s0 i(z) is continuous and bounded in S, and regular in the interior of 8.
If §(1/p)=llc ll = m(2/p) - ', then, by the Phragmén-Lindeldf Prin-
ciple II, the function §(z)/ M2z L is constant in 8, and in particular,

b —
(17) $(1)= ZDp, E SaFY)(pndt-M.
Since

b _ b
(18) Zop =1, | SaFnQndtlngath-M,
it follows that for any n with D_ # 0 we have
b -

(19) £, Sa FY) §,dt = M.

The integral on the left here 1is the Fourler coefficient of the inte-
grable function FN with respect to the function Pn’ and by the Riemann-
lebesgue theorem (valid for any uniformly bounded orthonormal system, re-
gardless of whether (a, b) is finite or not) it tends to 0 as n—r oo (see
e. g. [10], Ch. II). Hence we can find at most a finite number of Dn dis-
tinct from 0, 1. e. only a finite number of c, distinect from 0. Since !Qn
is by assumption complete, this leads to (16).

Since € = sign d, = sign En in &z), a comparisop of (17) and (19)
shows that

b
(20) Se F(t) sign f(t) P, (t) sign En dt = M

fornm Dy, Dy, eoe, Dy This implies two facts about the set E where F
(or £) is distinct from zero. First,

sign £ = sign(cn ¢pn)
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second
'¢n' - M:

both almost everywhere in E, and for n = Dy, e, Dy Applied to (16),
this gives

(21) I£(t) =M Zlcnkl .

Thus |f| 1s constant almost everywhere in E (compare condition B above).
Dividing both sides of the equation

| XE If|P slgn £ P, a0t | = M

(see (19) by (M T lcnkl)p“, we get

1\ rg a1 - wa at| P (Zle, )P
E n a n Dy !

for n = Ny, oo, Dy which proves the necessity of condition A. It remalns-
to find |E|. For this purpose we observe that Sglf‘l2 dt, on the one hand,

on account of (21), equals
£12 at = M? c. 1)2 IEl =M N° e |2 |E
), (Z 1o, 1 IE| leg, 12 181,

and on the other, by Parseval's formula,

b
I£12 at = 3 Jc. 12 = N |c Ia,
Sa oy n,

Comparing the two members on the right, we get |E| = 1/N M2,

This proves the necessity of the conditions. The verification of their
sufficiency 1s immediate.

The proof of part (1i) of Theorem D may be obtained either by a parallel
investigation of the function 1]{(z) of Section 2 or by a reduction to part
(1). We shall do the latter. Suppose that we have equality in (6) and that
I cll,,% 0 (otherwise the result is obvious). Since || f llp, is finite, there
1s a g(t) with | g Ilp = 1, and with Fourier coefficients d, such that |l £ ||,

- s: Fgat. Writing fy=c, @, + ... + cy @y, We also have We-fylly~»o
*
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Hence

b _ b -
(22) Ilf'llp,- Saf‘gdt-lim S ngdtnlim Z cndn chdr.

2._
Slhely, Nall,, & W ' el

The extreme members here are equal Thus, in the first place, || dll
m(2/P)-1 | pence g=d, @, +...+d @ , where |d, | = ... = Il More—
over |lg| 1is constant 1n a set E of measure 1/NM s and vanishes outsyde E.

In the second place, H6lder's inequality in (22) must degenerate into equal-
ity, which 1s only possible if the numbers |cn|p and Idnlp' are proportional.
Thus ley | = ... = lcn |, and the remaining c's are zero. The first equation
(22) shows that lflp and |g|P are proportional. Hence |f| = Const. in E
and vanishes outside. This gives the necessity of the conditions, and the
sufficliency is immediate.

4. Interpolation of linear operations. Theorem C is only a special
case of the general and important result of M. Riesz (see [3]) concerning
the Interpolation of linear operations. What 1s more, the proof of that
general result 1s simple provided we introduce the notlons needed to express
it.

Iet E be a measure gpace, 1. e. a space 1n which a non-negative and
totally additive measure p 1is defined, at least for some ("measurable")
sets. The measure |E| of E may be finite or infinite. ILet r > 1, and
let us only consider measurable functions. We shall denote by L% the
class of functions f defined on E and such that

1/r
R SRS WELETS

1s finite. Correspondingly, we shall write
e llmm~ = Ess sup If] .

If no confusion arises, we shall write L¥ and |l f ”r’ simply. We shall call
simple any function f teking only a finite number of values and - if |E| 1is
infinite - vanishing outside a subset of finite measure of E. The set of
simple functions will be denoted by S. The set S 1s dense in every Lr,

1 { r { + oo, though not necessarily in L% (if |E| happens to be infinite).
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We recall two basic facts. First of all, we have the Holder inequality

IXEfsdvlgllfllrl!gllr. (1{rg+oo)

Also

|If||r=Sup SEfgdu for g €S, llgllr,=1, 1{r{+oo.
g

Let E1 and E2 be two measure spaces with measures pm and W respectively.
Suppose h = T f 1s a linear operation given for all f defined on E.I with
| £ ”r- finite. The function h 1s supposed to be defined on Ee. We shall
say that operation T is of type (r, s) wherc 1 { r { +o00, 1 { 8§ + 00, if

(23) Inllg, <Mueh, , .

The least value of M here 1s the norm of the operation. If T f 1s initially
defined only for simple functlons, and if 1 g r < + oo, then it can be ex-
tended, in a unique way, to all functions of LT'" | with the preservation

of the M in (23), since S 1is dense in Lr.

THEOREM D. 1Iet E, and E, be two measure spaces, with measures
it and v respectively. Let T be a linear operation defined for
all simple functions f on E1 . Suppose that T 1s simultaneously
of the types (1/a,, 1/p,) and (1/d,, 1/p3,), 1. e. that

(24) ll'rt"ll,/{31 <M, llfnuqL1 , ||Tf||1/{32$ My L0y s

the points (cL1 , f31 ), (<L2, (32) belonging to the square

o ¢ B <1, 0K+ L

Then T is also of type (1/o, 1/(3) for all

o = o (1-t) + et

(25) (0 <t <)
B = p1(1 -t) + 3,t Lo

with

1-t
(26) T el S M e,
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In particular, if ot % 0, the operation T can be uniquely ex-
tended to the whole space L1 /2:¥ , preserving (26).

Let us fix t, and so alsc the numbers o,3, in (25). 1let us consider
the functions

ob(z) = o, (1-2) + o2, (3(2) - (31(1 -z) + B2 »

which for z = 0 and z = 1 reduce to o&,, @, and to &,, 3, respectively. We
shall consider z = x + 1y in the strip 0 { x { 1. For z = t, o(z) and
(3(z) reduce to o&,3. For any simple f,

(27) T £l = Sup Tf.gdy (g-simple, Ngll,,,_.=1).

We may assume that ||f‘l|1/"~ = 1. We fix f aend g,

£ = If] elY, g= lgl oV

and consider the integral

(28) I= X Tf.gdv.
E2

Assuming temporarily that o > 0, €] < 1, we introduce the simple functions

2(z) 1-6(z
(29) F, = £l & oMY g, = lgl "€ 1Y,

depending on the parameter z, and the integral

(30) O(z) = S TF, .G, dv '
E,

which reduces to I for z = t.

In (29) we assume that f"‘(z)/"' = 0 wherever f = 0, regardless of the
value of the exponent. Similarly for Gz. Thus 1if c1, Cps .. BTE the dis-
tinct from zero values of f, and X )(2, ..+ the characteristic functions
of the sets where these values ar? taker'1, and if the similar quantities {ar
g are denoted by 01', cé, ceey X1, Xe, ..+, We have (with °j - Ich e j,
ol = letl e k)
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o(z) 1- B(z)
iu
F, = =e J le ! =« )Lj, G, = > elvk leg! T-g Xll

Hence

1-6(z) 1(u,+v,.) ,
) - Zlcjld(z)/‘* lc'kl Ll PN Mk SE Ty.j.yk awv
2

is a linear combination of exponentlals AZ with A> O.
let us consider any z whose real part 1s zero. Thus the real parts of
A(z), (s(z) are o ,, (31 . Hblder's 1inequality applied to (30) gives

1 ®(z)] "TFz“1/(31 g, ”1/(1-(31)
(31)
<M IIF, ||1/‘_*1 Il G, "1/("ﬁ)

On account of (29) one has

3, B &
YN L PN R ESAES 1,

the second equation here being valid both for o, > 0 and o, = 0. Similarly

1-8, 1-03,

- 1-B - 1-n -
10y Wyyr-py = I 1st 0 gy = He (g )= 1

Hence, by (31), we have | ®(z)| { M, on the line x = 0. Similarly, |®(z)l ¢

M, on the line x = 1. Hence I = bty g M}'t Mg. On account of (27), we get

(26).

It still remains to consider the cases o = 0 and 3 = 1 (which are
without interest in applications). If e.g. @ = 1, thenalso @, = B, =1,
and o > 0. We define F, as before, and set G, = g (50 that G, is indepen-
dent of z). The rest of the proof 1is simplified by the fact that in (31)

may replace - -
we Yy 1% 1 Gz "1/(1_‘3‘) by "8"1/(1_(3) 1. If & 0, and so

A, =, =0, B < 1, we define F, as f and keep the old definition of G,
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(one can also easlly see that in thls second exceptional case, and more
generally in every case when Ay o=y, the inequality (26) follows from
(24) by a simple application of H6lder's inequality).

This completes the proof of Theorem E.

REMARKS. 1° In the definition of the norm Il £ |, , We may assume
that r > 0, though for 0 { r { 1 the norm so defined does not satisfy the
triangle inequality. The set S is dense in LT’' even for 0 ¢ r < 1. Since
in the foregoing proof Holder's inequality 1is applied only in connection
with the exponents 1/@, and not with 1/et, 1t 1s immedlately seen that
Theorem E remains valid for the strip 0 { & { +oo, 0 { B 1. The ex-
tension, however, to the case o ) 1 seems to have no interesting applica-
tion. The situation here 1s different from that in the case of power serles,
where the classes Hﬁ o, 8T€ of interest even If oL > 1. See Section 5 below.

2° Theorem E can be extended to multilinear operations, 1. e. to oper-

ations

T (£, Ty «vey Tyl

linear in each variable f.. Theorem F that follows will be needed in the
next section, and for this reason we give here a precise statement and a
gketch of proof which closely follows that of Theorem E.

THEOREM F. Ilet E and E1; E2, ey En be measure spaces with
meagures V and Mys Pos eees By respectively. ILet h =
T [f1, f2, ceny fn] be a multilinear operation defilned for
simple functions f. on E., j=1, 2, ..., n. The functions
h are defined on E. Suppose that T is simultaneously of the

) 0) (1) (2) 2) (1)
types (1/oL ceey Ty 1 /(s ) and (V/&], «ees Vln, 1/@37),
that 1is that

(32) WTe,, £, «oos fn]“1/p(k\ <M lEy "1/&(‘9'“" fnll1/°L(1I{1) (k = 1,2)
where
oS@(K) < \
ogcx“g’gl (k =1,2; j=1,2, ..., n)

Then T is also of the type (1/d,, ..., 1/, 1/@) for

(33) B =0-6p% @® o= -0t (o<,

and the inequality
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(34) [N SO 35 N P L V- T (PR Ny

1/‘3

holds. In addition, 1if all the d.j are positive, T can be

ded b ¢ S S -
extended by continulty to L.' /41)\1‘1/ . R L1/°"n, pre
servins (34).

R,

Let us first suppose that Ry Oy, oo, o are positive and that
B < 1. let us fix simple functions £15 £y «evy £, with |I fj "1/«, VP
j=1,2, «.., n, and a simple function g with || 8“1/1-(% p= 1. W I‘éx t
)

in (33) and consider the functions

) z

B(z)=p"(1-2) +

(§)) (2)
A . = d"; -7 . ,
J(z) j (1 ) + cLJ z

reducing to 3, Ay ey °“n for z = t. Writing fj = lf‘jl eiu.‘i, g = lgl ei"
we consider the integral

2(z) 4, %n(z) i, 1-6(2
Py -
(35) ®(z) = SET[If‘1I Hroe N, Linl e Prgl TR eV oy,
which for z = t reduces to
I = SET (fy, s Fpl g av.

Since g and the f. are simple functions, §(z) 1s a linear combination,
with constant coefficients, of exponential functions Xz, A> 0. For
X = 0, Holder's inequality and (32) (for k = 1) give

m
1-8 o3(2) ‘u

N EO TR T R IPORr s NS T Y PPV T e A M PO | s

e
L1)
ch

' 1;'u B Ju,/d@j) - M .

Similarly, | @ (z)| { M, for x = 1. Hence I = @(t) { M"® Mi. since the

upper bound of I for all simple g's with |l gll, (1- p) = ! slves WTie,,
cees £ “1/3 , (34) follows when || f‘j ”‘/‘*J = 1 for all j, and so also
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for all simple f,.
The exceptizﬁl case @ = 1 1s treated as before by replacing the ex-

pression gl ' eV 1in (35) by g. 315?1;}75?,131? some of the o, are
e

zero, we replace the corresponding Ifjl in (35) by f‘j.

It remains to show that 1f all the d-j are positive, and 1f (34) 1s
valid for simple f,, then T can be extended by continuilty to L1 / 41)( . ..XL1 /‘"n'
This will follow from the inequality

W WDy _p(e® @
L R IR R R LA

1-t it M _ (2 (k) n-1
$ MU Mg 2;.‘- Weg - £ ”1/¢j’ (?‘,’E ey |'1/‘*j)

and the latter 1s, in turn, a consequence of the inequality

m M w ., _ @ @ ()
heee® e ™ e My 0@ e L, n B

/e

M L a5 _ () ~M (1)
s 'I'].‘[f1 ,fe, ceey fn ] T [f1 ,f1 3 sy fn ]"1/,3

@ o o @ .(2) (n
(358) L R CO NIRRT S I N € ST 0 IRV S PP

+ o s e s s e e s s s s s e e 4 s 8 e s % s e s s+ e e o

(2) ()] M, _ @ (@ )
+ T (£755 ..., Py T 1 =T L8PS £,5 oo £°5111

1/(3

5. Interpolation of linear operations in the clagses H'. We begin by
recapitulating familiar facts from the theory of the classes HF. The de-

talls can be found e. g. in [10] Chapter VII.
let

N

(35b) F(z) = Z.: c, Z

be a function regular inside the unit circle |z| { 1. For any r > 0 we
write

MAp) = M (9F ) = § 5 Szvll“(feie)l"de} e (0gp<)
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Here Mr( ?) is a non-decreasing function of £ 80 that the limit,

(37) NFIl, = Llm o, M(@; F)

exists. By H' we shall mean the class of functions F(z) for which || F ll
is finite. If F belongs to "' , the nontangential limit F (e1 ) = 1lim 10
F(z) exlsts for almost every 6, and is of the class L¥ over the 1nt.erva?
(0,27Tr). Moreover, as p->1, M.( ¢ ;F) tends to f(em)™ 32 lF(e 8y ae} 1
so that, except for an irrelevent numerical factor (2 T) - T, “the norm || F l!
of F(z) coincides with the previously introduced, in Section 1, norm || F II
of F(el®)

Also

=) g 1/r
= IF (e1®) - F (Rel®) T a8 | —» o
[o]

as R—+1. Therefore, if we fix an R :ufficiently close to 1, apd then an
integer N sufficiently large, the polynomial p(z) = ﬁl 2% will sat-
1sf'y the inequality

2w 1/r
B § FE® -p T < g
and so also the lnequality
o 1/r
- - 1 iley _ ie,r
17-pil, = jm i {imcpel®) - pcpeteyiTae 17 ¢ g
Thus, with metric (37), the set of all polynomials

n
p(z)-c]<)4»<i1 z+...+dnz

is dense in H'. Since the p(z) belong to Hr, class HY may be defined as the
closure, under metric (37), of all polynomials p(z).

For 0 { r { 1, metric (37) does not satisfy the triangle inequality, and
so HY 1s not a Banach space, though it 1s a complete metric space, if the
distance d(F, G) between F(z) and G(z) 1s defined as || F-Gll]. For our
purposes, however, a norm need not satisfy the triangle inequality.

let B(z) be the Blaschke product corresponding to an F(z) e H'. Then
F(z) = B(z) G(z), where G(z) has no zeros for |z| { 1. Since IB(el®)| = 1
almost everywhere, we have || F ”r = || G ”r’ It 1s sometimes convenient to
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have G(0) real and posttive, and to use the decomposition
(372) F(z) = ¥ B(z) G(z)

where < and B(0) are real, and G(0) positlve.

If » > 1, a function F(z) belongs to HF¥ if and only if the real part of
F(z) is the Poisson integral of a real-valued feLr(o, 2m). If, in addi-
tion, Im F(0) = 0, we obtain the formuls

aw 1t
(38) F(z) = 2= S €2 f(t) at
0 e "= z
Then
(39) NFN, < A, e,

where Ar is a constant depending on r only (M. Riesz! inequality). It im-
mediately follows that (39) remains valid (with A, replaced by 2 A, which
is irrelevant for us) if f in (38) is complex-valued.

Let us consider any llnear operation h = TF defined for all F in Hr,
yielding hel® (in some measure space E) and satisfying

(40) Ihilg £ MIFIL,

with M Independent of F. If T 18 initially defined in a linear subset of
functions F dense in H' and satisfying (40), we can extend operation T to

the whole of Hr, preserving the constant M. The polynomials are an example
of a linear subset dense in every HY. our problem is to obtain for the
classes H' an interpolation theorem analogous to Theorem E. For r > 1, there
te little @ifficult; here on account of the correspondence zrtabllchid by (38)
between the classes HX and LY. But this corresmnnience breaks down "o r=1, and
1t so happens that in thls case the power sor.us possess,interesting proper-
tles which we might 1like to interpolate and which are not shared by functions
which are merely integrable. That Interpolation in such cases 1s stlll pos-
sible was first shown, on a particular example, by Thorin [7]. Another
example, and a more general treatment will be found 1n Salem and Zygmund

[5]. Here we are not interested in particular examples of interpolation but
want to obtain, so far as it 1s possible, an extension of Theorem E to classes
H".

THEOREM G. Let (ok,, @1) and (d.e,pe) be two points of the
strip

O<ck<+°o, OS@S1'
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Let T be a linear operation defined for all polynomials p,
whose values are measurable functions in a measurable space
E, and such that

EEIVPURFE N E XV
(k1)
HTollyyg & Mol g

Then for every point (et, @) of the segment
(42) ob = ol (1-t) + o,t, B = pB,(1-t)+ Bt (o<t )

we have the 1inequality

1-t t

(43) T pl { kKM My ey g s

/B

only. In particu-
preserving (43).

K denoting a constant depending on A,y ok,

lar, T can be extended to the whole space H1 [

The inequalitles (41 ) define TF both in I—I1 9 and H] /°'~2’ with the same
M1 and M2 respectively. Moreover, if F belongs : ‘rultaneou:sl; to H1 Jeks and
H1 [k the value of TF obtalined by the extenslon o th¢ opcration 1s the
same In both cases. For suppose that

(uk) oL, £ o

2
Then Hy oy C Hy ) . If FeH ,  and llp,-Fll,,  —* 0, then also
lp, - FlI —» 6 (on account of (44), we have' || & I g nhal for
n 1 /oL 1/d 1/a,

any G(z)). Tﬁe Inequalities (41), extended to H1 /ol1 and 1/ show that
T Pp tends to limits both in L,‘ /o, and L1 Jets These 1imits must be the same
because they sre, almost everywhere, ordinary limits of a sultable subse-
quence of the scquence [T pn"

Let now n be a positive integer such that o,/n < 1 (compare (Lk)).
Let us consider any simple complex-valued functions 815 Bps cees gn in the
interval (0, 2TW) and let us set

27w it
(45) Fj(Z) = 21"- SO eit+ 2 gj(t) dat (=1, «v.y n).
e -z

Let us write
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*
(k6) T[g,,ge, cens gn]-'r [F1-F2~ ~Fn]
The functions F,, Fp, ..., F, belong to every H", and so does their product.
In particular, the latter belongs to both classes H and H » for which
T 1s already defined. Thus ™ 1is & multilinear operatlon definea for all

simple functions 815 Bps .oy By
By Holder's inequality

(47) WFy e B Wy S IF My ool Byl (k =1, 2).
Denoting by Ar the constant in (39), for f complex-valued, we have

(l‘e) 'FJ "n/quAn/dk " SJ ”n/d‘k (j- 1,000,n; k = 1;2‘)-

Hence, starting with (46), then using (41) in the whole of H1 ot and H, /ot
respectively, and finally applying (47) and (48), we get - 2

(49) NI (g5 --es &) 11 /8, € MPnsa, ! &1 Mojey ==+ 1 80 lnje,

for k = 1,2, An application of Theorem E glves

(50) N T(g,, oo gl ll,, . < 1AL AEETIECRV IS | TR
17 =+ Bnd lly/g n/a\1 An/:.a(2 1 2 €5 nja

Formula (46) defines T when ?h’ «ves 8, 8re simple. The formulas (49)
show that T" can be extended to L %'k Y . XLn/dk (k = 1, 2) and that the
extension satisfies (49). But if g eLn/ k, then the F 1n (45) belongs to
Hn/‘*k Hence, by (47), F F belongs to H' /‘k which means that T[F

F,] 1s defined. We must show that (46) holds for the extended T For 1f

the gy belong to 1%, and 1if gj are simple functions such that l gj gy "n/«
—-» 0asmroe (k=1i, 2; j=1, ..., n) then

(51) Nr*igl, ..., &1 - 1(g,, «-es &) /e~ ©

by an inequality analogous to (35a). On the other hand, by (39), if F? is
derived from g¥ by means of (k5), we have || F* - F, || -~ o,
J J 3 'nja,
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0Pyl e, € Ao o, Il g5l =011), so that, s in (51), (but using (k1) in
the proof

NT (Ff... Fol = T (Fy... B 1l —¥o0,

/8y
which proves (46) 1n the cases considered.
We are now golng to prove that for a fixed polynomial p we have (43).

Let us apply to p the decomposition (37a). Without losing' generality we may
assume that ¥y = 0. The function G is now a polynomial. Thus, 1f we write

(52) p=F ...F, where F, =BG'/%, F,=..=p =a/"

1
the functions Fj are bounded, and so also of the class Hn/““ . Assuming thAt
Im G1 /n(o) = 0, we may represent the F. by the formulas (45), where the 33
are real-valued and of the class Ln/ %7 Hence

(53) Tp=TIF, ... i) =T (&, --v, 8]

The functions g. also belong to Ln/d' (because ot 2 «,, or simply because
they belong to every 1Y, r > 0). But the formula (50), which was initially
established for g. simple shows that the operation T can be extended to

Ln/d' X Ln/d X o0 X Ln/" , with the preservation of (50). Combining (53)

with (50) we get

he el = 1", -oos gyl lly g

[}

1-t t n gt .t 2w nfo /n

$ 'An/¢1 An/dzl MM T S lg4(t)] at}
J ]

The last product TI here does not exceed

d/n

2w njk an 2m nja i 1/
t 1t
T § g™ e T e @t e T em Uiy
2), which 43) with K = (2 7)'/%1 B, where B = Max , :
see (52), which gives (3) w (27) where ('An/,,‘1 Aosa,)

REMARKS. 1° Tt 1s important to stress the fact that in the definition
of the opevation T"[g,, ..., 8,] given by (46) it was necessary to consider
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complex-valued gj, though in the decomposition (52) we only have real-valued
gj. The point 1s that in the proof of Theorem F it is essential to assume
that the simple functions used are complex-valued.

2° In Theorem G for the functions p for which the operation T 1is
initially defined we may take, instead of polynomiels, any linear system
of functions which is dense both in H1/¢1 and H, » This 1s, however, no
generalization of the theorem since, on account of“(41), T is immedlately
extensible to all polynomials both in H1ﬁ* and H1/¢2.

3° The presence of the constant K, aﬁout whose best numerical value
we know nothin~. mekes Theorem G slightly different from Theorems E anc F.

4° The applications of the main result of (5), can be obtained, with
even greater ease, from Theorem G.
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