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PREFACE.

In the following pages I have assumed on the part of the
reader as much acquaintance with the processes of Cartesian
Geometry and the Differential Caleulus as can be obtained
from any elementary text-books in these subjects; and
starting from this, I have cndeavoured to give a systematic
account of certain ideas and methods, a familiarity with
which is tacitly assumed in higher mathematics, while no
adequate means of acquiring this familiarity is provided in
existing English works. Among these ideas, one of the
most important is that of Correspondence, and on this, in
a few of its many manifestations, I have dwelt at some
length. My desire has been to refrain from encroaching
on what properly belongs to the theory of Higher DPlane
Curves—a theory so extensive, and, as is now acknowledged,
so much less simple than it appeared some few years ago,
that an introductory study of its fundamental conceptions

may well be undertaken as a preliminary.



vi PREFACE.

To a certain small extent the field here marked out
coincides with that already occupied by the later chapters
of Salmon’s Conic Sections. Recognizing that every English-
speaking student of mathematics must of necessity acquire
an intimate knowledge of Dr. Salmon’s incomparable treatises,
I have gladly refrained from any discussion of this part, and
have simply referred the reader to those chapters, adding
occasionally the few words of explanation that seemed
necessitated by the different order of treatment here
adopted.

It has not been my ambition to add another to the
many excellent collections of problems already existing, but
I trust the examples scattered through the pages will be
found sufficient for purposes of illustration. As these, (many
of which contain results of independent importance,) are
placed in general immnediately after the account of the
theorems on which they depend, their position sufficiently
indicates the process of solution, and 1 have therefore in-
cluded a number of them in the index.

Regarding this work as strictly introductory, I have pre-
ferred not to give too many references. Those that do
appear have been given, some because they are perhaps
not just in the line of reading that is usually followed,
some because of special felicity of statement, a few for
their historical interest. Thus the frequency of reference
to any one author is not to be interpreted as an attempt
to indicate the extent of my indebtedness. Had the re-
ferences been so adjusted, it wouid have been alike my
duty and my pleasure to write on every page the name of
Professor Cayley.
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My hearty thanks are due to various friends; to Miss
I. Maddison and Miss H. S. Pearson, for help in seeing the
book through the press; to Mr. F. Morley, for valuable
suggestions while the work was in progress; and to Mr. J.
Harkness, for his great kindness in reading the whole, not

only in proof, but also in manuscript.

C. A. SCOTT.

BryNn MAWR, PENNSYLVANIA,
May, 1894.
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CHAPTER 1

POINT AND LINE COORDINATES.
Introductory.

1. In analytical geometry the subject-matter is geometry
while the language is algebraic. For Frogress and pleasure
it is of primary importance that the language be properly
adjusted to the subject; elasticity must be preserved and
unnecessary restrictions cast aside. We begin therefore by
examining our conceEtions in analytical geometry, recognizing
natural limitations, but rejecting artificial limitations except
in so far as these can be shown to serve some good purpose.
We begin, that is, by generalizing our conceptions and their
expression as much as possible.

General Idea of Coordimates.

2. The whole of analytical geometry as hitherto studied
depends on the possibility of representing the position of a
point in a plane by two coordinates, with the dependent
possibility of representing the position of a point in ordinary
s;t?ace by three coordinates. These coordinates in the case
of plane geometry were regarded initially as the distances
from the Point to two selected lines, these distances bein,
measured 1n assigned directions, viz., parallel to the selecteﬁ
lines. But other systems were occasionally used; for ex-
ample, polar coordinates, where the distance from a fixed
gole to the point, and the direction of the line joining the

xed pole to the point, were the two determining quantities;
dipolar coordinates, where the two coordinates of the point
were its distances from two fixed poles; the system of co-
ordinates arranged by means of confocal conics; etc. The
fundamental idea of coordinates derived from plane geometry
is therefore that they are any two quantities that serve to
determine the position of a point in a plane. Here there are
implied certain limitations, which may be accidental; for



2 POINT AND LINE COORDINATES.

there are geometrical elements other than a point, whose
position we may wish to specify; and we have no assurance
that the number of coordinates required is necessarily two.
We generalize therefore by dropping these limitations; and
we say i—

Coordinates are quantities that determine the position
of a geometrical elenient.

The nature of these quantities will depend on (1) the
space assumed, (2) the problem considered, (3) the element
selected.

3. We here recognize that the primary element may
possibly not be a point. The point certainly presents itself
naturally to our minds as the element, par excellence, probably
because all our drawing is done with a point. But the
straight line is essentially as simple; and it is possible to
imagine that we might have learnt to do all our drawing
with a straight-edge instead of a point. We should then
regard a point as a secondary element, uniquely determined
by two straight lines; and this secondary element, the point,
would suggest to us an infinity of straight lines passing
through 1it, just as with our present ideas the secondary
clement, the straight line, uniquely determined by two points,
suggests to us an infinity of points lying on it. We shall
constantly have occasion to notice in detail the correspondence
between the two geometrical theories; the two that is in
which, the field being restricted to the plane, the primary
elements are respectively the point and straight line, the
secondary elements the straight line and point.

The element, then, need not be a point; it may be some
other geometrical entity.

4. In the next place we consider how many coordinates
are necessary.

Our primary element is regarded as having position in
space; we consider it therefore as able to change its posi-
tion in certain ways, reducible to a certain number of
independent ways; or we may say, the element has a
certain number of degrees of freedom.

Suppose, for definiteness, we take for element a point,
and for space a line, straight or curved. There is only one

ossible way in which the point can move, viz, along the
ine; it may of course move forward or backward, but
these differ simply as positive and negative, that is they
differ only in sense. he point has therefore only one
degree of freedom; its position on the line is determined
by one coordinate, eg. its distance from some fixed point
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on the line; its freedom consists in the possibility of vary-
ing this one coordinate; if the value of this one coordinate
were given, the one degree of freedom would be destroyed.

Now imagine the point to be at P on any surface, for
example a plane, and free to move to any other position @
on the plane. For this it is not essential that the point

Y

/
be able to move directly from P to Q; the step can be
accomplished by steps in two selected directions; for
example, by PM, MQ parallel to Oz and Oy (Fig. 1); thus
two degrees of freedom allow for all conceivable motions of
the point on the plane. These two degrees of freedom can
be algebraically expressed as the variations of two coordi-
nates, « and y; and if the value of either of these
coordinates were given, one degree of freedom would be
destroyed ; if both coordinates were given, that is, if the
position of the point were given, both degrees of freedom
would be destroyed.

Similarly a point in ordinary space has three degrees of
freedom, and to destroy the three, that is, to fix the posi-
tion of the point, three independent coordinates must be
glven.

Fig. 1.

5. This same idea may be differently expressed. A point
(an element) with one degree of freedom can assume a
singly infinite number of Fositions; its one coordinate is
susceptible of numerical values ranging from —oo through
0 to +o. A point (an element) with twa degrees of
freedom can assume a doubly infinite number of positions
(00?); each of its two coordinates is susceptible of numnerical
values ranging from —oo through 0 to +o; and in
general, an element with o degrees of freedom, that is,
with a independent coordinates, can assume o® positions.

6. These fundamental conceptions are expressed in various
ways; we speak of space of one, two, three,... . a
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dimensions; of a one, two, three, or a-way spread. But
it must be kept in mind that the number of dimensions
of any assumed space depends on the selected element.
Thus, for example, the point being the element, a plane
is space of two dimensions; a circle with a fixed centre
being the element, the plane is space of one dimension.

In ordinary space, planes through a line are singly
infinite in number; that is, the line is to be regarded as
one-dimensional, when the plane is the element; and simi-
larly the line is one-dimensional when the point is the
clement. Ordinary space itself is three-dimensional, when
the point is element; it is likewise three-dimensional when
the plane is element. Thus we detect a correspondence
between figures determined by points and figures deter-
mined by planes. The points in a plane form a two-fold
infinity;  the planes through a point form a two-fold
infinity.  Thus the point being element, the plane is a
two-dimensional space contained in the three-dimensional
space; and the plane being element, the point is a two-
dimensional space contained in the three-dimensional space.
Now two points in space determine a line; two planes
likewise determine a line; thus the line takes the same
part in the two theories.

Ordinary space is seen to be four-dimensional in lines;
this appears from the fact that every line can be obtained
by joining every point in one plane to every point in
another plane.

Thus in Solid Geometry we have assemblages of points,
planes, and lines; and we have corresponding a,ssem}{)lages
of planes, points, and lines.

Ez. Considering the five regular solids as determined (1) by their
vertices, (2) by their faces, show that one corresponds to itself, and
that the others are in corresponding pairs.

But now confining ourselves to Plane Geometry, we can
no longer regard the plane as element; we have only points
and lines. The plane is two-dimensional as regards its
points; it is also two-dimensional as regards its lines; for
the position of a straight line depends on two independent
quantities, for example, the intercepts made on the axes;
or again, the number of straight lines in a plane is doubly
infinite, for we obtain all straight lines by joining every
point on one line to every point on another line. Thus
the plane is of the same nature whether the point or line
be regarded as element.

Further, as regards aggregates contained in the plane;
the point being the element, the straight line is one-
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dimensional ; and the straight line being the element, the
point is one-dimensional. This last appears from various
considerations; a line through a fixed point has one degree
of freedom, for it can rotate; one coordinate, for examgle,
the angle made with a fixed direction, serves to determine
the position of the line; the number of straight lines
through a point is singly infinite.

We have thus one more step in tracing the correspond-
ence already referred to (§3) between two special theories
in plane geometry,—the two in which the point and the
straight line are respectively taken as primary element.

Note. For a discussion of the different aggregates of elements in
any assumed space, see Reye, Die Geometrie der Lage, Ch. I., or Section
II. of Professor Henrici’s Article on Geometry in the Encyclopedia
Britannica.

7. We have seen that the number of independent co-
ordinates required depends on the space and on the
element. But in many cases it is convenient to use more
than this necessary number of coordinates, connected by
identical relations. Thus for instance we sometimes use
Cartesians and polar coordinates in one piece of work,
that is, four coordinates with two identical relations

x=rcos @, y=rsinb.

Homogeneous Point Coordinates.

8. We shall now confine the work, for the present, to
geometry in a plane, using for element sometimes the point
and sometimes the line. In either case the position of the
element is determined by two independent coordinates; but
we are at liberty to use more than two coordinates con-
nected by relations.

In Cartesian geometry, we obtain the two coordinates of
a point by means of two fixed lines; we here begin by assum-
ing an undetermined number of fixed lines, a, b, ¢, ete. Let
the distances from a point P to these lines be denoted by
a, B, v, etc.; using the ordinary convention of signs, each
line has a positive side and a negative side, which may be
initially arbitrarily assigned. Any one of these distances,
eg. a, determines P as lying on a line parallel to the line
a; the ratio of any two, a:[3, determines P as lying on a
line through the intersection ab. The position of P is there-
fore determined uniquely by two distances, « and 3, or b
two ratios a:f3, a:y, by which a third B:y is implied. If
then we select three lines, a, b, ¢, not concurrent, the position
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of P is determined by any two of the ratios a:B:y. It is
essential that the three lines a, b, ¢ (Fig. 2) be not concurrent,
for otherwise the two lines P(ab), P(ac), whose intersection

Fie. 2.

has to give P, would be identical (Fig. 3). Let the lengths of
the sides of the triangle be denoted by a, b, ¢, and its area by
A; and for definiteness let the positive and negative sides of

Fia. 8.

the three lines be assigned so that a point inside the tri-
angle is on the positive side of every one of these lines.

We have then aa+bB+oy=2A.
For denoting the vertices of the triangle by 4, B, C, we
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have for a point inside the triangle a relation among the

areas, viz.
2.PBC+2.PCA+2.PAB=2. ABC,

that is, BC.PD+CA .PE+AB.PF=2A,

that is, aa+bB+cy=2A;

and for a point outside the triangle, e.g. I,
2.PBC—2.PCA+2.PAB=2.A4BC,

that is, BC.PD'—CA.PE+AB.PF =2A,

2NN

that is, aa+bB+cy=2A, as before, since B8 is now (Fig. 4)
represented by —P'E’.

Thus we have in general

aa+bB4cy=24A,

and consequently when the ratios «:(B:y are given, the
values of a, 8, y are known.

Now one advantage of using the ratios is that all our
equations can be made homogeneous in a, 8, y. For the two
independent coordinates of P being a:vy, B:y, any fact about

the position of P is expressed by an equation F! (%, €> =0, of

degree m ; multiplying throughout by 4", this becomes homo-
geneous. Or again, 1f a, 8 be taken as coordinates, then by
means of the relation aa+bB+cy=2A, which can be written
a
2A
pression can be made homogeneous; for the terms of lower

in the form s—a+ 2%—/3 + ;Zy =1, any non-homogeneous ex-
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degree can be multiplied by any desired power of the unit
multiplier

a b c
2R+ 2aP ¥ 97

9. From our definitions it follows that for any point on the
line @ we have a=0; that is, the line a is denoted by a=0;
thus the equations of the three fundamental lines are

a=0, B=0, 5=0.

Now consider any fourth line §=0. By means of the
triangle «bc we proved that a, B8, y must satisfy a relation
which may be written in the form

aat+bB+cy=1

Similarly by means of the triangle abd we find that a, 8, §
must satisfy a relation

a’a+b"B+d’§=1.
Subtracting, we see that «, 3, y, § must satisfy a relation

(@ —a")a+ b =b)B+cy—-d'§=0,

whence é= a"?l/,a a+ b—a’uiﬁ + :Z_//'Y»
that is, d=fa+gB-+Ly.

Note. If the line §=0 pass through the intersection of the lines a=0,
[3=0, there is not any triangle abd ; but there is a triangle acd.

Thus any fourth distance, §, is a linear function of a, B, v;
and the equation of any fourth line, §=0, when expressed
in terms of «, B, y, becomes

Ja+9B+hy=0;
that is, in this system of coordinates any straight line is
represented by « linear equation.

10. There is no occasion to limit ourselves unduly in this
choice of coordinates; the position of P will be equally
determined if instead of a:B:y we know la:mg:my, where
[, m, n are any multipliers, imitially arbitrarily chosen. We
write therefore x, y, z=la, mB, my; by this change the
fundamental identical relation aa+bB+cy=2A becomes

%m+,'%y+;—iz=2A,

. a b c
that 18, mx + 2'—A<7;Ly+ mz = 1,
which may be written

ax+by+ecz=1;
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and the equation of any line
fatgB+hy=0
becomes Sfe+gy+hz=0,
that is, it remains a homogeneous linear equation.

Recalling to mind the significance of 6, we see that the
distance from any point «, ¥, z to a line fe+gy+hz=0 is
a multiple of fx+gy+hz; that is, the distunce from any
point x, ¥, 2 to a line w=0 s a multiple of the corre-
sponding value of the expression w.

11. It may be convenient occasionally to retain more than
three coordinates, with homogeneous identical relations; that
is, any number of coordinates ¢ may be kept, with relations
d=la+mB+ny. Thus, for example, if the line z+y+2=0
be an important one in a problem, it may be convenient to
write —w for w+y+2z, so that we have four coordinates
x, éy, z, u, connected by the identity x+y+2z+4+uw=0.

uppose we have two lines w=0, v=0, where w, v, can
when we please be written as linear functions of z, ¥, 2.
Then u+kv=0 is a line through the intersection of u=0,
v=0. For the values of «, y, 2z, that make the linear ex-
pressions u, v, vanish, make w4 kv vanish; that is, the point
that lies on ecach of the lines w=0, v=0, is a point on
w+kv=0.

Note. Letters such as u, , etc., will be used not only as abbreviations
for linear (or other) expressions, but also for referring to the diagram.
Thus the line % means the line marked with a letter » in the diagram ;
and when the equation of this line is written in abridged form, it will be
written #=0. The point uv is the intersection of the lines u=0, v=0;
e.g. in the fundamental triangle A, B, C are respectively yz, zz, zy.

Homogeneous Line Coordimates.

12. Now regarding the line as element, let us assign its
position in the corresponding way. The position of the
point was referred to fixed fundamental lines; we refer the
position of the line to fixed fundamental points. Let the
distances to the line from these fixed points 4, B, C, ete.
be denoted by p, g, 7, etc., so that the statement p=0 means
that the line passes through A4, and so on. Regarding the
line, as usual, as having a positive and a negative side, we
see that any two distances, ¢, », must be considered as
being of the same sign when B, C, are on the same side of
the Iine.

The absolute values of two distances, ¢, r, determine the
line as one of the four common tangents to two circles
whose centres are B, C, and whose radii are ¢, ; a com-
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parison of the signs of ¢, » shows that the line is one of
two; in Fig. 5 q, » have the same sign for 1, 2, and opposite
signs for 3, 4. Thus in general the values of two distances
q, r, determine the line as one of two.

Fia. 5.

But if we deal with ratios of distances, the position of
the line is determined by means of the points in which
it meets BC, CA, AB (the three fundamental points 4, B, C,
having been chosen non-collinear), just as when we are
dealing with ratios of distances from a point P to three
non-concurrent fundamental lines the position of P is deter-
mined by means of the lines joining it to the points be,
ca, ab. For if the line meet BC in X, we have (Fig. 5) by

similar triangles, BX:CX=q:r

and the position of X is uniquely determined by the ratio
g:r. Hence two such ratios, g: 7, r:p (which imply the
third, p:q) determine two points X, ¥ on the line, and
thus they determine the line itself. That is, the line is
determined by the ratios p:q:7

13. Let us now compare the determination of the position
of the line by means of p, g, », with the results obtained in
the system of homogeneous point coordinates already dis-
cussed. In order to keep the connecction between the two
theories as clear as possible, and the transition from one to
the other as simple as possible, we take the points 4, B, C,
determined by the triangle of reference in the system of
Foinb coordinates, for fundamental points in the system of
ine coordinates now under investigation. Let the line re-
ferred to the system of point coordinates have the equation

fa+gB+hy=0;
the line is therefore determined by f, g, k; it is equally de-

termined by p, ¢, r; consequently these two sets of quantities
must be expressible in terms of one another.
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Let X (Fig. 6) be a;, B, yu, then a,=0, and therefore from
the assigned equation of the line XYZ, gB,+hy,=0. From
the figure, X being on the negative side of CA and on the
positive side of 4B,

q:r=BX:CX =area BXA :area CXA=cy,: —=bf,

therefore bg:cr=y,: —B,=g:h;
and similarly ap:bg=f:9;
hence fig:h=ap:bg:cr

/ NN

Fia. 6.

Thus the coefficients in the equation of the line in the
system of point coordinates are linearly expressible in terms
of the coordinates of the line in the system of line coordinates.

14. This same result may be expressed in a form slightly
different and more significant. Let «, 8, y be any point on
the line, then fa+gB+hy=0. But regarding the line as
determined by p, ¢, 7, we write this condition by what has
just been proved in the form apa+bgB+cry=0; that is, the
point a, B, y and the line p, g, r are united in position if
the condition apa+bgB+cry=0 be satistied.

15. We have already noticed that we are at liberty to take
for coordinates of the point any multiples we please of a, 8, v,
viz, x, y, z=la, mB, ny. Similarly for coordinates of the
line we are at liberty to take any multiples we please of
P, q, 7, viz., & n, {=Ap, ug, vi. Making these changes, the



12 POINT AND LINE COORDINATES.

relation just found becomes:—The point x, %, z and the line
£, n, { are united in position if the condition

a b ¢
W a7 E=0

be satisfied. Since we constantly use both systems of co-
ordinates in one investigation, there is a decided practical
convenience in adjusting the two systems of multipliers £, m, »
and A, u, v so that this condition may reduce to the simplest
possible form ; we therefore choose these quantities so that

a_b _c.
IN mu ]
that is, we take IN:mu:v=a:b:c;

and the relation becomes :—
The point 2, y, z and the line £y, { arve united in position if

af+yn+2§=0.

Relation of the Two Systems.

16. The equations IA:mp:my=a:b:c leave us free to
choose either set of ratios [:m:n or A:u:v, but they then
determine the other set. We may therefore choose our
system of point coordinates, but then the corresponding
system of line coordinates is at once deduced.

As particular systems of point coordinates we have

I. Trilinears. Here =z, y, z are simply proportional to
a, B, v, ie w:y:z=a:B:7y,
therefore l=m=mn.

In this system the fundamental identical relation is
az+ by + cz = constant.
The associated system of line coordinates is determined by
IN:mu:nv=a:b:c,
that is, by Aiu:v=a:b:c,
and thus Ein:=ap:bg:cr

I1. Aveals, also called triangular coordinates. In this
system the coordinates of a point P are the ratios of the
triangles PBC, PCA, PAB to the whole triangle ABC. Now
2 area PBC = aaq, therefore

p=0e , _bB
oA YTea

. a b ¢
that is, l, m, =R A DA
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The fundamental identical relation is now
c+y+2z=1
The associated system of line coordinates is simply
Ein:é=p:q:m,
for the equations giving A, u, v reduce to
)\ =p=v.

17. The condition xf+yn+2{=0, expressing the union of
the point «, y, 2z and the line £ », ¢, is of primary importance.
Writing f, g, b for £ 5, { it may be stated as follows :—

If the equation of a lime be fx+gy+hz=0, the coordinates
of the line are f, g, h.

It thus enables us to pass from the expression of a line in
point coordinates to its expression in line coordinates.

But again it may be read differently :—The line whose
coordinates are £, 5, ¢ passes through the point z, y, 2 if

xf+yn+2{=0;

that is, any line with coordinates £, 5, { passes through the
point f, g, b if f€+gn+hé=0. Thus in order that a variable
line may pass through a fixed point the coordinates of the
line must satisfy an equation of the first degree. This equa-
tion is called the equation of the point; it is the equation that
must be satisfied by the coordinates of all primary elements
that are united with the assigned secondary element; it is
therefore exactly analogous to the equation of a line in point
coordinates, for this is simply the equation that must be
satisfied by the coordinates of all points that lie on the
assigned line.

If then f, g, L be the point coordimates of a point, its
equation in line coordinates is fE+gn+hf=0.

The distance from a point I, m, n to a line fx+4y+{2=0
was shown in § 10 to be a multiple of £l+ym+ {n; hence the
distance from a point If+mn+nf=0 to a line £ »,  is a
multiple of {£+my+n¢; that is, the distance to any line £, 1, &
from a point ©=0 is a multiple of the corresponding value
of the expression .

18. Just as in the case of point coordinates, we are at
liberty to use more than three fundamental points; let any
additional one be =0, then @ can at any stage of the work
be written as a linear function of ¢, 5, ¢

Suppose we have any two points whose equations are
@=0, p=0, where @, p are linear functions of ¢ 5, { Then
@+kp=0 being linear is the equation of some point; now
coordinates £, y, { that make the linear expressions @, p vanish
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simultaneously, make @ +kp vanish ; thus the line that passes
through each of the points @=0, p=0, passes through the
point w+kp=0; ie @+kp=0 is a point on the line p.
(See § 11.)

Note. Letters such as 6, p, etc., will be used not only as abbrevia-
tions for linear (or other) expressions in & 7, { but also for referring
to the diagram. Thus the point p means the point marked with a
letter p in the diagram; and when the equation of this point is
written in abridged form, it will be written p=0; the line @p is the
join of the points @W=0, p=0; eg. in the fundamental triangle,
A, B, C are the points & 7, { their equations being £=0, 7=0, {=0;
a, b, ¢ are the lines 76 ¢ &). Ordinary Roman capitals will however
frequently be used simply to denote point-positions in the diagrams.

19. Here we have an important step in the correspond-
ence already noted between the two geometries in a plane,
the two, that is, in which the primary element is taken to

be (1) the point, (2) the straight line.

now run as follows :—

We may regard the point as
element ; two points determine a
line ; an indefinite number of
points lie on the line.

The position of a point in the
plane is determined by two inde-
pendent coordinates ; but it is
convenient to make use of three
coordinates.

By the equation of « line we
mean the relation satisfied by the
coordinates of all points on the
line ; this is of the first degree

fr+gy+hz=0.
The equation of the line deter-

mined by the points (zy, g1, #),
(T2 Y 22) 18

z y z |=0
YA
Ty Y2 %

These two theories

We may regard the line as
element ; two lines determine g
point ; an indefinite number of
lines pass through the point.

The position of a line in the
plane is determined by two inde-
pendent coordinates ; but it is
convenient to make use of three
coordinates.

By the equation of a point we
mean the relation satisfied by the
coordinates of all lines through the
point ; this is of the first degree

SE+gn+h{=0.

The equation of the point de-
termined by the lines (&, 75, &)
(€ M2 ) s

£ m ¢
& om (1
£ m G

=0.

This is obtained by considering the linear equation fr+gy+hz=0,
which has to be satisfied by two sets of quantities (zy, 7y, 21), (% ¥a» %)-

The condition that three points
1, 2, 3 be collinear is the vanishing
of the determinant

% A
Ty Yp %
T3 Y3 23

The condition that three lines
1, 2, 3 be concurrent is the vanish-
ing of the determinant

Em &
o m G
& s s G
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For the three linear equations fr,+gy,+/Az,=0, fr,+ gy,+ hz,=0,
Jrs+gy;+hz;=0, must be satisfied ; eliminating £, g, 4, the result follows.

The coordinates of the inter- The coordinates of the join of
section of the two lines the two points
Jfe +gy +hz =0, f& + g+ k=0,
fz+gy+hz=0, JE+gn+h{=0,

are g’ —g'h, M = Kf, fg =f'g.  ave gh' =gk, W' -kf, f9 - 19

These are obtained by solving the equations.

The condition that three lines The condition that three points
Jizt gy +he=0, hé+gm+ (=0,
for+ gy +hy2=0, Sob+ g +hy¢=0,
Jir+ gy + bz =0, Js+gm+hi (=0,
be concurrent is the vanishing of  be collinear is the vanishing of the
the determinant determinant
Hon | S 0 My
fo 9o hy fo 9s Tl
Js 05 Iy fs 05 hy
This is obtained by eliminating the variables from the given equations.
The coordinates of any point on The coordinates of any line
the join of (2, 7y, 2;), (%4 Y9y 25) are  through  the  intersection  of
expressible in the form (&1 Mo Q)s (Eo My &) are ex-
ey +mry, ly, +my, Iz +mz,  pressible in the form

I +méy, Iy +mny, 1 +m,
TFor (v, y, 2), (v, Yy 21) (&g ¥a 22) are collinear if, and only if

x Yy oz =0.

oY &

T2 U2 %
Hence determining , m, so that

ly,+my,=y, lz;+mz=z,

the determinant shows that

z—la,—mxy, 0 0 |=0,
1 7 4
T2 Y2 %

that is, unless y,z, — ¥,2, =0, z=lz,+mz,

This possible interference, y,z,~ 7.,2,=0, would however be noticed
earlier, for it would prevent the determination of I, m as directed. But
if y,2,—~ 292, =0, certainly 2,2, —2yz,==0, for otherwise the ratios 2, : y, : 2,
would be the same as a,:y,:2, Z.e. the points 1, 2 would be the same.
Thus in this case we determine /, m from the equations

lay+may=x, lz;+mzp=2z

The underlying principle manifested in this correspondence
is known as the Principle of Duality. The meaning of the
name, the importance of the principle, and the utility of
the correspondence, will appear more plainly in the following
chapters.
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20. We have found that the actual distances from a point
to the sides of the triangle of refercnce satisfy a permanent
relation, viz.,, au+bB+cy=2A; and that hence the actual
values of the coordinates in any homogeneous point system
satisfy a permanent relation of the form

agz+by+cz=1

Similarly the actual distances to a line from the vertices

of the triangle of reference satisfy a permanent relation, viz.,

a*p?+ 02+ 2r2—2bq . cr . cos A
—2¢cr.ap.cos B—2ap. bg . cos C=4A%

Let the perpendicular from B to the line (Fig. 7), make
with BC and BA the angles B; and B,; then

cos B, = (‘LEI, cos By, = g—?’

Hence
cos B= cos (B, + B,)
= cos B, cos B,—sin B, sin B,
_1—=r ¢—»_Va*—(g—1 V*—(q—p)*
a ¢ a ¢

that is,
Va*— (g—1)? Ve — (g — p)? = (¢ —7) (q—p) — uc cos B.
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This rationalized gives

a?c?—a?(g—p)2—c2(g—r)*+ (g—1)*(g—p)*
= (g—1)?(¢g—p)?—2 ac cos B (¢—r) (¢—p) + a’c* cos? B,

that is,
a3(q—p)?+c?(g—r)?*—2accos B- (¢—7) (—p)=a¢c*sin® B.

Therefore
a?p? 4 (a®+ c®—2 ac cos B) q* + c*r?
—2gr(c®—ac cos B)—2rp ac cos B—2pq (a*—ac cos B)
= a?¢? sin® B.
In virtue of the identities
c—acos B=bcos A, a—ccos B=bcos C
a?+ c2—2 accos B=102, acsin B=2A,

this becomes
a?p? +b2q? + c?r?—2bq-cr-cos A—2¢r-ap-cos B
—2ap-bg-cog C=4A?
which is the desired relation.

The fundamental identical relation is therefore of a
different form in the two systems considered; that is, the
correspondence hitherto noted between the two theories does
not appear to hold. This will be investigated later (Ch. VIL
and XIL); for the present we shall not use the Principle
of Duality in work that depends on the fundamental identical
relation, that is, in work that requires us to use actual
values of the coordinates; we shall not use it in investigating
metric relations.

When the point coordinates are trilinears, we have agreed
to use as the associated line system £, 7, {=ap, bq, cr.  With
these coordinates the relation just found becomes

E24 2+ E2—2n¢ cos A —2{£ cos B—2£n cos C'=4A%

Similarly for any other system of coordinates we have
a modified form of each of the two fundamental relations,
which can be deduced at once from the natural forms

aa+bB+cy =24,

a2p®+b2q®+ c*r? — 2bq . er cos A
—9%r.ap . cos B—2ap. by . cos C=44%
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Distance from o Point to a Line.

21. General homogeneous coordinates do not lend them-
selves readily to the direct investigation of purely metric
properties. Formula on which these investigations depend
(eg. for the distance from one point to another, for the
angle made by one line with another, ete) can of course
be obtained, and may be found, eg. in Ferrers’ Trilinear
Coordinates.  But the principle here adopted of using
only suitable methods for any assigned problem, and
applying given methods only to suitable problems, forbids
their introduction. One particular symmetrical metric
expression must however be found, viz., that for the dis-
tance from a point to a line. This is of importance in
the discussion of the metric relations involved in the Prin-
ciple of Duality (Ch. IL, VIL, and XIIL), and moreover it
relates to the conception that has been made the founda-
tion of our double system of coordinates.

A ? E
q
. M
B
A7 C D

Fia. 8.

Let OM be the distance from O, the given point a, g, y to
the given line p, ¢, . The equation of the line is apx +
bgy + cr2 =0 (§ 13); the distance from any point a, B, y is
therefore a multiple of ap-a + bg-B -+ ¢r-y (§ 10); that is,

OM =k (aap + bBq + cyr).

In particular, if O is the point 4, whose coordinates are

g(—?, 0, 0, we know that OM = p; hencep:k.ax?aﬁxp’
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consequently k= —2—1~A, and as aa + BB + cy =24,

aap + bBq + cyr
OM=———"——,
ao + b + ¢y
where «, B y; », ¢, 7, Tepresent actual distances .
But the equation is homogeneous in «, 3, y, and we may
therefore use it even when «, 8, y are simply proportional tc
actual distances; to ensure the same convenience as regards

P, ¢, 7, we make the equation homogeneous in p, g, » by means
of the identical relation’

a,21)2 + b2q2 + 02/,‘2
—2bq.cr.cos A —2cr.up.cos B—2ap.bg.cos C=4A%

when it becomes

OM(aa+bB+cy)
x (aZp?+ b2+ c2r2-2bq.cr.cos A - 2¢r.ap.cos B—2ap.bq.cos C)}
=2A(aap+bBq+cyr);

hence we have the result :—
The distance from the point a, B, y to the line p, q, r is

2A(aap+bBq+cyr) .
(aa+bdB+cyXap*+ b*q*+ c*r* — 2bq . cr.cos A —2cr.ap.cos B
—2ap. bg.cos C')

If we use more general point coordinates,
z:y:z=la:mB:ny,

with the associated line system
5. .{-_‘_L,). b cr
i Pimdiah

the expression for the distance from the point z, ¥, z to the
line &, #, { becomes
28(wé+yn+2{)
(%x+;,%y+ %z)(l%‘? + m2? + n2%—2mnpé cos A — 2nllf cos B
—2lmgy cos O)}

The particular forms assumed when (1) trilinears, (2)
areals, are used should be noticed.
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Pole and Polar with reqard to a Triungle.

22. It is usually convenient to determine the multipliers
I, m, n so that a particular line of the diagram may have
a particular equation, or so that a particular point may have
particular coordinates.

Suppose ¢.g. we wish the centroid of the triangle to be

1,1, 1. The actual distances being «, 3, v, we have a=% . %A )
9
cte.; we must therefore take Ix 24 =mX 24 =nX 24 m

3a 3b 3¢’
order that this point may have x=y=z These equations
give
l:m:n=a:b:c
hence x:y:z=aa:b0B:cy,
and we must use areals.

It should be noticed that the condition a given point has
specified coordinates determines only the ratios l:m:m; it
gives us a result of the form z:y:z=Aa:BB:(y, and not
x=Aa, ete. Practically, we hardly ever require actual co-
ordinates; in fact, if we use the fundamental identical rela-
tions properly, we never require them. A point f, ¢, A may
be taken as having coordinates kf, kg, kh, where k is any
multiplier we please; this follows from the fact already
noticed that all equations used can be made homogencous.

23. Whatever system of coordinates we employ, the point
1,1, 1 and the line 1, 1, 1,—or, more generally, the point

f, 9, k and the line 1 1, ;L,—have a simple geometrical

. fg
connection.

Let P be the point f, g,k; let AP, BP, CP meet BC, CA,
AB in A, B, C’; and let B'C" meet BC in A", and similarly
let B”, C” be determined; then A”, B”, C" are collinear, and
the line they determine is the line },, }}, ; (Fig. 9).

The lines AP, BP, CP have cquations

¥Y_2_0, 2-%=0, Z-¥-0;
Ve A
hence B’ is the interscetion of
s x
y=0 and TL_}'—O'

Any line through B’ has therefore an equation of the form

X z
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For this to pass through €’ it must be of the form

. Y
—S4+%4n2=0;
7ty

hence m must have the value ;, and we find that B'C" is

_Ziy.7_
- f+ g + L 0.
Now A” is the intersection of this and =0; hence any line
through A” has an equation of the form

Me=24Y 42
Mz f+g + i 0,
that is, Ax+ Y +77'- =0.
‘(j /b
For this to pass through B”, it must be of the form
x z .
7 +By+ W= 0;
hence A= :},
and the line 4"B" is
x, Yy, 2
z+9+7=0:
frg h

the form of this equation shows that the line passes through
C”; the three points 4", B, C" therefore lie on the line
LR
9 h

The point and line, so related, are said to be pole and polar
with regard to the triangle. .

There is also a construction which starts from the line,
and leads to the point.

Let p be the line f, g, k; let the join of be (ie. 4) and
ap be «, and similarly let ¥, ¢’ be determined. Let the join
of b’¢’ and be be «”, and similarly for b’, ¢”; then a’, V", ¢
are concurrent, and the point they determine is
111 .

j., .(}, /_l, (Flg 9)

The points ap, bp, cp have equations
1_§_ 0 §_€_ 0
g k7

hence b’ is the join of
r]=0 and £—~=0.
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Any point on b’ has therefore an equation of the form
—§+ ’mn+§ 0.
For this to lie on ¢ it must be of the form
S+ 4 n¢=0;
fy ¢
hence m must have the value 3 and we find that b'¢’ is

50

f

Fic. 9.

Now a” is the join of this with £=0; hence any point on
«” has an equation of the form

'3 ¢
M f+ +h—0,
1 — _C—
that is, A£+g+h—o'

For this to lie on b”, it must be of the form
£ $_p-
f+ B’I+h =0 ’

hence 4 -1 and the point a”b” is
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the form of this equation shows that the point lies on ¢”;

the three lines a”, b”, ¢” therefore meet in the point }O ;, Ilz,

24. When the point 1, 1, 1 is known, or more generally when any
particular point f£, g, % is known, the system of coordinates is deter-
mined, so the positions of all other points are given. One way of
determining the coordinates of any desired point or line in the
diagram is the following:—

Let O be 1, 1, 1; with centre 0 and any convenient radius describe
a circle to cut all the sides of the triangle. Take on each side one
of the points so determined, D, £, F'; then 0D, OF, OF are equal;
they therefore represent the coordinates of 0. The coordinates of any
other Eoint P are represented by PL, PM, PN drawn parallel to

OE, OF.

Fia. 10.

Similarly if O be the point f, g, £; determine points D, E, ¥ so
that 0/), OFE, OF vepresent f, g, & on any scale; the coordinates of
any other point 7 are represented by PL, PM, PN drawn parallel to
0D, OF, OF (Fig. 10).

So also a point with any assigned coordinates can be accurately
ingerted in the diagram; and any desired line can be drawn, b
means of the points in which it meets the sides. A better method,
however, follows from principles to be explained in Chapter III

(§ 46).

EXAMPLES.

1. Determine the distances to the sides of the triangle
of reference from the following points:—(i.) the centroid;
(ii.) the orthocentre; (iii.) the centre of the circumscribed
circle; (iv.) the centre of the inscribed circle; (v.), (vi),
(vii.) the centres of the three escribed circles. Give the
coordinates of these seven points (a) in trilinears, (b) in
areals.

2. Determine the seven different systems of coordinates
in which these points shall be 1, 1, 1; and determine in
every case the associated system of line coordinates. Verify
that the condition of collinearity is satisfied by the points

@), (i), (iii.).
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3. Determine the distances from A4, B, C to
(i.) the internal bisectors of the angles 4, B, C;
(ii.) the external bisectors of these angles;
(ii.) the lines through 4, B, C bisecting BC, CA, AB;
(iv.) the lines through A4, B, C perpendicular to
BC,CA, AB.
Give the coordinates of these four sets of lines in the
two line systems that are associated with (a) trilinears,
(b) areals.

4. Having obtained the coordinates of these sets of lines,
write down their equations.  Verify that the condition of
concurrence is satisfied by the lines in sets (i), (iii.), (iv.).

5. Find the point coordinates of the intersection of the
lines whose line coordinates are {, m,, »,, and 1, m,, n,
State the result with reference to the equations of the lines
and their intersection.

6. Show («) by point coordinates,
(b) by line coordinates,
that if the joins of vertices of two triangles be concurrent,
then the intersections of sides are collinear.

Note. Triangles thus situated are said to be in perspective; the
point and line are the centre and axis of perspective ; or again, the
relation of the triangles is spoken of as fomology ; the point and line
are the centre and axis of homology.

7. Find the equations of lines through 4, B, ¢ making
with AB, BC, CA (inside the triangle) angles . Find the
equation for o if these be concurrent; and the coordinates
of their common point.

Show that the same value of w ensures the concurrence
of lines through 4, B, ¢ making with AC, BA, CB angles w.

Note. These two points are the Brocard points of the triangle ;
is the Brocard angle. ‘



CHAPTER IL

INFINITY. TRANSFORMATION OF COORDINATES.
Parallel Lines.

25. Taking any two lines whose equations in point co-
ordinates are
le+my+nz=0, lz4+m'y+n'2=0,
and solving for the coordinates of their point of intersection
we find  z:y:z=mn'—mn:nl —n'l:lm'—Um.
To obtain the actual values of the coordinates, we make
use of the fundamental identical relation, which we suppose
to be written in the form
agx+by+ez=1
This gives
w=mn’—7r£n y=nl/——n’l z=lm'—l'{r_n
D D D

where D stands for the determinant

I m =n
v m «
a by, ¢

Thus we have ordinarily a set of finite values for z, y, 2,
%iving for the intersection of the two lines a point at a
nite distance from every side of the triangle of reference.
But if D=0, those fractions whose numerators do not
also vanish become infinite. Now the vanishing of two of
the numerators entails the vanishing of the third; for

mn’'—m'n=0 gives %:3, and nl'-n'l=0 gives 'g’=[€ ;
hence lé,= 7%,, that is, Im'—U'm=0. But these give simply

l:m:n=0:m :n, which would make the two lines identical.
Hence not more than one of the numerators can vanish.
Thus of the coordinates x, y, 2, certainly two and possibly
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all three are infinite, and the point x, 7, z is at infinity. We
see then that two lines may be so situated that instead of
a finite intersection they have their intersection at infinity.
This agrees with the properties of parallel lines that we
have already employed; and by means of this we formulate
the definition as follows :—

Lines that meet in a point at infinity are said to be

parallel.
The condition of parallelism is therefore
I m =n |=0,
v m 2
a, by ¢

where ago+byy+cz=1 is the fundamental identical relation.

The Special Line at Infinity.

26. The form of this condition recalls the condition that
three lines be concurrent. It is in fact the condition for
the concurrence of

le+my+nz=0,
Ve+m'y+n'z=0,
ayx+byy+cz=0;
that is, of the two given lines, and a line which is the same
whatever pair ({, m, n), (I, m’, n’) be chosen.  We naturally
consider therefore what is the significance of this special line
agx+bgy+cz=0.

One peculiarity in the equation is at once evident; it is
at variance with the fundamental identical relation. Now
this fundamental relation was obtained by a process certainly
valid for finite values of a, 8, v; but not so obviously ad-
missible if any of the three a, 8, v happen to be infinite.
We shall find that this explains the apparent paradox;
the line we are to consider, viz. ag+0by—+c2z=0, is a line
lying entirely at infinity, and accounting entirely for infinity
in point coordinates.

1. Every point on this line is at infinity. For to
determine the actual coordinates of a point on the line, we
have to determine z, y, z to satisfy the two equations

UZHbgy +cz=0 ooviiiiiiiii 1),
agt+bgy+ez=1 .cccoerviiii (2),

i.e. to satisfy the equation obtained by subtraction,
0.240.y4+0.2=1 ..., (3).

Now (3) requires one at least of the quantities z, y, z to be
infinite; and then, by equation (1), certainly one other must
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be infinite ; thus two of the coordinates of any point on the
line are infinite, 7.e. every point on the line is at infinity.

II. But further, this line is the complete point representa-
tive of infinity; that is, every point at infinity lies on it.
For let X be a point at infinity, and let P, @ be points at
a finite distance, chosen so that %Q does not pass through X.
Let the equations of PX, QX be

le+my+nz=0, lz4+m'y+nz=0.
These lines, meeting at X, are by definition parallel, and
consequently

{ m =n |=0;
UV m a
a by, ¢

that is, the three lines
le+my+nz=0, lz+my+nz=0, ax+by+cz=0
are concurrent, and consequently
ax+by+cz=0
passes through X.

It appears as though this special line might be regarded as
parallel to every line w, for it meets u at infinity, and there-
fore satisfies our definition of parallelism. This would also
make it perpendicular to every line u, being parallel to a line
perpendicular to . But for reasons that will appear later,
the idea of direction must not be associated with this line;
any attempt at assigning direction to it leads to absolute
indetermination.

27. Now the fundamental identical relation in point co-

ordinates, being obtained from

aa+bB+cy=2A,
may have for the constant on the right any finite quantity,
though we generally arrange the equation so that the value
of this constant may be unity. The relation is therefore
essentially of the form

agx+by+cz=+0;
hence we have the conclusion :—

In general the coordinates of a point in a plane are
conditioned by a Ulimear inequality ag + by + ¢z 40,
but there are exceptional points in the plane which make
ag+ by +cz=0; these exceptional points are the totality
of points on a certain straight line which lies entirely at
infinity, and has for its equation agw+ by +cz=0.

Note. It is well to notice that a similar statement may be made
with reference to any linear function u =lx+my+nz. Taking any
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point 2 at random, this does not lie on the line »; that is, in general
the coordinates of a point in the plane make #==0; but there are points
for which »=0, viz, the totality of Foints lying on the line u. The
bearing of this remark will appear in Chapter X.

28. Using trilinears, the line infinity is
ax+by+cz=0.

Now the expression for the distance from a point z,y, z
to a line £ 5, { has been shown to be

2A@E+yn+20) ‘
(ax—+by +czX €24 n*+ {2 — 2y cos A — 2{{ cos B—2{n cos %

When we compare distances from different points to a fixed

line, £, », { are constant quantitics, and therefore
2A
(&4 7+ {2 — 29 cos A — 2{£ cos B— 26y cos U)?
is simply a constant multiplier k. Thus the distance from
a variable point z, ¥,z to a fixed line [,m,n is k@i@y+13z,
ar+by+cz

where & depends on [, m,n. If then we take for l,m,n,
A multiplied by a, b, ¢, the numerator in this fraction becomes -
M az 4+ by + cz), and consequently «x 4 by +cz divides out.
Thus the expression for the distance from any point x, y, 2
to the special line az+by +cz=0 is kA, where kX does not
depend on @, y, z; consequently all ordinary points in the
plane must be regarded as bevng at an absolutely constant
distance from the special line ax+by+cz=0. Tt is obvious
that this constant has not a finite value; and in fact & in-
volves in its denominator the square root of

4+ 2p§ cos A —2{£cos B—2&ycos C,
where £, 5, € are respectively a, b, c. Now
a?+b2+c?— 2bc cos A —2ca cos B—2abcos C
= a2 b2 2 — (B4 2 — a?) — (4 a2 — b?) — (a? 4 b — ¢2) = 0,

and thus the absolute constant A\ has an infinite value.

29. We have herc shown that the line coordinates of the
special line ax+by+cz=0 contradict the fundamental
identical relation in line coordinates, for they make a
certain expression vanish, while the identical relation asserts
that this expression has a constant value different from
zero. By what has been pointed out already regarding the
applicability of the Principle of Duality, we know that we
must not expect the above investigation to apply exactly
to line coordinates; but we have here a hint that there



INFINITY. TRANSFORMATION OF COORDINATES. 29

is an analogous paradox and presumably an explanation.
To this we shall return when considering expressions of the
second degree. (See Ch. VIIL)

Relation of Cartesians and Homogeneous Coordinates.

30. With the help of the line infinity, Cartesians may be
exhibited as a special case of homogencous coordinates, and
simple formule of transition can be found.

‘Taking the Cartesian axes, and adjoining to them this
special line, we have three non-concurrent lines, which may

Y

Fra. 11,

therefore be taken as lines of reference. Let the Cartesian
coordinates be X, ¥, and take the line X =0, 7.e. the axis of
Y, for the line a=0; take Y=0 for =0, and the line
infinity for y=0. Then we have, from Fig. 11,
Xsinw=a, Ysinw=4:

and v =a constant (§ 28).

Let the homogeneous coordinates be as usual

z, Y, z=la, mfB, ny ;

then x=l'X, y=m'Y, z=constant.

Now although y is infinite, yet it has been shown to be
an absolute constant; therefore by properly choosing n
ny (ie. z) can be made to assume any finite value we please,

e.g. unity; our formule of transition from homogeneous
coordinates to Cartesians are therefore

’

& =any multiple of X,

y =any (other) multiple of ¥,

z=any convenient constant ;
that is, if we choose, =X, y=7, z=1; and we pass from
Cartesians to homogeneous coordinates by introducing in

the various terms such powers of z as will make the equa-
tion homogeneous.
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The line infinity is here 2=0, ¢.e. 0.2+4+0.y+2=0; which
in Cartesians is
0.X+0.Y+C=0,
that is, C=0.
Thus the line infinity presents itself in Cartesians under
the paradoxical form
finite constant=0.

31. The effect of this transformation on the implied line
coordinates is noteworthy.

The points A, B are at infinity ; let a line cut BC, CA4,
in L, M (Fig. 12).

Now MA and LB are distances from M, L to the line
infinity, and we have seen that all such distances are to
be considered equal. For the same reason CA and CB are

equal.

B
L
C, M A
/N
Fia. 12.

We have seen (§ 12) that »:p=—-CM: MA,

r:q=— CL:LB;
hence —p.CM=r.MA, —q.CL=r.LB:
that is, p: -(/T}[:q : —L}L=fr : constant.

Hence the coordinates of the line are now represented
by __C'}M’ __C'IL’ with any convenient constant, eg. unity,
for the third; and we see that the proper line coordinates
to use in Cartesian geometry are the negative reciprocals
of the intercepts made on the axes; a result which can also
be obtained by the comparison of the two equations,

1) %v+§_1=0’ the Cartesian equation of a line in terms

of the intercepts made on the axes;
(2) x€+yn+2{=0, the relation adopted as controlling the
choice of point and line coordinates.
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32. We can however connect Cartesians and homogeneous
coordinates without making use of the line infinity.
Suppose we have certain fixed lines a, b, ¢, etc., whose
Cartesian equations in the standard form are
zcosa+ysina—p =0, xcosB+ysinB—p,=0,etc,
and let us use the letters a, 3, ete., as abbreviations for
x cos a+7 sin a - py, ete., then a=0 represents the line a, and
the value of a at any point P gives the distance from P to
the line a. The equation of any line can now be written
in the form
la+mB+ny=0.
For
a=a,x+ay +a,
B=ba+by+by b oo ),
y=62+ Y+ ¢y

and therefore

la+ m,B +ny
=x(a,l +bm—+cem)+y(al+bym +c,n) + agl +bym +cgn.
In order then to write Az+ By + C in the form la+mB+ny
we must have
al+bm+ten=A4,
al+bm+c¢,n=0,
al+bgm+cn=0C,

equations which determine I, m, n uniquely unless the deter-
minant (a,b,c;)=0. The exception refers to the case when
the three selected lines a, b, ¢ are concurrent, a case which
we exclude by saying that the three lines must form a
triangle.

So again even if the lines a, b, ¢ be not in the standard
form, there is a corresponding transformation. For using
u, v, w as abbreviations for ax+a,y+a, ete, u, v, w
though not now giving the values of the perpendiculars,
are certain multiples of them, and are therefore available
as homogeneous coordinates.

Thus we can pass from Cartesians to a system of homo-
geneous coordinates with any desired triangle for triangle
of reference; and from homogeneous coordinates to Car-
tesians. In particular, if the triangle of reference be that
formed by the Cartesian axes and the line aX +bY+c=0,
then the formul® of transformation are

z=any multiple of X,
y=any multiple of ¥,
z=any multiple of aX+bY+¢;
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and taking advantage of the multipliers that are here at
our disposal, we can if we choose write

=X,

y=7Y,

z=aX+bY+e.

There may be considerations influencing the choice of
multipliers, so that this particular selection may possibly
not be the best. This point is discussed in Chapter X.

The equations of transformation (1) being linear, the
degree ((fl the cquation is unaltered when we pass from
Cartesians to homogeneous coordinates.

Change of the Triangle of Reference.
33. Let it be required to change to a new triangle of refer-
ence: eg. to the one determined by u=0, v=0, w=0, where
u=Ilr +my +nz,
v=lz +m'y +n'z,
w={"x+m'y+n’z.
Solving these equations, a, 3, z are given in terms of
%, v, w in the form

x I m = = w o m ;
U m » m n’
Ur m" 2" w m’ "

that is, @D = Lu+ L'v+ L"w, ete., where D is the determinant
of tramsformation, or more often the modulus of transform-
ation ; the non-evanescence of D is secured by the condition
that u, v, w form a triangle.

Since only the ratios of x:y:z are required, the factor D
may be dropped, and the resulting formule of transform-
ation are

= Lu + L'v + L w,
y=Mu+Mv+Mw,
z=Nu+Nv+Nw.

These formulae being linear, the degree of an equation in
point coordinates is not affected by any change in the funda-
mental triangle.

Similarly the triangle of reference can be changed in line
coordinates. Let the vertices of the new triangle be 6=0,
¢=0,y,=0, where

0=AE +un +0¢,
p=NE+un+v'
‘,[f=>\”£+ﬂ”77+l’”§«
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Solving these equations, ¢, 5,  are found as linear functions
of the new coordinates 6, ¢, .

34. But frequently the two sets of coordinates are in use
together, so that formule are required for the change of
the fundamental triangle in the double system; the two
sets of coefficients (I, m, n, U, ete.), (A, u, v, X', ete.) are no
longer independent.

Consider any line whose equation referred to the original
triangle is fr+any+{2=0, so that ¢ 5, ¢ are the original
coordinates of the line. The transformed equation is to be
Ou+pv+Yw=0, since 6, ¢, \J are to be the new line co-
ordinates. The expression of z, ¥, z in terms of u, v, w
transforms £x+ny+ z=0 into
&Lu+ Lv+ L'w)+n(Mu+ Mv+ M w)+ {Nu+ N'v+ N'w)=0,
that is, into

LE+My+NOu+ (L E+My+ N+ (L' E+ M "y+ N” §yw=0.
Hence 6, ¢, Y must be proportional to

Lé+ My+ N¢, ete.

Comparing the formul® here obtained for the point and
line transformations, it appears that only the one set of
nine cocflicients is involved; and that by means of these
nine coefficients the old point coordinates are given in terms

of the new, and the new line coordinates in terms of the
old, the equations being

c=Luw +Lv +Lw, 0=L¢ + My + N§,
y=Mu+Mv+M'w, p=L'¢E+Mn+N'§
z=Nu+Nv+Nw,; Y=L"¢4+Mn+N"¢;

which may also be written

w=le+my+nz, ete,
E=10+1U¢ +1", ete.

Two substitutions related as above are said to be inverse;
one expresses a system of old variables in terms of new
variables, the other expresses a related system of new
variables in terms of old variables; the coefficients are the
same, and if read in the one case by columns, and in the
other case by rows, they are in the same order.

EXAMPLES.

1. Using areals, find the equation of the line bisecting
two sides of the triangle of reference, and show that it is
parallel to the third side.
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2. Find (a) in trilinears, (b) in areals, the equation of the
line through a vertex parallel to the opposite side.

3. Representing the line infinity in any system by s=0,
prove that the four lines w, v, u +ks, v+Is form a parallelo-
gram, and find its diagonals.

Interpret this if s=0 be a line not at infinity.

4. Taking any four lines, no three of which are concurrent,
as =0, y=0, 2=0, u=0, where 2 +y+2z+u=0, determine
what lines are represented by z+y=0, z+2=0, etc.

Construct the general diagram; and a special one for
the case when @, ¥, z, are arcal coordinates.



CHAPTER IIIL

FIGURES DETERMINED BY FOUR ELEMENTS.
Collinear Points and Concurrent Lines.

35. Among figures determined by assigned points or lines
those in which the points or lines are collinear or concurrent
are naturally considered first.

Points lying on a line are spoken of as a range, lines pass-
ing through a point are spoken of as a pencil. In considering
a range quantitatively, we are not concerned with actual
distances from point to point, but, for a reason whose full
force appears in a later chapter (Ch. IX.), with functions of
the ratios of these distances. Any such function depends on
four points, taken in a determinate order. Let the four
points be A, B, P, Q; consider the segment AB as divided,
tirst by P, and consequently in the ratio AP: PB; secondly
by @, and consequently in the ratio AQ:@QB. The ratio of
these two ratios, that is,

is called the Cross-ratio (Anharmonic Ratio, Doppelverhalt-
niss) of the points; it is denoted by (A B, PQ), a symbol in
which both the grouping and the order of the points are
indicated; or by {APBQ}, in which, unless by a clearly
specified convention, the grouping and order are not indicated.

36. To obtain the corresponding function for a pencil of
four lines, let the rays a, b, p, ¢, meeting in O, be met by a
transversal in points 4, B, P, @; then the cross-ratio of these
points can be expressed in terms of the angles determined by
the lines. For if & be the distance from O to the transversal,
Fig. 13 shows that

h.AP=2xarea OAP
=0A .OP.sinap,
h.PB=0OP .OB.sin pb,
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therefore 4P_04 sinap .

PB~ 0B s pb

4Q_04 sinaq

QB OB singb
AP AQ_sinap  sinaq

PB QB sin pb  sin gb

Similarly

and therefore

Fie. 13.

The cross-ratio determined by the pencil on the transversal
is therefore the same for all positions of the transversal ; this
cross-ratio,

sinap , sinaq

sin pb * sin ¢b’
is called the cross-ratio of the pencil. It is denoted by
(ab, pq), or by {apbq}; or, when explicit reference to the
vertex O is desired, by {O. APBQ}.

Hence, given a range, the cross-ratio of the pencil formed
by taking as vertex any point in the plane is known, for it
is equal to the cross-ratio of the range; and given a peneil,
the cross-ratio of the range determined by any transversal
is known, for it is equal to the cross-ratio of the pencil.

The Sixz Cross-ratios of Four Elements.

37. By taking the four given elements in different orders
a number of different cross-ratios are obtained. There are
twenty-four different orders, but the cross-ratios reduce to
six different ones.

For, by definition, any one is the ratio of a product of
segments A P. QB to a complementary product 4Q . PB. Now
the four points determine six segments, and therefore three
products of the admissible type. Writing these in the order

AB.PQ, AP.QB, AQ.BP,

it appears that any cross-ratio is the ratio of two of these,
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taken with a negative sign. Hence calling these I/, m, n, the
six cross-ratios are

m n l .
- =73 -
n l m
n l m
=y Ty TS
m n l

But these six are not independent; they are in reciprocal
pairs, and the product of the three in a row is —1. Moreover
l+m4n=AB.PQ+AP.QB+(AP+PQXBR+QP)
=AB.PQ+AP.QB—(AP+PQYXQB+PQ)
=AB.PQ—PQ(AP+PQ+QB)
=AB.PQ—-PQ. AB=0.

Hence -—?{'—%=1, ete.; that is, if & be any cross-ratio,

1—1% is also a cross-ratio.
The six members of a group of cross-ratios are, therefore,

1 1
e e
1 k
R

Ex. Show that the permissible changes in the order of the elements
determining any special cross-ratio are expressed by the formula :—Any
two elements may be interchanged, provided that the other two be
interchanged also.

38. An important special case is that of harmonic division,
where A B is divided internally and externally in the same
ratio; hence AP :PB and AQ:QB are equal in value but
opposite in sign. This gives (AB, PQ)=—1. The scheme
just given for the cross-ratios now becomes

_1) %: 2)
-1, 2, &

Hence (PQ, AB)= —1, which shows that if AB be har-
monically divided by PQ, then PQ is harmonically divided
by AB. The harmonic relation therefore involves the two
pairs of points symmetrically.

39. When one of the four points (eg. Q) is at infinity, any

cross-ratio reduces to a simple ratio. For 353 : 4% becomes
AP PB QB
PB' —1, since 4Q, @B are equal in magnitude (being infinite)
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but opposite in direction. Thus (4B, Poo)=AP:BP. If now
the pairs 4 B, PQ be harmonic, this gives us

(AB, Po)=—1;
that is, AP:PB=+1,

showing that AB is bisected at P. The relation thus ex-
hibited between bisection and harmonic division has im-
portant consequences later, for it brings a certain class of
metric properties within the legitimate application of homo-
geneous coordinates.

40. Tt has been shown that any line through the inter-
gection of w=0, v=0 has an equation of the form u—kv=0;
and that the value of w at any point P is some multiple of
the perpendicular from P to the line w=0, that is, u=1la, and
similarly v=mB. Writing p for u—kv, Fig. 14 shows that

sinup _a
sin pv~ B
=mu
Tl v
m
="k,
Fo. 14. since at P, wu—kv=0.

Similarly taking another line ¢=u—kv=0,
sinug_m,,
singquv

sinup sinug_ bk

sin pv'singy
that is, the cross-ratio of the pencil formed by the two pairs
u=0, v=0; u—kv=0, wu—kv=0; is k:k. Now the equa-
tions of any four concurrent lines can be thrown into this
form; hence the cross-ratio is known. Since [:m does not
arpear in the result, it is immaterial what values the multi-
pliers may have in the expressions uw=1la, v=mf.

The pairs of lines will be harmonic if k:k'= —1, that is, if
their equations can be reduced to vu=0,v=0; u*kv=0.

Similarly if 6=0, ¢=0 be any two points, H, K; it has
been shown that —k¢=0 is a point on the line 6¢; call the

int P. Taking any line through P, draw the perpendicu-
ars from H, K ; these are proportional to 6, ¢, that is,

0=1.HM, ¢=m.KN. (Fig 15.

Hence

’
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Hence the equation of P, viz,

gives I.HM—lkm.KN=0.
But HM:-KN=HP:KP,
M therefore
HP:KP=km:l,
N
whence
H K P HP _ my,
=0 =0 T=0\ PK ™

Fia. 15.
Similarly taking another point R, given by p=0-k'¢=0,
HR__my,
RK 1™
HP HR .

Hence }—)RRK=IC]C
and the cross-ratio of the range formed by the two pairs
0=0,¢=0; 0—k¢=0,0—k'¢p=0; is k:k. Now the equations
of any four collinear points can be thrown into this form, and
thus their eross-ratio 18 known.

Hence if u, v be lincar functions, whether in point or line
coordinates, the pairs u=0,v=0; u+kv=0, u+kv=0; give
a configuration whose cross-ratio is k:%. Now all four
expressions are here of the same type, w+Av, A having the
values 0, oo, k, k. The result may therefore be stated in the
symbolical form

(000, kk)=k: ¥ ;
or, by means of the equalities among the twenty-four cross-
ratios (see § 37),
(kk', 000 )=k : k' (compare § 39).
41. The pairs of elements discussed in the last section were

supposed given by their equations. Passing to the expression
by means of coordinates, let

u=fa+gy+hz, (or fif+gm+h()
v=[E 9y +hez, (or fof+gm+hod),
then w, v are respectively f,, 9;, ks fo, 9 Pos
uwtkv is fi+kfy, gi+kgy hytkhy;
u+kv is fi+kf, g,+kg, h+Ehy;
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and the result may be stated :—
The pairs of elements

(j‘l’ gl» hl)’ (f2’ g‘Z’ hi);
(A+Efy gyt kgy, b+ khy), (fi+Efs, 1+ K gy, hy+Ehy) ;
determine a configuration of cross-ratio k: /%"

And here, just as in § 40, the result may be stated sym-
bolically :—

The cross-ratio of the configuration (kk', Oco ) is k:k'.

One particular aspect of the one-dimensional geometry here
considered deserves special mention. Instead of considering
Eoints in a plane, limited to a line of that plane, and assigned

y three homogeneous coordinates, we may confine ourselves
to the one line on which the points lic. Let 4, B be two
fixed points on this line: the position of a variable point I’
depends on the ratio of AP to PB,d.c. it AP be called z, and
PB y,on z:y; and we have a system of two homogeneous
coordinates for the geometry of points on a line. Now let
the segment P, P, be divided in the ratio A :1 by the point P;

t;hen @ = >\, a,nd Y - 2/,1 = x’
Ly—& Y~y
therefore @Y =2+ ALy 1 Yy + Yy

Thus the conclusions of §§ 40, 41 apply to this case.

Lx. Show that the cross-ratio of the configuration (£&, Il) is
k=l k-l 1 eth deali . . di
I=F TR whether we are dealing with equations or coordinates.

Ez. If the point at infinity on the line through the point:
u, v is given by u+4 kv =0, then the point of bisection o
the segment u, v is given by u-—kv=0.

The Complete Quadrilateral and Quadrangle.

42. The correspondence between point and line configura-
tions is gradually exhibiting itself as depending on a
double interpretation of sets of quantities, and hence of
cquations. Coordinates may be interpreted as referring to
points or to lines; equations of the first degree then repre-
sent lines or points; the cross-ratio of four elements whose
equations are of a particular form can be determined without
any knowledge as to whether the eclements are lines or
points.  Thus by this dual interpretation a piece of
algebraic work can be made to prove two theorems at
once. This may be illustrated by certain theorems that
will now be given relating to configurations determined by
four non-concurrent lines or non-collinear points.
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43. Four lines determine a quadrilateral, sometimes called
a four-side; the intersection of any two sides is a vertex,
there are therefore six vertices; as each vertex accounts
for two sides, the six vertices fall into three pairs, the
joins of these pairs are the three diagonals, forming the
diagonal triangle.

Let the sides be (1), (2), (3), (4); call the vertices (12),
(13), (14), D, E, F, and the complementary vertices (34),
(24), (23), G, H, K; then the three diagonals «, b, ¢ are
DG, EH, FK. The entire configuration is spoken of as a
complete quadrilateral ; it is interesting on account of its
harmonic properties. These are expressed by the theorem :—

Any diagonal is harmonically divided by the other two.

Note. The diagonal here referred to as having a determinate length
is the segment determined by two vertices.

To prove this, take abc as triangle of reference, and choose
coordinates so that the cquation of the side (1) may be
x+y+2=0. Then (2), (3), (4) have equations of the form

le+y+2=0, z+my+2=0, x+y+nz=0;
but as (3), (4) are to meet on =0, we must have mn=1,
and similarly nl=1, Im=1; consequently
Imn=+1.

If we choose the upper sign, we find I=1, m=1, n=1,
values which make (2), (3), (4) the same as (1); the proper
solution is therefore {mn = —1, whence

l==1, m=-1, n=-1
The sides arc therefore
(1) a+y+z=0,
(2) —z+y+2=0,
B) a—y+z=0,
“4) «x+y—2z=0.

Note. We have here proved that by a proper choice of point coordi-
nates the equations of four lines no three of which are concurrent can
be thrown into the form *z*y*:=0; and therefore also that by a

Eroper choice of line coordinates, the coordinates of the four lines can
e made to be *1, 1, *1.

The equation of AD is at once found (Fig. 16); this is
the line joining A4 to the intersection of (1), (2); it is there-
fore obtained by the elimination of  from the equations

x+y+2z=0, —z+y+2=0,
that is, AD is y+2z=0; and similarly AG is y—z=0.
These two lines are harmonic with regard to y=0, 2=0;
that is, DG is divided harmonically by BC.
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44. A complete quadrangle (four-point) is determined by
four points (1), (2), (3), (4); these joined in pairs (12),
(18), (14); (34), (24), (23) give six sides d, e, f; g, h, k;

D a B G C

these in pairs determine three diagonal points 4, B, C,
forming the diagonal triangle. In this diagram the line-
pair dg is harmonic with regard to be (Fig. 17). This is

(1)

(¢

proved by exactly the work already used, the z, y, z now
being interpreted as line coordinates; and incidentally it is
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proved that the equations of four points can be made to
be ££xy+¢=0, and that the coordinates of four points can
be made to be 1, 1, *1.

To make this dual interpretation clear, the algebraic work
is now written in an abbreviated form, with the two inter-
pretations at the two sides. Symbols I, IL, IIL. arc used
in the two cases for the vertices and the sides of the
triangle of reference.

Comparison of Figs. 16 and 17 shows that the fact
expressed by the two theorems is the same.

(12) (34); (13) (24); (14) (23)
determine the triangle of reference.

DEF Let equation of (1) be =+ y+ z=0, def
DKH then (2) is l»+ y+ 2=0, dkh
GKE (3)is z+my+ z=0, gke
GHF #)is z+ y+nz=0. ghf
(3) and (4) are (3)and (4) are to give 2=0; .".mn=1. The join of (3),
to meet on the Similarly nl=1, Im=1; (4) is to pass
line a. o (Imm)2=1. through 4.

The solution Imn= +1 is inadmissible,
. Imn= -1, and therefore
l=m=n=-1

Hence (1)is  x+y+2=0,
(2)is —x+y+2=0,
B)is x—-y+2=0,
“4)is 2+y-2z=0.

AD Hence I. (12) is  y+2z=0, ad
AG 1.(34)is y—2z=0, ay
.. D, @ are har- .*. (12), (34) are harmonic with .. d, g are har-
monic with re- regard to IL., III. monic with re-
gard to B, C. gard to b, c.

On account of the harmonic properties here proved, the
diagonal triangle is called the harmonic triangle of the
quadrilateral or quadrangle.

45. The theorem just proved affords a construction by
the ruler only for the fourth point @ in a harmonic range,
when 4, B, and P are given:—

Draw through 4 any two lines, cutting any linc through
B in (1), (2). Join P to either of these points, (1), and
let this join meet the second line through 4 in (3); let
B(3) meet the first line through 4 in (4); then (24) passes
through Q.

Other constructions may be derived; the essential thing
in all is to construct a quadrilateral with two vertices at
A, B, and one diagonal through P; the other diagonal
determines Q.
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46. By means of the conception of cross-ratio we can insert accurately
any line we please. To determine {x+my+nz=0, it suffices to find the
points in which this line meets two sides, e.g. =0, y=0. Tt meets r=0
where my+nz=0; thus we simply require to know how to draw any
line z=Ay. Our choice of coordinates has virtually determined one line
z=)\¢%; for if the point O be 1, 1, 1, then 40 is z=y. Let therefore
AD (Fig. 18) be a known line z=Agy ; it is required to insert z=Ay.

A

DI

Fia. 18.

Draw from B a parallel to AC, meeting the known line in 0. Then
consider a pencil with vertex 4, and three known rays through B, €, D ;
the transversal cuts these in B, o, D'.  Mark off on B’ a length B/,
determined by BI” : BD'=\: . Then (Bw, I"D)=BI" : B'=\: ).

If then 44" meet BC in L,

(BC, PD)=(Beo, PD)=): A,
whence it follows that A7” is z=Ay. i )

Any point can be inserted by means of the lines joining it to any two
vertices of the triangle.

Pairs of Points, Harmonically related.

47. The harmonic relation is cssentially a relation between
two pairs of elements,—for definiteness, between two pairs
of points. It may also be regarded as a relation between
two segments, each determined by one pair of points.
Points on a line, represented by their distances from a
fixed origin on the line, can be represented by an equation,
non-homogencous in one variable =; or again by an equa-
tion, homogeneous in two variables @, . A pair of points
is thus given by a quadratic equation.

Note. In saying that a group of = points is given by an equation of
degree 7, we imply that no distinction is made in the treatment of the
ponts. If they are to be treated separately, they must be given by
separate linear equations.
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Consider two pairs on a line, given by the two quad-
ratics
a4+ 2bx+c=0, a'z’+20z+c =0.
These will not be harmonic unless a certain condition be
satisfied ; this, expressed geometrically, is
AP AQ_ _
PB QB
Let the points be at distances from O equal to «,, x,; f, a4
This condition becomes
Y=y Ly =y

1.

t,—x!” af—x 1,
that is, 2,2, — (x, + w2, +xb) + 2l b =0,
whence ac’ +a’c—2bb =0.

If then the first pair AB be given, and we assume any
point P as one of the second pair, the remaining point @
is determined linearly; we have a series of pairs P, Q;
P, Q'; ete; all harmonic with regard to 4, B.

Ez. 1. Let 22—-36=0 give the first pair; and let #—2=0 give P,
x—h=0 give . The harmonic condition just found shows that =18,

Ex. 2. Let the bisection of PQ be x=4, the points A, B being given as
in Ex. 1.

Then the quadratic for PQ is a'2?+ 20z 4’ =0, with the conditions
Y 4 ¢—36a=0,
a

hence the quadratic is 22—~ 8x+36=0, an equation with imaginary roots.
Thus a pair of imaginary values is found to be harmonic with recard to a
. . > (=)
iven pair of real values,
g

Imaginary Elements.

48. This confronts us with the question of imaginary
elements. Are they to be admitted? If so, on what
terms ?

Imaginaries present themselves naturally in the solution
of algebraic equations, and are then recognized for the
sake of continuity. If now we refuse to admit them into
algebraic geometry, we shall have to examine the work
at every step, to see whether it has a legitimate application
in geometry ; our symbolical language will no longer have
an exact relation to the subject matter.

But there are even more cogent reasons why we should
recognize imaginaries in algebraic gecometry. One of the
fundamental principles of the subject is that it takes two
equations to represent a point; one equation can represent
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only a locus (ie. in point coordinates). But if we confine
ourselves to real points, we have to say that such an
equation as xz2+y*=0 represents the origin only, that is,
one equation represents a point. The alternative is to
admit imaginary elements, and say that this equation
represents the two imaginary lines x4dy=0, z—iy=0,
these having for their intersection the real point, the
origin (Salmon’s Conic Sections, § 73 and 82).

We choose this alternative, and recognize imaginary
elements, that is, elements whose coordinates have imaginary
values, or whose equations have imaginary coefficients.

Note. The introduction of imaginary elements into Pure Geometry
depends on different considerations, and requires independent justifica-
tion.

49. Using trilinears for definiteness, let f+if’, g+1g’, h+h’
be values of a, B, ¥ that satisfy the fundamental identical
relation

aa+bB+cy=2A.
The real and imaginary parts give

af +bg +ch =2A ..o 1),
af +bg'+ch'=0 ... (2).

Of these, (2) shows that if two of the three quantities
f’» ¢, &' vanish, the third does also; that is, when two per-
pendiculars are real, all three are real. Hence onc may be
real, and two imaginary; or all three may be imaginary.
But the coordinates can always be written as if one were
real, for we are at liberty to multiply the three by any
quantity we please.

Ex. a=3, b=4, c=5; whence 2A=12.

The equations to be satisfied are

3f +4g + 5k =12,

3f' + 49’ + 5k =0.
One seb of values satisfying these is

4-43, 5+8, -4-47;
multiplying by 1+7, these become
8, —-3+13;, -8;;

which may therefore be taken for the coordinates of the imaginary point.

50. I. Through every imaginary point there passes one
real line.

Note. Tt is plain that there cannot be two, for the intersection of
two real lines is a real point.
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Let the point be f+if, g+1g’, h+ih': the line
la+ mﬁ +ny= 0
will pass through this if
Iif +mg +nk =0,
If +mg' +nk'=0;
that is, if l:m:n=ghk'—gh:Lf' —Kf:fg'—fg.
Thus the line is determined uniquely.

FExz. On every imaginary line there is one real point.

I1. A real line contains an indefinite number of imaginary
points, arranged in conjugate pairs. For f+if’, g+1g’,
h+ik' lies on the real line la+mB+ny=0 if

If+mg+nh+i(lf +mg’ +nh’)=0.
Hence f, g, b, f', ¢/, K’ must be determined to satisfy
If +mg +nh =0,
af +bg +ch =2A;
If +mg +nh' =0,
af +bg’ +ck’ =0.

But these conditions being satisfied, not only will f42f’,
g+ig, k41" lie on the line, but also f—if’, g—iy’, h—1h’:
thus the points are in conjugate pairs. That the number is
indefinite appears from the fact that we have six quantities
wherewith to satisfy four equations.

IIL. Imaginaries that present themselves through real
algebraic equations are im conjugate pairs; for f+1f’ being
a root of a real equation, f—if iy also a root. A pair of
imaginaries always means a conjugate pair, not simply any
two; the line joining a pair of imaginary points (or the
intersection of a pair of imaginary lines) is necessarily real,
its equation being

algh’ —gh)+BRf =K +¥fg = f9)=0.

IV. Conjugate imaginary lines pass through comjugate
imaginary points; for if f4if, g+ig, h+ik satisfy
w+1iv=0, then f—if’, g—1g’, h—1ih’ must satisfy w—iv=0.

51. Just as four real points determine a quadrangle, four
imaginary points may be taken as determining elements; in
fact, the investigations in § 43, 44 apply whether the elements
be real or imaginary. But it is of some importance to know
how the real and imaginary parts in the resulting configura-
tion are arranged.

Let the quadrangle be determined by two pairs of imagin-
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ary points, AA’, BB’; the lines AA4’, BB are real, and no
other real line can go through these imaginary points. Con-
sequently the four cross-joins AB, etc., are imaginary; but
they are in conjugate pairs, viz., A B, A’B’ form one pair, and
give therefore a real intersection; similarly for AB, A'B.
Thus the complete quadrangle determined by two pairs of
imaginary points has its sides, one pair real, two pairs
imaginary ; and the diagonal triangle is real. In Fig. 19
real lines are represented by solid lines, conjugate imaginaries
by the same kind of broken line; the diagonal points are
P, Q R

Fia. 19.

Similarly for the complete quadrilateral determined by two
pairs of imaginary lines. Fig. 19 represents this also; the
given pairs arc @B, QB and RB, RE’; the real vertices are
@, B; the pairs of imaginary vertices are AA’, BB. The
three diagonal lines QR, AA’, BB are real.

Ewx. Discuss the configuration when the determining elements are one
pair real, and one pair imaginary.

52. It was proved in § 43, 44 that the coordinates of four
elements can be made to be 1, £1, +1 by a suitable choice
of coordinates, the diagonal triangle being taken for triangle
of reference. If the elements be imaginary, this involves
the use of imaginary wmultipliers {, m, n in the relations
z=la, etec. This, while causing no difficulty in general, is
inadmissible if we wish to discriminate between real and
imaginary in the final results. We have scen that if the
four elements be two imaginary pairs, the diagonal triangle
is real, and can therefore be taken as triangle of reference.
Let the given elements be points, for definiteness, viz., the
pairs AA°, BB in Fig. 19; then PQR is to be taken as
triangle of reference. The lines AA’, BB are real, and the
have been shown to be harmonic with regard to PR, P@; if
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then coordinates y, z be chosen so that A4’ is y+2=0, BB
is y—2z=0. Hence the coordinates of A being 59 h, we
have g+kh=0; thus 4 is f, g, —g, where f, g are nnagmary
Hence dlvulmg throughout by ¢, 4 is X+iy, 1, —1; and 4,
being conjugate to 4, is A—iu, 1, —1. Now Q4, QA are
conjugate imaginary llneq harmonic with regard to QR, QP;
their equations must thercfore be of the forms z % kiz= ;
comparing these with the actual forms

4+ (N +1ip)z=0,

:1)+(7\-—’i,u)Z=0,
it appears that A=0. Hence the points 4, A" are iy, 1,
—1; and the numerical multiplier involved in the z being
still undetermined, can be used so as to give to u the
value unity; the points 4, A" are now %4, 1, —1. The
point B is the intersection of AR (ie. z—iy=0) and BEF
(te. y—2z=0); hence B is +14, 1, 1; and B is —4, 1, 1.
Thus without obliterating the distinetion between real and
imaginary, the coordinates of two pairs of imaginary elements
can be made to be *7, 1, £1; or, if preferred, 4, 1, £1.

EXAMPLES.

2
AP+AQ AB

2. Any two lines are harmonic with regard to the bisectors
of their angles.

3. If two equal ranges have one point in common, the joins
of the other pairs of pomtq are concurrent.

4. If two equal pencils have one ray in common, the inter-
sections of the other pairs of rays are collinear.

5. Let the sides BC, CA, AB of a triangle be divided in
the ratios k:1, k:1, [:1; then the points of division are
collinear if Akl=—1; and the lines joining the points of
division to the vertices are concurrent if Akl= +1.

6. The biscctions of the diagonals of a complete quadri-
lateral are collinear.

7. The six lines joining the vertices of the diagonal triangle
to the vertices of the complete quadrilateral (determined by
(1), (2), (3), (4)) are concurrent in threes. Calling the four
points of concurrence «, 3, y, 8, show that a, 8, y, J are the
poles of (1), (2), (8), (4) with regard to the diagonal triangle.

8. Show by constructing the diagram that the diagonal
triangle of the complete quadrilateral (1)(2)(3)(4) is the
diagonal triangle of the complete quadrangle aS3yé.

1. If (AB, PQ)= —1, then
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9. State, for the complete quadrangle, the theorem corre-
sponding to that of Ex. 7; and show by means of the
diagram in Ex. 8 that it has already been virtually proved.

10. Show that the four points (lines)
g—h, k=f, f—g; g—h, —(h+f), f+g;
g+h, h—f, =(f+9); —(g+1), k+f, f—9;
are collinear (concurrent); and that the cross-ratios of the
configuration are the six expressions
-9
fi—=h?

11. Find the equations of the lines joining f, g, & to the
four points 1, *1, +1; and determine the cross-ratios of the
pencil.

12. If the four points be I, #m, £ =, find the lines joining
them to f, g, b ; and the cross-ratios of the pencil.

13. Show that the pencil determined at f, g, h by 1, +1, *1,
is equal to the pencil determined at p, q, » by «, +b, *¢,
and to the range determined on the line p, g, » by the lines
a, +b, +¢, if the following relations hold ;

a+b4c=0,
af?+bg*+ch?=0,
bep?+cag®>+abr?=0;
and that the six cross-ratios are
b c a c a b
a

ete.

¢ a b’ b ¢



CHAPTER 1V.

THE PRINCIPLE OF DUALITY.
Correspondence hitherto moted.

53. In the preceding sections attention has continually been
drawn to the correspondence between the geometrical theories
in which the element is (i) the point; (ii.) the straight line.
This correspondence is a manifestation of the Principle of
Duality ; this appears more clearly if we speak of the primary
element and the sccondary element. In the one system these
are to be interpreted as point and line; in the other as line
and point.

The point.......cco.ccvvinnn The primary element.........cccoceun..ee. The line
has three coordinates z, y, z.
Two points................... Two primary elements ..................... Two lines
determine
aline.....coooiiveiniiiiiin a secondary element.................c.uu. a point.
United with this
line.....ooooiiiiiii secondary element .............iceeene.. point
we have an indefinite number of
POINS,. o primary elements,.....................l lines,

but the coordinates of all these
satisfy one equation of the first degree,
called the
equation of the secondary

element. } equation of the point.

equation of the line....{

The line...............c..... The secondary element...................... The point
determined
by 2y, ¥y, 215 %2 Yo 25 has for its equation
z y z |=0.
S R
Ty Y2 2
The condition that
three points................. three primary elements............. three lines

lieon..coooeiiiiiiiii i be united with...................
aline.........cooeveeeiiinns one secondary element

i8 (7,Y423)=0.
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Any point.......c..coccooee. Any primary element.............. Any line
lying on the line...belonging to the secondary element... {Eﬁzi‘;&%g‘mugh
determined by 2y, 7y, 2,5 @4, ¥y, 293
has coordinates x4+ Axy, ¥+ Ays, 2,+ A2y ;
and if we take another
such point............ ... such primary element.............. such line
the cross-ratio of the
FANZC. ..ot iiiaiiiaiiiaeaeaees configuration.................... pencil
is A: A
A point......... ............ A primary eclement............ .. A line
lying on......ooo united with........ ..passing through
a fixed line................. a fixed secondary element............ a fixed point
has one degree of freedom ;
it can move... ............. ... it can move..................... it can rotate
along theline ............... in the secondary element. .......... about the point.

Curves im the two Theories.

54. We now consider how curves present themselves in
these two theories.

The general idea of a curve is that it is a succession of
points arranged according to some law, so that after every
point there is one next point; ordinarily the point after 4, B
does not lie on the straight line AB, that is, ordinarily not
more than two consecutive points lie on a straight line. This
law is algebraically expressed by an equation F(z,y,z)=0;
and if F be of degree m, any straight line in the plane meets
the curve in m points, and the curve is said to be of order n.
The line joining any point 4 to the consccutive point B is
a tangent to the curve; consecutive tangents 4 B, BC intersect
in a point B on the curve.

Stating this in general terms, there is a succession of
primary elements arranged according to some law, so that
after every primary element there is onec next element;
ordinarily not more than two consecutive primary elements
belong to one secondary element. This law is algebraically
expressed by an equation in the coordinates of the primary
element; this equation being of degree m, a secondary
element has in common with the system = primary
elements. The derived secondary element determined by
two consecutive primary elements is closely related to the
system; two consecutive derived secondary elements deter-
mine a primary element of the system.

Translating this into terms of lines and points, there is
a succession of lines arranged according to some law, so
that after every line there is one next line; ordinarily
not more than two consecutive lines pass through a point.
This law is algebraically expressed by an equation
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F(§ n, =0; and if F be of degree m, through any point
in the plane there pass o lines of the system. The voint
determined by two conseeutive lines of the system is ciosely
related to the system; two consecutive points determine a
line of the system.

It appears therefore that the lines of the system are
regarded as tangents to some curve, their envelope, the
points of this curve being determined as the intersections
of consecutive tangents. The number of tangents from a
point being =, the envelope is of class m.  Thus the locus
of order m, and the envelope of class m, are corresponding
conceptions.  For instance, if = be unity, the locus of
order m is a straight line, and the envelope of class n is
a point; the conception of the straight linc in the point
theory (i.e. of the straight line qua locus of points) corre-
sponds to the conception of the point in the line theory
(v.e. of the point qua envelope of lines).

55. Since the system of primary elements affords a
derived system of secondary eclements, from which again
the primary clements may be derived, it follows that a
curve may be considered under either aspect. It has points
(imeunts, Cayley) from which the tangents may be derived,
viz., by joining every point to the next; it has lines
(tangents) from which the points may be derived, viz, by
marking the intersection of every line with the next. The
point system or the line system may be regarded as the
primary system; the other is then the derived secondary
system; thus the curve may be regarded as a locus or as
an envelope. Every curve has thercfore two different
equations, one in pomnt coordinates, F(z, y, 2)=0, and one
in line coordinates, #(§, 5, {)=0; if these be respectively
of degrees m and n, the curve is of order m and class n;
according to the nature of the proposed investigation, one
equation or the other will be the more suitable.

“The equation of a curve in point-coordinates, or as it
may be termed the point-equation of the curve, is the rela-
tion which exists between the point-coordinates of any ineunt
of the curve.

The equation of a curve in line-coordinates, or line-equation
of the curve, is the relation which exists between the line-
coordinates of any tangent of the curve.”

(Cayley, Collected Papers, vol. ii., No. 158 ; 1859.)

For many purposes it is more convenient to consider the
curve as on the one hand traced by a moving point, on the
other enveloped by a moving line; the tracing point must
then be regarded as moving along the tangent, the enveloping
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line as rotating about the point of contact. This dual con-
ception of the nature of a curve was first formulated by
Plicker (Theorie der Algebraischen Curven, p. 200 ; 1839):—

“If a point move continuously along a straight line, while
the straight line rotates continuously about the point, one
and the same curve is enveloped by the line and described
by the point.”

56. Plainly the case n=1 is an exception to the statement
just made regarding the dual aspect of a curve; a point,
which is an envelope of class 1, cannot be regarded as fur-
nishing a system of points, that is, it cannot be regarded as
a locus; it has not a point equation; a line, which 1s a locus
of order 1, cannot be regarded as furnishing a system of lines;
that is, it cannot be regarded as an envelope; it has not a
line equation.

57. Now an algebraic expression may be a produet of fac-
tors; that is, the cquation may split up into equations of
lower degree; the curve considered under either aspect may
be degenerate. A degenerate locus is composed of loci of
lower order; thus a degenerate locus of the second order
can only be two loci of the first order, and therefore a pair
of straight lines. A degenerate envelope is composed of en-
velopes of lower class; thus a degenerate envelope of the
second class can only be two envelopes of the first class, and
therefore a pair of points.

Dual Interpretution of Algebraic Work.

58. The analytical discussion of any geometrical theorem
consists of four parts:—

I. The statement of the geometrical data; there are certain
elements, whose positions are controlled by given conditions :

IT. The algebraic expression of these conditions, by which
certain equations are obtained :

III. Algebraic combinations and transformations applied to
these equations :

IV. Geometrical interpretation of the results of these alge-
braic operations.

In the purely algebraic parts of the discussion, II. and
I1L, no attention is paid to the significance of the symbols;
these may be point coordinates, or they may be line coordin-
ates. But the whole proof of the theorem is in III. Hence
in proving any theorem regarding points and lines we do
at the same time prove another theorem regarding lines and
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foints; there is no question of deducing the one theorem
‘rom the other ; the two are proved simultaneously.

It 48 in this dual interpretation of the algebraic work
that the Principle of Duality is algebraically exhibited.

“This reciprocity ” (between point and line in a plane)
“can be formulated in the following manner; starting from
the point, we obtain the straight line by joining two points;
starting from the straight line, we obtain the point by the
intersection of two lines. The simplest geometrical figure
for the point is the straight line which it describes in mov-
ing along it; for the straight line it is the point which it
envelopes in rotating about it.... The aggregate of these
relations is expressed by the Principle of Duality; this
principle asserts that certain theorems holding for point
configurations can be transferred to line configurations;
this reciprocity applies to the join of two points and the
intersection of two lines, and extends to all constructions
resulting from operations of this nature. It does not hold
when other auxiliary means have to be employed, e.%. when
a metric determination enters into the problem. ut the
principle is not thereby limnited, for we shall find that all
such metric relations can be expressed in terms of the others.”

(Clebseh, Vorlesungen diber Geometrie, t. i., p. 28; ed.
Lindemann, 1876.)

EXAMPLES.

Point or line coordinates are to be used (or both together)
according to the nature of the problem ; and all results must
be homogeneous.

1. Find the envelope of a line moving so that the product
of its distances from two fixed points is constant.

Verify from & priori considerations that this envelope is
of the second class.

2. Find the locus of a point moving so that the product
of its distances from two fixed lines is constant.

3. Find the locus of a point moving so that the sum of
its distances from n fixed lines is constant.

4. Find the envelope of a line moving so that the sum
of its distances from n fixed points is constant.

5. Find the envelope of a line whose distance from a fixed
point is constant.

6. Lines BP, CP are drawn to meet the sides of the triangle
of reference in B, "; if P move along a line through 4,
show that B'C’ passes through a fixed point on BC.
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7. In Ex. 6,if P move along a fixed line lz+my+nz=0,
find the line equation of the envelope of B'C".

8. If B'C" pass through a fixed point fE+gn+h{=0, find
the point equation of the locus of P.

9. A point moves along a fixed line; show that the en-

velope of its polar with regard to a triangle is of the second
class.

10. A line passes through a fixed point; show that the
locus of its pole with regard to a triangle is of the second
order.



CHAPTER V.

DESCRIPTIVE PROPERTIES OF CURVES.
General Principles.

59. When homogeneous coordinates are employed, the
investigation may proceed without any reference to the
fundamental identical relations, the properties discussed
being purely descriptive; on the other hand the properties
being metric, the fundamental relations have to be taken
into account. The general discussion of curves falls there-
fore naturally into two principal divisions; the second being
subdivided according as the fundamental identical relation
involved is that in point coordinates or that in line coordi-
nates.

60. Eliminating z between an equation of degrec =,
F(z, y, 2)=0, and a lincar equation fr+gy+hz=0, the
result is a homogencous equation of degree » in =, y. It
represents therefore m straight lines through the vertex C;
from the way in which the equation was obtained, these
lines pass through the intersections of the curve F=0 and
the line. Hence the number of these intersections is m,
and the curve F=0 is of order =.

Similarly the elimination of { between the line equation
of a curve =0, and a linear equation (the equation of an
arbitrarily chosen point) gives an equation homogeneous
and of degree n in £ 5 This represents » points on the
line ¢, and these are the points in which ¢ meets the
tangents through the arbitrarily chosen point. There are
therefore n such tangents, and the envelope ®=0 is of
class n.

Note. The locus F has also a line equation whose degree, at this stage

unknown, will be considered later; and the envelope & has a point
equation, to be similarly determined (§ 68).

61. A principle that is of wide application is the follow-
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ing:—If f=0, f/=0 be any two equations of the same
degree, then f+kf'=0 1is satistied by all the common
elements of f=0, f'=0; that is, if f=0, f'=0, be the point
equations of two curves, then f+4kf'=0 passes through all
their common points; and if ¢=0, ¢'=0, be the line cqua-
tions of two curves, then ¢+k¢p'=0 touches all their
common tangents. The curves f+4+kf'=0, through the
common points of f=0, f'=0, form a pencil; the curves
¢+k¢’ =0, touching the common tangents of ¢=0, ¢'=0,
may conveniently be spoken of as a range. The curves
forming either of these configurations, depending on one
parameter k, form a singly infinite system: or, using the
phrascology of §4, the curve clement of the configura-
tion has one degrec of freedom: the one parameter may
be regarded as the one independent coordinate of the
curve.

If now f, f, split up, this principle takes the form:—
The curve uw'+4 v =0 (in point coordinates) passes through
all points common to ww’ and w’; e through all intersec-
tions of the pairs w, v; w, v'; w, v; w,v; and in line
coordinates, wu'+vv'=0 touches all the common tangents of
the pairs w, v; u, v'; «/, vi ', v. As a special case, let
w, v, w, w be linear functions: then wvs4+ww't=0 passes
through (among others) the points ww, ww. If now w’
approach w indefinitely, the equation becomes uvs+wit=0;
the points ww, ww (W, W’ in Fig. 20) approach one

another indefinitely, and w4 becomes a

o u tangent, whose point of contact is uw.
Similarly the curve touches the line v

, at vw; the two lines u, v are tangents,

\s
)r, and w is the chord of contact.

The interpretation of the equation
uvs+w* =0 in line coordinates 1s that
it represents a curve passing through the
points u, v, the tangents at these points
intersecting at the point w (Fig. 20).

The argument just used does not re-
quire w, v, w to be linear; the curve
us+w =0, in point coordinates, touches
the curve w=0 at every point common
to the curves w=0, w=0; and in line

Fia, 20, coordinates, this cuts the curve w=0 on
every tangent common to u=0, w=0.

Again, no assumption having been made as to the nature
of the coordinates used, they may be homogeneous or
Cartesian.

w

w
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Ez. 1. x?— 4y% =36,
that is, (x—2y)(z+2y)=c%

This touches # — 2y =0, £+ 2y =0, on the line ¢=0, i.c. at infinity. It is
a hyperbola with 2 — 2y =0, x + 2y =0, for asymptotes.

Ez. 2. y*=4x; that is, v.c=py2%
This touches =0, ¢=0, on the line y=0.
Ex 3. xy=(224+y* - a?)?

This touches £ =0 where it meets 22+3%--a2=0, v.e. at the two points
r=0, y=a; r=0, y=—a; and again it touches y=0 at z=a, y=0;

= —a, y=0.
These examples relate to Cartesian coordinates ; examples in homo-
geneous coordinates, point and line, occur in the following pages.

Equations of the Second Degree, satisfying Three assigned
Conditions.

62. We shall now consider equations of the second degree
more especially, though not exclusively, since occasionally
equations of higher degree afford better illustrations of the
methods.

The general equation of the second degree in point co-
ordinates is

ax®+by*+ c2* + 2fyz + 292x + 2hay = 0.

This locus will pass through the vertex A4 of the triangle of
reference if the coordinates of A, 1, 0, 0, satisfy the equation,
that is, if a=0. Similarly it will pass through B, C if =0,
¢=0. Hence the locus of the second order through the
vertices of the triangle of reference is

fyz+gea+hay=0;

and the envelope of the second class touching the sides of the
triangle of reference is

Snl+gE€+hén=0.

The tangent at A can be determined by a direct method.
Any line through 4 is y=kz. The lines joining B to the
intersections of this line and the locus A

Syz+gze+haey=0
are obtained by eliminating y; they are \ A

therefore
Sk22+(g+hk)xz=0;
that is, =0, which represents BA, and
fhz+(g+hk)r=0,

which represents BA’ (Fig. 21). For y=kz to be a tangent,
the points A, A’ must coincide, i.e. BA’ must be the same

BT —¢

Fia. 21.
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as BA ; hence g4hk=0. The tangent at A is therefore
Wy +gz=0.
Similarly the equation of the point of contact of BC with

the enveiope
Jnl+98e+hén=0
18 hn+g&=0.

Ex. 1. If three tangents be drawn to a locus of the second order, they
meet the chords of contact in collinear points.

Fx. 2. if three points be taken on an envelope of the second class, the
lines joining respectively one of these to the intersection of tangents at
the other two are concurrent.

In the argument of this section z, y, z are simply any three
lines; thus if U, V, W be a triangle other than the triangle of
reference, having for sides the lines u=0, v=0, w=0, any
locus of the second order through U, V, W, is

Srw+ gwu+huv=0.
And even if u, v, w be functions not linear,
Srw+gwu+nuv=0

represents a locus through the intersections of the pairs v, w;
w,w; u,v; eg. if w, v, w be of the second degree, this is a
locus of the fourth order.

Ex. Find the general equation of a locus of the third order
through 4, B, C.

Here two of the three values given by x=0 are to be y=0, 2=0;
therefore the equation is of the form

Tu+yzv=0 ;

where the whole expression being, by requirement, of degree 3, » is
of the second degree and » of the first.

Similarly y=0 is to give =0 or z=0; thcrefore » is of the form
sy +tz, where s and ¢ are linear. The three assigned conditions have now
been satisfied, and the cubic locus has for its equation

yav+zxt+xys=0,
where v, ¢, and s are any linear functions.
This result can also be obtained by taking the general cubic equation,

a3+ ... +3d'c%+ ... +3a"x2? + ... +6dxyz=0,

and expressing that this is satisfied by the sets of values 1,0,0; 0,1,0;
0, 0, 1 ; it appears at once that a=0, =0, ¢=0.

63. In the last section the configuration of the second
degree was considered as having three assigned primary ele-
ments. It will now be considered as having three assigned
secondary elements.

The conditions that the locus of the second order touch the
sides of the triangle of reference are most simply determined
from the consideration:—The line =0 touches the locus if
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the result of making =0 in the equation be a perfect square;
for this result gives the equation of the lines joining 4 to the
two intersections. Hence the locus touches BC' if
by?+2fyz+cz*=0
be a perfect square, that is, if f2=bc; and it touches the other
sides of the triangle of reference if g?*=cua, A2=ab. Hence
a, b, ¢ must be all of the same sign, which may be taken
positive. Writing therefore 12, m?, n? for «, b, ¢, the con-
ditions found give f=*mn, g=*nl, h==*Ilm; and the
inscribed locus is
Px? 4+ mPy? 0% £ 2mnyz + 2nlza + 2may =0.
Now
P+ m2y® 4+ 0222 4 2mnyz 4 2nlzx + 2may = (lo + my + n2)?,
and
P2 4+m2y? 40222 — 2mnyz — 2nlzx + 2may = (le + my — nz)?.
Hence the ambiguities must not be resolved in the ways here
indicated ; that is, they must not be taken 4+, +, +;
-, —, +; they must be either —, —, —; or —, +, +.
If the second form be adopted, the equation becomes
P 4+ m2y?+ n2%2? — 2mnyz+ 2nlze + 2may =0,
and this, by means of the purely literal change involved in
writing —{ for [, becomes
12?4 m2y? 4+ n2? — 2mnyz — 2nlzx — 2lmaxy =0,
which may therefore be adopted as the standard form for the
inseribed locus of the second order.
The equation can be reduced to the irrational form

()b + (my )t +(n2)t =0.
Similarly an envelope of the second class through the
vertices of the triangle of reference has for its equation

(L& 4 (mn)b 4 (n&)E =0.

Ex. 1. If a locus of the second order be inseribed in a triangle, the
lines joining the points of contact of the sides of the triangle to the
vertices are concurrent.

Ex. 2. If an envelope of the second class be described about a triangle,
the intersections of the tangents at the vertices and the opposite sides
of the triangle are collinear.

Equation of the Derived Secondary Element.

64. The tangent at a point of a curve is defined as the
line joining two consecutive points; and the point of contact
of a tangent is the intersection of two consecutive lines.
In either case the question is to find the equation of the
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secondary element determined by two sets of coordinates
@, Yy 2 T+ 0%y, Y48y, 2+ 82,5 these being (1) point co-
ordinates, (2) line coordinates.
If the equation be
la+my+mz=0......ccooeviiiiniinn (1),
I, m, n must satisfy
le,+my,+m2,=0 ..cooooviii (2),

Uz, + 62,)+m(y, + 8y, +n(2, +62,) =0,
from which, by subtraction,
Loz, +mdy, +né2;=0 ......oooiiiii 3).
From (2) and (3),
l:m:n=1y02,—2,0y, : 2,60, —x,62, : €0y, — y,0x,.

If now F=0 be the homogeneous equation of the curve,
and F,, BF, oF , oF be written for the values of F, ’&F, ete.,
ox,’ 9y," 0z, o

at the point x,, ,, z;, we have, by Euler’s theorem,
oF oF OF
Zrog, Hi5, 25, (
and since @, +68x,, ¥,+8Y,, 2,+62z, is on the curve,

oF oF oF

=nF)=0;

6@1&”—14' 3'}/16?1'{' 8zléél =0:
therefore
oF oF OoF
3o, : 5 : 5, =1y,02, — 2,0Y, : 2,02, — 2,62, : 2,6y, — Y0,
oF OoF OF
Hence l:m:n= : :

and equation (1) becomes
oF  oF oF _,
oy, oz
which is therefore the equation of the tangent to =0 at the
point ,, ¥y, #,.
Simifarly the equation of the point of contact with =0
of the line £, n,, §;, is

oP 0% P
e+ e =0.
$58 7, TS5,

65. Thus when the point equation of a curve, F=0, is
known, the equation of the tangent at any point is known;
the coordinates of the tangent are therefore known; and
hence, theoretically, the relation to which these coordinates



DESCRIPTIVE PROPERTIES OF CURVES. 63

are subject can be deduced: that is, the line equation of the
curve can be found. This line equation is often called the
tangential equation of the curve.
As an example of the process here outlined, consider the
special locus of the second order
ax?+by?+cz*=0.
The tangent at x;, ¥,, 2, is
ax,x+byy+czz=0,
hence the coordinates of the tangent are £=ax,, y=by,, {=cz,.
We have to find the relation satistied by £, », &
Writing these equations in the form
= 1 =
"1'1-5: h=yp zl"g’
and making use of the relation expressing that x,, y,, 2, is
on the given locus, viz., axl+by2+cz2=0, the equation in
& n, ¢ 18 found to be
&, &
PR L =0.
In applying this process to the general curve F=0, it is
necessary to eliminate x,, ¥,, z, from three equations of degree
. oF oF .
=1, Viz, o = o =y o=, 4 =0.
n—1, viz., B, I e n o, §, and the equation F,=0

Now since
oF oF OoF
O
the equation F| =0 may be replaced by
g, +ny,+ {2, =0.
Even with this simplification the difficulty of the elimination
in the general case is practically prohibitive. But if n=2,
the equations are all linear, and the elimination can be at

once performed. In this case

F=aa®+by?+c2?+ 2fyz + 29z + 2hay ;
the equations are therefore
az, +hy, +g2,=¢,
he, by +f2y =0 i 1).
9%+ fyr+ ez =§,
Writing A for the determinant

nF,,

a b g |
L b f
g f ¢
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these give,—unless A=0, an exception whose significance
appears in § 71,—

v A=| £ b g|, yA=|la & 9|, zA=|a b ¢
n b f h n f h b n
$ foe g ¢ ¢ g9 f ¢
Substituting these values in
o4y, +82,=0 ... .. (2),

the line equation of
ax®+by? + 2+ 2fyz+ 29z + 2hay =0
is found to be
(be = fHEX+ (cu— §*)n* 4 (ab — 12)¢>
+2(gh — af E+ 2 — by S+ 2(fir— ch)n =0,
that is, A+ B>+ CP+2Fn{+2G¢E+2H =
where A, B, cte., are the minors of «, b, ete., in the deter-

minant A.
And similarly the line equation being

a2+ bn* 42+ 2/ + 2988+ 2hE =0,
the point equation is
Aa? 4 By?*+ 02+ 2Fyz+2Gzx + 2Hry = 0.

66. This result may be obtained in a slightly different form.
Instead of solving equations (1) for a,, 4, z, and substituting
in (2), we may 'mnply climinate «, y,, 2, from equations (1)
and (2). The result is

« h g £ |=0,

h b f n

9 f ¢ ¢

£ 1 ¢
the same equation as before, but now expressed as a deter-
minant.

This equation, in either of its forms, can be interpreted as
a condition. Regard £, 5, { as a known line, £, m, m; the con-
dition that the line

lx+my+nz=0
touch the locus
ax? 4 by?+c2?+ 2fyz + 2922 + 2hxy =0
is a b gl |=0
m
n

~g >
3\@
3 o
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67. The result of § 65 shows that (with the possible ex-
ception of the case A=0) the general curve of the second
order is also of the second class, and that the general eurve
of the second class is also of the second order. Any such
curve is called a conic.

It is only for the special case n=2 that the gencral curve
of order (or class) n has its order and class equal; therefore
in speaking, for example, of a cubic, we ought properly to
state whether we are referring to order or to class. We may
speak of an order-cubic or a class-cubic; or the distinction
may be drawn between point-cubic and line-cubie.

Formation of the Reciprocal Lquation.

68. On account of the elimination required in the process
of §65 for forming the line equation, a different method is
adopted if » be greater than 2. Forming the equation for the
intersections of the curve F=0 and the line +yy+{e=0
(by eliminating one of the variables) and expressing that two
roots of this are to be equal, a condition is imposed on £ #, {;
that is, the equation satisfied by £, 5, { is found, and this 1s
the desired line equation.

Ex. 1. F=aa? + by? + c22 =0,
o+ ny+§=0.
The cquation for the intersections, obtained by the elimination of
z is, when cleared of fractions by a multiplier (%

(¥(az? +by?) +c(§z+my)* =0,
that is, (af? + c£2)a? + 2clmry + (b2 + en?)y?=0.
The two roots of this are equal if
(a> + ) (b + en?) - c** =0,
that is, if (b + can® + ab?) = 0.
The factor (2, introduced as a multiplier in forming the equation
for the intersections, is irrelevant; the line equation of the curve is

therefore
bef + can® + ab? =0,
2 2 #2
that is, ‘g. +7T 4 g =0.
a b ¢
Ex. 2. F=r}-y%=0,

Er+my+{z=0.
The equation for the intersections is
¢ +ay?e +yPn =0.
This is a cubic f(A) in A (=‘3); the condition for equal roots, obtained
Y

by the elimination of A from f(A)=0, g{=0,
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that is, from A3+ EA4+79=0,

and 32+ ¢ =0,

is 48+ 2792 =0.
Thus this particular order-cubic is also a class-cubic.
Ex 3. F=a3443 +28=0,

fo+ny+(z=0.
The equation for the intersections is
(8= £+ 3¢ty + 3Py + o~ ) =0,
The condition that the cubic
a3+ 3022+ 3cA +d =0

(be — ad)? = 4(b? - ac)(c —bd).
In the present example
bo—ad, B -ac, @~ bd= (& + 70— (%), E7C, EnE
consequently the line £z + 7y + {¢=0 is a tangent if
CO(E +o - ) = 467
Plainly (=0 does not make the line a tangent ; the factor {5, introduced
in forming the equation, is irrelevant. The line equation of @3 + 93+ 28 =0

is therefore
(&4 7f - C= a6,

have equal roots is

that is, E+n°+ (8- 29— 2078 - 2% = 0.
This order-cubic is therefore a class-sextic; and similarly the class-cubic
53 + 773 + (‘3 = 0’

is the order-sextic
28 + 98 4 28 — 2933 — 2253 — 22%2 = 0.
If then the order m be 3, the class » may be as much as 6 or as little as

3. Thus the class does not depend solely on the order, and the order does
not depend solely on the class.

69. If F.(x, y, 2)=0 be the point equation of a curve,
the above process gives the line equation ®,(£ 5 §)=0.
Now corresponding to the locus F,(x, y, z)=0 there 1s by
the principle of duality an envelope F,.(¢, 7, {)=0; and the
point equation of this, found by the same algebraic work
as before, is ®,(x, ¥, 2)=0. Instead of discussing the two

equations
Fm(x» y) z)=0) (P‘n-(f) B §)=0

for the one curve, it is often convenient to discuss the two
distinet curves

Fm(w> ys z)=0a én(xt y) Z)=0,
which are called reciprocal curves. Thus instead of attend-
ing simultaneously to the points and lines of the one curve,
we consider the points of the two curves, knowing that all
the line properties of Fy(x, ¥, 2)=0 are exactly represented
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by the point properties of ®u(x,y,2)=0. These two
reciprocal curves will now be spoken of as F and $.
arrying the general comparison of Chapter IV. a step
further, these two curves, F, &, are corresponding curves.
To a double point on F, with tangents distinet or coincident,
corresponds on ¢ a double line, with points of contact dis-
tinct or coincident. For in each case the primary element
presents itself twice in the same position, and we dis-
criminate by means of the derived secondary elements. Now
coincident tangents at a double point may be due to a cusp,
which involves the turning back of the tracing point along
the tangent; or to a tacnode, where there is contact of two
distinet branches. In the latter case, the two branches have
the same point and the same tangent; in the reciprocal
there are therefore two branches with the same tangent and
the same point of contact; that is, there is a tacnode on
the reciprocal. At a cusp, the tracing point turns back
along the tangent; that is, the primary element reverses
the sense of its motion in the derived secondary element,

Fia. 22.

and therefore in the reciprocal the enveloping line changes
the direction of its rotation about the point of contact
(Fig. 22); it is an intlexional tangent; the point of contact,
viz.,, the inflexion, corresponds to the cuspidal tangent.
Thus the cusp and the inflexional tangent are properly
stationary elements, while the node and the double tangent
are simply double elements.

Ex. The line equation of
F=u3+ky?2=0 is £+pn*=0 (Ex. 2, §68).
Hence the reciprocal curve is
D=3+ py2=0.

The curve F passes through B, C'; to see how it lies at C, let this
be made the origin of Cartesian coordinates. Writing az+by+c¢ for z
(§ 32) the equation becomes 23+ ky*(ax 4 by +¢)=0, exhibiting a cusp at
C (i.e at 0, 0, 1), the cuspidal tangent being y=0 (i.e. the line 0, 1, 0).
On the reciprocal & we are therefore to consider the line 0, 0, 1, and
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the point 0, 1, 0; that is, the line z=0 and the point B. Making B
the origin, the equation of the reciprocal ¢ in Cartesian coordinates
x, z is B+pe(le+mz+n)?=0, a form which shows that there is an
inflexion at 2, the line z=0 being the intlexional tangent. Thus to
the cusp and cuspidal tangent on # there correspond on & the
inflexional tangent and the intlexion.

Poles and Polurs.

70. From any point @', ¥/, 2/, n tangents can be drawn to a
curve of class n. If the line equation of the curve be known,
the coordinates of these n tangents can be determined (§ 60).
If the point equation of the curve be given, the question is
how to determine the equations of these m tangents. Let
@y, Y;, 2, be the point of contact of any one; then the equation

. OF  oF  oF - -
of the tangent is xab—l + yﬁg}:—i—z—a}—]—(). I'he condition that
this is to pass through «’, ¥, 2’ shows that z,, ¥,, z, must
satisfy the equation of degree m—1,
OF  oF oF

“om, oy, 0, =
and as x,, 9,, 2, is by hypothesis a point on the given curve, it
is an intersection of the two curves

F=0.oooooooeeei, ),
OF | oF | oF
»l?a’:v"l‘y ay+z 52—0 ..................... (2)

This derived curve (2) is called the first polar of «’, v, 2’
with regard to the given curve F.
But if there be a point at which §E=0, oF =0, oF =0, at
[ oy oz
this point equation (2) is satisfied, and (1) is also satisfied, for

oF oF OoF
Yo +yay+z’az =mF,
and therefore #=0. But the equation for the tangent is now
illusory ; and therefore in determining the points of contact of
tangents from 2/, 3, 2" by means of the intersections of (1)
and (2), these exceptional points must be excluded. The
result must therefore be stated :—

The intersections of a curve and the first polar of a point
with regard to the curve give (1) the points of contact of all
tangents from the point; (2) all points, if such there be,

at which QF, a{; s E—% vanish simultaneously.
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Note. Two equations of degrees m, p, homogeneous in three variables,
have mp sets of roots; this is proved in works on algebra (see Salmon’s
Higher Algebra, §73); hence two curves of orders m, p have mp common

ints ; and since the class of a curve of order m cannot exceed the num-

er of intersections of two curves of orders m, m—1, n+m(m—1); and
reciprocally, m 3 n(n—1).

Tile expression for the number of intersections of two curves will how-
ever not be assumed, it is simply noted here for purposes of illustration ;
when the number of intersections of two curves is required in an argu-
ment, an independent proof is given.

71. For the special case of the conic, the first polar—or
more simply, the polar—is a straight line. 'This meets the
conic in two points; before it can be asserted that these are
points of contact of tangents from &, y’, 7, the possibility of
. . . OF oF OF .
the simultaneous vanishing of “-, =, =~ must be examined.

‘ oz’ Yy’ 0z
The question is, can the three equations
ax+hy+gz=0,
ha+by+ fz=0,
gx + fy+ cz=0,
be simultancously satisfied? Not unless A=0, where A is
the determinant

a kg
Lb f
g f e

This is the possibility that presented itself in § 65, and the
result of that section agrees with the result now obtained,
viz., the curve of the second order is also of the second class,
unless A=0. The significance of this condition appears from
the fact that the polar of any point with regard to a line-pair
passes through the intersection of the lines, this general con-
currence of the polars being moreover a sufficient condition
for the degeneration of the locus of the second order. For the
polar of «’, ¥, 2’ with regard to yz=0 is yz'+2y =0, which
passes through the point yz; and if all polars pass through a
point, take this as yz; then the values 1, 0, 0 for z, y, z make

the linear expressions oF aF/ or vanish ; consequently no one

<

of these contains 2, and so the expression F does not contain
, but is homogeneous of the second degree in ¥, 2, and is there-
fore the product of linear factors. Hence the condition A=0,
which primarily expresses the concurrence of all polars, is the
condition that the quadratic expression

ax? 4+ byt + c2®+ 2fyz + 29z + 2hay
split up into factors; it is the condition that the locus of the
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second order degenerate to a line-pair, or that the envelope of
the second class degenerate to a point-pair.

Since a line, or a pair of lines, cannot be regarded as an
envelope, and reciprocally the point, or the pair of points,
cannot be regarded as a locus, it is right and to be expected
that the ordinary process for finding the reciprocal equation
should, in this case, prove illusory.

72. Dealing with a proper conic, there are two tangents
from any point. The construction for the polar of a given
point (pole) is therefore:—Draw the two tangents, mark
their points of contact, the join of these is the polar. The
reciprocal construction starts from a line and leads to a
point :—Mark the two intersections of the line with the
conic, draw the tangents at these, their intersection gives
the point. Comparing these, the line and point in the
second construction are seen to be polar and pole; the
two diagrams are the same; each is its own reciprocal, for
pole and polar are reciprocal.

Since the tangents or intersections may be conjugate
imaginaries, these constructions are not generally available;
others will be given later. (See § 78).

73. The polar of x;, ,, z; is

a(az, +hy, +92,) +y(ha, +by, +f2)) + 2(gz, +fy, +c2,) = 0;
this is symmetrical in the two sets z, ¥, 2,; =, ¥y, %
Hence if the polar of P pass through Q, the polar of @
passes through P; and similarly if the pole of p lie on g,
the pole of q lies on p. Pairs of elements related in this
way are said to be conjugate. (See § 78) Hence a point
has an indefinite number of conjugates, all lying on the
polar; and a line has an indcfinite number of conjugates,
all passing through the pole. The pole and polar are also
spoken of as conjugate; taking any figure composed of
points and lines, the polars and poles of these with refer-
ence to any fundamental conic form the conjugate figure ;
thus a triangle gives a conjugate triangle; a complete
quadrilateral gives as conjugate a complete quadrangle.

If the fundamental conic be the imaginary conic
@®+y’+2*=0, the point f, g, & has for its conjugate the
line fr+gy+hz=0; that is, the point whose coordinates
are f, g, b is conjugate to the line whose coordinates are
S, g, b This introduces a geometrical connection between
the two theories which have hitherto been regarded as
independent parallel theories; the two explanations of any
algebraic work are comjugate, or, to use the more general
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term, they are reciprocal, and the two figures are reciprocal
with regard to the fundamental conic. This view is dis-
cussed in the sections on Reciprocation (§§ 249, etc.), for
the present the two theories will still be treated as inde-
pendent.

74. The equation of the pair of tangents from P(z’, y’, 7)
to the conic #=0 can be expressed by means of the equa-
tion of the polar of P,

p=a(ax’+hy +92) + y(ha' + by’ + f2') + 2(92"+ fy' + ¢2') = 0.

Any conic touching F at the two points where it is met
by the line p, that is, any conic having double contact with
F on the linc p, is

F+kp*=0.

The conic to be found is a line-pair; hence in any
particular example the value of £ can be determined. The
general value of k is more simply obtained by expressing
that this conic passes through P. This is a sufficient con-
dition; for, calling the two tangents u, v, and their points
of contact U, V, the conic F+kp*=0 meets u in two points
at U; if it meet w also in P, this gives three points on w,
and therefore w4 must form a part of the conic. Hence k&
is given by the equation

F +Ip?=0.
But the form of the expressions F, p, shows that p’ and
F’ are identically the same, consequently the equation of
the pair of tangents is

FF' —p?=0.

Similarly if =0 be the line equation of a conic, and @=0
the equation of the pole of the line p (¢, 5, {’), any conic
having double contact with ®, @ being the pole of the
chord of contact, is

S +ka?=0;
and the equation of the intersections of ¢, 5, {’ and & is
PP’ —?=0.

EXAMPLES.

1. Show that the lines I, m;, n;; l,, my, m, are conjugate
with regard to
ax? 4+ by? +c2* + 2fyz + 29z + 2hay =0,
if
(be— [y + (ca— grymymy + (ab- h2)nymy + (gh—af ) (m my+mym,)
+(hf = bg)(nly+ngly) + (fg — ch)(lymy + Lymy ) = 0.
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2. Find the coordinates of the point of intersection of a
line-pair given by a point equation of the second degree.

Find also the equation of this point.

3. State the results reciprocal to those found in Ex. 2.

4. Apply the condition A=0 to show that
E+n+—2pcos A —28fcos B—28cos (=0
represents a pair of points; and show that the cquation of

the line joining these points is
az+by+cz=0.
5. Let w, v, v' be three lines; denote the points vv', uv, wv’
by p, @, @. Show that the line equation of
wr=kvv’
is of the form PE=\TT".
6. Find the reciprocal to amyn =2zm+n.

7. If the conic reduce to a line-pair, show that any point
in the plane is conjugate to the intersection of the lines.

8. With respect to a line-pair every point has a polar, but
not every line has a pole.

9. Discuss the results for a point-pair analogous to those
given in Ex. 7 and Ex. 8 for a line-pair.

Conics with Four assigned Elements.

75. The cquation of a conic through three points, or touch-
ing three lines, left two constants to be determined, viz. (§ 62),
f:g:h  The equation of a conic through four points, or
touching four lines, contains therefore one undetermined
quantity.

Let the four points be the intersections of lines =0, 8=0,
y=0, §=0, these lines being taken in the order given, so
that the four points are P(af), Q(By), R(yd), S(da). One
conic through PQRS is ay=0; another is 8§=0. The conic
ay=kB36 passes through all the intersections of ay, 86, that
is, through P, @, R, S; and since this equation contains one
undetermined quantity, it is the most general equation of
a conic through the four given points. Similarly, if a, 8, y, ¢
be linear in ¢, 5, {, so that a=0, etc. represent points, the
line equation of the conic touching af, By, ¥4, da, is ay=~kB4.

76. The coordinates of the four elements were here supposed
given by means of cquations; but the clements themselves
being given, and the choice of coordinates left unrestricted,
the equation of the conic can be found in a useful form.



DESCRIPTIVE PROPERTIES OF CURVES. 73

The four given elements determine onc of the configura-
tions considered in §§ 43, 44; taking the diagonal triangle for
triangle of reference, and choosing coordinates properly, the
four clements have coordinates 1, +1, +1. The general
equation of the second degree is satistied by

1, 1, 1 if a+b4c+2f+29+2h=0......... (1),
-1, 1, 1 if a4+b+c+2f—29—2h=0......... 2),
1, -1, 1 if a+b+c—2f+29—2h=0......... 3),
1, 1, -1 if a+b+c—2f—29+2h=0......... (4).

Now (1) and (2) give g+h=0,
(3) and (4) give ¢g—h=0;
hence g=0, A=0, and similarly f=0.
The point equation of the conic through the four points
1, £1, *1 is therefore
ax?+by?+c2*=0,
with the condition «+b+¢=0; and the line equation of the
conic touching the four lines 1, +1, *1 is
af?+ by +c{%=0,
with the condition a4b+¢=0.

Note. If the elements be taken as p, *¢, *r, the equations obtained
are of the same form, with the condition ap?+ bg*+cr?=0.

Now the point equation of a£2+by?+¢{2=0 is
bex®+ cay?+ abz?=0;
and the lines whose coordinates are 1, £1, £1 have equations

z+y+2z=0; consequently the point cquation of the conic
touching the four lines 2+ y+2=0is

bea? + cay?+ abz? =0,
with the condition «+b+¢=0; or it may be written
Az?+ By*+ C22=0,

. L. 1.1 1
with the condition yl + 73+ o= 0.

Exz. Two conics being drawn through four points, prove that their
eight tangents at these points all touch one conic.
Choosing coordinates as above, the conics are
Pt qyt4rt=0............ 1), Pprr+ey*+r2=0.......... 2),
with the conditions
pHq+r=0, p'+¢+7r=0 ............. eeerei, 3).
The tangent to (1) at 1,1, 1 is pr+qy+72=0; and similar equations
are found for the other tangents. {Ience the eight lines to be considered
have coordinates

p g Er; p kg, *ry
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and it is to be shown that these satisfy a quadratic relation
a2 +bm? + ¢+ 2+ 2986 + 2hEn = 0.
The first set of four will satisfy this if

F=0, g=0, A=0.ccecieimrirrerrrererrrenrn. (1),
ap?+bg2+er?=0 coooiiiiiiiinnii, (5);

the second set will satisfy this if in addition
ap?+bg 2+ cer?=0 .coiiii (6).

Hence «, b, ¢ must be determined from the linear equations (5), (6) ;
these give
a, b, c=q¥'2— g% 12p" =1 2p2, p2g"t — P2 ;
but the conditions (3) give
qr' —q'r=rp'—rp=py' -p'q;
hence ay b, c=qr' +¢'r, rp' +0'p, pg' +p'q,
and the line equation of the conic touched by all eight lines is
(g7 + g 1)E+ @ + P+ (pg +pg)(=0.

Ex. 1. A conic can be drawn to touch the six lines that join the
vertices of a triangle to the points in which the opposite sides are cut by
any conic.

Ex. 2. A conic can be drawn through the six points in which the sides
of a triangle are met by the tangents dvawn from the opposite vertices to
any conic.

77. The equation of a conic through four points 1, £1, +1,
being ax?+ by?+cz*=0, with the condition a+b+¢=0, there
is one undetermined constant in the equation, and this para-
meter is Involved linearly; the conies form that particular
singly infinite system defined as a pencil. For one special
conic of the system, obtained by taking ¢=0, is y?—2%2=0,
and another is 22—2>=0; and the general equation of the
system

uxt+byt+cz?=0

can be written

w(@? =2+ W(y?—22)+(a+b+c)22=0,
which, by the condition ¢+ b+¢=0, is reduced to

a(a® —2%)+b(y:—2%) =0,

that is, to w+Av=0, the typical form for a pencil of curves.
Similarly the conies touching four given lines are represented
by ¢+2Ay=0, and therefore form a range.

78. The equation
ax®+by?+czt=0,
written in the form

(Waw+n/ =byXs/az—n/=by)=(~—c2),

shows that a/azta/—by=0 are tangents, z=0 being the
chord of contact. Hence each vertex of the triangle of
reference is the pole of the opposite side; that is, a, b, ¢,
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A, B, C are conjugate to A, B, C, a, b, ¢; the triangle is
its own conjugate, and is said to be self-conjugate with
regard to the conic.

For the conic to be real, the coefficients a, b, ¢ must be
not all of the same sign; let ¢ be negative; write
2, m2, —n? for «, b, ¢, so that the equation can be written
in the forms

D22+ m2y? =222,

n22? — 22 = mly?,

n22? —miy? = %2,
showing that the tangents from C' are imaginary, while
those from A, B arc real. Thus for a real self-conjugate
triangle, the vertices are one inside, two outside the conic;
and the sides cut the conic, one in imaginary points, two
in real points.

From the properties of the triangle ABC, which was
chosen by means of the four points P, Q, R, S, a construc-
tion for the polar of a point A is deduced. Draw through
A any two chords, PQ, RS; join the four points so deter-
mined in the two remaining possible ways, so determining
points B, C; BC is the polar of 4 (Fig. 23). This con-
struction applies whether A4 is inside or outside the conic.

Fia. 23.

It should be noticed in Fig. 23 that taking ditferent
positions of the chords APQ, ASR, different positions can
be obtained for B, C, but all lie on the line there deter-
mined as BC.

The construction here given shows that the join of
conjugate points is cut harmonically by the conic. For let
A4, A’, be conjugates; take AA’ for one chord through 4,
eg. APQ; then since A’ is conjugate to 4, the polar BC
passes through A’; hence by the harmonic properties of
the figure, A, A’ are harmonic with respect to P, @, and
therefore with respect to the conic. It is on account of
this property that the pairs of elements are said to be
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conjugate with respect to the conic; they are harmonic
conjugates.  Similarly two conjugate lines, AB, AU are
harmonic conjugates with regard to the tangents from their
interscction A. The two points, two lines, or point and
line might therefore with advantage be called harmonic
instead of conjugate.

To construct a self-conjugate triangle, that is, a harmonic
triangle, any point A is chosen at random; B is then
chosen as any point on the polar of ., and the triangle
is thereby completely determined. Herice all the triangles
that are self-conjugate with regard to a given conic form

a three-fold infinity.

Note. 1In general, the conic having the triangle wvw as a self-conjugate
triangle is
(e +mvt 4+ nwt=0;
hence the conies with regard to which a given triangle is self-conjugate
form a two-fold infinity.

79. That any two conies intersect in four points, real or
imaginary, appears from the fact that the elimination of
2 between the two equations leads to an equation of degree
4 in x:y. Similarly any two have four common tangents.
From the four common points, or from the four common
tangents, a triangle can be constructed self-conjugate with
regard to each of the conics.

Er. Show that the two constructions lead to the same triangle.

The four common points being all real, or all imaginary,
the self-conjugate triangle is real (§51). Taking it as
triangle of reference, the two conics are

ax? + by?+ c2=0,
a2+ 0"y 422 =0.
The line equations of these conies are
bef2+ can*+ abl®=0,
be&2+can+at’'t=0;
consequently the coordinates of the common tangents, deter-
mined by solving these equations, are given by
£2:p2: =aa'(be’ —b'c): bb'(ca’ —c'a): cc'(ab’—a'b).

If all the expressions on the right have the same sign,
the "four values of £ n, { are real; if the expressions have
not all the same sign, the sets £, 5, { are imaginary. Hence
all four intersections being of the same nature (all real or
all imaginary), the four common tangents are all real or all
imaginary ; and reciprocally, all four common tangents being
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of the same nature, the four common points are all real or all
Imaginary.

The only cases omitted here are one, for the nature of the
points, and one, for the naturc of the lines. These must
therefore go together; that is, the intersections being two
real and two imaginary, the common tangents are two real
and two imaginary. This case is of no special interest; but
the cases where the four fundamental elements are all real
or all imaginary require more detailed investigation.

80. Let there be four points, all real: their coordinates may

therefore be taken as 1, £1, £1.  Any conic of the pencil is
ax* + by’ + ezt =0,
with the condition «+b+c¢=0.

Hence one of the three coefficicnts has the opposite sign
to the other two; the real conies of the pencil fall into three
sets, for which the signs of the coefficients are

1) a—, b and c+,
(1) b—, ¢ and «+,
(1) ¢—, a and b+;
these three sets are gcometrically distinguished by being met
in imaginary points by the lines wx, y, z, respectively.

The coordinates of the common tangents to two conies of

the pencil are given by
E2: g BP=aad'(bc’ —'e) : bb'(ca’ —c'a) : ec’(al’ — a'D).

. Let the two conics belong to the same set, for example
the third, so that ¢, ¢’ are negative.

There is no loss of generality in choosing numerical values
for ¢, ¢ ; take therefore

¢ =—1, whence a +b =1;
¢=—1, whenee «'+b'=1.

Since a, b, a’,b” and the product c¢’ are all positive, the
signs of the expressions on the right are the same as those of

—b+b, —d'+a, ab’—a’b,
that is, of a—1+1—-a, —a¢'+a, a(l—a)—a'(1—a),
and therefore of a—u«’, a—da, a—d.

These are all of the same sign, and consequently §, 5, {, are
real; that is, members of the same set have real common
tangents.

IL Let the two conics belong to different sets, for example,
the third and second ; @, b are now positive, and ¢ is negative ;
a’, ¢’ are positive, b’ is negative.
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Take ¢=—1, whenee a+b=1:
¢ =+1, whence a’'+b'=—1.
The signs now depend on those of
b+, —(—a'—a), —(ab'—a'b),
that is, of —(a+a), +(a+a), —(ab—a’d)
Here there is a difference in sign, and the coordinates ¢, #, {

are imaginary; members of different sets have imaginary
common tangents.

81. Now let the four points be imaginary; § 52 shows that
their coordinates may be taken as 4, 1, +1. Hence in the
equation

ar®+by?+cz?=0,
the cocfficients are subject to the condition
—a+b+c=0.

Just as before, for a real conie, a, b, ¢ have not all the same

sign ; there are now only two sets to consider, viz,
(i) ¢« and b+, c—,
(ii.) e and ¢+, b—.

The three expressions whose signs are to be compared are
ad' (b’ —=b'c), bb(ca’—c'a), cc'(ab’ —a'b);
that is,
ada'(be’ —V'c), bb'(c(b' +c)=c(b+ c)), cc’(b'(b +e)—=b(b’'+ c’)) ;
that is,
aw'(be’ = b'c), —bb'(he’ —b'c), —cd'(be =be),
whose signs are the same as those of

—aa’, b, cc.

1. Let the conics belong to the same set; then these are

—, 4, +, and the common tangents are imaginary.

11. Let the conics belong to different sets; these are
—, —, —, and the common tangents are real.

) b

82. Hence for a pencil through real points, the real conies
fall into three sets, every one of a set having real tangents in
common with any other of its set, no two from different sets
having real common tangents (Fig. 24 (a)). The three scts
are characterized by being met in imaginary points by BC,
CA, AB, respectively.

For a pencil through imaginary points, the real conies fall
into two sets, no one of a set having real tangents in common
with any other of its set, but any one of a set having real
tangents in common with any one of the other set (Fig. 24 (b)).



DESCRIPTIVE PROPERTIES OF CURVES. 79
The two sets are characterized by being met in imaginary
points by A B, AC, respectively.

Reciprocally, for a range with real tangents, the real conics
fall into three sets, every one of a set visibly intersecting

AA A

(i) I ERN()
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Fic. 24.

every other of the set, no two from different sets visibly
intersecting (Fig. 25 (a)). The three sets are characterized
by having imaginary tangents from 4, B, C'; that is, by being
met in imaginary points by BC, CA, A B, respectively.

(¢)

F1a. 25.

For a range with imaginary tangents, the real conics fall
into two sets, no one of a set visibly intersecting any other of
that set, but any one of a set visibly intersecting any one of
the other set (Fig. 25 (b)). The two sets are characterized by
having imaginary tangents from C, B; that is, by being met
in imaginary points by AB, 4C, respectively.

Note. Tn Fig. 24 (a) and in Fig. 25 () one conic is shown in every set ;

in Fig. 24 (b) two in each set, and in Fig. 25 (b) one in set (i.), two in
set, (ii.) are shown.
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Applying to the case of conics a term lately suggested* to
express the appearance of certain configurations, two conics
with imaginary common points and imaginary common tan-
gents (or, we may say, two conics that neither intersect nor
connect visibly), are said to be nested; either set in Fig. 24 (b)
or in Fig. 25 (b) is a mest. Thus if two pairs of imaginary
elements be given for the determination of a system of conies,
the real conics fall into two nests, which visibly connect or
intersect according as the given imaginary elements are points
or lines.

EXAMPLES.

1. Show that there is one point conjugate to any given
point with respect to each of two conics; but that if the
given point have one of threc particular positions, the
conjugate becomes indeterminate, being any point on a
certain straight line.

2. Show that points conjugate with respect to cach of
two conics are conjugate with respect to all conics of the
pencil.

3. Find the locus of the pole of a fixed line, and the
envelope of the polar of a fixed point, with respect to (i)
a pencil, (ii.) a range, of conics.

4. The points P, Q are conjugatc with respect to a pencil
of conics; show that if P describe a straight line, @ describes
a conic; and that this conic is the locus of the pole of the
given line with respect to the pencil ~How is it situated
with regard to the pencil? (Poncelet.)

5. Find the envelope of the tangents at the points where
a fixed transversal meets a pencil of conics.

6. Find the locus of the points of contact of tangents
from a fixed point to a range of conics.

7. The polars of a point with regard to four conies of a
pencil form a pencil whose cross-ratio is independent of
the position of the point.

Note. This cross-ratio is called the cross-ratio of the conics ; it may be
determined as the cross-ratio of the four tangents at any one of the
common points. (Chasles.)

8. Show that three conics of a pencil are line-pairs, and
that of these three certainly one is real. Discuss the
reciprocal idea.

9. Can a pencil of conics ever be a range?

*See Mr. Hulburt’s account of the paxsr by Hilbert (Math. Annalen,
t. ;(xxviii.; 1891) in the Bulletin of the New York Mathematical Society,
vol. i. p. 197.
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10. Taking any three conics, the polars of a point P are
not ordinarily concurrent; find the condition to be satisfied
by P in order that these polars may be concurrent; and
apply this to prove that pairs of points harmonic with
respect to three conics lie on a curve of order three.

11. Show that points harmonic with respect to the
three conics w=0, v=0, w=0, are harmonic with respect to
every conic of the met lu+mv+nw=0.

12. If the line equations of the two conics U=0, V=0
be =0, ¥ =0, the line equation of the pencil U+kV=0
is ®+kZ+4+k*F=0; and the point equation of the range
PHAV =0 is U+AS+A2V =0, where S, ¥, are expressions
of the second degree.

Show that the line equation of the pencil represents a
range if £=A®P+BY. Hence find the conditions that the
conics

ax?+ by + c2’ + 2fyz + 2g9zx + 2hay =0,
a' g+ b2+ P+ 2f yz + 29"z + 20wy =0,
may have double contact.

13. Show that the number of real points, or of real
tangents, belonging to an imaginary conicis 4,2, or 0;
and that the number of rcal points is equal to the
number of real tangents.

On the Number of Conditions determining a Conic.

83. The general equation of the second degree contains
six terms, and therefore it involves five disposable constants,
viz., the ratios of the six coefficients; hence a conic, whether
regarded as a locus or as an envelope, is determined by five
conditions. Thus the three conditions of passing through
4, B, C, or touching «, b, ¢, left two constants to be deter-
mined; the four conditions of passing through four points,
or touching four lines, left ome. Similarly the general
equation of degree m contains }(m+1)m+2) terms, the
number of disposable constants is thus 3(m+1)(m+2)—1,
.. 3m(m+3); the general curve of order m, or of class m,
is determined by im(m+3) independent conditions.

Considering now the conie, determined by five conditions, let
these be simply that certain point or line elements aregiven.

1. Given five points, or five limes.
The coefficients have to satisfy five equations such as
axi+byt+c22+2fy2, + 2922, + 2hxy, =0;

that is, they are given by five linear equations, and are
therefore determined uniquely.
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Note. It should be observed that % linear equations, homogeneous in
£+ 1 quantities, cannot be inconsistent, for a reason that a single example
will make clear.

Equations such as 3z+2y+1=0, 6244y —3=0, are called inconsistent
in some books on elementary algebra, on account of the result obtained by
the ordinary method of solution. But writing them in the homogeneous

form
) 3z+2+2=0, 6r+dy-3:=0,

the solution is seen to be z=0, x : y=2: —3 ; hence the equations are not
inconsistent. Compare the discussion of parallel lines in § 25.

Thus the locus of the second order is determined uniquely
by five points;, Now the general locus of the second order
is also the general envelope of the second class, this is
therefore determined uniquely by five points; and by the
principle of duality five lines determine the conic uniquely
whether it be regarded as an envelope or as a locus. Hence
one conic can be drawn to pass through five points, or
to touch five lines.

1. Given four points and one line, or four lines and
one point.

Take the diagonal triangle of the four eclements as
triangle of reference, and choose coordinates so that the
four elements are 1, 1, £1. Then the equation is

azx®+by?+c22 =0,
with the condition

a+bte=0. i, (1),
and the condition of contact with the given line
pr+qy+rz=0.

This last requires
bep?+eaq?+abrt=0..............oooi (2);

hence @, b, ¢ must be determined from equations (1) and
(2); these give two sets of values for a:b:c; consequently
two conics can be drawn to pass through four points and
touch one line, or to touch four lines and pass through one
point. Thus the five conditions determine the conie, though
they determine it as one of two.

Ez. To what condition must the line be subject in order that the two
conics may coincide ?

III. Given three points and two lines, or three lines and
two points.

Let the triangle of reference be the one determined by the
three given elements, then the conic is

Syz+gza+haxy=0.
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From the conditions of contact with the lines
pr+qy+rz=0, prt+qy+rz=0,
F2? 4+ g% + 1> —2ghgr —2hfrp —2fgpq =0 ....(1),
T2+ g%+ k't — 2ghg'r — 2hfr'p’ — 2fgp’q’ =0 ....(2).
Equations (1) and (2) give four sets of values f:g:h. Four
conics can therefore be drawn to pass through three points
and touch two lines, or to touch three lines and pass through
two points. Here again the five conditions determine the
conic, but they determine it as one of four.
An assigned condition may be such as to impose more than
one relation on the coefficients; it is then counted as equiva-
lent to a certain number of simple conditions.

EXAMPLES.

1. Show that to be given one pair of conjugate points (or
lines) amounts to one condition. Is the condition linear or
quadratic in the coeflicients ?

How many pairs of conjugates determine a conic ¢

2. Show that to be given a pole and polar amounts to two
conditions. How many poles and polars determine a conic?

3. ABC is self-conjugate with regard to a conic; how many
conditions are here imposed on the conie ?

4. A conic is degenerate; how many conditions are here
imposed ?

Condition that Siz Elements may belong to a Conic.

84. Since a conie, qud locus or envelope, is determined by
five points or lines, any sixth point or line will not belong
to the conic unless certain conditions are complied with.
The essential dependence of any sixth element on the deter-
mining five is expressed by various theorems :—Pascal’s, with
the reciprocal, Brianchon’s; Chasles’, which depends on cross-
ratio; and Desargues’, which is most conveniently stated by
means of the conception of Involution, and is therefore given
later (§ 180).

85. Pascal’s Theorem. The intersections of opposite sides
of a hexagon im « conic are collinear.

Brianchon’s Theorem. The joins of opposite vertices of
hexagon about a conic are concurrent.

In the two theorems the six given elements, which by hypo-
thesis belong to a conic, may be combined in any order to form
the hexagon; there are therefore 60 different hexagons, to
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every one of which the theorem applies; consequently six
points on a conic give 60 Pascal lines; and six tangents to
a conic give 60 Brianchon points.

The theorems can be proved by a direct use of coordinates,
point coordinates for Pascal’s theorem, line coordinates for
Brianchon’s theorem.

Take for triangle of reference that determined by the alter-
nate elements 1, 2, 3 (Fig. 26); let the opposite clements
1, 2, 3 have coordinates xy, ¥y, 2;; Tg, Yo Zo% Ly, Y3, 23

The equations of 28/, 2’3 are

x_z x_Y.
vy 2z Ty Yy

c}\)

therefore the derived element I is 1, Zg, “3

o Xy
the derived element II. is T'J, 1, %,
1 Y3
the derived element IT1. is 3, :'/2, 1.
1 %

The determinant D formed with these coordinates is

Yo 23 |, =aY2s| 1 1 1

1 el
Ty @3 T % &

T A 11
Y Ys Ty Ys %
?_1 Ziz 1 . _]__. L 1 X
21 % Ty Yy Zs

Now by hypothesis the three ¢lements 17, 2", 3’ belong to a
conic 1, 2, 3; consequently a relation

lyz+mex+nzy =0,

that is, E+7{’»+2?=0,

z' 'y z

is satisfied by every set «;, y;, z,; from the three equations so

obtained I, m, n can be eliminated, and the result is D=0.
Hence the three derived elements L., IL, III. arc united with

a single secondary element; they are related as stated by the

theorems.

86. By means of Pascal’s theorem any number of points on
a conic 12233’ can be linearly constructed.

For 23/, 2'3 determine I ; take any line through L. meeting
13,12 in IL, II1.; then 3 II. and 2 III. intersect in 1”. If the
tangent at 3 is to be constructed, 1’ must be made the same as
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3,and then 31"IL (i.e. 3IL) is the tangent; the construction is
therefore ; 23’, 2’3 determine I.; (12, 1’2 i.e.) 12/, 23 determine
III. ; hence the Pascal line I III. is known, and this meets 18’
in II.; thus 8 II. is constructed.

87. A better proof of these theorems depends on the equa-
tion of a conic with four given elements (§ 75); this proof
(from Salmon’s Comic Sectioms, § 267) is here given for
Pascal’s theorem; a few simple verbal changes will adapt it
to Brianchon’s theorem.

Let the six points taken in order (Fig. 26) be 18'21'3 2/,
and let the sides be denoted by w=0, etc., as shown in the
diagram.

Any conic through 13’2 1 has for its equation

vw=kpu,

where p=0 is the line 11. The conic ¥ through the six
points is one of this system; let the multipliers involved in
u, v, w be adjusted so that this particular conic is

F=vw—pu=0.
Similarly any conic through 1231’ is
'U’w/ = klpu/ ;
and the multipliers in w’, v, w’ being still undetermined may
be chosen so that the particular conic F of this system has for
1ts equation
F=vw —pu=0.
Hence the expression ¥ can be written in each of the forms
vw—pu, VW -—pw,
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these are therefore identically the same; that is,
W —pw=v'w —pw,

from which vw—vw =plu—u),
showing that the expression vw—v'w’ splits up into factors,
pand u—u"

Hence the conic vw—v'w’=0 is made up of the line p=0
(i.e. 11’), and a line w—u’'=0, which is some line through L
But this conic passes through all the intersections of vw=0
and v'w'=0; that is, through the four points 1, 1’, IL, IIL
The line p=0 accounts for 1, 1’; the line u—u'=0 must
therefore account for II., ITII.; hence I, IL., II1. are collinear.

88. Chasles’ Theorem is given in his Traité des Sections
Coniques (1865), pp. 2, 3. He states it in a form involving
symmetrically five tangents and five points:—

Four points on a conic determine at any ﬁ[th point of the
conic a pencil whose cross-ratio s equal to thut of the ramge
determined on any fifth tangent by the tangents at the four
points;*
and then deduces two fundamental properties of conics:—
Four points on a conic determine at any fifth point a pencil of
constant cross-ratio; and four tangents determine on any fifth
tangent a range of constant cross-ratio; that is, four elements
determine with any fifth element « configuration of comstant
cross-ratio.

The materials for a direct proof are contained in Examples
10-13 of Chapter IIL. The four points being 1, £1, £1 the
conic is

with the condition at+b4c=0..ccoiiiiii (2).

Hence one cross-ratio of the pencil determined by a fifth
2_ 52

point x, y, z is gz—;—‘z—z. Multiplying (2) by 22, and subtract-

ing from (1),

b(y:—a?) +c(z2—a*)=0;
Py ¢
=2t b

which is the same for all points z, ¥, 2z on the conic.

therefore

*“Si par quatre points d’'une conique on méne les tangentes et quatre
autres droites aboutissant & un cinquieme point quelconque de la courbe :
le rapport anharmonique de ces quatre droites sera éga.lcg celui des quatre
points de rencontre des quatre tangentes et d’'une cinquiéme tangente
quelconque.”

This is perhaps as good an opportunity as any for acknowledging my
general indebtedness to this fascinating work of M. Chasles.
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The tangents at the four points are az % by +cz=0, e
a, +b, +¢. Let any fifth tangent be px+qy+72=0, then

bep?+cagi+abr?=0........ooiiiiiiinnin (3).

The cross-ratio determined on p, q, r by a, £b, £¢ is
2 2

p_9
at U?
P
at” ¢

Multiplying (3) by a, (2) by bep?, and subtracting,
c(a2q®—b2p?) + b(a*r? — 2p?)=0;

2 o2
p_ T
. a? b2 ¢
therefore 1-%: b
p: o
R

which is the same for all tangents p, g, r; and is the same
as that found from the points.

A simple proof depending on a different special form of
the equation of a conic is to be found in Salmon’s Conic
Sectrons, § 274, 275.

89. Chasles’ two fundamental properties of conics are direct

interpretations of the equation
ay =138,

a, B, y, 6 being regarded (i) as point coordinates, (ii.) as line
coordinates. .

(i.) For definiteness, let these be actual perpendiculars.  Let
the four points be 4, B, C, D, and let any fifth point be P.
Use (4 B) to denote the angle subtended at P by 4, B.

Then 2 xarea PAB=ax AB,
and also=PA.PB.sin(4B);
therefore a.AB=PA. PB.sin(4B),

y.0D = PC. PD.sin(CD),
B.BC =PB. PC .sin(BC),
8.DA =PD.PA.sin(DA).

ay.AB.CD _,AB.CD

Now s BC. DA~ "BC. DA’
and is therefore constant ;
sin(4 B)sin(CD) . )
hence sin(BO) sm(DA) is constant ;

that is, the pencil {P. ABCD} is constant.
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(ii.) Now considering tangents a, b, ¢, d, with a fifth tangent
P, let (ab) denote the length intercepted on p by a, b. The
equations of the interscctions ab, be, ¢d, da are £=0, y=0,
(=0, 6=0, where & 5, {, 0 are actual perpendiculars; the
conic is £§=kn6.

A diagram shows that

2 area pab = £(ub),
and also = (ab)%in pa sin pb=-sin ab;
therefore £sin ab = (ab) sin pa sin pb,
{sin ed = (ed) sin pc sin pd,
nsin be = (be) sin pb sin pe,
0 sinda =(da)sin pd sin pa.

Now sinab, sinecd, ete., are constant,

(ub)(cd) .

( b?)(d—u) 18 constant,

that is, the range {p.abed} is constant.

hence finally

Note. The cross-ratio of the pencil determined in a conic by four
points on the conic is spoken of as the cross-ratio of the points; but an
unplied reference to the conic must be understood, the cross-ratio being
different for different conics through the four points.

EXAMPLES.

1. Taking two triangles in perspective, prove that the
joins of non-corresponding vertices (six lines in all) touch
a conic, and that the interscetions of non-corresponding
sides lie on a conic.

2. Show that two triangles that arc conjugate with
respect to a conic are in perspective.

3. Two triangles are self-conjugate with respect to a
conic. Are they in perspective ?

4. The six sides of two inscribed triangles touch a conic,
and the six vertices of two circumscribed triangles lie on a
conic.

5. Two triangles are self-conjugate with respect to a conic.
Show that their six vertices lie on a conic, and that their
six sides touch a conic.

6. Two triangles are to be drawn such that a couic can
be described having each as a self-conjugate triangle.
Choosing one triangle arbitrarily, how many of the deter-
mining elements of the other are at our disposal?

7. Considering the four points determined on a conic by
two chords, prove that these points will be harmonic if
the chords be conjugate.
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8. Show that the problem “to draw through four points
a conic such that the pencil determined in it by the four
points shall be harmonic” has three real solutions if the
four points be all real. two real solutions if the points be
two imaginary pairs, one real solution if the points be two
real and one imaginary pair.

9. Show that the three harmonic conics determined by
four real points belong to the three different sets of the
pencil.

Joachimsthal's Method.

90. The question of the common elements of two curves
can be discussed with special facility when the coordinates
of an element of the one curve are expressed in terms of
a single parameter, while the other curve is represented by
an equation. The general question as to the possibility of
expressing the coordinates of a point on a curve para-
metrically is considered briefly in Chapter VIIIL.; but therc
is one case that can now be discussed with advantage, and
used to exhibit the general method employed, viz., that in
which the equation of one of the two curves is linear.
For definiteness, point coordinates only will be explicitly
referred to; the curves considered are therefore a curve of
order », and a straight line. The coordinates of a point
on the line can always be expressed in terms of a single
parameter; the points in which the line meets the curve
are then determined by the values of the parameter given
by an equation of degree »; and any particular relation of
the line to the curve, being necessarily a particular relation
of the points of intersection, is expressible by a relation
in the roots of this equation.

91. Let the line be assigned by the two points on it,
x,y,2; ", ¥y’ 2"; and let «, y, 2z divide the line joining
Z, y, 2 to &', y', 2" in the ratio m:l (or 1:k). Then
x:y:z=la'+ma”: ly +my" : [z +m2'.

onsider the intersections of this line and a curve #=0.

I Let F=uaa?+by*+ca®+2fyz + 2922+ 2hxy.

By substituting for , y, z the expressions just given we
limit ourselves to such points on F'=0 as are also on the
line joining &, ¥, 2" to &”, y”, 2”; that is, to the intersections
of the line and the conic. The resulting equation, arranged
in terms of I, m, is

Pax?+by?+...)+ 2lm(ax’z” +...) + m¥ax"2+...)=0.
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Writing @, y, z for a”, y', 2/, so that the points determining
the line are «’, %, 2'; «, y, 2, this equation becomes
F + 2lmp +m2F =0,
where p is written for
w(ax + by’ + g2 )+ ytha' + by +f2) + 2(9x" +fy +¢2).

The two values of I:m given by this quadratic determine
the two intersections of the line and the conic.

It o, 3, 2 be a point on the conic, "=0; the equation
reduces to 2lmp +m2F=0, onc solution of which is m:{=0.
The second value of m : ¢ can be made to vanish by making
the second intersection approach the first; as the equation
must then reduce to m2F=0, the sccond intersection will
approach the first indefinitely if p=0. Henee if z, y, 2
satisfy the equation

a(ax’ +hy +92) +y(ha' + by’ +f2')+2(g92'+fy +¢2') =0,
it lics on the tangent at a’, ¥, 2’; the equation of the
tangent at ', ¥, 2’ is therefore the one just given.

1I. Let F be of degree m. Write k for l:m, then the
equation for intersections is

Flz+ka', y+ky', 24+ k2")=0,
which, by Taylor’s theorem, can be written
) 9, .0 k?
2 o 2bys +22)F+5( FF+..=0
Fz, y, 2)+k aam+yay+ 5 F+2!( PF+..=0
Restoring ! : m, and writing A for the operator
/9 ,.,9,,0
waﬁ-y 5;/ +Za‘z,
this becomes
mo P AR+ L PN+ 4 PARF =0,
! !

But by symmetry in 2, y, z: &, ¥, 2, this might have

been obtained in the form _
PE 4 mAF 4 N A =0,
where A’ is written for
6] 7] 6]
Vo Tyt e
It should be noticed that identically
A"F=nlF" ; A-1F=n-110'F'; etc.

If now F'=0, one value of m:1=0, and the point &, 9/, 2’
is on the curve. If in addition A’F’=0, a second value of
m:l=0; the line joining «’, y’, 2" to &, ¥, z meets the curve in
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two consecutive points at «’, %', 2, and is therefore a tangent.
Hence the equation of the tangent at ', 3/, 2 is

oF 0oF ©OF .
wa&:} + ya_y, + zaz7 =0. (See § 64.)

92. If o', ', 2’ be not on the curve, consider the tangents
drawn from z’, ¥, 2’ to the curve. If the point of contact of
any one of these be z,, y,, 2;, that tangent is

oF oF OF
Zow, Ty, F 02, = 0
that is, A, =0.

This is to pass through the known point 2, ¥, 2; hence
x,, ¥y, 27, must satisfy
oF  OF  oF
x a@v_l+y e +2z 22, 0,
that is, ,, ¥,, 2, must lie on the curve
OF OF oF
the first polar of 2’, ¥, 2’ with respect to F (§ 70). The first
polar of &', y', 2’ with respect to this curve, viz., A(AF)=0, is
called the second polar of ', %', 2 with respect to F'; it is
plainly of order n—2.

Er. Find, with respect to the curve 23—2%-y%=0, the successive
polars of (i.) 4, 0, 1; (i) , 0, 1 ; (iii.) 0, 0, 1.

93. In the case of the conic a special arrangement of the
investigation is more interesting. There are, on the line con-
sidered, two pairs of points, viz., the determining points
QGr, y, 2), Q(, ¥, 2'), and the points determined by the
equation

PF +2lmp+m*F=0;
call these B, RB. Two pairs of points are susceptible of a
particular relation of position; they may be harmonic. By
the definition of harmonic division the two values of {:m are

numerically equal but opposite in sign; hence —ll—+£27=0 ;
m,  m,

that 1is, the sum of the roots in the quadratic equation
vanishes. Hence the condition that @, ¢ be harmonic con-
jugates with respect to the conic is

p=0,
that is,

w(ax' +hy +92) +y(ha' + by +f2) +2(9' +fy +¢2') =0,
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and the locus of all points conjugate to Q" with respect to the
conic is the straight line
p=x(ax’+hy +92)+y(ha’ + by’ + f2')+ 2(9x’ + fy' +¢2’) = 0.
This is called the polar of @', %', 2"; and the line being here
denoted by p, the point a', ¥, 2 (') will now be called P.
All properties of poles and polars with respect to coniecs
follow from this fundamental harmonic property :—
L If the polar of P pass through @, then P, @ are harmonic

with respeet to the conic, and therefore the polar of @ passes
through P.

IL If R, R’ be real, they separate and are separated by
P, Q. Hence as R, R’ approach one another indefinitely, the
line PRQR’ becoming a tangent, one of the two points P, @Q—
Q, suppose—becomes coincident with RR’; hence the polar of
P passes through the points of contact of tangents from P.

III. If P be on the curve, so coinciding with R, the con-
dition of harmonic division requires that R” also coincide with
R; and then @ is simply any point on the line PRR’; the
locus of @ is thercfore this line PRR’, which is the tangent at
P; that is to say, the polar of a point on the conic is the
tangent at that point.

IV. The construction for the polar, given in § 78, is at once
seen to be correct, owing to the harmonic properties of a com-
plete quadrangle. Hence the theory of self-conjugate triangles
(harmonie triangles) also follows.

94. If o/, ¥, 2’ be not on the curve #, let it be required
to make the line a tangent.

This requires that two roots of the equation in l:m be
made coincident. This applied to the special case of the conic

gives the condition
FF —pt=0,

which is therefore the equation of the two tangents that can
be drawn from «’, 4/, 2’ to the conic F'=0.

Ex. Determine the three tangents that can be drawn from 1, 1, 1
to the cubic 23 +4y?z=0.

Note. It was shown in § 68 that this particular order-cubic is a class-
cubic.

95. This method can also be applied to the determination
of the intersections of two curves, by finding the lines joining
any arbitrary point &', 3, 2’ to the common points of the

iven curves u=0, v=0. Let these be of orders P, q; let a
%ine through ', 3, 2" meet them in P, Py, ..., Pp; Q, Q,, ..., Qg
For this line to pass through a common point 4, one of the
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points P must coincide with one of the points Q. But these
two sets of points are determined by the two equations
P +1P-'mAw'+...=0,
L' +19-'mA v +... =0

hence the line considered will pass through an intersection
A if these two equations have a common root. The condition
is obtained by the elimination of l:m; it is therefore ex-
pressed in terms of w’, AW, ...; v, Av'.... Hence it involves
«, ¥, 7, a known point, and @, ¥, 2, a variable point. It
is therefore an equation in z, ¥, 2, and by the mode of its
formation it represents the lines joining 2’, ¥, 2’ to all the
intersections of u, v.

Applying the process to two conics u=0, v=0, let the two
polars of o, ¥, 2" be p, g; the two equations are

Pu' + 2lmp +mPu =0,
' +2lmg +m2 =0,
and the equation obtained by eliminating l:m is
(uv' —uv)2=Huq—vp)v'p—uq);

this equation of degree 4 represents the four lines that join
@, ¢, 7 to the intersections of the conics u, v.

96. This method for dealing symmetrically with the inter-
sections of straight lines and curves is due to Joachimsthal.
It should be noticed that for its employment it may possibly
not be essential that the coordinates of the various points
be the same multiples of the actual perpendiculars, though
they must of course belong to the same system.

For let the system of coordinates be given by

z, Y, 2=Na, w3, vy.
Suppose that @', y', 2 are equal to Aa’, uf, vy’ multiplied
by £, and that z”, %", 2" are equal to Aa", uB", vy”, multiplied
by f”, ete.
Then if a, B, v divide o', B8, ¥"; da”, 8, ¥”; in the ratio m:1,
_latmd
| a=—p o ete
Hence, z, y, z being equal to Aa, u3, vy multipkied by f,
. l. —%+m—§,§,}-\
—_ =_;'Z—, etc_,
A l+m
m _ L‘ l /’wl+mfl s

z
—, ete.,

that is, PP i
whence

x:y z=lf"e’ +mf " Uf "y +mf Yy Uf 7+ mf2
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and writing ', m’ for If”, mf’, these become
x:y:z=Ua'+m'e" 'y +my" U2 +m’?.

Thus the effect of the different multipliers f is to alter
all values of I:m in the same ratio.

If then we propose to deal with these ratios directly,
obtaining results that depend on their actual values (for
example, if we wish a line to be bisected), these different
multipliers f are not admissible; the coordinates of the
various points must be the same multiples of the actual
perpendiculars. But if the desired results depend only on
a comparison of the values of l:m, the actual values them-
selves not entering into the final expressions, the different
multipliers f have no effect; in this case it is not essential
that the coordinates of the various points be the same
multiples of the actual perpendiculars.

EXAMPLES.

1. Show that two lines can be drawn through any point
80 as to be harmonically divided by two conics; and that if
the point be an intersection of the conics, the two lines are
the tangents to the two conics at this point.

2. Hence show that the envelope of a line harmonically
divided by two conics is a conic; and the common self-
conjugate triangle being taken as triangle of reference,
find the line equation of this envelope.

Find also the point equation. (Von Staudt. Salmon.)

3. Find the equation of this envelope if the equations
of the conics be in the general form.

4. Show that any common tangent to the conics u +Av=0
is cut harmonically by the conics u=0, v=0, for all values
of A; and apply this to find the equation of the envelope
of a line harmonically divided by two conics. (F. Morley.)

5. Show that the locus of a point harmonically subtended *

* In the system of geometry in which the point is the primary element,
the line the secondary element, the point is an entity, without parts,
incapable of division ; the line is an aggregate of points, and therefore
capable of division ; segments on a line are determined by their bounding

ints. If however the line be the primary element, it is the entity
incapable of division ; the point is regarded as an aggregate of lines, and
therefore capable of division; the divisions being determined by the
bounding lines, Hence linear magnitude and angular magnitude relate
respectively to divisions of a line and of a point. Thus if two pairs of
points on a line be harmonie, the line is harmonically divided ; and if two
Enirs of lines throu§h a point be harmonic, the point may be said to be

armonically divided. In Ex. 2 the line is spoken of as divided by the
conics ; hence without any explicit statement it is known that the conics
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by two conies is a conic, passing through the eight points
of contact of the common tangents to the two conics.
Determine the point equation of this conie, the two given
conics being referred to their common self-conjugate triangle.
Find also the line equation. (Von Staudt. Salmon.)

Yurves with Singular Points and Lines.

97. The process given for finding the tangent to any curve
at a point (§ 64) involves the tacit assumption that only one
line can be drawn to meet the curve in two indefinitely near
points. And as a matter of fact, the process leads to an
equation ; . .

oF & 2 f6)
xaxl + ?’ayl + zazl =90,
which is determinate unless ’9}1_’, Q—Fl, oF
ox,’ oy, 0z
This same possibility presents itself as a source of disturbance
in the determination of the reciprocal to a curve. The mean-
ing of this will now be briefly considered.

vanish together.

98. Suppose that the assumption as to there being only one
line through a point, meeting the curve in two consecutive
points there, is not justified. Let there be two such lines,
=0, v=0. Then since u meets the curve in two points
on v, the equation must be of the form

F=u®+*¥=0.
Also v=0 is to give u?=0, hence
ud = uX +uv0,
and the equation of the curve # is
WX 4uvO+12W=0....ccevvieinnnn.n (1).

But this being the equation, every line through ww, viz,
u+Av=0, meets the curve in two points at uv. Hence if
more than one line through a point meet the curve in two
points there, then every line through the point has this
property; the point is a double point. In the equation
w+Av=0, A is still undetermined ; it is therefore possible to
make the line meet the curve in three points at wv; the

are regarded as point systems, i.e. as loci. In Ex. 5 the point might be
spoken of as “harmonically divided by two conics”; the point being
divided, the implied element is the line ; the conics are regarded as line
systems, and each has two line elements in common with the point.

hus there are two pairs of lines through the point, and these pairs are
to be harmonic. But as these lines are tangents to the conic, the same
idea may be conveyed by the phraseology adopted in the text.
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equation for A, exactly as in Cartesians, is a quadratic, and
there are therefore two tangents at the double point. For
example, if the equation of the curve be of the form

wtU+ww V43 W=0,

u=0 gives 13=0, and therefore =0 is one tangent at the
double point v ; and if the equation be of the form

WX +uvY+137=0,

uw=0 gives v3=0, and v=0 gives u3=0; hence the lines
u =0, v=0 are the two tangents at the double point ww.

The general principles of § 61 can be applied to the case
of doubi points. The equation

F=uX4+uvO+*¥ =0
can be regarded as the final form of
wuw' X +uv0+vv’'¥=0,

when u, u’ coincide, and also v, v. Hence two of the points
common to ¥, u coincide, or else are consecutive on v; and
two of the points common to F, v coincide, or else are con-
secutive on u. These conditions are harmonized by the
double point at wwv.

In this argument it is not assumed that u,» are linear;
they may be expressions of any degree, and what has just
been proved is that every intersection of the curves u=Q,
v=0 1s a double point on the curve

w2 X 4+ uvO 402V =0.

Ex. The curve
(- 2P+ @ - aXz - y)y - D+ (@ - y)A@*+y")=0
has a double point at every intersection of y2—2=0, x—y=0; that is, at
0,0and at 1, 1,

Similarly there is a triple point at wv if the equation be
reducible to
WP+ w2V +ur?X 430 =0,

for every line u+Av=0 now meets the curve in three points
at uv; the tangents are defined as lines that meet the curve
in four points, and are determined by a cubic equation in A;
there are therefore three tangents at the triple point.

99. Since the double point makes itself felt in the course
of the work by rendering the process for finding the tangent
nugatory, this must be by causing the equation

oF oF & oF
—+Ys—+2—=0
o, yayx 92,
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to become illusory. The conditions for a double point at
z, y,  are therefore
oF oF oF

aw =0, **=0, -—-=O.

Note. These are essentially the same as the ordinary Cartesian con-
ditions. For let the Cartesian equation be f(x, ¥)=0 ; the conditions for
a double point are

of of
=0, </=0, =</=0.
/=0 ox oy
Let the equation made homogeneous as directed in § 30 be Mz, 7, 2)=0.
Then the condition f=0 gives Ig=0 ; ’

g§=0, made homogeneous, gives %:0 ;

9 .
f=0, made homogeneous, gives oF 0.
9y %
Also, by Euler’s theorem of homogeneous functions,

oF  OF OF .o

hence the condition #=0, with the help of aai:;o, %5 =0, is reduced to
oF_
0z

The elimination of z:y:2 from these three homogeneous
equations leaves one condition to be satisfied by the co-
efficients. Hence the general curve of any assigned order
has not any double points (nodes or cusps); the presence
of even one double point requires the equation to be
specialized; a certain function of the coefficients must
vanish.

Reciprocally, the general curve of any assigned class has
not any double lines (double tangents or inflexional tangents);
for the existence of these the equation must be specialized by
the vanishing of a certain function of the coefficients.

Note. In this connection it may be remarked that if the reciprocal to
the general curve of order m be of order n (the assigned general curve
being of class ), it is not the general curve of order n. For example, the
reciprocal to the general cubic is a sextic ; now the general equation of a
cubic involves 9 disposable constants ; and the coefficients of the recip-
rocal sextic are expressed in terms of these 9 quantities. But in the
general equation of a sextic there are 28 terms, and consequently 27
arbitrary constauts. Thus the sextic is specialized ; the 27 independent
constants that belong to the general sextic are expressed in terms
of 9 quantities, and %)y eliminating these 9 quantities in the various
possible ways from the 27 equations, it is seen that certain functions of
the coefficients of the sextic vanish.

The discussion of the tangents from a point (§§ 70, 92)
shows that their points of contact are determined as inter-
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sections of the curve and the first polar of the point, with the
oF oF and oF vanish are not
o oy T oz '

to be counted; the effect of these points is therefore to
diminish the number of tangents that can be drawn from
a point. These singular points have now been found to
be double points; hence the presence of double points
(nodes or cusps) on a curve of given order causes a
diminution in the class; and the presence of double lines
(double tangents or inflexional tangents) on a curve of
given class causes a diminution in the order. FYor example,
in §68 two order-cubics were found to be, the one of
class 6, the other of class 3; and it was shown in §69
that one of these has a cusp. The investigation of the
law of diminution belongs however to the theory of Higher
Plane Curves.

proviso that points at which

100. The effect of an inflexion on the point equation,
and reciprocally of a cuspidal tangent on the line equation,
must be noticed. An inflexional tangent meets the curve
in three points, instead of two; hence by the process of
B 61, 98, if wu=0 be an inflexional tangent whose point of
contact is on v=0, the equation of the curve ¥ must be

101. As an example of the direct processes that can be
employed consider a quartic.

This has a double point at 4 if the equation be of the
form

Y +yap+2° =0,
where ¢, yr, x are gencral expressions of the second degree;
hence there is a double point at 4 if the terms
xt, by, o2

be absent from the general equation of a quartic. Similarly
there is a double point at B if the terms

y4’ myS’ y3z
be absent; and at C if the terms
2, a2, ydd

be absent. Hence the most general equation of a quartic
with double points at 4, B, C is
ay?2? +b2%x? + cx?y?+ 2fatyz + 29xy*2 + 2hay2? = 0.
To determine the tangents at A, X is chosen so that y=2\z
meets the curve in three points at 4. The equation for
intersections is

a2 4 2(gA2+ hA Yxz® + (A2 4+ 2f A+ b)a?22 =0,
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showing that for all values of A, two intersections are given
by z=0. To make 2z* a factor, X\ must satisfy

A2+ 2fA+b=0.
Hence the tangents at A are determined by this equation;
the equation of the tangents themselves is obtained by

writing )\—g; hence the tangents at A4, B, and C are

cy®+2fyz +bz% =0,
a2? +2g2x +cx? =0,
ba? + 2hxy + ay?=0.

The way in which the coefficients occur in these equations
shows that these six lines are not independent; for the six
ratios

c:f:b, a:g:c, b:h:aq,
are connected by a relation
c:bxa:exb:a=1

There are however five independent ratios. Now five
independent lines suggest a conic, and it will be found that
the sixth line belongs to the same conic; this is most easily
shown by determining a conic to‘touch all six lines.

Let the lines cy?42fyz+b22=0 be my+mz=0, ete. Then
the coordinates of cither line are 0, m, m; and since

z .
~., m, n are determined by
m

en?—2fmn +bm?=0.
Hence using line coordinates, the three pairs of elements are

(-
n

=0, by —2fnf+c2 =0 ....ccoin(1);
7=0, ¢{2—29{+af?=0 ...l (2);
(=0, af2—2h&n+by? =0 ..o (3);
and the question is, to determine a quadratic relation satisfied

by these.
By (1), £=0 is to reduce the equation to

b2 —2fné+c{?=0,
hence it must be £¢+bn?—2fn+c{?=0,
where the degree being 2, ¢ must be linear; therefore the

equation is
£(AE+ B+ CC)+ b —2fn{+¢{*=0.
By the substitution of =0, this is reduced to
AL+ CEE+ (=0,
which by (2) must be the same thing as

ag?—2g€C+ef=0.
Hence A =a, C= —2g. One quantity B is left, wherewith to
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satisfy (3). But (3) simply requires that A£2+ B&n+by® be
the same as ag?— 2hgy+bn?, where A is already known to be

the same as a; hence taking B= —2h, all the conditions are
satisfied. The conclusion is therefore : —
The quartic

ay?2+ b2?x? + cx?y? + 2fayz + 2gxy’s + 2hay 22 =0
has nodes at A, B, C'; and the six nodal tangents touch the

conic
af?+ b2 +cl%— 2fr7§— 29— 2hén=0.

EXAMPLES.

1. Writing the general equation of a cubic in the form
ax®+ by® 4 c2®+ 3’ 2%y + 3b” y22o + 3¢’ 2%
+ 3a”wy2 + 3b”yz2 + 30"%2 + deyz — 0’
show that the conditions for a double point at C' are ¢=0,
¢=0, b"=0; and that CA, CB will be the tangents at this
double point if =0, ¢"=0.

2. Show that the conditions for a cusp at C are ¢=0, ¢'=0,
b"=0, d&*=b'c"; and that if x—y=0 be the tangent at the
cusp, ¢'=b,d= -V

3. Find the equation of a cubic, touching the lines u=0,
v=0, w=0 on the line 3=0. Hence show that, P, @, R being
collinear points on a cubie, the points P’, ', R’ in which the
tangents at P, @, R meet the cubic again are collinear.

4. Find the equation of a cubic having y=0, 2=0, as in-
flexional tangents at points lying on the line z+y+2=0.
Show that this cubic has a third inflexion, also on the line

z+y+2=0.

5. Find the equation of a cubic with a cusp at vw, tangent
to w=0, and an inflexion at wv, tangent to w=0.

6. Show that a quartic can be found having cusps at
4, B, C; and that the cuspidal tangents are concurrent.



CHAPTER VI.

METRIC PROPERTIES OF CURVES; THE LINE
INFINITY.

Introductory.

102. The fundamental identical relation in point coordi-
nates leads us to consider a certain straight line lying
entirely at infinity. In considering therefore properties of
curves that depend on the actual values of the coordinates,
that is, on the identical relation in point coordinates, we
naturally consider the relation of the curve to this special
line. This line being specialized only in position, not in
nature, al