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PREFACE

Godfrey and Siddons’ Elementary Algebra was published just over
twenty years ago. 'T'he experience of those years has shown that the
book may now be re-written with advantage. The present volume
must be regarded as an entirely new work, but we have had the
advantage of borrowing freely from the earlier book and we
have retained its main features. One noteworthy change is the
development of the old first chapter into Chapter 1, “'T'he Use
of Letters in Arithmetic”, Chapeer 2, “The Use of Letters
in Geometry”, Chapter 3, ‘“IHidden Numbers—Equations”,
Chapter 4, “Problems”.

The complete book will be divided into three parts of which
the present volume is the first part. In this part there are
developed the use of letters to represent numbers, the ideas of
equations and problems (including of course much formula work),
the maripulation of brackets, the ideas of graphs, the construction
and reading of grapls, positive and negative numbers, fractions
with very simple denominators.

Part Il will include further work on formulae, sirgultaneous
equations, factors, quadratics and further work with graphs and
fractions,

Part 111 will include logarithms, variation, progressions, the
binomial theorcm, the elements of calculus and other matter.

‘I'he authors are greatly indebted to many who have used
Gedfrey and Siddons’ Elementary Algebra for suggestions and
criticism and also to many discussions in committees and meetings
in which they have taken part.

The authors’ thanks are also due to the Controller of H:M.
Stationery Office, the Oxford and Cambridge Joint Board, London
University, the Cambridge lLocal Examination byndicate, the
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Oxford Lo-~al Examination Delegacy, the Northern Universities
Joint Matriculation Board, the University of Bristol and the
Board of the Common Entrance Examination for Public Schools
for permission to include questions from various public ex-

aminations.
A.W.S.

. T.D.
May 1933
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TO THL TEACHER

Exercises which are numbered (i) and (ii), e.g. Exercise 3d (i) and
Exercise 3d (ii), arc parallel exercises: it is intended that they
should be used in alternate terms or in case exceptional c'iiﬁiculty
has been found.

Answers that can easily be found at sight are not given at the
end of the book.

The teacher will find it helpful to write the answers to oral
exercises beside the uestions; this will enable him to watch his
class more closely.

Teachers are strongly advised to make pupils keep all the graphs .
that they draw; many of the graphs given in the chapters on
graphs are required again after the place at which they are drawn.
It is recommended that the graphs should be drawn in a special
notebook, or on loose sheets of paper that can be stuck into'a
notebook: it is only necessary to gum a narrow strip at the edge
of the paper.



CHAPTER 1
THE USE OF LETTERY IN ARITHMETIC

1-1. Algebra may be regarded as an extension of Arithmetic.

In Arithmetic we study processes and problems involving
numbers.

Algebra begins with the study of similar processes and problems
in which letters, a, ¢, &, A, V, ..., arc used to represent numbers.

Before anything really new can be done in Algebra, it is necessary
for us to handle letters as confidently as we handle numbers. To
acquirc this confidence we will revise some of the processes of
Arithmetic, using letters instead of numbers. In this work we shall
be interested in the essence of the processes instead of in the
numerical results. ’

CHANGE OF UNIT
1-2. Example. Shillings and pence.

oyqe I50 iqye
1 shilling =12 pence, 150 pence=- 52 shillings,
1
3 shillings =12 x 3 pence,
. P
s (3] =12 X ) P “» = i; ”»

Copy the following table; fill up the gaps, but do not do any
multiplications or divisions (c.g. writc 17 X 12 and do not go on to

.. 108
204, Write s and do not go on to 9):

Number of shillings | 1 | 2|3 |17 ] ¢$ l|

Number of pence 12 24| 108 | p

Ve recall the rule: “T'o change a number of shillings into pence
we multiply the number of shillings by 12",

* This chapter suggests work that could well be done in Arithmetic,
thus paving the way for Algebra as well as bringing out and summing
up the essentials of the arithmetical processes. If this has not been done
in the Arithmetic course, it should be treated fully at th¢ beginning of
the Algebra course.

SDA I



2 LGEBRA [1°2

We can state this in symbols,
s shillings =s x 12 pence.
Now state in words and in symbols the rule for changing a
number of pence into shillings.
Example. Suppose 1 pound =f francs.
Then 3 pounds =f x 3 francs
and p pounds =f x p .rancs.

NOTATION FOR MULTIPLICATION

1-3. The signs +, —, X, = are used in Algebra just as in Arith-
metic; but ““a divided by &’ is usually written as Z and not a+b.

It is usual to abbreviate in Algebra by leaving out multiplication
signs. Thus we abbreviate 12 x § to 125, and f X p to fp.

But notice that z x 3 must not be written 23 (for this meahs
twenty-three) ; we must leave it as 2 x 3 or else write 6.

You know that 4 X 5 =5 X 4, that 12 X 16 =16 X 12, and in fact that.
when any two numbers arc multiplied together, it does not matter
which is multiplied by which.

Now a letter in Algebra stands for a number; hence s X 12 =12 x5,
and each of these expressions is written 12s. 'I’'he number is
always placed first.

EXERcISE 1 a (Oral)

1. How should you write, without multiplication signs, p X 4,

4XPp,20Xa,ax20,20xX2,axx, xxa?’

2. Why is it wrong to write 202 for 20 x 2?
3. What is meant by 7b?

4. Put into words the statement that axb=bxa whatever
numbers a and b stand for.

EXERCISE 1b (Oral)
1. Fill up the gaps in the following table:

|
|

Number of feet I 2 4 13 f t

4

Nufnber of yards
1
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State (i) in words, (ii) in symbols, what you do to change from
feet to yards, and what you do to change from yards to feet.

2. Fill up with numbers and symbols the gaps in the following
table:

Number of feet

Number of inches |

State (i) in words, (ii) in symbols, what you do to change from
feet to inches, and whit you do to change from inches to feet.

3. Make a table showing the number of pounds cquivalent to
various numbers of shillings. State 1n words and in symbols what
you do to change from shillings to pounds, and to change from
pounds to shillings.

4. Similarly state in words, and then in symbols, using the letters
indicated, the connection between

(1) Pence and pounds d, p.
(i1) Yards and miles y, m.
(iii) Yards and inches Y, 1.
(iv) Pounds and ounces l, 2.
(v) Pounds and tons I 1.
(vi) Minutes and hours m, h.
(vii) Francs and centimes f, c.

(viii) Pints and gallons b, &

FRACTIONS

1-4. In Arithmetic we learnt the golden rule for fractions:

The value of a fraction is unaltered by multiplying (or
dividing) both its numerator and its denominator by the

same number.

2_2X2_ 4 . . 2 _2a a_ax
Thuss—————3)(2—6,31m11arly3 P andb b
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.. 2b ot
Again g g :: ;; similarly 3b = : and ;y = fl
Also X5 = 3% 5; similarly 3« n= 3xm_3n and px n b
4 4 4 4 q q

We have learnt in Arithmetic that
2, 4_2%4,

375 3xs’
. l l a C_(IC
similarly 5% 7= bd
5 oX2x3
Also §+‘:—:=3:; :izz,
= X2 X3
3 3
a a
.. a. c b bXbXd ad
similarly 0 il - be
g a%b

EXERCISE 1 ¢ (Oral)

1. Simplify:
3x2
@) 5x2’

3ca

.. 3d .. CQ
(11) Sa’ (lll) ba’ (l\') ’

6pq . Ox o4 nzr
(v) rogr’ (v1) e (vii) 6y’ (viii) v x

2 Fill in the gaps in

y 4 192? 2b iy =
(l) 6_ 3 ’ ( ) - 3 (lll) rb_ b .

. . . 12ab .
3. Write down three fractions equivalent to Bacs three equi-
ac :
X . 2
valent to 3; and threc equivalent to -.
n
4. Simpliy:

Gy 3

o 3 ved 3 L. x
- X172, X ’ - ’
4 12, (i) 4 4a, (i) s X 4a, (iv) i X 4a
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5. Simplify:

.41..4_13...4b.xq x_a

] xz, (11)S><2. (m)ax?, (xv)axy, (v)axx.
6. Simplify:

W 21 N | L 20, a . a. b

(1) 3—'_6’ (ii) 2 (i11) s 1o (iv) o
7. How many 2d. stamps can be bought with s shillings?

8. A bus-fare is 3d. How many rides can be taken with ¢ half-
rrowns?

9. A sheet of 1d. stamps has n rows containing 6 stamps each.
Find its value in shillings.

10. Change to pence, 4f farthings, 6x halfpennies.
" shillings, 24p pence, 8y sixpences.
. pounds, 2k half-crowns, 3f florins.
. yards, 27f fect, 14n inches.
- l )
11. Change to shillings, Z- pounds, 5 half-crowns.
112
" tons, ¢ cwt., 1z 1b.
8 g
k
v pounds, 10% 0Z., Ta cwt,
8a .
" feet, 3‘3—) yards, 45‘3 inches.

12. Simplify where possible:

. 24 L ax vy QY . a+g 2
(1) ‘371» (i1) b’ (iii) b’ (iv) 2’ v) axa’
) O i L i 00 0 0T
VO WDy ab’ b—x’ 7y
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UTIITARY METHOD AND ITS EXTENSIONS
1-5. Example. If 3 books cost 5 shillings,

then 1 book costs : shillings.
Similarly, if ~ b books cost s shillings,
1 book costs 'Z shillings.

Example. If b books cost p pence, what is the cost in pence of &
books? b books cost p pence,

1 book costs P pence,

b
& books cost ‘g x k pence.
Or, if we leave out the unit line,
b books cost p pence,
k books cost p X — pence.

We know that we have to multiply by & or & and divide by the
other. Suppose that % is larger than b, will the cost be more or less
than p pence? Certainly more. Then multiply by & and divide by b.

Consider this again, assuming that % is smaller than b.
Example. If p men can do a piece of work in d days, how long will
q men take? p men can do it in d days,

q 5 , dx — days.
Consider (i) when g is greater than p, (ii) when ¢ is less than p.

EXERCISE 1d

Many of the following should be discussed orvally before they are
written out. If difficulty is found with any example, a numericalicase
should be discussed first.

1. A pencil costs p pence. What do a dozen pencils cost (i) in
pence, (ii) in shillings?

2. 1lk. of tea costs s shillings. What do / Ib. cost (i) in shillings,
(i) in £t
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3. z oz. of tobacco cost t pence. What is the cost of 1 1b. (1) in
pence, (ii) in shillings?

4. a feet of clastic cost b pence. What do ¢ feet cost?

5. A clerk addresses n envelopes in an hour. How many hours
will he take to address N?

6. The cost of x tons ¥ coal is LP. How many tons can be
bought fr £Q?

7. 'T'here are ¢ centimetres in 1 inch. [How many metres are there
in 1 yard?

8. If you walk at the rate of 3 miles an hour, how far will you
walk in 2 hours? How far in x hours?

9. What distance can a train go in y hours at the rate of 60 miles
an hour?

10. A train travels z miles in ¢ hours. What is its speed in miles
per hour?

11. A train travels d miles at 60 miles per hour. Iow long does
it take?

12. A train travels m miles in /i hours. (i) How far will it go in
k hours? (i1) How long will it take to travel s miles?

13. A train travels at v miles per hour. How many feet per
second is this?

14. Complecte the spaces in the following tabulated sums:

Weight Cost
(1) p 1b. s shillings
: h shillings
(i) 2 OZ. q pence
Z oz.
(iii) a cwt, LL
. b tons

15. Make up for yourself three unitary method sums, choosing
your own symbols.
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LENGTHS, AREAS, VOLUMES

1-6. Fig. 1'1 shows a length of wire bent into the shape of a rect-
angle. The length of wire used to make this shape

n
is the sum of two pieces [ in. long and two picces !
b in. long, i.e. b

Total length=/in.+/in. +b in. +b in.
Iiig. 11

Byinserting brackets we can abbreviat : this, to read
Total length=({+14b+b) in.
The contents of the bracket are regarded as a single number,
and give Total length = (21 + 2b) in.
or =(2b+2l) in.
To find the total length we have to add the expression 25 to the

expression 2/. We speak of 24 and 2/ as terms of the expression

2l + 2b.
As we cannot simplify the sum 2/+ 2b, the terms 2/ and 2b are

called unlike terms. By contrast, /+ 2/ can be written as 3/: we
say that in [+ 2/, the [ and 2/ are like terms.

Example. Toform the wire frame in fig. 1-2 we require a length of
(I+1+1+b+b+b)in.
=(3l+3b) in.

1-7. Again from our Arithmetic* we sce' that the area of the
rectangle in fig. 13 is /X2 sq. in. or 2/ sq. in.; also the arca of
the rectargle in fig. 1-2 is I X b sq. in. or Ib sq. in.

l”

<~__lll _— : ln [”
5 o g e

lII
Fig. 12 Iig. 1-3 Iig. 14 Fig. 15

If a rectangle has two adjacent sides equal, it is called a squ‘are,
and its area is [/ X [ sq. in., which may be written /[ sq. in. or [* sq. in.
If we consider a solid cube (sec fig. 1'5) each of whose edgesis [ in.
long, the totai surface area of the cubeis I x I x 6 sq. in., i.c. 6/2 sq. in.

* It may b well at this stage to revise the fundamental idea of area as
developed in Arithmetic.
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In this expression notice particularly that only the / is squared.
If we wanted both the 6 and the  to be squared we dhould write
(67)%, meaning (61) x (6]), i.e. 6 xIx 6 %1, 1.e. 362

Example. Fig. 1-6 shows the cross-section of a hollow iron bar.
T'he area of the section
=(2$)2—s%sq. in. 2s”

_ sa.i i
=25 X 25— §¥8q. in. < /
=4s%—§% sq. in. % %28"

sll
=3s%sq. In. /
Consider the closed box shown in fig. 1-7. /////%‘

T'he end is a square of side s in. Fig. 16
Then the total length of edge of the box is

(45 +45+4l) in.
— (85 +40) in. i
The total surface area is .
l”

(s2+s52+4sl) sq. in.,
i.e. (282 +4sl) sq. in. Fig. 17
The volume is s x s x [/, 1.e. §? x [ cu. in.
We abbreviate s x [ to s3/.
Since s* x =1 x 5%, s* may also be written /52,
In erch of these expressions for the volume note that only the
§ 1s squared.

1-8. Fig. 1-5 shows a wooden cube.
(i) 'The total length of edge =12/ in.
(i) The total area is 6 times the area of a face, i.e. is
6 xI* or 6[2sq.in.

(ii1) The volume is [ x I x [ cu. in., which is
written [? cu. in.
If the edge of the cube had been 2/ in., then
the volume would have been (2/) cu. in.,

i.e. (21) x (21) x (2]) cu. in.
=2xIx2xlx2xlcu. in.

=83 cu. in.

You should try to see this from fis. 1-8.
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EXERCISE 1e¢

1. Write in their simplest form

(1) axzxb, (i) Ixbxh, (iii) axaxs,
(iv) 2ax2a, ) (3a)?, (vi) axaxaa,
(vii) (2a)?, (viil) (2a)*x h, (ix) X s X (25)

2. Simplify:
(1) 25 -3 -5, (i) a+z2b+z2a+1, (i) 20+ 3y+3y—a.
3. Which of the following can be simplified?
(1) a+b+a, (i1) ab+ab+ba, (iii) ab +1,
(iv) ab—a, (v) ab+a+b, (vi) 1—a+b—1.

4. When s=3 and t =2, which of the following is the greatest?
§2, 2%, 3st, s —t+5t, 35— 4t, (21)%

5. What is the difference between 2t* and (2t)* when t=3?

6. Make a freehand sketch of each of figs. 1°9 to 1°13. Find
(1) the perimeter, (ii) the arca of ecach figure.

2s"

all
5" =
" ‘l
l 2s" b
b
5"
Fig. 179 - Fig. 1°10 Fig. 1-11
all
n
¢ t
- wll w'l
t 2¢"
a’
wll
Fig. 112 Fig. 1-13

7. Find the area of the unshaded parts of figs. 1°14-1'16
(i) by considering the difference between the areas of the
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whole figure and the shaded part, (ii) by aid of the broken
lines.

«--3"-—» < —-3§"- — >
l" 7 : :
Vi
3!" 1 25" [3sm
:
) w
] i) 1
sll
Fig. 1'14 Fig. 1°15 Fig. 1-16

8. Find (i) the surface area, (ii) the volume, of each of the solids
in figs. 1-17-1°20.

1" t"
n
on % 6" l
Fig. 1:17
b" l”
Fig. 1°19

FURTHER EXAMPLES

1-9. It is not intended that the following examples should be taken
at this stage, but it is suggested that they should be worked with
the corresponding ecxamples in Arithmetic.
EXERCISE 1f
1. What is 1% of n?
2. What is ¢% of p?

3. If a% of a number is b, what is the number?
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4. x9% of a number is N. What is y %, of the number?

5. What per cent. is 1 of 2,
30ofs,
aof b,
1 of X?

6. On a cost price of s shillings I mak~ a gain of g shillings. What
is my gain per cent.?

7. Fill in the gaps.

! Cost Price | Selling Price | Gain | Gain %,
e s : -

o p g

| v

e I

,‘“ Ly
I '

8. By selling an article for £P, I gained 5%, . What did the article
cost me?

9. g% 1s gained by selling at S pence. What percentage is gained
by selling at P pence?

10. Divide a legacy of £L in the ratioa : b : ¢. Can we say which
share is the greatest?

11. Two powders are mixed in the ratio p : ¢ by weight. How
much of each is there in [ Ib. of the mixture?

12. What is the average of a, b, c?

13. The average age of p boys is a years, the average age of
another ¢ boys is b years; what is the average age of the whole lot?

14. A can do a piece of work in x days, B can do it in y days;
how many°day¢ will they take if they work together?



CHAPTER 2
THE USE OF LETTERS IN GEOMETRY

2-1. In this chapter we assume a knowledge of the facts about
(i) angles at a point,
(i1) angles formed by parallel lines and a transversal,
(iii) the angle-sum of a triangle and a polygon,
(iv) the base angles of an isosceles triangle.
We indicate a right angle as in fig. 2:1, and a pair of parallel lines
by arrowheads as in fig. 22

Fig. 2:1 Fig. 22
The marks on the lines in the figure of Ex. 2a, No. 1 (v) indicate
that the lines are equal.
EXERCISE 2 a (Oral)
1. Find the sizes ¢  the unmarked angles in these figures:

AN
N

* This chapter suggests work that could be dore in the Geometry
course; here it may be used to generalise the Geometry and to pave the
way for Algebra. If Geometry has not yet been begun, th= chapter should

be omitted.
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)

I

(iv)

4
7/
30°
© /\\ /\ > D
50° b° ve

2. Find the sizes of the unmarked angles in these figures:

b
> "“5;-'0
(ii) < ’
50° _ 300 pe q°
(iii) = S >, //\&w v /\eo

(ii) A X

(iii) ;
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4. If x° and y° are two supplementary angles, write down they
connection between x and y.

5. If the angles of a triangle are A°, B°, C°, write down a fact
about A, B, C.

6. If the three angles of a triangle are go° 7° and s°, what
follows about » and s?

7. In fig. 2:3, prove x=3.
8. In fig. 2°4, prove p+g=r.
9. In fig. 2'5, prove s=360—r—1.

B 7o
ye re s
x° p". te

g, 2-3 Iig. 2-4 Fig. 2-5
10. In fig. 2:6, prove ZPQR=¢9o".
11. In fig. 2'7, prove p=90—z.
Q
/, \ o
_ Pis \\ q
P \ X°
e a° \ p° 110°/ “x°
—g
Fig. 2°6 Fig. 2+ Fig. 2-8

12. Find x (1) in fig. 28, (ii) in fig. 2-9, (iii) in fig. 2-10.
13. Find &, y, 3 in fig. 2-11.

X+30
X+10  x+20 ‘

Fig. 29 Fig. 2'10 lig. 211



CHAPTER 3
HIDDEN NUMBERS—EQUATIONS

3-1. Algebra began when the Arabs discovered the use of equations
for solving problems that appeared too hard for ordinary arithmetical
methods.

This chapter shows how equations can be so used.

3-2. Problem. Think of a number, double it, add 7, suppose that
you now tell me that the result is 25. I will find what number gou
thought of.

Suppose that the number you thought of is written on the
blackboard, concealed behind a picce of paper; then the facts may

be written thus:
2x[j+7=25

I have to find what is the number behind the paper.
The two sides of this equation are equal; and if I subtract 7 from
cach side, the sides are still equal.

I then have
)1

If I divide each side by 2, the sides remain equal; then

=9

which means that the number behind the paper is 9.

Now see what 2 x g+ 7 is equal to; is it 25?

Instead of pinning up a piece of paper in front of the hidden
number, I will suppose that n stands for this number; then the
equation will be

2xn+7=25,

or z1+7=25,
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and tosolve this equation (i.e. to find the number for which 7 stands)
the steps would be as follows:

Subtract 7 from both sides, .. 2xn=18.
Divide both sides by 2, n=9.
“heck. 2x9+7=18+7=25.

EXERCISE 3a (Oral)

In the following equations the letters stand for hidden numbers;
find the numbers:

1. n+7=10. 2. 54-p=12. 3. g—12=6.
4. 12—r=0. 5. 3s=18. 6. 15=5t.

7. u—8=o. 8. o=3v—18. 9. 13=4+w.
10. 3=7—x. 11. 3=y—7. 12. 13=2+8.
13. 14+a=1l. 14. 3—b=2}. 15. L +c=7.

3-3. In most of the above examples we have been able to guess the
hidden number more or less without any method, but to solve
harder examples we must develop definite methods.

Consider 3n+4 = 4o0.

"This ir a statecment that two numbers are equal.
FFor a moment let us think of a balance, a pair of scales.

AAs EEEE

© 7
Fig. 31

Supposc the left-hand pan contains three lumps of lead, indis-
tinguishable from onec another, and also 4 one-ource weights;
suppose the other pan contains 40 one-ounce weighits; and suppose
that the two sides balance. Should we upset the balance if we took"
4 one-ounce weights from each pan?

N

SDA
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In the same way we sce that if we take 4 ‘rom each side of our
equation, then 3n=36.

Supposc we now emptied our scale-pans and put back one lump
of lead in the left pan, and o1 e-third of the 36 one-ounce weights
in the right. Should we expect them to balance?

In the same way if we divide 37 by 3 and 36 by 3 we should
expect the results to be equal.

an_36
T3 3’
i 6
1.€. 7123 =12.
3

We verify, or check, this answer by writing 12 instead of # in the
left-hand side of the original equation, 31+ 4 = 4o0.

We find 3n+ 4 =36+ 4 =40, as it should.

Hence the solution n=12 is correct.

3-4. Again, suppose a pair of scales i1s balancing with two different
looking loads, one in cach pan.
We should say
Weight in onc pan = Weight in the other pan.

The balance would not be upset if equal weights were added to,
or taken from, each pan.

Now an equation is a sort of mathematical balance in which
numbers are compared instead of weights.

You should see that

(1) it the same numbers are added to each side of an
equation, the two sides will again be equal;

Ji) if the same numbers are taken away from each side
of an equation, the two sides will again be equal.

Note this will be true whether the numbers added or subtracted
are known numbers or unknown numbers; all that is essential is
that they should be equal. ,

In the same way keeping the idea of a pair of scales before us we
can see that

(iii) if each side of an equation is multiplied by the same
number, the two sides will again be equal;

(iv) i‘f ¢ach side of an equation is divided by the same
number, the two sides wi.l again be equal.
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Here also the multipliers (or the divisors) may .Jbe known
or unknown numbers; all that is essential is that they should be

equal.

3-5. Example. Solve 47 —3n=7n+12.

Add 3n to each side.
[As n represents a number, so does 3. Hence we are adding the

same number to each side, ti.ough it is an unknown number.]
S 47=7n+ 12+ 3n.

Subtract 12 from each side,

S 35=10n.
Divide each side by 10,
S 35=m,
i.e n=3s or 3.

bkeck. When n=3},
left-hand side =47 —10} =36},
right-hand side =24} + 12 =36}.
We abbreviate left-hand side to L.H.s. and right-hand side to r.H.s.

EXERCISE3 b

Solve the following equations. Explain every step of your work,

and check your answers.
Nos. 1—12 should be discussed orally.

1. 2n+1=3s. 2. 19=4+3x. 3. 7y—11=24.
4. 69=4b+65. 5. 3a+23=104. 6. sV—13=172.
7. 89—2n=9n—10. 8. 23— W=2W+35.
9. 384+c=2+9c. 10. sd+5=17—3d.
11, gx—7=817+x. 12. sz—r11=4+22.

13. A certain number is multiplied by 7, and 13 is added to the
result; if the final number is 69, what was the original ..umber?

14. Think of a number; double it; add 15. If the result is 69,
what was the number first thought of?
2-2



20 ALGEBRA [Ex. 3b

15. A certain number is multiplied by 2 and 5 is taken from
the product; if the result is 46, what was tne original number?

16. Find a number such that if 7 is added to three times the
number, the sum is 100.

17. The sum of three times x and 7 is 40; what is &?
18. Five times x is 12 greater than 23, find «x.

19. The difference between four times a number and 11 is 37;
what is the number?

3-6. From the above examples you have probably got the idea that
to solve an equation we try to get the terms containing the hidden
number on one side of the equation and the terms containing only
known numbers on the other side.

EXERCISE 3 ¢ (Oral)

1. How would you get rid of the term containing the hidden
number on the right-hand side of each of the following equations?

(i) sx=3x+8, (i) 7a=36-35a,
(iii) b=20-b, (iv) ly=1-y.
2. How would you get rid of the term containing a letter on the
left-han- side of each of the following equations?
(i) 144+n=3n, (i) 21—3x=4%x, (iil) 9} —2p=p.

3. What would you do to the following equations so as to bring
all the terms containing an unknown to the left-hand side and all
the other terms to the right-hand side?

(i) sx+2=3x+06, (i) 3y—73=2y-5i,
(iii) 3z—3=2+5, (iv) 4p—2=10—2p,
v) 2—q=13—2q, (vi) s —2=22+6+12.

4. Is the equation 7a=3a+ 10 the same as 7a—2=3a+8?

5. Is thesequation 7a=341+ 10 the same as 2—3a=8 —7a?
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6. Criticise this attempted solution:

3d—3=4d-6,

So3d—g4d=—6+3.

7. Find, with as little work as possible, whether x = 1 is a solution

of 57x — 56 =103x — 102.

8. Check the solution x =2} for the equation

I§— 55X =7X— 10—

2X.

9. Is the solution to 4ga—3=9—2a, a=1, or 2, or 3?

EXERCISE 3d (i)

Solve the following equations and check your solutions

1. 6a=3a+o. 2. 10—3x=x.
4, 5¢—5=9—2c. 5.
6. 4M—3=2M+10. 7.
8. sa—2=a+5+2a. 9.
10. 3g+1=1+4+39+29—7. 11.
12, 0=3W—4—5—2W. 13.

14. 25+35+45=15. 15.

3. 5p+3=7+4p.
13—K=24—-2K.
13+2f=s5}.
I5+5x—Xx—3=I0X.
X+4—2x=3xX.
N—1+2N—-3=7-2N.

m+i+m+i=1.

ExERCISE 3 d (ii)

Solve the following equations and check your solutions :

1. 1545 4. 2. 4N—-14=3N. 3. 6y+3=4y+6.

4. 33—34W=4W —3. 5.
6. 4P—3=2P+6. 7.
8. 11—554+12=45+5. 9.
10. 2w-+7+4w+9=30. 11.
12. 15=5t+3t+15. 13.
14. 4=3+2t—4—1t. 1R,

4R+2=6+3R.

2} +3g=111.
3x—5+2x+17="x.
2y—7—-y—3=o.
4—8z2+vuz+8=no0.
3§—45+75=3—4+7.
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3-7. Exaruple. The equation ﬁz 752 arises in finding the height of

a tree by comparing the length of its shadow with that of an
upright stick. Find the value »f 4.

A
N
hz?_%' %3) |
4 5 '?‘3 l
Multiply each side by 4, A ?Z%,’Il
Uy |
‘. II:ZZX4, ‘b|
5 |
' v
/z=§§§,
5
coh=573.

573

. v, . o . 2
Which we check cirectly, since ~° 2 =142, which =7

EXERCISE 3¢

Solve the following equations. Explain every step of your work
and check your answers:

h w 2l
1. =3. 2. 5= . 3. “ =4.
3 4 5 6 3 4
1 3d bx 2
4. «x= 5. = 6 =
2 > 4 7 5 3
8 .
7. h=l§. 8. st_z . 9. zazl;}—-lé.
5 3 5 3
10. When the weights in fig. 3-3 balance ede e — De——
we can verify by experiment that é l
Wd=wD. lW w
Find what numbecrs should be put in Fig. 3°3
the spaces:
w d w D
(1) 25 10 40
(11) 4 8 10
(1i1) 12 3 9
(iv, 24 3 4
(v) 2a 3 4a
. b
8 - b
(vi) 2 14
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3-8. It should be clear that
(i) if we take the square root (or any other rodt) of each
side of an equation the two sides will again be equal;

(i1) if we square (or raise to any other power) each side
of an equation the two sides will again be equal.

3:9. Problem. Fig. 34 shows the plan of a square courtyard. The
shaded area is 384 sq. yd. «'ind the length of the

cdge of the courtyard. 7/////////////
Let the edge of the courtyard be y yd. long. 20yds. /
T'hen the arca of the courtyard is y® sq. yd. /QOyds. /
And the arca of the inner square is 20 sq. yd.

v mnersa )
LyT—20%:23084, Fi .
g 34
i.c. y* — 400 = 384.

Add 400 to cach side.
s yE— 400 + 400 = 384 + 400,
i.c. y:=784.
Hence y is the number whose square is 784.
s y=28.
Check. If the edge is 28 yd.,
Area of courtyard  =28% sq. yd.
=784 sq. yd.
Arca of inner square = 400 sq. yd.

Difference =384 sq. yd.

EXERCISE 3 f (Oral)

The equations Nos. 1—12 arise from problems about areas and
volumes. Find the unknown numbers.

1. s*=2;5. 2. r*=8. 3. 3a*=12.
4. x*+4=20. 5. 400=1[*>—144. 6. 2d3>—1=353.
7. 1=9—p" 8. (za)*=100. O (28)? =8.
- =
10, Vx=3. 11. »1_:9. 12, 64W3=1.
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EXERCISE 3 g

1. If P is the pcrimeter of the rectangle in l
fig. 3'5, we know that 5
P =2l42b.
Fill in the spaces: Fig. 35
P o ' b
(1) 4 | 3
(i1) 10 2 ‘
e —_— . .
(1) 12 ! 3

2. If A is the arer of fig. 3'5, we know that A =/b.
Fill in the spaces:

o A L s
W | 4+ 5
Gl 20 | s

i) | 24 | | 6

3. The arca of fig. 36 is 1s%. If s=35, find the arca.
If the area=j50, find s.

4. If T stands for the total area of faces of a solid
cube with edge e and V for the volume, then we can
prove that T =6¢* V = Fig. 36

Fill in the spaces:

o T v | e
R R A N P
@ | ose |
. i o ] toee |
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5. 'I'o make the wire frame shown in fig. 37 we require 11 ft. of
wire. Find [

6. What value of s will make the rectangle of fig. 3-8 a square?

7. The extending ladder in fig. 39 has a total extended length
of 45 ft. Find x.

lll

"
6 s+5

2l" 2s+1 / '
Fig. 37 Iig. 3-8 Fig. 3:9

-

8. Find the distance BQ in fig. 3-10 if AQ is 5 times BQ.

9. Find e if the total outside arca of the box in fig. 311 is

66 sq. in.
Ar - - 6" —_—— Q IH e

Fig. 3-10 Fig. 3-11

Js ol

10. A cube has a total surface arca of 150 sq. in. Find its volume.

11. When both blades of the penknife in fig. 3-12 are hut, they
overlap by } in. Find b.

»

12. By digging the shaded border in fig. 3-13 the gardener
doubles the area of the original bed (unshaded). Find d.

18. Find x in fig. 3°14.

Sy,
© 12! %
€«——=dl-—-—->

Fig. 3-73 Fig. 3°14



CHAPTER
PROBLEMS

4-1. For hundreds of years the chief use of Algebra was the solution
of problems.

T'he chicf difficulty for the beginner is in translating the words of
the question into the language of symbols.

In the following pages the problems arc divided up into types
and a few examples are given on each type; in Ex. 4 g the problems
are mixed.

Note that in each problem the letter assumed stands for a number
and not for a thing, e.g. in Ex. 4a (i), No. 1, a stands for a number
(a number of poundy), it does not stand for a sum of money.

EXERCISE 4a (i)

Solve the following problems. The part of cach question which
1s in brackets should be discussed orally before any work is written.

1. T'hree men, Mr A, Mr B, Mr C, contribute £432 to start
a business; Mr B contributes twice as much as Mr A, and Mr C
three times as much as Mr A. How much did cach contribute?

[Suppose Mr A gives £x. How much does Mr B give? How
much does Mr C give? How much do they all three together give?
How much does the question say they give?]

2 Mr A and Mr B have £37 between them: if Mr A has f15
more than Mr B, how much have they cach?

[Suppose Mr B has £p. As Mr A has f15 more than Mr B,
Mr A must have £ . How much have they between them?]

3. In Rugby football a goal counts 5 points and a try 3 points.
One side scored a certain number of goals, but the other side scored
twice as many tries, thus winning by 3 points. What were the
scores? )

[Suppose the first side scored g goals, how many points have they
scored? tlow many tries did the other side score? How many
points?]
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4. A man made a will leaving £1000 to be divided amcng his ,
3 daughters and 4 sons; cach daughter was to reccive twice as much
as each son. What did each daughter and each son reccive?

[Suppose each son received L£x. How much did 4 sons receive?
How much did each daughter receive? How much did 3 daughters
receive? How much did 4 sons and 3 daughters receive? But their
total receipts were £ J

5. 'T'he length of a table is twice its width. If the table were
2 ft. shorter and 3 ft. wider it would be square. Find its width.

[Suppose the width of the table is w ft. Then the length is ft.
If the table were 2 ft. shorter, its length would be ft.]

EXERCISE 4 a (ii)

1. A man bequeathed £140 to his three scivants. A was to have
twice as much as B; and B was to have three times as much as C.
What were their respective shares?

[Suppose that C had £x.]

2. £60 is to be divided between two brothers so that the elder
gets £5 more than the younger. How much will they each receive?

[Suppose that the younger receives £y.]

3. A man sells a certain number of magazines at 6d. each and
twice as many newspapers at 1d. each; how many of each has he
sold if his receipts amount to 22 shillings?

[Let m be the number of magazines sold.]

|
4, A manmade awillleaving £ 1700 for his widow and 2 daughters
and 3 sons; the widow was to receive £650 and each daughter was
to receive twice as much as each son. What did each
son receive?

[Let s be the number of pounds each son receives.] 5

4"

5. The border in fig. 4'1 is everywhere of the
same width. The perimeter of the outer rectangle is )
26 in. Find the width of the border. Fig. 41
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SPEED AND DISTANCE

4-2, Problem. Amotor car starts from London to run to Plymouth,
224 miles away; at the same tir e a second car starts from Plymouth
to run to London. The first car goes at 35 miles an hour, the second
at 29 miles an hour. How many hours after starting will they meet?

Suppose that they meet ¢ hours afte starting.
In 1 hour the first car runs 35 miles.
.. in ¢ hours the first car runs 35¢ miles.
Again in 1 hour the second car runs ~g miles.
~. in t hours the second car runs 2¢¢ milces.
.. the total distan.e run by the two cars is (35¢+ 29¢) miles

But this total distance must be the distance between London and
Plymouth, 224 miles.

.. (352 +29t) miles =224 miles,
. 35t + 29t =224,
s 64t =224.
Divide both sides by 64,
tzf_zi:?8:7:3}'
64 8 2 ¥
*. the cars meet 3} hours after starting.
Check. In 3} hours the first car runs
35 X 7 miles =243 miles = 122 miles.
2 2 =
In 34 hours the second car runs

7 . 203 .
29 % miles = —= miles = 101} miles.
2 2

The total distance the cars run is 224 miles, which is the distance
between Loncon and Plymou+h.
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EXERCISE 4 b (i)

1. A train starts from London for Exeter at noon, and another
train starts from Exeter for London at the same time; the first train
travels at 30 miles an hour, and the second at 57 miles an hour.
The distance between London and Exeter is 174 miles. After how
many hours will the trains meet?

2. T'wo motor cars can sun onc at 30 miles an hour the other
at 36 miies an hour. If the faster car sets out to catch the slower
when the latter has 16 miles start, when will it catch it up?

3. A thief steals a motor car at 9 a.m. and drives it at 32 miles
an hour; the theft is discovered and at 9.30 a.m. the owner scts off
in another car at 42 miles an hour; when will he overtake the thief?

EXERCISE 4 b (ii)

1. The distance from London to Crewe is 158 miles. A train
leaves Crewe for London at noon travelling at 35 miles an hour;
at the same time a train leaves London for Crewe travelling at
44 miles an hour. After how many hours will the trains meet?

2. A liner which can travel at 18 miles an hour receives a wireless
message that a steamer 42 miles due west of it has broken down and
is travelling due west at only 6 miles an hour. When will the liner
overtake the steamer?

3. At 11 a.m. A starts out in a motor car at 28 miles an hour;
at noon B rides after him on a motor bicycle at 42 miles an hour.
How many miles are they each from the starting-point t & hours
after noon? When will B overtake A?

GEOMETRICAL PROBLEMS.

4-3. The following examples assume the properties of angles at a
point, parallel straight lines, the isosceles triangle and the angle-sum
of a triangle.

Example 1. In fig. 4-2, find x.

As we have a straight line the three angles make up
two right angles.

x

. ¥+ 9o0+2x=180.
Subtract go from both sides, ... 3x=go.
Divide both sides by 3, .. x=30. Fig. 42

2X
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Example 2. Find the value of y in fig. 4:3 that A
would make A ABC isosceles.

[Note that the angles add up to 180°.] 170

Case I. If AB=AC, £C= /B.

. 2y=y-+10. J410 2y
Subtract y from both sides, ... y=10. B ¢

Check this answer. Fig: 43
Case II. If BA=BC, £C= ZA.
. 2y =170—3).

Add 3y to both sides, .. 5y=170.
Divide both sides by 5, .. y=34.
Check this answer.
Case I1I. If CA=CB, 4ZB= ZA.

‘*y+10=170—3).
Subtract 10 from both sides and add 3y to both sides, .". 4y =160.
Divide both sides by 4, ... y=4o0.
Check this answer.

. Y=10 Or 34 or 4o0.

Example 3. In fig. 4.4, OB=0C; whatis £ BOC?
Let £ OBC be x degrees. A

[Note that it is simpler in this case to take x°
for an ang'e which is not the angle we are asked

for] oB-oc, - LOCB= £OBC=x"

Now the sum of the angles of A ABC is
(68 +23 +x+ 37 +x) degrees,
. 684+23+x+37+x=180,
o 2x+ 128 =180.
Subtract 128 from both sides,

B C
Iig. 44

So2x=180—128,
| 2x=52.
Divide Both sides by 2, .". x=26.
. /BOC=180—2: 26=180—52=128 degrees.



PROBLEMS 31

EXERCISE 4 c (i)
Find the values of x:

1. In fig. 4°5. 2. In fig. 4°6.
3. In fig. 47. 4. In fig. 4-8.
x +10
ax _7x X-10 x 2x X+36
Fig. 4°s5 Fig. 4°6 Fig. 47 Fig. 48

5. In a triangle ABC, / A is three times A
as large as /. B, and / C=72"; how many
degrees are there in cach of the angles A
and B?

6. In fig. 49, SA=SB=SC; find £ SBC. S Y

B
EXERCISE 4 c (ii) Fig. 479

IFind the value of x:

1. In fig. 4 10. 2. Infig. 411,

3. In fig. 4°12. 4. In fig. 4-13.

ax | 3%+20 u
4x
X+70
Fig. 410 Fig. 4'11 Fig. 4-12 Fig. 413

5. A triangle has two of its angles cqual

and the third angle is 38"; what is each of the NG

cqual angles?

6. In fig. 4-14, C is the centre of the circle;
calculate 2.

Fig. 4-14
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CONSECUTIVE NUMBERS, ETC.
EXERCISE 4d (Oral)

In most of the following quest ons it will be necessary first to consider
numerical cases; in some questions numerical cases are given, in others
it is left to the teacher to suggest them when they are needed.

1. The whole numbers (or integers) are 1, 2, 3, 4, .... (i) What
is the 12th whole number? (i) What 1s the #th whole number?

2, What is the next whole number after 15? If a is a whole
number, what is the whole number next after a? next before a?

3. If s is the smallest of three consecutive integers, what are the
other two? What is the sum of the three nimbers?

4, If g is the greatest of three consecutive whole numbers, what
are the three numbers and what is their sum?

5. If m is the middle one of three consecutive integers, what are
the three integers? What is their sum?

6. If eis an even number, what is the next greater even number?
What is the even number next before e?

7. 1f d is an odd number, what is the odd number next after d?
next before d?

8. If dis an odd number, what is the next greater even number?

9. If x is any integer, what can you say about 2x? What can you
say abou* 2x+1?

10, If the sum of two numbers is 100, and one of them is n,
what is the other?

11. If two men have £40 between them, and if one of them
has £p, how much has the other?

12. The height of a tennis net is equal to the sum of the length
and the width of a racquet; the height of the net is 36 in. What is
the length of a racquet z in. wide?

13. The distance from London to Bristol is 120 miles; when a
train has travelle 1 x miles from London towards Bristol, how far is
it from Brw,tol> How far is it from London when it has travelled
y miles beyoud Bristol?
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14. What is the supplement of an angle of (i) 30°, (iiz x°?

15. If two of the angles of a triangle are x° and y°, what is the
third angle?

16. If one of the equal angles of an isosceles triangle is 2°, what
the third angle?

17. If the vertical angle of an isosceles triangle is v°, what are
each of the equal angles?
EXERCISE 4 e (i)
1. Find two consecutive numbers which add up to 33.
2. Two consecutive even numbers add up to 70. What are they?
3. The sum of two consecutive odd numbers is 48. Find them.
4. Three consecutive numbers add up to 39. rind the middle one.

5. I have 15. more than my brother. Together we have 18s.
How much has he?

6. Prove that the sum of two consecutive odd numbers is always
divisible by 4.

7. Ataconcert 100 people were present; x paid 2s. and the rest 15.
The total receipts were £8. Find x.
EXERCISE 4 e (ii)
1. Two consecutive numbers add up to 57. What are tliey?
2. Find two consecutive even numbers which add up to 46.
3. Find two consecutive odd numbers which add up to 36.

4. Three consecutive even numbers add up to 84. Find the
middle one.

5. I won a set at tennis by 2 games and the total number of
games was 24. How many games did I win?

6. Prove that thc sum of three consecutive numbers is always
divisible by 3.
7. In a bag there are 10 coins, ¢ of these are sixpences : the rest
are pennies. If the valuc of the money is 2s. 6d., what is ¢?
SDA 3
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HINTS FOR SOLVING PROBLEMS.

4-4. 1. Pick out from the question what you are asked to find, e.g.
““What was the cost?” ‘“Find their ages”, .... You will generally
find this in the last part of the question.

II. Decide what unknown number you will represent by a letter.
If there are two things to be found. c.g. two ages, take a letter
for the smaller: this may help you to avoid fractions or negative
signs.

III. Write down a complcte statement introducing your un-
known with its proper unit, e.g. ““Let ¢ be the number of pounds
in the cost”; or, better still, “Let £¢ be the cost”.

IV. Write down in terms of your unknown each statement in
the question. A diaram or a table is often helpful.

V. If you can find two different expressions for any one thing,
you can form an equation by equating these two expressions.

N.B. Always remember that the unknown stands for a number
only, and not for a number and a unit.

Always check your answer by substitution in the original problem
and not in any cquation that you have found—you may have madc
a mistake in writing down the equation.

EXERCISE 4 f (Oral)

Reword the following statements where necessary:
1. Let ¢ be the cost of the ticket.

2. Suppose he buys 7 dozen eggs.

3. 3x=15, .. x=5 years.

4. Let d be the distance.

5. He gains p — 4 pence.

6. .. the father’s age is 2y +7.

7. Suppose that W is the weight of the box.

C. Suppose that the number of runs is 7.
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EXERCISE 4 g (i)

1. 7 rceturn and 7 + 4 single tickets cost 10s. A return ticket is 2s.,
a single 1s5. Find 7.

2. If a certain book costs x shill.ags, what shall I have to pay
for 6 copies of the book? How much change shall I receive if I give
the bookseller £1? If the change I receive is 5 shillings, what was
the price of the book?

3. Fig. 415 shows a penknife with open blades. The greatest

distance apart of the tips of the blades is 8 in. Find the lengths
of the blades. 1+2

C

A B
Fig. 4:15 Fig. 4:16

4. In fig. 4:16 lengths arc shown in inches. (i) Write down the
lengths of AB and BC. (ii) The perimeter of the figure is 32 in. Find /.

5. A man bought 5 Ib. of apples at x pence per lb. and 3 1b. of
nuts at 2x pence per Ib.; he paid 5s. and received 1s. 4d. change.
What was the price of the apples per 1b.?

6. Of four brothers cach was four years older than the next
younger and the cldest was twice as old as the youngest. VWhat were
their ages?

7. Find a in fig. 4°17.

o
124 /25

Fig. 417 Fig. 4-18
8. Find b in fig. 418, if AO produced bisccts the acute angle.

9. To roast beef allow 15 minutes for every pounand 15 minutes
over. How long will it take to cook pieces weighing 2, 5, n 1b.?
If a joint takes 24 hours to roast, how much does it weigh?

3-2
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10. How far will a man travel in a train iourney of 3 hours at
2x miles per hour followed by a motor journey of 1 hour at x miles
pet hour? If the total distance travelled is 161 miles, find the speed

of the train.

11. One flock of sheep contains 20 less than twice the number
in a second flock. They both together amount to 244 sheep. How
many are there in cach flock?

12. Fig. 4'19 is a rectangle. Find a.

2% -~ 4X+20
P

Fig. 419 Fig. 420

13. In fig. 4:20, prove that POQ must be a straight line.

14. If 10s. is divided between two boys A, B, so that A’s sharc
is eightpence more than threc times B’s share, what is B’s share?

15. In a triangle ABC the angle A is three times as large as
angle B. If B contains 10° more than C, find the angles of the
triangle. [Work with angle B as unknown.]

16. (i) Write down the rule for finding the area of a trapezium,
(ii) What must x be for the area of fig. 4:21 to be 30 sqg. in.?

(0]
T
X+4 R
3
Q
x TP
Fig. 4-21 Fig. 4-22

17. Fig. 422 shows the plan of a corner shelf. The angles at
P, Q, R are equal; call each of them a”. Write down the sum of all
the angles of the figure.

Also find the sum by dividing the figure into triangles by joining
OP, 0Q, OF. Hence find a
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18. On a coal cart:are 18 sacks. 7 hold 2 cwt. cach. The rest
hold 1 cwt. each. T'he total weight is 1 ton. Find n.

19. 'T'he expenses of a journey were made up of fares for railway,
coach and cab. The railway fare was five times the cab fare, the
coach fare was four times the cab fare. The total expense was 3os.
Find the railway fare.

20. A hag contains a certain number of shillings and twice as
many half-crowns; the total value of the money in the bag is £3.
FHow many shillings are therc in the bag?

EXERCISE 4 g (ii)

1. In a cricket match one side scored x runs and x- 67 runs,
the other side scored 2x—3 runs and x — 50 runs. If the first side
won by 20 runs, what were the scores?

2. Assuming that a return ticket costs twice as much as a single
ticket, find an expression for the total cost of 4 singles and 6 returns
when a single costs x shillings. What is the cost of a single ticket,
if the total cost in the above case is £3. 125.7

3. In fig. 4-23, find x if AC=4BC.

3 2
A B C
N E————
6 X X x
Fig. 423 Fig. 424

4. Copy fig. 4:24. (i) Mark on your copy the length of each line,
in terms of . (i) Write down an expression for the perimeter of
the figurc. (iii) If the perimeter is 15 in., what is x?

5. James starts from Harrow and walks at the rate of 4 miles
an hour towards London. At the same instant John starts from
London to meet him at the rate of 3 miles an hour. The whole
distance being 1o miles, determine when they will meet.

6. (i) Write down the cost in pence of x chickewns at 3s. 6d. each.
(ii) Write down their cost in shillings. (iii) If x chickens at 3s. 6d.
each cost x shillings more than £2, fir.u the value of x.
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7. Find v in fig. 4-25 if OP bisccts the ob.use angle.
8. Find the unmarked angle in fig. 4°26.

P\
30

2X X+70

(0]
Fig. 4°25 Fig. 4:26

9. How can £1 be shared between A and B so that A reccives
three shillings more than three times as much as B receives?

10. A garden is covered with lime at the rate of 2 tons per acre
on grass and 1 ton per acre on flower-beds. There is three times
as much grass as flower-beds and 3 tons in all are used. What area
of flower-beds is there? '

11. Find x in fig. 4-27. State a fact about the figurc and give
reasons.

12. Find « in fig. 4-28, and then prove that PQ is perpendicular
to QR.

2x-20 P
40+ X430
Qg R
Fig. 427 Fig. 4:28

13. One angle of a triangle is 60°; of the other angles the larger
is five times the smaller. Find the angles.

14. A batsman scores 150 runs. He hits ten times as many fours
as sixes and as many singles as fours. If he scores 38 by his other
hits, find how many sixes he hit.

15. In an clection one candidate received 826 votes more than
the other, and the total number of votes was 4568. How many votes
were given for each candidate?

16. A luggage train passes through a station at 20 miles an hour.
When it has gone 2 miles further an express going 6o miles an hour
dashes through Where will .he collision take place?
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17. Show that a twangle whose angles are «+ 60, «+ 10,% + 20.
degrees is right-angled.

18. Find «x in fig. 4-29. 60
19. A fortress has a garrison of 2600 S
men, among whom are nine tiines as many 120
infantry and threc times as many artillery % %
soldiers as cavalry. How mary of each corps
Fig. 429

arc there’

20. A [5 bag of silver contains only shillings and florins (2s.
pieces), and there are twice as many florins as there are shillings.
FinAd the number of shillings in the bag.



CHAPTER 5
BRACKETS

51. In Arithmetic it is sometimes convenient to cenclose an ex-
pression in brackets.

Example. To find the area of the four walls of the room shown
in fig. 5°1.

12

l—imi stde end, side 12'
! .
16 24 <-—(16+24) ~->

Fig. 51 Fig. 52

From fig. 5-2 we may write
Area=2 X 12 x (16 + 24) sq. ft.

=2 X 12 X 40 sq. ft., ctc.
Note: 40sq. It

(i) that a bracket binds together the numbers inside it;

(1) that the contents of a bracket are to be regarded as a single
number;

(ii1) that, in evaluating an arithmetical expression containing a
bracket, the first step is- to write the contents of the bracket as a
single number.

In Algebra (i) and (ii) above are still true, but (iii) docs not apply
because we cannot usually combine the contents of a bracket into
a single term, e.g.

We can simplify the bracket

in 50+2 (13+%) but not in 50+2 (x+7%),
m 180 —(30+ 40) ’ 180 — (y + 40).

We must therefore obtain rules for removing brackcts from
algebraical expressions.
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BRACKETS OF THE TYPE a(b-+c) AND a(b -c).

5-2. L.et us take the following example. Suppose that the diameter
of a penny is x in., and of a shilling y in.: let us now put 5 pennics
and 5 shillings in a row as in fig. 5-J.

.

i‘---<w+y)”'--'*f<~""(~%'+y)”"*""(my)”""i? """" (ww)”"%‘ """ (C+y)"

Fig. 53

What is the length cf each pair? (x+y) in.
What is the total length of the 5 pairs? Five times (x+2%) in.:
or 5 (x+v) in.

What is the total length of the pennies? s in.

shillings? 5y in.

whole figure? (5x+5y) in.

S5 (x+y)=s5x+5y.

We can generalise this statement by considering fig. 5-4.

The base of the whole rectangle is (x+y) in.

Its area is a (x+y) sq. in.

The areas of the separate parts arc ax and g~
ay sq. in.

Hence a (x+y)=ax+ay for all values of the X! y*
letters. Fig. 54

Note particularly that when the brackets are removed from the
expression on the left-hand side we must multiply the y by fas
well as the x.

<- (x+J,)II___ >

EXxERcISE 5a (Oral)
1. Express without brackets:

(D 4@x+y), (i) 4(x+1), (iii) 4 (1 +w),
@iv) a (1 +x), ") x(1+x), (vi) a(y+x),
(vii) x (a+y), (viii) x (x+y), (ix) z2x (a+b),

(x) N(p+9), (xi) 2W (h+2), (xii) 2W (h+ 1)),

(xiii) } (a+4),  (xiv) % (6+3%), (xv) ; (2n+n?).
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2. Express with brackets:
(1) 2v+2x, (i) 7a+7b, (iii) 20420z, (iv) 4W+38,
(V) x%42x, (vi) x*4ay, (vil) Jy+3, (viii) lz+1.

3. Multiply
(i) x+7 by 3, (i) a+2 by 4, (ii1) 1+ =2 by 10,
(iv) 2+x by x, (v) a+a®by a, (vi) 2+4x by L.

4. Divide
(i) 3a+3b by 3, (i1) zy+4 by 2, (i11) x*+x by x,
(iv) 4P +12Q by 4, (v) 2a*+2ab by 2a, (vi) 7+ 142 by 7.

EXERCISE 5b

Some of these may be taken viva voce.

1. Simplify:

(i) 2(a+1)+3(a+2), (i1) 3 (1+2b)+2(3b+5),

(1)) 4 (2c+3d)+7 (3d+o¢), (iv) 3(W+P)+2 (P-+W),

V) p@B++q(G+p), (vi) r(s+8)+r(t+53),

(vil) x (1+x)+3 (1 +x), (viit) w (w+2) + 4w (w+3),

(ix) 4@@x+1+6@x+3), (x) 2a(a+b)+3b(a+b).
2. Solve the following equations and check your answers:

(1) 2(@+1)+3=7, (1) 12=5(a+2)—-3,

(ii1) 4 (x+4)=20, (iv) 2y (v+7)=2(*+7),

(v) 33=(+3)x2, (vi) 37=2(3+x)+3 (7+x).

3. Show that Lx, y shillings, ¥ pence =12 (20x+y) + 2 pence.

Express similarly, using brackets, (i) ¢ tons, ¢ cwt., [ Ib. in
pounds, (ii) a yd., b ft., ¢ in. in inches, (iii) m miles, f furlongs, y yd.
in yards.

4. Draw diagrams to show that
(i) x(@a+b+c)=xa+xb . xc, (1) x (x+2)=x*+ 2x.



BRACKETS 43

5. Write down the area of fig. 5'5, using
(i) one dotted line, (ii) the other dotted line,
(iii) both dotted lines. Show that the expressions
are identical.

<--X+6-—>

5-3. It is casy to check the result of removing
brackets from an expression by giving numerical
values to any letter occurring.

Example. Simplify 7 (u+v)+4 (u—9v), and test your result by
giving numerical values to # and v.

7(u+v)+4 (u—v)=7u+70+ 4u—4v
=11u+ 3.

To test the truth of this statement we must give « and » numerical
values, but as u — v occurs, the numerical valae chosen for # must
be greater than the numerical value of v.

Put u=2, v=I.
Then 7 (u+v)+4(u—v)=73)+4(1)=21+4=25,
and ITu+30=11X2+3 X 1=22+3=25,

which shows that the result is correct for these values of # and v.
Similarly for any other values for # and v.
In fact the R.H.s. is simply another way of writing the L.H.s.

EXERCISE 5 ¢
1. Test the following, when a=2 and b=4:
() 4(at+1)=4a+4, (ii) 7 (a+b)=7a+7b,
(i) a (b+1)=ab+a, (iv) a (a+b)=a®+ ab.

2. Find which of the following statements are untrue by testing
with p=1, ¢=2, and by any other pair of values for p and ¢:
() q(g+2)=¢*+2,
(i) p°+4q (p+9)=(p+29)°
(iii) p+q+p (p+9)=(+9) (2p+9),
(iv) (p+9)*—p*=q (2p+9.
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8-7. T'rom the above, and the work we have done before, we should
expect, for cxample, that

20+ (10+4)=20+10+4, and generally d+ (b+c)=d+b+c,

20+(10—4)=20+10—4 d+(b—-c)=d+b—c,
20—(10+4)=20—10—4 d—(b+c)=d—b—c,
20—(10—4)=20—10+4 d—(b—c)=d—-b+ec.

These generalisations may be summed up in the follov'ing rule:

In removing brackets, if the sign before the bracket is -+,
the + and — signs inside the brackets are unaltered; if the
sign before the bracket is —, the + and — signs inside the
brackets are changed.

EXERCISE 5 f (Oral)
1. Simplify:
(i) 12—-(3+1), (i) 12—(3—1),
(iil)) 12+(3—1), @(iv) 12+(3+1),
V) (4+3)—(2+1), (vi) (4-3)—(2—1),
(vii) (@a+1)—(a—1), (viii) x—(x—2),
(ix) 3p+q—(p+9), x) p+q9—(p—q),
(xi) 3(7+4)—(7—4), (xii) a(b—1)=b(a—1).
2. Complete the statements:
(i) 4=12—-(3+?), (i) 4=12—(12-7),
(i) 2=?—-(5—2), (iv) 3=4—-(2—3),
v) x=?—(2—x), (vi) P—1=2P—-(P+?),
(vi) 2s=(r+s)—(?=7), (viil) 7=(4+R)+(?—2?).

3. Fill in the brackets:
(1) a+b—c=a+( )=b+( )=( )—g,
() x—y—z=x—( )=( )—2z=( -,
(iii) p—g+r=r+( )= )—g=p—( ).
4. Prove hat when u=35, v=2, then (u+v)—(u—v)=2v and
(u+v)*— (u—v)*— quv.

5. Prove tlat2 (1+b)—2/* —2w)—2 (b —2w) = 8w.
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5-8. We have seen that
a (b+c¢)=ab+ac,
and that a(b—c)=ab—ac.

Hence we may obtain final generalisations of the group of
statements in § 5°7.

Thus
dt(b+c)=d+b+cgivesd+a (b+c)=d+ab+ac,
d+b—-c)=d+b—-c ,, d+a(b—c)=d+ab—ac,
d—(b+c)y=d—b—-c ,, d—a(b+c)=d—(ab+ac)

=d—ab-ac,
d—(b-c)=d-b+c¢ ,, d—a(b—c)=d—(ab—ac)
=d—ab+ac.

EXERCISE 5 g (Oral)

1. Fig. 57 shows a pole, part of whichis _ , p_o
painted red and part black. Express the un- ZASSSN )

painted length (i) with a bracket, (i) without a <~~~ 7I==-~>
brileCt. Flg. 57
2. Find two express®ons for angle C in fig. 5°8, A
one containing a bracket, the other without a
bracket.
Find three expressions for angle A. " C
3. Two angles of a triangle arc go—x and
9o —2x. Find the third. Fig. 58
4. Simplify:
(1) 12—2(3+1), (1) 12—2(3—1),
(1) 2x—2 (x—1), @iv) 7—(7—a),
V) z2c+1—2(c—1), (vi) 3(a—b)—2(a—b),
(vi)) 2 (x—y)—(x—y), C(viil) 4P —2(P=1)-2(P+}),

(1x) x(1+x)—x(1—x), (x) ab+c+1) -ab+c—1).



48 ALGEBRA (59

5-9. Sometimes it is convenient to use more than one set of
brackets.

Example. I.ctter post is 11d. for the first two ounces and 1d. for
cach additional two ounces or “raction thereof.
If a letter weighs & ounces (2 being an even number)

Postage=1} + L (2 —2) pence.

If we wish to express the change in pence received out of
t shillings, then
Change = 12t — postage

=12t—[1} +1 (z—2)].

It is sometimes convenient to write 4 z —2 instead of § (2 —2).

The line above 2—2 is called a vinculum (Latin for a “bond”’)
and serves to bind ‘ogether everything undecrneath, exactly as if
these letters and numbers were in a bracket.

L . . ®+2
Compare the use of a line in a fraction, c.g. in — — .
2

When simplifying an expression that has brackets within other
brackets, remove the innermost bracket first.

Example. Simplify
2[(a+b)—(a—b)]+3[ab+t1—ba+1].
The expression =z [a+b—a+b]+3 [av+a—ab—b]
=2 [2b]4+3 [a—b]
=4b+3a—3b
=b+3a.
EXERCISE 5 h
1. Show that
(i) 3(z—1)+2(2+122+1)=292+2I,
(i) 12t—[1}+3 (z—2)]=12¢—fz—14,

(ii1) sx—2[x—3 (2—x)] =12 — 3x.

2. Simplify:

(i) a+14+2a+1+3a+1, (i) g—1+2a—1—3a—1.
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3. Show that the.result of expressing p pence, /i halfpence.

. . - S I f
f farthings in shillings is > [p-l—z <h+2>J

4. Simplify:

(i) zo—[10—2(p—1)], i) 1—(1—x)—(2—y),
(i) 13x+4—2[x—(2—x)], (iv) al[4—(4—Db)],
V) 3x—[(1 +x)—(1+x)], (vi) rs—2r—ss—ar,
(vii)) 13(p+q@)—4[4p+29—2(¢+D)]. r
5. By walking diagonallyacross the corner I shorten 1 lb’
my journey by 4 [/+b—VI24+5b?] yd. Evaluate this
when /=300, b= 400. Fig. 579

EQUATIONS AND IDENTITIES

5:10. There is a difference betwceen the equalities which we have
been writing down in removing brackets and the cquations which
we solved in Chapter 3.

T'he statement 5 (x+ 1) =5x+ 5 we know to be true when x has
any numerical value whatsoever.

On the other hand an equation is true only for certain numerical
values of the letters in it. Thus 5 (x+ 1) = 15%x— 5 is only true when
x=1; again x*+ 6 =5x 1s only true when x=2 or when x=3.

To solve an equation is to find these special values.

These values are called the roots of the equatio., or its
solutions.

Such statements as 5 (x+y)=s5x+5y, s—p (r—q)=s—pr+pq,
3x (x—7)+7(3x—2)=3x2—14 are true for all values of all the
letters occurring in them. Such a statement is called an identity
to distinguish it from an equation.

The correct link between the two sides of an identity is =, which
may be read as ‘““is identically equal to”. In future we shall use
this sign for identities.

An identity is a statement of equality which is true for all
values of the letters contained in it. If two expressions are
identically equal, either can be transformed into the other
by application of the laws of algebra.

SDA 4
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EXERCISE 51i

Some of the following statements are identities and some equations.
By removing brackets find which are which and find the roots of
the equations.

1. 2 (v +1)—2 (1 —x)=4x.

2. 2(x+1)+2 (1—x)=4x.

3. 2(x+1)+2(1+x)=4(+1).

4. a(b+c)+a=ab+ac+-2.

5. a(b+o)+d(b+c)=b(a+d)+c(a+d).
6. a(a—r)+x(a—x)=a*—x%

7. ¥*—4(v—1)=y"+4(y+1)-8.

8. F¥—1=x*(x—1)+x(x—1)+x—1.

9. sE+D)+2(+1)=8"+25+3.

EXERCISE 5j

1. Evaluate each of the following when p=3, ¢=4, r=12:

(i) p+qr, (i) (p+q)r, (ii1) 7—pg,
(iv) (r=p)q, v r=@+9,
(vi) (r=p)—(—9), (vii) pr—p (r—q).

2. Write n=10, a=1, d=1 in the expression
" [2a +n—1d]
and simplify. 2
3. Copy each of these statements and complete your copy:
(i) a+b—c=a+( )=a—( )=b—( ),
(i) P—2l—-2b=P—( )=P—-2( ),
(iii) *—4s*+as=s( )=s[4—( N=as( )+
4. Complete the following:
. B
(i) aB—cB=B( )Eé ( )=3B( ),

(1) y*z -yzi=y ( )=~( )=yz( ).
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5. Rewrite correct'y:
(1) (p2+p)2p=2p3+2p2, (i) 2h(+b) x 2=4h(2]+2b),
(iii) (x—a)y—b=x—ay—>, (iv) } x2x(2a+ 4b)=x(a+2b).

6. Simplify:

(1) a@®+o)+b(c+a), (i) a¢b+c)—b(c+a),

(ii1) 2t (s—t)—2s(t—5), (iv) 180—2 (x+60),

(v) 1041 (2+2k), (vi) T—im+n&

(vi)) 2q (¢*+1)+¢*(1+9), (viii) 59 (2y—3)—5 (2y—3),
(ix) %@rmﬂ+% x) a(-c)—al(c—b),

(xi) Io<z+§>—1 <z 2) (i) 7 (5= )45 (t—r)+1 (r—),
(xii1) 7ax+2a (1 —x), xiv) 1—=3(1+x)+2 (4x—7),
(xv) z(1—23+3Y)—1(1+23+22), (xvi) k <k+;€> —k(k—i),

(xvii) 2 (d—e)+d®(e—c)+e(c—d), (xviii) - (2+n)—- (" —n),

n
2
:[4+4+2n—1]

(six) 4]} @n=a) |, (xx)
7. Simplify:
(i) 180—[180—x—(90—wu)], (i) 1—[(x—-x)+(x1—x?)],
(i) 1—[(1—x)—(1—x7)], (iv) 12t—[1}+} (p—2)]
EXERCISE bk
1. Using (a+b) x =ax+ bx, evaluate mentally:
() od x12, (i) 2x36, (i) 45x3 () 13x1+1gx].
2. If two numbers p and ¢ each have a factor f, is f a factor of
(i) p+gq, (i) p—gq, (iii) pxq, (iv) p+gq,
v) 2% (Vi) p*+g%  (vid) pP-qf,  \viii) Vipg?

2ax2lL _ab
3. Criticisc the statement —— - =——
2a—2b" —b
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4. .fafigure has s sides and its angles all ecual, then each angle is

180 - . . .
s (s —2) degrees. 'T'est this for an equilateral triangle and a square.

5. A polygon with 7 sides Las 17 (n— 3) diagonals. Test this for
a parallelogram, a 5-gon, a 6-gon and a triangle.

6. If a thermometer reads C° Centigrade and F° Fahrenheit
when measuring the same temperature, then 9C =5 (F — 32).
"T'est this for the readings of (i) boiling water, (ii) melting ice.

7. Using brackets, write down expressions for the areas of figs.
510, §°11, 5-12. Simplify each expression.

4

l+3  |e--e--

Lx+2 w

b+
Fig. 5:10 Fig. 5'11 Fig. 512

8. Iftheareaofeach of figs. 5:10, 5°11, 5°12 is 48 units, find /, b, x.

9. Using brackets, write down expressions for the shaded areas
of figs. 513, 5°14. Simplify cach expression.

21 «—--2%-——> R
«--2]-->

7
Fig. 5-13 Fig. 514

10. If in each of figs. 5°13, 5'14 the shaded area is twice the
unsladed area, find [ and .

11. Using brackets, write down expressions for the unmarked
angles in figs. 5°15, 516, 5:17. Simplify each expression.

a-40
X +40
a+60

Fig. 5:15 Fig. 516 Fig. 5:17

12. Ifin each of figs. 5:15, 5°16, 5-17 the unmarked angle is 120°,
find x, a, c.



CHAPTER 6
EQUATIONS AND PROBLEMS INVOLVING

BRACKETS
6-1. Example. Solve the equation 5 (2x— 1) —2 (ga—2) =2.
Remove brackets. .. 1ox—5—8x+4=2,
L2x—1=2,
Lo2x=3,

. x=3%or 1.
Check. When x =1,
L.HS.=5(3—1)—2(6—2)
=5X2—2X4=10—8=2,
R.H.S. = 2.
.. the solution x =14 is correct.

EXERCISE 6 a (1)

Solve, and check your solutions:

x—1)
1. ( 2 =4. 2- 312(45"‘3'):18o
3. 335?‘):3. 4. p—2=%(p—1).
5. 3(q+5)+2(2¢—3)=q+9. 6. 5-(3+)=r.
7. 5—(m—3)=4. 8. sn—2(n+1)="7.

) r

9. 4f2+3=3(2f%+1)—2. 10. 45+2—<90—:>=75.
11. 32=5(s+4)—3 (s—2). 12, o=x*—x+1—-(x*+x—1)
13. 2(3x—4)+4 (x+5)=3 (2x+8).
14. 3(y—4)—2(y—2)=s. 15. 5(z—7)+10=2(2+7).

If this step presents difficulties, regard 10x—5—8x-|-4 as
10x—4—1—8x+4, i.e. as 10x—1—8x,
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16. 3{x+2(x—1)}=5.
17. 2(y—3)+5(y+1)=3 (v +5).
18. 3[(22—5)—(x—3)]=09.
19. 3(x—2)—4 (2x—3)=2(3x—1)—3 (3v+1)+3.

EXERCISE 6 a (ii)

Solve, and check your solutions:

1. §(a—1)=0. 2. 5.;?!‘:1.

3. 3(d—2)=2(d+3). 4. 20():»I—I~~—(—22 +0)

5. 2(p—1)—(p+1)=0. 6. lw=] (w+4).

7. 2(C+3)—3(C—-1)=2C+3.

8. 3(s+a)=2(x—3)+5 (1+x).

9. 3—-T)-5(3@—-T)=o. 10. o=9—-8 (k+1).

11. 3—-(p—-1)=L1(p+1)). 12, 22(18+2)—9(3 +23")=o.

13. 2 (2x+7)+5(x—2)=2(3x+35).

14. 3(2—3y)—2(5y—1)=3+2y.

15. 5(z—2)=2(2+3)+2—4.

16. 8 (3x—2)—(7x+4)— 15 (4 —x) = 8x.

17. 3(y—2)=3 (y+4)—32.

18. 6 [*7(z—1)—13(2—2)]=0.

19, 18—-5(2—x)=7(3—x)—(10—x) — (3 —7%).
6-2. Example. A father is now 5 times as old as his son. 21 ycars
hence he will be twice as old as his son. What arc thcir ages now?

Let the son’s age now be y years.

[Note we take the smaller age as our unknown so as to avoid

fractions.]
From the data we can make the following table:

Now 21 years hence

— N A P
Sor’s age y y+21

Father’s age 5y 5y+21
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But in 21 years thefather will be twice as old as his son.
Sosy+2r=2(y+2r1),
S5y t21=2y+42,
o3y =21,
Soy=T.
.. The son’s age is 7 and the father’s 35.
Check.* In 21 years the son’s age will be 28 and the father’s 56,
and 56 = .8 x 2.

Work Ex. 65 (i) or (ii), Nos. 1, 2, 3.

6-3. Example. A pursc contains shillings and sixpences. There
are (2 coins and their.value is 9s. How many sixpenccs are there?
Suppose that there are x sixpences.
Then there are 12 —x shillings.
Hence we can make the table:

Sixpences Shillings Altogether
No. of coins X 12—X 12
Value in pence Ox 12(12—x) | On+12 (12 —X)

But the total value is g shillings = 108 pence.
.. 6x+12 (12—x)=108,
Soat2(1z—x)=18,
Sox+24—20=18,
. 24—X=18,
. 24—18=x,
sox=0.
.. there are 6 sixpences.
Check. 6 sixpences + 6 shillings = g shillings.
.. the solution is correct.

[N.B. It would have been casicr to have considered the value
in sixpences instead of in pence.]
Work Ex. 6 b (i) or (ii), Nos. 4, 5, 6.

* Note that we check the actual words of the problem and do not
merely check an equation.
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6-4. Example. A man rode a distance of 52 miles in 5 hours; for
part of the ume he rode at 10 miles an hour and for the rest he rode
at 12 miles an hour ; how many hours did he ride at 10 miles an hour?
Suppose he rode at 10 miles an hour for x hours.
Then he rode at 12 miles an hour for (5 —x) hours.
The distance he rode at 10 miles an hour is 10x miles
and ' s 12 ) " 12 (5 —«) miles.

.. the total distance he rode is . ox + 12 (5 —x) miles,
but » ) 53 miles.
Corox+12(5—x)=353,
o 1ox+60—1200=53,
. 60—53=2x,
Sy =24,
or 2x=1.
Soa=33.
.. he rode at 10 miles an hour for 3} hours.
Check. In 3} hours at 10 miles an hour he rode 35 miles.
In 1} " 12 ’ ’ 18,
Total distance he rode 53 miles.
*. the solution is correct.
Work Ex. 6 b (i) or (ii), Nos. 7, 8, 9.

EXERCISE 6 b (i)

1. I am 13 years old and my brother is 3 years old. In how many
years’ time will his age be half my age?

2. 10 years ago a man was twice as old as his son. Their united
ages at present total 89 years. How old is the son now?

3. In 18 years aman’s age will be three times his age 14 years ago.
What is his present age?

4. Twenty-four coins, consisting of shillings and half-crowns,
amount altogether to £1. 19s. How many coins are half-crowns?

5. A man bou~ht 39 golf balls, some at 2 shillings each, and
some at half-a-crown each. If he paid £4. 9s. for the lot, how many
of each kind ¢'id he get? (Werk in sixpences.)
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6. In a coal wharf there are 1 50 bags of coal. Some hold z cwt.
and the rest 5 cwt. How many of each sort of coal bag are there,
if the wharf contains 24 tons of coal?

7. A motor car gocs uphill at 20 miles an hour, and downhill and
on the level at 40 miles an hour. After 10 hours it has covered
320 miles., How long was it going downhill and on the level?

8. A train starts at noon and travels at 40 miles an hour; how
far will it have travelled at x hours after noon? Another train starts
from the same place at 2.0 p.m. and travels at 60 miles an hour;
how far will it have travelled at x hours after noon? At what time
could the second train catch up the first?

9. The Cornish Riviera Express used to leave Paddington for
Plymouth at 10.30 a.m. and travelled at §8 miles an hour. When did
it meet a train which left Plymouth for Paddington at 11.30 a.m.
and travelled at 50 miles an hour? The distance from Paddington
to Plymouth is 226 miles.

EXERCISE 6 b (ii)
1. The present ages of a man and his son amount to 55 years.
10 years ago the man was six times as old as his son was then.
Find their respective ages.

2. A man, aged 41, has a son 13 years old. In how many years’
time will the son be just half his father’s age?

3. In 8 years’ time a boy’s age will be four times his age 7 years
ago, how old is he now?

4. A bag contains 65 coins, some of which are half-sovereigns
and the rest shillings; if the total amount in the bag is £23. 79s.,
how many coins of each kind are there?

5. I bought 12 railway tickets for 15s.; the single tickets cost
1s. each and the returns 1s. 9d. How many singles did I buy?

6. A man bought 10 dozen eggs, some at threepence cach, the
rest at fourpence each; the whole lot cost £1. 175. 6d. How many
of each kind did he buy?

7. A man rides 40 miles on a bicycle, partly at the ratc of 15 miles
an hour, and partly at the rate of 12 miles an hou.. For how long
must he ride at the former rate in otder that he may complete the
whole distance in 3 hours?
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8. A cyclist leaves London at noon riding 14 miles an hour.
Another starts at 1 p.m. and follows him at 20 miles an hour.
Write down expressions for the distances, in miles, of the two cyclists
from London at t hours after 1 p.m.

Also find an equation to give the time at which the second over-
takes the first. What is the time, and how far are the cyclists thei
from London?

9. An aerodrome receives a wireless message that a Zeppelin
has been sighted 20 miles away steering for the coast. After 3 min.
an aeroplane travelling 1} times as quickly as the Zeppelin flies
towards it and reaches it in 6 min. Find the speed of the Zeppelin.

EXERCISE 6 ¢ (i)

1. The lower end of cach pole in fig. 61 is f ft. below the ground.
Find f if onc pole is twice as long as the other.

2. [2is distributed amongst 50 poor persons, each |16’ |7
man receives 15. 3d. and ecach woman 9d. How many
men were there?

b
Fig. 6-1

3. A has L120 and B has £80; how much must A give B so that
B may have twice as much as A?

4. Two travellers, A and B, start on a journey together, A with
4105 and B with £48. A spends twice as much as B and at the end
of the journey A has four times as much as B. How much has each
spent?

5. At a shooting range one pays 2d. for a miss, and receives 1d.
for a hit. A man has 20 shots and has to pay 7d. to the keeper of
the range. How many hits did he make?

6. In a club the members are divided into three divisions, the
second division paying 1s. less than the first, and the third 1s. less
than the second. There are 50 members in the first division, 100 in
the second, and 200 in the third, and the total subscriptions are
£36. 55. What is the subscription for each division?

7. The vertiral angle of an isosceles triangle is ©°. What is each
base angle? Find v, if each buase angle is 30° less than the vertical
angle.
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8. Asum of £1600 s invested, part of it at 6 %, and the remainder »
at 7%. The total income from it is f1o1. What are the separate
investments?

9. A man travels 391 miles in thtec hours; for part of the time
e walks at 4 miles per hour, for the rest hc motors at 15 miles
per hour. Find for how long he walked.

10. My hotel bill for 21 days was £17. For the first part of the
time the charge was 17s. 6d. a day, and for the rest it was 15s. a day.
For how many days was I charged 15s. a day?

11. Ten coins lie in a row and each coin is cither a shilling or
a penny. If the shillings were replaced by pence and the pence
by shillings, the money in the row would be 40— s
increased by 15. 10d. Find how many pence are  -x %— 3

in the row. :
20|’

12. By cutting off the shaded portion of -*
fig. 6:2 the arca of the plot of land was reduced

by one-fifth. Find «. Fig. 6-2

~--30-—

EXERCISE 6 c (ii)

1. Share 10s. between two boys so that one gets half-a-crown
more than the other.

2. A has £37 and B has £11; how much must A give B so that
A may have twice as much as B?

3. A man bought 2 horses and 5 cows for £135; if cach horse
cost £8 more than each cow, what was the cost of each?

4. The sum of £3. 6s. 6d. is made up of thirty coins, which are
cither florins or half-crowns. How many are there of each?

5. 580 persons were present at a concert for which a of them
paid 2$. cach and the remainder 55. Give the total takings in pounds.
What value of x will make the takings amount to £100?

6. The price of eggs having risen }d. each, it osts 2d. more to
buy 20 eggs than it cost to buy 24 eggs before the inc.ease. What
was the original price of an egg?
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7. A club consists of a certain number of ordinary members
who pay £1. 105. subscription; and a certain number of honorary
members who pay 5s. The total number of members (ordinary and
honorary) is 66, and the total sum received in subscriptions is £69.
How many members are there of each class?

8. Twelve months interest on £400 was £15, but for x months
the rate per annum was 3% and for the remainder of the time it

was 4% . Find «.

9. A man rode a distance of 53 miles in § hours; for part of the
time he rode at 12 miles an hour and for the rest at 10 miles an hour.
For how long did he ride at 12 miles an hour?

10. A screw # in. long weighs 1 gm. and a screw 1 in. long
weighs 2 gm. If 200 screws, some $ in. long and the rest 1 in.,
weigh 240 gm., how many of each kind must there be?

11. In an examination 1930 candidates took additional mathe-
matics, some did two papers, some did three; the total number of
papers shown up was 5055. How many candidates took only two
papers?

12. In fig. 6:3, DE=DC; find x and all the angles of the figure.
C

‘x

E D
Fig. 6-3



CHAPTER 7

THE CONSTRUCTION AND USE OF GRAPHS
COLUMN GRAPHS

7-1. Here is a set of statistics showing for the various months the
average rainfall at a station in the Isle of Wight.

Month Jan. | Feb. | Mar. | Apr. | May | June
Average rainfall (in“.)v 2'68 | 2:05 | 2006 | 185 | 172 | 1°02
——mMonth July | Aug. | Sept. | Oct. | Nov. | Dec.
- Average rainfall (irilr.)h -;:6” 2°42 - -2'24 A 396 :;~I 3 -2°29

It is instructive to look at these statistics in the form of a picture
or graph. Fig. 71 shows them as a column graph.

Average rainfall for various months

w
|

Rainfall in inches
)
i

I

Jan. Feb. Mar. Apr. May June July Aug. Se,>. Oct. Nov. Dec.

Months of the VYear

Fig. 71
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By looking at the graph, find
(i) which is generally the wettest month of the year;
(i1)) which is the driest month;
(iii) which months have nearly as much rain as September;

(iv) which is likely to be the worst month for a holiday in
(a) summer, (b) autumn,

7-2. Note the following points about the graph in fig. 7-1 and follow
them in all the graphs which you draw:

(i) The graph is given a title.
(ii) The axes (i.e. the lines along wnich measurements are
made) are labelled to show what quantities are measured along them.

(iii) The axes rre graduated, in one case to show the various
months, and in the other to show the number of inches of rainfall.

In order to save time and trouble graphs are usually drawn on
paper ruled in inches and tenths (or centimetres and millimetres),
but such ‘“squared paper” is not an essential for a graph.

EXERCISE7a

These graphs are to be kept for Ex. 7 b. They may be drawn on
plain paper or on squared paper.

1. Draw a column graph showing the average rainfall in the Isle
of Wight, i.e. a figure like fig. 7-1. Sce table on p. 61. Put your
uprights 1 in. apart and represent 1 in. of rainfall by a line
1 in long.

2. Draw a graph showing the average maximum temperature at
Greenwich for each month.

Month ... | Jan. | Feb. | Mar. | Apr. | May | June

Temp. in degrees C. 64| %5 | 101 | 139 | 181 | 21°4

ui\/i(;rijch «e. | July | Aug. | Sept. | Oct. | Nov. ADec.

Temp. in degrees C. | 232 l 226 | 196 | 144 | 94| 70
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Represent 10° C. by ¢ in.
Which month has the highest average temperature? Which the
lowest?

3. Draw a graph to show the totat output of gas in the British
T'les from the following figures. Take 1 in. across the page to
represent 5 years and graduate from 19oo; represent 100 million
cubic feet by a line 1 in. long.

Year ... | 1902 | 1917 | 1925 | 1929 | 1931

Output in 100 million cu. ft. 16 | 24 | 29 | 32 | 33

Is the output of gas increasing fairly steadily?

7-3. Sometimes the tops of consecutive uprights are joined by
straight lines. This assists the eye to follow the changes in the
quantity measured by uprights.

When two sets of measurements arc drawn on the same diagram
these connecting lines are almost indispensable.

EXERCISE 7b

1. On your graph of Ex. 7a, No. 1, join the tops of con-
secutive uprights, and then show the rainfall for the various
months of 1931; mark the tops of the new uprights by means of
a cross.

Month ... | Jan. | Feb. | Mar. | Apr. | May | June

Rainfallin 1931inin. | 205 | 174 | 1°33 | 2'44 | 3'00 | 2°49

RN NS UE K6 W

‘éept. Oct. | Nov. lSec.

‘Month ... [ July | Aug.

Rainfallin 1931 inin. | 348 | 295 | 2704 | 074 | 4'14 | 078

In which of the months shown was the rainfall in 1931 near to
the average?

In which months was the 1931 1ainfall above the average? In
which month was it most below the avegage?
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2. On your graph of Ex. 74, No. 2, join the tops of the uprights,
and then snow the average maximum temperatures in the Isle of
Wight, namely:

Month Jan. | Feb. | Mar. | Apr. | May | June

Temp. in degrees C. 73 73 o1 | 118 | 155 | 180

Month July | Aug. ‘Sept. Oct. | Nov, | Dec.

Temp. indegrees C. | 196 | 194 | 179 | 14'1 | 103 | 83

What do you notice about the summer temperatures ard the
winter temperatures in the Isle of Wight and at Greenwich?
Can you suggest an explanation of this?

3. On the graph of Ex. 7a, No. 3, join the tops of tne uprights,
and then show the number of units of electricity sold. Represent
2 million units by 1 in. draw the upright axis for measuring the
units of electricity sold at the right-hand side of your paper.

Year ... 1900 | 1910 | 1921 | 1930 | IQ3I

Millions of units sold o1 10 35 87 9'3

What do you notice about the two graphs?

7-4. Instead of drawing the uprights it is usual merely to mark
the points where their ends would be as in fig. 7:2. Sometimes the
points are marked with fine dots, but in that case it is usual to draw
a small circle round each dot so as to draw attention to the dot.

Also the axes are frequently graduated so that the zero line is
not shown at all. For example, suppose we have a set of barometer
readings taken at various hours of the day, suppose they vary
between 746 mm. and 753 mm.; if we were to draw uprights to
represent these, the scale would have to be so small that we should
not be able to see the rises and falls, which are what we want to see,
we therefore take a much larger scale and graduate our bottom
line 745 mm.
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LOCUS GRAPHS

7-5. Consider the following table, showing a child’s weight on its
various birthdays:

Age in years 7 8 9 10 II 12
Weight in 1b. 48 52 57 62 69 78
Weight of child
807 I
L ettt . I )
LT LT rrLeT REREEEI
. 701+ B RREE X N
.S . {»_77‘ G N S ‘:_4~~4 ~_~
60
~g — 4 — —f— - —
> L +t 1 F - ]
Y e R B
= X bt 1=
50
X b e
7 8 9 10 11 12
Years
Fig. 72

Fig. 7-2 shows these statistics in a graph.

Obviously, if the child’s weight had been taken at intermediate
times, we should have intermediate points on the graph; in fact, if
we could keep a continuous record of its weight, we should get
a curve which passed through all the points plotted in fig. 7-2.

As the intermediate points have a meaning, we draw a continuous
curve through the given points as in fig. 7-3. From this we can see
that the child’s weight at 10} years was probably 65 1b.

This process of getting intermediate values from a graph is
called interpolation.

A man who has only an ordinary barometer caw. take frequent
readings and mark a lot of points on a graph; he knows that if he
took more readings he could get intermeJiate points on his graph,

SDA L]
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so he draws a smooth curve through the poirts. A barograph would
give him a continuous curve, and this would not differ greatly from
the smooth curve drawn through the points provided readings are
taken frequently.

Whenever you have plotted a set of statistics common sense will
generally tell you whether intermediate points have any meanin; ;
if they have, draw a smooth curve through the marked points.

Weight ¢ f child
80% - Sk L -+ - - -D(
I R LT ERRyZE
| T LA
A
70 X
L LT T BT
N T T L LA |
S JHEEFEE e T
S LT 1]
Y
g —- ,_4//‘.»—»7 —-f
sol LT ]
A
x( . -
— JEE S S DU U S D Y S N -
[ e REEN [N
40
7 8 9 10 11 12
Years
Fig. 7:3

When every intermediate point on a graph has a meaning the graph
is called a locus graph.

When intermediate points have no meaning, it still may be useful
to draw a smooth curve through the plotted points if they lie
conveniently, or consecutive points may be joined by straight lines
or the points may be left.

EXERCISE 7 ¢

1. To build an arch of 3o ft. span, a mason was given the heights
at various horizontal distances measured from one end of the arch:

Distance inf ¢t | o 5 10 15 20 25 30

Height in feet o | 625 | 10 | 1125 | 10 625 o
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Make a drawing of the arch on the scale of 1 in. to 5 ft.

Have intermediate points any meaning?

What is the height of the arch at a horizontal distance of 12 ft.?
of 24 ft.?

2. Time of High Tide. The following table gives the time of
morning high water at London Bridge for certain days in January:

Date ... 1| 3 | 5 7 9 IT 13 15
T'ime after midnight |0 | 1.14| 2.34 | 4.0 5.32| 7.21 | 9.38 | 12.0
in hr. and min. o

Take o4 in. to 1 day across the page and 1 in. to 2 hours along
the perpendicular axis. Begin by expressing the minutes as decimals
of an hour, to two places.

Draw a smooth curve through the plotted points. What are the
times of high water on Jan. 2nd and 1oth? Have other intermediate
points any mcaning?

3. Angle of a polygon. The size of cach angle of a regular polygon
varics when the number of sides vary.
| Number of sides sla] s 6] 8] 1
‘ Size of each angle in degrees | 60 ' 90 | 108 | 120 ? ‘

Plot a graph and draw a smooth curve. 5

Have intermediate points any meaning?

Can you tell from the graph the size of the angle of a 7-gon?
of a g-gon?

INDEPENDENT AND DEPENDENT VARIABLES

7-6. From the above exerciscs it will be clear that

(i) Most graphs are built up from measurements of two
quantities.

(i) One quantity is spaced out from left to right.

(iif) The other quantity is represented by lines lrawn upwards
or downwards (though in general only the end-points of these lines
are shown).
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In each of the above graphs the quantity rarked from left to right
across the page has been the quantity that would be measured first
when the information underlying the graph was compiled. These
first measurements were selected quite frecly—though often they
were chosen at equal intervals apart—and only when they had been
made was it possible to find the values of the second quantity.

As the quantities may vary through different values it is customary
to speak of each as a variable. Since the tabulated values of the
second quantity depend on such values of the first qu-ntity as we
choose to measure, we say that the second quantity depends on the
first and it is called the dependent variable. By contrast the first
quantity which we measure as we pleasc is called the independent
variable.

It is a convention in drawing graphs that the independent
variable is always measured across the page from left to right.

Thus the first thing to be done in preparing a graph from a table
of values is to decide which variable is the independent variable.

Notice that we may place our paper so that either the long edge
or the short edge runs from left to right.

EXERCISE 7 d (Oral)

Graphs are to be drawn to show the connection between the
following: (i) Which quantity should be measured across the page?
(ii) Would intermediate points have any meaning?

1. Average weight of men whose heights are 65, 66, 67, ... ins.
2. Number of litres equivalent to 1, 2, 3, ... gallons.
3. Distance fallen by a stone in 1, 2, 3, ... seconds.
4. Date and population of a town.
5. Time of swing of pendulums of various lengths.
6. Days of month and time of sunset.
7. Cost of engines of different horse-power.
8. Resistance to a train travelling at various speeds.
9. Income and income-tax.

10. Height of harometer at different altitudes.

11. Weights of spheres of various radii.

12. Consider the graphs :n Ex. 7 f (i) and (ii).
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CHOICE OF SCALES

7-7. Always choose the scales that will give a fair-sized graph and
allow all the data to be used.

If possible 1 in. should represent ., 10, 100, ... Or 01, 0°0I, ...
units. The next best scale plan is for 1 in. to represent 2, 20, 200, ...
or 0'2, 002, ... units, or §, 50, 500, ... Or 0'§, 0°05, ... Units.

If 1 in. represents 4 or 40 units it is not so convenient; and a
scale in which 1 in. represents 3, 30, ... or?, 70, ... units should
always be avoided, unless all the readings are multiples of 3 or 7
and no intermediate readings are required.

Example. Suppose that you have a sheet of paper 7 in. long
(see £, 7°4) and that ynur range of readings is from 163 to 274.
What scales would you choose?

[ 4. [l 1
v i | T

I
— ™

i
T

Fig. 74
Do this by trial; point to each inch mark and say what graduation
you suggest, go along the line and see if all the readings come in.
Try 160, 170, ...; the last line would be 230.
We must choose a smaller scale.
Try 160, 180, ...; the last line would be 300.
We shall wastc the last inch of the paper, but we could not avoid

that with a simple scale.
EXERCISE 7 e (Oral)

1. With a shect of paper 7 in. long (see fig. 7°4), what scales
would you choose if your readings ranged

(i) from o to 12? (i) from 5 to 40?

(iti) from 40 to 170? (iv) from 240 to 8207
(v) from 1861 to 1931? (vi) from 1 to 4'5?
(vii) from 10 a.m. to 4 p.m.? (viii) from o to 26?

(ix) from o1 to 7? (x) from ‘005 to ‘or12?
(xi) from 5000 to 17,000? (xii) from 186 to 318?

2. Take a sheet of squared paper on which you will draw the
graphs in Ex. 7 f (i) and (ii). What scales would be suitable for each
of these?
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ExERcISe 7f (i)

1. On the same axes draw graphs to show the populations
of Canada and Australia ir millions as given in the following
table:

Year ; 1871 : 1881 ! -x891 1901 | 1911 ! 1921
I . : 4 B
Canada | 369 432 | 483 | 537 ‘ 721 | 879
H . I T T - - B
E Australia | 1°60 ! 2°25 ; 317 377 | 445 | 544 i

What differences do you notice about the changes of population
in the two Dominions?
Estimate the population of each in 1887 and in 1914.

2. The error of a range-finder is given in the following tablc:

T D Ty
R'mgc in yards 1000 | 2000 | 4000 | 6ooo | Sooo l 10,000 !
- |

i eror in yards 2 8 30 { 72 130 | 200 Il

Draw a graph to show the error for various ranges. What are the
errors for 3000 and 5000 yards?

3. The following table gives the Canadian fur-catch in millions
of pelts and its value in millions of dollars for various years ending
in June:

Year - 1;)2:) 1621 ) 1(;2‘2 P-Igz‘g 1924 ' 1925
 Number | 36 | 29 | 43 | so | 42 | 38
\—7—51;; o 72;1, 7 10°3 17-”(‘)4 7 16-6 15-67 152 —
__Er T— | 1’9;6“> 1:)27 17)2*87 1929 1930 | 1931
Number | 37 | 43 | 36 | s2 | 38 | 41
Value_‘ ‘ 150 ;9-0 ;éS 18-8m ;2-3 171-:
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Draw graphs on the same sheet of paper to show these for v: rious
years. Take 1 in. to represent a million pelts and 2 iu. to rcpre-
sent 10 million dollars.

In which years are the catches greatest and least?

In which two years were the values of the catches greatest?

In which year did the catch go up but the value go down?

4. Show in the same diagram the trajectories or paths of bullets
shot from British and Germun rifles for a range of 1ooo yards.
In cach case the height at each 100 yards is given in feet.

Distance in yd. {o|100|200| 300 | 400 | 500 | 600 | 700 | 800 | 900 | 1000

Height in ft. :
British 0|49|91|12:8|156|17°4/17°9|16-7|137| 83| o

German 0|38!71] 99|12°2|134|13°9|130[106/6°4| o
Find in what positions a butt ro ft. high would stop a bullet
from cach rifle.

5. The following table shows the weight of coal exported from
Great Britain and its value for various years:

1919 | 1920 | 1921 | 1922 | 1923 | 1924

Year

Millions of tons 352 | 249 | 2477 | 642 | 744 | 655

Millions of £’s 923 | 99°6 | 429 | 72'5 | 998 | 783
Show these statistics as graphs on the same sheet of paper.
Have intermediate points any meaning?

Are there any noticeable features of the two graphs?

6. The following table gives the displacement in tons and the
corresponding draught in feet of a certain ship:

Displacement | 3230 | 3400 | 3620 | 3910 | 4260 | 4720 | 5350

Draught 13 13 | 14 14} I 154 | 16

Draw a graph showing the displacer. .ent against the draught.
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If the greatest permissible draught is 16 ft. 3 in.,, what is the
displacement corresponding to this draught?

If when the ship is floating at this greatest draught 8co tons of
cargo are unloaded, what will be her draught afterwards?

EXERCISE 7 f(ii)

1. The distance of the horizon for various heights above the
sea-level is given in the following table:

Height in feet o 500 Iooofzooo| 3ooo 4000! 5000 6000‘

Distance in miles | o |23'8|336 | 47 6 ! ;8 2; 673 [ 752,

324 ‘

Draw a graph showing these facts.
What is the distaace of the horizon from the top of Snowdon

(3560 ft.)?
At what height is the distance of the horizon 40 miles?

2. Atastation in the Isle of Wight a vertical rod 10 in. long stood
on a horizontal drawing-board and the length of its shadow was
measured at various times by the clock as follows:

12.30| 1.0 [ I.30( 2.0

Time 10.0 |10.30|11.0|11.30]|12.0

Length of ,
shadow ia | 1207 | 9'80 [8:82| 822 |7'95! 807 | 856 |9'38]| 10'59
inches '

Show these on a graph and read off
(i) the length of the shadow at 11.6 and at 1.45;
(i1) the times at which the length of the shadow was 10 in.;
(iii) when the shadow was shortest.
Can you suggest why the shadow was not shortest at noon?
We have already had cases in which we have found an intermediate
value, that is called interpolation ; but here we have to find a value outside

the range of values given, that is called extrapolation. Extrapolation is
often a dange. sus process, ofte 1 a mere prophecy or guess.
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3. Canadian Don-inion Government taxation receipts aad ‘ex-
penditure per head of the population are shown in tne following

table:

Receipts in dollars

Year to Maréh 31st

Expenditure in dollars | 382

1926 | 1927 1928f 17929 1930 | 1931
41 |42 |45 |47 | 445|342
37'5|39'5 | 385 |40 | 4255

Draw graphs on the same sheet of paper to show the receipts
and expenditure in different years, and make a statement about

thet...

4. The following table shows the progress of the Birmingham

water supply

Year

Revenue in

of gallons

millions of £’s

Daily supply
in millions

1895
‘181

16:0

182

1905

271

182

1910

Plot these on the same axes.
Estimate the revenue and daily supply in 1906 and 1914.
What do you notice about the changes in the two quantitics?

*340 | *494 | 705

24°1 | 29'0 | 25°5

1915 | 1920 | 1925

5. The solubility in water of sodium carbonate at different
temperatures is given in the following table:

|Temp. in
degrees C.| o | 10 | 20 | 25 | 30 |32'5| 35 | 40 | 50 | 60
Solubility {6:6|11°2|17:6|23'0(29'0| 34 |33°6|332|32°2|31'7

Draw a graph, and show how the solubility \ ries as the tem-
perature rises, noting specially any peculiar feature.
Estimate the solubility at 15° C. and 55° C.
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6. The following table shows (in hours aid minutes) the time
of high tide at Liverpool for the early part of September 1926:

lme, Sept l'_“1>stw“i 3rd 5th ] 7th '791?‘;;&7'
| Time 1‘ 6.18 | 8.53 10.33 | I1.40 | 12.40 1.38
L @m) | @m) | @m) | @m) | (pm) | (pm) |

Show this relation by a graph. From the graph find *he time of
high water on Sept. 4th and Sept. 12th.*

If a captain wished to moor his ship at the landing stage within
1} hours of high tide, on what days of the period given could he do
so at 11 a.m.?

READING OF GRAPHS
EXERCISE 7 g (Oral)

1. Fig. 7-5 shows the number of boys absent from a day school
hetween January and April.

No. of boys
absent
50

T

N U G g G G S S

Jgn.‘l Feb.1 Mar.1 Apr.l  Montl
Fig. 7:5

(i) Describe the changes shown by the graph.

(ii) What was the greatest number of absentecs in cach month?

(iii) There was a heavy fog carly in February. About what
date was this?

2. Fig. 7:6 shows the total rainfall in inches and the total sunlight
in hours from the beginning of March up to the date shown.

See ootnote on p. 72.
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(i) Explain, for each graph, what is indicated by the hcrizontal
parts.

(i) Why does each graph generally go up when the other is
horizontal?

3

- - J; 150
Rainfpll and|Sunshine in March 7937

4

/

S

%
s |

o 50
A1

//_/

0 5 10 15 20 25 30
Date in March 71931

Fig. 76

\

\ 3y
N\,
a
|
Total! sunshine in hours

Total rainfall in inches

3. Fig. 77 shows the numbers of candidatcs in various years for
four different cxaminations.

(1) Describe the changes in numbers for each examination.

(ii) About what years did the numbers taking C first exceed
the numbers taking B and the numbers taking D?

4. Fig. 7'8 shows the national production compared with
L.M.S. tonnage and the growth in motor vehicles, standardised on
1927.

Describe for cach graph the changes that have taken place in
the years 1927 to 1932.
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«

5. The two curve. in fig. 79 show the average salary ea.ned a*
various ages by engineers of ability, the one curve applies to those
who have had a technical education, and the other to those who have
had no such training. What deductions can you draw from a study
of the two curves?

800 |
: 5| _ -~ S
] el
2 500~ _ o
S G
N »(& Pl
VY \’ Ja/ >
S 400 . s
g ”
S A\\‘3/
N . 0> 7/
o
-§, 300 <
(2
T K
2 /
8, 20 ;
.é. ’L/"" o Tephnical Edudation
100 "
% /
@ __/ o
15 20 25 30 35 40 45 60 55 60
Fig- 7'9 Age in years-

6. Fig. 7-10 illustraces the consumption of electricity and the
money invested in the electrical industry since 19oo. What con-
clusions can you draw from comparing the two graphs?
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7. Tig. 711 shows the horse-power needec to propel a certain
destroyer at differcnt speeds, the depth of the water being 30 ft.
What remarkable fact is revealed by the graph?

5000| -—— '
4500 — - =
¢ 400 N S A - A
3 3850 - 1
@ 300 ot —~

2600 /'\\_,
[}

1500 /
1000 » 1
L~
500 4
—-‘_‘4/
1011 12 18 14 15 16 17 18 19 20 21 22 23 24 25 26 27

Speed in knots.
Fig. 711
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S
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8. Temperature readings are taken during the day for
(i) a point on the surface of the ground;
(ii) a point 2 ft. below the surface;
(iii) a point 4 ft. below the surface.
The three sets of rcadings are graphed in Fig. 7-12.
Say which set is represented by each graph and account for the
shape of each graph.
Temp.°F
60° —

400 .
8am. 8p.m. Time

Fig. 7-12




CHAPTER 8

POSITIVE AND NEGATIVE NUMBERS:
DIRECTED NUMBER

8-1. So far in this book the signs + and — have been uscd as
connecting links between numbers precisely as in Arithmetic; that
is, they have stood for orders to add or to subtract. But we are all
accustomed to see single numbers prefixed by these signs. Thus we
see temperatures recorded as —4° C. or +3° C. The + and — here
do not refer to addition or subtraction, in fact we are using them
in a new sense. +3° indicates a point 3° above the zero mark
and —4° indicates 4° below it.

8:2. The general idea underlying these new uses of + and — will
be brought out by the illustrations below; briefly it may be said
that their new use is to indicate direction, up or down, right or left,
after or before. Here the + and — are used as adjectives; in
Arithmetic and so far in Algebra we have used them as verbs.

For the present we shall use + and — in the old sense as orders
to add and subtract and we shall use + and — in this new sense.*

Thus 4+ 5°C. will mean 5 degrees measured upwards and
—5° C. will indicate 5 degrces measured downwards.

+ 5 weshall call a positivenumber and — 5 anegative number,
and either of them may be called a directed number.

ILLUSTRATIONS OF THE USE OF POSITIVE
AND NEGATIVE NUMBERS

8:3. If dates are reckoned positive from o A.D. onwards, the year
in which the Great War began is + 1914, the year 300 B.C. (about
which time Euclid wrote his Geometry) would be called — 300.

If hours of the day are reckoned positive from noon, 3 p.m. would
be written + 3 and 10 a.m. would be written =2,

In contour maps, if heights above sea-level are reckoned positive,

* In blackboard work the distinction between +, — and +, = may
be brought out by using coloured chalk for 4+, —.
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depths below sea-level would be reckoned neg..tive. Thus Snowdon
is + 3560 ft. and the Dead Sea is — 1292 ft. above sea-level.

If distances east from any zero point are reckoned positive,
distances west are reckoned negative; c.g. if we measure east from
Cowes, Becachy Head is +6s miles E. and Bournemouth is

—24 miles E.

In the same way, if distances north from any zero point are
reckoned positive, distances south are reckoned negative; e.g. if
we measure north from London, Brighton is =46 miles N.,
Grimsby is + 140 miles N.

EXERCISE 8a (Oral)

What meaning (if any) is to be attached to the following?

1. The hecight of a tree-top above my bedroom window is
-6 ft.

2. Scotland beat Ireland by —6 points.
3. The boat went - 3 miles upstream.
4., A man was —2 years old at the time of the battle of Waterloo.

5. The Duke of Wellington was —36 years old at the time of
the battle of Waterloo.

6. A man’s bank balance was — 15 pounds.

7. A owes B =6 pounds.

8. The clock is =3 minutes fast.

9. The price of eggs has gone up —1 shilling a dozen.
10. Bristol is — 108 miles east of London.

11. Ozxford is =42 miles north of Rugby.

12. In one year the population of a town increased by = 125.
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ADDITION AND SljBTRACTION OF DIRECTED NUMBER
8-4. Example 1. By actually pointing to fig. 81, fill up the gaps

in the following table, which shows the temperature
of a body and its rise of temperature in degrees

(Centigrade:

Initial temperature | +1~ | +10 | —10

Rise of temperature | +20 | —30 | +30

Final temperature

Example 2. By actually pointing to fig. 81, fill up

the gaps in this table:

Final temperature

Initial temperature

Risc of temperature

ADDITION

— - g

; : I
+30| +30| +10| —10| —20

+10| —10| +30| +30| —10

8:5. Fig. 82 represents a straight line running north and south
and graduated in yards from a point A, +1, +2, ... to

the north and —1, —2, ... to the south.

Let us express in symbols various steps up and down

the line.

Consider the expressions +3 + +2 and +3+ —2:
the + 3 indicates that we start from the + 3 mark,
the + indicates that from there we make a further

step,

the +2 indicates a northward step of 2 yards,
the =2 indicates a southward step of 2 yards.
Make these steps on the diagram, from which we sce that

+3+ +2=+5 (i), compare 3+2=3;
+3+ —2=+1 (ii), compare 3—"=1.

SDA

H

-

|- +5
L+ 4
_ +3
L +0

- +1

6
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SUBTRACTION

8:-6. In Arithmetic, when we wanted to consider 7 —5, we said
5+ ?=7, or we said 5+2=7, therefore 7—5=2. Using the same
idea, we see #hat
as (1) +3+ +2=+35, .. +5— +2=+3 (iii), compare 5—2 =3;
as (ii) +3+ —-2=+41, .. +1— =2=++3 (1v), compare 1 +2=3.

But 41+ +2=+3 (v), compare 1 +2=3.

From (ii) and (iii) we conclude that

to add —2 or to subtract +2 we come down 2 steps, we

move 2 steps in the negative direction, thus, + —2 and — +2 are
equivalent.

From (iv) and (v) we conclude that

to add + 2 or to subtract —2 we go up 2 steps, we move 2 steps
in *he positive direction, thus, + +2 and — —2 are equivalent.

8:7. To illustrate that —(~2) is equivalent to +2. Consider the
following. We regard +2 as a step in a forward gear and =2 as
a step in reverse gear. Trace the following journeys on fig. 8-2:

A car moves 3 miles N., stops, and then moves forward 2 miles
more; it is then 5 miles N. of the starting-point.

Hence +3+ +2=+5.

A car moves 3 miles N., stops, gets into reverse and moves

backwards 2 miles; it is then 1 mile N. of the starting-point.
Hence +3+ —2=+1.

A car moves 3 miles N., stops, turns round, gets into rcversc
and moves backwards 2 miles; it is then 5 miles N. of the starting-
point.

Hence +3— =2=+35, which=+3+ +2.

We may summarise our conclusions as follows:

When in an expression we have -| (- &) or — (+ &), we may
write it as — &; when we have — (- &), we may write it as + &.

8:8. In Arithmetic we should say 2 — 5 is impossible; but, if these
are understood (o be directed numbers, by reference to fig. 8-2, we
see that +2— +5=~—3.

With this understanding the use of + and = may be dropped,
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and + and — usec indifferently for symbols of additica and
subtraction (verbs) or direction (adjectives). Thus we shall write
2—-5=-3,
—13+7+5=—3.
Similarly 2% — §X = — 3X,
—I13S+75+35=—3¢,
a®*—10a* — b*=—ga*— b>.

8-9. Draw a linc graduated from — 10 to + 10.
T'race on the line the following steps: 4, —7, 6, —2.
We conclude that 4 —7+6—2=1.
Now trace the same steps but in the following order: 4, 6, —7, — 2.
From this we conclude that 4+6—%7—2=1.
As we might expect the two results are the same.
From this and similar cases we deduce that

In an expression consisting of numbers connected by +
and - signs, the numbers may be re-arranged in any ordex
without altering the value of the expression, provided that
the signs in front of the numbers are moved with them.

Remember that if no sign stands before a number, you must suppose
that there is an unexpressed + sign.

Ex. Express the abovr statement generally, using a, b, ¢, d to
represent the numbers.

8:10. If we have an expression composed of several like terms,
some positive, some negative, it is often best to group the positive
terms together and the negative terms together.

Example. —o9p+3p—5p+7p [=—9p—5p+3p+7p]
== —I4p+ 10p
= —4p.

The step in brackets may be left out after a little practice.

If positive and negative terms occur in the final result, it is
customary to write the positive term first, as this saves writing an
extra + sign.

Example. 2a+3b—3a—2.=—a+b

P
=.—Qa.
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EXERCISE 8 b (Oral)
On the interpretation of directed numbers.
1. Draw a figure like fig. 8-2, by aid of it evaluate the following
and write down the corresponding result in arithmetic:
(1) +3++5, (1) +3+ -5, (1) =3+ +2,
(iv) =3+ -2, (v) =3+ +s, (vi) =3+ =5s.
2. Take each of the results in No. 1, consider the corresponding
subtractions, and write down their arithmetical equivalents.
[E.g. (vi) =3+ —=5==8, hence —8— —5= =3, arithmetical
equivalent —8+4 5= —3.]
EXERCISE 8¢
1. Simplify:

G 3-2 (i) z-3, (iil) za—3a,

(iv) o+b—2b, v) 2+W-3, (vi) a+4—5—a,
(vil)) o—x+2x, (viii) o—y—3y, (ix) 5—c*—r10+c?,
xX) 2—2x—3—3x, xi) z—s—1—1,

(xii)) a—b—b—a, (xiii)) x—y+2—x+y+2,
(xiv) 253+ 5% —s3— 252, (xv) 3t+e2—2t—12

2. If an explorer in a day advances y miles northward across an
ice-floe, while the ice-floe itself drifts 2y miles southward, how
much nearer is he to the North Pole at the end of the day?

3. If I earn 2a shillings and spend 3a shillings in a day, how
much richer am I at the end of the day? What algebraic identity
does this suggest?

4. If my watch loses 3y minutes in the day and gains 2y minutes
in the night, how much does it gain in 24 hours? What identity

does this suggest?
5. Fill in the spaces in the following table:

Initial temperature | +10 | +15 +8 | —2 —2 —t
Final temperature | +13 | + 11 ' —10 | —7 +7 ' + 2t
- Rise . _
Fall -
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6. What temperatures should be inserted in the spaces et closed.
by brackets?

(i) +15+( )=+20, (v) —=8+( )=-—o,
(i) +15+( )=+12 (vi) —8—( )=-—9,
(i) +15—( )= 412, (vi)) —84( )=+8,
(iv) +15—( )= 420, (viii) —8—( )=+8.

REMOVAL OF BRACKETS

8:11. In Chapter 5 we developed certain rules for dealing with
brackets, but we were restricted because the numerical value of the
contents of abracket had always to be positive ; the above work should
make it clear that with dirccted number the same rules still hold but
that the restriction to positive values for the brackets is no longer
necessary. The rules are so important that we restatc them here.

In removing brackets, if the sign before the bracket is +,
the + and — signs inside the bracket are unaltered; if the
sign before the bracket is —, the + and — signs inside the
bracket are changed.

EXERCISE 8d

These should first be discussed orally.
1. Simplify:

(i) a+3—(a+3), (i) a+3—(a—3),

(iii) a+3—(3—a), (iv) a+3—-(3+a).
2. Simplify:

(i) **—y—(y—x?), (i) —y+x—(x—y),

(iii) —y—x—(y—x), (iv) 2 (x*—y*) =3 (x*+y°).
3. Simplify:

(1) x(x—2)—2 (x*—x), (i) a(b—1)—b(a—1),

(i) 4 (p+q)—2 (2p—29), (iv) a (1 +2x)—x (14 24).

4. Use brackets to express the following; remove the brackets
and simplify :
From (i) W+3 subtract2—W,
(1) a*+ 3¢? 3¢i—.2
(i) x+y+1 x+y+2,
(iv) o a+b.
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5. Subtract (i) a+b+c¢ from 2a—b+c,
@i1) 2u-—3v 3uU— 27,
(iii) ¥+ x+1 X:—x+1.

6. Simplify:
(i) a(d—c)+b(c—a)+c(a—=b), (i) 3(x—4)—4(x—3),
(iii) 2 (r—28)—4 (r+9), (iv) 5(3—x)—7(2+x).

7. What should be inside each of tne following brackets?
(i) a=b—c=a—-( )Y==b—( )=—c—( ),
() 1—x+x2=1—( )=x*4+( H=—x+( ),
@iii) ab—a—bc—c=a( )—c( ), '
(iv) x+3y—6=x+3( ), (v) a—4b—4=a—4( )
i) u—15v+10=u—s5( ), (vi) —px+py—p=—p( ).

MULTIPLICATION OF DIRECTED NUMBERS

R-12. To understand the rule for multiplying two directed numbers
we seck some illustration of a product of two factors in which the
factors and their product are all three measurable by directed
numbers.

From ordinary notions of arithmetic we know that there is a rule
Distance in miles = Speed in miles per hour X Time in hours.

All the quantities in this statement can be represented by
directed numbers. N

Suppose a man walkssteadily during the middle of theday | 44
along a road running north and south. Suppose the walker
passes a milestone at noon. Choose this milestone as our T +3
zero for distances along the road, and distances north of O 4 40
as positive. Choose noon as our zero for times during
which the man has been walking, and times after noon as
positive. Then o+o

A distance 8 miles north of O is represented by +8, 4

__+‘|

A time of 2 hours after noon is represented by +2. 4 -0

Moreover,, we distinguish a speed in a northward | _3
direction from a sy ced in a southward direction by deciding 8
that northward speeds are posit've. Thus Fig. 83

A speed of 4 miles per our northwards is represented by + 4.
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Let us see what co. sequences follow when we seek to determine
the distance of the walker from O after a given time.

(i) Speed +4, Time +2 (i.e. speed 4 miles an hour north-
wards, time 2 hours after noon).

Plainly the walker is at + 8.
This result can only be obtained from the arithmetical rule for
finding a distance if we regard

+ 8 as equavalent to +4 X +2.
(i) Spced +4, Time =2.
We see that if the walker has travelled northwards for 2z hours
at 4 m.p.h., passing O at noon, then 2 hours before noon his distance

from O was —8 miles.
We must consider =8 as equivalent to +4 x —2.
(iif) Speed =4, Time + 2.

We require the distance from O 2 hours after noon, giver that
the speed is 4 m.p.h. southwards and the walker passed O at noon.

This requires —8= =4 X +2.

Finally

(iv) Speed =4, Time ~2.

We rcquire the distance from O 2 hours beforc noon, given that
the spced is 4 m.p.h. southwards and the walker passed O at noon.

Plainly the distance is + 8, so we must consider + 8 as equivalent
to —4 X —2.

This and further illustrations lead to the conclusion that the only
convenient meanings to be given to products of directed numbers,
for such fundamental rules as ‘Distance =Spced x Time” to be
obeyed by directed as well as arithmetical numbers, are the follcwing :

+ax +b=+ab,

+ax —b==ab,

—ax +b=—ab,

—ax —=b=+ab.
Or in words:

In multiplying together two numbers positive or negative,
the numerical value of the product is found by multiplying
the numbers in the ordinary way; the sigh of the product
is + if the factors are of the s.me sign and - if the factors
are of opposite sign.
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DIVISION

8:13. Once we have decided that these are to be the laws for
multiplying two directed numbers we automatically obtain rules
for their division.

Thus each of the above will give two illustrations of a quotient; e.g.

From +ax =b==ab
we deduce +a= __‘Zb
and -b= —ab’
+a

and we may sum up all the possible results as follows:

_ +ab __=ab _+ab _=ab
+a= +b, - +b, -_—a = —p’ +a= —b.

Or in words:

In dividing one number by another, whether they are
positive or negative, the numerical value of the quotient is
found by dividing in the ordinary way; the sign of the quo-
tient is + if the two numbers have the same sign and — if
they are the opposite sign. "

MULTIPLICATION WHEN ONE OF THE
FACTORS IS ZERO

8:14. o x 5 means five times nothing, which clearly is nothing;
L OX5=0.
Again 5X0=0X5=0.
Also —§5X0=—0=o0.
Suppose that there are more than 2 factors; e.g. 5 x 0 x 3. This
means that 5 is to be multiplied by o, giving o, and the result
multiplied by 3, giving o.

Thus if ope factor of a product is zero, the value of the
product is zero. .

It is important to distinguish Fetween “‘ 5 multiplicd by nothing ”
and ‘“ 5 not multiplied by anvthing”.
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DIVISION BY ZERO
a
b
less when b is zero; in Arithmetic we have never considered
livision by o.

Suppose that a man’s will directs that his money is to be divided
equally between his childrer that survive him. If he leaves £P

8:15. It must be clearly understood that - or a + b is quite meaning-

and #n children survive him, each child will have £ 5; but suppose

. . c P
that no children survive him, clearly his will is useless: , an have

no meaning when n=o.

ALGEBRAIC FALLACIES

8:16. Many absurd results appear to be proved true by the laws
of algebra; in many such cases it will be found that each side of ar
cquation has been divided by something which is zero (generally in
some disguised form).

No one would be misled by the following:

Suppose x=o0, then 2x=73x;
divide each side by x, So2x3.
But consider this:
If we are asked to solve the equation
3JXx=5x—14.
We have 3x —21=35x— 35,
So3(x=7)=5(x-7),
So3=35.

In both these cases, the fallacy is due to assuming that it is
possible to divide each side of an equation by something which is
zero. In the second case the division by zero is ncf quite so obvious
as in the first case.
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EXERCISE 8 e*
Some of these should be taken orally.

1. Simplify:
(i) (=2)x(=3), () (—2@)x(=3), (i) (—2b)x(-3b),

(iv) (=50)% (v) ox(—3u), (vi) o
(vii) yx (=) (viii) (—a)x(—a) x4,
(ix) (=2)x(=3)x(—4), (x) (=3)3,
xi) +3x(—97)xo0, (xii) 2x(—2)*x(—1).
2. If a= —2, what are the values of a?, 2a, —a, a—4, a (4 —a).

2

3. Find the wvalues of yx, x2+y2) (X+y) (x—y)’ x‘“"—y‘:
(x—l) (J’—I); when x = —3 and y=—4.

4. Make a table showing the valuesof x — 1, x — 3and (x — 1) (x — 3)
when x= -3, —2, —1,0, +1, +2, +3.

5. Calculate the value of x (x — 1) (x —2) when x= — 3.

6. Simplify:

N I ¥ ey — 12
1 ’ 1 ; 11 R
(1) . (ii) . (iii) A
.. —I2x o . —O
(iv) 5 (v) %’ (vi) el
ey —2x° v —2%(=3) . —3Xo0
(vii) e (viii) g ,  (ix) —,
(—2a)® . —I2x . 3Dq
X PETI xi) s xii ,
o i) (i) 37
8s? . I . (—-a)(-—b)
(xiii) (= 25)%’ (xiv) —nx( n)?,  (xv) e
7. If r=—12, §=+3, t= —2, calculate
r r r r s24 2 r?
’ T os+t t—s’ s+t st

oSt

1 . . . . . . .
* Further practice in evaluation will occur in checking solutions to
equations,
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8. If A=b (c+d), ull in the spaces:

A b c d
+20 -5 e |
—20 -5 -1
+2 -2 -2
+1 +3 -3
o +7 —4
9. If W=a (P-Q), fill in the spaces:
w a P Q
+1 +2 -2
+12 +3 -2
—18 -6 —4

EXERCISE 8f

1. Write down (+2)* and (—2)% If x*=4, what are the two
possible values for x?

2. Solve, giving all possible solutions, a*=9, 2b>=50, p*=38,
3 _
q°=—27.

3. Has the equation x%= —4 any solutions?
4, Solve, where possible, 144=n% —125=2% x>+ 1=0, y*=0.
H
5. Solve, and check your solutions:
D) 2(3-x)—-(@4-x)=1,
@) 2(W+1)—4 (1—W)= -8,
(i) d(d—2)—2 (d*—d)= —1.

6. Why is it impossible for the equation 3®+y=73 to have a
negative solution?

7. Verify that x= —2 is a solution of the equation x*— 3x*=4.
Can you write down another solutioi. by inspection:
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8. Solve, and check your solutions:
(i) 8-2(3—3x)=2(2x—3),
(i) 3(4s+10)=4(s+5)+30,
(i) —4=p+2(p+1)+3(p+2),
(iv) 13+5n—2(84+4n)=0,
v) 3(c+2)+2(c+1)+c=0,
(vi) 3(2x—1)+5(4—3%)=17,
(vii) 3y+16)—(v+5)+7(y+2)=Gy+13)—4(y—2),
(viii) x (x—3)+3 (x—3)=0,
(ix) y(*—y+1)+(*—y+1)=0,
(x) 43=3{12—2(2—1)].

EXERCISE 8 g (1)
Solve the following equations:
1. 7-5(x—2)=5—-3(x+3). 2 150¢=3(x—1)—4(1—x).
5(3—x)—3(5—x)=o0. 4, x—2(x—3)=5x+3(2x+2).
3(z2—3x)—2(sx—1)—3—2x=0.
4x—4 (x—3)=2—2 (x—3).
4(x—1)—4x—1=3 (2—x)—6—x.
3{x+t2(x—1)}=5s.
(13+5x)—2 (8+4x)=09.
10. 10+ (x—3)—(x—2)+2(x—1)=114+(x—1)—(x—2).
11, 4+ (7x—1)—7 (x—1)=3+(3x+8)+3 (x+8).
12, (3x+16)—(x+5)+7 (x+2)=(3x+13) — 4 (x —2).
13. 3[(2x—5)—(x—3)]=0.
14, 6 [17 (x—1)—14 (2—x)]=0.
15. 4 (2-%)—3 (7x+5)+6 (3x—1)= —2 (x—8).

2 ® N9 g ow

16. 7 (x- 3)—(7x—3)=: (2—x)—(10—x)—18.
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EXERCISE 8 g (ii)

Solve the following equations:

1.
2.
3.
4.
5.

12.
14.

15.
16.

8-17.

6 (1—x)+4=3(2—x)—4.

3x—2 (12—x)=4 (2x—3)+3 (x+1).
0=3(2—3x)—7 (x—3).
2(x—1)—3(2—x)+4(t—x)=o.
2—10(x—2)=3—5 (x—3).
1=2—(1-y)—2(2—y).

5 (2.51—1+3.;:c)=o.
3(2—3x)—2(5—x)=(x+4)—3 (2x+1).
(9x—6)—3 (x—7)=(x+ 1)+ 8x.
14+(sx—15)—(2x—6)=(3x+0)+3 (x+2).
sx+2—5(x+2)=3(x—5)+3x—5.

8 (3x—2)—(7x+4)— 15 (4 —x)=8x.
4[3(2-x)—4(x—2)]=12.
3(x—2)—4(2x—3)=23x—1)—3(3x+1)+3.
3 (x—2)—(19—6x) =(5x+61) —3 (9x +4).
8 (x—4)—4 (2x—7)=3 (to—x) —2 (17 +4).

ADDITION
In simplifying such an expression as
@4—x*—2x)+(Qx*—2x—1)+ (x*— 5+ x),

93

which is the sum of the three expressions in the brackets, we may
write the expressions in columns as in arithmetic and add by
columns:

—x?—2x+4
3xt—2x—1

x*+ x—5
3xi—3x—2

A more rapid method is to pick out the x* terms’jn the expression
as given, namely —x% +3x% +x", and write down *their sum
repeating the process for the x terms ar- for the numt ers.
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EXERCISE 8h
Add together:

1. 3x—2y—4,x—4y—5, 4x—).
2. p+39—6,3p—q—2, 4P -29—3.
3. ¥+x+1,2—x—2x% 3+x—a%
4. 2a—4b, 6b—a—4c, 5¢—3a—3b.
5. 2x—3y—5, 10—2x+4y, 3x+15—y.
6. 1+x% 2—3x+5%% 5044,
1. 243y +4y° 3—-35% 2 (1+)).
8. P¥—1,2(2—1), 2+3%
9. What must be added to
(1) 3+4x+5x* to give 6x2+7x+8?

(i) ¥*—3y+2 »w  2Y°—3y—3?
(iii) 2p*—3pg+q¢®> ,, 2p°—4pq?
10. Add across in rows, and vertically in columns, and check:
1+x x+x? 1—x?
3x —x? 2+47x x—4
x3—3x  —2x—x? X+1
SUBTRACTION

8-18. A subtraction sum may be arranged in column form.
Thus to subtract 2 —x + x* from 1+ x —x* we write
I+x—x*
2 —x+x*
and then argue that to subtract 2 is equivalent to adding —2, to
subtract —x is equivalent to adding +x, i.e. —(—x), and so on.
I.e. In subtracting we change thg sign of each term in the
lower line and add.

Thus here we have .
—I+2x—2x°

A more rapid method is to use a bracket and to pick out the
terms in the answer, thus
I+x—x—(z—x+x)=—1+2x0—2x%
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EXERCISE 81

1. Copy and complete the following subtraction sums:
2x+ 5y 7a—2b x+y+3
3x+4y 2a+ b 25—y —1

2. By using a bracket subtract 1 —x+x2 from 2 —2x + x*.

3. Simylify:
-y 3a—2b+c—(a—b—2c),

Y =2y +y+1-(P+yi—y+7).
4. From x?+ 3x® subtract 2 + 3x + 4x% + 2x5.
5. Subtract x%+ xy —y*® from 3x*+ 2xy — y°.
6. Complete the brackets:

(i) (x+p+p?)—(+p*+p%) =( ),
@) ( )—(a+3x+4) =2x+2,

(1ii) ( Y—2a%—2ab =a®+ab+b?
(iv) 3x%+46xy+y%—( ) =4X*+ 5xy.

7. What must be subtracted from a3 —3a®*+3a+1 to leave a®+ 1?



CHAPTER 9

FRACTIONS WITH VERY SIMPLE
DENOMINATORS

9-1. In § 1°4, p. 3, we saw that algebraic fractions behave in the
same way as arithmetical fractions, the golden principle being that
The value of a fraction is unaltered by multiplying (or
dividing) both its numerator and its denominator by the
same number., b+ S
N 4a a
Example. Simplify S abt
Dividing numerator and denominator by 4ab, we have
4a*b+8ab® _ a+2b

orzab® T 3b.
Note that each term in the numerator must be divided by gab.
Simplify éfbh .
Multiply numerator and denominator by 4, then
1bh _ 2bh
270 = "0 =
Il 2h.

Revise Exercise 1c.
EXERCISE 9a(Oral)

Intheearlier questions say what you do to the fraction to simplifyit.

Simplify:

1. @) 2:, (i) 3bb, (iif) ’;: ,
w © 5 G
(vii) fs (viii) zif, (ix) Zild

‘ 1
(x) 31_7-;—:,—:3 (xi) Ji (xii) -1‘7.

q
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. 2w+ . 2
20 R 2OER B
vy 406 8p—16q y 3

(IV) 8 ’ (V) 12 ) (Vl) m:
4 vy X oy 277+ 2mrh
(vii) §(y—2)’ (viii) oy (ix) Py
L (a+b) n 3(r+s)
(X) ‘]i > .‘(1) §(3+ T)
. —2R . 3n ey T 4%
3. - - T - -
M G iy ¥,
L. —xl v No—a.
(IV) i 2x ’ (V) _y) (Vl) -—2“— 4,
iy 2674 iy e A
(vii) - i (viii) o’ (ix) A=
T3t  4lc—d)
N
. 2 . 2 x)2
4. (1) (2(1—)—2’ (ll) (ZI’;SQ, (111) g:}‘;;) )
Ly =% (=x)* . (gr)?
(lV) (22)3 ’ (V) (:—373 , (Vl) ’qzr
Fill in the gaps:
‘a sa Tat = abe
—I —pq_a_q
6, —=-"~=-=-=—;= -
q2 —_— q2 I
g ¥Y=1_ (—D_5y—5_ay—a_
2 6 - ~ 2a
g, 4p+6g _4p*+6gp
5 15
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9. Say which of these are correct:
@ %= =2 _ (2a)* (i) (B9 _9q* _1
4T 2xt T 4T ()Y A
-2 2
(iii) -2-‘13“_452a+1, (i) S o
4 4 I
10. Solve for x:
) L2 (x47)
=2, (iii) ¢ =

140
. 2;’&: ey O
M =, )

THE RECIPROCAL OF A NUMBER
9-2. By the reciprocal of a number # we mean the number N

I

. . R |
Thus the reciprocal of 3 1s 3 of &% is v";

2. I .
’ 1§ —, 1.¢C. I><3,1.e.3;
2 2 2
3
p. 1 . q .
”» ’s 1s —, 1.c. I X ,1LcC.
q p P

q

MUTJ TIPLICATION AND DIVISION OF FRACTIONS
In Chapter 1 we saw that, from the analogy of arithmetic

9-3.
a c_ac,
b d™ bd’
a a
and a;c:é:Bde:ad
b'd"c—cxbd—cb'
d d
Hence a4y d
b 'd b ¢’

or in words:
To divid: by a fractior multiply by its reciprocal
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EXERCISE 9b (Oral)
1. Simplify:

W I I SR S z 1
(1) zxj’ (i) c—sz, (iii) s 3
x T 3.3 p P
iv v) “x°7, vi
i) >x, W 3 i) P2,
vii) “x (viii) € x? () Sx%
o W d ¢’ X%
2. What are the reciprocals of
2 1 oa 1,
3’ 4’ b’ M )
3. Simplify: '
N T I G 3
@ = 3 (i) 4, (iii) X
. p.r x_'_qc . u;?g
(iv) A ) yFy (vi) w
. I oy ST N
(vii) k—.-k, (viii) ;T (ix) PR
G P3Py Lol ) &
q* r xy aty’ I
c
e M pqr 2
xiil) —, v Xv) —
(xiii) 2 (xi )3‘1 (xv) [
m r X
4. Simplify:
na ¢ 1 1.2 3 b XY B
6) bxdxa’ (i) - x x x’ (mz yxzxx’
(i) sxasx o )z, ) 2b><b—:-;),‘ vi) (20)%% 2¢+ 3.
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5. Colve each of the following for »:

. .
(i) ’Z’x?3’=6, (ii) 2xi=i,
mnl—g_i, @) 2% =4
6. Simplify:

' .. 1 b
0i() w ()
¢ . I I

(iii) 10 (IS— 5 >, (iv) 2z (\{z+4z>.

ADDITION AND SUBTRACTION OF FRACTIONS

9-4. If two, or more, fractions have the same denominator, we may
add or subtract directly.

PR LS O
4 4 4 4
-b
E.g. a_b_:_g__
4 4 4

Note that, if the numerator of a fraction consists of two or
more terms, then these terms must br considered to be in
a bracket. -

a—b)y a-b
or —-.

E.g. a Z

is really

9-5. If the denominators of the fractions to be added or subtracted
are not the same, the fractions must first be brought to a common
denominator, as in arithmetic.

x X _ 3% 4% (n _3xtqrv—6x_ x

Eg +- —_— =,
4 3 2 12 12 12 12 12

a b_3a 2b_ 3a+2b
27356 6= "6

L

a+2b . a+2b .

Note that §——6L— is not equal to ———, the denominator has
2

been divided by 3 but only part of the numerator has been so
divided.
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. . . . . 1 1
Example. Express as a fraction with a single denominawr  — +1:
nt n

1 1 n n'_ 1—n+n* ni-n+ti1
L= +1='——2— Lt y T Or T,
n? n* nt ont o, n
Fractions whose numerators contain more than one term present
special difficulty. T'he beginner is advised first of all to enclose
these terms in brackets; thus

a—rib_za——b _ (a—gﬁ)_(za:_li)

I

5 10 5 10
_2(a—2b) (2a—0b)
- 10 10
— 2(a—2b)—(2a— b)
- 10

2a—4b—2a+b

= o
_—3b
" 10

EXERCISE 9 ¢ (Oral)

Express as fractions with a single denominator:

L a a f f 1 I
1. (1)) + , il x.
2 4 (&) 3 4 (i) 5 10
2. (1) :1+(21, (1) Z 2 (iii) : [z
D S | . I I I
3. (i) m+n’ (i1) Ty (i11) p—P
4 () 14243, (i) utq+t, (iif) +b+2
c ¢ u
N PP PP Pt .. I v 4
5. (i) T8 1z (i) = ey (111) i
8. (i) XN oX—1I (i) 2 y—1 (i 2 %+2
. — , - it —
2 4 2 ')“ 2 3
at1 . b- I, (iif) I_Z(C-—I).

7. (i) a— —3—«- , (i)
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EXERCISE 9d (i)

Express as fractions with a single denominator:

. 2a a . b 2b e 23
1. — = - 4= -
M =5 i) b= +%, G S
O S .. 4 vy XY
2. - : .
O (i) 40+, (i) ~+
N S . a a° 2\ 2\
3. (i) x2+x3’ (i1) a+b+b'~” (111) I—<x> -(x> .
W X—1 2x+3 L 2V—3 y—2 I—1
4. 1) - - -7, () =4+ -, () 1+
2 4 3 2 2
W 2X—§ 3xv—7 .. AV—Z 2—Y o 5¥V+2 2y+3
5. (i) - . g . SIS
() ST G TR i -
6. {z—zl)_()—za+2((z+l)). ", x—3_3ﬁ(2-—x)+1.
5 10 I5 2 4 6
8. {1+2b_3b+c+c—‘a. 9. b—c+r—ia a—b
2 3 8 2 3 6
2 3 I I
10. x—y)—" (x+y). 11. a+b)— (2a—4b).
3( ») S( ») ,@td) 3( 4b)
10, 3¥ts_sv+3, 9v—7 13, 3(¥—2) 4x¥—3 2x—5
9 2 6 12 4 8
Simplify:
14. 12 (x—1+gyf_3). 15. 18 (a—_—zb_zaj’rb)'
3 4 6 9
18. 20 (*ly—fc+y+3x"2y). 17. 16 <2a"3{’—3¢_2b).
10 2 5 8 2
Multiply *
S
3p—29 2q9—p I—2a a—2
18. — -7 - by ar. 19, — 7 - -~
7 1 Dy 21 4 6 +I by 12,
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ExEeRrcIsE 9d (ii)

Express as fractions with a single denominator:

. 5a 4a . 30 4b
1. (i) 6 —;, (i1) 4—-—- s +b, (m) zéc
11 W 2 )
2. (i) 2a 4b (i1) 2 TW? (111) g
LT 1 O o 3\ /3
3. (i) 2 ba’ (i) ed e d (ii1) <y> 2(y>+3.
4 () 3TEoIVT Gy WTALIVES (G o 2EE
5 2 3 4 4
5. ) P S-E a IS PR
14 21 : 3 3 12
6. 3x—»7_4(x—2)_3—2x' " 72x77+1+3x7—2_ I .
4 5 6 2 5 10
8. 5a+3b_2(a+gl))+4a—lg. 9. 2a-—3b_3a—4b+a_.
10 I5 5 6 8 12
I 5 : 3 4
10. 2x+5)— — ). 11. “(2x -y +3) - xN—2y+1).
4( v+5) = (3—%) 4( y+3) 5(3 y+1)
19, VT5_3Y"4 9v—4 13. 2(x_—_7)_2x—§+8_:5§_
7 4 14 8 4 6
Simplify:
14, 14 <x13-+2”_—5«). 15. 10 <3i‘:f°"‘-’—6x—5y>.
2 7 2 5
16. 12 <xﬂ_a_c:—_y+x>' 17. 36 (7 —x_2x+5 11>
4 3 6 9 18
Multiply 5 !
18, ¥T4 Y73 by a1 eyg, 3¥H3_¥- 45y 16.

7 3 8



CHAPTER 10

EQUATIONS AND PROBLEMS INVOLVING
FRACTIONS

10-1. Example 1. Solve N 3 2 Ii;-f: itil() -2
Write the fractions with the numerators in brackets,
(v-2)_ (12 v)_(sv-36)
3 2 4 )
Multiply each side by 12,

A ¢ X(x‘—« -2)— 12 X(—I—Zv‘j—\)z 12 ).\(_5_1?_36)_

54 (x—2)—6(12—x)= 3 (58— 30) — 24,

Soo4x—8 -7246x= 158 — 108 — 24,
Soo10x—8o= 15X — 132,

. 10N — 15X = — 132 + 8o,
Joo— 5= --52,
_52

..x —':Io'
L =10t

Check. When x= 102,

Lpg oo 2 rz-rof 8F 13 42 8 14 4_10_
3 2 3 2 3%X5 2x5 5 5 5§
R.H.S.=S~—x—-—l-23:§~6—2=5—2;3—(~)—2=1—6——2=4—2=2.
4 4
42 2(1—
Example 2. Solve - %% G-¥_,
33 4%
.1 2 _ -
Now  Yhrz_z@+2) . 5@-2)_8@3-x)
J3t 7 4} 51
.. the equation‘may be written
. 2 (x 2_)_'5(3—x)_°

7 51
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Multiplying both s.des by 7 x 51,
102 (x +2)—56 (3 —x)=o.
. 102X 4 204 — 168 + 56x = o.
. 158x=1-36.

e

NOTE ON CHECKS

10-2. It cannot be too strongly emphasised that to check the
solution of an equation it is essential to find the value of each side
of the equation as given. If an intermediate step is checked, it
merely shows that no mistake has been made in the subsequent
work.

Further, the work in the check should not merely follow the lines
of the work of the solution, or a mistake is liable to be repeated.
Note, in Example 1 above, the work of the check is entirely different
from that of the solution: the brackets have been simplified instead
of distributed.

In a case like Example 2 above the arithmetic involved in a check
is so laborious that it is better to check mercly by going over the
work again or reworking it.

EXERCISE 10 a (i)

Solve the following equations:

XX 8
1. v+ + =11 2. 36— Y=8.
2 3 9
3 T4+ ey 4 5=
2 3 4 5 4 6
5. Y4EYI_ . 6. ¥TI_2¥T3_, S
2 7 3 2 6
7. 3x—1_23;f3=I. 8. 4x—1_3.x—4=6_x+2
5 3 3 4 2
g, ¥t7_2(w+1) 3v—22 ., Tov+3 3w—y
4 1o 5 3 5
11. 5,3‘_:1__2;”#_2=3x_14,

2 3
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sx—2 v—8 wiig
3 4 2

12.

2=0.
13, ¥T4_xT4_ 3y

14. 1 (27 —=a)=09+ - (7x—54).
3 s s 2(27—3)=9+ |y (7x—54)

X—1 23—-x_2 4+x
7 5 4

15.

x A an
16. 3 +2x4+6 (x—‘-—"“):«tSo.ooo.
3 -39

17. 3x+-7v=1. 18. '5(x—10)—'4 (5—x) =o0.
19, YT AT, 20. 10 (-2x—7)— " =o.
2 3 2
2x—7 3+ (3-x) x—3}
21. 51 + 7 S—=o. 22. 2 -2} (2x—7)=o0.
i 3

EXERCISE 10 a (ii)

Solve the following equations:

12 g ToLELIN Xt ¥
4 3 3 4 4 5 5 660
1
x 3x 5x 7x 9x
. . 4- - —§= - _8
3 2+4 6 '5 8 > Io
5. zx_rg—fxzzx—xx 6. x+2_x+3+33i-:_3:o
2 2 4 3 6
7. 5_3x+;=x—lo 8. 2_x”—x__x+3:3x——5.
4 6 5 2 5

g, 3(x—1D_2x—5 _ 3(x—3)
) 5 ° 2 6
{

{
10. x+3—x—:9=11——sx_12
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2(r—4)_2¥—3_4x+1

11. + 1.
5 10 2
12, PTI_S¥T3 . F o,
3 4 3 ’

18. 1 (3x—4)+%(5x+3)=43—5x.

14. };(S—x)+x—1§:;(x+6)—§.

15. 5<x—£>—2(§—1>=42. 16. 1-25x=025.

6 2/ 3\2
17. 14x—11x="3. 18. 17 (x—2)—"3(2x+1)="-8.
15 __a 1
19. J(sx—4)—L(x—15)=2. 20, 42 (2 A)—ZV(V?L&):O.
3 4
c x— —cl
21, 2—x2!+2‘l’x:o. : 22. x——s»*—zz',,(zx—:;)zo.
4 5 2 3

EXERCISE 10 b (i)

1. llcap. Its one-seventh and its whole make 19. What is the
heap? (Ahmes, between 1700 B.C. and 1100 B.C.)

2. Demochares has lived a fourth of his life as a boy; a fifth
as a youth; a third as a man; and has spent 13 years in his dotage.
How old is he? (From the Collection of Problems by Metrodorus,
circ. 310 A.D.)

3. Find the age at which the mathematician Diophantus of
Alexandria died from his epitaph, which was to the following effect:
“Diophantus passed § of his life in childhood; [} in youth, and
} more as a bachelor; 5 years after his marriage was born a son,
who died 4 years before his father, at half the age his father finally
reached”.

4. A train takes 20 minutes longer to do a journey when it is
running at 27 miles per hour than when it is running at 30 miles
per hour. What is the length of the journey?

5. I walk at 34 miles an hour to a town, wait twehty minutes
while my bicycle is being mended, and ride back at 10} miles an
hour, the whole journey occupying 2 hours. How far off is the
town?
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8. A man who bicycles at g miles an hour .akes 14 minutes longer
to go from a village V to a town T than a bus which averages 12}
miles an hour. Find the distance from V to T.

7. A and B start on a certaia journey together, A walking 5 miles
an hour, B riding 8 miles an hour. B stops for half an hour on the
journey but finally arrives at his destination 1 hour before A. What

1s the length of the journey?

8. A man walks up a mountain at the rate of 2 miles an hour and
down again by a way 6 miles longer at the rate of 31 miles an hour.
He is out cight hours altogether. How far has he walked?

9. In an examination paper one boy A got three marks more
than half of the full marks, and another boy B got six marks less
than one-third of the full marks. The marks obtained by A were
twice as many as those obtained by B. What were the marks they
each obtained?

10. I have a certain number of pennies to divide equally amongst
15 boys; if the number of pennies and the number of boys were
cach increased by one, cach boy would receive 7 pennies less. How
many pennies have I to distribute?

11. When A and B sit down to play, B has two-thirds as much
money as A. After a while A wins 155., and then he has twice as
much money as B. How much had cach at first?

12. It used to cost 1d. a mile to travel third class and 1}d. a mile
to travel second class. I found that by travelling third class instcad
of second, I saved enough to pay for my lunch, price 2s. 6d. How
long was the journey?

13. A and B go for a holiday together, A starting with £15 more
than B. At the end of a weck A has spent } of his money and B
3 of his, and together they have £58 left. Find what each started
with.

14. A man bAys a case of oranges at 8d. a dozen. He finds
54 spoiled, "and, selling the rest at 7 for 5d., he loses 2s. 6d. on the
whole. How many did he tuy?
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15. At a certain concert 8o tickets were sold, some at 3s. 6d. each,
the rest at 25. 6d. cach. The sum brought in by the sale or the
tickets was £11. 105. od. How many of each kind were sold?

16. Three-quarters of the coins in a bag are sovereigns, 12 are
half-sovereigns and the rest half-crowns. If the total value of the
coins is £67, find the total number of coins in the bag.

17. A man leaves home with a certain sum of money in his
pocket; he cpends one-eighth of it in travelling expenses, one-half
of the remainder in purchases, and the rest, amounting to 21s., he
loses. How much did he start with?

18. What number must be added to the numerator and also to
the denominator of 4 so that the result may equal §?

19. How soon after noon will the hands of a clock be together
again? (In x minutes, how many minute spaces will each hand
have traversed? What is *he difference in the number of sp..ces
traversed by the time the hands coincide again?)

EXERCcISE 10 b (ii)

1. Heap. Its two-thirds, its one-half, its one-seventh and its
whole make 33. What is the heap? (Ahmes, between 1700 B.C.
and 1100 B.C.)

2. “T'ell me, illustricas Pythagoras, how many pupils frequent
thy school.” ‘““One half”, replied the philosopher, ‘“study mathe-
matics, one fourth natural philosophy, one seventh observ: silence,
and there are three females besides.” How many frequented the
school?

3. A person being asked what o’clock it was, replied: ‘ T'he hours
of the day which remain are equal to } of those elapsed”. How
many hours have elapsed? [The ancients divided the day into
12 hours.]

4. A motor-cyclist on the Bath road rides at 30 miles per hour
where the surface is good and at 10 miles per hour where it is bad.
Over a certain section of 50 miles his average speed is 20 miles
per hour. What arc the lengths of good and bad sarface?

5. The train starts in 10 minutes and the station is 1 mile away.
I walk 4 miles an hour and I run 8 miles ai. hour. How fai must Irun?
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d. A man bicycles from his house to a post office, x m.les away,
at 12 miles an hour, and returns home again at 10 miles an hour.
The whole journey takes 33 minutes. Find the value of x.

7. A man walked the first half of the distance from A to B at
a speed of 4 miles per hour and the second half at a speed of 3 miles
per hour. 'The second half took 18 minutes more than the first.
Find the distance from A to B.

8. A man drives to a certain place at the rate of 8 m’les an hour.
Returning by a road 3 miles longer at the rate of 9 miles an hour, he
takes 7} minutes longer than in going. How long is each road?

9. A lazy boy was told to divide one-half of a certain number
by 6, and the other by 8, and then to add the quotients. To save
trouble he divided the number itself by 7. Given that his answer
is teo small by 7, determine the number.

10. A man is engaged for 70 days. He is to receive 2s. per day
when he works, but is to be fined 6d. for every day that he is absent.
He rcceives altogether £5. 25. 6d. How many days did he work?

11. The number of seats in a certain class-room (A) is three-
quarters of the number in another room (B). If four seats were
moved from A into B, B would have twice as many seats as A.
Find the number of secats in each room.

12. A third class railway ticket now costs 13d. a mile, and before
the War it used to cost 1d. a mile. For a certain sum of money I used
to be able to travel 12 miles further than I can travel now. What is

this .um?

13. I rode one-third of a journey at the rate of 10 miles an hour,
one-third more at the rate of 9 miles an hour, and the rest at the
rate of 8 miles an hour. If I had ridden half the journey at the rate
of 10 miles an hour, and the other half at the rate of 8 miles an hour,
I should have been half a minute longer on the way. What distance

did I ride?

14. A man bought a certain number of eggs at 4 for fivepence.
Seven of the eggs were broken, but, the rest being sold at 3 for
fourpence, the man only lost twopence altogether. How many eggs
did he buy¥
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15. The prices of the stalls, pit and gallery of a theatre are
respectively ten shillings, half-a-crown and one shilling. The pit
holds twice as many and the gallery three times as many as the
stalls. If the receipts are £9o when all the seats are full, find the
number of peopl« present.

16. How many cwt. of copper and zinc, worth £84 and [20 per
ton respectively, must be mixed together in order to obtain 14 cwt.
of an alloy worth £40 per ton?

17. A man goes to an exhibition, paying 1s. for admission. He
then spends one-third of what he has left, and afterwards pays
25. 6d. for a cab. On reaching home he finds he has half of what
he started with. How rauch had he at first?

18. If a certain number is added to both the numerator and the
denominator of the fraction &, the result is equal to 4. Find the
number,

19. At what time between noon and 1 p.m. are the hands of
a clock exactly opposite to one another? (Sce hint to Ex. 10b (i),
No. 19.)
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Paper 1. (On Chaps. 1-6)

1. Ifa=7y, b=5, c=2, d=1, find the values of:
(1) (@=b)+(c—=d), (i) a=—b=+(c—d), (i) a—(b+c—d),
@iv) (a=b)+c—d, (v) (a=b+c)—d, (vi) a=b -c—d.

2. Simplify, if possible:

(1) zaxi1, (ii) zaxo, (iif) za+1,
(iv) za+o, v) za-+1, (vi) o+ 3x,
(vii) o x 3x, (viii) 3x X o, (ix) o+ 3x.

3. Solve the cquation
2x+3=16—(2x—3).
4. Simplify:
() 2(a+1)+3(1+a)—4(a—1),
(i) p(g—r+1)—q(p+r—1).

5. Find the angles in fig. P 1. % /15420

6. (i) England batted first and made a runs: .
Australia then made b runs. In the second innings Lig. D1
England made ¢ runs. How many runs must Australia make to win
the 1aatch?

(i1) How many pence are there in y half-crowns and 2 shillings,
added together?

7. A cyclist travelled for 1} hours at his normal speed, then for
2 hour at 4 miles per hour above his normal speed. Find his normal
speed if the total distance travelled was 30} miles.
8. Correct the following statements where necessary:
(i) sa=z,' . a=% in., (i) 3ab=lax}b,
(iif) J ¢20)>=0%, (iv) 3 (2n—4)x6=8 (n—2).



twice as much as B. How much had they cach at
first?

REVISION PAPERS

Paper 2. (On Chaps. 1-6)

1. If a=1, b=2, what are the values of:

(i) ab, (i) a+b, (iii) a”,
@iv) b, v) a*+b- (vi) 2a+ 2b,
(vii) a% (viii) b, (ix) a*b+ ab*.
2. (1) If x=2y, express &%+ y* in terms of x alone.
o e . a®+b* . .
(i1) If a=3b, tind thLe values of Py and @*b -+ ab®

3. Solve the equations:
() 3at+2=2a+3, (i) 3 (@+2)=2 (a+3).

4. Simplify S8a—(sa—120+c)+Ba+7b—c)

and find its valuc if a=1, b=o0, c=1.

5. T'wo angles of a triangle arc 40+ a and 50—a degrees.

can you say about the triangle?

113

‘What

6. (i) I walk z2x miles before lunch, and three times as far after

lunch; how far do 1 walk in the day?

(i) My watch gains 5 seconds cvery hour; how long will it

take to gain ¢t minutes?

7. A has L15 mor2 than B; he gives B £2, and then has

7/
8. The area of the trapezium in fig, P 2 can be
found from the cxpression i (a+b). When a=10
and k=g, the arca is 57). What is b?

Paper 3. (On Chaps. 1-6)
1. When r=1}, s=2} and t=o0, cvaluate 2sr + 3rs + 7st.

. . . a 3
2. In the expression Ymr2h, write r=_, h=
2

3. Solve the cquation
3 (169 —x) — (78 + x) = 29x.

Fig. P 2

? and simplify.

[See next page
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4. Simplify, if possible:
(i) 14+a+1+b+ab, @) a(b—1)+b(a—1),
(i) ¢ (c—c¥)+c? (c—1).

2X-50
5. Prove that the fig. P 3 must be a rectangle.
X+20
6. (1) A ’bus farc is 4 pence; how many journeys Fig. P 3

can I make for n shillings?
(i) A car is travelling v miles an hour. How many hours doces
it take to go half a mile?

7. A man is x years old now; in 12 years’ time he will be three
times as old as he was 12 years ago: find x.

8. Some of the following statements are identities and the others
are equations. Say which are identitics. Solve the cquations:
(i) 8(r—1)—3 (2r—2)=2r—2,
(i) 3(x—a)+3 (x+a)=o,
(1) ¥y -+ —1=2»"(+1)—-(y+1),
(iv) 9—*=t(t+3)—-3(3+1).

Paper 4. (On Chaps. 1-06)
1. Evaluate ¥ —3%* when x=3, y=2.

2. Simplify:

@) 3(p+9)—2(q—p), (1) 2a*x 3q,
(iii) y —y—;;l— , (iv) (&% —a?) a2

3. Solve the following equations and check your solutions:
(i) 1ip=9, (i) :(@—4)=10,
(i) o=4 (R—=1)—3 (2—R), (v) 7r*=167 x 4.

4. From the sum of @®+6a® and a (5a%+24) take —

3__ 2 8
s5a° —a®. -
5. In fig. P 4, two lines a.e parallel; find x, by i

drawing a cunstruction linc. Fig.P 4
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6. (i1 A sheet of 1.. stamps has n rows containing 6 stamps cach.
Find its cost in shillings.
(i1) Convert a speed of m miles per hour to feet per second.
7. A boat sa‘ls a distance north und then half as far again south.
After going about and sailing north again for 6 miles, she was

8 miles south of her starting point. How far did she sail north the
first time?

8. If P+a=5Q3 fill i1 the spaces:

! P a b Q |
6)) 10 i 8
(ii) 06 o4 9

Paper 5. (On Chaps. 1-6)
1. Find the value of (a2 + bx) (b —cx) whena=3,b=2,c=1,x=0.

2. Write more compactly, where possible:

axb

(1) o (i) axaxb, (iil) axb+bxa,
. _ 2.3 a b
(iv) a+b—ba, ) a T 2 (Vl) b b'

3. Solve the equation
s(x—11)—3(x+4)=1.
4. Simplify:
(i) (4a+3b)—(5a+bd), (ii) (ba+6b)+6, (iii) 6a+6b-=6.

5. The angles of a triangle are y, y+ 10, 2y + 10 degrees. Is it
right-angled?

6. (i) How many apples are there in p lb, of apples, if the
average weight of an apple is w ounces?

(i) Find the profit when p plants costing @ pence per dozen

are sold at » pence each.
[ See next page

8-2
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7. A has twice as much money as B; but if he were to give B £2,
B wou.d have three times as much money as A. How much

money has A? ——
"
8. In many staircases the risc » and the L
tread t measured in inches are connected by "
r=4(24—1). If r=35}, whatis ¢? Fig. P 5

Paper 6. (On Chaps. 1-0)

1. When a=2, b=3, ¢=4, find the valve of
- ag - + b:: - + - ,,,v_f?, —
(h+c—a) (ct+a—=b) (a+b—rc)
2+ Simplify each of the expressions 4y <x>-’ 4+ <¥>~ and
x \2 X \2
tind their product.

3. V=h(b—2h)(I—2h). If h=1 and b=4, then V=10. Find L
4. Simplify ax (b—y)+bx (a—y)—ay (a+b).

5. A triangle is right-angled. The smallest angle is £°. What is
the third angle? If this angle is also twice the smallest angle, find x.
6. (i) Find the cost in shillings of 4n stamps at 11d. ecach.
(i1) If eggs cost 2d. cach, how many can be bought for
p shillings and sixpence?

7. A is'now 20 years older than B. In five years’ time, A’s age

will be double B’s age at that time. Find how old i+2
A is now.
‘ ’31
8. Three feet of glass tubing is bent into the
symmetrical shape indicated in fig. P 6. Find [, ]
lengths shown being in inches. Fig.P 6

Paper 7. (On Chaps. 1-6)
1. When n=4 and x =3, what are the values of nx, n®, x"~1?
2. Simplif'y, where possible, ¥ +x2% x x &%, v+ %%, x—x%

3. Solve the cc{luatio'n
¢ 4(3+7%) -3(sx—7)=5x+63.



REVISION PAPERS 11/

4. Fnd the value of 237a—237b, if a=252 and b=52.

5. If A, B, C are the angles of any acute-angled triangle, prove
that the sum of go— A, go—B, go—C is go.
B+C C+A A+B R
o2 7 2

Can a triang’~ have angles

6. (i) If a man walks 4 miles an hour, how many miles will he
go in x minutes, and how many minutes will it take him to go
y yards?

(i) A candle a in. long burns at the rate of b in. an hour;
how many hours has it burned when its length is d in.?

7. A carns twice as many marks as B during the term; but in
examination he only gets 200 to B’s 300, so that on the total he has
1} times as many marks as B. How many marks did each get during

the term? A
B n
8. An acroplane flics over the course shown

in fig. P 7 in 4 hours at an average speed of y+40 om
200 m.p.h. Find m, which represents the

dlSti'InCC %Ai in miles, and find the other S em50 D
scctions of the course. Fig. P 7

Paper 8. (On Chaps. 1-6)

1. Show that the cquation A%+ 114=06 (x*+ 1) has =3, 2 and 1
as solutions.
2. Simplify: '
L~ I 2 3
@ ab }-ab ba’

3. (i) Solve the equation

(i1) pgr--rgp, (iil) p*¢*+pq.

x
x—5=1—7 .
2

(i) Check the solution x =o0-2 for the equation 6x — 1 = 5a2.

4. Simplify the expressions:
@) al—c)+b(c—a)+c(a—b),
(i) x(x+7v)—2y (x—3¥) + 55 (x—)).
[[See next page
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5. If A, B, C are the three angles of a triaugle:
(i) write down the connection between A, B and C,
(i1) find B if it is 10° more than C, and 10° less than A.

6. (i) Pencils cost s shillings a gross and are sold at p pence each.
What is the profit, in pence, on every gross?

(ii) If a hens lay b eggs in ¢ days, how many hens must be
kept to supply x eggs per week?

7. A father is 35 years old and his son 7 years old; in how many
years’ time will the father be three times as old as his son?

8. For the staircase in fig. P 8, r=1 (24— ¢).

(t+24)" B

t”
1 rl/
ALt
Fig.P 8
(i) If t=13, what is ? What is the height of B above A?

(ii) If 3 yd. of carpet are nceded to stretch from A to B, find ¢.

Paper 9. (On Chaps. 1-6)

1. Find the values of x + 6, 6x, 6%, 6 —x, when x=2.
2. Simplify:

(1) (2x1d)+(3x1?), (ii) Nx4N=+2N,

(i) 4 (k+P—1 (k+4), (iv) 3 [x+3 (x+ D).
3. Solve the equation

osx+42(x—1)=52.

4. Fill in the brackets in

3a—10b+15c=3a—5 ( ).
Simplify
/(1 —n+3n%)—3n (2 +4n— 3n) +n? (n—8).
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5. Iafig. P, OP bisccts the obtuse angle.

(i) Using brackets, write down an expression ,"P

for Z POQ. J/
(ii) When 2 POQ=68°, find a. i aO’ 5

6. (i) How many minutes is it before noon at m Fig. P o

minutes past 10 o’clock in the morning?
(i1) If x yards of lace rost a shillings and b pence, what will
y yards ccst? Give a numerical answer if x=3, a=6, b=9, y=3.

7. On my way home I go by train to a junction and then either
walk 3 kilometres home or wait 15 minutes, travel 10 minutes more
by train and then walk a kilometre. I get home at the same time
by the two methods. At what speed do I walk (in kilometres per
hour)?

. . . I . o . .
8. (i) Onesolution of the equation x + L= 29I8x= £. Verify this.

(it) By considering the L.H.s. of this equation, write down
another solution.

Paper 10. (On Chaps. 1-6)

1. Find the wvalues of «x*+y% (x+y)3, «x%—3% (x—»)?
(x+y) (x—y) when x=35, y=2.
2. Write the following expressions in their simplest forms:
3x x 2%, 3x+2%, x3xal ad+x? 3x+2x, xS+al
3. Solve the equation s
2(x—4)+3(12—x)=33—2x.
4. Simplify 10—1 [12—(4+2x)]. Check by writing x=2."
5. Using fig. P 9, write down an expression for Z AOP.
(i) What value of @ makes Z AOP=110°?
(ii) What value of a makes Z AOP=9o0°?
(iii) What value of a makes Z AOP twice / POB?
6. (i) A coil of wire f ft. long weighs w 1b. If y yd. are cut
off, what is the weight of the remainder?

(ii) A square field measuring ¢ yd. in thc side has an area
of x acres. Express x in terms of «.
[ See next page
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7. Farnh:m and Guildford lic on the road from Wincl.ester to
London. Farnham is one-third of the way and Guildford half-way.
The distance from Winchester to L.ondon being x miles, express
the distance between Farnham and Guildford in terms of x. If this

is 10 miles, find x. o emens -

. . ' X' ]

8. To increase the garden in fig. P 10 the ——u-—— |

area within the dotted line is added. Find « if the jiof S

new fencing required is 5o ft. long. 20" |x'
F.o P 1o

Paper 11. (On Chaps. 1-6)
a—c a+c

or ?
b—c b+c¢

1. If a=5, b=4, c=3, which is the greater

2. Simplify:

(i) abc - cha, (11) R*+r*+2Rr whenr=\R,

W +D)—-(—1) ) ( 1) 1

m) -0 -7 s w)niir+ |J— (n+1)

(i) Y+D)+(—-1) (iv) oo n( )
3. Solve the equation

3(=5)+t2(x—-3)=3(x—-4)+3 (x—1)=(2x—1).
4. Simplify
su+3y+az—{x—(y+2);—{3x—2 (¥ +23)].

5. Two angles of a convex polygon are right angles, and each of
the other angles is 120", How many sides has the polygon?

6. A man’s income is £P a year. LT of this is free of tax, and
the remainder is taxed at 5s. in the £. Write down expressions
for:

(1) the tax, in £, that he pays,
(i1) his net income, after paying tax.

7. A boy finds that he has an hour and a quarter at his disposal
between lunch and school, and goes for a cycle ride at 10 miles
per hour. Presently his tyre punctures and he is compelled to
walk back at 4 miles per hour. He gets in 15 minutes
late. How far, did he ride before the accident? Could
he have been punctual if he had not met with the
accident?

e **

8. If the rpctangles in fig. P 11 are everywhere of <--—g-----
width 1B find the area of the whole figure. Fig. P 11
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Paper 12. (On Chaps. 1-6)

1. Write down the number represented by 2x® +7x*+3 when
5

x=r10; and the number represented by 4+x+33 when x=o-1.

2. Verify the identity

() (-2

for x=1 and for x=2.
3. Solve the equation
4 (2a+0.)—3(0'5—a)=0"7 (a+8)+o03a.

4. Complete the r.H.8. of the identity
x x
2 (14647 )= <b+l+ )= )
< 470 3 3(

5. A pyramid has four morce edges than it has corners. IHow
many sides has its base?

6. If a sheets of paper each a in. long and y» in. broad weigh
b 1b., (i) what is the weight of 1 sq. in. of this paper, (ii)) what
will %& sheets of similar paper, cach p in. long and ¢ in. broad,
weigh?

7. A tourist finds that, if he spends 16s. a day, the money at his
disposal will enable him to go on for two days longer than if he
spent 185, a day. How much money has he?

. . . )
8. Find expressions for the total edge, total surface and the
volume of the solid block in fig. P 12.

Fig. P 12 Fig. P 13 Fig. P 14

Fig. P 13 shows the cover of a match-box. Find an expression

for the area of its outer surface.
Find the area of the wood necued to make the open match-box

in fig. P 14.
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Paper 13. (On Chaps. 1—10)
1. Find the value of (a+x) (b—7»), when a=1, b= —2, x=3,
y=-3.
2. Find the sum of
x4+ 4xy—4y% Fxt—ay+5y® and a4+ fay—§an

3. Solve the equations:

@) I—;‘-’zg, (i) ;——sz, (iii) “—4‘—3:”6
4. Simplify:
4a—76_lg . 3X—T1 -3 _(2—% 3tz z)
(i) b’ (i) o Pt (iii) 12~( 4 +_ )

5. The cost of paper and binding for a certain book used to
amount to 10d. Since the War the price of paper has been doubled,
and the price of binding has been trebled; paper and binding
together now cost 1s5. 113d. for the book. What did the binding
cost before the War?

6. A rectangular field measures @ yd. by b yd. and has an
area of p acres. Give an expression for p in terms of a and b, and
use the expression to find p to the nearest whole number when

a=400 and b= 300.
\ 2 2
7. (i) V.rify the identity (x+;\) - (A——i) =4 for x=3, and

for x=—2.
(:i) Test whether the equation x*— 10x2+ 9 =0 is satisfied by
any of the numbers 3, 2, 1,0, — 1, —2, —3.

8. The following table gives the distance a body has fallen from
rest after a given number of seconds:

6 | 7

Time in sec. I 2 T 3 4 5

Distance in ft. 16 | 64 | 144 | 256 | 400

5

76 | 784

Plot these points on squared paper and, from your graph, read off
(i) distance a body has fallen after 54 sec.,
(ii) time a body takes to fall 200 ft.
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Paper 14. (On Chaps. 1—10)
1. Find the value of (a%+bx) (cx —b?) when a=1, b= —1, c=2,
x=—2. :
2. Simplify the expressions:
(1) x (x+7y)+2y (x—30 —5x (x—3),
(i) a(p—c)—b (c—a*+c(a—0b).

3. Solve the following equation and check your result:

4. Simplify:
3x—2y+=

6x—aytzz’ (D

2a—3b 3a+2b
8 12

. 1 1 5§
(i) , (1) Suv<5+5u+v>

5. The prices of carbon and tungsten electric lamps of the same
illuminating power are 11d. and 3s. 3d. respectively. The cost per
100 hours of burning the two lamps is 25. and 8d. respectively. For
how many hours must the lamps be burnt before the greater
economy in burning the tungsten lamp pays for its greater first
cost?

6. (i) If 1 Ib. of cheese cost x pence, how many shillings will
a hundredweight cost?

(ii) If a cart wheel turns a times in b yd., how many times
will it turn in ¢ miles?

7. (i) Verify the identity
bc(b—c)+ca(c—a)+ab(a—b)=—(b—c) (c—a) (a—Db)
fora=—1,b=0, c=1.

(ii) Test whether the equation x®—4x%+x+6=o0 is satisfied
by any of the numbers 3, 2, 1, 0, - 1.

[Sce next page
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8. The f>llowing table of values for the volume (V) of 1 constant
weight of a gas in a closed space and its absolute pressure (P) was
obtained in an experiment on Boyle’s Law:

;Vmc.c. | 3 4 5 [6 “;7—7 8 9 10
|
|
|
|

P in in. ot 1082 811 649 54 464|406 36 324)
\ |

mercury | } |

Plot a graph taking V across the page.
From your graph read off

(i) the volume which the gas would occupy when its absolute
pressure is that of 6o in. of mercury,

(i1) the absolute pressure of the gas when its volume is 36 c.c.

Paper 15. (On Chaps. 1-10)

1. If a=2, b=o, c= —2, find the value of }c®+ Jab*>— {a’ec.

2. Subtract 7 — 4x? from 8.
What must be added to 3p*—2p+ 5 to make 4p*—4p+1?
3. Solve the following equation and check your result:
awtr_sx—6__ 7v+8
7 4 6 °
4. Simplify:

. (2x—4y)? v 2X—YV 3X+2y 2x—7y
o — 7, (i1) - - - . ﬁ
x—2y 3 9 6

5. Find x in the isosceles triangle in fig. P 15. x
. . ) Fig. P
6. (i) A is x years old and B is y years old. In 18- TS
how many years will the sum of their ages be 100?
(ii) Prove that the sum of two consecutive odd numbers is
necessarily a multiple of 4.

7. (i) If 2y=ax*+1 and ify=2 when x=1, find y when x=3.

(ii) If »=3x, exprcss 4 + 4 + y in terms of x.
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8. The following observations were made in some ~xperiments
in towing a canal boat:

36 4

310 370

v, the speed in m.p.h. ' 17 24 | 32

150

250

P, the pull in 1b. 8o

Plot the graph and from it estimate (i) P, when spceed is 2°6 m.p.h.,
(ii) v, wher pull is 275 Ib.

Paper 16. (On Chaps. 1~10)
1. If v=3, y= —4, ~=3, find the value of
(=) +(y—2)*—2(x—y) (y—=2).
2. Simplify each of the following:
() —7—4+2+y9, (i) gy —7y—y—8,
(i) P(=3+P)+3(P—-1), (iv) —¢(—¢—1)+¢(1—¢q).

3. Solve the equation
w1 SYTT_NTI 7Y
17 2 3
4. Simplify:

)2 \ . . o R
i BT G 12{2“—3;‘+5“}, (iii) 20— [3a¥%—4a—3l.

6x — 4y 3 4 6

5. A and B have together 17s., A and C have 155, B and C
have 12s. What has A? :

6. 'T'he triangle in fig. P 16 is isosceles.
(1) Write down an expression for angle P. i E a
(i1) Simplify the expressionand prove it correct P
for any three values of a. Fig. P 16
7. Given that
(a+bP=a*+3a%+ 3ab*+ b3, *
write down the expanded forms of (1 +a)3, (1 —x)'“i, (a—b):.
[See next page
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6. Table giving the height of the barometer at various heights
above sea-level:

10,000 | 12,000

Height above sea- | o | 2000 | 4000 | 6000 | 8co0
level in ft.

Height of baro- 30| 278 | 257 | 23'8 | 22°1
meter in in.

Show the above in a graph and from it read off the height of the
barometer at an altitude of 3000 ft. and 6400 ft. Also the altitudes
when the readings of the barometer are 20 in. and 24°4 in.

20°5 19

S Y AP R BN, R _A’

Paper 17. (On Chaps. 1-10)

1. Find the value of
b—cP4(c—a)+(a—b2 =3 (b—=c)(c—a) (@a—b)

when a=2,b=1,c=—1.
2. Find ¢ in terms of a:
2a\? 2a
(i) when c'~'=a2+<-> —2Xax -,
3 3
.. . . [2a)\° 2a
(ii) when C“”—'—‘(l'+<§‘) +2xax 5

3. Solve the equation

4. Express as a single fraction
2%—3_3%x—4 X—7
4 6 3

5. The route of one railway between two towns is 7 miles longer
than that of ‘another. A train on the first railway averaging 5o miles
an hour takes 3 minutes longer to do the journey between the two
towns than a train on the second railway averaging 48 miles an hour.
What are thy': lengths of the two routes?
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6. (i) If a train travels x miles in ¢ hours, how many ft. does
it cover in § sec.?

(ii) Posts are placed along a railway line at intervals of ¢ yards.
An observer in a train notes the time between passing the first and
the nth of these posts to be t sec. txpress the speed of the train
‘n miles per hour.

7. (1) If y=a (x—1) (x—2) and if y=4 when x=3, find y when
x=4.

(i) If a:: and b=;, express a*+b? in terms of x.

8. The table shows the annual premiums payable for life
insurance policies of £1000 taken out at various ages:

Age next birthday | 25 | 30 | 35 | 40 | 45 50 55 | 60

Annual premium | 139|158 18:5|21°9|26'5|327|41°3|530

Illustrate these graphically. Find from the graph the premiums
at ages 32, 53, 23, 65.
Paper 18. (On Chaps. 1—10)

1. Find the value, when u= —06, t=2, a=3, of (i) u2, (ii) u+at,
(iii) ut + Jat*; and, if v=u+at, find the value of u*—22 using the
same data as before.

2. Simplify:

(i P-Q-(P-Q), (i) (Q—-P)—(Q+P),
(iii) P-Q—=(P+Q), (iv) (Q=P)—(P-Q).
3. Solve §;2xl+ 2t =3'4x11-5.6, giving x to the nearest tenth.
4. Simplify 1 {?x—'ﬁ’ x5y +x} T
+ Simplify 15 | = p - G'Sx _____ > _
M
5. The areca shown in fig. P 17 is 33} sq. in, 7x"
Find x. Fig. P 1y

[Cee next page
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€. A candle, which to begin with is [ incues long, after burning
for ¢ :ainutes is x inches long. Find a formula for the total number

of minutes that the candle will burn.

7. 1+2+3+...+n=ln(n+1). Verify this for n=7 and for
n=g.

8. The following results were obtained with the double-sheaved
pulley block:

2

’ Load mAlb Lo

~I
(e}
0
-
o s
+
=
wn
joe]
wn

i

|
Ffﬁuency 51 ! 65 ! 72
Show graphically the relation between l()ad and cﬁwlcncy.

From the graph find the probable efficiency for loads of 2} Ib.
and 5 Ib.

Paper 19. (On Chapr. 1—-10)
1. If v=(14x) (1 —~+x?), find y when (i) x= -], (if) v = —2.

2. Simplify
A (v43)—2v (P —x+3)— (P - 2x% = 3).
Check by putting x=1.
3. If the following equation is satisfied by the value x =2, find
the value of a. x—a 2x—13a a

3 2 6
4¥—3 4x—2 x—4
3 10 5

5. In a certain building there are four flats. The height of cach
flat is 3 ft. more than half the height of the flat below. The top flat
is half the hcight of the bottom flat. Find the height of cach

flat in ft.

6. In a form consisting of m boys the average mark was a, and
in another form of » boys the average mark was b. What was the
average mark of thc whole number of boys?

What should bave been the average mark in the first form in
order to make the average mark “or the whole equal to ¢, the average
mark in thegecond form being unaltered?

4. Simplify
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7. Use the identity «?+ 5% = (a +b) (a*— ab + b) to express a®-;- 1,
a®+8, a®—b® in forms corresponding to the right-hand side cf the
identity.

8. The table shows the compoupd interest on L1o0 at 5 %
per annum:

No. of years 2 4 6 8 10 12

Comp. Int. in £ | 102 | 216 | 340 | 477 629 | 79'6

Draw a graph to illustrate thesc figures; on the graph show also
the simple interest for these times.

From the graph read off the compound interest for 7 and for
11 years.

Also on the same axes draw a graph to show the excess of
compound interest over simple interest. When is the excess first
as much as f10? ’

Paper 20. (On Chaps. 1—10)
1. If p=2, g= — 1, r=3, evaluate:
(@) p+q+r, (i) 2p+3q—47, (iii) p—q,
(iv) r—p, V) pa+aqr, (vi) rgp.

2. Take &%+ 3x*+3x+ 1 from &% — 38+ 3¢ — 1.
From the sum of @®+ 6a® and a® (sa+ 2) take 5a° —a®.

3. Solve  gu—g—t (VT4 <6 +‘Z‘.:£>.
15 5 3

4. Simplify:
I

. .. I
) - XX i) 1— —--
@ . ) = =,

I 2 . I—a
m) a— - v) 1 —— -,
(i) a—) =7, @) 1- =

5. A farmer bought a flock of sheep at 355. each. He has to
sell five-eighths of the flock for 30s. each and the remainder at
25s. each. If he lost £13. 155., how many sheep ditl he buy?

[S e next page,
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€. An acroplane travels over a course wich the wind at p m.p.h.
and .gainst the wind at ¢ m.p.h. Find its average speed for the
double journey.

7. In the expression 4+ 3y —2xy+48° write —

If the value of the result is 4, find x and then ﬁnd y.

8. Use the following table to draw a graph to show how the
temperature of a healthy pcrson changcs durmg thc day

tor y.

TTr;e A 3 a.m. () a.m, 9 a.m. Noon
“'I—‘e;pin ¢ C | : 37()-45 |~ 36-55 36 70% ; ;695
‘Time | 3pm. | 6pm. | "9 ; o I\_/Iu;mght
Tempin“C. | srse | a5 | sbos | sbbo

Write a short description of what the graph shows.
Taking normal temperature as 37° C., between what hours is

temperature above normal?
Paper 21. (On Chaps. 1—10)

1. If y=x(x—1) (x—2), find y when x=—1, —2, +2.

What other value of x would give the same value fory as x= +2?

2. Add 2x—3y+1, 3x+7y—10, —4x+y+3.

Check by putting x=y=1.

3. Solve the equation

i1 3x+8)—% (4x—63) =4 (54— 0).

x+y +y>

2

4. What must be added to to give -

W - . W
What must be subtracted from ?’__,;_38 to give — t3o?
5. A man has £r1000 invested partly at 4 %, partly at 5%, . His
total income is £48. Find the amounts of his investments.

6. A closed box with a lid is made of wood x in. thick. The
outside length, breadth and depth are a, b, ¢ in. respectively.
Write down expressions for the inside length, breadth and depth.
Give expressions for (i) the whnle volume (wood and inside volume
together), ¢i) the inside volume, (iii) the volume of wood.
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7. Given that
(a+b)t =a® + 4a®b + 6a*b* + 4ab’ + b,
write down the expanded forms of (x+ 1)%, (x —1)%, (a —b)*.

8. The data 1.fer to the progress of an electric supply company.
Draw graphs showing the number of units sold and the number of

customers connected in the various years.

Millions of |  No.of |
Year units sold customers
1926 36 11366
1928 1336 | 20,577
;9?9 | ;14675;647”7 rmiizA(:jISI
1930 174’5 33,253
1931 l 1754 41,860
1932 ? 2137 51,533

(1) From the graph find approximate figures for 1927.
(i1)) Make general statements about the changes in the two sets
of numbers.

Paper 22. (On Chaps. 1—10)

1. Find the value of
3y By x4 2xy

x—y x+y 2xy—y?’
when x=2, y=—.

2. If X=90—a,Y=90—b, Z=a—b, find in terms of ¢ and b:
(i) X-Y-Z2, @) X—(Y-2), (1) (X=Y)—-(X-2).

3. Solve the equation
3xtr_2x¥—3 4x¥—3 3vtI

4 7 8 14
[Sce next page
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4. Simplfy
2(x—») 3(x—2y)
3 4
Use the result to write down the results of simplifying:
N 2(—1) 3(x—2) . 2(@—p) 3(@—2p)
y ZTPAEZE Gy 23R
3 + 3 4
5. A costermonger sells half of his oranges plus half an orange;
again he sells half of what remains plu~ half an orauge; and so

again a third time. His store is now exhausted ; how many did he
start with?

6. Fig. P 18, in which all the angles are right
angles, represents a picce of cardboard which can
be folded to form a closed rectangular box.

(1) Prove that d=2b+c¢.

(i1) Find an expression for the volume of the
box in terms of a, b, c.

Fig. P 18

7. 1°4 22433+ . +n*=n(n+1) (2n+1).
Verify this for n=75 and for n=7.

8. The following data refer to the American cotton crop:

Year . 1922 | 1923 | 1924 | 1925 | 1926 | 1927
! [ '

Yield in Ib. acre 125 | 141 131 157 167 183

Price in cents/1olb. | 181 | 258 | 301 | 242 | 1977 | 144

;Ycar 1928 | 1929 | 1930 | 1931 | 1932

~Yield in Ib. acre i 155 153 155 148 | 201

! Price in cents/1olb. | 197 | 187

|
| 153 | 990 | 588

Make general statements about the changes in the two sets of
numbers and the conncction between them.

END OF PART ONE
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EXERCISE 4 b (ii)
1. 2. 2. In 3} hr. 3. Atz p.m.
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13. 100° 20°. 14. 2. 15. 20697, 18%1.
16. 3 miles from the station. *
18. 42). 19. 18o0 infaritry, 600 artillery, 200 cavalry.
20. 20.

9-2
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EXERCISES5 b

1. (1) sa+8, (i) 13+12b, (iti) 15¢+33d, (iv) sW+5sP,
(V) 3p +2pq + 3q, (vi) 2rs + 2rt, (vii) 3 + 42 + a2, (viii) 5w + 14,
(ix) 16x + 4, (x) 2a*+ sab+ 3b>

2. (1) 1, (1) 1, (1i1) 1, (iv) 1, (V) 1323, (Vi) 2.

EXERCISE 5 ¢
2. (1), (iit) Untrue; (ii), (iv) True.

EXERCISE 5 e
1. (i) 9—P, (i) x—6y, (i) *—42 (iv) K, (v) 6--3M,
(vi) 4a —4b.
4. (i) s, (i) 15, (iii) 3§, (iv) J, (v) §, (Vi) 4.
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4. ()4, ()8, ()2, (iv)a, (v)3, (viia=b,
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(v) 3x,  (vi) 3rs—2ri—s%,  (vii) 5p+13¢.
EXERCISE 51
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4. a=2. 5, 6, 7, 8. Idcntitics. 9. 1.
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1. (i) 51, (i) 84, (iii) o, (iv) 36, (V) 5, (vi) 1, (vii) 12.
2. s55.

6. (1) 2ab+ac+be, (ii) ac —be, (i11) 25— 212,

(iv) 60— 2x, W) 11+ 4, i) T—1—1,

(vii) 3¢+ ¢* + 2q, (viii) 10y® — 153*— 10y + 15,

(ix) 3—m, (%) 2ab — 2ac, (xi) a+ 5b, (xii) o,
(xiii) sax + 2a, (xiv) 58 — 16, (xv) 2*—322—2~—1,
(xvi) 2, ( (xvii) e2d — e +d*e — d*c + e*c — e%d, (xviii) n?,
(xix) 2 + : , (xx) n®+ 3n.

7. \1) 90, (ii) x*+.w—1, (i) 1 +x—a2, (iv) 122~} - ]p.
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1. (i) 110, (i) 76, (iii) 33, (iv) .
2. (1)-(ii1) Yes, (iv) No, (v)-{viii) Yes.
7. 2l+€, 7b+27, 9x +15. 8. 21, 3, 33
9. 10l—35, 2¢t>—35. 10. 10}, V52l.
11. 140—x, 350—2a, 190 — 3c. 12. 20, 115, 234
EXERCISE 6 a (i)
1. 9. 2. 9. 3. 3t 4. 2. 5. o.
6. 1. 7. 4. 8. 3. 9. 1. 10. 120.
11. 3. 17, 1. 13. 3. 14. 13. 15. 13.
16. 1. 17. 4. 18. s. 19. 4.
EXERCISE 6 a (ii)
1. 13. 2. 3. 3. 12. 4. 13. 5. 3.
6. 4. 1. 2. 8. 4. 9. o. 10. }.
11. 1l 12. 3. 13. 2. 14. Jj; 15. 6.
16. 31. 17. 3 18. 3. 19. o.
EXERCISE 6 b (i)
1. 7. 2. 33. 3. 3o. 4. 10
5. 17 at 2s5., 22 at 25. 6d.
6. 9o of 2 cwt., 60 of 5 cwt. 7. 6 hr. 8. 6 p.m.
9. 1, hr. after noon.
EXERCISE 6 b (ii)
1. 40, 15. 2. 1s. 3. 12.
4. 46 half-sovereigns, 19 shillings. 5. 8.
6. 2} doz. at 3d., 7} doz. at 4d. 7. 1} hr.
8. 3.20 p.m., 463 miles. 9. 663 m.p.h.
EXERCISE 6 ¢ (i)
1. 2. 2. s. 3. £53. 65. 8d.
4. A, £87;B, £43. 10s. S 11
6. 3s. 6d., 25. 6d., 15. 6d. 7. 8o.
8. L1100 at 69, £500 at 7% . 9. 4\
10. 11. 11. 6. 12. 23.
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EXERCISE 6 c (ii)
1. 6s. 3d., 35. 9d. 2. [s.
3. Horse L2535, cow L17. 4. 17 florins, 13 half-crowns.
5. 300. 6. 2d. each.
7. 42 ord., 24 hon. 8. 3.
9. 1. hr. 10. 160, } in.; 40, 1 in.

11. 73s. 12, 16; 52", 52", 76, 104".

EXERCISE7 a
2. Highest July, Lowest Jan.
EXERCISE7 b

1. Near, Sept, Feb.; above, April to Aug. and Nov.
2. Temp. in Islc of Wight less extreme. Surrounded by sca.

EXERCISE 7 ¢

1. 108 ft., 7-2 ft.
2. 12.48, 6.0. 3. 1281° 140

EXERCISE 7 €

1. (l) 0, 2, 4, ..., 14, (") 5, 10, 15, ..., 40,
(iii) 4o, 60, 8o, ..., 180, (iv) 200, 300, 400, ..., 90O,
(V) ’61),71) ’81) [ERS] ’31) (VI) I, 1'5,2,...,4'5,
(vit) 10, 11,12, ..., 4, (viii) o, s, 10, ..., 35,
(ix) o, 1,2,...,7,
(x) -oos, ‘006, 007, ..., 012,
(xi) 5000, 7000, G000, ..., 19,000,
(xii) 180, 200, 220, ..., 320.

ExXERCISE 7 £ (i)

1. 1887, 463, 2'8 millions; 1914, 7'7, 4'75 millions.

2. 16 yd., 48 yd.

3. Catches, greatest 1929, least 1921; Value, greatest 1920,
1927; 1923.

4. British up to 220 yd. and beyond 880 yd.; German up
to 305 ycj.L and beyond 820 yd.

5. In 1920, value up, tonnage down; in 1921, big drop in
valy”, small drop in tonnage.

6. 5800 tons (very roughly); 153 ft.
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74-

75.

78.
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92.

ANSWERS xv
ExERcIsE 7 f (ii)

1. 63 miles, 1400 ft.

2. (i) 871in., 9'9 in., (ii) 10.24, 1.48, (iii) 12.6.

3. In 1929, receipts up, espenditurc down; 1930, 1931,
receipts down, expenditure up.

4. 1906, [2060,000, 182 millions; 1914, [£330,000, 224
millions. Revenue has risen steadily, consumption went
down 1920-25. ’

5. Sudden change at about 32°, rises before that, goes down
afterwards. 14, 31°9.

6. 9.48 a.m., 2.0 p.m.; Sept. 4th to Sth.

EXERCISET g

1. (ii) Jan,, 5; Feb., 40; Mar., 40; Ap., 20, (iii) Feb. 12th.
2. (i) Sunshine graph, no sun; rain graph, no rain.

3. 1921, 1927.

5. The untrained man carns the larger salary till about 24
or 25 years of age, but afterwards earns less.

6. Capital invested has incrcased faster and faster. Con-
sumption increased steadily till 1912 and then increased
much more rapidly.

7. It would be expected that the H.p. would increase con-
tinually with the speced. But it appears that, if a speed of
about 17} knots can be attained, a further increase of speed
(up to about 19} knots) calls for actually less H.p. After
19} knots the m.p. again increases with the sneed. (The
existence of the “critical” speed of 17} knots arises from the
shallowness of the watcr.)

8. (i) Upper, (i) middle, (iit) lower. Tempcerature below
ground affected less by sunshine.

EXERCISE 8 f

5. (1) 1, (i) —1, (1il) £ 1.

8. (i) —4, (ii) 23, (ii)) —2, (iv) —4, (v) —1}, (vi) o, (vii) — %,
(viii) * 3, (ix) —1, (x) —3.

EXERCISE 8 g (i)

1. 10}. 2. -%. 3. o 4. o.

5. k. 6. —a2. 7. 1L 8. 13.

9. —4. 10. 2. - 11. —4}. 12, —%.
13. s. 14. 13t 15. —s%. 8. o.
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94-

95.

B e

6

7.

102. 1.

2%. —2}. 3. 1§
$. 6. 1}. 7. s.
4%. 10. —63. 11. 2.
14, 14. 4. 15. 21%.
EXERCISE 8 h
8x — 7y — 2. 8p—11.
—2a—b+ec. 5. 3x+ 20.
7+5y+3% 8. P +2z—1.

ALGEBR.™

EXERCISE 8 g (ii)

4, 4.
8. —2}.
12. 33.
16. o.

3. 6+—2x"
6. 7+2x+6x%

(i) a*+3x +5, (i) ¥*—35, (i) —pg—¢*

Rows 2x + 2,

Check a® —2x2+ga + 1.

EXERCISE 8 i1

—x+3, 5a—3b, —x+2v+4.
2a b+ 3¢, —3v:+2y—6.

x® —3x*—3x——2

(1) 1_1) ’

(ii1) 3a*+ 3ab + b2,

—3a*+3a.

(i ¥
I
O

3xy’
x+1

—xi411v—2, & —x"—gx+1.

Columns a3 —a4a+1, 66 +2, —a*+2xv—2.

2. 1—2x.

5. 2x*+ay.

(ii) a+s5x+6,

EXERCISE 9d (1)

(i) ab? +;b +a“’

(v) —af+xy+y2

(ii1) 2c

iy Xty
ab

ey X3 —4x— 8

(111) A3 .

oy 81
(1i1) m,
ooy 11V
(iii) 4z’
g, 297 5¢

11.
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PAGE
102. 12. 76%—»-1«—9-. 13. 8x8—5_. 14. 10x—13.
15. —a—10b. 16. 4x736y. 17. 10b—20a.
18. 11p -204. 19. 8—38a.
EXERCISE 9 d (ii)
. a . 196 e
103. 1. (i) 36’ (1) 20" (iii) s
.. 2b—a oy W2Z— o PP
2. (1) 4;11)_.’ (ll) 2W4’ (lll) I—)I)’(;‘—.
. b—a e I—d—c vl 9— 6y + 32
3. (1) b’ (11) a7 (111) 9———5);— - .
o IT—I9X oy I7V— .y 0—2
4. (i) o (i1) 1 (ii1) 4
W X—1 .. :__31-:_4_._1 >
5. (i) R (ii) o, (iii) 36
6. 7730, g 8 g 797t g @
60 5 6 24
10. _’(”f;lé. 11. —18x+ il'_".i(?.
12 20
5 4—13%
12. . 3. T—. 14, ¢c—31. 15. 3x.
58 1 O 4. rix—31. 15. 3x
16. x+75y. 17. —14x. 18, 30—4x. 19. 2x+34.
EXERCISE 10 a (i)
105. 1. 6. 2. 31l. 3. —6o. 4. 36.
5. 6. 6. 2. 7. —3. 8. 4.
9. 9. 10. —14. 11, 7.
106. 12. 4. 13. 3. 14. 8}. 15. —1727.
16. go,o00. 17. 1. 18. 777.... 19. 112,
20. 43. 21. 23. 22. 322.
EXERCISE 10 a (ii)
1. —12. 2. 1. 3. 36. 4. 120.
5. 2. 6. 4. 7. 7. 8. —1.
9. 6. 10. s5}.
107. 11. —13. 12. —25. 13. 6. 14. 5.
15. 9}. 16. s. 17. 1. 18. 409....

19. —2r'1.  20. 17%. 215 —1}. 22, 14
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PAGE
107.

108.

109.

«IO0.

III.

II12.

113.

114.

ALGEBR
EXERCISE 10 b (i)

1. 16§. 2. 6o. 3. 84.

4. 9o miles. 5. 4% miles.

6. 7} miles. 7. 20 miles. 8. 22 miles.

9. A, 48;B,24. 10. 1695. 11. A, 135s.;B,90s.
12. 120 miles. 13. A, £48; B, £33.
14. 18o.
15. 30 at 3s. 6d.; 50 at 2s. 6d. 16. So.
17. 48s. 18. ;3.

19. At 57 min. past 1.
ExERcISE 10 b (ii)

1. 1438, 2. 28. 3. 6% hr.
4. 37} miles, good; 124 miles, bad. 5. % mile.
6. 3. 7. 7% miles.

8. 15 miles, 18 miles. 9. 2352.
10. 5s. 11. A, 18; B, 24.

12. 25. 4d. 13. 18 miles. 14. 88.
15. 600. 16. 43 copper, 9% zinc.

17. 19s. 18. 5.

19. 2% min. after 12.30.

REVISION PAPERS
Paper 1
1 (i) 2, (i) 2, (iii) 53, (iv) o, (v) 3, (vi) 34. 3. 4.

4. (i) a+o, (i) p—pr—qr+y. 5. 20", 160".
6. () at+c—b+1, (i1) 3oy +123. 7. 11 m.p.h.
Paper 2
2. (i) 3x* (i) 2, 3. 3. (1) 1, (ii) o.
4. 11a+19b—2c; 9. 5. It is right-angled.
6. (i) 8x miles, (ii) 12¢ hr. 7. A, £24; B, Lo.
8. 13.
Paper 3
3
na
1. 1. . 3. .
18} . 2 16 13
6. (i) 3%, (i) — 7. 2
. 3m, (i) —. . 24.

8. &), (iii) Identiics, (i) x=o, (iv) £=3.
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114.

115.

116.

117.

1I8.

LNSWERS xix

Paper 4
1. 1. 2. (i) sp+aq, (i) 643, (iii) 5¥3‘ T (v) x—1.
3. (i) €, (i) 24, (ii) 13, (V) 8. 4 @®+9a® 5. Go.
6. (i) Lu shillings, (i) 212;?-’ ft. per scc.
7. 28 miles. 8. (i) a=6, (i) Q=4.
Paper §
1. 36. 3. 34. 5. Yes.

6. (i) Iip, (i1) <pr—‘tlxi> pence.

7. L3.4S. 8. 13.
Paper 6
16 16
1. . 20 X, e
19% Xy A3 a2
3. 7. 4. 2abx —2axy—2bxy.
5. 3o0. 6. (i) ln shillings, (ii) 6p + 3.
7. 35 years. 8. 335.
Paper 7
1. 12, 64, 27. 3. 3.
4. 47,400. 5. Yes.
6. (i) fs miles, 335-"2 min., (ii) ";—".
7. A, 1000; B, 500. 8. 1153, 1552, 2974, 2315,
Paper 8
3. (i) . 4. (i) o, (ii) &x*+ 6y~
5. (ii) 60°. 6. (i) (144p — 129) pence, (ii) “;b‘
7. 7. 8. ® s}, 22 in., (in) 12. |



XX ALGEBRA

Paper 9
PAGE
118. 2. (1) 1, (ii) &N, (iii) 334, (iv) Ix-{-g 3. 2.
4. (2b—30), 2—8:1—I4n + rond.
119. 5. (i) } (180 —a), (i) 44.

6. (i) 120—m, (i) - Y (I2:+b) pence; 115, 3d.
7. 48 km. per hr. 8. (i) 3.
Paper 10
1. 29, 49, 21, 9, 21. 3. s. 4. 6+x.
5. 9o+ la, (i) 40, (ii) o, (iii) 6o.
w (f 3)) c*
6. 1b., .
ORI (i) x= &
120. 7. {x miles; 6o. 8. 5.
Paper 11
1. The first. 2. (i) 1, (i) 2}R? or or?, (iii) ; (iv) n—-:l
3. 7. 4. x+6y+9z. 5. 3.
6. (i) £3 (P—T), (ii) £ (2P+1T)
7. 4% miles, yes. 8. B
Paper 12
12X1. 1. 2703, 9054. 3. 067.
4, RHS—3(l+b) 5. s.
6. (i) - b, (i) bkp’ . 7. L14. 8s.
8. 4 (b-i—h+l) in., 2 (hl+lb+bh) sq. in., blh cu. in.;
2 (hl+bl) sq. in.; (2bh+ 2l +bl) sq. in.
Paper 13
122, 1. 4. 2. 3x%+3xy—5yi
3. (1) 2, (i) }, (iii) 10}.
4. (i) 2, (11) , (m) 24— — 725
ab
5. 3(2 pence. 6. p"4§4o’ 25.

7. (m) £ 3, + 1. 8. (i) 484 ft., (ii) 354 sec.



PAGE
123.

124.

125.

126.

127.

128.
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Paper 14
. —15. 2. (1) —4x*+ 14xy —6y*, (ii) 2ab— 2bc.
3. 6o. 4. (i) 5, (ii) —1—3"’ , (iii) uv+ v+ 250
28x 1 6oac
5. 175 hr. 6. ()—-,() 7
7. (ii) 3, 2, — 1.
8. (i) 5:41 c.c., (ii) go°1 in.
Paper 15
—23. 2. 144x% pP—2p—4.
. N § 4
3. 10. 4. (i) 4x—8y, (11) 8
5. 135. 6. (1) 50——x:y.
7. (i) 14, (i) 4x%
8. (i) 170, (ii) 3°36.
Paper 16
1. 196. 2. (1) o, (i) y—38, (iii) P*—3, (iv) 2q.
. 1. a. 63T Gi) ox, (i) 3a—7x.
5. 105, 6. 2 (a—9o).
8. 266 in., 234 in.; 10,600 ft., 5300 ft.
Paper 17
1. o. 2. (i) + 3a, (i) £ %a
3. 3% 4. 4N;29. 5. 115, 108%miles.
6. (i) 2-239 fr., (i) *° (" mph 7. () 12, i) ‘3‘”'
8. £16 8 £37 5, 4132, It is impossible to tell the premlum

at 05 ; it is probably between £65 and £75.

1.
2.
3.

6.

Paper 18
(1) 36, (ii) o, (iii) —6; 36.

(1) o, (i1) —2P, (iil) —2Q, (iv) 2Q —
—51I.... 4. 106x. i %
It . )
I min. 8‘. 69, 787 pe. cent.
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PAGE
128.

129,

130.

131.

132.

ALGEBRA
Paper 19

1. (i) § (i) —7. 2. —2x"+7x*—06x+3.

3. 4. 4. fIIIx 5. 14, 10, 8, 7 ft.
6 ma+nb c(m+n)—nb
" m4n’ m

L4077, £71°0; after g yearsi

Paper 20

1. (i) 4, (i) —11, (iii) 3, (iv) 1, (V) —5, (vi) —6.
2. —6x2—2;a%+9a 3. 74

N1 ...2a—3 . a’— .y 2a—1
4. (i) X (ii) 2 3,(111) ——ag,(lv)—; . 5. 4o.

a
2pq ‘o = —
6. p—_*_?lm.p.h. 7. fx+8;x58, y=—14.
8. Temperature drops after midnight till about 3 a.m., then

rises till about 4 p.m. and then drops again.
From 12.30 p.m. to 8.30 p.m.

Paper 21
1. —6, —24,0;0, I. 2. x+5y—6.
x+y 3W-—-90
3. L 4, - - .
d 6 ° 10

5. L£200 at 4%, £800 at 59%,.
6. a—2x, b—2x, c—2x in.;

(1) abe, (i1) (a—2x) (b—2x) (¢ — 2x),

(ii1) abc — (a — 2x) (b —2x) (c — 2x) cu. in.
8. (i) 100 million units, 15,500 customers, (ii) number of
customers has gone up steadily ; number of units has always
gone up but the rate of increase slowed down in 1930, 1931.

Paper 22
1. —47. 2. (i) 2b—2a, (ii) o, (iii)) a—go. 3. —6
Ioy—x ,. 1o—x .. I0p—q
4., - .
1z !¢ @ 12 (i) 12
5. 7. ¢ 6. (ii) bc (a — 2b).
8. In general, when yield goes up, price goes down and
vice (ersa; this was: not the case in 1923, 1929, 1931.
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