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PREFACE TO SECOND EDITION.

TaE following remarks appeared in the Preface to the First Edition
of this hook :—* This work aims at the presentation of two leading
features in the study and apphcation of the higher mathematics.
In the first place, the development of the rafesnale of the subject
is hased on essentially concrete conceptions, and no appeal is made
to what may be termed rational imagination extending beyond the
limits of man’s actual physical and physiological experience. Thus
no use is anywhere made of series of infimite numbers of things
or of infinitely small quantities The author believes that the
logical development is both sound and complete without reference
to these idcas.

“In the second place, a set of Eleven Classified Tables of
Integrals and Methods of Integration has been arranged in such
manner as seemed Dbest adapted to facilitate rapid reference, and
thus relieve the mind engaged in practical mathematical work of
the burden of memorising a great mass of formulas.

“Cntics who are schoolmen of the pure orthodox mathematical
faith may find it hard to reconecile the 1deas that have with them
become innate, with some of the methods, and possivly some of
the phraseology, here adopted. We unly ask them tc 2member
that there is arising a rapidly increasing army of nen eagerly
engaged in the development of physical researcl. and in the
industrial applications of scientific results, with the occasional
help of mathematical weapons, whose mental facu:ties have been
wholly trained by continuous contact with the hard facts of
sentient experience, and who find great difficulty in giving faith
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to any doctrine which lays its basis outside the limits of their
experiential knowledge.”

Experience 1 the use of the book smece its first publication has
confirmed the author in his belief that the basis upon which its
treatment of the Calculus is built is sound, rational, logical, and
that its form aflords an easy and rapid method of acquiring power
to apply, correctly and safely, the lugher mathematis to technical
problems. The method is good for techmicians and physicists
because it is easy and rapid. Fase and rapidity would be funda-
mentally damning faults 1f it were 1llogical, or if 1t did not grow
from the roots of the realities of the subject-matter. It it were
illogical, it would he destructive of the wtellectual trammg of the
student. No llogicality has heen discovered in the course of a
narrow criticism undertaken during the revision for this second
edition, Tf 1t be throughout correctly logical, the swifter the
habit of logical thinking to which the student is trained, the hetter
for his intellectual growth. But the special virtue of the method
is that this mtellectual growth in mathematical power is from
beginning to end fed hy contemplation of the mechanical and
physical facts the reality and truth of which are already parts of
his familiar mental consciousness ; his primary knowledge of which
is, indeed, often vague and uneritrcal, and which he now learns to
analyse into strictly definite ideas. If this halnt of correlating
mathematical thinking with external ohservation hecome a con-
firmed one, then his mental activity, both 1n logical analysis and
in observation of external facts, must automatically develop con-
tinuously and permanently after his formal study of mathematics
has ceased. Tt is only by virtue of this halnt that mathematical
knowledge becomes of use in physics and technical enginecring.

The author has no fault to find with the older methods of study
of transcendental mathematics, provided always that they be
followed only by the sclect few who by temperament and choice
are destin :d to make pure mathematics their one and only field of
lifelong acuvity. This special kind of activity may be useful to
the progress of hvruanity, and, although the methods are old, they
develop year hy year in the schools m new directions and arrive
at new results. But it 18 only a very few specially constituted
minds which are adapted to pursue these studies successfully.
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What needs to he rvecognisedd 15 that it 1s bad training for the
many not so constituted, and—what is of the most urgent 1mpor-
tance—that mathematicians of this stamp are unsmited to be, and
indeed incapable of being, teacheis of technical mathematics.

In the revision for thus new edition the work has been very
carefully searched for errors. Those that have been discovered,
chiefly in the cross-references between Parts 1. and I1., have been
veetified Tt 1s hoped that the volume 1s now practically free
of error.

Considerable additions have been made, mostly in the form of
Appendices.  These deal for the most part with new applications,
the origimal work of the author, to specially important. technical
problems; and particululy to the problems of economy in con-
struction.  They melhwde, also, additicns o Part IT. in the
Reterence Tables of Integrals.  In the eourse of new applications
to technical work, general form of mtegration which are either
new or whose frequent practical utility 1s novel, demand a place
in such Referenee Tables  Both in the development of EKlectrical
Engineering and in the stuicter application of screntific method to
Mechanical Design, this process of development 1= almost con-
tinuous and inevitable.

LROBERT H. SMITH.

1908.
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THE CALCULUS FOR ENGINEERS.

CHAPTER L
INTRODUCTORY.

1. Integration more useful than Differentiation.—In phy-
sical and engineering investigations the Integril Caleulus lends
more frequent aid than does the Iifferential Caleulus, and the
problems involving the Integral are more often of a practically
mmportant type than those requiring the Differential Calculns alone
1 their solution.  But the ordinary student of mathematics never
reaches even an elementary knowledge of Integration until he has
mastercd all but the most recondite portions of the science of
Differentiation.

It seems a priori irrational, and contrary to a liberal conception
of educational policy, to teach the higher mathematies in 2 manner
so contrary to almost self-evident utility. Adherence to this the
orthodox method of teaching i the Schools and [Tniversitios is, no
doubt, responsible for the persistent unpopularity of this branch of
knowledge and intellectual tramming among the classes devoted to
practical work.

2. Method of the Schools.—It must be admitted that no great
progress can be made in Integration without help from the results
obtained by Differentiation. Therefore, so long as the two are
taught as distinet subjects, by the aid of separate text-hooks, it is a
distinct convenicenee to the teachers to finish off one before entering
upon the other. If they be thus separated into two successive
periods of study, it becomes a practical necessity to give Differ-
entiation the priority in point of time.

3. Rational Method. —Still, it by no means follows that the
whole of the science of Infferentiation must be known before any
of that of Integration can be explained, thoroughly mastered, and

A
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utilised. The ordinary system of teaching the subjeet forees the
practical student to spend on Differentiation an amount of time
altogether needless for his professional objects before ha enters upon
Integration.  Much of the former he will never use. The lalter,
from the very beginning, will supply him with abundant problems
of immediate interest and importance m his own special work, and
will, moreover, furnish him with a powerful engine that will enor-
mously lighten the dufficulties of his own professional subjects and
make his progress in these tenfold more rapid.

Let 1t be noted, also, that very frequently the reasoning used to
find an integral is cssentially the same as that nsed to find the
inverse differential. It 1s thus pure waste of tmme to go through
this reasoning twice over. Once understood, it leads to the simul/-
taneous recogmiion of the two mverse wesults, both of them, it may
he, eminently useful. Therefore, as far as practicable, the study of
Inflerentiation and Tutegration ought to be pursued pari passu,

4. Active Interest in the Study.—In n:iodern education, in
which such large demands are made upon the intellectual energics
of the pupil, the necessity of the st.mulus of a real active mterest,
opening out easily recognised prospects of hroademing and deepening
knowledge and of utilitarian advantage, onght to be conceded in
the freest and most Iiberal fashion  Moreover, 1t is right to lead
the pupil along the easicst road, provided it be a legitimate one.
The thoroughness of the training he receives in habits of sound,
trustworthy scientific thought depends more upon the length of
time he is guded within the limmts of correet method, and less
upon whether he travels a short distance on a rugged and difticult
path or a long distance upon a plamner and smoother route.

5. Object of Present Treatise.-—The olject of the present
treatise is to introduce the student at once to the fundamental and
important uses of the Integral Calculus, and incidentally to those
of much of the Ihfferential Calenlus.  This we desire to do in such
a way as to stimulate a growing desire to progress always further
in a branch of science which soon shows itself capable of supply-
ing.the key to so many practical investigations.

6. Clumsiness of Common Modes of Engineering Analysis.—
At the present time our technical text-hooks are loaded with
tedious and clumsy demonstrations of results that can be obtained
“1n the twinkling of an eye” by one who has grasped even only
the elements of the Calenlus. These demonstrations are supposed
to be “elementary.”” They are not really so; each of them really
contains, hidden with more or less skill, identically the same
reasoning as that employed in establishing the Calenlus formulas
applicable to the ecase in hand. They are, in fact, simply laboured
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methos of cheating the student into nsing the Caleulus without
iis knowing that hie1s so doing.  There is no good reason for this,
The elements of the Caleulus may be made as casy as those of
Algebra or of Tngonometry. More good, nseful scientific result
can be obtained with less labour by the study of the Calculus
than by that of any other branch of mathematics,

7. Graphic Method.—Much of the Caleulus can be rigorously
proved by the graplic method ; that is, by diagram. This method
i» here used wherever it offers the sunplest and plamest proof ; hut
where other methods seem easier and shorter they are preferred.
The present book 18 strietly contined to its own subject ; and,
wherever it is neces< iy, the results proved 1 books on (Geometry,
Algebra, Trigonometry, ete, are freely made use of ; employing
always, however, the most clementary and most generally known
of these results as may be suflicient for the purpose.

8. Illustrations.—Kverywhere thie meaning and the utility of
the results obtained are lnstrated by applications to mechanies,
thermodynamies, electrodynamics, problems 1n engmeering design,
ete., ete,

9. Classified List of Integrals. --The part of the book which is
looked upon hy its authors as the most important and the most
novel is the last, namely, the Classified Reference List of Integrals.
This is really a development of a Clasafied List of Integrals which
one of the authors made twenty years ago to assist him in his
theoretical investigations, awl wlich he has found to be con-
tinuously of very great service. He has never believed in the
pohey of a practical man’s burdening Ins memory with a load of
theoretical formulas. TLet him make sure of the correctness of these
results, and of the methods by which they were reached.  T.et him
very thoroughly understand their general meaning, and especially
the limits of their range of apphicability ; let hun recognise clearly
the sort of problem towards the solution of which they are smted
to help; let him practise thewr appheation to thns sort of problem
to an extent sufficient to make hum fecl sure of himself in using
them in the future mn the proper way. Then let him keep notes
of these results 1 such a manner as will enable him to find them
when wanted without loss of time; and let him particularly avoid
wasbing his brain-power by preserving them in his memory. The
more brain-power is spent in memorising, the less is there left for
active service in vigorons and wary application in new fields to
attain new results. Formulas have a lamentable characteristic in
the facility they offer for wrong application. A formula fixed
perfectly in the memory, and the exact meaning and correct mode
and limits of whose application are imperfectly understood. is a
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pure source of misfortune to him who remembers it. Tt is infinitely
more important to cultivate the faculty of cautious and yet ready
use of formulas than to have the whole range of mathematieal
formulas at one’s finger ends ; and tlus is also of immensely greater
importance to the practical man than to keep in mind the proofs
of the formulas.

To obviate the necessity of stuch memorisation the ¢ Classified
Reference List of Integrals” has heen constructed in the manner
thought most hikely to facilitate the rapid finding of whatever may
he songht for. The results are not tabulated m “rational ” order,
that is, in the order 1 which one may be logically deduced from
preceding ones. They are classified, firstly, according to subject,
e.., Algebraical, Trigonometrical, ete., ete., and under cach subject
they are arranged in the order of simplicity and of most frequent
utility. A somewhat detaled classification has heen found desir-
able in order to facihitate cross-references, the free use of which
greatly diminishes the bulk of the whole list. The shorter such a
lish is made, the easier 1s it to make use of.

10. Scope of Prefatory Treatise.—TLis treatise does not prove
all the results tabulated in the “Reference List.” The latter has
been made as complete as was consistent with moderate bulk, and
includes all that 1s needed for what may he deseribed as ordinary
work, that is, excluding such higher difficult work is is never
attempted by engineers or hy undergradnate students of physics.
The treatise aims at giving a very thorough understandmmg of the
principles and methods employed in finding the results stated
conasely in the “Reference List”; proofs of all the fundament-
ally important results ; and, above all, famiharity with the practical
uses of these results, so as to give the student confidence in his own
independent powers of putting them to practical use. The last
chapter on the Integration of Differential Equations ought to aid
greatly in pomting out the methods of dealing with various classes
of problems. The ninth chapter, on Maxima and Minima, is per-
haps more illustrative than any other of the great variety of very
important practical problems that can be solved correctly only by
the aid of the Calculus.
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CHAPTER IL

GENERAL IDEAS AND PRINCIPLES - ALGEBRAIC AND GRAPHIC
SYMBOLISM.,

11, Meaning of a “ Function,”——Suppose that a section he
made through a hilly bit of country for soms engineering purpose,
such as the making of a highway, or a 1uilway, or a canal. The
levels of the different pomts along the section are obtained by the
use of the Engmeer’s Level, and the honzontal distances by one or
other of the ordinary surveymg wethods  Let fig, 1 be the plot-

Pre. 1.

ting on paper of the seetion. According to ordinary practice, the
heights would Le plotted to a much opener seale than the horizontal
distances ; but 1 order to avoid complication in a first lustration,
we will assume that in fig. 1 heights and distances are plotted to
the same scale.

Each pomt P on this section is defined strietly by its level 2
and 1ts horizontal position /. The former 18 measured from some
conveniently chosen datum level. The latter is measured from any
conventent starting-pomt.  These two are called by mathematicians
the co-ordinates of the pownt I’ on the curve ABC, ete.

For each ordinate / there in one defined value of the co-ordi-
nate & ; except throughout the streteh MN, where a break in the
curve oceurs, utting aside this exeeption, the height /15, when
this stiictly definite relation exists, called 1 mathematical language
a “function” of /; or

Height - Function of Hormzontal Distance,
or, more simply written in mathematical shorthand,

Io=E().
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12. Ambiguous Cases.— As scen from the dotted line drawn
horizontally through P, there are three points on the section at the
same level. Thus the statement that

Distance = Function of Ileight

T=1(h)

must be understood in a somewhat different sense from the first
equation : namely, in the seuse that, although for each height there
correspond particular and exactly defined distances, still two or
more such distances correspond to onc and the same height, so that,
if nothing but the height of a point were @iven, it would remain
doubtful which of two or threc horizontal positions it occupied.
This ambiguity can only be cleared away by supplymg special in-
formation concerning the point beyoud that contained in the

or

equation.
13. Inverse Functions.— The two formulas
h=F()
and
I=1l)

are simply two different forms into which the relation between 2
and I, or the equation to the curve, can be thrown. The first
form may be called the solution of the equation for 4; the
socond the solution of the equation for /.

The functions F( ) and A ) are said each o he the “inverse” of
the other. An inverse function is frequently indicated by the
gymbol —1 put in the place of an index. For example, if &
be sin a, then the angle a may be written sin “'s. Or if / be the
logarithm of a number N, or 7=1log N; then N -log !/, which ex-

ression means that “ N is the number whose log is (.”

14. Indefiniteness of a Function in Special Cases.—The
stretch of ground from R to 8 is level. Hero the value of /i corre-
sponds to a continuously varying range of values of 7. For this
particular value of , therefore, we have between certain limits wn-
definiteness in the solution for /.

If there were under the point J a stretch of perfectly vertical
cliff, then for the one value of / to this eliff the solution for /# would
be similarly sndefinite between the limits of lovel at the foot and at
the top of the cliff.

15, Discontinuity.—From M to N there is a break in the curve.
In such a case mathematicians say that % is a discontinuous
function of /; the discontinuity ranging from M to N.
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16. Maxima and Minima - From A to C the ground rises; from
C to E it falls. At C we have a summit, or a maximum value
of /. This maximum necessarily comes at the end of a rising and
the beginning of a falling part of the section. Kvidently the
converse is also true, viz., that after a rising and before the
following falling part there is mecessarily a maximum, provided
there be no discontvnuity between these two parts, There is another
maximum or summit at K.

The ground falls continuously from C to E, and then rises again
from E onwards. There is no discontinuity here, and E gives,
therefore, a lowest or minimum value of 4. This necessarily
comes after a falling and before a rising part of the section;
and between such parts there necessarily occurs a minimum, if
there be no discontinuity.

‘We have here assumed the forward direction along the section
to be from A towards the right hand. But it is indifferent whether
we call this or the reverse the forward direction as regards the
distinction between maximum and minimum points.

17. Gradient or Differential Coefficient.—Kach small length
of the section has a defimte slope or gradient. Engineers always
take as the measure of the gradient the ratio of the rise of the
ground between two points near each other to the horizontal dis-
tance hetween the same points. This must be carefully distin-
guished from the ratio of the rise to distance measured along the
sloping surface. This latter is the sine of the angle of inclina-
tion of the surface to the horizontal ; whereas the gradient is the
tangent of the same angle of inchnation. This gradiens is the rate
at which % increases with /. It is, in the present case, what is
called a space rate, or length rate, or linear rate, because the
increase of A is compared with the increase of alength ¢ (not because
h is a length, but because [ is a length).

If at the point @ the dotted line Qg be drawn touching the sec-
tion curve at @, then the gradient at Q is the tangent of the angle
QgO. The touching line at point P on the downward slope cuts
00’ at p, and the tangent of PpO’ is negative., It equals the
tangent of PpO with sign reversed.

In the language of the Calculus this gradient is called the Dif-
ferential Coefficient of /; with respect to /. Taking the forward
direction as from A towards the right hand, the gradient is upward
or positive from A to the summit C; downward or negative from
C to the minimum pomt E; positive again from E to K, and
negative from K to M. From N to R it is positive, and along RS
it 1s zero.

18, Gradients at Maxima and Minima.—At each maximum
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and minimum point (C, E, K) the gradient is zero. At each max1
mum point (C, K) it passes through zero from positive to negative.
At a minimum point (E) it passes through zero from negative to
posttive,

At H there is also level ground, or zero gradient. Here, how-
ever, there is neither maximum nor minimum value of % This
point comes between two rising parts of the section: there is a
positive gradient both before and after it. Although, therefore,
we find zero gradient at every maximum and at every minimum
point, it is not true that we necessarily find either a maximum or
a minimum wherever there is zero gradient.

19. Change of Gradient.—On the rising part of the ground it
becomes gradually steeper from A to I ; that is, the upward gra-
dient increases. Otherwise expressed, there isa positive increase of
gradient, From B to C, however, the steepness decreases; there
is a decrease of gradient, or the variation of gradient is negative
(the gradient itself being still positive)

Thus the variation of gradient being positive from A to B and
negative from B to C, passes through the value zero at B, the point
where the gradient itself is a maximum.

From C to D the gradient is negative, and becomes gradually
steeper ; that is, its negative value increases, or, otherwise expressed,
its variation is negative. From D to E the gradient is negative,
but its negative value is decreasing, that is, its variation is positive.
Thus at D the variation, or rate of change of gradient, changes
from negative to positive by passing through zero, and at this point
D we have the steepest negative gradient on this whole slope CE.
The steepest negative gradient, of course, means its lowest value.
Thus at D we have a minimum value of the gradient.

20. Zero Gradients.—The distinction between the three parts
C, E, and H, at all of which the gradient is zero, becomes now clear.
At C the variation of the gradient is negative, and this gives a
maximum height. At E this variation is positive, and here there
is a minimum height. At H this rate of variation of the gradient
is zero, and here, although the gradient be zero, there is neither
maximum nor minimum height.

21. Discontinuity or Break of Gradient.—Wherever there is a
sharp corner in the outline of the section, asat I, J, R, 8, T, U,
there is a sudden change or break of gradient, This means that
at each of these points there is discontinuity of gradient; and
the above laws will not apply to such points.

‘Wherever there are points of discontinuity, either in the curve
itself or in its gradient, special methods must be adopted in any
investigations that may be undertaken in regard to the character-
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istics of the law connecting the ordinates. The methods applicable
to the continuous parts of the curve may, and usually do, give
erroneous results if applied to discontinuous points.

22. Infinite Gradient.—Under J the face being vertical, the
gradient is commonly said to be * infinite.” At cach of the sharp
points 1, J, R, 8, T, U, the variation of gradient being sudden,
the rate of variation of gradient becomes ‘ infinite.” More cor-
rectly expressed, there exists no gradient at J ; and at I, J, R, etc.,
there are no rates of variation of gradient

23. Meaning of a « Function.,”—The symbolic statement

h=F()

15 not intended to assert that the relation hetween / and A is
expressible by any already investigated mathematical formula,
whether simple or complicated. For example, in fig. 1 the said
relation would be extremely difficult to express by any algebraic
or trigonometric formula. Kqually complicated would be the law
expressing the continuous variation of, for example, the horse-
power of a steam-enginc on, say, a week’s intermittent running ; or
that connecting the electric out-put of a dynamo when connected
on to a circuit of variable and, perhaps, intermittent conductivity.
Yet separate short ranges of these laws may in many cases be
approximated to by known mathematical methods ; and even when
this is not possible, many very interesting, important, and prac-
tically useful special features of the general law may be investi-
gated by mathematical means, without any exact knowledge of the
full and complete law. Thus without making any reference to, or
any use of, the exact form of the function F( )in the equation
applicable to fig. 1, we have already been able to point out many
important features of the law it represents.

24. Horse-power as a Function of Pressure.—Again, although
the actual running of, say, a steam-engine from minute to minute
varies with many changes of condition, still, if we choose to investi-
gate the separate effect of one only of these changes, for instance,
change of initial pressure, it may be found fairly ssmple. Thus we
may write

Horse-power = Function of Initial I'ressure,

HP = ¢(])),

where p is the pressure. This means that any change of pressure
changes the horse-power ; and to investigate the separate effect of
change of pressure on horse-power, we consider all the other con-

or
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ditions to remain (if possible) constant, while the pressure changes.
Some other conditions may themselves necessarly depend on the
pressure, and these, of course, cannot be assumed to remain con-
stant, For example, the ent-off may be supposed to remain con-
stant. But the amount of mitial steam condensation in the cylin-
der depends partly on the initial pressure, and it cannot, therefore,
be assumed a constant in the equation HP = ¢( p). Similarly, the I[P
may be considered as a function of the speed, 1t alone being varied
while all other things are kept constant.  Or the HP may be taken
as a function of the cut-off, the initial pressure, the speed, and
everything else being kept constant, while the cut-off is varied.

25. Function Symbols.—When different laws connecting cortain
varying quantities have to be considered at the same time, different

symbols, such as
F@), A1), $(), y(0)y

are used to indicate the different functions of / referred to.

26. Choice of Letter-Symbols.—In fig. 1 we have used 1 to
represent a distance, because it is the first letter in the word
“length,” and similarly & to represent ‘‘heiylit.” Tt is very desir-
able when letter-symbols have to be used, to use such as readily
call to mind the nature of the thing symbolised. Especially in
practical applications of mathematics, and more particularly when
there is any degree of complication in the expressions involved, is
the adherence to this rule to be strongly rccommended. By keep-
ing the mind alive to the nature of the things being dealt with,
error is safeguarded against, and the true physical meaning of the
mathematical operations and of their results are more easily grasped.
Without a complete understanding of the physical meaning of the
result, not only is the result useless to the practical man, but its cor-
rectness cannot be judged of. If, on the other hand, the physical
meaning be fully grasped, any possible error that may have crept
in in the mathematical process of finding the result, is likely to be
detected and its source discovered without great difficulty.

27. Particular and General Symbols,—But many mathemati-
cal rules and processes have such wide application to so many
entirely different physical conditions, that, in order the more clearly
to demonstrate the generality of their application, mathematicians
prefer to use letter-symbols chosen purposely so as to suggest only
with difficulty anything endowed with special characteristics; such
a8 &, ¥, % symbols which do not suggest to the mind any idea
whatever except that of absolute blankness.

1t is doubtful whether this is a desirable habit in mathematical
training. It seems probable that a course of reasoning might be
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more firmly established in the mind of the student if he were first
led through it in its concrete and particular aspect—the mind being
kopt riveted on one special set of concrete meanings to be attached
to his symbols—and then afterwards, if need be, he may go through
it again once, twice, or, if necessary, a dozen times, in order to dis-
cover (if or when this be true) that the general form of the result
will remain the same whatever particular concrete meanings be
attached to his symbols.

28. «, y, and z.—There is one feature in the use ordinarily
made of x, ¥, z in mathematical books which the writer thinks is
a real cvil. In his earlier chapters the orthodox mathematician
establishes a habit of using y o indicate a fun.tion of x: he con-
stantly writes y=j(x): that is, he takes y to ropresent a thing
dependent on «, and which necessarily changes in quantitative
value when =z changes. But in his later chapters he uses y
and « as two independent variables, that is, as two quantities
having no sort of mutual dependence un each other, the variation
of either one of which has no effect whatever upon the other. This
is apt to, and does, produce confusion of mind ; especially as regards
the true meaning of different sets of formulas very similar in appear-
ance, one referring to y and x as mutually dependent quantities,
the other referring to y and . as independent variables,

29. Functions of .. --When & is used to indicate a variable
quantity, any other quantity whose value varies in a definite way
with the varying values of », may be symbolically represented in
any of the following ways:—

F(.l}), f(x), 96(‘”)) ‘l’("')r X(m)’ and X, X or E.

The last forms, X, cte., are for shortness and compactuess as con-
venient as y, and are more expressive. They will be used chiefly
in connection with « in the following pages.

30. X dependent on z.~-X may mean a function which is capable
of being also changed by changing the values of one or more other
quantities besides x; but in so far as it is considered as a function
of x, consideration of these other possilile changes is eliminated by
supposing them not to occur. This is legitimate because these other
elements which go to the building up of X do not neressarily
change with . All elements involved in X, which necessarily
change with w, are to be expressed in terms of «, and their variation
is thus taken account of in calculating the variation of X,

31. Nature of Derived Functions,—In dealing with functions
of this kind, mathematicians call « the “independent variable,” a
somewhat unhappy nomenclature. X and z are in physical reality
mutually dependent one on the other. In the mathematical
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formula, however, X being expressed in terms of «, it is considered
as heing derived from, or dependent upon, . ; the various values of
X heing caleulated from those of z, and the changes in X being
calculated from the changes in . Thusit should be borne in mind
that the dependence of the one on the other suggested in the
commonly used phrase “independent variable ” is purely a matter
of method of calculation, and not one of physical reality.

32. Variation of a Function.— Similarly Y may be used to
indicate a derived or ‘“dependent” function whose value depends
only upon constants and upon the varable y.

Or L. may be made to denote a derived function depending only
on constants and on the variable /.

83. Scales for Graphic Symbolism.-—Those readers of this
treatise who are engineers must, from practice of the art of Graphic
Calculation, be famihiar with the device of representing quantities
of all kinds by the lengths of lines drawn upon paper, these
lengths being plotted and measured to a suitable Scale.

So long as the quantity of a function is its only characteristic
with which we are concerned, each quantity can always be repre-
sented by the length of a line drawn in any position and in any
direction on a sheet of paper, the scale being such that 1 inch or
1 millimetre of length represents a convenient number of units of
the kind to be represented. In ‘Graphic Cualculation” we very
commonly represent on the paper also the two other characteristics
of position and direction of the things dealt with; but in the
Differential and Integral Calculus, so far as 1t is dealt with in thus
treatise, we are concerned only with quantity.

It is convenient to draw all lines representing the various values
of the same kind of thing in one direction on the paper. Thus we
may plot off all the a’s horizontally and the corresponding X’s
vertically. Tf, when the magnitude of .« is varied continuously
(2.e., without break or gap), the change of X be also gradual and
contmuous, there is obtained by this process a continuous curve
which is a complete graphic representation of the law connecting
X and # The student ought at the outset to understand fully the
nature of this kind of representation. Tt is clear that it is in its
essence as wholly conventional and symbolic as is the letter-
symbolism of ordinary algebra. Spoken words, written words,
and written numbers are in the same way conventional ; they also
constitute systems of arbitrary symbolism. Graphic diagram repre-
sentation is neither more nor less symbolic and arbitrary than
ordinary language.

84. Ratios in Graphic Delineation.—The curve in fig. 2 is such
a graphic delimeation of a law of mutual dependence between X
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and x. If X be of a different kind from w, it is impossible to form
any numerical ratio between the two scales to which X and  are
plotted. For instance, if the X’s are ft.-Ibs. and the £'s feet, then
the vertical scale may be, perhaps, 1”=10,000 ft.-lbs., and the

horizontal scale 1” =10 ft.; but the number 10,000 or 1000, is

10 °’
not a pure ratio between the two scales. But in physics we have
relations between things of different kinds, which are called physical
ratios. 1t 1s only by use of such physical ratios that derived

N X_dax_
o T, dr

xr

Fia. 2.

quantities are obtained. Thus the physical ratio between a
number of ft.-lbs. and a number of feet, or ft.-lbs./ft., is a number
of Ibs. The ratio is of an altogether different kind, in this case
Ibs., from either that of the dividend or that of the divisor.

Now the ratio between a height and a horizontal distance on the
paper is a gradient measured from the horizontal.

1n this example, then, a gradient would mean a number of 1bs,,
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and each gradient would represent Ibs. to a certain scale. Con-
tinuing the ahove example, a tangent or gradient measuring unity
on the paper, 7.r., the tangent of 45°, would mean

10,000 ft.-Ibs.
Ti0R.T =1000 Ibs.

This is the scale to which gradients from axis of « ave to be
measured ; or

. . Unit height on paper
Unit gradient = 7 Torizontal length on paper 1000 1bs.

Gradients measured from the axis of X have a reciprocal interpre-
tation and are to be measured to a reciprocal seale. Thus «/X
means ft./ft.-Ihs.,, or 1/lbs., that is, the reciprocal of a number
of Ibs.

35. Differential Coefficient, »-Gradient or X'.—The gradient
from axis of » of the curve at any point r, X, is called the Differ-
ential Coefficient of X with respect to »,” and is symholised by

either X or X',
dx
The phrase “ Differential Coefficient of X with respect to . is
a cumbrous one. A shorter phrase is

the w-gradient of X ;

and as this phrase is very ecasily understood and definitely descrip-
tive, it is used in this treatise

The gradient of the curve from the axis of X is the reciprocal of
the above. It is called

the Differential Coefficlent of x with respect to X, or
the X.gradient of .r;

itt
and is shortly written — =

36. Scale of X'.—-Thescales of X and # are in general different ;
and that of X’ must always be different from either of these. The
numerical relation between these scales and that of _’l?}ii may be

(
thus expressed :

Let

the scale of the «’s be 1” =4« units of the  kind or quality ;
”» » Xs, 1"=8 ”» w X ”»
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then
the scale of the X"”s is

Unit gradient = tan 45°= S units of the > kind ;
8§ L

and
the scale of the 6%% is

Unit gradient =tan 45° = *;r units of the ;% kind.
>

37. Sign of X'.—The sign of X'is + when the slope of the
curve is such as to make both X and s increase positively at the

Fia. 8.

same time; it is — when it makes one increase while the other
decreases, Evidently ((il; must always have the same sign as X'.

@ ore very fully illustrated in

The possible variations of X’ and X

fig. 3.
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In fig. 3, += is measured towards the right and + X upwards ;
negative 2’s are measured towards the left and negative X’s down-
wards.

The student should follow out the variations from + through 0

to — of both X’ and % throughout the lengths of all the four
[/

curves A, B, C, and D in each of the four quadrants.

38. Subtangent and Subnormal.—In fig. 2 there are drawn
three lines from a point «X of the curve, viz., a vertical, a tangent,
and a normal. These intercept on the axis of x the lengths
marked T, and N, on the diagram. T, is called the subtangent
and N, the subnormal.

Sinee (by definition) the tangent has the same gradient as the
curve at its touching point, evidently

X=;f or T,=%‘(_,
and
dr 1 X R
IX~X TN or N,=X'X,

Here T, measured to the x-scale, and interpreted as being
of tho same kind as the a’s, is a true graphic representation of
X/X".

But (%2 is of the same kind as x/X, and, therefore, would be
not of the same kind as X/N,, if N, were measured to the z-scale,
and interpreted as of the same kind as 2. Thus in order that N,
may be used as a true graphic representation of X'X, which is of
the same kind as X2/x, care must be taken not to measure it
to the x-scale, and not to interpret it as the same kind of thing
as .

If the diagram were replofted, leaving the 2-scale unaltered, and
making the X-scale more open, the paper-height of X would be
increased, and the paper-gradient X’ would be’ increased in the
same proportion. It can easily be shown that the paper-length of
T, would remain unaltered, while that of N, would be increased in
a ratio which is the square of that in which X is increased. Simi-
larly if, while the X-scale is maintained unchanged, the x-scale
were altered so as to increase the paper-length of x, then the
paper-gradient of the curve would be decreased in the same pro-
portion as 2 is increased ; T, would be increased in the same pro-
portion as z; N, would be decreased in the same proportion.

Thus N, in order to he a true graphic representation of X'X, a
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quantity whose dimensions are those of X%/, must be measured to
the scale

17 =3 units of the (Xf) Kind.
8 £

In fig. 2, T, and N, arc taken upon the r-axis, and may be termed
the z-subtangent and .~subnormal. If the curve-touching line and
the normal be prolonged to cut the X-axis, they and the horizontal
through the touching-point will give intercepts on the X-axis,
which may be termed the X-subtangent and X-subnormal, and
may be written T, and N,. They aro shown on fig. 2, and their
proper scales are given helow.

39, Scale of Diagram Areas.—An area enclosed by any set
of lines upon such a diagrain may be taken as the graphic repre-
sentation of a quantity of the same kind as the product Xz, and
must he measured to the scale, 1 sq. inch = (3s) units of the (Xi)
kind.

40. Table of Scales.—The following is a table of interpreta-
tions of the diagram. This diagram will be constantly used here-
after for both illustrations aud proofs, which latter cannot be
accepted as logitimate unless the whole nature of this manner of

gymbolic expression be intimately understood.

TABLE OF INTERPRETATIONS AND SCALES 0¥ DIAGRAMMATIC OR (GRAPHIC

REPRESENTATIONS OF DERIVATIVE AND DERIvep FuNoTIONs.

Name. Interpretation. i Symbol. Diagram Scale,
Variable, . x w 1”=s  units of = kind.
Funct(iion of a, . fX 1 § 1"=8 » X .
2-Gradient of X, . . Ratio of small in- ! . 8

* crease of X to tan 45 =3 ” X/ac "
accompanyingin-
crease ofx,

X-Gradient of , Ratio of small in- dr | tan 45° =° " ac/X .
crease of x to X S
accompanyingin-
crease of "

-Subtangent, X/X T 1 ‘ga " z

z-Subnormal, ;IX' ;N 1"“; ” X’/ﬂ'{ "

X-Subtangent, . -"/;i-;(“""x' Ty 1”=8 w X,

! da‘ ” sﬂ
X-Subnormal. :r/X =z Ny 1 =5 ” m’/x -
Arvea, . . . . . 2X A 1sq. in, =58 » X 1

B
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41. Increments.—In going forward from a point on the curve
a little way, a rise occurs if the gradiont be upwards. The short
distance measured along the sloping curve may be resolved into two
parts, one parallel to axis of «, the othor parallel to axis of X.
These two parts arc the projections of the sloping length upon the
two axes. They constitute the differences of the pairs of .« and
X co-ordinates al the beginning and the end of the short sloping
length, These differences are designated by the Greek &; thus,
see fig, 4,

Frce 4,

8- projection on r-axis, ana

k) b} 2

Sinee the gradient X' is the ratio of rise to horizontal distance
throughout a short length, it is evident that

X =X'8r.

1f 7 and L be the co-ordinates, and if the gradient e called 1.,
then this would be written

SL=T13I.
If y and Y were the co-ordinates, the gradient being called Y’
then
Y =Y'8y.

42, Increment in Infinite Gradient,—These are the direct self-
evident results of the definition of gradient, or differential co-
efficient. They do not, of course, apply to points where there is
no gradient, that is, to sharp corners in a diagram, where the direc-
tion of the diagram line changes abruptly.

If the diagram line run exactly vertical at any part, then for that
part X' becomes infinite, and the equation appears in the form

0X=w x 0
an indeterminate form.
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This last case corresponds to the piece-of vertical cliff under
point J in the section fig. 1.

43. Integration.—The general case corresponds to the gradual
stepping along the other parts of this section. The length of each
step is projected horizontally (8/ or 8x) and vertically (8% or 8X).
The latter is the rise in level, and it equals the gradient multiplied
by the horizontal projeetion of the length of step.

In stepping continuously from one particular point on the section
to another, for instance, from A to C on fig. 1, the total horizontal
distance between the two is the sum of the horizontal projections
(the 8/’s or 3a’s) of all the soparate steps; and the total difference
of level is the sum of the vertical projections (the 84’s, or 8L’s, or
3X’s) of all the separate stops. In chmbing the hill, the climber
rises the whole difference of level from A to C, step by step: the
total ascent is the sum of all the small ascents made in all the long
series of steps. If the distance be considerable, the number of
steps cannot be counted, except by some counting instrument, such
as a pedometer; but the total ascent remains the same, whether it
be accomplished in an enormous number of extremely short steps
or in an only moderately large number of long strides.

The mathematical process of calculating these sums is called
Integration.

This mathematical process is indicated by the symbol the Greek
capital =, when the individual steps are of definitely measurable
small size. But when the method of summation employed is such
that it assumes the steps to be minutely and immeasurably small,
the number of them heing proportionately immeasurably large, and
when, therefore, of necessity the method takes no account of, and
is wholly independent of, the particular minute size given to the

steps, then the symbol employed is |, which may be looked

upon as a specialised form of the English capital S, the first letter
of the word “sum.” The result of the summation is called the
Integral,

44. Increment Symbols.—The separate small porlions, whdse
sum equals the Integral, are called the Increments or the Differ-
entials,

‘When the increments are of definitely measurable small size,
they are indicated by the symbols &r, 8X, 8k, 8L, 8Y, etc., etc.

‘When they are immeasurably minute, and their number corre-
spondingly immeasurably large, they are indicated by the symbols
dz, dX, dh, dL JdY, ete., efc.

45. Integration Symbols Limits of Integration.—The inte
gration is carried out between particular limits, such as B and C in
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fig. 1. These limits arc sometimes written 1 connection with the
symbols of integration, thus:

(o] [o] (o C
s s, zszor[dh,f(zz.
B B JB B

If ok be the co-ordinates of the point C, fig. 1 and Iphy be those
of the point B, then these integrals mean the same thing as

(he = hy) or (I - 1)

The limits are above indicated in the symbol by the names only
of the points referred to. The points themselves are, however,
frequently indicated only by the values of their co-ordinates, and
then it is customary to indicate the limits of integration oy writing
at top and bottom of the sign of integiation the limit-values of the
variable whose increment appears in the intregral, Thus, since

&h = (L]ISI

we have the integral of 84 between B and C expressible in the two
following forms :

I
h °s dh
hg—hy=3"%h= )
SR Ehn ln Il J f, -

If particular points be indicated by numbers, the symbolism be-
comes somewhat neater. Thus the integral of 6X between the
points 1 and 2 of the ., X curve at which points the ordinates may
be called z, «,, and the co-ordinates X, X,, 1s

X, iy
X,-X,= dX = X'de .
X, x

Or, again, if it were convenient to call the two limiting values of
z by the letter-names @ and b, then the same would appear as

)
X, -Xo= | Xa.
[

Or, if the limiting values of x were, say, 15 and 85 feet, it would

be written
X~ Xy =f X'de.
15
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It must be noted that the lunits which are written in always
refer to values of the variable whose increment or differential
appears in the integration. Thus the « and 6 or the 85 and 15
above mean invariably values of ., not values of X nor of X'
46, Linear Graphic Diagrams, of Integration. In figs. 5 and
6 are given two methods of graphically representing this process of
integration. The first corre-
sponds with the illustrations (
we have already employed. -
Here the curve X is supposed
to be built up step by step by
drawing in each small stretch o
of horizontal length 8r at a ;
gradient equal to the known —]
mean gradient X' for that
length. ~The gradient X' is —X
supposed known for each value
of x and 1its mean value
throughout cach very small Fre 5.
length &z is therefore known.
With regard to this statement it should be noted that a curve
does not really possess a gradient at a point, but only through-
out a short length. When we speak of the slope of a curve at
a point, what we really mean 1s the slope of a minute portion

ISy 3
[
o
:(Xf-Xl)
le
[N
~1- ¥

e
¢ — —

Fic. 6.

of its length lying partly in front and partly beyond the point:
that is, there is actually no difference of meaning between the
phrases “the slope of the curve at the point” and ‘the mean
gradient throughout a short length at this point.” Since each
increment of X, or 8X, equals X' times the corresponding in-
crement of z or x, we have in fig. § all these increments of X
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cach equal to X'8z projocted by horizontal lines on the final
vertical X,, where it is perhaps a little morc plainly scen that
they all sum up to X,- X, than without this projection, as in
our previous example of climbing a hill step by step as in
fig. 1.

g47. The Increment deduced from the Average Gradient.—
If this graphic method be actually employed for practical integra-
tion, then care must be taken to let the short stretch drawn ai
each slope X’ lic partly before and partly beyond the vertical
drawn at the corresponding distance ». This is necessary, because
in actual graphic construction on paper we cannot make the incre-
ments 8¢ immeasurably small. It is best to let each short curve
length lie } 8« behind and 18- beyond ..

48. Area Graphic Diagram of Integration.—In fig. 5 the
¢ g-gradient,” or “differential coefficient with respect to .,” or X',
is represented by the tangent of an angle on the paper.

In fig. 6 the +’s are again represented by horizontal lines, and the
differential coeflicients are also represented by vertical lines, while the
integralis represented by anarea. The known values of X' for succes-
sive values of .~ are plotted upwards co-ordinate with the .’s, and a
curve is thus obtained. The arca of the vertical strip, bounded at
the top by the curve, at its sides by two vertical straight lines 8. apart.
and at its foot by the axis of ., equals the product X'8w, whore X’
is the mean value throughout the length 8z Tho successive strips
thus formed are contiguous to each other, so that the sum of them,

that is, the integral [ X'dx, is the total area underneath the curve

and above the axis of « included between the two verticals at
and w«,, the limiting values of «.

Here, again, an error would bhe made if, instead of taking the
mean value of X' for each length &, there were taken either its
value at the beginning of 8z or that at the end of &r. If for each
8« the value of X' at its beginning were used, the total area, or
integral, obtained would be too small by the sum of the small
triangular arcas rafined as in the lower parts of the rectangles in
fig. 6 1If, on the other hand, the value at the end of each 8z
were used, the calculated integral would be greater than the irue
integral by the sum of the small triangular areas rafined as in the
upper parts of the rectangles in fig. 6. This is clearly true whether
the 8x’s be uniform in size or of differing sizes.

49. Diminisghing Error.—Not only does the size of each such
error for each individual 8z diminish indefinitely as & is made
smaller, but their sum also diminishes indefinitely in spite of their
number being indefinitely increased. Although this is not really a
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proposition of any speeial theoretical nmportance, since it is always
the average, aud not either the initial or final values of X’ that are
to be used, still it is interesting and customary to prove it to be true,
The neatest proof is that given by Newton, and is explained by fig. 6
For the purposes of the proof all the 84%s are assumed to be of one
uniform size, and, thorefore, each of them equal to the last hefore
«, is reached. This being so, all the above-mentioned triangular
area-crrors are transferred horizontally so as to lie between the
vertical «, and (x, - dr). The sum of each set of errors is now
easily seen to be equal to ahout }(X', — X'|)8x, the sum of both sets
taken together being exactly equal to this last strip. Now the
height (X2 X';) of this strip has a definite fimte known value ;
and, therefore, the area (X',— X';)8x diminishes always in size as
dr is made smaller.

It must be clearly understood that no such error, large or small,
occurs if the X”s employed are the trne average heights of the
narrow strips. The average height of the strip is found at the
tiiddle of its breadth when the upper boundary 1s straight, and
deviates from the middle by only a minute distance, if the upper
boundary be very ncarly straight, as it does become when its
length 13 made very short.

50. Integration through Infinite Gradient.—A smple con-
sideration of the vertical cliff below J, in fig. 1, where the gradient
is infinite, will show that, while the process of integration written

f — . dl is possible up to the base-point of the cliff, and also possible

from the top edge of the same onwards, it is impossible throughout
the height of the cliff, simply because it has no meaning. Here
neither the gradient nor the increment 8/ (or 8r) has any existence.
Mathematicians so constantly speak of the infinitely great and the
infinitely small, or infinity and zero, that probably many novices
in mathematical reasoning fall into the habit of imagining that
there are really such things. But neither has any sort of existence
except as symbols, and in this case the symbols correspond to no
physical fact, and to no mental conception. Throughout the ver-
tical chff there is no horizontal distance, 7.e., there is no 8/; and
there is no gradient, bocause a gradient is the ratio between the
vertical and horizontal projections of a sloping length, and since
there is here no horizontal projection, there can be no ratio between
the two.

The phrases “infinity” and ‘ zero ” are merely word-symbols
to indicate the directions in which very large things and very
small things vanish beyond the range of our perceptions, a8 they
grow larger and smaller.
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There is, however, nothing meaningless or impossible in / dX at

the same place. In fig. 1 up the vertical face under J, the 8X’s, or
8h's, have the same concrete, finite meaning as they have else-

where, Thus it is clearly improper to write |dX = |X'dr for this

part of the integration ; the formula, which is true wn general, fails
under these special conditions.

51. Change of Form of Integral. —1f L be a function of the
variable /, and if its /-gradient be called L/, then 8L =1L'8/; and if

A be any other function of /, then [ Ml = [ I)i,(lL, ‘When A and L’

are both capable of simple expression in terms of L, the latter form
of the integral may be more easily dealt with than the former.
Such a transformation of an integral is called a change of the
independent variable or ¢ substitution.” *

52. Definite and Indefinite Integrals.—Sometimes the limits
of the integration are not expressed in the written symbol,

which then stands simply f X'dwe.  'When thus written, it is under-

stood that in the integration the variable # increases continuously
up to an undefined limiting value, which is to be written « in the

expanded form of the integral. In fact by { X'dx is meant f )zi'da',

the upper limit being any final value of the gradually mcreasing ..
The lower limit may be written without defining the upper limit.

Thus / X'dx means (X — X, ). If various upper hmiting values of

« be successively taken, the part of the integral function involving
a remains unchanged.
Such an integral may be written

fX’dx=X+C,

hat is, as the sum of two terms, one of which, C, remains unchanged
vhen the upper limit is varied, while the other, X, remains the same
lthough the lower limit be changed. This is called the indefinite
ntegral, and C is called the constant of integration.

‘When both upper and lower limits are particularised, as in

b
r,,X'dx, the quantity is called a definite integral.
58. Integration Constant.—To show the exact meaning of the

* See Classified List, 11. G.
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intogration constant C, compare the above two forms of writing
the indefinite integral. The values of X being the same in both
cases, it is clear that C equals (—X,). The integration constant,
therefore, depends on the implied lower limit of « (=a). If C be
given, the implied lower linut @ 1s thereby fixed ; and conversely,
if @ be given, its value determines that also of C.

The indefinitencss of the indefinite integral may, therefore, be
considered as due to free choice being left as to cither or both
limits. The part X depends on the choice of the upper limit, and
remains indefinite so long as that is not fixed. The part C depends
on the lower limit, and is indefinite until this limit is fixed.

54. Meaning of Integration Constant.—¥Figs. 7 and 8 may help
to elucidate further this question of limits and of mtegration con-
stant, In fig. 7 the same curve 1s drawn thrice i different posi-
tions in the diagram. TP'QR’is PQR simply raised at every point

Xf () + &

—

through the height m. P"Q"R” is the samc as PQR shifted horizon-
tally the distance n. Since X' 1s the gradient of the curve, the

same values of the integral | X'dw will be obtained from all three

curves if it be taken between limits on cach which give the same
series of values of X’. Thus the integrals will be the same when
obtained from PQR and from P'Q'R’if the same limits of .« be
used in each case. They will be the same from PQR and from
P"Q"R” if the same limits of X be used, which will mean limiting
values of « in P"Q"R" greater by n than those in PQR.

These upward and right-hand horizontal shiffings of the curve
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are equivalent to equal downward and left-hand horizontal shift-

ings of the axes from which the co-ordinates X and . are measured.
Thus the two shiftings are combined in fig. 8. Here, in order to

k- — n —
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obtain the same series of values of X', and thus the same value of
the integral [ X'dw when the co-ordinates are measured from one set

of axes as when they arc measured from the other, hoth upper and
lower limiting values of .z must be greater by » when measured
from one set of axes than when measured from the other set; and
this will mean also that the two limiting values of X are both
greater by m for the one set of axes than for the other.

It is thus clear that the limits of a definite integral refer to
dofined points on the curve at which oceur particular stated
gradients (X'), that is, values of the function to be integrated;
and nof to points with particular stated values of either the variable
() or of the integral (X). Since the function to he integrated (X')
is stated in terms of the variable (), therefore the desired limits of
X' are conveniently named by reference to the corresponding
values of «; but these latter really depend upon the arbitrarily

chosen axes of reference.
55. Meaning of Integration Constant,—In the indefinite

integral f X'dr=X+0C, if the part X is understood to mean the

whole integral function at the undefined upper limit and measured
from an arbitrarily chosen datum level, then X will include some
constant such as m in figs. 7 and 8. But if X be understood to
mean the sum of those terms of the integral function which involve
z, excluding all terms in which @ does not appear; then X will
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have a value independent of the arbitrary datum level from which
X is measured (so that m will not appear) : but, on the other hand,
terms involving # will appear, .e., the value of X will depend on
the position of the axis from which the x’s are measured.

56. Extension of Meaning of Integration.—In the expression
X +C, taking X to represent the whole integral quantity, it is
often easy to select the axes of reference so as to give a specially
convenient value to C.

For example, if the integral X be the deflection of a symmetri-
cally desigued girder, syrametrically loaded and supported at its
two ends, the symmetry of the problem makes it @ priors evident
that equal deflections occur at equal distances on either side of the
centre of the girder length; and, if this centre be chosen as the
origin from which to measure the #’s, equal deflections will be
found for equal + and - values of x, and this condition, if
applied, will be sufficient to determine one integration constant.

57. Integration the Inverse of Differentiation.—Tt is important
{0 recognise that the oporation of integrating a known function X’
can lead to only one definite result, or rather to a serics of results
which differ from each other only in the value of the constant C.

1f through any point of P'QR’in fig. 7 there were drawn any
curve deviating at any part from P'Q'R/, it is evident that, at some
parts at least of this other curve, it would have a gradient different
from that of the part of PQR lying immediately below or above it.
Thus all curves having the same X’ for each . are related to each
other as are PQR and P'QR’. Now these two curves taken
between the same limits give the same difference of height; and,
if the integral be taken in the ¢“indefinite ¥ form, as meaning the
total height at any = from the horizontal axis, the heights of the
two curves differ everywhere by the same amount m, that is, the
two indefinite integrals differ only in the value of the constant C.

58. Usual Method of finding New Integrals. —Since, then, a
definite function of « when integrated with respect to « gives one
and one only function of # (defimte in all but the particular value
of the additive constant), therefore, if we happen to know of a
curve which gives at ecach point an w-gradient equal to the function
of # which we wish to integrate, we conclude with certainty that
the height of that curve is the integral sought for. The level of
the axis from which the height is to be measured is fixed by the
special, or “limiting,” conditions of the problem.

This is the usual method of finding integrals: namely, we make
use of our previous knowledge of differentials, The finding of
differential coofficients, or gradients, is an easier process in general
than the reverse or inverse process of finding integrals This differ-
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ence is analogous to that we observe in ordinary geometry, in which
it is simpler to find the tangent of a known curve than it is to find
the curve by building it up from a knowledge of the direction of
its tangent at each point.

In some simple cases, examples of which will be given in the
next chapter, it is as ecasy to find the integral directly as it is to
find the differential. Very often the study of the character of a
curve or law leads to the simultaneous recognition of the differential
and the inverse integral *

CHAPTER I1L

EASY AND FAMILIAR EXAMPLES OF INTHGRATION AND
DIFFERENTIATION

59, Circular Sector.—An easy example of integration is the
finding the area of a circle, or of any sectorial part of a circle.

In fig. 9 there is drawn an isosceles triangle of very small verti-
cal angle placed at O, the centre of a circle, and whose correspond-
ingly small base is a very short tangent to the arc of the circle.
The height of this triangle is », the
radius of the circle. Its base is,
in a minute degree, longer than the
arc, but equals the arc in length
with an approximation which is
closer as the vertical angle at O be-
comes smaller. “Taking 8p, the peri-
pheral arc length, as an approxi-
mation to the base, the area is
17.8p. The whole angle AOB may
be split up into a very large number
of minute angles, in each of which
may be formed a small triangle
similar to the above. The sum of the areas of these triangles is
greater than that of one of them in the same ratio that the sum of
their bases is greater than the base of one of them, because the
factor 4» has the same value in all. The series of bases form a
conneoted chain of very short tangents lying outside the arc AB.
As the individual links of this chain become shorter, and the total
number of them correspondingly greater, the sum of their lengths
becomes equal to the arc length AB with closer and closer approxi-
mation, and, at the same time, the sum of the triangular areas

* See Appendix A.
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equals that of the circular sector ABO with closer and closer
approximation. Thus, taking the arcs minutely short, and call-
ing the arc length AB by the letter p, we find

Circular sectorial area = r.p.

For the complete circular area the length of arc p becomes the
complete circumference of the circle or 2rr. Thus the complete
circular area is 772,

Here the important point to note is, that the approximation of
the sum of the triangular areas to equality with the circular area
proceeds part passu with that of the sum of the tangent lengths to
the circular arc length.

60. Constant Gradient.- -In this integration the factor }r is a
constant. The variable is p, the arc length measured from some
given point on the circular circumference. The increment of p is
op: that is, 8p may be looked upon as the increase of the are
length p, as the sectorial arca is swept out by a radius revolving
round the centre O. The integral is the gradually increasing area
so swept out. Theincrement, or differential of this area, is 47.8p.
Thus 4r is the differential cocfficient of the area with respect to
p; or 4r is the p-gradient of the area. Calling the constant }r by
the letter #, we may write this

(% (kp) =I ; or otherwise f kdp =Fp . *

61. Area of Expanding Circle.—A second sﬁgple example of
integration is that of the arca swept through by the circumference of
a gradually expanding circle. Let the radius from which the expan-
sion begins be called »,: the area inside this initial circumference
is w72 At any stage of the expansion when the radius has become
any size r, the area swept through has been (772 — #,2). This is the
indefinite inlegral ; the constant of integration being here —mr 2

As r increases by 8 from (r - 387) to (r+ 38r), the area swept
out by the circumference is a narrow annular sirip whose mean
peripheral length is 2z, and whose radial width is r, as shown on
fig. 10. The area of this annular strip, therefore, equals 2.8,
and this is the increment, or differential, of the integral area swept
out. The “differential coefficient with respect to »,” or the
¢ r-gradient,” of the area is, therefore, 2nr. That is, the r-gradient
of (wr2+C), where C is any constant, is 2xr, Otherwise written,

%(w7‘2+0)=2m’.

* See Classified List, I. 4, and IIT. A, 1,
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Here = is a constant multiplier, and, if any other constant multiplier
I were used, the result would be

d,, 9 -
7 (kr?+ C) = 2kr.

Fia, 10.

Written in the inverse manmner, the same result appears as

[ Qlerdy = frr* 4 C ¥

62. Rectangular Area.—A third simple example 1s shown in
fig. 11. Here a vertical line of length /4 is moved horizontally tv
the right from an initial position 2. Its lower end moves along
the axis of x. Its upper end moves along a horizontal straight

[ — — —— — .'I:a————-u
x [/
!

- -2, ~-» ) 5

, ’ '.‘ %o’x

v 7

e — X — = —n
Fie. 11,

line at the height /& above this axis. The vertical sweeps out a
rectangular area equal to & multiplied by the length of horizontal
movement. At any stage .« of the movement the area swept out

* See Classified List, IIL A. 2,
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is k(x—w). Here the variable is wx. Call its incremont &r.
‘While the vertical moves horizontally &, the arca swept out is a
narrow rectangular strip equal to Adr. This is the increment of
the integral area. Thus the w-gradient of the areais # Calling
the constant - fr; by the letter C, this result may be written in
the two forms

d
‘—l;(k.r +C)=k
and

/l-dx:lfae+C.*

This result is identical in form with that of § 60, fig. 9, except
that in the latter the integration constant is zero and does not
appear, and the variable is named p, while .- 1s the name adopted
in fig. 11. The choosing of one or other name to indicate the
variable is, of course, of no
consequence ; but taken as two
llustrations of purely geome-
tric integration, the two re-
sults are of different FKinds,
although taken as formmulas
simply they are identical.

63. Triangular Area.—In
fig. 12 we have an area swept
out by a vertical line as it
moves from left to right, and
increases in height at a uni-
form rate during the motion.
Its lower end lies always in
the axis of «. Its upper
end lies in a straight line whose inclination to the 2-axis is
called m.

During the movement &, from (r - 38x) to (x+ 48&), the mean
height of the small strip of arca swept out is (% + mur), and its area,
therefore, is

(% + muc)dic .

The whole aren swept out during the motion from the lower
limit 2, to any upper limit .« may he divided into two parts, one
rectangular with the base (x -u) and the height (& +ma,); the
other triangnlar with the same base and the height m(x - ).

* See Classified List, IIL. A, 1.
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This whole area is, therefore,
(& - ) {(k+may) + (e — y) } = B = y) + §m(a® — a%) .
This may he written in the form
x
] 2
[Im: + dmar ]x.

which form means that the function of « standing inside the square

bracket is to be calculated for the two values of &, . and o, (the

former “indefinite” or not particularised, the latter special), and

the latter value of fhe function subtracted from the former.*
Again, it may be written in the other form

kx + yma* + C
where C is a ““ constant of integration.”

This result may be expressed by either of the two following
equations :(—
4 { kx+ima®+ C } =k+mr
dx -
and

f (e + ma)le =k + tmax*+ C .

64. First and Second Powers of Variable.—The last integral
may be split into two parts. The first is

f kdz=kz + C,
which is identical with what is obtained in fig. 11. The second is
/ madx =4ma’ + C,

which is the sweeping out of the triangular area.

65. Integral Momentum.—The following are other easy ex-
amples of the first of these two formulas.

The extra momentum acquired by a mass m in the interval
between time #, and time #,, during which its velocity is acceler-
ated at the constant rate g, if its velocity be », at time #,, is

ty
m(vy—v,) = J. mydt =mg(t, - ¢,).
4

* See Classified List, ¢‘ Notation.”
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Here mg is the acceleration of momentum, or the time-gradient of
the momentum,
66. Integral Kinetic Energy.—7The simultaneous increase of

Kinetic Energy is
m m
T @ -n’) =5 {9%(t, — 1))+ 29(t, - £))v,}

=my(ty~ t){v; + §9(t, - 1))}

=Fxtra Acquired momentum x Average
Velocity during interval,

67. Motion integrated for Velocity and Time,—Again the
distance travelled by a train between the times /| and f,, when
running at a constant velocity v, is

ty
vdt =v(t, - t,).
Jt

1
Here the velocity » is the time-gradient of the distance travelled.

68. Motion from Acceleration and Time.—Easy examples of
the second formula are the following :—

If the velocity of a mass be accelerated at the uniform rate g;
then, since the velocity at any time ¢ is {g(f - £,) + v,}, and since
in a small interval of time &8¢ the distance travelled is ».8f, where
v is the average velocity during 8t, we find the distance travelled
in interval (¢, - ¢,) to be

t
j: {9t —gt,+v }dt= %(tsz - t12) —gh(ty—t) +o,(t - 1)
1

=(ty—t){v, +39(t, - 1)}
If this be multiplied by mg, we get again the increase of kinetic
energy as shown above in § 66; so that the increase of kinetic
energy equals the uniform acceleration of momentum (mg) multi-
plied by the distance travelled.*

69. Bending Moments.—As another example, take a horizontal
beam loaded uniformly with a load w per foot length. If we name
by the letter I lengths along the beam from any section where we
wish to find the bending moment due to this load ; then on any
short length &/ there is a load .8/, and the moment of this load
upon the given section is wl.3l, where / means the length to the

* See Appendix B.
(o]
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middle of 8., The integral, or total, moment exerted upon this
section by the part of the load lying between /, and /, is

ly
f / wldl = 121(122 -4?)

1
=w(ly =) x3(,+1,)
= whole load on (, —7,) multiplied by the distance of the
middle of the same length from the given section.

1t must be noted that this is the moment exerted by the load alone
independently of that exerted by the forces supporting the heam.
70. Volume of Sphere.—Passing now to volumetric integrals,
we may consider a very small sectorial part of the volume of a
sphere as an equal-sided cone of very small vertical angle placed
at the centre of the sphere, and with a very small spherical base
nearly coinciding with the flat surface of small area touching the
sphere. The volume of the small cone with the flat base is known
to be § the product of its base area by its height. The height here
is 7, the radius of the sphere. This is true whatever he the shape
of the cross section of the cone. Now the whole volume of the
sphere is made up of a very large number of such small-angled
cones with spherical bases, these cones fitting close together so as
to fill up the whole space. They would not fit close together if their
cross sections were, say, circular; but the argumeut does not
depend on the shape of the cross section, and this is to be taken
such as will make the cones fit close together. In all these small
conic volumes, the common factor }» appears as a constant: each
is 3r.8A, if 8A represent the area of the small base. Thus the
sum of the volumes is greater than any one of them in the same
ratio as the sum of the areas of the bases is greater than the base-

area of that one, Thus if A be the sum of the bases, or f dA=A,

we have the sum of the volumes equal to 17A. . For any sectorial
portion of the volume of the sphere, the sum of the arcas of the
flat tangent bases approximates to the area of the corresponding
portion of the spherical surface part passu with the approxima-
tion of the sum of the flat-based conical volumes to the sum of the
round-based conical volumes, which latter is the true spherical
volume. Thus, if A be the area of the spherical surface, the
volume subtended by it at the centre is }rA. If A be taken as the
complete spherical surface, then A is the total spherical volume.
This integration is in form identical with that of fig. 9. It
differs from that in kind, inasmuch as the differential A is an
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area, while in fig. 9 the differential §pisa line. The mathematical
process is the same in both cases; but the legitimacy of the appli-
cation of this process depends in the one case upon the physical
relations betwéen certain curved and straight lines, while in the
other case it depends on the physical relations between certain
curved and flat surfaces.

‘When it is known that the ratio of the surface-area of a sphere
to the square of its radius is 4, the above integration proves the
complete spherical volume to be 473 (see § 76 helow).

71. Volume of Expanding Sphere.—Consider now the spherical
volume as swept through by the surface of a gradually expanding
sphere. If the radius be 7, at one stage of the expansion, and r
at another, the volume swept through hetween these two stages is
$7(r3 - r®). During any small increase of size 8r from the radius
(r - 38r) to (r+ 48r), the volume swept out is the normal distance
or between the smaller and larger spherical surfaces multiplied by
the mean area of the spherical surface during the motion, viz.,
4mr®.  That is, the increment of volume is

4o,
The definite integral of this is, as above stated,

s |”
[4= ],

and the indefinite integral for an indefinite size r is
47’ +C.

Thus 4m* is the r-gradient of (47+° + C).

If « were used to represent the radius, and X the volume, and
X’ the z-gradient of X and the constant factor 4= be written %
we would lere have

X' = 47x? = fxc®
X = [msz;-mc.*

Expressed in words, the radius-gradient of the spherical volume is
the spherical surface.

72. Volume of Expanding Pyramid,—Consider a rectangular-
based pyramid of height «, and the two sides of wlose base are max
and nx. The area of the base is mna? and, therefore, the pyram-
idal volume is }mna®. Now, suppose the size of this pyramid to
be gradually increased, keeping its shape unaltered, by extending

* See Classified List, II1. A. 2.
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ils sides in the same planes, and moving the base away from the
vertex while keeping the base always parallel to its original posi-
tion. As the height x increases, the sides of the rectangular base
both increase in the same ratio so as to remain always m. and nx;
and, therefore, the increasing volume is always equal to }mnu’.
As the base moves a distance éx away from the vertex from the
height (z - 18x) to (x + 38.r), the increase of volume thus added to
the pyramid is the mean arca of the base during this motion, viz.,
mna?, multiplied by the normal distance 8z between the old and
the new hases. The increment of volume is thus mnr®dr. The
definite integral volume taken between the limit ., and ., is

2
[;‘;mnx*] .
Kt

If the constant factor mn be written 4, this result would be thus
expressed, taking the indefinite form of the integral :—

f kadx = ew® + C

which is formally or symbholically identical with the last result
obtained. The difference between the two in kind is perhaps best
recognised by comparmg the word-expression of the last result with
the following similar statement of our present one :—

The height-gradient of the volume of a pyramid of given shape
is the area of the base of the pyramid.

In this last statement of the result no reference is made to the
special shape of the cross section of the pyramid, and it is readily
perceived that the reasoning employed above did not depend in
any degree upon the rectangularity of the base.

73. Stress Bending Moment on Beam,—Take as another ex-
ample of this formula leading from the second power in the gradient
to the third power in the integral, the calculation of the stress-
bending moment of a rectangular beam section exposed to pure
bending of such degree as produces only stresses within the elastic
limit. Under this condition the normal stress on the section in-
creases uniformly with the distance from the neutral axis, which
in this case is at the middle of the depth. Thus, if the whole
depth of the section be called H, and the intensity of stress at the

top edge (at distance g. from neutral axis) be called %; then the

. ho_%,

intensity of stress at any distance % from the axis is k& JH =5
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1f the widtb of the section be B, the area of a small cross strip of
it, of depth 8/, is B8h. If 2 mean the height to the middle of 8/,

2
then the whole normal stress on this strip is 2B hék, and the

H
2/B

moment of this round the neutral axis is 0 h?.8h, because A is

the leverage. The sum of these moments over the half of the
section lying above the axis is the integial of this between the
limits & =0 and % ==4H, or

. fw )
%B . [2UB e

X dh—[ e
0 (]

_ 2B W

SH'™ §

P

- £ B,

An equal sum of moments of hke sign 1s exerted by the stresses
on the lower half of the section, and thus the

Total Stress Bending Moment = } A BH2*

74. Angle Gradients of Sine and Cosine and Integration of
Sine and Cosine.—In fig. 13 the angle a is supposed measured
in radians, that is, in circular measure, the unit of which is
the angle whose arc equals the radius.
Radians, sines, cosines, tangents, etc, are N
pure numbers, or ratios between certain
lengths and the radius of a circle; but [‘~~<
if the radius be taken as unity, as in a
fig. 13, then these ratios are properly re- N
presented by lengths of lines, this graphic $
representation being to an artificial scale
just as, to other artificial scales, velo-
cities, moments, weights, etc., can be
graphically represented by line-lengths. gL j
In fig. 13 the angle a is measured to e - — = 4 — _° N
such a scale by the length of the arc Na, !
while to the same scale sin a is measured Fie. 18.
by as and cos o« by ac. Take a very
small angle 8a, and mark off from N the two angles (a - 48a) and
(a+43a). The horizontal and vertical projections of 8a (parallel
to a8 and ac) are evidently the increments of the sine and cosine

* See Appendix C.
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for the angle increment 8a. The horizontal projection is a posi-
tive increment of the sine; the cosine decreases as a increases, so
that the vertical projection is the decrement or negative increment
of the cosine If 8a be taken small enough to justify the short arc
being taken as a straight line, 8a and its two projections form a small
right-angled triangle of the same shape as Oas. We have, therefore,
Increment of sina = §(sina) = Horizontal projection of da
ac

= (:6.311 = ¢osa da

and
Decrement of cosa= - &(cosa) = Vertical protection of da
.

s .
=% Su=sivada.
a0

Integrating these increments between any limits a; and a,, the

results are
%9
cosa da. = sina, - sina,
f %
@, (lu
and fsina da= [ - cos«;] = COSay — COSay .«
% @y

The student should carefully follow out this mtegration on the
diagramn through all four quadrants of the complete circle, paying
attention to the changes of sign.

‘Written as indefinite integrals these results aie

/ cosa da =sina+C

and f sinada.=C — cosa. . *

Expressed in words, this is, the angle-gradient of the sine of an
angle is its cosine, and that of its cosine isits sine taken negatively.
75. Integration through 90°.—Since sin 0°=0 and cos 0°=1,
while sin 90° =1 and cos 90° =0, we find, integrating between the

limits 0° and 90°,
90°
cosada=1

90°
and also | sinada=1.
00
* See Classified List, VL. 1 and 2.
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76. Spherical Surface.—Let this result be applied to the caleu-
lation of the area of the earth’s surface, assuming it to be spherical.
The whole surface may be divided up into narrow rings of uniform
width lying between parallels of latitude. Thus, if the difference
of latitude be taken to be §°, the uniform width of each ring will
be about 17} miles. The meridian arc throughout this length may
be considered straight without appreciable error. The ring at the
equator forms practically a eylindrical ring of radius equal to that
of the earth, R. A ring taken at latitude A has a mean radius
R cos A ; and the circumferential length of its centre line is therefore
27R cos .. Naming the difference of latitude for one ring 8\, tho
width of the ring 1s R.3\, and 1ts area therefore 27K cos A.R.OA =
27R? cos A.8X. The factor 27R? being the same for all the rings,
we may first sum up all the products cos A0\, and afterwards
multiply this sum by the common factor 2rR2. 1f we perform this
integration from the equator to the north pole, that is, between
the limits A =0° and X = 90°, we obtain the surface of the hemi-
sphere. The integral of cos A8\ from 0° to 90° is 1; and there-
fore the hemispherical surface is 27R% and the whole spherical
surface 47R2.  We used this result in § 70, p. 35.

77. Spherical Surface integrated otherwise.—The above total
is 2rR x 2R. Here 27R is the circumference of a cylinder touch-
ing the sphere, and 2R is the
diameter of the sphere; so that
the whole spherical surface equals
that of a touching cylindrical sur-
face whose length equals the dia-
meter (or length) of the sphere.

In fig. 14 this circumscribing
cylinder is represented by its axial
section nnm, ss. For each strip
of spherical surface of radius »
bounded by parallels of latitude
AA, A), there corresponds a strip
of cylindric surface II, /I of radius
R, which latter is, in fact, the s
radial projection on the cylindric S i
surface of the spherical strip. It Fie. 14.
is easy to prove that the arc AA
is greater than its projecticn % in the same ratio that R is greater
than 7. THence the areas of the two differential strips are equal ;
and, therefore, the integral areas from end to end are also equal.
This proof is more elementary than that given in the previous
paragraph.

ooV
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78. Angle-Gradients of Tangent and Co-tangent and Integra-
tion of Squares of Sine and Cosine.—In fig. 15, a small angle-
increment da is marked off equally below and above the angle a,
and radii are drawn from centre O through the extremities of da
out to meet the two tangents to the quadrant of the circle at N
and E. The tangent of a, or tan a, is measured along the tangent

Nt tanfotda)} — — — — s -§ tan a—»
~C //'
8 - -
e -~ _ < e -t
S~ ‘§ /// ,//
~ -
* % e
\\ *)i ATF¥
Sa oy
L =
L=} &
o, S
¢ 3
a8 S
y ¥
on——-—— —_ 1 - —— »E
Fie. 15.

from N to the radius at a, and its co-tangent, or cot a, along the
tangent at E to the same radius. The increments of tan o, and of
cot a, due to 8a, are marked on the figure. & tan a is a positive
increase of tan a for a positive increase of the angle, while & cot
is a decrease of cot a. The lines ¢ and cc are drawn parallel to
the short arc 8a. # is therefore inclined to &tan o at the angle a,
and cc to dcot a at the angle (90° —a). Therefore

ft=cosa.dtane and rc= —sinadcota.

Here the — sign is used in order to make cc positive (5 cot a being
negative).

Now ## is greater than da in the ratio of Of to the radius of the
. Ot . . . . Oc¢
circle, or oN" Similarly cc is greater than 8a in the ratio OF
That is,
da =#t.co8 a =cc.cos (90° — a) = ccsina.
Therefore,

da=cos2a.dtana= ~gsin2a.dcota.



EXAMPLES OF INTEGRATION AND DIFFERENTIATION. 41

Taking all the increments minutely small, these results are written

(21;: * = the angle-gradient of the tangent
_ 1
= cos?
and
d(;;tq the angle-gradient of the co-tangent
_ 1
sinZe’

Or otherwise
/ !2 do=tana+C
COS “a
and
f—« =, da=C —-cota.¥

sin %a.
79. Gradient of Curve of Reciprocals.—In figure 16 there is

N Sz
‘F* - R, 777/7/7”/7/% 44 'E"Sw

e eto j/ —
} i
‘s | Y/
e o A
Fic. 16.

drawn a curve of reciprocals; the horizontal ordinate being z, the

vertical ordinate is % .

* See Classified List, VI. 11 and 12.
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The area of the rectangle formed by the axes and the ordinates

at any point is . x -1—-=1 ; constant for all points of the curve.
£

7

These two rectangles at the two points x, and  overlap each other,

having the common area ., x }1_ as part of each. Subtract this

common part and there is left
1 1 1
%(;; - ;) =(- -”1);
or

This is the ratio of the decrease of 1 to the 7nereasr of w. When

£
. . 1 .
the incremoents are made minutely small, -— hecomes practically
z
1

1 \ . .
=. In the figure a small increment of w, viz., 8, is sot off equally
&

below and above .x. The above equality of areas means tho

equality of ihe two narrow strips of area rafined over in the figure.
The equality is, therefore,

e s(2)- {3-1(2) .

1 1
Addin J;st(—l—> 4o oach sido and writing ? instead f8 & )
§ gor.o\ & e o and writing " instead of - -/

P
. . 1 . .
changing also the sign, because — decreases while  increases, we
@
have

1
%1
de ~ x?

Expressed in words this is:--The z-gradient of the reciprocal of
 is minus the reciprocal of the square of «. Writing this result
inversely, we have

* Seo Classified List, III. A. 2.
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where C is the integration constant to be determined by special
limiting conditions.

80. «w-Gradient of X.r and Inverse Integration. Formula of
Reduction.—In fig. 17 there
is drawn a curve whose ordi-
nates are ecalled x and X.
X represents any function
of ». x is taken to the
middle of 8z ; and, since the
arc-length .corresponding to
8x is of minute length and
may therefore be considered
as straight, the point X on
the curve bisects this arc-
length and also bisects 8X.
Also the horizontal and ver-
tical lines through the poiut
#X on the curve divide the rectangular area ab into four equal
parts, each }8..8X.

The mcrease of the rectangular area X.r due to the increase 8
of x is, therefore,

(X + 38X) (e + 382) - (X - 18X )(z — 162) = X+ 25X

by actual multiplication, the first and fourth terms of each product
cancelling out.

The first of these two terms of this increment is the strip of
area between the two dotted verticals of height X ; the second is
the strip between the two dotted horizontals of length . These
two strips overlap cach other by the }(al) small rectangle, and this
has to be taken twice to obtain their sum, This compensates for
the two strips not covering the outer small }(ab) rectangle.

Dividing by 8¢, and taking minutely small increments, that of
(X2) being called 4(Xx), and the « gradient of X being called X',
there results

d(Xx)
dr
According to §§ 38 and 40, pp. 16 and 17, the X-subtangent
measures X'z ; thercfore the present x-gradient equals the sum of
the function X and its X-subtangent. This X-subtangent is shown
in fig. 17, where it is also graphically added to X.
The result written in the inverse integration-symbolism is

](X+X'w)dx=x:c+c.

=X+ X'e.
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As explained below in § 83, the integral f X + X'e)de =

/ Xdz + / X'edx. Therefore the result of this article may be
written
/de:Xx—/X’.vdx+ C.
This is an important “ Reduction Formula.” *
81. u-Gradient of X/r and Inverse Integration.—In fig. 18

a curve is drawn whose ordinates are called « and X, any
function of @, From two points 2,X and (¢+8z), (X +8X)

!
»
i

[Y)
—
ax

e — — — X —-u-.-)ie-;-

on this curve are drawn two straight lines to the origin O;
and on these two lines lie the upper extremities of verticals
drawn at the horizontal distance 1 from O. Evidently these

last verticals measure the ratios }—; and X+8X.‘ The difference
€z z+ Ox

between them is the increase of the ratio ?-i due to the increase

8z of x, and is marked 8(%) in the figure. It is less than
the small height ¢a in the ratio of 1 to »; and this height aa is
less than 8X by bb. This small height 60 bears the same ratio to
3z as (X + 6X) bears to (z+8z). Thus

* See Classified List, I. 8 and II. K.
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Xy 1 X+
X\ Lsx X +X 5, )
8( x) :c( @t
Therefore, dividing by 3z,
X
(l(}-) X X
Tde oz 2
where, since extremely minute increments are taken, )i is substi-

X+8X *

tuted f
uted for - P

CHAPTER 1IV.
IMPORTANT GENERAL LAWS.

82. Commutative Law.—If AX'8x is to be integrated, where
to each X'3z the same constant multiplier & is to be applied, it is
evidently allowable to sum up first the series of products X'8wr,
and then to multiply this sum by % Symbolically written this is

f IX'de =T [ X'dz

taken between the same limits in either case.t

Reverting to the graphic representation of integration in fig. 5,
the proposition means that if there be two curves drawn, of which
one has at each z its height % times the other, then the first has at
each z its gradient also % times as steep as that of the other.

83. Distributive Law.—If there be two curves such as in fig. 6,
the height of one being called X’ and that of the other E', then a
third curve may be drawn, of which the height is (X’ +"") The

area under the first curve is / X'dx; that under the second is

/ 'dz; that under the third is f (X' +E)ds. Tor each & at the

same x, the area of the narrow strip (X' + &')8z for the third curve
equals the sum of the two strips X'8x and E'Sz for the first two

* See Appendix D. + See Classified List, I. 4.
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curves, Since this is true of each strip, it is true of the whole
areas; or,

/ X'de + f = f (X' + )l *

the limits of # being taken the same in all three curves, The two
curves may represent entirely different functions of x, subject only
to the oue condition that they must be of the same kind, it being
. impossible to add together quantities of different kinds. In both
integration and differentiation this proposition is more frequently
used by way of splitting up a whole 1ntegral into parts easier to
deal with taken separately than by the converse process of com-
bining parts into one whole. It may be extended to the more
general formula

] X'+ B+ X+ ete)ds= [Xdo / Hdr+ / Xdz + ofe.

If the separate integrals on the right-hand side of the last equa-
tion be called X, 2, X, etc., then the differential view of the same
proposition is that the

a-gradient of {X +E+ X +elc.}
=2 X+ B+ Hroto | =X +E+ X +ote,

= z-grad. X + z-grad.E + 2-grad. X + ete.

Evidently the proposition of §82 is only a special case of this
in which X'=E' = ¥/, etc., etc.

84. Function of & Function.-—In fig. 19 there is drawn a curve,
the horizontal and vertical ordinates of which are called 7 and L.
Thus L is a function of /, the nature of the function being graphi-
cally described by this curve. A second curve is drawn, the ver-
tical ordinates to which are the same L’s as for the first curve
(plotted and measured to the same scale), and whose horizontal
ordinates are called A. A is a function of I, the curve graphically
characterising the form of the function. X is a quantity which
may possibly bo of the same kind as /, and, if so, it might be
plotted to the same scale. But the general case is that in which
A is not of the same kind as J, and cannot possibly, therefore,
be plotted to the same scale, although in the diagram it is measured
in the same direction.

Since for each given value of L the second curve gives a definite

* See Classified List, I 5,
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corrosponding value of A, and the first curve gives a definite value
of ; it follows that for each value of / there is a definite value of
A. In general there may be more than one value of A for each /;
but all the values of A corresponding to one given value of !/ are
dofinite, Thus X is a definite function of /.

In the figure the /-gradient of L is represented graphically by a
height obtained by drawing a tangent at the point (L, and plotting
horizontally from this point a dislance representing to the proper
scale unity. This gradient is called L' in the figure,

The L-gradient of A is similarly represented, the unit employed
being measured vertically, and not beiug the same as that used in

=X
£
- - — — — — ~— ) -+
1
5
L 1
] I
A B | !
_ _ o ] i'l'g{""’;'
e
VT L)Y
Pl L
! ,f
[} 1
' »a'u_ 1/
n—--—z-“—-r;
Fie. 10,

finding L', because the scales involved are different, It is marked
X. The two gradients shown in the figure are for the same value
of L ; that is, the tangents are drawn at points at the same level
in the two curves,

If 8L and &/ are the two projections of any very short length of
the first curve lying partly on cach side of the point where the
tangent is drawn, L'=%‘ . If 8L and 3\ are the projections of
any very short length of the second curve lying partly on each

side of the point where the tangent is drawn, then A" = 5T

If the two short ares on the two curves be taken so as to give the
same vertical projection, that is, the same 8L, as is shown in fig. 19
by the dotted lines ; then in the produet LA’ the 3L cancels out.
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Thus,
e N 8L 8A
e R
d\ .
=7 when the increments are

taken minutely small. In words this is:—The lgradient of A
equals the I-gradient of A multiplied by the /-gradient of L.

If we use the notation », X, and F(X) instead of 7, L, and A;
and if by F'(X) we understand the X-gradient of F(X) or ﬂ;g() ;

the same is written
dF(X) dX
axX dr’

85. Powers of the Variable; Powers of Sin and (os.—This
general proposition is one of the most fruitful of all laws in pro-
ducing useful results when applied to particular functions, as will
be seen in the next chapter.

Simple illustrations of its meaning are the following :—
Let

le —F(X). X' or

L=Fand A=L% .-, A={8,
From §§ 64 and 71 we know that
L'=2and M= 312 3/

. dx o de 5
T 605,
Whritten inversely,
l(i
Bdl == -
[ra=5-

Again, let
1
L=PFand A= LA
an L A

From § 71 and 79,
L'=32andN=-1 1

1
B

]‘2 F.
1
1.
. B3
Al Td T R

* See Classified List, I. 7 and II1. 9
1 See Classified List, III. A. 2.
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Written inversely,
a1 4
T
Again, let
L=PandA =L .-, A=/°

/=37 XN=3L:=3p

ax _ dp
S i 948,
Written inversely,
7
8] — - *
/ Bsdl -
Again, let
L=,F and A=L% - A=0\
From the last example a—l- =9/ and also L'=2l. Therefore
9=\ 21
aL®

,‘—’—“— 17 by Asi.
or X 7T 410 =411

Similarly, of course, if X =a*, then

= 43a™,
Whritten inversely  [efldzr= %i*
Again, let
L=cos/ and A =1?=cos.
“hen L'= —sin/and \'=2L =2 cos!
2
. d cost = ~2cos/sinl{= —sin2l,
dl
Take two more examples : namely,
L =sinl and L=cos/, while A=%.
Then X' = ——17 in both cases, and

Ll
L’=cos? in 1*case

= —sin/in 2™ case.

* Sce Classified List, IIL. A. 2.



50 THE CALCULUS FOR ENGINEERS.

Therefore, since 1/sin / = cosec/, and 1/cos/=socc/,

d cosecl B cgs_l

dl~  sin%

d (Igeclﬁ_ sinl
dl  cosl

86. Reciprocal of a Function.— The second and the last of
theso illustrations are special cases of the semn-special semi-goueral
casc—a very important one—

1

A= -,

1

A ., L

Here we obtain m:)\L = -1

Dividing by A, that is, multiplymg by T., we obtain this in the
more symmetrical fori _l fp\; - I‘: .
A dl L
87. Product of two Functions.—Retaining the notation of the
last two ariicles, one particular function, to wiieh we may apply
the rule of § 84, is the product AL. Thus
(I(A]A) R ({(AIJ—) l’_IJ
Tdi T dL T odi
But hy § 80,

dAL) A
= Mg

Multiplying by :;/1: and observing that hy § 84, (—(ZZI}: . %{Il‘ :g?,
there results
d(A\L) _,dL X
i rat i

1f X, B and 2 be used for the three mutually dependent variables,
instond of the letters A, I, and /; and if X'and E' be the z-gradients
of X and E ; then the above is wniten
d ot Lol v
—~(XE)=XE'+X'E.
d.r( ) +X

This extremely useful result may be easily proved directly by the
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method of fig. 17, drawing a curve with ordinates X and E, and
considering the increment of the rectangular area X&. This incre-
ment is evidently
X.3E + E.8X
and dividing this by 8.« the above result is ohtained.
Written as an integration this result is

f XE'de + f X'Eide=XE

. or fXE’dx =XE ~ f X'Edr *

This latter form is the most fundamental and useful of the “for-
mulas of transformation,” and is usually referred to as “ Integration
by Parts.” By its help most of the “formulas of reduction” are
obtained.

88. Product of any Number of Functions.—This result may
at once be extended to the prodnet of any number of different
functions &, ¥, ete. etc. of . The 2-gradient of this product is
the sum of a number of terms, each of which is the product of all but
one of the factors multiplied by the r-gradient of that one factor
omitted. The result may be written in more symmetrical form if
each term be divided by the product of all the factors. Thus, call
the whole product X, or let

X =E-Xetc, ete.
then

% =§ +¥+etc- + cte.
where X', B, &/, ete., are the w-gradients of X, E, X%, otc.

89. Reciprocal of Product of Two Functions.—-The x-gradient
of the reciprocal of the product of two functions E and % of «is
found with equal ease. Call this reciprocal X and its .c-gradient
X’. Then

* See Classified List, 1. 8.
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90, Reciprocal of Product of any Number of Functions.—The
extension of tins law to the reciprocal of the product of any
pumber of functions is made by simply repeating the process of
the last paragraph.

91, Ratio of Two Functions.—To find the u-gradient of the
quotient of two functions of », we comhine the laws of § 87 and
§86. Thus, if

X=_E-",1
xR
then
XI—EI ; ‘xl "_‘El—xl
x =¥ (-3)E

1t will be a nseful exercise for the student to deduce this result
directly by the method of tig. 18 and §81, making the co-ordinates
to the curve & and X instead of X and z, and without using the law
A\

;I,—[ = AIIJ’.

92. Ratio of Product of any Number of Functions to Product
of any Number of other Functions.—Tt is now apparent that all
the results of § 8691, inclusive, may be combined into the following
single more general formula :—if

- L MN, cte, ete.
PQR, elc,, cte.

where I, M, N, P, Q, R, etc., are functions of z, and if X', I/, P,
ste,, be the r-gradients; then
X’ IJI MI NI PI Ql RI
iRl R R te., ete. -3 — ¥ ~ = — ete., ete.
T M+N+ec,etc » QR atc., ete

93, Theory of Resultant Error.—If the last formula be mul-
tiplied by &r, and if we call X8 = 8X, 1’8z == 8L, P'8x == 8D, etc,;
all direct reference to « disappears and the formula becomes

8X oL ,86M 8N 3 8Q OR

- = e ot = ete. ete. - — - 2V~ .- — ete. X

X L+M+N + cte. ete. - o Q R etc., etc
Now, if L, M, etc., represent measurements of physical quantities
that have been made in order to calculate from them the quotient
X; and if, by any means, it be known or cstimated that the
measurement of L has heen subject to a small error 81,, and that the
measurement of M has heen subject to a small error &M, ete,, ete. ;

8L

then i is tho ratio of error in the measurement of I, and % is
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the ratio of error in the measurement of M, and similarly with
the other factors; while X 15 the resulting ratio of error in the

X
calculated quotient X.

The above proposition may then be expressed in the following
words :—

The ratio of the product of a number of measured quantities to
the product of another set of measured quantities is subject to a
ratio of error, equal to the sum of the ratios of error in the indi-
vidual multipliers reduced by the sum of the ratios of error in the
individual divisors.

Attention must here be pad o the signs of the crrors  Thus,

. - 8 4 - .
if 8L is a negative crror, then 'I] 1 really o negative fraction.

; op
Similarly, if 8P is a negative error, then ( - ?;1)) 15 really a positive

fraction.

Now, although there is often reason for supposing the suspected
error to lie more probably in one divection than m the opposite,
still errors heing things which are avoiled as far as possible (or
convenient, or profitable), and, therefore, not consciously incurred,
it is never known for cerfain whether any individual error be +
or—. Thus, although divisors give by the formula 1atios of error
of opposite sign to those given by multipliers, it sway happen that
all the terms in ; are really of the same sign, and have, therefore,
all to be arithmetically added to get the whole ratio of error.  Thus,
if woare considering what may be the maximum possible error in X,
we must pay no attention to the difference between multipliers and
divisors, but add all the ratios of error in all the factors (hoth
multipliers and divisors) together independently of sign.

It need hardly be pointed out that this maximum possible error
is greater than the probable error.

94. Exponential Function.—In fig. 20 is drawn a curve with
horizontal ordinates called 7, and vertical ordinates #&. ¢ varies
continuously. 1llere / 1s essentially a number; not, of course,
necessarily a whole number, since its variation is continuous, bisa
constant, and receives the name of the *“ base ” of this curve. If b
were any physical quantity, then its different powers would have
various physical “dimensions,” and would mean physical quanti-
ties of different kinds, In fig. 20 we assume the various vertical
ordinates as all of the same kind, and therefore & cannot be a
physical quantity, but must be a pure number. On this assump-
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tion we find that »* is also a pure number. In this problem, there-
fore, both horizontal and vertical ordinates can be nothing bub
pure numbers.*

At the same time it must be noted that if & be a physical
constant quantity, cither a unit or any other quantity, then k4!
reprasents a varying physical quantity of the same kind.

95. Power Gradient of Exponential Function.- -If » be any
fixed number, 6" is also a fixed constant number. We may write

bl — bn. b(l - n)'

Tere / is the vertical height of the curve, fig. 20, at any
horizontal distanco /; while 4 ™ is the height of a point on the
curve at the constant horizontal distance » o the loft of /.

Considering various s and various pairs of pomts with ordinates
{ and (I —n), wo perceive that the nature of this curve gives a
constant proportion, /7, between the heights of all pairs of points
ab the constant horizontal distance 7 apart. A succession of
pomts at the equal horizoutal spaemg 2 have their heights
advancing in geometrical series, the common ratio of which is 4",

Taking the /-gradient, or slope, of the curve at/, and remember-
ing that b* is a constant factor, we find

A _, A

.~ dl
This means that there is also the same constant proportion, ",
between the gradients as between the heights at all pars of points
horizontally = apart.
Dividing the height by the slope we obtain the subtangent,
see § 38.
1 Il

Subtangent at (=say T=0 [—
dl

(1-n)
Subtangent at (/=) =say T_,,=0%" /g[iﬁ: .
-

These two last expressions are equal, because the common factor
" eancels out 1n their ratio. Thus the two subtangents are equal
in length ; see fig. 20.

Now the length of the subtangent at / does not depend in any
way upon the length 2. For any one point /, we may take various
lengths n, thus getting various points (I —n), at all of which the
subtangent equals that at the one point /. This means that at all
points along the curve the subtangent has the same length,

* In Si. William Hamilton's Quaternions, (—1) raised to a continuously
increasing power is used to indicate rotation or gradual change of direction.
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Inverting the last equation,

l
% = ,lf.b‘ = Constant x b,

the constant being the reciprocal of the constant length of sub-
tangent. The subtangent bemng a pure number, its reciprocal s
also a pure number.

96. Natural, Decimal, and other Logarithms.—When T=1
(umity), and the above constant is therefore also wmty, the base
0 is designated by mathematicians by the letter e 1t o, is
the base of the “mnatural” or “hyperbolic” or * Neperian”
logarithms.

Each system of logarithms has a “base,” which is a number
and to wluch all other numbers are 1eferred  Kvery number,
whether whole or fractional, 18 represented as this “ base,” raised
to a certam power. The power to wluch the base must be raised
in order to produce each number is the logarithm of that number.

Thus, if #* be a number, and if 5 be taken as the base of the system
of logarithms, then /1s the Jog of the number #* to the hase b

In the “Common,” or “Brigg’s,” or * Decimal ” logarithms, the
base 18 10 ; every number bemg represented as 10 raised to one or
other power.

The result of § 95 may be expressed thus:—In any system of
logarithms the logarithm-gradient of the number bears a constant
proportion to the number itself. The reciprocal of this constant
proportion, or the subtangent in the graphic ropresentation of
tig. 20, is called the “modulus” of the system of logarithms.

The “natural” system of logs may be defined as that which
gives the rate of increase of the number compared with its loga-
rithm equal to the number itself ; or which makes the logarithm-
gradient of the number equal to the number itself; or, symbolically,

dé

dal ¢
the constant for this base ¢ being unity. The base e is calculated
to be 271828 ----. The modulus of this system 1s 1.

97. Number Gradient of Logarithm,—If we call the number N,
then in fig. 20 the vertical height of the curve is N and the
horizontal ordinate is its logarithm. The curve is sometimes
termed a logarithmic curve; sometimes an exponential curve. It
takes different forms according to the logarithmic base # used in
drawing it out. 1In fig. 21 these variations of form are shown,
five curves having the bases

b=2, ¢, 8, 10, and 12,
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All these curves come to the same height N=1at /=0, Atl=1
the height of each 1s the base 4. To the left of the vertical axis
where { is negative, the height N is always less than unity, and
decreases asymptotically to the horizontal axis towards zero height.
Fig. 22 shows the oxtension of these same curves to high numbers
with positive logarithms. The logarithm to the base ¢ of the
number N is written log, N. The logarithm to the base 4 of N is
written log, N.  Thus the decimal log of N may be unambiguously
written log,, N.

The results of §§ 95 and 96 written in this notation, and taking
the reciprocal or conjugate gradient from the vertical axis, instead
of the /-gradient, are

dlogN _dl T
dN AN N’
the constant T being the modulus of the system of logarithms,
and
dlog N _dl 1
dN TdN N
if natural logs are used m which the base 1s e and the modulus
umty.

98. Relation between Different Log ¢ Systems.” -Any base /
may be looked on as the base ¢ raised to a certain power, which

we will call Ti‘ Thus

1
b=¢l and e=D",
Therefore, if

N=W=eT;
also
log, N =7=Tlog N =1log,N. log, e,

Thus there is a constant ratio T =log,e between the logarithms
of numbers to the base b to therr logarithms m the “natural”
system,
Taking the N-gradients of these last logs and remembering that
T is a constant,
dlog, N leogeN T
TdN T 7 AN N

which chows that the T of this paragraph means the same as the T
of the lass, § 97, or the subtangent of fig. 20,
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Written as an integration result, this is

dN log, N LN ¥
N~ log,e log N.

Tt is useful to notice that @' =."%% because tuking logs on
cach side, we find log,« . log, a=log, a . log, .
J.1+log,,a
1+log,a’

99. Base of Natural Logs.-—Although the calculation of ¢, or
of the modulus T of any logarithmic system, 1s very laborious,
there is no other difficulty ahout 1t heyond its tediousness, Thus
to find the modulus of, say, the decimal system, an extremely small
root of 10 has to be extracted. Thus the square root may be
extracted, say, 100 times over. Thisx will give (4)*®th power of
10, which 15 a number a very minute fraction over 1. Now the
decimal loganthm of this number 1s ()", which 1s easy to calcu-
late, and the logarithm of 1 1s zero, The former is, therefore, the
inecrement of the loganthm corresponding to the number increment
from 1 to the (4)™th power of 10. If the ratio of this logarithm
increment to the number mcrement be multiplied by the number,
which is here 1, the product 1s the decimal log-modulus.

The laborious part of the operation is finding the (3)'®th power
of 10. Kxtracting only a lugher root, the increments will he
larger, and the calculation will not give so great accuracy. Thus,
if the extraction of the square root be repeated only 10 times, the
result of the caleulation gives

T,,=0434 294 116
whereas by more 1ninute calculation its true value to 9 decimal
places has been found to be
0434 294 482,

The error is only 0000 000 366.
100. Logarithmic Differentiation —Taking again the function
of § 92, and taking logs, we have

It follows that ] @B il =

log X =log L +log M + cte. — log P ~ ete.

* See Classified List, ITI. A. 8 + See Classified List, IV. 7.
1 Calculated by M1 R F. Muirhead from the value

- -o-10 -
log10t ®-log10™" " 107"
100-107% 2(1007°-1)
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and differentiating with respect to », we have by §§ 84 and 98

’ ’ »
'I‘X T{{: Iltl[+etc -i, -—etc.}

which is the same result agan as was found in § 92.

This method of dlﬂeu-ntlatlm_, products of fun( tions is called
“ logarithmic differentiation.”

101. Change of the Independent Variable.-—The rule deduced
in § 80 was written

[Xu’x:-X."— , X'wdr.,
Now X'8+ 18 the same as 8X ;3 so that the integral on the right
hand may be written f wdX.  The equation becomes then
/xaw;xf- farx.

1f f £dX is easier o find than [ X, this forms a method of

facilitating the latter mtegration. Such a transformation s called
a ‘“‘ change of the independent variable” or « substitution.”
Fig. 23 is the graphic representation of tlus law. Taking the

////X/xfé/// )
l:}:,_:___m,)[-—-;\\\ i )

integration between the points | and 2 of the curve X, the
transformation is written

£y X,
Xde=(Xp, - X)) - | 2dX.
Z X,
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In fig. 23 the sum of the two areas rafined over thus /////
and |{|]} is evidently (Xyr,—X,r;). The first of these areas,
namely, thal betwceen the curve, the vertical axis, and the two
X

2
hLorizontal lines at levels X, and X,, is f +dX. The second, included

between the curve, the horizontal ;;xis, laml the two verticals at
J'.l
distances ey and wy, is | Xda. 1ence the above equation.
S
In fig. 23 the point 3 has a negative ordinate .r, while its X-
ordinate is positive. A useful exercise for the student is to follow
the variations of the proposition, taking the pair of pomtsin each
possible pawr of quadrants of the full diagram.,

CHAPTER V.
PARTICULAR LAWS.

102 Any Power of the Variable.—In § 99 the integral of
1 was found to be log, .. This is the single excoption to a general
@

law giving the integral of any power of a variable, special examples
of which have already been demonstrated in §§ 59, 61, 71, 79,
and 85, namely, the mtegrals of the 0™ 1%, 2m (- 2)M 5t
(—4)™, 8" and 3}*™ powers.
All these examples conform to the general Jaw
n ¢

/ﬁ"d.cz—x——l +C*
n+1

where C is the integration constant ;

e
or - =(n+ D,

103. Any Power of the Variable by Logarithms.—This
result can be proved to be always true by logarithmic differentia-

* See Classified List, 1II. A. 2.
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tion as explained in § 100 ; thus, » being any power, positive or
negative, integer or fractional,

X=g"
colog X=nlog
XL

.. X —;}

*X'=n X =nxt!
@

104. Diagram showing Integral of x-! to be no Real Ex-
ception —This formula 1s true for all powers of the vanable, with

the one exception of the mtegral of 1 or «~', which is log, .
x

It1s often a puzzling question to students why there should be
this one solitary exception to so general a law.,  Tig. 24 has heen
drawn to demonstrate grapbically that 1 is only formafly an
exception; that it 1s in reality no exception at all. To compare
this one apparent exception with other cases of the general law,
the integrations must be tauken between the same limits. It may
bo convenient to take the lower limit of = equal to 1 because

log 1=0 and [log .r:l =log . Taking the samec lower hmit for
1

l—.r" we have ! [.c"] -1 because 1" =1 whatever » be.

" n 1 n

a” -1

In fig. 24 there are drawn to the scales shown, the curves

n
forn=2,1,1, % -% —3% —1,and — 2. There is also plotted
to the same scales the curve log,#. It will be scen that the curves
for n= %5 and n= - % lie very close together, and that the curve
log, « lies between them throughout its whole length. This shows
that the logarithmic curve is simply one of the general set of
curves illustrating the general law, and that it is no real exception
to the general law. 1ts position between the curves for a= +%
shows that log, « is simply the special name given to the value of
the function .z:’_:_l when 7 is an excessively minute fraction, or rather
when 7 is zero. Considering the variation of the curve in fig. 24
downwards from positive values of « to negative values of #, it is
clear that the curve must have some defnite position as n passes
through zero, a position lying between that for small positive
values of % and small negative values of #. This position is that
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of the curve log,#. For n=0, the function w:i—l takes the
indeterminate form .c“b—_l = 16_—} =g-, and its value has to be found

by a special method, the result appearing in a special form. It
should be noted that all the curves pass through the height 0 at
the horizontal distance =1, and that they have here one commmon
tangent or gradient = 1.

105. Any Power of Linear Function.—If a, 4, and = are
constants, and

X=(a+bx)",

we have by § 84 and last article,

’__ ’1X d(a+bx)__ n-1 — -1
*d(mx —y =na+ bae)* 1 s b= m(a + bx)*"!.

Written inversely for integration, this is
1
Mlp e . _ n+-1 *
f(a+b:v)a'oc Bt T) (a+bxy*' +C
the constant C being introduced by the integration.

106. Reciprocal of any Power of Linear Function.—This last

integration rule fails when n= - 1.
In this case we find by §§ 51 and 98,

2°3---

/(a+bw)‘1dx=}) log, (@ + bz) +C= b logy (@ + bx) + C .1

107. Ratio of Two Linear Functions.—The function i“:f_ can

b+er
be reduced so as to make it depend on the last case,
ab
because . X% _
btex ¢ ...
btex

Therefore, by § 102 and 106,

ax ar ab
fl_—_)+cxdw='; - 'Eal‘)g' (b+ex)+C.
108. Ratio of Two Linear Functions; general case.—Since
the function
A+Br_ A | Bz
a+br a+br a+be’
* See Classified List, III. A 4. + See Classified List, III. A. 5.
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the integration of this function is performed by combining the
results of §§ 106 and 107.%*
109. Quotient of Linear by Q.uadratic Function. — If

Y 1X
X =a+0bx?; then X'=2bx and (ﬂ- = X
X’ dX . .
Now/-XJ'r,=f-»X =log, X by § 98;
therefore
fa+1 -y log,(a+b.r2)+C

where C is the integration constant.
Smmlarly if X =a+br+ew?; then X' =0+ 2ex, and, therefore,
any function of the form
A +Br
a+ br + ca?
can be readily integrated by splitting it into two terms asin § 107.1

110. Indicator Diagrams — An important case of the use of the
law of §§ 102 and 105 1s the integration of the work measured by
an indicator dhagram.

If at any stage of the expansion p be the pressure and » be the
volume of the working substance, then as the volume increases by
d¢, the work done is pduv.

Taking the expansion law i the more general form of § 105, or

p=(a+bv)™;
then the work done during expansion from p,, », to p,, v, is

Expunsion work done W= f pdv = / “(a+ bv)~dv
1

=i - 9)[(“‘“['”)-’”']? ,

=i [b( + z)]1 b(nl_ 1)1)1?51{1—(5:9"5!}.

Here the index is always negative. 1f it is arithmetically greater

2
than 1, the expansion curve makes | p(@ + bv) | negative. But at

. . . - 3 l
the same time the divisor (1 — ) is negative, so that the formula
makes the work done positive. 1t is then better to reverse the
Limits and to use the positive divisor (n - 1).

* See Ulassified List, ITI. A. 6. t See Classified List, 111, A. 17.
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If a=0, or p=>bw~", as in most approximate formulas for expan-
sion curves, the result simplifies, by cancelling out 6 from numerator
u ~d divisor, to*

1 11
W=n—-——__ 1[ }mJu
Pe (2
=po._P1 ™
120 i
1_ ,”1>n—l
= )0 — Mﬁﬂ__.._
-1
(]
= " — l. —
nh57
(I_.z)ﬂ 1_ l
= pyr, 1
P2ty n-—1
('1)",'73_ 1
- g/
Pes n-1

These formulas. which are all practically nsefnl, give the work
done during expansion in terms of the ratios betwoen the initial
and final volumes, and of the initial and final pressures ; also in
terms of the initial product p» and of the final product p». The
latter formula is most uscful in the case of air and gas compression
pumps where the mitial and known volume and pressure are 7y Pge

The “admission ” part of the indicator diagram has an area e
and this has to be added to the above, giving the total work done

n_<v>

Wi=pye, Ta-1
n- ;f)“'
—pn -, B

- These calculations do not take account of the back pressure
deduction from the area of the card.

* The constant b used here equals the - u'h power of the b used in the
previous formula
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The “mean pressure ” of this total area is the last value of W

divided by v,, or
n 1
()
Pm_ ) b\ ’ :
j2 Vy n-1
From this the back pressure must be subtracted to obtain the
“effective ” mean pressure.

In the case of isothermal gas expansion, n=1 or pv=1/, and the
integration for work done during expansion is

= * = Y. 7—’2 — 9 7.2_1
W= b[loge 111 =2 3p,m logy, " 23,9, logy, Pe
and including the work during admission
W,=pl'v1{ 1+ 23 log, %1
n
The ratio of mean to initial pressure is therefore

Pn_"f o vy } :
P 1+2-3 log, Y

111. Graphic Construction for Indicator Diagrams.—Tn fig,
25 the upper curve is a common hyperhola or curve of reciprocals,

e .
| 3 o
I AW rpwy
1 "o M CF
| //
P
|
| s
| // A
1 s r X
s
: /////// AN LI I /;’Wmmzr
]
| Z | b,
Z | ]
s-i- ) X
o ——— V- Mmm— = T ——— = |
- == Vpmm === s

Fic 25.

and is the gas isothermal. The lower is drawn to the formula
p="bv"'%  The product pr is the same at all points of the upper
curve, and, therefore, at all points equals p;»,. Therefore for the
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point 2 on the lower curve, the horizontal strip of area rafined
over equals (p,o, —p,n,); and this divided by »-1= 2, we,
multiplied by 5, equals the work done under the lower curve
during the expansion from 1 to 2.

The mean pressure, including the admission period, therefore,
equals 5 times the height of the strip rafined over plus the height
to the upper edge of the same strip.

The gradient of the curve p=45&v ™ is negative, and equals

p'= —nby = ~nP. Therefore n=p' x L omtting the msnus
v )
sign which only indicates that the forward slope is downwards.

But if T be the subtangent, then p = ']I—:. Therefore we find

v 1 . R .
n=_-, and - —=_"__ Thus 1 investigating actual indicator

cards taken from engines or compressing pumps, ab each point of
the expansion curve at which a fair tangent can be accurately
drawn, the value of the index » can he found by measuring the
ratio of » to T. Also in finding the mean pressure by adding to
the height of the upper edge of the rafined strip of fig. 26 the
depth of this strip divided by (2 - 1), this division can be per-
formed very easily by an evident graphic construction, since
1 T
n-1 v-T
Conversely, in constructing theoretical indicator diagrams, when
a few points of the curve have been calculated, it much assists in the
fair drawing m of the curve to draw the tangents at these points,

which can easily be done by setting off for each point T”’i"

If an oblique line be drawn at a tangent of inclination n to the
vertical axis (1t is drawn dotted in fiz. 25), then at each v the
height ot tlus line will give the corresponding T. In fact, by this
construction the whole curve may be accurately drawn out from
point to point by drawing a connected chain of short tangents
whose direction 18 at each point obtained in this way ; the accuracy
of the construction bewny very considerable 1f care be taken that
cach short tangent length shall streteh equally behind and in front
of the point at which its direction is found by plotting T. By
this construction the labour of logarithmic ecalculation of the
heights of a series of points is rendered unnecessary.*

112. Sin—*zand (r% - %)~ —In § 74 it was found that the angle-
gradient of a sine is the cosine, and that of the cosine minus the

* See Appendix E for further information concerning this class of curve.
)
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sine. That is, if « be the angle and s its sine, or sina=s; then
since cos’a=1 - 8% we have

‘When the angle is measwred by its sine 1t is symbolically ex-
prossed as sin Js=*the angle whose sine is 8.7 Usmg this nota-
tion, and taking the reciprocal of the above; e, taking the co
gradient or the *“ sine-gradient of the angle,” we have

dsin”ls 1
ds (1 -#9)t.
From this we deduce the more general resulb

-1
. Tls
d!asin °
| r a
ds (r? ~ s2)
where @ and r are constants.
The corresponding integrations are, when « instead of s 1s used

to indicate the variable,

a dx . e
s ay=0 sin “+C

G ;
-1,

r

=C'-acos S.¥
The two angles having the same fraction for sine and cosine re-
spoctively are complementary; so that these two forms of the

integral ouly differ in the integration constants (C’ -C= Z‘;_’) and

in the sign of the variable parts,

The sine of an angle cannot be greater than +1 nor less than
- 1. Those integration formulm would have, therefore, no
meaning in cases in which w>r or #< -7, These Lmits corre-
spond with those within which (7 —a?)} remains real, because the
square root of a negative quantity is “ impossible ” or * imaginary.”
If (#2 - x%)} arises from any actual physical problem, such a prob-
lem can never throughout the whole actual range of x make
z>T.

113. (1-a*)t integrated or Area of Circular Zone.—In § 59

it was shown that the area of a sector of a circle equals 4%, The

* See Classified List, 111, B. 6 and 5,
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angle may be expressed in terms of its sine as in lash article,
1f s be the sine, we have
Sectorial arca =4r2sin ~ls,

In tig. 13 this is the area NaO; in which figure the length as
measures 78 of the present article, and ar=rcosa=r/1-+ of
the present article. The triangular arca aQOc, therefore, equals
1r%./1 - 6% Add this to the above sectorial area; the sum is the
area ONae. This arca may be taken as made up of a large
number of narrow strips parallel to ON, the height of each of
which would be rcosa=7/1-+% while the horizontal width
would be 7.ds. The area ONae 15, therefore, the integral of this
narrow strip of area from a=0 to a=a, which limits correspond
to from » =0 to s=s. Thus

/r,Jl — 82 rds=12 {Jl — s?ds =32 J1 — s? + }r2sin ~1s
or
f (1 -s)ds= 3_(1;32):1 sin”’s »
Twice this is the area of a circular zone lying between a diameter
and a parallel at the height s from the diameter, the radius being
assumed 1 in the last equation.

Here, again, s cannot range outside the limits + 1.

114, 2(r? —2?)-4 integrated.—The function z(r? — %) 4 may be
looked on as the sine divided by the cosine, Z.e., the tangent of an
angle, see fig. 13, while da is the increment of the sine. The
increment of the sine multiplied by the tangent evidently equals
the decrement of the cosine, and accordingly the integral is minus
the cosine, or — (r% — a2)L.t

115, (2*++?)~} integrated.—The function (x?+7%)~! is more
difficult to deal with. Let X represent any function of z, and
multiply and divide its reciprocal by (# + X); thus:—

142
f do_(1z+X, _( *X,
X~)X7+X “*/m‘“
=C+log, (z +X) if x'=; X
The condition X'= %% = }% gives zde = XdX
* See Classified List, III. B. 9.
+ See Classified List, III. B. 7. Note also that, since z= -&j—;(r“’—:c’),

therefore zgr"— 2%)~% can be recognised directly, by § 84, to be the z-gradient
of —(r2-a2*)h,
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or integrating
2*+k=X2or X =(22+ )

where the integration constant /# may be either + or —. Writing
k= +72% we have

dz 2
f @2+T§)-§=C+log,{:r+(:rzir~)i}.*

Here, if I is negative, the differential is “imaginary ” and cannot
occur 1 any physical problem except for values of « greater
than |/ - /4.

116, «7'(r’ - )" integrated.—The integral of w (% - &?) 1 is
found most casily by substituting < for «.  Thus
—1' 1=—X2; 'ix=-,lX.
¥ &

Therefore

J‘ Az _IJ _de 1 dx
sy ,2(_1__1_>*“ 7 . 1\
P\t ™2 (X St
1

“) ]
=C -~ - log, ———>272 %
?

117. Logx integrated.-—The integral of the logarithm of a
variable number N is found by help of the formula of reduction
in § 80 and by § 98, thus:—

N
[logh NdN =N log, N —log, e fﬁ AN +C

= N{log, N - log, e} + C.

log, ¢ is the “modulus” of the system of logarithms whose base is
b, and for the decimal system is 0°4343 nearly. Therefore,

f log,, NdN = N{log,, N - "4343} + C.}

* See Classified List, ITI. B 6, 8, and 4.
4 See Classified List, 1II B. 13 and 10.
T See Classitied List, IV. 4.
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118. Moment and Centre of Area of Circular Zone.—With
the notation already used, we saw m § 113 that a narrow strip of
the area of a semcircle 1s 2r(1 — #2)ids, The distance of this strip
from the diameter from which the angle and 1ts sine are easured
is 7s, and the product of the area by this distance is the moment
of the strip-area round this diameter. This 15 2r%(l - s*)ids, m
which r is a constant while s varies. Sinces= —4% - 7
integral moment of all the strips for a zone between the diamoter
and a parallel rs away from 16 15 easy to find. Calling (1 —s°) by
letter S, we find

Integral moment = 2r% ’.s( 1 - s%)ids

I

- r“/SMS

S N
=31 - (1))
when taken from lower linmt s=0 or S=1.

From thus is deduced by dividing by the area of the zone,
Iistance of centre of arca of zone from diameter

P
=3 s(1—s*P-+smts’
For the whole halt circle, sin~!s+ becomes a right angle or :’:

while «=1 and (1-s2) =0, Therefore the centioc of area of a
semicircle 18 distant from the centre of the cirele by

1 4
=—-r="4244r,
§’r.£ 37rr 4244r .,
2
The moment, of the whole semucircular area round the diameter

is 5/ %

The integration performed here is a geometrical illustration or
proof of the general 1ntegral of (1 — z?)b*

119, (2 +4?)-! integrated.- In § 78 it was found that the
angle-gradient of the tangent equals the square of the reciprocal of
the cosine. Remembering that

cosla= LI
1 + tan%a

* See Classified List, 111. B. 9.
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wo find
dtan a
da= 1+ tan%’

Call tanazf, and therefore a=tan-}; we then obtain the
integration
dt _ » *
/1»-;’2— /lfa—a tan~ '/ +C.

Here ¢ is essentially a number or pure ratio, and it may vary from
-0 0 +w. If, morder o make the formula of more general
application, we mtroduce a constant r* as follows, then / may be
any + or - physical quantity, but # and » must be of the same
kind. Then, since

7/ _1
dat r
dt 1 t
L =~ tan -
/1‘"+t’ r al I +C.1

120. (12 - «%)! integrated.—Smmce (1% - 2*) = (r+x) (r-x), wo

find easily
1 _1( 1,1
2-a? 2r\r+ua r—x)

‘

and therefore this function can be integrated by help of § 106.1

121. Hyperbolic Functions and their Integrals. —The func-
tions 4(e* + ¢~*) and }(e” - e77) enter largely into the geometry of the
hyperbola and of the catenary, as well as into the investigation of
several important stress and kinetic problems. From the origin
of their utilisation by mathematicians they are called hyperbolic
functions, and from certain useful analogies between the geometry
of the hyperbola and that of the circle, the names sinh  and
cosh .z are applied to them.§ In § 96 we have already found the
x gradient of ¢*.  Using it, we obtam

dsmhue d i
Tde zfl}{%(ez'“ 9} =4(¢* - ¢7) =coshz
and
d cosh.e .
e e+ =sinhe,
* See Classified List, 111 A &, + See Classified List, I11. A. 10.

1 See Classified List, 111, A. 9. § See Clasaified List, V.
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Wiitten as for integration these results are
f cosh & e = sinh
and
[sinhxdmccoshm.
The 1integrals of other hyperbolic functions are equally easy to

find, and are tabulated in Section V. of the Classijied Reference
Last at the end of thus book

CHAPTER VL
TRANSFORMATIONS AND REDUCTIONS.
122 Change of Derivative Variable, —From the fundamental

idea of X', the w-gradient of the function X, as explained in § 35,
we have in equations between increments or between integrals

dX =X'dr
or
aX
dx= X'

Now, it may be easier to find J %/IX than to find [ Xde, and it

amounts to the same thing. The former integration may be easier
if X’ he capable of convenient expression i terms of X. This
transformation has been frequently employed already, as, for
instance, in §§ 119, 118, 116, etc., ctc.

More generally, 1f /(X) be any function of X when X itself is a
function of «, it may facilitate the integration to substitute

f f(})é)d}{ for f f(X)dz,

provided either that X’ cancels out of the expression ’(}?,-)- or olse
that X’ is expressible in ters of X.

123. Substitution to clear of Roots.—A selection of such
transformations is given in Section II. G of the Classified List,
under the title of Substitutions, page 169,



72 THE CALCULUS FOR ENGINEERS

Thus in 11. G. 4 we get rid of roots by taking

1 v
X=(utlop .x )—(7)-3.. (m(\”—a)"'
and
1 dr _pg,
XTax " Xr!
Therefors

*"dx p [(Xr- a)"‘
(a+boytP i X¢

ll”"'" [(X’ @)"XP 717X

X?-1gX

a form which is dealt with later on in § 125; but which can be
integrated dircctly if 7 be an integer by cxpanding (X? - a)™ by
the binomial theorem.

124. Quadratic Substitution.—Again, in II G. 5, the function
f (aa? + bx + ¢) is transformed so as to get rid of the second term
involving the first power of the variable. The proper substitution
may be arrived at thus: put

X=z+¢ X'=1 z=X-£.
Then
arl+br+e=aX?-2atX +af24+hX - bf+ e

The two terms in the first power of X cancel if ¢ be taken .2%,

and then the remaining three terms not involving X become

" R
Wbt g aTT W
4ac - b2
= k where k= .
say ak where k& 7

We have then the transformation
[ @+ b+ eyt =a [ (X2 + R)X
dac - b
402

This transformation is nsed largely in dealing with quadratic
surds. *

125. Algebraico-Trigonometric Substitution.—If in this last
* See Classified List, 1I1. B, 13, 14, 15, and 18,

with X =+ ;:'— and k=
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expression k be positive so that its square root can be extracted,
r.e., if 4ar>b with « and ¢ both positive, then the above integra-
tion of, say, (¥?+ ) may be thrown into a trigonometrical form by
help of the substitution

1 A
= _1_127 = ¢ o = .
X =tan A ore Kt tan X and X' = costX
In these terms
24 7. 2 -
k= ktanX +h= o

and therefore
ke

1 ( .
Ao+ e =1 | ——< /(o= 5 JIN ¥
ﬁ w o+ hyde = [ cosX 4 cos’X X

Other similar conversions of algebraic mto trgonometrical in-
tegrations are detailed in the 11. (i Section of the Classified List.

126. Interchange of Two Functions.—In § 87 was estab-
lished the transformation

| Xde=XE - / X'Hdz= X5 - f EdX

a special simple case of which, already stated in § 80, is B'=1
and E =z, or

fXJ:c:Xm— [X'xdm=Xx— /xdx.

This general formula may be useful when the function to be
integrated, viz. (XZ'), is not as a whole directly integrable, but is,
however, capable of being split mto two factors, one of which (&)
has its integral (2) directly recognisable.

127. Interchange of any number of Functions.—The opera-
tion may he extended to the integration of the product of any
number of functions of . according to the result of § 88; but
with the multiplication of the number of functions to be dealt
with, there is an increase in the complexity of the conditions
under which the formula may be useful, and, therefore, a decrease
of the probability or frequency of such usefulness

Transformations, according to this rule, are called Integration
by Parts

128. General Reduction in terms of Second Differential
Coefficient.—If #(X) be any function of X, and j'(X) its
X-gradient ; then, X" heing the r-gradient of X,

‘f{g() —X7(X) by § 84.
* See Classified Last, II. G. 7.
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Also
dl
X’ 1 JX’
T = XY dr

Here JIX is the w-gradient of X', and is called the ‘second
de

differential coefficient of X with respect to .,”” or, more simply,
the ‘“second .r-gradient of X.” It 1s conecisely wntten X”.
Using this notation (X”) and applying § 126 we have

ff/(x),]_,, =Zg§) + f-gg))—é.X"(l.c .

Here the given function 1s //(X), and the supposition is that it is
directly mtegrable with respect to X, but not so with respect to 2.
On this supposition the transformation will be of uve if it is found
that {%gs))‘z.X” is directly, or more easily, integrable with respect
to ..

129. General Reduction for X'.—Tf f/(X)=X", then j(X)=
xr-l 1

i1 ; 80 that in this casc the above formula would be

— Xr+1 ) 1 - b &
/ Xdo=Gi Xt rad / X xye e

In some cases this form may be preferable to j ;t.rlX, which

would he given by § 122,

130. General Reduction of +"X'.—If m § 126 one of the two
functions whose produet is to be integrated be ™ and the other
X", where m and #» are any constant indices, the transformation
gives

ﬁm+lX' r
[ X' dr ==

S a.m+1X1‘- lX'dw .
m+1 m+1

If this latter quantity be not directly integrable, it may still be
capable of being further reduced by the application of other
formulas of transformation alrecady explained, so as to finally
reduce it to a directly integrable form.

Such a formula is the base of certain Formulas of Reduction,

131. Conditions of Utility of Same.—The last formula given
is capable of repeated application, provided that X’ is proportional
either to some power of . or to some power of X, the right-hand
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integral then reducing to the same general form as the left-hand
one, In either case, or again in the case 2X'=a+ 0X, it is not
difficult to prove that X must be of the form

X=a+ "

If + be a positive integer, then X’ can be expanded into a finite
series of powers of «, which when multiphed by " will give
another series of powers of ., each term of which can be mntegrated
separately ; so that in this case no need of the above reduction
formula will arise ; although in some cases its use may shorten the
work involved. But the formula 1s useful for repeated reductions
if # is negative or fractional.

Various cases of such uses are given m Section IX. of the Classi-
Jied Reference List at the end.

132, Reduction of x™(a+ be")'.

1f X =a+ bu", then

| — m-1__ ’,_L -
X' =nbg* = -(X -a)
and § 130 gives

amitxXr ™
.var 1',. = L - mYr-1 -
j ‘ m+ m+1 J© XN X - ayple
™ HX" rna [
= e — erl AU J:mxr—ldw .
m+1 m+1 /:r ('t+'m+1 }

Tere we have [ £™Xdx on each side. Bringing these two terms

to oue side, and (iividing out by the sum of their numerical factors,

. rm m+ 1+
viz, {1 —)="- —— , We
( +m+ 1) m+1 ’ find
xm+er ™ma
am X de = R [ X - oK
f m+l+m m+1l+rn ‘.I'}x ax;

a formula of reduction by which in the integration the power of X
is reduced by 1, while that of . is left unchanged. The reduction
of the power of X is compensated for by the multiplication (outside
the sign of integration) by the factor @, which has the same *dimen-
sions” as X.

This formula can be used inversely to pass from 2™X"-! to z™Xr,
tlfxat is, to increase the power of X by 1 without changing that
of x.

* See Classitied List, 1X. A, vi.
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If the other form of X', namely, nbs™"!, be used in this transfor-
mation, there results

a1
f.c""\"u’.n . _l ___)_(__ _l‘?l’{ mm-{-nxr-ldx;
m+1 m+1
a formula of reduction by which, while the power of X is decreased
by 1, that of . is increased by n.

By the previous formula I 2"t*X7-'dx may be converted into a

uantity in terms of [z™+t*X’"dz, and thus [#™X" reduced to an m-
$)

tegral in which the power of x is raised by n, wlnle that of X is
left unaltered.

By similar transformations one can ring the changes among the
integrals of the following set of nine functions, any one of which
can be reduced to any other

EMXH" l,nm+n)(r+l xm -n Xr +1
mm Xr zm-{—an mm -1 Xr
wmxr—-l mm+an—l am- uXr- 1

The complete seb of reduction formule for this purpose are given
m Scetion 1X. of the Classified Reference List ab the end.
133. Reduction of /" Power of Series of any Powers of ..—
Similarly if
X=aar+baB+ger+k;
then § 130 gives

‘cm'HXr

[ 2"X'dx = -
m+1

T om r-1
= [.c (aaz* + Blas + yg) X7z

The last integral may be taken in terms each of the form [ X",

and on account of the reduction from r to (» - 1) in the index of
X, these may be more amenable to simple integration than the

original f x"Xrder .

Evidently this formula applies to the sum of any number of
terms in different powers of ..
1384. Special Case.—If in the last article one index = 0 and
another = 1, we have
X=a+ba"+cx

in which case a simple reduction, like that of § 132, will show that
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"X r a
X = 2 — - - - 4 - s 1dr.
f.r Xrdir m+l+nr+m+1+m'/x {(n - 1)ex+na}X " 'dr

135. Trigonometrical Reductions,—-If in the general formula
of § 126 the product XE' be equal to sin"r, then we may split
this into the two factors sin.r and sin™'« thus —

X =sin"g X'=(n- 1)sin" % cos x
B =sinz E=-cosx
X'E= ~(n-1)sin®%rcosr = - (n - 1) sin""%e(1 - sin %r)

=(n~1)sin"c - (n~1)sm" %,

Thereforo

f sin"edr = —sinzcosx —~ (n - 1) [ sinrde 4+ (n - 1 / sin"%dr

sin" lrcose n -1
= - - I sin®~?%dx *
n n !

by adding together on the left-hand side the two terms in f sin"xdx
and dividing by the sum of their coefficients, namely, 1 + (n—1)=mn.

136. Trigonometrical Reductions.—Since by § 78 the angle-
gradient of the tangent 1s the reciprocal of the square of the cosine,

dX
and since de= X we have

di = cos®u/(tan z) = (1 — sinZz)d(tan x)

and, therefore,

t n-1,
/ tan™ 2rdr = / tan® 2r(1 - sinZe)d(tan o) = !‘__ g f tan"rdax .
Or, rearranging,
n-1
/ tan"xde = aﬁn— 1?— - / tan®~2xdz .

By either the process adopted in this article or that of last
article, the various trigonometrical formule of reduction are
established which are set forth in order in Section IX. B. 1 to 9
of the Classified Reference Lisi at the end of this book. In each
case the reduction changes the index by 2, which change results
from the substitution sinZr=1 - cos?r.

* See Classified List, IX B. 1.
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If » the mdex to be reduced be an even integer, a repetition of
the reduction will finally bring down the integral to the form
f dz, whose integral is ». If n be odd, the finally reduced integral

will be either [ sin .. or / cos zdx or [ tan e, ete., e4., all of

which have already been demonstrated.

137. Trigonometrico-Algebraic Substitution — If in these
trigonometrical reductions 2 is fractional, then since dx:fg,( and
dsinx

dx
§ 132 and IX. A. I of the Classified List, thus —

f sin"wdu = [ i‘;id(sin &)= f (

=cos z, etc, etc., we may convert the formula into that of

sin™e .
I - sinZs)’ d(sin x)

= ’ X7(1 - X2)~hX
in which X stands for sin.c.
Similarly

an? — ain2r\?
/ sin™e cos™.edr = [ sin”(1 - .El.—fl a) A(sin r)
7 (1 - sin%rpt

( m—
= [X"(1 - X% T JX.

138. Composite Trigonometrical Reduction.— From the ele-
mentary formuls for the sine and cosine of the sum of two angles,
in terms of the smes and cosines of these angles, we may write :
Since p=(p- 1)+1

sinpr=sin(p - 1) . cos £+ cos (p — l)a:sin.:c.
cospr=cos(p - 1)uw.cosx—sin (p-1)x.sinz.

Therefore integrals of (sin*"z.sinpz), and (sint"z . cospz), and
(cost™x. sinpr) and (cost™r.cospx) may, by repeated application
of the above formul®, be reduced to series of integrals of the form
(sint™r cos™*x), provided p be an integer. For these latter forms,
see Classificd Reference List, IX. B. 5-8
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CHAPTER VIL
SUCCESSIVE DIFFERENTIATION AND MULTIPLE INTEGRATION.

139. The Second r-Gradient.—In fig. 6 we have the arca under-
neath the curve measured between two vertical ordinates called X,
and the .-gradient of X, or X', is the vertical ordinate to the
curve. The slope of this curve at auy point is thus the .-gradient
of X', or the z-gradient of the .w-gradient of X. Tlis is called the
¢ Second Differential Coefficient of X with respect to .,” or the
‘“Second .r-gradient of X.” It 1s written either

¢
%ﬁ or X",

In fig. 5 the vertical ordinate is X, and the gradient of the curve
is therefore X'. Therefore, in this graphic represeutation the
second u-gradient of X is the rate at which the gradient of the
curve changes with advance along the s-axis. [If the gradient of
the curve increases with a, the diagram line curves upwards and
X" 1s positive; if the gradient decrcases in the same direction
there 18 downward curvature, and X" is negative. The possible
variations of sign of X” are shown on fig. 3. If there be no
curvature, ¢.c., if the diagram line be straight, then X" is zero.
Although X" is greater the sharper the curvature, still X” is not
the measure of the curvature. The relation between X" and the
curvature is explained in § 145 below.

140. Increment of Gradient.—In fig. 5 if the gradient increase

in the horizontal length &r by (X', - X',) = 6X', then this divided by
8x is the average rate of change of X’ throughout the length &x. 1If
the two points be close together, then this is the actual rate of
change of X’ between these two contiguous points ; that is, it is the
value of X" at this part of the curve. That is, when 8x is small,
2 Xror X' = Xas.
141, Second Increment.—If 8« be small, then from the point
(ac} — 48x) to the point (x, + {8x), the curve of fig. b rises a height
X' |8z, and from the point (z,+ }8x)=(x, - 46x) to the pownt
(%, + 48), the rise of the curve is

X8 = (X'} + 8X")8x = (X', + X"8ur)dex .
Thus while the rise is X',8¢ through the small stretch 8= lying
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equally on either side of the point 1, it is greater than this by
X"(8x)* through the next equal small stretch 8z lying equally on
either side of the point 2. The horizontal distance between these
two points is 8z. Thus an advance of 8z has resulted in an
increase of rise per &z equal to X"(87)2. Theexcess of the second
of theso rises over the first is called the second increment or
second difference of X. It might be written 8(8X), but the
usual and neater symbol is 82X, Dividing by (8x)2 we have

82X )4
=X =
(82)*

o °
Stated in words this reads:—
The second r-gradient of X equals the sccond increment of X
per & per & divided by the square of 8.
It must be remembered that this equation has been derived only
on the supposition that 8x is taken very small. The other written

DN

2
symbol for X", namely, %}E resembles 1 form (88_}}’ with d sub-
da? )

stituted for 8. It is sometimes stated that dx is the symbol for da

when 8¢ becomes ‘1infinitely small,” and that when 8r becomes
2 2

‘““infinitely small” (86_)§ equals (-i[X,, but the present writer pre-
WL )~ da=

fers to avoid the use of phraseology which suggests reference to

quantibies which do not exist, and reasoning about which must,

therefore, be (uite unmeamng.

It should be noted that 82X is of the same kind and dimensions

as X, and that 8z is of the same kind and dimensions as «; so that
X" is of the kind and dimensions of X /w2.
142. Integration of Second Increment —From the equation
82X = X"(8x)*
we obtain the other

Integral of 82X = Integral of a corresponding continuous
series of consecutive values of {X"(3.)%}.

Remembering the meaning of %X, it is evident that its integral
from one definite point 1 or 2, to any other point x equals

X at o - 8X at @,
=say 8X - (8X),

these two increments being takeu for equal small dx's.  Both these
increments are very small, their difference is minutely small, and,
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therefore, this integration as it stands can be of no practical use as
a final result. DBut let us integrate again this minutely small
difference of increments by taking all the successive values of 8X
from z, up to point x and subtracting the constant (8X), from
each, and then let us add all the difforences. The result is
(by the distributive law in mtegration, see § 83) the same as

/ 8X - / : (8X),. In the latter symbol, smcee (8X), has a constant
vaille, we have simply to multiply this by the number of them to

be added, which number is ¥ g i ; so that
ny

[ @)= 250 0%, = ) (37), = =X

In fig. 5 X', is the gradient at the point 1, aud this last, therefore,
oquals the mse of the tangent at the pomnt 1 in the horizontal
stretch (& - ). Also [ 8X is the whole rise of the curve through

x

this same stretch, or (X - X,) Therefore, this double ntegration

of 82X, the shorthand symbol for which is / / dZX, gives the result

f' fz‘”xﬂx -X,) - (2 - 5)X,
U =X- zX; - (X, -2, X")

and this is evidently measured in its graphic representation (see
fig. 26) Ly the height of the curve above its tangent at point 1.

143. Graphic Delineation.—In the process of single integration
we found one constant introduced. In tlus double integration
there arc two mntroduced. In the above algebraic representation
they are - X', and - (X, - »X')).

On fig. 26 are clearly marked the graphic representations of these
two constants, the first heing the gradient of the curve at point 1.

The lower limit is the same in both steps of this double integra-
tion, namely, the point 1. 1t is not necessarily so. In the first
step, the lower limit may be the point 1, and this will give the
gradient-constant X',. In the second integration the lower limit
might be taken at some other point 2, and this would give

/ f X =(X ~Xp) - (- z)Xy
2
S & 2X') - (X, - 2,X"y)

leaving the one constant still minus the curve-gradient at 1, but
making now the second constant minus the intercept upon the
F
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vertical axis cut oft by a line through 2 parallel to the tangent
at 1. Otherwise, the integral 15 now the height of the curve
above the line drawn through 2 parallel to the tangent at 1.

o X

d*X !

1% !

S

(z-a)X, |

1 vl v

"‘Fx',' """""" i S e ):(
1

K ! ! i

b, : X‘ ' '

(X-2x) O : i

il i ! v
- % - :
T Lmmmm=—

Fic 26

144. Integration of Second «-gradient.—Evidently f Xda =
X'+ C. Integrating a second time

/{/‘X"dx}d.n:/{ X'+C }ll:U=X+C$+K.

This formula is identical with the above if
C=-X]and K= - (X, -r,X").
This double integration of X" is written shorthand [ [ X" du,

11
or still more shortly { X"dr?,

We thus see that when proper attention is paid to the equality
of the constants of integration,

f f &X = f / X'z da

11 1T
f PX = / X"da?.

145, Curvature.—To show the relation between X" and the
curvature of the graphic representation, let a be the angle which
the curve at any point makes with the axis of &, and let this
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increase to (« + 8a) in the arc-length 8a, whose horizontal projec-
tion is 82. The curvature is the reciprocal of the radius of curva-

. il . .
ture, or the ‘arc-gradient of the angle,” ..c, ((i:: Since 8a is

small, it equals tan (8a), and tan (da) can be calculated by the
ordinary trigonometrical rule from X’ and (X’ + 38X’) the tangents
of a and (a+ 8a) ; thus,

_ U (X'+8X)-X' X . 1
8a = tan (8a) = 14 (X' + 5X)X T4 X nearly, when dx is small.
Also the arc-length is

da= /822 +0X2%= 0 /1 + X",
Therefore the curvature is, p being the radius of eurvature,
1 e X 1 X'
p da Sz {1+X"?} {1+X?2}

If the radius of curvaturce be easily found by any direct process,

the inverse form of the above relation may be useful ; namely,

X (14X,
If T be the subtangent on the wx-axis, and if (see fig. 27) the

S .
Fia. 27.
intercept on the tangent between this axis and the touching point

be called R ; then since R?2=X24+T? and X’ =,)1,( , therefore
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R2
T2

-1

If the radins of curvature be known—(a practised draughtsman
can always find 1t with the greatest accuracy in two or three
seconds by one or two trials with the dividers)—the construction
shown in fig. 27 affords a very ecasy graphic method of finding X".

14+X2=

and

3
measured to scale, according to the above formula 1 <¥) . Those

acquainted with the elements of Graphic Caleulation will readily
follow the construction from the marking of the figure without
further explanation.

146. Harmonic Function of Sines and Cosines.—As an
illustration of these ideas, take an ordinary harmonic curve. Let
h be the height of the curve at horizontal ordmmate /; let r), 7, and
m be constants; and let

h=r, sin ml +7, cos ml
then
W =mr; cos ml - mry sin ml
and
1= —mn? (ry sin ml+ry cos ml) = — m%h .

The student shonld write out these results for the three simplified
cases—(1) r,=r,=7; (2) r,=0; and (8) r;=0. In all cases he
will find that A" = - wm2h,

147, Deflection of a beam.—If a beam be uniformly loaded
with a load w per ft. run and have a vertical supporting force R
applied at one end, the bending moment on the section distant /
from this end of the beam is

M =R7 - Juol2.

The bending moment diagram (ordinates M and ) is therefore
a parabola. At any point 7 the gradient of the curve is

M =R -wl
=R at the end where R acts
=0 at section where ! equals R

between which points it varies umformly.
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The second l-gradient of M is
M'=-w

and is thus constant,

It is easily shown that, in a beam subjected to elastic bending
only, the curvature of the (origimally straight) axis equals II;/[I'
where I is the “‘area-moment of inertia” of the section, and K is the
modulus of elasticity.

n the case of boums so stiff that the bending under safe loads
is very small—which is the only case of practical interest to
engineers—it is sufficiently accurate to take the curvature as the
second /-gradient of the deflection, neglecting the division by the
3 power of 1 p/us the square of the first /-gradient.

Thus if A be the deflection perpendicular to /, then the second
{-gradient of A or

M 1

[ _ 3 . 5o
A El =Kl (R! — Leol?) m above case

and

A=/“A”dl2=j4}] ‘"(Rl—éwl”)dl” if both E and I are

constant along {:

1l ((rar LRy w 3) if A’, defines the gradient of
T ElL _} <EI A+ 2l 6’ i the lgne from which the de-
flection is to be measured :

Ry _wp 1 where A, defines the posi-
6 24 /JKI tion of the line from which
the deflection is measured.

=04,+ A’,I+(

At any point ! the gradient is

[N Rp_w 3) _1_
ar= o+ (Be-e)g.
If the deflection be measured from a lme parallel to the hent
axis at its point where w/ =R, then A’ must equal O al this point,
A . , R.‘{
and thisgives A’y = — gpp o
drawn through the ends of the axis so as to make the end de-
flections zero, then A must be zero at /=0, which gives 4,=0.
Inserting these values of the two constante, we find

If, further, we measure from a line

1 ( R, BRp_w
A m( w2l+2l 8l‘).
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This equals zero when /=0 ; and, when wl= R, which occurs at the
centre of o uniformly loaded beam freely supported at both ends,
it equals

R 5 R*
8= gera 1+ 1) = ~ gy T

If the span he L, the whole load =wL="W and R = I, and
b wLt 5 WL3

A= 384 BT 73R4 EI
148. Double Integration of Sine and Cosine Function.—
In § 146 we find

W= —m2h

and, comparing this with the origmal equation, we see that the
general result of a double 1ntegration from this relation is

h=ry sin m/ 4 r, cos ml

where 7, and r, are the two constants introduced by integration.
But if the second-gradient equation be of the other formn

W= —n2(ry sin ml +r, cos ml)

the result of a double integration is not the same: 1t is more
general, nameoly,

I =r, sin ml+7, cos ml +C,/ + C,

where C, and C, are the two integration constants.

The former (A" = — m?h) is a special case of the latter more general
rule, in which special case C,=0=C,; and this specialty gives rise
to the relation 4”= —m*k, which relation does not hold good in
general.

In the general formula the constant C, givesa choice of gradient
of the line from which % is to be measured ; while C, gives a
further choice of level at which to draw this datum line. In the
special case this level must be such as to make & =7, when I=0
and the gradient of the datum line must be zero.

149. Exponential Function.—If X = /%, then by § 95

X X
X =TT and therefore X” = T2

If X = 5™ where m is any constant, either positive or negative,
whole or fractional ; then

X'= %X and X" = <% 2X .
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This case is the counterpart of that in the last article where
. . . . m\2
( - m?%) was essentially and necessarily negative, while here <T>

is essentially positive.

150. Product and Quotient of two or more :-Functions.—If
Land M are functions of ., and if X = LM, the first and second
z-gradients of X are

X'=L'M + LM and

XY= LM 4 21M + LM,
“In the case of M =., then M'=1 and M"=0;

therefore X" = 1."r + 21’

Similarly, if X be the product of three w~functions, 1., M, N, then
X" is the sum of a series of terms cach of which contains the
three lctters I M and N, and 1 cach term the number of dashes
indicating the number of (ifferentiations will be 2. Dividing by
X =LMN, the result may be written

z(ll LII I\IH Nll (IJIM, II,N' BI,N r)

T - . ) — .
XDt ¥ P LM T LN T My

a form analogous to that of § 92; and which may be extended to
the product of any number of factors,

151. Third and Lower o».Gradients and Increments.-—The
a-gradient of the second a-gradient of X is the third .« gradient,
and the »-gradient of this again is the fourth .-gradient; and so
on through any number of differentiations.

These successive gradienls are written either X, X, X", or

X
else gD ete.

Similarly, if two successive values of the second increment of X
per & per 8x be taken at two places 8r apart, the difference between
them is called the third increment of X per 8r per 8z per &e.
This is written 6°X ; and if it be divided by the cube of &z, it is

X a*X

easy to show that (sr).;=X”’=(7;'5, when &z is very small. This is
3
not a truism. The symbol g-g ought not to he considered

capable of being split into two parts, one of which, the numerator,
@°X, is the value of &X when 8. is very small. Nevertheless, it is
correct to write for any very small 8x

FX = X"(32p = X (o).
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'\,
Again, if 8X be the »' mcrement, and ';‘: the n'" gradient,
oL

then for any very small &« it is correct to write

X = ’éfx (3.

152. Rational Integral o-Functions —If X = 4., then

X'=fmam™ ; X" =km(me - 1)
and
"X
Ly =hom(m = 1) (= 2)---~(m+ 1 = n)e™ =",
dur
If » be a positive mteger, the u'® gradient of Ae™ will be a
constant ; namely,

de
e = km(m—=1)(m—-2)----321=km!

Thus the (m + 1)™ gradient of A.£” is zero, as is also every lower
grachent, if 2 be a positive integer.

But 1f m be fractional, then the successive gradients pass into
negalive powers of «, so that, in this case, a lower gradient may
have a very large value for very small values of .« Thus, if

. e B g xn 104 w15
X =.t; then, X' = 5 X" = T and X =g Biving very large
values of X" for very small values of ..
If X=az™+ 0" 1+----+kr, and if m be an integer, then at

each successive differentiabion one term disappears, and the m
gradient 1s again a constant, viz.,, am! Thus any terms in the ahove
function, except the first, might be omitted without altering the ™
gradient. There are, thercefore, (n — 1)! different functions of the
above type which give the samne m'" gradient ; (m - 2)! diflerent ones
which give the (1 - 1)™ gradient the same 1 all; and so forth,
the differences corresponding with those amsmg from putting any
except the first of the constant factors in the above general formula
equal to zero.

153. Lower « Gradient of Sine and Exponential Functions.—
The successive gradients of some functions have a re-entrant or
repeating character. For instance,

X = A, sinme + k, cos mz
X"= -m?X
o X=X
oo XM= - X ete., ete.



SUCCESSIVE DIFFERENTIATION AND MULTIPLE INTEGRATION 89

Again, see § 95,

X =B
X' /15’_‘,,,,:: g X
X = (g—)x
m(B)x

and this is true whether 8 be + or —.*

154. General Multiple Integration If X', X", X", X", etc,
are the successive r-gradients of some funetion X, and if we start
with a knowledge of the lowest of these gradients only, and wish
to work upwards to a knowledee of the hugher gradients and ot X
by repeated integration ; we find

[xrar=x" 4,

where U, 15 the constant of integration. Then

/ fx-ww-' = [X"dr+ / Cyde=X"+Cg+ G,
an
m r . vy Cq M
/ X'da?=X'"4 5%+ Cye + C,
and

™ C, ., C, .
/ X"t =X + 6‘:n-‘+~ Za24 Cur+ C,.

2

This result might perhaps be more clearly understood when ex-
pressed as follows :— X" may be written (X +0). Then the pro-
position is that the fourth integral of the known function X" is
the function X whose fourth w-gradient is X", plus the function
(§Cy® + 4Cya?® + Cya + C;)) whose fourth a-gradient is 0.

If there were » mtegrations, there would be (7 + 1) terms in the
result, one of which would be a constant, and (z- 1) of which
would be multiples of the first (n - 1) integral powers of z. § 152
illustrates one special example of this general proposition.

The constants are to he determined from the “limiting condi-
tions.” The number of Innitmg conditions, a knowledge of which
is necessary to definitely solve the problem, 1s the same as the num-
ber of “arbitrary constants” C appearing in the general solution.

* See Appendix F.
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In the above case C, might be determined from a knowledge of
one particular value of X", and then C, from that of one particular
gradient X', the remaining C, being found from one particular
value of X being given.

155. General Multiple Integration. If 1n § 126 wo write | Xda

mstead of X, and therefore X instead of X', we obtain
j {5 Xelr}ile =B [ Xl = [EXle,

If in thns formula the o function E be o atself, so that 5 = 1, there
results

,—"Xd.r-’ = fX//.r - [, Nl

which enables two possibly easy single integrations to he substituted
for onc double mtegration which may be otherwise mmpracticably
difficult.

Conversely, a given function (+X") may be difficult to mtegrate
once, while the part of it X" is recognised as the second »-gradient
of a known function X, and then the form

i
f X e =X - j X"l
=rX-X

may be useful,
156. Reduction Formule,—Trom § 150 we have

o (X) =X 42X

da
from which it follows that
; 1 1 .
rX = / X" det 42 / X'da2,

In this substitute X for X', and thercfore X’ for X”, and
[ Xde for X, there results then

(1 1
f Xile? = Ja f X~} f X

=§zfx¢u—gf"mx da.
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Again, if in the same formula there be substituted X for X", and
‘ 11
therefore } Xdu for X’ and / Xda? for X, the result appears as

1334 . 1I . 1t *
X = },(/ Xea? - f,/ wXda?,

157. Graphic Diagram of Double Integration —The meaning
of double integration can be very easily represented graplieally.

In fig. 5 the slope of the curve 15 X’ and the height of the curve
18 X, the first mtegral of X’ by e, Thus (X&r) or the strip of area
hetween two contiguous verticals under the curve is the increment of
the second integral of X’ by . Thus the arca under the curve in-
cluded between two given limiting verticals is their second integral, or

"
Arca under curve - [ X'elu2,

This graphic representation will help the student to pereeive
clearly that this mtegral 1 not the sum of a number of terms,
each of which is the square of 8 multiplied by the slope X', The
square of any oue 8 multiplied by the coincident slope X' would
be the rectangle of base 8r and height 8X, because X'8wx=8X.
The sum of the series of such rectangular areas stretching between
given limits on the curve is not any definite area, and it can be
made as small as desired by taking the 8°s sufficiently small. But
this small rectangular area (6r.8X) 18 easily recognised to he the
second increment of the area under the curve. The first difference
is the area of the whole vertical strip between contiguous verticals.
The difference between two such successive narrow strips (each
being taken the same width 8r) is the above (8x.8X). Thus as
X'da? is this second difference which equals X'(8r)%, there is

1
nothing illegitimate in considering the symbol da? in | X'da? to

represent the value of (8r)2 when 8 is taken minutely small.

158. Graphic Diagram of Treble Integration. —The idea of
treble integration may he similarly represented graphically.

If the various areas in fig. 5 under the eurve measured from any
given lower limit up to the various vertical ordinates at the successive
values of », be looked upon as projections or plan-sections of a
solid, the successive sections for each « and the following (z + 8x)
being raised above the paper by the heights # and (x+8x); then

1914
this volume is the true graphic representation of | X’da8, because
the increment of this volume, or the slice of volume lying between

* See Appendix G.
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two successive parallel sections 8z apart, is the section-area at the
middle of the thickness 8 multiplied by éx.  This section-area we
1]

I
have seen in § 157 to be | X'da?; and, therefore, the above incre-

11 m
ment of volume is | X'da®. The integral of this is [ X',

If the lower inuting vertieal ordmate of the area be at z=0,
then two of the side surfaces of the above integral volume are
planes normal to the paper of the diagram and passing through
the axes of « and X. A third side surface, namely, that passing
through the successive X edges (which are the various upper limiting
ordinates 1 the area mtegrals), 1s also a plane it passes through
the X-axis and is inclined at 45° to the diagram paper. The
fourth side surface is in geueral curved. These four side surfaces,
three of which are flat, give to the volumetric representation of
treble integration the general form of a quadrilateral pyramid.
The base of this pyramid is plane parallel to the diagram paper.

As a valuable exercise, the student should endeavour to obtain a
clear mental conception of the fact that X'(8z)%, the value of
which becomes X'dr* when 8z is minutely small, 1s the third
difference in the continuous increase with 2 of this pyramdal
volume,

CHAPTER VIIIL

INDEPENDENT VARIABLES.

159, Geometrical Illustration of Two Independent Variables.
-- Hitherto there have been considered combinations of such
functions alone as are mutually dependent on each other. The
functions r, X, X, etc., have been such that no one of them can
change 1 size without the others concurrently changing size.

In fig. 1, § 11, we have a vertical plane section of the surface of
a piece of undulating land. Suppose it to be a meridional or north
and south section. On it each distance measured northwards from
a given starting-point corresponds to a definite elevation of the
ground. If we take other meridional sections of the same piece of
country, this sume northward co-ordinate will correspond with
other heights in these other sections. Thus, if 2 be used as a
general symbol to mean the height of the surface at any and every
point of it, then % depends not only on the northward co-ordinate
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or latitude, but also upon the westward co-ordinate or longitude.
1f there be freedom to move anywhere over the surface, the two
co-ordinates of latitude and longitude may be varied independently
of each other, that is, a change in one does not necessitate any
change in the other.

Under such circumstances the elevation is said to be a function
of two independent variables.

160. Equation between Independent Increments.—In moving
from any point 1 to any other point 2, the elevation rises (or falls)
from, say A, to h,. Tet the latibudes, or northward ordinates, of
the two points be n»; and =z, anl the westward ordinates or
longitudes be w; and w, Then the same change of elevation
would be effected by either of two pairs of motions; namely, first,
a motion northwards (n, - n,) without change of longitude, followed
by a motion (w,—w,) westwards without change of latitnde; or,
second, a motion (i, - ) without change of =, followed hy a
motion (n, — n,) without change of w. This is true whether these
motions he large or small.  Suppose them to be small, and further
suppose that there are no sudden breaks in the ground, that is,
that the change of elevation is continuous or gradual over the
whole surface. Call the small northward, westward, and vertical
movements hy the symbols

n, —n,=8n
Wy - 10y = Sw
hy—h,=8k.

Then if the meridional northward slope of the ground, just north
of point 1, be called (g:-:) , the rise duriug the small northward

1
movement dx from 1 will be (g—b .On; and if the westward slope
1

of the parallel of latitude through 2, just east of the point 2, be
called ( g%), the rise during the small wesiward movement 8w
which, \follcz)wing the ahove, completes the motion to 2, will be
<%>2.8m. The sum of these two rises gives the whole of 8/, or

o
oh oh
&= <3—,—l~)1.87l + 37”-)2.810 .

Here the two gradients are not gradients at the same point. If
fig. 28 be a plan and two elevations of thesmall part of the surface
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considered, they are the northward and westward gradients at »,
and v, at the middle ponts of 1N and N2 in the plan.
If now the passage from 1 to 2 be effected by passing through

) 7
W in fig. 28, and if <8ﬂh) and C ]f> be the westward and north-
0w/ on/,
2
Va
N
W,
w
/¢ S
1
Wesr NORTH
ELEVATION ELEVATION
ZT Ve N
]
N N
w z 1
PLAN
Fie 28,

ward slopes of the ground at w; and w,; then the same change of
elevation may he calculated thus,

oh h
oh = <5;5)18//, + Gn)z&z

where the 8w and the én are also the same lengths as before, the
quadrilateral IN2W being a parallelogram.

(%> and (-al/f) are the westward slopes on opposite sides of this

o0w/g 0w/,
parallelogram ; they are the slopes*of N2 and 1W m the “ North
Elevation.” g—]é) and (;%) are the northward slopes upon the
1 2

other pair of opposite sides; they are the slopes of 1N and W2 in
the “ West Klevation.”

Adding these two equations and dividing each side by 2; and,
further, calling the means between the gradients on the opposite

sides of the parallelogram by the symbols gﬁ- and gl—l ; we have
w

oh oh
& = 5—7‘.873 + m.sw .
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On a contmuous swface such as is here supposed, the above
arithmetic means are, with great aceuracy, equal to the actual
gradients along the centre lines o, and v,o, of the smal]‘mutnngle 5
that is, the gradients at the centre of the short straight line 1 2.

161. Equation between Independent Gradients.—If the short
lovel length 1 2 be called 8s, so that 8z and 8w are the northward

and westward projections or components of 8 ; then we have, as
general truths, by dividing successively by &n, dw, and 8s,

&l ah oh oh ((Iw

af(;z,;)fa—,#m m)
oh dh. oh ( dn oh
S (z,> =an ;l‘w)( * o

8h dh oh (du) ah u'w)
S ds T an\ds +all7‘<l~l—; N
where the restrictive symbol (). indicates a ratio of increments
oceurring concrrently along the speeial path s over the surface, an
element of which path 1s 12 or 8s; wlnle the ratios of increments
not marked with tlis symbol are pure northward and castward

. h .
gradients. i does not need to be marked, as 1ts terms indicate
s

plainly that it means the actual whole gradient of the ground

along the path s.
(dn) ((l?()) dn) and (du-)
d—’lé K’ (‘i’l‘l s, ;7; <’ fv{\' S

are different measures of the direction of the path s in plan; the
first two are the tangents of the inclmation of this path from the
west and from the north respectively; the last two are the sines

of the same melmations. These measures of its direction par-

ticularise the special path to which the equations apply. g% and gl-'-'
! w

have no connection with, and are quite mdependent of, the direc-
tion of this path ¢: they are the due north and due west gradients
at a point of the path, and depend upon the position of this point
in the field, but not upon the direction of the path at such point.

The gradients gﬁ and gf_' are called the “partial” differential
" v
coefticients or gradients of 2 with respect to » and w.

(‘-i-:-i) is the ratio of rise to northward progress in travelling
( s
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along the path <, and depends upon the direction of this path.

It 18 quite different from 2-/.' . Infig. 281, (dT:) , equals the bangent
on an'

of inclination of the line 12 to the horizontal base i the “ West

Elevation ” ; while gﬁ equals the tangent of wchnation of line IN
n

to same base also in the “ West Elevation.”

Slmllarly,(%) equals the tangent of mchnation of 12 to the
f [N

. . N , )
horizontal base in the “ North EKlevation,” while ‘all 18 the tangent
"

of meclination of line 1W to same base also i the ‘“North
Elevation ”

162. Constraining Relation between Three Variables.— We
have above consulered the ordinates » and w to any point of
the surface as mutually ndependent of each other, and 7 as
dependent upon both 2 and w.  But we may equally well consider
w a function dependent on both » and /. while looking on 2 and A
as mutually idependent of each other. Generally between the
three functions =, w, and & there 1s only one restrictive rela-
tional law established, leaving one degree of freedom of variation
among the three. 1f a sccond restrictive law be 1mposed upon the
relations between the three, this means that we are restricted to
some particular path, such as s over the surface, and are no
longer free to take points all over the surface.

163. Equation of Contours.—The meridional section 1s such
a restricted path; the restriction being 8+ =0. The parallel of
latitude is another such restricted path ; the restriction in this case
being 2 =0. A level contour line is a third example of such a
restricted path, the restriction being & =0. Therefore. if the
path s be a contour hne, we have f?:=0’ and thus one form of

the aquation giving the shape of a contour is
ok (dn ol (dw
2 ). * et ). =0

((!ZL oh
ds)b <4ln> _ ow

or

(1/19) dw), “on’
ds /g n

1
Here (:—lg) = tangent of northward bearing of contour from due
/8
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west, and this 1s seen to equal winus the ratio of the due west
slope to the due novth slope. The munus simply means that if
both these slopes are positive upward gradients, then the hearing
is south, not north, of due west. The steaper the west slope 1s in
comparison with the north slope, the more does the contour veer
round to the south.

The geometrical linear ordinates ‘of the above illustration may
be taken as the graphic scaled representatives of any kinds of
measurable quantities related to each other in a similar manner.

164. General r, y, F(.,y) Nomenclature.—Let the two inde-
pendeut variables be called a and g, and let the function dependent
on these be called F(x,y) Let also the rate of change of F(a,y)
with & when % is kept constant be called F',(.ry), and its rate of
change with y when @ is kept constant be ealled F',(r,u).

Then the equations of § 161 are written

W - . o),
{E(ou) } = Tola,g) + F'y(ry) ,j;
{F'”((‘ '/)} =F ,(.’(’,’I/) l' + iy u(“’a'/)
where {F'.(xy)} 15 the rate of change of ¥(xy) with change of =
when the L]l"i.]]“‘b of 2 1s associated with a change of y in the ratio
indicated by : this ratio ty bemg any whatever, but the ratio
e

inserted on t,he right hand being always the same as that involved
implicitly on the left hand.

165. Two Functions of Two Independent Variables.—Again,
if /(«cy) be another stmlar function of @ and y, then

3 ’ d:l/
{1]F(wj/)} F (.C, )+F (:U,y) Lo

(U(Z’/-)ﬁ z(-cyy)+f1/(x’y) d:llt

&

the brackets { } on the left meaning that the equation gives a
particular value of the f{iwy) - gradient of F(zy); namely, that
particular value obtamming along with change of y combined with

change of « in the ratio :%" inserted on the right hand.

166. Applications to p, », ¢ and ¢ Thermal Functions,—
An important example of the kind of relation described is that of
temperature, pressure, and specific volume of any one definite
substance. If 7, 3, and ¢ indicate these, and if /', indicate the

G
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pressure-gradient of the temperature with volume kept constant
while #, mdicates the volume-gradient of the temperature a
constant, pressure ; then for any changes & and 8 of the pressur
and volume, there results a temperature meremnent

8 =1, 0p+1t, 8.
For any change of thermal condition in which the volume-gradien

/ .
of the pressure s '/", the volume and pressure gradients of the

oo
It , Ap o,
(70) =Tyt

dt ) o
( —) =i+t ..
dp oy
Or again, if p/y and p/, be the temperature and volune gradients

of the pressure with volume and temperature 1espectively kept
constunt, then for any change defined by o volume-gradient of

temperature are

and

temperature ':/ , the temperature and volume gradients of the
o
dy , , dn
(rif 7:1”+1"':7f

dp , (f ,
(;,;)-‘-‘-1' ey TP
Here /', is the slope of the ‘“isothermal” on the v dagram .
#¢ is the slope of the “isometric” on the .,/ diagram; #, 18 the
slope of the “isobaric” on the /,r diagram, etc., cte,
What is called “Entropy,” usually symbolised by ¢, 1s most
simply defined by the equation of 1ts icrement

pressure are

and

and this, combined with the ahove equations, gives most of the
mathematical foimulas of thermodynanucs.

167. .~Gradient of (ry).—In fig. 17, § 80, the rectangular area
between the two axes and the two co-ordinates & and X was
taken as a function of these co-ordinates, and differentiated with
respect to them. The problem was there considered in referonce
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to the ordinatos to the particular enrve shown in fig. 17, which
may be regarded as similar to the particular curve « of § 161.  If
in fig. 17 we now regard x and X as the ordinates to any point
in the whole field of the figure, they will then be independent
variables It will now be better to name the vertical ordmate y,
as X 1s throughout this book used to indicate a function dependent
on ».  The area (wy) will be a function of these two independent
variables.  Applying the law of § 161 to this function, we have
Jd@a) L _(rn)
l = a

with ¢ constant +
dr . g

Ty

ry)
0y lr

with .« constant x:
=1 +.r'{'” y4xy
=yFLoEutry

where the bracket { } indicates that the gradient is taken with
concurrent change of .+ and y in vhe ratio given by + on the night
side. If the given 4 be the w-gradient of the curve drawn m fig.
17, there 1s here reproduced the law of § 80, which is thus shown
to be simply a particular case of a more gencral law, namely, that
of § 161.

168. Definite Integral of Function of Independent Variables.
—The equation of § 161 gives the nerement of rise inlevel 84 from
any point of the surface to any other closely contiguous point.
The integration of this increment of rnse g@ives the total rise from
one point to another point, near or distant, on the same surface.
Taken between definite limits, this integral means the difference
of level hotween two definite points on the surface From any
lower limit =;w, to any upper limit u,r, the definite mtegral
is (fuy - 1Y)

The indefinite integral is a general exprossion giving the height
of the surface at any and every pomnt measured from any con-
venient datum lovel.

169. Definite Integral of Function of Independent Variables.
—In integrating from point 1 to point 2 (distant from each other).
the integration may bhe followed out along a great variety of paths,
the only condition a suitable path has to fulfil hemg thut it must
pass through both pomnts 1 and 2. The path may he curved in
any fashion, or be zigzagged in any regular or irregnlar manner.
The integration along every such path will evidently give the
same result. If in fig. 28 the points 1 and 2 be distant from each
other, the integration might first follow the directly north path
1IN, and then the directly west path N2. During the first part
dw would bhe continuously zero, and the mtegration would extend
from latitude #, to latitude x,, keeping constantly to the longitude
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w,. During the second part, 8# would be consinuously zero. The
same result is obtained by integratimg first from 1 to W at constant
latitude n;, and then from W to 2 at constant longitude ,,

170. Equation between Differences of Integrals.——Incidentally
1t may be noteld that this gives, by converting the equation between
the sums of these pairs of rises into an equation between the
differences of the pairs of rises on opposite sides of the rectangle,

7y . w, w0, . g
[o//2 Q3
—dn = —dr
on ow
_ 7l‘ ’[Ill II7‘ — ”l

the left-hand expression 1neaning the difference hetween two
mtbegrations from latitude », to latitude n,, carried out along the
meridicns of longitude w, and ) ; while the right-hand similarly
means the difference between two integrations each along a parallel
of latitude and cach between the same limits of longitude.

171. Indefinite Integral.—The indefinite integral # may he
obtamed hy first integrating along any meridian up to an undefined
point, and then from that same pomt along a parallel of latitude
an indefinite distance; or the integration along the parallel of
latitude may be effected first, to he followed by the meridional
integration. 1In either case the second integration must start
from the same point as that at which the first finishes, this
point, however, being any whatever.

172. Independent Functional Integration Constants, —-
Although » and @ may be varied quite independently, there is a
relation between the law of the meridional section and that of the
section of constant latitude which deserves notice. The equation
of the meridional section, in which = is the variable, changes from
section to section, 7.~., changes with the longitude  This equation,
therefore, in general involves the longitude w. For any one such
section the value of w entering into it remains constant. Thus the
general expression for # may be taken as the sum of three terms,
thus :—

h=N+F(nw)y+W

where N is a function involving » but not w; W a function
involving « but not #; and F(nee) is the sum of such terms as
involve both # and w. The partial gradient for any meridional
section is

oh
= =N'4 F (n,w)

on

‘W being a constant in thus differentiation.
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The partial gradient for any scetion of equal Iutitude is

oh
R

= W'+ F (n,0).

These two formul® exnlnt clearly the necessary relation hetween
the two partial gradients. They differ, first, in N” and W, wiich
are respectively functions of # alone and of w alone, and hetween
which parts, therefore, there is complete independence; and,
secondly, in F',(nr) and I, (nw), which are different but not inde-
pehdent, being necessarily related by the condition that they are
the partial gradients of the same function mvolving hoth variables.

173. Independent Functional Integration Constants. —
Wiitten m terms of mdependent vanables &, ¢, and x the integral
function of «y, these formula become

x= N+ Fy)+Y
?

9X rr >
a‘n - }\ + l‘ ,(.C!j)
a ’ hid
VW ()

where X is a function of « only, and Y 15 a function of y only.
174. Complete Differentials.—Iu hig. 28 the slopes of the two
lines I'W and N2 m the “ North Elevation” give the westward
gradient at the two latitudes 2, and »,. These lmes are drawn
parallel in fig. 28 hecause the pomts 1, 2 are close together, and
for a first degree of approximation the difference of slopes through
them may be neglected 1if the surface be continuous  If a second
degree of approxmmation to accuracy be considered ; that is, if we
investigate ‘‘second gradients,” the difference between these two
westward gradients must be taken into account. It is evidently

o [oh
EOR
and the difference hetween the rise from N to 2 and the rise from
1to Wis
d oh o
%(3;7) . on . &w

Similarly, the difference between the northward gradients W2 and
1N as seen in the “ West Elevation” of the same figure 1s

d [oh
dw(a;;) . dw
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and the difference between the riso from W to 2 and the rise from

1toNs
A\ on

“ (/ 8]1) Low. .

But by § 170 these differences equal cach other. Cancelhng out
the common product 8n.8i, we have the equahty

d ( 8h> _d (@
dn\ow)” dw an,) :

. . W
Usimg the nomenelature of the enc of § 172, since / =0, because
2
, N’
W’ does not mvolve =, and sumlarly > =0, tlus equation
dw

becomes

’};( F'w(um)> =say B, .(nuw) = ’—;f,-(l?',,(nu')) =say F",, (nw) .

Thus 1t 18 mdifferent whether the » or the « differentiation be
taken first, and whether F”, (i) ov ¥, (i) be used as symbol.

Although these second-gradients, calenlated m these two differeut
ways, have the same value, they represent two perfectly distinet
physieal phenomena.  The one s the worfhiward rate of change of
the westward gradient of 7. The other is the westward rate of
change of the northuard gradient of A That these are equal,
whatever kinds of physical quantities be represented by A, » and
w, is a proposition of mathematical physics that is most interesting
and fertile in 1ts various conerete applications.

175. Second ., /-Gradient.—When two functions of x and y
fulfil the condition of being the partial # and y gradients of one
and the same function, then the function formed by adding the
products of these functions by & and 8y respectively, is said to be
a complete differential. Thus if % and %215 be the functions,
ascertained to be the partial . and y gradients of the same function
x> then

X sp4 X
e 3.4/+a'” . Oy
is a ‘“complete differential,” and this latter is said to be “in-

tegrable.” If this has been found, by accurate deduction from
correct observation of physical fact, to be the increment of a real
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physteal quantity, then it is certain that the function 1s theoretically
integrable (although the integration may be impracticably difticult)
and that its two parts will fulfl the condition of § 174. Of course,
it 15 easy for the pure mathematician to invent functions of this
sorl that are not integrable, and incorrect physical ohservation or
inaccurate deduction from physical investigation may lead to
differentials that are not integrable; but such have mno real
physical meaning.

176. Double Integration by . and dy.—Conversely, if any
function of two independent vamables, x, ¥, be twice mbegrated
first by dic and then by /gy, the result will be the samo as if first
integrated hy «/y and then by ., being in cither case the sum of
a function dependent on both « and y and of two other functions
depending separately, one of them on « alone and the other on 4
alone

These two latter functions are introduced by the integrations
in the same way as constants are introduced by integrations with
respoct to one variable, the one function being a constant with
respect to one variable, and the other being a constant with respect
to the other variable.

Thus, for example, if

J42
d—a);”:a-b he+ ey + ey
then
X=3 +Y+x'y(a+ga' +:;y +i—my)
where the laws of the functions X and Y must be determined by
“limiting conditions.”
2

The finding of x from the given value of d’; ')5!/ is called the

double integration of this function, and 1s symbolised by

d?x
fj dxdy e dy
d*x_

or J j d(ay)dee dy 1f d(wcy) be the given functional form of dzdy’
177. Graphic representation of Double Integration by da
and dy.—The meaning of the double integration of ¢(zy) may
be represented graphically in the following different manner,
Let ¢(xy) be represented by the height of a surface from a
datum plane, the co-ordinates parallel to this plane being  and .
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Then the first integration [ ¢(xy)de may be considered as extend-

ing along a section perpendicular to the datum plane and parallel
to the »-axis, in this integration y being a constant. The result of
this integration 1s u general formula for the area of any such section.
Two such sections at the very small distance 8y apart will inclose
between them, under the surface and above the datum plane, a
volume equal to 8y multiphed by the area of the y-coustant section

at the middle of 8y. This volume is, therefore, { / d(ey)dr } . 8y,
and the whole volume under the surface and above the datum
plane therefore properly represents [ d(ry)dedy.  This geometric

conception is more easily grasped 1if the integration be taken
between limits

178. Connection between Problems concerning One Inde.
pendent Variable and those concerning Two Independent
Variables.—In an investigation concerning two mutually de-
pendent variables, such as those in Chapters 1. to VI1I., the two
variables may always be represented by the co-ordinates to a plane
curve. This curve may he looked on as a plane section of a
surface, the three co-ordinates to the points upon wluch are related
to each other by the more general kind of law Jealt with i this
chapter. Thus the former problems may always he conceived of
as the partial solutions of more general laws connecting three
variables with only one speafic relation between them. The
problems of Chapters 1. to VII. may thus be considered special
cases of morc general problems of the kind now dealt with, and
each of them might be deduced by specialising from a more general
theorem.

CIIAPTER IX.
MAXIMA AND MINIMA.

179, General Criterions.-—In fig. 1, at the parts C, K, H, K,
R 8, U, the /-gradient of % is zero. The poiuts C and K are
places where /i rises to a maximum, the maximun K heing greater
than the maximum C, but the phrase “maximum” bemng under-
stood to mean a value greater than any neighbouring value on
either side. E is a place where % falls to 4 minimum.
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Thus the gradient falls to zero wherever there is either a
maximum or a minmum value.

At the maxima points, C and K, the forward gradient passes
through zero by changing from positive to negative, that 1s, the
increase of the gradient is negative at these places

At the mimmum point E, the forward gradient changes from
negafive to posifive, so that its increase is positive.

Thus the criterion for distinguishing between a maximum and a
minimum 1s, that at the former the second gradient or second
differential coefficient is negative, while at a munimum point it is
positive.

1t is not always, however, necessary to find the sign of the
second gradient in order to make sure whether the point is a
maximum or a muumum. For instance, if it be known that at the
place where the first gradient is zero, the value of % is positive,
and if it be also known that at two points ncar and on either
side of this place the value of / becomes zero, or of any positively
less value than at this place of zero gradient, then evidently this
place gives a maximum,

At the place H, fig 1, the second gradient is zero, because to
the left of H it is negative, wlile to the right of H it is positive.
This case of zero second-gradient occurring along with zero first-
gradient is the limting case coming m between the two previous
ones, giving respectively maxima and minima ; and it gives neither
a maximum nor a mmumum. This neludes the case of the dead
level RS, where also both first and second gradients are zero.

Usually one’s general knowledge of the physical phenomenon
being investigated 15 sufficient, without need of evaluating the
second gradient, to indicate whether or not there is any such point
as H. That is, the practical man who thinks of what he is
working at, and does not follow blindly mere mathematical
formulas, runs substantially no risk of mistaking such a point as H
for either a maximum or & minimum point.

180. Symmetry.—I1n very many practical problems conditions
of symmetry show clearly where a maximum or minimum occurs
without the need of investigating either first or second gradient.
Thus, if a beam be symmetrically supported, symmetrically loaded,
and have a symmetrical varation of section on either side of a
certain point of 1ts length, which point is then properly called its
centre, then the hending moment and the deflection each reach a
maximum at this centre. Such considerations are to be utilised
wherever possible, and their use 1s sometimes more profitable in
practical result than the more strictly mathematical process.

181. Importance of Maxima in Practical work.—As examples
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of the utility of these theorems may be cited the finding of the
positions and magnitudes of maximum bending moments, of
maxmmum stresses, of maximum deflections, of maximum velocities,
of maximum accelerations of momentum, of the positions of rolling
load ou hridges to give maximum stress in any given member of
the bridge, cte., ete.  All these things are of special importance in
the practical theory of engineerng. In the jointing of pieces
together in machines and static structures, it is never possible to
obtain uniform siress over the various important sections of the
Jjoint. 1t is of the greatest mmportance to find the maximum
intensities of stress on such sections, because the safety of the
construction depends on the maximum, haidly ever upon the
average, stress  The average stress on the section is found by
dividing the whole load on the section by the whole area of the
section. Such average stresses are often very different from the
maximum stress, and no reliance ought to be placed upon them as
measures of strength and safety.

Another class of technical problems in which maxima pomts ate
of paramount nnportance is that in which two or more sets of
variable driving eftorts, or of variable resistances, are superimposed
in a machme. Thus a first approximation to the turning moment
on the crank shaft of a steam engme of one cylinder, makes this
moment vary as sina, where a is the angle at which the crank
stands from the dead peint  If there be two cylinders m which
the total steam pressures are Py and Py, constant throughout the
stroke, and the two cranks, keyed on the same shaft, stand apart
by an angle A, then « bemg the angle from dead pomnt of one
crank, (@+ A) is that of the other. A remains constant while a
varies. If S, and S, be the two strokes, the total turning moment
on the shaft is

HS P, sina+8,P, sin (u+A)}
2 | 2

which reaches a maximum when its a-gradient is zero; that s,
when
cosa _ §,P,
cos(a+A) 8P,

This ratio is minwus unity when S,1,=8,P;; and if, further,
A =90° then « = 45" at the maximum.

182. Connecting Rod Bending Moments - ~The connecting rod
of an engine 15 at each mstant hent by transverse accelerations
of momentum, which, taken per inch length, would increase
uniformly from zero at the crosshead to a certain amount at
the crank end if the section of the rod were uniform. The
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actual bending moments on the rod follow nearly the law due
to this distnbution of load, because the excess of weight in
each head 1s approximately contred at the point of support at
either end and, therefore, does not affect the hending moments.

If L. be the whole length ; 7 the length fo any scetion from the
crosshead ;  the transverse load per inch at the crank end: then

'_(;[ is the load per mech at l. On the section at /, therefore, the

{ wL /_'ml” _l_}
16 2L'3

The first /-gradient of this 1 zero at the point of maximum
moment ; that is, this point has a distance ¢ given by

bending moment is

wl,  wl?
—_ =0
6 21,

or

Inserting this value of 7 in the gencral value of the moment, we
find as the maximum moment
juli L wl®
6 'y3 L6x3J3
which may be compared with -0625«17, which is the central
moment in the case of the same total load, L« L heing umiorinly
distributed along the whole span. 1t 1s Yl L/, greater than this
latter, and 1ts position is 71/ of the span away from the cendre,
183. Position of Supports giving Minimum Value to the
Maximum Bending Moment on a Beam.—The following illustrates
how maxima of arithmetic, as distinguished fromn algebraic, quan-
tities may sometimes be found without use of a differential
cocefficient. 1f a beam, freely supported, overhang its supports
equally at the two ends, and be uniformly loaded ; then certain
positions for the supports will make the maximum moment less
than for any othier positions of these supports.
Let L and # per inch be the total length and the load, and {
the span between the supports The bending moment on the

~{ L1
section over each support is ., - 4 = t;( L-¢  The

=-06415wl?

central moment, taking it of opposite sign, is

E_Ij_l_ 'wL L ”Ll
T 5T =15



108 THE CALCULUS FOR ENGINEFRS

If this latter be negative, «.c., if / <}_‘2-, these two moments will he

of the same physical sign; that is, the beam will be bent convex
on its upper surface throughout its whole length, 1f / >-r(;—, a
certain central length will be concave on the upper surface, and
inside and outside this length the moments will he of opposite
sign. As/ is made larger, the magnitude of the central moment
becomes always larger and that of the moment at the supports
always smaller. Theicfore, neither has any algebraic maximum.
But when they are arthmetically equal, their common arithmetic
magnitnde is then less than the magnitude of the greater of the
two for any other span. So that, irrespective of sign, the mini
mum of the arthmetic magnitudes of the three maximum moments

is reached when
w 2 wL L\
8 (L_Q 27((1"5)

or [ v
L-!
/=-H858L and 5= 20711..

Inserting this value of / in erther formula for the moment we find
Central moment =imoment over each support = "02144ewL*

which is only 179 of the central mowment on the swme heam with
same load when supported at the two emds Tlus fact may be
regarded as the basis of the great economy of the modern “canti-
lever ” style of bridge building,.

184 Position of Rolling Load for Maximum Moment and for
Maximum Shear.—The next example shows how reasoning about
increments, instead of dilferential coefficients, may be used to find
maximum values.

The bending moment produced by a lead on any section of a
girder, supported freely at its ends, 15 of the same sign wherever
the load be placed within the span. Therefore the moment on
each and every section produced by a umiform rolling load reacles
a maximum when the load covers the whole span.

The right-handed ntegral shear stress on each section equals the
supporting force at the left-hand support, menns the load applied
between this support and the section.  Therefore, any load applied
right of the section mcreases this shear stress, because 1t mereases
the left supporting force and leaves unaltered the load between it
and the section, But a load apphed left of the section decreases
the same stress, because 1t increases the left supporting force less
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than 1t increases the load between it and the section. Therefors
the mght-handed shear stress on any section due to a umform
rolling load reaches a maximum when the load covers the whole
of that part of the span to the right of the section, but covers none
o the left of it. The left-handed shear stress reaches 1ts maximum
when the part 'oft of the section is covered. The anthmetic
maximum of the stress is reached when the larger of the two
segments into which the section divides the span is covered while
the shorter is empty.
185. Most Economical Shape for I Girder Section.-- The
economic proportioning of sections is illustrated by the following.
Let M be the bending moment strength of an I girder, whose
depth is H outside the flanges and % inside them, and whose flange
breadth is B and web thickness D,
Let the area of 1ts cross-section be called S.
Then the moment strength per square inch of section may easily
be shown to be
M & IB-(1-w)?
S8 6H H-(1-w)h -~

If H and % be increased in the same proportion, this ]g will

)
increase in proportion to the first power of either of them, large
sections bemng always stronger and sfiffer per square inch than
small ones. 1t also increases if H is increased without alteration

M . .
of /. fs— also increases as w is decreased towards zero, the web

section contributing to the moment strength less than the flange
section and, therefore, less than the average for the whole section.
1f, however, the web thickness be supposed fixed in accordance
with the requirements of shear strength, and if / be diminished
while H 1s unaltered, thereby thickening the flanges wnfernally,
this flange thickeming will, up to a certain hmit, increase the
economy of the section, beyond which a further thickening will

deciease it again. The A-gradient of I—:[ is

k=301 —w)h*{H - (1 —w)h} + (1 - w){H® - (1 - w)h®}
6H" {H-(1-w}2 :
If this be equated to zero, there results

21-u)(g) -8 () +1=0.

This is a cubic equation giving the most economical depth inside
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the flanges when that outside the flanges, as also the ratio « of
web thickness to flange width, are fixed by other considerations.
This ratio hetween /# and H essentially depends on e, if w=0,
giving zero thickness to the web, the above cquation gives /1 =H,
2.0, gives zoro thickness to the flange also, or the whole section
shrinks to zero area.  When w= -5, it gives /)1 =-6527. A useful
exercise {or the engineerig student 1s to solve this equation for values
of w ranging up to ‘5. The solution can he very easily effected
by the method of solving for @ taking a series of values of /H
ranging from 1 down to *6 ; tabulating these graphicully as a curve ,
and then reading from the curve the &/H for any desired values of w.*

186. Most Economical Proportions for a Warren Girder.—
The economic proportioning of general dimensions is the subject of
the next oxample.

If a Warren girder of height H, and length of bay B, have the
bay width B made up of # the horizontal projection of a tic-brace
and (B - #) the honizoutal projection of a strut brace; then the
weight of material G requred to give the structure strength to carry
the desived load, exclusive of that spent in jomnting the various
members togethier, may be expressed by a formula of six terms
involving, besides H, B and ), also the span, the load, the stresses
allowed on the sections, and four numerical coefticients which do
not vary with the H nor with the span or load nor with the ratio
b
B
may he appled to any pattern of lattice girder by suitably adjusting
the numerical coefficients.

Four terms of this weight decrease as H increases, while two
increase. A certain girder depth H will, thercfore, bhe most
economical in expenditure ot material. Assuming everything but
H to remain constant, and equating the H-gradient of the above
to zero, there 15 obtained the best girder depth.

Again, the girder weight contains two terms increasing with B

and vary very little with the number of bays. The same formula

and two others decreasing with B. Assuming the ratio IIS‘ and all

other quantities except B to be kept unaltered and equating the
B-gradient of G to zero, we obtain a formula for the most eco-
nomical bay width for given span and height, which gives also
indirectly the best number of bays to insert in the given span.
This formula cannot, however, be precisely followed, because the
number of bays must necessarily be a whole number while the
equation gives in general a fractional number,

The girder weight also varies with 4 in two terms, one of which

* See Appendix H.
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increases while the other decreases with 5. Considering every-
thing but b as fixed, and putting the /-gradient equal to zero, a
rule 1s found for proportioning the length of the ties to that of the
struts,

These results are not formulated here because to guard against
their incorrect application requires rather more explanation of
special bridge-building detail than 1s smtable to this treatise.

187. Minimum Sum of Annual Charge on Prime Cost and of
Working Cost.—Very many techmeal problems are, or ought
to Le, solved by reducing to a mimmum the sum of two main
costs : first, the imtial cost of construction and other necessary
preliminary expenses; second, the cost of working, mamtenance,
and repair. These can only he added when reduced to terms
rationally comparable, and this s usually done by redneimmg both
to an annual cost ov charge. Interest on all nutial expenses,
including prime cost of actual construction, is to be added to an
annual charge to provide for a smkmg fund to reproduce the
capital after a period within which 1t 1s estimated that the plant
will become useless from being worn out, or having hecome obsolete
—which annual charge 1s often referved to as ¢ depreciation ”-—
and this forms the first part of the whole cost.  The second part
consists of wages, materials used up in working, power for driving,
etc. 1f the untial expendibure be skilfully and wisely spent, 1ts
increase nearly always, witlnn limits, deercases the working ox-
penses. It follows that in most 1f not all cases a certam mitial
expenditure 1s that that will make the total annual cost a mni
mum. Thus the adoption of a larger ratio of expansion 1 u steam
engine will, within certain limits, dimimsh the consumption of
water and of coal required to produce any requred horse-power;
but 1t will necessitate o larger and more expensive cngine for this
same horse-power, which will be, moreover, more costly to keep in
good working order , and this 15 the real consideration which ought
to determme the commercially most economic cut-off 1 steam
engines. Lord Kelvin's calculation of the Dhest cross-sectional
area of electrical leads is another example of this kind of
problem.

188, Most Economical Size for Water Pipes.—The following
18 & similar example directed to the caleulation of the most economic
diameter of wator pipes, first published by the author m 1888,

If a given weight or volume of water 1s to be delivered per hour
at a certain station at a certain pressure, this means the same thing
as delivering so much water horse-power at this station. Let this
horse-power be called H, and the pressure demanded at the poing
of delivery p . let L be the distance from the pumpiug or gravity-
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power station, and d he the internal diameter of the pipe. Then

the loss of power in transmission, through friction and viscosity

(exclusive of loss al bends and valves), can be shown to he nearly
3

al—‘;{_, where a 1s a numerical coefficient dependent on the smooth-

YA

ness of the inside surface of the pipe and on the shape of cross

section. 1If ¢ be the cost per hour of generating 1 horse-power,

and if the delivery be continued for T hours per year; then the

cost of this waste horse-power per year is

LH*
([T(l . p’s{ l5 .

The prime cost of pipes and pipe-laying (including trenching)
may be taken as the sum of two terms, the first proportional to
the length L, and independent of the size of pipe; the second
proportional to the quantity of metal in the pipe. The thickness

of pipe requires to be designed according to the formula ( A +}]—;—])

where A and B are constants. The part of the initial cost which
varies with the diameter will, therefore, give an annual cost in
interest and depreciation of
II
rLa(A+ %
where 7 is a factor dependent on (1) the price of iron: (2) the
nature of the ground to be trenched; and (3) the prevailing rate

of interest on money.
That part of the total annual cost which varies with the size of

the pipe 1s, therefore,
LE? D
qTa]—)W + ’l‘Ld(A + B—-d> .

Equate the d-gradient of this to zero; the result is
8
(a+2Bh—s5. 227 (M)
B r P
an equation for the determination of &, which, although of the

7th degree, is very easily solved with the help of Darlow’s Tables
of powers. Other things being equal, it makes the diameter vary

according to a power of p lying between % and $.*

* After demonstrating this law, the author incidentally discovered that



MAXIMA AND MINIMA 113

189. Maximum Economy Problems in Electric Transmission
of Energy.—Calculations of maxima enter into many important
problems in electric engmeermg.  Let an electric eurrent generator
exert an K.M F. equal to E, and that part of the electric resistance
of the circmit under the control of the supply comnpany be R,
while the rest of the circuit has a resistance . Then the current 1s

)

Ri if there be no counter EXM.F. The electric work per second
r

2
in the external resistance 7 is (RL . If it be desired to make
this as great as possible by adjusting » without alteration in either
E or R we find the s-gradient of this external work to be zero

when =R, and the extornal work is then 2'-‘, the whole work

being double this.

If there be an external counter E.M.F. equal to ¢, the current is
(D; €) and the work done on the counter E.M.F. is (Pﬁ-_-_l-_‘-?‘f . This
work continuously decrcases as either r or R is increased without
change in Eore. TfE, R, and r be fixed while e is adjustable,

the e-gradient of this work is E-_—?—e, which becomes zero when

R+4r

e=3E, giving the maximum work that can be done on e under

these conditions equal to and the efficiency I; equal to 4.

IOy
4R +7)
This gives maximum motor work under the preseribed conditions,
not maxim um efliciency

In the early days of attempted transmission of power by electric
current, it was helieved by many that this showed that no higher
efficiency than } could be reached in such transmission. This mis-
apprehension was acted upon practically by electricians of good
reputation, and retarded progress in this branch of engineering.

a e o . . e .
The efficiency of the transmission ig Sk and this can be made

nearly unity by making e nearly equal to E. By so doing, the
excess of driving over driven E.M.F., namely (E - ¢), is diminished,
and the current and horse-power delivered are diminished unless the
decrease so effected be neutralised by mncrease in e, and, therefore,
also in K, or by decrease in R++.  With small resistances, how-

an old established firm of water engincers had empirically framed a rule
which was neatly 1dentical with the above,

H
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ever, combined with high voltages, large horse-powers can he
transmitted with high electric efficiency. The necessary voltages
and resistances required to deliver any required horse-power with
any given efficiency are easy to calculate, but the caleulations do
not Hlustrate the subject of this chapter.

A large number of electric transmission calculations of values
giving maximum economy, ete., under various conditions, may
be found in a series of articles by the author in Industries,
1889.*

190. Maxima of Function of Two Independent Variables.—
If o funetion of two independent variables be represented by the
height of a surface with the two variables as horizontal co-ordinates,
then any plane vertical section will give a curve which will rise to
maximum height or fall to minimum height where the partial first
gradient is zero, and the partial second gradient 1s not zero, If
two such sections cross each other at a surface point where the
partial tivst gradients are zero m both sections, then the surface is
level throughout a small extent all round the mntersection point.
There are six cases to be distinguished.

(1) The partial second gradient is positive in both sections ; then
the pomt 1s at the bottom of a hollow in the surface, all
neighbouring points being higher, so that the value of
the funetion represented by the height 1< here a minimum.

(2) The partial second gradients i the twe seetions are both
negative, then the pomt s at the top of a convexity or
globular part of the surface, all neighbouring points being
lower ; so that the value of the height function 1s here a
maximum.

(3) The one partial second gradient is positive, while the other
is negative. Here the surface is antichnal, or saddle-
shaped ; 1t is hollow 1 one direction, and round in the
other. This gives neither mmimum nor maximum value
to the height function. :

(4) The one partial second gradient is positive, while the other
iw zero, passing from positive to negative. Here the
part of the surface 1s the junction hetween a hollow
portion lying on one side of a vertical plane and an
anticlinal portion lying on the other side of the same;
and the height function is again at neither maximum nor

minimum value. . )
(5) The one may be negative, while, as in (4), the other is zero.

* Also many other problems dealing with modern conditions are solved in
Chap. ITT , on ‘‘ Keonomic Deductions fiom Statisties and Technical Condi-
tions,” 1n the author’s Electric Traction, published 1905.
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There is here indicated the junction hetween a round
portion and an anticlinal portion; and agam neither
maximum nor minimmum ocecurs here.

(6) Agam both may be zero. 1llere two semi-anticlinal surfaces
join together, and the point gives neither maximum nor
minimum.

The first two cases alone are important as regards finding maxi-
mum and minimum values. Tn these cases hoth first gradients are
zero, and the second gradients are of the same sign.  To find the
maximum or mimmnm values of a function of two independent
variables, the process is to equate the two partial first gradients
to zero, and combine these two equations as simultaneous ones,
Afterwards the second gradients should be exanuned as to sign if
the physical character of the problem is not so plain as to make
this unnecessary.

191. Most Economic Location of Junction of Three Branch
Railways.—As an illustration of this process, take an elementary
problem in the theory of railway location. Three centres of traflic
are supposed situated in a plam across which the construction of
tho railway is equally easy in all directions. The three centres
are to be joined by three branch lines radiating from a junction,
the finding of the best position for which junction 1s the problem
proposed. The traffic issuing from and entering each centre is
the sum of the two traffics between 1t and the other two (inclusive
possibly of traffic gomg #hrouyh these to more distant points).
The importance of the three traffics to and from the three centres
being properly measured, and bemng here symbolised by A, B, and
C; and the distances of the three centres from the junction being
called @, b, ¢; the correct solution of this problem means the
loaation of the junction so as to give a minimumn value to

Aa+Bb+Ce

A, B, C being given, while a, b, ¢ are to be found.

Referring to the notation of fig. 29, in which the distance
between the pomnts of traflic A and C is called L, and the projec-
tion on L of the distance between the pomnts of traffic A and B 1s
called A, while the projection of the same perpendicular to L. is
called 11 ; the problem may be conveniently stated to be to find
the co-ordinates / and / of the best junction.

‘We have with thus notation

a={C+1W  b={(A-D2+(H-R2} o= (L-D2+M2)

The two partial / and /i gradients of (Aa+ B/ +Cr) are taken;
thus
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Therefore equating hoth partial gradients to zero, we obtain the
simultaneous equations

A cosa—-BecosB+C cos-y——-O}
A sina—-B sinB+Csiny=0{"

Eliminating the terms in B hy cross-multiplication, and again
similarly eliminating the terms in C, there are obtained the two

ratios
A _sin(y-B) sm(180°+B-7v)

C sin(B-a) sin(I80°+a-p)

A si_n_(-y -B) x-_xi_n_(180° +B-v)

and

B sin(y-a)  sin(y—a)

By reference to the figure it will be seen that the three angles
entering into these ratios, namely, (180°+8-7y), (180°+a-p),
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and (y - ), are the three angles between » and ¢, @ and b, ¢ and a.
Since the sides of a triangle are proportional to the sines of the
opposite angles, it follows immediately that these three angles

A A

Ii\c, ab, and ra, to which the three branches are to be adjusted, are
the exterior angles of a triangle whose sides are made equal (to
any convenient scale) to A, C, and B. By constructing this
trmangle these angles can be found, and by drawing upon two of
the lmes joming two pairs of centres of traffic two ares of circles
tontaining these angles, the proper junction is located as the inter-
section of these arcs.

This result may he perceived more direetly by noticing that the
two partial gradients to be equated to zero are, one the sum of the
projections on T, and the other the sum of the projections on I,
of A, B, C, measured along the hnes a, b, ¢, outwards from the
junction.  Other maximum problems of techmeal interest are
solved in Appendices 1., K., L.

CHAPTER X.
INTEGRATION OF DIFFERENTIAL EQUATIONS.

192. Explicit and Implicit Relations between Gradients and
Variables.—The utility of the art of integration arises from the
fact that in the investigation of phenomena it often happens that
the discovery of the ratio between simultaneous increments (or
gradient) of mutually related quantities is effected more easily by
direct observation than is the discovery of the main complete
relation between these same quantities. This complete relation is
then logically deduced by the help of mtegration, combined with
the further observation of special or “limiting” values. The
complete relation being less general than the differential relation,
there appears in it an “arbitrary constant” whose value is not
given by the differential relation, and which value must be dis-
covered by examination of the ‘limiting conditions.” The
differential relation applies equally well to a whole *family” of
integral relations which differ among themselves in respect of
these limiting conditions.

If, when the differential relation is expressed as an equation, the
gradient can be placed alone on one side of the equation, while on
the other appears a function of one only of the mutually dependent
variables ; then, in order to establish the integral relation, nothing
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more has to be done than to integrate this latter function directly
according to one or other of the methods explained in previous
chapters, or given in the appended Classified Reference List of
Integrals.  This 1s the case of tho gradient being expressed as an
explicit function of one of the variables.

If, however, the differential equation nvolve the gradient and
both variables i such a way that the above simple separation does
not appear ; that is, 1f the gradient appear as an implicit function
of the variables; then either the implicitness of the relation must
be got rid of hy some algebraic process, or else a special method
of integration must be employed. Tlus process is called the
“golution ” of the differential equation,

193. Degree and Order of an Equation. Nomenclature.—An
ordinary algebraic equation is said to be of the ™ power or degree
when it involves the n™ power of the “unknown ” quantity or of
either of the “variables.” 1In a differential equation, the gradients
being the quantities to be got rid of by integration, the equation is
said to be of the »* degree when the »™ power of the highest
oceurring gradient is involved in it.

If 1t involve a second gradient (%jz)’ 1t is said to be of the
second order. If it involve an n™ gradient, it is said to be of the
n** order.

The integral relation deduced from the differential equation may
be called the integral equation, but 1s also called the primitive
equation,

In what follows X’ will mean % ;
(Lr
on ) df(X AAXY L en AAX
and f(+)= (I(J:) 37 (X)E{?‘(}_C) - not - ((i.l: ); X )E_(Z(X’)'

194. X' =f(x). .

The form of differential equation simplest to integrate is the
explicit relation,

X’ ==f(.:')
where /() is a function mvolving the variable « alone, and not X.
This is equivalent to
dX = f(a)dx

and if /() is integrable by help of any of the formulas in the
Reference List, the integration can be effected at once; thus:—

X = [ f@)dz+C

where C is the constant of integration.
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195, X'=/(X).

Agan, 1f X' =/(X)
where f(X) involves X only and not «, then
X
— = (14
J(X)

and direct integration of ’] , if it be possible by one of the formulas

in the Reference Last, gives the mtegral relation betwoen X and «

JdX <
/./(X)=J + 0.

As an example, if A(X)= X, then log X=ur+C.
As another example, if /(X) =sin X, then log tun

196. X' = /(n)F(X)
Again, if the differential relation be found in the form

X' = fR(X)

where j(r) is a tunction involving . and not X,

e

S =wr+C.

.

N

L

W]llle F(X) ” IT) k i3] x5
then
dX .
i“—(X) = f{r)de
and
dX .
)~ /:/(J')/l.l' +C

which gives the mtogral solution if hoth these integrals can be
found directly.
As an example, take
X'=cos.x sin X ;
thLen

'

, =sinu+C.
-

log, tan
The case of § 195 is only a special case of the more general
method of the present article, namely, the case in which f(w)=1;
while that of § 194 is the other speciul case in which F(X)=1.
In all these cases X’ has been found as a function of . and X
in a form in which X', z, and X can be completely separated as
distinet terms or factors in the equation.
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197, «=/(X").
Suppose now that a certain function of the gradient X' is found
to equal ar; thus,
x=f(X').

This equation may he capable of easy #lgehraie solution so as to
give X' as an exphat function of », thus,

X' = /()

where /() means the function that 1s the inverse of /(). It
must be noted that sueh a solution ha~ in general more than one
root. Thus, 1f /(X') be a quadratic rational function of X', there
are two roots. Tlus solution can tvhen be dealt with by § 194;
thus,

X =/f‘1(.r)fl;r+ C

provided the funetion / '()) turns out to be directly mbegrable.
This method, however, may be impracticable, or else may involve
more labour than the followmg.
Take the X-gradient of

r=J(X)
de 1 X!
x=x = Xx

from which we deduce by transposition
1

dX =X'7"(X") X’
and

X = [X:f'(X')JX' +C.

Here [ X7 (X)X 1s the same function.of X’ as [ £ (e would

be of »: and if «f'(x) is directly integrable by d.r, the above can
be directly found as a function of X'. Let this function be called
¢(X’), and suppose 1t expressed in terms of X'. Then from the
two simultancous equations, of which the first is the original
differential equation,

) L

and X=¢(X)+C

X’ can he eliminated so as to leave an equation involving only x
and X. This is the mtegral solution of the given differential
equation.



INTEGRATION OF DIFFERENTIAL EQUATIONS. 121

As an example let
x=sin X',
Then
S (X)=cos X
and
/X' cos N'o/X'=X'sin X'+ cos X’

—eX 4 (1= a?)t = wsin~ e+ (1 - )5
Therefore
X =asin~Lle+ (1 - wﬁ)i +C.

The same result 1s obtamned by solving the gven differential
cquation for X', viz., thus X'=sm~le, and integrating directly
from this.

198, X =7£(X").

If the implicit relation 15 found in the form

X =/(X)

either the algebraic solution of this for X' may be obtained, whence

the integration
dX

X
or clse a method similar to that of last paragraph may be followed.
Thus, taking the w-gradient,

X'=f/(X)

=x+C;

axX’
41:6 ’
whence

Z—%Z)JX’ =gy $(X)=u+C

this integration by «X’ involving X' only, and giving some function
of X', which is here symbolised by ¢$(X’).
From the two simultaneous equations

X=A(X))
24+ C=¢(X') (

X' is to be eliminated hy ordinary algebraic means, leaving the
integral equation involving only « and X.

199, mX =X". 1
A particular case of the last is that of f(X')= ;X'- Here

and

»
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X< Iy LiiX
i m dz
or
i 14X
=X

the integration of which gives dircetly
1 -
x= m 10{.',, (C‘\) .

In fact, in this case the differential formula of § 198 reduces to
that of § 195, and 1s the first of the two examples of the result of
§ 195 given in that paragraph

200. X =./(X").

A dufferential formula only slightly different from that of § 198,
and to be dealt with in the same general mauner, 1s

X =f(X).
Taking the .«-gradients of both sides,
r_ ! W AN X’
X! = AX) 4 ()
from which
(X ,_de
X x) &=,
and therefore

’ 'XI , ,
[X',/F’(})(;)tlx =say ¢(X')=log (Cx).

From the two simultaneous equations

X=xf(X')}

log (C.r) = ¢(X’)
X' is to be ecliminated algebraically so as to leave the integral
equation hetween & and X.
201, X =nrX',
A particular case of the last formula, which 1s also at the same
time a particular case of § 196, is

JX)=nX'

and

.

or
X =nxX’
or
dX ldr

X“nz
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whence by direct integration of each sidoe
1
X=Cut"-
202, X = +.X"+£A(X).
If the dufferential equation be of the more involved form

X =X +7(X),

hy taking the rgradients on both sides, there s obtained, X'
cancelling out from the two sides,

0= L +/(X)}X"
This equation has two solutivns.  The first is

x!l — 0
whence

X'=C, and X = C,r +C,

=Cpr+/(C)
since X =X’ +/(X') and X'=C,. This is a partial integration
of the given differential equation.
The other solution is
r+f'(X)=0 }

X =aX’ +f(X')

treated as simultaneous equations, X' may be algebraically eluni-
nated, leaving an equation giving X in terms of . erther exphatly
or implicitly. Let this equation be symbolised by ¢(r,X)=0.
This ¢(r,X)=0 is a second partial solution of the given differen-
tial equation.

The combination of these two partial solutions gives the complete
solution in 1ts most general form, which, in application to whatever
physical problem may be in hand, must be particularised by the
insertion of the *limiting conditions.,” These linting conditions
sometimes exclude one of the ‘“partial” solutions as impossible,
leaving the other partial solution as the full true solution of the
particular physical problem in hand.

The solution of a more gencrahised form of this differential
equation is given in § 210, the method of solution depending on
that of § 208.

A form differing from the last only in the sign of £X' is

X +aX' =7fX").
Here X + X’ is the w-gradient of «X.

From this and
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Therefore, the integration gives

7X = [ (X)de = &) xe,
. X
and, if X" be expressible in terms of X’ alone and the function
/—(;({,,) be integrable by dX', this integration will give an equation

between @, X, and X', between which and the onginal equation, X'
may be algebratcally eliminated, leaving one mnvolving only £ and X,

203. Homogeneous Rational Functions. —If the relation
between », X, and X' be found 1n the form

(@™ + b X 4 e 2 X2 4 )X = A 4 B X 4 Cu™ 2K 2 -

where the (r,X) functions on the two sides are both ‘homeo-
geneous ” of the m™ degree, that 1s, where each consists of a series
of products of powers of « and X, the sum of the two indices in
each term being m ; then by dividing each side by #", this may be

converted mto an equation in =,
x

Call ?E.ﬂi, or X=2%; therefore X'= X +2.X".

Dividing by «", the differential equation hecomes
(a+bX+cX¥+---) (X +2X)=A+BX+CX>+----.
From this is easily deduced

dr_ a+0X+eX2+-------
z A+(B-a)X+C-0)X+----- ’

Tho ntegral of the left side is log.c. Therefore, if that on the
right is directly integrable * to a function of ¥, say ¢(.’€)z¢(g);

then the equation
logr+GC= ¢(i—{)

gives the desired integral relation between .« and X.
A convenient shorthand symbol for such a homogeneous (z, X) -
function of the ™ degree is f(#™ ", X"). The two such functions

* See Classified Last, III. A. 19.
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may be called /(+™~", X") and F(«"~’, X’). The given differential
equation may then be written
X, X7 = F(am=, X7).
Dividing f(#™,X') by +™ we obtain the same function of 1 and
X as f@" ", X") is of « and X. The quotient may, therefore, be
written (177, ¥"), and similarly that of F(x™ ', X’) by & muy be
written F(1™7, X7).
The integral equation then appears as
A%
logz+C= | F(1"', X) i'
o j‘(lm r' ‘x'r) *
204. Homogeneous Rational Functions.—The last form is a
particular case of a more general one nvolving the first power of
X’ only, and the ratio only of X to.r. Call this ratio X as in last

article, so that as hefore X'= % +xX". The present more goneral
form of differential equation may be written

X' =/(X)=X+o¥
where f( ) indicates any form of function.
Therefore

y D-%
z
or
f!:_l:__ ) ax
z AX)-X°

The integral solution of this, namely,

%X

X-X

gives z in terms of x-:i—(, and therefore gives X also in terms of «.
205, X=qf(X).

A form of differential equation of cognate inverse character is
that solved 1n § 200, naumely,

X=4/(X")

logx+0-——f7(

or
X =/(X") whereX = );( .

One solution of this is given in § 200. Otherwise, it may possibly
be more easily solved algebraically so as to give X' explicitly in
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terms of X. Tet /7)() denote the inverse of the function f()
Then this algebraic solution would appear as
]

X'=7Y(X)
of which, according to last article, the integral solution is

X
lor.'+C=/' O
BT - %
206. X'=(Ar+BX +C)+(ar+ X +¢).
A differential equation bearing a resemblance to that of § 203 is

(ar+ X +)X'=Ar+DBX +C.

If the two constants ¢ and C did not appear, then by dividing by
», cach (#,X) function would be converted into one involving the
ratio only of the two variables. But ¢ and G can be got md of by
sthufting parallelly the axes of co-ordinates from which . and X are
measured, which change does not atfect X’. If 7 and X be the
new co-ordinates, then 1t is easily shown that the axes must be
shifted so as to make

- Be -0 G + Ca-cA
w=ua - Al)-—_(,i_l_)) and X=X - Al"‘_ ;ll;-
Then, since J{{( :’;3\ =X/, hy dividing out by ., there results an
urs aus

equation of the form dealt with in § 203.

207. Particular case, B= -a,

If in the equation of last article B= -, then the two terms
with the common factor @ combine to make the complete inerement
of £X. Thus the equation then reduces to

(X + e)dX + (Xl + 0dX) = (Aw + C)d
the wtegration of which gives
X2+ X +arX -JA2-Cr+K=0
in which K stands for the integration constant.

208 X'+X X' =FE.

Let X’ and E be given functions of «, of which X’ is a function
whose integral by <.« can be directly found, namely X. Then, if
the differential equation between X, X', and .« be found to be

X' +XX'=E;
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this can be solved by the device of multiplying by what is called
an ““ integrating factor,” which means a factor which converts hoth
sidos of the equation mto directly integrable funetions. The factor
which does this in the present case 1s 0¥, where X is the integral
of the given function X’ and ¢ is the base of the natural logarithmic
system. Since the .-gradient of ¢¥ is e ¥ X", that of Xe? 1 X'eI+
XA&»%  Thercfore, multiplying both sides of the differential
equation by e¥ and integrating, there is obtained the integral
equation

XeT= [Eef(l.n+ C.

This formula is of practical use only when Ee? is a funetion which
can be integrated erther directly or by help of some transformation,
209. X'+ XX =X"E.
This process may be followed in solving the differential equation
X'+XX=X"E

because X"E is a function of . and wmay be inserted in place of
2 in the ahove solution. Another solution, however, is obtained
by diviiing each side by X" and multiplymg by the mtegrating
fagtor (1 - n)c® "4, The a-gradient of X'o*¥ 19
(X + X X)X ¥
so that, taking s =1, the .~~gradient of X'~ 4 1s (X" + X X)X/, re' %,
The first factor here 1s identical with the left-hand side of the
differential equation of this article when cach side is divided by
X*1f r=1-mnTherefore the miegration gives

X-mel-mE — (1 — ) / ot m¥Je1C.

Provided Ec¢®-"% be integrable, this formula will be of practical

use,

210, X =u«F(X")+AX").

The following cquation is generalised from that of § 202 by
inserting the general function F(X’) of the w-gradient of X, in
place of the special simple function X',

X =rFX)+/1X").
Taking the x-gradient of each side,
XI=F('XI) + {.’.‘I’ﬂl(xl) +.fI(XI)}

Transposing this,

ax’
du”
ds _ FX) __S(X)

X TTXLFX)TX SR
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This is of the same form as that of § 208 with the substitutions

2 in place of X

X’ EX) X [X) x*
) F(X") 3
X-FxH» v -
and
7(X) -

‘X/—_: F(X’) ” ” ”»
Therefore, if we use the shorthand symhol

XD
xfor -fX,__ F(x,) llX

so that X is a function of X' only; and further use

= 7(X)
E for X FX)

another function of X’ only ; the integration gives
xed = [Eef(lX'+C ,

which, if Ee¥ be directly integrable by X', gives an algebraic
equation between # and X'. Combining ths with the original
equation as simultaneous, the algebraic elimination of X’ gives the
desired integral equation involving only « and X.

211 General ¥quation of 1st Order of any Degree.—The pre-
ceding differential equations contain X' in the first power only.
The general equation of the first order and of any degrce may be
expressed thus:—

X’” + 'x "IX'"_I + ~*‘n«-‘.’}(j""2 +---- :" xylxl + *’0 = 0

where X,_, X..--- X, are n different functions involving both
«# and X, and » is the degree of the equation. If possible this
should first be solved for X’ algebraically in terms of z and X.
There will be n solutions giving n values of X' which may be
symbolised by X', X, ----X', X', each of these values of X'
being expressed in terms of x and X. This reduces the above
equation of the n™ degree to an equivalent series of » linear or
first-degree equations; for instance the first of this series is

X -X,=0
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where X', is a function, supposed now to be known, of r and X.
Integrate each such lincar equation if possible, by one of the
methods already given. Let the integral solutions be here
symbolised by

du(2, X, C)=0; ¢, 4(x, X, C)=0; etc., etc.

Then the general solution, that is, the equation which includes all
these various solutions, is either

(2, X, C) * bps(r, X, C) ----- éy(r, X, C) (e, X,C)=0

or some other algebraically legitimate combination of these

solutions.
212, Quadratic Equation of First Order.—Applying the result
of last article to the equation of the second degree, namely,

X*+X'X+E=0.
The algebraic solution of this for X' in terms of X and E is

X' = —%‘ez:l, JX 4B,

The two integral solutions are, therefore,

X+%f,3,edx-§f~/3€?“—‘45(.r+0=o
and

xw[,gamg/ JA 4=+ C=0.

As an easy example, take the differential equation
contr

X%+ X'sing - - 4 =0,

Therefore, ./ X - 45 = /sin’c + cos’z =1 ; and the twointegral solu-
tionrs are

and

X=4(cosz-2)+C }

X=4(cosz+x)+C.

218. Equation of Second Order with One Variable Absent,—
In differential equations of the second order with only one
independent variable, there may appear powers, trigonometrical, or
any other kind of functions of all the four quantities

X", X, Xand «,
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Now X” may be expressed in terms of X’ and either z or X by
means of the substitutions

ax’

X'= de (@)
,AX!
=X IX ®).

Therefore, if in any second-order differential equation X does not
appear, 1t may be transformed by help of the substitution (a) so as
to make X" also disappear, leaving only
dX’
e’
This is an equation of the first order hetween X’ and o, and may
be solved by methods already explained so as to give X' as a

X'and x.

function of <z.«'., so as to eliminate fi—l}-(—) . This again is a first-
dr

order equation between X and «, and by a second similar solution
we may pass to the integral equation between X and 2.

On the other hand, if «» does not appear in any second-order
cquation, 16 may be reduced by the substitution {(4), so that 1t will
involve only

dX’
dxX’

This is an equation of the first order again between X' and X,
whose solution gives an equation between X’ and X not involving
%;z—, and from this again by a second integration, the desired
integral relation between X and x may result.*

214. Second Order Linear Equation.—The linear, or 1st degree,
equation of the sccond order appears in a very general form as

X"+ X'fla) + XF(x) = () ,

where 7, ¥ and ¢ are any forms of function.

Provided this equation can be solved when ¢(x)=0; then also,
when ¢(.r) is any function, it may be reduced to an equation of
the 1st order. Thus, let & be a function of x which would be a
solution if ¢(x) were zero ; that is, let

B+ Ef(z) + EF(x) =0.
* See Reference List, XI. C. 5.

X" and X,
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Give the name X to the ratio of X, the true solution of the given
equation, to & ; that is, let

= XE;
= ¥E+ X5
an x/r5+2~¥ual+xan.

Therefore, inserting these substitutions in the orviginal equation, it
becomes

XE+ X258 + 5} + N{E"+ Ef(«) + EF ()} — ().

But the bracketed factor of the third term is zero; so that the
transformed equation hecomes

XE+ X{2E + B/} = le).

The supposition is that 5 has heen found ; from which &’ can also
be found in teims of . This last form of the equation therefore
contains only known functions of « besides X” and X'. Now X"
is the first «-gratient of X’; and this is therefore a 1st order
linear equation as between X’ and .+ Thus, if any of the alveady
explained, or any other, method of integrating 1lst order linear
equations be applcable, then ¥’ can be found as an explicit or
implieit funetion of », thus giving another Ist order equation
vetween X and v, By a second integration by one of these same
methods, X may then be fonnd as a function of x; and finally
X = XE can be ohtamed as the desired solution,*

215, X"+ aX'+0X =0.

The equation determining E in § 214 is soluble or not according
to the particular forms of the functions f() and F(): at any rate
no reduction of the equation has yet been discovered showing,
independently of the forms of f() and (), how it may be solved.

One simple case is that in which these functions are hoth
constants. Let fle)=a and F(r)=h, a and b being both con-
stants. The equation is then, using X instead of E,

X"+aX'+0X =0.
Using the substitution (5) of § 213, this becomes

dX"\,
( dX>X+bX 0.

Then

and

_This may be written
* See Reference List, X1, C. 7,
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dX <bX +a)

ax T T\X
which is soluble by the method of § 204 ; or it may be writben
, X
dX

which is soluble by § 200.

By either method the solution is obtained which is printed in
the Classified Reference List, at XI1. C. 3.

216. X" +aX'+ 10X = ().

In this simple casc of f(z)=a and F(z)=10, the more general
equation of § 214 becomes

X" +aX' + X =¢(x);

and its reduced form, when divided out by H, hecomes
=4 9
X'+ 36«{ 2% +a } =1’§f}.

By § 215 both E and E’ are known functions of 2; and, therefore,
this equation is of the form given in § 208, and can be ntegrated
so as to give X, provided the function 22_ + a} can be in-

tegrated by de. Thisis integrable because it is found that

= 1 _ 1 _]
2—;,: =—a+./a-4b 1+ I_;_e'z\/m 1+ écwa—.v:mj' when o? > 4b
A B
- —a—Jmtan{gJ4_—b—a2+C'} when a?< 4b.%

217. X = flx). .
If the n® z-gradient of X be called X", and the process of
repeating the integration of a function = times be symbolised by

)
f ; then, if the differential equation of the n‘™ order be
X = f(z)

i\ has already been shown in § 154 that the integral equation
between X and « is

X= f @) + Cpyt™ + g2 4 -+ G + Gy ¥

* See Reference List, XI. C. 6snd 8. 1 See Reference List, X1. D 3
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218. X" =f(X): X" =4X,
If the equation of the 2™ order be
X" =fX)

it is integrable only in particular cases. Thus in § 153 is given
the case
X® =X

where £ is any number + or —. Let & be any number, and let
T be the “modulus” of thie system of logarithms of which the
base is . Take 8=Ti"". Then a solution of the above equation is

X =08 orlog,X = B.r.
If b be taken cqual to e, the base of natural logarithms, then T =1,
and the solution 1s
log X =4,

If decimal logarithms be used, or 4=10; then T =434, and

log,, X =434k,
Again in § 153 it 1s shown that if # be an even number, and if

X0 = (- 1yX
then an integral solution is
X = A sin i"¢ + B cos k'i*x

where A and B are constants of mtegration.*

219. X" =£(X).
‘When n =2, this equation becomes

X" =/(X).

A general rule independent of the form of A ) has heen found for
dealing with this second-order equation. Multiply each side by
2X’. Then since 2X'X” is the z-gradient of X'4 and since X'dx =
dX, there results
X'= {sz(X)dx+A}A;

from which, by another integration,

X
z+B= (
{2/f(X)dX+A}*.1‘

* The 1/nth root of & has n values, The insertion of these gives the »
integration-constants of tlis n-th order equation.
+ See Reference Last, XI. C. 5.

N
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As examples, the results of §§ 148 and 149 may be reproduced ;
but these are included m the more general formulas of last article,
§ 218.

220_ X ) =f(X{n—l}).

If X® he found as a function of X"~V ; then, since the w-gradient
of X1 jg X 1f we call X~ by the name X, the equation may

be wnitten
N=/X),

the integration of which by d.e gives

X
XY

that is, gives X" Yas a function of z, a case which has leen
already dealt with in § 217.%

221, 1f X™ be found as a function of X2 ; then, calling X"~
by the name X, we have X" = A", and the equation becomes

X'=1%),

the integration of which, by § 219, gives X~ as a function of a,
and this reduces the mtegration to the case of § 217.1

More general forms of equation, to which these last substitutions
are equally applicable, are given in the Seetion X1 1. of the
Leference Tables.

222. If /() and ¢( ) be two functions of any form whatever,

and i
- / y
X=/ n+;{)+¢<-—5>,

the second gradients of X with respect to x and y may easily be
found to be

r+C--

Xl N gl Y
(Ymi’:f x:+(;>+¢ xfg)aud

da:x 1 , N, 1,n ¥
fly? = (x+(> *at (ac— r:,> :
Therefore, if the second-order differential equation
RSN S
dr =0 kd
be known to be true, its 6ENERAL iniegral solution is X = the

above form, and the particular forms of the functions f( ) and ¢( )
must be discovered from the limiting conditions of the particular

concrete case,
* See Reference List, XI. D. 1. + Sece Reference List, X1. D 2.




APPENDICES.

ArrEnpix A.—TiMe-RaTEs.

(End of Chap. II, p. 28.)

-

Tug Differential and Integral Calculus was first studied as an
exact method of analysis of physical phenomena oceurring in time,
chiefly kinetic phenomena. The changes of observed physical
condition occur from nstant to instant, and an “ Jnstant,” or small
lapse of time, was taken as the common measure by which to
compare stmultaneously occurring changes of various kinds. Thus
time was taken as the base ordinate of the diagrams which graphi-
cally describe such changes. The flow of a fluid along a channel
is the simplest possible 1illustration of such change or progress,
and all phenomena were thought of as developing in the flow, or
Jlux, of time, the universal basic increment being a small flux of
time. Thus the early name given to the then new method of
analysis was “ Fluxions.” Unless it were otherwisc specified, ' or
@ was understood to mean the {Zme-rate at which x 1ncreased, and
the relative rates of increase of various kinds of quantities were
always ohtained by comparing their respective simultaneous time-
rates of progress or development. So long as investigation deals
with things which “take time” to develop or change in magnitude,
it will be found that this original method corresponds with our
innate and almost ineradicable mental habit. The corresponding
increments of such things we can hardly avoid thinking of as those
which are developed «n the same time.

Arrenpix B.—ENERGY-FLUX.
(End of § 68, p. 33, Chap. IIL)

Energy manifests itself to our means of observation and measure-
ment in various forms, such as kinetic, electric, thermal, luminous
(light), sonorous (sound), gravity potential, electro-magnetic
potential, radiant, etec. These are reciprocally convertible, and
are, therefore, all measurable in like ‘“physical dimensions,”
namely, MV2 or ML?T-2 As energy is, or is believed to be,
indestructible, the variations it is subject to are (1) change of
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form ; (2) transference from one mass to another mass; and (3)
transference from one place to another place.

The time-rate of transference of energy 1s horse-power ; a special
unit time-rate being adopted as unit horse-power. Unfortunately,
many unit time-rates of energy-variation are in use; but they are
all, of course, of the same kind, namely, horse-power. In terms of
mass and velocity the measure of energy 18 E=1MV2  The time-
gradient of E in a constant mass M, due to variation of velocity V
in that mass, is, therefore, ((—?;‘ =VM '-1(—\{-7= V'F, where F is the time-

(i
acceleration of momentum, or the foree active in the transference
of energy. It may also sometimes he usefully thought of as the
product of the momentum and the velocity acceleration.

The space-rate or line-gradient of E with M constant is

dE av AV dt 3 dV dl

T MVUZ———MV»O-” s M?ft =T, because V—flt .
Thus the two important energy-gradients are the time-gradient or
horse-power, and the line-gradient or active dynawmic force; and
the former equals the latter multiplied by the velocity.

It is also imteresting to consider the time-gradient of E with
both M and V varymmg together. When a nass receives new
energy from without, it absorbs it usually (and perhaps always) at
its surface, and the new energy spreads through the mass with
more or less rapidity or slowness., New impulses of kinetic energy
by impact or pressure of other masses always enter and penetrate
the accelerated mass in this way. In such case the time-gradient,
or horse-power generating kinetic energy in the mass, is

dE _ cﬂM”( ) «/M)_ AV | od(MV) }
= VEHVIG =V v ) =3 { o)+ vEE L

Here lf}l:g is the time-rate at which new mass is affected by the

kinetic energy, and (MV) is the whole momentum acquired at any
instant.

AprENDIX C.—MoOMENTS OF INERTIA AND BENDING MOMENTS.
(End of § 73, p. 37, Chap. IIL.)

The integral f Uh*dh over the whole section is called the
“Moment of Inertia” of the section. For an I-section with



APPENDICES. 137

equal flanges and web of umform thickness, if B he the flange
width, (1-8)B the web thickness, H the whole depth, and
nH the depth inside the flanges; then the

NEE
I=Moment of Inertia= I_’ig—(l - Bn?), and the

M =Stress Bending Moment = /cl}?—z(l - B7%).

The sectional area is A =BH(l - By), and therefore the stress
bending-moment strength per square inch of section

Girder-sections are mostly made up of rectangular parts, and the
repeated application of the method here given is usually sufficient
for the calculation of therr moment strength. In making such
calculations, free use should be made of neyatfive rectangular arcas
as parts of the section.

AprPENDIX D.—ELIMINATION OF SMALL REMAINDERS.
(End of Chap. IIT, p. 45.)

In previous examples given, the device of taking the point #,X
at the middle of 8x and assuming this to correspond also to the
middle of 8X, that 1s, assuming linear proportionality between
8X and 8z, has resulted in the exact elimination of all small

remainders. The case of % is a useful illustration of the fact

that such exact elimination does not always result from this
device. In this case the result is

X 8X
X\ Xty X% xex
) - X,
z z+_8€ a;-.@'c_ x? - 4o
2 2

the small quantity }82? not being eliminated and only disappearing
“in the limit.”

The student should satisfy himself that the same result appears
from the geometrical method followed in the text, with fig. 18
modified so as to put # and X in the centres of 8 and 8X.



138 THE CALCULUS FOR ENGINEERS.

Aprexpix E.—Ixpicitor Diacrams.
(End of § 111, p. 65, Chap. V)

An “mdicator diagram” is any instrumental graphic record of
a varymg quantity. The law pu* =1, a constant, applies approxi-
mately to very many such records when the variation is not of an
elastic vibratory kind. The p and the v mstrumentally observed
and recorded may not be the totals measured from absolute zero of
the quantities thus symbohised.  For nstance, p may be pressure
measured from atmospheric standard, or it may be temperature

Fra. 30.

measured from the freezing-point of water. Again, v may be the
volume swept by a piston from the beginning of its stroke, while
the real volume of expanding steam or gas is v plus the
“clearance ” volume. The law connecting the absolute values
of p and » may be much simpler than appears at first sight from
the indicator record. To determine whether it is so,<the axes of
the absolute zeros must be discovered, making the ordinates
measured from these zeros (p+P) and (v+7V). The constants
P and V may be found by analysis of the recorded curve.

If it be suspected that the curve is hyperbolic with V=0, then
P may be found by measuring from the record p and v at two
points 1 and 2; thus,

P=(pw; = pv,) + (vg— )
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1f the same value of P be found from several such pairs of points,
then the curve is truly hyperbolic. Simlarly, V can be found on
the assumption that P=0. Also by measurements at three points,
both P and V along with & can be calculated. Fig. 30 shows
the very simple graphic construction for finding the orgmn of
the hiyperbolic axes. From three pomts ABC on the curve hori-
zontals and verticals are drawn, giving six intersections, marked
as shown on fig. 30 ; namely, (af) the intersection of the horizontal
through A with the vertical through B, (af) that of the vertical
at A with the horizontal at B, etc., ete. The pairs of puints are
joined by straight hines: (af) with (ad); (By) with (bc); (ay)
with (ac). Any two of these three hnes will intersect in the
hyperbolic origmm O.  There are three such intersections, and their
coincidence is a usetul check upon the accuracy of the draughts-
manship.  But to test whether the curve be truly hyperbolic,
more than three curve-pomnts must be used ; they must all give the
same origin ()

To find the index » in the formula pr" =1/ to fit the curve of
any given indicator card, there are four methods. The first, most
log v, = log n, . The
log p, - log p,
second is the diflerenltal method, which gives n= —-:1] ‘dlq;’ the

(

slope of the curve, or %; , being measured directly from the paper.
[£

The third method utilises the variation of py; it isn=1- ! (%i).

p dv

In the hyperbola d;}ﬁ=0; and in any other curve its deviation
”

commonly used, is the loyarithmic method 2=

from zero gives a good measure of the index n. The fourth method
may be called the infegral method. Since the area under the
curve W=Bl1—"—-'%’£2, therefore n=1 +Ii‘£'-v_—vl—'2-”-2. The area W
n_

can be measured from the diagram by a planimeter or other-
wise, and this method has the great merit of deducing the
result, not from isolated points on the curve alone, but from
the curve as a whole in its stretch between two distant points
1 and 2.

The generality of the formula, and its power to represent
accurately recorded physical results, is very greatly extended by
shifting the axes by adding constants P> and V, the formula being
then (p+P)(»+V)*=k The measurement of p and v at four
points of the curve, and the planimeter integration of the area
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W= |pdv between these points, are sufficient to determine the

four constants &, », P, and V. The threc areas under the three
stretches of the curve between the four points being called Wy,
W, and Wy, the constants 2, P, and V wre obtained by elimina-
tion from the three linear equations—

Wia(n=1)=pyn = pry+ (0 = 1)V = Pa(vy = v)),
Wou(n = 1) = 0, = parrg + (py = p)V = Py — ),
W, (n = 1)=pars — pyry+ (0 — )V = Pr(vy — vy).

These are solved for (n—1), V, and Pa, from which %, V, and P
are obtained. Then the fourth constant 1s obtamed by the primi-

tive equation
k= (p+ D)o+ V)",

taking any pair of values p and »

With the four constants thus found, the formula will give a
curve which will pass correctly through the four points, and will
give also correctly the area under the stretch of curve between
each pair of pomts.

When n=0, the curve is a horizontal straight line, giving
constant p. When 7 15 negative 1t slopes upwards, p 1ncreasing
with ».

In this extended form this formula is well snited to represent
all systematic expansions of gases and vapours under various
thermal conditions, the stress-strain relations of elastic and
inelastic soliuls, the strain-time diagram of the slow deformation
of plastic substances, and, under certain conditions, also the
leakage of high-pressure water, gas, vapour, or electric charge from
storage vessels, batteries, condensers, etc., and the laws connecting
velocity with wind-pressure and with viscous fluid resistance to
flow.

ArprENDIX F.—RECURRENT HARMONIC aND EXPONENTIAL
Fuxcrions.

(End of § 153, p. 89, Chap. VIL)

The combination of these two cases gives the following interest-
ing mueh more general result.

Let A, B, C, b, B, a, p, g, & be constants, and let the primitive
function he

X =0+ b8ete{ A sin (pz +q) + B cos (pz+ k) }.
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2. v )2 4 p? —tan-1 P__
Let p?=(Blog b)>+p? and O@=tan Blog b’
8o that sinf=2 and cosf= Blogh
P P

Then direct differentiation and the ordinary trigonometric com-
binations

) sin ¢ cos 0 + cos ¢ sin @ =sin (¢ + 6)
cos ¢ cos 0 — sin ¢ sin 6 =cos (P +0),
give
X'= plBr+e{A sin (pr+q+0) + Bcos(px+k+6)}
X" = p2bBr+al A sin (pr+ g+ 20) + B cos (pr+ &+ 26)}

X" = prprte{ A sin (px + g +16) + B cos (px + k +nb)}.

The only restriction among the constants is that the constant p
is the same in the two harmonic functions. 1f « measures ¢ime,
the equality of the two p’s means that the two superimposed
vibrations have equal periods or frequencies. Their difference in
phase is (k—g), and this is unrestricted. In all the successive
- or time-gradients, the phase-difference, as well as the frequency,
remains the same in the two superimposed harmonics. In each
gradient the frequency is the same as in the primitive. The
phase-difference hetween each gradient and the next lower gradient

is =tan~! ... The factor bAz+e represents the damping

Blogb prosents g
down of the vibration, as its encrgy is gradually reduced by viscous
or similar dissipative resistances. The amplitudes of the succes-

sively higher gradients are successively less in the ratio p. This
ratio p depends equally upon the frequency (the period = 2;}) and

upon the vigour of the damping coefficient b8 or 3 log b.

This proposition can evidently be extended to the super-
position of any number of harmonic vibrations of different
amplitudes A, B, etc., and of different phases, so long as the
frequency is the same in all and so long as the same damping
coefficient applies to all It is of the highest practical im-
portance in modern electrical industry. See also Appendix Q,
page 184.
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ArrPENDIX G —SvuccrssivE REDUCTION FORMULA,
(End of § 156, p. 91, Chap. VIL)

The “reduction formula” of § 126 may be applied repeatedly.
Such application is represented by the general formula helow.
The repeated application in concrete special cases 13, however,
simpler to appreciate than is the general result.

Let X and E be any functions of .r,
Let 1) be the m™ z-gradient of X = X,

()
Let I be the m™ integial of B = f Eda™,
(4 1)

Then I’ = X0 and f Tr— [ g,

Now /I)Ida:—-—-DfIdJc—fl)'{[Id.r}:lm,

() (m+1) (m+1)
or [X(m)/ Eli.l?""“ — ant)f E’I-' m+1 _ '[X(m |»l)/ E,]_"m-o—‘.!.

Applying this repeatedly,

2) (2)
/XE:/.&: = XfE(l;(r - /X'/Er?rg - X/Erh' - X'[ Bl 4 [X"/ a3

[ h (W
= X[E(lx - X'J Eda? 4+ X" | Bdrt-X"[ Edet+ ---
. "(n) (n)
X0 [P [xo [T«

By this means the function X and its derivatives are brought
outside the sign of integration except -in the last term. By
carrying the series to the proper number (n) of terms, in the
last term X, or the n** z-gradient of X, may be reduced to 1 or
to a coustant, or to some simple function of = which combines
with the n* integral of E to form an integrable function. This
last term may also be transformed to

/X(n-l) { }"”’Ed.l'" }JX’

in which form it may possibly be more easily integrable,
* See Reference List, I, 8,
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ArpeEnDIX H.—Economic ProporTiONS OF I-SEOTIONS.

(End of § 185, p. 110, Chap. IX.)

. h . . .
'The economic values of i for given w, according to the equation

in the text, are as follows:—

w 0 -018 -049 -101 -185 -315 513 -815 1

% 1 9 ‘85 -8 T 65 -6 5773

In two articles in the Bwlders Journal and Architectural
Engineer of 15th August 1906, and in The Engineer ot 9th
November 1906, the author has shown that the proper propor-
tioning of I-sections depends on the consideration of the maximum
tensive, compressive, and shear stresses on olliyue sections, which
vary very differently from those on normal sections. If the web
be made too thin, the maximuwm oblique tensive and compressive
stresses at junction of web and flange are greater than at the out-
side surfaces of the langes.  With proper proportioning of the web
and flange thicknesses to the flange width and the total depth, the
maximum oblique shear stress may be made umform throughout
the depth of the web, while at the same time the tensive and
compressive stresses on oblique sections inside the flanges are made
equal to those at the outside surfaces of the flanges.

Using & for }iliund (1 - B) for the above w, it is shown that
uniformity of shear stress over the web is obtained by making

4(1-p) <M' ,)2

A TR (I -1
9-(1+p88> \M

where M’ and H' mean the rates at which the bending moment

and the section depth vary per mch along the span, M’ being, as

is well known, equal to the total shear load on the section.

Iquality hetween the two most dangerous tensive and compressive
stresses, ab extremities of web and outside flanges, is obtained by

aking
making 16(1 _ B)z- - <1_\/[H _ H')2
(1481 -8 \M '

The combination of these two equations determines a relation
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between 8 and 8 independent of M, M, 1, and H'. This relation
is 1481 -8)=4(1-p){2-(1+p)8},

a relation which is very closely approximated to by the simpler
equation

B="805+4(3 - T2)2+ (8- T2)8.

A minimum value of 8="805 is reached at §=ahout 7. It is
shown that for the standard case of a umiformly distmbuted load
on a beam freely supported at its two ends, these adjustments
lead with very close approximation tv the proportion

M,

=79
8=11 T, L’B

where M, is the central bending moment, L the span, B the flange
width, and T,, the outside normal stress on flanges.

ArreNnpix I.—EcoNnomic DrsiaN oF TURBINES.
(End of Chap. 1X., p. 117.)

In The Engineer of 27th May, 10th June, and 17th June 1904,
will be found a series of interesting calculations by the author on
“Dynamic and Commercial Economy in Turbines.” It is there
shown that for greatest dynamic efficiency the angles between the
periphery of the rotating wheel and the blades should be equal at
entrance and at exit, that the tangent of this angle should be
double the tangent of the peripheral angle of the fixed entrance
guide-blades, and that the peripheral veldcity of the wheel should
be half the peripheral component of the water entrance-velocity.
The angle of the rotating blades being called B, that of the fixed
guides vy, and the water-velocity through these guides w, aud the
wheel-velocity b, these conditions give

2tan B=tany and b= %’cos .

The linear velocity with which the water is fed into, and dis-
charged from, the wheel is then wsmn y.
Calling the dynamic efficiency ¢ the power in ft.-lbs, per
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second delivered by the water to the wheel H, and the water-
covered gate-area A, we find for water-turbines

e=cos?y and H=-97Aw’sinycos?y.

The smaller y is made the nearer does e approach umity ; but the
v-gradient of the power developed 1s

H'=-97Aw? cos y(1 - 3 sin?y),

.
and this gives maximum power at

sin?y=1% or y=35" 16" with ... B=54° 44" and e=§—.

This would be the best angle for the design if, for a prescribed

size of wheel (measured here by A) and prescribed entrance-

velocity w, the cluef aim was to obtain maximum horse-power

without consideration of water-consumption. This, however, does
not mean maximum commercial economy.

The power “1n the water ” consumed is i . Suppose that the
€

cost of each extra unit of water-power consumed is p, while the
value of each extra umt of power developed (H) is h. Then the
“net revenue ” or “ working profit ” obtained from the use of the
turbine is shown to be

R ="97Alw?sin -y(cosz y- 1/” ) _C
h

where C represents initial costs incurred whatever power he taken
from the wheel.
The y-gradient of R is

R'= 97Alut cosy(1 - 8sinty - 2 ).

The maximum net revenue R for given size A and given water-
velocity w is thus obtained with guide-blade angle giving
. 2 1p
sin? y =] 1-1_’> le=24lp
n?y %( 7 )ade=o+g oy
which v is less than for maximum power (H' = 0) in that %’ is here
y

subtracted from unity. Here % is the ratio of cost of extra unit

K



146 THE CALCULUS FOR ENGINEERS.

of water-power consumed to value of extra unit of power utilised.
With y so adjusted the maximum revenue is

Ry = -373Awm(1 - l}_:)* -C.

For different ratios of p to & the following are the results : —

% . .l o1 2 3 4 5 6 T 8 9
y degrees . | 353 33:2 31°1 289 26 5 241 214 184 15:0 105
37: (1 -2 >* 373 -319 266 -218 -173 132 -094 -061 ‘033 012

€. . .| 67 70 73 ‘76 80 -83 -87 90 -93 ‘97

As the relalive cost of the water-power consumed goes up,
dynamic efficiency becomes of greater commercial importanee and
the power extracted from the wheel with yreatest commercial
economy decreases.

Here there 1s no question of varying the size of the turbme,
The problem is confined to finding the best power to extract from
a given size of wheel under given conditions.

If the problem be how best to obtain a prescribed horse-power,
the solution is quite different. The relative costs of providing a
larger or smaller turbine have to he compared with the relative
costs of working these at greater or smaller dynamic efficiencies.
In this problem the value of the horse-power utiised is not
involved. The prime cost of the installation must be reduced to
a capital charge per unit of working time. The annual interest
plus depreciation on the plant 1s divided by the number of
working hours per year, and further reduced to a capital charge
per second by dividing by 3600. This is taken as an inital
constant not varying with the size of the turbine plus a part=aA
proportional to this size as measured by the gate-area A. Adding
to this the total working expenses, taken as in the other problems
stated above, the total cost of the power per second is

K=C+aA+p}—:,

the constant C being different from that in the previous equations,
Here H, p, and a are also constants, hut A and e vary together
according to the angle y chosen for the guide-blades. The larger
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this angle the less is the efficiency, but the less also is the size of
turbine required to develop the prescribed H. Let K', A, and ¢
be the y-gradients of K, A, and . The ahove equation gives

’ v €I
K'=aA'- pH:é- .
K is a minimmn when K’=0, and this gives

Ez'llr’ = Z')' H i)
€ [

which, expressed in terms of y, gives the eriterion

1- 3sin‘~’y_wﬂ P

194 smdy a

From this equation both H and A have disappeared by elimination,
showing that the angle y giving maximum commercial economy
does not vary with the horse-power required, and 1s the same for
large and small sizes of turbime.  In finding it the water entrance-
velocity ® has been assumed constaut, which practically means
that the available head of water 1s fixed. The best y depends on
the cube of this velocity, and on the ratio of the exira working
costs per extra unit of water-power consumed to the extra capital
costs per extra square foot of gate-area in the size of turbine.
The following are the numerical results of the formula :—

y 10° 15°  20° 95°  30°  35°
w“'.’-(:- 87 231 81 31 1:00 034
s 151 597 273 180 50 02
ale
;ili} 068 ‘180 415 94 267 754

Arprnpix K. —ComMmERcIAL EcoNoMy.
(End of Chap. IX., p. 117.)

In all industrial applications of the doctrine of maximum and
minimum values, it is most important to remember that the
exact attainment of the exart maximum or minimum is never of
practical importance. The method of the calculus here explained
applies only to quantities with confinuous variation; and, as the
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gradient is zero at the place of maximum or minimum, on either
side of this exact place there is a considerable range of base con-
dition throughout which the deviation from maximum or minimum
is so small as to be of no consequence, Indeed, in industrial
problems the really best adjustments are hardly ever coincident
with the exact values found theoretically, and for this reason that
the theory mever includes the consideration of cvery influential
element, Minor elements are lett out of the account in the
theoretical calculation, and when the theoretical result has been
found these minor elements quite rightly indicate the advisability
of a small deviation from it in one or the opposite direction.

In the author's work, Commercial Economy in Steam ard other
Heat Power-Plants, published in 1905, many very interesting
physical and financial maximum problews in the economic use of
steam are worhed out.

In this work the author enunciates for the first time a definite
measure of industrial economy applicable to all productive effort.

To this the name “economy coefficient” is given It is (—31%"
where P equals the value of any quantity of the product, C the
cost of production of the same, and T the “time of turn over.”
If P be taken as the fime-rate of production reckuned at its final
value, then CT will be the “ working capital” permanently held
up in the maintenance of the manufacture; so that the economy
cocfficient may also be expressed as ¢ Value of Anumal Production
+Working Capital.” Tius working capital does not include the
fixed capital sunk in plant, buildings, ete.

The econowmny thus measured is capable of being raised or lowered
by changes of various kinds in the methods of production. If
such change affect all three factors P, C, and T, and if the change
be capable of being made gradually, then the concurrent rates of
change of these factors may be called F', €', and T’, these being,
say, the z-gradients, if & be the measure of the element of manu-
facture which is being varied. Maximum economy is reached,

80 far as it is affected by change of x, when the z-gradient of Cl}.‘

is zero ; that is, when
r C.,T
= = + A
P C T
This criterion of maximum commercial economy is quite general in

its applicability to every kind of productive industry in its
development by every sort of change capable of continuous
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gradation—wlether in the manufacturing experiments the change
be actually made gradually or suddenly.

If P be the quantity produced per unit time and e a coefficient
of physical efficiency giving the ratio of this product to the

quantity of raw material consumed, so that P is this latter

€
quantity ; if % be the total cost per extra unit of such raw
material consumed together with the cost of working it up to
the-condition of the finished product ; and if p be the final value
per extra umit of the product P ; then, if p and w are constant,
any modification of the manufacture which affects P and e con-
currently, gives a rate of variation of the net revenue

R'='_"l’{P' 7’¢_1)+‘_'}>

€ P\w e |’

Thus the maximum revenue is obtained when the rate of
production is adjusted so as to make

Here the size and character of plant is supposed fixed, and this
equation gives the most commercially economic rate at which to
work the given plant.

The other most important commercial problem is to determine
the best size of plant for a prescribed rate of production P.
Here P is constant (P'=0). With a larger or more expensive
plant the efficiency may be raised so as to lessen the working

expenses in proportion to 'ﬁf, but at the same time the capital
€

charges are raised. These capital charges may he taken as equal
to an initial constant plus kPf(e) where £ is a constant factor and
f(¢) is a function of the cfficiency dependent on the kind of
industry investigated. The total annual cost for the prescribed
rate of production P is thus

— Constant + kPA9) + L,
€

and this is made a minimum by the adjustment
=2

w and % being among the prescribed data, and f{e) and therefore
€ being functions of the size or prime cost of the plant, this
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equation determines the most commercially economic size of
plant to use. A particular example of the calculation has been
given in Appendix L

ArrExnpix L.—InpurerMINATE FoRrwMs,
(End of Chap. IX, p. 117.)

Whatever meaning be attached to the symbol »0, the ratio g
is clearly and definitely O or zero; while the ratio 3(9)' is definitely

8, %, 0 x w are more difficult to
evaluate. They are termed “indeternunate.”  They anse as
ratios and products of variables or fluxions, when these variables
take special values, the sail ratios and products having no
ambiguity or indeterminateness when the variables have other
than these special values. Thus X and ¥ may be functions of
2, hoth of which come to zero for some spocial value of .

There is in reality no such thing as a ratio between two zeros;
aratio can exist only between two quantities, and zero is not a

w. DBut the three quantities

quantity. The meaning attached to the symbol g must, therefore,

be in a sensc conventional. The meaning attached to it is the
ratio of X to X when these functions have any corresponding or
simultaneous minutely small values. To give this wmeaning real
significance hoth X and X must pass throngh zero as confinuous
functions of «; therefore they can both be represented graphically
by curves on a scaled dingram. Let fig. 31 illustrate such graphic
representations. Both X and ¥ curves cross the horizontal axis
at the same point #;. Draw tangents to the two curves at this
point. These tangents coincide with the curves for minutely
small distances on either side of the touching point, and all
minutely small values of X and of ¥ are given equally well by
the curves or by their tangents. The slopes of the tangents are
X’ and ¥ taken at x,, written, say, X', and ¥',. For any small
+ 8z on either side of %, the values of X and ¥ are thus X',dx
and ¥',82. Concurrent values of X and ¥ are those in which
the &z is the same in both. It follows immediately that at any
point close to x, on either side of it

G-
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. , . . X 0
As neither X', nor X', is zero or ambiguous in value, ( /’G_ »Or 5
~v/1

according to the meaning above assigned to this symbol, can be

Frc. 31.

evaluated as the ratio of the two rgradients at the particular
value 2.
In this demonstration it is assumed that both curves X and ¥

%
X

Fie. 32.

pass through the zero axis without break of gradient, that is, that
both X' and X' are continuous. In fig. 32 are shown two pairs
of curves in which, while the functions X and ¥ are themselves
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both continuous, the gradient of one of them, X', is discontinuous
at #;.  In this case X ,» and, therefore, also X , has a certain definite

value for any + &z beyond «, and another different definite value
for any — 8 below ;.

If X1 also assumes the form g, similar reasoning shows that

¥ "
both it and ( ) have the same value as ¥ and can be evaluated
by finding the ratio of these second gradieuts. The hest graphic
demonstration of this 1s ohtamed from a diagram with « as base
and X' and ¥’ as ordmmates to two curves. Then X and X for
any +0r on cither side of @; arc the small triangular arcas under
the curves with common base +8z. These areas are proportional
to X" and ¥, and, therefore, also to X" and ¥".

If at x; the value of X hecomes o and that of X zero, then

1
construct an w-diagram with two curves giving < and ¥. At «;

the )lf curve, as also the ¥ curve, both cross the zero axis, and

the above rule may serve to evaluate <17%\’) =(XX);=o x 0.
Since (%;) = - ;;(3, we have

X, - - (%) 5

from which can also be deduced
XI

9= (¢3).

( 5)1 x Y
But neither of these last two formulas is useful, because if X
becomes oo at any finite value of ., so also does X'. The
function (-l>, however, may often be differentiated in terms of

X
g0 as to eliminate entirely both X and X'. Thus

P
(XX),=0 x 0= N
TR

usually gives a definitc value. Otherwise the product X.¥ may
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reduce by cancellation to a function of  which does not give an
indeterminate value at . This latter method must be adopted when
X =2z, because (-i-) = - —l‘wz gives (2X),= -2?¥ = -02x0,
since, if X =0 at & =0, necessarily X' also=0 at same limit.

To engineers the most interesting case is that of the commonly
used expansion curve pv"=K. This gives infinite volume for
n—1

1
n

p

1
zero pressure. Here v= (% )7 and pv=Kov'"=K

In this case at zero pressure,

pv=0 it n>1
=k ,, n=1
= ,, n<l,

the last ease being for a curve lying above the hyperbolic or * gas
isothermal.” Tlus lust curve corresponds to expansion accompanied
by very rapid heating. The work done by the expansion down
to zero pressure from p,v, is (see § 110, p. 63)

W =P~ @m0 P1%1 5 51
n-1 n-1
= ,,n<l

When n=1, W, according to this formula, takes the indeterminate

form -%; but the special integration
2 v,
f pdv=p,v, log 2
1 ”1
shows that the value is o when p, =0, and .. vy=c0.

If X,;=c and x1=oo,then£-=2(-l=~—l-/l 0

to which the first rule given applies. Taking the ratio of the
z-gradients, there is found

SRR FORS

As it stands this is of no use, because both X'; and ¥, =». But
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v/
‘.Y may he reducible
1

by cancellation, or otherwise, the ratio

to determinate form, while A i8 not so.
A theoretically important case is the value of # log,& when x=0,
It takes then the form —0x . Taking xlog, r= l(l';;.r'r

differentiating both numerator and divisor, we find the value

, and

= - =0 at the Iimit.

X - o
o
The duscussion in § 104, page 60, alfords another illustration of
. . . -1
the theoretical importance of this method. Ilere -~ . was
n

demonstrated graphieally to equal log, 2 when =0, at which
value it takes the form o Considering » constant, the n-gradient
of (¥ - 1) is 2" log, @, and the n-gradient of n is 1. Since a’=1,

. x’)l — ]
the method now explammed gives at once = —= =log,  when n=0.
n
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NOTATION,

Letters near the beginning of the alphalet denote constants
which may in general be positive or negative, whole or fractional,
real quantities or numbers. Those near the eud of the alphabet
denote variables,

The symbol = stands for “denotes” or *is identical with.”

The symbols >, }, <, < stand for greater than, not greater
than, less than, not less than, respectively.

The symbols /{ ), F( ), ¢( ), ¢( ), donote any function of the
quantity placed inside the brackets, except when restricted by the
context,

X, &, X, x are hriefer symbols for functions of .

L, M, N, P, Q, I also sometimes denote functions of the variable,

Y=any function of the varable y which i mdependent of ..

J(a)=the same function of a that j(«) 15 of the variable ..

7@ (=) -0

, 1w ” aA2f(r d'fle
r@=U0: = e T
. X . m "X
X :_:’E . k == (]'l‘g -----X' ’:._7.'.“
, dY v &Y oY
=gt VeaqpieYUs,
f’(X):d{i(}‘\é) o)=Y Q[{ )
- ; ~d
L AR S BAK) m o AX)
fz(X)=_ﬁx ’ 'TI(X)Z—II.IE_ T -'1 \(‘x): 17 -

%Epartial differentiation with respect to w.
J (zy)=the differential coefficient with respect to 2 of the
= function f(2,5) where & and y are independent variables.

S (ry)=f (2y)=the second differential coefficient of f(z,y) with
v vz respect to  and y, where « and y are indepen-
dent variables,



160 NOTATION,

/ Xdx=Integral of X with respect to =

“Rdzt= [ [xas= / / Xdude= / { [xaz } da

/(")X(lw"s / --(n ﬁm»az‘)X(lz";—. [ / - = (n_foymvors) Xl el e - - (nda’s)
/ / Fay)dydi= / { ff (@,y)dy } de

3 or 3( )=Sum of a series of terms of the same type as that
following 3 or placed within the brackets.

b
{ f(.c)d.z-l: f(.v)d.c] =the limting value towards which
a [Ef(w)&‘:l approaches as 8z ap-

proaches the limiting value 0.
/ S@)d.e= / xf(a:)dm

nl=1x2x3----(n-1)xn; (n being a positive integer).
log,jz=log z in the Decimal or Common system of logarithms,

log,.r==logz in the Natural or Neperian ” ’
e=2"T182818---- =1+ }— + QIT+ 31—' +---- = base of Neperian
: : logarithms
i 2 x2 5
exp(x)=cr'=1+ 1 + .3'+ ---

B, B,---- (Bernoulh s Numbers). *
In trigonometric functions the angles are given in “circular

measure,” the unit being the radian which = -1—?;0- or 57° 17" 45"
nearly.

T(n)= / e "z lde (the Gamma Function). See X, 1-6.
0

ABBRREVIATIONS,

Sp. Case=Special Case
Exe.=Exceptional Case, or Case of failure,

* See note at end of Section VIII,
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I. GENERAL THEOREMS, 1-6.

I. GENERAL THEOREMS.

X'dz=X+C

/ X'da=X + Cya + C,

®)
f X"dud =X+ Cprt+ Ciz+C,

(n)
/ X" = X + G, 12"+ C@™? -+ Cpz 4+ C,

b
f F@)dz=F(b) - fa)
a

f af(x)lec=a / S(z)dx

f(XtEix--nm:[sz.rifadxi/,_xdx---.

b
f)ﬁlx f Xﬂ’.'r+f Xdzx

Sp. Case: Xda:-— - X(Ia:
a b

£
wh(:re r=¢(X)
= (X))
ry=p(Xy)

Sp. Case: f Xdz = f i(\,:lx

&y X,
f Aoy = f  THI 0
1

¢'(X)=

A$(X)_de
dX TdX

161
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7. (INntzerATION BY DPARTS.)
/XEd:v-—X/Edw—j{ X'/E(lx }:(:c
or [Xedz = X2 - [X'mis-XE - [2aX
Sp. Case: f Xde=Xx - j 2dX.

ApPPENDIX M.—INTEGRATION RY PARTS: SProiaL Casks.
(I. No.7.)

The special case B =«™ is worth notice. It gives

f Xa™de= X_TT - —_1_- / X'z ldr,
m+1 m+1
With m=1: f Xdio = ézi . f X'sda,

” m=0:/de=X:t-fX'.cdz.

” m= -1 :f%dx=Xlog;n—/X'logxdx.
With

— n ., m n — xm+1 (lOg z)” - n m n—1
X =(logz)": /x (log z)"dx = il Tm+1)® (log z)"~'dz.

Wit X=logz: [ logede= . (1 1
. = °g”"/” g ”;;:1<°g”‘ﬁ+‘1)'
” X=log:c:fE’logmdm=Elogw—/—§dm.

All the formul® of Section IX. are deduced by help of
this I. 7.
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{2) (3)
[xadx=x /'E:i.r _ X'f B+ X" [ Edad enee

() (n)
:I;X"’"”f E(k&”i/{ X"”/ Edar }r?.r

Sp. Case: E=1: f Xide = 1 X’+ X' 'X”'+ etc.

‘.

f §'dw= 9:3026 - --- log,,X + C=log, X + C

10. APPROXIMATE INTRGRATION,

b
. h—tre ox
(i) f Xito= "X, 4 2X, 42X oo+ 9K, 4 X,)

a

where X, is the value of X when 2=aqa

bh-a
1) ‘\] T} (1) it} " =a+
2(b — a)
Xg » " ’ yw =a+ 7&_
b—a
» X’T " bl 1 bAd =:a+).’ —7_;—

with (b — @) divided into n equal parts giving (n + 1) values of X
(ii.) (Simpson’s Rule.)

. belixif;“{ Xo+ Xon+ 4(X, + Xg 4+ X+ ----)
e +2(X2+X4+XU+----+X;,,_.~.)}
where X, X;, ete. =as 1 (1) ;
with (& - @) divided mto 2n equal parts giving (2n + 1) values of X,

(iii.) f Syle =l [1;{ FO) +F@)} +Aa+1) +fa+20)
]

[“]}jlrf( )+Bh ) - Bhf(s)(,r).l_-___]:

* Sce note ut end of Sect, VIII,
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11. MerHOD oF UNDETERMINED COEFFICIENTS,

(i.) If a function be expressible in a certuin form containing
unknown coefficients, these cocfficients can be de-
termined by transforming the identity and equating
cocfficients of terms whose variable part is the same
function of the varmable (e, the same power, or
the same trigonometrical function), or in which the
variable is absent (constant terms).

The transformation referred to may be :—
(n) Differentiating hoth sides (as in TIL. B. 18),
(0) Clearing of fractions (as m II. K. 2, ete.).

(ii.) Another method: Give tothe primitive variable as many
difterent values, in the identity, as there are coefticients
to be determined ; whercby we get as many equations
as are necessary to determine them.

GENERAL NoTE r¢ IMAGINARIES.

Some of the formulas here given contain parts which would
become imaginary if the quantities involved took values outside
certain limits: becoming, e.g., square roots and logarithms of
negative quantities, inverse sines of quantities greater than unity,
etc. 'When a definite integral is deduced from the indefinite one,
these imagmaries, explicitly or imphcitly, cancel one another, if
the subject of integration is itsclf real. But, in many instances,
two or more forms are given for the integral of the same function
(e.g., I1I. B. 6, VI. 5, 6), of which that one is to be sclected
which, for the values of the constants in the particular problem
under consideration, 1s free from imaginares.

Some of these formulas contain parts which are imaginary for
certain values of x only, whatever the constants may be, and

others do so for all values of « when the constants are outside
certain limits. K.g., the formula sin~'Z is imaginary when 2>a,
a

but not when = lies between —aand+a. On the other hand, the

formula - sinh ‘l{mx/ %} contains imaginaries when b is

N
negative, whatever the value of x may be.
In these classified tables, the conditions under which a formula
involves imaginaries are, as a rule, pointed out in cases of the latter
sort, but not in those of the former.
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SerciaL Note as 1o Lodarirumic Terwms.

When.a term of the form A log X, where A 1s a constant, oceurs
in an integral, it hecomes 1maginary when 2 has such values as
make X negative; but in such cases A log (= X), which is real,
may always he used mstead of Alog X, since it has the same
differential coefficient as A log X. This note applies to IIL A. 3,
5, 11, 186, etc.

Nore re Inverse Use or TasLes To FIND DIFFERENTIAL
COEFFICIENTS,

Although the chief purpose of these Tables is to assist in
Integration, they may also be used to find gradients or differential
coeficients of given functions. To use them for this purpose,
search for the given function on the right-hand side of the page.
1ts s-gradient 1s the corresponding quantity on the left-hand side

of the page with the sign ot 1nl,vgmlmn/ and d.r removed.

The function to he dafferentiated will not, however, always be
found under the subject-title proper to the function, since the
arrangement of the tables classifies ifferentials, and not integrals,
accotding to subject. For instance, the differentials of sin~'z,
tan~, ete., sinh~l, cosh~lx, cte,, will be found in Secetion ITL.—
« Algebraical.”
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II.CHIEF METHODS OF TRANSFORMATION.

A.  Express the subject of integration as the sum of a series of
terms, and integrate these scparately (see I. 4)  (Integration by
decomposition or separation.)

Ey., / Tog{(1+20)(1+ 32)}tr= [ {log(1 +2:) + log(1 + 3.)) dz
- / log( + 22)d + / log(1 + 3z)dz .

B. Add and subtract the same quantity. Z.g.,

wle _ (@]},
142 ) 1+42r
(1 1

|
2 Taisem | ™

C. Multiply (or divide) numerator and denominator by the
same quantity. F.g.,

ban (1 +tan~.:,)rla'
IV k !
/ banad / 1+ tan<

tan'e/ tan
T/ T+tan%r °
Sp. Case :
M+NJR (M+N JR)(m -n JR)
m+n JR me - 2R

D. Expand in a series (see p. 146). E g s

4 4,
/J(l-—/.zsmlz) f{1+—k 2:&:+ Asmx+-..}dm_

Sp. Case: II. F.

E. Resolve rational fractions into partial fractions. (See p. 167.)

F Express a product of powers of sines and cosines as a sum of
terms, each consisting of a sine or cosine multiplied by a constant.
(See p. 168.)
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G. Substitute /(X) for z and /'(X)dX for dz. (See L. 6.)

Sp. Case: J(X)=pX +g=2 }
du = pdX ’
In the case of a definite mtegral, change the limits correspond
ingly (See I. 7), or else transform back to z after integration,
before assigniug limits. (See p. 148.)

"H. Differentiate or integrate an integral with respect to any

quantity mn it which is not a function of #, and a new integral is
deduced.

K. Use integration by parts. (See I. 7.)
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11. D. Cheef Methods of Fapansion wn Series —

1. Binomial Theorem.

2. Exponential Theorem.

3. Expansion of Log, (1 +a).

4. Trigonometric series derived from the preceding expansions,
by use of imaginaries.

5. Taylor's Theorem or Maclaurin’s Theorem (includmng 1, 2, 3,
as special cases).

6. Fourier’s Expansion in series of smnes and cosines.

7. Spherical Harmonics, Lam¢’s Functions, Bessel’s Functions,

Toroidal Functions, ete.
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11. K. Pwrtial Fractions.

0 ; pm 3 pm=-1 _———— ] .. .
F(a)_Awr+ T+ -.*./.I where m aud » are positive integers.

@)= @'+ b F T

1. If m<n reduce F("'; by ordinary division to an integral
-
function of ., + u fraction of siilar form to the above with m<n.
3. First Case. f(#)=a product of simple factors, all different.
Fr)=a(e - p)(xr = q)---- (£ »)
Fu)_ P Q B
JONEY: .c—t/+' R
To find P, Q----8, which are eonstants, use I. 11 (i.), (»)
Otherwise, F(p) F(q)
r , Q= otc,
7oy ¥ rw
3. Second Case. Some factors repeated.
Eg. f@)=alz—p)¥z-q)(x-1)----
Flz)_ P, Py Py Q, Q R
= + 5 A4 XL 2.
fer) Se—p T @- P w pp T e—g T (@-g) e —r
To find P; Py ----use I 11.(i.).

4. Third Case. f(x) not a product of real simple factors, but
contains quadratic factors all dufferent. E.g.

Fanen

Je)=a(x? + kx + 1)(2? + ma + n)(z — p)(x - ¢) - --~

F(x)_ K+ L + Mz+N + jid

S@) 2w+l 4mx+n x—p
Determine the constants K, L, M, ete., by I. 11. (i.).

Fanan

5. Fourth Oase. Some quadratic factors repeated. E.g.
Sx)=a(e® + kx +1)3(@2 + me +n)(e - p)----
Flz) Kz+L, Ku+l, K+ L
Az) Bkl @bt 12 @ w4 Oy
Mz + N P
SErna+n x -p He

Determine the constants K; L, etc., by L 11.(i.).
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11. F. Sines and Cosines,
1. Use repeatedly

S e cos nx=-_  sin (m+ n)e+sin (m - n)r

Cos max cos 1 €08 (1 + n)x + cos (m — n)x

Sin mz sin ne=

il
L\'.)‘ — wl — e —
P T S
S Ny

cos (m - n)z — cos (m + n)x

E.g. Sin*z cos 2z cosw= -; sin 4u — 1 sin 6z — 1 sin 2z

16 16

2. Alternative method. s=/~1.

Use X=¢* .- 2cosa=X t X!
2 sinz=X -- X!
2 cosnr=X"+X"
2/ sinne=X"~-X ™,

Express sines and cosines of « or its multiples in terms of X
Multiply out. Collect pairs of terms of the form C (X»+ X",
and reintroduce sines and cosinos.

E.g. 8in®z cos 2z cosx
1
- _ -1\3 2 Lr..g -1
(_21_)322(X XX+ X)X +X1)

= - fo g X0 - X - 2(X4 - X0 4 X2 - X-3)

.

= -i-lg{si.nﬁx-2 sin 42 + sin 2z},



1I. CHIEF METHODS OF TRANSFORMATION.

I1. G.—Substitutions.

. (aw + b da - (] X"IX }
} X=ur+b,
: F(aw+br&'r-——1‘ (X)X |
Sp Case: b= i-:)i. (See V1. head note.)

dir -JdX

e v e 23 e X.— 1
" e+ ) J(a+ bX?) “z

a™dx

“(am+ by mu(xi by Xr=a=1dX
X =(ax + 0)P.

- Flact+be+ o)do = F{u(X* +£))aX

b 4ar - h?
r_—' — e e ——
X=wtgo, F=—fp

a0y - x=/(20)

. F(a®+ k2)de = F(k*socX)k sec!X /X

X=tan1Z,
an &

Otherwise = F(k%cosh?X )k cosh XX
=sinh 1%,
k

. F{(«? - k2 }dz = F(k tan X)k sec X tan XdX

qZ
X=gec 1~

Otherwise = F(k sinh X)% sinh X . dX

XEcOSh"I-% .

. F{(k% - a2 }dz = F(k cos X) cos XdX
ngin"l—:-.

171
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10

11

. F(a, loga)de = F(e~X, X)e¥dX
X. log.e.

. F(bcosx+ esinw)de =F{ /(1% + ¢?) sin X}JdX
X=x+ tan“‘—z .
Otherwise, as in I1. G. 12.
a+b+2:X+(a-0)X2) 24X

12. B(a+bcosm+csmx)dw=F{ i X? | T Xe
Xstang
(@t b oo csint)dg —F | AV H@+OXE | aX
13. F(a + b cos?e+ csin%r)d Fl 14X f1ix
X=tanz.
14. F(coswr, sin%). sinzdw= - F{X, (1 - X)}dX
X=cosw.
15. F(sin z, cos%z). cos ade=F{X, (1 - X¥)}dX
X=sinz.
16. F(sin~Yr)dic = F(X) cos XX,

X=sin"'w

and similarly for other inverse functions.
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TABLE OF INTEGRALS, III. A. 1-10.

III.-IX.—TABLE OF INTEGRALS.
III. ALGEBRAIC FUNCTIONS.

IT1. A. Mainly Rational.

ade =C+acr.
"da ——-C+x”+l—
’ n+1

[Exe n=~1. (See T1I. A. 3.)]

_/C_l’f = C+2:302585 - - - x log, &
z
=C+log. .
1
b)yrde= - by,
f(aa:+ Vde C+(n+l)a(ax+ )

Exe n= -1. (SeeIIl. A.b.)

" 92:3026 - - - -
du ~C42 50‘£~._ x log(a.r + b)

=C +_01; log, (@ + D).

,r_C+A aB — A

y z log, (ax + B).

[#(@e+tyde. Uso 1L A, or 1X. A. 1, or 11L A. 20.

l
J

dx =C+tan-tr=C —cot 'z,
1+a’
de C+ 1log, 1'+x__(/+ tanh~'z
1—a?
=C+}log ;”’_' = C 1 cothle
dzx

at+b

1 dX
where X=x -
-5 /% V(
(See 111. A. 9.)

[x<1]

[e>1].

el /®
——@-I)—)Lan ¥ z+C when ab>0,

173

%) when ab<0.
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dz 1 (Ax+B
1. ](Aw+B)(a.l+b)”C+Ab B8 G 17

12, / -——,—” where m is a positive integer or 0, and = a positive
1 integer. If m<n, use 1L E. 1; if m=<In, thus:—-

—C+( 1) log¢(1+m)—- 2( 7(m+1)7rlog(¢‘ 2 cos” +])}

- cos™ |
+.2_Ejsmr(m+n"tan*‘(i C_OSn_) l(
n rwT
smo-
L n J

N B.—I1f n is odd, r takes the values 1, 3, 5----(n —2).
If nis even, » ,, ’ 1, 3, 5----(n —1),and the

term ¢ T;IK log (1 + ) is omitted.
13. / :c’"cla:" where m is a positive integer or 0, and % is an odd
1-a positive integer.
(=1 [ i“g where X= -z (See IT1. A. 12.)

™,
14. / ud .7:, where m is a positive integer or 0, and n is an even
pOsltlve integer.

~C+ Liog(1-2) - (2 1o 144
" 7

cos (™ :1- L= log, (4% - 2z coq’}ir +1) }

9 { ] z - cos ¥
+-—EJ} sin T Dm g™
" . T
L sin' =
n
where r takes the values 2, 4, 6----(n—2).
amde 1 (b \Hm (Xnd X L _fanN" .
) ( ) 14X where X=a,( lf) Lif al <0,
See III. A. 12, if m and n are positive integers.

(m+1)/n m n
= l( - .b—) i (XdX - where X—vr( - 1>1 , if ab
1-X" b <0.

See III. A. 13, 14, if m and n are positive integers.
Otherwise, see IX. A. 1.

15.
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dx 2 2ax+ b
16. /» — =C+ tan-! where A=b?- 4ac
ad*+bzr+ec J(=A)TT J(-4) if A<O
2az+b— JA .
. = log, 2%+ 0~ JA .
C+~/Aog2 5T A if A>0
(Ar+B)ds A - 2aB - Ab P
17. {a.n Fbrte 2alog,(az +hete)+ T2 " Jaf+bzte’
. (See ITI. A. 16.)
18. fAf(':Bdm where X==az’+bx+c
-A 2Ba - Ab [(de
SR e fX"‘ (See IX. A. 4.)

Sp. Case: A=0. (SeelX. A. 4.)

m o =1
19. Ag™ + T - -4 Kdv where o, n are positive integers
az +bs' 1+ p

Reduce by 11. K. to terms like these :—

]Aa:"d:r Adr Adu Le+M . / Le+M
x— (@-p)y’ . a""+l.z:+m (a:’+lz+m)’
for w]nch, see L11, A, 2, 5, 4, 17, 18,

20. { xm(waa + b)qudw = ’,_%_l f X;H-q_l(xqa— b)(m+llln- 1dx
where X=(a." + b)'
.9 f pim+intria(Xe — g) - tm+1m-ple=1Xp+a-1gX
n
where X=(bz" + a)'l.

Use the former when "lsll is a positive integer.

s  latter m+ 1 q P _is a negative integer.

In either case, expand the binomial factor and use IL. A. and
I11. A. 2.
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Definite Integrals with Numerical (or Particular) Linvts,

21 LA ™ e .
. e where # and m arc even positive in.
J 01 + nsin@j‘l)f tegers, and m<n.
n
f'l
22. ________d:c Teosec-if n>1.
J. (1 —=") T n
1
( dx T .7
- =" _cobt—
23. J ) 2/(1 +m"’) " co 7 £} ”

(@ +sds _Dm+DE+1)  (See X. 1 6.

24. J.a Fa)y T T T(m+n+3)
M
D(m+1)I(n+1) , »
[ oyt A I, ; ’
2. J w1 —)de = T +n+ +2)
0
26 ([ a"da:
) ’I‘Wl 9 ”» "
J

(" T(m+1)T(n+1) ,
m " mn {1 Ty ’
27. | w"(a-w)de=a I‘(m +n+2)

v o
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II1. B. Quadratic Surds.
‘ 2
1. f(am+b)5dx=0+§(—l(a.c+b)!.

2
2. / J{(auw+ D) e = a f XAX)(X)
where X .~(ac+ D).
Sp. Cases :—
@[ e + 1yide =C o far +1) - Zofam+ ).

_2 / X (See IIL A. 10)

( )f x(a:c + o Zb

3 /(w‘+l)* =C+log{e+ (& + 1)} =C+sinh~Le,
4 f(.l:"—l)} =C+log{a + (@ — 1)t} =C + cosh L.
5. f(l d.cxz)é =C+sin"lr=C —cos™ 1z,
(a;;.i-lf_—b); =C+ }dloge{wa + (ax* + D)t} if >0 and >0

=C + \—}&sinh‘lw\/% 5y @>0 5 0>0
=C L osh-1 /:li
=0+ :7(—1005; T A ) , a>0 , b<O

1 . v
=C+— —sm“lw,\/._‘_l , a<0 ,, >0

J(-a)
Otherwise : put =X / —orz=X / (- —> and use ITT. B,
3, 4, or b.
xdx 2
B = #
7 J(ax* + b) C+a(aa:+b).
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s [ 5@%? - (Ta_ffx‘zj's where X=1. (Sec TIL. B. 6.
Sp. Case: .,;(_1%%952) ,=C —sinh™! :1; =C —cosech™'z
,[m(lww‘)‘ =C ~cosh™? .i =C~sech'z.
9. / (Aot B)ast + Odo=Ct (52 4 Dt ALY s
Bb [(M Lo (See IT1 B. 6.)

Sp. Case: [ z(aa® + b)hde=C + ~(a.r‘ + O)L.

10. C+vers“‘—=C+cos”a z
a a

f ( 2az L

11 =( +cosh™ %~a‘=0+10&{“+‘”+(2“-""‘“’2)*}-

) / (Quz+ %)}
[ dw _C_(2aziw’)i
© Jo(2az a2t az
o . dX
15 [y “f (@K s =T
Where X._a:+ %a . (See III. B. 6.)

(Az+B)de A 2Ba Ab
(@ +bote)t a(m Hlotop+ f(aa:’+b.c+c)i
(See II. B. 13.)

15. f(Ax+B)(ax2+bm+c)mx \
2
=C+ {éx + <B+ Ab>x+Bb+Ac Ab}(m’”b%‘r")5

14.

3 2 12a 3a 8

(l_3_c_ Abe B _ébs)/ dw
2 4a 8a ' 16a%/) (ax’+br+ o)’
(See II1. B. 13.)

B 2¢A+(2aB-0A)

(Az+B)ds
(4ac — B)(aa® + bz + ¢}t *

(a® +bz+cp =C+2
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17 f A4 Bk K)o L4 Ma™ 4o+ R
’ (@ + bz + c)"*+t a (@ + b + o)}

if % is a positive mteger ; where L, M ----R are constauts to
be determined by 1. 11 (a).

18, wa’”+Bx"‘“+----+K
(az® + b+ )

C =P Qe -+ S)(ar T+ )b+ /

die

Mdex
(@ + bz +c)!

where the constants P, Q. ----8, M are delermined by 1. 11
For the last integral, see 111, B. 13, Otherwise, see 1X. A, 3,
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ArpENDIX N.—Srcrion TII. SoME SPECIAL AND SOME
MORE GENERAT CASES.

b (o« a
A (4). Since & =1-_2_ . [_@ __¢c4% ¥
(4). Nince Z2g=1- 137 ’(.,+1,)-' LY

A (8). kah L VAL

A (9). [ SR L L

Z2a @—wr
A (12). When n=2, m may he 0 or 1; fmd the formula gives
j__']{_ = tan™ & and jl“—/-"? = - l(w‘(l +a%).
Whenn=3,mmaybe 0, or1, or2; and the formnula gives

with =0 /1471 :];1"8 (1+x) - ll()g(x2_1:+l)

12e-1
+°577 tan™! T "‘i"+0
and with m=1 ’flﬁlf“: - %log (1+a)+ %lng (F2-2z+1)

9Qp-
4577 tan—t =" 1 +C,

and with m=2, [ /%, e lo" (1+43)+C.

Whenn=4, m may be 0, or 1, or 2, or 3; and the
formula gives—
with m=0,
2 ) D)
/ de 1 log ™ L +" "/"+1+ 1 t:m”zN/‘:+C;

T+20 442 “atoad2+1l 242 1-u2
and withm=1,

xdx al
Fra=0- g s
and withm =2,
2 —
atde _ 1 lO x"/_:I:..l_-l- 1 _tml'lwf C;

oot 4v2 S irav2rl 2 1o
and withm =3,

x3dx 1
— = __l o rd .
1+at 4 og (1 +2%)+C
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5 e iz v L+ .
B Q) f(xigm)* =C- (1 -2
[ xde —C_22+ac), _oon
(1 - an)t © 3a? (1 - az

f__“ ({:’: - =C+/\/£—_];_
(x4 1) Jo2 -1 r+1
. dr r+1
- - ____—=C—,J — 7 e
f(x I VE -1

/ }+":'1.4, =C+sin~'z - VI-22,

f :szlx =C+ Jr+a)z+h)

181

+(a-b)log { Ne+a+ Jzrb).

as
B (5). f(lw—hx C+ sm (b)'

B (13). Another form applicable whether @ be +or -

j a X
(a.c-+bx+r, J(axﬂ—{fﬂ_ X
ta

*)
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IV. LOGARITHMS AND EXPONENTIALS.

1. f el = C +ef(e=hase of Neperian Logarithms),
2. /a’”d.v =C+ 1 a,
nlog,«a
Sp. Case : /e"'rl.c=C+ % il
3. /Iogcxdx =C+zlogz -x.
4. [ logyedz = C +a(logyx — log,e).
Sp. Case: 6=10, /lngm.cd.v= C+(log, @~ 43429 ---.),
5. / (logue)'de = C + z{(log.x)" — n(logx)"* + n(n — 1)(log,r)*-2
—----%ul}
6. /x’”e‘dz =C+e{a™ —ma™ ' +m(in - 1)a™ %eee — oo £ m !},
7. / A = [ aomtds.  (See IIL A. 2.)
For other formul involving logarithms or exponentials, see
VIIL 7-25 and IX. C,
Definite Integrals with Numerical (or Particulur) Limits.
8. / edy = 3-' \/I where a>0.
0 - [

3=}

. f(log %)”dx= f e"dz=T(n+1). (See X.1-6.)
0 0 .

Arpenpix O.

IV. (7). From the equality of the logarithms of the two sides,
a™18® = Mo gnd g"1RE = g,

Therefore
/ a8ty =

.Z" lu‘_-h a1

n log,,-a"-i-_l.
J.n+1

and / My =,
n+1

Also / e~ de =a~""[\(n + 1),
]
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V.—HYPERBOLIC FUNCTIONS.,

[Sinhx et —e7%); coshz=4(e"+¢7%);
ta.nhx_smhr, cothz:

oshx tanhz’
1
sechz=——: cosechi= ——-;
. cosha’ sinh.’

gdz = cos ™! sechx = sin ™! tanhe — tan~1 sinhe = 2 tan =1 tanh 7 J
1. |sinha.dz =C+ coshx.
2 fcoshx.dm =C+4sinhr,
3. / tanhz.dz = C+ log, coshor.
cothz./z =C +log, sinha,
5. [sechz.de =C+2tan"l*=C+gde.

6. f cosechz.dz =C + log,::-i-i =C+log, tanh %,

Note.—Every formula in VI. gives rise to a corresponding
formula iu hyperbolic functions, and vice versd, by writing ¢ for
z and using the identities :—

sin 7z = ¢ sinhz

cos 72 = coshz

tan 42 =17 tanhz
where 1=,/( - 1).
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VI.—TRIGONOMETRICAL FORMS.

Note.—The substitution of p+g for x and of p.dx for d, gives
more general foims of V1., 16, 19-25,

Sp. Case: —z+ 12r— for z and ~ dz for . changes every trigono-

metrical ratio of « into its complementary function,
1. [sin (p+g)dz=C - -?1)—cos(/)m+q).

Sp. Case: [ sinwde=C —cosz.

S

/cos (px+q)dz=C+ % sin (pz +q).

Sp. Case: /cosxdz= C+sinz.

w

. [tan (px+q)dx=C - —}17 log, cos (pz + q).

Sp. Case: / tan xda = C - log, cosz .

L

/cot(px+q)dx=0+% log, sin (pz +¢q).
Sp. Case: / cotwdx = C +log,sinz,

Y R =2

=C+~})log,,tun(-:. +px+q).

o

2

1= cos (pz +q)
1+ cos (px +q)

(=]

. f cosec (pz +g)dz=C + %log,

— 1 pr+q
=C+ — log,tan?**4
C+ — log, tan 3

x_

/sin2(pz+q)dw =C+2 Ell-osm(px+q)cos(px+q).

b

®

/cos2(px+q)dw =-—C+-;i+§1—)sin(pw+q) cos (p +g).
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. ftan2(px+q)d:c _—_C_x+%tan(px+q).

3=

1

[ =]

./cc')t“(pm+q)dz =C—a:——-11)—cot(pa:+q).
11. fsec2(pa'+q)dx =C+—21;tan(pw+q).

12. /cosec%pa' +g)le=C - }1) cot (pr+9).

13, [¢in sin (pr+q)de _ o 1 oo p .
“cos¥(px +q) p sec(pz+q)
4, [cos (pr+q)de _ | S
1 f sin2(pe + ) =C- » (o:-e(,(_px+q).
dx
T I C Y UL P
Y fsm (pa+q) cos (pr+q) C+ P og tan (pr+4).
16. f sin"wdr, [ cos".rd.r, 4lr f - f tan".cda, j cot".edx .
sln e J cos"s’
‘ For the first two mtegrals use 11. F.or IX. B. 1, 2.
» 5 second pair ,» 1X.B. 3, 4.
1 » 5 last pair » VL 21, 22
See also VL. 19.
17. fsin (px + q) cos"(px+ q)dz=C - o i)— cos" 1 (px+q).
18. /cos (px+q)sin"(pz+q)dz=C+ (————1-)—— sin"t(pa+q).

19. f gin™x cos"zdx. Four methods.

Method I. (1) 1f m is an odd positive integer, use X=cosz
(2) ”» »” ” » k SInx
3) , m+n . even negatlve ’ , X=tanz

and the integrals become rational,
Method II. If m and # are positive integers, use IT. F.
Method I11I. Use IX. B. 5, 6, 7 or 8.

Method IV. 1f m or n or both are fractional, use X=sinz
or=cosz, and expand the binomial factor which results.
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20. f sin™ cos™e sin gur cos 1L - -~- dx.

‘Where m,

n, , r--- - are positive imtegers, use 11. I,
21, /Lan.":td:t.

: fan”" Lr Sy
If 7 is evon, = C + 1 bany

______ +----+tanzFa.
n-1 n-3 *
n—|, n—3 an
., 0dd —Cg e _wne o tantr log, cosz.
n-1 n-3 2

22. / cot"xdr =C — *-L] cot"Lr 4 _ 1
n u—

3cot"' A - ----tcotxFua,
if » even.

-c- ! lcot"“’m+ L cotr-t— - * § cot
n-—

n=3 +log,sin x, if # odd.

23. __d:c__ =C+ 4._‘1 _cosh ]a(,o€n+b if ¥2>a?
a+bcosz J(bz a?) a+heosx
cosz+b .
Ct — L cosm1®082+0 it po g2
*+ N(a®—b%) a+bheosx
24 / e _ f S S
" Ja+beosx+esing Ja+, J(B2+c?)cosX

where X =z — tan"l»z: . (See VI. 23.)

Sp. Case: (1) when ¢=0, it becomes V1. 23
dx
@) whenb=0, ., / e
cos™xdz 1 L pym n—m—1
925, /Za:bcosx)”=(a2-— by (acosX - b)"(a bcosX) dX,

if @ >b, m + 1 <n, where tan —\/ a=byy nZ,
a+ b "3

1 m, M-~

=@ =ay / (b — @ coshX)™(b coshX — a)""*+dX,

X_ fb-a x

if a<b, m+1<n, where tanh - 3= 17a tan-2_
Expand in each case by Binomial Theorem, and use II. A,,
then VI. 16 or 19, or Note at end of V.*

* See Appendix P.
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Arprenpix P.

The defimtion of X here given is the best for ready calculation
of 1ts value ; but it 15 well Lo note that

AN a—b &
tan . = + tan — means also
2 a+b 2
S G«

sin X = faZ - i
a+0cosw

. acosx+b
con X = -
a+beosa
tan X == Nfa? - /2 S
acosz+h
dr

PR
dX = Ja' =T a+bcosx

Definite Integrals with Particular [or Numerical] Limits.

n+1
26. f msm "wde = f cog™edi —-]—.-‘9—2———{———2 (See X. 1-6.)
21’(—;1 + 1)
D))

w2
27. [ sin™ m S By S A A
| sin % cos™rdr 7 N
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APPENDIX Q.—SOME OTHER SPECIAL AND SOMEKE MORE
GENERAL CUASES.

VI (7) and (8),

fsnr (pr+q)lx=C+ - - 1 gin 2pr+q).

4p

L..;

T

/0053 (pe+q)de=C+ -+ 4-;)sin 2Apr+q).

VI (17) and (18).
/sm (px+ q) cos (pxr+ q)de -C+ 21); sin? (px + q)

=C- 41[; cos2(pr+q).

fin ot o L2 12
_cos{(p-r)rty-— -k}
-7y
f sin (pz+ g) sin (rz + k)da = C — Eﬂiiﬁﬁ%%%jl_‘*_"_}.
sin {(p —r)r+q—k}
2(p-7)
/ cos (pr + g) cos (re + k)dr=C + sin ﬁl’ifl—rtgﬂ—}
-+
ySin{(p-rr+qg-k}
2(p-7)

f sinpzsin (px + @)z =C+ 5 L cos q- }1—7 sin (2px+q).
VI. (26) and (27).
2 /2 "
f sinxde=1= f cos zdx . / sinxdr=2.
0 0 0
T 2w 2w
/ cos xde=0= f cos xd.a = / sin xd .
0 0 0
f' sin? xdz =-7i=f1r cos? zdz.
0 2 0

n/p . ['d n[p
2 d = = 2
/ , S (px + ¢)dz % / , cos (pz + q)dx.
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If p=1Id and r=md, I and m heing infegers: that is, if d be
the greatest common factor or divisor of p and , { and m being
-
=T =m.2m
o =m.2w

L p I .
calculable by —=2 1 : then p. = =1.27 and r.

m d
I
d
posite trigonometrical function of both (pic+g) and (rx + k) brings
the function recurrently back to the same value. It also does
the same to any smmlar function of {(p+7)x+constant} or of
{(p-r)e+constant}.  Therefore the definite integration be-

Therefore, since 27 =360°, the addition of to = in any com-

*)
T .
tween any value 7, and .::l+--"?- of each of the three functions

o
given above, VI, (17) and (18), namely of sin( ) cos( ),
sin( )sin( ), and cox ( )eos( ), g1ves zero integral.

Also f :/p sin (pa + ¢) cos (px + q)de=0.

. Ir . .
If » denote flux of time, then il- s the lapse of time, or

2
“period,” between successive recurrences of identical values of
any composite trigonometrical function of (pr+g¢) and (re+k),

corresponding to the “beats” of the composite harmonie function.

. . . . I
The two harmonic functions have the different periods ~— and
1)

o

r
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VII.—INVERSE FUNCTIONS.

[Note.—These can be transformed into integrals involving the
correspondmg direct functions by substitutions like X=sin 'z

wa=sin X . du=cos XdX, ete]

N, B.—sinh™% = log,{x + /(1 +.9)}.

cosh le=log {w+ J(x*- 1)}, £>1,

T+,
1-2’
coth = -%—log,,; i'—] ;xe>1.

1
120z,

ta.uh".::———% log, r<<l,

1
sech™'a = cosh~'— =:log,
.I’ =} ll

1+ JA+%)
o

cosech™lx = sillh“-l— =log, ,ife>0
x

—log “/(1+' 1fw<0

gd~2 =sech~'cos r=tanh~- 1sm x=sinh~'tan 2

.::_)_.11 1+sinr

- g L m AL
=2 tanh~'tan 5 logctan( i + e e

1. f sin7zde =C+azsinTz+ (1 - 2%},

2. f coslzder  =C+ucosleF (1l -2t

- f (% - sin“‘x)dx.

3. f tan~lzdz =C+aztan ™l - %logl,(l +4a7),

4. / cob lade =C+zcot™lr+ ~;—loge(l +2%).

s

f sec”lrde  =C+xsec™lz - log.{& + /(2® - 1)}
=C +xsec™ 1z - cosh 1z,



&

-~

2

w©*

10.

11.

*

VII INVERSE FUNCTIONS, 6-12.

fcosec’lwdz = C+xcosee lz +log {w+ (42— 1)}

=C +x cosec & + cosh™ 1z,

. / sinh-lade =C+zsinh~z - J(1+4?).

f cosh~lzdx = C+weoshle— J(u*-1).

. jt:mlr‘xda: =C+.rtanh Lo+ 1 ]og,(l - x?).

-C+ ‘”mr(n A+ ,"’1og,(1-x)_

/ cothledr - C+.wreoth e+ —]oge(x“’ -1)

:r+l

-0+ g ar1) -7 5 loge - 1).

[ sech lzdr = C+ . sech 'z —cos 1.

. } cosech 'wdi = G+ @ cosech” '« +sinh™?

191
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VIII. MIXED FUNCTIONS.

—

/’ sin ud.e Ciz- s :r5 x|
v T 33t es T T

J ;’LA G
RN 66'+""

COS &
2 [ 4’:@—(3 +10" £ =

tan ed 4(t -1)B .+ 4 (42— DBt 4348 - 1Byt
> [ Tz Ot am 140 " 66l
.
. jcot:m’x_c__ 1By 4L 4B,
£ s, 120 3.4 56!
p o [secadx 1 ”1 +sin.e /g‘. 1.. 1., ) dz
0. [ xﬁ “Q.rl('"‘l -mn.c+ -lbm.v+3mnm+gsm .t:+---‘ el
Use I1.A, 1L ¥, and I1X. C. 3 and 4.
6. [eoseex, o _ 1 o [2-DByr (2/-1)B
/ g =C 21 1er 3.4
+(2 - DB ,
st }
7 a-l} o
/“ "C+1°g""”+’+o sty te
8. j ae"*dx [n=a positive integer]
wi ot -1
=C+!’,a’:{_‘b__n'c2 +n(ns l)m'n—2
a a a
= 1n=2)----2.1
i P s I
If » is not a positive integer, use II. D.
9. f -—dw [m=a positive integer]

1 1
(m—1)z™! + (m - 1)(m — 2)™"

=C—-e’{ s+ ----

+ ! } + 1 /@ . (See
(m—l)(m—2)-—-—2.:r: (m—l)' & VIII. 7')
Otherwise see IX. C. 7,
* For values of B, B, - - - - see nofe at end of Section VIII.
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10. / am iy = [amerions gy

. 2
=/w”‘{ l+nmlogx+(ﬁx%()%& +(n_ai%g_,m) + ---- }dﬂ:-

Use II. A. and VIII, 18

1. [e“”*”sin(pa:+q)dz=0+eﬂz+b{asm(px;;z_)1;;p cos(pa:+q_)_}-

12, /e‘“‘*” cos(px + q)de = [e**t?sin(pzr +q + 7)dz. (SeeV1IL 11.)
13. |z"cosPx sin%dz, where p and g are positive integers.
By II. F. and 1I. A. reduce to IX. C., 1 and 2.
14. / F(x)f(sinx, cosx)de, [F( )and f( )=rational integral
functions].

By II. F. and I1. A. reduce to IX. C., 1 and 2.

15. / log,(sin mu)dz = C — %’; log,2 - g%—n(sin 2max + L sin 4max

2
+—;—2$in6mx+7:—.jsin8mx+---.)

[i.f 0<mx<l2r] .

z 1,. 1.
16. / log,(cos ma)dz=C — ;ﬁlog,2 + 5 (sin 2mz - zzsin 4mx

+§lzsin6mx+zlzsin 8mz ~----)
. T ko
[1f——2—<mx<—2—] .

17. f log (tan ma)dz=C - ;}—L(sin 2me + glg sin 6max + % sin 10ma

+ ysin Uma 4--..),
18. xm(log ;c)”dx - / e(m-H)XXndX

X=logax.
(See VIIL 8.)
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19. f 2™F(log,z)dx, [F( )=a rational integral function]

f ""“’XF( )dX X=loga.
Use I1. A. and VIII, 8.

Definite Integrals with Particular [or Numerical] Limits.
20. f e<zrdz=T'(n+1). (See X.)

21, f:c”‘(log:c)"dm (- 1)"(F(:’lf)},21 (See X.)

2
22, (logag, _ _a*
Jo

.
23. “%Ii”dm=l2" if p>o.
o0

24, | P,
J o z

-
95, ] log,(sinz)dz= - Tlog2.
[)

Note.—Bernoulli’s Numbers.
B, B, B, B, B, B, B, B B, B, ete,, ete.

1 1

Phod ok oA M bR M AHEL
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IX.—FORMULZE OF REDUCTION,

Note.—Formulas of Reduction may be obtained by combinations
of 1.4, 1.7, and II. A, B, C.

IX. A. Algebraical,
1 / 2"X"dx where X=ax"+0
m, n, v being + or —, whole or fractional indices.

By the use of one of the subjoined formulas, the integral of any
one of the following 9 functions may be reduced to that of any of
the other 8:

wm +n Xi 41 me1 +1 xm-—nX7 +1
a.m + an mer II"" —nX1
mm 40 Xr-—l mer-l Wit -1

i) ii‘ ulsef;ﬂ when m and # are of opposite sign ; (iii), (iv), (v)
are useful when ris — ;
(iii) and (vi) used together give the reduction from #™X” to «™X"*
(IV) 1H (VI) 2] ” 9 3 i) 1) ”» T} zm—an—z
(IV) ”» (Vlll) 2] I » o 3 ) » o iatl) G

N.B.—When 7 is a + integer, this integral can be dealt with
by binomial expansion of X”. In other particular cases the sub-
stitutions of TI1. A, 15 and IIT. A. 20 ay be used.

(i) e Xrde= (m-: 16 { g™HX - (m+ 1+ 7 +n)a / ™ X de }

(i) =@ 11+ a { gmH=nXrH (4 1 - )b f &X' de }

(i) = (57'—41-'171; { —2™X 4 (m 41 + 07 +n) f & X }

. _ xmi 1Xr+2 a SR

(i) ‘(m+1‘y“m+n(r+1)m{” s

_(m+1+nr+n)(m+1 +m+2n)/z"‘+"X'+‘dm

m+1 }

(v) = ;l-(;‘_-—l-l_l)—a { amH=nXrH L (4 1 - m) |2 XrHde }

(vi) =m + 11 ¥ ’IW’{ "X + b f amXrtdy }
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(Vil) /x""X'dx = m.j'l. 1 { "X — nmf:v"”* w1y }

1
T (m+1+nr)(m+ 1 +nr —n)
+%wm+l—nxr+l - (m + 1 _ ,n)n,'.%/"/.m-nX7 - l(l.E }

(vi)

{ (m+1 —n)gmHXr

2. X=(a™+ba"+0)

(i) f.r”'X'dx = ﬂT{-——]l_-f-%’ { x"‘“HX' +nre f me'_ldx
—nra f XXy }
. 1 _
(ii) = (W-—Fl ;2_1_1_;)6 { gmH=mY T4

—=(m+1+nr-n)b f am=vXrdr
—-(m+1-2n)c [ o™X dx
3. X=az?+br+c ’
f X b= e BRI PR S
mo .
—(m-1) / a™=*X ¥z }
If m be a + integer, this reduces to I1L B, 14 and 13,
4. X=ax’+br+c

- 1 —r+1

+9(2r - 3)a[X-dz }

If r be a + integer, this reduces to III. A, 16, 17
» » (+integer+3) , , TIILB. 13
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IX. B. Trigonometrical.

Note.—The following formul® remain true when pr+g¢ is
substituted for # and pdx for dz. (See II. 3.)

Sp. Case: If p=-1,and g=3 radlans, in this substitution, we

deduce a new formula in whlch each frigonometrical ratio is
replaced by its complementary ratio.

N.B.—The following [ormulee, when » and m are intogers, reduce
to the formule referred to in the right-hand column.

- | n—1{. . ., L VL 1, or
1. fsm rdx = - sin lecosx+ T/sm e (10 A. 1.
2. / cos™edx = —]—cos"“.n sin ¢ + 71:—! / cos™ ~“xdx } KII 2, or

n n
di —CcosL n—-2( de
sins  (n-1)sin*'z " n-1)sin" % } V1.6, 0r 12.

dx sin & n—2( dr

¢ / cos"s ~ (n-1)cos Tz T n—1) o } VL 5,or1l.

b. X, .= / sin™x cos™dx.

1 m N— -1
Xm.n = m+ nSIn _Hx cos ]23 + m+ nxm.ﬂ—z VI- ]., 2, or
1 1 17, 18, or
—_ _— m— nil II].. A. 1.
m+nsm 1 cos™t Lo + +nxm-m
6. X, 0z f bl
cos"x
1 sin™z n-m-2
K= oo e T Al mne2 VI. 1, 3, 5,
1 sin™% m-1 or 16, or
- _-_ B m-x IIT. A. 1.

m-n cos" iz m-n ™"
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sin™x
1 cos™z m-n-2

7. Xpn= f 0OS"% g

Xon = = o gt ol St | VL1 24
1 cos"'2 n-1 or 16, or
= 1 et noly IL A. 1.
n—m'sin" 'z n-m
8. Xm.nffn-(ii-r
sin™z cos™z
x -1 1  #+m-2¢
™t a-1'sin™zeos™ k" w-1 """ | VL5, 6
1 1 m+n 2 15.

=-. o 4 "X,
m-1sn™zcos™2 ' m-1 """

n-1
9, / tan"xdx:tjzn lx— f tan™ %rdz .
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IX. C. Mixed Functions.

. m VL 1, or 2,
1. |2*sinmadz= - cos mz + f 2" "'cos madz | when nisa
m m positive in-

9 . . N teger. Other
. | cosmadr ="_gin mx — — | «"'sin maxde wise,use II. D.
m m and IL A.
3 f sinmz.dr _ sin max m f cos mxdx If n =a posi-
. AN R 1 A1 tive integer
(-1 "n-1) & VIIL 1 or 2.
4 [cosme cos m sin madz Otherwise,
L e = e T o use IL. D.
(n-1)x n— l
ZmH . _ IIL A. 22
b. [Qogaysnde= T (ogay - - [Qogay-iarde | pzaped
n IV. 2if m=
6. / atde = ic;"q_.. - _..___.lm 2™ la™dy } a positive
nloga 7 log.a nteger.
A - 1 e“dx VIIL 7 if m
7. [Zde =t = } hol
& (m—1 " m=1) 2 number,
%eog™ L 3 IV, 2 if n=
8. f ecoszdr =08 a:(nzsma:+acosx) even positive
n'+a integer.
n(n -1 _ VIIL 12if n
5 ( ) f e**cos™~*wdz . J = odd positive
integer.

9. f it = e*sin""'2(asinz — ncos x) IV.. 2 if n is an even
n? 4+ a2 positive integer.

n(n— 1)/ . VIII. 11 if n=o0dd

+ n + a? #ein"~zde J positive integer.
10. f & _e*{acosz - (n — 2)sinz} + a4+ (n -2)% [ e*da )
(n=-1)(n-2)cos™ 2 " (n-1)(n-2)/ cos™ 2

L ¢*{asinz + (n - 2)cosz} , al+(n-2)? [ de
ll'f T t-Dn- ez | (n-1)n-2)) sn
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X —GAMMA FUNCTIONS.

PropreRTIES OF THE GAMMA FuNcrION.

® 1 n—
1. Definition: I'(n)= [ e da= f (logs-l—) dz
Jo 0 X

where n>o0.

2. Fn+1)=nl'(n).
3. If » is a positive integer F(n) =(n-1)! and P(l) =1

4. TmI'a - n)= s«iﬁ%'l—r if n>0and<l.

()~ Lim p!pt . P .
5, 1(n) RS e | ey raryn) where p is a positive inleger

N.B.—Legendre, in his T'raité des Fonctions Elliptiques, Vol.
11, gives an extended table of 1000 entries from n=1to n=2, to
12 decimal places.

6. TaBLE OF VaLuEs of 1+log,,1'(n).

n 0 1 2 3 4 5 6 7 8 9
10 *0999 | -9763 | “9518 | *9280 | 9053 | ‘8834 | -8621 | ‘8415 | -821b | 8021
11 *7834 | -7658 | 7478 | *7310 | 7147 | *6990 | *6839 | 6694 | 6554 | 6421
12 *6292 | 6170 | 6052 | 5940 | -6834 | 5782 | 5636 | "5645 | 5459 | 5378
18 *5802 | 5231 | ‘5165 | -5104 | 5047 | -4995 | -4948 | 4905 | -4868 | 4834
14 *4805 | *4781 | 4761 | *4745 | *4734 | -4726 | 4724 | 4725 | 4731 | ‘4740
16 4755 | *4772 | 4794 | -4820 | 4850 | -4884 | -4921 | -4963 | 5008 | 5057
16 *5110 | *5167 | 5227 | 5291 | 5359 | 5430 | 56505 | 6583 | -5665 | -5750
17 *5839 | *5931 | 6027 | 6126 | -6229 | -6335 | ‘6444 | 6556 | 6672 | *6790
18 *6913 | -7038 | 7167 | *7209 | 7433 | -75671 | 7712 | -7856 | 8004 | 8164
19 *8307 | 8463 | ‘8622 | ‘8784 | ‘8949 | ‘9117 | -9288 | -9462 | 9688 | -9818

N.B.—To calculate I'(n), when n is given :—
If n=a positive integer, see 3, If n>1 and <2, use the table,
If n>2, by using (2) make the value depend on one in which »

lies between 1 and 2. Thus I'(3:62) =252 x 1-52 I'(1-52).
If n<1, use (2) to make the value depend on one in which

n>1: thus [(n)= .(”:_1), Example: T 63)_1‘(1 63)
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XI. DIFFERENTIAL EQUATIONS,
N.B.—exp(X)=e*®.
XI. A. First Order, First Degree.

X

’ ~mx 1
X'+mX=0, X=Ce™, ora= g

X'+/(#)=0, X=C-/f(x)dx.

X' +Xf()=0, X=Cesp| —ff(w)dm}.

Sp. Cuse: f(x)=mu"; log (>§= -ﬁ%.v”+‘

X'+ X/ () = p(r)
X =exp{— f JSx)dze}[C+ j p()exp{ f J(@)dx}dz).
Sp. Case: flz)=k, .. X +iX=¢(z);
X=e¢*{C+ /¢(x)e"‘dx}.

, dX
X'=$(AX) s |Sg5= J#(az.
Sp. Case: o(@)=1, ..X'=f(X), z= ;8{‘_)

F(#,X)X +¢(,X)=0. If the condition %‘(’f% is fulfilled,
then

; _ 0 (z,X) ] —
/ (X )z + [ l:f(.c,X) / 05 Xi0 |ax=c

f e, X )dX + / [¢(x>;) - f ﬂa”;_’i)ax‘ldx -C
the integrations being partial.

Note.—If the equation as given does not fulfil the above con-
dition, it may do so after being multiplied throughout by a function
of z or X or both, called the Integrating Factor. (See Boole,
chapters IV., V,) Eg. (@X+X+1)+X'(x+2%).

Integrating Factor, 1/(1 +2). Solution: 2X +tan~z=C,

7.

Xf(,X) + ¢(x,X) =0 where f(z,X)+ ¢(r,X) is homogeneous
in #,X. Substitute X=2% and reduce to XI. A, 5,
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(ax+bX +c)X' + (fe+gX +h)=0.
Assume ax + X +c=z; fx+yX +h=Z, hence
~Z'z+fz—gZ=0. (See XI. A, Tor3)

Ezc. when a:b=f:g, put X=az+ bX , hence
(X+o)(X -a)+9X+bh=0. (See XI. A. 5 Sp. Case.)

X'+ X f(z)=X"p(x). Substitute X=X'"". Then
X +(1-n)3f(@)=(1-n)p(x). (See Xl A.4)

10, If X' =(AX +B)aX +5);

11

AX+3

th po =" T2 =Ab-
en Cue X135’ where a= Al - aB.
If 2X'=aX2+0X +¢;
2aX +b— R
then Cu== __)TZ—X—H—_!_—Z, where a= /i? - 4ac,

If 2X'=(AX+B)(ax+10);
then AX 4 B =40, gAlaz+0),
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1X. B. Furst Order, Second or Higher Degree.

F(@,X,X)=0. If possible, solve for X*. Each solution X'
=¢(x,X), solved by XI. A. if possible, gives part of the
general solution.

S(X,X)=0. TUse XI. B. 1if possible: otherwise solve for
X if possible  Fach solution X = ¢(X’) gives x = f #Eax:
+C. Then eliminate X' between the last two equations.
S(@,X)=0. TUse XI. B.1 if possible: otherwise solve for
xif possible. Each solution z = ¢(X') gives X = / X'¢'(X")dX’
+C. Then eliminate X’ between the last two equations,

Xe=aX'+f(X'). (Clairault’s Equation) X=cc+7(c).
See § 202, p. 123.
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1.

2.

XI. DIFFERENTIAL EQUATYONS, C.

XI. C. Second Order. ,

X"+m#X =0, X=A cosmr+Bsinmz
=C cos (mx + K).

X"-m¥X =0, X=Ae"+Be ™,
X"+aX'+6X=0. Two forms:—

Xt { Aeap( G J(a~40) + Besp - 5 a2 1)) |
) when a?> 4/
=gl { A cos (—g- ~'/'4—5‘_—'52) + B sin (_;_ J}i“[,"_‘_‘gz) } hen o

= G2 0os | _2”5J(4b-a2)+x} <tb.
X"=f(2), X=//f(a')dxdx+Ax+B.

”n - ___~_(1_'2_(,___.__- K
X'=fX) == f J{Craff(Xyax)
X" +aX' +bX =£(2).

By XI. C. 3, find X by solving X"+ a X' +bX=0.
w XLA 4 ,, B, , XE+{(2%+aX}E=/(2)

Then X = % f Hdw. See§ 216, page 132.

X"+ Xf (x) + XF(z) = p(x).
Find ¥ if possible from X"+ X/(z) + XF(z)=0.
» Bby XL A, from EX+E{2¥ + X/ (@)} =¢().

Then X = % f Hdw. See§ 214, page 130,

#X X

G2 =¢ TP’ where X is a function of # and y:

General integral solution :—

eer2)o(e-2)

where the forms of the functions f( ) and ¢( ) are deter-
mined by limiting conditions.
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XI1. D. Order higher than Second.

1. f(r, X0, X®)=0, Put ¥=X""Y and equation becomes
S, X X)=0. (See XI. A, orB)

2. f(x, X2, XD X )=0, Put ¥=X""* and equation
+ becomes f(z, X, X, ¥)=0. (SeeXI. C.)

3. X"=f(z).
X= f "f @) + Ct 4+ Ot b - +.C,.

4. X®4q X0V 4 g X t.o.ota, X'+a,X=0
X =Cem %+ Cyg™ " +----+Cpe™n*
where my, My,---- - m,, are the roots of the anxiliary equation
mt+am™ 1+ am 4 -+ @y +a,=0.

Note 1.—If m,=p+q ./ —1and my=p—-gq J—1 are a pair of
imaginary roots, the terms C,e™=+ Cye™* are equivalent to the
real form e (A cos g+ Bsin ¢x).

Note 2.—If there be r equal roots my, m,-- --m,, each=p, the
corresponding terms in the value of X are (C;+Cux+Ca®+ ----
+C Ve And if there are r pairs of imaginary roots each

=p=+g./ -1, the terms are

e{ A,cos g + B sin gz + 2(Ascos g + Bysin gz) +-- -
+27"1(A, cos gz + B,sin gz)}
5. X 4, X"V 4, X"+ .ee 4 @, X = by + bz + b2 +---- + D2

Differentiate both sides r+ 1 times aud solve the resulting
equation by XI. D. 4. This solution is too general, having
n+7+1 arbitrary constants: but by substituting in the
equation and using 1. 11, we get »+ 1 relations between the
constants.

Otherwise: see X1. D, 6.
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6. X"4g Xt V4gXr 4o 40, X=f(z.)

Let X=TF(x) be the solution on the supposition that
S(z)=0. (See XI.D. 4.)

Then X =F(2) + 3 A,ezp(m,z) [exp{ - maf(a)}dz,
r=l

where A; A,----are such as to make the equation
A A A o
m-m  m-—m, m—m, m'+amt+am* i+ . 4aq,

identically true. (See Il. E.)

Another method : By variation of Parameters ; see Forsyth,
§ 75.
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XI1. E. Partial Differential Egquations,

1. ¥ aa—y, y = Cexp(ax + a?a?)

a " ol
where C and a are arbitrary constants,
or y={A cos ax + B sin az}ecp( - aa?),

A and B being arbitrary constants.

General Solution : y=sum of any number of solutions like
the above.

kg y= / :F(a)ewp(ax+u2a2t)du, where 1" 1s an arbitrary

function.
o
2. ﬁ‘i"“ a.vl’ y=F(z+at)+[(x - at)
where F and f denote arbitrary functions.
3 aa [/+I“ 2y 8//+Jtlj+ °l/+/1‘/ 0

a2 ox dt o ol
y=Ce# where C, a, B are arbitrary; but a, 8 suhject to
the condition
af?+bafB +ca?+ 1B +ya+h=0.

General Solution. y=the sum of any number of such
particular solutions.

4. a%_&; + bg—g+ =0, (ct+ay)=c(er+by)

where ¢=an arbitrary function.
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