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PREFACE

In the original work, the author endeavored to prepare a text-
book on the Caleulus, based on the method of limits, that should be
within the capacity of students of average mathematical ability, and
yet contain all that is essential to a working knowledge of the subject.

1n the revision of the book the same object has been kept in view.
Most of the text has been rewritten, the demonstrations have been
carefully revised, and for the most part new examples have been
substituted for the old. There has been some rearrangement of sub-
jects in a more natural order.

In the Differential Calculus, illustrations of the ¢derivative”
have been introduced i Chapter IL., and applhcations of differentia-
tion wil1 be found also among the examples in the chapter immedi-
ately following.

Chapter VII., on Series, is entirely new. In the Integral Calculus,
immediately after the integration of standard forms, Chapter XXI.
has been added, containing simple applications of integration.

In both the Differential and Integral Calculus, examples illustrat-
ing applications to Mechanies and Physies will be found, especially
in Chapter X. of the Differential Caleulus, on Maxima and Minima,
and in Chapter XXXII. of the Integral Calculus. The latter chap-
ter has been prepared by my colleague, Assistaut Professor N. R.
George, Jr.

The author also acknowledges his special obl.gation to his col-
leagues, Professor H. W. Tyler and Professcs F. §. Woods, for
important suggestions and criticisms.

JANUARY 1, 1907.
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CHAPTER I
FUNCTIONS

1. Variables and Constants. A quantity which may assume an
unlimited number of values 1s called a variahle.

A quantity whose value 1s unchanged 1s called a constant.

For example, 1n the equation of the circle

m‘1+ :'I'.’ — "2,

2 and y are variables, but @ is a constant. For as the point whose
coordinates are x, ygmoves along the curve, the values of r and y
are continually changing, while the value of the radius « remains
unchanged.

Constants are usually denoted by the first letters of the alphabet,
a, b, ¢, a, B3, y, ete.

Variables are usually denoted by the last letters of the alphabet,
z, Y, %, §, Y, etc.

2. Function. When one variable quantity so depends upon an-
other that the value of the latter determines that of the former, the
former is said to be a function of the latter.

For example, the area of a square is a function »f its side; the
volume of a sphere is a function of its radius; the sine, cosine, and
tangent are funetions of the angle; the expressions

2, log (#*+1), Va(z+1),

are functiors of .
1
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A quantity may be a function of two or more variables. For
example, the area of a rectangle is a function of two adjacent sides;
either cide of a right triangle is a function of the two other sides;
the volume of a rectangular parallelopiped is a function of its three
dimensions.

The expressions

o+ xy + 9% log(«®+ ¥, a™,
are functions of 2 and y.

The expressions

xy + Yz + 2, 5;:—'", log (2* +y —2),

are functions of x, y, and z.

3. Dependent and Indépendent Variables. If y is a function of s,
as in the equations

y=2a) y=tandz, y=e¢+1,

x is called the independent variable, and y the dependent variable.

1t is evident that when y is a function of x, & may be also regarded
as a function of y, and the positions of dependent and independent
variables reversed. Thus, from the preceding equations,

z=y, z=}tan'y, z=log, (y—1).
In equations involving more than two variables, as
24+2—y=0, wtwz+zc+y=0,

one must be regarded as the dependent variable, and the others as
independent variables.

4. Algebraic and Transcendental Functions. An algebraic function
is one that involves only a fimte number of the operations of addi-
tion, subtractic 1, multiplication, division, involution aad evolution
with constant expunents.* All qther functions are called transcen-
dental functionr. Included in this class are exponential, logarithmic,
trigonometric or circular, and inverse trigonometric, functions.

Note.— The werm “hyperbolic functions” is applied to certain

_forms of exponential functions. (See Art. 277.)

# A more general definition of Algebraic Function is, a function whose rela-
tien to the variable is expressed by an algebraic equation.
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5. Rational Functions. A polynomial involving only positive
integral powers of =z, 1s called an integral function of zjm@as, for

example, 2 +x— 4 w2+ 3t
A rational fraction is a fraction whose numerator and denominator
are 1ntegral functions of the variable; as, for example,

3t+22—1

-2

A rational function of  is an algebraic function involving no frac-
tional powers of  or of any function of .

The most general form of such a function is the sum of an integral
function and a rational fraction; as, for example,

. 3a°—2a
2 p— 122
a + 22241
6. Explicit and Implicit Functions. When one quantity is ex-
pressed directly in terms of another, the former is said to be an
explicit frnction of the latter.
For example, y is an explicit function of « in the equations

y=ua’42ua, y=Va+1.

When the relation between y and « is given by an equation con-
taining these quantities, but not solved with reference to y, y is said
to be an implicit function of x, as 1n the equations

azy +br+cy+d=0, y+logy=uz.

Sometimes, as in the first of these equations, we can solve the
equation wi‘h reference to y, and thus change the function from
implicit to explicit. Thus we find from this equation,

—_bz+d
ar + ¢
7. Single-valued and Many-valued Functions. In' the equation
Y= -2 £y
for every value of =, there is one and only one value of y.
Expressing  in terms of y, we have

w=1i Vy+1-



4 DIFFERENTIAL CALCULUS

Here each value of y determines two values of . TIn the former
case, y i a single-valued function of z.

In tne latter case, = is a two-valued function of y.

An n-valued function of a variable = is a function that has »
values corresponding to each value of .

The inverse trigonometric function, tan—! 2, has an unlimited num-
ber of values for each value of .

8. Notation of Functions. The symbols F(2),f(x), ¢(), (=),
and the like, are used to denote functions of . Thus instead of “y
is a function of &,” we may write

y=r(®), or y=¢()

A functional symbol occurring more than once in the same prob-
lem or discussion 18 understood to denote the same function or
operation, although applied to different quantities. Thus if

f@=2+5 . . . . ... Q@
then S =9"+5, S(@) =d*+5,
fla+1)=(a+1>?+5=a*+2a+6,
f@)=2+5=9, sy =6.

In all these expressions f( ) denotes the same operation as de-
fined by (1); that is, the operation of squaring the quantity and
adding 5 to the result.

Functions of two or more variables are expressed hy commas be-
tween the variables.

Thus if f(m’y)=m2+3wy_y2,

then  f(a, b; =. 43 ab—b. J @, a)=b2+3ba—a’.
J3,2)=3"4+3.3.2— 22\= 23. f(a, 0)=a
I ¢imy )=+,
then ¢(3,1,—-1)=3+1(—1)—-124+2=27;
¢(a, b, 0)=0a*—-0"+2; ¢(0,0,0)=2.
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9. Inverse Function. If y isa given function of z, represented by

¥y = ¢(x), . . @
and if from this relation we express « in terms of y, so that
e=9@), . « - . . . .. @

then each of the functions ¢ and ¢ is said to be the inverse of the
other.

For example, if =o' = ¢(2),
then 2 =\/ ¥ =¢(¥).

Here ¢, the cube root function, 1s the inverse of ¢, the cube
function.

If y=a" = ¢(2)
then x = log.y = y(y)-

Here y, the logarithmic function, 1s the inverse of ¢, the exponential
funection.

Iv + -

Again, suppose y=- _ -—qS(.l') N &)

From this we derive x= %—ﬁ—"’(/) N )]

Here ¢ as defined by (4) is the inverse of ¢ as defined by (3).
The notation ¢! 18 often employed for the inverse function of ¢.

Thus, if v =$(@), 2= $7(y).
It y=7@), =1 (1).

The student is already familiar with this notation for the inverse
trigonometric functions.

If y = sin z, x =sin!y.

EXAMPLES
1. Given 222 —2xy 4+ =a?;

change y from an implicit to an explicit function.

Ans. y=x+ Va'—2%
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2. Given sin (z — y) =m sin y;
<hange y from an implicit to an explicit function,
Ans. y=tan— ST |
m + cos
3. Given f(@)=20—3a+2+42;

find F, f@), 5B), F(=1), 1(0).
Show that S+ 1)—f(x)=64%
F@+1) =f(@) + (622 — 62 + 1)k + (6 & — 3)h* + 2 B,
4. Given F(x)=(2—1)%
show that F(e+1)— F(z—1)=82%

5. Given f(2)= € +e7. find F©), f@)+f(—2).

at+
Show that f (22) —f (—22) = [f @ — [F (- ®)]"
6. If $(8)=¢, ¢(@+b)=9 (@) @)

Show that the same relation holds for the function
y(0)=cos §+V —1sin 6,
giving y(a+2)=y(@¥0).

7. If 1= )_3"‘—§

show that the inverse function is of the same form.

8. If ()= bac+ d — find the inverse function of ¢. »
Compare the two functions when b =c.

9. If € f(@) =log(x+ V& —1),

show that f-!(z)= “_if:
10. If f(p y) =02+ 2bxy +cy?, find /1, 2), f (y, — ).
Show that

fE+hy+E) =7(29) +2(ax+by)h+20z+cy) k+f (R k)
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. m+n
11. Given o(m,n) = %,
I 1
where m, n, are positive integers; show that

dp(myn+1)+¢p(m+1,n)=¢(m+1,n+1).

% Y 2
2 0 Y
Y 2

show that f(y+z 2+, a+y)=21(x, y, 2).

)

12. Given S (@92 =




CHAPTER 1II
LIMIT. INCREMENT. DERIVATIVE

10. Limit. When the successive values of a variable z approach
nearer and nearer a fixed value @, in such a way that the difference
2 —a becomes and remains as small as we please, the value a is
called the limit of the variable x.

The student is supposed to be already somewhat familiar with the
meaning of this term, of which the following illustrations may be
mentioned.

The limit of the value of the recurring decimal .3333 ..., as the
number of decimal places 18 indefimtely increased, is }.

The limit of the sum of the series 1+ } + 1 + § + -+, as the number
of terms is indefinitely increased, is 2.

- . B —at .
The limit of the fraction &%, as « approaches a, is 3 a®
x—a

The circle is the limit of a regular polygon, as the number of sides
is indefinitely increased.
The limit of the fraction ‘?-1%—6, as @ approaches zero, is 1, provided

0 is expressed in circular measure.

11. Notation of Limit. The following notation will be used:
“Lim,_,” denotes “The limit, as # approaches a, of.”

2 2
For example, Lim,_, Z‘ : (;w =2.

Lim,_o (24* — ha + h%) = 2.

12. Some Speciai Limits. There are two important limits required
in the following chapter.

(a) Limg, E%—o, 0 being in circular measure.
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Let theangle AOA'=24. and let a be the radius of the arc AC.!'.

From geometry, ABA'< AC.1;
thatis, 2« sin 6 < 2 af, 51-]01—9< 1. @

Also from geometry, ACA' < AD.L';

a
thatis, 2af <2atang, " 0> 0,
s 0 cos 6 (
e >cos6. . . . . .20

Hence by (1) and (2), s1_1;0 is nter-

mediate in value between 1 and cos 6.
As 6 approaches zero, cos § approaches 1.

A’
s 6 =1

Hence Limg.,

The student will do well to compare the corresponding values of 6
and sin 6, taken from the tables, for angles of 5° 1°, and 10"

Angle 14 s 6
5 T = 0872665 ABTL5BT
1 T 0174533 0174524
180
10’ T 0029089 0029089
1080

(b) Lim,_ <1 + l>' Before deriving this limit let us compute
2

the value of the expression for increasing values of z. Thus,
A+32=225
1+ 1)y =2.48832
A+ ) =2.59374
(1.01)* = 2.70481
(1.001)1° — 2.71692
(1.0001) — 2.71815
(1.00001)100 — 271827
(1.000001 )100% — 2,71828
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The required limit will be found to agree to five decimals with the
last number, 2.71828.

By tne Binomial Theorem,

(1+%>==1+z%+3§_2_)c)’+z@;1mi__<)
1

which may be written (1 ) (1 )
(1+ ) PP T +

2 B
When 2 increases, the fractions 1 2’ etc., approach zero, and we
have @ 2
Lim, . 1+1> 1414141 + +
Z P Lz

This quantity is usually denoted by e, 50 that

e=1
+ + |_+| 3 +- [ +
The value of e can be easily calculated to any desired number of
decimals by computing the values of the successive terms of this
series. For seven decimal places the calculation is as follows:

4) .166666667
5) .041666667
6) .008333333
7) .001388889
8) -000198413
9) .000024802
10) 000002756
11) .000000276

.000000025
e= 2.7182818.-.

This quantity e is the base of the Napierian logarithms.

* For a rigorous derivation of this limit, the student is referred to more ex-
tensive treatises on the Differential Calculus.
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13. Increments. An increment of a variable quantity is any addi-
tion to its value, and is denoted by the symbol A written hgfore this
quantity. Thus Az denotes an increment of , Ay, an increment of y.

For example, if we have given

y=2
and assume x = 10, then if we increase the value of = by 2, the value
of y is increased from 100 to 144, that is, by 44.

In other words, if we assume the increment of « to be Az =2, we
shall find the increment of y to be Ay = 44.

If an increment is negative, there is a decrease in value.

For example, calling z= 10 as before, in y =27,

if Az=-—-2 then Ay= —36.
14. Derivative. With the same equation,
y==a,
and the same initial value of z,
r= 10,

let us calenlate the values of Ay corresponding to different values of
Az. 'We thus find results as in the following table.

If Ax= then Ay = and & =
£

3. 69. 23.

2. 4. 22.

L 21. 21.

0.1 2.01 20.1

0.01 0.2001 20.01

0.001 0.020001 20.001
h 20h + B* 204+ h

The third column gives the value of the ratio betweep the incre-
ments of  and of y.

It appears from the table that, as Az diminishes and approact .s
zero, Ay also diminishes and approaches zero.
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The ratio %Z diminishes, but instead of approaching zero, ap-

proaches 20 as 1ts limit.
This limit of 2—3/ is called the derivative of y with respect to g,

and is denoted by dy. In this case, when z =10, the derivative
4 _ 90,
da

It will be noticed that the value 20 depends partly on the funec-

tion y = 2% and partly on the initial value 10 assigned to .
Without restricting ourselves to any one initial value, we may ob-

tain g—” from y =a?
x
Increase # by Ax. Then the new value of y will be
Y = (@ + Ax)?;
therefore, Ay=y'—y=(v+ Az)*—a’=2rAz + (Ax)%
Dividing by A, %L/___z @+ Aa.
»

The limit of this, when Az approaches zero, is 2z.

Hence, Z——Z =2ux.

The derivative of a function may then be defined as the limiting
value of the ratio of the increment of the function to the increment of the
variable, as the latter increment approaches zero.

It is to be noticed that g—-z is not here defined as a fraction, but as
a single symbol denoting the limit of the fraction %-3; Tue student

will find as he advances that d” has many of the properties of an
ordinary fraction.
The derivative is sometimes called the differential coefficient.

15. General Expression for Derivative. In general, let
y=r(®).

Increase 2 by Az, and we have the new value of y,
y'=7s(z+A42)
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Ay=y' —y=r(z+ Ax) —f(2),
Ay _f(x+Ax) —r(@)
i

Ax A
d—y = le Az:o'—f'('m"-i-—M — 'f z .
dx Ax

Geometrica: Illustration. The process of finding the derivative
from y = 2? may be illustrated by a square.

Let x be the length of the side OP, and y the area of the square
on OP. ‘

That is, y is the number of square units Ay
corresponding to the linear unit of a.

When the side is increased by F°I”, the
area is increased by the space between the

Y x
squares.
That is, Ay=2rAx+ (Ax)?, ig:? x4+ Az,
dy 1. Ay v Az
;z—w—— LllnAz__.,,-A—a; = 2 &. o P P'

16. From the definition of the derivative we have the following
process for obtaining it :

(«) Increase = by Ax, and by substituting « + Ax for x, deter-
mine y + Ay, the new value of .

(b) Find Ay by subtracting the initial value of y from the new
value.

(¢) Divide by Az, givingi—-’a’c-

(d) Determine the limit of _:_-Z, as Az approaches zero. This

limit is the derivative Z—-:
Apply this process to the following examples.

EXAMPLES
1. y=24—62+5.
Increasing x by Aw, we have
y+Ay=2(x+ Az)*—6(z+ Ax)+ 5;
therefore, Ay=2(xr+Ar)®—6(x+Az)+5—22°+62—5
=(6 2 — 6) Az + 6 z(Ax)* + 2(A x)%.
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Dividing by Az,

%:6:»’-’—6+6wAm+2(Aw)’-

d . A
d_z = leA,;o-—*z =6a*—0.

Ax
=z
2. y_a:—+1'
__x+4Azx
y+ay z4+Ar+1
Ay = x+Ar =z — Ax
s+Ax+1 2+1 (x4+Az+1)(x41)
Ay 1

Az @+ae+ D@+l)

d : Ay 1
ﬁ:L]mAMB= Z;E-l-—l)—’

3. y=Va.
Y+ Ay = Va+ Az,
Ay=Vz ¥ Az — Va,

Ay _ Ve+ Az — Ve,
A Az

The limit of this takes the indeterminate form g
rationalizing the numerator, we have

Ay _ Ax — 1
Az Azx(Vz+Az+Vz) Vz+dz+ Ve

dy ;. Ay_ 1
do =~ UiPasm0p; =3/

But by

4 y=of _242+32—4, g%=4ws_4m+3.

5. y=(z—a)}, gﬂfs(z-a)ﬂ.



10.

11.

12.

13.

14.

. 15,
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y=(+2)@—20),

1
y='w‘s;
Yy= mm_’
n—ax
2y —5
w=-?}";§—,
_ 4 d?
y= ata’
r=_ b
-1
y=\/\.z:+2,
i
v
V=@,
1
€T =
&

15
W__ 4t
dt )
dy_ _3,
dz zt
dy_ _mn__
dx (n—a:)"'
de_ 9
dy (y+2)
dy _4_ . 2a?
dx @+a)’
de_  t+1
a-  (¢—-1)%
ay_ 1 |
z 2V r+2
dg_iié
dx 2
y_ _ r__
dx N )
de_ 1
dt 2ﬁ

16. Show that the derivative of the area of a circle, with respect
to its radius, is its circumference.

17. Show that the derivative of the volume of a sphere, with

respect to its radius, is the surface of the sphere.

‘We shall now give some illustrations of the meaning of the deriva-

tive.
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17. Direction of a Plane Curve. This is one of the simplest and
most usef 1l interpretations of the derivative.

Let ,> be a point in a curve determined by its equation y = f (),
and P7T the tangent at P.

Let OM =2, MP = y.

If we give x the increment
Az = MN, y will have the in- S
crement Ay = RQ. 4

Draw P(). Then P R

~RQ_ Ay
tan RPQ—Fh——A:v' . (1)

Now if Ax dimmish and y
approach zero, Ay will also
approach zero, the point @ O M N X
will move along the curve
towards P, and PQ will approach in direction PT as its limit.
Taking the limit of each member of (1), we have

Q

tan TPR = Lim ,,.,2Y =%,
Ax  dz

That is, the derivative Z—'/ , at any point of a curve, is the trigono
%

metric tangent of the in-

clination to OX of the Y
tangent line at that
point.

This quantity is de-
noted by the term slope.
The slope of a straight
line is the tangent of its
inclination to the axis
of X. N
The slope of a plane
curve at any point is the
slope of its tangent at
that point.

v
A

Thus, gy , at any point of a curve, is the slope of the curve at that
point.
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For example, consider the parabola 2* =4 py, y= %

The slope of the curve is dy_ =,
de 2p

At O, where 2 = 0, the slope = 0, the direction being horizontal.

At L, where 2 = 2 p, the slope =1, corresponding to an inclination
oL 45° to the axis of X.

Beyond I the slope increases towards oo, the inclination increasing
towards the limit 90°,

For all points on the left of OY, z is negative, and hence the slope
is negative, the corresponding inclinations to the axis of X being
negative.

18. Velocity in Terms of a Variable ¢ denoting Time. A body moves
over the distance OF = s 1n the time ¢, s being a function of ¢; it is
required to express the velocity at the point P.

Let As denote
the  distance &§— a b as L
PP traversed
in the interval At. If the velocity were uniform during this interval,

it would be equal to As,
At

For a variable velocity, % is the average or mean velocity between

Pand P, and is more nearly equal to the velocity at P the less we
make At.

As__ds
That is, tl.e velocity at P = Lim 4., T

If v denote this velocity, v _‘-;—t

Thus, 5;4: is the rate of increase of s.

S1m11arly. a.nd %4 arethe rates of increase of zand y réspectively.
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19. Acceleration. The rate of increase of the velocity v is called
accelerction.
If we denote this by «, we have by the preceding article,

=%
dt
For example, suppose a body moves so that
s=1,
Then the velocity, V= % =312
[¢
and the acceleration, o= %‘Z =6t

20. Rates of Increase of Variables. For further illustrations of the
derivative, consider the two following problems:

Problem 1. A man
walks across the street
from A to B at a uniform
rate of 5 feet per second.
A lamp at L throws his
shadow upon the wall
MN. AB is 36 feet,and
BL 4 feet. How fast is
the shadow moving when
he is 16 feet from A?
When 26 feet ? When
30 feet ?

Let P and @ be si-
multaneous positions of man and shadow. Let AP=z, AQ=1y.

BL 4 4z

Then £=P—B=36—m" V=g - D

When he walks from P to P, the shadow moves from @ to @'.
That 18, when Az =PP', Ay = QQ'.

Let At be the interval of time corresponding to Az and Ay.

O DO =z

M

Ay
. Ay At
Then we may write Az~ Bz Tttt &)

. at
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If now we suppose At to diminish indefinitely, Ay and Az will
also diminish indefinitely, and we have for the limits oi' the two
members of (2), dy

dy (I_f rate of increase of y Art. 18.
de ™ dx rate of ncrease of
dt

That is velocity of shadow at any point @ _ dy.
’ velocity of man T dx

Finding the derivative of (1), we have

W -%14_4@1 See Ex. 8, Art. 16,
Hence, 144
velocity of shadow at any point Q = 6 — =y (velocity of man)
144
= m (5 feet per second)
= —-&feet er second
= 36 — o e per sec

= 1.8 feet per second, when 2 =16
= 7.2 feet per second, when 2 = 26;
= 20 feet per second, when 2 = 30.

Problem 2. The top of a ladder 20 feet long rests against a wall.
The foot of the ladder is moved away from the wall at a uniform
rate of 2 feet per second.
How fast is the top moving,
when the foot is 12 feet Q
from the wall? When 16 A
feet from the wall ? Q

Suppose PQ to be one
position of the ladder. Yy

Let '

AP=w, AQ:y

Then
T Az
y=v/400—-2" (3) A PP
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‘When the foot moves from Pto P/, the top moves from @ to @'
That is, .f Az = PP, Ay = QQ'.
In the same way as in Problem 1,

Ay
ay_At
Ax Az
At
dy
And from this, dy _ d_t;
dx (_[‘1;
dt
. velocity of top at @ __ dy
that is, . veloeity of foot ~ du
dy_ -z ;
From (3), Az~ V300 — 2 See Ex. 14, Art. 16.
Hence,
velocity of top at any point @ = — —-L— — (velocity of foot
Y V00— (Tl )
2
— feet er second.
" Vi00= P

The negative sign is explained by noticing from the figure that y
decreases when « increases. Hence the rates of incicase of = and y
have ditferent signs.

‘When =12, velocity of top = — 1} feet per second.
When 2 =16, velocity of top = — 2% feet per second.

From tlLese problems it appears that, while 23; is the ratio between
. the increments of y and w, 2 Y is the ratio between the rates of increase

of these va'riables.



DERIVATIVE 21

21. Increasing and Decreasing Functions. If the derivative of a
Junction of x is positive, the function increases when x increa: es; and if
the derivative is negative, the function decreases when  increases.

For if the derivative Z—Z’ which is the ratio between the rates of

increase of the variables (see conclusion of Art. 20), is positive, it
follows that these rates must have the same sign ; that is, y increases
when « increases, and decreases when « decreases.

.0 Ay . . . . .
But if d—z is negative, the rates must have different signs; that is,
y decreases when « increases, and increases when x decreases.

This is also evident geometrically by regarding 9 a5 the slope of
a curve. dz

As we pass from A4 to B, y increases as z increases, but from B to
O, y decreases as z in-
creases. Y

Between A and B the

dy . ore
lope —Z tive ; be-
slop = is positive;

tween B and C, negative.
In the former case y is
saia to be an increasing
function; in the latter g
case, a decreasing function. {
For example, consider d
the function y = a? from which we find Eg = 3a®.

X
(o

Since % is positive for all values of x, the function y = «® is an
increasing function.

If we takay:%, we find %: _%2.

Here we have a decreasing function with a negative derivative.
Another illustration is Ex. 1, Art. 16,

2 W_ g —1
y=228—6x+5, o 6( ).

‘When 2 is numerically less than 1, y is a decreasing funetion.
When 2 ‘s numerically greater than 1, y is an increasing function.
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22. Continuous Function. A function, y = f(z), is said to be
continuous for a certain value ), of x, when y, = f (%) is a definite
quant:ty, and Ay, approaches zero as Az, approaches zero, Az, being
positive or negative.

The latter condition is sometimes expressed, “ when an infinitely
small increment in 2 produces an infinitely small increment in y.”

The most common case of discontinuity of the elementary functions
(algebraic, exponential, logarithmic, trigonometric and inverse trigo-
nometrie, functions) is when the function is infinite.

Y

N

For example, cor:jider the funyction y = 1 , which is continuous
for all values of  except = a. T—a

When 2 =a, y = », that is, y can be made as great as we please by
taking = sufficiertly near a. Also when x<a, y is negative, and
when z>a, y is positive.

There is a break in the curve whenz =a, and the function is said
to be discontinuous for the value = a.
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___/ a-

Y
0 A n

1
@—

This function being positive for all values of 2, the two branches
of the curve are above the axis of .

Likewise the functions, tan z, sec x, are discontinuous when &= %

The function y= is likewise discontinuous when z=a.

In general, if f'(x) = oo, when &= a, there is a break in the curve
y=f () corresponding to x = a, and both the curve and the function
are then discontinuous. 1

Another form of discontinuity is seen in the function y= 2‘ +2,
when x=0. 2° +1

Here y approaches two limits, according as x approaches zero

through positive or negative values.
1

-

Lim,.,, 2t2_1. Lim,._, 2*2_2,
2°41 o411

‘We see that when =0 the
curve jumps from y=2 to y=1,
that is from B to 4.

The function is discontinu-
ous for x=0.

It is to be noticed that the
definition of the derivative
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implies the continuity of the function. For —i—y cannot approach a

2
limit, unless Ay approaches zero when Az approaches zero.

The converse is not true. There are continuous functions which
have no derivative, but they are never met with in ordinary
practice.

EXAMPLES

1, The equation of a curve is y = %s— 24 2.

(@) Tind its inclination to the axis of »#, when #=0, and
when z=1. Ans.  0° and 135°.
() Find the
points where the
curve is parallel to
the axis of X.
Ans. =0 and r=2.
(¢) Find the
points where the
slope is unity.
Ans. r= (1 + “\/g).
(d) Find the
point where the direc-
tion is the same as
that at 2 =3. Ans. z=—1,

2. In Problem 1, Art. 20, when will the velocity of vhe shadow
be the same as that of the man? Ans. When AP =24 ft.

‘When one quarter, and when nine times, that of the man ?
Ans. When AP =12 ft., and 32 ft.

8. A circular metal plate, radius » inches, is expanded by heat,
the radius being expanded m inches per second. At what rate is
the area expanded ¢ Ans. 2 xrm sq. in. per sec.

§. At what rate is the volume of a sphere increasing under the
conditions of Ex. 3? Ans. 4 =r*m cu. in. per sec.



DERIVATIVE 25

5. The radius of a spherical soap bubble is increasing uniformly.
at the rate of ;% inch per second. Find the rate at vthich the
volume is increasing when the diameter is 3 inches.

Ans. % = 2.827 cu. in. per sec.
6. InExs. 5,7, Art. 16,is y an increasing or a decreasing function?

Is 3x+5
+1

an increasing or a decreasing function of #?

7. In the Example 1, above, for what values of « is y an increas-
ing function of x, and for what values a decreasing function ?

8. Find where the rate of change of. the ordinate of the curve
y=1a*—6x*+ 3z + b, is equal to the rate of change of the slope of
the curve. Ans. 2=5or 1.

9. When is the fraction increasing at the same rate as #?

Ans. When «? =a?

10. If 2 body fall freely from rest in a vacuum, the distance
through which it falls is approximately s =16}, where s is in feet,
and ¢ in seconds. Find the velocity and acceleration. What is the
velocity after 1 second? After 4 seconds ? After 10 seconds ?

Ans. 32,128, and 320 ft. per sec.

28
2?4+ a?



CHAPTER III
DIFFERENTIATION

23. The process of finding the derivative of a given function is
called differentiation. The examples in the preceding chapter illus-
trate the meanjng of the derivative, but the elementary method of
differentiation there used becomes very laborious for any but the
simplest functions.

Differentiation -is more readily performed by means of certain
general rules or formula expressing the derivatives of the standard
functions.

In these formule » and » will denote variable quantities, func-
tions of 2; and ¢ and n constant quantities.

It is frequently convenient to write the derivative of a fuantity wu,

d—(iu instead of %,

the symbol (—;i— denoting ¢ derivative of.”
x

Thus &d%ﬂ’ the derivative of (u + v), may be written (—% (u+ ).

24. Formule for Differentiation of Algebraic Functions.

1. Ed—a-’=‘1.
de
II. ==0.
T 0.
d du , dv
I, — =2%4 %Y,
&) "%t

26
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IV. _(uv)_v%ﬂd_;
du
V. —(cu)_cd—m
; vf’i“ ujl_”
u /] 2
VL dm( L.

vi. & (u™) = 1%
daz dx

These formula express the following general rules of differenti-
ation :

L. The derivative of a variable with respect to itself is unity.

II. The derivative of a constunt is zero.

III. The derivative of the sum of two variables is the sum of their
derivatives.

IV. The derivative of the product of two variables is the sum of
the products of each, variable by the derivative of the other.

V. The derivative of the product of a constant and « variable is
the product of the constant and the derivative of the variable.

VI. The derivative of a fraction is the derivative of the numerator
multiplied by the denominator minus the derivative of the denomi-
nator multiplied by the numerator, this difference being divided by the
square of the denominator.

VII. The derivative of any power of a variable is the product of the
exponent, the power with exponent diminished by 1, and the derivative
of the variable.

25. Proof of I. This follows immediately from the definition of

aderivative. For, since Az _ 1, its limit = 1.
Az da

26. Proof of II. A constant is a quantity whuse valus does not

vary.
Hence A¢c=0 and — =0; therefore its 11m1t —=0.
i Am dx

1
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27. Proof of III. Let y=wu-+v, and suppose that when z re-
ceives the increment Aw, w and v receive the increments Au and Av,
respectively. Then the new value of y,

Y+ Ay=u+ Au+v 4 Av,

therefore Ay = Au + Av.
Divide by Az; then .
Ay Au + Ay

Az Az @ Az’

Now suppose Az to diminish and approach zero, and we have for
the limits of these fractions,

dy _ du+dv
dex dr do

If in this we substitute for y, w 4v, we have
@ (4 4 vy B, B
Zz_x(u+”)‘ dm+dm'
It is evident that the same proof would apply to any number of

terms connected by plus or minus signs. We should then have

dv dw

—_— w
(uj:'v:t )= da: dz

28. Proof of IV. Let y=uv;
then ¥+ Ay =(u + Aw)(v + Av),
and Ay =(u + Au)(v 4 Av) — uv = vAu + (u + Av)Aw.
_ Divide by Az;

then . %—'v———+(u+Au)—
Now suppose Az to approach’zero, a.nd, noticing that the limit of
u + Au is u, we have
dy__,du dv,

dz—”d—x"'“dz’

that is, — (wv) =v%¥ + u
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29. Proauct of Several Factors. Formula IV. may be extended to
the product of three or more factors. Thus we have

(‘%(uvw) —(uv w)= w—(u'v)+uvgr

du dw
=‘w<’vd—'w + udm +’M’Ua

vw(-1—u+uw + vd-—l-o

dx

It appears from the preceding that the derivative of the product
of two or three factors may be obtained by multiplying the deriva-
tive of each factor by all the others and adding the results.

This rule applies to the product of any number of factors. To
prove this, we assume

d . _ ooy G . du, du,
div(ulu’ un) = Ugllg *+* Uy o + uyuguy + o4 UUg oo Uy —T da;

d
Then g‘c (uluﬂ unun+l> = u"“d_w (’ulug voe u,.) + ugttg oo u, d———;;“

1
=Ugllg *+* un+l + UyUglhy < n+1£§g + e Uyl oee un-luu+l%

+u’lul Uy dx

Thus it appears that if the rule applies to n factors, it holds also for

n+1 factors, and is consequently applicable to any number of
factors.

The derivative of the product of any number of factors is the sum of
the products obtained by multiplying the derivative of each factor by all
the other factors.
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30. Proof of V. This is a special case of IV., g: being zero. But

we may derive it independently thus:

Yy=cu,
¥+ Ay =c(u + Au),
Ay = cAu,
Ay _ Au
—_— = c____’
Ax Az
%= cg—:, or c%’(cu) = cg_';.
31. Proof of VI. Let y= %‘
The Ay =ttAu,
" y+ay v4+Av’

therefore Ay=—"T""_"=

and Ay _ v Az Az
Az~ (v+Avpw

Now suppose Az to approach zero, and noticing that the limit of
v+ Av is v, we have

Or we may derive VI. from IV. thus:

£ e

Since y

-

therefore

K
I
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d dv_du
By IV. =
y IV, d +ydm de’
dy _du_udv
de dz wvdo’
du_ dv
therefore dy_ de dw
dz v?

32. Proof of VII. First, suppose n to be a positive integer.

Let Y = u®,
then Y+ Ay = (u+ Aw)*,
and Ay = (v + Au)" — u™.

Putting »' for u 4+ Au, we have
Ay =u" —ur = (u' — u) (" 4+ u"tu 4w Ut 4 e wrY),
that is, Ay = Au(u™ 1+ w"Pu + w" Pl 4w Y),
Ay

Au
In—1 n—2 In-3 n—1
yo =" u"tu 4 Bt ) — vy

Now let Az diminish; then, u being the limit of u/, each of the »
te.ms within the parenthesis becomes »" !; therefore

dx dz

Or it may be proved by regarding this as a special case of Art. 29,
where u,, u, --- and u, are each equal to w.

lolu adu

dy un—l (2_" .

m i W\ —qn- n-127 TS
Then d:c(u ) =u +u o + o n terms
du
e n—-1%%
nu %

Second, suppose = to be a positive fraction, Z

P

Let y =u,
then P =
a%(y” —<u')

therefore
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But we have already shown VII. to be true when the exponent is

. apositive integer; hence we may apply it to each member of this
equatiun. This gives

10y _1du
q-127 p—-12%,
qy do . bu do’
d uP~'du
therefore di:: -_-_-2; e

?
Substituting for y, u¢, gives
which shows VII. to be true in this case also.

Third, suppose n to be negative and equal to — m.

1
Let y=u"‘=$;
_i m —_ m—-ld_u
by VI dy _ i ™ do_ o -mea
? de— Wi  ui= ds’

Hence, VII. is true in this case also.

EXAMPLES
Differentiate the following functions:
1. y=2at
dy d o
T=T

If we apply VIL, substituting u=2 and n= 4, we have

L
cﬁ(w‘)—4m’dz—4zs. b?I.

Hence, gi; =44,
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2. y=32"442%

Y _ a3 = a
dx—da:(3w +42?) dw(3x‘)+dz(4a:’),

by IIL., making u =3a*and v=44"
d d
%(3 o) = 3%(31‘), by V.
=3-42°=124%

d =490 —4.32=
Similarly, o 42 ._4dx(_a:3) =4.32'=124%
Hence, %=l2m'3+12m2=12(933+:c’).

3. y=x&+2.

dy_d by 4 @
&=z T

%(w*) =gwi, by VII
d% 2)=0, byIL

dy

Hence, e

=§x}.

- 2 1
4 y=3Voer— =" ++=+a.
y vz @

LTI P N DRRY I
gl ) T Hp@T N e+

3.~} _of 1\, 4 _3g,.
=3 2( 2):» 32440
3,1

=4

_3,
2t ot ot
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Gy 4 (2x9),
dx dx\x>+3

Applying VI., making
u=2+ 3 and v=a® 4 3, we have

a(zen)_ @ +3) (@ +3) — (@ +3) =@ +9)

dz\a* + 3 (x* 4 3)*
_w’+3—(m+3)2m=3—6m—x‘3
=T @+ @+3)¢

Hence, dy _3—6x—

dz (@ +3)F

6. y=(2'+2)%.

y_d i,
W_ L@t

If we apply VII., making

u=2a?+4+2 and n=§,we have

L@ +ot=2@+2tle+2)

2, - 4

=242 2p=—"—

3@ +2) PYEmEY
dy_ - 42

Hence, da:_3(w=+2)i'

7. y=(*--1) VP —.

dy_ a —
a:" 7l @ +1) (@ —2)'].
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If we apply IV., making
u=2a*+1 and 'u=(ar’-—w)5, we have

d
H@+D @ —2)]

_ d d
_(w2+1)a(w3-—x)*+ (ﬁ—w)l‘a?v(m’+1).

(—Z—c(w"’—-m)% =%(a:3——w) -%;Z;(a-*—z)= %(aﬂ—w)-%@ 1),

d

Hence %’é=;(x2+ DB 1)@ —2) @ —2)t20

_@+1) B2 e —a) T —22°—1
2 (@ — )t 2 (2 — )}

8 y=3a"—22%+423—5, &;-—3(10:0” 4 2° +a?).

4 2.3 ay_4_6 2 12
9 y= 6\/——+\/ 2T @ ¥z \/§+m’ P

10. y=(v+2 a)(z —a)}, %:3(x’_af)_
dy _4 (b — oty
11. y=(wi'_a§)4’ i:i%;%l-

Differentiate Example 11 also after expanding.

_22—-1 dy__ 2z
R y=G - (@—1)y

dy _ ¥
13. y=2(a*+5)}, 3= @+ D +5)%

86
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dy_ @
14 y——2 2
V= T 5
y= @@=t dy_3aVaF—al,
xs dm— w{
16. = a_x’ ﬂ=____q
Y x dx 2 2vVax — o2

Differentiate both members of the identical equations, Exs, 17-19
17. (2'+ ax + a®) (o — ax + o) = 2* + a%? 4 at.

18. (w’_% 2=x’+2a’+a‘x".

2 a? 2 1
1. o= 3m+1_1+ —1 2z—1
20. 2=t (t’-l- a?)nT_l, ——(nt”_;_a’)(t’_l.az)n’—s
21 _(2e-3) dy 63 +4¢)(2t*—3)*
) #+2):*’ dt B+ 2) )
29 y___m’ga+2m2‘ dy_2ax' (24z+50a)(a+2a)
) (2a—32)” de™ @Ca—-3a)®

23. y=(z+1)3z —8)(z+2)",

% =38 (132* — 24)(z +1)*(3 # — 8)(z + 2)"

- dy _n(@r+1

_ azl oy .

ohoy=atr e @™ i

25 y=_2—=0 _ y__ o
V= a—a dz (2 gz — otk
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26 y= &=t dy_ _8@—at
. da 32
_ 2241 y___ 3 .
W oy="0—Vi-= RN
28, o=t —2\fd+1 B-_3
thoow 4(tt + 1)t
29 y=!a/'3'—as!}’ (13{= 2asm2 .
@+ a%)? az (o + o®) ¥ — atyd
30. Y= 2’ —241 d—zl= a?—1 .
Vo Fort’ Az (24z+1)Vor+2+1
31 y_82+62+1 dy_ 1222
(dz+1)k d@ (4 g+ 1)k
32 y=@'—3ar)(da? + 8 az +15a)},
dy _ 4(22°—94a)
dx

33.

(#*—3 ar)b@ 2+ Baz + 15a)?

y=@E+ VvV +1)"(n Va2 +1—2),

e

@ =1)(x+ VT F 1)

34. For what values of  is 3 #* — 8 2® an increasing or a decreas-
ing function of x ?
Ans. Increasing, when 2 > 2; decreasing, when z < 2

35. A vessel in the form of an inverted circular cone of semi-
vertical angle 30° is being filled with water at tl.e uniform rate of
one cubic foot per minute.
rising when the depth is 6 inches ? when 1 foot? when 2 feet ?
Ans. .76 in.; .19 in.; .05 in., per sec.

At what rate is the surfare of the water
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36. The side of an equilateral triangle is increasing at the rate
of 10 feet per minute, and the area at the rate of 10 square feet per
second. How large is the triangle ? Ans. Side = 69.28 ft.

387. A vessel is sailing due north.20 miles per hour. Another
vessel, 40 miles north of the first, is sailing due east 15 miles per
hour. At what rate are they approaching each other after one
hour? After 2 hours? .Ans. Approaching 7 mi. per hr.; separating
15 mi. per hr.

When will they cease to approach each other, and what is then
their distance apart ?

Ans. After 1 hr. 16 min. 48 sec. Distance =24 mu.

38. A train starts at noon from Boston, moving west, its motion
being represented by s=9 ¢&. From Worcester, forty miles west of
Boston, another train starts at the same time, moving in the same
direction, its motion represented by s'=2 t®. The quantities s, s/,
are in miles, and ¢ in hours. When will the trains be nearest to-
gether, and what is then their distance apart ? '

Ans. 3 p.M., and 13 mi.

When will the accelerations be equal ?

Ans. 1 hr. 30 min., .M.

39. If a point moves so that s = /¢, show that the acceleration
is negative and proportional to the cube of the velocity. How is
the sign of the acceleration interpreted ?

40. Given 8 =;1 + b¢%; find the velocity and acceleration.

41. A body starts from the origin, and moves so that in ¢ seconds
the coordinates of its position are

=443 y=%—3t’—4t.
Find the rates of increase of z and y.
Also find the velocity in its path, which is

ds_ [fdz\'  (dy\?
dt_\/(dt)+(dt) . Ans. B 45.
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42. Two bodies move, one on the axis of X, and the other on the
axts of ¥, and in ¢ minutes their distances from the origin are

2=21—6¢ feet, and y=61¢—9 feet.

At what rate are they approaching each other or separating, after

1 minute ? After 3 minutes ?
Ans. Approaching 2 ft per min. ; separating 6 ft. per min.
When will they be nearest together ? Ans. After 1 min. 30 sec.

43. In the triangle ABC, L and M are the middle points of BC
and CA respectively. A man walks along the median AL at a uni-
form rate. A lamp at B casts his shadow on the side AC. Show
that the velocities of the shadow at A4, M, C, are as 2%: 3?: 4%; and
that the accelerations at these points are as 23: 33: 43

SuacEsTION. — P being any position of the man, draw from L a
line parallel to BP.

33. Fonaule for Differentiation of Logarithmic and Exponential
Fnnctions.

du

d =1log, ¢ .
VIIIL %log, u=1log,e -

du
d dx

IX. Zlogu==—.
da:Ogu u

X %}a“:log.a-a“—--
d du

I. —Zet=e"—-

X dwe eda;

XII. —w'= W--l% + log. W u'cd?z.
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34. Proof of VIII. Let y=Ilog,u,

then ¥+ Ay =log, (v + Au),

Ay =log, (u + Au) — log,u =log,
= 1og,<1 + A") =A%qq, (1 + A_‘“>“—".
% u

" Au
Ay_ “ax L.
2 1og,<1 + ) @)

u4 Au
7

Dividing by Az,

u

If Az approach zero, Au likewise approaches zero.

Now Limg,., (1 +=2¢ Au)“ =Lim,__ (1 + 1)'
2

For, if we put _A% =g,
then (1 + éﬁ)a = (1 + 1>',
u 2

and as Au approaches zero, z approaches infinity.
But in Art. 12 we have found

Lim,_, (1 + %): e;

therefore leA.,_o(x += Auu)“" e

Hence, if we take the limit of each member of (1),

du
é—log.e_-
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35. Proof of IX. This is a special case of VIII., when a=e.
In this case .
log,e=1log,e=1. )

)

Nore.—Logarithms to base e are called Napierian logarithms.
Hereafter, when no base is specified, Napierian logarithms are to be
understood; that is,

log u denotes log, u.

36. Proof of X.

Let y=a*

Taking the logarithm of each member, we have
log y=ulog a;
dy

therefore by IX., ax_ 10 g e,
Y dx
Multiplying by y = a*, we have

W _Yorq.a %
a8

27. Proof of XI. This is a special case of X., where a=e.

38. Proof of XII. Let y=u"
Taking the logarithm of each member, we have

log y=vlogu;
therefore by IX., dr_ dz +logu@.
Y dz
Multiplying by y = u*, we have
_du dv

Y _ log u.uw2?.
dm_.vu + logu uda:

dz
The method of proving X. and XIIL by taking the logarithm of
each member, may be applied to IV., VL, and VIL
This exercise is left to the student.
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EXAMPLES
(See note, Art. 35.)
1. y=log (22*+3 J_l
y=log (24° + 3 &%), da: 213
2. y=2"log (axz+b), Z—Z ] +b+nlog(aac+b)]
3 y= 1 dy__1+logx
zlogz’ dz~ (zlogz)*

dy _3logye_1.3029

4. y=10g10(3w+2)’ da{ 3),-'— 5.L+Z

—b dy__ 2ab
5. y=log—"- = .
ogam+ b’ de @' — 1
3w+1 dy 8
. —I B e ———t
6. y= og +3’ de 3a*+102+3
—t41 dy_ 2(f—1)
7. y=log—1= .
y ogt2+t+1 dt t4+£+1
8. y=ua*¢, d” —(1 + log @) u*e.

dy_aloga+blogh,

9. y=log (a* + %), o P

10, y=(e=—1)%, % = 8 (e —1)%
Differentiate Ex. 10 also after éxpanding.

_Satd,. dy_242-102°
. y= x—3 E de (x—3)?

[4

12. y=(3z—1)%*, g—g =3 (9 2* — 1)e*,

e,
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13. y=m’5’,

14. y=loglog z —

1

log =

’

(1.1:

Y=t 1 .
e x* 5%(5 + = log 5)

1+loge
z (log x)*"

43

Differentiate both members of the identical equations, Exs. 15-18.

15.

16.

17.

18.

19.

20.

21.

22.

24.

25.

@+e)=

(a®— e*)* = a* — 3 a¥e* + 3 a’e™

—e

xt + 4 x'e® + 6 x°e™ + 4 xe® + s,

log (e*+e*)=log (¢ + e ) +x+a.

wlog e _ alog =

y=

xlogm

—log (x +1),

y=1log (Vz ¥ a + V=),

y=log

\/ac+1—1
Va +1

y=u[(log x)’— 2 log 2 4- 2],

y=log (V& +a—Vz— a),

y=108

dz 32t — at)}
d
y=log (Vz13+Vat D +V@ F 9@ +2), = ﬁ—i—g
e —14e ™ d_y=2nge"‘-—e"").
e +1+4e dz e 414 e 2=

dy _

dx

dy _

dx

dy_

dx

dy _
dx

logz |
(@+1y’

1
2V + ax

2
VazF—1
-1
aVo+1

Z—Z = (log )

du__.(gc-.-a)*+(m—a)§




44

27.

28.

29.

31.

32.

DIFFERENTIAL CALCULUS

log = dy 1
=log—2 " - = .
Y=l log & de xlog z (14 log )
, . dy___ 30e*
y=@Be*—-2¢€*+2)V2e*= 41, d‘”——\/m'

y=3log (Va®+3 —3) +log (V& +3 +1),

dy__ 4z
dv 2 _2+/2*+ 3

y=log (a + V2 ax — «*) +f/a——

o+ V2 c—a
dy_ 1

& 2z+v2aw—a)

logw’+1:}-_\/w‘+3m"’+1’ dy 2#—1

y= z

1

y = log.(x + a),

@ B r32+1
dy 1 [ 1 ‘_ log,,gm-i-a)].

dw=log:c x4+ a z

The following may be derived by XII. or by differentiating after
taking the logarithm of each member of the given equation.

33.

34.

35.

36.

37.

38.

y=a"

y = (aa’)’,
y =2
y=(log 2y,

Y= 2108 )",

v=(3)

ay
=" 1 + log ).

W — (aaty [2 + log (na?)].

dy LI
%=aw"+ 1+2log a:);

dy _ o 1
o= (log ) (log p + loglog a:)

% = (n + 1) (log w)"m(l"l at-1,

dy (= : 1 1 @
Tz—(w+a)(x+a+a{°gw+a)'
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The method of differentiating after taking the logarithm of the
ixpression may often be applied with advantage to algeb-aic funec-
ions. This is sometimes called logarithmic differentiation.

In this way differentiate Exs. 21-26, pp. 36, 37.

39. Find the slope of the catenary (Art. 128) y=g(e‘;+e-3), at

‘What is the abscissa of the point where the curve is inclined 45°
.0 the axis of X ? Ans. z=alog,(1+ V2).

40. When does log, = increase at the same rate as z?
Ans. When z =log,, e = .4343.
When at one third the rate ? Ans. When z=1.3029.
Verify these results from logarithm tables.

41. If the space described by a point is given by s=ae* + be~,
show that the acceleration is equal to the space passed over.
4
i feet,
find the velccity and acceleration at the end of 1 second. At the end
of 16 seconds Ans. Velocity = — 2 ft., and — .5 ft. per sec.
Acceleration = .4, and .025.

42. If a point moves so that in ¢t seconds s=1%0 log

43. For what values of = is. y =log (= —2)* _ga:’_—(fﬁ_;;);}-m

an increasing or a decreasing function ?
Ans. Increasing when # > 3; decreasing when z < 3.

39. Formule for Differentiation of Trigonometric Functions. In
the following formule the angle u is supposed to be expressed in
circular measure.

d . du
XI11. E:;:sm % = CO8 u%

XIV. -(%cosu: —sin ug—:.

XYV. d—%tan u = sec? ug-: .
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XVL (—id_x cot u = — cosec’u Z’;
XVIL ii—sec u=secu tan u'l'f .
dx dx
XVIII. L] cosec u = — cosec « cot u@-
dx dx

XTX. -d—vers u =sin u@-
ds 7
40. Proof of XIIL. Let y = sin «,
then ¥+ Ay =sin (v + Au);
therefore Ay =sm (u+ Aw) —sinu.

But from Trigonometry,

sin ¢ —sm B=2 s'm%(zl —B) cos‘lz(A +B).

If we substitute A=u+Au,and B=u,

we have Ay =2cos <u+ A") qinAT)'f-
A A sinAu 3 Au
Hence Y cos (u u v,
’ Az ( t7 2 Au Az
2

Now when Az approaches zero, Au likewise approaches zero, and
as Aw is in cirzular measure,

sin®
Lim,, ,—3;—=1. See Art. 12.
2
dy du
H o — —_—
ence, i cos u o
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41. Proof of XIV. This may be derived by substituting in XIIL.

for u, 5_“
Then a%sm <§—1L> _cos<—2-—u);m<’2'—u),
or d-%cosu:sin u(—- %): —sinu Z_:

42. Proof of XV. Since tan u = * sin v
cos lt

« . *
cos u a sin u — sin « g—cos %
dx dx

d
by VI, dp A=

cos®u
du du
cos? u— +sm‘u-- e
d.x (l.u dx
cos? u = costu
du
=sec®u —.
de

43. Proof ¢f XVI. This may be derived from XV. by substitut-

ing "2—"— u for u.

44. Proof of XVII. Since sec u =

’
COS U
d %
—Leosu sin uB
by VI d sec u § dx
Y Vi dax T cosfu  costu

({117
=sgec « tan u 1 .
lx

45. Proof of XVIII. This may be derived from XVII. by sub-

stituting g — ufor u.

46. Proof of XIX. This is readily obtained from XIV. by the

relation vers u=1— cos u.
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10.

11.

12.

13.

DIFFERENTIAL CALCULUS

EXAMPLES

y =3 sin 3% cos 2x — 2 cos 3 sin 2z, %’é =5 cos 3z cos 2.
y = log cos® 4 22 tan x — o7, SZ%:2:1;1;an’:zc.

y = log (sec ma + tan mz),

ay _
=m sec ma.
da

dy_2@=Dtanz

—_— n2 2
y =log (a sin’ z 4 b cos® ), = ataniztd

dy _siné

y=cosalogsec (§—a)+0sine,  G= o0

=(m —1) sec™+x—(m+1) sec"":c,%:(m’— 1)sec™ !z tan’x
d
y = log tan (ax - Z), c—lg; = — 2a sec 2az.

r =1log [sec 0 tan 4 (sec § + tan 6)’], d’ ﬁ___sect:s‘otan 0.

y = cosec™ ax cosec® bz,

% = —cosec™ ax cosec” bz (ma cot ax 4 nb cot bx).
. . dy _
y = 22 sin 22 + 2% cos 2 — sin 2z, = 44? cos 2.

y =2 tan®z sec # 4 tan « sec # — log (sec « + tan ),

% = 8 tan®x sec®x.

y=sinm+cg_l;w’ dy_ _2singz
& dx e

y = €*(sin 2z — b5 cos 2x), g—g =13¢*(sin 2z — cos 27)
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14. y=1o cOs & dy _ sin a .
Y =" Gos (@ +a) dz  cos z cos (x4 a)
15. y = sin® 4« cos* 3z, g—g =12 sin? 4z cos® 3z cos 7.
— 1o SID @ 4 Vvers x dy _
16. y=1log S & — vers &’ a0
17. y = (sin 2 )7, %-Z =y (log sin 2z 4 22 cot 2x).
18. y = (tan z)™", 9y _ y (cos « log tan z 4 sec z).
19. y=(siux)vec>?, Zﬂ = y(cot z log cos z — tan zlog sin ).
2
20. y=tanzsecz+ log \/—1—&‘3, W _ 2 secta.
1-—sing X
21 y=(tanzr—3cotx) Vtanaz, dy_ 3secs
s dx 2 tan%w
sing; (0 — ) :
29. y=10g—+—., %=&_
sin—2-(0 +a) cos ¢ —cos 6
. dy a4+ b?
23. y=alog (asi b b Y__ar0o |
y=alog {a sinz + b cos x) + b, I atanzid
sin (2 z— ’—r) ¢
U oy=—I 4 y___2
sin <2a:+’5) dr 1+4sindsz
4
tanZ —2 d 3
B y=log ——7' dn~ I—bsma

2tang—1
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26. y = asinx 4 bversa dy _ 2abversx
) asinz— b versa’ dz  («smnaz—D vers x)%

In each of the following pairs of equations derive by differentia-
tion each of the two equations from the other:

27. sin 2x=2sinzcos x,
cos 2 x = cos®x — sin’a,

] .
. @
28. sin2x= "—u@.—,
1 4 tan’z
1— tan’e
cos2zx= ta .,1’.
1+ tan*z

29. sin 3x=38sinx —4sin’x,
cos 3 x =4 cos*x — 3 cos x.

30. sin 42 =4 sinxcos’x —4 coszsin’z,
cosd =1 — 8 sin*zcos’a.

31. sin (m + n)x = sin mr cos nx + cos mx sin 22,

cos (m + n) & = cos mx €OS N& — Sin ML S NX.

32. If 6 vary uniformly, so that one revolution is made in = sec-
onds, show that the rates of increase of sin, when 6 = 0° 30°
45°, 60°, 90°, are respectively 2, V3, V2, 1, 0, per second.

338. If 0 is increasing uniformly, show that the rates of increase
of tané, when 6=0° 30° 45° 60° 90° are in harmonical progres-
sion.

.

34. For what values of 6, less than 90° is sin 6 4 cos 4 an increas-
ing or a decreasing function ? Find its rate of change when 6 =15°,
the rate of change of 4 being «w.

Y

w
Ans. -,

85. The trank and connecting rod of a steam engine are 3 and 10
feet respectively, and the crank revolves uniformly, making two
revolutions per second. At what rate is the piston moving, when
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the crank makes with the line of motion of the piston 0°, 45°, 90°,
135°, 180°? )
If a, b, @, are the three sides of the triangle, and 6 the angle
opposite b,
z=a cos 6 + Vb — «? sm? 4.
Ans. 0, 32.44, 37.70, 20.87, 0, ft. per sec.

36. A crank OP revolves about O with angular velocity o, and a
connecting rod P@ is hinged to 1t at P, wlilst @ 1s constrained to
move 1 a fixed groove OX. Prove that the velocity of @ is . OR,
where R 1s the point in which the line QP (produced if necessary)
meets a perpendicular to OX drawn through O.

47. Inverse Trigonometric Functions. The inverse trigonometric
functions are many-valued functions; that 13, for any given value of
a, there 18 an mfimte munher of values of sin—'a, tan='x, &e.

“1 =35 T 4+ 2nr or 5 6‘” + 2 nm, where n is any integer.

But if the angl~ 1s 5 restricted to values not greater numencally
than a right angle, sin~' & will have only one value for a given value

For example, sin

of . Then sin "1) =", sin“'(—- 1) = —T7. We thus regard sin ',
. 2 6 2 6
cosec™ z, tan '@, and cot'i, as taken between — = and ,
the first or fourth quadrants. 2
But cos~'z, sec™' =, and vers~'x, must be taken between O and =,
that is, in the first and second quadrants, which include all values of
the cosine, secant, and versine.
These restrictivns are assumed in the following formule of differ-
entiation. '

that is, in

48. Formule for Differentiation of Inverse Trigonometri. Functions.

du
(] de
XX, Lsintu= Y .
dx V1—u?
du
XXI. -‘-l—cos" = — EL
de V1i—u
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du
d, . _ dr
XXII. d—wtan U=
du
D ootty = — 22
XXIIIL. acot U= =y
du
XXIV. Lsectu—— % .
dx U/ ul—1
du
XXV. Lcosecu=— Lw__ .
dx U/ — 1
du
XXVL Gverstu—— % __.
de V2u —u?
49. Proof of XX. Let y=sin~"u;
therefore siny = u.
dy _d
By XIIL, cosy d_i = d_:;
du
dy_ 4=
therefore 2= cosy
But cosy= I _siny=+ vi—u.

If the angle y .is restricted to the first and fourth quadrants
(Art. 47), cos y is positive.

Hence cosy= /T—u3
du
and @ = de .
de  /1—u?
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50. Proof of XXI. Let y = cos™u;

therefore COS Y = .
. dy _du
By XIV. - =
y X1V, siny o= 0
du
dy__ 9=
therefore i smy

But siny=4 V1—cosy=+ VI—u’
If the angle y is restricted to the first and second quadrants
(Art. 47), sin y is positive.

Hence siny = V11—
du
dy dx
and = — .
dz vV1i-ut

51. Proof of XXII. Let y =tan~u;

therefore tan y = u.
By XV, sec’y%—z = d—“,
du
dy _ dx .
therefore dz 50y
But sec’y=1+4tan’y=1+ u¥;
du_
dy _ dx
therefore dz = m-

52. Proof of XXIII. This may be derived like XXII., or from

cat~!'u = tan—! 1 .
U
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63. Proof of XXIV. This may be obtained from XXI. Since
sec~lu = cos™! 1,
u

d (1) _ 1 du du

al _ﬂi _ u”dz__ de
u =1 =1
s

54. Proof of XXV. This may be obtained from XX. Since

L] sec~lu = cos

.41
cosec™ly = sin—'=,
i

a <1> _ladu du
A 2

2 cosec—t =2 gin-! 1_ d-’« wds dz

dx de

\/1__ uvVui—1 u—l.

55. Proof of XXVI. This may be obtained from XXI. Since
vers~lu = cos™! (1 — w),

] ’ T
g1 -1 —_
-(i—vels u=Ecos A—u) = — ——— ——— = .
o VIi—(1—uf V2u—u
EXAMPLES
e oe—1 dy _ 2
1. y=tan O de~ bet— 2w+1
e 22 w__ 3
2. y=sec 3’ &&= a5
a2x--7 dy 1
3. y=sm?=—/— b A —
Y I dz  /(z—5)(2—2)
dy 4
—_ -1 — pac> A .
4. y=vers™ (82— 8'), iy
5. y=tan' =9, dy__a

z+a de 2+ab
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6. y=tan ! (3 tan ), Z-é 3 _42_%2_,6.

7. y=sec sec? §, %Z = Vs;—cf—ﬁ.

8. y=vers?¥ =T Z—Z_*x’_-z{-—l"

9. y=cot! :;;i—::—:, %:ﬁ_ﬁ.
10. y = cosec™! 3, dy _ —~_1_—____—:

- A ©~/8x7+ 2z —1

11. y =tan! 3&’%2 + cot™! %——ilf :;Z =0.
12. y =cos™ Vvers 2, g'l— —}V1{secw.
13. y=a tan™ ‘a— b tan—' %, g;’: = (ﬁg%_g_b{).
14. y= cot™ 20:—-% % = e
15. y=sin™! M&‘;—;{%‘f’%’ % =1.
16. y=sin™ Z.: -:-:, t(ilz bz :— a\/ﬁ'
17. y=tan! (sec x 4 tan ), g% = %
18. y=sin™ - +2-e"’ % =-= -fe:'
19. y=cot*(a®—x+ 1) — cot~!(z — 1), %—Z:;,;—i—_—l
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. 244 5tans dy____ 3 |
20. y=tan —35 dz  5+4sin 2
a8 —3_, [f—= dy _V6s—a'

21. y=cos 3 2\/ o A =
. Y= '1£—2 —4 ‘_1.7;/= -2
22. y=a’sec 3 Va'—4, da 2wsq0 2

Differentiate both members of the identical equations, Exs. 23-28

23. 2 cos"\ /a%l- =cos 2.

24. 3vers~'x=vers' [2(2 x — 3)*].

25. sin-'z 4 sin~la=sin"'(aV1—2*+zVI—ad).

26. tan™' ma 4 tan! nz = tan! (m+mw,
1 —mna?

27. vers-! 2242_, tan-l\, 2+ 1
z+43 2

28. tan-! a?tan x — b?

b
L An?—0 —tan-'( 2t — tan—!-.
ab (1 + tan x) an (b an:c) e

29, y=2logZ—28+8 =5 dy _ 122°—20

F+22+6 1z dv #+62°+25
P 4(9:-—:1:’)_ @= 4 .
80. y=tan=— s o 1+

31. What value must be assigned to a so that the curve
y =log, (x — 7 @) + tan~! ax,
may be parallel to the axis of X at the point # =1?
. Ans. % or — &
32. A mar walks across the diameter, 200 feet, of a circular

courtyard at a uniform rate of 5 feet per second. A lamp at one
extremity of a diameter perpendicular to the first casts his shadow
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upon the cireular wall. Required the velocity of the shadow along
the wall, when he is at the centre; when 20 feet from tHe centre,
when 50 feet ; when 75 feet; when at circumference.
Ans. 10, 948, 8, 6%, 5 ft. per sec.
33. Suppose the lamp in Ex. 32 to be moved halfway towards the
centre; find the position of the man, when the velocity of the shadow
equals his own. Ans. Distance from centre ———1008/15 = 64.55 ft.
56. Relations between Certain Derivatives. It is necessary to notice
the relations between certain derivatives obtained by differentiating
with respect to different quantities.

To express Z—Z in terms ofg—x- If y is a given function of w, then =

may be regarded as a function of y. From the former relation, we
have g%, and from the latter, g-g These derivatives are connected

by a simple relation.

is ovi Ay_1
It is evident thLat A Az ’
Ay

ho-.ever small the values of Ar and Ay. As these quantities ap-
proach zero, we have for the limits of the members of this equation,

dy 1
-&;—@---------(1)
dy

That is, the ~elation between flh’ and gl—w is the same as if they were
ordinary fractions. y

For example, suppose

w=y_‘:_1.........(2)

Differentiating with respect to y, we have

dﬁ:—_—‘z—-—-o
gy @+
12
By (1) B _GEY__% o
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This is the same result as that obtained by solving (2) with refer-
ence to y, giving

y=g—1)

and differentiuting this with 1espect to .

dy d dz

To ea:pressd——-w in terms of iz ; that is, to find the derivative

of a function of a function. If y is a given function of z and z a
given function of , it follows that yis a function of . This relation
may often be obtained by eliminating z between the two given

equations, bu ¢ d Y can be found without such elimination.
By differentiating the two given equations, we hnd d" anddz > and

from these derivatives, i;: may be obtained by the relatlon

dy _dy de 3
do dz dw c 0 @
Ay_ Ay Az

it is evident that
For it is e Aw— Az Aw

however small Az, Ay, and Az. By taking the limits of the members
of this equation we obtain (3). That is, the relation is the same as
if the derivatives were ordinary fractions.

For example, suppose .

yz:i;_w,.}.........@)

Differentiating tltese equations, the first with respect to z, and
the second with respect to x, we haye

Y _pp % _ _op
dz dx

By (3), d = bA(—22) = —10a(a? — )%, by ).

ay
de
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The same result might have been obtained by eliminating z between
(4), giving
@)’y

and differentiating this with respect to z.
The relation (1) may be obtained as a special case of (3) by

y=(a—

substituting y =«. This gives
dads _do_
dz de dz

Another form of (3) is

dy

dx _dy

d_z=&zl,........(5)

dz

which is of frequent use.
EXAMPLES
In Exs. 1-4, ﬁnd -_ and thence % by (1).
dx
1. o= ay—h dy _ (by_—__k)_z_ bh —ak
) by — &’ dr~ bh—ak (bx—a)
2. z=+/1+5iny, dy_2Vitsmy 2
dx cos ¥ V2 -
3 z=_0U dy_(+logy)? o
) 14+1logy’ dx log y xy —a*
—_— 2
4, w=alog\/y+a+\/—: dy_2 Vy2+a?/=ea—‘e ‘
Va dw a 2

In Exs. 5-8 ﬁnd ay and - , and thence d by ®3).

2z

3z
5 3z—2

V=1 T

ay _
do

12
T @+ 2F
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1 z__ o—%
8 y_10gz+ , z:e” g—‘z:;_ﬁ_z_‘z.

7. y=e'+e¥, z=log (z— %), %=4w’—6m’+1.

8. y=log Z:I:, 2 = sec z + tan z,
dy _ a? —b?

dz 2ab+ (a?+ ?) cosa

9. Differentiate (x*+ 2)? with respect to *
Let y=(2*+2)* and 2 =2% It 1s required to ﬁnd dy

QY _ 4 (a2 @ _
i z(2? + 2), dx—3:v’.

dy _4x(@®+2) 4(1:2+‘))
By (9) dz 3 a? 3z

3 3 t
10. Find the derivative of %4— & with respect to ~ + .
a® o a ®

Ans. 3(%:-}.1.}-;;)-

11. Find the derivative of sin 3z with respect to sin z.
Ans. 3 (4 cos*x—3).

12. Find the derivative of tan-'\/z with respect to log (1 4 ).
1

Ans. 22

13. Find the derivative of log %—%:ﬁ with respect to

ab (a* tan x — b? cot @)
a% + b2

1
- . : Ans.
a? sin®z — b? cos®x

14. Given =05 cos ¢ — cos 5¢, y=>5 sing — sin 5¢; ﬁnd@.
Ans. d_ = tan 3 5.
dz



CHAPTER IV
SUCCESSIVE DIFFERENTIATION

57. Definition. As we have seen, the derivative is the result of
differentiating a given function of . This derivative being generally
also a function of #, may be again differentiated, and we thus obtain
what is called the second derivative; the result of three successive
differentiations 1s the third derivative; and so on.

For example, if y =2z
d
—"/ = 4171,
dx
Ay _qou
dx dx !

iidﬁ=24w
dx dx dx ’

58. Notation. The second derivative of y with respect to =, is
denoted by @y,

da?
That is, tfg:igg
da?  daxdx
mi dy_dddy _ady
Smilarly, de® dedede ~ dade
dy_ddddy_ddy,
dt dedrdede deda®
d_:,z=idn—lu
dz*  dx dx!
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Thus, if y=a
% — 1223
%ﬁ’s =24

The successive derivatives are sometimes called the first, second,
third, ... differential coefficients.

If the original function of « is denoted by f(x), its successive de-
rivatives are often denoted by

J'@), f'@), f"@), @), - @)

59. The nth Derivative. It is possible to express the nth deriva-
tive of some functions.
For example,

(@) From y=e>, we have

ay _
dx

(b) From y= -a,wl—-l-b = (ax + b)~, we have

B _ (_1ya(az + ), % = (—1)( — 2)a¥(az + B)~,

.

= (= 1)(=2)(~3)a'(aa + b= (— )13 a*aw + 1),

LY

a~ _ . —n—l__(— 1)"@0" .
d—wé‘,l‘_(-wma (az + b) =iy
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(¢) From y=sin az, we have

4y _ —a si x
dw—a cos ur=a sm(aac+ 2),

da?

vy = a? cos (aw + = ) = a?sin (aa: +2—">

dJ__ 3 2x 3q3 3
g acos(am+ 2)_—a sm(aa:+2),

Z;yn =aq"sin (aw + %’—')

EXAMPLES

1. y=22—5a* 4+ 2005 — 5 2 + 2,

2. y=(22— )},
3 y=a"42m

dwt

4. y=al4a® 4 2 4 2,
5. y=atlogx,

6. y=2log(z—1),

7. y=4(z—2)e + (& —1)e=,

8. w-_-(zs_szﬂ.;-%—s)e*,

9. r=log sec 6,

w =120(2* —z +1).

Y _ 920(a — _ 4t
=20 = (@@ -}

Ty _ =m(m — 1)(m — 2)a"> — m(m + 1)(m + 2)a—™"3

d“u —l6+ L0 124 162
B 6 12

d_“g 24

de* =2

"gmﬂ 3z+3),
da." (x—1)3
—= =4 (e + €*)-

d.
gt—cit”eg‘
de

atr

5= 6 sec*d — 4 sec?6-
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10. y=e—=(11sin 22 + 2cos 2 ), % —125e*sin 22,

11. y=tan g, Z;'ﬁ AT::%_;TT?)

12. y=tan %ﬂ, ZZ{‘ = 2_(_@_2(:;-:;)3_6)

13. y= log‘; Va? + o + tan™? f—;, :Z,/, He— aziza:‘ _&j}?x +9).
14 .y = (e®®* + e7*%) sin ud, :—%/ +4a'y=0.

15. y=wxe*(sina — cosx)+ 3e*cosx, %8 =4 xe*cos .

16. y=etne, d”y st (fan 2 — 1)°d”

17. y= 51_“”?11-_008_7596’ i‘&é +2 % +nty =

18. y = ¥(sinlog z + cos logz), w’f;/, 3md?’ +5y=0.

19. y=a's, % = b"(log a)"a**.

20. y=log (3x+2), %:%

Jpa— @y_(=1)*11.3.5.-(2n—3)
21. y-‘\/w-f-l, T P

22. y=sinbzsin2z, ay_ %[-3" cos (3m+ %—")— ™ cos<7a:+”2—"-)zl~

§
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The following fractions should be separated into partial fractions
before differentiating.

__1 dry (1) |n 1 1
23. y—m’—l’ ) [(w—l)"“—(m+1)""'1]'
3rx—4 dy 9n
M y= 2284322 dz” =(=1 l—-[( +‘))n+1 (‘).v__]_)n-l-l]'
13 dﬂ” o q{\n In+1 3n 41
#mmsime w7V m[@x—aw' (3-v+2>"+‘]'
2284241 2¢+2
28. y= =
8 v=e a1 1+2w"’—av—-1’
" 2n+l
ay (_ ) l_['j( 1)n+1 3(2&7-}- 1)n+l]’
27 _ z? d"l/ ( 1 )"“4&(:3 —n+ 1)
* y_(:c+2)2’ dxn (x+2)n+2 *
53, y= (@1} ary _4(=1)"a*n (ax +n)
) ar—1 da (ax — )™+

60. Leibnitz’s Theorem. This is a formula for the nth derivative
of the product of two factors in terms of the successive derivatives
of those factors.

A special case of Leibnitz’s Theorem, when n=1, is Formula IV,

.__(fv) _lv.i.ud_5 ....-....(1)

For convenience let us use the following abridged notation :

d d* aw
'vl=._,v, vv2=.(1_.v’ oo vﬂ=%'

d d d»
=0 g T, T
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Then (1) becomes
d;dw (u'v) = ul'v +u'vl- ® e e s ® o e * o o (2)

Differentiating (2),

‘%2 (uv) = U + uyv; + Uy + UV = U + 2 w4y, + uvy

(%‘ (uv) = ugv + u, + 2 ug, + 20y, + w0, + uvy
= ugV + 3 ugv, 4 3uyv; + uv,.

We shall find that this law of the terms applies, however far we
continue the differentiation, the coefficients being those of the Bino-
mial Theorem; so that

% (wv) = u,v + nu, v + ﬁg”i-;:]—‘)u,_zvz + oUW+, (3)

2

This may be proved by induction, by showing that, if true for

n+1

d-d—;; (wv), it is also true for d

s (wv). This exercise is left for the

student.
In the ordinary notation (3) becomes
d"udv | n(n—1)d**ud¥

a _d™
da® (w)= d:c"v + nda;"" dx + |2 de-?da? *

du d*Y d™
tar T a

EXAMPLES
1. Given y=2®*sin22; find by Leibnitz’s Theorem ‘%}'{

From (3), c?—;‘ (uv) = u® + 4 ugvy + 6 ugvg + 4 uy; + wv,

u=a% uy =32 uy=6ax, u;=6, u,=0.
v=s8in22 v,=2c082x, v=—4s8in2x, v;=—8cos 2,

v,=16 sin 2 2.
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d'y
drv‘w‘

+4.32°(—8cos2x)+2°16sin2x
=16[(2*—92)sin2z + (3 — 62°) cos 22].

(m"sm2m) =0.8in22+46-2cos22+6-6 2(— 4sm2:c)

2 Given y ==e*; find @y,

dz*
Here u=e~, wy=ce¥ - 1w, =d"" u,=a""

v=x, =1 v,=0, v=0,
Substituting in (3), we have

d”?/ dn ax nyaxr n-1,azx n-1 6z
(-i—u”=ﬂ(e r) = u"ex + na"~'e® =a*"'e*(ax + n).
X X

3 y=(@+1pva—1, T1H0LirtD),
8(x—1)?

_ W _ llonsst_8,8_8
4 y=elogu, o e(logm-{-w a:’+w3 w‘)'

_ dy _48(x+1)22°+2241)
5. y=2*log(22+1), i Cot1)

6. y=sinzlogcosz, de‘ =sin[log cosx — 2 tan’*»(3 tan*x + 5)].

1. y=7d%", %:a‘(loga)""[(w log a + n)* —n].
#+1 Y _ iy @—=n)4 41
8. y= (a:‘+1)"’ dwn—( 1)*n (x4 1)~



CHAPTER V
DIFFERENTIALS. INFINITESIMALS

61. The derivative % has been defined, not as a fraction having a

numerator and denominator, but as a single symbol representing the

limiting value of 2—-'/ , as Az approaches zero. In other words, the
z

derivative has not been defined as a ratio, but as the limit of a ratio.

We have seen (Art. 56) that derivatives have certain properties
of fractions, and there are some advantages in treating them as such,

thus regarding %, as the ratio between dy and dz.

Various definitions have been given for dx and dy, but however
defined, they are called differentials of = and y respeciively. The
symbol d before any quantity is read ¢ differential of.”

62. Definition of Differential. One definition is the following:
The differential of any variable quantity is an infinitely small in-
crement in that quantity. That is, dx is an infinitely small Az, and
dy an infinitely small Ay.

By the direct process (Art. 16) of finding the derivative of an
algebraic function, Ay is generally expressed in a series of ascending
powers of Az, beginning with the first.

For example, if y =43, Y+ Ay = (z + A2)?,
and Ay =3’ Az + 3z (Ax)’+ (Ax)®. . . . (@)
In finding the derivative we have

A
Zgg =3¢* + 3z Az + (AZ)?,

in which, as Az approaches zero, the second member approaches 32*
as its limit, the second and third terms ‘approaching tte limit zero.
68
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If we let Az approach zero in equation (1), every term approaches
zero, but there is nevertheless a marked distinction betweei?them, in
that the second and third terms, containing powers of Az highe than
the first, diminish more rapidly than that term.

Thus we have Ay =32*Ax approximately,
and the closeness of the approximation increases as Ax approaches
zero.

F¥rom this point of view, regarding dx and dy as infinitely small
increments, we may write

dy = 3x*dux,

not in the sense that both sides ultimately vanish, but in the sense
that the ratio of the two sules approaches umty.

Thus dy=32*dx, and dy 317,
dx

are two modes of expressing the same relation.

According to the first,

An infinitely small increment of y is 32 times the corresponding infi-
nitely small increment of a.

According to the second,
The limit of the ratio of the increment of y to that of =, as the latter
tncrement approaches zero, is 3x*.

Just as we sometimes say

“ An infinitely small arc is equal to its chord,” instead of

«The limit of the ratio between an arc and its chord, as these
quantities approach zero, is unity.”

So in general, if y=7(),

that is, —i: =f'(x)+ ¢

where e apprecaches zero as Az approaches zero.
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Hence Ay = f'(%) Az + eAx,

and ae the term eAz diminishes more rapidly than the term f'(x)Ax,
we have
Ay = f'(xr) Az approximately,

or dy=f"'(x)d.

Corresponding to every equation involving differentials, there is
another equation involving derivatives expressing the same relation,
and the former may be used as a convenient substitute for the more
rigorous statement of the latter.

Thus the use of differentials is not indispensable, but convenient.
It should always be kept in mind that their ratio only is important,
the derivative being the real subject of mathematical reasoning.

63. Another Definition of Differentials. The differentials dy, da,
are sometimes defined as any two quantities whose ratio equals the

derivative ,éﬂ. Y
dx

Let us see what this defini-
tion means geometrically.

If we regard the derivative
as the slope of a curve, Q

%ﬂ =tan RPT. P y

7

By this definition of differen-
tials, dz may be any distance
PR taken as the increment of
x, and dy is then RT, the corre-
sponding increment of the ordi-
nate of the targent line at P.

That the two delnitions are
consistent will appear, if we: suppose PR to be indefinitely
diminished. ,

The smaller we take PR, the more nearly is % equal to unity,or

-

(o) X

in other woras, the more nearly is RT equal to RQ.
If PR is supposed to be infinitely small, this definition of differ-
entials becomes that of the preceding article.
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The second may be said to be the more rigorous of the two defini-
tions, but the first has the advantage of being more symmet.ical, and
better adapted to the various applications of the calculus to mechanics
and physiecs.

64. Formule for Differentials. The formulwe for differentiation
may be expressed in the form of differentials by omitting dz in each
member.

To each of the formule for a derivative, corresponds a formula
for a differential.

Thus we have

II. dec=0.
IIT.  d(u+v)=du+dv.
IV. d(ur) = vdu 4 udv.

VI d(ll:) - vdu — udy

v v?
VIL. d(w") = du.
du

IX. dlogu=—=—
u

XI. de*=e*du.
XIII. d sinu=cosudu.
XIV. dcosu= —smudu.
XV. d tanw=sec®udu.
XVI. dcotwu= — cosec®udu.
XVII. dsec=secu tanu du.

XVIII. d cosecu= —cosecu cotu du.
. du
XX, dsin~'u= ~
V1—u?
XXIL dtan—'u=-_.
14 u?
du
XXIV. dsec'u = ————-
U/u? -1

XXVL. dvers-tu=—2“ .

V2u —u?
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Differentiation by the new formule is substantially the same as
by the oid, differing only in using the symbol d instead of Ed:; .

z4+3
For example, let y=w2+3,
dy=d(” + 3\ _(@+3)d(x+3)— (x4 3)d(2*+3)
2+ 3 @ +3)°
_(@+3)dv— (z+3) 22de
= . (w2+3)1

_(@+3-22—6a)dr _(B—6x—2)de,
- (a? + 3)2 (@ + 3)*

If we wish to express the result as the derivative, we have only
to divide by dz, giving
dy _3—6x—2a?

dz (@437

EXAMPLES

Differentiate the following functions, using differentials in the
process :

1 y=(@—1)2-32)22+3), dy=(—182*+22+11)dx

9 5 E=D(—=2) doe BE=2)at
’ t+1)e+2)’ T+ D+ 2T
I 22 —x
8 y=+/7° VE—9 dy=—-2=—%
Y=+ 41 y ‘ Y Tl V2
_ sin®@ = (2 +sin’f)sing
"= ostd’ dr = cos*d B.

(&~ 608+ 245 —40), dy= e5<@+4)dw.

5. Y= 2
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6. r =sin 0 log tan 6, dr = cos 0 log tan 6 d@ +- sec 6 do.
4
7. y=tan ‘14 —ma:g , dy = 44_‘_(_19;2. )

8 y=sin'3x+32V1—-92% dy=6Vv1—-9s7de.

- 3 tan? 6 dé
9. =t Ttans 6 dp=—" """ 7Y
¢ = tan""tan" 6, ¢ tant ¢ — tan*94-1

65. Order of Infinitesimals. Tn Art. 62 we have spoken of infinitety
small or infinitesimul 1ncrements.

An infinitesimal may be defined as a variable whose limit is zero.

If there are several infinitesimals that approach zero simulta-
neously, one of them, «, may be taken as the standard of comparison
and called the principal infinitesimal.

Then o o e, are said to be infinitesimals of the second, third,
nth orders, with respect to «.

In general the order of an infinitesimal is defined as follows: An
infinitesimal B is said to be of the ath order with respect to « when

Lim‘,:og. =F, a finite quantity, not zero. . . . (1)

When n=1, B is of the first order with respect to «.

When n =2, 8 is of the secorid order with respect to e.

From the defnition it may be shown that the limit of the ratio of
an infinitesimal to one of the same order is finite, and to one of a
lower order, zero.

Equation (1), Art. 62, illustrates infinitesimals of different orders.

1f we write it
dy = 3u? da: + 3x (dx)? + (dx)?,

and regard dx as the principal infinitesimal, the terms of the second
member are infinitesimals of the first, second, and third orders, with
respect to da.

Again, if we regard « as the principal infinitesimal, of what orders
are sin and versz, with respect to 2 ?
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By Ar. 12, Lima=o siiil—w =1, a finite quantity.

Her ze by (1) sin is an infinitesimal of the first order with respect
to .

. TS X . 1—cosx sin®x . inz\: 1
Lim g o ® = Lim =02 MWL iy, _ 1 (sinz P=2
2 sinx  o* 1+ cosx\ =z 2

a finite quality.

Hence by (1) versz is an infinitesimal of the second order with
respect to .

Show that tan @ — sin 4 is an infimitesunal of the third order with
respect to 6.



CHAPTER VI
IMPLICIT FUNCTIONS

(See also Art. 114.)

66. In the preceding chapters differentiation has been applied to
explicit functions of a variable. The same rules or formule of differ
4y @y dy
de’ dx?’ do¥’
implicit function of 2 ; that is, when the relation between y and x is
expressed by an equation contaimming these variables, but not solved
with respect to #.

For example, suppose the relation between y and « to be given by
the equation

entiation are sufticient for deriving -«», when y is an

a2y + Va2 = b’
Differentiating with respect to x,
4 (@ + b%%) =0,
dx " °
2 a’y%+ 2%z =0,

Having thus obtained the first derivative, we may by another
differentiation find the second derivative.
dy dy
2,22 _ p2...20Y of o
_dbw ayb bmdm_ b(y xd.v)

A dealy” a'y? T T d
%
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Sihad dy .
Substituting now for 9 its value,
z

dy_ V(b b

da? aty? a®y?
By differentiating again, we may obtain

&y _ 3V

de a‘:/

The first differentiation may be conveniently performed by differ-
entials instead of derivatives, Thus we should have from the

equation
alf + b=,

20ty dy+20%xde=0,

2,
giving ay_ _ #, as before.
dx a’y
d* d"‘w/ L
In deriving P MUY derivatives should be used rather than
differentials.

EXAMPLES
Find the following derivatives.
1. @—a)l+@y—0)>=¢,
dy_ _z—a dy__ & @y_ _3¢(z—a)
dc=  y—0b’ dz* (y—0b)¥ do (y—b)

dy _ay—9°

2. =y 108 (wy)’ dx wJ+m2

. d¢ _log sin ¢+ $ptan
3. P = o L= .
(cos 6)° = (sin 9)°, d9 log cosf—fcot
4, at+2hay+byt=1,
dy_ _ax+ hu dy_ _h—ab d%_ k—ab

dz-  hx+by d® (he+by)® dc (ax+hy)




10.

11.
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az® + 2 hay + byt =0, =£-

dy
da

dé___sin2 ¢ ¢ _ 2sin2¢(cos2¢ + cos 2 )]
tan 6 t = .
an 0 tan ¢ =m, g dd  sin20’de* sin?26

y—2w=(w—y)log (w—y), =" 4=—

300, . dy_3x—2
Bx+y+6)’(By — 3z +2)=c, - g2

rsin*6+2r+1=0, <d’) +2rcot€—0 7

e = a7’ (EI=_1L:—_]_0_Q_(_1. ﬁ-&.ﬂ)
’ dx —log b da? (x —log b)*
log (#* +y?) = 2 tan¥, dy_c+y dy_ 20242

g dx z—y A (x—g)*



CHAPTER VII
SERIES. POWER SERIES

67. Convergent and Divergent Series. The series
Ut Uyt ug e U Uy, o o .o . o (D)

co:nposed of an indefinite number of terms following each other
according to some law, is said to be convergent when the sum of the
terms approaches a finite limit, as the number of terms is indefi-
nitely increased. But when this sum does not approach a finite
limit, the series is divergent. That 1s,1f S, denote the sum of the
first n terms of (1), the series 1s convergent, when
Lim,_, 8,=some defimte fimte quantity.
‘When this condition 1s not satisfied, the series is divergent.
Thus the geometrical series,

a+ar+ark4art+ ...

is convergent when r is numerically less than unity, and divergent
when 7 is numerically greater than unity.

For S,‘=a+ar+ar”+---+ar""1=a11_r‘ .
—7

When *|r| <1, Lim,_, s,=1_f__r.

‘When |r| > 1, Lim,_o S, = 0.}

When |r| =1, the series is also divergent.

68. Series of Positive and Negative Terms. Absolute and Conditional
Convergence. In the case of series composed of both positive and
negative terms, a distinction is made between absolute convergence
and conditional convergence.

*| r| denotes the numerical value of r,
78
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Before defining these terms, the following theorem should be
noticed: .

A series whose terms have different signs is convergent if the,series
Jormed by taking the absolute values of the terms of the given series 18
convergent.

Without giving a rigorous proof of the theorem, we may regard
the given series as the difference between two series formed of the
positive and negative terms respectively.

The theorem is then equivalent to this :

If the sum of two series is convergent, their difference is also
convergent.

A series is said to be absolutely converyent, when the series of the
absolute values of 1ts terms is convergent.

A series whose terms have different signs may be convergent
without being absolutely convergent. Such a series is said to be

condationally convergent.

For example: 1—‘1-)+1—1+--- S TR ¢ )

23 4

converges to the limit log, 2,
but it is not ebsolutely convergent, since

1,11
1+§+§+1+"°

is divergent (see Art. 70).
Series (1) is accordingly conditionally convergent.

1.1 1
TR

is absolutely convergent (see Art. 70).

But

69. Tests for Convergence. The following are sowe of the most
useful tests.

In every convergent series the nth term must approach zero as a
limit, as n is indefinitely increased.

That is, the series Uy Ug Uy F oo F Uy F o
is convergent, only when Lim,_, u, = 0.

For Se=8p_1+ Uy
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If the sum of the series has a definite limit,
Lim,_, 8, =Lim,_, S,

Hence Lim,_,%,=0. . . . . . .. @

For a decreasing series whose terms are alternately positive and
negative, this condition is sufficient.*
1,1 1
1 —_— T — e
For example, 1 2 + 374

is convergent. But the decreasing series

2 3.4 5
i72t37¢
is divergent, as it does not satisfy (1), since Lim, _,u,=1.

The sum of this series oscillates between two lumits, log,2 and
1 + log, 2, according as the number of terms is even or odd. Such a
series is called an oscillating series.
For a series whose terms have the same sign, the condition (1) is
not sufficient. For example, the harmonic series
1

1 1
1+§+3+2+‘ .

is divergent (see Art. 70).

70. Comparison Test. We may often determine whether a given
series of positive terms is convergent or divergent, by comparing its
terms with those of another series known to be convergent or diver-
gent.

In this way the harmonic series
4,1

+i4lp1101

l+3+3+z+5+s+7

+%+"n N ¢ )

may be shown to be divergent, by comparing it with

1,111 1,1, 1
1+§+Z+‘I+§+§+§+§+“" N )]

* The proof of this is omitted.
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Each term of (1) is equal to, or greater than, the corresponding
term of (2). Hence if (2) is divergent, (1) is also divergunt. But
(2) may be written

1+1+.2_+é+§+...
2 4 8 16

=14iplyt 1,
—1+2+2+2+2+
The sum of this series is unlimited; hence (2) is divergent, and
therefore (1).
Consider now the more general series
1,1 1.1
i;+§+3_1’+§+."‘ . . . . . . -(3)
If p =1, the series (3) becomes (1), which is divergent.
If p<1, every term of (3) after the first 1s greater than the cor-
responding term of (1). Hence (3) 1s divergent in this case also.
If p >1, compare
1 1,1 1 1 1 1 1 1
ptateatotetetnter Tt ®
1,1 1 1 1 1 1 1 1
with ]_—P+§—F+§’+Z;’+Z§+l‘f"+ *I;’+§-"+".+§’+.“. . ®
Every term of (4) is equal to, or less than, the corresponding
term of (5). But (5) may be written
1,2

FRET

4 | 8
+E+§,+...,

. . .2 .
a geometrical series whose ratio, 7 18 less than unity.

HMence by Art. 67, (5) is convergent and consequently (4).
Thus it has been shown that

when p Z1, the series (3) is divergent;
when p >1, the series (3) is convergent.

. The series (3) together with the geometrical series are standard
v'eries, with,which others may often be compared.



82 DIFFERENTIAL CALCULUS

71. Cauchy’s Ratio Test. This depends upon the ratio of any
term to the preceding term. In the series
u1+1lg+1l3+"-+u,,+u,,+1+ e . . . . (1)

Uni .
Uy,

this ratio is

Let us first consider, from this point of view, the geometrical

seri
eries a+ar+art4 o dartartti4on o0 0 L (@)

Unt1

Here the ratio =T and is the same for any two adjacent terms.

We have seen (Art. 67) that this series is convergent or divergent,

according as Ir|<1, or|r|> 1.

That is, (2) is convergent or divergent according as

u u
bl 1 op [ "] > 1,

n
If now (1) is any series other than the geometrical series, the
1at10 . ! is not constant, but a function of n. The series is then

convergent or divergent, according as

"n+l ln +1

u,

Lim <1, or Lim, _, D P ()

n=»n

n

We will first suppose (1) to be a series of positive terms.

Let Lim,_, ";“ =p.

Suppose p< 1 By taking = sufficiently large we can make
-2+ approach 1ts limit p as nearly as we please. .

There must be some value m, of n, such that when n S m,

Y .
) . <7, a proper fraction,
- n
Hence U1 < Uy Uppg < Ut < Ut €bC.

um+um+l+un+2+"‘<un+umr+un7a+"" L (4/
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But since r < 1, the second member of (4), which is the geometrical
series, is convergent, and therefore the first member
Upt U1+ Uy g+ *+
is convergent. Consequently (1) 1s convergent.
Suppose p >1. By similar reasoning, when 2 < m,

Uy
"+1~ », an improper fraction.

Hence u,,,H>u,,, 'y U o > Wy > U, 0% ete.
U Uiy W pa Fo0e > U+ 0+ 100740
Sinee » >1, the second member, and therefore the first member,
must be divergent.
Thus the theorem 1s proved for a series of positive terms.
If the terms of (1) have different signs, 1t is evident from Art. 68
that the series will be absolutely convergent if

Lim,_, Unell 9,
U,
It is also true that for different signs, (1) will be divergent if
n+1
Lim,_, g >1.
u,
The proof of this latter statement is omitted.
If Lim,_, | =1,
u,

the series may be either convergent or divergent. There are other
tests for such cases, but they will not be considered here.

EXAMPLES
1. TIs the following series convergent ?
1 1

T.2Tz.2713 ‘,,+ "'nz'-

Applying (3), Art, 71, we have "?'1':‘ = E—(n%-T).
n _1
2(n+1) 2
As this is less than unity, the given series is convergent.
Its limit is log, 2, as will appear later.

Foee

Lim,_,
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Determine which of the following series are convergent, and which
diverger t.

4
. L T1.
3. LB LB
10+102 TR T By (3), Art. 71
4.1+§+ + .- By (1), Art. 70.
1 1 1 1
S tetzatsataist
6. 1+ +w+ sty +
2 4
7. 1+= + -
[2 L Mz
1 2,3 4 5
8. 5 B+7 §"l‘11 e, By(l),.A.l‘t.69.
o. 1ylylip o4l ¢ ith (3), Art. 70,
- 3+5t o] . ompare with (3), Art. 70.
10. 1 -+ 1 -+ 1 -+ ---. Compare wiih (3), Art. 70.
1+vV1I 14+V2 143
3 5
11. logi—-log {—Iogs log1+.... By (1), Art. 69

12. sec” —gec™ 4 sec™ —gee T4 oee.
8?0 3 secL: 1 + sec 5 sec 6 <+

13. sin?T ’2" + sin? + sin? Z + sin? ’5’ ooee,
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M.1+1 2+1+3+1 4+1+”u

P11 2241 F41 £+1
141,241 841 441
B s ateritei et
=4
m.2+1+3+1+4+1+o+1+”“

2—-1 3-1 4-1 5-—1

Answers
Exs. 2, 5, 6, 9,11, 13, 14, 16, convergent.
Exs. 3, 4, 7, 8, 10, 12, 15, divergent.
Exs. 8, 12, osaillating.

72. Power Series. A series of terms containing the positive in.
tegral powers of a variable x, arranged in ascending order, as
ay+ ax + a2’ + a@d + - -,
18 called a power series’ in x. The quantities «, «, a, --- are
supposed to be independent of x.
For exampie, 14224322 +42°+--,

6

4
1_ ¥ ¥ _ ¥
IZ+ G +oy
are power series in % and y respectively.

73. Convergence of Power Series. A power series is generally
convergent for certain values of the variable and divergent for

others.
If we apply the ratio test, (3), Art. 71, to the power series

Gt +axt+ - a2+ o . o o (D)

we have for the ratio between two terms

Uni1 — A B
Uy (\ MY
. . X .
Lim,, Yat1 =Lim,_, bl || Limyy, | —2|
v n n—1 n—1
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The series (1) is convergent or divergent according as

|| Lim,_| %2 |< 1, or |e|Lim,.,|2%-|>1;
n—1 a"—l
that is, according as
|2 < Lim,_, | %=1\, or |2| > Lim,_, [%=1|,
n n

. «
The case |« | = Lim nl
n=00

For example, consider the series
1420432 +42°+ - +aa™ + (n+1) 2"+ oo,

Uy n .
a1 Lim

n —
Here a, n+1 ~n+1

Hence (2) is convergent or divergent, according as

jg]<1 or |z]>1.

, requires further examination.

@

‘We may say that (2) is convergent when —1 <z <1, and the in-

terval from —1 to 41 is called the interval of convergence.

EXAMPLES |

Determine the values of the variable for which the following

series are convergent:

1. 1+x+w’+w"+---

z w’ .,
2 13%3.3 3"'—+

3 z+

L
2
a:’
4 z— -3-
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1 2 1.32 1- 5a
5 =43 -3+571% 67
2 P o
6. 1
MRSETART TR
l_ 4 |§
8 @ o

28
_E+_I-_5-__7+...,

Answers
Exs. 1-5, convergent when —1 <2< 1,

Exs. 6-8, convergent for all values of .



CHAPTER VIII
EXPANSION OF FUNCTIONS

74. When by any process a given function of a variable is
expressed as a power series in that variable, the function 18 said to
be expanded 1nto such series.

Thus by ordmnary division

1_—- — eee
=l ete—dte @)

By the Binomial Theorem
(x+a)y=a'+4a°2+6 a’s*+ 4 a2’ + o,
A—-2)*=14224+32+4+--.. . . . . (@

The methods employed in these expansions are applicable only to
functions of a certain kind. We are now about to consider a more
general method of expansion, of which the foregoing are only special
cases.

It should be noticed that when a function 18 expanded into a
power series of an unlimited number of terms, as (1) and (2), the
expansion is valid only for values of a that make the series con-
vergent. For such values, the limit of the sum of the series is the
given function, to which we can approximate as closely as we please
by taking a sufficient number of terms.

The general method of expansion is known as Taylor’'s Theorem
and as Maclaurin’s Theorem.

These two theorems are so connected that either may be regarded
as involving the other. We shall first consider Maclaurin’s
Theorem.

88
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75. Maclaurin’s Theorem. This is a theorem by which a function
of # may be expanded mto a power series in z. It may be
expressed as follows:

2) — T LoV E 0¥ 4 ...
f(w)—f(0)+f(0)1+.f’ (0)12+f (0)@+ >

in which f(x) is the given function to be expanded, and f' (), f/" (),
S (&), +++, 1ts successive derivatives.

f), £(0), 1 (0), -+-, as the notation 1mplies, denote the values of
S (@), (%), f' (), --+, when 2=0.

76. Derivation of Maclaurin’s Theorem. If we assume the
possibility of the expansion of f(x) imnto a power series 1n z, we may
determine the series 1n the following manner:

Assume

S@)=dA4+ Br+ Co*+ Dx* + Ex*+ -, N ¢ )]

where 4, B, C, - are supposed to be constant coefficients.
Differentinting successively, and using the notation just defined,
we have
S'(@)=B+2Cr+3D*+4Ex’+ - . . . . (2

Sf'"(x)=2C+2.3Dx+34Ex*« . . . . . . (3
S"(x)=23D+2-34Ex+-+ . . . . . . . D
S"@)=284E+-- . . . . . ... B
Now since equation (1), and consequently (2), (3), «++ are supposed

true for all values of z, they will be true when »#=0. Substituting
zero for « in these equations, we have

from (1), JO)=4, 4 =1(0),
from (2), f1(0)=B, B=s(0),
from (3), 1(0)=20, 0=J—"§2,
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from (4), f"0y=2.3D, D=7 i-l
from (5), f*(0)=234E, E= f%-l

Substituting these values of 4, B, C, --- in (1), we have

F@=FO+I O +/ O+ OF + + - . ©)

77. As an example in the application of Maclaurin’s Theorem, let
it be required to expand log (1 + x) into a power series in .

f@) = loga +2), J(©)=log1=0.
F@) =" =1+ 27, 710 =1.
'@)=— (1 +a), 10y =—1.
F" @) =2 (1 +2), 710y =2
f(@) = — |31 +2)™, 70)=—3.
@ =41 +2)", IO =4

Substituting in (6), Art. 76, we have

log(1+2)=a—

78. 1f in the application of Maclaurin’s Theorent to a given
function, any of the quantities, 1(0), f'(0), f''(0), --- are infinite,
this function does not admit of expansion in the proposed power
series in .

In this case f(z.) or some of its derivatives are discontinuous for
#=0, and the conditions for Maclaurin’s Theorem are not satisfied
(see Art, 94).

The functions log , cot z, zr;’iL illustrate this case.
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EXAMPLES

Expand the following functions into power series by Maclourin’s
Theorem :

1. e=1+4w +i+(§ +Z 4 Convergent for all values of .
2. Ty 2y c t for all values of
sing=wx— “ onvergent for all values of x.
BN
# ot P '
3. cosx=1— 5 Convergent for all values of x.
gt L A

4 (a+2)"=a"+na*z+ B("—) a2

+ n—(ﬁ:—lﬁ&:—— a*32* 4 .... Convergent when |:c| <a.
ot

5. log, (1+w)=logue< af.*,.____i_ >

Convergent when |z|< 1.

6. log(1—a)=—2— %’— %s—%‘ ----- Convergent when |z|<1.
7. tan“m=m—§+§ —%7+ Convergent when |z| <1.
Here S (@) = tan1a,

f'(a:)_————_l P4 at—abg oo,

S'(@) =—2x+42°— 65+ .-,

® 5 o
-1 —
8. sin~la=x4= 3 57

Convergent when |z| <1.

1 3 & 1.3.
2"’ 25226 77"
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Here JS(x) =sin'z,

S (@)= _—<1 —a?)4,

Expanding by the Binomial Theorem,

S (®) =1+ ar*4 bat+ cx®+ -

where a=1 b=1‘3 1-3.5 5 .

2Ty T
J" (@) =2ax+ 402°+ 6ca’+ -,
9. sin (x+ a) =sina 4+ cos a——%zsinu—?gcosa—f----.

Convergent for all values of a.

10. log(1+m+x")-—x+§

45
Convergent when |z |<1.

a2 2% ot A
3

11. e*sin w—.v+a:5‘+-§—§6—--- Convergent for all values of z.
© ot \
12. fcosz=142 — -3 Convergent for all values of z.
—pa T 22
13. tan:v_:v-}-3+ 15 +
14. secJ:—1+ +5”4+
a? a8
15. logsecw_—+12+45+

Defining the hyperbolic sine, cosine, and tangent (Art. 277),
e '*;e—z , tanhz= e—e” , show that
& e+

e—*

-2
€ , ccosh =
[

sinh 2=

16. smhw_a:+

LI_
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x? | ot
17. coshe=1+4+=+=+..
2 |4

19. Show by means of the expansions of Exs. 1, 2, 3, that
eV-i=cosx+V—1sinz,
eV l=cosx—V—1sina.

These are important relations.

79. Huyghens’s Approximate Length of a Circular Arc.

If s denote the length of the arc ACB, « 1its chord, and b the
chord of half the arc, it may be shown that

b,; 4 approximately.
Let ¢ be the half angle AOC.
Then s = 2 r¢, and by Ex. 2, p. 91, b

8 =

'3-'*‘4’—5— C

L

. 3 5
b=2rsm$ (%’—2—‘f—l_:+‘fl_

Combining so as to eliminate ¢?

8b—a=2r(3¢—-344l’; + ...)=33<1 _fl’_é.,. )

8b—a &
3 ( T )

If s is an arc of 30° ¢ = , and the error < ———

a=2r sin ¢=°r<4>—

8 .
102000

If 5 is an arc of 60°, ¢ =%, and the error < @%—0‘
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80. Computation by Series.
™ Compute by Ex. 1,p. 91, Ve to 5 decimal places.

Ans. 1.64872.

Compute Ve to 10 decimal places. Ans. 1.1051709181.
Compute by Ex. 2, p. 91, sin 1° to 8 decimal places.

7 =3.14159265. Ans. 0.01745241.

Compute to 4 decimal places the cosine of the angle whose are is

equal to the radius. Ans. 0.5403.

81. Calculation of Logarithms. By means of the expansion of
log (1 +«), Art. 77, the Napierian logarithms of numbers may be
computed.

Let us find the logarithms in the following table.

log2 =0.6931,
log 3 =1.0986,
log4 =1.3862,
logh =1.6094,
log6 =1.7917,
log 7 =1.9459,
log 8 =2.0793,
log9 =21972,
log 10 = 2.3025.

It is only necessary to calculate directly the logarithms of the prime
numbers 2, 3, 5, 7, as the others can be expressed in terms of these.
‘We have from Art. 77,
1,1 1
log2=1 14+D=1—cF=—=4...,
og2=log (1+1)=1-z+3—7+
<
This series is convergent, but converges so slowly tl;at 100 terms
would give only two decimal places correctly. But we may obtain
a series converging much more rapidly by taking

B
lo'g2=log._..§=log (1+%)—log (1—:1;).
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For log i—tg =log (1 + z) — log (I — )

x? | 2 ot 2 B
=t-gty gt (CErmgmgTr— )
=2(z+ f;ia + ? + e0) Convergent when |z|<1.

1,1 1,1
D=92(= .o
Thus log.—.(3+3-33+5.3s+7-37+ )

Four terms of this series give log 2 = .6931.

The computation may be arranged as follows:

1

1

—_=, - = .3 < e,

3 333333 3 33333

1

F=-081037 = —.012346

1

Z=-004115 === .0008

1 1

= =.00045 —-=.000065

5i=-000457

1

— =.000

5 =000051 al 006
.34657

2

.69314

The numbers in the first column may be obtained by dividing sue-
cessively by 9. 1 +}

1
Any number may be put in the form 77— =+ o and log 3 =log
1—=
2

may be found like log 2.
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But having log 2, it is easierto compute

5t
log = =log ,
2 11
5
and then log3 = logg + log 2.
Let the student make this computation.
s 1+
Find log 5 from log 2 =log .
d 1 _—.1
4

In a similar way find log 7 from log 5.

Having obtained the logarithms of 2, 3, 5, 7, find the other loga-
rithms in the table at the beginning of this article.

To obtain the common logarithm, that is, logarithm, it is only
necessary to multiply the Napierian logarithm by .4343, the modulus
of the common system.

Find thus the common logarithms of the numbers 1n the foregoing
tables, — first, of 2, 3, 5, 7, and from these the others.

82. Computation of 7. From Ex.7,p. 91, by lettingz =1, we have
1,1 1
—_— ta, -1 1 = 1 [—— puny g .e
g sTs7t

a slowly converging series.

To obtain a series converging more rapidly, we may "se

tan—11=tan-1= \+tan"‘:1;
; #_1_ 1 .1 1 ...
from which i~2 3.5 Tt
1 1,1
*37 537531, w+ .
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By taking 9 terms of the first series and 5 of the second, the
student will find

fz' =0.463647 ... 4 0.321751...
and T= 3.14.159 see

Other forms of tan~' 1 may be used giving series converging even
more rapidly, as

tan! 1= 2 tan—'Z 1 + tan“‘; .
tan'1 =4 tan~! : 1 — tan-1—— 1
5 939"

By these formule the computation has been carried to 200 deci-
mal places.

83. Taylor's Theorem. This is a theorem for expanding a function
of the sum of two quantities into a power series in one of these
quantities.

As the Binomial Theorem expands (x4 k)" into a power series
in &, so Taylor's Theorem expands f(x+ &) into such a series. It
may be expressed as follows:

F@+ =S @ @b+ D)+ @5+

84. The proof of Taylor’s Theorem depends upon the following
principle:

If we differentiate f(x+ k) with respect to w, regarding A con-
stant, the result is the same as if we differentiate it with respect
to h, regarding « constant.

That is, o%; f@+h)= a‘% f(@+h).

FOI’ ) let 2= + h, . ) . . . 0y (1)
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then by (3), Art. 56,
L@+ =Lrm=2r0%

d _4a _4d dz
dz __ dz _ 4.
But from (1), &= b and = 1;
therefore 4 f (m+7;) —a S (x+h).
dx dh

85. Derivation of Taylor's Theorem. If we assume the possibility
of the expansion of f(x 4 %) into a power series 1n &, we may deter-
mine the seties by the aid of the preceding article. Assume

S@+h)=A+Bh+ CRP+ D+ - . . . . .(1)

where A, B, C, .-- are supposed to be functions of  but not of k.
Differentiating (1), first with respect to x, then with respect to &,

L r@+n =224 ey Wy

+ oeey
%f@+M=B+2m+mw+m_

By Art. 84, the first members of these two equations are equal to
each other, therefore

dAd , dB dC,,
2424 22 == vee.=B+ 2Ch 4 3Dh? + ...,
dx +dac h+da: ¥+ + +

Equatling the coefficients of like powers of % according to the
principle of Undetermined Coefficients, we have

i3, B=94
aB 144
oz =20, =3
ac =1ld4
= =3D; D—Edz”
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The coefficient 4 may be found from (1) by putting % =0, as that
equation 1s supposed true for all values of A.

Then A =f().
Hence d—4 = f'(%).
5 T
1dA 1
D= L—‘Z”? _Ef ().

Substituting these expressions for 4, B, C, --- in (1), we have

S+ =7() +f'(x>h+f"<w>§ +ﬂ"(w)£ Fon . (@)

86. Maclaurin’s Theorem may be obtained from Taylor’s Theorem
by substituting £-=0. We then have

h? ) k2
S =10+, + f"(O)LLi— +s"(0) B +
This is Maclaurin’s Theorem expressed i terms of % instead of =.

87. As an example in the application of Taylor’s Theorem, let it
be required to expand sin (x + k) into a power series in A.

S(x+ k) =sin (xr+ &);

hence S (x)=sinz,
JS'(x) = cos x,

J'(@) = —sinz,

J"(@) = — cos ,

J7(x) =sinz.

X

Substituting these expressions in (2), Art. 85, we find

2
sin(w+h)=sinw+hcosw—l‘-siuw —h—cosw+ Sin 2 o eee.

R R
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EXAMPLES

Derive the following expansions by Taylor’s Theorem :

1. cos (w+h)=cosw—hsinx— 7—(‘089«+ L S E + oo

|2 13
2. e+ —e’<1+h+ LA )
2 I_
3. +hy=a"+Ta"h+ -
4. (z+h)"=2a"+ na? h+n ("l— —Lgm 2R 4
L R? n At
5. log (et My =logz+ =5 ot g~ gt

6. tan (z+h) =tan 2 4 hsec’z + I¥sec’ztan z
3
+ %(3 sectz — 2 sec’ ) + -,
7. Compute from Ex. 1, cos 62° = 0.4695.
8. Compute from Ex. 6, tan 44° = 0.9657, tan 46° = 1.0355.
9. f@+1) +f(w ny _ =/ @)+

lif (»)+ L~J“( w) + o

(m+h)—f( =) _;a "
T hf(m)+Lf()+l,f'()+-"~

As a special case of Ex. 10, derive

x4+ 4
L e
1. f(2w)=f(w)+wf’(w)+t2_f"(w)+Ef’”(w)+----
, w? H
2 () =T @ -1 @+ g T
@ @y,
A+ 3 '

[
13. If y= f(x), show that

Ay = Aac+‘“’§A—C’-)—+$(—E)3
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88. In the preceding derivations of Taylor's and Maclaurin’s
Theorems, the possibility of the expansion m the proposed form has
been assumed. In the remainder of this chapter we shall shov. how
Taylor’s Theorem may be derived without such assumption.

89. Rolle'’s Theorem. If a given function ¢(x) is zero when
=« and when =25, and is continuous between those values, as
well as its derivative ¢'(x); then
¢'(x) must be zero for some value
of a between « and b.

Let the function be represented
by the curve y=d¢(x). Let
OA=a, OB=0b. Then accord- P
ing to the hypothesis, y =0 when
x=a, and when z=0.

Since the curve 18 continuous o B\ X
between . and B, there must be .
some point P between them, where the tangent is parallel to OX,
and consequently ¢'(x) = 0.

90. Mean Value Theorem. If f(x) is continuous from z=a to
2 =0, there mnust be some value x, of z, between a and b, for which

SO —f(a) _ o
_LI))ta_ t=f (1'1)

This may be stated geometrically Y
thus:

The difference of the ordinates of Q/
two points of a continuous curve,
divided by the corresponding differ-
ence of abscissas of these points, equals R
the slope of the curve at some inter- P
mediate point.

In the figure let the curve PRQ
revresent y =f(a).




102 DIFFERENTIAL GALCULUS

Let OA=a, OB=b. Then
JO) —r@)_ QM _
= PM_.tan QPM.

b—a

At some point of the curve, as R, between P and @, a tangent can
be drawn parallel to PQ. Call OK==,. Then the slope of the
tangent at R is f'(x;), which equals tan QPM.

Hence -L(@b.: 5@) =f(x,), where a<z, <b. . (1)
If welet AB=b—a=1, b=a+h, (1) may be written
J(a+h)=f(a) + hf'(a + ¢h), where O<op<l. . (2

91. Another Proof. The following method of deriving (2), Art. 90,
is important, in that 1t may be extended to higher derivatives of
J (), as appears in Arts. 92, 93.

Let ® be defined by

fla+h) —f(@)—hR=0. . . @
That is, let B denote M}%:f@

Consider a function of z whose expression is the same as (1) with
2 substituted for 2. Call this function ¢(x).

That is, (@) =fle+x)—fl@)—2R. . . . . (2)

Differentiating, @) =[f(at+2)— R N )
It is evident from (2) that ¢(x) =0, when x=1, by (1);

also ¢(2) =0, when z=0.

Hence by Rolle’s Theorem, Art. 89, ¢'(x) =0, for some value of x
between 0 and A. )
Calling this value of =, 6k, we have from (3)

« f'(a+6h)— R=0.
Substitutil‘lg this value of R in (1),
J(a+ k) =f(a)+ hf'(a + 6R).
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92. Extension of Mean Value Theorem. We may extend the method

of the preceding article so as to imclude the second derivative, and

obtain F(@+h) =1 (@) +bf (a)+1§f" (@ + 6h).
Define R by f(a+h)—f(a)—hf'(a) —Lf;R =0. . . . . Q)

Let ¢@)=f(a+x)—f (1) —af («)— %R B )
Hence ¢'(x)=f"(0+2x)—f"(0)—=zR,

'@=f"la+2)—R. . . . . . .00 B
From (2) it is evident that ¢(w)=0, when z=h, by (1);

also ¢ (xr) =0, when 2=0.

Hence by Rolle's Theorem, Art. 89, ¢'(2) =0, for some value, ,,
of x, between 0 and .

Also  ¢'(x) =0, when z=0.

Hence ¢'" (2) =0, for some value, o, between 0 and x,, that is, be-
tween 0 and k.  Writing », = 6/, we have from (3),

J"(a+6h) — R=0.
Substituting this value of B m (1), we have
P+ =f@ + 1 @)+ % 1" (@ + 60,
It 1s to be rLoticed that it is assumed that /' (%), f'(2), and f''(z) are

continuous from r =a to ¥ =« + h.

gé. Taylor’s Theorem. This may now be derit 2d by extending the
preceding method so as to include the nth derivative.

It 15 assumed that f(z) and its first n derivatives are continuous
from z=a to z=a+A.

Define R by

S@+B) = f@=17(@) ~ 5" @+~ @) — [ R=0. (D)
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¢I(::=f(a+w)—f(a)—xf'(a)—gf”(a)—-~-—li_—11f”“(a)—|'zR
¢'(@) =1 (@ +2) —f'(a) — 2" (@) =+ — \f—_i;f"“(a)— L"”'; R,
¢"(x)=f"(a+w)—f”(a)—--'—&f”‘(a)—lt__i,lf,
TS ST T S

@ =rr@ta)—R . . . .. (@

As in the preceding articles, it is evident that
¢(2) =0, when 2 =h, and also when x=0.

Hence ¢'(x) =0, when =, where 0 < @, < k.
But  ¢'(x) =0, when x=0; hence
¢"(x) =0, when &= x,, where 0 < 2, < ;.
Continuing this reasoning, we find
¢"(x) =0, when 2=, where 0 < x,, < @, _y,
that is, where z, is between 0 and A.

Hence from (2) ¢" (k) = f"(a + 6h) — R=0.

Substituting this value of R in (1), we have

fla+h)= f(a\+hf’(a)+ f”(a)+ +L_f" 1(a)+ f”‘(a+0h)

Since a is any quantity, we may write 2 in place of a, giving

S@+h)= f(w)+iu°(x)+Lf"(w)+ +|__f"“(~’v)

+L"‘;:f"(a;+0h). N € ))
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94. Remainder. The last term of this equation
g
— (a4 Ok
L] o

is called the remainder after n terms in Taylor’s Theorem. When the
limit of this remainder 1s zero, as n is indefinitely increased, Taylor’s
Theorem gives a convergent series.

We have already seen (Art. 86) that Maclaurin’s Theorem is a
special case of Taylor’s Theorem, so that corresponding to (3) of the
preceding article, we may write Maclaurin’s Theorem

0+ %
J(@)= f(0)+96f()+I s | L_ (62),

JS(x) and its first » derivatives being assumed contmuous for values
from 0 to «.
Thus the remainder after n terms in Maclawrin's Theorem is

.,
E.f <9$) .

When Lim,_. [TJ; f"(6x)]=0, e e e e

Maclaurin’s Theorem gives a convergent series.

Applying (1) to f(x) = €, we have

-t"
Lim,_. I—e"‘ =0,
n

which is evidently satisfied for all values of .

The same is tiue for f(x) =sinx, and f(x)=cosz.
If f(x) =log (1 4+ ), (1) becomes

Lim,_, [m—n g:l)i’—————_l—]
[» " 1 +6x)
=Lim,_ [&D™ _”_) =0.
n 1462
This is satisfied when |z| < 1.
It is to be noticed that the preceding test for convergence is of no
practical use, unless the nth derivative of f(«) can be expressed.



CHAPTER IX
INDETERMINATE FORMS

95. Value of Fraction as Limit. The value of the fraction = :/’:(( ; for

any assigned value of @, as ¢ =q, 18 3(( ;
This is a definite quantity, unless ¢(«) or y(«) is zero or infinity.

When this is the cuse, we may, by regarding the fraction as a
continuous variable, define its value when . equals «, as its limit
when z approuches a.

That is, the value of %Eﬂ.’ when 2 = u, is defined to be

d

Lim,_, :;(( % or what is the same thing,
X

Lim,_, ¢(ath),
¥ (@t
There is no difficulty in determining this limit immediately, when
the numerator only, or the denominator only, 1s zero or infinity ; or
when one is zero and the other infinity.
We will now consider the cases where, for some assigned value of
#, the numerator and denommator are both zero or both infinity.
The fraction is then said to be indeterminate.

96. Evaluation of the Indeterminate Formg- Frequently a trans-

formation of the given fraction will determine its value.

?l‘hus, ws;'f i—g = g, when z=1.

But if we raduce the fraction to its lowest terms, we have
2?4+x—2 :c r+2 3
= Li ==
@—1 eyl 2
106

lez-l
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r—2 0

Again, — 2 =" whenz=2.
’ Va—1-1 0

By rationalizing the denominator,
____w_—-—_? =Lim,_, @=2(Vz—-1+1)
Ve—1-1 z—2

= Lim,_o(Vz—1 + 1)=2.

Lim,_,

As another illustration,

cos 20 0
— 77 _—_ whenf="T.
cosf—smé 0’ 1
L]
But Lim. 298260 _ _ 1., ,cos’0—sm®d
*%cosf—sm 6 %4 cos6—smo

= leo- (cos @ + sin 6) = cosZ + sm— =+/2.
The Ifferential Calculus furnishes the following general method:

97. Form u new fraction, tuking the derivative of the given numerator
for @ new numerator, and of the given denominator for a new denomi-
nator.  The value of this new fraction, for the assigned value of the
variable, is the limiting value of the given fraction.

‘We will now show how this rule is derived.

Suppose the fraction z(l; 0’ when z=a; that is, ¢(a) =0, and

¥(a)=0. @
By Art. 95 the required value of the fraction is the limit of

%?%—”—3 , as h approaches zero.
a

By the Mean Value Theorem, (2), Art. 90
$(a+1h)=¢(a) +hd'(a+ 0h),
y(a+h) =y (a) + hy'(a + 61h),
wT®he 0 and 6, are proper fractions.
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But since ¢(a) =0 and y(a) =0, we have
¢(a+h) _ he'(at0k) _ ¢'(a+6h)
Ya+h) W'@@+6k) ¢'(a+t6,k)
Lim, ,2@+H _ (@
Y+ (@)’

which is the theorem expressed by the rule.

Hence

If ¢'(e¢) =0 and ¢' (a) =0, it follows likewise that
¢ (a4 M) ¢"((()

Vet ¢’

that is, the process &pressed by the rule must be repeated, and as
often as may be necessary to obtain a result which is not indeter-

minate.
For example, let us find the limiting value of the fraction in

Art. 96.
5:%;—’)2 z :;i;‘ 8, when z=1.

_ﬁg)_g_ai‘l_g’ when z=1,

Thus the required limiting value is g

For another example, let us find the limiting value, when 2 =0.

Lim A=

e4e7—2
1—cosx

@ _e+er—2_0 =
V@) I—cosa o’ when z =0.

.

@) _e—er_0 -
Y(z) sinz 0 when z=0.

of

1 @ P + e =
:;” ® v—— 2, when z=0.

Thus the required limiting value is 2.
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EXAMPLES

Find the limiting values of the following fractions for the assigned
values of the variable.

_ n__9
1. 2E-1)"—2 when z2=2.  Ans. a4+ % .

-2z
2. log (3 lw(: t}m =3 , when x=1. ns. 7.
g
a—1
3. =1’ when 2 =0. Ans.  log, a.
-1 )
4. _f;"_:‘:_l_: , whenz=0. Ans. —2.
5. %ﬁ? s whenz=2. Adns —2.
, 6. xer— oﬂi(‘”_'_l , when 2 =0. ns. g-
7. %;_'3_0 , when=0. Ans. 0.

8 sin ma — sin ne
. —'—_"——_"
s (m — n)e

g sin (o+;’>_1

when m =n. Ans. cos ne.

h =T, s. L.
logsm26 when 6 4 Ans 4
a® — b _ 14 logd,
10. 7= whena=>0. Ans. 1—Togh
log, a —log. b - 2.
11. D whena=0b.  Ans. bTogd

12 -2 —4224+92—4
-2 4+22—1

,whenz=1. 4ns. 4.
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13. tan ne — n tan x

- , when x=0. Adns. 2.
n §in & — sin e

—utlanx rsec’r—tana
14. t—a—ll,ﬂ—m———‘——, when n=1. Ans, 2ZSeC@—tane
nsin L — sin ne SINE — T COS T

m SIN X — SIN ML md—m
15, 2=~ 2 "~  whena=0. s, ———.

@—1e + @+ 1)e=’ 4
16. e 42

- ; when £ =0. Ans. 8.
log sectx — a2

98. Evaluation of the Indeterminate Form gg. The method is the
same as that given in Art. 97 for the form 8 .

It has been shown 1n that article that

Lim, .,¢(" +h) _ @) s
Y +h) ')

if ¢(a)=0, and y(a)=0.

Y

It may be shown that (1) is true also, 1f ¢(a) =0 and y(a)=co.
For the proof of this the student 1s referred to more extensive
treatises on the Ihfferential Calculus.
log «
cotx

9@ _logz _ * when =0
Y(®) cotx ®©’ '

For example, find the limiting value of , when 2 =0.

1
S@)_ & ___sin'z_0 B
Y'(x)  —cosec’x z 0’ when 2 —=0.
" .
:,,((:))=_231n;:cosw=9=0, when = 0.

Thus the rqu;ired limiting value is 0.

NotEe. — The form % can in most cases be avoided by transformation into g
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99. Evaluation of the Indeterminate Forms 0.00, o0 — o0.
Transform the expression into a fraction, which will assu.ne either

the form 0 o™
0 o

For example, find the value of

(w—2u) tan», when 2= g
This takes the form 0. oc.
9 » 0
-
But (r—2e) tane="—_""="" whenx="..
cot x 0 9
! 9
x —
¢,—(-) =--" " =2 whena="T.
Y'(x)  —cosects 2

Thus the required limiting value 1s 2.

For another example, find the limiting value of

1

= = , when x =1,
Toge w—1

This takes the form oo — oo.

1 1 r—1—logz_0
But —_— — =" oY= , L =1
b loge 2—1 (¢e—1)logz 0 when @

1-1

'@ @

= -Q, when »=1.

= =%, when z=1.

Thus the required limiting value is ;
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100. Evaluation of the Exponential Indeterminate Forms, 0% 1, 0 %,
Take ihe logarithm of the given expression, which will have the

form 3 or £.. The lnmtig value of this logarithm will determine
)

. that of the given function.
For example, find the limiting value of 2%, when 2 =0.
This takes the form 0°.

Let y =27
then logy_mlogm—l—igm °°,whena,_0
1
:% =fvz=—x=0, when z=0.
]

Thus the limiting value of log y is 0.

Hence the limiting value of y is e = 1.

For another example find the limiting value of
a+ aa:)i, when 2 =0.
This takes the form of 1.

Let y=(1+ az)s,

logy = log (1w+ a%) = g, when =0,

4’"‘”) 1_‘*_'%: d, when 2=0.

'@ 1

The limiting value of log y being a, the limiting value of y is e
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EXAMPLES

113

Find the limiting values of the following expressions for the
assigned values of the variable.

1.

12.
13.

14.

1 1
11 1
@ wglog ( +x))

Oz i
2% tan 5

@ tan ¢ — gsec ,
log tan ax
log tan ba’

11
222 2rtanaz’

sec 3
TR b
sec o

1
(a:’ + a')?——l
2 H

tln.o

(cosec 6)

(tan 6)0

2 sec? § — 1\tan 2
(=57

(a' 40+ c=)§
3 H

1
(log o),
1
(o* + )=,
4

(oos ax 4+ cos b.n)s’,
2

when = 0.

when =o0.

when 2 =

when 2 = 0.

when z =0.
when z=".
2
when z =1.
: =T,
when § =
-l
m
when 6= 5
-t
m
when ="=.
4
when 2 =0.

when z=ce.

when 2 =0.

when 2 =0.

jul
3

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

OO =

= o

WO S

<E,l:ﬂ
.




CHAPTER X

MAXIMA AND MINIMA OF FUNCTIONS OF ONE
INDEPENDENT VARIABLE

101. Definition. A maximum value of a function is a value greater
than those 1mmediately preceding or immediately following.

A minimum value of a function 1s a value less than those 1mmedi-
ately preceding or immediately following.

If the function 1s represented by the curve y=f(x), then PM
represents a maximum value of y or of f(x), and QN represents a
minimum value.

102. Conditions for a Maximum or a Minimum,
It is evident that at both P and @ the tangent 1s parallel to OX,
and therefore we have for both maximna and minima,

(_l.; =0. v
Moreover, as we move along
the curve from left to right,
at P the slope changes from —
positive to negative ; but at Q,
from negative to positive.
In other words,

At P the slope Hecreases as g
zincreases. . . . . («) .

At @ the slope increases as o M N X
« increases. . . . ()

By Art. 21 we have the case (a),
when (—g—m(slope) <0 .. Q@

114
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d d (dy\ _d¥%y
But - 1 =— = ]|=—
da:(s ope) dx (d:c) da®’
and (1) becomes ‘_Ii‘{‘ < 0.
dx?
Hence when :5%:0, and %’-’1 <0 ... ¢¢..00

there is a maximum value of .

By similar reasoning we have the case (b),

when

dy
dx

Hence when =0, and Z{Z >0 . . .. ... 0

there 1s a minimum value of y.

For example, let us find the maximum and minimum values of
the function 3
T _ 9218 1
‘{—.4.L +Jox+1.

[}

a? "
Put y=, —224+3x4+1.
Then %=w‘-’—4m+3, N )
By o,
H=2e—d ... L0
Putting (4) =0, @ —1x4+3=0,
whence z=1 or 3.

Substituting those values of z 1 (5), we find

1,
hen =1 e 2 <0
when z=1, dat <V
2
when =3, Ty _ 2>0.

da?
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Hence by (2) and (3),
when z=1, y has a maximum value;

when »=3, y has a minimum value,

From the given function we find
that the maximum value of y is y=2},

and the mimmum value of y, y=1.

103. In exceptional cases it may happen that a value of « given by
:% =0, makes %;'{, =0, so that neither (2) nor (3), Art. 102, is satisfied

This would be the case for a
puint of mflection B (see Art.
158) whose tangent is parallel
to OX. Here the ordinate RL
18 neither a maximum nor a
minimum.

But there may be a maximum R
or minimum value of y, even

when %:0. This is more fully
considered in Art. 106. The

following article is also appli-
cable to such cases. o L X

104. Second Method of determining Maxima and Minima. Maxima
and minima may be determined from the first derivative % alone,
. . dy *
without using —=.
§ Gt
We have seen in Art. 102 that when y is a maximum, as at
P, the slope, that is, %, changes from + to —; and when y is a mini-
mum, as at @, g—z changes from — to 4. (It is understood that we

pass along the curve from left to right.)
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By examining the form of dv , which should be expressed *n factor

form, we may determine whether it changes from + to —, or from
— to +, for any assigned value of .
Let us apply this method to the example in Art. 102

@Y _ g2 = (@ — 1)(z —
Lot —do43=@—1@-3).

Here % can change sign only when 2 =1 or 2 = 3.

By supposing 2 to change from a value slightly less, to one slightly
greater than 1, we find that (x — 1) changes from — to 4 ; but since

the factor (# — 3) is then negative, 1t follows that % changes from
(

+ to —, when 2 =1, and denotes a maximum. Inthe same way, we

find that dy changes from — to 4, when = = 3, and denotes a mini-
mum.

Again, consider che function y = (x — 4)’(x + 2)*.

Differentiat'ng and writing the result in factor form,

Z_-Z =83z — 2)(z — )z +2)"

‘When z =§, g% changes from — to +.
When 2 =—2, % changes from + to — «
x

When z =4, Z—” does not change sign,
x
since (x — 4)* cannot be negative.

. . 2 .
Hence we conclude that y is a minimum when z = '5’; a maximum

when # = — 2; but neither a maximum nor minimum when z = 4.
2
As this method does not require %;y,, it is preferable to that

of Art. 102, when the second differentiation of y involves much work.
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EXAMPLES
1. Find the maximum value of 32z — a* Ans. 48,
Find the maximum and minimum values of the following functions,
2 2 —-322—122+4+12. Ans. x=—1, gives a maximum 19.

x = 2, gives a minimum — 8.

3. 2311224+ 122+10. Adns. z=

[ 8-

, gives a maximum 1313$.

=3, gives a minimum 1.

4. 2+ 9 (a — o) Ans. x= ?—’60’, gives a maximum 9Ta3‘
o= 3a 9a®

|

, gives a minimum 6
5. (x—1)(=z— 2)(x— 3).
Ans. =2 — —, gives a maximum ——2——
V3 3vs:
r=2+ L gives a mnimum — 2
NZS 3v3’
6. 2Bz +2)—3at Ans. =2, gives a maximum 80.

7. Show that Ei —iwi?ﬁ-:—s- has no maximum nor minimum.

a’ b? s
8. — 4+ ——, where q, ), ¢, are positive.

X cC—X 2
ac . a + b)?
ns.  w = —-"—,gilves a minimum £~+—)—

a+b c

«c . : a—b)y
r = > gives a maximum f__l .
& — ¢

9. Show thatlthe greatest value of logz ;o 1
" ne

10. Show that the greatest value of -cos 26 + sinf is %
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11. Show that the maximum and minimum values of

sin?@ + sin? <§— 0) are g and %

12. Find the maximum value of asinz + bcosx. Ans. /g7 b2

13. Find the maximum value of tan—!'«—tan-! z, the angles being
taken 1n the first quadrant. 213

Ans.  tan

14. Show that the least value of «®tan®0 4 0®cot’0 is the same as
that of a%e™ 4 b%~"%, and equal to 2 ub.

a3
15, y=9=2" Ans. A mimmum when =2,
a—2x 4
16. y=(@—1)*x+2)%
Ans. A maximum when z=— g; a minimum when z=1;

neither when o = — 2.

17, y=(x—2yCz+1)%

. - 1
Ans. A maximum when x = —=; a minimum when a:=1

E’

RO =

neither when o =2.

105. Case where Z—%:oo. It is to be noticed that % may change

sign by passing through infinity instead of zero.
Hence if dy =00,
dz :

for a finite value of x, this value should be examined, as well as
those given by
a _
O de .
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For example, suppose
y=a—b(x— c)i.

0
Then Z—” =— —;b——l;
T Br—o)?
hence we have Y
d
ﬁ:w, when z=c. P
It is evident that when z=c¢, %.11
changes from + to —, indicating a a
maximum value of y, which 1s a. c

The figure shows the maximum g / M N X
ordinate PM, corresponding to a
cusp at P.

On the other hand, suppose y=a—b(z—c) 5,

Then d_y_______=°° when z=c.

But as % does not change sign when z=c, there is no maxi-

mum nor minimum. The corresponding curve is shown 1n the figure.

Y
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EXAMPLES

Find the maximum and mmimum values of tne two following
functions:

2
1. y=(@+1)3(z— )%
Ans. A minimum when z=>5; a maximum when a:=;;

a minimum when 2 =—1.

2. y=(2w—a)’%(a:—a)’§‘

: 2a .
Ans. A maximum when 2= 3 & minimum when z=a.

106. Conditions for Maxima and Minima by Taylor’s Theorem.
Suppose the function f'(x) to be a maximum when x=a. Then, by
the definition in Art. 101,

S@)y>f(a+h),
and also f@)y>f(a—1),

where % 1s any small but fimte quantity. Now, by the substitution
of « for z in Taylor’s Theorem, we have
2
Fa+h=f@= W@+ 7@+

B ™
B/ O+ @ W)

18

F@=B—f@== W @+E @=L @+ @

2
By the hypothesis Sa+h)—f(a)<0,

and also Sa—h)—f(a)<0.
Hence the second members of both (1) and (2) must be negative.

- * The rigorous form of Art. 93 jpay be used here without any change in the
contoxt.
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+By taking k sufficiently small, the first term can be made numeri-
cally greater than the sum of all the others, involving %% A2 ete.
Thus the sign of the entire second member will be that of the first

term. As these have different signs in (1) and (2), the second mem-
bers cannot both be negative unless

F@=0.
Equations (1) and (2) then become

S @+ ) ~F @)= /"@+ 5@+

h?

Fa=B)=f @)=, @~ @+

The term containing A% now determines the sign of the second
members. That these may be negative, we must have

J"(a)< 0.

If then S'(@)=0 and f"(a)<O,
Jf(a) is a maximum.

Similarly, it may be shown that if
S@=0 and f"(@)>0,
J(a) will be a minimum.
If Sf(@)=0 and f"(a)=0,
similar reasoning will show that for a maximum we must also have
F"@)=0 and f*(a)<0;
and for a minimum
S"(a)=0 and f“(a)>0.

The conditions may be generalized as follows:
Suppose that

S'@=0, f'@)=0, f"(@)=0, - f(a)=0,
and that f**!(a) is not zero.
Then if 2 is e;ren, f(a) is neither a maximum nor a minimum.
1f n is 0dd, f(a) will be a maximum or a minimum, according as

Y @)<0 or >0, . .
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PROBLEMS IN MAXIMA AND MINIMA

1. Divide 10 into two such parts that the product of the scuare
of one and the cube of the other may be the greatest possible.

Let  and 10 — » be the parts. Then a? (10 — z)* is to be a maxi-
mum. Letting v =?(10 — x)?% we find

‘E’:_: =524 — 2)(10 —z)*=0,

from which we find that » is a maximum when 2 =4. Hence the
required parts are 4 and 6.

2. A square piece of pasteboard whose side is @ has a small
square cut out at each corner. Find the side of this square that the
remainder may form a box of maximum contents.

Let « = the side of the small square. Then the conteuts of the
box will be (¢« — 2 2)?2. Representing this by u, we find that » is a

. a . . .
maximum when z = & which is the required answer.

3. Find the greatest right cylinder that can be inscribed in a
given right cone.
Tet AD =a, DC=b.

Let « = D(, the radius of the base of the cylinder, and y = PQ,
its altitude.

From the similar triangles ADC, I’QC, A
we find
y _a —%_ o).
i AR AU P
. |

The volume of the cylinder is
wm’y = r%aﬁ (b - a:).

B [N
This will be a maximum when w=bax?—ax? N0 -
is a maximum.
This is found to be when « =% b, the radius ol the base of the
required cylinder.

From this, y= %, the altitude of the cylinder.

-C
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4. Determine the right cylinder of the greatest convex surface
that can be inscribed in a given sphere,

Let r= OP, the radius of the sphere; x= OR, the radius of base
of cylinder; and y = PR, one half its altitude.

From the right triangle OPR we have

2+ yt=rh : P
The convex surface of the cylinder is
272 -2y=4 7z ViE— . 0 .
We may put » equal to this expression,
and determine the value of x that gives a —

maximum value of ». But the work may B
be shortened by the following considerations:

4 7xV1* —2? is a maximum,

when V¥ —2? is a maximum;
and zVrf—a* is a maximum,
when its square %t — o' is a maximum.*

Hence we may put u=1r%*—2«* from which we find « is a
maximum, when 2 =-"_.
€

From this y-::/"—z, giving for the altitude of the cylinder,

2y=rVv2.

Another Method. The equations
The convex surface =4 nay,~u=2zy, . . . . . . . . (1)
{ e o 9
may be used without substituting in (1) the value of y from (2).

* Since we are only concerned with the positive root of V2 — 2,
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. o du dy
Differentiat 1 = &, . . . . . .. @3
ifferentiating (1), i Y+ e ®3)
and differentiating (2), =+ J =0, W__=2
da Y
Substituting in (3), du_, _ 2=
x vy

Since # and y are positive quantities, it is evident that when
x=y, %—‘ changes from + to —, giving a maximum value of .
ax

Combining x=y, with (2), we have

a,——_, 1/_-—,as before.

In some problems this method has some advantages over the first.

5. Divide 48 1nto two parts, such that the sum of the squa.re of
one and the enbe of the other may be a mimmum. Ans. 42%, b}

6. Divide 20 into two parts, such that the sum of four times the
reciprocal of one and nine times the reciprocal of the other may be
a minimum. Ans. 8,12,

7. A rectangular sheet of tin 15 inches long and 8 inches wide
has a square cut out at each corner. Tind the side of this square

so that the remainder may form a box of maximum contents.
Ans. 1% in.

8. How far from the wall of a house must a man, whose eye is
5 feet from the ground, stand, so that a window 5 feet high, whose
sill is 9 feet from the ground, may subtend the greatest angle ?

Ans. 6 ft.

9. A wall 27 feet high is 8 feet from the side of a house. What
is the length of the shortest ladder from the ground over the wall
to the house? Ans. 13V 13=46.87 ft.
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10. A person being in a boat 5 miles from the nearest point of the
beach, w'shes to reach in the shortest tune a place 5 miles from that
point along the shore; supposing he can run 6 miles an hour, but
row only at the rate of 4 miles an hour, required the place he must
land. Ans. 929.1 yards from the place to be reached.

11. Find the maximum rectangle that can be inscribed in an
ellipse whose semiaxes are a and b. B
Ans. The sides are « V2 and 5V2; the area, 2 ab.

12. A rectangular box, open at the top, with a square base, is to
be* constructed to contain 500 cubic inches. What must be its
dimensions to require the least material ?

Ans. Altitude, 5 in; side of base, 10 in.

13. A cylindrical tin tomato can is to be made which shall have
a given capacity. Find what should be the ratio of the height to
the diameter of the base that the smallest amount of tin shall be
required. Ans. Height = diameter.

14. What are the most economical proportions for an open cylin-
drical water tank, 1f the cost of the sides per square foot is two
thirds the cost of the bottom per square foot ?

Ans. Height =} diameter.

15. (@) Find the altitude of the rectangle of greatest area that
can be inscribed in a circle whose radius is 7. B
Ans. rV2; a square.

(b) Find the altitude of the right cylinder of greatest volume that

. . . o 2
can be inscribad in a sphere whose radius is 7. Ans. =Z.

V3

16. (a) Find the altitude of the isosceles triangle of greatest area
inscribed in a ciicle of radius 7. Ans. %1; equilateral triangle.

[

(b) Find the altitude of the right cone of greatest volume inscribed

in a sphere of radius 7. Ans. 4—3:
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17. (@) Find the altitude of the 1sosceles triangle of least area
circumscribed about a circle of radius r. )

Ans. 3r; equilateral triahgle.

(b) Find the altitude of the right cone of least volume eircum-

scribed about a sphere of radius r. Ans. 4r.

18. A night cone of maximum volume is inseribed in a given right
cone, the vertex of one being at the center of the base of the other.
Show that the altitude of the inscribed cone is one third the altitude
of the other.

19. Find the point of the line, 224 y=16, such that the sym
of the squares of its distances from (4, 5) and (6, —3) may be a
minimum. Ans. (7, 2).

20. Find the perpendicular distance from the origin to the line
ab
V&b

21. A vessel is sailing due north 10 miles per hour. Another
vessel 190 miles north of the first 1s sailing 15 miles per hour on a
course Kast 30° South. When will they be nearest together, and
what is their least distance apart ? _

Ans. In 7 hrs, Distance 15v/57 =113.25 mi.

22. A vessel is anchored 3 miles off the shore. Opposite a point
5 miles farther along the shore, another vessel is anchored 9 miles
from the shore. A boat from the first vessel is to land a passenger
on the shore and then proceed to the other vessel. What is the
shortest course ot the boat ? Ans. 13 m.

£+Il—f =1, by finding the mmimum distance. Ans.
a

23. The velocity of waves of length A in deep water is propor-

tional to \/ Ay ‘i, where a is a certain linear magnitude. Show that
«
the velocity is a minimum when A =a.

E
w
being the electromotive force, r the internal, and R ihe external,
resistance; and that the power given out is P= RC?; show that P
is & maximum when R=r.

24. Assuming that the current in a voltaic cell is C =
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25. From a given circular sheet of metal, to cut out a sector, so
that the remainder may form a conical vessel of maximum capacity.

Ans. Angle of sector = (1 ‘/(’)2 r=66° 14"

26. Find the height of a light on a wall so as best to illuminate
a point on the floor « feet from the wall; assuming that the illumi-
nation is inversely as the square of the distance from the light, and

directly as the sine of the inclination of the rays to the floor.
Ans. 2.
V2
27. At what point on the line joining the centres of two spheres
must a light be placed, to 1lluminate the largest amount of spherical
surface ?
Ans. The centres being A, B; the radii, a, b; and P the required
point; AP': PB'=a': 1%

28. (@) The strength of a rectangular beam varies as the breadth
and the square of the depth. Find the dimensions of the strongest
beam that can be cut from a eylindrical log whose diameter is 2a.

Ans. Breadth = 2a, Depth =2 a\/Té.
V3 3

(b) The stiffness of a rectangular beam varies as the breadth and
the cube of the depth. Find the dimensions of the stiffest beam
that can be cut from the log. ~ Ans. Breadth=a. Depth=aV3.

29. The work of propelling a steamer through the water varies
as the cube of her speed. Find the most economical speed against
a current running 4 miles per hour. Ans 6 mi. per hr.

30. The cost of fuel consumed in propelling a steamer through
the water vaties as the cube of her speed, and is $25 per hour when
the speed is 10 miles per hour. The other expenses are $100 per
hour. Find the most economical speed.

Ans. ~/2000 =12.6 mi. per hr.

31. A weight of 1000 1bs. hanging 2 feet from one end of a lever
is to be raised by an upward force at the other end. Supposing the
lever to weigh 10 1bs. per foot, find its length that the force may be
a minimum, Ans. 20 ft.
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32. (a) The lower corner of a leaf, whose width is a, is folded
over so as just to reach the mner edge of the page. Find the width
of the part folded over, when the length of the crease is a minimum.

Ans. 3a.

(0) In the preceding example, find when the area of the triangle
folded over is a minimum. Ans.  When the width folded 1s § a.

33. A steel girder 25 feet long is moved on rollers along a pas-
sageway 12.8 feet wide, and 1nto a corridor at right angles to the
passageway. Neglecting the horizontal width of the girder, how
wide must the corridor be, in order that the girder may go around
the corner ? Ans. 54 ft.

34. Find the altitude of the least isosceles triangle that can be
circumseribed about an ellipse whose semiaxes are « and b, the base
of the triangle being parallel to the major axs. <ns. 30.

35. A tangent is drawn to the ellipse whose semiaxes are @ and
b, such that the part intercepted by the axes is a minimum. Show
that its leng*h 15 ¢ + b,



CHAPTER XI
PARTIAL DIFFERENTIATION

107. Functions of Two or More Independent Variables. In the pre-
ceding chapters differentiation has been applied only to functions of
one independent variable. We shall now consider functions of more
than one variable.

Let u=f(z,)

be a function of the two independent variables x and .

Since « and y are independent of each other, we may suppose « to
vary while y remains constant, or y to vary while = remains con-
stant; or we may suppose x and y to vary simultaneously. We
must distinguish between the changes 1n « resulting from these dif-
ferent suppositions.

Let A,u denote the increment in wu resulting from a change in z
only, and A,u the increment in « from a change in y only.

Let Aw, called the total
increment of u, be the in-

N '
c®ment when 2 and y both B’ Ay A ¢
change. B —C ™

Suppose u the area of a . _
rectangle whose sides are = y % Au
and y. .

Then u=uxy. Cv o, as |

If « changes stom 04 to 0 A A

04', while y rémains con-
stant, u is increased by the rectangle AM.

That is, A,u=area AM. *
130
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If y changes from OB to OB', while 2 remains constant, » is
increased by the rectangle BN.

That is, A,u =area BN.
If « and y both change together, we have for the total increment
of u, Au=area AM -+ area BN + area MN.

108. Partial Differentiation. This supposes only one of the inde-
pendent variables to vary at the same timne, so that the differentia-
tion is performed by the same rules that have been applied to
functions of a single variable.

If we differentiate w= f (&, y), supposing « to vary, y remaining

. du
constant, we obtain T
dx

If we differentiate, supposing y to vary,  remaining constant, we
. du
obtain — -
dy

The derivatives, 2%, 2%
dx” dy

tives, and a rpecial notation,

thus derived, are called purtial deriva-

gﬁ, gg, is used for them.
2

Tor example, if u=2"+2a% — 3,
g—; =3 2% 4 4 2y, the x-derivative of w.

%If= 22? —-3 9% the y-derivative of u.
Y

In general, whatever the number of independent variables, the
partial derivatives are obtained by supposing only one to vary at a
time.

EXAMPLES
Derive by partial differentiation the following results:
Cu= Buyydiou,
1. u a:+y’ mam+yay °

2. z = (aa®+ 2 by + cyP)", (bx+cg/)%=(ax+by)_g§,
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Ju , du , du
=U- - - — 4+ —=+==0.
3 u=y—2)(—2)(x—1y), T 5 +5,
——— ar ar
4 7=+t 1 y5;=w52}-
3 2 2 ; Ju ou
5. u=1log (2 + «x’y + bxy® + cy’), mb?c-i-ya—:
6. u=?/+?_}'_'§’ 3_lf+7/3u+ M —o.
Tz Yy dz
.
(d au 6u
- U= 1
[ =@+y—-1)u
Cu=loe® =Y L otan1® ou du 492 —=0.
8 u ogl,+y+ tan™! =, ¥t 6J+x-’+y‘~'
9. 2z =@+y) (& —¥)" ya—z--i-.naz =2z
’ as " oy
1 u\? | [Ou\z, [dw\? 1
10 U= ——— (_)+<_)+<_>___ _ 3 .
@ryrmp N2\ T\e) T Gy
11. z =log, = + log. ¥, a;log:c +‘J logy:ﬂ:o
12. u=¢e*>m y + ¢ sin 2,

13.

DIFFERENTIAL CALCULUS

?)2“" (3;> =e* 4 €% + 2 ¢*sin (z + 7).

Y

u = log (ti,an z + tan y 4 tan 2),

du

sin 2m— + sin 21/ + s1n2z‘a—= 2
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109. Geometrical Illustration of Partial Derivatives. Let z = f (2, 9)
be the equation of the surface
APCH.

The ordinate PN 1s thus
given for every pomnt .V in the
plane XY

Let AI’B and CPD be sec-
tions of the surface by planes
through P, parallel to XZ and
YZ, respectively.

If « and y both vary, P
moves to some other position
on the surface.

If 2 varies, y remaining con-
stant, > moves on the curve of mtersection .1PB.

Hence gz is the slope of the curve .1°B at I’
x

If y varies, x remaining constant, P moves on the curve ('P/).

Eence %z is the slope of the curve CPD at I
Y

110. Equation of Tangent Plane. Angles with Codrdinate Planes.
In the figure of the preceding article, let P be the pomt (&, ¥, 2');
PT, the tangent to APB 1n the plane APNM; and PT", the tangent
to CPD 1n the plane CI’NL.

It is evident from the preceding article that the equations of PT'
are

z—z'=g§;( ), y=y, .« .« « . . . (D)*

and of PT",
z—z_-——(J ¥, =2 . . . . . . (2

/
ozl 92 denote the values of az, 9z , respectively, for (z/, ¥/, 2').

ox'’ ' 9z’ dy
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The plane tangent to the surface at P contains the tangent lines
PT ana PT'. Its equation is

z—-z’———(w ’)+ (3/ 7 N € ))

For (3) is of the first degree with respect to the current variables
, ¥, 2, and is satisfied by (1), and also by (2).

The equations of the normal through P are those of a line through
(«', ¥', ') perpendicular to (3). Its equations are

:%'a:'=1/—"l —(z=2" . « . . ... (4)

' 6_/

The angles made by the tangent plane with the coordinate planes are
equal to the inclinations of the normal to the coordinate axes.

By analytic geometry of three dimensions, the direction cosines of
the line perpendicular to (3) are proportional to

a2 &'
o oy’
Hence, if «, B, y, are the inclinations of the normal to OX, OY,

0Z, respectively,
cosa__cosf _cosy

N )

FEA = S
o 3y
Also ) cog’a+cos’Btcos’y=1. . . . . . . . . (6)

From (5) and (6) we find, dropijing the accents,
§i 2
ox
9z\? , [0z\¥
14+(% %
* (6w> M (63/)

cos?o =
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@Y

1
cos?y= 3+ v e e )
a 4
’/
For the inclination of the tangent plane to XY, we have from (7),

sec?y = 1+< ) <gj) N )

2 02\ , [0z
and tan®y = ( T + 6:/)

The term slope used in geometry of two dimensions may thus be
extended to three dymensions, as the tangent of the angle made by
the tangent plrne with the plane XY, In this sense,

o sopo—(ET+ (2 -

EXAMPLES
1. Find the equations of the tangent plane and normal, to the
sphere 2+ y*+22=a’ at (2, y,’ 2.

Hence o @ o

]
Substituting in (3), 2 —2'= — :_: (z—a') — Z_' y—9),
2z’ +yy + 22 =z 4 y? 422 =a’ Ans.
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From (4) we find for the normal

! [
(w—w')%,=(y—y’);—,=z—z’,

"’_’_1=?L,_1=§.’_1, £7=1=?-- Ans,
x ¥ 2 2y z

2. Find the equations of tangent plane and normal to the cone,
32—y 4 22°=0, at (&, y,?).

x—x _y—vy' _z—2

Ans. 3zx'—yy'+ 222'=0 = =
Yy y 32 = 97

8. Find the equation of the tangent plane to the elliptic parabo-
loid, 2z=3x*+24% at the point (1, 2, 11).
Ans. 624+8y—z=11.
4. Find the equations of tangent plane and normal to the ellipsoid,
P+ 2y +322=20,
at the pomt =3, y=2, z being positive.
Ans. 3x4+4y+32=20; 2=2+2, 3y=4242.

Find the slope of this tangent plane. Ans. §.

5. Find the equation of the tangent plane to the sphere,
P+ +2—-2x+2y=1, at (&, ¥y, 2).
Ans. zx' +yy' +22'—x— 2' 4+ y+y' =1.

111. Parcial Derivatives of Higher Orders. By successive differ-
entiation, the independent variables varying only one at a time, we
may obtain :

If we difrerentiate « with respect to «, then this result with respect

. d/0 s s . 02
to y, we obtain 6_3/<6_:>’ which is written 33/:;.'0'
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3

8 ¥ sis the result of three successive differentiations,
dy ox*

two with respect to z, and one with respect toy. Tt will now be shown
that this result 1s independent of the order of these ditferentiations.

Similarly,

In other words, the operations 56- and 5'3- are commutative,
P Yy

. 3 d*u ®u u u
Th t = ) = - = —
s, dydx dxdy Adydx* Odrdydr Ox*dy
112. Given w=f@y), - .« « .« v« . (D
d [on ad [ou
ha g = 2. (2).
to prove that 63/( 61:) i ( O_r/>

Supposing « to change in (1), # being constant,

An _ f(x4Ax,y) —f(xy)
Ax Ax

. @

Now supposing y to change in (2), 2 being constant,

A (Au>=f (x4 Ay + Ay) —f(ry+AY —fE+Any) +1(2,9)

ay\Az AyAx

Reversing the above order, we find

_A_"_=f(1" y+Ay) "'fﬁ"l) and
Ay ’

Ay

A (Ay>= fE+Aazy+Ay) —f(@+Any) —f@y+AD+ (2 9)

Az Ag/ AzAy

Hence -A—<é1—')=-i<ﬂ). S )
Ay\Az/ Ax\Ay

The mean value theorem, (2), Art. 90, may be expressed in the
form ‘:——Z= Sfl(x+6-Az), where u=f(z). 0<6<1.
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In the present case, where u = f(z, ),

& —f; (z+ 6,-Ax, y). *

A A
Ay = a7 fo (@4 6,82, y) = f,. (& + 6,-Ax, y + 6,-Ay).
Similarly, Aﬂ =1, (%, y + 05-Ay),
and BN — fu@ + 00 Az, y + 6,83,
A.L ay) ’

By (3) Je(@+0,-An, y + 0,-Ay) =1, (x + 0,-Ax, y + 6,-Ay).

Taking the limits as Ax, Ay, approach zero, and assuming the
functions involved to be continuous,

j;((l', y) =fzy(‘v7 y)‘

. 9 /ou d [On 3%u *u
That (w\_afon\ ¥ _ Fu
ab s, ay<ax) w(a,,)’ % oyae awdy

This principle, that the order of differentiation is immaterial, may
be extended to any number of differentiations.

3%u 9 [ou 3% [du u
Th = = —_— = ——
% dyoz  oyom <8.1:) 923y (m) Sz aydw
_ 0/ u\_0 [ Pu
™ ay 9w) ox <d.z: 9 J) (i) J

It is evident that the same is true of functions of three or more
variables.

*f(zy) = 5—f(x, ), S y) = a%f(ac, »,

Ju(@y) = 3;[5; F@W | Fat@my) = % [% 1@ ).
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EXAMPLES
o 0% d%u
—_— Exs. 1-3.
Verify P ay 3y 0m in Exs.
Zj i Z: 2. u=uy 10g§ . 3 u=(x+ ) ad
Derive the following results:
u d*u d*u
4, uw=ax'+ 6b2’y 4 = = .
U=+ OOy s GEep T 9udyandy 9500w
92 ik
5. u=1log (£*+¥?), 51% a;‘
62 a‘.’ 62
6. z=(3x+y)'+ sm (2x — y), find a—jé — ELT;;— 66772'
x? x 9%u d*u 9%
. = - log = find 22 221 — 2
T Y * ogy, " 0.1:"+ J8w6J+ ay?
2 62 = —
8. z =utan"!" /— #* tan™? ‘;5, axaz;, = :_;_.'j’
(P —n éz(! 1 _‘21 1 6 (1
9. g= (™ +r")cos nb, 53t 3. g =0.
10. u=log (e*+ e+ ¢ P _ Qertyta-du
’ dxdy 9z
0w |, % |, %
-1Y o] ou o'
11, w=2ztan aa:2+ 3 + = 77
0% , u |, O 2
12. u =log (o* + 1% + 2°), Er R i e ey
18, =y + e + ol M G s
T ’ 9x?3y?02* :
14. u =sin (y 4 2) sin (z + ) sin (z 4 7),"
&u__ _ 2 cos (22 + 2y + 22).

dxdy 0z
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113. Total Derivative. Total Differential. In Art. 107 we have
referrec. to the change in « when z and y vary simultaneously.
This change is called the total increment of u. Thus the total incre-

ment of u = f(z, v)
18 Au = f(x + Ax, y + Ay) — (%)
The terms total derwative and total differential are also used. For
example, o o
let u=2a% — 3%, . . N ¢ )

and suppose « and y to be functions of a variable ¢.

Differentiating with respect to ¢,

dw _ d 2
@ =~ a® (S‘v_y )
— ,dr/ Py dx _6 dy —6 2 dz
.l)‘ +dxy — a 2ty — a xy ar

= (3% — Gay?) l‘”+(a:’ ex-J)"” )

But from (1) we find
-%—3:172J 6 xy?, du = 2 — 6a%.
oz dy
So that (2) may be written
du _ du dx  du dy )
dt dzdt ' aydt T ° - ®

If we had used differentials in differentiating (1) we should have
obtained

d_a—"d+a" R )

g—'f 1 (2) and (3) is called the total derivative, and du in (4) the total

differential, of u.
We proceed to show that (3) and (4) are true for any function of
zand y.
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Noticing that Au 1s the total increment of u,
and A,u, Ayu, the partial increments, when = and y vary separately,

let
u = f(x,¥), x and y being functions of ¢.

u' =f(x + Az,y),
uw' = f(x + Ar,y + Ay).
Then Au=u—u
A =" —u',

Au=u" - u.

Hence Anw=A,u + A,

S _AxAr A Ay

and = .
At Axr At Ay At

Taking the limits of each member, as At, and consequently Az, Ay,

approach zero, du _dudx | dudy ®)

dt dzdt ' aydt’
since the limit of ' is w.

‘This may be written in the differential form

du du
=—de+—dy. . . « « « . . (6
¢.iu i dx + 3 dy 6)

In the same way, if v = f(x, , 2), where &, 7, z, ;e functions of ¢,

we find du__dudx  dudy  Odudz )

dt  dxdt  Oydt ' dzdt

and dy:%d.v+g—;;dy+ggdz. S )
‘We may write in (8)
dex:du -a—u(l1/=du 2quz:dzu,
oz = dy v 0z
giving du=du+du+ du,

thay is, the to*al differential of u 18 the sum of its partial differentials
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This principle, as expressed by du = d,u + d,u, may be illustrated
by the figure of Art. 107, from which we have

Au = Au + Ayu + area MN,

that is, Au= Au+ Au 4+ Az Ay.

As Ar and Ay approach zero, the last term diminishes more rap-
idly thaun the others, and we may write

Au=Au+Au, approximately,

the closeness of the approximation increasing as Az and Ay
approach zero.

If in (5) we suppose t ==,
then u = f(x,y), y being a function of z;

and (5) becomes _(M_Qg_'_a_udy B )]

. dx  dx @ dydx
Similarly, if in (7), ¢t =a,
w=f(9,2), yandzbeing functions of x;

du__Ou  dudy , dudz

h =+ — ueE
whenee de dr dydr 0z dx

(10)

EXAMPLES
Find the total derivative of u by (5) or (7) in the three following :

1l u=f(2,y 2), where z=10, y==, z=}t._

du_.-,tau 3t2§1l' 1du

dt oz ay—;ﬂa'
2. u=log(«*—-y?), where z=acost, y=asint.
du
—=—2 .
% tan 2 ¢.
0
3. u=tan'% wh =2t y=1-12. du_ _2
u n y,werea: Y &=T4E -
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Apply (10) to the two following:
4 u=f(17, Y, Z), where y::a;‘.—w’ 2= — o2

du du
‘%—'—'+(2 —1)—+(3:v’ 2)
5. u=tan"'% ,where y=38—2% z2=1-—-32 de 3
de 1+2%

Find the total differential by (6) or (8) in the following.

6. u=ur’+2bxy+ e’ du=2(ax+ by)dx + 2 (br + cy) dy.
7. u=a'ry, du=u (lﬁﬂ dm+lig-£dy>.
@ y
8 w=1o sin } (x+ ) du = sin y dr —sinz dy
) sm CEY T cosxz—cosy

9. u=a+ by’ + 2+ 2 fyz + 2922 + 2 hay,
du =2 (ax + hy+ gz) dx + 2 (hx + by + 12) dy+2(gx + fy + cz)dz.

10. u=a», du = v (yz de + zx log @ dy + 2y log x dz).
11. »=tan’zlan?y tan’z, du=4u _d‘” dy dz .
sinZ2  sm2y  sm2z2

If the variable ¢ in (5) and (7) denotes the time, w3 have the re-
lation between the rates of increase-of the variaules.

For 1llustration consider the following example:

12. One side of a plane triangle 1s 8 feet long, and increasing 4
inches per second; another side is 5 feet, and decreasing 2 inches
per second. The meluded angle is 60° and increasing 2° per second.
At what rate is the area of the triangle increasing ?
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_1
T2

The area besin 4, from which

aa —% sin A@

b de A
=2 1 Z cos A==
a2 @ Tosine + o8t

L.' '3 sm A ——+—cosA%

=.4934 sq. ft. =71.05 sq. 1n. per sec.

13. One side of a rectangle is 10 inches long, and increasing uni-
formly 2 inches per second. The other side 1s 15 inches long, and
decreasing uniformly 1 inch per second. At what rate is the area
increasing ? Ans. 20 sq. 1. per sec.

At what rate after the lapse of 2 seconds ?

Ans. 12 sq. in. per sec.

14. The altitude of a circular cone is 100 inches, and decreasing
10 inches per second, and the radius of the base 1s 50 inches and
increasing 5 inches per second. At what rate 1s the volume in-
creasing ? Ans. 1515 cu. ft per sec.

15. In Ex. 12, at what rate is the side opposite the given angle
ncreasing ? Ans. 4.93 1. per sec.

114. Differentiation of an Implicit Function. (See Art. 66.) The
derivative of an implicit function may be expreused in terms of
partial derivatives.

The equation connecting y and @, by transposing all the terms to
one member, may be represented by

o(xy)=0 . . . . . ... @
Let u = ¢(2, y).

From (9), Art. 113, we have for the total derivative of u,
du __0du _ dudy,

de  dx ' dy dx
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But by (1)  and y must have such values that « may be zero, that
18, a constant ; and therefore its total derivative 3—'—‘ must be) zery.
i

Hence Ow , dudy 0

9z oy dz~
on
dy dx
d == . . et e e e e e
an - 3 @)
0y
For example, find gg from oy + oy = al.
Let w=u'y 4+ 2% — o’
8"—3:7:22 0w O _o s 3 222
Fot Y+ 22y a—y._..,my+ LY
By 1) dy__ 32+ 2xf _ _ 3xy+ 29

dz 2% + 3% 227+ 3ay

Inthe same way find the first derivatives in the examples of Art. 66.

115. Extensicn of Taylor'’s Theorem to Functions of Two Inde-
pendent Variables. If we apply Taylor’s Theorem

to J@+h y+ k),
regarding « as the only variable, we have.
f@+h g+ =f@y+0)+hl f@ y+B)

Bl @D+ D

-+



146 DIFFERENTIAL CALCULUS
Now expanding f(x, ¥y + k), regarding y as the only variable,

F@y+8)=r@ 9)+ k%f(x, %) +§ %J(w, ¥) + o

Substituting this in (1),

F@+hy+E) =F@ -”)+"a% T @) +k S 1Y)

--[h’ LS (@0 +2 hk

B f(w, AR u)] )

This may be expressed in the symbolic form thus:

N g 9 ,,9 .
S@+h y+k)=rf(y + (h st k6y> S@ )

+é<k o 4 )f(r, %) +|d< L )’(m, D

where (hg— + ki>"is to be expanded by the Binomial Theorem, as

if ha— and ka— were the two terms of the binomial, and the result-
z Y

ing terms applied separately to f(z, y).

116. Taylor's Theorem applied to Functions of Any Number of In-
dependent Variables. By a method similar to that of the preceding
article we shall find ,

f<w+h,y+kz+l)-f<w,y,z)+(h +k—+z )f(w,y,z)
1
|2

This expansion ‘may be extended to any number of vaiiables.

+5 < +k +l )f(w,y,z)+--'
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EXAMPLES
1. Expand log (x + k) log (y + k).

Let u=1(z,y)=logz logy, >t du lorzy, du_loga

x 8J Y

v logy & _ 1 0 _ logz
ge . _08Y g __ _ .

ox? o iz wy 0 o

By (2),Art 115, log (x+h)log (y+k)=logxlogy

+ = logy+ logm— = logJ+I—‘]—°—%logw+---.

2. (+h)Py+EP=2P+ 30’y + 2 kxy
+ 3 hey? 4 6 hka'y 4 122% 4- ...
3. sin[(z+A)(y + k)] = smn (xy) + hy cos (xy) + kx cos ()

_ J sin (2y) + hk[cos (zy) — a2y sm (xy)] — —-—sm (xy) + -+

he* + ke ee”gh-—-k)"'
Z+h +4 2z )
4 log(e 4 e =log(@+ &) + =t e ey T



CHAPTER XII

CHANGE OF THE VARIABLES IN DERIVATIVES

117. To express —=,

(Iy d’y dy
dar dx’ (l.z:‘"

(I.c d*x (l"m

- in terms of ——, —
ay @f ay@

This is changing the independent variable from  to y.

By (1), Art. 56,

By (3), Art. 56,

From @),

Similarly,

From (2),

dy 1
d‘v_;-l—‘i- . . . . . . . . . . (1)
dJ
@y_ddy_ddy dy.
dx? dedr dyde dx
ddy_a1__ _dy
dyde ™ dydz™ ~ [dz\*
dy (dy
d’z
Ldy_ _ay
. -dwz (-l_a_f 3. o . o ° . (2)
dy
dy_ddy_ddy dy
@ drde®  dyde® de
o T\ _dodn
ady_"\dy) dydy
dyda®” " [da\} ‘
dy
3(@)’ dx d’r
WPy NG dydy
7
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It is sometimes necessary in the derivatives,

dy &y dy
dz dxf dx’

to introduce a new variable z in place of z or ¥, z being a given
function of the variable removed.
There are two cases, according as z replaces y or 2.

dy d*y &% dz @’z d%
y L/ , in terms of — ey

. First. To express -
118. Firs pres: dr dx d.::" de dot 4z’

where y is a given function of z.

dy _dydz
de~ dz dx’

dy _d dl/)dz dy d* (lfz/<(7z> dy d%

EZ-_&E dz )de " dzde? d\dz) " de di’

By (3), Art. 56,

Similarly, we find

(_l_"_ll @y (dz\ 31_123/ dz % | dy d%
do®  d\dz dzt dede ' dz da®

Simi dy &y b 1 £
imilarly, 50 g v may be expressed in terms of z and z.

It is to be noticeld that in this case there is no change of the in
dependent variable, which remains .
For example, suppose y = 2

Y _3,2%,

Then i 3z T
@y _e, (02 ,d’z
i 6( >+3 Py

ﬂ_ dzd“’S gd’ﬂ
da? ( )"'18 Baw T
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dy d’y &
119. Second. To express <Y %Y %Y
PO B’ @ da®’
dy dty dy
in terms of % 0 z-s, ..., where 2 is a given function of 2.
This is changing the independent variable from x to z.
ay
dy _dydz _ dz
By (3), Art. 56 —
y (), Art. 56, dx dzdz  dx
dz

d
@y _ d (dy\dz _ 4z
dz? dz\dz/dx

dedly _dydz

dy
dx
dx

dz

_ dz d2*  dz d2? .

EN
(lz}

Similarly, higher derivatives may be expressed. In practice it

is generally easier to work out each case by itself.

For example, suppose = 2%

But

Hence

From (1), %(

Hence

ay_dyds
dz  dzdx’
dr_g.0 Gz _27"
dz~ ’dz 3
gg_—__l_z 9@3
de” 3~ dz’
s _ (1) 4 ()i
de* dx\dx dx ) dz’
dy\_1(,-28% _ o ,s0%\
da:) 3(" Pk~
gl_’y___l -4d2’l 2z—ud’/
dr2 9 dz? dz

M
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2\ d. dz?

Ay 1/ _d% _d% _gdy

Hence 51’_2—7(7: “@—6z7dz+10z°d
EXAMPLES

Change the independent variable from z to y in the two following
equations:

d’y\? _dydly d’y(dy dx o_l_
1.3 ((I.t“) da dx® d.z:’(d.r) 0 Ans. +
dy | o \(¥y\? oY dz/ sy
2 <3adx+“>(dm2) ( a1 )iz o
d* &
Ans.
w () ~(5 )%
Change the variable from y to 2 in the two following equations:

Py _q 4 2A +(dy\ =
3. o 14=—+= 14 \dz y = tan 2.

d% dz
Ans. —= -2 = cos?z.
ns a > <da} COS*Z2.

2,
¢ a+(FE-20)+(I) =2+ P y=rt2e

Ans. (z+1)dz dzdz

Change the independent variable from z to z in the following
equations:

%y 1dy P=d d”u dy
5. - wdw+y =0, 2. Ans. 2 + +J =0.
6. d"y+ 2z d”+ =0, a=tanz Ans. d2”+y 0.

da? ' 14 2%de (1+:c”)’
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—1yp®y )% —14e
7. 2z-1) dm"+(2x l)dw_Zy, 2z=1+e"

d*y @y | ody
Ans. 4—= —12-< 4 9L —y =0,
e A gty =0

8. “AZ;“W“ ”+9w’g;£+3xd”+u/—10g% z=e

dv/ du
Ans.
ns dz"

+y==

120. Transformation of Partial Derivatives from Rectangular to Polar
Coordinates.

Given u=f(,7),

du

or

tangular, and 7, 6, polar coordinates.
‘We have from (5), Art. 113, regarding u as a function of r and 6,

du du .

]
to express FP and — in terms of — and 3—;, where z, 7, are ree-
2 I/ 4

du __dudr , dudl
% arostagar © 0 @

ou _Ou dr , dudl
5y oroy Tagey T T T T @)

£ or or 96 96
o’ az/ or dy dy
tions between z, y, and 7, 6.

The values o are now to be found from the rela-

These are z=7rcosf, y=rsind.

RNG))

But in the partial derivatives r 9 and 9 80 99

a,a,a e a,ramdﬂa.rere-

garded as functions of x and y.
These are, from (3),

?*=u2+9, O=tan? z
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Differentiating, we find

or__w d .

-a;='f'=eos0, é§=';’:=sm0,
9%___y _ _sind 96 __x _ cosd
dx a4 12 r’ 3y 24y T

Substituting in (1) and (2), we have

du du siné du
9 ¢ A A . 4
co ar r 096 @
Ou__ . ,0u  cosfdu .
_smoar 3 ®)
. 0% %
121 Transformation of @-i-ﬂ from Rectangular to Polar Co-
Y

ordinates. By substituting 1n (4), Art.120, gz for », we have
% __ 9 [Ou 9 /dn\ sinf 4 [du
gu__ 9 [o0%) —(=)-===(") . . ... (@
pr 6x<6a:> cos 6 6r<3.1:) r ao(a.:-) @

Differentiating (4), Art. 120, with respect to 7,
d [du 0% smn@ 0% | sinfdu
—(= )= e T s s e e e . (2
ar<aw) e R e T @
Differentiating (1), Art. 120, with respect to 6,

d (du %u . 0w sinfd% cosfdu
B (0N _ oos 0 5 _gin g9 _sin08%_cosbdu g
80(6):) 86 ooe 0% a8 96 @)
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Substituting (2) and (3) in (1), we have

% = cog? 96 w 2sinfcosh 0% |, sin?f 0% |, sin?fdu

P w r wat et s o
2sin 6 cos § du
pReinfoosblu @

Similarly by using (5), Art. 120, instead of (4), we find

o , 2sinfcosd % , cos’dd*u , cos?d du

— in2 6 — —
E R T JMCI Rl =
2sin 6 cos 0 du
)

Adding (4) and (5), we obtain

Pu, Pu_du 1ou 1
9 oy o ror ragt



CHAPTER XIII

MAXIMA AND MINIMA OF FUNCTIONS OF TWO OR MORE
INDEPENDENT VARIABLES

122. Definition. A function of two independent variables, f(z, y),
is said to have a maximum value when « =a, y =b; when, for all
sufficiently small nuinerical values of A and %,

S@0)>f(a+hbdb+E), . . . . . . (a)

and a minimum value, when

Sflo,D)<fla+h,b+Ek). « « « « « « (B)

123. Conditions for Maxima or Minima.

It w=1 (@ y),

we find that a necessary condition for both (a) and (b) is that

d
3—2=0, and 5%;:0, when 2=a, y=b.

This may be shown as follows:
Conditions (a) and (b) must hold when k=0, aad we have for a

maximum
J(a, b)> f(a+h, b),

and for a minimum
S (a, b)< f(a+h, b),

for snfficiently small values of k.
166
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We thus have for consideration a function of only one variable
By Ar*. 106, we must have for both maximum and minimum,

%f(x; b) = 0, when z = a,
that is (’%@f (z, ¥) =0, when 2 =a, y =b.

Similarly, by letting 2 =0 in (@) and (), we may derive
9
@f('vy y)=0, when x=a, y =0

These conditions for a maximum or minimum are necessary but
not sufficient. As in the case of maxima and minima of functions
of one variable, there are additional conditions involving derivatives
of higher orders. These we shall give without proof, as their
rigorous derivation 1s beyond the scope of this book.

The conditions for a maximum or minimum value of = f(x, )
are as follows:

For either a maximum or minimum,

du__ ou_ ..

P 0, and i 0; . .« . . @
% \? _ 8% 8%
1 — e R 2
also (63/ 6.1:) < dx? 9y? @
For a maximum, ij, <0, and 90—“ <0 . ... .. @
ox* dy*
2

For a mimmimum, g—-:cl: >0, and %; >0 . .. o .0 @D

124 Functions of Three Independent Variables. The conditions
for a maximum or mimmum value of u =f(x, ¥, 2) are as follows:
For either a maximum or minimum,

ou__ o Ou__, Ou_
e ’ay—o’ 62_0’

and ﬁ"f. ! < @ @.
9z dy 922 dy?



MAXIMA AND MINIMA OF FUNCTIONS

2
For a maximum %f’-‘ <0, and A <O0;
.. %
for a minimum, F >0, and A>0;

d2? dxdy 0w oz
dx oy 9y® Oy oz
0207 dyor o2

where A =

EXAMPLES

1. Find the maximum value of
u=3 axy — & — 3>

N _3ay—3a2, = 3ax—3y
Here aao_.3a(y 3 a7, 63/_311,31: 3y
%y _ P % _
Also P 6z, e 6y, Fyr a!/_.3a.

Applying (1), Art. 123, we have
ay—a*=0, and axr—y*=0;

whence 2=0,y=0; orz=a, y=a.

The values z=0, y =0, give
Pu_o Pi_o Fu__
a2 3y  dxdy

which do not satisfy (2), Art. 123.
IIence they do not give a maximum or minimum.

157
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158
The values z=a, y=a, give
P _gq Fu_ _ u _
axr 9y S rT) ’

which satisfy both (2) and (3), Art. 123.
Hence they give a maximum value of u, which is a?.

2. Find the maximum value of xyz, subject to the condition
wZ 1/2 z.‘?

~+7 +==1 Q@
M+N+& @

z?_ 22 ”2-
2T T T —ng

From (1) o 2

and as xyz is numerically a maximum when 2%%? is a maximum,

we put 0 o
u=w“'y’<1—%;—z—7;)-

Rore(1-20) Howa(1-5-20)

%= ?/”(1—%?—2—';;5’ gg—;=2‘”2< —g_%f)’

%:O, we find, as the only values satisfying

From du =0 and
oz

(2), Art. 123,
b , which give

a
== e— y=—

V3
Ou__8Y S 8d Fu __4ab
oz 9’ a9y 9’ dwdy 9
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Ag these values satisfy (2) and (3), Art. 123, it follows that 2yz is
a maximum when

a b c
b=—) Y=— 2Z=—0:

V3 V3

abe .

The maximum value of zyz is

3 Find the values of #, y, z that render

P4y 422t —22—my

a minimum. Ans. o= __:?’ y= _%, 2=1.
4. Find the maximum value of
(a—z)(a—y)(x+y—a). Ans. -2‘%:.

5. Find the minimum value of

2? + xy +y* —ax—by. Ans. i(ab—a’—b’).

6. Find thLe values of  and y that render
sing + sin y + cos (x + 7)

& maximum or minimum. Ans. A minimum, when z=y= 37:5;
-l

a maximum, when ¢ =y = %
7. Find the maximum value of
(az+by + o) PR TIr)
w”+y”+1‘ Ans. a® +b* +
8. Find the maximum value of %%, subject to the condition
9
2243y+4z=a Ans. (g)

9. Find the minimum value of 2+%+z, subject to the condition

xy2 = abe. Ans. 8,
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10. Divide a into three parts such that their continued product
may be the greatest possible.

Let the parts be x, y, and ¢« —x—y.

Then u=1xy(a —2x—y), to be a maximum.
%:ay—i’wy —y*=0, %:am—w”—.?a:y:O.
These equations give x=y= %‘.

Hence a is divided into equal parts.

Nore.— When, from the nature of the problem, it is evident that there is
a maximum or minimum, it 1s often unnecessary to consider the second
derivatives.

11. Divide a into three parts, =, y, 2, such that 2™y"2* may be a
maximum.

2 a
Ans, 2=Y=2 - 0
m n p m4n+p

12. Divide 30 into four parts such that the continued product of
the first, the square of the second, the cibe of the third, and the

fourth power of the fourth, may be a maximum.
Ans. 3, 6,9, 12.

13. Given the volume a® of a rectangular parallelopiped; find
when the surface is a minimum.
Ans. When the parallelopiped is a cube.

14. An open vessel is to be constructed in the form of a rec-
tangular parallelopiped, capable of containing 108 cubic inches of
water. What must be its dimensions to require the least material in

construction ?
Ans. Length and width, 6 in.; height, 3 in.

15. Find the coordinates of a point, the sum of the squares of
whose distances from three given points,

@y Y1)y (22 ¥s)y (2 Ys)y
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is a mini . 1 1
1s @ minimum Ans. :-3-(1'1 + 2y + @), 3 (0 +3/2+§/-")’

the centre of gravity of the triangle joining the given points.

16. If =, 9,2 are the perpendiculars from any point P on the sides
a, b, ¢ of a triangle of area A, find the minimum value of «* 4 y® 4 2%

4 A?

Ans. m

17. Find the volume of the greatest rectangular parallelopiped
that can be inscribed 1n the ellipsoid,

2 2 2
Z+li+g=1 Ans, g_:‘/lf
3

18. The electric time constant of a cylindrical coil of wire is

_ mayr
ar+by+cz ’

where » 15 the mean radius, 7 1s the difference between the internal
and external radii, z is the axial length, and m, ¢, b, ¢ are known con-
stants The volumeof the coil is nayz=g. Find the values of x,y, 2
which make » a mmimum if the volume of the coil 1s fixed ; also the
minimum value of u. L
Ans. ax=by=cz =4, u—ﬁl\‘*’/_ge_

n ' 3 Vaben*



CHAPTER XIV
CURVES FOR REFERENCE

WEe give in this chapter representations and descriptions of some
of the curves used as examples in the following chapters.

RECTANGULAR COORDINATES
Y

125. The Cissoid,

_ = P
3,2—_20,——:1:

This curve may be constructed from R
the circle ORA (radius a) by drawing !
any oblique line OM, and making i

PM=OR. o ' A X

The equation above may be easily
obtained frorn this construction. The
line AM parallel tv OY is an asymp-
tote.

The polar equation of the cissoid is

r=2asinftané.

162
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. ; 8a®
126. The Witch of Agnesi, y=

#4+4a )
Y
A N
a
—u_
M—= R
0 X

This curve may be constructed from the circle ORA (radius, a) by
drawing any abscissa MR, and extending 1t to P determined by ORN,
by the construction shown in the figure.

The equation above may be derived from this construction. The
axis of X is an asymptote.

127. The Folium of Descartes,
B+yPP—3axy=0.

The point, 4, the vertex of
the loop, is

The equation of the asymp- @ 0 X
tote MN is

z+4+y+a=0.

The polar equation of the
folium is

S

3atanfsecd

=T b tantl
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128. The Catenary, y= e" +e ")

a
Z
Y

)

a
a a a a
o)

This is the curve of a cord or chain suspended freely between two
points.

X

129. The Parabola, referred to Tangents at the Extremities of the
1
Latus Rectum, w% + y{); = u?.

OL=0L'=a.
Y
M
L
a F
A /
‘ ° @ U X

The line LL' is the latus rectum; its middle point F, the focus;
OFM, the axis of-the parabola; A the middle point of OF, the vertex.
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130. The curve a" 'y =", where one coordinate is proportional
to the nth power of the other, is sometimes called the parcbola of
the nth degree.

If n =3, we have the Cubical Parabola, a’y = 2.

Y

Ifn= g, we have the Semicubical Parabola,

1 3 .
a?y=x2, ayf=2a>

Y
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131 The Two-arched Epicycloid.

y= 3—2‘—‘sin¢o — gsin 3¢.

Sec (3), Art. 29,3,

132. The Hypocycloid of Four Cusps sometimes called the Astroid,
of 4 yb = b (Art. 207) Y

This is the curve de-
seribed by a point P
in the circumference of
the circle PR, as it rolls
within the ecircumfer- "
ence of the fixed circle
ABA', whose radiis V< «

is four times that of
the former.

The equation above
may be given in the
form

z=acos’p, y=asind¢. ~
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133. The Curve, <f>'+ (1)2? =1 Y
a b B
The equation is
the same as that
of the ellipse with
the exponent of A 0 A

changed from 2
to 3.

b
’
the second term \0 X

134. The Curve, «'y’=a’e'—2a®

Y
\a/
POLAR COORDINATES
135. The Circle, r = asin 6 + b cos 6. A
b P
By laying off OB=1:, and B.l=«, we 3 ’
determime OA the diameter = V'«? 4 b% 0 t 8 X
. [fb=0,r=asm 6, the circle referred

to OX. (2d fig) ‘
If a =0, r="> cos 6, the circle referred
to 0'X". O'\ / X'

X
0 A}

N\
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136. The Spiral of Archimedes, » = «f

In this
curve 7 is
proportional
to 6. Lay-
ing off

r= 04,

when
0=2m,

then

.

OP,=104, OP,=10.1, OP,=10.1, OP,={04, -,

0OB=20.1, 0C=30.1

The dotted portion corresponds to negative values of 6.

137. The Hyperbolic or Reciprocal Spiral, 70 = a.

In this curve r
varies inversely as
6. The line MN
is an asymptote,
which the curve
approaches, as 6
approaches zero.

Since r=0 only
when =0, it fol-
lows that an in-
finite number of
revolutions are

M N

A

——

N\

Y

necessary to reach the origin.
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138. The Logarithmic Spiral, 7 = e®.

Starting from A,
where =0 and r=1,
7 mcreases with 6
but 1f we suppose 6
negative, » decreases
as 6 numerically in-
creases. Since r=0
only when f=—oo,
it follows that an
infinite number of
retrograde  revolu-
tions from .1 1s re-
quired to reach the
origin 0.

A property of this spiral 1s that the radn veetores OF, OP,, OF%, «--

169

Py

make a constant angle with the curve.

.139. The Parabola, Origin at Focus, r(1 —cos6) =2a.

That 1s, r=u cosec”g .

The initial line OX is the axis of
the parabola; the origin O 1% the

focus; LI/, the letus rectum.

If the parabola is revolved 180°
about O, 1ts equation 1s then

.0
r=qusec? .

$)

-

140. The Parabola, Origin at Vertex (see preceding figure),

-~ 1nitial line is the axis .1X; the origin is the vertex 4.

rsinftan =4 «.




170 DIFFERENTIAL CALCULUS

141. The Cardioid, r=a(l —cosf). (Art. 295)

This is the curve described Q
by a point P in the circum-
ference of a circle PA (di-
ameter, a) as it rolls upon a
an equal fixed circle OA. R

Or it may be constructed
by drawing through O, any « a X
line OR m the ercle O.1, A 0
and producing OR to @ and - Q'
@', making RQ=RQ'=0.-. - p

The given equation fol-
lows directly from this con-
struction.

If the cardioid is revolved 90° to the right about O, 1ts equation is

r=a(l 4+ smé).

142. The Equilateral Hyperbola, 7*cos 2 6 = d”

T
The origin

O 18 the

centre of the

hyperbola,

and the in- \

itial lime OX e N P

is the trans- RN A N

FI

verse axis. « 50 a F
If OT' is
taken as the . Q

initial line,
the equation
of the hyper-
bola is

7 8in 2 =a’

-
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143. The Lemniscate referred to O.1 (see preceding figure),
1”2 =a’cos29.

This is a eurve of two loops like the figure eight.

It may be defined in connection with the equilateral hyperbola, as
the locus of 2% the foot of a perpendicular from O on 7’Q, any
tangent to the hyperbola.

The loops are limited by the asymptotes of the hyperbola, making

TOX=T0X=45". O.l=uqa.

The lemniscate has the following property:
If two ponts, # and ", called the foei, be taken on the axis, such

that OF=OF' =-% |

$)
-

then the product »f the distances P’'F, P'F', of any point of the
curve from these fixed points, 1s constant, and equal to the square
of OF.

If OT'is taken as the nitial line, the equation of the lemniscate is

P=a’s1n26.

144. The Four-leaved Rose, 7= asin24.

Y
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145. The Curve, 7= asin? g




CHAPTER XV
DIRECTION OF CURVES. TANGENTS AND NORMALS

WE have seen in Art. 17 that the derivative at any point of a
plane curve 1s the slope of the curve at that point. 'We will now con-
sider some further applications of differentiation to curves.

146. Subtangent, Subnormal, Intercepts of Tangent. — L.et 7 be
the tangent, and I°.V the normal, to a curve at the pomt £, whose
ordinate 15 y= M.
Then MT 1s called the
subtangent, and MN
the subnormal, corre-
sponding to the pomt
P.

To find expressions
for these quantities:

Let ¢ donote the
angle PI’TX, the in-
chnation of the tan-
gent to OX.

By Art. 17, tan PTX =tan ¢ = I_;
dx
Subtangent = TM = PM cot PTM =y cot = =y dy
dw
Subnormal = MN = PM tan MPN =y tan ¢ =1 %

Intercept of tangent on OX=0T=0M — TMHM=2x— l/%
Intercept of tangent on OY=O0T'=DPS — PM=xtan ¢ —y.
But as OT'" is negative, we have

tercept of tangent on OY =y —atan¢=y—=x
173

dy,
dx
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147. Angle of Intersection of Two Curves. Suppose the two curves
intersect at I’

Tet PT and PT' be the vy
tangents at P.

PTX=¢, PT'X =¢',

and let I be the angle
TPT' between the tangents.
Then 1=¢'— ¢ and

tan [= BN —tang gy

14tan ¢’ tan ¢

From the equations of
the given curves find the
codrdinates of the pomt of g7 T X
intersection /?; then using

these equations separately, find by tan ¢ = ;’ the values of tan ¢
dr

and tan ¢' for the point . Substituting i (1) gives tan 1.
For example find the angle at which the cirele

w’+12=13, e e e e e e (2 Y
intersects the parabola
2¢¢°=92 . . . . . . . @ ’
i
The intersection P of (2) and (3) is I
found to be (2, 3). i
3
Differentiating (2), i
1
dy v __2 -2 2 |
o y— '3f01Pt‘m¢ 3 & H =
d 9
From (3), I:—Zj—l for P, tan¢'=%-

Substituting in (1), tan 1 = 167 I=170°33".
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EXAMPLES
1. Find the direction at the origin of the curve,
(@—y=2(r—a)—0%  Ans 45° with OX

What must be the relation between a and b, so that it may be
parallel to OX at the point =2 a? Ans. 3at=1

2. Find the points of contact of the two tangents to the curve,
6y=22492"—120+ 2
parallel to the tangent at the origm to
the curve, 4 ay=2ax JAns. (1, (1)). (—4,11)

3. Find the subtungents and subnormals in the parabolas,

y=taxr, and a*=4ay.

x -3
Ans.  Subtangents, 2., -5 subnormals, 2 q, T

- 8«
4. Tind the subtangent and subnormal in the eissoid (Art. 125),
3

, 2 . a
¥ = ;——, at the point (¢, @).  Ans. 7, 2a.

5. Show that the sum of the mtercepts of the tangent to the
parabola (Art. 129), @+ !/5= u]‘, 15 equal to a.

6. Show that the area of the triangle intercepted from the co-
ordinate axes by the tangent to the hyperbola,

2 2y = a? is equal to @’

7. Show that the part of the tangent to the hypoeyeloid (Art. 152),
@ + y§=a§, intercepted between the coordinate axes, 13 equal to a.

8. At what angle do the parabolas, %= ax and o* =8 ay intersect?
Ans. At (0, 0), 90° at another point, tan™ %
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9. At what angle does the circle, 2* 4 y* = 5 2, intersect the curve,
3y=Tu«*—1, at their common pomt (1, 2)? Ans.  45°

10. Show that the ellipse and hyperbola,
z | o _ £ _
7te=h 37g=h

intersect at right angles.

11. Find the angle of intersection of the circles,

Py —r+3y+2=0, 24y —-2y=9. Ans.  tan!

O =

12. Show that the parabola and ellipse,
Y=ar, 224y=0,

intersect at right angles.

13. Show that the parabolas,
P=2ax+ ¢ and 2*=20y+ 0%

intersect at an angle of 45°.

14. Find the angle of intersection of the parabola,

. i . 8a®
o' =4 ay, and the witch (Art. 126),y = Frid
Ans. tan™'3 = T1° 34"

16. Find the angle of intersection between the parabola,
y¥*=4azx, and 1ts evolute, 27 uy®=4 (x —2 u)*. (See Fig., Art. 167.)

. Ans. tan™?! _1..

148. Equations of the Tangent and Normal. Having given the
equation of a curve y = f (%), let 1t be required to find the equation
of a straight line tangent to 1t at a given point.
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Let («', ") be the given point of contact. Then the equation of a
straight line through this pont is

y—y=m@—=a), -+ « « « « < . €))

in which x and y are the variable coordinates of any point in the
straight line, and m, the tangent of 1ts inchnation to the axis of X.
Bul since the line 1s to be tangent to the given curve, we must have,
by Art. 17,

-—tfunb__d—”
dx

%—” being derived from the equation of the given curve y = f (),
dx

and applied to the pomnt of (ontact (' ).

!
If we denote this by ——,, we have, substituting m=5§-'i'in
e

equation (1),
y—y’:’."/_’(.v_g;’) N )
! ’

for the equation of the requred tangent.
Since the normal 1s a lme through (2, ') perpendicular to the
tangent, we have for 1ts equation

Y-y =_(117( ._x')—_:_fl__'r’(x_m'). e . e e (3)

dx'

For exa,mp]e, find the equations of the tangent and normal to the
circle 2%+ y° =da?, at the pomnt (2, 1/)
Here, by differentiating 2*+ »*=d? we find

]
@=—— from which —-=—ai.
dx y ! y'

Substituting in (2), we have

!
y—y'=—%@=a),

as the equation of the required tangent.
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It may be simplified as follows:
vy —y't=—ax'+a'?
x4y =24y =al
The equation of the normal to the circle 1s found from (3) to be
U
y—y'=5(—2),

which reduces to 'y =y'x.

EXAMPLES

Find the equations of the tangent and normal to each of the three
following curves at the pomt (&', y'):

1. The parabola, #*={aur.
Ans. yy' =2a(z+2), 2a(y—y) +v'(z—2") =0.

2. The elllpse, +

o !
Ans. %-l—*’-z-:l Ve'(y—y')=a¥'(x —

3. The equilateral hyperbola, 2y =d”
dns ay' 4y = yy—y)=2'(x—a).

4. ¥ind the equation of the tanffent at the pont (2,y") to the
ellipse, 3.2 —4ary+27+20=2
Ans. 3zx'+2yy'—2@Yy+yr)tot 2=

5. Find the equations of tangent and normal at the point (', y")

to the curve, 2° = @™
5 2
Ans. 22 _=¥_3 2xx'4+5yy =2224+5y"
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. . o 4 .
6. Inthe cissoid (Art. 125), y*= .)—m-——, find the equation< of the
Za—w
tangent and normal at the points whose abseissa 1s a.

Ans. At (q, ), 1=2r—a, 2y+z=3a

At (¢,—a), y+20=qa, 2y=2—3u.

@ 4 2

the tangent and normal at the point whose abseissa 1s 2 @

3
7. In the witch (Art. 126), y= 8@ find the equations of

uss x4 2y=4a, y=2w—-3«

8. Fimnd the equation of the tangent at the pomt (', %') to the
curve, «*y+ay’=a’.

Ans. wy'@a'+ )+ yd 2y + ) =3

Find the equations of tangent and normal to the three following
curves:

9. 2’4y =3 ary (Art. 127), at ('-'“ ';“> Ans. w4y=3a, z=1.

PR
- -

10. z4+y=2¢vat (1,1). dns By=w42, Jrx+y=4

£

11. (E)" + ('Z)”.—_ 2,at (¢, b).  Ans. :c + ;—i =2, awr—by=a*—U0.

[

12. Find the equations of the two tangents to the circle,
2?4 o — 3y = 14, parallel to the hine, Ty=4 4 1.
Ans. Ty=4x+443, Ty=42—-22
13. Find the equations of the two normals to the hyperbola,
42 —9y*+ 36 =0, parallel to the line, 25 4-50=0.
Ans. 8y +20z =+ 65.
149. Asymptotes.* When the tangent to a curve approaches a

limiting position, as the distance of the pomnt of contact from the
origin is definitely mereased, this limiting position is called an

# The limit3 of this work allow only a brief notice of this subject.
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asymptote. In other words, an asymptote is a tangent which passes
within a finite distance of the origin, although its point of contact is
at an infinite distance.

We have found 1n Art. 146, for the mtercepts of the tangent on the

coordinate axes,

Intercept on OX =2 —y %—, Intercept on OY =y —
ay

(II/
d.z;

If either of these intercepts is fimite for x =0, or y = w0, the cor-
responding tangent will be an asymptote.

The equation of this asymptote may be obtamed from 1its two
dy
ey
Let us investigate the conic sections with reference to asymptotes.

mtercepts, or from one intercept and the hmting value of -

(1) The parabola, 3*=4 ax, W "7

dx
Intercept on OX =z — g ¥
dy Z2u
Intercept on OY = y — L/ Y — qar_y
de y 2

When @ =, y=0, and both intercepts are also infinite.
Hence the parabola has no asymptote.

(| v
(2) The hyperbola, =~ bL =1, ‘-d_;/: &
2 2
Intercept on OX = « , Intercept on O = -—%
z

These intercepts are both zero when &=, and there is an
asymptote passing through the ongm To find 1ts equation, it 1s

necessary to find the limiting value of & m’ when z = .

dy _bx_ b
@y Tave—@ \/
1_._

Hence , when x=o0.

&
H
ISR
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There are then two asymptotes, whose equations are
l
Yy==x -{17.
a

(3) The ellipse, having no infimite branches, can have no
asymptote.

150 Asymptotes Parallel to the Coordinate Axes. When, in the
equation of the curve, # = o gives a fimte value of y, as y =«, then
¥ = a1s the equation of an asymptote parallel to OX.

And when y = o0 gives = ¢, then 2 = « 15 an asymptote parallel
to OY. ’

151. Asymptotes by Expansion. Frequently an asymptote may
be determined by solving the equation of the curve for 2 or y, and
expanding the second member.

For example, to find the asymptotes of the hyperbola

?_V_1.
a® b
b, . a1 bx a?\1 bx a?
=4 (2 —a)2=+ "5 1 — 2=+ 2] - — el )
y ia( ) ia( ~’> a( 2 )

As z increases indefinitely, the curve approaches the lines

y== ba , the asymptotes.
o

EXAMPLES
Investigate the following curves with reference to asymptotes:

1. y= ;—f%;z Asymptote, y = .
2. P=62"—25 Asymptote, x4+ y=2.

3. The cissoid (Art. 125) y* = Asymptote, x =2 a.

2a—wm
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4 2?+yP=ad Asymptote, z +y=0.
5 (z-2a)f=2"—d" Asymptotes, ¢ = 2q, x+a=+y.
6. 2+ y* =3 axy (Art. 127). Asymptote, 2 +y+ a=0.

(Substitute y = v in the given equation and in the expressions
for the intercepts.)

152. Direction of Curve. Polar Coordinates.

In this case the angle
OPT between the tangent
and the radius vector may
be most readily obtained.
Denote this angle by y.
Let #», 6, be the coord:-
nates of 7’; r+Ar, 0+ A0,
the coordmates of Q.
Draw PR perpendicular
to 0Q.

PR » s Af rsim Af

RQ  r+Ar—reosAf Ar + 2 rsm? é_2_0

Then tan PQR =

7'§}11_A0
_ Af
sin 9
Ar + rsm = 2
A0 2 A9

9
Now let A@ approach zero; the pomt @ approaches P, and the
angle PQR approaches its limit y.
Hence tan ¢ = Lim 4y_,tan ]’QR:(%- L ¢ )
do
The inclination ¢ of the tangent to OX may be found by
d=y+0. - + -+ . (2
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153. Polar Subtangent and Subnormal.

If through O, N7 be drawn per- N
pendicular to 0L, OT is called the

polar subtungyent, and ON the polar P
subnormal, corresponding to the 4
point P. 0 g X

OT = OP tan OPT; that 1s,

1 il
Polar subtangent = rtan ¢ = —.

ﬂ
dé
ON = OPcot PNO; that is,
Polar subnormal = r cot y = ';_.;
[2

T

154 Angle of Intersection. Suppose the two curves intersect at P,
and have the tangents P7T and PT".

OPT=y, OPT' =y
Then the angle of intersection,

I=y'—y,
and  tan I=_WN¥ gy g
14+ tany' tany

By this formula the angle of inter-
section may be found 1n polar coordi-
nates, in the same way as by (1), Art. 117, 1n rectar gular coordinates.

For example, find the angle of intersection between the curves

r=asin26,- - . - . <« « .+ (2

and r=acos26.. - « .« « . . .+ (3)

From (2) and (3) we have for the intersection
tan20=1.
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From (2), tany' = tan =%, for the intersection.

. 1 1 .

From (3), tany = — 3 cot 26 = —, for the intersection.
. . 4

Substituting in (1), tan I =—

<e

The curves are that in Art. 144, and the same curve revolved 45°
about the orgin.

EXAMPLES

1. In the circle (Art. 135), r=w«sn 6, find ¢ and ¢.
Ans. y=0,and ¢=260.

2. In the logarithmie spiral (Art. 138), r=e", show that ¢ is
constant.

3. In the spral of Archimedes (Art. 136), r=af, show that
tany = 0; thence find the values of ¢, when § =27 and 4.
LAns. 80° 57" and 85°27"
Also show that the polar subnormal 1s constant.

4. The equation of the lemniscate (\rt. 143) referred to a tangent
at its center 1s 7* =a*smn26. Fmd y, ¢, and the polar subtangent
Ans. y=20; ¢ =36; subtangent=ctan26~/sim24.

5. In the cardioid (Art. 141), » =a (1 —cos 8), find ¢, ¢, and the
polar subtangent.

36 0,
o

Ans. ¢="2; ¢y = ox subtaxlgent=2atan251 "6

6. Find the area of the circumsecribed square of the preceding
cardioid, furmed by tangents inclined 45° to the axis.

27 o —
Ans. E(z + \/3)0,2.
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7. Inthe folium of Descartes (Art. 127), r= utanfsecd
1 4+ tan®@

tant6 — 2 tan 6

show that tan ¢ = St g1
2tan’f—

8. TFind the area of the square circumseribed about the loop of
the folium of the preceding example.

Ans. 2~/2 a2

9. Show that the spiral of Archimedes (Art.136), » = a6, and the
reciprocal spiral (Art. 137), 70 =«, mtersect at right angles.

10. Show that the cardioids (Art. 141),
r=a(l —cosf), r=>b(l+sinb),

intersect at an angle of 45°.

11. Show that tne parabolas (Art. 139),
r = m sec’ g, r = n cosec* g,
intersect at right angles.

12. Find the angle of the intersection between the circle (Art 135),
r=asm6, and the curve (Art. 144), r =« smm 26

Ans. At origim 0°; at two other points, tan~'3vV3=79°6"

13. Find the angle of intersection between the circle (Art. 135),
r=2acos 6, and the cissord (Art. 125), r=2asinftanA,

Ldns. tan™'2,

14. At what angle does the straight line, r cos § = 2 @, intersect the

circle (Art. 135), r=5asmn g ? Ans. tan-15,

15. Show that the equilateral hyperbolas (Art. 142), *sin2 6 = «’,
+2 6 = V% tersect at right angles.
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16. Find the angle of intersection between the circles (Art. 135)
r=asmf4beosh, r=aucosb+Dbsiné.
18 —b2

«Ans. tan
2ab

17. Find theangle of intersection between the lemniscate (Art.143),
r?=a?sm 26, and the equilateral hyperbola (Art. 142), +*sin 26 = b2
«dns. 2sin-=

155. Derivative of an Arc. Rectangular Coordinates. Let s denote
the length of the arc of the curve measured from any fixed point of it.

Then s=arc 1P, As=arc P(Q.
rQ
We l e QPR=""°.
e have sec @ PR

Now suppose Ax to approach zero, and consequently the point @
to approach I’
Then

Lim sec QPR=sec TPR=sec'}.

Y
PQ_ PQ  arcPQ
PR arcPQ PR Q
T
Since SFAY
P
rQ
Lim - =1 Ar |R
11m are I’Q ) \ s a
]
Lim PQ_ = Lim ¢ PQ
PR~ PR z
9] M N A
= leAs ds .
Az dw
Hence sec ¢ = ds ;
dx

therefore =1+ tan’e = \/1 +({17/> R ¢ )
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1t is evident also that Y

sin¢=%-g, cos = ’?Iz': e .
1t may be noticed that these dy
relations (1) and (2) are cor- 5 dz
rectly represented by a right
triangle, whose hypothenuse 1s Y
ds, sides dx and dy, and angle

at the base ¢. x
(o} X

Here ds= V(dx) 4 (dn)},
or D1+ by "
dw ey

156 Derivative of an Arc. Polar Coordinates. From the figure of
Art. 152, we have, as Af approaches zero,

)
secy = Lim sec I’Q R = Iam PQ_ Tam ¢ PQ_ = Lam - As

RQ R RQ
_é._s'
As _ Aﬂ____ _ Al
I . AG— Y
/ Ar +.2)sm- “"T,‘ AB .
A0+ A() s =5
2
_@
As _d0 ds
* Li —==m—e ¢ o e e e e e 1
scey = Lim = RG= @ 1)
a9
ds I 1L doN?
Hence (—l;=\/1+ta.n‘¢=\/1+r<4—l;>, P ¢9)]

ds _dsdr \/3_ dr\? 3
a6 rdb '+<do>' ce e O
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It may be noticed that these relations (1), (2), and (3), are cor-
rectly .epresented by a right triangle, whose hypothenuse 1s ds, sides
dr and 7d6, and angle between dr and ds, y.

Here ds= V (d))* +(rdby,

: Lo A2
and thence % =/1 4 ("0 B e (Y,
e 1+ ar)” ™ a= N



CHAPTER XVI
DIRECTION OF CURVATURE POINTS OF INFLEXION

157. Concave Upwards or Downwards. A\ curve 1s saul to be con-
eave upwards at a point 22, when m the mmediate neighborhood of
P 1t lies wholly above the tangent at P, as 1 the first figure below.
Similarly, 1t 1s saud to be coneare downnards, when m the immediate
neighborhood of 7”1t lies wholly below the tangent at 7%, as m the
second figure below.

It will now be shown that when the equation of the curve 15 in
rectangular coordimates, the curve is concave wneards or downwards,

. d*y . .
according as é"l, 1s positive or neyatire
2

Y ’ Y

(0] X O

Suppose L S > 0, that is, ’I (';") > 0; m other words, the derivative
oa\

of the slnpe 18 positive.

Then by Art. 21 the slope mereases as » mereases.

This case 1s illustrated 1 the fiist figure above, where the slope
evidently increases as we pass from P, to P,..  The curve is then con-
cave upwards.

But if g—g < 0, it follows that the slope decreases as @ increases.

189



190 DIFFERENTIAL CALCULUS

We then have the case of the second figure, where the slope de-
creases us we pass from P, to /%, The curve is then concave down-
war ds.

158. A Point of Inflexion is a point P where %lf’—’ changes sign,
axr

2

the curve being concave upwards on one side of this poiut, and con-
cave downwards on the other.

This can occur, provided g_y and
X

Y
% are continuous, only when
d%y
-2 =0. - . . (1 [
da* @

But lf 'md / are mfinite, we
1.1:-

may have a pomt of inflexion

2
when Gy _
da*
It is evident that the tangent at a point of nflexion crosses the
curve at that point.

For example, find the point of inflexion of the curve
2y=2—-8x+406a— 2"

. dgy

H
ere i

3(2 2).

Putting this equal to zero, we have for the required point of in-

dy
2.
flexion, 2=2. If x <2, .v‘>0 and if > 2, Lv2<0

Hence the curve is concave upwards on the left, and concave down-
wards on the right, of the point of inflexion.
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EXAMPLES

3
Find the points of inflexion and the direction of curvature of >the
five following curves:

1. y=(@—-1)2
Ans. xz= :I:-;/l—3; concave downwards between these points, con-

cave upwards elsewhere.

2. y=a'—162°4422°— 28.

Ans. x=1and z=7; concave downwards between these points,
concave upwards elsewhere.

3. ay==wx(x—a)+atr.

2a

dAns. = 5
€

; concave downwards on the left of this point, con-

cave upwards on the right.

: 8 a*
4. The witch (Art. 126), y= JcT(lJ‘

0 G ‘.
Ans. <;t -‘\;a-, '—;‘—:1 ; concave downwards between these points,
g ¢
:

concave upwards outside of them.

3
@
5. The curve, y= ————

x4 od*

Ans. <— 3a, — Q{i) (0, 0), (3 a, 25), concave upwards on the

left of first point, downwards between first and second,
upwards between second and third, and downwards on the
right of third pont.



192 DIFFERENTIAL CALCULUS

Find the points of inflexion of the following curves:

. .
8 y=—rr Ans. z=0and +2V3.
44 \
a’r

7. I’I=m' Ans. z=-—2a.

8. y=(@'+2)e™ | Ans. z=0and z=3.
__ pmaz __ g=bz ___2 oga—logh)

9. y=e etz Ans. =z po—>

10. (2 ’+(~”— t_1 (Art. 133) Ans. z=+-%:
a b ) V2

11. oty =a%*—af (Art. 134). dns. z=+7% Va1 _3/33.



CHAPTER XVII

CURVATURE. RADIUS OF CURVATURE. EVOLUTE AND
INVOLUTE

159. Curvature. If a point moves i a straight line, the direc-
tion of its motion 1s the same at cvery pomt of its course, but 1f 1ts
path 1s a curved line, there 1s a continnal change of direction as 1t
moves along the curve. Thns change of direction 1s called curvature.

We have seen in the preceding chapter that the sign of the sccond
derivative shows which way the curve bends. We shall now find
that the first and second derivatives give an exact measure of the
curvature.

The direction at any point being the same as that of the tangent
at that pomnc, the curvature may be measured by comparing the
linear motion of the pomnt with the simultaneous angular motion of
the tangent.

160. Uniform Curvature. The curvature is uniform when, as the
point moves over equal arcs, the tangent turns through equal angles.
The only curve of uniform curvature 1s the circle. Ilere the meas-
ure of curvature is the ratio between the angle deseribed by the tan-
gent and the arc described by the point of contact In other words,
it is the angle described by the tangent while the point describes a unit
of arc.

Suppose the point P to move m the cirvele .1Q

Let s denote its distance AP from some initial position 4, and
¢ the angle PT'X made by the tangent PT with OX.

Then as the point moves from P to @, s 1s increased by PQ = As,
and ¢ by the angle QRK = A¢.

As the point describes the arc As, the tangent turns through the

" A
103
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The curvature, being uni-

form, is then equal to %

Y
If we draw the radii CP,
CQ, and let r denote the
radius, then
angle PCQ = QRK = A¢.
But
arc PQ = CP (angle PCQ);
that is, d
Ap 1
As=7rA - e
S=TAh AT

Hence the curvature of a circle is the reciprocal of its radius.
For example, suppose the radius of a circle to be 50 feet.

Then its curvature1s . S8 .1_,
As 50

where A¢ is in circular measure, and As 1n feet.

In other words, for every foot of arc, the change of direction is

1. .
56 in circular measure =1° 8'45'’,
5

161. Variable Curvature. For all curves except the circle the
curvature varies as we move along the curve. In moving over the

arc As, ii’ 18 the inean curvature throughout the arc. The curva-
38

ture at the beginning of this arc is more nearly equal to Aé, the
shorter we take As. As
Hence the curvature at any point of a curve is equal to

. A _do
Lim,, , =* ="F.
1 As ds
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162. Circle of Curvature. A circle tangent to a curve at any point,
having its concavity turned in the same direction, and having the
same curvature as that of the curve at that point, 1s called the ci, cle
of curvature; its radius, the radius of curvature; and its centre, the
centre of curvature.

The figure shows the circle of curvature MP.N for the point P of the
ellipse. C'is the centre of curvature, and CF’ the radius of curvature.

It is to be noticed
that the circle of curv-

ature crosses the curve
at P. This can be
easily proved.

At P the circle and 1< A
ellipse have the same /
curvature, but as we C
go towards P, the

M

curvature of the ellipse
increases, while that of
the circle continues the same. N

Hence on the rght of P the circle is outside of the ellipse.

Moving from P to P, the curvature of the ellipse decreases, and
therefore on the left of P the circle 13 mside of the ellipse.

So in general the circle of curvature crosses the curve at the point of

ey

A

(o7
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The only exceptions to this rule are at points of maximum and
minimnm curvature, as the vertices 4 and B of the ellipse.

As we move from .1 along the curve i either direction, the curva-
ture of the ellipse decreases; hence the circle of curvature at A lies
entirely within the ellipse.

Similarly 1t appears that the circle of curvature at B lies entirely
without the ellipse.

163. Radius of Curvature. The curvature of the cirele of curva-

ture being that of the given curve, is equal to dT‘# (Art. 161). 1f we
s
denote the radius of curvature by p, then by Art. 160,
d
p=£.........(1)
ds
To obtain p in terms of 2 and y, we may write (1), p= (—lli = % .
«
dz
From (1) Art. 155, ds _ \/ 1+ (ﬂ)’
dx dx
(4
Also, tan ¢ = %, b= ta,n‘l(ad_i)_
a
2
Differentiating, dé_ _._L_g TR ¢))
dz 14 (%
da
1+ ()]
H _ dx (3)
ence = &y

da?



CURVATURE. RADIUCS OF CURVATURE 197
It is to be noticed that p is always to be considered positive; that

3
is, the sign of L + (‘l'l> ]z is taken the same as that of o <y
le da?
By interchanging @ and y, we have
—3
o]
dy
==
a
which is sometimes the more convenient expression

As an example, find the radius of curvature of the semicubical
parabola ay®*=2a" (Art. 130).

1
0 2 2 o
Differentiating, @y =" "_,; , '; e
¢ 2q¢ M4 (ux) ¥

Substituting in (), we find
1 . 3
_2i(da +92)*
- 6a '

164. Radius of Curvature in Polar Coordinates. Resuming (1)
Art. 163, p = ld> let us express p m terms of r and 6.

ds
. _ds _ d6

‘We may write =ie T
de

From (3), Art. 156, 3_3_—_- ey (0

From (2), Art. 152,

_ . dg _5?
p=0ty, W1l
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From (1), Art. 152,

r SR
tany =, ¢ = tan ! T’—l
a9 6
(1a) i
Differentiating, %—'g = __!M__l(w‘ .
¢ /'.2 + (__'_
0
1r\? d*r
,'.‘.'.'+ 2(‘_) — T——g
Substituting, %= a6 % ((0.
(3
dé
]
Hence p= ‘ R ¢ §)

2 ofdr\’ _ (_1“_
’“+‘<(19) e

EXAMPLES

Find the radius of curvature of the following curves:

1. y=(=—1)(x—2), at (1, 0) and (2, 0). Ans. p=% and —\!/—‘_
2. y=logx, whenz=4 Ans. p=2%3.
3. The cubical parabola (Art. 130), a?y =2*. Ans.p= (! ?;u?:‘)z
4. The parabola, y*=daux. ' Ans. p= 2—(—“"; a 2.
Find the point of the parabola where p=54a. Ans. a:a= 8a.
5 The equilateral hyperbola, 2xy=a? Ans. p= M
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2 2 3
6. The ellipse, 22, +L=1. Ans. p= (a'y*+0'%)"

at b altt
What are the values of p at the extremmties of the axes ?

2 2
ns. b and &,

a b

7. Show that the radius of curvature of the curve,

¥+t 410 x — 4 y + 20 = 0 15 constant, and equal to 3.

Find the radius of curvature of the following curves:

8 y+log(1—2%)=0. Ans. p= 2((]1tazl;
9 simy=e¢~ Ans. p=e’.
7 z 2

10 The catenary (Art. 128), y = g(m +e o). Ans. p= Z .

11. The hypocycloid (Art. 132), z* + s=dl. dns. p=3(azy)}

12. The curve «'y* = «*»' — 2 (Art. 133), at the pomnts (0, 0) and
(e, 0). ) dns. p =g and p=u«

13. The cyclowd, z =a(p — s @), y=a(l —cos ¢) (Art. 284).

«ns. p=dasin ;-
2

14. Show that the radws of curvature of the logarithmic spiral
(Art. 138), 7= ¢, 15 proportional to r. p=rv1+

15. Show that the radius of curvature of the curve (Art. 135),
r=q s 4 b cos 6, is constant. p= %\/ a4+ %

16. The spiral of Archimedes (Art. 136), r=aé. s
B Gk 0 0

Ans. p= POy
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17. The cardioid (Art. 141), r=a (1 — cos 6). dns. p*= gur.

18. The curve, r = sin"g (Art. 145). Lus. p ='£a sin“’g-
19. The parabola (Art. 139), r =a sec? g . Ans. p=2asec? g
20. The lemniscate (Art.143), =« cos 26. Ans. p= ."-'

or

165. Coordinates of the Centre of Curvature. I.et x, y be the co-
ordinates of I’, any pomnt of the curve 1B, and ¢/ the corresponding
centre of curvature. C7P’ 1s Y c
then the radius of curvature, &
and is normal to the curve

Draw also the tangent P7.

Then cr = IR

angle PCR = PTX = ¢.

Let a, B, be the coordimates R - P
of C. OL=0M—-RPD,
LO= MP+ R(; —
that is, @ =2 — p sin ¢,
B=y+pcosep. (1) 0 T L M X

To express « and 8 1n terms of « and y, we have, by (2), Art. 155,
and (1), (2), Art. 163,

r_ls_ (I_z . 11/_ _ Ei_){ d_i e dr

psing= deds  dp daxdd = dyy
da?
(2
PCOS¢=@-(I—'D=(Z;”= dr o
deds d¢ &y
da?
Hence ayly + (d__,ﬂ 14 (‘_iﬂ)’
a=aj—d‘r __iI_‘I‘ ,B=y+_ﬂ_. . . (2)
d*y d%y

da? da?
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166. Evolute and Involute. Every point of a curve .AB has a
corresponding centre of curvature. Thus, P, P, P, etc., have for
their respective centres of
curvature Cy, Cy, Uy etc. The |Y
surve HI, which 1s the locus
of the centres of curvature, is
called the erolute of AB. To
express the inverse relation,
AB 1s called the involute
of HR.

167. To find the Equation
of the Evolute of a Given Curve.
By (2), Art. 165, « and B, the
coordinates of any point of the required evolute, may be expressed
in terms of z and y, the coordinates of any pomnt of the given curve.
These two equations, together with that of the given curve, furnish

three equations between «, B, =z,
Y /' and y, from which, 1if 2 and y are
eliminated, we obtain a relation
between « and B, which is the
equation of the required evolute.

For example, find the equation
of the evolute of the parabola

y'=4%am.
Here . a%.v‘i,
dx
dﬂ =— 1(1,%,;;_; .
da? 2

Substituting in (2), Art. 165, we
have
a=32+4+2aq,
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Eliminating @, we have for the equation of the evolute,
api= 2i7- (v —2 ).
This curve is the semicubical parabola (Art. 130). The figure
shows its form and position. F is the focus of the given parabola.
0C=2a=2OF.

As another example, let us find the equation of the evolute of the
ellipse,

Py
@ P
dy Ve d%y ht A
Y2 wy__ 0, rt. 66
dx aty’ da a*yp ( )
Substituting in (2), Art. 165, .
@ - )P (® =03y
(4::( - a" ~)-—, B=-- —-—b4'r’)’-
To eliminate 2: and y be-
£ tween these equations and

that of the ellipse, we find

:ﬁ"___ auw 7/"_______1)8 )

¢ at=0 B =07

g ()} + (0p)} _1
B P @b (@ — b2)‘; ’

giving, for the equation of

A ) A the evclute,
| (@)t + @Byt = (@ -2k,
Theevoluteis EF'E'FE.
E is centre of curvature
for 4; C for P; F for B;
E' for A'; F" for B'.
In the figure F and F

are outside the ellipse,
but if the eccentricity

[oe]
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is decreased, so that «<b+/2, these points fall within the
ellipse.

168. Properties of the Involute and Evolute. Let us return to the
equations, (1), Art. 165,

«=ux—psin ¢,

B=y+pcosd
Differentiating with respect to s,

de _dx (_B 4,
P s sin ¢ — pcos¢ N ¢))]

(IB dy  dp (I¢
P s+(“ cos ¢ — psm¢ S )]

Substituting in (1), p _%; and cos ¢ = —, (Art.155), two terms
¢

cancel each other, giving

de ___dp
5 dsbmcﬁ N )]

Similarly in (2), p =(—'t% and sin ¢ = —~ (Art 155), giving

cwdpow........(‘t)

ds ds

. d 1
Dividing (4) by (3), Zzg =g O

But IB is the slope of the tangent to the evoluwe at any point C,,

(see fig., Art. 166), and tan ¢ the slope of the tangent to the involute
at the corresponding point P. Since by (5) one is minus the recip-
rocal of the other, these tangents are perpendicular to each other.
In other words, a tangent to the evolute at any point C) is C, 1%, the
normal to the involute at P,
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169. Again, from (3) and (4), Art. 168,

da s ds'\* _ (dp\:
((lS) * (ds) (ds> o (ds) - (ds)’
where s’ denotes the length of the arc of the evolute measured from
a fixed point. Hence,

ds' dp
as _ 0.
ds * ds’ ds (g * P)

Hence, s'tp=a constant, - - - . . . . (])

sinee, if a derivative is always zero, the function can neither increase
nor decrease, but 1s constant.
It follows from (1) that )

A(N'-_tp):(), As' =+ Ap.

That is, the difference between any two radii of curvature P,C,,
P,C,, is equal to the corresponding included arc of the evolute C,C;.

170. From the two propertiesof Arts. 168 and 169, it follows that
the involute AB may be described by the end of a string unwound
from the evolute 7K. TFrom this property the word evolute 1s
derived.

It will be noticed that a curve has only one evolute, but an infinite
number of involutes, as may be seen by varying the length of the
string which 1s unwound.

EXAMPLES
1. TFind vhe coo*dinates of the centre of curvature of the cubical
parabola (Art. 130), a’y =a' we—95 o _a+15 a:‘
Ans. a=—"—"",
2at 6atw

2. Find the coordinates of centre of curvature of the semicubical
parabola (Art. 130), ay®=a%

9 a? @
Ans. e=—a— 7’ B=4<m+§)\/7";.
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3. Find the coordinates of the centre of curvature of the catenary
(Art, 128), y = (g + ¢ o),

Ans. lt=.l¥——~i(l‘."—(f—;), B=2y.

4. Show that 1 the parabola (Art. 129), P y* = a*, we have the
relation ¢+ B=3(x+y).

5. Find the coordmates of the centre of curvature, and the equa-
tion of the evolute, of the hypocycloid (Art. 132), ot +yt=af.
Ans. a=w +3at ”i’ B=y+3:zc§ y*,
(@+B)t +(a—pi=2dl,

6. Given the equation of the equilateral hyperbola 2 zy = a?,
3 "\
show that a+p=‘i’%ﬂl, (t—;z:ﬁlzgﬂ.

Thence derive the equation of the evolute,
(w+B)¥—(e—pB)i=24.
7. Find the equation of the evolute of the cissoid (Art. 125),

P=

2

Ans. 4096 a’e + 1152 a?824- 27 B4 =0,

2a—2



CHAPTER XVIII
ORDER OF CONTACT. OSCULATING CIRCLE

171. Order of Contact. TLet us consider two curves whose equa-
tions are
y=¢(@) and y=y(@).

‘
If for a definite value qa, of x, the value of y 1s the same for both
curves, that is, if

¢ (a) =y (),

the curves have a common
point P.
If, moreover, for x=a, the

value of %’—’ also 1s the game for
dx

both curves, that 1s, if

$(@) = (@) and ¢'(0) =y¢/(a),

the curves have a common tangent at P.
The curves are then said to have a contact of the first order.

If besides, for @ =«, the values of fl—'/, are the same for both
curves, that 1s, if d?

(@) =y (), ¢'(Q=y'(«), and ¢"(a) =y"(a),

the curves have contact of the second order.
In general, the conditions for a contact of the nth order at the
point = a, are

d(@)=y () ¢'(@=y'(a) ¢"(@=y"(), - ¢%(o)=y"(a)

and ¢**!(a) =yt (a).
206
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In other words, for z = a,

dy &y . dy

Y @ a " aw

must all have the same values, respectively, taken from the equations

drtly
of both curves; and — -
(I.L‘M'l

must have different values.

172. When the Order of Contact is Even, the Curves cross at the Point
of Contact; but when the Order is Odd, they do not cross. Let us dis-
tingwuish the ordinates of the two curves by

Y=¢(r), and y=y(r).

In the figures Y refers to the full curve, and y to the dotted curve.

If Y —y has the same sign on hoth sides of P, as in the first
figure, the curves do not cross at /”; but 1f ¥ — 18 positive on one
side of /” and negative on the other, the curves do cross at P.

Let OM=qa, MM=h.
Then PQRQ=Y—y=¢(u+h)—y(u+h).
Y R_— Y

M, X o
Expanding by Taylor’s Theorem,
2 3
PQi=(a) +14'(@) + ¢ (a) +|’§¢"'(cc) o

2

—$ (@)~ @~ ~ D= (D
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Suppose the contact of the first order; then
¢ (@)=y(a), ¢'(¢)=4y'(«), and (1) becomes

1

Po=g[ 4@ —v'@ |+ 5[ 4"@—y"@] 4 - @)
2 E

For sufficiently small values of . the sign of the lowest power de-
termines that of the second member, and hence the sign of P,Q, will
remain unchanged when — & 1s substituted for &, giving P,Q,, as m
the first tigure.

Thus when the contact is of the first order, the curves do not cross
at the point of contact.

Again, suppose the contact of the second order; then

¢''(a) =y¢'"(a), and (2) becomes

[¢ ") — ~/:'”(a)} + Ihé [qb“(u) = w“(a)] oo

3
P1Q1=’3—3

13

Now P,@, will change sign with %, so that P,Q), and 7,(), will have
different signs, as in the second figure.

Thus when the contuact is of the second order, the curves cross at
the point of contact.

By similar reasoning the general proposition is established.

It may be of service to the student, i connection with this prin-
ciple, to think of two curves as having two consecutive common
points, when they have contact of the first order; as having three
consecutive common points, when they have contact of the second
order; as having n + 1 consecutive common points, when they have
contact of the nth o der.

An odd number of common points implies the crossing of the
curves, but where there is an even ‘nunber of common points, the
curves do not cross.

173. Osculating Curves. Contact of the nth order requires that y
and its first n derivatives should, for some definite value of x, have
the same values for both curves.

This implies n» 4 1 conditions.
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The equation of the straight line, y=ax+ b, having only two
arbitrary constants, can satisfy only two of these conditions. Hence
a straight line can have contact of the first order with a given curve,
and cannot, in general, have contact of a higher order.

The equation of the circle &%+ y*+ «x + by + ¢ =0, having three
arbitrary constants, can satisfy three of the conditions. Hence the
circle may have contact of the second order with a given curve.
Such a circle is called the osculating circle.

Similarly, the parabola, whose equation contains four constants,
may have contact of the third order; and the general conic, whose
equation contamns five constants, may have contact of the fourth
order with a given curve. These are called the osculating parabola
and the osculating conic.

174. Order of Contact at Exceptional Points. Although the tangent
has generally contact of the first order, it may at exceptional points
of a curve have a contact of a Ingher order

For example, since the tangent at a pomnt of inflexion crosses the
curve, 1t follows from Avt 172, that the order of contact must be
even. Hence at a point of inflexion the tangent has contact of at
least the second order.

The osculating circle, which has generally contact of the second
order, has a higher order of contact at points of maximum or mini-
mum curvature, as, for exampie, the vertices of an ellipse. It is
evident from the symmetry of the ellipse with reference to its ver-
tices, that no circle tangent at these points would cross the curve at
the point of contact. Hence, by Art. 172, the order of contact is
odd, — at least the third.

175. To Find the Coordinates of the Centre, and Radius, of the Oscu-
lating Circle at Any Point of a Given Curve.
Let the equation of the given curve be

y=/(®).
The general equation of a circle with centre (@, b) and radius 7, is

C—=a+@y—-0=7 . . . . . .. @@
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Differentiating twice successively, we have

z—a+(y—>b :%:O, T 1)

AN 0o . . . ...
1+<dx>+(y nT=o. 3)

ayy’
1+(rl.r)
From (3), y-—b=____(.i_2’/—.. O ()]

dx?

(e
From (2), g—a=abL T/ J

dx?

Substituting (4) and (5) m (1),

N
ﬂ:%%’j’iﬂ‘..........(c)

af 4]
Hence a=g_"L  \dz) |

)
X m

dz* da?
()]
and = oA )

&y

da?
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'ﬁ" d;’ , refer to (1), the equation of the
circle ; but since the osculating eircle by defimtion has contact of the
second order with the given curve, these quantities will have the
same values if derived from the equation of this curve y = f(x), and
applied to the point of contact.

By comparing (7) and (8) with the expressions for «, 8, and p, in
Arts. 163, 165, 1t is evident that the osculating circle 1s the same as
the circle of curvature.

In these expressions, x, ¥,

176. At a Point of Maximum or Minimum Curvature, the Osculating
Circle has Contact of the Third Order.

If we regard equation (8) mm the preceding article as referring to
the given curve y =7 (&), we have as a condition for a maximum or

minimum value of »,
dr_

tI.L'

We thus ¢btain from (8),
oy 41")/)'-’ tb/)- &y
YTy _1 =0
(l.::(d.);2 l: +<(I v) |dut™

3% ('_’2!/)2
(I"J/ dar\dx?
e 1 +——"<(—11/ 7

dx

from which

Again, 1f we regard (8) as referring to the oscu ating circle

(@—ay+ @y —-by=r

we shall also have =0,

Q.l&
8IS

since 7 is constant for all points on the circle.
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Thus we obtain, both for the curve and the circle, the same ex-

3 2
pression (1) for ;@Z, and since 3_3/ and % i the second member of
®

(1) lLave, at the point of contact, the same values for both curves, it

follows that :_% has likewise the same value. Hence the contact is
of the third order.
EXAMPLES
1. Find the order of contact of the two curves,
y=2% and y=32—3a+1

By combining the two equations, the point x =1, y =1, is found
to be common to both curves.
Differentiating the two given equations,

y=w’, y=3m9—3a:+1,
dy dy
=L =322 L =06x—3
" aw T
dy @y
— == () —_— = G
dz* v daz”
Ty _ o _
da® ' et~
dy .
When xz=1, —L=3, in both curves;
dx
when x=1, @y _ 6, in both curves;
dx2 ] )

but -3% has different values in the two curves.

Hence the contact is of the second order.

2. Find the order of contact of the parabola, 4y=z? and the
straight line, y=ax—1. Ans. First order.
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3. Find the order of contact of
9y=2—-322+27, and 9y+32=28.
Ans. Second crder
4. Find the order of contact of the curves
y=log(x—1), and 2 -6z +2y +8=0,

at the common pomt (2, 0). Ans.  Second order,
5. Tind the order of contact of the parabola, 4y =a*—4, and the
circle, a* 4 ) -2y =3. Ans. Thied order.
6 What must be the value of «, in order that the parabola,
y=a+1+a(z—1),

may have contact of the second order with the hyperbola,

ry=3x—17 Ans. a= —1.

7. Tind the order of contact of the parabola,
(2—2a)*+(y— 2 a)* =22y,

and the hyperbola, xzy=a’ Ans. Third order.



CHAPTER XIX
ENVELOPES

177. Series of Curves. When, in the equation of a curve, different
values are assigned to one of its constants, the resulting equations
represent a series of curves, differing in position, but all of the same
kind or family.

For example, 1f we give different values to « 1 the equation of
the parabola y*=4ax, we obtain a series of parabolas, all having a
common vertex and axis, but different focal distances.

Again, take the equation of the circle (x—u)*+ (y —b)*=c¢%. By
giving different values to «, we have a series of equal circles whose
centres are on the line y =b.

The quantity @ which remains constant for any one curve of the
series, but varies as we pass from one curve to another, is called the
parameter of the series.

Sometimes two parameters are supposed to vary simultaneously,
so as to satisfy a given relation between them.

Thus, in the equation of the circle (z—u)’+ (y—b)?=c? we may
suppose a and b to vary, subject to the condition,.

a4+ V=

We then have i series of equal circles, whose centres are on
another circle described about the origin with radius .

178. Definition of Envelope. The intersection of any two curves
of a series will approach a certain limit, as the two curves approach’
coincidence. Now, if we suppose the parameter to vary by infinitesi-
mal increments, the locus of the ultimate intersections of consecutive
curves is called the envelope of the series.

214
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179. The Envelope of a Series of Curves is Tangent to Every Curve of
the Series.

L M

N L M N

Suppose L, M, N to be any three curves of the series. P is the
intersection of M with the preceding curve L, and ) 1ts itersection
with the following curve .V,

As the curves approach comeidence, P and @ will ultimately be
two consecutive pownts of the envelope and of the curve M. Hence
the envelope touches M.

Similarly, 1t may be shown that the envelope touches any other
curve of the seres.

180. To find the Fquation of the Envelope of a Given Series of Curves.
Before contiderimg the general problem let us take the following

special example
Required the envelope of the series
of straight lines represented by , =
m

y=ur+ ",
w

a being the variable parameter.

Let the equations of any two of
these lines be 0 X

m
= L ¢ |
y=ar+-, 1)

= - L (@
‘and y.._(a—f-h).b+a+h. @

From (1) and (2) as simultaneous
equations, we can find the intersec-
tion of the two lines. Subtracting (1) from (Z),
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0=he—tm__

a(a+h)
0=2z——™ . . . .......0
or N a(a + h) @

From (3) and (1), we have

m y— Ca+h)ym

r= — = - 4
§ w(w+hy Y a(a+r)’ @

which are the coordinates of the intersection.

Now if we suppose h to approach zero in (4), we have for the ulti-
mate 1ntersection of consecutive lines

[
_m o 2m

a U

By eliminating « between these equations we have
Yyt =4 ma,

which, being independent of «, is the equation of the locus of the in-
tersection of any two consecutive lines, that 1s, the equation of the
required envelope.

The figure shows the straight lines, and the envelope, which is a
parabola.

181. We will now give the general solution.
Let the given equation be

Sy, a) =0,

which, by varying the parameter a, represents the series of curves.
To find the intersection of any two curves of the series, we com-
bine
Sf@ya)y=0, . . . . . .. ... @

and SJ@ya+h)=0. . . . . . ... .. (@
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From (1) and (2), we have

f(w; .1/1a+h)'—f(wi Y a’)=0 . (‘3)
h y « e e e . €

and it is evident that the intersection may be found by combining
(1) and (3), instead of (1) and (2).

When the two curves approach coincidence, k approaches zero,
and we have, by Art. 15, for the Inmt of equation (3),

d
%_f(m, _7/, (l) = 0. e e . . . . . . (4)
Thus equations (1) and (4) determine the intersection of two con-
secutive curves. By eliminating @ between (1) and (4) we shall

obtain the equation of the locus of these ultimate intersections,
which is the equation of the envelope.

182. Applying this method to the preceding example,
y=aw+ %;
we differentiate with respect to @, and obtain for (4) Art. 181,

m
0=w—‘—2'
a

Eliminating a between these equations gives the equation of the

envelope
’ y*=4mr, asfound in Art. 180.

183. The Evolute of a Given Curve is the Envelope of its Normals.

This is indicated by the figure of Art. 166, and the proposition
may be proved by the method of Art 181, as follows:

The general equation of the normal at the point (2, ') is by

(3), Art. 148, x—x'+g-_z:(y—y')=o,. ¢ )
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in which the variable parameter is a', the quantities r/, LA bemg

functions of x'. Differentiating (1) with respect to 2!, we have

—1- (”’/)+(7 HILE=0. . ... @
de
From (1) and (2) we find for the intersection of consecutive
normals
y 14 (d’/v)z
y:y'.*.___gf_
@y
dzx”?
dy' diy'\?
W14 (0L
m_x,_dx'( +((ll,') ]
- d.’l .
dx"

As these expressions are 1dentical with the coordinates of the
centre of curvature in Art 165, 1t follows that the en-—elope of the
normals coincides with the evolute.

EXAMPLES

1. Find the envelope of the series of straight lines represented by
y=2mr+ m!, m being the variable parameter.
Differentiating the given equation with reference to m,

0=2z + 4ms.
Eliminating m between the two equations, we have for the envelope,
162+ 2724 =0.

2. Find the envelope of the series of parabolas
¥* = a(x — a), a being the variable parameter. Ans. 4y*=2a"

3. Find the envelope of a series of circles whose centres are on
the axis of X, and radii proportional to (m times) their distance
from the origin. ' Ans. y*=m*(2® +°).
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4. Find the evolute of the parabola 3*=4ax according to Art.
183, taking the equation of the normal in the form

y=m(x—2a) —am?. Ans. 2Tay* =4(x —2a)’

5. Find the evolute of the ellipse 2 +%z=1, taking the equation
a

of the normal 1n the form ’
by = axrtan ¢ — (a’ — %) sin ¢,

where ¢ is the eccentric angle.
Ans. (a:t)i + (h)¥ = (a®— b’)¥.

6. Find the envelope of the straight lines represented by
xcos3 0+ ysin 3 § = a(cos 26)*,

@ being the variable parameter.
Ans (2°+ ) =a’(@® —y?), the lemniscate.

7. Find the envzlope of the series of ellipses, whose axes coincide
and whose area 18 constant.
The equat-on of the ellipses 1s

w? 2
(724.-’;_2:1. B ¢ )

o and b being variable parameters, subject to the condition
ab=t4, . . . . . . @
calling the constant area %%
Substituting in (1) the value of b from (2),
2,2
S T €

o K ’

in which a is the only variable parameter. Differentiating (8) with
respect tu u, we have
_22 208

a? K e @

Eliminating a between (3) and (4), we have
4 2% =K'
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Second Solution. Differentiate (1), regarding both a and b as
variable.

atda | y*db
a3“+-’/?_=0.......... ®

Differentiating (2) also, we have

bda+adb=0. . . . . . . . . . (6
From (5) and (6), we have

(—;2:'?—1;....-.-.--(7)

From (7) and (1),

2y 1

—='—-=—..-....-.-8

« V2 ®)
Substituting (8) 1 (2),

4 =R

8. Find the envelope of the eircles whose diameters are the double
ordinates of the parabola ¥ =4 ax. ns. P=4a(a + ).

9. Find the envelope of the straight lines < +-’é= 1,
a
when a* + b = k"

_n_ _n_ _n_
Ans, xHlF Yyl = kn+1.

$2 ?/2 _
o o )
a? b

when a+b=~k. Ans. ot + y* =k,

10. Find the envelope of the ellipges

11. Find the envelope of the circles passing through the origin,
whose centres are on the parabola 3* = 4 aa.

Ans. (x42a)y2 + 2> =0.
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12 TFind the envelope of circles described on the central radii of
an ellipse as diameters, the equation of the ellipse being

o

a?

2
+ *;:2= 1. Ans. (2* + 15! = o + b3~

13. Find the envelope of the ellipses whose axes coincide, and
such that the distance between the extremities of the major and
minor axes 1s constant and equal to k.

Ans. A square whose sides are (z + y)* =K%
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CHAPTER XX
INTEGRATION. STANDARD FORMS

184 Definition of Integration. The operatxor; mverse to differ-
entiation 1s called wntegration. By differentiation we find the dif-
ferential of a given function, and by tegration we find the function
corresponding to a given ditferential This function is called the
integral of the differential.

For mstance,
since 2xdx 1s the differential of %

therefore a? is the integral of 2xdx.
The symbol f 1s used to denote the integral of the expression

following 1t.
Thus the foregoing relations would be written,

d(2?) = 2udz, f 2wds = o,

It is evidently the same thing, whether we consider this integral
as the function whose differential is 2zdx, or the function whose
derivative 1s 2z.

As regards notation, however, it is customary to write

f2acdw=w’, andnotf2m=mz.
223
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In other words,

f is the inverse of d, and not of dl
2z

Thus the general definition of f ¢(x)dx is that function whose

differential is ¢(x)dx; the symbol f denoting “the function whose

differential is,” in the same way that the inverse symbol, tan,
denotes ¢ the angle whose tangent is.”

Integration 1s not like differentiation a direct operation, but con-
sists in recognizing the given expression as the differential of a
known function, or in reducing 1t to a form where such recognition
is possible

185. Elementary Principles.

(a) It 1s evident that we may write
f2:vd:v=a:2+2, orJ‘237(1m=a:’—5,
as well as fi! xdx = 2?;
since the differenti;xl of 2?42, aswellasof 2’—5 15 2xde.
In general f2 zdx=2*+C,

where C denotes an arbitrary constant called the constant of integra-
tion,

Every integral in its most general form includes this term,
+C.

(b) Since d(u £v £+ w) = du £ dv £ dw,

.f(fli' 1 dv + dw) = .fdu j;.fdv j:.fdw.

it follows that
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That is, we integrate a polynomial by integrating the separate
terms, and retamning the signs.

(c) Since d(an) = adu,
it follows that f adu=a f du.

That is, a constant factor may be transferred from one side of the

symbol f to the other, without affecting the integral.

186. Fundamental Integrals. Since integration is the inverse of
differentiation, to imtegrate any given funetion we must reduce it to
one or more of the differentials of the elementary functions, ex-
pressed by the fundamental formulw of the Differential Calculus.
Corresponding to these formula we may write a list of integrals,
which may be regarded as fundamental, and to which all integrals
should, 1f possible, be ultimately reduced. We shall then consider
in this chapter such examples as are integrable by these formulw,
either directly, or after some sumple transformation.

1 L"+ 1
I wdu = —-

n+i'

1L fd—u=log u,
u

TI1. fa du=— —

IV. f e*du = e",

V. fcosudu: sin .

VI f sin u du = — cos u.
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VIIL fsec“‘ u du = tan u.
VIIIL f cosec? u du = — cot u.
IX. f sec  tan  du = sec u.
X. f cosec u cot n du = — cosec u.
XI. fta.n 1 du = log sec u.
XII. fcot u du = log sin u.
XII1I. fsec 1 du = log (sec u + tan u) = log tan (;—' +g .

X1V. J “cosec u du = log (cosec u — cot u) = log tan g

XV. ——gu— = 1 tan ! v or = — 1— cot™! x.
Ww+al a o’ « a
du 1 U—a 1 a—u
I. 2 = —log “-2 or = .— log = —~=.
XV —@ 2a u-{-a’01 2a é’a+u
XVIL -——d—f: =sin1%, or = —cos1¥%.
VaZ —u? a a
d. — T
XVIIIL. '_\7?;_2_;_'_;_2 = log (u + \(ul + a‘)_
XIX. ——E_!y——-- = 1 sec™! 1—‘, or = — 1—cosec‘1 %,
uvVui—a® a a

XX. f _dw vers— ¥.
V2 au — u? a
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INTEGRALS BY I. AND II.
187. Proof of I. and II.

To derive I,
:since d(u™*)=(n+ 1)ur du,

therefore

utt = f(n +Duwrdu=(n+1) ju"du, by (c), Art. 185

u* +1
Hence fu" du = .
n+41

Formula II. follows directly from
dlogu= du,
u

It is to be noticel that I.applies to all values of n except n = —1.
For this valv= 1t gives

0
fu" du=%=w.
0

Formula II. provides for this failing case of L.

EXAMPLES

Integrate the following expressions:

1. f wda.

If we apply I, calling w =, and n =4; then du=dz. Then
we have

f e = %+ C, adding the constant of integration C, according to
(a), Art. 185.
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2. “(av:2 + Dizds.
Tt we apply 1., callimg u = o*+ 1, and n =% ; then du=2xzdw.

We must then introduce a factor 2 before the adur, and conse-

quently its reciprocal % on the left of j )

f @ +)lrde =% (i) 22ds, by (¢), Art. 185.

2 3
@E+0!_ =+l
3
3 fﬁ__m f 3a? — 3 af)da
' ?—3a%x 3 & —Bax
= %log (wS_ 3 (l,z.l') = log (ma —_ 3““&7)} + O.

By introducing the factor 3, we make the numerator the differ
ential of the denominator, and then apply 1I.

N I EREERSTES 3)ax_””_“’_3_”’+3w4 324 C.
5. f(wi——--;- )da,_.swa—3x§—1— 2logx + C.
6f(a:’ 2)8x3dac_‘%—3”s+zmﬂ 204+ C.

7. f(m’—2)3xdw=@—;;gx+ c.



©

10.

1

[

12.

13.

14.

15.

17.

1

21.

©
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f(a}‘—-w%) = ax — 9gxfx§+‘)a}m-’_£2+a

12a?

12 ¥

5 2

2 potd 4 ¢ (e + b)x“ 1

a-b 1n
f(w""% +axrtt —x )(l:c ="
2a
P sfa?\? 42¢
f(Vla“_\/;) dr="" ra

13a7

. f(m‘}.}.a;“i) d.z:__3_alf +

+1 2

r12adet +2 L 4 0

Taut 5t

+6x+122' —3ab+C.

fg/_;_l)_“dy=?§_§_g+3y—logy+ C.

faiDE=2g, 3ab_Ba% o4, o
ot 7 4

f(ar"+1)” arde = gw"T-Ell"_*_ C.

f (ax? + b) 2 d.
f (aa® + b)"a? da.

1 zdx
f(l +aac2+ b)am‘+b

f(m—l - 1)10%_

16. f (az + by'da.

18. f (ar. '-D)ra™? de.

—4 dw
__0

dt
22. f(a-}-logt)—t—
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e""+:v"‘ dx
23. f o dz. 4. f(a—logmw);-

1 1 e ind
25. f [:(e"' T 2)2+ pr 5} dz. 26. | sin’d cos 6 dé.
21. f (% + sin 26)(e® + cos 26)do.
28. j‘tam6 z sec?z du. 29. | sec’x tan x da.
30. ( (sin™f + cos"6) s @ cos 6 df.
)
31. f (sec 6 4 tan 6)sec 6 d6.

32. f(sin ¢ + cos ¢)"(sin? ¢ — cos® p)d¢. 33 f (a® + b)® a® dx.

sin~! x dw * dx
A f\/l _ 3. f(l +2°) tanlz’

A rational fraction, whose denominator is of the first degree, may
be integrated directly or after being reduced to a mixed quantity.

5 dw 5
36. f“ =0g@z—3)+0.

Sx—1 Sz 17
31. mdw —2————log(-:c+d)+0’

200 -T2 +1,, © 3o 3z 1 -
38. 21 dac._3 3 2 log(2a: H+C.
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39. fax+b aw+ba;a‘ﬂlog(bw+a)+0.

2 + a® @ e | , . .
4o'fa:—a 3+ +a%+ 2 log (r—a) + C.

41. f%%xdm=§+2ax—bz+(a—b)zl()g(.n+b)+0.
49. f%i_?lfM=§+2ax2+7a’x+8a3log(a:——a)+O’.

INTEGRALS BY III. AND IV.

188 Proof of III. and IV. These are evidently obtained directly
from the corresponding formule of differentiation.

EX‘-\MPLES

a* 3b~*

Sloga Z2logd

1. j‘(e“e + a4+ 3b7*)dx =§£+

2. f(e“ + e-az)s(l.v = 1 f_’a: T P fﬁ ‘e
al 3 3

Tz

4z
z_ ss L _ﬁi_i ]8a°_ z
3. f(a ad)ide = ( 1 + 7 a)+0.
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5. r(e'*"‘ — e+ de. 6. f (e™*cos & — a* * sin 2 &) d.
1
7. f (e”w + %:) dzx. 8. f (e™"®sec § — e*°® tan 6) sec 4 d.
e'" = ginx da
. ) —- 10. =H=de = %ed
9 f o= fa X = f(ab lg( b2)+0
mebn e — am¢+nbpz+q
11. fa D=+ d _—log @)

2z ’)22 ah bk
A .
2 e’” 210ga—1+210gb 1 +C

B 2(abyt! D
o [(ar —boryraz= LV 2@
13 f(a a%)* de 2logb  log(ad) *y loga +6

INTEGRALS BY V.—XIV.

189. Proof of V.—XIV. It is evident that V.—X. are obtained
directly from the corresponding formulee of differentiation.
To derive XI. and XII.,

[}

— SIn v

fta.n wdy= — (—Sinudu_ log cos u = log sec u.
COoS u

fcot udu _fcos u du = log sin w.

To derive XIII. and XIV.,

‘ 2
+ 1 + sec’u
fs ec u du _fsec u (tan u 4 sec ) du _fsec u tan u du 4 sec’u du
secw 4 tan w . secu + tanu

= log (sec u 4 tan u).

f cosec u du = f cosec u (— cot u + cosec u) du
* cosec u — cotu

= log (cosec u — coti u).
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By Trigonometry,

1 2sin? - u
— COSu u
cosec u — cobu ==- = 2 -= tan =.

sin % u
2sm Yecos! 7 2
2 2

If we substitute in this, g+ u for u,
we have secu 4+ tan u = tan ( 1 + 2)

Thus we obtain the second forms of XTIII.and XIV.

1 3
l.fs1n3m+cos5a:—sin{f (lx_—ﬂ'§q+“—“3"—”
2 3 b
.

+2cos = + C.

»

m

f(sm +a +COSm+b> dw= —m cosTT 4y mmmtb-l- C.
m )

14 sm ma

3. ~ (ta,n mz + sec mx) + C.
cos? mx
4 f(sec bz —tan52)sec5xde. 5. f(sec 26 + tan 2 6) d6.
sinf , cos’é — vers 6)2d
6. f(cos20+ smg)w 7. f(smo vers 6)*d6.
8. Yo%y — cosw—2log (1 c.
f Sina T =CoS X og (1 +cos z) +
vers?x vers? .
S f cos? da. 10. f sinz

sec ¢ do _1 ¢ b
11. fa_—sin¢+bcos¢ alog(a an ¢ + b) + C.
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12. f(tanm—-cotx+ 1)?de=tan x —cotx —3z— 2logsin2x 4 C.

13. f(sec2m+tan2a:— cot 2x)*de=tan2x +sec2m—%cot2m
\

—logtanz—4 x4 C.
14. f(sec¢+cosec¢—1)“’ d¢ =¢ +tand —cot ¢

1+4cos¢
2log T "7 .
+ 0g1+sm4x+0

The following may be integrated after trigonometric transforma-
tion. )

15. {sinaede=2%— sin2x

2 1 + C.

16. | cos’z d.w:=~2af+ sm42 w+ C

17. | vers’z da. 18. | sin’zcos’zdx =§§ - 5_“;_‘:‘.3 +0C.

. . _ sin(m —n)d _sin (m+4-n)d
19, f sin m0 sin n6 df = 5 (m—n) 2 (m ) +C.

n.qp — Sin(m—n)6 | sin (m+n)6 C
20. fcosmocosr. 16 3 (m—n) + 2 (0 1) + C.

.

21. ( sin m8 cos ng 46 = — 8 (m—n)f _cos(m + ) +0.
2 (m—m) 2 (m+n)

sin3x ;sinTx
6 T 14

22. fcosbzcos2xdr= +C.
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23. fsin Bz+2)cos(4z+3)de="2 (r +1)_cos (712 +9) +C.

24. fsin zsin 2z sin3 x de = co;f L coigm_ 00582 Lo

2

(31

sin 36 sin46 2sin360
.fsmodo 26. f a6 =2sin g+ 25238 ¢,

sin 6

de _ do
27. fm =tan 0 sech + C. 28. vors 0.

29. 1-— Sill wd

x = — cosec & —cot x — log vers x + C.
vers
d —
30. f\/1+51nmd.1:=f kAL =—2vV1—sinz+ C.
V1i—smz

— do (7]
31. f\/verswdx. 32. fm vzlogtan<2+8)+0

INTEGRALS BY XV.—XX,
190. Proof of XV.—XX.
To derive XV.,

du d('i)
du 1 f a —lt U
Era f 1 w\ a e
+\a

To derive XVII.,,

_1“

-\/& ._u2 f‘J__ =8in
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To derive XIX.,

du f = sec'l
UVt = & u u
To derive XX.,
du
f du N f a — vers-! ¥
V2 au—u? R a
20— ¢
a a
Since tan! =7 — cot1Y,
a 2 a

it is evident that dtan " =4 (— cot™? :’:)
a

Hence either expression may be used as the integral in XV.
In the same way we obtain the second forms of XVil. and XIX.
The formul:e XVI. and XVII1I. are inserted 1n the list of integrals,

because their forms are similar to XV. and XVII., respectively, with
different signs.

To derive XVI.,
1 . 1/1 11,
w—a 2a\u—a u+a)
hence .

du =_1_ du du)
w—a? 2aJ \u—a u+a

=L [log (1~ a) ~16g (u+ )] = log “ 2.
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Or we may integrate thus:

du =L —du  du
w—a? 2al \a—u a+u

. __ 1 " _ _1 =_ a—u.
7108 (3= ) — log (a-+1)] = 5 log 2=
To derive XVIIIL,,
assume Vu? £ a*=4, a new variable.
Then Wt al=2
2udu = 22dz;
therefore du_dz_dutdz
- uw U4z
du__ (Cdu-dz__ o .
Hence ) fz _f — =log (u+2);
that is, f \/u_ = = log (v + V2 + a?).
EXAMPLES
dx 1 2 ’ dx 1 22 -3
9% tant =4 (L _de _ 1,
iZyo e 3t -9 12 %2513 ¢
dw 1 .):c
3. f—-———=- iS4
VEZ252 b

dx 1

4. — & _—log(bx+V2%BE—-4)+C
f =gl (Gt )

dz

5. —_
JVE2+1

1 —_ —
=—1log(zV5+Vbat+1)+C.
Vi g ( )
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dx 1 2241

6 Js 1o 13/ %2, 17 ¢
dy . dw
7 124243 8. fl" w—3
dt dx
10 j——- 11. - .
f\/:sz*—z f\/:!—.‘ja;”
.
dr_ _1,,.32
13. fm\/w____4_2sec —+ C.

dx — a2
14. f \/—-—____&:2 vers o + C.

' de 1 . aar
15. fw\/alzﬁ_w_‘isec 4 + C.

8
16. f\/7w—-— -———_E vers™ 7-}— C.

dx . .
17- — = Sln_l 10 ﬁ + C.
fa:\/4 — (logz)? 8

18. fif_’_ 2 .r_'EYO (.v”+9)——tan"‘w+0’

_ds |
325

dx
1. f V32

19. (23 ae=ligue—5+-210522=V5, ¢

4V 2z++5

3x—2 x
20. =—3VI—2F—2sin1 2 +C
f\/?—x’
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2. (2+3_ o= vFFL+3log(@+VFFL) +C.
Va4

\/5 -9
23. f a9 _ 1 atand o
a’sin’ @ + teos’d  ab tan b +0C
_d$  _ _ tang
24. 1
1+ cos’e \/‘) — tan -——\/2 +C.
25. —__—s_l.llﬁo —— =cos™ (———COS 9) +C.
V3costd + 4 sin%6 2
26. __ S_i!l gfl dx =_l]0g(3 008233-[- 9c0522w_4)+a
V5ecost2 w—4sin?2 x 6

(‘__-{-_P —_ r (2% —_ -1 e*
21. fe S a de = ]og,(e +a)+\/ tan a —+C.

The same formul® may be appliel to integrals involving
2 +ar+b or —a?+uxr+b, by completing the square with the
terms containing 2. Thus,

1

4w+3
2. fw2+6w+1.3 fm+3)‘+4 g tan +C

- e = —_— 1 : _12&}—1
> f\/8+4w i f 9_(29,_1)2 =z Ty O

dx T A
30. 9 _ 1 1p@e— 24+vV922—122+6)+ C.
JVEE—4z+2 V3 B )
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1.

32.

33.

34.

35.

36.

37.

38.

INTEGRAL CALCULUS

f dax
2w2——3a:+

IE

'(a'c_+_a)2 + (_a;+ ?))2 Ta—b «—>

dz
—ax +

de

----- tan

2 ada— 3+0
\/51 V31

—— when «=4; when ¢ =06; when ¢ =8,

1 tan“2m+a'+b+0.

1— sin'lft z—1 + C.

V_dd4+2541 2 V5

1 z+d

f(m+a)(w+b)=a-—blogm+a

f (x +a)" - (w +0F VBa— b)?

Sz

@+ a)@+0)

—— tan

2 -1 @i’a" “:b_b)l/_3 +C

= 2log (Vz+a+Va+b)+C.



CHAPTER XXI

SIMPLE APPLICATIONS OF INTEGRATION. CONSTANT OF IN-
TEGRATION

BrFoRE continuing the integration of functions, we will consider
the relation of integration to the determination of the area bounded
by a given curve, and show how the constant of integration may be

determined.

191. Derivative of an Area. Let y=f(r) be the equation of a given
curve OP,. Suppose a point to move along the curve starting from

P, and let x, y, be the coordi-
nates of any position P.

At the same time the ordi-
nate of the moving point
starts from the position
PyM,, and sweeps over or
generates a certain area.
When the point has moved
to P, this area is P,M,MP.
Denote this area by .

A is a function of z, and it

Y

(o] M, M N M, X

will now be proved that its derivative with respect to x is equal to y.

Give to z the increment Ax= MN.
Then AA= PMNQ.
A4 > yAx, and Ad < (y+ Ay) Az,

AAd AAd
vy >y, and ‘Az < y+Ay.
Hence (;—;1 == T;im_“_,o —AA;: =Y.

In case the curve descends from P to @), the above inequalities
will be reversed, but the result will be the same.

241
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192. Areaunder Curve. Let it be required to find the area Py M, M, P,
between the curve, the axis of X, and the two ordinates PoM, and

Vg lM 1
Let OM,=a,and OM,=b
From the preceding article %%1 =.
Hence A= f yde= f [ (@)dx.
Let f f(@)de = F () + C;
then A=F@+C. . . . . . . @

To determine C, we have the condition that A begins when z=a;
that is, 4 =0 when z=a.

Hence 0=F(a)+C, C=-—F(u).
Substituting in (1), 4= F(z) — F (a) =P,M,MP. . . . . (2

It is to be noticed that C is determined by the 1nitial value a of ,
corresponding to the initial ordinate I,
If now we let ="> in (2), we have

A=F(b) — F(a) = P,M,M,P,.

For example, let the given curve be the parabola 4 = =.

Then _fydw—f’}dz—?—?—! NG )

To determine §, A =0 when z=a.

_2qf _ 2qd
0= 3 +C C= =5
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Substituting in (3),
A=ZL L —PMMP. . . . . . @

To find P,M,M, P, let a=10 in (4).

3
opi 24}

A =="
3 3
EXAMPLES
.
1. In the curve of Ex. 1, p. 24, show that R,OJAP3=13-
11
AlSO Plﬂli;“lép2= 1-“)'

2. Find the area included between the equilateral hyperbola

2xy = ¢? the axis of X, and two ordinates 2 =a, z =2 «.

Ans. a? log V2.

3. Find the area included between the witch of Agnesi (Art. 126),
the axes of X and Y, and the ordinate x =2 a. Ans.  wa’

4. Find the area included between the catenary (Art. 128),
the axis of X and the ordinates x=a, x=2a.

Ans. © (*—e+e'—e®)
5. Find the area of one arch of y = sin . Ans. 2.

8. Find the area included between the parabola ! + yi =at
2
(Art. 129), and the axes of X and Y. Ans, %-

7. Find the area included between the semicubical parabola
ay? = «* (Art. 130), the axis of ¥, and two abscissas, y=8a, y =27 a.

Ans. Q?—a’.
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Conversely, instead of determining the area from the integral, we

may find the integral from the area, when it can be obtained geo-
matrically from the figure. For example:

8. Find f Va? —o? dz, by means of the curve y = Va* — o*, circle

about O, radius «. Y
A= BOMP = OMP+ BOP B
1 a? 1 — . a . Y4

=§wy+ 3 ¢ = Ew\/a‘—-w‘+ o sin lc_t.

If the initial ordinate, instead of OB,
had been some other ordinate, we should
have had

——— 2
A= ;’\/a2 — x4 (‘—L)— sin'Z 4 €, where C is independent of .
- a
- —— 2
Hence A= fy d.z:=f\/a”—— HAde= ; Va—at + % sin—'® +C.
«

9. Find f (3 2 + 2)d=z, by means of the line y =324 2.

10. Find f\/ ax — o* dz, by means of the curve y = V2 aw — o>

o ey o2 _
fVZam—a:‘-’da::wz a\/2aw—m’+‘;—sin"m—a2‘+0.

193. Other Illustrations. In order to further illustrate the deter-
mination of the constant of integration, we will work three examples,
involving geometrical or physical properties.

Ex. 1. Determine the equation of a curve through the point (4, 3),
at every point of which the slope of the tangent is equal to the recip-
rocal of twice the ordinate of the point of contact.
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. dy 1

By the hypoth b S

y the hypothesis =2y

from which 2ydy = dz.
Integrating, Y=z+C . . . . . ... Q)

yz_x-s

'ys
9 \\ X

This equation represents a series of parabolas whose axes coincide
with the axis of .

If now we unpose the additional condition that the curve must
pass through the point (4, 3), its coordinates must satisfy equation

(1), giving 9=4+0C, C=5.

The equation of the particular curve is therefore
y=w+5.
Ex. 2. A body starting with a given initial velocity v, moves

with a constant acceleration g. Find the space passed over in any
time.

In Art. 19, acceleration = (%’ .
Here gg =g, dv=gdt.
Integrating, v=gt+ C.

From the conditions of the example, » = v, when ¢t =0; therefore

'Uo=0+0, 0=7)o.
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Hence v =gt + v,
Since v= (oll—: (Art. 18), ds=gtdt+ v,dt.
Integrating, s= ‘1) gt + vt + C.

From the conditions of the example, s=0 when ¢ = 0; therefore

C=0, and s= % g’ + vt 18 the complete solution.

Ex. 3. A body is projected at an angle « with the horizon, and
with a velocity v,. Find the equation of its path.

Represent the horizontal and vertical components of the velocity
by v, and », respectively. Then, since gravity 1s the only force act-
ing on the body, we have, g denoting the acceleration of gravity,

dee _ 0, and av, _ _ g
dt dt )
Integrating, »,=C, v,=—gt+ C.
When t =0, v,=m,c08a, , v, = 0, SIN @,
Hence v, = U, COS &, v, = — gt + v, 810 @}
that is, ((ll‘j =, COS &, Z—;/ =—gt+nsina.
Integrating, xz=wvfcose+C, Y=— 1 gt + vt sin e + O

DN
When t=0, =z and y, and therefore C and (', are zero.

Hence 2 = vyt cos &, and y=-— % g% 4t sin e

Eliminating ¢ between these equations, we have as the equation of

the path of the projectile,
g’

=z tan ¢ — ———.
y 2v,2cos?u

This evidently represents a parabola whose axis is parallel to the
axis of Y.
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EXAMPLES
4. Find the equation of the ¢urve whose subnormal (Art. 146)
has the constant value 4, and which passes through the point (1, 4).
Ans. y*=8x+8.

5. Tind the equation of the curve whose subtangent (Art. 146)
is twice the abscissa of the pont of contact, and which passes through

the point (2, 1). Ans. x =212

6. The slope of the tangent to a curve at any point is —%@, and
JY

the curve passes through the pomt (3, 2). Find 1ts equation.
dns. 424+ 99=T2.

7. Find the equation of the curve whose polar subtangent (Art.
153) 1s 3 times the length ol the corresponding radius vector, and
a

which passes through the powt (2, 0). Ans. r=2¢"

8. Find the equation of the curve whose polar subnormal (Art.
153) is 3 tumes the length of the correspondimg radius vector, and
which passes through the pomnt (2, 0) ns. r=2e%,

9. Find the equation of a curve through the point (3, §>, m which

the angle between the radius vector and the tangent 1s half the
vectorial angle. Ans. r=06(1 —cos 6).

10. A balloon is ascending with a velocit; of 20 miles an hour.
A stone dropped from the balloon reaches the ground in 6 seconds.
Find the height of the balloon when the stone is dropped, calling the
acceleration of gravity 32 ft. per sec. Ans. 40v ft.

*11. If a particle moves so that its velocities parallel to the axes
of X and Y are ky and kxz respectively, prove that its path is an
nilateral hyperbola.



248 INTEGRAL CALCULUS

12. A body starts from the origin of coordinates, and in ¢ seconds
its velocity parallel to the axis of X is 6¢, and its velocity parallel
to the axis of Y'is 3#?—3. Find (a) the distances traversed parallel
to each axis in ¢ seconds; (b) the distance traversed along the path
(Ex. 41, p. 38); (¢) the equation of the path.

Ans. (a) x=38; y=1-3t.
0 s=*+3t
() 2T =2(x—9)"

13. If a body, projected from the top of a tower at an angle of
45° above the horizontal plane, falls in 5 seconds at a distance from
the bottom of the tower equal to 1ts height; find the height of the

tower (g =32). Ans. 200 ft.

14. When the brakes are put on a train, its velocity suffers a con-
stant retardation. If the brakes will bring to a dead stop in 2 min-
utes a certain train running 30 miles an hour, how far from a station
should the brakes be applied, 1f the train is to stop at the station ?

Ans. Half a mile.



CHAPTER XXII
INTEGRATION OF RATIONAL FRACTIONS

194. Formule for Integration of Rational Functions. On examin-
ing the fundamental integrals in Art. 186, it will be seen that only
four apply to the integration of rational algebraic functions, I., 1L,
XV., and XVI.; and of these only L., II.,, and XV. are independent,
since XVI. depends directly upon II.

1t will be shown in this chapter that by these three formule any
rational function can be integrated. The integration of a rational
polynomial has been explained in Chapter XX. We will now con-
sider the integration of rational fractions.

195. Preliminary Operation. If the degree of the numerator is
equal to, or greater than, that of the denominator, the fraction
should be reduced to a mixed quantity, by dividing the numerator
by the denominator.

For example,

P20 _, 2a°+1

P i R e |
28 —3a'+1_,, 5, —20+32+1,
e et

The degree of the numerator of the new fraction will be less than
that of the denominator.

The entire part of the mixed quantity is readily integrable, and
thus the integration of any rational fraction is made to depend upon
the integration of one whose numerator is of a lower degree than th
'enominator. '

249
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196. Partial Fractions. A rational fraction is integrated by de-
composing it into partial fractions, whose denominators are the
factors of the original denominator. The complete discussion of
Partial Fractions belongs to Algebra. We shall only consider here
the form of these partial fractions and the processes of determining
them.

Factors of the Denominator. It is shown by the Theory of Equa-
tions that a polynomial of the nth degree, with respect to , may be
resolved into n factors of the first degree,

(r—a)(@®—w)(@—as) - (x— a,).

These factors are real or imaginary, but the imaginary factors
occur in pairs, of the form

z—a+bV—1, and z—a—bVvV—1,

whose product is (z — a)® + % a real factor of the second degree.

It follows that any polynomial may be resolved into real factors
of the first or second degree, and only such factors will be considered
in the denominators of fractions.

There are four cases to be considered.

First. Where the denominator contains factors of the first degree
only, each of which occurs but once.

Second. Where the denominator contains factors of the jfirst
degree only, some of which are repeated.

Third. Where the denominator contains factors of the second
degree, each of which occurs but once.

Fourth. Where the denominator contains factors of the second
degree, some of whick are repeated.

197. Cask 1. Factors of the Denominator all of the First Degree,
anG aone repeated.

The given fraction may be decomposed into partial fractions, as
shown by the following example,

2?4+ 6x—8
TTrO2—90 10
ey .
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Assume
#+65—8_ o#46s-8 __ A B C . . .
® -4z _(x—2)(w+2)m—w—‘+w+2+w’ &

where 4, B, C are unknown constants.

Clearing (1) of fractions,
2?+6x—8=Adr(@+2)+Be(z—2)+Clx—2)(x+2) . . . (2
=(d+ B+ C)m2+2(./1— Byx—+4C.
Equating the coefficients of like powers of x in the two mem-

bers of the equation, according to the method of Undetermined
Coefficients, we have

A+B+C=1, 2(1—-B)=6, —4+C=-38.

whence 1A=1, B=-2, (=2
and %dm:log(x—2)—210g(a:+2)+2logz
=log wza(’i—:z;'z)

The following is a shorter method of finding A4, B, C:
Suppose the denominator of the given fraction to contain the fac.
tor & — a, not repeated. Then the fraction mzy be expressed as

@ _ A ),
@—0)$@ 2-a " $()

f(@ _ _ Y@
Hence o) A+(x a)%@%

Th’ Weing an identical equation is true for all values of .
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If we put #=aqa, we have A= J—l )’ since by hypothesis ¢ () does
not vanish when z=a.

Thus we have the following rule :

To find 4, the numerator of the partial fraction a:A

py putr=a

in the given fraction, omitting the factor  — a itself.
For example, having written equation (1), we find 4 by substitut-
2*+62—8

i =2 in the gi fraction ———————
ing @ in the given fraction D1 e

x— 2. This gives

, omitting the factor
4412-38
A=="T"="2-1,
4(2)
To find B, substitute z=— 2, omitting the factor =+ 2.

4—-12-8
B= =—2.
—4(-?

To find C, substitute x = 0, omitting the factor ..

EXAMPLES

The constant of integration C' will be omitted in the examples in
this chapter, and the following chapters on the integration of func-
tions.

ztdx 3? ga:—221°
i el 1 .
1. fm’ 3x4+2 3+ +7a+log z—
f 2+ 2+ Dda - w+12§w 3239
—424+246 12 (z—2)®

(w+1Ydw _ llog(2w+1)(2w 1)9
dut—w
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x dx _1 (x+ 3)°
+ f(w+ D= +3)@+5) 8 %@+ DE+ 5y

5 2? dx =_1_10g(3a:—1)“’(3a:—2)°
"J 2x—-1)(Bx—-1)Bx—2) 18 20—1)0
)(

axr 4+ bx =2 _ 1 _
6. (am—b)(bw—a)dw T og (bx a)+ab—a2 og (ax—0).
7 (z + «)’dx _llog(2m+a)gm—a2°
"J 28 —a—a 6 a8 ’

(x+a+b2’d.v= b? 1 a? 1 b

8. f(w+a)(.z:+b) Tt e @t O+ T log (@ +0).

dy 1 gt miy =1y,

Y )T ne—D Z@=D'% G+

1

[=]

f(a,’——b’)(a:’+1)dm =1 joelaz+b)(bz—a)
" J (@2 - —a?) 2ab g(aw-—b)(bw-}-a)'

(x +1)dx =1 1,,&+5%0 -7
11. f @—19y—4@+8) 360 (ot 3)la—1y"

"Jaat 1723 44

1 ,,,&=2°_ 1

=1 _1 —1y1+- 11
= 155108 212 15 log[(2z+1)(22—1) ]+4 og z.



254 INTEGRAL CALCULUS
198. Cask II. Factors of the denominator all of the first degree, and
some repeated.
Here the method of decomposition of Case I. requires modifica-
tion. Suppose, for example, we have
* ot 41 1
a(x — 1)3

If we follow the method of the preceding case, we should write

24+1 _ A B C D
w(a:-l)'*—:v +x—1+w—-1+x—-1°

But since the common denominator of the fractions in the second
member of this equation 1s x(x — 1), thewr sum cannot be equal to the
given fraction with the denominator x(x —1)%. "To meet this objec-
tion, we assume

#+1 _A, B c . D
-1y z  @—1p @-1¢ z-1

Clearing of fractions,
#®+1=A4(x—1)"+ Bs+ Cr(x —1) + Dx(x —1)*
=A+D)y*+(—34+C—-2D)*+ (B A+ B—-C+ D)z — A.
Hence A4+D=1, . . . . . . .. Q)
-34+C0-2D=0, . . . . . ... (®
84+ B—C+D=0,
_4=1
‘Whence A=—-1, B=2, C=1, D=2.

@+1) _ 1 2 1 2
Therefore 2(x—1)>» z + (x—1) + (x—-1)y + £—
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P+l e loga—— 1 1 L 2lop(x—
Hence fw(x—l)"dx_ logz w_1) a:—1+ og(xz—1)

2

== oyt

The numerators A and B may be determined by the short method
given for Case I., and then C and D may be found by (1) and (2).

EXAMPLES
1. fma-q.+1la,_-—+a«+ 1,+1+logm———1-
xt— 2x &z
LI Y 2]
(e+1)(- 1)3 4z —1) Sx41

Sdx 1 1 22
3‘ f_ = ——— pu 1 o .
M #4118 E g

_(9z—8hde _ 1 8 20-3
Ge+1)Ee—38)2 4(2e—38) 4 “dx+1

dx x 1 Sz—2
- 1 jog32=2,
f(w- e~ T180F—4) T o6 Brzy2
e P __"_"L g
(@ — ax)? —ux x—

-3

(‘(a:+1)¢1x=a'+1——£—————g(:_1)—3) dl --+810g<w—1>
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sty . (@=0)P 3@=0)° g, )
. (‘”"‘b/ 2@+ 0?2 x+0 + 3(a —b) log (= + b).
9. z dx - _ 2x—1 1 . “’_—2_4"_\@

_(x+a+d) _ 1 b a®
10. f(w+a)‘(m+b)’dx— (a—b)"'<ac+a+a:+b)
3ab?—0b*
(a—0)y

a®—3a®
(@a—20)°

199. Case III. Denominator containing Factors of the Second
Degree, but none repeated.

+ log (x + a)+ log (z+ b).

The form of decomposition will appear from the following

example,
f.’i z+12 .
(@@ 4+4)
bot12 A, Be+C |
We assume st d) s @l @

and in general for every partial fraction in this case, whose denomi-
nator 1s of the second degree, we must assume a numerator of the
form Bz + C.

Clearing (1) of fractions,

52412 = (A+ B)x*+ Cx+4 A.
A+B=0, C=5, 44=12.
Whence A=3, B=-3, C=5;

bot+12 83 —3z+5
z@®+4) = 2P+4

therefore

—32+5 _ zdx
ard B="3) g t? :c’+4

1%

-3 5
=—3 log (:z:’-i—4)+2 tan 3
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Hence

bx 412 Le 5,

ke o +2 tan—1%.
w(w’+4)dw 310g\/x’+4 b B

Take for another éxample,

(22?—3x—3)dx
(—1)(@*—22+5b)

This fraction is decomposed as follows :

242—32—-3 1 3x—-2
@—1)(*—-2x4+5) z—1 2*—2z+5

Bx—2dx _ (Gx—3)dx I‘ dx

2—2z+5 J#F—2a4+b P_2z+5

=3 log (w2—2w+5)+% tan-12=1.

(22— 32— 3)da —log(wg_f‘tf 5)_%+

1
@—1)@—2z+5) 2 2

The integration of any fraction with a quadratic denominator like

the preceding, f%——j_{_ﬁ%, may be shown as follows:

Having written the denominator in the form (x+ a)®+ b% we have

(prtqde _ (" plz+a)de  (° (¢—payde *
(@+a)3+0? @+a)p+0 " J (x+a)+ b

=% log [(z + a)* 4 b%] +g:b}-’3 tan-l‘i%'_‘_‘.
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EXAMPLES
322°+3 8 »* 1 z? _
d = —— > —l 1_—-.
19130 w==g (ia4+2 og4z2+3+3\/6 tan s

2 f (Z2at—a)de _ g -1+ ")+2\/2tan_l_m_.
' ot 4o —2 b ( +1) 3 V2

4 a® — 3fv+1 _6x 1

+ 1o g() . 1+3\/‘—,2 tan~ (2 V2).

.nl« +-lfs 2x
ade _ 2 1, »—1 1
4. x‘—1—3+410{’m+1+2tan .

When the given fraction and the denominators of the partial
fractions contan only eren powers of z, they may be regarded as
functions of 2% and we may assume .1, B, C, etc., as the numerators
of the partial fractions.

In the following example, the partial fractions may be assumed as

4 . B |
wﬂ_}_aﬁ a:2+b2

5 - =% 1 3tan-1% _ o8 _1m>
. + tan—'Z — =)
f(w2 + a?)(a® 4 V%) aﬂ-b'-’<b b a’ tan

a- 2H)dx __1 -1 p -1 2 1 —1 3 .
Aet)@1d o\ BT )=6" r

@+A+ah) o0 1, 2@+,
(a%e® + U%) (b%* + af) ab ab(1 — x‘)

+ —tan™ ——-

(x —1dw 11 2?—62+13 b qx—3
8. fw(a:" 6z+13) 26 © o 13 2
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0. f @ —-20-20)2 _1, (2¢'—G6a+5)

@ +3)(22*—6z+5) 4. (& + 3)?
+ 2 tan—1-% f—;tall"l 2=z-3).
V3 V3 2
0. (2 g =17 1 a2kl
fy"—l 6 g./‘+!/+1 V3 V3
@+2de _1, F+atl V3, o @V3
1. fw‘+.l,"+l et Feumpriy S g

12 fw” dw _ 1 i ST w® —r +1+ 1 wV2
1TV Cwwvigl 2y -

1 1, ,z2—-1_ 2e—1
. — oc < gan—toL .
13 f'v’—w’+w2—1 6(1:+1)+4 % Cetl 3\/-5 o V3

200. Case IV. Denominator containing Factors of the Second De-
gree, some of which are repeated.

This case is related to Case I11., as Casc IL. to Case I., and requires
a similar modification of the partial fractions.

For illustration tgke

208+ 4+ 3 d
(wﬂ +1)2 .
We assuma

28842 +3_Az+ B Co+ D,
@412 (@417 2?+1

2034+ 224+ 3=Cr+ D+ (A+C)z+ B+D.
A="—'2, B=2, C—-—u,D 1



260 INTEGRAL CALCULUS

2884+224+3 —2x4+2 , 2241

h =

Therefore @+ 1y @11y + 1
—2z42 2xdx dx
@iy @+’ f(:c’+1)’

:c’+1 + f(a:‘+1)2

To integrate the last fraction, we use the following formula of
reduction,

de 1 x dx »
(a:’+a“)"_ 2(m—1)@ l:(wg Ty +@n-— 3)f(a:‘_+a—“’)"—‘-i]

This formula enables us to integrate f by making it
g @ + e y g

depend upon @ _;Izz)"_l- By successive apphcatlons the given
integral is made to depend ultimately upon f pearir? which is
lta.n—‘z
a a

* This formula may be derived as follows:
P — 2 2y -n] = (22 4+ q2)—" — 2 nx2(x2 2) —n—1
dx[(xz+a2)] dz[x(x +a) ] =@ +a) na(# + @)
= (22 + a?) " — 2 n [(2? + a?) — a%(2? + a2)—n-1
=1 ~-2n)(x?+ a?)—" +2 na? (22 + a?)-n1L,

Integrating both members after multiplying by dz,

x — 1 dx dx
@rayp (77 ”)f crro b fereort

2 na?

j'(xﬁ + al)n+1 (xz + al)n )f(z)_},al)n
Substituting for #, n — 1, we have

x

da _ _ __de |
2(n-1) anj @+ e (2 + @)~ + e 3)5 (2 + ah)»?
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Substituting in the formula » =2 and a? =1, we have

dr ![: ? _+ do :l— d + tan=1z;

@+1y? 2{24+1 JaP+1] 20°+1) 2
—2x 42 1
whence de = a
@ +1)? L= a’:,_*_1+x2+1+tim ,
20 +2°+3 z4+1
a d f = -1 3
n @+ 1) dx wz+1+2tan z +log (#* +1)

A partial fraction of the form F—% by substituting
m a ll
# + a = 2, becomes 22 u the integration of which has already
been explained. +0)
Br+1)de _ 5z416
@F—6x+12)° J (2*+3)3

For example, if 2 —3 =z,

4(z‘ +3 ")2+ f @ +3)

By the formula of reduction,

f d  _1[ =z +3 dz

(22 +3)* 12| (& + 3)? 2+ 3)*
=% + L &z
T12(@ 37 4 6243 J2+3

2 1 iy

2
= t = .
ZET T HETS) Tavs o V3

52+ 16 162—15 22 2 a1 2
Iz = t —
@43 R2ET8) 3@+ 3B VB

(Gz+1)de _  162—63
@ —6z+12)* 12(— 6%+ 12)°

2(x—3) 2 tan-1 %= 3,
3(w’—6w+12)+3\/§ V3

Hence

+
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EXAMPLES

w4t —1 3224+2 1 3
+-1 2 3.
a?(a® 4+ 1)* 2x(wﬂ+]) 2 og (« +1)+2tan .
= 2 a’x x

2 (e ~ 2atanr.
( "”'*"wg_'_'u2 a tan
4w43 o 424522, 1 . %a
(227 +38)° (e +38)° 163 V3

For the following example, see note preceding Ex. 5, (‘ase I11.

3613(x.+1)2+0r 2

(1'3 _|_ @

@+ 9)‘(901:‘-}-4)‘( T T 2AF+ 90 +4)

@®+8x—21
@ +42+9)*

(2 —

1 132
tan !
6™ -6z
_3@+T)_
(2124 9)

+%log(w“+ 42+9)—

3})/5 tan—1Z T2 +2 .
2 vV

) de 44

(a:‘+w+1)(.1,’+a,+")‘ 7(.02+.v+2)

9 2’dx -
@+ 1)

dx

12 2041 2 . L2241

it T VB B

3x (.t—l— 1)2 a2x—1
__+_ g— + V38 tan ——
V3

af’+1 +1

122° + 362 + 29

[(@+2)— @+ 1T 2@2x+3)(22°+6x+5)

— 3tan™! (22 + 3).



CHAPTER XXIII
INTEGRATION OF IRRATIONAL FUNCTIONS

201. We have shown in the preceding chapter that the integral
of any rational function can be expressed in terms of algebraic, loga-
rithmie, and mverse-trigonometrie functions

We shall now consider the mtegration of irrational functions.

202. Integration by Rationalization. Some integrals involving
radicals may be integrated, by reducing them to rational integrals
by a change of variable. This 1s possible, however, in only a very
limited number of cases. This process 1s sometimes called integra-
tion by rationalization.

r
203. Integrals containing (ax+ b)?. Such an integral may be
rationalized by the substitution ax+b=2".

For example, take f __“’nfi_o .
@o+3)t
Assume 224+3=2, x=zs"3, do = 3202
2 2
(z"‘ —_ 3)23 2z
2?de _2—1_ _3 f 3 2
Then m* = p =3 (2* —3)dz

34 _32 _32(# 32 o\_ 3 brmoa
_8<7 2+9z>_ (7 2+9>-112(2a:+3) (87— 18 2+81).

263
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Another example is a:_da: .
Ve +1
Assume r=7 de=2zdz
dx 22 dz 2 1
Then 2l _ | =2f<z‘—z 1——)dz
=2[§_§+z—log (z+1)j]=§w§—w+2w5—1og(w% +1)%
e z
204. Integrals containing (ax+0)?, (axr+0)*,---. In this case

the integral is rationalized by the substitution ax+b=2", where
n is the least common multiple of ¢, s, ---, the denominators of the
fractional exponents.

Take, for example, f . dz .
@-2)i+@—2?!
Assume x—2=2% der=62="dz,

(z—2=2 @-2)t=n
dax 6 2°dz 22dz 1
f(w_g)i+(x__2)§ B4t 6.rz+1 Gf(z +z+1> i

= 6[3‘5— z+log(z+ 1):]='3(z — -6 —2)} + 6log [(e—2)t +1].

EXAMPLES
1. e+l e ovaTD -y f2=2.
:c\/a:—-2dw 2Vz—2 +V2tan >
Vi, (4z—3)(4x—3) 42-3 97
2. fw’\/4m 3dr= 5| % +7=3 +1o

dx
3 f1+\/3w--2 2(3“’ 2) - Ba— 2)*+10g(1+\/3a:—-2)
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4. faé_+wé-|5-_1( 12wﬂ+2x} 4w*+410g(wi+1)
m§+wil
5 ydy _4y—6y'—6y—1,
@y+nt  24@y+1
dw 2
6 — — +2log (V2w —141).
f'w+\/2w—1 V2w—1+1 B )

dt 33 3t 3 Y
: =20 3L 3 50 215 41).
4 ftf_'_zti 2 + 2 40g( +1)

® f“z wtbds _2(6;3; O (15 ata? — 12 b + 857).
9. | L 2Bz 4+1)} — dtan1 (2D
Bz +1)¢ +4@B2+1) 2
10, fVEHI=Lgrm0va T - log(e+3) —2vFtany 2L

11. f_it_@_@,_ ~3@zs—3)t41 1g§ -3)#+3
@z—3)%+62—9 4 Qx—3)}

— §l/_§ tan—! (____2 d __3) *-
4 V3

12.f __dv
V2r+i1+vVae—-1
=2v2z+1—2vVa—1+2V3(tan ' [2=1_ a1 [22+1
V2z+ Vo —1+2V (an \/ = tan-! .

—_ 44—z 1—
=2 - — 127 % eos?
V2x4+1-2Vz—1+ \/3(008 > cos )
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13. ————-(—1—11——=2m1‘+110g(2w1—1 +410g(a:‘}+2
f(gxi_])(a,}+2) 9 ) 9 )
16v?2 1‘”_}
" tan N
14 IM@—=2\/w+1+?]og({v+"—\/$+1)
(@+1)341 3
— 1o (1+VaT ).

205. Roots of Polynomials of Higher Degrees.—In the rationaliza-
tion of irrational integrals we now pass from roots of binomials of
the first degree to roots of polynomials of higher degrees.

Here rationalization 1s limited to the square root of an expression
of the second degree.

206. Integrals containing Va?+axz+ 0. This may be rational-
ized by the substitution

Vit ur+b=z—u.

For example, consider

r dy .
Joovaet -2

If, following the method of the preceding articles, we assume

V¥ —x 2=z 2—a4+2=2

the expression for x, and consequently that for drx, in terms of z
will involve radicals. This difficulty is avoided by assuming

Vel —z 4 2=z—x, —ax+2=2"—22zz,

cancelling 2? in both members.

22 26— 24
2z-1’ B=" a1y

L P
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Hence, .
2(Z—242)dz
— = ) n ) 53 =f =__—log .
Vot 9a—1 _21°z-; 22 JE—2 VI i+ V2
22—
Substituting =VF -7+ 2 +z,
\
e 1 VP st 2 4e—V2,
Ve a2 +a+ VI

f.v\/a:-—a,-i-" V4

207. Integrals containing v — 2*+ ax + b.

ized by the substitution
V=& +ar+ b=V (e —2)(B+ 2)=(e —2)z or =(B+2)z,

where « — x and B8 + « are the factors of —a*+ax+4 b
These factors will be real, unless v —a*+ ax + b 18 imaginary for

2z—1

This may be rational-

all values of .
Take, for example, _ —dﬂ_ —
V24 o—2°
Assume e —Z=VE -1+ )= —2).
. e oo 222—1 _ Gzdz
142=02—2)% 2= z”-FT’ d.v—(—zé—--_i_l)z-
— 3z
Vite—F=Q-ap= 57"
Therefore,
f dx _j‘ 2dr _ 1 ,,.2V2—1
=) 577 og —~——=
aV2fa—at V2% \/J V21
r 1
Substituting 2= th,
V2 ‘)a:—\/—?:

dx
fwz+m = \/2 8 e VT2
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EXAMPLES
l'f dz =tan_1:v+\/a:2+4a;—4.
sve'+4dr—4 2
Vi dz 8
2. de=— +log(x+2 4+Vat+42).
‘f z* z+Vai+dzx 8( )
3 f r—a
(Za:c a:‘) T ian—a

4 f(w+\/1 Fopde= @ VI+EH | @+ VTH )

2(n+1) 2(n—1)
) (x4 1)dw 1—» 4 3—3zx
5.f —— =2 tan™! T % _tan14/2=2%
G—o)V3—2a—z 0 N3tz i Vi¥xs
=cos“ﬁ—-lcos‘l 2z _,
V3 3—=

\/a:’+a,"’ _Z+a_4a 5a, 3z—a
logr
6. f5m+4a 62 9 %z+ log 4 z+3a’

where z=x+Vat+adl

208. Integrable Canes.— The preceding articles include those
forms of irrational integrals that can be rationalized. In general,
integrals containing fractional powers of polynomials above the first
degree — except the square root of polynomials of the second degree
— cannot be rationalized, and cannot be integrated in terms of the
elementary functions, that is, cannot be expressed in terms of alge-
braic, exponential, logarithmie, trigonometrie, or anti-trigonometric
functions.
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Every integral may be regarded as defining a certain function.
It has been shown in Art. 192 that if f(x) is any continuous funec-
tion of a, ff (x)de is a function of a, which may be geometrically

represented by an area bounded by the curve y=f(2); but this
cannot always be expressed in terms of the elementary functions.



CHAPTER XXIV
TRIGONOMETRIC FORMS READILY INTEGRABLE

209. It is to be noticed that any power of a trigonometrie fune-
tion may be integrated by Formula I., when accompamed by its

differential.

Thus,
. sin* . cos" g
fsm"a; cosx dr = , cos" wsin xde=— "2 % ,
n+1 n+ 1
. tan"t!.e cot+!
f tan" @ sec’ @ dx = Y, § cot*wcosec’xdr= — z,
n+41 n+41
S n+1 x
fsec"w secztan zdr =222,
n+1
__cosec™tly

fcosec” % cosec z cot 2 dx =
n+4+1

Having in mind these integrals, the student should readily under-
stand the transformations in the following articles.

210. To find f sin" @ dz or f cos*wdr. When n is an odd posi-

tive integer, we may integrate as in the following examples:

fsin‘xdw =fsin‘ zsinzdr= f(l — cos?2)?sin a de

2cos’x cos’x

=f(1—2cos2w+cos‘x)sinxdx=—cosa:+ 3 5
270
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Another example is

fcos“Z.L-dJ; = cosz2mcos2wdw:%f(l—sin22w)cos2w2dm

1/. in®2
==(sin2z— M 2%\,

2 3

211. To find § sin™zcos*xdr. When either m or n is an odd

positive integer, this form may be integrated in the same manner as
1n the preceding article. For example,

f sin*xcos’ e dy = fsin‘ zeostrceosede= | sin*z(1 —sm?x)’cosadr

7 9

: sinz _ 2sm’x | sin’a
=f(sm‘ & —2sin*x 4+ sma)cosrdr=— =

Another example is

. 3 . . .
fsmsmcos-w de= cosgmsnﬁwsmwdx: cosga:(l — cos? ) sinzdz
1 2 % r)c g
=f(cosgw—coszw)smmdx=_ < COST2 | ZCOSTT
5 9
EXAMPLES
i 3cos®x 7
1. {sin’zdr=—cosz + cos®x — oo’z

5 7

. 4sin*z  6sin®az 4sm’z | sin’z
9 _ 8 — .
2. fcos zdr=sinx 3 5 7 + 9

ind % dp = — € 400538 2 oot Z.
3. fsm 2dw._. 2cosz+30032 5cos2

sin¢ 3sin"¢  3sin®¢ sin®¢

4 rsin"qﬁ cos’ep dop = 9 T 13 R
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5. fsm‘Z 6 cos®2 ado_M—M-

6. f (sin®z + cos®2) sin®x cos®z dz

_cos’x , 4cos’x_ Gcos'w +cos“m
3 5 7 3

7. f (cos® ¢ + sin® ¢) (cos® ¢ — sin® ¢) de

=8in’¢ cos ¢ + cos’psing +§ (sin® ¢ + cos® ¢).

7 0 4 :
8. fsm ydy _ cos 1/ 3 cos'y + ?;_cgs_y + logsec .

cos y 4
5 2
9. fcos mdx_sna:+— —1——
sintx smz  3sin’z
10 cos’wdx _ 2sin’x 46
Vsindx 3Vsinw

11. f (sin™ 2 cos® x — cos™ x sin®x) d .

_sin™z 4 cog™*x  sin™3x 4 cos™Hi g
m+1 m+3

N

12. f(sin 22+ cos 2 2) cos®w dz = % (sin®  — cos® ) + sin x cos? .

4sin’z _ 8sin"z,

13. in4 zsin®xde =
sin4 z sin® 2 dx 5 7
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212. To find f tan® z dx, or f cot* z da.
These forms can be readily integrated when = is any integer.
f tan"w de = f tan"—2x (sec*x — 1) dw
= f tan"2asec’ x de — f tan"~2 2 da

n-1
= ™ f tan® 22 dz.
n —

Thus f tan"x dz is made to depend upon f tan® 2xdz, and ulti-
mately, by successive reductions, upon f tan wdx or J dz.

For example, J tan® 2 de = ftan" x(sectz—1)dw

4 .
=taz J“-—j"uau"‘aoda:.

fta.n%;dw:ftanw(sec’ac—l)dm

2
e log sec .
[)
4 2
Hence f tandxde = taz r_ tax; g log sec .

Another example is

5
fcot‘ zde= | cot*x (cosec’s — 1) dr=— cog z —fcot‘ xdz

5 3
=—c—-°gm—fcot”x(cosec’a:— 1)de= _co; 2 +CO§ a:+f cot’z dz

=— ‘_"’ta_f.i.co"’%-{-f(cosec’m )de=— 002”4.‘40;_‘”-00(:% o
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213. To find f sec"zdr or f cosec"zdr. When n is an even

positive integer, we may tegrate as follows:
fsec‘w dx =j‘(ta.u"’.v+1)2 sec’rdx =f(tan‘ z + 2 tan®*2 + 1)sec’z dz

5 3,
tm; 2 + gﬁ'r;_._c + tan .

Another example is

fcosec‘ xdx =f(cot’ x+1) cosec’ v do = — COE‘ ¥ cot a.

214. To find ftzm"‘ x sec”xdx or f cot™ x cosec"zdx. When n is

an even positive mteger, these forms may be integrated in the same
manner as in the preceding article. For example,

ftan“ xrsectx de =ft:m“ ¥ (tanfe+ 1) sec’x dx

an? p an’
=f (tan®x 4 tan® x) sec’x du =w<!)—'" + t.«ﬂ; z.

‘When m is an odd positive integer, we may integrate as follows:

. 2l
J tan®zsec® x de= j tan! z sec? x secx tan = dx
=j‘(sec2 z—1)%sec’x secz tan z dx

=‘f(rsec6 xz—2 sect +sec? ) sec x tan x dz

_sec’z  2sec’zs  sec’w
7 5 3

Aother example is

f cot®z cosec’ ¢ dx = | cot? x cosec! x cosec z cotz dx

7 5
cosec®x
=f(cosec‘ 2 — cosec! x) cosecx cotx dx = — cosec @ + cosee &

7 5
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EXAMPLES
7 5
1 fta.n“mdm:ta‘x';m—-tag w+ﬂg—a-’—tanx+w.
7% — 1 ux 1 4___ ._ ___1 » ﬂm
2. fcot 9 dx = 3 cot +2 cot 3 cot? og sin 5

3. fsec‘“ytlj— tan® y+4 tan J+6tan 1/+4 t‘m_l} "Y 4 tan

Lol

7 5
fcosec”Smclw:—%(COt_3x+3 cot Jm+ cot33:c+cot3a;)
5

5

. f(seca:— tan 2) sec®x tan*x da

= % (tan®~ — secx) + g (tan” x4-sec” z) +é (tan® x — sec’ z).

6. f(sec" ¢+ tan’ ¢)? do
—(tan5¢ + sec“¢)+tag ¢ 282’3¢+2tan¢-¢.
tan” w+1 tan®2x tan‘z
= — t 1 3
tanw+1 5 1 + tan « 4 log cos
sec’x +tan’e . . . 2sec’x .
fsecw+tanw do = tan’x 3 g Teerte
9. fsec“ @+ sect g =0T ey + 3log tan .
tandz 2
(]
10. fcosec 6 + cot?® 0d 1 29 _ in? ) i
o050 0 oot 8 0 = (tan 6 — sin®6) + log (sin 6 tan 6)
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11. f\/secaw tan ¢ (Vsec® z— Vtan®z) dz

. ; (tanf z—sect z) +3 (t:a.ng @ + sech ),

¢

12. f (sec™x tan® x — tan™~'x sec® z)dw

_sec™Hy —tan™Ha  2(sec™? x4 tan™? ) 4 Sectw— tan™ gz
m+ 4 m+ 2 m

A term fsec"‘m cosec"wdr may be integrated, when m + n is
sec
tanx

even, by substituting cosecx =

2

4 2
13. fsec" 2 cosec® & dx = 'E“_‘l L 3 tan’x cot *+3 log tan .

14, f (sec*z — cosec® x)? dx

cot®z

" 7 5 3
_tan"2 Stan’x | tan®z % _ 3tans— ! +cot .

7 5 tog

215. To find fsin"‘a:cos"w dx by Multiple Angles. The integra-

tion of this form, when either m or » is an odd positive integer, has
been,given in Art. 211. The following method is applicable when
both m and n are even positive integers.

By trigonometric transformation sin™ zcos" 2, when m and n are
positive integers, can be expressed in = series of terms of the first
degree, involving sines and cosines of multiples of z.

If we use the method of Art. 211 for integrating terms with one
odd exponent occurring during the process, the following formula
for the double angle will be sufficient for the transformation of the
terms with even exponents:
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sin 4 cos 4 =%sin 24,
- 1 o
sin? 4= 3 (1 —cos 2.41),
cos? A = L (1 4 cos 2 ).
2
For example, required { sin*x cos?z dx.
sin*x cos® & = (sin z cos )? s’ » = ésm2 22(1 —cos 2 )
——Lsin? 2. cos 2x+ 1 (1 —cos 4 z).
8 16

in8 9 : s
Hence fsnl‘ zeos?wdy =— S =T, 2 = 211.—4—?--
48 16 64

EXAMPLES

1. Sinﬂvdm:%(‘g‘Tx_ sin 2 & + sin 4 a:)

8
2. |costrdr= i(g’f +sin2x + Si‘lsﬁ") .

. 1 sin4d x
3. sin?xcos?x dx = _Sn 2%\,
n xzdx 8(::: 1 )

g _1 A sin®2zx 3 . .
4. smmda:_w(ﬁ:c 4sin2x+ 3 +4sm4w
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5. cos‘wdw:%é(b'x-{- 4sin2z— 8“13‘ Sw T, 3sm4m)

ind g gy — 1 sin 8 2
6. | sin*zcos mdx_128<3 —sind x4+ —2= 5 )

1/

7. |costzsin’zde= sin 8z
128

<.)a:+83m3 Qrx—sindx— 5 )

. 1/35x 2., 7
8. sinfedy =" “—4sm2zx4+"sin’2z smiz
16( 8 +3 +8



CHAPTER XXV
INTEGRATION BY PARTS. REDUCTION FORMULZE

216. Integration by Parts. From the (hfferential of a product

d(uv) =u dv 4+ vdu,

we have uv= fudoe+ fl' du.

Hence fud’v:mv— vde. . . . . . . (D

This formula expresses a method of integration, which is called
integration by parts.
For example, let us apply it to

‘f.v log @ dx.

Let u=logx, then dv=uzdx;
. 2
whence du= %"“, and o= ﬁ) .

Substituting in (1), we have

flogw-mdw:logm-‘g—f%ﬂ-d—m B 9]

o

=—2— logw—z-

279
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Integration by parts may be regarded as a process, which begins
by integrating as if a certain factor were constant.

Thus in (2), if in f log .2 dx we treat log « as if 1t were a con-
stant factor, we obtain log x. aiq . From this we must subtract a

new integral formed as 1ndu,ated by the following connecting lines.

—_———

flogw a:d.v_loga: = jvzda:

This method of remembering the process may be found useful.
Another example is fm cos x d.
Assuming u = cos z, we have
fvcoswdx:cosa; . g—f%z(-— sin 2 dx).
As the new integral contains a higher power of = than the original

integral, nothing is gained by this application of the process.
But if we take © ==, we find

fwcosxd.v:acsinm— sinx dx
= 2 sin x 4 cos x.
EXAMPLES

! 1
3 a— —_—
1. | Plogzde= 1 <logm 4>

.

2. fw (e + e ) dx = S(e“’ —e ) — ii(e“ +e™=).

. [_=z 1 z,1
3. w(sm3m—cos3w)dw_< 3+9)sm3w (3 9)cos3:v.
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2 ?
1 e -————_, =
4. f (og +sin= )dw 210g 7 2 cos= +4sm2

22 2 — otz ¥ 1 26 o 1 %2.
5. f z(e* —1)’dr=e (4 16) e (‘o 2) + 3
6. flog (e + b) dz = (a: + g) log (ax + b)— 2.

_a*4+2x-3 o X
7. f(w+1)1og(w +3)dxe = ——2--—-—-10g (z +u)—z+§-

8. [sec*¢logsingde= (t'"; ® | tan ¢> log sin ¢ — tzm tand _&i

loga 2 4V2 3x—2
9. -de=2 \/3:1,— (logm - )+ Ztan~ \/——
\/3.1,-—-1 3 2
10. log(x +2) dz log(:c+°)+10ga+1

(=+1) z+1 @+ 2

11. fta.n“—afd.z: =gztan1% — ?log (x* + a?)-
a a 2
12. fm’tan"w dr =2 tan-1z — wz + 1 log (2? + 1).
3 6 6
13. f sin' % de = 2sin' 2 4 V@& —
a a

14, f(Sw’— 1)sin~'a de = {&* — z)sin~'a — g%_i
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15. fw sindx dx = w(eogw—cos a:) + six;ac_'_ 2 S;“ z,

tan @

16. | »(sec®x — tan®x)dr=xtan’z+ % + log sec .

log (e" 4 1) 41 .
17. = T dep=a——=1 1).
f JE r=2 pr og (e +1)

18. fng(a+ VEF @ ds=clog(a+ V@ T @)
+alog(z 4+ V&' +d? + db)—z.

In each of the following examples integration by parts must be
applied successively.

19. fwf*e—kam_%‘(mwsxu6m+3).

20. [ —apar=5-"C0s-1+" " o204 1)~ 2.
21. fa:"“ (log z)? d.v=‘:"; [(log w)9—21"’1.g”’+52].

22. j‘ar”smmvd.z:._(34L z)smdw—(lﬂ—'qf)cos"

23. fw(tan"w)zdw—w2+1(tan“ z)?— mtan"‘w-}- lo s (@2 +1).

24. :zvlog(ac-&oz)log(:v—a)d.z:_fi --—log(a,-l—a)log(w—-a)

~ D10+ )~ 7 Do (o—-a) + 2
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217. To find f e* sin nx dx, and f €* cos nx dx.

Integrating by parts, with «» = e*,

e** Ccos nx
fe'" smurdr=—-—"""4 g’fe"' cosnxdz. . (€))
n

n

Integrating the same, with » = sin nx,

esmauxr n
fﬂ“sm nede =——--— —fe‘"cos nede. . . . (2
« a

We see that (1) and (2) are two equations containing the two
required integrals, f e sinnx de and f e*cosnedx. Eliminating

the latter, by multiplymg (1) by »% and (2) by «? and adding, gives

@+ n?) | e¥ sinnx dr = e* (@ sin nx — n Cos nx);
)

% (a0 sin nx — n cos nx
hence fe'" s e = £ — ) ... 3)
a4+ n

Substituting this in (1) and transposing, gives

@ e (an s nr + a’cos nx
—fe"’vos nxdr = ( . L );
n (@ + n)n

e (0 sin nae + @ cos nx
hence fe“’ cos nrde = ( ; +, cosnz) “
@&+

EXAMPLES

The student is advised to apply the process of Art. 217 to Exs.
1-4. For the remaining examples he may substitute the values of
a and » in (3) and (4).

[ fe“sin5mdm=§(3sin5m—5cos5m),
1.
IL fe’“cos 5a:dx=$(5sin5x+300s5w).
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j fe"" sin x dx = —.e__;(Z sin  + cos z),

—2z
'L fe‘”coswdz:%(sinw— 2 cos ).

azx
3. f e*sin ax de = ;— (sin ux — cos az).
@

w»

X fe'gcos ‘;d:::::(l—;:—; 2(2 sin§—3cos§>.

5fgin2w+cos2mdw=_sin2m+50032x
’ e 13 ¢* :
. . ek o2
6. (e +sm2a:)(e’+cosm)dm=§+g(sma:+2cosw)
+%z(sin2m—2cos‘2m)—2—c-(:;s—s—§.

7. fe“" cos’3wdm=%+g(3sin6x+cosﬁw).

fe’sin2wsin3m(lx=%[sinx+cosz—éM%M].

9. we”coswd.v=%—:[5w(sinw+2cosw)—4sina:-—3cos z].

218. Reduction Formule for Binomial Algebraic Integrals. Thes=
are formule by which the integral, |

fm"‘ (a + ba™)* da,

may be made to depend upon a similar integral, with either m or p
numerically diminished. There are four such formule, as foilows:
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fw"‘(a + ba*)? da

_ ™ (a+ b))t (m—n+1)a
(np+m+1)b (np+m+1)b

(a4 bx")rde, . (A)

[ra+wry
_a™(a+ba")? npa o ot
i) e ety as L @)
f (o 4 ba)? ds

_ e a4 0Pt (ptn+m41)b (i a\p
= m+a m+Da ™t (a + ba*)?de, . (OC)

fw"‘ (@ + bz)? dx

—_2(a+ba)™  ap+ntm41
n(p+1)a n(p+1)a

o (a+bx)rHde. . (D)

Formule (4) and (B) are used when the exponent to be reduced,
m or p, is positive, (A) changing m into m — n, and (B) changing p
into p —1.

Formule (C) and (D) are used when the exponent to be reduced,
m or p, is negative, (C) changing m into m + n, and (D) changing p
into p 4 1.

If, in the application of one of these formulz to a particular case,
any denominator becomes zero, the formuls is then inapplicable.
For this reason,

Formule (A1) and (B) fail, when np+m+1=0.
Formula (C) fails, when m+1=0.
Formula (D) fails, when p+1=0.

In these exceptional cases the required integral can be obtained
without the nuse of reduction formulze.
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219. Derivation of Formula (A4). Let us put for brevity

X=a+bz", dX=nbx""'dzx.

Then fw"‘X’ dr = f w"“"“‘z—piX.
n

slesrating by parts with « =am"+, we have

gt XL gy 41 N
o™ XP g = - — m-n Xrtldy, . . (1
f‘b Xt do nh(p+1) nb(p+1) * . @)

Comparing the integrals in (1), we see that not only is m diminished
by =, but p is increased by 1.

In order that p may remain unchanged, further transformation is
necessary.

By substituting X**!' = (« +ba") X,
the last integral may be separated into two.

f X (g = af.v”'“"X" dr + b | x"X? da.

Substituting this in (1) and freeing from fractions,

nb(p+1) ) " Xrdp =am “F1XrH
—(m—n+ 1)<afm"“"XP dx +b | 2"X? d:c)

Transposing the last integral to the first number,
(mp+m+1)b | 2" Xrde =X — (m—n+1)a | 2" "X dx, (2)

which immediately gives (4).
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220. Derivation of Formula (B). Integrating by parts with
u= X’ we have

1 m+1
fa:"‘X" o= _ (2 pXPna! da
m+1 m+1

_a™ X apb

mgn"p—-l . . . .
m+1 m+1 Xt da @

Comparing the integrals, we see that not only 1s p decreased by 1,
but that m is mereased by n.

To avoid the change m m, substitute in the last integral of (1)
br*=X —a.

Also freeing from fractions,
(m + 1)., NP dr =2 XP — np (fr”“\"’ de — uf.z:”‘X"" d:c).
Transposing tn the first member the last integral but one,
(np+m +1) § 2»X? de = 2" X7 4 npa f 2 Xrtde, .. . (2)
which immediately gives (B).
221. Derivation of Formula (). This may be obtained from (2),

Art. 219, by transposing the two ntegrals, and replacing throughout,
m—mn by m. This gives

(m+41) afm"‘ Xp de = ™' X**' —(np+m 40+ 1) bfﬂ’f"Xp dx,
from which we obtain (C).

222, Derivation of Formula (D). This may be obtained from (2),
Art. 220, by transposing the two integrals, and replacing p —1 by p.
This gives

n(p+ l)afa:"'X" de= —a"" X" (np+n+m+1) | 2~ X?+dx,

from which we obtain (D).
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EXAMPLES

2’dx =z x

1. —_— '\/o!.2 w’+——sm‘1—-.

Vai—z° a
Here \/‘:’;dm = = f:c”(a’ %" Y.

Apply (A4), making

m=2, n=2, p=—%, a=a? b= —1,
3
fme(an_m’)‘l‘dq;:ﬂ?’zt_?xgl:__:a%f(az_mz)—}dz

2
X, o 1 a® . 1L
— “(a? — 2?7 4 “-s8in—1=,
2( ) 2 a

2. f\/u”+w*dw=g\/a2+x2+(—12—210g(x+ \/u”-{-:c’).

Apply (B), making
m=0, n=2, p=%, a=a}, b=1.

a

2 .
=g(a’+ a:”)* +%log(m + Va + o).

'\/‘”2 — + -l—sec—‘m

fa,“/ Z—a 2a%* 2a® a
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Apply (C), making

m=—3, n=2, p=—%, a=—a} b=1.

f w-3(a? — o) Fdw= %“_’ﬁ + 9‘2‘2 f O

_@—ant 1
e T2 G

4, e _ _ 1 — }Esec“g.
s2—a)t  VeE—a® o a

Apply (D), making

m=—1 n=2, p=—g, a=—a’, b=1.

. [VEBas=EvaE s CoinL.
2 2 a

x? dx x .. a? -
=Z _ =1 —ad).
6. f\/x’_az 2‘\/m2 a2+2 Og(x+\/x2 (l,)

. f@—tas=EGa -2y va e+ Blsin,

8. [@-tde=Cs—ba)VF—a a’+3—:: log (& + V& — ).
[
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T =292 oo a2 aZ,
9. fwg\/a 2? d 8(2&:’ )Var—zx +8sm -
10. fw’\/x’+a"dm=g(2:c’+a’)\/a:’+a?—(glog(w+\/a:“+a,’).

@

dx
11. e
f(a2 —®)t aVa—a

12. Derive the formula of reduction used in Case IV of Rational
Fractions.

dx 1 x o f da
= -t —3 ——eee |,
@+ay 2m—1) u,”[(w"’+a”)"" +@n—9) (m2+a‘-)~—1:|
13 dx ___ 32— 3 sec-1%
23 (2 — a*)% 2atve @& 20°
dx 22 -1
. = V@ 1.
14 f #VEyrlL 3%
x _ + 3a ,— . 3q
15. f vdz__ _ a3} LT
Vias — V2ar —a 425 5 ’ vers .
3
Write J \/:’2 dz =J‘\/a‘v;d‘m_ , and apply (4) twice.
ar — sa4—2

16 f dx ______\/2<ca:—a§2_
v 2V2ax—a ax

17. f\/Zaa:-—m’d:c: av2aw—w2+ sm—l‘f;a.
a

r—a

or = VZaz—a + L vers®.
2o 2 a
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Write f V2ax — o2 dx =f\/ a*— (v —«a)*dw, and substitute
in Ex. b.

18. fa:\/2 am—x”dm:—'zg?—"r—ag—_ﬂz\ﬁ.’_&w_—?-f-(gvers“f,
a

x

Saz—a*+avers?
a

20 arde 2™ 'V2ar—a® + @Zm--1)a a™de
V2ar— m m V2ar —a*

dz
2 f N YT

_ VZ2ar—2a* m—1 f dz

@Em—Dax™ " 2m —1a) 2" '/ 4z — 22

22. f.o"‘\/ 2 ax —a?dr

m—176) — g
Qe Cudla o g,
m 42 m+2

23. f\/2 ax — o' da
xﬂ

- (2aa:—a:2)%+ m—3 V2ar—atde,
@m— 3™ (2

2m —3)u am!

223 Trigonometric Reduction Formule.—The methods explained
in Arts. 211, 214, are applicable only in certain cases.

By means of the following formula,

f sin™ & cos" « d, f tan™ » sec”  dz, and f cot™ & cosec” x da,

may be obtained for all integral values of m and =, by successive
recuction.
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inm-1 n+1
. x -1 P
fsm"' zeos" 2 dr = — 8 :c-ic_:os + M - sin™?g cos*xdz. (1)
m n m n

inm+1 n—1 — .
fsin"‘ oot g de =0 2COSTE o1 (i oog-ty e 2
m+n m+n

f sin™ 2 cos® x d

_sin™!gcos*ly  mn+2

sin"**gcosmzdr. . . . (3)

m+1 m+1
fsin"‘ xcos™ x dx
sin™gcos™lz  m4+n42 f . 2
= sin"zcos"tlxdr. . . (4
P + wrl sin™z cos"+?x 4

Iym—1
. reosa  m—1 e
fsm"a:dw=—s"-1——-——(l‘°’—+ n ——fsm’" *ede. . . . . . (D)
m

m

~1

fcos"wdx sin 2 cog® LS 1fcos" zde. . . . . . .(6)
n

m~1 n

ftan"' wsect z de = PN 280w f tan™~2x sec" z da. (7)
m+n—1 m+n—1
f cot™ x cosec” 2 dx
cot™ \r cosec” m—1

__ — 1 m—2 {3 dw. . 8
mtn—1 parp— cot™*x cosec” ()]

fsec..wd{”___sec""mtanm_*_n—Z gsec2zdr. . . . . . .(9)
[ n—1 n—1
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n-2
f cosec™ g do = — COS€C” % cot 2 + n—2 cosec*?zde. . . . (10)
n—1 n—1

n-1
ftan" xde= ta‘Llic — fta,n""“’ Y % B
| n—

n—1
fcot"wdw=—9°—t-—“-'—fcot"-”a:dx B ¢ )

n—1

224. Derivation of the Preceding Formule. — To derive (1), we
integrate by parts with « =sin™!a.

sin™ ! cos"tla  m—1

sin™ 22 cos™? x dz.
n+41 n+4+1

fsin"‘ xcos"x do = —

f sin™ 2 cos™2x dr = fsin”"’ x cos* x dx — fsin"‘ zcos™ x dx.

Substituting this in the preceding equation, and freeing from
fractions, we have

(m + n)fsin"' x cos® x dx
=—sm™' & cos"t x4 (m —1) f sin™-?2 cos" z du,

which gives (1).

To derive (2), integrate by parts with « = cos"'«, and proceed as
in the derivation of (1).

Formula (3) may be derived from (1) by transposmg the integrals,
and replacing m —2 by m.

Formula (4) may be derived from (2) by transposing the integrals,
and replacing n — 2 by n.

To derive (5), make n=0 in (1); and to derive (6), make m =0
in (2).

The derivation of (7), (8), (9), and (10) 1s left to the student. We
have already derived (11) and (12) 1n Art. 212.
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EXAMPLES
1. fsin‘w doe=— colf T(“fglb + usm“ - + 2sin .z:) + 1_:
2. fcosec“ rdr=— co: m(;t?‘ +5 sm’ ) + 8log tané-
3 fsec’ wde= ;i’;sf (d i)b x + 12 (i)s-’ & + g)
+ %Iog (sec.x 4+ tan ).

4. fcos‘ rdr= Sig z (cos’ x + cos® x4 540083 x4+ {:—'(-; cos ac) + ?gsw
5. fsin‘ xcos’ x dx = @;—? <Si§5-w 51111: r_ 3_1;_11") + i";.
I R
B sin* (ai:aéoss - Eo—.t? x (5:111;3_1: + 3&0 - gsm ac)

+ g log (sec  + tan x).
8 ftan‘x secd x do = (tags z_ E‘%“") secz + SeP_a.i_g"nE

+ 11?3 log (sec x + tan ).
9. fcot’ x cosec® zdx = 9_‘)1“_’.“’2&” ( "_Q.sg(_“_ + coi‘fzc_g L %)
116 log l:anE



CHAPTER XXVI
INTEGRATION BY SUBSTITUTION

225. The substitution of a new variable has been used in Chapter
X X111, for the rationalization of certain irrational integrals. We
shall consider 1n this chapter some other cases where, by a change
of variable, a given integral may be made to depend upon a new
integral of simpler form.

We shall first consider some substitutions applicable to integrals
of algebraic functions, and afterward those applicable to integrals
of trigonometric functions.

226. Integrals of form f f(«*)w dzx, containing (a+b.z>2)z. One of

the most obvious substitutions, when applicable, is 2* =z.

By this, any integral of the form f S@Hede
is changed into % f f(2) dz.

Integrals containing (a + bxz)’q" are often of this form.
_Pdz

Vi—at

By the substitution ? =z,

Take for example

dx =1 zdz
vi=z2 2Jvi—

This is of the form of Art. 203, and is rationalized by putting
1—2=w?
295
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The two substitutions in succession are equivalent to the single
substitution 1—22=wt
Applying this to the given integral,

P=1—w) zdr=-—wdw.
z* dx =__f(1—w’)wdw=_ 1 — w® duw
vie=a w f( )
_w_&s)=_l_(3_w2)= '\/1 :1:2( 2+ 2).
3 3
EXAMPLES
ddr _3a'—2a°4 2 Y]
1. f-\/‘),vz F1 30 v +1
o (a? — w”)*dm = 13‘ (6 o — a%a? — b at)(a? — wz)§
3 ———ii._l_:=-1—10g——~————-—\/'v2+a’2_a _.1_1(, wz
sata 20 Vitata 24 Eratap
x
==log ————-
@ "Vatdta
zdx 3 (a;”—{—])% o 3 P :I
p—— =3 + @+ log(Vat+1-—1) |,
VEri-1 z[ g TE@HD Lo )

5. mdm__=110 V3= 41 +§lo V3 —a?—3).
.fm’+2\/3—-a:‘~‘ 18 A )

227. Integration of Expressions containing Va? —2* or Va? + d?,
by a Trigonometric Substitution. Frequently the shortest method of
treating such integrals is to change the variable as follows:
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For Va?—2a? let x=asmmd or x=acosé.
For Vo' + o4, let x=atanf or x=acoté.
For Va?—d? let x=asech or x=ucosech.

dx
@ =

Let = asin 6, dx = acos 6d6,

For example, find

«®— 22 = a? — a*sin?f = a? cos?d.

_ dz fa_cgs_ 6d6_1 ( d§ _tanf _ w_ .
(a*— wl)z a*cos?d o) cos’@ @ gN/gf — ot
Take for another example f da:___ .
Va4 a?
Let 2 = atan 6.
f___ de f asec’ddd _ 1 f%ec 04 - d6
eVEFa@ J atanf-asec 6 aJ tand sin @
VEF ut —
_1log(cose00—cot0)——— +a, yrt+e—a,
2 __ o2

Again, find f l/‘vz—mi dx.

Let x = a sec .

f\/m de =fa tan 6-asecftan§df _ ftan20d0
®

asecf

= af(se09 6 —1)df = a(tan b — 6)

> T
o} — a* — asec™1=.
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EXAMPLES

1 [Va—@de= V= + L st

dx —.
5 —  _=log(a % — a?).
3 f\/ﬁ___@ og (& + Va— u?)

A R T

2\ uf — ot 3 ata®

5. fl/_”_;t‘fdx - _‘%ﬂ +log (z + V& T a).

8 f\/mdw=f v+1 = dz=Va' =1 +log (s 4+ V& —1).

&l
;..a

f(x+1)d\/“ 1_\/w+1'

10. dxz _ 1+a:_
0 f(l—a:)\/j_—mﬂ 1—2

n (—2% A i—2+smZ—1.
f\/3+2w a2 + tanTT
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For \/3+2a:—x"‘=\/4——(a:—1)“’, let #—1=2sin 4.

@ +°w+s)* NEFwry

.For Vi+22+3=V(@+1)*+2, letx+1=+2tané.

13. r—a__.
f( 2ax— a:-")i V2 axr — »*

LR . . ,
14. f\/;id) dr=~/(&+5)(x+3)+2log (VT +5+ Vz +3).

; Qar — 2 2 —
15. o dx =_(3a+m)_?_/.aa: @ +3_u sin-12—@,
V2 ax — u? 2 2 a

228. Substitutions for the Integration of Trigonometric Functions.
A trigonometric function can often be integrated by transforming it,
by a change of variable, into an algebraic function. For this purpose
two methods of substitution may be used, as shown in the two follow-
ing articles.

229. Substitution, sinzx=12,cosz=2 or tanxr=z,

Consider, for example, f sin x cos x dx
1

—sina 4 cos’x
Let sinz=2 then z=sin"lz, der= (_lf_
V4

f sin 2 cos » dz _f 2V1—2* __f
1—smz+cos?z J1—z4+1—22 \/1—z2 2—z—22
zdz =__f f
2+21—2) 24+ 3 1—2

= —-glog @+ z)—% log (1 —2)= _% log [(2 + sin 2)*(1 — sia z) ],
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EXAMPLES
dx 1 ) b /b
1. fa2+b2tan2m= az_bﬂ[a,—-(—ltan 1<(-‘l taDW>].
2 1+d:anx=02£+%10g (sin @+ cos 2).

3 fsinacd llgl-—smw 1 1 1+\/§sinm.
" Jsindzx 1+s1nm 4vV2 “1—+2smz

Let sinx=z=.

" f dz log Sz (1+ cosz) Let cosz=z.

sin & 4 s Za, 3 (1 +2cosx)*

log (sinz + 2 cos z).

sinz 4 cosx _3z_1
5. f dx = 5 g

sinx+ 2 cos x
Let tanz==z.

!an‘.’r =4 __'l__ log tan x — \/3
tan S & V3 tanz 4 /3

7. Show, by transforming into algebraic functions, that only one of
the following integrals can be expressed in terms of the elementary
functions. (See Art. 208.)

f\/ tanz dz 1\/:_ ‘:f where z=tanuz.
f\/smmdw—f VZd 2— \/z dzzs, where z=sinz,
Vvi—z z—
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230. The Rational Substitution, tan g: z. By this substitution,

sin &, cos &, tan «, and da are expressed rationally in terms of 2. For

2ta.n§ 2
sinx = = = zz.
14tant® 1+2
2
1-—tan’; 12
cos x= 1_z2-
1+ta,n2§ +
2
2ta.ng
tanw:———___zz.
1—tan?? 1-—%
- 2d
From g=ta,n 12, d.z:=1+:2-

It follows that the integral of any trigonometric function of =,
not containing radicals, may be made to depend upon the integral
of a rational function of z, and can therefore be expressed in terms
of elementary functions of .

—_— . i ituti f th
231. To find fa sz Applying the substitution o e
preceding article, tan §= 2,
2dz
f de _ 1428 _ f 2dz
a+bsinz at 2 bz a(l+2)+2b
1422

___f 2 adz - 2 adz
a*%?*+ 2 abz + @* (az + D)’ +a* —b?
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X

f da:' - .5_2“_ tan-1 %2t b_ —_ 2 tan-! .
a+bsine /gt "pt VE-B V- V& —b5

If a < b, numerically,

f dx - 2adz _ 1 1o Laz+b—Vb—a’
a+ bsinx (az 40— (¥ —?) Vi_a az+b+Vii—a?

atau§+b—\/b“—bﬁ

= ?1'* 2log .
— x o
Vi —a atané+b+\/b2 &

232. To find f dr

a+b(:usm.
2dz
f dz — 142 f 2dz
a+bcosx b (=2)"J (a—b)2*+a+b
1+#
— 2 dz
a—b z2+(d—_b
a—b

If @ > b, numerically,

f e _ 2 \/a_ tan-12Va—d
a+bcosz a—b Va+d Va+b

2 \/&:‘b x
— 2 __ tan tan Z).
oy i < ot b a“z)
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If a < b, numerically,

C_de _ 2 (4
Ja+beosz l;——afzz_m
b—a

1 logZ\/?)—u—\/b+a
V- z2vVb—a+Vb+ta

1 . b—atanf§+\/b+ﬂ
=-—- ——108 .
VU -«

Vb= atan '.3_ Vi ¥a

EXAMPLES

Integrate the following functions by means of the rational sub-
stitution.

1. f-_!l.” =Lian 1(2tan ).
5—3cosz 2 an a112

2. f daq____=__1_10gtanw+2—‘\/§_
1+2sm22 2v/3 “tanw+24 V3

1 3ta.ng+2

3. f————dw——-———=—] R —
Hbsina + 12cosa 13 Og2tan£—3.
2

btang —a+ Va4 b

4 dx _
. - > = 2.__2log . .
asinz+beosz /g2 1 b btan % —a— VEF B
2

@
tan -

. l’II‘ =lo 2

sin 2 + versa 1+tan?
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. tanZ 1
6. f dz =tan"‘—-2—_...
3 —sinz + 2cosx 2

tan &
7 f do =—1—log?:r£j
b4+ Tsinw—cosz b ta.ng-}-z
; lx 1, 1 »
B.f i w1 Y
(1+sinz + cosz)® 2 an,, 1+t;m%’ og( + an2>

233. Miscellaneous Substitutions. Various substitutions applicable
to certain cases will be suggested by experience.

The reciprocal substitution, w=:j, may be mentioned as simplify-

ing many integrals.
EXAMPLES

Apply the reciprocal substitution =§ to Exs. 1-6.

L j'\/a:?—ct,2 _@ —o@j.

3 a’?
9 f dx __V&+ a"‘.
J vt a a%

VZaw—a ;. __ (2az—aft

3 ax?

dx 1 p
4, ==lo - ~ e
fw\/a’iw’ a ga+\/a2j;a:’
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o [ _gnz=l,
V8422 —1 3z

?de 8 6
" S e G G E e TR+ D),
Let x+2=2=2

8. SN C o) kAT N (o ) s
.f@+an+wdx -

Let x4+ b =x=.

9 f dx =1_ _b%’ _ 2ba —lo a+bxr]
S Ja(atbx)} @P| 2@+ bx)? a+bx 8%

Let a4+ bx=x2

sina

tan (x + a)

d.z:_sma,-smalogta,n’v"'a Let x +a=-xz.

dx _ 12et+1
11, f—————————x—e 2+ log VeZ + e + 1 1————tan =
& 4 ¥ 4 e +log tet V3 v3

Let e =z.
=2 to= V@— DG ED) in-14 /210,
12. b+wdw_\/(a 2)(b + 2)+ (a + b) sin T

Substitute b +x=2% and the integral takes the form of Ex. 5,
p- 289.

x4+ a
13. f w+bdx

=V(@+d)(@+0)+(a—bd)log(Vz+a+ Vz +0).

Substitute x4 b =2% and the integral takes the form of Ex. 2,
p. 288



CHAPTER XXVII
INTEGRATION AS A SUMMATION. DEFINITE INTEGRAL

234. Integral the Limit of a Sum. An integral may be regarded
and defined as the limit of a sum of a series of terms, and 1t is in
this form that integration is most readily applied to practical
problems.

235. Area of curve the limit of a sum of rectangles. Tet it be re-
quired to find the area PABE included between the given curve OS,
the axis of X, and the ordi-
nates AP and BQ. Y

Let y=at be the equa-
tion of the given curve.

Let O4A=a, and OB=1".

Suppose AB divided into
n equal parts (in the figure,
n = 6), and let Az denote
one of the equal parts, A4,,
A Ay -

Then AB=b—a=nAz. O A

At 4,, A, .., draw the
ordinates A,P,, 4,P;, ---, and complete the rectangles PA,, P4, ---

From the equation of the curve y = wi,

PA=a}, PA = (a+ A0}, PA,= (a+245)}, ..., QB=0k.
Area of rectangle PA, = PA x AA, = a}Ax.
Area of rectangle P4, = P4, X A, 4;,=(a + Ax)i Az.
Area of rectangle P,A3 = P,A4, X A,A, = (a + 2 A:v)* Ax.

o
v
I
|
-0
)
1
)
1
<0
0
\f
72}

e

»l
z
@

Phemm—————————
[ I
&

o L

P I
&

-

Area of rectangle PB= P,A, X A,B (b Aa;)* Az.
306



INTEGRATION AS A SUMMATION. 307

The sum of all the n rectangles is
al Az + (¢ + Az)t Ax +-(a+"m)i Az + - + (b — Ax)} Az,
which may be represented by 2 zt A,

where o Az represents each term of the series, « taking in succes-
sion the values a, a + Az, « 4+ 2Ax, -+, b — Ax.

It is evident that the area PABQ is the limit of the sum of the
rectangles, as n increases, and Ax decreases.

b
That is, Area P.ABQ=Lim, 2 x}Aw.
236. Definite Integral. From the preceding article
b
2 2t Ax=ut Ax +(a+ A‘r)]-' Ar4(a +2 A‘r)i Ax+ -4 (b— Am)l Ax.

The limit of this sum, as Ax approaches zero, is denoted by
b

f ot de. That is, by definition,
[

b b
f atde=1im,_, 2 rhaz,

a

fba:]-' dx is called the definite integral, from a to b, of o da,
[t is to be noticed that a new definition is thus given to the sym-
bolf, which has been previously defined as an anti-differential.

The relation between these two definitions will be shown iu the fol-
lowing article.

b
237. Evaluation of the Definite Integralf atde. This is effected

by finding a function whose derivative is at,

i
p_d /22
e dm( 3 )

By the definition of derivative, Art. 15,

(w + Aw)’! -
4 2} = Lim .;==o-—-_3 =t
da\ 3 Ax
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2 2z
Hence 3'(“" + Am)% 3

Ax =w*+e,

where ¢ is a quantity that vanishes with Az.

Hence —(m+Am)§~——_w5 Az + e Az.

Substituting in this equation successively for =,
a, a+ Az, «+42Ax, ---,0— A,

—(a+Am)*—T*.—a}Aac+qu,
2a+2a5)t—2 ¥ — (a4 AcYE
3 a4+ 2 Ax) -—g(a+Am) = (e + Ar)? Ax + e,Aw,

g(a+3A:c)*}—-§(a+2Ax); =(a+ 282} Ax + ¢ Az,

%__(b Az)k=(b — A%)}Az + ¢, Az

(-]

Adding and cancelling terms in the first members,

gg - %—aj =al Az +(a+ Aa:)*Ax +(a+2 A:v)iA:c 4o+ (0— Aa;)%Aw

+ AT+ AT+ ¢ AT + - + €, A%
) b
=2x*¢.w+2aAw.. e e e e e e e . W)

Comparing with the figure, Art. 235, 2 . Ax, as we have befora

seen, represents the sum of the reetangles, and E e Az represents

the sum of the triangular-shaped areas between these rectangles and
the curve.

The latter sum approaches the limit zero, as Az approaches zero.
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For if ¢, 18 the greatest of the quantities ¢, €, +-¢,, it follows that

2} Az < 5,2”&,

b
that is, D <Az < (b —a).

As ¢, vanishes with Az,
b
Limhﬂz eAxr=0.
Taking the limit of (1),

3 3
20 2a2

3 3 = Lim,,, zbm’} Ax,

1 94
that is, f "o dy = ?di — 2% = Area PABQ.

Thus the value of f bx% dx is found from the integral

i
fa;’}dx = g3_a:_ ,

by substituting for 2, b and @ 1n succession, thus giving

20} _ 24}
EREER
The process may be expressed
v 2483 i &
bap =220 | _ 200207,
S elaa=2 .3 3

This is called wntegrating between limits, the initial value a of the
variable being the lower limat, and the final value b the upper limit.

In contradistinetion
5
fm} dz = -2% +C,

is calied the ndefinite mtegral of otda.
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238. General Definition of Definite Integral. In general if f(x) is a
given function of 2 which 1s continuous from a to b, inclusive, the
definite integral

fbf (2)de = Limag=o [f(a)Aa: + f(a + Ax)Az + f(a + 2 Ax)Ax
+ e 4 f (- Aa:)Ax].
It ff (#®)dz = F (%), the indefinite integral,

‘fbf(w)d.z:=F(b)—F(u). e

This may be illustrated by the area bounded by a curve as in Art.
235, by supposing y = f () to be the equation of the curve 0S.
The proof of Art. 237 may be similarly generalized by substitut-
3
ing f(x) for o, and F(x) for -2-%’-’ .
(3] b
Geometrically the definite integral f S(@)dz denotes the area

swept over by the ordinate of a point of the curve y=f(x), as 2
varies from « to b,

It is to be noticed that in Art. 192, by a somewhat different course
of reasoning, we have arrived at the same result,

Area PABQ=F(b)— F(a).

239. Constant of Integration. It isto be noticed that the arbitrary
constant (' in the indefinite integral disappears in the definite
integral. .

Thus, if in evaluating f P dx, we take for the indefinite integral

fa:g de= 2:— +C,

b . ) o
ba= 208 L o2 )=.-_b_*_2_a%.
we find J::c da 3+C (3 +C 3 3

Or if f f(@)dz=F () + C,
[ 1@ dz=F@) + 0~ [F@ + C)= FO) ~ F(a).
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EXAMPLES
2
1. Compute Elx"’ Az for different values of Az.
When Az =.2,
2 v S

2 @ As = (12 + T2 4 1.4 4 T8

+1.8%(.2) = 2.04.
When Az =1,
S Far= (4 TT 4 T2 4 ...

+1.9% (1) =2.18.

When Az =.05, 2‘..»2A.n =226. z
1

. 2 2 28
le"h"z x* Az =f o’ dr ==
1 1 31

8—1_,
= = 3-
3 3

Curve 08, y=a2. 04=1,0B=2. ¢ A B X
Area PABQ=2.33 square units.

4
2. Compute 2 % for ditferent valuesof Az,
L

When Az =1, Y[R
EIA: (1 +14 1)(1) —1.833.

When Az =5, 2:%’” —1.503.

When Az=.1, 2__1426 i I —
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4
le‘“"z f = log wll =log4 —log1=1og4=1.386.

Curve RQ, y= 1 -+ 04=1, OB=4. Area PABQ=1.386 square
units.

3. Computez x Az, when Az=1; when Az =.5; when Ax=.2.
Ans 18; 19; 19.6.

Find Lim,,., zam Az. Ans. 20.

4. Compute 2 Ta o when Az=.2; when Ax=.1; when

Az = .0b. 0 + v Ans. 833; 810; .798.
1r —

Find Lim,,_, 20 1o Ans. i= .785.

5. Compute 2 logma: Az, when Ar=1; when Az=.5; when
Az =.3. Ans 3.121; 3.150; 3.161.

Find Lim,, , 2 logy2Ax.  Ans. 13 10g,)13—3 log,e—10=38.177.
10

g ) m m
. > ta . =5°=_"; =2,
6. Compute "t'm ¢ A¢p, when A¢p =5 =36’ whenA¢ = 50’ when

4

r €
=17 Ans. 316; .328; .340.
Find Lim,,_, Es tan ¢ Ad. Ans. log, V2 =.346.
i
/. f (@ — 4y des = 125 8. ((—=Zd __o
6 5 Vo +144
9. f _ Gy ="' 10. fz_d”_=L.
Vat —y V P—z+1 3/3

?efdes e W, a®dx - 2
11.£—_—e,_+1_tau e-I 12 fx,+“ 2 na?.
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\/(w 2) B—2) T 14. f sin® pdp = =

;E . 1 ™
15. f sin?fdf =" — . 6 eo 7V3
™ 12 8 16. jo' vers®20df = T

ud
4

17 f COoS 4 r)o—('OSd(l10=1+1rcosa.
cos § —cosa 3

2 2 dx 17
(‘l+0)’-—-4——010g2.
19. e -1% 2e).

o 14+ 20+208 22 42t

7
20. ’sinzde=m€—2.
0

2a
21. f zlog(x+a)dz=" —-—log(‘ia)——--

4 x
22. f tan—1=dw == — log 4.
0 4

b 2’ dx 1 /= a
A T _ tan1%).
a (&4 a’)(.z: + 1 )) Ta+ b<4 tan b)

By (b) and (6), Art. 223, we find

1( o™
2 2
n—1 .
f sint g de = f sin"~? x d,
o n Jo

m

g —1
f cos"wdr=—"=| cos"?zdx;
0 n

<13

]

from w~hich derive the following results:
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24. If n1s even,

i Y

25. If » is odd,

s

m
f‘sm” x dz =f'cos”md:c =246 @;)
(] (i} 35Tt
240. Sign of Definite Integral. In considering the definite inte-
b
gral f J (x)dx, we have supposed a < b, and f () to be positive be-

tween the limits « and b.
If f(x) is negative from a=a to =2, 2 f(2) Az, being the sum

‘of a series of negative terms, 1s mnegative, and consequently
f J (x)dx is negative.
If f(x) changes sign between z=a and z=1b, f Sf(x)dz is the

algebraic sum of a positive and a negative quantity.

Bl

_7"
2

l~l=!

C

Lt

2
For example, j‘: coswdr=1=area A0B.

L
fﬁ cos 2 dx = — 2 = area BCD.
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ud
2
ﬁ cosxdr=—1=1-2.
2
f cosxdr=0=1—-2+41.
0
The change of sign resulting from @ < b is considered in Art. 243.

241. Infinite Limits. In the defimtion of a definite integral the
limits have been assumed to be finite. When one of the limits is
infinite, the expression may be thus defined :

0 [Y
f J(@)dr = Lim,_, J S (x) dx.

For example, consider Ex. 12, p. 312,

** 8 a®dx . * 8 a’dx b
Jo Pide = Lim,_, | = i 3 ‘:;2 =Tim, , (4 a?tan! 2—a)= 27 ol

Referring to Art. 126, we find the geometrical interpretation of
this result.

The area included between the curve, the axes of X and Y, and a
variable ordinate, approaches the limt 2x«? as the distance of the
ordinate 1s indefinitely increased.

Applying the same process to f t%}l’, we find
1
b
Limbﬂf dz =Lim,_, logb=00.
1 ®

In this case there is no limit, and the expressionf 9% has no
meaning. 1 ®
* b
242. Infinite Values of f(2). In the definition ofjv S (@) dz, (@)

is assumed to be a continuous function from z=a to z=0b. If
f(#) is continuous for all values from « to b except ©=a, where it
is infinite, the definite integral may be defined thus:

j: * £(@) dw = Lim,.o J:. 1 (@) da.



316 INTEGRAL CALCULUS
If £ (b) = oo, f () being continuous for other values of ,

j: 'i,“(m) de = Lim,_, j; h_tf(x) da.

For example, consider Ex. 9, p. 312,

s Vai—

2

Here v ==, when y =a.
a'—y
Hence
f"__dj___ =Lim, [ —% _ —TLim,, (Sin.l a—h_ ,_r)
s Val—y 2 Val—y a 6
=T_T_T,
2 6 3

Another example is Ex. 13, p. 313,
j" da .
? V(x—2)(8—2)
Here ——1——_—_-: =o0, when 2 =2, and also when £ =3,
ViE=2)3—=)
3 dx . 3-» dax
J; V@E—2)(3—=) HJ‘-;» V& —2)5—2)

=Lim,,sin'(2z—5 - Lim, 4[sin~' (1 — 2 A)—sin™! (=142 )]
A i

8
24

=sin7'1 —sin!(—1)=m.

If f(x) is infinite for some value ¢ between a and b, and is con-
tinuous for other values, the definite integral should be separated
into wwo.

.f " (@) de = f "t (@) de + [ 7@)ds. Seo Art. 243

These new definite integrals may be treated as already expl.ined.
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EXAMPLES
1 f” dx T, 2 * dx = T .
“Jy A+a 1 " @@ ) 2ab(a+ )
2 dax ®  de 1
3' —__=l 2 vgt 4- —————“_=—l 2.
va_l BE+VI) L zd+a) 2%

243. Change of Limits. The sign of a definite integral is changed
by the transposition of the limits,

j:f (x) de= —‘fﬁf(ac) da.

This is evident from (1), Art. 238, and also from the definition.
For if « varies from b to «, the sign of Az 1s opposite to that where z

varies trom a to b. Hence the signs of all the terms of 22 S (@) Ax
will be changed, if the limits « and b are transposed.

S f@)Ar=— 2" f(2) Aw;

Hence j; °f (@) de = — f "/ (2) da.

A definite integral may be separated into two or more definite
mtegrals by the relation,

b o b
j: f (%) de = f f (@) dw + j; f (@) da.
This follows directly from the definition.

244. Change of Limits for a Change of Variable. When a new
variable is used 1n obtaining the indefinite integral, we may avoid
returning to the original variable, by changing the limits to corre-
:pond with the new variable.

For example, to evaluate

Jﬂ dz _, assume Vz=2z.
0o 14Va
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Then we have —'—11—_— = .’zdz.
1+ vz 1+2

Now when =4, 2=2; and when =0, 2=0.

* dr *22dz_or,
Hence j: - j’ [z—1log(1 +z)]

1+ o T+z
=4 — 2log 3.
EXAMPLES
1. f7w\/m+ (lx_8—8§ Let #+2=z.
2 15
3 n _ 3n+5 _
2. j; (z-2) wd.v_m, Tet 2—2=—=z
3 fz msdm__=§(3+\“/5). Let 2*4+1=2°
o(@+1)f 8
2a e 2
4 a\/?,a.v—.v"‘rlx:%, Let z—a=asiné,
V34222 5 .
5. f.\_/_.__.____ =v3-_T. — 2 -
2 (x—1)* dz="+ 3 Let x=142siné
h ——— & - —
6. IV(w—a)(b—x)dx=; (b—a)’. Let x=acos’¢p+bsin’¢
7. ‘L'“(ag_xg)gdwr.ii;?a’_. Let 2 =a sin®6.

®

-f:c‘\/a’ 2 dr= <\/3+48)a," Let z=asin6.
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245. Definite Integral as a Sum. In the application of integration

it is often convenient, in forming the definite integral from the data
b

of the problem, to regardf J () dz as the sum of an infinite number

of infinitely small terms, f(z)de being called an element of the
required definite integral.
From this point of view,

£}(w)dw=f(a)da:+f(a +dz) de+f(a+2dn) do+ - + £ () da.

This may be regarded as an abbreviation of the definition of a
definite integral given in Art. 238.



CHAPTER XXVIII

APPLICATION OF INTEGRATION TO PLANE CURVES.
APPLICATION TO CERTAIN VOLUMES

246. Areas of Curves. Rectangular Coordinates. We have already
used this problem as an illustration of a definite integral. We will
now consider it more generally, and derive the formula for the area
in rectangular coordinates.

247. To find the area between a given curve, the axis of X, and two
given ordinates A/’ and BQ; that is, to find the area generated by the
ordinate moving from AP to

BQ.
Let OA=a, OB=b. H b p Q
Let « and y be the coordi- P
nates of any point P, of the P F: o
curve; then ¢ P -1
G T h
z+ Az, y+ Ay, %,/’}
!;,///
will be the coordinates of P, g g%
The area of the rectangle / g///
P4, is %ﬁ
Pg.Ag X A9A3=y Ax* 0 A A A A AL B X

The sum of all the rectangles PAA, P,4,4, Py4;4;, ---, may be
represented by 2 : y Az, .

The required area PQBA is the limit of the sum of the rectangles,
as Ay is indefinitely diminished. That is

A=j:byda7,

# By Art. 245, one readily sees that this rectangle represents an element of area.
320
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the lower limit a = 04, being the initial value of », and the upper
limit b = OB, the final value of .

Similarly the area between the curve, the axis of ¥, and two
given abscissas, GP> and H(), is

A =fhwdy,

the limits of integration being the initial and final values of ¥,
g=0G, and h= OIL
EXAMPLES

1. Find the area between the parabola 3?= fax and the axis of
X, from the origin to the ordinate at the pont (&, k).

Here A=f ydr =fh2 afzd dz v
0 o

_4,(5_03 b $atnl
10 3 N

e

Since A?-=4 «h, k=2 alr}, which
gives

A=§h alnd —j =Zomry.

l\v

[

2. Find the area of the ellipse
.11'2 1/2
L=

Area BO.1
=f¢yd.z:=2f“\/a'~’—x“dw

= __[w Va—#4+ L sm-‘g]z \\o

_mab,

4

* In finding areas, after the element of area and the limits of integration are
chosen, the problem reduces to the evaluation of a definite integral.

A X

]
k
h

M
Y
B
m

a
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The entire area = wab.
Or we may integrate by letting &= asin ¢.

Then | V@—2Fdz=a? 2cos*’<f>d¢=&2 2(1+cos295 d¢="'—a’
o 0 2J 4

b wa® _mab
A. .B A T e TS
rea BO T d
3. Find the area included between the parabola z*=4 ay, and the

. 8a® 4
witch Y= mz‘ ns. (2 m— g)ag-

Having found the point of intersection P’ (2a, ), we proceed as
follows:

AI

i
[}
1
r
'
g
!

i
a
Io 2a M X
Area AOP = AOMP — OMP
Y LT N o T 1.3
b *4da o da

Area between two curves = (2 T— %)a’.

4. Find the area of the parabola
(y — 5)2=8(2 — 2),
on the right of the axis of Y. Ans. 103.

* Length of element of area is the y of the witch minus the y of the parabola.
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5. Show that the area of a sector of the equilateral hyperbola
2? — ¥ = ¢? included between the axis of X and a diameter through

the point (x, y) of the curve, is log i + Y.

6. Find the entire area within the curve (Art. 133) ('5)2 + <y)i =1.
a

Ans. :z wab.

7. Find the entire area within the hypocycloid (Art. 132)

dtt=dl. Leta=usinig. Ans, 3T

8

3
8. Find the entire area between the cissoid (Art. 125) »*= L—

2a—z
and the lime & =2 ¢, its asymptote. Ans. 3 ma,

9. Find the area of one loop of the curve (Art. 134) «!y? = a?e* — a8

Ans iy

8
V3\a?
Ans. ( + = )4

10. Find the area of the evolute of the ellipse (Art. 167)
(@)t + ()t = (@ — ).

Also from z = f—f toxz=a.
-l

Jala®— b'—')"
ab

41”8.

11. What is the ratio between @ and b, when the areas of the
ellipse and its evolute are equal ?

Ans.

[~
]
)
[=Y
[

12. Find the area included between the parabolas

Y¥=ar and 2a*=by. ad
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13. Find the area included between the parabola

y?=22 and the circle y*=4z—a’ Ans. 2 <1r — g)

14. Find the area included between the parabola
y¥*=4ax, and its evolute (Art. 167) 27 ay®* =4 (z— 2a)®.
Ans, 392V2

15
Parametric Equations. Instead of a single equation between « and y

for the equation of a curve, the relation between z and y may be ex-
pressed by means of a third variable. Thus the equations

x=asing, y=acos¢, . . . . . . D)

a?

represent a circle; for if we eliminate ¢ from (1) we have
@+ 3t = a* (sin? ¢ + cos? p) = a®.

Equations (1) are called the parametric equations of the circle, and
the third variable ¢ is called the parameter.

The formula A= f ydx is applied to (1) by substitnting
y=acos¢, dx=acos¢de.
For a quadrant of the circle

a ; 2
A =f y dx =f w?cos? ¢ dp =T,
0 () 4

15. Find the area of one arch of the cycloid (Art. 284)
2=« (¢ —sin ¢), ¥y =a (1 — cos ¢). Ans. 3 wa’.

16. The parametri. equations of the trochoid, described by a point
at distance b from the centre of a circle,radius a, which rolls upon a
straight line, are

z=oa¢ — bsin ¢, y =a — b cos ¢. (Art. 292)

Find the area of one arch of the trochoid above the tangent at the
lowert points of the curve.
Ans. 7 (2a-+0b) b, whend < aorh>a
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'248. Areas of Curves. Polar Coordinates. To find the Area POQ
included between a Given Curve I°() and Two Given Radii Vectores; that
is, to find the area generated by the
radius vector turning from OP to
0Q.

Let POX=0a, QOX=g8.

Let r and 6 be the coordinates of
any point P, of the curve, then

r+ Ar, 0+ Ab,
will be the coordinates of P,

The area of the circular sector
P,0R, is

107, x PRy=1r-rag=1ra6

The sum of the sectors POR, P,OR, P,0R, ..., may be rep-
resented by g1
2 5"2 AG.

L

The required area POQ is the limit of the sum of the sectors,
as Af approaches zero. That is,

A=%‘£Bﬂd0,

the initial value of 6, ¢= POX, being the lower limit, and the
final value of 6, 8= QOX, the upper limit.

EXAMPLES
1. Find the area of one loop of the curve (Art. 144) r=asin26.

(Ml Lemzoa=2 T -
A=3 [ rao= f asin 2odo_4j0'(1 cos 4 6)df
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2
The entire area of the four loops = Eg.,

which is half the area of the circumseribed cirele.

2. Find the entire area of the circle (Art. 135) r=asiné. .
Ans. "—41

In the two following curves find the area deseribed by the radius
vector in moving from =0 to § = i

3. r=secl+tanb. Ans. \/‘2—;';.

4 r=a(l—tan?p). Ans. (I - %) o,

‘)
-

5. Find the entire area of the cardioid (Art. 141) r=a(l — cos 6).

I3 9
3 wu® o e . .
Ans. ! ": , or six times the area of the geaerating circle.

Also find the area from 6 ="I' to = ?’4".

Ans. 3w —2) %’

6. Find the area described by the radius vector m the parabola

(Art. 139) r=d secgg, from §=0to 6=". Ans. 4:;!2-
Also find the area from =" to = 2 . Ans. u a,j
3 3 9Vv3

7. TFind the entire area of the lemniscate (Art. 143) 2= a?cos 2 6.
Ans. da’

8. Show that the area bounded by any two radii vectores of the

reciprocal spiral (Art. 137) 76 =« is proportional to the difference
between the lengths of these radii.

9. In the spiral of Archimedes (Art. 136), » = a, find the area
described by the radius vector in one entire revolution from 6 =0.
Ans. 70
ns. —o—.
Alco find the area of the strip added by the nth revolution.
Ans. 8 (n —1)=*a’
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10. Find the area of the part of the circle (Art. 135)
r=asin@ 4bcosd, from =0 to 0=:_';_
Ans, (@409 + 9.21’.
11. Find the area common to the two circles (Art. 135).

r=asinf+bcosh, r=acosf+bsiné.

2 2 2 _ p2
Ans. (§+2tan ’2)" +b —(—l-——ﬁ, where a >b.
2 a

4 4

12. Find the area of the loop of the Folium of Descartes (Art. 127)
Jatan @ sec 3a?
= ey Ans. —.

14 tan®é e 2

13. Show that the line r=—%%% (L4 _24), divides the
1 4+tané

area of the loop of the preceding example 1 the ratio 2 : 1.

14. ™ 7 *he entire area within the curve (Art. 145) » = a sin® ;0;, no

. . a?
part being counted twice. Ans. 107 4+9V3) 35

249. Lengths of Curves. Rectangular Cobdrdinates. To find the
Length of the Arc P() between Two Given Points P and .

Let OAd=a, OB=b.

Denoting the required length of Y
arc by s, we have from (1), Art. 155, H b Q

ds= WY .
] \/1 + (da: dx

Hence G "

s= / ay\?
f\,1+<dw> dz + C,
and between the given limits
y —————

= AP B X

8—.£\/1+<m> da, A o A

the liunits being the initial .and final values of .
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We may also use the formula

.g_f\/1+( )dJ, N )

the limits being the initial and final values of ,
g= 0@, and h= OH.

EXAMPLES

1. Find the length of the arc of the parabola y®=4aw, from the
vertex to the extremity of the latus rectum.

dy _ *
dax a:’i

therefore s =‘£a (1 + %)‘} dz =j"“(%_a_:); dx.

This may be integrated by Ex. 13, p. 305, making b =0.

Here

x

S22 to=Veota+atog Vata+va)
ﬁ(a:w)*dw a[V2+log (14 V2)] =2.20558 a.

Or we may use the formula (2),

]a 1
AN (G

Podr_ Y
P dy 2

<

>

(¢

3—‘[\/1-}-4 — dy = 2uf -\/1/ +4aldy

— — |2
=u—a[‘«%\/y"+4a’+4~§—log(y+ y’+4a“)]
~ 0

)

=a[V2+log (14 V2)]



APPLICATION OF INTEGRATION TO PLANE CURVES 829
2. Find the length of the are of the semicubical parabola
(Art. 130) ay?=2? from x=% to x=ba. Ans. &Sa'

3. Find the entire length of the arc of the hypocycloid (Art. 132)

a:g + yi =dt Ans. 6a.
4. Find the length of the arc of the catenary (Art. 128)

from =0 to the point (z, ). Ans. g(é —e9),

5. Find the length of the arc of the curve

y=logsecx, from x=0tozx=".
3
. Ans. log (24 V3).
6. Find the length of the curve
6xy=2a'43, from x=1tox=2. Ans. %

7. Find the perimeter of the loop of the curve
Jay’=(z—20a)(x—ba). Ans. 4V3a.

8. Find the length of that part of the evolute of the parabola
(Art. 167) 27 ay’ =4 (z — 2 a)® included within the parabola y* =4 ax.
Ans. 4(3V3-1)a.

9. Find the length of the curve

y=logz—:—£—1, from 2=1toz=2.

1 Ans. log (e 4e™).
. A\ i\t
10. Find the length of one quadrant of the curve ((—L) + ( 3) =1.
Ans, EHO+Y
a+b

11. The parametric equations of acurve are z= ¢°sin 6, y = ¢® cos 0.
Find the length of arc from § =0 to = ’5' Ans. V2 (ef-1).
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12. The parametric equations of the epicycloid, the radius of the
fixed cirele bemg «, and that of the rolling circle %, are (Art. 131)

w=;(3 cos ¢ — cos 3 ¢),
y=%(3 sin ¢ — s 3 ¢),

¢ being the angle of the fixed cirele, over which the smnall circle has
rolled.

Find the entire length of the curve. «Ans. 12 a.

250. Lengths of Curves. Polar Coordinates. To find the Length
of the Arc I°() between Two Given Points P and ().

Let POX=«, QUX=48.

We have from(3), Art. 156,

[ dr ’:li 65

therefore

s__f[ ("')] a8, . . (1)

the limits being the limiting values
of 6.

Or we have ds= [1 + 96")1* dr;  (2), Art. 156,
-

therefore 8= f bl:1+r’(%g>i]% L

the limits being the limiting values of ». That is, OP=a, 0Q = 0.

EXAMPLES

1. Find the length of the arc of the spiral of Archimedes
(Art. 136), r = a, from the origin to the end of the first revolution.

rere g—; =a, and we have by (1),
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2 2
s.-_f (azaﬂ+aﬂ)¥d9=af (1+69idg
0 0

["V T ,,log<e+\/1+e=>]:

=“[”‘“47?43;10&(2w+_\/f+1;f>}

Or we may use the formula (2)

s —jimra\, l_ + K (( 0) d?

n

' —
=, —_—=
(13

2na
s._f \/l + —d) 1f Vi atdr
vy @ s Clogrevrt ad |
al 2 2 )
= [ﬂ Viai+ 1+ ?—;log(.?'lr + Vir -I—i)}

2. Find the entire length of the circle (Art. 135)r=2asiné.
Ans. 2 wa.

3. Find the length of the arc of the circle (Art. 135)
r=asinf+ beosd, from g =0 to (r,0). Ans. Va? 40 6.

4. Find the length of the logarichmic spiral (Art 138) r = e, from
the point (ry, 8;) to (ry, 8;), using the formula (2), and the equation

0=1°—i—r. Ans. \/a+1(r3—1,)
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5. Find the entire length of the cardioid (Art. 141)
r=a (1l — cos §). Ans. 8 a.
Also show that the arc of the upper half of the curve is bisected by

0
6= =".
3

6. Solve Ex. 5 by using formula (2) and the equation 6 = vers“ﬁ.
7. Find the arc of the reciprocal spiral (Art. 137) 78 = a, from

6= 12t09_1 Ana.( r_+log->

8. Find the arc of the parabola (Art. 139) r = asec' 29 trom

= =7 T 8=
=0t o= > Ans. (sec4 + log tan 3 )a.

9. Find the entire length of the arc of the curve (Art. 145)

r=a sin® -g Ans. {‘3_@.

2
Also show that the are AB is one third of O.4BC.

Hence 04, AB, BC, are in arithmetical progression.

10. Find the entire length of the curve r = a sin® 0’ n being a posi-
tive integer.
See for integration Exs. 24, 25, p. 314.

2.4.6-m
A 35—

2 a, when = is even.

1.83.5..m

2:4.6--(n—1) wa, when n is odd.
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251. Volumes of Surfaces of Revolution. To find the Volume gener-
ated by revolving about OX the Plane Area A PQB.

Let OAd=a, OB=1.

Let  and y be the coordinates Y
of any point P, of the given b p 9
curve. P,_-1=--

It is evident that the rectan-
gle P, A, A; will generate a right
cylinder, whose volume is G

1

]

1
——

b
my? Ax. ’

The sum of all these cylinders / g
may be represented by

s .
wz 7 Az, 0 A
The required volume is the limit of the sum of the eylinders, as

Az approaches zero. That is,
81
V== J y? da.

a

b=

I
1
> N S V. ]

Similarly the volume generated by revolving PGIIQ about OY is

h
V,= 2 d
; w‘fm dy,
where OG = g, and OIl = h.

EXAMPLES
1. Find the volume generated by revolving the ellipse
g
(72 + ﬁ =1,
about its major axis, OX. This is called the prolate spheroid. .

Y [pasmn [ Bt dom Tl (g £} = 2108
2—1r0y’dm—1roa2(a w”)d_az(aa: 3)0— 3

V= % wabd,
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2. Find the volume generated by revolving the ellipse about its
minor axis, OY. This is called the oblate spheroid.

v_ b U 2 __21ra,b
2—vrj;w’dy f(b ¥yl =——

V= % wa’b.

)

8. If the parabola 3? =4 ax is revolved about OX, show that the

volume from x=0 to x=2a 18 one third the volume from z=2a
tox=4a.

4. Find the volume generated by revolving the segment LOL' of
the parabola about the latus rectum LI/

Here T— f (PN)“’dJ—n;rf (a — z)2dy Y L

/|
% 2\2 P N
= j; (a—-;’——a> dJ—;l—(ivra" va
Ans. ':—'21ra3 0 4 F X
5. Find the volume generated by revolving
about OX one loop of the curve (Art. 134)
a'yt = o't — 28, ns. %wa“. L

6. Find the entire volume generated by revolving about OX the
hypoeyeloid (Art. 132) af + y¥ =al. Ans. ——=ad,

7. 'Find the volumes generated by revolving about OX, and
%
about 0, the curve (Art.133) (2)’ + (%) =1.

7_0 2 =é 2p,
Ans. V, 35 mab’. V, 570
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" 8. The part of the lme T ¥ =1, intercepted between the coor-

dinate axes, is revolved about the line x=2a. Find the included

volume. Ans. g a?h.
9. The segment of the parabola, 2 —3z + 2 y =0, above OX, is
revolved about OX. TFind the volume generated. Ans. %1-01

10. A segment of a circle is revolved about a diameter parallel to
its chord. Show that the volume generated is equal to that of a
sphere whose diameter is equal to the chord.

11. Find the volume generated by revolving about OY the witch

(Art. 126V, y = from (0,2a) toy=a. Ans. 4(log4 —1)xa’

_8a
# 4 4a?
12. Find the volume generated by revolving the upper half,

ABA'04, cf the curve (Art. 133) ( ) (") =1, about the tangent
at B. b S 32\,
s, <__ — 2=V,

35

13. Find the volume generated by revolving about OX the area

included between the elhpse = + ’- = 1, and the parabola 2 ay® =3 b*.
(
Ans. —wal?
ns. 2% ) ra

14. A segment of the catenary (Art. 128), y= g- (¢*4+¢€2),bya

chord through the points x = + « log2, is revolved about the tangent
at the vertex. Find the volume generated. 33 923
Ans ( y log 9)

15. Find the volume generated by revolving about the latus rec-
tum of the ellipse —+ —._1 the segment cut off by the latus
rectvm. Ans. 27((162—— 3a_ abvai —b*sin1 = b)
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252. Derivative of Area of Surface of Revolution. In order to
obtain the formula for the surface generated by the revolution of a
given are, it 13 necessary to find the derivative of this surface with
respect to the are.

Let S denote the surface gen-  |Y
erated by revolving about OX s Q
the arc s, AP P

Using for abbreviation the
expression “Surf ( )” to denote
“the surface generated by re-
volving (') about 0X,” we have

8 =8urf(s), AS = Surf (As).

t+AY

This may be written 0 M N X
' Surf (As)

AS=-——n "\ f 1 S ¢ |

S Surf (Chord @) Surt (Chord PQ) @

Now the surface generated by the chord PQ is the convex surface
of the frustum of a right cone, which is the product of the slant
height by the circumference of a section midway between the bases.

Hence Surf (Chord PQ) = %(ﬂ[ji" ) Chord PQ

=274+4+ 89 chora PQ
= (2y+ Ay) Chord PQ.

Substituting this for the last factor in (1), and dividing both sides
by As, we have

AS Surf (As) o (‘hord PQ
™ = Surt (Chord PQ) ¥ +49)

Taking the limit of each member, as As approaches zero, noticing

that Lim Surf (As)
T (Chord PQ)_ *
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and Lim Chord PQ
As

Aaz0d =1, we have

B o Lim s 3 = 2.y,
ds

Similarly if OY is the axis of revolution,
das

=2 .
as

253. Areas of Surfaces of Revolution. To find the Area of the Sur-
face generated by revolving about OX the Arc ().
By the preceding article we have

as _,
S-=aTY; \
ds " b Q
hence 8= | 2xyds.
To express this in terms of 2 and G a P

¥, we have from (1), Art. 155,

[1 * <dj) wa’ A v

which gives

- b )\ o A B X
S,_zwj: y[1+<dw>]dw. @)

If OY is the axis of revolution,

8,=2r vds =27 [ d’/’]dz. C e . ©

h

3
Or we may use ds= [1 + (—ﬁ)] dy,
and instead of (1) we have

) )
S,=2n‘£y[1+<%§)r-] a. . . .o@

and justead of (2) 8,=2x f [1+<‘“”) ]}dy. C @)



338 INTEGRAL CALCULUS

EXAMPLES
1. Find the area of the surface generated by revolving about OX
the hypocycloid (Art. 132) af + y¥ =al.

Here Y= (ag— wi)*, ;l—z =— (ot3 —-wi)iw‘ﬁ.

b

Using (1) —S.r'— A wf ((“ J— ml)i[l_*_ai—im&]}dm

&

[\

=2 w‘f‘"u(ai—wh*i—'idz:?mﬁﬁu(a; —ma)gm Yaw

= 6m _12xa®,
=% S, = 5
Or we may use (1') '(%z:_(a?_yé)iy-}
3 2
LS.=2a "y [1+ = '/]dj 2ok [y = S22,

2. Show that the area of the surface generated by revolving the
parabola y* = Lax, about OX, from =0 toz =3 a, 1s one eighth of
that from =3 a to x = 15 a.

8. Find the area of the surface generated by revolving about 0X
the loop of the curve 9uy’=x (3 a —a)> Ans. 3ra’.

4. Find the surface generated by revolving about OX, the arc

of the curve 6a’zy =2*+3a% from z=a to x=2a. 47
Ans. fé"ag

5. The arc of the preceding curve from z=a to 2 = 3 a, revolves
about OY. What is the surface generated ?  Ans. (20 + log 3)=a’.

6. Find the surface generated by revolving about OY the curve
4y=2"—2loge, from z=1to z =4. Ans. 24w,
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+7. Find the entire surface generated by revolving about OX the

ellipse 32?4+ 4y*=3a% Ans. (3 + - \rat.
2 -\/_

8. Tind the entire surface generated by revolving about OY the

preceding ellipse. Ans. (4431 !
ns. (44 3log3) 2

9. TFind the surface generated by revolving about OX a loop

of the curve 8a%® = a®® — ' Ans wa?
4

10. An are, subtending an angle 2 q, of a circle whose radius is a,
revolves about 1ts chord. Find the surface generated.
Ans. 47«? (sina — a cos a).

11. The arc of the catenary (Art. 128) y = f_f<e: + e"i), from z=a
to =2 a, revolves about 0Y. Find the surface generated.
Ans. (4 2e?—3e ) mdl
12. The parametric equations of a curve are
x=e%sinf, y=e’cosh.
Find the surface generated by revolving the are from 6 =0 to
0= g , about OX. Ans. 2_%‘11'(3" —2).

13. Find the surface generated by revolving about OY the are of

the preceding example. s, 2 __\2_2 T2 1),

14. The parametric equations of the epicycluid, the radius of the
fixed circle being «, and that of the rolling circle ﬁ-j (Art. 131)

are w=§2—a'cos¢—gcos3¢, y=372qsin¢—gsi113¢.

Find the entire surface generated by revolving the curve about OX.
Ans. gw’a’.

15. Find the surface generated by revolving one arch of the pre-
ceding curve about OY. Ans. 6xad
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254. Volume by Area of Section. The volume of a solid may be
found by a single integration, when the areas of parallel §ections
can be expressed in terms
of their perpendicular dis-
tances from a fixed point.

Let us denote this dis-
tance by «, and the area
of a section, supposed to
be a function of , by X. --

The volume included
between two sections sep-
arated by the distance dw
will ultimately be X da,
and we have for the volume of the solid

V= f X dx,

the limits being the initial, and final, values of =.

EXAMPLES

1. Find the volume of a pyramid or cone having any base.

Let A be the area of the base, and % the altitude.

Let 2 denote the perpendicular distance from the vertex of a sec-
tion parallel to the base. Calling the area of this section X, we
have, by solid geometry,

X_of g4
AR X= 1 8
Hence,
(" xan—A (2 g AR _ AR
Ve[ Xt [l e =5
2. Find the volume of a right conoid
with circular base, the radius of base being O

a, and altitude k.
OA=BC=2a, BO=CA=h.
The section RT'Q, perpendicular to 04, is an isosceles triangle
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Zet 2 = OP; then

X=area RTQ=PT x PQ="h V2 ar —a*.
2a
Hence, V=f X d.v=h
0

This is one half the cylinder of the same base and altitude.

4, Find the volume of the ellipsoid

Let us find the
area of a section
C'B'D' perpendicular
to OX, at the dis-
tance from the crigin
OM =z.

This section is an
ellipse whose semi-
axes are MB' and
MC'.

To find MB!, let
2=0 in (1), and we
have

N
atute=t

Y= MB' = gx/aﬁ

v
\/ w—2tde=""2

— a?,

Lo find MC', let y=0 in (1), and we have

The area of the ellipse (Ex. 2, p. 321) is = (MB") (MC').

Wbc (a' %),

Hence,

— a _27!'1)_(3 a 2— _é
and V—2£ Xde= i j: (@*— &) de= 31rabc.

z=.MC"=§\/a2:P

. Q)
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4. A rectangle moves from a fixed point, one side varying as the
distance from the pont, and the other as the square of this distance.
At the distance of 20 teet the rectangle becomes a square of 3 feet.
*Vhat is the volume then generated ? Ans. 45 cubic feet.

5. The axes of two right circular cylinders having equal bases,
radius a, intersect at right angles. Find the volume common t»

the two. (See Ig., p. 359.) Ans 164*
K

6. A torus is generated by a circle, radius b, revolving about an
axis in its plane, ¢ being the distance of the centre of the circle from
the axis. Find the volume by means of sections perpendicular to
the axis. Ans. 2 x*ab?

7. A football is 16 inches long, and a plane section con*aining a
seam of the cover is an ellipse 8 inches broad. Find the volume of
the ball, assuming that the leather is so stiff that every plane cross-
section is a square. <ns. 341} cu. in,

8. Given a right cylinder, altitude %, and radius of base a.
Through a diameter of the upper base two planes are passed, touch-
iig the lower base on opposite sides. Find the volume included

between the planes. Ans. (ﬂ _ g)anh_

9. Two cylinders of equal altitude & have a circle of radius a,
for their common upper base. Their lower bases are tangent to
each other. Find the volume common to the two cylinders.

Ans. 4@h,
3



CHAPTER XXIX
SUCCESSIVE INTEGRATION

255. Definite Double Integral. — A double mtegral is the integral
of an tegral.
Thus, 2 and y being independent variables, the definite double

integral, . o
f f J(&, y)dxdy,
b d

indicates the following operations:

Treating a as a constant, integrate f(a. %) with respect to y
between the limiws d and ¢, then integrate the result with respect
to « between the himits b and a.*

For example,

2a b " 20 Y " h 2a . ’)2
@b — y)dwdy = 2oy — ) de= vt d
a 0 . 2/ A 2

_ "2 3.1 2a . 7 a'!b?
23,7 ¢

Notice that the order of the two integrations is indicated in the
given defimte integral by the order of the differentials drdy, taken

from right to left, the pairs of limitsj N f ’ being used in the same
order. e v

It should be said, however, that the order of the integrations is
denoted differently by different writers.

256. Variable Limits. — The limits of the first integration, instead
of being constants, are often functions of the variable of the second
integration.

# Usir.g parentheses, this might be represented by ﬂ'(ﬂ I(x, y)dy) dx.
343
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For example,

ff dede_j'(?)ede,,__f BP+2af —ay )d‘/_lé%.

y—a

As another example,

a (O aisH _( u_m
j;‘f (x+y)dedy = jo' (wy+ 2I>o dx

(eva—z+ 2=\ =2%.
j(:(:b'\/a x4 ) v’>d:17_3

When the limits are all constants, as in Art. 255, the order of the
integrations may be reversed without affecting the result. That is,

2a b 1] 2a
f f (b —y)dzedy = f f 2% — y)dy de.
a 0 0 a

Where the definite integral has variable limits, *he order of integra-
tions can be changed only by new limits adapted to the new order.

257. Triple Integrals. — A similar notation is used for three suc-
cessive integrations. Thus

fff ac-fzd.z:d_/dz_ffgax“dxdy

3@ (V0 a”b“(a3 b’) a’® @Y (4 — 19).

2J 3 =2 \3

EXAMPLES,
Evaluate the following definite integrals:

¥ fafbmy(x— y)dxd =%bg(a—b).

2. ffr’sm&dzdo— (cosﬁ oS a).



3.

’
4.

7 .
cdrdg="2.
b b 7 drdé o1

SUCCESSIVE INTEGRATION

¥2
2 f*a 67 o
d =—
j: j: (@+y)dyde=—o7

‘ T a(l+c 80) 8
A f f, 0 e singagar =4 2.
v Jo 3

3

©

10.

11.

12.

13.

14.

15.

f“fw'\/ zy —ydydr=06a’
0 Jy
ff e”dvdw—-l)-
5
d 22
f auuaT‘do "= < )10

. 1
) _ —_ .
. ‘fjo‘ sin (2¢ — 6)dfde 5

f ftsm”d;dtdd: (—i+18r

*zdrdy —=%0p2.
f‘L m‘+y‘ 2 o8

a b c
jo‘ jo'jo‘ (a:’+y’+z“')daz:¢zlydz=“§—c (a®+ 1%+ ch).

‘[.j;zjow Psin (xyz) dedy dz ==
e (“u 5a°

jo‘jo‘ j‘: uvw du dv dw =1
oz 2 b

f ff e”“*'da:(lydz_g-

345



CHAPTER XXX
APPLICATIONS OF DOUBLE INTEGRATION

258. Moment of Inertia. 1f », 7, 75, -+, 7, are the distances from
) 2 n
a given line, of n particles of masses m,, m,, m,, +-+, m,, the sum

myry? + mar? 4 mgrt 4 eor Fm = 2 (mr®)

is defined in treatises on mechanics as the moment of inertia of the
system about the given line.

The moment of inertia of a continuous solid alLout a given line is
the sum of the products obtamned by multiplying the nass of each
infinitesimal portion of the solid by the square of 1ts distance from
the given line.

The summation is then effected by integration, and we have for
the moment of inertia of a body of mass M,

I= | #dM.

259. Moment of Inertia of a Plane Area. The moment of inertia
of a given plane area about a given point O may be defined as the
sum of the products obtained, by multiplying the area of each infinj-
tesimal pbrtion by the square of its distance from O.

This may be regarded as the moment of inertia of a thin plane
sheat of uniform thickness and density, about a line through O per-
pendicular to the plane, the mass of a square unit of the sheet being
taken as unity.

We shall illustrate double integration by finding the moment of
inertia of certain areas.

346
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S60. Double Integration. Rectangular Coordinates. To find the
moment of mertia of the rectangle OACB about O.

Let Od=a, OB=0.

Suppose the rectangle Y
divided into rectangular gl M' N’
elements by lines parallel —
to the coordinate axes. Let -
x, y, which are to be re- r=
garded as mdependent vari-
ables, be the coordinates of
any pomnt of mtersection as
P, and x4+ dx, y 4+ dy the
coordinates of Q. Then the area of the element PQ is dxdy.

Moment of inertia of 1°Q = OFP".dady=(&*+ ) dedy.

The moment of mertia of the entive reetangle O.1C'B 15 the sum of
all the terms obtamed from (#* 4 y°)de dy, by varying & from 0 to a,
and y from 0 to b.

If we suppose .« to be constant, while y varies from 0 to 0, we shall
have the terns that constitute a vertical strip MNN'M'.

Hence

Moment of inertia of MNN'M'=d.r fh(.v? + yHdy
A

[}

1
1
I

—_ ————

Q

e e Sy e T

b —

1 |
M N A X

o]

} b 3
= d.r\ 2y + % = (b.z:2 + %)dm,

Having thus found the moment of a vertical strip, we may sum all
these strips by supposing « in this result to vary from 0 to «. That
is, the moment of nertia of 0.1CB,

a 3
I =f ha? 4+ lﬁ) de= a’h + ab’® .
() 3 3

The preceding operations are those represented by the double

integral,
I= f nfb @+ gD dzdy.
0 (]
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If we first collect all the elements in a horizontal strip, and tken
sum these horizontal strips, we have

I=fhfa (mg+y2)dy M:M
o Jo 3

261. Variable Limits. To find the moment of inertia of the right
triangle 0AC about O.

Let Od=a, AC=b. The |y c
equation of OC is

N
b
y=-,=
This differs from the pre-
M A X

ceding problem only in the
limits of the first integration.
In collecting the elements 1n a vertical strip MX, y varies from 0 to
MN. But MN is no longer a constant as in Art. 260, but varies with

OM, according to the equation of OC, y= %w.

Hence the limits of y are 0 and l—':c.
a

In collecting all the vertical strips by the second integration, z
varies from O to a, as in Art. 260.
Thus we have for the moment of inertia of 0AC,

bz
(" a _ a? b2 ]
‘ I_jo"f(mﬂ+y2)dmdy_ab(4+l—2>

By supposing the triangle composed of horizontal strips as HK,
we shall find N

= " [ @+ Py ae
N

=ab(® L0\
"ab(4+12)

Y
c
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262. Plane Area as a Double Integral. If in Art. 260 we omit the
factor (2?+ y*), we shall have, instead of the moment of inertia, the
area of the given surface.

That is, Area= f f dedy = f dy dz,

‘the limits being determined as before.

EXAMPLES

1. Find the moment of inertia about the origin of the right tri-
angle formed by the coordinate axes and the line joining the points

(a: 0), (0, b). bla—z) .
Ans. e e 2 ____a,b a4 b .
ne. f°f 7 @ +y) dmdy =L AL)

2. Find the moment of inertia about the origin of the ecircle
2 —_—2 a 0
Fry=d. Ans. 4f f"" (m'z+3,*)dmdy=1'§“_‘.
(} 0

3. Find by a double integration the area between a straight line
and a parabola, each of which joins the origin and the point (a, b),
the axis of X being the axis of the parabola.

a b\/_i' o
dns. [ VFanay=[" [ ayaz=2.
o Jbs 0 Jayr 6
a B2

4. Find the moment of inertia about the origin of the preceding

area. abfa® , b
Ans. I(? +g)

5. Find by a double integration the area included between the
circle a? 4+ y? =10 ay, the line 3. + y =10 q, and the axis of Y.

Wa—y

_ 3a 10a—3 2 _5_a_’ . -1§ .
—j; j;-./mdxdy" ) <3+5 siL 5}



350 INTEGRAL CALCULUS

8. Find the moment of inertia about the origin of the area Fe.
tween the ellipse z +% =1, and the line T4 Y1,
at b? a b
r 1\, 4
. (—=—— )(a® 0%).
Ans (16 12)(a + ab®)

7. Find the moment of inertia about the origin of the area be-
tween the parabola y®=4a(a—ux), the curcle «®+ y*=a? and the

axis of Y. Ans. (%—g)a“
8. Find by a double integration the area included between the
parabolas 3 =32, and y*=12 (60 — x). Ans. 960.

9. Find the moment of inertia of the area included between the
parabola 3’ =4 ax, x=4a,and the axis of X, about the focus of the
parabola. s 23;36(1..

3

D

10. Find the moment of inertia of the area included between the
lines y =2, x+ 2y=2>5a,and the axis of X, about the intersection

. ¢ 4
of the first two lines. Ans. _:’(:: at

263. Double Integration Polar Coordinates. To find the area of
the quadrant of a circle AOB, whose radius 1s a.
In rectangular cooidinates, Art.

260, the lines of division consist of
two systems, for one of which » is  g{-—-,___
constant, and for the other, y is  [}—f /M’
constant. | A AN O
. . | AR\
So in polar coordinates, we have —ef e N
. e -
one system of straight lines through A N
. s . . A4 e -
the origin, for each of which 6 is .[4//";‘::,)(‘ 5T\
[y SR - \
constant, and another system of _,'f,}:;\//\,\-/\:‘& 144
circles about the origin as centre, for G BRI
. . T
each of which r is constant. 0 NNA X

Let 7, 6, which are to be regarded
as independent variables, be the coordinates of any point of intarsec-
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tion as P, and 7+ dr, 6 + d6, the coordinates of . Then the area
of PQ) is ultunately
PR x RQ=rdf - dr.

If we first integrate, regarding @ constant while » varies fron. 0
to a, we collect all the elements 1n any sector MOM'.
The second integration sums all the sectors, by varying 6 from 0

to T,
‘)

~ ,:’ @ 2
Hence Area BOA:I f ;-(wd,-=11‘_.
0 Ny

If we reverse the ovder of integration, integrating first with respect
to 6, and afterwards with respect to », we collect all the elements in
a circular strip NLL'N', and sum all these strips. This is written

Area BO.1 =fuf2r drdé.
(1) 0

264. If the moment of inertia about O is required, we have for
the moment of inertin of P@, 7*.rdfdr. Hence, the moment of

BO 18 . .
) (v « o 4
I=j J :"(10d:'=f f Adrag="L.
(1] 0 [} 0 8

265. Variable Limits. To find the moment of inertia about 0O
of the semicirele OB.1 with radius OC= «, the ongn being on the
circumference.

The polar equation of the circle is B
r=2acosf. If we itegrate first

with respect to 7, then with respect M
to 6, we shall have
;'I *a cos @ 4
I={ S raar= 8wt 0O c AX
0 Jo 4

Here, in collecting the elements in a radial strip OM, r varies
from 0 to OM. But OM varies with 6, according to the ejuation
of tae circle =2« cosd. Hence the limits are 0 and 2 a cos 6.



852 INTEGRAL CALCULUS

In collecting all these radial strips for the second integration, 4

varies from 0 to '§" .

By supposing the area composed of concentric circular strips
about O, as LK, we find

L _B
(6] K A X
I‘fﬂafm_l(ﬁ)r’drdo—3"“'.
e 0 T4
EXAMPLES

1. Find the moment of inertia about the origin of the area in-
cluded between the two circles, » = a sin § and » = b sin 9, wherea > 0

(Al'ta. 135). T asm @ ‘3
. I= 2 df dr = — w(a*—bY).
Ans. I j‘; j;'ma *dfdr 3 m(a*—b*)

2. Find the moment of inertia about the origin of the area

between the parabola (Art. 139), r=a sec”g, its latus rectum, and

OX. Ans, 8,
"3

3. Find the moment of inertia about its centre of the area of the

lemniscate (Art. 143) *=a2cos26. Ans. %a‘ .

4. Find by double integration the entire area of the cardioid
(Art. 141) r=a(1 —cos 6). Ans. 312ra"’_

5. Find the moment of inertia about the origin of the area of the
preceding cardioid. Ans. ?_>§1 1(;_0/‘
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6. Find the moment of inertia about its centre, of the entire area

of the four-leaved rose (Art. 144) r=asn26. Ans. 37T,
" 16

7. Find by a double integration the area of one loop of the

lemniscate (Art. 143) outside the circle 2r*=a = ( Vi— E) a?

4
8. Find the moment of inertia of the area of the precedmg
example about the centre of the lemniscate. Ans. (\ég + 3) <

266. Volumes and Surfaces of Revolution. Polar Codrdinates. If
in the figure of Art. 263 we suppose a revolution about OX, the
volume generated by the infinitesimal area P() is the product of
this area by the circumference through whi¢h 1t revolves, that is,
2xrsind.rdfdr.

Hence for the entire volume

V=21rffr5‘sin0d6dr,

the limits being determined as in Art. 263.
If the revolution 1s about OY,

V=21rff"cosod6dr.

The area of the surface generated about OX is (Art. 253)
S=2x)yds=2 wfrsi110|:1‘2+(g;> :r dé.

EXAMPLES

1. Find the volume generated by revolving the cardioid (A 't. 141)
r=a (1 — cos 6) about OX.

Ans. gwas, twice the inseribed sphere.
2. Show that the entire volume generated by revolving the four-

leaved rose (Art. 144) 7 = a sin2 6, about 0X is 16 of the volume of the
circumscribed sphere. 35
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3. Find the volume generated by revolving one loop of the four
leaved rose r=asin 2 @ about the axis of the loop.

\ 2xa®
Ans. -0 —
ns (8 V. ) 105

4. Find the volume generated by revolving the lemniscate (Art.

143) ® =a*cos 260 about OY. 208/
) Ans. T v V2

.

5. Find the volume generated by revolving the lemniscate about

OX ma*[ 1 S 1
Ans. -.—J—I:—Jé log (V2+41) _3]

6. Find area of sitface generated by revolving the cardioid
r=a (1 —cos6) about OX. Ans, S2ma’

v

7. Find the moment of inertia of a sphere (radius @) about a
diameter, m being the mass of a unit of volume. Jns, 8wdm
15



CHAPTER XXXI
SURFACE, VOLUME, AND MOMENT OF INERTIA OF ANY SOLID

267. To find the Area of Any Surface, whose Equation is given
between Three Rectangular Cobrdinates, ., y, 2.
Let this equation be
1 2=1(z,9).

Suppose the given surface to be divided into elements by two
series of planes, parallel respectively to XZ and YZ. These planes
will also divide the plane XY 1nto elementary rectangles, one of
which 18 PQ, the projection upon the plane XY of the corresponding
element of the surface /().

Q,
) Io) M N
ZL//// A X
el
Q

Y

Let x, y, # be the coordinates of P' and z4dw, y+dy, ~+4dz,

f Q'
oq 366
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Since PQ is the projection of P'Q', the area of PQ is equal to that
of P'Q' multiplied by the cosine of the inclination of P'Q’ to the
plane XY. This angle is evidently that made by the tangent plane
at P’ with the plane XY. Denoting this angle by v,

Area PQ = Area P'Q' - cosy,
Area P'Q'=Area PQ -secy.

‘We see from the figure that
Area PQ =dzdy.

Also from (8), Art. 110, secy= P+< ) GQ]}

0z
ox
the given surface z2=f(=, ).

Hence Area P'Q'={1+ dz 2-}- LAY %da:d
- oz, dy Y-

If S denote the required surface,

8= ~ff[1+< ) <.>]RMd% R

the limits of the integration depending upon the projection, on the
plane XY, of the surface required.

For example, suppose the surface ABC to be’one eighth of the
surface of a sphere whose equation is

@4+ =

where ~ and——are partial derivatives, taken from the equation of

Here —_—=—-, —=—*.
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Substituting 1n (1), we have

da:dz/
—aff\/a‘

This is to be integrated over the region OBA, the projection of
the required surface on the plane XY
The equation of the boundary 4B is

2+ =a

Integrating first with respect to 7, we collect all the elements in
a strip M'N'KL, y varying from zero to ML, that is, between the
limits 0 and Va*— 2>

Integrating afterwards with respect to 2, we sum all the strips, to
obtain the required surface ABC, 2 varying from 0 to «.

Hence S=u f ¢ f vess_ dedy T,
v e \/u —P—p 2

Another example is the following:
The centre of a

sphere, whose radius is

a, is on the surface of a

right circular cylinder,

the radius of whose

base is % Find the

surface of the sphere
intercepted by  the
cylinder.

Take for the equa-

tions of the sphere and X
cylinder, a

Py =d,
and 2+ y=ax. B

CPAQ is one fourth
the 1equired surface. Since this surface is a part of the sphere, the
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partial derivatives g—:—:, g—; must be taken from a* + 3?4 22 = a?,

giving, as in the preceding example,

ff\/ adx dy
at—af—

to be integrated over the region ORA, the projection of CPAQ on
the plane XY.
The equation of the curve OR.l is 2?4 y* = ax

Hence = 8= f fvu v _ads (h/ = (’—' - 1) al.
VE—F —yF —y? \2
S=@2r—4)d

Let us now find the surface of the cylinder intercepted by the
sphere, one fourth of which is CPARO.

Since this 18 a part of the cylinder a?+3*=awx, the partial
derivatives in (1) must be taken from this equation. But from
2?4y =ax, we find gi: oo, g-;: oo

The formula (1) is, then, inapplicable in this case.

It is also evident from the figure that the surface CP.1RO cannot
be found from its projection on the plane XY, since this projection
is the curve ORA.

The difficulty 1s removed by projecting on the plane XZ, and

using, instead of (1),
_.fj []+<6y) (az)’]*dzdz )

‘We now find from 2?4y =ax,

dy _a—22 ayo
oz~ 2y ' oz

Substituting in (2), and simplifying,

IS ffzadmdz
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This must be integrated over the region CP'A0, CP'A being the
projection on XZ of CP..
To find the equation of CP'.1, we eliminate y from

P4y’ +2°=a® and 22+ f=axw,

giving, 2! =g? —az.
~a Vai-az
Hence 1 S = 9} f Jﬁ'&:aﬂ, S=1ad%
4 2Jo Jo Var — i
EXAMPLES

1. The axes of two equal right circular cylinders, @ being the
radius of base, intersect at right
angles; fird the surface of one inter-
cepted by the other.

Take for the equations of the
cylinders,

2 422=a’ and 2+ 2=da
Ans. 8a

2. Find the area of the part of the

plane
K/

+

oI

Ty E g,
aQ c

in the first octant, inter-

cepted by the coordinate z
planes.

) [
Ans. VT + Pa¥ + o

3. Find the area of the X

surface of the cylinder
2 4+ y? = a% included be-
tween the plane z=ma and
the plane XY. 4o

4 mad.
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4. Find the area of the surface of the paraboloid of revolutivn
y’+# =4 ax, intercepted by the
parabolic cylinder %?= ax, and c

the plane 2=3a. s, 56 ,mg. p'

5. In the preceding example, .
find the area of the surface of 4
the cylinder intercepted by the
paraboloid of revolution and the | X
given plane.

2
Ans. (13VI3—1) 7“ X

Y

6. Find the area of that part of the surface
2 + (x cos e + y sin &)’ = o?

which is situated in the first octant.
The surface is a

right circular cyl-

inder, whose axis

is the line 2z =0,

Z cos e+ sin a=0,

and radius of base a.
2 —|
Ans. —% | /Z-
S1n & CcoSs o — ]
—0 - — X
. %},/,/ /] -//T—-/’,/" D
7. A diameter of = A
== NG =
a sphere whose S
L, . e +Y°
radius is @ is the 5y 1
axis of a right C

prism with a square
base. 2b being the
side of the square. Find the surface of the sphere intercepted by

the prism.

Ans. 8 a(‘z b sin"‘l—b——— —asin~'— ,).
Vai—b? a’-b
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268. To find the Volume of Any Solid bounded by a Surface, whose
Equation is given between Three Rectangular Coordinates, =, ¥, 2.

The solid may be supposed to be divided, by planes parallel to the
coordinate planes, into elementary rectangular parallelopipeds. The
volume of one of these parallelopipeds is dx dydz, and the volume of

the entire solid is V= f f f da dy dz,

the limits of the integration depending upon the equation of the
bounding surface.

For example, let us find the volume of one eighth of the ellipsoid
whose equation is w’

L
B
Y
PQ represents one of the elementary parallelopipeds whose v lume
is dx dy dz.
If we integrate with respect to 2, we collect all the elements in the
column MN', z varying from zero to MM'; that is,

from 0 to z=c‘[ __“f ”2
bﬂ
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Integrating next with respect to y, we collect all the columns in
the slice KLN'H, y varying from zero to KL; that is,
«?
from 0 to y=1b 1—(;2
This value of y is taken from the equation of the curve ALB,
which is 2 o
Zeg=t

Finally, we integrate with respect to «, to collect all the slices in
the entire solid ABC. Here « varies from zero to O.1; that is, from
0 to a.

The y and x integrations are said to be over the region AOB.

\/~ _
Hence we have V—ffb ' f « da:dydz— Gbc

47 abe

For the entire ellipsoid V= 3

EXAMPLES

1. Find the volume of one of the wedges cut from the cylinder
2?4+ y® = a? by the plane z == tan « and the plane XY. (See Figure,

Ex. 3, Art. 267.) e 3
Ans. 2ff»/..:_,=j‘ v dwdydz=2a ‘tana
0 0 0 '5

2. Find the volume of the tetrahedron bounded by the codrdinate
planes and by the plane

Y.%_1. abe
+b+c Ans. 6

RIR

3. Find the volume included between the paraboloid of revolution
¥* +2*=4ax, the parabolic cylinder y*=ax, and the plane z=3a.
(See Figure, Ex. 4, Art. 267.) Ans, (6749 v3)ad
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4. Find the volume contained between the paraboloid of revolution

v 4 y> = az, the cylinder 2* 4 y* = 2ax, and the plane XY.
Ans. 37

-

5. Find the volume of the cylinder #* 4 y* = ax, intercepted by the
paraboloid of revolution y® + 2* = 2az. (7r 2) N
—+=a’.

4 3
6. The centre of a sphere (radius «) is on the surface of a right
circular cylinder, the radius of whose base 1s % Find the volume of

the part of the cylinder intercepted by the sphere. (See second Figure,

Art. 267.) 2 4
Ans. S 7w —=)a
ns 3<1r 3)(1
7. Find the volume in the first octant, bounded by the surface
o\ i 1
* y )Y =1 abe
@) +6) +() =+ s G-

8. Find the entire volume within the surface

P _1/i +4=dk Ans. M.
35
269. Moment of Inertia of Any Solid. This may be expressed by a

triple integral.
Thus, the moment of inertia about OX, m being the mass of a unit

of volume, is
I= mff 0 + 2% da dy dz,

with similar formule for the moments of inertia about the axes
07, 0OZ.

F+AMPLES

1. Find the moment of inertia about OX of the rectangular paral-
lelopiped bounded by the planes z=a, y=05, 2=c, and the co-

ordinate planes. Ans, (V4 mabe
o 3
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2. Find the moment of inertia about OZ of the tetrahedrun
bounded by the plane

oY% 1
a+b+c ?

and by the coordinate planes. Ans. (@*+b) —= mabc

3. Find the moment of inertia about OX of the portion of the
cylinder &’ 4+ y*=a? included between the planes z=7% and z=—h.

2 972
Ans. ama’h (‘—12— + %)
4. Find the moment of inertia of the preceding eylinder about OZ.
Ans. wma'h.

5. Find the moment of inertia of a sphere (radius @) about a
diameter. {ns, STMA
“< . 15

6. Find the moment of inertia about OZ of the ellipsoid

"Ez + Z* +_. —1. Ans, Ammabe ”;'glbc (a* 4 b%).



CHAPTER XXXII

CENTRE OF GRAVITY. PRESSURE OF FLUIDS.
FORCE OF ATTRACTION

CENTRE OF GRAVITY

270. Definition. The centre of gravity of a body is a point so
situated that the force of gravity acting on the body produces no
tendency to rotate about an axis passing through the point.

271. Coordinates of Centre of Gravity. To find the centre of
gravity, G, of any body, take P as any infinitesunal part of the
given body, PQ the line 7
of direction of gravity,
and MN any horizontal
axis passing through C.

Let BD be the common

perpendicular  between C
MN and PQ. Take the o) :
axis of X parallel to BD BL
and represent by x and

%, OL and OL', the =
coordinates of P and C re-
spectively. Then the dis-
tance BD=L'L=2—%.

The force exerted by gravity on P is proportional to and there-
fore may be measured by its mass. Denoting its mass by dm, the
moment of this force about MN would be (¢ — x)dm; and if dm is
an infinitesimal in one, two, or three dimensions, the tendency of

the whole body to rotate about MX is equal to f (x — z)dm.
366

- =z
o

8

-

>

\
i\ 5]
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Since this must equal zero,

j@_awm=q

and z =fxdm.

Similar formuls may be derived for  and z.

Nore. — The mass of a unit’s volume is called density. If we
represent the density by p, the differential mass or dm is equal to p
multiplied by the differential of the are, area, or volume.

Ex. 1. Find the centre of gravity of a quarter of the arc of a circle.
Let the equation of the circle be 2% 4 3*= a®

Here dm = pds.

Substituting in (1), Art. 271, we have

fxds j‘a,(a2 ?)” bag 2a
fds —7_;

From the symmetry of the figure y =

T

o) =

2a‘

™

Ex. 2. Find the centre of gravity of the surface bounded by a
parabola, its axis, and one of its ordinates.

Let the equation of the parabola be y?=4 px, B being (9 p, 6 p).
Here dm = p dx dy, and substituting in formula (1), Art. 271.

fsp [-\/4}}:0 dz dy \Y
B=
. iz
jo j; dzx dy
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Similarly,

2 Cipr
f f wyda:dy 2pf cvde _9p.
ff 4’”"dalcd,/ \/41)f i 4

Ex. 3. Find the centre of gravity of a circular disk of radius
a, whose density varies directly as the distance from the centre, and
from which a circle described
upon a radius as a diameter
has been cut.

Let the equation of the
large circle be »=«; and
the equation of the small
circle be » = — a cos 6.

The disk is symmetrical
with respect to JX, hence
y=0.

Here

dm = pr df dr = x»* d@ dr,
(if p = xr). N

Also 2= OM = r cos 6.

fgf r*coaededr+f jm or’cos&dedr

Therefore % = .

ff *dodr +f j:mo 2d0 dr

@l s i 5

1 [Jo cosx0010+j;t (cos 6 — cos O)de}
a’[ (% v 3
3 l:.f d0+.£ (14 cos'é) do]

6a
5@Br—2)

I

=0.1616 a.
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Ex.4. TFind the centre of gravity of a cone of revolution, the
radius of the base being 2 and the altitude 6.

The equation of OB is y =} .

Here dm = pmy® dx, and substituting in (1), Art. 271,

The cone is symmetrical with
respect to OX, hence § =0.

Note.—On comparing the
formule for the centre of grav-
ity of arc, area, and volume,

E=fwds’ w=fmdA E=fz.t—d_1_/"’

——
f ds f aa f av
we notice that, in each case, the element of the numerator integral
is @ times the element of the denominator integral.

5. Find the centre of gravity of the arc of the hypocycloid

(Art. 132) 2t + 38 =at in the first quadrant. Ans. =y =§ a.,
6. Find the centre of gravity of the arc of one arch of the cycloid

(Art. 284) y o 4
e=avers7o— V2ay—y.  Ans. T=ma, y=30

7. Find the centre of gravity of a .straight rod of length a, the
density of which varies as the third power of the distance of each
point from one end. Ans. =24

. 5%

8. Find the centre of gravity of the surface of a hemisphere
when the density at each point of the surface varies as its perpen-
dicular distance from the base of the hemisphere,
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9. Find the centre of gravity of a semiellipse. Ans. T= %ﬂ.
™

19. Find the centre of gravity of the area between the ecissoid

yr=

Y- and its asymptote. Ans. z= g a.

11. Find the centre of gravity of the area bounded by the parab-
ola > =8z, the line y4+2—6=0, and the axis of X.

A 62
ns. T=-—; y=
95° y=

;'rl -1

12. Find the centre of gravity of one loop of the curve r= a sin 2 6.
_ 128 a 5 _128a,
T 1057

13. Find the centre of gravity of the upper half of the cardioid
r=a(l--cosf).

14. Find the centre of gravity of one loop of the lemniscate

=l cos 2 2
r=ua’ cos 2 0. Ans. 5,="\/2a=.55a.

®Iw
8

15. Find the centre of gravity of a hemisphere. Ans. T=

V]

16. Find the centre of gravity of a hemispheroid. Ans. z=Za.

®©

17. A right cone of height A is scooped out of a right cylinder of
the same height and base. Find the distance of the centre of gravity

of the remainder from the vertex. Ans. %h

272. Theorems of Pappus.

Theorem I. Tf a plane area be revolved about an axis in its piane
and not crossing the area, the volume of the solid generated is equal
to the product of the area and the length of the path described by
the centre of gravity of the area.
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Theorem II. 1If the arc of a curve be revolved about an axis in
its plane and not crossing the are, the area of the surface generated is
equal to the product of the length of the arc and the path described
by the centre of gravity of the arec.

273. Proof of the Theorems. Let the area be in the plane XY
and let it revolve about the axis of X. Then by (1), Art. 271, we

have
) f!ydwdy
y= .
f dz dy

Or yffdwdy:ffydmdy.
Then ng‘rfdxdy=‘£f21ryrlmdy. B ¢ 5

But the right-hand mmember of equation (1) is the volume described
by revolving the area through the angle 2 7, 2z is the length of the
path described by the centre of gravity, and f f dzdy is the plane
area.

The first theorem is thus seen to be true, and the second can be
proved true in a sunilar manner.

EXAMPLES
1. Find the volume and surface generated by revolving a rec-
tangle with dimensions a and b about an axis ¢ units from the centre’
of th» rectangle. Ans. 2 mabe, and 4 x(a + b)e.

2. Find the volume and surface generated by revolving an equi-
lateral triangle each side @ units in length, about an axis ¢ units
from the centre of the triangle.

Ans. maleV3

) and 6 wac.
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3 Find the volume and surface generated by revolving a circle
of radius a about an axis b units from the centre of the circle.

Ans. 2 #%a?b and 4 #*ab.

4. Find the volume generated by revolving an ellipse, semiaxes
a and b, about an axis ¢ units from the centre of the ellipse.

Ans. 2 zabe.

PRESSURE OF LIQUIDS

274. The pressure of a liquid on any given horizontal surface is
equal to the weight of a column of the liquid whose base is the
given surface and whose height is equal to the distance of this sur-
face below the surface of the hquid.

The pressvre on any vertical surface varies as the depth, and the
method of determining it is 1llustrated by the following examples.

Ex. 1. Suppose it is required to find the pressure on the
rectangular voard O ABC, the edge OC being at the surface of the
water. .

Let BC=a, and AB=1. (o] C Y

Suppose the rectangle divided
into horizontal strips one of which °
is HK. a

Let OH=u, then the width of
the strip is dr. H K

If the pressure on this strip
were uniform throughout and the A B B
same as it is at the top of the strip,
the pressure on the strip would be
wbx-dx, where w is the weight of X
a cubic unit of the water. And
the entire pressure on the board is evidently the integral of this
expression.

a 2)
That is, Entire pressure = f whx dr = 9_;2 .
0
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Ex. 2. Find the pressure on that part of the board in Exam.
ple 1, which is below the diagonal.

In this case the area of HK is y dz, and the entire pressure on the
triangular board is

fawya: de.
0

But Y= b-:c,
a

H K
hence entire pressure A \ 8

bw f“ 2 bwa?
= -—- der=""=.
aJy v 3 X

Nore. — Call the weight of a cubic foot of water, 62} Ibs.

Ex. 3. One face of a box mmmersed in water is in the form of
a square, the diagonals being 8 feet in length. The centre of the
square is 6 feet below the surface of the water, and one diagonal is
vertical. Find the pressure
on the square face.

Let SW be the surface
of the water. Taking the A
axes as in the figure, the
equations of AB and BC
are y=4+w, and y=4—2=,
respectively.

Then, if P represents the
entire pressure on the
board,

4 4-y
P=2w f (6 + x)dy dzx
0 Jy—4

(o] Y

o
|
L.
>
<

=192 w = 12000 Ibs.

Ex. 4. Find the pressure on a sphere 6 feet in diameter, im-
mersed in water, the centre of the sphere being 10 feet below the
surface of the water.
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Let S Wbe the surface of S ; w
the water.

Take the axes as in the
figire, and let the elemen-
tary surface be a zome.
The area of a zone at a
distance = from the cen-
tre of the sphere is 27y ds.
The pressure on the zone
is 2 7wy (10 + x)ds.

Then, if P represents
the entire pressure on the

sphere, X
P=2 7w | y(10 + x)ds.

But y=v9—2%and ds= 3 de.
Henee P=6rw( 10+ 2)ds,

-3
=360 7w = 225007 1bs.

5. A rectangular flood gate whose upper edge is in the surface of
the water, is divided into three parts by two lines from the middle
of lower edge to the extremities of upper edge. Show that the parts
sustain equal pressures.

6. A rectangular flood gate 10 feet broad and 6 feet deep has its
upper edge in the surface of the water. How far must it be surk to
double the pressure ? Ans. 3 ft.

7. A board in the form of a parabolic segment by a chord perpen-
dicular to the axis is immersed in water. The vertex is at the sur-
face and the axis vertical. 1t is 20 feet deep and 12 feet broad.
Find vhe pressure in tons. Ans. 60,
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8. How far must the board in Ex. 7 be sunk to double the
pressure ? Ans. 12 ft,

9. Suppose the position of the parabolic board in Ex. 7 reveised,
the chord being in the surface; what is the pressure ?
Ans. 40 tons.

10. How far must the board in Ex. 9 be sunk to double the
pressure ? Ans. 8 ft.

11. A trough 2 feet deep and 2 feet broad at the top has semi-
elliptical ends. If it 18 full of water, find the pressure on one end.
Ans. 1663 lbs.

12. One end of an unfinished water main 2 feet in diameter is
closed by a temporary bulkhead and the water 1s let in from the
reservoir. Find the pressure on the bulkhead if its certre 1s 30 feet
below the surface of the water in the reservoir. Ans. 18757 lbs.

13. A water tank is in the form of a hemisphere 24 feet in diame-
ter surmounted by a cylinder of the same diameter and 10 feet high.
Find the total pressure on the surface of the tank when the tank is
filled to within 2 feet of the top. Ans. 150 7 tons.

14. A cylindrical vessel, whose depth is 12 inches and base a
circle of 20 inches diameter, is filled with equal parts of water and
oil. Assuming the oil to be half as heavy as the water, show that
the pressure on the base equals the lateral pressure.

275. Centre of Pressure. Since the pressure of aliquid on a verti-
cal surface varies as the depth, there exists a horizontal line about
which the statical moment of the entire pressure on the surface is
zero. Such a line passes through the centre of pressure and the
abscissa of this point may be found by the method used in the follow-
ing example.

Ex. 1. Find the abscissa of the centre of liquid pressure on
a vertical surface bounded by the curve y = f(z), the axis of X and
the two ordinates y, and y,. Given that the origin is at a cistance
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k below the surface of the liquid, the axis of X vertical, and the
weight of a cubic unit of liquid is w.

Let P,P,RQ be the surface bounded by the curve y = f(x), the
axis of X, and the two ordinates y, = QF, and y, = RP,. Divide
the surface into horizontal strips of width dux, one of which1s HEK.
Let OH = . Let MN pass through the centre of liquid pressure,
aud OM = z.

Then the pressure on the
strip HK is wy (h + ) da,
and the moment of this
pressure about MN 1s

wy (h + z)(x —2) da.

Therefore, the moment
of the entire pressure 1s
the integral of this ex-
pression between the ab-
veissas of P, and P, that
is, between =z, and .
But this must equal zero,
therefore

S w

f‘ " wy (h+2) (z—3) dw=0.
fx'wy (h+2) de

Or .t M X

‘K'y(h+w)dw.

2. Find the centre of pressure of the water on the parabolic
board given in Ex. 7, Art. 274. Ans. 143 ft. below vertex.

3. Find the centre of pressure of the water on the bulkhead given
in Ex. 12, Art. 274. Ans. 1 inch below centre of bulkhead.

4. A rectangular flood gate a feet deep and b feet broad, with its
upper edge at the surface, is to be braced along a horizontal line.
How far down must the brace be put that the gate may not tend to
turn about it ? Ans. § a ft.
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5. One end of a cylindrical aqueduct 6 feet in diameter whicu is
half full of water is closed by a water-tight bulkhead held in place
by a brace. How far below the centre of the bulkhead should the
brace be put ? What pressure must it be able to withstand ?

Ans. & = {5 = ft.; P= 1116 lbs.

6. A water pipe passes through a masonry dam, enters a reservoir,
and is closed by a cast-iron circular valve which 1s hinged at the
top. The diameter of the valve is 3 feet, and the depth of its centre
below the water level in the reservoir is 12 feet. Find the pressure
on the valve, and the distance of the centre of pressure below the
hinge. Ans. P= 1674 = 1bs. and $} ft.

7. Water is flowing along a ditch of rectangular section 4 feet
deep and 1 foot wide. The water is stopped by a board fitting the
ditch and held vertical by two bars crossing the ditch horizontally,
one at the bottom and the other one foot from the bottum of the
ditch. How high must the water rise to. force a passage by upse*
ting the board ? Ans. To within 1 £t. of top of ditch.

ATTRACTION AT A POINT

276. A particle of mass m is situated at a perpendicular distance
¢ from one end of a thin, straight, homogeneous wire of mass M and
length I. Required to find the attraction on the particle due to the
wire.

Let O be the particle and AB the wire. Let X and Y be the
components of the attraction along the axes of X and Y respectively.

Divide 4B into elements of length dy
and let PQ be one of these elements.

The mass of PQis %Idy, since %[ is
the mass of a unit’s length.

If the mass of PQ were concen-
traced at P, the attraction at O due
to PQ is, according to Newton’s Law
of Attraction, M d

Ul +y7)’
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and the components along OX and OY are

xmM dy kmM dy
i@+ l)c 0s 6, an dl(c2+ 2)sn0,

respectively.

Substituting for cos 6 and sin 6 their values we have

x— xmMe f dy __«xmM _ xmM sin a.

l (@499} Ve +l2 cl

_xmM f _ydy _kmM [1 _ __c___:l
@+t d L vErE

KTnﬁ[(l — COS a)’

where the angle AOB=«.

Denoting by R the total attraction of the wire on the particle,

R M __
B=X1{ Y= Km V21 —cosa)
_2xmM . 1
=== sin e

The line of attraction evidently makes with OA an angle whose

tangent is
Y_1—cose 1

X sin « 2

The resultant attraction, therefore, bisects the angle a.

Note. — If we take as our wnit of force the force of attractior be-
tween two unit masses concentrated at points which are at unit’s
distance apart, « becomes unity.
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EXAMPLES
1. Find the attraction perpendicular to the wire in preceding
~xample when the particle is at a distance é above O.

Ans. m—)ﬂ—[[ 2 - + 1 -'
¢ [VIe+42 VIE+B,

2. Find the attraction of a thin, straight, homogeneous wire of
length ! and mass M upon a particle or mass m which is situated at
a distance ¢ from one end of the wire and in its line of direction.

3. Find the attraction of a homogeneous circular disk of radius a
upon a particle of mass m 1n 1ts axis and at a distane: ¢ from the
disk.

Ans. 2 kmmp [1 -

VEra
sponding to unit’s surface.

:I, where p is the mass of the disk corre-

4. Find the attraction due to a homogeneous right circular cylinder
of length 2/ and radius @ upon a mass m in the axis produced of the
cylinder and distant ¢ from one end.

Ans. 2memp[21 + V@ + & — Va4 (¢ + 21)*], where p is the mass
of unit’s volume of the cylinder.



CHAPTER XXXIII

HYPERBOLIC FUNCTIONS. CYCLOID, TROCHOID, EPICYCLOID,
AND HYPOCYCLOID

This chapter includes certain subjects involving both the Differen-
tial and Integral Caleulus.

HYPERBOLIC FUNCTIONS

277. Definition. There are certain combinations of exponential
functions called hyperbolic functions, having relations to each other
analogous to those between the trigonometric functions.

They are detined as follows:

e —e™!

9

-

‘s called the hyperbolic sine of a, and written sinh 2.

X —&
g—'%? - 18 called the hyperbolic cosine of &, and written cosh .
-l

T —e "

Thus sinh o= ———,
-
I x
cosha="12°".

Also for the hyperbolic tangent, cotangent, secant, and cosecant

Uf m,
llh X e
t ] S1

- )
coshxy e +e*

coth © = __1__ — ﬁe__:,
tanhx e —e™*
sech z = 1 = 2 ,
cosha e +4e*
1 2
cosechg = —— - = ————-

sinhae e —e™®
379
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It is evident from the definitions that
sinh 0 =0, cosh 0 =1,
sinh(— ) = —sinh 2, cosh (— #) = cosh z.

278. Relations between Hyperbolic Functions. From the definitions
in the preceding article, we find
cosh’x —sinh*x =1,
tanh*z 4+ sech’z =1,
coth? x — cosech?z =1,
sinh (x + y) = sinh 2 cosh y + cosh « sinh y,
cosh (z + y) = cosh 2 cosh y + cosh = cosh y,

tanh 2 4+ tanh y
1 + tanh x tanh y’

sinh 2 2 = 2 sinh # cosh «,

tanh (z + y) =

cosh 2 v = cosh? z 4 sinh? z,

279. Inverse Hyperbolic Functions.
If z=sinhy, . . . . . . .. ... .Q
then y=sinh'x.

This function may be expressed as a logarithm as follows:

From (1) e=2 —2 e,

Solving this with reference to ¥,

y=log(x+Va?+1). +

Hence sinh-!2 = log (z +Va* 4 1).
Similarly, cosh-'z = + log (x4 V2* —1).
1 1
tanh™? m=§log li:’
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coth~! z = tanh- 11 1 10gw+1
T2 -1
sech™'x = cosh"l- =1 log U’M .
z x
cosech™! & = sinh-? i =log ﬂ;.ﬂz

280. Differentiation of Hyperbolic Functions. From the definitions
we have

(
! —-sinh z = cosh z,
©

d .
— cosh 2 = sinh %,
f

4 tanh o =sech’z,
dx

da 2
— coth & = — cosech? z,

dx
4 sech 2 = — sech  tanh x,
dx

4 cosech 2 = — cosech x coth .

To differentiate the inverse function
¥ =sinh ! 2,

we have x=sinh g,

% =coshy=Vsink®y4+1=Va?+1,

)
y __ 1 |
dxr /241
d 1
Hence —sinh 12 =
d Va1
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Similarly, (% cosh-'g=- - a;l_i,
d 1
— tanh 'z =
- anh~!z i
% coth—! 2 = Tlm2 s
d 1
—_— h—1g=— -
o sech—'z P
a cosech ! r=— __1___
dz /1 + 2

281. Inverse Circular, and Inverse Hyperbolic, Functions as Integrals.
A comparison of the integrals involving the inverse circular fune-
tions, with those involving the inverse hyperbolic function., shows
the close analogy between them.

' dx
= =sin'= :v _de _ _ sinh™!
Va—z « Nprap «
or =—cos'Z. ___d_.v_ = cosh™!
@ Vit = «
dz 1 ; ;
f’ﬁ =>tan"'%, ,,dt = L fanh-1 z
ad+r a - o« a
1 :
or =— - cot'Z. or = 1 coth—-1%.
a a a «
dx 1 x
f ez _1 sec 1% f—————— =—-gech™!™.
2VE_—a@ a a zVa®— x? o a
dx 1 z
or =—" cosec™! = f—: = — = cosech™' =
2Vait o? a a

262. Circular and Hyperbolic Functions as related to the Circle and
Equilateral Hyperbola. The hyperbolic functions are so called because
their relation to the equilateral hyperbola corresponds to that of the

eircular functions to the circle,
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Let us express = and y, the coordinates of a point P of the
circle
@4y = Y
in terms of the area of the circular sector
Poa.
Calling the area of the sector u, and 6
the angle PO.1, we have

2
a’d i
=" w=uwcos b, y=asiné.

)

Zu " i
Hence 2 =acos —, y=u sm .+ (o
a? o

i
|
I
I
M A X
Now 1f 2 and y are the coordinates of a point P of the equilateral
hyperbola
2 —pr=a . . . Q)Y 7
and u the arew. of the hyperbolic e /
sector PO.1, it will be shown S
that equations (1) will still J/
hold, provided that “sin” and L,/
“cos” are changed into “sinh” ’
and “ cosh ” L,
Here the area 0.1 is 7
2 ’ u
(; log ?71-_3/, P "

(See Ex. 5, p. 323.)

U=

S )

2u
wﬂ—ea’.
a

-3

whence

2u

From (2) and (3), Ty e
a
2_u _2u u 2u
2 a? 2 Y ed . F)
Hence r_ertes cosh = “ ¥_ — =sinh ==
a 2 at’ « 2 a?’

h2'u

whence x=a cos

13
, y=asinh —2——, as was to be proved.
a?
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283. Exercises in Hyperbolic Functions.

1. sinh 3 =3 sinh 44 sinh’.
2. cosh 3 2= — 3 cosh 2 + 4 cosh® z.
3. tanh~!sin 2 = sech~!cos 2.
4. tan—!sinh £ = sec~! cosh 2.
5. tan~!sinh 22 =2 tan™! tanh x.
6. tanh'sin 2 x =2 tanh~' tan .
7. cos™! cosh 2 « = 2 cos™! cosh z.
8. cosh 1cos 2 =2 cosh~!cos .
9. y=tan~'z + tanh 'z, y__2 |
dx 1—«a*
10. y =1log cosh z, dy _ tanh .
dx
11, y =smhx sin « 4 cosh z cos , Z-y =2sinh z cos z.
X
12. y=tan'tanh z, % _ sech 2 .
dx
13. y = sinh ~'tan «, % _ sec a.
N dx
14. y =sin!tanh z 4 tan! sinh «, ((_}1/ =2 sech z.
2

15. y =tan~' vtanh z + tanh—vtanhz, Z—” =+/coth .
X

16. Express the equation of the catenary y = g(e; +e ¢),(Art.128)

and also the length of the arc from the vertex, in hyperbolic
functions. .

Ans. y=acosh§,and s=asinh <.
a a

17. Show that the equation of the catenary, referred to its vertex

2z

as origin, is y =2 a sinh? 2a
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EQUATIONS AND PROPERTIES OF THE CYCLOID

284. Definition and Equation. The cycloid is the curve described
by a point in the circumference of a circle, as it rolls along a straight
line.

Let OX be the straight line. As the circle NPT, with radius a,
rolls along this line, the point P describes the eycloid OBO'.

Let the angle through which the circle has rolled from O,

PCN=¢;

and let @, %, be the coordinates of P.

Y

LA

o]
<
z
>

Q
>

Q
As the arec PNV has rolled over the line OXN, it 1s evident that
ON =arc PN=a¢.

Then 2=0M=ON—PR=a¢—asin ¢, Q)
y=PM=CN—CR=a—acos ¢,
If we eliminate ¢ between these equations, we have
x=q cos™! _a_;;q_ V2 ay—y?,
or w=avers“‘g—\/2ay—y2. B ¢))

This is the equation of the cycloid, but the parametric equations
(1) are generally more useful than (2).
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285. Cycloid referred to Vertex. The point B is called the vertex
of the curve. If the origin 1s transferred from O to B with parallel
axes, we have, 2/, y, being the new coordinates,

y=y'+2q¢, x=2z'+ ma.
Substituting these in (1) of the preceding article, we obtain

' =a(p—7) —asin ¢,
y'=—a—acos .

Letting ¢ — v =¢', the angle through which the circle has rolled
from A4, and omitting the accents on &' and y', we have

w=(1q3'+(lslll¢"} N ¢ )

y=—a+acos ¢,

the equation of the cycloid referred to its vertex.

286. Tangent and Normal. From (1) Art. 284, we have

%:a(l—-cos:ﬁ):Zasm'—"g, . N ¢ )
%:asin‘b:?asingoosg;
therefore Z—‘Z:cot%. N )
But angle PTN = };)PCN=‘§ ;
dy ;
hence dz =cot PTN=tan TPR.

Consequently PT is the tangent to the curve at P, and PN the
normal.

287. Radius of Curvature. From (i) and (2) of the preceding
article, we find

29
cosec 5
&

1

b, P
4a Sln2-2— 4 asin'

-l

Ty = — cosec? ¢ 1d4_

da? 2 2dx
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Substituting in the expression for the radius of curvature, we
have

p=—<1 + wt”%)%‘iasin*?—; =—4asin‘§=—-2PN.

Hence, if we produce PN to @, making NQ= PN, @ will be the
centre of curvature for the point P.

288. Evolute. Produce the diameter TN, making NR = T, and
on NR as diameter describe a cirele. This circle will pass through
Q, since NQ = PN.

T B
P \
N_ A
(o) e N o’
Q
Sl v —_
The arec NQ =arc PN= ON,
and arc NQR = 04;
therefore arc QR = 0.1 -- ON= RK.

Hence @ is a point in an equal cycloid, generated by rolling the
circle NQR from K along the straight line I'R.

Hence the evolute of the cycloid OB’ is composed of the two
semi-cyeloids OX and K0'.

289. Length of Arc. To find the length of the arc OP (Fig. of
Art. 284) we substitute in

= [+ oo

ﬂ_cot‘#

—2asint®
e 5 and dzr=2asin 2d4>.
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‘We thus obtain
8=2a‘£¢sin%d¢=4a<1—cos %)

If ¢ =2 =, we have for the entire arc, OBO'=8a.
This result is also evident from the property of the evolute, from

which OQK=BK=4a.

290. Area. To find the area between the curve and the axis of
X, we substitute in

A= J‘y dx,
y=a(l —cos ¢), dr=a(1—cos ¢) de.
Thus we have for the entire area OBO'A,
A= a“jo‘z" (1 —cos ¢)* d¢p = 3 wa®.

Hence this area is three times that of the generating circle.

TROCHOID

291. Definition and Equation. When a circle rolls along a straight
line, a point on a radius or radius produced describes a curve called
the trochoid. ’

Y
P C
F R
H__ R A
N : i
(] M N . o X

Ar the circle, radius a, rolls on OX, the point P describes the
trochoid HPBH'.
Lt PC=b, and angle FCN = ¢.

ON=arc FN=ad¢.
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Then 2=0M=ON—-PR=a¢p—Dbsin ¢,
y=PM=CN—-CR=a—bcos ¢.

These are the parametric equations of the trochoid.

In the preceding figure b <a. If b>>a, the generating point P ‘s
in the radius produced, and the trochoid is then of the form shown
in the following figure, having loops about O, O, ete.

@)

B
Y
N c

F—"¢ p
p
™ o\'\NR A /
o\

Equations (1, apply to both cases, when b < «, or when b > a.

292. Area. The area included between one arch of the trochoid
and the tangent at the lowest points, is found to be = (2 a+d)b,
when b < a, or when b >a. (See Ex. 16, p. 324.)

In the first figure this area is HPBH'H, in the second figure
HPBP'H'H.
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EPICYCLOID AND HYPOCYCLOID

293. Equation of Epicycloid. The epicycloid is the curve described
by a point in the circumference of a circle, which rolls outside of a
fixed circle.

Suppose the circle BPS to roll on the fixed circle ADA', the point
P describing the epicycloid 4 PA'.

Y

o) S

A /<C
]
2
a J—p
() 1
(o} AN M X

Let OB=a, BC=b, BOA=¢, BCP=y.

Since the arcs B4 and BP are equal, we have

ad = by.
r=0M= ON+ RP
=(a+b) cos ¢+bsin[¢——(;—'—¢>:'

.

=(a+b)cosp—beos(y+4¢). . . . (1)
y=PM=CN—-CR

=(a+b)sin¢—bcos[¢—<’§r~¢>:]
=(a+b)sing—bsin(y+¢). . . . (2)
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Substituting in (1) and (2), aé

=T’

w=(a+b)cos¢—bcosaz_b¢,

N G)
3/=(“+b)sin¢—bsin‘i1:? .

294. Equation of Hypocycloid. The hypocycloid is the curve
described by a point in the circumference of a circle, which rolls
tnside of a fixed circle.

Suppose the circle BPS to roll within the fixed circle A4DA', the
point P describing the hypocycloid APA'.

Y

Taking OB=a, CB=0b, and BOA= ¢, the student will easily
derive for the equations of the hypocyecloid,

w=(a—b)cos¢+bcosa—;—b¢,

B € )]
y=(a—b)sin¢—bsiua;}—_—9¢. o

Notice that these equations may be obtained from (3) of the pre-
ceding article, by changing b into — b.
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295. Cardioid. Thisis a special case of the epicycloid when a =b.
Equations (3), Art. 293, then become

z=2acosp—acos2¢. . . . . . . . . (L
y=2asing—asin2¢. . . . . . . . . (2
‘We may eliminate ¢ between these equations by first adding the
squares of (1) and (2), giving
o* +y*=ba’—4afcosp. . . . . . . . . (3
Substituting the value of cos ¢ from (3) in (1),
@ +9— 5 )@+ 1 —a) =8 a¥(a —a),
which may be written @P+y—3a’’=4a*Ba—21).
But the equation of the cardioid is much more simplv expressed
and derived in polar coordi-
nates, the origin being at O on

the circumference of the fixed

circle.
Here OP=r,angle POX=6.
Evidently

angle MCO = POX =4.
CO cos MCO = CM = CR — ON,

that is, a cos 0=a—’2—';

whence r=2a(1 — cos 6).
(See p. 170.)

29€. Hypocycloid a =20. Here equations (1), Art. 294, become
Z=acos ¢, y=0,

the equ-.tions of the axis of X,

That is, when a circle rolls inside of a fixed circle of twice its
diameter, a point on the circumnference of the moving circle describes
a diameter of the fixed circle.



EPICYCLOID AND HYPOCYCLOID 393

297. Astroid. Another special case of the hypocycloid is @ =4 b.
This curve is sometimes called the astroid.
Here equations (1), Art. 294, become

3a

H

cos ¢ +Z cos 3 ¢ =u cos®,

1
3a
4

<
Il

sin ¢ —%sin3¢=asin"’¢.

Eliminating ¢, ot + gt =al. (See p. 166.)

298. Radius of Curvature of Epicycloid. By differentiating (3)
Art. 293, we have

%:(a-}-b)(sm(—t—-;’:— —sin¢) N ()]

a+2b

=2(a+b)s1n—-¢cos 20

S )

%1:((¢+b)<—cosa+b¢+ms¢> N €))

_2(a+b)sm—-—¢51 n@k20, (€))

20
Therefore
dy . a+2b,
e TAAE
whence
ecsa’_-'.-.@
dy_ a+stecga+ b¢ de _ a+2b 2b
e 2b 2b de 4b(a+b) s1n:b¢
Substituting in the formula for the radius of curvature, we fird
14 tan2®t 20
( +tant 22 ) Ab@+d) g a
P= et 2l a+2b 2D

2b

=4b@+b) 8 4 _4b@+d) v
a+2b D= ar2p g ®
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If a = o, the epicycloid becomes the cyelowd, and

Lim,_, -2t —1.
“Ca+2b
Hence p=4>b sm‘l’, as in Art. 287,

299. Radius of Curvature of Hypocycloid. By changing b into — b in
(D) of the preceding article, we have for the radius of curvature of
the hypocycloid, numerically,

_4b(a—b) sm

a—2b

300. Length of Arc. From (2) and (4), Art. 298, we bave
ds\? _ (dx\? | (dy
22y = ("% ) =4 2
(a) = (ig) + () —H@vtramt 0

Hence for the entire arch APA' (Fig. Art. 293), we have

2mh
8=2(a+ h)‘jo‘ ‘ sin%¢d¢=§ﬁ:ﬂ.

For the hypoeycloid, the length of one arch is
_8(a=b),

Q

391. Area between Curve and Fixed Circle. To find the area
APA'BA (F1g. Art. 293), it is better to use polar coordinates r, 6.
The “ormula

. A=%fr”d0,

will give the area APA'OA, and this, less the area of the sector
A'0A, will be the required area.
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