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PREFACE.

This edition differs from the first!) by the new arrangement
of the contents of several chapters, some of which have been completed
by more recent results, and by the suppression of a number of errors,
obligingly pointed out by Mr. V. Jarnik, which formed the object
of the two pages of Errata in the first edition. It is probable that
fresh errors have slipped in owing to modifications of the text, but
the reader would certainly find many more, if the author had not
received the valuable help of Messrs J. Todd, A. J. Ward and
A. Zygmund in reading the proofs. Also, Mr. L. C. Young has greatly
exceeded his réle of translator in his collaboration with the author.
To all these I express my warmest thanks.

This volume contains two Notes by S. Banach. The first
of them, on Haar’s measure, is the translation (with a few
slight modifications) of the note already contained in the French
edition of this book. The second, which concerns the integration
in abstract spaces, is published here for the first time and com-
pletes the considerations of Chapter I.

The numbers given in the bibliographical references relate
to the list of cited works which will be found at the end of the book.
The asterisks preceding certain titles indicate the parts of the book
which may be omitted oun first reading.

8. Saks.

Warszawa-Zoliborz, July, 1937.

1) 8. Saks, Theorie de V'Intégrale, Monografie Matematyczne, Volume II,
Warszawa 1933.



FROM THE PREFACE TO THE FIRST EDITION.

The modern theory of real functions became distinct from clas-
sical analysis in the second half of the 19-th century, as a result of
researches, unsystematic at first, which dealt with the foundations
of the Differential Calculus or which concerned the discovery of
functions whose properties appeared to be very strange and un-
expected.

The distrust with which this new field of investigation was
regarded is typified by the attitude of H. Poincaré who wrote:‘ Autre-
fois quand on inventait une fonction nouvelle, c’était en vue de quelque
but pratique; aujourd’hui on les invente tout exprés pour mettre en défaut
les raisonnements de nos péres et on n’en tirera jamais que celd’.

This view was by no means isolated. Ch. Hermite, in a letter
to T. J. Stieltjes, expressed himself in even stronger terms: ‘“Je me
détourne avec effroi et horreur de cette plaie lamentable des fonctions
qui n'ont pas de dérivées”’. Researches dealing with non-analytic
functions and with functions violating laws which one hoped were uni-
versal, were regarded almost as the propagation of anarchy and
chaos where past generations had sought order and harmony. Even
the first attempts to establish a positive theory were rather sceptically
received: it was feared that an excessively pedantic exactitude
in formulating hypotheses would spoil the elegance of classical
methods, and that discussicns of details would end by obscuring
the main ideas of analysis. It is true that the first researches hardly
went beyond the traditional, formal apparatus, fixed by Cauchy
and Riemann, which was difficult to adapt to the requirements
of the new problems. Nevertheless, these researches succeeded in
opening the way to applications of the Theory of Sets to Analysis,
and — to quote H. Lebesgue’s inaugural lecture at the Collége
de France — ‘‘the great authority of Camille Jordan gave to the new
school a valuable encouragement which amply compensated the few
reproofs it had to suffer’.

R. Baire, E. Borel, H. Lebesgue —these are the names which
represent the Theory of Real Functions, not merely as an object of re-
searches, but also as a method, names which at the same time recall
the leading ideas of the theory. The names of Baire and Borel
will be always associated with the method of classification of
functions and sets in a transfinite hierarchy by means of certain
simple operations to which they are subjected. Excellent accounts



of this subject are to be found in the treatises: Ch. J. de la Vallée
Poussin, Fonctions d’ensemble, Intégrale de Lebesque, Classes de Baire,
1916, F. Hausdorff, Mengenlehre, 1927, H. Hahn, Theorie
der reellen Funktionen, 1933 (recent edition), C. Kuratowski, third
volume of the present collection, and finally in the book of W.Sier-
pinski, Topologja ogdlna (in Polish), and its English translation,
Generdl Topology, to be published in 1934 by the Toronto Uni-
vergity Press.

The other line of researches, which arises directly from the
study of the foundations of the Integral Calculus, is still more in-
timately connected with the great trains of thought of Analysis in
the last century. On several occasions attempts were made to gen-
eralize the old process of integration of Cauchy-Riemann, but it
was Lebesgue who first made real progress in this matter. At the
same time, Lebesgue’s merit is not only to have created a new and
more general notion of integral, nor even to have established its
intimate connection with the theory of measure: the value of his
work consists primarily in his theory of derivation which is parallz]
to that of integration. This enabled his discovery to find many
applications in the most widely different branches of Analysis and,
from the point of view of method, made it possible to reunite the
two fundamental conceptions of integral, namely that of definite
integral and that of primitive, which appeared to be forever
separated as soon as integration went outside the domain of
continuous functions.

The theory of Lebesgue constitutes the subject of the present
volume. While distinguishing it from that of Baire, we have no
wish to erect an artificial barrier between two streams of thought
which naturally intermingle. On the contrary, we shall have frequent
occasion, particularly in the last chapters of this book, to show expli-
citly how Lebesgue’s theory comes to be bound up not only with
the results, but also with the very methods, of the theory of Baire.
Is not the idea of Denjoy integration at bottom merely a striking
adaptation of the idea which guided Baire? Where Baire, by repeated
application of passage to the limit, widened the class of functions,
Denjoy constructed a transfinite hierarchy of methods of integration
starting with that of Lebesgue and whose successive stages
are connected by two operations: one corresponding exactly to the
generalized integral of Cauchy and the other to the generalized inte-
gral of Harnack-Jordan.



VI

Now that the Theory of Real Functions, while losing perhaps
a little of the charm of its first youth, has ceased to be a ‘‘new’’ science,
it seems superfluous to discuss its importance. It is known that the
theory has brought to light regularity and harmony, unhoped for
by the older methods, concerning, for instance, the existence
of a limit, a derivative, or a tangent. It is enough to mention the
theorems, now classical, on the behaviour of a power series on, or
near, the boundary of its circle of convergence. Also, many
branches of analysis, to cite only Harmonic Analysis, Integral Equa-
tions, Functional Operations, have lost none of their elegance where
they have been inspired by methods of the Theory of Real Functions.
On the contrary, we have learnt to admire in the arguments not only
cleverness of calculation, but also the generality which, by an apparent
abstraction, often enables us to grasp the real nature of the problem.

The object of the preceding remarks has been to indicate the
place occupied by the subject of this volume in the Theory of Real
Functions?!). Let us now say a few words about the structure of the book.
It embodies the greater part of a course of lectures delivered by the
author at the University of Warsaw (and published in Polish in
a separate book ?)), which has been modified and completed by
several chapters. The reader need only be acquainted with a few
elementary principles of the Theory of Sets, which are to be found
in most courses of lectures on elementary analysis. Actually a sum-
mary of the elements of the theory of sets of points is given in one
of the opening paragraphs.

Several pages of the book are inspired by suggestions and
methods which I owe to the excellent university lectures of my
teacher, ' W. Sierpinski, the influence of whnse ideas has often
guided my personal researches. Finally, I wish to express my warmest
thanks to all those who have kindly assisted me in my task, partic-
ularly to my friend A. Zygmund, who undertook to read the manu-
seript. I thank also Messrs C. Kuratowski and H. Steinhaus for
their kind remarks and bibliographical indications.

S. Saks.
Warszawa, May, 1933.

1) In this preface, I made no attempt to write a history of the ecarly
lays of the theory, and still less to settle questions of priority of discovery.
Jut, since an Enghsh Edition of this book is appearing now, I think I ought to
iention the name of W. H. Young, whose work on the theory of integration
tarted at the rame period as that of Lebesgue.

t) Zarys teorji calki, Warszawa 1930, Wydawnictwo Kasy im. Mianow-
tiego, Instytutu Popierania Nauki.



CHAPTER I.

The integral in an abstract space.

§ 1. Introduction. Apart from functions baving as argument
a variable number, or system of n numbers (point in »n-dimensional
space), we shall discuss in this book functions for which the inde-
pendent variable is a set of points. Functions of this kind have
occurred already in classical Analysis, in several important particular
cases. But they only began to be studied in their full generality
during the growth of the Theory of Sets, and in close relation to
the parts of Analysis directly based on that theory.

[f we are, for instance, given a function f(x) integrable on every
interval, then by associating with cach interval I the value of the
integral of f(x) over I, we obtain a function F(I) that is a function
of an interval. Similarly, by taking multiple integrals of functions
f(@y, gy ...y x,) of m variables, we are led to consider functions of
more general sets lying in spaces of several dimensions, the argu-
ment I of our function F(I) being now replaced by any set for which
the integral of our given function f(ry, r,, ..., x,) is defined.

We dwell on these examples in order to emphasize the natural
connection between the notion of integral (in any sense) and that
of function of a set. Needless to say, there are many other examples
of functions of a set. Thus in elementary geometry, we have for
instance, the length of a segment or the area of a polygon. The
class of values of the argument of these two functions (the length
and the area) is in the first case, the class of segments and in the
second, that of polygons. The problem of extending these classes
gave birth to the general theories of measure. in which the notions
of length, area, and volume, defined in elementary geometry for
a restricted number of figures, are now extended to sets of points
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of much greater diversity. It is, nevertheless, remarkable that these
researches arose far less from problems of Geometry than from
their connection with problems of Analysis, above all with the
tendency to generalize, and to render more precise, the notion of
definite integral. This connection has occasionally found expression
even in the terminology. Thus du Bois-Reymond called integrable
the sets that to-day are said to be of measure zero in the Jordan sense.

The theories of measure have, in the course of their development,
been modified in accordance with the changing requirements of the
Theory of Functions. In our account, the most important part will
be played by the theory of H. Lebesgue.

Lebesgue’s theory of measure has made it possible to dis-
tinguish in Euclidean spaces a vast class of sets, called measurable,
in which measure has the property of complete additivity — by this
we mean that the measure of the sum of a sequence, even infinite,
of measurable sets, no two of which have points in common, is equal
to the sum of the measures of these sets. The importance of this
class of sets is due to the fact that it includes, in particular, (with
their classical measures), all the sets of points occurring in problems
of classical Analysis, and further, that the fundamental operations
applied to measurable sets lead always to measurable sets.

It is nevertheless to be observed that the ground was prepared
for Lebesgue’s theory of measure by earlier theories associated
with the names of Cantor, Stolz, Harnack, du Bois-Reymond,
Peano, Jordan, Borel, and others. These earlier theories have,
however, to-day little more than historical value. They, too, were
suitable instruments for studying and generalizing the notion of
integral understood in the classical sense of Riemann, but their
results in this direction have been largely artificial and accidental.
It is only Lebesgue’s theory of measure that makes a decisive step
in the development of the notion of integral. This is the more re-
markable in that the definition of Lebesgue apparently requires
only a very small modification of a formal kind in the definition
of integral due to Riemann.

To fix the ideas, let us consider a bounded function f(z, y)
of two variables, or what comes to the same thing, a bounded func-
tion of a variable point defined on a square K,. In order to deter-
mine its Riemann integral, or more precisely, its lower Riemann-
Darboux integral over K,, we proceed as follows. We divide the
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square K, into an arbitrary finite number of non-overlapping
rectangles R,, R,, ..., R,, and we form the sum

(1.1) 3: v; - m(R;)
=

where v; denotes the lower bound of the function f on K;, and m(R,)
denotes the area of R,. The upper bound of all sums of this form is,
by definition, the lower Riemann-Darbouxr integral of the function f
over K, We define similarly the upper integral of f over K, If
these two extreme integrals are equal. their common value is called
the definite Riemann integral of the function f over K, and the
function f is said to be integrable in the Riemann sense over K,.

The extension of measure to all sets measurable in the Lebesgue
sense, has rendered necessary a modification of the process of Rie-
mann-Darboux, it being natural to consider sums of the form (1.1)
for which |R;}; 1 2., i8 a subdivision of the square K, into a finite
number of arbitrary measurable sets, not necessarily either rectangles
or elementary geometrical figures. Accordingly, m(R;) is to be un:
derstood to mean the measure of R;. The v; retain their former
meaning, i. e. represent the lower bounds of f on the corresponding
sots R;. We might call the upper bound of the sums (1.1) interpreted
in this way the lower Lebesque integral of the function f over K,.
But actually, this process is of practical importance only for a class
of functions, called measurable, and for these the number obtained
a3 the upper bound of the swins (1.1) is called simply the definite
Lebesgue integral of f over K,. What is important, is that the funec-
tions which are measurable in the sense of Lebesgue, and whose
definition is closely related to that of the measurable sets, form
a very general class. This class includes, in particular, all the fune-
tions integrable in the Riemann sense.

‘Apart from this, the method of Lebesgue is not only more
general, but even, from a certain point of view, simpler than that
of Riemann-Darbhoux. For, it dispenses with the simultaneous
introduction of two extreme integrals, tho lower and the upper.
Thanks to this, Lebesgue’s method lends itself to an immediate
extension to unbounded functions, at any rate to eertain classos
of the latter, for instance, to all measurable functions of constant
sign (cf. below § 10). Finally, the Lebesgue integral renders it per-
missible to integrate term by term sequences and sevies of funetions
in certain general cases where passages to the limit under the in-
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tegral sign were not allowed by the earlier methods of integration.
The reason for this is to be found in the complete additivity of Le-
besgue measure. The fundamental theorems of Lebesgue (cf. below
§ 12) stating the precise circumstances under which term by term
integration is permissible, are justly regarded by Ch. J. de 1a Vallée
Poussin [I, p. 44] as one of the finest results of the theory.

Lebesgue’s theory of measure has, in its turn, led naturally
to further important generalizations. Instead of starting with area,
or volume, of figures, we may imagine a mass distributed in the
Euclidean space under consideration, and associate with each set
a8 its measure, (its ‘‘weight” according to Ch. J. de la Vallée
Poussin [I, Chap.VI; 1]), the amount of mass distributed on the set.
This, again, leads to a generalization of the integral, parallel to
Lebesgue’s, known as the L.ebesgue-Stieltjes integral. In order
to present a unified account of the latter, we shall consider in this
chapter an additive class of measurable sets given a priori in an
arbitrary abstract space. We shall suppose further, that in this
class, a completely additive measure is determined for the mea-
surable sets. These hypotheses determine completely a corresponding
method of integration in the Lebesgue sense. All the essential prop-
erties of the ordinary Lebesgue integral, except at most those im-
plying the process of derivation,remain valid for this abstract integral.
From this point of view, in a more or less general form, the Lebesgue
integral has been studied by a number of authors, among whom
we may mention J. Radon [1], P. J. Daniell [2], O. Nikodym [2]
and B. Jessen [1]. For further generalizations (of a somewhat
different kind) see also A. Kolmogoroff [1], S. Bochner [1],
G. Fichtenholz and L. Kantorovitch [1], and M. Gowu-
rin [1].

§ 2. Terminology and notation. Given two sets 4 and B,
we write A(C B when the set A is a subset of the set B, i. e. when
every element of A is an element of B. When we have both AC B
and B( A4, i. e. when the sets 4 and B consist of the same ele-
ments, we write 4 = B. Again, ae¢e A means that a is an element
of the set A (belongs to A). By the empty set, we mean the set without
any element; we denote it by 0. A set A is enumerable if there exists
an infinite sequence of distinct elements a,, a,, ..., a,, ... consisting
of all the elements of the set A.
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Given a class U of sets, we call sum of the sets belonging to
this class, the set of all the objects each of which is an element of
at least one set belonging to the class A. We call product, or common
part, of the sets belonging to the class U, the set of all the objects
that belong at the same time to all the sets of this class. We call
difference of two sets A and B, and we denote by A — B, the set
of all the objects that belong to A without belonging to B.

Given a sequence of sets {A,} — a finite sequence 4,, 4,, ..., 4,,
or an infinite sequence A, 4,....,4,,... — we denote the sum by

34, by YA, or by A+ A,+ ...+ A4,, in the finite case, and by
t i1

JA, by YA, or by A+ A,+ ...+ A,+ ... in the infinite case.
i i=1

Similarly, merely replacing the sign 2 by 17, we have the expres-
sion for the product of a sequence of sets. If the sequence {4,} is
infinite, we call upper limit of this sequence, the set of all the ele-
ments a such that ae 4, holds for an infinity of values of the index n.
The set of all the elements a belonging to all the sets 4, from some n
(in general depending on a) onwards, we call lower limit of the se-

we denote by limsup A, and lim inf 4, respectively. We have

n n

(2.1) limian,,:L ” A,C H V A,=limsup 4,.

k=1 nak k—1 n n
If limsup A,=1liminf 4,. the sequence {A,,} is said to be convergent;

its up;l;er and lowe';' limits are then called simply limit and denoted
by llm A,

lf for a sequence {4,) of sets, we have A, 4,41, for each n,
the sequence {4, is said to be ascending, or non-decreasing; if, for
each n, we have 4,,,C A4,, the sequence {4,) is said to be descending
or non-increasing. Ascending and descending sequences are called
monotone. We see directly that every monotone sequence is con-
vergent, and that we have lim 4,= 24, for every ascending se-

n n
uence !4,\, and lim A,= IT A, for every descending sequence |4,}.
q Ay

Finally, given"a. classl ¢ of sets, we shall often call the sets
belonging to ¢, for short, sets (). The class of the sets which
are the sums of sequences of sets (€) will be denoted by C.. The
clasgs of the sets which are the products of such sequences will
be denoted by ¢, (see F. Hausdorff [IL, p. 83]).
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% 3. Abstract space . In the rest of this chapter, a set X
will be fixed and called space. The elements of .Y will be called points.
It A is any set contained in .\ the set .\ — A will be called com-
plement of A with respect to .X; the expression ‘‘with respect to .\’
will, however, generally be omitted, since sets outside the space .X
will not be considered. The complement of a set A will be denoted
by CA. We evidently have, for every pair of sets A and B,

(3.1) A—B—=A-CB,
and for every sequence X, of sets
I1X,=03CX,,  YX,=CICX,
(3.2) n n
lim sup X, = Climinf CX,, liminf X, = Clim sup CX,.

n

In the space X" we shall consider functions of a set, and functions
of a point. The values of these functions will always be real numbers,
finite or infinite. A function will he called finite, when it assumes
only finite values.

To avoid misunderstanding, let us agree that when infinite func-
tions are subjected to the elementary operations of addition, subtrac-
tion etc., we make the following conventions: a4 ( 400)=(+)+a= 4 oo
for a3 F oo; (4 00)4(—00)=(—00)+(+00)=(7400) —(F00)=0;
a-(too)=(+o0)-a=xtoo0 and a-(to0)=(to0) - a==Foo, according
a8 a>0 or a<0; 0.(400)=(400):-0=0; a/(+o0)=0; a/0=+o.

We call characteristic function ¢, (x) of a set E, the function
(of a point) equal to 1 at all points of the set, and to 0 evervwhere
else. The following theorem is obvious:

(3.3) If E=)E., and E;-Ex=0 whenever ik, then c (x)=Y ¢, (2).

If {E.) 18 a monotone sequence of sets, the sequence of their
characteristic functions is also monotone, non-decieasing or non-in-
creasing according as the sequence E,) i3 oscending or descending.

If \E;} 18 any sequence of sets, A and B denoting its upper
and lower limits respectively. we have

¢, (@)=lim sup c,,."(w), ‘and  c,(z) = liminf ch."(a:);

80 that, tn order that a sequence of sets \E,, converge to a set E,
it 18 mecessary and sufficient that the sequence of their character-
istic functions {cy,,("’)} converge to the function !c.(x)).
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A function assuming only a finite number of different values
on a set F is called a simple function on E. If v, v,..., v, are all
the distinct values of a simple function f(z) on a set K, the
function f(x) may on E be written in the form

n
v

j(a:)=}d'v,,ch.h(m) where E=E,+E;+..+E, and E,-E=0 for i¥j.
k:

The function f given by this formula over the set E will be denoted
by vy, Ey; vy Ey; ...5 vuy En).

The notion of characteristic function is due to Ch. J. de la Vallée
Poussin (1] and (I, p. 7].

§ 4. Additive classes of sets. A class X of sets in the space .X
will be called additive if (i) the empty set belongs to ¥, (ii) when
a set X belongs to X so does its complement CX, and (iii) the
sum of a sequence (X, of sets selected from the class %X, belongs
also to the class X.

The classes of sets, additive according to this definition, are sometimes
termed completely additive. We get the definition of a class of sets additive in

the weak sense if we replace the condition (iii) of the preceding definition
by the following: (iii-bis) the sum of two sets belonging to X also belonys to X.

The sets of an additive class X will be called sets measurable (X),
or, in accordance with the definition given in § 2 (p. 3), simply
sets (). We see at once that, on account of the conditions (i) and (ii),
the space X, as complement of the empty set, belongs to every
additive class of sets. Making use of the relations (2.1), (3.1), and (3.2),
we obtain immediately the following:

(4.1) Theorem. If X is an additive class of sets, the sum, the
product, and the two limits, upper and lower, of every sequence of sets
measurable (X), and the difference of two sets measurable (X), are also
measurable (X).

In later chapters we shall consider certain additive classes of
sets that present themselves naturally "to us, in connection with
the theory of measure, in metrical or in Euclidean spaces. Tn the
abstract space .\, about which we have made practically no hypo-
thesis, we can only mention a few trivial examples of additive
classes of sets, such as the class of all sets in .\, or the class of all
tinite or enumerable sets and their complements. Let us still mention
one further general theorem:
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(4.2) Theorem. Given any class M of sets in X, there exists
always a smallest additive class of sets comtaining M, . e. an
additive class N, DM contained in every other additive class that
contains M.

For let 9, be the product of all the additive classes that con-
tain M. Such classes evidently exist, one such class being the class
of all sets in .X. We see at once that the class N, thus defined has
the required properties.

§ 5. Additive functions of a set. In the rest of this chapter
we suppose that a definite additive class X of sets is fized in the space X.
In accordance with this hypothesis, we may often omit the symbol %
in our statements, without causing any ambiguity.

A function of a set, P(X), will be called additive function of
a set (X) on a set E, if (i) E is a set (¥X), (ii) the function &(X)
is defined and finite for each set X £ measurable (%), and if
(iii) &(2X,) =3 P(X,) for every sequence |X,} of sets (¥X) con-

tained in E and such that X;. X,=0 whenever ¢ k. For simplicity,
we shall speak of an ‘‘additive function’ instead of an ‘“additive
function of a set (X)” whenever there is no mistaking the meaning.
An additive function of a set (¥X) will be called monotone on E
if its values for the subsets (¥X) of E are of constant sign. A non-
negative function @(%) additive and monotone, will also be termed
non-decreasing, on account of the fact that, for each pair of sets
A and B measurable (%), the inequality A(C B implies @(B) =
= P(A)+ N(B—A) = O(A). For the same reason, non-positive
monotone functions will be termed non-increasing.

(5.1) Theorem. If D(x) i3 an additive function on a set E, then

(5.2) o(lim X,) = lim (X,

for every monotone sequence {X.} of sets (%) contained in E. If ®(X)
18 a non-negative monotone function, then

(6.3) @(liminf X,)<lim inf &(X,) and @ (limsup X,)>>limsup $(X,)

for every sequence \X,| of sets (X) in E.



($ 5} Additive functions of a set. 9

Proof. Let {X,}),-1,2.. be & sequence of sets (%) contained in E,
If |X,) is an ascending monotone sequence, then

hm Xn - j Xn Xl + ,2 (Xn+1 ""Xn)y
== n=1

Il

and consequently, @(X) being an additive function on E,
(D(limX,,) = (D(Xl) + v Q(XIH—I '_"Xn) =
= 11m[dj (X,) 2 (D(X“,—Xk)] = hm D(X,).

If (X, is a descending sequence, the sequence {E — X,} is
ascending, and, by the result already proved,

® (E)—® (lim X,)=O[lim(E—X,)] =1im @ (E—X,) =D (E)—limd(X,),

from which (5.2) follows at once.

Finally, if {X,} is any sequence, but #(X) is a non-negative
monotone function, we put
(5.4) Y, =[] X, for n=1,2,..

k- n

The sets Y, are measurable (X) on account of (4.1), and form an
ascending sequence. We therefore have, by the part of our theorem
proved alread)

(5.5) @ (limY,)=lim @ (X,).

Now, it follows from (5.4) that Y.C X,, and so, ®(Y,) << P(X,),
for each n. On the other hand, hm mf Xn= hm Y., and therefore

the first of the relations (5.3) is an 1mmedla.te consequence of (5.5).
We establish similarly (or, if preferred, by changing X, to E— X»)
the second of these relations, and this completes the proof of the
theorsm.

Every function of a set @#(X), additive on a set E, can easily
be extended to the whole space X. In fact, if we write, for instance,
?,(X) = #(X-E) for every set X measurable (%), we see at once
that @,(X) is a function additive on the whole space X, that co-
incides. with ®(X) for measurable subsets of F and vanishes for
measurable sets containing no points of E. We shall call the func-
tion @,(X), thus defined, the extension of #(X) from the set E to
the space X,
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§ 6. The variations of an additive tunction. The upper
and lower bounds of the values that a function of a set @(X), ad-
ditive on a set E assumes for the measurable subsets of this set E,
will be called upper variation and lower variation of the function @
over E, and denoted by W(®: E) and W(®; E) respectively. Since
every additive function vanishes for the empty set, we evidently
have W(®; E)<<O0<<W(®; E). The number W(®;E)+ |W(®;E)|
will be called absolute variation of the function @ on E and denoted
by W(®; E).

(6.1) Theorem. If ®(X) is an additive function on a set E, ils
variations over E are always finite.

Proof. Suppose that W(®P; E) =+ co. We shall show firstly
that there then exists a sequence |E,}, 1. of sets (X) such that

(6.2) E,CE,.. for n>1; W(®;E,)=0c0; |®E,)=n—1.

For let us choose E,==F and suppose the sets E, for n=1,2,..,k
defined so as to satisfy the conditions (6.2). By the second of these
conditions with n = k, there exists a measurable set A (C E, such that

(6.3) |O(4)| = |O(E.)| + k.

If W(#;A)=o00, we have only to choose E,,,=A in order to
satisfy the conditions (6.2) for n=£k+ 1. If, on the other hand,
W(®; A) is finite, we must have W(®; E,— A) =+ oo, and, by (6.3),
O(E,—A)=|V(A)—|P(E,)| =k, so that the conditions (6.2)
will be satisfied for n=-%k4 1, if we choose E,. = E;—A. The
sequence {E,; is thus obtained by induction.

Now, on account of Theorem 5.1 and of the third of the con-
ditions (6.2), we should have the equality ¢(limE,)=lim®(E,)=o0,

and since every additive function of a set is, by definition, finite,
this is evidently impossible. Q. E. D.

It follows from the theorem just proved that every function
#(X) additive on a set E is not only finite for the subsets (%)
of E, but also bounded; in fact, the values it assumes are bounded
in modulus by the finite number W(®; E).
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Theorem 6.1 can be further completed as follows:

(6.4) Theorem. For every fumction F (X) additive on a set E,
the variations W(®;X), W(P;X) and W(P;X) are also additive
functions of a set (X) on E, and we have, for every measurable set
XCE

(6.5) ?(X) = W(0; X) + W(9; X).

Proof. To fix the ideas, consider the function 2,(X)= W(®; X).
Since this funetion is finite by Theorem 6.1, we have to show
that for every sequence {(X,! of measurable gets contained in E,
and such that X,.- X,=0 whenever i1k,

(6'6) 'Q (SX,,) - 'Q (Xn)

For this purpose, let us observe that for every measurable set X (_ XX,

we have @(X)= Vdi(X X)) < Z.Q,(X,,) and hence
(6.7) Q(2X,) < IQ(X.).

On the other hand, denoting generally by Y, any measurable set
variable in X, we have 2,(2X,)=>0(2Y,) = -JP(Y,,), and

therefore also 2,(2X,)>3Q,(X,). Combining this thh (6.7) we

get the equality (6.6).

Finally, to establish (6.5), we observe that for every measurable
subset Y of X we have @(¥Y)=0(X)—P(X—Y )<< P(X)—W(P; X),
and so W(®; X)<<P(X)—W(P; X).Similarly W(P; X)=P(X)—W(P; X).
These two inequalities give together the equality (6.5), and the
proof of Theorem 6.4 is complete.

It follows from this theorem that every function of a set ?(X)
additive on a set ¥ is, on E, the difference of two non-negative
additive functions. The formula (6.5) expresses, in fact, P(X) as
the sum of two variations of @(X), of which the one is non-negative
and the other non-positive; this particular decomposition of an
additive function of a set will be termed the Jordan decomposstion.
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We can now complete Theorem 5.1 as follows:

(6.8) Theorem. If O(X) is additive on a set E, we have
(I'(hm X,,)—-hmd) X,) for every convergent sequence {X,) of sets ()

contamed m E

In fact, making use of the Jordan decomposition, we may
restrict ourselves to non-negative functions #(X), and for these
Theorem 6.8 follows at once from the second part of Theorem 5.1.

§ 7. Measurable functions. Given an arbitrary condition,
or property, (V) of a point x, let us denote generally by E[( V)]

the set of all the points x of the space considered that fulflll this
condition, or have this property. Thus, for instance, if f(*) denotes
a function of a ‘point defined on a set E and a is a real number,
the symbol

(7.1) E[er;f(m)>a]

denotes the set of the points x of E at which f(z) > a.

A function of a point, f(x), defined on a set E, will be termed
measurable (X), or simply function (%), if the set E, and the set (7.1)
for each finite a, are measurable (). It is easy to see that

(7.2) In order that a function f(x) be measurable on a measurable
set E, 1t suffices that the set (7.1) should be so for all values of a be-
longing to an arbitrary everywhere dense set R of real numbers (the
same holds with the set (7.1) replaced by the set E[xeE; f(x)=al).

In fact, for every real a, the set B contains a decreasing
sequence cf numbers \r.} converging to a. We therefore have
Elze E; f(x) > a]= )‘E[er f(z) >r,] and, each term of the sum
By n=1x
on the right being measurable by hypothesis, the same holds for
the sum itself (cf. Theorem 4.1).

Every function f(x) measurable on a set E, can be continued
in various ways, so a8 to become a measurable function on the
whole space X. For definiteness, we shall understand by the ex-
tension of the function f(x) from the set E to the space X, the func-
tion fo(z) equal to f(xr) on E and to 9 everywhere else. For brevity,
we shall often deal only with functions measurable on the whole
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space X, but it is easy to see that all the theorems and the
reasonings of this and of the succeeding, § could be taken relative
to an arbitrary set ().

The equations
B{f(e)<a)=CBlfx)>a),  Elfe)=al=11Efw)> a—~]

n—-1 x
E[f(z) <a] = CE[f(z) > me)=a]=EU 2)>a]- E[f(z)<<a],
1§[f(w)<+°°]='SlE[f(w)<n], E{(@) > —o0] = \‘Lu () > —n),
B[f(@)=+00]=CE{f(2)<+o0], E[f(z)=—oo] = CE[f(2)> — oo]

show that for every measurable function f(x) and for every number a,
the left hand sides are measurable sets. Conversely, in the definition
of \mea,surable function, we may replace the set (7.1) by any one
of the sets E[f(x) =2 a), E[f(z)<<a} or E[f(x) <a]; this follows at

once from the identity

Elf(@)>a] = § E[f(x);m-%

= CE[f(z) < CIIE[ r)<a4-— J
\ no1a
To any function f(x) on a set K, we attach two functions f(x)
and f(z) on E, called, respectively, the non-negative part and the
non-positive part of f(r) and defined as follows:

7(m)=f(w) or 0 according as f(x)=0 or f(xr)<<O,
Z(w):f(m) or 0 according as f(x)<<0 or [flx)=0.

We see at once, that in order that a function be measurable on a set E,
it 18 necessary and sufficient that ils two parts, the non-negative and
the mon-positive, be measurable.

Returning now to the notions of characteristic funection, and
simple function introduced in § 3, we have the theorem:

(7.3) Theorem, In order that a set E be measurable (%), it is ne-
cessary and sufficient that its characteristic function be measurable.
More generally, in order that, on a set E, a simple function f(x) be
measurable (%), it i8 necessary amd sufficient that, for each value
of f(x), the points at which this value 18 assumed on E, should con-
stitute a measurable subset of E.

Another theorem, of great utility in applications, is the fol-
lowing:
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(7.4) Theorem. Every function f(x) that is measurable (X) and
non-negative on a set E, 18 the limit of a mon-decreasing sequence
of stmple functions, finite, measurable and non-negative on E.

In fact, if we write for each positive integer n and for z¢E,

t—1 . t—1 ) . ;
f,.(a:)=|_27'-’ oo SI@ <gn 1SiSem,

n o, if  f@)=n,
the functions f,(x) thus defined are evidently simple and non-negative,
and, on account of Theorem 7.3, measurable on E. Further, as is

eagsily seen, the sequence \f,(z)} is non-decreasing. Finally limf,(z) =f(»)

for every xe¢kE; for, if f(r) <<+oo, we have, as soon as n exceeds
the value of f(x), the inequalities 0 <f(z)—/f.(x)<<1/2", while,
if f(®)=+ oo, we have f,(x)=n for n=1,2,.. and so
]ill;n fu(@) = + oo = f(=).

§ 8. Elementary operations on measurable functions.
We shall now show that elementary operations effected on measur-
able functions always lead to measurable functions.

(8.1) T'heorem. Given two measurable functions f(x) and g(x), the sets

E(f@) > g(@)), Blfl)>g@)] and Blf(@)=gla)),

are measurable.
The proof follows at once from the identities
~+o00

Bif@>g@l=3 ¥ Bl >2| Blym <]

U o m 1 x

E[f>¢]=CE[g >/] and E[f=9]=1f3[f>g]-1\f3[y>f]-
(8.2) Theorem. If the function f(x) i8 measurable, |f(x)|* is also
a measurable function.

For a> 0, the proof is a consequence of the identity

E[|f(2)* > a] = E[f(z) > a' ]+ E[f(z) < —a'“],
X X X
which is valid for every a >0, while for a << 0 its left hand side

coincides with the whole space and therefore constitutes a mea-
surable set. For « <0, the proof is similar.
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@

(8.3) Theorem. Every linear combination of measurable functions
with constant coefficients represents a measurable function.

The identities

Bla-f(o) + > a]=B|fa) > 2]

p for a>0,

Bla-flo) + 6 >al=Ef0) <* 7| for <o,

valid for every function f(x) and for all numbers a, « 4:.0, and g,
show, in the first place, that «. f(x) + ¢ is a measurable function.
if f(z) is measurable. It follows further, from Theorem 8.1 and
from the identities:

?[(t-f+ﬂ-g>a]=1\ﬂ[f>—-gg+g] for «>0

B

Blaf+f9>a=Bli<—fg+2  for a<o

that if f(x) and g(x) are measurable functions, so is a - f(z) + g - g(x).

(8.4) Theorem. The product of two measurable functions f(x)
and g(x) 18 a measurable function.

Measurability of the product f-g is derived by applying Theorems
8.2 and 8.3 to the identity fg={[(f +9)*—(f—g)?). the com-
pletion of the proof, by taking into account possible infinities
of f and g, being trivial.

(8.8) Theorem. @iven a sequence of measurable functions \f.(x)),
the functions

upper bound f, (z), lower bound f. (), lim"sup fo(z) and lin}’inf fn(z)
are ai:so measurable. '

The measurability of h(z) = upper bound f.(x) follows from
the identity E[h(z) >a] = % I?(’f,,(w)>a]." For the lower bound, the

corresponding proof is derived by change of sign.

Hence, the functions h.(x)=upper bound [f. i(x), fr.2(), ...]
are measurable, and the same is therefore true of the function
limsup f.(x) = Vim h,(x) = lower bound h.(x). By changing the sign
toon n "

of fu(x), we prove the same for lim inf.
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§ 9. Measure. A function of a set u(X) will be called a meas-
ure (%), if it is defined and non-negative for every set (%X), and if

M(EXH) - "’”’(Xn)

for every sequence |X,} of sets (X) no two of which have points
in common. The number u(X) is then termed, for every set X -mea-
surable (%), the measure (u) of X. If every point of a set E, except
at most the points belonging to a subset of £ of measure (#) zero,
possesses & certain property V, we shall say that the condition V
is satisfied almost everywhere (u) in E, or, that almost every (p) point
of £ has the property V. We shall suppose, in the sequel of
this Chapter, that, just as the class X was chosen once for all,
a measure pu corresponding to this class is also kept fixed. Accordingly,
we shall often omit the symbol (#) in the expressions ‘‘measure
(1), ““almost everywhere (u)”’, etc. Clearly n(X)<Cwu(Y) for any
pair of sets X and Y 1measurable (%) such that XC Y, and
w(EX, )<< 2u(X,) for every sequence of measurable sets {X,).

A measure may also assume infinite values, and is therefore notin gen-
eral an additive function according to the definition of § 5.

The results established in this chapter concerning perfectly arbitrary meas-
ures will be interpreted in the sequel for more special theories of ineasure, (for
instance, those of l.ebesgue and Carathéodory). For the present, we shall
be content mentioning a few examples.

Let us take for %, the class of all sets in a space .\'. We obtain a trivial
example of measure (%) by writing «(X)=0 identically, (or else u(X)=40)
for every set X (T .X. Another example consists in choosing an element a in .\
and writing #(X)=1 or u#(X)=0, according as aeX or not. In the case of an
enumerable space .\, consisting of elements a,, a,,...,an,..., the general form
of a measure ¢ (X) defined for all subsets X' of .\ is A::(X):Sk,, fn(X) where
{kn} is a sequence of non-negative real numbers and f,(X) is eq"ual to 1 or 0 ac-
cording as a,eX or not. It follows that every measure defined for all subsets
of an enumerable space, and vanishing for the sets that consist of a single point,
vanishes identically. The similar problem for spaces of higher potencies is much
more difficult (see S. Ulam [1]). For a space of the potency of the continuum
see also 8. Banach and C. Kuratowski [1], E. Szpilrajn [1], W. Sierpinski
[I, p. 60], W. Sierpinski and E. Szpilrajn [1].

We shall now prove the following theorem analogous to The-
orem 5.1:

(9.1) Theorem. If (X,} is a monotone ascending sequence of
measurable sets, then hm 1(X,) —u(llm X.). The same holds &n

monotone descending sequences provided, howewr that u(X,)3 oo
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More generally, for every sequemce |X,} of measurable sets,

(9.2) " (hm 1nf X)<< hm inf 1 (X,)
and, tf further p(Z X, IL oo,
(9.3). H(lim sup X,) =1im sup 1 (.X,),

o0 that, in particular, if the sequence |X,) converges and its sum has
finite measure, lim u(X,) = p(lim X,).
n n

Proof. For an ascending sequence {Xn.}n—;»,.. the equation
lim u(X,)= u(lim X,) follows at once from the relation
n n

m Xn= 5 Xn= X, 4+ 5 (Xu 11— X)),
n n=1 n 1

and if the sequence {X.} is descending and p(X,)= oo, then the
measure u(X) is an additive function on the set X, and consequently
the required result follows from Theorem 5.1.

In exactly the same way, if for an arbitrary sequence {X,)
of measurable sets, M X, is of finite measure, the measure u(X)

n

is an additive function on this set, and the two inequalities (9.2)
and (9.3) follow from Theorem 5.1. To establish the first of these
inequalities without assuming that the sum of the sets X. has finite
measure, we write as in the proof of Theorem 5.1

,Yn :/II 4‘.'[...

Since the sequence is ascending, and Y,(_ X, for every n, we have
] (hm mf)&,,) = y(hm Y, = lun u(Y,)=: hm mf w(Xa).

We conclude thls § w1th an nnport.mt theorem due to D. Ego-
roff, concerning sequences of measurable functions (cf. D. Ego-
roff [1], and also W. Sierpinski [3], F. Riesz [2; 3], H. Hahn
[I, pp. H556—8]). We shall first prove the following lemma:

(9.4) Lemma. If E is a measurable set of finite measure (u) and
if {fu(@)} is a sequence of finite measurable functions on E, con-
verging on this set to a finite measurable function f(zx), there exists, for
each pair of positive numbers &, 1, a positive integer N and a mea-
surable subset H of E such that u(H) <% and

*(9.5) fo(@) — flar)| <&
for every n >N and every ce E— H.
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Proof. Let us denote generally by E, the subset of E con-
sisting of the points «# for which (9.5) holds whenever % >m. Thus
defined, the sets E, are measurable and form a monotone ascending
sequence, since for each integer m, we have

(o]

En= [] E[weE;|f(e)—fa(2) <.

n=m+1 x

Further, since |f.(x)} converges to f(z) on the whole of E, we have
E=)E,, and so, by Theorem 9.1, u(E)=limu(E,), i e.

limu(E—E,)=0, and therefore, from a sufficiently large m,

m

onwards, u(E—E,)<n We have now only to choose N =m,
and H=FE—E,,, and the lemma is proved.

(9.6) Egoroff’s Theorem. If E 1is a measurable set of finite
measure (u) and if fo(x)} i a sequence of measurable functions finite
almost everywhere on E, that converges almost everywhere on this set to a
finite measurable function f(x), then there exists, for each &> 0,
a subset Q of E such that n(E—@Q)<e and such that the converg-
ence of {fn(x)} to f(x) 18 uniform on Q.

Proof. By removing from E, if necessary, a set of measure (u)
zero, we may suppose that on E, the functions f.(x) are everywhere
finite, and converge everywhere to f(z). By the preceding lemma,
we can associate with each integer m >0 a set H,, (C E such that
WH,)<e¢2™ and an index N, such that

9.7 |fu(@)—f(x)|<<1/2" for n>N, and for veE—H,.

Let us write Q == E— Y H,,. We find

m-1

ME—Q) < X u(Hn) < Nef2m =g,

m 1 m -1

and since the sequence f.(x) converges uniformly to f(r) on the
set @ on account of (9.7). the theorem is proved.
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The theorem of Egoroff can be given another form (cf. N. Lusin [I, p. 20)),

and, at the same time, the hypothesis concerning finite measure of E can be
slightly relaxed.
(9.8) If E is the sum of a sequemce of measurable sets of finite measure (u) and
sf {fn(z)} is a sequence of measurable functions finite almost everywhere on this set,
converging almost everywhere on E to a finite function, then the set E can be ewpressed
as the sum of a sequence of measurable sets H, E,, E,,... such that u(H)=0 and
that the sequence {fn(z)} converges uniformly on each of the sets En.

For the proof, it suffices to take the case in which the set E is itself of fin-
ite measure. With this hypothesis, we can, on account of Theorem 9 6, define

by induction a sequence { Ex}x=1,2,... of measurable sets such that u (E — 2 Er) <1/n,
and that t.he sequence {fu(x)} converges uniformly on the set Ex for each k Choosing

H—E—-—Z‘Ek, we have u(H)= 0, and the theorem is proved.
k=1

As we may observe, the hypothesis that the set F is the sum of a sequence
of sets of finite measure, is essential for the validity of Theorem 9.8. For this pur-
pose, let us take as a space X, the interval [0, 1], and as an additive class %,
of sets, that of all subsets of X,. Further, let us define a measure x, by writing
#o(X)= co whenever the set Xe%, is infinite and uo(X)=n, if X is a finite
set and n denotes the number of its elements. The sets of measure (u,) zero then
coincide with the erapty set. Finally, let {gn(z)} be an arbitrary sequence of fun-
ctions, continuous on the interval [0, 1], converging everywhere on this interval,
but not uniformly on any subinterval of [0, 1].

To justify our remark concerning Theorem 9.8, it suffices to show that
the interval X, = [0, 1] is not representable as the sum of a sequence {En} of
sets such that the sequence of functions {gn(z)} converges uniformly on each of
them. But if such a decomposition were to exist, we might suppose firstly —
since the functions gn (z) are continuous — all the sets En closed. Then, however,
by the theorem of Baire (cf. Chap. II, § 9) one of them at least would contain a
subinterval of [0, 1]. This gives a contradiction, since by hypothesis, the se-
quence {gn(x)} does not converge uniformly on any interval whatsoever.

§ 10. Integral. If we are given in-the space X an additive class
of sets ¥ and a measure u defined for the sets of this class, we
can attach to them a process of integration for functions of a
point. In fact:

(i) If f(x) is a function (¥X) non-negative on a set E, we shall
understand by the definite integral (%, y1) of f(x) over E the up-
per bound of the sums n
é lvk!‘(Eﬁ)y

where {Ejr=1,... i8 an arbitrary finite sequence of sets (X) such
that E=E,+E,+ ..+ E, and E;-E,=0 for ik, and where
vy for k=1,2,...,n, denotes the lower bound of f(z) on E,.
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(ii) If f(x) is an arbitrary function measurable () on a set E,
we shall say that f(x) possesses a definite integral (%X, u) over E, if
one at least of the non-negative functions fza:) and —f(x) (cf. §3)

possesses a finite integral over E according to definition (i). And,
if this condition is satisfied, we shall understand by the definite
integral (X, 1) of the function f(x) over E the difference between

the integral of fo(:v) and that of — f(w ) over E. The definite integral

(%, u) of f(x) over E will be written (%) / f(z) du (x). If this integral
E

is finite, the function f(x) is said to be integrable (X, u). For every

function f(x) possessing a definite integral over a set E, we evi-

dently have

(@ [ fdu = @ [ Fan— @ [(—paw =@ [faut+@ [fan,
k E v | /

We see at once that the two definitions (i) and (ii) are co m-
patible, i. e. that they give the same value of the integral to any
non-negative measurable function. Moreover:

(10.1) If g = vy, X ;09 X3} o3 Omy Xy 18 @ stmple non-negative func-
tion on the se¢ E =X, + X, + ... + X,, the sets X, being measur-
able (X), then

m

[ gdu = N v (X).

P -1

For, if \E}; 1. . i8 an arbitrary subdivision of E into a finite
number of sets (¥) without points in common, and if w; denotes
the lower bound of g(z) on E,, we have w,- v, whenever E,. X, 0.

Hence v NYwu(B) =N Nwu(E; X)< N Yoiu(E-X;)=Nvu(X),
j_ J- | j 11 ! !
and therefors / gdu << Nwv;u(X,). The opposite inequality is ob-
koo
vious, since the sets X, X,,..., X, themselves constitute a subdivision
of E into a finite sequence of sets (%) on which the values of g(z)

are vy, vy, ..., b, respectively.
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§ 11. Fundamental properties of the integral. We shall
begin with a few lemmas concerning integration of simple functions.
As in the preceding §§, the symbols ¥, u etc. will often be omitted.

(11.1) Lemma. 1° For every pair of functions g(xz) and h(x), simple,
non-negative, and measurable (X) on a set E, we have

(11.2) [ [9(@) + (@) du (@) = [ 9(a) du(2) + [ h(a) dk (@).
E E E

20 If the function f(x) is simple, non-negative, and measurable (%)
on the set A+ B where A and B are sets (X) without common points, then

(11.3) [ H@) dn (@) = [f(@)dn(@) + | f(@)du(a).
A B

AVYB
Proof. As regards 19, let
g9 =191 Gy; g3 Gi; -5 gy Gr} and  h=\hy, H,; hyy Hy; ...; hny Hm),

where FE=G,+..+G,=H,+...4+H,,.
We then have, by (10.1),

_/‘[g(av)—{—h(:c)] du (-73)=_f\,_;V 'f':(gz‘-i-h/) u(Gi-Hy) =
E ==

n m m n
= Yo Y@ H)+ S Y- )=

m

= 2qm(@)+5 u(H))= [ ¢(@) du (@) + [ Wz)dn (a).
i-= Jj= i ¥

As regards 2° if E=A+B and f=\f;, Qi fe Qaj -3 fry @n)s
where E =0Q,+Q,+...+Q, we have

[ @) dn@) = 3 fou(@) = Yoo (4-Q) + X fi-w(B-Q) =
i - i i1

-1

= [ f(@)du (2) + [ f()dp(2).
A B )
(11.4) Lemma. If |g.(x)} i8 a non-decreasing sequence of functions
that are simple, non-negative, and measurable (X) on a set E, and if,
for a function h(z), simple, mon-negative, and measurable, on E,
we have lim g,(z) = h(x) on E, then

(11.5) lim | g, (z) du (@) = [ h(z) du (@),
n '.'.

k.
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Proof. Let h={v,, E,; v, E,;...; Vmy En), where
0<vl<'v.<-.-<vm and E=El +E’+...+Em.
We may suppose v, > 0, for, otherwise, we should have

jhdu jhdy, and, since fgndp//gndp, we could replace
E=E, E-E,

the set E by the set ¥ —E, on which hk(x) does not vanish any-

where. Further we shall assume first that v, < 4 oco.

Let us choose an arbitrary positive number &< v,, and let
us denote, for each positive integer n, by @, the set of the points
« of E for which g.(x) > h(z) —e. The sets @, evidently form an
ascending sequence converging to E, and, by Theorem 9.1, we have
#(Q.) > u(E). This being so we have two cases to distinguish:

(i) u(E) = co. We then can find an integer n, such that for
n>n, we have u(E — Q,) <¢ and therefore, by Lemma 11.1,

[ondn> [ gndu> [ (ho)—eldn (@)=
E Q. €@, .
= [ hdp— (@) = [ hdp—v - u( E—Qn)—en(Qn) > [ hdu—{vm+u(E)]-&
Qn E E
and, passing to the limit, making first » —> oc, and then & — 0,

we obtain the inequality (11.5).
(ii) p(E)=co. Then, since [ gndp>=>(v;—¢)u(Q.), We obtain
P

lim f gndu=oco, 8o that the inequality (11.5) is evidently satisfied.
nE

Suppose now v, = + oc. Then by (10. 1) a.nd by what has

already been proved, hm/g,,du v-u(En, )+Zv,u(E) for any

finite number v, and consequently for v = + co = v,, also; whence,
in virtue of (10.1) the inequality (11.5) follows at once.

(11.6) Lemma. If the functions of a mon-decreasing sequence
{gu(x)} are stmple, non-negative, and measurable (X) on a set E, and if

g(z) = lim g,(x), then limfg,,(a;) du (a:)--j' g(x) du (z).
n n E E
Proof. Let E,E,, ..., E, be an arbitrary subdivision of E
into a finite number of measurable sets, and let v, v,, ..., v, be

the lower bounds of g(x) on these sets respectively. Let us write
v=\v,, E,; 0y, E;; ...;9m, E}. We evidently have llm gu (@)= g(2)=v(x)

on E, and hence, by Lemma 11.4 and by Theorem 10.1
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im (‘gnde 2= [pdp = 3 o,p(E).
" g B =1

It follows that lim / ' gndu = /.gd,u, and since the opposite
"k £
inequality is obvious, the proof is complete.

We are now in a position to generalize Lemma 11.1 as follows:

(11.7) Theorem. The relation (11.2) holds for every pair of functions,
g(z) and h(z), non-negative and measurable (%) on the set E, and the
relation (11.3) holds for every function f(x) non-negative and measur-
able (%) on the set A+ B, where A and B are sets (%) without
points in common.

Proof. By Theorem 7.4 there exist two non-decreasing se-
quences {g,(x)} and }{hn(x)} of simple non-negative functions mea-
surable (X) on E, such that g(x) = limg,(z) and h(z)= lim h,().

Now, by Lemma 11.1 (1°), we have /.(g,,+ hy)du = /lg,,dy + /.h,,d_u

and hence, making n — oo, we obtain, on account of Lemma 11.6,
the relation (11.2). Similarly, if we approximate to f(x) on A+ B
by a non-decreasing sequence of simple non-negative functions and
make use of Lemma 11.1 (2°). we abtain the relation (11.3).

(11.8) Theorem. 1° For any function measurable (%), the integral over
a set of measure zero is equal to zero. 2° If the functions g(x) and
h(x) measurable on a set E are almost everywhere equal on E, and
if one of the two is integrable on E, so is the other, and their integrals
over E have the same value. 3° If a function f(x) measurable (X)
on a set K has an integral over E different from + oo, the set of the
points x of E at which f(x) = + co has measure zero. In particular,
if the inmtegral of f(x) over E 1is finite, the function f(x) is finite
almost everywhere on E.

Proof. We obtain at once part 1° of this theorem by making
successive use of the definitions (i) and (ii) of § 10.

" As regards 29, it is evidently sufficient to consider the case
of non-negative functions g(x) and h(z). If we denote by E, the
set of the points x of E at which g(x) #+ h(x), we have by hypothesis
p(LE,) = 0, and, on account of (1°) and of Theorem 11.7, we obtain

fgdu = ./.gdy = ./.hdu == _/'hd,u, a8 required.
E E

K -E, E-E,



24 CHAPTER 1. The integral in an abstract space.

Finally, as regards 3% let us suppose that for a function f(@)
measurable (%) on E we have f(x) = + co onaset E,(C F of positive

measure. We then have / ‘ ; dp = /f au=n-n (Ey) for every n, and
E Eu
80 / f di = + oo. Consequently, the integral of f(x) over E, if it
E

oxists, is positively infinite, and this completes the proof.

We now generalize Lemma 11.1 (1°) and also complete The-
orem 11.7, as follows:

(11.9) Theorem of distributivity of the integral. Every linear
combination with constant- coefficients, a-g(x)+ b-h(z) of two func-
tions g(x) and h(x), integrable (X, u) over a set E, i3 also integrable
over E, and we have

(11.10) [(ag+bh)ydn=a [gdu+b [hdu.

E E

Proof. By Theorem 11.8 (3°), the set of the points at which
either of the functions g(x) and h(zx) is infinite, has measure zero,
and if we replace on this set the values of both functions by 0, we
shall not affect the values of the integrals appearing in the relation
(11.10). We may therefore suppose that the given functions ¢ and A
are finite od E. Further, the relations

bj'agd[t == aE/‘gdu, Hj'bhd‘u =b£'hdy

being obvious, we need only prove the formula (11.10) for the
case a=b=1. Finally, the set £ can be decomposed into four
sets on each of which the two functions g(x) and h(x) are of cons-
tant sign. So that, on account of Theorem 11.7, we may assume
that the functions g(x) and h(x) are of constant sign on the whole
set E. Now, by the same theorem, the relation

(11.11) [ (g+hydu =_/' gdu + [ hdu
K E E

holds whenever the functions g and h are both non-negative or
both non-positive on E, and it only remains, therefore, to show
that this relation is valid when g and A have, on E, opposite signs,
the one, g(x) say, being non-negative, the other, k(z), non-positive.
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This being 8o, let E, and E, be the sets consisting of the points
z of E for which we have g(x)+h(x)=0 and g¢(x)+4h(z)<<O0,
respectively. The functions g, g+h, and —h are non-negative on E,
and we therefore have, by Theorem 11.7,

[gdu=[(g+Mdu+ [(—h)du=[(g+h)du— [hdu.
E, E, E, k, E,
Similarly
— [hdu = [(—h)du= [(—g—h)du+ [ gdu =— [ (g+h)du + [ gdp.
K ;

E, E, E, . E. E,

Therefore, for i=1, 2, we have [(g+h)du = [ gdu +/hhdy, and
E, E, E
by Theorem 11.7 we obtain the relation (11.11).

“q

(11.12) Theorem on absolute integrability. 1° In order that
a function f(x) measurable (X) on a set E should be integrable (%, u)
on E, it is necessary and sufficient that its absolute value should be
80. 20 If, for a function g(x) measurable (X) on a set E, .. < exists a
function h(x), integrable (X, n) and such that lg(x)| <h\x) on E,
then the function g(x) also 1s integrable on E; in particular, every
function measurable (X) and bounded on a set E of finite measure (u)
18 integrable (%X, n) on E.

Proof. As regards 1° we have by Theorem 11.7

[1fldu = Fau+ [(—p dn,

E E £

and integrability of |f| is therefore equivalent to that of f and that
of —f holding together, i. e. to integrability of f.

As regards 2° we have the inequalities g(x)<C|g(z)|<Ch(x) and
—g(x) < |g(x)| << h(x) on E, and, since h(z) is, by hypothesis, inte-
grable on E, it follows that the same is true of the non-negative func-
tions § and —g, and therefore of the function g().
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As an immediate consequence of Theorem 11.12 we have the
following theorem, known as the

(11.13) First Mean Value Theorem. Given, on a set E, a
function f(x) bounded and measurable (X) on E and a function g(x)
integrable (X, u) on E, the function f(x)- g(x) i8 integrable on E
and there exists a number y lying between the bounds of f(x) on
E, such that

(11.14) [ (@ |g(@)| du(@) =7 [ |g(@)] du(@).
E E

Proof. If we denote by m and M respectively the lower and

the upper bound of f(z) on E, and make use of Theorem 11.12,

we verify successively, that the functions (|M|+|m|)-|g(=)|, |f(x) g(z)],

f(z)|g(xz)] and f(x)g(x) are integrable on E. Further, we have

mlg(r)] << f(x)-|g(x)| << M|g (x)] over E, and, therefore also,

m [lgldu<< [ flgldn<M [|gldu, and so choosing y=| [F-lgldu]:| [lgldu)

(or, if the denominator vanishes, an arbitrary y between m and M),
we obtain the formula (11.14) with m<<y<C M.

§ 12. Integration of sequences of functions. In this §,
we shall establish some theorems on term by term integration of
sequences and series of functions.

(12.1) Theorem. If the functions of a sequence {g.(x)} are finite and
integrable (X, 1) on a set K of finite measure, and the sequence
converges uniformly on E to a function g(x), then the function g(x)
also is integrable over E, and we have

(12.2) lim /g,,(w) du(xz) = /g(a;)dy(a:).

Proof. By Theorem 8.5, the function g(x) is measurable (%)
on E. The functions g(x)—g¢.(x) are therefore all measurable also,
and, further, since the sequence |g.(z), converges uniformly to g(z)
the functions g(x)—gn.(x) are all bounded, at any rate from some
value of the index n onwards. These functions are thus, by The-
orem 11.12 (2°), integrable on E, and it follows, by Theorem 11.9,
that the function g (z) = [g(z) — g.(x)] + g.(x) is integrable too.
Finally, denoting by ¢, the upper bound of |g(x) — g.(x) on E,
we have
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|96 du (or [ ga(@)dn(@)| < [ lg(e) —gu(2)] ds(2) < exe(B),
k . . K

and this establishes the relation (12.2) since, by hypothesis, &,—> 0
and i (E) g oo.

Neither the theorem thus established, nor its proof, contains,
at bottom, anything new, as compared with the similar result for
the classical processes of integration of Cauchy, or of Riemann.
W now pass on to thecproof of theorems more closely related to
Lebesgue integration. Among these theorems, a fundamental part
is plaved by the following one, which is due to Lebesgue:

(12.3) Theorem. Let f(z)= N f.(x) be a series of non-negative functions

n 1
measurable (X) on a set E. Then =
az.1) [ f(r)du(z) = N

” n

\ / fu(x) du (£).

i
Proof. From Theorem 1} 7. we derive in the first place, that

. . m m .
[fawz= [N fudu] =N / fodu for every m, and so
B P 1 n 1 P

(12.5) [ fdu= N [ fodu.

I'. nl'h.

To establish the opposite inequality, let us attach, in accordance

with Theorem 7.4, to each funetion f,(r) a non-decreasing sequence

{g‘,f”(x)},,. 12, of simple functions measurable and non-negative on E,

in such & manner that lim ¢\ (x)= f,(x) for n=1, 2,... Let us write
k

k

se(x) =Y ¢'®(r). The functions s.(r) are clearly simple, measurable,
[

and non-negative, on K, and they form a non-decreasing sequence.

m
Further, for each m, and for k =>m, we have VN g\¥(x) < su(xr) < f(w).
1

m

Making k -»oco, we derive Y f,(x) <<lim s(x) << f(x) for every m,
[ k
and so, f(w)==lims,(x). Therefore, by Lemmas 11.6 and 11.1 (1°),
k
. k . o .
/ fdu = lim / spdp = lim N [P du << N [f.dn,
r ko1 koo Vg -1

and this, combined with (12.5), gives the equality (12.4).
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Theorem 12.3 may also be stated in the following form:

(12.6) Lebesgue's Theorem on integration of monotone se-
quences of functions. If {f(x)} i8 a non-decreasing sequence of
non-negative functwns measurable (X) on a set E, and f(a:)—-hm fu(®),
then / f(x) du (z) = /f,,(a:)du ().

",.

Proof. If we write g,(z) = f,41— fu(x), We obtain

f(x) = f,(2) +"§|gn(x)v

and the funetions g,(z) will be non-negative and measurable on E,
s0 that by Theorem 12.3

[fdu = [ fyda + N [ godu = lim | [f, + g,,]du = hm/ fudu.
v b oy ko
Q. E. D.

(12.7) Theorem of additivity for the integral. If \E,} is a
sequence of sets measurable (X) no two of which have common points,
and E =N E,, then

n

(12.8) [fdu =Y [ fdu

K n h-"
for every function f(x) possessing a definite integral (finite or infinite)
over E.

Proof. It is clearly sufficient to prove (12.8) in the case of
w function f(x) non-negative on E. Supposing this to be the case,
let us write f.(z)=f(x) for x¢E,, and f,(x)=0 for v« KF—E,. We
then have f(x)=\'f.(z) on E, and, the functions f, being measurable

n

and non-negative, we may apply Lebesgue’s Theorem 12.3. This
gives, by Theorem 11.7,

/./(lu =V /j,,d,u = /f,,du =N /./dy. Q. E.D

2 " I w ":" l'.,,

If o function f(x) has o definite integral (X, ) over a set K,
then f(r) also has a definite integral over any subset of K mea-
surable (%). We may therefore associnte with it the function of
a set (X) defined as follows:

(12.9) F(.\'):—_//(w):lu(u:) where  XC E and XeX.

\
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The latter will be called the indefinite integral (X, u) of f(x) on E.
It follows from Theorem 12.7 that, whenever the function f(x)
is integrable (%X, 1) on E, its indefinite integral is an additive func-
tion of set (X) on E.

We end this § with two simple but important theorems. The
first is known as PFatou’s lemma, and appears for the first time
(in a slightly less general form) in the classical memoir of P. Fatou
[1, p. 375] on trigonometric series. The second is due to Lebesgue
[5, in particular p. 375], and is called the theorem on term by term
integration of sequences of functions; cf. also Ch. J. de la Vallée
Poussin [1, p. 445—453], R. L. Jeffery [1] and T. H. Hilde-
brandt [2].

(12.10) Theorem (Fatou's Lemma). If {f,(x)} is any sequence
of mon-negative functions measurable (X) on a set E, we have

| tim inf £, (@) d« (@) < lim inf [ f,(z) du(a).
n n H

i

Proof. Let us write g,(x)=lowerbound [f(z), fir1(2), fir2(2), ...]
where ¢=1,2,.... Thus defined !g,(x)! is a non-decreasing sequence
of non-negative functions measurable on E, and converges on the
set E to liminf f;(x). We therefore have, by Lebesgue’s Theorem 12.6,

Jlim inf f(2) du(z) = lim | g,(z) du (2) < lim inf [ {,(2) du(a).
E ! ''& ' E

(12.11) Lebesgue's Theorem on term by term integration.
Let {f.(x)} be a sequence of functions measurable (X) on a set E,
fulfilling, for a function s(z) integrable (X) on E, the inequality
[fu(z)] < 8(x) for n=1, 2, ... Then

lim inf f fodu > f lim inf f, dg.
(12.12) £ ¢
lim sup f fodp < [ lim sup f,, du.
n E I.f n

If, further, the sequence {f,} converges on E to a function f, the sequence
8 integrable term by term, i. e. we have

(12.13) tim [ f.dp = [ fdp.
n £ é



30 CHAPTER I. The integral in an abstract space.

Proof. Let g(x)=liminf f,(#) and let h(x) = lim sup f.(@).

We may clearly suppose s(x) < + oo throughout E. We then derive

from Fatou’s Lemma 12.10, liminff(s-{-f,.)dp)f(s-{-g)du and
L E

lim inf / (8—fn)du = f (8—h)du, which gives at once the rela-
"k E

tions (12.12).
Further, if lim f,(z)=f(«), we derive from (12.12) the relation

lim inf f f-dp = j fdu = lim sup f f-du which gives the equality
a B 4 n K

(12.13).

§ 13. Absolutely eontinuous additive functions of a set.
The fact that the indefinite integral of a function integrable (%, u)
on a set £ is, on E, an additive function of a set (%), raises the
problem of characterizing directly the additive functions expres-
sible as indefinite integrals.

If we restrict ourselves to the Lebesgue integral of functions of a real var-
iable, we may regard indefinite integfals as functions of an interval, or, what
comes to the same thing, as functions of a real variable. In that case, a neces-
sary and sufficient condition for a function to be expressible as the indefinite
integral of a real function was given, in 1904, still by Lebesgue [I, p. 129, foot-
note]. A little later (in 1905), G. Vitali [1] explicitly distinguished the class
of functions possessing the Lebesgue property by introducing the name of ‘“‘ab-
solutely continuous functions’.

The condition of Lebesgue and Vitali was later extended to functions of
a set by J. Radon [1] (cf. also P. J. Daniell [2]). But Radon considered only
additive functions of sets measurable in the Borel sense in Euclidean spaces,
and only measures determined by additive functions of intervals (of. below Chap-
ter III). The final form of the condition of Lebesgue-Vitali, as given in
‘Theorem 14.11 below, is due to O. Nikodym (2]

An additive function of a set (%) on a set E, will be said to
be absolutely continuous (%, u) on E, if the function vanishes
for every subset (¥) of £ whose measure (u) is zero. An additive
function @(X) of a set (X) on a set E will be termed singular (%, u)
on E, if there exists a subset E,(_ E measurable (%), of measure (u)
zero, such that ®@(X) vanishes identically on E —E,, i. e.
&(X)= O (E, X) for every, subset X of E measurable (%X). The
following statements are at once obvious:
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(13.1) Theorem. 1° In order that an additive function of a set (%) on a
set E should be absolutely continuous (%, ) [or should be singular)
it 18 necessary and sufficient that its two variations, the upper and
the lower, should both be so. 2° Every linear combination, with con-
stant coefficients, of two additive functions absolutely continuous
[or singular] on a set E is itself absolutely continuous [or singular]
on E. 3° If a sequence {@,(X)} of additive functions, absolutely
continuous [8ingular] on a set E, converges to an additive function
D(X) for each measurable subset X of E, then the function ®(X) is
also absolutely continuous [singular]. 4° If a function of a set (%)
18 additive and absolutely continuous [stngular] on a set E, the
function i8 8o on every measurable subset of E. 5° If E=)YE,

where {E,} 18 a sequence of sets (%), and if an additive function P(X)
on E is absolutely continuous [singular] on each of the sets E., the
function s absolutely continuous [singular] on the whole set E.
69 An additive function of a set cammot be both absolutely conti-
nuous and singular on a set E, without vanishing identically on E.

For sets of finite measure, it is sometimes convenient to apply
the following test for absolute continuity:

(13.2) Theorem. In order that a function ®(X) additive on a set E of
finite measure, be absolutely continuous (%, 1) on E, it is necessary
and sufficient that to each ¢>0 there correspond an m>0, such that
u(X)<n imply |O(X)|<e for every set XC E measurable (X).

Proof. It is evident that the condition is sufficient. To prove
it also necessary, let us suppose the function @(X) absolutely con-
tinuous in E. We may assume, replacing if necessary, &(X) by
its absolute variation, that @(X) is a non-negative monotone func-
tion on E. This being so, let us suppose, if possible, that there
exists u sequence {E,}, 1.. of measurable subsets of E, such that
u(E,)<1/2" and that ®(E,)>n, where 7, is a fixed positive number.
Let us write FK,=limsup E,. For every n, we then have

k(E)) << Y u(E:) < 1/2"-', and therefore u(Ey)=0. On the other
k- n

hand, by Theorem 5.1, we have ®(E,) >>lim sup ®(E,)=>n, This

is a contradiction, since @(X) is absolutely continuous, and the
proof is complete.
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(13.3) Theorem. In vrder that a function @ (X), additive on a set
E, be singular (X,u) on E, it is necessary and sufficient that for
eack €> 0 there exist a set X C E measurable (%) and fulfilling the
two condittons u(X) <<e, W(P;E—X) <e.

Proof. The condition is clearly necessary. To prove it suf-
ficient, let us suppose that for each n there is a set X, E meas-
urable (%) such that «(X,)<1/2" and W(®P; E—X,)<<1/2", and
let us write E, = lim sup X,. We then have ;/(E,) <5_°7 (X <<1/27!

n k

for each n, and so u(E,) =0. On the other hand, by Theorem 5.1
we have W(&; E—E,) <lim inf W(®; E— X,) =0. The function

#(X) is therefore singular on E.

§ 14. The Lebesgue decomposition of an additive
function. Before proving the result announced in the preceding §,
we shall establish some auxiliary theorems. We begin with the follow-
ing theorem due to H. Hahn [I, p. 404] (cf. also W. Sierpinski [11]):

(14.1) Theorem. If ®(X) is an additive function of a set (%) on a
set E, there exists always a set P E measurable (X), such that
_V!(Q;P):O:W_((D;E—P), or, what comes to the same thing,
such that ®(X)=> 0 for every measurable se¢ X C P and O(X)<C0

for every measurable set X C E — P.

Proof. For each positive integer n, we choose a set E, such
that O(E,)>=W(®P; E)—1/2". By Theorem 6.4 we then have,

(14.2) W(®;E.)>—1/2" and W(O;E—E,)<<1/2".
Writing P=liminf E,, we see that E— P=1im sup(E— E.)C 3/ (E—E.)

nam

for every m, and therefore, by (14.2),

—_— - X 1
W(d; E—P) <;I;MW(¢D; E—E) < G
which gives W(®; E — P)=0. On the other hand, the lower var-
iation W(9; X) is a non-positive monotone function of a measurable
set X C E, and, by Theorem 5.1 and the first inequality (14.2),
we must have the relation |[W(®; P)|<<liminf |W(®; E,) = 0, which

gives W(P; P) = 0 and completes the proof.
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(14.3) Lemma. If ®(X) is a non-negative additive function of a
set (X) on a set E, there ewists, for each a > 0, a decomposition
of E into a sequence of measurable sets without common points,
H,E,E,,..,En,... such that u(H) = 0 and that

(14.4) a-(n—1)- u(X)<<O(X)<<an- u(X)

for every set X C E. measurable (%X).

Proof. By Theorem 14.1, there exists, for each positive in-
teger n, a measurable set A, such that @®(X)—an - u(X)=>0 for
every measurable set X (C A, and ®(X)—an-u(X)<<O0 for every

measurable set X C E—A,. Write B,= Y A,. Any measurable
hk=n

subsett X of B, may be represented in the form X =§ X, where
hk=n

X, are measurable sets, Xx( A for k=n, n+1, ..., and X;- X;=0

for i ¥ j; and so 9(X) Zdi X:) >2 ak-u(Xp)=an-u(X). We obtain

k—n k—n
thus a descending sequence of measurable sets {B,} such that
(14.5) O(X)=Zan-u(X) if XCB, XX,

dX)<an-u(X) if YCE—B,, Xe%,

the second relation being obvious, since E—B, is a subset of
E—A,.

Let us now write E,=FK—B,, E,=B, . —B, for n=2,3, ...,
and H=lim B,. Thus defined the sets H, E,, E,, ..., E,, ... are mea-

surable and without common points, and E=H+) E,. Taking

n 1

into account the relations (14.5), we see at once that the inequality
(14.4) holds whenever X is a measurable subset of E,. Finally, H C B,
for each positive integer », and therefore, by the first of the rela-
tions (14.5), we get ®(H)—=an - u(H), which requires n(H)=0 and
completes the proof.

(14.6) Theorem, If E is a set (X) of finite measure (u), or,
more generally, a set expressible as the sum of a sequence of sets (%)
of finite measure, every additive function of a measurable set P(X)
on E is expressible as the sum of an absolutely continuous additive
function ¥(X) and a singular additive function ©(X) on E. Such a de-
composition of $(X) on E is unique, and the function ¥(X) is, on E,
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the indefinite integral of a funmction integrable (%, u) on E. If ®(X)
18 a mon-negative monotone function on E, so are the corresponding
functions ¥(X) and 6(X).

Proof. Since every additive function of a set is the difference
of two non-negative functions of the same kind (cf. § 6), we may
restrict ourselves to the case of a non-negative @(X). Further, we
shall assume to begin with that the set £ has finite measure. By the
preceding lemma, there exists, for every positive integer m, a de-
composition of E into a sequence of measurable sets H{™, E{™, ES", ..
without common points and subject to the condmons.

(14.7)  E=H"+E"+..+E"+.., nH™)=0,

(14.8) 2 ™. (n—1) - u(X)<O(X)<2 ™ n-u(X), if XCE!", XeX.
We therefore have, for all positive integers m, »n, and k,
2—m~n-}t(E£.m)-E5,"'+l)) Q(Ef,m) E(m+l)) 2-7'11”1 (k 1) F(Ff,m) F(m+l)),
and

2 "k w(B-E ) Z OB B 32 (e 1) w(B- B,

from which it follows that (2n—#k+1) u(EL- EY"t")=0, and that
(k—2n+2) n(B™ - EY™")= 0. Hence u(EY"-EY"*")=0 whenever

either k>2n+1, or k<<2n—2.
We may therefore write

(14.9) EC ES I+ B D+ BG4 B+ QU where (@) ==0.

This being so, let H= VH‘""+ S ™ We write fo(z).=2 ™. (n—1)

m= m, n 1
for ze E"—H, n=1,2,..., and f")(z)=0 for xe¢H. We thus obtain
a sequence {f™(x)} of non-negative functions measurable (%) on the
set E. By (14.9) we have clearly [f"!"(x)—f"(x)|<<2 ™ on E, so
that the sequence {f*")(x)} converges uniformly on K to a non-neg-
ative measurable function f(x).
The set H being of measure zero, we have, by (14.7) and (14.8),

for ¢very measurable set X(C K and for every positive integer m,
P(X)= O(X-H)+22 » (n—1) - u(X- E») = O(X-H)+ [ [ dp,
X
and
O(X)SO(X-H)+22 "np(X- B)= DX - H)- ff""’du F2-mou(X).
X



[§ 14] The Lebesgue decomposition of an additive function. 35

Hence, making m-»co, we derive (D(X):f f(X)du(x)+DP(X-H).
X

This decomposition, so far established subject to the hypo-
thesis that the set E is of finite measure, extends at once to sets
expressible as the sum of an enumerable infinity of sets of finite

measure. In fact, if E=J 4, where the 4, are sets (%) without
n=1

common points and of finite measure, then, by what we have al-
ready proved, there exists on A» a non-negative function f,(z) in-
tegrable on A, and a measurable set H,(A, having measure

zero, such that d’(X-A,.):ff,,dy-{-di(X-H,.), for n=1, 2, ... If we
X.A

now write H=)H,, and f(z)=fa(z) for z¢A,, we obtain a measur-

able set H(_E of measure zero, and a function f(X), non-negative
and integrable on E, such that, by Theorem 12.7, for every meas-
urable set XCFE

(14.10) &(X)=Y [fdu+ 20X -H,)= [fdu+ OX-H).
X

" X'An

Now, the indefinite integral vanishes for every set of measure zero,
and therefore is an absolutely continuous function; on the other
hand, we have ®(X-H)=0 for every measurable set XC E—H.
Thus, since the set H has measure zero, formula (14.10) provides
a decomposition of @(X) into an absolutely continuous function
and a singular function. Finally, to establish the unicity of such
a decomposition, suppose that @(X)=T,(X)+8,(X)=T,(X)+8,X)
on E, the functions @(X) and ¥,(X) being absolutely continuous, and
the functions ®,(X) and 8,(X) being singular. Then T (X)—Ty(X)=
=0,(X)—6,(X) identically on E, whence by Theorem 13.1 (2°
and 6°), we have U, (X)=",X) and 6,(X)=0,(X), and this com-
pletes the proof of our theorem.

The expression of an additive function as the sum of an ab-
solutely continuous function and of a singular function will be termed
the Lebesgue decomposition. The singular function that appears in
it is often called the function of the singularities of the given function.
From Theorem 14.6, we derive at once
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(14.11) Theorem of Radon-Nikodym. If E is a set of finite
measure, or, more generally the sum of a sequence of sets of finite mea-
sure (u), then, in order that an additive function of a set (%) on E be
absolutely continuous on E, it v8 mecessary and sufficient that this
function of a set be the indefinite integral of some integrable function
of a point on E.

The hypothesis that the set E is the sum of an at most enumerable infin-
ity of sets of finite measure, plays an essential part in the assertion of the theorem
of Radon-Nikodym, just as in Theorem 9.8. To see this, let us take again the
interval [0, 1] as our space X;, and let the class %, of all subsets of [0, 1] that
are measurable in the Lebesgue sense (cf. below Chap. III) be our fixed additive
clags of sets in the space X,. A measure u, will be defined by taking u,(X)==c0
for infinite sets and u,(X)=n for finite sets with n elements. This being 8o, the
sets (X,) of measure (u;) zero coincide with the empty set, and therefore, every
additive function of a set (,) on X, is absolutely continuous (¥,, #,). In particular,.
denoting by .1(X) the Lebesgue measure for every set X ¢ %;, we see that A(X)
ie absolutely continuous (%, #¢;,) on X,. We shall show that A(X) is not an inde-
finite integral (%, ;) on .X,. Suppose indeed, if possible, that

A(X) = f g (@) du, ()
X

for every set X ¢%,, the function g(x) being integrable (X,, ;) on .X,. Since
A(X) is non-negative, we may suppose that g(z) is so too. Let E=E[g(x).-0]
X

and E,=E[g(z) -1/n] for n=1, 2,... We have A(X,——E):rfg)dy,:O. 8o that
A
X_—E
A(E)=A(.X,)=1 and this requires the set £ to be non-enumerable. Since E=3 E,,,
n

the same must be true of E,, for some positive integer m,. Thus

AEn) =~ [ 9@)diny @) = py (Bnfng=s0,
Ep,

which is evidently a contradiction.

§ 15. Change of measure. Any non-negative additive func-
tion #(X) of a set (¥X) may clearly be regarded as a measure cor-
responding to the given additive class X. When such a function
v(X) is defined only on a set E, we can always continue it (cf. § 5, p.9)
on to the whole space. The terms measure (»), integral (%,7)
etc. are then completely determined for all sets (%), but, in this
case, it is most natural to consider only the subsets of E for which
the function »(X) was originally given.
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(15.1) Theorem. Whenever, on a set E measurable (X), we have
(15.2) Y X) = (%) [ g@)du(@) + H(X)
X

where 3(X) is a non-negative function, additive and singular (%, u)
on E, and where g(x) ts a non-negative function integrable (%, u)

over E, then also
(15.3) (%) [ f(@) dv(z) = (%) [f z) du() + (%) /f z) d9(x)
X

for every set XCE measurable(% and for every functwn f(x) that possesses
a definite integral (X,v) over X. If, further, the function f(x) is integrable
(X,7) over E, the formula (15.3) ewpresses the Lebesgue decomposition

of the indefinite integral / .fdv on E, corresponding to the measure u,
X
the function 6(X) = / fd9 being the function of singularities (X,u)
X

of the indefinite integral / fav.
X
Proof. We may clearly assume that f(x) is defined and non-
negative on the whole of the set E. We see at once that, for each

set ¥ (C E measurable (%), /‘cy(w)dv(w) :v(Y):hl'g(w)d,u(w)—}-é)(Y):
v
_f ¢, () g(x) du(z) + /c () d¥(x), and hence also that for every

flmte function h(x) sxmple and measurable (%) on a set X C E,

(15.4) [ h@)dv(z) = [ h(z)g(x)du(@) + [ h(z)dS).
X X X

Let now {h,(z)} be a non-decreasing sequence of finite simple
functions measurable (%) and non-negative on X, converging to the
given function f(x). Substituting h,(x) for h(x) in (15.4) and making
n—» oo, we obtain (15.3), on account of Lebesgue’s Theorem 12.6.
If, further, f(z) is integrable (X,») over E, the identity just es-
tablished shows at once that the product f(z) g(x) is integrable (%, u)
over E and hence, that the indefinite integral ){ fgdu is absolutely

continuous (%,u) 'on E. On the other hand, the function 6(X)
vanishes on every set on which the function $(X) vanishes, and
therefore, is singular (%, ) on E together with $(.X). This completes
the proof.
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The wide scope of Theorem 15.1 is due to the fact that, if
u(X) and »(X) are any two measures associated with the same class
% of measurable sets and we have at the same time u(E) << + oo,
and »(E) << 4 oo, for a set EeX, then the measure » can be repre-
gented on E in the form (15.2), where g(z) is a function integrable
(%, ) over the set E and #(X) is a non-negative function, additive
and singular (%, v) on the same set (cf. Th. 14.6). Hence, with the

above hypotheses and notation, in order that / fav = / fgdu
b ¢ X

should hold identically on E, it is necessary and sufficient that
the indefinite integral f fdv be absolutely continuous (%, #) on E.
X

This condition is clearly satisfied whenever the measure »(X) is
itself absolutely continuous (X, u).




CHAPTER II.

Carathéodory measure.

§ 1. Preliminary remarks. In the preceding chapter, we
supposed given a priori a certain class of sets, together with a meas-
ure defined for the sets of this class. A different procedure is usually
adopted in theories dealing with special measures. We then begin
by determining, as an outer measure, a non-negative function
of a set, defined for all sets of the space considered, and it is only
a posteriori that we determine a class of measurable sets for which
the given outer measure is additive.

An abstract form of these theories, possessing both beauty
and generality, is due to C. Carathéodory [I]. The account that
we give of it in this chapter, is based on that of H. Hahn [I, Chap. VI],
in which the results of Carathéodory are formulated for arb-
itrary metrical spaces. This account will be preceded by two §§
describing the notions that are fundamental in general metrical
spaces.

§ 2. Metrical space. A space M is metrical if to each pair
a and b of its points there corresponds a non-negative number ¢(a, b),
called distance of the points a and b, that satisfies the following
conditions: (i) o(a, b)=0 is equivalent to a=»b, (ii) o(a, b)=0(b, a),
(i) o¢(a,b) +eo(b,c)=>0(a,c). In this chapter, we shall suppose
that a metrical space M is fixed, and that all sets of points that
arise, are located in M.

The notation that we shall use, is as follows. A point a is limit
of a sequence {a,} of points in M, and we write a =lim a,, if

n

limg¢(a, a,)=0. Every sequence possessing a limit point is said to
n
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be convergent. Given a set M, the upper bound of the numbers ¢(a, b)
subject to aeM and beM is called diameter of M and is denoted
by J(M). The set M is bounded if d(M) is finite. For a class M
of sets, the upper bound of the numbers J(M) subject to MM
is denoted by A4(M) and called characteristic number of M.
By the distance ¢(a, A) of a point a and a set A, we mean the lower
bound of the numbers ¢(a, ) subject to zeA, and by the distance
¢ (4, B) of two sets A and B, the lower bound of the numbers o(z, y)
for zeA and y ¢ B.

We call neighbourhood of a point a with radius r >0, or open
sphere S(a; r) of centre a and radius r, the set of all points x such
that ¢(a,x) <r. The set of all points x such that o(a,z)<r is
called closed sphere of centre a and radius r, and is denoted by S(a; 7).

A point a is termed point of accumulation of a set A, if every
neighbourhood of a contains infinitely many points of 4. The set
A’ of all points of accumulation of A is termed derived set of A.
The set A+ A’, that we denote by a , i8 termed closure of A. If A::Z,
the set A is said to be closed. The points of a set, other than its
points of accumulation, are termed isolated. A set is isolated, if all
its points are isolated. We call perfect, any closed set not containing
isolated points.

A point a of a set A is said to be an internal point of A, if there
exists a neighbourhood of a contained in 4. The set of all the internal
points of a set A is called interior of A and denoted by A°. The set
A—A° is termed boundary of A. 1f A--A°, the set A is said
to be open. Two sets A and B are called non-overlapping, if
A-B°=B-A°=0.

The class of all open sets will be denoted by ® and that of
all closed sets by §. In accordance with the convention adopted
in § 2 of Chap. I, p. 5, open and closed sets will also be termed
sets (®) and sets () respectively. We see at once that the com-
plement of any set (®) is a set ({§) and vice-versa.

The sum of a finite numher or of an infinity of open sets, as
well as the common part of a finite number of such sets, is always
an open set. Any comnmon part. of a finite number, or of an infinity,
of closed sets, and also any sum of a finite number of such sets,
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are closed sets. Nevertheless, the sets ({,) and (®;) (cf. Chap. I, § 2,
p. 5) do not in general coincide with the sets () and (®), although
every set ({) is clearly a set (§,) and, at the same time, a set (®;);
for, if F is a closed set and G, denotes the set of the points z such
that o(x, F)<<1/n, we have F=II@,, where G, are open. The cor-

responding result for the sets (®) is obtained by passing to the
complementary sets. Moreover, it follows that any set expressible
as the common part of a set () and a set (®) is both a set ({,) and
a set (®s).

We shall denote by B, the smallest additive class that includes
all closed sets (cf. Chap. I, Th. 4.2). This class, clearly, includes also
all sets (®s) and (J.). The sets (B) are also termed measurable (B)
(in accordance with Chap.I, §4, p. 7). They are known as Borel sets.

We shall also give a few ‘“relative” definitions having re-
ference to a set M. The common part of M with any closed set
is closed in M; we see at once that, for a set PC M to be closed
in M, it is necessary and sufficient that P= M.P, i. e. that the
set P contains all its points of accumulation belonging to M. Sim-
ilarly, any set expressible as the common part of M and an open
set is termed open in M.

Any set of the form M.S(a; r), where aeM and >0, is called
portion of M. If every portion of M contains points of a set 4,
i. e. if A7) M, the set A is said to be everywhere dense in M. If a set B
is not everywhere dense in any portion of M, i. e. if no portion
of M is contained in B, the set B is said to be non-dense in M. In
other words, a set B is non-dense in M, if, and only if, each portion
of M contains a portion in which there are no points of B. It fol-
lows at once that the sum of a finite number of sets non-dense in
the set M is itself non-dense in M. The sets expressible as sums
of a finite or enumerably infinite number of sets non-dense in M
are termed (according to R. Baire [1)) sets of the first category in M,
and the sets not so expressible are termed sets of the second category
tn M. In all these terms, the expression ‘‘in M” is omitted when
M coincides with the whole space; thus, [by “non-dense sets”,
we mean sets whose closures contain no sphere and by “sets of
the first category’, enumerable sums of such sets.

A set M is called separable, if it contains an enumerable
subset everywhere dense in M.
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§ 8. Continuous and semi-continuous functions. If f(x)
is a function of a point, defined on a set A containing the point a,
we shall denote by Mu(f; a; r) and my(f; a; ), respectively, the
upper and lower bounds of the values assumed by f(x) on the por-
tion A-S(a; r) of the set A. When r tends to 0, these two bounds
converge monotonely towards two limits (finite or infinite) which
we shall call respectively maximum and minimum of the function
J(x) on the set A at the point a, and denote by M4(f; a) and my(f; a).
Their difference 04(f; a) = Ma(f; @) —mu(f; @) will be called oscil-
lation of f(x) on A at a. We clearly have

(3.1) my(f; a) << f(a) << Malf; a) for every point ae A.

If f(a)=myu(f; a), the function f(x) is said to be lower semi-
continuous on the set A at the point a; similarly, if f(a)=M.u(f; a),
the function f(r) is upper semi-continuous on A at a. 1f both con-
ditions hold together, and if f(«x) is finite at the point a, i. e. if
my(f; a)=M4(f; a)F oo, the function f(r) is termed continuous on A
at the point a. Functions having the appropriate property at all
points of the set A, will be termed simply lower semi-continuous,
or upper semi-continuous, or continuous, on A. In all these terms
and symbols, we usually omit all reference to A, when the latter
is an open set (in particular, the whole space), or when A4 is kept
fixed, in which case the omission causes no ambiguity.

From these definitions we conclude at once that, if f(x) is
upper semi-continuous, the function —f(x) is lower semi-continuous,
and vice-versa; and further, that, if two functions are upper (or
lower) semi-continuous, so is their sum (supposing, of course, that
the functions to be added do not assume at any point infinite values
of opposite signs).

(3.2) Theorem. For every function f(r) defined on a set A, the
set of the points of A at which f(x) is8 not continuous on A, is the com-
mon part of the set A with a set ().

Proof. Let us denote by F, the set of the points x of 4 at
which either f(r)=+oc, or o4(f;z)==1/n. The set F =X F, con-
sists of all the points of A at which the function f(x) is not con-
tinuous. Now it is easy to see that each of the sets F, is closed in 4,
i. e. that F,=A-F,. Therefore F is the common part of 4 and the
set ZF,, which is a set ({.).
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(3.3) Theorem. For a function of a point f(x) to be upper [lower]
semi-continuous on a set A, it i8 nmecessary and sufficient that, for
each number a, the set

(3.4) E[z A; f(x) = a] [E[zed; f(x) < a]]
be closed in A, 1. e. expressible as the common part of A with a set ().

Proof. We need only consider the case of upper semi-contin-
uous functions, as the other case follows by change of sign.

Let f(x) be a function upper semi-continuous on A, @ an ar-
bitrary number, and xz,e A a point of accumulation of the set (3.4).
For each >0, the sphere S(z,; r) then contains points of that set,
and this requires M,(f; zy; r)==a and 80 Mu(f; z,)=>a. Since by
hypothesis M,(f; z,) = f(z,), we derive f(z,) = a, so that x, belongs
to the set (3.4). This set is thus closed in A.

Suppose, conversely, that the set (3.4) is closed in A4 for each a.
Since the relation M,(f; x) = f(r) is evident for any x at which
f(x) = + oo, let x, be a point at which f(z,) < + oo, and a any
number greater than f(x,). The set (3.4) is closed in 4 and does not
contain x, and so, for a sufficiently small value r, of r, contains
no point of the sphere S(xy;7). Thus Ma(f; o) SM4(f; 2y; 7a)<<a for
every number a > f(x,), and hence M,(f; x,) << f(x,), which, by (3.1),
requires M4(f; x,) = f(x,).

An immediate consequence of Theorem 3.3 (cf. Chap. I, § 7,
particularly p. 13) is the following

(3.5) Theorem. Every function semi-continuous on a set (D) s
measurable (B) on this set. More gemerally, if X is any additive
class of sets including all closed sets (and so all sets measurable (B)),
every function semi-continuous on a set (X) ts measurable (X) on
this set.

§ 4. Carathéodory measure. A function of a set I'(X),
defined and non-negative for all sets of the space M, will be called
outer measure in the semse of Carathéodory, if it fulfills the fol-
lowing conditions:

(€,) I'(X)T(Y) whenever XCY,
(Cy) rZx)s2rx) for each sequence {X} of sets,
i i

(Cy) rx+Yy)=x)+ 1Y) whenever (X, Y)> 0.
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It should be noted that of these three conditions, the last one, only, has
a metrical character. Now in this §, as well as in the §§ 5 and 6, we shall use
only properties (C;) and (C,) of the Carathéodory measure. Hence all the re-
sults of these §§ remain valid in a perfectly arbitrary abstract space.

In order to simplify the wording, we shall suppose, in the

rest of this chapter, except in § 8 which is concerned with certain

‘sfpecial measures, that an outer Carathéodory measure I'(X) is
u; aiquely determined in the space considered.

+ A set E will be termed measurable with respect to the given
outer mojeasure I'(X), if the relation I'(P+Q)= I'(P)+I'(Q) holds
for every pa.~.of sets P and @ contained. respectively, in the set E
and in its complement* CE .., what amounts to the saime, if
I'(X)=I'(X-E)+I'(X-CE) holds for every set X. By condition (Cj)
this last relation may be replaced by the inequality I'(X)>=>
> I'(X-E) + I'(X-CE).

The class of all the sets that are measurable with respect to 7',
will be denoted by £r. We see at once that this class includes all
the sets X for which I'(X)=0 (in particular, it includes the empty
set). Moreover it is clear that complements of sets (2r) are also
sets (2r).

The main object of this §is to establish the additivity of
the class £, (in the sense of Chap. I, §4) and to prove that the
function I'(X) is a measure (2;) in the sense of Chap. I, § 9.
This result will constitute Theorems 4.1 and 4.5.

(4.1) Theorem. If S i3 the sum of a sequence {X,}.—1.2, .. of sets (8r)
no two of which have common points, the set S is again a set (2r) and
I'(8)= 2 I'(X,); more generally, for each set Q

(4.2) rQ)=23r@-x.+I@-0cs).

k
Proof. Let Sx= 3 X,. We begin by proving inductively that

n=1
all the sets Sy are measurable with respect to /°, and that, for each k
and for every set @,

(4.3) rQ) > g’g«@ X,) + T'(@-C8y).

Suppose indeed, that S, is a set (2r) and that the inequality (4.3)
holds for every set @, when k¥ = p. Since X, is, by hypothesis,
a set (8r) and 8,-Xp+1= 0, we then have
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F(Q) = I’(Q'Xp+l) + P(Q'CX;)«H) =
=I'(Q-Xp11)+ I'(Q- CXppy-8,) + I'( Q CX,.;-C8,) =

=[(Q Xp11) + I'(Q-8p) + I'(Q-C8py1) = " I’(Q X,) + I'(Q-C8p+1)

and this is (4.3) for ¥k =p + 1. In view of condition (C,), p. 43,
it follows further that I'(Q)=1(Q-8p41)+ I'(Q-C8,11), which
proves that S,i; is a set (8r).

Combining the inequality (4.3), thus established, with the in-
equality I'(Q-CS;) = I’(Q C8), we obtain, by making k-» oo, the

inequality I'(Q) = Z (@-X.)+ I'(Q-CS), and from this (4.2)

follows on account of condition (C,).

Finally, the same condition enables us to derive from (4.2)
that I'(Q) = TI'(Q-8)+T(Q-CS), and this shows that S is a set (2r)
and completes the proof.

(4.4) Lemma. The difference of two sets ({r) is itself a set ({r).

Proof. Let Xe%; and Ye¥r, and let P and @ be any two
gsets such that PC Y— Y and QCC(X — Y). Write ¢, =0-Y
and @, = @-CY. Making successive use of the three pairs of in-
clusions @,CY, @,CCY; PCX, ,CC(X—Y)-CYCCX; and
0,CY, P+Q,CCY, we find I'(P)+I'(@)=1'(P)+I'(@)+TI'(Q,)=
=I'(P+Q,)+I'(Q,)=T1"(P+Q), which shows that X—Y is a set (£,).

(4.5) Theorem. Lp is an additive class of sets in the space M.

Proof. We have already remarked (p. 44) that the empty
set and that complements of sets (£,) are sets (£;). To verify the
third condition (iii) for additivity (cf. Chap. I, § 4, p. 7), let us
observe firstly that, on account of Lemma 4.4 and of the identity
X.-Y=X—CY, the common part of any two sets (¥r) is itself
a set (£r). This result extends by induction to common parts of
any finite number of sets (¥,) and, with the help of the identity

’Z X,:Clil CX,, we pass to the similar result for finite sums of

sets. Finally, if X is the sum of an infinite sequence {X,}.-1.o, ..

of sets (8r), we have X==8,+Y (8,+1—A8,) where S,=) X Now,
k-1

n—1

clearly, of the sets 8, and S8,y1—S,, no two have common
points, and, moreover, by the results already proved, they all
belong to the class £;. Consequently, to ascertain that X is a set (2r),
we have only to apply Theorem 4.1. The class Lr is thus additive.
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Theorem 4.5 connects the considerations of this chapter with
those of the preceding one. Thus, in accordance with the conven-
tions adopted in Chap. I, pp. 7 and 16, the sets (2r) may be termed sets
measurable (8r), and I'(X) may, for XeQr, be regarded as a
measure associated with the class £;. This class, together with
the measure I', determines further the notions of functions
measurable (87), of integral (8, I'), of additive function
of a set (¢r) absolutely continuous (£, I"), and the other
notions defined generally in Chap. I. Since the outer measure I’
determines already the class £r, we shall omit in the sequel the
symbol representing this class, whenever the notation makes expli-
cit reference to the outer measure; thus we shall say “function
integrable (7')” instead of “function integrable (2r, I')” and the
integral (I') of a function f(x) over a set E will be denoted simply

by /'f(x)dr(m), instead of by (2r) [f(x)dl ().
E E

In accordance with Chap. I, § 9, the value taken by I'(X) for
a set X measurable (£r) will be termed measure (I') of X; when
X is quite arbitrary, this value will be called its outer measure (I").

If E, is a subset of a set E such that I'(E— E;) =0, then
for any function f(r) on E the measurability (2r) of f on E is
equivalent to its measurability (£r) on E, This remark and
Theorem 11.8, Chap. I, justify the following convention:

If a function f(x) is defined only almost everywhere (I')
on a set E, then, E, denoting the set of the points of E at which
f(x) is defined, by measurability (Lr), integrability (I') and integral (I)
of f on the set E we shall mean those on the set E,.

Let us note two further theorems.

(4.6) Theorem. Given an arbitrary set E, (i) I'(E- EX,,)— SI'(E-X,)

for every sequemce {X,} of sets measurable (8r) no t'wo of whwh have
common points, (ii) I'(E-lim X,)=1im I'(E-X,) for every ascending

sequence {X,} of sets measurable (£r), and this relation remains valid
for descending sequences provided, however, that I'(E-X,)==oo,
(iii) more generally, for every sequemce {X,} of sets measurable (Lr)
I'(E-liminf X,)<liminf I'(E-X,), and, if further I'(E-Z X,) = oo,

then also I'(E-limsup X,) = limsup I'(E-X,).
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Part (i) of this theorem is contained in Theorem 4.1, and
parts (ii) ang (iii) follow easily from (i) (cf. Chap. I, the proofs of
Theorems 5.1 and 9.1).

A part of Theorem 4.6 will be slightly further generalized. Given
a set E, let us denote, for any set X, by Iz (X) the lower bound of
the values taken by I'(E-Y) for the sets Y measurable (2r) that
contain X.

(4.7) Theorem. Given a set E, (i) to every set X corresponds
a set X° )X measurable (Lr) such that I'2(X) = I'(E-X9),
(i) I'(E - hm mf X)) < l"’(hmmf X,) <lim mf I’} (X,) for every se-

quence {X,) of sets, and, in partwular, I’(E hm X,,)<F°(11m X,)=

=lim I'Y(X,) for every ascending sequence X,,,
n

Proof. re (i). For every positive integer n there is a set Y, ) X,
measurable (£,), such that I'(E-Y,)<<I'y(X)+ 1/n. Writing
X°=11Y,, we verify at once that the set X° has the required

properties.

re (ii). Taking (i) into account, let us associate with each set .Y,
a set X% X,, measurable (2r) and such that T(E-X))=T1(X,).
The set liminf X2 Dliminf X, is measurable (2;) and, we therefore

have, by Theorem 4.6 (iii)
Ig(liminf X,) << T'(E - liminf X)) <liminf I'(E. X,,)_llm inf I'(X,).

n

The second part of (ii) follows at once from the first part.

» § 5. The operation (A). We shall establish here that
measurability (£,) is an invariant of a more general operation
than those of addition and multiplication of sets.

We call determining system, any class of sets A={An, n,..,n,d in
which with each finite sequence of positive integers n,,n,,...,nx there
is associated a set A, a,. . n,- The set
(5.1) > A, An e Aning e

Ay Ay

where the summation extends over all infinite sequences of indices
Nyy Ngy ovvy Wiy -y 18 called nuclens of the determining system A and
denoted by N(). The operation leading from a determining system
to its nucleus is often called the operation (A).
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The operation (A) was first defined by M. Souslin [1] in 1917. When
applied to Borel sets, it leads to a wide class of sets (following N. L usin, we call
them analytic) and these play an important part in the theory of sets, in the
theory of real functions, and even in some problems of classical type. A system-
atic account of the theory of these sets will be found in the treatises of H. Hahn
[I1], F. Hausdorff [II], C. Kuratowski [I], N. Lusin [II] and W. Sierpin-
ski [II).

We mentioned at the beginning of this § that the operation (A) includes those
of addition and of multiplication of sets. This remark must be understood as follows:
If Mis a class of sets such that the nucleus of every determining system formed of sets (M)

stself belongs to M, then the sum and the common part of every sequence {Ni} of sets
(M) are also sets (M). In fact, writing Pny,ny,...,ny= Nn; and @Qng,ny,...ny= Nk we
see at once that the nuclei of the determining systems {Pu,n,..,n,} and
{Qny.ng....,ny} coincide respectively with the sum and with the common part of

the sequence { N;}. Thus, Theorem 5.5, now to be proved, will complete the result
contained in Theorem 4.5, and in conjunction with Theorem 7.4, establish mea-
surability (€,) for analytic sets in any metrical space (cf. N. Lusin and
W. Sierpinski [1], N. Lusin [3, pp. 25—26], and W. Sierpinski {12; 15]).
The proof of this can be simplified if we assume regularity of the outer meas-
ure I" (cf. §6) (see C. Kuratowski [I, p. 58]).

With every determining system U ={4,, »,, ..}, We shall also
associate the following sets. NArh2--hs(Y) will denote, for each
finite sequence h,, h,, ..., by, of positive integers, the sum (5.1)
extended over all sequences, n, n,, ..., Ntx, ... such that n; << h; for
i=1,2,..,8 We see at once that the sequence {N”*(U)}r=1,,..,
together with every sequence {NAvhz--heh(Q)},_,, . is monotone
ascending and that

(5.2) N(U)=limNA),  Nhohyohn(2) = lim v by - hieh(3).
h

Further, for every sequence of positive integers h,, h,, ..., hy, ..., we
shall write

N (W=D An, N n) =D An-Any - -« -

n=hy nshy, nsh,

Nhl,hz.....hk(czl) == 2 Anl'-Anl,nz‘---'Anl,nZ,,.. nk,

ny=hy, ngShy, ..., np< hy

We see directly that if the sets of the determining system U
belong to a class of sets M, the sets Ny, n, .4, (A) belong to the
clags Myo.
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(6.3) Lemma. For every determining system U={A, n, ..} and
for every sequemce of positive integers hy, hoy ..., Ry, ...

(5.4) Ny (W) « Nay, hy (W) Ny, by, .o 1y (A) - ... CN(A).

Proof. Let # be any point belonging to the left-hand side
of (5.4). We shall show firstly that a positive integer nd<Ch;, can
be chosen so that, for each k>2, the point & belongs to a set
Any-An nyeAngny, ..., for which n =n? and n, < h; for i=2, 3, ..., k.
Indeed, if there were no such integer n%, we could associate with
each index n << h,, a positive integer k,, such that x belongs to no
product A,.-A,,',,2-...-A,,',.2,_,‘,,,kn for which n,<<h, when i=2,3, ..., k,.
Denote by p, the greatest of the numbers k,, k,, ..., kx,. The point
thus belongs to none of the sets A,,l-A,.,,,,z-...-A,,l‘,,2,”__,,pl for which
n<<h; when i=1,2,...,p, and therefore is not contained in
their sum th'h%,,,,,,pl(‘ll). This is a contradiction since, by hypo-
thesis, # is an element of the left-hand side of (5.4).

After the index m!, we can determine afresh an index n)<Ch,,
so that, for each k223, the point x belongs to a set A, A ny e Ay ng....ny
for which n; = n{, ny, =n) and n;<<h; when 7= 3, 4, ..., k. For, if
there were no such index, we could find, as previously, a positive
integer p,>3 such that 2 belongs to no product An-Anjny .- Anyng....n,
for which n,=n} and n,<<h; when i=2,3, ..., p,. And this would
contradict the definition of the index nf.

Proceeding in this way, we determine an infinite sequence of

indices {n?} such that n{<<h; when i=1,2,.. and such that
weAn?-An?,ng-...-Antl),no,'_,,ng-.... Thus ze¢N(A), and this completes
the proof.

Lemma 5.3 is due to W. Sierpinski [13]). The proof contains a slightly
more precise result than is expressed by the relation (5.4) and shows that the
left-hand side of that relation coincides with the sum (5.1), when the latter is
extended only to systems of indices n,, m,, ..., nk, ... Testricted to satisfy
n < h,, n, \<h2’ ey My <K hk' e -

Let us call degenerate, a determining system {An,,n,,..,n,} such that, for
some sequence {hx} of positive integers, we have An,,n,,....,n,=0 wWhenever nt .- hr.
Then, for this sequence {hr}, the relation of inclusion (5.4) becomes an identity
and we are led to the following theorem:

If a degenerate determining system consists of sets belonging to a class M,
its nucleus is a set (Msss). A similar theorem cannot hold for non-degenerate
systems: in fact, as shown by M. Souslin, the operation (A) applied to Borel
sets (and even to linear segments) may lead to sets that are not Borel sets (cf.
F. Hausdorff [II, p. 182—184)).
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(5.5) Theorem. The nucleus of any determining system U={Apn, ny,....np}
consisting of sets measurable (8r) is itself measurable (Lr).

Proof. Let us write, for short,

N=N(®Q), Nnpng ong = Napng, g (Y), Nuyng, ...npy = N,,h,lz.“",,k(Q[),
We have to show that, for any set E
(5.6) I'EYZ=TI'(E-N)+ I'(E-CN).

We may assume that I'(E) < oo, since (5.6) is evidently fulfilled
in the opposite case.

Let us denote (as in § 4, p. 47) by I'y(X) the lower bound
of the values of I'(E-Y) for sets Y )X measurable (8r) and let ¢
be an arbitrary positive number. Taking into account (5.2) and
Theorem 4.7, we readily define by induction a sequence of positive
integers {hx} such that I'py(N®)>I'(E-N)—¢/2 and

IR (Nhvhg by == TR (Ntvho o he1) —g[2% for k=2, 3, ....

Thus the sets Nun,, ..,n, ) N"t"2 " being measurable (£r) together
with the A, n,, .. ny»

F(E'Nhl'h,z‘u_'hk)}PF?(N"I-"Z'-"-"I:)>I'(E-N)———E
for each k, and therefore

I'(E)=I(E-Nhy,ny,...13) + T'(E-CNnyny,...n,) 2

5.7
(6.7) ZI'(E-N)+ I'(E-CNpy.n,,.. n,) —E.

Now the sequence of sets {Nnx, .. a. e-1,2 .. 18 descending, and
by Lemma5.3 its limitis a subset of N. The sequence {CNp, 4, aJe-1,2, ..
is thus ascending and its limit contains the set CN. Hence, making
k—>oco in (5.7), we find, by Theorem 4.6(ii), the inequality
I'E)yZT(E-N)+4+I(E.CN)—e¢, and this implies (5.6) since ¢ is an
arbitrary positive number.

§ 6. Regular sets. A set X will be called regular (with respect
to the outer measure I'), if there exists a set A measurable (£r),
containing X and such that I'(A) = I'(X). Every measurable set
is evidently regular, and so is also every set X whose outer measure (I’)
is infinite, since we then have I'(X)=I'(M)=oco. If every set
of the space considered is regular with respect to the outer measure I,
this measure is itself called regular; cf. H. Hahn [I, p. 432],
C. Carathéodory [1; I, p. 258].
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Denoting by I'°(X) the lower bound of the values of I'(Y)
for sets Y DX measurable (8r), we see readily that the relation
I'(X)= I'(X) expresses a necessary and sufficient condition for
the set X to be regular. From Theorem 4.7(ii), taking for the
set E the whole space, we derive the following:

(6.1) Theorem. For any sequence {X,} of reqular sets I'(lim inf X, )<
< liminf I'(X,), and, if further the sequence \X,} is ascending
I'(lim X,) =lim I"'(X,,).

The generality and the importance of this theorem consist in that all
outer measures I' that occur in applications satisfy the condition of regularity,
and, for these measures, the last relation of Theorem 6.1 therefore holds for
every, ascending sequence of sets. Nevertheless, for measures that are not them-
selves regular, the restriction concerning regularity of the sets X, is essential
for the validity of Theorem 6.1 as is shown by an example of irregular measure
due to C. Carathéodory [II, pp. 693—696].

We may observe further that, for any fixed set £, the function of a set / X)),
defined in § 4, p. 47, is always a regular outer measure, even if the given measure
I'(X) i8 not. Conditions (C,) and (C,) together with that of regularity, are at once
seen to hold, and (C,) may be derived from Theorem 7.4, according to which
closed sets are measurable (£p).

§ 7. Borel sets. We shall show in this § that, independently
of the choice of the outer measure I', the class £, contains all
Borel sets.

(7.1) Lemma. If Q is any set contained in an open set G, and Q,
denotes the set of the points a of Q for which ¢(a, CG)=1/n, then
lim 1I'(Q,) = I'(Q).

Proof. Since the sequence {@,} is ascending and @ = lim @Q,,
it suffices to show that lim I'(Q,)=>1'(Q). For this purpose let us

write D,=Q,+1—Q,. We then have ¢(Dpy1,Qn)=1/n(n+1)>0,
provided that D,;1#0 and Q.= 0. Hence, taking into account
condition (C,), p. 43, it is readily verified by induction that

(7.2) P(QZ:H—I)>P£§D2k)=£P(DZk), P(an)>1’£§D2k—1)=§F(Dzk 1)

for every positive integer n. Writing, for short, a,=2 I'(D.;) and
k—-n
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b, = ), I'(Dx;-1), we obtain at once, by condition (C,), p. 43,
h=n+1

(7'3) P(Q) < F(an) + Qn + b".
Now two possibilities arise: either both series, \ Y I'(Dy) and
=1

(o)
N I'(Du-1) bave finite sums, or, one at least has its sum infinite.
k=1 )

In the former case a,—>0 and b,—0, so that, the required inequal-
ity I'(Q)<<lim I'(Q,) follows by making n —oco in (7.3); while, in

the latter case, the inequality is obvious, since by (7.2) we have
then lim I'(Q,) = oo.

(7.4) Theorem. Every set measurable (B) is measurable (£,.).

Proof. Since the class £, is additive and since B is the smallest
additive class including the closed sets (cf. § 2, p. 41), it is enough to
prove that every closed set is measurable (£;), i. e., denoting any
such a set by F, that

(7.5) rP+Q)=I(P)+I'Q)

holds for every pair of sets PCF and QC CF. Since the set CF
is open, there is, by Lemma 7.1, a sequence {@,} of sets such that
@.CQ, 0(Qn, F) =1/n for n=1, 2, ..., and lim I'(Q,) = I'(Q). Thus

0(@n, P) = 0(Qn, F) > 0, and so, on account of condition (C,), p. 43,
we derive I'(P+Q)=I'(P+Q,)= I'(P)+ I'(Q.) for each =, and,
making n— >0, we obtain (7.5).

The arguments of this § depend essentially on property (C;) of outer meas-
ure, and on the metrical character of the space M, which did not enter into
§§ +—6. It is possible however to give to these arguments a form, independent
of condition (C,), valid for certain topological spaces that are not necessarily
metrical (¢f. N. Bourbaki [1]).

From the preceding theorem coupled with Theorem 3.5, we
derive at once the following

(7.6) Theorem. (i) Every function measurable (B) on a set E
ts measurable (L) on E. (ii) Every function that is semi-continuous
on a set (8r) is measurable (2r) on this set.
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§ 8. Length of a set. We shall define in this § a class
of functions of a set that are outer Carathéodory measures and
that play an important part in a number of applications.

Let a be an arbitrary positive number. Given a set X, we
shall denote, for each €>0, by AY(X) the lower bound of the

sums i;'l[ri(X,v)]“, for which {X}i—2 . i8 an arbitrary partition of X
into a sequence of sets that have diameters less than &. When
£¢—>0, the number AY(X) tends, in a monotone non-decreasing
manner, to a unique limit (finite or infinite) which we shall denote
by A.(X). The function of a set A,(X) thus defined is an outer
measure in the sense of Carathéodory. For, when ¢>0, we clearly
have (i) AV(X)<<AP(Y)if XC¥, (ii) A"’(ZX,,)< ):A“)(X ), if {X.}
is any sequence of sets, and (iii) A(')(X-+ Y)= Aff)(X )+ AL(Y),
if o(X, Y)>e. Making ¢—>0, (i), (ii), (iili) become respectively
the three conditions (C,), (C,), (Cs), p. 43, of Carathéodory for A.(X).

We shall prove further that the outer measure A, (for any a>0)
is regular in the sense of §6, i. e. that every set is regular with
respect to this measure. We shall even establish a more precise
result, namely

(8.1) Theorem. For each set X there is a set He®; such that
XCH and A (H) = A X).

Proof. For each positive integer n, there is a partition of X
into a sequence of sets {Xf")},- 1,2, .. such that

(8.2) S(X™)<1/2n for i=1,2,.., and S[6(X")]<AX)+ 1/n.
i-1

We can evidently enclose each set X{” in an open set G\ such that
(8.3) §G") < (14 1/n) (X"

Writing H =]] 3 G\, we see at once that H is a set (®,) and that

n 111
XCH. Moreover, for eachn, H = Z H-G" and the relations (8.2)
and (8.3) imply tha O(H- G‘"’)<J/n for ¢=1,2,... and that
ATH)Y < 2, [6(H-G")*<(14+1/n)[A(X)+1/n). Making n—> oo,

we find in the limit A,(H)<<A.(X), and, since the converse in-
equality is obvious, this completes the proof.
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In Euclidean n-dimensional space R, (see Chap. IIT), the sets
whose measure (4,) is zero may be identified with those of measure
zero in the Lebesgue sense. By analogy, in any metrical space,
sets whose measure (A.) is zero are termed sets having a-dimensional
volume zero, and in particular, when e =1, 2, 3, sets of zero length,
of zero area, of zero volume, respectively. For the same reason, sets
of finite measure (A.) are termed sets of finite a-dimensional volume
(or of finite length, finite area, finite volume, in the cases a«=1, 2, 3).
In particular, in R, i.e. on the straight line, the outer measure A,
coincides with the Lebesgue measure, and, on this account, we call
the number A,(X), in general, outer length of X, and when X is
a set measurable (2 ), simply, length of X. For short, we often write A
instead of 4,.

We have mentioned only the more elementary properties of the measures
Aaq, those, namely, that we shall have some further occasion to use. For a deeper
study, the reader should consult F. Hausdorff [1]. Among the researches de-
voted to the notion of length of sets in Euclidean spaces, special mention must
be made of the important memoir of A. S. Besicovitch [1]; cf. also W. Sier-
pinski (1] and J. Gillis [1].

8§ 9. Complete space. A metrical space is termed complete,

if a sequence {a,} of its points converges whenever lim ¢(am, a,)=0.
m,n—>»oo

In any metrical space, this is evidently a necessary condition for
convergence of the sequence {a,}, but, as a rule, not a sufficient
one. The following theorem concerns a characteristic property of
complete spaces:

(9.1) Theorem. In a complete space, when {F,} is a descending
sequence of closed and non-empty sets whose diameters tend to zero, the
common part IIF, is not empty.

Proof. Let a, -be an arbitrarily chosen point of F,. For n=m,

we have ¢(ay,, a,) <<d(F,), and hence lim ¢(a., a,)=0. The sequence
m,n-»oo

{a.} is thus convergent. Now the limit point of this sequence clearly
belongs to all the sets F,, since a,eF,C F., whenever n=>m, and
since the sets F,, are closed by hypothesis.

(9.2) Baire’s theorem. In a complete space M, every non-empty
set (®s) i8 of the second category om itself, i.e. if H is a set (®s)
in M and H=ZH,, one at least of the sets H, is everywhere dense

in a portion of H.
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(==}

Proof. Suppose, accordingly, that H = [| G, where G, are

n=1

open sets, and further that

(9.3) H= ZZH,,

where H, are non-dense in H. The partial sums of the series
(9.3) are then also non-dense in H (cf. § 2, p. 41), and it is easy to
define inductively a descending sequence of portions S, of H

such that (i) 8,C@a, (ii) 8,3 H;=0, (iii) d(8,)<<1/n. On account
j=1

n_

of Theorem 9.1 and of (iii), the sets S, have a common point, which
by (i), belongs to all the sets G,, and so to H, while at the same
time, by (ii) it belongs to none of the H,. This contradicts (9.3)
and proves the theorem.

The case of Theorem 9.2 that occurs most frequently, is that in which H
is a closed set. For closed sets in Euclidean spaces the theorem was established
in 1899 by R. Baire [1]. To Baire, we owe also the fundamental applications
of the theorem, which have brought out the fruitfulness and the importance
of the result for modern real function theory. As regards the theorem by itself
however, it was found, almost at the same time and independently by W. F.
Osgood [1] in connection with some problems concerning functions of a complex
variable (cf. in this connection, the interesting article by W. H. Young [7]).
The general form of Theorem 9.2 is due to F. Hausdorff [I, pp. 326—328; II,
pp. 138—1456].

If a is a non-isolated point (cf. § 2, p. 40) of a set M, the set (a)
consisting of the single point a is clearly non-dense in M. It there-
fore follows from Theorem 9.2 that

(9.4) Theorem. In a complete metrical space, every mnon-empty
get (®s) without isolated points, and in particular every perfect set,
t8 nmon-enumerable.

More precisely, by a theorem of W. H. Young [1], every set that fulfills
the condition of Theorem 9.4 has the power of the continuum; cf. also F. Haus-
dorff [IT, p. 136).




CHAPTER III.

Functions of bounded variation and the
Lebesgue-Stieltjes integral.

§ 1. Euclidean spaces. In this chapter, the notions of
measure that we consider undergo a further specialization. Accord-
ingly we introduce for Kuclidean spaces, a particular class of
outer measures of (‘arathéodory, determined in a natural way by
non-negative additive functions of an interval. These outer meas-
ures in their turn determine the corresponding classes of meas-
urable sets and measurable functions, and lead to processes of
integration usually known as those of Lebesgue-Stieltjes.

By Euclidean space of m dimensions I£,, we mean the set of
all systems of m real numbers (i, ..., Zm). The number z, is
termed k-th coordinate of the point (ry, &s,..., ). The point (0,0, ...,0)
will be denoted by 0.

By distance o(x,y) of two points &=(x, Ty ..., rn) and
Y-=(Y1y Y2y ...y Ym) i the space R,, we mean the non-negative number
Ly —w)2 4 (o —&2)® ..o + (?/m—w,,,)‘zl"'. Distance, thus defined,
evidently fulfills the three conditions of Chap. Il, p. 40, and hence
Euclidean spaces may be regarded as metrical spaces. All the defi-
nitions wadopted in Chap. 11 therefore apply in particular to spaces
R..In §2 wesupplement them by some definitions more exclusively
restrictod to Euclidean spaces.

The space R, is also termed straight line and the space R,
plane. Accordingly, the sets in R, will often be called linear, and
those in R, plane sets.
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§ 2. Intervals and figures. Suppose given a FEuclidean
space R,.

The set of the points (zy, @, ..., zm) of R, that fulfill a linear
equation a,x,+ a2+ ...+anTm=>b, where b, a,, a, ...,a, are real
numbers and, of these, the coefficients a,, a,, ..., a,, do not all vanish
together, is called hyperplane a,z\+a,x;+...4+amzm=>b. For each
fixed k=1, 2, ..., m, the hyperplanes x,=b are said to be orthogonal
to the axis of x,. The term hyperplane by itself, will be applied ex-
clusively to a hyperplane orthogonal to one of the axes. In R,
hyperplanes coincide with points. In R, and R, they are respectively
straight lines and planes.

Given two points a=(a,, asy...,a,) and b==(by, by, ..., bn)
such that a,<<b, for k=1,2,..,m, we term closed interval
[ay, by @z by; ...; @myb] the set of all the points (xy, x, ..., £n) such
that a,<<xr,<<by for k=1,2, ..., m. The points a and b are called
principal vertices of this interval. If, in the definition of closed in-
terval, we replace successively the inequality a,<Cz,<{b, by the in-
equalities (1°) ar<<@p< bpy (2°) apr<Zp<<bp and (3°) ap<zp<<hy, we
obtain the definitions (1°) of open interval (ai, by; ayy b2; ... Amy b)),
(29) of interval half open to the right [a,, by; ay, by; ...; @my b)) and (3°) of
interval half open to the left (ay, bi; @y b2 ...; @my Om]. If ap=0, for
at least one index k, all these intervals are said to be degenerate.
In what follows, an interval, by itself, always means either a closed
non-degenerate interval or an empty set, unless another meaning
is obvious from the context.

We call face of the closed interval I=|ay, by; az, by; ...; @y bun)
the common part of I and any one of the 2m hyperplanes xr,=a,
and x,=b,, where k=1,2,...,m. If J is an open or half open in-
terval we call faces of J those of its closure J. We see at once that
the faces of any non-empty interval I are degenerate intervals and
that their sum is the boundary of the interval I.

If bj—a;=b,—as=..=b,—an - 0, the interval [a;,b; @3, b2;...; @my bm]
is termed cube (square in R,). We define similarly open cubes and
half open cubes (half open to the right or to the left).

We call net of closed intervals in R, any system of closed non-
overlapping intervals that together cover the space K,. Similarly,
by net of half open intervals, we mean a system of intervals half
open on the same side, no two of which have common points, and
whose sum covers K,. A sequence of nets {R,} (of closed or of half
open intervals) is regular, if each interval of RNy; is contained in
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an interval of N, and if the characteristic numbers A4(N;) (cf.
Chap. I1, p. 40) tend to 0 a8 k—>co. Given a net of half open inter-
vals, we clearly change it into a net of closed intervals by replacing
the half open intervals by their closures. The same operation changes
any regular sequence of nets of half open intervals into a regular
sequence of nets of closed intervals.

(2.1) Theorem. Given an enumerable system of hyperplanes x,=a;,
where k=1,2,...,m, and j=1,2,..., we can always construct a
reqular sequence {Ny) of mets of cubes (closed or half open) mone of
which has a face on the givem hyperplanes.

To see this, let b denote a positive number not of the form
ga,/p where p and g are integers and j=1, 2, .... Such a number b
certainly exists, since the set of the numbers of the form ga;/p is
at most enumerable. This being 8o, for each positive integer k let
us denote by R, the net consisting of all the cubes half open to the
left  (p.b/2% (py+1)b/2% pob/2%, (po+1)b/2%; ...; Pmb/2% (Pm+1)b/2],
where i, ps, ..., Pm are arbitrary integers. The sequence of nets
{N:} evidently fulfills the required conditions.

Let us observe that, given a regular sequence {N:) of nets of
half open [closed] intervals, every open set G 18 expressible as the
sum of an enumerable system of intervals (N,) without common points
[non-overlapping]. To see this, let M, be the set of intervals of N, that
lie in G, and let M4y, for each k=1, be the set of intervals (Ner1)
that lie in @& but not in any of the intervals (IM,). Since 4 (Ny) —>0
as k—»oco, the enumerable system of intervals %’ M, covers the set G,

and the other conditions required are evidently satisfied also.

On account of Theorem 2.1, we derive at once the following
proposition which will often be useful to us in the course of this
Chapter:

(2.2) Theorem. Given a sequence of hyperplanes {H;, every open
set G 18 expressible as the sum of a sequence of half open cubes
without common points [or of closed mon-overlapping cubes] whose
faces do mot lie on any of the hyperplanes H;.

A set expressible as the sum of a finite number of intervals
will be termed elementary figure, or simply, figure. Every sum of
a finite number of figures is itself a figure, but this is not in general
the case for the common part, or for the difference, of two figures.
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We shall therefore define two operations similar to those of multi-
plication and subtraction of sets, but which differ from the latter
in that, when we perform them on figures, the result is again a figure.
These operations will be denoted by © and © and are defined by
the relations

AQ®B=(A-B)° and A S B=(A—B)°.

The relation AOB=0 means that the figures 4 and B do not
overlap (cf. Chap. 11, p. 40).

Given an interval I=[ay, bi; ay, by;...; @my bn], the number
(br—ai)-(b.—a,)-...-(bn—am) Wwill be called volume of I (length for
m=1, area for m=2), and denoted by L(I) or by |I|. If I=0, by
L(I)=|I| we mean 0 also. When several spaces R, are considered
simultaneously, we shall, to prevent any ambiguity, denote the
volume of an interval I in R, by Ln,(I). We see at once that every
figure R can be subdivided into a finite number of non-overlapping
intervals. The sum of the volumes of these intervals is independent
of the way in which we make this subdivision; it is termed volume
(length, area) of R and denoted, just as in the case of intervals,
by L(R) or by |R!.

§ 3. Functions of an interval. We shall say that F(I) is a
function of an interval on a figure R [or in an open set G, if F(I) is a
finite real number uniquely defined for each interval I contained
in R [or in G|. To simplify the wording, we shall usually suppose
that functions of an interval are defined in the whole space.

A function of an interval F(I) will be said to be continuous
on a figure R, if to each €>0 there corresponds an >0 such that
[I| <<% implies |F(I)|<<e for every interval ICR. A function of
an interval will be said to be continuous in an open set G, if it is
continuous on every figure R(C Q. Finally, functions continuous in
the whole space will simply be said to be continuous.

The reader will have noticed that we use the terms ‘‘on” (or
“over’’) and “in”’ in slightly different senses. We may express the
distinction as follows. Suppose that a certain property (P) of func-
tions of a point, of an interval, or of a set has been defined on fig-
ures. We then say that a function has this property in
an open set @, if it has the property on every figure RC G.
Further, if a function has the property (P) in the whole space, we
say simply that it has the property (P). Thus, for instance, a function
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of a set ¥(X) is additive (B) (cf. Chap. I, § 5 and Chap. II, § 2)
in an open set G, if it is additive (B) on every figure RC G;
if p is a measure (B) (cf. Chap. I, § 9), a function of a point, de-
fined in the whole space, is said to be integrable (B, u), if it is
integrable (B, u) on every figure, and so on.

We shall call oscillation O(F; E) of a function of an interval F
on a set E, the upper bound of the values |F(I) for intervals IC E.
If D is an arbitrary set and R a figure, we shall denote by oz(F; D)
the lower bound of the numbers O(F; R-G), where G is any open
set containing D; the number og(F;D) will be termed oscillation
of F on R at the set D. Finally we shall say simply oscillation of F
at D, and use the notation o(F; D), for the upper bound of the
numbers og(F; D) where R denotes any figure (or, what amounts
to the same, interval or cube).

In the sequel, D will usually be a hyperplane (a point in R,
a straight line in R,) or else the boundary of a figure. In these cases
we shall say that the function F is continuous, or discontinuous,
at D on R, according as og(F;D)=0 or og(F;D)>0. Similarly,
we shall say that F is continuous, or discontinuous, at D, according
as o(F;D)=0 or o(F;D)>0.

(3.1) Theorem. In order that a function F of an interval be con-
tinuous on a figure R [or in the whole spacel, it is necessary and suf-
ficient that og(F; D)=0 [or that o(F;D)=0] for every hyper-
plane D.

Proof. Since the condition is clearly recessary, let us suppose

that the function F' is not continuous on E. There is then a number
&>0 and a sequence of intervals {I" =[a{", b"; ...; &', B}
contained in R and such that for n=1, 2, ..., |F(I") >¢,, and that

[I—>0. By the second of these conditions, we can extract from

the sequence {I}, a subsequence {I("‘)}, in such a manner that

lim (bﬁ"*)—agn”)):() for a positive integer i-==i;<Cm. The sequences
k

{ai™ and {bg":")‘ then have a common limit point a,

1o }k-l.z.. Sk o1,2,...
and, denoting by D the hyperplane z;,=a, we see that every
open set ¢ DD contains an infinity of intervals I’, so that

op(F; D)= >0,
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§ 4. Functions of an interval that are additive and
of bounded variation. A function of an interval F(I) is said to
be additive on a figure E, [or in an open set G], if F(I,+1,)=
=F(I,)+F(I,) whenever I,, I, and I,+I, are intervals contained
in R, [or in @) and I,, I, are non-overlapping. A function additive
in the whole space, is for instance the volume L(I)=|I|. Just as
in the case of the function L(I) (cf. § 2, p. 59), every additive
function of an interval F(I) on a figure R, [or in an open set G]
can be continued on all figures in R, [or in G] in such a manner
that F(R,+R,)=F (R,)+F(R,) for every pair of figures R, R, and
R,C R, that do not overlap. In the sequel, we shall always sup-
pose every additive function of an interval continued in this way
on the figures.

If F is an additive function of an interval on a figure R, we
shall term respectively upper and lower (relative) variations of F
on R, the upper and lower bounds of F(R) for figures RC R, We
denote these variations by W (F: R,) and W (F; R,) respectively.
Since every additive function vanishes on the empty set, we have
W (F; R,)=0>=W (F;R,). The number W (F; Ry)+ W (F; R,)|, clearly
non-negative, will be called absolute variation of F' on R, and de-
noted by W(F; R,). If W(F; R))<<+oo, the function F is said
to be of bounded variation on R, In accordance with the convention
of § 3, p. 59, an additive function of an interval in the whole space
is of bounded variation, if it is of bounded variation on every figure.

It is obvious that a function of bounded variation on a figure K,
is equally so on every figure contained in R,, and also that the sum,
the difference, and, more generally, any linear combination of two
additive functions of an interval that are of bounded variation on
a figure, is itself of bounded variation on the same figure.

An additive function whose values are of constant sign is
termed monotone. A non-negative monotone additive function is
also termed non-decreasing (for the same reason as in the case of
non-negative additive fuunctions of a set, cf. Chap. I, p. 8). Similarly,
non-positive additive functions are also termed mnon-increasing.
Every monotone additive function F of an interval on a figure R,
is clearly of bounded variation on R,. .

If a function is of bounded variation on a figure R,, its relative
variations on R, are evidently finite. Conversely, if for an additive
function F of an interval on a figure R, one or other of the two
relative variations is finite, then both are finite, and therefore the
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absolute variation is finite. For, if W (F; R,)<<+oco say, then as
W(F;R,) is the lower bound of the numbers F(R)=F(R,)—F(R,2R),
where R is any figure contained in E,, we find W(F; B, =
>F(Ry)—W (F; Ry)>— co. Moreover, this last inequality may also be
written in the form F(R,)<<W(F;R,)+W (F;R,). Here we replace ¥
by —F to derive the opposite inequality and then finally the equality
F(Ro)=-VT7(F; Ry)+W(F; R,). Hence any additive function of bounded
variation iy the sum of its two relative variations on any figure for
which it is defined. This decomposition is termed the Jordan de-
composition of an additive function of bounded variation, and is
similar to the Jordan decomposition of an additive function of
a set (Chap. I, § 6).

If F is an additive function of bounded variation of an inter-
val on a figure R, the three monotone functions defined for every
figure RC R, by the relations

W(R)=W(F; R), W(R)=W(F;R) and W,R)=W(F;R),

are likewise additive on K, and are termed, respectively, absolute,
upper, and lower variations of F. The first two are non-negative
and the third non-positive. It therefore follows from the Jordan
decomposition that every additive function of bounded variation
on a figure is, on this figure, the difference of two non-decreasing
functions. The converse is obvious.

' We shall now prove some elementary theorems concerning
coutinuity properties of functions of bounded variation.

(4.1) Theorem. If F s an additive function of an interval,

of bounded variation on a figure R, (i) the series > og (F; D,) con-
n

verges for every sequence |D,} of hyperplanes distinct from one another,

and (ii) there is at most an enumerable infinity of hyperplanes D such
that og,(F; D) > 0.

Proof. In the proof of (i) we may clearly suppose that the
hyperplanes D, are orthogonal to the same axis. Consider now the
first k¥ of these D,. We can associate with them, k£ non-overlapping
intervals Iy, I, ..., I, contained in R, and such that og (F; D,)<<

k k
<|F(Ln)|+1/k? for n=1,2,...,k. Hence Y og (F;D,)<)|F(I,)|+1/k<<
n=1 n=1
< W(F; Ry) +1/k, and, since k is an arbitrary positive integer,
3 0,(F; Do) < W(E; Bo) <+ oo,

n=
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To establish (ii), suppose that there is a non-enumerable in-
finity of hyperplanes D such that og(F;D)>0. There would then
be a positive number & such that og(F;D)>e¢ for an infinity,
(which would even be non-enumerable) of hyperplanes. But this
clearly contradicts part (i) which has just been proved.

We obtain at once from Theorem 4.1 the following

(4.2) Theorem. For each additive function of an interval of
bounded variation, there is at most an enumerable infinity of hyper-
planes of discontinuity.

(4.3) Theorem. If F is an additive function of am interval of
bounded wvariation on a figure R, and we write W (I)=W|(F; I),
the relations Og(F; D)=0 and o0x(W; D)=0 are equivalent for
every hyperplane D.

Proof. Suppose, if possible, that
(4.4) og(F; D)=0 and (4.5) op(W; D)>c¢

for a hyperplane D and a number &> 0. We shall show that it is
then possible to define a sequence of figures {R,},-i,2 .., non-over-
lapping, contained in R, and such that

(4.6) R, D=0 and (4.7)  |F(R.)|> ¢/2.

To see this, suppose defined k¥ non-overlapping figures Ry, Rs,..., Ry
contained in R, and let (4.6) and (4.7) hold for n=1,2, .., k.
On account of (4.5) there is then an interval I C R, such that I-R,=0
for n=1,2, ..., k, and such that W(F; I)=W (I) >¢. Hence, there
exists a figure R(C I such that |F(R)|>W(¥; I)/2> ¢/2. Moreover
gince (4.4) asserts that F is continuous on R, at D, we may sup-
pose that R.D=0. But if we now choose R,.;=R, we see that
the figure R, does not overlap any of the figures R, for
1<<n<k, and that (4.6) and (4.7) continue to hold for n=%k+1.

Having obtained our sequence {R,}, we conclude from (4.7)
that W (F; Ry)==> 3 |F(R,)|=c0, and this contradicts our hypotheses.

The conditions (4.4) and (4.5) are thus incompatible, i. e. (4.4)
implies o0g (W; D)=0. And since the converse is obvious, this
completes the proof. ‘

From Theorems 4.3 and 3.1, we obtain at ouce the following

(4.8) Theorem. In order that an additive function of bounded
variation on a figure R, be continuous on R,, it is necessary and suf-
ficient that its three variations be so.
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§ 5. Lebesgue-Stieltjes integral. Lebesgue integral
and measure. We need hardly point out the analogy between
additive functions of bounded variation of an interval and additive
functions of sets. This analogy will be made clearer and deeper in
the present §, by associating a function U* of a set with each addi-
tive function U of bounded variation of an interval. In order to
simplify the wording, we shall suppose that the functions of an
interval are defined in the whole space.

Suppose given in the first place, a non-negative additive
function U of an interval; we then denote for any set E, by U*(E)
the lower bound of the sums %‘ U(1,), where {I,} is an arbitrary

sequence of intervals such that E(C ) I;. For an arbitrary additive

function U of bounded variation, with the upper and lower varia-
tions W, and W,, we denote by W{ and (—W,)* the functions
of a set that correspond to the non-negative functions W, and —W,,
and we write, by definition, U*=W{—(—W,)*. The function U*
is thus defined for all sets and is finite for bounded sets.

When U is non-negative, U* is an outer measure in the sense
of Carathéodory, i. e. fulfills the three conditions (C,), (C,) and (C,)
of Chap. II, § 4. Condition (C,) is the only one requiring proof, the
other two are obvious. Let therefore A and B be any two sets whose
distance does not vanish, and let € be a positive number. There
is then a sequence {I,} of intervals such that A+B(C ) I, and

JU(I,) <<U*(A+B)+¢e. We may clearly suppose that the intervals

of the sequence have diameters less than ¢ (4, B), i. e. that none
of them contains both points of A and points of B. We then
have U*(A)+U*B)<JU(1,)<XU*(A+B)+e¢. This gives the in-

equality U*(A4)+U*B)<<U*(A+B) and establishes condition (C,).

The function U*, determin~d by a non-negative function of
an interval, itself determines, since it is an outer Carathéodory
measure (cf. Chap. II, § 4, p. 46), the class L.+ of the sets measurable
with respect to U* and the process of integration (U*). To simplify
the notation, we shall omit the asterisk and write simply 8y for
Lus integral (U) for integral (U*), measure (U) of a set in-

stead of measure (U*), f faU instead of f fdU*, and so on.
E E
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This slight change of notation cannot cause any confusion, since
the measure U* is uniquely determined by the function of an in-
terval U.

When U is a general additive function of an interval, of bounded
variation, we shall understand by £y the common part of the classes
Lw, and £.w, where W, and W, denote respectively the upper and
lower variations of U'. A function of a point f(x) will be termed
integrable (U) on a set E, if f(x) is integrable (W,) and (—W,) si-
multaneously; by its integral (U) over E we shall mean the number

f faw,— f fd(—W,), and we write it / fdU as in the case of
E E E

a non-negative function U. This integration with respect to an
additive function of bounded variation of an interval

is called Lebesque-Stieltjes imtegration. In the case of the integra-
b

tion over an interval I=[a,b] in R,, we frequently write /‘de

tor [fau.
I

When the function U is continuous, every indefinite integral (U)
vanishes, together with the function U*, on the boundary of any
figure. Consequently, an indefinite integral with respect to a
continuous function U of bounded variation of an interval is
additive not only as function of a set (£y) but also as function
of an interval.

The most important case is that in which the given function
of an interval I7 is the special function L (cf. § 2, p. 59) that denotes
the volume of an interval. The outer measure (L) is also termed
outer Lebesgue measure, and the integral (L), Lebesgue integral,
while functions integrable (L) are often called, as originally, by
Lebesgue, summable. The class of sets £, will be denoted simply
by L. The outer measure (L) of an arbitrary set E is written meas.FE,
and meas E without the suffix when E is measurable (£). We shall
also denote this outer measure by |E| or by L(E) (or sometimes
by L,(E) in R,), thus extending to arbitrary sets the notation
adopted for all figures I, since for the latter, as we shall see
(c¢f. Th. 6.2), the measure (L) coincides with the values L(R)==|E|.
Finally, owing to the special part played by Lebesgue measure
in the theory of integration and derivation, the terms ‘“measure
of a set”, “measurable set”, “measurable function”, and
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80 on, will, in the sequel, be understood in the Lebesgue sense,
whenever another sense has not been explicitly assigned to them.
We also modify slightly the integral notation for a Lebesgue

integral; and instead of _/ f(z)dL(x) we write f f(x)dx, or else
E E

ff...ff(av,, D2y voey Tm) dxy AT, ... dTm, When we wish to indicate the
E

number of dimensions of the space R, under consideration. This
brings us back to the classical notation.

A special part, similar to that of Lebesgue measure in the
theory of the integral, is played by Borel sets in the theory of ad-
ditive classes of sets. In the first place, it follows from Theorem 7.4,
Chap. II, that every class €y, where U is an additive function of
bounded variation of an interval, contains all the sets (B). In the
sequel, we shall agree that additive functions of a set will
always mean functions additive (B), unless there is explicit reference
to another additive class of sets. Similarly, additive functions of
a set that are absolutely continuous (B, L) or singular (B, L), will
simply be called absolutely continuous or singular. In point of fact,
Theorem 6.6 below, which asserts that every set measurable (£)
is the sum of a set (B) and a set of zero measure (L), will show that
every additive function of a set, absolutely continuous (B, L), can
be extended in a unique manner to all sets (£) so as to remain ab-
solutely continuous (£, L).

The special rdle of the measure (L) and of the sets (B) showed itself already
during the growth of the theory. Lebesgue measure was the starting point for
further extensions of the notions of measure and integral, whereas the Borel
sets were the origin of general theories of additive classes and functions. The
sets (B) were introduced, with measure (L) defined for them, by E. Borel [I,
p. 46—50] in 1898. But it was not until some years later that H. Lebesgue [1; I],
by simplifying and extending the definition of measure (L) to all sets (2), made
clear the importance of this measure for the theory of integration and especially
for that of derivation of functions. Vide E. Borel [1] and H. Lebesgue [6].

We have already seen in § 1 of this book, how, by an apparently very slight
modification of the classical definition of Riemann, we obtain the Lebesgue in-
tegral. A similar remark may be made with regard to the relationship of Le-
besgue measure to the earlier measure of Peano-Jordan. The outer measure

of Peano-Jordan for a bounded set E is the lower bound of the numbers D' |In|
n
where {I,} is any finite system of intervals covering E. Lebesgue’s happy idea

was to replace in this definition, the finite systems of intervals by enumer-
able ones.
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We have given in the text a more general form to Lebesgue’s definition,
relative to an arbitrary non-negative function of an interval. This relativizing
of Lebesgue measure is due to J. Radon [1] and to Ch. J. de la Vallée-Poussin
[1; I]. The parallel extension of the Lebesgue integral is also due to J. Radon.
In the text we have termed it Lebesgue-Stieltjes integral; it is sometimes also
termed Lebesgue-Radon integral or Radon integral. For a systematic
exposition of the properties of this integral, vide H. Lebesgue [II, Chap. XI].
A particularly interesting generalization of the Lebesgue integral, of the Stieltjes
type, has been given by N. Bary and D. Menchoff [1]; it differs considerably
from the other generalizations of this type. Finally, for an account of the
Riemann-Stieltjes integral (which we shall not discuss in this volume) vide
W. H. Young [2], S. Pollard [1], R. C. Young [1], M. Fréchet [5] and
G. Fichtenholz [2].

It was again J. Radon [I, p. 1] who pointed out the importance of the
Lebesgue-Stieltjes integral for certain classical parts of Analysis, particularly
for potential theory. The modern progress of this theory, which is bound up with
the theory of subharmonic functions, has shown up still further the fruitfulness
of the Lebesgue-Stieltjes integral in this branch of Analysis (cf. the memoirs
of F. Riesz [4] and G. C. Evans [1]).

§ 6. Measure defined by a non-negative additive
function of an interval. In this §, U will denote a fixed non-
negative additive function of an interval. In the preceding § we
made correspond to any such a function U, an outer Carathéo-
dory measure U*. Besides the properties established in Chap. II
for all Carathéodory measures, the function of a set U* possesses a
number of elementary properties of a more special kind which we
shall investigate in this §.

(6.1) Lemma. If D denotes a hyperplane or a degenerate inmterval,
the relation o(U; D)=0 tmplies U*(D)=0.

Proof. Since every hyperplane is the sum of a sequence of
degenerate intervals (cf. § 2, p. 57), it is enough to prove the lemma
in the case in which D is a degenerate interval [ay, by; @y, b} ...5 @my b

Let R be a cube containing D in its interior, ¢ an arbitrary
open set such that D@, and let

D.=[a;—¢&, bi+¢; a,—e, by+¢€; ...; Aam—E, by+£],

where ¢ is any positive number, sufficiently small to ensure
that D,C R-G. Since D, is then an ordinary closed interval con-
taining D in its interior, we find U*D)<<U(D.) <O(U; R-G),
whence U*(D)<<ox(U; D)=0.
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(6.2) Theorem. For every figure R we have
(6.3) U'R°) S U(R)<< U*(R),
and, if the oscillation of U at the boundary of R vanishes,
(6.4) UYR°)=U(R)=U*R).
In particular therefore, if U is a continuous function, the equal-

ity (6.4) holds for every figure R.

Proof. In virtue of Theorems 2.2 and 4.2 the set R° is ex-
pressible as the sum of a sequence of non-overlapping cubes {I,}
such that the oscillation of U vanishes at all faces of all the I,.

Hence, by the preceding lemma U*(R°)=23U*3), and since
k

n

UR)>= Y U(I,)=2 U*I;) for each positive integer n, we get
k=1

U*R°) << U(R).
To establish that U (R)<CU*(R), it is enough to show.that
U (R)<< Y U (I,) for every sequence of intervals {[,} such that R(C }I5.
k k

Now, if {I,} is such a sequence, we have, by the well-known covering

N
theorem of Borel-Lebesgue, R(C 3'I; for some sufficiently large
k=1

N N
value of N. Hence U(R)<<Q U(ROIL)<< YU(ILy).
k=1 k1

Finally, denoting by B the boundary of R, let us suppose that
o(U; B)=0. It then follows from Lemma 6.1 that U*(B)=0, so
that U*(R)=U*(R"), and the equality (6.4) follows at once from (6.3).

(6.5) Theorem. Given an arbitrary set E and any positive &, there
s (i) an open set G such that EC G and U*(G)<<U*(E)+-¢, (ii) a set
He®s such that EC H and U*H)=U*E).

Proof. re (i). There exists for each £>0, a sequence of inter-
vals {I,} such that E(C IS and that U (I.)<<U*(E)+-¢. Hence,

writing G=) I3, we find, on account of condition (C,) of Carathéodory
(Chap.II, p. 43) and Theorem 6.2, that U*(G)<<J U*(I3)< U<
S UYE) e
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re (ii). Let us make correspond to E, for each positive integer n,
an open set G, containing E and such that U*(@,)<CU*(E)+1/n;
this is always possible by (i). The set H=[]G, clearly fulfills our
requirements and this completes the proof. "

Every set (®s) is of course measurable (). Hence it follows
at once from Theorem 6.5 that every set is regular (cf. Chap. II, § 6)

with respect to the outer measure U*, and therefore that this
measure is itself regular.

(6.6) Theorem. Each of the following conditions is necessary
and sufficient for a set E to be measurable ({y):

(i) for every €>0 there i3 an open set G DE such that
U (G—E)<e;

(ii) there is a set (®s) containing E and differing from E at most
by a set of measure (U) zero;

(iii) for every €>0 there is a closed set¢ FCE such that
UHE—F)<¢;

(iv) there is a set () contained in E and differing from E
at most by a set of measure (U) zero.

Proof. We shall first prove all these conditions necessary.
Let E be a set measurable (2y) and £ a positive number. We begin
by representing E as the sum of a sequence {E,}, 12, of sets measur-
able (Qu) of finite measure; we may write for instance, E,=E-S(0;n).
This being so, we associate with each set E,, in accordance with The-
orem 6.5, an open set G, )E, such that U*@,)<<U*(E,)+¢/2"
Hence, the sets E, being measurable (), we have U*(G,—E,)<¢/2"
for every n, and if we write G= 2'G,, wefind ECG and UYG—U)<<

<D'U*G,—E,)<<¢, and this proves condition (i) necessary.

" To prove the necessity of condition (ii), we attach to the given
set £ measurable (2y) a sequence {Q,} of open sets such that ECQ,
and U*(Q,—E)<1/n for each n. Writing H=[]Q., we see that
He®,, ECH and U*H—E)=0.

Finally, we observe that for any set A4, the relation ADCE
implies CACE and E—CA=A—CE; further, if 4 is a set (®)
or (®,), the set CA is a set (§) or (§.) respectively. Hence cvery
set E measurable (2y) fulfills conditions (iii) and (iv), since, by the
results just proved, its complement CE fulfills conditions (i) and (ii).
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The sufficiency of conditions (ii) and (iv) is evident, since
sets of measure (U) zero, and sets (®s) or (§,), are always measur-
able (£y).

To establish the sufficiency of conditions (i) and (iii), we
need only observe that they imply respectively conditions (ii)
and (iv). Thus, for instance, if (iii) holds, there is for each positive
integer n a closed set F,(CE such that U*(E—F,)<(1/n. The set
P=}'F, is therefore a set (§,) contained in E and such that

UYE—P)=0.

From Theorem 6.6 it follows in particular that the general
form of a set measurable (£y) is B+ N, where B is a set measurable
(B) and N a set of measure (U) zero. In other words, £y is the
smallest additive class containing the Borel sets and the sets of
measure (U) zero. It follows that £, )% whenever the function of
an interval U is absolutely continuous (vide § 12).

(6.7) Theorem. For any set E there is a set He®s containing E
and such that

(6.8) U*H-X)=U%E-X) for every set X measurable (Ly).

Proof. It is enough to show that there is a set H ) F measurable
(2y) for which (6.8) holds. For, by Theorem 6.6 we can always en-
close such a set H in a set (®;) differing from it by a set of measure
(U) zero.

Let us represent E as limit of an ascending sequence {FE,)
of bounded sets, which are therefore of finite outer measure (U);
and let us associate, as we may by Theoremn 6.5, with each E, a set
H,e®s such that E,C H, and U*H,)=U*E,). Then, for every
set X measurable (2y),

U*(H, X)=U*H,)—U*(HpCX)SU*(E(—U*(En-CX)SUYE,- X);
from which, writing H=Iliminf H,, we deduce by means of The-
orem 9.1 of Chap. I, that "

U*H X)<< lim"inf U*Hn.-X) <1i’rln UYE,X)<<x U%E-X),

and this implies (6.8), since H = liminf H, D) lim E, = E.

In the theorems of this § we have supposed the function U of
an interval to be non-negative. But, by slight changes in the wording,
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the theorems can easily be extended to arbitrary functions of bounded
variation. As an example we mention the following theorem which
corresponds to Theorem 6.5:

(6.9) Theorem. IfF is an additive function of bounded variation
of an interval, then for any bounded set E and any €>O0 there is an
open set GDE such that |F*(X)—F*(E) < ¢ for every bounded set X
satisfying the condition EC X(CG.

Proof. Denoting by W, and W, two functions of an interval
that are respectively the upper and the lower variation of F, we
can, by Theorem 6.5, enclose E in each of two open sets G, and G,
such that WG, <W{(E)+¢ and W3(G,) =W3(E)—e. Therefore,
writing G=G,-G, we have E( G; and for any bounded set X
such that ECX(CG, we find 0<WHX)—W!E)<<e and
OSWHE)—W3(X)<¢e, whence by subtraction |[F*(X)—F*E) <e.

Let us still prove a theorem which allows us to regard all non-
negative additive functions of a set in I, as determined by non-
negative additive functions of an interval. We recall that, according
to the conventions of § 3, p. 59 and § 5, p. 66, we always mean by
additive functions of a set, functions of a set that are additive (B)
on every figure.

(6.10) Theorem. @Given any non-negative additive function P of
a set, there is always a non-negative additive function F of an interval
such that O(X)=F*X) for every bounded set X measurable (B).

Proof. Let us denote for each interval I=[ay, by; ...; am, bm],
by T the interval (a1, by1j ...; @my bm] half open to the left, and let
us define the non-negative additive function of an interval by writing
F )-—-’P(T) for every interval I.

This being so, we observe that any bounded open set G can
be expressed (cf. Theorems 2.2 and 4.2) as the sum of a sequence
{I,) of non-overlapping intervals at whose faces the oscillation of

F vanishes; and therefore by Theorem 6.2, (D((r‘):Z(D(IN,,):ZF(I,,)z
=Y'F*I,)=F*G). Thus the equation ®(X)=F*(X) holds whenever X

is & bounded open set, and therefore also whenever X is a bounded
set (®s), since the latter is expressible as the limit of a descending
sequence of bounded open sets. It follows further that &(X)=
=F*X)=0 for every bounded set X of measure (F) zero, since,
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by Theorem 6.6, such a set X can be enclosed in a bounded set (®s)
of measure (F') zero. This completes the proof, since every bounded
set (B) is, by Theorem 6.6, the difference of a bounded set (®s;) and
of a set of measure (¥') zero.

The proof of Theorem 6.10 could also be attached to the following general
theorem concerning functions additive (B) defined on any metrical space M:
if two such funcltions coincide for every open set, they are identical for all sets (B).
This theorem is easily proved.

§ 7. Theorems of Lusin and Vitali-Carathéodory. We
shall establish in this § two theorems concerning the approximation
to measurable functions by continuous functions and by semi-
continuous functions. As in the preceding §, U will stand for a non-
negative additive function of an interval, fixed in any manner for
the space IZ,.

(7.1) Lusin’s Theorem. In order that a function f(x), finite
on a set E, be measurable (8y) on E, it is necessary and sufficient that
for every € >0, there exists a closed set F(CE such that U*(E—F)<l¢, and
on which f(x) is continuous.

Proof. To show the condition necessary, we suppose f(r)
finite and measurable (2y) on E, and we deal first with two partic-
ular cases:

(i) f(x) is a simple function on K. The set E is, in this
case, the sum of a finite sequence FE,, E,, ..., E, of sets measurable
(8y) no two of which have common points, such that f(x) is con-
stant on each of these sets. By Theorem 6.6 there exists, for each
set E;, a closed set F,C E; such that U*(E,—F;)<e/n. Writing
F=J}F;, we then have FCE and U*E—F)<¢, and moreover

the’ f:mction f(x) is clearly continuous on F.

(i) E is a set of finite measure (U). In this case, by
Theorem 7.4, Chap. I, (applied separately to the non-negative and
to the non-positive parts of f(x)), there is a sequence {f,(x)}.=1,, ..
of simple functions, finite and measurable (£y), that converges on E
to f(x). By Egoroff’s Theorem (Chap. I, Th. 9.6), this sequence
converges uniformly on a set P E, measurable (8y) and such that
U*(E—P)<e¢/2. This set P may further be supposed to be closed,
on account of Theorem 6.6. Finally, by (i) we can attach to each
function f.(x), a closed set P,CE such that U*(E—P,)<e/2 !,
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and on which f.(x) is continuous. Hence, writing F=P.[|P,,
we get U*(E—F)<<U*(E—P)+ ) U*E—P,)<<¢; and moreover, all
the f.(x), and therefore also the function f(z)= lim f,(z), are con-

tinuous on F, a set which is evidently closed.

We now come to the general case where E is any set measur-
able (8y). Let E,=E.(S,—8n—1), where S,=0 and §8,=S(0;n)
for n>1. By (ii), there exists, for each n>1, a closed set @,CE,
such that U*(E,—Q.)<<¢/2", and on which f(r) is continuous.

Writing F=§Q,,, the set F is closed, we have U*E—F)<
n—=1
< ) U*E,—Q.) <e¢ and f(x) is continuous on F.

The proof of the necessity of the condition is thus complete.
Let us now suppose, conversely, that the condition is satisfied.
The set E is then expressible as the sum of a set N of measure (U)
zero and of a sequence {F,} of closed sets on each of which f(x) is
continuous. The function f is thus measurable (£y) on N and on
each of the sets F', (cf. Chap. II, Th. 7.6), and therefore on the whole
set E.

For the various proofs of Lusin’s theorem, vide N. Lusin [1], W. Sier-
pinski [6] and L. W. Cohen [1].

(7.2) Lemma. Given a function f(x), measurable (Ly) and non-
negative in the space R, there exists, for each €>0, a lower semi-
continuous function h(x) such that

(7.3) h(z) = f(x) at each pownt x,

and

(7.4) [Th(@)—f(2))aU () <e
Bm

(where, in accordance with the convention of Chap. I, p. 6, the
difference h(z)—f(x) is to be understood to vanish at any point z
for which h(x)=f(x)=+o0).

Proof. (i) First suppose that f(x) is bounded and vanishes
outside a bounded set E measurable (8). Let n=¢/[1+ U*(E)].
We write Ey=E[zeE; (k—1)n<f(z)<kn] for k=1,2,... and we

associate with each set E,; an open set Gy D E, such that
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(7.5) U*(Gr— Ep) << 1/k-2%,

Further, denoting by e¢.(x) the characteristic function of G4, we
write h(z)= skq-ck(w). Since each function c(x) is evidently lower
semi-contim;(;llls, the function h(x) is so too. We also observe thag
h(x) fulfills condition (7.3). On the other hand

oo ©o

[h@av@= 'k fo@dU@= Ykn UHG)=
R, 1

=1 R k=

k=1

= D (k—1)n-UNED+ D'n-UNEBa+ D kn-U(Gi—E),
k=1 k=1

whence, by (7.5), we obtain

[4@)aV@)< [{@)aV@)+1-U*B)+1< [f@)aU(z) +e.
R R R,

m m

From this, remembering that f(x) is integrable on R,, (7.4) follows
at once.

(ii) We now pass to the general case and represent firstly f(x)
in the form f(x)=)f.(x), where the f,(x) are bounded non-negative
n=1

functions measurable (£,), each of which vanishes outside a bounded
set. We may do this, for instance, by writing ()= 8(x)—8.--1(x) where

f(@) for e(0,z)<n and f(z)<\n,
() ={ n for o(0,z)<m and f(xz)>n, n=0,1,2, ...
0 for e(0,2)=mn

By what has been proved in (i), there exists for each function f.(x)

a lower semi-continuous function h,(x) such that h,(x)=f.(x) at

every point x, and that f [Ra(z) —fn(x)] AU () < €/2". The function
Bm

h(x)=2 hq(x) is then evidently lower semi-continuous and fulfills con-
n=1

dition (7.3). Finally [[k(2)—f(2))dU ()<< [ Thal@)—1al@)] AU(2)<e,
Bm

n=1 Bm

and this completes the proof.
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(7.6) Theorem of Vitali-Carathéodory. Given a function f(r)
measurable (2u) wn the space R, there exist two monotone sequences
of functions {l.(x)} and {un(x)} for which the following conditions are
satisfied:

(i) the functions 1, are lower semi-continuous and the functions
U, are upper semi-continuous,

(ii) each of the functions 1, is bounded below and each of the
functions w, ts bounded above,

(iii) the sequemce |l,} is mom-increasing and the sequence \u,) 1is
non-decreasing,

(iv) lu(x) Zf(x) = u.(x) for every x,

(v) hml,,( x) f( x)= lim un(z) almost everywhere (U),

(vi) on every set K on which f(x) s integrable (U), so are the
functions l,(x) and u,(xr) and we have

lim [ 1,(2) dU(x) hm/u,,x)dU /fx)dU)
nE

Proof. By expressing the function f(r) as the sum of its
non-negative and non-positive parts ;(x) and f(x) (Chap.I, §7),
we may suppose that f(x) is of constant sigri, say non-negative.
By the preceding lemma, we can associate with f(x) a sequence
of lower semi-continuous functions {h,(z)},-.1.»,.. such that h,(x)=f(x)
for every = and

(7.7) h‘m/'[h,,(x)-_/(x)] dU (z)=0.
"R
Writing l,(x) = min [h(z), ha(x), ..., ka(x)] we therefore obtain a non-

increasing sequence of lower semi-continuous functions |l,(x)}
that evidently fulfills conditions (i), (ii), (iii) and (iv); moreover,
it follows from (7.7) that hmj [l(x)—f(x)]dU (x)=0, and hence

that the functions I,(x) fulfill a,lso conditions (v) and (vi).

In order now to define the sequence |u,(r)}, we attach to the
function 1/f(x) a non-increasing sequence of lower semi-continuous
functions {g.(x)} such that hm gn(z)=1/f(x) almost everywhere (U).

Such a sequence certainly exlsts by what has just been proved.
The functions 1/g,(x) then form a non-decreasing sequence of upper
semi-continuous functions, that converges almost everywhere (U)
to f(z). If we now write wu,(z)=1/g.(x) when 1/g.(x)<<n, and
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u,(r)=n when 1/g,(x)>n, we obtain a sequence {u,(x)} of bounded

functions with the same properties, which therefore satisfies con-

ditions (i—v). Finally, since the functions u,(z) are non-negative,

we can apply Lebesgue’s Theorem (Chap. I, Th. 12.6) to derive

from (iii) and (v) that lim /ﬁ,,(x)dU(a:):ff(x)dU(w) on every
" g i

set E measurable (2y), and this implies (vi).

Conditions (i) and (v) of Theorem 7.6 imply that every function measur-
able (Qu) is almost everywhere (U) the limit of a convergent sequence (with
finite or infinite limit) of semi-continuous functions, and thus coincides almost
everywhere (U) with a function of the second class of Baire. This result, due
to G. Vitali [2] (cf. also W. Sierpinski [6]) was completed by C. Carathéodory
[I, p. 406], who established for every measurable function f(z) the existence
of two sequences of functions fulfilling conditions (i)—(v). Condition (vi), which
includes, as we shall see later, the theorem of de la Vallée Poussin and Perron
on the existence, for summable functions, of majorant and minorant
functions, has been added here because its proof is naturally related to those
of conditions (i—v).

There is an obvious analogy between the property of measurable functions
expressed by the theorem of Vitali-Carathéodory, and the properties of meas-
urable sets stated in conditions (i) and (iii) of Theorem 6.6. By taking into ac-
count the geometrical definition of the integral (cf. below §10), we might even
base the proof of Theorem 7.6 directly on Theorem 6.6 (vide the first ed. of this
book, pp. 88—91).

§ 8. Theorem of Fubini. Given two Euclidean spaces R,
and R,, if x=(ay,a, ..., ap) and y=(apt1y Gpi2y ...y Gptq) are two
points situated respectively in these two spaces, we shall denote
by (x, y) the point (ai, az, ..., a,14) in the space IZ,,,. If X and Y
are two sets situated respectively in the spaces I, and I?,, we shall
denote by X x Y the set of all points (xz,y) in IZ,,, such that reX
and yeY. In particular, if X and Y are two intervals — closed, open,
or half open on the same side — X X Y also is an interval in I,
which is closed, open, or half open on the same side as X and Y.
Every interval I=[a,, b; ...; Gpyqy bp4q] can evidently be expressed —
and in a unique manner — in the form I,xI, where I, and I,
are intervals in I, and R, respectively; we merely have to write
LIi=[ai, bi; ...; ap, bp] and  Ly=[apt1, bps15 o5 Bptgy bpiql-

Given two additive functions of an interval, U and V, in the
spaces I, and I, respectively, we determine a function of an inter-
val T in Ry, by writing T (I,xI,)=U(l,)-V(I,) for each pair of
intervals I;C R, and I,C R,. The function T thus defined, clearly
additive when U and V are, will be denoted by UV. In particular,
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we see easily that L,,,=LyL,, where L,, L, and Lp;, denote
the volume in the spaces I£,, R, and IZ,., respectively (cf. § 2, p. 59).

It is known since Cauchy that, if I, and I, are respectively
two intervals in the spaces IR, and E,, integration of any continuous
function over the interval I,xI,CR,;, may be reduced to two
successive integrations over the intervals I, and I,. By repeating
the process, any integral of a continuous function on an m-dimensional
interval may be reduced to m successive integrations on linear
intervals in R,. This classical theorem was extended by H. Lebes-
gue [1] to functions measurable (£) that are bounded, and then by
G.Fubini[1] (cf. also L. Tonelli[2]) to all functions integrable (L),
whether bounded or not. We shall state this result in the follow-
ing form:

(8.1) Fubini’s Theorem. Suppose given two non-negative ad-
ditive functions U and V of an interval in the spaces R, and R,
respectively, and let f(x,y) be a non-negative function measurable (Luyv)
in Ry ,. Then

(iy) f(z, y) i8 a function of x, measurable (8y) in I, for every
ye R,, except at most a set of measure (V) zero,

(iy) f(x,y) 8 a function of y, measurable (8y) in R, for every
xe R,, except at most a set of measure (U) zero,

(i) [f(z,y)dUV(z,9) = [ [ [(z,9) dU(@)]|aV(y) =
R Ry R,

= [ [ [ (@ v V)] avta).
R B

P g

pt+q

Proof. Let us write for short, 7=UV. By symmetry, it is
enough to show that every non-negative function f(x, y) measurable
(87) in R,4, fulfills condition (i,) and also the relation '

(8.2) [H@,9) dT@, y)=[ [ [ fz,y)d0(@)] aV(y).

Ky, R; Rp

For brevity, we shall say that a function f(z,y) in R,;, has the
property (F), if it is non-negative and measurable (£7) in R, and
if it fulfills condition (i,) and the relation (8.2). For the sake of
clearness, the reasoning that follows is divided into a several
auxiliary propositions.
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(8.3) The sum of two functions with the property (F), and the
limit of any mon-decreasing sequence of such functions, have the prop-
erty (F'). Algo, the difference of two functions with the property (F),
has the property (F), provided that it i8 non-negative and that one at
least of the given functions is fimite and tntegrable (T) on the space
Ry,

For the sum, and for the difference, of two functions, the
statement is obvious. Let therefore {(h,(x,y)} be a non-decreasing
sequence of functions in I,,, having the property (F), and let
h(z,y) = lim hy(z,y). The definite integrals |[ha(z,y)dU (z) exist,

" R
and constitute a non-decreasing sequence, for every ye I; except
at most those of a set of measure (V) zero. Consequently, by
Lebesgue’s theorem on integration of monotone sequences of functions:

[h(z,9) AT (zy)=lim [ho(z,y) AT (@, y)=lim [ | [ha(a,y) dV(z) |2V (y)=

Rn+q Rp+q q Rp

= [ [tim [ hu(z, y) dU@) |V (y) = [ [ [ Wz, y) dU(@) |aV(y),
nR - R

R It’q

q p P

and this establishes the property (F') for the function h(x, y).

(8.4) The characteristic function of any set E(C R, , measurable (Lr)
has the property (F).

We shall establish this, first for very special sets E and then,
by successive stages, for general measurable sets. Suppose in the
first place that

1° E=AxB, where 4 and B are intervals half open
to the left, situated respectively in B, and I, and such
that the oscillations of U and of V vanish at the bound-
aries of A and B respectively (cf. § 3, p. 60). The oscillation
of the function T=UV therefore vanishes at the boundary of the
interval E=A x B, and we find by Theorem 6.2

(8.5) T*E)=T(E)=U(A)-V(B)=U*A)-V*B).

On the other hand, for every yel, the function cg(z,y)
is in = the characteristic function either of the half open inter-
val A4, or of the empty set, according as yeB or ye R,—B. This
function is therefore measurable (£y), and indeed measurable (B),
for every ye R,, and, by (8.5)
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[ex(z,y) dT(z, y)=T*E)=U*4)-V*(B)= [ [ [ es(z, y) dU(z) ]| aV (y).
R R

Rp+q q °p

20 F is an open set. We shall begin by showing that, in
this case, F is the sum of a sequence of half open intervals {I,} no
two of which have common points, these intervals I, being of the
form A4,x B, where (a) A, and B, are intervals, half open to the
left, situated in I, and IZ, respectively, and (b) the oscillations of U
and V vanish at the boundaries of 4, and B, respectively.

To see this, let {U*} be a regular sequence of nets in X, formed
of intervals half open to the left and such that the oscillation of U
vanishes at the boundary of each of these intervals; by Theorems
4.2 and 2.1, such a sequence certainly exists. And let {‘B“‘)} he
a sequence of nets similarly constructed for the space £, and for
the function V. We denote, for each k, by 3™ the system of all
half open intervals in B,;, which are of the form 4 x B where Ae uw
and BeB?®. The systems of intervals g®, thus defined, form a reg-
ular sequence of nets of half open intervals in the space I2,.,. The
set E being open, we can therefore express it (cf. § 2, p. 58) as the
sum of a sequence of half open intervals {I,} taken from the nets
& and without points in common to any two. We see at once that
each interval I, of this sequence is of the form 4,x B, where A,
and B, satisfy conditions (a) and (b).

This being so, we have cg(z, y)=2 ¢, (r,y), where on account

of the result established for the case 1° each of the characteristic
functions e¢;, (x,y) has the property (F). Therefore, to verify that

the function cg(x,y) also has this property, we need only apply (8.3).

3° F is a set (®;). First suppose that, besides, the set K is
bounded. E is then the limit of a descending sequence of bounded
open sets |Gn. The functions cg, (v, y)—ce,(x,y) constitute a non-
decreasing sequence of non-negative functions which have, by 2°
and (8.3), the property (¥'). Consequently, again on account of (8.3),
the limit function of this sequence h(z,y)=cs (2,y)—cg(r,y) itself
has the property (F) and the same is therefore true of the function
cs(x, y)=cg,(z, y)—h(z, y).

Now if E is an arbitrary set (®;), we can express it as the limit
of an ascending sequence {H,} of bounded sets (®;). Py what has
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just been proved, the characteristic functions of the sets H, have the
property (F') and, consequently, the function cg(z,y)= hmc,, (z,y)
itself has- the property (F).

4° E is a set of measure (7)) zero. There is then, by
Theorem 6.5, a set H e®; containing F and of measure (7') zero.
By the result established for sets (®s), the function cu(z,y) has

the property (F), and therefore [ [ [ cu(z,y)dU(z)]dV(y) =

K, Rp

=ch(:v, y)dT(x,y)=T*(H)=0. Hence, for every ye R,, except at
Rp+q
most a set Y of measure (V) zero, /cH (z,y)dU (x)=0, i. e. cy(x,y),

k,

as function of x, vanishes almost everywhere (U) in IR, Hence,

a fortiori, cg(x,y)<<cu(x,y) as function of x, vanishes almost every-

where (U), and is consequently measurable (£y), for all ye R,, except

at most for those of the set Y of measure (V) zero. Finally, we

clearly have /[fc,;(x, y)aU (z)] dV(y):O:T*(E):/cE(x, v)aT (z,y).
"q Rp Rp+q

The function cg(z,y) thus has the property (F).

On account of Theorem 6.6 every set E measurable (2r) is
expressible in the form E=H-—(, where H is a set (®;) and @
is a set of measure (7') zero contained in H. We thus have cg(z,y)=
=cy(x,y)—cq(x,y), and by (8.3) the proposition (8.4) reduces to
the special cases 3° and 4° already treated.

The proposition (8.4) being thus established, let f(x,y) be
any non-negative function measurable (27) in the space R,.,. By
Theorem 7.4, Chap. T, the function f is the limit of a non-decreasing
sequence of simple functions, finite, non-negative, and measurable (£7).
Now each of these simple functions is a linear combination, with
positive coefficients, of a finite number of characteristic functions
of sets measurable (87), and therefore has the property (F) on ac-
count of (8.4). Thus the function f is the limit of a non-decreasing
sequence of functions with the property (F), and so, by (8.3), f itself
has the property (F). This completes the proof of Theorem 8.1.

Let us make special mention of the particular case of the
theorem in which f(z, y) is the characteristic function of a meas-
urable set:
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(8.6) Theorem. If U and V are two mon-negative additive
functions of an interval in the spaces R, and R, respectively, and if Q
is a set measurable (Lyv) in the space R,,,, then

(iy) the set E[(x,y)eQ] is measurable (L) for every ye R,,
except at most a s;t of measure (V) zero,

(i) the set E[(x,y)eQ]) is measurable (Ly) for every xe R,
except at most a se”t of measure (U) zero, and

(ii) the measure (UV) of @ is equal to
JU*{B (2, 9) Q) AV (y)= [ V*{E[(c,y) e Q) AU (a).
R x R, v

q
Fubini’s theorem is frequently stated in the following form:

(8.7) Theorem. Let U and V be two additive functions of bounded
variation of an inmterval in the spaces R, and R, respectively. Then
for every function f(r,y) integrable (UV) on R,iq, the relation (ii) of
theorem 8.1 holds good and the function f(x,y) is integrable (U)
in x on R, for every ye R,, except at most a set of measure (V) zero,
and integrable (V) in y on R, for every xe Iy, except at most a set
of measure (U) zero.

We reduce this statement at once to that of Theorem 8.1 by
expressing the function f as the sum of its non-negative and non-
positive parts, and by applying to the functions of an interval U
and V the Jordan decomposition (§ 4, p. 62).

Further generalizations of Fubini's theorem for the Lebesgue-Stieltjes
integration (in particular including the theorems analogous to Theorem 15.1 of
Chap. I) were studied by L. C. Young in his Fellowship Dissertation (Cam-
bridge 1931, unpublished). An account of these researches will be given in the bool
The theory of Stieltjes integrals and distribution-funections by L.C. Young (Oxford,
Clarendon Press).

It follows in particular from Theorem 8.6 that for any set @ measurable
in the sense of Lebesgue in the space Kpiq, its measure (Lp+q) is given by the

definite integrals fL,,(E [(x.y) eQ1}dLig(y)= / Lg{E[(z,y) eQ]} dLp(x). It is never-
x 3 Yy

theless to be remaqued that the existence gf these two integrals does not in
general enable us to draw any conclusion as to measurability (2) of the set @.
W. Sierpinski [56] has in fact constructed in the plane a set non-measurable (£)
having exactly one point in common with every parallel to the axes. This con-
struction depends, needless to say, on the axiom of selection of Zermelo.

For an interesting discussion of Fubini’s theorem for Lebesgue integration
of functions of variable sign, vide G. Fichtenholz [1].
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We complete the theorems of this § by the following

(8.8) Theorem. 1If Q is a set measurable (B) in the space R,,,,
the set E[(x, y) Q] is measurable (B) in the space R, for every ye R,,

and thexset E[(x, y)eQ] ts measurable (B) in R, for every xe R,

y
Similarly, if a function f(x,y) is measurable (B) in the space K,
then in R, the function f(x,y) s measurable (B) in x for every ye R,
and in R, the function f(x,y) is measurable (B) in y for every zeR,.

Proof. It will be enough to prove the first half of the theorem,
gince the second half obviously follows from the first. Let us denote
by B, the class of all sets @ in R,,, such that the sets E[(x, y)e@],

for every yeR,, and the sets E[(x,y)eQ], for every zeR,, are

measurable (B) in the spaces I3, a,nﬁi R, respectively. If a set Q CItpy,
is closed, so are the sets E[(av, y)e@] and h[ (z, y)eQ]. The class B,

thus contains all closed sets of the space R,,.,.,,, and on the other
hand we see at once that B, is additive. It follows that B, includes
all Borel sets in the space R,;, (cf. the definition, Chap.1I, p. 41),
and this completes the proof.

* £§9. Fubini’s theorem in abstract spaces. We shall
return in this § to the abstract considerations of Chap. I and show
that for abstract spaces, theorems similar to those of the preceding §
hold good.

Given any two sets X and Y, we shall denote by X x Y the
set of all pairs of elements (z,y) for which x¢.X and yeY. The
set X xY is often called combinatory product or Cartesian product
(cf. C. Kuratowski [I, p. 7]) of the sets X and Y. The following
identities are obvious

(9.1) (X1 X Yy) (XX Yo)=(X;-Xp) X (Y- ¥y),
(9.2) (XX Yy)— (X, X Y)=[(Xg—X;) X Y]+ [(Xy- X;) X (Y,—Y))],

the sets X,, X,, Y,, Y, being quite arbitrary.

If X and 9 are additive classes of sets in the spaces .X and )}
respectively, %X9) will denote the smallest additive class of sets
in the space X X Y, containing all product-sets of the form X x Y,
where XeX and Ye9.
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For auxiliary purposes, we shall make use in this § of
the following definition: a class N of sets wil be termed normal,
if (i) the sum of every sequence of sets (9N) no two of which have
common points is itself a set (M) and (ii) the limit of every
descending sequence of sets (M) is a set (N).

We shall begin by proving the following analogue of Theorem 8.8:

(9.3) Theorem. Let X and ) be two additive classes of sets in
the spaces X and Y respectively. Then, if @ is a set measurable (X9))
in the space X x Y, the set E[(x, y)¢ Q] is measurable (%) for every

yeY, and the set E[(x,y)eQ] ts measurable () for every zelX.
y

In the same way a function f(x,y) which is measurable (X))
in the space X X Y, is measurable (X) in x for every yeY and meas-
urable () in y for every xe X.

Proof. It is enough to prove only the first part concermng
sets. To do this, we denote by I the class of all sets @ in XX ¥
such that the set E[(z,y)eQ] is measurable (X) for every yelX,

X

and that the set E[(x,y)ecQ] is measurable (%)) for every xe X We see
y

at once that the class M is additive in the space X x Y and that,
besides, it includes all sets X x Y for which Y eX and Y ¢9). Hence
XYC M, and this completes the proof.

Before proceeding further we shall establish the following
lemma:

(9.4) Lemma. If € and 9 are two additive classes of sets in
the spaces X and Y respectively, the class X9 coincides with the smal-
lest normal class that includes the sets X X Y for which X eX and Y € 9.

Proof. ‘For brevity let us term elementary any set X xY
for which X ¢% and Y¢9, and let RN, denote the smallest normal
class which includes all elementary sets (i. e. the common part
of all the normal classes that include these sets). Clearly RNo(C X9
since ¥9) is also a normal class. In order to establish the opposite
inclusion, it is enough to prove that the class R, is additive, and this
will be an immediate consequence of the following two properties of
the class N,:
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(9.5) The common part of any sequence of sets (N,) is itself a set (N,).

(9.6) The complement (with respect to the space X X Y) of any set (N,)
18 again a set (N,).

To prove (9.5), it is enough, since the class I, is normal, to
show that the common part of two sets (R,) is a set (N,).

For this purpose, let 9, be the class of all the sets (R,) whose
common parts with every elementary set belong to N,
From the identity (9.1), it follows that the common part of two
elementary sets is an elementary set, and hence that N, includes
all the elementary sets. On the other hand, we verify at once that
N, is a normal class. This gives NyC N;, and since by definition
RN,C Ny, we obtain N, =N,.

Let now N, be the class of all the sets (N,) whose common
parts with every set (R, belong to N, Since N,=N,, the class
N, includes all elementary sets. Furthermore, N, is clearly a normal
class. We therefore have N,=N,, and this proves (9.5).

To establish (9.6), let N, be the class of all the sets (N,) whose
complements are also sets (M,). On account of the identity (9.2)
the complement of any elementary set is the sum of two elementary
sets without common points, and so, a set (R,). Therefore the class N,
includes all elementary sets and, to conclude that N;=N,, it suffices
to show that the class N, is normal.

Let therefore {X,} be any sequence of sets (R;) without com-
mon points to any two of them, and let X be the sum of the se-
quence. The set X clearly belongs to the class 9N, On the other
hand, the sets CX, are, by hypothesis, sets (R,); so that, by (9.5),
the same is true of their product CX=[[CX,. Thus we have at

the same time, X eN; and CX N, and ntherefore XeN,.

Again, let {Y,},—12 ... be a descending sequence of sets (9;),
and Y its limit. The set Y clearly belongs to the class 9,. On the
other hand, consider the identity

CY:ZICY,, =CY, + ZlY,,.CY,,H,
and observe that no two of the sets CY; and Y,-CY,4+ for n=1,2, ...
have common points. Since these sets belong, by (9.5), to the class N,,
80 does the set CY. Thus we have both Y eqR, and CY ¢N,, whence
YeN,. The class N, is therefore normal, and this establishes (9.6)
and completes the proof of Lemma 9.4.
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We can restate L.emma 9.4 in the following more general form:

(9.7) Given in an abstract space T a class Q of sets additive in the weak
sense, then the smallest class that is additive (in the complete sense) and contains Q.
coincides with the smallest normal class containing Q.

The proof is the same as for Lemma 9.4.

If ¥ and Q) are additive classes in the spaces .X and )} respectively, the
finite sums of the sets X x ¥ for which XeX and Y9, constitute, according to
formulae (9.1) and (9.2), a class that is additive in the weak sense (vide Chap. I,
p- 7) in the space X XY Another example of a class of sets additive in the
weak sense consists of the class of all the sets of an arbitrary metrical space M,
that are both sets (®s) and (§o). The smallest class that is additive (in the com-
plete sense) and contains these sets is clearly the class of Borel sets in M.

The assertion of (9.7) enables us to prove easily the following theorem
due to H. Hahn [2, p. 437) and in some respect analogous to Theoremn 6.6:

Let Q be a class of sets. additive in the weak sense in a space T, and let T be
the smallest class of sets that is additive in the complete sense and contains Q. Sup-
pose further that 1 is a measure (X) such that the space T either has finite measure (1),
or, more generally, is expressible as the sum of a sequence of sets of finite measure ().
Then (i) for every set ki measurable () and for every &0, there erists a set FeQ,,
and a set GeQ, such that FCECG and that 1(E—F) ¢ and 1(G — E)<¢;
(ii) for every set E measurable (T) there exist a set (Qus) conlained in E, and a set
(Qao) containing K, which differ from L at most by sets of measure (1) zero.

(9.8) Theorem. Let X and Y be additive classes of sets in the
spaces X and Y respectively, and let n and v be measures defined
respectively for these classes. Suppose that pu(X)<loco and ¥(Y)<loo,
or, more generally, that

X= Z“Yny Y= Z Y,

where X, e%, Y,.e9, n(X,)<oco and r(Y,)<<oo for m=—:1,2, ..
Then, for every set @ C X x Y measurable (X9), (i) y{h[(.r,z/ Q1
as function of y, is measurable (Y)) in the space Y and v{L[ x,y)eQ1},

vy
as function of wx, is measurable (X) in the space X; furthermore

(if) (%)fﬂ(b[(w,yeQ]‘dw(u) %) [ 2B (2 9) ¢ Qhdu ().
X v

(9.9)

Proof. We may clearly suppose that no two sets .\, and
also no two sets Y,, have common points. The same will then he
true of the sets .X, X Y, in the space X < Y.

Let us denote by R the class of all the sets P measurable (¥X9)
in the space X x Y, such that conditions (i) and (ii) of the theorem
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hold good for every set @=P-(X,x Y,) where n and m are arbitrary
positive integers. Since @=2'Q-(X,x Y,) for every set QCXX Y,

and since no two of the sets X,x Y,, have comnmon points, it follows
easily from Lebesgue’s Theorem 12.3, Chap.I, that every set @
belonging to the class N fulfills conditions (i) and (ii). We have to
prove that this class includes all sets measurable (%X9)).

To do this, we observe that it follows at once from the identity
(9.1) that every set X X Y for which X eX and Y¢9), belongs to N.
On the other hand, since by hypothesis #(X,)<<co and »(Y,)<lco
for every n, we easily deduce from Lebesgue’s Theorems 12.3 and 12.11
Chap. I, that the sum of any sequence of sets () no two of which
have common points, and the limit of any descending sequence
of sets (N), are themselves sets (N). The class N is therefore normal,
and by Lemma 9.4, contains all sets (X¥9)). This proves the theorem.

If we suppose the hypotheses of Theorem 9.8 satisfied, a meas-
ure can be defined for the class X9 so as to correspond naturally
to the measures ¢ and v that are given for the classes ¥ and 9.
We do this by calling measure (ur) of a set ¢ measurable (X)) the
common value of the integrals (ii) of Theorem 9.8. It is immediate
that we then have wv(Xx Y)=u(.X).r(Y) for every pair of sets
XeX and Ye9).

This definition enables us to state Theorem 9.8 in @4 manner
analogous to Theorem 8.6. But the analogy would be incomplete
if we neglected to extend at the same time the class ¥X¥). Thus,
for instance if X and ¥ denote respectively the classes of sets meas-
urable in the Lebesgue sense in Euclidean spaces K, and IZ,, the
class X9 does not coincide with that of the sets measurable ({)
in R, ,, although it is evidently included in the latter. The extension
of the class X3), that we require in the general case, will be defined
as follows.

Given an additive class of sets € and a measure z associated
with this class, we shall call the class T complete with respect to the
measure 1 if it includes all subsets of sets () of measure (z) zero.
Thus for instance, if I' denotes any measure of Carathéodory, the
class ¥, is complete with respect to I" (cf. Chap. 11, p. 44), and in
particular, the class £ in a Kuclidean space is complete with respect
to Lehesgue measure; whereas the class of sets measurable (B) is
not complete with respect to that measure.
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Every additive class of sets $ may be completed with respect
to any measure ¢ defined for the class, i. e. there is always an ad-
ditive class G DX such that the function of a set z can be continued
as a measure on all sets (8) and such that G is complete with respect
to the measure 7 thus continued. Among the classes G of this kind,
there is a smallest one that we shall denote by ¥°. As is seen di-
rectly, this class consists of all sets of the form 7—N,+ N, where
Te¥ and N,, N, are arbitrary subsets of sets (¥) of measure (z)
zero. The extension of the measure 7 to all sets of this form is evident.

We can now state the following theorem which corresponds
to KFubini’s Theorem 8.1:

(9.10) Theorem. Under the hypotheses of Theorem 9.8, if f(x,y)
18 a mon-negative function measurable (X9"”) in the space Xx Y,

(i;) f(x,y) as function of x is measurable (") in X for every
yeY, except at most a set of measure (v) zero;

(ig) f(x,y) as function of y is measurable (9°) in ¥ for every
zeX, except at most a set of measure (u) zero;

(W) [f@y) duv(e,y)=[| [f,y)dut) |dv(y) = [ | | f(,y) dr(y) |du().
XxVY Y. X X Y

Proof. In the special case in which f is the characteristic
function of a set measurable (%)), the theorem is an immediate
consequence of Theorem 9.8. The same is true when f is the cha-
racteristic function of a set measurable (_ﬁ_ﬁl—)"”) of measure (uv) zero,
and in consequence Theorem 9.8 remains true when f is the cha-
racteristic function of any set (¥9").

This being so, we pass as usual to the case in which f is a finite
function, simple and measurable (X9)"") and finally, with the help
of Theorems 7.4 and 12.6, Chap. I, to the general case in which f
is any non-negative function measurable (¥9"").

Condition (9.9) is essential to the validity of Theorems 9.8 and 9.10. To
see this, let us consider some examples for which the condition is not fulfilled.
Put X:=}¥=HR, and let ¥=9 be the class of all sets in K, that are measurable
in the sense of Lebesgue. We choose for y the ordinary Lebesgue measure, and
we define the measure » by making »(Y) equal to the number of elements of Y (so
that »(¥)=oo if Y is an infinite set). Finally, let Q@ be the set of all the points
(¢, z) in Ky=Xx Y} such that 0 <2 < 1. The integrals occuring in condition
(ii) of Theorem 9.8 are then respectively 0 and 1 so that condition (ii) does not
hold. (We could alsv, by a suitable modification of the set ¢, choose }'= K,
and take as measure » the length .1;; cf. Chap. II, § 8.)
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Another example showing the importance of condition (9.9) is due to
A. Lindenbaum. Put X=Y=R,, let ¥=9 be.the class of all Borel sets in R,, and
let «(.X)=vr(X) denote for every set X the number of its elements. By a theorem
of the theory of analytic sets (cf., for instance, C. Kuratowski [I, p. 261]) there
exists in the plane R,=XXx )" a Borel set @ such that the set of x¢ R, for which
E[(x, y)eQ] reduces to a single point, is not measurable in the sense of Borel.
]

In other words, the set of z¢ X for which »{E[(«, y)e@]}=1 is not measurable (X).
v

Thus condition (i) of Theorem 9.8 does not hold.

For the results of this §, vide H. Hahn (2]; cf. also S. Ulam [2], Z. Lom-
nicki and S. Ulam [1], and W. Feller [1]. For a discussion of Fubini’s theorem
applied to functions whose values belong to an abstract vector space, vide also
S. Bochner [2]. Finally we observe that certain theorems, analogous to those
established in this § for measurable sets and sets of measure zero, can he stated
for the property of Baire and the Baire categories. Cf. on this point C. Ku-
ratowski and 3. Ulam [1].

§10. Geometrical definition of the Lebesgue-Stieltjes
integral. The geometrical definition of an integral is inspired by
the older and more natural idea of regarding the integral as the
measure of an ‘“‘area”, or of a “volume”, attached to the function
in a certain way that is well known.

Let us begin by fixing our notation. Given a function f(r)
defined on a set Q C R,, we call graph of f(:v) on @, and we denote
by B(f; @), the set of all points (r, y) of R,y for which x¢Q and
y=f(r)Foo. If f(x) is non-negative on @, the set of all the points
(x, y) of R,y such that re@ and 0<Cy<{f(r) is termed, according
to C. Carathéodory, ordinate-set of f on @ and will be denoted by
A(f; @)

As in §§ 3—7 we shall suppose the space R,, fixed and a non-
negative additive function U of an interval given in R,. And in
accordance with § 2, p. 59 and § 5, p. 63, L, denotes the Lebesgue
measure in I2,.

(10.1) Lemma. If QCR, is a set measurable (Ly), the sel

E(reQ; e<y<<b] in Rny1 18, for every pair of rcal numbers a and
(x.y)
b= a, measurable (8yL), and its measure (ULy) is (b—a)-U*(Q).

Proof. Let us write for short, @,,=E[reQ; a<y<<b] and
.y

T=UL,. We shall begin by showing that if @ has measure (U)
zero, the set @, is of measure (T) zero, and so is certainly meas-
urable (£7).
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To see this, observe that there is then, for any ¢>0, a sequence
of intervals !I,} in R, such that QI3 and Y U(I,)<e. Writing
Jo=I,x[a—¢, b+¢€], we obtain a sequerxllce of intgrva,ls {Jnt in By,
such that Q,,C2JS and XT(Jn)=2 U (L) (b—a+2¢)<(b— a+2¢)-¢.

Thus T*(Qa.»)=0.

Let now @ be any set measurable (). By Theorem 6.6, @ is
the sum of a sequence of closed sets and a set of measure (U)
zero. Therefore, by the above, the set @,, is also the sum of a se-
quence of closed sets and of a set of measure () zero, and is thus
measurable (7). Finally, for every real number y, we have
E[(z, y)eQa.]=-Q if a<{y<<bh, and E[(2,y)eQ.5]=0 if y is outside the
X X

b
interval [a,b]. Hence, by Theorem 8.6, we have T*(Q,,_,,):f(]*(Q)dy:
= (b—a)-U*(Q), which completes the proof.

(10.2) Theorem. If f(x) is a function measurable (Ly) on a set
QC R, its graph on Q is of measure (UL,) zero.

Proof. Since any set measurable (¥y) can be expressed as
the sum of a sequence of bounded measurable sets, we can restrict
ourselves to the case in which ¢ is bounded.

Let us fix an €>0 and write @Q,=E[reQ;ne<f(x)<(n+1)f]

for every integer n. By Lemma 10.1 the measure (UI,,) of the graph
of f(x) on @, does not exceed £-U*(Q,); therefore, on the whole set @,
it does not exceed & U*(Q), and so vanishes.

We can now prove the following theorem which includes the
geometrical definition of the Lebesgue integral:

(10.3) Theorem, In order that a function f(xr) defined and non-
negative on a set Q C R, measurable (8y) be measurable (Ly) on Q, it
ts necessary and sufficient that its ordinate-set A(f; @) on @ be meas-
urable (8y1,). When this condition is fulfilled, the definite integrac (U)
of f on Q is equal to the measure (UL,) of the set A(f; Q).

Proof. Write, for short, T=UL, and suppose first that f(z)
is a simple function, finite, non-negative, and measurable (£y) on @,
i.e. that f={v,Q1;v2,Q2; ...; vy @.} Where Q; are sets measurable (Ly)
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no two of which have common points. By Lemma 10.1, all the
sets A(f; Q) are measurable (¥7) and T*[A(f; Q)] =v:-U*(Q:)
for i=1,2,..,n. Hence, the set A(f;@)=2'A(f; Q) is itself meas-

urable (27), and its measure (T) is equal to > T*[A(f;Q)]=
=30 U*(Q)=[ /(@) aV(a).
0

Let now f be any non-qegative function measurable (£7) on Q.
There is a non-decreasing sequence {h,(r)] of simple functions,
finite, non-negative, and measurable (£y) on @ such that f (x)=limh,(z).

We then have
(10.4) A(f; Q) = ﬁl{rl A(ha; @)+B(f; Q).

Now, by the above, all the sets A(h,; @) are measurable (%r) and
T‘[A(h,,;Q)]':/h,,dU for m=1,2,.... On the other hand, by
Q

Theorem 10.2, the set B(f; @) has measure (7T') zero. It therefore
follows at once from (10.4) that the set A(f; Q) is itself measur-
able (87) and that

T*[A(f; Q)) = lim [h,dU=[{dU.
"Q Q

It remains to prove that, if the set A(f; Q) is measurable (£7),
the function f is measurable (&y). To do this, write for short
A=A(f; @), and observe that, for every non-negative number y,
the set E[reQ; f(x)>>y] coincides with the set E[(z,y)eA].

X X

Thus, by Theorem 8.6, it A is measurable (27), the set E[xeQ; f(x)=vy]

is measurable (£y) for all numbers y except at most those of a set
of measure (L,) zero. But this suffices for the measurability of f
on @ (cf. Chap. I, (7.2)) and so completes the proof.

* § 11. Translations 'of sets. As an application of Theorem
8.6, we shall prove in this § a theorem on parallel translations
of sets. As a matter of course, in what follows, translations could
be replaced by rotations, or by certain other transformations consti-
tuting continuous groups and preserving Lebesgue measure.
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Given two points x=(xy, &,, ..., £s) and y=(y1, ¥z ..., ¥m) i0 the
space R,, we shall denote by x+y the point (r,+y1, T24Y2y ooy L t-Yum)
and by |x| the number (ri+ a5+ ..+x,) . We shall write
z-»0 when |x|-»>0. If Q is a set in the space R, and a any
point of this space, Q" will denote the set of all points x+a where
2¢¢. The set Q is termed translation of Q by the vector a. If & is
an additive function of a set in I, and aelI?,, we shall write
0 (X)=®(X") for every set X bounded and measurable (B).

(11.1) Theorem. If Q is a bounded set (B) of measure (L) zero in the
space R, and @ is an additive function of a set (B) in R,,, the func-
tion @ vanishes for almost all translations of Q, i. e. ®(Q")=0""(Q)==0
for almost all points a of R,.

Proof. We may clearly assume & to be a non-negative function,
and ¢ to be a bounded set (®,). Hence, by Theorem 6.10, there is
a non-negative additive function U of an interval, such that
D (X)=U*X) for every set X bounded and measurable (B).

Denote by ﬁ, for any set M (CIR,, the set of all points (x, y)
of the space Ry, which are such that xe R,,, ye It,, and v+y ¢ M.
The set M is clearly open whenever the set M is open. It follows
at once that if M is a set (®s), so is the set M. Finally, observe that
for every point z¢ R, we have E[(z,2) eﬁ]zE[(z, y)eﬂ]:M( o,

Since the given set ¢ is, by xhypothesis, a"set (®s), so is the
set 5, and by Theorem 8.6, /U‘(Q("’))dL,,.(z)=[L,,,(Q“"’)/l(](z)r:(),
Rm Im
because all translations Q2 of the set ¢ are of measure (L,) zero.
Hence (Q¢ 2)=U*(Q" ?)=0 for every ze It,, except at most a set
of measure (L) zero. Replacing —z by a, we obtain the required
statement.

(11.2) Theorem. Given an additive function of a set @, each of
the following three conditions is both necessary and sufficient for the
function @ to be absolutely continuous:

1° lim #(Q) = lim ¢“Y(Q)=®(Q) for every bounded set @ meas-
a->»0 a->»0

urable (B) and of measure (L) zero,
20 lim @(Q“) = lim ?”(Q) = ®(Q) for every bounded set Q
a->»0 a->0
measurable (B);
30 lLim W[® — ®; I]=0 for every interval I.

a->)
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Proof. It is evidently sufficient to establish the necessity
of condition 3° and the sufficiency of condition 1°.

Suppose first that @ is an absolutely continuous additive
function ‘of a set. In virtue of Theorem 14.11, Chap. I, ¢ is thus
the indefinite integral of a function f measurable (B). Let
I=[ay, by; ...; @m, b] be an interval in the space considered and let J
be an interval containing I in its interior, for instance the interval
[a;—1, b+1; ...5 & ,—1, by +1].

Let ¢ be any positive number. Since the function f(x) is in-
tegrable over J, there exists a number >0 such that / If (x) de<<e/3

X
for every set .X (J measurable (B) and of measure (L) less than 7.
Therefore
[f(@)de<e/3 and [|fl@+u) dr= [ [f(z) dr < I3
(11.3) & x )
if Xe®B, XCI, [XI<n and lu|<1.

On the other hand, by Lusin’s Theorem 7.1, there exists a closed
set F(I° such that the function f is continuous on ¥ and such
that |[I—F|<<n/2. Let 0<<l1 be a positive number such that

F®(C I whenever |u|<o, and such that

(11.4) |f(x+u)—f(uv)|<i whenever xeF, z+uekl, and |u|<o.

3]
Let now a be any point of R, such that |a|<<e. By (11.4)
(11.5) | @ +a)—f(@)| dw<<|I)-(e/3 1) =¢/3.
Fopl -a)

On the other hand, |I—F-F' < |[—F|-H|I—F"|<2-|I—F|<7,
and therefore, by (11.3),
J 1f(@-+a)—f(@)] do < 2¢/3.
I—F.F(=—a)
If we add this inequality to (11.5) we obtain /‘lf(a:+a) —f(z)| dx<e,
I

i. e. the variation W[ —d; I]=/'|f(m+a)——}‘(a=)|da: tends to 0

with |a|. The function @ therefore flulfills condition 3°.

It remains to prove the sufficiency of condition 1°. Now, if
the function & fulfills this condition, # vanishes by Theorem 11.1 for
every bounded set measurable (B) of measure (L) zero, and so is
absolutely continuous.
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It was long known that every absolutely continuous function @ fulfills
conditions 1°, 2° and 3° of Theorem 11.2. The converse, however, (i. e. the suf-
ficiency of these conditions, in order that the function @ of a set be absolutely
continuous) was established more recently. The sufficiency of condition 3° was
first proved by A. Plessner [1] (with the help of trigonometric series and for
functions of a real variable). As regards the other conditions (1° and 2°), and
a8 regards Theorem 11.1, vide H. Milicer-Gruzewska [1], and N. Wiener
and R. C. Young [1]. In the text we have followed the method used by the
latter authors.

§ 12. Absolutely continuous functions of an interval.
An additive function F of an interval will be termed absolutely con-
tinuous on a figure Ry, if to each £¢>0 there corresponds a number
7>0 such that for every figure R(C R, the inequality |R|<l7 implies
|F(R), <e. In conformity with § 3, p. 59, we shall understand by
absolute continuity in an open set @, absolute continuity on every
figure R @, and by absolute continuity, absolute continuity in the
whole space.

Every additive function of an interval, absolutely continuous on
a figure Ry, is of bounded variation on R,. For, if F is a function
that is absolutely continuous on R, there exists a number >0
such that, for every figure RC R,, the inequality |R|< % implies
|F(R)|<<1. Therefore, if we subdivide R, into a finite number of
intervals I, Iy, ..., I, of measure less than 7, we obtain W (F; R,)<C

<O W(F; L) <2n.
k=1

An additive function of an interval F, of bounded variation
on a figure R,, will be termed singular on R,, if for each £>0 there
exists a figure RC R, such that |R| <& and W(F; R, ® R) <e.

The reader will observe the analogy between the above definitions and
the criteria given in Theorems 13.2 and 13.3, Chap. I, in order that an additive
function of a set should be absolutely continuous or singular. This analogy could
be pushed further by introducing the notions of absolutely continuous function,
and of singular function, with respect to a non-negative additive func-
tion of an interval. But this “relativization”, although useful in certain
cases, would not play an essential part in the remainder of this book.

The following theorem is, almost word for word, a duplicate
of Theorem 13.1 of Chapter I.
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(12.1) Theorem. 1° In order that an addiltive function of an
tnterval be absolutely continuous [singular] on a figure R, it is neces-
sary and sufficient that its two variations, the upper and the lower,
should both be so. 2° Every linear combination, with constant coefficients,
of two additive functions of an interval which are absolutely continuous
[singular] on a figure R, is dtself absolutely continuous [singular]
on Ry. 3° The limit of a bounded monotone sequence of additive functions
of an interval that are absolutely continuous [singular] on a figure R,
s also absolutely continuous [singular] on R,. 4° If an additive function
of an interval 1s absolutely continuous [singular] on a figure R,, the
function is so on every figure R R,. 5° If an additive function of
an interval is absolutely continuous [singular] on each of the figures
R, and Ry, the function 8 so on the figure K,+ R,. 6° An additive function
of an interval cannot be both absolutely continuous and singular on
a figure Ry, without vanishing identically on R,.

Part 3% at most, perhaps requires a proof. (It differs slightly
from the corresponding part of Theorem 13.1, Chap. I.) Let therefore
F be the limit of a bounded monotone sequence {F,} of additive
functions of an interval on a figure R,. Let ¢ be any positive number.
Since the functions ¥—F, are monotone on R, there exists & pos-
itive integer n, such that

(12.2) |F(R)—F . (R)|<<|F (Ro)—F.,(Ry)|<e/2 for every figure RCR,.

This being so, let us suppose that the functions F, are ab-
solutely continuous on R, There is then an >0 such that, for
every figure R(C R, |R|<n implies the inequality |F, (R) < ¢/2
and therefore, by (12.2), the inequality |F(R)| < e. The function F
is thus absolutely continuous on R,.

Suppose next that the functions F, are singular on E,. There
is then a figure R, R, such that |R,|<<e and W[F,; R,OR,]<¢/2.
Hence, by (12.2), W[F; R,©R,]<¢, which shows that the function
F is singular. This completes the proof.

We shall now establish two simple theorems that show ex-
plicitly the connection between the absolutely continuous or sing-
ular functions of an interval and those of a set. To avoid misunder-
standing, we draw the reader’s attention to the abbreviations
adopted in § 5, p. 66, in the terminology of functions of a set.
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(12.3) Theorem. In order that a mon-negative additive function F
of an interval be absolutely continuous, it is mecessary and sufficient
that the eorresponding function of a set F* should be so.

Proof. Suppose that the function F is absolutely continuous.
In order to prove that the function F* is so too, it is enough to
show that F* vanishes on every bounded set of measure (L) zero.
Let therefore E be such a set, and let J be an interval that contains
E in its interior. For any &> 0, let n be a positive number such that

(12.4) |R| <m 1implies |F(R)|<<e for every figure R(CJ.
Since |E|=0, there exists a sequence of intervals {I,} in J such that
(12.5) ECJI and 2L <.

Denote by R, the sum of the k first intervals of this sequence.
By Theorem 4.6 (or 6.1) of Chap. II, and Theorem 6.2, the relations
(12.4) and (12.5) give F*E)<Clim F*(R}) < lim F(R;)<¢ from
which it follows that F*(E)—0. " '

Conversely, if F* is an absolutely continuous function of a set,
the absolute continuity of F follows at once from the inequality
F(R)<CF*(R) which holds by Theorem 6.2 for every figure R.

(12.6) Theorem. In order that a non-negative additive function
of an interval F be singular, it s necessary and sufficient that the
corresponding function of a set F'* should be so.

Proof. Suppose that the function of an interval ¥ is singular,
and let J be any interval. Given any number & >0, there is then
a figure R(CJ such that |R|<<e and F(JOR)<e. Consequently,
by Theorem 6.2, we have F*J°—R)<F(JOR)<e, which shows
on account of Theorem 13.3, Chap. I, that the non-negative function
of a set F'* is singular in the interior of every interval J, and there-
fore in the whole space.

Suppose, conversely, that the function of a set F* is singular,
and let € be any positive number. Given any interval I there is then
a set E(CI° such that |E|=0 and F*(I°—E)=0. Consequently,
there is a sequence of intervals {I,} in I such that

(12.7) I°—EC )1, and (12.8) 2 F(I.) <e.

Denote by R, the sum of the % first intervals of this sequence. Since
|E|=0, we obtain from (12.7) that |R,|> |I|—¢ for a sufficiently
large k, and writing P=IOR,, this gives |P|<¢. Again, by (12.8),
F(I©OP)<e, which proves that the function F' is singular.
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§ 13. Functions of a real variable. The most important
of the notions and theorems of this chapter were originally given
a rather different form: they were made to refer, not to additive
functions of an interval, but to functions of a real variable. It is,
however, easy to establish between functions of a real variable and
additive functions of a linear interval, a correspondence rendering
it immaterial which of these two kinds of functions is considered.

To do this, let f(x) be an arbitrary finite function of a real
variable on an interval I, Let us term increment of f(x) over any
interval I=[a, b] contained in I, the difference f(b)—f(a). Thus
defined the increment is an additive function of a linear interval
I(C1,, and corresponds in a unique manner to the function f(x).
Conversely, if we are given any additive function F(I) of a linear
interval I, this in itself defines, except for an additive constant,
a finite function of a real variable f(x) whose increments on the
intervals I coincide with the corresponding values of the function F(I).

We shall understand by upper, lower and absolute, variations
of a function of a real variable f(x) on an interval I, the upper,
lower, and absolute, variations of the increment of f(x) over I.
To denote these numbers, we shall use symbols similar, to those
adopted for additive functions of an interval, i. e.: W(f; I), W(f; I),
and W(f; I).

A finite function will be termed of bounded variation on an
interval I, if its increment is a function of an interval of bounded
variation on I, Similarly the function is absolutely continuous, or
singular, if its increment is absolutely continuous, or singular. As we
see immediately, in order that a function f(x) be of bounded vari-
ation on an interval I, it is necessary and sufficient that there
exists a finite number M such chat IZ f(b)—f(a)|<<M for every

sequence of non-overlapping intervals {[a; b;]} contained in I,.
Similarly, in order that f(x) be absolutely continuous, it is necessary
and sufficient that to each £>0 there corresponds an >0 such

that J'|f(b))—f(a)|<<e for every sequence of non-overlapping inter-
i

vals {{a;, b;]} contained in I, and for which } |b,—a;| <7.
i
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If f(z) and g(x) are two bounded functions on an interval I,
and M denotes the upper bound of the absolute values of f(x) and
g(z) on I,, we have

If () g (b) —f(a) g(a)| < M[|f(b) —f(a)| +|g(b)—g(a)]]

for every interval [a, b]JC I,. It follows at once that

(13.1) The product of two functions of bounded variation [absolutely
continuous] on an interval s itself of bounded variation [absolutely
continuous] on this imterval.

Finally we see that if a function of an interval F corresponds
to a finite function of a point f (i. e. is the increment of f), we have
0;(f; a)=0;(F;a) for any interval I and any point a eI (cf. Chap. II,
§3, p.42, and the present Chapter, § 3, p. 60). Thus, in particular,
in order that the function f be continuous at a point a according
to the definition of § 3, Chap. II, it is necessary and sufficient that
the function of an interval F that corresponds to f should be so
according to the definition of § 3 of the present Chapter.

If at a point a a function of a real variable f has a unique,
limit on the right, this limit will be denoted by f(a+); similarly,
f(a—) will stand for a unique limit on the left. If the function f
is defined in a neighbourhood of a point a and both limits f(a+-),
f(a—) exist, then the oscillation o(f; a) (vide Chap. II, p. 42) is
equal to the largest of the three numbers |f(a+)—f(a—)|,
fla+)—f(a), and |f(a—)—f(a).

If both limits f(a+) and f(a—) exist and are finite, and
f(a)=i[f(a+)+f(a—)] the function f(x) is termed regular at the
point a. It is regular if it is regular at every point.

Let f be any function of a real variable, of bounded variation,
and {a,} a sequence of points. Let us put s(a)=0 and

f(a+)—f(a)+;““'"[f(an+)——/(an—)]+f(w)—-/(w—) for x>a
fla—)y—F(a)+ X @)= ant+ )1+ f (2)—Ff(@+) for z<a,

8(x) =

where the summation Y is extended to all indices » such that

a<la,<wx, when z>a, and a>a,>x, when r<a. The function s
thus defined is termed the saltus-function of f corresponding to the
sequence {a,} of points. It is continuous everywhere except, perhaps,
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at the points a,, and by subtracting it from f we obtain a function
of bounded variation, continuous at all points of continuity of f and,
besides, at all the points a,. If {a,} is the sequence of all points of
discontinuity of f, the corresponding function s is called simply
the saltus-function of f. By varying the fixed point a we get the
various saltus-functions of f which can obviously differ only by
constants. A function of bounded variation which is its own saltus-
function, is called a saltus-function.

The functions of a real variable whose increments over each
interval I coincide respectively with the variations W(f; I), W(f; I)
and W(f; I) of a function f, are also termed (upper, lower, and ab-
solute) variations of f. By applying the Jordan decomposition (§ 4,
P. 62), we can express any function of a real variable f of bounded
variation as the sum of two functions that are respectively its upper
and lower variations. Thus any function of bounded variation is
the difference of two monotone non-decreasing functions, and con-
sequently is measurable (B) and has at every point the two uni-
lateral limits, on the right and left. Moreover, the set of its points
of discontinuity is at most enumerable, since the sum of its oscil-
lations at the points of discontinuity lying in any finite interval is
always finite (this is actually the special case of Theorem 4.1).

In various cases it is more convenient to operate on functions
of a real variable than on additive functions of an interval in R,.
The difference is, of course, only formal, and all the definitions
adopted for functions of an interval can be stated, with obvious
modifications, in terms of functions of a real variable. We need
not state them here explicitly. If F is a function of a real variable,
of bounded variation, the meaning of expressions such as Lebes-
gue-Stieltjes integral with respect to F, integral (F),
sets (¢r), and so on, may be regarded as absolutely clear, in view
of the definitions of § 5. If F is a continuous function and g¢

a function integrable (F'), the integral f gdF, where I is a variable

interval, is an additive continuous funcltion of an interval I (vide
§ 5, p. 65). There is, consequently, a continuous function of a real
variable whose increment on any interval I coincides with the
definite integral (F') of g over I. This function, which is determined
uniquely except for an additive constant, is also termed indefinite
integral (F) of g.
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When there is no ambiguity, the additive function of an interval
that is determined by a finite function of a real variable F, will
be denoted by the same letter F, i. e. F(I) will stand for the in-
crement of F(x) on an interval I. By means of the corresponding
function of an interval, any function of a real variable ¥ of bounded
variation determines an additive function of a sel which we denote
by F* (cf. § 5). We see at once that F*(X)=F(b+)—F(a—) when
X=[a,b], and that F*(X)=F(a+)—F(a—) when X=(a), i. e.
when X is the set consisting of a single point a.

If W (x) is the absolute variation of a function F(z) of bounded
variation, we clearly have W (F*; X)<<W*(X) for every set X
bounded and measurable (B). The opposite inequality does not
hold in general. If, for instance, X is a set consisting of one point
only, and F is the characteristic function of X, then W(F*; X)=
=F*X)=0, while W*(X)=2. We can, however, state the following
theorem:

(13.2) Theorem. If F(x) i8 a function of a real variable of bounded
variation, and W (x) is the absolute variation of F (x), then W (F*; X)=
=W*X) for every set X bounded and measurable (B) at all points
of which F(z) i8 continuous.

Proof. Suppose first that the set X is contained in an open
interval J, in which the function ¥ (), and consequently the function
W (x) also, is continuous. Let G(CJ, be an arbitrary open set such
that X (C @. Then, expressing G as the sum of a sequence of closed

non-overlapping intervals {I,}, we get W*(X)<<W*(G)=W*(I,)=
= SWI)<I W(F*;1,)=W(F*;G); whence W*(X) W(F*; X), and

since the opposite inequality is obvious, W*(X)=W (F*; X).

Let us pass now to the general case. Let I, be an interval
containing X in its interior, and let ¢>0. Denote by {a,} the se-
quence of points of discontinuity of F(z) interior to I,, and by Sy(x)
the saltus-function of F(x) corresponding to the points a, for n>N.
Let us put G(z)=F(x)—Sn(x), where N is a positive integer suf-
ficiently large in order that W(Sy; I,)<<¢e. The points ay, ay ..., ay,
none of which belongs to X, divide I, into a finite number of sub-
intervals Jo,J4, ...,Jn in the interior of which the function G(z)
is continuous. Hence, denoting by V(z) the absolute variation of
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G(x), there follows, by what has already been proved, V*(X.Ji)=
=W(G*; X.J;) for k=0,1,..., N, whence V*X)=W(G*; X). On
the other hand, |W*(X)—V*(X) and |W(F*; X)—W(G*; X) are
both at most equal to W (Sy; I))<le. Thus |W*(X)—W (F*; X)|<<2¢,
and finally W*(X)=W(F*; X).

If F(x) is a finite function of a real variable and E an arbit-
rary set in R,, the set of the values of F(x) for reE will be denoted
by F[E].

(13.3) Theorem. 1If F(x) is a function of a real variable of
bounded variation and W (x) is the absolute variation of F(x), then
|FLE)|<W*(E) for every set E in R,; and if further the function
F(x) is mon-decreasing, and continuous at ail points of E, then
|F(E]|=F*(E).

Proof. Let & be a positive number and {I,} a sequence of
intervals such that EC X1, and W*(E)+&=2 W(I,). Then, if m, and

M, denote the lower and upper bounds, respectively, of F(x) on I,,
the sequence of intervals {[m,, M,]} covers the set F[E], and con-

gequently |F[E)| <Y (M,—m,) <X W(I,)<<W*(E)+e Hence,

|F[E)| << W*(E).

Suppose now F(x) continuous at the points of E and non-
decreasing. By what has already been proved, |[F[E])<<F*(E). To
establish the opposite inequality, let n be an arbitrary positive
number, and {J,) a sequence of intervals subject to the conditions

F[E1C 2'J,. and |F[E]|+9>=>2|J.. Let E, denote the set of the
points we £ such that F(r)eJ, Then F* E,)<|J, for each n; and
consequently F*(E)<<)'|J.|<<|F[E]|+n, whence F*(E)<|F[E]|.

The characteristic function of a set consisting of a single point provides
the simplest example of a singular function of a real variable, that does not veish
identically. This function is however discontinuous. It is easy to give examples
of functions of an interval that are additive, singular, continuous, and not iden-
tically zero, in the spaces I, for m>>2. For simplicity, consider the plane, and
denote, for any interval I, by F(I) the length of the segment of the line y =z
contained in I; the function of an interval F(I) will evidently have the desired
properties. A similar example for R, is less trivial. We shall therefore conclude
this § with a short description of an elementary method for the construction of
continuous singular functions of a real variable.

We shall begin with the following remark which frequently proves useful.
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(13.4) Let E be a linear, bounded, perfect and non-dense set, and « and .- a
two arbitrary numbers. Then, if a and b denote the lower and upper bounds of E,
a function F(x) may be defined on the interval Jy=[a, b] 80 as to satisfy the following
conditions: (i) F(a) = «, F(b) = 8, (ii) F(z) i8 constant on each interval contiquous
to the set E, and (iii) F(x) i8 continuous and non-decreasing on the interval J, and
strictly increasing on the set E.

To see this, let {In} be the sequence of intervals contiguous to E, and let

us agree to write I1n<3Im whenever the interval I, is situated on the left of Im.
By induction (cf. e. g. F. Hausdorff [(II, p. 50]) we can easily establish a one-
to-one correspondence between the intervals I, and the rational numbers of the
open interval (e, 8) so that, denoting by wu(I,) the number which corresponds
to the interval I,, the relation I,.<Im implies w(Il,) u(Im). Let us now put
F(x)=u(In) for xel, where n=1, 2, ..., and then extend F(r) by continuity
to the whole of the interval J,. We see at once that the function F(x) thus ob-
tained satisfies all the required conditions (i), (ii) and (iii) of (13.4).

Now let us choose for the set E in (13.4) a set of measure zero. Then if
{In} is the sequence of the intervals contiguous to E, we have

n n
WEF; D Iny= 3 WF; In) = 0
k=1 k=-1

n
oy . . % .
for each positive integer n; and since [JD—L Ix|— 0 a8 n—>» oo, the func-
k=1

tion F(x) is evidently singular on the interval J,.

The singular function obtained by the foregoing construction is continuous
and monotone non-decreasing; the function is not constant on the whole interval J,,
but is so on certain partial intervals. Now, by the method of condensation
of singularities, it is easy to derive from it a singular continuous function
that increases everywhere.

To do this, suppose in (13.4), |E|=0, a=a=0, b=§g=1, and extend the
function F(x) on to the whole axis R, by stipulating F(x + 1)= 1+ F(x). Write

oo

(13.5) H(z) =ZE;‘%£)‘

n=1

This series is a uniformly convergent series of singular functions, since F(nr) is
clearly singular with F(x). Now the functions F(nz) are monotone non-decreasing.
By Theorem 12.1 (3°), the function H(x) is thus singular. This function is also con-
tinuous, as the limit of a uniformly convergent series. To prove that H(x) 18 strictly
increasing, let x, and z,>, denote an arbitrary pair of points in [0, 1]. For
n>1)(xg—x,), we have nry— nx,>1, and consequently F(nr,)> F(nz,);
while for every n, F(nz,)>F(nx,), whence by (13.5), H(z,)> H(x,) as asserted.

Various examples of this kind have been constructed by A. Denjoy [1),
W. Sierpinski {3], H. Hahn [I, p. 538), L. C. Young [1] and G. Vitali [4];
cf. also O. D. Kellog (1], and E. Hille and J. D. Tamarkin [1)}.
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§ 14. Integration by parts. As in the preceding §, we shall
deal only in this § with functions of a real variable. For the latter,
we shall establish two classical theorems, of importance on account
of their many applications to various branches of Analysis. We shall
first prove them for the Lebesgue-Stieltjes integral and then spe-
cialize them for the ordinary Lebesgue integral.

(14.1) Theorem on integration by parts. If U(x) and V(x)
are two functions of bounded variation, we have for every interval
Iy=a,b]

b b
./'UdV+deU= Ub+)V(b+)— U(a—) V(a—),

provided that at each point of I, either one at least of the functions
U and V is continuous, or both are regular.

Proof. In order to simplify the notation assume a=0 and

b=1, and consider the triangle Q= E[0<<x<1;y < z] on the plane R,.
(x, )

The set E[(r, y)e@] is then the interval [y, 1] or the empty set,
according as y belongs, or does not belong, to the interval [0, 1].
Similarly, E [(r,y)e@] is the interval [0,x] =r the empty set,

4 .
according as we have, or do not have, 0<Cax<C1. Hence, by Fubini’s
theorem in the form (8.6),

1

[LUQ+)—U—N V() = [[Vie+)—V(0—)]dU(z),
0 0
1. e.

1 1
(14.2) [U(@—)dV(@)+ [ V(z+)dU(@)=U0+)V(14+)—U©0—) V(0-).
0 0

Interchanging U and V and adding the corresponding equation
to (14.2), we get, on dividing by 2,
1 1
(14.3) [ $[U@+)+Ule—)] dV(@)+ [ $[V(@+)+ V(e—)) dU(z) =
0 0
=U(1+)V(1+4)—U(0—) V(0—).
Let M be the set of the points in [I,=[0,1] at which the
function U (x) is regular. Then

(14.4) [ 4@+ +Ue—)dV (@)= [U () V().
M

14
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On the other hand, the set I,—M is at most enumerable and, by
hypothesis, the function V(x), and consequently both its relative
variations, are continuous at each point of I,—M. Thus, the def-
inite integral (V) of any function over the set I,—AM is zero, and

it follows from (14.4) that [T[U(JH- + U(z—)]1aV( x)——fU z) dV(z).
Similarly, the second member on the left-hand sxde of the rela-

tion (14.3) is equal to f V(x)dU(x), and this relation may be written
0

1 1
fU dv 4+ fvan: U(1+) V(1 +)—U(0—) V(0—),
0 0

which proves the theorem.

The theoremm may be also proved independently of Fubini’s theorem, but
then the proof is slightly longer. The proof given above was communicated to
the author by L. C. Young.

(14.5) Second Mean Value Theorem. If U(x) and V(x) are
two mon-decreasing functions and the function V(x) 8 continuous,
then in any interval [a, b] there exists a point & such that

b
(14.6)  [UaV=0U(a)-[V(§) —V(&)]+U®)-[V(b)—TV(§)]

Proof. Since the values of U(x) outside the interval [a, b}
do not affect (14.6), we may suppose that U(a—)=U(a) and,
U(b+4)=U(b). Therefore, making use of Theorem 14.1 and of the
first mean value theorem (Chap. I, Th. 11.13), we obtain

b b
(14.7) [Uav=0(b)V(b)—U(a)V(a)— [V dU=

=U(b)V(b)—U(a)V(a)— p-[U(b)— U(a)],

where y is a number lying between the bounds of the function V ()
on [a, b]. But, since this function is by hypothesis continuous, there
exists in [a, b] a point £ such that u=V(§). Substituting this value
for u in (14.7) we obtain the relation (14.6).
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As a special case of Theorem 14.1 we have the following theorem
on integration by parts for the Lebesgue integral:

(14.8) Theorem. 1If u(x) and v(x) are two summable functions
on an interval [a,b] and U(z) and V(x) are their indefinite in-
tegrals (L), then

b b
(14.9) [ Ul@)v(@)da+ [V(z)u(z)do=U(b)- V(b)—U(a)-V(a).
b a

Proof. Observe first that by writing for instance wu(z)=0
and v(x)=0 outside the interval [a, b], we may suppose that the
functions u(x) and v(x), and their indefinite integrals U (x) and V (x),
are defined on the whole straight line I,. Also, by altering, if neces-
sary, the values of the functions «(x) and v(x) on a set of measure
(L) zero, which does not affect the values of the integrals in (14.9),
we may suppose that these functions, together with the functions
U(z)v(x) and V(x)u(x), are measurable (B) (cf. Theorem 7.6
of Vitali-Carathéodory or else Lusin’s Theorem 7.1). We may,
therefore write, according to Theorem 15.1, Chap. I,

b b b b
f U(z)v(x)de= fU(x) dV(z)  and f V(@)u(@)do= [V(z)dU(a),

and (14.9) follows at once from Theorem 14.1.

Similarly, we derive at once from Theorem 14.5 the second
mean value theorem for the Lebesque integral:

(14.10) Theorem. If U(x) is a non-decreasing function on an
interval [a, b] and v(x) is a summable function on this interval, then

b ¢ 4
J U(z) v(@) de =U(a) [v(x) dz + U(b) j v(x) du,
a a 13

where £ is a point of [a, b].




CHAPTER 1V.

Derivation of additive functions of a set
and of an interval.

§ 1. Introduction. In this chapter we shall study Lebesgue’s
theory of derivation of additive functions in a Euclidean space of
any number of dimensions. When other spaces are considered, or
when we specialize our space (to be, say, the straight line R, or
the plane R,), we shall say so explicitly.

In what follows, an essential part is played by Vitali’s Covering
Theorem (vide, below, § 3) which is restricted to the case of Lebes-
gue measure. For this reason, the theorems of the present chapter
have not in general any complete or direct extension to other meas-
ures, not even when the latter are determined by additive functions
of an interval. In accordance with the conventions of § 5, Chap. III,
the terms measure, integral, almost everywhere, etc. will
be understood in the Lebesgue sense whenever we do not explicitly
assign another meaning to them. Similarly, by additive functions
of a set we shall always mean functions of a set (B) (some of which
may of course be continued on to wider classes of sets, cf. Chap.III, §5).

We have already remarked in § 1, Chap. I, that any additive
function of a set @ in a space R,,, may beregardedasadistribution
of mass. It is then natural to consider the limit of the ratio @(S)/|S|
where S denotes a cube, or a sphere, with a fixed centre a and with
diameter tending to 0, as the density of the mass at the point a.
By the fundamental theorem of Lebesgue (vide, below, Theorem 5.4)
this limit exists almost everywhere. Moreover Lebesgue has shown
that in the above ratio, S may be taken to denote much more gene-
ral sets than cubes or spheres. Of these, further details will be
given in the next §.
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8§ 2. Derlivates of functions of a set and of an interval.
Suppose given a Euclidean space It,,. By parameter of regularity r(E)
of a set K lying in this space, we shall mean the lower bound of
the numbers |E|/|J| where J denotes any cube containing E. Thus
when E is an interval, I"/L"<Cr(E)<Cl/L, where ! denotes the
smallest and L the largest of the edges of E; in particular, the
parameter of regularity of a cube is equal to 1.

A sequence of sets (E,} will be termed regulor, if there exists
a positive number « such that r(E,)>e for n=1,2,....

We shall say that a sequence of sets{ £, tends to a point a,if i(E,) >0
as n—oo, and the point a belongs to all the sets of the sequence.

Given a function of a set @ (not necessarily additive) we call
general upper derivate of @ at a point a the upper bound of the
numbers ! such that there exists a regular sequence of closed sets {E.,}
tending to a, for which lim @(K,)/|E.=1. We shall denote this

derivate by D®(a). Similarly, merely replacing the closed sets
by intervals, we define the ordinary upper derivate of @ at a
point a, and we denote it by E(a). If we remove the condition
of regularity of the sequences of intervals considered, we obtain
the definition of strong upper derivate. In other words the
strong upper derivate of @ at a point a is the upper limit of the
ratio @(I)/|I|, where I is any interval containing a, whose diameter
tends to zero. This derivate will be denoted by ®@.(a).

The three lower derivates at a point a, general D@ (a), ordinary
?(a), and strong Psa), have corresponding definitions, and if at
a point a the numbers D®(a) and D®(a) are equal, their common
value is termed general derivative of ® at the point a and will be
denoted by D®(a). If further D®(a)=f oo, the function P is said
to be derivable in the general sense at the point a. Similarly we define
the ordinary derivative @'(a) and the strong derivative Dy(a), as well
as derivability in the ordinary semse, and in the strong sense, of the
function P at the point a. Sometimes the derivatives DD (a), 9'(a)
and Ps(a) are termed unique derivates, while the upper and lower
derivates (general, ordinary and strong) are termed extreme derivates.
At any point a, we clearly have D®(a) << P(a)<< P (a) <DD(a)
and similarly 0,(a) < O(a) << P(a) < P.(a); so that the existence
either of a general derivative, or of a strong derivative, always
implies that of an ordinary derivative. On the other hand, no such
relation holds between the general and the strong extreme derivates.
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It may be noted that in order that it be possible to determine
the general derivates of a function of a set @, the latter must be
defined at any rate for all closed sets; whereas in order to determine
the extreme ordinary derivates, or the extreme strong derivates,
we need only have the function @ defined for the intervals. This
is why the process of general derivation is most frequently applied
to additive functions of a set, and that of ordinary, or of strong,
derivation to functions of an interval. We shall often omit the terms
“ordinary’’, ‘‘in the ordinary sense’”, in expressions such as ‘‘ordinary
derivate’, ‘“derivability in the ordinary sense’.

We have seen (Chap.III, § 5) that an additive function of
an interval F of bounded variation determines an additive function
of a set F*. Let us mention, in the case in which the function F
is non-negative, an almost evident relation between ordinary deri-
vates of F and general derivates of F*:

(2.1) Theorem, IfF is an-additive non-negative function of an inter-
val, then, at any point x, which belongs to no hyperplane of discontinuity
of F, we have DF*x)<F(z)<F(x)<DF*(x).

In particular therefore, the ordimary derivative F’(x)=DF*(x)
exists at almost every point x at which F* has a general derivative.

Proof. Since F(I)<CF*(I) for any interval I, the inequality
F(z)<DF*(x) is obvious. On the other hand, let ! denote any number
exceeding F(x). Then there exists a regular sequence of intervals {I,}
tending to the point x and such that lim F(I,)/|I. <l. Since = does

not belong to any plane of discontinuity of ¥, we may asssume

that it is an internal point of all the intervals I,. Hence we can

make correspond to each interval I, an interval J,C I, such

that xed, |Ja=>(1—1/n).]I,] and r(J,)=r(I,). We then have

lim sup F*(J,)/|J .| <<lim F(I,)/|I.|<<l. Now since {J.} is a regular
n n

sequence of intervals tending to z, it follows that DF*(x)<l, and
therefore that DF*(z) <F(x).
Let us note also the following result:

(2.2) Theorem, If f is a summable function and P is the indefinite
integral of f, then DO (x) <f(x) and Dy(x) <f(x) at any point z at which
the function f is upper semi-continuous, and similarly D® () >f(x) and
D.(x)>f(x) at any point x at which the function f is lower semi-continuous.

In particular therefore, P'(z)= P,(x)=DP(x)-=f(x) at any
point x at which the function f is continuous.
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In R, there is no difference between ordinary and strong deri-
vation. If F(x) is a finite function of a real variable, we understand
by its extreme derivates F (x) and F (), and by its derivative, or unique
derivate, F'(x), the corresponding derivates of the function of an
interval that F(r) determines (cf. Chap. III, § 13). Besides these
derivates, which we shall often term bilateral, we also define, for
functions of a real variable, unilateral derivatives and derivates.
Thus, if F(x) is a finite function of a real variable defined in the neigh-
bourhood of a point i, the upper limit of [F(x)—F (x,)]/(x—x,)
as x tends to x, by values of x>z, is called right-hand upper derivate
of the function F at the point x, and is denoted by F*(x,). Similarly
we define at the point x, the right-hand lower derivate F*(x,) and
the two left-hand, upper and lower, derivates, F (x,) and F (x,).
These four derivates are called unilateral extreme, or Dini, derivates.
If the two derivates on one side (right or left) are equal, their
common value is called unilateral (right-hand or left-hand) derivative
of the function F at the point in question. Finally, we shall call inter-
mediate derivate of F(xr) at the point x, any number ! such that
there exists a sequence {r,} of points distinct from x, for which
limz,=z, and lim[F(x,)—F (z,)])/(xn—x,) =1

Let E be a linear set, x, a point of accumulation of E, and
F(x) a finite function defined on E and at the point x,. The upper
and lower limit of the ratio [F(x)—F (z,)]/(x—x,) a8  tends to z,
by values belonging to the set E, are called respectively the upper
and lower derivate of F at x,, relative to the set E. We shall denote them
respectively by Fg(r,) and Fg(x,). When they are equal, their
common value is termed derivative of F at z, relative to the set E,
and is denoted by Fig(x,).

Besides this derivation relative to a set, we define also
derivation relative to a function. Suppose given two finite
functions F(z) and U(x), and let x, be a point such that the func-
tion U is not identically constant in any interval containing ,.
We then call upper derivate Fy(x,) and lower derivate Fy(x,) of the
function F with respect to the function U at the point x, the upper
limit and the lower limit of the ratio [F(z)—F (z4)}/[U(x)— U (x,)]
a8 ¢ tends to x, by values other than those for which F(z)—F (zy)=
=U(x)—U(®y)=0. B8imilarly, considering unilateral limits of the
same ratio, we define four Dini derivates ot F with respect to U:
Fl(a), Fj(x), F () and F ().
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When all these extreme derivates are equal, their common
value is denoted by Fy{x,) and called derivative of F with respect
to the function U at the point x,. The most usual case in which this
method of derivation is applied, is when U is a monotone increasing
function; and it is then easy, by change of variable, to reduce deri-
vation with respect to U to ordinary derivation.

§ 3. Vitali’s Covering Theorem. We shall say that a family €
of sets covers a set A in the sense of Vitali, if for every point z of 4
there exists a regular sequence of sets (€) tending to x (cf. p. 106).

(3.1) Vitali’s Covering Theorem. If in the space R, a family
of closed sets € covers in the sense of Vitali a set A, then there erists
in € a finite or enumerable sequence {E\} of sets mo two of which have
common points, such that

(3°2) ’A“—Z En‘——— 0.

Proof. a) We first prove the theorem in the special case in
which (i) the parameters of regularity of all the sets (€) exceed
a fixed number e>0 and (ii) the set 4 is bounded i. e. contained
in an open sphere S. We may clearly assume that, in addition, all
the sets (€) are also contained in 8.

This being so, we shall define the required sequence {E.} by
induction in the following manner.

For E, we choose an arbitrary set (¢), and when the first p
sets K, E,, ..., E, no two of which have common points, have
been defined, we denote by d, the upper bound of the diameters

p
of all the sets (€) which have no points in common with 2 E;, and
i—1

by E,;, any one of these sets with diameter exceeding J,/2. Such
a set must exist, unless the sets E,, E,, ..., E, already cover the
whole of the set 4, in which case they constitute the sequence whose
existence was to be established. We may therefore suppose that
this induction can be continued indefinitely.

To show that the infinite sequence {E.} thus defined covers 4
almost entirely, let us write

and suppose, if possible, that |B|>0. On account of condition (i), we
can associate with each set E. a cube J, such that E.(CJ. and



110 CHAPTER 1IV. Derivation of additive functions.

|Ea|>@-|Js|. Let Jn. denote the cube with the same centre as Jx
and with diameter (4m—+1)d(J.). The series

(3.4) %‘m =(dm-+1)" Y| < (4m+1)" a7 - %‘gmg (4m+1)"-a”"

converges; therefore we can find an integer N such that ¥ |J.|<|B].
n-Nt1

It follows that there exists a point ;e B not belonging to any Jn
for n>> N; and since by (3.3) the point z, does not belong to X En

and the sets K, are supposed closed, there must exist in € a set E
containing r, and such that

(3.5) E-En=0  for n=1,2,..,N.

Hence the set E has common points with at least one of the sets En

for n> N; for otherwise we should have 0 <<0(E) << 0n << 20(Eni1) <<

< 20(Jn41) for every positive integer n, and this is clearly impossible

since by (3.4) we have lim d(Jn)=0. Let n, be the smallest of the
n

values of n for which E-E,30. Then on the one hand, E-E,=0
for n=1,2,...,n,—1, so that

(3.6) O(E) < 0n, 15

and on the other hand, by (3.5), ny>>N, which implies, by definition
of x,, that r, does not belong to JN,, Thus we find that there are
both some points outside JV,, and some points belonging to the set
E, (_Jn, which are contained in the set E; this set must therefore
have diameter exceeding 2d(Js,)=>20(En)>dn,1, in contradiction
to (3.6). The assumption that |B|> 0 thus leads to a contradiction
and this proves the theorem, subject to the additional hypotheses
(i) and (ii).

b) Now let ¢ be any family of closed sets covéring the set A4
in the sense of Vitali; and let us denote, for any positive integer »,
by 8. the sphere S(0; ) and by A, the set of the points xe A - Sn
for which there exists a sequence of sets tending to x and consisting
of sets (€) whose parameters of regularity exceed 1/n. The sets A,
constitute an ascending sequence and A=lim A4..

n

We can now define by induction a sequence of families of
sets T, subject to the following conditions: 1° each family %
consists of a finite number of sets (€) no two of which have common
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points and none of which, for n >1, have points in common with
the sets of preceding families ¥, I,,...,<,_;; 2° denoting by T,
the sum of the sets which belong to %,

(3.7) |4n ——%’T,l <1/n.

To see this, suppose that for n<p we have determined families €
subject to 1° and 2°. Write A,.,=4 ,,+.——L T:, and consxder the
family of all the sets (€) which are contained in the open set C Z T; and

whose parameters of regularity exceed 1/(p+1). This fa,mlly evid-
ently covers the set X,,+,C Apy1C Sp41 in the sense of Vitali, and
by what we have already proved we can extract from it a sequence {E,}
of sets, no two of which have common points, so as to cover Z,H,.
almost entirely. Therefore, for a sufficiently large index i,

P iy ~ ~ "u‘~
|4 p+1 -f;;Ti—‘%lEi|=|Ap+l —;1 E{<1/(p+1),

and, denoting by ¥, the family consisting of the sets E,, Ez, vy 5,-0,
we find that conditions 1° and 2° hold when n=p+1.
Let us now write $=2'%,. The family € consists of a finite

number, or of an enumerable infinity, of sets (€) no two of which
have common points. Denoting the sum of these sets by T, we find,
by (3.7), |{—T|=0 and this completes the proof.

The proof given above iz due to S. Banach [3] (for other proofs cf. C. Ca-
rathéodory [II, pp. 299—-307] and T. Radé [3)).

Theorem 3.1 was proved by G. Vitali [3] in a slightly less
general form; he assumed the family € to consist of cubes. H. Le-
besgue [5] while retaining the line of argument of Vitali, showed
that the conclusion drawn by Vitali could be generalized as follows:

(3.8) Theorem. Given a set A and a family € of closed sets, suppose
that with each point e A we can associate a number a>>0, a sequence
{X.} of sets (€) and a sequence {J.) of cubes such that

wEJn, JY”C(]"’ IJYn[>a'lJn| for n=l,2,..., and ]im 6‘(‘Jn)=0-

Then ‘€ contains a sequence of sets no two of which have common
points, that covers the set A almost entirely.
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This statement, although apparently more general than
that of Theorem 3.1, easily reduces to the latter. For let us denote
by €° the family of all the sets of the form E 4 (x), where E is any
set of € and z any point of the set A. The family E° clearly covers
the set 4 in the Vitali sense, and by Theorem 3.1 we can therefore
extract from it a sequence {E,?} of sets no two of which have common
points dnd which covers the set A almost entirely. Now each set En
either already belongs to €, or becomes a set () as soon as we
remove from it a suitably chosen point. Therefore, removing where
necessary a point from each E,, we obtain a sequence of sets (€) no
two of which have common points and whose sum, since it differs from
ZEﬂ by an at most enumerable set, covers A almost entirely.

" For further generalizations of Vitali’s theorem (which, again, can be proved
without introducing fresh methods), see B. Jessen, J. Marcinkiewicz and
A. Zygmund (1, p. 224].

It is easy to see that the hypothesis that the family ¢ covers the set 4
in the Vitali sense (and not merely in the ordinary sense) is essential for the
validity of Theorem 3.1. But, as has been shown by S. Banach [1] and H. Bohr
(vide C. Carathéodory [II, p. 689]), this hypothesis cannot be dispensed with
in the theorem even in the case where € is a family of intervals such that to each
point x of the set 4 there corresponds a sequence {I,} of intervals belonging to G,
of centre x and diameter J(I,) tending to zero as n-—»oo.

For covering theorems similar to that of Vitali and which correspond to
linear measure (length, cf. Chap. II, §9) of sets, vide W. Sierpinski [7],
A. S. Besicovitch [1] and J. Gillis [1].

§ 4. Theorems on measurability of derivates. Of the
two theorems which we shall establish in this §, the first is due to
S. Banach [4, p. 174] (cf. also A. J. Ward [2, p. 177]) and concerns
the extreme derivates of any function of an interval (not necessarily
additive). We begin by proving the following lemma:

(4.1) Lemma. Any set expressible as the sum of a family of intervals
18 measurable.

Proof. Let 3 be any family of intervals and let 8 be the sum
of the intervals of J. Let € denote the family of cubes each of which
is contained in one at least of the intervals (3). The set § is clearly
covered by € in the Vitali sense and by Theorem 3.1, 8 is therefore
expressible as the sum of a sequence of cubes (C) and of a set of
measure zero. Therefore the set S is measurable, as asserted.

(4.2) Theorem. IfF is afunctionof an interval, its two extreme ordinary
derivates F' and F and its extreme strong derivates Ky and F, are measurable.
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Proof. Let us take first the strong derivates of F, say F..
Let a be a finite number and P the set of the points x for which
Fy(x)>a. For any pair of positive integers h and k, let us denote
by Prx the sum of all the intervals I for which d6(I[)<C1/k and
F(I)/I|ZZza+1/h. We see at once that P= M[1Pn,r Now the sets

h k
P, are measurable on account of Lemma 4.1 and so is the set P.
This proves F.(x) to be a measurable function.

Consider next the ordinary upper derivate F. As before let a
be any finite number, and @ the set of the points x at which F(z)>a.
In order that a point z should belong to @, it is clearly neces-
sary and sufficient that there should exist a positive number «
and a sequence {I,} of intervals tending to x such that r(l,)>=«
and F(L.)/|[.|=Za+ea for n=1,2,.... Hence denoting for any pair
of positive integers h,k by @, the sum of the intervals I such that
r([yZ1/h, 6(I)<<1/k and F(I)/|l| Z=a+1/h, we find easily that
Q:%‘[JQ,,_,,. Thus, since each set @, is measurable by Lemma 1.1,

8o is also the set Q. The derivate F(x) is therefore measurable,

It follows in particular from Theorem 4.2 that the bilateral
extreme derivates of any function of a real variable are measurable.
The same is not true of unilateral extreme derivates. Neverthe-
less, as shown by S. Banach [2] (¢f. also H. Auerbach [1]), these
derivates are measurable whenever the given function is so. Similarly
by a theorem of W. Sierpinski [3], the Dini derivates of a function
measurable (B) are themselves measurable (B). These two results
are included in the following proposition, from which theyv are
obtained by choosing the class ¥ to be either € or B.

(4.3) Theorem. If X is an additive class of sets in R, which includes the
sets measurable (B), the Dini derivates of any function of a real rariable
which is finite and measurable (X), arc themselves measurable (X).

Proof. If F is any finite function of a real variable, r any
point and h,k any pair of positive integers subject to A > h, let uy
write D F; ) for the upper bound of the ratio [F({)—F(r)] (t—w)
when x+1/k<t<x+1/h. At any point r we clearly have

(4.4) F+(r) = lim lim D, (F; v).
h k

Now let a be any finite number and consider the set
(4.5) E[(D)(F; %) > a].
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We see at once that if the function F is constant on a set E, the
set of the points x of E at which D,,(F;x)>a is open in E (cf.
Chap. II, p. 41). Thus the set (4.5), and consequently the expression
Dy x(F;x) as function of x, is measurable (%) whenever the function ¥
is finite, measurable (%) and assumes at most an enumerable infinity
of distinct values.

This being so, let F be any finite function measurable ().
We can represent it as the limit of a uniformly convergent sequence
{F.} of functions measurable (%) each of which assumes at most
an enumerable infinity of distinct values: for instance we may write
F.(z)=1i/n, when i/n<F(x)<(i+1)n for t=..—2,—1,0,1,2,....
We then have Dpx(F;x)=1lm Dyx(Fn;x), and since by the above

the functions Dnx(Fn;x) are measurable (X) in z, 8o is Dy (F;z).
It follows at once from (4.4) that the derivate F+(x) is also meas-
urable (%), and this completes the proof.

§ 5. Lebesgue’s Theorem. We shall establish in this § the
fundamental theorem of Lebesgue on derivation of additive functions
of a set and of additive functions of bounded variation of an interval.

(6.1) Lemma. 1f for a non-negative additive function of a set @ the
tnequality DP(x)Za holds at every point x of a set A, then

(5.2) O(X)>a-|A|
holds for every set X ) A, bounded and measurable (B).

Proof. Let ¢ be any positive number and b any number less
than a. By Theorems 6.5 and 6.10 of Chap. III, there exists a bounded
open set G such that

(5.3) XCa and (X)) = D(G)—-e.

Let us denote by € the family of closed sets ECG for each
of which @ (E)Z=b-|E|. Since by hypothesis, Dd(x)==a>b at any
point x¢ A, the family € covers the set A in the Vitali sense, and
by Theorem 3.1, we can extract from it a sequence {E,} of sets no

two of which have common points, so as to cover almost entirely
the set A. Therefore, on account of (5.3),

D(X)=> O(GC)—e=) QB —e=b- 3 |Bn| — e = b 14| —e.

In this we make ¢—> 0 and b-»>a, and (5.2) then follows at once.
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(5.4) Lebesgue’s Theorem. An additive function of a set is almost
everywhere derivable in the general semse. An additive function of
bounded variation of an interval is almost everywhere derivable in
the ordinary sense.

Proof. On account of Theorem 2.1 we may restrict ourselves
to non-negative additive functions of a set.

Let ® be such a function and suppose that D®(z)>D®(x)
holds at each point x of a set A of positive measure. For any pair
of positive integers h and % let us denote by A, the set of the points
x of A for which D® (x)> (h+1)/k>h/k>D®P(x). We have A:}%Ah,.,

and therefore there exists a pair of integers h, and k, such that
|An,x)>0. Let us denote by B any bounded subset of Ap of
positive outer measure. Let ¢ be any positive number and G
& bounded open set such that

(5.5) BCG and  |G|<|B|+e

Consider the family of all closed sets £(C G for which (E)< [E[

This family covers the set B in the Vitali sense, and therefore con-
tains a sequence {E.} of sets no two of which have common points,
which covers the set B almost entirely. Writing @ = D En we find, on

account of (5.5),

(5.6  0@Q)=2 B <. Y |E|< 01 <8 +0)
n 0O n 0 0

On the other hand, D®(x)> (hy+1)/k, at each point x ¢ B. Therefore,
since all but a subset of measure zero of the set B is contained in the

h°k+ 1 -|B|, and therefore,
0

set @, it follows from Lemma 5.1 that @(Q)=

on account of (5.6) that (hy+1)-|B|<Chy-(|B|+¢). But this is clearly
a contradiction since |[B|>>0 and ¢ is an arbitrary positive number.

Thus the function @ has almost everywhere a general derivative
D®. It remains to prove that the latter is almost everywhere finite.
Suppose the contrary: there would then exist a sphere § such that
D®(x)=+oc0 at any point z of a subset of S of positive measure.
We should then have, by Lemma 5.1, #(8)=+ oo, which is impos-
sible and completes the proof.
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The preceding theorem was proved by H. Lebesgue [I, p. 128] first
for continuous functions of a real variable and later [5, p. 408—425] for additive
functions of a set in R,. Among the many memoirs devoted to simplifying the
proof we may mention: G. Faber [1], W. H. and G. C. Young [1], H. Stein-
haus (1}, Ch. 1. de la Vallée Poussin [1, I; p.103], A. Rajchman and
S. Saks 1), J. Ridder [3] (cf. also the direct proof of Lebesgue’s theorem for
additive functions of bounded variation of an interval in the first edition of this
book). More recently F. Riesz [6; 7] has given an elegant proof of Lebesgue’s
theorem for functions of a real variable. Finally S. Banach [4, p. 177] has exten-
ded the theorem in question to a class of functions of an interval which is slightly
wider than that of additive functions of bounded variation. The proof given
here applies also without any essential modification to the theorem of Banach.

For an extension of the theorem to certain ahstract spaces, see J. A. Clark-
son [1) (¢f. also S. Bochner [3])

Another application of Lemma 5.1 is the proof of the fol-
lowing theorem on term by term derivation of monotone sequences
of additive functions:

(5.7) Theorem. If an additive function of a set @ is the limit of a mono-
tone sequence {@n} of additive functions of a set, then almost everywhere
D®(x) = lim DPy(x).

In the same way, if an additive function of bounded variation
of an interval, F, is the limit of a monotone sequence {Fn} of additive
functions of bounded variation of an interval, then almost everywhere
F'(z) =1im Fn(x).

n

Proof. Suppose, to fix the ideas, that the sequence {®,} is
non-decreasing and write 6,=® —®,. To establish the first part
of the theorem, we need only show that

(5.8) lim D6, (x) =0

almost everywhere.

For this purpose, let 4 denote the set of the points x at which
(5.8) is not satisfied and suppose that |A| > 0. For any positive inte-
ger k we write A, for the set of the points x at which lim D 0.(x)=>1/k.

Since A=2A4,, there is an index k= k, such that |[4,|> 0. Let B de-
]

note any hounded subset of A, of positive mensure and I an interval
containing B. Since the sequence {8} is non-increasing. so is the
sequence {D®,} and therefore we must have DO,(x)>=>1/k, for
n=1,2,.. at any point xe BC 4x. Hence by Lemma 5.1, we find
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6.(I) = |B|/ky for every positive integer n, and this is clearly a con-
tradiction since |B|>0 and lim 8,(I)= ®(I)—1lim @,(I) = 0.

We might prove similarly the second part of the theorem,
but actually the latter can be reduced at once to the first part.
In fact if we suppose the given sequence {F»} non-decreasing and
write T,=F—F,, then the functions of an interval, T, are non-
negative and the sequence {T»(I)} converges to 0 in a non-increasing
manner for every interval I. The sequence {77} of additive and
non-negative functions of a set is then also non-increasing and con-
verges to 0 (cf, Chap. III, Theorem 6.2). Hence, by the first part of
our theorem and by Theorem 2.1, we have lim 7'y(x)=1imD T7(x)=0,.

and therefore lim Fn(x)=F'(xz), for almost all r, which completes

the proof.
For functions of a real variable, Theorem 5.7 may be stated in the fol-
lowing form (vide G. Fubini [2]; c¢f. also L. Tonelli [3] and F. Riesz (6; 7]):
If F(x)= ZF,,(z) i8 a convergent series of monotone non-decreasing functions,
n

then the relation F'(a:):_?F;n(x) holds almost everywhere.
n

§ 6. Derivation of the indefinite integral. Given a set 4,
let us write L,(X)=|4-X]| for every measurable set X. The function
L4 of a measurable set, thus defined, is termed measure-function
for the set 4. Considered as function of a measurable set, or as
function of an interval, L, is additive and absolutely continuous;
and, if further the set A is measurable, we have L4(X )=£c,, (z)dx

for every measurable set X, i.e. the function L, is the indefinite
integral of the characteristic function of the set A.

(6.1) Theorem. For any set A we have
(6.2) DL4(x) = ca(x)

at almost all x of A; and if further, the set A i8 measurable, then (6.2)
holds almost everywhere in the whole space.

Proof. By Theorem 6.7 of Chap. IIT the set 4 can be enclosed
in a set He®, for which the measure-function is the same as for
the set A. Let us write H=[]@., where {Gn} is a descending
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sequence of open sets. We clearly have DLGn(w)=1 at any point e Gn,

and so a fortiori at any point ze A(C H(C G.. Hence, remembering
that the sequence {LGH} of functions of a set is non-increasing and

converges to the function L,=Ly, it follows by Theorem 5.7 that
DL4(z) = lim DLG"(a:) =1=—c4(z) almost everywhere in A.

Now suppose the set 4 measurable. Then L4(X)+ Lca(X)=|X|
for every measurable set X, and consequently DL4(x) + DLca(x)=1
at any point x at which the two derivatives DL4(x) and DLca(2)
exist, i. e. almost everywhere by Lebesgue’s Theorem 5.4. Now, by
what has been proved already, DLca(z)=1 almost everywhere
in CA. Therefore DL4(x)=0=ca(x) at almost all x of CA and
this shows that (6.2) holds almost everywhere in the whole space.

(6.3) Theorem. If @ is the indefinite integral of a summable
function f, then

(6.4) DO(x)=f(x)
at almost all points x of the space.

Proof. We may clearly assume that f is a non-negative function.
If f is the characteristic function of a measurable set, the relation (6.4)
holds almost everywhere by the second part of Theorem 6.1. The rela-
tion therefore remains valid when f is a finite simple function, i.e.
the linear combination of a finite number of characteristic functions.
Finally, in the general case, any non-negative summable function f
is the limit of a non-decreasing sequence {f.} of finite simple measur-
able functions; therefore, denoting by @, the indefinite integral of f,,
it follows from Theorem 5.7 that D®@(x) = lim D®,(x) = lim fa(z) = f(x)

almost everywhere, and this completes the proof.

§ 7. The Lebesgue decomposition. In this § we shall give
for additive functions of a set (B), a more precise form to the
Lebesgue Decomposition Theorem 14.6, Chap. I. We shall prove in
fact that the absolutely continuous function which occurs in this
theorem is the indefinite integral of the general derivative of the
given function. At the same time we shall establish the corresponding
decomposition. for additive functions of bounded variation.
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(7.1) Lemma. If O is a singular additive function of a set, then
DO(x)=0 almost everywhere.

Proof. We may assume (cf. Chap. I, Theorem 13.1 (1°)) that
the function @ is non-negative.

The function @ being singular, there exists a set E, measur-
able (B) and of measure zero, such that

(7.2) O(X-CE,)=0 for every set X bounded and measurable (B).

Suppose that the set of the points  at which D®(x)>0 has
positive measure. Then denoting by @. the set of the points xe¢CE,
at which D®(x)> 1/n, there exists a positive integer N such that
|@v >0. Consequently, there also exists an interval I such that
|II-Qn] >0, and by Lemma 5.1 we find @(I-CEy)=P(I-Qn)=
=|I-Qn/N>0, which clearly contradicts (7.2).

(7.3) Theorem. If @ is an additive function of a set, the derivative
D® is summable, and the function D is expressible as the sum of its
function of singularities and of the indefinite integral of its general
derivotive.

Proof. By Theorem 14.6, Chap. I, we have ®= 0+ T where 8
is a singular additive function of a set and ¥ is the indefinite integral
of a summable function f. Hence, making use of Theorem 6.3 and
of Lemma 7.1 we find almost everywhere D®(z)=D8(x)+D ¥ (z)=f(r)
and this proves the theorem.

We can extend the theorem to additive functions of bounded
variation of an interval. We have in fact:

(7.4) Theorem. If F is an additive function of bounded variation
of an interval, the derivative F' is summable, and the function F is
the sum of a singular additive function of an interval and of the in-
definite integral of the derivative F'.

Moreover, if the function F is mon-negative, we have for every
interval I,

(7.5) F(I) > [F'(x)dz,
I,

equality holding only in the case in which the function F ts absolutely
continuous on I,.
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Proof. We may clearly assume the function F to be non-
negative in both parts of the theorem. The corresponding function
of a set F'*, together with its function of singularities, will then also
be non-negative; and on account of Theorems 7.3 and 2.1 we shall have

(7.6) F‘(X)?[DF‘(:I‘) d.v:[lv"(w)dw for every bounded set X € B.
b'¢ X
Let us write for any interval /1
(7.7) T(I) = F(I) — [F'() d.
i
The function of an interval thus defined is clearly non-negative,
since by (7.0)
FU) 2 FUI) > [F(2) de = [F(x) de

1’ 1

for every interval I. Moreover, if we take the derivative of both
sides of (7.7)in accordance with Theorem 6.3, we find D71™*(.r)=T"(x)=0
almost everywhere. It therefore follows from Theorem 7.3 that the
function of a set T* — and so by Theorem 12.6, Chap. IlI, the
function of an interval 7' — are singular. The relation (7.7) therefore
provides the required decomposition for the function F.

Finally, since the function T is non-negative, it follows from
7.7) that the inequality (7.5) holds for every interval I, and re-
duces to an equality if, and only if, T(I)=0 for every interval
ICI, In other words, in order that there be equality in (7.5) it
is necessary and sufficient that the function ¥ be on I; the inde-
finite integral of its derivative, i.e. be absolutely continuous on I,.

Theorem 7.4 provides a decomposition of an additive function
of bounded variation of an interval into two additive functions
one of which is absolutely continuous and the other singular. Just
as for functions of a set, this decomposition is termed Lebesque
decomposition and is uniquely determined for any additive function
of bounded variation. For suppose that G,+ T)=G,+T, where G,
and @, are absolutely continuous functions and 7), and T, are sin-
gular functions; then G,—@G,=T,—1T, and by Theorem 12.1 (29, 69),
Chap. II1, this requires G,=G, and 7,=1T,. The absolutely con-
tinuous function and the singular function occurring in the Lebesgue
decomposition of a function of bounded variation F are called,
respectively, the absolutely continuous part and the fumction of sin-
gularities of the function F.



[§8) Rectifiable curves. 121

As a special case of Theorems 7.3 and 7.4, let us mention the
following resuit, in which part 29 includes Lemma 7.1 and its
converse.

(7.8) Theorem. 1° An additive function of a sel, or an additive function
of an interval of bounded variation, is absolutely continuous, if, and
only if, it is the indefinite integral of its derivative.

20 An additive function of a set, or an additive function of an
interval of bounded variation, is singular if, and only tf, its derivative
vanishes almost everywhere.

Finaliy, let us mention also an almost immediate consequence
of Theorems 7.3 and 7.4:

(7.9) Theorem. The derivative of the absolute variation of an ad-
ditive function of a set, or of an additive function of an interval o
b
bounded rvariation, is almost everywhere equal to the absolute value
y Y q
of the derivative of the given function.

Proof. Consider to fix the ideas, an additive function of bound-
ed variation of an interval, F. Let T be the function of singular-
ities of ', and let W and V be the absolute variations of the func-
tions F and T respectively. In virtue of Theorem 7.4 the relation

F(I) = /‘F’(x)dx -+ T(I) holds for every interval I, and hence also

1

(7.10) WD) < [|F'(2)| de + V(D).
1

Now the function V is singular together with T, so that its deriva-
tive vanishes almost everywhere by Lemma 7.1. Hence taking the
derivative of (7.10), we find on account of Theorem 6.3 that
W'(x)<<|F'(x)] almost everywhere, and this completes the proof
since the opposite inequality is obvious.

§ 8. Rectifiable curves. By a curve in a space IR, we shall
mean any system C of m equations xr,=.X,(t) where i=1,2,...,m and
the .X(t) are arbitrary finite functions defined on a linear interval
or on the whole straight line I¢,. The variable ¢ will be termed para-
meter of the curve. The point (.Y (), X,(2), ..., Xm(t)) will be called
point of the curve corresponding to the value ¢ of the parameter,
and denoted by p(C;t). If E is a set in R,, the set of the points
P(C;t) for te E will be called graph of the curve C on E and de-
noted by B(C; E) (cf. the similar notation for graphs of functions,
Chap. III, p. 88).
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For simplicity of wording we consider in the rest of this §,
only curves in the plane R,; we shall suppose also that the functions
determining these curves are defined in the whole straight line R,.
But needless to say., these restrictions are not essential for the
validity of the proofs that follow.

Let therefore C be a curve in the plane, defined by the equa-
tions x=X(t),y=Y(t). Given any two points ¢ and b> a, a finite
sequence 7={t;}jo,1,.,» Of points such that a=1t,<t,<<..<<ta=0
will be called chain between the points @ and b, and the number

2;9(1’/4, pj)y  where pi=p(C; 1)),

=
will be denoted by ¢(C;). (We may regard this number as the
length of the polygon inscribed in the curve C and whose vertices
correspond to the values a=tyt,, ...,t»=>b of the parameter.)
The upper bound of the numbers o(C;) when 7 is any chain
between two fixed points @ and b, will be called length of arc of the
curve C on the interval I=[a, b], and will be denoted by S(C;I)
or S(C; a,b). If S(C;I)F oo the curve C is said to be rectifiable on
the interval I; and if this is the case on every interval we say sim-
ply that the curve C is rectifiable.

(8.1) For any curve C we have S(C;a,b)+S(C;b,c)=8(C; a,c)
whenever a <b<c.

It is enough to prove that S(C;a, b)+S(C; b, c)=S(C,; a,c),
since the opposite inequality is obvious. Let 1={a=ty,1,, ..., tl~=2¢}
be any chain between a and ¢, and let h be the index for which
th <K<t Writing 7= {a=1,, 1, ... , th—1, b} and 13={b, s, ... ,ta=0},
we have o(C;7)<<o(C; 1))+ 0(C; 7,) <<S(C; a,b)+S(C; b, ¢), and 8o
B(C; a, ¢) <<S(C; a, b) 4+ S(C; b, ¢).

It follows from (8.1) that if a curve C is rectifiable, the length
of arc S(C;I) is an additive function of the interval I. We shall
call this function length of the curve C. Any function of a real vari-
able that corresponds to this function of an interval, i.e. any
function §(t) such that S§(b)—S8(a)=S(C;a,b) for every interval
[a, b], will also be termed length of the curve C.
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(8.2) Jordan’s Theorem. If C is a curve given by the equations
r=X(t), y=Y(t), we have

WX 1) <K8(C5 ), WY I)S8(C5 T,

(8.3)
WX D+ W(Y;1)=8(6; 1)

for any interval 1; and therefore, in order that the curve C be rectifiable
on an interval 1, it is necessary and sufficient that the functions X
and Y be of bounded variation on I,

Proof. Given an interval I=[a,b], we easily find that for
any chain 1=la==t,t, ..., t.=>0) between the points a and b,

SO =X <0031, DI¥) =X <o(C5 ),

(03 1) < S1X () — X(t0]+ 3 V) — ¥, 0| SWE; D+W(T; ),

N

from which the inequalities (8.3) follow at once.

(8.4) Theorem. If C 1is a rectifiable curve given by the equations
z=X(t), y=Y(t), and the function S(t) is its length, then

(i) tn order that S(t) be continuous at a point [absolutely contin-
uous on an interval] it is necessary and sufficient that the two fume-
tions X (t) and Y (t) should both be so;

(ii) we have A{B(C; E),<<|S[E]| for any linear set E (i.e. on
any set E the length of the graph of the curve C does not exceed the
measure of the set of values taken by the function S(t) for te E);

(i) [S'()P=[X")RF+[Y'(t)]? for almost every t;
b
(iv) S(C; a, b) >/V[_X’(_t)J2“4——[ Y'(t)dt for every interval [a, b),

and the sign of equality holds if, and only if, both the functions X (t)
and Y (t) are absolutely continuous on [a, b].

Proof. re(i): This part of the theorem is an immediate con-
sequence of the relations (8.3), since by Theorems 4.8 and 12.1 (1)
of Chap. III, a function of bounded variation is continuous at a point
[absolutely continuous on an interval] if, and only if, its absolute
variation is so.



124 CHAPTER 1IV. Derivation of additive functions.

re(ii): Let € be any positive number and let |I,} be a sequence
of intervals such that

(8.5) S[E]C%_‘l,, and (8.6)  X'|L|<|S[E)+e.

We may clearly assume that no interval I, has a diameter exceeding e,

This bheing so, we write I?:B((‘; E) and we denote by 173",.
the set of the points p(C;t) of the curve C for each of which S(t)e In.
It is easy to see, on account of (8.5), that E?CZE,,. On the other

hand d(l?,,)gd(l,,):ll,Jge for any =, and it follows from (8.6)
(cf. Chap. 11, §3) that A‘”(E)<|S[EJ| ¢, and hence by making ¢
tend to zero, that A(ﬁ)ng[E]], as asserted.

re(iii): Let I,=[ay b,] be any interval. We shall show suec-
cessively that both the velations

(8.7) [S'MP=2[Y'OPF+H[Y' (O] and (3.8) [S'(OP<[X'(O)P+[Y'()]

hold almost everywhere in I,; here the derivatives 8'(t), .X'(¢)
and Y’(t) exist almost everywhere on account of Theorem 8.2 and
of Lebesgue’s Theorem 5.4.

We have S(t+h)—S@O) =X E+h)—X @)+ Y (E+h)—Y )W
for any point ¢t and any k >0, and if we divide both sides by h and
make h — 0, this implies the relation (8.7) at any point ¢ for which all
three functions are derivable at the same time, i. e. almost everywhere.

Now let 4 denote the set of the points te I, at which the three
derivatives .X'(t), Y'(t) and 8'(t) exist without satisfying the inequal-
ity (8.8); and for any positive integer n, let 4, denote tho set of
the points te 4 for each of which the inequality

SN = (XDNT +YDAITY +1/n
holds for all the intervals I containing {, whose diameters are less
than 1/n. Clearly A=A

n
Keeping n fixed for the moment, let € be any positive number.
There exists a chain 1={a,=1y,1,, ... ,t,=>0o} such that t—tx—<<1/n
for k=1, 2, ..., p, and such that S(C;I,)<<o(C;1)+ ¢. Consequently,
writing for brevity J,=[t, ,t,], »,=0p(C;1,), e,=e(p,_,, »,), We have

(8.9) S(Jr)=0x+|Julfn for k=1,2,...,p, whenever Jy An=0,

and on the other hand

P P
(8.10) ;é;‘g(‘") <h§ or+e.
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Therefore if j("’ stands for a summation over all the indices k&
k

for which J, A» 3+ 0, we find on account of (8.9) and (8.10) that

n n L4
l4,l< W J<n- I 18—, 1 <n- D [S(J,) —o,] <ne.
k k k=1

Now since € is an arbitrary positive number, it follows that
|Aa|=0 for any =, and therefore also that |4|=0. Thus the in-
equality (8.8) holds almost everywhere, as well as the inequality (3.7),
and this completes the proof of part (iii) of the theorem.

Finally, since S(C;a, b)=S8(b)—S(a), part (iv) reduces on
account of (i) and (iii) to an immediate consequence of Theorem 7.4.

Theorem 8.4 (in particular its parts (iii) and (iv)) is due to L. Tonelli
[1; 4]; cf. also F. Riesz [6; 7).

As regards part (ii) of the theorem, it may be observed that in the case
in ‘'which the curve C has no multiple points (i. e. when every point of the curve
corresponds to a single value of the parameter) the inequality A|B(C; E), |S[E]|
can easily be shown to reduce to an equality.

As proved by T. Wazewski [1], any bounded continuum P ot finite
length may be regarded as the set of the points of a curve C on the in-
terval [0, 1], such that S(C;0,1) 2..\(P).

§ 9. De la Vallée Poussin’s theorem. With the help of
the results established in the preceding § we can complete further,
for continuous functions of bounded variation of a real variable,
the decomposition formula of Lebesgue.

We shall begin with the following theorem, which itself com-
pletes, in part at any rate, the second half of Lebesgue’s Tneorem 5.4.

(9.1) Theorem, If F(x) is a function of bounded variation and W (r)
denotes its absolute variation, then for the set N of the points at which
the function F(x) is continuous but has no derivative finite or infinite,
we have

(9.2) |F*(N)|=W*(N)==|N|=0 and (9.3) ALB(F; N))=0.

Proof. Consider the curve C: x=ux, y=F(r). Let S(x) be
the length of this curve and let E be the set of the values assumed
by the function S(x). For any se¢ E, denote by X (s) the value of »
for which S(x)=s and write Y (s)=F(X(s)). Since (cf. Theorem 8.2)
| X (8) —X (8)|<[8g—8,] and |Y (s)—Y(8)|<<|s3—8| for any pair
of points s,, 8, of E, the functions .U'(s) and Y (&) are continuous
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on the set E, and moreover may be continued on to the closure E
of this set by continuity. If now [a, b] is an interval contiguous
to E, the function X(s) assumes equal values at the ends of this
interval, and the point z=X(a)=X(b) is a point of discontinuity
of the function F(x). We shall complete further the definition of
the functions X (8) and Y(s) on the whole straight line R, so as
to make the former constant and the second linear, on each interval
contiguous to F.

This being so, consider the curve C, given by the equations
x=X(s), y=Y(s). We verify easily that the parameter s of this
curve is its length. (Actually we see easily that the graph of the
curve C, is derived from that of the curve C by adding to the latter
at most an enumerable infinity of segments situated on the lines
L=¢; where ¢; are the points of discontinuity of the function F.)
By Theorem 8.4 (iii), we therefore have [X’(s)]2+[Y’(s)]2=1 for
almost all s, and therefore the set H of the points s for which either
one of the derivatives X'(s) and Y’(s) does not exist, or both exist
and vanish, is of measure zero.

Now we see at once that if 8¢ E—H, then at the point *=X(s),
the derivative F'(x) exists (with the value Y'(s)/X'(s) if X'(s)30,
or with the value +4oo if X’(s)=0 and Y'(s)20). Therefore
NC X[E-H], or what amounts to the same, S[N]C E-H, and
hence S[N]<C|H|=0.

From this we derive at once with the help of Theorem 8.4 (ii)
the relation (9.3), since B(#; N)=B(C; N). Finally, the function
8(x) is continuous (cf. Theorem 8.4 (i)) at any point at which the
function F'(x) is continuous, and so at any point of the set N, and
therefore it follows from Theorem 13.3, Chap. 1II, and from Theo-
rem 3.2, that |F*(N)|<<W*N)<<S*(N)=|S[N]|=0; this completes
the proof.

(9.4) Lemma, If F(x) i3 a function of bounded variation, then

(i) F*(A)=k-|A| for any bounded set A and any finite number k
whenever the inequality F'(r)=>k holds at every point z of A (and
the assertion obtained by changing the direction of both inequalities
ts then evidently also true),

(ii) F*(B)=0 for any bounded set B of measure zero throughout
which the derivative F'(x) exists and is finite.
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Proof. re(i). Let ¢ be any positive number. Denote, for any
positive integer n, by A the set of the points xe A such that
F(I)»(k—e)-|I] holds whenever I is an interval containing # and
of diameter less than 1/n. Clearly A = lim A™.

Keeping the index n fixed for the moment, let us denote by "
a bounded open set containing A™, such that (cf. Theorem 6.9,
Chap. III)

(9.5) [F*(X)—F*(A™)|<¢ whenever A™CXCG™,

and let us represent G™ as the sum of a sequence {I}p" )},,zm.m of non-
overlapping intervals. We may clearly suppose that all the inter-
vals I, are of diameter less than 1/n and that their extremities

are not points of discontinuity of F(x). So that if Z( " stands for

p
summation over the indices p for which IS’. 4™ 30, and X
denotes the sum of the intervals IL") corresponding to these indices,

we find F*X™)=Y"F(I") > (k—e)- 37| > (k—e¢)- |4, and
P 3
hence on account of (9.5), F*(4™) > (k—¢)-]4™| —¢. Making e—0

and n» — oo, we obtain in the limit F*(4)>=>k-'A|.

re(ii). Let B™ denote the set of the points xze¢B for which
F'(z) >—n. By (i) we have F*(B™)>—n-|B"™|=0 for any positive
integer n, and so F*(B)>0. By symmetry we must have also
F*(B)< 0, and therefore F*(B)=0.

(9.6) De la Vallée Poussin’s Decomposition Theorem. If F(z)
18 a function of bounded variation with W (x) for its absolute varia-
tion, and if E o and E_o denote the sets in which F(z) has a deriv-
ative equal to + oo and to — oo respectively, then

(i) for any bounded set X measurable (B) at each point of which
the function F(x) i8 continuous, we have the relations:

(9.7) FX)=F*X-E1x)+F X-E «)+ [F(2) ds,
X

(9.8) W*(X)=F*X -Eic) +|F*(X-E )| + [ |F(2)] dz;
X

(ii) the two derivatives F’(xr) and W'(x) exist and fulfil the rela-
tion W'(z)=|F'(z)] at any point r of continuity of F, except at
most at the points of a set N such that W*(N)=|N|=0 (i.e. a set
which ig at the same time of measure (L) zero and of measure (W) zero).
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Proof. re(i). On account of Theorem 7.3 there exists a set 4
of measure zero such that for any set X bounded and measurable (B)

(9.9) F*(X)=F*X-A)+ [F(x)dr.
X

Supposing further that the function K is continuous at every
point of .Y, we may assume, in virtue of Theorem 9.1, that the function
F(x) has everywhere in 4, a derivative, finite or infinite. Moreover
since by Lemma 9.4 (ii) the function F*(.\') vanishes for any bounded
subset of A—(F 0+ E-x), we may assume that ACFE .ot F-c.
Finally, we obtain directly from (9.9) that F*(.\') vanishes when
XCCA and |[X|=0. We may therefore choose simply A=FE;x+E o
and formula (9.9) becomes (9.7).

Formula (9.8) is, by Theorem 13.2, Chap. IIl, an immediate
consequence of (9.7), since Lemma 9.4 (i) shows that F*(\\-E )>0
and FPYY.E »)<<0 for every set . bounded and measurable (B).

re(ii). Let N be the set of the points » at which the funection
F(r) is continuous and either one at least of the derivatives F'(x)
and W’'(x) does not exist, or both exist but do not satisfy the re-
lation W'(r)=!F’'(xr). We then have N.-E, o= N-E_,=0, since
evidently W'(r)=+4oco=|F’'(x)] at any point where F’'(r)=40.
Therefore, since the set N is further, by Theorem 7.9, of measure (L)
zero, it follows from formula (9.3) that W*(N)=0 and this com-
pletes the proof.

Let us mention an immediate consequence of Theorem 9.6. In order that
a continuwous function of bounded variation F (x) be absolutely continuous, it isx neces-
gary and sufficient that the function of a set F*(X) should vanish identically on the
set of the points at which F(xr) has an infinite derivative. In particular therefore,
any continuous function of bounded variation which is not absolutely continuous
has an infinite derivative on a non-enumerable set.

Let us remark further that the theorems of this § cannot be extended directly
to additive functions of an interval in the plane. Thus if F(I) denotes the con-
tinuous singular function of an interval in R,, which for any interval I equals
the length of the segment of the line x=y contained in I, we have &(r) -0
for every point r, so that F’(xr)=o00 does not hold at any point.

§ 10. Points of density for a set. Given a set F in a space
R,, the strong upper and lower derivates of the measure-function of E
(cf. § 6, p. 117) at a point x will be called respectively the outer upper
and outer lower density of E at x. The points at which these two den-
gities are equal to 1 are termed points of outer density, and the points
at which they are equal to 0, points of dispersion, for the set E.
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If the set E is measurable we suppress the word “outer’’ in these
expressions. We see further, that if the set FE is measurable, any
point of density for E is a point of dispersion for CE, and vice-versa.

We shall show in this § (cf. below Theorem 10.2) that almost all points
of any set E are points of outer density for E, or what amounts to the same that

(10.1) For almost all points x of E, if {I,} is any sequence of intervals tending
to x (in the sense of § 2, p. 106), we have |E-I,|/|I, |—>1.

This proposition presents an obvious analogy to Theorem 6.1 and it is
in the form (6.1) that the ‘density theorem’ is often stated and proved either
with the help of Vitali's Covering Theorem or by more or less equivalent means
(vide, for instance, E. W. Hobson [I], Ch. J. de la Vallée Poussin [I, p. 71)
and W. Sierpinski [10]). Theorem 10.2 will be however, so to speak, independent
of Vitali's theorem, because the sequences of intervals occurring in (10.1) are
not supposed regular.

Also, Theorem 10.2 will be more precise than Theorem 6.1, because at
any point x of outer density for a set & we have a fortiori DLg(z)=1, and in-

deed, at any z the relations L'E(x):l and DLg(x)=1 are equivalent. To see
this it is enough to show that the former of these relations implies the latter,
the converse being obvious from Theorem 2.1. We may assume moreover, on
account of Theorem 6.7, Chap. III, that the set £ is measurable.

Let therefore x, be a point such that L;,;(xo):l and let {X ) be a regular
sequence of measurable sets tending to «,. Then there exists a sequence {J,} of
cubes such that X, CJ, and |X,|/|J,|>e, where n—=1,2,.. and a is a fixed
positive number. Since by hypothesis, |E-J,|/|J,|—1, and so |CE-J,|/|J,|—>0,
it follows that |CE-X,|/| X, |—0, or what amounts to the same that |- X |/|X,|-—>1.
Therefore DL g(x,)=1.

It is, of course, only for spaces I, of dimension number m >> 2 that Theo-
rem 10.2 will differ from Theorem 6.1. The two statements are equivalent for K,.

For the various proofs of Theorem 10.2 vide F. Riesz [8] and H. Buse-
mann and W. Feller [1]. In the second of these memoirs will be found a
general discussion of the different forms of ‘‘density theorems’.

It is of interest to ohserve that the proposition (10.1) ceases to be true
even for closed sets E, if the intervals I, are replaced by arbitrary rectangles
with sides not necessarily parallel to the axes of coordinates. This remarkable
fact has been established by O. Nikodym and A. Zygmund (vide O. Nikodym
[1, p. 167]) and by H. Busemann and W. Feller [1, p. 243].

(10.2) Density Theorem. Almost all the points of an arbitrary set E
are points of outer density for E; and if further the set E is measurable,
almost all the points of CE are points of dispersion for E.

Proof. For simplicity of notation, we shall state the proof
for sets which lie in the plane; the corresponding discussion in any
space R, is however essentially the same (except that in R,, as
already remarked, the theorem reduces to Theorem 6.1).
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By Theorem 6.7, Chap. III, any set can be enclosed in a meas-
urable set having the same measure-function. On the other hand
any measurable set is the sum of a set of zero measure and of a
sequence of bounded closed sets. We may therefore suppose that
the set considered is bounded and closed.

Let ¢ be any positive number. We shall begin by defining
a positive number ¢ and a closed subset 4 of E such that |[E—A|<e
and that, for any point (§,7) in the plane,

El(z,n)eE; a<a<<b]l=(1—¢)(b—a)
(i) *
whenever (£,n)ed, a<<E<<d and b—a <o.

To do this, let us write for brevity, when @ is any set in the
plane, Q"”:E[(w, n)eQ], and let us denote, for any positive

integer n, byx A, the set of the points (£, 7) of E such that
|[E".1| > (1—¢)-|I| whenever I is a linear interval containing &
and of diameter less than 1/n. The sequence {A4,} is evidently
ascending. Let us write

(10.3) N=E—Ilim A4,.

For any 7, if £ is a point of the set N("', there will then exist,
for each positive integer n, a linear interval I such that §el,
8(I)<1/n and |N"".I|<<|E™.1|<(1—¢)-|Il. Therefore the lower
derivate of the measure-function for the linear set N'! cannot
exceed 1—¢ at any point of this set, whence by Theorem 6.1,

(10.4) IN|=|E[(w,n) e N)|=0 jor every real number 7.

Let us now remark that the sets A, are closed. For, keeping
for a moment an index n fixed, let (&, n,) be the limit of a sequence
{(64s M)hg=1.»,... of points of A,. Let I, be a linear interval such
that £yel, and d(I,) <1/n, and let I be any linear interval con-
taining I, in its interior, whose diameter is less than 1/n. Then for any
sufficiently large k, §, ¢ I and therefore IE[”"]-I|>(1—-5)-II\. On the
other hand, the set E being closed, we easily see that
E”"]jlimksup EUs; 5o that [E[""]-I‘;limksup BV 11> (1—e) |1,
and therefore also ’E"’“'-Io‘>(1-—e)-|10[. Hence (&, 1,)ed,, i.e.

each set A4, is closed.
It follows, according to (10.3), that the set N is measurable.
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Therefore, applying Fubini’s theorem in the form (8.6), Chap. III,
we conclude, on account of (10.4), that the plane set N is of meas-
ure zero. Consequently |E—A4,|<e for a sufficiently large index n,,
and writing 0=1/ny, and A=A, we find that the inequality |E—A4|<e
and condition (i) are both satisfied.

In exactly the same way, but replacing the set £ by 4 and
interchanging the rdle of the coordinates x and y, we determine
now a positive number o, <o and a closed subset B of 4 such that
|A—B!<<e and that, for any point (§,%) in the plane

E[(§y)ed; a<y<<b] = (1—¢)(b—a)
v

(ii)
whenever (§,7)eB, a<<n<<b and b—a<o,.

This being so, let (&y, 7o) be any point of B. Let J =[a,, 8,; a,, 8]
denote any interval such that (&), n,)eJ and d(J) <o, <<o. By Fubini’s
theorem (in the form (8.6), Chap. III) we have

8
(10.5) B-J|= [[El(2,9) € B; oy <@ <f,]| dy.
@ x
Since (&y, 7o) € B and @, << 1, << f,, it follows from (ii) that the
set of the y such that (§,9)ed and a,<<y<f; is of measure at
least equal to (1—¢) (#,—a,). On the other hand, since e, << £, <8,
it follows from (i) that [E[(2,y) e E; a, <e <] > (1—e) (bi—ay)

whenever (£, y)eA. Hence, formula (10.5) gives
B-J| 2 (1—¢)* (f,— ) (Bg—ag)=(1—¢)*J],

i.e. the lower density of E is at least equal to (1——¢)* at any
point (&y, 7o) of B. Therefore, since [E — B|<C|E— A|+'4A —B|< 2¢
and since ¢ is an arbitrary positive number, the lower density of E
is exactly equal to 1 at almost all the points of the set E, i.e.
almost all points of this set are points of density for it.

The second part of the theorem is an immediate consequence
of the first part. In fact, if the set E is measurable, so is the set CE,
and almost all points of CE, since they are points of density for CE,
are points of dispersion for E.

In connection with the definition of points of density, Denjoy

introduced the important notion of approximate continuity of
a function. We call a function of a point f(x) (in any space Rn),
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approximately continuous at a point x,, if f(x,) § co and f(z)— f(x,)
a8 z tends to z, on a measurable set E for which x, is a point of
density.

(10.6) Theorem. If f is a measurable function almost everywhere
finite on a set E, then the function f is approximately continuous at
almost all points of E.

Proof. On account of Lusin’s theorem (Chap. III, § 7), given
any &> 0, we can represent the set £ as the sum of a closed set F
on which the function f is continuous and of a set of measure less
than ¢. The function f is clearly approximately continuous at any
point of density for the set F, and so, by Theorem 10.2, at almost
all points of F. This implies, as € is an arbitrary positive number,
that the function fis aproximately continuous at almest all points
of the set K itself.

Theorem 10.6 is due to A. Denjoy [5] (cf. also W. Sierpinski [6; 9]).
It is easy to see that the converse holds also, i.e. that every function which is
approcimately continuous at almost all the points of a measurable set E is measurable
on E (vide W. Stepanoff |2] and E. Kamke [1)).

Let us mention also the following theorem, an almost im-
mediate consequence of Theorem 10.6, which completes, in part,
Theorem 2.2 on derivation of an indefinite integral:

(10.7) Theorem. 1f @ is the indefinite integral of a bounded meas-
urable function f, then P (r)=f(x) at almost all points x, and in
fact, at any point x at which the function f is approximately continuous.

Proof. Let x, be a point at which the function f is approx-
imately continuous and let E be a measurable set for which x, is
a point of density, while f(x)— f(x,) as x tends to x, on the set E.
We may suppose (by subtracting, if necessary, a constant from
f(z)) that f(x,)=0. Therefore, given any positive number &, we
have for any interval I of sufficiently small diameter con-
taining &, (i) I-CE.<<e-I and (i) f(x) <e for every xel-E.
Denoting by M the upper bound of |f(z), conditions (i) and (ii)
imply |@(I)] < |9(I-CE)|+ O(I-E)| < Me-|I|+¢|I| < e-(M+1)-|Ll
whence @ (r,)=0=f(x,).

If @ is the indefinite integral of a function [/ which is summable but un-
bounded, it may happen that the relation ®:(z)=f(x) is not fulfilled at any point.
In virtue of Theorem 6.3, this relation clearly holds at almost all points at
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which the strong derivative ®s (x) exists; but if the function / i8 unbounded, its
indefinite integral & may have no finite strong derivative at any point (cf. on
this point Busemann and Feller [1, p. 256]; the result of Banach and Bohr
mentioned above, p. 112, follows as a particular case).

Nevertheless, the result contained in Theorem 10.7 may be generalized
considerably. In fact, according to a theorem of B. Jessen, J. Marcinkie-
wicz and A. Zygmund [1] (see below § 13) the indefinite integral of a function f
in a space Ry is almost everywhere derivable in the strong sense whenever the function
III-(log"'III)’"’l 18 summable (in a less general form, for functions f of which the
power p>1 is summable, this theorem was established a little earlier by
A. Zygmund [1]). On the other hand however, given an arbitrary function o(t)

positive for t=>0 and such that lim inf ¢(t)= 0. there always exists a function f(x)
t->—+o0

in Rm such that the function o(|f|)-|f]-(log¥|f)™ ! is summable and such that the
indefinite integral of | 18 mot derivable in the strong sense (has the strong upper
derivate +0o0) at any point of Rm.

*811. Ward’s theorems on derivation of additive func-
tions of an interval. In the preceding §§ of this Chapter, we
have treated the Lebesgue theory of derivation of additive func-
tions of an interval of bounded variation. As regards functions
of a real variable, this theory has been extended to arbitrary fune-
tions by Montel, Lusin and especially by Denjoy. Recently Denjoy’s
theorems, which already belong to the classical results of the theory,
have been generalized still further. On the one hand they have been
given a geometrical form by which they become theorems on certain
metrical properties of sets, and in this form an account will be given
of them in Chapter IX. On the other hand, recent researches of
Besicovitch and Ward have made it possible to extend an essential
part of the Denjoy results, particularly the relations between the
extreme bilateral derivates, to additive functions of an interval
in a space R, of any number of dimensions. These researches will
form the subject of the present §.

It was A. S. Besicovitch [5] who started these researches, by establishing
between the extreme strong and ordinary derivates of absolutely continuous
functions of an interval, relations analogous to those proved by Denjoy for
derivates of functions of a single variable. A.J. Ward (2;5] has extended this
result to quite arbitrary additive functions of an interval. Of the two theorems
of Ward (vide, below, Theorems 11.15 and 11.21) one concerns only ordinary
derivates, while the other applies also to strong derivates. It is the latter that
generalizes the result of Besicovitch; this second theorem is one which can be

proved fairly simply for functions of an interval in the plane; it is rather curious
that it requires much more delicate methods in an arbitrary space Rm.
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We shall make use in this § of some auxiliary notations. If F
is an additive function of an interval and a<{1 is a positive number,
Fio(x) and Fu(x) will denote at any point x the upper and lower
limit of the ratio F(I)/|I] where I is any interval containing ,
which is subject to the condition r(I)=>e, and which has diameter
tending to zero. We see at once that at any point , F(a)(m) and Fq(z)
tend to F(x) and F(z) respectively as a—> 0.

We shall suppose fixed a Euclidean space R,, and in it we
define a regular sequence of nets of cubes {Qis--1.2,.., denoting by
{Qx} the family of all the cubes of the form

P27 (4127 2,27 (12755 2,27 (p,+1)27"]
where p,, p,, ..., p,, are arbitrary integers.

(11.1) Lemuna. Given an additive function of an interval G, and
positive numbers a <<2~ " and a, suppose that the inequalities 0< Go)(2)<a
hold at every point x of a set E having positive outer measure; then
there exists for each € >0, a cube @ which belongs to one of the nets Q,
and for which we have

(11.2) 6Q)<e, |E-Q>(1—e)-|Q and GQ)<8™-a Ma-Q|

Proof. By replacing, if necessary, the set E by a suitable
subset of K having positive outer measure, we may suppose that
there exists a positive number o such that for every interval I,

(11.3) G(I)>0 whenever [-E40, r(I)=za and d(I)<o.
We may further clearly assume that o is less than both € and a™/8™.

This being so, let xye E be a point of outer density for the
set E (cf. § 10). Since G(x,) <a, we can determine an interval
J=[ay, b; ...; an, bn) containing x, and such that

(11.4) dWJ)<o, r()=a, |EJ|>(1—0?)-|J| and GJ)<a-|J|
It follows in particular that
(11.5) |E-I|>(1—0)-'I| for any interval ICJ suchthat |I|>0-|J]|.

Let ! be the smallest of the edges of J. Since r(J)=>a, no edge
of J can exceed l/a, and therefore we have J|<CI"/a". Finally
let &k be the positive integer given by
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(11.6) 128 <ya<<1j2t,

and let @Q=/[aj, b};...; am, bn] be a cube which belongs to the net Q,
and which contains the centre of the interval J. By (11.6) we find
that QC J and that a;—a,>>1/4, by—b,>>1/4 and b;—a;=1/2">18.
It follows easily that the figure J ©€ can be subdivided into a finite
uumber of non-overlapping intervals with no edge smaller than /8.

Now any such interval can clearly be further subdivided into
& finite number of non-overlapping subintervals whose edges all lie
between l/8 and l/4. We thus obtain a subdivision of the figure
J ©@ into a finite number of non-overlapping intervals, whose para-
meters of regularity are greater than, or equal to, 2™ " >«, and whose
volumes are greater than, or equal to, 8 "1™ =8 "a™.|J|>0a-|J|. It
therefore follows from (11.5) and (11.3) that

(11.7) GJoQ) >0.

Similarly, it follows from (11.6) that |Q|=2"*"">=8"I">
>8"a™.|J|>0-|J|, whence by (11.8) we derive at once the second of the
relations (11.2); at the same time, by the relations (11.7) and (11.4),
GQ)<G(J)<a|J|<8"a "a-|Q|, and this gives the third of the
relations (11.2) and completes the proof.

(11.8) Lemma.. Let G be an additive function of an interval in Ry,
E a set in Ry Q a cube belonging to one of the mets Qi and a >0,
€> 0 and b arbitrary fixed mumbers. Suppose that

i) |B-Q>(1—¢)-Q]

(ii) G(I)> 0 for every interval I such that IC Q, 1. E:i: 0 and
r(l)=2"",

(ili) G@(z)>b at any point xz ¢ E;

then G(Q)>12"".a™b-(1—2"¢)-|Q|.

Proof. We may clearly assume that the set E is contained
in the interior of Q and that every point of the set is a point
of density.

This being so, we shall begin by establishing the following
result:

(11.9) Given any n>0, we can associate with any point zeE
‘ cube P, belonging to one of the mets Qu, and & cube J D P, such
¥ (a) G(P)>a™ 12" ™-b-|P| and (b) wed, 6(J)<<n and |J|=3"-|P|.
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For this purpose, let us associate with the point x an interval §
such that xe S, 6(S)<<1/4, r(S)=a and G(8S)>b-|S|. Let h denote
the largest edge of S, and let k; be the positive integer satisfying
the inequality 1/2" > 2h>1/2""". Let S8, be a cube of the net Qj
having points in common with 8, and let J denote the cube formed
by the 3™ cubes of the same net (including the cube 8, itself) which
have points in common with 8,.

The cube J clearly contains the interval 8, and since no edge
of S can be less than ah, we find that

(11.10) |J]|=3".2 ™ =¢".2 "D 12" A" <12 a " |8,

On the other hand, since 2 % —h > 2~ &+ and ah=a-2 % the
figure JOS8 can be subdivided into a finite number of non-over-
lapping intervals with edges greater than, or equal to, a-2 ""‘*2’, and
therefore, as in the proof of Lemma 11.1, into a finite number of
non-overlapping intervals whose edges have lengths between -2 **?
and «-2 **Y Therefore, denoting by I any interval of this sub-
division, we find r(I)>>2"" and |[II>>a™2 "&™ =127 o™ |J].
Consequently, by supposing the interval 8, and a fortior:i the
cube J, sufficiently small, we may assume that &(J) <<% and
that each of the intervals of the subdivision in question contains
points of E. It follows, by condition (ii) of our lemma, that
G(J S 8)>0, and so, by (11.10), that G(J)>G(8)>b-|8|I==12 ™-a™-b-|J]|.
Thus among the 3™ cubes of the net Q, which make up the cube J,
there is one at least, P say, such that G(P)> 12 ™.a™.b-|P|,
and the cubes P and J _)P, thus defined, clearly satisfy the con-
ditions (a) and (b) of (11.9).

It now follows, on account of (11.9) and condition (i) of the
lemma, that (with the help of Vitali’s theorem in the form (3.8))
we can determine in @ a finite system of non-overlapping intervals
P, P, ..., P, belonging to the nets Qu, such that:

(11.11) &(P;)>12 ™.a"b.'P| and P;-E+0 for i=1,2,... n,
(11.12) SIPI> (1—e)-Q].

Among the cubes of the nets Q we shall consider specially
two classes of cubes. A cube of a net Q, contained in @ will be said
to be of the first class if it is one of the cubes Py, Py, ..., Py;
and of the second class if it contains points of E and if further
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among the 2™ cubes (Qu41) composing it, there exists at least
one which does not overlap with any cube P, Since the number
of cubes P; is finite, there exists a net Qx such that no cube of this
net contains cubes of the first class. Let U be the set of all the cubes
of the first or second class contained in @ and belonging to the nets
Q, for k<< K.

The set of these cubes covers the whole cube Q. For if not,
there would certainly exist in the net Qx a cube I,(_ @ not con-
tained in any cube (U). Now, since I, contains no cube of
the first class, I, would not contain any point of the set K; and
since, by hypothesis, I, is not contained in any cube of the first
or second class, we could, starting with I,, form in @ a finite as-
cending sequence of cubes without points in common with E and
which belong respectively to the nets Qx, Qx—1, ..., Qr, Where Qu,
is the net containing the cube ¢. But the last term of this sequence
of cubes is evidently the cube @ itself, and we arrive at a contra-
diction since E(C Q.

Let us now remark that since all the cubes (U) belong to the
nets of the regular sequence {Q;}, it follows that, of any two over-
lapping cubes (U), one is always contained in the other. Hence,
we can replace the system of cubes A by another system A,C A
which also covers @, and which, this time, consists of non-over-
lapping cubes. Let A be the sum of the cubes (U,) of the first class.
On account of (11.11) we have

(11.13) G(4)=12"".a™b.|A|.

Moreover, since the figure Q4 is formed of a finite number
of cubes of the second class which do not overlap, it follows from
condition (ii) of the lemma that

(11.14) G(QEOA)=0.
Finally, in each cube I of the second class, there is always

a cube which is contained in Q©2 P, and whose volume is 2~ ™-|I|.
i=1

It therefore follows from (11.12) that |QOA|<2™.¢-i@Q|, and in virtue
of (11.14) and (11.13) we find

GQ)=>G(A)>12""a™b-|A|>12""a™-b-(1—2"¢)- Q)
which completes the proof.

(11.15) Theorem. Any additive function of an interval F is derivable
at almost all the points x at which either F(x) > — oo, or F(z) < + oo.
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Proof. Consider the set of the points x at which F(r) > —oo
and suppose, if possible, that the set A of the points « at which
F(w)> F(x) > —o0 is of positive measure. We could then determine
& number a> 0, and a set B(C A of positive outer measure, such
that Fio(x) 3= 0o and F(z) —F () > a at every pomt x of B. We
may clearly assume that e<C2 .

Let ¢ be any positive number. Let us denote for any integer p-
by B, the set of the points x of B at which pe << F(x)<<(p+1)¢, and
let p, be an integer such that |B,|> 0. We can determine a number
¢>0 and a set EC B,, whose measure is not zero, so as to have
F(I)> pye-|I| whenever the interval I is subject to the conditions
é(I)<o, r(I)=e and E-I40.

Now write G(I)=F(I) — p,¢-|I| (where I denotes any interval).
Thus defined, the function @ clearly fulfils the conditions:

1° 0 < Gy(x) < 2¢ and Gw(r) >a at any point ze¢kE,

2° G(I)> 0 for any interval I such that 6(I) <o, r(I)=>a
and E-I#0.

By Lemma 11.1 we can therefore determine a cube @, belonging
to one of the nets Q. 80 as to have 6(Q)<a, |[E-Q > (1—é¢)-|Q|
and G(Q)<<8"a ™-2¢|Q|. From the first two of these relations and
from conditions 1° and 29, it follows, on account of Lemma 11.8, that
G(Q)>12 " a™ " (1—2"¢)Ql. Thus 12 "™ (1—2" &) << 8™ a ™ 2¢
for every €>0, and this is clearly impossible. We arrive at a
contradiction and this shows that |A|=0, i.e. that F(z)=F(x) for
almost all z for which F(z) > —oo.

It remains to be shown that the set of the points # at which
the derivative F'(x) is infinite, is of measure zero. Suppose then,
if possible, that F’'(x)=+oco at each point x of a set M of positive
measure. We may clearly assume that there exists a number >0
such that F(I) >0 whenever I is an interval containing points
of M and subject to the conditions d(I) <<% and r(I)>=2"". There-
fore, denoting by R any cube which belongs to one of the nets
Q. and which satisfies the relations |M-R| > (1—27"*").|R| and
d(R)< 7, we find easily from Lemma 11.8 that F(R) >27'.12"™.b|R|
for every finite number b. We thus again arrive at a contra-
diction and this completes the proof.
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It should be remarked that for the validity of Lemma 11.1 it is enough
to suppose merely that a<1 (instead of « << 2™™). Similarly in condition (ii) of
Lemma 11.8, the inequality r(I) >2~" may be replaced by r(I)>a. The proofs
of the lemmas remain essentially the same; we need only observe that if I is an
interval whose parameter of regularity is greater than, or equal to 27™, and if
a <1 is a positive number, the interval I can always be subdivided into a finite
number of non-overlapping subintervals I, where j=1,2,..., such that r( )=a
and IIIIZka-|I|, where k, is a constant depending only on a.

We can now easily see that Theorem 11.15 may be stated in a slightly
more general form as follows: any additive function of an interval F is derivable
at almost all the points x at which either E(a (x) >— o0 or F(a)(z)- +00, where a
8 any positive number less than 1. The question whether the condition «< 1 is
necessary here, does not seem to have been solved yet completely. It may how-
ever easily be proved (by the method of nets used in the proof of Lemma 11.8)
that for any additive function F, the set of the points x for which either Fx)=—00
or Em(x):+oo i8 of measure zero. For a discussion of these questions, vide the
memoir of A. J. Ward (5].

We shall now proceed to prove the second theorem of Ward,
in which the ordinary extreme derivates ¥(z) and F(r)of Theorem11.15
are replaced by the strong derivates F(x) and F(r). It should be
remarked however, that we cannot at the same time replace, in
the assertion of Theorem 11.15, derivability in the ordinary sense
by derivability in the strong sense: in fact, in general, a non-negative
function, even when it is absolutely continuous, may yet have a

strong upper derivate which is everywhere infinite (see p. 133 above).

We shall begin by proving the following lemma which is sim-
ilar to Lemma 11.1.

(11.16) Lemma. If G is an additive function of an interval in I,
and if for some fixed number a we have 0 << Gs(x) < a at every point
of a set E of positive outer measure, then given any € > 0 there exrists
an interval Q such that

(11.17) Q) <e, r@Q)>2", EQ+0 and G(Q)<3"-a-|Q.

Proof. Let us write for brevity y=1/3". We may suppose
(by replacing, if necessary, the set E by a subset of positive outer
measure) that G(I) > 0 for every interva: I containing points of E,
which has diameter less than a positive number 6<<e. Let 2,¢E be
a point of outer density for E and let J:=[ay,b;; ag, by; ... ; ns bm]
be an interval containing x, such that
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(11.18) &) <o, |E-J|>(1—y)-|d| and G(J)<a-|d|.

Let us denote by I the smallest edge of J and by =, the positive
integer satisfying the inequality

(11.19) nl<by—a, < (n,+1)1

Writing d,=(b;— a,)/n,, let us subdivide the interval J into n,
equal non-overlapping subintervals

Ji=[a+(i—1) dyy ay+1idy; agby;... 5 Amybm)

where 1=1,2, ..., n,. We shall call an interval J; of the first kind

if |[E-J|>(1—3y):|J, and of the second kind in the opposite

case. Denoting by )’ a summation over the indices ¢ corresponding
i

to intervals of the second kind, we see easily, on account of the
ny

second of the relations (11.18), that 3" 3y.|J)<<y-|J|=2y-|JJ|. Hence,
i i=1

if p and ¢ are the number of intervals J; of the first and second
kind respectively, we find 3¢ <<m,=p-+q. Now let us subdivide the
interval J into a finite number of non-overlapping subintervals, in
such a manner that each of these is the sum of a certain number
of intervals J; among which exactly one is of the first kind. Since
2q < p, the intervals of this subdivision include some which coincide
with certain intervals J; of the first kind, and their number is at
least equal to p—q>n,/3. Thus if we denote their sum by A,
we find

(11.20) 4] > |J|/3.

On the other hand, the figure J©A consists of a finite number
of non-overlapping intervals' each of which contains an interval J;
of the first kind, and therefore points of E. Consequently, G(J©A4)>0,
and, on account of (11.18) and (11.20)

G4) < Q) <a-|J|<3a-|A|
It follows that among the intervals J; of the first kind of which
the figure A is formed, there exists one at least, J, say, such that
G(J[u) <3a J[o.

Let us write, for brevity, a}=a,+(i{)—1)d,, b=a,+i,d, and
JV=J,=[a%, 1% a,,b,;...;a,,b, ). By the above, J'CJ, HJV)<3a-|J"|
and, since J* coincides with an interval J; of the first kind,
|B-JV' > (1—3y)-|JV,; finally by (11.19), I<¥—ad=d, <2l
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If we now operate on J” just as we formerly did on J (except
that we replace y by 3y, a by 3a and the linear interval [a,,b,] by
[a, b,]), We obtain an interval J®=[a?,b?; al, b%; a,, b,;...;a,,b, 1CJ
such that G(J®) <3"a:|J?, |B-J?[>(1—8%)|J?| and I<b)—a)<<21
for j=1,2.

Proceeding in this way m times, we obtain after m oper-
ations an interval J™=[a?,b% a2, dY;...;a%,5°1C J such that
G(J"™) <3"a ™), |B-J™| > (1—3"y)-|J™| and 1<¥—a?<<21
for j=1,2,..,m. It follows that r(J'™)>>2"™ and if we write
Q=J and substitute y=3"", we find at once that the interval Q
fulfils the conditions (11.17).

(11.21) Theorem. If F is an additive function of an interval,
we have F'(x)=Fy(x)F oo [F'(x)=F(x)F oo] at almost all the points
at which Fs(x) > —oo [Fy(x) < + o).

Thus, in particular, the function F is derivable in the strong
sense at almost all the points at which both the extreme strong derivates
F.(x) and Fy(x) are finite.

Proof. Since F(r)>=F (x) holds for all x, the function F is,
by Theorem 11.15, derivable (in the ordinary sense) at almost all
the points « for which F(x)> —oo, and we have only to show
further that at almost all these points F'(x)=F(x). Suppose there-
fore that the set of the points « for which F'(x) > F(x)>—oo is of
positive measure. We could then determine a number a > 0 and a set
B of positive measure such that F'(x)— F.(r)> a at every point xeB.

For brevity, write e=a-37Y and let B, denote the set of
the points e B for which pe <F (r)<{(p+1)-e. Let p, be an
integer such that [B, >0, and write G(I)=F(I)— py¢-|I|
(where I is any interval). Since G'(z) > G(z)+a>a at every point
weB,, we can determine a positive number ¢ and a set EC B, of
positive measure, such that G(Q)> a-|Q| whenever @ is an interval
satisfying the conditions

(11.22) Q) <o, r(@>2"" and E-QF0.

But since 0 << Gs(x) <<2¢ at every point weE(C By, there
exists by Lemma 11.16, an interval @ subject to the conditions
(11.22) and such that G(Q) <<3™-2¢-|Q|<<a-|Q|. We thus arrive at
a contradiction and this proves the theorem.
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*$12. A theorem of Hardy-Littlewood. The theorem of
Jessen, Marcinkiewicz and Zygmund concerning strong derivation
of indefinite integrals, which was mentioned in § 10, p. 133, is
connected with an important inequality due to G. H. Hardy and
J. E. Littlewood [2]. This inequality, which was established in
connection with certain problems of the theory of trigonometrical
series, thus obtains a new and interesting application.

We reproduce in this § the elegant proof given by F. Riesz [5] (cf. also
A. Zygmund [I, pp. 241—245]) for this inequality. Although simpler than the
other proofs, it requires nevertheless some rather delicate considerations. Certain
parts of the argument have been touched up in accordance with suggestions
communicated to the author by Zygmund.

The reasonings of this § concern functions of a real variable.

(12.1) F. Riesz’s lemma. Let F(x) be a continuous function on
an interval [a, b] and k a finite number. Let E be the set of the points x,
interior to the interval [a,b], for each of which the inequality
F(z)—F (u)>k-(x—u) 18 fulfilled by at least one point u subject to
a<u<wx

Then the set E i3 either empty, or else expressible as the sum of
a sequence {(an, b)} of open mon-overlapping intervals such that
F(b,) —F(a,) = k-(bp— a,).

Proof. By subtracting from F(x) the linear function kz, we
may suppose that k=0. Then FE is the set of all the points = of the
open interval (a, b), for each of which there exists a point « such
that F(u) < F(z) and a <u < . Since the function ¥ is continuous,
the set E is clearly open, — and, unless empty, it is therefore ex-
pressible as the sum of a sequence {(a., b,)} of non-overlapping
open intervals. We have to prove F(a,)<<F(b,) for each n.

To see this, let us fix an index » and suppose that F (a,) > F (b,).
Let h be any number such that

(12.2) F(an)> h>F(ba),

and let z, be the lower bound of the points x of the interval [an, b,]
for which F(x)=h. By (12.2) the point z, belongs to the open
interval (a,, b,), and so to the set E; thus there exists a point y
such that F(y) < F(x,)=h << F(a,) and a <y < x,. This last relation
implies a <y < a,, since, by (12.2) and by the definition of the point
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x,, the inequality F(y)<<h cannot hold for any y of the interval
[@ny %o). Thus F(y)<F(a.) and a <y<a, and consequently a, ¢ E;
but this is clearly contradictory, since a. is an end-point of one
of the non-overlapping open intervals which constitute the set E.

Besides the results treated in this §, many other applications of Lemma 12.1
are given by F. Riesz [6; 7; 8], particularly in the theory of derivation of func-
tions of a real variable. Cf. also S. Izumi [1]. The lemma might also have
been used in the considerations of § 9 (instead of appealing to the theorems of
§ 8 on rectifiable curves).

To shorten our notations we shall restrict ourselves in the rest
of this § to functions defined in the open interval (0,1); and we
shall agree to write E[f > a] for E[f(z) > a; 0 <2 <1]. The symbols

E[f=a], E[b>f>a] and so on, will have similar meanings.

Two measurable functions g and h in (0, 1) will be called (in
accordance with the terminology of F. Riesz) equi-measurable if
|E[g > a]|=|E[h > a]| for every finite number a. We see at once that
we then also have

[E(g=>a)=[E[h>a), E[b>g>a]=[E[b>h>>a], ete.

(12.3) If two non-negative measurable functions g and h in the in-
terval (0, 1) are equi-measurable, their definite integrals over this im-
terval are equal.

To see this, let us associate with the function g a non-decreasing
sequence {g,} of simple functions by writing g, (x)=(k—1)/2" when
(k—1)/2"<g(x) <k/2" and k=1,2,...,2"n, and g, (x)=n when g(x)=>n.
Similarly with g replaced by k, we define the sequence {k,} con-
verging to the function h. If we calculate directly the integrals
of the functions g, and h, over (0,1) by formula 10.1 of Chap. I,
p. 20, we see at once from the fact that the given functions g and h

1 1
are equi-measurable that / g, (@) dx= f h (x)dx. Making n—>oo,
1 1 0 0
this gives [g(x)do=[h(z)ds as asserted.
0 0

If f is a continuous function in (0,1) which is not constant
on any set of positive meagure, and if m and M denote the lower
and upper bound of f respectively, the function g(y)=[E[f> y] is
evidently continuous and decreases from 1 to 0 in the open interval
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(m, M). Its inverse function is therefore continuous and decreasing in
(0,1) and, as we easily verify, equi-measurable with the given function.
We shall extend this process with suitable modifications, to
arbitrary measurable functions finite almost everywhere in (0, 1).
With any such a function f(x), we associate the function f*(x) de-
fined for each z of (0, 1) as the upper bound of the numbers y for
which |E[f>y]|>x. The function f*(z) is clearly finite and non-
increasing in (0, 1). To show that this function is equi-measurable
with f(x), let y, be any finite number, and let x, denote the upper
bound of the set E[f*> y,], or else x,=0 if this set is empty. Then
since |E[f* > y,]|==,, it has to be proved that |E[f > y,]|=2,-

We have, in the first place, [“(zo+¢) <y, for every >0
(provided, of course, that xy+&<<1), so that |E[f > yo+e]<xp+6
and therefore |E[f> yo]|<<x,. On the other hand, f“(x,—¢)> ¥,
for every £>0 (provided that xy—e>0), so that |E[f>y,]|>xy—e¢,
whence |E[f>yo]|=>wo, and finally |[E[f> yoll=20=E[f"> ]

We shall further define, in connection with any summable
function f(z), three functions f*(x), f*(»z) and f’(z). At any point
of (0,1) we shall denote by f*(x) the upper bound of the mean
values of f on the intervals (u,2) contained in (0, ), i.e. the

upper bound of the numbers a:iu /‘/(t)dt for 0<u<<z. Simi-
larly, f*(x) will denote the upper bound of the means v—-l—a: /‘f(t) dt

for x<<v<1. Finally, f'(z) will denote the larger of the two num-

bers f(z) and f*(@), or what comes to the same, the upper bound
1

v—u

of the means /‘/(t)dt where % and v are subject to the

u

condition 0 <wu<<z<<v<<l.

(12.4) Lemma. If f(x) 18 a non-negative measurable function in

the open interval (0, 1) and if E is a set contained in this interval, then
|E|

@) do < () do.
E 0
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Proof. Let f, be the function equal to f on the set E and to 0
elsewhere. We evidently have f{(x)<f(x) at each point z of the in-

terval (0,1). Furthermore f(x)=0 as soon as 2>>|E|. Therefore on

. 1 t &1
account of (12.3) we find [7(x)do=[f,(v) do=[f;(x) do<< ["(x)da.
E 0 0 0

(12.5) Lemma, If f(xr) 78 a non-negative summable function in the
interval (0,1), then for each point r of the interval, we have

8, a 1 xa
fra<z/froa.

Proof. Let x, be any point in (0,1), let y,=f"%ux,), and
let £ denote an arbitrary positive number. We write A= E[f"“>y,—¢]
and B=E[f"> y,—¢]. Then since the function f"* is non-increasing,
we have |4|=>x, and therefore, remembering that the functions f“
and f are equi-measurable, |B|=|4|>=x,.

Now B is the set of the points x for each of which there exists

a point u subject to the conditions /‘f(t)dt>(yo—-—s)-(.r—u) and
u

0 <u <<ux. Therefore, applying F. Riesz’s Lemma 12.1 to the in-

definite integral of f, we find easily that B is an open set and that

/‘f(t)(lt2(g/0—x)-|B|. It follows by Lemma 12.4 that

B
18|

) _1_ ' ..1_ L
(12.6) Bo—e <] Bl,-,/ f(t)dt<|B|b/ £°(t) dt.

Now since |B|>r, and since the function f* is non-increasing, the

last term of (12.6) cannot exceed %/.f"(t)dt; and since ¢ is an
04
" « 1
arbitrary positive number, we must have f‘q ! (wo)=yo<w— / f(t)dt.
0p
This completes the proof.

(12.7) Theorem of Hardy-Littlewood. If f(x) is a non-neqative
summable function in (0, 1) and € is a positive number, then

! ! s
(12.8) [F(@) dx<A- [f(x)-log* f(r) do+B- [{(z) dz+e,
0 0 0

where A and B are constants depending on & but not on f.
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Proof. We first evaluate the integral of fﬂ' over (0,1). Ac-
cording to (12.3) and Lemma 12.5 we have

1 1 1 xfa( )
[P w=[r@a</] [[Lay]w

In virtue of Fubini’s theorem the last member of this inequality
is the surface integral of the function f(y)/x over the triangle
0<<z <1, 0y<< 2. Therefore inverting the order of integration in
this member, we find

1

(129)  [fi@ dw<f[/ ] )dy—-// (y)-llog y| dy.

Let now n<1 be a positive number such that / Nog y|/Vy dy < ¢/2.
0

Let us denote by E, the set of the points y of the interval (0, n) at
which j“(y)glﬂ/y;, and by E,, the set of the remaining points of
this interval. We find

1
’ 1 ', «
(12.10) (1) logy dy< [ B! ‘;,g—y' ay-+2 [1°():log /(y) dy+
J P ) E,

1 1 l
+llog - [1*(y) dy < 2 [f*(y)-log* f*(y) dy-F Nog - [ *(y) dy+e/2.
n 0 0

Further, since the functions f and f“ are equi-measurable, so
are the functions f.logtf and f“logtf“, and it therefore follows
from (12.9) and (12.10) that

1 1 1
(1211)  [f(2) do <2 [f(2)-log* f(a) do-+[logn]- [ f(x) du+ ¢/2.
0 0 0

A similar inequality clearly holds when on the left-hand side
of (12.11) /* is replaced by fﬁ , and on adding the two inequalities

1 1 1 1
we find  [f(2) do < [f"(a) do+ [ f*(@) do < 4 [1(@)-og* f(a) dz+
0 0 0 0

1
+|210gn|-/f(m) dz+¢€; this gives (12.8) with A= 4 and with B=2[log 7.
0
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*$ 13. Strong derivation of the indefinite integral.
We proceed to prove the theorem of Jessen, Marcinkiewicz and
Zygmund. We shall give the proof for the case of the plane;
its extension to spaces R, of any number of dimensions (cf. §10,
p. 133) presents no fresh difficulties and is effected by means of
the well-known inequality of Jensen.

We shall begin with some auxiliary remarks. Suppose given
a non-negative function f(x,y) summable over the open square
Joy=(0,1;0,1). By Fubini’s theorem, the function f(r,y) is sum-
mable in x over (0,1) for almost all y of (0,1). Denote by H the
set of these values of y. For any yeH and for any x of the interval
(0, 1), we shall denote (cf. §12, p. 144) by f"(x, y) the upper bound

. 1/ .
of the mean ———u/f(t, y)dt for 9<u<lr<v<1; and whenever
u
yeCH, we shall write, for definiteness, f(r, y)=0 identically in ..
We shall prove that the function f'(r, y) thus associated with any
function f(x, y) which is summable over the open square J,=(0,1;0,1),
is measurable.

For this purpose, let ¢« and b denote two positive numbers,
x+b
and write g, (2, y)= /f(t, y)dt when ye H and 0C{uw—a<<r-+ b<1,
v a
and ¢, 4(x, y)=0 elsewhere in J,. We shall begin by showing that
each of the functions ¢, ,(x, y) is measurable. By Lusin's theorem,
or more directly by the theorem of Vitali-Carathéodory (Chap. 111,
§ 7), the function f is equal almost everywhere to the limit of & non-

decreasing sequence |} of non-negative, bounded, upper semi-contin-
x-+b

uous functions. Now, let us put g(;j),,(.r,y)zlff("’(t, y) dt when

x—a
ISr—a<<z-+b<<1, and ¢ (r, y)=0 elsewhere. .\s is easy to show
(e. g. by means of Theorem 12.11, Chap. I), each of the functions
¢, (x, y) is then also upper semi-continuous, and since, as we readily
see, ¢, ,(r, y)=limg!" (r,y) almost everywhere, the function ga,.(z,y)
is measurable. ’
Finally, with the same notation as above, if |, is the
sequence of rational numbers of the interval (0, 1) we have

f.'*(,(‘, Yy) = uppex;‘ ?ouml gu,,»u.,(w’ ¥, (uy—uy)
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at any point (2, y) of J,. Thus the function f*(x, y) is also measurable,
and this proves our assertion.

(13.1) Theorem, If f(x,y) ts a measurable function in the plane
R, and if the function flog* |f| is summable, then the indefinite integral
of f is almost everywhere derivable in the strong sense.

Proof. Clearly we need only consider the function f in the
open square J,=(0,1;0,1); and we may also suppose that this
function is non-negative.

We write g, (x, y)=/(x, y) wherever f(z, y)<<n, and g, (z,y)=
wherever f(x,y)>n; we write further h (z,y)=f(®, y)—g,(z,y)
and we denote by o an arbitrary positive number. The functions
Ki(x, y) are measurable and non-negative; so that by Theorem 12.7
of Hardy-Littlewood,

//h,, x,y) dedy <

(13.2)

<4 / [ ha(, y)-log* h,,(:v,y) dedy+B / f ha(, y) dwdy +§ a2,
where A and B are finite constants depending only on o. And since
the integrals on the right-hand side of (13.2) tend to 0 as n-»oo,
there exists a positive integer N such that the left-hand side of (13.2)
becomes less than o¢®> for n=N. Therefore, writing for brevity
h(x, y)=hy(x, y) and g(x, y)=gn(x, y), we have

(13.3) [ [ ¥ (@, y)dady <o,
/)

so that in particular the function h’(x, y), besides being measurable
and non-negative, is summable on J,.

Now denote by E the set of the points (ry, y,) of J, such that

! y

0 /.h‘e(xo, t)dt<+o0, and 2° the indefinite integral /h“(ro, t)dt
0 0

has at the point y=y, the derivative h}(xg, y,) With respect to y.
Since, by Theorem 6.3, condition 2° is fulfilled for almost all y,
of (0,1) provided that condition 1° is satisfied, it follows at once
from Fubini’s theorem in the form (8.6), Chap. ILI (cf. also Theo-
rem 6.7, Chap. II[) that |E|=|J,=

Let us write ¥, H and G for the indefinite integrals of the
functions f, h and g, respectively, in J,. Let (xry, y,) be a point of the
set E and I=[xy—u,, Lo+ Uy} Yo—1Ty, Yo+ Lz] any interval con-
taining (x, o) and contained in J,. We have
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0,

H(I 1 !
IEI )=v2+v, /[ur}—ul f"‘“’oﬂ’ yo+v)du]

—v,

<

f K (0, yo-+0) do.

—v,

”2+”1

whence making 4(I)—>0 we obtain H.(x, yo) << h’(xo, ¥o)- Thus,
since (xg, ¥o) is an arbitrary point of the set E( J, of outer measure 1,
and since the extreme derivate Z{—S(xo, Yo) 1s measurable (cf. Theo-
rem 4.2), it follows from (13.3) that 0<<H.(x,y)<<H. (z,y)<o
at every point (z, y) of J,, except at most a set of measure less than o.
On the other hand, since the function g=g, is bounded, its in-
definite integral G is, by Theorem 10.7, derivable in the strong
sense almost everywhere. Therefore F(x, y)—F.(x,y)<<o at all but
a subset of measure o of the points of J,; and so finally, since o
is an arbitrary positive number, F.(z,y)=F«(z,y) almost every-
where in J,, which completes the proof.

By Ward’s Theorem 11.21, to prove that the non-negative function F is
almost everywhere derivable in the strong sense, it is enough to show that
F_(z)<+ oo almost everywhere. Hence by using Theorem 11.21, the proof of
Theorem 13.1 might be slightly shortened.

*»§14. Symmetrical derivates. If @ is an additive function
of a set in a space R,, we shall denote by D.m ®@(z) the upper, and
by D ®@(z) the lower, symmetrical derivate of @ at a point x,
these being defined respectively as the upper, and as the lower,
limit of the ratio @(S)/|S| where S represents a closed sphere of
centre z and of radius tending to zero. It is obvious that, for any
point x whatsoever DP(2) =D P(2) =D\ ®(x) = DP ().

Following A. J. Ward [5], we shall establish a decomposition
theorem in terms of symmetrical derivates, which is similar to
Theorem 9.6. We shall begin by the following ‘‘covering theorem:

(14.1) Theorem. If @ 1is an additive function of a set in R, and E
a bounded set measurable (B), contained in an open set G, then for
any € >0 there exists in G an enumerable scquence of closed sphe-
res Sy} such that (i) the centre of each Sy belongs to E and the ra-
dius 18 less than ¢, (ii) S;-8;=0 whenever 1= j, and (iii) the spheres
Sk cover together the whole of the set E, with the possible exception
of a subset on which the function @ vanishes identically.
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Proof. We can clearly assume (by replacing, if necessary,
the function @ by its absolute variation) that the function @ is
monotone non-negative.

a) We ghall first prove that, with the hypotheses of the
theorem, there always exists in G a finite system of equal sphe-
res {S;} which sasisfy the conditions (i) and (ii) and cover the
get E except perhaps for a set T'C E such that

(14.2) O(T)<<(1—1/4""'m™)- D(E).

To see this, let A be a subset of E, measurable (B), such
that ®(A)=}P(E) and 0(4,CG)>0. Let n, be a positive in-
teger such that m/ny<<e¢(4,CG) and m/ny <e.

Denote by §§ the net in the space R,, which consists of the cubes
of the form [p,/n, (p,+1)/ng; P,/ (P +H1)/M45 ey P iy (P, 4-1) Mol
where p,, p,,..., p,, are arbitrary integers. We can clearly sub-
divide the net P into (4m)™ families of cubes, B, B,,...,By,ym 535,
such that the distance between any two cubes belonging to the same
family is not less than (4m—1)/n,. Denote, for each k=1,2,...,(4m)",
by A, the part of the set A covered by the cubes of the family R,.
Then there exists a positive integer ko< (4m)" such that

(14.3) O(A4z) = P(A)/(4m)" = O(E) /4" m™,

Now let Py, P,,..., P, be those cubes of P, which contain
points of A,. With each P, we can associate a closed sphere §,
of radius m/n, whose centre belongs to 4,,- P;. The system of spheres
Sy, 85 ..., 8, thus defined is contained in G and clearly satisfies
the conditions (i) and (ii) of the theorem. Again, since P;C 8; for
every i=1,2,..,7r, the spheres 8; cover the whole of the set E
with the possible exception of the points of the set T=E—A4,,
which, in virtue of (14.3), fulfils the condition (14.2)

b) We now pass on to the proof of the assertion of the
theorem. By what has already been proved, we can define by
induction a sequence {G,},_, , of finite systems of closed spheres with
centres in E and radii less than &, subject to the following two
conditions: 1° If B, denotes the empty set and B,, for n>1, the
sum of the spheres belonging to &, + G24-... +&,, then the system
Gr+1, where n >0, consists of a finite number of closed spheres,
contained in the open set G—B,, no two of which have common
points; 2° ®(E—B,.1) <(1—hy) - O(E—B,) where hn=1/4"""m"
and n=0, 1,... Now, arranging the spheres belonging to the family
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G1+6G2+...+G,u+... in a sequence {S;}, we see at once that the latter
fulfils conditions (i) and (ii) of the theorem. On the other hand, by 2°
we have @(E—B,)<<(1—h.)"-P(E) for each n; whence, denoting
by B the sum of all the spheres §,, it follows that & (E—B)=0,
which establishes condition (iii) and completes the proof.

Theorem 14.1 may be established in a slightly more general form:

Given a bounded set E measurable (B). a sequence of positive numbers {ra}
converging to 0 and a family of closed sets U, suppose that with each point x of E
there are associated two finite numbers a=a(z), N=N(z), and a sequence {An(x)}
of sets (A) such that S(x; ra)C An(x)C8(x; arn) for n > N(x).

Then, for any sequence {Pn} of additive functions of a set, we can extract
from U a sequence of sets {Ai=An(x,)} such that (i) xieE for i=1,2,..., (ii) 4;4;=0
whenever 147§, and (iii) the sets A; cover the whole of the set E, with the exception
at most of a set of measure zero on which all the functions @n vanish identically.
(14.4) Lemma. If @ is an additive function of a set in R,, and if
Duym P(z)>0 at each point x of a bounded set X measurable (B),
then ®(X)Z= 0.

Proof. Let us denote, for every positive integer n, by X, the set
of the points zeX such that @(S) =0 whenever S is a closed sphere
of centre x and radius less than 1/n. Each set X, is evidently meas-
urable (B), in fact closed in X. Hence, for any £¢>0, we can associate
with each X, an open set G, )X, such that W(9P;G,—X,)<e
(cf. Theorems 6.9 and 6.10, Chap. III). Next, keeping n fixed for
the moment, we can (on account of Theorem 14.1) define in G,
a sequence {S,} of closed spheres with centres in X, and radii less
than 1/n, such that (i) S;-8;=0 whenever ¢ 7, and (ii) the sphe-
res S, cover the whole of the set X, with the exception at most
of a set T on which the function @ vanishes identically. Since
D(S,) =0 for every k, we find by (i) and (ii) that P(X,) >
=2>—[W(P; T)+W(P; 3,—X,)] =>—e. Hence, a8 X =1Ilim X, and ¢

n

is an arbitrary positive number, it follows that @ (X)>=>0, which
completes the proof.

(14.5). Theorem. If @ is an additive function of a set in Rn,
and if A denotes the set of x at which one at least of the derivates
Doym @(x) and Dym D(x) 8 infinite, then for any bounded set X
measurable (B), we have
(14.68) ®(X)=B(X-Ax)+ [ DD(2) da.

X

Consequently, if Dyn®(z) >—co at every point x and DP(x)=>0
at almost every point x of a bounded set X measurable (B), then
P(X)=0.
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Proof. We firstly remark that if —oo <D..,®(r) at each point x
of a bounded set ¢ measurable (B) and of measure zero, then
P(@Q)==0. In fact, denoting for each positive integer n by @, the
set of the points x of @ at which —n<D..®(x), and writing
D,(X)=P(X)+n-.X|, we obtain D, P,(r)>0 at every point xeQ,.
Hence, by Lemma 14.4, we must have @(Q,)=®,(¢Q,) =0, and making
n—>oo we find @(Q)=>0. By symmetry we also have @ (Q)<C0 when-
ever ¢ is a bounded set measurable (B) of measure zero, such
that DP(x)< + oo at each point x of Q.

We pass on to the proof of formula (14.6). By Theorem 7.3,
there exists a set, A, measurable (B) and of measure zero, such that
the relation

(14.7) D(X)=B(X A)+ [DO(z)dw
X

holds whenever .Y is a bounded set measurable (B). Since the set
A is of measure zero, we see at once from the equation (14.7) that
the function @ must vanish identically for all the subsets of A.—A4,
which are bounded and measurable (8). On the other hand, by what
has just been proved, the function vanishes also for all subsets of
A—A.. Hence the set A, may be taken in place of the set 4 in
(14.7) and this gives (14.6). Finally, if Du®(z)>—oco at every
point = of a bounded set .Y measurable (B), then @(X-A4,)=0
and the second part of the theorem follows at once from the first.

Let us mention the following consequence of Theorem 14.5: If at each
point x both the symmetrical derivates of a given additive function of a set are finite,
the latter is absolutely continuous. For ordinary derivates the corresponding pro-
position has long been known (cf. H. Lebesgue [5, p. 423)) and is moreover
included in Theorem 15.7 of this chapter, as well as in Theorem 2.1 of Chap. VI.

*815. Derivation in abstract spaces. With certain hypo-
theses, a process of derivation may be defined for additive func-
tions of a set in any separable metrical space, and for such a process,
theorems similar to those of §§ 7 and 9 may be established.

(15.1) Lenuna. If @ is an additive function of a set (B) on a metrical
space M, then given any set X measurable (B) and any >0, there
exists an open set G such that

(15.2) W(P; G—X)<e and W (P, X—G)<e.
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Proof. Let B, denote the class of the sets .Y measurable (B)
for each of which there exists, however we choose ¢>0, an open
set G satisfying the relations (15.2). Since any closed set F is the
limit of a descending sequence of open sets, we ohserve easily
(cf. Theorems 3.1 and 6.4, Chap. I) that there exists for each ¢>0
an open set G DF such that W(®P; G—F)<e. The class B, thus
includes all closed sets; to prove that B=%,, it suffices, therefore,
to show that the class B, is additive.

To do this, we choose ¢e>0 and denote by X the sum of a se-
quence {.X,}.-1.2 ... of sets (B,). To each set X, there corresponds an
open set G, such that W(®; @,—X,)<e/2" and W(P; X,—G,)<e/2".
Writing G=1YG,, we clearly find that the inequalities (15.2) are
satisfied. Therefore X ¢ ®,.

Again, suppose that ¢>0 and that Y=CY, where Y¢B,.
There will then exist an open set H such that W(®; Y—H)<¢/2
and W(®; H—Y)<e. Consequently writing P=CH, we find that
(15.3) W(D; P—X)<<g/2 and W(P; X—P)<e.

But since the set P is closed, there exists an open set G such that
GDOP and W(®; G—P)<e/2; and this implies, on account of (15.3),
the inequalities (15.2) and so completes the proof.

We shall call net in a metrical space .M any finite or enumer-
able family of sets measurable (B) no two of which have common
points and which together cover the space M. The sets constitut-
ing a net will be called its meshes. A sequence (IM,} of nets will
be termed regular, if each mesh of M, ; (where n>0) is contained
in a mesh of M, and if further 4(M,) >0 as n —»>oco (where 4(M,)
denotes the characteristic number of M,; cf. Chap. II, p. 40). It is
easy to see that in order that there exist a regular sequence of nets
in a metrical space, it is necessary and sufficient that this space
be separable.

In the rest of this § we shall keep fixed a separable metrtcal
space M and we shall suppose givenin .M aregular sequence M =M,}
of nets and a measure x which is defined for the sets measurable
(B) and which is subject to the condition u(M)<+oco. Let @ be
an additive function of a set (B) on M. For x e M, where M is any
mesh of a net M, let us write

| D(M)/u(M)  when  u(M)+0,
dn(w)=| + o0 when  p(M)=0 and D(M)=>0,
H — oo when u(M)=0 and D(M)<O.
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The functions dn(x) are thus defined on the whole space M
and are measurable (B). Let us write (u, M)DP(x) = lim sup d.(x).

The number (x4, M)DP () thus defined will be called upper derivate
of the function @ at the point x with respect to the measure u and the
reqular sequence of mets M. Considered as a function of z, this upper
derivate is clearly measurable (B). Similarly we define the lower
derivate (u, M)DP(z). If at a point x the two numbers (u, M)DB(x)
and (u, M)DP(x) are equal, their common value will be written
(#, MDD (x) and called derivative of the function @ at & with respect
to the measure u and the regular sequence of nets M. For the rest
of this §, a measure u and a regular sequence of nets M will be
kept fixed in the space M.

(15.4) Lemma. Let @ be an additive function of a set (B) on the
space M. Then

(i) if the inequality (u, M)DP(x)==k, where k is a finite number,
holds at every point x of a set A measurable (B), we have (A)=k-u(A);

(ii) <f at each point x of a set B measurable (B) and of measure (u)
zero, the derivative (u,M)DD(x) either does not exist or else exists and
18 finite, ®(B)=0.

Proof. re (i). By subtracting from the function @ the function
k-u, we may assume that k=0. Let ¢ be any positive number. By
Lemma 15.1 there exists an open set G such that

(15.5) W(P; G—A)<e and W(P; A —G)<e.
Let M, be the set of the meshes M of the net M, such that
(15.6) MCGa and D(M)=>—e-u(M),

and generally, for n>>1, let Mn;y be the set of the meshes M of the
net M, which fulfil the conditions (15.6) and are not contained in any

of the meshes of EIR,—{-‘JR,—}- A+D,.. By arranging the sets belonging
to EUI,+9JI,+ AM,+... ina sequence { My}, we have @ (M)>—e- u( My)
for k=1,2,...,and 4.-GC %‘ M,. Since the sets M, are measurable (B)

and no two of them have comwnon points, it therefore follows
from (15.5) that @ (4)=d(A-G)+ (A — G)>¢(2M,,)—2e>

= —e Z/;(M;)—%}—e -[#(@)+2], and so that ¢(A)>o
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re (ii). Denote, for any positive integer n, by B, the set of
the points  of B at which D®(x)==—n. On account of (i) we have
& (B,)=Z—n-u(B,)=0 for each n, and, since B = lim B,, this gives

®(B) = 0. By symmetry &(B)< 0, and so finally @(B)=0.

(15.7) Theorem. If ® is a function of a set (B), which is additive
on the space M, the derivative (u, M)DP(x) exists almost everywhere
and 13 integrable (B, u) on M; moreover, if E.w and E_., denote the
sets of the points at which (u, M)DP ()= +oco and (u, M)DP ()= —o0
respectively, we have

(15.8) B(X)=D(X-Ereo) +O(X-E o)+ [ (1y D) DD () dpe ()
X
and

(15.9) W (®; X)=B (X Ero00) HP(X-E_ o)+ [ i(1t, M) DB ()| dpe (@)
X
for every set X' measurable (B).
Proof. By Theorem 14.6, Chap. I, there exist a function of
a point f integrable (B, x) on M and an additive function of a set 8
singular (B, x) on M such that

(15.10) di(X):@(XH—./‘f(w)d/t(m) for every set X e B.
i

Let E be a set measurable (B) such that u(£)=0 and that
the function ® vanishes identically on CE. Writing, for brevity,
D, Dand D in place of (u, M)D, (x, M)D and (u, M)D respectively,
let us denote for any pair of integers n>0 and k, by P,, the set of
the points « at which D®(x)>=>(k+1)/n>k/n=>f(x). If we substitute
P, CE for X in (15.10), we find on account of Lemma 15.4 (i) that

&P OB) > (P OB) =2 - P OB) > [ 0))= 0P OB),
Pn.k'CE

and so that u(P.x)=u(P,rCE)=0. Therefore D®(z)<f(r) at

almost all points x. By symmetry D®(x)>=f(x) must also hold

almost everywhere in M. Therefore the derivative D®(x) exists and

equals f(x) at almost all the points @ of M, and the identity (15.10)

takes the form

(15.11) H(X)=6(X)+ [ Dbdp =@ (E-X)+ [ D®du  for every set Xe®.
X X

Moreover, since D®(z)=f(x)F-oc0 almost everywhere, the set B o.+FE_o
is of measure (u) zero, and it follows directly from (15.11) that the
function @ vanishes identically on the set (Eico+E_o)—E.
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On the other hand, by Lemma 15.4 (ii), @ vanishes identically
on E—(E;o+E .»). Therefore in (15.11) the set £ may be replaced by
the set E.o+F_«, and the relation (15.11) becomes the required
formula (15.8). Finally, since by Lemma 15.4 (i) the function @
is non-negative for the subsets (B) of E.. and non-positive for
the subsets (B) of E o, formula (15.9) follows at once from for-
mula (13.8).

Let us mention specially the following corollary of Theorem 15.7:

(15.12) Theorem. Suppose given in the space M two reqular sequences of nets
R and B, and, as before, a measure u defined for the sets (B) and subject to the
condition u(M)<<-+oo. Then for every function @ of a sel (‘B), which is additive on M,
we have almost everywhere (u, R)DD(x)= (u, B)DP(x); moreover, if E denotes
the set of the points x at which either one at least of the derivatives (u, R)DD(x)
and (p, P)DD(r) does not erist, or else both exist but have different values, then
the function @ vanishes identically on E, i.e. W(®P; E)=0.

In fact, if we write, for brevity, D, and D, in place of («, N)D and («, P)D
respectively, and if we denote by & the function of singularities of @, we have
by the previous theorem

2(X)=6(X)+ XJ D, 9(x)dp(x)=86(X)+ ){ Dy®(x)du(z)

for every set X measurable (B). Equating the two integrals which occur in this
relation, we obtain almost everywhere D,®(z)=D,®(x).

Now the set £ of the points at which this relation does not hold, may be
expressed as the sum of three sets 4,, 4, and Ag, where A, is the set of the points
z ¢ E at which one at least of the derivatives D,®(x) and D,P(x) does not exist,
or else exists and is finite, A, the set of the points x at which D,®(z)=+oo and
D,®P(x)==—0c0, and A4 the set of the points z at which D, ®(z) =—co and DP(x)=+00.
It follows directly from Lemma 15.4 (ii) that the function @ vanishes identically
on 4,. In the same way, it follows from part (i) of this lemma that we have
simultaneously @(.Y) -0 and &#(X)<0, and so ¢(X)=0, for every subset X
measurable (B) of 4, or of As. Consequently W (®P; E)=0, and this completes
the proof.

Theorem 15.7, which corresponds, to a certain extent, to Theorem 9.6,
was first proved by Ch. J. de la Vallée Poussin [1; cf. also I, p. 103] for
derivation with respect to the Lebesgue measure, and with respect to the regular
sequences of nets of half open intervals in Euclidean spaces. Strictly, the Lebes-
gue measure does not fulfil the condition which we laid down for the measure u,
since Euclidean space has infinite Lebesgue measure. Nevertheless it is easy
to see that for the validity of Theorem 15.7 (a8 well as for that of the other pro-
positions of this §) it suffices to suppose only that the meshes of the nets considered
have finite measure.

For the derivation of additive functions of a set in abstract spaces, see
also R. de Possel [1].
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#+§ 16, Torus space. As an example and an application of the
results of the preceding §, we shall discuss in this § a metrical space
which, from the point of view of the theory of measure and inte-
gration, may be considered as one of the nearest generalizations
of Euclidean spaces. This space, called torus space of an in-
finite number of dimensions, occurs in a more or less ex-
plicit form in the important researches of H. Steinhaus [2], of
P. J. Daniell [2;3], and of other authors, in connection with
certain problems of probability; but the first systematic study of
this space is due to B. Jessen [2].

Following Jessen, we shall call torus space Q. the metrical
space whose elements are the infinite sequences of real numbers
&= (2, X9y ... y Tny...) Where 0<lax,<1 for n=1,2,..., the distance
o(&, n) of two points &= (xy, Ty ...y Tuy ...) aNd =Yy, Yay oo y Yny -+-)
in Q. being defined by the formula o(&, 7)=lyn—4|/2". By Qm,

where m is any positive integer, we shall denote the half open cube
[0,1;0,15...; 0, 1) in the Euclidean space R, If &= (x, z,,...,%n,...)
is a point of (),, we shall denote, for any positive integer m, by &
the point (x,, ®g, ..., Tm) of Qn, and by & the point (Tmi1, Tmizye..)
of ., and we shall write £=(&, ,& ). According to this notation,
(&,7m) is a point of ), whenever £eQ, (where m is any positive integer)
and 7neQ).,. So that, if AC Q,, and BC Q., the set A x B (cf. Chap. I1I,
§§ 8, 9) lies in the space Q,; and in particular Q.,x Q.=Q..

We shall call closed interval, or simply interval, in the space
)., any set of the form I x Q.,, where I is a closed subinterval of Q,
for some value of m=1, 2, .... Similarly, taking I to be an interval
which is half open (on the left or on the right) in Q,, we define in
the space Q. the half open intervals (on the left or on the right).

Every (closed) interval J in @, has only one expression of
the form I x Q, where I is an interval in a space Q.. (It is to be re-
marked that the space Q, itself is not a closed interval in the sense
of the definitions given above.) By the volume of the interval J=I x Q.
we shall mean the volume of the interval I in Q,,C R, (cf. Chap. III,
§ 2). Just as in Euclidean spaces, the volume of an interval J in Q.
will be denoted by |J| or L.(J). Again, as in Euclidean spaces
(cf. Chap. III, § 5), we shall extend the notion of volume in the space
Q. by defining for every set E in this space the outer measure Li(E)
of the set E as the lower bound of the sums Y|J, where (J, is

k
any sequence of intervals such that E(C JJi:. Thus defined, the
k
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outer measure evidently fulfils the three conditions of Carathéodory
(cf. Chap. II, § 4) and determines, first the class of sets measurable
(L1), and then the class of functions measurable (£.+). For brevity,
the sets and the functions belonging respectively to these classes,
will simply be termed measurable. Also by the measure of a set E
in the space Q, we shall always mean its measure (L3).

It is easily shown, with the help of Borel’s Covering Theorem,
that the measure of any closed interval coincides with its volume
(cf. Chap. III, § 5, p. 65), so that we can, without ambiguity, write
|E| or L,(E) (omitting the asterisk) to denote the outer measure
of any set E in Q,. We also see that the boundary of any closed
interval is of measure zero. Finally, we remark that the whole space Q.
is of measure 1.

We shall now define in ., a regular sequence of nets (cf. § 15,
p- 153) of intervals half open on the right. We shall, in fact, denote

for any positive integer m, by Q" the finite system of 2" intervals
half open on the right

[k /27, (yt1) /275 Ry 2, (Rt d) 275 s Bonf27 (Rt 1)/27) X @

om

where the k; are arbitrary non-negative integers less than 27,
We see at once that each system Q" is a net in Q,. To see
that the sequence of these nets is regular, we observe in the first
place that each interval of Q™" is contained in one of the intervals
of 9. On the other hand, no interval of the net Q" can have

a diameter exceeding the number \‘1/‘)"' Hr \’1/‘>"<1/‘>"'_ , S0 that
k-1 k-m—+1

the characteristic number 4(Q"™) of the net Q™ tends to zero as m —» oo,

If x and y are two real numbers, x%y will denote the number
L+ y—[x+y], where, as usual, [x+ y] stands for the largest integer
not exceeding x+y. If &=(x;, Xyy ..., Ty ...) ANA 9= (Y, Yyy -oe s Yps ++)
are two points of Q.,, we shall write 54—7] for (x‘—}'— Yo .pz+ Yy oony .z'"~F Ypreee)e
The point H'-n clearly belongs to Q..

We shall call translation by the vector a, where a is a point of Q.,
the transformation which makes correspond to each point & of Q.
the point £+a. The translation by the vector a will be termed of
order m, if all, except at most the first m, coordinates of a vanish.
A function f in Q, will be termed eylindrical of order m, if f(&)
does not depend on the first m coordinates of the point ¢, i. e. if
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1(§)=f(§+a) identically in £, for every point a whose coordinates,
except perhaps the first m, all vanish. A set E in Q, will be termed
oylindrical of order m, if its characteristic function is so, or, what
amounts to the same, if E=Q,x A where 4 is a set in Q..

(16.1) Theorem. A function which is measurable on Q. and cylindrical
of every finite order, i8 constant almost everywhere, i. e. f(&)=c for
almost all points & of Q., where ¢ is a constant.

Proof. Suppose first that the function f is bounded, and
therefore integrable, on Q.. Denoting by & the indefinite integral
of f, let us define, for each value of m and for each mesh @ of the
net Q, f™(&)=®(Q)/L.(Q) whenever £¢Q. For every pair of
meshes Q, and Q, of the same net Q™, there always exists a trans-
lation of order m which transforms @, into Q,; therefore, since the
function f is eylindrical of order m, it follows that @(Q,)=P(Q,);
and since further L,(Q,)=L.(Q.), each of the functions f™(£) is
constant on Q.. On the other hand, we deduce from Theorem 15.7
that f(¢)=lim j("')( £) almost everywhere in Q,, i. e. that the function

is almost eve’;ywhere identical with a constant.

Now let f be any measurable function which is cylindrical of
every finite order. Let us write f.(&)=f(¢) when |f(¢)|<<n and
f(§)=mn when [f(£)|>n. Each of the functions f,(£) is bounded and
cylindrical of every finite order, so that by what has just been proved,
each of these functions is constant almost everywhere. Therefore
the same is true of the function f(&)= lim f,(§) and this completes
the proof. n

The fundamental properties of our measure in the space Q,
may be established by methods similar to those used in Euclidean
spaces. To illustrate this, let us enumerate some of these properties.

Given any measurable set E and any e¢>0, there exists a closed
set F and an open set G such that FC EC G and such that |G—E|<e¢
and |E—F|<e (cf. Theorem 6.6, Chap. III).

From this we may deduce next Lusin’s theorem (cf. Theorem 7.1,
Chap. III): If f is a finite function measurable on a set E, there exists
for each ¢>0, a closed set F(C E such that the function f is conlinuous
on F and that |E—F|<e; and its immediate corollary: any function
which i8 measurable in Q., 18 equal almost everywhere in Q. to a function
measurable (B). Finally Fubini’s theorem (cf. Chap. III, §8) may
be stated as follows for the space Q.:
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(16.2) Theorem. If f is a non-negative measurable function in the
space Q., then for any positive integer mn,

(i) the definite integral /'f(E, n)dL.(n) exists for every &e Q,,
0

-

except at most for those of a set of measure (L,,) zero,

(ii) the definite integral /'f(é, )AL, (&) exists for every ne Q.
O
except at most for those of a set of measure (L.) zero,

(iii) / AO)ALC) = [[ [1(&m)dLiu(n) |aLn(&)= [[ [ 1(&,n)ALi(&) [dLuln).

0 0 O 0

~m o ~ww “m

Proof. We begin by verifying this directly when f is the
characteristic function of a closed interval, or of a half open interval,
and then successively when f is the characteristic function of an
open set, of a set (®,), of a set of measure zero, and finally of any
measurable set. It follows at once that the theorem is valid in the
case where f is a simple function, and then, by passage to the limit,
in the general case where f is any non-negative measurable function.

The line of argument that we have sketched, does not differ substantially
in any way from the proof of Fubini's theorem for Euclidean spaces, and is even
in a sense simpler than the latter, since in proving Theorem 8.1 of Chap. III we
had to allow for the possibility of there being hyperplanes of discontinuity of
the functions U and V.

In the space €, there is, however, as shown by B. Jessen [2, p. 273],
another theorem of the Fubini type, whose pmof requires new methods. This
theorem allows integration over the space €, to he, so to speak, reduced to
integrations over the cubes €, in Euclidean spaces, whereas each of the three
members of the relation (iii) of Theorem 16.2 contains an integration extended over
the space O, ’

(16.3) <Jessen's theorem. If f is a non-negative measurable function
tn the space Q., the integral

(16.4) Full)=[ 1§ £ AL, (E),  where m=1,2, ...,
0

~m

exists, and we have

(16.5) lim f(¢)= [H®avLge),
0,

for almost all ¢ in Q..
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Proof. Let us first remark that if @ is a set of measure zero
in Q,, it follows from Theorem 16.2, applied to the characteristic
function of @, that for any m whatever, the set E[(&, 7)eQ; &e Qm)

3

is of measure (Ln) zero for almost all » of Q.. Hence (with the not-
ation adopted p.157) we also have Lm{ng(f, £ )e@1}=0 for almost all

¢ of Q.. It follows that if ¢ and h are two non-negative measurable
functions which are almost everywhere equal in Q., the integrals
fg(é', ¢’ )dL_(¢) and fh(f, 7)dL (&) are equal for almost all the {
O O

of Q., whatever m may be. We may therefore, without loss of gen-
erality, assume in the proof of Theorem 16.3 that tue given func-
tion f is measurable (B); for any measurable function is almost
everywhere equal to a function measurable (B).

The integral in the formula (16.4) then clearly exists for every ¢,
and moreover it follows directly from this formula that the function
fm(¢) is cylindrical of order m. The upper and lower limits of
the sequence {fn({)} are thus cylindrical of every finite order and
by Theorem 16.1 we may write almost everywhere in Q,

lim inf f,({)=4 and lim sup fm({)=B

where A and B are constants. It remains to be proved that A =M =B,

where M denotes the integral on the right-hand side of (16.5).
We shall prove in the first place that AZ>=M. For this purpose,

let A’ be any number exceeding A (if A=+ oco our assertion is

obvious), and write

(16.6) P,,=1;][f,,(£)<A’], szkZlP,, and S =1lim Sp.

m

The set 8§ coincides, except for a set of measure zero, with the whole
space Q,. Keeping an index m fixed, let us evaluate the integral of
fmover 8y,. Writing Ru=Ppn, Ry 1=Pmn_1-CPpy...,Ri=P,-CP,-...-CPp,
we have

’

(16.7) Sm=2R: and (16.8) RrR;=0 whenever 1<i<<j<m.
r=1

On the other hand, since every function f, is cylindrical of order %,
so are the sets P, and CP, and therefore the sets R, for k=1, 2, ..., m.
We may thus write (cf. above p.159) RFQkxﬁk where INBkC Q..
According to (16.6), we have fi(l)<C< A’ for every leR,(C Pi
where k=1, 2,...,m, or, what amounts to the same by formula (16.4),



162 CHAPTER 1V. Derivation of additive functions.

f (& n)dLy(é)<< A’ for every neﬁ,. Therefore, on account of
@
Theorem 16.2, we obtain for k=1, 2, ..., m,

[1¢)aLu@)= [ [ 16 7) ALx(&) | dLu(n) < A" Lu(B)=A" Lu(R4),
Rk ‘k-k Qk .
whence it follows by (16.7) and (16.8) that /f(é‘)dLm(C)gA'-L,,,(S,,,)gA'.
8

m
Making m—>oo, we obtain in the limit M=/'j(C)dLm(C)<A’ and
80 M<CA. Q.
By symmetry M > B and, since it is clear that A <{B, this
requires A=M=B and completes the proof.




CHAPTER V.

Area of a surface z= F(x, y).

§ 1. Preliminary remarks. We saw (cf. Chap. IV, §8) that
the Lebesgue theory enables us to solve completely the elementary
problems concerning the length of a curved line and the expression
of this length by an integral. However, similar problems concerning
curved surfaces involve difficulties of a much more serious kind.
Certain classical treatises on the differential and integral calculus,
even in the second half of the XIX-th century, contain an inaccurate
definition of the area of a surface. By analogy with the definition
of length of a curve, the authors attempted to define the area of
a surface as the limit of the areas of polyhedra inscribed in the
surface and tending to it. H. A. Schwarz [I, p. 309] (cf. also
M. Fréchet [3]) was the first to remark that such a limit may
not exist and that it is possible to choose a sequence of inscribed
polyhedra whose areas tend to any number not less than the
actual area of the surface. About the same time Peano and Her-
mite subjected the old definition to similar criticisms and proposed
new definitions based on quite different ideas. It was H. Lebesgue
who first returned in his Thesis [1] to the old method, in a modified
form that ma;y be roughly described as follows: the area of a surface
is the lower limit of the areas of polyhedra tending uniformly to
the surface in question (without, however, being necessarily in-
gcribed in the latter).

Nevertheless, in the more general case in which the surface
i8 given parametrically, this definition requires various additional
notions and considerations (cf. T. Rado [I; 1; 1]) and the results
obtained are far from being as complete as those available
for curves. The difficulties that arise belong to Geometry and
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Topology rather than to the Theory of functions of a real vari-
able. (For the special case in which the functions z=X(u, v),
y=Y(u, v) and z=Z(u, v) which define the surface parametrically
fulfil the Lipschitz condition vide T. Rado [4] and H. Radema-
cher [4]).

We shall therefore restrict ourselves to the case of continuous
surfaces of the form z=F(x, y). The most elegant and the most
complete results concerning these surfaces are due to L. Tonelli
[5;6;7]; they will be given in § 8 and are the principal object of this
chapter.

Tonelli’s theory is based on the definition of area proposed by Lebesgue.
As regards the modern work on area of surfaces bhased on other definitions, we
should mention: W. H. Young [4], J. C. Burkill [3], S. Banach [5], A. Kol-
mogoroff {3] and J. Schauder [1].

T. Rado [1, pp. 154—169; 2] has developed further the
methods of Tonelli by means of older ideas due to de Geicze
and with the help of certain functionals introduced by the latter.
The principal result of Rado (vide Theorem 7.3), applications of which
will be discussed below, enables us to define the area of a surface
as the limit of certain simple expressions, whereas the Lebesgue
definition only enables us to obtain it as a lower limit. An-
other expression is due to L. C. Young (vide below § 8) and
constitutes a direct generalization of the classical formula for the
area of a surface.

Except where the contrary is expressly stated, the reasoning
of this chapter will be formulated for functions of two real variables.
The extension to spaces of any number of dimensions offers no
difficulty.

§ 2. Area of a surface. By a continuous surface on a plane
interval I,, we shall mean any equation of the form z=F(z, y),
where F is a continuous function on I,

A continuous surface z=P(z, y) on an interval I, is termed
polyhedron if there exists a decomposition of I, into a finite
number of non-overlapping triangles T, T,,...,T, such that the
function P is linear on each of these triangles, i. e. such that
P(x,y)=ax+biy+ec for (z,y)e T, where 1=1,2,...,n and a; b, ¢
are constant coefficients. We shall call, respectively, faces and ver-
tices of the polyhedron z=P(z, y), the parts and the points of the



[’ 3] The Burkill integral. 165

graph (cf. Chap. III, § 10) of the function P, which correspond to
the triangles T';, and to the vertices of the T;. The sum of the areas
of the faces in the sense of elementary Geometry, i.e. the numher

zl]]T,|-(af+bf+1)*= [ [1@Pexy+ 3Py +1) drdy, will be called
I,

elementary area of the polyhedron z=P(z, y} on I, and denoted
by So(P; I,).

Given any continuous surface z=F(x,y) on an interval I, we
shall term its area on I,, and denote by S(F;I,), the lower limit of
the elementary areas of polyhedra tending uniformly to this sur-
face, i.e. the lower bound of all the numbers s for each of which
there exists, given any ¢>0, a polyhedron z=P(r,y) on I, such
that 1° |P(z,y)— F(x,y)<e at every point (z,y)el, and
20 Sy (P; Iy) < 8.

We might verify here that for polyhedra the elementary area agrees with
the area according to the general definition just given. As, however, this is an
easy consequence of the theorems given further on (vide p. 181), a special proof
is unnecessary at this point. It should be remarked that, in accordance with the
definition adopted, the area of a surface may be either finite or infinite.

The following theorem is an immediate consequence of the
definition.

(2.1) Theorem. For any sequence of continuous functions {Fp}
which converges uniformly on an interval I, to a function F, we have
lim inf S(Fp; 1)) = S(F; 1,).

§ 3. The Burkill integral. Instead of treating the theory
of area of surfaces by itself, it is more convenient to associate it
with certain differential properties of functions of an interval. How-
ever, the functions of an interval occurring in the thecry of area
are not in general additive, and in consequence we shall have
to complete in some minor points the theory of functions of an
interval, developed in the two preceding chapters.

We shall begin with some subsidiary definitions. To simplify
the wording we shall understand in the sequel by subdivision of
a figure R, any finite system of non-overlapping intervals I,, Iy, ..., In
such that Ro=§1 » Given any function of an interval U and given

a finite system of intervals 3={I,}, we shall write, for brevity, U(3)
in place of 3 U(I;). In particular therefore, L(3) will denote the
k

sum of the areas of the intervals belonging to the system J.
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We call upper and lower integral in the sense of Burkill of
a function of an interval U(I) over a figure R,, and we denote by

[ U and f U respectively, the upper and the lower limit of
R, R,

the numbers U (3) for arbitrary subdivisions 3 of R, whose charac-
teristic numbers 4(3) tend to zero (cf. Chap. IL, p. 40). When
thesc integrals are equal, their common value is called the Burkill
definitc integral (or simply the tntegral) of the function U over R,

and is denoted by f U. If this integral exists and is finite, the fune-
Ry

tion U is said to be integrable on R, (in the sense of Burkill). If the

function U is integrable on every figure R (in the whole plane or

in a figure R,) its integral / U considered as a function of the figure

R is called indefinite mteyml of U (in the whole plane or on R,).

(3.1) Theorem 1° If U is a function of on interval and R,, R,
are non-overlapping figures, we have

(3.2) fU>fU+fU and fU<fU+jU

R +R, R, R1+R: R,
provided that both mtegrals of U over R,+R, are ﬂmte.

20 Any function of an interval U which s integrable on a
figure R, s equally so on every figure R(C R, and 1ils indefinite
integral on R, is an additive function of a figure.

Proof. Part 1° of the theorem is a direct consequence of the
definition of the Burkill integrals, and part 2° follows at once from
the formulae (3.2) when we subtract the second of these formulae
from the first.

If U is a function of an interval on a figure R, we shall call
variation of U on R at a set D the upper limit of |U(3)| as 4(3) >0,
where 3 denotes any finite system of non-overlapping intervals
contained in R and possessing common points with D. The follow-
ing analogue of Theorem 4.1, Chap. III, may be noted.

(3.3) Theorem. Given on a figure R, a function of an interval U

such that j '[U | <400, there can be at most an enumerable infinity of
R,

straight lines D, which are parallel to the coordinate axes and al

which the variation of U on R, i8 not zero.
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In fact, the number of straight lines which are parallel to the
axis of  or of y, and at which the variation of U on R, exceeds
a positive number ¢, cannot be greater than 2¢—!- / 'IU | < 4 oo.

R,
(3.4) Lemma. Given a function of an interval U integrable on
a figure R,, there exists, for each ¢> 0, an n >0 such that for every
system J={I,, I,,..., I,} of non-overlapping intervals situated in R,,
the inequality A(3) <n implies the inequality

p
(3.5) .g[ U(I/.)—I,k/'U}l <e.

Proof. Let >0 be a number such that, for every subdivision
T of Ry, A(T)<n implies |U(T) / Ul <e/2, and let 3=!1,, I, ..., L)
be any finite system of non- overlapplng intervals situated in R,,
such that A4(3) <#. Let R=Ry> 2 I,. By Theorem 3.1, the function

U is integrable on R,. It follows that there exists a subdivision 3,
of R, such that

(3.6) A3)<7n and |UG)—[U|<ef2.
R,

Now J3+3, clearly constitutes a subdivision of R, such that
4(3+ 3,) <7n. We therefore have |U(3+31)—/ U|<¢/2, and we need

R,
only subtract the second of the relations (3.6) from it to obtain (3.5).

If R, is a fixed figure, then to any >0 there corresponds
& positive integer p such that every interval I(C K, may be sub-
divided in p subintervals of diameter less than 7. Hence applying
Lemma 3.4, we obtain at once the following

(3.7) Theorem. 1If a function of an interval U(I) which is in-
tegrable on a figure R,, 18 continuous, then the same is true of its in-
definite integral B(R)= f U.
.4

(3.8) Theorem. 1If U is a function of an interval which is in-
tegrable on a figure R, and if B is its indefinite integral, them
B(ﬂ:,y):ﬁ(m,y) and B(x,y)=U(x,y) at almost all points (z,y)eR,.

In particular therefore, if one of the functions U and B is almost
everywhere derivable in R,, the same is true of the other and the deriv-
atives of U and of B are almost everywhere equal.
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Proof. Suppose that the set of the points (z, y) at which
U(z, y) > B(x, y) has positive measure. We could then determine
a set EC R, of positive outer measure and a number a> 0, such
that U(z, y)— B(x, y) > a at each point (z,y) of E. Therefore, on
account of Vitali’s Covering Theorem (Chap. IV, Theorem 3.1),
we could determine in R, for any %> 0, a finite system of non-
overlapping intervals 3={I4}¢=12,..,» such that A3)<z, L(J)>'E,/2,
and U(Ix)—B(I;) > a-|I) for k=1,2,...,n. Now it follows from
the last two relations that U(3)— B(3) > a-|E|/2, which contradicts
Lemma 3.4. Hence, U(z,y)<<B(x,y) almost everywhere in R,.
In the same way we prove that the opposite inequality holds also
almost everywhere in R, and this completes the proof.

(3.9) Theorem. Suppose that U is a continuous function of an

snterval on a figure R, and that (i) lel<+oo and (ii)) U(I)<KU(G)

for every interval 1C R, and every subdnzswn G of I. Then the func-
tion U 1is integrable on R,.

Proof. Given a number &> 0, let T={Ji=1.2. ,, be a sub-
division of R, such that

(3.10) U(@)>[U—-e
R,

Let us denote by Dy, D,,..., D, the sides of the intervals (T) which
do not belong to the boundary of R,. By Theorem 3.3 it may
be assumed, in view of the continuity of the function U and of
condition (ii), that the variation of U on R, vanishes at each side D,.
It follows that there exists an 7> 0 such that, given any finite
system & of non-overlapping intervals situated in R, and having
points in common with the sides D,, the inequality 4(&) < 5 im-
plies |U(G)|<<e. We can clearly assume that 7 does not exceed
the length of any side of the intervals (T).

This being so, consider an arbitrary subdivision 3={1,, I,, ..., I,}
of R, such that 4(3) < ». By numbering the intervals of § suitably,
we may evidently suppose thav Iy, I, ...,I, are those having
points in common with the sides D, while the remaining intervals
of 3 (if any) have none. Finally, let us agree to write U(J;® I;)=0

q P g
when J;©OIy=0. Then [JU(I)|<e and |} Y U(Jy 1) <e 80
k=1 i1 k=1
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tha,t by (3.10) and by condition ii) of the theorem, we have
f U—e<UT)< U(3>—_>:U(1,)+2 ZU(J,@L.)<U(3)+23 It

follows that j U< [U+3e, and so, that f U=/uU.
R, R, R, R,

In connection with this §, vide J. C. Burkill {2;3;4], R. C. Young (2]
and F. Riesz [6;7].

§ 4. Bounded variation and absolute continuity for
functions of two variables. Given a function F(x, y) contin-
uous on an interval I=[a,, b;; a,, b,], let us denote for any value @
subject to a,<<x<<bh,, by W,(F; z; a, b,) the absolute variation
of the function F(x, y) with respect to the variable y on the interval
[a,, b,), and for any value y subject to a,<{y<<b,, by W,(F;y;a,b,)
that of the function F(rx,y) with respect to x on [a,,b,]. Denoting
by J; and J, respectively the linear intervals [a,,b,] and [a,,b,]
we shall also write W,(F;x;J,) for W (F;x;a,b,) and Wy(F;y;d,)
for Wo(F; y; ay, by).

By continuity of the function F, the non-negative expressions
W (F; x;J,) and Wy(F; y;J,) are, as is easily seen, lower semi-
continuous functions of the variables x and y respectively. When

the integrals f W,(F;x;J,)de and /w F;y; J,)dy are both finite,

the function F i8 said to be of bounded variotion on I in the Tonelli
sense. It follows at onte that any function of bounded vari-
ation of two variables x,y is of bounded variation with respect
to x for almost every value of y and with respect to y for almost
every value of x.

A continuous function F(r,y) will be termed absolutely con-
tinuous on an interval I={(a,, b,;a, b,] in the Tonelli sense, if
it is of bounded variation on I and moreover, absolutely continuous
with respect to z for almost every value of y in [a,, b,], and absolute-
ly continuous with respect to y for almost every value of x in [ay, b,).

We say that a function F(x, y) fulfils the Lipschitz condition on I,
if there exists a finite constant N such that |F(z',y')—F(z",y")|<
< N-(2'—a"|+ y'—y"|) for every pair of points (z’,y’) and
("yy"") of I.

Any function which fulfils the Lipschitz condition on an
interval I is evidently absolutely continuous on I. In particular
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polyhedra and also functions of two variables with continuous
partial derivatives. are always absolutely continuous functions.

A function F' which is continuous and of bounded variation
[absolutely continuous, or subject to the Lipschitz condition] on an
interval I,=[ab,; a,,b,] can easily be continued, even so as to
be periodic, over the whole plane in such a manner as to remain
continuous and of bounded variation [absolutely continuous, or
subject to the Lipschitz condition] on every interval. In fact, de-
noting by I, one of the intervals congruent to I, with a common
gide parallel to the axis of z, let us continue the function F from
the interval I, on to the interval I, by symmetry relative to the
common side of these intervals. I.et us further continue similarly
the function F from the interval I,+1I, on to an interval I, con-
gruent to I,4-1, which has with the latter a common side parallel
to the axis of y. The function F' is then defined on the interval
I,+1,+1, whose sides are respectively of lengths 2.(b;—a,) and
2-(b,—a,). Writing u=2-(b;—a,) and v=2-(b,—a,), and continuing
the function F from the interval I,+4-I,4I, on to the rest of the
plane by the periodicity condition F(xr+ u,y)=F(x, y+ v)=F(x,y),
we see easily that the continuation obtained for the function F
has the properties required.

Besides the definition of Tonelli several other definitions have been given
of conditions under which a function of two variables is said to be of bounded
variation. For a discussion of these definitions see C. R. Adams and
J. A. Clarkson [1;2]. Throughout this chapter, use is made of Tonelli’s
concept only.

We shall subsequently make use of the following theorem
concerning the partial derivates of any continuous function:

(4.1) Theorem. Given a continuous function F(z,y), its partial
Dini derivates, Fi,Fr, Ff, F, and F)}, F,,F;, F,;, are func-
tions measurable (B).

Proof. It will suffice to prove this for any one of these deriv-
ates, say F..

Given an arbitrary real number a, consider the set

E=E [F(x,y) < a],
(x, )

and denote by E, the set of all the points (z,y) such that for every A
the inequality 0 <A<C1/n implies [F(z+ h,y)—F(z, y)]/h<<a—1/n.
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We find that E=)E, and, since by continuity of the function

each of the sets E, is closed, E is a set (§,), so that the derivate F;
is a function measurable (B).

Theorem 4.1 may be compared with Theorems 1.2 and 4.3 of Chap. IV
concerning measurability of the derivates of functions of one real variable. Never-
theless it is to be remarked that contrary to what occurs for functions of one
variable, the partial Dini derivates of a function measurable (B) need not in
general be measurable (B), although they are still measurable (2) (the proof of
this requires, however, the theory of analytic sets; vide F. Hausdorff [II, p. 274),
M. Neubauer [1] and A. E. Currier [1]). On the other hand, a function of two
variables may be measurable (£) without its partial Dini derivates being so.

§ 5. The expressions of de Gedcze. We shall make
correspond to any function F(x, y) which is continuous on an interval
I=[a,, b;; a,, b,], the following expressions introduced by Z. de
Gedcze [1] into the theory of areas of surfaces:

b, b,
GI(F;I)szF(x, be) —F (, a,)|dx, Gro(F; I)z_[‘F(bv?/)"‘F(av?/)‘dy’

G (F; I)=![Gy(F; I)F+[Gy( F; DI +|IP .

While studying the fundamental properties of these expressions,
we shall often find the following two inequalities useful:

(5.1) I(Ié:w,)z+(§y,)’+(§z,)ﬁl’”<§(w‘;+y$+z‘f)”
for any three sequences {x}, {y:\ and {2} of real numbers;
(5.2) []xdt fydt +(fzdt 12</(ac=l+y*+z*)"’au
E
for any measurable set E in a space R, and any three non-negative

functions x(t), y(t) and z(t), measurable on E.

The inequality (5.1) is easily deduced by induction from the
case n=2 which can be verified directly. The inequality (5.2), in
the special case in which the functions z(t), y(t), 2(t) are simple,
is an obvious consequence of (5.1); and we pass at once to the
general case with the help of Theorems 7.4 and 12.6 of Chapter L
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(5.3) Theorem, The expressions of de Qeicze Gy(I)=G,(F; I),
Gy(I)=GyF;I) and G(I)=G(F; I), associated with a continuous
function F(x,y), are continuous functions of the interval I and their
integrals over any interval exist (finite or infinite); these imtegrals
over any interval Iy=[a,, by; a,, b,] fulfil the following relations:

. b, b,
(5.4) [Gy=[Wy(F;z;0,b)ds  and [ Gy=[W,(F;y;a,b)dy
1 a, 1, a,
(5.5) GG, GI)<[G, and G(I)<[6,
I, I, In
(5.6) [Gi<[G<[G+[G+II,| where i=1,2.
I, I, I, I,

Proof. Given an arbitrary >0, let 7<e be a positive number
such that, for any pair of the points (z,y,) and (z,y,) in I

(5.7) Wo—u|<n  implies  |F(x, y,)—F (x, y,)| <e.

Let M denote the upper bound of F(x,y) on I, and consider
in I, an interval I=[ay, B;; ay B,] such that |[I|<<n?. We then
bave either B,—a;<n or f,—a,<7. In the former case, we find
G (p—ay)2M<2Mn<<2Me, and in the latter we derive
from (5.7), GH{I)<(fi—a;)-e<<(b;—a,)-& 8o that in both cases
G (I)<<(2M +b,—a,)-¢. The function G,(I) is therefore continuous.
The same is of course true of G,(I) and the continuity of these
two functions at once implies that of G(I).

This being so, we shall show that the functions @, and G, are
integrable and, at the same time, we shall deduce the formulae (5.4).

Let {3.} be a sequence of subdivisions of I, such that

lim 4(3,)=0 and lim Gl(Sn)z/'G,; and denote, for any positive

I,

integer m» and any &efa,b,], by V.(&) the sum of the absolute
increments of the function F (¢, y) on the linear intervals cut off
on the line r=¢ by the rectangles of the subdivision J,. We then
have, on the one hand,

b,
(5.8) 6(3,)=[V (&)de  for  n=1,2, ..,

and on the other hand, on account of continuity of the function F,
lim V(&)= W,(F; &; a5, b,) for any &e[a,, b,]. Therefore, in virtue of
n
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Fatou’s Lemma (Chap. I, Theorem 12.10) and by (5.8), we obtain

b, b,
[6,> [Wy(F; & a,b,) dt. But since Gy(3)<< [ Wy(F; &; ay,by) df for

1, 1
— b,

every subdivision J of I,, we have also f G<< f Wi(F; &; ay, by) dE.
I, a,

Therefore the function @, has a unique integral over I, and this

integral fulfils the first of the relations (5.4). The existence of the
integral f G, and the validity of the second of these relations are
I

deduced by symmetry.
Let us pass on now to the function @G. We first remark that

the integral f G clearly exists in the case in which one at least of
I,

the-integralso f G, and f G, is infinite, and is then also infinite
on account of I;;he relati:ns
(5.9) G(I)KG(I) and GQuI)<<G(I) for any interval I.
In the remaining case, the two integrals in question being finite,
the evident inequality G(I)<CGy(I)+G,(I)+]|I| yields
(6.10) I/_:G <lf01+/Gn+|Io|<+°°§

o o T,

and on the other hand, for every subdivision 3 of any interval I
the equally obvious relations

(5.11) G()<G(3) and Gy(I)<<Gy(3)
lead, in view of the inequality (5.1), to
(5.12) G(I)<G(Q).

Now, continuity of the function G' being already established,
the formulae (5.10) and (5.12) imply, by Theorem 3.9, that this
function has over I, a unique integral.

To complete the proof we need only remark that the formulae
(5.11) and (5.12) imply at once the formulae (5.6) and finally that
formula (5.6) follows directly from (5.9) and (5.10).

As a corollary of Theorem 5.3, and more particularly as a con-
sequence of the formulae (5.4) and (5.6), we have:
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(5.13) Theorem. In orderthatthe function of an interval G (I)= G (F;I),
assoctated with a continuous function F(xz,y), be integrable on an in-

terval I, (t.e. in order that f G<+o0), it i8 necessary and sufficient
that the function F(xz,y) be oj bounded variation on I,

§ 6. Integrals of the expressions of de Gedcze. Given
a continuous function F(z, y), we shall denote, for any interval I,
by H,(F;1,), H,(F;1,) and H(F; I,) respectively, the integrals of
the functions of an interval Gy(I)=G(F; I), G(I)=G4F; I) and
G(I)=G(F; I) over the interval I,. All these integrals exist on
account of Theorem 5.3 and their importance in the theory of area
of surfaces is due to the fact that, as will be shown in the next §,
the number H (F'; I,,) coincides with the area of the surface z2=F (x, y)
on I,.

(6.1) Theorem, For any function F(x,y) which i8 continuous and
of bounded variation, the expressions H,(I)=H,(F;I), H,(I)=Hy(F;I)
and H(I)=H(F;I) are additive, continuous, and mon-negative func-
tions of the interval I, and we have at almost all points (x,y) of the
plane

H;(w, ?/)ZIF;J(‘U’ .'/)l, H2(mv y)le-,\'(w’ .'/)'7
H'(z,y) = {[Fux, y) P+ [Fy(z, )P+ 1},

Proof. Additivity and continuity of the functions in question
follow at once from Theorems 3.1 and 3.7 on account of Theorem 5.3.
We have therefore only to establish the relations (6.2). Now, for
any interval I=[a,, b,; a, by] we have according to Theorem 5.3
and Theorem 7.4 of Chap. IV, the following relation (in which the
transformation is effected in accordance with Fubini’s Theorem 8.1,
Chap. III, rendered applicable to the partial derivates of the func-
tion F(z,y) by Theorem 4.1):

(6.2)

Hy(I)= fwl(F z; ag, 2>dw>f jmw,y)\dy]dm / f|F.,<w,y>ldwdy,

a a

whence
(6.3) Hi(z,y) = |Fy=, y)| for almost every point (z, y).

Let us now denote by {J,} the sequence of the linear intervals
with rational extremities. In view of Theorem 7.4, Chap. IV, we
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have for n=1, 2, ... and for every linear interval J,

WP 23d,) de=Hy(J xJ ) = [ [ Hilw, y) dedy= [ | [Bi(z, y)dy | da,
J IxJ J J,

n

and consequently, for each positive integer n, the inequality
W(F; x;J ) = j Hi(z, y)dy holds at every point z, except at most
Jn L]
those of a set E, of linear measure zero. Therefore, writing E=)'E,,
n

we obtain the inequality W,(F;xz;J) > / Hi(z,y)dy, whenever J has

rational extremities and x lies outside the set E of linear measure
zero. If we now regard the two sides of this inequality, for a given
value of x outside the set F, as functions of the linear interval J,
we obtain by derivation with respect to this interval (on account
of Theorem 7.9, Chap. IV) for almost all y, the inequality

(6.4) \Fy(z, y)| = Hi(x, y).

Therefore, since the derivatives Hj(z,y) and Fy(x,y) are meas-
urable (cf. Theorem 4.1), it follows from Fubini’s theorem (in the
form (8.6), Chap. III) that the set of the points (z, y) at which the
relation (6.4) is not fulfilled, is of plane measure zero. By (6.3) we
therefore have almost everywhere the first of the relations (6.2).

The proof of the second relation now follows by symmetry,
and that of the third from the remark that if we write G,(I)=G,(F; I),
Gy(I)=GyF;I) and G(I)=G(F;I), we have by Theorem 3.8,

H'(@, y)=6'(x, y)={[G(x, y)P+[Gax, y)P+1} =
— {(Hi(z, y) P+ [Hz, ) P = {[F(@, y) P+ [File, ) P+1)

at almost every point (2, y) of the plane. This completes the proof.

(6.5) Theorem. In order that the function of an interval H(I)=H(F;1),
corresponding to a continuous function F(x,y) of bounded variation
on an interval I,=[ay, by; ay b,]), be absolutely continuous on this
interval, it is mecessary and sufficient that the function F (x,y) itself
be absolutely continuous; and when this is the case, we have

(6.6)  H(Ip)=[ [ Fua, )T +[Fya, 9)I' + 1" dody.
1s
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Proof. By Theorem 5.3, absolute continuity of the function
H(I) is equivalent to absolute continuity of the functions H,(I)
and H,(I) together.

Therefore if the function H is absolutely continuous on I,
we have, by Theorem 6.1, for any interval I.=[a,, §; ag, bg], Where
a, < E<| b, the relation

§ § b
[ WA(F; 25 a4, by) da=Hy(Ie)= [ [|Fi(w, y)| dwdy=[ | [|Fy(, y)| dy] da,
a; I a G
£
and, taking the derivative with respect to & we obtain for almost
every value of z,

b
(6.7) W(F; 5 ag, by) = [ |Fy(a, y)| dy.

Now, for any given value of x (for which F (x, ) is of bounded
variation in %) the difference W,(F; z; a,, n)— /'I | Fy(x, y)| dy is a non-

a,y
negative and non-decreasing function of the variable % (cf. Theo-
rem 7.4, Chap. IV). It therefore follows from (6.7) that we have
for almost every value of x, and for any 7% e[a,, b,],

”n
W.(F; ; ag,7)= [ | Fy(a, )| dy,

i.e. that the function W,(F; z; a,, ), and consequently also F(z, n),
is absolutely continuous with respect to 7 on [a,, b,] for almost
every value of x. By the symmetry of the variables, we conclude
also that the function F (4, y) is at the same time absolutely contin--
uous with respect to & on [a;, b;] for almost every value of y.
The function ¥, which is by hypothesis of bounded variation on I, i8
therefore absolutely continuous in the Tonelli sense on this interval.

Conversely, if the function F is absolutely continuous on I,
we have by Theorems 7.8 and 7.9, Chap. IV, for every subinterval
I=[ay, fy; ay 5] of I,, the relations:

B
Hy(I)= [Wy(F; @; a3, B,) do= [ [|F(a, y)|dz dy,
o, I

Hz(I)=fW2(F§ Y5 ay, By) dy =ff|F:r("’: y)|de dy,
a, I

80 that the two functions of an interval H, and H,, and therefore
also H, are absolutely continuous.
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Finally, since the function H is absolutely continuous, the for-
mula (6.6) is a direct consequence of the third of the relations (6.2),
the latter being valid almost everywhere on account of Theorem 6.1.

Up to the present we have regarded the expression H(F; I)
a8 a function of an interval I. If we treat this expression as a funec-
tional depending on the function F, we obtain the following theorem,
whose geometrical interpretation will appear in § 8 when the theorem
appears to he a generalization of Theorem 2.1.

(6.8) Theorem. Given any sequence of continuous functions {F}
which converges to a continuous function F, we have for every interval 1

(6.9) lim inf H(F,; I) > H(F; I).

Proof. Denoting by J, the subdivision of I into p* equal
intervals, similar to I, we have by Theorem 5.3 for any pair of in-
tegers p and n, H(F,; I) =G (F.; 3p), and by Fatou’s Lemma (Chap. I,
Theorem 12.10), for every integer p, lim inf G(F,; 3p) = G(F; Jp).

We therefore have lim inf H(F,; I)=>G(F;3,), and this leads to
(6.9) when p — oo.

§ 7. Radd’s Theorem. Before passing to the proof of the result
of Rado, according to which the area of any surface z=F(x,y)
on an interval I is equal to H(#;1), we shall prove the following

(7.1) Theorem. If a continuous function F(x,y) has on an
tnterval I,=[a,, by; a,y by] continuous partial derivatives, there exists
a sequence of polyhedra {2=P,(z, y)) inscribed in the surface z=F (z, y),
such that the sequence comverges umiformly to this surface and such that

(7.2) lim So(Py; 1) //{[F (£, ) P+ (Fy (2, y)P+1)} dedy=H(F; I).

Proof. Let 3,={In1y Ln2, ..., Inn}} denote the subdivision of I,
into n? equal intervals similar to I,, and (Zn, i, ¥a, i), Where 1=1, 2, ..., n?,
the lower left-hand vertex of I,; Let us divide any interval I,
into two right-angled triangles T,; and T,; by a diagonal, in such
a way that the vertex (i, ¥n:) is that of the right angle of T7,.
Consider for any n the polyhedron z=P,(z, y) inscribed in the surface
2=F(x,y) and corresponding to the net formed on I, by the 2n?
triangles T, ; and T, ; where i=1,2,...,n%
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For brevity let hn=(b;—a,)/n and kn=(by;—a,)/n; and let
un denote the upper bound of the differences |Fi(z",y'')—F(z', y’)|
and |Fyz",y")—Fy,(a'yy’) for all points (', y’) and (2", y’’) of I,
such that |z"'—a'|<<hn and |y''—y'|<<kn.

Now if s, and s,; denote respectively the elementary areas
of the faces of the polyhedron z=P,(x, y) which correspond to the
triangles T, ; and T., we notice at once that the areas of the pro-
jections of the former of these faces on the planes zz and yz are
respectively equal to

%hn'IF(wn.l, yll.i+kn)—F(wn,l) yn.i)|=%hnklr‘jpg;(wﬂ.h y;z.l)l
and
%’kn‘|F(xn.i+hm yn,l)—F(wn,l’ yn,l)l':'%‘hnkn'{F;(wln.ii yn.l)é

where Zn << Zn i< Zn,i+hn ADA  Yn i << Yni << Yn, i+ Kn-
We therefore have 8, ;= H[F(@niyYni) ) +[Fy @iy ¥on) T+ 1" L,
and so, by the inequality (5.1), p. 171,

1N : 1 1
D= D UF @y g )T+ Yo )+ L | <G V2 (L.
t=1 =1

Since the partial derivatives F', and F, are by hypothesis continuous,
it follows by making n—>oco that

tim 3'sh.i=y [ [ (B, 00+ Fyfo, p)F +1)"dody,
i—=1 B

I

and the same limit is clearly obtained for the sum of the s, .
By addition, together with an appeal to Theorem 6.5, we now
derive the formula (7.2) and this completes the proof.

In what follows we shall apply the method of mean value

integrals. Given in the plane a summable function F(z,y), the
Inin

sequence of fanctions F,(z, y)=n? / / 'F(w+u, y+v)dudv where
00

n=1,2,..., will be called sequence of mean value integrals of the
function F(x,y). It is clear that if the function F 18 continuous,
(1) the sequence of its mean value integrals {F,(xz,y)} converges to F (z,y)
at every point (x, y) of the plane, and uniformly on any interval, and
(ii) the partial derivatives OF,[dx and OF,|dy exist everywhere and are
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continuous. In fact, at any point (,y) a direct calculation gives

1/n

3F,(z,y)/oz=n* [[F(2+1/n, y+v)—F (@, y+v)]dv
0

and
1/n

OF (@, y)/9y="n? [ [F (@+u, y+1/n)—F(a+u, y)]du.
0

It was T. Radd [2] who first applied in the theory of area of surfacos the
method of mean value integrals. The réle of these mean values is due to the fact
that in the case in which the given function F is continuous, the sequence of
areas of the surfaces z=Fj(x,y) on any interval tends to the area of the surface
z=F(z, y) (vide, below, Theorem 7.3).

In the definition given above, the functions F, are defined at each point
(z,y) a8 “mean values’ of the function F over squares of which (z, y) is a vertex;
it goes without saying that we could also make use of mean values taken over
squares, or circles, having (z, y) a8 their centres. These mean values over circles
are used for instance in potential theory (cf. F. Riesz (4] and G. C. Evans [1]).

(7.3) Rado’s Theorem. If F(x,y) 18 a continuous function and
{F.(z, y)} is the sequence of mean value tntegrals of F(z,y), then

(7.4) H(F; I,)=S(F; I,)=lim S(F,; I,)

for every imterval I,
Proof. Let {¢=P,(x, y)} be a sequence of polyhedra converging
uniformly to the surface z=F(x,y), such that

(7.5) lim So(Pn; Io)=S(F; I,).

Since the functions P,(z,y) are absolutely continuous, it follows
from Theorem 6.5 (cf. also § 2, p. 165) that S (Pa; Io)=H(Px; 1,)
for every m. Consequently, since the sequences of functions {F,}
and {P,} converge uniformly to the function F, it follows by using
successiirely Theorem 2.1, the formula (7.5) and Theorem 6.8, that

(7.6) lim inf 8(Fa; Io) = S(F; I,)=lim H(P,; I,) = H(F; I,).

Now if the function F is not of bounded variation on I, it
follows from Theorem 5.13 that H(F; I,)=+ oo and consequently
the formula (7.4) follows at once from (7.6). We may therefore as-
sume that the function F is of bounded variation on I, and further
(cf. § 4, p. 170) that F is continuous and of bounded variation on
each interval of the plane.
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Let us agree to denote, for any set Ein the plane, by E“® the
parallel translation of E by the vector (u,v) (cf. Chap. III, § 11);
similarly, for a family of sets G in the plane, G*” will denote the
family of all the sets obtained from sets (€) by subjecting them
to this translation. For any subinterval I=[a,, b;; a,, b;] we then
obtain

b
Gy(Fo; )= f | Fa(, by)—Fu(, a;)| do <<

b, lnl/n
/ [ ]|F(w+u, by+v)—F (x+u, a,-{—v)ldudv]

lnln

=n2[ [GyF; 1*”)dudy,
00

and a similar formula for G,. Hence by the inequality (5.2), p. 171,
G (Fa; D)={[Gi( Fu; )T +[Co( Fu; D+ I} * <<

t'nin
<n* [ [UGy(F; IO)TH[Go 5 1) P-HI" "1 *dudo =
e
1aln

=n'[ [G(F; 1“7)dudo.
00

Denoting by 3, the subdivision of I, into p? equal intervals
similar to I,, we obtain therefore, for every p,

lnln

G(Fn; 3p) << / /G F; 3% dudv;

and since by Lemma 3.4, G (F}; ‘" ) tends to H(F; I{“") as p-»oo,
uniformly in » and v, we obtam in the limit

in 1 n
(7.7) H(Fp; I,) n/ H(F; I&?) dudv.
00
Finally the areas of the figures I$"” I, and Io2I("" tend
to 0 with % and » and each of these figures is a sum of two intervals.
Hence since the expression H(F; I) is by Theorem 6.1 a contin-

uous function of the interval I, we have lim H(¥;I{"”)=H(F;IL,).
u->0, v>0
On the other hand, since the functions Fn(x, y) have continuous

partial derivatives, we have, by Theorem 7.1, S(Fn; Io)<<H(Fn;ILo)
for each n. Therefore making n—ooin (7.7), we find lim sup S(#,; Io) <<
<CH(F; 1,), which in conjunction with (7.6) gives the required
relation (7.4).
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§ 8. Tonelli’s Theorem. The theorem of Rad¢ just established,
enables us to replace in all the theorems of this chapter the ex-
pression H(#; I) by the surface area S(F; I).

Thus for instance, Theorem 6.5 (formula (6.6)) expresses the
fact that the elementary area of a polyhedron coincides with its area
according to the general definition of area of a surface.

Theorem 6.8 contains a generalization of Theorem 2.1; it enables

us to replace in ijts statement uniform convergence by ordinary
convergence: we thus obtain a theorem similar to LLemma of Fatou
(Chap. I, Theorem 12.10). It follows that the uniform convergence
of the inscribed polygons, required in the definition of area, may
be replaced by the ordinary convergence, so that the area of a contin-
uous surface z=F(x,y) is the lower limit of the areas of polyhedra
tending to this surface. Further, by Theorem 7.1, ¢f a function F(z, y)
has continuous partial derivatives, there exists a sequence of polyhedra
inscribed in the surface z=F(x,y), tending wuniformly to the latter
and having areas which converge to the area of this surface. (For further
generalizations vide S. Kempisty [1]. Cf. also on this subject
H. Rademacher [3], W. H. Young [5], M. Fréchet [2] and
T. Radé [5].) Finally, we obtain the following theorem, which
sums up the most essential considerations of this chapter:
(8.1) Tonelli’s Theorem. a) In order that a continuous surface
2=F(x,y) have a finite area on an interval I, it is necessary and
sufficient that the function F(x,y) be of bounded variation on I,

b) When this is the case, we have

s [|GE 2o

the expression S(I)=S(I; I ) 18 then an additive continuous function
of the interval I(C I, and we have for almost every point (x,y)el,

sta (S5 )]

c) In order that we should have

(3.2) S(F; I,) ff[( ) aF 2+1]:l;d1,

it is mecessary and suf/wwnt that the function F(x,y) be absolutely
continuous on I,; and in order that this be the case it is necessary and
sufficient that the area S(F;I) be an absolutely continuous function
of the interval IC 1.
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Proof. The assertion a) follows directly from Theorem 5.13;
b) and ¢) follows from Theorems 6.1 and 6.5 on account of Theo-
rem 7.4, Chap. IV.

With regard to Theorem 8.1 vide L. Tonelli [5; 6; 7). The necessity of con-
dition a) was established a little earlier by G. Lampariello [1].

According to Tonelli’s theorem, the relation of equality (8.2)
can hold for a continuous surface z=F(x,y) only in the case in
which the function F is absolutely continuous. Nevertheless, as
proved by L. C. Young, this relation will remain valid for arbitrary
continuous surfaces, as soon as we replace on the right-hand side
the partial derivatives by ratios of finite differences and transpose
the passage to the limit outside the integral sign. In fact:

(8.3) Theorem. For any continuous surface z=F (x,y) and any
interval I, we have

(8.4) S(F; Io)—llm /f:[ (H—a,?/ (w,y)]:_

[F(w, y+8)—F

B
and in order that the function F be of bounded variation on I, it is
necessary and sufficient that

@)\
+ +1}dzdy;

a, 350

(63) lim sup -y , [1F@+a, y+p)—F (@, y)dsdy <+oo.

Proof. Let {F.} be the sequence of mean value integrals
(cf. § 7, p. 178) of the function F. Denote, for brevity, by R(z,y; a,f)
the expression under the integral sign on the right-hand side of (8.4),
and by Rn(z, y; a, B), for each positive integer =», the expression
obtained from E(z,y;a,f) by replacing F by Fn. Finally let us
write for n=1,2,...
En(@,y)=lim Ru(2,y; 0 /) ={[0F (@, y)j&T +[2Fn(w, 1)y +1)""

In order to establish the identity (8.4), it evidently suffices
to show that
(8.6) S(F;I,)<lim inf [ [ E(,y; o, B)dedy
a, >0 I
and
(8.7) S(F; 1) 3 lim sup [ [R(@,y; o, B)dwdy.
a, i
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For this purpose, let I be any interval in the interior of I,
By means of the inequality (5.2), p. 171, we easily find that

1/n1/n
(8.8) Ru(@,y; 0, ) <n? [ [R(@+u,y+v;q,p)dud.
00
Now let n be a positive integer, sufficiently large in order that
(@, y)el, |lu/<1l/n and [v|<<1/n should imply (x+u,y-+v)el,.

We then haveffR (@+u,y+v; a, B) dzvdy</fR (z,y; a, B)dzdy and

consequently, by (8.8), ffR (z,y; a, B)dedy << /fR(w,y, a, B)dzdy.

Making a— 0 and ﬂ—)O we obtain in the limit S(Fn; 1) <<

< lim inf f f R(xz,y; a,f)drdy. This relation being thus established
ap>0 7

for each interval I(C I5, we may replace, on its left-hand side, I
by I,, and making still n - co we obtain the relation (8.6).

In order to prove the relation (8.7), let us first observe
that the latter is obvious in the case in which S(F;I,)= 4 oo.
We may therefore assume that the function F(z, y) is of bounded
variation on I, and moreover (cf. § 4, p. 170) of bounded variation
on every interval in the plane and periodic with respect to each
variable. We can therefore determine an interval J,=[ay, b;; @y, byl
containing I, in its interior, such that its sides b,—a, and b,—a,
are the periods of F(z,y) with respect to z and y respectively.

This being so, we find easily, on account of the inequality (5.1),
p. 171, that, for any pair of positive integers n» and k,

k—1

Ru@, 5 & B) <7 > Balz+ialk, y-+ip/k; afk, BJk).

J=0

By integrating the two sides of this inequality over J,, and taking
account of the periodicity of the function ¥, we obtain

[ [Bal@,y; 0, B)dedy < [ [ Ru(z, y; afk, Blk)dwdy;
Jy Jo

and hence, passing to the limit, making first k— oo, and then n—>oo,
we find by Rado’s Theorem 7.3,
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[ [R(@, y; @, pdzdy <lim [ [ Ro(z, y)dody=Lim S(F.;Jo)=S(F; Jo),
Jo n " .l(, n

and so
(8.9) lim sup /R(w,y, a, B)dazdy < S(F; J,).

Now, by the result already established in the inequality (8.6),

we have hmmi]jR(w,y, a, f) dxdy =S (F; I) for every interval I.
@, 30

It follows at once that (8.9) remains valid when we replace the
interval J, by any subinterval of J, and in particular by the
interval I,. We thus obtain the relation (8.7).

Finally let us remark that on account of the relation (8.4),
in order that the area of the surface z=F(x,y) on I, be finite,
it is necessary and sufficient that

hm sup a |ff F(z+a, y)—F (z, y)|dedy <4oo

and

. 1 )y
lim sup 7 f, [ 1P, y+8)—F @, y)|dody <-+oo.

Now this pair of relations is easily seen to be equivalent to the
relation (8.5) which therefore expresses a condition necessary and
sufficient in order that the function # should be of bounded
variation on I,. This completes the proof.

A statement analogous to Theorem 8.3 can be made for curves (cf. Chap. IV,

§ 8). If C 18 a continuous curve defined by the equations =X (t), y=Y (), its length
on any interval I,={[a, b] 1is given by the formula

b 2 212
(8.10) s<0;1.,)=limf{[x('“)_x(”]+[Y(”";“Y‘”]}dt.
h->0
a

h

In particular therefore, in order that a continuous functions G(t) be of bounded
variation on an interval [a, b], it i8 necessary and sufficient that

(8.11) lim sup l‘/}G(H—h)—~-G(t)ldt<+oo.
h>o R
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This assertion can be proved by the method of mean value integrals in a man-
ner quite similar to that we made use of in the theory of areas of surfaces z=F'(z, y),
but for curves this method can be very much simplified. Let us observe further
that the relation (8.11) may he interpreted in a more general sense. In fact, given
any summable function G(t), the relation (8.11) is the necessary and sufficient
condition in order that the function G be almost everywhere on [a, b] equal to
a function of bounded variation (vide G. H. Hardy and J. E. Littlewood [1];
cf. also A. Zygmund (I, p. 106]).

Finally the relation (8.10) holds for any rectifiable curve given by the
equations z=X(t), y=2Y (¢), where the functions X(¢) and Y(t) are not necess-
arily continuous, provided however that for each t the point (X (), Y (t)) lies
on the segment joining the points (X (t—), Y (t—)) and (X (t+), Y (1+)).




CHAPTER VI

Major and minor functions.

8§ 1. Introduction. Major and minor functions (defined in § 3
of this chapter) were first introduced by Ch. J. de la Vallée Poussin
in his study of the properties of the Lebesgue integral and those
of additive functions of a set. Entirely equivalent notions (of
“Ober”- and “Unterfunktionen’) were introduced independently
by O. Perron [1], who based on them a new definition of integral,
which does not require the theory of measure. Although, in its original
form, this definition concerned only integration of bounded functions,
its extension to unbounded functions was easy and led, as shown
by O. Bauer [1], to a process of integration more general than
that of Lebesgue. Moreover, as we shall see in § 6, the Perron integral
may be regarded as a synthesie of two fundamental conceptions of
integration: one corresponding to the idea of definite integral as
limit of certain approximating sums, and the other to that of
indefinite integral understood as a primitive function.

It is usual to associate these two conceptions of integration
with the names of Leibniz and Newton. In accordance with this
distinction (which is largely a matter of convention) we shall call
a function of a real variable F indefinite integral, or primitive, of
Newton for a function f, if ' has everywhere its derivative finite and
equal to f. The function f will then be termed integrable in the sense
of Newton, and the increment of the function F on an interval I,
will be called definite integral of Newton of f on I, As is seen im-
mediately, this definition implies that any funection which is integrable
in the sense of Newton is everywhere finite. This restriction is
essential (cf. the example of § 7, p. 206) for the unicity of integration
in the sense of Newton, which then follows from classical theorems of
Analysis, or, if we like, from Thecrem 3.1, or from Theorem 7.1
of this chapter.

The theory of the integral was first developed on Newtonian lines.
This is easily accounted for if we think how much simpler the inverse
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of the operation of derivation must have seemed than the notion of de-
finite integral as defined by Leibniz. It was A. Cauchy [I, t. 4, p. 122]
who returned to the idea of Leibniz in order to apply it to integration
of continuous functions, for which the methods of Cauchy and
Newton are actually completely equivalent. This equivalence dis-
appears, however, as soon as we pass on, with Riemann, to inte-
gration of discontinuous functions. In fact, even in the domain
of bounded functions to which the Riemann process applies, there
exist on the one hand (as we see at once) functions which are inte-
grable in the sense of Riemann but have no primitive, and on the
other hand (as shown by V. Volterra [1]; cf. also H. Lebesgue
[II, p. 100]) functions which have a primitive but are not integrable
in the Riemann sense. Also the Lebesgue process of integration
does not include the integral of Newton, not even when the func-
tions to be integrated are everywhere finite.

Thus, the function F(x)=x?s8in (7#/2%) for xz+0, completed by writing
F(0)=0, has in the whole interval [0, 1] a finite derivative which vanishes for x=0
and which is bounded on every interval [¢, 1], where 0-<e<<1. On every interval
[e, 1] the function F(x) is therefore absolutely continuous. On the other hand,
on the whole interval [0,1] the function is not even of bounded variation. Hence
F’(z) i8 not summable on [0,1], since its indefinite Lebesgue integral could
then differ only by an additive constant from F(x) on [0,1], and this is im-
possible.

We have thus been led to the problem of determining a process
of integration which includes both that of Lebesgue and that of
Newton. As an application of the method of major and minor fune-
tions, we shall consider in this chapter (§§ 6 and 7) the solution of this
problem constituted by the Perron integral. Another solution, the
Denjoy integrals, will be treated in Chapter VIII.

The notions of major and minor functions, and their applications to Le-
besgue integration, will be discussed here for arbitrary spaces Rm. In defining
the Perron integral, however, we shall limit ourselves to functions of one real
variable. Although recently various authors have treated the extension of this
integral to Euclidean spaces of any number of dimensions, the present state of
the theory does not allow us to decide as to the importance of this genera-
lization. On the contrary, in the domain of functions of a real variable, the
method of major and minor functions as a means of generalizing the notion of
integral has already repeatedly shown its fruitfulness. In the memoir of
J. Marcinkiewicz and A. Zygmund [1], the reader will find new applications
of this method in connection with certain fundamental problems of the theory
of trigonometrical series (cf. also J. Ridder [11]»
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§ 2. Derivation with respect to normal sequences
of nets. Given a regular sequence N={N,} of nets of intervals
(vide Chap. III, § 2) in a space R,, and a function of an interval F
in R, we shall call upper derivate of F at a point x with respect to
the sequence of nets N the upper limit of the ratio F(Q)/|Q| as
6(Q)- >0, where @ denotes any interval containing » and belonging
to one of the nets of the sequence N. By symmetry we define
similarly the lower derivate of F at x with respect to the sequence of
nets N. We shall denote these two derivates by (R) F(x) and (RN) F(x).
When they are equal at a point »r, their common value will be
denoted by (3N) F(x) and called derivative of F at x with respect
to the scquence of nets N.

These definitions are similar to those given in § 15, Chap. 1V, in connection
with derivation of additive functions of a set (B) in a metrical space. It should
be observed, however, that additive functions of a set (B) correspond to ad-
ditive functions of an interval of hounded variation, whereas in the present § we
treat derivation of additive functions of an interval without supposing th'em
a priori of bounded variation. For this reason it will be necessary to impose
certain restrictions on the nets considered in this §, and to distinguish a class
of nets which we shall call, for brevity, normal nets. The latter are, in point of
fact, the nets occurring most frequently in applications (cf., for instance, Chap. III,
p. 58).

A system of intervals will be called a normal net in the space R,

; ; ; H _a 2) (2
when it consists of the closed intervals [af’, afli; ay), aili; ...; as”, ay ]

for k=0, + 1, 4+ 2,..,, which are determined by systems of num-
bers a{ subject to the conditions & <a{, for i=1,2,..,m and

k=..,—1,0,+1,.. and lima{= 4 co. A regular sequence of
k> - o0

normal nets will be termed normal sequence.

(2.1) Theorem. Let N=\N,) be a normal sequence of nets, g(r)
a function which is summable in the space R,, and F a continuous
additive function of an interval such that (i) (N)F (x)>—co at every
point x, excepl at most those of an enumerable set, and (ii) F'(xr)=g(x)
at almost all the points & at which the function F is derivable in the
ordinary sense.

Then for every imterval 1, we have

(2.2) P(1)> |g(z)da;
{

i. e. F' is a function of bounded variation, whose function of singul-
arities is monotone non-negative.
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Proof. Consider the points in every neighbourhood of which
there exist intervals I for which the inequality (2.2) is false, and let
P denote the set of these points. The set P is evidently closed,
and we see easily that the relation (2.2) must hold for every interval
I such that I°(C CP. For if this were not the case, we could deter-

mine first an interval I(CCP such that F(I)< fg(z)dr, and then,
I

by the method of successive subdivisions, a descending sequence {I,}
of subintervals of I such that 6(I,)—>0 as m—>oco and that

F(I,.)</'g(a:) dr for n=1, 2, .... Therefore, denoting by a the com-
I,

mon point of the intervals I,, we should have aeP, which is clearly
impossible.

It follows that in order to establish the validity of the in-
equality (2.2) for all intervals I, we need only prove that P=0.
Suppose therefore, if possible, that P 0. Let us denote, for any
pair of positive integers k and h, by N, » the sum of all the intervals I

of the net Ny for which F(I) >—h-|I|. Therefore by writing Ny=]] N n,
k~h

we obtain a sequence {N,} of closed sets whose sum, according to
condition (i), covers the whole space except for an at most enumerable
set. Consequently, on account of Baire’s Theorem (Chap. II, Theo-
rem 9.2), the set P contains a portion which either consists of
a single point, or else is contained in a set N, The former case is
excluded since it is evident from the continuity and additivity of
the function F that the set P contains no isolated points. Therefore
there exists a positive integer h, and an open sphere S such that

04 P-8C Ny, Let us write H(I)=F(I)+ho-I|+ [lg(x)dx where I
I

is any interval. We shall have H(I)Z>0 for any interval I such
that I°C CP, as well as for any interval I belonging to a net R,
of index k>h, and having points of the set N, in its interior.
Therefore H(I)Z>0 for any interval I(CS belonging to a net N
of index k>h,, and consequently, by additivity and continuity of H,
we have H(I)=0, i.e. F(I)>—~h0-ll|-—_[|g(x)|d.r, for any inter-
7
val IC S whatsoever. It follows at once that the function F
is of bounded variation in § and that the function of singularities
of F (cf. Chap. 1V, p. 120) is monotone non-negative in 8.
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Hence, by condition (ii), F(I)= / ‘F'(w)da;> f g(z)dxz for every inter-
i I

val IC 8. But since P-8 3 0 we thus arrive at a contradiction and
this completes the proof.

As an immediate corollary of Theorem 2.1, we have

'(2.3) Theorem. If N is a normal sequence of mets in the space R,
and if F is a continuous additive function of an interval such that:
(i) —o0 < (N) F(x) < (N) F(x) <<+ oo for each point x except at most
the points of an enumerable set, (ii) the (ordinary) derivative F'(x) is
summable on each portion of the set of the points at which this deriva-
tive exists; then the function F is almost everywhere derivable and is
the indefinite integral of its derivative.

For Theorems 2.1 and 2.3 cf. J. Ridder [2]. Let us remark that in the
case where the function F is of bounded variation, these theorems are included
in Theorem 15.7, Chap. IV, which concerns derivation of additive functions of
a set in an abstract metrical space.

It follows easily from Theorem 15.12, Chap. 1V, that F'(x)=(RN)F'(z)
almost everywhere for any regular sequence of nets of intervals 3t and for any
additive function of an interval F which is continuous and of bounded variation.
This remark enables us to replace condition (ii) of Theorem 2.1 by the following:
(ii-bis) F'(x)==(N)F'(x)>g(x) at almost all the points z at whick the two derivatives
F'(r) and (R)F'(c) exist, are finite and equal. Similarly we may modify condi-
tion (ii) of Theorem 2.3.

As it follows from an example due to A. J. Ward [7)], the inequality
(MF(x) —oo incondition (i) of Theorem 2.1 cannot bereplaced by (N)F(z):> —oo.

§ 3. Major and minor functions. Before introducing the
fundamental definitions of the theory of the Perron integral, we
shall prove

(3.1) Théorem. If an additive function of an interval F (not meces-
sarily continuous) has a non-negative lower derivate at each point x
of an interval I, then F(1,)2=0.

Proof. Let € be any positive number and write G(I)=F(I)+e¢-|I|
for every interval I. Then G(x)=>¢>0 at each point z¢ I, Suppose
that G([,)<<0. By the method of successive subdivisions, we could
then determine a descending sequence {I,} of intervals similar to I,
such that G(I,)<<0 for n=0,1,2,... and that d6(I,)—>0 as n-—>oo.
Therefore, denoting by x, the common point of the intervals I,
we should have G(r,)<<O which is impossible. Hence G(I,)>>0, and
this gives F(I,)>—e-|I, for each ¢>0, and finally F(I,) > 0.
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An additive function of an interval F is termed major [minor]
function of a function of a point f on a figure R, if, at every point z
of this figure, —coFF,()=f(x) [+ooFF(z)<f(x)]. It follows at
once from Theorem 3.1 that if the functions of an interval U and V
are respectively a major and a minor function of a function f on
a figure K, their difference U—V is monotone non-negative on R,.

(3.2) Theorem. If f is a summable function, then, for each ¢ >0, the
function f has an absolutely continuous major function U and an
absolutely continuous minor function V such that, for each interval I,

(33) 0<U()—[f(@)de<e and O<[f(@)da—V()<e.
I I

Proef. On account of the theorem of Vitali-Carathéodory
(Chap. I1I, Theorem 7.6) we can associate with the function f two
summable functions, one a lower semi-continuous function ¢
and the ether an upper semi-continuous function h, such that
(i) —ooFg(x)=f(®)=h(x)F +oo at every point x and that

(i) ./.[g(w)—f(a:)]d.r <& and /‘[f(a;)—h(x)]da:<£ for every interval I.
i 1

Therefore, if we denote by U and V the indefinite integrals of the
functions ¢ and h respectively, we find by Theorem 2.2, Chap. IV,
that Us(x)=g(x)=h(z)>V.(x), and so, on account of (i), that
—ooFU(z)=f(x) and + oo Vi(x)<<f(z) at each point z. Finally,
(ii) then implies the relations (3.3) and this completes the proof.

Theorem 3.2 can easily be inverted. Thus: in order that a function of a point f
be summable, it 18 necessary and sufficient that for each >0 there exist two absolutely
continuous functions of an interval U and V, the one a maijor and the other a minor
function of f, which fulfil the condition U (I)—-V (I)<Ce for every interval I. (These
absolutely continuous functions may clearly be replaced by functions of bounded
variation, and if the function f is supposed measurable, then, of course, for its

summability there suffices the existence of two functions of bounded variation,
one of which is a major and the other a minor function of f.)

» § 4. Derivation with respect to binary sequences of
nets. The theorems of § 2 concerned derivation of additive functions
with respect to any normal sequence of nets of intervals. For certain
purposes however, more special sequences of nets are required.
We shall say that a normal sequence {Rr—1,2,.. of nets in the space
R,, is binary, if the net Ny, (where k=1,2,...) is obtained by
subdividing each interval N of the net 9, into 2" equal intervals
similar to N.
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An application of this notion may be found in the following theorem which
is proved similarly to Lemma 11.8 of Chap.IV: If N is a binary sequence of nets,
any additive function of an interval F is derivable with respect to RN at almost all
the points at which either (N)F(x)>—oo or (N)F (x)< +oo.

Another application, of particular interest, is due to A. S. Besicovitch [3]
who, by using derivation with respect to a binary sequence of nets, established
a theorem on complex functions (vide below § 6). The substance of Besicovitch’s
result is coptained in Theorem 4.4 below. We must first, however, give some
subsidiary definitions.

For definiteness, just as in § 11, Chap. IV, we shall fix in the
space K, a binary sequence of nets Q={Q,}, where Q; denotes, for
k=:1,2,..., the net formed by the cubes

[p,/2", (P, +1)/2"% p,/2", (B, + 1)/2"5 .5 P/2" (P, +1)/2"]
where p,, p,, ..., p,, are arbitrary integers; it goes without saying
that in Theorem 4.4 this sequence may be replaced by any binary
sequence whatsoever.

Given a non-negative number @, we shall say that a function
of an interval F fulfils the condition (17) [condition (1,)] at a point ,
if 1;{1[1) i{)lfF(I)/[d(I)]“}O [lig{})i%p F(I)/[6(I)]“<<0], where I is any

>

interval containing x. If a function f fulfils the condition ah [((1:)]
at every point of a figure R, we shall say simply that f fulfils this
condition on R. Finally, we shall say that a function fulfils the
condition (l.) at a point, or on a figure, if it fulfils simultaneously
the conditions (17) and (7).

We recall further the notation A.(E) for the a-dimensional
measure of a set K (cf. Chap. II, p. 53).

(4.1) Lemma. Given a set E in the space R, together with a positive
integer k, and a non-negative number a <m, there exists for each >0
a sequence {Q,} of intervals belonging to the nets Q, for kZ=ko, which
fulfils the following conditions:

(i) 2 [0(Qn)]° << (4m)™-[Au(E) +£);

(i1) to each point x of E there corresponds a positive integer k==k,
such that all the intervals of the net Qi which contain the-point x belong
to the sequence {Qn).

Proof. Let us cover F by a sequence {E;}i-, 2 . of sets such
that 0<d(E,) <1/2%*" for i=1,2, ... and such that

(4.2) ;‘[6(E,»>]"<A«<E>+s.
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Let us denote by k;, for each i=1, 2, ..., a positive integer
such that

(4.3) 1/2% > 6(B) = 1/2%.

We easily see that k, >k, for every ¢, and that each net Q,

for i=1,2,..., can contain at most 2™ intervals having points in
common with E;. Let {@,} _,, be the sequence of all the intervals
belonging to the nets Qu,, Qg,, ..., Qx;, ... and having points in com-
mon with the sets E,E,,....E,... respectively. The sequence {Q }

clearly fulfils the condition (ii). Moreover, we find on account of (4.3),
0@ < 2™ Ym 2T N2 m 2% YT U < (4m) S [S(B)T'
and this by (4.2) gives at once the condition (i).

(4.4) Theorem. Suppose that F is a continuous additive function of
an interval in the space R, and fulfils the condition (1) where 0 < a <m,
and that g is a summable function. Suppose further that (i) (Q) F(x) >—o0
at every point x ercept at most those of a set E expressible as the sum
of an enumerable infinity of sets of finite measure (A.), and that
(ii) (Q)F(x)=g(x) at almost all points x; then

(4.5) F(l)>=> /g(a:) dx

I
for every interval I,.

Proof. Since the function F is continuous, it will suffice to
prove (4.5) in the case in which the interval I, belongs to one of
the nets Q,, to the net Q,, say. Further by changing, if necessary,
the values of g on a set of measure zero, we can assume that
the inequality (Q)Z'(z) = g¢(x) holds at every point x.

Let ¢ be a positive number and let V be a minor function of ¢
(cf. § 3, particularly Theorem 3.2) such that

(4.6) V(L) > [g(x)dz—e.
I,

Let us write G(I)=F(I)—V (I)+¢-|I|, where I denotes any interval,
We shall have (Q)G(z) = (Q)F(z)—V (x)+e>>¢>0 at every point
£ except at most at the points of E. Finally, since V,(z) <<+ oo at
every point z, the function V fulfils the condition (l.) and the func-
tion @ therefore fulfils the condition ().
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Let us now represent the set E as the sum of a sequence
{E}i=1,2,.. of sets of finite measure (A4.), and denote, for each pair of
positive integers ¢ and n, by R, ., the set of the points x such that the
inequality G(I)>—e-[6(I)]*/2'[A«(E:))+1] holds whenever I is an
interval containing =z and belonging to one of the nets Q; for k>=n.
The sets R; , are evidently measurable (B) (they are actually sets (®;)).
Moreover, since the function G fulfils the condition (1}), - the sum
2 R, . must, for each integer i, cover the whole space R,. Hence,

Wl'ltlng El'n::E[-(R[',,—R[',,__]) for n>1, and El,l—_-El'R[_,, we
find that

(4.7) A By =3 A(Bynd for i=1,2, ...

This being so, it follows from Lemma 4.1 that for each pair
of positive integers ¢ and n, we can determine a sequence (@',
of cubes which belong to the nets Q. for k¥ >mn, and fulfil the fol-

lowing conditions:
(4.8) Z[d(Q‘f’ <(4m)"-[4,(E, ) +1/2"];

(4.9) to each point weE,, there corresponds an integer &k =k, such
that each cube of the met Q. containing x, belongs to the se-
quence {Qfl:.} =1,2,...9

(4.10) each cube QU ) has points in common with the set E, and therefore

iL\n

fulfils the imequality G(Qm) —e-[d( Q“) )42 [A(E)+1].

For brevity, let us agree to say that an interval has the prop-
erty (A4), when it is representable as the sum of a finite number
of non-overlapping intervals I each of which either fulfils the in-
equality G(I)>0, or else coincides with one of the cubes QU’
remark that on account of (4.10), (4.8) and (4.7), the mequahty

G(R)>~e-2[6<9§{:>]“/2’[A,,(E,)+ 11>
=>—(4m)" Z[A (E1n)+1/2"1/2'[Aa(E) 4 1]= — (4m)" ¢

is valid whenever R is a flgure consisting of any finite number
of non-overlapping cubes Q( .y and therefore that the inequality

G(I)>—(4m)™-¢ must hold for every interval I having the prop-
erty (A).
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We shall now show that the interval I, itself has the prop-
erty (A), so that G(I,)==>—(4m)™e. Let us suppose the contrary.
We could then, starting with I, construct a decreasing sequence
{I,} of cubes belonging to the nets Q, and none of which has the
property (4). Let x, be the common point of these cubes. Then
either z,¢ F, and consequently, by (4.9), the sequence contains
cubes Ql(,f;; or z,e CE, so that (Q)G(x,) >0, and therefore G(I,) >0
for each sufficiently large p. Thus in both cases, the sequence {I,}
would contain intervals with the property (4) and we arrive at
a contradiction. It follows that G(I,)>=>—(4m)™e¢, and therefore,
by (4.6), that

F(10)=6(Io)+V (Iy)—&-|L|> [ g(@)dz—[1+(4m)" +|L,|]e;
I,
since ¢ is an arbitrary positive number. this gives the relation (4.5).

» § 5. Applications to functions of a complex variable.
We now interpret the points of the plane R, as complex numbers
and, as usual, we call complex function of a complex variable every
function of the form wu-tv where w and v are real functions in
the whole plane, or in an open set. The functions » and v are
termed real part and imaginary part of the function f. A complex
function is said to be continuous (at a point, or in an open set), if
its real and imaginary parts are both continuous.

Given a complex function f, continuous in an open set @, and
having the real and imaginary parts « and v respectively, we shall
write for every interval I=[a,, b,; a,, b,] contained in G:

b, b,
Juf; 1)=— [ [u(@, by) —u (2, a5) dz— [ [v(by, y) — v (ay, )] dy,

(5.1) ”',,_. b
Jf; D= [Tu(by y)—u(ay, y)ldy — [[v(2, by) —v(z, az)] dx,

and ‘ “
J(f; D= d,(f; I)+id,(f; ).

The expression J(f; I), which will also be denoted by /'fdz, will
()

be called curvilinear integral of the function f along the boundary

of the interval I. The function f will be termed holomorphic in an

open set @, if J(f; I)=0 for every interval IC (. (The equivalence
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of this definition of the term ,holomorphic“ — used here in place
of terms such as ‘‘regular”’, “analytic”, etc. — with the more familiar
definitions of the theory of complex functions, follows from the
well-known theorem of Morera [1].) We verify at once that this
relation holds when f(2)=az+b where a and b are any complex
constants.

If f is a complex function, continuous in an open set &, the
expressions J,(f; I) and Jy(f; I) are continuous additive functions
of the interval I in G. Moreover

|0,(6 DISIIF DI and  |Iof; DIS|I D

for each interval I in @. On account of Theorem 2.3, we there-
fore obtain at once the following theorem due to J. Wolff [1]
(cf. also H. Looman [2] and J. Ridder [1; 2]):

(5.2) Theorem. A complex function f, continuous in an open set @,
is holomorphic in G if at almost all points z of @,

.. 1 |
hmmf——)f 2)dz!=0,
Q] ) |
Q)

Q>0

and if at all points z of G, except at most those of an enumerable set,

. 1
lim sup‘—Qi—L)/f(z)dz

<+ oo,
Q0

where @ demotes any square containing z.

A complex function is called derivable at a point z,, if the ratio
[f(2)—f(2)1/(r—2,) tends to a finite limit when z tends to 2, in any
manner. This limit is called derivative of f at 2, and is denoted by f(2,).

Let f be any complex function, defined in the neighbourhood
of a point z, If we have lin'}foup IUf(20+h)—f(24)1/h]| <+ o0, we

can write f(z2)=f(2))+M (2)-(2—2,), where M(z) is a function of 2
which is bounded in the neighbourhood of z,; and we then easily
find that the ratio |J(f;Q)|/|Q|, and a fortiori the ratios |J,(f;Q)|/|Q|
and |J,(f; @)|/|@|, must remain bounded when @ denotes any suf-
ficiently small square containing 2, If, further, the function f is
derivable at 2z, we have f(2)=f(2,)+f (2,):(2—2,)+ £(2)-(2—2,),
where |€(2)|]—>0 as z—>z,, and the ratios in question tend to zero as
6(Q)—0. Finally, let us observe that if the function f is continuous,
the expressions J,(f; I) and J,(f; I), considered as functions of the
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interval I, both fulfil the condition (1,) of § 4. Therefore, if we apply
Theorem 4.4, we obtain the following theorem due to A. S. Besi-
covitch [3] (cf. also S. Saks and A. Zygmund [2]):

(5.3) Theorem. A compler function f, continuous in an open set G,

is holomorphic in G if it is derivable at almost all the points of G and if

further limsup |[f(z4hk)—f(2)]/h]| <+ oo at each point z of G exrcept at
h>0

most those of a set which is the sum of a sequence of sets of finite length.

The theorem of Besicovitch may be regarded as a generalization of the
classical theorem of E. Goursat [1]: A complexr function f, continuous in an open
set (7, is holomorphic in @ if it is everywhere derivable in G.T. Pompein [1] showed
that it is enough to suppose f derivable almost everywhere, provided that
we restrict the expression 1in’1l R:)lp |lf(z4+h)—-f(2)1/k to be bounded in G. Finally,

_)

H. Looman [3] (cf. also J. Ridder [2]) replaced the condition that the expres-
gion lim sup (f(2+ h)—f(2)]/h| i8 bounded by the condition that this expres-
h->0

sion is finite at each point of G. Theorem 5.3 evidently includes all these
generalizations.

The theorems of Morera and of Goursat, and their generali-
zations furnished by Theorems 5.2 and 5.3, contain criteria for
holomorphism which are based on the notion of curvilinear integral
and of derivation in the complex domain. The eclassical theorem of
Cauchy is an instance of a criterion of a different kind, expressible
in terms of real variable conditions on the real and imaginary parts
of a complex function; we have in fact, according to this theorem:
in order that a continuous function of a complex vari-
able f(2)= u(x,y)+ tv(z,y) be holomorphie in an open
set @, it is necessary and sufficient that the partial
derivatives u, ";;’ v, v; should all exist in G and be
continuous, and that they everywhere fulfil the Cauchy-
Riemann equations u =v, and u =—v.

A sgeries of researches begun by P. Montel [1] has been de-
voted to the reduction of these conditions, particularly that of the
continuity of the partial derivatives. The problem was finally solved
by H. Looman [2] and D. Menchoff (vide the first ed. of this book,
P. 243, and D. Menchoff [I]) who succeeded in removing completely
the condition in question without replacing it by any other. It is
remarkable that a classical problem of such an elementary aspect
should only have been solved by a quite essential use of methods
of the theory of real functions.



198 CHAPTER VI. Major and minor functions.

(5.4) Lemma. Let w be a real function of one variable, derivable
almost everywhere in an interval [a, b]; let F be a closed non-empty
subset of this interval, and let N be a finite constant such that

|w(2g) — w(2,)| <N |2 —a,|
whenever x,e F and x,e(a,b]. Then

(5.5) |w(b)—w(a) ——fw'(av)dmlgN-(b—-a.——lF|).
F

Proof. Let us denote by F, the set obtained by adding the
points a and b to the set F. The function %, equal to w on F, and
linear on the intervals contiguous to F,, is evidently absolutely
continuous on [a, b] (and even fulfils the Lipschitz condition). Hence

b
(5.6) w(b)—w(a)= i (b)— ¥ (a) = [ ¥ (z) da.

Now w'(x)=w'(x) at almost all the points z of F and |%w'(z)|<N
at each point z outside F. The relation (5.5) therefore follows at
once from (5.6).

(5.7) Lemma. Let w(x,y) be a real function whose partial derivatives
with respect to the two variables x and y exist at every point of
a square @, except at most at the points of an enumerable set; and
let F be a closed non-empty subset of Q, and N a finite constant
such that

0 (@gy Y1) —w (T3 Y SN - |By—2y| and |w(y,Yg) —w (21, )| << N |ys—i

whenever (ry,9y,)eF, (Tyy)e@, and (xy,y,)eQ.

Then if [ay,by; ayb,] denotes the smallest interval (which may
be degenerate) containing F, we have

b,
| [(w(, b)) —w(@, a,)lde— [ [w)(z, y) dwdy|<5N-|Q—F|
(5.8) *, F

|06y, 9)—0(as, 9)1dy — [ [1(@, y) dody|<5N-|@—F|
ay F

Proof. Let us choose arbitrarily two points (z', a,) and (2", b,)
belonging to the set F and situated on the two sides of the interval
[ay by; a, b,] parallel to the z-axis. For any point & of [a,,b,] we
have jw(§, by) —w (£, a,)| S |w (8, bg) —w (2", by)| +-w (2", by) —w (', by)|+
+w(a’, by) —w(2’, ay)|+|w(2’, a3) —w (£, a5)|; and hence, denoting by !
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the length of the side of the square @, we obtain

'w(§7 bz) ~'w(§', “2)|<
SN[ — & +]a" —a"| +|ag—by| +|E—a'|] < 4NL.
We now denote for any point & of [a,, b,], by F; the set of
all the points y of [a,, b,] such that (§,y)eF. Let A be the set of
the points § of the interval [a,, b,] for each of which F:%0, and
let B denote the set of the remaining points of [a,, b;]. On account
of Lemma 5.4 we have

|0 (E.b2) —w(&, @) — [w, (& y) dy| < N-(br—a,—| F¥))
Fﬁ
whenever §e A, and if we integrate the two sides of this inequality
with respect to § on the set A, we find

| [T, bo)—w (& ay)1dE— [ [w) (&, y) dyds|<
A F
<K N-[(by—ay) (by—ay) —|F|]<< N-|Q —F|.

(5.9)

(5.10)

On the other hand if we integrate (5.9) with respect to § on the
set B, we obtain | [[w(& by)—w (& ay)]d§|<4NL-|B|<4N-|Q—F|,
B

and by adding this to (5.10) we obtain the first of the inequalities (5.8).
The second inequality follows by symmetry.

(5.11) Theoremn of Looman-Menchoff. If the functions w(xz,y)
and v(x,y), continuous in an open set G, are derivable with respect
to x and with respect to y at each point of G except at most at the points
of an enumerable set, and if wy(z,y)="v,(x,y) and uy(x,y)= —v(z,y)
at almost all the points (z, y) of G, then the complex function f=wu-+iv
18 holomorphic in G.

Proof. Let us denote by F the set of the points (z,y) of G
such that the function f is not holomorphic in any neighbourhood
of (z, y). The set F is evidently closed in G and the function f is
holomorphic in G—F. It thus has to be proved that F is empty.

Suppose therefore, if possible, that F4=0 and let ¥, denote, for
each positive integer =, the set of the points (z,y) of G such that,
whenever |h|<C1/n, none of the four differences u(z-h,y)—u(z,y)
w(@, y +h)—ulz,y), v(a:—}-h,y)-—v(x,y), o(z,y+h)—v(z,y) exceeds Inh'
in absolute value. By continuity of the functions u and v, each
of the sets F, is closed in @. On the other hand, the sets F', cover
the whole set G, except at most an enumerable set consisting of
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the points at which the functions # and v are not both derivable
with respect to x and with respect to y simultaneously. Therefore,
on account of Baire’s Theorem (Chap. IT, Theorem 9.1), the set F(C @
contains a portion which either reduces to a single point, or else is
contained entirely in one of the F,. The former possibility is ruled out,
since, as we easily see on account of the continuity of f, the set ¥
cannot contain any isolated points. There must therefore exist a
positive integer N and an open sphere § such that 0 +F-SC Fy.

Let @ be any square contained in 8. such that J(Q)<C1/N
and @-F3=0. We denote by I=[a,, b,; a,, b,] the smallest interval con-
taining @-F. By applying the evaluations of Lemma 5.7 to the
integrals on the left-hand sides of the formulae (5.1) and by taking
into account the relations wy(x,y)=v,(x,y) and u,(xr,y)=—v4(x,¥y)
which are, by hypothesis, fulfilled almost everywhere, we find
[J(f; I)|<C10N-|Q —F| and |Ju(f; I)|<<10N-|Q —F|, and therefore
|J(fs T)|<<20N-|Q —F|. This last inequality may also be written
|J(f; @)|<<20N-|Q —F|, since the figure Q&I contains no points
of F in its interior, and since therefore J(f; B)=0 for each interval
R contained in QOI.

Now let z,=(xy, y,) be any point of §, and let @ be any square
containing 2,. By what has just been shown, if z,¢ F we have
13(/; @1/1Q| < 20N-|Q —F|/|Q| as soon as 6(Q)<<1/N; the ratio
J(f; Q)/|Q| therefore remains bounded as 6(¢Q)— 0 and tends to zero
whenever z, is a point of density of F. Further |J(f; Q)|/|@|->0 as
6(Q)—>0, whenever zyeS—F, since J(f; @)=0 for every square @
which does not contain points of F. Therefore by Theorem 2.3,
the function f must be holomorphic in §. This is, however, excluded
since 8-F 4 0. We thus arrive at a contradiction and this completes
the proof.

Theorem 5.11 was stated (even in a more general form) by P. Montel (2]
ag early as 1913, but without proof. The proof supplied by H. l.ooman (2] in 1923
was found to contain a serious gap which was only finally filled in by D. Men-
choff (cf. D. Menchoff [I] and the first edition of this book, p. 243).

By making use of general theorems on derivates (vide, below, Chap. IX)
it is possible to weaken slightly the hypotheses of the theorem. Thus instead
of assuming partial derivability of the function « and v, it is sufficient to sup-
pose that at each point of G (except at most those of an enumerable
set) these functions have with respect to each variable, z and y,
their partial Dini derivates finite. This condition implies (cf. Chap. VII,
§ 10. p. 236, or Chap. IX, §4) partial derivability of the functions » and v with
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respect to each variable at almost all points of ¢ (this generalization of the
theorem of Looman-Menchoff does not require any alteration of the proof;
for other and much deeper generalizations, vide the memoirs of D. Menchoff
[1: 2).

The extension of Theorem 5.11 which we have indicated, includes in par-
ticular the theorem of Looman mentioned above, p. 197, but not however the
theorem of Besicoviteh (5.3). It would be interesting to establish a theorem which
would include hoth the theorem of Besicovitch and that of Looman-Menchoff.

§ 6. The Perron integral. For functions of one real vari-
able, as announced in § 1, the method of major and minor func-
tions leads to an important genemhzatlon of the Lebesgue integral.

A function of a real variable, f, is termed integrable in the sense
of Perron, or &integrable, on a figure K, in I, if 1° f has both major
and minor functions on R,, and if 29 the lower bound of the numbers
U(R,), where U is any major function of f on R, and the upper
bound of the numbers V(R,), where V' is any minor function of f,
are equal. The common value of the two bounds is then called
definite Perron integral, or definite J-integral, of f on R, and de-
noted by (&) / f(x)de. It is evident that for Sintegrability of a fune-

R,
tion f on a figure R, it is necessary and sufficient that for each ¢ >0
there should exist a major function U and a minor function V of f on R,
such that U (R,)—V (R,) <e.

Since (cf. § 3, p. 190) the function U-—V is monotone non-
decreasing for every major function U and every minor function V
of f, it follows that every function which is &integrable on a figure R,
is so also on every figure R(C R, The function of an interval

P(l)=(& /j )dx, thus defined for every interval IC R,, is called

indefinite Perr(m integral, or indefinite J-integral, of f on R,. As we
see at once, P(I) is an additive function of the interval I. Moreover,
given any positive number ¢, there exist always a major function U
and a minor function V of f, such that 0<CU(/)— P(I)<<e and
O<P(I)—V (I)<¢ for every interval I Ry; and since U(r)> —oo
and V(r) < +oo at each point »r of R,, it follows at once that the
funection P is continuous. Just as in the case of the Lebesgue integral,
a function of a real variable is termed wdefinite &-integral [major
function, minor function] of a function f, if this is the case for the
function of an interval determined by it (cf. Chap. III, § 13).
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As we see at once from Theorem 3.2, cvery function which
18 integrable in the sense of Lebesque on a figure R,, is 3o in the sense
of Perron, and its definite Lebesgue and Perron integrals over R, are
equal. On the other hand, if F is the primitive of Newton (cf. § 1)
of a function f, the function F is at the same time a major and
a minor function of f, and therefore is the indefinite &-integral of f.
It follows that Perron’s process of inmtegration includes both that of
Lebesgue and that of Newton.

We shall establish some fundamental properties of the Perron
integral.

(6.1) Theorem, Every &-integrable function is measurable, and is almost
everywhere finite and equal to the derivative of its indefinite integral.

Proof. Let f be a function of a real variable, & integrable
on an interval I,, and let P be its indefinite #-integral on I,. It has
to be proved that the function P has at almost all points z, a finite
derivative equal to f(x).

For this purpose, let € be any positive number and U a major

function of f such that
(6.2) U(ly)— P(I,) <<é€.
Let us write H=U —P. The function H, as monotone non-decreasing,
is almost everywhere derivable, and if we denote by E the set of
the points z of I, at which H'(x) >¢, we find, by (6.2) and Theo-
rem 7.4, Chap. IV, that |E| < .

Now at each point zel, where the function H is derivable,
U(z)=H'(z)+ P(z); hence P(z)>—oco and P(x)=U(r)—e=> f(x)—e
at almost all the points « of I,— E. Therefore, since | E|<C¢, ¢ being
an arbitrary positive number, it follows that —oo= P(x) = f(x) at
almost all the points x of I,, By symmetry this gives also
+ ooz P(x) <<f(x), and finally co=P’(x)=f(x) almost everywhere
in I,

(6.3) Theorem. If two functions f and g are almost everywhere equal
on a figure Ry and one of them is &-integrable on R, $o is the other
and the definite J-integrals of f and g over R, are equal.

Proof. Suppose that the function f is & integrable and denote
by A the value of its definite integral over R,. Let ¢ be any positive
number and let U and V be two functions of an interval, which
are respectively a major and a minor function of f on R, and which
fulfil the inequalities
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(6.4) U(R)=A=V(R,) and U(Ry)—V(R,)<el3.

Let us denote by E the set of the points « at which f(r) 3 g(x).
The function equal to 4 oo at all the points of E and to 0 every-
where else is therefore almost everywhere zero, and by Theorem 3.2
has a major function G such that 0 <CG(R,)<¢/3. We have G(r)= + oo
at each point z¢ E and writing U,=U+G, V,=V —G@, we see that
the functions of an interval U, and V, thus defined are respectively
a major and a minor function of the function ¢ on R, Moreover
by (6.4), Uy(Ry)=AZ=V,(R,) and U,(R,)—V,(R,)<Ce. Therefore

the function ¢ is J*integrable on R, and A= (&) / 'g(x)dm, which
completes the proof. R,

(6.5) Theorem. Every function f which is &-integrable and almost
everywhere mon-negative on a figure R,, i8 summable on this figure.

Proof. We may assume, by Theorem 6.3, that the function f
is everywhere non-negative on R, Therefore if U is any major
function of f, we have U(x)=f(x)==0 at every point zeR, and
consequently, by Theorem 3.1, the function U is monotone non-
decreasing. Its derivative U'(x) is therefore summable on R, and,
since U'(x) == f(x) =0 almost everywhere, the function f is also sum-
mable on R,.

Theorem 6.5 shows that, altnough Perron integration is more general
than Lebesgue integration, the two processes are completely equivalent in the
case of integration of functions of constant sign.

§ 7. Derivates of functions of a real variable. Certain
of the theorems of §§ 2 and 3 can be given a more complete statement
when we deal with functions of one real variable. We shall begin
with the following proposition which is due to Zygmund:

(7.1) Theorem, If F(x) i8 a finite function of a real variable such
that (i) lim sup F(x—h) << F(z)<limsup F(x + h) at every point x, and
A0+ B0+

(ii) the set of the values assumed by F (x) at the points x where F'(r)<0
contains no mnon-degenerate interval, then the function F i8 monotone
non-decreasing.

Proof. Suppose, if possible, that there exist two points a
and b such that a <b and that F(b) < F(a). Then, denoting by E
the set of the points # at which F*(x)<C0, we can determine a value y,
not belonging to the set F[E] and such that F(b) <<y, <<F(a). Let
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£, be the upper bound of the points x of [a,d], for which F(x)= y,.
We shall obviously have a <<xy<<b, F(xy)=y, and F(r)<y, for
each point x of the interval [x,, b]. Therefore F"(x,)<<0, although r,
does not belong to E. This is in contradiction with the definition
of the set K.

Lot us mention the following consequence of Theorem 7.1:

Dini’s Theorem. Given on an interval I=|a,b] a continuous function F (x),
the upper and lower bounds of each of its four Dini derivates are respectively equal
F(ry)-—F(x)

to the upper and lower bounds of the ratio 7
Tom Xy

points of I.

, where r, and x, are any

Let, for instance, m be the lower bound of the derivate P+(x) on the inter-
val I, and suppose first that m _>—oo. Then, if m’ denotes any finite number
less than m, the function F(x)—m’-x has everywhere on [a, b} its upper right-
hand derivate positive; and so by Theorem 7.1. F(ry)-—F(r)) =m's(£,—xy),
and therefore also [F (x;)— F(r)))/(xy—x,) "~ m, for every pair of points r, and r,
of I such that x,<<.r,. Since the inequality just obtained is trivial in the case
m— --co, the theorem follows.

An immediate consequence is the following theorem:

If any one of the four Dini derivates of a continuous function is continuous
at a point, so are the three others, and all four derivates in question are equal, so
that the function considered is derivable at this point.

These two propositions were proved by U. Dini [I] in 1878.

(7.2) Theorem. If H is a finite function of one variable such that
(i) limsup H(x—h) << H(x) < limsup H(x+ h) at every point x, and
h>0-+ h>0+

(ii) H*(x)==0 at every point x except at most at those of an enumer-
able set, then the function H i8 monotone non-decreasing.

Proof. Let ¢ be a positive number and write F(r)=H (r)+ €x.
We have F'(x)>>¢>0 at each point = except at most at those of
a finite or enumerable set E. The set F[E] being, with E, at most
enumerable, it follows from Theorem 7.1 that the function
F(x)=H (r)+ ¢x is non-decreasing for each ¢>0; and by making
¢ —> 0 we obtain the assertion of the theorem.

(7.3) Theorem. Suppose that F i3 a continuous function and g
a &-integrable function of a real variable, and that, further, we
have (i) F*(z)>g(x) at almost all points z and (ii) F'(x)>—co
at every point x, except at most at those of an enumerable set; then

b
(7.4) F(b)—F(a) > (9) [ g()do

for every pair of points a and b such that a <b.
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If, in addition, (i,) F*(z) =g¢(x) =F*(x) at almost all points x
and (iiy) F*(z) >—oc0 and F* (x) <+ oo at every point z except at most
at those of an enumerable set, then the fumction F is an indefinite
&-integral of g.

Proof. We may obviously assume that F'(x) >g(z) at every
point z. Therefore, denoting by V any minor function of g, and
writing H=F—V, we shall have H" (x)>F*(z)—V ' (#)>>0 at every
point z, except at most at those of a finite or enumerable set where
Ft(x)s=—oco. Further, since the function F is continuous, the
inequality V(z)<+ oo, which holds at every point z, implies that the
function H satisfies the condition (i) of Theorem 7.2. Consequently.
by Theorem 7.2, H(b)—H (a)>0, i.e. F(b)-—F(a)=>V (b)--V(a), and
since V is any minor function of g, we obtain the inequality (7.4).

The second part of the assertion is an immediate consequence
of the first part.

As we easily see, the condition of continuity of the function ¥ in the
first part of Theorem 7.3 may be replaced by the condition (1) of Theorem 7.1.

Theorem 7.3 constitutes, on account of Theorem 7.4, Chap. IV, a general-
ization of the following theorem of Lebesgue [I, p. 122; 2; 3; 4; II, p. 183]:
in order that one of the derivates of a conlinuous function, supposed finite, be sum-
mable, it is necessary and sufficient that this function be of bounded variation; its
absolute variation is the inlegral of the absolute value of the derivate in question.
Let us add that in the case in which the function F is assumed to be of bounded
variation, Theorem 7.3 is included in Theorem 9.6 of Chap. IV.

The condition (ii) of the first part of Theorem 7.3, as well as the con-
dition (ii;) of the second, is quite essential for the validity of the theorem. It is
possible, in fact, to give an example of a continuous function whose derivative
exists everywhere and is summable, without the function being the indefinite
integral of its derivative, and this because the latter assumes infinite values.
To see this, we shall first show that given any closed set E of measure zero in
an interval Jy=[a, b], there exists a function G, absolutely continuous and in-
creasing in .J,, which has a derivative everywhere in J, and fulfils the conditions
(7.5) G'(x)=+oco for zeE and G'(x)+ 400 for zeJ,—E.

Let us suppose for simplicity that E contains the end-points a and b

of J, and let us denote by {[an,bn]} the sequence of the intervals contiguous

to E. Let {hn} be a sequence of positive numbers such that
oo

(7.8) lim hp/(bn—an)=+oco and (7.7) ha=1
n 1

n=
oo

. . . . — — 1\
(it suffices to write, for instance, hn=yrn—|r"+‘, where 7p= Eé\l (bi—as)).

Let us write . f=n

(7.8) o)< hn/(z—an)'"? (ba—2)'2, when an<ax<bn,
’ \ +00, . when zekE.
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Thus defined the function g(z) is non-negative on J, and summable on J,,
ba b
gince fg(z)dx:nh,,, so that by (7.7) we have fg(.v)dx:n. Let G be the indefi-

a a
nite inntegral of g on J,. In order to verify that the function G fulfils the con-
ditions (7.5), we observe that the function g(z) is continuous for every zeJ,—E;
on the other hand, if we denote by m, the lower bound of ¢g(z) in [an, bn] we derive
from (7.6) that lim mp=lm 2kn/(bn—an)=+o0c0, from which it follows that

n n
lim g(x)=+oco=g(x,) for every z,¢ E. Consequently G'(z)=g(x) for every z,

;;3 therefore, by (7.8), the conditions (7.5) hold.

Now let (cf. Chap. ITI, (13.4)), H(z) he a continuous non-decreasing sin-
gular function on J,, which is constant on each interval contiguous to the set K,
and such that H(a)+ H (b). Let us put F=G+H. As we verify easily from (7.5),
we have F'(z)=G'(xr)=g¢g(x) at every point z of J,. The function F therefore
has everywhere a derivative which is summable on J,. But, since H is the
function of singularities of the function F, the latter is certainly not absolutely
continuous, let alone the indefinite integral of its derivative. (The functions
G and F provide at the same time an example of two functions whose deriv-
atives, finite or infinite, exist and are everywhere equal, without the difference
G—F being a constant; cf. H. Hahn [1] and 8. Ruziewicz [1].)

In connection with these examples, it may be interesting to mention the
following theorem (vide G. Goldowsky [1] and L. Tonelli [8]):

(7.9) Theorem. If a continuous function F has a (finite or infinite) derivative
at each point of R, except perhaps at the points of an enumerable set, and if this
derivative i8 almost everywhere non-negative, the function F 18 monotone mnon-de-
creasing.

Proof. Let E be the set of the points z such that the function F is not
monotone in any neighbourhood of x. The set E is evidently closed, and the
function F is non-decreasing on every interval contained in CE. It therefore
has to be proved that the set E is empty.

Suppose, if possible, that E+0, and denote for every positive integer n
by Pn the set of the points z for which the inequality 0 <z —z<<1/n implies
F(x')—F (z) <— (x’—zx) however we choose z’. Similarly let @, be the set of the
points x for which the same inequality implies F(z')—F (z)>—2(z'—z). We
see easily that the sets P, and Q. are closed, and that they cover the whole straight
line R, except at most the finite or enumerable set of the points at which the
function F' is without a derivative. Consequently, by Baire’s Theorem (Chap. II,
Theorem 9.2) the set E must contain a portion which either 1° reduces to a single
point, or else 2° is contained in one of the sets Pp, or finally 3° is contained in
one of the sets @,. The first case is obviously impossible, since the set E has no
isolated points. Let us therefore consider case 2°, and suppose that there exists
a positive integer n, and an open interva! I such that 0+ E.-IC Pn,. We may
clearly suppose that é(I) < 1/n,. Since by hypothesis, F’(x) >0 almost everywhere,
the set P,, is certainly non-dense. Let [«,b] denote any interval contiguous
to E.I. The function F is then non-decreasing on [a, b] and this contradicts the
fact that, since a and b belong to P,, and b—a < 1/n,, we have

F(b)—F(a) < —(b—a)<0.
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There now remains only case 3°. In this case there exists an open interval I
such that the set E.I is non-empty and is contained in one of the sets Q,. But
then Ft(z)>—2 everywherein I, and F’(x)>0 almost everywhere, in I. Therefore,
by Theorem 7.3, the function F iz non-decreasing in I, and this again is impos-
gible since the interval I contains points of E in its interior.

We thus arrive at a contradiction in each of the three cases, and this

proves our assertion.
Let us mention a corollary of Theorem 7.9:

If F 113 a continuous function having a derivative at every point, exrcepl per-
haps at those of an enumerable set, and if there exists a finite constant M such that
|F'(z)| <M at almost all points x, then the function F is the indefinite integral of
its derivative.

+»$8. The Perron-Stieltjes integral. Among the various gen-
eralizations of the Stieltjes type for the Perron integral (vide for in-
stance R. L. Jeffery [2;3],J. Ridder[9] and A.J. Ward [3]), that
due to Ward has the advantage of including the others and of defining
the process of Stieltjes integration with respect to any finite func-
tion whatsoever. In this § we shall give the fundamental defi-
nitions and results of the theory of Ward. For a deeper analysis,
in the case in which the function with respect to which we integrate
is of generalized bounded variation in the restricted
sense (vide below, Chap. VII) the reader should consult the memoir
of Ward referred to.

As in the two preceding §§ we shall consider only functions
defined in R, i. e. functions of a linear interval or of a real variable.
We shall, moreover, restrict ourselves to integration of finite func-
tions. This restriction is essential for the methods which we shall
employ.

Given two finite functions f and G, an additive function of an
interval U will be termed major function of f with respect to G on
an interval I,, if to each point x there corresponds a number £¢>0
such that U(I)>f(x)G(I) for every interval I containing » and
of length less than &. The definition of minor function with respect
to @ is symmetrical, and by following the method of §6, p. 201, with
the help of the notions of major and minor functions with respect
to @, we define Perron-Stieltjes integration, or &&-integration with
respect to any finite function G whatever. The &#8§-integral of a func-
tion f with respect to a function G on an interval I =[a, b] will

b
be denoted by (#5) [f(z)dG(x), or by (8¥) [f(x)dG ().
i 0
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If U and V are respectively a major and a minor function
of the same function f with respect to the same function @, their
difference U —YV is evidently monotone non-decreasing. The criterion
for &S-integrability of a function is entirely similar to that for
&integrability given in § 6, p.201, and it follows that every func-
tion which is &$-integrable on an interval I,, is so equally on each
subinterval of I,, We are thus led to the notion of indefinite
&S$-integral with respect to any finite function G. This indefinite inte-
gral is an additive function of an interval, and is continuous at each
point of continuity of the function G. Finally we observe that the
&$-integral possesses the distributive property which we may express
a8 follows: If each of the two finite functions f, and f, is &S-integrable
on an interval I, with respect to each of the two functions G, and G,
then each linear combination of the functions f, and f, is &S-integrable
with respect to each linear combination of the functions G, and @,
and we have

(@8) [ (a,f, 4,1, d(b,G, +b,G)= D'ab,(9) [d6G,
I, I,

i, k=1,2

for all mumbers a,, a,, b, and b,.

If G(x)=x for every point x (or, what amounts practically
to the same, if G(I)=|I| for each interval I) &&-integration with
respect to G coincides with &integration. In fact, if f is any finite
function, each major [minor] function of f with respect to the
function G(z)=x in the sense of Ward, is at the same time a major
[minor] function of f in the sense of the definition of § 3; the con-
verse i8 not true in general, but we see at once that if U is a major
function of f in the sense of § 3, the function U(x)+¢x is for each
€>0 a major function of f with respect to G(xr)=«. Thus the
Perron-Stieltjes integral includes the ordinary Perron integral, at
any rate as regards integration of finite functions. On the other
hand, the Perron-Stieltjes integral includes also the Lebesgue-
Stieltjes integral. We have in fact

(8.1) Theorem. A finite function f integrable in the Lebesgue-Stieltjes
sense on an interval I ={[a,, by] with respect to a function of bounded
variation G, 18 80 also in the Perron-Stieltjes sense and we have

by b,
(8.2) (#5) [14G = [ dG—{f(ao)[6(ag)—G(ay—)]+(bo) (G (by+)—G(bo)]).
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Proof. Let us denote for brevity, by A the right-hand side
of the relation (8.2). We may evidently assume that the function f
is non-negative and it is enough to consider only the following
two cases:

1° G is a continuous non-decreasing function. The
proof is then just as in Theorem 3.2. Let ¢ be any positive number.
Since the function f is finite, there exists by the theorem of Vitali-
Carathéodory (Chap. III, § 7) a lower semi-continuous function g,
integrable (@) in the Lebesgue-Stieltjes sense, such that g(z)> f(x) at
each point x# and such that / [9(z)—f(x)]1dG(x) <e. Denoting by U

the indefinite integral (G)Ioof the function ¢, and taking account
of the lower semi-continuity of g, we see easily that U is a major
function of f with respect to G on I,. Moreover, the function G being
continuous by hypothesis, the number 4 is equal to the integral

by

ffdG and we find 0<CQU(I[,)—4 <e. By symmetry we determine
also a minor function V of f with respect to @G on I, in such a manner
that 0<CA—V(I,)<<e and this establishes &$&-integrability of f
on I, and at the same time the validity of the formula (8.2).

20 @ is a non-decreasing saltus-function. Let us denote
by {%nln-—1.2,.. the sequence of the points of discontinuity of G
which are in the interior of the interval I,; and let € be any positive
number and {k.}n—1,2,... @ sequence of positive numbers such that

(8.3) 2’k,,-[G(x,,+)—G(x,,~)]<e and lim k= +-co.

Let us define a function h in R,, by writing: h(x)=f(r) for all
the points x of I, which are distinct from the points z,; k(x,)=f(2n)+ ka
for n=1, 2, ...; and h(x)=f(a,) for x <a,, and h(z)=f(b,) for x> b,.
Finally let us write, for each interval I=[a, b],

b
U(I)=[ h(@)dG(2)—h(a)[G(a)—G(a—)]+h (B)[G(+)—G ()]

The function of an interval U thus defined is evidently ad-
ditive, and as we easily verify, is a major function of f with respect
to G on I,. Moreover, it follows at once from (8.3) that 0<CU(I o) — A< e,
Similarly we determine a minor function V of f with respect to Q
80 a8 to have 0<CA—V(I,)<|¢ hence A=(s?8)_/ fdG@, and this
completes the proof. L
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Formula (8.2) brings out the fact that the definite Perron-Stieltjes and
Lebesgue-Stieltjes integrals are not always equal, even for a function f integrable
in both senses. This is due to the fact that the indefinite integral of L.ebesgue-
Stieltjes is not in general an additive function of an interval. We could, of course,
modify the definition of this integral so as to ensure its additivity as a function
of an interval. The term in brackets { } would then disappear from the
formula (8.2), but it would then be necessary to give up the additivity of the
indefinite Lebesgue-Stieltjes integral considered as a function of a set (cf.
Chap. VIII, §2).

Let us mention further the following generalization of Theo-
rem 6.1 on derivation of the indefinite Perron integral:

(8.4) Theorem. If P is an indefinite &$-integral of a finite function f
with respect to a function G, then, at almost all points x, the ratio
(8.5) [P(I)—f(z) G(I)]/|I]

tends to 0 as 6(I)— 0, where I denotes any interval containing x.

Hence at almost all points x, P(x)=f(x)G(x) and P(x)=f(zx) G (x)
or else P(x)=f(x)G(x) and P(x)=f(x)G(x) according as f(x)==0 or
f(®) << 0; in particular P'(x)=0 at almost all points x where f(x)=0.

Proof. The proof is quite similar to that of Theorem 6.1.
Let I, be an interval, & a positive number, and U a major function
of f with respect to @ on I, such that U(I,)—P(I,) <&. We write
H=U—P. The function H is monotone non-decreasing, and we
have H'(x) << e at every point xe I, except at most those of a set £
of measure less than e. Now, since U(I)—f(z)G(I)>=0 for every
point x and for every sufficiently small interval I containing x, the
lower limit of the ratio (8.5), as d(I)—0, exceeds —e at each point =
except at most at those of E. Therefore, € being any positive number,
this limit is non-negative for almost all points x. Combining this
with the symmetrical result for the upper limit of the same ratio,
we complete the proof.

Another generalization of Theorem 6.1, also due to Ward,
uses the following definition of relative derivation, which is slightly
different from that given in Chap. IV, § 2 (cf. A. J. Ward [3] and
A. Roussel [1]).

Given two finite functions of a real variable # and @, we shall say
that a number a is the Roussel derivative of the function F with
respect to G at a point x,, if when I denotes any interval containing x,,
we have (i) F(I)—a-G(I)—>0 and (ii) |F(I)—a-G(I)|/O(G;I)~>0,
a8 6(I)—>0 (the ratio in (ii) is to be interpreted to mean 0 whenever
its numerator and denominator vanish together; O(G; I) denotes,
in accordance with Chap. III, p. 60, the oscillation of G on I).
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When the oscillation of the function G at z, is finite, the condition (ii)
evidently implies (i); however, when o(G; z,)=-+co, the condition (i) plays an
essential part, whereas (ii) is then satisfied independently of F' and of a.

It is also to be observed that when o(G; z,) <~ 400, and when F is a function
which has the relative derivative Fg(x,) (cf. Chap. 1V, § 2, p. 109), the latter is
also the Roussel derivative of F with respect to G. Finally, in the case of deri-
vation with respect to monotone functions, the two methods are completely
equivalent. In particular therefore, when G(x)==x, Roussel derivation with
respect to G it equivalent to ordinary derivation.

The proof of the theorem on Roussel derivability of the in-
definite &#8-integral is much the same as that of Theorems 6.1 and 8.4;
it depends, however, on the following lemma which may be regarded
a8 a generalization of a result of W. Sierpinski [4].

(8.6) Lemma. Let G be a finite function of a real variable, E a bounded
set in R,, and 3 a system of intervals such that each point of E is a
(right- or left-hand) end-point of an interval (3) of arbitrarily small
length.

Then, given any number u <|G[E]|, we can select from 3 a finite
system {I,} of mom-overlapping intervals such that

Z 6L >

Proof. Suppose, for simplicity, that the set E lies in the open
interval (0,1). For each positive integer =», let 4, and B, denote
respectively the sets of the points of E each of which is respectively
a left- or right-hand end-point of an interval (3) contained in (0,1)
and of length exceeding 1/n. We evidently have E=lim (A4,+B,) and

l\')lb—l

there therefore exists a positive integer n, such that |G[An, + Bn]|> u.
Suppose, for definiteness, that |G[4,] > Lu.

Now, it is easily seen that, if |G[4,,]|=4-oo, there exists a point z,
such that |G[A4,,J]|=-+oco for any interval J containing z, in its in-
terior. Hence, from the family of intervals (3) whose left-hand end-
points belong to A, and whose lengths exceed 1/n,, we can ob-
viously select an interval I so as to have |G[I] = |G[An-I]|> §u.

Suppose now that |G[A4,]<+oco. Then, by induction, we can
extract from J a finite sequence of intervals {I,=(ax, bs)}a=1,2,...p
in such a manner that, writing for symmetry b,=0 and a,+;=1,
we have: (i) bx—ar > 1/n, for k=1,2,..,p, (ii) by < ar and
|G [ An,: (brsy a)]| < (IG[An)|—}#)/ng for k=1,2,...,p, and (iii) the
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interval (b,, ap+1)=(bp, 1) contains no points of A,. Since, on
account of (i), we certainly have p << m,, it follows from (ii) and

(iii) that kZIG[Ik]I>IG[An.,]l~p-(IG[An.,]l—%ﬂ)/no>’f#, i. e. that
the system of intervals {I,} fulfils the required conditions.

(8.7) Theorem. Every finite function f which is &&-integrable with
respect to a function G on an interval I, is the Roussel derivative with
respect to G of its indefinite FS-integral at each point x of I, except
at most those of a set E such that |G[E]|=0.

Proof. Let € be any positive number and U a major function
of f with respect to G such that U(Il,)—P(Il,) <&* where P de-
notes the indefinite &$-integral of f. Let us write H=U—P, and
denote by E. the set of the points x of I, for which there exist
intervals I of arbitrarily small lengths, such that eI and that
H(I)>¢|G[I]|. It follows that each point of E, is an end-point of
intervals I, as small as we please, which fulfil the inequality
H(I)>}e-|G[I]]. Therefore, denoting by u any number less than
|G[E.)| and applying Lemma 8.6, we can determine in I, a finite
system of non-overlapping intervals {I,} such that H (I,)>=}¢-|G[I,]|
for k=1,2,...,p and that ;lG[Iﬂ\}%/l. Consequently, since H

is non-decreasing, &> H (I,)=¢eu/4; and therefore u < 4¢, and hence
|GE)<4e.

Now let @ be any point of I,. We have for every sufficiently
small interval I containing z,

P(I)—f(x)G(I)=UI)—f(2z) G(I)—H(I) Z—H(I)>—¢
and, unless x belongs to the set E. we also have
P(I)—f(x) G(I)=—H (I)=>—¢-|G[I)} > —&-O(G; I).

Combining this with the similar upper evaluations of P(I)—f(x)G(I)
obtained by symmetry, we see, since ¢ i8 an arbitrary positive
number, that f is the Roussel derivative of the function P with
respect to &, at every point z of I, except at most those of a set E
such that |G[E]=0.




CHAPTER VII.

Functions of generalized bounded variation.

§ 1. Introduction. The definition adopted in Chap. I (§10)
as starting point of our exposition of the Lebesgue integral, con-
nects the latter with the conception of definite integral due to Leibniz,
Cauchy and Riemann (cf. Chap.I, §1 and Chap. VI, §1). On ac-
count of the results of § 7, Chap. IV, we may, however, also regard
the Lebesgue integral as a special modification of that of Newton
(cf. Chap. VI, § 1) and define it as follows:

(L) A function of a real variable f is integrable if there exists
a function F such that (i) F'(zx)=f(x) at almost all points r and
(ii) F is absolutely continuous.

The function F (then uniquely determined apart from anm ad-
ditive constant) is the indefinite integral of the function f.

A definition of integral is usually called descriptive when it is based
on differential properties of the indefinite integral and therefore connected with
the Newtonian notion of primitive; this is the case of the definition (L) of the
Lebesgue integral. In the note of F. Riesz [9] the reader will find an elementary
and elegant account of the fundamental properties of the L.ebesgue integral based
on a descriptive definition differing slightly from the one given above (an ac-
count based directly on the definition (L) is given in the first edition of this book).

By contrast to the descriptive definitions, we call constructive the
definitions of integral which are based on the conception of definite integral
of Leibniz-Cauchy, i.e. on approximation by the usual finite sums. Thus for
instance, the classical definition given by H. Lebesgue [1] in his Thesis may
be regarded as constructive (the reader will find a very suggestive explanation
of this definition in the note by H. Lebesgue (8]); cf. also the definitions of
Lebesgue integral given in the following memoirs: W. H. Young [3], T. H. Hil-
debrandt [1], F. Riesz [1] and A. Denjoy [7; 8].

As is readily seen, the definition (L) constitutes a modification

of that of the integral of Newton, in twc directions: firstly, a gen-
eralization which enables us to disregard sets of measure zero
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in the fundamental relation F'(x)=f(x); and secondly, an essential
restriction, which excludes all but the absolutely continuous
functions from the domain of continuous primitive functions con-
sidered. Some such restriction is, in fact, indispensable, unless we
give up the principle of unicity for the integral: to see thisit is enough
to consider, for instance, singular functions which are continuous
and not constant, and whose derivatives vanish almost everywhere
(cf. Chap. III, § 13, p. 101).

But although the condition (ii) cannot be wholly removed
from the definition (L), it is possible to replace it by much weaker
conditions, and the corresponding generalizations of the notion of
absolute continuity give rise to extensions of the Lebesgue integral,
known as the integrals 2, and 2 of Denjoy.

We shall treat in this Chapter two generalizations of absolutely
continuous functions: the funetions whieh are generalized abso-
lutely eontinuous in the restricted sense or ACG,, and
those which are generalized absolutely continuous in the
wide sense or ACG. If, in the definition (L), we replace the con-
dition (i1) by the conditions that the function ¥ is ACG, or ACG
respectively, we obtain the descriptive definitions of the integrals 2,
and 9. It must be added however that the second of these defini-
tions requires a simultaneous generalization of the notion of deriv-
ative, to which is assigned the name of approximate derivative
(or asymptotice derivative) and which corresponds to approximate
continuity (vide Chap. IV, § 10). A function which i8 ACG (unlike
those which are absolutely continuous or which are ACG,) may in
fact fail, at each point of a set of positive measure, to be derivable
in the ordinary sense, and yet be almost everywhere derivable in
the approximate sense. Therefore, in order to obtain the definition
of the integral & from the definition (L), it is necessary not only to
modify the condition (ii) as explained above, but also to replace
in the condition (i) the ordinary by the approximate derivative.

The integrals ?, and ? will be studied in the next chapter; the preliminary
discussion of their definitions just given, is intended to emphasize the important
part played by the generalizations of the notion of absolute continuity, which are
treated in this chapter. The results of which an account is given in the following §§
are essentially due to Denjoy, Lusin and Khintchine. The first definition of
the integral ¥, was given in notes dating from 1912 by A. Denjoy [2; 3] who
employed the constructive method based on a transfinite process (vide Chap. VIII,
§ 5). These notes at once attracted the attention of N. Lusin [2] who originated
the descriptive theory of this integral. Finally, A. Khintchine [l; 2] and
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A. Denjoy [4] defined, independently and almost at the same time, the process
of integration ? as a generalization of the integral ?,. A systematic account
of these researches may be found in the memoir of A. Denjoy [6].

As shown by W. H. Young [6] the generalization of the Denjoy inte-
grals can be carried still further if we give up, partially at least, the continuity
of the indefinite integral. For subsequent researches in this direction, vide J.(".Bur-
kill [5;6;7], J. Ridder[6;7}), M. D. Kennedy and S. Pollard [1], S.Ver-
blunsky[1], and J. Marcinkiewicz and A. Zygmund [1].

Except in a few general definitions in § 3, we shall consider
in this chapter only functions of a real variable. As therefore we
shall be employing in R, notions established in the preceding chapters
for arbitrary spaces I%, it will be convenient to add a few com-
plementary definitions.

We shall say that a point a is a right-hand point of accumulation
for a linear set E, if each interval [a, a+h], where A>0, contains
an infinity of points of E. A point of E which is not a right-hand
point of accumulation for the set E is termed isolated on the right
of this set. The definitions of left-hand points of accumulation and
of points isolated on the left are obtained by symmetry.

Similarly, for each linear set E, in addition to the densities
defined in § 10, Chap. IV, we define at each point « four unilateral
densities: two outer right-hand, upper and lower, and two outer left-
hand, upper and lower, densities of E. We shall understand by these
four numbers the values of four corresponding Dini derivates of
the measure-function (cf. Chap. IV, § 6) of E at the point r. If at
a point z, two of these densities on the same side (right or left) are
equal to 1, the point « is termed unilateral (right- or left-hand) point
of outer density for the set E. The term ‘“‘outer’ is omitted from
these expressions if the set E is measurable.

Finally, we shall extend the notation of linear interval and
denote, for each point a of R,, by (—oo,a), (—oo, a], (a, 4 0)
and [a, +oo) the half-lines z<<a, z<{a, ¥ >a and x>a respectively.

»§ 2. A theorem of Lusin. While discussing the significance
of the condition (ii) in the definition (L) of an integral, we remarked
that a continuous function which is almost everywhere derivable
is by no means determined (apart from the additive constant) when
we are given its derivative almost everywhere. It is, however, of
greater interest that, for a function f, the property of being almost
everywhere the derivative of a continuous function, 1tself represents
no restriction at all, except, of course, in so far as it implies that
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the function f is measurable and almost everywhere finite (this last
assertion follows, for instance, from the corollaries to Theorem 10.1,
P.- 236). We shall prove this result, which is due to N. Lusin [I; 4]
(cf. also E. W. Hobson [II, p. 284]), by means of two lemmas.

(2.1) Lemma. If g is a function summable on an interval [a,b], there
exists, for each £€>0, a continuous function G such that (i) G'(z)=g(z)
almost everywhere on [a, b], (ii) G(a)=G(b)=0, and (iii) |G(z)|<C¢
at every point = of [a,b].

Proof. Let H(x) be the indefinite integral of g(x). We insert
in [a,b] a finite sequence of points a=a<ai<...<a,=b such
that the oscillation of H is less than ¢ on each of the intervals
[a @i+1] where ¢=0, 1, ...,n—1. Let F (cf. (13.4), Chap. III, p. 101)
be a function which is continuous and singular on [a, b], monotone
on each interval [a;, @;11] and coincides with the function H at the
end-points of these intervals. Writing G=H —F, we shall have
(i) ¢'(z)=H'(z) —F'(z)=H'(x)=g(z) at almost all the points x of
[a,b], (ii) G(a)=6(b)=0, and finally (iii) |G (v)|=|H (2)—F (@) <&
on each interval [a;, a;11], and therefore on the whole interval [a, b].

(2.2) Lemma. If g s a function which 18 summable on an interval
J=[a,b] and if P is a closed set in J, there exists for each €¢>0 a con-
tinuous function G such that (i) G'(x)=g(x) at almost all the points x
of J—P, (ii) G(z)=0 and G'(x)=0 at all the points x of P and
(iii) |G(x+h)| << e:|h| for every xz'of P and every h.

Proof. Let us represent the open set J° —P as the sum of a se-
quence {Iy=(ax,bx)}r=1.2,.. of non-overlapping open intervals, and in-
sert in each interval I, anincreasing sequence of points {a?},_ _,,,
infinite in both directions and tending to a, or b, according as 1 —»>—oco
or ©—> +4oco., Let us further denote, for each k=1,2,.., and
i=0, 1, +2,..., by &0 the smaller of the numbers ¢-(al>—a,)/(k-+|i|)
and & (b, —a{*Y)/(k+|i|). Lemma 2.1 enables us to determine in
each open interval I; a continuous function Gy such that Gi(z)=g(x)
almost everywhere on I,, G(a{’)=0 for ¢=0,+1, +2,.., and
G (2)|<el) when af) <<zr<Caft). If we now write Q(x)=Gu(x) for
zel, and k=1, 2,...,, and G(z)=0 elsewhere on R,, we see at once
that the function @ is continuous and fulfils the required conditions
(i), (i) and (iii).
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(2.3) Lusin’s Theorem. If f is a function which is measurable and
almost everywhere finite on an interval J=[a,b], there always exists
a continuous function F such that F'(x)=f(x) almost everywhere on J.

Proof. We shall define by induction a sequence of continuous
functions {Gn}n=0.1,.., each of these functions being almost everywhere
derivable, and a sequence of closed sets {P,}n-0,1, . in J, such that,

writing Q.= Px and F,=) G, the following conditions will be
k=0 k=0
satisfied for n=1,2,..

(a) Fr(x)=f(x) for xzeQ,

(b) Gu(x)=0 for ze@Q, .

(€) |Ga(z+h)|<<|h|/2" for every xeQ, , and every h,
) 1T =@, <1/n.

For this purpose, we choose Gy (x)=0 identically and P,=0,
and we suppose that for »=0,1,...,r the closed sets P, and the
continuous functions @,, almost everywhere derivable, have been
defined so as to satisfy the conditions (a), (b), (¢) and (d) for each
n < r. Since the function f is measurable and almost everywhere
finite, and since the function F, is almost everywhere derivable,
we can determine a measurable subset E, of J —@, such that

(2.4) lJ —Q,—E |<1/(r+1),

and such that the derivative F,(x) exists at each point z of the
set E, and is bounded, together with the function f(x), on this set.
Hence by Lemma 2.2, we can determine a continuous function G-y,
almost everywhere derivable, in such a manner that (i) Gry(z)=
={f(x)—F(x) at almost all points of E,C J—@Q,, (ii) Gry1(x) =Gr11(x)=0
at all points of Q,, and (iii) ]G,+,(m+h |<|h|/"'+ for every reQ,
and every h.

Now it follows from the first of these conditions and from (2.4),
that there exists a closed set P, E, such that:

(2.5) |J—Q,—P,, |[<l/(r+1),  (2.6) Grp1(@)=f(2)—Fi(x) for zePris,

and we easily verify, on account of (2.6), (ii), (iii) and (2.5), that the
conditions (a), (b), (¢) and (d), still remain valid for n=r+41.
Let us now write:

(2.7) F(x) =lim Fk(x)=%‘G,,(w), (2.8) @=Lm@s =§P,..
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In view of the condition (c), the series occurring in (2.7) con-
verges uniformly, and the function F is therefore continuous. Let x,
be any point of Q. Then for every sufficiently large integer n we
have z,¢Q, and since

F(xo+h) —F(xy) _ Fa(Lo+h)— Fal
h o h

o Gal(mo + h) — Galy)
b

Zo)
4
h

k=n+1
we find, on aecount of the conditions (a), (b) and (c), that
F(xo+h) —F (x,)

tm sup . — 1 (o)
h>0

<1/2%

and se, that F’'(z,)=/f(x,). Now it follows from the eondition (d)
that |J —@|=0; we therefore have F’'(r)=f(x) at almost all the
paints x of J, and this completes the proof.

Theorem 2.3 remains valid for any space Rm:

If f i3 a measurable function which is almost everywhere finite in a space Rm,
there exists an additive continuous function cf en interval F such that F'(x)=f(x)
almost everywhere in Rm.

The proof is almost the same as that of Theorem 2.3. We may also, in the
foregoing statement, replace the ordinary derivative F“(z) by the strong de-
rivative (vide Chap. IV, § 2, p. 106), but the proof is then more elaborate.

It may be remarked further that Lusin’s theorem in the form (2.3), is
obvious if the function f is summable; for f is then almost everywhere the derivative
of its indefinite integral. But this is no longer o when we wish to determine
a function F with a strong derivative almost everywhere equal to f (cf. Chap. IV,
p- 132). Nevertheless, it can be shown that given in a space Bm any summable
function of a point f, there always exists an additive continuous function of an inter-
val, of bounded variatiom, F, such that Fy(x)=f(x) almost everywhere in Rm.

Lusin’s method is applicable in several other arguments. It has been used,
for instance, by J. Marecinkiewicz [1], to derive the theorem:

There exists a continuous function of a real variable F which has the following
property: with each measurable function f, almost everywhere finite, there can be
associated a sequence of positive numbers {hn) tending to O such that

lim [F(z+ hn)—F(z))/hn=f(z)

at almost all the points x.

§ 3. Approximate limits and derivatives. Given any
function F defined in the neighbourhood of a point z, of a space Rn,
we shall call approzimate upper limit of F at x, the lower bound
of all the numbers y (+oo included) for which the set E[F(x)> y]

has z, a8 a point of dispersion (cf. Chap. IV, §10). Similarly, the
approxvimate lower limit of the function F at the point z, is the
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upper bound of the numbers y for which the set E[F(x)<y] has z,

as a point of dispersion. These two approximate limits of ¥ at x, are
called also extreme approximate limits and denoted by lim sup ap F(x)

X>X,
and lim inf ap F(x) respectively. When they are equal, their com-
XX,y
mon value is termed approrimate limit of F at x, and denoted by
lim ap F (x).

X->Xg
It is easily seen that if E is a measurable set for which z, is

a point of density, then, in the preceding definitions of extreme
approximate limits, the sets E[F(r)>y] and E[F(r)<<y] may

be replaced by the sets E[F(x) >y;xeE] and E[F(x)<y; ve K]
respectively. Hence

(3.1) Theorem. If two functions coincide on a measurable set E,
their approximate extreme limits cotncide at almost all points of E,
and in fact at every point of demnsity of E.

We see further that if x, i8 a point of density for a measurable
set E and if the limit of F(x) exists as x tends to x, on E, thewn this
limit is at the same time the approrimate limit of F at the point x,.
Therefore, if a function F is approximately continuous (ef. Chap. IV,
p- 131) at a point z, we must have F(xo)zﬁg ap F(z).

Xo

If x, is a point of density for a measurable set K and if, further,
the function F is measurable on E, it is easily seen that the ap-
proximate upper limit of F at x, is the lower bound of the num-
bers y for which the set E[F(zr)<Xy; #¢ E] has x4 as a point of

density. It follows, by the definition of approximate lower limit,
that with the same hypotheses on the set E and on the function F, in

order that t=1im ap F(r), it 18 necessary and suffscient that for each
r>Xy

£>0 the set E[l—e< F(x)<<l+¢; e E] should have the point x, as
a point of densitly.

Let us remark finally that the following inequalities hold be-
tween approximate and ordinary extreme limits:

(3.2) liminf F(x)<<liminfap F(z) < lim sup ap F (z) <limsup F(z);
XPXo X)Xy XXy XXy

and hence the approximate limit exists and i8 equal to the ordinary
limit, wherever the latter exists.
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In order to understand better the meaning of the definitions of ap-
proximate limits, it may be remarked that the definitions of the ordinary
limits are expressible in a very similar form. Thus the upper limit of F(z) at z,
may be defined as the lower bound of all the numbers y for which z, is not a point
of accumulation for the set E [F(z)>y]. The inequality (3.2) then becomes obvious.

x

For functions of a real variable, in addition to the approximate
limits defined above, and which in this case we call bilateral, we
introduce also four wunilateral approximate limits. The approximate
upper right-hand limit of a function F at a point x, is the lower bound
of the numbers y for which the set E[F(x)>y; 2> 2,] has z, a8

a point of dispersion. This limit is written lim sup ap F(z). The

three other approximate extreme unilateral ]:I.;li()t;-; are defined
and denoted similarly.

These generalizations of the notion of limit lead very naturally
to parallel generalizations of derivates. Thus, given a finite funec-
tion of a real variable ¥, we define at each point z, the approximate
right-hand upper derivate F.,(z,) and lower derivate Fi(x,), the
approximate left-hand upper derivate Fap(w,) and lower derivate
Fup(x,), and the approximate bilateral wpper derivate F,(x,) and
lower derivate F.,(r,), as the corresponding approximate extreme
limits of the ratio [F(x)— F(xy)]/(x—x,) a8 x—>x,. When all these
derivates are equal (or, what comes to the same, when Fap(x,)=Fap(,)),
their common value is called approrimate derivative of F at =,
and is denoted by Fay(x,); if further, this derivative is finite, the
function F is said to be approximately derivable at x,.

For some further generalizations, such as “preponderant derivates”
(“nombres dérivés prépondérants”), and for a deeper study of the prop-
erties of approximate derivates, the reader should consult A. Denjoy [6]
and A. Khintchine [5].

The properties of bilateral approximate limits, discussed
above, can be taken over, with the obvious formal modifications,
80 as to apply to unilateral approximate limits. In particular,
Theorem 3.1 may be completed as follows:

(3.3) Theorem, [f two functions of a real variable coincide on a mea-
surable set E, their approximate extreme limits and their approzimate
derivates coincide respectively at almost all points of E, and in fact
at every point of density of E.

Also, if a function F is measurable on a set E, we have F.p(x)=Fg(x)
at almost all the points x of E at which the function F has a derivative
with respect to the set E.
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§ 4. Functions VB and VBG. We shall denote by V(F; E),
and call weak variation of a finite function ¥ (x) on a set E, the upper
bound of the numbers >|F(b;))—F(a;)] where {[a;b]} is any se-

quence of non-overlapping intervals whose end-points belong to E.
If V(F; F)<+4oo, the function F is said to be of bounded variation
in the wide sense on the set E, or, simply, of bounded variation on E,
or VB on E.

In the special case in which the set E is a closed interval, we clearly have
V(F; B)=W (F; E), i.e. the weak variation of the function F on F then coincides
with its absolute variation in the sense of Chap. III, §13.

The definition of functions of bounded variation in the wide sense on a set
thus constitutes a generalization (for functions of a real variable) of that of func-
tions of bounded variation on an interval. If K is a linear figure formed of
disconnected intervals we only get the inequality V(F; E)>> W (F;E), but
it is easy to see that even then the relation W (F; F)<+4oco always implies
V(F; E)<<+oo.

Plainly, every function which is VB on a set E is bounded
on E and is VB on each subset of E. Again, any function F which is
continuous on a set E and VB on a set A(C E everywhere dense in E
(cf. Chap. I1, § 2) ¢s VB on the whole set E (for then V(F; E)=V(F;A4)).
Finally, if F' and G are two functions which are bounded on a set £
and M denotes the upper bound of the absolute values of these
functions on E, we have V(aF+bG; E)<|a|-V(F; E)+|b-V(G; E) for
each pair of constants a and b, and V(F-G; E)<X M-[V(F; E)+V(G; E)]
(cf. Chap. III, p. 97). Hence every linear combination, with constant
coefficients, of two functions which are VB on a set, and the pro-
duct of the two functions, are themselves VB on this set.

A function F(z) is said to be of generalized bounded variation
in the wide sense on a set E, or simply, of generalized bounded variation
on E, or again, for short, VBG on E, if F is the sum of a finite
or enumerable sequence of sets on each of which F(x) is VB.
From what has just been proved for functions which are VB we
gee at once that every linear combination of two functions which are
VBG on a set, and the product of the two functions, are themselves VBG
on this set.

(4.1) Lemma. In order that a function F be bounded and mon-
decreasing [of bounded variation] on a set E, it is mecessary and
sufficient that F coincide on E with a function which 18 bounded
and non-decreasing [of bounded variation] on the whole straight
line R,.
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Proof. Let us denote for each x, by E, the set of the points
of E which belong to the interval (—oo,x]. We shall consider two
cases separately.

19 The function F is bounded and non-decreasing
on E. For each z, let G(z) denote the upper bound of the function
F on the set kK, or else the lower bound of the function F on E,
according as E =50 or E)=0. The function G thus defined is evid-
ently bounded and non-decreasing on the whole straight line R,
and coincides with the function ¥ on E.

2° The function F is VB on E. For each point z, let
V(e)=V(F; Ey) if EqF0, and V(z)=0 if E,=0. We see at once
that the function V(x) is monotone and bounded on the whole
straight line R, and that V(z) —F () is non-decreasing and bounded
on K. Hence, by what has just been proved in 19, there exists a func-
tion G(r) which is bounded and non-decreasing on R, and which
coincides on E with V (z) —F (x). We have therefore F(x)=V (z) —G(x)
for every xeFE, and since the function V(x)—G(x), as difference
of two bounded monotone functions, is clearly of bounded variation
on R,, this completes the proof.

(4.2) Theorem. Let F be a function which is measurable on a set E
and which i8 VB on a set E\(CE. Then (i) F is approximately deriv-
able at almost all points of E, and (ii) there exists a measurable
set E, such that E,C E,C E and that F 18 VB on E,.

Proof. By Lemma 4.1, there exists a function G which coin-
cides with F on the set E; and which is of bounded variation on
the whole straight line R,. Let E, be the set of the points = of F
at which F(r)=G@(x). Then since F is, by hypothesis, measurable
on FE, the set K, must be measurable. Moreover, as E,C E,C E,
the function F is, with @, of bounded variation on E,; and by
Lebesgue’s Theorem 5.4, Chap. IV, and Theorem 3.3, the finite
approximate derivative F,,(x)=@'(x) exists at almost all the points
x of E,.

Theorem 4.2 leads at once to the following theorem, which
for the Denjoy integral takes the place of Lebesgue’s Theorem on
derivability of functions of bounded variation:

(4.3) Theorem of Denjoy-Khintchine, A function which is
measurable and VBG on a set w0 approximately derivable at almost
all points of this set.
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Finally, if we make use of Theorem 9.1, Chap. IV, and
Lemma 4.1, we may complete Theorem 4.2 as follows:

(4.4) Theorem. A function F which 18 VB on a set E, is derivable
with respect to the set E at almost all points of E. Moreover, if N de-
notes the set of the points at which the derivative Fg(x) (finite or in-
finite ) does not exist, then the graph of the function F on N is of length
zero and consequently the set of the volues taken by F on N is of meas-
ure zero;.in symbols A{B(F; N)|=|F[N]|=0.

For an extension of Theorem 4.3 to functions of two variables, vide
V. G. Celidze [1].

§ 5. Functions AC and ACG. A finite function F will be
termed absolutely continuous in the wide sense on a set E, or absolutely
continuous on E, or gsimply AC on E, if given any £> 0 there exists
an >0 such that for every sequence of non-overlapping intervals
{[ax, bx)} Whose end-points belong to E, the inequality \ (bk—ak) <7
implies ZIF(bk —F(ax)| <e.

A functlon F will be termed generalized absolutely continuous
function in the wide sense on a set E, or generalized absolutely con-
tinuous function on E, or finally ACG on E, if F is continuous on F
and if F is the sum of a finite or enumerable sequence of sets E,
on each of which F is AC.

These definitions generalize that of functions absolutely con-
tinuous on a linear interval (cf. Chap. III, §§12, 13) and allow us
to generalize certain fundamental properties of the latter. We see
at once, by the arguments of the preceding §, that every linear combina-
tion of two functions which are AC [ACG] on a bounded set, and the
product of such functions, are themselves AC [ACG] on this set. Further,
every function which is AC on a bounded set E is VB on E. In fact, if ¥
is such a function, there exists an 7,>0 such that V(F; E-I)<<1 for
each interval I of length <7, It follows that F' is bounded on E.
Let M be the upper bound of the absolute values of F on K, and
let J be an interval containing E; then, J is the sum of a finite num-
ber of non-overlapping intervals J;,J,,...,J, each of which is of
length <7, and we find V(F;E)ngV(F; E-J)+2p M <+ oo.

It follows at once that any function which is ACG on a set E
(bounded or unbounded) is VBG on FE, and therefore, by the theorem
of Denjoy-Khintchine given in the preceding §, every function
which i8 ACG on a measurable set is approwimately derivable at
almost all points of this set.
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Nevertheless we can construct an example of a function which is ACG
on an interval and which is not derivable in the ordinary sense at the points
of a set of positive measure.

For- this purpose, let H denote a bounded, perfect, non-dense set of
positive measure, with the bounds a and b. Let I=[e,b] and let {I, =[a, b,]}
be the sequence of the intervals contiguous to H. We denote further by ¢, the
length of the largest subinterval of [a, b] which does not overlap the first n in-
tervalg I,,I,,...,I, of this sequence. Plainly

(5.1) lim I |=0 and lim ¢,=0.
n n

Now let ¢, denote for each n=1,2, ..., the centre of the interval I, and
let F be the function defined on the interval I by the following conditions:
1° F(x)=0 for xe H; 2° F(c,)=|I,|+¢, for n=1,2,...; 3° the function ¥ is linear
in each of the intervals [a, c,] and [c,, b,] where n=1, 2, .... Thus defined, the
function F is continuous on I by (5.1) and is AC on H and on each I,; since
I=H+YIn, it follows that F is ACG on I.

n

We shall show that F is not derivable at any point ze H. In fact, since F
vanishes on H, we have

(5.2) F(z) <0< F(x) for every zxeH.

If therefore a point x, is a left-hand end-point of an I,, there can be no derivative
F'(x,) since it is clear that F(z,)=F*(z,)>0 and therefore, by (5.2), that
F(xy)4 F(x,). Similarly, F(zo) < 0L F(x,) if x, is a right-hand end-point of an
interval I,.

If, on the other hand, z,¢ H, x,+a, and x,+ b, for n=1,2,..., denote by 7,
the suffix of that interval of the system I,.I,,..., I, which is nearest to z,. Then
lim i,=+0c0 and 0 |¢;,—xo| <|I;,|+e,. and 8o, by the definition of F(x), we have

n
F(c;,)—F (@) =L 1|+ 01,211 1) +0, > ley,—o|- Since lim ¢;,, ==, it follows that either
— n
F(xy)>1 or F(x,) <—1, which by (5.2), proves that F is not derivable at z,.

Let us remark, in conclusion, that a function F which t& con-
tinuous on a set E and which is AC on a subset of E everywhere dense
in E, is AC on the whole set E.

8§ 6. Lusin’s condition (N). A finite function F is said to
fulfil the condition (N) on a set E, if |[F[H]|=0 for every set HC E
of measure zero (for the notation cf. Chap. III, p.100). Clearly,
a function which fulfils the condition (N) on each of the sets of a finite
or enumerable sequence, also fulfils this condition on the sum of these sets.

The condition (N) was introduced by N. Lusin [I, p. 109], who
was the first to recognize the importance uf this condition in the theory of the
integral. It is easy to see that in the domain of continuous functions the con-
dition (N) is necessary and sufficient in order that the function should transform
every measurable set into a measurable set (cf. H. Rademacher[1] and H. Hahn
{1, p. 586]). Among the more recent researches devoted to the condition (N) and to
other similar conditions (cf., below, Chap. 1X) the reader should consult above
all N. Bary (3]
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(6.1) Theorem. A function which i8 ACG on a set necessarily fulfils
the condition (N) on this set.

Proof. Since each set on which a function is ACG is the sum
of a sequence of sets on which the function is AC, it will suffice
to prove that |F[H]|=0 whenever H is a set of measure zero and F
a function AC on H.

For this purpose, let ¢ be any positive number. We denote,
for brevity, by M (FE) and m(E) respectively the upper and lower
bounds of F on E, when E is any subset of H, and we write
M (E)=m(E)=0 in the case in which F=:0. Since the function F is AC
on H, there exists a number > 0 such that %’[M(H-I,,)-m(H-I;,)]<e

for every sequence of non-overlapping intervals {I,} which sat-
18fies the condition Y|I,|<(7n. Now since the set H is of measure
X

zero, we can determine a sequence of non-overlapping intervals
{I;} which satisfies this last condition and which covers, at the same
time, the whole set E. Therefore, since |F[H-I,)|<< M(H-I)—m(H- 1)
for each k, it follows that |F[H]|<Ce. Hence, ¢ being arbitrary,
|[F[H]|=0.

It follows from Theorem 7.8 (1°), Chap. 1V, that every func-
tion which is absolutely continuous on an interval and whose deriv-
ative is almost everywhere non-negative, is monotone non-decreasing.
With the help of Theorem 6.1, this result can be extended to functions
which are ACG and we have:

(6.2) Theorem. Every function F(x) which is ACG on an interval I
and for which we have almost everywhere in this interval F,(r)==0,
or more generally, F*(x)>>0, is monotone non-decreasing.

In particular therefore, if the approrimate derivative of a func-
tion which is ACG on an interval vanishes almost cverywhere on this
interval, then the function is a constant.

Proof. Let ¢ be any positive number and let G(x)=F (r)+ ex.
The function @ is then ACG on the interval I (together with the
function F), and moreover, we have G (x)=F'(z)+e=e>0 at
almost all the points = of I. Hence, denoting by H the set of the
points ¢ at which G*(x)<C0, we bave |H|=0, and this implies, by
Theorem 6.1, that |G[H]|=0. Thus the set G[H] cannot contain
any non-degenerate interval, and by Theorem 7.1, Chap. VI, the
function G(x)=F(x)+ex is non-decreasing on I. It follows at once,
by making &0, that the function F is itself non-decreasing.
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If we analyze the preceding proof, we notice that the hypothesis of
generalized absolute continuity of F(x) has been used only to show that
every function of the form F(x)+ ez, where e> 0, fulfils the condition (N). It is
remarkable that the condition (N) need not remain satisfied when we add a
linear function to a function fulfilling the condition, even when this last
function is restricted to be continuous (vide S. Mazurkiewicz [1]). For
this reason it is not enough to suppose in the preceding proof that the function
F(x) merely fulfils the condition (N).

Nevertheless, Theorem 6.2 itself does remain true for arbitrary functions
which fulfil the condition (N). The theorems which will be proved in Chap.IX,§7,
include a more general result, namely that every continuous function which fulfils
the condition (N) and whose derivative 18 mon-negative at almost all the points at
which it exists, is monotone non-decreasing.

We shall show (vide, below, Theorem 6.8) that for continuous
functions of generalized hounded variation on closed sets, the con-
verse of Theorem 6.1 is true, i.e. that in this case the condition
(N) is equivalent to generalized absolute continuity. Similarly, for
continuous functions of bounded variation the condition (N) is
equivalent to absolute continuity in the ordinary sense.

We shall begin with a lemma which will also prove useful
elsewhere.

(6.3) Lemma. If, for a finite function F, the inequalities F*(x) << M
and F (x)=—M, where M is a finite non-negative number, hold at
each point x of a set D, then |F[D]<<M:|D|.

Proof. Let ¢ be any positive number. Let D, denote for each
positive integer n the set of the points # of D for which we have
F(t)—F (2)<<(M +¢)-t —x| whenever |t —z|< 1/n. The sets D, evid-
ently constitute an ascending sequence and we see easily that
D =lim D,.

\"lVith each D, we can associate a sequence of intervals {1 3 YR
which covers D, and fulfils the condition

(6.4) PANKES MRS

and in which, further, no I{” has length greater than 1/n. By defini-
tion of D,, we therefore have, for every pair x,,x, of points of
D,-I, the inequality |F(sy) —F(z,)|<<(M +¢)-jo, —2,| << (M +¢)-|15"),
80 that |F[D, I << (M +¢) 18", In view of the inequality (6.1)
it therefore follows that, for every =,

[FID < Y100 L) < (M +e) S < (M +e)-(1Dul +);

and, by making first n—co and then e—0, we derive |F{D)<<M-|D.
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(6.5) Theorem. If a function F is derivable at every point of a meas-
urable set D, then

(6.6) [F[D} < [ F'(x) da.
D

Proof. We may clearly assume that the set D is bounded.
Given any ¢>0, let D, denote, for each positive integer n, the set
of the points xe D, at which (n—1)e<C!F'(x) <nm-e. We then have,
by the preceding lemma,

FIDISSIFIDY< I ne Do < | F'(@) do+e|D),
n— n= D

and hence, ¢ being arbitrary, the inequality (6.6).

The formula (6.6) remains true when we replace in it the derivative F’(z)
by any Dini derivate, provided however that we restrict the latter to be finite
in D. The proof then becomes rather more elaborate and requires certain general
theorems on derivates which will be established later (vide Chap. 1X, §4).

(6.7) Theorem. In order that a function F(x) which is continuous
and VB on a bounded closed set E, be AC on E, it is necessary and
sufficient that F(x) fulfil the condition (N) on this set.

Proof. In view of Theorem 6.1, it remains to be shown that
the condition is sufficient.

Suppose then that F fulfils the condition (N) on E. Let a,
and b, be the bounds of E, and let G denote the function which
coincides with F' at the points of E and is linear in the intervals con-
tiguous to E. The function @ is evidently continuous and of bound-
ed variation, and fulfils the condition (N) on the whole interval
[@oy bol-

Given any subinterval I=[a,b] of [ag b,], let us denote by D
the set of the points of I, at which the function G is derivable, and
write H=1I—D. Plainly |H|=0, and therefore also |G[H]=0.

On the other hand, since the interval with the end-points G(a)
and G(b) is contained in G[I], we have by Theorem 6.5

b
1G(5) — G (a)| <|G[D] +|G[H] = |G[D] < [ 6'(2)] d.

Since this inequality is valid for every subinterval I={[a,b]
of [a,, b,] and since by Theorem 7.4, Chap. IV, the derivative G’'(r)
is summable on [a,,b,], it follows that the function *is AC on [ay, b,],
and therefore that F is AC on the set E, where F and G coincide.
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It is easy to see that the same argument leads to a more general theorem:
tn order that a continuous function F which i8 continuous on an interval I, be ab-
solutely continuous on this interval, it is necessary and sufficient that F fulfil the
condition (N) on I, and that its derivative exist almost everywhere on I, and be sum-
mable on I,. This theorem will again be generalized in Chap. IX, §7.

(6.8) Theorem. In order that a fumction F which is continuous
and VBG on a closed set E be ACG on E, it is necessary and sufficient
that F fulfil the condition (N) on this set.

Proof. In view of Theorem 6.1, we need only prove the con-
dition (N) sufficient. Now, since F' is VBG on the set E, this set
is expressible as the sum of a sequence of bounded sets {E,} such
that the function ¥ is VB on each E,. By continuity of F on the
closed set F, we may suppose (cf. §4, p. 221) that each set E, is
closed. Since further F fulfils the condition (N) on E, it follows
from Theorem 6.7 that the function F is AC on each E,, and there-
fore ACG on E.

8§ 7. Functions VB, and VBG,. We shall denote by V,.(F; E)
and term strong variation of a finite function F on a set E, the
upper bound of the sums Y O(F;I;) where {I,} is any sequence of

k

non-overlapping intervals whose end-points belong to E (in accord-
ance with Chap. ITI, p. 60, O(F;1;) denotes the oscillation of F
on the interval I,). If V,(F, E)<<+ oo, the function F will be said
to be of bounded wvariation in thc restricted sense on the set E, or
VB, on E.

Following the order of the definitions of § 4, we shall say
further that a finite function is of generalized bounded variation in
the restricted sense, or simply, is VBG, on a set E, if E is the sum
of a finite or enumerable sequence of sets on each of which the
function is VB,.

In the special case in which the set E is a closed interval, we
clearly have V. (F;E)=V(F;E)=W(F;E). It is easy to see that
we always have V(F;E)<<V,(F;E); 8o that every function which
is VB, on a set, is VB on this set, and consequently, every function
which is VBG, on a set, t8 VBG on this set. We next observe (by
using trivial inequalities for the VB, case, and thence passing on
to the VBG, case) that every linear combination, with constant coef-
ficients, of two functions which are VB, [VBG,], and also the product
of two such functions, are themselves VB, [VBG,].
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Let us observe that, for a function, the property of being VB, VBG, AC,
or ACG, on a set E depends solely on the hbehaviour of the function on E; whereas
the property of being VB, or VBG, on E depends on the behaviour of the func-
tion on the whole of an interval containing the set E. In other words, of two
functions which coincide on a set E, one may be VB, or VBG, on E and the
other not. The same remark applies to the property of being AC, or ACG, with
which we shall be concerned in the next §.

We have remarked in § 4, p. 221, that a function which is
continuous on a set K and which is VB on an everywhere dense
subset of E, is necessarily VB on E. A similar result is true for func-
tions which are VB,, the assumption of continuity of the given
function being now superfluous. We have in fact:

(7.1) Theorem. Every finite function F which is VB, on a bounded
set E is equally so on the closure E of this set.

Proof. Let a and b denote the bounds of F and therefore
also of K. Let a=ay<a;,<..<a,=b be any finite sequence of
points of E; we write I=[a,b] and I,=[as1, ax] for k=1,2,..., n.
We shall say that an interval I, is of the first class if it contains
points of E, and otherwise of the second class. The intervals I,
and I, are clearly of the first class, and we see easily that, if an
interval I, is of the second class, then both the adjacent intervals
I, and I,4, are certainly of the first class.

Let us denote by 1=1,<¢;<...<4,=n the suffixes of the
intervals I, of the first class and by j,<j;<<...<j, those of the
second. With each interval Iih of the first class we associate a point
bheI,-h-E and we write Jp=[bs_1,bs] for h=1,2,...,r. It is easy
to see that

'go(F; I; )<XO(F; )+ O (F; I,) +2- élo( Pid)

and

8

2O(F; 1;,) S L O(F3 ).

r

Hence, é’O(F; 1)< 3- 2 O(F;d1)+2-O(F; I)<3-[V.(F; E)+O(F; I)),
=1 h=1

and therefore V,(F; E)<<3:[V,(F; E)+O(F; I)]<<+oc. This completes
the proof.
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(7.2) Theorem. If a function F is VBG, on a set E, then F 1is
derivable at almost all points of this set; and further if N denotes the
sel of the points x of E at which the function has no derivative, finite
or infinite, then |F[N])|=AB(F;N)}=0.

Proof. We may clearly suppose that the set E is bounded
and that the function F is VB, on E. Moreover, by Theorem 7.1,
we may suppose that the set F is closed.

Let therefore a and b denote the bounds of F on the left and
on the right, and {I,},-1... the sequence of the intervals contiguous
to E. Writing m, and M, respectively for the lower and upper
bounds of ¥ on I,, we define two functions m(z) and M (x) on
[a,b] making m(x)=m, and M (x)= M, for zelI, where n=1,2,...,
and m(x)= M (r)=F(x) for xe E. The two functions m(z) and M (x)
thus defined are plainly of bounded variation on the whole interval
[a,b] and coincide with F(x) on the set E. Therefore, denoting
by N, the set of the points e £ at which either one at least
of the (finite or infinite) derivatives M’(x) and m'(x) does not
exist, or both exist without being equal, we find by Theorem 9.1,
Chap. 1V, that

(7.3) IF[N0]|=|A{B(F§ No)”:o'

On the other hand, m(x)=F (x)= M (x) at every point z of E, while
m(x)<F(r)<M(x) on the whole interval [a,b]. It follows that
the derivative F'(x)=m'(x)=M'(x) exists at each point = of E,
except at most those of the set N, which is subject to the rela-
tion (7.3). Finally, since the functions m(x) and M (x) are deriv-
able almost everywhere on the interval [a,b], the function F
must be derivable at almost all points of E, and this completes
the proof.

Theorem 7.2 (for continuous functions and in a slightly less complete form)
was first proved by Denjoy and by Lusin, independently. It plays in the theory
of the Denjoy-Perron integral (vide, below, Chap. VIII) a part similar to that of
Lebesgue’s Theorem (Chap.1V, §5) in the theory of the Lebesgue integral. A cor-
responding part is played in the theory of the Denjoy-Khintchine integral by
Theorem 4.3. But the latter is stated in terms of approximate derivation (cf.
the example of p. 224) whereas Theorem 7.2, which requires no modification
of the notion of derivative, is, for functions of a real variable, a direct generaliza-
tion of Lebesgue’s Theorem.
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§ 8. Functions AC, and ACG,. A finite function F is said
to be absolutely continuous in the restricted sense on a bounded set E,
or to be AC, on E, if ¥ is bounded on an interval containing E and
if to each ¢> 0 there corresponds an n>0 such that, for every finite
sequence of non-overlapping intervals {I,} whose end-points belong
to E, the inequality %’llen implies %’O(F;Ik)<e.

A function will be termed generalized absolutely continuous on
a set K, or ACG, on E, if the function is continuous on E and if
the set E is expressible as the sum of a sequence of bounded sets
on each of which the function is AC,.

In the case in which the set E is an interval, the class of func-
tions AC, on E coincides with that of the functions which are ab-
golutely continuous on E in the ordinary sense. Every function
which is AC, on an arbitrary set ¥ is AC on E, and every function
which i8 ACG, on E is ACG on E. On the other hand, any function
which is AC, on a bounded set is VB, on this set, and therefore, any
function which s ACG, on a set is VBG, on this set. To see this,
let F be AC, on a bounded set E. We can then determine a positive
number 7, such that V,(F; E-I)<(1 for every interval I of length
less than 7, Let J be the smallest interval containing E, let M be
the upper bound of |F(x) on J, and suppose J expressed as the
sum of a finite number of non-overlapping intervals J,,J,,...,J,
each of length less than 7n,. We shall then have

‘p1
V.(F; E) <kg3V.(F; E-Jy)+ 2Mp <(2M +1)-p <+ oo,

and this shows that the function F is VB, on E.

Thus a function which is AC, on a bounded set E is both AC
and VB, on this set, and similarly a function which is ACG, on E
is both ACG and VBG, on E. The converse also is true, provided
that the set FE is restricted to be closed (vide, below, Theorem 8.8).
Instead of giving a special proof of this result, we shall establish
some more general theorems about the relations between the notions

VB, AC, VB,, AC,, VBG, ACG, VBG, and ACG,.

(8.1) Lemma. Let E denote a bounded closed set, {J,} the sequence
of the intervals contiguous to E, and I, the smallest interval containing E.
Then, for any function F which i3 finite on I, we have

(8.2) O(F;1,)<V(F; E)+2- %’O(F;J.).
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Proof. Let M, m and M, m, be the bounds (upper, lower)
of ¥, on E and on I, respectively. Let M, be any finite number
less than M,, and z, a point of I, such that Mo<<F(x,). If we have
x,¢ E, this inequality implies Mo<<M, while if z, belongs to an
interval, J,, say, of the sequence {Ji), Mo<< M +O(F;J,). Hence

(8.3) My<M +Z;/‘O(F§Jk)7
and similarly
(8.4) me=m ~ZO F;Jy).

On subtracting (8.4) from (8.3), we obtain, since M —m<V(F; E),
the relation (8.2).

(8.5) Theorem. In order that a function F which is VB [AC]
on a bounded closed set E, be VB, [AC,] on E, it is necessary and suf-
ficient that the series of its oscillations on the intervals contiguous
to E be convergent.

Proof. The necessity of these conditions is obvious (cf.
above p. 231); we have therefore only to prove them sufficient.

Let then {J, denote the sequence of the intervals contiguous
to E, and suppose that

(8.6) 2 O(F;d4) <+ oo.

We shall consider the two cases separately:

19 The function ¥ is VB on E,i.e. V(¥; E) <<+ oo. Then
by Lemma 8.1, we have for every sequence {I,} of non-overlapping
intervals whose end-points belong to E,

ZO(F I)< ZV(F E-I,)+2- Z,O(F Jr) <V(F; E)+2- ZO(F Jx).
It follows by (8.6) that V,(F; E)<<+ oo, i. e. that the function F

is VB, on E.

20 The function F is AC on E. Then, given any &> 0,
there exists a number > 0 such that, for every sequence of non-
overlapping intervals {I,} whose end-points belong to E, the in-
equality Y|I,| <<7n implies Y} V(F;E-I,) <<e/2. Now by (8.6), there

exists a positive integer k, such that
(8.7) ZO(F;JI:) <e/4.

Denote by 7, the smallest of the k,+1 numbers 7, |Jy|, |Jsl, ..., [Ja),
and let {I,.} be any sequence of non-overlapping intervals with end-
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points in E, the sum of whose lengths is less than z, None
of these intervals I, can contain one of the first k, intervals of the
sequence {Jn), and it fo].lows from (8.7) and from Lemma 8.1, that
ZO(F )< ZV(F E. I,, )+¢/2<<e. Therefore the function F is AC,

on E, and thls completes the proof.

(8.8) Theorem,. In order that a function F be AC, [ACG,] on a bound-
ed closed set E, it i3 necessary and sufficient that F be both VB, and
AC [VBG, and ACG] on E.

Proof. The necessity of these conditions is obvious, so that
we have only to prove them sufficient.

Now, if the function F is both VB, and AC on E, it follows
at once from Theorem 8.5 that F' is AC, on E. If on the other hand,
F is VBG, and ACG on E, we can express the set E as the sum of
a sequence of sets {E,} on each of which F is both VB, and AC.
Since F is ACG, and so continuous, on the set E, which is by hypo-
thesis closed, ¥ is AC on the closure E, of each E,. Similarly, by
Theorem 7.1, F is VB, on each E,. Therefore by what has just been
proved, F is AC, on each of the sets £, and so, ACG, on the set E.

Theorem 8.8 ceases to hold if we remove the restriction that the set F is
closed. Let E be the set of irrational points, and ia,}, .. .1,2,... the sequence of ra-

tional points, of the interval [0, 1]; and let F(x)=0 for xe K, and F(a,)=1/2"
for n=1,2,.... The function F thus defined is evidently VB, and AC on E. To
show that F is not AC,, nor even ACG,, on E, suppose that the set E is the sum
of a sequence of sets {E,} on each of which F' is AC,. By Baire’s Theorem (Chap. II,
Theorem 9.2), one at least of the sets £, would be everywhere dense in a (non-
degenerate) subinterval of [0, 1]. But this is plainly impossible, since every sub-
interval of [0, 1] contains, in its interior, points of discontinuity of the function F.

§ 9. Definitions of Denjoy-Lusin. The definitions which
we have adopted in this chapter for the classes of functions VBG,
ACG, VBG, and ACG, are based on the ideas of A. Khintchine [3].
Rather different definitions were given by N. Lusin [I] and
A. Denjoy [6], which are equivalent to those of Khintchine when
we restrict ourselves to continuous functions. We give them here,
in the form of necessary and sufficient conditions, in the following
theorem.

(9.1) Theorem. In order that a function which ts continuous on
a closed set E, be VBG [VBG,, ACG, ACG,] on E, it is mecessary
and sufficient that every closed subset of E contain a portion on which
the function 18 VB [VB,, AC, AC,].
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Proof. We shall deal only with the VBG case, the proof for
the other three cases being quite similar.

1° The condition is necessary. Let F be a function which
is continuous and VBG on E. We can then express the set E as
the sum of a sequence of sets {E,} on each of which the function F
is VB and, by continuity of F, the sets E, may be supposed closed.
Then by Baire’s Theorem (Chap. II, § 9), every closed subset of E-
has a portion P contained wholly in one of the sets E,. The func-
tion F, which is VB on each E,, is thus certainly VB on P.

20 The condition is sufficient. Suppose that F is a continuous
function on E and that every closed subset of E contains a portion
on which F is VB. Let {I,} be the sequence of all the open intervals
I with rational end-points such that F is VBG on E-I. Let Q= 2E-1,

and H=FE—@. Plainly F is VBG on @ and we need only prove
that the set H is empty.

Suppose therefore that H # 0. Since H is clearly a closed set,
there exists, by hypothesis, an open interval J such that H-J =0
and that the function F is VB on H-J. We may evidently assume
that the end-points of J are rational. Therefore, the function F,
which is VBG on the set @, i8 also VBG on the set E-J(C H-J +@Q.
This requires J to belong to the sequence of intervals {I,} and we
have a contradiction, since the set H, by definition, has no points
in common with any of the intervals I,.

Theorem 9.1 shows in particular that every continuous function which
is VBG on an interval I is av the same time VB on some subinterval of I. It fol-
lows that for every continuous function which is VBG on an interval I, there
exists an everywhere dense system of subintervals on each of which the function

is almost everywhere derivable, although this function may, as shown in §85,
have no derivative at the points of a set of positive measure.

§ 10. Criteria for the classes of functions VBG,, ACG,,
VBG and ACG. A series of theorems enabling us to distinguish
certain types of functions of generalized bounded variation and cer-
tain types of generalized absolutely continuous functions, are due
to A. Denjoy [6].

(10.1) Theorem, If F(x) i8 a function which fulfils at all points
of a set, except at most those of an enumerable subset, one of the
inequalities

(10.2) Fa)<+oo or F(x)>—o0,

then the function F(x) i8 VBG, on this set.
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Proof. It is enough to show that the set E of the points at
which we have, say, F(r)<+4oo, is the sum of an enumerable in-
finity of sets on each of which F is VB,.

For any positive integer n, let E, denote the set of the points r
of E such that for every ¢,

(10.3) O<ft—2z|<<1/n  implies [F(t)—F (x)]/(t—z)<n.

Further, for each integer ¢, let E, denote the part of E, sit-
uated in the interval [i/n, (i+1)/n], and a., b, the lower and
upper bounds of those of the E, which are not empty. We have
clearly E= ,,—Z Z,F

Let now F,.(m):F( z)—nz. For every point xe E, and for
every point ¢ which fulfils the first of the inequalities (10.3), we
then have [F,(t) —F.(r)]/(t—x)<<0. In particular, given any pair
of points x,,x, (where z,<{z,) of Ej,, we obtain

(10.4) Fo(an) = Fu(@,) 2 Ful@y) = Fu(bn),

and for every ¢ such that »,<\t<<x, we find that F,(2,)ZFa(t) 2 Fna(x,).
This last relation implies that, for every interval I-=[e,f] whose
end-points belong to the set Ei, we have O(Fp;I)=F,(a)—F.p),
and therefore by (10.4), for every sequence I;=[ea;, §;]} of such
intervals (which do not overlap),

2 O(Fn; I,>=IZ[Fn(a,->—Fn(ﬂm<Fn(ai,)—Fn(b'n).
J

The function F,(z), and therefore also the function F(r)=Fu(x)+ nz,
is thus VB, on every set E, and this completes the proof.
(10.5) Theorem. If F(x) is a function which fulfils at all points

of a set E, except, perhaps, at those of an enumerable set, one al least
of the conditions

(10.6) —oo< FH(2)<FT(@)<4o0 or —oo<F (2)<F (2)<+oo,

then the set E is the sum of an at most enumerable infinity of sets
on each of which the function F is AC,.

If, therefore, we are given further that F(x) is continuous on E,
then F(x) is ACG, on E.
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Proof. It is enough to show that if at every point x of a set A

the two extreme right-hand derivates Ft(x) and F*(x) are finite,
then A is expressible as the sum of an at most enumerable infinity
of sets on each of which the function F is AC,.

Let A, denote, for each positive integer n, the set of the points
xze A such that, for every ¢,

(10.7) Oo0<<t—r<<1l/n implies |F(t)—F (2)|<<n-(t—x);

and, for each integer i, let A, denote the common part of 4, and
oo oo + oo
of the interval [i/n,(i+1)/n]. Plainly 4= A,=)" J'A,.
n=1 n—-11i---00
Now, if I=[x,,x,] is any interval whose end-points belong to
An, we have, for every tel, the inequality 0<Ct—x,<(1/n, and so,
on account of (10.7), |F(t) —F (x))|<<n-(t —x)<<n-|I|. This gives us
O(F;I)< 2n-|I|; and therefore for any finite sequence {I;} of such
intervals, 20(F;I,)<2n-2{l,{. It follows that the function F
J J

is AC, on each of the sets Af,, and this completes the proof.

Theorem 10.5 shows, in particular, that every function which is continuous
and everywhere derivable (even only unilaterally) is ACG,. Nevertheless as we
saw in Chap. VI, p. 187, such a function need not be absolutely continuous.

In view of Theorem 7.2, we may state also the following corollary of Theo-
rems 10.1 and 10.5: A function F which fulfils at each point of a set E one at least
of the inequalities (10.2) or (10.8), is derivable at almost all points of E. In part-
icular therefore, the set of the points at which a function has (on one side at least)
its derivative infinite, is of measure zero. These statements will be generalized
in Chap. IX, §4.

Theorems 10.1 and 10.5 contain sufficient conditions in order that a func-
tion be VBG, or ACG,, but these conditions are clearly not necessary. Never-
theless, by employing the notion of derivates relative to a function (cf. Chap. IV,
p. 108), it is easy to establish conditions similar to those of the preceding theorems,
the conditions being this time both sufficient and necessary. Thus, as shown
by A. J. Ward [3]:

In order that a finite function F be VBG, on a set E, it i8 necessary and suf-
ficient that there exist a bounded increasing function U such that the extreme deriv-
ates of F with respect to U are finite at each point of E except, perhaps, those of
an enumerable set.

1° In order to establish the necessity cf the condition, let us suppose first
that the function F is VB, on E. In view of Theorem 7.1 we may assume that
the set ¥ is bounded and closed. Let [a,b] be the smallest interval containing F,
and, for each point x of the interval [a,b], let V,(z) and V,(z) denote the strong
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variations of F (cf. §7) on the parts of E contained in the intervals [a,z] and
[z, b] respectively. Finally for each z of [a,b], let V (x)=V (x)—V4(z)+=z. The
function V thus defined is increasing and finite on [a, b], and can therefore be
continued as a bounded increasing function on the whole straight line £&,. We
see at once that throughout the set E, except at most at the points a and b, the
derivates of the function F with respect to V are finite and indeed cannot ex-
ceed in absolute value the number 1.

Suppose now given any function F which is VBG, on E. The set F is then
expressible as the sum of a sequence {E,} of sets on each of which the function
F is VB,. Consequently, by what has just been proved, there exists for each n
a bounded increasing function ¥V, with respect to which the function F possesses
finite derivates at each point of the set En except at most at the bounds of
this set. Therefore, denoting by M, the upper bound of |Va(z)| and writing

U(z):ZV,.(x)/2"M,., we see at once that the function U thus defined is in-
creasing and bounded and that at each point of E, except perhaps those of an
enumerable set, the function F' possesses finite derivates with respect to U.

2° The condition is sufficient. Let F be a finite function having at each
point of E, except perhaps at those of an enumerable subset, finite derivates
with respect to a bounded increasing function U. For each positive integer n,
let En denote the set of the points z of E for which the inequality t—z|<1/n
implies |F(t)—F(z)|<n-|U(t)—U(x)|; and let each En be expressed as the sum
of a sequence {E.). . . of sets of diameter less than 1/n. We see easily (as in
the proof of Theorem 10.1) that the function F is VB, on each set E!, and
gince the sets E!, plainly cover all but an enumerable subset of E, it follows at
once that the function F is VBG, on E. This completes the proof.

If we analyze the first part of the above argument, we see that if the func-

tion F is VBG, on E and moreover bounded on an interval containing the set E
in its interior, there exists an increasing bounded function U with respect to
which the function F has its derivates finite at each point of E. Moreover, if

the function F is continuous on an interval containing E in its interior, the func-
tion U may be defined in such a way as to be itself continuous (cf. the proof
of Lemma 3.4, Chap. VIII). Finally, it can be shown that in order that a func-
tion F be ACG, on an open interval I, it is necessary and sufficient that there exist
an increasing and absolutely continuous function with respect to which the function
F has its derivates finite at every point of I.

(10.8) Theorem. If at every point x of a set E, except perhaps at
the points of an enumerable subset, a function F fulfils any one of
the inequalities

(10.9) Fr(@)<+oo, F'(@)>—oc0, F(@)<+oo, F ()>—00,
(10.10) Fop(x) <+o00, Fup(®)>—00,

then F 18 VBG on E.
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Proof. We need only consider the case of the first of the
inequalities (10.9) and that of the first of the inequalities
(10.10). It is therefore sufficient to show that each of the sets

A=E[F'(¢)<+o0] and B=E[Fy(z)<<+4oo] is expressible as

the sum of an enumerable infinity of sets on each of which F is
of bounded variation.

Consider first the set A. Given any positive integer n, let 4,
denote the set of all the points xe¢ A such that, for every ¢,

(10.11) 0<t—or<<1l/n implies F(t)—F(x)<n-(t—x),

and by A,, for each integer i, the part of A, contained in the
interval [i/n,(¢+1)/n]. Let Fp(x)=F(x)—nz.

For every pair z,,2, of points of A, where z,<(z,, we have
0<<wr,—z;<<1/n, and so, by (10.11), F(z,)—F(x;)<<n-(rv,—x,), i.e.
F,(z,)— Fno(x,) << 0. The function F,(r) is thus monotone non-in-
creasing on each set A, and it follows that A} is expressible as the

sum of a sequence of sets {45’} . on each which F,(z) is mono-
tone and bounded. The function F(xz)=F.(x)+mnx is then plainly of

bounded variation on each of the sets Aﬁ;’, and moreover we have

(o} ~-0c0 oo

A= ZA =2 X ZA"

n==1 j=- oo
Conmder now the set B. From the definitions of approximate
upper limit and approximate upper derivate (cf. §3, p.220), it
follows at once that to each point xze¢B we can make correspond
ﬂgg—_‘—F—@l ] has the
point = as a point of dispersion. Therefore, denoting by B, tbe set
of the points ¢ B such that the inequality 0<Ch<C1/n implies both

the inequalities

(10.12) IP;J'[F( —F(@)Zn(§—a); e<ESo+A]SA/3

a positive integer n such that the set E[
¢

and
(10.13) IIZJ[F —F(§)=Zn-(x—8&); e —h<E 2] <<A/3,

we have B=§B,,. We denote further, for every integer ¢, by B!
n=1

the part of B, contained in the interval [i/n,({+1)/n] and we write

a8 before, F,(z)=F (x) —nx
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The main part of the proof consists in showing that, for every 1,
the function F,.(z) is monotone on B..

For this purpose, let x;,z, be any pair of points of a B, and
let x, <z,, We plainly have 0<<wx,—x,<1/n, 8o that by writing
rz=x, and h=z,—x, in (10.12), we obtain

|]?[F(§)_F(w1)>”‘(§"‘wl)i < E<a,)| < (wy—y)/3.

Similarly, from (10.13) with =2, and h=x,—x,, we derive
,}g[F(xz)“F(g)>”($2"‘§)y 1, <E 2] < (2, —ay) /3.

The two inequalities thus obtained show that the interval
[2,, 2,] contains a point £, such that

F(§o)—F (x;) < m-(§p—,) and F(x,)— F (&) < m-(x,—Ep).

By adding these two inequalities term by term, we obtain
F(xz,)—F (x;) <n-(xy;—x,;), and so finally F,(x,)— F.(z,) <O.

We have thus shown that the function F,(x) is monotone de-
creasing on each B,. It follows that B}, is expressible as the sum of a se-
quence of sets {B.’};,. . on each of which F,,( x) is monotone and
bounded, and on which the function F(x)=F,(r)+nrs is-therefore

(= o} oo

of bounded variation. Moreover, we have B= Y B,=D L ZB”

n—1 n—1 i= o0 j=
This completes the proof.
On account of Theorem 4.2, it follows immediately from Theorem 10.8
that any measurable function which satisfies one of the inequalities (10.9) or (10.10)
at each point of a set K, is approximately derivable at almost all points of E. This
proposition will be generalized and completed in Chap. IX (§§ 9 and 10).

(10.14) Theorem. If two extreme approximate derivates on the
same side are finite for a function F(x) at every point of a set E,
except at most in an enumerable subset, then the set E is the sum of
a sequence of sets on each of which F(x) is absolutely continuous.

Consequently, if the function F(x) is further given to be contin-
wous on E, then F(x) is ACG on E.

Proof. It is clearly enough to show, for instance, that the
set A =E[—oo < Fi(x) < Fi(r)<4o00] is the sum of an at most

enumerable infinity of sets on each of which F is AC.
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Now we can make correspond, to each point ze A, a positive
integer n such that x is a point of dispersion for the set
F[!F(&)——F(w)l}n-({;‘—x)] (cf. § 3, p.220). Hence, denoting by A4,
the set of the points e A such that, for every h, the inequality
0 << h<<2/n implies
(10.15)  [B[|F(§)—F (@)= n-(i—2); o< E<a+h]|<h/4,

we have A=24,; and, denoting as before by A, (for each integer )
n=1
the part of 4, contained in the interval [i/n,(¢+1)/n], we obtain
oo +4oo '
A=) XA,
n=1 |=—o0

Consider now any two points z; and z, of A, where x, < @y,
and let r;=2x,—ux,.

We have, on the one hand, 0 <x,—x,=2-(x;—x,)<<2/n, 80
that by writing x=x, and h=x,—2, in (10.15), we obtain the
inequality

[BUFE)—F(2) = n-(6—m); 0, <ES )| < (a3—2,) /4= (2,—7,) /2,
an(i a fortiori

(10.16) lIP[lF(‘f)“‘F (@)= n-(E—my); T, <E -773]’< (23—,)/2.

On the other hand, we have 0<<z,—zr,=x,—x,;<{1/n, and so
by (10.15) with 2=z, and h=xz;—x,, we find

(1017)  [BIF(E)—F(2y) > n-(E—23); 22 < §<23]|< (@204,

The inequalities (10.16) and (10.17) show that there exists
a point &, in [z, x,] such that we have at the same time

|F (E)—F (2))]| < - (Eg—2y) < 1 (23—2y) =20 (2,—2y),

|F (&o)—F ()] <m.(bo—20) <o (23—y) = 20 (X, — 1),
and this requires |F(r,)—F (x,)| <4n-|z,—a,. This last inequality
is thus established for every pair of points x,,x, of any one of the
sets A, and it follows at once that F is AC on each of the sets A}
This completes the proof.

Theorem 10.8 shows in particular that a continuous function which is
everywhere approximately derivable, even unilaterally, is necessarily ACG.

In Chap. IX, § 9, we shall give two further criteria for a function to
be ACG, or ACG.




CHAPTER VIIIL

Denjoy integrals.

§ 1. Descriptive definition of the Denjoy integrals.
We shall base the study of the Denjoy integrals on their descriptive
definition. The essential ideas have already been sketched in
Chap. VII, § 1. We now complete them further as follows.

A function of a real variable f will be termed 9-integrable
on an interval I=[a,b] if there exists a function F which is ACG
on I and which has f for its approximate derivative almost every-
where. The function F is then called ¢ndefinite 2-integral of f on I.
Its increment F(I)=F(b)—F(a) over the interval I is termed
definite @-integral of f over I and is denoted by

b
(Q)ff(w) dr  or  (9)[f(s)ds.
1 a

Similarly, a function f will be termed £,-integrable on an
interval I=[a,b)], if there exists a function F which is ACG, on I
and which has f for its ordinary derivative almost everywhere.
The function F is then called indefinite 2,-integral of f on I; the
difference F(I)=F (b) —F (a) is termed definite 2,-integral of f over I

b

and denoted by (9,,)/'/(1:) dr or by (9,)/'f(z) dr.

1 a

For uniformity of notation, the Lebesgue integral will fre-
quently be called £-integral.

The integrals 9 and £, are often given the names of Denjoy
integrals in the wide sense, and in the restricted sense, respectively.
The first of these is also termed Denjoy-Khintchine integral (cf.
Chap. VII, §1), and the second, Denjoy-Perron integral (for the
latter, as we shall see below in § 3, is equivalent to the Perron in-
tegral considered in Chap. VI).
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It is immediate, by Theorem 6.2, Chap. VII, that when a funec-
tion is8 2- or 92,-integrable on an interval, its definite Denjoy
integrals are uniquely determined on this interval (its indefinite
integrals being determined except for an additive constant). More
generally, if two functions are equal almost everywhere and the one
8 integrable in the Denjoy sense (wide or restricted) on an tnterval I,
then so is the other and the two functions have the same definite in-
tegral over I, Another immediate consequence of the preceding
definitions is the distributive property for Denjoy integrals. Thus,
if two functions g and h are 9- or 2,-integrable on an interval I, the
same 18 true of any linecar combination ag+bh of these functions, and
we have

(9) [(a-g(2) +b-h(2)] dz=a- (9) [ glx)da+b-(2) [ h(z) dz.
I 1 I

It follows from Theorem 10.14, Chap. VII, that a continuous
function which is approximately derivable at all points ercept, perhaps,
at those of an enumerable set, is mecessarily an indefinite 9-integral
of its approximate derivative. Similarly, by Theorem 10.5. Chap. VII,
a continuous function which is derivable (in the ordinary sense) at
all but an enumerable set of points, 18 an indefinite 2,-integral of
its dertvative. The process of integration 9, therefore includes that
of Newton (cf. Chap. VI, § 1). The fundamental relations between
the Denjoy and Lebesgue processes are given in the following

(1.1) ZTheorem. 1° A function f which i3 9,-integrable on an
interval I 18 mecessarily also 2D-integrable on I and we have

(9)[fds=(9,)[fax.
7 7

20 A function f which is £L-integrable on an interva:l I 18
necessarily 2,-integrable on I and we have (9,) / fde= / fdx.
I I/

3% A function which is D-integrable and almost everywhere mon-
negative on an interval I is necessarily £-integrable on I.

Proof. 1° and 2° follow at once from the definitions of the
Denjoy integrals and from the desecriptive definition of the Lebes-
gue integral (Chap. VII, § 1). As regards 39, it is sufficient to recall
the fact that, in view of Theorem 6.2, Chap. VII, a function which
i8 ACG and whose approximate derivative is almost everywhere
non-negative, is necessarily monotone non-decreasing, and therefore
its derivative is summable,
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Part 3° of Theorem 1.1 ghows that for functions of constant
sign the Denjoy processes are equivalent to that of Lebesgue (cf.
Theorem 6.5, Chap. VI, for the corresponding result concerning the
Perron integral). Hence, we derive the following further extension
of Lebesgue’s theorem on term by term integration of monotone
sequences of functions (Chap. I, Theorem 12.6).

(1.2) Theorem. Given a non-decreasing sequence |f} of functions
which are D-integrable on an interval I and whose 9-integrals over 1
constitute a sequence bounded above, the function f(x)=1limf{ (x) 1is

itself, necessarily, D-integrable on I and we have

(2) [ (@) ) dz =1lim (9 jf
1
Exactly the same s true with 9, in place of 9 in the hypothesis
and conclusion.

Proof. This theorem reduces at once to the theorem of Le-
besgue just referred to, for we need only consider in place of the
functions f , the functions f —f,, which are integrable in the Denjoy
sense and non-negative, and which are therefore integrable in the
Lebesgue sense on account of Theorem 1.1 (3°).

We shall show later on (Chap. IX, §11) that the extreme
approximate derivates of any measurable function are themselves
measurable functions. This includes the result that any function
which is 9-integrable is measurable. In the meantime we give an
independent proof of this last assertion.

(1.3) Theorem. A function which is 9-integrable is necessarily
measurable and almost everywhere finite.

Proof. Let f be 9-integrable on an interval I and let F be
its indefinite integral. The function F is therefore ACG on I, so
that I is the sum of a sequence {E,} of closed sets on each of which
F is AC. By Lemma 4.1, Chap. VII, there exists for each n a func-
tion F', of bounded variation on I, which coincides with ¥ on E,. We
therefore have almost everywhere on E, the relation f(z)= Fay(x)=F,(x);
and since the derivative of a function of bounded variation is meas-
urable and almost everywhere finite, it follows that f is| meas-
urable and almost everywhere finite on each E, and consequently
on the whole interval I.
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Finally, let us mention as an immediate consequence of The-
orem 9.1, Chap. VII,

(1.4) Theorem. If a function f is 9D-integrable on an interval I,
then every closed subset of I, contains a portion Q such that the function f
is summable on Q and such that the series of the definite 9-integrals
of | over the intervals contiguous to @ is absolutely comvergent.
Similarly, if the function f is 9,-integrable on I,, then every
closed subset of 1, contains a portion @ such that the function f is sum-
mable on Q and such that the series of the oscillations of the indefinite

9,-integrals of f over the imtervals contiguous to @ 18 convergent.

§ 2. Integration by parts. We have already observed
(Chap. VI, p. 210) that a slight modification of the definition of
Lebesgue-Stieltjes integral leads to an indefinite integral which is
an additive function of an interval. As this modification will
be useful to us in the present §, we now formulate it explicitly.

Given a finite function ¢ integrable in the Lebesgue-Stieltjes
gsense with respect to a function of bounded variation ¥ on an

interval I=[o,b], we shall write
b b
(8) [gdF= [ gdF—ig(a)-[F(a)—F (a—)]+g(b)-[F (b+)—F(b)]).
a a b

The number (&) f gdF will be called definite $-integral of g with
a

respect to F' over I. As we 8ee at once, this number (unlike the
Lebesgue-Stieltjes integral) does not depend on the values taken
by the function F outside the interval I, and for each point ¢
of [a,b] we have

c b ]
(%) [ gdF +(8) [ gdF =($) [ g aF.

(2.1) Theorem, Let g be a bounded function integrable with respect
to a monot(mi non-decreasing function F on an interval [a,b]. Then:
(i) (é‘)fng:,u-[F(b)——F(a)], where u 18 a number between
the bounds o‘} the function g on [a,b];
(ii) writing S(x):(S)jng for a<<x<b, we have 8'(x)=

=g(z)-F'(x) at almost all points of continuity of the function g, and
in fact at every point x where g i8 continuous and F derivable.
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Proof. Clearly (i) follows at once from the obvious inequality
b
m-[F(b)——F(a)]g(G)fnggM-[F(b)—F(a)], where m and M are

the lower and upper bounds of g on [a,b]. In order to establish (ii),
consider a point z, at which ¢ is continuous and F is derivable.
We may suppose, by subtracting a constant from g if necessary,
that g(zy)=0. Denoting, for each interval J, by e&(J) the upper
bound of |g(x)| on J, we have |S(J)|/|J|<s(J)-F(J)/|J| and taking J
to be an interval containing x, and of length tending to zero, we
find 8'(xy)=0=g(x,). This completes the proof.

(2.2) Lemma. Let F be a function of bounded variation on an interval
I,=[a,b)], G a continuous function on I, and H the function defin-
ed on I, by the formula

(2.3) H(x)=F() G(m)—-(S)'/G(t) dF(t) for a<<ax<(b.

Then, if the function G is ACG [ACG,] on I, so is the function H.

Proof. We may clearly assume ¥ to be monotone non-de-
creaging. Denoting by M, the upper bound of |F(z)| on I,, we shall
begin by proving that for every interval I(CI, we must have

(2.4) |H(I)|< Mo |G 4+0(G; I)-F(I) and O(H; I)<3M,0(G; I).
In fact, by Theorem 2.1 (i), we have, for every subinterval J=[a, f] of I,

H(B)—H(a)=[G(B) —G(a)]-F (B) +[F () —F(a)]- G(a) — S)jG ) dF(t)
—[6(B)—G(a))-F(B)+[F (B) —F(a)}-[6(a) —u],

where u i8 a number between the bounds of G onJ. Consequently,
|H(J)|< M,-1G(J)|+0(@; J)-F(J), and the first of the relations (2.4)
follows by choosing J =1I. On the other hand, we derive
|H(J)|<3M,-O(G;I) for every interval J( I, and hence the second
relation (2.4).

Hence, since the function @ is continuous, the function H is
continuous also. Further, if {I,} is any finite sequence of non-
overlapping intervals and if o denotes the largest of the numbers
O(@G; I), we obtain from the relations (2.4)

.2 |2 (Ik)I<Mo-§IG(I»)l+w-F(Io) and §0(H;1.)<3M0. %?O(G; L).
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The first of these inequalities implies that if the function G is AC
on a get E, so is the function H, and consequently, that if the fune-
tion @ is ACG on the whole interval I, then the function H is also
ACG on I, Similarly, the second of the above inequalities shows
that if G is ACG, on I, then so is F, and this completes the proof.

We can now complete Theorem 14.8, Chap. III, which concerned
integration by parts for the Lebesgue integral, by establishing
a similar theorem for the Denjoy integrals:

(2.5) Theorem. If F(zx) is a function of bounded variation and g(x)
a function 9- or 2,-integrable on an interval I1,=[a,b], then the function
F(x) g(x) 8 integrable on I, in the same sense, and moreover denoting
by G the indefinite integral of g, we have

h b

(2) [ F(2)g(2)dz=G(b) F (b) — G (a) F (a) —(8) [ G(x) dF ().

Proof. We shall establish the theorem for the 9-integral.
The proof for the 9,-integral is quite similar.

By Lemma 2.2, the function H defined by the formula (2.3)
is ACG on I,. Moreover, by Theorem 2.1 (ii), if we form the ap-
proximate derivative of both sides of (2.3), we obtain almost every-
where the relation Hay(x)=F (z)Ga(z)=F (z)g(x). It follows that
the function F(x)g(r) is 9-integrable on the interval I, and that

b
(9)/1«’(:0)9(:17)ch;:H(b)—H(a). This last relation is equivalent to

thea one to be proved.

The idea of the above proof, which is directly based on the descriptive defi-
nition of the Denjoy integrals, is due to Zygmund. For another proof, depending
on the constructive definition of these integrals, cf. for instance E. W. Hobson
[I, p. 711]. For an interesting generalization of the theorem on integration by
parts to the &S-integral (cf. Chap. VI, §8) vide A. J. Ward [3].

From Theorem 2.5, there follows easily the second mean
value theorem for the Denjoy integral, which may be regarded
a8 a generalization of Theorem 14.10, Chap. III.

(2.6) Theorem. Given a nmon-decreasing function F on an interval
I,=[a,b] and a function g which is D-integrable on I, there must
exist a point & in I, such that

b ¢ b
(9)[ 9() F (@) de=F (a)-(9) [ g(2) dz+F (b)-(9) [y (x)de.
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Proof. Writing G(z /g t, we have by Theorems 2.5

and 2.1 (i) the relation

b

[g(w z) de = G (b) F (b) — () [ G(a) dF (z) =

=G(b ) (b) —p-[F (b) —F (a))=p-F (a) +-[G (b) —u]-F (b),

where u i8 a number between the bounds of G(x) on I. It follows
that there exists a point & in I, such that u=G (&), and the rela-
tion just obtained becomes

b
(9) [9(2) F(2) do=F (a)-G(§)+F (b)-[G (b) —G (&),
which, by definition of G(r), reduces to the required formula.

§ 3. Theorem of Hake-Alexandroff-Looman. The relations
between the Denjoy integrals and those of Lebesgue and of Newton
having already been obtained in §1, we now proceed to establish
an important result of Hake, Alexandroff and Looman, which asserts
the equivalence of integration in the restricted Denjoy sense with
Perron integration.

At the same time we shall show that in the definition of Perron
integral (Chap. VI, § 6) we need only take account of the continuous
major and minor functions. In order to make this assertion quite
precise, let us agree to say that a function f is & -integrable on an
interval I, if 1° the function has continuous major and minor func-
tions on I, and 2° denoting by U any continuous major function
and by V any continuous minor function of f on I,, the lower bound
‘of the numbers U(I,) is equal to the upper bound of the numbers
V(I,). The function f is then plainly &-integrable on I, the definite
#-integral of f on I, being equal to this common bound. We have
to prove the converse, i.e. that every function which is &inte-
grable is also &, -integrable.

(3.1) Lemma. If a function f is §y-integrable on each interval interior
to an interval [a,b] and if the definite &-integral over the interval
[a+eb—n] tends to a finite limit as e—>0+ and n—0+, then the
function f is &,-integrable on the whole interval [a,b].
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Proof. It is clearly sufficient (by halving the given interval)
to consider the case of a function f which is &-integrable on each

interval of the form [a,b —¢] where 0<e<b—a. Let P(z)=(&) ffda:

for a<x<b and p=P(b—).

We choose any positive number ¢. Writing for symmetry a,= a,
we consider any increasing sequence of points {a,},_,, ~which con-
verges to b. The function f being &,-integrable on each interval
[aky ar+1], we easily define, on the half open interval [a,b), a con-
tinuous function F such that F is a major function of f on each
of the intervals [ax, axs1] and that [F(z) —F (ax)] —[P(z) —P (ax)]<o/2*
for ap<x<apy1 and k=0,1,.... By the second of these conditions
the oscillation of the function F' on the interval [a,b) tends to 0
a8 k—oo, and therefore F has a finite limit F(b—) at the point b.
Writing F (r)=F(a)+(z —a)'® for z<a, and F(z)=F(b—) for z>>b,
we extend the definition of F to make this function continuous
on the whole straight line R,, and the following conditions are then
satisfied:

(3.2) —ookF(x)=f(x) for a<z<b and (3.3) F(b)—F(a)<p-+20.

Now let ¢ be an interior point of [a,b] such that the oscillation
of F on [c,b] is less than . For each point « of [¢,b], let O(x) denote
the oscillation of F' on [z,b]. The function O(z) is8 continuous and
non-increasing on the interval [¢,b], and we extend its definition
on to the whole straight line R, by making O(x)=0(c) for z<e
and O(z)=0(b)=0 for z>b. We now write G(z)=F(z)—O0(z)
and U(z)=6Gx)+o-(x—b)"/(b—a)'®. Since the function
o-(x—b)' */(b—a)' *—~0(x) is non-decreasing, it follows at once from
(3.2) that —oo%=U(x)>f(x) for a<<z<b. Moreover, gince G(b)—G(x)
is non-negative for each point x of the interval [¢,b], and O for
z>b, we find G(b)>0, and therefore U (b)= +oo. Hence U is a con-
tinuous major function of f on the interval [a,b] and fulfils, by (3.3),
the inequality U (b)—U(a)<F(b)—F(a)+20<p+40. Similarly we
define a function V which i8 a continuous minor function of f on
[a,b] and fulfils the condition V(b)—V (a)>p —40. It follows that
the function f is &-integrable on [4,b]. This completes the proof.
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(3.4) Lemma. Let Q be a closed .and bounded set, a,b its bounds,
{Ir=_[ax, bs]} the sequence of intervals contiguous to Q, and f a function
which i3 summable on Q and &y-integrable on each interval contiguous to Q.

Then, if the series of the oscillations of the indefinite &-integrals
of the function f on the intervals I, converges, the function f is
&Fy-integrable on the whole interval [a,b] and we have

b . b
(3.5) (#) [fdr=[fdz+3(®) [fdz.
a Q ap

Proof. Let ¢ be a positive number and let K be a positive
integer such that
(3.6) 20 < ¢,

k=-K-41

where 0, denotes the oscillation of the indefinite ¢integral of f
on the interval I,. Denote by f the function which agrees with f
on the set ¢ and on the intervals I, for k<K, and which is 0
elsewhere. By Theorem 3.2, Chap. VI, and by the hypotheses
of the lemma, the function f; has a continuous major function U,
and a continuous minor function V, such that

3 K .
(3.7)  Uy0)—Uy(@)—es [fdet (&) [1ar<Vy(b) —Vi(a) +e.
Q Rt

We shall now define a continuous major function for f—f,.

Let F, be, for each k, a continuous major function of f on
the interval I, such that Fy(a,)=0 and O(F; I1;)<<20;, and let Ax(z)
and Bg(r) denote, for any point xel the oscillations of the func-
tion F on the intervals [asx] and [x,b:] respectively. We write
G(x) = Fy(x)+ Ar(z) —[Bs(x) — Bi(ar)] when rel; and k>K, and
G (x)=0 clsewhere. Finally, for each x, we write

Uy(@)=G(r)+ X6 (bp —),
k

where the summation Y in extended over the indices k for
k

which b,<z. Since, for every k, we have G(ax-t)=G(ax)=0 and
O(G; 1;)<3-O(F; [;)<6:04, the function U, is continuous on the
straight line R,, and since the function G vanishes identically on
each interval I, for k<K, we have by (3.6),

(3.8) Uy(b) — Uy(a)<6-2'0x< be.
k=K+1
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Now, for each k, we have G(r)=>0 and G(by—)—G(xr)=0 for
every point xel,. Therefore the increment of the function U, is
non-negative on each interval containing points of the set ¢, and
congequently U,(r)=0=f(r)—f(r) at each point x of this set.
Again, since the function G vanishes on each interval I, for kt<K,
we have U,(r)=0=f(x)—f,(x), whenever zel; for k<{K. Finally,
since the function A,(r)—B(x) is non-decreasing on each I, we-
gee¢ that —oo:U,(r)>= Fi(x)=f(r)=f(x)—f(r) at each point welj
for k> K. Thus U, is a continuous major function of f —f, on [a,b].
Similarly, we determine a continuous minor function V, of f—f,,
subject to the condition V,(b)—V,(a)>=>—6¢ which corresponds to
(3.8). Therefore, writing U=U,+ U, and V=V,+V,, we obtain
a continuous major function U and a continuous minor function V
for f on [a,b], and if we denote by p the right-hand side of (3.5),
we obtain from (3.6) and (3.7), U(b) — U (a) —8e<p<V (b) —V (a)+8e.
The function f is thus &,-integrable on the interval [a,b] and its
definite ¢-integral over this interval is given by the formula (3.5).

(3.9) Theorem. A function f which is 9,-integrable on an interval I,
is mecessarily &,-integrable on I, and we have

(2,) [fdo=(9) [} d.
I, 1,

Proof. Let F be an indefinite 9,-integral of f on I,. We call
an interval IC I, regular, if the function f is &, -integrable on I
and if the function F is on I an indefinite &>integral of f. Further,
we call a point zel, regular, if each sufficiently small interval
IC I, containing z is regular. Let P be the set of the non-regular
points of I,. We see at once that the set P is closed and that every
subinterval of I, which contains no points of this set is regular.
We have to prove that the set P is empty.

Suppose, if possible, that P4-0. By Lemma 3.1 we see easily
that every interval contiguous to P is regular and that the set P
theretore has no isolated points. On the other hand, by Theorem 9.1,
Chap. VII, the set P contains a portion P, on which the function F
is AC,. Let J, be the smallest interval containing P,. Since the
set P has no isolated points, the same i8 true of any portion of P,
and therefore P-J§=+0. It follows that in order to obtain a con-
tradiction, which will justify our assertion, we need only prove that
the interval J, is regular.
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To show this, let J be any subinterval of J, and let @ be the
set consisting of the points of the set P-J and of the end-points ofJ.
We denote by {I,) the sequence of the intervals contiguous to @
and by G the function which coincides with ¥ oun @ and is linear
on the intervals I,. Plainly the function ¢ is absolutely continuous
on J. Therefore, since G'(2)=1F"'(x)=f(x) at almost all points z of Q,
and since G(I,)=F(I,) for each n, we obtain

(3.10) F()=6(J)= [ ¢'(@)de=XF (I,)+ [ f(x)dux.
J n O

Now the function f is summable on @ and &,-integrable on
each interval I, and moreover, F ig an indefinite &integral of f on
each of these intervals. The series of the oscillations of F on the
intervals I, being convergent, it follows, by Lemma 3.4, that the
function f is &,-integrable on J and that, on account of (3.10),
F(J)=(&) /ifdx. Therefore, since J is any subinterval of J, the

.

interval J, is regular and this completes the proof.

(3.11) Theorem. A function which is &-integrable on an interval I,
18 necessarily 2,-integrable on I,.

Proof. Let f be a function &-integrable on an interval I,
and let P be its indefinite &integral. We shall show that the func-
tion P is an indefinite 9.-integral of f. Since P’(xr)=f(x) almost
everywhere (cf. Theorem 6.1, Chap. VI), it is enough to show that
the function P is ACG, on I, i.e. that any closed set Q C I, con-
tains a portion on which the function P is AC,.

Let H be any major function of f. Since H (r)>—oo at each
point x of I,, the function H is by Theorem 10.1, Chap. VII, VBG,
on I, and hence I, is expressible as the sum of a sequence of closed
sets (cf. Theorem 7.1, Chap. VII) on each of which the function H
is VB,. It follows, by Baire’s Theorem (Theorem 9.2, Chap. IT) that
the set @ contains a portion ¢, on which the function H is VB,.
Since the difference P —H ig a monotone function, the function P
is actually VB, on @,. We shall show that P is further AC, on @,.

For this purpose, we denote by J,=[a,b] the smallest interval
containing @,. Let ¢ be any positive number and U a major fune-
tion of f on I, such that

(3.12) UI,)—P(I,)<e.



252 CHAPTER VIII. Denjoy integrals.

Let P, and U, denote the functions which coincide on @, with the
functions P and U respectively, and which are linear on the intervals
contiguous to @, and constant on the half-lines (— oo, ¢] and [b,4-o0).
The function P, is clearly of bounded variation. On the other hand,
we see easily that U (x)>—oo at every point, and that U,(z)>Pi(x)
at almost all points, of the interval J,. Therefore, writing f,(r) = Pi(x)
wherever the second of the above inequalities holds, and f,(r)=—o0
elsewhere, we see at once that the function f,(x) is summable on J

and has U, for a major function. It follows that U,(I)> /‘fl(:c)dx
i

for each interval I(CJ,, and therefore that the function of singularities
(ef. Chap. IV, p. 120) of U, is monotone non-decreasing on J,. Let T,
be the function of singularities of P,. Sinece the function P, —U,
is monotone non-increasing on J, and sinee, by (3.12), we have
0= Py (J,) —U(Jg)=P(Jy) —U(Jy) =—¢, it follows that 7(I)= —e
for each interval ICdJ,; and ¢ being any positive number, this
requires 7,(1)>0 for every interval I(CJ,. Similarly, by considering
minor functions of f 1n place of major funetions, we find 7',(I)<0,
and therefore, finally, 7',(I)=0, for each interval I( J, The func-
tion P, is thus absolutely continuous on «J,. This requires the func-
tion P to be AC on the set @, a8 well as8 VB,, and therefore AC,
on this set on account of Theorem &.8, Chap. VII. Thus every clos-
ed set QCI, contains a portion @, on which the function P is
AC,, and this completes the proof.

The first of the theorems proved in this §, which together establish the
equivalence of the processes of ?4-, -¥,- and -integration, was derived
in 1921 by H. Hake [1] from the constructive definition of the integral ¥4
(vide below, § 5). The second theorem was obtained some years later by P. Alex-
androff [1; 2] and H. Looman (4] independently. For an interesting extension
of these results to Perron-Stieltjes integral, vide A. J. Ward [3].

It should, perhaps, be added that in their original definitions O. Per-
ron (1]and O. Bauer [1] employed only continuous major and minor functions.
The equivalence of the original Perron-Bauer definition with that of Chap. VI,
§ 6, has therefore been established here as a consequence of Theorems 3.9 et 3.11.

Let us remark further that in the definition of Perron integral, ordinary
major and minor functions may be replaced by generalized continuous major
and minor functions defined as follows. A function U is a generalized continuous
major function of a function f on an interval I if 1° U is continuous and VBGy
on I, 2° the set of the values assumed by U at the points at which U’(z)=—o00,
is of measure zero, and 3° U(x)=f(x) at almost all points z. The definition of
Jencralized continuous minor functions is obtained by symmetry.
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We shall conclude this § with the following result, due to
Marcinkiewicz:

(3.13) Theorem. A measurable function f which has on I, at least
one continuous major function and at least ome continuous minor
function, is mecessarily &-integrable on I,.

Proof. Let U and V be respectively a continuous major funec-
tion and a continuous minor function of f on I,, We shall call
a point xel, regular if the function f is #integrable on each suf-
ficiently small interval I(CI, which contains z. Let @ be the set
of the points x of I, which are not regular. The set @ is plainly closed
and we see at once that the function f is &-integrable on each sub-
interval of I, which contains no points of Q. Thus it has to be proved
that @=0.

Suppose, if possible, that @+0. For every interval I on which
the function f is &integrable, we have U(I)}(é/’)[f(a:)dm}V(I).

1

Therefore, if [a,b] i8 an interval contiguous to @, the definite
& integral of f on the interval [a-{ e b—n] interior to [a,b] tends
to a finite limit a8 ¢—0 and 7—0. By Lemma 3.1, the function f
is thus ¢*integrable on each interval contiguous to Q. It follows,
in particular, that @ can have no isolated points.

Now let @, be a portion of @ on which the functions U and V
are both VB,. Such a portion exists by Theorem 9.1, Chap. VII,
since the functions U and Vare VBG, on I, on account of Theorem 10.1,
Chap. VII. Let J, be the smallest interval containing @,. Since
U(z)>=f(x)>> V(x) everywhere on I,, the function f is summable
on Q, together with the two derivatives U(x) and V(z). On the
other hand, denoting by {I,} the sequence of the intervals contiguous
to Q, and by O, the oscillation on I, of the indefinite & integral
of f, we shall have 0,<O(U;I,)+O(V;I,) for every =, and 80
2 0u<+oo. It follows by Lemma 3.4, that the function f is &inte-

grable on the whole interval J,. But this is clearly impossible, for
since the set @ has no isolated points, the interval J, contains in
its interior some points of Q. We thus arrive at a contradiction
which completes the proof.

Just as in the definition of the Perron integral, we may replace, in The-
orem 3.13, ordinary major and minor functions by generalized continuous ones
(cf. above, p. 252). Nevertheless, the conditions of Theorem 3.13 differ from those
of the definition of Chap. VI, § 6, in that continuity is essential. In fact, if
we write f(z)=0 for £ <0 and f(x)=—1/z* for >0, U (x)=0 identically in K,
and V(z)=0 for z<<0 and V (z)=1/x for >0, we see at once that U and V are
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+§4. General notion of integral. We shall deal in this §
with some notions of a more abstract kind which we shall employ,
in the next §, as a basis for the constructive definition of the
Denjoy integrals.

Let € be a functional operation by which there corresponds
to each interval I=[a,b] a class of functions defined on I, and to
each function f of this class a finite real number. This class of func-
tions will be called domain of the operation € on the interval I, and
the number associated with f will be denoted by €(f;I).

An operation € will be termed an integral, if the following three
conditions are fulfilled:

(i) If a function f belongs to the domain of the operation €
on an interval I,, the function belongs also to the domain of € on
any interval ICI,, and ¢(f;I) is a continuous additive function
of the interval I(CI,.

(ii) If a function f belongs to the domain of the operation &
on two abutting intervals I, and I,, the function belongs also to
the domain of ¢ on the interval I,-1I,.

(iii) A function f which vanishes identically on an interval I
belongs to the domain of € on I, and we have Z(f;1)=0.

If Cis an integral, any function f which belongs to the domain
of € on an interval I, will be termed C-integrable on I, and the
number &(f; I,) will be called definite T-integral of f on I, The
function of an interval I (CI,, €(f; I), which i8 additive and continuous
on account of (i), will then be called indefinite T-integral of f on I,
and its oscillation on I, (i. e. the upper bound of the numbers |(f; I )l,
where I denotes any subinterval of I,) will be denoted by O(Z; f; I,).

Two integrals ¢ and €, will be termed compatible, if
G(f; I)=,(f; I) for every interval I and for every function f
which i8 both &- and €,-integrable on I.

We shall say that the integral €, imcludes the integral €,
if the two integrals are compatible and if every function which is
;-integrable is also C,-integrable. When this i8 8o we shall write
¢, ¢,

Given an integral € and a function g whieh vanishes out-
gide a bounded set E, it is evident that if g is C-integrable on an
interval I, which contains E in its interior, then g is 8o also on
any interval I which contains E, and we have €(g;I)=E&(g;I,).
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This fact justifies the following definition: we shall say that
a function f is ¢-integrable on a bounded set E, if the function g which
coincides- with f on E and is 0 elsewhere, is C-integrable on each
interval I D E. The number &(g; I) is then independent of the choice
of the interval I D E; we shall call this number definite €-integral
of the function f on the set E and we shall denote it by €(f; E).

Of the known processes of integration, all those which give rise to a con-
tinuous indefinite integral (for instance those of Lebesgue, Newton, Denjoy, etc.)
are easily seen to be integrals according to the above definition. If, however,
we wished to include also discontinuous integrals (e.g. that of W. H. Young
cf. Chap. VII, p. 215) we should have to modify some details of the definition,

Given a function f on an interval I, and given an integral €,
we shall say that a point ae I, is a ¢-singular point of f in I if there
exist arbitrarily small intervals I I, containing a on each of which
the function f is not C-integrable. Denoting by S the set of these
points, we see at once that the set S is closed and that the funection f
is C-integrable on every subinterval of I, which contains no points of 8.

With each integral € we now associate three ‘‘generalized’”
integrals ¢°, ¢" and ¢". defined as follows.

Given any interval I,, the domain of the operation ¢° on I,
is the class of all the functions f which fulfil the following two
conditions:

(c') the set of the Z-singular points of f in I, is finite (or empty);

(c?) there exists a continuous additive function of an interval F
on I, such that F(I)=C(f; I) whenever I is a subinterval of I,
which contains no Z-singular point of f.

Since such a function F (if existent) i8 uniquely determined
by the conditions (c¢!) and (c?), we can write é'“(j; 1,)=F(1,).

The domain of the operation ¢" on I, is defined as the class
of the functions f which fulfil the following conditions:

(h!) if 8 denotes the set of all ¢-singular points of f in I, the
function f is -integrable on the set S and on each of the intervals I,
contiguous to the set consisting of the points of § and of the end-
points of I,;

(h?) 2 |€(f; I+)|< + oo and, in the case in which the sequence {I)
k
is infinite, lim O(C; f; I,)=0.
k
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For any such function f, we write by definition:
e(f; L) =2 €(f; In) + €(f; 8).

Finally, we obtain the definition of the operation € e by re-
placing in the definition of the operation " the condition (h%) by
the more restrictive condition:

(hy) Z0(&; £ In< +eo.

We verify at once that the operations ¢“ ¢" and g™ all
fulfil the conditions (i), (ii) and (iii), p. 254. These operations are there-
fore integrals according to the definition, p. 254, and we evidently
have £€C € and ¢C €™ ¢". For brevity, we shall write £ and
¢ in place of (ff,‘c)H and (E(")"‘ respectively.

The integral € and the integrals cM and H+ may be regarded respectively
as the Cauchy and the Harnack generalizations of the integral ¢. They correspond,
in fact, to the classical processes employed by Cauchy and Harnack to extend
integration from bounded to unbounded functions of certain classes. The original
process of Harnack actually corresponds to the operation '+ rather than to the
operation ¢H. Cf. A. Harnack [1], E. W. Hobson (I, Chap. VIII] and A. Rosen-
thal [I, p. 1053).

If we were to add to the conditions (h!) and (h?) which characterize the
generalized integral CH, the condition that lim O(; f; I,)/e(z, I})=0 for almost

k

all z¢8, we should arrive at a generalized integral C'' intermediate between
" and cl». By applying the process C!' in the constructive definitions of Den-
joy integrals of the next §, we should then obtain an integral ', intermediate
between 9 and 2,. Its descriptive definition is very siinple: a function f is »'-
integrable if it is D-integrable and if its indefinite -integral is almost everywhere
derivable (in the ordinary sense). This integral has been discussed by A. Khin.
tchine [1]; cf. also J. C. Burkill [1).

»§ 5. Constructive definition of the Denjoy integrals.
With the notation of the preceding §, we see at once that for each
integral €C 9, we have also ¢°C 9; similarly the relation ¢C 9,
implies ECC 9,. It is not quite 8o obvious that the relations €C 9
and €C 9, imply respectively €'C 9 and ¢™(C 9,. This last as-
gertion is a consequence of the following theorem which is anal-
ogous to Lemma 3.4.
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(5.1) Theorem. Let Q be a bounded closed set with the bounds
a and b, and let {I;} be the sequence of intervals contiguous to Q;
and suppose that f is a function 9-integrable on the set Q as well as
on each of the intervals Iy, and that (in the case in which the sequence
{Ix} i8 infinite)

ZI(Q)jfdw|<+oo and  LmO(9;f; I)=
k I k

Then the function f is D-integrable on the whole interval
I=[a,b] and we have

(5.2) (9) [f de=(9) [ do+ 3(9) [ da.
I Q LA A

If we suppose, further, that the function f is 9,-integrable on Q
as well as on each of the intervals I, and that 2, O(2,; f; It) < + oo,
then the function f is 2,-integrable on I.

Proof. We shall prove the theorem for the 9-integral. The
case of the 9,-integral is similar.

Let I(x) denote the interval [a,x] where we suppose «e[a,b],
and let
(5.3) F@)=3(9) [ (1)t

LI Y ()

We shall show that the function F, thus defined, is ACG on
the interval I. For this purpose, it will suffice to show that F is
AC on the set @, the function being evidently continuous on I and
ACG on each of the intervals I,. .

Let g(x) be the function equal to 0 for xe@Q and to — |I | )/ f(t)dt

Iy

for wel; where k=1, 2,.... The function g is summable on I and
if G(x)= /‘g(t) dt, the function F clearly coincides with G on @Q;

F is thus AC on @ and therefore ACG on I.

This being 8o, we have Fi.(x)=G'(x)=g¢(r)=0 at almost all
points x of Q, while it follows at once from (5.3) that F,,(r)=f(x) at
almost all points x of I—¢@. Hence, F being ACG on I, it follows
that the function equal to f on I—¢@ and to 0 on @ has F for an
indefinite 9-integral. On the other hand, the function equal to f
on Q and to O elsewhere is, by hypothesis, 9-integrable on I.
It follows that the function f itself is 2-integrable on I, and
that (9) [ f(x) dw=F (b)— F (a)+(9) j fdx, which, on account of (5.3),

is equlvalent to (5.2). This completes the proof.
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We now pass on to the constructive definition of the Denjoy
integrals. We begin by introducing the following notation.
Let {C°} be a sequence of integrals, in general transfinite, such
that €°(C €” whenever é<7. We then denote by e; ¢* the operation €
a r'd

whose domain on each interval I is the sum of the domaing of the
operationg ¢t for < a, and which is defined for every function f
of its domain by the relation C(f; I)=C>(f; I), where &, i8 the least
of the indices &< a such that f is €*-integrable on I. It then follows,
of course, that T(f; I)=¢C “(f; I) for every £>§,, since by hypothesis € :
then includes &*.

This being so, let 1£%) and {L’i} be two transfinite sequences
defined, by an induction starting with the Lebesgue integral £, as

follows:
£0= £ =g,

= (Y ) and £r = (3 g8yt for a>0.
§<a

Denoting by 2 the smallest ordinal number of the third class
(cf. for instance, W. Sierpinski [I, p.235]) we shall show that

2=Y¢'=2"  and  9,=)3r=1g
1) R
We shall restrict ourselves to the case of the 9-integral (that of
the 2,-integral being quite similar).
Since £C 9, we find at once by induction (cf. above, p.256)
that for every ¢, °£C 2, and 8o, obviously, 52;2 £5C 9. In order to

change this last relation into one of identity, it is enough to show
that every function f which is 9-integrable on an interval I,=[a,b],
is L":-integrable on I, for some index £{<£.

Let 8 denote the set of the )Js-singular points of f in I,. The
sequence {S’t}, a8 a descending sequence of cloged sets, is sta-
tionary, i.e. there exists an index »<{ such that §=8"""
(For if not, there would exist for every ¢< a point
m;eS§~S§+’, and therefore also an interval I; with rational end-
points, containing the point x; of S° but without points in common
with the closed set S°'', nor therefore, with any of the sets
S8+ &3 .. We should thus obtain a transfinite sequence of type
Q of distinct intervals with rational end-points, and this is impossible.)
We shall prove that §°=0.
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Suppose, if possible, that S°4=0. We 8ee at once that the func-
tion f is £”-integrable on each interval I(C I, which contains no
points of 8”. It follows that the function f is (£”)“-integrable, and
a fortiori £"*'-integrable, on each interval contiguous to §”. Since
8'=8""" it follows, in particular, that the set $” contains no iso-
lated points.

The function f being, by hypothesis, 2-integrable on I, the
set S” (cf. Theorem 1.4) must contain a portion @ such that the
function f is summable on Q and such that the series of the definite
9-integrals of f over the intervals contiguous to 9 converges absolu-
tely. Since ):C(JJ")CC 9, it follows at once that the fnnction f is
(£")*.integrable, i.e. £""'-integrable, on some interval J, contain-
ing @. But this is clearly impossible, since, in view of the fact that
the set §8” has no isolated points, the interval J, certainiy contains
points .of the set 8’=8""" in its interior.

We thus have 8"=0, which establishes the £’-integrability of
f on I, and completes the proof.

Various definitions, constructive and descriptive, of Denjoy integrals will
be found in the papers mentioned in Chap. VI, p. 207, and Chap. VII, pp. 214-215,
a8 well as in the following treatises and memoirs: N. Lusin [I;4], T. fI. fil-
debrandt [1], P. Nalli [I], E. Kamke [I], A. Kolmogoroff [2],
H. Lebesgue [7; II, Chap. X]. A. Rosenthal [1] and P. Romanowski [1].

For further extensions to functions of two or more variables, see alao
H. Looman [1] and M. Krzyzanski [1].




CHAPTER IX.
Derivates of functions of one or two real variables.

§ 1. Some elementary theorems. The first part of this
chapter (§§ 1—10) is devoted to studying the various relations between
the derivates of a function of a real variable. With the help of the no-
tion of extreme differentials introduced by Haslam-Jones, certain of
these relations will subsequently be extended, in the second part of
the chapter (§§ 11—14), to functions of two variables.

Accordingly, the term “function’ will be restricted in the first
part of this chapter to mean function of one real variable.

Before proceeding to the theorems directly connected with the
Lebesgue theory, we shall establish in this § some elementary results.

We first observe that a linear set E contains at most a finite num-
ber, or an enumerable infintity, of points which are isolated on one side at
least. To fix the ideas, let A be the set of the points of E which are
isolated points of E on the right. For each integer n, let A, denote the
set of the points « of 4 such that the interval [x,2+1/n] contains no
point of E other than . Then it is plain that, for each integer k, the in-
terval [k/n, (k+ 1)/n] can have at most one point in common with 4,.
Hence each set 4, is at most enumerable, and the same is true of
the set A=ZA,..

We say that a finite function F assumes at a point z, a strict
maximum if there exists an open interval I containing z, such that
F(r)<F(x,) forevery point zel other than x,. By symmetry we define
a strict minimum.
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(1.1) Theorem. Given a finite function of a real variable F, each of
the following sets 8 at most enumerable:

(i) the set of the points at which the function F assumes a strict
maximum or minimum;
(ii) the set of the points x at which
lim sup F(t) >1lim sup F(t) or liminf F(t) <lim inf F(t);

t>x t>x+ t>x t>x+

(iil) the set of the points x at which
Fr)<F (@)  or  F (0)<F'(a).

Proof. re (i). Consider the set A of the points at which, for in-
stance, the function ¥ assumes a strict maximum, and let 4, denote,
for each positive integer n, the set of the points z such that F(t)< F(x)
holds for each point t4=x of the interval (x—1/n, x+1/n). We see at
once that each set A, isisolated, and therefore at most enumerable.
Since A= 'A,, it follows that the set A4 is at most enumerable.

re (ii). Let us consider, for definiteness, the set B of the points

z at which lim sup F(t)>lim sup F(t). We denote, for each pair of in-
t>x t>x+

tegers p and ¢, by B,, the set of the points x such that
lim sup F(t) > p/q > lim sup F(t).

t>x t>x+
Clearly each point of a set B,, is, for that set, an isolated point on
the right. Each of the sets B, is thus at most enumerable, and, since
B:ZBM, the same is true of the whole set B.
p.q

re (iii). Consider the set ¢ of the points « at which F'(z)<F ().
and denote, for each pair of integers ¢>0 and p, by C,, the set of the
points z at which F'(z)<p/g<F (x). Write F, (x)=F(z)—px/q. We
find F;,(z)<0<F,,(z) at each point zeCp,, and this shows that the
function F,, assumes a strict maximum at each point of C,,. By the
result just established, each set Cp,is at most enumerable, and con-
sequently, the same is true of the whole set C.

It is sometimes convenient (vide, below, § 5) to appeal to a
slightly more general form of the last part of Theorem 1.1, which
concerns relative derivates (cf. Chap.IV, p. 108) and which reads thus:

(1.2) Theorem. If U and F are two finite functions of a real variable,
the set of the points t at which the derivative U'(t)>0 (finite or infinite)
exists and at which F§(t)<Fy(t), is at most enumerable.
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This is proved in the same way as the corresponding part of
Theorem1.1. In fact, if we denote, for every pair of integers ¢>0 and p,
by C,, the set of the points x at which F(z)< p/¢<Fy(z),
we see at once that the function F(r)—(p/q)-U(r) assumes at each
point of (5, u strict maximum. Therefore each set Cp, is at most
enumerable,

For Theorem 1.1 and its various generalizations, vide: A. Denjoy [1, p. 147],
B Levi[l]. A. Rosenthal [1], A. Schonflies [I, p. 158], W. Sierpinski [1; 2]
and G ¢ Young {1]. As regards the enumerability of the set of the points at which
the function assumes a strict maximum or minimum, it is easily seen that this
result remains valid for functions in any separable metrical space (c¢f. ¥F. Haus-
dorff (1. p. 363])). Mention should be made also of the elegant generalizations of
Theorem 1.1, obtained successively by H. Blumberg [1], M. Schmeiser([1] and
V. Jarnik [3].

§ 2. Contingent of a set. Wec have mentioned earlier (in
Chapter IV, p. 133), that certain theorems on derivates of functions
may be stated as propositions concerning metrical properties of
sets in Euchidean spaces. In connection with these results, we shall
state in this § some definitions which begin with some well-known
notions of Analytical Geometry.

By the direction of a half-line ! in a space R, (where m>2) we
shall mean the system of the m direction cosines of 1. The half-line
issuing from a point a and having the direction 0 will be denoted by
af. The half-line issuing from a point ¢ and containing a point bi-a

will be denoted by ab.

If we interpret the system of the m direction cosines of a half-
line ax a point in B, (situated on the surface of a unit sphere), we may
regard the set of all directions in a Euclidean space as a complete,
separable, metrical space (¢f. Chap. II, § 2). It is then clear what is
to be understood by the terms: convergence and limit of a se-
guence of directions, everywhere dense set of directions, ete. We
shull say further that a sequence of half-lines {[,} issuing from the
same point a converges to a half-line I issuing from a, if the sequence
of the directions of the half-lines I, converges to the direction of l.

Given a set £ in a space Ip, a half-line { issuing from a point aeE
will be called an intermediate half-tangent of K at a, if there exists
a sequence {a,) of points of £ distinct from a, converging to a and such

-
that the sequence of half-lines {aa,} converges to I. The set of all inter-
mediate half-tangents of a set E at a point a is termed, following
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G. Bouligand [I], the contingent of E at a and denoted by contgra
(by the contingent of E at an isolated point of E, we shall understand
the empty set). A straight line passing through a which is formed of
two intermediate half-tangents of E at a is called intermediate tangent
of E at a. Similarly a hyperplane h passing through the point ais called
intermediate tangent hyperplane of E at a, if each half-line issuing from
a and situated in h is an intermediate half-tangent of E at a. In R,
the notions of intermediate tangent hyperplane and inter-
mediate tangent are plainly equivalent.

Given in the space R, a hyperplane h, a,x,+ @y2y+...4-anT,=b,
(cf. Chapter IIl, §2) the two half-spaces (half-planes if m =2
&L+ Aoyt ... A Xm=2b and a@,+agly+ ... +anxm<b, into which h
divides R, will be termed stdes of the hyperplane h. In the case in
which & is anintermediate tangent hyperplane of a set £ at a pointa
and in which, further, the contingent contgg a is wholly situated on
one side of h, the side opposite to the latter is called empty side of h
and the hyperplane h is termed extreme tangent hyperplane of E at a.
The two sides of A may, of course, both be empty at the same time,
and this ocecurs if the contingent of K at a coincides with the set of
all half-lines issuing from a which lie in the hyperplane h itself.
The hyperplane h is then termed unique tangent hyperplane, or simply,
tangent hyperplane, of E at a.

For simplicity of wording, we shall restrict ourselves in the sequel
to the case of sets situated either in the plane R, orin the space R,.
Needless to say, the extension to any space I, presents no essential
difficulty (an elegant statement, which sums up the results of §§ 3
and 13 of this chapter and which is valid for an arbitrary space R,
will be found in the nete of F. Roger [2]).

As usual, the hyperplanes in R, and R; are termed straight
lines and planes respectively. Moreover, in the case of plane sets we
shall speak of tangent (intermediate, extreme, unique) in place of
tangent straight line (intermediate, extreme, unique).

We shall discuss the case of the plane (§3) and that of the space
(§ 13) separately, although the proofs of the fundamental theorems
3.6 and 13.7 which correspond to these two cases, are wholly analogous.
The proof of the former is, however, more elementary, whereas the
latter requires some subsidiary considerations connected with the
notion of total differential (ef. below §12).
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§ 3. Fundamental theorems on the contingents of plane
sets. For brevity, we shall say that the contingent of a plane set
E at a point a is the whole plane, if it includes all half-lines issuing
from this point. Similarly the contingent of £ at a point a will be
said to be a half-plane, if E has at this point an extreme tangent
and if contgga consists of all the half-lines issuing from a and
situated on one side of I.

We shall see in this § that, given any plane set E, at each point a of E except
at most in a subset of zero length, either 1°the contingent of E is the whole plane, or
20 it is a half-plane, or finally 3° the set E has a unique tangent. This result (together
with the more precise result contained in Theorem 3.6) was first stated by
A.Kolmogoroff andJ.Veréenko [1;2]. It was rediscovered independently, and
generalized to sets situated in any space Bm, by F.Roger [2]. The proofs, together
with some interesting applications of the theorem of Kolmogoroff and Ver¢enko,
will be found in the notes of U. S. Haslam-Jones [2;3]. (For the first part
of Theorem 3.6 ¢f. also A. S. Besicovitch [4].)

A finite function of a real variable F, defined on a linear set E,
is said to fulfil the Lipschitz condition on E, if there exists a finite
number X such that |F(x,)—F(z,)|<N-|z,—=z,| whenever x, and z,
are points of E. As we verify at once, we then have A|(B(F; E)}<
<(N+1)-|E| (for the notation, c¢f. Chap. II, § 8, and Chap. III, § 10).
Thus, if a function F fulfils the Lipschitz condition on a set E of finite
[zero) outer measure, its graph B(F; E) on E is of finite [zero]
length.

It is also easy to see that any function which fulfils the Lipschitz
condition on a linear set E, can be continued outside E so as to fulfil
the Lipschitz condition on the whole straight line &2, and so as to be
linear on each interval contiguous to £.

(3.1) Lemma. Let R be a plane set, 6 a fired direction and P the set
of the points a of R at which contgy a contains no half-line of direction 6.
Then (i) the set P is the sum of a sequence of sets of finite length,
and (ii) at each point a of P, except at most at those of a subset of length
zero, the set R has an exireme tangent such that the side of the tangent
containing the half-line ab is its empty side.

In the particular case in which 0 is the direction of the positive semi-
axis of y, the set P is expressible as the sum of an enumerable infinity of
sets each of which 18 the graph of a function on a set on which the
function fulfils the Lipschitz condition.
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Proof. By changing, if necessary, the coordinate system, we
may suppose in both parts of the theorem that 6 is the direction of
the positive semi-axis of y. Let us denote, for every positive inte-
ger n, by P, the set of the points (&, y) of P such that the inequali-
ties |z'—ux|<1/n and |y’'—yl<1/n imply y'—y<n-|c'—x| for every
point (x’,y’) of R. Since there is no point ¢ of P at which the contingent
of R contains the half-line with the direction of the positive semi-axis
of y, it is clear that P=)'P,. Let us now express each P, as the sum of

n
a sequence {P, ., 12 of sets with diameters less than 1/n. We shall
then have |y,—y |<n-'r,--z| for every pair of points, (r,y,) and
(x,y y,), belonging to the same set P, Let ., be the orthogonal
projection of P,, on the axis of r. We easily see that each point of
Qn.x 18 the projection of a single point of P,, Consequently, the set
P, may be considered as the graph of a function F,,, on @, ,. Moreover
we have |F,  (r2)- Fau(ri)l<n-lxs—x| for each pair of points »r, and
Zy Of Qupy i.e. the function F,, fulfils the Lipschitz condition on @,
and therefore (cf. above p. 264) each set P, =B(F,.; Qns) is of

finite length. Thus, since P=)'P,, we obtain the required expres-
nk

sion of the set P as the sum of an at most enumerable infinity of sets
of finite length, which are at the same time graphs of functions
fulfilling the Lipschitz condition on sets situated on the r-axis.

It remains to examine the existence of an extreme tangent to
the set K at the points of P. For this purpose, let us keep fixed for the
moment a pair of positive integers n and k, and let 6,.,, be the set of
the points of @Q,, which are points of outer density for @,, and at
which the function F,, is derivable with respect to the set Q, ;. Since
the set Q,,,,,——@,,},, is of measure zero (¢f. Theorem 4.4, Chap. VII) and
since the function F,,,,,~ fulfils tlv.e Lipschitz condition on @,,, it follows
that A [B( F,, &y Q,, k_Qn k)] =

We need, therefore, onl\ prove that R has an extreme tangent
at each point of the set B(F,.; Q,. «) and that, further, the side of
this tangent which contains a half-line in the direction of the
positive semi-axis of y is its empty side.

Let (&, 7,) be any point of B([",.,k;a,,_,,), and 4, the derivative
of F,x at & with respect to the set @, .. Let ¢ be a positive number less
than 1. Since &, is a point of outer density for the set Q.. we can
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associate with each point (&, n), sufficiently close to (&), 7,), a point
&'eQnr such that

(8.2)  [&—&|<[E—& and (3.3)  |E—E<e|t—¢,|

(for otherwise, the outer lower density of Q.. at &, would not ex-
ceed 1—e¢).
Remembering now that n=F (&), let us write for brevity

D"’k(f’) =Fn,k(£’)—7)o ——A0~(£'—£0).
We shall have
(3.4) n—n,—A4s(6=&)=D, (&) +[n- F, (&)]+ 4, (§—8&).

Now suppose that the point (&%) belongs to R and that
|6—&)<1/2n? and |p—n|<1/2n% By (3.3), we have [&'—¢|<1/n,
and, by (3.2), |F, (&) —n|<n-|&'—&|<n-|6—&|<1/2n, so that
|Fni(&')—n|<1/n. Since the point (&', F,.(£')) belongs to P, x(C Pp, it
follows from the definition of the set P, that n—F,(¢')<n-|&--¢,
and using (3.3) again, we derive from (3.4) that

N—ny— Ay (§—E) KD, (&) + (n+ |4])- |6 —¢I<

Now as &, and therefore ¢, tends to &, the ratio D, x(¢')/(&'—¢&,)
tends to zero; the same is therefore true, on account of (3.3), of the ratio
D, (&)/(6—&,). Consequently, since ¢ is an arbitrary positive number
less than 1, it follows from (3.5) that the upper limit of the ratio
[n—ny—A, (§—&)1/|6—&,), as the point (& 7n)eR tends to (&,7,),
is non-positive. Further, since the line y—z,=4,-(x—§)) is plainly
an intermediate tangent of the set B(F,«; Q. x) R at the point (£, n,),
we see that this line is an extreme tangent of the set R at this point
and that the half-plane y—» >4 -(x—¢§,), which contains the half-line
issuing from (£, 7,) in the direction of the positive semi-axis of y,
is an empty side of this tangent.

This completes the proof.

(3.5)

(3.6) Theorem. Given a plane set R, le* P be a subset of R at no point
of which the contingent of R is the whole plane. Then (i) the set P is the
sum of an enumerable infinity of sets of finite length and (ii) at every
point of P, except at those of a set of length zero, either the set R has a unique
tangent or else the contimgent of R i3 a half-plane.
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Proof. Let {6,} be an everywhere dense sequence of directions
in the plane and, for each positive integer n, let P, denote the set of
the points of P at which the contingent of R does not contain the half-
line of direction 6,. We clearly have P=)'P,, and by the preceding

lemma each set P,, and therefore the whole set P, is the sum of a se-
quence of sets of finite length. Further, the same lemma shows that
the set R has an extreme tangent at every point of P, except at most
in a set of length zero.

Now let @ be the set of the points of P at which 1° there exists
an extreme tangent which is not a unique tangent and 2° the con-
tingent of R is not a half-plane. For each positive integer n, let @,
denote the set of the points b of @ such that the half-line b0, is situated
on the non-empty side of the extreme tangent of R at b, but does
not belong to contg,b. Plainly @=3'Q,. Now, by the preceding

lemma, for every point be@ , except at most those of a set of length
zero, the half-line b6, is situated on the empty side of the extreme
tangent at b. It follows that all the sets @ , and therefore also the
whole set @, are of length zero. Hence, at every point of P, except
perhaps those of a subset of length zero, either there is a unique
tangent or the contingent at this point is a half-plane.

(3.7) Theorem. Given a plane set R, let P be a subset of R at every
point of which the set R has an ertreme tangent parallel to a fived
straight line D. Then the orthogonal projection of P on the line at right
angles to D s of linear measure zero.

Proof. We may clearly assume that the line D coincides with
the axis of x. Let S and T denote, respectively, the sets of the points
(&,7n) of P for which the half-planes y># and y<y are respectively
the empty sides of the extreme tangents. Consider the former of
these sets. By Lemma 3.1, the set 8 is the sum of a sequence of
the sets B(F ;Q,), where the @ are sets on the r-axis and the F,
functions fulfilling the Lipschitz condition on these sets, respectively.
We may suppose (cf. p. 264) that each function F, is defined, and
fulfils the Lipschitz condition, on the whole x-axis and is linear
on the intervals contiguous to the set Q.

This being so, we easily see that, for every =, the relation
F; (¢)=>0>F;(x) holds at each point x of Q, which is not an isolated
point on any side for @, i.e. (cf. §1, p.260) at all the points of Q,,



268 CHAPTER IX. Derivates of functions of one or two real variables.

except at most those of an enumerable set. Thus by Lemma 6.3,
Chap. VII, we have |F [Q ]|=0 for every positive integer n, and
since the projection of § on the y-axis coincides with the sum of
the sets F [Q,], this projection is itself of measure zero. By sym-
metry, the same is true of the projection of the set T on the
y-axis, and this completes the proof.

As an immediate corollary, we derive from Theorem 3.6 the following prop-
osition:

(3.8) Given a plane set K, let P be a subset of R at each point a of which there exists
a straight line through a which contains no half-line of contgya. Then the set K has
a unique tangent at all the points of P ercept at most those of a subset of length zero.

This result can be easily extended to the space (cf. F. Roger [2]) asfollows:

(3.9) Given a set K in the space Ry, let P be a subset of R at each point a of which there
exists a plane through a which containg no half-line of contg,a. Then (i) the set P is
the sum of an enumerable infinity of sets of finite length and (ii) the set R has a unique
tangent at all the points of P except at most those of a subset of length zero.

Proof. Let {6 } be an everywhere dense sequence of directions in the space
R,. For each positive integer h, let P , denote the set of the points a of P such

that Icos(t;t:, 6,)|>1/h for every point b of R distant less than 1/h from a. We
express each set P, , as the sum of a sequence {P, , b, ;,  of sets of diameter
less than 1/h. We then have

(3.10) P:n-f\;" Pn h nh kI,n h.k*

Keeping, for the moment, the indices =, h, k fixed, we choose a new system of
rectangular coordinates, taking for the positive svmi-axis of z the half-lme of
direction #,,. Let «, 7 and y be, respectively, the three positive semi-axes of the new
coordmate -system. For any set, or any point, {, we denote by Q'®, Q¥ and Q%) the
orthogonal projections of @ on the planes ¢y, ya and af, normal to the axes «a, 8
and y respectively.

We have |cos(ab, y)|>1/h whenever ae P, ,,, be R and 0<p(a, b)<<1/h. It
follows at once that there is no point P,(f}, 2 at which the contingent of the plane set
R"“) contains a half-line at right-angles to the semi-axis y. Hence, by (3.8),
the set P("hk is the sum of an at most enumerable mfunty of sets of finite
length, and the set B'“) has a unique tangent at all the points of P( hok except at most
those of a set M, , , of length zero. Similarly, the set R® has a nmque tangent at
all the points of P(m x €xcept at most those of a set N, , , of length zero. It follows
that the set R has a muque tangent at each point a of Pn np» ©Xcept perhaps when

aeM, ,, or when a®eN ,.. Now we easily see that the two ratios

o(a, b)/e(a'®, b)) and o(a, b)/e(a®, b)) remain bounded (by h) when a and b
belong to the set P, , ,. It follows that the set of the exceptional points of P, , ,
at which the set B has no unique tangent is, with the sets M, ,, and N, na Of
length zero. For the same reason, since the set P("‘}, » is the sum of an at most
enumerable infinity of sets of finite length, so is also the set P, py This com-
pletes the proof, on account of the relation (3.10).
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§4. Denjoy’s theorems. We shall apply the results of the
preceding § to establish certain important relations, valid almost every-
where, which connect the Dini derivates of any function what-
soever, and which are known by the name of the Denjoy relations.
For simplicity of wording, we agree to call opposite derivates of
a function F at a point z, the Dini derivates F*(z,) and F (x,),
or else F'(x,) and F (x,).

We shall begin with some preliminary remarks.

Let F be a finite function defined in a neighbourhood J of
a point z, and let B denote the graph of F on J. It is clear that if
the function F is derivable at the point z,, the set B has at (zq, F(z,))
a unique tangent not parallel to the axis of y. Similarly, if two op-
posite derivates of F are finite and equal at z, the set B has at
(g, F(zy)) an extreme tangent y —F(x,)=k-(r—z,), whose angular
coefficient % is equal to the common value of these derivates. Con-
versely, if at the point (z,, F (x,)) the set B has the extreme tangent
y —F (xy)=k-(z— x,) where k==oo, then 1° F*(xg)=F (r,)=k in the
case in which the half-plane y—y,>k-(r—a ) is an empty side of
this tangent and lim sup F(z)<F(a,), and 2° F*(x,)=F (r,)=Fk in

XX,
the case in which the half-plane y—y,<k-(r—w,) is an empty side
and liminf F(x)>F (x,).

x>,

In the enunciations of the theorems which follow, we shall
frequently be concerned with exceptional sets E, connected with
a function F and subject to the condition AB(F;F)}=0. This
condition evidently implies both |[E|=0 and |[F[E]'=0, since the
sets £ and F[E] are merely the orthogonal projections of the set
B(F;E) on the z- and y-axes, respectively.

(4.1) Theorem. If at each point of a set E one of the extreme uni-
lateral derivates of a function F s finite, this derivate is equal to its
opposite derivate at every point of E except perhaps at the points of
a set E, of measure zero such that A\B(F;E,)}=0.

Proof. We may clearly suppose that the same derivate, F*(z) say.
is the one which is finite throughout E. We thus have lim sup F(x) < F(x,)

XXyt
at every point z,¢ E and, on account of Theorem 1.1 (ii), we may
even suppose that hmsupF(x)<F(wo) at every point z, of E.

Now, when x4¢ E, the contmgent of B(F;E) at the point (x4, F(x,))
contains no half-line situated in the half-plane x>, and having
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angular coefficient exceeding F+(w0). Therefore, by Theorem 3.6,
the set B(F; E) has an extreme tangent at each of its points (2, F(z,)),
except for those of a subset B, of length zero, and this tangent has the
half-plane y—y,>F"(x,)-(z—x,) for its empty side. Hence, denot-
ing by E, the orthogonal projection of B, on the z-axis, we see, from
the remarks made at the beginning of this §, that at every point =
of the set E—E, the derivates Ft(z) and F "(x) are equal. This com-
pletes the proof since A{B(F;E,)}=A4(B,)=0.

(+.2) Theorem. If at each point of a set E a finite function F has
either two finite Dini derivates on the same side, or else a finite extreme
bilateral derivate (F(x) or F(x)), then the function F i3 almost every-
where derivable in E; moreover, denoting by E, the set of the points x
of E at which the function F is not derivable, we have A{B(F;E,)}=0.

Proof. It will suffice to consider separately the following
two cases:

1° The function F has two Dini derivates on the same
side finite at each point of E. We then have, by Theorem 4.1,
(4.3) F'@)=F (r) and F'(2)=F (z)
at each point x of E, except perhaps those of a set E, such that
A(B(F;E,),=0. But the relations (4.3) imply the equality of all four
Dini derivates at the point x, and since two of them are finite, by
hypothesis, at each point x of E, the function F is derivable through-
out E—E,.

20 The function F has an extreme bilateral derivate
finite at each point of E. By applying twice over Theo-
rem 4.1, and making use of the obvious relations Fﬂw)}l’*(m) and
F (x)>F (x), we see that the four Dini derivates are finite and
equal at each point of E, except perhaps at those of a set on which
the graph of F is of zero length. This completes the proof.

Theorem 4.2 (in a slightly less complete form, it is true) has
already been mentioned in Chap. VII, p. 236, as a corollary of
Theorems 10.1 and 10.5, Chap. VII. We have also stated that (as
a consequence of these same theorems) the set of the points at which
a function has a unique derivative (even a unilateral derivative)
infinite, is necessarily of measure zero. We can now extend this
result by taking the modulus, as follows:

(4.4) Theorem. For any finite function F, the set of the points x
at whichhl_i’ouillf’(m—k h)—F(z)|/h=+ oo, 18 of measure zero.
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Proof. Denoting the set of the points in question by 4, we
see at once that the graph of the function F has at every point of
the set B(F;A), except perhaps at those of a set of length zero,
an extreme tangent parallel to the y-axis. Thus, by Theorem 3.7,
the sett A4, which is the projection of the set B(F;4) on the z-axis,
is of measure zero and this completes the proof.

It results, in particular, from Theorems 4.1, 4.2 and 4.4 that the Dini
derivates of any finite function F satisfy one of the following four relations at almost
every point z: 1° F+(x) F~(z)=+0o, F+(x)_F (x)=—00; 20FH(2)=F(z)+ o0,
Ft(@)=—o0, F (1)=+0c0, 3° Ft(@)=F (z)+00; F¥(z)=+00, F(z)=—00;
4° Ft(x)=Ft(z)=F (z)=F (z)+ oco. For direct proofs of this theorem, which was
established first by Denjoy for continuous functions and then generalized to
arbitrary functions, vide: A. Denjoy [1], G. C. Young [2], F. Riesz [7], J. Rid-
der [4], J. C. Burkill and U. S. Haslam-Jones [1], and H. Blumberg [2] (cf.
also A. N. Singh [1]). A further discussion of the Denjoy relations will be found
in the notes of V. Jarnik [1] (for functions of one variable) and of A. S. Besi-
covitch [6] and A. J. Ward [4] (for functions of two variables). For Theo-
rem 4.4 see S. Saks and A. Zygmund [1] (cf. also S. Banach [1]).

A part of the Denjoy relations has recently been generalized to differential
coefficients of higher orders; see the important memoirs of A. Denjoy [9],
J. Marcinkiewicz and A. Zygmund [1], and J. Marcinkiewicz [2].

We may now supplement Lemma 6.3, Chap. VII, by the fol-
lowing result:

(4.5) Theorem. Let M be a finite number and F a finite function
such that |Ft(z)|< M at every point « of a set E. Then |F[E]| < M-|E|.

Proof. Let E, denote the set of the points x of E at which
F (z)+=F*t(2). By Theorem 4.1, we have A{B(F;E,)}=0 and there-
fore, |[F[E,]|=0. On the other hand, since |F (z)|=|Ft(z)<M at
each point v ¢ E—E,, it follows from Lemma 6.3, Chap. VII, that
|F[E —E,]| < M-|E|, and this completes the proof.

An immediate consequence is the following criterion for a func-
tion to fulfil Lusin’s condition (N) (Chap. VII, § 6):

(4.6) Theorem. If a finite function F has at each point x of a set E
a fimite Dint derivate, the function necessarily fulfils the condition
(N) on E.

Proof. It is enough to show that if at each point x of a set H
of measure zero the function F has one of its Dini derivates, F* say,
finite, then |F[H]|=0. For this purpose, let H, be the set of the
points zeH at which |Ft(z)]<n. We have, by Theorem 4.5,
|F[H,\)|<n:|Ha=0 for each positive integer #, and hence |F[H]|=0.
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It is easy to see that the hypotheses of Theorem 4.5 imply that
A{B(F; E))<<(M+1)-|E|. This remark enables us to complete Theorem 6.5 of
Chap. VII, as follows: If the derivate Ft of a finite function F is finite at every point
of a measurable set E, except at those of un enumerable subset, then the function F,
together with its derivate FV, is measurable on E and we have

FE)< [|F*@)dz  and  AB(F; Bl= [(1+{F+ @)1 da.
We may note also the following consequence of Theorem 4.5: If one of the
four Dini derivates of a function F vanishes at every point of a set E, then |F[E]=0.
For functions F(x) which are continuous, or more generally continuous in
the Darboux sense (i.e. assume in each interval [a, b] all the values between F(a)
and F(b)), we deduce at once the following result:

(4.7) Theorem. If F is a finite function, continuous in the Darboux sense on an
interval I, and if at each point of this interval, except those of an enumerable set, one
at least of the four Dini derivates is equal to zero, then the function F is constant on I.

+§ 5. Relative derivates. The Denjoy relations can be
extended in various ways to relative derivates of a function
with respect to another function. Let us remark that, in accordance
with the definition given in Chap. IV, p. 108, the extreme derivates
of any function with respect to a finite function U are determined
at each point which belongs to no interval of constancy of the func-
tion U; consequently, the set of values taken by the function U
at the points at which the extreme derivates with respect to U
remain indeterminate is at most enumerable.

In the sequel it will be useful to employ the notation adopted
in Chap. IV, § 8. Let us recall in particular, that if C is a curve given
by the equations r=X(t), y=Y (t), its graph on a linear set E (i.e.
the set of the points (X (t), Y(t)) for te E) is denoted by B(C;E).

(5.1) Lemma. If C is a curve given by the equations x= U (t), y=F (1),
the set E of the points t at which Fy(t)<-4oo, may be expressed as
the sum of a sequence of sets {E,} such that

(v) for every n and for every open interval I of length less than 1/n,
the set B(C;I) has a unique tangent at every point of B(C;I-E,)
except those of a set of length zero.

Proof. Let us denote, for each positive integer n, by E, the
set of the points ¢ such that, provided that the differences F(t')— F(t)
and U(t')—U(t) do not vanish simultaneously, the inequality [t'—t|<1/n
implies [F(t')—F(t)]/[U(t')—U(t)]<n. We see at once that, for any
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open interval I of length less than 1/n, the contingent of B(C;I)
at a point of B(C;I-E,) cannnt contain half-lines of angular coef-
ficient greater than n, and can be, therefore, neither a whole plane,
nor a half-plane (cf. § 3, p.264). The property (y) of the sequence
{E,} thus appears as a direct consequence of Theorem 3.6.

(5.2) Theorem, If U and F are continuous functions and we have
F(t)<+oo at every point t of a set E, then there is a finite derivative
Fy(t) at each point t of E, except at the points of a set H such that
|U[H)|=0.

Proof. Let C denote the curve given by the equations z= U (1),
y=F(t). On account of Lemma 5.1, the set E is expressible as the
sum of a sequence of sets {E,} which fulfil the condition (t) of this
lemma. Keeping fixed, for the moment, a positive integer n, let us
consider an open interval I of length less than 1/n. Let B,(I) denote
the set of the points of B((;I-E,) at which the graph of the curve
C on [ either has no unique tangent, or else has a unique tangent
parallel to the y-axis. Further, let ff,,(l) be the projection of the
set B,(I) on the z-axis. On account of the condition (v) and
Theorem 3.7, we have IE,,(I)I: 0. Now since U and F are continuous,
it is clear that the derivative Fy(t) exists and is finite at each point
tel-E, provided that U (t) does not belong to the set I?,,(I). Hence,
I being any open interval of length less than 1/n, this derivative
exists and is finite at each point te E,, except at most at the points
of a set H, such that |[U[H,)|=0. This completes the proof, since
E=)E,.

(3.3) Theorem. If U is a continuous function and F any finite
function for which Fy(t)=0 at each point t of a set E, then |F[E]=0.

Proof. Let C denote, as in the proof of the preceding theorem,
the curve x==U(t), y=F(t), and let E be expressed as the sum of
a sequence of sets {E,} subject to the condition (v) of Lemma 5.1.
Keeping fixed, for a moment, a positive integer n, let us consider
any open interval I of length less than 1/n. At each point of B(C;I-E,),
except those of a set of length zero, the set B(C;I) then has a unique
tangent, and since the function U is continuous and Fuy(t)=0 at
each point te E, this tangent is parallel to the z-axis. It follows,
by Theorem 3.7, that the set F[I-E,], which coincides with the
projection of the set B(C;I-E,) on the y-axis, is of measure zero.
Since I is any interval of length less than 1/n, it follows that |F[E,]|=0
for each positive integer n, and finally that |F[E])'=0.
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The hypothesis of continuity of the function U is essential for the validity
of Theorems 5.2 and 5.3 (the hypothesis of continuity of the function ¥, which is
not required in Theorem 5.3, may, however, be removed also from Theorem 5.2).
Let F(t)= -t identically, and let U(t)=t for irrational values and U(t)=t+1 for
rational values of t. Denoting by £ the set of irrational points of the interval (0,1),
we shall have at each point t of this set

F)=Ff(t)=Fy;(t)=0 and Fyt)=Ff )=, (t)=—1.

Nevertheless |U[E|=|F[E]|=1. On the other hand, the hypothesis of continuity
of the function U may be removed from Tlxeor(’zm 5.3, if we replace the con-
dition F'(,(t)=-0 by the more restrictive condition F(¢)=0. To see this, we shall first
establish an elementary lemma.

(5.4) Lemma. If U is a finite function on a set K, there exists a set
TCE such that the set U[T] is at most enumerable and such that each
point te E—T 1is the limit of a sequence of points |t,) of E which
fulfils the conditions (i) t,>t and U(t)+=U(r) for each i=1,2,...
and (ii) lim U(t,)=U/(7).

{

Proof. Let T be the set of the points 7« F none of which is
the limit of a sequence {t,} of points of E subject to the conditions
(i) and (ii) of the lemma. Let us denote, for each positive integer ,
by T, the set of the points v of T for which there is no point te E
such that both 0<t—r<<1/k and 0<|U(t)—U(r)|<1l/k. We have
T=) T, Plainly the function U cannot, on any portion of 7, of

k

diameter less than 1/k, assume two distinct values differing by less
than 1/k. It follows that each set U[T,] is at most enumerable,
and the same is therefore true of the whole set U[T].

(5.5) Theorem. If U and F are any finite functions and Fy(t)=0
or, more generally Fj(t)=F((t)=0, at each point t of a set E, then
F[E]|=0.

Proof. Let C be the curve = U (t), y = F'(t), and let E, denote,
for each positive integer n, the set of the points ¢ of E such that
the inequality 0<t'—t¢<1/n implies |F(t')—F(t)|<|U(t')— U (2)|
whatever be the point t'. We can express each set E, as the sum
of a sequence {Eppr—12,. Of sets of diameter less than 1/n.

Let us keep n and k fixed for the moment. It is clear that
the contingent of the set B(C;E,,) cannot, at any point of this
set, contain a half-line whose angular coeificient exceeds the num-
ber 1. Consequently, denoting by B, the set of the points of B(C; E, )
at which the set B(C;E,x) has no unique tangent, we see from
Theorem 3.6 that A (B,)=0.
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Now the set E,, contains, by Lemma 5.4, a subset T,; such
that U[Tnx] is at most enumerable and that each point reE,,—T,;
is the limit of a sequence {t;} of points of E,, which fulfils the con-
ditions (i) and (ii) of this lemma. Hence, the relations Fit)y=F§t)=0
being satisfied, by hypothesis, at each point te E,, the set B(C;E, ;)
has a unique tangent parallel to the z-axis at each point of the
set B(C;E.i—Tur)—Bnr. Since A(Bnx)=0, it thus follows from
Theorem 3.7 that the set F[E,,—Tn], which coincides with the
projection of the set B(C; E,—Tn:) on the y-axis, is of measure zero.
The same is therefore true of the set F[E,,], for the set F[T,,]
is, with U[T,:), at most enumerable. It follows at once that
|F[E)=0, since E=2E

nk

We may mention an application of Theorems 5.3 and 5.5, which is connected
with the following theorem of H. Lebesgue [II, p. 299]: If the derivative of a con-
tinuous function F, with respect to a function U of bounded variation, is identically
zero, then the function F is a constant. J. Petrovski[l]and R. Caccioppoli[1]
extended this theorem, in the case when the function U is continuous, by removing
the hypothesis of bounded variation for U. At the same time, Petrovski remarked
that it was sufficient for the validity of the theorem to suppose that the relation
F;,(t):() holds everywhere except in an enumerable set.

It is easy to see that this result is contained in each of the separate theorems
5.3 and 5.5. These theorems actually enable us to state the result of Petrovski
and Caccioppoli in two slightly more general forms. Thus:

1° Suppose that U and F are continuous functions and that at each point t,
except at most those of an enumerable set, one at least of the four relations
F, (=0, F =0, FLt)=Ff(t)=0 or Fy(t)=Fy(t)=0 is fulfilled. Then the
function F is a constant.

20 Suppose that U is any finite function and F a continuous function, and let
one of the relations F;(t)=Ff;()=0 or F;(t)=F ;(t)==0 hold at each point t except
at most those of an enumerable set. Then the function F is a constant.

We observe further that, in both the statements 1° and 2°, we may replace
the hypothesis of continuity of F' by the hypothesis that F' is continuous in the
Darboux sense (cf. § 4, p. 272); moreover the condition that the exceptional set he
at most enumerable may be replaced by the condition that the set of values assumed
by the function F at the points of this set be of measure zero.

The Denjoy relations have a more complete extension to rela-
tive derivates when the function U of Theorem 5.2 is subjected
to certain restrictions. Thus:

(5.6) Theorem. Let U and F be finite functions, and suppose that,
at each point t of a set E, the derivative U'(t) (finite or infinite) exists
and that Fi(t)<+oo. Then Fy(t)=Ff(t)%= oo at each point t of E
except at most the points of a set H such that |(U[H]|=0.
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Proof. We may clearly restrict ourselves to the case in which
the derivative U’(t) is non-negative throughout E, and even, by
Theorem 4.5, to the case in which (1°) U’(r)>0 at each point ¢
of E. We then have limsup U ()< U (r)<liminf U(t) at each point

t>r— t->r4
¢ B, and consequently, on account of Theorem 1.1 (ii), we may
suppose that (2°) the function U is continuous at each
point of E. This implies that we then have also limsupF(t)<F(r)
>4

at each point 7 of E, and hence, appealing again to Theorem 1.1 (ii),
we may suppose further that (3% limsup F(1)<F(r) at each point
-1

re E. Finally by Theorem 1.2, we may suppose (4°) Fy(r)<Ff(r)
at each point reE.

Let now (¢ he the curve defined by the equations x= U(t),
y==F(t). We denote, for each positive integer n, by E, the set
of the points te¢ E such that, for every point ¢, (i) the inequal-
ity 0<t'—t<1l/n implies the two inequalities U(t')>U(t) and
F(t)—F(t)y<n-[U(t')—U(t)], and (ii) the inequality 0<t—t'<l/n
implies U(t)>-U(¢').

Since, by hypothesis, Fi(t)<+oco and since, by (1), U’(1)>0
at each point ¢ of E, we see that E=)'E,.

Keeping a positive integer n fixed for the moment, let I be
any open interval of length less than 1/n. Whenever (&.7) is a point
of B((';1-E,), the contingent of the set B(C;I) at (&, 7) clearly con-
tains no half-line which is situated in the half-plane »>¢ and which
has an angular coefficient exceeding n. Let D(I) denote the set
of the points of the set B(C;I) at which this set has an extreme
tangent, non-parallel to the y-axis, with an empty side containing
the half-line in the direction of the positive semi-axis of y. Further,
let B,(I) be the set of the points of B(C;I-E,) which do not belong
to D(I), and let I?,,(I) be the projection of B,(I) on the z-axis.
By Theorems 3.6 and 3.7, the set ﬁ,,(l ) is of measure zero.

This being so, let ¢, be any point of the set I.-E, such that
U(t,) does not belong to the set ﬁ,.(l). Let us denote by k, the
angular coefficient of the extreme tangent to the set B(C;I) at
the point (U(t,),F (ty)). It follows easily from the hypotheses (19),
(29 and (39) that Fy(t)=ke>Fi(t,), and tnis, in view of (49), leads
to the relation Fy(t,)=F(ty) % oco.
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Thus, since I is any open interval of length less than 1/n, we
find that the last relation holds at each point t, of E, other than
those belonging to a set H, such that |U[H,]l=0. This completes
the proof, since we have seen that E=)E,.

n

In view of Theorem 7.2, Chap.VI1I, we derive from Theorem 5.6 the following
theorem which has been established in a different way by A. J. Ward [3]:

(5.7) Suppose that the function U is VBG, and let F be any finite function. Let E
be a set at each pmnt t of which we have either F+(t) <400 or F/(t)>—oc0. Then the
derivates Fy; and F are finite and equal at all points of E except at most those of a set
H such that IU[H]I- .

It will result from the considerations of § 6 (see, in particular, Theorem 6.2)
that Theorem 5.7 remains valid for all continuous functions U which fulfil the
condition (T,). Nevertheless, its conclusion ceases to hold if we allow U to be any
function which is VBG or even ACG. To see this, let @ be a non-negative continuous
function which is ACG on the interval [0, 1] and for which G(t)=0 and ¢ (t)<—1
at any point ¢ of a perfect set F of positive measure (for the construction of such
a function cf. Chap. VII, § 5, p. 224). Let us choose U(t)=t4G(t) and F(t)=t. We
shall then have at every point t of E, U(t)=t, U+(t),/1 and U~ ()<0< T (1),
8o that O- ‘FZ(t) ’F}'(t)a 1, while F(t)=—oco and FU (t)==400. Nevertheless
|U[E]|==|E|>0. (This example is due to Ward.)

*»§ 6. The Banach conditions (T,) and (T,). A finite func-
tion of a real variable F is said to fulfil the condition (T,) on an
interval I if almost every one of its values is assumed at most
a finite number of times on I. A finite function F is said to fulfil the
condition (T,) on an interval I if almost every one of its values
is assumed at most an enumerable infinity of times on I.

These two conditions were formulated by S. Banach [6]. We shall begin
by studying the condition (T,) and we shall establish a differential property which
is equivalent to this condition in the case when F is continuous (vide below
Theorem 6.2). Another equivalent condition, due to Nina Bary, will he estab-
lished in § 8 (Theorem 8.3).

(6.1) Lemma. Suppose that F is a continuous function and that E

i a set at nmo point of which the function F has a derivative (finite

or infinite). Suppose further that each point x of E is an isolated

point of the set E[F(t)=F(x)]. Then A{B(F;E)}=0, and conse-
t

quently |E|=|F(E] =0
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Proof. For each re¢E there exists a neighbourhood I such
that, when te I, the difference F(t) —F(r) remains of constant sign
as long as t remains on the same side of r; this difference then changes
sign as t passes from one side of z to the other, except in the
case in which the function F' assumes a strict maximum or mini-
mum at r. Therefore, if we denote by FE, the set of the points at
which the function assumes a strict maximum or minimum, we
see at once that the four Dini derivates of F have the same sign
at any point r of £ —FE,. In other words, since, by hypothesis, the
function F has no finite or infinite derivative at any point of E,
we shall have at each point & of E—E, either 4+co>F(r)>0 or
else —oo<F(r)<0. Hence, by Theorem 1.2, A|B(F;E—E,) =0,
and, since the set E, is at most enumerable (cf. Theorem 1.1), it
follows that A/B(F;E)}=0.

(6.2) Theorem. In order that a function F which is continuous
on an interval I, fulfil the condition (T,) on this interval, it is neces-
sary and sufficient that the set of the values assumed by F at the points
at which the function has no derivative (finite or infinite) be of meas-
ure zero.

Proof. Denoting by Y the set of the values assumed an in-
finity of times by the function ¥ on I, and denoting by E the set
of the points of [ at which F has no derivative, we have to prove
that the relations Y =0 and ,F[E]=0 are equivalent.

1° Y =0 implies 'F[E]l=0. Let X be the set of the points
xel such that F(z)eY. Then F[X]=Y, whence |F[X] =0.

On the other hand, for each z,¢ E —.Y, the set of the points z
such that F(r)-= F(x,), is finite, and consequently an isolated set.
It follows from Lemma 6.1 that (F[E—X] =0, and hence finally
that F[E]< F[X)4- F[E —X]=0.

20 F[E] =90 implies {Y/=0. Let H denote the set of the
points .« at which F’(x) =0. By Theorem 4.5, we have |F[H]=0.

Now let y, be any point of Y --F[E], and let E, denote the
set of the points z at which F(x)=y,. The set E, being infinite and
closed, let xy be a point of accumulation of E,. Since the function F
has u derivative at each point of E, we find that F'(x,)=0; thus
roe H and therefore yo e F[H|. It follows that Y —F[EJC F[H]),
and hence that |Y —F[E]=0. Thus |F[E]=0 implies |Y|=0
and the proof is complete.
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(6.3) Theorem. 1° A continuous function which is VBG, (in par-
ticular, ome of bounded variation) on an interval I, necessarily fulfils
the condition (T,) on I.

20 A continuous function which is VBG on an interval I neces-
sarily fulfils the condition (T,) on I.

Proof. On account of Theorem 7.2, Chap. VIL, the first part
of the theorem is an immediate corollary of Theorem 6.2. To
establish 29, let us suppose that F' is continuous and VBG on an in-
terval I. The interval I is then expressible as the sum of a sequence
{E.} of closed sets on each of which the function F is VB. We may
clearly suppose that each E, contains the end-points of the interval I.
Let us denote, for each positive integer n, by F,, the function which
is equal to F on E, and which is linear on the intervals contiguous
to E, The functions F, are plainly of bounded variation on I, and
therefore, by 19 they fulfil the condition (Ty). It follows at once
that the function F' fulfils the condition (T,) on I.

In the part of Theorem 6.3(1°) that applies to functions which are VBG,,
the continuity hypothesis for the function F is not a superfluous one (thus, the
function F(z)=sin(1/x) for x : 0 and F(0)=0 is VBG4 and does not fulfil the condi-
tion (T,) on [0, 1]). This hypothesis may however be replaced by a weaker one.
which consgists in supposing that the function F has no points of discontinuity
other than of the first kind (i. e. that, at each point z, both the unilateral limits
F(zx+) and F(x—) exist). In particular, functions of bounded variation, whether
continuous or not, all fulfil the condition (T,) (and from this it follows easily that
the continuity hypothesis may be removed altogether from the second part (20)
of the theorem).

For functions of bounded variation, the condition (T,) may also be deduced
from the following general property of plane sets, established by W. Gross (1]
(cf. J. Gillis [1)): If E is a plane set and E, denotes the set of the values of 1, such that
the line y=1n contains at least n distinct points of the set E, then \(E) > n-|E |.

In connection with part 2° of Theorem 6.3, it may be noted further that
functions which are VBG, or even A(G, need not fulfil the condition (T,). An
example is furnished by the function U considered in § 5, p. 277. The latter is also,
a8 will follow from results to be established in § 7 (cf. in particular, Theorem 7.4),
an example of a continuous function which is ACG, and consequently fulfils the
condition (N), without fulfilling the condition (S) of Banach.

For continuous functions of bounded variation, the condition
(T,) is also a consequence of the following theorem of S. Banach [5]
(cf. also N. Bary [3, p. 631]), which contains at the same time an
important criterion for a continuous function to be of bounded
variation:
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(6.4) Theorem. Let F be a continuous function on an interval
Iy=[a,b] and let s(y) denote for each y the number (finite or infinite)
of the points of I, at which F assumes the value y. Then the function
8(y) is measurable (B) and we have

+?c
(6.5) [ 8(y) dy=W (F;1,).

Proof.Foreach positiveinteger n,let us put I{" =[a,a+ (b—a)/2"]
and Iy=(a+(k—1)(b—a)/2",a+k(b—a)/2"], when k=2,3,...,2"
This defines a subdivision 3™ of the interval I o into 2" subintervals,
of which the first is closed and the others are half-open on the
left. For k=1,2,...,2", let s§" denote the characteristic function of

the set F[I{"), and let s“(y)= \‘.s“”(y)

We see at once that the funotxmm s"(y) constitute a non-
decreasiigg sequence which converges at each point y to s(y). Hence,
the functions $"(y) being clearly measurable (B), so is also the func-

tion s(y). 400
On the other hand, /s"”(y)d_y:]F[I‘,{')];:O(F;l},”)). Therefore,

denoting by W the sum of the oscillations of the function F on the
+o0

intervals of the subdivision 3®, we obtain /'s‘")('y)=W("', and the
relation (6.5) follows by making n — co. :
(6.6) Theorem. [f F(x) ts a continuous function which fulfils the
condition (T,) on an interval 1, the set D of the points at which the
derivative F'(x) (finite or infinile) exists, 18 non-enumerably infinite.
Moreover, if we write
P=E[xeD; F'(x)>0] and N=E[zeD; F'(z)<0),

then, for each interval I=[a,b]C1I,, we have

(6.7) — [F[N)<F(b)—F (a)<|F[P].
Proof. We may, plainly, suppose that
(6.8) F(a)<F(b),

since the other case may be discussed by changing the sign of the
function F.

Let Y be the set of those values of F on I which are assumed
by the function ¥ at most an enumerable number of times on I.
Denoting, for each y, by E, the set of the points xel such that
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F(z)=y, we shall show that with each point y¢ Y we can associate
a point x,¢ Ey, in such a manner that (i) F(z,)>0 and (ii) r, is
an isolated point of the set E,.

For this purpose, we remark first that if the set E, reduces
to a single point, the latter may be chosen for our z,. For, in that
case, the condition (ii) is clearly fulfilled, while the condition (i)
holds on account of the hypothesis (6.8).

Let us therefore consider the other case, in which the set E,
contains more than one point. Then, since the function F is con-
tinuous by hypothesis and ye Y, the set E, is closed, and at
most enumerable. This set, therefore, contains a pair of isolated
points a, between which it has no further points. (This is obvious,
if the set E, is finite. If E, is infinite, its derived set (cf. Chap. 1I,
p- 40) is itself closed, non-empty, and at most enumerable; the
latter, therefore, contains an isolated point z,. Thus near x, there
are only isolated points of E,. It will, therefore, suffice to choose,
among the latter, any two consecutive points as our points a and 8.)
Consequently, at one at least of the points a and g, the upper deri-
vate of F(r) is non-negative. We choose this point as our ux,. We
then see at once that the conditions (i) and (ii) are fulfilled.

This being established, let X denote the set of all the points
zy which are thus associated with the points ye Y. It follows
from the conditions (i) and (ii) and from Lemma 6.1, that
|F[X —P)|=|F[X —D]]=0, and so, by definition of the set .Y,
that |Y|=|F[X]|=|F[X -P]|<|F[P]. Since the condition (T,) im-
plies that |F[I]|=|Y|, we obtain, in view of (6.8), the inequality
—|F[N)<O0KF(b)—F(a)<|F[1])| <|F[P]), i.e. the inequality (6.7).

Finally, since this relation holds for every subinterval [a,b]
of I,, we see that, unless the function F is a constant, one at least
of the sets F[N] and F([P]is of positive measure. The set D=XN+ P
is thus non-enumerably infinite, and this completes the proof.

(6.9) Theorem. Let F be a continuous function which fulfils the
condition (T,) and let g be a finite summable function. Suppose further
that F'(x)<g(x) at each point x at which the derivative F'(xr) erists,
except perhaps those of an enumerable set or, more generally, those of
a set E such that |F[E)=0. Then the function F is of bounded vari-
ation and, for each interval [a,b), we have

b
(6.10) F(b)—F(a)< f F'(x)dr.
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Proof. Let P be the set of the points x of [a,b] at which the
derivative F'(x) exists and is non-negative. Then, since at each point
& eP—FE we have 0 F'(x)<g(x)< + 00, it follows from Theorem 6.5,

Chap.VII, that |F[P— E]|</ F'(z) de < / |g(x)|dz. On the other
hand, by hypothesm, !F[F]l-o Hence, on account of Theorem 6.6,
F(b)—F(a)\/[g(x){dw for each interval [a,b], and, in conse-

a

quence, F is a function of bounded variation whose function of
singularities is monotone non-increasing. The inequality (6.10) fol-
lows at once.

In view of Theorem 6.3(2°), we may apply Theorem 6.9, in particular,
to continuous functions F which are VBG. We also observe that Theorem 6.9,
when F is of bounded variation, may be deduced from de la Vallée Poussin’s
Decomposition Theorem (Chap. IV, §9).

Theorem 6.9 may be generalized further, by replacing the condition that
the function g is summable, by the condition that the latter is ?,-integrable
(the function F then shows itself to he VBG, ). We thus obtain a proposition similar
to Theorem 7.3, Chap. VI. The proof of Theorem 6.9 in this generalized form is,
however, more complicated.

*§ 7. Three theorems of Banach. We have repeatedly
emphasized the importance of Lusin’s condition (N) in the theory
of the Denjoy integrals. We shall show in this §, that every con-
tinuous function which fulfils the condition (N), also fulfils the con-
dition (T,). This result due to S. Banach [6] (cf. also N. Bary
[3, p. 195]) renders Theorems 6.6 and 6.9 applicable to functions
which fulfil the condition (N).

We shall also study another condition, introduced by
S.Banach 6] and termed condition (S). We say that a finite function
F fulfils the condition (S) on an interval I,, if to each number ¢>0
there corresponds an 7>0 such that, for each measurable set
ECI,, the inequality |E|<7n implies |[F[E]|<e. (This condition is
essentially more restrictive than the condition (N); cf. the remarks,
p. 279, also G. Fichtenholz [4].)

(7.1) Lemvma. Given a function F which i8 conlinuous on am in-
terval I, every closed set ECI conlains a measurable set A on which
the function F assumes each value y ¢ F[E] exactly once.
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Proof. With each y ¢ F[E] we associate the lower bound
of the set of the points x of E at which F(r)=y, and we denote
by A the set of all the points x, which correspond in this way to
the values y ¢ F[E]. Since the set E is closed, we plainly have ACE
and F assumes on A each of the values y ¢ F[E] exactly once.

In order to establish the measurability of A, let us denote,
for each positive integer n, by E,, the set of the points x ¢ E such
that E contains at least one point ¢ which is subject to the conditions

F(t)=F(x) and x —t>1/n. We have A=FE—)'E,, where E is closed

by hypothesis, and where each E, is closed by continuity of F.
The set 4 is thus measurable and this completes the proof.

(7.2) Lemma. Let F be a continuous function which fulfils the con-
dition (N) on an interval I. Then

(i) every measurable set ECI contains, for each £>0, a meas-
urable subset @, such that |F[E]— F[Q]|<e, and on which the func-
tion F assumes each of its values at most once;

(ii) every measurable set E CI contains a measurable subset R,
such that |F[E]— F[R]|=0, and on which the function F assumes
each of its values at most an enumerable infinity of times.

Proof. re (i). As a measurable set, F is the sum of a set H of
measure zero and an ascending sequence of closed sets {E,}. Since
the function F fulfils the condition (N), we have |F[H]|=0, and
hence, the sets F[E,] being measurable, there exists a positive in-
teger n, such that |F[E]—F[FE,]|<e. Now, by Lemma 7.1, there
exists a closed set QCE, such that each value ye F[E,] is as-
sumed exactly once by F on Q. This set @ plainly fulfils the condi-
tions stated.

re (ii). In view of (i), there exists for each positive integer n
a measurable set Q,C E, such that |F[E]—F[@.]|<1/n, and on which
the function ¥ assumes each of its values at most once. Therefore,
writing R=2'Q,, we see immediately that |F[E]—F[R]' =0 and

that on R tfle function F assumes each of its values at most an
enumerable infinity of times. This completes the proof.

We shall establish in this § three theorems due to Banach on
functions which fulfil the conditions (N) or (8). The first of these
theorems, which concerns functions fulfilling the condition (N),
is as follows:
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(7.3) Theorem. Any continuous function F which fulfils the condition
(N) on an interval 1, necessarily fulfils also the condition (T,) on I.

Proof. Let us denote, for each measurable set ECI, by R
the class of all measurable sets RCE which are subject to the
following two conditions: (i) |F[E]—F[R]|=0, and (ii) each
value yeF[FE] is assumed by the function F at most enumerably
often on K. By Lemma 7.2, the class Rg is non-empty, however we
choose the measurable set ECI. We shall denote, for any such set E,
by w, the upper bound of the measures of the sets (Rg).

Consider, in particular, a sequence {H,} of sets (R,) such that
hm]II,,l_/l Let H_ZH and let U be a set (R,.x). We verify

at once that |U|=0, ‘whence on account of the condition (N),
|F{U}|= 0. Therefore |F[I —H]|=|F[U]|=0, so that almost every
value y e F[I] is assumed by F only on the set H, and therefore at
most enumerably often.

The second of the theorems of Banach concerns funetions
which fulfil the condition (S).

(7.4) Theorem. In order that a continuous function F be subject
to the condition (S) on an interval I, it is necessary and sufficient
that F be subject on I to both the conditions (N) and (T,).

Proof. 1° Suppose that the function F fulfils the
condition (S) on I. Since this condition clearly implies the con-
dition (N), we need only prove that F fulfils the condition (T,).

Suppose then, if possible, that the set of the values assumed
infinitely often on I by the function F, is of positive outer measure.
Since this set is measurable by Theorem 6.4, it contains a closed
subset Y of positive measure. Let X denote the set of all the points
£ el such that F(r)e Y. The set X, plainly, is also closed.

We shall now define by induction a sequence of measurable
sets {.X;} subject to the following conditions: (i) X;-.X;=0 whenever
i+j, (ii) |F[X]>]|Y]|/2 for i=1,2,...,, and (iii) the function F
assumes each of its values at most once on each set X,

For this purpose, suppose defined the first k sets X,k for which

the conditions (i), (i) and (iii) are satisfied. Let E,=I —) X, Since,
k (=1
on Y'X,, the function F assumes each of its values at most a finite

=1
number of times, it follows that each value y e Y is necessarily
assumed on the set E;. By Lemma 7.2, this set therefore contains
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measurable subset X,i, such that |F[Xx]|=|F[E:]|/2>|Y]|/2 and
that each value is assumed by F at most once on X,4,;. The sets
X1, Xs,..., Xpt1 clearly fulfil the conditions (i), (ii) and (iii).
The sequence {X,} being thus defined, it follows from (i) that
lim |[X;,|=0, and hence, remembering that the function F fulfils
{

the condition (S), we have also lim |F[X,}|=0. But this clearly

contradicts (ii), since |Y|> 0.

29 Suppose now that the function F fulfils the conditions (N)
and (T,), but not the condition (S). We could then determine a po-
sitive number ¢ and a sequence of sets {F,}in I so that for k=1,2,...,

(7.5) |Ex| < 1/2% and (1.6) |F[Ex]| > o.
Let us write £ = lim sup E, and 4 = lim sup F[E,]. We easily see
k k

that, if i € A, then either y ¢ F[E], or else the value y is assumed
by F on I infinitely often (in fact there exists an increasing sequence
of positive integers {k;} and a sequence of points {x;}, every two
of which are distinct, such that z; e E"; and F(x) =y fori=1,2,...).

Now, on account of (7.5), we have |E|=0, and therefore
also [F[E])|=0. On the other hand, by (7.6), |A|>=> ¢ >0. Thus
|A —F[E]| > 0, and since, as we have just seen, each value
¥y e A—F[FE] is assumed by F infinitely often on I, this contradicts
the hypothesis that the function F fulfils the condition (T,).

We shall establish next a “differentiability theorem” for
the functions which fulfil the condition (N):

(7.7) Theorem. In order that a continuous funmction F be absolutely
continuous on an interval I, it i8 mecessary and sufficient that the
function F fulfil simultaneously the condition (N) and the condition

(7.8) [F (@) do < + oo,
P

where P denotes the set of the poimts at which the function F has
a finite non-negative derivative.

Proof. Since the conditions of the theorem are obviously
necessary (cf. Theorem6.7, Chap. VII), let us suppose that the
function F fulfils the condition (N) and the inequality (7.8). Let ¢
be the function equal to F’(z) for z ¢ P and to 0 elsewhere. Then,
if £ denotes the set of the points x at which F'(r)=+ oo, we shall
have F'(x) < g(x) at every point & of I,—E at which the derivative
F'(z) exists.
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On the other hand, since |E|=0 (cf. Theorem 4.4, or
Chap. VII, §10, p.236), we have |F[E]|=0, and, since the func-
tion F fulfils, by Theorem 7.3, the condition (T,), it follows from
Theorem 6.9 that F is of bounded variation on I,. This completes
the proof, since, by Theorem6.7, Chap. VII, every continuous
function of bounded variation, which fulfils the condition (N) is
absolutely continuous.

Theorem 7.7 (in a slightly less general form) was first proved by N. Bary
(2; 3, p. 199]. It shows in particular that every continuous function F(x), which is
subject to the condition (N) and whose derivative i8 non-negative at almost every point
where F(xr) is derivable, i8 monotone non-decreasing. Thiz proposition contains an
essential generalization of Theorem 6.2, Chap. VII. -

Theorem 7.7 may, moreover, be generalized still further. If a continuous
function F(x) fulfils the condition (N) and if the function g(x), equal to F'(x) wherever
F(x) is derivable and to O elsewhere, has a major function (in the Perron sense),
then the function F(x) is ACG, t.e. an indefinite &-integral.

For the part played by the conditions (N), (T,) and (T,) in the theory of
Denjoy integrals, cf. also J. Ridder [8].

From Theorem 7.7 we obtain the third theorem of Banach:

(7.9) Theorem. Any function which is continuous and subject to the
condition (N) on an interval, is derivable at every point of a set of
positive measure.

* § 8. Superpositions of absolutely continuous functions.
Suppose given a bounded function @ on an interval [a,b], and a func-
tion H defined on the interval [a, 8] where a and 8 denote respectively
the lower and the upper bound of G on [a,b]. We call superposition
of the functions ¢ and H on [a,b], the function H(G(x)). The func-
tion G is termed inner function and the function H outer funection
of this superposition.

If a function F is continuous and increasing on an interval
[a,b], the continuous increasing function ¢ defined on the interval
[F(a),F(b)] so as to satisfy the identity G(F(x))=« on [a,b], will,
a8 usual, be termed inverse function of F and denoted by F .

It has long been known that the superposition of two abso-
lutely continuous functions is not, in general, an absolutely con-
tinuous function. By means of the conditions discussed in the
preceding §§, particularly the condition (8), Nina Bary and D. Men-
choff succeeded in characterizing completely the class of functions
expressible as superpositions of absolutely continuous functions.
(Cf. also G. Fichtenholz [3].)
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(8.1) Theorem. Any function F which 18 continuous and subject
to the condition (T,) on an interval [a,b] i8 expressible on this interval
as a superposition of two continuous fumctions, of which the imner
function i8 of bounded variation and the outer fumction is increasing
and absolutely continuous.

If, further, the function F fulfils the condition (N), the inner
function of this superposition is mecessarily absolutely continuous also.

Proof. Let a and § denote respectively the lower and upper
bounds of F on [a,b], and let sr(y) denote, for each y, the number
(finite or infinite) of the points of the interval [a,b] at which F
assumes the value y. Since, by hypothesis, the function F is contin-
uous and subject to the condition (T,), we shall have 0 <1/s8r(y) <1
for almost all the values y of the interval (a,]. Let us denote by U
an indefinite integral of the function which is equal to 1/s¢(y) on
[a,8] and to 1 elsewhere. We now write G(z) =U[F(x)] for x € [a,b].
We thus have F(z)=U '[G(x)], and in order to establish the first
part of the theorem, it is enough to show that (i) the function v'
is absolutely continuous and (ii) the function G is of hounded variation.

Suppose, if possible, that the function U~ (which is continuous
and increasing together with U) is not absolutely continuous. Then
(cf. Theorem 6.7, Chap. VII), there exists a set E of measure zero
such that |U '[E]|>0. Writing Q= U '[E], we thus have

(8.2) Q] >0 and |U[Q]| = 0.

We may, plainly, suppose that the set E, and therefore the
set @, are sets (®s). Thus (cf. Theorem 13.3, Chap. III)

U1Q1 = [ U (y) dy,
Q

which renders the relations (8.2) contradictory, since almost every-
where U'(y)=1/sr(y) >0 for ye[a,B]) and U’(y)=1 outside the in-
terval [a, ).

In order to establish (ii), we shall make use of the criterion
of Theorem 6.4. Denote for each z by #s(2) the number of the points
of the interval [a,b] at which the function G assumes the value 2.
Since the function U is increasing, we clearly have sg(U(y))=8r(y)
for each y, and 85 (2) =0 for each z outside the interval [U(a), U(B)].
Hence, remembering that the function U is absolutely continuous,
we obtain (cf. Theorem 15.1, Chap.I)



288 CHAPTER XI. Derivates of functions of one or two real variables.

+00 ue) g
Jsa(2)dz= [ sa(z) de= [ 50 (U(y)) AT (y) =
— o0 U u

8 g
=[srU (y)dy = [dy=P—a

which shows, by Theorem 6.4, that the function G is of bounded
variation.

Finally, if the given function F' fulfils the condition (N), so
does the function G(x) = U(F(x)), and the latter, since it is of
bounded variation, is absolutely continuous by Theorem 6.7, Chap.VII.
This completes the proof.

(8.3) Theorem. 1° In order that a continuous function F be expres-
sible as a superposition of two continuous functions of which the inmer
function i8 of bounded variation and the outer function 18 absolutely
continuous, it is necessary and sufficient that F fulfil the condition (T,).

20 In order that a continuous function be representable as a super-
position of two absolutely continuous functions, it is mecessary and
sufficient that the function fulfil both the conditions (T,) and (N), or
what amounts to the same, the condition (S).

Proof. Since it follows at once from Theorem 8.1 that these
conditions are sufficient, we need only prove them necessary.

Let therefore F(x)=H(G(x)) on an interval [a,b], where @
is a function of bounded variation and H an absolutely continuous
function. Let a and B be respectively the lower and the upper bound
of G on [a,b]. Let E; and En denote the sets of the values which the
functions ¢ and H assume infinitely often on the intervals [a,b]
and [a,B], respectively. Since the functions @ and H fulfil the con-
dition (T,), we have |Eg|=|Ex|=0, and since the function H is,
moreover, absolutely continuous, we have also |H[Eg]|=0. Now
we see at once that each value which is assumed infinitely often
on [a,b] by the function F, belongs either to Ey, or to H[Eg). The
set of these values is thus of measure zero, and the function F ful-
fils the condition (T,).

If, further, the function G is absolutely continuous (as well
as H), then the function F is a superposition of two functions which
fulfil the condition (N), and, thex fore, itself fulfils this condition.
This completes the proof.
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Theorems 8.1 and 8.3 are due to Nina Bary [1; 3, pp. 208, 633]
(cf. also S. Banach and S. Saks [1]). Part 2° of Theorem 8.3 was
established a little earlier in a note of N. Bary and D. Menchoff [1]
(cf. also N. Bary [3, p. 203]) in a form analogous to Theorem 6.2. Thus:

(8.4) Theorem. In order that a function F which is continuous on
an interval [a,b] be on this interval a superposition of two absolutely
continuous functions, it i8 mecessary and sufficient that the set of the
values assumed by the function F at the points of [a.b] at which F is
not derivable, be of measure zero.

Proof. Let Q. be the set of the points of [a,b] at which F
is not derivable. Suppose first that

1° F(x)=H(G(x)) on [a,b], where H and G are absolutely
continuous functions. Let @, and @, be respectively the sets
of the points at which the functions G and H are not derivable.
We have |Q,|=|Q,| =0 and, consequently, |F[Q,]|=|H[Q,]|=0.
Now, we see at once that if the function F is not derivable at a point .z,
then either re@, , or G(zr)e@,. Therefore F[Q,]CF[Q, 1+ H[Q,],
and hence, [F[Q.]|=0.

Conversely, suppose that

2° |F[Q.)| =0. By Theorem 6.2, the function then fulfils the
condition (T,). To show that F' also fulfils the condition (N), con-
sider any set of measure zero, E say, in [a,b]. Since the function F
is derivable at each point of E—@., we have, by Theorem 6.5,
Chap. VII, |F[E—Q.)|=0, and since, by hypothesis, |F[Q,]|=0,
we obtain |F[E]|=0. The function F thus fulfils both the conditions
(T,) and (N), and is, therefore, by Theorem 8.3 (2°), a superposition
of two absolutely continuous functions.

It follows from Theorem 8.3 (2°) that a superposition of any finite number
of absolutely continuous functions is erpressible as a superposition of two absolutely
continuous functions. For the superposition of any finite number of functions
which fulfil the condition (3), itself fulfils this condition.

The results exposed in this § have been the starting point of the important
researches of Nina Bary (3] on the representation of continuous functions
by means of superpositions of absolutely continuous functions. lLet us cite two of
her fundamental theorems: 1° Every continuous function i8 the sum of three super-
positions of absolutely continuous functions, and there erist continuous functions
which cannot be expressed as the sum of two such superpogitions. 20 Everu continuous
function which fulfils the condition (N)—or, more generally, every continuous function
which is derivable at every point of a set which has positive measure in each interval--
i8 the sum of two superpositions of absolutely continuous functions, and there erist
conlinuous functions which fulfil the condition (N), but are not ecpressible as one
superposition of absolutely continuous functions (the function U(r) discussed above
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8§ 9. The condition (D). We shall now establish, for the
extreme approximate derivates, a theorem, analogous to Theo-
rem 4.6, but whose proof depends on a different idea. It is con-
venient to formulate it, from the beginning, in a slightly more ge-
peral manner.

Given two positive numbers N and ¢, we shall say that a func-
tion F fulfils at a point x, the condition (D%..), if there exist positive
numbers h, as small as we please, such that the difference between the
outer measure of the set E[F(z)—F(x,) = N - (z—x,); 0<o—2,<h]

and that of the set E[F(r)—F(x))=—N-(x—x,); 0<x—1x,<h]

exceeds the number he in absolute value. By symmetry, merely
replacing F(r)— F(x,) and x—zx, by F(x,)—F (x) and x,—x respec-
tively, we define the condition (Dy).

If, for a point x,, there exists a pair of finite positive numbers ¥
and e such that the function F fulfils at this point the condition (D7),
or the condition (Dy,), we say that F fulfils at x, the condition (D).

For measurable functions the condition (D) may be formulated
more simply: a measurable function F fulfils at a point x,, the con-
dition (D), if there exists a finite positive number N such that x,
i8 not a point of dispersion for the set of the points x at which
|F(z)—F(xy) <N-|lz—uz,

(9.1) Theorem. I} any one of the four approrimate extreme derivates
of a function F is finite at a point x,, then the function fulfils the con-
dition (D) at this point.

Proof. Suppose, to fix the ideas, that 1F}'},(J)o |< +oo and write
N=|F}(x,)+1. Let E, and K, be the sets of the points  which are
gituated on the right of the point z;, and which fulfil respectively the
inequalities F(x)— F(xo) = N-(r—1xy) and F(x)— F(xy)>=--N-(r—z,).
It follows at once from the definitions of approximate derivates
(Chap. VII, § 3) that r, is a point of dispersion for the set K,, while
E, has at x, a positive upper outer density. Denoting the latter
by 4, we see at once that the function F fulfils at x, the condition

(D¥.) whatever be the positive number e<$.

(9.2) Lemma. Let N and ¢ be finite positive numbers and suppose
that a finite function F fulfils the condition (DF,) at cach point of
a set E. Then |F[E)<(2N/e)-|E|.
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Proof. We shall first show that for every interval I=[a,b],

(9.3) \1|>(e/2N)-|F(E-T].
For this purpose, we write, for every y,
(9.4) H(y)=|E[F ()=y; wel]|.

The function H thus defined is non-increasing and bounded on the
whole,straight line (—oo, + 00); we have, in fact, for every y.

(9.5) 0<H (y)<|I].

Given an arbitrary point y, of F[E-I], which is distinct from
F(b) and at which the function H is derivable, let us consider a point
Loe E-1 such that F(r,)=y,. Plainly r,=5b. Let us write, for brevity,

A(h,k)=E[F(z)2yo+ k-(£-—xo); 0<x— £y <h]

and
B(h,k)=B(F (2)>yo+ kh; 0<a—z<h].

For every subinterval [xg, Lo+ k] of I, we then have the re-
lation B(h,N)CA(h,N)C A(hy—N)C B(h,—N), whence it follows
easily, on account of (9.4), that
H (y,—Nh)—H (yo+Nh)=|B(h,—N)|—|B(h, N)| =|4(h,—N)|—[A(h,N)|.

Now, since F fulfils, by hypothesis, the condition (D#.) at &Ly, there
exist positive values h, as small as we please, such that

IA (h, ”_A')]_‘IA (h, *V)I =>he,

and therefore H(y,— Nh)— H (y,+ Nh)>=he. Hence, H'(y,)< —-¢/2N
for every point y,+F(b) of F[E-I] at which the function H is
derivable. Therefore, denoting, for each positive integer n, by @,
the part of the set F[E.I] contained in the interval [—n, n], we
find, on account of (9.5), |I|>|H (n)-— H(—mn)|>¢-|Q,|/2N, from which
the inequality (9.3) follows by making n—>oo.

This being established, let » be a positive number and {lx}
a sequence of intervals such that

(9.6) EC %‘1,, and |E| + 712;‘ 11 4.

Since (9.3) holds for each interval I, it follows from (9.6) that
|E|+ 5> (¢/2N) .3 |F[E- 1,]| > (¢/2N)-|F[E], whence, remembering
k

that # is an arbitrary positive number, we see that |F[E]|< (2N /¢)-|E|.
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(9.7) Theorem. If at each point of a set E, a finite function F ful-
Jils the condition (D) (and so, in particular, if at each point of E the
function F has ome of its extreme approximate derivates finite),
then the function F fulfils the condition (N) on E.

Proof. Let H be any subset of E of measure zero, and let H,
denote, for each positive integer n, the set of the points  of H at
which the function F fulfils the condition (D7 ;,) or (D, .). We
clearly have H=2 H,, and since, by Lemma 9.2, | F[H,]|<4n?-|H,|=0,

we obtain |F[H]=0.
Theorem 9.7 enables us to complete Theorems 10.5 and 10.14
of Chap. VII, as follows:

(9.8) Theorem, 1° Every finite function F which is continuous on
a clused set E and which has at each point of E, except perhaps those
of an enumerable subset, either two finite Dini derivates on the same
side, or one finite extreme bilateral derivate, is ACG, on E.

20 Every finite function F which is continuous on a closed set E
and which has at each point of E, except perhaps those of an enumerable
subset, either one finite Dini derivate, or one finite extreme approxrimate
bilateral derivate, or finally two finite extreme approximate unilateral
derivates on the same side, is ACG on E.

Proof. By Theorems 10.1, 10.5, 10.8 and 10.14 of Chap. VII,
the function F is VBG, on E in case 1° and VBG on E in case 29°,
On the other hand, by Theorems 4.6 and 9.7, this function fulfils,
in both cases, the condition (N) on K. Hence, by Theorems 6.8
and 8.8 of Chap. VII, the function is ACG, on E in case 1° and
ACG on E in case 29,

In the most important case in which the closed set E is an
interval, Theorem 9.8 may further bhe stated in terms of Denjoy
integrals. For this purpose, let us begin by noting the following
proposition (¢f. A. S. Besicoviteh [2], and J. C. Burkill and
7. S. Haslam-Jones [1]):

(9.9) Theorem. If a finite function F is measurable on a set E and
has at each point of this set ome of its Dini derivates finite, then this
derirate is, at almost all points of E, an approrimate derivative of F.

Proof. It follows from Theorem 10.3, Chap. VII, that the

funcetion F is VBG on E, and so, approximately derivable at almost
all the points of E. Let us denote by E, the set of the points of E
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at which one at least of the opposite Dini derivates F* and F~ is
finite. Plainly, E'(x)gF;p(x)<F+(x) at each point z at which
the approximate derivative Fyy(r) exists, and therefore by
Theorem 4.1, F~ (z)=F" (x) = Fap(z) at almost all points z
of E,. Similarly, we show that F*(z)=F  (z)=Fi(r) at almost all
the points # of E at which one of the derivates F* and F~ is finite.
This completes the proof.

(9.10) Theorem. 1° If f i3 a finite funclion which, at each point of
an interval 1,, except those of an enumerable set, i3 equal to an extreme
bilateral derivate of a continuous function F, then the function f is 2,-in-
tegrable on I, and the function F is an indefinite 9,-integral of f.

20 If f is a finite function which, at each point of an interval I,
except those of an enumerable set, i3 equal either to a Dint derivate, or to
an exitreme approximate bilateral derivate of a continuous function F,
then the function | is 9-integrable on I, and the function F i3 an in-
definite 2-integral of f.

Proof. In view of Theorem 9.8, the function F is ACG, in
case 19 and ACG in case 20. Moreover, at almost all the points
of E, we have F'(z)=f(x) in case 1°, and by Theorem 9.9, Fy,(r)=f(x)
in case 2° This proves the theorem.

Although Theorem 9.8 presents a formal analogy with Theorems 10.5 and
10.14 of Chap. VII, there is an essential difference between the result of this § and
those of §10, Chap. VII. We see, in the first place, that the criteria of Theorems
10.5 and 10.14 of Chap. VII concern functions which are given on quite arbitrary
sets, whereas those of Theorem 9.8 are established only for closed sets. In the
second place, if the derivates of a quite arbitrary function satisfy on a set E the
conditions of Theorem 10.5, or of Theorem 10.14, of Chap. VII, then the set E can,
by these theorems, be decomposed into a sequence of sets on which the function
is absolutely continuous. On the contrary, Theorem 9.8 of this § does not enable
us to draw any conclusion as to a similar decomposition of the set E (even when
this set is an interval), unless the function considered ir continuous.

Two examples will now be given to show that this feature of
Theorem 9.8, jwhich represents a restriction as compared with the results of § 10,
Chap. VI1I, is essential for the validity of the theorem.

(i) Consider the function F(x)=_ [2"x]/5", where [2"x] denotes, as uxual,
n

the largest integer not exceeding 2"z. This function is increasing. Its lower right-
hand derivate is finite everywhere, and even, as we easily see, vanishes identically.
Nevertheless, there is no decomposition of the interval J,=[0, 1] into a sequence
of sets on which F is ahsolutely continuous, or even only uniformly continuous.
In fact, no such decomposition can exist for a monotone function F' whose points
of discontinuity form a set everywhere dense in J,.
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For, if such a decomposition {E,, E,, ..., E,...} existed, one at least of the
sets E, would, by Baire’s Theorem (Chap. I1.§9), be everywhere dense in an interval
ICJ,. This is plainly impossible since the function F, monotone by hypothesis,
is uniformly continuous on each set E, and has points of discontinuity in the in-
terior of I.

(ii) Let us now consider an example of a continuous function
F(x), increasing on the interval Jy=[0,1], and which has its lower
right-hand derivate zero at every point of a set E, without being
ACG on E.

For this purpose, let us agree to call, for brevity, function attached to
an interval I=[a, b], any function H(z), which is continuous and non-decreasing
on I, and which fulfils the conditions:

(a). H(x) is constant on each of the intervals I, of a sequence {I,} of non-

overlapping sub-intervals of I such that |I|=S|Ik|; the length of any sub-
K

interval of I on which H(zx) is constant does not exceed |I|/2;

(b) H(r)--H(a)-"x—a and H(b)—H(x)<b—=x for every wxel.

Such a function is easily obtained, by slightly modifying the construction
of the function f(r), considered in Chap. III, § 13, p. 101.

This being so, we shall define by induction a sequence {F,(x)} of functions
attached to the interval J,, beginning with an arbitrary function F,(x) attached
to this interval. Given the function F, attached to J,. let {IS{":[(»&"’, bg")]}
be a sequence of the intervals of constancy of F, in the interval J, (By an
interval of constancy of a function in J, we mean here any interval I(CJ,
such that the function is constant on I without being constant on any sub-
interval of J; which contains I and is distinct from [.) For each k—=1,2,...,
we determine a function IISZ")(.L‘) attached to the interval Ig")_ and we write

\"(r)[H(n)(b(n)) H(")(a("))] for med, ——.VI(")

l'n-} 1 (-'l;) = If(n)( z) - H(n)(a(n)H_ W"[H("’(b‘")) H(n)(a(n))] for relk(") k=12, ..,

the sum Y being extended over all the values i such that bi") o~
7

The sequence (F, (x)} being thus defined, let

(9.11) F(x)=YF (z)/2".

The function F(z) is clearly continuous, increasing, and singular on J,.
Consider the set E=”,§,‘(I&"’)°, and let r, be any point of K. Then there
n k
exists a sequence (I(;":}"__:Lz' .., of intervals each of which contains x, in its
interior. Plainly, for each positive integer =, Fj(bi"))——— Fi(ze)=0 if i<, and
n

Fj(b(,,';j)—-zv'j(x.,)<bg'g_zo if j>n. Hence, by (9.11), F(bg'g)—F(z,,)<(b$,',',’—x.,)/2"
for each n, and therefore F1(x,)=0.

Nevertheless, the function F is not ACG on E. To see this, suppose, if pos-
sible, that E is the sum of a sequence of sets E, on each of which the function
F is AC. Since the set J,—E is the sum of a sequence of non-dense closed sets,

one at least of the sets E, is everywhere dense in a sub-interval I of .J,, and,
since the function F is absolutely continuous on each E . thiz function wanld
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§ 10. A theorem of Denjoy-Khintchine on approximate
derivates. The considerations of the preceding § will now be
completed by a theorem which establishes, for the extreme ap-
proximate derivates, relations similar to those which hold for
Dini derivates (cf. § 4). This theorem was proved independently
by A. Denjoy [6, p. 209] and by A. Khintchine [4; 5, p. 212]
(cf. also J. C. Burkill and U. S. Haslam-Jones [1; 3]).

(10.1) Theorem. If a finite function F is measurable on a set E
and if, to each point x of E, there corresponds a measurable set Q(z)
such that (i) the lower unilateral density of Q(x) at x is positive on at
least one side of the point x and (ii) Fou(x)<+oo or Fow(x)>—00, then
the function F is approximately dertvable at almost all the points of E.

Consequently, if a finite function F is measurable on
a set E, then at almost every point of E either the function F
18 approximately derivable, or else Fj},(x):ﬁ,}(w):-ql-oo and
Fif(w)=Faplz)= — 0.

Proof. In view of Lusin’s Theorem (Chap.III, §7), we may
suppose that the set E is closed and that the function F is con-
tinuous on E. To fix the ideas, consider the set A of the points z ¢ E
such that (i,) the lower right-hand density of @(x) at x is positive
and (ii;) Fou(xr)<+ co. We shall show that the function F is ap-
proximately derivable at almost all the points of A. By symmetry,
this assertion will remain valid for each of the other three subsets
of E, defined by a similar specification of the conditions (i) and (ii)
of the theorem.

Let us denote by P the set of the points of A at which the
function F is not approximately derivable, and suppose, if pos-
sible, that |P|>0. For each pogitive integer m, let A, be the set
of the points z of E such that the inequality 0<<Ch<<{1/n implies

(10.2)  |BF(t)—F(x)<n-(t—2); te B; a<t<a+h]| =h/n.
t

The sets A, are closed. To see this, let us keep an index n fixed
for the moment, and let {x;i— .. be a sequence of points of the
get A, converging to a point x,. Let h<<1/n be a non-negative number,
and, for brevity, let E;= I'B[F(t) —F(x)<n-(t—x); te B i <t <@+ k)

where 1=0,1,2,.... We obtain |E/>h/n for i=1,2,...,, and since,

by continuity of F on FE, we have E,Dlimsup E;, it follows
i

(cf. Chap. I, Theorem 9.1) that |Ey>h/n, which shows that zye A,

i.e. that 4, is a closed set.
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Let us now denote, for every pair of positive integers n and k,
by A, the set of the points x of A4, such that the inequality
0<h<1/k implies

(10.3) |BlteAn; s —h<t<az]|>(1—jn1)-h.
t

We observe easily that the sets A, and therefore the sets A, x
also, cover the set A almost entirely. Hence, there exists a pair of
positive integers n, and k, such that |4, -P|>0. Let R denote
a portion of the set A, x-P suck that

(10.4) |R[>0,  (10.5) &(R)<l/n, and  (10.6) &(R)<1/k,.

Writing G(z)=F (r) —(n,+1)-2, we shall show that the func-
tion @ is monotone non-increasing on R. Suppose therefore, if pos-
sible, that there exist two points a and b in R, where a<b, such that

(10.7) Ha)<G(b).

Let J=[a,b]. Since the set A4, is closed and the function @
continuous on A4,, the function G attains, at a point ¢ of the set
Ap,J, the lower bound of its values on this set. In virtue of (10.7)
we have c¢<b. Since ced,, and since, by (10.5), 0<<b—e<<1/n,,
we may put m=n, x=c and h=b—c in the relation (10.2). We
thus obtain

(10.8)  [B[G(1)—G(0)<— (t—e); te B; e<t<b]|>(b—0)/n,.
t

Again, since beRCA,,x and since, by (10.6), 0<b—o<<1/k,,
we may put n=n, x=5b and h=b—c¢ in (10.3). This gives

(10.9) |Efte An; e<t<<b]|=>(1—ing?)-(b—c).
t

Now the sets which occur in the relations (10:8) and (10.9)
are both measurable; it therefore follows from these relations that
there exist, in the open interval (¢,b), points te A, for which
G(t)—G(¢)< —(t—ec)<0. This is plainly impossible, since the
function G attains its minimum on the set A,:J at the point e.

The function @ is thus monotone on the set R, and since it
is, moreover, measurable (indeed continuous) on the closed set
EDR, it follows that G is approximately derivable at almost all
the points of R. On the other hand, however, since RCP the
function F is approximately derivable at no point of R, and, in view
of (10.4), we arrive at a contradiction. This completes the proof.
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By a slight modification of the proof, we may extend Theorem 10.1, in
a certain way, to functions which need not be measurable. Let us agree to under-
stand by approximate derivability of a finite function F at a point z,, the existence
of a set for which x, is a point of outer density and with respect to which the
function F is derivable (if the function F is measurable, this notion of approxi-
mate derivability clearly agrees with the definition of Chap. VII, § 3). When
approximate derivability is interpreted thus in the statement of Theorem 10.1,
this theorem remains valid without the hypothesis that the function F be meas-
urable on the set F (although the hypothesis concerning the measurability of
the sets Q(z) remains essential).

From Theorem 10.1, we may deduce the following proposition: If, for
a finite function F, we can make correspond to each point x of a set E, a measurable
set Q(x) whose lower right-hand density at x 18 positive, and with respect to which
the function has an infinite derivative at xz, then the set E i8 of measure zero. This
theorem is similar to Theorem 4.4, but only partially generalizes the latter. It is
not actually possible to replace, in Theorem 4.4, the ordinary, by the approx-
imate, limit, without also removing the modulus sign in the expression
|F (x+ h)—F (x)|. This rather unexpected fact was brought to light by V.Jarnik[2],
who showed that there exist continuous functions F' for which the relation
mp |F (x+ h)—F (z)|/h=+0c0 holds at almost all points z.

Finally, let us note that Theorem 10.1 is frequently stated in the following
form:

If a finite function F is measurable on a set E, then at almost every point x
of E either (i) the function F is8 approximately derivable, or else (ii) there exists a meas-
urable set R(xz) whose right-hand and left-hand upper densities are both equal to
1 at x, and with respect to which the two upper unilateral derivates of F at x are +oo
and the two lower derivates —oo.

It has been shown by A. Khintchine [4] (cf. also V. Jarnik [2]) that
there exist continuous functions for which the case (ii) holds at almost every point z.

§ 11. Approximate partial derivates of functions of
two variables. The §§ which follow will be devoted to generali-
zations of the results of §4 for functions of two real variables (their
extension to any number of variables presents, as already said,
no fresh difficulty). In this § we shall establish some subsidiary
results.

Given a plane set @ and a number 7, we shall understand
by the outer linear measure of Q on the line y=n, the measure of
the linear set E[(¢,7)e@]. Similarly, we define the outer linear measure

t

of @ on a line x=¢, where £ is any number. It follows from Fubini’s
Theorem in the form (8.6), Chap. III, that if @ is a measurable set
whose linear measure on almost all the lines y= 7 (i.e. on the lines
y=n for almost all values of %) is zéro, then the set Q is of plane
measure Zzero.
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A point (z4,y,) will be termed point of linear density of a plane
set @ in the direction of the x-axis, if x, is a point of density of the
linear set E[(t,y,) e@). We define similarly the points of linear den-

t

sity of Q in the direction of the y-axis.

(11.1) Theorem. Almost all points of any measurable plane set Q
are points of linear density for it both in the direction of the x-axis
and in that of the y-axis.

Proof. We may clearly assume that the set @ is closed. Con-
sider, to fix the ideas, the set D of the points of @ which are points
of density of @ in the direction of the r-axis. Since the set @ —D
is of linear measure zero on each line y= 7, the proof of the relation
|@ — D|=0 reduces to showing that the set D is measurable.

In order to do this, we write, for each point (x,y) and each
pair of numbers a and b,

E(I7?/; a,b):ltﬁ‘)[(t,y) EQ; a’<t\<\b]7

and we denote, for each pair of positive integers n and k, by @, . the
set of the points (x,y) of @ such that the inequalities a<<r<b and
b—a<1/k imply |E(c,y; a,0)|=>(1—n"")-(b—a). Plainly D=[]2Qn.s.

We now remark that all the sets ¢, . are closed. To geg this,
we keep the indices n and k fixed for the moment, and consider
an arbitrary sequence {(r,y,)),_, , = of points of @, , which converges
to a point (x,,¥,). Let a and b denote real numbers such that a<zy<<b
and b—a<1/k. For every sufficiently large index ¢, we then have
a<x;<b, and so |E(x,y,; a,b)|>(1—n"")-(b—a). Now it is easy to
see that lim sup E(z, y; a,b)CE(x,y,; a,b); it therefore follows from
Theorem 9.1: Chap. I, that |E(z,,ye; @,b)|=>(1—n ')-(b —a), and so,
that (xy,y,) €Qn, -

Since the sets @, are closed, D is a set ({,s) and this com-
pletes the proof.

If F is a finite function of two variables, the extreme approx-
imate partial derivates of F(x,y) with respect to z will be denoted
by Fa,, Fa,, Fs, and Fs, . If these derivates are equal at a point
(z,y), their common value, i.e. the approximate partial derivative
of F with respect to x, will be denoted by Fap (x,y). Analogous
symbols will be used with respect to y. For the partial Dini deri-
vates, we shall retain the notation of Chap. V, namely F;, F}, ete.
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(11.2) Theorem. If a finite function of two variables F is meas-
urable on a set Q, its extreme approrimate partial derivates are them-
selves measurable on Q.

Proof. In view of Lusin’s Theorem (Chap. III, § 7), we may
suppose that the set @ is closed and that the function F is con-
tinuous on Q. Consider, to fix the ideas. the derivate F;L,,x. Let a be
any finite number and let P be the set of the points (z,y)

of Q at which Fi, (z,y) <2 We have to prove that the set P is
measurable.

For this purpose, let D denote the set of the points of the
set @ which are its points of linear density in the direction of the
z-axis. Further, for every point (r,y) and every positive integer n,
let E,(z,y) denote the set of the points ¢ such that

t>z, (Ly)eQ and F(t,y)—F(r,y)<(a+n') (t—2z).

_ We easily observe (cf. Chap. VII, § 3) that, in order that
F;*,,x(xo,yo)ga at a point (xy,y,) € D, it is necessary and suffi-
cient that the point (r,y, be a point of right-hand density for
every set FE,(z,Y,), where n=1,2,... Hence, denoting for every
gystem of three positive integers n,k and p, by Q. , the set of
the points (xz,y) of @ such that the inequality 0 <h < 1/p implies
|En(ryy) - [@,2+ k)| = (1 —k~')- h, we have

(11.3) P-D:[l{]%’@,,_k.p.

Now the set @ is closed and the function F is continuous on @,
and by means of Theorem 9.1, Chap. I (c¢f. the proofs of Theorems 10.1
and 11.1) we easily prove that all the sets Qn x , are closed. Hence,
by (11.3), the set P-D is measurable, and since, by Theorem 11.1,
|@ —D|=0, we see that the set P is measurable also. This completes
the proof.

It follows, in particular, from Theorem 11.2 that the extreme approrimate
derivates of any finite measurable function of one real variable are themselves mea-
surable functions. We thus obtain a result analogous to Theorem 4.3, Chap. IV,
which concerned the measurability of Dini derivates (cf. also Theorem 4.1, Chap. V.
and the remark p. 171).
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§ 12. Total and approximate differentials. A finite func-
tion of two real variables F is termed totally differentiable, or simply
differentiable, at a point (x,y,) if there exist two finite numbers
A and B such that the ratio

(12.1) [F(2,9)—F (2o Yo) —A-(€—@o) —B-(y— Yo)]/ [|& — o] + [y —¥0l]

tends to zero as (x,y)—(zy¥,).- The pair of numbers {4,B)} is then
termed total differential of the function F at the point (x4 y,) and
we see at once that A and B are the partial derivatives of F at
(s ¥o) With respect to x and to y respectively.

If, for a finite function of two variables F and for a point
(&oy Yo), there exist two finite numbers 4 and B such that the ratio
(12.1) tends approximately to 0 as (z,y)—>(x4Y,), the function F
is termed approximately differentiable at (x4,y,) and the pair of
numbers {4,B} i3 called approrimate differential of F at (xy,y,).
The numbers 4 and B will be called coefficients of this differential.

We see at once that no function can have at a given point
more than one differential, whether total or approximate.

The existence of a total differential of a function F(r,y) at a point may
be interpreted as the existence of a plane, tangent at this point to the surface
2=F(x,y) and non-perpendicular to the zy-plane. In this way the notion of total
differentiability of functions of two variables corresponds exactly to the similar
notion of derivability of functions of one variable. Nevertheless, whereas every func-
tion of bounded variation of one variable is almost everywhere derivable, a
function of bounded variation (in the Tonelli sense), and even an absolutely
continuous function, of two variables may be nowhere totally differentiable
(ef. W. Stepanoff [3, p. 515]).

The coefficients of an approximate differential of a function
at a point are not, in general, approximate partial derivatives of
this function. Nevertheless they coincide with the latter almost
everywhere, as results from the following theorem:

(12.2) Theorem. In order that a finite function of two variables F,
which is measurable on a set (), be approximately differentiable at
almost all the -points of this set, it is necessary and sufficient that F
be, almost everywhere in Q, approrimately derivable with respect to
each variable.

When this s the case, the approximate partial derivates Fyy, (2,Y)
and Fépy(m,y) are, at almost all the points (z,y) of Q, the coefficients of
the approximate differential of F.
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Proof. 1° Suppose that the function F is approximately
differentiable at almost all the points of @. We denote,
for each positive integer n, by R, the set of the points (&, 7) of Q
such that, for every square J containing (&,7), we have

(12.3)

EIIF (@) —F (&)l <n-0(J); (r,y) eJ]|>3-1J /4

whenever 8(J)<2/n. Writing R=2'R,, we clearly have |Q —R|=0.

Let us now denote, for a gene;al plane set F and any number 7,
by E™ the linear set of the points & such that (&, 7)e E. Keeping
fixed, for the moment, a positive integer n, and a real number 7,
we consider any two points &; and &, of R{.’]j’ for.which 0<C&, —§,<<1/n,,
and we denote by J, the square [&;,£&,; 70, M0+ &2 —&]- We then
have d(Jy)<<2/ny and so, putting n=n, J=dJ, n=r1n, in (12.3).
and choosing é=¢, and é=¢, successively, we see at once that the
square J, contains points (x,y) for which we have at the same time

[F (&1 no)— F (@, 4)| <ng- 0(J ) <2m4- (£, — &)
,F(Em r]o)—F(a),y)lSno-é(Jo)QZno-(&« &)

Hence |F (&, 10) — F (& m0)| < 4mg - |63 —&,|, which shows that,
for any fixed n, F(z,7n), as a function of z, is AC on each set RV,
and so VBG on the whole set R" (cf. Chap. VII, § 5). Now R is
(with @) a plane measurable set, so that the linear set E"™ is meas-
urable for almost every 7. Hence (cf. Theorem 4.3, Chap. VII)
for almost all », the function F(z,n) is approximately derivable
with respect to x at almost all the points of R". Since further,
by Theorem 11.2, the set of the points of R at which the function F
is approximately derivable with respect to one variable, is meas-
urable, it follows at once that the function F is approximately
derivable with respect to x at almost all the points of R, and so,
at the same time, at almost all the points of Q. Similarly, we establish
the corresponding result concerning approximate derivability of F
with respect to y.

and

20 Suppose that the function F is approximately
derivable, at almost all the points of @, with respect
to r and with respect to y. We shall show that the function F
then has, at almost all the points of @, an approximate differential
with coefficients Fa, (x,y) and F;py(w,y). On account of Theorem 11.2
and of Lusin’s Theorem (Chap. III, § 7), we may suppose that
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(a) the set @ is bounded and closed, (b) the function F is approximate-
ly derivable with respect to each variable at all the points of @, and
(c) the function F, and both its approximate partial derivatives,

are continuous on @.
This being 8o, we write, for each point (4,7) of @ and each

point (z,y) of the plane,
(12.4) D (&m;2,y)=|F (2,y)—F(&n)—(@—¢) - Fap (&, n}—~(y—n)-Fap (£,m)]s
Dy(&y n; ®) =|F (2, n)—F (& n)— (& — &) -Fap (&, 7)],
Dy(&, n; y) =|F (&,y) —F (& 1)—(y —n)-Fap (& 7).
ey ¢ and T be any positive numbers. We shall begin by de-

fining a positive number o and a closed subset A of @ such that
|@ —A|<e and such that, for any point (&,7),

[BLD\(&, m; @) <7-|o—&; (7, 7) € Q; a<2 <] =>(1—e)-(b—a)
whenever (£,m)ed, a<t<b and b—a<o.

For this purpose, let us denote, for each positive integer m,
by A, the set of the points (&,7) of @ such that the inequality in the
first line of (i) is fulfilled whenever a<(<b and b—a<1/n. Since
the set @ is closed and since the function ¥ and its derivatives Fap,
and F;, are continuous on @, it is easily seen that all the sets 4,
are closed. On the other hand, the sets 4, form an ascending se-
quence and we immediately see that the set @ —lim A4, is of

(i)

measure zero on each line y=7. Hence, this set being ;nea,surable,
we have |Q—lim A, =0. Consequently |Q—A4,|<e for a suffi-
ciently large index n, and writing ¢=1/n, and A=A4,, we find
that the inequality |@ —A|<e and the condition (i) are both satisfied.
In exactly the same way, but replacing the set @ by A and
interchanging the role of the coordinates x and y, we determine
now a positive number o,<<o and a closed subset B of A such that
|A —B] <& and that for any point (&,7)
iy BLDa& s pISTly—al; (4y) e 4; a<y<b]>(1—e)-(b—a)
whenever (&,m)eB, a<n<b and b—a<o,.
Finally, let 0,<o, be a positive number such that
| Fap, (@, Y2)— Fap, (21, 1) <7

for any pair of points (z,,y,) and (x4 y,) of @ subject to the con-
ditions |z,—w,| <o, and |ys—vy,|<a,.
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This being so, let (&, 7,) be any point of B. Let J =[a,, f;; ay, f.]
denote any interval such that (&, 7,)eJ and 8(J)<o,<o,<o. We
write:

E2=£‘3[D2(Eo, o5 Y) T [y —nl5 (€0, 9) € 45 a, <Y< Bl

and. fox each y,
El('!/):?[l)l(fo’?/; )<tz —&gl; (2,y) €Q; oy <z <By).

Then any point (x,y) such that ye E, and xzeE,(y) belongs'to the
set -J and, for such a point, we have

D (&y,m05w,y) < Dx(fm.'/;i’f')+D2(§o’7)o§y)+,x—5o|'lF;Px(Eoy.y)—Fx;lvx(fo,yo)i <
<2v-[le — &+ ly —nol)-

On the other hand, it follows at once from (ii) and (i) respectively,
that |E,|>(1 —¢)-(B,—a,), and |E\(y)|>(1—¢)-(fy—a,) whenever
yeE,. Hence, D(&,ny; x,y) being a measurable (indeed contin-
uous) function of the point (r,y) on @-J, it follows that the set
of the points (x,y)eQ-J such that D (&, 9o; €,¥) <2t-[|r —&o|+ [y — nol]
is of measure at least equal to (1 —¢)2 (8, —a,) (B, —ay)=(1—¢)2-1J|.
The point (&,,7,) here denotes any point of the set B, and J any
interval, containing (&,,1,), whose diameter is sufficiently small.
Therefore, since |Q —B|<|Q —A|+ |4 —B|<2¢ where ¢ is at our
disposal, we see that, for every positive number 7, almost every
point (&,7) of @ is a point of density for the set of the points (z,y)
of @ which fulfil the inequality D(&, n; x,y)/[le —& 4+ ly—n|]<27; and
in view of (12.4), this completes the proof.

We notice a similarity between the preceding proof and that of the “Den.
sity Theorem™ (Chap. 1V, §10). Actually the result just established constitutes
a direct generalization of the Density Theorem. To see this, we need only inter-
pret, in the statement of Theorem 12.2, the function F as the characteristic
function of the set @ (cf. the first edition of this book, p. 231).

The notion of approximate differential, together with Theorem 12.2, are
due to W. Stepanoff [3]. There is, however, a slight difference between the defi-
nition adopted here and that of Stepanoff, so that, in its original form, as proved
by Stepanoff, Theorem 12.2 generalizes Theorem 6.1, Chap. 1V, rather than the
Density Theorem of § 10, Chap. 1V.

We conclude this § by mentioning the following theorem,
which, in view of Theorems 9.9 and 11.2, is an immediate con-
sequence of Theorem 12.2:
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(12.5) Theorem. Suppose that a finite function of two variables F
which 18 measurable on a set Q, has at each point of Q at least one finite
Dini derivate with respect to x and at least one finite Dini derivate
with respect to y.

Then the function F is approximately differentiable at almost
every point of Q.

§ 18. Fundamental theorems on the contingent of
a set in space. Following F. Roger [2], we shall now extend
to sets in the space R, the results obtained in § 3. The proofs will
be largely a repetition of those of §3 with the obvious verbal changes.
We shall therefore present them in a slightly more condensed form.

Generalizing the definitions of §3, p.264, to functions of two
variables, we shall say that a function F(x,y) fulfils the Lipschitz
condition on a plane set E, if there exists a finite constant N such
that |F(xy Yo) — F (2, 1) < N-[J2g— | + [y, — %] for every two
points (z,y,) and (x,y, of E. We verify at once that the
graph of the function F on E is then of finite area whenever
|E| < 4+ oo, and of area zero whenever, in particular, |E|=0
(cf. Chap.II, §8; more precisely, we have, for every set E,
AB(F;E)\ <4-(1+N?)-|E|).

In the sequel we shall make use of the following notation
for limits relative to a set. If E is a set (in any space) and ¢, is a point
of accumulation for E, the lower and upper limits of a function

F(t) as t tends to ¢, on E will be written liminfz F'(¢) and lim supgF (t)
t>t, >,
respectively. Their common value, when they are equal, will be

written limgF (t).
t>t,

(13.1) Lemma. Let R be a set in the space Ry, 0 a fixed direction
in this space and P the set of the points a of R at which contgra con-
tains no half-line of direction 6. Then (i) the set P i3 the sum of a
sequence of sets of finite area and (ii) at each point a of P, except
at most at those of a subset of area zero, the set R has an extreme tan-
gent plane, for which the side containing the half-line a0 is its empty side.

In the particular case in which 0 18 the direction of the positive
semi-axss of z, the set P 18 expressible as the sum of an emumerable
infinity of sets each of which is the graph of a function on a plane
set on which the function fulfils the Lipschitz condition.
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Proof. We may clearly suppose (in the first part of the theo-
rem also) that 6 is the direction of the positive semi-axis of 2. We
denote, for every positive integer n, by P, the set of the points
(®,y,2) of P such that the inequalities |z'—2|<<1/n, |y'—yI<1/n
and [¢'—2|<1/n imply 2'—z<n-[j'—z|+|y'—yl] for every
point (z’,y’,2’) of K. We express, further, each P, as thé sum of
a sequence {P,}x=1.,... of sets with diameters less than 1/n. For every
pair of points (z,,y,,2,) and (2, ¥, 2,) of the same set P,,, we thus
have |z,—2z|<n-[|z,—=,| + ly,—y|], and if we denote by Q,, the
orthogonal projection of P,, on the zy-plane, we easily see that
the set P, , may be regarded as the graph of a function F, , on Q, .
Plainly |Fun,«(s ¥a)—Fus (0, y)|<n-[lr;— x|+ |y,—¥,[] for every two
points (z;,v,) and (xqy,) of @, . Thus F, , fulfils the Lipschitz con-
ditionon @, , and hence (cf. p.304) A, (P w)=A,\B(Fou 1;Qu r)) <+o00.

Al . . .
Thus P=2'P, is the required expression of the set P.
nk
It remains to discuss the existence of an extreme tangent

plane to R at the points of P. For a fixed pair of positive integers »
and k, the function F,, which fulfils the Lipschitz condition
on the set @, can be continued at once, by continuity, on to the
closure @, of this set, and then on to the whole plane by writing
F, (x,y)=0 outside @, . On account of Theorem 12.2, the function
F, . is approximately differentiable at almost all the points of @, .
Hence, denoting by (T),,., the subset of @, consisting of the points
of density of @, at which F, , is approximately differentiable, we
see that |Qn.»— b,,_klz() and hence, that 1 B(F, x;Qur - (:),,.A.)} =0,
We need, therefore, only show that R has an extreme tangent plane
at each point of B(F,,; (},,_,,), and that, further, the half-line with
the direction of the positive semi-axis of = is contained in the
empty side of this plane. N

Let (&, 7m0, Co) be any point of B(F, ;Que) and let 1, B,
be the approximate differential of F,, at the point (&, #,). Let
e<1 be any positive number, and let E, be the set of the points
(£,y) eQnr such that

IFn.k(J’h‘/)"‘ Fn.l-(so‘ Ne) - Ao'(J' "50)‘— Bo‘(." - '70)"5:5'[]"' 50! t {.’/ ""/u'l-

Since the function F,, is measurable, (&, 7o) is (¢f. Chap. VLI § 3)
a point of outer density for the set K,. Hence we can make cor-
respond to each point (&, 5, %), sufficiently near to (£, 5. 5), a point
(¢',n')e E, such that:
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(13.2) &' — &ol <[6— &l and |7 — nol S|m— 70l
(13.3) &' —&|<e-|6—&|  and In'—nl<e-ln—mn,-

Remembering that {,=Fn (&, 7,), We now write for brevity

D, (&0 )=Fnréyn')—Lo— Ao (6'—E&))— By (n'—n,). We thus have
{—Lo—A o (§—&0)—By (n—n0)=

= Dn.l&'s ")+ 10— Fn &', n')] +[Ao-(6'—£€) + By (1'—n)]-

This being so, let (&, %,{) be a point of R such that each of
the differences [é—¢&,|, |p—no and |[(—C(,| is less than, or equal
to, 1/4n®. Then by (13.3), we have [&'—¢|<1/n and |y’ —n|<1/n,
while, by (13.2), [Faa(&',7)—Lo|<n-[|8'—Eol+In"—7[1<1/2n, and so
|Fra(é',n')—¢|<1/n. Since the point (&', 7', Fax(¢,n’)) belongs to
B(F;E.)C P,, it follows that (—F, (&, 9" )<n-[|E—&+|n—n'|],
and, again making use of (13.3), we deduce from (13.4) that

E—Lo— Ao (§—50)— By (n—mnp) <
(13.5)  <[|Dnalé'yn')+(n+|Ag])-[§'—&[+ (n+[ Bg|)-[n"—n] <
K| Da, €'y 7)) + & (|4 o|+|Bol 4 1) - [|6—&ol+m—7[]-
We now observe that, since (&',%')e E., (13.2) implies
|Dn, &’y 0 ) [[1E—Eol+|n—m0l] < [Da,al&"y n')/[1E"—&ol +|n"—n0l] < e.
Hence, ¢ heing an arbitrary positive number, we derive from (13.5)

(13.6) Lim sup, [E—Lo— Ao (E—Eo)— Bo: (n—no)[lE—Eo|+In—m0] <O.
(&, 7, 50 s )

Moreover, since {4,, B,} is the approximate differential of the func-
tion F, . at (&, 7, and since the point (&, 7,) is a point of outer
density for the set @, , the plane z2—(,—A4, (2—&))—Bo(y—n4)=0
is certainly an intermediate tangent plane (cf. § 2, p. 263) of R at
the point (&, 7¢,%,). It is therefore, by (13.6), an extreme tangent
plane at this point, with an empty side consisting of the half-space
2—Lo=Ay (£—&))+ By (y—n,). This completes the proof.

We shall employ in gpace a terminology similar to that of the
plane (cf. § 3, p. 264) and agree to say that the contingent of a set
EC Ry at a point a of £ is the whole space if it includes all the
half-lines issuing from the point a; and again, that the contingent
of E at a point a of £ is a half-space, if £ has an extreme tangent
plane at a and if contg.a consists of all the half-lines issuing from a
which are situated on one side of this plane. We make use of
these terms to state the analogue of Theorem 3.6:

(13.4)
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(13.7) Theorem. Given a set R in R, let P be a subset of' R at
no point of which the contingent of R is the whole space. Then (i) the
set P is the sum of an enumerable infinity of sets of finite area and
(ii) at every point of P, except at those of a set of area zero, either the
set R has a unique tangent plane, or else the contingent of R i3 a half-space.

The proof of this statement, which follows directly from
Lemma 13.1, is quite similar to that of Theorem 3.6. We need only
replace, in the proof of the latter, the terms length, tangent and
half-planebyarea,tangent planeand half-space, respectively.

It only remains to extend to space, Theorem 3.7. This ex-
tension, in the form (13.11) in which we shall establish it, is essen-
tially little more than an immediate, and almost trivial, conse-
quence of Theorem 3.7. Its proof requires however some subsidiary
considerations of the measurability of certain sets.

(13.8) Lemma. If Q is a set (§,,) in R,, its orthogonal projection
on the wxy-plane is a measurable set.

Proof. Let us denote generally, for every set K situated in R,,
by I'(E) its projection on the xy-plane. In order to establish the
measurability of the set I'(Q), it will suffice to show that for each
¢>0 there exists a closed set PCI(Q) such that |P|>|I'(Q)—e.

We express @ as the product of a sequence {Qu}n—1.2, of
sets (§F,). It may clearly be assumed that the set @ is bounded and
that, moreover, all the sets @, are situated in a fixed closed sphere S,

We shall define in R,, by induction, a sequence [F,jn-0,...
of closed sets subject to the following conditions for n=1,2,...:
(i) FuCFuoy, (il) FaCQn and (iil) |I(Fa-Q)|Z|1(Fa-1-Q)l—e/2"

For this purpose, we choose F,= S8, and we suppose that the
next r—1 sets F, have been defined. We have QCQ, and so
Fr1-Q,-Q=F,_,-Q, and since F, ;-Q,1is, with ., a set (§,), there
exists a closed set F,CF, -Q, such that [I'(F,-Q)|=I'(F, 1-Q)i—¢/2".
This closed set F, clearly fulfils (i), (ii) and (iii) for n=r.

Now let F=IIF, = lim F,. It follows from (ii) that FC@, and

therefore that I7( F)"CI‘(Q). Further, I'(F) is a closed set, for, since { ¥}
is a descending sequence of closed and bounded sets, we eaxily see
that I'(F)=lim I'(F,). Finally this last relation coupled with (iii) shows

that |I(F)| > lim |T(Fa-Q) = [[(Fy-Q)|—e=I'(Q)|— &, which com-

pletes the proof.
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It would be easy to prove that the projection of a set (F,4) is the nucleus
of a determining system formed of closed sets and thus to deduce Lemma 13.8
from Theorem 5.5, Chap. II. We have preferred, however, to give a direct ele-
mentary proof, based on a method due to N. Lusin [3]). The same argument
shows that any continuous image of a set ({,;) is measurable.

It has been proved more generally (vide, for instance, W. Sierpinski
[II, p. 149], or F. Hausdorff [II, p. 212]) that any continuous image of an
analytic set (in particular, of a set measurable (B)) situated in R, is an analytic
and, therefore, measurable set.
(13.9) Lemma. Given a set B in R, let ¢ be the set of the points
(&,7n,8) of R which fulfil the condition:

(A) the part of the contingent of R at the point (&,7,(), which
18 situated in the plame x=2E&, is wholly contained in onme or other of
the two half-spaces y=n and y<y.

Then the orthogonal projection of the set Q on the xy-plane is
of plane measure zero.

Proof. We may clearly suppose that the set R is closed (for
the contingent of any set R coincides, at all points of R, with that
of the closure of R).

Let us denote generally, for any set E in Ry and any number &,
by EY the set (E)[(é‘,y,z)eE]. It follows from Theorem 3.6 that,

Y,z

for every &, the plane set R¥ has an extreme tangent, parallel to
the z-axis at every point of le‘l except those of a set of length zero.
Hence, by Theorem 3.7, the projection of @ on the zy-plane is of
linear measure zero on each line x= ¢ of this plane, and, in order
to prove that this projection is of plane measure zero, we need
only show that the latter is measurable.

Let us denote, for each pair of positive integers k and =, by
Ay n the set of the points (&, 7,() of R such that the inequalities

(13.10) |lo—¢& +ly—l+z—Cl<l/n  and |o—E<[ly—n|+e—L|)/n
imply, for any point (z,y,2)e R, the inequality y—n<[|Jx—& +|2—|]/k.
Similarly, we shall denote by B, the set of the points (&,7,¢)
of R for which the inequalities (13.10) imply, for every point
(r,y,2) of R, the inequality y—n>- [jx—¢& + |—|]/k. Writing

A= IJ 2Ann and B— IJ 2By,
n n

we find that ¢ =A -+ B. On the other hand, since the set R is, by
hypothesis, closed, we observe at once that each set A, ,, and like-
wise each set B, ,, is closed. The sets A and B, and so the set @
also, are thus sets (§,), and in view of Lemma 13.8, the projection
of @ on the xy-plane is a measurable set.
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(13.11) Theorem. Given a set R in R,, let P be a subset of R at every
point of which the set R has an extreme tangent plane parallel to a fired
straight line D. Then the orthogonal projection of P on the plane per-
pendicular to D is of plane measure zero.

Proof. We may clearly suppose that the straight line D is
the z-axis. Let us denote by P, the set of the points of P at which
the extreme tangent plane, parallel, by hypothesis, to the z-axis
is not, however, parallel to the yz-plane. Similarly, P, will denote
the set of the points of P at which the extreme tangent plane is
not parallel to the xz-plane. We then have P=P,+ P,.

Now we observe at once that each point (&, %,¢) of P, fulfils the
condition (3) of Lemma 13.9. It therefore follows from this lemma,
that the projection of P, on the xy-plane is of plane measure zero.

By symmetry, the same.is true of the projection of the set P,.
The proof is thus complete.

§ 14. Extreme differentials. Let F be a finite function
of two real variables. A pair of finite numbers {4, B} will be called
upper differential of F at a point (z,v,) if, when we write z,=F (2, y,),
(i) the plane z—zy=A-(x—,)+ B-(y—Y,) is an intermediate tan-
gent plane of the graph of the function F at the point (x4, v,,2,) and

(i) lim sup 229 —F (@ yo)—A-(2—2))—B-(y—y,) _
(X )>(0r 1) lz— ol + [y —yol

These conditions may clearly be replaced by the following: (i;) the plance

2—2zy=A-(x—a,)+ B-(y—1y,) is an extreme tangent plane of the graph

of F at (xy,Y,,2,) With the empty side z—z,>4-(z—zy)+ B-(y—Y,),

and (ii,) lim sup F(z,y)<F (e, ¥,)-

(4> X0 o). . L. L.
The definition of lower differential is similar, and the two

differentials, upper and lower, will be called extreme differentials.

If a function F has a total differential (cf. § 12, p. 300) at a point,
this differential is both an upper and a lower differential of F at
the point considered. Conversely, if a function F has at a point
(zg,y¥o) both an upper and a lower differential, these are identical
and then reduce to a total differential of F at (z4,¥,)-

0.

For a finite function of one real variable F, the existence of an upper dif-
ferential at a point z, is to be interpreted to mean that F*(z,)=F (xz,)4 co (in
which case the number F¥(z,)=F"(z,) may be regarded as the upper differential
of F at x,). There is a similar interpretation for the lower differential of functions
of one variable. This interpretation brings to light the relationship between the
theorems of this § and those of § 4.
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We propose to give an account of researches concerning the existence
almost everywhere of total, approximate, or extreme differentials. These re-
searches were begun by H. Rademacher [3], who established the first general
sufficient condition in order that a continuous function be almost every-
where differentiable. W. Stepanoff [1;3] later removed from Rademacher’s
reasoning certain superfluous hypotheses, and obtained a more complete result,
valid for any measurable function: In order that a function F whick is meas-
urable on a set I, should be differentiable almost everywhere in E, it is necessary and
sufficient that the relation lim sup |F (r,y)—F (§.9)|/[|z-—&|+|y —n]1<+oo0 should

(x.g)>Em

hold at almost all the points (£,m) of E. ((‘ertain details of Stepanoff’s proof, par-
ticularly those concerning measurability of the Dini partial derivates, have been
subjected to criticism (¢f. J. C. Burkill and U. 8. Haslam-Jones [1].) U. 8.
Hasxlam-Jones [1] extended further the result of Stepanoff, and by introducing
the notion of extreme differentials (which he called upper and lower derivate
planes), obtained theorems analogous to those of Denjoy for functions of one
variable. The researches of Haslam-Jones have been continued and completed
by A. J. Ward [1;4] who, in particular, removed the hypothesis of measur-
ability in certain of Haslam-Jones’s theorems.

We shall derive the results of Haslam-Jones from the theorems of the
preceding § (¢f. F. Roger [3]; direct proofs will be found in the memoirs of
Haslam-Jones and Ward referred to, and in the first edition of this book).

In what follows, we shall make use of some subsidiary con-
ventions of notation. If F is a function of two real variables and t
denotes a point (x,y) of the plane R,, we shall frequently write
F(t) for F(z,y). If t,=(r,y,) and t,=(z,y,) are two points of the
plane, |t,--t,| will denote the number |z,—x,| + |y,—¥,|.

Given in the plane two distinet half-lines issuing from a point ¢,
each of the two closed regions into which these half-lines divide
the plane will be called angle. The point ¢, will be termed wertex
of each of these angles.

We shall begin by proving a theorem somewhat analogous
to Theorem 1.1 (ii).

(14.1) Theorem. Let F be a finite function in the plane R, and

let E be a plane set, each point T of which is the vertex of an angle A(r)

such that limsupa,# (t)<lim sup F(t). Then the set E is of plane
>7 t->1

measure zero.

Proof. Let us denote, for each pair of integers p and ¢, by E,,
the set of the points v of E at which lim supA(,,F(t)<p/q<ﬁrr::up F(t).
>t T

For fixed p and ¢, we observe that no point reE,, is a point of
accumulation for the part of the set E,, contained in the interior of
the corresponding angle A (r). Hence, no point of the set E,, can
be a point of outer density for this set. Each of the sets Ej, is
thus of plane measure zero, and the same is therefore true of the
whole set E.
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As we easily see, in virtue of Theorem 3.6, each set Ep,q, and consequently
the whole set FE, is the sum of a sequence of sets of finite length (this of
course, implies that E is of plane measure zero). Cf. A. Kolmogoroff and
J. Veréenko [1].

(14.2) Theorem. Let F be a finite function in the plane. Then

(i) of P is a plane set each point v of which is the vertex of an
angle A(t) such that

(14.3) lim [P ()—F (x)] [ [t—t|=+oo,

the set P is mecessarily of plane measure zero;

(ii) ¢f Q@ 13 a plane set each point r of which is the vertexr of an
angle A, (t) such that

(14.4) Lim sup 4 [F(t)— F (z)] ] |t—7| < +oo,
1

the function F mecessarily has an upper differential at almost all the
points of Q;

(iii) ¢f R is a plane set each point T of which is the vertex of two
angles A(r) and Ay(r) such that

lim sup ) [F ()—F(2)]/t—|<+ oo

and >t

lim ian_(,> [F(t)——F(T)]/lt—f|> —00,
t>1

the function F 1s totally differentiable at almost all the points of R.

Proof. re (i). By Theorem 13.7 the set B(F;P) has, at each
of its points except those of a subset of area zero, an extreme tan-
gent plane. The latter is seen to be necessarily parallel to the z-axis.
Hence, by Theorem 13.11, the set P, as the projection of B(F;P)
on the ry-plane, is of plane measure zero.

re (ii). It clearly follows from (14.4) that, at each point 7 of @,
we have hmsup,. oF(t)<F(r). Hence, by Theorem 14.1, we have

hm .sup F(t) <F(r) at all the points v of @, except at most those

ot a set @, of measure zero.

Let us now denote by B the graph of the function ¥ (on the
whole plane). Let B, be the set of the points of B(F;Q) at which
the set B has no extreme tangent plane, and B, the set of the points
of B(F;Q) at which such a tangent plane exists, but is parallel to
the z-axis. Finally, let @, and @, be the projections of the sets B,
and B, respectively, on the xy-plane. On account of Theorem 13.7,
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we easily verify that A,(B,)=0, and so, that |Q,|=0. Similarly,
it follows at once from Theorem 13.11 that |Q,=0. Now, if (&)
is any point of @—(@,+¢@,), the set B has at (& #,F (& 7)) an ex-
treme tangent plane of the form z2—{=M (&, n)-(x—&)+ N (&, 7)-(y—n),
where M (&,7n) and N (&, n) are finite numbers. We observe further
without difficulty that the half-space

z—C>= M (&, n)-(x—&)+ N(&n)-(y—n)

is an empty side of this plane. Hence (cf. p. 309), at each point
(&, 7) of the set Q—(Qq+@;+Q,), the pair of numbers {M(&, 7),N(£, )}
is an upper differential of the function F. This completes the
proof, since |Q,+@,+ @, =0.

Finally, (iii) is an immediate consequence of (ii).

In the case in which the function F is measurable, we can complete
part (i) of Theorem 14.2 (which itself generalizes Theorem 4.4). Thus, if F
15 any measurable function of two wvariables, the set of the points (z,y) at which
lim |F(x+h,y)—F(x,y)|/h=+00, is of plane measure zero.
h>0+

This proposition plainly follows from Theorem 4.4, except for meas-
urability considerations, essential to the proof, which seem to require general
theorems on the measurability of the projections of sets (B) (cf. p. 308).

We conclude with the following theorem (ct. A. J. Ward [1]
and the first edition of this book, p. 234) which, in view of Theo-
rem 14.2 (i), (ii), may be regarded as an extension of Theorem 9.9
to the functions of two variables:

(14.5) Theorem, If F is a finite function of two variables, which
i3 measurable on a set E and which has an extreme differential at each
point of a set QC E, then this differential 18, at the same time, an
approximate differential of F at almost all the points of Q.

Proof. On account of Lusin’s theorem (Chap. III, §7) we
may clearly suppose that the set E is closed and that the function
F is continuous on E. Let us suppose further, for definiteness, that
the function F has an upper differential at each point of @, and
let us denote, for each positive integer n, by @, the set of the points
t of ¢ such that, for every point t’, [t'—t <1/n implies the
inequality F(t')—F(t)<<n-[t'—t|. Finally, let each set @, be ex-
pressed as the sum of a sequence {Q,ahx-12 . of sets with diameters
less than 1/n. We shall have Q:Z;Q,,,,,.
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We see at once that the function F fulfils the Lipschitz con-
dition on each set Q.x, and therefore also on each set Q,,. Hence,
by Theorem 12.2, the function F has the approximate differential
{Fip,(#,9), Fap,(£,9)} at almost every point (z,y) of each set Qna,
and therefore at almost every point (x,y) of the set Q.

Let us, on the other hand, denote, for each point (z,y) of Q,
by (A(x,y), B(z,y)} the upper differential of F at this point. It
follows at once from the definition of upper differential, p. 309, that
Fy(z,y)>A(z,y) > F3 (z,y), and similarly F, (z,y)>B(5,y)=Fy (2,9),
at each point (z,y) of Q. Hence, at each point (r,y) of @ at which
the approximate partial derivates Fi, (r,y) and F;py(;r:,y) exist,
we have Ad(z,y)=F, (2,y) and B(w,y):F;l,u(‘v,y). The upper
differential {4 (x,y), B(x,y)} of the function F thus coincides at
almost all points (x,y) of @ with the approximate differential of F.




NOTE 1

On Haar’s measure

by
Stefan Banach.

§ 1. This Note is devoted to the theory of measure due to Al-
fred Haar [1]. Haar’s beautiful and important theory deals with
measure in those locally compact separable spaces for which the
notion of congruent sets is defined. His measure fulfils the usual
conditions of ordinary Lebesgue measure: congruent sets are of
equal measure and all Borel sets (more generally, all analytic sets)
are measurable. The theory has important applications in that
of continuous groups.

To complete the definitions of Chap. II, § 2, we shall say that
a set situated in a metrical space is compact, if every infinite subset
of the set in question has at least one point of accumulation. A met-
rical space is termed locally compact if each point of this space
has a neighbourhood which is compact.

82. In what follows we shall denote by E a fixed metrical
space, separable and locally compact, and we shall suppose that,
for the sets situated in E, the notion of congruence =is defined
80 as to fulfil the following conditions:

iy, A=B implies B=A; A=B and B=C imply A=C;

i,. If A 18 a compact open set and A=B, then the set B 1is iiself
open and compact;

iy, If A=B and {A,} 18 a (finite or infinite) sequence of open
compact sets such that ACD'A,, then there exists a sequence of sets

{B.) such that BCY B, and such that A,=B, for n=1,2,..;

ig. Whatever be the compact open set A, the class of the sets con-
gruent to A oovers the whole space E;
ig. If {Sn} 18 a sequemce of compact concentric spheres with radii
tending to 0, and {G,) 18 a sequence of sets such that G,= S, then the
relations a=lima, and b=1lmb,, where a,eG, and b,eG,, imply a=b.
n n
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$3. Given two compact open sets 4 and B, the class of the
sets congruent to A covers, by i,, the set B. It therefore follows
from the theorem of Borel-Lebesgue that there exists a finite system
of sets congruent to A which covers B. Let h(B, A) denote the least
number of sets which constitute such a system.

It is easy to show by means of i,—i; that, for any three com-
pact open sets 4, B and C, the following propositions are valid:

ii,, CCB implies h(C,A)<<h(B,A);

iip. h(B+ 0, A4)<b(B,4)+h(C,4);

ii,;. B=C 1implies h(B,A)=h(C,A);

iiy. h(B,4)<h(B,C)-h(C,4);

iiy, If o(4,B)>0 and if {S.} 8 & sequence of compact con-
centric spheres with radit tending to 0, then there exists a positive
integer N such that, for every n>N,

(3.1) h(4+ B, 8.)=h(4,8.)+ (B, 8,).

All these propositions are obvious, except perhaps ii;. To
prove the latter, let us suppose, if possible, that there exists an
increasing sequence of positive integers {n,} such that (3.1) does
not hold for any of the values n=mn,. There would then exist a se-
quence of sets {G;} such that GigSn’ while 4-G@;4+0 and B-G;30.
Consider now arbitrary points a;¢e A-G; and b;e B-G;. Since the
sets 4 and B are compact, the sequences {a;; and {b} contain re-

spectively convergent subsequences (a,-j} and {bij}. Let a=lima,
J
and b=1imb;. By iy we must have a=b, and this is impossible
J J

since, by hypothesis, g(4,B)=0.
We shall now suppose given a fixed compact open set G and
a sequence {S,} of concentric spheres, with radii tending to 0, which

are situated in @ and therefore clearly compact. For every compact
open set A, we write

_h(4,8:)
WA =1(g,8,)
We then have, by ii,,
h(4,8,)<h(4,G)-h(G8,) and h(G8,)<h(G,4)-h(4,8.),
and hence for each 7n=1,2,..., 1/h(G,A4)<l.(4)<h(4,G).
Thus, {I.(A)} is @ bounded sequence whose terms exceed a fixed
posilive number.
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$4. We now make use of the following theorem (cf. S. Ba-
nach (I, p. 34] and 8. Mazur [1]), in which {,} and {5, denote
arbitrary bounded sequences of real numbers, a and b denote real

numbers, and the symbols lim, limsup and liminf have their usual
meaning:

To every bounded sequence {£.) we can make correspond a num-
ber Lim ., termed generalized limit, in such a manner as to fulfil
the fo’ilowing condttions:

1) Lim(aé,+bn,)= a-Lim & + b-Lim 1,

2) li:nninf ¢, <Lim Englix';lnsup & ’

3) Lim &

wrr=Lim &,

The last condition implies that the generalized limit remains unal-
tered, when we remove from a sequemce a finite number of its terms.
Let us now write, for every compact open set A,
(4.1) l(A)=Lim 1,(A).
n

We then have, for any compact open sets 4 and B:

iii,. 0<l(4)<+ oo;

ilip,. ACB implies U(A)<Il(B);

ili,. A=B implies 1(A)=I(B);

iii,. (4+B)<U(4)+1U(B);

iii;. o(4,B)>0 implies I(A+ B)=1(A4)+1(B).

$ 5. This being 8o, we denote, for an arbitrary set XC E, by
I'(X) the lower bound of all the numbers 3'1(4,) where {4,} is any
sequence of compact open sets such that XC 2 A,. We shall show
that the function of a set I', thus defined, fulfils the following con-
ditions:

1° We have always 0<I'(X) and there exist sets X for which
we have 0<I'(X)<+oo; this is, in particular, the case of all compact
open sels X;

2° X,CX, smplies I'(X,)<I'(X,):

30 Xc)X, implies I'(X)<3T(Xn);

40 o(X,,X,)>0 implies I'(X,+ X,)=I(X,)+I'(X,);
5 X =X, implies I'(X,)=TI(X,).
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Proof. 1° Let X be a compact open set. We have, by defi-
nition, I'(X)<<l(X)<+ co.
On the other hand, there clearly exists for each >0 a (finite
or infinite) sequence of compact open sets {4,} such that XCJ A,
n

and I'(X)+&e>J1(A4,). Let S be any sphere contained in X. Since

the set S is closed and compact, this set, and a fortiori the set 8,
is already covered by a finite subsequence {Ani) of {4,). In view
of iii, and iii;, we thus have

US)SUZAp)S 2UAR) S ZUAW KT (X) +e.
Hence, ¢ being arbitrary, it follows that 1(8)<<I'(X’), and finally,
by iii,, that 0<I'(X).
2° and 3° are obvious.

49 o(X,, X,)>0 implies that there exist two open sets G,
and @, such that X,CG,, X,CG, and ¢(G,,G,)>0. On the other

hand, there exists for each £>0 a sequence of compact open sets { A}
such that

(5.1) X, +X,Cl A4, and T(X,+Xp)+e=2D1(AL).

Write A= 4,6, and AP = A,-G,. Since the sets 45’ and AY
are open and compact, and since their distance, like that of &, and G,.
is positive, we have, on account of iiiy and iii,,

(5.2) HAR)+UAD)=UAD+ A7) <U(A4n).

But, since on the other hand X,CYAY and X,CYAY, we
have the inequalities I'(X,)<S1(4AY) and I'(X,)<XU(4Y), so that,
by (5.2), I'(X,)+TI'(X,)<JU(A,). Hence by (5.1), ¢ being arbi-

n
trary, we obtain I'(X,)+I'(X,)<I'(X,+X,), and finally by 39,
I(X,))+I'(X,)=T(X,+ X,).

5 follows at once from iy and iii,.

§6. It follows from the properties 1°—4° of the function I’
that the latter is an outer measure in the sense of Carathéodory
(cf. Chap.III, §4) and therefore determines in E a class of sets

measurable (27), that we shall call, simply, measurab%e sets. We
see at once that for each set X in E the number I'(X) is the lower
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bound of the measures (I") of the open sets containing X. It follows,
in particular, that I' is a regular outer measure (cf. Chap.II, §6).

Finally, since the space E can be covered by a sequence of
measurable sets of finite measure (e.g. by a sequence of compact
spheres), we easily establish, for the measure I', conditions of meas-
urability (£;) similar to those of Theorem 6.6, Chap.III. In part-
icular, we shall have:

(6.1) In order that a set E be measurable, it is mecessary and
sufficient that there exist a set (®¢) containing E and differing from
it by at most a set of measure zero. -

§ 7. We conclude this note by giving two examples of spaces E
with the notion of congruence subject to the conditions of § 2.

Example 1. Let E be a metrical space which is separable
and locally compact, and suppose that, among the one to one trans-
formations, continuous both ways, by which the whole space E
is transformed into the whole space E, there exists a class o/ of
transformations subject to the conditions:

1) Tedn implies T ‘el

2) If Tyedi and T,edlk, then T,T,edl,

3) For every pair a,b of points of E, there exists a traneformatwn
T € Il such that T(a)=b;

4) If la.) and b,) are two convergent sequences of points of E

such that lima,= 11m bn, and if {T,} i3 a sequence of transformations
n

belonging to ki such that the sequences {T,(a,)} and {T,(b,)} are con-
vergent also, then we have lim T,(a,) = lim T,(b,).

Two sets ACE and BCE will be termed congruent, if there
exists a transformation TedX such that T(4A)=B (where T(A4)
denotes the set into which A4 is transformed, i.e. the set of all the
points T(a) for which ae A).

It is easy to verify that the conditions i,—i; are fulfilléd.

As special cases of such spaces E we may mention: Euclidean
n-dimensional space with 37 interpreted as the class of all trans-
lations and rotations; the 3-dimensional sphere with &% interpreted
a8 the class of all rotations.

Let us ohserve that, in the space considered, the sets which
are congruent to open sets are themselves open. On the other hand,
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on account of 59 p. 316, the sets congruent to sets of measure (I)
zero are themselves of measure zero. It follows therefore from (6.1)
that in the space E considered the sets which are congruent to meas-
urable sets, are themselves measurable. .

Example 2. Suppose that a metrical space E, separable and
locally compact, constitutes a group, i. e. that with each pair a,d
of elements of E there is associated an element ab of E, called pro-
duct, in such a manner that the following conditions are fulfilled:

1) (ab)e=a(bc) (whatever be the clements a, b and ¢ of E);
2) there exists in E a unit-element 1 such that we have 1-a=a-1=a
for every aeE;
3) to each element aecE there corresponds an inverse element
"' E which fulfils the equation ae '=1.
Suppose further that E fulfils the conditions:
4) if ima,=a and lim b,=b, then lim a,b,= ab;

- . 1__ -
5) if lima,=a, then lima, '=a .
n

n

Given any element ce E and any set BCE, we denote by ¢B
the set of all the elements ae E such that a=cb where be B.

Given an element a of E, we write, for every element x¢ E,
T.(x)=ax. Thus each element a of E determines a transformation T',
clearly one to one and continuous both ways, of the space E into
itself. Denoting the class of all these transformations by %, we
see at once that the conditions 1)—4), p. 318, are fulfilled. In ac-
cordance with the definition of congruence employed in Exam-
ple 1, two sets A and B in the space in question are congruent if
there exists an element ¢ such that B=eA.




NOTE IIL

The Lebesgue integral in abstract spaces

by
Stefan Banach.

Introduction.

In this note we intend to establish some general theorems
concerning the Lebesgue integral in abstract spaces. This subject
has been discussed by several authors (for the references see this
volume, pp. 4, 88, 116, 156 and 157). Our considerations differ from
those of other writers in that they are not based on the notion
of measure.

Let us fix a set of arbitrary elements H as an abstract space.
We shall denote real functions (i.e. functions which admit real
values) defined in H by x(t), y(t), 2(t),... where te H, or simply by
Z,Y,2,.... A set € of real functions defined in H will be called linear
if any linear combination, with constant coefficients, of two ele-
ments of £, also belongs to L.

Let € be a linear set of functions defined in H. A functional F
defined in £ is termed additive if for any pair of elements « and y
of € and any real number «, we have F(x+y)=F(x)+ F(y) and
F(ax)=a-F(x). The functional F is non-negative if F(xr)>0 for any
non-negative function xeg.

We say that a functional F defined in € is a Lebesgue integral
(£-integral) in £ if the following conditions are satisfied:

A) The set € is linear;

B) the functional F is additive and non-negative;

C) if 1° {2,) CL and M e®, 20 |2,(1)|< M (t) for n=1,2,... and
te H, and 3°lim z,(t) = z(t) for te H, then ze H and lim F(z,)=F (2);

n n
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D) if ze8, F(2)=0 and |y(t)|<z(t) for te H, then ye® and
F(y)=0;
E) if 1° {2,)C8, 2a(t)<zZn41(t) for n=1,2,..., 2° lim 2,(t)=2(t)

for te H, and 3° lim F(z,)<+ oo, then z¢€ and lim F(z,)=F(z).

The Lebesgue integrals considered in thls note will moreover
satisfy the condition:

R) If z¢8, then |z]|¢ <.

In Part I, a condition is established under which an additive
and non-negative functional defined in a linear set of functions €,
may be extended to an f-integral on a certain set £ containing €.
The £-integral and the set ¥ will be explicitly defined.

In Part II we admit that H is a metrical and compact space.
We consider an £-integral defined in sets containing all functions
which are bounded and measurable in the Borel sense. It is shown
that each f-integral of this kind is determined by the values which it
admits for continuous functions. Conversely, any additive and non-
negative functional defined for all continuous functions may be
extended as an £-integral to the class of functions measurable (B).
We thus obtain the most general f-integral defined for all functions
bounded and measurable (B).

In Part III we deal with an analogous problem supposing
that H is the unit sphere of the Hilbert space. In particular, the
integral of a continuous function is expressed by explicit formulae.

I. Abstract sets.
§ 1. We shall employ the following notations:
1. x>y if x(t)=>y(t) for every te H; in particular x>0 means
that w(t)}O for te H;
2. |e|=|r(t)| is the modulus of r(t) in the ordinary sense;
3. max (2,y)=4(x+y+lz—yl), min (x,y)=}(@+y—lz—yl);
4, hm Z,=a means that hm xa(t)=2x(t) for te H; the relations

lim sup x,,—x, hm inf x,=a are defmed similarly;
n

5. &= (x+|.c| g=4}(x—|x|) (cf. Chap. I, p. 13).
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8§ 2. For the rest of Part I of this note we shall fix a set € of
real functions defined in H, and a functional f(x) defined for x¢ G,
subject to the following conditions:

(i;) The set € is linear;

(ip) if zeE, then |z|eC;

(ii,) the functional f is additive;

(ii;) the functional f is non-negative;

(iiy) if 1° {z,)CCE and MeE, 2° |x,/<M for n=12,..,
and 3° limz,=0, then limf(x,)=0.

n n

It follows immediately from the conditions (i) that for any pair
of elements x and y of G, max (z,y), min (z,y), £ and & also be-
long to €. It follows further that the condition (ii;) is equivalent to
the following condition:

(iis) If 1° {x,)CCE and meE, 2°
and 3° liminfwrx,>0, then liminff(x,)>0.

n n

o=m for n=1,2,..,

§ 3. We shall establish the following

Theorem 1. If the set € and the functional f satisfy the con-
ditions (i) and (ii), then there exists an £L-integral F, defined in a set £
containing €, such that F(x)=f(x) whenever xeE; moreover, this
integral satisfies the condition R).

The proof will result from several lemmas.

§4. We denote by £* the set of all functionals z(t) defined
in H for each of which there exist two sequences {r,}CE, {y.,CCE
such that
(1) liminfz, >2>limsupy,.

It is easily seen that the set £* is linear and that ECg*.

Given a function ze¢8* we shall term wupper £-tntegral of 2
the lower bound of all (finite or infinite) numbers ¢ for each of which
there exist a function meE and a sequence of functions {xz,} be-
longing to € such that x,>m for n=1,2,..., liminfr,>2 and

n
g = liminf f(z,).

The definition of the lower £-integral is analogous to that of
the upper f-integral. The upper and lower f-integrals of a function
2eQ* will be denoted by p(z) and q(z) respectively. We obviously
have ¢(2)=—p(—2).
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$5. The sequence f(x,)} in the above definition of the upper

L-integral, may obviously be supposed convergent (to a finite limit

or +oo0). Further, if {2,/CC, me€, 220, r,=>m for n=1,2,... and

liminfz,>2, then limz,=0 and consequently, by the condition
n n

(iig), §2, limf(x,)=0. Hence, if z¢L*, 2>0 and p(z)<P<+oo,

there always exists a. sequence of non-negative functions {r,} belonging
to € such that liminfz,>2 and f(x,)<P for n=1,2,...

Lemma 1. For any function reE we have p(xr)=f(r).

Proof. Writing x,=x and m=uz, we have

(1) liminfe,>x and r,>m for n=1,2,..,

whence p(x)<f(x). On the other hand, if r,, £, .. and m are
any functions which belong to € and satisfy the relations (1), then
liminf(z,—»)>0 and x,—r>m—zx for n=1,2,.... 1t follows from

(iig), § 2, that liminff(r,—x)>0, i.e. liminff(x,)>f(r). Thus
p(z)=f(r), and finally p(r)=f(r).

Lemma 2. If 2,¢8*% z,¢8* and if, moreover, p(2,)<-+0,
P(23)<+>0, then p(2,+29)<p(2))+ p(2,).

Proof. Let P, and P, be arbitrary numbers such that p(z,)< P,
and p(z,)<P, There exist two sequences \x‘,,”}, ' of functions
belonging to ¢ and two functions m,¢E and m,eE such that
liminf .y’ >z, and hmf(a;”’)<P, for j=1,2 and such that z}>m,

n
s ey 1
for j=1,2 and n—l y2y.... Therefore, writing Ly=ay 4oy and

m=my+my, we have liminfz,>z+2, and x,>m for n=1,2,.... Con-

n

sequently p(z, +2,) <11n1/ w,,)zllmf(z“’ Hlmf ()< P+ Py, whence
P(zt29) (~1)+P(~2)-
Lemma 3. For any function z¢8*, we have p(2)=q(2).

Proof. Since ¢q(2)=—p(—=2) (cf. § 4), the inequality p(2)=>¢(:)
is obvious if one of the numbers p(z) or p(—=z) i3 +o0; while, if
p(2)<+oo and p(—z)<+oo, it follows immediately from Lemma 2.
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Lemma 4. If z2¢L*, p(2)<+oo, then also p(z)<+oo and
p(2)=p(3)+p(2).

Proof. Given an arbitrary finite number P>p(z), there exist
a function me¢€ and a sequence |z, of functions belonging to G
such that z,>m for n=1,2,..., liminfz,>2 and lim f(z,)<P. Note

that 2.>m, and consequently f(2.)<f(x.)—f(m), for n=1,2,...,
whence p(2)<liminff(£,)<4oo. Again

P>lim f(z,) >1lim inf (&) + liminf (2.) > p(3)+ p (2),

and therefore p(2)>p(2)+p(2); whence, in virtue of Lemma 2,
P(z) = p(2) + p(2).

Finally, we mention two propositions which are directly obvious:

Lemma . If z,e8% 2,eL* and 2,<z,y, then p(z)<p(z); n
particular, if zeL* and 220, then p(z)>=0.

Lemma 6. If z¢R2*, then p(Az)=A-p(z) for any non-negative
number A.

§6. We shall now denote by € the set of all functions z¢Q*
for which p(z)=¢(2)3oco. The following proposition is an immediate
consequence of Lemmas 2 and 6:

Lemma 7. If z,¢Q and z,¢eL, then (4,2, + A,2,)e¥¢ and
P(A2y + A,25) =<4, P (2,) + A, p(2,) for any pair of finite numbers A, and A,.

Lemma 8. If z¢8, then || Q.

Proof. Since |2|==z—2, it is enough to prove that ze¢2 and
zef. To this end, let us remark that, in virtue of Lemma 4,
Pp(E)<+o°, Pp(z)>—oco and p(z)=p(#)+p(z); by symmetry,
q(2)>—o0, q(2)<+oo and ¢(z)=gq(2)+¢(z). Since, by hypothesis,
p(z)=q(2), it follows that [p(5)—q(£)]+[p(z)—a(2)]=0, and so
by Lemma 3, p(2)=q(2)+oco and p(z)=gq(z)+ co.

Lemma 9. If z i3 the limit of a non-decreasing sequence 2}
of functions belonging to £ and lim p(z,)<+oo, then z:L and
p(2)=limp(z). "

Proof. We can clearly assume (by subtracting, if necessary,
the function 2z, from all functions of the sequence {z,}) that z;=0.
Writing w,=2,41—2, for n=1,2,...,, we shall now follow an argu-
ment similar to that of Theorem 12.3, Chap. I. First, we have 2>z,
and p(z,)=gq(z,) for every n, and so

(1) q(z)=1lim ¢(z,) = lim p(2,).
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To establish the opposite inequality, let ¢ be an arbitrary
positive integer and let us associate (cf. the remark at the begin-
ning of § 5) with each function w, a sequence {ri e~ . of non-negative
functions belonging to € such that

(2)  liminfrP>w, and (3) A& )<p(wa)+ /2"
k

Let us write y, :\’J;"'). The functions y, clearly belong to € and,

n

by (2), we have um inf yk/ Yw,=2. On the other hand, in virtue

of (3), we find f(y,) <Zp(w") +e<p(2,,,) +e<limp(z)+e for
n--1 1
k= 1,2,.... Therefore, p(z)<liminff(y,) <limp(z,)+e and
R k

since ¢ is an arbitrary positive number, this combined with (1) gives
0<{p(z)=y¢(2) = lim p(2x)<+4 >0, which completes the proof.
k

Lemma 10. If M €8 and {z,} is a sequence of functions belonging
lo L such that |z2)|< M for n=1,2,..., then, putting ¢g=liminfz, and
h=limsupz, we have gefL, hefl, and "

n

p(9) <lim inf p(z,.)élim sup p (2.) <p(h).

Consequently, if the sequence {2,) is convergent and z:hm.,,,,
then p(z)_hm P (2n).

Proof. The lemma corresponds to Theorem 12.11, Chap. I,
and its proof is analogous to that of the latter. Let us write, for
each pair of integers 7 and j>t, g,.j:min (252, 1y--+2). The se-
quence (gu i, i1, is non-increasing, and consequently the sequence
{M —g;) i i1, is non-decreasing. Let g,_lim giy- Since the func-

tions g, olearb belong to &, it follows from Lemma 9 that
M—g,e8 and p(M— g)——hmp(M gih 1. ‘e. ¢g,¢2 and p(g,)=limp(g,).
Hence, applying again Lemma 9 to the non-decreasing sequence {g,}
which converges to g, we obtain ge® and

p(g9)= lign P (y,)<lim'_inf p(z).

By symmetry we have the analogous result for h and the
proof is complete.

We shall conclude this § by mentioning the following lemma
which is an immediate consequence of Lemma 5:

Lemma 11. If 2€¢8, 220 and p(2)=0, then any function &
such that |x| <z belongs to € and for any such function x we have p(z)=0.
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8§7. Let F(x)=p(x) for xe¢. The lemmas of the preceding
sections show that the set € and the functional F(z) satisfy the
theorem stated in §3. Theorem 1 is thus proved.

It is easily seen that if an f-integral F, defined in a linear
set €, DL satisfies the condition f(x)= F,(x) for xe¢€, then
F(x)=F,(z) for all xe8. Consequently the functional j determines
completely an f-integral in the set £.

II. Metrical compact sets.

8§ 8. Let now H be a complete and compact metrical space.
We shall specify € as the set of functions continuous in H.

The set € satisfies evidently the conditions (i), § 2. It may
be shown that any additive and non-negative functional f defined
in ¢ satisfies the condition (iiy) ).

Theorem 1 permits to define a Lebesgue integral F(x) for all
functions x belonging to a certain set £D€, in such a manner that
the condition R), p. 321, is satisfied and that F(x)=f(x) for reC.

Evidently, every function x(¢) which is constant on H belongs
to €. It follows by condition C), p. 320, that every bounded function
measurable in the sense of Borel belongs to €.

We have thus proved the following

Theorem 2, Every additive and mon-negative functional, defined
for all funetions which are continuous in a complete compact space H,
may by extended to an £-integral defimed in a certain linear set (con-
taining all bounded functions measurable in the semse of Borel) so
that the condition R) be satisfied.

The values of this £-integral for functions bounded and meas-
urable (B) are, of course, determined by the given functional /.
Hence the most general £-integral defined for this class of functions
may be obtained by choosing an arbitrary additive non-negative
functional defined for all functions which are continuous in H and
by extending this functional by means of the method described in
Part I of this note.

!) A functional of this kind is necessarily linear. Every linear functional
defined in € satisfies the condition (iiy). See S. Banach [I, p.224).
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Any linear functional f(x) defined in the set E is the difference
of two additive non-negative functionals f,(x) and f,(z) (cf. S. Ba-
nach[I, p. 217]). Extending these functionals by means of Theorem 1
over two sets, £, and £, say, respectively, we see that it is possible
to extend the functional f(x) over the linear set - £=%,-8,. This set
will contain all bounded functions measurable (B). The extended ad-
ditive functional F(x) evidently satisfies the conditions C) and R),
p. 321, and is non-negative.

IIl. The Hilbert space.

§9. We shall now understand by H the unit sphere of
the Hilbert space, i.e. the set of all sequences {#) for which

297<1. The distance of two points t={9) and t'={9) is defined
P p \ ’

as usually, by the formula

o0

e(t,t')=[,§w.-—z92>2]*.
With regard to this definition of distance the space H is
not compact and therefore we cannot apply Theorem 2 directly.

Let @, be the set of functions x=ux(t)=ix (¥, J,...) which are
continuous in H and whose values depend only on the first n co-
ordinates 9, so that x(8,3,..)=x(d,d,,...,0,0,0,...) for any
t={191}€H. Clea.rly G,;CQ,H\.].

It is easily seen that the set €=2'G, satisfies the conditions

n=\
(i), § 2. Any functional f defined in € for which the conditions (ii)
hold may be extended to an f-integral defined in a certain set £

containing €.

Lemma 12, The set £ contains all bounded functions mesurable
(B) defined in H.

Proof. Let x be a bounded continuous function defined in H.
For any point t=/(&,9,...,0s,...) and any positive integer n, we
write 2,(t)=2(9,...,0s,0,9,...). Evidently z,e¢C and h:nm,.=x. If
M is the upper bound of |z(t)| for te H, then |v,|<M. Since the
constant function z= M certainly belongs to €, it follows from the
condition C), p. 320, that xeQ.



328 Stefan Banach:

Consequently every bounded and continuous function belongs
to £ and by the condition C) the same is true of any bounded func-
tion measurable (B).

Lemma 13. Every additive and non-negative functional f(x)
defined in G satisfies the condition (ii,), § 2.

Proof. We define in H a distance g, ¢t') of two points
t={19|, 19_), ...}, t,={t9,1’?92’".} by

1 18—

(1 t,t) =
) ot V') = < ‘)'1+[z9.-—1‘}|

We easily verify that with regard to this distance the set H
is complete and compact.

Let G be the set of all functions defined in H which are
continuous according to the distance defined by the formula (1).
Evidently € CG.

Let f be an additive non-negative functional defined in .
Let @,(t)=z(3, ..., 91, 0,0,...) for 2e¢E and t=(9,,9,,..)e H.

With regard to the distance (1), H is a complete and compact
space, and hence the function x(t) € is uniformly continuous. It fol-
lows that the sequence {x,} uniformly converges to z. This implies
the convergence of the sequence {f(x,)}!). Let 7(90) = lim f(.c,).

If x>0, then x,>0 for each n, and consequently 7(.5)20. The
functional 7(1'), clearly additive, is therefore non-negative, The set H
bemg compact, it follows, by what has been established in Part II,
that l satisfies in H the (-ondmon (iiy) (w1th € and f replaced by ¢
and f respectively). Since € C¢ and f (r)=f(x) for wxeE, ihe
functional f satisfies the condition (ii;) in €.

§ 10. Now consider an additive non-negative functional f(r)
defined in €. Let f,(x) denote the functional defined in €, by the

formula

(2) fn(x) = f(x) for zeCn.
We obviously have
(3) fa(x) = farsl@)  for xeCn

1) Indeed if ¢ > 0, there exists a positive integer N such that —e<r,—2z, <¢
whenever p> N, ¢> N. Since the constant function 2=1 helongs to ¢, we have,
for k=f(1), the inequality ke\</(zp) »-/(.r,‘) <kr which proves the convergence
of {f(z,)}.
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Conversely, if we choose any sequence {f,(2)} of additive non-
negative functionals, the functional f, being defined in €, (where
n=1,2,...) subject to the condition (3), then the formula (2) deter-
mines an additive non-negative functional f(x) in €. We thus obtain
the most general additive non-negative functional f(x) defined in G,
and by what has been established in the preceding §, the most
general Lebesgue integral for all functions bounded and measurable (B).

The set ¢, may be interpreted as the set of all function of n
variables &,...,3, which are defined and continuous in the sphere
9+ ... 4+95<1. It is known that the most general additive and non-
negative functional defined in €, may be represented by a Stjeltjes
integral.

These general considerations will now be illustrated by the
following example. Suppose that the functionals f, are given by
the formula

0

(1) /n(w):-f ../m(31,...,3ll, 0,0,..)p (3
9 4. +9i <1

y2,)dd, ...dd,

19

for x¢CE,, where g, denotes a fixed non-negative function integrable

in the sphere 9+ ... +9,<1. The condition (3) may be written in
the form

i g
@, (3,0 ) :/(an (G A ST L

Vi s,

n

To satisfy this condition, we may put, for instance, ¢ =1/2
and ¢,,,=9,/2)/1—8—...— for n>1. We thus obtain

1
oo e 9,

(5) (P"(&], o 3n)

Let x be an arbitrary function bounded and continuous in H.
We write again z,=x(%,...,%,,0,0,...). If |x]<<M, where M is
a constant, then lim z,=uwx, |z,|<M.
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Now let F be an <f-integral which for functions belonging
to € coincides with the functional f subject to (2). We then have
F(r)=lm F(x,) = lim f,(x,). If further f, is represented by the

formula (4), then

n

F(w):limf... [x(a,, n® 0,0, (3,,..,9 )d9, ... d9
#1481
and, in particular, if ¢, is given by (5),

d?y...dd,

F(w):limf...fm(é},,. s %2,0,0,...) )
n ’ n 2 / 2 2
924 +91 2 Vl—&, l 1—H—.. —Fny

This formula defines explicitly a certain £-integral for all func-
tions bounded and continuous in .

The above considerations may be extended to certain spaces
of the type (B) (cf. S. Banach [I, Chap. V]), e. g. the spaces 1P,
L'” with p>1.
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GENERAL INDEX.

Almoat, 16.

Angle, 310.

Area, of an interval, 59; Elementary,
of a polyhedron, 165; of a continuous
surface, 165.

Boundary of a set, 40.

Centre, of an open sphere, 40; of a clos-
ed sphere, 40.

Chain of points, 122.

Classes of sets, Additive, 7; Completely
additive, 7; Additive in the weak sense,
7; Complete with respect to a meas-
ure 86,

Olosure of a set, 40.

Coefficients of an approximate differen-
tial, 300.

Complement of a set, 6.

Condition, of Lipschitz for functions of
two variables on an interval, 169; (l{f),
192; (I7), 192; (1,), 192; Lusin’s, (N),
224; of Lipschitz for functions of a
real variable on a set, 264; (T,), 277;
(Ty), 277; (S), 282; (D), 290; of Lip-
schitz for functions of two variables
on a set, 304.

Contingent, 263.

Coordinates of a point, 56.

Cubes, 57; Open, 57; Half open, 57.

Covering in the sense of Vitali, 109.

Curves, 121; rectifiable on an interval,
122; Rectifiable, 122.

Dccompoaition, Jordan, of a function
of a set, 11; Jordan, of a function of
an interval, 62; Lebesgue, of a func-
tion of a set, 35; Lebesgue, of a func-
tion of an interval, 120.

Dengsities, Outer upper and lower, 128;
Upper and lower, 129; Right-hand
and left-hand, 215.

Derivates, General upper and lower, 106;
(Ordinary) upper and lower, 108;
Strong upper and lower, 106; Unique,
106; Extreme, 106; Bilateral, 108; Uni-
lateral (right- and left-hand) 108; Dini,
108; relative to a set, 108; with res-
pect to a function, 108; Intermediate,
108; Syminetrical, upper and lower,
149; with respect to a measure and a
sequence of nets in a metrical space,
154; with respect to a sequence of
nets of intervals, 188; Approximate
right-hand and left-hand, upper and
lower, 220; Approximate bilateral,
upper and lower, 220; Opposite, 269.

Derivative, General, 106; Ordinary,
106; Strong, 106; Unilateral, 108;
relative to a set, 108; with respect to
a function, 109; with respect to a mea-
sure and a sequence of nets in a me-
trical space, 154; with respect to a se-
quence of nets of intervals, 188; of
a complex function, 196; Roussel,
210; Approximate, 220.

Diameter, 40.

Difference of sets, 5.

Differential, Total, 300; Approximate,
300; Upper and lower, 309; Extreme,
309.

Direction of a half-line, 262.

Distance, of points, 39; of a point and
a set, 40; of sets, 40; of points in an
Euclidean space, 56; of points in the
torus space, 157.

Eiement of a set, 4.
Ezxpressions of de Geicze, 171.

Faces of an interval, 57; of a polyhedron.
164.

Families of sets, see Classes of sets.

Figure, 58, Elementary, 58.
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Function of singularities, of a function
of a set, 35; of a functiomr of an inter-
val, 120.

Functions (of a complex variable), Com-
plex 195; Holomorphic. 195; Deri-
vable, 196.

Functions (of an interval), 59; Contin-
uous, 59; continuous and discontin-
uous at a hyperplane, 60; Additive,
61: of bounded variation. 61; Monoto-
ne non-decreasing and non-increasing,
61; Absolutely continuous, 93; Sin-
gular, 93; Major and minor, 191; Maj-
or and minor, with respect to a func-
tion, 207. (See also Functions (of a real
rariable).)

Functions (of a point), Finite 6; Character-
Istic, of sets, 6; Simple, 7; Measurable
12; Integrable, 20; Upper and lower
semi-continuous, 42; (Continuous, 42;
integrable in the Lebesgue-Stietjes
sense, 65; integrable in the Lebesgue
sense, 65; Summable, 65; Approx-
imately continuous, 132; Equi-mea-
surable, 143; Cylindrical, 159 (See
also  Functions (of an interval) and
Functions (of a real variable).)

Functions (of a real rariable), 96; of
hounded variation, 96; Absolutely
continuous, 96; Singular, 96; Regular,
97; Saltus-, 97; integrable in the
sense of Newton, 186: ¥.integrable,
201; integrable in the sense of Per-
ron, 201; Approximately derivable,
220; of hounded variation (in the
wide sense) 221; VB, 221; of genera-
lized bonnded variation (in the wide
sense), 221; VBG, 221; ahsolutely
continuous (in the wide sense), 223:
A€, 223; generalized absolutely con-
tinuous (in the wide sense), 223; ACG,
223; of bounded variation in the res-
tricted sense, 228; VB, 228; of gene-
riahzed bounded variation in the res-
tricted en<e, 228; VBG,, 228; abso-
lutely continuous in the restricted
vense, 231; AC,, 231; generalized ab-
solutely continuous in the restricted
sense, 231; ACG,, 231; ?.integrable,
241; 2 .integrable, 241; continuous
m the sense of Darboux, 272; Inner
and onter, of a superposition, 286;
Inverse, 286. (See also Functions (ofan
tterval) and Funetions (of a point).)

Functions (of a set), Additive, 8; Mono-
tone. 8: Non-decreasing and non-in-
creasing, R: Absolutely continuous
30, 66, Singular, 30, 66.

General Index.

Functions (of tworealvariables), of bound-
ed variation, 169; Absolutely contin-
uous, 169; Totally differentiable,
300; Differentiable, 300; Approx-
imately differentiable, 300.

Graph. of a function, 88; of a curve, 121.

Halj-plane. 263, 264.
Half-space, 263, 306.
Half-tangent, Intermediate, 262.

Hyperplane, 57; orthogonal to an axis,
57; Intermediate tangent, 263; Ex-
treme tangent, 263; Unique tangent,
263; Tangent, 263.

Iru:rement of a function, 96.

Integrals, Definite, 19, 20, 46, 254; In-
definite, 29, 254; Lebesgue-Stieltjes,
65; Lebesgue, 65; Upper and lower
Burkill, 166; Definite and indefinite
Burkill, 186; Mean value, 178; Perron,
201, &, 201; Perron-Stieltjes, 207;
&3, 207; Denjoy, in the wide sen-
se, 241; Denjoy-Khintchine, 24];
2., 241; Denjoy, in the restricted
sense, 241; Denjoy-Perron, 241; 9,.,
241; L1, 241; 3., 244; Compatible,
254.

Interior of a set, 40,

Intervals, 57; Closed, 57; Open, 57;
Half-open. 57; Degenerate, 57; in the
torus space, 157.

Length, Outer, of a set, 54; of a set 54; of
an interval, 59; of arc of a curve, 122;
of a curve, 122

Limit. of a sequence of sets, 5; Upper
and lower, of a sequence of sets, 5;
of a sequence of points, 39; Approx-
imate, upper and lower, 218; Approx-
imate extreme, 219; Approximate,
219; Approximate bilateral and uni-
lateral, 220.

Lines, Straight, 56, 57.

Macimum, of a function at a point, 42;
Striet, 261.

Measure, 16; Outer Carathéodory, 43;
of a set, 46; Outer, of a set, 46; Reg-
ular outer, 50; Outer Lebesgue, 65;
L.ebesgue, 65; - function, 117; Outer,
in the torus space, 157; in the torus
space, 158; Outer linear, of a set on
a line, 297.

Mesh of a net, 153.

Minimum, of a function at a point, 42;
Strict, 261.



General Index.

Neighbourhood of a point, 40.

Net, of closed intervals, 57; of half open
intervals, 57; in a metrical space, 153;
Normal, of intervals, 188.

Nucleus of a determining system, 47.

Number, Characteristic, of a family of
sets, 40.

Operalion. (A). 47.

Ordinate-set of a function, 88.

Oscillation, of a function of a point at
a point, 42; of a function of an inter-
val on a set, 60; of a function of an
interval at a set, 60.

P arameter, of regularity of a set, 106;
of a curve, 12].

Part, Common, of sets, 5; Non-negative
and non-positive, of a function, 13;
Absolutely continuous, of a function
of an interval, 120; Real and ima-
ginary, of a complex function, 195.

Plane, 56, 57; Whole, 264. (See also
Hyperplane.)

Points, of a space, 6; of accumulation,
40; Isolated, 40; Internal, 40; of a cur-
ve, 121; of outer density, 128; of
dispersion, 128; of density, 129; Right.
and left-hand, of accumulation, 215;
isolated on the right or the left, 215;
Unilateral (right- and left-hand),- of
outer density, 215; of linear density
in the dircetion of an axis, 298.

Polyhedron, 164.

Portion of a set, 11.

Primitiwve of Newton, 186.

Product of sets, 5; Combinatory, 82; ('ar-
tesian, 82.

Radius, of 2 neighbourhood, 40; of an
open sphere, 40; of a closed sphere, 40.
Relations, Denjoy, 269.

Sequences. (Convergent, of sets, 5; As-
cending and descending, of sets, 5;
Non-decreasing and non-increasing,
of sets, 5; Monotone, of sets, §; Con-
vergent, of points, 40; Regular, of
nets of intervals, §7; Regular, of nets
in a metrical space, 153; of mean
value integrals, 178; Normal, of nets
of intervals, 188; Binary, of nets of
intervals, 191,

343

Sets, Empty, 4; Enumerable, 4; Meas-
urable, 7; Bounded, 40; Derived, 40;
Closed, 40; Isolated, 40; Perfect, 40:
Open, 40; Non-overlapping, 40; (F),
40; (6), 40; (B), 41; measurable (B),
11; Borel, 41; closed in a set, 41; open
in a set, 41; everywhere dense in a set,
11; non-dense in a set, 41; of the first
and the second category (in a »et), 41;
Separable, 41; measurable with res-
pect to an ounter (‘arathéodory eas-
ure, #4; regular with respect to an
outer (‘arathéodory measure, 50; of
zero length, 54; of zero irea, 54; of
zero volume, 54; of finite length, 54;
of finite area, 54; of finite volume, 54%;
Linear, 56; Plane, 56: Ordinate-, 88;
Measnrable, in the torus space, 158;
Cylindrical, in the torns space, 159.

Side of a hyperplane, 263; Einpty, 263.

Space, Abstract, 6; Metrical, 39; Com-
plete, 54; Euclidean, 56; Torus, 157;
Whole, 306.

Sphere, Open, 40; Closed, 10.

Square, 57.

Subdivision of a figure. 165.

Subsets, 1.

Sum of sets, 5.

Superposition of functions, 286.

Surfaces, Continuous, 164.

System, Determining, 47; Degenerate
determining, 49.

Taugent. Intermediate, 263; Extreme,
263; Unique, 263.

Torus space, 157.

Translation, of a set by a vector, 91;
in the torus space, 158.

Van’ation, Relative (upper and lower)
and absolute, of a function of a zet, 10;
Relative (upper and lower) and ab-
solute, of a function of an interval,
61, 62; of a function of a real variable,
96; of a function of an interval at a set,
166; Weak, 221; Strong, 228.

Vertex, of a polyliedron, 164; of an angle,
310.

Volume, of an interval, 59; of an interval
in the torus space, 157.




NOTATIONS
CHAPTERL ¢, 4; C,4(254); D,=,4; 2,6(2568); II,4+,—,liminf, limsup, 5;
lim, 5 (39); (G), G4, €, (where € is a class of sets), 5; C, 6; c; (where E'i is a set), 6
{v;, By; .5 v, E,} (where B, ..., E, are sets and v,,...,v, numbers), 7; W, W, W,
10 (61, 96); E, 12; 7, ! (where f is a function), 13; (S{)ffd,u (where ¥ is a class of
sets, f a function of a point and # a measure), 20.

CHAPTER I1. ¢, 39(40); lim, 39(5);0, 4, 4, 40; S, 41(122,165); 8,41; 4, 4, 4°
(where A is a set), 42; ®, §, 40; B, 41; M, m, 42; o, 42 (60); £ (where I'is an
outer Carathéodory measure), 44; (I'), del’ (where I' is an outer Carathéodory
measure and f a function of a point), 46; N,47; A, 53.

CHAPTER I1I. R, 56; (z,, ..., %,,) (where z,,...,x, are real numbers), 56;
[ap bysesag, bl [agp by .50, b,), (a,b; 50,0, (a, by, .5 a,,b.) (where
a;,b,..,a,,b, are real numbers), 57; (,O,59; O0,60(254); o,60(42);
V_V,V_V,W, 61 (10, 96); U* (where U is a function of an interval), 64; fde (where f is
a function of a point and U a function of an interval), 64; L, ||, 65 (117); ff(x)dx
(where f is a function of a point), 66; x, 76 (82); UV (where U and V are functions
of an interval), 76; x,82(76); %9 (where % and 9 are classes of sets), 82; uw»
(where # and » are measures), 86; T° (where € is a class of sets and z a measure),
87; A, 88; B, 88 (121); Q@ (where ¢ is a set and a a point), 91; W, W, W, 96
(10, 61); f(a+), f(a—) (where f is a function and a a point), 97; F(I) (where
F is a function of a real variable and I an interval), 99; F[E) (where F is a func-
tion of a real variable and E a set), 100.

CHAPTERIV. r,D,D, D, 106 (154); 8,9,9,9,, 8, &,, 106; F*,F+* ,F~ F -
FE,FE,FE,FU,FU,FE,EU, Fy; (where Eisa set, and F, U functions of a real van
able), 108, 109; L, 117 (65); p, 121; B, 121 (88); S, 122 (41, 165); f*,1*, f*,1° (where
f is a function of a real variable), 144; f® (where f is a function of two real vari-
ables),147;—1—)s‘m,95vm, 149; (u, M) D, (¢, M) D, (4, M) D (where u is a measure

and M a sequence of nets), 154 (106); Q,, 167; O, & , & (where m is an integer
and ¢ a point in the torus space), 157; L, L.}, 1567; 4, 158

@ "W

CHAPTER V. 8,, 5165 (41, 122); U(3) (where U is a function of an interval
and J a system of intervals), 165; J'U, _(U, fU (where U is a function of an inter-
val), 166; W,, W,, 169; G,, G,, G, 171; H,, H,, H, 174.

CHAPTER VI. (O)F, (O)F, (N)F’ (where N is a sequence of nets of inter-
vals and F a function of an interval), 188; J,,J,,J, 195; (J/’)f, 201; (&’é)]’, 208.

CHAPTER VII. (—oo, a), (—o, a], (@, + o), [a + 09) (where a is a real
number), 215; lim sup ap, lim inf ap, lim ap, 219; Fap, F;, ap* Lap» ap,Fap, Fyy
(where F is a function), 220; V,221; V,, 228.

CHAPTER VIII. (9)f (D,)[ 241; (a‘)j, 244; O, 264 (60); C, 254 (4);
zC, cH gH. (where T is an integral), 255 and 256; 2, 258 (5).
- F+ Rt
CHAPTER IX. contg, 263; F;*p ,F:;) ,Fap ,Fap »Fap o Fapy,_ ap 'Fa"u

_F;,y,F;py (where F is a function of two variables), 298; liminfy, lim supg, limy

(where E is a set), 304.
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ERRATA

The first numbers refer to pages, the second to lines; starred numbers
denote lines counted from the foot.

for: read:
4,14* P. J. Daniell [2]. P. J. Daniell [1;4;5],
4,12% S. Bochner (1], Gr.Birl;h‘orf)fu[;]t.ofél?[»;;(;;ner[l],
6,14* a/0= +-o0o0, af0=+o00 according as a=0 or a- 0.
17,9* W. Sierpinski [3], W. Sierpinski [14],
30.13* P. J. Daniell [2] P. J. Daniell (4]

spaces. (For various examples of
Carathéodory measures in metrical
spaces see also A. Haar [1]
and A. Appert [1])

44,13 spaces.

all the sets X for which
44,17—19 I'(X)=0 (in particular, it
includes the empty set).

the empty set and all the seta X
for which [(X)=0.

93,9 authors. authors. Cf, also N. Dunford [1].
110,3 (4m+1)™a™ " D|Enls-(dm+1)™a 1 (dm+1)Ma LY Eul- (4m+1)™a|8]
n

n
T. Rado[I;1;4]; also E.J.
163.3* T. Rado [I;1; 4] McShane [1], C. B. Morrey([1]
and T. Radd (5]
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